
MECHANICS OF  
FINITE DEFORMATION 

AND FRACTURE

© 2016 by Apple Academic Press, Inc.



© 2016 by Apple Academic Press, Inc.

  



MECHANICS OF  
FINITE DEFORMATION 

AND FRACTURE

Majid Aleyaasin

School of Engineering, University of Aberdeen, 
Aberdeen, Scotland, UK

© 2016 by Apple Academic Press, Inc.

  



CRC Press
Taylor & Francis Group
6000 Broken Sound Parkway NW, Suite 300
Boca Raton, FL 33487-2742

Apple Academic Press, Inc
3333 Mistwell Crescent
Oakville, ON L6L 0A2
Canada

© 2016 by Apple Academic Press, Inc.
Exclusive worldwide distribution by CRC Press an imprint of Taylor & Francis Group, an Informa 
business

No claim to original U.S. Government works
Version Date: 20150908

International Standard Book Number-13: 978-1-4987-1702-1 (eBook - PDF)

This book contains information obtained from authentic and highly regarded sources. Reason-
able efforts have been made to publish reliable data and information, but the author and publisher 
cannot assume responsibility for the validity of all materials or the consequences of their use. The 
authors and publishers have attempted to trace the copyright holders of all material reproduced in 
this publication and apologize to copyright holders if permission to publish in this form has not 
been obtained. If any copyright material has not been acknowledged please write and let us know so 
we may rectify in any future reprint.

Except as permitted under U.S. Copyright Law, no part of this book may be reprinted, reproduced, 
transmitted, or utilized in any form by any electronic, mechanical, or other means, now known or 
hereafter invented, including photocopying, microfilming, and recording, or in any information 
storage or retrieval system, without written permission from the publishers.

For permission to photocopy or use material electronically from this work, please access www.
copyright.com (http://www.copyright.com/) or contact the Copyright Clearance Center, Inc. 
(CCC), 222 Rosewood Drive, Danvers, MA 01923, 978-750-8400. CCC is a not-for-profit organiza-
tion that provides licenses and registration for a variety of users. For organizations that have been 
granted a photocopy license by the CCC, a separate system of payment has been arranged.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and 
are used only for identification and explanation without intent to infringe.

Visit the Taylor & Francis Web site at
http://www.taylorandfrancis.com

and the CRC Press Web site at
http://www.crcpress.com

For information about Apple Academic Press product
http://www.appleacademicpress.com

© 2016 by Apple Academic Press, Inc.

  

http://www.copyright.com/
http://www.taylorandfrancis.com
http://www.crcpress.com
http://www.appleacademicpress.com
http://www.copyright.com
http://www.copyright.com


Dedicated to
my son, Sina,

and my daughter, Narges

© 2016 by Apple Academic Press, Inc.

  



© 2016 by Apple Academic Press, Inc.

  



About the Author.......................................................................................... ix

List of Abbreviations.................................................................................... xi

Preface....................................................................................................... xiii

PART I: MECHANICS OF FINITE DEFORMATIONS................................ 1

1.	 Nonlinear Geometry of Continuum Solids via  
Mathematical Tools..................................................................................... 3

2.	 General Theory for Deformation and Strain in Solids.......................... 21

3.	 General Theory for Stress in Solids......................................................... 61

4.	 General Form of the Constitutive Equations in Solids.......................... 81

5.	 Stress–Strain Relationship in Large Deformation of Solids............... 105

PART II: MECHANICS OF FRACTURE ................................................... 133

6.	 Application of Complex Variable Method in Linear Elasticity.......... 135

7.	 Derivation of Fracture Mechanics from Linear Elasticity.................. 173

8.	 Describing Three Modes of Fracture.................................................... 193

9.	 Elastic-Plastic Fracture Mechanics....................................................... 215

10.	 Stress Intensity Factor for Through Thickness Flaws  
and J Integral.......................................................................................... 247

	 Bibliography............................................................................................ 269
Index.......................................................................................................... 271

CONTENTS

© 2016 by Apple Academic Press, Inc.

  



© 2016 by Apple Academic Press, Inc.

  



ABOUT THE AUTHOR

Dr. Majid Aleyaasin, PhD
Majid Aleyaasin, PhD, is currently a researcher 
and lecturer in the School of Engineering at the 
University of Aberdeen in Aberdeen, Scotland. 
He was formerly a lecturer in mechanical engi-
neering at Mashhad University, Iran, where 
he received a BEng. He received his PhD in 
mechanical engineering at Bradford University 
in the United Kingdom and subsequently 
worked as a research fellow at the University 

of Manchester Institute of Science and Technology and the University of 
Manchester, United Kingdom. Dr. Aleyaasin’s research interest lies in the 
field of  applied dynamics of  solids and  structures, and he has published 
30 papers in international journals and in conference proceedings.

© 2016 by Apple Academic Press, Inc.

  

http://www.crcnetbase.com/action/showImage?doi=10.1201/b19173-1&iName=master.img-000.jpg&w=97&h=124


© 2016 by Apple Academic Press, Inc.

  



LIST OF ABBREVIATIONS

FEM	 finite element method
SIF 	 stress intensity factor
EPFM 	 elastic-plastic fracture mechanics
LEFM 	 linear-elastic fracture mechanic
CTOD 	 crack tip opening displacement

© 2016 by Apple Academic Press, Inc.

  



© 2016 by Apple Academic Press, Inc.

  



Finite deformations in material can occur with change of a geometry, such 
that the deformed shape may not resemble the initial shape. Analyzing 
these types of deformations needs particular a mathematical tool, which 
is always associated with tensor notations. In general the geometry may 
be non-orthogonal and we need to use covariant and contra-variant tensor 
concepts to express the finite deformations and the associated mechanical 
strains.

Moreover, it is obvious that in large deformations, there are several 
definitions for stress; each depends on the frame of the stress definitions. 
The constitutive equations in material also depends on the type of stress, 
which is introduced. In simulation of the material deformation, compo-
nents of the deformation tensor will be transformed from one frame to 
another either in orthogonal or in non-orthogonal coordinate of geometry.

Part one of this book contains 16 sections that are arranged in five 
chapters (1–5) and discusses the above issues in detail. There are some 
exercises in each chapter to help the reader to accomplish the derivation of 
the formulas. Once all 16 sections studied, the reader can fully understand 
the key concepts in mechanics of finite deformation. For more details 
concerning particular types of deformation the reader may seek further 
information from the valuable references listed in the end of part one of 
the book. Having acquired the knowledge in part one enables the reader 
to understand the advanced books and research papers in this field very 
easily.

Part two of the book contains chapters 6-10  and can be studied inde-
pendently, without any knowledge about part one and covers the theory of 
fracture in brittle and quasi-brittle material. Quasi-brittleness is referred 
to the situation in which plastic deformation is not large when fracture 
occurs. This means nonlinear fracture mechanics in not covered in this 
part of the book. However, the linear-elastic fracture mechanics and also 
elastic-plastic fracture mechanics are fully explained in this part of the 
book.

PREFACE
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xiv	 Preface

Part two of this book contains 20 sections that are arranged in five 
chapters (6–10) and which studies the mechanics of fracture. As far as the 
author is aware, these chapters are the only source for a reader by which 
he/she can understand the key concepts in “fracture mechanics” without 
looking at other references (or books). Frankly this section is almost a 
book in itself on fracture mechanics, along with formulas and concepts. 
Like part one, there are also some exercises in each chapter, helping the 
reader to accomplish the derivation of the formulas.

For understanding part one of the book, the mathematical tools like 
metric tensors, etc., are necessary and are fully explained in the chapters. 
The only prerequisite is a knowledge of vectors calculus. For understand-
ing part two of the book an elementary knowledge of complex variable 
theory is required. The advanced mathematical tools like conformal map-
ping and boundary integral method of Muskhelishvili are fully explained 
in the chapters of part two.

The graduate students in mechanical, civil, and material engineering 
will find this book useful in understanding the key concepts in material 
deformation and fracture. Part one of book can be thought as part of an 
advanced course in “nonlinear solid mechanics” for graduate students. 
Meanwhile part two of the book can be taught independently without any 
reference to part one as part of a graduate course in “fracture mechanics.” 
This book is also useful for engineers and researchers in the field of solid 
and applied mechanics and will help them to understand the mathemati-
cally orientated material regarding finite deformation and fracture.

Majid Aleyaasin
School of Engineering, Aberdeen University, 

Aberdeen Scotland, UK
July 2015
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PART 1

MECHANICS OF FINITE 
DEFORMATIONS
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CHAPTER 1

NONLINEAR GEOMETRY OF 
CONTINUUM SOLIDS VIA 
MATHEMATICAL TOOLS

CONTENTS

1.1  General Non-Orthogonal System of Coordinates............................. 3
1.2  Metric Tensors and the Applications................................................. 7
1.3  Elementary Operations with Metric Tensors.................................. 13
Keywords................................................................................................. 19

1.1  GENERAL NON-ORTHOGONAL SYSTEM OF 
COORDINATES

So far we are familiar with orthogonal coordinate systems. In solid 
mechanics sometimes we call it non-natural type. This is because a solid 
object may not be orthogonal in shape, and therefore applying orthogonal 
coordinate to study the mechanics of it naturally does not coincide with the 
geometry of the object.

According to Fig. 1.1, for the orthogonal coordinates the coordinates 
are X1, X 2 and X 3 with the unit vectors 



I1, 


I2 and 


I3 that are fixed in space 
or are x1, x2 and x3 with the unit vectors 



i1 , 


i2 and 


i3 that are attached to 
the body.

In orthogonal system any vector r  can be represented by:



  

r x i x i x i= + +1 1 2 2 3 3   or  

  

r X I X I X I= + +1 1 2 2 3 3

© 2016 by Apple Academic Press, Inc.



4	 Mechanics of Finite Deformation and Fracture

For the unit vectors in orthogonal coordinate we have:
     

I I I I I I1 2 2 3 3 1 0⋅ = ⋅ = ⋅ =  
     

I I I I I I1 1 2 2 3 3 1⋅ = ⋅ = ⋅ =

     

i i i i i i1 2 2 3 3 1 0⋅ = ⋅ = ⋅ =  
     

i i i i i i1 1 2 2 3 3 1⋅ = ⋅ = ⋅ =

An important relationship between the unit vectors and the components in 
orthogonal system is:

x r i1 1= ⋅




  x r i2 2= ⋅




  x r i3 3= ⋅




X r I1 1= ⋅




  X r I2 2= ⋅




  X r I3 3= ⋅




It should be remembered that sign “·” is for internal vector product and 
sign “×” is for external vector product. This means that value of each 
component is the same as value of the projection of the vector into that 
axis. For some geometries like cylindrical, spherical, rectangular system 
of coordinate the above property is valid.

However, for many objects their natural geometry may be different 
for orthogonal ones, and a natural coordinates should be defined for them. 
For non-orthogonal coordinate we define the surfaces α1 1= c , α2 2= c  and 
α3 3= c  to represent any point on the object and any position vector r
according to Fig. 1.2 will be expressed by these surfaces for each point on 
the object three vectors g1, 

g2  and g3 can be defined to be replaced by the 
unit vectors 



i1 , 


i2  and 


i3. These new vectors are defined by:





g r
1

1

=
∂
∂α

  



g r
2

2

=
∂
∂α

  



g r
3

3

=
∂
∂α

These vectors are called ( g1, 
g2 and g3) “covariant based vectors.” Obviously 

they may not be unit vectors and also they may not be orthogonal to each 

FIGURE 1.1  Orthogonal coordinate system.
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Nonlinear Geometry of Continuum Solids via Mathematical Tools	 5

other. g1, 
g2 and g3 originated from natural geometry of the object and any 

vector r  can be represented with three components across g1, 
g2 and g3 

respectively, that is,

	    r x g x g x g= + +1
1

2
2

3
3 	 (1.1.1)

The components x1, x2 and x3 designated by upper subscripts will be 
explained shortly. The relationship between x1, x2 and x3 with g1, 

g2 and g3 
(they are not unit vectors) are not similar to orthogonal case, that is,

x r g1
1≠ ⋅( )    x r g2

2≠ ⋅( )    x r g3
3≠ ⋅( ) 

Obviously, value of each components x1, x2 and x3 are not the same as 
value of the projections of the vector r  into g1, 

g2 and g3, which are not 
unit vectors and form a parallelepiped as can be seen in Fig. 1.3. The vol-
ume of this parallelepiped is not unit but can be given by:

	 v g g g g g g g g g= ⋅ ×( ) = ⋅ ×( ) = ⋅ ×( )        

1 2 3 2 1 3 3 1 2 	 (1.1.2)

Now an important question arises. If x1, x2 and x3 are not the projections of 
vector r  into g1, 

g2 and g3 then what are they? Can we find a direction gi  
such that the projection of vector r  into it is xi? If the answer is yes then 
we call the system g1, g 2 and g3 a Contravariant base vector system. 
Einstein defined this vector base system by:

	 

 

g g g
v

1 2 3=
× 	 (1.1.3)

FIGURE 1.2  Non-orthogonal coordinate system.
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6	 Mechanics of Finite Deformation and Fracture

	 

 

g g g
v

2 3 1=
× 	 (1.1.4)

	 

 

g g g
v

3 1 2=
× 	 (1.1.5)

From Eq. (1.1.3) we see that g1 is normal to the plane that is formed by 
g2 and g3 which means that  g g1

2 0⋅ =  and  g g1
3 0⋅ = . From Eq. (1.1.4) 

we see that g 2 is normal to the plane that is formed by g1 and g3 which 
means that  g g2

1 0⋅ =  and  g g2
3 0⋅ = . From Eq. (1.1.5) we see that g3 

is normal to the plane that is formed by g1 and g2 which means that 
 g g3

1 0⋅ =  and  g g3
2 0⋅ = .

Multiplying both sides of Eq. (1.1.3) into g1 considering Eq. (1.1.2) 
provides:

	  

  

g g
g g g

v1
1 1 2 3 1⋅ =

⋅ ×( )
= 	 (1.1.6a)

Multiplying both sides of Eq. (1.1.4) into g2 considering Eq. (1.1.2) 
provides:

	  

  

g g
g g g

v2
2 2 1 3 1⋅ =

⋅ ×( )
= 	 (1.1.6b)

Multiplying both sides of Eq. (1.1.5) into g3  considering Eq. (1.1.2) 
provides:

	  

  

g g
g g g

v3
3 3 1 2 1⋅ =

⋅ ×( )
= 	 (1.1.6c)

FIGURE 1.3  Parallelepiped of covariant base vectors.
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Nonlinear Geometry of Continuum Solids via Mathematical Tools	 7

It seems that contra-variant base vector system is the answer to the ques-
tion, because if we multiply both sides of equation (1.1.1) into g1, g 2 and 
g3, respectively, considering the equations in Eq. (1.1.6) then we have:

	 x r g1 1= ⋅( )    x r g2 2= ⋅( )    x r g3 3= ⋅( )  	 (1.1.7)

We can conclude that in a non-orthogonal coordinates we face a dual sys-
tem of base vector the first one is covariant base vectors g1, 

g2 and g3, and 
2nd one is the contravariant base vectors g1, g 2 and g3.

Any vector r  can be represented in covariant base vectors with contra-
variant components such that:

	    r x g x g x g= + +1
1

2
2

3
3 	 (1.1.1)

Alternatively any vector r  can be represented in contravariant base vec-
tors with covariant components such that:

	    r x g x g x g= + +1
1

2
2

3
3 	 (1.1.8)

Obviously the covariant components are:

	 x r g1 1= ⋅( )    x r g2 2= ⋅( )    x r g3 3= ⋅( )  	 (1.1.9)

Orthogonal base vector systems are special case of the general non-
orthogonal system in which the covariant and contra-variant base vectors 
are coincide with each other. For example, in a cylindrical orthogonal base 
vectors we have:

   g g e eθ
θ

θ θ= = =1     g g e er
r

r r= = =1

   g g e ez
z

z z= = =1

1.2  METRIC TENSORS AND THE APPLICATIONS

In Section 1.1. we mentioned that for non-orthogonal coordinates a dual 
system consist of covariant and contra-variant base vector system is 
required. Any position vector r  can be expressed by covariant base vec-
tors like Eq. (1.1.1) or contra-variant base vectors like Eq. (1.1.8).

© 2016 by Apple Academic Press, Inc.

  



8	 Mechanics of Finite Deformation and Fracture

If we substitute Eq. (1.1.9) into Eq. (1.1.8), the by using abbreviated 
summation index j, we have:

	    r r g gj
j= ⋅( ) 	 (1.2.1)

Similarly by substituting Eq. (1.1.7) into Eq. (1.1.1), and using summation 
index j, we have:

	    r r g gj
j= ⋅( ) 	 (1.2.2)

From now on for sake of simplicity we remove the vector sign from the 
base vectors saying that g gi i=  and also g gi i= . Now if we set r gi=  in 
Eq. (1.2.1) and r g j=  in Eq. (1.2.2) and remove vector signs we have:

	 g g g gi i j
j= ⋅( )   g g g gi i j

j= ⋅( ) 	 (1.2.3)

The pair of equations in Eq. (1.2.3) provides a relationship between covar-
iant and contra-variant vector base system and the abbreviated form is:

	 g g gi ij
j= 	 (1.2.4)

	 g g gi ij
j= 	 (1.2.5)

	 g g gij i j= ⋅( )   g g gij i j= ⋅( ) 	 (1.2.6)

The gij  and gij  defined by Eq. (1.2.6), are called metric tensors which obvi-
ously relates the covariant to contra-variant base vectors and vice versa. 
This tensor has an important role in calculations of the strain and stress in 
finite deformations. For an orthogonal base vector system it is obvious that 
i j x y z g gij

ij
ij, , ,= = = δ  and the δ ij  is called Kronecker delta defined by:

δ ij i j= =1   δ ij i j= ≠0

If we multiply (scalar product) both sides of Eq. (1.2.4) into the base vec-
tor gk  then we have:

g g g g gi
k

ij
j k⋅ = ⋅

© 2016 by Apple Academic Press, Inc.

  



Nonlinear Geometry of Continuum Solids via Mathematical Tools	 9

Rewriting the expressions in Eq. (1.1.6) in compact form is like this:

	 g gi
k

i
k⋅ =δ 	 (1.1.6)

Kronecker delta δ i
k  herein is:

δ i
k k i= =1   δ i

k k i= ≠0

Since g g gj k jk⋅ =  (see Eq. (1.2.6)) the by substituting Eqs. (1.1.6) and 
Eq. (1.2.6) into g g g g gi

k
ij

j k⋅ = ⋅  we have:

	 g gij
jk

i
k⋅ =δ 	 (1.2.7)

We can use metric tensor to find out relationship between covariant and 
contra-variant components of a vector since we can write:

	 r x g x gi
i i

i= = 	 (1.2.8)

If we substitute Eqs. (1.2.4) and (1.2.5) into Eq. (1.2.8) then we have, 
r x g g x gi

ij
j

j
j= =  and also r x g x g gj

j i
ij

j= =  and this results two impor-
tant formulas:

	 x x gj
i

ij=   x x gj
i

ij= 	 (1.2.9)

The Eq. (1.2.9) is for components of a vector, similarly can be valid for 
components of a tensor A as follows:

A = = + + + +

+ +

A g g A g g A g g A g g A g g A g g
A g g

kl
k l

11
1 1

12
1 2

13
1 3

21
2 1

22
2 2

23
2 3 AA g g A g g A g g31

3 1
32

3 2
33

3 3+ +
		  (1.2.10)

In Eq. (1.2.10) the product g gk l (without dot between) is called outer 
product and its result is a 3 3×  matrix as follows:

g g g g gk l k l kl= ⊗ =
















0 0 0
0 0
0 0 0

© 2016 by Apple Academic Press, Inc.

  



10	 Mechanics of Finite Deformation and Fracture

Equation (1.2.10) is covariant-based expression of a tensor A, similarly we 
can write the contra-variant expression as follows:

A = = + + + +

+ +

A g g A g g A g g A g g A g g A g g

A g g
ij

i j
11

1 1
12

1 2
13

1 3
21

2 1
22

2 2

23
2 3 AA g g A g g A g g31

3 1
32

3 2
33

3 3+ +
		  (1.2.11)

In Eq. (1.2.11) the product g gi j  (without dot between) is called outer 
product and its result is a 3 3×  matrix as follows:

g g g g
g

1 2 1 2

120 0
0 0 0
0 0 0

= ⊗ =

















  g g g g
g

3 3 3 3

33

0 0 0
0 0 0
0 0

= ⊗ =
















According to Eqs. (1.2.10) and (1.2.11), any tensor can be expressed either 
in terms of covariant or contra-variant base vector and the abbreviated 
form is:

	 A = = =A g g A g g i j k lkl
k l ij

i j , , , , ,1 2 3 	 (1.2.12)

From Eq. (1.2.4) we have g g gk ki
i=  and also g g gl ji

j=  and if we substi-
tute these in Eq. (1.2.12) we have:

	 A A g gij
kl

ki lj= 	 (1.2.13)

From Eq. (1.2.5) we have g g gi ik
k=  and also g g gj jl

l=  and if we substi-
tute these in Eq. (1.2.12) we have:

	 A g g Akl ki lj
ij= 	 (1.2.14)

Therefore, the main role of the metric tensor is relating covariant and con-
tra-variant components of a tensor (see Eqs. (1.2.13) and (1.2.14)) and 
vectors (see Eq. (1.2.9)). If we have two vectors u and v , then their scalar 
product is:

	  u v u g v g u v g g u v g u vi
i

j
j

i j
i j

i j
ij j

j⋅ = ( ) ⋅ ( ) = ⋅ = = 	 (1.2.15)

© 2016 by Apple Academic Press, Inc.

  



Nonlinear Geometry of Continuum Solids via Mathematical Tools	 11

In Eq. (1.2.15) u j  is contra-variant component of u  and v j  is covariant 
component of v , it is worth reminding that they are not physical length of 
the vector, since in non-orthogonal coordinate systems the base vectors do 
not have unit length and components cannot represent the length.

For example a covariant base vector gi is not a unit vector, but a unit 
vector ei  across a base vector gi  can be easily calculated from the follow-
ing formula:

	 e g
g

g
gi

i

i

i

ii

= = 	 (1.2.16)

The above formula enables a vector to be expressed in terms of ei  with 
the components u i*  which is physical length of the vector, the formula is:

	 u u g u ei
i

i
i= = * 	 (1.2.17)

If we substitute Eqs. (1.2.16) into (1.2.17) then the physical length can be 
found, that is,

	 u g ui
ii

i* = 	 (1.2.18)

Similarly for the contra-variant system a formula can be developed in the 
same way which is:

	 u g ui
ii

i
* = 	 (1.2.19a)

The expanded versions of g1, g2 and g3 are:

g r x i x i x i1
1

1

1
1

2

1
2

3

1
3=

∂
∂

=
∂
∂

+
∂
∂

+
∂
∂



  

α α α α
  g r x i x i x i2

2

1

2
1

2

2
2

3

2
3=

∂
∂

=
∂
∂

+
∂
∂

+
∂
∂



  

α α α α

g r x i x i x i3
3

1

3
1

2

3
2

3

3
3=

∂
∂

=
∂
∂

+
∂
∂

+
∂
∂



  

α α α α

In the last section, we mentioned that volume of this parallelepiped formed 
by covariant base vector g1, g2 and g3 is:

v g g g g g g g g g= ⋅ ×( ) = ⋅ ×( ) = ⋅ ×( )1 2 3 2 1 3 3 1 2
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12	 Mechanics of Finite Deformation and Fracture

The triple vector products above can be expressed by a determinant which is:

	 g g g

x x x

x x x

x x

3 1 2

1

1

2

1

3

1

1

2

2

2

3

2

1

3

2

⋅ ×( ) =

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

α α α

α α α

α α33

3

3

∂
∂
x
α

	 (1.2.19b)

To expand elements of the metric tensor gij say for example g12 we can write:

g g g x i x i x i x i x
12 1 2

1

1
1

2

1
2

3

1
3

1

2
1= ⋅ =

∂
∂

+
∂
∂

+
∂
∂









 ⋅

∂
∂

+
∂

α α α α

   

22

2
2

3

2
3∂

+
∂
∂









α α

 

i x i

Since the scalar products 
     

i i i i i i1 2 2 3 3 1 0⋅ = ⋅ = ⋅ =  and 
     

i i i i i i1 1 2 2 3 3 1⋅ = ⋅ = ⋅ = , 
the above expression can be simplified to:

g x x x x x x
12

1

1

1

2

2

1

2

2

3

1

3

2

=
∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂α α α α α α

Abbreviation of the above expression by using summation index yields to:

	 g x x
ij

m

i

m

j

=
∂
∂

∂
∂α α

	 (1.2.20)

By looking at the above expression it can be realized easily that the matrix 
g[ ] containing the elements gij  is a result of product of a matrix and its 

transpose as follows:

	 g[ ] =

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

x x x

x x x

x x x

1

1

2

1

3

1

1

2

2

2

3

2

1

3

2

3

3

3

α α α

α α α

α α α



























∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂

x x x

x x x

1

1

1

2

1

3

2

1

2

2

2

3

α α α

α α α
xx x x3

1

3

2

3

3∂
∂
∂

∂
∂

























α α α

	 (1.2.21)
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In linear algebra we can prove that for two square matrices B[ ] and C[ ], 
when their product is defined by A[ ] = [ ][ ]B C , then their determinants also 
related by A B C= . If we apply this theorem to the matrix product in Eq. 
(1.2.21) by considering that the determinant in Eq. (1.2.19b) is the same of 
determinant of its transpose then by considering g = ( ) =det g gij , we have:

g = ( ) = ⋅ ×( )( ) ⋅ ×( )( ) =det g g g g g g g gij 3 1 2 3 1 2

Therefore we have the following formula:

	 g g g g3 1 2⋅ ×( ) = 	 (1.2.22)

1.3  ELEMENTARY OPERATIONS WITH METRIC TENSORS

In this chapter, we discuss about differentials of the length, area and volume 
also we discuss about covariant differentiation. These concepts are neces-
sary for using tensors in nonlinear solid mechanics. From previous section, 
the concept of metric tensors and Eq. (1.2.22) will be used throughout the 
section. First we study the length differential according to Fig. 1.4, we have:

ds d r≅


ds d r d r2 = ⋅
 

From Eq. (1.1.1) we have:
d r g dx g dx g dx

= + +1
1

2
2

3
3  which yields to:

ds g dx g dx g dx g dx g dx g dx2
1

1
2

2
3

3
1

1
2

2
3

3= + +( ) ⋅ + +( )

FIGURE 1.4  Length differential.

© 2016 by Apple Academic Press, Inc.

  



14	 Mechanics of Finite Deformation and Fracture

The above expression consists of nine terms and it can be abbreviated by 
using Eq. (1.2.6) into the following form:

	 ds g dx dx i jij
i j2 1 2 3= =. , , 	 (1.3.1)

From Eq. (1.3.1) we see that gij is a prelude for calculating the length and 
the term “metric tensor” for it is used due to this fact. The elements of area 
can also be represented by a vector products in Fig. 1.5, the surfaces α1, 
α2  and α3 are shown and any differential area vector d a3 and be by fol-
lowing vector product:

d a g dx g dx

3 1
1

2
2= ×

This is a definition and to be consistent with orthogonal case it can be writ-
ten into this form:

	 d a g g dx dx

3 1 2
1 2= ×( ) 	 (1.3.2)

In orthogonal system g g1 2×( ) is a unit vector, therefore, Eq. (1.3.2) is a 
general definition.

From Eq. (1.1.5) we know that g g1 2×( ) lies in g3 direction, therefore 
it is necessary to find the scalar product of e g g3

1 2⋅ ×( ) to find out the 

d a3  considering that e g
g

3
3

33
=  (see Eq. (1.2.16))

d a d a d a g
g

 

3 3 3

3

33
= = ⋅

FIGURE 1.5  Surfaces α1, α2 and α3.
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The numerical value of d a3 is d a3 and if we substitute Eq. (1.3.2) into 
above expression we have:

	 d a g g g
g
dx dx3 1 2

3

33

1 2= ×( )⋅ 	 (1.3.3)

From Eq. (1.2.5) we can conclude that:

	 g g gj j
3 3= 	 (1.3.4)

If we substitute Eqs. (1.3.4) into (1.3.3) and consider that when j =1 2,  we 
have:

g g g g g g1 1 2 2 1 2 0⋅ ×( ) = ⋅ ×( ) =

Because both g1 and g2 are perpendicular to g g1 2×( ) and only for j = 3 
we have nonzero terms. Therefore, Eq. (1.3.3) will change to:

d a g g g g dx dx3 1 2
3 33 1 2= ×( )⋅

Now we need to substitute Eq. (1.2.22) into the above equation, we find 
out that:

	 d a g g dx dx3
33 1 2= 	 (1.3.5)

Similarly we can find the expressions for both d a1 and d a2

	 d a g g dx dx1
11 3 2= 	 (1.3.6)

	 d a g g dx dx2
22 1 3= 	 (1.3.7)

We can also calculate volume differential by considering the parallelepi-
ped that expressed in Eq. (1.1.2) as follows:

	 v g g g g g g g g g= ⋅ ×( ) = ⋅ ×( ) = ⋅ ×( )        

1 2 3 2 1 3 3 1 2 	 (1.1.2)
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16	 Mechanics of Finite Deformation and Fracture

Volume differential is still a parallelepiped that can be described by:

dv d a d g= ⋅
 

3 3

This can be expended by substituting Eq. (1.3.2) into it, that is,

dv g g dx dx g dx g g g dx dx dx= ×( ) ⋅ = ×( )⋅1 2
1 2

3
3

1 2 3
1 2 3

Then by using Eq. (1.2.22) the above expression changes to:

	 dv g dx dx dx= 1 2 3 	 (1.3.8)

Which is a general formula, for volume differential and for an orthogonal 
coordinate g =1.

Now we talk about natural differentiation of a vector. It is designated 

by u i,  which is ∂
∂

u

iα
, the vector u  is, u u g u g u g= + +1

1
2

2
3

3, therefore the 

differentiation will be:

	 



u u u g u g u g u g u g ui
i i i i i i

, =
∂
∂

=
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

+
α α α α α α

1

1
1 1

2

2
2 2

3

3
33 3∂

∂
g

iα
		  (1.3.9)

Equation (1.3.9) consists of six terms. Now we define Christoffel symbols 
as follows:

	 ∂
∂

=
g g
i

i
r

r
1

1α
Γ   ∂

∂
=

g g
i

i
r

r
2

2α
Γ   ∂

∂
=

g g
i

i
r

r
3

3α
Γ 	 (1.3.10)

Each expression in Eq. (1.3.10) will be expanded into 3 terms, therefore if 
Eq. (1.3.10) substituted in Eq. (1.3.9) and then expanded 12 terms will in 
the expansion like this:

u u u u u g u ui
i

i i i
i

i i, =
∂
∂

+ + +








 +

∂
∂

+ +
1

1
1 1

2
1 2

3
1 3

1

2

1
2 1

2α α
Γ Γ Γ Γ Γ22 2

3
2 3

2

3

1
3 1

2
3 2

3
3 3

1

u u g

u u u u g

i

i
i i i

+










+
∂
∂

+ + +










Γ

Γ Γ Γ
α

		  (1.3.11)
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Nonlinear Geometry of Continuum Solids via Mathematical Tools	 17

The natural differentiation displayed in Eq. (1.3.11) consists of 12 terms 
as above. However, it should be simplified and the brackets that are the 
components of g1, g2 and g3 can be designated by u

i
1 , u

i
2  and u

i
3 , this 

enables simplified form of Eq. (1.3.11) to be written in three terms as 
indicated by:

	 u u g u g u gi i i i, = + +1
1

2
2

3
3 	 (1.3.12)

Comparing Eqs. (1.3.12) and (1.3.11) introduces terms u
i

1 , u
i

2  and u
i

3  
which are known as covariant differentiation of the components of a vec-
tor. These three terms are components of g1, g2 and g3 respectively and 
make the vector differentiation simplified. According to Eqs. (1.3.11) 
and (1.3.12) the covariant differentiation of the components are:

u u u
i

i
ki

k

terms

1
1

1

4

=
∂
∂

+
α

Γ
� �� ��

  u u u
i

i
ki

k

terms

2
2

2

4

=
∂
∂

+
α

Γ
� ��� ���

  u u u
i

i
ki

k

terms

3
3

3

4

=
∂
∂

+
α

Γ
� �� ��

		  (1.3.13)

Equations (1.3.13) can be shown in an abbreviated form in one of the two 
forms and both are acceptable for definition of the covariant differentia-
tion they are:

	 u u uj
i

j

i
ki
j k=

∂
∂

+
α

Γ   u u ui
j

i

j
kj
i k=

∂
∂

+
α

Γ 	 (1.3.14)

Now it is time to explain what is Γkj
i i j k, , , ,=1 2 3. They are called 

Christoffel symbols (27 in total) and are necessary for determination of 
the covariant differentiation of the components of a vector.

In order to find an explicit formula for them we form the scalar product 

of g1 and 1st in Eq. (1.3.10), that is, g g g g
i

i
r

r
1 1 1

1⋅
∂
∂

= ⋅
α

Γ  and considering 

g g1
1 1⋅ =  also g g g g1

2
1

3 0⋅ = ⋅ = , then we have:

Γ1
1 1 1 1 2 3i

i

g g i= ⋅
∂
∂

=
α

, ,
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18	 Mechanics of Finite Deformation and Fracture

The above shows three symbols. By forming the scalar product of g 2  
and g3 to 1st in Eq. (1.3.10) and considering g g g g2

2
3

3 1⋅ = ⋅ =  also 
g g rr
2 0 1 3⋅ = = ,  and g g rr

3 0 1 2⋅ = = , , then we have further six sym-
bols like this:

Γ1
2 2 1 1 2 3i

i

g g i= ⋅
∂
∂

=
α

, ,   Γ1
3 3 1 1 2 3i

i

g g i= ⋅
∂
∂

=
α

, ,

Further nine symbols can be found by forming the scalar product of g1, g 2 
and g3 to 2nd in Eq. (1.3.10) and considering g g g g g g1

1
2

2
3

3 1⋅ = ⋅ = ⋅ =  also 
g g rr
1 0 2 3⋅ = = ,  g g rr

2 0 1 3⋅ = = ,  and g g rr
3 0 1 2⋅ = = , , they are:

Γ2
1 1 2 1 2 3i

i

g g i= ⋅
∂
∂

=
α

, ,   Γ2
2 2 2 1 2 3i

i

g g i= ⋅
∂
∂

=
α

, ,

Γ2
3 3 2 1 2 3i

i

g g i= ⋅
∂
∂

=
α

, ,

The final nine symbols can be found by forming the scalar product of g1, g 2 
and g3 to 3rd in Eq. (1.3.10) and considering g g g g g g1

1
2

2
3

3 1⋅ = ⋅ = ⋅ =  also 
g g rr
1 0 2 3⋅ = = ,  g g rr

2 0 1 3⋅ = = ,  and g g rr
3 0 1 2⋅ = = , , they are:

Γ3
1 1 3 1 2 3i

i

g g i= ⋅
∂
∂

=
α

, ,   Γ3
2 2 3 1 2 3i

i

g g i= ⋅
∂
∂

=
α

, ,

Γ3
3 3 3 1 2 3i

i

g g i= ⋅
∂
∂

=
α

, ,

All the above 27 symbols can be summarized in one formula like this:

	 Γ ji
k k j

i

g
g

i j k= ⋅
∂

∂
=

α
, , , ,1 2 3 	 (1.3.15)

They are Christoffel symbols and should be used to find the covariant dif-
ferentiation of the components of a vector (rewriting Eq. (1.3.14)):

u u uj
i

j

i
ki
j k=

∂
∂

+
α

Γ
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The covariant differentiation of the components, are used to express the 
natural differentiation of vector (rewrite Eq. (1.3.12)), that is,

	
u u g i ji

j
i j, , , ,= =1 2 3 	 (1.3.16)
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2.1  STRAIN DEFINITION IN LARGE DEFORMATIONS

A well-known criteria that we remember from engineering and represents 
deformation, is named strain. Defining engineering strain is very simple, if 
we imagine a rod with an initial length l0 (see Fig. 2.1), when subjected to 
tension its length increases to ln, then the engineering strain is defined by:

	 εE
nl l
l

=
− 0

0

	 (2.1.1)

FIGURE 2.1  Rod under tension.
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22	 Mechanics of Finite Deformation and Fracture

If we multiply the numerator and denominator of Eq. (2.1.1) into l ln0 +  
then we have:

εE
n n

n

n

n

nl l l l
l l l

l l

l l
l

l l

l
=

−( ) +( )
+( )

=
−

+










=
−0 0

0 0

2
0
2

0
2

0

2
0
2

1 00
2 0

0

2
0
2

0
2

2
2

+
−









=
−
+( )l l

l

l l
ln

n

Eε

In the above expression if ε E << 2, then we can ignore it and define a new 
strain known as “Green strain” which will be:

	 εG
nl l
l

=
−2 0

2

0
22

	 (2.1.2)

Comparing Eqs. (2.1.1) and (2.1.2) shows that ε
ε
εE
G

E

=
+( )1 2

 or 

alternatively:

ε ε ε
G E

E= +( )1 2

It is obvious that if ε E <<1 (small deformation), in Eq. (3) we can ignore 

the term εE
2

2  and then we can say that Green strain εG and engineering 

strain εE are close ε εG E≅ . Meanwhile we can rearrange Eq. (2.1.2) into 

the following form:

	 l l ln G
2

0
2

0
22− = ε 	 (2.1.3)

When the deformation is large and is not a uni-axial tension type, we 
can also define the Green strain tensor by relaying on a simple definition 
in Eq. (2.1.3). According to Fig. 2.2, vector r  shows position of a point 
in un-deformed position and the metric tensor can be shown by g , the 
differential length element ds can be found from Eq. (1.3.1) written by:

	 ds g dx dx i jij
i j2 1 2 3= =. , , 	 (2.1.4)

In the deformed body vector 


R  is position of the same point and the met-
ric tensor will change to G  because the deformation may be too big that 
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General Theory for Deformation and Strain in Solids	 23

causes change of the natural coordinates. Similarly the differential length 
element dS  can be found from Eq. (1.3.1) written by:

	 dS G dx dx i jij
i j2 1 2 3= =. , , 	 (2.1.5)

General form of Eq. (2.1.3) gives Green strain tensor like this:

	 dS ds dx dxij
i j2 2 2− = ε 	 (2.1.6)

By substituting Eqs. (2.1.4) and (2.1.5) into Eq. (2.1.6) we have:

G dx dx g dx dx dx dxij
i j

ij
i j

ij
i j− = 2 ε

Simplify the above equation gives the Green strain tensor which is:

	 ε ij ij ijG g= −( )1
2

	 (2.1.7)

Equation (2.1.7) shows that Green strain tensor has covariant compo-
nents; therefore, it should be expressed by contra-variant base vectors as 
indicated in Eq. (1.2.11) ε ij can be expressed by the un-deformed contra-
variant base vectors like this:

	
1 1 1 2 1 3 2 1 2 2

11 12 13 21 22

2 3 3 1 3 2 3 3
23 31 32 33

i j
ij g g g g g g g g g g g g

g g g g g g g g

ε ε ε ε ε ε ε

ε ε ε ε

= = + + + + +

+ + + +
	
(2.1.8)

FIGURE 2.2  Deformed and un-deformed geometry.
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24	 Mechanics of Finite Deformation and Fracture

According to Fig. 2.2, the displacement vector u  is:



 R r u= +

If we differentiate versus the coordinate αi, then we have ∂
∂

=
∂
∂

+
∂
∂



 R r u

i i iα α α
 

since ∂
∂

=


R G
i

iα
, ∂

∂
=

r g
i

iα
 and ∂

∂
=



u u
i

iα
,  then we can write:

	 	 (2.1.9)

By substituting Eq. (2.1.9) and also g g gij i j= ⋅  into Eq. (2.1.7) the Green 
strain tensor can be written in terms of displacement vector as follows:

	 ε ij i j j i i jg u g u u u= ⋅ + ⋅ + ⋅( )1
2

   , , , , 	 (2.1.10)

It is also possible that express the Green strain tensor in terms of the deformed 
covariant base vectors, that is, substitute     
and also G G Gij i j= ⋅  into Eq. (2.1.7) to have the following expression:

	 ε ij i j j i i jG u G u u u= ⋅ + ⋅ − ⋅( )1
2

   , , , , 	 (2.1.11)

It is also possible to use covariant differentiation of the displacement compo-
nents from Eq. (1.3.16) to change the strain formulas for strain tensor, that is,

	  u u g u u gm
m

i m i
m= =, 	 (2.1.12a)

	  u U G u U Gm
m

i m i
m= =, 	 (2.1.12b)

It should be remembered that Eq. (1.3.16) is written in terms of covari-
ant base vectors while Eqs. (2.1.12a) and (2.1.12b) are written in terms 
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General Theory for Deformation and Strain in Solids	 25

of contra-variant base vectors. This is because Green strain is a covariant 
tensor and needs an expression with covariant components.

Substituting Eq. (2.1.12a) into Eq. (2.1.10) a term like g u gi m j
m⋅  

appears and should be simplified.

Exercise 2.1.1: Simplify g u gi m j
m⋅

Solution:
, when we consider that 

g g g g g g1
1

2
2

3
3 1⋅ = ⋅ = ⋅ =  also   and 

, then we have:

g u g g u g g u g u i

g u g g u g g u g
i j i j i j j

i j i j i j

⋅ + ⋅ + ⋅ = =

⋅ + ⋅ + ⋅

1
1

1
1

3
3

1

1
1

1
1

3

1
33

2

1
1

1
1

3
3

3

2

3

= =

⋅ + ⋅ + ⋅ = =

u i

g u g g u g g u g u i
j

i j i j i j j

Therefore we have:

	 g u g ui m j
m

i j
⋅ =   g u g uj m i

m
j i

⋅ = 	 (2.1.12c)

Exercise 2.1.2: Simplify  u ui j, ,⋅

Solution: Consider u u g u g u gi i i i
, = + +1

1
2

2
3

3  but it can also be expressed 
in contra-variant base vector, that is, u u g u g u gj j j j

, = + +1
1

2
2

3
3, there-

fore we have:
  u u u g u g u g u u g u g u gi j i i i j j j j
, , ,⋅ = + +( ) ⋅ = + +( )1

1
2

2
3

3 1
1

2
2

3
3 , this 

product have nine terms in it but it can be reduced to three terms only 
because g g g g g g1

1
2

2
3

3 1⋅ = ⋅ = ⋅ =  also g g rr
1 0 2 3⋅ = = ,   

 and g g rr
3 0 1 2⋅ = = , , then we have:

 u u u u u u u ui j i j i j i j
, ,⋅ = + +1

1
2

2
3

3  which can be written in compact form, 

that is,
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26	 Mechanics of Finite Deformation and Fracture

	  u u u ui j
k
i k j

, ,⋅ = 	 (2.1.12d)

Substituting Eq. (2.1.12a) and subsequently Eqs. (2.1.12c) and (2.1.12d) 
into Eq. (2.1.10) leads to:

	 ε ij i j j i
k
i k j

u u u u= + +( )1
2

	 (2.1.13)

Similarly by substituting Eq. (2.1.12b) into Eq. (2.1.11) a term like 
G U Gi m j

m⋅  appears and it can be simplified into G U G Ui m j
m

i j
⋅ =  and also 

G U G Uj m i
m

j i
⋅ = . Moreover, the term  u ui j, ,⋅  according to Exercise 2.1.2 

could be expanded in terms of contra-variant base vectors and the result will 
be  u u U Ui j

k
i k j

, ,⋅ =  and the subsequent substitution of these into Eq. (2.1.11) 
leads to another equation for Green strain tensor based on the component of 
the deformed coordinate, that is,

	 ε ij i j j i
k
i k j

U U U U= + −( )1
2

	 (2.1.14)

2.2  STRAIN AND LARGE DEFORMATION IN ORTHOGONAL 
COORDINATES

Generally speaking in a large deformation any point P in a body with posi-
tion vector r X X X1 2 3, ,( )  will be moved to point P ' in the deformed body 
with position vector 



R x x x1 2 3, ,( ) and the infinitesimal length dX  accord-
ing to Fig. 2.3, is completely displaced to a new position dx that may 
be stretched (or contracted) and also rotated relative to its initial position 
dX . Under this deformation the displacement vector is d u  and following 
expressions are obvious:



 R r u= +   

  

r X i X i X i= + +1 1 2 2 3 3  


  

R x i x i x i= + +1 1 2 2 3 3

The deformed coordinates x x x1 2 3, ,  are functions of the initial coordinates 
X X X1 2 3, , , that is,
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(2.2.1)

The equations in Eq. (2.2.1) can be displayed in matrix form like this:

	
dx
dx
dx

x
X

x
X

x
X

x
X

x
X

x
X

x

1

2

3

1

1

1

2

1

3

2

1

2

2

2

3

















=

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂ 33

1

3

2

3

3

1

2

3

∂
∂
∂

∂
∂











































X
x
X

x
X

dX
dX
dX

	 (2.2.2)

The matrix form in Eq. (2) can be expressed in a simple vector and matrix 
notations like this:

   

FIGURE 2.3  Un-deformed and deformed position.
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	 	 (2.2.3)

In Eq. (2.2.3) the matrix F is known as deformation gradient matrix. Since 
we x X u1 1 1= + , x X u2 2 2= +  and x X u3 3 3= +  such that u u u1 2 3, ,  are com-
ponents of the displacement vector u, we can write:

	 ∂
∂

= +
∂
∂

=
x
X

u
X

i ji

j

i

j

1   ∂
∂

= +
∂
∂

≠
x
X

u
X

i ji

j

i

j

0 	 (2.2.4)

According to Eq. (2.2.4) matrix F can be written into following new form:

	 F =

+
∂
∂

∂
∂

∂
∂

∂
∂

+
∂
∂

∂
∂

∂
∂

∂
∂

+
∂

1

1

1

1

1

1

2

1

3

2

1

2

2

2

3

3

1

3

2

u
X

u
X

u
X

u
X

u
X

u
X

u
X

u
X

u33
3∂

























X

	 (2.2.5)

Expression Eq. (2.2.5) can be shown into simplified form like:

	   	
(2.2.6)

D is known as displacement gradient matrix, Substituting Eq. (2.2.6) into 
Eq. (2.2.3) gives an expression in D, that is,:

	 	 (2.2.6)
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The Green stress tensor can be defined exactly in the same style as 2.1.6, 
but here the natural coordinates α α α1 2 3, ,  are changed to the initial coor-
dinates X X X1 2 3, , , that is,

	 	 (2.2.7)

However, from (2.2.3) we had:

	 	 (2.2.8a)

Also the quadratic form ε ij i jdX dX  can be written into matrix form, that is,

	 	 (2.2.8b)

Substituting Eqs. (2.2.8a) and (2.2.8b) into Eq. (2.2.7) gives:

dX F F dX dX I dX dX dX[ ] [ ] [ ][ ] − [ ] [ ][ ] = [ ] [ ][ ]T T T T2 εε

The above expression can be easily simplified to this:

	 εε[ ]= [ ] [ ] − [ ]( )1
2

F F IT 	 (2.2.9)

Which is called Green strain tensor, it is similar with the definition in 
Eq. (2.1.7). From Eq. (2.2.6) if we substitute F I D= +( ) into Eq. (2.2.9) 
then we have:

εε[ ]= +[ ] +[ ] − [ ]( )1
2

I D I D IT

The above expression can be simplified to:

	 εε[ ]= + +( )1
2

D D D DT T 	 (2.2.10)

If we substitute D from Eq. (2.2.6) into Eq. (2.2.10) then we have:
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30	 Mechanics of Finite Deformation and Fracture

The result is a 3 3×  matrix obviously with nine components but it can be 
reduced to six components because the strain matrix is symmetric which 
can also be verified from the above expression. We rearrange the compo-
nents of the strain tensor in a vector into this form:

	

		  (2.2.11)

© 2016 by Apple Academic Press, Inc.

  



General Theory for Deformation and Strain in Solids	 31

It should be reminded that if the deformation is pure rotation then the 
strain tensor vanishes, because dx RdX=  where R or rotation matrix is an 
orthogonal one, that is, R R IT = , in this case when R = R, then D R I= −
and if we substitute this in (10) then we have:

εε[ ]= +[ ] +[ ] − [ ]( ) = [ ] [ ] − [ ]( ) = [ ]1
2

1
2

I D I D I R R IT T 0

In another special case when deformation small term D DT  in (2.2.10) or 
the 2nd bracket in Eq. (2.2.11) can be ignored in this case the strain tensor 
will change to:

	 εε[ ]≅ +( )1
2

D DT 	 (2.2.10a)

Now can compare the strain formulas in this section (for orthogonal 
coordinate), with the ones derived in previous section (for natural coor-
dinate). If we interpret these formulas in terms of natural coordinate 
then it is necessary to demonstrate that the end result is the formula 
for Green strain tensor given by Eq. (2.1.7). In Chapter 1, we men-
tioned that 

  

r X I X I X I= + +1 1 2 2 3 3, but here it should be replaced with 
X = + +X I X I X I1 1 2 2 3 3

  

, that is, this change r X⇔  should be made, and 
then the Eq. (1.2.7) can be written as:

	 dX X
=

∂
∂

= =
α

α α
i

i
i

id g d i 1 2 3, , 	 (2.2.12)

In Eq. (2.2.12) α1, α2 and α3 are the natural coordinates and g1, g2 and g3 
are covariant base vectors, that can be expressed by:

	 g X I X I X I ii
i i i

=
∂
∂

+
∂
∂

+
∂
∂

=1
1

2
2

3
3 1 2 3

α α α

  

, , 	 (2.2.12a)

In the deformed body 
   

R x I x I x I= + +1 1 2 2 3 3  should be replaced with 
x = + +x I x I x I1 1 2 2 3 3

  

, that is, this change 


R x⇔  should be made, and then 
the Eq. (2.1.7) can be written as:

	 dx x
=

∂
∂

=
α

α α
i

i
i

id G d 	 (2.2.13)
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In Eq. (2.2.13) G1, G2 and G3 are deformed covariant base vectors, that can 
be expressed by:

	 G x I x I x I ii
i i i

=
∂
∂

+
∂
∂

+
∂
∂

=1
1

2
2

3
3 1 2 3

α α α

  

, , 	 (2.2.13a)

Deformation gradient matrix was defined like this:

	 dx F dX= 	 (2.2.14)

By substituting Eqs. (2.2.12) and (2.2.13) into Eq. (2.2.14) we have:

	 G d g d G g ii
i

i
i

i iα α= ⇒ = =F F 1 2 3, , 	 (2.2.15)

In vector-matrix equation (2.2.15) Gi  and gi are also vectors but not shown 
by bold characters only because they are base vectors.

Exercise 2.2.1: Expand matrix equation (2.2.15)

Solution: In fact each of them have three components and described by 
Eqs. (2.2.12a) and (2.2.13a) and if we substitute it in Eq. (2.2.15) together 
with definition of F from Eq. (2.2.5) it results three expressions (each one 
for a component) such as:

	

∂
∂

=
∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂

=

∂
∂

x x
X

X x
X

X x
X

X i

x
i i i i

i

1 1

1

1 1

2

2 1

3

3

2

1 2 3
α α α α

α

, ,

==
∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂

=

∂
∂

=
∂
∂

x
X

X x
X

X x
X

X i

x x
i i i

i

2

1

1 2

2

2 2

3

3

3 3

1 2 3
α α α

α

, ,

XX
X x

X
X x

X
X i

i i i1

1 3

2

2 3

3

3 1 2 3∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂

=
α α α

, ,
	

(2.2.15a)

It is obvious that the set of nine equations in Eq. (2.2.15a) and nine equa-
tions in Eq. (2.2.15) are identical. The former represent a chain rule of 
differentiation applied to the components, while the latter expresses the 
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relationship between deformation gradient tensor F with the metric tensor. 
To find this we need to post multiply Eq. (2.2.15) into gi, this will be matrix 
(outer) product and not scalar (inner) product, then we have:

G g g gi
i

i
i⊗ = ⊗F

Expanding the above expression provides this form:

	
G g G g G g

g g g g
g g1

1
2

2
3

3 1
1

2
2

3
3

⊗ + ⊗ + ⊗ =
⊗ + ⊗ +

⊗













F
	

(2.2.15b)

In the above expression we expand the bracket we have:

g g g g g g

g g

1
1

2
2

3
3

1 0 0
0 0 0
0 0 0

0 0 0
0 1 0
0 0 0

1
1

⊗ + ⊗ + ⊗ =
















+


⊗
� �� �� 













+
















=

⊗ ⊗g g g g2
2

3
3

1 0 0
0 0 0
0 0 0� �� �� � �� ��

I

Substituting the above into Eq. (2.2.15b) then we find F versus:

	 F = ⊗ + ⊗ + ⊗ = [ ] G g G g G g G gi
i T

1
1

2
2

3
3 	 (2.2.16)

By transposing (2.2.16) we have:

	 F T j
j

T
g G=     	 (2.2.17)

Now substitute both Eqs. (2.2.16) and (2.2.16) into Eq. (2.2.9) to find the 
strain tensor, that is,

	 εε[ ] =
   

[ ]  −















=

   1
2

1
2

g G

G g

g Gj
j

T

i
i T

j
j

T

I

GG g

g g

i
i T

i
i T

[ ] 

−[ ] 

















I
� �� ��

	
(2.2.18)
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By post multiplying Eq. (2.2.18) into gi  considering that g gi T

i  [ ] =1
then:

	 εε[ ][ ] =
    [ ]  [ ]

− [ ]













g
g G G g g

g
i

j
j

T

i
i T

i

i

1
2 1

� �� ��

I



=
    [ ]
−[ ]













1
2

g G G

g

j
j

T

i

i

		  (2.2.19)

The Eq. (2.2.19) now is taken the form of a column vector εε[ ][ ]gi  and if 
we want to change it to a scalar type it is necessary to pre multiply both 
sides into g j

T
   also considering that g gj

T j    =1, then we have:

	 g g g g G G gj

T

i j

T j
j

T

i j

T
  [ ][ ] =       [ ] −   [ε

1
2

1
� �� ��

gi ]]














	 (2.2.19a)

Exercise 2.2.2: Simplify all the terms in Eq. (2.2.19a)

Solution: I chapter I, we showed that g g g g gj

T

i i j ij  [ ] = ⋅ =  and G G G G Gj

T

i i j ij  [ ] = ⋅ =

G G G G Gj

T

i i j ij  [ ] = ⋅ = , also g gj

T

i  [ ][ ]εε  is an scalar like the other terms of 
Eq. (2.2.19a). In order to prove consider for example j = 2 and i =1, then 
we have:

g gT
2 1

11 12 13

21 22 23

31 32 33

0 1 0
1
0
0

[ ] [ ][ ] = [ ]
















εε
ε ε ε
ε ε ε
ε ε ε

















= [ ]
















=0 1 0
11

21

31

21

ε
ε
ε

ε

The above example shows that g g g gj

T

i ji ij  [ ][ ] = =εε  and if we substi-
tute all in (2.2.19a) then we have:

	 ε ij ij ijG g= −( )1
2

	 (2.2.19b)
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The above expression is the Green strain tensor we introduced in last section 
and is also derivable from Eq. (2.2.9) as we demonstrated above.

We can also demonstrate the reverse procedure, that is, from 
Eq. (2.2.19b) above the Eq. (2.2.9) is also derivable, just we need to 
replace the natural coordinates α1, α2  and α3 with orthogonal coordinates 
X1, X 2 and X 3 which also can be shown in body attached frames, that is, 


  

r X i X i X i= + +1 1 2 2 3 3 and 


  

R x i x i x i= + +1 1 2 2 3 3. The covariant base vec-
tors are g i1 1=



, g i2 2=


 and g i3 3=


 in general we can write:

g r
X

gi
i

ij ij=
∂
∂

⇒ =


δ

The above expression was also discussed in chapter one. However, for 
the deformed body with position vector 



R  the covariant base vectors are:

G R
X

x
X
i x

X
i x

X
i

G R
X

x
X
i

i
i i i i

j
j j

=
∂
∂

=
∂
∂

+
∂
∂

+
∂
∂

=
∂
∂

=
∂
∂



  





1
1

2
2

3
3

1
1 ++

∂
∂

+
∂
∂

x
X
i x

X
i

j j

2
2

3
3

 

Also we have: G G Gij i j= ⋅

Substituting the expressions in Gij  we have:

G x
X
i x

X
i x

X
i x

X
i x

X
iij

i i i j j

=
∂
∂

+
∂
∂

+
∂
∂









 ⋅

∂
∂

+
∂
∂

1
1

2
2

3
3

1
1

2
    

22
3
3+

∂
∂











x
X
i

j



The result of the above is:

G x
X

x
X

x
X

x
X

x
X

x
Xij

i j i j i j

=
∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂

1 1 2 2 3 3

The above expression can simplified by summation index, that is,

G x
X

x
X

i jij
k

i

k

j

=
∂
∂

∂
∂

=, , ,1 2 3
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Now substituting Gij  and gij ij= δ  into Green strain tensor formula 
(2.2.19b) then:

ε δij
k

i

k

j
ij

x
X

x
X

=
∂
∂

∂
∂

−










1
2

The term ∂
∂
x
X
k

i

 are the rows of the matrix F T  also term ∂
∂
x
X
k

j

 are the rows 

of the matrix F, therefore the above expression can be written into matrix 
form, that is,

εε[ ] = −( )1
2

F F IT

That is identical with Eq. (2.2.9) so the proof is complete.

2.3  DECOMPOSITION OF DEFORMATION GRADIENT MATRIX

In previous section, it was demonstrated that large deformations and 
strains in orthogonal coordinate system can be expressed by deformation 
gradient matrix. The advantage of using this matrix lies on its decomposi-
tion into two components each represent a distinct property of the large 
deformation. It already known that (see Eq. (2.2.3)):

	 dx x
X

dX F dX=
∂
∂

= 	 (2.3.1)

The equation (2.3.1) can be expanded like this:

	 dx x
x

x
X

dX=
∂
∂

∂
∂r

r 	 (2.3.2)

In the above expansion ∂
∂

x
xr

 and ∂
∂

x
X

r  each expresses a matrix individu-

ally. It looks like that the main matrix F is decomposed into two matrices 
that their matrix product results F, the vector xr represents an intermediate 
coordinate such that:
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	 ∂
∂

=
x
x

R
r

	 (2.3.3)

In Eq. (2.3.3), the matrix R expresses pure rotation such that R R IT = , 
by pure rotation we mean rigid body type rotation. This is called “polar 
decomposition” in which rigid body rotation R is kept separate. Therefore, 
pure deformation part UR  can be defined by:

	 ∂
∂

=
x
X

Ur
R 	 (2.3.4)

The matrix UR that is defined by Eq. (2.3.4) is called “right stretch tensor” 
and if we substitute Eqs. (2.3.3) and (2.3.4) in Eq. (2.3.2) and then com-
pare the result with Eq. (2.3.1) we have:

	 F R U= R 	 (2.3.5a)

By changing the order of multiplication and following the same procedure 
we can define another matrix V called “left stretch tensor” and in general 
a following statement can be made:

Through using polar decomposition, the deformation gradient tensor F 
can be decomposed to rotation tensor R either with right stretch tensor UR 
or left stretch tensor V and the general formula is:

	 F R U V R= =R 	 (2.3.5b)

In order to find what the stretch tensors UR (from now U) and V are? First 
we define engineering concept of stretch which is called λ and is a number 
greater than 1, λ > 1 and can be expressed by:

	 λ =
d l
d l0

  λ 2
2

0
2=

d l
d l

	 (2.3.6)

In Eq. (2.3.6) the infinitesimal length d l is the deformed length and can be 
written in terms of the vector dx as follows:

	 d l dx dx dxT2
1
2

2
2

3
2= [ ] [ ] = + +dx dx 	 (2.3.7)
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Similarly infinitesimal length d l0 is the initial (un-deformed) length and 
can be written in terms of the vector dX  as follows:

	 d l dX dX dXT
0
2

1
2

2
2

3
2= [ ] [ ] = + +dX dX 	 (2.3.8)

If we show the unit vector in the dX  direction by N, then we have:

	 N dX
dX

dX
dX dX

N dX
dX dX

= =
( )

⇒ =
( )T

T
T

T1 2 1 2/ / 	 (2.3.9)

Meanwhile from Eq. (2.3.1) we can write:

	 dx F dX dx dX F= ⇒ =T T T 	 (2.3.10)

Exercise 2.3.1: Find a formula for λ 2

Solution: If we substitute Eqs. (2.3.7) and (2.3.8) into Eq. (2.3.6) then 
we have:

	 λ 2
2

0
2= =

d l
d l

T

T
dx dx

dX dX
	 (2.3.10a)

Substituting Eq. (2.3.9) into Eq. (2.3.10), results new form of Eq. (2.3.10), 
which is:

	 dx FN dX dX dx N F dX dX= ( ) ⇒ = ( )T T T T T1 2 1 2/ /
	 (2.3.10b)

Substituting Eq. (2.3.10b) into Eq. (2.3.10a) gives:

λ 2
2

0
2

1 2 1 2

= =
( ) ( )d l

d l

T T T T

T

N F dX dX FN dX dX
dX dX

/ /

This can be simplified into:

	 λ 2 = N F F NT T 	 (2.3.11)
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Any unit vector has the length 1, therefore we have:

	 N NT − =1 0 	 (2.3.12)

In Eq. (2.3.11), λ 2 is square of the stretch value and it depends on the 
direction N. In order to keep the variation of λ 2  minimum or δ λ 2 0( ) =
when the N is changing and also we have a constraint (2.3.12) to satisfy 
we use Lagrange multiplier method. In this method we define a multiplier 
called η and specify the Lagrange function φ δ λ= ( )2  like this:

	 φ η= + −( )N F FN N NT T T 1 	 (2.3.13a)

In order to find a direction in which λ 2 remains stationary or δ λ 2 0( ) = , 
we need to use the Lagrange rule that can be written as follows:

	 ∂
∂

= − =
φ

η
N

F F N I NT
T 0 	 (2.3.13b)

When we post-multiply both sides of the above vector expression into N T , 
then we have:

∂
∂

= − =
φ

η
N

N F F N N I NT
T T T

1

0��� ��

The above expression results:

	 η = N F F NT T 	 (2.3.14)

Comparing Eqs. (2.3.11) and (2.3.14) shows that Lagrange multiplier η, is 
the same as square of stretch λ 2 , that is, η λ= 2. Therefore, in Eq. (2.3.13b) 
instead of F F N I NT − =η 0  we can write:

	 F F I N b I NT −( ) = −( ) =λ λ2 2 0 	 (2.3.15)

In Eq. (2.3.15) the tensor b F F= T  is called “right Cauchy Green tensor.” 
According to Eq. (2.3.15) the square of stretches λ 2  are the eigenvalues 
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of the right Cauchy Green tensor b. Meanwhile by help of Eq. (2.3.5a) we 
can write:

F F U R RUT T T=

Since R R IT = , the above expression can be written into this simplified form:

	 F F U UT T= 	 (2.3.16)

Substituting Eq. (2.3.16) into Eq. (2.3.15) provides new expression such as:

	 U U I NT −( ) =λ 2 0 	 (2.3.17)

If we name the eigenvectors matrices Q N N N N( ) = [ ]1 2 3 , in which 
every Eigen vector forms a column in Q N( ), then according to a theorem 
in linear algebra we have:

	 U U Q N Q NT T= ( ) ( ) ( )diag , ,λ λ λ1
2

2
2

3
2 	 (2.3.18)

Exercise 2.3.2: Prove the expression in Eq. (2.3.18)

Proof: The Eq. (2.3.17) can be written into this form:

U U I NT
i i i−( ) = =λ 2 0 1 2 3, ,

This results, 

	 U U N I N NT
i i i i i i= = =λ λ2 2 1 2 3, , 	 (2.3.18a)

In Eq. (2.3.18a) each N i i =1 2 3, ,  is a column vector the whole 
(18a) represents 3 column vectors identity. If we use definition of 
Q N N N N( ) = [ ]1 2 3 , then the Eq. (2.3.18a) can be transformed into a 
matrix form like this:

	 U U Q N Q NT ( ) = ( ) ( )diag , ,λ λ λ1
2

2
2

3
2 	 (2.3.18b)
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By post-multiplying both sides of Eq. (2.3.18b) into Q N N N N( ) =  
T T T T

1 2 3 
Q N N N N( ) =  

T T T T
1 2 3  

where N1
T , N2

T  and N3
T  are the row vectors we have:

U U Q N Q N Q N Q NT T T( ) ( ) = ( ) ( ) ( )diag , ,λ λ λ1
2

2
2

3
2

Since eigenvector matrices are always normalized, then when can write 
Q N Q N I( ) ( ) =T  and the above expression will change to:

U U Q N Q NT T= ( ) ( ) ( )diag , ,λ λ λ1
2

2
2

3
2

Which is identical to Eq. (2.3.18) and the proof is complete.
If we want to expand Eq. (2.3.18) to find out the building blocks of 

U UT  we have:

U UT
n n n
n n n
n n n

=




















11 21 31

12 22 32

13 23 33

1
2

2
2

3
2

0 0
0 0
0 0

λ
λ

λ





























=

n n n
n n n
n n n

n
n
n

i

i

i

i

11 12 13

21 22 23

31 32 33

1

2

3

N
















= [ ] =N i
T

i i in n n i1 2 3 1 2 3, ,

The above expression can be simplified in terms of Eigen vectors, that is,

	 U U N N N
N
N
N

T

T

T

T

=  

















λ λ λ1
2

1 2
2

2 3
2

3

1

2

3

	 (2.3.19a)

The expansion of the above yields to this:

	 U U N N N N N NT T T T= + +λ λ λ1
2

1 1 2
2

2 2 3
2

3 3 	 (2.3.19b)

Since the matrix U is symmetric then UT = U and also U U UT = 2, then 
from Eq. (2.3.17) we have:

U U I N U I U I NT T−( ) = +( ) −( ) =λ λ λ2 0
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From the above expression we can conclude that:

	 U I N−( ) =λ 0 	 (2.3.20a)

Similar to the previous proof it can also be shown that:

	 U N N N N N N= + +λ λ λ1 1 1 2 2 2 3 3 3
T T T 	 (2.3.20b)

Equations Eqs. (2.3.20a) and (2.3.20b) can be interpreted in physical term, 
expressing that the principal stretches λ1, λ2 and λ3 are the eigenvalues of 
the right stretch tensor U . These stretches are in directions N1, N2 and 
N3 respectively and they are perpendicular to each other. Therefore, if 
the matrix F that contains information about the deformation undergoes 
polar decomposition F R U=  then from matrix U, we can find the prin-
cipal stretches λ1, λ2 and λ3 together with their directions N1, N2 and N3. 
Moreover, the theorem (2.3.18) is also valid for U, that is,

	 U Q N Q N= ( ) ( ) ( )diag , ,λ λ λ1 2 3
T 	 (2.3.20c)

Similarly in the deformed status, the unit vector n in direction dx can be 
defined as follows (see Eq. (2.3.9)):

	 n dx
dx

dx
dx dx

= =
( )T 1 2/   dx F dX= 	 (2.3.21)

Equation (2.3.21) can be expanded by using Eq. (2.3.9), which says 
dX N dX=  into this form:

n F dX
dx

F N dX
dx

= =

Since 
dx
dX

= λ  or stretch value, then 
dX
dx

=
1
λ

 and the above equation 

changes to:

	 n F N=
1
λ

	 (2.3.22)
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From Eq. (2.3.22) it is obvious that F N n= λ  and also N F n= −λ 1 and if 
we substitute both of these into Eq. (2.3.15) or F F N NT − =λ 2 0  we have:

	 F n F nT λ λ− =−3 1 0 	 (2.3.23)

By pre-multiplying both sides of Eq. (2.3.23) into 1
λ

F  we have:

	 F F I nT −( ) =λ 2 0 	 (2.3.24)

In Eq. (2.3.24) the matrix c F F= T is called “left Cauchy Green tensor.” 
Then by substituting F V R=  and F R VT T T=  into Eq. (2.3.24) we have:

VRR V I nT T −( ) =λ 2 0

Since RR IT =  the above equation will change to:

	 V V I nT −( ) =λ 2 0 	 (2.3.25)

Equation (2.3.25) is similar to Eq. (2.3.17) and V  is the “left stretch ten-
sor” and it is also symmetric, that is, V V= T , therefore equations similar to 
Eqs. (2.3.20a), (2.3.20b) and (2.3.20c) can be written in this case only the 
eigenvector matrix changes to q n n n n( ) = [ ]1 2 3  and we have:

	 V n n n n n n= + +λ λ λ1 1 1 2 2 2 3 3 3
T T T 	 (2.3.26)

	 V I n−( ) =λ 0	 (2.3.27a)

	 V q n q n= ( ) ( ) ( )diag , ,λ λ λ1 2 3
T 	 (2.3.27b)

The unit vectors or eigenvectors n1,n2 and n3 are called “Euler triads” while 
N1,N2 and N3. are called “Lagrange triads.” It is obvious that any unit vec-
tor N i after rotation will changes to the unit vector ni, that is,

n R N n N R N Ni i i i
T

i i
T= ⇒ =
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Since N N Ii i
T =  then we have:

R n N n N n N n N= = + +i i
T T T T

1 1 2 2 3 3

The above expression can be written in terms of eigenvector matrices 
q n( )  and Q N( )T :

	 R q n Q N= ( ) ( )T 	 (2.3.28)

If we substitute R q n Q N= ( ) ( )T  into F R U= then we have:

	 F q n Q N U= ( ) ( )T 	 (2.3.29a)

Then substituting U from Eq. (2.3.20c) into Eq. (2.3.29a) provides this:

F q n Q N Q N Q N= ( ) ( ) ( ) ( ) ( )T Tdiag , ,λ λ λ1 2 3

Since Q N Q N I( ) ( )=T , the above expression will be simplified to:

	 F q n Q N= ( ) ( ) ( )diag , ,λ λ λ1 2 3
T 	 (2.3.29b)

The expansion of Eq. (2.3.29a) easily yields to:

	 F n N n N n N= + +λ λ λ1 1 1 2 2 2 3 3 3
T T T 	 (2.3.29c)

The computational algorithm that, finds all the parameters from Eq. (2.2.6) 
or displacement gradient vector D can be summarized as follows:

a)	 From Eq. (2.2.6), which gives D we can find F I D= +  and also 
F T  and finally right Cauchy Green tensor F FT .

b)	 Then from Eq. (2.3.15) we can find λ1
2, λ2

2 and λ3
2  and also N1, N2 

and N3.
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c)	 From equation (2.3.20b) and results of part b, the right stretch ten-
sor U can be found.

d)	 Then by using R F U= −1  the rotation matrix can be found.
e)	 Since from part b the matrix Q N( )T  is known then from 

R q n Q N= ( ) ( )T  the q n( ) and subsequently the Euler triads n1, n2 
and n3 could be found.

f)	 By results of part e, from Eq. (2.3.26) the left stretch tensor V  can 
be found.

g)	 To check the accuracy the results of part a, part b and part e should 
be substituted into equation (2.3.29) and if it is satisfied the calcu-
lations are correct.

2.4  THE INVARIANTS OF THE STRAIN TENSOR AND THEIR 
TRANSFORMATION

In previous chapters, it was shown that the expressions for strain tensor 
in natural and orthogonal coordinate systems were different. In this sec-
tion we want to study the transformation matrix that enables switching 
from one to another system. Moreover a two dimensional example will 
also be discussed.

The components of the strain tensor in natural coordinate system are 
designated by ε ij  such that the strain tensor εε[ ] can be shown by (see 
Eq. (2.1.8)):

	
εε[ ] = = + + + +

+

ε ε ε ε ε ε

ε
ij

i jg g g g g g g g g g g g

g g
11

1 1
12

1 2
13

1 3
21

2 1
22

2 2

23
2 33

31
3 1

32
3 2

33
3 3+ + +ε ε εg g g g g g

		  (2.4.1a)

In section 2.2, we showed that we need to change r X⇔ to be able to 
study the metric tensors in terms of orthogonal coordinate such the covari-
ant base vector is (see Eq. (2.2.12)):

	 gi
i

=
∂
∂

X
α

	 (2.4.1b)
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The Jacobi matrix J can be defined by the elements containing covariant 
base vectors in Eq. (2.4.1b) into the following shape:

	 J =

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂





X X X

X X X

X X X

1

1

2

1

3

1

1

2

2

2

3

2

1

3

2

3

3

3

α α α

α α α

α α α





















	 (2.4.2)

Definition Eq. (2.4.2) says that J  is a 3 3×  matrix that its elements accord-
ing to Eq. (2.4.1b) contains information about components of the base 
vectors g1, g2 and g3, in following form:

	 J =
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

















g g g
g g g
g g g

1 1 1

2 2 2

3 3 3

1 2 3
1 2 3
1 2 3

	 (2.4.3)

Each base vector has 3 components in orthogonal system, and the 3 base 
vectors have 9 component in total, and these components are also the ele-
ments of the Jacobi matrix. According to Eq. (2.2.12a) these components 
can be written into this form:

	 g g i g i g i g i i ir r r r r i= ( ) + ( ) + ( ) = ( ) =1 2 3 1 2 31 2 3

   

, , 	 (2.4.4)

Now we form the scalar multiplication of the both sides into the unit vec-
tor 


is, then we have:

g i g i g i g i g i i ir s r r r r i s⋅ = ( ) + ( ) + ( ) = ( ) ⋅
     

1 2 31 2 3

In the above expression 
 

i i i si s⋅ = =1  and 
 

i i i si s⋅ = ≠0 , therefore the 
results will change to g sr ( ) which is the elements of Jacobi matrix Jrs, all 
statements above can be summarized by these formulas:

	 J = [ ] = ⋅ J g irs r s



  J g s r srs r= ( ) =, , ,1 2 3 	 (2.4.5)
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Now we use different symbol and show the components of the strain ten-
sor in orthogonal coordinate by , such that a strain tensor can be shown 
in two ways like this:

	 	 (2.4.6)

We can change Eq. (2.4.6) which is written in tensor form with a new 
equation in vector form and for doing this we form the scalar product of 
both sides with gk  such that:

	 	 (2.4.7a)

Equation (2.4.7a) is written in vector form and if we form the scalar prod-
uct of both sides with gk once more, it will change to scalar form, that is,

	 	 (2.4.7b)

The indicial Eq. (2.4.7b) is scalar and since δk
r  and δk

s  are either 1 or 0, we 
call the matrix containing elements ε rs[ ] by εε  and the one containing ele-
ments  by . Then Eq. (2.4.7b) can be written into one of these forms:

	 	 (2.4.8)

	 	 (2.4.9)

Now we set an example to understand the difference between natural 
coordinate and orthogonal coordinate system. For sake of simplicity we 
choose a two dimensional case and this example is also related to the 
analysis of isoperimetric elements in finite element method, whereby 
for skewed elements the natural coordinate is chosen as indicated in 
Fig. 2.4, by natural axis α I  and α II  which represents a parallelepiped 
with dimensions 2a  and 2b
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According to Fig. 2.4, any point P in the body can be expressed by the 
orthogonal coordinates like:

	


 

X X i X i= +1 1 2 2 	 (2.4.10a)

	 X a b XI II
1 0= + +α α θcos   X b YII

2 0= +α θsin 	 (2.4.10b)

The covariant base vectors will be:

g X X i X iI I I1
1
1

2
2=

∂
∂

=
∂
∂

+
∂
∂α α α

 

	 ∂
∂

=
X aI

1

α
  ∂

∂
=

X
I
2 0

α
  g a i1 1=



	 (2.4.11a)

g X X i X iII II II2
1
1

2
2=

∂
∂

=
∂
∂

+
∂
∂α α α

 

	 ∂
∂

=
X bII
1

α
θcos   ∂

∂
=

X bII
2

α
θsin   g b i b i2 1 2= +cos sinθ θ

 

	 (2.4.11b)

FIGURE 2.4  The natural coordinates α I  and α II .
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Therefore, we can find the components of the metric tensor like:

g g g a11 1 1
2= ⋅ =   g g g b b b22 2 2

2 2 2 2 2= ⋅ = + =cos sinθ θ

g g g ab12 1 2= ⋅ = cosθ

Then the covariant geometric tensor is:

g
a ab

ab bij  =










2

2

cos
cos

θ
θ

  g g a bij=   =det sin2 2 2θ

Also the contra-variant geometric tensor can be found by using Eq. (1.2.7) 
so that:

g g
a b

b ab
ab a

ij
ij  =   =

−
−











−1

2 2 2

2

2

1
sin

cos
cosθ

θ
θ

Moreover, the contra-variant base vectors can be found from Eq. (1.2.5) 
like this:

g g g g g
a

a
ab

b
b

1 11
1

12
2 2 2 2

1
0

= + =








 +

− 





sin

cos
sin

cos
sinθ

θ
θ

θ
θ 



Exercise 2.4.1: Simplify g1 in the above:

Solution: 

g
a

a
ab

b
b a b

1
2 2 2 2 2

1
0

1
=









 +

− 







 =

sin
cos
sin

cos
sin sinθ

θ
θ

θ
θ θ

aab ab
ab
−









cos
sin

2θ
θ

 and 

this can be simplified to: g
a

1 1 1
=









cotgθ

g g g g g
ab

a
b

b
b

1 21
1

22
2 2 2 20

1
= + =

− 







 +






cos
sin sin

cos
sin

θ
θ θ

θ
θ 


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And can be simplified 

g
ab

a
b

b
b ab

1
2 2 2 2 20

1 1
=

− 







 +









 =

cos
sin sin

cos
sin sin

θ
θ θ

θ
θ θ

00
absinθ









 and further 

simplification gives: g
b

1 1 0
1

=








sinθ

If we want to find the metric tensor in deformed body we need to 
change R  to x so that the covariant base vectors will be:

G gi i i i i=
∂
∂

=
∂ +( )

∂
= +

∂
∂

x X d d
α α α

Herein for simplicity we show displacement vector with d =









u
v

 and the 

natural coordinate α ζI =  and α ηII =  such that ∂
∂

=










d
α

ζ

ζ
I

u
v

 and ∂
∂

=










d
α

η

η
II

u
v

 
in which:

u u
Iζ α

=
∂
∂

  v v
Iζ α

=
∂

∂
  u u

IIη α
=

∂
∂

  v v
IIη α

=
∂

∂

Therefore, we have:

G g
u
v

a u
v1 1= +









 =

+









ζ

ζ

ζ

ζ

  G g
u
v

b u
b v2 2= +









 =

+
+











η

η

η

η

θ
θ

cos
sin

The elements of the metric tensor (deformed) then are:

G G G a u v11 1 1

2 2= ⋅ = +( ) +ζ ζ

G G G b u b v22 2 2

2 2
= ⋅ = +( ) + +( )cos sinθ θη η

G G G a u b u b v v12 1 2= ⋅ = +( ) +( ) + +( )ζ η η ζθ θcos sin

The components of the strain tensor are:

ε ζ ζ ζ ζ ζ11 11 11

2 2 2 2 21
2

1
2

1
2

= −( ) = +( ) + −( ) = +( ) +G g a u v a u v au
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ε
θ

θ

η

η

22 22 22

2

2 2

1
2

1
2

1
2

= −( ) =
+( ) +

+( ) −















=G g
b u

b v b
u

cos

sin
ηη η

η

η

θ

θ
2 2+( ) +

+







v b

u
v
cos
sin

ε θ θ θζ η η ζ12 12 12
1
2

1
2

= −( ) = +( ) +( ) + +( ) −( )G g a u b u b v v abcos sin cos

Now we are in the situation that can find elements of the Jacobin matrix by 
using Eq. (2.4.5) such that:

J g i a i i a11 1 1 1 1= ⋅[ ] = ⋅ =   J g i b i b i i b21 2 1 1 2 1= ⋅[ ] = +( ) ⋅ =cos sin cosθ θ θ
 

J g i a i i12 1 2 1 2 0= ⋅[ ] = ⋅ =   J g i b i b i i b22 2 2 1 2 2= ⋅[ ] = +( ) ⋅ =cos sin sinθ θ θ
 

Now that Jacobi matrix is J =










a
b b

0
cos sinθ θ

 its inverse is 

J − =
−











1 1 0
ab

b
b asin
sin
cosθ

θ
θ

. The equation (2.4.9) can be changed first 

by pre-multiplying to J −1 and then by post-multiplying to J −T  which 
results a new expression like this:

	 	 (2.4.10)

The elements of Green strain tensor in natural coordinate system ε11 , 
ε22  and ε12  are already computed. These elements in orthogonal coor-
dinate system are ,  and  which can be found by substituting J −1 
in Eq. (2.4.10) such that:

After multiplication and simplification and rearrangement we have:
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In orthogonal systems, under transformations there are invariants that do 
not change and for the stress and also strain tensor we studied this as a 
eigenvalue problem for small strains that can be found from the following 
determinant:

	 det εε −( ) =ε p I 0 	 (2.4.11)

By expansion of the determinant in Eq. (2.3.11) the principal strains ε p 
can be found from:

	 ε ε εp p pI I I3
1
2

2 3 0+ + + = 	 (2.4.12)

The strain invariant I1 , I2  and I3  are:

	 I1 11 22 33= + + = ( )ε ε ε tr εε   I3 = ( )det εε 	 (2.4.13)

I2 11 22 22 33 33 11 12
2

13
2

23
2 21

2
= + + − − − = ( ) − ( )( )ε ε ε ε ε ε ε ε ε tr trεε εε εε

Equations (2.4.11), (2.4.12) and (2.4.13) was also studied in elasticity and 
it is also common practice to use them in plasticity. However, in hyper-
elasticity we use the stretches λ1,λ2 and λ3 that are the parameters always 
greater the one.

Moreover, in previous section we introduced right Cauchy-Green 
stretch tensor by b F F= T  and also left stretch tensor c F F= T  and from 
them we can find out the squares of principal stretches λ1

2,λ2
2 and λ3

2 by 
using either Eqs. (2.3.15) or (2.3.24) that gives the stretches as the eigen-
values. Then the stretch invariants can be defined similar to Eq. (2.4.13) 
into this form:

	 I c c c1 1
2

2
2

3
2

11 22 33= + + = + + = ( ) = = ( ) =λ λ λ tr trc I c b I b: :	 (2.4.14)
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Question 2.4.1: Explain what is I b:  and I c: ?

Answer: It is based on dot (inner) product of two matrices in which the 
result is a scalar value. The Frobenius inner product of two matrices is 
A B:

,

=
=

∑ A Bij ij
i j

n

1

 and using this rule: 

	

I b: :=




























1 0 0
0 1 0
0 0 1

11 12 13

21 22 23

31 32 33

b b b
b b b
b b b





= × + × + × + × + ×

+ × + × + × + ×

1 0 0 0 1

0 0 0 1

11 12 13 21 22

23 31 32 33

b b b b b

b b b b
== + + = ( )b b b11 22 33 tr b

According to the Eqs. (2.2.16) and (2.2.17) we can write:

F = [ ] G gi
i T

  F T j
j

T
g G=    

Also by definition in the chapter one, we had g g gi T j ij    = , then by 
substituting these three expressions into b F F= T , then we have:

	 b = [ ]  =g G G i jij
i j

T
, , ,1 2 3 	 (2.4.15)

The above expression in Eq. (2.4.15) consists of 9 matrices, therefore we 
need to add the traces of 9 matrices together to find I b: , the following 
exercise shows the route:

Exercise 2.4.2: Find I : g G G T12
1 2[ ][ ]( )

Solution: I I: :g G G g
G
G
G

G G GT12
1 2

12
1

1

1

2 2

1
2
3

1 2[ ][ ]( ) =
( )
( )
( )

















( ) ( ) 22 3( )   

and this can be rewritten into 

I : :g G G g
G G G G

T12
1 2

12
1 2 1 21 0 0

0 1 0
0 0 1

1 1 1 2
[ ][ ]( ) =

















( ) ( ) ( ) (( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

G G
G G G G G G
G G G

1 2

1 2 1 2 1 2

1 2 1

1 3
2 1 2 2 2 3
3 1 3 GG G G2 1 22 3 3( ) ( ) ( )

















© 2016 by Apple Academic Press, Inc.

  



54	 Mechanics of Finite Deformation and Fracture

and this yields to I : g G G g G G G G G G gT12
1 2

12
1 2 1 2 1 2

121 1 1 1 1 1[ ][ ]( ) = ( ) ( ) + ( ) ( ) + ( ) ( )( ) = GG G1 2⋅( ) 
I : g G G g G G G G G G gT12

1 2
12

1 2 1 2 1 2
121 1 1 1 1 1[ ][ ]( ) = ( ) ( ) + ( ) ( ) + ( ) ( )( ) = GG G1 2⋅( )

 
and the final form will be I : g G G g GT12

1 2
12

12[ ][ ]( ) =

I : g G G g GT12
1 2

12
12[ ][ ]( ) =  

Therefore I b:  contains 9 terms like above, that is,

I b: = + + + + +

+ + +

g G g G g G g G g G
g G g G g G

11
11

12
12

13
13

21
21

22
22

23
23

31
31

32
332

33
33+ g G

Finally the first invariant of the stretch tensor which is defined by Eq. (2.4.12) 
can be expressed in indicial form like this:

	 I g G r srs
rs1 1 2 3= = =I b: , , , 	 (2.4.16)

The 2nd invariant of the stretch tensor can be expressed by:

	 I b b b b b b b b b b2 1
2
2
2

3
2
2
2

1
2
3
2

11 22 11 33 33 22 12 21 13 31= + + = + + − −λ λ λ λ λ λ −− b b23 32

		  (2.4.17a)

Exercise 2.4.3: Simplify Eq. (2.4.17a)
Solution: The first diagonal element of the matrix bb( ) is b b b b b11

2
12 21 13 31+ +  

b b b b b11
2

12 21 13 31+ + , the 2nd diagonal element is b b b b b22
2

12 21 23 32+ +  and the 3rd element 
is b b b b b33

2
13 31 23 32+ + , therefore the trace of the matrix tr bb( ) = + + + + +b b b b b b b b b11

2
22
2

33
2

12 21 13 31 32 232 2 2 
tr bb( ) = + + + + +b b b b b b b b b11

2
22
2

33
2

12 21 13 31 32 232 2 2 . However, from Eq. (2.4.14) we have I b b b1
2

11 22 33
2= + +( ) 

I b b b1
2

11 22 33
2= + +( )  and if we substitute all into Eq. (2.4.17a) then we have:

	 I I2 1
21

2
= − ( )( )tr bb 	 (2.4.17b)

By substituting Eq. (1.2.4), that is, G G Gi ir
r[ ] =    into Eq. (2.4.15) it will 

change to:

	 b =     =g G G G i j rij
ir

r
j

T
, , , ,1 2 3 	 (2.4.18)
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Exercise 2.4.4: By using Eq. (2.4.18) find an indicial expression for 
tr bb( ):

Solution: Once by using Eq. (2.4.18) we write b =  [ ]g G G Grm
mn

r
n
T  the 

we change indies and write b =    g G G Gps
sq

p
q

T
 then we can form bb( ) 

as follows:

bb( ) =      [ ]g G g G G G G Grm
mn

ps
sq

p
q

T r
n
T

qrδ
� �� ��

However, according to Eq. (1.1.6) we have G Gq

T r
qr    = δ  and the above 

expression will be:

bb( ) =   [ ]g G g G G Grm
mn

ps
sq qr

p
n
Tδ

Considering that G Gsq qr srδ =  the above expression will change to;

bb( ) =   [ ]g G g G G Grm
mn

ps
sr

p
n
T

By repeating exercise Eq. (2.4.2) for the above expression we can find 
that:

I I: :bb( ) =   [ ]( ) = ⋅( )g G g G G G g G g G G Grm
mn

ps
sr

p
n
T rm

mn
ps

sr
p

n

Again according to (1.1.6) G Gp
n pn⋅ = δ  then we have:

I : bb( ) = g G g Grm
mn

ps
sr pnδ

Considering that g gps
pn

nsδ =  the above expression will change to:

tr bb bb( ) = ( ) = =I : , , , , ,g g G G m n s rrm ns
mn sr 1 2 3
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Substituting the above expression into Eq. (2.4.17b) provides 2nd invari-
ant of the stretch tensor as:

	 I I g g G G m n s rrm ns
mn sr2 1

21
2

1 2 3= −( ) =, , , , , 	 (2.4.17c)

Substituting Eq. (2.4.16) into Eq. (2.4.17c) give another form for I2 which is:

	 I g G g g G G m n s rrs
rs

rm ns
mn sr2

21
2

1 2 3= ( ) −( ) =, , , , , 	 (2.4.17d)

The 3rd invariant of the stretch tensor can be defined by:

	 I J3 1
2

2
2

3
2 2= = ( ) = ( ) =λ λ λ det detb c 	 (2.4.19a)

The parameter J I= 3  in Eq. (2.4.19a) is called Jacobian and is related to 
volume change so that for incompressible material J =1, to find out what 
is det b( )? Rewrite Eq. (2.4.18) into b =  [ ]g G G Grm

mn
r

n
T  and then we 

post multiply both sides into Gs  and we have:

b G g G G G Gs rm
mn

r
n
T s

ns

  =  [ ]  
δ

� �� ��

Since G Gn
T s

ns[ ]   = δ , then the above expression changes to:

b G g G Gs rm
mn

r
ns  =  δ

Also we have G Gmn ns msδ =  and the above expression can be simplified to:

b G g G Gs rm
ms

r  =  

Further multiplication of the above equation into Gs
T[ ]  provides:

	 b G G g G G Gs
s
T rm

ms
r

s
T [ ] =  [ ] 	 (2.4.19b)
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The left side of Eq. (2.4.19b) is only 3 matrices but the right side is 
9 matrices and the following exercise clarifies what they are?

Exercise 2.4.5: Find b G Gs
s
T [ ]  in non-orthogonal base of the deformed 

body

Solution: b G G
b b b
b b b
b b b

s
s
T [ ] =























11 12 13

21 22 23

31 32 33

1
0
0








[ ] +
















[ ] +
















[ ]













1 0 0
0
1
0
0 1 0

0
0
1
0 0 1
















and results

 

b G G
b b b
b b b
b b b

s
s
T [ ] =

















11 12 13

21 22 23

31 32 33

1 0 0
0 0 0
0 0 00

0 0 0
0 1 0
0 0 0

0 0 0
0 0 0
0 0 1

















+
















+











































 

and

 

after adding inside the bracket we have:

	 b G G
b b b
b b b
b b b

s
s
T [ ] =

















11 12 13

21 22 23

31 32 33

1 0 0
0 1 0
0 0 11

















= b 	 (2.4.19c)

Exercise 2.4.6: Find the matrix for g G G Gm
m

T2
3

2
3 [ ]

Solution: g G G G g G g Gm
m

T m
m

m
m

2
3

2
3

2
3

2
3

0
1
0
0 0 1

0 0 0
0 0 1
0 0 0

 [ ] =















[ ] =

















=
















0 0 0
0 0
0 0 0

2
3g Gm m
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This exercise can be repeated 9 times and it can be shown that:

	 g G G G
g G g G g G
g G g G g G
g G

rm
ms

r
s
T

m
m

m
m

m
m

m
m

m
m

m
m

m

 [ ] =

1
1

1
2

1
3

2
1

2
2

2
3

3
mm

m
m

m
mg G g G

r s

1
3

2
3

3

1 2 3
















=, , ,

		  (2.4.19d)

Substituting Eqs. (2.4.19c) and (2.4.19d) into Eq. (2.4.19b) results this 
expression:

	 b =




g G g G g G
g G g G g G
g G g G g G

m
m

m
m

m
m

m
m

m
m

m
m

m
m

m
m

m
m

1
1

1
2

1
3

2
1

2
2

2
3

3
1

3
2

3
3













	 (2.4.20)

The matrix in Eq. (2.4.20) contains the elements of product of two matri-
ces g =  grm  and G = [ ]Gms  such that:

	 b g G=  [ ] =g Grm
ms 	 (2.4.21)

By pre-multiplying both sides of Eq. (2.4.21) into grm[ ]  we have:

g b g g G= [ ] [ ] =g g Grm
rm

ms

According to Eq. (1.2.7) we have g grm
rm[ ]  = =g g I , therefore the 

above expression will change to:

	 g b G=[ ] =Gms 	 (2.4.22)

Taking the determinant of the matrix expression in Eq. (2.4.22) results:

det det det detg b G( ) ( ) = [ ] = ( )Gms

Comparing the above expression with Eq. (2.4.19a) results:

	 I G
g3 = ( ) =det b 	 (2.4.23)
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In Eq. (2.4.23), G = ( )det G and g = ( )det g  when the material is incom-

pressible we have G g=  and therefore G
g
=1, therefore I3 can be accounted 

as a compressibility criteria. This can be easily demonstrated if we look at 
Eq. (1.3.8) we have:

dv g dx dx dx0
1 2 3=

dv G dx dx dx= 1 2 3

And by a simple division we have:

J dv
dv

G
J

I G
J

I G
J

= = ⇒ = ⇒ =
0

3 3
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3.1  STRESS TENSOR AND ITS FORMULA

According to Fig. 3.1, in each point P  in the solid, three curves intersect 
each other. The first curve is θ3 designated by P P3 and in the deformed solid 
the covariant-based vector G3 is tangent to P P3. Similarly 2nd curve is θ2 
designated by P P2 and G2 is tangent to P P2, also 3rd curve is θ1 designated 
by P P1 and G1 is tangent to P P1. It should be reminded that in this section 

FIGURE 3.1  Stress in a point P.
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we discuss the general definition of the stress in non-orthogonal coordinate 
system and the triangle PP P1 2 3  represents a area in the deformed solid.

We should emphasize that an accurate stress on an area PP P1 2 3  can be 
defined only on a deformed solid. This route will be followed first and 
later in the section we define unrealistic stresses as well. The accurate 
stress, which is defined in the deformed solid in non-orthogonal coordi-
nate system is called Green stress tensor.

The curves P P1 , P P2  and P P3  are the differentials of the length dα1 , 
dα2  and dα3 which are defined over the curves θ1 ,θ2  and θ3. In the prism 
P PP P1 2 3  there are three side surfaces each have the surfaces on the 
deformed body as follows:

	 PPP G dS
G

1 2

3
3
332

� ������
=   PPP G dS

G
1 3

2
2
222

� ������
=   PP P G dS

G
2 3

1
1
112

� ������
= 	 (3.1.1)

The part equations in Eq. (3.1.1) are based on the formula for area in chapter 
one given by Eq. (1.3.3). For example, triangle P PP1 2 is formed by the curves 
θ1 and θ2 it is called the surface θ3 = constant and is perpendicular to the 
covariant-based vectors G1 and G2 therefore it will be in the direction G3. The 
coefficient 2, in the denominator is due to triangle area. The vector PP P1 2 3

� ������
 that 

represent the are of the triangle in Fig. 3.1, can be written by:

	 PP P P PP P PP P P P1 2 3 1 2 1 3 3 2

� ������ � ������ � ������ � ������
= + + 	 (3.1.2)

If the unit normal r to the area PP P1 2 3  by value 1
2
dS  is N, then PP P dS1 2 3

1
2

� ������
= N , 

by substituting this and Eq. (3.1.2) into Eq. (3.1.1) we have:

	 N dS G dS
G

i
i
ii

i
=

=
∑
1

3

	 (3.1.3)

From Eq. (3.1.3) it is obvious that G1 , G2  and G3 are involved in the 
formulas. The covariant components of 



N (unit normal) over the contra-
variant base vectors G1 , G2  and G3  is:

	 N = + +N G N G N G1
1

2
2

3
3	 (3.1.4)
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Substituting Eq. (3.1.4) yields to:

	 N G N G N G dS G dS
G

G dS
G

G dS
G

1
1

2
2

3
3

1
1
11

2
2
22

3
3
33

+ +( ) = + + 	

Equating the components of G1, G2 and G3 in both sides leads to:

	 N G dS dS ii
ii

i= =1 2 3, , 	 (3.1.5)

It should remembered N Gi
ii in Eq. (3.1.5) is not summed over i. So far 

we have not discussed about stress yet. Consider the prism P PP P1 2 3  in 
Fig. 3.1, with the face PP P1 2 3 possessing the area ∆  S and the force ∆   T  is 
acting on that area. The stress can be defined by:

	 t = →lim∆

∆
∆S
T
S0 	 (3.1.6)

The other three faces of the prism P PP P1 2 3 are in static equilibrium the 
stresses in each faces are t1, t2 and t3 acting on the areas dS1, dS2 and dS3 
in absence of inertial forces we have:

	 t t t tdS dS dS dS= + +1 1 2 2 3 3 	 (3.1.7)

By substituting Eq. (3.1.5) into Eq. (3.1.7) and simplifying the both 
sides gives:

	 t t t t= + +N G N G N G1 1
11

2 2
22

3 3
33 	 (3.1.8)

The important question is the directions of t1, t2  and t3? The N1, N2 and 
N3 are scalars and are the components of N  according to Eq. (3.1.4) and 
can be interpreted as covariant components in Eq. (3.1.8). Every term 
ti

iiG i =1 2 3, ,  in Eq. (3.1.8) have components in directions G1, G2 and 
G3 therefore they can be expanded in terms of true stress tensor τ ij  the first 
index i represents the face αi C i= =1 2 3, ,  of the prism P PP P1 2 3  and 
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the index j represents the direction of stress G jj =1 2 3, ,  such that the 
expression is:

	 ti
ii i i i ij

jG G G G G i j= + + = =τ τ τ τ1
1

2
2

3
3 1 2 3, , , 	 (3.1.9a)

The τ ij  is a contra-variant tensor expressed in a covariant base vector. 
Green and Zerna, stated that since N1, N2 and N3 are (covariant vec-
tors) we should express (3.1.9a) in terms of covariant base vectors. This 
is cannot be a true statement. The real reason is that the base vectors 
G jj =1 2 3, ,  lie in the surfaces αi C i= =1 2 3, ,  and the stress tensor 
cannot be defined on the base vectors that are not in those surfaces.

However, if we decide to express ti
iiG i =1 2 3, ,  in terms of G1, G2 

and G3 it is also possible but the tensor will change to τ j
i  which is a mixed 

tensor and means that first index i still represents the faces αi C i= =1 2 3, ,  
of the prism P PP P1 2 3  and the 2nd index j  represents the direction of stress 
G jj =1 2 3, ,  which do not lie in the surfaces. These types of tensors (τ j

i ) are 
called mixed tensors and in this case (3.1.9a) will change to:

	 ti
ii i i i

j
i jG G G G G i j= + + = =τ τ τ τ1

1
2

2
3

3 1 2 3, , , 	 (3.1.9b)

The mixed tensor τ j
i  can be written into this form:

ττ = = + + + + +

+

τ τ τ τ τ τ τj
r

r
jG G GG GG GG G G G G G G1

1
1

1
2
1

1
2

3
1

1
3

1
2

2
1

2
2

2
2

3
2

2
3

ττ τ τ1
3

3
1

2
3

3
2

3
3

3
3G G G G G G+ +

According to Eq. (1.2.4) we can write G G Gr ir
i=  and if we substitute in 

the above equation we have:

ττ = = =τ τ τ
τ

j
r

r
j

j
r

ir
i j

ij
i jG G G G G G G

ij



From the above expression we can conclude that:

	 τ τij j
r

irG= 	 (3.1.10)
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It should be reminded that covariant component of stress tensor τ ij that 
is given by Eq. (3.1.10) does not have any significant application. Only 
the tensors τ j

i  and τ ij are related to the stress vector t. In order to obtain 
the relationship we need to substitute Eq. (3.1.9a) and Eq. (3.1.9b) into 
Eq. (3.1.8) and then we have:

	 t = = =N G N G i ji j
i j

i
ij

jτ τ , , ,1 2 3 	 (3.1.11)

If we define a vector Ti  according to this formula:

	 T ti i= GGii 	 (3.1.12a)

If we substitute Eqs. (3.1.9a) and (3.1.9b) into Eq. (3.1.12a) we can find 
two alternative formulas for Ti  as follows:

	 Ti = G Gij jτ   Ti = G Gj
i jτ 	 (3.1.12b)

If we substitute Eq. (3.1.12b) into Eq. (3.1.11) a new formula for the stress 
vector can be found, that is,

	 t T T T T
= + + =
N
G

N
G

N
G

N
G
i i1 1 2 2 3 3 	 (3.1.13)

Equations (1.3.5) to Eq. (1.3.7) indicates that the infinitesimal area d ai over 
the surface αi C=  is d a GG d dii j k

i = α α , then according to Eq. (3.1.11) 
we can write:

	 t Ti iGG d d d dii j k j kα α α α= 	 (3.1.14)

Equation (3.1.14) shows that ti  is the true stress vector act on a true area 
d a GG d dii j k

i = α α , but Ti  is a virtual stress vector acts on a virtual area 
d dj kα α , meanwhile τ ij is true stress tensor (Green stress). It is obvious 
that in non-orthogonal coordinate system elements of stress tensor τ ij  does 
not represent physical value of the stress.
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The physical value of stress is named σ ij( ) and is easily obtainable by 
resolving the stress vector ti  across unit vectors in direction of covariant-
based vector G jj =1 2 3, ,  we designate them by E jj =1 2 3, , .

ti i i i ij jE E E E i j= + + = =( ) ( ) ( ) ( )σ σ σ σ1 1 2 2 3 3 1 2 3, , ,

However, the unit vectors are E
G
G

jj
j

jj

= =1 2 3, , and if we substitute 

into the above expression we have:

ti i i i ij
j

jj

G
G

G
G

G
G

G
G

i j= + + = =( ) ( ) ( ) ( )σ σ σ σ1
1

11
2

2

22
3

3

33

1 2 3, , ,

In order to emphasize that summation over the index j should be carried 
out we write the above expression into this form:

	 ti ij
j

jjj

G
G

i= =( )
=

∑σ
1

3

1 2 3, , 	 (3.1.15)

If we substitute Eq. (3.1.15) into Eq. (3.1.9a) we have:

σ σ σ τ τ τi i i
ii i i iG

G
G
G

G
G

G G G1
1

11
2

2

22
3

3

33

1
1

2
2( ) ( ) ( )+ +









 = + + 33

3G

By equating the components of the G1, G2 and G3 in both sides of the 
equation we can find out a relationship between σ ij( ) and τ ij  which is:

	 σ τi
i

ii

G
G1

1 11
( ) =   σ τi

i
ii

G
G2

1 22
( ) =   σ τi

i
ii

G
G3

1 33
( ) = 	 (3.1.16)

In Eq. (3.1.16) σ ij( ) is completely different with σ ij  which is known as 
Cauchy stress and we will describe it in this section.

In classical continuum mechanics the true stress tensor is called Cauchy 
stress designated by σ kl and the tensor is σσ. There is not any difference 
between τ ij  and σ kl except the former is expressed on G1, G2 and G3  while 
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the latter expressed g1, g2 and g3. Therefore, using σ kl components is more 
convenient and τ ij components are rarely used in the literature. The Green 
stress tensor is like this:

	 ττ = [ ] τ ij i j

T
G G 	 (3.1.17)

The Eq. (3.1.17) can be transformed into g1, g2 and g3 base by using the 
Eq. (2.2.15) which states that:

	 G gi i[ ]= [ ][ ]F   G gj

T

j

T T  =   [ ]F 	

If we substitute the above equations into (3.1.17) then we have:

	 ττ = [ ][ ]  [ ] = [ ][ ]τ σij
i j

T T kl
k l

Tg g g gF F 	 (3.1.18)

In covariant base g T
1 1 0 0= [ ] , g T

2 0 1 0= [ ]  and g T
3 0 0 1= [ ] , 

therefore we can write:

	 F[ ][ ] =
















g
F
F
F

i

i

i

i

1

2

3

  g F F Fj

T T
j j j  [ ] =  F 1 2 3 	 (3.1.19)

Substituting Eq. (3.1.19) into Eq. (3.1.18) provides the following 
expression:

σ σ σ
σ σ σ
σ σ σ

τ
11 12 13

21 22 23

31 32 33

1 1 1 2 1 3















= ij
i j i j iF F F F F F jj

i j i j i j

i j i j i j

F F F F F F
F F F F F F

i j2 1 2 2 2 3

3 1 3 2 3 3

1 2 3
















=, , ,

		  (3.1.20)

According to Eq. (3.1.20) the Cauchy stress tensor is summation of 
9 matrices all in terms of Green stress tensor. The condensed indicial form 
of Eq. (3.1.20) is:

	 σ τkl ij
ki ljF F= 	 (3.1.21)
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It can be rewritten into this form:

	 σ τ τ
τ

kl ij
lj ki

il
kiF F F

il

= =
'

'



	 (3.1.22)

The expression τ τ'il ij
ljF=  in Eq. (3.1.22) can be written in matrix form 

as follows:

	 ττ ττ'  = [ ][ ]F T 	  (3.1.23)

The expression σ τkl il
kiF= ' in Eq. (3.1.22) when written in matrix form is:

	 σσ ττ[ ] = [ ] F ' 	 (3.1.24)

Substituting Eq. (3.1.23) into Eq. (3.1.24) we can find this formula:

	 σσ ττ[ ] = [ ][ ][ ]F F T 	 (3.1.25)

Equation (3.1.25) relates true Cauchy stress to true Green stress.
Now we define another type of stress, which is based on the initial 

un-deformed situation of the solid body. According to Fig. 3.2, the stress 
vector is s, and the normal to the surface PP P1 2 3  is designated by n and its 
component along the contra-variant base vectors g1, g 2 and g3 are:

	 n = + +n g n g n g1
1

2
2

3
3 	 (3.1.26)

FIGURE 3.2  Stress defined in un-deformed body.
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The infinitesimal areas, on the un-deformed body are ds1, ds2  and ds3 the 
equation similar to Eq. (3.1.3) in un-deformed position is:

	 nds g ds
g

i
i
ii

i
=

=
∑
1

3

	 (3.1.27)

The stress vector s is also similar to Eq. (3.1.6) into this form:

	 s = →lim∆

∆
∆s
T
s0 	 (3.1.28)

The static equilibrium Eq. (3.1.7) will change to:

	 s s s sds ds ds ds= + +1 1 2 2 3 3 	 (3.1.29)

Moreover, Eq. (3.1.8) will change to:

	 s s s s= + +n g n g n g1 1
11

2 2
22

3 3
33 	 (3.1.30)

In Eq. (3.1.30) the term si
iig  is used to define 2nd Piola–Kirchhoff 

stress tensor sij over the deformed contra-variant base vectors as follows 
(similar to Eq. (3.1.9a)):

	 si
ii i i i ij

jg s G s G s G s G i j= + + = =1
1

2
2

3
3 1 2 3, , , 	 (3.1.31)

Similar to Eq. (3.1.12a) and Eq. (3.1.12b) we define a vector Si which related 
to the force such as:

	 Si = g s Gij j   Si = g s Gj
i j 	 (3.1.32)

As Eq. (3.1.32) indicates the new components sij that represent 2nd Piola–
Kirchhoff stress can be related to the Green stress τ ij easily by setting Ti  
in Eq. (3.1.12b) and Si  in Eq. (3.1.32) equal, that is, S Ti = i since they are 
both a vector related to applied force over an area in different frames have 
the same value and direction therefore:

	 g s G G G s G
g

ij
j

ij
j

ij ij= ⇒ =τ τ 	 (3.1.33)
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According to Eq. (1.3.8) and also Eq. (2.4.23) we had G
g

J= = ( )det F

and if we substitute this into Eq. (3.1.33) then we have:

	 τ ij ij

J
s=

1 	 (3.1.34)

Substituting Eq. (3.1.34) into Eq. (3.1.25) yields to:

	 σσ[ ] = [ ] [ ] [ ] =
( ) [ ][ ][ ]

CauchyStress 2ndPiola
 

1 1
J

T TF s F
F

F s F
det

	 (3.1.35)

Obviously the other form of (3.1.35) is:

	 s F F F F F[ ] = [ ] [ ] [ ] = ( ) [ ] [ ][ ]− − −

2ndPiola CauchyStress
 

J T1 1σσ det σσ −−T 	 (3.1.36)

3.2  DIFFERENT TYPES OF STRESSES AND APPLICATIONS

Stress tensor appears in equations of motion, and represents the internal 
forces. They will be described in the next section later. In finite element 
method (FEM) the component-wise inner product (Frobenius inner prod-
uct), is very important because it represents virtual work of the internal 
forces. It can be shown with σσ δδεε[ ] [ ]∫

V

dV: v in which σσ[ ] is Cauchy stress 

tensor and δδεεv[ ]  is variation of the strain tensor both tensors defined in 
covariant base vectors g1, g2 and g3, therefore their inner product can pro-
vide exact value for the internal virtual work.

However numerical calculation of the integral σσ δδεε[ ] [ ]∫
V

dV: v is a 

formidable task and instead the integral s[ ] [ ]∫
V

dV
0

0: δδΕΕ v  can be calcu-

lated over the initial volume V0. In the latter integral s[ ] is the 2nd Piola–
Kirchhoff stress and δδΕΕ v[ ] variation of the strain tensor both defined on 
the initial un-deformed solid and can be determined easier. Both tensors 
s[ ] and δδΕΕ v[ ] are not exact and correct physical stresses and strains but in 

FEM they can be related to σσ[ ] and δδεεv[ ] via mapping technique.
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The strain tensors δδεεv[ ] and δδΕΕ v[ ] can be found according the 
Eq.  (2.2.11). If we ignore the 2nd order nonlinear term the approximate 
tensor εεv[ ] can be shown by:

	 	 (3.2.1)

If we compare Eq. (3.2.1) with Eq. (2.2.11) two significant differences can 
be found. First the nonlinear 2nd order term is ignored. The 2nd important 
difference is expressing εεv[ ] in terms of x1, x2 and x3 i.e. in the deformed 
coordinate axis.

The Eq. (2.2.11) which gives the Green strain tensor is expressed by 
initial coordinates X1, X 2 and X 3. However, the variation of strain tensor 
δδεεv[ ] should be expressed in local coordinates x1, x2 and x3 enabling the 

integral σσ δδεε[ ] [ ]∫
V

dV: v  to be computed. Referring to the linear terms of 

εεv[ ] the variation δδεεv[ ], can be defined as follows:

	 δδεε δδ δδεε
δδ

v v
u
x

u
x

u
x

[ ] =
∂
∂







+
∂
∂















 ⇒ [ ] =

∂
∂




1
2

1
2

v v
T

v





+
∂

∂
















δδ u
x
v

T

	

		  (3.2.2)

To write down equation (3.2.2) we have added up the matrix in Eq. (3.2.1) 
with its transpose and then taken the average of two. According the 
Eq. (2.2.6) we can find the displacement gradient matrix D by which we 
can find the variation of the tensor δδΕΕ v[ ]. Considering Green strain tensor 
ΕΕ[ ] can be given by Eq. (2.2.10) we can write:

	 ΕΕ v[ ] = +  +
1
2

1
2

D D D Dv v
T

v v
T 	 (3.2.3)
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If we take the variation of [E]in (3.2.3) then we have:

	 δδΕΕ v[ ] = +  + + +
1
2

1
2

1
2

1
2

0

δ δ δ δ δ δD D D D D D D Dv v
T

v v
T

v v
T

v v
T

� �� ��
	 (3.2.4)

In Eq. (3.2.4) we can ignore the last term which is the product of two vari-
ations also in Section 2.2 we said that F I D= +  and also F I DT T= + , 
the Eq. (3.2.4) can be written into this form:

	 δδΕΕ δδ δδv[ ] = +
1
2

1
2

F D D FT
v v

T 	 (3.2.5)

Now by examination of Eq. (2.2.6) we can find that:

	 D u
X

D u
Xv

v
v

v=
∂
∂







⇒ =
∂
∂







δδ
δδ 	 (3.2.6)

It should be reminded that the subscript v in the formulas stands for 
“virtual” and in Eq. (3.2.6) the differentiation is versus the coordinate X 
while in Eq. (3.2.2) is versus x, the two can be related via the following 
manipulations:

	 δδ
δδ δδ δδD u
X

u
x

x
X

u
x

Fv
v v=

∂
∂







=
∂

∂
∂
∂

=
∂

∂
v 	 (3.2.7)

Taking the transpose of the above matrix equation gives:

	 δδ
δδD F

xv
T T v

T

=
∂

∂
u 	 (3.2.8)

If we substitute Eq. (3.2.7) and Eq. (3.2.8) into Eq. (3.2.5), then we have:

	 δδΕΕ
δδ δδ

v[ ] =
∂

∂
+

∂
∂

1
2

1
2

F u
x

F F u
x

FT v T v
T
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By substituting Eq. (3.2.2) into the above equation we can find relation-
ship between δδΕΕ v[ ] and δδεεv[ ] into this form:

	 δδΕΕ δδεεv[ ] = [ ]F FT
v 	 (3.2.9)

In calculating the integral σσ δδεε[ ] [ ]∫
V

dV: v  Eq. (3.2.9) is very important and 

it can be used in FEM calculations. Moreover in Section 2.2 we found that 
dV J dV= 0 in which J = ( )det F , and therefore the above integral is:

	 σσ δδεε σσ δδεε[ ] [ ] = [ ] [ ]∫ ∫
V V

dV J dV: :v v

0

0 	 (3.2.10)

Also the integral in terms of 2nd Piola–Kirchhoff stress s[ ] [ ]∫
V

dV
0

0: δδΕΕ v  is:

	 s s F FT
v[ ] [ ] = [ ] [ ] ∫ ∫

V V

dV dV
0 0

0 0: :δδΕΕ δδεεv 	 (3.2.11)

It is integral Eq. (3.2.11) which can be computed easily because it can 
be taken over the initial geometry of the body. Since s s T[ ] = [ ] (symmet-
ric stress tensor) and δδεε δδεεv v[ ] = [ ]T (symmetric strain tensor) then the 
integral (11) is:

	 s F F F F sT
v

T
v[ ] [ ]  = [ ]



 [ ]∫ ∫

V

T T

V

dV dV
0 0

0 0: :δδεε δδεε 	 (3.2.12)

Since a b b a: :=  in Eq. (12) the s T[ ] is moved ahead of F FT
vδδεε[ ]T  now 

we defined the following terms:

	 F AT
vδδεε[ ] =T   F B=   s C[ ] =T T 	

In linear algebra we have theorem like this:

	 AB C BC AT T[ ] [ ] = [ ] [ ]: : 	 (3.2.13)
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	 F F s F S F F F ST
v v v

Tδδεε δδεε δδεε[ ]



 [ ] = [ ] = [ ] [ ]T T: : : 	 (3.2.14)

In writing the Eq. (3.2.14) we have used theorem (3.2.13) and also instead 
of s[ ] in the last bracket we have used s T[ ] . Moreover, instead of δδεεv[ ]  in 
Eq. (3.2.14) we can put δδεεv[ ]T therefore we have:

	 δδεε δδεεv
T

v
TF F S F F S[ ] [ ] = [ ] [ ]: :T 	 (3.2.15)

Now again define the following parameters by setting:

	 δδεεv A[ ] =T '   F B= '  F s CT T[ ] = ' 	 (3.2.16)

Identical expression similar to Eq. (3.2.13) can be written as:

	 A B C B C A
T T' ' ' ' ' '    =    : : 	 (3.2.17)

According to Eq. (3.2.16) and Eq. (3.2.17) we can write:

	 δδεε δδεεv
T T

vF F S F s F[ ] [ ] = [ ]( ) [ ]T : : 	 (3.2.18a)

If we substitute Eq. (3.2.18a) into Eq. (3.2.14) and then substitute the 
results in integral Eq. (3.2.12) it will change to:

	 F F s F s FT
v

T
vδδεε δδεε[ ]



 [ ] = [ ]( ) [ ]∫ ∫

T T

V V

dV dV: 0 0

0 0

: 	 (3.2.18b)

If we compare Eq. (3.2.18b) with Eq. (3.2.12) and then with Eq. (3.2.11) 
we easily find out that new form of integral Eq. (3.2.11) is:

	 s F s F T
v[ ] [ ] = [ ]( ) [ ]∫ ∫

V V

dV dV
0 0

0 0: δδΕΕ δδεεv : 	 (3.2.19)

If we substitute Eq. (3.1.35) into Eq. (3.2.19) we can find this important 
relationship:

	 s v[ ] [ ] = [ ]( ) [ ]∫ ∫
V V

dV J dV
0 0

0 0: δδΕΕ σσ δδεεv : 	 (3.2.20)
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The integral σσ δδεε[ ] [ ]∫
V

dV: v  which represents the exact virtual work, is 

related to the integral s[ ] [ ]∫
V

dV
0

0: δδΕΕ v  this relationship can be achieved by 

setting dV J dV= 0 , in Eq. (3.2.19) then we have:

	 σσ δδεε δδΕΕ[ ] [ ] = [ ] [ ]∫ ∫
V V

dV dV: :v s
0

0v 	 (3.2.21)

Equation (3.2.21) shows that why the s[ ] or the 2nd Piola–Kirchhoff stress 
tensor is important, because it can be replaced with Cauchy stress σσ[ ] 
according to Eq. (3.2.21). In FEM we use s[ ] and integrate on V0 instead 
of using σσ[ ] and integrating over V, because the latter is a formidable task.

Moreover, we can define new stress named “nominal Kirchhoff stress” 
ττ '  given by:

	 ττ σσ'  = [ ]J 	 (3.2.22)

There is not any application for ττ '  except it changes the Eq. (3.2.20) into 
new form like this:

	 s v[ ] [ ] =   [ ]∫ ∫
V V

dV dV
0 0

0 0: :δδΕΕ ττ δδεεv
' 	 (3.2.23)

3.3  EQUATIONS OF MOTION AND EQUILIBRIUM

The accurate form of the equilibrium and also motion equation in large defor-
mation can be expressed on the coordinates of the deformed body (Fig. 3.3).

For example if we write the equilibrium of the forces across along 
coordinate α1 it will be in following form:

	 F F d F B dVdf1 1 1
1

1
1+( ) − +α ρ

force difference body force
� ���� ���� ��� ���

��
� �� ��

= u dVdf

i

1 ρ
nertia force

	 (3.3.1)

The terms F1 1
 is covariant differentiation of the force component and its 

details are discussed in Chapter 1.3. The body force per unit mass is B and u1 
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is the component of acceleration along coordinate α1. Referring to Eq. (1.3.8) 
we can write the volume element dV  on deformed body is:

	 dV G d d d= α α α1 2 3 	 (3.3.2)

The virtual stress vector T1  is related to the force and the relationship was 
given by Eq. (3.1.14) as follows:

	 F T d d1 1
2 3= α α 	 (3.3.3)

If we substitute Eqs. (3.3.2) and (3.3.3) into Eq. (3.3.1) and simplify we have:

	 T B G u Gdf df1 1
1 1+ =ρ ρ 	 (3.3.4)

If we generalize the above equation over α i i =1 2 3, ,  then it will change to:

	 T B G u G ii i
i

df
i

df+ = =ρ ρ 1 2 3, , 	

In the above expression the summation over i does not take place. The 
symbol  instead of  (in Chapter 1.3) used in the above equations, which 
represents the covariant differentiation over the deformed body. In this 
situation the metric tensor g  will change to G  and if summation over i 
takes place this means that we can write:

	 T T T Ti i
= + +1 1 2 2 3 3

	

FIGURE 3.3  Equilibrium of the forces on deformed body.
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Then the summed up version of the above equation will be:

	 T G Gi i df df

summation
vector vector

� � ���+ =B uρ ρ 	 (3.3.5)

Now if we use Eq. (3.1.12b) we can express the components of the 
Eq. (3.3.5) as follows:

	 T G Gij ji = τ 	 (3.3.6)

	 B= B Gj j 	 (3.3.7)

	  u= u Gj j 	 (3.3.8)

If we substitute Eqs. (3.3.6), (3.3.7) and (3.3.8) into Eq. (3.3.5) and equate 
the components of the G1 , G2 and G3 respectively then we have:

	 τ ρ ρij
i df

j
df

jB u i j+ = = , , ,1 2 3 	 (3.3.9)

Equation (3.3.9) expresses the general equation of motion and both of the 
body forces and inertial forces exist in the equation. The ρdf  represents 
the density of deformed body (not initial body). The formidable task in 
Eq. (3.3.9) is taking covariant differentiation of the tensor components τ ij. 
This topic was discussed in Chapter 1.3 and the Christoffel symbols were 
defined under Eq. (1.3.14) as follows:

	 	 (3.3.10)

In Eq. (3.3.10) the  is the Christoffel symbol which is defined for the 
deformed body and can be expressed similar to Eq. (1.3.15) as follows:

	 	 (3.3.11)
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We can summarize that the symbols  and  in this section are represented 
in the frame tensor G, while the symbols  and Γ  shown in Chapter 1.3 are 
represented in the frame tensor g .

It is obvious that Eqs. (3.3.9), (3.3.10) and (3.3.11) that together rep-
resent the equations of motion and the analytical solution of the above 
equations is possible only in very simple case. The alternative route is 
numerical solution of the above equations by using FEM. As we discussed 
in previous section in FEM studies it is common practice to use initial 
un-deformed body as frame for the tensors, that is, Eq. (3.3.9) changes to:

	 σ ρ ρij
i

j jB u i j+ = = , , ,1 2 3 	 (3.3.12)

The Eq. (3.3.12) is expressed in terms of Cauchy stress in frame of tensor g  
and therefore the symbol  in Eq. (3.3.9) is replaced with  in Eq. (3.3.12).

Finally the issue of symmetry of the stress tensor (in large deforma-
tion) will be discussed herein. To prove the symmetry we need to write 
the equilibrium equation of angular momentum and the torques, which is:

	
�
� �

�
��R ds R dV

S arm traction force body &inertia force

∫∫ × + × −( )t B uρ�� ��� ��� =∫∫∫ 0
V

	 (3.3.13a)

By substituting Eq. (3.1.13) which is t = N T
G
i i



 into (3.3.13a) it will change to:

	
� � �

��R N T R G dVi i
S V

× + × −( ) =∫∫ ∫∫∫ ρ B u 0 	 (3.3.13b)

According to Eq. (3.3.13b) the moment of the traction forces is 
  

R T Qi i× = , 
then the surface integral is:

	


R ds Q N ds
S

i i
S

× =∫∫ ∫∫t 	

According to the divergence theorem we can change the surface integral to 
volume integral and we have, Q N ds QdVi i

S V
∫∫ ∫∫∫= ∇

 

. therefore the above 
equation is:

	
  

R ds Q N ds QdV
S

i i
S V

× = = ∇∫∫ ∫∫ ∫∫∫t . 	 (3.3.14)
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The above equation is called divergence theorem and the term 
 

∇.Q  in 
Eq. (3.3.14) should be defined over the deformed base vectors such that:

	
   



 

∇ = = ×( ) =
∂
∂

× + ×.Q Q R T R T R Ti
i i i

i
i i iα

	 (3.3.15)

In Chapter 1.1 we defined the base vectors as ∂
∂

=


R G
i

iα
, if we substitute 

Eq. (3.3.15) into Eq. (3.3.14) and then the result into Eq. (3.3.13b) then 
we have:

	
� � �

��∇ + × −( ) =∫∫∫ ∫∫∫.QdV R G dV
V V

ρ B u 0	 (3.3.16a)

	 G T R T dV R G dVi i i i
V V

× + ×( ) + × −( ) =∫∫∫ ∫∫∫
� � �

��ρ B u 0 	 (3.3.16b)

It is obvious that Eq. (3.3.16b) can be rearranged like the following:

	 G T dV R T G dVi i
V

i i
V

×( ) + × + −( )( ) =∫∫∫ ∫∫∫
� �

��
� ���� ����

ρ B u
0

0 	 (3.3.17)

According to equilibrium equation (3.3.5) we have T Gi i
+ −( ) =ρ B u 0  

and if we substitute this in Eq. (3.3.17) we have:

	 G T dVi i
V

×( ) =∫∫∫


0 	 (3.3.18a)

From Eq. (3.3.18a) we can conclude that the integrand is also vanishes, 
that is,

	 G Ti i× =


0 	 (3.3.18b)

If we substitute Eq. (3.1.12b) into Eq. (3.3.18b) then we have:

	 G G G G Gi
ij

j i
ij

j×( ) = ⇒ ×( ) =τ τ0 0 	 (3.3.19a)
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In Eq. (3.3.19a) if we replace the indices i and j it will change to:

	
G G G Gj

ji
i i

ji
j×( ) = ⇒ − ×( ) =τ τ0 0

	 (3.3.19b)

If we combine Eqs. (3.3.19b) and (3.3.19a) we can write:

	
G G Gi

ij
j

ji
j× −( ) =τ τ 0

	

which yields into this relationship:

	 τ τij ji= 	 (3.3.20)

Equation (3.3.20) proves the symmetry of the Green stress tensor and sub-
sequently the Cauchy stress and nominal Kirchhoff stress and 2nd Piola–
Kirchhoff stress tensors are all symmetric.
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4.1  GENERAL CONSTITUTIVE RELATIONS IN SOLID 
CONTINUUM

When the loading is in the range which causes small deformation in a solid 
continuum, the generalized Hook law expressed in tensor form is accept-
able in most cases. Regardless of its tensor form it is a linear constitutive 
relation and are not discussed in this chapter. For detail the readers could 
see any continuum mechanics book, for example [11].

However, when loading causes finite deformation which could be 
studied in finite elasticity, hyper elasticity and finite plasticity a gen-
eral constitutive law cannot be expressed by Hook’s law. The general 
form is based on deformation energy per unit volume or w. In order to 
refresh the memory we can remember w in small deformation axial load-
ing which is:

	 dw d= σ ε 	 (4.1.1)
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	 σ
ε

=
∂
∂
w 	 (4.1.2)

In above equations σ  is stress and ε  is strain. In simple tension, for exam-
ple, even in large strain those equations are valid. In finite deformation we 
can start with similar equations but instead of σ  and ε  we write τ ij and ε ij 
or Green stress and strain (see Chapters 2 and 3). Beforehand we define Ε 
the deformation energy per unit mass and when we refer to un-deformed 
body, Ε is:

	 w = ρ0 Ε 	 (4.1.3)

which ρ0 is density of the un-deformed solid. We are looking for an alter-
native for Eq. (4.1.2) in large deformation, since stress τ ij is defined on 
the deformed body it is not accurate to consider Eq. (4.1.3) as a candidate. 
Instead the energy term ρ Ε which is a quantity referred to the deformed 
body is an accurate candidate. Therefore, we will adopt the following 
alternative form for Eq. (4.1.2) for finite deformation:

	 τ ρ
ε ε

ij

ij ji

=
∂
∂

+
∂
∂











1
2

Ε Ε 	 (4.1.4)

In Section 2.1, we defined volume change in compressible solids based on:

	 ρ ρ0 g G= 	 (4.1.5)

which g  and G are third invariants of the metric tensor in initial and 
deformed body respectively. In Section 2.1, we defined deformation 
Jacobian J  which changes Eq. (4.1.5) into:

	 J G
g

=   ρ ρ0 = J 	

In Section 2.4, we showed that J  was expressed by I3 the third invariant of 
the strain tensor and this, changes above equations into:

	 J I= 3   ρ
ρ

= 0

3I
	 (4.1.6)
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By substituting Eq. (4.1.6) into Eq. (4.1.3) and the result into Eq. (4.1.4) 
we have:

	 τ
ε ε

ij

ij jiI
w w

=
∂
∂

+
∂
∂











1
2 3

	 (4.1.7)

	 w w ij= ( )ε 	 (4.1.8)

Equations (4.1.7) and (4.1.8) show that in order to drive stress stain rela-
tions, we need to express the deformation energy form of strain tensor 
components. It is verified by experiments that in most homogenous and 
isotropic materials including polymers and rubbers deformation energy 
does not depend on individual ε ij components. Instead it depends on the 
invariants of the strain tensor I I1 2,  and I3 which yields:

	 w w I I I= ( )1 2 3, , 	 (4.1.9)

We rewrite Eq. (4.1.7) into following form:

	 2 3τ
ε ε

ij

ij ji

I w w
=

∂
∂

+
∂
∂









 	

Considering Eq. (4.1.9) and also the above equation, we can apply chain 
rule in differentiation to expand the above equation so that:

	 2 3
1 1

1

2 2τ
ε ε ε ε

ij

ij ji ij ji

I I I w
I

I I
=

∂
∂

+
∂
∂











∂
∂

+
∂
∂

+
∂
∂











∂
∂

+
∂
∂

+
∂
∂











∂
∂

w
I

I I w
Iij ji2

3 3

3ε ε
	

		  (4.1.10)

It is now necessary to use content of Section 2.4 to evaluate the derivatives 
in (4.1.10) individually. We can start from Eq. (2.4.16) which is: I g Gij ij1 =

The Green strain was: ε ij ij ijG g= −( )1
2

That gives:

	 G gij ij ij= +2ε 	 (4.1.10a)
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From which we have:

	

I g g I g

I g g I g

ij
ij ij

ij

ij

ji
ji ji

ji

ji

1
1

1
1

2 2

2 2 2

= +( ) ∂
∂

=

= +( ) ∂
∂

= =

ε
ε

ε
ε

ggij
	

which yields:

	 ∂
∂

+
∂
∂

=
I I g
ij ji

ij1 1 4
ε ε

	 (4.1.11)

According to Eqs. (2.4.21) and (2.4.23) we can obtain partial derivative of 
I3 by rewriting those equations into this form:

	 I
g g g
g g g
g g g

G G G
G G G
G G G

3

11 12 13

21 22 23

31 32 33

11 12 13

21 22 23

31 32 31

= ⋅ 	 (4.1.12)

Considering Eq. (4.1.10a) we rewrite Eq. (4.1.12) into its new form that 
includes ε ij:

	 I
g g g
g g g
g g g

g g g

3

11 12 13

21 22 23

31 32 33

11 11 12 12 13 13

2

2 2 2
2= ⋅

+ + +ε ε ε
ε 11 21 22 22 23 23

31 31 32 32 33 31

2 2
2 2 2

+ + +
+ + +
g g g
g g g

ε ε
ε ε ε

	 (4.1.13)

Imagine one wants to expand the second array in Eq. (4.1.13) to calculate 
the determinant of the array considering expansion by using any row and 
columns and then taking partial derivative relative to any ε ij it is evident 
that they can get:

	 ∂
∂

=
I I

Gij ij

3 32
ε
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Exercise 4.1.1: Prove the above expression

Solution: By using chain rule we can write ∂
∂

=
∂
∂

∂

∂
I I

G
G

ij ij

ij

ij

3 3

ε ε
 and by substitut-

ing Eq. (4.1.10a) into this we have ∂
∂

=
∂
∂

∂ +( )
∂

I I
G

g

ij ij

ij ij

ij

3 3
2

ε

ε

ε
 which yields to 

∂
∂

=
∂
∂

I I
Gij ij

3 32
ε

The other from Eq. (4.1.12) is I3 = ( ) ( )det detg G  and therefore ∂
∂

= ( ) ∂ ( )
∂

I
Gij ij

3 2
ε

det
det

g
G

∂
∂

= ( ) ∂ ( )
∂

I
Gij ij

3 2
ε

det
det

g
G

.
 
Now according to Jacobi formula for the derivative of 

a determinant, we can write 
∂ ( )

∂
=

det G
G

D
ij

ij  where Dij is cofactor of the Gij  

element, this finally leads ∂
∂

= ( )I D
ij

ij3 2
ε

det g . From Eq. (1.2.7) we can write 

det detG Gij
ij( ) ( ) =1 so this results G D G D Gij

ij ij ij ijdet det( ) = ⇒ = ( )1 G  

and by substitution ∂
∂

= ( ) ( )I G
ij

ij3 2
ε

det detg G  which is identical to:

	 ∂
∂

=
I I G
ij

ij3
32ε

  ∂
∂

=
I I G
ji

ji3
32ε

	

From which we can conclude that:

	 ∂
∂

+
∂
∂

=
I I I G
ij ji

ij3 3
34ε ε

	 (4.1.14)

To obtain the partial derivative of I2 we can use the Eqs. (2.4.17c) and 
(2.4.17d) and rewrite I2 into this form:

	 I I g g G Gir js
ij rs2 1

21
2

= −( ) 	

The partial derivative of I2  consist of two parts:

	 ∂
∂

=
∂
∂

−
∂

∂
I I g g G G

ij ij

ir js
ij rs

ij

2 1
21

2
1
2ε ε ε
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We can use Eq. (4.1.11) and companion equations to determine the first 
part as:

	 1
2

21
2

1
1∂

∂
=

∂
∂

= ⋅
I I I g G g
ij ij

rs
rs

ij

ε ε
	

For the second part we substitute from Eq. (4.1.10a) for Gij and Grs to have:

	 −
∂

∂
= −

∂ +( ) +( )
∂

= −
1
2

1
2

2 2
2

g g G G g g g gir js
ij rs

ij

ir js
ij ij rs rs

ijε

ε ε

ε
gg g Gir js

rs 	

By adding up the two parts we can write:

	 ∂
∂

= ⋅ −
I g G g g g G
ij

rs
rs

ij ir js
rs

2 2 2
ε

  ∂
∂

= ⋅ −
I g G g g g G
ji

rs
rs

ji ir js
rs

2 2 2
ε

	

So that:	 ∂
∂

+
∂
∂

= −( )I I g g g g G
ij ji

ij rs ir js
rs

2 2 4
ε ε

Simplification yields:

	 ∂
∂

+
∂
∂

= −
I I I g g g G
ij ji

ij ir js
rs

2 2
14 4

ε ε
	 (4.1.15)

If we substitute Eqs. (4.1.1), (4.1.14) and (4.1.15) into Eq. (4.1.10) and sim-
plify the results we can obtain the general constitutive equation as follows:

	 2 4 4 4 43
1

1
2

3
3

τ ij ij ij ir js
rs

ijI g w
I

I g g g G w
I

I G w
I

= ( ) ∂
∂

+ −( ) ∂
∂

+ ( ) ∂
∂

	

	 τ ij ij ij ijg B pG= + +Φ Ψ 	 (4.1.16)

The scalars Φ Ψ, , p and the tensor Bij in Eq. (4.1.16) are as follows:

	 Φ =
∂
∂

2

3 1I
w
I

  Ψ =
∂
∂

2

3 2I
w
I

  p I w
I

=
∂
∂

2 3
3
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	 B I g g g Gij ij ir js
rs= −1 	 (4.1.17)

Equations (4.1.16) and (4.1.17) are the constitutive equations govern-
ing any solid continuum that is under finite elastic deformation. These 
equations explicitly stating that, if we do not have any relationship 
between w and the strain invariants I I1 2,  and I3, then we are not able to 
find scalars Φ Ψ, , p, and therefore any constitutive equations. It is worth 
mentioning that Eqs. (4.1.16) and (4.1.17) could be found in Green and 
Zerna [1] and Eringen [2] without any proof. One of the missions of the 
book to be self-continence so that we do not miss any proof in under-
standing the fundamentals.

The appropriate functions for w in different materials, has been investi-
gated by engineers and mathematicians, over the last six decade. The general 
form to express w in terms of I I1 2,  and I3 could be similar to this expression:

	 w C I I Ipqr
p q r

p q r
= −( ) −( ) −( )

=

∞

∑ 1 2 3
1

3 3 1
, ,

	 (4.1.18)

The importance of above expression is that in unloading condition we have 
I I1 2 3, =  and I3 1=  which makes the deformation energy, w = 0. Obviously 
this should be expected when the solid continuum, is unloaded. When loaded 
I I1 2 3, >  and I3 1>  also w > 0 and its value depends on stretches and strains. 
In the case we dealing with incompressible materials always I3 1=  and we 
could ignore the last term in Eq. (4.1.18) so that the modified expression is:

	 w C I Ipq
p q

p q
= −( ) −( )

=

∞

∑ 1 2
1

3 3
,

	 (4.1.19)

For the same reasons mentioned above, validity of Eq. (4.1.19) can also 
be confirmed. There are two famous models based on Eq. (4.1.19), which 
is acceptable in stretches up to %100, that is, λ ≤ 2. The first one is called 
Neo-Hookian model in which w depends only on first invariant I1 3>  so 
that in Eq. (4.1.19) we put p =1 and q = 0. Therefore, Eq. (4.1.19) with 
only one term is:

	 w C I C I= −( ) = −( )10 1 1 13 3 	 (4.1.20)
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Second model which is more important is named Mooney-Rilvin w 
depends on first and second invariants I I1 2 3, > . The Eq. (4.1.19) in this 
case consists of two terms the first is with p =1 and q = 0 second with  
p = 0 and q =1 so that:

	 w C I C I= −( ) + −( )10 1 01 23 3 	

For Mooney-Rilvin type elastic solids we can write:

	 w C I C I= −( ) + −( )1 1 2 23 3 	 (4.1.21)

Equations (4.1.19), (4.1.20) and (4.1.21) are constitutive relations that may 
be considered only for incompressible materials. By those we can calculate 
scalars Φ Ψ,  in Eq. (4.1.16) and obtain stress-deformation relationship.

Difficulty arises when we face with stretches more than %100, that is, 
λ > 2. This will happen in most of the rubber like materials and the Eqs. 
(4.1.20) and (4.1.21) are not accurate in this case. Otherwise for materials 
like skin, muscle, and blood vessels Eqs. (4.1.20) and (4.1.21) are accept-
able. There is a model developed by Ogden [5] which is acceptable for 
λ > 2 and is known by his name. This model expresses the deformation 
energy directly in terms of stretches λ λ1 2,  and λ3 instead of I I1 2,  and I3. 
The general expression for Ogden model is:

	 w P

PP

N
P P P= + + −( )

=
∑ µ

α
λ λ λα α α
1 2 3

1
3 	 (4.1.22)

For checking the validity of Eq. (4.1.22) we should mention that in 
unloading condition we have λ λ λ1 2 3 1= = =  which makes the deforma-
tion energy, w = 0. Moreover by substituting αP = 2 in Eq. (4.1.22) and 
considering only one term with P =1 we can write:

	 w = + + −( )µ
λ λ λ1
1
2

2
2

3
2

2
3 	

Since in section 2-4, we had I1 1
2

2
2

3
2= + +λ λ λ  and considering µ1

12
= C  the 

above equation becomes:

	 w C I= −( )1 1 3 	
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which was the constitutive equation for Neo-Hookian material (see 
Eq. (4.1.20)).

Also in the case when we have two terms with α1 2=  and α2 2= −  
(4.1.22) is:

w = + + −( ) − + + −( )− − −µ
λ λ λ

µ
λ λ λ1

1
2

2
2

3
2 2

1
2

2
2

3
2

2
3

2
3

The above equation could be rewritten into this form:

w = + + −( ) −
+ +

−





µ
λ λ λ

µ λ λ λ λ λ λ
λ λ λ

1
1
2

2
2

3
2 2 1

2
2
2

3
2
2
2

1
2
3
2

1
2
2
2
3
22

3
2

3





Since from Section 2.4 we had:

	 I1 1
2

2
2

3
2= + +λ λ λ   I2 1

2
2
2

3
2
2
2

1
2
3
2= + +λ λ λ λ λ λ 	

For a incompressible material we have I3 1 2 3 1= =λ λ λ  and therefore by 
substituting in the above equation w  takes this form:

	 w I I= −( ) − −( )µ µ1
1

2
22

3
2

3 	

Now assume C1 1

2
=

µ  and C2
2

2
= −

µ  deformation energy w  take a famil-
iar form:

	 w C I C I= −( ) + −( )1 1 2 23 3 	

which was the constitutive equation for Mooney-Rilvin material (see 
Eq. (4.1.21)).

The difficulty in Ogden material model is that in its general form 
Eq. (4.1.22) finding an equivalent function in form of w I I I1 2 3, ,( )  is not 
possible. Therefore, we cannot use constitutive equation (4.1.16) in terms 
of stress.

However we should remember Ogden model is suitable for large 
stretches only and is not applicable for the case when large rotations 
and change of curvatures occurs. Considering this fact we can ignore 
Eq. (4.1.16) and develop a new stress-stretch relationship, which is suitable 
for Ogden type material. In Chapter 2 we mentioned that although stretch 
and strain are two different dimensionless parameters but we showed that 
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d dλ ε≅ . Now we can come back to the beginning of this part and write 
Eqs. (4.1.1) and (4.1.2) in term of dλ  instead of dε  into this form:

	 dw d= σ λ   σ
λ

=
∂
∂
w 	 (4.1.23)

In order to extend Eq. (4.1.23) in its general tensor form, instead of λ we use 
U  or right stretch tensor defined in Eq. (2.3.5a) and instead of σ  we have to 
define a new type of stress called Biot stress tensor or B. Remembering that 
we defined the right stretch tensor from Eq. (2.3.5a) in this form:

	 U N N N N N NT T T= + +λ λ λ1 1 1 2 2 2 3 3 3 	 (4.1.24)

which N N1 2,  and N3 were the principal directions defined on the 
un-deformed body. Similarly Biot stress tensor or B is also defined on 
N N1 2,  and N3 direction as:

	 B b N N b N N b N NT T T= + +1 1 1 2 2 2 3 3 3 	 (4.1.25)

From Eq. (4.1.25) it is obvious that Biot stress tensor or B is diagonal with 
only 3 components. Its components are defined similar to Eq. (4.1.23) by 
this formula.

	 b w
1

1

=
∂
∂λ

	 b w
2

2

=
∂
∂λ

	 b w
3

3

=
∂
∂λ

	

In compact form it is:

	 b w ii
i

=
∂
∂

=
λ

1 2 3, , 	 (4.1.26)

Still we need further arguments to put forward a stress-stretch type equa-
tion for Ogden type materials. We do this in the next section. In the next 
part we also investigate about derivation of direct stress-deformation con-
stitutive equations which more applicable than Eq. (4.1.16) and could be 
used in FEM programming.

4.2  FURTHER TYPES OF STRESSES AND CONSTITUTIVE 
EQUATIONS

In previous section we described the Biot stress, in this section further 
clarification is needed to find out the relationship between stress and 
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stretch in Ogden model. First we study the rate of strain tensor εε, since the 
strain εε is the tensor, its time derivative is also a tensor, that is,

	 εε δδεε= ( )d
dt

	 (4.2.1)

In Section 3.2, we mentioned that δδεε is the variation of the local strain 
tensor and is referred to the deformed body (coordinate x) but not un-
deformed (coordinate X ) now we substitute the Eq. (3.2.2) into Eq. (4.2.1) 
then we have:

	 εε δδεε
δδ δδ

= ( ) =
∂
∂







+
∂
∂

















d
dt

d
dt

T1
2

u
x

u
x

	 (4.2.2)

Now we define the strain velocity tensor L  which is:

	 L u
x

=
∂
∂









d
dt

δδ
	 (4.2.3)

We define the velocity vector v x u= = ( )

d
dt

δδ  then Eq. (4.2.3) changes to:

	 L v
x

x
x

=
∂
∂

=
∂
∂


	 (4.2.4)

Now we can express the strain velocity tensor L in matrix form:

	 L =

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

  

  

 

x
x

x
x

x
x

x
x

x
x

x
x

x
x

x
x

1

1

1

2

1

3

2

1

2

2

2

3

3

1

3

2

∂∂
∂



























x
x
3

3

	 (4.2.5)

Now we can express the strain rate tensor εε  in terms of tensor L as follows:

	 εε = +( )1
2

L LT 	 (4.2.6)

The matrices L and εε  are important and can be used in the plasticity and 
visco-elasticity studies, where the constitutive equations can be expressed 
by these matrices into this form:

© 2016 by Apple Academic Press, Inc.

  



92	 Mechanics of Finite Deformation and Fracture

	 L v
x

L L L LT T=
∂
∂

= +( ) − −( ) = +
1
2

1
2



εε ΩΩ 	 (4.2.7)

In Eq. (4.2.7) we have divided the strain velocity vector L into two parts 
the symmetric part is the strain rate tensor εε , and anti-symmetric part is ΩΩ  
called rate of rotation tensor. Herein the term L LT−( ) is anti-symmetric 
matrix and we name it ΩΩ  or “rotation rate tensor.” Proof of the rotational 
property of ΩΩ  is demonstrated later in (4.2.17). For any anti-symmetric 

tensor like ΩΩ = −( )1
2

L LT  we have:

	  ΩΩ ΩΩ  T = − 	 (4.2.8)

In the Section 3.2 we defined the “nominal Kirchhoff stress” ττ '   by 
Eq. (3.2.22) and we mentioned that it is conjugate is δδεεv[ ], that is, the 
integral ττ δδεε'

v  [ ]∫ : dV
V

0

0

 gives the virtual work and based on that integral 

we define the power as follows:

	   w d w
dt

J= = =σσ εε ττ εε: :' 	 (4.2.9)

In the above equation w is the energy per unit volume (initial volume) and 
therefore we can use the stress ττ ' . Now we can clarify the Biot stress in 
shadow of Eq. (4.2.9), but before that we need to define “Biot strain ten-
sor” which is related to “right stretch tensor” like this:

	 ΕΕ b U I= −
right stretch unit matrix
 

	 (4.2.10)

From Eq. (4.2.10) we can find that Biot strain tensor ΕΕ b  is expressed by a 
diagonal matrix and does not include the shear deformations. According to 
Eq. (4.1.25) the Biot stresses are principal stresses also the Biot strains are 
the principal strains in which the rotational components are removed and 
from time derivative of (4.2.10) we have:

	  ΕΕ b U= 	 (4.2.11)

If we rewrite the Eq. (4.2.9) we can express it in terms of principal stresses 
and strains, that is, the stress tensor B and its strain conjugate Eb which is:

	  

 w d w
dt

= = = =ττ εε ΕΕ'
bB B U: : : 	 (4.2.12)
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Equation (4.2.12) can be used to express a clear definition of the Biot 
stress in terms of power of the strain energy. Now we can refer to Section 
2.2  and decompose the deformation gradient matrix to F RU=  and if we 
take the time derivative of this we have:

	 F RU F RU RU= ⇒ = +   	 (4.2.13)

Equation (4.2.13) helps to find some details about U . We can rewrite the 
Eq. (4.2.7) and combine with Eq. (4.2.4) into this form:

	 L v
x

v
X

X
x

= + =
∂
∂

=
∂
∂

∂
∂



εε ΩΩ 	 (4.2.14)

Now we can say that F x
X

=
∂
∂

 and therefore we can conclude that F v
x

=
∂
∂

 

and also we can write F X
x

− =
∂
∂

1  therefore Eq. (4.2.14) can be changed to:

	 L FF= −


1 	 (4.2.15)
If we substitute Eq. (4.2.13) into (4.2.15) then we have:

	 L RU RU F= +( ) −
 

1 	 (4.2.16)

Since we have F RU=  then we have F U R U RT− − −= =1 1 1  and if we sub-
stitute this in Eq. (4.2.16) then we have:

	 L RU RU U R RR RUU RT T T= +( ) = +− −� � �� �� �� ��
� �

1 1

ΩΩ εε 

	 (4.2.17)

From Eq. (4.2.17) we can conclude that RRT  is rotational components of 
the L, or ΩΩ  (see Eq. (4.2.14)) and is anti-symmetric and RUU RT



−1  is the 
strain rate component of the L or εε  which symmetric.

Exercise 4.2.1: Expand Eq. (4.2.6) by using Eq. (4.2.17)

Solution: Equation (4.2.6) is 

� � �� ���� ���� � �
� ����� ��

εε = + + ( ) + ( )− −1
2

RR RUU R RR RUU RT T T1

L

1

LT

T T T

����















 and since RRT  

or ΩΩ  is anti-symmetric then we have  RR RRT T( ) = −
T

, then the above 
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expression changes to   εε = + ( )( )−1
2

RUU R RUU RT1 1T T−− 

 εε = + ( )( )−1
2

RUU R RUU RT1 1T T−− but the term 

RUU R RU U RT T
 

− −( ) =1 T T T . The right stretch tensor is diagonal and 
therefore U U− −=T 1  and also the  U UT =  then we have the tensor 



 εε = +( )− −1
2

RUU R RU URT1 1T  and finally the Eq. (4.2.6) changes to:

	 

 εε = +( ) = +( )− −1
2

1
2

L L RT 1 1UU U U RT 	 (4.2.18)

Now we substitute Eq. (4.2.18) into Eq. (4.2.12) then we have:

	  

  w = = = +( )− −ττ εε ττ' ' TB U R UU U U R: : : 1 1

2
	 (4.2.19)

Since  UU U U− −=1 1  (both are diagonal) the Eq. (4.2.19) can be simpli-
fied to:

	


 w = = −B U RUU R' T: : 1ττ 	 (4.2.20)

We use the theorem (3.2.13) AB C BC AT T[ ] [ ] = [ ] [ ]: :  several times as an 
exercise finally we can change the Eq. (4.2.20) into this form:

	


 w T= = −B U R RU UT ': :ττ 	 (4.2.21)

From Eq. (4.2.21) we can conclude that:

	 B R RUT '= −ττ T 	 (4.2.22a)

Multiplying both sides of Eq. (4.2.22a) into U  then we have:

	 BU R RU UT '= −ττ T 	 (4.2.22b)

Since the right stretch matrix is diagonal then we have U U I− =T  and then 
we can find a relationship between Biot stress and nominal Kirchhoff 
stress as follows:

	 BU R RT '= ττ 	 (4.2.23)
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According to polar decomposition theory we have following formulas:

	 F RU=   F U R− −=1 1 T   UF R− =1 T   F U R− =T T 	 (4.2.24)

We can substitute RT  and R from Eq. (4.2.24) into Eq. (4.2.23) also con-
sidering that U U= T  (diagonal matrices) we have:

	 BU UF F U UF F U= =− − − −1 1ττ ττ' 'T T T 	

If we equate the left sides of the U  in the above expression then we have:

	 B UF F= − −1ττ ' T 	 (4.2.25)

In Section 3.2 from Eq. (3.2.20) we defined 2nd Piola Kirchhoff by 
S F F= − −1ττ ' T  and if we substitute this into Eq. (4.2.25) then we have an 
important expression which is:

	 B U S
Biot stretch 2nd Piola
  

= 	 (4.2.26)

And relates the Biot stress to 2nd Piola Kirchhoff stress and the Eq. (19) 
can be written in a new form like this:

	  

 w = = =ττ εε ΕΕ' : : :B U S 	 (4.2.27)

Based on the Eq. (4.2.27) we can construct a table (Table 4.1), which clearly 
describes the various types of stress and their conjugate strain rate tensors:

Now we return to our main discussion, which is related to the 
Eq. (4.2.23). In Ogden model the derivative of the stain energy are defined 

in terms of stretches 
∂
∂
w

iλ
 defined by Eqs. (4.1.25) and (4.1.26) and the U 

is also defined by Eq. (4.1.24) and since both U and B are diagonal their 
product is also diagonal and can be written by:

	 BU w N N w N N w N NT T T=
∂
∂

+
∂
∂

+
∂
∂

λ
λ

λ
λ

λ
λ1

1
1 1 2

2
2 2 3

3
3 3 	 (4.2.28)

The Eq. (4.2.28) is a necessary relationship for finding properties of 
Ogden model. We can also use Eq. (4.2.23) to enter Nominal Kirchhoff 
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stress ττ '  and Cauchy stress σσ into the Ogden model. If we substitute Eqs. 
(4.2.23) into (4.2.28) we have:

	 R RTττ ' =
∂
∂

+
∂
∂

+
∂
∂

λ
λ

λ
λ

λ
λ1

1
1 1 2

2
2 2 3

3
3 3

w N N w N N w N NT T T 	 (4.2.29)

Since R RT = −1 we post-multiply both sides of Eq. (4.2.29) by RT  and we have:

R R R R R RT T

I

T T Tττ '


=
∂
∂

+
∂
∂

+
∂
∂

λ
λ

λ
λ

λ
λ1

1
1 1 2

2
2 2 3

3
3 3

w N N w N N w N NT T T

Also pre-multiplying the above equation by R we have:

	R R R R R R R R RT T T T

I

'

I
 

ττ =
∂
∂

+
∂
∂

+
∂
∂

λ
λ

λ
λ

λ
λ1

1
1 1 2

2
2 2 3

3
3 3

w N N w N N w N NT T TRRT

	

which yields to this:

ττ ' =
∂
∂

+
∂
∂

+
∂
∂

λ
λ

λ
λ

λ
λ1

1
1 1 2

2
2 2 3

3
3 3

w N N w N N w N NT T TR R R R R RT T T

		  (4.2.30)

In Eq. (2.3.28) it is shown that n R= N  and n RT T TN=  if we substitute 
this into Eq. (4.2.30) it will change to:

	 ττ ' =
∂
∂

+
∂
∂

+
∂
∂

λ
λ

λ
λ

λ
λ1

1
2

2
3

3
3

w w w Tn n n n n nT T T
1 1 2 2 3 	 (4.2.31)

TABLE 4.1  Stress Strain Rate Tensors

Type of the stress tensor Conjugate strain rate- deformation

Nominal Kirchhoff ττ ' Local strain rate tensor εε
2nd Piola Kirchhoff S Green strain rate tensor ΕΕ

Biot B Right stretch rate tensor U
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In Section 3.2 we saw that ττ σσ' = J  and therefore the Cauchy stress is:

	 σσ =
∂
∂

+
∂
∂

+
∂
∂

λ
λ

λ
λ

λ
λ

1

1

2

2

3

3
3J

w
J

w
J

w Tn n n n n nT T T
1 1 2 2 3 	 (4.2.32)

It should be emphasized that Eq. (4.2.32) gives the principal Cauchy 
stresses with the principal components σσ1, σσ 2 and σσ 3 (no shear compo-
nent). Equation (4.1.22) expresses the w for the Ogden model and if we 
take the derivative versus λi  we have:

	 ∂
∂

= =
=

−∑w i
i

P
P

N

i
P

λ
µ λα

1

1 1 2 3, , 	 (4.2.33)

The principal components of Cauchy stress via Eq. (4.2.32) is:

	 σ
λ

λi
i

iJ
w i=

∂
∂

=1 2 3, , 	 (4.2.34)

For the incompressible materials J = 1 and if we substitute Eq. (4.2.33) 
into Eq. (4.2.34) then we have:

	 σ µ λα
i P

P

N

i
P i= =

=
∑
1

1 2 3, , 	 (4.2.35)

Equation (4.2.35) gives direct relationship between principal Cauchy 
stresses and the principal stretches and has been used in FEM commercial 
software like ABAQUS.

4.3  PLASTICITY AND YIELD CRITERIA

The material like rubber, plastics and polymers that can undergo large 
deformations and still remain elastic are known as Hyper-elastic material. 
Unlike these materials, the metals that are main material in machine parts 
and structures are not Hyper-elastic but nearly rigid. Before facing large 
deformations, they yield and undergo plastic deformation such that if the 
load is removed the material does not return to its initial configuration 
and some permanent deformation remains. During subsequent loading and 
unloading events taking account of the several permanent deformations is 
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a formidable task and FEM should be implemented for determination of 
the deformation history.

The plastic deformation starts from a point that yield occurs in the 
material. Therefore, it is necessary to discuss about yield criteria before 
analyzing the plastic deformation. It is important to find out about 
amount of the loads and stresses just when yield occurs. There are many 
yield criteria particularly for metals and ductile materials. In this sec-
tion we discuss Von Mises yield criteria, which is also termed as J2  
yield theory. It is an important criteria which depends on the stress ten-
sor and can be related to the loads easily, it is also applicable to large 
plastic deformations.

This criteria is built upon the amount of distortion energy and therefore 
is appropriate for studies in impact mechanics and sheet metal forming. 
Yielding occurs when the deformations and strains are still small and all 
types of the stresses like Green stress, Cauchy stress, 2nd Piola Kirchhoff 
stress, etc. are all identical and can be defined on the initial configuration 
of the body by this tensor:

	 σσ =

















σ τ τ
τ σ τ
τ τ σ

x xy xz

yx y yz

zx zy z

	

Which is obviously defined on the initial Cartesian coordinate system. 
Because of small strains in the yield onset an infinitesimal small cubic ele-
ments with dimensions dx, dy and dz according to Fig. 4.1, is enough for 
studying the stress state in the material in small deformation and strain. The 
stress tensor is also symmetric, that is, τ τxy yx= , τ τxz zx=  and also τ τyz zy= .

FIGURE 4.1  Infinitesimal element.
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The strain energy per unit volume when stress tensor is σσ  can be found by:

	 U x x y y z z xy xy xz xz yz yz= + + + + +
1
2

1
2

1
2

1
2

1
2

1
2

σ ε σ ε σ ε τ γ τ γ τ γ 	 (4.3.1)

The Hook’s law relates the stress and strain for isotropic material is 
summarized by:

	 ε
σ υ

σ σx
x

y zE E
= − +( )   γ

τ
xy

xy

G
= 	 (4.3.2a)

	 ε
σ υ

σ σy
y

x zE E
= − +( )   γ

τ
xz

xz

G
= 	 (4.3.2b)

	 ε
σ υ

σ σz
z

y xE E
= − +( )   γ

τ
yz

yz

G
= 	 (4.3.2c)

where in Eq. (4.3.2) the shear modulus G  is:

	 G E
=

+( )2 1 υ
	 (4.3.3)

If we substitute Eqs. (4.3.2) and (4.3.1) and simplify we have:

	

U
E

E

x y z x y x z z y

xy xz z

= + + − + +( ) 

+
+( )

+ +

1
2

2

1

2 2 2

2 2

σ σ σ υ σ σ σ σ σ σ

υ
τ τ τ yy

2( ) 	
(4.3.4)

Equation (4.3.4) gives the total energy, now we need to know what per-
centage of the above energy is related to distortion and shear. The neces-
sary prelude is definition of the hydrostatic stress, which is designated 
by σm. According to Fig. 4.2, if σm is applied to all faces of infinitesimal 
cube it results no shear stress and the energy is acquired by pure tension 
or pure compression.
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The hydrostat�ic stress is defined by:

	 σ
σ σ σ

m
x y z=

+ +

3
	 (4.3.5)

The acquired strain energy Uh  as a result of hydrostatic stress is:

	 Uh m mx m my m mz= + +
1
2

1
2

1
2

σ ε σ ε σ ε 	 (4.3.6)

The strains as a result of hydrostatic stress can be found by using Eq. (4.3.2) 
that represent Hook’s law. The strains are:

	 ε ε ε
σ υ

σ σ
υ

σmx my mz
m

m m mE E E
= = = − +( ) =

−( )1 2
	 (4.3.7)

If we substitute Eq. (4.3.7) into Eq. (4.3.6) and simplify then we have:

	 U
Eh m=

−( )3 1 2
2

2υ
σ 	 (4.3.8)

Now we substitute Eq. (4.3.5) into (Eq. 4.3.8) and simplify then we have:

	 U
Eh x y z x y x z z y=

−( )
+ + + + +( ) 

1 2
6

22 2 2υ
σ σ σ σ σ σ σ σ σ 	 (4.3.9)

The total strain energy is sum of the extensional energy Uh and distortional 
energy Ud , that is,:

	 U U Uh d= + 	 (4.3.10)

FIGURE 4.2  Hydrostatic stress over cube faces.
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Now we substitute Eq. (4.3.4) and Eq. (4.3.9) into Eq. (4.3.10) then after 
simplification we can find distortional strain energy Ud  by:

	

U
E

E

d x y z x y x z z y

xy xz

=
+( )

+ + − + +( ) 

+
+( )

+

1
3
1

2 2 2

2 2

υ
σ σ σ σ σ σ σ σ σ

υ
τ τ ++( )τ zy

2 	 (4.3.11)

The Von Mises equivalent stress can be defined as a uni-axial stress σ e that 
can provide equal Ud . Now in Eq. (4.3.11) we set σ σx e=  and σ σy z= = 0 
also in absence of shear stresses τ τ τxy xz yz= = = 0 in Eq. (4.3.11) we have:

	 U
Ed e=

+( )1
3

2υ
σ 	 (4.3.12)

If we equate the right sides of Eqs. (4.3.11) and (4.3.12) then we have:

	 σ σ σ σ σ σ σ σ σ σ τ τ τe x y z x y x z z y xy xz zy
2 2 2 2 2 2 23= + + − + +( ) + + +( ) 

		  (4.3.13a)

Since from algebra we have:

2 2 2 2 2 2
σ σ σ σ σ σ σ σ σ σ σ σ σ

σ σ

x y z x y x z z y x y z y

x z

+ + − + +( )  = −( ) + −( )
+ −( ))2

If we substitute the above expression in Eq. (4.3.13a) and then take the 
square root we have:

	 σ
σ σ σ σ σ σ τ τ τ

e
x y z y x z xy xz zy=

−( ) + −( ) + −( ) + + +( )2 2 2 2 2 26
2

		  (4.3.13b)

In order to express the Von Mises stress in Eq. (4.3.13b) into a simpler 
form we define new type of stress named “stress deviator.” Stress deviator 
tensor is the same as stress tensor σσ , except the hydrostatic stress is taken 
away from diagonal elements, that is,
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	 σσ ' =
−

−
−

















σ σ τ τ
τ σ σ τ
τ τ σ σ

x m xy xz

yx y m yz

zx zy z m

	 (4.3.14a)

Now by using the definition in Eq. (4.3.5) we can find the stress 
deviators like this:

	 σ σ σ σ
σ σ σ σ σ σ

x x m x
x y z x y z' = − = −

+ +
=

− −

3
2

3
	 (4.3.14b)

Similar to Eq. (4.3.14b), we can write the other two deviator, s, that is,

	 σ
σ σ σ

y
y x z' =

− −2
3

	 (4.3.14c)

	 σ
σ σ σ

z
z x y' =

− −2
3

	 (4.3.14d)

Squaring Eqs. (4.3.14b), (4.3.14c) and (4.3.14d) and adding up and using 
elementary algebra for simplification we have:

σ σ σ
σ σ σ σ σ σ σ σ σ

x y z
x y z x y x z z y' ' '2 2 2
2 2 26 6 6 6

9
+ + =

+ + − + +( )

The above expression can be further simplified by using:

2 2 2 2 2 2
σ σ σ σ σ σ σ σ σ σ σ σ σ

σ σ

x y z x y x z z y x y z y

x z

+ + − + +( )  = −( ) + −( )
+ −( ))2

Into this form:

	 σ σ σ
σ σ σ σ σ σ

x y z
x y z y x z' ' '2 2 2

2 2 2

3
+ + =

−( ) + −( ) + −( )
	 (4.3.15)

If we substitute Eq. (4.3.15) into Eq. (4.3.13b) then we have:

	 σ σ σ σ τ τ τe x y z xy xz zy= + +( ) + + +3 1
2

2 2 2 2 2 2' ' ' 	 (4.3.16)

© 2016 by Apple Academic Press, Inc.

  



General Form of the Constitutive Equations in Solids	 103

Equation (4.3.16) gives the σ e in terms of components of the stress devi-
ators tensor σσ '  in Eq. (4.3.14a). Obviously it can also be expressed by 
(4.3.13) as well. Now we can define Von Mises yield function f σσ( ) as 
follows:

	 f eσσ( ) = −σ σ 0 	 (4.3.17a)

In yield function (4.3.17) the σ 0 is the uni-axial yield stress of the mate-
rial. The Von Mises yield criteria states that if σ e approaches the value of 
σ 0 the plastic deformation starts and the yield surface can be expressed by:

	 f f eσσ σσ( ) = ( ) = − =' σ σ 0 0 	 (4.3.17b)

Equation (4.3.17b) is the yield surface, which also can be expressed in 
terms of f σσ '( ) or stress deviator function by help of Eq. (4.3.16). In fact 
Eq. (4.3.17b) can be expressed into an alternative form which is:

	 f σσ σσ σσ' ' '( ) = ( ) − =
3
2

00: σ 	 (4.3.18a)

In Eq. (4.3.18a) σσ ' is the stress deviator tensor given by:

	 σσ ' =

















σ τ τ
τ σ τ
τ τ σ

x xy xz

yx y yz

zx zy z

'

'

'
	 (4.3.18b)

The term σσ σσ' ':  is the scalar or inner product of two matrices (element by 
element multiplication and adding up), that is,

	 σσ σσ' ': = + +( ) + + +σ σ σ τ τ τx y z xy xz zy
' ' '2 2 2 2 2 22 2 2 	

Equations (4.3.17b) and (4.3.18a) both express the yield surface in differ-
ent form. Because of the importance of the Von Mises yield surface it has 
been expressed in various forms all obviously are the same.

An alternative expression is via stretching the stress deviator tensor in 
vector like this:
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	 σσ 'T
x y z xy xz yz−  σ σ σ τ τ τ' ' ' 	 (4.3.19)

According to Eq. (4.3.19) we can rewrite Eq. (4.3.18a) into new form:

	
3
2

00σσ σσ' 'T L( ) − =σ  
L =



























1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 2 0 0
0 0 0 0 2 0
0 0 0 0 0 2

	 (4.3.20)
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5.1  STRESS–STRAIN RELATIONSHIP IN LARGE DEFORMATIONS

In classical elasticity a fourth order tensor defined and named “Hook ten-
sor” which relates stress and strain tensors in small deformations. The 
question arises whether or not such expression exists in large deformations. 
We have answered to this question in Section 4.1, where the Eq. (4.1.16) 
expresses the relationship between the stress and deformation (not strain). 
In this section we try to find some relationship between stress and strain. 
If we combine the Eqs. (4.1.5), (4.1.6) and (4.1.7) we can easily find that:

	 τ
ε ε

ij

ij jiJ
w w

=
∂
∂

+
∂
∂











1
2

	 (5.1.1)

In Section 2.2, we showed that Green strain tensor ε ij versus the deforma-
tion gradient tensor F can be defined via left Cauchy-Green tensor via 
Eq. (2.2.9), that is,

	 ε ij  = −( ) = −( )1
2

1
2

F F I c IT   c F FT= 	 (5.1.2)
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According to differentiation rules we have:

	 ∂
∂

=
∂
∂

∂
∂

w w

ij ijε εc
c 	

From Eq. (5.1.2) we have, c I=   +2 ε ij  and therefore we can write:

	 ∂
∂

= ⇒
∂
∂

=
∂
∂

c
cε εij ij

w w2 2 	 (5.1.3)

Furthermore, in Section 3.1, from Eq. (3.1.34) we had:

	 τ ij ij

J
s=

1 	 (5.1.4)

If we substitute Eq. (5.1.4) in the left side and Eq. (5.1.3) in the right side 
of Eq. (5.1.1) and then simplify we have:

	 s
c

=
∂
∂

2 w 	 (5.1.5)

In Eq. (5.1.5) the w  is a scalar but c is a matrix, now derivative of a scalar 
value versus a matrix in Eq. (5.1.5) seems to be ambiguous, but in fact it 
means that:

	 s w
c

ij

ij

=
∂
∂

2 	 (5.1.6)

Also Eq. (3.1.36) can be re-expressed by:

	 s F F T= ( )− −1 J σσ 	 (5.1.7)

Equation (3.2.22) was the definition of nominal Kirchhoff stress, that is,

	 ττ σσ' = J 	 (5.1.8)

Now we substitute Eq. (5.1.8) into Eq. (5.1.7) and the result into Eq. (5.1.5) 
then we have:

F F
c

T− − =
∂
∂

1 'ττ 2 w
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If we post multiply the above expression into F T  and also pre multiply by 
F  then we have:

	 ττ ' =
∂
∂

2 F
c

F Tw 	 (5.1.9)

Equations (5.1.5) and (5.1.9) are two equations that both relate nominal 
Kirchhoff stress to left Cauchy Green tensor c, but is not a direct relation-
ship. The complexity arises from this fact that we face both initial (ref-
erence) configuration and deformed configuration. The “push forward” 
operator Fφ*

 relates and maps the initial configuration dX  to deformed 
configuration dx, that is,

	 d dX x⇒
push forward


  d dx F X= φ*
	

While the “pull back” operator F
φ*
−1 relates and maps the deformed con-

figuration dx to un-deformed configuration dX , that is,

	 d dx X⇒
pull back


  d dX F x= −
φ*
1 	

Due to the duality of the transformations described above, we cannot dis-
cuss about one type of stress only. In reference configuration we defined 
2nd Piola Kirchhoff stress s but in deformed configuration we defined 
nominal Kirchhoff ττ '.

To overcome this difficulty a Lie derivative of the ττ ' is defined by Simo 
[4] which is related to both of the “push forward” operator φ* and also 
“pull back” operator φ* and can be displayed by symbol ℑv as follows:

	 ℑ = ( )





v

D
Dt

ττ ττ' 'φ φ*
* 	 (5.1.10)

The Eq. (5.1.10) can be interpreted by these statements:

i.	 φ*ττ ' using pull back operator to map ττ ' into reference configuration.

ii.	 Taking material derivative D
Dt

 of the stress (will be explained).

iii.	 Mapping the material derivative into deformed configuration by 
push forward operator φ*.
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In large deformation the Lie derivative ℑvττ
' is the only criteria that relates 

the stresses in different frames. According to Eq. (5.1.7) we can say that 
φ*ττ ' = s and therefore, the Eq. (5.1.10) will change to:

	 ℑ = 





v

D
Dt

ττ ' φ*
s 	

Again according to Eq. (5.1.7) the push forward operator φ* for D
Dt

s  can 

be achieved by post multiplying it into F T  and also pre multiply by F . 
Therefore, the above expression will change to:

	 ℑ =v
D
Dt

ττ ' F s F T 	 (5.1.11a)

Equation (5.1.11) relates the ℑvττ
' to the tensor s if we use Eq. (5.1.7) we 

can write:

	 D
Dt

D
Dt

s F F T= ( )− −1 'ττ 	

Exercise 5.1.1: Expand the above expression

Solution: Using the law for derivative of multiplied terms we have:

D
Dt

F F F F F F F FT T T T− − − − − − − −( ) = + +( )1 ' 1 ' 1 ' 1 'ττ ττ ττ ττ





By post multiply the above expression into F T and also pre multiply by F  
then we have:

F s F F F F F F F F FT T T T TD
Dt

= + +( )− − − − − −






1 ' 1 ' 1 'ττ ττ ττ

Since F F I− =1  and also F F IT T− =  the above expression will change to:

	 F s F F F F FT T TD
Dt

= + +( )− −






1 ' ' 'ττ ττ ττ 	 (5.1.11b)

It is obvious that in the above expression the terms F −1 and also F T−  
appears and they should be opened up so that we can find an alternative 
expression for Eq. (5.1.11).
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Exercise 5.1.2: Find expressions for F F −1 and F FT T− .

Solution: Obviously the dot sign in the F −1 and also in F T−  is the sign of 
material derivative and since F F I− =1  we can write:

D
Dt

F F F F F F F F F F− − − − − −( ) = ⇒ + = ⇒ = −1 1 1 1 1 10 0   

In Section 4.2 the Eq. (4.2.15) states that L F F= −


1 therefore we can con-
clude that:
	 F F L− −= −1 1 	
Therefore we have:
	 F F L

− = −1 	

Also F F IT T− =  and we can write:

D
Dt

T T T T T T TF F F F F F F F F FT T− − − − − −( ) = ⇒ + = ⇒ = −0 0   

Pre-multiplying the above into  F F F F− −= −T T T , since L F F= −


1 therefore 
we have L F FT T T= −

  and we conclude F F L− = −T T T , now we can substitute 
these findings into Eq. (5.1.11b) and the result into Eq. (5.1.11a) we have:

	 ℑ = = − −v
TD

Dt
ττ ττ ττ ττ' ' ' 'F s F L LT

 	 (5.1.12)

As we discussed the dot sign of ττ ' in Eq. (5.1.12) is for material derivative 
and will be explained later. We can rewrite Eq. (5.1.5) into this form:

	 s w
c

A BAB
AB

=
∂

∂
=2 1 2 3, , , 	 (5.1.13)

Now we can take the material derivative of sAB from Eq. (5.1.13) as follows:

	 s Dc
Dt

w
c c

A B C DAB
DC

AB CD

=
∂

∂ ∂
=2 1 2 3

2

, , , , , 	 (5.1.14)

The elements of the matrix c or cDC have the material derivative or 
Dc
Dt
DC , and the Eq. (5.1.14) summed over C D, , ,=1 2 3 consists of 9 terms. 
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According to Eq. (5.1.14) the elasticity tensor and also cDC can be 
defined by:

	 C w
c cABCD
AB CD

=
∂

∂ ∂
4

2

  c Dc
DtDC
DC= 	

Therefore, Eq. (5.1.14) can be displayed in an abbreviated form as:

	  s C cAB ABCD DC=
1
2

	 (5.1.15a)

Since Eq. (5.1.15a) contains 9 terms (summed over C D, , ,=1 2 3), it can 
be expressed by scalar matrix product in terms of fourth order tensor C  
as follows:

	  s C c= : 1
2

	 (5.1.15b)

To expand Eq. (5.1.15b) we need to examine c, therefore we use the defi-
nition c F FT=  (see the following exercise).

Exercise 5.1.3: Expand c

Solution: the material derivative is   c F F + F FT T=  since we had L = F F −1 
then we have LF F F F= −



1  or F LF=  which yields to F F LTT T=  and 
if we substitute in c we have c F LF F L FT T T= +  which can manipulated 
into this form:

	 c F L+ L FT= ( )2 1
2

T 	

Since Eq. (4.2.6) provides εε = ( )1
2

L + LT  then the above expression 
will change to:

	  c F FT= 2 εε 	 (5.1.16)

By post multiplying Eq. (5.1.15b) into FT and also pre multiply by F we have:

	 F s F F C c FT T
 = 






: 1

2
	 (5.1.17)
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If we compare the Eqs. (5.1.17) and (5.1.11a) we can write new formula 
for the Lie derivative: ℑvττ

' into this form:

	 ℑ = 





vττ

' F C c F T: 1
2
 	 (5.1.18)

The Eq. (5.1.11a) can be written in indicial form as:

	 ℑ( ) =v ab aA AB bBF s Fττ '
 	 (5.1.19)

The Eq. (5.1.16) can be written in indicial form as:

	 1
2
 c F FCD cC cd dD= ε 	 (5.1.20)

By substituting Eq. (5.1.20) into Eq. (5.1.15a) a new expression can be 
found which is:

	  s C F FAB ABCD cC cd dD= ε 	 (5.1.21)

If we substitute Eq. (5.1.21) into Eq. (5.1.19) then we have:

	 ℑ( ) = ( )v ab aA bB cC dD ABCD cdF F F F Cττ '
ε 	 (5.1.22)

The Eq. (5.1.22) can be expressed in concise form like this:

	 ℑ( ) =v ab abcd cdττ ' c ε 	 (5.1.23)

	
I.
II.

cabcd aA bB cC dD ABCDF F F F C= 	 (5.1.24)

Equation (5.1.24) provides the relationship between elements of fourth 
order tensor cabcd in the deformed status with fourth order tensor CABCD 
in the initial un-deformed reference status. Since Eq. (5.1.23) contains 
9 terms (summed over c d, , ,=1 2 3), it can be expressed by scalar matrix 
product in terms of fourth order tensor c as follows:

	 ℑ =vττ εε'

Lie derivative tensor deformed strain rate
� � ��c : 	 (5.1.25)
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At the end of this section we discuss about material derivative ττ ' in 
Eq. (5.1.12). This can be explained according to Fig. 5.1, that a point P0 
in the initial un-deformed status located in the coordinate X X X1 2 3, ,  after 
deformation moves to the point P located in the coordinate x x x1 2 3, , . Some 
quantities like temperature are scalar and depends on the location (field), 
while tensors like ττ ' X X X1 2 3, ,( ) can be expressed in initial coordinate.

It will be accessible in the deformed status by ττ ' x x x1 2 3, ,( ), the mate-
rial differential Dττ ' does not depend to x x x1 2 3, ,  only, but it depends on 
time as well, that is, x x x t1 2 3, , ,  if we want to follow an initial point P0 we 
need to use complete differential Dττ ', that is,

	 D
t
dt

x
dx

x
dx

x
dxττ

ττ ττ ττ ττ'
' ' ' '

=
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂1

1
2

2
3

3 	

Dividing both sides of the above expression into dt  then we have:

	 D
dt t x

dx
dt x

dx
dt x

dx
dt

ττ ττ ττ ττ ττ' ' ' ' '

=
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂1

1

2

2

3

3 	

The expression D
dt
ττ '

 (above) evaluates the material derivative of stress 

ττ ' and follows the point P0 on the initial un-deformed body. It can be 
expanded into this form:

� � � � �ττ
ττ ττ ττ ττ'

' ' ' '

=
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂









 ⋅ +

t x
e

x
e

x
e dx

dt
e dx

1
1

2
2

3
3

1
1

2

ddt
e dx

dt
e� �

2
3

3+







FIGURE 5.1  Initial and deformed status of a continuum.
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It can also be expressed in an abbreviated form like this:

	 �
� �ττ

ττ
ττ'

'
'=

∂
∂

+ ∇ ⋅
t

v 	 (5.1.26)

In Eq. (5.1.26)    v dx
dt
e dx

dt
e dx

dt
e= + +1

1
2

2
3

3 is the velocity vector of the 

material point and 


  

∇ =
∂
∂

+
∂
∂

+
∂
∂

ττ
ττ ττ ττ'

' ' '

x
e

x
e

x
e

1
1

2
2

3
3 is the gradient of the ele-

ments of the stress tensor ττ '. The Eq. (5.1.26) is 9-field equation and each 
field is one component of the stress tensor ττ '.

5.2  CONSTITUTIVE EQUATIONS FOR ELASTIC AND PLASTIC 
MATERIALS

In Section 4.2, we discussed about constitutive equations in elastic mate-
rials and in Section 4.3, we discussed plastic yield criteria in which Von 
Mises yield theory explained, where it was mentioned that formulation 
of the yield criteria in terms stress deviator components is much easier. 
However, in previous section we demonstrated that in large deformation 
the general constitutive equation is ℑ =vττ εε' c :  such that its implementa-
tion in FEM studies is a formidable task. In this section we try to derive 
some simple forms of the constitutive equations is that valid for elastic 
materials and in the next section we discuss about the constitutive equa-
tions in elastic-plastic materials.

In this section all the equations will be valid for large deformations, 
and like the Section 4.3 that we introduced stress deviator, we defined 
deviatory components of the strains and stretches. The invariants of the 
stretch tensor we discussed in Section 2.4, and the expressions in terms of 
both left and right Cauchy Green stretch tensors (b and c), that is,

	 det detc I b I−( ) = −( )λ λp p
2 2 =0	 (5.2.1)

The expansion of the above determinant gives:

	 λ λ λp p pI I I6
1

4
2

2
3 0− + − = 	 (5.2.2)
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From Eq. (2.4.14) the 1st invariant is:

	 I c c c1 1
2

2
2

3
2

11 22 33= + + = + + = ( ) =λ λ λ tr c I c: 	 (5.2.3)

From Eq. (2.4.17a, b) the 2nd invariant is:

I c c c c c c c c c c2 1
2
2
2

3
2
2
2

1
2
3
2

11 22 11 33 33 22 12 21 13 31= + + = + + − −λ λ λ λ λ λ −− c c23 32

		  (5.2.4a)

	 I I I2 1
2

1
21

2
1
2

= − ( )( ) = −( )tr c c I c: 2 	 (5.2.4b)

From Eq. (2.4.19a) the 3rd invariant is:

	 I3 = ( )det c 	

Exercise 5.2.1: find ∂
∂
I3

c
Solution: From linear algebra we have det c c c( ) = ( )−1 adj  or det c c c( ) = ( )adj  

det c c c( ) = ( )adj  if we take the derivative of this versus c then we have:

	 det
det

c c c
c

c
c( ) = ( ) ⇒

∂ ( )
∂

= ( )adj adj 	

Since adj c c c c( ) = ( ) =− −det 1
3

1I  then it is obvious that:

	 ∂
∂

= −I I3
3

1

c
c 	 (5.2.5)

Similarly we can find ∂
∂
I1

c
 by using Eq. (5.2.3), that is,

	 ∂
∂

=
∂
∂

( ) =
I1
c c

I c I: 	 (5.2.6)

also we can find ∂
∂
I2

c
by using Eq. (5.2.4b), that is,

	 ∂
∂

=
∂








∂
∂
∂

−
∂
∂

( ) = −
I

I

I
I I2

1
2

1

1
1

1
2 1

2c c c
I c I c: 2 	 (5.2.7)
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In Section 4.3, the stress tensor splat into two parts (hydrostatic and devia-
tor), in large deformation though the deformation gradient matrix F can 
be decomposed into two parts the deviatory part is F  and the hydrostatic 
part is J −1 3/ , that is,

	 F F= J 1 3/ 	

The above expression yields to:

	 F F F= =− −J I1 3
3
1 6/ / 	 (5.2.8)

Regarding deviatory part F , two new tensors c  and b  also can be defined 
by using Eq. (5.2.8), that is,

	 c F F c c= = =− −T J I2 3
3
1 3/ / 	 (5.2.9)

	 b F F b b= = =− −T J I2 3
3
1 3/ / 	 (5.2.10)

The stretch invariant I I1 2,  and I3 are defined according to c, similarly the 
invariants I I1 2,  and I3 can be defined based on c , that is,

	 I I I I J1 1 3
1 3

1
2 3= =− −/ / 	 (5.2.11)

	 I I I I J2 2 3
2 3

2
4 3= =− −/ / 	 (5.2.12)

The bar sign I I1 2,  and I3 stands for the deviatory components. An important 
property of deviatory F  can be found by using the Eq. (5.2.8) such that:

	 F F F F= ⇒ ( ) = ( ) ( )J J1 3 1 3 3/ /det det 	

Since we have det F( ) = J , the above expression yields to:

	 det F( ) =1 	 (5.2.13)

Interpretation of Eq. (5.2.13) is that F  or deviatory components deals with 
incompressible materials where there is not volume change as a result of 
pressure. Since plastic deformation does not cause volume change, the 
matrix F  is appropriate for studying plastic deformation of the materials. 
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The Mooney–Rivlin, material model that defined in Section 4.1, in terms 
of I I1 2,  now can be modified in terms of I I1 2,  as follows:

	 w w w C I C I K Jd b

wd

= + = −( ) + −( ) + −(1 1 2 23 3 1
2

1
deviator part

� ����� ����� ))2

wb bulk part
� �� ��

	 (5.2.14)

The Eq. (5.2.14) is based on the expression λ λ= −J 1 3/ , such that under pure 
pressure λ λ λ1 2 3= =  and according to Eq. (5.2.13) we have λ λ λ1 2 3 1= . 
According to Eq. (5.2.14) under pure pressure the strain energy is w wb=  
and wd = 0, and therefore we have:

I1 1 2 3 3λ λ λ, ,( ) =   I2 1 2 3 3λ λ λ, ,( ) =

For incompressible material wd = 0 and w K Jb = −( )1
2

1 2 is the energy 

required for the compression. Therefore, Eq. ((5.2.14)) provides the total 

energy w, and according to Eq. (5.1.5) can be written by:

	 s
c

=
∂ ( )

∂
2 1 2 3w I I I, ,

	 (5.2.15)

By using chain rule in differentiation (5.2.15) can be expanded as 
follows:

	 s
c c c

=
∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂









2

1

1

2

2

3

3w
I

I w
I

I w
I

I 	 (5.2.16)

According to Eq. (5.2.14) we can write ∂
∂

=
w
I

C
1

1 and also ∂
∂

=
w
I

C
2

2, also 

from Eq. (5.2.11) we have ∂
∂

= −I
I

I1

1
3
1 3/  and from Eq. (5.2.12) we have 

∂
∂

= −I
I

I2

2
3
2 3/ . Followed by a change of variable we can write these formulas:

	 ∂
∂

=
∂
∂

∂
∂

= −w
I

w
I

I
I

C I
1 1

1

1
1 3

1 3/ 	 (5.2.17)
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	 ∂
∂

=
∂
∂

∂
∂

= −w
I

w
I

I
I

C I
2 2

2

2
2 3

2 3/ 	 (5.2.18)

	 ∂
∂

=
∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

w
I

w
I

I
I

w
I

I
I

w
I

d d b

3 1

1

3 2

2

3 3

	 (5.2.19)

From Eq. (5.2.14) we can write:

	 w C I C Id = −( ) + −( )1 1 2 23 3   w K Ib = −( )1
2

13

2
	

From Eqs. (5.2.11) and (5.2.12) we can write:

	 ∂
∂

= − −I
I

I I1

3
1 3

4 31
3

/   ∂
∂

= − −I
I

I I2

3
2 3

5 32
3

/ 	 (5.2.20a)

	
∂
∂

= −( ) =
−( )w

I
K

I
I

K J
J

b

3 3
3

1
2

1
1

2
	 (5.2.20b)

	 ∂
∂

=
w
I

Cd

1
1   ∂

∂
=

w
I

Cd

2
2 	 (5.2.20c)

If we substitute Eqs. (5.2.20a), (5.2.20b) and (5.2.20c) into Eq. (5.2.19) 
we have:

	 ∂
∂

= − − +
−( )− −w

I
C I I C I I

K J
J3

1 1 3
4 3

2 1 3
5 31

3
2
3

1
2

/ / 	 (5.2.21)

Before we derive a general equation we need to clarify K  (bulk modu-
lus) parameter in Eq. (5.2.20). In a situation where we have pure pressure 
applied to the solid, in this case the stretches in all directions are equal, that 
is, λ λ λ λ1 2 3= = =  and the stretch invariants can be found by Eqs. (5.2.3), 
(5.2.4a), (5.2.11) and (5.2.12) are:

I1
23= λ   I2

43= λ   I3
6=λ

J =λ3   I1 3=   I2 3=   wd = 0
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Moreover, ∂
∂

= −I J3 2 1

c
c  can be found from Eq. (5.2.5) such that Eq. (5.2.15) 

can be written by:

s
c c c

c c=
∂
∂

=
∂
∂

=
∂
∂

∂
∂

=
−( ) ( ) = −( )− −2 2 2 2
1

2
1

3

3 2 1 1w w w
I

I K J
J

J K J Jb b

which can be simplified into:

	 s c= −( ) −K J J 1 1 	 (5.2.22)

Equation (5.2.22) gives relationship between s (2nd Piola stress) with c−1 
in case of hydrostatic pressure loading. In this particular case we have:

	 c F F I c IT= = ⇒ =− −λ λ2 1 2 	 (5.2.23)

If we substitute J =λ3 and Eq. (5.2.23) into Eq. (5.2.22) then we have:

	 s I= −( )K J 1 λ 	 (5.2.24)

The Eq. (5.2.24) is a straightforward relation between s and λ. Similar 
expression can be found between Cauchy stress σσ  and λ if we use the 
Eq. (3.1.35), that is,

σσ = = −( ) = −( )1 1 1 13

1

J
K J K J

J

F s F I I I IT

F s F Tλ
λ λ λ
��� ��� ��� �

The above expression can be further clarified as follows:

σσ = −( ) =
−

= −K J K dV dV
dV

p1 0

0

I I I

The above expression yields to:

	 p K J K dV dV
dV

= − −( ) = −
−1 0

0

	 (5.2.25)

The Eq. (5.2.25) is a known expression and been introduced in elasticity 
and justifies the decomposition technique under the expression F F= J 1 3/ .
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Now we can substitute Eqs. (5.2.5), (5.2.17), (5.2.18), (5.2.6) and 
(5.2.21) into Eq. (5.2.16) which leads to following expression:

s I I c= + −( )−

∂
∂

∂
∂

−

∂
∂

∂
∂

2 21 3
1 3

2 3
2 3

1

1

1

2

2

C I C I I
w
I

I w
I

I

/ /

��� � ��� ��
c

c

���� ��

� ���
+ − − +

−( )









− −

∂
∂

2 1
3

2
3

1
21 1 3

4 3
2 1 3

5 3

3

C I I C I I
K J

J
w
I

/ /

������ ��������
�I

I
3

1

3

c−

∂
∂c

According to Eq. (5.2.25) we have 
K J

J
I p I

−( )
= −

1
2 3 3

1 2/  therefore the 

above expression can be abbreviated into this form:

	 s I c c c= + +( ) −− −B B B p I1 2 3
1

3
1 2 1/ 	 (5.2.26)

In the Eq. (5.2.26) the coefficients B B B1 2 3, ,  are:

B C I C I I1 1 3
1 3

2 3
2 3

12 2= +− −/ /   B C I2 2 3
2 32= − − /

	 B C I I C I I3 1 1 3
1 3

2 1 3
2 32

3
4
3

= − −− −/ / 	 (5.2.27)

In Eqs. (5.2.26) and (5.2.27) we need to have values for C C1 2,  and K , for 
any material these three constants can be determined by experiments and 
the 2nd Piola stress can be found from Eq. (5.2.26). In a Neo-Hookian 
materials the expression (5.2.26) can be simplified since in these mate-
rials C2 0=  and 2 1C = µ  then according to Eq. (5.2.27) we have B2 0=  
and B I1 3

1 3= −µ /  also B I I3 1 3
1 3

3
= − −µ /  also considering that I J3

1 3 2 3− −=/ /  then 
Eq. (5.2.26) will change to:

	 s I c c= −





 −− − −µ J I p J2 3

1
1 11

3
/ 	 (5.2.28)

In Eq. (5.2.28) we can write I c c= −1 then it will change to:

s c c c c= −





−− − − −µ J I p J2 3 1

1
1 11

3
/
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The above expression can be written like this:

	 s c I c c= −





 −− − −µ J I p J2 3

1
1 11

3
/ 	 (5.2.29)

According to Eq. (5.2.9) c c= −J 2 3/  and Eq. (5.2.11) states that I I J1 1
2 3= − /  

and if we substitute these in Eq. (5.2.29) then we have:

	 s c I c c= −





 −− −µ

1
3 1

1 1I p J 	 (5.2.30)

The deviatory Cauchy Green strain tensor dev c( )  can be defined in terms 
of c  and also I1 as follows:

	 dev c c I( ) = −







1
3 1I 	 (5.2.31)

The Eq. (5.2.31) is a matrix expression and is similar to the Eq. (4.3.14), 
which was defined for the stresses. Then Eq. (5.2.31) substituted into 
Eq. (5.2.30) to change it into following simple form, that is,

	 s c c c= ( ) −− −µ dev 1 1p J 	 (5.2.32)

Equation (5.2.32) is much better than ℑ =vττ
' c : εε  and can be imple-

mented in FEM studies. Equation (5.2.32) unlike Eq. (5.2.25) is 
not expressed in terms of strain rate tensor εε  and a fourth order ten-
sor c, instead the stress tensor s is directly related to the stretch tensor  
(c c, −1) which makes Eq. (5.2.32) applicable to FEM studies.

5.3  CONSTITUTIVE EQUATIONS IN PLASTIC REGION

In plastic state what happens is different from elastic state. The material 
behaves like paste and flows and when the load is removed the mate-
rial does not return to its initial configuration. The plastic flow situation 
strongly depends on the yield criteria, which was discussed in Section 4.3. 
Initially a theory named “Prandtl-Ruess” was developed and then it was 
formulated by Hill in Cambridge.

He formulated the plastic flow phenomena in terms of an optimization 
problem. It is stated that subject to a constraint (which is yield criteria) 
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f σσ( ) = 0 find a condition (plastic flow) such that power of the plastic 
deformation  wp = σσ εε: p becomes maximum, that is,

	 maximise if  w fp
T= = ( ) =σσ εε σσ εε σσ: p p 0 	 (5.3.1a)

In Eq. (5.3.1) the σσ T  and εε p are a stress vector (row vector) and plastic 
strain rate vector (column vector) resulted from the stretching the stress 
tensor σσ  and plastic strain rate tensor εε p and can be displayed similar to 
Eq. (4.3.19) as follows:

	 σσ T
x y z xy xz yz=  σ σ σ τ τ τ 	 (5.3.1b)

	       εε p
T =  ε ε ε ε ε εpx py pz pxy pxz pyz 	 (5.3.1c)

We can change Eq. (5.3.1a) to a minimization problem by change of sign 
in the objective function, that is,

	 minimise if− = − = − ( ) =  w fp
Tσσ εε εε σσ: p pσσ 0 	 (5.3.2)

In Eqs. (5.3.1a) and (5.3.2) wp is power of the plastic deformation per unit 
volume. To solve an optimization problem we can use a Lagrange multi-
plier method. In this method if we want to minimize an objective function, 
− wp subject to a constraint f σσ( ) = 0, we need to multiply the constraint by 
the Lagrange multiplier λ and add to the objective function, that is,

	 L fTσσ σσ εε σσ,  

λ λ( ) = − + ( )p 	 (5.3.3)

In Eq. (5.3.3) the function L σσ , λ( ) is called Lagrangian, for minimiz-
ing L σσ , λ( ) it is necessary to take the partial derivative ∂

∂
L
σσ

 and set it to 
zero, that is,

	 ∂
∂

= ⇒ − +
∂
∂

=
L f
σσ

εε
σσ

0 0



p λ 	 (5.3.4)

From Eq. (5.3.4) we can conclude that:

	 

εε
σσp =

∂
∂

λ
f 	 (5.3.5)
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Since in yield condition f σσ( ) = 0 we can write:

	  λ λ≥ ( ) =0 0f σσ 	 (5.3.6)

The Eqs. (5.3.5) and (5.3.6) in view of mathematicians is called Kuhn-
Tucker feasibility condition and it shows that plastic flow strongly depends 
on the yield criteria. Therefore, it is necessary to examine f σσ( ) which 

was discussed in Section 4.3 and then find out ∂
∂

f
σσ

. The yield function was 

given by Eqs. (4.3.13b) and (4.3.17b) can be written as:

	 f e

x y z y

x z xy xz zy

e

σσ( ) = − =

−( ) + −( )
+ −( ) + + +( )

σ σ

σ σ σ σ

σ σ τ τ τ

σ

0

2 2

2 2 2 26

2�� ������� �������
− =σ 0 0 	 (5.3.7)

To find out ∂
∂

f
σσ

 we need to differentiate versus the elements of the vec-

tor σσ T  in Eq. (5.3.1b) we need to use well-known differentiation formula 
d
dx

u u
u

( ) =
'

2
 the vector ∂

∂







f T

σσ
 is:

∂
∂







 =

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂













f f f f f f fT

x y z xy xz yzσσ σ σ σ τ τ τ

Then the elements of ∂
∂

f
σσ

 are:

	 ∂
∂

=
∂ −( ) + −( )( )

∂
=

− −f

x

x y x z

x e

x y z

eσ

σ σ σ σ

σ σ

σ σ σ
σ

1
2

1
2 2

2
2

2 2

	

		  (5.3.8a)

	 ∂
∂

=
∂ −( ) + −( )( )

∂
=

− −f

y

x y y z

y e

y x z

eσ

σ σ σ σ

σ σ

σ σ σ
σ

1
2

1
2 2

2
2

2 2

	

		  (5.3.8b)
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	 ∂
∂

=
∂ −( ) + −( )( )

∂
=

− −f

z

x y x z

z e

z y x

eσ

σ σ σ σ

σ σ

σ σ σ
σ

1
2

1
2 2

2
2

2 2

	

		  (5.3.8c)

	 ∂
∂

=
∂( )

∂
=

f

xy

xy

xy e

xy

eτ

τ

τ σ

τ
σ

1
2

6 1
2 2

6
2

2

	 (5.3.8d)

	 ∂
∂

=
∂( )

∂
=

f

xz

xz

xz e

xz

eτ

τ

τ σ
τ
σ

1
2

6 1
2 2

6
2

2

	 (5.3.8e)

	 ∂
∂

=
∂( )

∂
=

f

zy

zy

zy e

zy

eτ

τ

τ σ

τ
σ

1
2

6 1
2 2

6
2

2

	 (5.3.8-f)

If we substitute the Eq. (4.3.14) into Eq. (5.3.8), then we can find ∂
∂








f T

σσin terms of the elements of stress deviator tensor, that is,

	 ∂
∂







 =  
f T

e
x y z xy xz yzσσ

3
2

2 2 2
σ

σ σ σ τ τ τ' ' ' 	 (5.3.9)

If we set ∂
∂







 =

f
σσ

a  then Eq. (5.3.9) can be written into this form:

	 a L= ( )3
2σ e

σσ '   L =



























1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 2 0 0
0 0 0 0 2 0
0 0 0 0 0 2

	 (5.3.10)

σσ 'T
x y z xy xz yz=  σ σ σ τ τ τ' ' '

An alternative form can also be found by using Eqs. (4.3.16) and (4.3.17b) 
which states that:

	 f x y z xy xz zy

e

σσ( ) = + +( ) + + +3 1
2

2 2 2 2 2 2σ σ σ τ τ τ

σ

' ' '

� �������� ��������
−−σ 0 	 (5.3.11)
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Now differentiating from Eq. (5.3.11) versus components of σσ '  then 
we have:

	 ∂
∂

=
∂
∂

=
f

x

x

x e e
xσ

σ
σ σ σ

σ'

'

'
'3

2
3

2
3
2

2

	 (5.3.12a)
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∂

=
∂

∂
=

f

y

y

y e e
yσ

σ
σ σ σ

σ'

'

'
'3

2
3

2
3
2

2

	 (5.3.12b)

	 ∂
∂

=
∂
∂

=
f

z

z

z e e
zσ

σ
σ σ σ

σ'

'

'
'3

2
3

2
3
2

2

	 (5.3.12c)

The Eqs. (5.3.8d), (5.3.8e) and (5.3.8f) remain the same, the above 
Eq. (5.3.12) together with Eqs. (5.3.8d), (5.3.8e) and (5.3.8f) can be writ-
ten into this form:

	 ∂
∂







 = =

∂
∂







 = ( )f f

eσσ σσ
σσ' a L3

2σ
' 	 (5.3.12)

In Eqs. (5.3.10) and (5.3.12) a , σσ  and σσ ' are column vectors (with six 
elements) that contain elements of the matrices a, σσ  and σσ ' (defined by 
Eq. (4.3.18b)). Obviously the Eq. (5.3.12) can be expressed in terms of a, 
σσ  and σσ ' as well (without appearance of L) into this form:

	 ∂
∂







 = =

∂
∂







 =

f f

eσσ σσ
σσ' a 3

2σ
' 	 (5.3.13)

Now we need to clarify the physical meaning of the Lagrange multipliers λ. 
In mechanics these multipliers are the internal forces. To answer to the ques-
tion we can rewrite Eq. (5.3.5) into the form  εε p a= λ  remembering that εε p is 
the plastic strain rate tensor. Similar to Eq. (5.3.16) by which σ e was defined, 
herein we define equivalent plastic strain rate tensor ε ps as follows:

	       ε ε ε ε γ γ γps px py py xy xz yz= + + + + +( )2
3

1
2

2 2 2 2 2 2 	 (5.3.14)
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The definition in Eq. (5.3.14) includes all the elements of the plastic strain 
rate tensor εε p, that is,

	 



















εε p =



















ε
γ γ

γ
ε

γ

γ γ
ε

px
xy xz

yx
py

yz

zx zy
pz

2 2

2 2

2 2






	 (5.3.15)

Similar to Eq. (5.3.15) the strain tensor (not rate) was also defined in pre-
vious chapters. According to the scalar product of the matrices defined in 
Section 4.2, we can express ε ps (scalar quantity) in terms of the elements 
of the matrix εε p into this form:

	   ε ps p p=
2
3

εε εε: 	 (5.3.16)

If we substitute Eq. (5.3.13) into  εε p a= λ  then we have 


εε σσp =
3
2

λ
σ e

' then 
we substitute into Eq. (5.3.16) and we have:

	 

 

ε
λ
σ

λ
σps

e e

=




















2
3

3
2

3
2

σσ σσ' ': 	 (5.3.17)

The Eq. (5.3.17) can be simplified into:

	 



ε
λ
σps
e

= ( ) ( )3
2

σσ σσ' ': 	 (5.3.18)

According to the Eqs. (4.3.17b) and (4.3.18a) it is obvious that 
3
2

σσ σσ' '( ) ( ) =: σ e and if we substitute this into Eq. (5.3.19) then we have:

	 

λ ε= ps 	 (5.3.19)

Equation (5.3.19) provides a physical interpretation for the Lagrange 
multiplier λ, saying that it is identical to equivalent plastic strain rate ε ps 
which is defined by Eqs. (5.3.14), (5.3.15) and (5.3.16). Although we are 
familiar with strain tensors in small deformation, we can have sense of 
strain rate tensor εε p in small deformation. In large deformation though, 
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clarification of εε p is a formidable task and different views exists one can 
see the details of the controversy in Simo [4], in the rest of this section we 
are trying to explain what is exactly εε p tensor in large deformations?

According to Fig. 5.2, the whole deformation expressed by tensor F can 
be decomposed into plastic and elastic parts. We can clarify later why plastic 
part comes first? An element in initial configuration dX  after the plastic defor-
mation expressed by tensor Fp will change to  under this transformation:

	 	 (5.3.20)

For the elastic part expressed by Fe the element  will change to dx under 
this transformation:

	 	 (5.3.21)

We substitute  from Eqs. (5.3.20) into (5.3.21) then we have:

	 d d d dex x
X

X F X F F X=
∂
∂

= = p 	 (5.3.22)

Such that from Eq. (5.3.22) we can find decomposition formula, that is,

	 F F Fp= e 	 (5.3.23)

In order to clarify the εε p concept we rewrite definition (4.2.15) as follows:

	 L v
x

F F=
∂
∂

= −


1 	 (5.3.24)

FIGURE 5.2  Decomposition into elastic and plastic deformation.
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Now we substitute Eq. (5.3.23) into Eq. (5.3.24) then we have:

L
F F

F F F F F F F Fp
p p p=

( ) ( ) = +( )− − −
d
dt
e

e e e p e

1 1 1
 

The above expression can be simplified to:

	 L F F F F F Fp= +− − −
 

e e e p e
1 1 1 	 (5.3.25)

According to Eq. (5.3.25) we define elastic and plastic velocity gradient 
tensor as follows:

	 l F Fe e e= −


1   l F F F Fpp e p e= − −


1 1 	 (5.3.26a)

From Eq. (5.3.25) and definition (5.3.26a) we find that:

	 L l le p= + 	 (5.3.26b)

Equation (5.3.26b) explains that the velocity gradient L can splits into two 
parts, the elastic part le contains elastic deformation F Fe e

−1, whereas the 
plastic part l p contains both plastic and elastic deformation F F F Fpe p e



− −1 1. 
According to Eq. (5.3.23) deformation gradient is multiplicative type 
of decomposition, whereas velocity gradient in Eq. (5.3.26b) is addi-
tive type of decomposition. The latter in Eq. (5.3.26b) coincides with 
the classical plasticity theory therefore we can justify further discussion 
about it. If we define Lp in the intermediate coordinate  similar to the 
definition in Eq. (4.2.15), then we have:

	 L F Fpp p= −


1 	 (5.3.27)

The Eq. (5.3.27) represents the plastic deformation only in which 
such that the elastic deformation is ignored. If we substitute Eq. (5.3.27) 
into Eq. (5.3.26a) then we have:

	 l F L Fp e p e= −1 	 (5.3.28)

In Eq. (5.3.28) the l p is a tensor based on the deformed coordinate x but 
Lp is also tensor based on the intermediate coordinate , they can be 
transformed according to l F L Fp e p e= −1  which can be justified only if 
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we assume Fe
T  and Fe

−1 are identical. Therefore, we can say Eq. (5.3.28) 
can be justified only because Eq. (5.3.26b) is a valid expression. Now we 
can define plastic strain tensor εε p based on the definition in Eq. (4.2.6), 
that is,

εε p p p
Tl l= +( )1

2
  ΕΕ p p p

TL L= +( )1
2

The tensor εε p is defined on deformed frame x, and the tensor ΕΕ p is defined 
on the intermediate frame  we can also implement transformation rule 
(5.3.28) to these, that is,

	 

εε ΕΕp = = +( )− −F F F L L Fe p e p p
T

e e
1 11
2

	 (5.3.29)

We can accept Eq. (5.3.29) for εε p based on the validity of Eq. (5.3.26). 
Assuming there is not any reservation on Eq. (5.3.26) we can substitute 
Eq. (5.3.27) into Eq. (5.3.29) to expand it further, that is,

	 

 εε p pF F F F F F= +( )− − −1
2

1 1
e p p

T
p
T

e 	 (5.3.30)

Equation (5.3.30) provides full information about εε p if the elastic and 
plastic deformation gradient are known. Now we can define plastic right 
Cauchy Green tensor like this:

	 c F Fp p
T

p= 	 (5.3.31)

Also elastic left Cauchy Green tensor by:

	 b F Fe e e
T= 	 (5.3.32)

According to Eq. (5.3.23) we can write:

	 F F F F F Fe p e
T

p
T T= ⇒ =− −1 	 (5.3.33)

If we substitute Eq. (5.3.33) into Eq. (5.3.32) then we have:

b F F F F F F F Fe p p
T T

p
T

p
T= = ( )− − −1 1
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From Eq. (5.3.31) we have c F Fp p
T

p=  if we substitute this into above 
expression we have:

	 b F c Fe p
T= −1

	 (5.3.34)

Equation (5.3.34) shows that the tensor cp
−1 that represents plastic defor-

mation, is related to be which represents elastic deformation via the “pull 
back” and “push forward” operators as described in Section 5.1, like this:

	
c b

x X
p

d

e
d

− ⇒1







pull back  
b ce
d

p

dX x






⇒ −

push forward

1

	
(5.3.35)

The other version of the Eq. (5.3.34) will be obtained by a pre and post 
multiplying to F −1 and F −T , then we have:

	 c F b Fp e
T− − −=1 1

	 (5.3.36)

We studied the transformations like Eqs. (5.3.35) and (5.3.36) in Section 5.1, 
where in Eq. (5.1.10) we defined Lie derivative for the tensor quantities 
between two frames. If we implement the Lie derivative rule (5.1.11a) on 
the Eq. (5.3.36) then we have:

ℑ =




























−
v

D
Dt

b F F b F Fe e
-T T1

pull back
� �� ��

If we substitute Eq. (5.3.36) into the above expression then we have:

	 ℑ = −
v pb F c Fe

T


1

	 (5.3.37)

Equation (5.3.37) explains that the Lie derivative concept can describe the 
relationship between elastic and plastic deformation. Now we invert the 
Eq. (5.3.34) and then we have:

	 b F c Fe
T

p
− − −=1 1

	 (5.3.38)

If we multiply Eqs. (5.3.37) to (5.3.38) we have:

	
− ℑ( ) = − ( )( ) = −− − − − − −1
2

1
2

1
2

1 1 1 1 1
v e p

T
p p pb b F c F F c F F c c Fe

T
 

	
(5.3.39)
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This can be followed by taking material time derivative of the expression, 
c c Ip p

− =1  then we have:

	
   c c c c c c c cp p p p p p p p

− − − −+ = ⇒ = −1 1 1 10 	 (5.3.40a)

From F F Fp= e  we have F F F− − −=1 1 1
p e  and if we substitute these, together 

with Eq. (5.3.40) into Eq. (5.3.39) then we have:

	
− ℑ( ) =− − − −1
2

1
2

1 1 1 1
v e e p p p eb b F F c c F Fe p  	 (5.3.40b)

Exercise 5.3.1: Simplify the Eq. (5.3.40b)

Solution: From Eq. (5.3.31) we have c F Fp p
T

p=  therefore we have 


 c F F F Fp p
T

p p
T

p= +  and also c F Fp p p
T− − −=1 1 , then we substitute these into 

Eq. (5.3.40b) and we have:

− ℑ( ) = ( ) +( )− − − − −1
2

1
2

1 1 1 1
v e e p p

T
p
T

p p
T

p p eb b F F F F F F F F F Fe p
 

The above expression can be expanded after multiplication into:

− ℑ( ) =

+

− − − − −1
2

1
2

1
2

1 1 1 1
v e e p p

T
p
T

p p e

e

b b F F F F F F F F

F F F

e p

p

I I
���

�
���

pp p
T

p
T

p p e
− − − −1 1 1F F F F F

I
� ��� ���

�

The above expression easily yields to:

	
− ℑ( ) = +( )− − − −1
2

1
2

1 1 1
v e e p

T
p
T

p p eb b F F F F F Fe
 

	
(5.3.41)

If we substitute Eq. (5.3.30) into Eq. (5.3.41), that is, comparing their right 
sides, then we have:

	
εε p eb b= − ℑ( ) −1

2
1

v e
	

(5.3.42)
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Equation (5.3.42) is the simplest form of the strain rate tensor εε p in large 
elastic-plastic deformation, which is also valid. If we compare Eqs. 
(5.3.42) and (5.3.5) then we have:

	


εε
σσp eb b= − ℑ( ) =

∂
∂

−1
2

1
v e

f
λ

	
(5.3.43)

From Eq. (5.3.19) we substitute for λ, and from Eq. (5.3.13) we substitute 
for ∂

∂
f

σσ
 into Eq. (5.3.43), then we have:

	
ℑ( ) = −−
v e ps

e

b be
1 3 ε

σ
σσ '

	
(5.3.44)

The Eq. (5.3.44) is the simplest and accurate relationship between devia-
tory Cauchy stress tensor σσ ' and elastic part of deformation be and also 
equivalent plastic strain rate ε ps. However, for large elastic deformation 
the relationship is described in terms of s or 2nd Piola Kirchhoff stress 
given by Eq. (5.2.32).

Equation (5.3.44) is based on constant yield stress σ 0 in Eq. (5.3.11), 
in this case the material is called elastic perfectly plastic (e-p-p). In elastic 
plastic strain hardening materials the Eq. (5.3.11) will change such that 
yield surface is:

	
f e psσσ( ) = − ( ) =σ σ ε0 0

	
(5.3.45a)

The equivalent plastic strain ε ps in Eq. (5.3.45a) can be found by time 
integration of ε ps, that is,

	
ε εps ps

t

dt= ∫ 
0 	

(5.3.45b)

Considering strain hardening obviously changes Eq. (5.3.44) but 
similar expressions to Eq. (5.3.44) can be derived if the strain stress 
curves can be obtained by the experiments. This is beyond the scope of 
this manuscript.
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There is a special case, which is called isotropic strain hardening, in 
which σ ε σ ε0 0ps psK( ) = + . Therefore, Eq. (5.3.45a) will change to:

	
f Ke psσσ( ) = − +( ) =σ σ ε0 0

	
(5.3.46)

Equations (5.3.44) in strain hardening case, Eqs. (5.3.45) and (5.3.46) 
are system of nonlinear equations that cannot be solved analytically but 
they may be solved numerically. However, Eq. (5.3.44) for e-p-p materials 
together with Eq. (5.2.32) describes the material behavior in plastic and 
elastic parts, respectively. Also they cannot be solved analytically except in 
very simple cases. The thorough determination of the stresses and deforma-
tion these days are easier by numerical methods including FEM studies.
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6.1  REVIEW OF ELASTICITY THEORY

It should be remembered that small strains in elasticity are:

	 ε x
u
x

=
∂
∂

  ε y
v
x

=
∂
∂

  and  ε xy
u
y

v
x

=
∂
∂

+
∂
∂











1
2

	 (6.1.1)

In (6.1.1), u and v are displacement in x and y directions and ε x, ε y  and 
ε xy are the strains resulted by the stresses σ  according to the Hook’s law 
as follows:

ε σ υ σ σx x y zE
= − +( ) 

1   ε σ υ σ σy y x zE
= − +( ) 

1
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	 ε σ υ σ σz z y xE
= − +( ) 

1 	 (6.1.2)

In two-dimensional problems, plane stress types are defined by:

	 σ τ τz zx zy= = = 0 	 (6.1.3)

In Eq. (6.1.3) τ  is shear stress, which is related to the twist or ε xy, as follows:

	 γ
τ

xy
xy

G
=   γ

τ
zy

zy

G
=   γ

τ
zx

zx

G
= 	 (6.1.4)

The γ  in Eq. (6.1.4) is twice the twist, and for isotropic material, the modu-
lus of elasticity E  is related to shear modulus G  via the Poisson ratio υ  as 
follows:

	 ε
γ

xy
xy=
2

  ε
γ

zy
zy=
2

  ε
γ

zx
zx=
2

	 (6.1.5)

	 G E
=

+( )2 1 υ
	 (6.1.6)

By substituting equations (6.1.5) and (6.1.6) into (6.1.4) we have:

	 ε
υ

τxy xyE
=

+1   ε
υ

τzy zyE
=

+1   ε
υ

τxz xzE
=

+1 	 (6.1.7)

Although in plain stress situation σ τ τz zx zy= = = 0, but the strain ε z ≠ 0. For 
Mode III fracture the governing stress state, will change and we discuss 
those later. For plane stress status the Eq. (6.1.2) will be simplified into: 

	 ε σ υσx x yE
= − 

1 	 (6.1.8)

	 ε σ υσy y xE
= − 

1 	 (6.1.9)
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	 ε
υ

τxy xyE
=

+1 	 (6.1.10)

In two-dimensional problems the equilibrium equation will be simpli-
fied to:

	 ∂
∂

+
∂

∂
=

σ τx xy

x y
0 	 (6.1.11)

	
∂

∂
+

∂

∂
=

σ τy yx

y x
0 	 (6.1.12)

By differentiating from Eq. (6.1.1) we can write:

	 ∂
∂

=
∂
∂

∂
∂







 =

∂
∂ ∂

2

2

2

2

3

2

ε x
y y

u
x

u
x y

	 (6.1.13)

	
∂

∂
=

∂
∂

∂
∂









 =

∂
∂ ∂

2

2

2

2

3

2

ε y
x x

v
y

v
y x

	 (6.1.14)

2 2 1
2

2 2∂

∂ ∂
=

∂
∂ ∂

∂
∂

+
∂
∂











ε xy
x y x y

v
x

u
y

 and after simplification:

	 2
2 3

2

3

2

∂

∂ ∂
=

∂
∂ ∂

+
∂

∂ ∂

ε xy
x y

v
x y

u
x y

	 (6.1.15)

It is obvious that equations (6.1.13), (6.1.14) and (6.1.15) can be combined 
together by:

	 ∂
∂

+
∂

∂
−

∂

∂ ∂
=

2

2

2

2

2

2 0ε ε εx y xy

y x x y
	 (6.1.16)

The Eq. (6.1.16) is called compatibility relationship and each term of it 
can be expanded by using the Eqs. (6.1.8), (6.1.9) and (6.1.10) as follows: 

	 ∂
∂

=
∂
∂

−
∂

∂











2

2

2

2

2

2

1ε σ
υ

σx x y

y E y y
	 (6.1.17)
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∂

∂
=

∂

∂
−

∂
∂











2

2

2

2

2

2

1ε σ
υ

σy y x

x E x x
	 (6.1.18)

	 2
2 12 2∂

∂ ∂
=

+( ) ∂

∂ ∂

ε υ τxy xy

x y E x y
	 (6.1.19)

If we substitute Eqs. (6.1.17), (6.1.18) and (6.1.19) into Eq. (6.1.16) 
we have:

 1 1 2 12

2

2

2

2

2

2

2E y y E x x
x y y x∂

∂
−

∂

∂









 +

∂

∂
−

∂
∂









 −

+σ
υ

σ σ
υ

σ υ(( ) ∂

∂ ∂
=

E x y
xy

2

0
τ

 (6.1.20)

Now we define the stress function F  so that it can express the stresses as:

	 σ x
F
y

=
∂
∂

2

2   σ y
F
x

=
∂
∂

2

2   τ xy
F
y x

= −
∂
∂ ∂

2

	 (6.1.21)

The above forms in Eq. (6.1.21) are capable of satisfying the equilibrium 
equations as can be seen below:

	 ∂
∂

∂
∂









 +

∂
∂

−
∂
∂ ∂









 =

x
F
y y

F
x y

2

2

2

0   and   ∂
∂

∂
∂









 +

∂
∂

−
∂
∂ ∂









 =

y
F
x x

F
x y

2

2

2

0 	

Now, we substitute Eq. (6.1.20) into Eq. (6.1.21) and write down all 
the terms:

1 12

2

2

2

2

2

2

2

2

2

2

E y
F
y y

F
x E x

F∂
∂

∂
∂









 −

∂
∂

∂
∂



















 +

∂
∂

∂
∂

υ
xx x

F
y

E x y
F
y x

2

2

2

2

2

2 22 1









 −

∂
∂

∂
∂





















−
+( ) ∂

∂ ∂
−

∂
∂ ∂

υ

υ 







 = 0

It is obvious that the above form can be simplified to:

	 ∂
∂

+
∂
∂

+
∂

∂ ∂
=

4

4

4

4

4

2 22 0F
y

F
x

F
y x

 or ∂
∂

+
∂
∂











∂
∂

+
∂
∂









 =

2

2

2

2

2

2

2

2 0
y x

F
y

F
x

i.e.	

	 ∇ ∇ ( )( ) =2 2 0F 	 (6.1.22)
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The Eq. (6.1.22) is called bi-harmonic equation and through solving it 
the stress function can be determined. These solutions will be followed 
in the  incoming parts, since they are 6tal in determination of stresses 
around the crack tips.

F  is also called Airy stress function, herein we prove that this function 
is also acceptable for two dimensional problems with plane strain state. In 
plane strain state we have:

	 ε ε εz zx zy= = = 0 	 (6.1.23)

If we examine ε z from Eq. (6.1.2) then we have:

	 ε σ υ σ σ σ σ σ υz z y x z y xE
= − +( )  = ⇒ = +( )1 0 	 (6.1.24)

Exercise 6.1.1: Prove that bi-harmonic equation is valid for plane 
strain case.

Solution: Substitute Eq. (6.1.24) into Eq. (6.1.2) for ε x and ε y , then 
we have:

ε σ υσ υ σ σ υ σ υ υ σx x y y x x yE E
= − − +( )  = −( ) − +( ) 
1 1 1 12 2 	 (6.1.25)

ε σ υσ υ σ σ υ σ υ υ σy y x y x y xE E
= − − +( )  = −( ) − +( ) 
1 1 1 12 2 	 (6.1.26)

Since, the compatibility Eq. (6.1.16) is also valid for plane strain case and 
so the Eq. (6.1.10), we can substitute Eqs. (6.1.25), (6.1.26) and (6.1.10) 
into Eq. (6.1.16) and then we have:

1 1 1 1 1 12
2

2

2

2
2

2

2E y y E x
x y y−( ) ∂

∂
− +( )

∂

∂









 + −( ) ∂

∂
− +υ

σ
υ υ

σ
υ

σ
υ υ(( ) ∂

∂











−
+( ) ∂

∂ ∂
=

2

2

22 1
0

σ

υ τ

x

xy

x

E x y

		  (6.1.27)
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The equilibrium Eqs. (6.1.11) and (6.1.12) are also valid for plane strain 
case, and therefore the stress functions (6.1.21) can be substituted into 
Eq. (6.1.27) and the result is a long expression,

1 1 12
2

2

2

2

2

2

2

2E y
F
y y

F
x

−( ) ∂
∂

∂
∂









 − +( ) ∂

∂
∂
∂



















 +υ υ υ
11

1 12
2

2

2

2

2

2

2

2

E

x
F
x x

F
y

−( ) ∂
∂

∂
∂









 − +( ) ∂

∂
∂
∂



















υ υ υ −−

+( ) ∂
∂ ∂

−
∂
∂ ∂









 =

2 1
0

2 2υ
E x y

F
y x

by collecting the terms and can be simplified, into the following form:

1 2 1 2 12 4

4

4

4

4

2

−









∂
∂

+
∂
∂









 +

+( ) − +( )









∂
∂

υ υ υ υ
E

F
y

F
x E

F
y ∂∂

=
x2

0

It is obvious that 2 1 2 1 2 1 2+( ) − +( ) = −( )υ υ υ υ , and the above equation 
can be simplified to:

	 1 2 1 0
2 4

4

4

4

2 4

2 2

−









∂
∂

+
∂
∂









 +

−









∂
∂ ∂

=
υ υ
E

F
y

F
x E

F
y x

	

Then  by dividing both sides into 1
2−









υ
E

 we have:

	 ∂
∂

+
∂
∂

+
∂

∂ ∂
=

4

4

4

4

4

2 22 0F
y

F
x

F
y x

	 (6.1.28)

Which is identical to bi-harmonic equation in Eq. (6.1.22), from this sec-
tion we can conclude that for both plane stress and plane strain states, the 
stress function should satisfy the bi-harmonic equation. In the next section 
we study, the forms of F  that can satisfy the Eq. (6.1.28). This enables to 
express closed form formulas for the stresses.

© 2016 by Apple Academic Press, Inc.

  



Application of Complex Variable Method in Linear Elasticity	 141

6.2  DETERMINATION OF F  IN TERMS OF COMPLEX VARIABLE 
FUNCTIONS

In the first section we proved that F  satisfies in bi-harmonic equation. 
Herein we recall the definitions and simplify the equations: 

	 σ x
F
y

=
∂
∂

2

2   σ y
F
x

=
∂
∂

2

2 	

By adding up the two stresses and naming it P, we have:

	 σ σx y
F
y

F
x

F P+ =
∂
∂

+
∂
∂

= ∇ ( ) =
2

2

2

2
2 	 (6.2.1)

By substituting Eq. (6.2.1) into Eq. (6.1.22), we can change the bi-harmonic 
equation to Laplace equation as follows:

	 ∇ ∇ ( )( ) = ∇ ( ) =2 2 2 0F P 	 (6.2.2)

This new function P defined by Eq. (6.2.1) is related function of complex 
variable as we can see in the following exercise:

Exercise 6.2.1: Prove that P is a real part of a complex function f z( ) that is,

	 f z P iQ( ) = + 	 (6.2.3)

Proof: For any complex function f z( ), the real part P and imaginary 
part Q, should satisfy the Cauchy-Riemann conditions which are:

	 ∂
∂

=
∂
∂

P
x

Q
y

  ∂
∂

= −
∂
∂

P
y

Q
x

	 (6.2.4)

We differentiate from Eq. (6.2.4) such that we have:

	 ∂
∂

=
∂
∂ ∂

2

2

2P
x

Q
y x

  ∂
∂

= −
∂
∂ ∂

2

2

2P
y

Q
x y

	 (6.2.5)
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From Eq. (6.2.5) we can easily find that:

 	 ∂
∂

+
∂
∂

= ∇ ( ) =
2

2

2

2
2 0P

y
P
x

P 	 (6.2.6)

Since Eq. (6.2.2) and Eq. (6.2.6) are identical, our proof is complete. 
Another type of differentiation from Eq. (6.2.4) gives:

	 ∂
∂

=
∂
∂ ∂

2

2

2Q
y

P
y x

  ∂
∂

= −
∂
∂ ∂

2

2

2Q
x

P
x y

	 (6.2.7a)

From Eq. (6.2.7) we can easily find that:

 	 ∂
∂

+
∂
∂

= ∇ ( ) =
2

2

2

2
2 0Q

y
Q
x

Q 	 (6.2.7b)

Therefore, we can conclude that both real part P and imaginary part Q, of 
a complex function f z( ) will satisfy the Laplace equation and can lead us 
to the stress function F . These functions (P and Q) are called “harmonic 
functions” while F is a bi-harmonic function. The next step is defining 
other complex function φ z( ) defined by:

	 φ z p i q f z dz( ) = + = ( )∫
1
4

	 (6.2.7c)

With two features, the first one is:

	 φ ' z f z( ) = ( )1
4

	 (6.2.8)

To find the 2nd feature we differentiate Eq. (6.2.7c) versus x rather than z, 
and we have:

∂
∂

=
∂
∂

+
∂
∂

φ
x

p
x

i q
x

  and  ∂
∂

=
∂
∂

∂
∂

= ( )φ φ
φ

x z
z
x

z. '  since ∂
∂

=
z
x

1

Also φ ' z f z( ) = ( )1
4

 and therefore, we can write:
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∂
∂

+
∂
∂

= ( ) = +( )p
x

i q
x

f z P iQ1
4

1
4

By equating the real parts of the above expression we have:

	 ∂
∂

=
p
x

P1
4

	 (6.2.9)

Since p and q are the real and imaginary parts of the complex function 
φ z( ), from the Cauchy-Riemann conditions, we have:

	 ∂
∂

=
∂
∂

p
x

q
y

	 (6.2.10)

Comparing Eq. (6.2.9) and Eq. (6.2.10) gives:

	 ∂
∂

=
q
y

P1
4

	 (6.2.11)

So far we know that P, Q, p and q are all harmonic function, while 
stress function F  is bi-harmonic. Koslov in 1909 in his doctoral dis-
sertation found out the relationship between F  and the P , Q, p and q 
as follows here:

∇ ( ) =
∂
∂

( ) +
∂
∂

( ) =
∂
∂

∂
∂









 +

∂
∂

+
∂
∂









2
2

2

2

2x p
y
x p

x
x p

y
x p
y x

p x p
x

==
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂









x p

y
p
x

p
x
x p
x

2

2

2

2

Since p is harmonic then, ∂
∂

+
∂
∂









 =

2

2

2

2 0p
y

p
x

x , therefore above expression 
simplifies to:

	 ∇ ( ) =
∂
∂

2 2x p p
x

	 (6.2.12)
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Exercise 6.2.2: Find an expression for ∇ ( )2 y q

Solution: similar to the case for ∇ ( )2 x p  we can write:

∇ ( ) =
∂
∂

( ) +
∂
∂

( ) =
∂
∂

∂
∂







 +

∂
∂

+
∂
∂











2
2

2

2

2y q
y

y q
x

y q
x
y q
x y

q y q
y

==
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂









y q

x
q
y

q
y

y q
y

2

2

2

2

Since q is harmonic then, ∂
∂

+
∂
∂









 =

2

2

2

2 0q
y

q
x

y , therefore above expression 
simplifies to:

	 ∇ ( ) =
∂
∂

2 2y q q
y

	 (6.2.13)

We rewrite Eq. (6.2.1) again:

	 ∇ ( ) =2 F P 	 (6.2.14)

Adding up Eqs. (6.2.12), and (6.2.13) together and subtract the result from 
Eq. (6.2.14) gives:

	 ∇ ( ) − ∇ ( ) − ∇ ( ) = −
∂
∂

−
∂
∂

2 2 2 2 2F x p y q P p
x

q
y

	 (6.2.15)

We substitute Eqs. (6.2.9) and (6.2.11) into Eq. (6.2.15) which results:

	 ∇ ( ) − ∇ ( ) − ∇ ( ) = − − =2 2 2 2
4

2
4

0F x p y q P P P 	 (6.2.16)

Laplace operator is a linear one, and mathematically means that:

	 ∇ ( ) − ∇ ( ) − ∇ ( ) = ∇ − −( )2 2 2 2F x p y q F x p y q 	 (6.2.17)
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Comparing Eq. (6.2.16) and Eq. (6.2.17) immediately yields to:

	 ∇ − −( ) =2 0F x p y q 	 (6.2.18)

From Eq. (6.2.18) we can conclude that, although F  is not harmonic, but 
the combination of F x p y q− −  is a harmonic function. We set this com-
bination to a new function, that is,

	 F x p y q p− − = 1 	 (6.2.19)

Expressions (6.2.18) and (6.2.19) clearly indicates that p1 is a harmonic 
function, and also the stress function F  can be expressed in terms of 
three harmonic functions p, q and p1 plus two variables x and y like this 
(see Eq. (6.2.19)):

	 F p x p y q= + +1 	 (6.2.20)

Expression (6.2.20) still cannot explain how the stress function F , can be 
written in terms of complex functions. Now we say that because p1 is har-
monic, it should have a conjugate q1 which their corresponding complex 
function ψ z( )  is:

	 ψ z p i q( ) = +1 1 	 (6.2.21)

Now we are dealing with four harmonic functions p, q, p1 and q1 plus 
two variables x and y and it seems that situation is more complicated. 
However, if we look at the definitions (6.2.7) and (6.2.21) and consider 
that z x i y= −  we can write:

	 z z z x i y p i q p i q
z z z

φ ψ

φ ψ

( ) + ( ) = −( ) +( ) + +

( ) ( )��� �� ��� �� ��� ��
1 1 	 (6.2.22)

In Eq. (6.2.22) we are interested to identify the real part and find out 
exactly what is it? Can it be related to F?
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Exercise 6.2.3: Find an expression for ℜ ( ) + ( )( )z z zφ ψ .

Solution: From Eq. (6.2.22) we have: ℜ ( ) + ( )( ) = ℜ −( ) +( ) + +( )z z z x i y p i q p i qφ ψ 1 1 
ℜ ( ) + ( )( ) = ℜ −( ) +( ) + +( )z z z x i y p i q p i qφ ψ 1 1  leading to: ℜ −( ) +( ) + +( ) = ℜ + +( ) + − +( )( ) = + +x i y p i q p i q x p y q p i x q y p q x p y q p1 1 1 1 1 

ℜ −( ) +( ) + +( ) = ℜ + +( ) + − +( )( ) = + +x i y p i q p i q x p y q p i x q y p q x p y q p1 1 1 1 1  Therefore, it is obvious that:

	 ℜ ( ) + ( )( ) = + +z z z x p y q pφ ψ 1 	 (6.2.23)

Comparing Eqs. (6.2.20) and (6.2.23) immediately yields to:

	 F z z z= ℜ ( ) + ( )( )φ ψ 	 (6.2.24)

From Eq. (6.2.24) we can conclude that the bi-harmonic stress function 
F , can be expressed by two different analytic complex functions φ z( ) 
and ψ z( ). Moreover, the parameter z  (which is not analytic) also exist 
in the expression. This proves that F  is not differentiable versus z. The 
question is can it be differentiated versus x and y? If the answer is yes, 
then we can calculate the stresses. We discuss about this issue in the 
next section.

6.3  FORMULAS FOR STRESSES IN TERMS OF COMPLEX 
FUNCTIONS

In previous section we derived the formula Eq. (6.2.24) for the stress func-
tion F . Unfortunately, that form is not directly differentiable, unless we 
split it into two parts according to this formula:

	 ℜ ( )( ) = ( ) + ( )( )f z f z f z1
2

	 (6.3.1)

Which states that the real part of an analytic function is the sum it and its 
conjugate dived by two, if we apply this rule to the F  in 6.2.24, we have:

	 F z z z z z z z z z= ℜ ( ) + ( )( ) = ( ) + ( ) + ( ) + ( )( )φ ψ φ φ ψ ψ
1
2

	 (6.3.2)
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Since we know that ∂
∂

=
z
x

1 and also ∂
∂

=
z
x

1, we can differentiate Eq. (6.3.2) 
versus x as:

	 ∂
∂

= ( ) + ( ) + ( ) + ( ) + ( ) + ( )( )F
x

z z z z z z z z1
2

φ φ φ φ ψ ψ' ' ' ' 	 (6.3.3)

Exercise 6.3.1: Find out what is ∂
∂
F
y

?

Solution: we have ∂
∂

=
z
y

i and also ∂
∂

−
z
y

i= , and can differentiate Eq. (6.3.2) 

versus y as:

	 ∂
∂

= − ( ) + ( ) + ( ) − ( ) + ( ) − ( )( )F
y

i z z z z z z z z1
2

φ φ φ φ ψ ψ' ' ' ' 	 (6.3.4)

It should be remembered that for obtaining (6.3.4) we have used this rule:

f z
f z
z

f z
y

f z z
y

i f z' ' '( ) =
∂ ( )

∂
⇒

∂ ( )
∂

= ( ) ∂
∂

= − ( )

If we multiply Eq. (6.3.4) by i and add up the result to Eq. (6.3.3) then 
we have:

	 ∂
∂

+
∂
∂

= ( ) + ( ) + ( )( )F
x

i F
y

z z z zφ φ ψ' ' 	 (6.3.5)

We will use Eq. (6.3.5) later, but for the stresses we need to differentiate 

Eq. (6.3.5) again versus x knowing that ∂
∂

=
z
x

1 and also ∂
∂

=
z
x

1. This yields to:

	 ∂
∂

+
∂
∂ ∂

= ( ) + ( ) + ( ) + ( )( )
2

2

2F
x

i F
x y

z z z z zφ φ φ ψ' ' '' '' 	 (6.3.6)
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Exercise 6.3.2: What is i F
y

F
y x

∂
∂

+
∂
∂ ∂

2

2

2

?

Solution: we have ∂
∂

=
z
y

i and also ∂
∂

= −
z
y

i , and can differentiate Eq. (6.3.5) 
versus y as:

	 i F
y

F
x y

i z z z z z∂
∂

+
∂
∂ ∂

= ( ) + ( ) − ( ) − ( )( )
2

2

2

φ φ φ ψ' ' '' '' 	 (6.3.7)

If we multiply both sides of Eq. (6.3.7) into i then we have:

	 −
∂
∂

+
∂
∂ ∂

= ( ) + ( )− ( ) − ( )( )
2

2

2F
y

i F
x y

z z z z zφ ψ φ φ'' '' ' ' 	 (6.3.8)

If we take away Eq. (6.3.8) from Eq. (6.3.6) the result will be:

	 ∂
∂

+
∂
∂

= ( ) + ( )( )
2

2

2

2 2F
y

F
x

z zφ φ' ' 	

If we substitute Eq. (6.2.1) into above equation and use the Eq. (6.3.1) then 
we have:

	 σ σ φx y z+ = ℜ ( )( )4 ' 	 (6.3.9)

We can conclude the Eq. (6.3.9) easily by comparing Eqs. (6.2.1), (6.2.3) 
and (6.2.8) from the previous section, so derivation of Eq. (6.3.9) can be 
confirmed. However, extra information can be picked up by adding up the 
Eqs. (6.3.6) and (6.3.8) such that:

	 ∂
∂

−
∂
∂

+
∂
∂ ∂

= ( ) + ( )( )
2

2

2

2

2

2 2F
x

F
y

i F
x y

z z zφ ψ'' '' 	 (6.3.10)

If we substitute the equations in Eq. (6.1.21) into the Eq. (6.3.10) we 
obtain a formula in terms of stresses like this:

	 σ σ τ φ ψy x xyi z z z− + = ( ) + ( )( )2 2 '' '' 	 (6.3.11)
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For finding the conjugate form of Eq. (6.3.11) we change i with −i, in the 
left side and in the right side we change like this:

	 σ σ τ φ ψy x xyi z z z− − = ( ) + ( )( )2 2 '' '' 	 (6.3.12)

By adding up the Eqs. (6.3.11) and (6.3.12) we have:

2 2σ σ φ φ ψ ψy x z z z z z z−( ) = ( ) + ( ) + ( ) + ( )( )'' '' '' ''

Which by using the Eq. (6.3.1), can be simplified to:

	 σ σ φ ψy x z z z− = ℜ ( ) + ( )( )2 '' '' 	 (6.3.13)

Adding up Eq. (6.3.9) and Eq. (6.3.13) and halve the result provides σ y as:

	 σ φ φ ψy z z z z= ℜ ( )( )+ ℜ ( ) + ( )( )2 ' '' '' 	 (6.3.14)

Taking away Eq. (6.3.13) from Eq. (6.3.9) and halve the result provides σ x as:

	 σ φ φ ψx z z z z= ℜ ( )( )− ℜ ( ) + ( )( )2 ' '' '' 	 (6.3.15)

Exercise 6.3.3: what is the expression for τ xy?

Solution: By taking away Eq. (6.3.12) from Eq. (6.3.11) and dividing the 
result by 4 we have:

 i z z z z z zxy

conjugate conjugate

τ φ φ ψ ψ= ( ) − ( ) + ( ) − ( )1
2

'' '' '' ''

��� �















From complex variable theory we have, f z f z i f z( ) − ( ) = ℑ ( )( )2 . This 
is very easy to verify, then  we can  use this formula  for the above expres-
sion and we have, i i z z zxyτ φ ψ= ℑ ( ) + ( )( )'' ''  which yields to:

	 τ φ ψxy z z z= ℑ ( ) + ( )( )'' '' 	 (6.3.16)
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The stresses that produced near the boundary of holes or cracks, depends on 
the external loads and moments that applied to face of the hole and crack. We 
consider an element near the boundary shown in Fig. 6.1. If  the thickness of 
the element is h =1 and the X  is the boundary stress in x direction and Y  is 
the boundary stress in y direction, the equilibrium according to Fig. 6.1 is:

	 F X ds dy dxx
area

x
area

xy
area

= ⇒ = + −∑ 0 1 1 1. . .






σ τ 	

According to Fig. 6.1, near the boundary when dy > 0, by moving across 
ds, then dx < 0 and therefore the area −dx

area
.1


 will be positive. If we divide 

both sides of the above equation into ds then we have:

	 X dy
ds

dx
dsx xy= −σ τ 	 (6.3.17)

Similarly in y  direction the equilibrium leads to:

	 F Y ds dx dyy
area

y
area

xy
area

= ⇒ = − +∑ 0 1 1 1. . .
 



σ τ 	

Again we divide both sides of the above equation into ds then we have:

	 Y dx
ds

dy
dsx xy= − +σ τ 	 (6.3.18)

If from Eq. (6.1.21) we substitute the stress functions into Eqs. (6.3.17) 
and (6.3.19) we have:

	 X F
y
dy
ds

F
x y

dx
ds

=
∂
∂

+
∂
∂ ∂

2

2

2

  Y F
x
dx
ds

F
x y

dy
ds

= −
∂
∂

−
∂
∂ ∂

2

2

2

	

FIGURE 6.1  Element near the boundary.
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Rewriting the above equation into this form:

X
y

F
y
dy
ds x

F
y
dx
ds

=
∂
∂

∂
∂









 +

∂
∂

∂
∂









   Y

x
F
x
dx
ds y

F
x
dy
ds

= −
∂
∂

∂
∂







 −

∂
∂

∂
∂









		  (6.3.19)

The forms shown in Eq. (6.3.19) are complete differential forms that 
are defined by:

	 d
ds x

dy
ds y

dx
ds

=
∂
∂

+
∂
∂

	 (6.3.20)

The above operator (6.3.20) is also called the chain rule in differen-
tiation. If we simplify the expressions in Eq. (6.3.19) according to the 
chain rule in Eq. (6.3.20) we have:

	  X d
ds

F
y

=
∂
∂









 	 (6.3.21)

	 Y d
ds

F
x

= −
∂
∂







 	 (6.3.22)

If we multiply both sides of Eqs. (6.3.21) and (6.3.22) into ds  and the 
integrate we have:

	 f X ds F
yx

A

B

A

B

= =
∂
∂









∫ 	 (6.3.23)

	 f Y ds F
xy

A

B

A

B

= = −
∂
∂







∫ 	 (6.3.24)

It should be remembered that the integration starts from point A in the 
boundary to the point B if the boundary is closed curve then starts from 
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A and returns to A. If we multiply Eq. (6.3.24) into i and add up with 
Eq. (6.3.23) then we have:

	 f i f F
y
i F
xx y+ =

∂
∂

−
∂
∂









 	

This can be written into an alternative form like:

	 f i f i F
x
i F
yx y+ = −

∂
∂

+
∂
∂









 	 (6.3.25)

IIf we compare the Eqs. (6.3.5) and (6.3.25), then we can easily conclude that:

	 f i f i z z z zx y
A

B
+ = − ( ) + ( ) + ( )( )φ φ ψ' ' 	 (6.3.26)

The Eq. (6.3.26) will be used in incoming articles and is important in both 
elasticity and fracture mechanic theories.

6.4  EXPRESSION FOR DISPLACEMENT IN TERMS OF COMPLEX 
FUNCTIONS

In fracture mechanics we are interested to know how much the crack faces 
are opening when the load is applied. In other branches of solid mechanics 
the displacement may not be that important. Fist we need to substitute the 
strain formulas in Eq. (6.1.1) into the Eq. (6.1.8), (6.1.9), and (6.1.10) they 
could expressed into this form:

	 E u
x x y

∂
∂

= −σ υσ 	 (6.4.1)

	 E v
y y x

∂
∂

= −σ υσ 	 (6.4.2)

	 E u
y

v
x xy2 1+( )

∂
∂

+
∂
∂









 =

υ
τ 	 (6.4.3)
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We substitute the stress functions defined by Eq. (6.1.21) into Eqs. (6.4.1), 
and (6.4.2) we have:

	 E u
x

F
y

F
x

∂
∂

=
∂
∂

−
∂
∂

2

2

2

2υ 	 (6.4.4)

	 E v
y

F
x

F
y

∂
∂

=
∂
∂

−
∂
∂

2

2

2

2υ 	 (6.4.5)

It is necessary to express Eq. (6.4.4) in terms of x and Eq. (6.4.5) in terms 
of y and to do this we use Eq. (6.2.1) to involve P in the above equations 
and therefore we have:

	 E u
x

P F
x

F
x

F
x

P∂
∂

= −
∂
∂









 −

∂
∂

= − +( ) ∂
∂

+
2

2

2

2

2

21υ υ 	 (6.4.6)

	 E v
y

P F
y

F
y

F
y

P∂
∂

= −
∂
∂









 −

∂
∂

= − +( ) ∂
∂

+
2

2

2

2

2

21υ υ 	 (6.4.7)

To change Eq. (6.4.6) we use Eq. (6.2.9) and for changing Eq. (6.4.7) we 
use Eq. (6.2.11) to replace P such that:

	 E u
x

F
x

p
x

∂
∂

== − +( ) ∂
∂

+
∂
∂

1 4
2

2υ 	 (6.4.8)

	 E v
y

F
y

q
y

∂
∂

= − +( ) ∂
∂

+
∂
∂

1 4
2

2υ 	 (6.4.9)

By integrating from Eq. (6.4.8) versus x and integrating Eq. (6.4.9) versus 
y we have:

	 Eu F
x

p A y= − +( ) ∂
∂

+ + ( )1 4υ 	 (6.4.10)
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	 E v F
y

q B x= − +( ) ∂
∂

+ + ( )1 4υ 	 (6.4.11)

We need to find out A y( ) and also B x( ) to have formula for u and v. To 
do this, we differentiate Eq. (6.4.10) versus y and Eq. (6.4.11) versus x 
for having this:

E u
y

F
y x

p
y

d A y
dy

∂
∂

= − +( ) ∂
∂ ∂

+
∂
∂

+
( )1 4

2

υ  which results:	

	 ∂
∂

= −
+( ) ∂

∂ ∂
+

∂
∂

+
( )u

y E
F
y x E

p
y E

d A y
dy

1 4 12υ
	 (6.4.12)

E v
x

F
y x

q
x

d B x
dx

∂
∂

= − +( ) ∂
∂ ∂

+
∂
∂

+
( )1 4

2

υ  which results:	

	 ∂
∂

= −
+( ) ∂

∂ ∂
+

∂
∂

+
( )v

x E
F
y x E

q
x E

d B x
dx

1 4 12υ
	 (6.4.13)

Then we substitute Eqs. (6.4.12) and (6.4.13) into Eq. (6.4.3) which pro-
vides a long expression:

E E
F
y x E

p
y E

d A y
dy

E
F
y x E

q2 1

1 4 1

1 4

2

2+( )

−
+( ) ∂

∂ ∂
+

∂
∂

+
( )

−
+( ) ∂

∂ ∂
+

∂
∂

υ

υ

υ
xx E

d B x
dx

xy

+
( )



















=
1

τ

and can be simplified to:

−
∂
∂ ∂

+
+

∂
∂

+
∂
∂









 +

+( )
( )

+
( )







 =

2 2
1

1
2 1

F
y x

p
y

q
x

d A y
dy

d B x
dxυ υ

ττ xy
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In the above formula τ xy
F
y x

= −
∂
∂ ∂

2

 and since p, q are components of φ z( ) 

in 6.2.7 and satisfy Cauchy-Riemann condition, that is, ∂
∂

= −
∂
∂

p
y

q
x

 then it 

reduces to:

d A y
dy

d B x
dx

d A y
dy

d B x
dx

C( )
+

( )
= ⇒

( )
= −

( )
+0

The integration leads to A y C y C( ) = + 1 which contribute to u and B x C x C( ) = − + 2 
B x C x C( ) = − + 2  which contribute to v. They cannot contribute to stress functions 

because their 2nd derivatives are zero. They are not produced by applying 
the load and we can express them as rigid body motions, therefore it can be 
ignored and then Eqs. (6.4.10) and (6.4.11) will be simplified to:

	 u
E

F
x E

p= −
+( ) ∂

∂
+

1 4υ
	 (6.4.14)

	 v
E

F
y E

q= −
+( ) ∂

∂
+

1 4υ
	 (6.4.15)

If we multiply Eq. (6.4.15) to i and add the result to the Eq. (6.4.14) 
then we have:

u i v
E

F
x

i F
y E

p i q+ = −
+( ) ∂

∂
+

∂
∂









 + +( )1 4υ

In the above equation instead  of p i q+  we substitute from 6.2.7 and for 
∂
∂

+
∂
∂

F
x

i F
y

 from 6.3.5 then u and can be expressed by complex func-

tions as:

u i v
E

z z z z
E

z+ = −
+( ) ( ) + ( ) + ( )( ) + ( )1 4υ

φ φ ψ φ' '
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Which can be simplified to:

	 u i v
E

z
E

z z z z+ =
− ( ) −

+ ( ) + ( ) + ( )( )3 1υ
φ

υ
φ φ ψ' ' 	 (6.4.16)

The Eq. (6.4.16) is very important and we will use it later. It is valid for the 
plane stress case only. For the plane strain case something like Eq. (6.4.17) 
is needed. It is obvious that for plane strain case the Eqs. (6.4.1)–(6.4.9) 
should be changed. For this purpose we return to Eqs. (6.1.25) and (6.1.26) 
and write them in terms of the displacement into this form:

	 E u
x x y

∂
∂

= −( ) − +( )1 12υ σ υ υ σ 	 (6.4.17)

	 E v
y y x

∂
∂

= −( ) − +( )1 12υ σ υ υ σ 	 (6.4.18)

Exercise 6.4.1: Demonstrate integration of Eqs. (6.4.17) and (6.4.18).

Solution: By substitution of the stress function from Eq. (6.1.21) into Eqs. 
(6.4.17) and (6.4.18) we have:

E u
x

F
y

F
x

∂
∂

= −( ) ∂
∂

− +( ) ∂
∂

1 12
2

2

2

2υ υ υ 	 E v
y

F
x

F
y

∂
∂

= −( ) ∂
∂

− +( ) ∂
∂

1 12
2

2

2

2υ υ υ

Again by using Eq. (6.2.1) we convert the equations into P as follows:

E u
x

P F
x

F
x

∂
∂

= −( ) −
∂
∂









 − +( ) ∂

∂
1 12

2

2

2

2υ υ υ

E v
y

P F
x

F
y

∂
∂

= −( ) −
∂
∂









 − +( ) ∂

∂
1 12

2

2

2

2υ υ υ

They can be simplified into:

	 E u
x

F
x

P∂
∂

= − +( ) ∂
∂

+ −( )1 1
2

2
2υ υ 	 (6.4.19)
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	 E v
y

F
y

P∂
∂

= − +( ) ∂
∂

+ −( )1 1
2

2
2υ υ 	 (6.4.20)

For the plain strain case Eqs. (6.4.19) and (6.4.20) are applicable, and the 
Eqs. (6.4.8) and (6.4.9) changes to (use Eq. (6.2.9) and also Eq. (6.2.11)):

	 E u
x

F
x

p
x

∂
∂

= − +( ) ∂
∂

+ −( ) ∂
∂

1 4 1
2

2
2υ υ 	 (6.4.21)

	 E v
y

F
y

q
y

∂
∂

= − +( ) ∂
∂

+ −( ) ∂
∂

1 4 1
2

2
2υ υ 	 (6.4.22)

Through integration of Eqs. (6.4.21) and (6.4.22) it is needless to say that 
A y( )  and B x( )  appear again but they will be ignored as we discussed. 
Therefore, the new forms of the Eqs. (6.4.14) and (6.4.15) for plain strain 
situation will be:

	 u
E

F
x E

p= −
+( ) ∂

∂
+

−( )1 4 1 2υ υ
	 (6.4.23)

	 v
E

F
y E

q= −
+( ) ∂

∂
+

−( )1 4 1 2υ υ
	 (6.4.24)

If we multiply Eq. (6.4.24) to i  and add the result to the Eq. (6.4.23) then 
we have:

u i v
E

F
x

i F
y E

p i q+ = −
+( ) ∂

∂
+

∂
∂









 +

−( )
+( )1 4 1 2υ υ

In the above equation instead  of p i q+  we substitute from Eq. (6.2.7) and 

for ∂
∂

+
∂
∂

F
x

i F
y

 from Eq. (6.3.5) then u and can be expressed by complex 

functions as:

u i v
E

z z z z
E

z+ = −
+( ) ( ) + ( ) + ( )( ) +

−( ) ( )1 4 1 2υ
φ φ ψ

υ
φ' '
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Which can be simplified to:

u i v
E

z
E

z z z+ =
− − ( ) −

+ ( ) + ( )( )3 4 12υ υ
φ

υ
φ ψ' '

Since 3 4 3 4 12− − = −( ) +( )υ υ υ υ  the above equation is:

	 u i v
E

z
E

z z z+ =
−( ) +( ) ( ) −

+ ( ) + ( )( )3 4 1 1υ υ
φ

υ
φ ψ' '  	 (6.4.25)

The Eqs. (6.4.16) and (6.4.25) provides the expressions for the displace-
ments for plane stress and plane strain, respectively. The can be abbre-
viated to one formula according to these definitions given in many 
references.

	 2µ κ φ φ ψu i v z z z z+( )= ( ) − ( ) − ( )' ' 	 (6.4.26)

	 µ
υ

=
+( )
E

2 1
  κ

υ
υ
υ

=
−
+

−







3
1
3 4

plane stress

plane strain
	 (6.4.27)

6.5  STRUCTURE OF THE FUNCTIONS φφ z( ) AND ψψ z( )

In this section we study the functions as result of following remote loadings:
In the above Fig. 6.2 in case (a) the remote stress is σ σy =  and in 

case (b) the remote stress is σ σx =  and in (c) the shear stress is τ τxy = . 

FIGURE 6.2  (a) the remote stress is σ σy = ; (b) the remote stress is σ σx = ; and 
(c) the shear stress is τ τxy =
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The loading may also be the combinations of the above. The question is 
what kind of functions φ z( ) and ψ z( ) can match the above remote stresses?  
The answer to this question lies on the Eq. (6.3.9)  that says:

σ σ φx y z+ = ℜ ( )( )4 '

The remote stress that is, in z → ∞ has a bounded value since they are  
the loads are σ  and τ , then it is necessary that φ ' z C( ) =  is constant value. 
Therefore, the functions φ z( ) and ψ z( ) should take the following forms:

	 φ z A z( ) = 	 (6.5.1)

	 ψ ' z B z( ) = 	 (6.5.2)

By substituting Eqs. (6.5.1) and (6.5.2) into Eqs. (6.3.14) and (6.3.15) 
we have:
σ φ φ ψ σy z z z z A B= ℜ ( )( )+ ℜ ( ) + ( )( ) ⇒ = ℜ( )+ ℜ( )2 2' '' ''  since in 
z → ∞ the stress is σ σy =  and then we have:

 	 2 A B+ = σ 	 (6.5.3)

σ φ φ ψx z z z z A B= ℜ ( )( )− ℜ ( ) + ( )( ) ⇒ = ℜ( )− ℜ( )2 0 2' '' ''  since in 
z → ∞ the stress is σ x = 0 and then we have:

 	 2 0A B− = 	 (6.5.4)

From Eqs. (6.5.3) and (6.5.4) it is obvious that A =
σ
4

 and B =
σ
2

, therefore 
it will change to:

	 φ
σz z( ) =
4

	 (6.5.5)

	 ψ
σ' z z( ) =
2

	 (6.5.6)
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160	 Mechanics of Finite Deformation and Fracture

Loading of a crack in case (b) even if it happens is not dangerous, but in 
load case (c) for shear stress we need to substitute, Eqs. (6.5.1) and (6.5.2) 
into Eq. (6.3.16) then we have:
τ φ ψ τxy z z z B= ℑ ( ) + ( )( ) ⇒ = ℑ( )'' ''  since in z → ∞ the stress is τ τxy =  
and then we have: 

	 ℑ( ) =B τ 	 (6.5.7)

Since in this case σ y = 0, then we have: 2 0ℜ( )+ ℜ( ) =A B , and if multiple 
Eq. (6.5.7) by and add it up to this we have: 2ℜ( )+ ℜ( ) + ℑ( ) =A B i B iτ. 
Moreover, σ x = 0 which yields to 2 0ℜ( )− ℜ( ) =A B , and we can con-
clude that both ℜ( ) =B 0  and also ℜ( )=A 0, this means that B i= τ  with-
out real part. This yields to:

 	 ψ τ' z i z( ) = 	 (6.5.8)

Now the question is what is the ℑ( )A ? We will answer to this later, which 
means that φ z( ) cannot be determined yet. It should be remembered that 
Eqs. (6.5.5), (6.5.6) and (6.5.8) are valid for a body without any hole or 
crack. In presence of a crack or hole, Eqs. (6.5.5) and (6.5.6) will not be 
valid unless we study in a region very far from the crack or hole. In this 
case Eqs. (6.5.5) and (6.5.6) changes to:

	 ϕ
σz z

z
( ) =
→∞ 4

	 (6.5.9)

	 ψ
σ' z z

z
( )=

→∞ 2
	 (6.5.10)

Obviously we need to find ψ ' z( ) and also φ z( ), in the region near the 
crack or hole. For this purpose first it is necessary to describe that region 
near the flaw, mathematically. We can express a flaw or crack as an ellipse 

with major semi.avis a and minor semi.avis b in which a b>>  or b
a

→ ∞, 

the shaded area outside the flaw is shown in the Fig.6.3, for this ellipse we 
define the eccentricity as: 

 	 m a b
a b

=
−
+

	 (6.5.11)
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And the average diameter by:

	 c a b
=

+
2

	 (6.5.12)

In Fig. 6.3, the area outside the ellipse can be simplified by mapping it into 
outside of a unit circle, represented by a shaded area in Fig. 6.4. The area 
outside the ellipse 

can be expressed by z while the area outside a unit circle is represented 
by ζ  and mathematically can be expressed by:

	 ζ ρ ρθ= ≥ei 1 	 (6.5.13)

In complex variable theory it can be proved that with an appropriate map-
ping function, we can map the region outside an ellipse into a correspond-
ing region outside a unit circle we call it w plane. The mapping function is:

	 z w m c= ( ) = +








ζ ζ

ζ
	 (6.5.14)

FIGURE 6.3  z plane

FIGURE 6.4  w plane
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Although Eq. (6.5.14) can be proved in complex variable theory, herein 
we can demonstrate how this mapping can occur. It is necessary to substi-
tute ζ  from Eq. (6.5.13) into Eq. (6.5.14) so that:

z e m e c i m i ci i= +








 = +( ) + −( )









−ρ
ρ

ρ θ θ
ρ

θ θθ θ cos sin cos sin  that can 

be simplified as:	

z m i m c= +








 + −



















ρ

ρ
θ ρ

ρ
θcos sin

If we want to know what unit circle itself describes? In the above expression 
we substitute ρ =1 and then followed by Eqs. (6.5.11) and (6.5.12) we have:

z m i m c

a b
a b

i a b
a b

= +( ) + −( )( ) =
+

−
+







 +

−
−
+






1 1

1

1
cos sin

cos
θ θ

θ






















+

sinθ

a b
2

 

	 identical to:

z a ib= +cos sinθ θ  also in z plane we have z x i y= +  and this results 

x a= cosθ  and y b= sinθ  which describes the ellipse x
a

y
b

2

2

2

2 1+ = . This 

explains how an ellipse maps to an unit circle and the area outside it maps 
into outside of the unit circle. Our objective is that mapping the equation 
Eq. (6.3.26) from the z plane to the w plane, by using the above transforma-
tion. We start by multiply both sides of the Eq. (6.3.26) into i, then:

	 i f f z z z zx y
A

B
− = ( ) + ( ) + ( )( )φ φ ψ' ' 	 (6.5.15)

For expressing Eq. (6.5.15) in w plane (versus ζ ) we need to remember 
that since z w= ( )ζ , we have φ φ ζ φ ζz w( ) = ( )( ) = ( ), therefore in differ-

entiation we need to follow the chain rule that is, φ φ φ
ζ

ζ φ
ζ ζ

' z d
dz

d
d
d
dz

d
d

d z
d

( ) = = =










−1
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φ
φ φ

ζ
ζ φ

ζ ζ
' z d

dz
d
d
d
dz

d
d

d z
d

( ) = = =










−1

, and since 
d z
d

w
ζ

ζ= ( )'

 we can write, φ
φ ζ

ζ
'

'

'z
w

( ) =
( )
( )  for the 

other term in Eq. (6.5.15) see the following exercise:

Exercise 6.5.1: Find an expression for z zφ ' ( ) in w plane:

Solution: it is easy to verify that for two complex numbers Α and 

Β, we have Α
Β

Α
Β







 =  and we can apply this rule to φ ' z( ) can show that 

z z w
w

φ ζ
φ ζ

ζ
'

'

'
( )= ( ) ( )

( )
.

For the function ψ ' z( ) in Eq. (6.5.15) we define,  

	 ψ ψI z z( ) = ( )' 	 (6.5.16)

So that we can have, ψ ψ ψ ζ ψ ζ' z z wI I I( ) = ( ) ⇒ ( )( ) = ( ) . Now it is pos-
sible to express Eq. (6.5.15) in w plane but it should be remembered that 
(6.5.15) is valid only on the ellipse but not outside of it. If we want to inter-
pret this in w plane, it means that instead of z  in Eq. (6.5.15) we cannot 
substitute ζ ρ θ= ei  but we need to substitute z ei= =η θ  which represents 

the ellipse  x
a

y
b

2

2

2

2 1+ = , this is: i f f w
w

x y I

A

B

− = ( ) + ( ) ( )
( )

+ ( )












φ η η
φ η

η
ψ η

'

'
 

and the conjugate of this is: 

	 − − = ( )+ ( ) ( )
( )

+ ( )








 =i f f w

wx y I

A

B

φ η η
φ η

η
ψ η

'

' 0 	 (6.5.17)

The Eq. (6.5.17) is applicable in fracture mechanics, where the faces of 
the crack or flaw, is not loaded. We can integrate Eq. (6.5.17) over the 
closed circular contour with unit radius named γ  that can be expressed by 
η θ=ei , so that the integral is also zero that is,

	 ψ η η η
φ η

η
η φ η η

γ γ γ
I d w

w
d d( ) + ( ) ( )

( )
+ ( ) =∫ ∫ ∫

'

' 0 	 (6.5.18)
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In Eq. (6.5.18) η θ=ei  and obviously η
η

θ= =−e i 1 . Since the stresses are 

finite, the functions ψ ζI ( ) and φ ζ( ), and followed by that ψ ηI ( ) and 
φ η( ), should have the following forms:

ψ η η η η ηI
n

nA B B B( ) = + + + +1
1 2

2 

φ η η η η η( ) = + + + +C D D Dn
n1

1 2
2 

w
w

E F F Fn
nη

φ η
η

η η η η( ) ( )
( )

= + + + +
'

' 1
1 2

2 

All of the above functions at η =0 are singular and therefore they are 
not analytic inside the unit circle γ , which means that the integrals in 
Eq. (6.5.18) cannot be evaluated. The alternative suggestion is that multi-

ply both sides of Eq. (6.5.17) into 1
η ζ−

 and then integrate also remember-

ing that w w wη η η( ) = ( ) = ( )−1  so that:

	
ψ η
η ζ

η
η

η ζ
φ η

η
η

φ η

η ζ
η

γ γ γ

I d
w

w
d d( )

−
+

( )
−

( )
( )

+
( )
−

=∫ ∫ ∫
− −1 1

0
'

' 	 (6.5.19)

The integrals in Eq. (6.5.19) at η ζ=  which is outside the unit circle are also 
singular and the stresses cannot be determined. The only way is changing 
the integration contour from γ  to another contour Γ which is shown in 
Fig. 6.5. According to the Fig. 6.5, the points η ζ=  and η =0 are outside 
the contour Γ, and it consists of several paths that is,

Γ Γ= + + + + + + +γ L L L L L L1 2 3 4 5 6 1

The integrals in Eq. (6.5.19) are all analytic in Γ and therefore, Cauchy 
integral formula can be implemented, that is,

	
ψ η
η ζ

ηI d( )
−

=∫
Γ

0 	 (6.5.20)
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w

w
d

η

η ζ
φ η

η
η

−( )
−

( )
( )

=∫
1

0
'

'
Γ

	 (6.5.21)

	
φ η

η ζ
η

−( )
−

=∫
1

0
Γ

d 	 (6.5.22)

In closed contour Γ we have L L1 6= − , L L2 5= −  and L L3 4= − , therefore, 
Γ Γ= +γ 1 and Eqs.(6.5.20), (6.5.21) and (6.5.22) will change to:

	
φ η

η ζ
η

φ η

η ζ
η

φ

ζγ γ

−

+

− −( )
−

= ⇒
( )
−

= −
( )
−∫ ∫ ∫

1 1 1

1 1

0
Γ Γ

d d
t
t

dt 	 (6.5.23)

w
w

d
w

w
d

w tη

η ζ
φ η

η
η

η

η ζ
φ η

η
η

γ γ

−

+

− −( )
−

( )
( )

= ⇒
( )
−

( )
( )

= −∫ ∫
1 1 1

1

0
'

'

'

'
Γ

(( )
−

( )
( )∫ t
t

w t
dt

ζ
φ '
'

Γ1

		  (6.5.24)

	
ψ η
η ζ

η
ψ η
η ζ

η
ψ

ζγ γ

I I Id d
t

t
dt( )

−
= ⇒

( )
−

= −
( )

−+
∫ ∫ ∫

Γ Γ1 1

0 	 (6.5.25)

By substituting Eqs. (6.5.23), (6.5.24) and (6.5.25) into (6.5.19) we have:

	
ψ

ζ ζ
φ φ

ζ
I t
t

dt
w t
t

t
w t

dt
t
t

dt( )
−

+
( )
−

( )
( )

+
( )
−

=∫ ∫ ∫
− −

Γ Γ Γ1 1 1

1 1

0
'

' 	 (6.5.26)

FIGURE 6.5  closed contour Γ.
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In the integrals (6.5.26), inside the contour Γ1 the only singularity is t = ζ . 
Therefore, each integral can be evaluated by using the residue formula, 

that is, 
f z
z a

dz i f a( )
−

= ( )∫ 2
1

π
Γ

 then:

	 2 01 1π ψ ζ ζ
φ ζ

ζ
φ ζi w

wI ( ) + ( ) ( )
( )

+ ( )







 =− −

'

' 	 (6.5.27)

From Eq. (6.5.27) we can find the relationship between ψ ζI ( ) versus 
φ ζ( ) as follows:

	 ψ ζ ζ
φ ζ

ζ
φ ζI w

w
( ) = − ( ) ( )

( )
− ( )1 1

'

' 	 (6.5.28)

This is known as Muskhlishivili formulas relating φ ζ( ) and ψ ζ( ), and 
we can use it to find out the stress formulas around an elliptical hole in the 
next article.

6.6  FUNCTIONS φφ ζζ( ) AND ψψ ζζ( ) AROUND ELLIPTIC HOLE

In fracture mechanics, usually the face of the crack is not loaded. Therefore, 
determination of φ ζ( ) and ψ ζ( ) is easier. In this section we assume an 
elliptical hole which unloaded and therefore, we can use Eq. (6.5.28).  
Moreover, φ z( ) and ψ z( ) consists of two parts. The first part is discussed 

in Eq. (6.5.9), and will be written again: φ σ
φ ζ

σ
ζ

ζζ

z z m c
z

z

( ) = ⇒ ( ) = +










→∞ →∞4 4 � �� ��
 

which can be simplified to:

	 φ ζ σ ζ
ζ
( ) =
→∞

1
4

c 	 (6.6.1)

The 2nd part of φ ζ( ) that will combined with (1) is a result of elliptical 
hole so that:

	 φ ζ σ ζ ζ( ) = +
=

∞
−∑1

4 1

1 2c An
n

n 	 (6.6.2)
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As we can see in Eq. (6.6.2) the power of ζ  is always negative because 
it should be vanish in the distance far from the hole, that is, limζ ζ→∞

=

∞
−∑ =An

n

n

1

1 2 0  

limζ ζ→∞
=

∞
−∑ =An

n

n

1

1 2 0. Moreover, the power of ζ  is odd since from Eq. (6.6.2) we can have:

	 φ ζ σ ζ ζ φ ζ−( ) = − − = − ( )
=

∞
−∑1

4 1

1 2c An
n

n 	 (6.6.3)

The Eq. (6.6.3) shows that φ ζ φ ζ−( ) = − ( ), which is called central sym-

metric condition, whereas for An
n

n

=

∞
−∑

1

2ζ  we cannot have this condition and 

φ ζ φ ζ−( ) ≠ − ( ). The next issue is determination of the coefficients An, and 
this can be achieved by using 6.5.28 to find ψ ζI ( ). Also ψ ζI ( ) cannot 
have power of ζ  above 1. In Eq. (6.5.28) there are several terms that each 
term should be analyzed individually such as:

	 w m c w m cζ ζ
ζ ζ ζ

ζ
( ) = +









 ⇒ ( ) = +









1 1 	 (6.6.4)

	 w m c' ζ
ζ

( ) = −








1 2 	 (6.6.5)

By dividing Eqs. (6.6.4) to (6.6.5) we have:

	
w

w

m c

m c

m
m

1 1

1

1

2

2

2

ζ
ζ

ζ
ζ

ζ

ζ
ζ

ζ
( )
( )

=
+











−










=
+

−' 	 (6.6.6)

φ ζ σ ζ ζ φ ζ σ ζ( ) = + ⇒ ( ) = +
=

∞
−

=

∞
−∑ ∑1

4
1
41

1 2

1

2c A c An
n

n
n

n

n'  which can be 

written into:

	 − ( ) = − − −

=

∞
−∑φ ζ σ ζ ζ' 1

4
1

1

1 2c An
n

n 	 (6.6.7)
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This Eq. (6.6.6) enables finding out

− ( ) ( )
( )

=
+

−
− −











−

=

∞
−∑w

w
m

m
c An

n

n1 1 1
4

2

2
1

1

1 2

ζ
φ ζ

ζ
ζ

ζ
ζ σ ζ ζ

'

'  or:

	 − ( ) ( )
( )

= −
+

−
+











=

∞
−∑w

w
m

m
c An

n

n1 1 1
4

2

2
1

1 2

ζ
φ ζ

ζ
ζ

ζ
σ ζ ζ

'

' 	 (6.6.8)

The other term in Eq. (6.5.28) can be found like this:

	 φ ζ σ ζ ζ φ ζ
σ

ζ
ζ( ) = + ⇒ − ( ) = − −

=

∞
−

=

∞
−∑ ∑1

4
1

41

1 2

1

2 1c A c An
n

n
n

n

n 	 (6.6.9)

Now all the components of Eq. (6.5.28) or ψ ζ ζ
φ ζ

ζ
φ ζI w

w
( ) = − ( ) ( )

( )
− ( )1 1

'

'   

ψ ζ ζ
φ ζ

ζ
φ ζI w

w
( ) = − ( ) ( )

( )
− ( )1 1

'

'  are known, that is, 

ψ ζ
ζ

ζ
σ ζ ζ

σ
ζ

ζI n
n

n
n

n

nm
m

c A c A( ) = −
+

−
− −









 − −

=

∞
−

=

∞
−∑ ∑

2

2
1

1 2

1

21 1
4 4

11 	 (6.6.10)

We discussed that ψ ζI ( ) cannot have power of ζ  above 1. therefore we 
need the term n =1

	 ψ ζ
ζ

ζ
σ ζ

ζ
σ

ζ
ζI

m
m

c A c A( ) = −
+

−
+






 − −−

2

2 1
1

1
1

4 4
	 (6.6.11)

Now in Eq. (6.6.11) we set ζ → ∞ then we have limζ
ζ

ζ→∞

+
−

=
m

m
m

2

2

1  and 
Eq. (6.6.11) changes to:

	 limζ ψ ζ
σ

ζ ζ→∞ ( ) = − −I
m c A
4 1 	 (6.6.12)

Combining the Eq. (6.5.10), with the definition (6.5.16) provides a 
new form:

	 ψ
σ

I
z
z z( )=

→∞ 2
	 (6.6.13)
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In w plane the Eq. (6.6.13) will change to:

	 ψ ζ
σ

ζ
ζ

ψ ζ
σ ζ

ζ ζ
I I

m c c( )= +








 ⇒ ( ) =

→∞ →∞2 2
	 (6.6.14)

By comparing Eqs. (6.6.14) and (6.6.12) we can find that:

	 − − = ⇒ = − +( )m c A c A c mσ σ σ
4 2 4

21 1 	 (6.6.15)

Now we substitute Eq. (6.6.15) into Eq. (6.6.12) and considering that other 
coefficients are zero (see Eq. (6.6.11)), the expression for φ ζ( ) will be:

	 φ ζ
σ

ζ ζ( ) = − +( )( )−c m
4

2 1 	 (6.6.16)

Equation (6.6.16) is very important and it will be used later. It is also bet-
ter to find the expression for ψ ζI ( ) as well. First we need to calculate the 
following:

	 φ ζ
σ

ζ ζ1
4

21( ) = − +( )( )−c m 	 (6.6.17)

	 φ ζ
σ

ζ' ( ) = + +( )( )−c m
4
1 2 2 	 (6.6.18)

Then by substituting Eqs. (6.6.6), (6.6.17) and (6.6.18) into Eq. (6.5.28) 
we can find ψ ζI ( ).

ψ ζ
σ

ζ
ζ

ζ
ζ

ζ
ζI

c m m
m

m( ) = − + +( )( ) +
−

−
− +( )









−

4
1 2 1 1 22

2

2

2

Exercise 6.6.1: Simplify the above expression

Solution: ψ ζ
σ ζ ζ

ζ ζ

ζ
ζI

c m m

m
m( ) =

− + +( ) +( )
−( )

−
− +( )









4

2 1 1 22 2

2

2

 fur-

ther simplification can be done by considering the common denominator, 
that is,
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ψ ζ
σ ζ ζ

ζ ζ ζ ζI
c m m

m m m
( ) =

− + +( ) +( ) −

−( ) − +( )( )












 −(4

2 1

1 2
1

2 2

2 2 2 ))  followed by:	

ψ ζ
σ ζ

I

m m

c m m m m m m
( ) =

− +












+ − − − − − −

− + +( )

4

2 1 2 1 2
2

4 2 2

2 1 2 2

� �� �� �� ����� �����















+ − − +( )





















−( )
ζ

ζ ζ
2

2

2

1

m m

m  

or:	

	 ψ ζ
σ ζ ζ

ζ ζI
c m m

m
( ) =

− + +( ) −

−( )










2

1 2 14 2 2

2
	 (6.6.19)

Equation (6.6.19) will be used later and the exercise shows how the lengthy 
algebraic manipulations can be for finding  a formula. Now we describe 
σ n and σ t which are the stresses at  normal and tangential directions to 
the elliptical hole faces at region near the hole. It is obvious that σ x and 
σ y should be rotated by a particular angle to become σ n and σ t but under 
this rotation the sum σ σx y+  and σ σn t+  does not change. This can be 
observed by Mohr circle in elementary solid mechanics. Now Eq. (6.3.9) 
can be written again into this form:

	 σ σ σ σ φx y n t z+ = + = ℜ ( )( )4 ' 	 (6.6.20)

Moreover, φ φ φ
ζ

ζ φ
ζ ζ

' z d
dz

d
d
d
dz

d
d

d z
d

( ) = = =










−1

, and since d z
d

w
ζ

ζ= ( )'  we 

can write:

	 φ
φ ζ

ζ
'

'

'z
w

( ) =
( )
( )

	 (6.6.21)

Comparing (6.6.20) and (6.6.21) gives the following:

	 σ σ
φ ζ

ζn t w
+ = ℜ

( )
( )









4

'

' 	 (6.6.22)
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Equation (6.6.22) is expressed in w plane and on the elliptical hole (bound-
ary) there is not normal stress σ n = 0 and only σ t exists. We discussed 
that hole or crack itself in w plane can be shown by a unit circle or by 
ζ η= . Therefore, Eq. (6.6.22) can be expressed in terms of η valid only on 
the hole, that is,

	 σ σ
φ η

ηζ ηn t w
+( ) = ℜ

( )
( )









=

4
'

' 	 (6.6.23)

If we substitute Eqs. (6.6.5) and (6.6.18) into Eq. (6.6.22) we have:

σ σ

σ ζ

ζ

n t

c m

m c
+ = ℜ

+ +( )( )

−




























−

4 4
1 2

1

2

2

 simple form:	

	 σ σ σ
ζ

ζn t
m

m
+ = ℜ

+ +
−











2

2

2 	 (6.6.24)

On the elliptical hole Eq. (6.6.24) will be: 	

	 σ σ
η

ηζ ηn t
m

m
+( ) = ℜ

+ +
−









=

4 22

2 	 (6.6.25)

Exercise 6.6.2: Over the hole σ n = 0, determine σ t  versus σ

Solution: In (6.6.25) we set η θ= ei  we see that σ
σ

θ

θ
t

i

i

e m
e m

= ℜ
+ +

−










2

2

2 or 

σ
σ

θ θ

θ θ
t

i i

i i

e m e m

e m e m
= ℜ

+ +( ) −( )
−( ) −( )













−

−

2 2

2 2

2
 results

FIGURE 6.6.1  σ n and σ t
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 σ
σ

θ θ

θ θ
t

i i

i i

m m me m e
m m e e

= ℜ
− − − − +( ) +

+ − +( )












−

−

2 2 2

2 2 2

2 2 1
1

	

e ei i2 2 2 2θ θ θ+ =− cos  and e ii± = ±2 2 2θ θ θcos sin  by substituting and sepa-
rating the real part, we can write: 

	 σ
σ

θ
θ

t m m
m m

=
− − +

+ −
1 2 2 2

1 2 2

2

2

cos
cos

	 (6.6.26)

The maximum stress occurs at θ = 0 i.e.

	  σ
σ
max =

− −
+ −

=
+
−

3 2
1 2

3
1

2

2

m m
m m

m
m

	 (6.6.27)

From 6.5.11 we substitute m in (6.6.27) then we have: 

	 σ σmax = +





1 2a

b
	 (6.6.28)

A crack can be expressed by an ellipse in which a b>>  and implies 

that 2 1a
b

>>  and from Eq. (6.6.28) it can be concluded that for a crack 

σmax → ∞ regardless of how big or small σ  is. This means that in pres-
ence of cracks stress theories does not work and we need to suggest other 
theories, which fracture mechanics, are based upon. We will study those 
theories in the next chapters.
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7.1  FUNCTIONS φφ z( ) AND ψψ z( ) FOR A CRACK: 
DETERMINATION OF STRAIN ENERGY

A crack can be assumed as an ellipse in which c a b a
=

+
=

2 2
, and eccen-

tricity m a b
a b

=
−
+

=1. Therefore, Eq. (6.6.16) can be written into this form:

	 φ ζ
σ

ζ ζ( ) = − +( )( )−a
8

2 1 1 	

Simplified to:

	 φ ζ
σ

ζ ζ( ) = −( )a
8

3 	 (7.1.1)

Moreover, we substitute c a
=

2
, and m=1, into 6.6.19 then we have:
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	 ψ ζ
σ ζ ζ

ζ ζI
a( ) =

− + +( ) −

−( )










4

1 2 1 1
1

4 2

2
	

and can be simplified:

	 ψ ζ
σ ζ ζ ζ

ζI
a( ) =

− −
−











−

4
4
1

3 1

2 	 (7.1.2)

The mapping function of a crack into outside of a unit circle can found by 
substituting c a

=
2

 and m=1  into 6.5.14, that is,

	 z a
= +









2
1

ζ
ζ

	 (7.1.3)

Exercise 7.1.1: for a crack find ζ  versus z

Solution: by squaring both sides of Eq. (7.1.3) we have, z
a2
2

2
24
1 2= + +









ζ

ζ
  

z a2
2

2
24
1 2= + +









ζ

ζ
, and then by deducting a2 from both sides we have: z a a a2 2

2
2

2

2 2

4
1 2

4
1

− = + −








 = −









ζ

ζ
ζ

ζ
 

z a a a2 2
2

2
2

2 2

4
1 2

4
1

− = + −








 = −









ζ

ζ
ζ

ζ
 and taking square root of this provides:

	 z a a2 2

2
1

− = −








ζ

ζ
	 (7.1.4)

Then from Eqs. (7.1.3) and (7.1.4) ζ  can be found versus z, that is,

	 ζ =
− +z a z
a

2 2

  1 2 2

ζ
=

− −z z a
a

	 (7.1.5)

By substituting Eqs. 7.1.5) into (7.1.1) we can change φ ζ( ) into φ z( ), 
that is,
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	 φ
σz a z a z

a
z z a

a
( ) =

− +
−

− −







8

3 32 2 2 2

	

which can be simplified to:

	 φ
σz z a z( ) = − −( )4
2 2 2 	 (7.1.6)

Exercise 7.1.2: Convert ψ ζI ( ) into ψ I z( )
Solution: Similarly we substitute Eq. (7.1.5) into Eq. (7.1.2) and we have:

ψ
σ

I z
a

a z a z a z a z

a z z a z

a z a z
( ) =

− +( ) − − +( )
− − − +( )

− +4

1 4

1

1

3
2 2

3
2 2

2 2

2
2 2(( ) −



























2
1

and can be simplified to,

 ψ σ
I z

a a z a z a z a z a z z a

z a z a z
( ) =

− +( ) − − +( ) − − −( )
− − +(4

1 4

2

2 2
3

2 2 2 2

2 2 2 2 ))
















Further simplification ψ
σ

I z
z a

z a z a a z z a
z a z

( ) =
−

− +( ) − −
− −

− +











8

4
2 2

2 2
2

2 2
2 2

2 2

ψ
σ

I z
z a

z a z a a z z a
z a z

( ) =
−

− +( ) − −
− −

− +











8

4
2 2

2 2
2

2 2
2 2

2 2
 this gives, ψ σ

I z
z a

z a z a z z a( ) =
−

− +( ) − − − −( )



8

4
2 2

2 2
2

2 2 2
2

ψ
σ

I z
z a

z a z a z z a( ) =
−

− +( ) − − − −( )



8

4
2 2

2 2
2

2 2 2
2

 the expression inside square bracket can be simplified as 

well, ψ σ
I z

z a
z z a a( ) =

−
− −



8

4 4
2 2

2 2 2  or finally:

© 2016 by Apple Academic Press, Inc.

  



176	 Mechanics of Finite Deformation and Fracture

	 ψ
σ

I z z a
z a

( ) = −
−











2

2 2 2
	 (7.1.7)

Now that we have Eqs. (7.1.6) and (7.1.7), we can rewrite Eq. (6.4.27) in 
terms ψ I z( ):

	 2µ κ φ φ ψu i v z z z zI+( )= ( ) − ( ) − ( )' 	 (7.1.8)

Differentiation of Eq. (7.1.6) versus z  provides φ ' z( ), that is,

	 φ
σ σ' z z

z a
z

z a
( ) =

−
−









 =

−
−









4

2 1
2

1
22 2 2 2

	 (7.1.9)

	 φ
σ' z z

z a
( ) =

−
−









2
1
22 2

	 (7.1.10)

From Eq. (7.1.7) we need to find:

	 ψ
σ

I z z a
z a

( ) = −
−











2

2 2 2
	 (7.1.11)

The objective is finding the displacement v  of the face of the crack. It 
is obvious that we need to change z  into x  and the crack region can be 
designated by − ≤ ≤a x a.

Exercise 7.1.3: Determine all the terms of Eq. (7.1.8) on the track 
expressed by − ≤ ≤a x a

Solution: It should be remembered that in region − ≤ ≤a x a  we have, 
x a i a x2 2 2 2− = −  and the individual terms will be:

κ φ κ
σ

κ
σx x a x i a x x( ) = − −( ) = − −( )4

2
2

0 52 2 2 2 .  the other term is:
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φ
σ σ' x x

x a
i x

a x
( ) =

−
−









 =

−

−
−









2

1
2 2

1
22 2 2 2

 and therefore x xφ ' ( )  can 

be written by:

− ( ) = −
−

−








x x x i x

a x
φ

σ'

2
1
22 2

, the last term that needs to be found is 

ψ I x( )  as follows:

ψ
σ σ

I x x a
x a

x a i
a x

( ) = −
−









 = +

−











2

2 2

2

2 22 2
 resulting 

( )
2

2 2 2I
a ix x

a x
σψ

 
= −  −

Now we collect all the imaginary parts of the components in (7.1.8) 
and equate them with imaginary part of the left hand side of (7.1.8) 
then we have:

2
2 2 2

2 2
2

2 2

2

2 2
µ κ

σ σ σv i i a x i x
a x

a i
a x

z x= = −( ) −
−









 +

−









  which easily 

results:

	 2 1
2

2 2µ κ
σv a x= +( ) − 	

The above expression can be rewritten into the following form:

	 v x a x( )=
+







 −

κ
µ

σ
1

4
2 2 	 (7.1.12)

Equation (7.1.12) gives the normal displacement v  of the crack as a result 
of remote stress σ , it indicates that if σ  increases the normal displacement 
v  also increases proportional, thereby increasing the strain energy.

In the last chapter in Eq. (6.6.28), we saw that even a small remote 
stress σ  can cause an infinite stress (σmax → ∞), this Eq. (6.6.28) was 
also demonstrated previously by Inglis in 1913, using a different approach 
and it could not solely answer the mysteries about fracture. However, 
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Eq. (7.1.12) demonstrates that small σ  may produce infinite stress but it 
produces small v, and consequently cannot produce enough stain energy, 
to tear off the object through the crack.

Later Irwin called this type of fracture mode I and named them tearing 
mode. Scientists and mathematicians before Irwin hardy tried to come up, 
with alternative criteria for describing fracture by cracks. In 1921 Griffith 
gave the first theory, simply relying on Inglis formulas and approach. 
However, he tried to find a formula for the acquired stain energy in pres-
ence of a crack he did not do it via Eq. (7.1.12) but used a formidable 
procedure to find out and this enabled him to develop the first theory for 
fracture. Herein we develop his formula using our approach.

Figure 7.2, demonstrates that if we want to transform a cracked plate 
into a crackles plate we need to close the crack by compressive stress
σ  and we need to apply negative work against the crack. The extra 

FIGURE 7.1  Crack displacement.

FIGURE 7.2  Superposition principle in describing extra strain energy acquired by a crack.
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strain energy is just the same work but with positive sign, therefore we 

can write: U B v x dx
a

a

= − − ( )










−
∫

1
2

σ  in which B  is the plate thickness 

so that Bdx dA=  and dF dA= σ , therefore, U Bdxv x B v x dx
dFa

a

a

a

= ( )












= ( )
− −
∫ ∫

1
2 2

σ σ���  

U Bdxv x B v x dx
dFa

a

a

a

= ( )












= ( )
− −
∫ ∫

1
2 2

σ σ���  and by substituting (7.1.12) for v x( ), we have: U B a x dx
a

a

=
+







 −

−
∫

σ κ
µ

σ
2

1
4

2 2 

U B a x dx
a

a

=
+







 −

−
∫

σ κ
µ

σ
2

1
4

2 2  which results:

	 U B a x dx
a

a

=
+







 −

−
∫

κ
µ

σ1
4 2

2
2 2 	 (7.1.13)

To find the integral a x dx
a

a
2 2−

−
∫  we set x a dx a d= ⇒ = −cos sinθ θ θ , 

and therefore we have: a x dx a a a d a d a

a

a
2 2 2 2 2 2

0
2

0 2

2
− = − −( ) = − =

−
∫ ∫ ∫cos sin sinθ θ θ θ θ

π

π π

  

a x dx a a a d a d a

a

a
2 2 2 2 2 2

0
2

0 2

2
− = − −( ) = − =

−
∫ ∫ ∫cos sin sinθ θ θ θ θ

π

π π

 and this integral is for one face of the crack, for two faces 

2 2 2 2a x dx a
a

a

− =
−
∫ π  and therefore the strain energy in Eq. (7.1.13) will 

change to:

	 U B a=
+









κ
µ

π σ
1

8
2 2 	 (7.1.14)

If we want to express the strain energy per unit thickness it will be:

	 U a=
+









κ
µ

π σ
1

8
2 2 	 (7.1.15)

Using the formula in Eq. (7.1.15) in the next section, we can describe the 
fracture theory described by Griffith in 1921. The theory that completed 
later by other scientists.
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7.2  GRIFFITH THEORY FOR BRITTLE FRACTURE

The way Griffith looks at a crack is, seeing rest of the object glued together 
(except crack faces). He says a surface resistance R is kept the faces of 
crackles parts together. Fig. 7.3, shows R concept. Its unit is different from 
stress, that is, J m/ 2 or energy per unit surface that becomes F L/ . He 
is saying for tearing off a surface and extending a crack we need to do 
mechanical work. This work can be done by the force P  in Fig. 7.3. This 
work will be done against the resistance R and the ∆ Wc is defined by:

	 ∆ ∆W RB ac = ( )2 	 (7.2.1)

Figure 7.3 and Eq. (7.2.1) confirms that for growing the crack length 
by ∆ a, the required work is ∆ Wc, and some material like glass he 
arranged experiments and calculated R . Further form of Eq. (7.2.1) is 
written like:

	 dW
da

R Bc

resis ce

thickness

=
tan
�

�
	 (7.2.2)

In previous section we discussed that in presence of a crack extra strain 
energy is gained that was given by Eq. (7.1.14), that is,

	 U B a=
+









κ
µ

π σ
1

8
2 2 	

FIGURE 7.3  R concept.
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Assuming that the crack growth is ∆ a and the extra strain energy will also 
grow by ∆ U , so that:

	 ∆ ∆U B a a=
+







 ( )κ

µ
π σ

1
8

22 	 (7.2.3)

The above equation can be written into this form as well:

	 dU
d a

a B
2

1
8

2

( )
=

+









κ
µ

π σ 	 (7.2.4)

Now we draw the functions:

	 U a=
+









κ
µ

π σ
1

8
2 2 	 (7.2.5)

And also:

	 W Ra W Rac c= − ⇒ =2 2 	 (7.2.6)

Together in Fig. 7.4, we see that, U  versus a is a parabolic curve while Wc  
versus a is a straight line passing though the origin. If the stress σ  and the 
crack length a is such that energy U Wc< , then there is not enough energy 
to tear off the surface and therefore, the crack will not grow. However, if 
we have U Wc>  the crack will grow, since there is enough energy to tear 
off the surface. The critical point is when the straight line and parabola in 
Fig. 7.4, intersect so that U Wc= . According to Eq. (7.2.6) we defined Wc

as a negative value and the total work W  is:

	 W U Wc= + 	 (7.2.7)

The critical point means that sum of the total work will be zero, and the 
external stresses when a is above a particular value can produce enough 
energy to overcome Wc. To guarantee that crack growing continues, we 
need to analyze differentiated form of Eq. (7.2.7), that is,
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dW
da

dU
da

dW
da

c= + , then we can say that at point dW
da

= 0, fast fracture 

occurs, and according to Fig. 7.4, we can have: dW
da

dU
da

dW
da

c≥ ⇒ ≥ −0  

and if we substitute from Eqs. (7.2.5) and (7.2.6) we have:

	 κ
µ

π σ
+







 ≥
1

8
2a R 	 (7.2.8)

It should be reminded that dU
da

 is an important quantity in fracture mechan-

ics, named “energy release rate”, it is shown by G (not shear modulus) it 
value which is taken from inequality Eq. (7.2.8) and is:

	 G a=
+









κ
µ

π σ
1

8
2 	 (7.2.9)

When we substitute Eq. 7.2.9) into the inequality Eq. (7.2.8) it becomes: 
G Rc ≥ , the question is, why we replace G with Gc? The answer explains 
basics of the Griffith theory, saying that if the applied stress σ  and also the 
crack length a, makes G  in Eq. (7.2.9) such big that reaches a onset of Gc, 
then Eq. (7.2.8) can be satisfied and fast fracture will occur in this situa-
tion G Rc = , in many books the formula for U  is expressed without B, they 
are also equally correct since they have assumed a unit thickness or B =1. 
Throughout this book we have used both forms, when it is necessary.

FIGURE 7.4  U and Wc . 
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Equations (7.2.8) and (7.2.9) explains Griffith theory completely. Later 
Irwin expressed the Griffith theory with different language in order to 
explain we go to Eq. (6.4.27) and for plain stress case:

	 κ
υ
υ

=
−
+
3
1

	 (7.2.10)

	 µ
υ

=
+( )
E

2 1
	 (7.2.11)

Then κ υ
υ υ

+ =
−
+

+ =
+

1 3
1

1 4
1

 which results κ
µ υ

υ+
=

+
+( )

=
1 4
1

2 1 8
E E

, by 

substituting these into Eq. (7.2.9) we have:

	 G
E

a G a
E

=








 ⇒ =

8
8

2
2

π σ
π σ 	 (7.2.12)

Based on Eq. (7.2.12) we define a new parameter:

	 K aI = σ π 	 (7.2.13)

We call it Stress Intensity Factor (SIF) in mode I (tearing mode). 
KI  depends on both applied stress σ  and also crack length a , by increas-
ing each of them KI  also increases and another form of Eq. (7.2.12) that 
written in terms of KI , can be found by substituting Eq. (7.2.12) into 
Eq. (7.2.13).

	 K E GI = 	 (7.2.14)

In Eq. (7.2.14) E  is the elastic modulus and is a constant value. If KI
increases it effects G  and it increases as well. If KI  reaches a critical 
value KIC , that is, (K KI IC→ ) so that it makes G GC→ , then Eq. (7.2.14) 
will change to its new form written by:

	 K E GIC C= 	 (7.2.15)
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In Eq. (7.2.15) KIC is critical stress intensity factor and a very important 
quantity in fracture mechanics so that Irwin gave it a new name called 
“Fracture Toughness.” Its unit is unusual and according to Eq. (7.2.13) 
should be Mpa.m1/2 (different from stress). Equation (7.2.15) can be 
assumed heart of fracture mechanics. It states that if the applied stress and 
existing crack length in an object is such that K KI IC→ , then definitely 
G GC→  and since G Rc ≥  the crack length increases nonstop without con-
trol. We call this situation “fast fracture.”
KIC is very important in fracture mechanics, and all the attempts are con-

centrated on calculating KIC , either by experimental, or analytical or numeri-
cal methods. Some material like glass has low KIC which means they break 
soon they are also called brittle materials. In these materials all the deforma-
tions and stresses remain in elastic region. The science by which we study their 
fracture is called Linear Elastic Fracture Mechanic, abbreviated by LEFM.

Other types of materials like steel have high KIC, which means they do 
not break easily and they are called “ductile materials.” In these materi-
als there are significant plastic deformation around the crack tip and they 
cannot be analyzed directly by LEFM. Alternatively there is an established 
field named Elastic Plastic Fracture Mechanics (EPFM) that can be used 
to analyze the fracture of the ductile materials. For ductile materials not 
only KIC is important the Gc is also equally important and it can be found 
by experimental methods and also numerical methods. It can be shown in 
future chapters that one of the powerful numerical methods, for calculat-
ing Gc is called J integral. In this method we can simply replace Gc by a 
new parameter J , that expresses the J integral.

Whatever mentioned by now, is for the plane stress case. For 
plane strain case we need to refer to 6.4.27 and we can see that, 

κ υ= −3 4  and κ υ υ+ = − + = −( )1 3 4 1 4 1 , therefore we have κ
µ

υ
υ υ+

= −( ) +( )
=

−( )1 4 1
2 1 8 1 2

E E
κ

µ
υ

υ υ+
= −( ) +( )

=
−( )1 4 1

2 1 8 1 2

E E
 and if we substitute this into (7.2.9) we have:

G a G
E

a=
+







 ⇒ =

−( )κ
µ

π σ
υ

π σ
1

8

8 1

8
2

2
2  which can be simplified to:

	 G
E

a=
−( )1 2

2
υ

π σ 	 (7.2.16)
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In Eq. (7.2.16) we can see that because Poisson ratio effect in plane 
strain case, the energy release rate G decreases. If we want to rewrite 
Eq. (7.2.14) and Eq. (7.2.15) for plane strain case then we can easily 
write down:

	 K H GI =   K H GIC C= 	 (7.2.17)

In Eq. (7.2.17) the modulus of elasticity E, is replaced with H E
=

−1 2υ
, and 

we can say that Eq. (17.2.7) is valid for both plane stress and plane cases 
such that:

H
E plane stress
E plane strain

=

−





1 2υ

Historically, Griffith developed what we know in this section up to Eq. (7.2.12), 
but later Irwin defined SIF by Eq. (7.2.13), that is, K aI = σ π  in which 
index I  in KI  refers to mode I, in which the crack faces are opening from 
each other, also called (opening mode). Thereafter Irwin defined  KII  for mode 
II and also KIII  for mode III. We will study these modes in the next chapter.

Then he declared by great confidence that what is important in frac-
ture mechanics is not stress alone, but KI  and if it approaches to fracture 
toughness KIC , that is, (K KI IC→ ), the fast fracture occurs. We can take 
KI  under control in two ways, first decreasing the applied load, that is, 
σ, or not using the parts with large crack in it (decreasing a) and only by 
these tricks we can avoid fracture. Therefore, the important parameters in 
fracture mechanics are KI , KII  and KIII  also combination of those. In the 
next section we describe one of ways that SIF can be determined.

7.3  STRESS DISTRIBUTION AND MODIFIED WESTERGAARD 
FUNCTIONS

As we discussed in previous section, the KI , named as stress intensity 
factor (SIF) is a key parameter in fracture mechanics. One of ways 
that we can determine the SIF is knowledge about stress distribution 
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around the crack tip. This fact was known to the scientists before 
Irwin, but finding the stress distribution around the crack tip was a 
formidable task.

In the Section 6.3, we derived formulas Eqs. (6.3.14), (6.3.15) and 
(6.3.16) for the stresses known as Koslov formulas, and he developed 
those in 1908 in his doctoral dissertation. However, determination of the 
function φ z( ), and also ψ z( ), was and is a formidable task as we demon-
strated this fact in chapter six.

Later another Russian mathematician named Muskhelishvili, devel-
oped a relationship between φ ζ( ), and ψ ζ( ), by using boundary integral 
method, which we have proved it in equation 6.5.28. His book translated 
to English in 1950, and the author seen, many stress distributions around 
the flaws there, (not for cracks). Before him and Irwin, scientists were 
aware that the stress distribution around the crack tips are important, and 
before world war II, Westergaard wrote a paper in 1939, describing some 
stress functions appropriate for finding stresses around the cracks, with-
out any proof. He named those functions Z zI ( ), which is still have the 
same notation.

After the World War II, the research on fracture mechanics started 
again and scientists used the Westergaard formulas, although they were 
given for a combined remote stress state where both σ σx =  and σ σy =  
which obviously does not cover mode I fracture. Irwin was the first who 
suggested a change in Westergaard functions, by seeing experimental 
photo-elastic patterns of the stresses around the crack tips. Later his asso-
ciate Sanford examined Westergaard formulas in shadow of Koslov for-
mulas and introduced a 2nd function Y zI ( ), showed that Irwin’s suggestion 
was correct.

In this section we will modify the Westergaard functions with an easier 
approach via closer examination of the Koslov formulas. We start with 
an fare assumption that in mode I fracture, along the x  axis or y = 0, due 
symmetry (origin is in middle of crack) (Fig. 7.5) we can write:

	 y xy= ⇒ =0 0τ 	 (7.3.1)

Now by using 6.3.16 we rewrite Eq. (7.3.1) again, that is,

	 τ φ ψxy y y
z z z

= =
=ℑ ( ) + ( )( ) =

0 0
0'' '' 	 (7.3.2)
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Or simply saying:

	 ℑ ( ) + ( )( ) =
=

z z z
y

φ ψ'' ''

0
0 	 (7.3.3)

This Eq. (7.3.3) necessitates that z z zφ ψ'' ''( ) + ( )  on the x  axis or y = 0, 
should be a real number, that is,

	 z z z A
y

φ ψ'' ''( ) + ( )( ) =
=0

	 (7.3.4)

Now the important question is: what structure of ψ z( )  can satisfy Eq. (7.3.4)? 
we propose the following form:

	 ψ φ φ' 'z z z z A z B( ) = ( ) − ( ) + + 	 (7.3.5)

Exercise 7.3.1: Confirm that expression (7.3.5) can satisfy Eq. (7.3.4).

Solution: In Eq. (7.3.5), A  is the same real number in Eq. (7.3.4) and B  is 
a new constant. If we differentiate from Eq. (7.3.5):

ψ φ φ φ'' ' ' ''z z z z z A( ) = ( ) − ( ) − ( ) +
0� ��� ���

	 which results:

	 ψ φ'' ''z A z z( ) = − ( ) 	 (7.3.6)

Since by assuming Eqs. (7.3.5) and (7.3.6) is always valid, it should also 
be valid at along the x  axis or y = 0, therefore we have:

	 ψ φ'' ''z A z z
y y( ) = − ( )( )

= =0 0
	 (7.3.7)

FIGURE 7.5  Symmetry.
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In order to check if Eq. (7.3.4) is satisfied we only need to substitute 
Eq. (7.3.7) into Eq. (7.3.4) and confirm successfulness of the satisfaction.

z z A z z A z z z A A
y y

φ φ φ'' '' ''( ) + − ( )( ) = ⇒ −( ) ( ) +( ) =
= =0 0

Since, z z i y−( ) = −2 , then we have − ( ) +( ) =
=

2
0

i y z A A
y

φ ''  which 
provides A A= .

Now, we define the modified Westergaard function as follows:

	 Z z zI ( ) = ( )2φ ' 	 (7.3.8)

If we differentiate and integrate from (7.3.8) then we have:

	 Z z zI
' ''( ) = ( )2φ 	 (7.3.9)

	 Z z Z z dz zI I( ) = ( ) = ( )∫ 2φ 	 (7.3.10)

Now we rewrite equation 6.3.14 again, that is,

	 σ φ φ ψy z z z z= ℜ ( )( )+ ℜ ( ) + ( )( )2 ' '' '' 	 (7.3.11)

If we substitute Eqs. (7.3.6) and (7.3.8) into Eq. (7.3.11), then we have:

σ φ φy IZ z z z A z z=ℜ ( )( )+ ℜ ( ) + − ( )( )'' ''  which results: σ φy IZ z z z z A=ℜ ( )( )+ ℜ −( ) ( )( ) +'' 

σ φy IZ z z z z A=ℜ ( )( )+ ℜ −( ) ( )( ) +'' , since z z i y−( ) = −2 , therefore:

σ φy IZ z y i z A=ℜ ( )( )− ℜ ( )( ) +2 '' , and if we substitute Eq. (7.3.9) 
we have:

σ y I IZ z y i Z z A=ℜ ( )( )− ℜ ( )( ) +' , but we have ℜ ( )( ) = −ℑ ( )( )i Z z Z zI I
' '  

(valid for every function), and then we can have:

	 σ y I IZ z y Z z A=ℜ ( )( ) + ℑ ( )( ) +' 	 (7.3.12)
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Exercise 7.3.2: Find an expression for σ x  similar to Eq. (7.3.12).

Solution: rewrite Eq. (6.3.15) again, that is,

	 σ φ φ ψx z z z z= ℜ ( )( )− ℜ ( ) + ( )( )2 ' '' '' 	 (7.3.13)

If we substitute Eqs. (7.3.6) and (7.3.8) into Eq. (7.3.11), then results: 
σ φx IZ z z z z A= ℜ ( )( )− ℜ −( ) ( )( ) −'' , since z z i y−( ) = −2 , therefore: 
σ φx IZ z y i z A=ℜ ( )( )+ ℜ ( )( ) −2 '' , and if we substitute Eq. (7.3.9) we 
have: σ y I IZ z y i Z z A=ℜ ( )( )+ ℜ ( )( ) +' , but we have ℜ ( )( ) = −ℑ ( )( )i Z z Z zI I

' '

ℜ ( )( ) = −ℑ ( )( )i Z z Z zI I
' '  (valid for every function), and then we can have:

	 σ x I IZ z y Z z A=ℜ ( )( ) − ℑ ( )( ) −' 	 (7.3.14)

For shear stress we need to rewrite Eq. (6.3.16) again, that is,

	 τ φ ψxy z z z= ℑ ( ) + ( )( )'' '' 	 (7.3.15)

By substituting Eq. (7.3.6) into Eq. (7.3.15) we have, τ φ φxy z z A z z= ℑ ( ) + − ( )( )'' '' 
τ φ φxy z z A z z= ℑ ( ) + − ( )( )'' '' , since A is a real number, we have ℑ( ) =A 0, and Eq. (7.3.15) will 

be: τ φxy z z z= ℑ −( ) ( )( )''  and since z z i y−( ) = −2 , then Eq. (7.3.15) 

will be:

τ φxy Iy i z y i Z z=− ℑ ( )( ) = − ℑ ( )( )2 '' ' , also we have, ℑ ( )( ) = ℜ ( )( )i Z z Z zI I
' ' 

ℑ ( )( ) = ℜ ( )( )i Z z Z zI I
' ' , the Eq. (7.3.15) is:

	 τ xy Iy Z z= − ℜ ( )( )' 	 (7.3.16)

Equations (7.3.12), (7.3.14) and (7.3.16) give the stresses versus the modi-
fied Wetergaard stress functions. The 1st question is, what is A? The 2nd 
question is how we find Z zI ( )? When Westergaard published his paper, 
there was not any answer to these questions and he suggested some Z zI ( )
without any A in them and no proof provided. It is obvious that we have 

© 2016 by Apple Academic Press, Inc.

  



190	 Mechanics of Finite Deformation and Fracture

answer to both questions because in Eq. (7.1.6), we found out and expres-
sion for φ z( ) which is:

	 φ
σz z a z( ) = − −( )4
2 2 2 	 (7.1.6)

We can find Z zI ( ) if we substitute Eq. (7.1.6) into Eq. (7.3.8) and then 
we have:

	 Z z z z
z a

I ( ) = ( ) =
−

−








2

2
2 1
2 2

φ
σ' 	 (7.3.17)

Differentiation of Eq. (7.3.17) gives Z zI
' ( ), which is: Z z

z a
z

z a
I ( ) =

−
−

−( )
















σ
2

2 2
2 2

2

2 2
3

Z z
z a

z

z a
I ( ) =

−
−

−( )
















σ
2

2 2
2 2

2

2 2
3 , and can be simplified into:

	 Z z
z a

z

z a
I
' ( ) =

−
−

−( )
















σ
1
2 2

2

2 2
3 	 (7.3.18)

By substituting Eqs. (7.3.17) and (7.3.18) into Eq. (7.3.12) we have:

σ σ
σ

σy
z

z a
y

z a
z

z a
= ℜ

−









 − ℜ






 + ℑ

−
−

−( )
















2 2 2 2

2

2 2
32

1
++ A

		  (7.3.19)

By substituting Eqs. (7.3.17) and (7.3.18) into Eq. (7.3.14) we have:

	σ σ
σ

σx
z

z a
y

z a
z

z a
= ℜ

−









 − ℜ






 − ℑ

−
−

−( )
















2 2 2 2

2

2 2
32

1
−− A 	

		  (7.3.20)
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By substituting Eqs. (7.3.17) and (7.3.18) into Eq. (7.3.16) we have:

	 τ σxy y
z a

z

z a
= − ℜ

−
−

−( )
















1
2 2

2

2 2
3 	 (21)

Equations Eqs. (7.3.19), (7.3.20) and (7.3.21) can answer the 2nd ques-
tion, but we still do not know what is A? To answer this take the limits of 
the following functions when z → ∞, then:

lim z
z a

→∞
−

=
1 0
2 2

,  lim z
z

z a
→∞

−( )
=

2

2 2
3 0   lim z

z
z a

→∞
−

=
2 2

1

		  (7.3.22)

For finding A we declare that:

	 σ x z→∞
= 0 	 (7.3.23)

If we implement Eq. (7.3.23) in Eqs. (17.3.9), (7.3.20) and (7.3.21) with 
considering the limits in Eq. (7.3.22) we can write:

σ σ
σ

σ

x z z

z z

z
z a

y
z a

→∞ →∞

→∞ →

= ℜ
−









 − ℜ








− ℑ
−

−

lim

lim lim

2 2

2 2

2

1
∞∞

−( )
















−
z

z a
A

2

2 2
3

and simplifies to:

	 0
2

= − −σ
σ A  or: A =

σ
2

	 (7.3.24)

Substituting Eq. (7.3.24) into Eqs. (7.3.19), (7.3.20) and (7.3.21) provides the 
stress formulas that contains full information (both the questions answered).
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	 σ σy
z

z a
y

z a
z

z a
= ℜ

−









 + ℑ

−
−

−( )
































2 2 2 2

2

2 2
3

1 	 (7.3.25)

	 σ x
z

z a
y

z a
z

z a
= ℜ

−









 − ℑ

−
−

−( )
−

































2 2 2 2

2

2 2
3

1 1 σσ 	(7.3.26)

And for the shear stress the Eq. (7.3.21) is valid. Equations (7.3.21), 
(7.3.25) and (7.3.26) gives the stress formula. Historically the term 1 in 
Eq. (7.3.26) cleverly suggested by Irwin without proof, when he used the 
Westergaard formulas. In the next chapter we use these formulas to study 
stress distribution near the crack tips in various modes.
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8.1  CRACK TIP STRESSES IN MODE I FRACTURE

In previous chapter, it was seen that how difficult the calculation of 
the stresses σ y , σ x and τ xy can be. Those stress formulas were given by 
Eqs. (7.3.21), (7.3.25) and (7.326). Fortunately, we are interested in stress 
distribution around the crack tips, since it is only this type of distribution 
that can lead us to KI  or KIC. Therefore, in Eqs. (7.3.21), (7.3.25) and 
(7.3.26), we transfer the coordinate of the origin to the crack tip (Fig. 8.1), 
in mathematical term new variable z z a r ei0 = − = θ will be entered into the 
discussions, rewriting this provides:

	 z z a r e z a r ei i
0 = − = ⇒ = +θ θ 	 (8.1.1)

FIGURE 8.1  Crack tip.
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Before we start calculations, we should emphasize why the stresses around 
crack tip and particularly, the Westergaard functions are that important. 
We can answer to this question by rewriting Eq. (7.3.17) again which is:

	 Z z z
z a

I ( ) =
−

−










σ
2

2 1
2 2

	 (7.3.17)

If we multiply both sides of the above equation into z a− , then we have:

z a Z z z z a
z a

z aI− ( ) =
−

−
− −











σ
2

2
2 2

 and then it can be simplified to:

z a Z z z
z a

z aI− ( ) =
+

− −










σ
2

2 , then we will take a limit as z a→  

and we have:

	 lim lim limz a I z a z az a Z z z
z a

z a→ → →− ( ) =
+

− −










σ
2

2 	 (8.1.2)

which yields to:

	 lim z a Iz a Z z a
a

a
→ − ( ) =









 =

σ
σ

2
2
2 2

	 (8.1.3)

We saw in Eq. (7.2.13), that SIF in a very simple case is:

	 K aI = σ π 	 (8.1.4)

Now we multiply both sides of Eq. (8.1.3) into 2π  and we have:

	 2π σ πlim z a Iz a Z z a→ − ( ) = 	 (8.1.5)

By comparing Eqs. (8.1.4) and (8.1.5) we can easily find that:

	 K z a Z zI z a I= − ( )→2π lim 	 (8.1.6)

It is Eq. (8.1.6) that says, why the stress distribution around the crack tip 
and analytical methods for its determination, are so important. Although 
we have derived Eq. (8.1.6) for a very simple case in mode I, scientists 
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believe that it can be modified for any cases by a correction factor. This 
is motivated mathematicians to find the stress distributions near the crack 
tip and ignore the higher order terms, so that finally it leads them to SIF.

First we need to interpret what is vicinity of the crack tip? We 
need to examine Eq. (8.1.1) and vicinity of crack tip z a≅ , since in 
Eq. (8.1.1), only the region r a<< identified as crack tip neighborhood, 
we can approximate:

	 z a a+ ≅ 2 	 (8.1.7)

Therefore in Eqs. (7.3.25) and (7.3.26), the terms like ℜ
−











z
z a2 2

, can 

be approximated like this:

ℜ
−









 = ℜ

+
− +









 ≅ ℜ













z
z a

a r e
z a z a

a
r e a

i

i2 2 2

θ

θ
, the reason is that 

for r a<< , we have a r e ai+ ≅θ , further simplification gives:

ℜ
−









 ≅ ℜ









 ≅ ℜ −











−z

z a
a
r
e a

r
ii

2 2

2

2 2 2 2
θ θ θ/ cos sin




 , finally we 

can write:

	 ℜ
−









 ≅

z
z a

a
r2 2 2 2
cosθ 	 (8.1.8)

It is obvious that several expressions like (8.1.8) should be derived, such 
that, the Eqs. (7.3.21), (7.3.25) and (7.3.26) can be converted into the 
forms that are appropriate for crack tip region. The next approximation is:

y
z a

y
z a z a

y
r e ai

ℑ
−









 = ℑ

− +









 ≅ ℑ













1 1 1
22 2 θ

 and since 

y r= sinθ , we can write: y
z a

r
a r

i r
a

ℑ
−









 ≅ ℑ −






 ≅ −

1
2 2 2 2 22 2

sin cos sin sin sinθ θ θ
θ

θ 

y
z a

r
a r

i r
a

ℑ
−









 ≅ ℑ −






 ≅ −

1
2 2 2 2 22 2

sin cos sin sin sinθ θ θ
θ

θ  and since around the crack tip r a<< , we can say r
a2

0≅ , 

therefore we can write:
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	 y
z a

ℑ
−









 ≅

1 0
2 2

	 (8.1.9)

y z

z a
y z

z a z a

y a

r ei

ℑ
−( )

















= ℑ
−( ) +( )

















≅ ℑ

2

2 2
3

2

3 3

2

θ(( ) ( )

















3 3
2a

Exercise 8.1.1: Since y r= sinθ , simplify the above expressions.

Solution: 

 y z

z a

r a

r e a

r a
i

ℑ
−( )

















≅ ℑ
( ) ( )

















≅ ℑ
2

2 2
3

2

3 3

2

2

sinθ
θ

ssin
/

θ
θ2 2 3 2r r a a e i









  

also from trigonometry we have, sin sin cosθ
θ θ

= 2
2 2

 then above expres-
sion becomes:

y z

z a

a
r

e

a
r

iℑ
−( )

















≅ ℑ( ) ≅−
2

2 2
3

3 2

2 2 2

2 2

sin cos

sin cos

/θ θ

θ

θ

θθ θ θ
2

3
2

3
2

ℑ −





cos sini

y z

z a

a
r

e

a
r

iℜ
−( )

















≅ ℜ( ) ≅−
2

2 2
3

3 2

2 2 2

2 2

sin cos

sin cos

/θ θ

θ

θ

θθ θ θ
2

3
2

3
2

ℜ −





cos sini
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From the above expression we can find two useful formulas which are:

	 y z

z a

a
r

ℑ
−( )

















≅ −
2

2 2
3 2 2 2

3
2

sin cos sinθ θ θ 	 (8.1.10a)

	 y z

z a

a
r

ℜ
−( )

















≅
2

2 2
3 2 2 2

3
2

sin cos cosθ θ θ 	 (8.1.10b)

If we substitute the Eqs. (8.1.8), (8.1.9), (8.1.10a) and (8.1.10b) into 
Eqs. (7.3.25), (7.3.26) and (7.3.21), then we have:

	 σ σ
θ θ θ

y
a
r

= −





2 2

1
2

3
2

cos sin sin 	 (8.1.11)

	 σ σ
θ θ θ

σx
a
r

= +





 −

2 2
1

2
3
2

cos sin sin 	 (8.1.12)

	 τ σ
θ θ θ

xy
a
r

=
2 2 2

3
2

sin cos cos 	 (8.1.13)

Equations (8.1.11), (8.1.12) and (8.1.13) gives the stress distribution in 
mode I, in vicinity of the crack tip. It is obvious that the higher order 
terms are ignored but this ignorance around the crack tip vicinity is justifi-
able. Since KI and Z zI ( ) are related via (8.1.6) it is obvious that KI and 
stresses are also related. The stresses can then be computed by FEM and 
KI also related to it. To convert Eqs. (8.1.11) and (8.1.12) in terms of KI  
we need:

	 σ σ
π
π π

a
r

a
r

K
r

I

2 2 2
= = 	 (8.1.14)

© 2016 by Apple Academic Press, Inc.

  



198	 Mechanics of Finite Deformation and Fracture

Substituting Eq. (8.1.14) into Eqs. (8.1.11), (8.1.12) and (8.1.13) provides 
new set of formulas:

	 σ
π

θ θ θ
y

IK
r

= −





2 2

1
2

3
2

cos sin sin 	 (8.1.15)

	 σ
π

θ θ θ
σx

IK
r

= +





 −

2 2
1

2
3
2

cos sin sin 	 (8.1.16)

	 τ
π

θ θ θ
xy

IK
r

=
2 2 2

3
2

sin cos cos 	 (8.1.17)

Formulas (8.1.15), (8.1.16) and (8.1.17) are found based on the modified 
Westergaard functions. In many books term −σ  does not exist, the reason 
is that they have used the original Westergaard stress functions published 
in 1939.

Later when scientists who studied the stress patterns around the crack, 
found that existing stress distribution formulas on that time, does not match 
with the experimental observations from photo elasticity. Irwin explained 
this controversy by saying that the original Westergaard function is given 
for a case σ σ σy x= = , but mode I fracture is for the case when σ σy =  
and σ x = 0. Therefore, any stress formulas on that time or even in some 
books now, cannot be correct. He cleverly suggested that term −σ  should 
be added to Eq. (8.1.16) so the condition σ x = 0 can be satisfied. Then 
scientist investigated and found out that using Eq. (8.1.16) as suggested 
Irwin completely matches with the experimental results obtained from the 
photo-elasticity. This fact is now proved theoretically in this section.

Now if we multiply both sides of Eq. (8.1.15) into  and take 
the limit when r → 0 and also θ → 0 then we can find a very interesting 
formula like this:

	 K rI r y= →lim ,θ π σ0 2 	 (8.1.18)

Equation (8.1.16) provides an important fact in fracture mechanics, by say-
ing that in mode I, the stress distribution around the tip is closely related 
to SIF. This is why the stress distribution in vicinity of the crack tips is as 
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important as determination of SIF. Not only analytical method but also 
numerical methods like FEM first calculate σ y around the crack and then 
determine KI  or SIF.

Another interesting point is in Eqs. (8.1.11), (8.1.12) and (8.1.13), if 
we want to find the stresses at r → ∞ that is very far from the crack vicin-
ity we have:

	 σ y r→∞
= 0   σ σx r→∞

= −   τ xy r→∞
= 0 	 (8.1.19)

It is obvious that σ σy r→∞
=  and σ x r→∞

= 0, this should not surprise us 
that Eq. (8.1.19) is not correct because all the stress formulas in this sec-
tion are valid for crack vicinity only.

8.2  WESTERGAARD FUNCTIONS AND MODE II FRACTURE

Before we enter to mode II fracture (Fig. 8.2), we should say that our pur-
pose is studying the stress distribution around the crack. The formulas in 
this section also are not valid r a>>  or also r → ∞. They will be valid only 
in crack tip vicinity or r a≅  and the formulas will be valid for determina-
tion of SIF in mode II or KII. This mode is also known as slipping mode 
and is caused by remote shear stress as Irwin mentioned the remote stress 
τ τxy z→∞

=  causes the crack to slide on its own plane if the shear stress is too 
much the crack start to grow and fast fracture occurs. All we know about the 
remote shear stress is from Eq. (8.1.8), and we write them here again.

FIGURE 8.2  Mode II fracture.
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In this section we are interested in ψ ' z
z a

( )
→

 and also φ z
z a

( )
→

 only, 
but Eq. (8.2.1) helps that we find these function easier. Then we show that 
the Westergaard formula:

	 ψ τ' z i z
z

( ) =
→∞

  φ z
z

( ) =
→∞

0 	 (8.2.1)

which can be justified. If we want to know about φ ζ( ) for mode II frac-
ture, we need to look at Eq. (6.6.2), and there if we set σ = 0 we find:

	 φ ζ ζII n
n

n
A( ) = −

=

∞

∑ 1 2

1
	 (8.2.2)

It is obvious that the above function for φ ζII ( ), can be accepted because 
φ ζ

ζII ( ) =
→∞

0. For the reasons that we was discussed in Eq. (8.1.6), we 
need to keep only one term in Eq. (8.2.2) which is for n =1, that is,

	 φ ζ
ζII

A( ) = 1 	 (8.2.3)

In the above equation absolute value sign means for positive shear 
stresses. The question is how can we find A1? The answer again is given 
in article 6.6 by Eq. ((6.6.12)), if we set σ = 0, we have a formula for 
mode II.

	 ψ ζ ζ
ζII A( ) = −

→∞ 1 	 (8.2.4)

Moreover, for a crack with the length 2a, the mapping function is given 
by Eq. (8.2.3) which is:

	 z a
= +









2
1

ζ
ζ

	 (8.2.5)

If we substitute Eq. (8.2.5) into Eq. (8.2.1) we can write:

	 ψ τ ζ
ζ

' z i a
z

( ) = +








→∞ 2
1 	 (8.2.6)
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Now in Eq. (8.2.6) we set ζ → ∞ and according to the notation in Section 
6.6, we replace ψ ' z

z
( )

→∞
with the ψ ζ

ζII ( )
→∞

, then we have:

	 ψ ζ τ ζ
ζII i a( ) =

→∞ 2
	 (8.2.7)

If we compare Eq. (8.2. 7) with Eq. (8.2.4) then we have:

	 A i a
1 2

= − τ   A i a
1 2

= τ 	 (8.2.8)

If we substitute Eq. (8.2.8) into Eq. (8.2.3), then we have:

	 φ ζ τ
ζII i a( ) =

2
	 (8.2.9)

From Eq. (7.1.5), we saw that 1
2 2

ζ
=

− −z z a
a

 and then (9) will change 
in terms of z i.e.

	 φ
τ

II z i z z a( ) = − −( )2
2 2 	 (8.2.10)

Equation (8.2.10) is the basis, for mode II fracture and in this section 
we show that from (8.2.10) we can find the modified Westergaard func-
tion. To do this we refer to Koslov formulas and write Eq. (6.3.14) 
herein again.

	 σ φ φ ψy z z z z= ℜ ( ) + ( ) + ( )( )2 ' '' '' 	 (8.2.11)

This section for the first time finds the modified Westergaard function for 
mode II fracture and this based on the assumption that over the x axis there 
is not normal stress.

	 σ y y=
=

0
0 	 (8.2.12)
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According to Eqs. (8.2.11) and (8.2.12) we can write that:

	 2
0

φ φ ψ' '' ''z z z z i B
y

( ) + ( ) + ( ) =
=

	 (8.2.13)

Similar to the reasoning put forward in Section 7.2, in order for Eq. (8.2.13) 
to be satisfied, the function ψ ' z( )  should have the following form: (B is 
real and i B is imaginary).

	 ψ φ φ' 'z z z z i B z( ) = − ( ) − ( ) + 	 (8.2.14)

Exercise 8.2.1: Confirm that expression (8.2.14) can satisfy Eq. 8.2.13).

Solution: If we differentiate from Eq. (8.2.14):

ψ φ φ φ

φ

'' ' ' ''

'

z z z z z i B

z

( ) = − ( ) − ( ) − ( ) +

− ( )2� ��� ���
 which results:

	 ψ φ φ'' '' 'z i B z z z( ) = − ( ) − ( )2 	 (8.2.15)

Since by assuming Eqs. (8.2.14) and (8.2.15) is always valid, it should also 
be valid along the x  axis or y = 0, therefore we have:

	 ψ φ φ'' '' 'z i B z z z
y y

( ) = − ( ) − ( )( )
= =0 0

2 	

In order to check if Eq. (8.2.13) is satisfied we only need to substitute the 
above into Eq. (8.2.13) and confirm successfulness of the satisfaction.

	

z z i B z z z z

i B z

y
φ φ φ φ'' '' ' '( ) + − ( )− ( ) + ( )















= ⇒

=
2 2

0

0

� ���� ����

−−( ) ( ) +( ) =
=

z z i B i B
y

φ ''
0

	

Since, z z i y−( ) = −2 , then we have − ( ) +( ) =
=

2
0

i y z i B i B
y

φ ''  which 
provides i B i B= .

Now, we define the modified Westergaard function as follows:

	 Z z zII ( ) = ( )2φ ' 	 (8.2.16a)
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If we differentiate from (8.2.16a) then we have:

	 Z z zII
' ''( ) = ( )2φ 	 (8.2.16b)

In general form as well, σ φ φ φ φy z z i B z z z z=ℜ ( ) + − ( )+ ( ) − ( )














'' '' ' '2 2
0� ���� ����

 

which results: σ φy i B z z z=ℜ( )+ ℜ −( )( )
0

���
'' ( ) , since z z i y−( ) = −2 , 

therefore:

	 σ φy i y z=ℜ − ( )( )2 '' 	 (8.2.17)

Substituting Eq. (8.2.16b) into Eq. (8.2.17) gives σ y IIi y Z z=ℜ − ( )( )'  and 
since ℜ − ( )( ) = ℑ ( )( )i Z z Z zII II

' '

Then we can write:

	 σ y IIy Z z= ℑ ( )( )' 	 (8.2.18)

Exercise 8.2.2: Find an expression for σ x similar to Eq. (8.2.18).

Solution: rewrite Eq. (6.3.15) again, that is,

	 σ φ φ ψx z z z z= ℜ ( ) − ( ) − ( )( )2 ' '' '' 	 (8.2.19)

If we substitute Eq. (8.2.15) into Eq. (8.2.19), then results: σ φ φ φ φx z z z i B z z z= ℜ ( ) − ( ) − + ( ) + ( )( )2 2' '' '' '

σ φ φ φ φx z z z i B z z z= ℜ ( ) − ( ) − + ( ) + ( )( )2 2' '' '' ' , since z z i y−( ) = −2  and also 
according to Eq. (8.2.16a):

	 σ φx IIZ z y i z i B=ℜ ( )( )+ ℜ ( )( ) − ℜ( )2 2
0

''
���

	 (8.2.20)

and if we substitute Eq. (8.2.16b) we have: σ x II IIZ z y i Z z=ℜ ( )( )+ ℜ ( )( )' , 
but we have ℜ ( )( ) = −ℑ ( )( )i Z z Z zII II

' '  (valid for every function), and then 
we can have:

	 σ x II IIZ z y Z z= ℜ ( )( ) − ℑ ( )( )2 ' 	 (8.2.21)
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The important part in mode II fracture is determination of the shear stresses 
around the crack because it may be a dominant stress. For shear stress we 
need to rewrite Eq. (6.3.16) again, that is,

	 τ φ ψxy z z z= ℑ ( ) + ( )( )'' '' 	 (8.2.22)

By substituting Eq. (8.2.15) into Eq. (8.2.22) we have, τ φ φ φxy z z iB z z z= ℑ + − −( )'' '' '( ) ( ) ( )2
τ φ φ φxy z z iB z z z= ℑ + − −( )'' '' '( ) ( ) ( )2 , since iB is a imaginary number, we have ℑ =( ) ,iB B  

and then Eq. (8.2.22) will be: τ φ φxy z z z z B= ℑ −( ) ( ) − ( )( ) +'' '2  also 
z z i y−( ) = −2 , and this changes Eq. (8.2.22) into:

	 τ φ φxy i y z z B= ℑ − ( ) − ( )( ) +2 2'' ' 	

Substituting the definitions (8.2.16a) and (8.2.16b) into the above expres-
sion changes it to:

τ xy II IIi y Z z Z z B= ℑ − ( ) − ( )( ) +'

From the complex variable theory we have, ℑ ( )( ) = ℜ ( )( )i Z z Z zII II
' ' , 

then the above expression will change to:

	 τ xy II IIy Z z Z z B= − ℜ ( )( ) − ℑ ( )( ) +' 	 (8.2.23)

The question is what is the real constant B? In original Westergaard func-
tion the term B does not exist. Finding B requires a lengthy procedure, 
which will be discussed in the next section.

8.3  STRESSES AROUND CRACK TIP IN MODE II FRACTURE

First we need to rewrite 8.2.10 again, that is,

	 φ
τz i z z a( ) = − −( )2

2 2 	 (8.2.10)

We take 1st and 2nd derivative of the above equation and we have:

	 φ
τ' z i z

z a
( ) = −

−









2

1
2 2

	 (8.3.1)
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	 φ
τ'' z i

z a
z

z a
( ) =

−

−
+

−( )














2

1
2 2

2

2 2
3 	 (8.3.2)

Using (8.2.16a) and (8.2.16b), for definition of Westergaard functions, 
from (8.3.1) and (8.3.2) we have:

	 Z z z
z a

iII ( ) = −
−









1

2 2
τ 	 (8.3.3)

	 Z z
z a

z

z a
iII

' ( ) =
−

−
+

−( )
















1
2 2

2

2 2
3 τ 	 (8.3.4)

In order to find the stresses from Eqs. (8.3.3) and (8.3.4) we need to evalu-
ate following terms:

ℑ( ) =ℑ
−

−
+

−( )
































Z z
z a

z

z a
iII

' ( ) 1
2 2

2

2 2
3 τ  using the rule ℑ ℜ=( ) ( )i f f 

ℑ ℜ=( ) ( )i f f  then we have:

	 ℑ ( )( )= ℜ
−

−
+

−( )











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
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










Z z
z a

z
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' 1
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2 2
3 τ 	 (8.3.5)

The next term that should be looked at is:

ℜ ( )( ) = ℜ −
−























Z z z
z a

iII 1
2 2

τ  and if we use the rule ℜ( ) = −ℑ( )i f f  

then we have:

	 ℜ ( )( ) = −ℑ −
−























Z z z
z a

II 1
2 2

τ 	 (8.3.6)
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We also need to evaluate this terms:

ℜ ( )( ) = ℜ
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−
+
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
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









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ℜ( ) = −ℑ( )i f f  then we have:
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The last expression that should be analyzed is:

ℑ ( )( ) = ℑ −
−




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
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


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τ  using the rule ℑ( ) = ℜ( )i f f  then 

we have:
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
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Substituting Eqs. (8.3.6) and (8.3.5) into Eq. (8.2.21) gives:

σ τx
z

z a
y

z a
z

z a
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
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

















τ  and 

ℑ( ) =τ 0 it yields:
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	 (8.3.9)

If z → ∞ in Eq. (8.3.9) then σ x = 0, which proves it is correct. By substi-
tuting Eq. (8.3.5) into Eq. (8.2.18):

	 σ τy y
z a

z

z a
= ℜ
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1
2 2

2

2 2
3 	 (8.3.10)
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If z → ∞ in Eq. (8.3.10) then σ y = 0, which proves it is correct. By sub-
stituting Eqs. (8.3.7) and (8.3.8) into Eq. (8.2.23) we can find the shear 
stresses, that is,:

τ τxy y
z a

z

z a

z
z a

= ℑ
−

−
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−( )
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
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
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
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

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
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+τ B

In the above equation if we want to calculate B, it is required to take limit 

at z → ∞ such that τ τxy z→∞
=  and considering that lim z

z
z a

→∞
−

=
2 2

1, 

we have B =τ  and if we substitute it will be simplified to:

	 τ τ
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 	 (8.3.11)

Equations (8.3.9), (8.3.10) and (8.3.11) are the general formulas for the 
stresses in mode II fracture. If we want to approximate them in vicinity of 
the crack tip or z a→ , their shape will change. For this purpose we need to 
refer to Eq. (8.3.1) and bring many equations to this section and we rewrite 
Eqs. (8.1.8), (8.1.9) and (8.1.10a) again, that is,

	 ℜ
−









 ≅ <<

z
z a

a
r

r a
2 2 2 2
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2

sin cos sinθ θ θ 	 (8.3.14)

If we substitute Eqs. (8.3.12), (8.3.13) and (8.3.14) into Eq. (8.3.11) we have:

	 τ τ
θ θ θ θ

xy
a
r

= −





2 2 2 2

3
2

cos sin cos sin 	 (8.3.15)
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Rewriting Eq. (8.3.10b) again:

	 y z

z a

a
r

ℜ
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and we substitute in Eq. (8.3.10) assuming ℜ
−









 ≅

1 0
2 2z a

 we have:

	 σ τ
θ θ θ

y
a
r

=
2 2 2

3
2

sin cos cos 	 (8.3.17)

In order to find σ x, we need to evaluate another term, which is:

ℑ
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r
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2 2 2 2
q q q/ cos sin  , finally we 

can write:
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
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a
r
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2 2 2 2

sinθ 	 (8.3.18)

Substituting Eqs. (8.3.18) and (8.3.16) into Eq. (8.3.9) gives the σ x

	 σ τ
θ θ θ θ

x
a
r

= − +





2

2
2 2 2

3
2

sin sin cos cos 	 (8.3.19)

In mode I fracture, the stress distribution around the tip, provided the 
access to KI , similarly in mode II fracture the same statement is valid and 
we have access to KII , defined by:

	 K aII =τ π 	 (8.3.20)

In Eq. (8.3.20) KII is calculated for the simplest case and σ  is replaced 
with τ . If we substitute Eq. (8.3.20) into Eqs. (8.3.15), (8.3.17) and (8.3.19) 
then we have:

	 σ
π

θ θ θ
x

IIK
r

=
−

+





2 2

2
2

3
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sin cos cos 	 (8.3.21)
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θ θ θ
y

IIK
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2

sin cos cos 	 (8.3.22)
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θ θ θ
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IIK
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2 2
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2

3
2

cos sin sin 	 (8.3.23)

We multiply both sides of Eq. (8.3.23) into  and also set θ = 0 then 
we have:

	 K rII r xy= ( )→ =
lim 0 0

2π τ
θ

	 (8.3.24)

We can conclude that, SIF in mode II fracture can be obtained from 
Eq. (8.3.24). Therefore, shear stress in vicinity of crack should be studied 
and this can be done by FEM or photo-elasticity.

8.4  MODE III FRACTURE, ANTI-PLANE SHEAR

There may be loading normal to the plane which causes anti-plane shear. 
The remote stresses produced in modes I, II and III are shown in Fig. 
8.3, it can be seen that the shear stress in mode III is normal to the plane 
and the z dimension is also involved. In this mode as can be seen in Fig. 
8.4 it looks like the body is cut by a scissor. The equilibrium equation 
in absence of σ z  will be:

FIGURE 8.3  Shear stress in mode III.
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	 ∂
∂

+
∂

∂
=

τ τxz yz

x y
0 	 (8.4.1)

Like the other two modes of fracture, we are interested to find the stresses 
around the crack tip. Therefore, we introduce a stress function φ and define 
the shear stresses by

	 τ
φ

xz y
=

∂
∂

  τ
φ

yz x
= −

∂
∂

	 (8.4.2)

If we substitute Eq. (8.4.2) into Eq. (8.4.1) then we have:

∂
∂

∂
∂









 +

∂
∂

−
∂
∂







 =

∂
∂ ∂

−
∂

∂ ∂
=

x y y x x y x y
φ φ φ φ2 2

0

This proves that expressions in Eq. (8.4.2) are appropriate candidates for 
the stresses because it satisfies in equilibrium equation. If we write the 
Hook law for shear stress we have:

	 γ
τ
µxz
xz=   γ

τ
µyz
yz= 	 (8.4.3)

In Eq. (8.4.3) µ  is shear modulus If w is the displacement in z direction 
then γ xz and γ yz can be expressed by:

	 γ xz
w
x

=
∂
∂

  γ yz
w
y

=
∂
∂

	 (8.4.4)

FIGURE 8.4  Anti-plane shear.
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According to Eq. (8.4.4) we can easily claim that the compatibility equa-
tion in mode III is:

	 ∂
∂

=
∂

∂
γ γxz yz

y x
	 (8.4.5)

This is obvious because if we substitute Eq. (8.4.4) into Eq. (8.4.5) we 
easily can obtain:

∂
∂

=
∂

∂
=

∂
∂ ∂

γ γxz yz

y x
w
x y

2

If we substitute Eq. (8.4.2) into Eq. (8.4.3) and then substitute the result 
into Eq. (8.4.5) we have:

	 ∂
∂

∂
∂









 = −

∂
∂

∂
∂









y y x x

1 1
µ

φ
µ

φ 	 (8.4.6)

Equation (8.4.6) can be written 1 0
2

2

2

2µ
φ φ∂

∂
+

∂
∂









 =

y x
 which can be 

reduced to:

	 ∇ =2 0φ 	 (8.4.7)

We conclude that stress function satisfies the Laplace equation. Therefore, 
in mode III fracture we are dealing with harmonic functions (not bi-
harmonic). The stress formula from Eq. (8.4.7) can be obtained much eas-
ier. In Section 6.2, we mentioned that if we have a complex function f z( ), 
that its real part is φ  and the imaginary part is ψ  then we have:

	 f z x y i x y( ) = ( ) + ( )φ ψ, , 	 (8.4.8)

In complex variable theory we can prove that both φ  and ψ  satisfy the 
Laplace equation so that we have:

	 φ = ℜ ( )( )f z   ψ = ℑ ( )( )f z 	 (8.4.9)
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In Eq. (8.4.9), f z( ) is analytic meaning that it can differentiated versus z. 
The question now is what is the stresses. To answer this we write the Cauchy 
Riemann compatibility:

	 ∂
∂

=
∂
∂

φ ψ
x y

  ∂
∂

= −
∂
∂

φ ψ
y x

	 (8.4.10)

If Eq. (8.4.10) is satisfied then, it does not matter from which path we dif-
ferentiate we choose x  path:

	 f z d f
dz x

i
x

' ( ) = =
∂
∂

+
∂
∂

φ ψ 	 (8.4.11)

If we substitute Eq. (8.4.10) into Eq. (8.4.11) then we have:

	 f z
x
i
y

' ( ) =
∂
∂

−
∂
∂

φ φ 	 (8.4.12)

Now if we substitute the stress definition in Eq. (8.4.2) into Eq. (8.4.12) 
then we have:

	 f z iyz xz
' ( ) = +τ τ   τ yz f z= ℜ ( )( )'   τ xz f z= ℑ ( )( )' 	 (8.4.13)

From Eq. (8.4.13) we can see that they are much simpler than Koslov 
equations Eq. (6.3.14) to 6.3.16. From Eq. (8.4.13) stresses can be found 
easily. Only f z( ) should be an analytic function we propose this candi-
date for f z( )

	 f z z a( ) = −τ 2 2 	 (8.4.14)

The above function is analytic all over the complex plane, and if we dif-
ferentiate versus z:

	 f z z
z a

' ( ) =
−

τ
2 2

	 (8.4.15)
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This is the same function that Westergaard proposed for mode III and can 
be justified because:

	 lim z xz x

z
z a

→∞ →∞−
= =

τ
τ τ

2 2
	 (8.4.16)

The third reason for properness is that in the left tip z a= −  and in the right 
tip z a=  we see that stresses tend to infinity. This is also a physical fact 
for a crack tip. Therefore, Eqs. (8.4.14) and (8.4.15) can be justified. Then 
from Eqs. (8.4.13) and (8.4.15) we have:

	 τ τxz
z

z a
= ℑ

−











2 2
	 (8.4.17)

	 τ τyz
z

z a
= ℜ

−











2 2
	 (8.4.18)

Fortunately, in Eq. (8.3.12) and (8.3.18), we have calculated the above 
terms around the crack tip:

	 ℜ
−









 ≅ <<

z
z a

a
r

r a
2 2 2 2

cosθ 	 (8.4.19)

	 ℑ
−









 ≅ − <<

z
z a

a
r

r a
2 2 2 2

sinθ 	 (8.4.20)

By substituting Eqs. (8.4.19) and (8.4.20) into Eqs. (8.4.17) and (8.4.18) 
we calculate the stresses around the crack tip, that is, when z a→  as 
follows:

	 τ τ
θ

xz
a
r

= −
2 2
sin 	 (8.4.21)

	 τ τ
θ

xz
a
r

=
2 2
cos 	 (8.4.22)
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We define the stress intensity factor (SIF) in mode III, or KIII in a similar 
way to modes I and II, that is,

	 K aIII =τ π 	 (8.4.23)

If we substitute Eq. (8.4.23) into Eqs. (8.4.21) and (8.4.22) then we have:

	 τ
π

θ
xz

IIIK
r

=
−
2 2

sin 	 (8.4.24)

	 τ
π

θ
yz

IIIK
r

=
2 2

cos 	 (8.4.25)

We multiply both sides of Eqs. (8.4.24) and (8.4.25) into  and also 
set θ = 0  then we have:

	 K rIII r yz= ( )→ =
lim 0 0

2π τ
θ 	 (8.4.26)

We can conclude that, SIF in mode III fracture can be obtained from 
Eq. (8.4.26). Therefore, shear stress in vicinity of crack should be studied 
and this can be done by FEM. It should be remembered that the photo-
elasticity cannot measure out of plane stress and only numerical FEM type 
method to investigate on Mode III fracture.
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9.1  PLASTIC ZONE IN VICINITY OF CRACK TIP

In the previous chapters we discussed only about linear-elastic fracture 
mechanic (LEFM), in this theory the material is elastic and as we approach the 
crack tip, the stress value is going up and it can approach infinity. The LEFM 
is valid for brittle material like glass, and also some metals at low temperature.

The reason for validity of LEFM in these cases is because the plas-
tic zone is very small and can be neglected. The rupture phenomenon is 
called brittle fracture in which fast fracture occurs. If the temperature in 
metals rises and if loading exceeds beyond a limit then the plastic zone 
becomes increasingly significant, and we cannot apply LEFM to study 
the fracture phenomena. In this case elastic-plastic fracture mechanic 
(EPFM) occurs.

One of the methods that can deal with plasticity around the crack, 
is finding an equivalent LEFM that can analyze EPFM. This technique 
is sometimes very useful, but occasionally the numerical FEM and 
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experimental photo-elastic methods are also used. There is another branch 
of fracture mechanics that also covers EPFM and also fracture in nonlinear 
materials (does not obey Hook’s law), which is called “nonlinear fracture 
mechanics” and such topic is beyond the scope of this book.

Before we make any connection between EPFM and ELFM, first we 
need to study the size of the plastic zone around the crack tip. Knowledge 
about the size of plastic region around the crack tip, enables, the best cali-
bration of equivalent LEFM, to be applicable to EPFM. The most impor-
tant question in EPFM is what is fracture toughness? This may sounds 
simple, but it helps the scientists to prepare appropriate samples to mea-
sure fracture toughness in EPFM by standard tests.

Knowledge about plastic yield criteria, is a key parameter in determi-
nation of the size of the plastic region. Yield criteria have been studied in 
many engineering courses in solid mechanics, including in the first part of 
this book. One of the well known criteria that is also explained in part one 
of the book is Von Mises yield criteria, which simply stating that if the 
total distortional strain energy, approaches the yield strain energy in uni-
axial state of the stress, then we can claim that the material is plastically 
yielded. One way of writing the Von Mises law for yielding is expressing 
it in terms of the principal stresses into this form:

	 σ σ σ σ σ σ σI II II III III I p−( ) + −( ) + −( ) =2 2 2 22 	 (9.1.1)

In Eq. (9.1.1) σ p is the yield stress (not rupture stress) in simple uni-axial 
tensile test and σ I, σ II and σ III are the principal stresses. These princi-
pal stresses are different from the ones that we described Eqs. (8.1.15), 
(8.1.16) and (8.1.17), we rewrite those again, that is,

	 σ
π

θ θ θ
y

IK
r

= −





2 2

1
2

3
2

cos sin sin 	 (9.1.2)

	 σ
π

θ θ θ
x

IK
r

= +





2 2

1
2

3
2

cos sin sin 	 (9.1.3)

	 τ
π

θ θ θ
xy

IK
r

=
2 2 2

3
2

sin cos cos 	 (9.1.4)
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It should be reminded that there is not the term −σ  in Eq. (9.1.3), as it 
appears in Eq. (8.4.16), the reason is that the remote stress σ  is very small 

compared to the stresses at crack tip, or we can say σ
π

<< <<
K
r

r aI

2
, 

therefore, ignoring the term −σ  in Eq. (9.1.3) can be justified. Now we have 
to find out what is the relationship between σ y, σ x and τ xy with the principal 
stresses σ I , σ II  and σ III? The answer to this question is given in elementary 
solid mechanics by the Mohr circle, in which the relationship between the 
principal stresses and the general stresses can be found from the following 
formulas (see Fig. 9.1).

	 σ
σ σ σ σ

τI
x y x y

xy=
+

+
−







 +

2 2

2
2 	 (9.1.5)

	 σ
σ σ σ σ

τI
x y x y

xy=
+

−
−







 +

2 2

2
2 	 (9.1.6)

In the left side the Mohr circle is drawn which clarifies the structure of the 
formulas in Eqs. (9.1.5) and (9.1.6). If we add up Eqs. (9.1.2) and (9.1.3) 
halve the result then we have:

	
σ σ

π
θx y IK

r
+

=
2 2 2

cos 	 (9.1.7)

FIGURE 9.1  Mohr circle.
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If we take away Eq. (9.1.2) from Eq. (9.1.3) and halve the result then 
we have:

	
σ σ

π
θ θ θx y IK

r
−

=
2 2 2 2

3
2

cos sin sin 	 (9.1.8)

If we substitute Eqs. (9.1.7), (9.1.8) and (9.1.4) into Eqs. (9.1.5) and (9.1.6) 
then we have:

σ
π

θ
π

θ θ θ θ θ θ
I

I IK
r

K
r

= + 





 +

2 2 2 2 2
3
2 2 2

32

cos cos sin sin sin cos cos
22

2








σ
π

θ
π

θ θ θ θ θ
II

I IK
r

K
r

= − 





 +

2 2 2 2 2
3
2 2 2

32

cos cos sin sin sin cos cos θθ
2

2








It is obvious that the above equations can be simplified into:

σ
π

θ
π

θ θ θ θ
I

I IK
r

K
r

= + +
2 2 2 2 2

3
2

3
2

2 2

1

cos cos sin sin cos
� ���� ����

σ
π

θ
π

θ θ θ θ
II

I IK
r

K
r

= − +
2 2 2 2 2

3
2

3
2

2 2

1

cos cos sin sin cos
� ���� ����

The final simplified form is:

	 σ
π

θ θ
I

IK
r

= +





2 2

1
2

cos sin 	 (9.1.9)

	 σ
π

θ θ
II

IK
r

= −





2 2

1
2

cos sin 	 (9.1.10)
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With plane stress state we have σ III = 0 and the Eq. (9.1.1) can be rewritten 
into this form:

	 σ σ σ σ σI II I II p
2 2 2+ − = 	 (9.1.11)

The above equation is also well known an shown in many solid mechanic 
books. If we substitute Eqs. (9.1.9) and (9.1.10) into Eq. (9.1.11) then 
we have:

K
r

I

2
2
1

2 2
1

2
2 2

2
2

2

π

θ θ θ θ










+





 + −






 +cos sin cos sin

coss sin sin2

2

2
1

2
1

2
θ θ θ

σ

+





 −



























= p

Exercise 9.1.1: Simplify the above equation

Solution: By factorization and simplification we have the following form: 
K
r

I

2 2
1

2
1

2
1

2

2 2 2
2

π
θ θ θ θcos sin sin sin









 +






 + −






 + −




















=σ p
2 and will 

change to:

K
r

I
p2 2

2 2
2 2

2

2 2 2 2

π
θ θ θ

σ








 + −






 =cos sin cos , then from the trigonometry 

the form will change to:	 K
r

I
p2 2

1 3
2

2

2 2 2

π
θ θ

σ








 +






 =cos sin  by multiply-

ing cos2
2
θ  to the bracket:

K
r

I
p2 2

3
2 2

2

2 2 2 2

π
θ θ θ

σ








 +






 =cos sin cos  and again by using full arc 

formulas:

	 K
r

I
p2

1
2

3
4

2

2 2

π
θ

θ σ










+
+






 =

cos sin 	
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The r that can be found from the above formula is specified by rp or radius 
of the plastic zone in vicinity of the crack. The above equation then will be:

	 K
r
I

p
p2

1 3
2

22 2

π
θ θ σ+ +






 =cos sin 	 (9.1.12)

Or:

	 r K
K

p I

I

p

,
cos sin

θ
θ θ

π σ
( ) =

+ +





1 3

2
4

2 2

2 	 (9.1.13)

The advantage of the Eq. (9.1.13) is that it can be drawn on a polar dia-
gram so that distribution of the plastic zone radius around the crack tip can 
be displayed. For the plane strain case σ III ≠ 0 and we need to substitute 
σ υ σ σIII I II= +( ) in the Eq. (9.1.1) then we have:

	 σ σ υ σ υσ υ σ υσ σI II II I I II p−( ) + −( ) −( ) + −( ) −( ) =2 2 2 21 1 2 	

Exercise 9.1.2: Simplify the above equation

Solution: We can factorize the terms σ I
2, σ II

2  and also σ σI II then we have:

1 1 1 1 4 1 2 22 2 2 2 2 2+ −( ) +( ) + + −( ) +( ) − −( ) − =υ υ σ υ υ σ υ υ σ σ σ σ σI II I II I II p
22

and by factorizing we have, 2 1 4 1 6 22 2 2 2 2σ σ υ υ σ σ υ υ σ σ σI II I II I II p+( ) + −( )+ + −( ) − =

2 1 4 1 6 22 2 2 2 2σ σ υ υ σ σ υ υ σ σ σI II I II I II p+( ) + −( )+ + −( ) − =  and then further simplification we have:

	 σ σ υ υ σ σ σI II I II p+( ) + −( )− =2 2 21 3 	 (9.1.14)

If we add up Eqs. (9.1.9) to (9.1.10) and the square both sides we have:

	 σ σ
π

θ
I II

IK
r

+( ) =










2
2

24
2 2

cos 	 (9.1.15)

If we multiply Eqs. (9.1.9) to (9.1.10) then we have:

	 σ σ
π

θ
I II

IK
r

=








2 2

2

4cos 	 (9.1.16)
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If we substitute Eqs. (9.1.16) and (9.1.15) into Eq. (9.1.14) then we have:

	 K
r

I
p2 2

4 1 3
2

2

2 2 2 2

π
θ

υ υ
θ

σ








 + −( ) −






 =cos cos 	

Exercise 9.1.3: Modify the above equation into an appropriate form

Solution: By trigonometry and multiplication the above equation changes to:
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I
p2 2

4 4 4 3 1
2

2

2 2 2 2

π
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υ υ
θ

σ



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


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


 =cos sin , by considering 

cos cos2

2
1
2

θ θ
=

+

and also knowing that 1 4 4 1 22 2+ − = −( )υ υ υ , and then multiply both 
sides to 2, we have:
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I
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1 2 1 6
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θ θ
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





 −( ) +( ) +






 =cos sin cos , from trigonom-

etry we have

6
2 2

3
2

2 2 2sin cos sinθ θ
θ=  and if we substitute into the above we have:
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r

I
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1 2 1 3
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2
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2 2 2

π
υ θ θ σ
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
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
 −( ) +( ) +






 =cos sin

	 (9.1.17)
The r that can be found from the above formula is specified by rp or radius 
of the plastic zone in vicinity of the crack. The above equation then will be:

	 r K
K

p I

I

p

,
cos sin

θ
υ θ θ

π σ
( ) =

−( ) +( ) +





1 2 1 3

2
4

2 2 2

2 	 (9.1.18)

It is very interesting to compare Eq. (9.1.13) for plane stress case and 
Eq. (9.1.18) for plane strain case. Both have the same form only in plane 
strain the coefficient of 1+( )cosθ  is contracted by the factor 1 2 12−( ) <<υ , 
and then we can conclude that the polar diagram that shows the size of rp 
in plane strain state is much smaller and this fact is shown in Fig. 9.2, in 
which the dashed area is the plastic zone for plain strain case.
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We can conclude that, since the plastic region in plane strain state is 
very small (see Fig. 9.2), for measuring the fracture toughness by the exper-
iment it is better to conduct the test sample in plane strain case. This means 
that the thickness of the sample should be much higher, so that plane strain 
can be implemented. Therefore, fracture toughness test are expensive needs 
powerful machines to apply higher load to cause-to-cause fast fracture, 
thereby measuring the fracture toughness. In the next section we discuss 
how the Irwin provided some instructions to conduct tests in EPFM.

9.2  IRWIN ANALYSIS OF EPFM

Irwin is the founder of the modern fracture mechanics. The first question 
for him was that in ductile fracture (Fig. 9.3) there is plastic zone around 
the crack tip, can we still use LEFM to analyze this? The answer is not 
easy because as we saw in the last section that radius of plastic zone is 
function of, θ, that is, r Kp I ,θ( ).

We saw that the size for plain strain case is much smaller. Irwin pro-
posed an approximate method in which he calculated limθ σ→0 y and we 

FIGURE 9.2  Plastic zone.

FIGURE 9.3  Stress distribution.
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write it again, that is, lim lim cos sin sinθ θσ
π

θ θ θ
→ →= −






0 02 2

1
2

3
2y

IK
r

which can be simplified to:

	 σ
πθy
IK
r=

=
0 2

	 (9.2.1)

Then he argued that the stress cannot exceed σ p or the yield stress, and 
therefore in Eq. (9.2.1) we substitute r ry=  to find out the corresponding 
radius for σ σy p= , that is,

σ
π

σ
πp

I

y
p

I

y

K
r

K
r

= ⇒ =
2 2

2
2

 which results:

	 r K
y

I

p

=










1
2

2

π σ
	 (9.2.2)

We rewrite the Eq. (9.1.14) again, that is,

	 σ σ υ υ σ σ σI II I II p+( ) + −( )− =2 2 21 3 	 (9.2.3)

The principal stresses are given by Eqs. (9.1.9) and (9.1.10), and if we set 

θ = 0, then σ σ σ
πθ θ

' = = =
= =I II

IK
r0 0 2

, for plane stress case we need to 

set υ = 0 in Eq. (9.2.3) and if we set σ σ σ
θ θ

' = =
= =I II0 0

 as well, the equa-

tion will change to: 2 3
2 2 2σ σ σ' '( ) − = p, or σ σ' = p

which means that to reach the yield condition around crack σ σ' → p. It 
is obvious that for plain strain condition yield condition will be different. 
It is obvious that Eq. (9.2.2) can be valid for Von Mises yield condition. 
According to Fig. 9.4, in the first instance it seems that in zone with radius 
ry, the stress is uniform with value σ p and after that stress is declining. 
Irwin showed that, the above assumption cannot be correct.
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He says that, for using LEFM to analyse EPFM, initially it is necessary 
to assume that in vicinity 0 < <r ry the material is hypothetically elastic 
(not really) then next step is to calculate how much force is necessary to 
keep the static equilibrium. The force per unit of thickness is F

B
 and can 

be calculated as follows:

F
B

r dr K
r
dr K ry

r
I

r
I r

y y
y= ( ) = = ( )∫ ∫σ

π π0 0

1 2

02 2
2 /  which after substitution of 

upper bounds:

	 F
B

K rI
y=

2
1 2

π
/ 	 (9.2.4)

Now if we substitute ry from Eq. (9.2.2) into Eq. (9.2.4) then we have:

	 F
B

K K KI I

p

I

p

=
























=
2

1
2

2 1 2
2

π π σ π σ

/

	 (9.2.5)

Then Irwin said that radius of the plastic zone is rp may not be ry but some 
value that can produce same F

B
 in region 0 < <r rp with a constant yield 

stress σ p, that is,

	 F
B

rp p= σ 	 (9.2.6)

FIGURE 9.4  Initial assumption.
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If we compare Eqs. (9.2.5) and (9.2.6) then we have:

	 σ
π σ π σp p

I

p
p

I

p

r K r K
= ⇒ =

2 2

2 	 (9.2.7)

If we compare Eqs. (9.2.2) and (9.2.7) then:

	 r rp y= 2 	 (9.2.8)

Equation (9.2.8) means that the plastic radius is twice the value that we 
initially suggested. Thereafter Irwin said that if we want to use LEFM to 
analyze the problems in EPFM, we need to follow these procedures:

i.	 Displace the crack tip by ry , that is, assume a hypothetical crack 
with the total length 2 a ry+( ) and modify the SIF based on this 
equation:

	 K a ryIm = +( )σ π 	 (9.2.9)

ii.	 In the new virtual crack consider a region 0 < <r ry in which the 
plastic stress σ p is constant (see Fig. 9.5) and this can simulate 
the real situation in which total region is 0 < <r rp in the real crack, 
but half of that region faces opening in the virtual crack.

FIGURE 9.5  Irwin’s suggestion.
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According to Irwin the above statement guarantees that not only the 
static equilibrium can be hold, but also we can use the Eq. (9.2.9) for the 
modified SIF and implement LEFM for analyzing EPFM.

As we mentioned in the virtual crack half of the real plastic region is 
facing the opening and the amount of this opening has been studied before 
in Chapter 7, by Eq. (7.1.12) and now we rewrite it for the virtual crack 
into the following form:

	 v a r xy=
+







 +( ) −

κ
µ

σ
1

4
2 2 	 (9.2.10)

For plane stress state we have, µ
υ

=
+( )
E

2 1
 and κ υ

υ
=

−
+
3
1

 by substituting 
it in Eq. (9.2.10) we have:

	 v
E

a r xy= +( ) −
2 2 2σ 	 (9.2.11)

In Eq. (9.2.11) if we substitute x a= , then we have:

	 v
E

a r a
E

r a rx a y y y= = +( ) − = +
2 2 2

2 2 2σ σ 	 (9.2.12)

Irwin emphasized that his suggestions are valid only if the size of the 
plastic zone is very small, that is, r ay << , therefore in Eq. (9.2.12) we 
can ignore the term ry

2 and then the full crack tip opening displacement 
(CTOD) can be determined by:

	 δ
σ

= ≅=2 4 2v
E

a rx a y 	 (9.2.13)

In Eq. (9.2.13) δ , is a hypothetical value because there is not any opening 
in the crack tip for real crack. However, in the virtual crack that suggested 
by Irwin δ  does exist and later in UK they found out that δ  (CTOD) is an 
important factor in fracture mechanics. If we substitute ry from Eq. (9.2.2) 
into Eq. (9.2.13), then we have:

δ
σ

π σ
σ

π σ
≅









 ≅

2 2 1
2

4
2

E
a K

E
KI

p

I

p

, but we have K aI = σ π  from LEFM 

which is different from KIm in EPFM defined in Eq. (9.2.9) by Irwin. Then 
Eq. (9.2.13) can be fully expressed in terms of KI into this form:
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	 δ
π σ

≅
4 2K
E

I

p

	 (9.2.14)

It is obvious that K KIIm >  confirming that plasticity can increase frac-
ture toughness, and they way of connecting σ p  or yield stress to fracture 
toughness in via δ  (CTOD) in Eq. (9.2.14). This is the only reason of 
δ  being an important parameter. If the applied load (remote stress σ) 
increases then K KI IC→  or the fracture toughness and then δ δ→ C or the 
critical CTOD so that Eq. (9.2.14) will be:

	 δ
π σC

IC

p

K
E

≅
4 2

	 (9.2.15)

In Chapter 7, we have discussed about critical energy release rate or GC
which is important in fracture mechanics and is related to fracture tough-
ness by Eq. (7.2.15), which for plane stress case is:

	 G K
EC
IC=
2

	 (9.2.16)

Substituting Eq. (9.2.16) into Eq. (9.2.15) results:

	 GC p C≅ 







π
σ δ

4
	 (9.2.17)

Importance of critical CTOD δC can be revealed by Eq. (9.2.17), which 
provides a criteria for finding GC  in EPFM.

For plane strain situation, the conclusions are different. for plane strain 
case we need to set υ ≠ 0 in (9.2.3) and if we set υ =1 3/  and also con-

sidering that σ σ σ
πθ θ

' = = =
= =I II

IK
r0 0 2

, the equation will Eq. (9.2.3) 

change to: 7 9 2 3
2 2 2/ ' '( )( ) − =σ σ σ p, or σ σ' = 3 p  which means that to 

reach the yield condition around crack σ σ' → 3 p  for υ =1 3/ .
In previous section, we said that always use plane strain state for con-

ducting the tests to measure the fracture toughness KIC, because in plane 
strain case, plastic zone is small and LEFM can be implemented.
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When Irwin first conducted tests to measure the fracture toughness, he 
used a cracked rod. However, for plane strain case, the thickness of the 
sample should be big, otherwise the Eq. (9.2.3) is not applicable. Therefore, 
he said that for a cracked rod σ σ' = 3 p, the proof is not available in pub-
lic domain. He insisted that for doing any fracture toughness test, it is nec-
essary that crack length a, thickness B and the width W  should be much 
bigger than plastic radius rp and then he proposed the following relation:

	 a W B ry, , ≥ 50 	 (9.2.18)

If in Eq. (9.2.2) we change σ p to 3 σ p then:

	 r K
y

IC

p

=












1
2 3

2

π σ
	 (9.2.19)

If we substitute Eq. (9.2.19) into Eq. (9.2.18) then we have:

a W B KIC
p

, , ≥










50
6

2

π σ
 and since 50

6
2 5

π
≅ . , then Eq. (9.2.18) will change to 

a formula in standard, that is,

	 a W B KIC
p

, , .≥








2 5
2

σ
	 (9.2.20)

In ductile material KIC is very big, and according to Eq. (9.2.20) not only a 
big specimen should be made, the rack size should also be big. Generating 
such big cracks in large samples needs a fatigue machine to run to gener-
ate a big crack in large sample and after that the fracture toughness test 
can be carried out. Therefore, experiments in fracture mechanics are very 
expensive and sometimes-numerical simulations are preferred.

9.3  WESTERGAARD FUNCTION FOR CONCENTRATED FORCE 
ON CRACK FACE

In this section, we study about the stress function, when a concentrated 
force (Fig. 9.6) is applied to the crack face and then determine SIF for that. 
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The purpose is further investigation into EPFM and analyze the Dugdale 
method. It is obvious that Westergaard functions in this case have simple 

form, that is, at z a=  and also z a= −  therefore 1
2 2z a−

 will be part of 

that function. Moreover, in point z b= , the stress is Moreover, in point 

z b= , the stress is singular and this necessitates the factor 1
z b−

 as well. 
We showed that Westergaard function has the simplest form and therefore 
it can take this form:

	 Z z C
z b z a

I ( ) =
−( ) −2 2

	 (9.3.1)

In Eq. (9.3.1), C  is a coefficient that should be determined. If rewrite 
Eq. (7.3.12) over the x  axis or y = 0 again we have:

	 σ y IZ z A= ℜ ( )( ) + 	 (9.3.2)

In Eq. (9.3.2), A = 0, since we have concentrated force and the remote 
stress σ = 0, therefore we have:

	 σ y y

C
x b x a=

=
−( ) −0 2 2

	 (9.3.3)

Then we can write:

P dx dx C dx
x b x a

C dx
x b x a

y y

a

y y
a

a

a

= + =
−( ) −

+
−( ) −=

−∞
=

∞

−∞

∞

∫ ∫ ∫σ σ
0 0 2 2 2 2∫∫

FIGURE 9.6  Concentrated force.
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		  (9.3.4)

Equation (9.3.4) is static equilibrium equation and to perform the above 
integrals we set x b u− = , and then we have x a u bu b a2 2 2 2 22− = + + − , 
and then (9.3.4) becomes:

	 P C du
u u bu b a

C du
u u bu b a

a b

a b

=
+ + −

+
+ + −−∞

− −

−

∞

∫ ∫2 2 2 2 2 22 2
	 (9.3.5)

Exercise 9.3.1: Evaluate the integrals in Eq. (9.3.5)

Solution: By using symbolic math toolbox in MATLAB we have:

	

F u du
u u bu b a

b b a
u

b a
u

u bu b a

( ) =
+ + −

=

− −
−

+
−

+ + −









∫ 2 2 2

2 2 2 2
2 2 2

2

2ln 

−b a2 2
	

(9.3.6)

Considering Eq. (9.3.6) we can write Eq. (9.3.5) into this form:

	 P F a b F F F a b= − −( )− −∞( ) + ∞( ) − −( )












0
� ��� ��� 	 (9.3.7)

We have: F

b b a
u

b a b
u

b a
u

b a
u±∞( ) =

− −
−

+ − + +
−









−
→∞lim

ln
2 2

2 2
2 2

2

2 2

1 2

 

which results:

	 F F
b b a

b a
∞( ) = −∞( ) =

− + −( )
−

ln 2 2

2 2
	 (9.3.8)
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F a b

b b a
a b

b a
a b

a b b a b b a

− −( ) =

− −
−

− −
+

−
− −

− −( ) + − −( ) + −ln
2 2 2 2

2 2 2

0

2� �������� �������















−b a2 2
 which 

results:

	 F a b
b a b

b a
a

b a
− −( ) =

− + −( )
−

=
−

−

ln ln
2 2 2 2

	 (9.3.9)

F a b

b b a
a b

b a
a b

a b b a b b a

−( ) =

− − −
−

+ −
−

−( ) + −( ) + −ln
2 2 2 2

2 2 2

0

2� ������ �������













−b a2 2
 

which results:

	 F a b
b a b

b a

a

b a
−( ) =

− − −( )
−

=
− −( )

−

ln ln
2 2 2 2

	 (9.3.10)

We substitute Eqs. (9.3.8), (9.3.9) and (9.3.10) into Eq. (9.3.7), then 
we have:

	 P a
b a

a

b a
C

C

b a
=

−

−
+

−( )
−









 =

−( )
−

ln ln ln
2 2 2 2 2 2

1
	 (9.3.11)

However we have ln ln−( ) = ( ) =1 e iiπ π, also we have b a i a b2 2 2 2− = − 

b a i a b2 2 2 2− = −  substituting in Eq. (9.3.11) provides:

P iC
i a b

C P a b
=

−
⇒ =

−π
π2 2

2 2

, then (9.3.11) will change to:

	 Z z P a b
z b z a

Ir ( ) =
−

−( ) −

2 2

2 2π
	 (9.3.12)
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The index r in (9.3.12) means that, concentrated force is applied in the 
right side of the crack. Now consider a pair of forces (one in right the other 
in left) shown in Fig. 9.7, both with distance b from middle of the crack, 
in this case we use superposition principle according to Fig. 9.8., and we 
are allowed to do so, because the governing equations (bi-harmonic) are 
linear. We need to introduce Z zIl ( ) as well which is:

	 Z z P a b
z b z a

Il ( ) =
−

+( ) −

2 2

2 2π
	 (9.3.13a)

According to the superposition principle Z zI ( ) for the pair of force 
is summation of Z zIl ( )  and Z zIr ( ), that is, Z z Z z Z z P a b

z a z b z bI Ir Il( ) = ( ) + ( ) =
−

− −
+

+








2 2

2 2

1 1
π

  

Z z Z z Z z P a b
z a z b z bI Ir Il( ) = ( ) + ( ) =

−

− −
+

+








2 2

2 2

1 1
π  

which can be simplified to:

	 Z z P z a b
z b z a

I ( ) =
−

−( ) −

2 2 2

2 2 2 2π
	 (9.3.13b)

FIGURE 9.7  Pair of forces.

FIGURE 9.8  Superposition principle.
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In order to find the SIF in this case, we need to return to Chapter 8, and 
rewrite, Eq. (8.1.6), that is,

	 K z a Z zI z a I= − ( )→2π lim 	 ( 8.1.6)

If we substitute Eq. (9.3.13b) in Eq. (8.1.6) then we have:

K z a P z a b
z b z a

I z a= −
−

−( ) −













→2 2 2 2

2 2 2 2
π

π
lim , but it can be simplified 

since:

lim limz a z a
z a
z a z a a→ →

−

−









 =

+









 =

2 2

1 1
2

 and if we substitute this 

SIF will be:

	 K
P a

a b
I =

−

2
2 2

π

π
	 (9.3.14)

To describe the Dugdale method, in the next section we need to have a for-
mula that shows the SIF when in a crack with the length 2 a +( )ρ , a yield 
stress σ p is applied in a region between a and a + ρ shown in Fig. 9.9, then 
Eq. (9.3.14) will help to find out the SIF for such case, it is only necessary 
to replace a a⇔ + ρ  and P dbp⇔ σ  also K dKI I⇔  in Eq. (9.3.14), the 
Eq. (9.3.14) will be:

FIGURE 9.9  Distributed force.
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	 dK
a db

a b
I

p=
+( )

+( ) −

2
2 2

σ π ρ

π ρ
	 (9.3.15)

If we integrate from Eq. (9.3.15), the SIF as a result of distributed stress in
σ p the region a b a< < + ρ  in each side of the crack.

K
a

a b
db

a db

a b
I

p

a

a
p

a

a

=
+( )

+( ) −
=

+( )
+( ) −

+ +

∫ ∫
2 2

2 2 2 2

σ π ρ

π ρ

σ π ρ

π ρ

ρ ρ

		  (9.3.16)

Exercise 9.3.2: Evaluate the integral db

a ba

a

+( ) −

+

∫
ρ

ρ

2 2

Solution: We can use the symbolic math toolbox in MATLAB and integrate 
versus the variable b with lower bound a and the upper bound a + ρ , the 
following script file is needed:

syms b a ro

A=1/sqrt((a+ro)^2b^2)

B=int(A, b, a, (a+ro))

The result which is given by MATLAB is:

	 db

a b

a
aa

a

+( ) −
= −

+










+
−∫

ρ

π
ρ

ρ

2 2

1

2
sin 	 (9.3.17)

We assume that the arc in Eq. (9.3.17) is π
ρ

β
2

1−
+









 =−sin a

a
 and if we take 

cosine of this expression then we have, cos cos sin sin sinβ
π

ρ ρ
= −

+


















 =

+




















− −

2
1 1a

a
a

a
 

cos cos sin sin sinβ
π

ρ ρ
= −

+


















 =

+




















− −

2
1 1a

a
a

a
 then it is obvious that cosβ

ρ
=

+
a

a
 and results 

β
ρ

=
+











−cos 1 a
a

 by substituting this in Eq. (9.3.17):
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	 db

a b

a
aa

a

+( ) −
=

+










+
−∫

ρ ρ

ρ

2 2

1cos 	 (9.3.18)

If we substitute Eq. (9.3.18) into Eq. (9.3.16) then we have:

	 K
a a

aI
p=

+( )
+











−
2 1σ π ρ

π ρ
cos 	 (9.3.19)

Equation (9.3.19) is very important in the next section and by that we can 
explain Dugdale method for EPFM.

9.4  ANALYSIS OF EPFM AND CTOD USING DUGDALE 
METHOD

Dugdale method is similar to the one proposed by Irwin, but it is appli-
cable to plane stress case only and can be explained by superposition 
principle.

Since in plane stress state, plastic region is much bigger and the yield 
stress σ p can occupy a region ρ in each side of the crack, it is fare to 
assume that the remote stress σ  which is applied to all the remote border 
(see Fig. 9.10) can stay in static equilibrium with σ p in a bound region 
a b a< < + ρ .

This means if we apply a compressive stress to close the hypothetical 
crack with half length a + ρ, the resulted configuration has zero SIF since 
the net force is zero, this is described via superposition in Fig. 9.11.

FIGURE 9.10  Plastic region and body.
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The compressive stress σ p in the region a b a< < + ρ wants to close 
the hypothetical region of the crack and it produces a negative SIF called 
KY and we studied its absolute value in previous section. Meanwhile the 
remote stress σ  can produce a positive Kσ  which is matching with crack 
length 2 a +( )ρ , the algebraic sum will be zero, that is,

	 K KY + =σ 0 	 (9.4.1)

The Kσ  is:

	 K aσ σ π ρ= +( ) 	 (9.4.2)

Subject to satisfaction of Eq. (9.4.1) we can use ELFM and analyze the 
problems in EPFM, KY is the same as Eq. (9.3.19), only we need to change 
to the minus sign, substituting Eq. (9.3.19) with minus sign and Eq. (9.4.2) 
into Eq. (9.4.1) we have:

	 σ π ρ
σ π ρ

π ρ
a

a a
a

p+( ) −
+( )

+








 =−

2
01cos 	 (9.4.3)

If we divide Eq. (9.4.3) to π ρa +( )  then we have:

σ
σ
π ρ ρ

π σ
σ

−
+









 = ⇒

+








 =− −2

0
2

1 1p

p

a
a

a
a

cos cos  which finally results:

	 a
a p+

=








ρ

π σ
σ

cos
2

	 (9.4.4)

In Eq. (9.4.4) if σ σ<< p  or σ
σ p

<<1 we can write:

FIGURE 9.11  Superposition of remote stress and yield stress.
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cos sinπ σ
σ

π σ
σ

π σ
σ2

1 2
4

1
8

2
2 2

2
p p p









 = −









 ≅ −  and then Eq. (9.4.4) will 

change to:
a

a a a p+
= −

+
≅ − ≅ −

ρ
ρ

ρ
ρ π σ

σ
1 1 1

8

2 2

2  which results an approximate for-

mula for ρ :

	 ρ
π σ

σ
≅











2
2

8
a

p

	 (9.4.5)

If we use ELFM definition K aI = σ π  and substitute in (9.4.5) we have 
another form:

	 ρ
π

σ
≅









8

2
KI
p

	 (9.4.6)

If we compare Eq. (9.4.6) with Eq. (9.2.7), which gives Irwin’s calcula-
tion for rp, then we find out that ρ > rp, now the question is how can we 
calculate δ  or CTOD in this approach? For this we need to go to Chapter 
7, and use Eq. (7.2.14) again which is:

	 K H G EGI = =  for plane stress	 (7.2.14)

Equation (7.2.14) is applicable to any case including KY  and we can write:

	 K EGY Y
2 = 	 (9.4.7)

In Eq. (9.4.7) the GY  is the strain energy release rate that is studied thor-
oughly in Chapter 7 and we rewrite again.

	 G U
aY

Y=
∂

∂ +( )ρ
	 (9.4.8)

The strain energy can be expressed in terms of σ p  and the crack opening 
v a b,( ), a  and b  are explained in Section 9.3, 

	 U v b a dbY p Y= ( )∫
1
2

σ , 	 (9.4.9)

By substituting Eq. (9.4.9) into Eq. (9.4.8) we have:
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	 G U
a

v b a
a

dbY
Y

p
Y=

∂
∂ +( )

=
∂ ( )
∂ +( )∫ρ

σ
ρ

1
2

,
	 (9.4.10)

From Eq. (9.4.7) we have G K
EY
Y=
2

 and if we substitute in Eq. (9.4.10) 
we have:

	 1
2

2

σ
ρp

Y Yv b a
a

db K
E

∂ ( )
∂ +( )

=∫
,

	 (9.4.11)

By further manipulation (9.4.11) can change to:

	 K E
K

v b a
a

dbY p
Y

Y=
∂ ( )
∂ +( )∫σ

ρ2
,

	 (9.4.12)

From Eq. (9.4.12), we define a Kernel function m a b,( ) like this:

	 m a b E
K

v b a
aY

Y,
,( ) =

∂ ( )
∂ +( )2 ρ

	 (9.4.13)

Then Eq. (9.4.12) can be written in an abbreviated form:

	 K m a b dbY p= ( )∫σ , 	 (9.4.14)

If we compare Eq. (9.4.14) with Eq. (9.3.16) we can find the Kernel func-
tion, that is,

	 m b a a

a b
,( ) =

+

+( ) −

ρ
π ρ

1
2 2

	 (9.4.15)

Equation (9.4.15) is necessary for the calculation of vY, we also need to 
calculate vσ  which is the result of remote stress σ  and vY  is the result of 
plastic stress σ p . Determination of vσ  is straightforward from Chapter 7, 
Eq. (7.1.12) we write it again.

	 v x a x( )=
+







 −

κ
µ

σ
1

4
2 2 	 (7.1.12)
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The parameters κ  and  µ are defined in chapter one by Eq. (6.4.26) written 
here again:

	 µ
υ

=
+( )
E

2 1
  κ

υ
υ

=
−
+
3
1

	 (6.4.26)

Then we κ υ
υ υ

+ =
−
+

+ =
+

1 3
1

1 4
1

 for plane stress case and in Eq. (7.1.12) 
we need to replace a a⇔ + ρ  and also x b⇔ , then we have:

	 v
E

a bσ
σ

ρ= +( ) −
2 2 2 	 (9.4.16)

If we examine Eq. (9.4.4) we have:

	

a
a

a
a

a
a

p p

p

+
=









 ⇒

=
+









 ⇒ =

+
− −

ρ
π σ

σ
π σ

σ

ρ
σ

σ
π

cos

cos cos

2 2

21 1

ρρ








 	 (9.4.17)

If we substitute Eq. (9.4.17) into Eq. (9.4.16) we have:

	 v
E

a
a

a bp
σ

σ
π ρ

ρ=
+









 +( ) −−4 1 2 2cos 	 (9.4.18)

If we compare Eq. (9.4.15) and Eq. (9.4.13) then we have:

E
K

v b a
a

a a b
Y

Y

2
2 2

1 2∂ ( )
∂ +( )

=
+

+( ) −( )−, /

ρ
ρ

π
ρ  therefore, we can write:

	
∂ ( )
∂ +( )

=
+

+( ) −( )−v b a
a

K
E

a a bY Y, /

ρ
ρ

π
ρ

2 2 2
1 2

	 (9.4.19)

If we substitute Eq. (9.3.19) with negative sign into Eq. (9.4.19) then 
we have:
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∂ ( )
∂ +( )

=
− +( )

+










+
+( ) −( )−v b a

a E
a a

a
a a bY p,

cos
ρ

σ π ρ

π ρ
ρ

π
ρ

2 2 1 2 2
−−1 2/

simplified to:

	
∂ ( )
∂ +( )

=
−

+










+

+( ) −

−v b a
a E

a
a

a

a b
Y p,

cos
ρ

σ
π ρ

ρ

ρ

4 1

2 2
	 (9.4.20)

For determination of vY  integration versus a +( )ρ  in Eq. (9.4.20) is required, 
that is,

	 v
E

a a
a

a b
d aY

p=
−

+( )
+











+( ) −
+( )

−

∫
4

1

2 2

σ
π

ρ
ρ

ρ
ρ

cos
	 (9.4.21)

Exercise 9.4.1: Evaluate the above integral by using by part integration

Solution: assume 
a d a

a b
dA A a b

+( ) +( )
+( ) −

= ⇒ = +( ) −
ρ ρ

ρ
ρ

2 2

2 2  and then 

B a
a

=
+











−cos 1
ρ

 results dB
a d a

a a a
=

+( )
+( ) +( ) −

ρ

ρ ρ 2 2
 the by part rule is 

BdA B A AdB= −∫ ∫  therefore Eq. (9.4.21) is:

a a
a

a b
d a a b a

a

+( )
+











+( ) −
+( ) = +( ) −

+





−

−∫
ρ

ρ

ρ
ρ ρ

ρ

cos
cos

1

2 2

2 2 1 




−
+( ) −

+( ) − +








 +( )∫

a b

a a

a
a

d a
ρ

ρ ρ
ρ

2 2

2 2

and this yields to:

	

v
E

a b a
a

a b

a a

a
a

Y
p=

−

+( ) −
+









 −

+( ) −

+( ) − +
− ∫

4

2 2 1
2 2

2 2

σ
π

ρ
ρ

ρ

ρ ρ
cos







 +( )















d a ρ 			
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		  (9.4.22)

Dugdale method is based on this statement that, in order to use ELFM to 
analyze EPFM, the crack opening should be calculated from the following 
expression (superposition):

	 v v vY= + σ 	 (9.4.23)

If we substitute Eqs. (9.4.18) and (9.4.22) into Eq. (9.4.23) then we have:

	 v
E

a b

a a

a
a

d ap=
+( ) −

+( ) − +








 +( )













∫

4 2 2

2 2

σ
π

ρ

ρ ρ
ρ 	 (9.4.24)

In order to calculate v which finally leads to CTOD in Dugdale 
approach we need evaluate the integral in Eq. (9.4.24). The author 
used symbolic math toolbox in MATLAB and it was not successful 
after 2 hours CPU time.

Exercise 9.4.2: Determine the integral in Eq. (24) by changing the vari-

able to t
a b

a a
=

+( ) −

+( ) −

ρ

ρ

2 2

2 2

Solution: Then we have t
a b
a a

2
2 2

2 2
=

+( ) −

+( ) −

ρ

ρ
 which results a t t a b+( ) −( ) = −ρ 2 2 2 2 21  

a t t a b+( ) −( ) = −ρ 2 2 2 2 21  and then a t a b
t

+ =
−
−









ρ

2 2 2

2

1 2

1

/

, then we can express d a +( )ρ  

in terms of dt  to be able to integrate d a
a t t t t a b

t

t a b
t

+( )=
−( )− −( )

−( )














−
−


ρ

1
2
2 1 2

1 1

2 2 2 2 2

2 2

2 2 2

2








−1 2/

dt 

d a
a t t t t a b

t

t a b
t

+( )=
−( )− −( )

−( )














−
−


ρ

1
2
2 1 2

1 1

2 2 2 2 2

2 2

2 2 2

2








−1 2/

dt  and after simplification d a
a b t

t

t a b
t

dt+( ) =
− −( )

−( )
−
−











−

ρ
2 2

2 2

2 2 2

2

1 2

1 1

/

 

d a
a b t

t

t a b
t

dt+( ) =
− −( )

−( )
−
−











−

ρ
2 2

2 2

2 2 2

2

1 2

1 1

/

, also a
a

a t a b
t+

=
−
−











−

ρ

2 2 2

2

1 2

1

/

if we substitute all in 

Eq. (9.4.24) we have:

© 2016 by Apple Academic Press, Inc.

  



242	 Mechanics of Finite Deformation and Fracture

v
E

t a t a b
t

a b t

t

t a b
t

p=
−
−











− −( )
−( )

−
−∫

−4
1 1 1

2 2 2

2

1 2 2 2

2 2

2 2 2

2

σ
π

/
























−1 2/

dt  which can be 

simplified to:

	 v
a
E

a b t

t t a b
dtp=

− −( )
−( ) −( )











∫

4
1

2 2 2

2 2 2 2

σ
π

	 (9.4.25)

The integral in Eq. (9.4.25) is versus t, the author tried again to find the 
above integral by MATLAB and the result cannot be simplified.

Exercise 9.4.3: Determine the integral in Eq. (9.4.25) by partial frac-
tion method

Solution: 
− −( )
−( ) −( )

=
−

+
+

+
−

+
+

a b t

t t a b t t t a b t a b

2 2 2

2 2 2 21 1 1
Α Β Μ Ν , it is necessary 

to find Α Β Μ Ν, , ,  to do this we use the equivalence of the numerator, that is,

	
− −( )
−( ) −( )

=

−( ) +( ) + −( ) −( )
+a b t

t t a b

t a b t t a b t
2 2 2

2 2 2 2

2 2 2 2 2 2

1

1 1Α Β

tt a b t ta b t

t t a b

+( ) −( ) + −( ) −( )
−( ) −( )

2 2

2 2 2 2

1 1

1

Μ Ν
	

t3 coefficient	 Α Β Μ Ν+( ) + +( ) =a a2 0		  I
t coefficient	 − +( ) − +( ) =Α Β Μ Νb a2 0		  II
t 2 coefficient	 Α Β Μ Ν−( ) + −( ) = − −( )a b a b2 2 2 	 III
t0 coefficient	 − −( ) − −( ) =Α Β Μ Νb b2 0		  IV

III+IV results Α Β Α Β−( ) −( ) = − −( ) ⇒ − = −a b a b2 2 2 2 1 and I+II 
results Α Β Α Β+( ) −( ) = ⇒ + =a b2 2 0 0, then Α = −1

2 and Β = 12, then 
we substitute and find out that Μ Ν+ = 0 and from III we have Μ Ν− = b, 
therefore Μ = b

2 and Ν = −b
2 by substituting Α Β Μ Ν, , ,  in Eq. (9.4.25) 

we can write:
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v
a
E

dt
t

dt
t

bdt
t a b

bdt
t a b

p=
−

−( )
+

+( )
+

−( )
−

+( )










∫

4
2 1 2 1 2 2

σ
π

and after per-

forming the integration:

v
a
E

t t b
a

at b b
a

at bp= − −( ) + +( ) + −( ) − +( )









4 1
2

1 1
2

1
2 2

σ
π

ln ln ln ln  

simplified form is:

	 v
a
E

t
t

b
a

t b
a

t b
a

p=
+
−







 −

+

−





























4 1
2

1
1 2

σ
π

ln ln 	 (9.4.26)

Equation (9.4.26) is very important it enables the crack opening v to be 
calculated in any b, particularly if we want to calculate CTOD by Dugdale 
method we need to set b a→  in Eq. (9.4.26)

	 δ
σ
π

= =
+
−







 −

+

−




















→lim ln lnb a

pv
a
E

t
t

b
a

t b
a

t b
a

2
8 1

2
1
1 2








	 (9.4.27)

If we set b a→  this means that t →1 the above expression for δ , becomes 
ambiguous and to change the ambiguity we need to use l'Hopital’s rule.

Exercise 9.4.4: Remove the ambiguity from Eq. (9.4.27) by using 
l'Hopital’s rule

Solution: We express inside of the bracket in Eq. (9.4.27) into;

lim

ln

ln
b a
t

t
t

b
a

t b
a

t b
a

→
→

+
−







 −

+

−































1

1
2

1
1

2






=
+( ) − −( ) −

+( ) + −(
→
→

lim
ln ln

ln ln
b a
t

t t

b
a

t b
a

b
a

t b
a

1

1
2

1 1
2

1

2 2 ))


















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lim

ln

ln
b a
t

t
t

b
a

t b
a

t b
a

→
→

+
−







 −

+

−































1

1
2

1
1

2






=
( ) − −( ) −

( ) + −( )







→

→
lim

ln ln

ln ln
b a
t

t

b
a

t b
a

1

1
2

2 1
2

1

1
2

2
2








 

or

lim

ln

ln
b a
t

t
t

b
a

t b
a

t b
a

→
→

+
−







 −

+

−































1

1
2

1
1

2






=
− −( ) +

−( )

















=→
→

→
→

lim
ln

ln
limb a

t
b a
t

t

t b
a

1

1
2

1 1
2

11

1
2

1

ln

t b
a

t

−

−



































Now we substitute instead of t in the above then we can remove ambiguity:

lim ln lim lnb a
t

b a

t b
a

t

a b

a
→
→

→

−

−





























=

+( ) −

+

1

2 2

1
2 1

1
2

ρ

ρρ

ρ

ρ

( ) −
−

+( ) −

+( ) −
−






































2 2

2 2

2 2
1

a
b
a

a b

a a








		  (9.4.28)
Obviously Eq. (9.4.28) is still should be simplified into this:

lim ln lim lnb a
t

b a

t b
a

t
a a b

→
→

→

−

−





























=
+( ) − −

1

2 21
2 1

1
2

ρ bb a

a b a a

ρ ρ

ρ ρ ρ

2

2 2 2

2

2

+

+( ) − − +

 




































, 

then the problem reduces to removing ambiguity from inner bracket, that is,

limb a

a a b b a

a b a a
→

+( ) − − +

+( ) − − +( )
ρ ρ ρ

ρ ρ ρ

2 2 2

2 2 2

2

2
, for using Hoptial rule we need 

to differentiate versus b.

lim limb a b a

a a b b a

a b a a

ab

a
→ →

+( ) − − +

+( ) − − +( )
=

−

+( )ρ ρ ρ

ρ ρ ρ

ρ2 2 2

2 2 2

2

2

22 2

2

2 2

2
−

− +

−

+( ) −

b
a

ab

a b

ρ ρ

ρ
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lim limb a b a

ab

a b
a

ab

a b

ab a a
→ →

−

+( ) −
− +

−

+( ) −

=
− − + +(ρ

ρ ρ

ρ

ρ ρ ρ2 2

2

2 2

2
2

2 )) −

−
=

+







2 2 2b
ab

a
a

ρ	

lim limb a b a

ab

a b
a

ab

a b

ab a a
→ →

−

+( ) −
− +

−

+( ) −

=
− − + +(ρ

ρ ρ

ρ

ρ ρ ρ2 2

2

2 2

2
2

2 )) −

−
=

+







2 2 2b
ab

a
a

ρ
 If we substitute the 

above into Eq. (9.4.28) the 1/2 inside the bracket will be removed and 
Eq. (9.4.27) is:

	 δ
σ
π

ρ
=

+

















8 p a
E

a
a

ln 	 (9.4.29)

By inverting equation (9.4.4) we have a
a p

+
=











ρ π σ
σ

sec
2

 and if we sub-
stitute in (9.4.29).

	 δ
σ
π

π σ
σ

=


































8
2

p

p

a
E

ln sec 	 (9.4.30)

The above equation gives the CTOD in Dugdale method and has an inter-
esting features particularly when σ

σ p

<<1 or σ σ<< p, the term inside 
bracket can be simplified, that is,

	 ln sec π σ
σ

π σ
σ2 8

2 2

2
p p























≅ 	 (9.4.31)

If we substitute Eq. (9.4.31) into Eq. (9.4.30) then we have:

	 δ
π σ

σ
≅

a
E p

2

	 (9.4.32)

However, we know that K aI = σ π  and this change Eq. (9.4.32) into 

δ
σ

≅
K
E

I

p

2

, also in Chapter 2, we saw that G K
E
I=
2

 and this simplifies even 
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further so that δ
σ

≅
G

p

. This leads to a very important equation in EPFM, 

saying that critical CTOD δC is simply related to critical energy release 
rate GC  via following simple relationship:

	 Gc p c≅ σ δ 	 (9.4.33)

The CTOD first introduced by Eq. (9.4.33) in UK, and Irwin was not aware 
of that. This equation saying that in EPFM, the critical energy release rate 
Gc is proportional to δc via the yield stress σ p, in the simplest case. In gen-
eral case we can conclude that: Gc p c= α σ δ , and in Section 9.2 we saw in 
Eq. (9.2.17) that α π= / 4.
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10.1  WESTERGAARD FORMULAS FOR DISPLACEMENTS 
AROUND CRACK TIP

In this section, the aim is studying about the crack opening v, around 
the crack tip. We need to use the results of this section to analyse three-
dimensional cracks. It necessary to rewrite Eq. (6.4.27), which is:

	 2µ κ φ φ ψu i v z z z z+( )= ( ) − ( ) − ( )' ' 	 (6.4.27)

Also in Chapter 7, when we studied Westergaard functions, we said that 
ψ ' z( )  and ϕ z( )  are related via Eq. (7.3.5) as follows:

	 ψ φ φ' 'z z z z A z( ) = ( ) − ( ) + 	 (7.3.5)

Moreover, we rewrite the definition of Westergaard function as well.

	 Z z zI ( ) = ( )2φ ' 	 (7.3.8)
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	 Z z Z z dz zI I( ) = ( ) = ( )∫ 2φ 	 (7.3.10)

According to Eq. (7.3.5) we can find out ψ ' z( )  as follows:

	 ψ φ φ' 'z z z z A z( ) = ( ) − ( ) + 	 (10.1.1)

In this section we want to determine v  only, then it is necessary to evalu-
ate all the imaginary terms in Eq. (10.1.1), that is,

	 ℑ − ( )( ) = ℑ ℜ − ( )( ) − ℑ − ( )( )( ) = ℑ ( )( )φ φ φ φz z i z z 	 (10.1.2)

	

ℑ ( )( ) = ℑ +( ) ℜ ( )( ) + ℑ ( )( )( )( )
= − ℑ ( )( ) − ℜ ( )

z z x i y z i z

x z y z

φ φ φ

φ φ

' ' '

' '(( ) 	 (10.1.3)

	 ℑ( ) = −Az A y 	 (10.1.4)

If we substitute Eq. (10.1.1) into Eq. (6.4.27) we have:

	 2µ κ φ φ φ φu i v z z z z z z A z+( )= ( ) − ( ) − ( ) + ( ) −' ' 	 (10.1.5)

By looking at Eq. (10.1.5) it is obvious that imaginary parts of κ φ z( )  and 
also − ( )z zφ '  are necessary for determination of the crack opening or v
and they are:

	 ℑ ( )( ) = ℜ ( )( ) + ℑ ( )( )( ) = ℑ ( )( )κ φ κ φ φ κ φz z i z z 	 (10.1.6)

	

ℑ − ( )( ) = ℑ − −( ) ℜ ( )( ) + ℑ ( )( )( )( )
= ℑ ( )( ) − ℜ (

z z x i y z i z

x z y z

φ φ φ

φ φ

' ' '

' ' ))( ) 	 (10.1.7)

By substituting Eqs. (10.1.2), (10.1.3), (10.1.4), (10.1.6) and (10.1.7) into 
Eq. (10.1.5) we have:
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2µ κ φ φ φ φ φ φv z x z y z z x z y z= ℑ ( )( ) + ℑ ( )( ) − ℜ ( )( ) + ℑ ( )( ) − ℑ ( )( ) − ℜ ( )' ' ' '(( ) + A y 
2µ κ φ φ φ φ φ φv z x z y z z x z y z= ℑ ( )( ) + ℑ ( )( ) − ℜ ( )( ) + ℑ ( )( ) − ℑ ( )( ) − ℜ ( )' ' ' '(( ) + A y , that can be simplified to:

	 2 1 2µ κ φ φv z y z A y= +( )ℑ ( )( ) − ℜ ( )( ) +' 	 (10.1.8)

If we substitute Eqs. (7.3.8) and (7.3.10) into Eq. (10.1.8) we have a for-
mula in terms of Westergaard functions, i.e.

	 µ
κv Z z y Z z A yI I=

+





ℑ ( )( ) − ℜ ( )( ) +
1
4 2 2

 	 (10.1.9)

For Z zI ( )  in chapter two we use Eq. (7.1.6) given for ϕ z( )  and find 
out that:

	 Z z z a zI ( ) = − −( )σ
2

2 2 2 	 (10.1.10)

For plane strain case κ υ= −3 4 , also µ = G  or shear modulus (not energy 
release rate), then Eq. (10.1.9) will change to:

	 v
G

Z z y
G

Z z A
G
yI I=

−





ℑ ( )( ) − ℜ ( )( ) +

1
2 2

υ
 	 (10.1.11)

Now for a crack we write Z zI ( )  by using Eq. (7.3.17) in chapter two, i.e.

	 Z z z z
z a

I ( ) = ( ) =
−

−








2

2
2 1
2 2

φ
σ' 	 (7.3.17)

From (7.3.24) we had A=
σ
2

, substituting this Eq. (10.1.10) and also 
Eq. (7.3.17) in Eq. (10.1.11) results this:

v
G

z a z y
G

z
z a

=
−






ℑ − −( )






 − ℜ

−
−
















1
2
2

2 2
2 12 2

2 2

υ σ σ


 +

y
G2 2

σ  

which can be simplified to:

	 v
G

z a z y z
z a

= −( )ℑ − −( ) − ℜ
−





















σ
υ

2
1 2

2
22 2

2 2
	 (10.1.12)
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If we want to use Eq. (10.1.12), to determine the crack opening in the vicin-
ity of the crack tip, similar to chapter 8, we should consider z a r ei− = θ , also 
z a a+ ≅ 2  and z a≅  assuming that in vicinity of the crack r a<< . Then 
we can approximate the individual terms in Eq. (10.1.12) in vicinity of the 
crack tip.

ℑ − −( ) ≅ ℑ − + −( ) = ℑ( ) =2 2 2 2 2 2
2

2 2z a z z a z a a a r e a riθ θsin 

ℑ − −( ) ≅ ℑ − + −( ) = ℑ( ) =2 2 2 2 2 2
2

2 2z a z z a z a a a r e a riθ θsin , therefore, we can write:

	 ℑ − −( ) ≅2 2 2
2

2 2z a z a r sinθ 	 (10.1.13)

Also we have:

	 y r r
2 2 2 2

= =
sin sin cosθ θ θ 	 (10.1.14)

ℜ
−









 ≅ ℜ

− +









 ≅ ℜ













2 2 2
22 2

z
z a

a
z a z a

a
r e aiθ

 and if we simplify 

this we have:

	 ℜ
−









 ≅

2 2
22 2

z
z a

a
r
cosθ 	 (10.1.15)

If we substitute Eq. (10.1.13), (10.1.14) and (10.1.15) into Eq. (10.1.12) 
then we have:

	 v
G

a r r a
r

= −( ) −










σ
υ

θ θ θ θ
2

2 1 2
2 2 2

2
2

sin sin cos cos 	

		  (10.1.16)

The stress σ , can be expressed in terms of SIF, or K aI = σ π  if we sub-
stitute in Eq. (10.1.16) we have:

	 v K
G

rI= − −





2 2

2 2
2

2

π
θ

υ
θsin cos 	 (10.1.17)
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In Eq. (10.1.17) the normal displacement v in any point near crack tip 
can be calculated. To find the opening of the crack faces we need to 
set θ π= , in Eq. (10.1.17) and this has been clarified in figure 1, here 
sin π
2
1=  and then Eq. (10.1.17) becomes:

	 v K
G

rI= −( )2
2

1
π

υ 	 (10.1.18)

Equation (10.1.18) is used by Irwin to study three-dimensional cracks, for 
isotropic materials he used the relationship between shear modulus and 

Young modulus, that is, 1
2 1

G E
=

+( )υ
, and substituted into (10.1.18) then 

the result is:

	 v
E

K r
I=

−( )2 1 2
2υ

π
	 (10.1.19)

Although Irwin was the person who defined SIF, sometimes he has used 
another definition, which is Κ I

IK=
π

, and in this case the Eq. (10.1.19) will 
change. We can move to next section now to study three-dimensional cracks.

10.2  ANALYSIS OF THE THREE-DIMENSIONAL CRACKS

Cracks in reality are three-dimensional, and approximating them by two-
dimensional slots is a simplification for the easy analysis. Mathematicians 
have studied three-dimensional cracks, before but they did not achieve 
practical solutions. Irwin is the first who studied three-dimensional cracks 
with elliptic cross section. He derived formulas, which are still used in 
fracture mechanics according to Fig. 10.2.

FIGURE 10.1  Crack face opening.
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252	 Mechanics of Finite Deformation and Fracture

Three-dimensional cracks with elliptical cross sections and major 
diameter 2c  and minor diameter 2a, under the loading will take an ellip-
soidal shape like egg. The crack opening in the centre of ellipse is maxi-
mum given by 2 0v ( v0  in each face) and in the border of the crack, which 
is expressed by this ellipse:

	 x
a

z
c

1
2

2
1
2

2 1+ = 	 (10.2.1)

Irwin assumed z  axis on major diameter and x  on minor diameter and 
the y  axis in direction of the crack opening v. The points x z1 1,  are on the 
crack border, while x z,  are internal points of the crack. Irwin assumed the 
opening function like this:

	 v x
a

z
c

v2
2

2

2

2 0
21= − −









 	 (10.2.2)

The mathematicians before Irwin did assume the same opening function 
in Eq. (10.2.2), but until 1962, no practical solution was available. He 
discussed that even if the method of solution is approximate but if the 
solution satisfies special cases then it can be acceptable.

According to Figs. 10.3 and 10.4, each point P on the ellipse can be 
measured relative to a big circle (radius c) and a small circle (radius b). If 
we draw a normal line into the z  axis and name it PH, then PH crosses the 
big circle at point S, then connect the S to O (the ellipse centre) so that SO, 
forms an angle φ  with the z  axis then we have:

	 OH z c= =1 cosφ 	 (10.2.3)

	 PH x MK= = =1 asinφ 	 (10.2.4)

FIGURE 10.2  Elliptical crack.
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If we draw a line from P parallel to z  axis to intersect the small circle in 
point M, then from this point draw a normal line to z  axis, named MK 
(Fig. 10.5). Then OM and PH intersect each other at point S '  if OM makes 
an angle θ  with the z  axis then we have:
OK
OH

a
c

OM
OS

a
OS

OS c= = = ⇒ =
cos
cos ' '

'θ
θ

 and this confirms that the point S '

is on the big circle and coincides with the point S , therefore it can be 
proved that Eqs. (10.2.3) and (10.2.4) are correct. Moreover, Eqs. (10.2.3) 
and (10.2.4) satisfies the equation of the crack border in Eq. (10.2.1). If we 
differentiate from Eqs. (10.2.3) and (10.2.4) versus φ  then we have:

FIGURE 10.3  Big and small circle.

FIGURE 10.4  The points S, M, P, K and H.

FIGURE 10.5  Internal and border points.
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254	 Mechanics of Finite Deformation and Fracture

	 dz c d1 = − sinφ φ   dx a d1 = cosφ φ 	 (10.2.5)

The infinitesimal crack length on the border is designate by ds and can be 
found by:

	 ds dx dz ds c a d= + ⇒ = +1
2

1
2 2 2 2 2sin cosφ φ φ 	 (10.2.6)

Later we will use Eq. (10.2.6), the important work that Irwin did was the 
conversion of Eq. (10.2.22) in terms of the variable φ , which is not an easy 
task and the details of his derivation is not published anywhere.

The author believes that according to Fig. 10.5, for any point P  on the 
elliptical border of the crack, a normal is drawn to the ellipse and then across 
this normal toward the centre, all the internal points P x z' ,( )  can be defined 
versus θ , the angle of the normal with the z axis and also r, the distance P P'  
across the normal line. Then we have:

	 z z r= −1 cosθ 	 (10.2.7)

	 x x r= −1 sinθ 	 (10.2.8)

We will show later in the section, that he assumed that r  in Eqs. (10.2.7) 
and (10.2.8) is the same as r in Eq. (10.1.19) and he can use that for-
mula for two-dimensional cracks here, in which the r  represents all 
internal points of the three-dimensional crack. However, the complexity 
in Eqs. (10.2.7) and (10.2.8) is the angle θ  that expresses the direction 
normal to the elliptical contours and is different from φ . Dividing x  by 
a  and z  by c  results:

	 x
a

x
a

r
a

= −1 sinθ 	 (10.2.9)

	 z
c

z
c

r
c

= −1 cosθ 	 (10.2.10)

Squaring both sides of Eqs. (10.2.9) and (10.2.10) and adding up together 
gives:

	 x
a

z
c

x
a

r
a

x r
a

z
c

r
c

z r
c

2

2

2

2
1
2

2

2

2
2 1

2
1
2

2

2

2
2 12 2

+ = + − + + −sin sin cosθ θ θ 22 cosθ 	
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From Eqs. (10.2.3) and (10.2.4) we have x
a
1 = sinφ  and z

c
1 = cosφ  also 

we have x
a

z
c

1
2

2
1
2

2 1+ =  and substituting in the above expression results:

	 x
a

z
c

r
a

r
a

r
c

r
c

2

2

2

2

2

2
2

2

2
21 2 2

+ = + − + −sin sin sin cos cos cosθ θ φ θ θ φ 	

		  (10.2.11)

In Eq. (10.2.11) if r a<<  then we can ignore the terms r
a

2

2  and r
c

2

2 when 

compared with 1, so r
a

2

2
2 0sin θ ≅  and also r

c

2

2
2 0cos θ ≅  then Eq. (10.2.11) 

can be approximated by:

	 1 2 22

2

2

2− − ≅ +
x
a

z
c

r
a

r
c

sin sin cos cosθ φ θ φ 	 (10.2.12)

Exercise 10.2.1: Find an expression for θ  direction normal to the ellipti-
cal contour
Solution: From Eq. (10.2.1) the expression for the elliptical border is:

	 x a z
c1
1
2

21= − 	 (10.2.13)

Differentiation of Eq. (10.2.13) results:

	 d x
dz

a z

c z
c

1

1

1

2 1
2

21
=

−

−

	 (10.2.14)

The equation in Eq. (10.2.14) expresses the tangent, and normal line makes 
the following angle:

	 tanθ =
−c z
c

a z

2 1
2

2

1

1
	 (10.2.15)
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256	 Mechanics of Finite Deformation and Fracture

In Eq. (10.2.15) we can substitute z c1 = cosφ  and then we have:

	 tan tanθ φ=
c
a

	 (10.2.16)

	 sin tan
tan

θ
φ

φ
=

+

c
a c2 2 2

	 (10.2.17)

	 cos
tan

θ
φ

=
+

a
a c2 2 2

	 (10.2.18)

By substituting Eqs. (10.2.17) and (10.2.18) into Eq. (10.2.12) we have:

	 2 1
2

2 2 2

2

2 2 2

2

2

r
ac

c
a c

a
a c

x
a

ztan sin
tan

cos
tan

φ φ

φ

φ

φ+
+

+












= − −

22

2c
	 (10.2.19)

Using trigonometry we can simplify the (10.2.19) into:

	 2 2 2

2 2 2 2

2 2

2 2 2 2

r
ac

c
a c

a
a c

sin
cos sin

cos
cos sin

φ

φ φ

φ

φ φ+
+

+












=11

2

2

2

2− −
x
a

z
c

	

�Which, can be simplified to:

	 a c r
ac

x
a

z
c

2 2 2 2
2

2

2

2

2 1cos sinφ φ+( ) = − − 	 (10.2.20)

Substituting Eq. (10.2.20) into Eq. (10.2.2) yields to:

	 v v a c r
ac

2
0
2 2 2 2 2 2

= +( )cos sinφ φ 	 (10.2.21)

r  in Eq. (10.2.21) can be the same as the same as r in (Eq. 10.1.19) rewrit-
ten here:

	 v
E

K r
I=

−( )2 1 2
2υ

π
	 (10.2.22)
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Squaring Eq. (10.2.22) gives v
E

K r
I

2
2 2

2
2

4 1 2
=

−( )υ

π
 and substituting into 

Eq. (10.2.21) results:

	
4 1 2 2

2 2

2
2

0
2 2 2 2 2

−( )
= +( )υ

π
φ φ

E
K r v a c r

acI cos sin 	

Then SIF can be calculated from the above by:

	 K E v
ac

a cI
2

2

2

0
2

2 2 2 2

4 1
=

−


















 +( )π

υ
φ φcos sin 	 (10.2.23)

Considering the fact that energy release rate in plane strain case can be 

calculated by G K
H

K
EI

I I= =

−

2 2

21 υ

 and by substituting Eq. (10.2.23) into this 

we can write:

	 G E v
ac

a cI =
−


















 +( )π

υ
φ φ

4 1 2
0
2

2 2 2 2cos sin 	 (10.2.24)

Equation (10.2.24) is very important and in fact Irwin used this equa-
tion for determination of the energy, which is required to open a three-
dimensional elliptical crack as follows here.

The energy required for the crack opening by the amount of ∆  in nor-
mal direction to its elliptic boundary (see Fig. 10.6) can be calculated by:

	 δ
φ

φ
π

U G ds
d
dI= ∫4

0

2

∆
/

	 (10.2.25)

FIGURE 10.6  Elliptical crack opening.
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The crack opening ∆ moving outward the elliptical boundary and ∆ ds  
is the infinitesimal area swept by the crack movement, that can be inte-
grated over the ellipse periphery. It is necessary to define a function 
∆ φ( )  to be able to perform the integration in Eq. (10.2.25). It is obvious 
that in φ = 0, the crack opening is ∆ 0( ) = c f  in which f <<1  and very 
small. Similarly in φ π= 2, the crack opening is ∆ π

2( ) = a f  also the 
same f <<1. Considering these Irwin proposed the following function 
for ∆ φ( ) :

	 ∆ φ
φ φ

( ) =
+

ac f
a c2 2 2 2cos sin

	 (10.2.26)

From Eq. (10.2.26) it can be found that both ∆ 0( ) = c f  and also 
∆ π

2( ) = a f and it is an appropriate function to be used. Now we can sub-
stitute Eqs. (10.2.26), (10.2.24) and (10.2.6) into Eq. (10.2.25) we have:

δ
π

υ
φ φ

φ
U E v

ac
a c ac f

a c
=

−

















 +( )

+
4

4 1 2
0
2

2 2 2 2

2 2 2
cos sin

cos ssin
sin cos

/

2

2 2 2 2

0

2

φ
φ φ φ

π

c a d+∫  

δ
π

υ
φ φ

φ
U E v

ac
a c ac f

a c
=

−

















 +( )

+
4

4 1 2
0
2

2 2 2 2

2 2 2
cos sin

cos ssin
sin cos

/

2

2 2 2 2

0

2

φ
φ φ φ

π

c a d+∫ and can be simplified to δ
π

υ
φ φ φ

π

U Ev f c a d=
−

+∫0
2

2
2 2 2 2

0

2

1
sin cos

/

  

δ
π

υ
φ φ φ

π

U Ev f c a d=
−

+∫0
2

2
2 2 2 2

0

2

1
sin cos

/

 or an alternative form:

	 δ
π

υ
φ φ φ

π
υ

π

U Ev f c a
c

d E v f c
=

−
+ =

−∫0
2

2
2

2

2
2

0

2
0
2

21 1
sin cos

/ Φ 	(10.2.27)

In Eq. (10.2.27) Φ, is known as elliptic integral and obviously can be cal-
culated by:

	 Φ = +∫ sin cos
/

2
2

2
2

0

2

φ φ φ
π a

c
d 	 (10.2.28)

Irwin calculated the energy release in Eq. (10.2.27) from another approach 
saying that δU  is also depends on the dVc which is the volume change of 
the elliptical crack due to its opening. This can be measured by f <<1 if 
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we assume that dV V fc c= . However, the crack volume can be found from 
V ac vc

area hight

= ( )π����2 0 then we can write:

	 δ π σ σU acv f dVc
volumechange stress

= =2 0




	 (10.2.29)

By equating δU  from Eq. (10.2.27) and δU  from Eq. (10.2.29) we 
have:

2
10
0
2

2π σ
π

υ
acv f E v f c

=
−

Φ  and from this we can find an expression for v0 

which is the maximum crack opening and occurs at ellipse centre by:

	 v
a
E0

22 1
=

−( )υ σ

Φ
	 (10.2.30)

Now we substitute Eq. (10.2.30) into Eq. (10.2.24) then we have:

G E a
E ac

a cI =
−











−( )



















 +

π
υ

υ σ
φ

4 1
2 1 1

2

2 2

2 2 2

Φ
cos sin22φ( )  and can be 

simplified to:

	 G
E

a
c

a cI =
−( ) 







 +( )π υ σ

φ φ
1 2 2

2
2 2 2 2

Φ
cos sin 	 (10.2.31)

Also for plane strain state we had E G KI I1 2
2

−








 =

υ
 and by substituting 

Eq. (10.2.31) into this we have:

	 K a
c

a cI
2

2

2
2 2 2 2= +( )π σ

φ φ
Φ

cos sin 	 (10.2.32)

From Eq. (10.2.32) it is obvious that SIF for elliptical crack locally depends 
on the angle φ which for three-dimensional crack is expectable. The maxi-
mum SIF occurs at angle φ π= 2  and substituting it in Eq. (10.2.32) gives:

	 K a
Imax
2

2

2=
π σ

Φ
	 (10.2.33)
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260	 Mechanics of Finite Deformation and Fracture

Although the procedure of calculating SIF by Eqs. (10.2.32) and (10.2.33), 
is an approximation but it satisfies the special cases. For example con-
sider a circular crack in which a c= that makes the elliptic integral in 
Eq. (10.2.28), Φ = π

2  and by substituting this into Eq. (10.2.33) and tak-
ing the square root we have:

	 K aI =
2
π

σ π 	 (10.2.34)

The Eq. (10.2.34) was derived before Irwin for penny shaped (circular) 
cracks and can be approved by Eq. (10.2.32) as well. In other case if we 
consider two-dimensional cracks in which a c<< that makes the elliptic 
integral in Eq. (10.2.28), Φ =1 and by substituting this into Eq. (10.2.33) 
and taking the square root we have:

	 K aI = σ π 	 (10.2.35)

The Eq. (10.2.35) is the definition of SIF given by Irwin based on the 
Griffith theory of fracture and can be approved by Eq. (10.2.32) as well. 
For three-dimensional cracks Irwin always emphasized on KImaxgiven by 
Eq. (10.2.33) and names it KI and he summarises his theory by theses for-
mulas which are based on Eq. (10.2.33):

	 K a K aI

embedded flaw

I

surface flaw

2 2 2 2 2 21 21Φ Φ= =π σ π σ� ��� ��� � ��� .�� ���� 	 (10.2.36)

In Eq. (10.2.36) for the surface flaw there is a factor 1.21 that is inserted 
based on the theory for two-dimensional cracks, saying that “KI

2  in sur-
face cracks will be amplified by 1.21″ this is proved by mathematicians 
before Irwin and will not be discussed here.

Moreover, he modifies his formulas to consider the effect of plastic 
deformation. To do this, in Eq. (10.2.36) he changes a  to a ry+  and consid-

ers the r K
y

I

p

=



















1
4 2

2

π σ
(with no proof) for plane strain state. Therefore 

the modified Eq. (10.2.36) will be: K a a K
I

I

p

ry

2 2 2
2

2
1 21

4 2
Φ = +



















. π σ
π σ
� �� ��
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which can be rearranged into:	 K K aI I
p

2 2 2
2

2
21 21

4 2
1 21Φ −









 =

. .σ
σ

π σ

which is the basis for two famous formulas for three-dimensional ellipti-
cal cracks as follows:

	 K a KI

p

surface flaw

I
2

2

2

2
21 21

0 213

=

−










=
.

.

π σ

σ
σ

Φ
� ����� �����

ππ σ

σ
σ

a

p

embedded flaw

2

2

2

0 213Φ −








.

� ����� �����

	

		  (10.2.37)

10.3  J INTEGRAL AND THE RELATIONSHIP WITH GI

As we saw in previous chapters, there are some important parameters in 
fracture mechanics starting by KI  or SIF and KIC  or fracture toughness 
followed by GI , energy release rate and in chapter 9, we described δ  
which is known by CTOD. It should be remembered that determination of 
KI ,KIC  and δ  is possible by analytical-numerical and also experimental 
method.

However, determination of GI  is possible only for simple cases as 
we describe by an example herein. The question rose in the past that “is 
it possible to determine GI  by some approximate numerical method?.” 
The answer was provided by J. Rice in 1968 and he invented a method 
which is named “J integral.” This integral sometimes can be determined 
by analytical method and in general can be computed by numerical 
methods like FEM.

In this section we demonstrate that as far as LEFM and EPFM is con-
cerned GI  and J either are identical or closely related to each other. Before, 
that we determine GI  for a simple case by considering a double cantilever 
beam with a surface crack by length a  as shown in Fig. 10.7, the widths in 
B  and thickness is 2h and pulled from both sides by pair of concentrated 
force P as shown in the Fig. 10.7.

Considering the x  and y  axis in the direction shown by Fig. 10.7, when 
the crack opens by the force P at x = 0 the bending moment produced 
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262	 Mechanics of Finite Deformation and Fracture

in each piece of the beam with length a is a cross section located at x is 
M x P x( ) = , the total strain energy of the two pieces is:

	 U
M x
E I

dx
a

=
( )

∫2 2

2

0

	 (10.3.1)

	 I B h=
3

12
	 (10.3.2)

By substituting Eq. (10.3.2) in Eq. (10.3.1) and integrating, we have:

	 U P x

E Bh
dx P

E Bh
x P a

E Bh

a a

= =








 =∫2

2 12

12
3

42 2

3
0

2

3

3

0

2 3

3 	 (10.3.3)

However, in Chapter 7 we saw that the energy release rate is G U
A

U
B aI =

∂
∂

=
∂

∂
 

G U
A

U
B aI =

∂
∂

=
∂

∂
which results:

	 G
B a

P a
E Bh

P a
E B hI =

∂
∂









 =

4 122 3

3

2 2

2 3 	 (10.3.4)

We start describing J  integral by considering the contour Γ  with the x 
and y  axis as indicated in Fig. 10.8. The contour Γ  is surrounded the 
crack and the function W  or strain energy is defined over the surface by:

FIGURE 10.7  Double cantilever beam.
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	 W W x y dij ij= ( ) = ∫, σ ε
ε

0

	 (10.3.5)

For two-dimensional case i j, ,=1 2  and the traction vector 


T , and vector n
normal to the contour Γ  can be defined by the following formulas:

	


 

T T i T jx y= + 	 (10.3.6)

	 

 

n n i n jx y= +   T n nx xx x xy y= +σ σ   T n ny yx x yy y= +σ σ 	 (10.3.7)

Based on Eqs. (10.3.5), (10.3.6) and (10.3.7) J. Rice defined the following 
integral:

	 J W dy T u
x
ds= − ⋅

∂
∂







∫





Γ

	 (10.3.8)

In Eq. (10.3.8) vector u  is called displacement vector and can be defined by:

	 

 

u u i u jx y= + 	 (10.3.9)

In the first instance the J  integral seems strange, particularly the term 
W dy , but it is obvious that it can be calculated numerically for example 
by FEM.

To discover the properties of the integral in Eq. (10.3.8), consider a 
closed contour Γc , this counter does not embrace the crack tip (see Fig. 10.9) 

and designated by Γc ABCDEFA=
→� �� ��

 and it contains the following segments:

	 Γ Γ Γc ABC CD DEF FA CD FA= + + + = + + +
→ → → ← → ←
     

1 2 	

FIGURE 10.8  Integration contour Γ.
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The above closed contour circles the crack tip but does not enclose it, also in 

the faces FA
←


 and CD
→


 there is not traction forces, this means assuming that 
crack faces should not be loaded. Therefore we can conclude that the function 
W dy T u

x
− ⋅

∂
∂





 inside the closed contour Γc is analytic and in order to perform 

the integral over the closed contour Γc we use Green theorem to convert the 
line integral to surface integral according to following expression:

	 W dy T u
x
ds W

x x
T u

x
dx

c cA

− ⋅
∂
∂







 =

∂
∂

−
∂
∂

⋅
∂
∂

















∫ ∫∫









Γ

ddy 	 (10.3.10)

In order to calculate the integral (10.3.10) over the area Acindividual terms 
in the bracket should be evaluated from Eq. (10.3.5) we have:

	 ∂
∂

=
∂
∂

∂

∂
=

∂

∂
W
x

W
x xij

ij
ij

ij

ε
ε

σ
ε

	 (10.3.11)

But in small deformation we have:

	 ε ij
i

j

j

i

u
x

u
x

=
∂
∂

+
∂

∂











1
2

	 (10.3.12)

and if we substitute in Eq. (10.3.11) then:

	 ∂
∂

=
∂

∂
=

∂
∂

∂
∂









 +

∂
∂

∂

∂















W
x x x

u
x x

u
xij

ij
ij

i

j

j

i

1
2

1
2

σ
ε

σ








=
∂

∂
∂
∂









σ ij

j

i

x
u
x

	

		  (10.3.13)

FIGURE 10.9  Closed contour Γc .
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Final rearrangement in Eq. (10.3.13) is based on the fact that, σ σij ji=  and 
the order of variables x  and x j can be replaced. By considering the expres-
sions in Eq. (10.3.7) we can write:

	 ∂
∂

⋅
∂
∂







 =

∂
∂

∂
∂









 =

∂
∂

∂
∂

∂
∂



x
T u

x x
u
x

u
x x

u
xij

i

j
ij

i

j

i

j





σ σ






 +

∂
∂

∂

∂
u
x x
i ij

j

σ
	

		  (10.3.14)

In Chapter 6, we discussed that for static equilibrium and then we can 
conclude that:

 	 ∂
∂

⋅
∂
∂







 =

∂
∂

∂
∂









 =

∂
∂

∂
∂

∂
∂



x
T u

x x
u
x

u
x x

u
xij

i

j
ij

i

j

i

j





σ σ






 	 (10.3.15)

Substituting Eqs. (10.3.13) and (10.3.15) into Eq. (10.3.1) the bracket van-
ishes and we have:

	 W dy T u
x
ds

c

− ⋅
∂
∂







 =∫





Γ

0 	 (10.3.16)

From Eq. (10.3.16) we know that J  integral over a closed contour Γc is 
zero. We expand Eq. (10.3.16) into four parts as follows:

W dy T u
x
ds W dy T u

x
ds

ABC CD

− ⋅
∂
∂







 + − ⋅

∂
∂









( )
∫ ∫

� � � �

� ����Γ1

0
�����

� � � �
+ − ⋅

∂
∂







 + − ⋅

∂
∂









( )
∫ ∫W dy T u

x
ds Wdy T u

x
ds

DEF FAΓ2
00

0
� ���� ����

=   

W dy T u
x
ds W dy T u

x
ds

ABC CD

− ⋅
∂
∂







 + − ⋅

∂
∂









( )
∫ ∫

� � � �

� ����Γ1

0
�����

� � � �
+ − ⋅

∂
∂







 + − ⋅

∂
∂









( )
∫ ∫W dy T u

x
ds Wdy T u

x
ds

DEF FAΓ2
00

0
� ���� ����

= Since the crack faces CD and FA  are not 

loaded, the integral over them vanishes and therefore above equation 
changes to:

	 W dy T u
x
ds W dy T u

x
ds− ⋅

∂
∂







 = − − ⋅

∂
∂







∫ ∫









Γ Γ1 2

	 (10.3.17)

Γ1 and Γ2  are arbitrary open contours that circling around the crack tip 
and minus sign in Eq. (10.3.17) appears only due the opposite direction 
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266	 Mechanics of Finite Deformation and Fracture

(see, Fig. 10.10). From Eq. (10.3.17) we can conclude that J  integral over 
an open contour Γ  circling crack tip is not zero and its value is indepen-
dent of the contour path. Therefore we can choose simple path for a con-
tour to calculate the J  integral much easily.

For example if we want to calculate the J  integral for the double can-
tilever shown in Fig. 10.7, according to Fig. 10.10, we choose the contour 
Γ coincide with edge faces of the cantilever. The traction in the front faces 
could be found by shear stress results from application of P  which is 
τ =

P
Bh

 and traction components are T P
Bhy =  and Tx = 0, then the indi-

vidual components of the J  integral are:

	




   

T u
x

T i T j u
x
i

u
x
j T

u
xx y

x y
y

y⋅
∂
∂

= +( )⋅
∂
∂

+
∂

∂








 =

∂

∂
	

Since the boundary Γ , only contain traction W dy( ) =∫ 0
Γ

, then J  integral is:

	 J W dy T u
x
ds T

u
x
h P

B
u
xy

y y= − ⋅
∂
∂







 =

∂

∂
=

∂

∂∫




Γ

2 	 (10.3.18)

Now we need to find out about 
∂

∂

u
x
y at x = 0, in solid mechanics it is 

called slope θ =
∂

∂

u
x
y or rotation of cantilever with length a, and can be 

calculated from tables, that is,

FIGURE 10.10  Contour Γ for cantilever.
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	 θ =
∂

∂
= = =

u
x

Pa
E I

Pa

E Bh
Pa
E Bh

y
2 2

3

2

32 2 12

6 	 (10.3.19)

Substitution of Eq. (10.3.19) into Eq. (10.3.18) results:

	 J P
B
u
x

P
B

Pa
E Bh

P a
E B h

y=
∂

∂
= =2 2 6 122

3

2 2

2 3 	 (10.3.20)

If we compare Eq. (10.3.20) with Eq. (10.3.4), it is obvious that J GI=  
and this is valid for LEFM. Therefore J  integral which can be computed 
by FEM, can be replaced by GI . In EPFM the result may be different and 
depends on the size of the plastic zone.

In last chapter it was shown that δ t  or CTOD is related to GI  via 
Eq. (9.4.33), which was, δ

σt
I

p

G
= . This section is helped us to demonstrate 

that as far as LEFM is concerned J  integral is also related to GI  (some-
times identical) and the general formula is:

	 J G
J gral

I
energy releaserate

p

yield stress

t
CTODinte









= = σ δ 	 (10.3.21)

In EPFM, Eq. (10.3.21) may not be valid because the applied stress σ  is 
near σ p and the size of plastic zone increases significantly and the FEM 
investigations has shown that Eq. (10.3.21) can be valid with a minor 
modification such that:

	 J M
J gral factor

p

yield stress

t
CTODinte

 





= σ δ 	 (10.3.22)

Depending on the case the factor M  changes within the range 
1 15 2 95. .< <M . Equation (10.3.22) is valid only when σ

σ p

<<1 and 

in higher σ , the parameter GI  is not meaningful and it can be replaced 
by J .

Further application of J  is for the cases when stress strain relation in 
the material is nonlinear elastic, and it goes up to strain 0.2 level. This is 
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268	 Mechanics of Finite Deformation and Fracture

beyond the scope of this section and is the subject of nonlinear fracture 
mechanics, where the KI  can be expressed by J. The expressions given by 
Hutchinson are called HRR.

KEYWORD

•• crack face opening

•• double cantilever beam

•• elliptical crack

•• J integral

•• Westegaard function
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136, 152, 185, 198, 209
Elastic-plastic fracture mechanic 

(EPFM), 184, 215, 216, 221, 223, 224, 
225, 226, 228, 234, 235, 240, 246, 
261, 267

Element near boundary, 150
Elementary algebra, 102
Elementary operations, 13

see, metric tensors
Ellipse, 160–163, 172, 173, 252, 254, 

258, 259
Ellipsoidal shape, 252

egg, 252
Elliptic hole, 166
Elliptical boundary, 258
Elliptical crack, 252, 257–259, 268
Elliptical crack opening, 257
Elliptical hole, 166, 170, 171, 172
Equations of, 

equilibrium, 78, 79, 137, 138, 209, 
210, 229
motion, 75

Euler triads, 43, 45

F
Fast fracture, 182, 184, 185, 199, 215, 

221
Finite elastic deformation, 87
Finite elasticity, 81, 104
Finite element method, 47, 59, 70, 80

ABAQUS, 97
FEM programming, 70, 73, 75, 78, 
90, 97, 98, 113, 120, 132, 197, 199, 
209, 214, 215, 261, 263, 267

Finite plasticity, 81, 104
Fracture mechanics, 152, 163, 166, 172, 

184–186, 198, 216, 221, 225–227, 
251, 261

Fracture theory, 179
Fracture Toughness, 184

Frobenius inner product, 53, 70, 80

G
Geometries, 4

cylindrical, 4
rectangular system, 4
spherical, 4

Green strain tensor, 22–26, 29, 31, 35, 
51, 59, 71, 83, 105, 120, 132

Green stress, 29, 62, 65, 67–69, 80, 82, 
98, 104

Griffith theory, 180, 182, 183, 192, 260
see, brittle fracture

H
Harmonic function, 142, 143, 145, 172, 

211
Homogenous materials, 83
Hook tensor, 105, 132
Hook’s law, 81, 99, 100, 104, 135, 210, 

216, 246
l'Hopital’s rule, 243, 246
Hydrostatic stress, 99, 100, 101

cube faces, 100
Hyper elasticity, 81, 104
Hyper-elastic material, 97
Hyperelasticity, 52

I
Infinitesimal element, 98
Inglis formulas, 178
Integration contour, 263
Internal and border points, 253
Irwin analysis, 221

see, EPFM
Irwin’s suggestions, 186, 224
Isotropic materials, 83, 99, 136, 251

J
J integral, 184, 247, 261–263, 265–268
Jacobi formula, 85, 104
Jacobi matrix, 46, 59
Jacobian matrix, 51, 56, 82
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K
Kernel function, 237
Kirchhoff stress, 69, 70, 75, 80, 92, 94, 

95, 98, 106, 107, 131
Koslov equations, 212
Koslov formulas, 186, 192, 201
Kronecker delta, 8, 9
KuhnTucker feasibility condition, 122

L
Lagrange function, 39
Lagrange multiplier method, 39, 121
Lagrange multipliers, 124
Lagrange rule, 39
Lagrange triads, 43
Laplace equation, 141, 142, 211
Large deformation, 21, 26, 36, 75, 78, 

82, 97, 105, 108, 113, 115, 125, 126
Left Cauchy Green tensor, 43, 59, 107, 

128
Left stretch tensor, 37, 43, 45, 52
Length differential, 13
Lie derivative, 107, 108, 111, 129, 132
Lie derivative rule, 129
Linear algebra, 13, 40, 73, 114
Linear elasticity, 172
Linear-elastic fracture mechanic (LEFM), 

184, 192, 215, 216, 221, 223–226, 
246, 261, 267

M
Mapping function, 161, 174, 200
MATLAB, 229, 233, 240, 241
Matrix, 9, 10, 12, 13, 27–33, 36, 37, 

40–47, 51, 54, 57, 58, 68, 71, 72, 
91–94, 106, 109–111, 115, 120, 125

Metric tensor, 7–9, 10, 12–14, 19, 22, 
33, 45, 49, 50, 76, 82
applications, 7, 8
Kronecker delta , 8
see, elementary operations

Mode I fracture, 178, 183, 185, 186, 
194, 197, 198, 208, 214

Mode II fracture, 199–201, 204, 
207–209, 214

Mode III fracture, 136, 209, 211, 214
Mohr circle, 170, 217, 246
Mooney-Rilvin, 88, 89
Muskhlishivili formulas, 166

N
Neo-Hookian material, 89, 119
Neo-Hookian model, 87, 104
Nominal Kirchhoff, 95, 96
Nonlinear fracture mechanics, 216, 246, 

268
Non-orthogonal coordinate system, 5, 7, 

19, 62, 65

O
Objective function, 121
Ogden material model, 89, 104
Ogden model, 88, 89, 91, 95–97
Ogden type material, 89, 90
Orthogonal base vector system, 7, 8

cylindrical, 7
Orthogonal coordinate system, 3–5, 11, 

14, 16, 19, 31, 36, 45–47, 51, 52, 59, 
62, 65

Orthog


on


al coor


dinates, 7, 35, 48

P
Piola–Kirchhoff stress, 73, 75, 80, 95, 

96, 98, 107, 131
Piola stress, 118
Plane strain state, 139
Plastic deformation, 97, 98, 103, 115, 

121, 126–129, 131, 184
Plastic materials, 113
Plastic region, 120, 216, 221, 225, 234

body, 234
Plastic state, 120
Plastic strain, 121
Plastic zone, 215, 216, 219, 220, 221, 

223, 225, 226, 267
Plasticity, 52, 91, 127, 215, 226

 yield criteria, 97
Poisson ratio, 136, 185
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Polar decomposition, 37
Polar diagram, 219, 220
Polymers, 83, 97
Prandtl-Ruess, 120
Prism, 62–64
Pull back operator, 107, 129, 132
Pure tension, 99

pure compression, 99
Push forward operator, 107, 108, 129, 

132

R
R concept, 180
Remote shear stress, 199, 214
Right Cauchy Green tensor, 39, 40, 44, 

128
Right stretch tensor, 37, 42, 45, 90, 92, 

94
stretch rate tensor, 96

Rod under tension, 21
Rotation rate tensor, 92
Rotational components, 92, 93
Rubber, 83, 88, 97
Rupture phenomenon, 215

brittle fracture, 215

S
Scalar product, 8, 10, 12, 14, 17, 18, 47, 

125
Shear modulus, 99, 136, 182, 210, 249, 

251
Simple vector, 27
Slipping mode, 199, 214
Solid continuum, 81, 87
Solid mechanics, 3, 13, 152, 170, 216, 

217, 266
non-natural type, 3

Strain, 8, 21–26, 29–36, 45, 47, 50–52, 
59, 70–73, 82, 83, 87, 89, 91–101, 
105, 111, 116, 120, 121, 124, 125, 
128, 131, 132, 136, 139, 140, 152, 
156–158, 177–181, 184, 185, 216, 
219–222, 226, 227, 236, 249, 257–
260, 262, 267

Strain energy, 173, 216

Strain tensor, 24, 30, 47, 71
Stress, 8, 52, 62–69, 73–83, 88–107, 

112–115, 118–123, 131, 136–146, 
150–160, 166, 171, 172, 177–186, 
189–201, 204, 208–228, 232–238, 
246, 250, 259, 266, 267
un-deformed body, 68

Stress deviator, 101
Stress distribution, 185, 186, 192, 194, 

197–199, 208, 221, 246
Stress intensity factor (SIF), 183–185, 

192, 194, 195, 198, 199, 209, 214, 
224, 225, 227, 232–235, 247, 250, 
251, 257–261

Stress tensor, 61, 65, 70, 98, 101, 113
deviator, 115
hydrostatic, 115

Stress tensor formula, 61
Stress types and applications, 70

Frobenius inner product, 70
see, finite element method

Stresses around crack tip, 204
see, mode II fracture

Stress–strain relationship, 105
see, large deformations

Summation index, 8, 12, 35
Superposition principle, 178, 231, 234
Symmetry, 187

T
Tearing mode, 178, 183

see, mode I fracture
Thickness flaws, 247
Three-dimensional cracks, 251, 259, 260
Transformation matrix, 45
Triple vector products, 12
Two-dimensional problems, 136, 139, 

137

U
Un-deformed body, 68, 69, 78, 90, 112
Un-deformed geometry, 23
Un-deformed position, 27
Unit vectors, 3–5, 43, 66
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V
Virtual crack, 224, 225
Von Mises equivalent stress, 101
Von Mises law, 216, 246
Von Mises yield criteria, 98, 103, 216
Von Mises yield function, 103
Von Mises yield theory, 113

W
W plane, 161–163, 169, 171
Westegaard function, 268
Westergaard formula, 200

Westergaard function, 185, 186, 188, 
192, 194, 198, 199, 201, 202, 204, 
205, 214, 228, 247, 249
concentrated force, 227
crack face, 227 
mode II fracture, 199

Y
Yield stress, 222, 234, 235
Yield theory, 98, 113

Z
Z plane, 161, 162
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