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Two in one. This AFM picture displays two types of thin films instabilities at the
same time: dewetting holes that open up in a thin polymer film and an instability of
the film rim along its receding edge. This instability is similar to the classic Rayleigh
instability of a liquid column. In the case of a thin film the polymer accumulates at
the rim which upon becoming unstable produces a characteristic pattern which is
reminiscent of a carpet fringe.

Courtesy: Karin Jacobs



How does it come that papers on wetting
phenomena and other soft matter topics are
often so confusing, while in condensed matter
physics everything is so clear?

Vincent Senez, some time in 2010



Preface

This book is a treatise on the thermodynamic and dynamic properties of thin liquid
films at solid surfaces and, in particular, their rupture instabilities. For the quantita-
tive study of these phenomena, polymer thin films haven proven to be an invaluable
experimental model system.

What is a thin liquid film? For the purpose of this book, thin films are (polymeric)
liquids at surfaces whose properties are controlled by interfacial forces—capillary
and intermolecular, like van der Waals forces. Gravity does not play a role for them.
Some researchers prefer to call such films ultrathin.

What is it that makes thin film instabilities special and interesting, warranting a
whole book? There are several answers to this. Firstly, thin polymeric films have
an important range of applications, and with the increase in the number of tech-
nologies available to produce and to study them, this range is likely to expand. An
understanding of their instabilities is therefore of practical relevance for the design
of such films.

Secondly, thin liquid films are an interdisciplinary research topic. Interdisci-
plinary research is surely not an end to itself, but in this case it leads to a fairly
heterogeneous community of theoretical and experimental physicists, engineers,
physical chemists, mathematicians and others working on the topic. It justifies at-
tempting to write a text which aims at a coherent, theoretical presentation of the field
which researchers across their specialised communities might be interested in. It is
in some sense a response to V. Senez’ question: in solid state physics the commu-
nity has much more converged to a common conceptual understanding, since people
from a common scientific background work in it. But there is more: the wetting or
soft matter field is dominated by an enormous diversity of phenomena and mostly
experimental work (and seemingly simple theoretical explanations), apart from the
theory of wetting phase transitions, which has a rigorous grounding in statistical
physics. Thin liquid films are an interesting laboratory for a theorist to confront a
well-established theory, hydrodynamics, with its limits. Liquids at surfaces take no-
tice of the surface they are placed upon, and this is reflected in their dynamics. And
the polymers, when confined to thin films, can imprint molecular properties on the
film dynamics.

ix



< Preface

In the end, of course, we have only really learnt something about Nature when
the theories have been confronted with reality. Here, again, lies a tremendous advan-
tage in the case of thin polymeric films due to the modern experimental techniques
with which they can be made and studied. This therefore is a field in which a highly
fruitful exchange and collaboration is possible between experimentalists and theo-
rists.

The material in the book is arranged in two Parts. Part I covers the basics of
wetting and dewetting phenomena, and is of interest to researchers working in the
field also outside of polymeric systems. It can be read as a brief introduction into
the theory of wetting phase transitions. Part II delves exclusively into polymeric thin
films, their mathematical description, and the confrontation with experiment. The
exposition of this book is theoretical or mathematical in the sense that within each
chapter and each section, calculations are presented at a great level of detail, but no
proofs in any strict mathematical sense are given. For an experimental scientist, the
book should serve as a reference and guide to what is the current consensus of the
theoretical underpinnings of the field of thin film dynamics.

The field of wetting and dewetting owes a great debt to Pierre-Gilles de Gennes
and his collaborators and students who were so influential for the field of Soft Mat-
ter Physics. Their work has produced deep insights which are, at the same time,
presented in a mathematically ‘light’ and elegant fashion, often making use of scal-
ing arguments. For the untrained, this approach is not always easy to follow. There
is no point in trying to replace it with tedious technicalities, and this is not what
is intended here. The present book attempts to bridge between the ‘light’ and the
‘rigorous’, always with the ambition to enhance insight and understanding—and to
not let go the elegance of the theory.

This book owes a great deal to my collaborators and discussion partners over the
years. I hope they all will find that it also reflects what I learnt from them.

Lille Ralf Blossey
May 2012
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Chapter 1
Introduction

We start the book with a short look at two experiments in which surface forces and
hydrodynamics play a role. In the first, polymers are not involved; it is done with
oils. The second concerns a much more complex system, a binary liquid mixture of
two polymers.

1.1 The Landau-Levich-Derjaguin Problem

The first experiment is an idealization of the ‘dip-coating’ process: how to coat a
surface by pulling it out from a bath of liquid that is supposed to leave a thin film
on the surface. This is a classic problem of fluid mechanics which was first studied
theoretically by Landau and Levich in 1942 and shortly afterwards by Derjaguin
(1943).

The experimental setup is shown in Fig. 1.1(a) (which is in the center part of the
figure). A flat plate is drawn out of a bath of a viscous liquid at a speed U such
that a layer of liquid remains on the plate. In this problem, the question is how the
thickness / of the coating layer is related to the speed U at which the plate is drawn
out of the bath. The characteristic parameter here is the capillary number

Ca=Un/o (1.1)

where 7 is the liquid viscosity and o the surface tension of the liquid. Landau,
Levich and Derjaguin solved the hydrodynamic problem in a lubrication approxi-
mation (an approach we will use extensively in Part II of the book) by imposing a
smooth matching criterion on the plate moving with the film and a static meniscus
at the entry into the bath. Such solutions are shown in Fig. 1.1(b). The size of the
meniscus is controlled by the capillary length

te=1/o/0g (1.2)

R. Blossey, Thin Liquid Films, Theoretical and Mathematical Physics, 3
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Fig. 1.1 The Landau-Levich-Derjaguin dip-coating problem. A flat plate is drawn out of a lig-
uid bath (a). Two types of solutions are shown: (b) the LLD-solution with a smoothly matching
meniscus, (¢) another solution type in which the bath and the film on the plate are connected by
a ‘dimple’ in the liquid film. Reprinted with permission from Snoeijer et al. (2008). Copyright by
the American Physical Society

where o is the liquid density and g the gravitational acceleration. In the limit of
small capillary number Ca, i.e. for a ‘not too fast’ withdrawal of the plate, the sought
relation for the film thickness turns out to be'

hLLD
hy= ; =0.946 (Ca)*/>. (1.3)

c

This prototypical example of a dynamic wetting problem involving a ‘thin’ film
has seen many variations, one of which is shown in Fig. 1.1(c). In fact, the match-
ing criterion imposed by Landau, Levich and Derjaguin—the requirement that the
meniscus be static—can be lifted, which then leads to another family of solutions.
All solutions of the hydrodynamic problem can be characterized by the flux

h2

q:hf(c _Tf) (1.4)

which has a parabolic shape, admitting for a given flux a thin film the LLD-solution
and a thicker film. It is in the latter case that the meniscus displays a ‘dimple’-like
profile in the vicinity of the bath, as is clearly seen in Fig. 1.1(c).

I'The power-law dependence on capillary number with an exponent of 2/3 was seen in experiments
by Morey (1940), but indications to a nonlinear dependence were seen much earlier. A more de-
tailed discussion of the history of the subject as well as a simple scaling argument to explain the
exponent can be found in de Ryck and Quéré (1996).
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Fig. 1.2 A ‘phase’-diagram of stationary solutions to the LLD-problem, locating both families
(b) and (c). Solutions of type (c) exist in a gray-shaded area above the LLD-line. Experimental
points are indicated in full (complete wetting) and open (partial wetting). The red path indicates
the progression of the film thickness upon an increase in pull-out speed. The solutions jump from
type (¢) to LLD-type. Reprinted with permission from Snoeijer et al. (2008). Copyright by the
American Physical Society

In the experiments which were compared with this theory, the dimple solutions
were produced by changing the wetting properties of the surface: in the classic LLD-
case, the liquid wets the plate ‘completely’ while in the modified version, it wets
only ‘partially’. These notions refer to a balance of surface tensions between the
liquid, vapour and solid phases. They are a key property underlying the physics
discussed in this book and will be explained in detail in Chap. 2.

Figure 1.2 summarizes the results, from both theory and experiment, in a kind
of ‘phase’-diagram in the parameter space of the thickness of the stationary film
h s and the capillary number Ca, using logarithmic scales. The thinner LLD-film
follows a linear behaviour as given by equation (1.3). The thicker solutions lie in a
window indicated as a grey-shaded area in the figure.

The excellent agreement between theory and experiment in this first example is
not fortuitous: it should rather be taken as a key feature of the quality of the whole
field in which a very close interaction between theory and experiment exists. In
this book we will time and again encounter situations in which, for quite complex
situations, such an excellent agreement has been achieved. But of course we will
also encounter situations in which experiment and theory do not (yet) agree. There
are, as always, two reasons for this. Either the theory is not yet up to the point, or
the experiments are not yet sufficiently precise and controlled to allow for a result
of a quality similar to the one shown in Figs. 1.1 and 1.2: an accord between theory
and experiment without fitting parameters.

The following example has therefore been chosen to illustrate some aspects of
the complexity inherent to the field; in this case, no such clear-cut accord between
theory and experiment is so far available—simply because several factors compete.



6 1 Introduction
1.2 Dewetting of a Liquid Film of a Binary Mixture

In the dip-coating experiment, the surface wetting properties of the plate help to
select either the thin- or the thick-film solution, but they are not critical parame-
ters for the appearance of the phenomenon itself. In the following example surface
properties also matter, but the system is already vastly more complex in bulk.

In a paper published in Science in 1999, Yarushalmi-Rozen et al. presented re-
sults on a dewetting experiment performed on a partially miscible binary liquid
mixture of two polymers, dOS, deuterated oligomeric styrene, and OEP, oligomeric
ethylene-propylene, which have molecular weights of 580 and 2000 (see Ap-
pendix A for information about the properties of the various polymers appearing
in this book). Both are Newtonian fluids, i.e. viscous fluids with bulk viscosities of
n =15 P (poise) for dOS and 7 = 50 P for OEP. The contact angle” 6 that one drop
of liquid polymer has on the other one is about 8°, hence very small (the liquids
wet each other almost completely). The liquid polymers were studied at a concen-
tration ratio of 0.5, and films of the mixture were put on gold-coated silicon wafers
as substrates. The films had initial thicknesses between 80 and 800 nm.

Figure 1.3 shows the course of a typical experiment with this system in a
schematic representation. Starting out with a film of the mixture placed on a sil-
icon wafer (Fig. 1.3(a)), two observations are made. A thin liquid layer ruptures
from a thick liquid layer on top of the wafer substrate rather than from the substrate
itself: the liquid has first demixed (Fig. 1.3(c)) and only then dewets (Fig. 1.3(c)).
It is found in the experiment that the film dewets from the substrate starting from
the sample edge inwards and, upon its retraction, leaves droplets behind. Dewet-
ting is brought about by the formation of holes at the film edge which is caused by
fluctuations of both the liquid-liquid and liquid-gas interfaces (Fig. 1.3(c)).

Several factors need to be taken into account to explain these experiments. These
are:

e The surface tensions between the liquids, the vapour and the substrate. The situa-
tion is more complex than the previous one due to the binary mixture: apart from
having two components, this can also lead to concentration gradients across the
sample, which in turn imply surface tension gradients with an associated mass
transport via the so-called Marangoni flow;

e Demixing creates a sandwich structure: the gold-covered silicon wafer with two
liquid layers on top of each other rather than one on the solid support. Thus, one
has a system with three interfaces (solid-liquid, liquid-liquid, and liquid-gas) with
the latter two even interacting dynamically;

e The sample boundary at which dewetting is initiated.

A full theory that can quantitatively cover all these different facts has not yet been
formulated; in view of the different aspects this system contains, this is indeed a
formidable—but not impossible—task.

2See Chap. 2 for a precise definition of the contact angle.
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a) b)

) —— 5

Fig. 1.3 Dewetting of a liquid film from a binary mixture in a schematic drawing: (a) a film of
the mixture placed on top of a silicon wafer; (b) the film has demixed into its two components;
(c) rupture of the thin film on top of the bottom layer: a perturbation from the film edge propagates
inward, as indicated by the horizontal arrow. The vertical arrow points to a thinning zone at which
droplets will start to form and disconnect from the film. Drawn after (Yerushalmi-Rozen et al. 1999
and, in particular, Kerle et al. 2002, notably Fig. 10 in that paper)

These two examples shall suffice us as an appetizer. While the first convinces
us that a quantitative accord between experiment and theory is possible, the second
shows us that we have to limit ourselves to well-controllable factors if we want to
achieve a quantitative, mathematical description. More features render the systems
more complex and will quickly require an extension of our theoretical approach.

In this book, we will explain the theoretical concepts needed to understand and
quantitatively model wetting and dewetting phenomena and polymer flow. The fol-
lowing second chapter covers the theoretical fundamentals of the behaviour of lig-
uids at surfaces, the physics of wetting and dewetting phenomena. Here, the basic
notions of surface tensions, contact angles and dispersion forces will be introduced
and explained, as well as the main theoretical tool of this part of the book: the effec-
tive interface Hamiltonian. Chapter 3 then confronts these concepts to experimental
reality.

The subsequent chapters four and five in Part II of the book cover hydrodynamic
and viscoelastic properties of thin polymeric films. For polymers, one can modify
the interaction between the polymeric film and the substrate, and in this way change
the friction (or ‘slip’) of the film on the surface. This alone is already a more com-
plex topic, but things turn really complicated when one has to take into account as
well the thermodynamic state of the film, which for a solid or near-solid film will
show characteristics of a glass. Here we arrive at the limit of what is currently really
understood for these systems.

All in all, the ambition of this book is to provide depth and a certain breadth in
the topics covered. This means that by way of compromise, some aspects are treated
in more detail while others are only sketched. To learn more about these other cases,
the reader will be asked to consult additional literature that will be referred to in the
conclusion chapter (Chap. 6) of this book.



Chapter 2
Statistical Mechanics of Thin Films

The second chapter is an introduction into the main physical concepts of wetting
and dewetting, in particular to the corresponding wetting and dewetting phase tran-
sitions. These phase transitions occur in a broad range of physical systems: classical
liquids, polymers, quantum liquids such as helium...and even superconductors, in
which the ‘liquid’ phases are provided by the electrons, both normal and supercon-
ducting. We will encounter some of these physical examples in Chap. 3.

In this and the following chapters a number of calculational exercises, called
Tasks, are indicated. They are meant to induce the reader to practice and deepen
the understanding of the developed concepts. Occasionally, these tasks will be more
than simple completions of the derivations performed in the book.

2.1 Capillarity and Surface Tension

The basic equation governing capillary phenomena at surfaces is Young’s equation
(also called the Young-Dupré equation) which relates the interfacial tensions be-
tween a solid s, liquid / and vapour phase v denoted by o;; with i, j =s,[, v via
the contact angle which the liquid-vapour interface makes with the solid wall. The
equation reads as

- s
cosf =20 "L 142 2.1)
Oy Oy

where S = a5y — (05 + 07p) is called the spreading coefficient.

Task: Show that in thermal equilibrium, S < 0 while S > 0 is possible
in a metastable or unstable state. This terminology refers to the fact that if
S =0, adroplet has fully spread to cover the available surface: its equilibrium
contact angle has gone to zero, the surface is hence wet.

Young’s equation follows from a simple argument which is illustrated in Fig. 2.1.
Interfacial tensions are, by physical dimension, free energies per unit area, hence
forces, and therefore Young’s equation follows from a force balance or a condition

R. Blossey, Thin Liquid Films, Theoretical and Mathematical Physics, 9
DOI 10.1007/978-94-007-4455-4_2, © Springer Science+Business Media Dordrecht 2012
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Fig. 2.1 Mechanical
equilibrium condition leading
to Young’s equation: surface
free energies o;; with

ij =(sl,lv, sv) at the
three-phase contact line of a o,, / @
liquid drop placed on a solid < )
substrate. Drop and substrate

are shown in different gray O
shades

of mechanical equilibrium at the points where the three phases meet, the three-
phase contact line. This situation applies to both a capillary filled with liquid (such
as encountered in the Introduction), or to a droplet placed on a flat wall, as sketched
in Fig. 2.1 (actually, only a cut through the foot of the drop is shown).

Let us consider the droplet case in some detail. We ascribe to the liquid-vapour
interface with surface tension oy, at a height h(x) the interface Hamiltonian

HIh] =/d2x[a,v(,/1 + (Vh())* - 1) - (Au)h(x)] 2.2)

where the first term under the integral corresponds to the surface free energy of the
liquid-vapour interface measured relative to a flat interface and written in a Monge
representation which assumes that there is no overhang in the interface, see Fig. 2.2.
The second term describes the chemical potential difference between the two fluid
phases (vapour/liquid). The parameter A can also be read as a Lagrange multiplier
associated with a fixed droplet volume, 2 = f d*xh(x).

We further assume that the lateral dimension of the drop will be large as com-
pared to its height so that the gradients of 4 will be small; we can then linearize the
surface term according to

14 (Vh))? ~ 1+ (1/2)(Vh(x)). 2.3)

Finally, we assume a cylindrical symmetry of the interface profile, h = h(r), with r
as the radial coordinate. We can now calculate the first variation of 7 and find the
ODE

Ol (h”(r) + lh’(r)> —Apn=0, 2.4)
r

where the prime stands for the differentiation with respect to r. This equation is the
(linearized) Young-Laplace equation.

In order to obtain a droplet profile from Eq. (2.4) we impose the two boundary
conditions

h'(0) =0, h(R) =0. (2.5)
The solution one obtains for the droplet profile is given by the parabola
h(r)y=H(1—(r/R)?) (2.6)

where one has the two parameters, the droplet height H and its radius R, given by

H=2|S|(Aw)~", R=2203,|S|(Ap) " 2.7)
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Fig. 2.2 Sketch of two interface configurations, one with and one without an overhang. The over-
hanging configuration does not have a unique height function % (x), as indicated by the dashed
vertical line

Task: Do this calculation explicitly.

In our ‘parabolic’ approximation—having simplified the interface Hamiltonian
by just keeping the harmonic term—the spreading coefficient S is given by
0]v92
2

which follows from an expansion of the cosine in Young’s equation. The ratio of
height and width of the droplet is obtained from Egs. (2.7)

H S
— = 151 (2.9)
R 207y

and hence is a linear function of contact angle. One can also easily calculate the

surface free energy of the sessile droplet which simply is

E=H[h(r)] =7|SIR. (2.10)

IS|=

2.8)

These results apply to droplets of sizes for which gravitational forces do not play
a role. We have already seen in the Introduction that the relevant length here is the

capillary length
.= |2, 2.11)
08

such that in our case we must have H < £, for the theory to be applicable (in addi-
tion to the condition on the contact angle, or on the gradients of /).

Task: Calculate the variation of the interface Hamiltonian without the lin-
earization for small gradients, i.e. by using the full Hamiltonian, Eq. (2.2).
Determine the full droplet profile and its surface free energy.

Can we validate this result experimentally to convince ourselves that it is a valid
description of the droplet properties? The challenge is, of course, to look at small
droplets with dimensions well below the capillary length such that gravity plays no
role.

In order to achieve this, polymer droplets of PS (polystyrene) have been stud-
ied with Atomic Force Microscopy, AFM (Seemann et al. 2001a). Contact angles 6
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Fig. 2.3 An AFM scan of a sessile droplet profile and its fit to a parabola. Reprinted with permis-
sion from Seemann et al. (2001a). Copyright by IOP

were determined for two different substrates: SiO-wafers and OTS-wafers. The ex-
perimental methods to produce such droplets (and, particularly, thin polymer films)
are described in Appendix A. Two methods were used for analysis: (i) the determi-
nation of the slope at the three-phase contact line and (ii) a fit of a spherical cap to
the data. The latter result is shown in Fig. 2.3.

Figure 2.4 shows the ratio of the scaling parameter H/R as a function of contact
angle. Two clusters of data are shown, characterizing the two substrates. Droplets
on SiO-wafers have a contact angle of 6.9(5)° with a height of about 20-40 nm.
Droplets on OTS-wafers have a larger contact angle of 58(1)° and a central height
of about 200-550 nm. The solid line in Fig. 2.4 corresponds to the parabolic droplet,
the dashed line to a spherical droplet. These results convincingly show that the
model description covers the shape of ‘small” droplets very well, and that for larger
contact angles indeed the full spherical shape needs to be taken into account. This
reasoning applies to the ‘macroscopic’ shape of the drop.

Things are different, however, when one looks into the details of the three-phase
contact line. Indeed one might expect that additional forces, not covered by our
interface Hamiltonian, may lead to modifications of the simple picture. The contact-
line is placed in a region where more microscopic details of the interactions may
matter, and the question therefore is how to capture these effects, beyond Young’s
equation.

Figure 2.5 plots the cosine of the contact angle against the curvature of the inter-
face. Underlying this plot is the assumption that the contact angle obeys a modified
Young equation of the form

TK
cosf, =cosf — — (2.12)
Olvy
where « is the interfacial curvature,' which in this case is simply 1/R, and 7 a
‘line tension’ associated with the droplet contact line. This equation covers the de-
viation of the interfacial profile next to the wall, due to forces not included into the
Hamiltonian of a capillary interface.

ISee Chap. 4 for an explicit mathematical expression for the interfacial curvature.
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Fig. 2.4 The scaling of the droplet shape: H/R as a function of contact angle. Reprinted with
permission from Seemann et al. (2001a). Copyright by IOP
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Fig. 2.5 The line tension of a polystyrene droplet on an SiO-wafer, assuming the modified Young
equation (straight line). Reprinted with permission from Seemann et al. (2001a). Copyright by IOP

From Fig. 2.5 we can infer a value of this ‘line tension’ of 7 = —10~!! J/m.
Since a typical value of the surface tension is on the order of o7, = 1072 J/m?,
the ratio |7 /oy, | gives a characteristic length scale on which the effect of the line
tension matters, which is 1 nm. This result clearly shows the challenge inherent to
such measurements.
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Fig. 2.6 SFM topography
image of a water droplet on a
silicon surface with a striped
pattern with different
wettability properties. The
middle region is hydrophobic,
causing the contact line to
bend inwards. Reprinted with
permission from Pompe and 3 ‘ 300 nm

drop

Herminghaus (2000).
Copyright by the American

Physical Society SEslas

Fig. 2.7 The vapour-liquid
interface profile, here called 601 Hexaethyleneglycol on hydrophobic Si
£(x), measured by SFM for - = -+ CaCl, on mica

three different systems. [ ---- Wateron Si

Reprinted with permission

from Pompe and T 4 7
Herminghaus (2000). =
Copyright by the American i
Physical Societ <
ysical Society 2 90 |
0

100

x tan®/tan®,,,, [nm]

More details of the profile of the contact line were described by Hermingaus et
al. (1999) and Pompe and Herminghaus (2000) who created liquid surface topogra-
phies based on artificially striped wettability patterns which force the contact-line
of the drop to bend strongly, see Fig. 2.6. Surface force measurements not only al-
low an analogous determination of t as before with values via the modified Young
equation, and yielding line tension values of similar magnitude, but they can also
resolve the details of the vapour-liquid interface. Figure 2.7 shows these profiles for
three different surfaces. All data show deviations from the straight (‘dividing’) line
which corresponds to the droplet shape obtained from the Young-Laplace equation.
The observation therefore quantifies the surface force contributions not taken into
account by the surface tension, and it is precisely these forces which control the
behaviour of the line tension, and, as we will see, also of thin films.
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In order to achieve an understanding of the line tension in a proper theoretical
framework—e.g., of its sign—we must first look into more detail at the origin of the
microscopic forces acting at interfaces. We will see that we have and how we have
to correct the interface Hamiltonian by additional surface forces. Although we have
understood from the previous discussion that there is a curvature-related correction
to Young’s equation, and that the profile of the droplet foot deviates from a simple
straight line, we do not yet have a clear understanding what the ‘line tension’ re-
ally is, and, actually, whether both measurements have access to the same quantity.
Measurements alone do not suffice; conceptual, hence theoretical understanding is
needed here.

2.2 Forces Acting at Interfaces

The surface tensions (or surface forces) take into account the macroscopic effects
of intermolecular interactions which can well be assumed as being carried by short-
range, structural interactions. However, on the molecular level interactions are not
only structural, but also determined by charges, hence of an electrostatic nature.
The fundamental theory of dispersion forces goes back to Dzyaloshinskii, Lifshitz
and Pitaevski (short: DLP) (Dzyaloshinskii et al. 1961). The quantity of interest
describing the attraction or repulsion of two interfaces as sketched in Fig. 2.8 is
given by the thermodynamic expression of the disjoining pressure

1 (3G ¢ 1/aV
Myaw (h) = —Z<%> = _X<a_h)’ (2.13)

where A is surface area, and V (h) is the Gibbs free energy of the two-surface sys-
tem which is also called the effective interface potential. V (h) is understood as the
excess surface free energy per unit area it takes to bring two separated interfaces
(hence located ‘at infinity’) together to a finite distance 4.

DLP showed how Il,;w can be determined based on the theory of finite-
temperature quantum electrodynamics. They derived the fundamental expression for
the disjoining pressure I1,4w (h) for a planar, film-type geometry shown in Fig. 2.8.

Fig. 2.8 Geometry for the
calculation of the long-range
force between dielectric
media across a planar gap
€1 €3 13D
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The three media (solid, liquid film, vapour) are characterized by their frequency-
dependent dielectric functions ¢; (i =1, 2, 3). The final result writes as?

kgT
nvdw(h)=—% 772 / dpp*[1i(h, p&) + L(h, p&)]  (2.14)

n=0
where ¢, = 2mnkp T /h and the complex dispersion functions ¢ (i¢,) are introduced
which are related to the frequency-dependent dielectric functions via Kramers-
Kronig relations. In this expression, one has

) -1
Ii(h, p&p) = (Al(p)Az(P) eXP(pTgnhx/g— 1)) (2.15)
and
2p&n -
Iy(h, pgy) = | A13(p)Axs(p)exp Thx/a—l (2.16)
with
sji—p
Aj(p)= - 2.17
i) S p 2.17)
Sj&k — DE|
Aj(p) =~ 2.18
)= o (2.18)
with
1/2
sj=(ej/es—14p?)"% (2.19)
The DLP-formula allows to distinguish two contributions:
Myaw (h) = M=o (h) + Mus0(h), (2.20)

i.e., the zero-frequency and higher-order contributions. To make the first term ex-
plicit, one can first replace the integration over the variable p by an integration over

1/2
2pephe
_ ZPinhes 2.21)
c
to obtain
kT 1 - 1 -
I1 h)=— d *—1 *—1
vaw (h) e Z/);@n XX [< Aze > + <A13A23e )
(2.22)
with the lower limit of integration being given by
172
(&) = 2nhey’ fc (2.23)

2With respect to the usual notational difficulty, note that film height 4 should not be confused with
Planck’s (reduced) constant /.
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and the functions A ; and Aj rewrite as
(A5 (ej — e3) + (cx)HE —cx

Aj=
T (422 (e — £3) + (cx))V2 + cx

(2.24)

and

(44“”2h2(sj —&3)+ (cx)z)l/2 —cxej/e
T (4g2h2(ej —e3) + (cx)DV2 +exej /e
For the first term of I1,4w (%), one has A| = A, = 0 and the term simplifies to
kpT /"Od”z((%(o) +¢1(0))(e3(0) + 82(0))ex B 1>_1 (2.26)
167k Jo (£3(0) — £1(0))(e3(0) — £2(0))
where ¢;(0) are the static dielectric constants of the three media j = 1,2, 3. This
can be finally approximated by neglecting the (—1) term in the bracketed expression
since the integral is dominated by the first term. After completing the integral one
concludes with

jk (2.25)

Muo(h) = —

IT,—o (h) =

kgT /Oodx 5 (£3(0) + £1(0))(£3(0) + £2(0)) (2.27)
0

87 h? " (6300) — £10))(3(0) — £2(0))
This first, static term of the disjoining pressure represents the contribution of the per-
manent dipolar orientations of the materials, usually named the Keesom and Debye
contributions.

The second, dispersive term can be rewritten by noting that because of the ex-
ponential, only contributions for which ¢, 3> c¢/a contribute to the final result. We
therefore replace the sum over frequencies by an integral over the frequency range
d¢ = 2mkpT/h)dn which works for hkpg T /ch < 1. Around room temperature this
restriction means that film thicknesses should be smaller than 10* A, which is gen-
erally the case. One thus finds

Mygw(h) = kBT/OOd T g ! )‘1_1
vaw() = =273 . Cx({n) xx A1A2e

| —1
X . 2.28
* <A13A23e ) } (2:28)

To work further with this result one can distinguish again two thickness regimes.
They derive from electrostatic retardation effects. Comparing wavelengths to film
thicknesses, one finds that for lengths less than 500 10%, retardation effects can be
neglected. Going through the dominant contributions in the integrand fir these length
scales, one finds A; &~ A, ~ 0 and obtains for the (n > 0)-part of the dispersion
forces

_ kgT [ ©  Lfeatente) o\
,>0(h) = Toni3 /;1 d;‘fo dxx ((83—81)(83—82)6 1) (2.29)

where ¢; = ¢;(i¢) for j =1,2,3. Similarly as before we can further reduce the
integral and perform the integration over x to end up with

kT /°°d (63G) +£1G0)) (&3 C) + £2(i0))
83 Jo, T (e330) — e1G0))(e3(iC) — £2(i€))

Mp>o(h) = (2.30)
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For the case of large film thicknesses one introduces a new variable y = 2pl¢ /c to
obtain the expression

o) = — 5550 f / dp—gg/z

—1

1 —1
_ pxE 1) i| 2.31
* <A13<p>A23<p>e @31

This expression shows that the retarded contribution falls off as 7%
From this excursion we now finally retain that the dispersion forces can be de-
scribed by a disjoining pressure

A
IT h)y=——— 2.32
with the Hamaker constant
A= Ap=0+ An>0 (2.33)

or

()
4 &1+ €3 &+ €3
+3_h/°°dv<81(l:§)—83({())(82({()—83({()) (2.34)
ar Jo, e1(i¢) +e3(i¢) S\ e2(ig) +&3(i%)

Since the frequency ¢; is usually large against contributions from molecular rota-
tions, the dispersion term is mostly determined by electronic contributions. With a
simple model for the electronic dielectric behaviour

n?—1
1+22/¢2
for each medium, where n is the index of refraction, the integration over the fre-

quencies can be performed and one obtains a simplified formula containing only
macroscopic quantities. It reads as

e(it)=1+ (2.35)

3 1 — &3 &) — &3
A=Ap—0+ Apso~ kT + 8\/_F(n17n2’ n3) (2.36)

4 e1+e3)\e2+e3
where
(n] —nH) (03 —nj)
(n? +nDHV2@n3 + n3)12((n? + 12 + (03 +n3)1/2)
This formula shows that it is possible to tune the surface interactions by choosing

surfaces with adequate dielectric behaviour and refractive indices such that the in-
teraction terms, as a function of temperature, can show interesting behaviour: in

F(ni,na,n3) = (2.37)
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particular a change of sign, which then signals a change from favorable to unfa-
vorable interactions, hallmark of a transition between two different states, favoring
either wetting or dewetting.

A classification of the different types of forces that are ultimately of electro-
static origin, and their dependence on geometry, is given in the book by Israelachvili
(1992).

2.3 Wetting and Dewetting: The Wetting Phase Diagram

The insights gained from the previous section now allow us to formulate the ba-
sic concepts of wetting beyond Young’s equation, and in particular to address the
notion of a wetting (or dewetting) phase transition. The basic mathematical object
in this context is the effective interface potential V (h). The notion effective in this
context refers to the fact that this potential is not a microscopic potential, but that its
parameters depend on temperature—e.g., via their indices of refraction, as shown in
the previous section.

For large separations, h — oo, V(h) — 0, and in what follows we assume for
the asymptotics for large separations a van der Waals interaction of the form

V(h) ~

e >0 (2.38)

where we have collected the numerical factors into a redefined Hamaker constant
A which we will use from now on. We call the exponent m in order to cover more
general cases than the non-retarded van der Waals forces, m = 3, or the retarded
van der Waals forces with m = 4; also other values m > 1 are possible. Even the
(formal) case of m — oo is possible which we identify with exponentially decaying
forces

V(h) ~ exp(=h/§) (2.39)

with a decay length &. These forces correspond to short-ranged interactions between
interfaces. The wetting phase transition was originally described in terms of the
Ginzburg-Landau theory of phase transitions (Cahn 1977; Nakanishi and Fischer
1982) to which such forces apply.

Figure 2.9 shows three possible shapes the interface potential V (k) can display
in the opposite limit # — 0, i.e. close to the wall at which structural effects intervene
(steric repulsion). These cases are

e a stable thin film: the force needed to push the two interfaces together continues
to increase upon approach of the interfaces;

e an unstable film: the interfaces feel a strong attraction until a minimum is reached
below which the force increases again. Note that, in this case, the Hamaker con-
stant A < 0;

e ametastable film: upon the approach of the two interfaces, the force first increases
and then decreases before reaching a minimum. This is the typical behaviour
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Fig. 2.9 Schematic drawing i
of the effective interface
potential V (k). Three cases
are depicted: short dashes:
stable thin film; a thick film
on this substrate would be
unstable; long dashes: stable
thick film; solid line: barrier
separating a thin and a thick
film state, with the relative
stability being determined by
the height difference between
the two minima. In the case
shown, the thin film is stable
since S =V (hyin) <0

expected when a free energy barrier needs to be surmounted. The relative position
of the two minima in V (k) decides which is the metastable and which the stable
state; in the potential shown, a microscopically thin film is stable on the surface,
or an infinitely thick film.

The effective interface potential shown concerns the situation at chemical equi-
librium, for which the chemical potential between the fluid phases is zero: A = 0.
This, of course, need not be the case and we can therefore consider the more general
full effective potential

D)=V (h) — (Ap)h. (2.40)

V (h) and ® (h) are compared for the case of a metastable state, again for the case for
a metastable thick film in Fig. 2.10. The left figure shows a situation at coexistence
with a stable thin film.

Figure 2.10 (right) displays the effective interface potential ® (%) in a situation
in which a thick film is metastable on the wall. In the full interface potential ® (&)
the minimum of V' (h) at h = oo is, for Au < 0, shifted to a finite value /. Along
a prewetting line the two minima of @ (%) have equal height, and they coincide at
the prewetting critical point. The prewetting line is therefore the coexistence line of
prewet and nonwet states.

For the case of an interface potential with a barrier, for which either the micro-
scopically thin or the thick film state can be the metastable state, the corresponding
thermodynamic states can be characterized by the generic wetting phase diagram
shown in Fig. 2.11. This diagram fundamentally underlies all cases treated in this
book; we will see in Chap. 3 different realizations in different physical systems.
We denote the prewetting line in this text interchangeably as T),(Apu) or, inversely,
as Aup(T), or App(S). The spreading coefficient can be expressed in terms of
temperature distance from the wetting transition W.

Figure 2.11 shows the phase diagram for a system which can have first-order
wetting transition in terms of temperature 7 and chemical potential i. Above the
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Fig. 2.10 Left: The effective potential V (h), where S = V (hi,) with the absolute minimum of
V located at hyy; right: the full potential ®(h) = V (h) — (Ap)h. Here, h; is the equilibrium
thickness of the undercooled layer, and /| — h¢ is the depth of the critical hole

a2

Ap

Fig. 2.11 Generic wetting-dewetting phase diagram in the temperature-chemical potential plane.
Indicated are the upper and lower surface spinodals (thin dashed and dotted), the first-order wetting
transition point (W), the prewetting line (thick dashed) and the prewetting critical point (PW). The
region above the coexistence curve is the bulk liquid side of the phase diagram (shown shaded in
gray). The surface spinodal on the liquid side is indicated as a dotted line since the bulk liquid
phase is stable on this side of the phase diagram

coexistence value u = . of the two-fluid bulk system the thickness of a wetting
layer is infinite whereas for Ay = u — . < 0 it is finite. In the limit Ay — 0 from
below the layer thickness diverges continuously above the wetting temperature Ty,
at W, but it has an infinite jump across the partial-wetting line 7 < Ty,, Ay =0,
reflecting the instability of the bulk phase. A finite jump from a thin to a thick layer
occurs when the prewetting line T), (Ap) is crossed from the region T < T), (Ap) to
T > T,(Ap). This jump runs to infinity when 7T, is approached along the prewet-
ting line, and it disappears at the prewetting critical point PW.

By contrast, for a system without a barrier, there is always only one minimum
at Ap = 0 which is either at a small, finite value of &, or at infinity. The phase
transition between these two states occurs at a value T = T, Au = 0 and is called a
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critical wetting transition. It corresponds to the limit in which the prewetting critical
point PW of Fig. 2.11 coincides with the wetting transition W at T = T,,. We will
only briefly touch on this case in Chap. 3, but otherwise stay entirely away from the
critical wetting case (which has a rich history in its treatment of fluctuation effects).

2.4 The Hamiltonian and the Line Tension

2.4.1 The Effective Interface Hamiltonian

We now have the two essential ingredients for a full mathematical interface
model: the surface free energy from capillary theory, and the dispersion forces for
‘microscopic’—thin—films. We collect them together into the effective interface
Hamiltonian

HIh] = /dd_lx[%(ﬁ— D)+ V() — (A,u)h] (2.41)

where /g = (1+ (Vh)*)'/2. We will mostly be interested in inhomogeneous states
of the system (droplets and holes) and therefore have to study the variational prob-
lem

8
Hlnl = (2.42)
8h(x)
which leads to a nonlinear elliptic differential equation
Vh(x)) ,
—o; V< + Vi(h(x)) — Ap=0. (2.43)
NIV ()

What remains to be specified is the symmetry of the sought solution, as well as the
proper boundary conditions.

We begin this study rightaway, for the case of the line tension. Our first task is to
derive the modified Young’s equation, Eq. (2.12). We follow a discussion presented
in Dobbs (1999a).

2.4.2 Line Tension I: The Modified Young Equation

We have seen before that the shape of the drop in the vicinity of the substrate de-
viates from the dividing line which is the macroscopic interpolation of the droplet
profile down to the surface. Repeating the equation we have

TK
cosf, =cosf — — (2.44)

Olv
where 6 is Young’s contact angle, determined by the surface tensions. We thus see

that the real (or better apparent contact angle) 6, is determined by a superposition
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Fig. 2.12 The foot of the droplet. Drawn line: macroscopic approximation; dotted line: proper
profile for an interface potential corresponding to a first-order wetting transition which asymptoti-
cally approaches a film of thickness f; dashed line: the thin film of thickness /¢, corresponding to
the thin-film minimum of the interface potential V (%). Adapted from Dobbs (1999a)

of an expression involving Young’s contact angle 6 and a correction due to the line
tension. It is thus tempting to identify this correction term as being generated by the
interface potential, and we want to see exactly how that works, based on Eq. (2.41).

Assuming cylindrical symmetry of the drop, the profile has to obey the equation
(2.43) in the form

dh + ! L dh V/(h(x)) — A (2.45)
O] R — _— = X —_ . .
Mar Ty Jg dr H
In what follows, we normalize V, = V /oy, (Ap)e = Ap/oyy.
The boundary conditions to Eq. (2.45) are obviously at the center of the drop

hO)=h,  K(@©0)=0 (2.46)

while at infinity we must have a merging of the profile into a thin film of thickness
f & ho.> We suppose conditions of partial wetting (7' < Ty, Ap &~ 0) with an in-
terface potential exactly as in Fig. 2.10. For large values V (h) decays to zero. For
convenience, however, we change our normalization and put the minimum of V (k)
at the thin film to zero: V (ho) = 0O; the potential then decays for large & to the value
of the spreading coefficient, —S, noting that at partial wetting, S < 0. For the limit
at large values of r one then has f — hg = O((Ap)y)-

We have already seen that the macroscopic drop profile is determined by the
chemical potential term; the Young equation part of Eq. (2.12) is thus assured. The
apparent contact angle 6, is determined from the intersection of the dividing line
from the droplet profile with the substrate surface which acts as a second dividing
line, see Fig. 2.12.

3Note that for one-dimensional profiles, 1o = Ay This is not true for d > 1 due to the appearance
of a “friction’-term in the ODE governing the interface profile: see the discussion in Sect. 2.5.
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This identification allows to define a radius R and the contact angle 6, which are
related to the chemical potential via

AR =207, sinb, (2.47)
and for the height of the drop one has
ApCh — f) =201,(1 — cosb,). (2.48)

These relations generalize the previous relations (2.4) to the present case, including
the effective interface potential.

We now expand the droplet shape in powers of 1/R (or, more properly, £/R
where & measures the radial extent on which the interface potential contributes, see
Fig. 2.12). Only in the vicinity of the droplet edge the derivative of the interface
potential dominates over the chemical potential difference in Eq. (2.45). To zeroth
order, we therefore drop both (Au), and the term ~1/r. The remaining equation
is then identical to that of a straight contact line with a first integral (Dobbs and
Indekeu 1993) given by

%%N—(zv —v)'2 (2.49)
Task: Verify Eq. (2.49).
Likewise, one can integrate the full equation by using the relation
d/dr = (dh/dr)(d/dh). (2.50)

With the boundary conditions at small and large » one finds the equation

(A u)a /" (1 h (Au)g>
Vo (h) — Vy h—f)+ -—+ . 251
(h) (= (h—1) ; F g 2 (2.51)

For large r the solution is given by the spherical drop and the integrand then tends
to zero. Obviously, as stated before, the only region of interest is around f =~ hq for
which we can approximate the first term under the integral by the one-dimensional
solution with r ~ R. Since (f — hg) = O(1/R) and V (f) = O(1/R?) one has, to
first order:

Ao 1
Vot = 207, - f)—E/
h

If the intermolecular forces decay sufficiently rapidly, the interface potential can
be approximated by its asymptotic behaviour for large r, V(h) ~ § > 0, and the
integral is convergent when the upper limit is taken to infinity. Then one obtains
the modified Young equation: by using Eqs. (2.47), (2.48) and the definition of the
spreading coefficient, we have

h
dh[(z —v2)l 2o (Ag)"R}. (2.52)

0

w [~ 1/2
S = 07,(1 — cosb,) — —R“/ di[(2V, — V2)'? —sin6,] (2.53)
ho
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Fig. 2.13 The full line and
the symbols show the 0.85 — 0.05 —
variation of cos 6, with r
droplet radius R, numerically r o
computed for a typical - A F
first-order wetting interface - o
potential. The dashed line is 0.80 ¢
the modified Young’s
equation with t given by

Eq. (2.55). The insert shows
the next-to-leading order
correction. Reprinted with
permission from Dobbs
(1999a). Copyright by World
Scientific
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To lowest order, we replace the sin6,.-term by sinf and then obtain the modified
Young equation

cosf, =cosf — (2.54)

o R
with

i~ 2\ 1/2 _ 2\ 172
r= «/Eah,/ dﬁ[(Vg - ﬁ) - ((—S/alv) - M) ] (2.55)
ho 2 2

where we now use the non-renormalized expression for V. In the case of the
squared-gradient approximation, this equation simplifies to

o0
T= ﬁa,vf dh[V}? — (=S/o)'/?]. (2.56)
ho
In Fig. 2.13, the variation of cos6, with radius R is shown from a numerical
calculation making use of an exemplary interface potential corresponding to a first-
order wetting case

Vy(h)=Ae~ "D 4 Be™2=D 4 30— _ /0, (2.57)

with A=3.3, B=-7.0,C =3.5, §/07, = 0.203. The numerical result is compared
to the modified Young equation with the line tension given by Eq. (2.55). Note that
the plot is in 1/R, and hence signals the deviation for smaller droplets. The next-
to-leading order A = cos6 — t/(ojyR) — cos 6, is in 1/R2, as seen in the inset in
Fig. 2.13.

We close this discussion with remarks on the limit in Eq. (2.55). One finds that
the reasoning is only correct provided m > 3, i.e., in presence of retarded and non-
retarded van der Waals forces. For still longer-ranged forces, 2 < m < 3, the inte-
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gral is still convergent, but the next-order term behaves according to R~""~D_ For
m < 2, the integral diverges and molecular details then need to be considered.

2.4.3 Line Tension II: The Elasticity of the Contact Line

In this section we look at the (elastic) response of the localized interface to a local
distortion. If we try to enlarge a flat liquid interface, we have to pay a price in surface
free energy which is proportional to the surface tension. When we disturb the line,
we might again expect to run into a line tension. Is this so—and is this object related
to the line tension we discussed so far? Again, we follow a discussion presented by
Dobbs (1999b). We expect that the work per unit length §H can be written as a
quadratic function of the amplitudes

1
SH(q) = 5W(g)ng (2.58)

where the 7, are Fourier coefficients. Our interest is in the function W (q).

We address this problem by assuming as the starting point a one-dimensional
interface profile in x-direction which is translationally invariant in y-direction. The
effective interface Hamiltonian reads as

1 Oy 2
H[h]=— | dxdy| —(Vh)* 4+ V(h) (2.59)
Ly 2
at coexistence, Ay = 0. Without a distortion, the interface profile fulfills the varia-
tional equation

ZEH ) = V() (2.60)

and we assume the boundary condition h(x) — hg for x - —o0. For x — oo, the
profile grows monotonously with the limiting behaviour for 1 — oo as o7, (tan )% =
—28, with § < 0 at partial wetting.

In order to determine the ‘line tension’ associated with this configuration we have
to introduce the dividing line again, but since we are now looking at an unbounded
profile in one direction, we have to modify our expressions accordingly. We use the
following form for the harmonic approximation

o
r:w/za,,,/ dh[V (i)' = (=$)'72]. (2.61)
ho
Distorting the line according to
h(x,y) =h(x)+&(x,y) (2.62)

we can obtain a quadratic expression in &:

1
SH = — / dxdy&(x, y)[—o1V + V" (h(0)) JE(x, y), (2.63)
y
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Fig. 2.14 Local translation y M
of the interface

A 4

where the effective potential term now contains the whole interfacial profile. The
expression in brackets

M=[-0, V2 + V" (h(x))] (2.64)

looks like a Schrodinger operator of a two-dimensional Hamiltonian. Figure 2.15
displays the interfacial profile, the potential and the ground state wave function to
this operator. An eigenstate of the Hamiltonian is easily obtained, as it is the trans-
lational mode

do(x) =h'(x) (2.65)

which has the eigenvalue zero. The fact that the ground state has eigenvalue zero
proves the stability of the configuration; W(g) > 0 for any wavenumber g.

Task: Show explicitly that ¢o is an eigenstate to the operator M in
Eq. (2.63) with eigenvalue zero.

We now enter a subtle point, marking a difference between the case of an inter-
face between two homogeneous phases, like in bulk, or at the prewetting transition
in the case of interfaces. In order to derive W(g) we would then consider local
translations, see Fig. 2.14

h(x,y)=h(x—n(y) (2.66)
and we were to obtain
o o [ 2
W(g) = 7q dxey. (2.67)
—00

In the present case, this reasoning does not hold because the integral does not con-
verge in the case of a contact line at partial wetting since ¢g(x) tends to ~tan6
on one side far away from the contact line and therefore the integral diverges. We
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Fig. 2.15 The interface
profile i (x), the potential
d?V /dh?(h(x)) = V" (x) and h(z)
the (non-normalized) ‘ground
state wavefunction’ ¢q(x) for
the exemplary interface
potential V (h) =

hz/(h + D*. For large x,

h ~ /x, while

Po(x) ~ x~1/2 The potential
V”(x) has a very broad
(undiscernable) maximum at
x = 6.8 and decays to zero
for large x from above.
Adapted from Dobbs (1999b)

$o(7)

thus have to introduce a constraint in order to render the calculation mathematically
meaningful.

If we call x, the position of the undistorted line, h(x.) = A, the displacement of
the distorted line is given by

n(y) = —§xe, y)/polxe) (2.68)

to first order in £€. This corresponds to measuring the displacement with respect to
a particular value of a ‘level-set’ introduced by /.. With the choice of a periodic
distortion

§(x,y) = —ngpq(x)sin(qy) (2.69)
the function ¢, (x) must then satisfy
¢q (xe) = do(xe). (2.70)

Inserting the expression (2.69) into the expression for W (g) one obtains after inte-
gration over y the dispersion relation

1 [ d?
Wig) = E/ dxgq, (x)[_(’l“<ﬁ - qz) + V”(h(x))}ﬁq (x). (2.71)
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We now minimize this integral with respect to ¢, under the constraint (2.70), which
we perform by adding a corresponding term with a Lagrange multiplier A,. The
resulting Euler-Lagrange equation is

d2
[—azv (W - qz) + v“(h(x>)]¢q () = hgd(x — o) (2.72)

with the §-function §(x — x.). While in the standard case we could approximate
¢4 with its ground state ¢ to simply have Eq. (2.67), in the present case we have
to really determine ¢, (x). The reason is that the approximation by the ground state
fails since in the standard case there is a gap between the ground state and the lowest
exited state while in our case there is a continuum of states lying above the ground
state.

The states ¢, (x) can be calculated from a WKB-based matching analysis. Details
can be found in Dobbs (1999b); we here only sketch the solution.? First, the solution
is divided into an ‘inner’ and an ‘outer’ region whose matching point x,, is defined
by the condition

3/2

d
— (V" (h(x) /1) ~ (q* + V" Jor) 2.73)

dx

In the outer region x > x,; a WKB-approximation yields ¢, (x) ~ exp(—gx). In
the inner region the potential V" varies rapidly and the WKB-approximation fails.
Instead, one writes

$g(x) = o (x)e ™5™ (2.74)

where the function S(x) is continuous at x., and S(x.) = 0. The jump in derivative
at x,, is proportional to A,. S(x) fulfills a second-order differential equation which
can be solved in an expansion in wavevectors. One finds

O(g?), X < X¢
S(x) = o (2.75)
a(q) fxc- dXgy=(X) xe<x <xpm
which matches the outer solution
¢q (x) = ¢0 (xm)e_s(xm)_q(x_xm) (276)

where a(g) &~ g(tan6)? for partial wetting, and of higher order in ¢ at wetting. In
sum, one finds for W(q)

o T
W(g) = %(tan9>2|q| +54° +0(aP). 2.77)
with
o0
7(S) = ,/2a,v/ dh[V'? — @ —h)S*V /2], (2.78)
ho

4We will encounter this kind of matching procedure also in Part IT of the book in the discussion of
dynamic interface profiles.
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which in general differs from the expression for the line tension, Eq. (2.56). This
obviously reflects the nature of the imposed deformation and it also makes clear
that in an experimenter has to be careful what quantity is actually looked at.

It is particularly noteworthy that this result depends on the choice of the position
of the contact line, h. = h(x.). This is true at partial wetting, as the result shows,
while for § = 0, i.e. at wetting, v and 7 coincide. The approach to the wetting
point goes for both expressions with the same power-law dependence in S, but with
different amplitudes. The linear |g|-dependence is a classic result, see de Gennes
(1985).

From the results in this and in the previous section we have learned the first facts
about of spatially varying solutions to the (augmented) Young-Laplace equation. In
particular, we have clarified the previous purely phenomenological results on the
modified Young-equation and learned more about the properties of the line tension
at partial wetting, and it also clarifies the interpretation of the experiments on line
tensions, as described in Sect. 2.1. There we had also realized that the associated
characteristic scales are on the order of 1 nm, hence a truly microscopic length scale.
This immediately limits the usefulness and applicability to our interface-model ap-
proach, and leaves room for more microscopic approaches, like density-functional
theory. We will come to this approach briefly in the next chapter and here only
point to recent work by Weijs et al. (2011) describing a study of the line tension
combining Molecular Dynamics (MD) simulations and density-functional theory
(DFT).

We now turn to a detailed discussion of the metastable states that can be identi-
fied in the phase diagram of Fig. 2.16, based on the interface potential approach.

2.5 Characterizing Metastable Thin Films

In this section we discuss the properties of one kind of nonequilibrium wetting states
which are metastable states. Such states are transient states which arise when, briefly
stated, the following conditions are met:

o the effective interface potential has a barrier separating a thin from a thick equi-
librium state as in Fig. 2.9;

e if § > 0 and a thin film is overheated from below to above the prewetting line;

e if § <0 and a thick film is undercooled to below the prewetting line.

In the case S > 0, the thin film minimum lies energetically above the thick film
minimum, while the opposite is the case for § < 0. For S > 0, the thin film has thus
become a thermodynamically metastable state since it is still locally confined to a
parabolic potential, however it has become globally unstable. Its confinement to a
local parabolic potential, however, does not render it unstable to simple Gaussian
fluctuations. A nonlinear fluctuation must arise, and in the case of a metastable thin
film, this is a droplet of the liquid phase. It must reach a critical free energy (or,
simply, size) to be able to surmount the free energy barrier between the two states.
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Fig.2.16 Wetting-dewetting phase diagram in the temperature-chemical potential plane. Indicated
are the upper and lower surface spinodals (thin dashed and dotted), the first-order wetting transition
point (W), the prewetting line (thick dashed) and the prewetting critical point (PW). The roman
numerals I-VI indicate different scaling regimes of the critical nuclei (droplet and holes) in the
phase diagram and are discussed in detail in the text

This critical free energy is, precisely, the excess free energy of a critical droplet.
The critical droplet, and by analogy the critical hole, are thus the essential objects
to characterize a first-order wetting/dewetting transition since the nucleation rate is
given by the expression

E
I = DyAgexp — —— (2.79)
P kgT

where Dy is a prefactor depending on the dynamics of the system, while Ag is
a static prefactor determined by the Gaussian fluctuations of the critical droplet
or hole. The inverse of the nucleation rate is the lifetime of the metastable
state.

Our starting point for the calculation of the properties of the critical droplet as
well as the critical hole is yet again the effective interface Hamiltonian—as we al-
ready used it before, but we now only consider the version with a linearized capillary
term,

Hh] :/dd_lx[%(Vh)z—i- V(h) — (Au)h] (2.80)

This simplification is warranted here since we will be only interested in the scaling
behaviours of the droplet and hole geometry and the excess free energy in the vicin-
ity of coexistence lines. For the metastable wetting and dewetting states the critical
nucleus is again determined by the variational problem

SHIA()]
Sh(r)
which leads to the nonlinear elliptic differential equation

—01 Ah(r) 4+ V' (h(r)) — Ap =0, (2.82)

2.81)
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where A, now is the cylindrical Laplace operator (the radial Laplacian in two di-
mensions). The critical droplet and critical hole solutions to Eq. (2.82) correspond
to two different sets of boundary conditions. We now discuss both types of solu-
tions.

The different possible configurations of critical droplets and critical holes
can more precisely be discussed in the context of the wetting phase diagram
which allows us to delimit the regions of metastability, see Fig. 2.16. A meta-
stable wetting state can be generated by overheating a microscopically thin layer
from T < T,(Au) into a nucleation region bounded by T,(Au) and an up-
per spinodal line T,;(Ap). The spinodal line is determined by the condition
V'(h) — A= V" (h) = 0. The transition to the stable thick-layer configuration oc-
curs via the random formation of droplets on the thin layer and the growth of super-
critical droplets. Close to the prewetting line the critical droplets have a cylindrical
shape with a diverging radius at 7),(Au). This had already been pointed out early
on by Joanny and de Gennes who chose the name ‘pancake droplets’ for this type of
critical nuclei (Brochard-Wyart et al. 1991; Joanny and de Gennes 1984). For crit-
ical holes, in total three distinct scaling regimes exist: partial wetting (I), complete
wetting (II) and prewetting (III), as we will see.

Dewetting by nucleation of holes can occur when a thick wetting layer from 7' >
T,(Ap) is undercooled into a second nucleation region located between T}, (A )
and a lower spinodal line Tis(Ap). In this case the critical nuclei are holes in the
layer which near T, (Ap) are mirror images of the pancake droplets. As we will see,
however, close to the partial-wetting line the critical holes have a funnel-like profile
with a diverging depth H, but a finite inner radius R, at Ax = 0. There exists a third
regime, adjacent to the wetting transition point T = Ty,, Ay = 0, at which H, and
R, both diverge. We refer to these regimes as the pre-dewetting regime (IV), the
complete dewetting regime (V), and the partial-dewetting regime (VI). The three
scaling regimes for the critical holes mirror the scaling regimes for the critical
droplets.

2.5.1 Wetting by Nucleation: The Critical Droplet

We first discuss the existence of critical droplet solutions, i.e. solutions to Eq. (2.82)
which fulfill the boundary conditions (see the sketch in Figs. 2.17, 2.18)

W(©0)=0,  h(co)=ho (2.83)

where hq is the thickness of the thin film state, i.e., the microscopic film on the
substrate.

An existence proof for a critical droplet solution to Eq. (2.82) is easily sketched
by a mechanical analogy based on argument originally made by Sidney Coleman
in the context of bulk nucleation (Coleman 1985) and was applied to wetting in
Bausch and Blossey (1991). The argument can also be made rigorous (Berestycki
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et al. 1981). First we make use, as for the mesoscopic droplet we discussed at the
beginning of the chapter, of the cylindrical symmetry of the droplet and then have

" d—2 / /
—o (h r) + Th (r)) + V'(h(r)) — Ap=0. (2.84)

In the mechanical analogy one interprets the variational equation (2.84) as an equa-
tion of motion of a classical particle in time ¢ = » moving in the inverted poten-
tial W(h) = —®(h). The potential then has a typical double-well structure for a
finite chemical potential difference, or a very asymmetric shape with one minimum
shifted to +o0 if Au =0, i.e. at coexistence of the two bulk phases. Let us first
consider this case.

The solution is obtained if an initial value A, is found such that for r — oo
the solution reaches the maximum of W (k) at h = hg. This solution is the unique
case limiting two other types of solutions, whose existence is readily established.
If we start a solution ‘far out’ from the maximum (large %.), and still away from
local minimum, the solution will spend a long time in the fairly flat region of the
potential, and still be at a point for which W (k) > W (hg). Since the time-dependent
friction term ~1/r by then has become very small, it can then be neglected and
the remaining potential energy of the solution will lead the particle to overshoot the
maximum. On the other hand, if we start the particle such that W (h1) = W (h), the
friction term suffices to turn the solution into an oscillatory, undershooting solution
which ends up in the minimum of W (%). The physical solution is the limiting one
between the undershooting and overshooting solutions.

In the case Au # 0, the same reasoning holds; only now an overshooting solution
is constructed by placing the starting point for the solution close to the thick-film
maximum. Then again the solution spends a long time in the vicinity of the maxi-
mum so that the friction-term can be neglected in its further motion.

Based on the behaviour of these limiting solutions in the different regions of the
wetting phase diagram we can quantify the three scaling regimes for critical droplets
(I-III in Fig. 2.16) as follows.

e Partial wetting. If the wall of the system is brought from the gaseous phase to
the liquid phase (from A < 0 to A > 0), droplets condense at the wall. This is
the classic case of heterogeneous nucleation at a wall (Blossey 1995). A droplet
sitting at the wall simply has less volume than a critical droplet in the bulk, and
hence nucleation at the wall is favoured. In our system, this is the case on the
liquid side of the bulk phase diagram, Ay — +0, for temperature T < Ty,. These
droplets essentially are a generalization of the droplets discussed at the beginning
of this chapter. Since we kept the dependence on spatial dimension in our formula
(2.84)—an approach learnt from the theory of phase transitions—we obtain the
general results for the height of the critical droplet H,, its radius R, and the excess
free energy E. (Bausch and Blossey 1993):

|S|l/2
Ap

H.=(d— 1)|A_S,|/ R. = (d — 1)/207, (2.85)
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Fig. 2.17 Sketch of the radial
profile of a critical droplet

Fig. 2.18 Construction of the
droplet solution. For the
explanation, see text

h
r
v
and
B d—1 d-2 S (d+1)/2
E.=Qq 290126 n2(d = DTS (2.86)
v d+1 (Ap)t—d
where Q24_1 is the surface of the (d — 1)-dimensional unit sphere.
e Complete wetting. Here, the droplets are found to scale according to
R, ~ H"TD/2 (2.87)

and

E.~RY2InR, (2.88)
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for m = 3, non-retarded van der Waals forces, and
E.~R472 (2.89)

if the forces fall off more rapidly, m > 3.
e Prewetting. In the vicinity of the prewetting line, the droplets are pancake-like (as
stated before) with a scaling behaviour

Re~[Apn—Aup(S)]™ (2.90)

and

]Z—d

Ec~[Apn—App(S) (2.91)

where A, (S) is the prewetting line.

The appearance of logarithmic corrections in the scaling behaviour of critical
droplets was noted by Joanny and de Gennes (1984). The paper by Bausch and
Blossey (1993) accounts for the full scaling theory of critical droplets at first-order
wetting phase transitions, including the crossover between the three scaling regimes,
a point we do not pursue here.

The approach also allows the determine the line tension of the drop, which al-
lows to make contact with our previous discussion. At coexistence it scales upon
approaching the wetting transition point according to

|§|(m=3/2m=D] 3
T~ ¢ In|S| m=73 (2.92)
const. m > 3.

We see that for m < 3 the line tension t diverges as S — 0, i.e., at complete wet-
ting. This divergence has played a (rather confusing) role in the interpretation of
experimental results of dewetting experiments in helium films, see Chap. 3.

This brings us to the properties of critical holes.

2.5.2 Dewetting by Nucleation: The Critical Hole

The link between a bulk-controlled nucleation regime at low temperatures and a
surface-dominated nucleation regime above the wetting temperature gives the nu-
cleation phenomenon at wetting already a much richer phenomenology than is the
usual case. The specific geometry of the wetting phase diagram has another peculiar
feature which shows up in the behaviour of undercooled films. While droplet nucle-
ation is conceptually fairly similar to droplet nucleation in the bulk, hole nucleation
is very different (Bausch and Blossey 1994).

The reason for this is very easily understood by a simple consideration of the path
of undercooling, and the lines it crosses in the wetting phase diagram, see Fig. 2.19.

Starting point is a stable thick film at an interior point of the prewetting region of
the phase diagram close to bulk coexistence, but of course on the gas side. Under-
cooling this film puts it on a trajectory which crosses the prewetting line and then
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Fig. 2.19 A typical
undercooling path of a thick 1

A
film to below the prewetting K
line
T o
< — .
__________ Sse oD
_______ ~)
T -y
Fig. 2.20 Schematic sketch h(z)
of the radial profile of a
critical hole
h1
ho
xT

continues on to well below the wetting temperature Ty,. The final destination thus
is a point close to bulk coexistence, p & .. Near bulk coexistence at T < Ty, the
size of critical nuclei and their excess free diverge.

The critical holes will have peculiar properties, which we now deduce. The ap-
proach follows Foltin et al. (1997). In order to do this, we first specify the two
boundary conditions to equation (2.84). They are, see Fig. 2.20

W (r=0)=0, h(r =00) =hy (2.93)

where £ is the film thickness of the flat film at infinity. We note that for the case
at coexistence, Ay =0, h1(00) = oo is allowed (and is related to the peculiarity of
the critical hole).

As for the critical droplets, we can argue for the existence of critical holes in the
vicinity of the prewetting line with the shooting argument presented above. Near
interior points of the prewetting line the potential ®(h) has a double-well form
which for the radial profile of a critical hole leads to a kink solution. In the limit 7 —
T, (Ap) the position R, of the turning point of the kink runs to infinity, resembling
the behaviour of a pancake droplet.

However, when some point on the line Ay =0, T < Ty, is approached, 4 and
the critical hole depth H. = h1 — hg diverge. In this regime the critical-hole profile
at macroscopic distances from the wall is determined by the asymptotic behaviour
of V(h) for h — oo. For long-range molecular interactions this is, as we have seen
before,
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V(h)=Ah'™™, form>1 (2.94)

where A is the (redefined) Hamaker constant, and m = 3 or m = 4 for non-retarded
or retarded van der Waals forces, respectively. By extrapolation the macroscopic
profile H (r) of a critical hole can then be defined as the solution of the differential
equation

oy <H”(r) + ?H’(r)) =—Am—-DH™ - Au (2.95)

with the new boundary conditions H(r = R;) =0 and H(r =00) =hj at Au <0
or H'(r =00) =0 at Au = 0, respectively. Undershooting and overshooting solu-
tions can still be created, but now by controlling the initial velocity H'(r = R.).

Since for r — R, the friction term and the field Au can be neglected in
Eq. (2.95), one obtains the analytical result

XN
H(@r) = m+1) (r — R,)m+1 (2.96)

207y

which is asymptotically valid for all Au <0.
For r — oo and Ap # 0 a linear expansion of Eq. (2.95) in (H, — H(r)) leads
to a Bessel-type differential equation. This implies an asymptotic form

2-d
H(r) = HC|:1 - C(%) i e_’/R*:| (2.97)

where R* = [Am(m — l)/a;v]_1/2H§m+l)/2, and C is an integration constant. If, as
an approximation to the full solution of Eq. (2.95), the expressions (2.96) and (2.97)
and their derivatives are matched at some value r = R,,, it turns out that R,,, ~ R*
and the constant C is of order 1.

For r — oo and Ap = 0 the left-hand side in Eq. (2.95) dominates for dimen-
sions d < dj(m) where the dimension dj (m) is defined by

3m+1
d = . 2.98
1(m) 1 (2.98)
This leads to the behaviour
3—d
H(r) = H*D(L) (2.99)
R,

for the critical hole profile. Here, the amplitude
H* =[A(m + 1)?/8ay, ]/ " TV RY "D (2.100)

has been adopted from the exact solution’

r\? H mTH
<R_) _(ﬁ> _ 1 (2.101)

SNote that the solution with the ‘+’-sign corresponds indeed to a droplet solution in the same
dimension, d = dy(m): (Bausch et al. 1994).
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of Eq. (2.95) at A = 0 in the special dimension

do(m) =~ (2.102)

sothat D =1 ind =dy(m).

Due to the boundary condition H'(r = 00) = 0 the asymptotic form (2.99) im-
plies that critical holes at A = 0 only exist in dimensions d > 2. The necessity of
the previously mentioned additional condition d < dj (m) will become clear through
the following analysis in which we map the ordinary differential equation of second
order for the droplet profile to a dynamical system.

2.5.3 Mapping to a Dynamical System

Further insight into the solutions can be gained by mapping the ODE to a system
of first-order equations, with the peculiarity that, for Au # 0, the system can be
represented by three equations. This transformation was conceived by G. Foltin; for
the original treatment, which we closely follow, see Foltin et al. (1997).

We define the dimensionless quantities

¥ rH’(r)’
H(r)
Y i ) W (2.103)
N 2 Jop H" L (r)’ '
1Aun r2
20 HFr)’

and consider their dependence on the time-like variable

.
tzln(—) (2.104)
r

where rq is an arbitrary reference scale. Due to (2.4) we find the set of first-order
ordinary differential equations in (X, Y, Z),

. 2
X=@B-dX-X>'—-—Y+2Z,
m+1

. m+1
Y=2Y(1- TX , (2.105)

. 1
Z:ZZ(I——X).
2
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Fig. 2.21 The flow diagram
of the dynamical system
(2.105) with all fixed points
and their principal directions.
The shaded region is the
sector in the plane

X =2/(m + 1) penetrated by
the physical trajectories for
Ap < 0; redrawn after
(Foltin et al. 1997)

This system has four fixed points
Xo=Yy=27Z9p=0,
2

X =—"—  Yy=di(m)—d. Z
Y= T 1 =di(m) : (2.106)

X, =3—-d, Y=7,=0,
X3=2, Y3 =0, Zz=d —1,

Il
L

and we will now discuss their properties.

For 1 < d < dy(m) the fixed points (2.106) are all located in the octant X > 0,
Y >0, Z > 0, where the critical-hole trajectories occur (whereas H'(r) < 0 implies
X <0 for critical droplets). The subscripts of the fixed-point coordinates indicate
the numbers of the attractive principal directions of each of these points.

In the plane Z = 0 the fixed point P in Fig. 2.21 attracts the physical trajectories
coming from X =Y = oo which then either run to the droplet region X < 0, or to
the more stable fixed point P,. The first possibility corresponds to undershooting
solutions of the saddle-point equation, whereas the second one describes solutions
that obey the boundary conditions for critical holes at Ay = 0. The fixed-point
value X» =3 — d in connection with the definition of X reproduces the asymptotic
behaviour (2.99) up to an undetermined prefactor. In the limit d — d (m) the fixed
point P; merges into P>, and in Fig. 2.21 the right section of the basin of attraction
of P, collapses to zero so that critical holes at A = 0 no longer exist for d > dj(m).

If Ap < 0, the physical trajectories approach Py from X =Y = Z = oo but
now have three options to continue. Most of them either run into the droplet region
or to the most stable fixed point P3, representing undershooting and overshooting
saddle-point solutions where the latter behave as H(r) = (—A)r?/12(d — Doy ]
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for r — oo. The basins of attraction for these two sets of trajectories are separated
by a surface which is the support of the critical-hole trajectories.

For d < d the trajectories for critical holes at Ay < 0 cannot to come close
to the fixed point P,. This is a consequence of the fact that, in agreement with
(2.97), these trajectories for t — oo have torun to X =0, ¥ = Z = co. According
to (2.105) they must, however, penetrate the plane X = 2/(m + 1) above the line
Z=Q2/(m+1))(Y —Y}),and for X >2/(m + 1) obey the condition Y <O0. This is
incompatible with a visit of the fixed point P> which consequently has no influence
on the critical-hole profile for Ap < 0.

At bulk coexistence Au = 0 appears an infinite set of flow lines in the X, Y -plane
running from X =Y = oo to the fixed point P,. As a consequence the saddle-point
equation (2.95) for A = 0 has infinitely many solutions which obey the boundary
conditions for critical holes. Only one of these solutions will, however, correspond
to a true minimum in the variational principle 6+ /5h = 0.

The situation can most easily be analyzed in the special dimension d = do(m).
Here, in terms of the new variables

AN In( — 2.107
)=\ — , = — 1, .
v( ) <RC> (r) n<RC) ( )
the saddle-point equation (2.95) assumes the form
. oA , |_ 2 )
=——|—R "y 2.108
! 8v[azv T 2! (2-108)

which again can be considered as an equation of motion for a fictitious particle, but
now without a friction term. As a consequence, the particle energy

1 A 2
e= 12— —RWI™ - = __? (2.109)
2 Oly (m+1)2
is conserved. The last equation can be rewritten as
2 1
(x—1)%= vy (2.110)
m—1 m—1
where
X Y P 2.111)
xX=—), = —, =——), .
X1 Y Y £0

and g9 = [2/(m? — D][(m — D)(m + 1)>AR? /(407,)1%/ "+ D is the maximum value
of the potential energy in (2.109). With A taken as a parameter, Eq. (2.110) analyti-
cally describes the full flow pattern of the system which is depicted in Fig. 2.22.
Obviously this pattern is symmetric with respect to the linex = 1. Forx =y =1
one obtains the parameter value A = 1 which consequently belongs to the separa-
trix running through the fixed point P; (see Fig. 2.22). This corresponds to zero
kinetic energy of the fictitious particle when it passes the maximum of the potential
in (2.109). Values A > 1 accordingly belong to undershooting solutions, whereas
for 2 < 1 one finds an infinite set of solutions obeying the critical-hole boundary
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Fig. 2.22 The flow pattern N A A>0
corresponding to Eq. (2.110) y A=1
for the limiting case m = 3.

(Note that H'(r = 00) =0 for

m = 3) redrawn after Foltin

etal. (1997) A=0

A=-1
Py
Py Py z

conditions. The profile (2.101) leads to the value 1 =0, i.e., a simple parabola for
the corresponding flow line.
For d = dy(m) the energy functional H[H ()] can be written in the form

H=Qq_1[(m> — 1) AY!" /Qoy) [/ "V uly] 2.112)
where
© iy T1, 1
u:/o dym[ix +my:|. 2.113)
This implies
Su 1 _mes 1 5 2
5x(y) =Zy mFT G 1) |:x —2x—my:|, (2.114)

which shows that the variational principle du = 0 leads to (2.110) with A = 0. The
special solution (2.101) therefore, in fact, corresponds to a true minimum of H.

2.5.4 Scaling Behaviour of the Critical Hole

‘We now turn to the characterization of the critical hole in terms of scaling quantities.
These are the quantities H,, R., and E. for a critical hole at arbitrary values of Apu.
For this we use the definitions

®'(H.+ho) =0,  E.=H[h(r)] —HIH, + hol, (2.115)

and extract R, from the relation
o0
O (H, + hg) — ®(hg) = (d —2)oyy / drr_l(h/(r))z, (2.116)
0

implied by the saddle-point equation. The second Eq. (2.116) can slightly be simpli-
fied by use of the virial theorem which states that the potential-energy partin (2.115)
is (3 —d)/(d — 1) times the kinetic part. This follows from the scaling property

OH[h(@r)]/dale=1 =0 2.117)
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which in turn is implied by the variational principle §H[hy ()] = O for the special
set of functions iy (r) = h(ar). As a result we obtain

o
E.=(d— 1)_152d_101v[ drrd—z(h/)2 (2.118)
0
where €2;_1 again is the volume of the (d — 1)-dimensional unit sphere.
Close to the line Ay =0, S <0, we can in (2.115)—(2.118) neglect the micro-
scopic increment hg to H., replace V (h) by its asymptotic form and insert for 4 (r)
the macroscopic profile H (7). This leads to the result

1 1
H =———— |Au|™nm 2.119
c (m—l)Al wl ( )

for Au — 0, and, to leading order, to the equations

oo
AH'™ — AuH, — S =(d - Z)sz/ drr= ! (H')'(r), (2.120)
Re+rg
Qq—
= 07y$2d—-1 drrd_z(H’)2(r)~ (2.121)
d—=1) JRetr

Here, a cut-off length ro < R, has been introduced in order to remove the artifi-
cial singularity which, due to the extrapolation of V (k) down to small %, occurs at
r = R, in the case m > 3. In (2.120) and (2.121) we now split off integrals running
from R, + rg to (1 + A) R, where the choice 0 < A <« 1 allows to use Eq. (2.94). In
the remaining integrals we transform to the scaled variables r/R* for Ay < 0 and
r/R. for Ap =0, suggested by the asymptotic forms of the hole profiles. This leads
to a power in R* and R, respectively, where the cofactors are assumed to be finite
in the limit 2 — 0 and S — 0.

On a path S = const. in the partial-dewetting regime the procedure just described
leads for |Au| — O to a constant value of R, and to

E,~ T @) (2.122)
with H, given by (5.4). At § =0, i.e. in the complete-dewetting regime, we find the
behaviour

m+1

R.~H.? form < 3,
R.~H?InH, form=3, (2.123)
Rcva:”_1 form >3

where again H, has the form (5.4). Moreover, in this regime we obtain
E.~ RITDM  form < 3,
Ec.~R42InR, form=3, (2.124)

E.~ RI72 form > 3.
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For critical holes at A = 0 the only nontrivial result is the behaviour

__m+l1
R, ~|S| 2m=D  form <3,
R~ S| '1In|S| form =3, (2.125)
R.~|S|™! form >3

for | S| — 0.

In the pre-dewetting regime the asymptotic behaviour of the pancake critical
holes will, with growing distance from T,,, increasingly depend on the microscopic
details of the potential ¢ (). We therefore have to go back to the relations (2.116)
and (2.118), in which we then use the fact that 4’ (r) is sharply peaked at the value
r = R.. This leads for any path S = const. to a constant value of F, at the prewetting
line Ay = App(T), and to the relations

Re ~ (App(T) — Ap) ™", (2.126)

)Z—d

Ec~ (Aup(T) — Ap (2.127)

which are identical to those for pancake droplets. When the wetting transition point
is approached along the prewetting line, H, diverges as in (2.119).

The crossover lines, separating the pre-dewetting and the partial-dewetting
regime from the intervening complete-dewetting regime (see Fig. 2.16), are of the
form [Ap| ~|S |%. This is implied by Eq. (2.120) through which the spreading
coefficient S enters the calculation in the form S + const.|Au| m771

We have achieved a complete description of the (scaling) properties of criti-
cal holes. Of course, in case a complete knowledge of system parameters can be
achieved, it is possible to explicitly calculate the excess free energy of the critical
holes and the nucleation rate, Eq. (2.79).

Task. Calculate the Gaussian fluctuation spectrum of a critical hole, i.e.,
the second variation of the interface Hamiltonian H at the hole profile. What
can be said qualitatively about the lowest-lying modes? See our discussion of
the elastic properties of the contact line.

2.5.5 Undercooling a Thick Film: A Physical Interpretation, and
Some Theory

In this section we will discuss the undercooling of a thick film in somewhat more de-
tail. The peculiarity of the undercooling of thick films has indeed been encountered
experimentally in both classical liquids and in helium films, we will discuss these
results in the following chapter. The interpretation of the experiments has, however,
suffered from some conceptual confusions which make it useful to address this point
specifically before going to a description of the experiments.
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Figure 2.19 shows an undercooling path that is typically encountered experimen-
tally. The system is initially prepared in a thick film state, controlled by its distance
from the coexistence line, Ay — —0, on the gas side of the wetting phase diagram.
The film in then undercooled to a point below the prewetting line. Here, one encoun-
ters a ‘strange’ situation, since the critical hole is almost infinite in size and excess
free energy for Au = —0, and strictly infinite at Ay = 0. Thermal nucleation is
therefore strongly suppressed.

In view of our previous discussion, there is nothing strange with this: the bulk
coexistence line is a natural continuation of the prewetting line, except for the fact
that one of phases now is infinitely thick (gas = thickness 0, liquid = thickness 00).
All along each coexistence line, the critical nucleus has (by definition) an infinite
size and excess free energy. In this picture, the decay of the thick films is ther-
modynamically disfavoured since the undercooling path leads close parallel to the
coexistence line. The reason for the observed large stability of an undercooled film
is thus nothing but the asymmetric topology of the wetting phase diagram.

Two alternative discussions exist in the literature, and we briefly address why
they fail. Schick and Taborek (1992) related the long lifetime of undercooled films
to the divergence of the line tension at wetting. It is, however, hard to see how the
line tension at wetting can influence a process which never encounters the wetting
point, and hence this divergence. The singularity that is encountered comes from a
critical hole of almost infinite size. Put in another way: the physics of the problem
is unrelated to the line tension, since the topology of the phase diagram does not
depend on it. For both diverging and finite line tensions, the undercooling problem
is the same.

A second discussion is by Herminghaus and Brochard (2006), who mix two
things; the problem of the asymmetry of the interface configuration—a point we
addressed in the discussion of the contact line—and the presence of gravity, both of
which are claimed to make our discussion obsolete. However, for any finite value
of Au < 0 the critical hole exists and has a finite (but very large) excess free en-
ergy. No critical hole of finite excess free energy exists on any of the coexistence
lines. And, finally, gravity does not play a role in this at all: when films become
gravity-controlled, there is no wetting phase transition anymore, see Blossey and
Oligschleger (1999). Our whole discussion only makes sense if gravitational effects
are not affecting the systems which are solely controlled by dispersion forces.

To round-up this pre-discussion of experiment vs theory, it should be noted that
the role of thermal nucleation of a hole in the film and the enormous stability of un-
dercooled wetting layers is strongly affected by the presence of borders—remember
the discussion of the dewetting binary fluid mixture in the Introduction. When the
system is prepared such that a border is present from which either a thin or a thick
film can invade the surface, this process is generally much faster than the nucleation
of holes (or, as in the complex dewetting scenario in the Introduction, both processes
actually compete).
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2.6 Dewetting for an Unstable Film: Spinodal Decomposition

After this very detailed discussion of the properties of a metastable thick film state
we can now attack the second, and in fact, at first sight formally simpler case, that
of an unstable thick film. In order to discuss this case we return to the interface
Hamiltonian (2.2) taken at coexistence, Ay =0, and at d = 3:

H[hlzfdzx[%(w)%\/(h)}, (2.128)

and calculate the variation 67 /8h(x) = O for a one-dimensional configuration, as-
suming translational invariance in the transverse direction, which yields

—aph” (x) + V' (h) =0. (2.129)

We are now interested in a perturbation of a homogeneous film of thickness g, at
sufficiently large % such that only the asymptotic form of V(%) matters. We then
perturb this film via

h(x,t) =ho+ eexp(igx) (2.130)
and then obtain
M (ho) = —o1,h" (x) + V" (ho)h(x) = (—Gluq2 + V" (ho)) exp(igx)

= 01,,(qs2 — qz) exp(igx). (2.131)
We can find a wavelength Ay =27 /g,

[ Ol

such that M (hg) > 0 for A > Ay and M (hg) < O for A < A;. The wavelength thus
defines a change of stability for the perturbation. The wavelength A; depends on the
curvature of the interface potential; if for the latter we have A < 0 in the asymptotic
form, Ay will be meaningful, which is indeed the case for an unstable film.

The wavelength we calculated turns out to be essentially the wavelength of spin-
odal dewetting. (The prefactor is not correct since we so far neglected the dynamics
of the film which respects mass conservation; the real wavelength thus turns out to
be larger by a factor of +/2.) For wavelengths larger than A, perturbations of the
film will grow, while perturbations of shorter wavelength will relax. For the case of
a van der Waals interface potential, Ay ~ h%).

The spinodal dewetting scenario has been postulated several times in the litera-
ture; the first appears to be by Vrij (1966). In the context of wetting phenomena, the
most cited reference is Brochard-Wyart and Daillant (1989).

Task. The previous calculation shows that for each film height hg there is
a characteristic wavelength \s such that for A > Ag the film is unstable to
fluctuations. This calculation, however, ignores flow and mass conservation
in the film. Assuming a Poiseuille flow one has

. .d
j=CH[h], (2.133)
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where C = h? /3n, where n is viscosity. Calculate the correct spinodal dewet-
ting wavelength if in addition mass conservation in the film is assumed.

In order to close this chapter, we finally address the question of the range of
validity of the effective interface approach, at least from a theoretical perspective.
For this, we briefly address a more microscopic approach, density functional theory.

2.7 Density Functional Theory

The effective interface approach has allowed us to venture beyond the macroscopic
concept of Young’s equation to include microscopic effects on a mesoscopic scale:
up to several tens of nanometers. Getting down into the nanometer range, our ap-
proach will certainly be pushed to its limits, if not beyond. Can we extend our con-
cepts into that range? For more microscopic aspects, the use of density functional
theory is a possibility. A basic review article on the method is by Evans (1979).

The basis of this approach is the grand canonical free energy functional of the
number density o(r) of a one-component fluid (Bauer and Dietrich 1999)

Qo); T, 1] = fA drius(o(r), T) + /A &r[V () — nlo)

+1/ d3r/ &*romuw(|r —r'|)o(r) (2.134)
2Ja A

where A is a finite fluid volume in the half space A4 with z > 0, with A — A} in
the thermodynamic limit. The external potential V (r) describes the interaction of a
fluid particle with the substrate via

uj

Vr)=V(Ez>0)=— -

i>3

(2.135)

An exemplary case would be a Lennard-Jones potential

12 6
Oy Oy
r r

where ¢, is the interaction strength and o, characterizes molecular size. We take
with v = w and assume a lateral average for the wall-fluid interaction V, and with
v = f for the attractive part of the pair potential between the fluid particles. Ap-
proximately, one has for w the expression

4w00]3c 1

S a]%)3

w(r) =/d3rw(r)= (2.137)
where wg ~ 8f03. The repulsive part of the interaction is modeled by the first term
in Eq. (2.134) which is a reference free energy of a hard-sphere fluid in a Carnahan-
Starling approximation

4n, — 3103
fus(o. T) =kpTo <1n(gk3) -1+ H) (2.138)
p
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where A is the thermal de Broglie wavelength A, 1, = (7/6)od 3 (T') the dimension-
less packing fraction, and d(T") an effective hard-sphere diameter.

From this theory the bulk properties are easily derived by minimizing Q2 with
respect to density, ignoring the wall-fluid interaction. The analysis of film properties
then proceeds by introducing a ‘sharp-kink approximation’ in the form

0(x,2) =0(z — du){0iO(h(x) —2) + 0,0 (z — h(x))} (2.139)

where d,, is the location of the wall, and where A (x) asymptotically for large argu-
ments approaches

h(x) = ho®(—x) + (ho + x tan0)O (x), (2.140)
with the contact angle 6; this corresponds to the situation we discussed already for
the line tension.

From here on one can separate the contributions to the grand canonical free en-
ergy into bulk, surface and line contributions; we refer to Bauer and Dietrich (1999)
and the references listed there for details. For our present purposes we state only
the Euler-Lagrange equation for the film which is a nonlocal expression, due to the
presence of the double integral over fluid space:

00 h(x")—h(x)
_AQ/ dx/f dzw(|x —x'
—00 0

3

Z|) = [V(h(x)) — it (h(x) — dw)]

(2.141)
wherein w(x, z) and ¢ (z) are defined as
o
w(x, 7) :/ dyw(|r|) (2.142)
—00
and
o
1(z) =/ dz// dxdyw(|rl), (2.143)
z R?

and gy is the liquid density, Ap the density difference between the two bulk fluid
phases (liquid/gas).

How does this nonlocal theory deviate from the local theory we have used? In
fact, they differ not by much in the context of the sharp-kink description which
underlies both the local theory and the present DFT treatment (Bauer and Diet-
rich 1999). Against earlier claims based on errors in the numerical treatment of
Eq. (2.141), the nonlocal theory reproduces the results of the local theory for the
line tension. The only noticeable differences arise with respect to interfacial curva-
tures. These findings therefore vindicate our treatment—in the limit of the desired
precision.

However, there are real corrections to the capillary dispersion theory that can in-
deed only be captured by a careful treatment of effects starting from the DFT. One
can derive an effective interface Hamiltonian which correctly treats long-ranged ef-
fects, and then leads to a wavevector-dependent surface tension. We refrain from
writing down the expression and refer the interested reader to the original deriva-
tion (Mecke and Dietrich 1999). Although this is indeed a subtle effect, it has been
observed experimentally in water Fradin et al. (2000).



Chapter 3
From Classical Liquids to Polymers

In this chapter we illustrate the previous theoretical discussion with experimental
results—this will serve us as a reality check (but we have already seen some exper-
imental findings that support our approach in Chap. 2).

The study of the wetting and dewetting phase transitions has seen a major
progress in the 1990s when, in parallel, several different experimental systems be-
came available which allowed a direct confrontation between theory and experi-
ment. From our conceptual point of view here, we base the discussion on effective
interface models with an interface Hamiltonian of the general form, as we argued
before

H= Hcapillary + 7'ldispersiun (3.1

and we will show that the different experimental systems provide us with different
realizations for .

3.1 Classical Liquids & Soap Films

Classical liquid mixtures have been among the first systems for which the original
wetting scenario by J. Cahn was investigated. The prime example is the binary liquid
mixture cyclohexane-methanol, for which wetting and prewetting transitions were
first established experimentally (Bonn et al. 1992; Kellay et al. 1993). This mix-
ture can be described with our standard interface Hamiltonian with a capillary-wave
term and a standard interface potential governed by van der Waals forces. The ex-
perimental difficulty encountered in this mixture has been that the prewetting line is
very close to bulk coexistence, which made it difficult to map out the phase diagram
for a long time. Other classical liquid mixtures that have received interest are binary
mixtures of methanol and n-alkanes (C,Hj,42). By varying the n-alkane length,
different types of wetting phase diagrams become accessible. Most interest in these
systems was raised due to the fact that short-range critical wetting behaviour could
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be observed in this system (Ross et al. 1999). Hallmark of short-range critical wet-
ting systems is that have interface potentials of exponential decay,

V(h) ~ exp(=h/§) (3.2)

where & is the correlation length in the fluid which diverges at the critical point, but
is finite at all wetting transition points. For a detailed discussion of these transitions,
see the recent review by Bonn et al. (2009).

Soap films of nonionic surfactants are, under variation of external pressure, ei-
ther in a common black film or in a microscopic black film state, a Newton black
film state (Bergeron et al. 1992). The transition between the two is hysteretic and
of wetting-dewetting type, and has indeed been discussed already in the 1960s in
this context (De Feijter and Vrij 1972; Vrij 1966). Figure 3.1 shows the experimen-
tally measured disjoining pressure which mathematically is given by the equilibrium
condition

_ A B
M(h) = V() = Ce™ P! = -5 + 15 = Pext = Parm = Ap. (3.3)
The first term stems from electrostatic interactions in the film, with /cgl as the
Debye screening length. The second term is the long-range dispersion force with
Hamaker constant A, while the third term is the steric repulsion between the surfac-
tant molecules.

3.2 Liquid Helium

Liquid helium was originally an unlikely candidate for wetting and dewetting phe-
nomena since it generally is the case that a helium molecule interacts more strongly
with all other molecules than with another helium molecule. Unless the other
molecule behaves in a way that helium does not like at all, and this is precisely the
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case for the highly reactive alkali metals like rubidium (Rb) and cesium (Cs). These
metals have work functions characteristic of weakly-bound electrons, and since a
helium atom has a completely filled shell, it is repelled by those metals. At very low
temperatures, helium can thus be brought into a dewetting transition (Nacher and
Dupont-Roc 1992; Rutledge and Taborek 1992; Taborek and Rutledge 1992).

The asymmetry of the first-order transitions of wetting and dewetting (see
Fig. 3.2), leads, as discussed before, indeed to the very different lifetimes of
metastable wetting and dewetting states in the vicinity of the wetting phase tran-
sition. This difference was first erroneously ascribed to the divergence of the line
tension Schick and Taborek (1992), see the discussion in the previous chapter. As
argued there, the experimental path crosses the wetting transition to lower tempera-
tures so that this singularity is, in fact, never encountered.

Liquid helium experiments on the alkali metals are strongly influenced by sub-
strate roughness and disorder. Cs, and even more strongly Rb, cannot easily be han-
dled due to their reactivity and therefore present substantial disorder effects which
also have been addressed theoretically. E.g., in the experimental setup by Nacher
and Dupont-Roc, the metal film is present as a ring in a capillary tube, creating two
compartments in the rings when it is not wetted by He, thus affecting thermal con-
duction through the tube. In this setup, wetting is brought about by an invasion of
the film, not by nucleation of droplets (which is the slower process). Dewetting then
proceeds by hole nucleation, but is affected by the ‘rough landscape’ underlying the
film surface.

So far, the quantum nature of liquid helium has not been brought into the picture.
This can, e.g., be done by subjecting the system to rotation in order to create vor-
tices. Vortices then can interact with hole formation since their presence affects the
free film surface by creating surface dimples: these can be used as hole precursors.
This topic is a curious and little noticed aspect which has been theoretically dis-
cussed by Blossey (1998) and de Gennes (1999). The effect can even be magnified
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by adding electrons (Blossey 2001a; Montevecchi and Blossey 2000). None of these
aspects has yet been studied experimentally.

3.3 Wetting in Superconductors

Wetting phenomena in superconductors seem to be a strange thing at first sight. It
should, however, be kept in mind that (i) surface superconductivity is a classic effect
in superconductors, and (ii) that superconductors are, in effect, based on normal
and superconducting electron liquids. The notion of the interfacial tension osc/n
between the normal- and superconducting phases is well-defined (and a textbook
problem) for type-I superconductors.

Wetting (and dewetting) can arise when a type-I superconductor is modified in
order to enhance superconductivity near its surface. This can be achieved already by
mechanical work done to the surface. Microscopically, the effect can e.g. be due to
defects in the crystal lattice.

The wetting-scenario in type-I superconductors was first proposed in Indekeu and
van Leeuwen (1995) on the basis of the Ginzburg-Landau theory of superconduc-
tors with a modified surface term, and the full phenomenology was developed sub-
sequently. Experimental confirmation was achieved in Kozhevnikov et al. (2007).

From the point of view of interfacial Hamiltonians, the theory is very interesting
since both the capillary and the dispersion distributions to H are highly unusual. The
Ginzburg-Landau theory of superconductors contains only short-range interactions,
hence it is no surprise that the effective interface potential for large film thicknesses
decays exponentially,

V(h) ~ exp(=h/&o). (3.4)

Here, & is the coherence length of the superconductor. In contrast to classical lig-
uids, it is a huge quantity. The decay of the potential is thus very slow.

For a type-I superconductor, the interface potential can be calculated exactly in
the limit k — 0, which is the ratio of magnetic field penetration length to coherence
length. The result is shown in Fig. 3.3, as well as the corresponding theoretically
predicted wetting phase diagram for this case.

P.G. de Gennes speculated that the difference between the dielectric properties
of the normal and superconducting phases could also give rise to long-range forces.
Calculations of the effective interface potential from Ginzburg-Landau theory and
from the DLP-theory of dispersion forces allow to determine such contributions,
with the result (Blossey 2001b)

A
V(h)’v—h—S, (3.5)

yielding the interesting situation that the long-range forces are actually fairly short-
ranged, while the short-range forces are fairly long-range, see above.

Finally, also the capillary Hamiltonian of a normal-superconducting interface is
quite different from that of a liquid; the reason is the presence of the magnetic
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field which renders interfacial fluctuations different in longitudinal and transverse
directions (Dobbs and Blossey 2000). In g-space, the Hamiltonian reads as

2 Jq<a (277)2

The presence of the first term which is effectively ~ |q|. The presence of this term
has the consequence that upon the wetting transition, when the interface unbinds,
it does not simultaneously roughen as a liquid interface would; this follows from a
study of the correlation function in the above-mentioned paper.

1 d*q _
Heap.sC = = f [osc/va@® + (q-H)?|qI ™" +m?]ihg | (3.6)
q

3.4 Dewetting of Polymer Thin Films

Polymer thin films have proven to be an extremely interesting test case for dewetting
studies, for many reasons, among which are the ease of preparation and control of
the samples, ease and precision of measurements, practical relevance, complexity
of the systems... we will get a full picture of these advantages in the following.
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Fig. 3.4 (a) Position of holes in a PS film (/eff) and in a gold film (right). (b) The pair correlation
function g(r) for the patterns in (a). (¢) Normalized Minkowski measures F*, U* and x* for
both substrates (see Appendix B for a brief introduction). The solid line which is followed by PS
has been generated by a Poisson point process—hence heterogeneous nucleation. Reprinted with
permission from Seemann et al. (2005). Copyright by IOP

From the point of wetting theory, the greatest advantage of these systems has been
the ability to study the different dewetting modes, nucleation and spinodal decom-
position, although the story has been, in part, a confusing one. The first paper to
describe experiments on the dewetting of thin polymer films is due to Reiter (1992).
Reiter observed film rupture through the development of holes and interpreted his
results in terms of spinodal dewetting. Later work by Jacobs et al. (1998a) showed
that, by a statistical sample analysis based on integral geometry (see Appendix B:
Minkowski measures), the rupture process was more likely to be based on hetero-
geneous nucleation, see Fig. 3.4. (We will come back to this type of analysis in the
context of dewetting dynamics in Chap. 4.)

In the previous chapter we have discussed the case of homogeneous nucleation
of holes which is driven by thermal energy. In every real system, defects are invari-
ably present. A defect is an object of lower dimension than the system dimension:
a surface is a defect to a bulk system. This is why nucleation of droplets from a
metastable vapour at a wall is preferred to nucleation in the bulk: nucleation at the
surface requires less volume for the critical nucleus provided it does not disfavour
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Fig. 3.5 Reconstructed
effective interface potential

@ (h) for PS films on three
types of Si wafers. The
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the experimental error on the
determination of the potential
minimum by X-ray and
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the nucleating phase. Our case of droplet nucleation at 7 < Ty,, Ay = +0 is thus
properly a heterogeneous nucleation process.

For the quasi two-dimensional wetting films, hole nucleation is first of all a ho-
mogeneous (thermal) process, but the free energy barrier can be lowered by lower-
dimensional defects, and this appears to be the case for polymer thin films as we
will see, although the precise nature of the defects has never been really clarified.

A solution to the problem—dewetting by nucleation or spinodal dewetting—
appeared only when it became feasible to produce samples in a very controlled
fashion, and to compare experiments very carefully with theoretical concepts based
on the effective interface potential. An excellent example for such studies is the work
by Seemann et al. (2001b, 2001c, 2005). In this work, polystyrene films were placed
on three different wafers whose effective interface potential could be reconstructed
by a combination of experimental measurements and calculations (of the Hamaker
constant). In the construction of the systems is turned out to be essential to modify
the oxide layer on the Si wafer, since this degree of freedom allows to tune the
structure of the effective interface potential near the wall. The resulting effective
potential is shown in Fig. 3.5. The reconstructed interface potential is given by
¢ Asio Asio — Asi
h®  12xh? 127 (h+d;)?
where ¢;, i = A, B, C denotes the strength of the short-range interaction on the
respective wafer type: cq = 1.8(1) x 10777 Jm®, cp = 5.1(1) x 10777 J/mO,
cc = 6.3(1) x 10777 J/m®. The SiO oxide layer thickness d; for the different
wafers is indicated in Fig. 3.5. The two Hamaker constants are given by Agip =
2.2(4) x 10720 Jand Ag; = —1.3(6) x 107'? J (Seemann et al. 2001b). Exemplary
experimental outcomes are shown in Fig. 3.6. It is clearly seen that the barrier of the
effective potential is absent for wafer C, while there is a fairly flat barrier for wafer
B, and a pronounced barrier for wafer A.

The observed dependencies can nicely be assembled in the stability diagram for
PS films as a function of oxide layer thickness in Fig. 3.7. Experimental observations
are indicated by the squares, triangles and spheres, corresponding to the previous di-
agram. From this graph it becomes evident that the process of thermal nucleation is

d(h) = (3.7)
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Fig. 3.6 AFM images of
dewetting of PS on these
wafers. The scale bar in
figures (a)—(c) is 5 pm; the
height scale ranges from 0 nm
(black) to 20 nm (white).

(a) 3.9 nm PS on wafer C;
(b) 4.1 nm PS on wafer B;

(¢) 6.6 nm PS on type B.

(d) Spinodal wavelength on
wafers B (open circles) and C
(filled squares). (e) Second
derivative of effective
potential. Reprinted with
permission from Seemann

et al. (2001b). Copyright by
the American Physical
Society

Fig. 3.7 Stability diagram of
PS films in the parameters
oxide layer thickness and PS
film thickness. The three
observed behaviours are
indicated, as before, by
squares, triangles and circles.
Reprinted with permission
from Seemann et al. (2001c¢).
Copyright by IOP
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favoured close to the spinodal ¢” = 0, but farther away from heterogeneous nu-
cleation in which the crossing of the free energy barrier is assisted by some other
mechanism, most probably some defect in the film.

A final Task. Compute the critical hole profile h(r) for the metastable poly-
mer film from the first variation of the interface Hamiltonian, Eq. (2.80) with
the boundary conditions h'(0) = 0 and h(L) = hg, where hy is the thickness
of the film. Choose L such that the error is sufficiently small. Calculate the ex-
cess free energy of the critical hole for the two cases addressed experimentally

(wafers A and B).
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Polymer Flow



Chapter 4
Hydrodynamics of Thin Viscous Films

The second Part of the book is devoted to the dynamics of thin polymer films. Al-
though we have studied liquids at surfaces in the first part of the book, the discussion
presented there has not made any use of hydrodynamic flow. For the different exper-
imental systems described in Chap. 3, indeed different dynamical models do need
to be used. Given the enormous experimental flexibility of polymeric films, we will
from now on focus on this case.

In the present chapter we limit ourselves first to the case in which the dynamic
behaviour of a thin film is controlled by capillarity, dispersion forces and hydrody-
namics. We will also notice that, when pushing into the limit of ultrathin films, we
will encounter microscopic properties of polymer films. These will be the topic of
the subsequent chapter, which will tackle the viscoelastic properties of thin films,
as well as the link between a ‘macroscopic’ description and microscopics. In this
chapter we will derive the basic equations of thin-film hydrodynamics, beginning
with the purely viscous case and the so-called weak-slip regime. The derivations are
presented in some technical detail but, in order to limit the notational complexity,
we will often resort to a two-dimensional setting in which the film thickness is a
function of one spatial coordinate along the substrate, and time. The ambition of
this first chapter of Part IT is to show that, although thin polymer films are controlled
by intermolecular forces as they were discussed in Part I, many of their properties
can still, and in a highly quantitative fashion, be described by the equations of hy-
drodynamics as they are used as well for macroscopic fluid flow.

4.1 The Thin-Film Problem

We begin the discussion by specifying the model problem we will analyze in the
following. Our starting point is a liquid film of height z = h(x, y, ) deposited on a
flat plane, see Fig. 4.1. The liquid is assumed to be incompressible. In a Eulerian
description the momentum equation is written as (Landau and Lifshitz 1987)

DV oviv.vv=v.5 4.1
— = 0;V V- VV= (Nea .
YR
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Fig. 4.1 Left: Thin film geometry employed throughout the derivations. Note the neglect of over-
hangs. Right: The velocity profile across the film near the wall to illustrate the Navier slip boundary
condition; b is the slip length
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where v is the velocity field of the fluid, D/ Dt is the material derivative, and
G=—pl+7 (4.2)

is the stress tensor with its two contributions, the pressure term — pT, where T is
the 3d-unit matrix, and T as the extra-stress tensor, describing shear stresses in the
fluid. The form of T determines the fluid model we wish to use, a point that will
occupy us throughout this and the next Chapter. We thus have

Dv ~
E:E);V—FV-VV:—V[%I—V-I (4.3)

as our basic equation. Incompressibility of the fluid leads to the additional condition
on the flow field,

V.v=0. (4.4)

Equations (4.3) and (4.4) need to be accompanied by boundary conditions. Since
the wall at z = 0 is impenetrable the z-component of the velocity field vanishes
there,

v, (x, y,z=0)=0. (4.5)

The flow field components vy (x, y,z = 0) and vy(x, y,z = 0) can, in principle,
fulfill one of two conditions. The first option is their vanishing at the surface; the
second is the Navier-slip boundary condition, which is obtained by assuming a ve-
locity profile vy (z) across the film of the form v, (z) = (3,vy)(z + b) near the wall,
see Fig. 4.1. Then, the in-plane velocity fields at the wall do not vanish, but obey

vy = b0, vy 4.6)

and likewise for vy. The length b is called the slip length; it is a measure for the
friction of the liquid at the surface and will be an important quantity in our further
discussions.

For the free interface, z = h(x, y, t), we define a normal vector to the interface
as well as the two tangential vectors. From the interfacial surface we remember the
definition of g,

g=1+ (Vi) =14 ) + (3yh)% (4.7)
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We then have
1
n=— (Vi1 (4.8)
NG
which is oriented in such a way that it is a positive vector for a convex shape (i.e.,
a droplet-like interface). The tangential vectors read as

1
t=——-——(Vyh, (Vjh)? 4.9
g(g_l)( 1h, (Vih)?) 4.9)
and
1
p= ﬁ(—ayh, Oxh, 1). (4.10)

Task: verify that the vectors (4.8), (4.9) and (4.10) are normalized and
mutually orthogonal.

The boundary condition at the free interface is given by
o -n=20j,kn (4.11)
where k is the mean curvature of the interface. It is defined by
2k=V-n (4.12)
which in components yields the expression
2k = —g>2[(Vyh)* — 2(8:h) (3yh) (3 dyh) ] (4.13)
Task: verify Eq. (4.13).
The normal component of the boundary condition follows from
n-(T-pl)-n=20k (4.14)
which yields the lengthy relation
2010k = [1r®)] - (Vjh, 1) + 2@z Bz Tay) - (— Yy Q) @) — p - (4.15)

where [tr(7)] is the vector whose components are the diagonal elements of the ten-
sor T. Further, for the tangential components one has the relation

t-(7—pl)-n=p-(T—-pl)-n=0. (4.16)
This, explicitly, yields the conditions
[r@)] - (=(Vjh), (Vi1)?) + Tz Tyzr Tay)
A(@ch) (1= (Vi)?), @yh) (1 — (Vyh)?), =2(8:h) (3yh)) =0 (4.17)
and
(Tezs Byzs Try) - (Byh)* — (Bx)?, —dyh, 8ch) + (Tex — Tyy) (3:h) (3yh) = 0. (4.18)

Finally, we have a kinematic criterion at the free interface which is obtained as
follows. We make use of the incompressibility of the film and neglect any exchange
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with a vapour (this would mean, e.g., a solvent-free polymer film). Representing the
surface as

F(x,y,z,t)=z—h(x,y,z,1) (4.19)

the condition that a given material point stays on the interface is then expressed by
the condition

DF
—=0 (4.20)
Dt
which is explicitly given by
DF
— =0 F + (vx,vy,v,)- VF=0 (4.21)
Dt
and yields the condition
0h =v; — (vy,vy) - Vjh =0. (4.22)

4.2 Lubrication Approximation I

After these preliminaries on the hydrodynamic equations in the thin film geometry,
in this section we will derive the lubrication equation for thin films by employing
tools from asymptotic analysis; we follow the approach by Miinch et al. (2005).

The essential feature of the analysis employed here is an exploit of the fact that
the thin-film geometry allows a separation of length scales—film height vs the trans-
verse dimension of the film, as well as of the lateral and vertical velocity fields in a
proper way. It is this insight which permits to reduce the full hydrodynamic equa-
tions to a reduced thin-film dynamics.

As we will see the choice of the relationships between length scales and veloc-
ity fields is not unique. There exist therefore so-called ‘distinguished’ limits which
indeed concern different physical situations, most notably different types of slip
strengths. In this first section devoted to the hydrodynamic analysis of thin films,
we only discuss the weak-slip case which has been the most-studied case in the
literature.

In this first case we consider a purely viscous film. Then, the extra-stress tensor
7 introduced in the previous section is given by

T=nVy, (4.23)

where 7 is shear viscosity. We will see the more general relationships underlying
the dynamics of viscoelastic film in Chap. 5.

In the following, we specialize to the case of two dimensions (x, z) in order to
reduce the complexity of the derivations; the generalization to the three-dimensional
setting is generally fairly straightforward. The flow field is therefore from now on
given by

v(x,z,t) =ve(x,z,1)ex + v,(x,z,1)e, 4.24)



4.2 Lubrication Approximation I 63

which fulfills the Navier-Stokes equation
0(0:;v+Vv-Vv)=—-Vp+nAu 4.25)

For thin films, the pressure field is augmented by the disjoining pressure, ®'(h). As
before the fluid is considered as incompressible, hence V - v =0.

4.2.1 Lubrication Scaling

In the next step we introduce the lubrication scaling which will allow us to render
the equations non-dimensional. For this we change all variables and functions into
capital letters: x — X, v, — Vx etc., and then return back to small letters by the
definitions:

Z =12z, X = Xx, H =Hh, B=Bb (4.26)
while for the velocities we slightly change notation by introducing
Vx = Vyu, Vx = Vxw 4.27)
since this allows us to drop the indices. Finally, for time and the pressure field
H / / /
Ev—zt, P+ ® =Pp, P’ =Py (4.28)

The lubrication scaling amounts to assume that (i) the film height H is much smaller
than the in-plane length-scale L and, (ii) that the magnitude of the vertical velocity
field Vy is much smaller than the in-plane velocity field magnitude Vy, hence we
have identified a small parameter:

oY« (4.29)
—=—=¢ . .
L~ Vy

With this assumption we can write the components of the Navier-Stokes equation in

a dimensionless form as

oVxH
P

PH
(O + udyu + woou) = —873xp+828”u+8uu (4.30)
nVx

VxH
82QX

PH
Bw + udyw + ww) = —nTazp + 30w +ed,w  (4.31)
X

and the incompressibility conditions as

Ayt + d;w =0. (4.32)
The boundary conditions at the free interface at z = h(x, ) then are given by
(3. + &28w) (1 — e%(:h)?) + 2623, h(d,w — dyu) =0, (4.33)
, nVx (1 — 2(8,h)?) 0. w — 3, h(d,u + 29, w)
p—¢ —2e——
PH 1+ £2(3ch)?
Ouxh

422 xx 0, (4.34)

PH (1+62(3,h)2)32
dch —w + udyh =0. (4.35)
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and finally the slip condition
u=>bou. (4.36)

This concludes the first step in our analysis: the problem is posed, the equations
are non-dimensionalized. In order to proceed we will have to specify how the small
parameter ¢ will be used.

4.2.2 Choice of Scale Ratios

The different scaling regimes emerge from the calculation by balancing the different
contributions from pressure, viscosity etc. This can, of course, be done in various
ways. In the weak-slip regime with which we are concerned right now the pressure
gradient is balanced with the dominant viscous term in the horizontal momentum
balance, Eq. (4.30), by assuming

PH |
—_~ 8
nVx

In addition, the liquid-vapour surface tension o7, = o and the pressure balance are

assumed to scale according to, see Eq. (4.34)

4.37)

o 2

—~ g 438
PH ( )
These balances then allow to express the velocity scale in the film as
og’
Vx=— (4.39)
n
and the capillary number as
\
Ca="TX_ g3, (4.40)
o
Finally, we write the Reynolds number as
VxH H
o= X0 _ 3T _ PRer, (4.41)
n n

where Re* is the called the reduced Reynolds number, which is an O (1)-quantity.
As a result of this operation we obtain the non-dimensional lubrication problem

e*Re™ (01 + udyu + wo.u) = —0, p + 620yt + 0, (4.42)
eORe* (0w + udyw + wo,w) = —,p + 40w + 620, w, (4.43)
Oxu + 0w =0, (4.44)

and similarly for the boundary conditions, both at the free film surface and the wall
which we refrain from writing down here again—and leave it as a task instead.

Task: write down the non-dimensionalized form of the boundary conditions
in the weak-slip regime.
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We can now formulate the leading order problem, which is obtained for ¢ = 0. It
is given by

O0xp = 0z;U, (4.45)
oxu + 9w =0, (4.47)

with the boundary conditions, first at the free film surface with z = h(x, 1),

o,u =0, (4.48)
p=—0xh+¢'(h), (4.49)
oth=w —uodh (4.50)
and then at the wall z = 0:
w=0, u=bou. (4.51)

This leading-order problem can readily be integrated with respect to the vertical
coordinate z. Exploiting first that the pressure p does not depend on z (Eq. (4.46))
we find

0u(z) = (0xp)(z — h) (4.52)

by enforcing the boundary condition at the free film. Integrating once more over z
and employing the boundary condition at the surface we obtain the velocity profile

2
u(z) = (3 p) <% —h(z+ b)). (4.53)

Using finally the kinematic condition at the film surface Eq. (4.22) we obtain the
thin-film equation for the weak-slip case,

oH
oh=V|Mnh)V|— )| (4.54)
Sh
where a generalized mobility
1
M(h) = §h3 + bh? (4.55)

has been introduced, while H is the interfacial Hamiltonian discussed in Chap. 2.

Task: perform the missing steps leading to the final result.

4.3 Mathematical Properties of the Thin-Film Equation

The thin-film equation is highly nonlinear, both due to the mobility M (k) and the
interface potential. Further, it is a partial-differential equation of fourth-order. Both
these facts render its mathematical properties considerably more complex than, e.g.,
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Fig. 4.2 A non-stationary solution to the thin-film equation. Snapshots at # = 0,0.001, 0.01, 0.1.
Reprinted with permission from Becker and Griin (2005). Copyright by IOP

that of a diffusion equation. It has therefore attracted wide interest in the mathemat-
ical community for which it serves as a laboratory example to further develop the
theory of nonlinear partial differential equations.

A first insight into the mathematical complexity can already be gained, following
(Becker and Griin 2005), by looking at a simplified problem, a nonlinear diffusion

dh+V-(MHh)VAR)=0 (4.56)
in which only the capillary term is kept, together with initial data
h(x,0) = ho(x). (4.57)

Physically, it corresponds to an interface evolving under surface tension only.

Let us look at the one-dimensional case with M (h) = h", n > 0 on the cylin-
der Q = (—a, a) x (0, T). The parabolic profile i(x,t) = M®B* —x%) forb<a
and M > 0 gives a stationary solution to the equation, corresponding to a droplet
solution. However, as Fig. 4.2 shows, a non-stationary solution corresponding to a
relaxing drop also solves the equation for the same initial data, demonstrating that
uniqueness of the solution is not guaranteed.

The origin of the difficulty is clearly an ambiguity in the boundary conditions.
Both solutions could be distinguished, e.g., by prescribing the contact angle the
liquid makes with the surface. Another version, mostly adopted in the mathematical
literature, is to invoke integral relationships on the function and its derivatives. In the
case of the thin-film equation with M (%#) = h" and a prescribed constant function as
initial data h(x, T') = hg one has an energy estimate (Dal Passo et al. 1998)

1 2 r n ) 1 2
— | |[Vh(x, D)|"+ W' \VAR)> == | |Vhol (4.58)
2 Ja 0o Ja 2 Ja

alongside with a so-called a-entropy estimate

1 atl /T/ atntl 4 o, atntl 2
7a(a+1)/9h (x,T)+C A Q(|Vh A e a

1
< potl 4.59
“ale+1) /Q 0 (4.59)

provided that o € (max{—1, % —n}, 2 —n) # 0. Note that the last inequality has no
physical interpretation, but only serves to control the solutions in a technical manner.
In fact, the one-dimensional parabolic droplet profile from above fulfills the energy
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estimate, but does not satisfy the entropy estimate. By contrast, the non-stationary
profile does fulfill both conditions.

These integral conditions are of great importance in the numerical solution of the
thin-film equation in order to guarantee the proper behaviour of the solutions. The
calculations presented in the following are based on a scheme developed in Griin
and Rumpf (2000). For a brief sketch of the algorithm, see Becker and Griin (2005);
and for an even briefer introduction, see Appendix 3.

4.4 Thin Film Rupture in Viscous Thin Films

We now turn to a first application of the thin film equation Eq. (4.54) to the problem
of thin film rupture. As we have discussed in detail in Chap. 2 on the statistical
mechanics of thin films, there are two possibilities for the film to rupture: the film
is either metastable, in which its rupture is brought about by a nucleation process,
or it is unstable, in which a process of spinodal dewetting arises; these scenarios
are modified in the presence of heterogeneous nucleation mechanisms, as we saw in
Chap. 3.

Becker et al. (2003) reported on a detailed combined experimental and compu-
tational study of film rupture in the spinodal dewetting regime, following the ex-
perimental results on the different dewetting scenarios which we have described in
Part I.

In the spinodal dewetting regime, where the effective interface potential has a
negative curvature V” (ho) < 0, the dispersion relation obtained from linearizing the
thin-film equation in the form & = ho + §h, and assuming 64 = hyexp(igx + wt)
reads as

w=—q*M(ho)[oq* + V" (ho)] = M(ho)(q) (4.60)
such that for ¢ < g, with
V" (h 1/2
ge = <_ ((T °)> (4.61)

a band of unstable modes appear, of which the fastest lies at dw(q)/dg = 0, which
is given by ¢, = gc/~/2 (see Fig. 4.3).

In this work, PS-films on oxidized Si wafers were studied by atomic force mi-
croscopy (AFM). The oxide layer of the substrate had a thickness of 191 nm. The
effective interface potential V (h) was expressed as

€ Asio
V=38~ a2
where € denotes the strength of the short-range part of the potential with a value
of € = 6.3(1) x 1077% Jm®, and Ag;o is the Hamaker constant of PS on SiO,
Asio = 2.2(4) x 10720 J, with the error being given by the bracketed number. The
short-range part of potential was constructed in order to fit to the experimentally

(4.62)
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Fig. 4.3 Sketch of the A
dispersion relation of the —w(q)

thin-film equation

v

measured location of the global minimum in V (k) obtained from X-ray reflectom-
etry to lie at 4 = 1.3(1) nm. For the surface tension, a value of o7, = 30.8 mNm~!
was used. Viscosity is temperature-dependent, so that the values in Figs. 5.3 and 5.4
are, respectively, n = 12,000 Pa s and n = 1,200 Pa s.

The difference between the two Figures lies in the thickness of the initial film.
In Fig. 4.4 the film is 3.9(1) nm thick, whereas in Fig. 4.5, it is 4.9(1) nm thick.
In both cases, the film rupture is by spinodal dewetting, but in the thicker film,
heterogeneous nucleation of holes pre-empts the onset of the linear instability and
leads to characteristic satellite hole patterns.

The top graphs in both figures show the results of the AFM scans, while the bot-
tom graphs display the results from numerical simulations of the thin film equation.
Several points are to be noted from these graphs, which we will discuss in what
follows:

(i) The thin film equation gives a qualitatively correct picture of film rupture. We
will show how quantitative the comparison can be made;

(i) The figures display a difference in the time-scales between experiment and
theory. This points to a physical mechanism which is not correctly taken into
account. We will see that this discrepancy is due to a neglect of fluctuations in
the film;

(ii1) Apart from the rupture condition itself, distinct features arise in the holes that
form, most notably the shape of the fluid rims. It will turn out that both the
substrate properties (slip) as well as viscoelastic properties of the polymers
play a role in the formation of these structures.

The analysis of the AFM and simulation data can be performed in a quantitative
fashion by making use of the method of Minkowski measures (Mecke and Stoyan
2000); see Appendix B. A Minkowski functional M, (A) of a pattern A in d dimen-
sions can be defined as an integral over the pattern boundary 0 A via

My(A) = / dxCy(x) (4.63)
0A
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1.880 s 2.530s 3.280s 4.820s

Fig. 4.4 Dewetting morphology of a thin film. (a) Experiment: Temporal series of AFM scans
recorded in situ at 7 = 53 °C; a 3.9 nm PS film beads off an oxidized Si wafer. (b) Simulated dewet-
ting morphology with the identical system parameters as in the experiment. The highest points
reach 12 nm above hole ground. The simulation started with a slightly perturbed film. Reprinted
with permission from Becker et al. (2003). Copyright by Nature Materials

(a) 0s 870s 1.300s

820s 1.440s

Fig. 4.5 Satellite holes. (a) Experimental dewetting scenario of a 4.9 nm PS film on an oxidized
Si wafer; temporal series of AFM scans recorded in situ at 7 = 70 °C. (b) Simulated scenario
for a system with identical properties as in the experiment. Highest points reach 12 nm above
hole ground. As initial data a slightly corrugated film with a depression at its centre was chosen.
Reprinted with permission from Becker et al. (2003). Copyright: Nature Materials
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where, e.g., in two dimensions Co(x) = x - n/2 with n as the normal vector at each
point of the boundary, C1(x) =1, and C2(x) is curvature. The corresponding mea-
sures of a threshold image, as used here, where & > [ are related to area My = F (1),
boundary length M| = U(l) and the Euler characteristic M>» = x (). For conve-
nience in the analysis, composed quantities have been defined which are related to
the fundamental measures via the following relations:

F()
N=——2 4.64
s(D) U0 (4.64)
is an effective slope,
ul)y=mU() (4.65)
is a logarithmic boundary length and
x (@
==, 4.66
k(1) U0 (4.60)

Based on these quantities, the surfaces are characterized by contour lines given by
isosurfaces h(x,t) = 1. Figure 4.6 displays the above-defined Minkowski measures
as functions of threshold /. The quantitative accord between experiments and theory
is striking. Both experiments and simulations follow a Gaussian random-field model
for contours above the average film thickness /o & 3.9 nm, namely s = 59, u(l) =
up — uz2(l — Ip)?, and «(l) = k1(I — lp). In the figure, only time-averaged data are
shown, but similar accord is found for each snapshot at any given time; only the
parameters sg, #2 and x| have an algebraic decay on time ¢ with exponents 2v; &
2v, & v, & 1.8 £0.2 over at least two decades. A convincing consistency check is
shown in figure d, where the ratio

y =01 _ % ~0.203 (4.67)
14

uz

is plotted, which stays constant for a Gaussian random field (Becker et al. 2003).
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Fig. 4.7 Top: dewetting in a wedge geometry, comparison of AFM data (left, a—d) and simulations
(right, g—j). The middle images (e, f) are magnifications from the corresponding AFM images to
the left. Reprinted with permission from Neto et al. (2003). Copyright by IOP

The quality of the agreement between simulation and experiment is further qual-
itatively illustrated by Fig. 4.7 which shows the dewetting of the polymer film in a
wedge geometry.

4.5 Thermal Fluctuations in the Film

The excellent accord between theory and experiment discussed before has one re-
maining deficiency which is the discrepancy of the value of the viscosity, or equiv-
alently, the correct time-scale for rupture. It is not to be expected that, at this level,
viscoelastic properties will intervene (see Chap. 5).

Within the present theory, thermal fluctuations of the film height—thermally ex-
cited capillary waves—are neglected. The role that such fluctuations can play in the
film dynamics has been analyzed theoretically (Mecke and Rauscher 2005, Griin
et al. 2006) and in comparison to experiment (Fetzer et al. 2007a, 2007b).

In a first step, the thin film equation has to be extended to include thermal
noise. Prescriptions on how this can be done can be taken from fluctuating bulk
hydrodynamics (Landau and Lifshitz 1987), or applications to jets (Moseler and
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Landmann 2000) and (Eggers 2002). The thin-film equation then acquires the
form

3
ndh=V- (%v[—%Ah +@'()] + D(h)g“(t)) (4.68)

where D(h) = /(2/3)kpTh3n and the noise is given by a stochastic process with
vanishing average

(tx.)=0 (4.69)
and correlations
(G, 0gi(x" 1) =8i;8(x —x)8(r — 1) (4.70)
where (-) is the ensemble average over the noise realizations.
The above described experiments and simulations were reanalyzed based on
these equations in Fetzer et al. (2007a, 2007b). First, we can get an idea of the
magnitude of the expected effect. For the two experiments, the characteristic length

scales are as follows. For an initial film height of about 4y = 4 nm, the spinodal
wavelength is given by

2
=" = =872,/ @ (ho) = 4h3\/ w3010/ A @71

q0

for an effective interface potential ®(h) = —A/(12h?). For A ~2-1072° Nm and
o7y 3 - 1072 N/m one obtains A &~ 400 nm. These parameters lead to approximate
noise amplitudes of the order of

3kpT

0 401074 472
Sﬂzhgmv ( )

and 2 - 1072, respectively, for both experiments.
Quantitative information on the influence of thermal noise can be obtained by

considering the variance of the film height az(t) =h2— Ez and, in addition, the
variance of the local slope of the film height A (x, ¢), which is given by

(Vh)?
2r02(t)
This quantity contains information about the preferred wavevector in the film sur-
face during the early stages of the dewetting process. The overbar indicates an inte-
gration over all positions in the images.

Since both the quantities o2(t) and k2(¢) will be determined for the linear be-
haviour of the thin film equation (which means either early or later stages of the
dewetting process), the observation window is, however, limited both in overall size
and due to the appearance of growing holes, the analysis has to be based on the
real-space images.

Figures 4.8(a) and (b) display the analysis of the AFM experiments and the deter-
ministic simulations. For o2 (¢), the agreement between experiments and determinis-
tic (T = 0) simulation is satisfactory, but this is not the case for k(z). This quantity

k(1) = (4.73)
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stays constant for the deterministic simulations, but clearly varies with time for the
experiment.

In order to compare the experiment with the theory comprising thermal fluctua-
tions, an analysis of for §h(x, t) = |h(x, t) —ho| < hg has been performed for which
the thin-film equation can be linearized and the capillary wave spectrum computed
exactly, with the result

C(g.1) =(8h(q.1)8h*(q. 1))

. kgThd 42
= Co(q)exp 2w (@)r) + 0 T_[exp 2w(q)t) —1]  (4.74)

3n w(q)
with the dispersion relation
1 612 2
w(q)=— |:1 - (—2 - 1) :| (4.75)
100 q;
where qg —®"(hg)/(207,) is the maximum of the dispersion relation and #g =

3n/ (olvhoqo) is a characteristic time scale, fo = 300 s for experiment 1 and 79 =

1700 s for experlment 2. The initial spectrum Co(g) at t = 0 is assumed constant,
Colg) =2n og /qg for ¢ < +/2¢o and zero otherwise. In addition, a microscopic
cutoff g,, = 27 /ry, > qo is imposed, whereby ry, is set by the pixel size resolution.
The noise that builds up in short wavelength roughness is irrelevant for the film
evolution on the timescale 19 >> t,, = (qo/qm)* to.

Figure 4.9 compares the experimental data to fits to the linearized stochastic thin
film equation. It is clearly seen that smoothing of the data has a significant effect;
smoothing removes height fluctuations of the film on small scales, which in exper-
iment are regenerated all the time. Also shown is a comparison with an asymptotic
formula obtained for # > ,, ~ 10™2£o up to fo where one has (Mecke and Rauscher
2005)

k(1) ~ kG (1) + I (4.76)

X= 8720y,

2( n’
independent of the initial conditions (see insert). Again the agreement is very good,
full consistency between experiment and theory is obtained. In particular, the micro-
scopic length scale r,, as extracted from the fits, lies in the range of about 100 nm,

as expected.
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4.6 Lubrication Approximation II

We now turn to further distinguished limits of the thin-film problem, the so-called
strong-slip limit and the intermediate slip case (Miinch et al. 2005). In the strong-
slip case, Eq. (4.37) is replaced by the leading-order assumption

PH

nVx
which balances the vertical momentum balance against pressure in Eq. (4.31). The
surface tension vs. pressure balance remains unchanged, as does the balance of pres-

sure against surface tension, but the scales for the velocity and capillary number are
modified according to

g, 4.77)

oe
Vy = — (4.78)
n
and
\
Ca="%=¢. (4.79)
o
The Reynolds number is
VxH H
L (4.80)
n n

Consequently, these quantities are now of order ¢, i.e., much more relevant for the
dynamics than in the weak-slip case—a fact which will show up in the final equa-
tions.

As for the weak-slip regime, we can exploit these scalings for the Navier-Stokes
and conservation equations, as well as for the boundary terms, a calculation we do
not present here. It turns out that the lowest order terms in the lubrication parameter
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& appear to O (£2) so that one has to assume the existence of asymptotic expansions
for the functions u(x, z,t;¢), w(x, z,t;¢), p(x,z,t;¢) and h(x,t;¢) in &2, The
resulting leading order problem then has the form

d,,up =0, (4.81)
2 po = dzzwo, (4.82)
oxuo + d;wp =0, (4.83)
with the boundary conditions at the interface z = hg(x, 7):
do;ug=0
po— @ — 2(0,wg — 3y hod;ug) + dxxho =0 (4.84)

drho — wo + udhg =0.

At the surface z = 0 we have
uo
wo =0, d;up = e (4.85)

From Eq. (4.81-1), the leading-order horizontal velocity is independent of z, ug =
uo(x,t). From Eqgs. (4.81, 4.84-3) we find wo = —zd,uo while from Eq. (4.84-2),
one finds

pPo — @' = —0xxho — 20xu. (4.86)

At this point we have to decide on the dependence of the slip length on the lu-
brication parameter. In the weak-slip regime, the slip length b was assumed as an
O (1)-quantity. Then, the above equations imply that ug = wo = 9;h9 = 0, which is
obviously not sufficient. We therefore have to allow

B
b= e (4.87)
with o > 0. This corresponds to a choice of b 3> O (1), hence indeed to a large-slip
regime.
To leading order, we now have d,uy = 0, and the zero-order problem is satisfied.
We thus have to go to the next-order correction in which no explicit dependence on

& arises:

Re* (dyuo + ugdxuo) = —dx po + dxxtto + dzzu1, (4.88)
RE*Z(axtu() + uodxxuo + (8)5”0)2) = —03;p1 + 20xxxuo + Iz w1, (4.89)
oxuy + d;w; =0, (4.90)

with the boundary conditions at the free film surface z = h(x, t), which turn out to
be somewhat lengthy expressions:

0;u1 — Oxxho — 40yxhodyup =0, 4.91)
p1— ¢ (hoYh1 — 2(dcuo(d:ho)* + ;w1 — d;u1dxho + hodchodyxito)

3
— 28,103 h0)? + dyxh1 — E(axho)zaxxho =0, (4.92)
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and
orh1 — wy +ugdyhy —u1d,ho=0. 4.93)
The boundary condition at the wall surface z = 0 is then given by
80(72
w; =0, ou1 = 5 ug. 4.94)

We see that the distinguished limit corresponds to o = 2 in this case. Integration of
Eq. (4.89) over z across the film from O to k¢, and using Eqgs. (4.91) and (4.94-1),
one finds the strong-slip equations for the thin film

f u
hoRe*(0;u0 + uodxutg) = 49, (hodyuo) + hodx (dxxho — V' (ho)) — =
(4.95)
0rho = — 0y (houg). (4.96)

These two equations are the strong-slip model for Newtonian thin films. Apart from
Miinch et al. (2005) it had been derived independently by Kargupta et al. (2004).
The strong-slip case is as rich as the weak-slip case. While the latter allows for
the limit » — 0, hence the no-slip case, the former allows exponent values o > 2,
leading naturally to the lubrication model for free-standing films. In this case, the
slip term in Eq. (4.95) is absent.
We now turn to the intermediate regime. In this case, we allow for the scalings

2"
Vy = , 4.97)
n
Ca=¢""? (4.98)
and
Re = &> %Re* (4.99)

for —1 < § < 1. Again we do not enter the details of the calculation in this case and
refer to the paper by Miinch et al. (2005). The final result can be represented as a
single lubrication equation

dh + Ba,[h*0x (dxxh — ¢' ()] =0 (4.100)

which corresponds to the slip-dominated lubrication model, in which the no-slip
term is omitted from the weak-slip equation.

Task. Perform a linear stability analysis for a flat film obeying the interme-
diate and strong-slip thin film dynamics. Write down and discuss the disper-
sion relations. See Rauscher et al. (2008) for the strong-slip case.

4.7 Dewetting Holes

In this section, we will disentangle three aspects of dewetting holes:

e the time-evolution of the hole radius;
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o the theory of the dewetting rim, first without and then with slip;
o the instability of the rim.

We begin with the growth law for a dewetting hole.

4.7.1 Hole Growth

The growth law of a dewetting hole is not easy to extract from the full dynamical
equations, other than by numerical means (which of course has been done). It is,
however, possible to derive an approximate analytic formula which captures the
observed behaviour very well and has the advantage to allow to gain some more
insight (Jacobs et al. 1998Db).

Starting point for the derivation of this formula is the viscous dissipation associ-
ated with the rim of an opening hole. Making use of the vorticity

w=V XV (4.101)
we can write with the enstrophy
1
Z = Ea) - (4.102)
the dissipation of the rim as
P,=n / dxdzw® (4.103)
rim

where we have considered a quasi two-dimensional situation with the (x, z)-cross
section of the rim; this is permissible when the rim width w is small compared to
the hole radius R. We express this relation as

P, = 02K, (0) (4.104)

where v, is the flow velocity at the three-phase contact line, and K, (6) a geometric
factor whose essential dependence is on contact angle.

In the situation of flow, the driving force is the nonequilibrium spreading coef-
ficient S, since it governs the gain in surface free energy per unit area that results
from film retraction. Consequently, our dynamic equation is

SR = Sv, = v2K, () (4.105)

and we immediately obtain the viscous growth law

R() = Ki; (4.106)

v

valid in the no-slip case.
In the case of slip, we have to replace the velocity by the expression

leip(x) = vsf(%) 4.107)
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Fig. 4.10 Dashed line:
theoretical prediction for
no-slip conditions. Dotted
line: prediction for full slip,
i.e., when dissipation takes
place only by slippage of the
film across the substrate.
Solid line: Eq. (4.114) fitted
to the data, which allows to
extract the effective viscosity
and the slip friction of the
liquid film on the substrate.
Reprinted with permission
from Seemann et al. (2005).
Copyright by IOP
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where f(0) =1 and f(y) ~0 for y > 1. If f is not dependent on time, which is
assumed, we can estimate the dissipation integral as

Pyip = Cvlw (4.108)

where ¢ = fow dxf(x/w), where ¢ is the friction coefficient between the film and
the substrate. Then, in analogy to the no-slip case, we find

S =Cvsw=vsK;vVR (4.109)

where we have used the fact that due to conservation of mass, w ~ +/R. For the
receding front with

R = v, (4.110)
we then find the growth law
35 \2/3
R(t)=| —t¢ . 4.111
Q) (ZKS ) ( )

Indeed, the two extreme cases of no-slip and pure slip can be combined into the
equation

R = v, + vy (4.112)

which superimposes the two dissipation mechanisms, viscous and due to the sub-
strate. We then have in terms of the radius R

) 1 1
R:S(K—U+E\/E> (4.113)
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which can be integrated by separation of variables and leads to an analytic expres-
sion for 7 (R) in the form

K VR
tz?v<R—2om/R+2a21n(1+—>>+ro 4.114)
o

where o = K, /K.

Figure 4.10 plots the theoretical curves in comparison with experimental data
obtained for PS films with molecular weights M,, between 18 and 600 kg/mol, with
a ratio of My,/M, =1.02 and a T, = 100 °C (see Appendix A). The agreement is
satisfactory.

4.7.2 The Dewetting Rim

As shown in Fig. 4.5, the rupturing film displaces the liquid, creating a liquid rim
surrounding the developing hole: this is nothing but a simple consequence of mass
conservation. However, as it turns out, the detailed experiments that can be per-
formed with AFM on the rupturing films have shown that the radial profile of the
rim displays features that are a direct consequence of the underlying thin-film dy-
namics. The following two figures exemplify these results. They show two different
behaviours, one in which the rim profile decays monotonously towards the film,
while in the other graph, the profile towards the rim decays with a small depres-
sion. This feature of a rupturing thin film has created a still ongoing discussion in
the literature with regards to its origin, in particular, which role play slip and/or
viscoelasticity in the film.

Figure 4.11 bottom defines a number of length scales associated with the dewet-
ting rim which have been employed in a simplified first model for the rim. Indeed,
by linearizing the thin-film equation around the flat film value # = ho and going to
a co-moving frame with the velocity U of the contact line, one finds (Seemann et al.
2001d)

aluhg
B,h—i-?BX”xh—vaxh:O, (4.115)
neglecting the contribution from the disjoining pressure. The traveling wave solution
in§ =x — Ut then is

he) = exp( — 2= ) - cos( e (4.116)
NEY ¢

where the lengthscale £ is defined as

4 13
o= 4T (_"lv , @.117)

hence a damped harmonic oscillation. The ratio of W/V =& 0.016 differs from the
experimental value by a factor 2, which can be improved by including a boundary
condition at the rear angle «.
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Fig. 4.11 Top: AFM cross section of a hole in a PS(65k) film on OTS-Si (for an explanation of
these experimental terms, see Appendix A). The material removed from the hole has accumulated
in a characteristic rim at the circumference of the hole. Notice the large difference in lateral and
vertical scales. Bottom: AFM scan of a hole in a 6.6(2) nm thick PS(2.24k) film on an SiO-wafer
with an oxide layer of 191 nm. The hole profile displays a well-visible depression W next to the
rim. Reprinted with permission from Seemann et al. (2005). Copyright by IOP

It is a simple fact that the linear fourth-order equation easily leads to damped os-
cillatory profiles. These, are, however, only poor approximations to the real profile.
In the next section, we therefore discuss an asymptotic solution for the full profile
of the dewetting rim of a weakly slipping thin film during rupture.

4.7.3 Dewetting Rim: Asymptotic Analysis in the No-Slip Case

The full profile of the depression behind the dewetting rim can be calculated from
an asymptotic analysis of the nonlinear thin-film equation. We follow here the work
by Snoeijer and Eggers (2010).

Figure 4.12 shows a qualitative sketch of the profile in which the relevant pa-
rameters are indicated. As in the derivation of the thin film equation we can take
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Fig. 4.12 Top: Sketch of the dewetting rim profile & (x). A liquid film of thickness & is invaded
by a moving rim of height %, and width w. The apparent contact angle 6, is defined as the
intersection of the solid surface and a parabolic fit of the rim (dashed line). Bottom: Schematic
representation of the matching procedure. The contact line and rim are described by the solid line,
from Eq. (4.124). The dashed line represents the profile in the film region, from Eq. (4.125). The
profiles are matched at the advancing side of rim around the point x*. Reprinted with permission
from Snoeijer and Eggers (2010). Copyright by the American Physical Society

the film profile as two-dimensional, since for the expanding hole the dewetting rim
becomes increasingly straight. Starting point is then the lubrication equation in a
frame co-moving with the contact line

dh — Udeh + 20, (M(R)dyxrh) = 0. (4.118)
n

with the boundary conditions
h(0,1) =0, xh(0,1) =6 (4.119)
while at the film end the profile approaches the flat film value
h(x — 00) = hy. (4.120)

Since the film mass is conserved, the material accumulates in the rim upon hole
expansion. If the film area is given by A(7) ~ w? where w is the halfwidth of the
rim, it will grow according to A = ww. If the advancing of the film is given by U Ay,
one has

w o ho
—~— 4.121
U w ( )
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which becomes asymptotically small for long times. Changes in the geometry are
therefore slow with respect to U, allowing to drop d;4 when compared with U 9.
One thus ends up with the quasi-stationary problem

—(Ca)h + M(h)oxxxh = Q (4.122)

after integrating once with flux Q as integration constant. Ca = Un/o is the capil-
lary number, as in the Introduction. Hence, resolving for 0,y = 1",

3(Ca)h+30Q  3(Ca)h +30
M) h2(h+31)
The boundary conditions have now to be adapted to this equation; clearly, it does
not fulfill the original conditions anymore due to the neglect of terms of order sg/w
due to the stationarity assumption. However, the interest here is to match the front

problem to a rear problem at a value x = x*. At the contact line 27 = 0 one has for
h =0 a flux value of Q =0 so that

B (x) = (4.123)

3(C
mo D (4.124)
h(h +3A)
for 0 < x < x*, while for the latter we have for x > x*
3(C
h' = M(h — ho) (4.125)
h3
where for the last equation we have for h = hg, h"”" = 0 the flux value Qf =

—(Ca)hp. Moreover, in the last equation, . >> A has been supposed.

We are now left with a matching problem. We do not trace the whole derivation of
the solution here which can be found in Snoeijer and Eggers (2010), but only give
the solution strategy here. The first step consists in the formulation of a suitable
non-dimensional problem. Since the only appearing length-scale in Eq. (4.124) is
the slip length A, a rescaling of 4 (x) can be suggested according to

neey =i (2 (4.126)
X) = 3)\ .
and the definition of & = x6/3A. One then rewrites Eq. (4.124) in the form
3Ca/63
H" (&)= . 4.127
© =1 (4.127)
For /> A, the equation reduces to
1
"= (4.128)
y

where H(£) = [(3Ca)'/3/61y(&). This equation has an exact solution involving
Airy functions, whose properties can be exploited for the matching analysis, see
Snoeijer and Eggers (2010).

From this analysis follows that the rim has a parabolic shape of the form

_ 2
Y(E) X Ymax [1 - (M> ] (4.129)

%_max
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and that the profile develops a minimum at a value &,,;, = 2&,,4, . Near the minimum
&nin the solution develops a logarithmic dependence so that one finds

y? = =3In(na® Emin — &)) (4.130)

where 1 is a numerical factor and ? a ratio of matching constants related to the
Airy solutions of Eq. (4.124).

We now turn to the film profile, where the task now is to extract a similar be-
haviour of the corresponding solution to Eq. (4.125). This is possible with the choice

h(x) =hoG(%) (4.131)
where ¢ = (x — x0)(Ca)'/3/ ho, transforming Eq. (4.125) into
G" ()= i<1 - i) (4.132)
{ - G2 G ) .

from which the behaviour
G" o —91n(algo — ¢1) (4.133)

is obtained. The matching procedure now involves to relate the constant a in
Eq. (4.125) to na?. The final result is

63 O

) (InY) (4.134)
where Y ~ (Ca)'/3(w/Ahg)?. This concludes the analysis, since both asymptotic
solutions are found and matched.

Ca=

4.7.4 Dewetting Rims in Slipping Films

In this subsection we attempt to demonstrate what new dynamic properties exist for
the dewetting rim in the strong-slip regime. One can now, based on the strong-slip
and intermediate-slip equation as well perform the asymptotic analysis for the rim,
as we did for the weakly slipping film above. Such studies were described in Flitton
and King (2004) and Miinch et al. (2005); we refer to these papers for the corre-
sponding results. For our purpose here, the interesting fact is that, indeed, for suf-
ficiently large slip length, the oscillatory profile can be turned into a monotonously
decaying one.

This can be seen from the following simple argument applied to the strong-
slip equation. We linearize the equations around the normalized flat film solution
h(x,t) =1 in the form

h(e,t) =1+8pE),  ulx,t)=8v(E), E=x—s0) (4.135)

where we went into a comoving frame with the position of the contact line given by
s(t). The incompressibility condition then transforms into

i (v —§¢) =0 (4.136)
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Fig. 4.13 Rim profiles of 130 nm PS films on DTS and OTS covered Si wafers, (a) at constant
temperature. The insert shows a semilog plot of the height difference |h(x) — hs| with s as the
initial flat film. The spiky features reveal damped oscillations in the film profile. Figures (b) and (c)
show the decaying part of the profile for both surfaces, at three different temperatures. Reprinted
with permission from Fetzer et al. (2005). Copyright by the American Physical Society
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Fig. 4.14 Numerically calculated rim profiles for different slip lengths, non-dimensionalized by
the height of the flat film. As in Fig. 4.13, the semilog-plot inset reveals oscillatory or non-oscilla-
tory behaviour in the film profile decaying towards the film. Reprinted with permission from Fetzer
et al. (2005). Copyright by the American Physical Society

and the thin-film equation yields, dropping all inertial terms and the interface poten-
tial contribution

4B30z¢ + Bip — 59 =0. (4.137)

We now seek for solutions of exponential type, ¢ = e, which yields the cubic
equation

B’ +4Bsn* —§ =0. (4.138)

From this cubic we then either find one positive real root, or either two negative or
two complex conjugate roots. The first root is unphysical, so the relevant solutions
are the real and complex conjugates whereby a change between two solutions oc-
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curs, as can be computed from the discriminant, at a critical slippage value s, given
by
_3 3 (4.139)
16\ B '
This predicted change could indeed be induced experimentally by choosing ad-
equate substrates. This was achieved in a series of papers by Fetzer et al. (2005,
2006, 2007a, 2007b), Bdumchen et al. (2009), Baumchen and Jacobs (2010) where
Si-wafer substrates were coated with either a monolayer of octadecyltrichlorosilane
(OTS) or with dodecyltricholorosilane (DTS) (see Appendix A). Exemplary results
are shown in Figs. 4.13 and 4.14.

Sc

4.7.5 Rim Instabilities

In this section we discuss the instabilities of the dewetting rim—we have seen this
phenomenon on the figure at the beginning of the book, see also Fig. 4.15.

In the course of holes opening in the film, the rim continues to accumulate mate-
rial: the rim thickens. It then runs into a well-known instability: the Rayleigh insta-
bility of a liquid column. Essentially two aspects render the instability of a dewetting
rim is however different from that of a liquid column: firstly, the presence of a sur-
face, and secondly, the fact that the rim is connected to a receding film and hence
the whole rim is translated.

The first problem can be addressed by looking at the stability of a cylindrical lig-
uid column on a substrate; this geometry is commonly called the ‘ridge’-geometry,
see Fig. 4.16. It has been discussed in detail by Sekimoto et al. (1987). Excitations
of the ridge can be one of two types: the so-called ‘zig-zag’-modes in which de-
formations of the two contact-lines of the ridge are in phase, and the ‘varicose’ or
‘peristaltic’ modes, in which they are out of phase. In the latter case, the width of
the ridge is modulated in transverse direction, and hence in Laplace pressure. This
pressure variation ultimately leads to a break-up of the ridge into droplets and the
system reaches a state with lower surface area. If one denotes by uq the outward
displacement of the two contact lines the elastic energy per unit length for a vari-
cose mode of wavevector ( is given by Sekimoto et al. (1987), Redon et al. (1991),
Brochard-Wyart and Redon (1992):

2
Fy = o160, qu} [—w—q + tanh(%)] (4.140)

whereby a limit kw < 1 is assumed, where « is the capillary length and w the width
of the ridge: we see that in this consideration, the discussion was concerned with
macroscopic ridges. But this limit also covers the case we are interested in, since the
microscopic forces do not play a relevant role at the length scales of interest since
the ridge, when it turns into the hydrodynamic instability, is already macroscopic
(but not yet influenced by gravity). From Eq. (4.140) one finds that for ¢ < ¢, i.e.
for ¢ < 2.408/w, the ridge is unstable.
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Fig. 4.15 Time evolution of  H 20 ym 220 s H 20 ym 540 s —H 20 ym 970 s
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on DTS at 120 °C. Courtesy:
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Fig. 4.16 Sketch of the
liquid ridge geometry. Arrows
point to the two contact lines
of the ridge

As for the evolution of the hole radius, analytic results based directly on the thin-
film equations are difficult to obtain; there are numerical computations and some
results from asymptotic analysis, see Miinch and Wagner (2005), King et al. (2006),
Miinch and Wagner (2011). We here present a variant of a simplified calculation
presented already quite some time ago. The relaxation spectrum of two coupled
lines has been discussed in an approximate manner in Brochard-Wyart and Redon
(1992).

Starting point is the energy balance

F,+TS=0 (4.141)

where TS is viscous dissipation. In addition, one has to take into account the flow
along the rim induced by the displacement of the two contact lines. The mean ve-
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Fig. 4.17 Dewetting of a 1260s 2100s 3060s 3780s
linear ridge under strong slip. i ] J1
Courtesy: Karin Jacobs ‘ © 7}

locity vy is related to the displacement # by the incompressibility condition of the
flow, V - v =0, which yields for the ridge geometry

21

— +qvy, =0. (4.142)

w
We can now derive the growth law of the ridge instability. For a single contact line,
the dissipation is given by

. 3¢

TS:—?m'tz, (4.143)
hence for two we have a factor of 2. If gw < 1, the velocity in transverse direction
is dominant, and one can get an approximate law

: dvy\? P2
TS:_/dxdz(ﬂ> ~—1 2 (4.144)
dz 0 g-w
and one interpolates
: 64 4 .
TS:‘;”(”qzwz)” , (4.145)

whereby ¢ is a logarithmic factor related to the singularity of flow at the contact
line; here it can be taken as a constant. Supposing further that the relaxation of u,
is exponential according to

g =—(1/74)uy (4.146)
we obtain by putting everything together the expression
1 2
- ﬂ93%|:——+tanh<ﬂ>:|. (4.147)
1, 3dn 1+4/(qw) wq 2

One finds that below a characteristic wavevector ¢ < g, 1/, < 0 and capillary
excitations grow therefore exponentially. The risetime of the fastest mode is found
to behave like g, w ~ 3/2, hence A, ~ 4.18w.

The foregoing discussion concerns the case of a symmetric rim as it arises in
a no- or weak-slip situation. In the case of strong slip, the rim is asymmetric (see
before) and this asymmetry in fact becomes more pronounced in the course of the
instability, see Fig. 4.17. A major difference between the weak-slip and strong-slip
situation is the rise time of the instability: for strong slip, the onset of the instability
is reached much faster. Replacing in this case ¢ by a slip-dependent factor

¢ =In(w/b) (4.148)

as in Brochard-Wyart et al. (1994a) allows to rationalize this behaviour.



Chapter 5
Viscoelastic Thin Films

In this chapter we turn to viscoelastic effects in thin polymer films. We will see
that this amounts, to a certain extent, to open up Pandora’s box: life is much more
complex here, and things are at present much less clear-cut than in the previously
discussed viscous case.

We have seen before that we could describe thin-film behaviour on no- or weak-
slip substrates very well with a simple Newton fluid model, and even better if we
correct for film fluctuations. Also the strong-slip case could be treated mathemati-
cally and, by a proper tuning of substrate properties, compared to experiment. The
general difficulty, however, is that, ultimately microscopically, slip and ‘bulk’ vis-
coelastic properties of thin films are not entirely independent from each other.

It is easy to get a qualitative idea why this should happen. (In fact, it should rather
be astonishing that a mere viscous description works at all for chain-type molecules
like polymers.) If we call £ p some characteristic measure of the (dynamic) polymer
length, we may assure the viscous regime if we have a separation of length scales

tp Lhy (5.1)

if we take &y as the film thickness. If we now enlarge the polymer length relative
to its confinement in the film, either by going to longer chains or to thinner films
(or both), we are bound to leave a purely viscous regime. Dynamic effects of the
polymers themselves will then enter into the story. In addition, we have to debate
about the thermodynamic state of the polymer film. When we talk about polymeric
thin films, we must first have created a solid film on the substrate (see Appendix A)
which then heated to enter the fluid state. It is easy to imagine that the dewetting
process and hence the polymer flow will depend on the state of ‘solidity’ of the
film.

In this chapter we will first push ahead with the theoretical description of thin
films in which viscoelastic properties arise and for this we will firmly stay on the
side of ‘macroscopic’ hydrodynamics (Blossey 2008). Afterwards, we will revisit
the problem from a more (but not entirely) microscopic perspective.

We first have to clarify what we understand under viscoelastic flow.

R. Blossey, Thin Liquid Films, Theoretical and Mathematical Physics, 89
DOI 10.1007/978-94-007-4455-4_5, © Springer Science+Business Media Dordrecht 2012
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5.1 Viscoelastic Flow

5.1.1 Rate of Strain Tensor

In Chap. 4 we based our discussion of the dynamics of thin films on the purely
viscous case in which we could write the extra-stress tensor is the simple form

T=nVv (5.2)

with viscosity n. We now have to go beyond this simple behaviour, and this requires
a more detailed discussion of the mathematical description of continuous media. In
essence, we need to revisit the notions of stress and strain.

The notion of the stress tensor appeared already in the definition of the momen-
tum equation, i.e., the Navier-Stokes equation we applied to the thin film geometry.
So we now define what we understand under strain.

The application of a stress (a force) to a body can lead to its deformation. Strain
is the proper measure, as it is defined as the relative distance between points of
the body before and after the deformation. We therefore write the relationship of a
spatio-temporal mass element x (¢) with such an element x'(¢’) as

/
_ ox;

dx' = F(x,t,t')dx,  F; (5.3)

BT

The deformation gradient tensor F is not necessarily symmetric. We can write
(@x)’ = (@x)" - (ax) = (Fax)" - (Fdx) = @o" (FT - F)dx ~ (5.4)

where the superscript 7' denotes the transpose. We now define the strain tensor as

y=F".F. (5.5)

This tensor is also sometimes called the right-relative Cauchy-Green tensor.
We can consider time derivatives of the strain tensor . Since we have

]7;]' (t,) = Fyi Fyj = P (5.6)

the primed coordinates x; depend on #’, but the unprimed coordinates do not, and
therefore time differentiation yields

dyij  0x; dug | duy 9x;

= 5.7
dr’ ax; BXJ ax; ij
which for r =1', x; = x; leads to
dvij ~ OQup . Oug~ u;  Ouj e
ar |, =% o N T T T (5-8)
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and we have obtained the rate of strain tensor

1
y= E[Vu+ vwT]. (5.9)

5.1.2 The Jeffreys Model

In order to close the relation we need to relate the extra-stress tensor T to the rate
of strain tensor 'y .

The relation between these two tensors is not unique: it is a material-dependent
property, and consequently various degrees of complexity can be built into this re-
lation. There are two ways of constructing it: either by the way of phenomenology,
or from a microscopic approach involving molecular kinetic models.

The latter path has, for polymeric thin films, not yet been properly attempted (but
well for bulk polymers, see the final section of this chapter). Most models discussed
in the literature have, one way or the other, been variants of one of the simplest
models for viscoelastic media, the Jeffreys model. It has enjoyed prime interest
certainly because it introduces a minimal number of additional parameters; which
is, in some sense, required in order not to end up with ambiguous parametrization
problems.

In order to understand this model, we must find a suitable generalization of the
expression of the extra-stress tensor from a viscous to a viscoelastic fluid. The for-
mer is given by, employing the rate of strain tensor, by the expression

7= g[Vu +vw]=np. (5.10)

A suitable generalization is to introduce a memory kernel or relaxation function in
the form (Bohme 2000)

T= /oodsG(s)y*(t —s), (5.11)
0

such that for constant ?,

/OodsG(s) =7 (5.12)
0

holds.
If a system responds to the application of a stress with an exponential relaxation,
we have

G(s) =G(0)exp(—s/A)H(s) (5.13)

where H (s) is the Heaviside function, H(s) =0 fors <0, H(s) =1 for s > 0. Our
simple model depends on two parameters, the amplitude G(0) and the relaxation
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Fig. 5.1 Equivalent circuit
diagram of the Maxwell and
the Jeffreys models. The
explanation of the symbols
can be found in the text

o |:_

I I77 m

time A. The presence of this relaxation behaviour is characteristic of elastic be-
haviour of the fluid. This follows from the differentiation of Eq. (5.11) with respect
to time, employing Eq. (5.13), which yields

L

B *© —s/A d?
(1) =—G(0) dse —. (5.14)
0 ds
Following a partial integration, we end up with the differential relation
r(t)+G(0)y(t)=—Xr(t). (5.15)
We can rewrite this in the form
() + 2T =17 (), (5.16)

where we denote n = G(0)A.

Equation (5.16), corresponds to the simplest viscoelastic model, the Maxwell
model. It contains a purely viscous damping given by 7 and an elastic spring with
modulus G(0) = n/A. We can also introduce, alongside the total strain ¥, the strain
associated with the damping term, and we can relate them to the total stress via

T=07,=GO)T — 1) (5.17)

which is equivalent to Eq. (5.16). We can represent the Maxwell model by an equiv-
alent circuit diagram in an electrotechnical analogy which is shown in Fig. 5.1. In
this diagram, elastic behaviour is represented by a spring, while viscous behaviour
is depicted by a damper.

More complex rheological models now simply follow by the addition of more
springs or dampers. The Jeffreys model is simply the next in an ascending line of
more complex models, specifically here in which one additional damping is added,
see Fig. 5.1. The additional viscous term which acts in parallel to the Maxwell sys-
tem. One thus has

T=noy + 7 (5.18)
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where T is the stress in the right branch of the diagram in Fig. 5.1. For the latter,
we have the Maxwell relation

A + 1T =mPO). (5.19)
Eliminating 7] from the two equations we obtain
() + 1T = (10 + 0DV () + 2imod (1), (5.20)

in which now a deformation acceleration appears. We can define

n=mno+n1, szLM. (5.21)
no + N1
One notes that, in fact, Ay > Ay, and n ~ ny.

In this subsection we employ a basic version of the Jeffreys model which carries
variations in time. However, also spatial dependencies can be considered, leading to
what ils called convective terms. We will come back this generalization later in the
book.

5.2 Lubrication Approximation IIT
5.2.1 Weak Slip

In this subsection we return to the hydrodynamic problem, first for weakly slipping
viscoelastic liquids of Jeffreys type. Here, as in the two following subsections, we
will derive lubrication models which cover again the range from weak- to strong
slip, but now in the presence of viscoelasticity. The method employed is as before
the asymptotic analysis which was presented in detail in the previous chapter. We
will therefore not go again into every detail of these computations which, when
needed, can be found in the original literature.

In Rauscher et al. (2005) the thin-film equation for a viscoelastic film was de-
rived under the assumption of weak slip. The model equations thus are first mass
conservation as in the incompressible case

V.u=0 (5.22)

for the velocity field u = (uy, uy, u;). Momentum conservation is given by?
du
QE =—-Vpr+V-1 (5.23)

where now d/dt = 9; +u - V is the total (or material) derivative.

INote that the Jeffreys model is used in several parametrizations in the literature. Upon multiplying

Eq. (5.20) with the elastic modulus G we can find the form GT + T = Gn7 + non1y which is
used by Vilmin and Raphagl (2006).

2We omit the “-symbol in the following to simplify notation.
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In a Newtonian liquid, the traceless part of the stress tensor t is proportional to
the strain rate, i.e. the gradient of the velocity field,3

)}ij =0juj + dju;. (5.24)

In a purely elastic medium, the stress is proportional to the strain. In a viscoelastic
medium, one has to model the dependence t(y) which interpolates between the
elastic and the viscous regime. In the Jeffreys model introduced before one assumes
the linear relation between stress and strain and their time derivatives of the form

T+ 2110, T=n(y +A20:Y) (5.25)

which contains the two relaxation time constants A; and Ay as well as the shear
viscosity 7.

In the context of the thin polymer films we interpret the viscoelastic response
of the liquid in the following way. There are now two viscous regimes, an ‘early’
and a ‘late’ regime, into which an elastic response is interspersed. This means that
for short times, the response of the liquid to a shear is first viscous until elastic
effects start to intervene. After the relaxation of elastic stresses, the film enters the
previously discussed viscous flow regime.

We turn to the lubrication calculation. The parametrization of the thin film is
done identically to the lubrication calculation in the purely viscous case. The differ-
ence between the two cases arises in the components of the strain-rate tensor. If we
assume that corresponding components of the stress and strain rate tensor are of the
same order, we obtain the following scalings

ry=Lrj, (zh b)=H(z" h* b¥), (5.26)
w =Uuj, (8,41, 4) =T(t5, 4], 43), (5.27)
u.=eUul, (p,V.pr)=P(p*.V* p}). (5.28)
o= %a* (5.29)

and hence we have for the extra-stress tensor

* * Ty
XZ
Tyx Txy e
Txx  Txy Txz n .
T

——— * * vz

Tyx  Tyy Tyg = T ryx ryy e (530)

T. Tyy T

X zy 44 28 rj“ o*
3 £ 44

30ne notes a difference of a factor of 1/2 between this equation and equation (5.9). This is
convention-dependent. We use the convention used in Rauscher et al. (2005). In comparing both
cases, it suffices to assume that the additional factor has been absorbed in the definition of the
viscosity 1, see Eq. (5.25) below.
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where the * denotes dimensionless quantities. We note that this scaling prescription,
although physically motivated, is not the only one used in the literature, see e.g.
Khayat (2001), Zhang et al. (2002).

With this scaling we obtain the dimensionless dynamic equations in the following
form:

du;
e?Re— = = &% (0T + By Tyi) + 0ot — B (5.31)
for i = x, y. For the normal component we have
4, dug 5
& REW =¢& (axTxZ + ay'fyz + azTZZ) - 8ZPR (532)

again with the Reynolds number Re = oU L /7.
The non-dimensionalized Jeffreys model is given by (i = x, y, z),

Tip + A0 Ty = 2(0;u; + X20;0;u;) (5.33)
Tyy + A10;Txy = Yy + 220 Yy (5.34)

with yyy = dyuy + dyuy, and
Tiz + M3 Tip = ;u; + A2d; i + (ug + Aod;djuy)e” (5.35)

withi =x, y.

The boundary conditions for this problem apply in the same form as they were
formulated in Chap. 4, since there we used already a general form for the extra-stress
tensor, hence no additional steps are needed in the derivation.

We can now move on to the thin-film equation. For the parallel and normal mo-
mentum equations we have

0,77 = 0; p, d,p=0, (5.36)

for i = x, y. The equations of the Jeffreys model either do not contain ¢, or second-
order terms which can be dropped and the lowest-order be read off immediately.
The boundary conditions at the film surface z = h(x, y, t) are to leading order given
by

pr=—Vih+¢'(h) (5.37)
dchte, + dyhty, =0 (5.38)
dchty, — dyht, =0 (5.39)

For V| h # 0, we have 7, = 7y, = 0. Since the flow field u, the pressure p and
therefore & do only depend on 7y, and 7y, we have a closed system of equations
for the variables u, p, h, t,; and Tyz.

As before we can at this point now pass on to the integration of the equations.
According to the normal component of the momentum equation, pr is independent
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of z. Integrating the parallel components of the momentum equation with respect to
z from z to h yields

Tiz = (2 — h)0; pR. (5.40)
Substitution of this result into the constitutive equation yields

(14 2281)3;u; = (1 +219)[(z — h)d; pr] (5.41)

which can be integrated from O to z, making use of the boundary condition for u;
and the value of 7;; at z =0,

2
(1 + A20,) (u; +bhd;ipr) = (1 + A19;) [(% - hz) 31‘171&'} (5.42)

Integrating this result now once more from z = 0 to z = h(x, y, t) we obtain a some-
what lengthy expression

h
1+ kﬁz)(f dzu; + bhzaipR> — A0th(uil;=p + bho; pr)
0

h’ h?
=—(1+)L18t)<?8ipR>+A1?8,h8,-p1g. (5.43)

With the use of the kinematic condition (4.22) we obtain the expression

Oh + 1a[82h + V) - (gl .=pd )]

h3
=Vj- {|:(1 +)\18t)? + (1 +)»23,)bh2

2
— <h7)»1 +bh)»2>3,h:|V|(pR)} (5.44)

In order to close the equation, we have to find an expression for u|,—; in terms
of h(x,y,t). Observing that Eq. (5.42) can be written as an ordinary differential
equation in time

uj +Aoiu; = gi (5.45)

where

2
gi =—(1 4 A0:)bho;pr + (1 +)»13[)|:<% — hz>aipR] (5.46)

we can represent the solution in the form

t

1
U =— dt’exp(—
A J 0o

ntd (xoyaat) =~ Llgi] (5.47)
" 8i\X, Y, %, —)Lz 8il- .
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This result can now be simplified by partial integration to yield

h? h?
Ay l=p = —<)»1 >+ kzbh) Vipr+ (A2 — M)(le - hR||>, (5.48)

where we have
1 1
Q)= —L[V)prl, Ry = —L[hV|pr], (5.49)
%) A2

or, equivalently,
Q) +A20,Q) =V pr, R+ 20 R =hV)pr. (5.50)

Putting it altogether, we end up with the following expression for the lubrication
equation for &, which needs to be considered together with the equations for Qj
and Ry, (5.49) or (5.50):

h2
(1 +2120:)0:h 4 (A2 — A1)V - |:<7Q|| — hR||>3lh:|

3
=V~ {[(1 +Ala,)%+(1 +)»28,)bh2]V|pR} (5.51)

After this little four de force in deriving the thin-film equation for a Jeffreys fluid
in the lubrication limit, we can pause a little and observe some of its properties than
can be immediately read off.

Firstly, we note that the dependence of the Jeffreys model on higher-order deriva-
tives of the stress and strain tensors is reflected by a second-order derivative of the
film height with respect to time. Mixing of space- and time derivatives makes the
equation considerably more complex than for the purely viscous case.

Secondly, some limiting cases emerge. For A, — 0, the equation collapses to
a single equation which corresponds to a Maxwell model with only one stress
tensor contribution. In the case of A1 = Ay, we recover the thin-film equation of
a Newtonian liquid, multiplied by a factor of (1 4+ A19;).

5.2.2 Strong Slip

In this section we complete the description by deriving the analogue for viscoelastic
liquids of the strong-slip equation for viscous liquids. The derivation turns out to be
much simpler than for the weak-slip case (Blossey et al. 2006).

As for the purely viscous liquid, the main difference between the weak-slip and
the strong-slip case resides in the scaling. Taking again, as we did for the viscous
strong-slip case, the basic length scalings as

7= HZz", (x,y):(Lx*,Ly*), b= Hb*, (5.52)
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and assume the usual scaling ratio ¢ = H/L < 1 and time T = L/U. The stress

tensor scales as
Ui . .
U= T 1= (5.53)
for the diagonal components, while for i # j we have

n . .
Tij = ﬁ‘c;;, i=j (5.54)

The scalings thus are as in the viscous case of strong slip. Also, for the derivation of
the thin-film equations, our starting point is the ansatz

(u, w, h, pr, Tij) = (o, wo, ho, pro, Tijo) + &>, wi, ki, pri, j1).  (5.55)

To leading order one has

Tyz0 =0, (5.56)
(14 X20;)0,u0=0 (5.57)

with the solution
o, wo = c(w, z) exp(—Aat). (5.58)

We select the solution ¢ = 0 since any other solution would correspond to a strong
prestressing of the film at times t — —oo (a point to which we return in the discus-
sion of experiments). Therefore, wyg = f(x, ¢), and from mass conservation we have
0y f = —0;wy, hence wy = —z0x f. Thus

(I + 219720 = —(1 4 220:)0x f (5.59)

which in integrated from reads as

2 [0 ,
T =~ / dt' e (1 4 220,)0x f = —Texo.- (5.60)
—00

To solve for f(x,t) we need to make use of the next order which gives
Re* (9, + f0x) f = 0xTux0 + 0;Txz1 = —0x PROs (5.61)

where pro = —0xxho — T;z0. This can be written as

4 t ,
Re* () + f0y) f = 0:Tyz1 + Oecho + A—ax f dt' "= (14 220,)0x f. (5.62)
1 —00

From the boundary condition at the free surface we find to second order

((TxxO — Tzz0) + szO(ath))(ath) = Txzl (5.63)
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and
Tyz1 = —2(0xh0) T220- (5.64)

It remains to determine the second-order result from the boundary condition at
the substrate. We have 14,1 = f/B and can now integrate Eq. (5.62) with respect to
z across the film from O to &y and obtain the following system of equations, where

q=—Tz0/2:

hRe* (du + udcu) = hd,[d2h — ¢ (h)] + 8, (4hq) — % (5.63)
(1+219:)g = (1 + A20;)0xut, (5.66)
0:h 4 0, (hu) = 0. (5.67)

We can conclude that the generalization of the strong-slip system of equations in the
case of the Jeffreys model is very natural—which is quite a contrast to the weak-
slip case, in which the resulting equation looks quite complicated in the viscoelastic
case.

We will now see what can be learnt from the equations, and we do so but first
studying the dispersion relations for a thin film.

5.2.3 Dispersion Relations

Does viscoelasticity have an influence on film rupture? This can be checked by
looking at the dispersion relation, as before, for the case of spinodal dewetting.
For the weak-slip equation, one assumes

h=ho+6hy, 0=4601, R=0R (5.68)
with 0 < § « 1, and
(h1, Q1. R1) = (1, Q1. Ry)e' T+, (5.69)
The resulting dispersion relation w(g) can then be expressed as
(I +rw)e=oy(q)(+ Aw) (5.70)

where

wn(q) = M (ho)S2(q) (5.71)

is the dispersion relation of the Newtonian thin film. The parameter A is given by

(a1 — AR

A=+ .
27 + 3k

(5.72)
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Equation (5.70) has two branches of solutions, one of which is strictly negative and
one which has the same sign and zeroes as wy (¢g). Since furthermore the wavevec-
tor ¢ does not enter explicitly in the equation for w(g), also the fastest mode is
unaffected by viscoelastic relaxation. The instability is therefore the same as for a
Newtonian film: in the weak-slip case, viscoelasticity has no (immediate) effect on
film rupture.

For the strongly slipping film, we put

h=ho+6h, q =94q1, u=23du (5.73)
and we are led to the dispersion relation
(14 r1w) (hoRe*® + B~ o + 4hog* o (1 + haw) — h3Q(g) (1 + 1) = 0. (5.74)

Again, one finds a solution branch with the same zeroes as €2(g)—also here, the
range of wave-vectors is unaffected by viscoelastic relaxation.

However, in contrast to the weak-slip case, the most unstable wavevector g, is
now modified. Considering for simplicity the case Re* = 0, it fulfills the equation

1L+ M BhGd,

4Bh3qt + h2(2q3, + V" (h 5.75
B 09m o( dm ( O))1+k2,3h%qj1 ( )
In the limit A1, Ap > 1, and 8 > 1 we find
2 "
2 0 0 V" (ho)o Al
__¢ _ e , 5.76
Wm="3"\16 4 ®= Bhons (5.76)

We note that the result depends on the combination of systems lengths ~ ko8, and
that the most unstable mode diverges for 8§ — oo, a result also found by Kargupta
et al. (2004) already for the case of a Newtonian liquid. Hence slip does strongly
affect the most unstable mode.

In the case of a viscoelastic film discussed here, there is the additional depen-
dence on the relaxation parameters A1 an A,. But as we see in the expression

©= Bhon

the parameters are so intertwined with the slip length that, at this level, slip and vis-
coelastic effects are difficult to disentangle. We therefore move on to the dewetting
rims in viscoelastic thin films.

(5.77)

5.2.4 Dewetting Rims

In this subsection we look at whether for a weakly slipping viscoelastic film, the
profile of a dewetting hole will display oscillations or whether viscoelasticity alone
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can bring about a monotonous rim profile. We will do this calculation in two dimen-
sions.

Technically, the problem is identical to what we have discussed already in
Chap. 4 for the viscous case. As before, we shift to a comoving frame, & = x — s(¢),
but now for the three functions

h(x,1) =h(§,1), Qx,1)=Q(, 1), R(x,1) = R(,1) (5.78)

where Q and R are the first components of Q| and Ry, respectively. This yields the
following fairly unwieldy expression

h — $0¢h + A2 (37 h — 253, 9¢h + §202h — §deh

)
+ (ha — A1)k [(a,h - Sagh)( 0 - hR)}
3

h3 h
= 0; [—<? + bh2> Zh — (3 — sagh){ (Al 3+ /\zbh2) agh” (5.79)

together with

Q + 220, Q — 130: Q = —0Zh (5.80)
and

R+ 120,R — A3§0¢ R = —hZh. (5.81)

‘We now perturb around the flat reference state with sy = const., Q = R = 0, setting
h=ho+dp, 0 =46y, R =48y (5.82)

and, in addition, assume a quasi-steady state in which the shape of the rim changes
only slowly and the speed s is constant. Keeping only the lowest order terms in §
we find

. 20 hy 5 hy 5
—$0c@ + A2s"0: 9 + +bh SS(p—s A= 3 +)L2bh Bsgo 0 (5.83)
and
Y1 — AaSog Yy = —3§§0 (5.84)

Y2 — MaSdg Y = hodg. (5.85)

Since Eq. (5.83) does not contain any contributions from v; and v, we can simply
solve it by making the normal mode ansatz ¢ = exp(wé&), requiring that the solutions
decay for ¢ — 0 since h — hg, @ =0 and R =0 as § — oo. Hence, the solutions
must always have an w with a negative real part.
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However, we find that in the resulting growth equation
: : h(?; 2 3 : h?) 2 4
-5+ Arsw + 3 +bhy |w” — )»1? + Aobhj ™ =0 (5.86)

all coefficients are positive constants. We can therefore conclude from the form
of the polynomial that normal modes with negative w never occur. Consequently,
the solutions have to have oscillatory behaviour, as in the case of a simple
Newtonian fluid film. Viscoelasticity alone (at least of Jeffreys type) cannot bring
about a monotone rim profile.

5.3 Beyond the Jeffreys Model

5.3.1 The Corotational Jeffreys Model

In this section we discuss a further extension of our viscoelastic model, its corota-
tional generalization, as alluded to before (Miinch et al. 2006).

~ DJ? P DJ);;
A — = Ay ——— 5.87
T+ 1D]t (V+ 2Djt> ( )
where here
D/A _dA + 1(AT\ A) (5.88)
= - —_ w .
Dyt dt 2

is the Jaumann derivative, with the rate of strain tensor ? and the vorticity tensor
®=Vu—Vu’. (5.89)

Here, as before, d/dt = 9; +u - V. This model is one of a class of generalizations
of viscoelastic flows, involving generalized time-derivatives, reflecting the allowed
transformation properties of the involved tensorial fields. The simplest case consists
in a convected derivative, which corresponds to a coordinate base is transported
along with the flow (upper convected or contravariant convected derivative). If the
unit basis is chosen normal to coordinate planes, one obtains the lower convected
or covariant convected derivative. Both bases translate, rotate and deform with the
material during its flow. Our choice of time derivative corresponds to a linear com-
bination of these bases, in which the resulting basis then rotates with the flow, but
does not deform. For a much more detailed discussion of the different viscoelastic
models, we refer the reader to Byron Bird et al. (1987a, 1987b).

We again restrict the calculations to the 2D-case and use, as before, the veloc-
ity field components (x, w) and employ the strong-slip scaling. In this scaling, the
friction between the liquid and the substrate is too weak to maintain a non-zero
(xz)-shear stress to lowest order, and lateral pressure gradients are balanced by the



5.3 Beyond the Jeffreys Model 103

(xx)-component of the stress tensor. The dimensional stress tensor reads, in terms
of the non-dimensional components, as

m Xx é‘[”
? %.L.xz T

The dimensionless corotational Jeffreys model can then be written as

d 1
(1 + A E)T“ — A <8—281u - 8xw>7:xZ

d 1 2 2 2
=201+ 205 ) aeu — rop = (0002 — 2@w)? ), (5.90)
dt g2
l—i—)»li % 40 l814—8w L
dt g2 ¢ *
d 1 22 2
=2u 1+)»25 o, w—+ A 8—2(3zu) —&7(3yw)” ), (5.91)

d A
(1 + A E)T” + 7(8zu - szﬁxw)(t” — rZZ)

d
= M(l + AZE>(BZM + e, w) + Azu(azu - 828xw)8xu. (5.92)

These equations are coupled to the hydrodynamic equations, as before:

Oxu + d;w =0, (5.93)
2 *du 2 2 XX Xz
&°Re i —&°0yp+e°0,T + 0,77, (5.94)
and
2, xdW xz 2z
g°Re"— = —0,p+ 0, T + 0,7°°, (5.95)

dt

where Re* = Re/e? is the reduced Reynolds number. Finally, the corresponding
scaled boundary conditions at the film surface z = h(x, t) are given by

g0y 2T — 20, hT** 4 7% dxxh
_ = 5.96
PR+ 1+ 2(35h)? (1+e2)32 (5.36
and
(1 — 2(8:h)?) — e28,hT = 0. (5.97)

In the last equation, we have introduced the first normal stress difference T which
is commonly also denoted by Ny,

T= Ty — Tyz- (5.98)
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For the expansion, we assume

(u, w, h, p, ‘L'ij) = (u(), wo, ho, PRO, Téj) + 82(14], w1, hi, p1, T{.j) + 0(84).

(5.99)
To leading order we have
d,up=0 (5.100)
or
= i—?azwo. (5.101)
Further, we have
dxup + 9, wo =0, (5.102)
9,75 =0 (5.103)
d;PRO = dx Ty~ + 8, 75", (5.104)
and the leading-order boundary conditions at z = h¢ are
=0 (5.105)
PRO — 2<%r” - Bxhorgz> ~+ dxxho =0, (5.106)
0tho — wo + updxho =0. (5.107)
Leading-order boundary conditions at the substrate are:
wo =0, ¢ =0. (5.108)

Integrating Eq. (5.103) with respect to z we find the last result to hold generally.
With the constitutive equations and the boundary conditions we obtain the plug flow
condition d;ug = 0. Then

d* d*
(1"‘)\.15)1’6”:2(14‘)\.25)3)(140, (5109)
d* d*

where d*/dt = 3; + ugdyx + wod;. The pressure at the liquid surface is given by
por = 7§° — dxxho. (5.111)

The next-order (O (¢2)) u-momentum equation is

d*
Re*auoz—  POR + 0x Ty + 3.7y (5.112)
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Using the pressure term and denoting ug = f(x, t), we obtain
Re* (3 f + for f) = 85T + O (exho + @) + 8.7} (5.113)

Integrating the last equation from 0 to ¢ we find, upon employing the slip-boundary
conditions to the next order, 7;* = f/p;,

hoRe* (3, f + fox f)

ho
=0y / dzTo — T0lz=hyOxho + hodx (8xxh0 + ¢/)
0

+ 7 =ng — i. (5.114)
Bs
The next-order tangential stress boundary condition at the film surface is
7% =Tgdxho. (5.115)
Hence
ho f
hoRe™ (3 f + for f) =, / 4zt +hodk (ducho + ) = - (5.116)
0 s

From the Jeffreys’ equations we obtain an equation for 7p:

(T4 2X10; + A1 f0x — A120x f0)T0
=4(0c f +220,0c f + 22 (0x f)* = A28y £ 3,0, f ). (5.117)
We now define a film average S of 7g as

1 [l

S=—
4ho Jo

dzTy (5.118)

Denoting the rhs of Eq. (5.117) as G(x, t), and integrating with respect to z yields
4hoS + A10:(4hoS) + X1 f0x (4hoS)
+ 21 (4h0S)dx f — 21T0le=ho (dho + x (fho)) = hoG (x,1)  (5.119)

Making use of the kinematic condition to leading order, and of the definition of
G(x,t) yields

(I + 210 + A1 f02)S = (Ox + 220:0x + A2 f Oxx) f (5.120)

together with the lubrication equation

hoRe* By f + fx f) = 8x(4h0S) + hody (dxxho + ¢') — ﬂi (5.121)
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Several remarks are in order to interpret the result. First of all, the formal result
for the lubrication model shows a remarkable similarity to the result for the Jef-
freys model. Two differences arise: the stress tensor is replaced by a more complex
average which involves the film height itself; second, the material law now con-
tains spatial derivatives, which was to be expected, of course. But in Eq. (5.121)
only advective nonlinearities arise, and not the corotational nonlinearities. This im-
plies that the use of upper or lower convective nonlinearities replacing the Jaumann
derivative we used, which would lead to the Oldroyd models A and B (Byron Bird
et al. 1987a, 1987b), will lead to the same result for the two-dimensional thin-film
equation as we have obtained it before. Our formal result thus assures us that on
the level of complex rheological models with strong slip, the form of the equations
remains generally valid.

5.3.2 Confrontation with Experiment: A Phenomenological
Modification of the Jeffreys Model

In the previous section we have seen that viscoelastic effects alone cannot be at the
origin of the shape change of the dewetting rim profile, while as we know from
the previous chapter, a sufficiently strong slip even without viscoelasticity induces
a monotonously decaying profile. The question therefore arises in what situation
viscoelastic effects can be less ambiguously observed.

So far we have tacitly assumed that the polymer film under study is in a fluid
state. This is, of course, only the case at elevated temperatures (see Appendix A).
For lower temperatures—in particular, ambient temperature—the polymer film is
a solid, albeit not a crystalline one, but a glass. Therefore, there is a characteristic
temperature T, below which the film is to be considered glass-like. We will discuss
the glassy properties of polymeric films in the subsequent section in some more
detail.

Upon approaching Ty, the films certainly become more solid-like, and hence pre-
sumably viscoelastic effects will become more prominent. This certainly does not
yet say that the model we have chosen, the Jeffreys model, is at all an adequate one.
As discussed before, the Jeffreys model has two viscous, and one elastic regime.
Are these properties reflected in experiments on polymer films near the glass tem-
perature, and what is observed? These problems have been addressed in a series of
papers by G. Reiter, P. Damman, E. Raphaél and their collaborators (Reiter 2001;
Reiter et al. 2005, 2009; Gabriele et al. 2006a, 2006b; Damman et al. 2007; Hamieh
et al. 2007). We here discuss some of their results, as relevant to our foregoing dis-
cussion.

Reiter et al. (2005) performed experiments on polymer films which had been
submitted to an ‘ageing’ process whereby the films were cooled to a temperature of
50 °C for increasing time. Independent of the ageing process, the holes form rapidly
(in times <100 s). The number of holes, however, decreases exponentially with age-
ing time. Dewetting experiments on these samples yield characteristic rim profiles
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h(z,t) W(t)

L(t) W) x In(t/to)

Fig. 5.2 Rim evolution with residual stresses, after Reiter et al. (2005) and Vilmin and Raphaél
(2006). Left: the monotonous profile of a rim developing in the aged film. Definitions of lengths
used in the text, in particular the time-dependent rim width W (¢). Right: evolution of W (z),
schematically after both experiment and theory where an exponent o = 2/3 appeared as reasonable
choice. The profile goes through a maximum. Note that the time-scale is logarithmic

that decay monotonously towards the flat film. Figure 5.2 shows such profiles taken
after different dewetting times. The left graph in the figure explains characteristic
lengths of the profiles that can be defined.

The rim width for short times increases logarithmically in time until it reaches
a maximum and then decreases again. This behaviour is qualitatively reproducible
from the Jeffreys model. Numerical calculations in this case however, have to be
based on an important modification: the introduction of a (phenomenological) non-
linear friction force at the substrate (Vilmin and Raphaél 2005, 2006; Vilmin et al.
2006). Starting point is Eq. (5.65) for the strong-slip viscoelastic thin film model, in
which the intertial and the capillary terms have been dropped. By contrast, the lin-
ear slippage term has been phenomenologically generalized to a nonlinear function
introducing an exponent 0 < o < 1, which for & = 0 covers the strong-slip model.
This step yields, in a two-dimensional setting,

cuu'" =3, (hq) (5.122)

together with the Jeffreys law and the conservation law of Eq. (5.65). Here, ¢ = n/b
is the friction coefficient of the film on the substrate and u a characteristic velocity
above which the friction is nonlinear.

This model has been employed for studies of the case of a linear dewetting
front. In this case, the radius of an expanding hole is replaced by the dewetted dis-
tance L(t), whereby L(t = 0) = 0. At the film edge, the stress has to fulfill the
relation

h(L)q(L) = —|S| (5.123)

where S = o5, — (051 + 0yy) 1S the spreading parameter, see Part 1. As initial condi-
tions, one can prescribe a quiescent film of height 19 =0, u(w, t =0) =0.

An important difference then remains for the initial condition on the stress q.
Either one assumes a relaxed film—as we did in the derivations of the thin film
equations—or a residual stress with a constant value, gg.
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For short times these equations can be solved analytically, while for long times
one has to resort to numerical solutions (Ziebert and Rapha&l 2009a, 2009b). With-
out initial residual stress, we have to solve with ¢ = 2nd,u

cu®u' =% = 2nhod>u. (5.124)

For o = 0, the equation yields an exponential velocity profile

ux, 1) = Ugexp — =& (5.125)
V2W

where L is the dewetted distance, L(t) = 0, and W, the characteristic rim width.
With the boundary condition (5.123) one finds the initial velocity Uy, and has

[S] 771’10>1/2 172
T @utho) 2 ‘ ( ¢ (ho) (120

with the slip length b. For nonlinear friction, o # 0, the velocity profile reads as

o x—L
(5.127)

u(x,t) = U, <1 - =
¢ 2 ﬁWO,O(

forO<x—L < 2\/§W0’a/oz, and u(x) = 0 elsewhere. The corresponding scales of
velocity and width are modified accordingly to

2 —a\ U2V
Uo,a=[< 5 )ﬁ—g] (5.128)
and
2o\ ULV
WO,aZWOI:( ) )ﬁ_a:| . (5.129)

The height profile at short times obeys 9, = —hgd,v(x) and fulfills for linear and
nonlinear friction, respectively, the expressions

h(x. 1) h[1+ Dot ( X_L)] (5.130)
x,t)=hy xp| — .
V2w P\ V2w
and
Up ot o x—L &0/
h(x,t)=h0[1~|— : (1——7> (5.131)
\/EWO,(Y 2\/§W0,a

In both cases the rim builds up with time i (L(t),1) o t.

If a residual stress is present, the equations need to be solved numerically. Fig-
ure 5.2 shows the non-monotonous behaviour of the rim width which develops. As it
turns out, both the nonlinear friction term, and a residual stress are needed to repro-
duce this experimental feature, vindicating the use of viscoelastic models of Jeffreys
type, however, with some phenomenological modifications.
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5.4 Microscopics of Polymer Films

In this section we will descend—at least at little bit—into the microscopics of thin
polymer films. In the previous chapters and sections we have encountered two ele-
ments that lead us beyond ‘simple’ hydrodynamics: the slip length and its variation
with surface preparation, and the behaviour of thin films when the glass temperature
is approached: here, viscoelastic effects become important. Hence we have to take
a look at what happens in the films around 7 = T. Slip and glassy behaviour will
thus be the topics of the next two subsections.

5.4.1 Microscopics of the Slip Boundary Condition

What happens at the solid substrate on which the polymer film has been coated?
How can we influence the slip length? This question has already been addressed
some time ago by Brochard and de Gennes (1992). The task at hand is to find ex-
pressions that relate the ‘macroscopic’ slip length to ‘microscopic’ properties of the
substrate. Starting point is the slip formula

b=—| =— (5.132)

where ¢ is a friction coefficient, which we can relate to the shear stress T via
¢=1/v. (5.133)

For an ‘ideal’, smooth surface, the friction coefficient would be that of a fluid of
monomers, { = {,. In an entangled polymer melt, the melt viscosity can be huge,
such that values of b ~ 100 um are possible; however, such values are rarely en-
countered. This means that surfaces are usually not ideal; most importantly, it may
be that the polymers interact locally with the surface.

One possibility to consider is a surface on which polymers are grafted. Several
limits appear possible depending on grafting density and chain length of the grafted
polymers; the most interesting regime is the one in which the polymers have long
chains that do not overlap, the so-called mushroom regime, see Fig. 5.3. At low
velocities, the polymers are essentially curled up to spheroids, while at larger flows
they become elongated and stretch in the flow. In all situations, however, the grafted
chains are not entangled among themselves.

In this case, one can write the imposed shear stress on the polymers as

d
r=nZ = v+ VF, (5.134)
dz
whereby the first term describes the weak friction due to monomer wall interactions
with
g m
oy ~ — ~ — (5.135)

a a
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Fig. 5.3 Left: definition of L D
and D for an elongated chain >
under a velocity v ~ v*.
Right: two polymer ‘
mushrooms

L

where a is the size of a monomer and 7; hence the viscosity of a liquid of monomers.
The second term is proportional to the elastic force F on the stretched chains of Z
monomers per grafted chain, where v is their number per unit area. Writing down
this expression, we assume that we treat the chains as non-overlapping, and we can
thus already learn something by just considering a single chain with the geometry
shown in Fig. 5.3: a chain of diameter D and length L.

The elastic force on such a chain is, for an ideal chain, given by

3kT kT
F=—2L%— (5.136)
R; D
where Ry = v/ Za is the coil size. In a slow flow, for L < Ry, the chain is largely
curled up to a ball of size Ry and the friction force associated with it is given by a
Stokes law

F ~nRyv. (5.137)
For larger velocities and strong elongation, L > Ry, it turns out to be replaced by a
similar law, replacing coil size by elongation L:

F~nLuv, (5.138)

so that one can sum up both regimes by the extrapolation

F=—0 1 (5.139)

V14 (Ro/L)?

Equating now the elastic force with the elongation or friction force, one finds the

law

v*

V= (5.140)
V1+(Ro/L)?
where
kgT kT
T (5.141)
nR; nZa

Thus, for v — v*, the elongation L formally diverges, which is of course cut off by
the finite size of the polymer at a value L*.
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Fig. 5.4 Chain elongation L
and slip length b as a function
of velocity showing the three
regimes discussed in the text:
entangled, marginaland |  F/ =
disentangled regimes. Drawn P e
after Brochard and de Gennes __________

*

~

(1992)

But what happens for v > v*? In fact, the chain does not yet disentangle, but
enters a so-called marginal state. If one assumes a friction law of Rouse type

F=2Ztv (5.142)

which sums up individual contributions of each monomer, a shorter elongation is
found by balancing to the elastic force:

Lp=L"" (5.143)
v
where
kT
v =———L" (5.144)
Z51 Ry

The velocity v >> v* so that there is a whole interval of speeds in which the chain,
after disentangling beyond v*, shrinks in size L (or broadens to a diameter D > D*)
before it completely disentangles into a state with L > L* when the velocity vy is
passed. This behaviour is summarized in the top half of Fig. 5.4. The different slip-
length regimes predicted by this theory could qualitatively be seen in the experi-
ments by Migler et al. (1993), Léger et al. (2006).

We can now transfer this result to the behaviour of the single chain to the grafted
surface, Eq. (5.134), and deduce the slip length behaviour. At very low stresses one
finds a friction coefficient

§0 =&m +vnRo ~ v Ry. (5.145)
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The slip length is then given by

1
bo= "~ —. (5.146)
o VRo

In the marginal state L = L* the force has a fixed value F*. Neglecting again the
¢m-term, possible because of its small size, one has

e *vaT N
T=1 =VvF NFL. (5.147)

0

The slip length now is a linear function of velocity

n

b=b(v)=—v, (5.148)
o

hence a linear function of velocity v. In the completely distentangled regime the slip
length then is given by the expression

n

b=bo=—1
OO §m+V§]Z

n
N — 5.149
Cm ( )

since in this regime ¢, dominates. The slip length thus reaches a plateau.
To summarize these results, we write L(v) for the elongation law of the single
chain, drawn in the top half of Fig. 5.4. Then we have from the stress law

LI (5.150)
T=(uv+—5 L) =n—o7 :
fm R% nb(v)
and solve for b(v) to obtain
bv)= —1 (5.151)
C + vkT L(v) * :
m R% v

The result is shown in the lower half of Fig. 5.4. The slip length has a non-
monotonous behavior at low velocities before it enters first a linear regime and then
saturates.

The results from this section certainly can convince us that the description of
thin polymer films necessitates a proper (microscopic) modeling of the substrate-
film interaction, and for the case we encountered in our viscous flows this has yet to
be done. It may be expected that very recent experimental insights will further help
in this respect, see, e.g. Gutfreund et al. (2011).

In the next section, we go on to discuss ‘bulk’ properties of thin films: a bulk
which is strongly affected also by the free surface.
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Fig. 5.5 Sketch of the T,(°C)
behaviour of the glass
transition temperature T, as a 100

function of film thickness #,
as experimentally observed
for polystyrene (PS) films
with various experimental
techniques. The data show a
power-law decrease, see
Eq. (5.152) (after Roth and
Dutcher 2005)
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5.4.2 Polymers are Glasses: Ty of Thin Films

In this final subsection we enter contested ground—but in fact, we do have a hard
time in really touching it. As we had seen before, polymer films are usually not
crystalline in their solid state, and hence the transition between a solid and a fluid
state is glassy territory. There are numerous experimental observations relating to
the glass temperature of thin polymer films, and many theoretical ideas have been
put forward to explain them. ‘Idea’ is written here with a purpose, since at present
there is no consistent theory of the observed phenomena. This subsection can thus
neither fulfill the task to review all this material (which would easily fill a whole
volume on its own), and even less so can it present the ‘ultimate theory’ of T, in
thin polymer films. In the absence of a decent theory, all we will do is to review
experimental material and get an idea of the physics that might play a role.

Figure 5.5 sketches the general trend that is experimentally observed for the glass
temperature of thin polymeric films in the thickness range of 100 nm and less.
These data have e.g. been assembled by Roth and Dutcher (2005) who united re-
sults obtained with a variety of different methods, and for films of different molar
masses My,. Although the experiments still show a substantial scatter in T, below
thicknesses of 100 nm, the general trend of a reduction of 7} is followed.

In ellipsometry experiments the glass transition temperature is obtained from
monitoring the film thickness. Upon heating, the films expand thermally, and this
expansion usually encounters a discontinuity, visible in a soft kink in the expansion
curve. Since the phenomenon is not sharp, the precise measurement of 7, has by
itself a substantial intrinsic error. Typically, the data can be fitted to an empirical

expression
ho\°
Ty(h) = Tgb”lk[l - (7) } (5.152)

where values for § lie typically in the range 1 <§ <2.
We are here only concerned with supported films, but of course one can study
the same problem also for free-standing films; indeed, T, reductions turn out to be
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much larger in this case. The presence of the substrate thus does influence T, but for
fluids that only weakly interact with the substrate, such as polystyrene (PS) the effect
appears not to be essential. This is not true for other systems (i.e., combinations of
films and substrates), which can even lead to a reversal of the behaviour, i.e. an
increase rather than a decrease in 7.

The reduction of T, must be related to some mechanism (or several) related to
chain motion. Early models have been built on this premise (de Gennes 2000; Her-
minghaus 2002; Herminghaus et al. 2003). There is an ongoing debate whether the
effect affects the whole film uniformly, or whether a more mobile layer is present.
The situation is clearly complex also due to the different ways to probe the glassy
behaviour. Another quantity of relevance is the viscosity of the thin film. We had
seen in the previous chapter that the dynamics of thin film rupture critically de-
pends on viscosity, as it sets the timescale, and we had invoked fluctuation effects
to cure that discrepancy. There is, however, also a dependence of viscosity on film
thickness. This is e.g. reflected in the viscosity measured in dewetting experiments
by the analysis of power spectral densities (Yang et al. 2010) or by ellipsometry
measurements in cooling experiment on supported PS-films (Fakhraai and Forrest
2008).

Yang et al. (2010) have recently put forward the following reasoning in favor of
the existence of a mobile surface layer. Starting point is the temperature-dependence
of the viscosity of a glass-forming liquid is related to its glass temperature by the
Vogel-Fulcher-Tammann, VFT, relation

B
N(T) =nece™ 'k (5.153)

where B is a constant and Tk is the Kauzmann temperature. The latter is defined
as the temperature at which the configurational entropy of an ergodic, supercooled
liquid vanishes. For the PS used in the experiments by Yang et al. (2010), Tx =
288 K, while Ty pyx = 337 K; B = 1620 K. The experimental data on T (h) for the
experiment can then be fitted by the curve

Tg,oo

——— — AT
(1+ho/h)

where hg = 0.6 £ 0.1 nm, and AT =48 4+ 3 K, as in bulk. Therefore, also from the
viscosity measurements, the 7, reduction can be found as from thermal expansion
measurements.

If the experimental data of Yang et al. (2010) are plotted as /> vs 1/ T, the
Arrhenius curve

T (h) = (5.154)

3
h_’; — Aetkr (5.155)

with the parameters A = 165+ 7 Pas m3, and E=185+3kJ /mol, all data for the
thinner films within the range of thicknesses 2.3 nm < 4 < 9 nm can be assembled
on a single scaling curve, while the bulk data deviate from this line. If 7 is plotted



5.4 Microscopics of Polymer Films 115

vs. 1/T, the bulk data assemble on the bulk curve, while the all other data lie on
straight lines which follow the relation of an effective viscosity

h3

~N— 5.156
Neff 3(M, + Mj) ( )

where the denominator contains two mobilities of a bulk and a top-layer. This re-
lation follows from the assumption of a bilayer model for the film with a bulk-like
inner layer and a more mobile surface layer. The experimental results are then ex-
plained by the fact that for the thin films the mobility of the thin surface layer dom-
inates, hence

h3
3M,’
In addition, the model by Yang et al. (2010) requires a finite thickness of the mobile
surface layer which does not require a critical thickening as proposed in alternative
models.
This ends our discussion of microscopic effects. Those interested in still better

founded theoretical models, either from the point of view of hydrodynamic theories,
or from more microscopic (‘kinetic’) approaches, are directed to Appendix D.

Nefr & (5.157)



Chapter 6
Conclusions and Outlook

In this book we have developed the body of the theory of wetting and dewetting,
and in particular discussed the fundamental aspects of dewetting thin polymer films,
based on methods from statistical physics and hydrodynamics. Although the presen-
tation has by choice been restricted to fairly clear-cut situations—see the motivation
in the Introduction—we have seen that even then one is rapidly pushed to resort to
additional, often phenomenological approaches.

Even within the chosen limitations, we have not discussed everything that would
have been possible. The list of topics we have not touched is indeed long. In partic-
ular, there are numerous situations in dewetting that were discussed previously by
F. Brochard, P.G. de Gennes and their collaborators. To just name a few:

e dewetting under gravity control: (Brochard et al. 1988);

e liquid-liquid dewetting (Brochard-Wyart et al. 1993);

e dewetting between a porous solid and a rubber (de Gennes 1994; Brochard-Wyart
and de Gennes 1994b; Martin and Brochard-Wyart 1998);

e dewetting of a stratified liquid (Ausserré et al. 1995);

e inertial dewetting (Brochard-Wyart and Buguin 1999);

e Cerenkov dewetting (Martin et al. 2002)

. along list, and s#ill incomplete. Maybe the (somewhat) more rigorous approach
pursued in this book will lure some readers into a more detailed investigation of the
above topics.

But in this last chapter, our look goes ahead into other directions, for which
even less is known and established in terms of the mathematical description. In the
following outlook section I have chosen to briefly discuss five of these topics. They
are: finite geometries, evaporation, metallic films, polymers under external fields
and the dynamics of the cytoskeleton. In going from the first to the last example we
will pass from equilibrium to non-equilibrium phenomena.

R. Blossey, Thin Liquid Films, Theoretical and Mathematical Physics, 117
DOI 10.1007/978-94-007-4455-4_6, © Springer Science+Business Media Dordrecht 2012
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Fig. 6.1 Top: Droplets
attached to the corrugations
of a plastic cup. Botfom: An
increasing complexes is
expected in going from a
virtually infinite wedge (a) to
a periodic pattern of
wedge-shaped grooves (c).
The shape (b) is a
compromise between both.
Reprinted with permission
from Brinkmann and Blossey
(2004). Copyright by the
European Physical Society

6.1 Finite and Structured Geometries

In all situations covered so far in the book, except for the liquid dewetting phe-
nomenon discussed in the Introduction, the boundary conditions have been simple:
we could essentially ignore them, since we looked at infinite films. In every experi-
ment, of course, boundary conditions matter, and indeed this can be turned around,
as they can also be used to trigger the phenomenon in the first place. This becomes
most important when the systems under study acquire more complex geometries
than a mere flat substrate.

Two main directions have been developed in recent years without having ex-
hausted the subject as the variations are clearly manifold. The first is to look at
the instability of thin films (again mostly polymer) on structured substrates. The
most common examples are substrates containing stripes of different wettability.
The dewetting phenomenon then has to accommodate a new length-scale, set by the
wettability contrast (Kargupta et al. 2000; Kargupta and Sharma 2002; Ledesma-
Aguilar et al. 2009).

A second line consists of geometry-dominated effects, in which liquids are placed
on topographic substrates. We illustrate this line of research with the following ex-
ample, taken from the real world of coffee breaks. Figure 6.1 shows an ordinary
plastic cup which bears a corrugation. Some typical topographies are indicated at
the bottom of the figure (Brinkmann and Blossey 2004). The step geometry (c) in
Fig. 6.1 has been analyzed mathematically with analytical and numerical means. In
this case (as in many others) interfacial interactions are ignored: the study is thus
applicable to droplets in the micron range where both the gravitational and disper-
sion interactions are negligible. Figure 6.2 shows the studied geometry of a drop
attached to a step with opening angle «.
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Fig. 6.2 Top: Liquid cross
sections in a virtually infinite
wedge at different contact
angles, going from a
spreading to a droplet
configuration from (a) to (c).
Below: step edge wetted by a
drop. Several angles are
indicated to describe the
liquid geometry. Bottom: two
liquid configurations at the
step: a ‘liquid cigar’ (top) and
a ‘blob’. The liquid does not
spill over to the upper surface.
Reprinted with permission
from Brinkmann and Blossey
(2004). Copyright by the
European Physical Society
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The computational task is the minimization of the interfacial free energy

F =o1Ap + (015 — ous) Als (6.1)

under conditions of mechanical equilibrium, i.e. the fulfillment of the Laplace equa-

tion

2009k = p1 — Py (6.2)
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Fig. 6.3 Top: Morphology
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where « is mean curvature, see Chap. 4. Further, the Young-Dupré equation has to
be fulfilled at the contact line. Figure 6.2 displays the two characteristic emerging
topologies: a ‘blob’, a droplet localized at the step, and a ‘cigar’, a droplet which,
while also attached to the step, acquires an elongated shape along the step. Figure
6.3 summarizes the calculated profiles in terms of morphology diagrams.

6.2 Evaporation

Evaporation effects in wetting and dewetting phenomena have gained prominence
due to the famous ‘coffee spot effect” (Deegan et al. 1997; see also Parisse and Allain
1996), see Fig. 6.4. An evaporating droplet containing dispersed particles leaves a
fairly regular ring on a surface—indeed an everyday phenomenon, so much that it
takes a real experimentalist to notice it in the first place. The explanation of the
effect lies in that evaporation is fastest at the contact line which leads to a net flux of
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(a) H o — © +H

Fig. 6.4 (a) Coffee stain; (b) dried colloidal microsphere; (¢) salt deposit. The scale bar corre-
sponds to approximately 1 cm. Reprinted with permission from Deegan et al. (2000). Copyright
by the American Physical Society

particles towards the contact line where they become deposited. Mathematically, this
can be shown by invoking an analogy to electrostatics. An electric field at the contact
line diverges, and due to the mathematical identity of the Poisson and diffusion
equation this leads to a divergent particle flux at this point.

If the liquid making up a film is volatile, evaporation can also trigger film rup-
ture. In some cases evaporation effects can be modeled by a temperature gradient
across the film which adds a contribution to the effective interface potential; a de-
tailed theoretical discussion of this case are given in Burelbach et al. (1988); Oron
et al. (1997). From a conceptual point of view it becomes important to include ex-
change with the vapour phase, a point we could neglect in all of our discussions on
polymer films.! Quite generally, the contribution due to evaporation in the dynamics
of droplets or films are highly nonlinear and, in particular, very hard to control ex-
perimentally. A quantitative comparison between experiment and theory is therefore
a real challenge in such situations.

Evaporation effects in thin films have been discussed in the context of self-
assembly (Ohara et al. 1997; Ohara and Gelbart 1997; Archer et al. 2010; Samid-
Merzel et al. 1998; Thiele et al. 1998). One example for this phenomenon is the
assembly of porphyrin rings or wheels (Schenning et al. 1996). Porphyrins are bi-
ologically relevant molecules that form complex ring-shaped structures, hence an
understanding of their self-assembly is of importance. In evaporating solutions they
have also led to ring-shaped objects—raising the question whether the driving force
for the formation of these structures resides in the chemistry of the molecules or the
physics of the thin films. Their assembly turned out to be rather a mixed dewetting-
evaporation effect than a molecular one. The ring domains left on the substrate after
evaporation of the film could be monitored by NSOM (Fig. 6.5). A mathematical
model for the evaporating thin film could be developed which includes a highly non-
linear disjoining pressure due to the ‘recoil’ caused by particle loss of the film—this
is the dominant effect in this system. Based on experiments under different condi-
tions, a semi-quantitative morphology diagram could be deduced based on a varia-
tion of porphyrin concentration and evaporation times. Except for the basic effect,
the link between experiment and theory is still poor, however: it would still be real

UIn fact, this is also not entirely correct since in polymer films, at least in their initial stages when
volatile solvents are also present. We cautiously avoided to discuss this aspect.
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Fig. 6.5 Morphology
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challenge to quantitatively model and prove in experiment the different structure
formation processes and assemblies.

6.3 Metallic Films

Metallic films were indeed first used by Bischof et al. (1996), Herminghaus et al.
(1998) in order to study the phenomenon of spinodal dewetting, which was contro-
versial at the time in polymeric films, and another system was therefore nice to have.
From an experimental point of view, metallic films were of interest as a complemen-
tary system to polymers, since the involved surface energies and the viscosity are
significantly different between both systems.

Bischof et al. performed experiments on gold, copper and nickel films that were
thermally evaporated on fused silica substrates, at layer thicknesses of 25 to 50 nm,
with a chromium layer of a few monolayer thicknesses interlaced. The films were
then irradiated with laser light to induce dewetting. The experimental observation
was the co-occurrence of two hole types which were attributed to resulting from
heterogeneous nucleation and spinodal dewetting. Since no theoretical modeling
effort was undertaken, these first results were certainly not more than qualitative.
Herminghaus et al. (1998) then provided a quantitative analysis in comparison to
polymer and liquid crystal films, based on the Minkowski functionals.

Meanwhile these initial results have developed into techniques to tailor nanos-
tructures by making use of surface-dominated phenomena. The technique used has
been called Pulsed-laser-induced dewetting, (PLID) (Fowlkes et al. 2010). Beyond
being able to produce nanostructured surfaces, they also allow to investigate funda-
mental phenomena like liquid instabilities of Rayleigh-type which we discussed be-
fore (Kondic et al. 2009). Figure 6.6 shows two pseudo one-dimensional Nickel (Ni)
wires of different thickness exposed to laser irradiation. The bottom figure shows
how these wires disintegrate into droplets, and in particular details of the detach-
ment process can be captured. Metallic films or wires are thus both of application
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Fig. 6.6 Rupture of Original (55nm)

irradiated Ni nanowires. The _
detail shows tht? detachment 13nm thick 55nm thick
of a drop. Reprinted with
permission from Kondic et al.
(2009). Copyright by the
American Physical Society

13nm thick 55nm thick
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interest and represent yet another model system for which theoretical developments
are possible, as witnessed by a number of recent papers that have appeared on the
topic (Atena and Khenner 2009; Kondic et al. 2009; Trice et al. 2007, 2008; Wu
et al. 2010). For the mathematical modeling, e.g., thermal gradients due to laser
irradiation have to be taken into account, which goes beyond the mere interfacial
description based on capillary and dispersion interactions.

6.4 Polymers Under External Fields

Polymer films can display intriguing instabilities when they are placed under ther-
mal gradients or electrostatic fields; these processes are of particular interest due
to their technological relevance in the production of nanostructured surfaces. In the
case of polymers, the application of an electric field can still be covered, to lowest
order, by an interface description in which, alongside with the dispersion contribu-
tion, an electrostatic pressure (Lin et al. 2002; Schiffer et al. 2001)

pa = —g0gp(ep — DE), (6.3)
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Fig. 6.7 Electrostatic instability of polymer films. 7op: Schematic representation of a capacitor
device used to induce the electrostatic instability. Bottom: instability arising in the polymer film.
(a) Optical microscopy, (b) AFM. Reprinted with permission from Schiffer et al. (2001). Copyright
by the European Physical Society

is added, where the index p alludes to the polymer. The electric field in the polymer
film is given by

U

Er = d =, — i ©H

where U is the applied voltage and d the gap between the two electrodes, see Fig. 6.7
(top). The electrostatic pressure acting at the polymer-air interface causes an insta-
bility in the film. This instability has a well-defined wavelength, which from the
model can be determined as

12
A=2r (LJ E;?, (6.5)
eogpep — 1)

and is clearly visible from experiment, see Fig. 6.7 (bottom).

This instability can be put to use by employing a structured electrode. The poly-
mer film will then start to replicate the pattern imposed on the surface (Schiffer et al.
2000). Similar patternings can be achieved by the application of a thermal gradient
across the film. The origin of the underlying instability mechanism destabilizing the
film is still subject to debate (Dietzel and Troian 2009; Schéffer et al. 2003).
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6.5 Active Polar Gels

Polymer films have, as we have seen, viscoelastic properties. There are related sys-
tems which show viscoelasticity, but they are vastly more complex: cells crawling
at surfaces. The mathematical methods for thin films and polymers have been used
to develop first models for such systems. The models run under the name of active
polar gel: active, because the motion of a cell on a substrate is not like a dewetting
film which moves and ruptures under the action of ‘passive’ forces; it is an energy-
consuming polymer dynamics of the cytoskeleton that causes it. ‘Polar’ because the
polymers are oriented (actin) filaments to produce coordinated motion; and ‘gel’,
since it is a viscoelastic medium.

Kruse et al. (2005) have developed a hydrodynamic theory of active polar gels.
The starting point is the consideration of the stresses in the polar gel, which bears in
fact some similarities to liquid crystals. The proper generalization is the expression
(Joanny and Prost 2009)

T=2nu+vh —{Au. (6.6)

In this expression, the first term is the usual liquid term and the specific terms for
the polar gel are the two subsequent terms. In the second, 4 is an orientational field
which is related to the polarization field of the actin molecules via the differential
equation

h=KAP 6.7)

where K is the Franck constant. The polarization field p is thus the source of the
field &, and it has a time-dependence (a flux) given by
oP h ,
—=—+4v 6.8
at € v ©8)
where € is a rotational viscosity. The two coefficients v and v’ are related to each
other by Onsager symmetry relations.
Finally, the last term expresses the active property of the polar gel as it is deter-
mined by ATP-hydrolysis

AW =UATP — WADP — P, (6.9)

and ¢ is an activity coefficient, a material property of the cytoskeleton characterizing
the properties of the molecular motors.

Based on these elements, a full hydrodynamic theory of active polar gels has been
developed (Kruse et al. 2005) which bears strong similarities to liquid crystal theory,
as alluded to. Another key point in the development of the hydrodynamic theory is
the presence of corotational derivatives in the treatment of polarizations. For the full
body of equations, we refer to Kruse et al. (2005), and to the introductory paper by
Joanny and Prost (2009).
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6.6 Further Reading

This brief outlook ends this book. We close it with some hints at some general
literature for further study. A classic on wetting as it stood in the mid-eighties is
the review article by de Gennes (1985). The results of P.G. de Gennes and his col-
laborators are covered in the richly illustrated introductory book (de Gennes et al.
2005). Two recent reviews cover both the wetting aspects (Bonn et al. 2009) and the
dynamics of thin films (Craster and Matar 2009).



Appendix A
Polymeric Thin Films

In Appendix A we collect basic information on the physical chemistry of the poly-
mers that are used to make thin films, on the substrates and on the experimental
methods.

Polystryrene  The most commonly used polymer is polystyrene, PS, [CsHgl,,
see Fig. A.1. PS is one of the most widely used plastic materials. An important
aspect for the polymer properties is the structural arrangement of the monomers.
PS has different isomers which vary in their tacticity, the placement of the side-
groups. In isotactic polystyrene, all sidegroups lie on the same side, in syndiotactic
polystyrene they change position periodically, while in atactic polystyrene, their po-
sitioning is random. Most experiments described in this book were done with atactic
polystyrene.
Tacticity influences, e.g., the glass temperature T, of the polymer.

PMMA/PDMS  Other polymers used in thin-film experiments are PMMA,
Poly(methyl-methacrylate) [C50,Hg] and PDMS, polydimethylsiloxane,
[C2HgOSi], (see Fig. A.2).
The molecular weight M,, of a single polymer chain is determined by the poly-
merisation degree n and the molar mass of a monomer via
My = N Myono- (A.1)

For polystyrol, M,on, = 104 g/mol. If we pass from a single molecule to a distribu-
tion of chains, one can introduce the average molar mass

M, = Zn My (A.2)
N

where ny is the number of molecules of polymerisation degree N. Further, one
defines

My =) wyMy (A.3)
N

where wy = nyNy/M, is the mass proportion of molecules of degree N. The
polydispersity index is then given by M,/ M,,.
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Fig. A.1 Chemical formula
of PS
CH;—CH
i n

Fig. A.2 PDMS and PMMA <

A.1 The Substrates and the Surface Coatings

As substrates, most often Si-wafers are used, usually coated with oxide layers of
variable thickness. As discussed in the book, the thickness of the oxide layer is a
means to influence the effective interface potential.

Of prime importance are the surface coatings on top of these wafers, since they
affect the hydrodynamic boundary condition at the wall. Typically, the coatings
are made with self-assembled monolayers based on silanes (Brzoska et al. 1994).
These have an endgroup that covalently binds to the silicon oxide. If a sufficient
chain length of the silane is available, brush-like surfaces can be generated. For
this purpose, typically n-alkyltrichlosilanes with n > 10 are used. The most typical
example is octodecyltrichlorosilane CH3(CH3)17SiClz, OTS, which bears a chain
composed of 18 carbon atoms. Dodecyltricholorsilane, DTS, bears 12 carbon atoms
in the chain. PDMS can also be used to coat the substrate, in conjunction with an
elastomer. The surface density R of a coating is related to the average number of
grafted chains per unit surface, m, through m = R /a?, with a the size of a monomer,
a = 0.5 nm for PDMS.

A.2 Preparation and Measurement of Thin Films

Polymer films are usually produced by spin coating. In this procedure, a droplet of
the polymer solution (polymer and solvent, the latter of which evaporates) is put
on a rotating surface. This procedure works if the solvent wets the substrate; if it
does not, the film needs to be spin coated on a wettable substrate and brought onto
the unfavorable substrate e.g. by floating. In this process, the coated solid film is
brought onto a water interface and transferred to the wafer.

Measurement of thin films are done with ellipsometry and, most importantly,
with atomic force microscopy, AFM. The first technique relies on refraction of light
at the interfaces, while the second brings a atomic-scale probe into interaction with
the substrate.



Appendix B
Minkowski Measures

In the analysis of the dewetting images we have made use of the Minkowski mea-
sures from the field of integral geometry (Mecke and Stoyan 2000). Their use is
based on Hadwiger’s theorem which classifies the isotropic measures on compact
convex sets in d-dimensional Euclidean space. Every measure can be expressed as
a linear combination of d 4+ 1 fundamental measures. In two dimensions, there are
three possible measures of this type, one corresponding to area, a second corre-
sponding to perimeter, and a third corresponding to the Euler characteristic.

In our application, we have to consider two-dimensional height surface in three
dimensions, the film height 4 (x, ). Of course, one could analyse the patterns arising
in a rupturing thin film also by Fourier analysis, but this would only give information
on the second-order moments. It is therefore advantageous to define contour lines,
just as in a geographic map

Ch={x eR*| h(x,1) =h}. (B.1)

Cj, consists of closed planar lines, or loops, which can be parametrised by a con-
tinuous variable s. The Minkowski measures, or more precisely in our context,
Minkowski functionals are defined as integrals of the profile 2 (x, t). As stated above,
the first of them is the area F' (note that we drop the time-dependence in the follow-

ing)

F(h) = /A d*x@(h(x) — h) (B.2)
where
Z—Z = —/Ad2x |Vh1(x)|5(|x —Cpl) = —fAcﬂxa(h(x) —h). (B.3)
The second is the boundary length
Uh) = /Ad2x5(|x —Cpl) = fA d*x|Vh(x)|8(h(x) — h), (B.4)
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and finally the Euler characteristic
x(h) = / d*xi(x)8(|x — Cpl) = / d*xk(x)|VR()[§(h(x) —h)  (B.5)
A A

where k (x) is the curvature of the contour line at point x.
In our application, we have normalized the functionals in a different manner. This
is guided by an application to Gaussian random fields. For these, one has

(- ho>2
F(h)= F()( dxe 202 > (B.6)
\/_
_ (x—ho>2
Uh) =Upe 27 (B.7)
_ (s—hg)?
x(h) = xohe 2% . (B.8)
If one now normalizes according to
(hy=-2C_1 (B.9)
sth)y=————, .
oh U (h)
u(h) =InU (h), (B.10)
and
x(h)
h)="—- B.11
K (h) 0 (B.11)
one ends up with the simple algebraic expressions
s(h) =so (B.12)
u(h) = uo — hi(h — ho)* (B.13)
and

i (h) = k1 (h — ho)?. (B.14)



Appendix C
Numerics of the Thin-Film Equation

In this appendix we will give, for completeness, a schematic description of the al-
gorithm developed to solve the thin-film equation numerically which was used for
the results in Part I. We summarize the essentials of the work by Griin and Rumpf
(2000) and Becker and Griin (2005), and refer for a full description to these papers.
The Problem We consider the discrete solution to the problem
hy — V(m(h)Vp) =0, Qx(0,7), (C.1)
where
p=—Ah+®'(h). (C2)
The boundary conditions are given by the no-flux conditions
oh=0,p=0, ond2x(0,T) (C.3)
and the initial data
h(-,0)=ho(-), onS. (C4)
The mobility is given by the function
m(s) =s" (C5)

whereby, in general, n € (0, 0o) is allowed. Further, the interface potential ® (k) is
assumed to be bounded from below and supposed to be a composed as

®(h) = 4 (h) + D_(h) (C.6)

where & is a convex, ®_ a concave function, C! overR.

The Triangulation The domain 2 € RN for N = 1,2 needs to be triangulated
with simplicial elements, which for N = 2 are supposed to be rectangular. One
then defines by V' the space of continuous linear functions on each element E of
a triangulation 77. A function V € V/ is then uniquely defined by its values on the
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nodes of the triangulation 77. A set of basis functions dual to the set of nodal points
is given by ¢; € V! with ¢ j (x;) = &;;. Finally one defines a scalar product

(©, W), E/ 7(6Ww) (C.7)
Q
with Z; : C%(Q) — V! as an interpolation operator
dim v/
=) u(xj)¢;. (C8)
j=1

Time Discretization The time interval I = [0, T'] is subdivided in intervals
(tx, tx+1] with tg41 = tx + 71 for increments 7 > 0 and k =0,1,..., K — 1. An
implicit backward Euler scheme for Egs. (C.1), (C.2) is given as follows. Writing
the initial condition in triangulated form H 0 =T;hg € V!, functions H*t! € V! and
Pkl ¢ v for all k, need to be determined which fulfill the discrete equations

(H*! = H*,©), + (Mo (H') VP, vE) =0, (€9)
(VH, Vo) + (0L (H), ), + (9L (1Y), w), = (P, w), - (€.10)

for all ®, ¥ € V!. The destabilizing term &' is discretized explicitly in time,
whereas the stabilizing term &', is discretized implicitly; this is needed in order
to bound the energy at time 7 by the energy of the initial data. We now close by
sketching the construction of the discrete mobility, M, , and of VH.

Constructing the Mobility  The discrete mobility M, is a continuous mapping

|71
M, : V> ®RNXN (C.11)
k=1

from a function H € V! to an associated field of (N x N)-matrices (symmetric and
positive definite), each of which is constant on a triangulation element. Further,

VH = M,(H)VL,G, (H), (C.12)
where
Gols)= f Cdrgs () (C.13)
with !
8o (s) = /A Cdr[moe ] (C.14)

G is by construction non-negative and convex, and m, is an approximation to the
continuous mobility m, e.g., ms = m(max(o, h)) with o < 1.

The matrix M, is calculated, for N =2, by mapping it with the help of an affine
mapping A to a reference triangle E with nodes at (0, ae1, @es). The 2 x 2-matrix
is then given by

M = (3;0(H(0), H(@ie))), ;_ (C.15)
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with

1 Yy _d: -1
(yTx x m(,zs)) s XFY

mU(x)s x:y

olx,y)= (C.16)

Afterwards, the matrix is transformed back from Eto E via M =AMA~!. The
discretization procedure is then closed by expressing the term

M, (UK v PH Vo) (C.17)
with respect to the base functions ¢; in the form
LY (H) = (Mo (H)V 1. V)" (C.18)
so that finally the equation to solve can be written as
H — H* 4 oM LY (HSY [ M L T 0l (HETY)
+T7id"(H")] =0, (C.19)
with the base scalars
My, = (@ b)Y (C.20)
and
L= ((Vér. Vg)im". (C21)

The final step then is to set up a Newron method to solve the fixed-point problem

B(HS ) =0 (C.22)
for
B = B — b L () [ )
+ T (HE) + Tie! (1Y), (C.23)
setting H ) = HI.



Appendix D
Towards ‘Better’ Theories of Viscoelastic
Thin Films

In this final appendix we close the book with a look further on to better models in the
hydrodynamic description for non-Newtonian fluids. All our discussion was based
on a phenomenological approach by employing the Jeffreys model. We have seen
that a more ‘microscopic’ knowledge is required for a comparison with experiment.
In this appendix we ask whether we can we make our models more realistic for the
problems under study, or at least justify them better.

We go into two aspects of this question, both of which are related to better
descriptions of the fluid’s stress tensor, as it enters into momentum equation, the
Navier-Stokes equation. The first tries to go more fundamental in a macroscopic
hydrodynamic description in the sense that it tries to exploit basic (symmetry) prin-
ciples, while the second employs a kinetic approach in which one tries to build
continuum models from more microscopic theories.

D.1 A Nonlinear Fluid Dynamics of Non-Newtonian Fluids

Pleiner et al. (2000, 2004), Temmen et al. (2000) have developed a nonlinear dy-
namic theory for non-Newtonian fluids based on hydrodynamic principles. If one
starts out as usual from the momentum equation, the Navier-Stokes equation in the
form

Dv

QD—;+Vip~I—Vj‘Eij=0 (D.1)

where p is the isotropic pressure, one can write the stress tensor ;; as
h
T = =W + Wi Uje + Wi Uik + T (D.2)

where W;; is the elastic stress tensor, the thermodynamic conjugate to the strain
tensor. Here,

Uy = [Vjui +Viuj — (Viuk)(Vjuk)] (D.3)

0| =
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is the Eulerian strain tensor, where u;(r) is the displacement field. It fulfills the
dynamic equation

D h
57 Ui = Aij+ UiV joe + Uy Vivg = X (D.4)

with
1

Further, Xg.h is a phenomenological (quasi-)current containing relaxational pro-
cesses, e.g., diffusions.

Returning to Eq. (D.2), in this construction, the three terms involving W, both lin-
ear and nonlinear, are counterterms to the flows in Eq. (D.4), needed to avoid entropy
productions due to reversibility. In this formulation these terms are thus generic; by
contrast, the last term is phenomenological and reflects material properties. Thus,
material properties require to express explicit models for

h
Xf} = —oji Vi (D.6)
and
h
Tg = —VijnAu (D.7)
describing strain relaxation and viscosity, respectively, which also admit further gen-

eralizations via cross-couplings. Further, one has the relation between strain and
elastic stress

Vi = KijuUn (D.8)

with the elastic tensor Kj;. N

The tensors @ and v can also be expanded in the strain tensor U, and symme-
tries exploited for these expressions, a point we do not pursue here any further in all
generality. Instead, we briefly show how the expressions can be based on the stress
tensor and its derivatives, rather than by strain. This can be done by the correspond-
ing expansions in U, but taken only to second order. The dynamic strain equation
can then be written as

D 1 1
;Ui = Aij + Ui Vg + Uy Vivg = = —Ujj — — UnUj (D.9)
Dt T] T

where rl_l =1 K| and r2_1 =201 K> + 202 K1, with elastic moduli K, K>, and
the other four parameters deriving from the expansions of the tensors @ and V. The
stress tensor 7; in the Navier-Stokes equation is given by, following Eq. (D.2) and
the expansions

tj = —K1Uj + KyUiUj — vi Ajj — va (Ui Ajic + Ui Air) (D.10)
with K} =2(K| — K3). Taking the derivative D/Dt of the stress tensor yields

D D
Efz‘j=—F Uijs Aij,EAij,Qij (D.11)
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where 2;; is the vorticity which we encountered earlier already,
1
Qij=§[vj'vi—vivj]. (D12)

To end up with an equation for 7;;, one needs to invert Eq. (D.10), which can only
be done approximately by expanding in Uj;, leading to terms linear and quadratic
in A;;. This leads to the expressions

D, Dy, r
T, T T = VoA — viT EAU + K, KTk
150 %] d d
+ K ([Tjk + VlAjk]aAij + [Tk + VlAik]gAjk)
+ O0@3), (D.13)

where voo =V + T1K1 and r =11 /172 — Kﬁ /K1 and the derivative is defined by its
action on any tensor 7j; to be

D, D
—Tj=—
Dt Dt
For a = —1 (a = +1), D,/ Dt is the lower (upper) convected derivative. If a = 0,
we have the Jaumann or corotational derivative which we encountered before. For

general a and b one has the material-dependent behaviours

Tj — a(TucAjk + TiAir) — (TaeSk + TieSik)- (D.14)

K/
a=—14— 22> (D.15)
Kinn  Kim
and
K K,
b=—lf— 20 "2 12 (D.16)

2K |1 2K12 2K, 2K, V]

A final Task. Identify the Maxwell and Jeffreys models from this more gen-
eral description.

D.2 The Rolie-Poly Equation

In the second approach, one starts out from a microscopic level in order to arrive at
macroscopic quantities, like the stress tensor (Byron Bird et al. 1987b). The well-
accepted starting point in this context is the Doi-Edwards tube model. The basic
quantity here is a Langevin equation for the motion of a single primitive chain
whose motion is confined to a tube. The primitive chain is composed of effective
segments, representing sections of a real chain, whereby each tube segment is un-
derstood as being the distance between entanglement points, and sufficiently large
to have properties of a Gaussian coil.

In this theory, different relaxation mechanism have been built into. The fastest
relaxation mode is chain retraction, which occurs on the Rouse time, tg. It corre-
sponds to a return of the chain to equilibrium under flow deformations of the tube.
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Reptation, on the other hand, is the slowest mode, a one-dimensional Brownian
motion along the tube, with a timescale t;. It dominates in linear chains at very
small strain rates, y < ‘L'd_l. Contour length fluctuations of the tube are stochas-
tic, breathing-mode retractions of the chain ends. Constraint release is a relaxation
mode of the tube due to disappearance of entanglement points when the chain relax
out of their tube by reptation of contour length fluctuations. A particular such mode
is convective constraint release (CCR), which occurs at shear strain rates larger than
the reptation rate, y > 7, ! when the entanglement are removed with the convective
flow of the surrounding chains.

In order to model such effects, and in particular to arrive at a stress tensor
description, the stochastic equation of the tube reads as (Likhtman and Graham
2003)

R(s,t + At) =R(s + A&, 1)

3
—I—At(/cv'R—I——

v 1 (R”-R)R
2|R| '

R’ ot
+80 0+ 2n2tR R”?
(D.17)

Here, R(s, t) is a stochastic vector for the position of the tube segment; s labels
the monomers in the tube, measured in entanglement segments from one end of
the chain, s =0, ..., Z, with Z = N/N,. The first term in Eq. (D.17) describes
reptation with a noise with variance

(A& AE(1))=2D.8(t —1'). (D.18)

The second term in Eq. (D.17) describes deformation by flow with «, as the velocity
gradient tensor, the third and forth describe convective constraint release, and the
last retraction along the tube contour due to stretch relaxation.

The term g is stochastic with variance

I
(g(s.g(s", 1)) = Ta va*s(s —s')8(t —1') (D.19)
where I = §;;. v is the frequency of constraint release. Further, tx is the Rouse
relaxation time of one entanglement segment, and D, = 1/(37%Ztg) the reptation
diffusion constant.

From this equation, a partial differential equation for the tangent correlation func-
tion

OR; OR;
(D.20)

e / ==
fi(s.s ’t)_< ds s’

can be obtained. It allows to derive the polymeric contribution to the stress tensor

. 3G, [*
rl.’]?"”:?e/() dsfii(s, s). (D.21)

The equation can be simplified in order to generate a so-called ‘single-mode’ equa-
tion, which runs under the name ROuse Llnear Entangled POLYmers—Roly-Poly.
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Its form is in an appropriate approximation for the non-stretching case

d 1 2
i =«l o] — a(r 1) - gzr(KUT Ot + B —D) (D.22)
where B is a CCR-coefficient. The Rolie-Poly approach has proved successful in the
description of macroscopic flows and there are also indications towards the impor-
tance of CCR in thin films, see Roth et al. (2005).
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