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Preface

With the population of our planet exceeding seven billion, funds for
infrastructure works being limited worldwide and climate change affecting
water resources, their optimal development and management is literally vital.

This volume deals with application of some non-traditional optimization
techniques to hydraulics, hydrology and water resources management.

Chapter 1 is a brief introduction to optimization and its application to water
resources management. Emphasis is given to the definition of optimization
problems and to the role of flow simulation models.

Chapter 2 is dedicated to genetic algorithms. It starts with a concise description
of the method followed by an instructive example. Then a number of
indicative applications is presented, mainly on groundwater resources
management (including coastal aquifers and water quality issues), the inverse
problem of groundwater hydraulics, hydrology and reservoir operation.

Chapter 3 also deals with genetic algorithms. It focuses, though, on
applications to hydraulic networks, mainly to irrigation ones. A real-coded
genetic algorithm to minimize energy and pipeline investment cost is
presented, its original features are described and its application to collective
on-demand irrigation networks is explained by means of two application
examples.

Chapter 4 is dedicated to simulated annealing. The theoretical foundation of
the method is presented, followed by a description of general and specific
aspects of the respective algorithm. Three applications, namely on aquifer
systems, on water distribution and on wastewater systems conclude the
chapter.

The particle swarm method (PSO) is discussed in Chapter 5. The basics of



the method are provided first, followed by three modifications that
considerably improve the performance of the standard algorithm. Then
application of PSO to multi-objective optimization problems is discussed.
Finally, a number of applications is presented, with emphasis on optimal
design of water distribution networks.

Tabu search comes next. In Chapter 6 the basic concepts and features of the
method are presented and its coupling with other heuristic optimizers such
as genetic algorithm and simulated annealing is discussed. Applications of
such hybrid optimizers on groundwater optimization problems conclude the
chapter.

Chapter 7 is dedicated to the Harmony Search method. First, the concept
and the basic characteristics of the harmony search algorithm are
comprehensively presented. Then, some variations aiming at improving its
efficiency are outlined and evaluated by means of two benchmark problems.
Finally an application on a classic multi-reservoir system management
problem is presented.

Finally, Chapter 8 deals with the Outer Approximation method. In its first
part the mathematics of the method are presented and its main characteristic,
namely the minimization of a concave objective function over a convex or
concave feasible domain, is discussed. The second part of the chapter includes
applications of the outer approximation method to groundwater optimal
design problems.

Hopefully, this volume will help scientists dealing with water resources issues
to reach the best decisions, at least from the technical point of view. One
should keep in mind, though, that overall quality of the results depends also
on the definition of the optimization goals, namely the so-called objective
function.  These, in turn, as in all engineering and scientific problems, are
subordinate to principles and ethics that should always be taken into
consideration.

K.L. Katsifarakis
Department of Civil Engineering
Aristotle University of Thessaloniki
Greece



CHAPTER 1

Optimization and water resources management

K.L. Katsifarakis
Department of Civil Engineering, Aristotle University of Thessaloniki, 
Greece.

Abstract

This introductory chapter includes some thoughts on the essence of optimiza-
tion and on its role in water resources management. First, the relevance of the 
notion of optimization to most scientifi c fi elds is pointed out, using the example of 
 Aristotle’s Ethics. Then the importance of optimal management of water resources 
is stressed and certain issues related to the defi nition of optimization problems and 
to the role of fl ow simulation models are selectively discussed.
Keywords: ethics, fl ow simulation, optimization, water resources management.

1 The concept of optimization

Optimization could be defi ned rather simply as culmination of an improvement 
process. Optimization problems are encountered more or less frequently, in almost 
every scientifi c fi eld (e.g., Floudas and Pardalos [1]). Schwefel [2], quoted by 
Michalewicz [3], puts it in the following way:

“There is scarcely a modern journal, whether on engineering, economics, 
management, mathematics, physics, or the social sciences, in which the con-
cept ‘optimization’ is missing from the subject index, If one abstracts from all 
specialist points of view, the recurring problem is to select a better or best 
(according to Leibniz, optimal) alternative from among a number of possible 
states of affairs.”

Even when the term is not explicitly used, the notion of optimization can be traced 
in very diverse scientifi c fi elds. A prominent example can be found in Aristotle’s 
 Ethics [4], where ethical virtue is defi ned as “μεσóτης” (usually translated in English 
as mean or mean state), between two extremes: a defi ciency and an excess. Tassios, 
though, has proposed that optimization is a more appropriate term [5]. Most probably 
this interpretation is closer to the philosopher’s mind, for the following reasons:



2 Hydrology, Hydraulics and Water Resources Management

Aristotle cautions us not to consider each virtue as similar to an arithmetic mean 
between the respective extremes. Moreover, he stresses that it is an extreme, with 
respect to excellence and rightness.

Aristotle also mentions that one extreme could be worse than the other and that 
the respective virtue could be closer to one of them, which could be even mistaken 
for virtue. An example is bravery and its excess.

Moreover, he states that one could err in many ways, while the correct behavior 
is unique, as if speaking for a function with one extreme value only. At the same 
time, he stresses that we do not blame those who deviate from the optimum only 
slightly.

Based on these remarks, we could construct the diagram of Fig. 1, regarding 
wealth management. Rightness is shown on the y-axis, whereas disposition toward 
getting and giving money on the x-axis.

By the way, Aristotle proposes an interesting way to arrive to the optimum: 
(a) avoid fi rst the extreme which is the more opposed to the mean and (b) notice 
the errors to which one is more prone and move as far as possible toward the 
 opposite direction.

As optimization penetrates very different scientifi c areas, its character (qualita-
tive or quantitative) and its precision depend on the features of the particular appli-
cation fi eld. It is worth mentioning, though, that even when we concentrate to 
engineering problems, we may have to deal with costs and benefi ts that cannot be 
easily expressed in monetary units. This is the case of the so-called intangibles, 
such as the aesthetic value of a spring or a river, or the social cost of the displace-
ment of the inhabitants of a village in order to build a dam and an artifi cial lake.

1.1 Optimization techniques

There are already many optimization methods, starting from simple differentia-
tion (if the features of the problem permit its application) to sophisticated heuristic 
 techniques. As the “no free lunch” theorem states, no method is superior to all others 
for every problem (e.g., Wolpert & Macready [6]); or, as Reeves & Raw [7] put it, 

prodigality
generosity

avarice

y 

x

Figure 1: “Mean state,” defi ciency and excess, regarding wealth management.
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“there is no royal road to optimization.” Moreover, there is no general rule for 
selecting the most suitable method, not even the best features of a certain method. 
 Experience, intuition, and use of more than one optimization approaches may help 
with this process.

2 Optimal use of water resources

Fresh water availability is a basic prerequisite for the development of human 
activities. Unfortunately, their distribution is uneven in space and time. Moreover, 
human activities are often concentrated in areas with poor water resources, such 
as coastal areas, which are also vulnerable to salt water intrusion. Meanwhile: 
(a) water resources availability may tend to decrease in many parts of the world, 
due to unfavorable climatic change (i.e., reduction of precipitation or change of 
its pattern); (b) population increases continuously, particularly in poor countries; 
and (c) per capita water demand grows, following quality of life standards. Under 
these circumstances, the call for optimal management of both the supply and the 
demand side of fresh water balance is urgent.

2.1 Defi nition of an optimization problem

The fi rst step for solving an optimization problem is to accurately defi ne it. When 
one deals with water resources management, this might prove a diffi cult task, 
involving a set of assumptions. A holistic approach requires consideration of both 
sides of the water balance. Nevertheless, dealing with water demand is inherently 
and explicitly a very approximate process. It requires accurate data on and projec-
tions of population growth, per capita water demand, agricultural, tourism, and 
industrial growth. So, in many cases some rough estimates are used as data instead 
of variables in the optimization problem and elasticity of the demand is ignored.

The supply side of the water balance is generally considered a more accurate and 
precise engineering exercise. Optimal management usually requires combined use 
of surface and groundwater resources. Optimization of each resource, though, is in 
many cases separately considered, despite hydraulic interaction between the two. 
The benefi t of this separation is simplifi cation of the problem. The pitfall, on the 
other hand, is that the global optimum may not coincide with the sum, or combina-
tion, of partial optima. It is safe to optimize separately “closed” subsystems only.

In many cases, water quantity cannot be considered separately from water qual-
ity. This is quite clear in coastal aquifers, for instance, where saltwater intrusion 
sets the limit to water extraction. Moreover, development priorities may be based 
on water quality considerations. Usually, groundwater resources have better qual-
ity, since they are naturally more protected. It should be mentioned though, that if 
they are polluted, their restoration is more diffi cult.

Energy use is an important issue, too. In some cases, it enters as a discrete vari-
able in water resources management optimization problems, for example, when 
desalination is considered as a water resource option. Moreover, energy  production 
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is usually part of the objective function in reservoir management problems. Even 
when not explicitly considered, though, energy may be the decisive factor. Pump-
ing cost, for instance, is actually energy cost.

During problem formulation, it is possible to leave out a secondary factor, 
because its mathematical expression is diffi cult, or because its inclusion leads to 
disproportionate increase of the overall computational load. In these cases, use of 
optimization techniques that end up with more than one good solutions is advanta-
geous; they allow a fi nal choice that will take into account the omitted factor.  
This point is also discussed in Chapter 2 of this volume, in connection with the 
method of genetic algorithms.

2.2 Optimization and fl ow simulation

An important part of most water resources optimization problems is fl ow simula-
tion. It results are used either in the objective function or in constraint-related 
calculations. If water quality is involved, mass transport should be simulated, too. 
So, accuracy of the results of optimization models depends on the choice of the 
fl ow simulation models that are involved.

The accuracy of fl ow simulation models depends on the validity of underlying 
assumptions (e.g., steady-state fl ow, constant aquifer properties, etc.). Computa-
tional load increases with the complexity of the model. Total computational volume 
may be a restricting factor in model choice, in particular when evolutionary optimi-
zation techniques are used. In such cases, use of surrogate (simplifi ed) models might 
be the best choice for the overall accuracy of the optimization process. This point is 
further discussed in Chapter 2 of this volume and, more extensively, in [8].

Moreover, accuracy of the results obtained even by the most sophisticated simula-
tion models, depends on the quantity and quality of input data. Data collection pre-
supposes the existence of a suitable monitoring network, which might have substantial 
cost. For this reason, input data are quite often insuffi cient. In such cases, a good 
solution, that is rather insensitive to changes of input parameters values, might be 
a better choice than an “optimal” solution, which is very sensitive to such changes.

3 Concluding remarks 

With population of our planet exceeding seven billion already, funds for infra-
structure works being limited worldwide, and climate change affecting water 
resources, their optimal development and management is literally vital. The devel-
opment of optimization tools and methods and their use in water resources man-
agement could be very helpful in meeting the aforementioned challenge. The rest 
of this book is dedicated to them. Hopefully, this introductory chapter has pointed 
out two, superfi cially contradictory, things: (a) that optimization methods used in 
water resources can be transferred successfully to quite different scientifi c fi elds 
and (b) that optimization techniques are mere tools, and understanding their limi-
tations (i.e., their validation) is a prerequisite for their correct use.



Optimization and Water Resources Management 5

References

[1] Floudas, C.A. & Pardalos, P.M. (eds), Encyclopedia of Optimization, 2nd 
edn. Springer: Berlin, 2008.

[2] Michalewicz, Z., Genetic algorithms + Data structures = Evolution programs, 
Springer-Verlag: Berlin Heidelberg, 1996.

[3] Schwefel, H.-P., Numerical Optimization for Computer Models, John Wiley 
& Sons: Chichester, UK, 1981.

[4] Aristotle, Nicomachean Ethics (Book 2), 1106–1109.
[5] Tassios, Th., A different approach to Aristotle’s mean state. Unpublished 

document, 2005.
[6] Wolpert, D.H. & Macready, W.G., No free lunch theorems for optimization. 

IEEE Transactions on Evolutionary Computation, 1(1), pp. 67–82, 1997.
[7] Reeves, C.R. & Raw, J.E., Genetic Algorthms – Principles and Perspectives, 

Kluwer Academic Publishers: Dordrecht, the Netherlands, 2003.
[8] Katsifarakis, K.L., Flow simulation and optimal management of ground- 

water resources. The balance between accuracy and computational effi ciency 
(Chapter 11). Groundwater: Modelling, Management and Contamination, 
eds L.F. Konig & J.L. Weiss, Nova Science Publishers: Commack, NY, ISBN 
978-1-60456-832-5, pp. 291–308, 2009.



This page intentionally left blank 



CHAPTER 2

Genetic algorithms and water resources 
management: an established, yet evolving, 
relationship

K.L. Katsifarakis1 & D.K. Karpouzos2

1Department of Civil Engineering, Aristotle University of Thessaloniki, 
Greece.
2Faculty of Agriculture, Aristotle University of Thessaloniki, Greece.

Abstract

This chapter is dedicated to the method of genetic algorithms and its application 
to water resources management problems. It consists of two parts. The fi rst one 
includes a concise overview of the method, namely: (a) Description of its basic 
features, (b) Presentation of the basic genetic operators (selection, crossover, and 
mutation), and of some additional ones, too, (c) Outline of techniques for handling 
constraints and of conditions for the termination of the optimization process, and 
(d) Discussion on the use of surrogate fl ow models. The overview is followed by 
an application example to a simple groundwater management problem, namely 
optimal distribution of a given total fl ow rate to a number of wells. It aims at 
clarifying the basic notions and the use of genetic algorithms (from chromosome 
length to constraint handling).
The second part of the chapter includes brief presentations of indicative appli-
cations of genetic algorithms to: (a) groundwater resources management (with 
special subsections on coastal aquifers and on groundwater remediation and 
pollution control), (b) the inverse problem of groundwater hydraulics, (c) sur-
face water hydrology, (d) reservoir management, and (e) related optimization 
problems. These applications demonstrate the wide range of applicability, the use-
fulness, and the versatility of the method. The chapter ends with brief concluding 
remarks.
Keywords: genetic algorithms, groundwater resources management, hydrology, inverse 
problem, optimization, reservoir operation, water pollution.
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1 Introduction

Genetic algorithms are a mathematical tool with a very wide range of applica-
tions. They are particularly effi cient in optimization problems, especially when the 
respective objective functions exhibit many local optima or discontinuous deriva-
tives. This means that they could be very useful in diffi cult problems, where more 
conventional local search methods fail.

Genetic algorithms were initially introduced by Holland [1]. The respective literature 
is quite rich, including books exclusively or partially dedicated to them, e.g. Goldberg 
[2], Rawlins [3], Michalewicz [4], Coley [5], Reeves and Raw [6], Sivanandam and 
Deepa [7], and Yu and Gen [8]. Therefore, their theoretical basis has been extensively 
discussed. This chapter does not aim at going deep into theory, but rather at serving as a 
practical guide for those who would like to enjoy the use of this powerful optimization 
tool, in particular in the fi elds of hydrology, hydraulics, and water resources  management.

2 Basic features

As their name implies, genetic algorithms are essentially a simplifi ed mathematical 
imitation of a biological process, namely that of evolution of species. The infl uence 
of biology is ubiquitous in the respective terminology. Each potential solution of a 
problem is an individual, which is represented by a chromosome. In a pumping cost 
minimization problem, for instance, involving pumping from 10 wells, a chromo-
some would represent a set of 10 well fl ow rate values, concatenated with each other.

Classical genetic algorithms are based on binary encoding, namely each chro-
mosome is a binary string, e.g. [01001110], that can be interpreted as a set of 
binary (or Gray) numbers. Each digit of the string is called gene (or  character) and 
the different values that it can take are called alleles. Some authors, though, defi ne 
a gene as a subset of the chromosome that represents a decision variable.

One more loan from biology is the set of terms genotype and phenotype. The 
former means the form (type) of the individual at the gene level, namely the 
respective encoded structure that permits application of genetic operators. Pheno-
type, derived from the Greek words ϕα νοµαι (phenomai = appear, look like) 
and type, means the respective decoded set of decision variables.

The chromosome length (CL), namely the number of its genes, depends on the 
range of values of the encoded parameters and the accuracy that we seek for the 
solution. If, for instance, a parameter can vary between the real values a1 and b1 
and an accuracy of d decimal points is sought, the required number of binary digits 
is the smallest integer m that fulfi ls the following inequality:

 2m − 1 ≥ (b1 – a1) 10d (1)

If very high accuracy is required, binary CL may become excessive. Moreover, 
binary representation may not be convenient for a number of problems. In such 
cases, real-coded genetic algorithms, where each variable is represented by one 
gene, are a better choice. Actually, their use is gaining momentum over the years. 
Octal, hexadecimal, and other encodings have also been used.

To solve a problem, genetic algorithms start with a set of chromosomes, in most 
cases randomly generated at any area of the search space (namely the set of all 
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possible solutions). Yet, one could take the advantage of information on probable 
locations of the optimal solution. The chromosomes of this set constitute the initial 
population, or the fi rst generation. Their number, called population size (PS), is 
defi ned by the user. In most cases, PS remains constant throughout the  optimization 
process. Still, genetic algorithms with variable PS seem to offer some advantages 
in certain cases (e.g. Koumousis and Katsaras [9]).

Each chromosome of the fi rst generation undergoes evaluation, by means of a perti-
nent function or process. This process depends entirely on the specifi c application of 
genetic algorithms and aims at attributing a fi tness value VB(I) to each chromosome I. 
Then the next generation is produced, by means of certain operators, which are inspired 
by biological processes and apply to the chromosomes of the current generation.

The main genetic operators are (a) selection, (b) crossover, and (c) mutation. 
Many other operators have been also proposed and used.

2.1 Selection

Selection is used to form the ‘intermediate’ population between two generations and 
it is essentially a mathematical imitation of Darwin’s theory of survival of the fi ttest. 
It is accomplished in a predetermined ‘random’ way. All chromosomes are assigned a 
survival probability, depending on their fi tness, which has been calculated during the 
chromosome evaluation process. Therefore, the comparatively better chromosomes 
have more chances to be selected for the intermediate population. The most common 
selection processes are (a) the biased roulette wheel and (b) the tournament method.

The fi rst process is based on the idea of a roulette wheel having PS unequal slots, 
as shown in Fig. 1. The size of each slot is proportional to the fi tness of the respective 
chromosome. The roulette wheel is ‘spinned’ PS times. In every round, the selection 
probability p(I) of a chromosome I (in maximization problems) is equal to:

 
=

VB( )( )
SVB

Ip I
 

(2)

Figure 1: Biased roulette wheel (PS = 20).
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where SVB is the sum of the fi tness values of all chromosomes of current gen-
eration. Its computational application is quite simple: First, we calculate SVB. At 
the same time, the fi tness value VB(J) of chromosome J is replaced by the sum of 
the VB(I) values for I = 1 to J. Then a number XXX between 0 and SVB is ran-
domly selected. If VB(K−1) < XXX < VB(K), then a copy of chromosome K is 
added to the intermediate population. This process is repeated PS times. In this 
way, the intermediate population is formed, including (statistically) more copies of 
the best chromosomes, which eventually replace some of the worst ones. It should 
be mentioned, though, that even the worst chromosome has a tiny chance to 
 ‘survive’, namely to be copied to the intermediate population.

Roulette wheel can be used in minimization problems, too, after transforming 
them to maximization ones. This can be achieved by the subtraction of the fi tness 
value of each chromosome from a rather large number (certainly larger than the 
maximum fi tness value) and use of the remainder to calculate the size of the slots 
of the roulette wheel. Moreover, most minimization problems such as pumping 
cost minimization, can be stated as maximization ones, simply by considering the 
inverse of the cost function.

If the initial population contains few chromosomes with very large fi tness val-
ues (compared to the rest), the roulette wheel selection may lead to an intermediate 
population that contains copies of these privileged individuals only. This phenom-
enon, which is called ‘premature convergence’, is not desirable since it shrinks the 
search around these strong solutions (probably representing local optima). One 
way to avoid premature convergence is to scale down the range of fi tness values in 
the fi rst generations. Another way is to use the ranking of the solutions in order to 
construct the slots of the roulette wheel, instead of the actual fi tness values.

Tournament method depends on the ranking of the chromosomes only. It starts 
with determination of the respective selection constant KK, which usually takes 
values between 3 and 5. Then KK chromosomes are randomly selected from the 
population of the current generation, and their fi tness values are compared to each 
other. A copy of the chromosome with the best (largest or smallest) fi tness value is 
added to the intermediate population. This process is repeated PS times. In this 
way, the intermediate population is formed.

It should be mentioned that the value of the selection constant KK depends on 
the PS and the desired selective pressure, namely the degree to which best chromo-
somes are favored. Increase in KK value reduces the possibility of selection of 
weak solutions, namely it increases selective pressure.

A comparative evaluation of selection processes can be found in Goldberg and 
Deb [10].

2.1.1 The elitist approach
The aforementioned selection processes do not guarantee that a copy of the best 
chromosome of a generation will be included in the next one, too. For this reason, 
many codes adopt the so-called elitist approach, namely they include an addi-
tional procedure of passing at least one copy of the best chromosome to the next 
generation. 
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2.2 Crossover and mutation

Selection is followed by application of other genetic operators to randomly selected 
members of the intermediate population, in order to produce better chromosomes. 
Nonselected members are passed unaltered to the next generation.

An outline of the main operators, namely crossover and mutation, follows.

2.2.1 Crossover
Crossover is a recombination process. It applies, with a given probability, to 
pairs of chromosomes, which are called parents. In some crossover versions, par-
ents can be successive chromosomes only, whereas in others, they are randomly 
selected from the intermediate population. An integer number XX, between 0 and 
(CL-1), is also randomly selected. Then each parent binary string is cut into two 
pieces, immediately after gene XX. The fi rst piece of each parent is combined 
with the second piece of the other parent, as shown in Fig. 2. In this way, two new 
chromosomes are formed that are called offspring and substitute their parents in 
the next generation. If the chromosome represents a set of concatenated variables, 
as is usually the case, crossover may be allowed only at positions separating those 
variables.

Crossover aims at combining the best features of the parents to one offspring, at 
least. There is no guarantee, though, that the aim is accomplished. In one version of 
the process, offspring replace parents, only if they have a better fi tness value. In a 
more complicated approach, each offspring replaces a member of the intermediate 
population that is genotypically similar to it. This approach is called crowding.

Noteworthy extensions of the basic crossover process are two- and multiple-point 
crossover. As their name implies, parent chromosomes are cut in more than two 
pieces, which they exchange in order to produce the offspring. A two-point crossover 
allows passing useful information, included both at the head and at the tail of a par-
ent chromosome, to one offspring. There is no guarantee, though that these more 
complicated crossover versions perform better than the original simpler one.

Additional randomness is introduced by uniform crossover: the parents are again 
cut in N pieces, but offspring formation is achieved through selection between res-
pective parental pieces with a predetermined probability.

Another extension is three-parent crossover. As the name implies, genetic material of 
three parent chromosomes is recombined to form each offspring. Operators with more 
than two offspring per parent couple have been also proposed (e.g. Deb et al. [11]). 
In this case, the best two make it to the next generation.

The crossover operator applies in an analogous way to real-coded genetic algo-
rithms, too. It could also be performed by equating each gene of the offspring to 

Figure 2: Crossover after the 10th character (gene).

Parent A 1000101110/10011100
Parent B 0101101100/10101011
Offspring A 100010111010101011
Offspring B 010110110010011100
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the arithmetic or the geometric mean of the respective parent genes. An interesting 
variant is blend crossover (BLX-α), where offspring are produced in the following 
way: A real positive constant a is selected (a = 0.5 is a common choice). Let gene 
i of parent A is equal to Ai, while that of parent B equal to Bi. The quantity 
c = |Ai – Bi| is calculated and a number d ranging in the interval [min(Ai – Bi) − ac, 
max(Ai – Bi) + ac] is selected. Finally, gene i of the offspring is set equal to d. This 
process is repeated for all genes of the parent chromosomes. 

A more extensive review of the crossover operator for real-coded genetic algo-
rithms can be found in Herrera et al. [12].

2.2.2 Mutation
Mutation introduces new ‘genetic’ material. It applies to genes, which form the 
chromosomes. In binary genetic algorithms, the gene that is selected for muta-
tion is changed from 0 to 1 and vice versa. This process aims at: (a) extending the 
search to more areas of the solution space (mainly in the fi rst generations) and (b) 
helping local refi nement of good solutions (mainly in the last generations). 

The mutation probability MP is equal for all genes of all chromosomes and it is 
much smaller than the respective crossover probability, because the latter refers to 
chromosomes, not to genes. In many applications, a value close to 1/CL has been 
used. The idea is to have, statistically, one mutation per chromosome. In any case, 
too small MP values may fail to hinder premature convergence, whereas too large 
ones render the search random. Some researchers have indicated that variable MP 
may lead to better results. 

In real-coded genetic algorithms, mutation is performed by adding or subtract-
ing a small, randomly generated, amount from the selected gene or by multiplying 
it by a number close to 1. In ‘nonuniform’ mutation, the magnitude of the added 
(or subtracted) amount is allowed to be larger in the fi rst generations and then it is 
gradually reduced. Replacement by a random number (in the range of variation of 
the selected gene) has also been proposed.

Obviously, crossover and mutation can lead to better or to worse solutions. It is 
their combination with selection that results in general improvement of population 
fi tness.

2.3 Other operators

Because of the versatility of genetic algorithms, many other operators have been 
proposed and used. Some of them are problem-specifi c, whereas others are of gen-
eral use. A few of them are outlined in the following paragraphs, as an indication 
of the possibilities offered by the method.

2.3.1 Niche, speciation, and migration
The idea behind these procedures is to divide the total population in independent 
or semiindependent subpopulations (species), which evolve separately in niches, 
namely distinct subdomains of the solution space. This approach is very useful in 
locating a number of good extrema, namely in multimodal problems. One way 
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to create and sustain subpopulations is ‘sharing’. Sharing is a process of reducing 
a chromosome’s fi tness, if many individuals are similar to it or, in others words, 
if many individuals are found in the same neighborhood of the solution space. It 
is performed in the following way: First, a sharing function Sim(I,J) is defi ned, 
based on similarity, and the respective values are calculated for each chromosome 
I. Sim(I,J) ranges between 0 and 1 with Sim(I,I) = 1 and Sim(I,J) = 0 for similarity 
less than a threshold value. Then, for each I, the share factor, namely the sum of 
the respective Sim(I,J) values, is calculated and its fi tness value VB(I) is divided 
by this sum. 

Also the crowding process, which has been mentioned in Section 2.2.1, favors 
niching.

To allow information exchange, a migration rate can be introduced, allowing 
crossover between chromosomes belonging to different subpopulations. Migration 
is allowed to occur with a predefi ned schedule, e.g. every 10 generations, or if 
evolution of subpopulations is stalled.

2.3.2 Antimetathesis
This operator has been fi rst described by Katsifarakis and Karpouzos [13]. It 
applies to pairs of successive positions (genes) of a chromosome. Any position 
(except for the last one) can be selected, with equal probability pa. If the value of 
the selected gene equals to 1, it is set to 0, whereas that of the following gene is set 
to 1. The opposite happens if the value of the selected gene is 0. More explicitly, 
the following happens with regard to gene pairs:

• 11 becomes 01 
• 00 becomes 10 
• 10 becomes 01
• 01 becomes 10

In the fi rst two cases, the operator is equivalent to mutation at the selected posi-
tion. In the last two though, it is equivalent to mutation of both genes. It has been 
anticipated that antimetathesis is useful both in refi nement of good solutions and 
in exploring different areas of search space.

Effectiveness of antimetathesis in refi ning a solution can be seen through the 
following example: 

A genetic algorithm is used to fi nd the optimum value of function F(x), x being 
an integer from 0 to 1000. Let us assume that this optimum occurs for x = 82, and 
that a good approach, i.e. x = 81, has been obtained. In binary form, we have:

82 = [0001010010]2
81 = [0001010001]2

Comparing the two chromosomes, we can see that mutation alone cannot 
improve the solution. Antimetathesis, though, can fi nd the optimum, if applied to 
the ninth position of the chromosome. On the contrary, mutation can lead to the 
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optimum, starting from x = 83. It can be argued then that mutation and antimetath-
esis are complementary to each other in such cases.

Antimetathesis is also complementary to mutation in leading search to different 
solutions, for the following reason: The jump, or change caused by mutation, is 
always equal to a power of 2. The change introduced by antimetathesis, applied at 
position i, is equal to 2i−2i−1. Thus, the solution space can be searched more 
 thoroughly, if the two operators are used interchangeably (e.g. in the even and odd 
generations, respectively).

The operator has been called antimetathesis, based on its function (when differ-
ent from mutation). This name is in line with tradition in genetic algorithm termi-
nology, which calls for terms of Greek origin.

2.4 Termination of the process

The whole process, i.e. evaluation–selection–crossover–mutation–other operators, 
is repeated for a predetermined number of generations, or until a certain termina-
tion criterion is fulfi lled. Such criteria are as following:

• No better solution is found over a predetermined number of generations.
• The variation of the average fi tness value of the population is below a threshold 

over a predetermined number of generations.
• A predetermined desired value of the objective function is reached by the best 

individual. 
• The median fi tness of the population is better than a predetermined value. With 

this approach a number of satisfactory solutions will be found.

It is anticipated that, at least in the last generation, a chromosome will prevail 
that represents a suboptimal (if not the global optimal) solution of the problem. It 
is also possible to end up with a number of different chromosomes with almost 
equal high fi tness values. Identifi cation of a number of different good solutions is 
an asset of the method, at least when it is used by experts on the particular optimi-
zation problem, as explained in following text.

2.5 Handling constraints

In many applications, optimization is subject to constraints. This means that chro-
mosomes, which result from genetic operators, may represent infeasible solu-
tions. In certain cases, it is diffi cult to fi nd even one feasible solution, to start 
with. Constraints have usually the form of lower and/or upper limits. For instance, 
upper limits to hydraulic head level drawdown may be imposed in groundwater 
resources management problems.

Constraints can be handled in a number of ways. The most obvious is rejection 
of chromosomes that violate them. This is equivalent to application of death pen-
alty, even for small crimes. But this Draconian approach is not effi cient, in par-
ticular when the percentage of infeasible chromosomes is large.
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Another approach is chromosome repair, namely application of specifi c algo-
rithms that correct infeasible chromosomes, in order to observe the constraints. 
Applicability of this method depends on the additional computational load induced 
by the repair algorithms. Modifi cation of the genetic operators, in order to produce 
feasible solutions only, has similar restrictions.

The most usual approach to constraint handling is to include penalty functions 
in the evaluation process that affect the fi tness value of chromosomes that violate 
constraints, increasing it in minimization problems and decreasing it in maximiza-
tion ones. 

Penalties can be (a) constant, (b) proportional to the number of violated con-
straints, and (c) increasing (linearly, quadratically, logarithmically, etc.) with the 
degree of violation of each constraint. The latter ones are usually the most effi cient 
(e.g. [14]). 

In any case, the values of the penalty function should be large enough in 
order to guarantee observance of the constraints. Excessive values, though, may 
level out differences in the evaluation function and may render optimization 
more diffi cult. Moreover, if there are disjoint feasible regions in the search 
space, it would be diffi cult for the genetic algorithm to move from one of them 
to another.

The magnitude of the penalty function depends also on the elasticity of the con-
straints. If small violations can be tolerated, the penalty can be rather small. On the 
contrary, if the constraint is strict, the respective penalty should at least guarantee 
that the global optimum of the penalty-including evaluation function corresponds 
to a feasible solution. 

Variants of the process include: (a) predetermined penalty increase with the 
generation number and (b) penalty increase if the best solution is infeasible and 
penalty reduction if the best solution is feasible for a number of generations.

Finally, the approach of Coello and Cortés [15] who introduced an artifi cial 
immune system code to handle constraints is worth mentioning. 

2.6 Steady-state genetic algorithms

Steady-state genetic algorithms do not follow the generation pattern, which has 
been described so far. Instead, new chromosomes resulting from reproduction 
operators (i.e. crossover and mutation) replace immediately an equal number 
of existing ones. Chromosomes that are replaced are usually randomly selected. 
Replacement of weak individuals is an option, too, but it might result in quick 
reduction of population diversity and in premature convergence.

2.7 Use of surrogate models: the balance between accuracy 
and computational effi ciency

In most water resources optimization models, which use genetic algorithms (or other 
evolutionary techniques) as the optimization tool, the fl ow (and mass transport) 
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simulation model constitutes the main part of the chromosome evaluation proce-
dure. It should be solved, therefore, for every chromosome of each  generation. The 
result is that, with rather conservative values of genetic algorithm parameters, such 
as PS = 40 and number of generations NG = 100, the fl ow simulation model should 
be solved 4000 times. When the total computational volume becomes a restricting 
factor, two options may be present: a) to reduce the number of generations and/or the 
PS, thus reducing the effi ciency of the optimization process and (b) to use simplifi ed 
groundwater fl ow (or mass transport) simulation models, namely to describe the 
physical problem less accurately. In fact, one should fi nd the optimal compromise, 
namely the combination that offers the greatest overall accuracy, before tackling 
the actual optimization problem [16]. When simplifi ed simulation models are used, 
sources of reduced accuracy in the overall process are more evident. Moreover, it is 
possible to check the results obtained by running a more detailed simulation model 
once only.

2.8 A simple example

Application of genetic algorithms is illustrated through the following simple 
example:

Eight wells pump a total fl ow rate TQ = 250 l/s from an ‘infi nite’, confi ned, and 
homogeneous aquifer, with transmissivity T = 0.001 m2/s. Find the combination of 
the eight well fl ow rates that can minimize the respective pumping cost. Well coor-
dinates appear in Table 1.

2.8.1 Chromosome construction and length
Each chromosome represents a solution to the problem. Therefore, in this case, 
it represents a set of eight well fl ow rates. Let us suppose that we allow each 
of them to vary from 0 to 250. In binary form, 250 = [11111010]2. We need 
then 8 digits for each fl ow rate (which actually can vary from 0 to 255) and the 
CL = 64.

Table 1: Well coordinates (data) and fl ow rates (typical best results).

Well xi yi Qi(l/s) si(m)

1 0 0 41.69 40.64
2 620 580 23.31 40.61
3 700 600 22.16 40.59
4 1100 1550 34.96 40.64
5 1200 800 26.26 40.78
6 420 1400 35.29 40.54
7 1300 0 37.92 40.59
8 1300 1050 28.40 40.62
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2.8.2 The evaluation function
The evaluation function should depend on the pumping cost that is defi ned as:

 =
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(3)

where N is the number of wells (N = 8 in our case), QJ is the fl ow rate of well J, 
hJ is the distance between water level at well J and a predefi ned level (e.g. highest 
ground elevation), and A is a constant, depending on energy cost. Using A as con-
stant implies that pump effi ciencies are also considered as constants and equal to 
each other.

Since fl ow is due to the system of wells only, the initial hydraulic head level is 
horizontal. Then, eqn (3) can be written as:
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where sJ is the drawdown of the hydraulic head at well J, which is due to the 
operation of the system of the wells, and d is the distance between the initial hori-
zontal level of the hydraulic head and the predefi ned reference level. Since d is 
same everywhere, the chromosome evaluation function EV could be equal to the 
variable part of cost C, namely:
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Since steady fl ow is considered, sJ for a system of N wells is given as:
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where T is aquifer’s transmissivity, R the radius of infl uence of the system of 
wells, and rIJ the distance between wells I and J (calculated from the respective 
coordinates). The value of rJJ in particular is equal to the radius of well J, denoted 
by r0 for all Js. In our application example, we have set R = 2500 m and r0 = 0.25 m. 
Given the well fl ow rate values, the calculation of the chromosome fi tness value by 
means of eqns (6) and (5) is straightforward.

2.8.3 Handling the constraint
The eight well fl ow rates, which result from chromosome decoding, should sum 
up to TQ, namely they should fulfi ll the following relationship:
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Since each Qi can vary between 0 and 250, the constraint is practically never 
fulfi lled. For this reason, its observance cannot be enforced using a penalty 
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 function and the best approach is chromosome repair. This can be easily achieved 
in the following way: fi rst, the sum SQ of the eight Qi is calculated and then each 
of them is multiplied by TQ/SQ. These corrected well fl ow rate values are used in 
eqns (6) and (5) to calculate the sj values and the chromosome fi tness value, 
respectively.

The aforementioned chromosome correction procedure preserves the relative 
size of the initial well fl ow rate values.

2.8.4 Results
Typical best results (namely QI values) appear in Table 1, together with the respec-
tive sI values. They have been obtained using the following set of genetic algo-
rithm parameters: PS = 50, number of generations NG = 200, crossover probability 
CRP = 0.60, mutation (and antimetathesis) probability MP = 0.016 (approximately 
equal to 1/CL), and selection constant KK = 3.

The respective fi tness value is 10156.1. The exact global minimum, which can 
be calculated using the procedure outlined in Section 3.1, equals 10150.94. There-
fore, the genetic algorithm has almost exactly hit the global optimum (with an 
error less than 0.06%).

2.8.5 Constraint on hydraulic head level drawdown
For the best solution, which is shown in Table 1, the hydraulic head level draw-
down s is approximately 40.6 m at all wells. Now suppose that s should not exceed 
30 m for one part of the fi eld area, namely for x > 750. According to the well coor-
dinates, appearing in Table 1, this constraint applies only to wells 4, 5, 7, and 8.

To handle this set of constraints, a penalty function has been included in the 
evaluation function, having the following general form:
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where

 PEN(I) = A + B(sI – smax)
G if sI > smax and I = 4, 5, 7, or 8 (9a)

 PEN(I) = 0 otherwise (9b)

The values of coeffi cients A, B, and G depend on (a) the magnitude of the other 
part of the evaluation function, which is of the order of 10,000 in our case and (b) 
the ‘elasticity’ of the constraint. If small violations of the constraint can be toler-
ated, the penalty value could be smaller.

Results for different combinations of A, B, and Γ appear in Table 2. Col-
umn R1 includes the sI values for the optimal solution of the unconstrained 
case. Sets of typical best results using penalty functions proportional to the 
number of violated constraints only, namely for B = 0, appear next. For A = 100 
 (column R2), all constraints are violated and sI values are similar to those of 
the unconstrained case. This proves that the value A = 100 is too small, even 
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to influence the solution. If A = 1000, then the minimum EV value corre-
sponds to solutions that observe the constraints. Many times, however, the 
genetic algorithm code ends up to solutions that violate one constraint. This 
is due to the rather inefficient form (stepwise change) of the penalty function. 
Typical results observing and violating the constraints appear in columns R3A 
and R3B, respectively. 

Typical best results for penalty functions increasing with the magnitude of con-
straint violation are presented next. Setting A = 10, B = 100, and G = 1 leads to 
small or zero violation of the constraints, as shown in columns R4A and R4B, 
 respectively. Typical best results for the coeffi cient combination A = 10, B = 100, 
and G = 2 appear next (column R5). It always leads to small constraint violations. 
If such violations can be tolerated, these two forms of the penalty function are suit-
able, since they lead to somewhat smaller pumping cost.

The constraints are always observed, if we set A = 1000, B = 100, and G = 2. 
Typical best results appear in column R7. Observance of the constraints is also 
guaranteed for A = 10, B = 100, and G = 2, namely with the coeffi cients of column 
R5, if PEN(I) is given as:

 PEN(I) = A + B(sI – smax+1)G if sI > smax and I = 4, 5, 7, or 8 (10a)

 PEN(I) = 0 otherwise (10b)

With this small change, the term raised to the second power is always larger 
than one. Typical best results appear in column R8. Such penalty functions should 
be used if the constraint is ‘rigid’.

Table 2: Hydraulic level drawdowns sI for different penalty functions.

R1 R2 R3A R3B R4A R4B R5 R7 R8

A – 100 1000 1000 10 10 10 1000 10
B – 0 0 0 100 100 100 100 100
G – – – – 1 1 2 2 2
s1 40.61 40.63 54.25 48.69 53.67 53.16 55.58 55.02 55.19
s2 40.61 40.67 50.25 44.96 50.29 49.40 47.70 48.98 48.98
s3 40.60 40.53 49.38 45.69 48.25 49.18 48.04 51.09 49.27
s4 40.60 40.60 30.00 30.00 29.99 29.92 30.27 29.97 29.98
s5 40.60 40.64 29.70 29.99 29.66 30.00 29.99 29.99 29.97
s6 40.61 40.62 51.35 44.95 51.88 53.04 51.30 50.04 51.21
s7 40.60 40.65 29.88 47.14 30.66 29.98 30.34 29.92 30.00
s8 40.61 40.64 29.95 29.99 30.00 29.99 30.00 29.88 29.47
C 10,151 10,156 11,401 10,827 11,353 11,389 11,340 11,399 11,403
SPEN – 400 0 1000 76 0 39 0 0
EV 10,151 10,556 11,401 11,827 11,429 11,389 11,379 11,399 11,403
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2.9 Advantages and disadvantages of genetic algorithms

Genetic algorithms are very effi cient in solving diffi cult optimization problems. 
Their main comparative advantages are as following:

1. The search for the global optimum starts from many points of the search space, 
whereas traditional methods use one initial point only. 

2. They use data from the objective function only. For this reason, their applica-
tion is not restricted by continuity or differentiability requirements. 

3. They do not involve complex mathematics.
4. There is no need to linearize the problem.
5. They are very fl exible, regarding the construction of the evaluation function.
6. They are highly adapted to parallel processing.
7. Many times, they end up with more than one good solutions (plural) of the prob-

lem. This is an asset of the method because it offers the possibility of selecting the 
most suitable solution, based on: 
a. Additional criteria, which have not been included in the evaluation process 

of the genetic algorithm, because their mathematical expression is diffi cult, 
or because their inclusion leads to disproportionate increase of the computa-
tional load, or for some other reason. 

b. Experience or scientifi c intuition.
c. Solution stability to changes of the values of input parameters; in particular, 

when these values are not accurately known. This stability could be checked 
by means of sensitivity analysis.

Genetic algorithms have some some limitations also. The most important are as 
following:

1. In most cases, there is no guarantee that the global optimum has been 
reached.

2. The fi tness value has to be calculated for every chromosome of each gen-
eration. For this reason, the total computational volume increases rapidly 
with the complexity of the evaluation function, the number of generations, 
and the PS. 

3. The effi ciency of the method depends on the form of the evaluation function. 
With step functions, for instance, the performance of genetic algorithms 
is mediocre.

3 Applications

Applications of genetic algorithms in the fi elds of water resources management, 
hydrology, and hydraulics are presented in the following sections (except for irriga-
tion and water supply networks, which are discussed in Chapter 3 of this volume). 
Due to the large number of papers on these topics, the references that are included 
are indicative only. Still, they show quite clearly the wide range of applicability, the 
usefulness, and the versatility of the method. 
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3.1 Groundwater resources management

Genetic algorithms have been used extensively in optimal management of ground-
water resources (e.g. Ouazar and Cheng [17]). The main problems are of two types: 
(a) minimization of pumping cost of a given fl ow rate from a system of wells and 
(b) maximization of pumping rate under certain constraints. In most cases, the 
chromosome evaluation process includes solution of the respective groundwater 
fl ow problem.

The diffi culty of the fi rst problem depends on the characteristics of the fl ow 
fi eld, the type of fl ow (steady or transient), and the constraints (if any). Moreover, 
additional cost items, such as amortization of well construction, might be part of 
the optimization process. There are few analytical solutions for simple fl ow fi elds. 
For steady fl ow in infi nite aquifers, as well as in semi-infi nite ones to which the 
method of images applies, the following proposition has been proved by 
Katsifarakis [18]: The cost to pump a given total fl ow rate QT from any number 
and layout of wells in a confi ned aquifer is minimized, when hydraulic head levels 
at all wells are equal to each other, as long as fl ow is due to that system of wells 
only. This result has been extended to aquifers with two zones of different trans-
missivities, to which the method of images applies [19]. Moreover, it has been 
proved that if there is an additional regional fl ow, pumping cost is minimized when 
fi nal differences between hydraulic head values at the locations of the wells, result-
ing from superposition of the regional fl ow and the operation of the system of the 
wells, are equal to the half of those resulting from the regional fl ow only. It shows 
that the optimal distribution of well fl ow rates can be calculated analytically, 
by solving a linear system of N equations and N unknowns, N being the number 
of the wells.

Even with such simple fl ow fi elds, the optimal solution might be not known, if 
fi nding optimal locations of the wells is part of the optimization procedure or if 
additional cost items are considered. Genetic algorithms have been used exten-
sively in diffi cult groundwater management problems, including complex fl ow 
fi elds, many cost items, or different sets of constraints. Some indicative applica-
tions are outlined in the following paragraphs. The case of coastal aquifers is dis-
cussed separately in Section 3.1.1, whereas that of groundwater remediation and 
pollution control is discussed in Section 3.1.2. 

Hsiao and Chang [20] combined genetic algorithms with constrained differen-
tial dynamic programming (CDDP) to determine the optimal solution of a ground-
water resources management problem, taking into account fi xed well costs and 
stepwise time-varying pumping cost. A simple genetic algorithm code was used to 
determine the number and location of pumping wells (from a predefi ned set of 
possible well locations). CDDP was then used in order to defi ne optimal pumping 
rates. A fi nite element code was used for groundwater fl ow simulation. The authors 
stressed the importance of incorporating fi xed costs in the optimization procedure.

Sidiropoulos and Tolikas [21] aimed at pumping cost minimization of a given 
total fl ow rate from a number of wells. They considered well locations as members 
of a discrete set of possible positions instead of treating them as continuous 
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variables ranging over the extent of the aquifer. Thus, they reduced signifi cantly 
the CL that includes the well fl ow rates qi and one more variable only, representing 
the well confi guration. Moreover, they scaled up the objective function, in order to 
overcome its fl atness. Finally, they introduced a transformation of the qi values, in 
order to observe the respective constraint. The same authors [22] extended their 
work by combining the genetic algorithm code with a cellular automaton, which 
represents the well confi guration.

Koutsourelakis et al. [23] used genetic algorithms to optimize groundwater 
resources management in semi-infi nite aquifers, with two rectilinear constant head 
boundaries. Their objective was to minimize the total cost due to: (a) pumping of 
a given fl ow rate from a system of wells and (b) amortization of the construction 
of the pipe network, which connects these wells with a central water tank. To 
simulate the fl ow, they introduced approximate forms of the method of images, in 
order to reduce the required computational volume. They concluded, based on 
application examples, that their approach achieves computational effi ciency, with-
out seriously compromising the quality of the results. The possibility of using 
surrogate models, based on approximate forms of the method of images, has been 
further investigated by Tselepidou [24].

3.1.1 Coastal aquifers
Sustainable management of coastal aquifers poses a very challenging optimization 
problem that could be stated in the following general way: Maximize total pump-
ing rate of fresh water from a system of wells, without allowing seawater to reach 
and pollute them, for a predetermined number of years. 

The evaluation process, repeated for each chromosome of every generation, 
includes solution of the respective two-phase fl ow problem, which is complicated, 
even when the sharp interface assumption is adopted. To alleviate the total 
computational volume, many researchers have introduced surrogate models 
(e.g. Sreekanth and Datta [25] and [26]) or have used low PS and number of gen-
erations. Some indicative applications are discussed in the following paragraphs.

Cheng et al. [27] studied semi-infi nite homogeneous aquifers under steady-state 
fl ow conditions, based on the assumption of sharp fresh water–saltwater interface. 
First, they present two analytical optimal solutions: (a) for the case of two wells, 
located at equal distances from the coast and having equal pumping rates and (b) 
for the case of one well and a recharge canal parallel to the coast. Then they use 
a messy genetic algorithm to seek the optimal solution for a large number of exist-
ing wells. The evaluation procedure includes calculation of the abscissa xtoe of salt 
wedge toe at the location of each well and a penalty is applied if xtoe exceeds the 
respective well coordinate xi (the coastline coincides with the y-axis).

Park and Aral [28] studied semi-infi nite homogeneous aquifers under steady-
state fl ow conditions, based on the assumption of sharp fresh water–saltwater 
interface. Their code, however, allows for optimization of well locations, too. 
Moreover, the evaluation function includes two confl icting targets: (a) maximiza-
tion of total pumping rate and (b) minimization of the distances between the 
wells and the coastline. The relative importance of the two objectives is defi ned 
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by the user, through the relative value of two constants. A penalty is imposed when 
xtoe for any well i exceeds the respective xc, namely the coordinate of the respective 
stagnation point. It is also worth mentioning that, instead of pumping rates and 
well coordinates, the authors used the respective perturbations as decision vari-
ables. Finally, the authors compared their results with those of Cheng et al. [27] 
(for fi xed well locations) and concluded that their code performs slightly better. 

Mantoglou et al. [29] studied a coastal aquifer of complex shape under steady-state 
fl ow conditions. They used a simulation model based on the assumption of sharp 
interface, which they solved numerically, using a fi nite differences scheme. They used 
both sequential quadratic programming (SQP) and genetic algorithms as optimization 
tool. The objective function of the genetic algorithm code included the sum of the 
well fl ow rates and a constant large penalty for constraint violation. They concluded 
that genetic algorithms are superior to SQP, but require more computing time.

Qalman et al. [30] studied a rectangular coastal aquifer with four pumping 
wells, using a 3-D density-dependent advective–dispersive solute transport model, 
solved by a fi nite element technique. Since this model should be solved for every 
chromosome of each generation, the respective computational volume is very 
large. For this reason, they had to use a small PS in the genetic algorithm code, 
namely PS = 5. Four optimization tasks have been examined: 

1. Maximization of total pumping rate, with constraint on the salinity of pumped 
water.

2. Maximization of profi t from selling the pumped water, which depends on the 
price of fresh water, the pumping cost, and the water treatment cost, which is a 
function of water salinity.

3. Maximization of total pumping rate and minimization of the amount of salt 
produced. In this case, the relative importance of the two objectives is defi ned 
by the user, through the relative value of two constants.

4. The previous case with an additional constraint on the hydraulic head level 
drawdown, which is taken into account in the evaluation function by means of 
an additional penalty term.

Bhattacharjya and Datta [31] used a real-coded genetic algorithm to maximize 
total water abstraction form a coastal aquifer, while maintaining salt concentration 
of pumped water under a specifi ed permissible limit. To simulate fl ow and mass 
transport, they used an artifi cial neural network (ANN) that was trained by means of 
a 3-D advective–dispersive transient fl ow and mass transport model. This approach 
allowed them to use large PS (PS = 800) and number of generations. They applied 
their model to a rectangular aquifer with eight fi xed wells. Rather surprisingly, wells 
closer to the coast appeared to have larger fl ow rates in the optimal solution.

Katsifarakis and Petala [14] combined genetic algorithms with a boundary ele-
ment code. They expressed the optimization goal as maximization of the following 
objective function:
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where N is the number of the wells, Qi is the fl ow rate of well i, and PEN is a 
penalty, imposed if the pumping scheme induces seawater intrusion to the wells. 
This is checked by means of the water fl ow simulation tool. To reduce the compu-
tational volume, they adopted the following idea: Under steady-state fl ow condi-
tions, seawater, eventually intruding the wells, enters the aquifer through coastline 
sections with a net water infl ow. If no such sections exist, there is no seawater 
intrusion to the wells. It is adequate then to ignore density differences and apply a 
typical two-dimensional model for the average fl ow. 

Actually, the aforementioned model should only produce velocities vertical to 
the coastline. This is equivalent to calculation of q = ∂j/∂n on the respective fl ow 
fi eld boundary (where j is the hydraulic head and n the vertical direction). The 
boundary element method (BEM) is a very suitable choice for this task, since it 
requires discretization of the fl ow fi eld boundaries only and produces the respec-
tive j and q values directly. Thus, unnecessary computations are minimized and 
the resulting computational procedure is very effi cient. Moreover, wells are 
described very accurately as concentrated ‘loads’, i.e. without distributing well 
fl ow rates to grid elements.

Using this surrogate fl ow model, the authors were able to address fl ows in zoned 
aquifers with complex shape, without reducing the PS and the number of genera-
tions of the genetic algorithm code.

Tsai [32] studied an aquifer in Baton Rouge area, Louisiana, aiming at manag-
ing saltwater intrusion by means of a hydraulic barrier and a saltwater extraction 
well system. The total management period was divided into a number of time 
steps, during which the function of the well system remained constant. The spe-
cifi c remediation targets were (a) to keep salt concentration below a predefi ned 
limit in existing fresh water production wells during all time steps and (b) to 
reduce salt concentration below that limit in the intruded aquifer area at the end of 
the management period. The author used a genetic algorithm to minimize total 
injected and pumped water quantities, which were required for the remediation 
process. Therefore, the chromosome fi tness function consisted of the sum of these 
water quantities plus two penalty terms, to take into account failures to achieve the 
aforementioned remediation targets. The chromosome consisted of (a) one value 
of injection and one of production well fl ow rate for each time step (common for 
the respective subset of wells) and (b) one gene for every injection or pumping 
well, to defi ne whether it is active during each time step. It is worth mentioning 
that the evaluation procedure included solution of multiple simulation models, 
to take into account uncertainty in their parameters.

3.1.2 Groundwater remediation and pollution control
The main problem can be stated as: Minimize the cost of remediation of a con-
taminated aquifer or minimize the cost of hydraulic control of a contamination 
plume. Some indicative applications are discussed in the following paragraphs.

McKinney and Lin [33] used genetic algorithms in three common groundwater 
resources management problems, in order to prove their effi ciency, compared 
to traditional optimization techniques. The objective of the fi rst problem was 
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to  maximize total pumping rate by means of 10 fi xed wells from a rectangular 
aquifer under steady-state fl ow conditions. Constraints included maximum pump-
ing rate of each well and minimum hydraulic head values. The objective of the 
second problem was to minimize the cost of obtaining a given total fl ow rate from 
the same well system under the same set of constraints. The evaluation function 
included well construction amortization, together with the pumping cost. The 
objective of third problem was to minimize the cost of a pump-and-treat system, 
using air stripping treatment technology and fi ve pumping or injection wells, the 
latter to return treated water to the same aquifer. Then the objective function 
included three terms, namely pumping, injection, and treatment cost, the latter 
based on an air-stripping performance equation. The solution should fulfi ll the fol-
lowing constraints: (a) upper bounds on contaminant concentration at selected 
aquifer points at the end of the remediation period, (b) an upper bound on con-
taminant concentration of the effl uent of the treatment plant, (c) lower and upper 
bounds on hydraulic heads at various aquifer locations, (d) upper and lower bounds 
on extraction and injection well fl ow rates, and (e) total well injection rate equal to 
total well pumping rate. The authors concluded that genetic algorithms performed 
as well as traditional methods in simple problems and inferred that they may be 
better in more complicated ones.

Chan Hilton and Culver [34] addressed two aquifer remediation problems, in 
order to study the effi ciency of two penalty forms for constraint violation. 
The objective of the fi rst problem was to minimize an aquifer remediation cost. 
The latter included pumping cost from 18 wells and operating cost of a granular 
activated carbon treatment facility, together with capital cost of its adsorbers. 
The constraints included upper bound on concentration at 13 observation wells 
at the end of the remediation period. The second problem was the one described 
by McKinney and Lin [33] as outlined in previous paragraphs. The authors 
examined two constraint handling methods: (a) to add a penalty proportional to 
the square of constraint violation to the actual cost (multiplied by a proper 
weight factor) and (b) to multiply the cost by a factor proportional to constraint 
violation and a proper weight factor. They concluded that penalties of the sec-
ond type were more effi cient, in particular in fi nding strictly feasible solutions, 
while using a range of weights.

Kalwij and Peralta [35] combined genetic algorithms and tabu search (see 
Chapter 6, this volume) to fi nd optimal solution to a groundwater remediation 
problem. They used MODFLOW and MT3DMS, namely commonly used codes, 
to simulate groundwater fl ow and contaminant transport, respectively. The objec-
tive was to minimize total pumping (from extraction and injection wells), whereas 
the constraints included: (a) upper and lower bounds on hydraulic head and (b) an 
upper bound on contaminant concentration that should not be exceeded at pre-
defi ned times at each fi eld zone. The authors applied the proposed model with 
success to an aquifer contaminated by volatile hydrocarbons and explosives. 

Katsifarakis et al. [36] used a particle tracking code to simulate advective mass 
transport in contaminated aquifers, in order to alleviate the computational load of 
the chromosome evaluation process. They applied their code in two cases: In the 
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fi rst case, they sought to maximize total clean water pumping rate Qs from three 
production wells, situated in the same restricted area with two wells that inject 
polluted water. The penalty used had the following form:
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where TT1 is the total number of time steps (covering the pollutant deactivation 
period) and Tbi is the time step at which a moving point i arrived at a production 
well. Of course, summation extends to moving points with Tbi < TT1 only.

In the second case, the total fl ow rate of the production wells was fi xed and the 
minimum treatment cost of pumped water was sought. Best solutions resulting 
from a number of runs were classifi ed in three different patterns with almost equal 
fi tness values, which were comparatively evaluated, using additional criteria. Some 
remarks on taking into account dispersive mass transport conclude this chapter. 

3.2 The inverse problem of groundwater hydraulics

To simulate fl ow and mass transport in aquifers, one should know the pertinent 
fl ow parameters such as transmissivity and dispersivity. The diffi culty in obtaining 
these parameters depends on the features of the fl ow fi eld. Some indicative appli-
cations of genetic algorithms are outlined in the following paragraphs.

Wagner [37] studied the design of a sampling network aiming at reducing uncer-
tainty of estimates of aquifer parameters, which are used in fl ow and mass transport 
simulation models. He aimed at minimizing a properly selected uncertainty measure 
under a budget constraint. He applied a rather simple genetic algorithm code to a 
synthetic contaminated rectangular aquifer with two zones of different hydraulic 
conductivities. Estimation of hydraulic conductivities, together with longitudinal 
and transverse transmissivities, was based on hydraulic head and contaminant con-
centration ‘measurements’. The author compared the results with the global optimal 
values, obtained by means of the branch-and-bound method. He concluded that ‘the 
genetic algorithm can identify near-optimal solutions for a small fraction of the com-
putational effort needed to identify the globally optimal branch-and-bound solution’. 

El Harrouni et al. [38] studied the effi ciency of genetic algorithms in obtaining 
transmissivity values in a heterogeneous aquifer, based on point measurements of 
hydraulic heads and using the dual reciprocity BEM to simulate fl ow. They applied 
the combined simulation–optimization tool to a synthetic square aquifer with 
transmissivity varying in a known way. First, they calculated hydraulic head val-
ues hmi at N points, based on the known transmissivity distribution and used them 
as ‘measured’ values in the objective function, which had the following form: 
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where hi is the calculated value by means of the simulation–optimization tool 
and wi is the predefi ned weight. The authors concluded that the genetic algorithms 
perform very well in such problems. 
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Katsifarakis et al. [39] combined genetic algorithms with boundary elements to 
study three problems related to groundwater resources management, namely: 
(a) determination of transmissivities in zoned aquifers, based on a restricted num-
ber of fi eld measurements, (b) minimization of pumping cost from any number of 
wells under various constraints, and (c) hydrodynamic control of a contaminant 
plume, by means of pumping and injection wells. They worked on a synthetic 
aquifer of irregular shape and four zones of different transmissivities. To solve the 
fi rst problem, each chromosome represented a set of four transmissivity values, 
whereas the evaluation function had the following form: 
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where hi is the calculated value and hmi virtual fi eld measurement, derived by 
 solving the direct problem with the correct transmissivity values. They concluded 
that(a) the results are very satisfactory, as long as the measurement points are close 
to the pumping wells, and (b) transmissivity estimates are not affected seriously by 
reasonably small-fi eld measurements errors.

In the work of Karpouzos et al. [40], the inverse problem of groundwater fl ow 
was treated with an automatic method that can produce several alternative solu-
tions at once. During their joint optimization, these solutions can exchange infor-
mation in order to maintain some diversity and thus avoid a systematic premature 
convergence toward a single local minimum. For that purpose, a multipopulation 
genetic algorithm (MPGA), specially adapted to the resolution of the inverse prob-
lem in hydrogeology, was developed. A Gray logarithmic coding for transmissiv-
ity values was proposed that favors the order of magnitude adjustment and 
promotes bits economy. Genetic operators consisted of elitist tournament selec-
tion, crossover, mutation, gradual update (expressed by the probability that a new 
solution will be retained in the next generation, which was inspired by the accep-
tance probability of a Metropolis algorithm), and migration. The aforementioned 
set of the fi rst four successive operators was applied to each subpopulation and 
migration was then applied to allow exchange of individuals between subpopula-
tions. The MPGA was tested on two synthetic cases of steady-state fl ow with 
transmissivity values T extending over four orders of magnitude. The fi rst test was 
nonparametric and optimized as many parameters as those used to defi ne the refer-
ence case, whereas the second one referred to a parametric case of an aquifer built 
of 600 blocks. The 600 values were identifi ed from a restricted set of 28 parame-
ters at point (elementary block) locations called pilot points. The MPGA handled 
individuals made of perturbation values of the initial T values at the 28 pilot points. 
The numerical defi nition of the 600 T values was obtained by interpolation of the 
pilot-point perturbation values and the interpolated perturbation was added, point 
by point, to an initial a priori fi eld (initial solution) invariant during the optimiza-
tion. A simple least squares form with a limited number of observed heads was 
used as the objective function. Based on the good quality of the results, the authors 
concluded that MPGA was able to simultaneously handle and identify a signifi cant 
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number of alternative solutions to the problems studied. Furthermore, the com-
bined use of the MPGA and the pilot point parameterization method seems to be 
a promising approach to solving large-scale inverse problems since the conver-
gence of the objective function and the transmissivity identifi cation were very 
 successful. Finally, it was noted that the mapping of subpopulations on parallel 
processors can substantially decrease the computational cost. 

Tsai et al. [41] studied heterogeneous aquifers and used genetic algorithms to 
estimate the optimal distribution of transmissivity values. The chromosomes, 
namely the solutions of the problem, consisted of the coordinates of a number of 
‘basis points’ and the respective transmissivity values. Calculation of the latter at 
any fi eld point was achieved using the natural neighbor method, thoroughly 
described in their paper. The objective function was based on the sum of the differ-
ences between measured and calculated hydraulic head values. Best solutions 
obtained by the genetic algorithm code were further refi ned by means of a 
 gradient-based algorithm.

Recently, Lu et al. [42] used genetic algorithms to estimate six parameters, 
namely aquifer thickness, horizontal hydraulic conductivity, vertical hydraulic 
conductivity, storativity, specifi c yield, and delay coeffi cient of a karst aquifer 
based on a pumping test. The respective fi tness function was the sum of square 
differences between calculated and observed drawdowns. They concluded that 
genetic algorithms require comparatively large computational time, but they can 
yield dependable results.

3.3 Surface water hydrology

Finding the most suitable rainfall–runoff relationship is a diffi cult task in many 
cases. Genetic algorithms have their share in optimizing parameters of hydro-
logical models and on surface water management. Three indicative applications 
follow. 

Wang [43] has used a genetic algorithm code to calibrate a conceptual rainfall–
runoff model with nine parameters. First, he studied a hypothetical example, in 
which the true optimum set of parameter values was known by assumption, in 
order to examine whether the genetic algorithm was capable of fi nding that opti-
mum. Then he studied its performance further, using real data from four catch-
ments. He concluded that the genetic algorithm was always able to fi nd an objective 
function value close to the global minimum.

Cheng et al. [44] have used real-coded genetic algorithms to calibrate the 
parameters of a conceptual rainfall–runoff model for fl ood forecasting. The proce-
dure aimed at optimal forecast of: (a) peak discharge, (b) peak time, and (c) total 
runoff volume. The weight coeffi cients, included in the objective function, were 
equal to 0.45, 0.45, and 0.1 respectively. The authors have applied their code suc-
cessfully to the drainage basin of a reservoir in Southern China.

Bekele and Nicklow [45] have used a ‘nondominated sorted’ genetic algorithm 
(Srinivas & Deb [46]), suitable for multiobjective optimization, to calibrate a phys-
ically based, semidistributed watershed model with a large number of  parameters. 
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The authors selected 18 parameters, in order to calibrate the model for stream fl ow 
and sediment concentration, and used as objective function the root mean square 
error between observed and simulated model responses.

3.4 Reservoir management

Reservoir management poses a number of very interesting optimization problems. 
Some indicative applications of genetic algorithms are outlined in the following 
paragraphs.

Wardlaw and Sharif [47] have studied the four-reservoir problem (Fig. 3), in 
order to evaluate alternative formulations of genetic algorithms. The problem was 
initially proposed by Larson [48] and its global optimum is known. The objective 
is to maximize benefi ts from hydropower generation and irrigation, by regulating 
the reservoir releases Rij over 12 two-hour operating periods. Therefore, each chro-
mosome represents 48 (4 × 12) Rij values. Constraints include lower and upper 
bounds on Rij and on reservoir storage in all time steps and target fi nal storages for 
all reservoirs. Moreover, the continuity constraint, regarding infl ows, outfl ow, and 
storage at each reservoir, should be fulfi lled in all time steps. 

The authors compared binary, Gray, and real value encodings and a number of 
mutation and crossover schemes. They concluded that ‘a real value representation, 
incorporating tournament selection, elitism, uniform crossover, and modifi ed 
 uniform mutation’ operates most effi ciently and produces the best results for the 
four-reservoir problem. Moreover, they studied a 10-reservoir problem and con-
cluded that genetic algorithms can handle large problems, too.

Figure 3: The four-reservoir problem (after Wardlaw and Sharif [47]).
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Oliveira and Loucks [49] used a real-coded genetic algorithm to optimize per-
formance of a multireservoir system, taking into account water and energy 
demands. Each chromosome represented an operating policy and it was evaluated 
by means of a function of water and energy defi cit. Chromosomes were ranked 
according to their performance and a roulette wheel selection scheme was used to 
produce the intermediate population. Moreover, a copy of the best current solution 
was included in the next generation (elitist approach). Finally, to ensure feasibility 
of new solutions, crossover and mutation applied to groups of parameters, each 
defi ning an operating rule. A secondary conclusion of their research is that ‘it is 
preferable to select a small population size and allow it to evolve for more genera-
tions than to select a larger population and let it evolve for fewer generations’, if 
the total number of system simulations is restricted.

Cai et al. [50] combined genetic algorithms and linear programming to address 
two large-scale problems: (a) a reservoir operation model with nonlinear hydro-
power generation equations and nonlinear reservoir topologic equations and (b) a 
long-term dynamic river basin planning model with a large number of nonlinear 
relationships, applied to the Syr Darya basin in Central Asia. The objective func-
tion included benefi ts to irrigation and hydropower generation, together with eco-
logical water use over a multiyear period.

Huang et al. [51] combined genetic algorithms with stochastic dynamic pro-
gramming to study a multireservoir system. The latter was used to optimize the 
operating policy of each single reservoir, while the genetic algorithm defi ned the 
release allocation for each water user of the system. The objective was to minimize 
the annual demand defi cit. The code was used to optimize a two-parallel-reservoir 
water supply system in northern Taiwan. 

Ahmed and Sharma [52] used genetic algorithms to defi ne best operating poli-
cies for a multipurpose reservoir, located on the river Pagdalia, India. As input data 
they used synthetic monthly stream fl ow series, produced by means of an ANN. 
The objective function was the square defi cit from demand, whereas constraints 
included lower and upper storage volumes. They concluded that operating policies 
derived by genetic algorithms are comparable to those derived by stochastic 
dynamic programming

Chen [53] has applied a real-coded genetic algorithm to optimize the rule curves 
of a multipurpose reservoir for fl ood control, power production, and water supply. 
Each chromosome represented 12 decision variables, defi ning the ‘lower limit’ 
and the ‘critical’ curves, which in turn defi ned the water quantities that should be 
released for power generation and water supply. The objective function, aiming at 
minimizing water supply defi cit was based on the shortage index, introduced by 
the US Army Corps of Engineers. The author tested a number of versions of selec-
tion and crossover operators and concluded the BLX-0.5 crossover produced the 
best results. He also concluded that genetic algorithms have advantages in the 
context of reservoir systems optimization. 

Chen and Chang [54] introduced a multipopulation genetic algorithm to over-
come problems of premature convergence. They tested it in the four-reservoir 
benchmark problem, shown in Fig. 3, and then they applied it to a three-reservoir 
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system (two existing and one planned) in Taiwan. The objective was to minimize 
deviations from water supply and hydropower production targets. The authors 
concluded that the proposed multipopulation code outperforms the conventional 
genetic algorithm.

Chang et al. [55] used genetic algorithms to optimize the operating rule curves 
(upper, lower, and critical) of a reservoir, which was used for fl ood control, hydro-
electric power generation, water supply, and recreation. As objective function, the 
authors used the aforementioned shortage index. Constraints included: (a) satis-
faction of the continuity equation for all the system components, such as the reser-
voir, irrigation areas, and merger points, (b) upper and lower water level at the 
reservoir, and (c) bounds on water requirement and water release for each water-
work. The authors tried binary and real-coded genetic algorithms; they concluded 
that both led to better results than the existing operating rule curves and that the 
real-coded version was more effi cient.

Chang et al. [56] extended the previous work by taking into account the require-
ment for ecological fl ow, in the form of an additional constraint. Moreover, they 
modifi ed the objective function in order to avert continuous water-defi cit periods. 
They presented also an interesting distinction between strict and soft constraints. 
Also Chang et al. [57] included genetic algorithms in their ‘intelligent fuzzy fl ood 
control model’ for real-time reservoir operation.

Shirangi et al. [58] combined a multiobjective genetic algorithm-based optimi-
zation model and a water-quality simulation model to determine a trade-off curve 
between objectives related to the allocated reservoir water quantity and quality. To 
reduce the run-time of the genetic algorithm-based optimization model, they 
decomposed to long-term and annual optimization models. The operating policies 
obtained using this long-term model provided the time series of the optimal reser-
voir water storages at the beginning and the end of each water year. In the next 
step, these optimal reservoir storage values were considered as constraints for 
water storage in the annual reservoir operation optimization models.

Liu et al. [59] stressed the assets of having multiple near optimal solutions in 
reservoir operation optimization and compared the effi ciency of three techniques 
in deriving them. They concluded that genetic algorithms perform better than the 
near-shortest paths method but that they are less effi cient than the Markov chain 
Monte Carlo method.

3.5 Other applications

Genetic algorithms have been used in more problems of water resources manage-
ment, or implicitly related to water resources, such as optimization of ANNs that 
are used as surrogate models, e.g. to predict rainfall–runoff relationship. Some 
indicative applications are outlined in the following paragraphs.

Jain and Srinivasulu [60] used real-coded genetic algorithms to train an ANN 
rainfall–runoff model. They used daily rainfall and stream fl ow data from the 
 Kentucky River watershed and found that the ANN ability to reproduce 
 low-magnitude fl ows was improved.
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Pump scheduling is the interface between groundwater resources and water 
 supply network management and has attracted a lot of attention. Barán et al. [61], 
for instance, used six multiobjective evolutionary techniques, based on genetic 
algorithms, in order to optimize operation of a system of pumps that feed the res-
ervoir of a water supply system. Four objectives were simultaneously sought, 
namely minimization of (a) electric energy cost, (b) maintenance cost, (c) maxi-
mum power peak, and (d) level variation in the reservoir. 

Low-enthalpy geothermal aquifers constitute both energy and water resources. 
Tselepidou and Katsifarakis [62] used genetic algorithms to optimize the exploita-
tion system of a hypothetical geothermal aquifer. With respect to water fl ow, the 
aquifer consisted of two zones of different transmissivities, whereas from the ther-
mal point of view it could bear any number of zones with different temperatures. 
The objective function comprised the annual pumping cost of the required fl ow 
and the amortization cost of the pipe network, which carries the hot water from the 
wells to a central water tank, situated at the border of the geothermal fi eld. Results 
showed that application of the proposed optimization procedure allows better 
planning of low-enthalpy geothermal heating systems, which may be crucial in 
cases of marginal fi nancial viability.

In another application related to water resources management, Koutroulis and 
Kolokotsa [63] used genetic algorithms to optimize the design of desalination sys-
tems powered by photovoltaics and wind generators. The objective function was 
equal to sum of the capital and maintenance costs during the desalination system 
lifetime period, including those of the water storage tank. 

4 Concluding remarks

Introduction of genetic algorithms in mid-seventies offered a new approach to opti-
mization problems. More nature-inspired methods followed, allowing researchers 
a choice based on the features of the problem in hand or on their personal scientifi c 
background and taste. 

Genetic algorithms have been used very effi ciently in most kinds of water 
resources management, hydrology, and hydraulic network problems. In earlier 
applications, the authors had to prove that genetic algorithms were at least as effi -
cient as traditional optimization techniques. In a few years, however, the fact that 
they perform better in many complicated problems, e.g. when the respective objec-
tive functions exhibit many local optima or discontinuous derivatives, has become 
common wisdom. 

In water resources management, genetic algorithms are often coupled with fl ow 
simulation models, which form the main part of the respective objective function. 
Availability of more powerful and parallel computers allows more sophisticated 
fl ow simulation approaches. Still the use of surrogate models is necessary in many 
applications.

The basic features of the genetic algorithms, outlined in this chapter, and the 
huge variety of their applications prove beyond doubt that they are a mature tech-
nique. Still, they do not restrict the creativity of the users who can invent new 
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operators or adapt existing ones to the features of the investigated problem. This is 
probably the most attractive feature of genetic algorithms.
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CHAPTER 3

Applications of genetic algorithms to water 
distribution networks: optimization of 
irrigation networks design

D.K. Karpouzos
Faculty of Agriculture, Aristotle University of Thessaloniki, Greece.

Abstract

This chapter deals with the application of genetic algorithms in the optimal design 
of water distribution networks, and especially those that are used for agricultural 
purposes. A genetic optimization approach is elaborated and presented in order to 
minimize the total cost of a pumping irrigation network, including the energy and 
pipeline investment cost. Specially adapted features of genetic algorithms are pro-
posed to handle the hydraulic constraints (pressure and velocity requirements) and 
a discrete-value coding of variables is adopted to represent the available commercial 
pipe diameters. Pumping head at the upstream end of a pressurized irrigation network 
and pipe diameters distribution are determined simultaneously through an automatic 
optimization procedure that aims to obtain the least total cost network design. The 
proposed methodology is applied to two collective on-demand irrigation networks 
with different characteristics, and the performance of genetic algorithms is discussed.
Keywords: genetic algorithms, irrigation, least-cost design, on-demand operation, optimi-
zation, pumping, water networks.

1 Introduction

Nowadays water distribution networks are complex systems demanding appropri-
ate design and a high level of investment for their effi cient operation. Because 
of the escalating need to improve effi ciency and to reduce maintenance and con-
struction costs, many models have been developed to solve the least-cost design 
problem of water distribution systems. Thus, system component characteristics 
are explored in order to minimize the total system cost and improve their design 
and performance. Methods for the least-cost design include a broad spectrum of 
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models employing among others several evolutionary/metaheuristic techniques 
[1]. Over the past two decades, the employment of genetic algorithms (GAs) [2] 
substantially improved the optimization of water distribution systems [3].

GAs are metaheuristic independent global search techniques, typically charac-
terized by the following elements: (a) generation of an initial population of 
 potential solutions, each identifi ed as a chromosome, (b) computation of the objec-
tive function value of each solution and subsequent ranking of chromosomes 
according to this metric, (c) some aspect of chromosome ranking and selection of 
candidate solutions to participate in a mating pool, where the information from 
two or more parent solutions are combined through crossover operator to create 
offspring solutions, and (d) mutation of each individual offspring to maintain 
diversity and prevent premature convergence to local optima. These elements are 
repeated in sequential generations until a suitable solution is obtained.

Simpson et al. [4] were the fi rst to apply GAs for water distribution systems in 
least-cost design and compared the solution derived to enumeration and to nonlinear 
optimization using the network of Gessler [5]. Later, Savic and Walters [6] used GAs 
to solve and compare optimal results for the one-loading gravity systems of the two-
loop network [7], the New York City Tunnels [8] and the Hanoi networks [9]. Dandy 
et al. [10] improved GAs by incorporating variable power scaling of the fi tness func-
tion for the New York City Tunnels (NYCT) networks optimization. The potential of 
a fast messy GA [11] was explored by Wu and Simpson [12], who noted its usage for 
the optimization of large-scale water distribution systems. Vairavamoorthy and Ali 
[13] developed a GA framework for the least-cost pipe network that excludes regions 
of the search space in case impractical or infeasible solutions are likely to exist, in 
order to improve the GA search effi ciency. Wu and Simpson [14] introduced a self-
adaptive constraint handling mechanism that was later embodied in a multiobjective 
fast messy GA scheme [15]. The self-adaptation was introduced to handle the trans-
formation from a constrained into a nonconstrained framework of the least-cost 
design and rehabilitation problems of a water distribution system.

The optimal design of water networks involves signifi cant engineering issues 
beyond the least-cost design such as multiple operating conditions, reliability, 
redundancy, resilience, and time scheduling of investments [16]. Therefore, due to 
various decision variables, multiobjective optimization approaches have been 
developed and applied in water resources problems in order to evaluate the trade-
offs of the least-cost design problem with other related design competing objec-
tives [17–22]. However, Di Pierro et al. [21] note that multiobjective optimization 
techniques “suffer from the loss of effi ciency when compared to its  single-objective 
counterpart” since the total number of simulation runs is practically extended in 
real-world water distribution networks applications. GAs have been also used suc-
cessfully to determine the optimum design of gravity-sustained pressurized irriga-
tion systems under different fl ow delivery schemes [23].

Pump scheduling is of great importance for reducing energy costs and therefore 
operational expenditures of water distribution systems. Under these premises and 
according to modern approaches in water engineering, GAs followed the classical 
techniques in pump scheduling [24–28].
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The application of pumping systems is of great importance in agricultural 
water management, since it is quite common in irrigation networks where topog-
raphy does not allow water to fl ow at desired pressure and quantity. In pumped 
irrigation networks, the system cost includes the cost of pipes, pumps, energy 
(pumping), and operation and maintenance. The optimization of such systems is 
a critical issue due to high recurring energy cost. In the optimal design of pump-
ing hydraulic networks, there is an economic trade-off between the pumping 
head and pipe diameters. Selection of pipe diameters (from a set of commer-
cially available  discrete-valued diameters) to construct a water supply network 
of minimum cost is a highly constrained problem and has been shown to be an 
NP-hard problem [29], [6]. The present chapter investigates the adaptation of 
GAs for the automatic optimization of pumping irrigation networks operating 
on-demand.

2 Methodology

A simulation-optimization procedure has been developed with the aim of opti-
mizing the design of branched irrigation networks that are fed by a pumping 
station. The proposed model uses an adapted GA as optimization method. The 
model procedure is presented in Fig. 1. The input data refer to network lay-
out data, available commercial diameters, irrigation, and GAs parameters. The 
genetic process is performed iteratively until a predefi ned maximum number 
of generations is reached (NG = 1 to MNG, where NG is the index number of 
generation and MNG the maximum number of generations). The basic features 
of the optimization algorithm are described in the following subsections.

2.1 Initial population–coding

First, an initial population of possible solutions (pipe diameters) is produced 
randomly according to a coding scheme. In heuristic methods, like GAs, coding 
is an important part of the algorithm formulation as it defi nes the magnitude of 
the domain space and the accuracy of discretization required. Typical GAs use a 
binary coding in order to represent the candidate solutions that are named as chro-
mosomes. Real-coded GAs have also been suggested and applied recently with 
success in many cases. However, the choice of the appropriate coding scheme as 
well as the genetic structure of the algorithm is mainly based on the nature of the 
problem.

Since the design variables are the diameters that follow a predetermined discrete 
distribution based on pipe manufacturers’ databases, an integer discrete coding 
[30] is adopted in this study.

Each chromosome is represented by an array of np integers, where np is the 
number of pipes, whereas each integer corresponds to a discrete diameter 
value among the commercial available ones. The design variables range from 
1 to ND, where 1 is assigned to the smallest diameter and ND to the largest 
one of the predefined diameter list. In that way, an economy of bits is achieved 
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Figure 1: Optimization model’s fl owchart.
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in the definition of the domain space, while there are no limitations on the 
number of possible diameter sizes that can be assigned to a specific pipe. 
Moreover, decoding can be effectuated in a simple and fast way, since there is 
no need of base conversions that are required in binary coding. Genetic oper-
ators are applied directly to a discrete defined domain rather than to a con-
tinuous search space, thus avoiding useless approximations that are required 
in real coding as variables should be rounded to the nearest discrete diameter 
value.

2.2 Backward hydraulic simulation

Once a solution, i.e. a possible set of diameters, is produced by the application of 
genetic operators (or randomly if it belongs to the initial population), a hydraulic 
simulation of the pumping irrigation network is performed. A backward procedure 
is adopted in order to fi nd the minimum pumping head required at the head of the 
network to fulfi ll all the nodes pressure requirements.

Considering a fi xed distribution of fl ow rates, as it is the case of on-demand 
irrigation networks, hydraulic losses can be calculated for each pipe since diame-
ter is known. According to Hazen-Williams, hydraulic losses DH are given by the 
following equation:

 

a
bw −⎛ ⎞

= ⎜ ⎟⎝ ⎠HW

Q
DH D L

C
 

(2.1)

where w is a numerical conversion constant, which depends on the units used, a 
is a coeffi cient equal to 1/0.54, b is a coeffi cient equal to 2.63/0.54, D is the pipe 
internal diameter, L is the length of the pipe, and CHW is the Hazen–Williams 
roughness coeffi cient.

The hydraulic simulation is performed backwards, i.e. from terminal nodes to 
upstream nodes. A matrix G [np+1, Ml+1] describing the network geometry is 
created that stores the downstream nodes that are directly linked with any node, 
where Ml is the maximum number of adjacent links of a junction node for the 
irrigation network under study. So, matrix fi rst column contains the indexes of 
nodes, whereas next columns contain the indexes of corresponding adjacent 
downstream nodes. At each node, piezometric heads are calculated using eqns (2) 
and (3):

 { }req ,max{ }max for j np 1 to 1; i 2 to M1 1j ij ijj H H DHH += = + = +
 

(2.2)
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where Hij is the piezometric head of downstream node i connected directly with 
node j, DHij is the hydraulic losses of pipe from downstream node i to j, req

jH is 
the required pressure head, zj is the elevation, and req

jP  is the required pressure of 
node j. Thus, through this backward hydraulic simulation, i.e. from downstream 
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ends to upstream end, the minimum upstream piezometric elevation at the head of 
the network is derived.

The fl ow regime of the irrigation networks is calculated for on-demand opera-
tion of the pressurized irrigation networks using the fi rst model of Clement [31]. 
The elementary probability p of operation of each outlet is defi ned as:

 

⋅
= =

⋅ ⋅ ⋅ ⋅
Q q Sp

r R d r R d  
(2.4)

where q is the specifi c continuous discharge (l/s/ha), S is the irrigated area (ha), 
R is the total number of outlets, d is the nominal discharge of each outlet (l/s), and 
r is the coeffi cient of utilization of the network.

The number N of simultaneously operating hydrants is estimated through the 
probabilistic fi rst formula of Clement:

 (1 )N R p U Rp p= ⋅ + ⋅ −  (2.5)

where U is the standard normal variable corresponding to P(U). The latter is 
called network operation quality, which is the cumulative probability that among 
R hydrants, there will be a maximum of N outlets being simultaneously in opera-
tion. Thus, considering an equal discharge at all outlets, the total discharge down-
stream a generic node of the network is given by:

 (1 )Q N d R p d U Rp p d= ⋅ = ⋅ ⋅ + ⋅ − ⋅  (2.6)

2.3 Fitness evaluation

The least-cost design criterion of an irrigation network is used to evaluate the fi tness 
of the algorithm. In the following applications, the total cost consists of the minimi-
zation of the annual recurring cost composed by two main components, the pipeline 
and the pumping energy cost. Thus, the objective function can be defi ned as:

 min f = Cpipe + Cenerpump (2.6)

where the annual pipeline cost Cpipe is given by the following expression:
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and the annual energy cost Cenerpump is expressed as follows:

 enerpump man( )/C A Q H nb g= ⋅ ⋅ ⋅ ⋅
 

(2.8)

where g is the specifi c weight of water (= 9.81 kN/m3), A is the irrigation period 
(h), b is the electricity rate ( /kWh), r is the annual interest rate (%), Q is the 
pumping fl ow rate (l/s), Hman is the pumping head (m) and n is the combined 
effi ciency of pump and prime mover.
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If the variables (pipe diameters) are allowed to take any value of the commercial 
set, i.e. velocity upper and lower bounds are not inherently incorporated in coding 
and genetic operations by defi nition, the respective constraint can be treated with 
a penalty. Then the objective function of this GA variant takes the following form:

 pipe enerpumpmin ( )(1 Pen )f C C a V= + + ⋅
 

(2.9)
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where PenV refl ects the relative maximum pipe velocity violation, and max
simV  and 

max
defV  are the maximum simulated and defi ned velocities, respectively. The param-

eter a depends on the magnitude of the cost value and is empirically determined by 
the network designer.

2.4 Genetic operators

The genetic operators used in the following applications are selection, crossover, 
and mutation. Elitist tournament method is adopted for the selection procedure 
(Chapter 2, this volume). The selected solutions are combined through crossover 
to form the offspring according to a predefi ned rate (e.g. 0.60). In order to enhance 
the ability to create new information, a blending one-point crossover method is 
used to combine the variable values from the two parents. A single offspring vari-
able value, pnew, comes from a combination of the two corresponding parent vari-
able values at a randomly selected crossover point [32], [33]:

 pnew = round{l*pmn + (1−λ)*pdn} (2.11)

where l is a random number on the interval [0, 1], pmn is nth variable in the mother 
chromosome, and pdn is the nth variable in the father chromosome.

In case l = 1, pmn is reproduced in its entirety, whereas if l = 0, the pnew is equal 
to pdn. When l = 0.5 [34], the value of pnew is an average of the variables of the two 
parents. The same variable of the second offspring is the complement of the fi rst 
(i.e. replacing l by 1−l). This blending approach is demonstrated to work well on 
several interesting optimization applications [35]. The rest of the variables of the 
two offspring are completed similarly to the typical one-point crossover method 
(Chapter 2, this volume).

One more advantage of this crossover-blending method in water distribution 
network applications is the fact that it is not allowed to offspring variables (pipe 
diameters) to get values outside the bounds of the available set of the commercial 
discrete-valued diameters. Furthermore, the variables will always respect the 
velocity constraints when the acceptable range of each pipe diameter is defi ned in 
the coding scheme within the permissible pipe velocities according to the respec-
tive fl ow rates.

Mutation is applied at each variable of the solution vector by changing its inte-
ger value (diameter size) randomly. In order to respect the commercial diameters 
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bounds and velocity constraints for each pipe, the mutation operator is also 
designed to alter the diameter size for each parameter within the acceptable pre-
defi ned values range.

Furthermore, a telescopic pattern control operator is introduced in the  algorithm, 
before the evaluation of generated solutions, that ensures that for any consecutive 
pair of pipes, the diameter size of the upstream pipe is larger or equal to the one of 
the downstream pipe. This correction is easily implemented through the use of 
network layout data stored in the input matrix G, described in the Section 2.2.

3 Applications

In this study, the proposed methodology is tested in two collective pressurized 
irrigation networks fed by a pumping station. The differences between these irri-
gation networks mainly rely on the number of parameters (pipes), the geometrical 
layout, and the irrigation parameters.

The minimum required pressure at each demand node is set to 35 m, which is an 
adequate value for the application of sprinkler on-farm irrigation method. The 
commercial available diameters and their respective costs used for the design of 
the network are given in Table 1. The minimum and maximum velocity for all 
diameters is set to 0.5 and 2.0 m/s, respectively. Flow rates distribution is calcu-
lated through the fi rst Clement formula. In the case of links where the number of 
downstream outlets is equal or less than 10, the peak discharge is obtained by sum-
mating the discharge of each of the outlets. Pipe head losses are calculated using 
the Hazen–Williams formula (eqn. (2.1)) with a roughness coeffi cient, CHW = 150.

Concerning the economic parameters, the annual interest r is taken as 6% and 
the life cycle of the infrastructure t is estimated to be 40 years. Pumping energy 
cost parameters are taken as follows: electricity rate b = 0.085 /kWh, combined 
effi ciency of pump and prime mover n = 0.65 /kWh, and pumping irrigation period 
A = 1000 h.

Table 1: Coding and cost of commercial pipe diameters.

Coding ND (mm) ID (mm) Cost ( /m)

0 110 9360 9
1 140 119,15 14.5
2 160 136,19 18
3 200 170,26 26
4 225 191,55 32
5 280 238,39 53
6 315 268,20 65
7 355 302,27 80
8 400 340,60 102
9 450 383,18 130
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3.1 Case 1

The fi rst case refers to a typical pumping irrigation network, shown in Fig. 2, 
used for testing the optimization algorithm. This relatively small-scale (in terms of 
number of variables) symmetrical network consists of 35 pipes (links), 30 demand 
nodes with double (60) outlets, and one pumping station at the head of the network 
(Fig. 2) located at 62 masl. The length of each pipe and the elevation of each 
node are presented in Tables 2 and 3, respectively. The irrigation parameter val-
ues used in the network design are specifi c continuous discharge q = 0.005 l/s/ha, 
nominal discharge of each outlet d = 6 l/s, operation time of the network OT = 16 h, 
and quality of operation P(U) = 99%. The total irrigated area is 150 ha. The peak 
Clement discharge at the head (pumping station) of the network is calculated as 
192 l/s. Genetic parameters are set as follows: maximum number of generations 
(MNG) = 500, population size (PS) = 75, crossover rate (CR) = 0.65, and mutation 
probability = 1/np ≈ 0.03.

Figure 2: Irrigation network layout (Case 1).
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Table 2: Irrigation network nodes elevation (z) data (Case 1).

Node z (masl) Node Z (masl) Node z (masl) Node z (masl) Node z (masl)

1 60.75 8 61.65 15 58.15 22 58.15 29 56.2
2 59.7 9 60.75 16 57.85 23 57.85 30 55.85
3 58.15 10 60.45 17 57.65 24 57.55 31 55.75
4 57.35 11 60.15 18 58.25 25 57.85 32 56.15
5 55.85 12 59.7 19 58.4 26 57.85 33 55.75
6 60.75 13 59.05 20 58.6 27 57.25 34 55.65
7 61 14 60.2 21 58.15 28 56.8 35 55.75

Table 3: Irrigation network pipes length data (Case 1).

Pipe Length 
(m)

Pipe Length 
(m)

Pipe Length 
(m)

Pipe Length 
(m)

Pipe Length 
(m)

1 325 8 200 15 100 22 200 29 200
2 300 9 100 16 200 23 200 30 100
3 300 10 200 17 200 24 100 31 200
4 300 11 200 18 100 25 200 32 200
5 300 12 100 19 200 26 200 33 100
6 100 13 200 20 200 27 100 34 200
7 200 14 200 21 100 28 200 35 200

3.2 Case 2

In this application, a more extended irrigation network, situated in Epirus, Greece, 
is optimized. A pumping station at the head of the network with an elevation of 
469 masl fulfi lls the pressure requirements of the irrigation outlets. It has 77 pipes 
(links) and 63 hydrants with a single outlet. The layout of the irrigation network is 
presented in Fig. 3, whereas the length of each pipe and the elevation of each node 
are given in Tables 4 and 5, respectively. The irrigation parameter values used in 
the network design are specifi c continuous discharge q = 0.0057 l/s/ha, nominal dis-
charge of each outlet d = 6 l/s, operation time of the network OT = 18h, and quality 
of operation P(U) = 99%. The total irrigation area is 163.8 ha. The peak Clement 
discharge at the upstream end (pumping station) of the network is calculated as 
180 l/s. Genetic parameters are set as follows: maximum number of generations 
(MNG) = 500, population size (PS) = 150, crossover rate (CR) = 0.65, and mutation 
 probability = 1/np ≈ 0.015.
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Figure 3: Irrigation network layout (Case 2).
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Table 4: Irrigation network nodes elevation (z) data (Case 2).

Node Elevation 
(masl)

Node Elevation 
(masl)

Node Elevation 
(masl)

Node Elevation 
(masl)

Node Elevation 
(masl)

0 469.0 16 471.9 32 470.1 48 474.5 64 477.2
1 479.5 17 472.2 33 470.1 49 476.2 65 476.5
2 478.0 18 470.0 34 470.0 50 472.0 66 475.1
3 478.0 19 470.0 35 470.1 51 471.9 67 475.1
4 474.3 20 469.5 36 470.2 52 471.5 68 474.1
5 473.8 21 469.6 37 470.3 53 471.4 69 474.8
6 474.0 22 470.0 38 470.5 54 471.2 70 476.8
7 475.0 23 470.1 39 470.4 55 474.1 71 475.9
8 476.0 24 469.8 40 470.3 56 473.5 72 475.8
9 472.8 25 477.8 41 470.2 57 473.5 73 475.9

10 473.5 26 477.7 42 477.5 58 473.3 74 475.2
11 472.8 27 474.0 43 478.2 59 473.2 75 473.8
12 473.0 28 471.9 44 475.0 60 478.0 76 472.1
13 473.0 29 469.2 45 472.1 61 475.8 77 471.0
14 472.1 30 471.0 46 472.6 62 474.2
15 471.8 31 470.2 47 473.5 63 470.2

Table 5: Irrigation network pipes length data (Case 2).

Pipe Length 
(m)

Pipe Length 
(m)

Pipe Length 
(m)

Pipe Length 
(m)

Pipe Length 
(m)

1 710.5 17 140.0 33 130.0 49 130.0 65 35.0
2 165.0 18 180.0 34 110.0 50 30.0 66 230.0
3 130.0 19 25.0 35 85.0 51 130.0 67 25.0

Continued
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Table 5: Continued.

Pipe Length 
(m)

Pipe Length 
(m)

Pipe Length 
(m)

Pipe Length 
(m)

Pipe Length 
(m)

4 100.0 20 130.0 36 115.0 52 130.0 68 255.0
5 170.0 21 130.0 37 85.0 53 130.0 69 240.0
6 20.0 22 100.0 38 85.0 54 130.0 70 190.0
7 95.0 23 150.0 39 90.0 55 245.0 71 200.0
8 170.0 24 150.0 40 90.0 56 215.0 72 200.0
9 110.0 25 170.0 41 90.0 57 145.0 73 135.0

10 100.0 26 170.0 42 230.0 58 145.0 74 150.0
11 100.0 27 240.0 43 100.0 59 150.0 75 250.0
12 100.0 28 125.0 44 175.0 60 120.0 76 250.0
13 100.0 29 190.0 45 305.0 61 145.0 77 250.0
14 35.0 30 215.0 46 105.0 62 300.0
15 85.0 31 130.0 47 130.0 63 300.0
16 125.0 32 130.0 48 130.0 64 210.0

4 Results and discussion

The best combination of pipe diameters obtained by the proposed GA for the 
irrigation network of the fi rst application is given in Table 6. This solution cor-
responds to a total annual cost of 23166.55  and refers to GA version where 
velocity constraints are always respected due to their incorporation in the coding 
and genetic operators’ schemes.

For comparison purposes, linear programming (LP) is also used since the opti-
mization problem in our case studies is linearly formulated. The solution found by 
LP gives an annual cost of 23009.51 , which is only 0.68% less than the one 
produced by GA. The LP solution can be considered as a theoretical benchmark. 
Given that all linear functions are convex, an LP problem has at most one feasible 
region with ‘fl at faces’ (i.e. no curves) on its outer surface, and the optimal solution 
will always be found at a ‘corner point’ on the surface where the constraints inter-
sect. Thus, it is always possible to determine that an LP problem has a globally 
optimal solution (either a single point or multiple equivalent points along a line). 
However, the LP solution corresponds to a theoretical lower bound of the cost. By 
defi nition, LP allows more than one diameter to be selected for each link, since the 
lengths of each available diameter of each pipe are the decision variables. So, even 
if LP can lead to the global minimum cost, it can often produce not practical opti-
mal solutions characterized by inadequately small lengths of a pipe diameter or 
undesired diameters mixing per pipe. Thus, LP solution often requires a posteriori 
correction in order to be implemented.

In case of GA’s version, where velocity constraint is handled with a penalty in 
the fi tness function of GA, near optimal solutions that slightly violate maximum 
or minimum velocity may be found. These solutions produce a more economic 
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 output, even sometimes better than LP. For example, optimal designs with associ-
ated annual costs of 23034.16  and 22992.94  are found for the fi rst network. 
The maximum excess of velocity upper bound is 5.4% and 8.7% for the two afore-
mentioned solutions, while 8.6% and 11.4% of pipes are having velocities greater 
than 2 m/s. The implementation of these network designs depends on the special 
characteristics and requirements of the case studied, and the fi nal judgment is left 
to the engineer in charge.

The best solution of the second application is given in Table 7. This solution cor-
responds to a total cost of 35425.01 . This solution compared to the one produced 
by linear programming, which produces a minimum cost equal to 35374.88 , can 

Table 6: Best solution – optimal pipe diameters (Case 1).

Pipe ND Pipe ND Pipe ND Pipe ND Pipe ND

1 450 8 140 15 200 22 160 29 140
2 400 9 200 16 160 23 140 30 200
3 355 10 160 17 140 24 200 31 200
4 315 11 140 18 200 25 200 32 140
5 280 12 225 19 160 26 140 33 200
6 200 13 160 20 160 27 225 34 200
7 160 14 140 21 200 28 160 35 140

Total cost = 23166.55 ; pumping head = 42.71 m.

Table 7: Best solution – optimal pipe diameters (Case 2).

Pipe DN Pipe DN Pipe DN Pipe DN Pipe DN

1 400 17 110 33 225 49 110 65 160
2 400 18 200 34 225 50 200 66 140
3 400 19 140 35 200 51 160 67 110
4 280 20 110 36 200 52 140 68 110
5 110 21 110 37 200 53 110 69 110
6 280 22 140 38 160 54 110 70 225
7 110 23 110 39 140 55 200 71 225
8 110 24 110 40 110 56 160 72 225
9 280 25 355 41 110 57 160 73 225

10 160 26 355 42 315 58 110 74 160
11 140 27 280 43 315 59 110 75 160
12 110 28 110 44 280 60 280 76 140
13 110 29 110 45 225 61 140 77 110
14 225 30 280 46 160 62 110
15 140 31 280 47 160 63 110
16 110 32 280 48 160 64 280

Total cost = 35425.01 ; Pumping head = 65.65 m.
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be also considered as a global optimum for the case of single diameter per link as it 
exceeds the LP best solution cost only by 0.14%. The alternative version of GA, 
with a velocity-related penalty, has reached a best cost of 35244.60 , which is even 
better than the one attained by LP. The optimal distribution of pipe diameters for 
this version of GA is given in Table 8. The respective maximum violation of the 
velocity upper bound for this solution is 4.16%, whereas 7.8% of pipes are having 
velocities larger than 2 m/s.

It can be seen that GAs performed very well on both irrigation networks. The 
fi rst GA variant with the structural incorporation of velocity-conditioned diame-
ters produced in all cases the global minimum with respect to the intrinsic charac-
teristic of a single diameter per pipe. The different characteristics and the extension 
of the number of parameters among the two networks did not seem to infl uence the 
robustness of GA algorithm. As expected, the computational cost is greater in the 
second application but the time required is not signifi cant.

5 Conclusions

In this study, GAs were designed and applied for the optimization of two pumping 
irrigation networks. An automatic procedure was proposed in order to minimize 
the cost design. Namely, the optimal pumping head was automatically calculated 
through a backward hydraulic simulation based on the optimal pipe diameters 
combination. The main conclusions can be summarized as follows:

Table 8: Best solution – optimal pipe diameters (Case 2). 

Pipe DN Pipe DN Pipe DN Pipe DN Pipe DN

1 400 17 110 33 225 49 110 65 160
2 400 18 200 34 225 50 225 66 140
3 400 19 160 35 225 51 160 67 110
4 225 20 110 36 225 52 160 68 110
5 110 21 110 37 200 53 110 69 110
6 225 22 160 38 200 54 110 70 225
7 110 23 140 39 200 55 200 71 225
8 110 24 110 40 160 56 160 72 225
9 225 25 355 41 140 57 160 73 200

10 200 26 355 42 315 58 140 74 200
11 160 27 225 43 315 59 140 75 160
12 110 28 110 44 280 60 280 76 140
13 110 29 110 45 225 61 160 77 110
14 225 30 280 46 225 62 110
15 140 31 225 47 200 63 110
16 110 32 225 48 140 64 280

Total cost: 35244.60 ; pumping head = 64.35 m.
The velocity constraint is handled with a penalty in the fi tness function.
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1. In both applications, GAs achieved to attain a minimum cost, very close to the 
theoretical one obtained by LP. The difference in cost between the two methods 
is justifi ed due to the fact that GAs optimize a single diameter instead of a 
diameters mixing per link. However, split-pipe feature is not in many cases the 
preferred option as the solution may be less realistic.

2. The proposed GA by its coding and genetic operators design respect the hydrau-
lic constraints of the required pumping head, minimum pressure at outlets and 
nodes, and upper and lower bounds of pipe velocities. There is no need to a 
posteriori intervention in order to implement the optimal solution in practice.

3. The GAs cannot only handle effi ciently nonlinear objective functions of cost 
compared to LP but also work with discrete commercial diameters as decision 
variables compared to the continuous NLP programming techniques. Further-
more, the GAs use an automatic way to determine simultaneously the optimal 
pumping head and pipe diameters without the need of an iterative procedure to 
fi nd the optimal pumping height that corresponds to the least-cost network design.

4. If a more fl exible fulfi llment of pipe velocity constraint is considered, the intro-
duction of a properly adjusted penalty in the objective function could reduce 
the cost with an acceptable and limited violation of the predefi ned velocity 
bounds. The feasibility and fi nal adoption of such solution depend on the spe-
cifi c characteristics of the problem under study.

5. The requirement of a telescopic diameter pattern, moving from upwards to 
downwards of a hydraulic network, can easily be respected in GA with the 
incorporation of an additional control and correction statement in the algo-
rithm’s code, before the fi tness evaluation of each solution.
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  CHAPTER 4

Simulated annealing algorithms for water 
systems optimization

M.C. Cunha & A. Antunes
Department of Civil Engineering, Coimbra University, Portugal.

Abstract

Simulated annealing is a heuristic method based on the analogy with the physi-
cal annealing process. In the past 20 years, this method has been used to solve 
many complex optimization problems, and it has become known for its ability to 
produce good results in reasonable time. This chapter starts with an explanation 
of why heuristic methods like simulated annealing are needed to address water 
systems development problems. The main issues involved in the implementa-
tion of this method are examined next, followed by their discussion with respect 
to application to water systems development problems.
Keywords: optimization, simulated annealing, water systems development.

1 Introduction

Water system development problems usually involve the placement and operation 
of infrastructure. To fi nd the optimal solution of such problems, when all the costs 
are considered, is a very diffi cult task. In fact, non-linear models that include dis-
crete variables have to be solved. This is why such problems are often simplifi ed 
either by ignoring fi xed costs or by linearizing the cost functions.

A variety of optimization models have been developed for the planning and 
management of water systems, ranging from those relating to the optimal opera-
tion of existing infrastructure (where there are no location and construction costs 
to be considered) to those aiming at planning the exploitation of unused systems 
(where there are location, construction, and operating costs to be considered). 
From the point of view of their mathematical characteristics, it can be said that 
these problems are very different in nature, which have consequences for the 
degree of complexity of their resolution.
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The fi rst type usually involves linear and nonlinear functions containing con-
tinuous variables for the fl ows to be operated, physical management, etc. The lit-
erature shows that they can be solved through the use of the classical programming 
methods, even for large-scale real-world case studies.

The second type usually involves an objective function expressing cost minimi-
zation of infrastructure placement and operation. The solution of such problems 
implies determining the values of decision variables with respect to operating rates 
and the values of discrete decision variables relating to the number and the location 
of hydraulic infrastructure, while meeting some constraints. Therefore, the problems 
are mixed-integer non-linear optimization problems (MINLP), that are among the 
most diffi cult optimization problems to solve. There are many engineering fi elds 
dealing with this type of problem, which is why the literature reports a variety of 
attempts to solve them. The corresponding models were often simplifi ed by disre-
garding the fi xed costs incurred by installing the infrastructure and, as such, the 
discontinuous variables are not considered, resulting in the models becoming stan-
dard non-linear programs (NLP). Another way of converting these problems into an 
NLP is to preselect the type and the number of items of equipment and their 
 location. This can be done in an iterative fashion, updating the type, number, and 
the location of the equipment items in each iteration, but with this kind of  procedure, 
there will be many doubts about the quality of the solution (even near-optimal solu-
tions may be diffi cult to obtain). In other cases, cost functions are linearized and 
they become standard mixed-integer linear problems (MILP).

In the last 25 years, developments in the fi eld of heuristic optimization algo-
rithms have made it possible to solve real-world problems involving planning and 
management issues without considering the aforementioned simplifi cations.

Simulated annealing is one of the best known heuristic optimization algorithms 
that, due to its conception, produce high-quality results. Simulated annealing is 
a random search based algorithm that allows asymptotic convergence to optimal 
solutions under mild conditions [1–3]. In the next sections, some theoretical bases 
and practical aspects concerning its application to water systems development are 
presented.

2 Theoretical aspects

Simulated annealing is a local search method that theoretically allows the iden-
tifi cation of a global optimum of a function. This property is related to the fact 
that during the search procedure, mainly in the fi rst phase, the algorithm accepts 
worse solutions. The fi rst example of an annealing algorithm was presented by 
 Metropolis for a thermodynamic problem regarding the evolution of the ener-
getic state of a piece of glass subjected to a high temperature that is progressively 
decreased. Since then and after the pioneering work by Kirkpatrick et al. [4], many 
applications of annealing algorithms have been developed.

The theoretical bases of annealing algorithms are summed up below.
Consider a system S represented by the set X = {1,..., n} of admissible confi gurations 

and P a problem representing the minimization of a function e = e(i) : X → R, that is:
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 P : e* = mini∈X e = e(i). 

According to the thermodynamic terminology, the function e = e(i) is called 
‘system energy’.

Consider π to be a probability distribution defi ned through X in terms of a function 
f : R2 → R and a parameter τ∈R+ with general form
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According to the thermodynamic terminology, the parameter t is called ‘system 
temperature’.

The expected value of the system energy at temperature t will be ( ) ( , ).
i

e i ie t p t= ∑  

It is possible to demonstrate the existence of distributions p(t) for which limtÆ∞ 〈e〉t  =  e* 
[5]. This is the case of distributions where [ ] [ ]exp ( ) ( )( ),f g e ie i tt = − ⋅  if g(t) meets 
the following assumptions: limtÆ0 g(t) = +∞  and g′(t) < 0.

Among these distributions, there is the distribution g(t) = a.t−b and, when 
1a k=  and b = 1 (where k is the Boltzmann constant), the Boltzmann–Gibbs 

distribution occur.
To obtain a distribution with these characteristics, it is necessary, in principle, to 

use a Monte Carlo method of the type proposed by Metropolis because it is usually 
diffi cult to establish such distribution by analytical means. This method consists of 
associating the confi guration space and a Markov chain having this distribution as 
equilibrium distribution in the following manner.

Let ijvV ⎢ ⎥= ⎣ ⎦  be the matrix containing the neighboring confi gurations of the 
system, making it probable that a direct move (move with only one step) from 
confi guration i to confi guration j could occur, no matter what the confi gurations 
are; A be a Markov chain defi ned over the system’s confi gurations and ijaA ⎢ ⎥= ⎣ ⎦  
be a transition matrix of this chain, giving the probability of the direct transition 
from confi guration i to confi guration j, defi ned by
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Considering that confi gurations are organized by the inverse order of the respec-
tive energy levels (i.e. ( ) ( ))i j e i e j〈 ⇐ 〉 , it is possible to prove that if the matrix 
V is symmetric and the chain A is irreducible, then chain A will have unique equi-
librium distribution [6]:
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In particular, when [ ] [ ]exp ,( ), ( ) /f e i e it t= −  one will have
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This distribution is designated hereafter as reference distribution.
It follows that
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where n* is the number of global minima, and
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For the reference distribution at equilibrium, one will have
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If a random draw sequence of transitions between confi gurations is performed 
and these transitions are accepted according to the respective probabilities, it is 
quite likely that, after a large number of random draws, the system will attain the 
minimum energy confi guration (if this procedure is carried out at very low tem-
perature, the minimum energy confi guration will be attained almost certainly).

In formal terms, if the sequence of random draws is represented by 1,{ } ,j jS = ∞  
it is possible to write
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Regarding the speed of convergence to reach equilibrium, it is known that the 
convergence rate is geometric and that the convergence factor is equal to the sec-
ond eigenvalue of the transition matrix [6]. It is also known that for low tempera-
tures and for problems with many local minima, the eigenvalue is close to one (this 
means a slow rate of convergence). This implies that it is useful to carry out the 
random draw procedure while decreasing the temperature of the system.
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Following the thermodynamic analogy, the sequence { } 1,j j
t

= ∞
 with 1,j j jt t +> ∀  

and lim 0,j jt→∞ = which represents the temperature levels during the random 
draw, is called cooling schedule. This schedule should be chosen such that the 
convergence of the procedure toward the equilibrium is not compromised.

It is possible to prove that if V is symmetric and A is irreducible and if p(t) is 
the reference distribution [7], then

 { }lim prob 0, ,jj S i it→∞ = = ∀ ∉ mX
 

where
Xm : set of local minima of e = e(i);
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where

 X′: Xm \ X*; 

X* : set of global minima of e = e(i);
d: difference between the local minimum and the global maximum of the 

energy;
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This means that, to achieve the global minimum, it is necessary (and suffi cient) 

that tj implies the series
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to be divergent.

A series such as 
1
1 / (1 ),

j
j

∞

=
+∑  which may be obtained using the cooling sched-

ule / {ln(1 )}, 1,j a j jt = + ≥ fulfi lls this condition. Series obtained through the use 

of exponential or linear cooling schedule would not fulfi ll these conditions.

3 Algorithm implementation: general aspects

To implement a simulated annealing algorithm, the solution under evaluation 
in each iteration (current solution) is improved by generating small random 
changes in an iterative way. For each new solution, the value of the objective func-
tion is evaluated and the solution is accepted or not according to a given prob-
ability (Metropolis criterion). The overall procedure for generating solutions, with 
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each new one being built from the previous one, gives rise to a Markov chain. The 
broad evaluation of the solution space enables simulated annealing to evolve with-
out being trapped in local optima.

The simulated annealing algorithm can be built using the following steps (sum-
marizing the principles presented in Section 2):

1. choose s1 {s1 is the initial solution and current solution for the fi rst iteration}
2. choose t1 {t1 is the initial temperature}
3. choose tf {tf is the stopping temperature}
4. j ← 0
5. repeat
6. j ← j+1
7. choose at random ( ){ ( )j j js s s′ ∈Ω Ω  is the candidate set of sj}
8. choose at random [0, 1]p ∈  {p is a probability}

9. if 
( ) ( )

min 1, exp j j

j

C s C s
p t

⎧ ⎫⎛ ⎞− ′⎪ ⎪≤ ⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎩ ⎭

 {Metropolis Criterion}

{C(sj) is the objective function value corresponding to the solution sj}
then sj+1 ← s′j {sj+1 future current solution; s′j candidate solution}
else sj+1 ← sj

10. choose tj+1 ≤ tj
until tj+1 ≤ tf

11. end

The general algorithm presented above can be used to solve a multitude of prob-
lems, but some choices have to be made. The implementation of the annealing 
algorithm to solve water system problems can follow a general procedure, as 
depicted in Figure 1.

Once the cost function is established, two more elements are needed to imple-
ment the annealing algorithm: the procedure for generating candidate solutions 
(known as rearrangements) and the schedule for decreasing temperatures (known 
as cooling schedule). To implement a simulated annealing algorithm, it is neces-
sary to provide an initial solution. This solution will be randomly changed while 
the algorithm develops. The development of the algorithm is controlled by the 
parameter called temperature. The initial value of this parameter is defi ned, and it 
will decrease along the iterative procedure until reaching a predefi ned value. In 
each iteration, the solution to be analyzed, called the candidate solution, depends 
on the neighborhood structure employed and the construction of this neighbor-
hood is highly dependent on the specifi c problem to solve.

To establish the cooling schedule, four parameters have to be considered:

• ea: the probability of accepting a transition from the initial solution to a candi-
date solution whose cost is higher than that of the starting confi guration by 
a given percentage (this parameter is used to defi ne the initial temperature of the 
annealing process and is called ‘elasticity of acceptance’). In these conditions, 
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one might expect that the fi nal solution would be independent of the initial 
 solution. For practical purposes, the initial temperature t1 can be determined as 
a function of the parameter ea through the equation t1 = 0.1c0 / lnea (where c0 is 
the cost of the initial solution). This expression allows us to identify a tempera-
ture for which ea% of solutions whose cost is 10% higher than the cost of the 
starting confi guration are accepted.

• n1: the minimum number of algorithm iterations that will be performed, even 
without an improvement of the optimum or of the average cost of the solutions 
analyzed, before decreasing the temperature.

Evaluate objective function

Generate a new solution
(candidate solution)

Evaluate objective function

Improvement in solution?

Make candidate solution as 
current solution

Stopping criterion met?

End

yes

yes

yes

yes

no

no

no

yes

Adjust temperature
according to cooling 

schedule

no

Metropolis criteria

Read problem and
simulated annealing data

Water system characterization

Generate initial solution
(current solution)

Are constraints satisfied?
(Run water system 
simulation model)

no

Are constraints satisfied?
(Run water system 
simulation model)

Figure 1: Simulated annealing algorithm fl ow chart.
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• g: the cooling factor, rate at which temperature is decreased, whenever a tem-
perature decrease should occur.

• n2: the number of temperature decreases that will be performed without an im-
provement of the optimum or the average cost of the solutions analyzed, before 
stopping the algorithm.

The Metropolis criterion, which is used to accept or reject a candidate solution, 
is infl uenced by the temperature parameter (parameter whose name is inspired by 
the physical process on which simulated annealing is based). A high initial tem-
perature signifi es a high rate of solution acceptance and thus a broad covering of 
the solution space. As the procedure continues, the temperature is lowered and the 
rate of acceptance decreases.

The defi nition of the initial and the fi nal temperatures, of a cooling factor for 
changing the temperature from iteration to iteration and the number of iterations to be 
performed at each temperature, needs calibration to ensure that the algorithm is robust 
(i.e. the results of its application are not sensitive to random number  generation). 
A detailed description of the calibration of these parameters can be found in [8] and 
[9]. Figure 2 shows how the different annealing parameters work together.

Figure 2: The cooling schedule.
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Figure 3 shows how the application of simulated annealing algorithms works to 
solve water system development problems. It involves a main program including 
two solvers: the optimization solver and the water system simulator. The optimiza-
tion solver, including the different steps of the simulated algorithm, calls upon the 
water system simulator to check the compliance of constraints for each candidate 
solution.

4 Algorithm implementation: specifi c aspects

The procedure for generating the initial solution and the candidate solutions 
(known as rearrangements) and the schedule for decreasing temperatures (known 
as cooling schedule) is problem dependent. The next sections detail some specifi c 
aspects related to the implementation of simulating annealing algorithms for three 
different water systems.

4.1 Aquifer systems

Let us suppose that an aquifer will be operated to satisfy the demand of a given 
number of consumption centers at minimum cost. Resolving this decision problem 
by means of a simulated annealing algorithm implies the following tasks:

• specifying all possible location for well development (previously defi ned 
through stakeholder involvement);

• specifying all cost functions;

Figure 3: Resolution procedure.
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• generating an initial solution of the problem;
• estimating the cost of the solution;
• checking compliance of the constraints (solving groundwater simulator for 

drawdown evaluation);
• generating a new solution;
• comparing the new solution with the previous one;
• applying the simulated annealing requirements;
• verifying the convergence criteria.

The initial solution can be set using all the sites previously specified to 
satisfy the demands. The algorithm can randomly choose the number of sites 
to satisfy each center and then the demand is equally divided between these 
sites.

The generation of new solutions (candidate solutions) as the algorithm proceeds 
should be suggested. As examples of generation, the following options, randomly 
chosen by the algorithm, can be proposed:

• An open site is chosen at random and the fl ow pumped there is decreased by 
a small amount of fl ow ΔQ. This ΔQ added to another open site is also ran-
domly chosen.

• A randomly chosen open site is closed and the fl ow pumped there will be 
pumped at another randomly chosen site (already open or not).

• The fl ow pumped at a randomly chosen open site will be pumped at a ran-
domly chosen number of open sites.

These ways of generating candidate solutions can be combined in varying pro-
portions during the search procedure.

After the generation of each candidate solution, the effects in terms of costs 
(objective function) and in terms of drawdowns must be determined. A main pro-
gram for managing these actions is therefore needed. The optimizer should call 
upon a groundwater simulator to perform the calculations mentioned.

It is important to have an effi cient and robust algorithm, this means that the 
calibration of the parameters included in the cooling schedule has to be carried 
out carefully. During this calibration, sets of cooling schedule parameters are 
evaluated against the quality of the solution obtained and the computer running 
time. For example, taking the problem described in [10] (for an aquifer manage-
ment problem, as described below), Figures 4 and 5 show the infl uence of the 
parameters corresponding to the minimum number of simulations or algorithm 
iterations (also called minimum chain length) at each temperature (n1) and the 
stopping criteria (n2) on the quality of the solution and on computer running 
times. Analyzing these two fi gures, the values to be chosen can be n1 = 150 and 
n2 = 20.

The number of simulations or algorithm iterations run at each temperature is 
a crucial parameter for obtaining an optimal solution. It will have a decisive 
 infl uence on the computation time and on the rate of convergence.
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4.2 Water distribution systems

Let us suppose that a looped gravity-fed water distribution system, whose layout 
is known, is to be designed at minimum cost. Solving this decision problem by 
means of a simulated annealing algorithm implies the following tasks:

• Specifying all possible commercial diameters that can be used to size the pipes;
• Specifying all cost functions;
• Generating an initial solution of the problem;
• Estimating the cost of the solution;
• Checking compliance of the constraints (resolving hydraulic equilibrium equa-

tions simulator for determining fl ow distribution, node pressures, and velocities);
• Generating a new solution;
• Comparing the new solution with the previous one;
• Applying the simulated annealing requirements;
• Verifying the convergence criteria.
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The initial solution can be set by having all the pipes of the maximum diameter.
The generation of new solutions (candidate solutions) as the algorithm proceeds 

should be suggested. As examples of generation the following options, randomly 
chosen by the algorithm, may be proposed:

• A pipe is chosen at random and is assigned a new diameter. The new diameter 
can be larger or smaller than the present diameter. The number of times that the 
diameter is increased or decreased is also to be calibrated.

• Two pipes are chosen at random and are assigned with new diameters. The new 
diameters can be larger or smaller than the present diameters. The number of 
times that the diameters are increased or decreased is also to be calibrated.

• Two pipes are chosen at random and are assigned new diameters. One is as-
signed a diameter larger than the present one, the other is assigned a diameter 
smaller than the present one.

After the generation of each candidate solution, the effects in terms of cost 
(objective function) and hydraulic behavior must be determined. A main program 
for managing these actions is therefore needed. The optimizer should call upon a 
hydraulic equilibrium equation simulator to perform the relevant calculations.

For the calibration procedure, Figures 6 and 7 taken from the calibration of the 
Alperovits and Shamir looped network [11] show the infl uence of the parameters 
corresponding to the cooling factor and to the number of simulations (minimum 
chain length) at each temperature (n1) on the computational effort. The cooling 
factor transforms the temperature throughout the cooling procedure in a geometric 
fashion. This means that higher cooling factors produce slower temperature 
decrease.

Figure 6:  Effect of the cooling factor and the minimum chain length on the 
 computational effort.
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Figure 7 depicts the rate of solution acceptance as the temperature decreases. 
The shape obtained fi ts the general pattern described before. In fact, the tempera-
ture is used to control the probability of accepting worsening moves. For high 
temperatures, most uphill moves are accepted. As the temperature level approaches 
zero, most uphill moves will be rejected.

4.3 Wastewater systems

Let us suppose that the siting and sizing of the different components of a regional 
wastewater system is to be decided at minimum cost. The essential components of 
the regional wastewater system are sewer networks and treatment plants. There is 
a river that will receive the treated effl uent.

Solving this decision model by means of a simulated annealing algorithm 
implies the following tasks:

• specifying all wastewater sources and their location;
• listing all possible locations for siting wastewater treatment plants (previously 

defi ned through stakeholder involvement);
• designing a basic network containing all possible links between wastewater 

sources and wastewater treatment plants’ possible locations;
• generating an initial solution of the problem;
• estimating the costs of the solution;
• checking compliance of the constraints;
• generating a new solution;
• comparing the new solution with the previous one;
• applying the simulated annealing requirements;
• verifying the convergence criteria.

The initial solution can be set by randomly assigning the sewers that will be 
linked to each possible wastewater treatment plant.

Figure 7: Percentage of acceptances with temperature.
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The generation of new solutions (candidate solutions) as the algorithm proceeds 
should be suggested. An example of generation can be proposed:

• A randomly chosen sewer included in the current confi guration is replaced by 
a randomly chosen sewer not included in the current confi guration but con-
nected to the same wastewater source or intermediate node (Figure 8).

After the generation of each candidate solution, the effects in terms of cost 
(objective function) and hydraulic behavior of the sewer system and water quality 
in the river must be determined. A main program for managing these actions is 
therefore needed. The optimizer should call upon a hydraulic sewer fl ow simulator 
and an advection diffusion simulator to perform the relevant calculations.

Figure 9 depicts information about a case study taken from [13]. It includes 
13 wastewater sources and 6 possible locations for wastewater treatment plants.

Figure 8: Generation of candidate solutions (adapted from [12]).
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Figure 9: Wastewater system case study.
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Figure 10 represents the basic network of the problem. The nodes of this network 
are the wastewater sources, the locations for possible treatment plants, and the pos-
sible intermediate nodes. The arcs are the possible sewers linking the different types 
of nodes. The fi nal solution will be a part of this basic network. Figure 11 presents 
the optimal confi guration for the sewer network and for the location of the waste-
water treatment plants (in this case just one) when the only constraint related to the 
quality parameter to be observed in the river is the minimum value of the dissolved 
oxygen (DO). Figure 12 depicts the optimal confi guration when a more demanding 
environmental solution is needed. This means that various additional quality param-
eters have to be verifi ed: total nitrogen (N), total phosphorus (P), and Kjeldahl 
nitrogen (Nkj) values.
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5 Conclusions

The mathematical nature of water systems planning and design problems 
is such that heuristic optimization methods like simulated annealing can be 
very helpful. Simulated annealing is one of the best known heuristic optimi-
zation algorithms, which, due to its underlying principles, produces high-
quality results. It is a random search based method that allows asymptotic 
convergence to optimal solutions under mild conditions. Some features of the 
application of this method to water systems development were discussed and 
some particular aspects of its implementation were described with respect to 
different types of water systems. A careful calibration of simulated annealing 
parameters and a sound generation of candidate solutions are crucial aspects 
for the success of this method. The use of this type of heuristic method con-
tributes to overcome the difficulties for resolving real-world problems because 
all their features can properly be taken into account, therefore avoiding exces-
sive problem simplifications.
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CHAPTER 5

Particle swarm optimisation
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Abstract

Due to the various limitations shown by classical techniques of optimisation 
when dealing with many real-world engineering problems, a number of para-
digms have been produced over the last 20 years that claim to be better suited 
to providing useful engineering solutions for these types of problems. One of 
the evolutionary algorithms that has shown great potential for solving various 
optimisation problems is (PSO), which stands for particle swarm optimisation. 
PSO is a multi-agent optimisation system inspired by the social behaviour of a 
group of migrating birds trying to reach an unknown destination. In this chapter, 
the basics of PSO are provided together with some modifi cations that consider-
ably improve the performance of the standard algorithm. This variant features: 
a mixed continuous-discrete variant of PSO; a mechanism to enrich population 
diversity; and a self-adapting feature that spares engineers the task of parameter 
selection and fi ne-tuning. This variant can fi nd solutions effi ciently for various 
optimisation problems in the water fi eld. In addition, we provide the necessary 
details for this algorithm to work with multi-objective optimisation problems. 
Multiobjective optimisation is essential in many decision-making processes. 
From a practical standpoint, the development of a multi-objective optimisation 
process enables the combination of economic, engineering, and policy view-
points when searching for a solution to a problem. Finally, we reference a number 
of applications of these approaches in various areas of hydrology, hydraulics, 
and water resource management, and present the details of the complex problem 
of designing water distribution networks, together with the solutions to two real-
world case studies.
Keywords: design, multi-objective optimisation, particle swarm optimisation, reliability, 
water distribution network.
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1 Introduction

Optimisation in engineering, in general, and in water systems, in particular, is 
crucial for many reasons. Design is necessary to implement new confi gurations, 
improve existing systems, continue satisfying various needs, and expand systems 
to meet new conditions. Taking into account the uncertainty of data (especially 
in existing confi gurations), it is often necessary to solve diffi cult inverse prob-
lems where optimisation techniques are also of key importance. There are many 
examples of important industrial problems in the water fi eld because there is a 
great deal of interest in mechanisms for managing sustainable water resources at 
a reasonable cost.

Optimisation is a typically constrained nonlinear search problem involving both 
continuous and discrete variables. The problem in hand is frequently a mixed con-
tinuous and discrete constrained nonlinear optimisation problem that is often 
highly dimensional and multimodal. Highly dimensional means that many deci-
sion variables infl uence the solution. Multimodal expresses the idea that there are 
many local optima in the search space. There is no single search algorithm for 
solving many real-world optimisation problems without compromising solution 
accuracy, computational effi ciency, and problem completeness.

Classical methods of optimisation involve the use of gradients or higher order 
derivatives of the fi tness function. But these methods are not well suited for many 
real-world problems since they cannot process inaccurate, noisy, discrete, and 
complex data. Robust methods of optimisation are often required to generate suit-
able results.

Over the last 20 years, many researchers, including those in the water fi eld, have 
embarked on the implementation of a range of evolutionary algorithms: genetic 
algorithms, ant colony optimisation, PSO, simulated annealing, shuffl ed complex 
evolution, harmony search, and memetic algorithms, among many others. Some of 
these techniques are the objective of other chapters in this book.

This chapter presents the principles of PSO, which is one of the evolutionary 
algorithms that has shown great potential for the solution of various optimisation 
problems. The PSO algorithm was fi rst developed by Kennedy and Eberhart [1] 
and is a multi-agent optimisation system inspired by the social behaviour of a 
group of migrating birds trying to reach an unknown destination. In addition to 
one of the versions of standard PSO, we describe several modifi cations (developed 
by the authors of this chapter) that considerably improve the performance of the 
standard algorithm when used to fi nd solutions to various optimisation problems 
in the water fi eld [2–6].

The remainder of this chapter is presented as follows. Firstly, PSO is concisely 
presented. Secondly, the proposed adaptations, namely, a mixed continuous-
discrete  variant of PSO, a mechanism to enrich diversity that greatly improves the 
performance of PSO, and a self-adapting characteristic that avoids the task of 
parameter selection, are then described. By developing the necessary elements, we 
then provide an adaptation of this algorithm for multi-objective optimisation prob-
lems. Finally, we show the results of specifi c applications to selected case-studies 
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regarding a very well-known urban water problem, namely, the design of water 
distribution systems (WDS). This is a crucial problem of industrial interest in the 
water fi eld since increasing urban development represents a permanent challenge 
for the management of many resources – and especially water.

2 Description of particle swarm optimisation

PSO is an evolutionary computation technique that was fi rst developed by  Kennedy 
and Eberhart [1]. The particle swarm idea originated as a simulation of a simplifi ed 
social system, the graceful but unpredictable choreography of a fl ock of birds. The 
word ‘swarm’ is used after a paper by Millonas [7], who developed several models 
for artifi cial life and examined certain principles in swarm intelligence. The selec-
tion of the term ‘particle’ comes from classical mechanics and is justifi ed by the 
fact that positions and velocities are applied to the population elements, despite 
the fact that are considered to have zero mass and volume. Kennedy and Eberhart’s 
fi rst idea was to simulate the social behaviour of a fl ock of birds in their attempt 
to reach, when fl ying through the fi eld (search space), their unknown destination 
(fi tness function), e.g. the location of food resources.

2.1 Description of standard PSO

Each problem solution in PSO is a bird of the fl ock and is referred to as a particle. 
In this algorithm, birds evolve in terms of their individual and social behaviour and 
mutually coordinate their movement towards their destination [8].

Each bird keeps track of its coordinates in the problem space, remains aware of 
its recent trajectory, and remembers a dynamic specifi c position: the best solution 
(best local position) it has achieved so far. Birds also communicate among them-
selves and are able to identify the bird in the best position (best global position). 
In a coordinated way each bird evolves by changing its velocity so that it acceler-
ates towards both its best position and the best position obtained so far by any bird 
in the fl ock without forgetting its recent trajectory. This enables each bird to 
explore the search space from its new location. The process is repeated until the 
best bird reaches a certain desired location. It is worth noting that, according to the 
description, the process involves not only individual intelligent behaviour (includ-
ing memory) but also social interaction. In this way, birds somehow follow their 
recent history, learn both from their own experience (local search), and from group 
experience (global search).

PSO shows common evolutionary computation features including: (1) initialisa-
tion with a population of random solutions; (2) search for optima by updating 
generations; and (3) particle evolution through the problem space by following 
specifi c strategies.

The process initially starts with a group of M particles, which have been 
 randomly generated, representing different solutions of the problem. The ith 
 particle, Xi, is represented by its location in a d-dimensional subset, S ⊂ Rd, where 
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d  corresponds to the number of variables of the problem. Any set of values of the 
d variables, determining the particle location, represents a candidate solution for 
the optimisation problem:
Find min ( ),

X S
F X

∈
 subject to appropriate constraints,

where F is the fi tness function associated with the problem, a minimisation 
 problem without loss of generality. The optimal solution is then searched for by 
iteration. The performance of each particle is measured using this fi tness function, 
according to the problem in hand.

During the process, as already explained, each particle i is associated with three 
vectors:

• current position, Xi = (xi1,…, xid);
• best position, Yi = (yi1,…, yid) = argmin(F(Xi(t)), F(Xi(t – 1))), reached in previ-

ous cycles; and
• fl ight velocity Vi = (vi1,…,vid), which makes it evolve.

The bird which is in the best position, Y* = argmin{F(Xi(t), i = 1,…, M}, is iden-
tifi ed for every iteration, t.

During each generation, the velocity of each particle is updated in a process 
based on its recent trajectory, its best encountered position, the best position 
encountered by any particle, and a number of parameters:

 Vi ← ωVi + c1 rand () (Yi − Xi) + c2 rand () (Y* – Xi). (1)

The parameters in (1) are as follows: ω is a factor of inertia suggested in [8] that 
controls the impact of the velocity history on the new velocity; c1 and c2 are two 
positive acceleration constants, called the cognitive and social parameters, respec-
tively; rand() represents a function that creates random numbers between 0 and 1 
(two independent random numbers enter eqn (1)).

Expression (1) is used to calculate the ith particle’s new velocity, a determina-
tion that takes into consideration three main terms: the particle’s previous velocity, 
the distance of the particle’s current position from its own best position, and the 
distance of the particle’s current position from the swarm’s best experience (posi-
tion of the best particle).

In each dimension, particle velocities are clamped to minimum and maximum 
velocities, which are user-defi ned parameters,

 Vmin ≤ Vij ≤ Vmax, (2)

in order to control excessive roaming by particles outside the search space. These 
important parameters are problem dependent. They determine the resolution 
with which regions between the present position and the target (best so far) posi-
tions are searched. If velocities are too great, particles might fl y through good 
 solutions. If they are too slow, on the other hand, particles may not explore suffi -
ciently beyond locally good regions – becoming easily trapped in local optima and 
unable to move far enough to reach a better position in the problem space. Usually, 
Vmin is taken as –Vmax.
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Finally, the position of each particle is updated every generation. This is per-
formed by adding the velocity vector to the position vector,

 Xi ← Xi + Vi. (3)

Each particle or potential solution moves to a new position according to 
expression (3).

2.2 Combining continuous and discrete variables

The previously described algorithm can be considered as the standard PSO algo-
rithm, which is applicable to continuous systems and cannot be used for discrete 
problems. Several approaches have been put forward to tackle discrete problems 
with PSO [9–12]. The approach we propose for discrete variables involves the 
use of the integer part of the discrete velocity components. In this way, the new 
velocity of discrete components will be an integer and, as a consequence, the new 
updated positions will share this characteristic since the initial population, in its 
turn, must also have been generated using only integer numbers. According to this 
simple idea, expression (1) will be replaced by

 Vi ← fi x(ωVi + c1 rand () (Yi − Xi) + c2 rand () (Y* − Xi)), (4)

for discrete variables, where fi x(·) is a function that takes the integer part of its 
argument. However, it should be taken into account that the new velocity discrete 
values must be controlled by suitable bounds as in (2). However, there is a singular 
aspect regarding velocity bounds that must be taken into consideration so that 
the algorithm can treat both continuous and discrete variables in a balanced way. 
In [3], it was found that using different velocity limits for discrete and continuous 
variables produce improved results.

2.3 Enriched diversity

The main drawback of PSO is the diffi culty in maintaining acceptable levels of 
population diversity while balancing local and global searches; and as a result, 
suboptimal solutions are prematurely obtained [13]. Some evolutionary tech-
niques maintain population diversity by using some more or less sophisticated 
operators or parameters. Several other mechanisms for forcing diversity in PSO 
can be found in the literature [14–16]. In general, the random character that is 
typical of evolutionary algorithms adds a degree of diversity to the manipulated 
populations. Nevertheless, in PSO these random components are unable to add 
suffi cient diversity.

Frequent collisions of birds in the search space, especially with the leader, can 
be detected – as shown in [4]. This caused the effective size of the population to 
fall and the algorithm’s effectiveness is consequently impaired. The study in [17] 
introduces a PSO derivative in which a few of the best birds are selected to check 
collisions, and colliding birds are randomly re-generated if collision occurs. This 
random re-generation of the many birds that collide with the best birds has been 
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shown to avoid premature convergence as it prevents clone populations from dom-
inating the search. The inclusion of this procedure into PSO greatly increases 
diversity as well as improves convergence characteristics and the quality of the 
fi nal solutions.

2.4 Self-adapting parameters

The role of the inertia, ω, in (1) and (4) is considered critical for the convergence 
behaviour of the PSO algorithm. Although inertia was constant in the early stages 
of the algorithm, it is currently allowed to vary from one cycle to the next. As it 
facilitates the balancing of global and local searches, it has been suggested that 
ω could be allowed to adaptively decrease linearly with time – usually in a way 
that initially emphasises global search and then, with each cycle of the iteration, 
increasingly prioritises local searches [18]. A signifi cant improvement in the per-
formance of PSO, with decreasing inertia weight across generations, is achieved 
by using the proposal [19]:

 
( )( )
10.5 .

2 ln 1t
w = +

+
 

(5)

In the variant we propose, the acceleration coeffi cients and the clamping veloc-
ities are neither set to a constant value, as in standard PSO, nor set as a time-
varying function, as in adaptive PSO variants [20]. Instead, they are incorporated 
into the optimisation problem [5]. Each particle is allowed to self-adaptively set its 
own parameters by using the same process used by PSO – and given by expres-
sions (1) or (4), and (3). To this end, these three parameters are considered as three 
new variables that are incorporated into the position vector Xi. In general, if d is the 
dimension of the problem, and p is the number of self-adapting parameters, the 
new position vector for particle i will be:

 Xi = (xi1, …, xid, xid+1, …, xid+p). (6)

These new variables do not enter the fi tness function, but rather they are manip-
ulated by using the same mixed individual-social learning paradigm used in PSO. 
Also, Vi and Yi that give the velocity and thus far best position for particle i increase 
their dimension, correspondingly.

By using expressions (1) or (4), and (3), each particle is additionally endowed 
with the ability to self-adjust its parameters by taking into account the parame-
ters it had at its best position in the past, as well as the parameters of the leader, 
which facilitated this best particle’s move to its privileged position. As a result, 
particles use their cognition of individual thinking and social cooperation to 
improve their positions, as well as improving the way they improve their posi-
tion by accommodating themselves to the best-known conditions, namely, their 
conditions and their leader’s conditions when they achieved the thus-far best 
position.
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3 Multi-objective PSO

In multi-objective optimisation, scores of objectives are not scalars but vectors 
that is to say that the objective space is multidimensional with as many dimen-
sions as objectives considered. A change in the decision space may produce a 
positive increment in some components (objectives) of these vectors while, at the 
same time, cause lower values in other objectives. In a departure from the normal 
behaviour of particles in PSO – derived from the ordered nature of real numbers 
– particles now use the dominant solution concept when deciding on a better posi-
tion: solution A is said to dominate another solution B when A is better than B in 
at least one objective, and not worse in the others. Two solutions are called indif-
ferent or incomparable if neither dominates the other. Dominant solutions will 
always be considered as better solutions. Figure 1 illustrates the solution space 
(decision space), with three decision variables, x1, x2, and x3, and their correspond-
ing points in the objective space, with two objectives, namely, minimisation of z1 
and maximisation of z2.

The empty particles are incomparable because none is better than the others in 
both objectives (check in the objective space), but the second-from-top empty par-
ticle dominates the solid particles since it is better in both objectives: lower z1-value 
and higher z2-value. Moreover, the particle corresponding to the second-from-
bottom empty dot in the objective space seems to dominate the lowest three solid 
particles (lower z1-value and equal z2-value). In contrast, the other three empty 
particles do not dominate any of the solid particles. Finally, the upper solid particle 
dominates the three lower solid particles.

The objective of multi-objective optimisation is to obtain at least an approxima-
tion of the set of nondominated particles (in the decision space) and its image on 
the objective space, which is the so-called Pareto front [21] (in red, in Fig. 1).

The leadership in a swarm must be determined in a different manner than in the 
classical PSO algorithm. The most natural option is to select as leader the closest 
particle to the so-called utopia point in the objective space. The utopia point is 

Figure 1: Relation between decision and objective spaces.
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defi ned as the point in the objective space whose components give the best values 
for every objective. The utopia point is an unknown point since the best value for 
every objective is not known at the beginning (and perhaps during the whole pro-
cess). Accordingly, we use a dynamic approximation of this utopia point, termed 
singular point, which is updated with the best values found so far during the evolu-
tion of the algorithm [22].

As each objective may be expressed in different units, it is necessary to make 
a  regularisation for evaluating distances in the objective space. Coordinates may 
be regularised in terms of percentage, considering that for every component, the 
worst and best values of the corresponding objective are 0% and 100%, respec-
tively. The percentage corresponding to any other value may be calculated using 
linear interpolation. To establish the distance between any two objective vectors, 
the components are fi rst regularised in terms of percentage and then the Euclidean 
distance between them is calculated. The worst and best objective values are not 
usually known a priori and are updated while the solution space is explored.

Figure 2 shows a two-dimensional representation of the concept of a singular 
point. The most interesting solutions are located near the singular point and not too 
far from the ends of the Pareto front. For this reason, instead of seeking a complete 
and detailed Pareto front, we may be more interested in precise details around the 
singular point. However, situations may occur as shown in Fig. 2 (right) when non-
symmetric Pareto fronts with respect to the singular point develop. As a result, 
poorly detailed sections on the Pareto front may appear. It seems plausible that 
problem complexity is the cause of this asymmetry in many real-world multi-
objective optimisation problems.

It is diffi cult to fi nd a general heuristic rule for deciding which parts of the 
Pareto front should be more closely represented and how much detail the represen-
tation of the Pareto front should contain. Various methods of inducing the Pareto 

Figure 2: Singular point in an approximated Pareto front.
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front completeness may be devised. We describe below a possible approach based 
on dynamic population increase to enrich the Pareto front density, and another 
alternative approach based on human computer interaction to complete poorly rep-
resented areas of the Pareto front.

3.1 Dynamic population increase

During the search process swarms are able to increase their population when 
needed in order to better defi ne the Pareto front: a particle whose solution already 
belongs to the Pareto front may, on its evolution, fi nd another solution belonging to 
the front. In this situation, a new clone of the particle is placed where the new solu-
tion is found, thus increasing the density of particles on the Pareto front. Greater 
densities on the Pareto front must be restricted to cases where the new clone has 
at least one of its neighbours located further away than some minimal permissible 
distance in the objective space. For example, in Fig. 3 (left), a particle J, whose 
objective vector is located at position PJ, fi nds a new position NewPJ, also belong-
ing to the Pareto front.

The consequence is shown in Fig. 3 (right): a new particle k is added to the 
swarm by cloning the particle at position NewPJ, while particle J will continue to 
be active and considering the point PJ as its best objective position. This occurs 
because the new point Pk has at least one neighbour located further away than the 
minimum permissible distance for at least one of the objectives. In Fig. 3 (right), 
the point to the left of Pk is located at a distance, regarding Objective 1, that is 
greater than the minimal distance considered for the increase of density on the 
Pareto front. It should be noted that two particles are considered as neighbours 
when no other particle is located between them for at least one of the objectives 
considered in the problem.

3.2 Human–computer interaction

During evolution there may be areas poorly represented on the Pareto front. Users 
are allowed to add new swarms for searching in the desired region of the objective 
space. The concept of singular point is now extended to any desired area in the 
objective space for particles to search around.

Figure 3: Particle cloning.
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Decisions are strongly dependent on the individuals solving the problem and on 
the problem itself. The user can specify additional points where the algorithm 
should focus the search, and specify how much detail a region should contain. This 
must be achieved in real time during the execution of the algorithm. Once a new 
singular point is added, a new swarm is created with the same characteristics as the 
swarm created fi rst. Swarms will run in parallel, but they share (and can modify) 
the information related to the Pareto set. Particles from any swarm can be added to 
the Pareto set. If the user changes the fi xed values for a singular point, then the 
corresponding swarm selects a new leader considering the new location of the 
singular point.

Human interaction with the algorithm in real time also enables the incorpo-
ration of human behaviour so that the human becomes a member of the swarm 
by proposing new candidate solutions. Eventually, such a solution can be 
incorporated into the Pareto front or lead the behaviour of a group of particles. 
User solutions will always be evaluated in the fi rst swarm created. If a particle 
is being evaluated then the user request waits until the evaluation of the parti-
cle is fi nished. If a solution proposed by the user is being evaluated then any 
particle belonging to the fi rst swarm should wait for evaluation. Once any 
solution is evaluated, the algorithm checks whether it could be incorporated 
into the Pareto front. Synchronisation is achieved among all the swarms so that 
they have open access for managing the Pareto front. Proposed solutions could 
even become leaders of the swarm(s) if they are good enough. At this point, 
human behaviour begins to have a proactive role during the evolution of the 
algorithm.

Participation by several human agents with different perspectives on a problem 
is close to what happens in the practice of engineering decision making, where 
politicians, economists, engineers, and environment specialists are all involved in 
fi nal decisions. The idea of incorporating user experience into the search process 
is a step forward in the development of computer-aided design.

3.3 The algorithm

New particles are used that are based on the behaviour of particles in PSO. 
Swarms running in parallel may be distributed in different computers, and it 
must be ensured that the swarms can communicate among themselves; a peer-
to-peer scenario could be a good choice for this task. The steps of the algorithm 
(for a swarm) are summarised below.

1. Set parameters and initialize the number of iterations to zero.
2. Generate random population of M particles: { } 1

( ) M
i i

X k
=

3. Evaluate the fi tness of particles and set the local best location for each particle 
equal to its current location.

4. Form the Pareto front and list the particles belonging to the front.
5. Build the singular point.
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6. Find the closest particle to the singular point and establish it as swarm leader.
7. While not in termination condition, do the following:

a. Execute from i = 1 to number of particles.
Start

    i. Change the position of the particle:
Determine the inertia parameter w(k), according to (5).
Calculate the new velocity, Vi(k + 1), for particle i according to (1) or (4).
Set a new position, Xi(k + 1), for particle i according to (3).

 ii. Calculate the new fi tness function vector for particle i in its new 
position.

iii.   If the new fi tness function vector for particle i dominates the fi tness 
function vector that the particle had before moving to the new posi-
tion, then set the new position as the best position currently found 
by particle i.

iv. If particle i is in the list of particles belonging to the Pareto front 
then:

If the new fi tness function vector may also be a point on the 
Pareto front and this new position has at least one of its neighbours 
located further than the minimal permissible distance from any of 
the objectives, then add a new particle j (a clone of i) with Pk and 
Pkbest located at the current position of i;

 else
try to add (if possible) the particle i (at its new position) to the 

Pareto front; if the particle is added, remove from the list any dom-
inated solution; dominated clones are eliminated from the swarm.

 v. If particle i is closer to the singular point than any other particle in 
the swarm, then set particle i as the leader of the swarm with regard 
to the singular point.

vi.  If particle i is not currently the leader of the swarm, but coincides 
in position with the leader, then re-generate particle i randomly.

 End
b. Increase the iteration number.

8. Show the Pareto front and related results.

Some steps in this algorithm (specifi cally, 3 and 7-a-ii) involve particle fi t-
ness calculations. In the next section, we consider various functions character-
izing the fi tness of a particle –a candidate network. One of them involves the 
precise knowledge of all the network node pressures, which are obtained by 
solving the continuity and the energy equations. Various tools to analyze water 
networks have been developed in the past. Among them, EPANET2 [23], based 
on gradient-like techniques, is a software program for analysing water networks 
in the steady-state fl ow, and is used to evaluate the hydraulic performance of the 
solutions. Additional analyses in extended period simulation, or any other tran-
sient analysis to assess the goodness of solutions, may be performed without 
any change in the core of the given algorithm. The algorithm and its connection 
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with EPANET2 are implemented in a software program called WaterIng1 [24], 
developed for water distribution system design and analysis. WaterIng is in 
constant evolution and may be downloaded from its website – the installation 
includes a fi le with network data as an example. A user guide is also available 
to learn the main concepts of how to design a water distribution system using 
the software.

A two-dimensional representation of the Pareto front showing the interface of 
the software implementing the described algorithm is shown in Fig. 4. In this par-
ticular case, Objective 0 represents an investment cost, and Objective 1 represents 
the lack of compliance with certain problem constraints. We have used WaterIng 
for the application using multi-objective optimisation in the next section.

4 Applications

PSO has shown great potential for the solution of various optimisation prob-
lems [3, 11, 13, 19, 25–28]. The authors have used the algorithmic engine of the 

1 www.ingeniousware.net

Figure 4: Pareto front for the Hanoi network as seen on the software interface.
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 software mentioned in the previous section to solve problems in various areas [25, 
27, 29, 30]. These fi elds have included: hydrology [31–36], hydraulics [37–46], 
and WR management [47–51], in addition to the references quoted in this chapter.

We devote the rest of the section to present an important application in water 
supply management – together with the solutions to two real-world case studies.

4.1 The design of water distribution systems

WDS are undoubtedly alive. They are born, grow, age, and deteriorate, need care 
(preventive care but also sometimes surgery), are expected to work properly, must 
meet basic requirements even under adverse circumstances, and so on. Our aim is 
to ensure a long and quality life for WDS. As a consequence, the design of WDS 
cannot be thought of as a single, material, and static design. This is one reason why 
WDS design optimisation is one of the most heavily researched areas in hydrau-
lics. [52–55] and [24] are but a sample of signifi cant references selected with inter-
vals of around fi ve years since 1985 to date. Of special universal relevance is the 
annual WDS analysis (WDSA) conference endorsed by the EWRI-ASCE; and in 
which WDS design is one of its more relevant recurrent topics.

The optimal design of a WDS aims to determine the values of all involved vari-
ables in such a way that all the demands are satisfi ed, even under certain failure 
conditions, while the investment and maintenance costs of the system are minimal 
(see, for instance, [56]). A general strategy for solving the optimal design problem 
of a WDS involves the balancing of several factors: fi nding the lowest costs for 
layout and sizing using new components; reuse or substitution of existing compo-
nents; creating a working system confi guration that fulfi ls all water demands 
(including water quality); adherence to the design constraints; and guaranteeing 
a certain degree of system reliability [57, 58].

The diameters of the new pipes are the basic variables of the problem. Neverthe-
less, additional variables that depend on the design characteristics of the system may 
be required: storage volume, pump head, the type of rehabilitation to be carried out 
for various parts of the network, etc. The estimation of individual costs will always 
depend on these variables. The correct approach to assess the costs for each element 
is important when defi ning the corresponding objective function, which has to be 
fully adapted to the problem under consideration: design, enlargement, rehabilita-
tion, operation design, etc. It is also important that this objective function refl ects 
with utmost reliability the total cost of the system during its entire lifetime. Various 
authors have used, in their optimisation, an objective function that only considers the 
costs of the pipelines (new and/or additional and duplicated pipelines) while others 
have taken into account other various costs involved (some examples are [59, 60]).

Satisfying the demands both in quantity and quality represents another objec-
tive. Minimum pressure values are frequently specifi ed to guarantee a minimum 
level of service quality. This condition is sometimes enforced into the problem as 
constraints for all the consumption nodes. In contrast, in multi-objective 
approaches, this condition is issued as another objective.
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Reliability mainly refers to the ability of the network to provide consumers with 
adequate and high-quality supply, under normal and abnormal conditions. The 
reliability of water systems can be classifi ed as mechanical reliability and hydrau-
lic reliability. The former usually refers to failures of system components, such as 
pipe breakage or pumps being out of service. The latter refers to uncertainty com-
ing mainly from nodal demand and pipe roughness. There is no universal agree-
ment about what is the best measure of reliability and what is an acceptable level 
of reliability (see, for example [61, 62]).

Various approaches exist for assessing the reliability of a water distribution sys-
tem [63–65]. We consider here the proposal raised in [66]. It ensures that the sys-
tem offers a certain level of reliability by considering costs incurred by the lack of 
supply satisfaction. The authors have found that the improvement obtained for 
various systems by considering these costs in the fi tness function implies only 
moderate increases regarding the initial investment costs.

A more detailed representation of these three objectives follows. The fi rst objec-
tive takes into account the pipeline costs (other costs may be easily included); the 
second objective considers the lack of compliance with minimal values for the 
pressure at each node of the network; and the third objective evaluates some reli-
ability measure by considering incurred costs for service disruptions.

The mathematical formulation for the fi rst objective, the investment cost of the 
pipes required for the design, is as follows:

 1

,
L

i i
i

C c l
=

= ∑
 

(7)

where all (L) individual pipes are summed. D = (D1, …, DL)t is the vector of the 
pipe diameters. The costs per meter, depending on the diameter of pipe i, Di, is 
given by ci and its corresponding length by li. Note that Di is chosen from a dis-
crete set of available diameters and ci is a nonlinear function of diameter.

The second objective, P, measures the lack of pressure in the nodes with respect 
to a prefi xed minimal value. This objective is also a function of the selected pipe 
diameters (through the hydraulic model). For nodes with pressure larger than this 
minimal value, the associated individual terms vanish, and one uses the usual 
Heaviside step function H in the explicit expression for P:
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EPANET2 is used to evaluate the actual pressure at consumption nodes for 
a specifi c solution. The integration of such software to run various analyses or 
simulations for potential solutions of the problem is performed during the optimi-
sation process that is developed within the evolutionary algorithms [2, 4, 5] – such 
as the algorithm presented in this paper.

The presence of loops in water distribution networks adds complexity to the 
design problem since the optimisation algorithms, due to their nature, attempt to 
avoid redundancies, in particular, unnecessary loops. This action does not favor 
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the reliability of the system. Considering explicitly some kind of reliability within 
the fi tness function is one of the most diffi cult tasks faced by researchers in the 
area. Many researchers have asked (see [61, 62], for example) “What is the best 
measure of reliability and what level of reliability is acceptable?”

In this chapter, we consider the proposal in [66] that indirectly assesses reli-
ability from an economic point of view by considering the costs of the water 
not delivered due to problems in the system. Precisely, the third objective is 
defi ned by

 1
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(9)

where:

• wk is a coeffi cient associated with each pipe, of the form ( ).f f a fa t c c V⋅ ⋅ + ⋅
• 

ua L d−⋅ ⋅  gives the number of expected failures per year of one pipe, as a func-
tion of diameter, d, and length, L, (a and u are known constants)

• tf is the average number of days required to repair the pipe
• cf is the daily repair average cost
• ca is the average cost of the water supplied to affected consumers, in monetary 

units per unit volume
• Vf = 86400 · Qbreak is the daily volume of water that should be supplied to the 

affected consumer (86400 = number of second per hour) due to the loss of 
water of Qbreak cubic meters per second.

All the constant values entering this equation have been taken from [66]. Con-
sideration of other values corresponding to other specifi c cases is straightforward.

The optimisation problem may be addressed as a single objective problem or as 
a multi-objective problem. If a single objective approach is implemented, any of 
the defi ned objectives can be considered and as many other objectives introduced 
as desired by way of ‘suitable’ penalty costs. For example, the following fi tness 
function

 
( , ) ,fF D V C P Ra b= + +

 
(10)

considers the minimisation of the piping costs, C, while considering a penalty term 
αP that considers the lack of compliance with some required minimum pressure 
level, and another penalty cost, βR, regarding the lack of reliability as the cost 
incurred for not satisfying the supply due to problems in the system (α and β are 
suitable penalty factors).

4.2 A single objective problem

The following problem has been considered in [67]. It analyses a sector of the 
WDS of a Latin American capital (see the layout in Fig. 5) using the PSO variant 
 presented above.
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This sector is fed by a tank, and has 294 lines amounting to 18.337 km of pipe 
and 240 nodes consuming 81.53l/s in total.

Figure 5 also presents the solution obtained by using eqn. 10, which includes the 
minimum pressure requirement and reliability as penalty terms. The fi rst column 
of Table 1 specifi es the various diameters. This solution is only a mere 3.65% more 
expensive than the solution obtained by using the fi tness function G = C + αP 
(no reliability consideration). Table 1 presents a comparison between the initial 
investment costs for both solutions.

Figures 6 and 7 present the solution when not considering reliability. These 
fi gures are used to show the performance differences between both solutions 
 following pipe breaks.

Figure 5:  Sector of a WDS in a Latin American capital and the solution when 
considering reliability.

Table 1: Comparison between costs for both solutions.

Diameter [mm] Without 
reliability

With 
reliability

Length 
[m]

Cost 
[soles]

Length 
[m]

Cost 
[soles]

100 17731.10 2077021.41 15822.31 1853425.63
150 606.39 88023.28 2077.69 301597.04
200 0.00 0.00 328.79 62937.56
250 0.00 0.00 108.70 26206.24
300 0.00 0.00 0.00 0.00
Total cost (soles) 2165044.69 2244166.47
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The effects of closing the pipe indicated by the arrow can be observed in Figure 6. 
Even though no pressures less than 10 m can be observed, almost half of the nodes 
(red points)  do not meet the required minimum  pressure of  15 m (nodes in dark 
blue). Figure 7 shows the higher  impact produced by another closed pipe. Now 
slightly clear points (on the upper left) are consumption nodes with a pressure lower 
than 10 m. Again, this will not happen for the more reliable design (Figure 5) 
obtained from F, no matter which pipe is out of service.

Figure 6: Lower performance after ignoring reliability due to closure of marked pipe.

Figure 7:  Higher impact on performance after ignoring reliability due to closure 
of marked pipe.
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The formulation we consider here aims at minimising the cost of a new network 
with the diameters of the pipes as design variables, while satisfying a minimum 
pressure in all the nodes and, at the same time, providing a certain amount of 
enforced reliability by guaranteeing the service under determined failure scenar-
ios. The scenarios considered here follow the approach of ‘breaking’ by turn all the 
pipes of a specifi c design to check if all the constraints are fulfi lled by the design 
when subjected to these circumstances. If the test is negative the design is suitably 
penalised. In this way, designs will develop increasing reliability. To undergo those 
tests, the system must be analysed for any of those specifi c ‘breakages’. Only solu-
tions assessed as being feasible by EPANET2 are considered.

4.3 A multi-objective analysis

Multi-objective approaches are clearly preferred for a number of reasons – even 
though they are more expensive from a computational point of view. It is clear that, 
sooner or later, a decision must be made to balance the various objectives. Using 
penalty factors is a decision, somehow arbitrary, taken a priori. On the contrary, 
a multi-objective approach provides a set of solutions that will help a posteriori 
decision making and provide decision makers with a richer range of solutions and 
alternatives.

We present another case-study corresponding to a different sector of the WDS 
of the same Latin American capital (Fig. 8). The design involves the three objec-
tives described above in a multi-objective solution: minimising the investment 

Figure 8: A real-world network.
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cost; minimising the lack of pressure at demand nodes; and minimising additional 
costs because of reliability problems.

This network is fed by a tank and made of 132 lines and 104 consumption nodes, its 
total length being 9.055 km, and the total consumed fl owrate amounting to 47.09l /s.

In Figure 9 a bi-dimensional (cost against lack of pressure) representation of the 
approximated Pareto front that considers the three mentioned objectives is pre-
sented. Two swarms (one covering the left zone of the Pareto front and the other 
the right more horizontal area) can be identifi ed that build the three-dimensional 
Pareto front of this problem with three objectives. Observe that the representation 
is a projection in two dimensions of points in the real Pareto front, which is a sur-
face in a three-dimensional space.

Plenty of enriched information that helps the decision-making process is pro-
vided by this type of representation of the Pareto front. For example, it becomes 
evident, as expected, that after some point, the rate at which the minimum pressure 
can be increased in the network is much lower than the rate at which initial invest-
ment costs must be increased to achieve the desired pressure level.

The development of a multi-objective optimisation process enables the combi-
nation of economic, engineering, and policy viewpoints when searching for a solu-
tion to a problem. For example, the relationship between the initial investment cost 
and the minimum pressure in the network may help decide, among other factors, 
which pressure would be better to use for the fi nal solution. In this case (in which 
there is a limited budget to implement the design), the decision maker has at his or 
her disposal a clear guideline to assess how much the quality may be improved if 
the budget is increased by a certain amount. This is an added value of the multi-
objective approach when solving the problem of optimal design of WDS.

5 Conclusions

Classical methods of optimisation are poorly suited for many real world problems 
since they are unable to process inaccurate, noisy, discrete, and complex data. In 
this chapter, we have presented the principles of PSO, an evolutionary algorithm 
that has shown great effi ciency for the solution of various optimisation problems.

Figure 9: Approximated Pareto front for a real world case.
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We have also described three modifi cations that considerably improve the per-
formance of the standard algorithm for fi nding solutions to various optimisation 
problems. Firstly, a proposal for enabling continuous and discrete variables to 
coexist in one PSO formulation. Secondly, a mechanism for enriching diversity 
and so improving the performance of PSO. And thirdly, a self-adapting feature that 
avoids the cumbersome task of parameter selection and fi ne tuning. The elements 
to adapt this algorithm to multi-objective optimisation problems have then been 
provided. Finally, after mentioning various applications in the water fi eld, we have 
shown the results of specifi c applications to selected case-studies regarding the 
design of WDS – using a very well-known urban water problem.

Further improvements should be considered for the multi-objective algorithm 
presented in this paper. For example, the inclusion of problem-dependent rules – 
thus taking advantage of expert knowledge – would further facilitate the process of 
fi nding solutions by enhancing human–computer interaction while introducing 
more reality. Also, the consideration of a wider environment where swarms (or 
even other algorithms – evolutionary or otherwise) with various specialisation 
tasks could coexist and cooperate in the optimisation process. In addition, all the 
algorithms used must be further developed to take advantage of emerging tech-
nologies in the fi eld of parallel and distributed computing. Some of these research 
lines have been addressed recently in [67], which is the source for most of the 
 contents of this chapter.
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CHAPTER 6

Tabu search for managing groundwater
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Abstract

The family of tabu search (TS) heuristic global search optimizer types can solve 
problem types ranging from linear programming (LP) through mixed integer non-
linear programming (MINLP). TS is most commonly used for problems that are 
not readily solved by classical linear programming and gradient search nonlin-
ear programming algorithms (e.g., problems having nondifferentiable objective 
functions).
TS uses its memory of tested solutions to guide development of new solutions. 
For example, a TS algorithm maintains a tabu list of inferior solutions, and will 
avoid expending effort on solutions similar to the poor ones. User input designates 
the minimum acceptable difference between a new strategy and a previous poor 
strategy. On the other hand, the TS will try to develop new solutions that are in 
the neighborhood of known good solutions. User input determines acceptable and 
desirable proximity. Other rules for discarding and favoring candidate solutions 
help make TS very adaptable to many situations.
As it moves discrete distances thru the solution space, TS can avoid being trapped 
in local optima, making it a global optimizer. TS is especially useful for discrete 
problems (having a fi nite number of solutions). Especially when it directs other 
optimization algorithms, TS is referred to as a metaheuristic optimizer.
Because of the ease with which TS can couple with other optimizers, and incorpo-
rate problem-specifi c rules, TS applications in hydrologic science are increasing. 
This chapter discusses TS concepts, features, and coupling with other heuristic 
optimizers (HO) such as genetic algorithm. The resulting hybrid HO effectively 
and effi ciently solves complex nonlinear groundwater optimization problems.
Keywords: GA–TS hybrid, groundwater management, heuristic optimization, pump and 
treat, remediation, Tabu search.
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1 Introduction

Tabu search (TS) is a heuristic and thus is a nonclassical optimizer that can 
solve linear thru nonlinear-mixed integer optimization problems. It is consid-
ered a global optimizer because it does not require a continuously differentiable 
objective function, and it can avoid being trapped in local optima. A TS maintains 
a record of solutions that it develops, and the results of its evaluations. It uses rules 
to avoid spending unnecessary effort in evaluating inferior solutions. Other rules 
make it more likely to develop superior solutions.

By the late 1970s, TS was applied for solving nonlinear combinatorial optimiza-
tion problems. In 1986 Fred Glover, developer of this approach, published the 
concept [1]. Via publications in 1989 [2] and 1990 [3], he increased research com-
munity awareness of TS. Other valuable publications followed [4]. Glover and 
Laguna [5] summarize many TS applications for different industries. These include 
TS use for optimization problem types ranging from integer programming (IP) 
through mixed integer nonlinear programming (MINLP) problems. Applications 
cover most arenas that require optimal planning, resource allocation and design.

This chapter emphasizes TS application for managing groundwater resources. 
TS applications in hydrologic science and engineering are increasing. One of the 
earliest that we are aware of is by Zheng and Wang [6]. They apply TS with simu-
lated annealing (SA) to develop optimal groundwater model parameters for one-
dimensional hypothetical problems. SA is a heuristic optimizer, developed by 
Kirkpatrick et al. in 1983 [7].

In later work, Zheng and Wang [8] integrated TS with LP to develop an optimal 
pumping strategy for hypothetical groundwater remediation problems. They used 
TS to select well locations, and used linear programming (LP) to determine opti-
mal pumping rates. Peralta et al. [9–11] applied TS concepts within their ground-
water simulation–optimization model to optimize groundwater pump and treat 
system designs and strategies.

Peralta et al. [12] applied hybrid optimization techniques to develop 30-year 
transient pump and treat designs and strategies for Blaine Naval Ammunition 
Depot in Nebraska. The goal was to minimize total cost of containment and 
cleanup of dissolved phase plumes of explosives and several hydrocarbons. 
Employed hybrids included a TS coupled with a genetic algorithm (GA–TS) and 
with simulated annealing (SA–TS). GA is a heuristic optimizer, developed by 
John Holland and his colleagues in 1975 [13, 14]. In these GA–TS and SA–TS 
hybrids, TS guides the GA or SA to more effi ciently search the solution space. 
Kalwij and Peralta [15] further enhanced the GA–TS concept by incorporating an 
adaptive component to the algorithm. Other GA–TS transport optimization appli-
cations include [16–18].

TS applications in water distribution network optimization are Cunha and 
Ribeiro [19] and Lippai et al. [20]. Examples of other applications of TS in hydro-
logic science are Yeh et al. [21] (groundwater contamination source identifi -
cation), Tung and Chou [22] (groundwater parameter zonation), and Martinez 
et al. [23] (water level monitoring network design).
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TS can be implemented by itself, however, it is more commonly used to guide 
other algorithms (either of nonclassical or classical origin). Glover [3] originally 
describes TS as ‘as an approach for guiding other heuristics to overcome the lim-
itations of local optimality, both in a deterministic and a probabilistic framework.’ 
There are many different ways to implement TS, and design is often specifi c to the 
optimization problem type and application. This chapter discusses TS in the con-
text of solving groundwater contaminant transport-related MINLP problems.

This chapter briefl y describes TS fundamentals, and TS coupling with a GA 
(producing a GA–TS hybrid). Section 3 applies this hybrid to solving transport 
optimization problem and contrasts computational effi ciency of a GA–TS and its 
adaptive counterpart with a straightforward GA. The summary section mentions 
the outlook for further TS development in hydrological science.

2 Tabu search concepts

The intent of this section is to provide a brief overview of the governing elements 
of TS. For more in-depth theory, the reader is referred to the well-recognized 
manuscripts by Glover [2, 3, 24], and many other publications and manuscripts 
[4]. Glover and Laguna [24] is the fi rst published comprehensive monograph on 
the subject matter.

TS employs adaptive memory and responsive exploration [2, 3, 24, 25], leading 
to a more intelligent search of a solution space. It mimics memory to avoid unde-
sirable regions of the solution space and focus on acceptable regions. “We learn 
from our mistakes” is an adage that characterizes an important TS feature (TS 
assumes that if a developed strategy has an inferior objective function value 
(OFV), then any strategy that is near this inferior strategy will also produce an 
inferior OFV). Therefore, the optimizer will stay away from this forbidden (‘taboo’ 
or ‘tabu’) region of the solution space and will search more in that part of the solu-
tion space that will potentially yield superior result (hopefully it will yield the 
globally optimal solution). In effect, choosing a poor strategy can yield more 
information than choosing a good strategy. Figure 1 shows a fl ow chart of a simpli-
fi ed stand-alone TS. Here TS is the only optimizer and newly developed strategies 
are evaluated with respect to the tabu list. If a strategy satisfi es the tabu conditions, 
meaning that it is not a desirable strategy and is rejected, one proceeds with evalu-
ating the second best strategy, and so on. Enforcing tabu conditions guides optimi-
zation toward optimality.

TS creates a balance between search intensifi cation and diversifi cation [24, 25]. 
Adaptive memory implies that the algorithm retains knowledge about strategies 
previously developed during optimization and their visited solution space regions.

This means that a newly developed strategy is evaluated in relation to previously 
developed strategies. TS distinguishes between short-term and long-term memory, 
and controls the size of the subset of strategies that a newly developed strategy is 
evaluated against. In essence, new strategies are preferably developed within the 
good neighborhood area. The more intense search is in the region having the best 
strategies. TS maintains at least a specifi ed distance (or search coarseness) between 
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developed strategies. This is especially useful for continuous optimization prob-
lems that essentially have an infi nite number of solutions.

Responsive exploration encourages the TS optimizer to explore promising 
regions in addition to the already-established good neighborhood [24]. This diver-
sifi cation helps the optimizer avoid entrapment within local optima. Responsive 
exploration includes maintaining a tabu list (a list that records inferior strategies, 
henceforward termed inferior neighborhoods). A tabu list can also be designed to 
record previous moves rather than strategies. Either way, a newly developed strat-
egy is evaluated with respect to this list, to ensure that the optimizer does not 
revisit or get too close to inferior neighborhoods.

3 Hybrid optimization types

Hybrids are combinations of two or more optimization approaches, and we con-
sider them to be a subgroup of nonclassical optimization types. Here, we discuss 

Figure 1: Example fl ow chart for TS basic concept.
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how particular TS concepts and elements can guide a GA in optimization (GA–
TS). The same TS principles and algorithm structure can be applied to a hybrid 
SA–TS. However, some TS features can be specifi c to the optimizer being guided. 
For example, the choice of intensifying TS search around elite strategies is GA-
specifi c. The discussed hybrid optimization method handles nonlinear continuous 
domain, time-varying solutions for multiple stress periods. The GA–TS simultane-
ously optimizes for multiple stress periods (as opposed to sequentially optimizing 
one stress period after another). Simultaneous optimization of multiple stress peri-
ods increases optimization complexity [17]. This hybrid optimization method was 
designed to specifi cally solve computationally intensive groundwater optimization 
problems, but is adaptable to other fi elds as well.

Figure 2 presents a GA–TS fl ow chart. It shows a GA outer loop (generation 
iterations) and an inner loop (iterations within a generation). The GA proceeds 

Figure 2: GA–TS fl ow chart (Modifi ed from Peralta et al. [17]).
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to the next generation after developing a number of new strategies (the number 
equals the generation size or population size). The GA terminates after the 
total number of generations has been completed (outer loop). Alternatively, 
a GA can be directed to terminate when the optimizer has converged to an 
assumedly globally optimal solution. However, there is often uncertainty con-
cerning whether a globally optimal solution has been obtained for a large-scale 
highly nonlinear problem, and one often settles for a nearly globally optimal 
strategy.

One can direct the GA to terminate if OFV improvements do not satisfy a mini-
mum acceptable threshold value after a prespecifi ed number of generations. In that 
case, the optimizer has possibly become trapped in a local optimum (for a noncon-
vex problem).

One initializes a GA–TS using preexisting strategies or semirandomly or ran-
domly generated strategies. These strategies are evaluated with respect to OFV 
and fi tness. The inner loop includes standard GA operations such as parent selec-
tion, crossover, and mutation. This algorithm also includes advanced features such 
as elitism and healing. Elitism controls how many of the best strategies to date are 
used in the parent selection procedure. Healing ensures that a newly developed 
strategy satisfi es decision-variable-based constraints [15].

After healing, a strategy is evaluated by TS. If all applicable TS criteria are 
satisfi ed, the strategy (set of stimuli) is simulated to compute system responses 
(state variable values). Simulation models (S-models) are used to compute system 
responses. (A model that couples simulation modeling and optimization is com-
monly referred to as a simulation–optimization or S–O model.) The hybrid 
GA–TS method allows simulation only of solutions that satisfy TS criteria. This 
prevents waste of much computation time (S-models can require signifi cant com-
puter time).

Figure 3 details steps performed when invoking TS. TS is implemented in such 
a way that it guides the optimization method to [15]:

1. Avoid reproducing strategies similar to any already developed strategies;
2. Intensify search in the solution space region (neighborhood) that potentially 

yields superior strategies;
3. Avoid reproducing inferior strategies by avoiding inferior neighborhoods; and
4. (If applicable) Avoid developing strategies having a nonpenalized OFV inferior 

to the OFV of the best strategy to date.

Although Fig. 3 mentions one criterion in each of Steps 1–3, within any of those 
steps, multiple criteria of the same type can be used. For example, a different 
source search coarseness can be used to evaluate how close new strategies are to 
elite strategies, versus how close they are to tabu strategies.

The act of invoking TS can be probability based, allowing one to either always 
use the TS criteria, or allowing its use to be stochastic. Determination of invoca-
tion occurs at the beginning of each GA generation. When the TS is not invoked, 
the GA–TS has more freedom to explore the solution space. This might result 
in more diverse strategies.
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Step 1 in Fig. 3 evaluates with respect to the search coarseness criterion. 
Satisfying this criterion ensures that a minimum acceptable distance is main-
tained between a newly developed strategy and previously generated elite or 
general strategies. This avoids reproducing duplicate or similar strategies 
already developed.

Figure 3: Representative fl ow chart of a TS evaluation algorithm.
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Step 2 in Fig. 3 evaluates with respect to the solution space step size criterion. 
Satisfying this ensures that the maximum allowable change of each decision variable of 
a newly developed strategy with respect to its parents is within the desired threshold. 
This criterion forces the GA–TS to search in the good neighborhood (of elite strategies).

Step 3 in Fig. 3 ensures that the newly developed strategy is not on the tabu list 
or in the neighborhood of a tabu strategy. If this strategy is on the tabu list or close 
to a strategy on the tabu list, the TS algorithm does not accept that strategy.

Some TS steps are only benefi cial sometimes. For example, one can force the 
algorithm to only accept strategies having an OFV that satisfi es a specifi ed thresh-
old accepting value (Step 4 in Fig. 3). This criterion can only be evaluated a priori 
if the OFV does not require running simulation models (e.g, it is solely decision–
variable based) [15].

Table 1 summarizes suggested ranges for dimensionless TS control parameter 
values. These values were developed by evaluating a range of control parameters 
for a hypothetical transport optimization problem [15, 26]. This involved trial-and-
error testing of 50 control parameter sets (TS probability, search coarseness, solu-
tion space size, tabu list size, and threshold accepting value), each repeated 
10  times to account for the randomness of heuristic optimization. For clarity, for 
each parameter in the set, the second column in the table refers to the correspond-
ing TS step(s) illustrated in Fig. 3.

The third column of Table 1 shows the combinations of parameter value ranges 
that achieve convergence to the correct subset of wells for 60% to 90% of the 10 
optimization runs. Also, combinations within these parameter value ranges, cause 
60% to 80% of the runs to converge within 1% of the best optimal solution [15].

The authors noticed that different values work better for different optimization 
stages. Some parameter values that are ideal for the beginning part of an optimiza-
tion run should be modifi ed when more closely approaching optimality [15]. An 
auto-adaptive feedback-driven GA–TS approach developed to test this observation 
dynamically changes TS parameters during run-time [15]. This includes parame-
ters such as TS probability, search coarseness, solution space size, and tabu 
list size. When and how much these control parameters are modifi ed during 

Table 1: Empirically developed and suggested TS control parameters values 
(adapted from Kalwij and Peralta [15]).

TS control parameter Corresponding TS 
Step (Fig. 3)

Value ranges that 
yield convergence(a)

Probability of invoking the TS(-) --- 0.20–0.50
Search coarseness (%) 1 0.1–0.2
Solution space size (%) 2 15–50
Tabu list size (%) 3 10–40
Threshold accepting value (%) 4 0.001–1

(a) this implies convergence to the correct subset of wells for 60–90% of the 10 optimization runs; 
and 60–80% of the runs converge to within 1% of the best optimal solution.
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 optimization is a function of optimization performance. For example, if for a pre-
specifi ed number of consecutive GA–TS generations, the OFV does not improve, 
the search coarseness and solution space control parameters are reduced by ΔX 
(eqns (1) and (2)) [15].

 old new(1 )X X Xb bΔ = Δ + − Δ  (1)

 

0 new
new

0

,
OFV OFV

X X
OFV

−
Δ =

 

(2)

where ΔX is the change in search coarseness or solution space size parameter; 
ΔXold and ΔXnew are the old and new changes in parameter value, respectively; β 
has a value [0, 1] and controls how much ΔX is based on ΔXold and ΔXnew; ΔXnew 
is a function of the present parameter value (X), and the fi rst feasible OFV (OFV0) 
and the best OFV to date (OFVnew).

Equation (2) prevents too large parameter value reductions during early optimiza-
tion. Adaptive control parameter modifi cations at the end of a generation generally 
decrease search coarseness and refi ne solution space size parameter values. How-
ever, if the OFV does not improve after a prespecifi ed number of modifi cations, 
search coarseness and solution space size parameter values are reset to predefi ned 
values, thereby preventing the optimizer from becoming stuck in local optima.

The auto-adaptive approach includes a gradually increasing TS probability and 
tabu list size. How much these are increased depends on the optimization stage in 
which the alterations occur [15].

Section 4 discusses the performance of this auto-adaptive approach, contrasted 
to a GA and (nonadaptive) GA–TS, applied to a real-world transport optimization 
problem.

There are many ways to implement auto-adaptive concepts. Here we demon-
strate just a few, to illustrate the potential of this optimization approach.

4 Application to Blaine Naval Ammunition Depot

4.1 Situation and optimization approach

Blaine Naval Ammunition Depot (NAD), in Hastings, Nebraska, has signifi cant 
contamination of groundwater by volatile hydrocarbons, and some from dis-
solved phase 2,4,6-trinitrotoluene (TNT) explosive. Figure 4 shows the fi nite dif-
ference grid of fl ow and transport simulation models of the contaminated aquifer. 
Figures 5 and 6, respectively, show trichloroethylene (TCE) and TNT plumes simu-
lated to exist in January 2003. The project report contains study area and simula-
tion model details [11]. The study area consists of two mutually exclusive zones. 
Contamination is within the irregularly shaped cleanup zone. Other cells lie within 
the exclusion zone. The greatest concentration of a species predicted to result from 
a pumping strategy in a zone at a particular time is cmaxspecies, zone, time.
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Figure 4:  Finite difference grid superimposed on Blaine naval ammunition depot 
road map.

Figure 5:  Initial (simulated for 1 Jan 2003) TCE concentrations exceeding 5.0 ppb, 
and part of fi nite difference grid with rows and columns numbered in: 
(a) Layer 3, (b) Layer 4, and (c) Layer 5.
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Here we discuss one of three optimization problem formulations posed by NAD 
(eqns (3) and (4)). The formulation minimizes the present value of the cost of 
containing TCE and TNT plumes for 30 years (six fi ve-year pumping periods), and 
remediating them to not exceed cmaxU by no later than the end of 30 years.
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(3)

where
Z = present value of 30 years of strategy implementation; k = a 5-year period of 

uniform pumping (k = 1 at time 0). Capital costs can be incurred, and wells can be 
installed, and begin, change, or cease pumping only at beginnings of years 1, 6, 11, 
16, 21, and 26; DFCk = a factor used to convert capital expense occurring at the begin-
ning of period k, into a present value; DFFk = a factor used to convert annual expenses 
occurring during period k into a present value; DFVk = a factor used to convert costs 
of pumped and treated fl ows occurring during period k, into a present value; CE = 
capital costs of new extraction wells ($400K); CT = capital cost of treatment ($1.0K 
per gpm); CCD = capital cost of discharge piping ($1.5K per gpm); FM = fi xed cost 
of management ($115K/yr); FS = fi xed cost of sampling and analysis ($300K/yr); VE 
= variable costs of electricity for operating wells ($0.046K/gpm); VT = variable cost 
of treatment ($0.283K/gpm); and VD = variable cost of discharge ($0.066K/gpm).

Figure 6:  Initial (simulated 1 January 2003) TNT concentrations exceeding 2.8 ppb 
in layer 3, and part of fi nite difference grid.
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Employed was an S–O model consisting of embedded fl ow and transport simu-
lation models (MODFLOW groundwater fl ow model [27] and MT3DMS transport 
model [28], and linked GA and TS search optimization algorithms (GA–TS).

4.2 Application and results

At the time this optimization effort was performed, one simulation of both fl ow 
and TCE transport for just one pumping strategy required almost one hour of real 
time. To reduce total computational effort, before optimization, a set of candidate 
pumping wells and an initial feasible pumping strategy were developed. These 
were provided as input to the S–O model. The S–O model subsequently computed 
an optimal pumping strategy for those candidate wells, that employed each well at 
some time during the 30 years. We repeated this (in effect an NLP optimization), 
until we believed we had the best transient pumping strategy for that set of candi-
date wells. We term it the base optimal strategy.

Then we compared how well three S–O implementations could approach the 
OFV of the base optimal strategy. The implementations were:

Model (A) nonadaptive genetic algorithm alone (GA)
Model (B) nonadaptive genetic algorithm with coupled tabu search (GA–TS)
Model (C) adaptive genetic algorithm with coupled tabu search (Adaptive GA–TS)

Employed TS parameters were search coarseness (1%), solution space step size 
(30%), tabu list size (10%), and TS probability (0.20). These values fall within the 
ranges shown in Table 1. All GA input parameter were the same for all three mod-
els. Model A does not use TS control parameters; Models B and C use identical TS 
control parameters, with the only difference that for Model B these parameter 
values are fi xed throughout optimization, whereas for Model C TS control param-
eter values adjust during optimization subject to optimization performance.

We made multiple optimization runs using each of models A–C. Figure 7 shows 
dimensionless average convergence for each model toward the base optimal strat-
egy (the base optimal strategy is one of the runs). The denominator of the y-axis is 
the improvement that the base optimal strategy was over the initial feasible solu-
tion. By viewing where the S–O curve reached the right y-axis, we see that S–O 
Model C achieved an average 98.38% of the improvement obtained by the base 
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optimal strategy. S–O models B and A achieved average values of 79.59% 
and 66.47%, respectively (the higher the value the closer the optimizer converges 
to the best optimal result achieved during this exercise).

Giving the GA–TS hybrid (Model B) the ability to intelligently change optimization 
parameters during optimization (the result is Model C), caused a 0.1879 (or 18.79%) 
dimensionless OFV improvement (0.7959–0.9838). Augmenting a GA (Model A) 
with TS ability to produce Model B caused a 0.1313 improvement (13.13%).

For Fig. 7, the denominator of the x-axis is the total time required by the respective 
S–O Model A, B, or C. This shows that Model B was converging faster than Model 
A; Model C was converging faster than Model B (also, Model C improves overall 
strategies more quickly than Model B). Model C achieves 85.3% of total possible 
OF improvement at 50% of the total computational run time. Model B achieves 
73.5% OF improvement for the same time frame. When time is limited it is benefi -
cial if an optimizer can converge faster. Stochastic processes can display such results.

5 Closure and outlook

Although tabu search (TS) can be used as a stand-alone heuristic optimizer, it is 
often used as a metaheuristic optimizer. In that capacity, it guides other optimiz-
ers, such as genetic algorithm (GA) and simulated annealing. We illustrate that 
a hybrid GA–TS optimizer converges to an optimal solution more rapidly than 
a GA optimizing alone. Yet faster is a hybrid GA–TS that auto-adaptively changes TS 
algorithm operational parameter values during optimization. Here we demonstrate 
GA–TS use in a simulation–optimization model that performs contaminant transport 
optimization for large-scale groundwater contaminant plume remediation. We have 
also used TS with simulated annealing for hydraulic optimization dewatering.

Figure 7:  Dimensionless convergence of GA, GA–TS, and auto-adaptive GA–TS 
optimization algorithms.
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Tabu search features can be added as appropriate for particular problems. That 
fl exibility makes the continued development of new tabu search applications and 
algorithms very likely in many fi elds, including water science and engineering.
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Harmony search algorithm
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Civil Engineering, Aristotle University of Thessaloniki, Greece.

Abstract

During the past few years, a new method has been added to those optimization tech-
niques inspired by natural phenomena like genetic algorithms. The music-inspired 
harmony based optimization algorithm, commonly referred to as Harmony Search 
Algorithm (HSA), is a novel, powerful optimization technique based on the observa-
tion of music creation and its quest of the perfect state of harmony. In this chapter, 
the concept and the basic characteristics of the harmony search algorithm are com-
prehensively presented. Since the method is still in full development, a number of 
variations aiming to improve its effi ciency have appeared. Their main differences are 
also outlined in this chapter along with a benchmark evaluation of their effectiveness. 
Finally, an application on a classic multireservoir system management problem is 
presented, in order to demonstrate the effi ciency of the Harmony Search Algorithm.
Keywords: optimization techniques, Harmony Search Algorithm, music-inspired harmony 
based optimization algorithm, Rosenbrock function, Griewangk function, multi-reservoir 
management.

1 Introduction

1.1 Relationship between music and mathematics

Very early in time, people realized the strong relationship between music and mathe-
matics. Since the ancient times, mathematicians tried to interpret the governing rules 
of mathematics using the art of music. Amongst them the work of Pythagoras, the 
Greek philosopher and mathematician, stands out. Pythagoras tried to investigate the 
laws that dominate sounds and thus he, informally, founded the science of acoustics.

In the following centuries, this relationship was retained. Very often musicians tried to 
use mathematics in order to deeply understand music. On the other hand, mathemati-
cians, like Fibonacci, through their work, assisted artists and composers to seek harmony.
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During recent times, since the Baroque period, this bond has been strengthened. 
Sometimes as a conscious effort by musicians-composers and sometimes as part 
of a rumored and almost mystical relationship, mathematics and music came 
closer.

Iannis Xenakis represents a very special example from the 20th century. Xena-
kis combined very skillfully his identities as a mathematician and a composer. His 
work, through which he was recognized as one the most important composers of 
the century, is based on the use of mathematical functions to produce music and 
sounds.

This relationship inspired Zong Woo Geem in the development of a new optimi-
zation algorithm, a meta-heuristic algorithm, based on music. Being a Civil Engi-
neer and a musician himself, he presented in 2000 the Harmony Search Algorithm 
through an application in the design of water supply networks [1, 2].

1.2 Spreading of the method

Even since the fi rst applications of the method, its signifi cant perspectives were 
evident. The Harmony Search Algorithm (HSA) does not require the determina-
tion of initial values and it has less mathematical demands resulting to much sim-
pler computer programming. Moreover, since it does not require the use of the 
binary system, the computer code is shorter and faster during execution. All these 
reasons have led to a wider spreading of successful applications, from the solution 
of Sudoku puzzles to the composition of music and even to the design of space 
technology.

Respectively, the number of scientifi c publications presents an increasing 
trend. While until 2004 the relevant publications were limited, since 2005 the 

Figure 1: Increase of annual scientifi c publications.
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annual number of published papers increased signifi cantly. More specifi cally 
the number of published papers in 2005 was more than double those published 
in 2004, while during 2009 nine times more papers were published compared 
to the respective number of 2005 and 2006 [3, 4]. In 2010, the number of pub-
lications in journals exceeds more than three times the number published in 
2009.

From all the above, it becomes very clear that the Harmony Search Algo-
rithm, despite its very short presence amongst the optimization methods, has 
attracted the attention of the scientifi c community demonstrating signifi cant 
results. As a matter of fact since 2009, as a result of the escalation of the use of 
the algorithm in IT technology, the number of publications has exponentially 
increased.

Even though I was originally designed for the optimization of the design of 
water supply networks, its applications soon expanded in a wide range of 
scientific fields. Applications in structural, geotechnical, and mechanical 
engineering, in transports, in medicine even in the design of space stations 
were developed. Thus, while during the first years almost 50% of the applica-
tions were targeting water resources management and other hydraulic works, 
the wide spreading of the method has led to a reduction of this percentage to 
less than 15% in 2010 [4]. However, research regarding hydraulic works is 
still expanding to other fields as groundwater modeling and management 
[5, 6].

Figure 2: Analysis of scientifi c fi elds implementing applications in 2010.
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2 Presentation of the Harmony Search Algorithm

2.1 The concept of harmony

The term harmony, in music, refers to the sound effect caused by two or more 
instruments playing at once. By terms of acoustics, harmony refers to the rela-
tionship between different sound waves, coming from either musical instruments 
or human voices, and to their interaction that defi nes whether the fi nal result is 
characterized as pleasant or not. Although in music, as in every artistic expression, 
beautiful and acceptable are subjective, through the years some objective rules 
regarding harmony have been developed. These rules follow the trend of each 
artistic period and each musical current. It is not a coincidence that Pythagoras’s 
calculations during the 6th century BC resulted to harmonic sounds that are con-
sidered as such even in the classical harmony of the 18th century.

2.2 Method analysis

2.2.1 The search of harmony in music
The new algorithm was inspired by the way a musician plays within a music group. 
During rehearsals or a concert, a musician has three choices:

i. To play the known – basic melody of the musical piece. This melody is known 
as the ‘theme’ and it characterizes every piece. It is obviously known and 
already in the memory of the musician.

ii. To play something similar to the basic melody. To slightly change the ‘theme’ 
enriching the piece with notes never played before.

iii. To start an improvisation by selecting new note sequences that will form a com-
pletely new music material.

2.2.2 The basic elements of the algorithm
The Harmony Search Algorithm is a stochastic meta-heuristic method based on the 
sequential production of possible solutions. It belongs to the category of ‘neigh-
borhood meta-heuristics’ that produce one possible solution per iteration. This 
procedure is completely different from that of the population methods that pro-
duce a number of possible solutions in every iteration (e.g., genetic algorithms).

Every possible solution consists of a set of values of the decision variables of 
the function that needs to be optimized. Each one of these sets of values is called 
a ‘Harmony.’ During the optimization process, a number of ‘harmonies’ equal to 
the ‘Harmony Memory size’ are stored in the ‘Harmony Memory’ (HM), a data-
base that includes the produced set of solutions. The algorithm ends when the 
predefi ned total number of iterations has been achieved [7].

2.2.3 Development of the Harmony Search Algorithm
The fi rst stage for the application of the Harmony Search Algorithm is the descrip-
tion of the problem and the defi nition of its parameters. This is a very important 
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stage since the formulation of the decision variables, their boundaries, and their 
participation in the objective function are decisive for a realistic approach of the 
optimization problem.

After the defi nition of the variables, the matrix containing the Harmony Mem-
ory is formulated. The dimensions of the matrix are m × n, where m is the Har-
mony Memory size and n the number of variables involved in the objective 
function. The procedure demands that before the fi rst run, the matrix must be 
complete with initial values. This is usually achieved with sets of random values 
of the decision variables.

At this point, the algorithm is ready to start to produce and evaluate new 
‘Harmonies’ by simulating the search for harmony in music through the appli-
cation of the following mechanisms in respect to the procedures described in 
Section 2.2.1:

Use of one of the set of variables stored in the Harmony Memory (HM). The 
Harmony Memory consideration is very important since it ensures that good 
 harmonies, solutions that provide good results, will be considered during the opti-
mization process and will form the basis for the production of even better solu-
tions. For the effective application of this procedure, the Harmony Memory 
Consideration rate (HMCR) is used. If this index is assigned small values then 
only a few of the good solutions stored in the HM will be taken into consideration 
in the evaluation of new solutions resulting to a very slow convergence. On the 
other hand, large values of HMCR will impose restrictions in the ability of the 
procedure to investigate a large fi eld of possible solutions. Technically, HMCR 
takes values larger than 70%, sometimes even exceeding 95%.

(ii) A usually smaller percentage of the solutions selected with the application 
of the previous mechanism are allowed to be slightly altered. This is the second 
mechanism of the algorithm. In this case the pitch adjusting rate (PAR) is used. 
The concept is that if the algorithm chooses to slightly alter the term xi selected 
from the harmonic memory, this will be performed by selecting a neighboring 
value of xi, such as

 xi
new = xi ± Random (bw) (1)

where Random (bw) is a random number between 0 and 1 expressing the band-
width of the adjustment. This procedure is similar to the mutation in genetic algo-
rithms. It is worth noting that although PAR can only take small values it is 
considered to play an important role in the convergence of the algorithm.

(iii) The third procedure is improvisation, which means to introduce completely 
random values in new solutions. The probability of introducing random values is 
(100-HMCR)%. In this way, the variability of solutions is enriched. Contrary to 
the PAR parameter through which the algorithm investigates the area around the 
values of the Harmony Memory, randomization aims in widening the fi eld of solu-
tions, thus ensuring the determination of global optimal solutions of the objective 
function. After the creation of a new ‘Harmony,’ its performance is evaluated 
according to the corresponding value of the objective function. If this performance 
is better than that of the worst ‘Harmony’ stored in the Harmony Memory, 



122 Hydrology, Hydraulics and Water Resources Management

Figure 3: Flow chart of Harmony of Harmony Search Algorithm.
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it replaces it. This procedure is repeated until the ending criterion, usually a 
 maximum number of iterations, is reached. Choosing values for the parameters 
mentioned above has always been an issue. Moreover, the size of Harmony Mem-
ory is one more parameter that needs calibration. Different scientists have pro-
posed various formations for HMCR, PAR, and HM size, often quite different 
from each other. Xin She Yang has proposed HMCR = 0.7–0.9 and PAR = 0.1–0.5 
[8], while Zong Woo Geem generally proposes lower values for PAR index [9]. 
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In the present chapter, a calibration of HSA parameters is implemented, using two 
test functions. This calibration aims to add some knowledge regarding the fi ne tun-
ing of Harmony Search Algorithm.

3 Variations of Harmony Search Algorithm

After the successful implementations of HSA and the impressive results, various 
scientists have proposed variations of HSA which might perform better in certain 
problems. These algorithms share the same basic structure, but some changes in 
their setup cause different performance, which in some cases has been proven to 
be superior.

3.1 Improved Harmony Search Algorithm from ensemble of music players

In 2006, Zong Woo Geem proposed a variation of the classic algorithm called 
‘Improved Harmony Search from Ensemble of Music Players’ which introduced 
a new mechanism [10].

This new mechanism, called ‘ensemble of music players’ is applied after the cre-
ation of a new ‘Harmony,’ between steps (iii) and (iv) (see fi gure 3) presented earlier. 
The basic idea of this variation is that very often in a music ensemble, some of the 
musical instruments appear to have a stronger bond. The similarity of the melody 
played by two instruments, the continuous questions and answers, the musical dia-
logs are a common practice in music. A characteristic example is that of two groups 
of violins within a symphonic orchestra, where the fi rst violins are in a continuous 
dialog with the group of second violins. It is obvious that their connection is much 
stronger than that between the violins and the percussions, for example.

Similarly, in many optimization problems some of the decision variables are 
more connected than others. For example the pumping rates between neighboring 
wells are interrelated. An increase in the pumping rate of one well results in a 
decrease in the pumping rate of the other, in order to maintain the constraints set 
on the water level drop of a groundwater aquifer.

The value of a decision variable in a new ‘Harmony’ xj′ created by the algorithm 
can depend on the value of another decision variable xi′, if the two variables xi and 
xj already in the Harmony Memory are correlated. The above observation is 
applied through the following equation:

 xi′ ← fn(xj′), where max{[corr (xi, xj)]
2} and i ≠ j (2)

Furthermore:
– The function corr() indicates the correlation between variables xi = (xi

1, xi
2,…, 

xi
HMS) and xj = (xj

1, xj
2, …, xj

HMS) using the coeffi cient of linear correlation r.
– max{} is a function that determines the stronger correlation between the vari-

ables xj and xi based on the term r2.
– fn() is a function that defi nes the term xi′ based on the value of xj′. Function 

fn() determines the value of xi that appears most often between the pairs xi and xj, 
when xj is equal to xj′.
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In order to implement this variation in a percentage of the new harmonies 
 created, a new parameter called ECR (ensemble consideration rate) is introduced 
(0 ≤ ECR ≤ 1). After the creation of the new ‘Harmony’ using the four, instead of 
three, mechanisms, the algorithm is applied in a similar way and the new ‘Har-
mony’ is either included in the Harmony Memory or it is rejected.

3.2 Improved Harmony Search Algorithm

In 2007, scientists from the University of Tehran under M. Mahdavi, suggested 
another variation, which they called ‘Improved Harmony Search’ [11].

This variation is based on the observation that the parameter HMCR and gener-
ally the mechanism that uses the Harmony Memory, aims at a wider search of 
optimal solutions (global search). Respectively, the pitch adjusting rate mecha-
nism aims in optimizing search on a local level (local search). The PAR parameter 
and the bandwidth bw are very important for the optimal function of the algorithm. 
Thus Mahdavi et al. considered the use of constant values for these two parame-
ters, as a weakness of the algorithm.

He suggested that small values of the parameter PAR along with large values of the 
bandwidth bw can result to low effi ciency of the algorithm and signifi cant increase in 
the number of necessary iterations needed for the convergence to the global optimum. 
At the same time he observed that while small values of the bandwidth bw at later itera-
tions improve the effi ciency of the algorithm, at early iterations they cause problems. So 
he arrived at the conclusion that during the early stages of the algorithm the value of bw 
should be allowed to take larger values in order to assist the algorithm to produce a 
variety of available solutions in the Harmony Memory. During the later stages of the 
algorithm though, a combination of large values for the parameter PAR with small val-
ues of the bandwidth, can improve signifi cantly the effi ciency of the algorithm.

The above remarks led Mahdavi to introduce non-constant varying with time 
values for PAR and bw. So the improved harmony search (IHS) algorithm allows 
PAR to increase linearly and the bandwidth bw to decrease exponentially. These 
variations are introduced, as in the classical algorithm, during the third step and 
vary dynamically as follows:

 PAR(gn)= PARmin + [(PARmax – PARmin) × gn]/MaxIter (3)

where PAR is the pitch adjusting rate
PARmax and PARmin are the maximum and minimum values of PAR, respec-

tively
MaxIter is the maximum number of iterations
and gn is the current iteration

 bw(gn)= bwmax exp(c × gn), (4)

where bw is the bandwidth
bwmax and bwmin are the maximum and minimum values of bw, respectively
MaxIter is the maximum number of iterations
and c = ln(bwmin/bwmax)/MaxIter
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3.3 Global-best Harmony Search Algorithm

In 2008, M. Omran with M. Mahdavi, who presented the previous variation, cre-
ated a new algorithm which they called Global-Best Harmony Search [12]. The 
specifi c variation includes elements of another meta-heuristic method, the particle 
swarm optimization. This algorithm is based on the fact that the position of a 
member of a swarm depends on its previous positions and those of the best mem-
ber of the swarm. In the same way Omran and Mahdavi propose a variation on 
the function of the pitch adjusting rate mechanism. Thus they introduce a varying 
value for PAR and they replace the bandwidth bw.

Every time the algorithm chooses to perform a pitch adjustment, it will replace 
the chosen value from the Harmony Memory with one of the values of the param-
eters of the best ‘Harmony’ stored in the Harmony Memory. This adjustment led 
to remarkable results during the benchmark tests and is applicable in both discrete 
and continuous problems.

The computer code that introduces the variation proposed by Omran and 
 Mahdavi, is presented through the following pseudocode:

for each i e; [1,N] do
if U(0,1) ≤ HMCR then/*use of Harmony Memory*/
begin
xi′= xi

j, where j ~ U(1,. . . , HMS)
if U(0,1) ≤ PAR then/* Pitch Adjusting Rate */
begin
xi′= xi′, where best is the index of the best ‘Harmony’ stored in the harmony 
memory and k ~ U(1,N).
endif
else/*improvisation*/
xi′= random
endif
done

Figure 4: Variation of PAR and bw in improved Harmony Search Algorithm [11].
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3.4 Self-adaptive Harmony Search Algorithm

This specifi c variation of the Harmony Search Algorithm was presented in 2010 
by Chia-Ming Wang and Yin-Fu Huang [13]. Like the two previous variations it 
interferes with the structure of the pitch adjusting rate mechanism of the classical 
algorithm.

Once again it was recognized that the determination of the dominating param-
eters of the algorithm was one of the main problems of its application, since for 
some of them, even the order of magnitude remained unknown.

After testing the proposed variation they expressed their reservations concern-
ing the continuous increase of the PAR coeffi cient according to the Improved Har-
mony Search Algorithm. They considered that the search performed through the 
pitch adjustment mechanism should be intense during the fi rst stages and should 
then gradually decrease. In this way, they estimated that early convergence and 
oscillation around local optima could be avoided.

This claim was enforced by the observation that the application of a constant 
value for PAR in the Global-best Harmony Search Algorithm improved its effi -
ciency compared to that of its linear increase.

The suggested variation included the linear reduction of the PAR coeffi cient 
during the application, from 1 to 0. At the same time they related the adjustment 
width with the maximum and minimum values of the variable observed, after 
every iterations in the Harmony Memory. Thus the new variable xi selected to be 
pitch adjusted from the Harmony Memory, can be altered in two ways:

 xi + [max(HMi) – xi] × ran[0,1) (5)

 xi – [xi – min(HMi)] × ran[0,1) (6)

where: xi is the value selected to be pitch adjusted from the harmony memory
where max(HMi) and min(HMi) are the maximum and minimum values of the 
variable in the Harmony Memory, respectively.
and ran [0,1) a random number between 0 and 1

The specifi c structure was tested using examples solved with the other varia-
tions and the results indicated an effi cient and successful algorithm.

3.5 Parameter-setting-free Harmony Search Algorithm

Acknowledging the problems raised by the several variations concerning the deter-
mination of the parameters, Dr Z.W. Geem, the creator of the original Harmony 
Search Algorithm, designed a new variation, published in 2011, that does not need 
the adjustment of parameters. This includes a dynamic variation of the Harmony 
Memory Consideration Rate (HMCR) [14].

This specifi c variation is described as follows. The Harmony Search Algorithm 
starts and is executed for a small number of iterations (for example 3 times the 
Harmony Memory size). At that point another matrix is created with the same 
dimensions as the Harmony Memory matrix. This matrix is called Functional 
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Memory and includes the origin of the elements of the Harmony Memory. In this 
way, if an element of the Harmony Memory comes from the improvisation mecha-
nism, the functional memory stores this information.

This specifi c variation regulates automatically the parameters in respect to the 
number of elements produced by each mechanism. In this way:

HMCR = (Number of elements originating from the use of memory or PAR)/
(HM size)

PAR = (Number of elements originating from PAR)/(HM size)
Every time a new solution, better than those stored in the Harmony Memory, is 

produced, the functional memory is renewed. At the same time the values of the 
parameters, HMCR and PAR, are altered.

It should be noted that another particularity of this method is that, apart 
from the continuous alteration of HMCR and PAR parameters during the solu-
tion process, to each one of the decision variables corresponds a different 
value of these parameters. This is a result of the fact that these parameters 
depend on the number of elements in the Harmony Memory corresponding to 
a certain origin.

In order to avoid early convergence of this variation, Geem introduced another 
adjustment. It is obvious that if the parameter HMCR reaches the value of 1, it will 
remain constant during the solution process. The same result will occur if the 
parameter PAR reaches the value of 0. For this reason, the algorithm must be able 
to avoid early convergence when these parameters have values close to 1 and 0, 
respectively. This is accomplished with the application of the following control 
equations:

 HMCR = [HMCR + ΦHMCR × ran(−1,1)] (7)

If the above term is not between [0, 1], then HMCR retains its value

 PAR = [PAR + ΦPAR × ran(−1,1)] (8)

If the above term is not between [0, 1], then PAR retains its value where the 
terms ΦHMCR and ΦPAR are noise coeffi cients with suggested  values 0.05 and 0.1, 
 respectively.

This variation of the Harmony Search Algorithm was applied in a problem of 
optimized design of a water supply network. The results as far as fast and effi cient 
convergence to the globally optimal solution were very encouraging. A signifi cant 
advantage of this technique according to Geem is that it does not require assign-
ment of values to the algorithms parameters. The only value required is the maxi-
mum number of iterations. This characteristic can help to the wider spreading of 
the method, since its application does not require knowledge of the theoretical 
background of the Harmony Search.

It must be noted though that even if it is not required to assign values to the 
problem’s parameters, one still needs to adjust the noise coeffi cients Φ. It is 
expected that the future wider application of this variation of the Harmony Search 
Algorithm will contribute to the clarifi cation of whether it is actually more effi -
cient and more user-friendly.
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4 Evaluation of the variations of Harmony Search Algorithm

In order to demonstrate these variations, their fi eld of application and their effec-
tiveness, two of the most successful ones are analyzed: ‘Improved Harmony Search’ 
and ‘Global-Best Harmony Search.’ As extensively presented in the previous para-
graphs the Improved HSA proposes dynamic change of PAR parameter and its 
bandwidth throughout the solution. Thus in Improved HSA [11], PAR increases 
linearly from a PARmin to a PARmax value, while the bandwidth decreases expo-
nentially in order to narrow the local search toward the global optimum. Respec-
tively, the Global-Best HSA [12] includes the linear change of PAR similarly with 
Improved HSA. However, every time Pitch Adjustment is about to happen, Global-
Best HSA considers only variables that constitute the best-so far solution.

4.1 Test functions

In order to calibrate HSA and its variations, two test – functions were used, Rosen-
brock and Griewangk [15]. These two functions have already been used by many 
scientists including those involved in HSA’s research. Geem and Wang & Huang 
[13] have already used them in order to calculate and improve HSA’s performance.

4.1.1 Rosenbrock function
Rosenbrock function has been often used in mathematical optimization as a per-
formance test for optimization techniques. It is also known as Rosenbrock’s valley, 
or Rosenbrock’s banana function. In the two-dimensional problem, the minimum 
is inside a long, narrow, parabolic shaped valley (Fig. 5). It is diffi cult to locate 

Figure 5: Two-variable Rosenbrock function.
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this minimum and obviously it is far more diffi cult when the function expands in 
30 dimensions and consists of 30 variables.
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Minimum f(1, 1) = 0,
Search domain: −2.048 ≤ xi ≤ 2.048,
n = 1, 2,…, 30
Number of local minima: several local minima

4.1.2 Griewangk function
Griewangk function (also known as Griewank function) has also been widely used 
to test the convergence of optimization functions (Fig. 6).
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Minimum f(0,…, 0) = 0
Search domain: −512 ≤ xi ≤ 512
n = 1, 2,…, 30
Number of local minima: several local minima

4.2 Calibration procedure

4.2.1 ‘Classic’ HSA
In order to start an optimization process using HSA, the user needs to input values 
for the HMCR and PAR parameters and defi ne the size of HM. Defi ning the exact 

Figure 6: Two-variable Griewangk function.
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number for these parameters has always been diffi cult, although scientists have a 
general idea of the limits between PAR and HMCR should be kept.

The authors examined the performance of HSA for the whole range of these 
parameters [16]. We have performed several runs for HMCR ranging from 60% to 
97% and PAR ranging between 3% and 15%. HMCR took seven different values 
(0.6, 0.7, 0.77, 0.85, 0.9, 0.95, and 0.97) and PAR took fi ve different values for 
each HMCR value (0.03, 0.05, 0.07, 0.09, and 0.15). Each run was performed 
twice and the average was calculated. This aimed to improve the quality of the 
results and reduce the infl uence of randomly generated good or bad solutions. 
Thirty-fi ve runs in total were executed, each run performed twice.

In order to examine the impact of HM size, these 35 runs were performed for 
different HM size, equal to 10, 30, and 50 (Tables 1 and 2).

After the fi rst runs, we realized that HSA, as we expected, is able to locate the 
global optimum. Besides, in the recent past, HSA implementations succeeded in 
fi nding local optimum in similar test functions. However, we decided to limit each 
run at 25,000 iterations. The reason for this was that we did not want to offer the 
Algorithm countless iterations in order to locate optima, but we wanted to mark its 

Table 1: HSA: HMCR, PAR & HM size values.

HMCR PAR HM Size

0.60
0.70 0.03
0.77 0.05 10
0.85 0.07 30
0.90 0.09 50
0.95 0.15
0.97

Table 2: IHSA & G-B HSA:HMCR 
and HM size values.

HMCR HM Size

50
60
65
70 10
75 30
80 50
90
95
97
99
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performance for various ways of calibration. Thus, watching what the Algorithm 
could succeed in only 25,000 calculations provided us the information regarding 
the calibration which leads to a better performance.

4.2.2 Improved HSA and Global-Best HSA
As we have already mentioned, Improved HSA (IHSA) and Global-Best HSA 
(G-B HSA) use a dynamic PAR value. This value ranges between two constant 
values PARmin and PARmax (0 < PAR<1) and increases linearly during the opti-
mization. For this reason, there was no need to calibrate PAR; only HM size and 
HMCR were calibrated.

4.3 Results

4.3.1 ‘Classic’ Harmony Search Algorithm
HSA in its original form showed its best performance for the calibration shown 
in Table 3. It is interesting to note that results deriving from Rosenbrock function 
agree with Geem’s proposals (HM Size = 30, HMCR ≈ 95%, PAR ≈ 5%–7%) [9]. 
However, results deriving from Griewangk suggest a higher Memory size and a 
slightly higher PAR with a lower HMCR index.

Regarding the average performance of HSA if we exclude PAR index and we 
only adjust HMCR and HM size it resulted that for Rosenbrock function the best 
performance occurs for HM size = 10 units and HMCR = 85%, whereas for Grie-
wangk the best performance comes for HM size = 50 units and HMCR = 77%. It is 
important to note that for this formation, the Algorithm derives results with the 
smallest standard deviation (σ). This means that for several runs (independently 
from PAR) HSA gives results of the same order of magnitude.

4.3.2 Improved HSA
Improved HSA showed a very good performance throughout the experiments 
showing in some occasions a better performance than ‘classic’ HSA. The calibra-
tion procedure showed that this variation works better for higher values of HM 
size, maximizing its performance for HM size = 50 for both tests.

Experiments have shown that IHSA performs better when HMCR is ranging 
between 90% and 97%.

The only exception occurred in Griewangk test and when the HM size became 
relatively high.

Table 3: Optimum calibration for ‘classic’ HAS.

Rosenbrock Griewangk

min value 2.05 12.39
HM Size 30 50
HMCR 90% 77%
PAR 9% 15%
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4.3.3 Global-best Harmony Search Algorithm
Global-Best HSA has shown the best performance compared to the other two algo-
rithms. And although the number of iterations was limited to 25,000, G-B HSA 
managed to locate the global optimum of the Griewangk test-function for every 
HM size formation. Its performance in Rosenbrock’s function was not as good, but 
still G-B HSA provided equal results compared to the other methods.

G-B HSA seemed to work better when HMCR was given relatively high values. 
However, for lower values of HM size, the HSA was performing better when 
HMCR was ranging between 50% and 65%. Figures 7 and 8 illustrate the perfor-
mance of the three Harmony-based Algorithms in Griewangk and Rosenbrock tests.

Figure 7. Performance of the 3 methods in Griewangk test.

Figure 8. Performance of the 3 methods in Rosenbrock test.
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Generally, it is very important to note that for all three Algorithms, the perfor-
mance improved as the size of Harmony Memory was increasing. Thus, in both 
test- functions the classic HSA and its variations approached closer to the global 
optimum for HM size = 50. This can be explained by the fact that a larger Har-
mony Memory entails richer ‘music material.’ In other words, as HM size increases, 
more possible solutions are included in it. These solutions not only may be an 
optimum option, but they may lead to the production of even better solutions 
through Memory Consideration, Pitch Adjustment, and Improvisation. However, 
further increase of HM size showed no further improvement on the performance. 
On the contrary HSA showed a diffi culty to converge to optimum solutions, oscil-
lating between local optima.

5 Application to a multireservoir system

5.1 Description of the problem

In this section, the optimization of the dam system of Fig. 10 is presented. This 
problem was fi rst introduced in 1974 by Ven Te Chow and Gonzalo Cortes-Rivera 
[17]. It was designed as a demanding application to be optimized with Discrete 
Differential Dynamic Programming (DDDP). Its main difference, compared to 
conventional problems, is that infl ows and constraints are not integer. As a result, 
the solution space is considerably wider and convergence to optimum manage-
ment becomes a challenging task.

The optimization of this particular problem with the use of a stochastic algo-
rithm, and more specifi cally the Harmony Search Algorithm, was fi rst presented 
by Kougias and Theodossiou [18].

Figure 9.  Typical Run of HSA in Griewangk test – function (HMSize = 50, HMCR = 
95%, PAR= 7%) [16].
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In this system, benefi ts derive from the use of water toward irrigation and hydro-
power generation. The aim is to determine the optimum operation of the four- 
reservoir system over a period of 12 time steps.

5.2 Problem’s constraints

The Infl ow parameters IN1 and IN2 that fl ow in Reservoirs 1 and 2 in each of the 
12 time steps are given in Table 4. The initial and fi nal states of the reservoirs are 
identical and are required to be:

 1 2 3 1 2 3(0) (0) (0) (12) (12) (12) 6S S S S S S= = = = = =  (11)

 4 4 water units(0) (12) 8S S= =
 

(12)

The releases from the four dams through turbines are as follows (values in water units):

 10.005 4.0R≤ ≤ (3)

 20.005 4.5R≤ ≤ (4)

 30.005 4.5R≤ ≤ (5)

 40.005 8.0R≤ ≤ (6)

Figure 10. The multi-reservoir system.
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It can be easily understood that this minor change in the constraints is caus-
ing a huge impact in the size of the search space. In the ‘classic problem’ R1 
would range between 0 ≤ R1 ≤ 4, taking one of the fi ve possible integer values. 
However, with this change, R1 can take thousands different possible values 
(decimal precision of third digit). If we consider that this adjustment applies 
also to R2, R3, R4, it can be safely said that the search space is becoming inco-
mparably wider.

This adjustment has an even stronger effect in stochastic methods. These 
techniques detect good solutions scanning the search space. As a result any 
signifi cant increase of the space’s size will raise diffi culties. Moreover, a vast 
search space usually includes various local optima. Thus, misleading is 
a strong possibility and convergence to global optimum solutions might be 
infeasible.

Table 5 shows the maximum permissible storage in the four reservoirs during 
the time period of the 12-time steps. The minimum permissible storage is equal 
to 1. This minimum storage is common for all four reservoirs and it is constant 
during the function of the system

As a result, the equations that express the water stored in each reservoir through-
out the 12 time-steps are:

 ( ) ( ) ( )1 1 1 11 ( )S t S t R t IN t+ = − +
 

(13)

 ( ) ( ) ( )2 2 2 21 ( )S t S t R t IN t+ = − +
 

(14)

 ( ) ( ) ( ) ( )3 3 3 21S t S t R t R t+ = − +
 

(15)

 ( ) ( ) ( ) ( ) ( )4 4 4 1 31S t S t R t R t R t+ = − + +
 

(16)

Table 4: Infl ows in Reservoirs 1 and 2.

Time step IN1 IN2

1 0.5 0.4
2 1.0 0.7
3 2.0 2.0
4 3.0 2.0
5 3.5 4.0
6 2.5 3.5
7 2.0 3.0
8 1.25 2.5
9 1.25 1.3

10 0.75 1.2
11 1.75 1.0
12 1.0 0.7
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The Benefi t criterion considers the use of water for power generation and 
 irrigation. Reservoirs 1, 2, and 3 generate electricity through turbines, while water 
from Reservoir 4 is used for hydropower generation and irrigation. The objective 
function to be maximized is

 

4 11

1 0

maximize: ( ) ( )i i
i t

b t R t
= =

×∑ ∑
 

(17)

Table 6 summarizes the benefi t coeffi cients (bi, i = 1–4) included in eqn (17).

Table 5: Maximum permissible storage.

Time step Dam 1 Dam 2 Dam 3 Dam 4

1 12.0 17.0 8.0 15.0
2 12.0 15.0 8.0 15.0
3 10.0 15.0 8.0 15.0
4 9.0 15.0 8.0 15.0
5 8.0 12.0 8.0 15.0
6 8.0 12.0 8.0 15.0
7 9.0 15.0 8.0 15.0
8 10.0 17.0 8.0 15.0
9 10.0 18.0 8.0 15.0

10 12.0 18.0 8.0 15.0
11 12.0 18.0 8.0 15.0

Table 6: Benefi t coeffi cients.

Time steps b1 b2 b3 b4

1 1.1 1.4 1.0 2.6
2 1.0 1.1 1.0 2.9
3 1.0 1.0 1.2 3.6
4 1.2 1.0 1.8 4.4
5 1.8 1.2 2.5 4.2
6 2.5 1.8 2.2 4.0
7 2.2 2.5 2.0 3.8
8 2.0 2.2 1.8 4.1
9 1.8 2.0 2.2 3.6

10 2.2 1.8 1.8 3.1
11 1.8 2.2 1.4 2.7
12 1.4 1.8 1.1 2.5
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5.3 Results

The multiple reservoir system was optimized by Kougias and Theodossiou [18] 
with HSA using Matlab. A program was designed and created, providing some 
interested results. As it is already mentioned this was the fi rst successful optimiza-
tion of this particular problem with a stochastic technique. This is due to the con-
tinuous nature of the decision variables. This distinctiveness makes this problem 
really demanding for stochastic techniques, because the solution search space is 
vast. Figure 11 shows a typical run of the program.

Chow and Cortes Rivera reported that the linear programming solution con-
verged to a maximum benefi t equal to 308.2665 [17]. Soon, Murray and Yakowitz 
presented a solution using Differential Dynamic Programming (DDP) which con-
verged to 308.234 [19]. The same authors also used Discrete Differential Dynamic 
Programming which resulted to a convergence to 307.98 [19].

HSA converged to a maximum of 307.218. This solution represents the 99.66% 
of the best known solution. Thus, it is safe to say that HSA concluded to very sat-
isfying results.

This convergence was the best result of few runs. An extra advantage was that 
there was no need for calibration of HSA’s parameters throughout the solution. 
The values of the parameters proposed in the HSA literature, produced the best 
results.

However, the number of iterations needed was considerably higher than the 
iterations in simpler problems. This resulted to a slow convergence to the optimum 
solution. Convergence to the global-optimal solution in the integer problem 

Figure 11: Gradual evolution of the objective function.
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appeared only after ≈30.000 iterations. On the contrary, in the present application, 
the program converged after several hundred thousand iterations. Considering that 
the total search space comprises ≈1012 possible solutions, Harmony Search Algo-
rithm converged to an optimum management only after searching 2% of the total 
space. These results show that HSA is a robust optimization tool, even for compli-
cated continuous problems.

Table 7 shows the optimum water release for each dam, as it resulted from HSA. 
In Table 8, the Water storage of the reservoirs is presented. These storages corre-
spond to the optimum solution and along with the releases of Table 7, show that all 
constraints are satisfi ed by the optimum solution.

Table 7: Optimum water release.

Time step R1 R2 R3 R4

1 1 1.295 0.005 0.005
2 0.005 0.005 0.005 0.005
3 0.005 0.22 0.005 0.855
4 2.99 0.05 0.8 8
5 4 1.62 4.5 8
6 4 3.56 4.25 8
7 4 4.5 4.5 8
8 2.485 4.5 2.77 8
9 0.01 1.3 4.5 1.92

10 1.995 0.63 0.93 0.005
11 0.005 4.41 0.03 0.005
12 0.005 0.21 0.005 0.005

Table 8: Water storage for the optimum solution.

Time step S1 S2 S3 S4

6 6 6 8
1 5.5 5.105 7.29 9
2 6.495 5.8 7.29 9.005
3 8.49 7.58 7.505 8.16
4 8.5 9.53 6.755 3.95
5 8 11.91 3.875 4.45
6 6.5 11.85 3.185 4.7
7 4.5 10.35 3.185 5.2
8 3.265 8.35 4.915 2.455
9 4.505 8.35 1.715 5.045

10 3.26 8.92 1.415 7.965
11 5.005 5.51 5.795 7.995
12 6 6 6 8
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6 Conclusions

Harmony Search Algorithm has already attracted the scientifi c interest. HSA has 
shown such a performance and an ability to locate optimal solutions, which led 
to its quick spread and evolution. Moreover, its simple structure not only makes 
the creation of HSA programs easier, but concludes to a faster performance and 
less computing time. Calibrating HSA’s parameters may be of crucial importance 
toward the solution of complex problems. For this reason further research and 
experiments need to be made.
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Groundwater optimal management using 
an outer approximation approach
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Abstract

In this chapter, a nonclassical global optimization method, the outer approxima-
tion method, is presented which is combined with groundwater simulators for 
the solution of groundwater management problems. In the fi rst part, the math-
ematics of the outer approximation is presented. The main characteristic of the 
outer approximation method is the minimization of a concave objective function 
over a convex or concave feasible domain. The second part of the present chap-
ter includes the application of the outer approximation method to groundwater 
 optimal design problems.
Keywords: groundwater management, optimization, outer approximation.

1 Introduction

In the early 1950s, numerical simulation models were presented in an attempt to 
obtain solutions for large problems of oil reservoirs. This effort was later expanded 
to address subsurface management problems related to groundwater ‘quality’ and 
‘quantity.’ These models couple and solve simultaneously the governing equations 
of groundwater fl ow, mass transport, and chemical reaction.

The main objective of such models is to ‘predict’ the groundwater movement 
and the contaminant transport through a subsurface system. In many cases, these 
problems are very complicated and diffi cult to describe mathematically. The accu-
rate description of the physical system, necessary for an optimal prediction to be 
obtained, requires a large volume of data. In addition, analytical solutions cannot 
be used due to the inhomogeneities, irregularities, and uncertainties of the physical 
system. Therefore, numerical simulation must be employed. In the past, several 
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numerical simulator models of groundwater fl ow and transport have been 
presented based on the theories of fi nite elements and fi nite differences (Sutra, 
Modfl ow and MD3d, Princeton Transport Code (PTC), FEMWATER, etc).

In the early 1970s, groundwater numerical simulation models (Deninger [1]) 
were combined with optimization techniques and became a powerful tool for solv-
ing groundwater management problems. The motivation of the attempt to combine 
simulation with optimization was the desire to determine the ‘best’ solution 
(among several feasible solutions) that could be applied to a groundwater manage-
ment problem.

As indicated by Gorelick et al. [2], simulation models are often inadequate 
because the problems of aquifer management do not involve prediction alone. 
Rather, they involve both simulation, for prediction, and optimization. The role of 
optimization is to determine the best operating policy for a particular objective, 
taking into account the restrictions that exist on a site-specifi c basis.

The combination of groundwater simulation and optimization techniques can be 
thought of as organized and methodical trial-and-error methods. However, in con-
trast to most trial-and-error approaches, the objective, constraints, and solution 
search strategies are clearly specifi ed. An optimization problem is formulated 
mathematically as a problem that minimizes or maximizes an objective function 
subject to a set of constraints that are based on physical, economic, technical, 
or social restrictions.

2 Example

An optimal design is desired for the following groundwater management problem: 
an aquifer is the main source of water supply for the city of Waterton. A minimum 
amount of water supply is required to cover the daily needs of the city. There 
exists a limit to the maximum amount of water that the aquifer can yield on a daily 
basis. This restriction is imposed by the fact that the water level in the aquifer 
has to remain above a certain threshold to ensure substantial groundwater fl ow. 
In addition, the pumping stations have a maximum potential for water extraction 
depending on the available pumps. The engineering design is to determine the 
number of wells that should be installed, the location of the wells, and the amount 
of water that should be pumped from each well so that all the above requirements 
are satisfi ed and the entire management process is accomplished with the mini-
mum possible cost.

This problem can be formulated as follows:
MINIMIZE the total pumping cost
Subject to

• The amount of water (total pumping) being greater than or equal to the mini-
mum amount required for the city’s needs.

• The pumping action not lowering the water level below a certain threshold.
• The pumping rates at each station not exceeding the maximum specifi ed value 

for each pump.
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Let us consider now the mathematical formulation of the problem. The variable 
parameters involved in the formulation are identifi ed from the problem description 
presented above. Such are the pumping rates and the water level in the aquifer 
(hydraulic head). These parameters are distinguished in two categories: (i) the 
parameters of the decision making process, called decision variables and (ii) the 
parameters related to the physical system, called state variables. The pumping 
rates are decision variables and the hydraulic heads are state variables.

How do we approach the problem as a groundwater management problem 
where simulation is combined with optimization?

A groundwater simulator is developed fi rst. This requires defi ning the area of 
interest and collecting all the data related to the parameters of the physical system. 
Topographic, meteorological, geological, and surface condition information must 
be collected for the accurate description of the system. More specifi cally, this 
information includes:

• data related to the geological parameters such as porosity, hydraulic  conductivity, 
aquifer’s depth, storativity, etc. (system parameters),

• initial and boundary conditions
 – initial water level, topographic conditions, meteorological conditions 

(e.g. rainfall depth),
 – conditions related to the interaction of surface water and groundwater 

(existing lakes, rivers, ponds, and reservoirs).

The development of the numerical simulator is followed by the calibration of 
the model to ensure that the model provides an accurate representation of the exist-
ing fi eld conditions.

Next, the groundwater numerical simulator is combined with the optimization 
model. The objective here is to establish forward and backward feedback between 
the optimization model and the numerical simulator. The optimization selects the 
decision variables, passes the decision variables to the numerical simulator, and 
performs the evaluation of the constraints. The optimal solution determines the 
values of the decision variables (pumping rates) for which the objective function 
is minimized and all the constraints are satisfi ed.

The decision and state variables are defi ned as follows. The simulator is used to 
represent the physical system by a fi nite difference or fi nite element mesh. The 
numerical simulator can be either two-dimensional (Fig. 1) or three-dimensional 
(Fig. 2).

The location of the decision variables can be assigned at any mesh node by the 
decision maker. Several nodes can be considered as potential pumping well loca-
tions. Let I = {1, …, n} be the set of selected potential pumping well locations. Let 
qi denote the pumping rate assigned to node i of the mesh, i ∈ I. Then, the vector 
of decision variables q is defi ned as q = [q1, …, qn]. By proposing several potential 
pumping well locations, the optimization model will select the ‘best’ locations to 
be activated, that is, those locations where the value of the pumping rate is greater 
than zero.
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Based on the problem constraints, the sum of all qi’s should be greater than or 
equal to the town minimum daily water supply needs, Q*. This is the fi rst con-
straint of the optimization problem.

Finally, there is the restriction of the upper bounds at each pumping station. 
According to this constraint, the pumping rate qi at any pumping location cannot 
exceed a prespecifi ed upper limit q*

i.
The objective function is the total pumping cost per unit time and is expressed 

as the sum of the products of the unit cost coeffi cient ai ($/L3) times the pumping 
rate qi (L

3/T) over all pumping well locations.
A selected solution is declared optimal if it achieves the minimum objective 

function value and satisfi es all the aforementioned constraints. This is mathemati-
cally expressed as follows:
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Figure 1: A two-dimensional (2D) mesh grid.

Figure 2: A three-dimensional (3D) mesh grid.
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where all the symbols are as previously defi ned.
The optimization and numerical simulation are combined as follows. The optimiza-

tion model selects the pumping combination that minimizes the objective function 
(total pumping cost). The information is passed to the numerical simulator and the 
model is executed. The output of this simulation consists of the values of the hydraulic 
heads (one for each node). The values for the specifi c observation locations are for-
warded to the optimization algorithm. The optimization algorithm, in turn, evaluates 
the constraints (hydraulic heads and upper pumping bounds) and an optimal solution 
is declared if all constraints are satisfi ed. If any of the constraints is violated, then the 
algorithm selects a new combination of pumping rates and the process is repeated. 
The Waterton example is a typical case of groundwater ‘quantity’ management.

The same procedure can be applied in the case of groundwater ‘quality’ man-
agement problems. In this case, the numerical simulator couples the groundwater 
fl ow equation and the mass transport equation of the contaminant. The starting 
point in ‘quality’ management problems is the determination of the location and 
the perimeter of the contaminant plume. This will determine the initial conditions 
of the contaminant concentration fi eld at the beginning of the remediation period 
required by the simulator. A concentration value is assigned at each node of the 
mesh. Similar to the quantity management problem, certain nodes are considered 
as observation points for concentration. The optimization algorithm evaluates the 
concentration at the observation points cj, j ∈ J, and ensures that their values 
remain below the pre-specifi ed (cutoff) level.

The mathematical formulation of the problem is:
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In some cases, it is also possible to have a mixed management problem where 
both hydraulic head and concentration constraints are implied. Such a formulation is:

 

1

*

1

min    ( )

subject to:

                

N

i i
i

N

i
i

f q

q Q i I

a
=

=

=

≥ ∈

∑

∑

q

 



146 Hydrology, Hydraulics and Water Resources Management

 

*

*

*

                   

                 

               

j j

k k

i i

c c j J

h h k K

 q q  i I 

≤ ∀ ∈

≥ ∀ ∈

≤ ∀ ∈  

In some cases, a groundwater quality management problem is approached as 
a ‘contaminant plume containment problem.’ In this case, a hydraulic gradient 
control method is applied to prevent the contaminant plume of moving toward 
a certain direction. The concept of this is to create a hydraulic gradient around the 
contaminant plume (capture zone) and ensure that the groundwater fl ow is toward 
this zone (Fig. 3).

Groundwater should fl ow inward the line that defi nes the capture zone. The 
constraints are imposed on certain points along this line as shown in Fig. 3. It is 
required that at any point j of the line the hydraulic head at location 2 be greater 
than that at location 1 so that no fl ow crosses the line in the downstream direction.

The remediation design includes several potential well locations that can be 
either extraction wells inside the capture zone or injection wells outside the cap-
ture zone. The role of an extraction well is to reduce the hydraulic head by pump-
ing. The opposite applies to an injection well. The mathematical formulation of 
this optimization problem is:

Figure 3: The hydraulic gradient control approach.
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where *
jb  denotes the prespecifi ed hydraulic head difference at location j.

It should be noticed at this point that the fi rst constraint in many cases is not 
included in the formulation of the optimization problem. This constraint is neces-
sary in cases where the amount of the extracted groundwater has to satisfy the 
community’s water demands.

3 The mathematics of groundwater management problems

Groundwater management problems can be very simple or very complicated. This 
depends on the formulation of the problem. A groundwater management problem 
with a linear objective function and a linear set of constraints is characterized as a 
simple problem and is relatively easy to solve. Problems where the decision vari-
ables do not appear in any power and/or in a product form have linear behavior. The 
geometric representation of a linear objective function or constraint is a straight line 
for problems with one decision variable (one-dimensional problems, 1D), a plane 
for 2D problems, or a hyperplane for multidimensional problems (Fig. 4).

The most complicated form of groundwater management problems appears 
when either the objective function or any of the constraints are nonlinear. Typical 
examples for 1D and 2D problems are shown in Fig. 5.

In most practical cases, hydraulic head and hydraulic gradient constraints have 
linear behavior with respect to the pumping rate. If the objective function is also 
linear, the management problem is characterized as linear. Linear problems involve 
only fl ow equations in the numerical simulation. It should be noted that in order 
for the above constraints to exhibit linear behavior the aquifer has to be in the 
steady state (no changes with time). These problems can be solved using classical 
linear programming techniques (simplex method). Several software packages exist 
to solve problems in this category (Lindo, Minos, Modman).

Groundwater management problems that involve concentration constraints are 
nonlinear problems (since the mass transport equation has a nonlinear behavior) 
and are known as groundwater quality management problems. In this case, the 
objective function can be either linear or nonlinear. This kind of problems is more 
diffi cult to be solved due to the nonlinear behavior.

The degree of diffi culty in solving nonlinear groundwater management prob-
lems using optimization techniques is mostly dependent on the behavior of the 
objective and constraint functions.
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Figure 4: Linear behavior of a function for 1D and 2D problem.

Figure 5: Nonlinear behavior of a function for 1D (a) and 2D (b) problems.
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Regarding the objective function, the mathematical formulation can be either 
minimization (e.g. minimization of the total pumping cost) or maximization (e.g. 
maximization of the total pumping) of the function. The objective function can be 
linear or nonlinear. A nonlinear function can be continuous or discontinuous, con-
vex or nonconvex (concave), monotonic or nonmonotonic. Some typical examples 
are presented in Fig. 6.

The most complicated case is the nonconvex, nonmonotonic function, where 
most of the optimization techniques have diffi culties to determine the ‘global opti-
mal’ and instead terminate the process at a local optimal. Figure 7 illustrates the 
concept of local and global optimal.

The constraint functions can also be linear or nonlinear, convex or 
 nonconvex. The geometric representation of the constraint functions is 
 illustrated in Fig. 8.

In case that the problem has several constraints the feasible region is defi ned as 
the intersection of all the constraints.

The objective function is imposed over the feasible region defi ned by the set of 
constraints. The optimal solution must be either inside the feasible region or along 
the perimeter of this region (Fig. 9).

Figure 6: Typical behaviors of an objective function.
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Figure 7: The concept of local and global optimal in a minimization problem.

Figure 8: Geometrical representation of the constraints.

Figure 9:  Geometric representation of the objective function, feasible region 
and optimal solution for a 2D minimization problem.
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4 The outer approximation method

Based on the theory presented in the previous sections, we introduce the outer 
approximation method for the solution of water resources management problems.

The outer approximation method is applicable to problems formulated to mini-
mize a concave objective function over a compact set of constraints. Methods for 
concave minimization include successive approximation methods, successive 
partition methods, and cutting plane methods. The category of successive approx-
imations methods includes the outer approximation method or relaxation method, 
the inner approximation method, and the successive underestimation method 
(Horst and Tuy [3]). The concept of the outer approximation method, in the area 
of concave programming, was introduced by Tuy [4]. The method takes advantage 
of the basic property of a concave function f that the minimum of the function 
defi ned over a compact set of constraints always occurs at one of the most extreme 
points of the set (Fig. 10).

In the area of water resources, and specifi cally, for the solution of groundwater 
management problems, the outer approximation method was fi rst introduced by 
Karatzas and Pinder [5] for convex feasible regions, followed by Karatzas and 
Pinder [6] for concave domains. New versions of the above work, with additi-
onal capabilities of the original methodology, were presented by Papadopoulou 
et al. [7] and Spiliotopoulos et al. [8].

The method utilizes a cutting hyperplane technique. The feasible region is ini-
tially approximated by an enclosing polytope defi ned by a set of points, the verti-
ces. Among the vertices of that polytope, the one that minimizes the objective 
function is determined. If this vertex is feasible, then the optimal solution is found 
and, based on the properties of the objective function, the obtained optimal solu-
tion is a global optimal solution. Otherwise, an iterative procedure is applied. 
At each step of this procedure, a hyperplane is introduced, that ‘cuts’ through the 
polytope dividing it into two parts, such that only one contains the entire feasible 

Figure 10: The concept of the outer approximation method.
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region. The vertices of the polytope that contains the feasible region are examined 
as to which one minimizes the objective function and whether, that vertex, satisfi es 
all the constraints. If all constrains are not satisfi ed, the process is repeated 
(Karatzas and Pinder [5] and [6], Spiliotopoulos [9]).

The problem is defi ned as follows:

 

≤ =
≥

*

minimize  ( )
such that:
                ( )    1 2
               0  

i

f

g i , ,...,m

x

x x
 x  

where:
f : Rn → R is a real-valued concave function defi ned in Rn

gi(x) are real-valued functions with convex or nonconvex behavior.
If all the functions gi(x) are convex, then the generated feasible region, D, is a 

closed convex set. Otherwise, the set is nonconvex. The outer approximation 
method that determines the global optimal solution can be outlined as follows 
(Karatzas and Pinder [5] and [6]):

1. Defi ne an initial enclosing polytope, D1. The polytope is determined by a set of 
vertices such that the feasible region of the problem is enclosed. (Figure 11) 
shows an example of an enclosing polytope defi ned by its vertices (v1;v2;v3;v4).

2. Determine the vertex xk that minimizes the objective function.
3. If at the vertex xk all the constraints are satisfi ed, the optimal solution is determined.

Figure 11: Enclosing polytope – outer approximation method.
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Otherwise, fi nd the most violated constraint gk(x), where

 ( ) max{ ( )} 0, 1,2, ,k k
ig g i m= > =x x …  

4. Determine the behavior of the most violated constraint;
a. if the constraint is convex, introduce the cutting hyperplane as follows: for 

problems with linear constraints, the cutting hyperplane is the most violated 
constraint itself:

  ( )  ( )k kh g=x x  

For problems with nonlinear convex constraints a ‘linearized’ form of the most 
violated constraint is introduced to play the role of the cutting hyperplane, 
expressed as follows:

 

 ( ) ( ) ( )  ( )
k

k k kgh g∂
= − +

∂
xx x x x

x  

This hyperplane is tangent to the constraint at the minimizing vertex. For the 
 simple case of a one-dimensional problem, the tangent plane is shown in Fig. 12.

b. if the constraint is concave, a tangent hyperplane would cut part of the fea-
sible region. A modifi ed procedure to determine the cutting hyperplane is 
introduced.

The edges of the enclosing polytope that connect the minimizing vertex to its 
adjacent ones are identifi ed. Along each edge, the points zi are defi ned such 
that:

 q= + − ≠ ( ),  i k i k i k
iz x y x z x  

and

 ≥ = ≠… ( ) 0, 1 2  k i i kg  i , , ,n,z z x  

Figure 12: Cutting hyperplane for convex constraint.
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where qi is a constant greater than zero and yi is an adjacent vertex. In other 
words, the points zi are defi ned as points along the edges of the enclosing polytope 
so that the constraint at those points is violated. The cutting hyperplane passes 
through these points (Fig. 13).

It is introduced using the following equation:

 
1 ( )  ( ) 1k kh −= − =x eD x x     (I)

where D is the n × n matrix:

 
1 2[ , , , ]k k n k= − − −D z x z x z x…  

and e is a row vector of ones, i.e. e = (1, 1, …, 1) (Hillestand and Jacobsen [10]).
Example Consider the points:

1(0,0), (2,0),k = =x z  and 2 (0,3)=z  (Fig. 14) (Spiliotopoulos [9]).
In this simple 2D problem, the cutting plane is the line segment that  connects 

the points z1 and z2. Then,

 

1 2 2 0 0 0 2 0
[ , ]

0 0 3 0 0 3
k k − −⎡ ⎤ ⎡ ⎤

= − − = =⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦
D z x z x

 

and

 

1 0.5 0
0 0.33

− ⎡ ⎤
= ⎢ ⎥

⎣ ⎦
D

 

Any point x that belongs to the cutting hyperplane should satisfy eqn (I).
To verify that consider the point x = (1.33,1) which lies on the segment 

(z1,z2).
Equation I becomes

Figure 13: Cutting hyperplane for concave constraint.
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Figure 14: Example for cutting hyperplane for concave constraint.

 
( ) ( )1 0.5 0 1.33 0

1 1 1
0 0.33 1 0

k− −⎡ ⎤ ⎛ ⎞
− = =⎢ ⎥ ⎜ ⎟⎝ − ⎠⎣ ⎦

eD x x
 

5. Determine the sets of vertices for which hk(x) becomes positive and neg-
ative and reject the set for which it becomes positive. Determine the new 
vertices generated by introducing the cutting hyperplane. Repeat steps 2–5 
 (Spiliotopoulos [9]).

5 Example

A groundwater management problem for a hypothetical contaminated aquifer.
Consider a homogeneous, isotropic aquifer with dimensions 870 m × 870 m, 

hydraulic conductivity 0.125 m/h, longitudinal dispersivity 18 m, transverse dis-
persivity 1.8 m, diffusion coeffi cient 0.00001 m2/h, and porosity 0.2. Using 
a fi nite-element scheme, the aquifer is represented by 900 nodes and 841 elements 
and a time step (Δt) equal to 2,928 h (4 months).

A 2D fi nite element model for areal fl ow and transport of a no decaying, adsorb-
ing-desorbing contaminant in a groundwater aquifer was used for the representa-
tion of the above system (Bredehoeft and Pinder [11]; Ahlfeld [12]).

Two contaminant sources (indicated by the black triangles in Fig. 15) were pol-
luting the aquifer for 15 years prior to remediation. Figure 15 shows the fi nite-
element mesh, initial and boundary conditions, locations of the contaminant 
sources, normalized concentration contours at the end of the 15-year period, and 
the proposed remediation scenario.

The proposed remediation design was as follows: a clean water injection well is 
pumping at location W1 with the pumping rate upper bound equal to 9 m3/h and 
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an extraction well is pumping at location W2 with the pumping rate upper bound 
equal to 20 m3/h (pumping wells are indicated by black squares). It is requested 
that the normalized concentration at the end of a fi ve-year remediation period be 
less than or equal to 0.09 at location C1 and less than or equal to 0.03 at location 
C2 (observation points are indicated by white squares). The objective is to deter-
mine the optimal solution with the minimum cost.

Figure 16 shows the behavior of the constraints for the above remediation 
scheme. The x-axis represents the injection-pumping rate at well W1 and the y-axis 
the extraction rate at well W2.

The two curves, indicated as constraints #1 and #2, represent the response of the 
concentration functions − = =* 0 ,  1, 2,i ic c i  with respect to the pumping rates 
at observation locations C1 and C2, respectively. *

ic  is the target concentration at 
location i at the end of the remediation period.

As illustrated in Fig. 16, constraint #1 is a nonconvex function while constraint 
#2 is convex. The feasible region determined by the two constraints, and the two 
upper bounds of the pumping rates is indicated by the shaded area in Fig. 16.

The number of decision variables (well locations) determines the dimensional-
ity of the optimization problem. In the present case, the feasible region (Fig. 16) is 
defi ned by the two concentration constraints and upper bounds of the decision 
variables (maximum pumping rates of the wells). The optimal solution was 

Figure 15:  The mesh, the initial conditions and the remediation scheme for the 
example problem (Karatzas and Pinder [6]).
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obtained after twelve (12) optimization steps, which means 12 cutting planes were 
introduced to determine the optimal point (Karatzas and Pinder [6]). The optimal 
solution was obtained as follows:

Step = 1
X (1) = 0.000
X (2) = 0.000

No optimal solution

Step = 2
X (1) = 9.280
X (2) = 0.000

No optimal solution

Step = 3
X (1) = 9.000
X (2) = 1.312

No optimal solution

Step = 4
X (1) = 6.466
X (2) = 13.190

No optimal solution

Step = 5
X (1) = 9.000
X (2) = 11.162

No optimal solution

Figure 16:  Representation of the constraints and the feasible  region for the 
example problem (Karatzas and Pinder [6]).



158 Hydrology, Hydraulics and Water Resources Management

Step = 6
X (1) = 5.708
X (2) = 16.739

No optimal solution

Step = 7
X (1) = 6.762
X (2) = 16.362

No optimal solution

Step = 8
X (1) = 6.997
X (2) = 16.277

No optimal solution

Step = 9
X (1) = 6.897
X (2) = 16.602

No optimal solution

Step = 10
X (1) = 6.955
X (2) = 16.681

No optimal solution

Step = 11
X (1) = 6.945
X (2) = 16.713

No optimal solution

Step = 12
X (1) = 6.959
X (2) = 16.724

Optimal solution was found
objective value = 367250.0

At each step the PTC (Babu and Pinder [13], Babu et al. [14], Pinder [15]) was 
employed as the numerical simulation tool to evaluate the concentration levels 
based on the selected pumping rates from the optimization part. This information 
is returned to the optimization algorithm that determined if feasibility occurred.

Herein, the obtained optimal solution, for X(1) = 6.959 m3/h and X(2) = 16.724 
m3/h, corresponds to the coordinators of the lower point of the feasible region (Fig. 
16). Considering the graphical representation of the objective function behavior, 
as shown in Fig. 16, one can verify that the algorithm of the outer approximation 
accurately determines the global optimal solution of the problem.

6 Conclusions

The outer approximation method is a technique that determines a global optimal 
solution of a concave function over convex or nonconvex domains. In this chapter, 
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applications of the method were presented to groundwater management problems. 
Two signifi cant advantages of this method are that the derivative of the objective 
function is not required, and at each optimization step (every time that a new 
hyperplane is introduced) only the derivatives of one constraint with respect to 
the decision variables are needed. In addition, the method easily handles linear 
constraints or combinations of linear and nonlinear constraints.
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