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Preface

The aim of this book is to present in an elementary manner the spinor formalism
applicable to four-dimensional spaces of any signature, without assuming previous
knowledge about spinors, nor an advanced knowledge about Lie groups. The ap-
proach followed here is not based on the Clifford algebras and does not make use of
the language of fiber bundles.

This book should provide the basic notions for graduate students interested in the
foundations of the two-component spinor formalism or its applications in general
relativity or relativistic quantum mechanics. It is also intended for use as a reference
book, since it contains several results scattered in research papers, as well as some
previously unpublished results.

Throughout the book I have tried to stress the advantages of the two-component
spinor formalism over other formalisms encountered in the literature, and the ex-
amples considered here have been selected with this purpose. Whenever possible,
I have tried to derive the relations given in the book making use of the spinor for-
malism, not simply translating into the spinor notation some relation obtained by
means of another formalism.

My first encounter with the two-component spinor formalism was through Pro-
fessor Jerzy Plebanski’s monograph entitled Spinors, Tetrads and Forms (Plebariski
1974). This monograph circulated in handwritten form in the 1970s, and when Pro-
fessor Plebanski decided to update his work and get it published as a book, he invited
me to collaborate in the task. After several not very successful attempts to complete
Professor Plebanski’s manuscript, I decided to start from scratch, rewriting every-
thing. Unfortunately, owing to his much deteriorated health, Professor Plebariski
was unable to give his opinion on the first chapter, which was almost finished before
his death in 2005. To a great extent, I have tried to follow the conventions employed
in the works of Professor Plebariski and collaborators.

This book differs from the books about spinors already published and also from
Professor Plebanski’s monograph in many details. It develops the two-component
spinor formalism for four-dimensional spaces of any signature, giving a detailed
study of the orthogonal groups based on spinors. It also gives a detailed account of
the relationship with the standard treatment of the Dirac bispinors.



vi Preface

The concept of the mate of a spinor (which can be defined only when the sig-
nature is Euclidean or ultrahyperbolic) is introduced and applied. Many worked
examples are included in the manuscript; in some of them, the bases of the self-dual
and the anti-self-dual two-forms are employed to find the connection and curvature
of the manifold. The self-dual electromagnetic fields are studied to find the solu-
tions of the source-free Maxwell equations, presenting results and derivations not
previously given in book form. The D(k,0) Killing spinors and their applications
are discussed in some detail, and the formalism of the 7Z°.7# spaces is also included
with complete derivations. The Killing bispinors are studied making use of the two-
component spinor formalism.

In Chapter 1, which deals with the algebraic aspects of the spinor formalism and
contains a fairly complete discussion about the orthogonal groups, it is assumed
that the reader has some familiarity with linear algebra, elementary group theory,
and the use of tensor indices. Chapter 2 deals with the elementary applications of
the spinor formalism to Riemannian manifolds, assuming some basic knowledge
about differentiable manifolds, Riemannian connections, vector fields, and differen-
tial forms. For the last two chapters, it is convenient to have also some knowledge
of general relativity. Most of the examples considered in the book are taken from
general relativity and differential geometry.

I would like to thank the reviewers of the original version of the manuscript for
their very helpful comments. I am also grateful to Gerald Kaiser and Ann Kostant
at Birkhéauser for their support.

Puebla, Puebla, México Gerardo F. Torres del Castillo
October 2009
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Chapter 1
Spinor Algebra

In this chapter the algebraic background of the two-component spinor formalism is
developed, showing that a four-dimensional real vector space with an inner prod-
uct can be considered as a subspace of the tensor product of two two-dimensional
complex vector spaces (the spin spaces), and several examples of the usefulness of
this identification are given, deriving various properties of the orthogonal transfor-
mations as well as several tensor relations.

Most existing applications of the two-component spinor formalism are related to
the space-time of special or general relativity, and it is sometimes asserted that the
two-component spinor formalism is tied to the signature of the space-time metric.
As shown below in detail, the two-component spinor formalism can be applied to
four-dimensional spaces of any signature.

In the traditional tensor formalism, one is acquainted with the fact that it is pos-
sible to construct tensors with any number of indices by means of the tensor prod-
uct of vectors. As we shall see, in turn, the vectors of a four-dimensional vector
space can be constructed from the tensor product of simpler objects, which are the
two-component spinors. In this sense, it is often said that the spinors are square
roots of vectors and that the spinors are more fundamental objects than the vectors
themselves. Any vector or tensor has a spinor equivalent, and all the operations be-
tween vectors and tensors have a straightforward counterpart in the spinor algebra.
As shown throughout this book, in many cases, the expression of the spinor equiva-
lent of a tensor is much simpler than that of the corresponding tensor, and therefore
it is easier to derive many relations employing spinors instead of tensors. Some of
the advantages of the spinor formalism come from the fact that each spinor index
takes two values only.

Apart from giving the basic rules of the spinor algebra, this chapter contains a
detailed study of the orthogonal groups, as an example of the simplifications that
can be achieved by making use of the spinor formalism. The connection between
the two-component spinors and the Dirac spinors, for all signatures of the metric, is
developed here, and the algebraic classification of totally symmetric spinors is also
discussed.

G.ET. del Castillo, Spinors in Four-Dimensional Spaces, Progress in Mathematical 1
Physics 59, DOI 10.1007/978-0-8176-4984-5_1,
© Springer Science+Business Media, LLC 2010



2 1 Spinor Algebra

1.1 Orthogonal Groups

Let V be a four-dimensional real vector space with a metric tensor g (i.e., g is a
nondegenerate, symmetric, not necessarily definite bilinear form). (Some authors,
e.g., Hall 2004, reserve the name metric tensor for the tensor field defining a Rie-
mannian manifold, reserving inner product for the nondegenerate bilinear form of a
vector space.) It is always possible to find an orthogonal basis of V, {e;,e>,e3,e4},
such that for a = 1,2,3,4, g(e,,e,) = 1 or —1; in other words, the 4 x 4 matrix
(8ap) (a,b =1,2,3,4) that represents the metric tensor g with respect to the basis
{e1,ey,e3,e4}, defined by g, = g(e,,€p), is diagonal with 1’s or (—1)’s along the
diagonal. Such a basis will be called orthonormal. We can assume that the basis
vectors eg, e, e3, e, are ordered in such a way that the first p entries of the diagonal
are equal to 1 and the last ¢ = 4 — p entries are equal to (—1).

The numbers, p and ¢, of 1’s and (—1)’s appearing in the diagonal matrix (g,s)
do not depend on the orthonormal basis chosen, but are fixed by the metric tensor.
The pair of numbers (p,q) defines the signature of g. Since p + g must be equal
to 4, the knowledge of p or g defines the signature of g; some authors define the sig-
nature as p — q. Thus, (g,,) must be the matrix diag(1,1,1,1), diag(1,1,1,—1),
diag(1,1,—1,—1), diag(l,—1,—1,—1), or diag(—1,—1,—1,—1). Since the last
two cases are obtained from the first two by reversing the sign of g and relabel-
ing the basis vectors, we will consider only the first three cases

diag(1,1,1,1) (Euclidean signature),
(gap) = { diag(1,1,1,—1)  (Lorentzian or hyperbolic signature), (1.1)
diag(1,1,—1,—1) (Kleinian or ultrahyperbolic signature).

In what follows it will be assumed that the metric tensor of V has one of the
forms (1.1).

For a given signature, there are infinitely many bases with respect to which (g,)
takes one of the forms (1.1). If {e;,e>,e3,e4} and {e/, €}, €}, €, } are two orthonor-
mal bases of V with respect to which g is represented by the same matrix (g,), i.€.,

g(e),€,) = g(eq,ep), (1.2)

then the fact that {e},e},e}, €, } is a basis of V implies the existence of a 4 x 4 real
matrix (L%,) such that

e, =1"¢, (1.3)
(with a sum over repeated indices; here and in what follows, lowercase Latin indices
a,b,...take values from 1 to 4). Substituting (1.3) into (1.2), using the bilinearity of
g, one obtains

Sap = L0l pgea. (1.4)

This condition implies that det(L;) = 1 or —1 (and, hence, (L) is invertible).
The matrices (L%,) satisfying (1.4) are called orthogonal, and as can readily be
seen, the set of orthogonal matrices forms a group with the usual matrix multi-
plication as the group operation, which is denoted by O(p,q), where (p,q) is the
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signature of g. The matrices satisfying (1.4) with det(L%;) = 1 form a subgroup of
O(p, q), denoted by SO(p,q). (When ¢ is equal to zero, we simply write O(4) or
SO(4) instead of O(4,0) or SO(4,0), respectively.)

If (g°?) is the inverse of the matrix (gu), i.e., gupg?¢ = 8¢, from (1.4) we obtain
8¢ =8%8ab = 8L aL pgca = §°°L¢ 48caL? p, which means that the inverse of (L),

with entries (L~1)%,, is given by
(L™ = 8L agca (1.5)

or, following the standard rules for raising and lowering tensor indices by means
of the metric tensor (g,5) and its inverse (g%) (e.g., t* = g*ty,, t, = gapt®), we can
write (1.5) as

(L") = La". (1.6)

The inverse of a matrix satisfying (1.4) also belongs to O(p,q) and therefore also
satisfies condition (1.4), i.e., gup = (L™1)¢2(L™")?}gc4, and according to (1.6) we
conclude that

gab = Lo Ly gea. (L.7)

In order to motivate the spinor notation employed in what follows, it is convenient
to consider the space R>2, which is the vector space R* with the ultrahyperbolic
metric tensor (g,,) = diag(1,1,—1,—1) with respect to the canonical basis. The

mapping

Il (—x—z —y—w
(x7yasz)’_>ﬁ(w_y x—z2 > (18)

is a one-to-one correspondence between R>2 and the vector space formed by the
2 x 2 real matrices (the factor 1/1/2 is introduced in order to get agreement with
the conventions adopted in the following sections). Denoting by P the matrix on the
right-hand side of (1.8), we see that

1
detP = —z(x2+y2 —2—w?),

i.e., apart from the factor —1/2, detP is the inner product of the vector (x,y,z,w)
with itself.
If K and M are 2 x 2 matrices, both real or both pure imaginary, the transformation

P P =KPM (1.9)

is linear and, by means of the correspondence (1.8), is equivalent to some linear
transformation of R?? into itself. Since det P’ = det(KPM) = (detK)(detP)(detM),
it follows that if

(detK)(detM) =1, (1.10)

then detP = detP’; that is, denoting by (x',y’,7’,w’) the vector corresponding to P’
according to (1.8), the inner product of (x,y,z,w) with itself is equal to the inner
product of (x',y',7,w’) with itself. This implies that the mapping (1.9) corresponds
to an orthogonal transformation of R?2, i.e., an element of O(2,2).
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Assuming that the matrices K, M satisty the condition (1.10), letting K=
(detK)~'/2K, M = (detK)'/>M, we have

P = KPM = KPM,

and detK = 1 = detM ; hence, in order for (1.9) to correspond to an orthogonal
transformation, we can assume that the determinants of K and M are equal to 1.
(Note that since K and M are both real or both pure imaginary, (detK )1/ 2 is real or
pure imaginary and the matrices K and M are also both real or both pure imaginary.)
Hence, by representing the points of R>? by 2 x 2 matrices, as in (1.8), the simple
algebraic conditions detK = 1 = detM, allow us to find orthogonal transformations.

If we denote the entries of P by P! j» where the superscript labels the row and the
subscript labels the column, and similarly for the other 2 x 2 matrices, the transfor-
mation (1.9) is equivalent to

P =KW M = KM P (1.11)

This last equation is similar to the transformation law for the components of a rank-
two tensor, with the difference that in the latter case, the matrix K would be the
inverse of M, while in (1.11), K and M can be two arbitrary unimodular 2 x 2 real
or pure imaginary matrices.

Hence, it is convenient to distinguish the two indices labeling the entries of the
matrix P in a way that explicitly indicates which one of the matrices K and M
appearing in (1.9) is employed in the transformation. Specifically, the entries of K
will be labeled with undotted indices A, B, ... that take two values only, K = (K“p)
(A,B,...=1,2), while the entries of M will be labeled with dotted indices AB,...,
M = (M*}) (A,B,... = 1,2), and the entries of P and P’ will be labeled with one
undotted index and one dotted index, P = (P*y), so that (1.9) amounts to

Py = KA PCpMP y = KA MP PC . (1.12)

As we shall show in the following sections, all the SO(p, g) transformations can
be expressed in a form analogous to (1.12), though in some cases it will be necessary
or convenient to make use of linear combinations of vectors of V with complex
scalars.

1.2 Null Tetrads and the Spinor Equivalent of a Tensor

Apart from the orthonormal bases considered in the foregoing section, it will be
useful to consider bases, {E;,E;,E3,E4}, with respect to which the metric tensor
of V is represented by the matrix

0100
1000
0001 |’
0010

(1.13)
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i.e., the only nonvanishing inner products among the vectors E, are given by
g(E1,Ey) = 1 = g(E3,E4). Such a basis will be called a null tetrad, since each
basis vector is null (g(E,,E,) = 0, without summation on a). Only when the sig-
nature of the metric of V is ultrahyperbolic will it be possible to find a null tetrad
formed by real vectors (see (1.16) below), and therefore, in most cases we will have
to assume that the vectors E, belong to the complexification of V (see, e.g., Hirsch
and Smale 1974). For instance, if the signature of V is Euclidean and {e;, e, e3,e4}
is an orthonormal basis of V, we can take

1 1
E; = —(e; +iey), E, = —(e; —iey),
1 \/5( 1 +ie) 2 \/5( | —iep)
| | (1.14)
E; = —(e3; —ieq), Es = —(e3+iey).
3 \/E( 3 —ieyq) 4 \/E( 3 +ieq)
Similarly, it can be readily verified that if (g,,) = diag(1,1,1,—1), we can take
E ! (e +iey) E ! (e; —iep)
= —_— 1 5 = —_— —1 5
1 \/5 1 2 2 \/§ 1 2
1 1 (1.15)
E; = —(e3+ey), Ey = —(e3—¢y),
3 \/E( 3+ ey) 4 \/E( 3—€4)
while if (g,,) = diag(1,1,—1,—1), a convenient choice is
E—l(e e3) E—l(e+e)
1= \/z 1 3)5 2 = \/E 1 3)
] 1 (1.16)
E; = —(—ey+eq), Es=—(—e;—eq).
3 \/5( 2+ey) 4 \/5( 2 —e€y4)

Conversely, if one assumes that the only nonzero inner products among the
vectors E, are given by g(Ei,E;) = 1 = g(E3,E4), then the vectors e, given by
(1.14)—(1.16) form an orthonormal basis with respect to which the metric tensor
is represented by one of the forms (1.1), depending on the signature of the met-
ric tensor.

Whereas the components of the metric tensor with respect to an orthonormal
basis {e;,e;,e3,es4} depend on the signature of the metric tensor [see (1.1)], the
components of the metric tensor with respect to a null tetrad {E,E;,E3,E4} will
be given in all cases by (1.13); the signature of the metric tensor is determined by the
behavior of the vectors E, under complex conjugation. (For instance, the relations
E| =E,, E; = E4, where the bar denotes complex conjugation, satisfied by the null
tetrad (1.14) imply that the metric has Euclidean signature.)

Instead of a single subscript, @ = 1,2,3,4, labeling the vectors, E,, of a null
tetrad, it is convenient to make use of a pair of subscripts that take two values each.

Letting
= (1.17)
e,n) = 17
AB E] —E3
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(A,B=1,2,A,B=1,2), one finds that the definition of the null tetrad is equivalent to
8(esp,€cp) = —€cEpp (1.18)

where

e =)= (15 ) = e = ) (1.19)

(Some works make use of primed indices instead of dotted ones (e.g., Penrose 1960,
Penrose and Rindler 1984, Stewart 1990).)

Since the vectors e, belong to the complexification of V, there exist complex
scalars, 0%, such that

1 a
V: EG ABCas (1.20)

and as a consequence of (1.18), they obey
0 150” cp8ab = —2E4cEpp- (1.21)

The scalars 0“,; will be called connection symbols or Infeld—van der Waerden
symbols.

The Levi-Civita symbols (1.19) will be employed to lower or raise the spinor
indices A, B. We shall follow the convention (e.g., Plebanski 1974, 1975)

WA=V’ v = ype™ (1.22)

(thus, y? = y;, y!' = —y,), and similarly for dotted indices. It should be remarked
that other authors (e.g., Penrose 1960, Penrose and Rindler 1984, Wald 1984,
Stewart 1990) follow the convention y4 = 8 Y. The antisymmetry of €, implies
that

V0, = vle ot = —yle, 0" = —ypet = —y, 0t (1.23)

thus,
viy, =0 (1.24)
Similar results hold for objects with more than one index (dotted or undotted), e.g.,
apB = —at y BT = 0" By, pippcvtt =~ pev,® = p vy Furthermore,

from (1.22) it follows that
ety=8f and gf=-55 (1.25)

The definitions (1.19) are consistent with the rules (1.22) in the sense that, for in-
stance, lowering the indices of €5, one obtains &, , that is, £,€5,€” = &,

The Levi-Civita symbols (1.19) will appear very often in what follows, in many
cases as a consequence of the fact that any object antisymmetric in two indices must
be proportional to one of the symbols (1.19).

Proposition 1.1. If v,z = —yp,, then
Vap = 7V rEas- (1.26)
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Proof. Any antisymmetric 2 X 2 matrix is of the form ( Ol"o) which can be written as

a(g,p); therefore, if y, 5 is antisymmetric, it must be a multiple of €,5: Y, 5 = a&yp.
for some a. Then, by contracting both sides of this equality with £A; one obtains

v, = 2a, which leads to (1.26). O
Similarly, y*# = JyR B, if yAB is antisymmetric in A, B, with analogous

identities for objects w1th dotted indices. Furthermore for an object with more than

two indices, e.g., hA C , such that hABCD = _hc A , we have hABCD 1hRB D“?Ac

As a corollary, noting that (1.26) can be written as y,; = 3 (e WRS)'SAB’ we see
that if W, ~p is any object with at least two indices of the same type (dotted or
undotted), a difference of the form

Ya.R.S.CD... ~ YA.S.R.CD..>
where only two indices of the same type interchange places, is antisymmetric in

VYV R.S. V. s.r.= V’...Q...Q... €Rs> (1.27)

with analogous relations for the cases where the interchanged indices are dotted or
appear as superscripts (dotted or undotted). By raising, e.g., the index R on both
sides of (1.27), one obtains

v vk = V’...Q...Q... 5. (1.28)
Note also that (1.27) implies that

V R.s.=V.s.r. A ‘I’...Q...Q... =0. (1.29)
If (MRs) is a (real or complex) 2 x 2 matrix, then
ey M yME = det(MR )y (1.30)
In fact, letting Yy, = (C,‘ACMA BMC p» it follows that

A g€ C A
Vg = ExcM " pM~ g = —EcsM™ pM"y = — Y,
and since y®p =y +y%) = —yy, + vy, =2y, =2e, MY MOy =2(M" M2, —
M21M12) = 2det(MRS), making use of (1.26) one obtains (1.30).
Given a set of connection symbols 6“4, the scalars
6%,5 =K ,MP ;6% (1.31)

also satisfy (1.21) (with the same g,) if and only if det(K” ) det(MA ;) = 1. In fact,
from (1.31) and (1.30) we have

6% 450" cp8ar = K= yM" 36 1 KE M 1,6 i ga
= KEAMFBKGCMH ; (_ngGgFH)
= —2det(K* ) &, det(M* 3) &gy,

= _2£AC£BD'
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Similarly,
6,45 = K ,MP 6° e (1.32)

satisfy (1.21) if and only if det(K45)det(M*) = 1. As we shall show in the fol-
lowing section, given two sets of Infeld—van der Waerden symbols 6, and 6,5
(satisfying (1.21) with the same metric tensor g,;), there exist two unimodular 2 x 2
matrices such that (1.31) or (1.32) holds.

A Convenient Choice for the Infeld-van der Waerden Symbols

Comparing (1.14) with (1.20), one finds that when (g,,) = diag(1,1,1,1), the
Infeld—van der Waerden symbols can be chosen as

= (15)  @w=(17)
(0%45) = ((1) _(1)>, (0%4p) = (6?)

(Note that the first three matrices in (1.33) are the usual Pauli matrices.)
Similarly, when (g,,) = diag (1,1, 1, —1), from (1.15), one finds that we can take

= (15)  @w=(]7)

(1.33)

(1.34)
1 0 -1 0
(GSAB’): (O_l)v (G4AB’): < 0_1)5
and if (g,p) = diag(1,1,—1,—1), then
01 -10
(GIAB): (1())7 (GZAB): < 01)7
(1.35)

@w=(10) @w=(T51).

which are all real [see (1.16)]. By means of the relation (1.31), with the 695 given
by (1.35) and the unimodular matrices

0, _1(1-i —1+i 04 _L(1+i —1-i
K =314 14i) W=z o) (139

one obtains another set of connection symbols for the same signature given by (drop-
ping the tilde)
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=) @w=(T0)
@w=(70) @w=(T0)

The choices given in (1.33)—(1.35) and (1.37) are convenient because they satisfy
the relations

(1.37)

aAB

-0 if the 0, are given by (1.33),
ST oY% if the 0%, are given by (1.34), (1.38)

AB 0%%5 _ if the 645 are given by (1.35),

NacNpp0 P if the 0, are given by (1.37),

where
_ (1 0)_
(M) = 0-1)°= (Miz)- (1.39)
By contracting both sides of (1.21) with GCCD , one obtains
0456”0, P 8ap = —284c8pp 0. = —20,4p,

which is equivalent to A
045(0ucp0. " +28ac) = 0.

Since the Infeld—van der Waerden symbols represent a change of basis, they corre-
spond to an invertible relation, and therefore, from the last equation it follows that

050, = ~2ga. (1.40)

The minus sign appearing in the right-hand sides of and (1.21) and (1.40), as
well as in very many equations in the rest of the book, is necessary in order to
have the simple relation 0%, = 0“,; when (g,) = diag(1,1,1,—1); this sign
can be avoided, maintaining the relation 6%, = 0“,, if one chooses (gap) =
diag(1,—1,—1,—1), as in Penrose (1960), Penrose and Rindler (1984), and
Stewart (1990).

If 1,5, 4 are the components of a tensor with respect to the orthonormal basis
{e1,e;,e3,e4}, then the components of its spinor equivalent are defined by

1 1 4
Labcp..GH = \/—G AB \/— D \/50 G tab..d- (1.41)
It is often convenient to write (1.41) in the form
1 1 1
— o'y ﬁodDDrub...d, (1.42)

t = o
AABB..DD = \/i AA \/—

where it is understood that the indices A and A are independent of each other, and
so on; in this manner, the tensor index a is replaced by the pair of indices AA.
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Sometimes all the undotted indices are written to the left of all the dotted indices,
maintaining the order in which the indices of each type appear, that is,

IAB..DAB..D =

1 ob Iy
—= 0= s — =0 pitab.a (1.43)
\/— \/_ BB PP
Then, according to (1.40),

1 ' 1 ; 1 :
lab..d = (—E%AA) <—ﬁGbBB) (-EGdDD) !AABB...DD" (1.44)

Owing to (1.20), the spinor equivalent of a tensor gives the components of that tensor
with respect to the basis {e;j,e,,€,j,e,;}. For instance, an arbitrary element of V
can be expressed as a linear combination v“e,, and by virtue of (1.44) and (1.20),

1 . .
v“ea:—ﬁo'“AAvAAea:—vAAeAA. (1.45)
From the definition (1.42) it follows that the spinor equivalent of a sum [resp.
product] of tensors is the sum [resp. product] of their spinor equivalents; however,
the spinor equivalent of the contraction of a tensor is not always equal to the con-
traction of its spinor equivalent. From (1.21) we obtain, for instance,

tas® = —1, 5. (1.46)

Equation (1.45) allows us to consider the complexification of V as the tensor
product of two complex two-dimensional vector spaces called spin spaces. We iden-
tify each null vector e, with the tensor product e, ® e, where {e,,e,} and {ej,e;}
are bases of the spin spaces. The elements of the spin spaces will be called one-index
spinors, since with respect to the bases {e,,e,} and {ej,e;} they are represented by
complex components of the form ¢ and ¢#, respectively (i.e., an arbitrary element
of each spin space has the form ¢“e , or 9fle).

By forming tensor products of one-index spinors we obtain spinors with any
number of dotted or undotted indices (the spinor equivalent of a tensor is a special
case for which the number of dotted indices coincides with the number of undotted
indices).

From (1.38) and (1.41) it follows that the components of an n-index tensor t,p. 4
with respect to the orthonormal basis {e;,e;,e3,es} are real if and only if

ABCD...GH
(—1)ABCD-.GH if the 6, are given by (1.33),
_ ) BApC..HG if the 0%, are given by (1.34),
) tagcp..cn ' if the 0“4, are given by (1.35),
NarNssNer Moo - - - Nay Nt o1 VYW if the 0, are given by (1.37).
(1.47)
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Each of the two sets of Infeld—van der Waerden symbols given above for the case
of the ultrahyperbolic signature, (1.35) and (1.37), has a certain advantage over the
other. The set of real Infeld—van der Waerden symbols may seem more natural in
the sense that the complexification of V' is not necessary and the spinor equivalent
of a real tensor is real. On the other hand, the use of the complex Infeld—van der
Waerden symbols allows us to reduce the number of independent components or
equations to consider.

The Spinor Equivalents of Symmetric or Antisymmetric Tensors

The symmetries of a tensor are inherited by its spinor equivalent. For example, if 7,
is a two-index symmetric tensor, then its spinor equivalent has the symmetry

TAdBB = 'BBAA> (1.48)

but 7,5z Will not necessarily coincide with 75,5 (Which, according to (1.48), is
equal to t45p,4). In fact, using (1.27), we have

o R
'AiBB — 'BAAB = €aB! ARB>

but owing to (1.48), X ; 5, is antisymmetric,
R _ ., R _ R
Uirg =1rB A= ~U BRA>

and therefore r* Jirp 18 proportional to €45; thus

g o LRS o g .
'adBB —BAaB = €aB 21 " R$€AB = — 130 s€sBEiRs (1.49)

which means that t, 55 = t5isp = tappi if and only if 1,5 is the spinor equiv-
alent of a traceless symmetric tensor. Similarly, one finds that 74,55 ¢ iS com-
pletely symmetric separately on the undotted and on the dotted indices if and only
ift,ipp e 1s the spinor equivalent of a traceless totally symmetric tensor.

In the case of a completely symmetric object M, ; with n spinor indices, the
n—+1components Myy; 1, My, |, My, |,..., My, ,,areindependent; hence an
n-index traceless totally symmetric tensor has (n + 1)? independent components.
(Note that the components t, ;55 may be complex, but also in that case, taking
into account the conditions (1.47), one concludes that a real n-index traceless totally
symmetric tensor has (n + 1)? real independent components.)

The spinor equivalent of an antisymmetric two-index tensor #,, = —tp, satisfies

faipp = —Ippai’ hence,

_ 1 o o oo

taiss = 3(taipp +pias) + 3 (tains — tpaan)

_ 1 . . oo

= 3(taips —tappa) + 3 (taing — tpian)
1, R 1R
24" BREiB T 31 ARBEAB
= Tsp€ip T Tin€ap (1.50)
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where
— 1, R — 1,R
TaB = 34 BR> Tig = 31 Arg- (1.51)
Owing tot, igp = —tgpai and (1.23), 745 and 745 are symmetric in their two indices;

ety p = —tipg® = 1,5 pp
-85 1p AR ARB A BR-

Note that if #,, is real, the components T, and T;; may be complex or related
to one another. For instance, if the metric of V has Lorentzian signature, then from
(1.47) we have t, gy = tgipe and therefore

1l rR _ 1R _ L
Tap = 31a"BR = 31 Airs = TiB
(for the other two signatures see Section 1.6).

In particular, from (1.50) one finds that the spinor equivalent of the antisym-
metrized product v,wj, — vpw, of a pair of vectors is

__ 1/, R s R
VaAAWBE — VBEWai = 3(V4" Wer — VggpWa )EAB+ (VRAWRB—VRBW A)€ap

_ 1 R . R )

= E(VA WBR"'VB WAR)'SAB+ (V" iwre TV 5Wri)€ap

=V wB>R£AB+vR(Aw‘R‘B)£AB, (1.52)

where the parentheses denote symmetrization on the indices enclosed [e.g., é( AB) =

%(éA 5+ Epa)] and the indices between bars are excluded from the symmetrization.

If ¢, 1s totally antisymmetric (that is, it changes sign under any transposition of
a pair of its indices), then in particular, it is antisymmetric in the last pair of indices;
therefore, according to the preceding results, the spinor equivalent of #,;. must be of
the form

aaBBce = Maipc€pe + HaapcEres (1.53)
with L igc = Uy ABC)» Madge = Mad(se)- The antisymmetry in the first pair of in-
dices of 7, is then equivalent to

HaipcEse + HaapcEpc = —Hppac€ic — Mpiic€ac: (1.54)
Contracting the last equation with BC, we obtain [see (1.29)]
2Uyipc = _:uBBACgAB - :uBBABgAC
= “Hpiac — :uBBABgAC
= —lpanc + Maasc — Mpisc — H5" arac:
and hence, making use of (1.27),
3lainc = 1R ircEas — .uBRARgAC' (1.55)

Contracting now this last equation with £5¢, we obtain

0=—pfira — " i
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and therefore, defining 754 = % pR i gp, from (1.55) we obtain

20 ipc = Iciéap t1iac: (1.56)
In an entirely similar way, from (1.54) one arrives at

2Uuqpe = —tac€ip — apEic- (1.57)

Substituting (1.56) and (1.57) into (1.53), it follows that the spinor equivalent of
a three-index antisymmetric tensor is of the form

taispee = 3(tci€ap t1pi€ac) e — (tac€in +tap€ic)Epc]

3
31(tci&an — tpiac + 21piac) e
— (tac€ap — an€ic + 2as€ic) Epc]
= 3[(® searecn + 21patac) e
— (14" eipecy +20upEic)enc)
= 1gi€acEpc — 1aBEBCcEics (1.58)

for some 5.
If now #45¢4 1s a totally antisymmetric four-index tensor, then as a consequence
of the antisymmetry on the first three indices, according to (1.58) we can write

taasscepn = PeippEacEse — PaspnEicErc (1.59)
and the antisymmetry of .., in the last two indices is then equivalent to
OsippEacEsc — PasppEicErc = —Pricc€an€sp t+ Pancc€in€ans
hence, contracting with £4€, we have
R
20ippEpc — PBBDDEIC = —PBADCERD 9" BRCEIDEBD: (1.60)
and contracting this last equation with £4¢, we obtain
_ R ... R
0=—05"pr€sp + 9" sroERD:
which implies that
R oe=2 R orp = 2a€p; 1.61
05 pr = 2app, 0" grp = 2aggp, (1.61)

for some scalar a. »
On the other hand, contracting (1.60) with P, rearranging, and using (1.61),
one finds that

B RB
40pipc = 95 peEic+ 9" re€in€ap
= 2a(epp€ic + EicEpp)
= 4a£BD£AC' (1.62)
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Substituting (1.62) into (1.59), one finds that the spinor equivalent of an antisym-
metric four-index tensor is of the form

taaspecop = A(EppEapEactpe — EApEicErcERD): (1.63)
for some scalar a.

The spinor equivalent € ps-¢-pp Of the Levi-Civita symbol €,.4, which is anti-
symmetric with €1234 = 1, must be proportional t0 £,-€5,€ipEpc — EApErcEiC-ERD-
Since e%dg,, ;= (—1)4924, where ¢ is the number of negative entries in the diag-
onal matrix (g,p), the proportionality factor is real or pure imaginary depending on
the signature of the metric tensor, and for a given signature, this factor is defined
up to sign. From €534 = 1 one finds that, with the connection symbols given by
(1.33)—(1.35) and (1.37),

Exapscenp = 11 (EacEppEin€pe — Eap€rcEicEsn)- (1.64)

Therefore, the spinor equivalent of the dual of an antisymmetric two-index tensor
tab, defined by *t,5 = Le4pcat®, is [see (1.50)]

“taips =1 (—Tap€ip + Tig€ap) (1.65)

with 7,5 and 745 defined by (1.51), and from this formula we readily obtain the
well-known fact that

“(tap) = (1) tap. (1.66)

(Note that the factor i7 appears in (1.64) and (1.65) as a consequence of the specific
choice for the connection symbols (1.33)—(1.35) and (1.37); by contrast, (1.66) fol-
lows from the definition of the dual of #,,.) The terms 7€, and T,5€;; Will be
referred to as the self-dual and the anti-self-dual parts of t, 5 i s, respectively, though
in the case of ultrahyperbolic signature, T 5,5 is the spinor equivalent of an anti-
symmetric tensor that coincides with its dual.

From (1.50) and (1.65) we see that for an arbitrary antisymmetric two-index
tensor (or bivector) t,,, we have

“tapt = —1(T g4 — TipEap) (BN + TABEAB)
= —2i1(1,, T8 — 1;,T).

The bivector 2., is simple if there exist vectors v,, w, such that t,;, = vowp — vpywy.
Hence, for a simple bivector, *1,,t%’ = %sabcdt"dt“" = 2€,peaVWvw? = 0. Thus,
we have proved the following result.

Proposition 1.2. If the bivector t,, is simple, then

1,578 = 1,78, (1.67)

The converse of this proposition is also true, and we shall give a constructive
proof in Section 1.7. Combining (1.65) and (1.67), one concludes that a bivector ¢,
is simple if and only if its dual is simple. (See also Exercise 1.6.)
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Spin-Tensors and Other Derived Objects

Substituting (1.50) into (1.44), one finds that an antisymmetric two-index tensor can
be expressed in the form

lap = %GaAA GbBB(TABgAB + Tig€ap)
= 11,,0, 4R 6P 4 1110 0,8 6P
= 10,580 + 118,08, (1.68)
where
S8 = 0, ARG B) 5P = g RAGB). (1.69)

Making use of (1.23), we obtain the alternative expression

(GaARGbBR + O-aBRGbAR)

ARG},B

AB 1
Sap”™" = b3
1 AR _ B
3(0q R—0b"" 04" p)

= 0,0y, (1.70)

where the brackets denote antisymmetrization on the indices enclosed. In a similar

way, we have
RA B

AB
S = Ola ~ Oplr -

There are many relations satisfied by the spin-tensors S8 and Sa;,AB that follow
directly from (1.21). For example,

Sa},ABSabCD — 4(£AC£BD 4 EADgBC)’

o BsCD — 0, (1.71)
SabABSabCD _ 4(8ACEBD + EADEBC).
Hence, from (1.68) we see that

AB _ % tu SabAB7 TAB _ % tup SabAB. (1.72)

On the other hand, from (1.65) we obtain
“ta = —14(3 T4 " — 3715w "), (1.73)

and therefore, combining (1.68) and (1.73), we obtain, for example,

tab — (—1)""tap = TaBSas™® = 3 (8ac8ba — 8ad8bc — (—1)"€apca) 1,
: AB _ 1,cd AB :
and making use of (1.72), we have TapS."" = 71°“ScaapSap™” . In this manner we
conclude that
Sab*®Scan = 2(8ac8ba — aa8be — (—1) €apca) (1.74)
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and, in a similar way,

S S gip = 2(8ac8bd — 8ad&be + (—1)7€apca) - (1.75)

Substituting (1.68) and (1.73) into the definition *,, = %sa;,cdt“d, it follows that

SeaeaS“P = 118", SeapeaSE = 198", (1.76)
The second equation (1.71) implies that the contraction m®t,;, of a self-dual bivector
with an anti-self-dual one vanishes. Furthermore, (1.71) implies that if m*t,, = 0
for all self-dual [resp. anti-self-dual] bivectors m?, then 1, is anti-self-dual [resp.
self-dual]. '

The complex scalars S,,"; and S,,%, can be arranged in 2 x 2 matrices, em-
ploying the spinor indices to label the entries of these matrices. A straightforward
computation, using the explicit expressions (1.33)—(1.35) and (1.37), yields

((523A3)a (SSIAB)v (SIZAB)v (SI4AB) (Sz4AB) (534AB))

(ioy,—102,i03,—i0},i02, —i03) if the 045 are given by (1.33),

_ ) (ioy,—i0y,i03,—0y,02,—03)  if the 6%, are given by (1.34),

) (01,—03,—i02,—01,03,—i0,) if the 6%, are given by (1.35),

(—0y,01,—103,02,—01,—i03) if the 0%, are given by (1.37),
(1.77)

where the o; are the standard Pauli matrices,

01 0 —i 1 0
mz(w), Gz=<i 0‘>, o3=(0_1>, (1.78)

and similarly,

((S25™ ) (5317 8)s (S12™ ), (S14% B): (Saa™ ), (534 )

—ioy, —i0y, —i03, —i07, —102, —i03) if the 0%, are given by (1.33),

—ioy,—i02,—103,—01,—02,—03) if the 0%, are given by (1.34),

o 01,03,—103,—01,03,107) if the 0%, are given by (1.35)
0, —01,i03,— 0y, —01,—103) if the 0¢ 43 are given by (1.37).

(1.79)

)

(
_ )
(=
(=

As we shall see in Section 1.3, the matrices (S, 5) and (S, B) span two irreducible
representations of the Lie algebra of SO(p, q) [see, e.g., (1.124) and (1.158)]. Note,
however, that only when the metric has Lorentzian signature are the sets of 2 x 2
matrices {(S,,"5)} and {(S,," 4}, with 1 < a < b < 4, linearly independent over R
[see (1.76)].

In the case of a totally antisymmetric three-index tensor ?,., (1.44) and (1.58)
give

« AB
fabc = ———7=0a Gb Gc (fBA Eac€pe — taBEpcEic) = ——=Ouabc tap:
2V2 V2
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where
AB RB - AS (1.80)

Oupe = G[a (92 O-C]RS'

A convenient alternative expression of the symbols GpcP is obtained as follows.
Making use of (1.40) and (1.64), one obtains

abcd ~ RB ~ AS . __ _ _— pabce ~ RB < AS .~ PO ~d |

68 %a O Omrs= 158 Ou Ob OcrsOe O po
_ RBAS PO ~d
=738 R %P0
_ _§lq( eR ePeBeS  — gRPeA B g30) GdPQ
——y (1.81)

ie.,

1 . ; . ;
geadecabcAB = (1.82)

Furthermore, from (1.58) we see that 14 ABB A = 3tg,i- Hence, using (1.42),

aA xabc

b B c
Ai0 B GLABtabc: O " pilabe- (1.83)

1 1
tpi = ——0O _
BAT ¢ /5 62
By combining the preceding formulas, one finds that

<abc P ogP
g CBAcabCQ ——1263 i

which, owing to (1.82), is equivalent to (1.21).

1.3 Spinorial Representation of the Orthogonal Transformations

As we shall show in this section, with the aid of the spinor algebra, one can find
simple explicit expressions for all the orthogonal transformations in terms of 2 x 2
matrices that act on the one-index spinors. We shall also show that any orthogonal
transformation with negative determinant can be expressed in terms of two vectors.

According to the definition (1.42) and (1.21), the spinor equivalent of the metric
tensor g,y 18

a b _ .
50 AAO BB8ab = —EABEiRS

therefore, (1.4) is equivalent to

_JCc¢ DpD .
Ep€ip =L ail™" ps€cpEcn (1.84)
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where A4

that

gp 15 the spinor equivalent of L;,. Condition (1.84) implies, in particular,

CC yDD o
L= i L7 ig&cp€ep =0,

or equivalently,

L \iLceri = 0. (1.85)

In order to determine the consequences of this relation we shall establish the fol-
lowing useful result.

Proposition 1.3. If vy, satisfies l[/ABl[/AB =0, then there exist oy and B; such that
Vap = 0 Bp. (1.86)

Proof. Making use of the rules (1.22), one finds that y, I/IAB =21V —2W 5 Y

= 2det(y,p); therefore y, 3 wA? = 0 if and only if the 2 x 2 matrix () has van-
ishing determinant, which means that its rows are linearly dependent and that its
columns are linearly dependent, and hence y, ; must be of the form (1.86) (see also
Exercise 1.5). O

Thus, from (1.85) we conclude that
L€, = a€BC, (1.87)
for some o, ﬁA. In an entirely analogous manner one finds that
L€ 5 = 9F8C, (1.88)

for some 7’4, 54 Substituting (1.87) and (1.88) into LccliLDD22£CD£CD =1, which
follows from (1.84), one obtains the condition

() (BP8s) = 1. (1.89)

This condition implies that the two sets {4, 74} and { BA, 6’4} are linearly indepen-
dent. (Indeed, if one assumes, for instance, that Y = A a4, then ey, = Lo o, =
0.) Furthermore, making use of (1.27), we see that

(o7 — 074) (B — Bpbi) = (oF1p)ens (BS8s)eip = €anin- (1.90)

On the other hand, the spinor equivalent of (1.7) is given by

CcCy DD
€sp€ig =Lai L €cp€ep- (1.91)

Then substituting (1.90) into the left-hand side of (1.91), and (1.87) and (1.88) into
the right-hand side, after some simplifications one obtains

048, YpBs + YaBi0s0s = LajniLggis + LaiisLpmi- (1.92)
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Using the fact that the sets {4, 7!} and { BA, 6’4} are linearly independent we can

expand L, 4,5 and L, in the form

Ly =ayouB +ay0 845 + a3y, B +as 1,64,

Lyjioi = byoy B +by0, 85 + b3y, B+ by¥p 64

(1.93)

where a,,...,a,,b,...,b, are some (possibly complex) scalars. Then, substituting
(1.93) into (1.92), one finds that a; = a, = b; = b, = 0 and that only the following

two cases are possible:
(D) Lyirs = ay044 6,
(i) Lad1s = a3¥aBs;

In the case (i), by defining

from (1.87), (1.88), and (1.94) we obtain

1
Lyjri = a—2YAﬁAa

1

Lyjini = — ;.
as

1
KA =
? <“2 oRy,

A
M",

= (azaRYR)

(i) LMpp=KpMy,

and
det(K*,) =1,

[see (1.89)]. In the case (ii), making

A 1 i A A a3
KjE o, K2E R
YR

R
az oY

MAI = (“3“R7R)1/2 ﬁAa

we have

det(MA ) =1

(i) LMpy = KMy,

with
det(K43) =1,

Using (1.96) and (1.30) one finds that (1.84) reduces to the condition

det(MA ) = 1.

det(K* ) det(M ) =1,

)

1/2

6A

(1.94)

(1.95)

(1.96)

(1.97)

(1.98)

(1.99)
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which is satisfied as a consequence of (1.97), and similarly, substituting (1.98) into
(1.84), it follows that '
det(K* ) det(M* ) = 1.

The determinant of the matrix (L%,) can be computed by means of the general
expression
EabealeL’ pL gLy = det(L') €ofen (1.100)

[cf. (1.30)]. Hence, by virtue of (1.64),

AA BB cc DD
(EacepEin€re — Eap€rc€icEsn) L™ EEL™ FrL™ L™ np
= det(L's) (epcErn€en€rc — EEnErGEEGEFI):

and making use of (1.30) one finds that (1.96) is the spinor equivalent of an orthog-
onal transformation (L%,) with determinant equal to +1, while (1.98) is the spinor
equivalent of a matrix (L) with determinant equal to — 1. The orthogonal transfor-
mations with positive [resp. negative] determinant are called proper [resp. improper]
transformations.

If 0%, and G6%,5 are two sets of Infeld—van der Waerden symbols (satisfying
(1.21) with the same metric tensor g,;) and {e;,e;,e3,e4} is an orthonormal basis
of V as above, then .

/ 1

~ AB

is also an orthonormal basis of V' (or of its complexification); in fact, using (1.21)
and (1.40),

I 1 ~AB c = CDd
gle,.€,) = 20a "0 4p0b O cp8ed
_ _1xABx A
= 7204 "Ob»  EcBp
1~ ~AB
~ 20448
= 8ab-
Hence, e, = L’ e} for some 4 x 4 matrix (L%;) satisfying (1.4), and by virtue of
the definition of the €[, we have e, = —3L",6,"5 ¢ se,, that is, —56,"50¢,; =
(L_l)cb = L,¢, or
6,08 — [,°0,AP
_ _%Lacca 'G},CDGCAB
— L. A,CD

Then, making use of (1.96) or (1.98), one proves that 6, ;3 and 6“ ;3 must be related
asin (1.31) or (1.32).

According to the preceding results, any orthogonal transformation with positive
determinant, that is, any element of SO(p, g), is of the form

1 . .
LYy = EG“AAGZ,BBKABMAB, (1.101)
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where (K4g) and (MA ) belong to SL(2,C), the group formed by the unimodular
2 x 2 complex matrices with the usual matrix multiplication. Since for a 4 x 4 matrix
(L%), det(L?,) = det(—L“y), any element of SO(p, ¢) can also be expressed as

1 . .
L= —EG“AAG,]BBKABMAB. (1.102)

This last expression is more convenient than (1.101) because when (K* p) and
(MA ;) are both the identity 2 x 2 matrix, (L%,) given by (1.102) is the identity
4 x 4 matrix [see (1.40)]. However, in order for (L) to be real, the matrices (K )
and (MA ;) must be suitably restricted. Since the Infeld—van der Waerden symbols
are related to their complex conjugates in a way that depends on the signature of
the metric tensor, we need to deal with each case separately. Note in passing that
according to (1.21), from (1.102) we have

tr(L%) = tr (KA ) tr (M4 ). (1.103)

1.3.1 Euclidean Signature

When the metric of V has Euclidean signature, the connection symbols have been
chosen in such a way that 6%, = —0™B [see (1.38)]; therefore, the entries (1.102)
are real if and only if

a ~ BBpA asA __ __aAA A AJA .
0440, K" pM"p = 0" OpppK” pM* 5.

Writing the left-hand side of this equation in the form 646, K, BM;2, one ob-

tains the equivalent condition
K,BM;B = KA ,MA .

Since the indices A, B, A, and B are independent of each other, from this last rela-

tion it follows that K,5 = A K4 and MAB = A~'MA, for some scalar A. Taking
into account the fact that the determinant of (K“j) and that of its complex conju-
gate are equal to 1, it follows that A2 = 1. On the other hand, by virtue of (1.22),
det(K4;) =K', K?,—K',K* = —K" | K;' = K',K;>=—K' | AK!, - K',AK!, =
—A (IK',)? 4+ |K*,|?), which implies that A must be equal to —1. Thus, we are left
with

KB =K1, (1.104)

and, similarly, M AB = —MA. These conditions mean that (K*) and (MA 5) are
unitary. Indeed, from (1.30) and (1.22) we have, for an arbitrary 2 x 2 matrix (MA B)>

MA M,y = det(MR ) e, (1.105)
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and hence, raising the index D, M,PM* . = —det(M®) 82, which means that the
inverse of (M) has entries
1
MY, =————M," 1.106
( ) A det(MRS) A ( )

(assuming, of course, that det(MRS) # 0). In particular, for a unimodular 2 x 2
matrix,

M, =—m,P (1.107)

[cf. (1.6)]. Hence, the condition (1.104) amounts to (K~')?, = KA, thus showing
that (K% ) is unitary.

In summary, any SO(4) transformation is of the form (1.102), where (KA p) and
(M) belong to SU(2), the group of unimodular unitary 2 x 2 matrices with ma-
trix multiplication. However, the two pairs of SU(2) matrices ((K*p), (MA 5)) and
(—(K%p), —(MA 3)) correspond to the same SO(4) transformation. The mapping
from SU(2) x SU(2) onto SO(4) given by (1.102) is a group homomorphism whose
kernel is {(1,1),(—I,—1I)}, where I denotes the 2 x 2 unit matrix; hence, we can

writ
e SO(4) ~ (SU(Z) X SU(Z))/ZZ, (1.108)

where Z; denotes the group with two elements, which is identified here with
{(I,I),(—1I,—1)}. In effect, if (L“;) is given by (1.102) and

_ 1 .
a a BB A A
L b= "750 440% K pM™ g,
then the product of the matrices (L%,) and (L%) is given by
Ja ye. _ l.a CCPA pjA ~c .~ BBpD psD .
L' Ly = 30,0, K" cM"+-0°pp0," K" gM"'p
1 BBEA 1C prA asC
= —30°240," K" K" pM" :M" g,

which is the SO(4) transformation corresponding to the pair of SU(2) matrices
(KK,MM), where K = (K*,), K = (K*3), M = (M"}), M = (M"y) [recall that
the group operation in SU(2) x SU(2) is defined by (I? M N(K,M) = (EK ,1\71M)].

The group SU(2), whose underlying manifold can be identified with the unit
sphere S, is connected and so is SU(2) x SU(2); hence, SU(2) x SU(2) is a double
covering group of SO(4).

The existence of a homomorphism between SO(4) and SU(2) x SU(2) is a well-
known result, which is often obtained by considering the corresponding Lie algebra
homomorphism. If the 4 x 4 matrices (L%,) = exp t(®",), fort € R, are orthogonal,
then the entries of the matrix (®“,) must satisfy

Wyp = — Wpg-
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(This condition can be obtained by substituting (L%,) = exp t(®%,) into (1.4) and
taking the derivative of both sides of the equation with respect to ¢ at = 0.) There-
fore, the 4 x 4 real matrices J,; with entries

(Jab)d = 8;8ba — O 8aa (1.109)

generate s50(4), the Lie algebra of SO(4) (note that J,;, = —Jp,). (Actually, expres-
sions (1.109) generate the Lie algebra of SO(p,q) if the entries g,, appearing on
the right-hand side are those of the metric with signature (p,q).) The commutators
between these matrices are readily found to be

VabsJea]l = 8aclav — 8beJda + 8aalbe — 8baJac (1.110)
or, making use of the definitions
Ly = —Jas, L, = —Js, Ly = —Ji,
and
My = Jig, My = Joy, M3 = J34,

one finds that the commutation relations (1.110) are equivalent to
[Li,L;] = & jiL, [Li,M}] = & xMy, [M;,M;] = & jiLy,

where the lowercase Latin indices i, j, k range from 1 to 3 and there is summation
over repeated indices. Finally, letting

Ai=3(Li+M),  Bi=3(Li—M),
one finds that
[Ai,Aj] = &iAx, [Ai,Bj] =0, [Bi,B;] = &;jiBk-

Thus, the sets of 4 x 4 matrices {A1,A,,A3} and {B}, By, B3}, which together form
a basis of s0(4), are bases of Lie algebras isomorphic to that of SU(2). Making use
of the definitions above, (1.69) and (1.76), one finds that the spinor equivalents of
the matrices A; and B; are

(A ep = —%&jk%gsjk% (Bi)*cp = —%81'11«525%31;-

That is, each matrix A; or B; is the identity transformation on one of the spin spaces.
We shall not follow this approach, based on the Lie algebras, centering our attention
on the groups directly. However, the connection with the Lie algebras will arise
naturally in what follows [see, e.g., (1.124)].

The SU(2) matrices can be parameterized in several convenient ways (see also
(1.156) below). For instance, given (K% ) € SU(2), we can look for its eigenspinors.
The unitarity of (K” z) implies that the eigenvalues of (K ) are of the form €', for
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some o € R, and the fact that det(K" ) = 1 implies that the product of the two
eigenvalues of (K” 3) must be equal to 1; therefore, there exist o, and B, such that

KABOCBzeiG/ZOCA, KABBB:efiQ/ZﬁA’ (1111)

where the factor 1/2 has been introduced for convenience. Hence [see (1.24) and
(1.28)],

L -
KAB = — (C G/ZaABB_e Q/ZﬁAaB)
o By
1 ..
= B, [cos 16 (aBy—Brog) +isini6 (o By + Boy)]
o By + B oy

:cos%O 5§‘+isin%9 (1.112)

ok B

As a consequence of the relation (1.104), the one-index spinors ¢ and f, are
related to each other. Indeed, taking the complex conjugate of the first equation in
(1.111), we have KA zaB = e 19/, hence —K,Fof = e719/20/A, and, introducing
the definition

0, = of (1.113)

(i.e., 0, = — 05, 0, = 0;) we obtain —K, P ai, = e 19/24,, or equivalently, K4 ;0% =

e 10/2gA, By comparing with the second equation in (1.111) one concludes that
B4 =204, for some A € C. Then, (1.112) can be written in the form

AT SA
oo + o0 oy

A 1 A |
K" =cos56 & +isin56 5
aRoy

(1.114)

Note that aRo = |0y |* + |0y |> > 0, and therefore, if o, # 0, the set {0, 0, } is
linearly independent. Equation (1.114) yields

K", =2cos16. (1.115)

Thus, any SO(4) transformation is given by (1.102) with (K ) and (MA ;) being
two SU(2) matrices. The matrix (KA ) can be expressed in the form (1.114), and in
a similar manner, there exists y* such that

ﬂﬁBZ;;%“Wfﬁ—e¢ﬂ¢%)

YR
T+ 7'
i

= cos 1 8 +isinle (1.116)

for some ¢ € R, where

. (1.117)

Y
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Then, MA ;18 = ¢9/2pA, MA 78 = ¢=19/274 and

M =2costo. (1.118)

The vector equivalents of oAy, &AT/&, aA?‘i? and &A)(A are (complex) eigen-
vectors of (L%,) with eigenvalues e/(0+9)/2 ¢=i(0+0)/2 ¢i(0-0)/2 apd ¢=1(0-¢)/2,
respectively.

Classification of the SO(4) Transformations

The SO(4) transformations can be classified according to whether the traces K4 N
and MAA coincide or not. In view of (1.115) and (1.118), KAA = MAA if and only
if ¢10/2 = ¢i9/2 or ¢1/2 — ¢~19/2, Hence, the traces K*, and M*; coincide if and
only if two eigenvalues of (L)) are equal to 1. As is well known, any SO(3) trans-
formation has at least one eigenvalue equal to 1, which means that there exists a
one-dimensional subspace (the axis of the rotation) pointwise invariant under the
transformation. The SO(4) transformations (L%;) such that KA A= MA i (which will
be called simple) are analogous to the SO(3) transformations in the sense that there
exists a proper subspace pointwise invariant under (L%).
Assuming oR o, = 1 = Y%, we define

Mo @@ e et ). )

Then, one can readily verify that v and wA are the spinor equivalents of two
mutually orthogonal real unit vectors v¢, w®. When e'?/2 = ¢1%/2 we obtain

KABMABVBB = cos 0y 4 sinOut,
KABMABWBB — —sin0 v 4 cosOut,

which means that the corresponding orthogonal transformation is a rotation through
the angle 6 in the plane spanned by {v*,w®}. In a similar manner, when ef/2 =
e19/2 the SO(4) transformation defined by the pair of SU(2) matrices (1.114) and
(1.116) is a rotation through the angle 6 in the two-dimensional plane generated by
the vector equivalents of

1 Agi | ~alA U asi ~ad
BTy, ey -atyh)
(which are real and orthogonal to v* and w?).

Since 0 = $(0 + @) + (60 — @) and ¢ = 1(0 + @) — 1(0 — @), any SO(4)
transformation, which is defined by a pair of matrices of the form (1.114) and
(1.116), is the composition of two simple SO(4) transformations, one of them rep-
resenting a rotation through %(6 -+ @) in a two-dimensional plane and the other
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representing a rotation through %(6 — @) in the orthogonal complement of the first
two-dimensional plane.

The SU(2) matrices (K”) and (M*j) can be expressed in terms of the unit vec-
tors v,, Wy, introduced above. Making use of the definitions (1.119) and (1.69),
we have

a. b _ .a. b R .
VWS ipap = VW Ou(4" Ol )k

= 20, wpe
and therefore (1.114) can be written as
K"y =cos16 8) +sin 30 v wPS,Ap. (1.121)

In a similar way, we have
b bR
VWS pap = VWO, (iOlpRi)
R

= 2V0 AV Rs)

= i(v%+ ViYs)s
hence, (1.116) is equivalent to

MA 5 = cos 1o 5{; +sinlg Vb Ay

With aR oy, = 1, the square of the matrix (o 0z + 04 azp) is the 2 x 2 identity
matrix,
(a0 + ot o) (0 oy + 0C o) = ooy — oy = 57,

and therefore, from (1.120) it follows that the powers of the matrix (vV/w?S,,* ;) are
given by

(VaWbSabAB) *= (—l)k(@?)a (vaWbSabAB) R (—l)k (VaWbSabAB)

fork=0,1,2,..., and making use of the usual series expansion for the exponential,
we obtain the matrix equality

exp (50 VWS, ) =cos 0 (85) +sins 6 (V'w’S,,Ap).
Thus, comparing with (1.121), we conclude that
(K*p) =exp (30 v'wPS,, %),

or equivalently,
(K*p) =exp (i0 3 (o Gy + 0" 0gp) ). (1.122)
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In an analogous manner, we find that
(MAB) =exp (3¢ v“wbSabAB) ,
(M* ) = exp (ip 5 (V' T+ 7' 1)) (1.123)
These expressions show that any SU(2) matrix is the exponential of some (traceless)
matrix.

We can get expressions for (K4 3) and (M4 ) that show more similarities. Indeed,
making use of (1.76), we have

6+ wbSab = [%(G—I—(p) b — (6 (p) SVeWq E‘d"b]SabAB

and
gov“wbSabAB = [%(6—1—(,0) Vb — (9 0) 5 vcwdSCd“b}SabAB,
and therefore, we can also write
(K*5) = exp (51" 5)
_ _ (1.124)
(M* ) = exp (31°S " ).
where we have introduced the bivector
b = (9 4 @) view! — (6 — o) %eabc‘lvcwd. (1.125)

Making use of (1.52) and (1.65), one finds that the spinor equivalent of the bivector
tup 18

fAABB:iea(A&B)gAB+i(P7’(A77B)€AB- (1.126)

As shown below, the spinor equivalent of any real bivector is of the form (1.126)
[see (1.232)]; therefore, any real bivector is of the form (1.125), and for any real
bivector 7,5, equations (1.124) define an SO(4) transformation.

Any matrix whose spinor equivalent is of the form T BsA ; commutes with any
matrix whose spinor equivalent is of the form e 574 ; therefore

exp (74 e y) + (6457 5)) = exp (T4 ) exp (64 7 5),
and taking 7, = i6 0{(4 Olp), Tjs = i@ ¥ ¥)> from (1.122) and (1.123) we have
exp (756" 5) + (%5 7"5)) = (M* 5K ),

which implies that the SO(4) transformation corresponding to the pair of SU(2)
matrices (1.124) can be also expressed as

(L%) = exp(—t). (1.127)
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Thus, any SO(4) transformation can be written as the exponential of some matrix.
Furthermore, making use of Proposition 1.2 and the preceding results one can
verify that the bivector 1%’ is simple if and only if the SO(4) transformation
(L%) = exp(—1“}) is simple.

Improper O(4) Transformations

Following a procedure similar to that leading to (1.104), one concludes that any
O(4) transformation with negative determinant can be expressed in the form

1 . .
Ly = —EO'aAAGbBBKABMAB, (1.128)

where (K4j) and (MA ) are SU(2) matrices; given (L%;), the matrices (K” ;) and
(M? ) are defined up to a common sign.

The matrices (K 3) and (MA ) appearing in (1.128) can be regarded as the spinor
equivalents of two vectors. Owing to (1.104) and (1.47), these two vectors are pure
imaginary. Hence, letting

Ky =iV2vu  Mig=iV2wg,, (1.129)

one finds that det(K* 3) = LKAPK, 5 = —ABv, 5 = 1 and, similarly, —w*Pw, = 1;
therefore, the vector equivalents v, and w, of v, and w, , respectively, are real unit
vectors [see (1.46)]. Then, making use of (1.27) we obtain the identity

. | . v . ) .
VasWpi = 3(VABWBA — VaiWps T VaiWgs
+VABWEA — VBEWAA T VBEWAA)
R R ) s
(—€igva" Wpr T VaiWas + €4V WRA + VBEWAAL)

R 1 SR
[~ &in(v wryk + 3848V Vsi) +Vaiwps

[SIER ST

R o, 4 lo RS .

+ eV 5WiRiA) + 2880V Wrs) +VEEWaA
__l( RS ')8 £_|_l( . , + X )
= 73V Wgs)€spEip T 2\VaiWBB T VBBWAA

- %(V(ARWB)RgAB - VR(AW\R\B) €rp)- (1.130)

According to (1.52) and (1.65), _(V(ARWB)RgAB — VR(AW\R\B)'SAB)’ which appears in
the last line of this identity, is the spinor equivalent of the dual of the antisym-
metrized product v,w, — vpw,. Hence, substituting (1.129) and (1.130) into (1.128),
we obtain

L = —vw 8 +viwp, +wivy, + 8% EupeaV W, (1.131)

which is, therefore, the tensor equivalent of LA4 5 = 214 g,
Thus, for each improper orthogonal transformation there exist two (not nec-
essarily distinct) unit vectors v,, w,, defined up to a common sign, such that
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(1.131) holds. Expression (1.131) shows that if {v,,w,} is linearly independent,
there are two two-dimensional subspaces of V invariant under the orthogonal trans-
formation (L%,); one of them is the subspace spanned by {v,,w,} (note that
L%’ = w? and L%w? = v?), and the other is formed by the vectors simultaneously
orthogonal to v, and w,. When {v,,w,} is linearly dependent (i.e., w, = Fv,), the
last term in (1.131) vanishes, and (L“5) corresponds to the reflection on the hyper-
plane orthogonal to v, or to the negative of this reflection (see Section 1.4).

Conversely, given two real unit vectors v,, w,, equation (1.131) yields an im-
proper orthogonal transformation.

1.3.2 Lorentzian Signature

In the case that the metric has Lorentzian signature, the connection symbols have
been chosen in such a way that 6%, ; = 0% ; therefore, the unimodular matrix (L%)
given by (1.102) is real if and only if

a ~CDpA aB. _ a . DCA AfB .
0 450, K'cM"p=0"5i0, " K*cMZp,

which is equivalent to KA M%), = KB, MA .. Hence, MA~ = LKA and KB, =
A~ 'MP , for some scalar 4. Since both matrices (K ) and (M* ) have unit deter-
minant, we have 12 = 1, so that finally we obtain the condition

MAy = +KA,. (1.132)

Thus, any SO(3, 1) transformation can be expressed in the form
L% = F106%,,0,° K" KP ), (1.133)
with (K4g) € SL(2,C). The SO(3, 1) transformations of the form (1.133) with the
upper sign form a subgroup of SO(3, 1) denoted by SO'(3,1) or SO(3, 1), (being

the connected component of SO(3,1) containing the identity). Furthermore, the
mapping

(K*g) > (L%),  with L% =—10",,0," K" K, (1.134)

is a two-to-one homomorphism of SL(2,C) onto SOT(S, 1). In fact, making use of
(1.21), one finds that the product of the SO’ (3, 1) matrices

a _ l.a ~CDpA B a _ _1~a -~ CD B
L") =—50430, "K"cK”p, M)y = —50%450, QACQD

is given by
b 1 GHpA AC KB 0D
LYyM’ . = —50%430.7" K" Q" KB, 0Py,
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which is the SO'(3,1) matrix corresponding to the product of the matrices (K*p)
and (Q” ) under the mapping (1.134).

Thus, SO'(3,1) ~ SL(2,C)/Z,, and since SL(2,C) is connected, SL(2,C) is a
double covering group of SO'(3,1).

Making use of the explicit expressions for the Infeld—van der Waerden symbols
(1.33), from (1.133) one finds that

L'y = i%(|K11|2+ Ko+ K% 7+ |K22|2)-

Therefore, SO'(3,1) is formed by the orthogonal transformations with unit deter-
minant such that L*; > 0.

In the context of special relativity, the O(3, 1) transformations are identified with
the Lorentz transformations that can be defined as those relating the Cartesian space-
time coordinates measured by two inertial frames (see, e.g., Jackson 1975, Rindler
1977). The elements of SO (3, 1) are called orthochronous proper Lorentz transfor-
mations; SOT(S, 1) is called the restricted Lorentz group. The SO(3, 1) transforma-
tions (1.133) with the lower sign produce a time inversion (L*; < 0) and a space
inversion.

Lorentz Boosts

The elementary Lorentz transformation

X' =y(x—w),
Y=y,
Ly (1.135)

ct' = y(ct —vx/c),

where ¢ denotes the speed of light in vacuum and y = (1 —v?/c?)~1/2, gives the
relationship between the Cartesian coordinates of an event measured by two inertial
reference frames, assuming that the primed reference frame S’ moves with respect
to the unprimed one, S, along the x-axis with velocity v. The Lorentz transformation
(1.135) is equivalent to x'* = L%x? if we identify (x,y,z,ct) = (x!,x*,x,x*), and
similarly for the primed coordinates, with

a
L%:%+W—U<ﬂ”—r%>+QWn—w%) (1.136)
Ve, c
Here the T are the components of a (timelike) vector such that 79T, = —1, v* is

a (spacelike) vector orthogonal to 7%, v*T, = 0, which gives the relative velocity
of S with respect to S, and ¥ = (1 — v%v,/c?)~"/2. In fact, it can readily be seen
that (1.136) reduces to (1.135) when (7%) = (0,0,0,1) and (v*) = (v,0,0,0). The
matrix (L) given by (1.136) represents an orthogonal transformation and therefore
must be of the form (1.133). (It is customary to define x° = ct, with the tensor indices
a,b,...running from O to 3; we do not follow here that convention in order to employ
a uniform convention for all signatures of the metric.)
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As is well known, it is convenient to write (v?v,)!'/? = ctanh ¢, for some { € R
(called rapidity); then y = cosh §, and (1.136) amounts to

a _ sa v a Vb
Lb—6b+(COShC—1) (W—T > <W+Tb>

. VaTb— T“vb
_ (COShC —1- sth) <W>

= &) —2(cosh§ — 1)nl, — (cosh§ — 1 —sinh &) (I“np — nly)
=& — (e ¢ = 1) — (5 — 1)n“ly, (1.137)
where we have defined

1 v 1 v
aE— Ta a . Ta_ .
alrm) = m)

By virtue of the definitions of 7% and v*, the vectors /¢ and n“ satisfy

I°l, = 0=n"n,, n,=—1. (1.138)

As can readily be seen, the null vectors /¢ and n* are eigenvectors of (L%,) with
eigenvalues e ¢ and ef, respectively.

‘Then, for instance, 148 the spinor equivalent of the null vector [¢, satisfies
I"Pl, = 0, and according to (1.86), there exist o, and y; such that L,z = o, %.
Since the components [ are real, I, = I, which implies that y; = Ao, for some
A € R. Hence, absorbing the absolute value of 4 into ¢, it follows that

L = +0, 0y, (1.139)

where
Oy =0yp. (1.140)

(An explicit proof is given below; see (1.161).)

According to the conventions (1.34) and (1.44), the sign in (1.139) is positive
[resp. negative] if the component /4 is positive [resp. negative]. (From (1.34), (1.44),
(1.139), and (1.140) we have [* = 27 1/2(1"T 1+ 122) = £2712(Jo' P + |0?[?).) In a
similar manner, there exists 8, such that n,; = £, 8. Taking

Lg=ouls  nap=PaPs, (1.141)
from the last condition in (1.138) we obtain 1 = B, , — 0A @2, By = |0 B, 2.
Since expressions (1.141) are left unchanged if we multiply o, or B, by any phase
factor, we can assume that

B, =1. (1.142)
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Making use of (1.141), (1.28), and (1.142), one finds that the spinor equivalent of
(1.137) is given by
My = 8080 — (e — 1)o@ BBy — (5 — 1) B Broyay
— (o By — BAatg) (04 By — B otg) — (€75 — 1) '@ ByB 5
- (eg - l)ﬁABAO‘BaB
== (e_c/zaAﬂB - eg/zﬁAaB) (C_C/ZEAEB - eg/ZEAaB)
= —KA KA, (1.143)

where
KA =+ (e 520 By —e*/*BAayy)
=+ [cosh 3£ 8 —sinh 3¢ (o By + B o) (1.144)

[cf. (1.112)]. One can verify directly that det(K” ;) = 1. The rapidity is determined
by the absolute value of the trace of (K4 ,), |K*,| = 2cosh 1{.

The direction of the velocity of S’ with respect to S, represented by 1%, is hidden
in the definitions of /¢, n, and of the one-index spinors o, B, appearing in (1.141)
and (1.144); however, it may be noticed that by virtue of the antisymmetry of S, 45
on the tensor indices a, b, we have [see (1.69), (1.141), and (1.142)]

(VCVC)il/zvaTbSahAB = lanbsabAB = la”b%(ARG\b\B)R = 2l(ARnB)R
= 204, 0" By B = 204 Bpy; (1.145)
thus, expression (1.144) is equivalent to
K"y =% (cosh1¢ 8 —sinh 3¢ u*T"S,," ), (1.146)
where u® = v*/(v°v.)'/2. Hence, with T¢ = §{' as above, making use of (1.77),
coshi¢ +udsinhi¢  (u' +iu?)sinh L
(K*p) ==+ ZC. ‘ IZC ( 1 ) _ 2? . (1.147)
(u' —iu*)sinh 5¢  cosh 3¢ —u’sinh 3¢
The complex conjugate of the matrix (1.147) can be expressed as
K = (KAg) = £ [(cosh 1 {)I + (sinh 3 {)u’ o),

where [ is the 2 x 2 identity matrix, and the o; are the Pauli matrices (i, j,... =
1,2,3). Then, the components of the unit vector u' are given in terms of K by

tr(Ko;) = £2(sinh $ {)u’.

As a consequence of (1.142), the square of the matrix (oBgz + Boy) =
(uT"S,,A ) is the identity; therefore the matrix (1.146) can be expressed as

(K*p) = exp(— 2C u'T?S,, ) = £exp (— £ 1°n”S % 5). (1.148)
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As we shall see below, this last equation implies that the boost (1.136), (1.137) can
be written in the form

(L%) = exp (& (1% — nly))

[see (1.159)], which, among other things, shows the additive character of the rapidity
¢ for boosts in the same direction.

Classification of the Orthochronous Proper Lorentz Transformations

The matrix (1.144) does not represent the most general SL(2, C) matrix. If (K4 g) 18
an arbitrary SL(2,C) matrix, we can write K, = (K5 — Kp,) + 3 (Kyp + Kpy) =
%KCC&‘AB + Kiyp)> i€, Kyp = VEup+ Uyp, Where v is some complex scalar and
Uap = Ups- As shown below [see (1.227)], the fundamental theorem of algebra im-
plies the existence of @, B, such that t1,5 = o4 B Then o and B4 are eigen-

spinors of (K*5); in fact,
Kol = [vop + (o B+ Blay) | o = (v+SoP By o,
and K4 B2 = (v — JoBB,)B4; thus, if {a?, B4} is linearly independent, then
K4gof = 2at, K48 =2171p4, (1.149)

for some A € C, since the determinant of (K ) is equal to 1. The contraction o B,
is different from zero; hence, by rescaling a* or B4, we can impose the condition
aB, = 1; then (1.149) are equivalent to

K =1o"By— A" BAay (1.150)

[cf. (1.144)]. . . .
From (1.134) and (1.149) it follows that the products o*@*, B B4, o* B4, and
BAo" are the spinor equivalents of eigenvectors of (L%;) with eigenvalues

AR AR A/ A, (1.151)

respectively; oo, ﬁAEA are the spinor equivalents of two real null vectors
[see (1.139)], while OcABA and ﬁAﬁA are the spinor equivalents of two complex-
conjugate null vectors. Thus, if (K#,) is of the form (1.150), then (L%;) pos-
sesses two real null eigenvectors, and the vector equivalents of o B4 + Ao and
i(ocAEA — BAe?), which are real, span a two-dimensional invariant subspace on
which (L) is a rotation through the angle arg( /).

Two eigenvalues of (L“;) are equal to 1 if and only if [A| =1 or A € R [see
(1.151)]. The orthochronous proper Lorentz transformations of this type, which
leave pointwise invariant a two-dimensional subspace, are called simple (Lounesto
1997, Sec. 9.6). When |A| = 1, (L) represents a rotation; the vector equivalents
of oo and BAEA span a real two-dimensional subspace pointwise invariant under
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(L%), the trace K*, is real, and |[K”,| < 2. When A is real, (L%) represents a
boost, the vector equivalents of o B4 + A0 and i(a* A — BA@) span a real
two-dimensional subspace pointwise invariant under (L%;), the trace KA 4 1s real,
and |[K4,| > 2.

On the other hand, it can be readily verified that KA, = 2 + 4! is real if and
only if |A| = 1 or A € R. Therefore, the SL(2,C) matrix (1.150) corresponds to a
simple orthochronous proper Lorentz transformation if and only if the trace K4 ey
real.

In the remaining case, in which {a#4, 84} is linearly dependent, we have

Ky =v&y +puotop,

where v and y are two complex numbers. Then, the condition det(K”z) = 1 gives
v = *£1, and by rescaling ¢, we can write

K'p==£(85 — 3 o’ ay), (1.152)

where { is a real number. Now o is the only eigenspinor of (K4), and oo’
is the spinor equivalent of a real null eigenvector of the corresponding orthogonal
transformation (L), with eigenvalue 1 (these Lorentz transformations are called
null rotations).

If y, is a one-index spinor such that ot Y4 = 1, then the vector equivalent of
i — y o) is a (spacelike) real eigenvector of (L%,) with eigenvalue 1; hence,
for the SO'(3,1) transformation corresponding to (1.152) there is always a real
two-dimensional subspace pointwise invariant under (L%;) (that is, (L%) is sim-
ple). (Note that 7y, is defined up to the transformation y, — 7y, + ko, with Kk € C
arbitrary, but the two-dimensional subspace pointwise invariant under (L) is not
affected by this ambiguity.) From (1.152) we see that K4 4= E2.

Substituting (1.152) into (1.102), with the aid of (1.28), we obtain

Ly = 4040, (8 — b ooy (3 — b 'Ty)
=6, - %GQAAG})BB [ - %C OﬂAaA(OtBT/B +Y05)
+ 38 (7 + ot ot + 0 oo o)
1 1
—=§ 1%y — 5°1y) — = &1, 1.153
\/QC( b b) 4C b ( )

where I, and s, are the vector equivalents of o, o¢; and (1/v2)(0,7; + Y404)s
respectively. The vectors I, and s, are real and orthogonal to each other; /, is null
and s%s, = 1. (A similar classification of the proper orthochronous Lorentz transfor-
mations, making use of quaternions, is obtained in Lanczos (1970); see also Penrose
and Rindler 1984, Hall 2004.)

The foregoing discussion proves the following result.

Proposition 1.4. The trace of the SL(2,C) matrix (K% ) is real if and only if there
exists a real two-dimensional subspace pointwise invariant under the corresponding

=0y +
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SO'(3,1) transformation (L%,). Furthermore, in that case, (L%;) is a boost or a
rotation if |[K4,| > 2 or |[K*,| < 2, respectively. When |K*,| = 2, with (K*) #
+(84), (L) has only one real null eigenvector, and the corresponding eigenvalue
is equal to 1.

Since any nonzero complex number A can be expressed as the product of a
positive real number and a complex number of unit modulus, A = |A|el®/2, for
some O € R, from (1.149) it follows that the SO'(3, 1) transformation defined by
(1.150) is the composition of two simple orthochronous Lorentz transformations.
Furthermore, making use of (1.145), one finds that (1.150) can also be expressed in

the form
KA =TA+A7" 85 + LA -2 1*n"S g, (1.154)

with I, and n, defined by (1.141). For instance, taking A = e'/2 and T¢ = &, we
have (see Exercise 1.9)

(KAB) =

1 s 31 s 2\ i |
cos50 —iu’sin50 —i(u' +iu”)sin50
< 2 2 ( Jsin 2 ) (1.155)

—i(u' —iu*)sin$0 cos16 +iusinl6

where now u“ is a unit vector defining the axis of th¢ rotation [cf. (1.147)]. Alterna-
tively, denoting by m® the vector equivalent of oA 34, we have

memPS 45 = mumb%(ARG\b\B)R = 20‘(AERBB)ER = _20‘(Aﬁ3)
[cf. (1.145)]; hence, (1.150) is also equivalent to
KAy =3A+271) 85 —1A -2y m*mb S, .

With the conventions adopted here, the composition of a rotation about the z-axis
through an angle ¢ followed by a rotation about the y-axis through an angle 0,
followed finally by a rotation about the z-axis through an angle y, corresponds to

the matrix
e i2/2 cos %6 sin %6 e i9/2
0 ex/2 —sin%@ cos%@ 0 ¢lv/2

e 0t0)/2cos 10 €l(P2)/25in 10
_ei(x7¢>/2 Sin%e ei((p+x>/zcos%6

(K"p)

(1.156)

and its negative. (Note the order of the factors.) As one can readily verify, this matrix
also belongs to SU(2), and this last expression gives a parameterization of the SU(2)
matrices by Euler angles (¢, 60, ).

It is convenient to express the eigenvalue A of (K?,) in the form A = e %/2;
then (K“ ) corresponds to a simple SO'(3, 1) transformation when z is real or pure
imaginary, and from (1.154) we also have

A _ 1osA_ vl jabo A
K" p =cosh5z 0p —sinh5z1n”S " .
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On the other hand, using the fact that the square of the matrix (1“n°S,,"p) is the
identity [see (1.145)], we find that

(K*g) =exp(—3z1n"S,,p)
and, by virtue of (1.76), letting z = x + iy,

2 1nPS Ay = (x+iy)n”S A,

1ja, b cdA
= (xleng —y51n” €apea) S g

= LSy,
where 1, is the real bivector
tap = —2xI1gnp) + Y €apcal 0. (1.157)
Thus,
(K" 5) = exp (315" 5) (1.158)

[cf. (1.124)]. Making use of the criterion given in Proposition 1.2, one can verify
that 7, is simple if and only if x or y vanishes; therefore, the bivector (1.157) is
simple if and only if the SL(2,C) matrix (1.158) corresponds to a simple SOT(S, 1)
transformation. Since for the Lorentzian signature we have S, 5 = S, i it follows
that (M4 ) = exp (}Tt“bS(leB) [cf. (1.124)]; hence, as in the foregoing subsection, it
follows that

(L) = exp(—17). (1.159)

Finally, in the case of the null rotations,

1 1 5
a b _ a b R .
—=1"Spap = 17044 Opipyr = 04 g,

V2 V2o

where [, and s, are the vector equivalents of o, @; and (1/v/2)(047; + ¥4 04)s
respectively. Hence (1.152) can also be expressed in the form

1
KAB =+ (62 — mglasbsabAB) 5

or equivalently,
1

KA,) =4exp | ——=C1%"S A ) 1.160

( B) p < 2\/§C ab B ( )
since the square of the matrix (o 0yz) is equal to zero. This expression is of the form
(1.158), where ¢, is the simple bivector -2 ¢ liaSp)- As we have seen, (1.152) cor-
responds to a simple Lorentz transformation, and therefore, in all cases, the SL(2,C)
matrix (K" ) = exp (§1%°S,,% ) corresponds to a simple SO (3, 1) transformation
if and only if the bivector ¢, is simple. (One can directly verify that in this case,
(1.159) reduces to (1.153).)
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Note that in order to obtain (1.124), (1.158), and (1.160), the explicit form of the
matrices (S, ) and (S, ), given by (1.77) and (1.79), has not been required.

Parameterization of Null Vectors, Aberration of Light
By definition, a (real) null vector [ satisfies the condition /“/, = 0 and therefore
F= £ [+ 32+ ()72

This means that apart from the ambiguity in the sign of /4, the components of the
null vector /4 are determined by the point (I',12,1) € R3, which, in turn, can be
parameterized by the usual spherical coordinates (r, 6, ¢), according to

(I',12,1%) = (rsin O cos @, rsin O sin @, rcos 0).

Assuming [* > 0, the components of the spinor equivalent of [ are then given by
[see (1.34)]

g2 r l—cos® —el®sind
pip2) 2\ —e19sin® 14cosd
_ 5y sinZ%G —e“"sin%@cos%@
—e 9sin16cos 36 cos’ 16

—ei"’/zsin%e
_ Zig/2 i 1 i 1
= 2r<e‘i"’/zcos%9 (—e “P/zsmie el‘P/zcosze)

_ (g;) (ai aﬁ), (1.161)

which shows explicitly that the spinor equivalent of a real null vector with I*>0is
of the form /44 = oAe” [see (1.139)]. From (1.161) we see that

1 _el®/24in L
<a2> ol [ 7€ SN0 (1.162)
o e"‘p/zcos%e

where y is an arbitrary real number.
The wave four-vector of an electromagnetic plane wave k¢ is a future-pointing
null vector, that is, k* > 0 (see, e.g., Jackson 1975), and therefore, its spinor equiv-

Ao, with oA given by

ol | —e'?2sinl6
—ol/41/2 2 11
< o’ ) g e 1%/2cos 1o ’ (1.16)

alent is of the form o
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where k = [(k")? + (k%)% + (k*)?]'/? is the wave number, and 6 and ¢ are the stan-
dard polar and azimuth angles of the direction of propagation of the wave with
respect to some inertial reference frame S. The spinor equivalent of k'* the wave
four-vector of the wave with respect to a second inertial reference frame S’, which

moves with velocity v with respect to S along the z-axis, is also of the form oA,
with /4 = K4 8, and (K% ) given by [see (1.147)]

(K) = cosh%é’+sinh%§ 0 _ e$/2 0
B 0 cosh${ —sinh1¢ 0 et2)’

with v = ctanh {; hence, expressing o4 in the form (1.163), we immediately obtain
K2 sin %G’Ci“’//2 = %2k 2sin %Gei(”/z,
K12 cos %G’e*i“’//z = e 5%k 2 cos %Gefi(p/z,

which imply ¢’ = ¢ and

c+v
tan%e/ :egtan%e = —tan%@
Ve—v

(see also Misner, Thorne, and Wheeler 1973, Penrose and Rindler 1984). (Note that
0 is the angle between the direction of propagation of the wave and the direction of
motion of S’ with respect to S.) Furthermore, recalling that the angular frequency @
of the wave is related to k by @ = ck, we have

o =c [(eg/zkl/2 sin%9)2+ (e*C/zkl/zcos%G)z} =y (1 —gcos 6) ,

which gives the relativistic Doppler shift.

Improper Lorentz Transformations. Spatial Inversion

Proceeding as at the beginning of this subsection, one finds that the O(3, 1) transfor-
mations with determinant —1 are of the form

L% = F106%,30,"PK" yKB, (1.164)

where (K4 ) € SL(2,C). Making use of the explicit expression (1.33), from (1.164)
one finds that
Lly=£5(K P+ K P+ KPP+ [K)),
which shows that (L;) preserves [resp. reverses] the time orientation if we take the
upper [resp. lower] sign in (1.164).
As in the case of Euclidean signature, the entries of the matrix (K ) appearing
in (1.164) can be regarded as the spinor equivalent of a vector, but in the present
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case that vector is complex (according to (1.47), K,p is the spinor equivalent of a
real vector if and only if K, = Kp4). Since det(kK” ) = $K*PK,; = 1, denoting
by K, the vector equivalent of K, 3, we have K“K,, = —2, which means that the real
and the imaginary parts of K, are orthogonal to each other. Making use of (1.130),

(1.52), and (1.65), from (1.164) we obtain
L% = F1(— KK 8 + KKy + KK}, — 18 Eupca KK
=7 [ — %(vcvc +wwe)Op + v +wiwp — g“esebcdvcwd] , (1.165)

where v, and w, are the real and the imaginary parts of K, respectively [cf. (1.131)]
(see also Penrose and Rindler 1984).

From KK, = —2, it follows that v*v, — w?w, = —2, and therefore, from (1.165)
we see that L%, v? = £ and Lw? = Fw?. If {y*,w“} is linearly independent, this
set spans a two-dimensional subspace invariant under (L%).

When {v*,w?} is linearly dependent, the orthogonality of v* and w* implies
that v* or w* is equal to zero; then (L“j) corresponds to the reflection in a three-
dimensional hyperplane passing through the origin or to the negative of such a re-
flection (see also Section 1.4, below). If v* is equal to zero, w* is spacelike, and
if w? is equal to zero, v is timelike. Thus, in the latter case, (L%;) corresponds to
the reflection in the three-dimensional hyperplane orthogonal to the unit timelike
vector T¢ =v*/ V2, or to the negative of this reflection. Hence, if T, is the spinor
equivalent of 7, from (1.164) it follows that

L% = —0%,,0,°TA s T.B (1.166)

corresponds to the improper Lorentz transformation that leaves invariant the time-
like vector 7% and reverses the sign of the vectors orthogonal to 7¢. This transfor-
mation is the spatial inversion for an observer for which 7% (or —T“) represents its
time axis [cf. also (1.190)].

1.3.3 Ultrahyperbolic Signature

When (g,,) = diag(1,1,—1,—1), the Infeld—van der Waerden symbols can all be
real [see (1.35)]. If these symbols are real, the matrix (1.102) is real if and only if
the unimodular matrices (K” ;) and (M4 ) are both real or both pure imaginary. The
4 x 4 matrices of the form

L% =—106%,,0,PPK" ;M4 (1.167)
with 6, given by (1.35) and (K4p), (MAB) € SL(2,R), the group of unimodu-

lar real 2 x 2 matrices with matrix multiplication, form a connected subgroup of
SO(2,2) that contains the identity of this group and will be denoted by SO(2,2)o.



40 1 Spinor Algebra

Furthermore, the mapping ((K ), (M4 )) — (L), with L%, given by (1.167), is a
two-to-one homomorphism of SL(2,R) x SL(2,R) onto SO(2,2)o, i.e.,

SO(2,2)9 = (SL(2,R) x SL(2,R)) /Z,. (1.168)

Following a procedure analogous to those employed in the preceding two sub-
sections, we can find the possible forms of the SL(2,R) matrices. As shown in Sec-
tion 1.7, below, for a given 2 x 2 matrix (K”,) there exist o, and B such that
KAy = v} + 1(a?Bg + Bot), for some scalar v. Then oy and B, are eigen-
spinors of (K" ), and, assuming that { o, 8, } is linearly independent, the condition
det(K*3) = 1 implies that

KAgof = Lat, KA B8 =A71pA, (1.169)

for some A € C [cf. (1.149)]. If we now assume that (KAB) belongs to SL(2,R), the
complex conjugate of the first equation in (1.169) gives

K408 =204,
where, in the present case, the mate (conjugate or adjoint) of ¢, is defined by
o, =0y (1.170)

[cf. (1.113)]. This means that if ¢, is an eigenspinor of an SL(2,R) matrix, so
is its mate 0, and now we have to consider two possible subcases according to
whether A @, is different from zero or not. (Note that a* @, = o, @, — o, @) is pure
imaginary and that ie &, = 2Re (i, @) can take any real value.)

When aay, # 0, {o,,0,} is linearly independent, the equations above imply
that B, must be proportional to @, and A = A~!, which means that A = ¢!%/2, for
some O € R. Hence, from (1.169) we have

1 ; ~ 9/2~
KA — _ elG/ZaAa _6719/2aAa
B ocRocR( B )
OCB+05 OCB

P |
= cos50 &, +isin56
27 7B 2 aRaop

(1.171)

When oo, = 0, 0, is proportional to o, and hence, A = A. Writing Oy = LYy,
with p € C, then aA = (uoy )" =mo, = upoy, and using the fact that o, = o,
it follows that u = e'%, for some y € R; thus, (e'*/20, ) = e*/2q, , and absorbing
the factor e'Z/2 into o, we have 0, = a,. Similarly, ﬁA must be also proportional
to B, and we can assume that ﬁA = B,. Then, expressing A in the form A = +e%/2,
from (1.169) it follows that

1 _
of Br
A o' Bp+Ble
:i<cosh%6 87 +sinh16 %) (1.172)
R



1.3 Spinorial Representation of the Orthogonal Transformations 41

Finally, when {a,, B, } is linearly dependent we have K* , = v/ + uo* o, and
the condition det(K*5) = 1 requires v = +1. Since (K" ;) must be real, &, has to
be proportional to o4 and we can assume that &A = oy; hence, in this case,

K'Yy ==£(85+100%0p),

with 6 € R.
Summarizing, any SL(2,R) matrix different from the unit matrix has one of the
forms

AG L GA
O+ 0" Ol

o
1o SA | :inl A~
cos ;0 &5 +isin; 0 , with a“ o, # 0,

oRoy,
g sA L o lg & Bg+ B ~ (1.173)
+ COShieéB +Slnh§9aR—ﬁR ,WlthaA:(XA,ﬁA:ﬁA,
+ (88 + 30 oor), with &, = o,

These three cases correspond to |KA 4| less than 2, greater than 2, and equal to 2,
respectively. A

Similarly, one concludes that any SL(2,R) matrix (MA ) different from the unit
matrix can have one of the forms
oo + oty

1 A P | . A
cos ;¢ &} +isin; @ , with o* 05 # 0,

OCR&R
‘ Qg o pA,. ~ . 1.174
+ cosh%(p&g—ksinh%(p% , with &, = o, B = B, (L179
" Br
+ (8 +1potay), with 0 = oy,
where
Q=0 (1.175)

Since the two SL(2,R) matrices (K*5), (MA ;) appearing in (1.167) are independent
of each other and each of these matrices can have one of the forms (1.173) and
(1.174), there is a huge variety of SO(2,2), transformations.

Improper O(2, 2) Transformations

With the Infeld—van der Waerden symbols given by (1.35), all the orthogonal trans-
formations with determinant equal to —1 are given by

1 . .
L= —EG“AAG,]BBKABMAB, (1.176)
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where the unimodular matrices (K* 3) and (MA ) are both real or both pure imagi-
nary. K,z and M, can be regarded as the spinor equivalents of two real vectors or
two pure imaginary vectors, respectively; in the first case, writing

Kyp = ﬁVABv Mg = \/EWBA’

one finds that v, and w5 are the spinor equivalents of two real vectors v, and w,
such that v¥v, = —1 = ww,. Making use of (1.52), (1.65), and (1.130), one finds
that (1.176) is equivalent to

L =vwe 8 —viwp —wivp + 8% Eopeav WO

From this last expression one finds that L%,1” = w® and L,w? = v*.
In the second case, K, 5 and M}, can be regarded as the spinor equivalents of two
pure imaginary vectors; letting

KAB:i\/EVABv MAB:i\/EWBAv

one finds that v, and w,p are the spinor equivalents of two real vectors v, and w,
such that v*v, = 1 = w*w,, and (1.176) amounts to
L = —vweof +viwp +wivp — 8% Eopeav W

Here we also have Lv? = w?® and L%,w? = 7.

As in the cases of the improper O(4) and O(3, 1) transformations, when {v*, w?}
is linearly independent, the two-dimensional subspace spanned by {v*,w*} is invari-
ant under (L%;) as well as its orthogonal complement, and when {v¢,w*} is linearly
dependent, (L?;) or —(L?;) is a reflection in a three-dimensional hyperplane passing
through the origin.

Alternative Basis

Apart from the real Infeld—van der Waerden symbols (1.35), another advanta-
geous choice is given by the complex scalars (1.37) because they satisfy 69, =

NapNipo®8, with 1,5 and 1, defined as in (1.39),

(Map) = (:) _?) = (M4p)-

Then, the entries of the orthogonal transformation (L?;) given by (1.102) are real if
and only if

a .~ BBpA psA . ~aCC BD _,BD A AJA .
O 4i0p K pM" 5 =MNucNic0 N N7 OpppK: pMAp,

where, following the general rules (1.22),
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(n#) = (‘é ?) — (/).

Thus ) P —
KPMeP = nyenien®PnPP KA gMA,

ie., K2 = An,-nBPKA, and M2 = A~'n;-nPPMA,, for some A € C. Again,
since det(K” ;) and det(M* ;) are equal to 1, A = +1. Hence, making use of (1.107),
one obtains the conditions

nCAKCSKAR = Mg TIC'AMCS'MAR = Engp. (1.177)

The unimodular 2 x 2 complex matrices (K 3) or (M%) satisfying (1.177) with
the positive sign form a group with the usual matrix multiplication that is de-
noted by SU(1, 1). Since the pairs ((K%y),(M%3)) and (—(K45),—(M%y)) give
the same SO(2,2) transformation, SO(2,2)y can be identified with (SU(l, 1) x
SU(1, 1))/Z2.

The components of the spinor equivalent v, of a vector v, computed according
to (1.42) with the aid of the real Infeld—van der Waerden symbols (1.35) are related
to the components of the spinor equivalent v, of the same vector computed us-
ing the complex Infeld—van der Waerden symbols (1.37), which will be denoted by
0“3 by means of [see (1.31)]

1 - 1 o 0 0 0 1
Vip=—=0"4pva=—=K, MP 6% va =K, MP pvep,. 1.178
AB \/E AB%a \/i A B CDVa A BYCD ( )

0 0,
with (K45) and (M* ) given by (1.36). Consistently with this relationship, we shall
assume that the components of one-index spinors are related by

~  Op ~ 0p

Oy =K" 40, Vi=M";iVp (1.179)
where $A, y; are the components with respect to the spinor basis associated with
the complex Infeld—van der Waerden symbols (1.37), and ¢4, W, are the compo-
nents with respect to the basis associated with the real Infeld—van der Waerden
symbols (1.35).

Given the components of a one-index spinor ¢, with respect to the basis associ-
ated with the real Infeld—van der Waerden symbols (1.35), the operation ¢, E
produces another one-index spinor, which has been denoted by (EA [see (1.170)].
According to (1.179), the components of $A with respect to the spinor basis as-
sociated with the complex Infeld—van der Waerden symbols (1.37) are given by

= OB ~ OB J— 071 c = 0 cx
¢A =K A¢B =K A(])B,but(])B:(K ) B¢C=—KB ¢C, and hence

= 0 0~ 0 T
0, =K"4(— K5C0c) = (K ),"K s ¢c.



44 1 Spinor Algebra

On the other hand, an explicit computation using (1.36) shows that

0 0
KAz = —iggen P K4, (1.180)

and therefore

= 0 . 0 . = . ==
04 = (K1), P(=iePnpg K F)9c = —in,po?.
Hence, dropping the tildes, with respect to the basis associated with the complex
Infeld—van der Waerden symbols (1.37), the mate (conjugate or adjoint) of o, has
to be defined by .
o, = —in,zab (1.181)

(.e., &1 =i, &Z =1ioy) [cf. (1.113)]. One can verify that as a consequence of
(1.177), if o, is an eigenspinor of an SU(1, 1) matrix (K ), then so is its mate 0.

Depending on the value of the trace K4 4» an SU(1,1) matrix (KA ) has one of
the forms (1.173). (Note that the trace KAA is real.)

Since (A(/)IAB) is the complex conjugate of (IO{AB), from (1.179) and (1.180) one
finds that with respect to the basis associated with the complex Infeld—van der Waer-
den symbols (1.37), the definition of the mate (conjugate or adjoint) of a spinor with
one dotted index (1.175) is equivalent to

0; =in,z08. (1.182)

Spin Transformations

Given two orthonormal bases {e,e,e3,e4} and {e], e}, €}, €} satisfying (1.2), any
vector v € V can be expressed in the form v = v, and v = v/?¢,, where the v* and
V'@ are real numbers related by the “transformation law”

VE =L, (1.183)

which follows from (1.3), with (L%;,) € O(p,q). Hence, if (L*;) € SO(p,q)o [the
connected component of the identity in SO(p,q)], the spinor equivalents of v* and
V'@, denoted by VA2 and v/4Z, respectively, are related through [see (1.102)]

VAB — KA MP 5P, (1.184)
where

(K*5). (MA ) € SU(2) if the 6 , 5 are given by (1.33),
(K*5) € SL(2,C), (M) = (K*p)  if the 6“4y are given by (1.34), (1.185)
KA, (MA ) € SL(2,R if the ¢, 4 are given by (1.35), '

B B AB
KA, (M4 ) € SU(1,1 if the ¢ , 4 are given by (1.37).

B B AB
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Similarly, since the components of a tensor with respect to the bases {e;, e, e3,e4}
and {e}, e}, e}, e, } are related by />~ = L*.L?; - -1°?~, their spinor equivalents are
related by means of

{/AB..AB... _ KACMAC_KBDMBD ee fCD-CD.... (1.186)

The transformations (1.184) and (1.186) can be seen as consequences of the spin
transformations

WJA — KAClllcv ¢/A _ MACq)C (1187)
on the one-index spinors. Wheregls in the transformationsA(l.184) and (1.186) the
two pairs of matrices ((K”),(M%3)) and (—(K%j),—(M*y)), corresponding to a
given SO(p, ¢)o transformation, yield the same result (as it should), the effect of the

spin transformations (1.187) does depend on which pair of matrices restricted by
(1.185) we choose.

1.4 Reflections

A special class of orthogonal transformations is that of reflections on hyperplanes
passing through the origin. A nonnull vector N, defines a three-dimensional sub-
space of V formed by the vectors orthogonal to N,. The 4 x 4 real matrix given by

2N“Np,

NEN,

corresponds to the reflection on the hyperplane passing through the origin orthogo-
nal to N, and is an orthogonal transformation with negative determinant, as can be
verified using (1.4) and (1.100) or, in a simpler manner, by comparing (1.190), be-
low, with (1.98). Making use of (1.42), (1.21), and (1.46), one finds that the spinor
equivalent of (1.188) is

LY =8¢ — (1.188)

2NN,

LAA ':—SASA—F i ,
o v NCNee

(1.189)

and then, by virtue of the identity [see (1.28) and (1.23)]
NNy = NNz — N4 N4 + N4 ;N4
= NNy +N* 3Nz
(N*RNgp — Np*N* )8 + N pN*
83 8y N* N+ N yNy*,

Nl—= NI—=

one obtains the simple expression
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. A A A

LAABB:M, (1.190)
NNee
which is of the form (1.98).

The composition of any two reflections on hyperplanes passing through the origin
(or of any even number of such reflections) is an orthogonal transformation with unit
determinant. In a three-dimensional space, with definite or indefinite metric tensor,
any orthogonal transformation with unit determinant is the composition of two re-
flections (see, e.g., Cartan 1966, Porteous 1995, Lounesto 1997, Torres del Castillo
2003); however, in a four-dimensional space, a similar result does not hold. In fact,
the vectors belonging to the two-dimensional subspace formed by the intersection of
two different hyperplanes passing through the origin are fixed points of the composi-
tion of the reflections on these hyperplanes. Thus, the composition of the reflections
in two hyperplanes passing through the origin is a proper orthogonal transformation
with a double eigenvalue 1, while, as we have seen, not every proper orthogonal
transformation has two eigenvalues equal to 1.

For instance, if the metric tensor of V is positive definite, the spinor equivalent of
the composition of the reflections on the hyperplanes orthogonal to the unit vectors
N® and N9 is [see (1.190); an extra minus sign comes from (1.46)]

LAABB = ( - ZNACNCA) ( - 2ZT/CBIT/BC) = _4NACNBCNCANCBa
which corresponds to an SO(4) transformation of the form (1. 102) with KA =
2N :Ng€ and MA , = 2NANC 5. Then, KA, = —2NACN, ., and M4 ; = —2N© NCA,
ie., KA 4= MA 4» Which means that the composition of two reflections is a sim-
ple SO(4) transformation (see Section 1.3.1). In fact, the converse is also true; we

can see explicitly that any simple SO(4) transformation is the composition of two
reflections in hyperplanes passing through the origin. Letting

1
NABZE(IOMO‘Y—CI/O‘Y)

1 .
Nip— — 6719/406 '—616/4(’)\6 . ,
AB \/5( N/ 4 75)
assuming that oG, = 1 and Y*%j, = 1, one finds that 2N -N,€ = el®/2a g, —
e 10/204 0 and 2N ANC ; = €19/2A9, —e719/294 . which are of the form (1.114)
and (1.116) with ¢ = 0, and letting

1 _
Nyp = ﬁ( 40, +e 04, ),

1 i i0 =~
NAB:\ﬁ( 40, 75+ e %0, 7).

one finds that 2N ~N,€ = e1®/20A 0, — e 710/204 01y and 2N ANC y = e 710/29A%, —
e/29%y,, which are of the form (1.114) and (1.116) with ¢ = —6. In both cases,
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the vector equivalents N and N% of N and NP, respectively, are real unit vectors
and satisfy N*N, = cos %6.

As shown in Section 1.3.1, any SO(4) transformation is simple or is the composi-
tion of two simple SO(4) transformations, and therefore, any SO(4) transformation
can be obtained through the composition of two or four reflections.

On the other hand, the spinor equivalent of the composition of an arbitrary im-
proper O(4) transformation given by (1.128), followed by a reflection given by
(1.190), is

(_ZNABWCB) (ZNBAVBC)
\/ ~NERNe \/ ~NREN g

where we have made use of the definitions (1.129). This composition corresponds
to a simple SO(4) transformation if, for instance, we choose N,z orthogonal to v,
and w,p, since the traces

2NA BNBA
NRENgr

B B
KBoMB, = —

2N BWA and (ZNBA vBC)

+/ —NRR Nei / _ NRR N

coincide. In effect,
—oN*w,2=0  and 2NN, =0.

(Alternatively, if v, 3 # w4, one can choose N, p = v, 3 — W, 3.) Hence, using the fact
that the square of a reflection is equal to the identity, we conclude that any improper
O(4) transformation is the composition of a simple SO(4) transformation followed
by a reflection, or equivalently, any improper O(4) transformation is a reflection or
can be expressed as the composition of three reflections.

Now we shall consider only the SO' (3, 1) transformations, showing that any sim-
ple orthochronous proper Lorentz transformation can be expressed as the composi-
tion of two reflections. Hence, any orthochronous proper Lorentz transformation is
the composition of two or four reflections.

The Lorentz boosts, given by (1.136) or (1.137), have a double eigenvalue equal
to 1, and these transformations can be expressed as the composition of two reflec-
tions on hyperplanes passing through the origin. The vector equivalents of

Lo _
Ny = ﬁ(e Yoty +etBiBy),

Nip = —= (50, 0y +e /"B, By),

=
V2
with o and B, defined by (1.141) and (1.142), are two real vectors N, and ﬁa
(i.e., Nug = Nyi and N,z = Ng;) such that N°N, = —1, N°N, = —1, and N°N, =
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— cosh%{ . Making use of (1.190), one finds that the composition of the reflections
in the hyperplanes orthogonal to N and N is determined by

LAABB == (2NACNCA) (2NCBNBC)

— (2N NC) (2NANC )

— (2NA:NC) (2NA :N,C), (1.191)
but
INANGE = (e ¢/ * T+ e84 BB ) (574 g€ + ¢ /4B, BC)
= —(e7 2o’ By —et2 B ayy),

and therefore (1.191) coincides with (1.143).
Similarly, any orthochronous proper Lorentz transformation that represents a ro-
tation is the composition of two reflections. For instance, the vector equivalents of

U o = iorae —
Nyp = ﬁ(e oy By+e 0B ay),
5 L T —
Npp = E(e 9/405,4[334'3 9/4ﬁA0‘B)7

with aAﬁA = 1, are two real vectors N, and ]T/a such that NN, = 1, ﬁ“ﬁu =1,
and N“N,, = cos 4 8; furthermore, 2N :N¢ = ¢'%/2a4 B, — e719/2 B4 oy, which co-
incides with (1.150) when A = e/2.

The orthochronous proper Lorentz transformation corresponding to the SL(2,C)
matrix (1.152) is equal to the composition of the reflections on the hyperplanes
orthogonal to the vectors given by

1 — —
Nyg = E(OCABB‘FBAO‘B)’
- 1 — I -
Npp = iﬁ(— 380, + 0B+ Byip),

where B, is a one-index spinor such that & B, = 1. In fact, one finds that 2N* »N,€

=+(6) — ot ay).

Orthogonal Projection on a Hyperplane
Given a vector v“, the decomposition into symmetric and antisymmetric parts
R _ R R _ R 1 RR
Ngvar =N Vayr + N var = N Vayr +3€paN" Vg

which, contracted with N Ji» 18 equivalent to
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B R _ nB . R 1 B azfRR.
N7jiNg™vap = N"iNg Vo + 3€paN" AN Vg

or
1 g R 1 cC 1/2xB L L ri
—5N NBB5AVAR:_\/§(N Nee) 2N 4w A~ 3N VRN,

where X
Vl \/EN(BRVA)R
BA = T o N1/
(NCNge)'/?

(1.192)

allows us to express (the spinor components of) the vector v* as the sum of a vector
orthogonal to N* and a vector proportional to N¢,

V2N BAVJ_AB N BBVBBNAA
(NCNge)'/? - NENee

VAA =

(The first term on the right-hand side of the last expression corresponds to a vector
orthogonal to N¢, since N4 (N ;v ) = INFAN,  e4BvL o, which is equal to zero
because of the symmetry of v , 5.) Hence, using the fact that v! g, is symmetric, the

orthogonal projection of v* on the hyperplane orthogonal to N¢ is the vector

V2NE vt petd _ 1AB ﬁN(BA €a)A

(NSCNge)'/? (NCCNge)! /2

and therefore, a basis of (the complexification of) this hyperplane is formed by the
three vectors )
o — \/EN(AA €p)i
AB = e =
(NCNee) 2

The vectors e, need not be real, and the explicit relationship between the vectors
e, and their complex conjugates depends on the choice of the Infeld—van der Waer-
den symbols. _

The map that sends an arbitrary vector v = —*e, » into its orthogonal projection
on the hyperplane orthogonal to N¢, —y'4Be 4 can be extended to higher-rank
tensors assuming that this map is linear and preserves tensor products, keeping in
mind that the components of the projected objects are referred to a basis induced
by {e,z} (see also Sommers 1980, Sen 1982, Shaw 1983a,b, Ashtekar 1987, 1991,
Torres del Castillo 2003). (In a three-dimensional space, with a definite or indefinite
metric, only one type of spinor indices is necessary.)

(1.193)

1.5 Clifford Algebra. Dirac Spinors

Spinors are frequently introduced starting from the study of the Clifford algebras
(see, e.g., Penrose and Rindler 1986, Lawson and Michelsohn 1989, Chevalley 1996,
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Lounesto 1997). In this section we will show how the one-index spinors are related
to the Clifford algebras considering only the case of four-dimensional spaces.

As in the preceding sections, g, will denote the components of the metric tensor
of V with respect to an orthonormal basis, and we shall assume that (g,;) is of one
of the forms (1.1). The Clifford algebra associated with V can be defined as the
associative algebra generated by 1,71, 7,73, ¥4, which satisfy the relations

Ya¥o + YoYa = 28ab; (1.194)

and 1 is the unit element. The elements of the algebra are the linear combinations
with complex coefficients of 1,7, %, 3, %4, and their products.

The anticommutation relations (1.194) appear in connection with the Dirac equa-
tion for the electron. The relation E?/c? — p? = mjc? between the relativistic energy
E and the relativistic momentum p of a particle with rest mass myg, leads to the
Klein—Gordon equation

2 9  mic?
(g”"axaw ‘73—2> v="0 (1.199)

where (g%?) = diag(1,1,1,—1) and the x* are Cartesian space-time coordinates as-
sociated with an inertial reference frame, when E and p are replaced by the operators
ihd /dt and —iRhV, respectively, following the standard rules of quantum mechanics.
In contrast with the Schrodinger equation, the Klein—-Gordon equation involves sec-
ond derivatives with respect to time and does not lead to a conserved positive definite
probability density. The Dirac equation is obtained by looking for a factorization of
the operator appearing in the Klein—Gordon equation (1.195) of the form

d 9 mic? ad  mopc ad  moc
ab 9 9 T0° ) (4 2 700 o Tt
(g PRI ) (”aaxa+ 7 )(’/’axb h )
which requires the validity of (1.194). (The index of ¥, is raised following the usual
rule with the aid of g¢.) The Dirac equation can be expressed as

, 0 mpc\
(VW_T)"’_O' (1.196)

We are interested in finding an irreducible representation of the Clifford algebra,
that is, we want to consider the elements of the algebra as linear operators on some
complex vector space ® in such a way that there are no proper subspaces of ©
that are invariant under all these operators. As we shall show, there is an infinite
number of equivalent irreducible representations of the algebra in a complex four-
dimensional vector space ©, and finding each of these representations amounts to
finding a set of Infeld—van der Waerden symbols.

With the components of the metric tensor given by (1.1), the basic relations
(1.194) yield

(1a)* = 1y, (1.197)



1.5 Clifford Algebra. Dirac Spinors 51

where Iy denotes the identity of ©, and
Ya¥o = —WYa, fora#b. (1.198)

From (1.197) it follows that each operator ¥, is invertible, %,~' = +7,, and from

(1.198) one obtains dety, dety, = (—1)V dety, dety,, where N denotes the dimen-
sion of ®. Hence, N must be even.
Defining
%=1y, (1.199)
where, as above, ¢ is the number of (—1)’s appearing in the diagonal matrix (g,),
with the aid of (1.197) and (1.198) one finds that

YsYa = —Ya¥5 (1.200)

and ¥2 = (—1)7(7)*(12)*(13)*(a)* = Iy. Furthermore, from (1.200) we have 35 =
—%Y5% " (without summation on a); hence, using the fact that tr (AB) = tr (BA),
we obtain trys = —tr(%,%7% ') = —tr}s, ie., trs = 0. The eigenvalues of 5 are
equal to +1 or —1 and from the condition tr 5 = 0 it follows that there are as many
+1’s as —1’s (which also implies that dim® is even). Hence, there is a basis of ©
formed by eigenvectors of 5, with respect to which 75 is represented by the matrix

Ivs O
0 —Iyn )’

where Iy /> is the N /2 X N /2 unit matrix. Writing the matrix corresponding to ¥, in

block form
Aa Bl,l
Cl,l Da ’

where A,4, By, C4, and D, are N /2 x N /2 matrices, from (1.200) one finds that A, =
D, =0, and (1.194) amounts to

B.Cy+BpCy = 2gubIN/Za CuBy+CpB, = 2gubIN/2- (1.201)

These equations imply that C, = g,,(B,) ™" (without summation on a). Furthermore,
for a # b, B,Cj, = —B};,C,, and therefore det B, detCj, = (— 1)V /2 detBj, detC,. On the
other hand, detC, = (gaq)" /2 (detB,)~! (without summation on a); hence

(gau)N/z 2 (gbb)N/z
(detB. = (- (detBy)?” fora#b,

which cannot be satisfied if N/2 is odd, and we conclude that N, the dimension of
©, must be a multiple of 4.
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Assuming N = 4, we have

Xa Ya
B, = , (1.202)
Za Wa
where for a = 1,2,3,4, x4, Ya, Za, and w, are scalars, and hence
_ —Wa Ya . .
Co=Ag ( e > (without summation on a) (1.203)
with g
Ao =— F‘l;l (without summation on a).

Substituting (1.202) and (1.203) into (1.201), one finds that all A, must have a com-
mon value, A (say) (otherwise (g,) would be equal to a matrix of rank 2 at most),
and

A(—XaWp — WaXp + YaZp + ZaYb) = 28ab- (1.204)

By means of an appropriate change of basis of © we can eliminate the factor A
appearing in (1.203) and (1.204). In effect, applying the similarity transformation

0B\ | A2 0 0 Bs\ (A2 0
C, 0 o 1)\c,0 0 I
0 A/2B,
::<A—V%Q 0 )’

and redefining A V25,2 1/zyu, A2z, and 112w, as x,, Yas Za» and wy, respectively,
one concludes that there is a basis of D, formed by eigenvectors of y5, with respect
to which the operators 7, are represented by

o= (é’ %“) (1.205)
with
B, — (xa Ya ) ’ C, = <_Wa Ya ) ’ (1.206)
Za Wa Za —Xa
and
28ab = —XgWp — WaXp + YaZbp + ZaYb- (1.207)

This last relation implies that the four (possibly complex) vectors with compo-
nents X;, Yq, Zq, and w, form essentially a null tetrad as defined in Section 1.2;
i.e., they are null vectors, x’x, = y*y, = 2%z, = w*w, = 0, that form a basis of (the
complexification of) V, and the only nonvanishing inner products among them are
xPwy, = —2 and y’z;, = 2. In fact, from (1.207) it follows that for any vector v,,

b 1 b b b b
Va = gapV’ = 5 (V' WpXa — V' xXpWa +V 2pYa +V VpZa),
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thus showing that x,, y,, z4, and w, span the complexification of V, and from this
last relation one obtains, e.g.,

xXa = S(=xPwpxa — Xxpwa + X zpya + x"ypza),
which shows that x’x;, = xz, = x"y;, =0 and x’w;, = —2.
Letting
Ou1i = Xa) Oy13 = Ya, On2i = Za; 0423 = Wa, (1208)
one finds that (1.207) is equivalent to (1.40), and therefore, finding a representation
of the Clifford algebra associated with the metric tensor g, in a four-dimensional
complex vector space ® is equivalent to finding a null tetrad and also to find-

ing Infeld—van der Waerden symbols for the metric tensor g,;. Thus, according to
(1.206) and (1.208) we have

G O s o i g2l
B,=|( u12>, Co=—| 15 "5 | (1.209)

¢ (O-aZi Ou23 ¢ Galz 6022
and in order to get agreement with the notation employed in the preceding sections,
the components of an element of ® with respect to a basis such that (1.205)—(1.207)

and (1.209) hold will be denoted by
v
( q)ﬁ ) . (1.210)

The elements of © are called Dirac spinors or bispinors. Owing to (1.205) and

(1.209), '
S HA
% Ya) _( Gaad?” ) (1.211)
oA —o My,

In order to verify that the representation of the Clifford algebra (1.194) given
by (1.205)—(1.207) is irreducible, it suffices to show (according to Schur’s lemma)
that any operator that commutes with all the linear combinations of the operators
(1.205) must be a scalar multiple of the identity. Indeed, such an operator, A, say,
must commute with ¥ and therefore with respect to the basis of © formed by the
eigenvectors of 5 previously employed is represented by a matrix of the block form

FO

0G)’
where F = (F,%) and G = (GA p) are 2 x 2 matrices. Then, A also commutes with
Y. if and only if FB, = B,G and GC, = C,F, which amounts to

B _ B
Fy"0,p6 = OaupG ¢
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[see (1.209)]. Then, by contracting with 0“RS one finds that
RsS S . SR
FA 5C = G C6A 5

which implies that F and G are the same scalar multiple of the identity matrix and
therefore A is a scalar multiple of the identity.

If (L%) is an orthogonal transformation and the operators ¥, satisfy (1.194), then
the operators Y, = L,"y, also satisfy (1.194) [cf. (1.183)]; in fact, V.7, + 7Y, =
Lo YLy Ya + Lo YaLa® Ve = La“Lp® (YeYa + Ya¥e) = 2La"Lp* gcaly = 28aplIn- Thus,
the y, and the ¥, form representations of the Clifford algebra, and as a consequence
of (1.96), (1.98), and (1.211), these two representations are equivalent to each other
in the sense that there exists a unimodular operator U of ® onto itself such that
Y, =U"1y,U. Ineffect, if (L%;) € SO(p,q), using (1.102) and (1.211), one finds that

y (%) B ( La" G4 9" ) _ < KE M€ ;0,ced™ )
) = A = O
ot —L" oMy, —KAMA0,Cy,

v
:U_l'}/aU<¢£>,
_KC KC
(- o))
c —Me

and one can verify that U~ !ysU = . Recall that the matrices (K” ) and (M4 )
are defined by (L%,) up to a common sign; hence, U is defined by (L“;) up to sign.
Note also that (1.212) coincides with the spin transformations (1.187), and we can
identify ® with the direct sum of the spin spaces.

Similarly, in the case of an improper orthogonal transformation given by L, =
16?50, MKE MB ,, we have

/ (WA) B ( KM€ 40, e 9 ) — Uy <‘I/A>
\ot) \-KtMeta Sy, ')’

vl ") = KA¢¢C oy () 2 _M¢A¢C . (1213)
¢A _MAC Ve ¢A KCA Ve

and U~ !ysU = —7s. Thus, for any (L%,) € O(p,q) there exists a unimodular opera-
tor U of © onto itself such that

with

with

U ''U =L%7. (1.214)
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The operator U can be chosen in the explicit form (1.212) or (1.213), for a proper or
improper orthogonal transformation, respectively. In the first case each spinor space
is mapped onto itself, but in the second case one spin space is mapped onto the
other. (In fact, given a unimodular operator U satisfying (1.214), the operators iU,
—U, and —iU are also unimodular and satisfy (1.214). One can verify directly that
the set of unimodular operators U such that (1.214) holds for some (L%,) € O(p,q)
form a group under composition and that the map U +— (L%) given by (1.214) is a
group homomorphism.)

We can prove the covariance of the Dirac equation (1.196) under a Lorentz trans-
formation x’¢ = L%,x?, with (L%;) € O(3,1). Indeed, applying the operator U defined
by (1.212) or (1.213) to the Dirac equation (1.196), we obtain

1 d  mye

(U”“U PR T) Uy =0,

but Uy*U =" = (L7")%,7* and 9/9x* = L¢,(d/dx'°), and hence the last equation is

equivalent to
0 moc
(’” ERTI 7) Uy =0,

which is of the form (1.196), with the coordinates x’* in place of x* and v replaced
by Uy.

More generally, if {Y{, 7,7, ¥4} is any other set of operators on © satisfying the
anticommutation relations (1.194), then, according to the foregoing results, there
exists a basis of © formed by eigenvectors of ¥; = i7y, 7,747, Defining an operator
S by the condition that § send each eigenvector of y5 into an eigenvector of ¥, corre-
sponding to the same eigenvalue, we have, S*17/55 = 7. Then, one can readily verify
that the operators S~!y/,S anticommute with 95 and satisfy the anticommutation re-
lations (1.194); therefore, with respect to the basis formed by the eigenvectors of ys,
S‘I){IS has the form given by (1.205) and (1.209), for some set of Infeld—van der
Waerden symbols. As shown in Section 1.3, any two sets of Infeld—van der Waerden
symbols are related through (1.31) or (1.32), and one finally concludes that there ex-
ists an operator U such that ¥, = U~!y,U. In the context of the Dirac equation, this
result is known as Pauli’s theorem.

When the metric (g,5) has Lorentzian signature, one can define the Hermitian
inner product between bispinors

X v, .
<<n2>’<¢§>>zi(7A¢A_ﬁAWA)a (1.215)

which is indefinite and manifestly invariant under SO (3, 1). It can readily be shown
that this inner product is invariant only under the transformations (1.212) or (1.213)
induced by proper or improper Lorentz transformations that preserve the time orien-
tation. The operators 7, are anti-Hermitian with respect to this inner product. The ad-
joint of an operator defined by means of this inner product is the so-called Dirac ad-
Jjoint. (Note that 95 is also anti-Hermitian but its eigenvalues are real; this is possible
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owing to the fact that the inner product (1.215) is indefinite.) When the metric has
Euclidean or ultrahyperbolic signature, it is also possible to define a Hermitian inner
product between bispinors (see Exercise 1.12).

The inner product { , )sq between bispinors employed in the standard formulation
of the Dirac equation (see, e.g., Messiah 1962, Davydov 1988, Merzbacher 1998)
is positive definite, but it is not invariant under SO'(3,1) transformations. Up to
a constant positive real factor, this inner product is related to the inner product
(1.215) by

(@,¥)qa = —i(®, V'),

According to (1.211) and (1.69), the action of the commutator [y,,7,] on a
bispinor (1.210) is given by

Yy 28,54 Ve
owl| )= ¢ el (1.216)

(P _ZSab C¢
As we have shown, any SO(4) transformation can be written in the form (L%,) =
exp(—1“p), where #,, is an antisymmetric tensor [see (1.127)] and the correspond-
ing SU(2) matrices can be chosen as in (1.124), namely (K” ;) = exp (%t“"S(leB),

(MAB) =exp (%t“bSubAB); hence, from (1.212) and (1.216) we see that the transfor-
mation induced on the bispinors is given by

U =exp(— 5t 1)) (1.217)

According to the results of Section 1.3.2, any SO (3, 1) transformation can also be
expressed as (L%y) = exp(—t“p), where 1,5, is an antisymmetric tensor, and one finds
that (1.217) also holds.

As in the case of any vector space, one can make use of other bases of © (not
formed by eigenvectors of 95). When the metric has Lorentzian signature, the bases
usually employed in connection with the Dirac equation are formed by eigenvectors
of .

The explicit representation for the 7, is useful to obtain some identities that do
not depend on the representation. For instance, from (1.211) and (1.81) it follows
that

1 b .
68 Py = 97,

or equivalently,

YaW¥g = (1) Vs€apca?’- (1.218)
Making use repeatedly of the basic relations (1.194), one finds that NaWo¥e =
YaYoYe — 8bcYa + 8acVp — 8abYe, hence, from (1.218),

YaVoYe = 8bcYa — 8acVh + 8abYe + (_i)qYS'Subcd’)/i

(see also Exercise 1.14).
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1.6 Inner Products. Mate of a Spinor

As we have seen in Section 1.3, when the signature of the metric is (+ + + +) or

(+ + — —), it is useful to define the mate (conjugate, or adjoint) of a spinor by
yAB-.CD... if the 0, are given by (1.33),
_ Visco.  ifthe 6y are given by (1.35),
VYap. cD.. = - (1.219)

(=) Maps (1) -~ i g iy - - - yHN--RS--

if the o¢ ., are given by (1.37),
or equivalently,

(—1)"W4p_cp.. if the 0“4 are given by (1.33),

m AB...CD... if the 0, » are given by (1.35),
gAB- D v AB g - y (135) (1.220)
(=" (=) M (=) PV inRin®S Yy s
if the 0, are given by (1.37),
where m is the fotal number of indices of W, ~p . Then one finds that
Eip = Eaps Eip = Eips (1.221)
and
= [ (=1)"yyp_¢p. if the signature is (+ + + +), (1.222)
Vap..cp.. = Vap. D if the signature is (+ + — —). '

From (1.222) it follows that when the signature is Euclidean, a nonzero m-index
spinor can be proportional to its mate if and only if m is even; assuming W,z ¢p =

= 15 2
AWag ¢p..» for some scalar A, we have Wyp ¢y = AWag cp. = (A Wap_co..-
Comparison with (1.222) yields |4|> = (—1)", which implies that m must be even,
and if m is even, A must be of the form e, for some 6 € R.
The mapping W,z 5 — Wap ¢p IS antilinear, and its existence is equivalent
to that of a Hermitian inner product given by

Oup. ps. WAB-RS-if the signature is (+ + + +),
(0,v) = %Q’"RS"'W AB..RS... ; .g : ( ) (1.223)
"Pup gs Y if the signature is (+ + — —),

for any pair of spinors of the same type, where m is the total number of indices of
each spinor. This inner product is invariant under spin transformations. Furthermore,
the inner product (1.223) is positive definite if and only if the metric tensor of V is
positive definite.
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The mate of the sum [resp. tensor product] of two spinors is equal to the sum
[resp. tensorAproduct] of their mates, and by virtue of (1.221), we have, for instance,
atBy =o' B,.

It should be remarked that the explicit expression for the components of the mate
of a spinor depends on the choice of the Infeld—van der Waerden symbols; each set
of Infeld—van der Waerden symbols corresponds to a definite choice for the basis of
the spin space.

By comparing (1.47) with (1.219) one finds that 44 p is the spinor equivalent
of a real n-index tensor t,, 4 if and only if

—~ —1)"44 pp if the signature is (+ + + +),
Buiop = {( Viaj.on If the sig ( ) (1.224)

'Ad...DD if the signature is (+ + — —).

For instance, the spinor equivalent of a real bivector satisfies 7, pp = £4,i3, Which,
by virtue of (1.50) and (1.221), is equivalent to T, = T, and T3 = T;5.

The existence of the mate of a spinor in the cases in which the spin group is SU(2)
or SU(1, 1) (or a group isomorphic to one of them) follows from the fact that for each
of these groups, the fundamental representation is equivalent to its conjugate, which
amounts to the existence of a nonsingular 2 x 2 matrix (defined up to a factor) M
such that

K=M"KM, (1.225)
for all K in the group. For example, one can readily verify in an explicit manner
that any 2 x 2 complex matrix K belonging to SU(2) is of the form (:Us ), with

pa
|a|? 4 |B|> = 1, and that

(56)-(70) (58)()

That is, (1.225) holds with M = (01_01) or any nonvanishing scalar multiple of this

matrix. Similarly, any element of SU(1, 1) is of the form (% a) ,with [a|2— B2 =1,

(5e)-(50) (5a)(5)

The matrix M gives (up to a factor) the relation between the complex conjugates
of the components of a spinor and the components of its mate; thus, in the cases of
SU(2) and SU(1, 1) we have

COE)-(F) = Ca)-(5)

respectively [cf. (1.219)].

and
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Owing to (1.27) and its dotted version, any spinor with two or more undotted or
dotted indices can be expressed as a sum of a totally symmetric spinor in each type
of spinor indices plus totally symmetric spinors multiplied by €’s. For example, an
object like (1, ;5 introduced in (1.53), which is symmetric in the last two indices,
has a totally symmetric part

Hagine) = & (Maise + Haics + Magic + Hapca + Macis + Haci)

1
= 3(Hadse + Hagic + Hacin):
where we have made use of the symmetry of {1,z in the last pair of dotted indices.
Thus,

Haipey = Madpe + 3 (Magic — HBagpe + Bacis — Baise)

oy Ly R L R
= Ugipct3Ma Re€pa T 3HA RBECAS

ie.,
Haase = Bacase) + 3Ma” re€as + 114" rp€ac- (1.226)

The image of a totally symmetric spinor under a spin transformation is also
totally symmetric, and since the spin transformations have unit determinant, €,z and
€ are invariant under the spin transformations in the sense that, e.g., K ACK BD E&p=
€45 [see (1.30)]; hence, the (complex) vector space formed by the spinors totally
symmetric on k undotted indices and totally symmetric on / dotted indices multi-
plied by a fixed number of €,5’s and €;5’s is invariant under the spin transforma-
tions. Furthermore, the action of the group of spin transformations on this vector
space is irreducible, in the sense that there is no nontrivial subspace invariant under
all the spin transformations. Thus, a decomposition such as the one given in (1.226)
corresponds to a decomposition into irreducible parts, and the group of the spin
transformations possesses an irreducible representation on the vector space formed
by the spinors totally symmetric on k undotted indices and totally symmetric on
I dotted indices, denoted by D(k/2,1/2). The dimension of this representation is
(k+1)(I+1).

A particularly simple and important case corresponds to the totally symmetric
spinors with only one type of indices (undotted or dotted) because they can be ex-
pressed as the symmetrized tensor product of one-index spinors (Penrose 1960).

Proposition 1.5. If ¢,5 ; is a k-index totally symmetric spinor, then there exist k
one-index spinors (not necessarily distinct), o, By, ..., &4, such that

Pag..L = %aBs - Cp)- (1.227)
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Proof. Let 4!, A% be two auxiliary complex variables. Then if A2 # 0, the expression

2k AyB. 3L AT\ AN
(A7) " @ap fAA A7 = Oy 1y e +kyy 1o FP

k(k—1 A2
+¥¢11...22<ﬁ) +ot 0 2

is a polynomial in A!/A? of degree k provided that ¢;, ;, does not vanish, and
according to the fundamental theorem of algebra, there exist k complex numbers (the
roots of the polynomial) that can be written as ratios of complex numbers a' /a2,

B'/B% ..., L' /&% such that
(Az)ikq)AB...LlAlB e /’LL

=011 <%_Z_;> <%_g_;) (%_%)

= M@W(aZAI _al)LZ)(ﬁzll —ﬁllz)---(ézll —Cllz);

hence
O AAAE A= Qg aagaB el (1.228)
opi-- g

Since only the ratios o' /a2, B'/B2, ..., {1 /{? are fixed, we can make ¢, |, =
o, B, -+ ¢, and using the fact that A* is arbitrary one obtains (1.227).

If, for instance, ¢;_;; =0 but ¢, ;5 # 0, then (A?) ¢y ;A*AP AL is
polynomial in 4! /A2 of degree k — 1; hence, expressing the k — 1 roots of this poly-
nomial in the form B'/B2,..., ¢1/¢2,

Al 1 2! 1
(lz)*k(l’AB...L?LAAB...AL =k 1 <ﬁ — %) (ﬁ _ %)
= s (B - B2 (R - L),
Thus

k
Oap AAE AL = —B‘f{{';g A2BAB - G AR = oy A BpAP - G AR,

with ko
= P2
% B
which leads again to (1.227). In a similar way one can verify the validity of (1.227)
when the degree of the polynomial (A2)%¢,, ;A%A8..-ALislessthank—1. O

o =0,
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The one-index spinors o, B, ..., {, appearing in (1.227) are called principal
spinors of ¢, ;. As pointed out above, if k > 2, each principal spinor is defined up
to a scalar factor. From (1.228) it follows that ¢, ;A4A8.--AL =0 if and only if
A4 is proportional to one of the principal spinors of ¢ AB. L-

A first algebraic classification of the totally symmetric k-index spinors comes
from the possible multiplicities of the roots of the polynomial appearing in the proof
of Proposition 1.5,

k(k—1)

k k—1 k—2
G111 +kOp 127 +T¢11...22Z o 0 (1.229)
If one of the roots of this polynomial is repeated m times, e.g., assuming that
precisely the first m roots coincide, a! /o> = B!/B? = -+, we can take o, = f3,
=---; hence,
Pag..p.. = OaCpCp - Cpy
N———
m
which is equivalent to the conditions
A B D A B D
Ppp..p.L & O -0 F0, Pap..p. L& -0 =0 (1.230)
k—m k—m+1

It should be clear that all the preceding results, especially (1.227) and (1.230),
also apply if all the indices are dotted.

When the signature of V' is Euclidean or ultrahyperbolic, the mate of a totally
symmetric k-index spinor @, ; can be proportional to @, ,, thatis, ¢,p ; =
A,p ;.andin that case, if o, is an m-fold repeated principal spinor of ¢, ;, then
S0 is &A. This conclusion follows from the fact that the relations (1.230) would then
be equivalent to

ry SASB 5D - SA=B 5D
¢AB...D...L\OC o o 7&0’ Oup p. ro oo =0.
k—m k—m+1

As we have shown (Section 1.6), if the signature of V is Euclidean, 0, cannot be
proportional to ¢, (except in the trivial case o, = 0), and therefore a nonvanishing

totally symmetric k-index spinor ¢, ; such that $AB... ;. 18 proportional to ¢, ,
must be of the form

Oagep.. v = ei60‘(A ogBcBp - G.oum)s (1.231)

for some 6 € R, and necessarily kK must be an even number (the one-index spinors
0,4, B4, -..need not be distinct). An example is provided by any antisymmetric real
two-index tensor (or bivector) #,, whose spinor equivalent is of the form t4,pz =
Tap€in+ Tig€aps With Ty = T(ap), Tip = T(ip) and Ty = Typ, Tip = Tip [see (1.50)
and (1.224)]. Thus, there exists ¥, such that 7,5 = )W(A?B)' Then, T, = I)A/(AT/B) =
—I)/(A)A/B), which implies that 4 = ib, for some b € R. Thus, we have 7,5 =i, &B>,
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where o, = v/by, if b >0, and o, = /=b7, if b < 0 (then &, = —/—bY,).
Similarly, it follows that there exists B4 such that 7;; = if 4 B and

Iaipp = 104 &B)EAB + iB(Aﬁ[;) €4 (1.232)

As an application of the expression (1.232) we can prove that if a bivector
satisfies *1,,t*? = 0, then t,, is simple. Indeed,_from (1.67) and (1.232) we see that
“t.5t°? = 0 implies Ay &B)Oc(A ob) = [3( i BB) BABB) which, in turn, is equivalent to

ooy = ﬁABA. Taking

L %bBi—ouB; . ouBitoups)
M akag) 12 M (2aRag)!/2

we have [see (1.52)]
Wes — VeaWai = VxR W 6€i 4 VR £
VAAWBB — VBBWAA = V(A WB)REiB TV (AW|RB)¢AB>

= e (201, O B Brea s+ 2iB B 0 O]
S
= 100l 45 + BB €
i.e., t,p = VaWp — VpWa, Where v, and w, are the vector equivalents of v, and w, 4,
respectively, thus showing that 7, is simple. It may be verified that the vectors v,
and w, are real [see (1.224)].

If the signature is ultrahyperbolic, a nonzero one-index spinor can be propor-
tional to its mate, and therefore, in contrast to (1.231), the principal spinors of a
totally symmetric k-index spinor proportional to its mate need not appear in conju-
gate pairs. For instance, when k = 2, if ¢,5 = @45, then ¢, is of one of the forms

:I:OC(AaB> with &AOCA 7é O/,\

P with oy = oy, By = By,
toy, 0 with oy = oy,

which correspond to ¢ ¢, being positive, negative, or equal to zero, respectively.
When V has Lorentzian signature, the spinor equivalent of a real bivector 7, is
of the form

tadss = %aBp)€is+ a(AEB)?«AB- (1.233)

Making use of this expression, we can explicitly show that if 1% =0, th_en tap 18
simple. In fact, from *#,,¢%’ = 0 it follows that a(ABma(ABB) = E(ABB)E(ABm, or
equivalently, o* B, = +&" B ;, which means that oA B, is real or pure imaginary. If
o B, is real and different from zero, we can assume without loss of generality that

of B, is positive (otherwise, we have only to interchange o, and 3, which leaves
(1.233) unchanged); then, letting

b %% —BuBi o = Pa%4 +BBa
A (20RB)1/2 A (20RBp)1/2
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one finds that t,;, = v wp, — vywg. If 08 , is different from zero and pure imaginary,
we can assume that ior B, is positive. Then with

- i(04Bi — Brlis) N oy B+ By
a (iR Bp)/2 M (2ioRBe)1/2
we obtain t,;, = vowp — Vpwg.

Finally, if a*8, = 0, then f3, is proportional to ¢z, and we can assume that 7, i 5
is of the form

Lyigp = O OpEip+ O 0lpEyp. (1.234)
Taking
VAL = 04 O, Wai = 0 Vi + V404,
where v, is a one-index spinor such that oR Yx = 1, one finds that 7., = vowp — VpWwa.
Since 1,5t B8 = —(0*B,)? — (0B ;)? [see (1.233)], these three possible cases

correspond to #,,¢°° negative, positive, or zero, respectively. In all cases, the vectors
v, and w, defined above are real (cf. also (3.29) and (3.30)).

Spin

Now we restrict ourselves to the case that V has Lorentzian signature. In elementary
quantum mechanics, the spin of an object is defined by its behavior under spatial
rotations. A spin-s object has 25+ 1 components that form a basis for an irreducible
representation of SU(2), the double covering group of SO(3). As we shall see, the
components W, ~p. of a spinor with n undotted indices and m dotted indices can
be decomposed as the sum of objects of spin 3 (n-+m), 3(n+m) —1,..., t{n—m|.

In order to isolate the spatial rotations, we employ a timelike vector #,. The set of
vectors orthogonal to 7, form a three-dimensional subspace of V, on which the inner
product is positive definite. The SO'(3,1) transformations that leave ¢, invariant
(and hence leave invariant the subspace orthogonal to 7,) form a group isomorphic
to SO(3) (the group of rotations of a three-dimensional space with a definite inner
product). Correspondingly, the SL(2,C) matrices (K" ) satisfying

—_C
KK ptae = tgp, (1.235)

where t,5 is the spinor equivalent of f,, form a group isomorphic to SU(2). Since
det(typ) = 31481, = — 119, # 0, the 2 x 2 matrix (t,5) is invertible, and therefore
there is an invertible relation between y,, ;5 and

AB..CD... _ ,.C D B..CD...
o =1etPp -yt :

Then, under the spin transformation defined by an SL(2, C) matrix (K* ) that satis-
fies the condition (1.235), we have
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(PAB...CD... s KAMKBN"'ECPEDQ'"tCCtDDWMNmPQW
= KA KB, - _KCRIRPKDSISQ .. MNP
_ KAMKBN B _KCRKDS___(Z)MN...RS...’
which means that the components ¢45-P form a basis for a (possibly reducible)
representation of SU(2).

By expressing ¢48-CP as the sum of its totally symmetric part plus totally
symmetric objects (with n+m —2, n+m—4, ..., |n —m| indices) multiplied by
£,p’s (though some terms may be equal to zero), as at the beginning of this section,
one decomposes ¢B-CP as a sum of objects of spin 1 (n-+m), L(n+m)—1,...,
% |n —m| (though some values may be absent). Note that this decomposition depends
on the timelike vector #,, except in the case that m or n is equal to zero (actually,
when v, ; has only dotted indices, the value of the components of ¢, ; do
depend on ¢,, but the number of independent totally symmetric spinors that can be
extracted from ¢, ; does not depend on #,). (See, e.g., the discussion about spin-
3/2 particles in Berestetskii et al. 1982, §31.)

Exercises

1.1. Show that if 7, ; 5 is the spinor equivalent of a symmetric two-index tensor 7,5,
then s, 55 = tgiap is the spinor equivalent of f,, — 3°cgup.

1.2. Show that if 7, is the spinor equivalent of a symmetric two-index tensor #,5,
then LAB)CD = TAB(CD) is the spinor equivalent of #,, — %tccgu,, (the traceless part
of t,).

1.3. Show that the spinor equivalent of a three-index tensor H,,. such that
Hupe = —Hpqc, Habh = O, Hype + Hpea + Heap = 07

is of the form H, i gpee = hapec€in + Niscc€aps With hapee = hiupeye and higec =
hipee-
1.4. Using the spinor formalism, show that if the signature is Lorentzian, then two

nonzero real null vectors are orthogonal to each other if and only if they are propor-
tional.

1.5. Show that

IAilpp = 1alaB
if and only if ¢, is the spinor equivalent of a null vector. (If #,; is different
from zero, there exist &, and f8; such that 7, A(xA B4 # 0; hence, contracting both

sides of the equation above with o, one concludes that if I AtAA = 0, then
tii = tgi 08,5 BB / (1550 BP); this constitutes a proof of Proposition 1.3.)
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1.6. Using the spinor formalism, show that if 7,;, and s, are two bivectors, then
c 1) * ¥, ¢ 1 de
tacSp + (_ ) Sac b = 3ldeS " 8ab
and conclude that #,. 1, = %tde *t9¢ g Hence, a bivector 1, is simple if and only

if t4c *1,° = 0, or equivalently, 7,fcq) = 0.

1.7. Using the spinor formalism, show that if ¢, is a bivector, then

det(t") = L (“tapt™)?.

1.8. Let 7., be an anti-self-dual bivector (i.e., *f,, = —i9,,) and u“ an arbitrary
nonnull vector. Show, using the spinor formalism, that if we let v, = tabub , then

1

lap = - (Vatty — tav + (1) €apequiv?).
C

1.9. Assume that the signature of the metric is Lorentzian. If the axes of the refer-
ence frame S’ are obtained from those of S by means of a spatial rotation through
an angle 6 about the axis defined by the unit vector u“, the Cartesian coordinates of
a point with respect to these frames are related by x'* = L%,x?, with

L =cos08; + (1 —cosO)(uup — TTy,) + sin 6 " Empeatt’ T,

where T is a timelike vector orthogonal to u“ such that 7T, = —1. Show that the
spinor equivalent of L%, is of the form —K* KA with

KAB -+ (eiG/ZaABB _ efiG/ZﬁAaB)

and o B4 = 1. Here o 04 and ﬁAEA are the spinor equivalents of the null vectors
(T4u®)/v/2 and (T* — u®)/+/2, respectively. (Note that as in the case of the boost
(1.135), we are considering passive transformations in the sense that the points are
not affected by transformations; only the basis vectors are transformed.)

1.10. Assuming that the signature of the metric is Lorentzian, show that any two-
dimensional spacelike plane orthogonal to a given null vector /, is spanned by the
vector equivalents of o84 + B0 and i(ay B, — B40;), where o, @ is the
spinor equivalent of /, and 8, is some one-index spinor such that oA B4 #0.

1.11. Show that each matrix in (1.173) can be expressed in the form
V8 + WS A,

where v, U are two real scalars and v*, w® are two real vectors.

1.12. Show that if the signature of the metric is Euclidean, the expression
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where @ and ¥ are the bispinors @ = (gﬁ), ¥ = (Wg‘), defines a positive definite

Hermitian inner product. Show that with respect to this inner product, the operators
Y. are Hermitian. Also show that if the signature of the metric is ultrahyperbolic,
then

. (o ~ i
(@,%) =i(Z,v" +1,0")

defines an indefinite Hermitian inner product. Show that with respect to this inner

product, the operators 7, are anti-Hermitian.

1.13. Show that the eigenvalues of each operator ¥, are +(g44) 1/2 (without summa-
tion on a) and find the corresponding eigenvectors.

1.14. Show that
8uhcd v, ?’d =175 [Ya, W)

1.15. Prove explicitly that if the signature of the metric is ultrahyperbolic, a real
bivector #,;, such that *7,,t® =0 is simple.



Chapter 2
Connection and Curvature

In this chapter some applications of the spinor formalism to four-dimensional
Riemannian manifolds are considered. By definition, if p is a point of a Riemannian
manifold M, the tangent space to M at p, T,M, is a vector space with a nondegen-
erate inner product, and therefore, one can construct null tetrads in the complexifi-
cation of 7,M, thus allowing the use of the spinor algebra discussed in the previous
chapter.

It is shown that the connection and curvature of a four-dimensional Riemannian
manifold can be conveniently computed and analyzed by making use of the two-
component spinor formalism. As examples, the connection and curvature of the
standard metric of S*, the Schwarzschild metric, and the Euclidean Schwarzschild
metric are computed. Some further applications that will be employed in the follow-
ing chapters, such as the conformal rescalings of the metric, the Killing vector fields,
and the algebraic classification of the conformal curvature for all signatures of the
metric, are studied. The Newman—Penrose and the Geroch—Held—Penrose notations
are also introduced.

It is assumed that the reader is acquainted with the basic concepts related to
differentiable manifolds such as tangent vectors, vector fields, differential forms,
and connections (see, e.g., Conlon 2001, Hall 2004).

Throughout this chapter it will be assumed the Infeld—van der Waerden symbols
are given by one of the forms (1.33)—(1.35) and (1.37), depending on the signature
of the metric of M.

2.1 Covariant Differentiation

In what follows, M will denote a four-dimensional Riemannian manifold, that is,
M will be a differentiable manifold of dimension four endowed with a Riemannian
metric (a differentiable tensor field g such that at each point p € M, g, is a non-
degenerate, symmetric, not necessarily definite, bilinear form defined on 7,M, the
tangent space to M at p).

G.ET. del Castillo, Spinors in Four-Dimensional Spaces, Progress in Mathematical 67
Physics 59, DOI 10.1007/978-0-8176-4984-5_2,
© Springer Science+Business Media, LLC 2010
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Each point p € M possesses a neighborhood U in M such that there exist four
differentiable vector fields {d;,d>, d3,ds } defined on U, which, evaluated at a point
g € U, form an orthonormal basis of T;M. Such a set is called an orthonormal
tetrad. Furthermore, we shall assume that the constants g,, = g(d,,d,) have one
of the forms (1.1). (In most cases, the vector fields d, will not be the holonomic
basis associated with a coordinate system; that is, in most cases there will not exist
coordinates x* such that d, = d/dx*. See also Appendix A.)

Given an orthonormal tetrad {d,}, there exists a unique set of four one-forms
{6} such that 6(d),) = §;. Then, the metric tensor can be expressed locally in the
form

8= 80 © 6", @.1)

where ® denotes the tensor product, that is, g(X,Y) = g4,,0%(X)68?(Y), for any pair
of vector fields X, Y on M. Thus, we have

0'260'+60°26%+6°26°+6*2 0%,
§=0'00'+62260%+60°260° - 0= 6%,
0'260'+60220%2-0326°—06*x 06,

if the signature of the metric is (+ + + +), (+ + + —), or (+ + — —), respectively.
By expressing a given metric in this form, one can identify a set of one-forms {6“}
corresponding to some orthonormal tetrad {d, }.

Connection One-Forms

With respect to an orthonormal tetrad {d, }, a connection V on M is represented by
the set of (real-valued) functions I"%;., defined by

Vaab = rcbaam (2-2)

where V,, denotes the covariant derivative along d,, that is, V, = V, [note the
position of the subscripts of I"“, in (2.2)]. It follows from (2.2) and the properties
of a connection that the connection one-forms

e, =TI%,.6° (2.3)

satisfy the relation
r*,(X) = 0(Vxa), (2.4)

for any vector field X on M.
With the torsion of the connection V being defined by

T(X,Y)=VxY —VyX — [X,Y], (2.5)

for any pair of vector fields X, Y on M, the forsion two-forms with respect to the
tetrad {d,} will be defined by

T*(X,Y) = 30°(T(X,Y)), (2.6)
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for any pair of vector fields X, ¥ on M. Then, from (2.4)—(2.6), one derives the
Cartan first structure equations

de“+ I, neb =T1¢ 2.7)
if the differential (or exterior derivative) of a one-form o is defined by
da(X,Y) = H{X(a(Y)) =Y (a(X)) — ee([X,Y]) }, (2.8)

for any pair of vector fields X, Y on M, and the exterior product of two one-forms
o, B is defined by

(@ AB)X,Y) =3 [a(X)B(Y) — a(Y)B(X)]. (2.9
If the connection V is compatible with the metric, that is,
X[g(Y,2)] = g(VxY,Z) +g(Y,VxZ),

for all vector fields X, Y, Z on M, we have d,gp. = 8§(Va0p,0:) + g(dp,Vao:) =
I'yugae + T4 cagpa = Iipa + Thea (lowering the tetrad indices by means of g, in the
usual way). Thus, with respect to an orthonormal tetrad, a connection compatible
with the metric is represented by a set of functions I, (the Ricci rotation coeffi-
cients) satisfying

Tape = —Ipac- (2.10)

As is well known, in a Riemannian manifold there is a unique torsion-free con-
nection compatible with the metric (the Riemannian or Levi-Civita connection) (see,
e.g., Conlon 2001). In what follows we shall consider only Riemannian connections.

The Ricci rotation coefficients can be computed by making use of the Cartan
first structure equations (2.7) or the commutators of the vector fields d,. In fact,
combining (2.5) and (2.2), one finds that when the torsion vanishes,

[adv ab] = (Fchu - Fcab)ac- (21 1)

By virtue of (2.10), the Ricci rotation coefficients are determined by the commuta-
tion relations (2.11). In effect, writing

[aaa ab] = chaaca
we have C¢p, = I}, — I"“,p, and one readily verifies that
Lope = 5(Cabe + Cpea— Ceab)- (2.12)

As a consequence of (2.10), the connection one-forms (2.3) satisfy I, = —I3;
therefore, their spinor equivalents I} ipp = %G" 4407 gpTap can be expressed in the
form

Tyigg = Upp€ip + T jpEsp, (2.13)
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where I'yp = I gy and Iy 3 = I 3) are one-forms [see (1.50)]. (We are employing
the symbol I" in order to avoid confusion with the connection one-forms I"“;, which

also possess two indices.) Then, letting

944 = —2oaAA9“, (2.14)

the Cartan first structure equations (2.7), with vanishing torsion, are equivalent to
deA =144, A 088 =T, A 054 T 5 A 048 (2.15)

(The one-forms 648 are related to the one-forms gAB employed by Plebariski (1974,
1975) by gAB V2648 The factor 1 / /2 included in (2.14) is dictated by the rule
(1.41).)

The one-forms I'y ; and I ;5 can be expressed in the form

Typ= _QBcc'Occa Ljp=— ABCCGCC (2.16)

where the I~ and I'jz~- are some (possibly complex-valued) functions; then,
substituting these expressions into the right-hand side of (2.13) and making use of
(2.3), we obtain

17 b c
Lipce€ip+Ligecéan = m(’ '4i0" 50  celabes (2.17)

which leads to the expressions

1 ab c
Typee = —4\/551 480" cclabe,
(2.18)
ab c
Ligec = _4\/—51 B0 celabe

[see (1.69)]. Following Newman and Penrose (1962), the functions I+~ and
Iigec will be called spin coefficients. (The spin coefficients can also be expressed
in terms of the Christoffel symbols associated with some coordinate system; see
Appendix A.)

From (2.18), (2.16), and (2.14) it follows that the one-forms I'y; and I';; are
related to the connection one-forms I, by

_ 1gab . — lgab
]rAB - ZS ABI—“lb7 ]rAB - 4S ABEb'

The right-hand side of (2.17) is the spinor equivalent of the Ricci rotation coeffi-
cients I'} ippce- Thus

Liigsce = Lapcc€in + TisecEas- (2.19)

The fact that the Ricci rotation coefficients are real-valued functions amounts to
certain specific relations between the spin coefficients and their complex conjugates,
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depending on the signature of the metric. From (1.224) and (1.221) one finds that if
the signature of the metric is (+ + + +), then

-~ -~

Tygep = —Thpen: Ligep = —Tigen (2.20)

(i.e., [ABCD = T p oy and TABCD — T .. 3: if the signature is (+ + + —), we
have

Lipep = igen: 2.21)

and if the signature of the metric is (+ + — —), then

-~

Ligep = Tasens Ligep = Ligep- (2.22)
The spin coefficients can be obtained directly from the relations
R R R R
(04, 9cp] = =T capOrp — I ppadck + 1" acoOks + I 5pcars (2.23)

which follow from (2.11) and (2.17), with the definition

1
EG“AB% (224)
[cf. (1.20)] (see Example 2.2 on pp. 86—87). In actual computations, it is convenient
to make use of individual symbols for the 24 spin coefficients, owing to the rela-
tively high number of indices of T gy, and I z-,. Following Newman and Penrose
(1962), we shall denote the spin coefficients I'y gy, according to

N

Lyi=x, Ip=0, Ipi=p, IIin=r71,
Ii=¢, Iyp=B, DNpi=a Ly=7. (2.25)
Ipyi=m, Ipp=U, Dypi=2i, Inpp=v,

, Lin=0, TLin=p Lin=71,
sy =€, Tpip=B, Tiy=0 Ts=7, (2.26)
Dyiy=m,  Ipp=HK, Iy =24, Ipp=v.

Then, the relations (2.23) take the explicit form

D,8]= —(a+B—7A)D—kA+(p+e—£)5+00,

[A,8]=VD— (t—a—B)A—(u—y+7)8 — A8,

[D,f] = —(y+P)D—(e+8)A+(T+ f)6+ (t+ ﬁ)ZS;, -
6,0] = (u—m)D+(p—p)A—(0—B)5—(B—a)s,

[D,8]= —(o+B—n)D—KA+ (p+€—¢€)6+ 058,

[4,8] = vD— (T~ o~ B)A— (L~ 7+7)8 — A3,
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with the definitions
D=9,j, 06=0, 55821, A =0y. (2.28)

When the metric has Lorentzian signature, then D and A are real, each symbol
with a tilde is the complex conjugate of the corresponding symbol without a tilde
[see (2.21)], and the last two lines of (2.27) are the complex conjugates of the first
two lines. (Despite several differences in the conventions, the commutation relations
(2.27) coincide with those given in Newman and Penrose 1962.)

When the signature of the metric is Euclidean, the spin coefficients are related by

K=-v, G=A, p=u, T=-m, E=7, PB=-a, (229

with identical relations for the spin coefficients with a tilde (e.g., K= —Vv) and
D=-A, §=6. (2.30)
In the case that the signature of the metric is (+ + — —) and one employs the real

Infeld—van der Waerden symbols, the vector fields D, 9, 8, and A are real, and the
24 spin coefficients (2.25) and (2.26) are real and independent.

Using the properties of the covariant derivative, one finds that the covariant
derivative of a vector field X = X“d, with respect to a vector field Y = Y99, is
given by

VyX =YV, (X"0,)
= Y[(0.X")0p + X"V ,0)
= Y0,X + I, X")0,.

By abuse of notation, the components of the covariant derivative of X along d,, are
usually denoted by V,X¢, that is,

VoX¢ = 0,X+T¢p,X". (2.31)
Hence, according to (2.19), the spinor equivalent of V,X¢ is given by

cC cC CC BB
VAAX = aAAX — I ppaiX

= i X —TCp X5 —TC i X5 (2.32)

The covariant derivative of an arbitrary tensor field can be defined as usual, as-
suming that the covariant differentiation is linear, satisfies the Leibniz rule, com-
mutes with contraction, and the covariant derivative of a function coincides with the
directional derivative (Vx f = X f, for any vector field X). In this way one finds that
the components of the covariant derivative of a tensor field with tetrad components

ab...
té] are
be... be... b bs... be... be...
Vutdg... = aatdg... +I sutfsli... +chutd(sz... + = Fsdut = Fseatdg... -t (233)

se...
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Tetrad Rotations

In the intersection of their domains, any two orthonormal tetrads {d,} and {d,}
must be related by means of an expression of the form 8,; = L,/’ dp, where the L,/’ are
differentiable functions such that at each point p belonging to the common domain
of {9,} and {9}, (L,°(p)) is an orthogonal matrix [see (1.3)]. From (2.2) and the
properties of a connection we have

V0 = LaVy, (L")
=LS [L;,"Fsdcas + (8014,‘[)8[[}
=L, I:LderSFSdC + (acLbd)er] ar/.

This last expression must coincide with I"'"},,0/, where "', are the Ricci rotation
coefficients for the tetrad {d. }; hence,

Do = Lo Ly L Tige + Lo Ly e Lpg. (2.34)

The transformation law (2.34) is equivalent to some relation between the corre-
sponding spin coefficients. For instance, if the matrices (L,”(p)) have positive de-
terminant, the functions L,” can be expressed as

l . .
L= —anAAo”BBKABMAB, (2.35)

where the K4 g and MA p are differentiable functions such that at each point p where

they are defined, the matrices (K z(p)) and (MA 5(p)) belong to the appropriate
subgroup of SL(2,C), depending on the signature of the metric. Substituting (2.35)
into (2.34), making use of (2.17) and (1.30) we obtain

Ry Sgr Dag D Ry Das. D
T ypoe = K"K K "M Tpgpp — Ky “K "M Opp K (2.36)

and
! Ryg Spg.Dy D Rpg Dy D
[ipec = Mi"My*Me" K Trspp —Mi"Me K" dppMpg- (2.37)
These formulas can be expressed in a more compact form in terms of the connection
one-forms I'y 5 and I :

]r/AB = KARKBS]FRS - KARdKBRa

) Ray.S R (2.38)
g =M;i"Mp> g —M;"dMpy.

Spinor Fields

Throughout Chapter 1, and in what follows, spinors are given by means of their
components with respect to some basis, which is induced by an orthonormal basis
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of a vector space V, or of the tangent space to M at some point. A simultaneous
rotation through 27 in both spin spaces leaves the corresponding orthonormal basis
invariant, but changes the sign of any spinor with an odd number of indices [see
(1.112), (1.116), (1.155), and (1.171)]. In order to define spinor fields on M, it is
necessary to assign consistently the change of sign under these rotations over M,
which imposes some restrictions on the global structure of M (see, e.g., Geroch
1968, 1970, Penrose and Rindler 1984, Wald 1984, Lawson and Michelsohn 1989,
Huggett and Tod 1994). We shall assume that M admits a spinor structure, and we
shall restrict ourselves to local considerations.

A spinor field will be given by means of its components with respect to bases of
the spin spaces (or spin frames); a basis of one of the spin spaces together with a
basis of the other spin space defines a unique null tetrad, but the converse is not true.

Covariant Derivatives of Spinor Fields

Since the Riemannian connection of M is compatible with the metric tensor, the
parallel transport of tangent vectors to M along a given curve on M is an orthogonal
transformation between the tangent spaces at any two points on the curve. Hence,
with respect to a (differentiable) null tetrad d 4, this orthogonal transformation must
be of the form K4 BMC p (since by continuity, its determinant must be positive),
which means that the parallel transport of spinors along a curve can be defined in
such a way that undotted [resp. dotted] spinors are mapped onto undotted [resp.
dotted] spinors, and therefore, the covariant derivative of any spinor field will be a
spinor field of the same type as the original spinor field.

Equation (2.32) is consistent with the assumption that for one-index spinor fields,

V50 = 0450 —TC5450°%,  Vupo© = 0,30° — T g5, 0°, (2.39)

and that the covariant derivative of spinor fields also satisfies the Leibniz rule; then,
as a consequence of the symmetry I'y gy, = I'p4cpp» We have

CD __ oCD _

and therefore, assuming that the covariant derivative commutes with the
contractions,

Vagéep =0, Vageep =0
Thus, for an arbitrary spinor field l[/é _____ B'_ ’,
AR _ o ALBL A B B AP
VrsWep. = OrsVelp — T prsWepl = =1 psrVelp —

+T7 cps P g :::+"'+FPBS'R cg ...... ...... tee (2.40)
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Weighted Quantities

When the metric has Lorentzian signature, any nonvanishing complex-valued func-
tion A defines a tetrad rotation (2.35) with the SL(2, C)-valued matrix

A (AP0
(K B)—< 0 ,L) 241)

and MA 5 = KAp. Following Geroch, Held, and Penrose (1973), a quantity 1 is of
type (p,q) if under the tetrad rotation defined by (2.41), it transforms into

n' =APA4n.

Thus, for instance, from 9’43 = K, M3Pdcp, it follows that the null tetrad vector
fields d,j, 9,5, d,j. and d,5 are of type (1,1), (1,—1), (—1,1), and (—1,—1), re-
spectively. In a similar way, each component W, ~p of a spinor field is of type
(p,q), where p is the number of undotted subscripts, A, B, ... equal to 1 minus the
number of these subscripts equal to 2, while g is the number of dotted subscripts
C,D,... equal to 1 minus the number of these subscripts equal to 2 [see (1.187)].
According to (2.36) and (2.37), the same rules apply to the spin coefficients I}, 4,
Iooags Tiidps and Iy ip, but

T pee = KM (Lopp + 27 dppl), (2.42)

which means that the spin coefficients I',,; are not of a definite type. Similarly,
even though each member of the null tetrad d,; is of a definite type, the directional
derivative d,zn of a quantity of type (p,q) is not of a definite type. In fact, under
the tetrad rotation defined by (2.41), d4zn transforms into

9" 45n' = K “MgP0cp (AP A7). (2.43)
Thus, by combining (2.43) with (2.42) and its conjugate, one finds that
(@4 =PI 12a — 4T jpa)N" = Ky “MP 27299y — pLiaepy — alizpe)N, (2.44)

which means that (d, ;3 — pI o453 — qIi354) 1 has a well-defined type (which depends
on p,q, and the specific values of A and B). This fact leads to the definition of the
Geroch—Held—Penrose (GHP) operators

bn = (D —pe—qe)n,
on = (6 —pB—qoa)n,
_ _ (2.45)
on=(6—po—qgP)n,
p'n = (A—-py—qyn,
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if n is of type (p,q), where we have made use of the notation (2.25) and (2.28). From
(2.44) it follows that bn, 91, P'n, and &'n are of type (p+1,q+1), (p+1,4—1),
(p—1,q+1),and (p—1,qg— 1), respectively.

From the definition one finds that if 1] is of type (p,q), then its complex conjugate
7 is of type (¢, p). Hence,

Pn=pq, On=07, Pn=P7.
The spin weight s and the boost weight w of 1 are defined by

s=P2—"4 w=PT4

27 2
When the signature of the metric is Euclidean, any pair of complex-valued func-
tions A, p such that [A| = 1 = |u| defines a tetrad rotation (2.35) with the SU(2)-

valued matrices
A7 Lo i u=t o
A\ A Y
(KB)_< 0 )L), (MB)_< 0 IJ)' (2.46)

A quantity 1 is said to be of type (p,q) if under the tetrad rotation given by (2.46)
it transforms according to 7" = A”u91. Following a procedure similar to that em-
ployed in the previous case, one finds that if 1] is of type (p,q), then

bn = (D—pe—qé)n,

on = ((j—pﬁ—q@n, 2.47)
o'n = (6 —po—qP)n, '
P'n=(A-py—qyn,

are of type (p+1,9+1), (p+1,9—1),(p—1,9+1),and (p— 1,4 — 1), respectively
[cf. (2.45)].
Now, if 17 is of type (p,q), then 7] is of type (—p, —¢q), and as a consequence of
(2.29) and (2.30),
Pbn=-P7N, Oon=07.

Making use of the corresponding definitions, one finds that in all cases, if 17 is of
type (p,q) and K is of type (r,s), then nx is of type (p+r,q+s) and

Oonk)=noOx+x0n,

where O is any of the weighted operators P, 3, &', and P'.

The use of weighted quantities allows one to write many explicit expressions in
a compact form, simplifying some computations (see, e.g., Jeffryes 1986). Whereas
the commutators between the vector fields d,, involve only the spin coefficients
[(2.23)], the presence of the spin coefficients in the weighted operators (2.44) im-
plies that the commutators of the latter contain some components of the curvature
[see (2.91)—(2.94)].



2.2 Curvature 71

2.2 Curvature

The curvature tensor € of the connection V is defined by
QX,Y)Z=VxVyZ—-VyVxZ-Vx yZ, (2.48)

for any vector fields X, Y, Z on M. With respect to an orthonormal tetrad {d,}, the
curvature of a connection is represented by the curvature two-forms 2%y, defined by

Q% (X,Y)=10%(Q(X,Y)), (2.49)

for any pair of vector fields X, ¥ on M. One can verify that the 29, are indeed
two-forms and that

Q% = LR 10N 07, (2.50)

where the Ry, are the components of the curvature tensor with respect to the tetrad
{9,}, which are defined by (9., )0 = R?ca0y.

Making use of (2.8), (2.9), (2.48), (2.49), (2.4), and the properties of V, one
obtains the Cartan second structure equations

Q% =dr%, + T ATS,. (2.51)

The curvature two-forms satisfy the relation ., = —€2;,, which can be readily
obtained from (2.51). Indeed, from (2.51) and the fact that the connection one-forms
satisfy I,, = —I, we have

Qab:dl—t‘lb"’rz‘lc/\rcb: _dl—l;a_l—l;c/\rca = —Ly,.

Hence, the components of the curvature tensor satisfy Rupcqd = —Rpacd-
Applying the exterior derivative operator d to both sides of (2.7), using again
these equations and (2.51) one obtains the identities

dT*+ T AT = Q% N 6P, (2.52)
and therefore, if the torsion of the connection vanishes,
QY NP =0. (2.53)

Substituting (2.50) into (2.53), one finds that when the torsion is equal to zero,
Req + R cap + R gpe = 0.

Similarly, applying the exterior derivative operator to both sides of (2.51), one
obtains the Bianchi identities

dQ% + T A Q¢ — T A Q% = 0. (2.54)
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2.2.1 Curvature Spinors

Any two-form can be expressed locally in terms of the exterior products 6 A 6, or
equivalently, in terms of the exterior products 844 A 882, which, according to (1.50)
and (1.69), can be written in the form

944 A gBB — %%AA%BB N
_ (8AB%%(A\R\%B)R +8AB%%R(A%RB)) 09 A @°
_ (%SubABgAB + %SabABgAB) N
= §ABgAB | GABAB. (2.55)
where we have introduced the six two-forms
s =15,4809 00, $4B=1g,4Bg 0P, (2.56)
Then, from (2.55) we have
sAB—leMpagP, s —1lgMag,P (2.57)

or in an explicit form,

511:911/\9127 SIZZ%(GH/\GZZ_GIQ/\GH)’ 522:921/\922,
y o g o o y R 1))
Sll: 911/\9217 512: %(911/\022_921/\912)’ 522: 912/\922'
From (1.76) we see that the duals of the two-forms S4% and S48 are given by
4B — _jagAB  xgAB _ jqgAB (2.59)

The two-forms S4B [resp. SAB] form a local basis for the anti-self-dual [resp. self-
dual] two-forms.

Making use of (2.57), the properties of the exterior derivative, the Cartan first
structure equations (2.15), and the symmetry I'y¢ = 'y, one finds that

=2, ASBIC (2.60)
and in a similar way one obtains

dsAB = o . A SPIC. (2.61)
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As we shall show below, the relations (2.60) and (2.61) are very useful in obtaining
the spin coefficients for a given tetrad. (An equivalent formulation, for the Lorentzian
signature, without the spinor notation is given in Israel 1979.)

Since the components of the curvature tensor of a connection compatible with the
metric are antisymmetric in the first and the last pairs of indices Rypcq = —Rpaca =
—Rpqc, making use of (1.50) it follows that the spinor equivalent of the curvature
tensor can be written as

Ryisscepp = Xapep€is€ep + Casep€aséen
+Capcn€is€ep T Xicn€as€en (2.62)
where the sets of functions X, 5, 6,4 scp Capep» and X pepy are symmetric in the
first and the last pairs of indices, X, gcp = X4p)(cp)> Ciscp = Can)(cp)> Canen =
Clasycpy» and Xipep = X (ig)cp)- If the Ricei tensor is defined by

Rab = Rcacba (263)
from (2.62) and (1.46) we find that the spinor equivalent of the Ricci tensor is
A
Ryppp = —Rr* BBAADD
= =X pap€sp + Capap + Capep — X pin€sp: (2.64)
and the scalar curvature R = R?, is given by
R=—RBB,, =2(X*8,, + X8 ;). (2.65)

The antisymmetry of the curvature two-forms 2, = —€2p, implies that their
spinor equivalents £2, ;5 are of the form

Qyipp = Zap€in+ Zip€ap (2.66)

where Z,p = Z(ap) and Zp = X(;p) are two-forms. From (2.50) and (2.55) it
follows that 2, ips = AR, igscepn(SCPEP + SPeCP), and substituting (2.66) and
(2.62), one concludes that the two-forms %, and % are given by
s = XapcpS + CapenSPs
! 5 (2.67)
P = CipcpSP +XipepS™-

The Cartan second structure equations (2.51) expressed in terms of the spinor equiv-
alents of the connection one-forms and of the curvature two-forms given by (2.13)

and (2.66), respectively, read
Rpp = AT y5 =Ty AT, (2.68)
Rip=dl 5 —T;e ATy

[cf. 2.51)].
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Similarly, making use of (2.66) and (2.67), one finds that (2.53) is equivalent to
B B
0= %AB/\O A+‘@AB/\9A
= (XupepS + CapepST) N 0% i + (CigepST + XigenSTP) A 6,7, (2.69)
Owing to the antisymmetry of the exterior product of one-forms, according to (1.58),
924 A BB A gCC _ ACBCHBA _ (BC AC §AB (2.70)
where the éAA are some three-forms, which implies that
SAB A ecc' _ gCla éB)c" SAB A ecc' _ _EC(Aé\C\B) (2.71)
[see (2.57)]; hence, (2.69) can be rewritten as

B AD ABD -~ ADB B A D
0=X,"pp0" 4 +Capan0" —Cipap0 —Xi"pp04" -

At each point of its domain, the set of three-forms {éAA} is linearly independent
(see Exercise 2.2), and therefore the last equation is equivalent to

0=X,\"5p€ip + Capin — Civap — Xi’sp€ap- (2.72)
Hence, contracting the last equation with gAD yields
0=2X,25 — X" sp€rp, (2.73)
while contracting with £4P gives us
0=xX", eip—2X:% a1 (2.74)
From (2.73) or (2.74) we obtain X8, , = X48 . and therefore (2.65) implies that
AB AB 1
X p=X" 5= R (2.75)
Thus, from (2.73) and (2.74) we obtain
B B
Xy’ 5p = gRexp, X" sp = gReip: (2.76)
and substituting these expressions into (2.72), it reduces to
Cinap = Capip- 2.77)
As a consequence of (2.76), X, g and X 5 are symmetric not only on the first

and second pairs of indices, but also under the exchange of the first and second pairs
of indices. Indeed, from (1.27) and (2.76) we see that
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Xageo — Xcpap = Xapep — Xacsp T Xacsp — Xcpas
_ M M
= &cX4" mp tEpXc" up
1
= gR(&pc€sp + EapEcp)
i.e.,

Xapco = Xcpas (2.78)

and in a similar manner one concludes that
Xisen = Xepis- (2.79)

From (2.62) and (2.77)—(2.79) it follows that R, ipsccpp = Reeppaigg> Which is
equivalent to the well-known relation R 5. = Regap-

Making use of (2.78) and (2.76), one finds that the totally symmetric part of
X, pcp» Which will be denoted by C, gp. is

Cuapep = X(ABCD)

= 3(Xapcp + Xacep + Xapsc)

= Xypep t %(XACBD —Xusep + Xapse — Xascep)

= Xapep + 3 (ecsXa vip + €08Xa™ 1c)

= Xupep — 23R(Eac€pp + EapEae)- (2.80)
Similarly, denoting by C; 3¢ the totally symmetric part of Xz, one obtains

Cisen = Xisen — 1R (€icEsp + Eipepe)- (2.81)
Thus, from (2.67), (2.77), (2.80), and (2.81) we see that the curvature two-forms can

be expressed as

1 D
Rag = CapcpS” + 13RS a5+ CapepS?,

CcD | 1 CD (2.82)
Zip = CepiS~ + 13RS +CagepS™
and from (2.62), the spinor equivalent of the curvature tensor is given by
Ry iggcepp = Capep€is€en + CiscpEasécp
+Capep€in€cp + Copin€anEcn
1
+ 5 R(Eac€spEinten T EapEpcEistcn
+ Eap€cn€icEsp T EapEcpEintac)- (2.83)

Making use of the relation

€sp€cp + €ac€pp + Eap€rc =0, (2.834)
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which is equivalent to (1.27), and its dotted version, one can rewrite in various ways
the expression between parentheses in the last two lines of (2.83), e.g.,

2(e4pEcnEicEsD T EpERCEABECD):

2(&xpEcpEin€sc + EacEpEanEcn):
and

2(&xcEicErpEsp — EanEin€rcEse)s
according to (1.21), the last expression is the spinor equivalent of 2(gucgps —
8ad8be)-

Substituting (2.76) and (2.77) into (2.64), one finds that the spinor equivalent of
the Ricci tensor is related to Cypip by Rpppp = 2Cpppp — }LREBD&‘BD’ ie.,

Capis = 3 Rujipp+ zlLRgABgAB)' (2.85)

Thus, recalling that —€&, € is the spinor equivalent of g,5, (2.85) shows that C, p i
is the spinor equivalent of 3 (R, — 3Rgap); that is, apart from a factor of 1, Cpis
is the spinor equivalent of the traceless part of the Ricci tensor.

Making use of (1.27), it can readily be seen that

Cascp€is€ep T Copis€asEcn = Canin€rcsc — CacicEspEsp
+ Cpepc€an€in — CopppEac€ic:

which means that the second line of (2.83) is the spinor equivalent of the tensor
3 (Rad — R8ad)(—8be) — 3 (Rac — 1R8ac) (—8ba) + 3 (Rpc — YR8be) (—8ad) — % (Rpa
— 1R8ba)(—8ac) = — 3 (Raagbe — Racgba + Roc8ad — Roagac) + §(8aa8be — 8ac8ba):
hence, it follows from (2.83) that C,pz-p€ig€ep + Cincn€apEep 18 the spinor
equivalent of

Cubed = Rabea + 3 (Raa8be — Rac8ba + Rbcad — Rbagac) + s R(8ac8bd — 8ad8be)-
(2.86)

The tensor field Cypcq is known as the Weyl tensor, and C, g, and Cj ¢, are called
Weyl spinors. Owing to its behavior under conformal rescalings, C,p¢q s also called
the conformal curvature tensor (see Section 2.3).

The tensor field C,p.q possesses all the symmetries of the curvature tensor R g
(i.e., Caped = —Cpaca = —Capdes Cabea + Cacab + Caabe = 0, Capca = Cedap)> and in
addition, C“j,4 = 0, as can readily be seen using the total symmetry of C -5, and
Cipcp [see (1.29)].

Since the curvature tensor is real, making use of (2.83), (1.224), and (1.221) one
finds that when the signature is (+ + + +) or (+ + — —), the curvature spinors
must satisfy

Casep = Capeps Cisep = Cigens Cusen = Cagens (2.87)

while when the signature is (+ + + —) one has
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Casep = Cigens Casep = Cepis (2.88)
[see (1.47)].
Combining (1.41) and (2.62), we see that
Xapcn€in€ep + Copinap€cp + Capen€in€ep + XiscpEanEcp

a b c d .
= 79 440 B30 ccO ppRabed’

hence [see (1.69)],

L cab  ced
Xapep = Esa 483" cpRabeds

U cab  qea
Capen = 1—65a S epRabed> (2.89)
1 b cd
XABCD = Esa ABS CDRabcd
[cf. (2.85)]. Since Cygcp» Cupep» and R are independent of each other, from (2.89)
we have, for instance,

I b ea
Capep = 1_65a 485 cpCabed-

The spinor components of the curvature can be expressed in terms of the spin co-
efficients by substituting (2.16) into (2.68), making use of (2.15) and (2.55). Since
the differential of a scalar function is expressed locally as df = (d,f) 6%, equiva-
lently we have

df = —(uaf) O™, (2.90)

In this way we obtain the explicit expressions

Xypcp = 9 Tasipyp — Lapciel P )+ Diprel R(CD)C + L5 gy (2:91)
and

Capen = 9" aprip) T Tascr T )" = Tane e iripy + T (e lsroip)» (2:92)
together with

Cepis = a(CRF\ABR\D) +Ligerl R(CD)C —Ligeel CR\R\D) + E&RD(CITBRD\D) (2.93)
and

D CR R __C,prR D
Xigen =9 iy —Tiseicl rp) +asrel ep)y TTi" ¢ Tpripyp- (2-94)

As pointed out above, the spin coefficients can be obtained by means of the com-
mutators (2.23) or from (2.60) and (2.61). Substitution of (2.16) and (2.71) into
(2.60) and (2.61) gives
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dSAB _ _F(ACB)D éCD _ F(AC‘C‘D éB)D (295)
and Ny o A o .
dst® =B, 6PC 4 T4 IC, 6PP), (2.96)

The combinations of the spin coefficients appearing in (2.95) and (2.96) allow
us to find the spin coefficients individually. Writing, say, dSA8 = K48, 6cP,
with Ky pepy = Ksp)cp» and comparing with (2.95) one has Kypepy = —I¢ap)p —
Q Al RR D|€B)C Then, from this last relation one readily obtains

Iipep = _KC(AB)D (2.97)

[cf. (2.12)] (see the examples below). In a similar way one finds that
Ligep = Keanyp (2.98)

if the functions K, are defined by dSA8 = KAB . §PC (cf. Israel 1979 and the
references cited therein).

Frequently, the metric tensor of M is given by a local expression in terms of some
coordinate system, and in order to find a set of one-forms 644 it is convenient to
notice that from (2.1) we obtain

g = &80 20"
=-20'"0*+20"0", (2.99)

where the juxtaposition of one-forms means symmetrized tensor product, and

—64p if the 0%, are given by (1.33),
GB’f if the 0,5 are given by (1.34),
R if the ¢, are given by (1.35),
nAcnBPe., if the 6%, are given by (1.37).

048 — (2.100)

Thqs, instead of looking for an orthonormal or null tetrad, a suitable set of one-forms
644 can be obtained directly by expressing the metric tensor in the form (2.99) in
terms of one-forms satisfying the appropriate condition (2.100) (see the examples
below). - '

The behavior of the differential forms S48, $42, and 84 under complex conju-
gation can be derived from (2.100) and the relations (2.57) and (2.71).

Example 2.1. The standard metric of S*.
The metric induced on the sphere S* = {(x!,x?,x3,x*,x%) € R?| (x")? + (x?)? +
(x*)2+ (x*)?+ (x°)2 = 1} by the standard Euclidean metric of R? is locally given by

g =dy?+sin’ y [dy* + sin’ x (d6* + sin” 6 dp?)], (2.101)
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in terms of spherical coordinates y, ¥, 6, and ¢. We can equivalently write
= 2{ ! (dy —isinyd )} [ ! (dy+isinyd )}
8§ = 2 L4 ydy 2 L4 ydy

1 1
+2 {——sinl//sin%(de—isined(p)} {——sinl//sin)((de—l—isined(p) ,

V2 V2
and by comparing with (2.99) one finds that the one-forms pAA satisfying the con-
dition 648 = —@,; (i.e., 911 = — 922 and 912 = 921), appropriate for a metric with

Euclidean signature, can be taken as

. 1 .
Ollz—ﬁ(dw—iSinwd){)a 922: 7(dl]/+l$lﬂl]/d%)
912 = _SIOVSINY o isingdg), 0% = —SMYSINX (46 4 idingde).
V2 ’ V2
(2.102)
(Alternatively, from (2.101) we see that
6! = sinysin ¥ d@, 62 = sinysin y sin0de,
63 = dy, 6* = sinydy,

form the dual basis of an orthonormal tetrad. The one-forms (2.102) are then ob-
tained with the aid of (2.14) and (1.33).)
The two-forms S4Z are then given by [see (2.58)]

S = Lsinysiny (dy —isinydy) A (d6 —isin6de),
(2.103)
§12 = —li(sinydy Ady +sin® ysin’ x sin0 d6 Ade),

with $22 = S11. The two-forms S48 can be readily obtained by noticing that the
one-forms (2.102) have the property that under the substitution of @ by —¢, 847 is
mapped into 634, and therefore S48 is mapped into S48 [see (2.58)]. A straightfor-
ward computation, making use of (2.71), gives

cotf <11 1 coty \ =15
7 e ____ (2 et/
V2 sinyrsin y \/§< coty 1sinl//) o
1 oty 1 .COtY \ %95
ds'? = — (cot +i ) 6! — (cot —i—= ) 6%.
2\ T iy 2\ iy

Hence, the only nonvanishing spin coefficients I'y gy, are determined by [see (2.97)
and (2.20)]

as' =
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1 .coty 1
Fnzi:—ﬁ (COt‘lH'l - )7 ﬂ211:ﬂ222:2—\/§C0tWa

siny

1 cotO
Fas=—Lon: = 7
1212 1221 22 sinysiny’

and the connection one-forms Iy ; for this tetrad are

1
r, = —E(cosy/sin)(+ic0sx)(d9+isin9d(p),
r,= —%(cos ydy +cos8dg), (2.104)
Iy, = —%(cos ysiny —icosy)(dO —isin6do).

Substituting into (2.68), one finds that the curvature two-forms %, are given ex-
plicitly by

Ry, =dIy — 2, AT, = S22,
Ry = d, + T ATy, = —S"2 (2.105)
Ry = ATy, + 21, AT, = S,

and hence Cypip =0, Cypop =0, and R = 12 [see (2.82)]. In a similar way one finds
that Cjep = 0.

Example 2.2. The Schwarzschild metric.

The Schwarzschild metric, which, according to Einstein’s theory of gravitation,
represents the exterior gravitational field of a spherically symmetric distribution of
matter, is usually expressed in the form

2
g=— (1 —r—g)czdtz—l—L—Frzdez—krzsinzed(pz, (2.106)
r 1—rg/r

where 1, is a constant (called the gravitational radius or Schwarzschild radius,
rg =2GM/ 2, where G is Newton’s constant of gravitation, M corresponds to the
Newtonian mass of the source, and c is the speed of light in vacuum), and ¢, r, 8, and
¢ are real coordinates (see, e.g., Rindler 1977, Wald 1984). When r, = 0, (2.106)
is the metric of Minkowski space-time in spherical coordinates. By comparing the
metric (2.106), written as

gz—ZB( —%)cdt—%dr] {cdt—i—( —%)ldr]
r r

+2[ ﬁ(de—isined(p)} [ \/E(d9+isin6d(p)],

with (2.99) one finds that the one-forms 62 satisfying the condition 648 = B4,
appropriate for Lorentzian signature, can be taken as
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i 1 . 7, -1
H_ *(1_"¢ _ = 22 _ _ 8
) 2(1 r)cdt dr, 0 cdt+(1 r) dr,
(2.107)
9! = —%(d@—isin@d(,o), 62l = —%(d@—f—isined(p),
and hence,
__(1_T\'19 9 1o 1 rnyd
i = (l r) c&t—’_ﬁr7 I = 2¢ ot 2(1 r)8r’
(2.108)
g L (9 i 9 .- L (9 i 9
27 /2r\ 06 'sin6de )’ A7 /2r\ 06 sinBdg )’

(The coefficients of @ /9t are chosen negative, so that vA4 = J4/4 is the spinor equiv-
alent of a future-pointing null vector, for any one-index spinor /, different from
Z€ero.)

The commutators of the vector fields (2.108) can be readily computed, and mak-

ing use of the notation (2.28), we obtain

_ 1 g
D.8)= -5 8= (1-%)8

_Ig < cotf =
[DaA] - 2)’2D’ [675] - \/5)’ (5 5

which, compared with (2.27), implies that the only nonvanishing spin coefficients
are

1 ﬁ_cotO o cotO I _ 1( rg)'
Py Py YTy e BT U )
(2.109)

therefore, the connection one-forms are given by

! (d6+isin0do),

rn:_T
N\ —1
r,=— cos@d(p——{cdﬂ—( —%) dr], (2.110)
- __g i
r, = 2\/5(1 r)(de isin6de),

and, substituting into (2.68), one finds that the curvature two-forms %, are given
explicitly by

Vo 22
‘%llzdrll_zrlz/\rllz_Z%S ;
Ryy = AT}, + T ATy, = —3512 Q.111)

23
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which implies that C, 5,3 = 0, R = 0 (that is, R4, = 0, thus showing that the Einstein
vacuum field equations are satisfied), and the only nonvanishing components of the
Weyl spinor are determined by

"

C1122:_2_

2.112
£ (2.112)

[see (2.82)].

Example 2.3. The Euclidean Schwarzschild metric.
By reversing the sign of the first term in (2.106) we obtain a metric with
Euclidean signature for r > r,

d 2
g— (1—r—g) A+ — 42402 4 Psin® 0 de?, (2.113)
r 1—re/r
which can be expressed in the form —20'1622 42012021 with 6'1 = —62? and

912 — g2i, choosing

dr

i 1
= — 1 —_— ,
V2 \/iw/l—rg/r
, i . 1 dr
S I PO B
V2 r \/iw/l—rg/r

02 = (46 —isin0dg) 9%l =
\/5 ’

A straightforward computation gives

s = L (i 1= ear - —Y ) A(d6 —isin0dg),
2 r V1—rg/r

12 = % (cdt Adr—r*sin0dO Adg),

; T
o'l — Eedr—
r

r

ﬁ(de—i—isined(p).

with $22 = S!1 and

dSH:COtOéli_ 1 ( ey re/r )élz

V2r V2r ro 2y/T—rgfr
1 Te 511 . %
ds'? = —— [1— £ (8" + 6%
1w
Then, using the fact that when the signature is Euclidean, K,z = —KA5CP, the

foregoing relations and (2.97) give

1
r =3 /1—r7g(d9+isin9d(p),

irg
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with Ty, = I} [cf. (2.110)]. The curvature two-forms are
__ e > __Teqn2

with Z,, = %, showing that C, p -, = 0 = R and the only nonvanishing component
of the Weyl spinor C,pcp is given by Cy5y = —rg/(217) [real, as follows from
(2.87)].

Further examples are given in Sections 2.3 and 4.2.

Bianchi and Ricci Identities

The Bianchi identities in spinor form can be derived from (2.54) or directly by
applying the exterior derivative operator to both sides of the Cartan second struc-
ture equations (2.68), using again these equations in order to eliminate the exterior
derivative of 'y or I' . Thus

d‘%AB - 2TC(A /\‘%CB)7

. (2.114)
dZip = 21rC(A /\%Cl;).
Substituting (2.67) and (2.16) into (2.114), with the aid of (2.71), (2.77), (2.60), and
(2.61) one obtains '
VCI?XABCD - VDCCABCR =0, 2.115)
Vi Xisen =V pCoris = 0;
and hence, employing the decompositions (2.80) and (2.81), one finds that these last
equations are equivalent to

VCRCCABD - V(ACCBD)C'R =0,
Vi Ceinp— V< (iCerien) = 0, (2.116)
%VDRR + VBCCBDCR =0.

Since C,pep 1s the spinor equivalent of %(Rab — %Rgub), the last of these relations
amounts to the so-called contracted Bianchi identities.
Applying the decomposition (1.52) to the commutator of covariant derivatives,
we have
VaiVes = VegVai = €is0ap + €450 4p: (2.117)

where _
Ui = V(ARVB)Ra Oig = VR(AV\R\B)v (2.118)

and the spinor equivalent of the Ricci identity (V,V), — V, V)t = —R9 .pt4, which
follows from (2.48), can be written in the form

DD
(€ip00ap T €48048) tcc = R ceainiton- (2.119)
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Then, making use of (2.83) one finds that (2.119) is equivalent to

D D
Oastee =Ccantoe +Cag cten + 3R (Ecgtac + €calpe) (2.120)

and

Oitee = CPcanten + CPciptpe + 2R (ecptca + Ecites)- (2.121)
Equations (2.120) and (2.121) also follow directly from the definitions (2.118) and
the explicit expressions (2.91)—(2.94).

The commutator of covariant derivatives of a scalar function vanishes; in fact,
(VaV;, — vaa)f =V f —V0uf = 0,0 f — T paOcf — OpOaf + ' yp0.-f, which
is equal to zero if and only if (2.11) holds. Thus,d,pf =0 and ;5 = 0.

In the case of one-index spinor fields, making use of (2.40), (2.80), (2.81), and
(2.91)—(2.94), one finds that

Oap¥e = CPcapWp + 3R(EcpWa + €ca V), (2.122)

Uap¥e = CABDCWDv (2.123)
and

Disve = C*cin¥o, (2.124)

DisVe = COcanWp + 2R (ecs Vi + €caVi)- (2.125)

These identities imply the identities (2.120) and (2.121) by virtue of the formulas

OasWep 9 r.)=Ve.p. Oape r. + 9 ¢ OapVe .

and
Ois(We.p 9 . )=V p. Digte p. + e r OigVe b,

which follow from the fact that the covariant derivative satisfies the Leibniz rule. In
this manner one finds that

OasVep. gr.. = CRcasVrp. g+ CopapWer gr. +
+ I_IZR('SC(A Ve)p. £F... + EpaVicp). Er.. T )
+Cag" e Ven, ke + Cag" p Ve gk + (2.126)
and
Oas¥en.ir.. = CpanWep_ir. +CoeasVen_in +
+ R (& Vieo..pyr .+ Er(iVieo. ey T )

+CRisVrp. r.. + CRpigVer. g+ - (2.127)
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2.2.2 Algebraic Classification of the Conformal Curvature

Since the conformal curvature spinors Cygqp, and Cjpqp are totally symmetric,
they can be classified according to the multiplicities of their principal spinors (see
Section 1.7).

If the signature is (+ + + +), the reality conditions (2.87) imply that the only
possible nontrivial cases are

Conep = | C0PcPp)  with ', 70, (2.128)
ABED T oy, 0000

[see (1.231)], with analogous independent expressions for Cjpep. For instance,
the spinor C, -, of the Euclidean Schwarzschild metric is of the form Cygqp =
— 04 Ol Ol Oty

Similarly, if the metric has signature (+ + — —), the only nontrivial possible
cases are

0aBpYcOp)  With &y =y, By = B, T = Y4, 64 = 64

o aBpYctpy  With &y = oy, By =By,

0, 0pBcPp)
OC(AOCBﬁCYm with 0, = 0y, BA =B Y4 = Yas
Capep = j:oc(AocBﬁCﬁD) with o, = o, (2.129)
+0,405BcBp, with &y = oy, By = By,
To,op 0c 6‘D) )

o 0p0cPp)  with oy = oy, By = By,
toy 0000,  With 0 = 0y,

with analogous independent expressions for Cjipze-p. In particular, there exist
Riemannian manifolds with ultrahyperbolic signature with C, g, = 0 and Cj 3¢ 7
0 (or vice versa), which turn out to possess interesting applications (see, e.g.,
Dunajski and West 2008). (The algebraic types (2.128) and (2.129) coincide with
the possible algebraic types of a traceless two-index symmetric tensor in a manifold
of dimension three; Torres del Castillo 2003, Sec. 5.3.)

It should be remarked that when the signature of the metric is (+ + + +) or
(+ + — —), the algebraic type of the Weyl spinors is not completely determined by
the multiplicities of their principal spinors, but in some cases there is an overall sign
that has to be specified (cf. Goldblatt 1994a,b and the references cited therein).

In the remaining case, in which the metric has signature (+ + + —), the reality
conditions (2.88) do not impose any restrictions on the principal spinors of C, g,
and therefore, if the conformal curvature spinor is different from zero, it can be of
the form
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type Gor {1,1,1,1}),

type Il or {2,1,1}),

Capcp = § %a%sBcPp) (type D or {2,2}), (2.130)
o4 0p0cPp) (type Ml or {3,1}),
oy ooy, (type Nor {4}),

where it is understood that all the contractions af,, aty,, ats,, BAy,, BAS,,
and )/*5A are different from zero. This constitutes the Petrov—Penrose classifica-
tion of the conformal curvature (Penrose 1960, Pirani 1965). Only if the metric has
Lorentzian signature are C,p-p and Cjp¢ 5 not independent of each other, being re-
lated by Cjpep = Capep [see (2.88)], and therefore it suffices to consider Cypep
only. Furthermore, only in this case is there associated with each one-index spinor
0y, another one-index spinor & ; = 0, so that o, is a principal spinor of C, g if
and only if & is a principal spinor of Cjpep. If 04 is a principal spinor of Cygep,
then o, @ is the spinor equivalent of a real null vector referred to as a Debever—
Penrose (DP) vector, and its direction is a principal null direction of the conformal
curvature.

The DP vectors can be defined directly using the conformal curvature tensor. If
I, is a real null vector, then the spinor equivalent of [°C.4 is

4 BpYcOp)
04 0t B V)

S~~~ o~

+(&i50pCapcp @ + 8AB(XDCABCD&C) ,
assuming that +oATA is the spinor equivalent of [“; hence

I°Capea =0 o Capep0© =0,
which means that oy is a quadruple principal spinor of C, . Similarly, the spinor
equivalent of l"Cahc[dle] is [see (1.52)]

—3(epp€ipOp0Capcr 0 O + &4 pEpp 0 Ol Ciper@ ),
and hence
I°Capelaly =0 o Cyper0Cof =0,
which means that ¢ is at least a triple principal spinor of C, 5. It can readily be
seen that the spinor equivalent of /? I“Capefale) 1
4 (6ps 04 0p 0 Cypeg 0 0 0 + £y 014 04 04, Gy @ T,
and therefore
1PI°Cupeialy =0 & Cyper0faC ol =0,

which means that ¢, is at least a double principal spinor of C,p-p. Finally, the
spinor equivalent of I°I°I;Cjpeiale is

| S S B CoR S BCR
1 (epp€p 00400 Copep 0 0 0 0 + € € O 0y 0 0 Cpeg O O O 0L ),
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and therefore
I Crperale =0 & Coper0faCaf =0, (2.131)

which means that ¢, is a principal spinor of Cygp-

By virtue of the equivalence (2.131), it follows that there exist four (not necessar-
ily distinct) real null directions represented by null vectors /¢ satisfying the condition
P11 (fCalbelale) = 0. If the four principal null directions of the conformal curvature
are all distinct [which corresponds to the type G or {1,1,1,1} in (2.130)], the cur-
vature is said to be algebraically general. The conformal curvature is algebraically
special or degenerate if there are fewer than four distinct principal null directions
(which corresponds to the existence of a repeated principal spinor of Cygqp).

2.3 Conformal Rescalings

Two metric tensors g and g’ on M are conformally equivalent if there exists a positive
function ¢ such that g = ¢2g’. Given a null tetrad d, 4 for the metric g,

"A =004 (2.132)

is a null tetrad for g’. Note that since the values of ¢ are real, the transformation
(2.132) preserves conditions (2.100). Each metric tensor defines a Riemannian con-
nection, and in order to find the spin coefficients corresponding to the Riemannian
connection defined by g’ with respect to the null tetrad d’, ;, we note that the two-
forms S48 and their analogues S8 are then related by §"48 = ¢—2548; therefore,
writing dSA8 = K48, 6L as in Section 2.2, and similarly, dS"A8 = K"AB ., §/CP,
we have
dS/AB — (P—stAB _ 2¢_3d¢ /\SAB

— ¢72KABCD éCD _|_ 2¢73(8RD¢) GRD /\SAB

— (q)KABCD' _|_ 28(AD¢ gB)C) é/CD
[see (2.71) and (2.90)],i.e., K'4gcp = OKspcp + Eac98p 9 + €pc9ap@- Thus, accord-
ing to (2.97), I''ygcp = —K'c(ap)p» that is,

I spep = 9 Dapep — €c(a I 9- (2.133)
In a similar manner one finds that
Iipep = 9 Digep — €64 i) 9- (2.134)

Equations (2.133) and (2.134) give the spin coefficients of the Riemannian connec-
tion corresponding to g’ with respect to the null tetrad ', ;.
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The spinor components of the curvature of the rescaled metric g’ with respect
to the tetrad 9’ 4 can be obtained by substituting (2.132), (2.133), and (2.134) into
(2.91)—(2.94); in this way, from (2.91) one obtains

X'spep = ¢2XABCD + %(8AC‘C“BD + €ap€spc) ¢3 VRRVRR‘V1 )
which is equivalent to the relations
C s = 9°Capeps R =¢*R+6¢°VRRV .0~ (2.135)
whereas (2.92) yields

C/ABCD = ¢2CABC‘D +¢ VA(CV‘B‘D)(p' (2.136)

Similarly, from (2.93) we obtain
Clapen = 9°Cagep + 9 Ve Va9 (2.137)
which is equivalent to (2.136), while from (2.94) we obtain
Clasen = 9°Csen- (2.138)

It should be stressed that equations (2.135)—(2.138) give the relation between
the components of the curvature spinors of g and g’ with respect to two different
null tetrads related by (2.132). With the aid of (2.135)—(2.138), one finds that the
components of the curvature tensors of g and g’ (with respect to the basis induced
by a coordinate system) are related by

Rlyv =Ryv+ 2¢_lvuvv¢ + ¢_lguvvpvp¢ - 3q)_2g”v(Vp¢)(qu))

and
/ a2
uvpo — ¢ C/JVPO'a

and therefore, C'*\ 6 = C*y ¢ (see Appendix A).

Only Cypcp and Cjpp transform homogeneously under conformal rescalings,
and therefore, Cy g and Cj gy vanish for a metric conformally equivalent to a flat
one. It can be shown that conversely, if C, g, and Cjp¢ are equal to zero, then the
metric tensor g is locally conformally equivalent to a flat metric.

For instance, the curvature of the standard metric of the sphere S* satisfies
Cupcp = 0 = Cjpep» and we can see explicitly that this metric is indeed locally
conformally flat. In fact, letting r = cot % v, from (2.101) we obtain

dy? +sin® y [dy? + sin® x (467 + sin> 6 dg?)]

2
= (ljrz) {dr* + 72 [dy? +sin® y (467 + sin” 0 d@?)] } .
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The expression within braces can be recognized as the standard metric of R*, which
is flat, written in spherical coordinates. (Note that the conformal factor ¢ =2/(1+
r?) = 2sin® 1y vanishes at y = 0.)

Example 2.4. The hyperbolic space.

The hyperbolic space H* = {(x!,x%,x*,x*) € R*|x* > 0} possesses the metric

g = ()2 [(dx!)? + (dx®)? + () + (dx*)?]

conformally equivalent to the flat metric g = (dx')? + (dx?)? + (dx*)? + (dx*)2.
Thus, in the notation employed throughout this section, ¢ = x*. The Laplacian of
¢! = (x*)~!, relative to the flat metric g, can be readily computed by making use of
Cartesian coordinates x*, and one obtains V¢V,¢~! = —V4(¢~25%) = 2¢ 3. Sim-
ilarly, V,V,¢ = 0, which amounts to V3V ;¢ = 0. Then, from (2.135)—(2.138)
we see that the only nonvanishing component of the curvature of g’ is the scalar
curvature
R =-12.

2.4 Killing Vectors. Lie Derivative of Spinors

The infinitesimal generator K of a one-parameter group of isometries satisfies the
condition £xg = 0, where £x denotes the Lie derivative with respect to the vector
field K (see, e.g., Kobayashi and Nomizu 1963, Petersen 1998), or equivalently, in
terms of the Levi-Civita connection

VK, +V,K, = 0. (2.139)

These equations are referred to as the Killing equations, and their solutions are
called Killing vector fields, or simply Killing vectors. In a four-dimensional mani-
fold, the Killing equations constitute a set of ten independent linear partial differ-
ential equations, and the set of Killing vector fields is a real Lie algebra, with the
commutator or Lie bracket [, |, of dimension less than or equal to ten. Thus, a vector
field K is a Killing vector field if and only if V,Kj, is antisymmetric and therefore
its spinor equivalent is of the form (1.50),

V.4iKps = Lap€is + Lig€ap (2.140)
with L, p and L, being symmetric spinor fields. From (2.140) we obtain
Lyg=3Va"Kees  Lip=3V"iKs- (2.141)

The spinor components L, and L;; can be conveniently calculated by express-

ing the differential of the one-form K,0¢ in terms of the two-forms SAB and §AB s
since _ N
d(Ka0") =V (" Ky S* + VX i K ) S*° (2.142)
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(see Exercise 2.5). In this way, the spin coefficients need not be known in order to
find L, and L.
The Lie derivative £¢X of an arbitrary vector field X = X%d, = —X449,,; with

respect to a Killing vector K = K%, = —K#49, ; coincides with their commuta-
tor, or Lie bracket, [K,X]; therefore, if the torsion of the connection vanishes, then
£xkX = [K,X] = VgX — VxK [see (2.5)], and making use of (2.140), we find that the
spinor equivalent of £xX is determined by

£xX = (KMV 1 XB8 — X244V, KP) Oy
= (KMV ;i X8 1 1B, X4 1 1B, XP4) Oy
= —(£xX5B) 9.

This result suggests the following definition for the Lie derivative of an arbitrary
spinor field with respect to a Killing vector:

ExydBe = KRVt — LAy Sl 1Byt S

— et Loyl S A Lyl (2.143)

Then, for instance, £, = 0 and £x€;; = 0.
The Killing equations (2.140) have some integrability conditions. From (2.141)
and (2.117) we obtain

Vailpe = %VAA VBRKCR
= (Vi V" = VRV i + V5 VK e
= %(EABDAR + &8 0,5+ V5 V40 Ker
= %8ABDARKCR —304sKci — %VBRVCRKAAv
where we have made use of the fact that V ,K-p = —V K44 [see (2.139)]. Since

the left-hand side of the last equation is symmetric on the indices BC, we have
1 R 1 1
Vailse = 3€a814) Keyr — 3048804 — 28 scKui
D D 1
= —C"4pcKpi = Cpe iKap — 2REA 8K )i (2.144)
by virtue of the Ricci identities (2.120) and (2.121). Analogously, we obtain
D D 1
Vailge = =C" igeKap — C7 upcKpi — 13RE 5K 41¢)- (2.145)

Equations (2.144) together with (2.145) are equivalent to the well-known relation
V.VyK. = R%,,.K,, which follows from the Killing equations. From (2.144) and
(2.145) one finds that the spinor fields L, and L, are covariantly constant along
the Killing vector K,

AA AA
K VAALBC:O, K VAALBC:O,
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or equivalently [see (2.143)],
£xLgr =0, £xLge=0. (2.146)

Combining (2.118) and (2.144), one can compute U1 ,;,Lp~ and [ 45 L5; then,
making use of (2.140) and the Ricci and Bianchi identities, one finds that

KRSVRSCABCD - 4LR(ACBCD)R =0,

K™V R =0, (2.147)
K™Y o oCose — 2L8 11 Carpepy — 2LR Coagiing = 0
rsCapen (ACB)RCD «Cappr =Y

which can also be written as £kC, p-p = 0, £gkR =0, and £xC, 55 = 0, respectively.
In a similar way one finds that £xCj ¢ = 0.

It is also possible to define the Lie derivative of spinor fields with respect to a
conformal Killing vector. A vector field K is a conformal Killing vector if V, K}, +
VK, =2 gap, Where x is a function different from zero (if  is a nonzero constant,
K is a homothetic Killing vector); hence, the spinor equivalent of a conformal Killing
vector satisfies

V1iKpp = Lag€ip + Lis€ap — X€anEin:

with L, and L, symmetric. Proceeding as in the case of a Killing vector, one
obtains the formula

ey = —KOVasyg i — s+ S8 ve
— (s a8 = (e 38w
+o o (LS + 12 83) wg‘ ...... g;; SO (2.148)
which reduces to (2.143) when y = 0. Now we have, for instance, £x£'? = —y &8

and £g €, = X E4p-

Example 2.5. Total angular momentum.

A flat four-dimensional Riemannian manifold possesses ten linearly indepen-
dent Killing vectors. In fact, from (2.144) and (2.145) we obtain V, ,;Lg~ =0,
V 4iLpe=0. On the other hand, if x* denote Cartesian coordinates, the vector fields
dqs = d/dx“ form an orthonormal tetrad with Iy, = 0; therefore, V, ;Lp~ = 0 and
V.1iLge = 0 reduce to d, ;Lg- = 0 and d,,Lze = 0, which means that the com-
ponents Lg. and Ly with respect to the null tetrad dy; = (1/ V2)09,;0/dx" are
constant. Letting x¥* = (1/v/2) 6,44x4, we have

0
aAAxBB G Ay bB 5555’

which means that
i = — —, (2.149)
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Then, from (2.140) we obtain

RE Lap€in+LipEap

and the solution is )
_ S S .
Kpp = Lgsx” s+ LyggXp™ + bpps

where the b, are constants (which correspond to rigid translations). The Killing
vectors of the form

Kyi = Lypx® i + Ligx,” = (Lyg€is + Ligeap)x™” (2.150)

generate a group of isometries isomorphic to SO(p, g).
In the specific case of the Minkowski space-time (Lorentzian signature), the
Killing vector given by (2.150) with L, = —ict 4B, where o, and B, are con-

stant with o B4 = 1, generates rotations in the plane spanned by the orthogonal
spacelike unit vectors given by

Vai = %(QAEA +B04), Wah = _%((XAEA —Bai).

Then v(ARwB)R = L,p, and from (1.52) and (1.69) we have
VaiWBB — VBBWad = Lap€ip T Lis€an

and a. b a R. b R
VWS pap = V0,4 W Olpipp = 2V(4" Wa)g = 2Ly

Therefore, for instance, the Lie derivative of a bispinor, defined as the bispinor
formed by the Lie derivatives of the two-component spinors, is [see (2.143), (2.150),
and (1.216)]

V) g, ()4 ((H e
£K¢A ¢A _LAC¢C

. o v | g Cll/
— _(VBBWCC . vCCWBB) chVBB f} + Zpanb abA . c.
¢A 2 _SabACq)C

) v 1 LY
_(VbWC - vCWb)xLab <¢j> + Zvawb [Y‘l’ ’yb] <¢j>

P U A .2 +lab[ ]WA
=Vw xaaxb xbaxa ¢A 4VW Yas Vo ¢A .

Apart from a factor —i#, this Lie derivative represents the component of the total
angular momentum along the spatial direction orthogonal to the plane spanned by
v¢ and w.
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The fact that the components of the metric tensor (2.106) do not depend on the
coordinate ¢ implies that d/d¢ is a Killing vector of the Schwarzschild metric.
The nonvanishing components of the vector field K = d/d¢ with respect to the

null tetrad (2.108) are K12 = irsin 6/\/§ and K2 = —irsin 6/\/5; thus, according
to (2.141) and (2.109) [or using (2.142) and (2.107)], the components of the corre-
sponding field L, are

i i i
Lij = —=sin0, Lu:EcosG, L22_—— (1——) sin 6.
r

V2 22

Then, from (2.143) and (2.109) one obtains the remarkably simple expression

d
£ =—y".
2/a0¥" 90 v
The Schwarzschild metric possesses the two additional spacelike Killing vectors
d d d d
K(j) = —sin go% —cotBcos go%, Ko = COS(p% —cot 0 sin go%,
which, together with K3) = d /2@, generate a group of isometries isomorphic to

SO(3) (one can verify that [K(,»),K( )= —&;jkK(t)). Following the steps outlined
above, one finds that

. d d . cos@
£K(1)WA = (—sm(p%—cotecoup%—1ssin6)wA,

) d . i
£K(2)WA = (cosgoa cotesm(pa Ss%n(p)w’

sin 0

where s is the spin weight of y* (s = —1/2 for y', s = 1/2 for y?) (see also Torres
del Castillo 2003, Chap. 3). It should be noted that all these expressions do not
involve the parameter r,, and therefore, they are also valid when r, = 0, in which
case the Schwarzschild metric (2.106) reduces to the metric of Minkowski space-
time in spherical coordinates.

Exercises

2.1. Show that d644 = I , A 654 IS PN
2.2. Show that 644 A 688 = gABgAB (911 7 912 7 921 7 922),
2.3. Show that

( AC BD+8ADgBC)911/\912/\921/\922’

SAB A ¢CD _ %(gAC BD+8AD£BC)611/\612/\921/\922.
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(The second of these relations amounts to the fact that with respect to the inner
product induced on the two-forms, the self-dual two-forms are orthogonal to the
anti-self-dual two-forms [cf. (1.71)].)

2.4. Show that
048 = 5,809 10" 10",
6\/— abc
which, together with (1 .'82), means that the three-form
dual of the one-form 644.

44 is proportional to the

2.5. Show that
d(—Ky50") = (V,CKpe) S + (V€ 1K) S™,
d(458"%) = = (V390407
d(9;55Y) = (V4 ) 4%,

2.6. Find the curvature of the metric (2.113) in the region r < r,, where it has ultra-
hyperbolic signature. Find the algebraic type of the Weyl spinors.

2.7. Show that if K is a Killing vector, then
Vaifkf = £kVyif,
VaifkWp = £kVaiVs,
VaifkWp = £kV i Vi,
where f is a differentiable function, and y and y are one-index spinors.

2.8. Show that if K} and K; are two Killing vectors, then [£x, , £x,|W, = £[x, x,) V4
and [£k, , £,y = Ky Ky Vi

2.9. A two-index Killing tensor is a symmetric tensor field K, such that V(,Kj,.) =0
[cf. (2.139)]. Show that this equation is equivalent to

V(A(DPBC)EF) =0

and )
CD 3
V= Pycpp = 1945K,

where Pypepy = Piyp)¢p) is the spinor equivalent of the traceless part of K, and
K =K4,.

2.10. The three-index tensor field H,, is a Lanczos potential if

Hupe = —Hpqc, Habb = O, Hype + Hpea + Heap = 07



2.4 Killing Vectors. Lie Derivative of Spinors 101
and the conformal curvature tensor can be expressed in the form
Cabea = VaHape =V cHapa + VoHeda — VaHean
+Hpe)8ad — Hac)8bd + H(ua)8bc — H(pa)8ac,
where H,, = V°H,;, (Lanczos 1962). The spinor equivalent of H,, is of the form

Hyigpee = hapec€is + agec€ap, With hypee = hiapeye and higec = hiipeyc (see
Exercise 1.3). Show that the Weyl spinors are given by

Capep = _ZV(ARhBCD)Rv Cigep = _ZVR(AhBCD)R'

(Cf. also Maher and Zund 1968, Zund 1975, Bampi and Caviglia 1983, Ares de
Parga et al. 1989, O’Donnell 2003.)



Chapter 3
Applications to General Relativity

In this chapter some applications of the spinor formalism to special and general
relativity are considered. Some of the examples given here are related to tensor fields
(such as the electromagnetic and the gravitational fields), which can be studied using
the traditional tensor formalism; in these cases one can compare and appreciate the
advantages of the use of the spinor formalism. Other examples involve spinor fields
in an essential manner (such as those of the Dirac field and the Weyl neutrino field)
and also serve to show the usefulness of the two-component spinor formalism.

Even though one can always construct the spinor equivalent of any vector or
tensor, in some cases it is more convenient to use the original objects than their
spinor equivalents. (For instance, the four-momentum of a particle with zero rest
mass, being a null vector, can be represented by a single one-index spinor, but the
four-momentum of a particle with nonzero rest mass, which is a timelike vector,
does not have a particularly simple spinor equivalent.) The examples considered
here have been selected in such a way that the advantages of the spinor formalism
can be more clearly exhibited. These examples include the Maxwell equations, the
self-dual electromagnetic fields, the energy—momentum tensor, and the principal
null directions of the electromagnetic field. The Dirac equation is expressed in terms
of two-component spinors, as well as the zero-rest-mass field equations for any spin.

This chapter contains proofs of the Mariot—Robinson and the Goldberg—Sachs
theorems. In these theorems the shear-free congruences of null geodesics, which
are represented by one-index spinor fields, play a central role. These congruences
also appear in most of the examples considered in the rest of the book, such as the
Killing spinors. The Ernst equations for solutions of the Einstein equations or the
Einstein-Maxwell equations that admit a Killing vector are also derived by means
of the spinor formalism.

Throughout this chapter it is assumed that M is a possibly curved space-time
manifold with Lorentzian signature and that the Infeld—van der Waerden symbols
satisfy the condition 6,5 = 0,54-

G.ET. del Castillo, Spinors in Four-Dimensional Spaces, Progress in Mathematical 103
Physics 59, DOI 10.1007/978-0-8176-4984-5_3,
© Springer Science+Business Media, LLC 2010
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3.1 Maxwell’s Equations

In the framework of special or general relativity, the electromagnetic field is rep-
resented by an antisymmetric two-index tensor field F;, (or differential two-form)
on the space-time manifold. It is assumed that the electromagnetic field in vacuum
satisfies the Maxwell equations

4
Vb — Mgy rpab_q 3.1
C

where the F;, are the components of the electromagnetic field tensor with respect to
an orthonormal tetrad d,, J* are the components of the four-current density, and ¢ is
the velocity of light in vacuum (see, e.g., Wald 1984). (The effect of the electromag-
netic field on a charged particle is given by dU%/dt = (q/moc)F®,U”, where 1, g,
mo, and U“ are the proper time, electric charge, rest mass, and four-velocity of the
particle, respectively; if the signature of the metric is chosen as (— — — +), instead
of the first equation in (3.1) we have V,F?* = (47 /c)J%.)
According to (1.50), the spinor equivalent of F, is of the form

Fyigs = fap€is T fis€an (3.2)

with fp = %F AR grand fip = %F R . ri being symmetric spinor fields, and since Fyp
isreal, Fy3cp = Fgipe [see (1.47)]. Hence

fig = Fap- 3.3)
Thus, the spinor equivalent of the Maxwell equations (3.1) is given by
—Vps( fAB eAB fAB 8AB) _ 4_” JAA
c
1VBB (fABgAB _ fABEAB) — O
[see (1.65)]. By combining these equations one obtains

VAP 2 ga i 2T i (3.4)
c

)

Owing to (3.3) and to the fact that JAB i the spinor equivalent of a real vector field,
the second equation is the complex conjugate of the first one.

Making use of (1.72) and the second line of (1.77) we find an explicit relation be-
tween the components of the electromagnetic spinor f, ; and the tetrad components
Fy:

(fAB) = %(FabsabAB)
1
2
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hence,
1 _F14+iF23+i(F24_iF31) F34_iF12
(fAB) ) F34 _ 12 F14—iF23+i(F24—iF31)
1 [ Ec+iB—i(E,+iB,) —(E.+iB.) s
2 —(E.+iB))  —(E.+iB,) —i(E,+iBy) )’ '

where (Ey,Ey, E;) and (By, By, B;) are the Cartesian components of the electric and
magnetic field, respectively, with respect to the orthonormal tetrad d,,.

The Maxwell equations V,*F® = 0, which can also be written as V,Fj. +
VyFeq + V. Fy, = 0, are locally equivalent to the existence of a vector field A, (the
four-potential) such that

Fup = VaAp — VA, (3.6)

Thus, if Agy is the spinor equivalent of A;, then

Joe = V(15'BAC)Ba Jpe = VB(BA\B\C)' (3.7

For a given electromagnetic field, the four-potential A, is defined by (3.6) up to a
gauge transformation
A ’_’Aa"‘aaéa (3.8)

where & is an arbitrary differentiable function.
In a source-free region, V,F ab — (); therefore, by analogy with (3.6), there exists
locally a second (real) vector field A, such that

Fup = Vel — ViAa,
or equivalently [see (1.65)],
fec= iV(BBAc)Ba Jpe = _iVB(BA\B\C)’ (3.9)
where A is the spinor equivalent of Aj,. Then, the complex vector field
D, = %(Au - iAa)

is a potential for the self-dual field %(Fab —i*Fyp) [ie., *(Fup —1*Fup) = i(Fyp —
i*F,)]; in fact, from (3.7) and (3.9) we obtain

V(BB‘DC)B = %(V(BBAC)B - iV(BBAc)B) =0,

that is, ,
V(BBd)C)B =0. (3.10)

Thus, we have proved the following result.
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Proposition 3.1. If F,;, is a (real) solution of the source-free Maxwell equations,
then there exists locally a complex vector field @, satisfying the self-duality condi-
tion (3.10) such that F,,, = V,Ap — VpAu, where A, = 2Re @,.

The self-duality condition (3.10) has the advantage of being a set of first-order
partial differential equations for @,, in contrast to the original source-free Maxwell
equations V,F ab — (), which, expressed in terms of the four-potential, are second-
order equations. Making use of (3.7) and the complex conjugate of (3.10), one
finds that the self-dual part of the real electromagnetic field generated by the four-
potential A, = 2Re @, is given by

fiz =V’ i P (3.11)

In terms of the Newman—Penrose notation, the self-duality condition (3.10) is
equivalent to the explicit expressions

(D—e+E—P)P;y— (6 —B—TA+T)D,j + KkDyy — 0Dy =0,
(D+e+E+p—p)Py — (6 +P—0+T+T)Dy;
+(@—0+B-T-T)Py—(A—y—F—u+m®P,; =0, (3.12)

(§+0+B-T)Dpy — (A+y—T+H)Dyi + VD, — A D)5 = 0.

As an application of the last proposition, we can find the solution of the source-
free Maxwell equations assuming that the metric of the space-time is the Schwarz-
schild metric. Making use of (2.108) and (2.109), after some rearrangement, one
finds that equations (3.12) take the form

1 re\-119 9 1 (d i 2 B
00 G a5 (Gt mavg) =0

e\l 91y L (9 i 9
[ (=) o5t @ 737\26 "sing ag P

D,

L (o i 9 110 re\ 9

These equations admit separable solutions of the form
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Tg

@ =2(1="5) " F () Vim0, 0)e

D@5 = V2G(r) 1 Yim(6,9)e ',
Dy = V2f(r) 1Yjm(6,0)e
D@y = g(r)Yim(60,0)e ",

where the Y, are spin-weighted spherical harmonics (Newman and Penrose 1966,
Torres del Castillo 2003), j and m are integers, j = 1,2,..., —j < m < j, and @
is a constant. The factor 2(1 — ry/r)~! is introduced for convenience and corrects
the asymmetry introduced in the definition of the null tetrad (2.108). Following the
conventions of Newman and Penrose (1966), we have

(3.13)

d i d
<%+sin98 SCOte) Jm = _\/j (+1)=s(s+1) 11 Y)m,
(3.14)

d i d
(% sm98_+SC0t6> Yim =/ J(i+1) =s(s=1) «-1¥jm,

and the (Y}, are the ordinary spherical harmonics Y},,. Thus, the one-variable func-
tions F, G, f, and g must obey the system of ordinary differential equations

{‘2" (1— r):}rG+ GG+ 1)F =0,

2 (1-2) ) AED ()

c

mg+{——+(l ) ]f 0.

These equations imply that f + G must satisfy the decoupled equation

(1-%)1(1+1)”TG:[“’—22+( ’g)d(l—ﬁ)i}rqw), (3.16)

c dr r/ dr

leaving f — G unspecified, which is related to the gauge freedom (3.8) [see equation
(3.17) below].
Then, letting

f+G

— —iwt — —iwt
= Ve = ——=Vjne

JG+1)

3
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from (2.108) and (3.13)—(3.16) one obtains

Dy = 0,i& + i (rx), Dy = 936 — Iy (),

Dy = 9158 + 93 (rx), Dyi = 9,i& — 9, (rx),

where & is an arbitrary function [cf. (3.8)] and y is a solution of the second-order
linear partial differential equation

(O s\ L9 e d 1 N 1]
[< r)(&r(l r)8r+sin6895m639+sin293¢2 2972 rx =0.
(3.18)

3.17)

(When rg = 0, this equation reduces to the usual scalar wave equation for .) Note
that (3.17) and (3.18) do not contain the separation constants j, m, and @. By choos-
ing the function § equal to ry or to —ry, one makes @,; = 0 or @, ; = 0, respec-
tively (see (3.76) below).

A similar result holds in other space-times; the solution of the self-duality condi-
tion (3.10) can be expressed locally in terms of a single complex function if there ex-
ists a repeated principal spinor of the conformal curvature /, such that /4/8V , 1, =0
(see Proposition 3.6 below).

When the Ricci tensor vanishes, each Killing vector K is the four-potential of a
(possibly trivial) solution of the source-free Maxwell equations. From (2.144) and
(2.85) we have VAALBC = CAchKAD — %RKCA' = %RCAADKAD, which is equal to
zero if R, = 0 or under the weaker condition R, K? = 0. In any of these cases, f A =
L, satisfies the source-free Maxwell equations (3.4). Furthermore, by virtue of
(2.146), the Lie derivative with respect to K of this electromagnetic field is equal to
zero. In the case of Minkowski space-time one obtains only uniform electromagnetic
fields in this manner (see Example 2.5). However, the timelike Killing vector d /0t
of the Schwarzschild metric gives rise to a nontrivial spherically symmetric field.

Energy—-Momentum Tensor of the Electromagnetic Field

In special relativity, the four-vector %F @,J? is the Lorentz force density on the
charge and current distribution represented by J¢, in the presence of the electro-
magnetic field F;, (see, e.g., Jackson 1975, Sec. 12.10). The spinor equivalent of
%F “be , expressed in terms of the electromagnetic field alone, is

_%FAABBJBB = —%(fABgAB +fABgAB)JBB
_ _%(fABJBA+fABJAB)
_ _%(fABVBCfAC+fABVchAC)
= Vi),

21
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where we have made use of (3.2) and (3.4). The spinor field

1
Typip = ﬁfABfAB (3.19)

thus obtained is the spinor equivalent of the energy—momentum tensor of the elec-
tromagnetic field 7,;,. As a consequence of the symmetries 7,5 = T( AB)(AB)> Tup is
symmetric and traceless.

In order to find the expression for T, in terms of the electromagnetic field tensor
F,;,, we rewrite (3.19) in the form

AnTypap = —(factic + fictac) (3 &S + 55 €5°)
- fAchchB - fACchgAB'
meg to (1. 23) Facfs€ = —f1€ fac = — fzc /1S hence, by virtue of (l 26), fAch

— 3 frcR€ e, . and therefore, by complex conjugation, fj¢f3C = ch FRCe;s.
Thus

A Tygan = —(Factic T Fictac) fs°&° + 13565
+ 3 (Frcf ™+ Fae ") erstas
== (fAchC + Fictac) (f5 e + fs°€55)
+ ¢ (Fre€re + fretre) (e R4 fRCeRC) e, peis

and this amounts to
AR Ty = FucFy© — YFaF“gap. (3.20)

Equivalently, we can start from

A4nTypip = (fac€ic — fAchC)(fB 813 fBC BC)

+ Facfs s + FicHs ens:
which leads to the alternative form [see (1.65)]
ATy = *Fac Fy + {FeaF ' gab-
By combining the two expressions found for 7, we also have
ATy = 5 (FacFy + Fac"Fy°). (3.21)

In addition to the algebraic properties T, = T(4p) and 1" = 0, the energy—
momentum tensor of the electromagnetic field satisfies the so-called dominant en-
ergy condition: for every timelike vector %, T,;t%” > 0 and T,,t? is a nonspacelike
vector, i.e., (Typt?)(T%1¢) < 0. Physically, this means that for any observer, the
energy density of the electromagnetic field is always positive and the energy flux
vector is nonspacelike. We can readily prove the validity of this condition by mak-
ing use of the fact that fyp can be expressed as the symmetrized tensor product of
its principal spinors (see Section 1.7).
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If the principal spinors ¢y, 8, of f,z are not proportional to each other, the
electromagnetic field is called algebraically general; then, writing f,5 = 0/, Bg),
we have

Toptt” = Tyt 1%
= % o ﬁB)a(ABB) (AA BB
= %(ZAA(XA&A[BB BuBy+ B0 oy B ). (3.22)
On the other hand,
O e
== m (0 By — By ) (@0 B — @B 5 )r*e ™"
== ﬁ (tAA O‘AaAfBBﬁBBB - tAAﬁAaAtBBO‘BEBﬁ

hence, 1%, < 0 if and only if "4 0, ;128 B,B 5 > |40, B4 |2, and from (3.22) we
then obtain T,t%" > 7 [t*4at, B 4|* > 0.

When the two principal spinors of the electromagnetic spinor f,, are propor-
tional to each other, the electromagnetic field is called algebraically special or null,
and by absorbing the proportionality factor into o,, we can write f, = 0, 0t; then

Tptt? = %(tAAaAEA)Z > 0. As a matter of fact, for 7,49 < 0, 14 ¢, @; vanishes
only if oy = 0 (see Exercise 3.1).
In order to prove that for every timelike vector %, T,,t” is a nonspacelike vector,

we first note that the spinor equivalent of 7,7 is given by

—WfABfABf cfte = —WfARf epcfis ese
1 2
= _W|fARfAR‘ €pc€pes

which means that 7,7 is proportional to g,.. In terms of the electromagnetic field
tensor and its dual, fAB £, , can be expressed as [see (1.65)]

AB __ 1 pAB_AB )
Ffag = 3177 € fap€in

_ % (fABgAB + fABgAB)fABgAB

ABAB <k
= 3P S (g +1"Fypip)
= J(FFup+1"FFy); (3.23)
hence,
TabTac = [(F”Frs)z + (*FmFrs)z} 8bcs (3.24)

(167)2
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and from this last expression we readily see that (T,;,¢?)(T%.t¢) < O for every time-
like vector #¢. As a matter of fact, T,,t“T“.t° = 0 for any timelike vector ¢, that is,
the energy flux vector is null for any observer if and only if f48 fup=0

The proportionality of T,,T¢. to gp. is a characteristic of the energy—momentum
tensor of the electromagnetic field. More precisely, if T, = T(4), T = 0, and
T.,T%. is proportional to gp., then there exists F,, = —Fp, such that 47T, =
+ (FucFp© — %FCdF cd gap)- In order to prove this assertion we note that for an ob-
ject piypep such that ey = —licpp. the identity

Hapcp = %(“ABCD — Hepag)
%(“ABCD — Mepap + HMepap — Mepas)
5 (Eack” srp + €pHc" AR)
= %EAC(“R(B\R\D) + 385l k)

_|_

%EBD(AU(CRA)R + %'SCAAUSRSR)
= %(EAC“R(B\R\D) + EBDnu(CRA)R) (3.25)

holds. Since we are assuming that 7, is symmetric and traceless, it follows that
Tygis = Tap)(ap)> and from (3.25) we have

BDTR(C A)

AB  7CD | CD 7AB _ JACTR(B . .
T gT e =T g T ep=€"T TR ep-

D
asTe”en e
Now TR(BABTRmC-D = —TR(BCDTRD)AB, and applying the analogue of (3.25) for
objects with dotted indices, we find that

AB _mCD CD . TAB
g7 ep —T77igT " ¢

_ lgAC(g_ TRBIR| R(BIR| iT D) . )

(BT\RD)R\D +egpT " ATIR Rio)
+ 352 (85 TRAR| ST gy + Ep TRAR (T i),

which is equal to zero, since by hypothesis, T} 5137 = is proportional to €5-€pe-.
Hence,

TygasTenep = TepasTanen (3.26)

and contracting both sides of this last equation with aCaCoPaP, assuming that
Tepep @S aPaP is different from zero, we obtain

 ~CHD - ~CD
TypepO 0 Tepipot- o

Typis =

3

. oCoC o PP
Tepepotataa

thus showing that 7z s is of the form

1
Typis = iEfABfAB- (3.27)
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The spinor f, 5 appearing in this last expression is defined by 75 up to a duality
rotation f,5 — € f, 5, Where x is an arbitrary real-valued function. According to the
preceding discussion, the sign on the right-hand side must be positive if 7,,t%” > 0
for every timelike vector ¢“.

Moreover, it may be noticed that by contracting both sides of (3.26) with
ocP acb , where ¢4 is a symmetric spinor, we obtain

_ Typen 9¢ D Tepipd”
(PCD ¢CD ’

ABAB —
TCDCD

which is again of the form (3.27), with f,, proportional to TABCD¢ > and fin
proportional to TCDAB(]) , prov1ded that TCDCD¢CD (])CD is different from zero.

Then, using the fact that T 0™ € + Trgind™5€,p is the spinor equivalent of

Tuc®h — Te9Cas Where @y is the tensor equivalent of ¢, z€ip + @ izE45> ONE CON-
cludes that up to duality rotations, the electromagnetic field tensor corresponding to
a given energy—momentum tensor 7, is given by

Tuc ¢ _Tc C(
F,, =V4r M (3.28)

VvV Tea q)csq)dx ’

where ¢, is any (real) antisymmetric tensor field such that E»dq)“s(])ds is different
from zero.

Principal Null Directions of the Electromagnetic Field

If the electromagnetic field is different from zero, the electromagnetic spinor has

one of the forms
OC<A[33> Wlth aAﬁA 7é O,
fag = o o
'AUB-

In the first case (where the electromagnetic field is algebraically general) f48f, AR =
—%((xA B4)? # 0, and in the second case (where the electromagnetic field is alge-
braically special) f48 fap = 0. Since the two well-known invariants of the electro-
magnetic field F?F,;, and *F®F,, are both real, from (3.23) we see that the elec-
tromagnetic field is algebraically special if and only if F*’F,;, and *F’F,; are both
equal to zero. Furthermore, when the electromagnetic field is algebraically special,

from (3.19) we see that

1
Top = %lalba

where [, is the vector equivalent of a, 4, which is a real null vector. Conversely, if
T, is proportional to [,1;,, where [, is a real vector, /, must be null (since 7%, = 0),
and from (3.19) or (3.24) it follows that the electromagnetic field is algebraically
special.
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Each principal spinor o, of an algebraically general electromagnetic field f,p
gives rise to a (real) null vector [* = —(1/v/2) 6 AL AGA. Since the principal
spinors of f, are defined up to a complex factor, l“ is defined up to a (positive)
real factor. Hence, at each point of the space-time, an algebraically general electro-
magnetic field defines two real null directions, called principal null directions, of
the electromagnetic field. When the electromagnetic field is algebraically special,
these two principal null directions coincide. (Note that if f,, = ¢t, 045, then oy is
defined up to sign.)

The principal null directions of the electromagnetic field can be characterized as
those null directions [ along which 7,,/[” attains its minimum value (zero). Indeed,
the spinor equlvalent of a real null vector /¢ is of the form /4 = £yA7A. Then

Tapl“1” = 5|y 0, |* | Y2 By|?, which is equal to zero if and only if y, is proportional
to o, orto 3.

The principal null directions of the electromagnetic field are the only real null
eigenvectors of the electromagnetic field tensor Fy;,. If [, is a real null eigenvector of
Fgp, then its spinor equivalent is of the form £y,7,, and the condition Fulb = Al,
is equivalent to

(fap€ip+ fABgAB)VBT’B = —AWVi-

Hence, fABYBJ_/A + fABYA?B = —A7,7,4. Contracting this last equation with 74, we
obtain fAByAy'B = 0, and therefore y, is a principal spinor of f,, [see (1.230)].
Conversely, if 7, is a principal spinor of f,, then fAByA = WY, for some 4, and
(fap€ip+ fincan) 737‘8 (1 +T10) Y474, which means that y, 7, is the spinor equiva-
lent of a real null eigenvector of F_;. The condition Fplb = Al, is usually expressed
in the equivalent form

I'Fyplg =0

[cf. (2.131)].
In the case of an algebraically general electromagnetic field, from (3.2) and (1.27)
we obtain

Fyigs = fap€in+ fintan

= %(aABBwBﬁA)a%ES(aAEB—aBEAHc.c.

1 I - I I
= (00404 BpB s — 0tg0pBaf i + g0 BaB g — 0y OpPpB,) +c-c.,
N

where c.c. denotes complex conjugate. If [, and n, are the vector equivalents of
oo and B, B, respectively (that is, I, and n, point along the two principal null
directions of the electromagnetic field), the spinor equivalent of Eapealn? is [see
(1.64)]

CHC ﬁDED

(ecppEinEpc — EapEpcEicEpp) O =i, apPpB i — 50 BsBs),
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and hence
Fu = (Re.Z) (lanp — lpng) + (IM.F ) €4pqln, (3.29)

with.Z =1/(a’ By) [cf. (1.157)]. The function .# is related to the complex invariant
fA8 f,, through f48f, . = — 1.7 2. Directly from (3.29) we have

“Fup = —(ImF) (lanp — lpng) + (Re F) €apealn®.
The energy—momentum tensor can also be expressed in terms of the null vectors

14, ng; the result is

1
T = e (lanp + nalp — %lcncgab)v

which shows that the subspace spanned by /,, n, is formed by eigenvectors of 7,
with eigenvalue [°n, /87, and the vectors orthogonal to I, and n, are eigenvectors of
Ty, with eigenvalue —I°n. /8.

When the electromagnetic field is algebraically special one can find ¥, such that
aty, =1; th

Ya ; then

Fyigs = fap€in + fistan
= 0y (047 — OpY4) + 050 Vg — pYs)
= o, 0 (0pYp + YOlg) — OgOE(0 V4 + Valq)-
Thus, if s, is the vector equivalent of o, 7, + 7,04, we have
Fab = lasb — lbsa, (330)
and [“s, = 0, s%s, = 2. Furthermore,

“Fuipp = —ioy 0500 7p — 0p74) +ic 0p(0y Vg — 0pYa)
0,0 (170 — 10 Yg) — 0O (1Y, 04 — 10474 ),

that is,
“Fap = larp — lpra,

where r, is the vector equivalent of i(y,@; — &,7,), which is also orthogonal to
l,. Hence, we conclude that when the electromagnetic field is algebraically special,
F,, and *F, are simple and Fpl? =0="*F,I% where I, is a null vector that points
along the repeated principal null direction of the electromagnetic field.

For example, in Minkowski space-time, the electric and magnetic fields with
Cartesian components

E = A(cos(kz — ot), +sin(kz— t),0),
B = A(Fsin(kz — ot),cos(kz — ot),0),

where A is a positive real constant, correspond to a monochromatic, circularly po-
larized, electromagnetic plane wave propagating along the z-axis, with angular fre-
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quency @ and wave number k = ®/c (the upper or the lower sign determines the
sense of rotation of the fields). According to (3.5), the components of the electro-
magnetic spinor are simply

fyy = AeFitke—orn), fi2=0=fy. (3.31)

Therefore f48 fap = 0, which means that this field is algebraically special. By in-
spection, one finds that f,, = o, 0z with

O\ _ 4 g1/2pHike—0n)/2 1
) 0/

The only principal null direction of this field is proportional to (0,0, 1,1).

A simple example of an algebraically general electromagnetic field is provided
by the field of a static electric point charge E = ¢(x,y,z) /7>, B = 0, with r = (x> +
y2 + zz) 12, Making use of (3.5) one obtains the spinor components

(fir) g [(x—1y -z q e ?sin® —cosh
ABP o\ 2 —x—iy) 22\ —cos@ —¢i?sing )’
where we have replaced the Cartesian coordinates by spherical coordinates. The

ratios o' /o? and B!/B? of the components of the principal spinors of f,, are the
roots of the polynomial [see (1.229)]

fuZ2 +2fizt o= %(e_i"’ sin@z> —2cosOz—e'?sinh),

which are —ei‘Ptan%O and e'? cot%e. Hence, the principal spinors of fsp can be
chosen as

ol g [ —€9*sin16 B! 1 { €?%cosio
o) e’i“’/zcos%G 7 B2 Ty e’i‘p/zsin%e 7

and ! = a’Bg = q/r*. The first of these spinors corresponds to a null vector
whose spatial part points radially away from the origin [see (1.163)], and the second
spinor corresponds to a null vector with a spatial part pointing radially toward the
origin.

3.2 Dirac’s Equation

Another illustrative example of the applications of the spinor formalism is given
by the Dirac equation. As a matter of fact, in the study of this equation, Infeld and
van der Waerden (1933) developed the two-component spinor formalism for curved
space-times.
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The Dirac equation in flat space-time, expressed in terms of Cartesian coordi-

nates (x',x2,x%,x*) = (x,y,z,ct), has the form
O0FY  mge
P s (3.32)

where my is the rest mass of the particle and the y* must satisfy the relations (1.194),
that is,

,ya,yb + yb,ya _ zgab
(see, e.g., Messiah 1962, Davydov 1988, Merzbacher 1998). As shown in Section
1.5, we can find a linear representation of the ¥* in a complex vector space of di-
mension four and with respect to a suitable basis [see (1.211)]

<‘I’A> < GaAB¢B )
¢4 oy, )

where the 0, are Infeld—van der Waerden symbols. Hence, the Dirac equation
(3.32) is equivalent to

myc myc

aAB¢ \/—hWAﬂ aBAW \/—h(pAa (333)

with
1 , 4

Oap = EG ABy a
Since the spin coefficients for this null tetrad are all equal to zero, equations (3.33)
are equivalent to

moc m()C

VAB¢ \/_h Vs, VBA \/—h ¢A

This set of equations is form-invariant under null tetrad transformations, and it is
assumed that it also holds in a curved space-time.

The combination of the Dirac equations (3.34) and their complex conjugates
yields the continuity equation

(3.34)

V,i(9te? +‘I’AWA ‘I/A¢ + ¢ ‘I/A+‘I’A¢A+WA¢A

The fact that ¢A¢*4 and w2y are the spinor equivalents of two future-pointing
null vectors implies that JA = ¢4 ¢* + w94 is the spinor equivalent of a future-
pointing timelike current density J¢; hence, J* is nonnegative and can be interpreted
as a probability density.

Making use of the definitions (2.25), (2.26), and (2.28), the Dirac equation (3.34)
takes the form
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— myc

(6—a+n)¢1_(p+£_p>¢2:m%
(5_a+n)%_(D+8_p)"’2:j}gcfl’la (3.35)
(A—y+w)y, — (8+B—1)y, = \’;lg;%

As in the case of the Maxwell equations, the Dirac equation is integrable in flat
space-time or in a curved space-time without restriction on the curvature.

Example 3.1. Solution of the Dirac equation in the Schwarzschild background.

The Dirac equation can be solved by taking as the background metric that of the
Schwarzschild space-time, assuming that the energy—momentum tensor of the Dirac
field is small enough and that the space-time metric is not affected by the presence
of the Dirac field. Substituting (2.108) and (2.109) into (3.35), we obtain

moc 1 i+ i i+cot9 o
T 5 \96 Tsneae T 2 )
1 119
—7[‘(1‘7) cor ar} rés

mc 1 [1d Fe\ 0 T '
\/ihwz__Zr[cat+(l r)8r+2r2 roi

moc¢ 1 ) ii+cot9
V2h VT 2-\00 sin6de | 2 !

1 re\N"110d 4d
‘;[‘( %) a ar} v
moc 110 rg\ d | rg
\/_¢2 2r[08t+<1 )8r+2r2 Vi
(0,0
V2r\d0 sin@de 2 V2

(When r, = 0, the background space-time is flat.) These equations admit separable
solutions of the form



118 3 Applications to General Relativity

Tg

~1/2 B
v, = \/5(1 —7) F(r)1Yjm(6,0)e Ei/h,
v, = G(V)_%ij(eﬂp)e’w’/h,

¢i:\/5(1_r7g)71/2f(r)_%ij(e’(P)efiEl/h’

0, = g(r) %ij(G,(P)e*iE’/h,

(3.36)

where the Y, are spin-weighted spherical harmonics (Newman and Penrose 1966,
Torres del Castillo 2003), j and m are half-integers with —j <m < j, and E is a
real constant. The factor v/2 (1 — rg/r)~'/? is introduced for later convenience and
corrects the asymmetry in the definition of the null tetrad (2.108) [cf. (3.13)]. (The
spin weight of the functions on the right-hand side of (3.36) is determined by the
type of the corresponding component appearing on the left-hand side as defined in
Section 2.1.) According to (3.14) we have

5 i o9 1 o
(%ﬂ:m%-f—zcote)$£ij—:F(]+§)iéij, (3.37)

and therefore the one-variable functions F, G, f, and g must obey the system of
ordinary differential equations

%F: _%(J—F%)f—%( —2)1/2 [iE (l—r—g)l—ki] rg,

r he r dr
o3 [0 ] o e
e br-1(-) " [R0-2) " gl
wam (-0 [0 oo

These equations can be partially decoupled by expressing them in the equivalent
form

L1 . .

moc J+3 i ( rg)1/2 d 1E( rg)*l
T0%4 = A--(1-2 =1 B
h T r & e s

r r
| . .
mocp . Jtg 5 _@)1/2 E_E( _@)*1
[ ! r B+r r dr ke ! r A,
1 . .
@cz—i”?c#( —3)1/2 i+£(1—’—g)_1 D,
h r r r dr ke r
L1 . .
moc J+3 1( rg)l/2 d 1E( rg)—l
Tp = D—-(1-2 — = (1-= C
h 7 r r dr ke r s

withA=F+if,B=G—ig, C=F —if,and D =G +ig.
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The fact that the pair of functions A, B is decoupled from the pair C, D implies
that one can consider particular solutions of the Dirac equation such that either
A =0=B or C =0 = D; that is, there exist solutions (3.36) such that f = +iF
and g = FiG, which contain only two radial functions instead of four. As we shall
show below (Section 3.4), this possibility is related to the existence of a symmetry
operator for the Dirac equation in any type-D vacuum space-time [see (3.128)]. (The
solution of the Dirac equation in the Kerr background given in Chandrasekhar 1983,
§104, belongs to this class of particular solutions that involve two radial functions
only.) When r, = 0O the radial functions are linear combinations of spherical Bessel
functions of order j &+ % (recall that j is a half-integer).

The Dirac equation in a possibly curved space-time (3.34) can be written in terms
of the Dirac matrices 7, and bispinors. Indeed, from (3.34), (2.39), (1.211), (2.18),
and (1.216), we obtain

moc Wy _ 3 aABq)B—FBSBA(I)S
h ¢A _aBA WB_FXSBBAWS
_ 9 <‘VA> i <S“stGCAB¢S>
¢A 4 SabSB oCBA v
B Va 1 g Yy
= 7" <¢A> + gl rly Y] <¢A> :

PV = %W (3.38)

or equivalently,

[cf. (3.32)], where

1 .
Vo = 02+ L Thealy "7 19 (3.39)

is the covariant derivative of a bispinor (see also Lichnerowicz 1964).
Letting mo = 0 in (3.34), one obtains the decoupled pair of equations

Vaoi=0 Vv yt=o. (3.40)

Each of these equations is known as the Weyl equation.

Zero-Rest-Mass Fields

The Weyl equation and the source-free Maxwell equations [see (3.4)] are two par-
ticular cases of the so-called spin-s zero-rest-mass field equations

V@8t =0 (3.41)

or S
V@t =0, (3.42)
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where @48-L and @AB-L are totally symmetric 2s-index spinor fields. (See the
discussion about spin at the end of Chapter 1.)

In flat space-time the zero-rest-mass field equations admit plane-wave solutions.
The Ricci rotation coefficients for the orthonormal basis d, = d/dx“, induced by a
set of Cartesian coordinates x?, are equal to zero; therefore I', g5 and I' 3, are also
equal to zero, and substituting, for instance, @AB-L = pAB-L exp(—ikRRxRR) into
(3.41), where MAB-+L = MAB-L) and k, ; are constants, and x4 denotes the spinor
equivalent of x? [cf. (3.31)], we obtain

ik i MAP L exp(—ikgpx®R) = 0.,

Hence, k, ;ML = 0, and by contracting this last equation with &% it follows that
KAk, ;MSB-L =0, which implies that in order to have a nontrivial solution, k, ; must
be null and therefore k, ; = -0, 04, for some (constant) one-index spinor ¢,. Thus
we have o, MAB-L = 0, which implies that MAB-L is proportional to o o/® - - - ot
[see (1.230)]. Thus

@B-L = Cot o - ol exp(Fiogoprth), (3:43)

where C is some constant [cf. (3.31)].
Similarly, one finds that the equations (3.42) admit plane wave solutions of the
form

(PAB"'L _ CEAEB .. .EL exp(:FiaRaRxRR), (3.44)

where C is a complex constant and o, is a constant one-index spinor.

As in the case of the circularly polarized electromagnetic wave (3.31), the fields
(3.43) and (3.44) possess a definite helicity. Let 3, be a constant one-index spinor
such that o* B, = 1. The vector equivalents of o, B; + B, and i(a, B — B,04)
span a two-dimensional spacelike plane orthogonal to the wave four-vector k¢,
and conversely, any two-dimensional spacelike plane orthogonal to £ can be con-
structed in this manner, with a suitable choice of 8, (see Exercise 1.10). The
SL(2,C) matrix with entries KAB = eie/zaABB —e 10 zﬁA(xB corresponds to a ro-
tation through an angle 6 in this plane (see Exercise 1.8); under this rotation k4 is
invariant and @45-L, given by (3.43), is mapped into e* ®8--L At a point with
fixed spatial coordinates (x',x?,x?), the effect of this rotation is the same as that pro-
duced in the course of the time r = F5s6 /®, where o is the angular frequency of the
wave (k* = ® /c). Thus, at a point with fixed spatial coordinates, the field (3.43) ro-
tates with angular velocity /s in any two-dimensional spacelike plane orthogonal
to the wave four-vector k% (the sense of the rotation depends on the sign of k*).

In an analogous way, under the rotation corresponding to K, = ¢'%/20 B, —
e 10/ zﬁAaB, @AB-L g mapped into e 0 @AB-L and therefore, for a given sign
of w, at a point with fixed spatial coordinates the fields (3.43) and (3.44) rotate in
opposite senses.
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The zero-rest-mass field equations (3.41) and (3.42) maintain their form under
conformal rescalings of the metric. For example, making use of (2.40), (2.132), and
(2.133), one finds that if @48-L obeys the zero-rest-mass field equations (3.41), then

0— aAA(pABC...L _ FASAA(DSBC...L — (25— I)F(BSAA(DC...L)SA
_ ¢—181AA(DABC...L _ (¢71F’ASAA 4 %a/SA(pfl)(pSBC...L
—(2s=1) (7T Py + %51538/5A¢71)¢C"'L)SA
_ ¢7s72V/AA(q)erl(DABC...L)’
which shows that the zero-rest-mass field equations are form-invariant under con-
formal rescalings if we take @481 = ¢s+1@AB-L provided that the null tetrads

are related as in (2.132).
A conformally invariant equation for a spin-0 zero-rest-mass field is given by

Vu Vo +1Ro =0. (3.45)
In effect, making use of (2.40), (2.132), and (2.133)—(2.135), one finds that

Vo V40 = 9,,0M0 T, 0% 0 -, 08

=0710"i(97 M) — (97 T g5 + 304979~ M
_ (¢—1F/ASA_A + %a/AS(p—l)q)—la/AS@
— ¢72V/AA_V/AAQ)+2¢73(8/AA¢)8/AA¢
_ ¢73V/AAleA(¢q)) _ ¢73 (V/AAleAq))q)
= ¢V, V(D) — RO+ RO,
that is, ) )
ViV + LRO =93 [V, VA (9 D) + LR (9 D)].

The zero-rest-mass field equations (3.41) and (3.42) are not satisfactory for spins
greater than 1 if the conformal curvature of the space-time is different from zero
(Buchdahl 1958, Plebanski 1965). Making use of the Ricci identities (2.126), one
obtains the integrability conditions for (3.41)

0= VBAVAA PABCD..L
= [, PAECD-L
= — (25— 2)C, s C@P-DABS, (3.46)
Note that by virtue of the Bianchi identities (2.116), when the traceless part of the
Ricci tensor vanishes, the Weyl spinor satisfies the zero-rest-mass field equations,

but the right-hand side of (3.46) vanishes identically when @,p-;, = C4p-p» and
therefore no algebraic constraints on the Weyl spinor arise in this way.
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3.3 Einstein’s Equations

With the Ricci tensor defined as in (2.63), the Einstein field equations are given by

8nG
Rap — 5Rgab = — Tup, (3.47)

P
where G is Newton’s constant of gravitation and 7, denotes the energy—momentum
tensor of the matter present (see, e.g., Rindler 1977, Wald 1984). Equations (3.47)
yield R = — (871G /c*)T“,; therefore, in the case of vacuum (7, = 0), the Einstein
equations reduce to
Ru, =0, (3.48)

while in the case that the source of the gravitational field is the electromagnetic field

[see (3.20)],

2G
Rap = 5 (FacFy = TFeaF ),

or equivalently, making use of (2.85) and (3.19),

2G
Cupin = C_4fABfAB' (3.49)

The tensor equivalent of C, g-,Cjipep 1S a real, traceless, totally symmetric four-
index tensor field 7.4, known as the Bel-Robinson tensor [cf. (3.19)]. If the trace-
less part of the Ricci tensor vanishes, as a consequence of the Bianchi identities
(2.116), we have VAY(C ppCipep) = 0, that is, VT4 = 0.

Since CypepEig€ep and Cipepeagéep are the spinor equivalents of 4 (Cpeq +
i*Cupeq) and %(Cabcd —i*Cupea ), respectively, where

* —1 s
Cabed = jgamer cd

and o
CascnCisen = Carss€ir€ssCen e en”s
it follows that
Tubcd = §(Carbs +1"Carts) (Cea* =1°C4").

Using the fact that Cypeq, *Capea, and Typeq are real, we conclude that
Tuvea = 5(CarvsCe'a” + " Carbs ™ C' ") (3.50)

[cf. (3.21)] and

* s * s
Curbs crd - Curbsccrd =0.

The Bel-Robinson tensor is analogous to the energy—momentum tensor of the elec-
tromagnetic field in various senses; however, it is not possible to give a local defini-
tion of energy or momentum for the gravitational field (see, e.g., Wald 1984).
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A totally symmetric, traceless, four-index tensor 7., possesses a spinor equiva-
lent of the form C, g -pCipep if and only if its spinor equivalent satisfies the relation

TapcpisepTercuercn = TapcpercnTerGriben (3.51)
[cf. (3.26)]. However, the tensor equivalent of this condition has a complicated form
(see Bergqvist and Lankinen 2004). If 7} g g = Tiapep)ascp) satisfies the con-
dition (3.51), then the corresponding spinor C, g, is uniquely defined up to a phase
factor (see Exercise 3.7).

3.3.1 The Goldberg—Sachs Theorem

The following two propositions imply that the integral curves of a repeated principal
null direction of a zero-rest-mass field have several special geometric properties.

Proposition 3.2. If f, is an algebraically special solution of the source-free Maxwell
equations and 1, is a (repeated) principal spinor of f,p, then

IAIBV il = 0. (3.52)
Proof. By hypothesis, f,5 = 0tllp, for some function ¢, and VAAfAB = 0; hence

0= 1"V (o, ly) = 1°[ad VA4 + 15V (0l )] = a1, VA,
O

It may be noticed that condition (3.52) is invariant under rescalings of the spinor
field /,. With respect to a spinor frame such that /, =< 83, (3.52) is equivalent to
I 114 = 0 (that is, ¥ = 0 = 0, in the Newman—Penrose notation); then, making use
of (2.91), one finds that C;,;; = 0, which means that any spinor field /, satisfying
(3.52) is a principal spinor of Cygp-

The foregoing proposition is a special case of the following more general result.

Proposition 3.3. If |, is a repeated principal spinor of a totally symmetric spinor
field 45 ; that satisfies the zero-rest-mass field equations

VAA Gap... =0, (3.53)
then 1 satisfies (3.52).

Proof. Denoting the components ¢, ; by ¢;), where j=0,1,...,2sis the number
of indices taking the value 2, i.e., (;)(0) =0 1 ¢(1> =0y 1 s ¢(2s) =0y ,,

equations (3.53) are explicitly given by
0=1[014—2(s— 1= )4 — (25— )124] 941
=104 = 2(s = )Npoa + (G + DI51419¢)
+ i 01y + (25— 1= ))11149( 12 (3.54)
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j=0,1,...,2s— 1. In a spin frame such that /, o< 83, the fact that /, is a repeated
principal spinor of ¢,p ; amounts to ¢ = 0 = ¢y, and from (3.54), assuming
that ¢, ; is different from zero, one obtains I' ;4 = 0, which is equivalent to the
condition (3.52) when [, o &2. O

There is a converse of Proposition 3.2. Given a one-index spinor l4 that satisfies
1AIBY 1ilp = 0, there exist (locally) algebraically special solutions fy 5 of the source-
free Maxwell equations such that /4 is the repeated principal spinor of f4p. Indeed,
looking for solutions of the source-free Maxwell equations (equations (3.54) with
s = 1) such that by = 0= o) with respect to a spin frame for which [/, o< 52, we
obtain

0=T114902),  0=(d14+20214—T124) )

The first of these equations is satisfied by virtue of the hypothesis, while the second
one can be written in the equivalent form

A1ilnda) = Nioi = 2T1014- (3.55)

The integrability condition for these partial differential equations for (;)(2) is ob-
tained by applying 81A to both sides of (3.55):

9;"9;4In Py = I (M 124 — 2La14)- (3.56)
The left-hand side of this last equation contains the commutator
alAalA = 011913 —d130; = _rSnAasA _FSAAlals‘ (3.57)
[see (2.23)], which, since I;,,4; = 0, reduces to
alAalA = rlZlAalA - FASslalA' (3.58)
On the other hand, from (2.91) we obtain

Cioy = (O =¥ (3.59)
and ' A N
2G5, = (O =N * =TT 4 (3.60)

Substituting (3.58), (3.55), (3.59), and (3.60) into (3.56), one obtains an identity,
which means that the equations (3.55) are locally integrable. This result, together
with Proposition 3.2, is known as the Mariot—-Robinson theorem (Mariot 1954,
Robinson 1961).

If the one-index spinor field I, satisfies the condition (3.52), then the integral
curves of the (real) null vector field v = —IAZA(?A 4 form a shear-free family (or
congruence) of null geodesics. From (3.52) we obtain

BIAY 41, =0, (3.61)
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which means that the integral curves of v are geodesics; in fact, (3.61) is equivalent
to '
IATAV iy = €, (3.62)

for some complex-valued function €, and therefore,
lAZA VAA (ZBZB) = lAZA (ZBVAAIB + IBVAAZB) = (3 + 5) leBv

that is, V,,v «< v, which is the definition of a geodesic. (Only when € + € = 0 will
these geodesics be affinely parameterized.)

By replacing the spinor field [, by I, = f1,, where f is a complex-valued func-
tion, from (3.62) we have

IIAFAVAAIIB = |f|2(f€lB + lBlAZAaAAf)'

Hence, choosing f as a solution of the equation IAZAQAA Inf = —&, we obtain
IATAY il'p = 0; that is, I/, is translated parallel to itself along the congruence of
geodesics and Vv =0, with v/ = —['A7/A d,; (the integral curves of V' are geodesics
affinely parameterized). From I/ATAV , ', = 0 we have

Iz l/BfA VAA llB —0,

which implies that .
IAUBY iy = ol (3.63)

for some function ©.

In order to exhibit the geometric meaning of o, we consider the behavior of
vectors joining each of the geodesics with its neighbors. More precisely, we deter-
mine how a vector & rotates and is stretched as it is dragged along the congruence
of the affinely parameterized geodesics, that is, £, = 0. Since £,& = [V, &] =
V& — VeV and Vv = 0, the directional derivative of the inner product g(v', &)
along v/ vanishes,

VgV, &) =g(Vov &) +8(v, V&) =g (v, Vev') = 3E[g(v/ V)] =0,

where v'[f] denotes the directional derivative of f along v'. Therefore, if & is orthog-
onal to V' at some point, it will remain orthogonal to v along the geodesic passing
through that point. Hence, we can assume that £ is orthogonal to V' everywhere,
which means that the spinor equivalent of £ is of the form

EM = oA TA 2 + bIATA, (3.64)

A

where m* is a spinor field such that m*l’ 4 = 1 and we can impose the condi-

tion I'ATAV , im, = 0 (that is, I/, and m, are covariantly constant along V'), z is
a complex-valued function, and b is a real-valued function. Substituting (3.64) into
the spinor equivalent of the relation V,,& — V¢V’ = 0, we obtain
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0= —1"1"V 8+ EMV 44 (I'pp)
= V[l +v' [ g +V (BT
+zm AV i (Ul ) + 2V i (Ul ).
The contraction of this last equation with I'? yields
0=—V[z+pz+o07, (3.65)

where .
p=m*T* BV i1y (3.66)

and we have made use of (3.63). Thus, if 5 is an affine parameter of the geodesics and
we write 7= (x+iy)/V/2, p = 6 +iw, and ¢ = |5 |e'Z, equation (3.65) is equivalent
to a pair of real ordinary differential equations that can be expressed in the matrix

form

d (x) _ (9+|G|cosx a)+|6|sm)(> (x) ' 3.67)

ds \ y o+ |olsiny 0 —|o|cosy y

éAA' :xmAFA'—Fl/AmA yimAFA —il/AmA

V2 V2

[see (3.64)], the real-valued functions x and y are the components, with respect to
an orthonormal basis, of the projection of £ on a two-dimensional plane orthogonal
to V' (see Exercise 1.10). At each point of M where the real-valued function ) has
some specific value Yy, say, by means of a rotation in this plane through an angle
X0/2, which amounts to replacing z by e%0/2z_ one obtains an equation of the form
(3.67) with y = 0, at that point only [see (3.65)], and then one can see that 0 rep-
resents the rate of expansion of the congruence, ® is the angular velocity, or twist,
with which the congruence rotates, and |o| corresponds to a distortion, or shear, of
the congruence whose principal axes form an angle /2 with respect to the basis
vectors employed in (3.67).

Since I’y = fl,, from (3.52) it follows that ’41'BV , ;I’, = 0, which, according to
the definition (3.63), means that ¢ = 0; thus, the integral curves of the vector field
v=—I149, ; form a shear-free congruence of null geodesics, as stated above.

As pointed out at the end of Section 3.2, when the traceless part of the Ricci
tensor vanishes, the Bianchi identities imply that the Weyl spinor satisfies the zero-
rest-mass field equations; therefore, according to the last proposition, if Cypep =0
(as in the case in which the Einstein vacuum field equations hold), each repeated DP
spinor defines a shear-free congruence of null geodesics.

There exists a converse of this result, which does not require the vanishing of the
traceless part of the Ricci tensor.

Since

+ol'40;

Proposition 3.4. Let [, be a one-index spinor field such that

BV, il =0  and  [*BC,pip=0. (3.68)
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Then 1, is a repeated principal spinor of Cypcp, i-e., INBICCypepy = 0.

Proof. In a spin frame such that [, o< 82, conditions (3.68) are equivalent to I7,,; =
0 and C, ;5 = 0, respectively. Then, from (2.91) we obtain C;;;; = 0, together with

Cioy = (O =¥ )04 (3.69)
and ' A N
2C)y 1, = (0 =g * =TT 4 (3.70)

On the other hand, with C,, iz = 0 and I;;,; = 0, we have V1SC11RS = QISC“RS +
2T SCars +T4351Cr1as +T44% €1 pa = 0. and taking into account that Cyy,; =
0, the Bianchi identities (2.116) yield

A
0=V RCIIIA
A S A S A
=0 RCy11a+30° " kCrisa + 174 kCh11s
= (d1g — 2012 — 411122)Ch 112

ie.,
91£C1112 = (2021 +414122)Ch 110 (3.71)

Then, making use of (3.71), (3.70), and (3.69), expressed in the equivalent form
Con = (alA - r121A - FARRI)I—iZIA’ (3.72)
we obtain

9,%013C1115 = air+417122)9, Cr112+ Cr1120, (21510 + 410 122)

= C1120 2Nk + 415 122)
= {2[C\11p+ (L™ + TR e 4]
+42Cyy+ (521A+FARR1)1112A]}C1112
= [10Cy;y,+ (G +FARR1)(2F121A+4F112AH Ciinn-

According to (3.58) and (3.71), the left-hand side of this last equation is also equal
(R + T 30)014Ch 112 = (D + T 1) (26004 +415124)C -

Thus, we conclude that C;,,, = 0, which, together with C,;;; = 0, is equivalent to
Cy114 = 0 and to the covariant expression /4/21°C, -, = 0 in a frame such that
O

o< 82

Thus, if the Einstein vacuum field equations hold, the conformal curvature is
algebraically special if and only if the space-time admits a shear-free congruence of
null geodesics. This result is known as the Goldberg—Sachs theorem (Goldberg and
Sachs 1962).
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In the case of a solution of the Einstein—Maxwell equations with an algebraically
special electromagnetic field, from (3.49) we have I418C, 5i 5 = 0if L, is the repeated
principal spinor of f, 5, and from (3.52) and (3.68) it follows that /, is also a repeated
principal spinor of C, g, Which is therefore algebraically special.

The space-times that admit a shear-free congruence of null geodesics defined by
a multiple DP spinor have several remarkable properties.

Proposition 3.5. If 1, is a repeated principal spinor of the Weyl spinor Cypqp
(Crpepl1BI€ = 0) such that I'IPV ;15 = 0, then there exists locally a complex-
valued function ¢ such that

1BV ,ily = 11805, ¢. (3.73)
Proof. In a spinor frame such that [, = 6/%, equation (3.73) is equivalent to
T4 =0, Ipi=014In¢. (3.74)

The integrability condition for the function ¢ is obtained by applying the operator
81A to both sides of the second equation in (3.74), which, making use of (3.58) and
(3.74), is equivalent to the condition

A A S A
9 Niaa = Lo " Tioa = 747 Thogs
which is satisfied, since by hypothesis, C;;;, = 0 [see (3.70)]. O

In a similar manner one finds that (3.72) with C,;;, = 0 implies the local exis-
tence of a function { such that

Ipi=0iIng. (3.75)

As a first application of the existence of the functions ¢ and { we can now establish
the following proposition.

Proposition 3.6. In a space-time that admits a shear-free congruence of null geodesics
defined by a multiple DP spinor l,, up to gauge transformations the most general
solution of the self-duality condition (3.10) can be expressed locally as

D=0, D3 = (I + 20015+ Hiop)X, (3.76)

with respect to a spin frame such that 1, o< 53, where ) is a complex potential
satisfying the equation

(0,7 +N” =T )(15+ 2L 015+ T 12) X = 0.
Proof. The self-duality condition V( BB @c)p = 01s explicitly given by the equations

0= a(BB‘DC)B + FS(BC)B‘I’SB + FSBB(B‘I’@S, 3.77)
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which are equivalent to (3.12). Taking B=1= C in (3.77), we have
0=(0," =y —T'P5) @+ 1 P Dy (3.78)

Making use of the fact that we have I7;,® = 0 with respect to a spin frame such
that the multiple DP spinor that defines a shear-free geodesic congruence has the
form I, o &2, from (3.78) it follows that there exists locally a function & such that
D, = —d,;3&. Indeed, the integrability condition for & is given by

910,46 = 19,46 — %9146

[see (3.58)], which amounts to
A A A S

=0, "Dy =T @ + 1757 Py
and coincides with (3.78). Then, the gauge transformation @pz — Ppp + dgpé
yields @5 = 0.

Taking B =1, C =2 in (3.77) with @, = 0, we obtain the condition
0= (3" + 1y, P+ 171" =T )y (3.79)

Making use of (3.74) and (3.75), this last condition can also be written as

0= (813 - Flle - FBSSl)(Czq)‘PzB)

[cf. (3.78)], which implies the local existence of a function 1 such that § zq)dsz. =
d,5N. Hence, letting y = {~2¢~'n, we have

Doy = §20719,5(8%00) = (I + 20015+ T 12) X, (3.80)

where we have made use again of (3.74) and (3.75).
Taking A =2 = Cin (3.77) we obtain

0= (9" + 15" =T 5) Dy,
which, by virtue of (3.80), implies that the potential y must satisfy the equation
0= (3" + " =T ) (91 + 20015+ Hiop)X (3.81)
(Torres del Castillo 1999). a

It can be readily verified that the covariant expression

Dy = ¢ 2V 5(0% Il w) (3.82)
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reduces to (3.76), with y = (1,)?y, in a spinor frame such that /, o< 5. If we assume
that ¢ and y are scalar functions, then both sides of (3.82) are spinor fields of the
same type, and therefore the equality (3.82) is valid in any spinor frame.

Hence, according to the results of Section 3.1, the most general real source-free
electromagnetic field is given locally by

Fin = V2407V 5 (0% Lslpy)] (3.83)

(see also Cohen and Kegeles 1974, Wald 1978, Mustafa and Cohen 1987). The
second-order linear partial differential equation (3.81) can be solved by separa-
tion of variables in all the type-D solutions of the Einstein vacuum field equations
(Kamran 1987, Torres del Castillo 1988).

In the case of flat space-time there exist covariantly constant one-index spinors
(which form a complex two-dimensional vector space), and any of them satisfies the
conditions of Proposition 3.5. Then the function ¢ defined by (3.73) can be taken
equal to 1, and (3.83) reduces to

fig = VAAVBB(IAZB‘I/%

where [, is a covariantly constant spinor and y is a complex-valued function that
has to satisfy the wave equation (see also Penrose 1965).

The solution of the Weyl equation can also be expressed locally in terms of
a complex potential when the space-time admits a shear-free congruence of null

geodesics defined by a multiple DP spinor. The Weyl equation 0 = V AAn i 1s given
explicitly by

0= (3" = I")my, (3.84)
0= (" —T*)n,. (3.85)
Making use of (3.75), equation (3.84) can be rewritten as
0= (31A - F121A —FASs'l)(CnA),

which implies the local existence of a complex-valued function 1 such that {n; =
9,41, and writing 1 = {y, we have

i =871914(82) = (i + Houa)2- (3.86)
Substituting this expression into (3.85), we obtain
0= (9" — ) (04 + L) (3.87)

Then, as in the case of (3.82), one finds that with respect to an arbitrary frame, the
solution of the Weyl equation is given by

ng =0 'Vis(dly), (3.88)
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where y is a complex potential that has to satisfy the condition

VB9~ VE4(0ly)] =0

(the left-hand side of this last equation is proportional to /2, and therefore this equa-
tion imposes a single condition on ).

In any type-D solution of the Einstein vacuum field equations, equation (3.87)
can be solved by separation of variables.

3.3.2 Space-Times with Symmetries. Ernst Potentials

With each nonnull Killing vector of a solution of the Einstein vacuum field equa-
tions, there is associated a complex function, called the Ernst potential, which can
be used to construct the metric. In the case of a solution of the Einstein—-Maxwell
equations, there is a pair of Ernst potentials associated with each nonnull Killing
vector, provided that the Lie derivative of the electromagnetic field with respect to
the Killing vector vanishes. In this subsection the equations for the Ernst poten-
tials are obtained by means of the spinor formalism (alternative derivations, making
use of the tensor formalism or of differential forms, can be found, for instance, in
Chandrasekhar 1983, Heusler 1996, Stephani et al. 2003). Owing to their nonlin-
earity, it is difficult to find explicit solutions of the Ernst equations; fortunately, the
symmetries of the Ernst equations make it possible to generate new solutions from
a given one (see, e.g., Stephani et al. 2003).
An arbitrary vector field K is (locally) hypersurface orthogonal if and only if

,; = 8ubchbVCKd

vanishes (see below). Making use of (1.64), one finds that the spinor equivalent of
, is given by ' '
Wpj = _i(KBBVABKBA - KBBVBAKAB)'

According to (2.142) and (2.71), the components @, ; can be obtained by means of
the relation o
K,0°Nd(K,0") =i, ;6. (3.89)

In particular, if K is a Killing vector, from (2.140) it follows that
i = 2i(K8 Lyg — K,PLp). (3.90)

Similarly, if we let _
f=K%Ky, (3.91)

(i.e., f = —K“%K,), then using again (2.140), we have

Vaif =2KBBY i Ky = 2(KB L s + K, BLi3), (3.92)
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[cf. (3.90)]. Hence
Wi = HKB ;Lyp —iV4if- (3.93)

We can now prove the assertion made at the beginning of this subsection. When
w, = 0, from (3.93) we see that V,,f = 4K iLsp; therefore, 1f K is nonnull,

K(C Af = —2fL,, or equivalently, K Af v A‘A‘K ) [see (2.141)].

This last equation can also be written in the form V( AlA| [f K ] 0, and taking
into account that the spinor equivalent of the curl of w, is given by

Vai0g5— Vip®ui = i5V (4" Opyp+ €4V 4O,
it follows that there exists (locally) a real-valued function u such that
Kyi = fVaqu, (3.94)

thus showing that K is orthogonal to the hypersurfaces u = constant. Alternatively,
if w, = 0, from (3.89) and Frobenius’s theorem it follows that the one-form K,0¢
is locally integrable; that is, locally there exist functions F' and G such that K,0¢ =
FdG, which amounts to

K,i=FV,;G.

(Note that this last proof is valid also if K is null and even if K is not a Killing
vector; on the other hand, (3.94) explicitly gives an integrating factor for the one-
form K,0¢.)
By virtue of (2.140) and (2.144), the anti-self-dual part of the curl of w, is deter-
mined by
Vit 04 = 4KP 1V ALy g = 4iKPPChiy K5 (3.95)

The right-hand side of (3.95) vanishes if K is an eigenvector of the Ricci tensor or
if the traceless part of the Ricci tensor is equal to zero. Thus, if we assume that the
Einstein vacuum field equations are satisfied, from (3.95) it follows that there exists
(at least locally) a real-valued function , the twist potential, such that

Wyi = _VAA(D7 (3.96)
and (3.93) yields
4KB Ly p =Vl (3.97)
where
x =f+io. (3.98)

Therefore, if K is nonnull (i.e., f # 0), we have

Lag =3 fK AV X (3.99)

Then (3.97), (2.144), with Ry, = 0, (2.140), and (3.99), give
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VAAY iy = 4KB VAL, AL VMK
= 8L, zL"8

- J%NAAx)(VAAx).

Thus, y obeys the nonlinear equation
(ReX)VuVux = (VHX)(VQX) (3.100)

This equation is known as the Ernst equation and ) is the Ernst potential (Ernst
1968a). (Note that from (3.97) it follows that K44V , ;¥ = 0.)

The Ernst potential is useful in finding exact solutions of the Einstein vacuum
field equations. For instance, the metric of a stationary axisymmetric space-time
can be locally expressed in the form

g =—e*V(dr+Adg)? +e 2V [eX(dp® +d2%) + p*de?],

where ¢, p, ¢, z form a coordinate system and the functions U, ¥, and A depend
on p and z only (Papapetrou 1953; see also Chandrasekhar 1983, Stephani et al.
2003). This metric possesses the timelike Killing vector K = d/dt, for which f =

KAAKAA = —K“K, = eV hence, we can also write
g=—f(dt +Ad@)* + £~ [e*(dp* +d?) + p*de?].

Then, the Ernst equation (3.100) takes the explicit form

19 [ ax\ . ?x] (ox\", (x\’
o555 (055) v 32| = (5) + (%)

which does not involve the unknown functions f, y, and A. The real part of a given
solution of the Ernst equation gives f [see (3.98)], while the imaginary part of y
determines A by means of

f2(0A 0A oo . Jdw

(22 420) =22 2%, 3.101
p \dp i dz dz 18p ( )
In fact, K,0¢ = —f(dt + Ad¢), and therefore K,0% A d(K,0%) = f2dt AdA Ade.
Then (3.89) and (3.96) lead to (3.101).

The function 7 is also determined by the Ernst potential, as a consequence of the
Einstein equations (see, e.g., Heusler 1996, Sec. 4.1, Stephani et al. 2003, §19.5).

Solutions of the Einstein-Maxwell Equations

When there is an electromagnetic field present, expressions analogous to (3.99) and
(3.100) can be given, provided that the electromagnetic field is invariant under a
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one-parameter group of isometries. The electromagnetic field is invariant under the
one-parameter group of isometries generated by a Killing vector K = —K449, ; if
the Lie derivative of the electromagnetic spinor f, ; with respect to K vanishes, i.e.,

—KVeefup+ 2LC(Af Bc =0

[see (2.143)], or equivalently, making use of (1.27) and (2.140),

~KCV A\CfC\B +K \CfS\B +2L° AfB
= (A\C[K fC\B ]+ fewuV cK +K(A \c‘fS\B) +2LC(AfB)C
= _V(A\C[chfcu; ]+K \cfS\B

Thus, if the source-free Maxwell equations are satisfied, letting Py = K€ fc, we
have V ,©Py)- = 0. Furthermore,

B B c
v (AP\B\C') =V (A[K c')ch] TacV AK C) — =0
[see (2.140)]. Hence the curl of the tensor equivalent of P, is equal to zero, and
therefore, there exists, locally, a complex-valued function @ such that

C2

KCifye=—=
¢/he 2VG

where the constant factor is introduced for later convenience. The symmetry of fp-
implies that K2V p-@ = 0. Thus, if K, is nonnull,

Ve ®, (3.102)

2
Joe=— f\/_

The source-free Maxwell equations imply KBByA pfap = 0, which, making use
of (3.103) and (2.140), reduces to

KLV . (3.103)

VMY, @ = 4KPALA LV, @ (3.104)

(See Exercise 3.9.)
Substituting the Einstein equations (3.49) and (3.102) into (3.95), one finds that

V(CA(DA) = _21(V( D) (V) P)

which implies (locally) the existence of a real-valued function @ such that ®,; =
i(@V,,,®— DV, ,P)—V,,0, and therefore (3.93) gives

AKB Ly =V ix +20V,, @, (3.105)
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where .
X=f—0D+io. (3.1006)

From (3.105), making use of (2.140), (2.144), (3.104), the Einstein equations, and
(3.102), we obtain
VAAVAAX = 4LABVAAKBA' —|—4KBA'VAALAB — 2(VAA5)(VAA€D)
—20VAV, D
8G
P
~8f 'KBALA j BV @

= (VMY 20V, .

= 8L, gl 8 + KB o KE f A —2(VAM D) (V@)

Thus, from (3.104)—(3.106) we finally obtain the system of nonlinear equations
(Ernst 1968b)

(Rey + ®D)V4V,x = (Viy +20V D)V, yx,

— _ (3.107)
(Rey + @D)VeV, D = (Viy + 20V D)V, .
The Ernst equations (3.107) can be used to find stationary axisymmetric solutions
of the Einstein—-Maxwell equations, and as in the case of the Ernst equation (3.100),
the symmetries of these equations make it possible to generate new solutions from
a given one.

Relations Between Killing Vectors and the Conformal Curvature

The equations derived above are also useful in the derivation of some relations be-
tween the properties of a Killing vector and the conformal curvature (equivalent
results using other formalisms have been given in Debney 1971a,b and Catenacci
et al. 1980). In the rest of this section we shall restrict ourselves to solutions of the
Einstein vacuum field equations.

If the space-time admits a null Killing vector K, we can write

Kyp = toy 0, (3.108)

where o, is some one-index spinor field, and from the Killing equations (2.140) we
obtain

0= ot (VagKep + VepKap) = £(0"0paV poe + o'y Vepay),

which implies
ooV, po =0,
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that is, K is tangent to a shear-free congruence of null geodesics [see (3.52)]. Then,
by virtue of the Goldberg—Sachs theorem (Proposition 3.4), since the Einstein vac-
uum field equations are assumed to hold, ¢, is a repeated DP spinor and the confor-
mal curvature is algebraically special. A

In the present case, in which the function f = KBBKBB vanishes, from (3.92) and
(3.108) we have

0=K®,L,z+K, Ly = £(aP0; L, + o, GPLy ),

which implies that L,z0 = iBo,, where B is a real-valued function; then (3.90)
and (3.108) give @, ; = —4BK, ;.
The condition VA @, ; = 0 [see (3.95)] yields

A A = A
Contracting this relation with o€, we obtain 2iB2()cA + %aAHAaCVCAB =0, which
implies B = 0.
Thus, L,za® = 0; that is, o, is a double principal spinor of L,p, and L,y is
algebraically special. Hence, we can write

Lyg = vo,0p (3.109)

for some complex-valued function y. Furthermore, @, ; = 0; that is, K is hypersur-
face orthogonal.
Substituting (3.108) and (3.109) into (2.144), we see that

D J—
Vai(wogoe) = FC° 4 pcop0y.
Hence, contracting with a®a@4 we obtain (assuming y # 0)
B—A _
ooV, 0 =0,

which shows that the twist and the expansion of the congruence of null geodesics
defined by o, are equal to zero [see (3.66)].

On the other hand, if we assume that L, is algebraically special [as in (3.109)]
but that the corresponding Killing vector K is nonnull, writing L, = 0¢4 05, from
(2.144), assuming again that the Einstein vacuum field equations hold, we arrive at

— 0B VY . — (D ByCR .
0=0"a"V,i(epoc) = —C7gpc0” 0 K.

Since K is nonnull, it follows that C, g, 02 al€ = 0, thus showing that the conformal
curvature is of type III or N, or equal to zero.
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3.4 Killing Spinors

Walker and Penrose (1970) showed that any type-D solution of the Einstein vacuum
field equations admits a quadratic integral of the null geodesic equations (see also
Hughston et al. 1972, Hughston and Sommers 1973). The existence of this first
integral follows from that of a certain two-index spinor field, which has been called
a Killing spinor.

Apart from their relationship with first integrals of the geodesic equations, the
Killing spinors also appear in “symmetry operators” for the Weyl, Dirac, and
Maxwell equations (Carter and McLenaghan 1979, Kamran and McLenaghan 1983,
1984a, Torres del Castillo 1985, 1986, McLenaghan et al. 2000).

A D(k,0) Killing spinor is a totally symmetric 2k-index spinor field M, ,, such
that )

Vi *Mye 1) =0. (3.110)

(Note that the equations for a conformal Killing vector can be expressed in the
form V( n (AKB)B) = 0.) It can readily be seen that the symmetrized tensor product of
Killing spinors is also a Killing spinor. Equation (3.110) is also known as the twistor
equation.

By virtue of the Ricci identities (2.126),

V(A\A\VBAMCD...L) = _D(ABMCD...L) = _ZkCS(ABCMD...L)S?
hence, an integrability condition for the set of equations (3.110) is
C® apcMp, 1)s =0 (3.111)

As we shall show below, if k #£ 2,4,6,..., or if the traceless part of the Ricci tensor
vanishes, these equations imply that the conformal curvature must be of type D
or N, or equal to zero [see (2.130)]. Denoting the components of M, , by M),
where j=0,1,...,2kis the number of indices taking the value 2, i.e., Mgy =M, ;.
M(1) =My 4 ..., M(zk) = M,, ,, the integrability conditions (3.111) are given
explicitly by the set of 2k + 3 equations

0= (2k+2—j)(2k+1—-j)(2k—j)CM;,
+2(2j— k) (2k+2— j)(2k+1— j) WM
+6j(2k+2—j)(j—k—1)CPM;
+2j(j—1)(2j = 3k—=4)CPM,; ,,
— =1 -2)cVM;_5 =0, (3.112)

where j can take the values 0, 1,...,2k+2,C®) =C,,,, €Y =C, 11, CB) = Cy 195
C? =C\y, and CV) = Cy5 5.
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If 1, is a principal spinor of M, , then in a spinor frame such that /, o< 52,

we have M(o) = 0, and from (3.112) it follows that CcO) = 0, which means that a
principal spinor of M, 5, is also a principal spinor of C, g-,. Substituting the values
M) =0 and C) =0 into (3.112), one finds that if k # 2,4,6,.. ., then C* = 0;
hence, when £ is not an even integer, each principal spinor of M, p, is at least a
double principal spinor of C,gp. Therefore (if Cyp-p 7# 0), there are at most two
principal spinors of M,;  that are not proportional to each other. When M,
has a 2k-fold repeated principal spinor, from (3.111) or (3.112) one concludes that
C,pcp 18 of type N; otherwise, Cy g, must be of type D (Torres del Castillo 1984a).
The fact that a principal spinor of a D(k,0) Killing spinor, M, |, is a principal
spinor of Cy g, also follows from the fact that each principal spinor of M, |, sat-
isfies condition (3.52) (Hughston et al. 1972). Indeed, equations (3.110) amount to

a(AAMBC...L) +2kI° S(ABAMC...L)S =0,
or more explicitly,

0=jldyi —2(k+ 1= )pa— (2k+ 1= )51 M;_y)
+ (2k+1—= )[04 —2(k— )14+ 11124l M)
= JU = Dhpa M5y + 2k + 1= j)(2k = )31 1aM 1), (3.113)

where j can take the values 0, 1,...,2k+ 1. Substituting M(()) =0 into (3.113), one
finds that I';;; = 0, which implies C};;; = 0 [see (2.91)]. Furthermore, as we have
seen, I',;; = 0 means that any one-index spinor /, such that /, o 62 satisfies condi-
tion (3.52); hence, if the traceless part of the Ricci tensor vanishes, Proposition 3.4
implies that each principal spinor of M,; , is at least a double principal spinor of
C,pcp (without restriction on the value of k). Therefore, when the traceless part of
the Ricci tensor vanishes, Cy g, must be of type N or D, or equal to zero.

If we do not assume that the traceless part of the Ricci tensor vanishes, when k =
2, for instance, the integrability conditions (3.111) imply that M, g, is proportional
to C,pcp> Without restriction on the algebraic type of the conformal curvature.

When C, 5 is of type D one can find a spin frame such that only C (3) is different
from zero; then (3.112) implies that M, is the only nonvanishing component of
M,p ;. and necessarily kK must be an integer. In the case that C,pp, is of type N,
one can find a spin frame such that only ¢ is different from zero, and (3.112)
implies that M (2) is the only nonvanishing component of M, ;.

In the case that C,p-p is of type D, assuming that M, is the only nonvanishing
component of M, 5, equations (3.113) reduce to

0=T}14
0= T34
0= (i +kI3124)M ),
0= (o4 — kI3p14)My.-

(3.114)
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These equations are integrable if the traceless part of the Ricci tensor vanishes
(Walker and Penrose 1970); in fact, the Bianchi identities (2.116) with C,pis =0
imply that the Weyl spinor satisfies the zero-rest-mass equations (3.53), and as-
suming that C®®) is the only nonvanishing component of C wpcp» €quations (3.54)
reduce to

0= rillAv
0 = Ip4s
0= (d;— 3ﬂ12A)C(3>7
0 = (0 + 305 )C.

Therefore, the solution of (3.114) is given by
My = const. [CP)] 43, (3.115)

Thus, a type-D solution of the Einstein vacuum field equations (such as the
Schwarzschild or the Kerr metric) admits a D(k,0) Killing spinor, for k =1,2,....
(According to (3.115), up to a constant factor, all these Killing spinors are sym-
metrized products of the D(1,0) Killing spinor with itself.)

Similarly, one can give the solution of (3.114) if the space-time metric satisfies
the Einstein—-Maxwell equations with an algebraically general electromagnetic field
such that each principal spinor of f, satisfies (3.52) (as in the case of the Reissner—
Nordstrom and the Kerr—-Newman solutions). With these assumptions, the Einstein
equations (3.49) imply that if /4 is a principal spinor of fup»> then Bc wsen = 0,
and by Proposition 3.4, I4 is a repeated DP spinor, which implies that the conformal
curvature is of type D. With respect to a spinor frame such that f|, is the only
nonvanishing component of f,,, we have I;,; = 0 = I,,,4, and the source-free
Maxwell equations [(3.54) with s = 1] give

0= (alA - 2H12A)¢(1)a
0= (di +2I514)91)-
Thus, the solution of (3.114) is
M 4y = const. (q)(l))_k/z = const. (f;,) /2.

When C -, is of type N, assuming that M(Zk) is the only nonvanishing compo-
nent of My, p, equations (3.113) give
0 =T},
0= (alA+2k1—i21A+2k1—ilZA)M(2k)ﬂ (3.116)
0 = (04 +2kI504)M -

The system of equations (3.116) is integrable for k = 1/2,1,3/2,2,... if and only
if it is integrable for k = 1/2; in fact, if we denote by Q the solution of equations
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(3.116) for k = 1/2, that is,

(D1i+ T4 +17124)2 =0, (0hi +T1204)2 =0,

then the solution of equations (3.116) for any other value of k is M(2k> = QZk , which
means that in the present case, any D(k,0) Killing spinor M,, ; is of the form
Myp | =MMg---M,, where M, is a D(1/2,0) Killing spinor.

As pointed out at the beginning of this section, the existence of a D(1,0) Killing
spinor allows us to construct a quadratic integral of the null geodesic equations.
Indeed, if o, ¢, is the spinor equivalent of the tangent vector of an affinely param-
eterized null geodesic, that is, a" @V, (0z0) = 0, then from (3.110) it follows
that if M, is a D(1,0) Killing spinor, the directional derivative of the real-valued

function M, zM ;0" 0" PGP along the geodesic is equal to zero. If M, satisfies
the additional condition V&M, +V ABMC ; = 0, one can find a quadratic constant
of motion for any geodesic (see Exercise 3.14).

According to the definition (3.110), M,z p, is a D(k,0) Killing spinor if and only

if there exists Ky p; = K(4p. p); such that

VAAMBC...L = Zk—_HEA(BKC,,,L)A- (3.117)
Then ' .
KAB...LA = VSAMSAB_,_La (3.118)
and making use of (2.117) and (3.117), one finds that
V(A(AKB...L)B> = V(A(AV‘S‘B)MB...L)S
= VS(BV(AA)MB...L)S _ DABMAB,,,L
= SEr1 V(A(BKB...L)A) _ DABMAB.,.L;
hence, _ ' N
Vg )P = —(2k+1)C, My s, (3.119)

where we have made use of the Ricci identities (2.127).

D(1, 0) Killing Spinors. Symmetry Operators

According to the definitions given above, a D(1,0) Killing spinor M, is a symmet-
ric two-index spinor field such that

Vi Mo = (e gKt +e4cKg™), (3.120)

with KA = VSAMy, [see (3.117) and (3.118)]. Then, making use of (2.117) and
(3.120), we obtain
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BA 1A BAS A
V*AK i= A% iMg
S yBAps A BSpr A
= V2, V¥M" 4207 M
_ %VSA(gBSKAA+£BAKSA)+2DBSMSA
B pAA BASA BSys A
= IV kM — LePAVAK G +20% M.
Thus, by virtue of (2.126),
4\7BA 1A 1 JBASA BASC 1 BA
Contracting the last equation with &g,4, one finds that
VMK, =0, (3.121)
and therefore )
FVPARA ; =205 M g — LRMPA. (3.122)

On the other hand, from (3.119) and (3.121) it follows that K, ; is the spinor equiv-
alent of a (possibly complex) Killing vector if and only if C(4**Mp)s = 0. Thus, in
particular, K ; corresponds to a possibly complex Killing vector if the space-time
metric is a type-D solution of the Einstein vacuum field equations or of the Einstein—
Maxwell equations with an algebraically general electromagnetic field such that
each principal spinor of f, satisfies (3.52), since, as shown above, in this case M,
is proportional to f .

Proposition 3.7. Let M, be a D(1,0) Killing spinor and K, ; = V8 ;Mp,. Then for
an arbitrary spinor field @,,

VAMABY - 2K )@y = (MBV ;- LKE ) VA @, (3.123)
Proof. We begin by noticing that, making use of (1.27), (2.117), and (2.122),

MBVAY ) = MOEVMY @, + MV AV,
= MV, VD, +2MCPOA b, + MSPO g, C
= MV, VD, — LRMCPd, + MSPCRC .
Hence, with the aid of (3.120), (3.122), and (1.27), we obtain
VEAMABY i — 2K ) D, = MAPVAV i, + (VAMAP)Y @0, — 2K4 VA D,
— 3V )@,
= MV, VD, — LRMP Dy + MBCRC g oy
+ L (eAKPA 4 €PN b, — 2K, VA D,
—CPM @, + LRM D,
= (MY —{K VM @, -
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Thus, if the spinor field @, satisfies the Weyl equation vAd @, =0and M,z isa
D(1,0) Killing spinor, then

satisfies the Weyl equation VeA X4i = 0 (see also Kamran and McLenaghan 1984a,b).

A similar result holds in the case of the source-free Maxwell equations; if f, is a
solution of the source-free Maxwell equations VA4 £, , = 0, then

Jrs = VA(R [(M\ABMCD\VCS) + %M\ABKD\S) + %M\BDKA\S‘) )fBD}

satisfies the source-free Maxwell equations VERR Sfrs = 0 (Torres del Castillo 1985).
In faCt, fRS = VA(R(D‘A‘S)’ with
C BD
Dy = (MABMCDV st %MABKDS + %MBDKAS‘) e

and making use of (3.120), (3.122), (2.64), and the result of Exercise 3.2, one finds
that @, ¢ satisfies the self-duality condition (3.10).
Equation (3.123) can be written in a more symmetric form involving M, ; and its
complex conjugate; indeed, making use of (3.123), we obtain
VAMYEV i — 3K+ MV ) @y
= (MPV g — 3KC 4+ M;PVC ) VA Dy + (VAP VA y
= MV, — 3K 4 — K4+ M PV ) VA Dy,
with M, = M, , and K 3 = V,SM 5. Hence, if
Kip=—Kyp, (3.124)
we have
VAMYEV i — 5K+ MV ) @y
= (MBVp; — 2K+ M;BVE )V, (3.125)

Making use of (3.120) and its complex conjugate, one can verify that condition
(3.124) holds if and only if M, g€ 5 +M ;3€4 is the spinor equivalent of a two-index
Killing—Yano tensor Y,;,, which is an antisymmetric two-index tensor satisfying

VY +VpYe =0 (3.126)

(see (3.127) below). Note that if M, is a D(1,0) Killing spinor, then for any com-
plex constant A, AM,; is also a D(1,0) Killing spinor, but when K, is different
from zero, M, and AM,g satisfy condition (3.124) if and only if A is real. On the
other hand, if M, is a D(1,0) Killing spinor such that K, is equal to zero, then
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for any complex constant A, AM, g€+ AM ;36,5 Will be the spinor equivalent of a
two-index Killing—Yano tensor, which implies (taking A real or pure imaginary) that
the tensor equivalent of M, z€; 5 +M ;3€,5 and its dual are two linearly independent
Killing—Yano tensors. (Cf. Taxiarchis 1985 and the references cited therein.)

By virtue of (3.120), (3.124), (1.27), and (1.64), the spinor equivalent of VY, is

Vai(Mpcepe +Mpegge)
1
= 3 [(eapKci + €acKpi)€se — Epc(€ipKac + EicKap))
1 R R
3[(2€4cKpi + €pc€n” Kri)€pe — Epc(2€icKap + €pc€i" Kag)]
; .
3

_ e e DD
= 5 (€acErpEin€se — Ean€rcEictsn)K
2. DD
= —351€&gpccppK
that is,
2. d
Vachzglgabch s (3.127)

where K|, is the vector equivalent of K, ;, which implies the validity of (3.126). (Note
that condition (3.124) means that K, is pure imaginary, and therefore the right-hand
side of (3.127) is real.)

If we now consider a pair of spinor fields y,, ¢, satisfying the Dirac equation
V21V vt =moc 9, V21V 0% = moe y,, the identity (3.125) and its complex
conjugate imply that the spinor fields

Vp=—(M7V,5—5K,4+ MV 0,
04 = (MAPV s — 3K+ M;PVAp)yy,

(3.128)

also satisfy the Dirac equation (see also Exercise 3.13).

In the case of a type-D space-time that admits a D(1,0) Killing spinor (e.g., any
type-D solution of the Einstein vacuum field equations), according to (3.114), with
respect to a frame such that only C, ,, is different from zero, the components of the
vector field K}, 4, defined by (3.120), can be explicitly expressed in the form

Kyj = =311 5iM,y, Ky = =3I 13M),

(3.129)
K,i = —315,,iM,,, Ky = =3115M,,.

Hence, with respect to such a frame, expressions (3.128) can be written explicitly in
the form

Wy = 2M5(91 — sy + Dsi )01 + (M + M)V Ay,
Yy = 2M (9 + Disio — i22) 03 — (Myy + Mi3) V0,
0 = —2M5(9y; — Tigai + Doy 1) Wy — (Myp + Mi) VA,
03 = —2M,5(9y3+ Tia1y — [ 1;s) W + (M5 + M) VA5 9.

(3.130)
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In the case of the Schwarzschild metric, (3.115) and (2.112) imply that M, is
proportional to r, and making use of (2.109) and (3.129) one finds that (3.124) is
satisfied if we take, for instance,

ir
My =—.

V2

Then, making use of (2.108), equations (3.130) reduce to

Y, = —i (9+ ! cot@
Yi="\ 350 s1n98(p 2

- e i

Vo= ﬂ(% sin @ 8(,0 2C0t6> 2
~ v i

o= (% sin 6 (9(p 2C0t6> Vi
~ ) i d

¢ = <% sin@ (9(p 2C0t6> Var

The eigenvalues of the operator that sends y,, ¢, into y,, aA’ given by (3.131),
are of the form +(j+ %), where j is a half-integer [see (3.37)]. It may be noticed
that this operator does not involve the parameter r,, contained in the Schwarzschild
metric; therefore, also in the Minkowski space-time this operator maps any solution
of the Dirac equation into another solution. In the flat space-time limit, this operator
is essentially that given in the standard notation as (o - L+ ) (see, e.g., Messiah
1962, Davydov 1988).

i,

(3.131)

Exercises

3.1. Show that if ¢, is the spinor equivalent of a future-pointing timelike vector,

then (o, B) = 4B .04 is a positive definite Hermitian inner product for the undot-
ted one-index spinors.

3.2. Show thgt if 1fA p satisfies the source-free Maxwell equations, then VCCVcc fap
=2Capcpf P - 3R fap-

3.3. Show that at each point where the electromagnetic field is algebraically general,
the minimum value of Tabt“t" , with the constraint t%t, = —1, is

1

= [(FabFa ) + (*FubFab)Z]l/Z.

(Physically, T,,t°t” is the energy density of the electromagnetic field measured by
an observer with four-velocity ¢.)
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3.4. Let F,;, be a bivector. Prove that there exists a nonzero vector /¢ such that
Fpl” = 0=*F,l" if and only if F is algebraically special.

3.5. Let T;;, be the energy—momentum tensor of the electromagnetic field. Prove that
there exists a nonzero vector [ such that 7,/ = 0 if and only if T, corresponds to
an algebraically special electromagnetic field F,;, and /* points along the repeated
principal null direction of F,.

3.6. A set of equations for a zero-rest-mass spin-3/2 field is given by
A A

Vai¥'ps = V¥ ai-
Show that these equations can be also expressed in the form H, g~ = 0, Hyp- =
H( ABC)» where

— b — D
Hype = V7 (3Wap|c): Hype =V Vo)
and that if the Ricci tensor vanishes, H, z- satisfies
A D, A
V2 iHape = Capc” V' pi

[cf. (3.41)]. Show that if the Ricci tensor is equal to zero, there are no algebraic
consistency conditions of the Buchdahl-Plebanski type for these equations.

3.7. Using the spinor formalism, show that if the spinor equivalent of a real, trace-
less, totally symmetric four-index tensor T, satisfies the condition (3.51), then
Tubca can be expressed as Tupca = 5 (CarbsCe”a* + *Carps"Cc'4*) with

chghq)bgdh - Tbcgh ¢ugdh + degh ¢ugch - udghq)bgch
[Tubcd (¢urbs ¢crds + *q)arbs* (pcrds)] 1/2

where ¢, 1s any real four-index tensor with the symmetries of the Weyl tensor
such that 794 (@,,1.0."4* + * Garps* 0" ¢*) is different from zero [cf. (3.28)].

Capea =2

)

3.8. Assuming that the Einstein vacuum field equations are satisfied (i.e., R,, = 0)
and that K is a Killing vector, show that

V[a (2beKL] + wgbc]deVdKe) =0,
where f = —K“?K, and  is the twist potential of K; that is, show that
VA~ iXLap€ip +xLigErs) =0,
where y is the Ernst potential (3.98). This implies the local existence of a vector

field 3, such that
21V Ky + 0 €apca VK = =V, By
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Similarly, show that
Via (€0 VIK) =0,

that is, VA4 (Lag€ip +Lig€ap) = 0, which implies the local existence of a vector
field o such that
3abcdeKd = ZV[Q(Xb].

The vector fields o, and 3, can be used to construct a one-parameter family of
solutions of the Einstein vacuum field equations (for details see Geroch 1971).

3.9. Show that the spinor field (3.103) satisfies K BCVA‘C fajc) = 0, for any differen-
tiable function @.

3.10. Show that if M, is a D(1,0) Killing spinor and Q,, is the tensor equivalent
of M, p€ip+M i3€45. then

Vau Ope = — % €abed Vs * Q‘Yd + %g ab % Ose — %g acV’ Osb,

and therefore V(,0p). = % gab V¥ Qse — %ge(uV“'Q‘S‘b). Show that Q,;, is a Killing—
Yano tensor if V¢Q,;, = 0.

3.11. Show that if @, ; is a totally symmetric spinor field that satisfies the spin-s
zero-rest-mass field equations and M, , is a D(k,0) Killing spinor, with s > k,

3.12. Show that if M, is a D(1/2,0) Killing spinor, then
VaiKs = —15ReisMy —2C isMp,
with Kz = VA ;M, . Show that if @, satisfies the Weyl equation, then
fig = MCVCA Dy — ‘p(AVCB)MC
satisfies the source-free Maxwell equations.

3.13. Show that the relation between the bispinors

‘f’z(Zﬁ) and ‘f’:(;%),

given by (3.128), can be expressed in the form

~ 1
Y= %(Y“byﬂavb‘f’—f— K% YP).
3.14. Show that if Y, is a Killing—Yano tensor and v* is the velocity vector of an
affinely parameterized geodesic, then ¥, Y,>v*/¢ is constant along the geodesic (this
amounts to saying that K, = Y,,Y.” is a two-index Killing tensor, V(aKpey = 0).
Show that Y,;,V” is covariantly constant along the geodesic.
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3.15. Show that if K is a Killing vector, the Lie derivative of a bispinor ¥ with
respect to K is given by

£k =KV ¥ + H(VaKy) v Y'Y

()

with



Chapter 4
Further Applications

In this chapter some further examples of the applications of the two-component
spinor formalism are given. In contrast to the preceding chapter, manifolds with Eu-
clidean or ultrahyperbolic signature are also considered here. In Section 4.1 the self-
dual Yang—Mills fields in a possibly curved manifold are considered. In Section 4.2,
areduced expression for the metric of a Riemannian manifold with one algebraically
special Weyl spinor (Cygcp 0r Cipep) 18 derived; this class of manifolds includes
the .7# spaces, which were originally studied by Newman (see, e.g., Newman 1976,
Hansen et al. 1978) and Penrose (see, e.g., Penrose 1976, Penrose and Ward 1980,
Ward and Wells 1990). Section 4.3 deals with Killing bispinors and eigenbispinors
of the Dirac operator, which can be defined in Riemannian manifolds of any dimen-
sion or signature. The discussion is restricted to four-dimensional manifolds, which
allows one to obtain stronger results than those derived by means of the formal-
ism based on Clifford algebras, applicable to manifolds of arbitrary dimension. The
sections of this chapter are independent of each other.

C
With the only exception of the null tetrad ¢4 introduced in Section 4.2, the null
tetrads employed in this chapter satisfy the condition (2.100) appropriate for the
signature of the metric.

4.1 Self-Dual Yang—Mills Fields

A Yang—Mills field is locally represented by a one-index vector field (or one-form)
A, with values in the Lie algebra g of some Lie group G. (More precisely, A, is the
local expression of a connection in a principal fiber bundle with structure group G
(see, e.g., Ward and Wells 1990).) The field strength F;, is then given by

Fap = VaAp — VpAy + A, Ap) 4.1)
and satisfies the identities [which follow from (4.1)]
G.ET. del Castillo, Spinors in Four-Dimensional Spaces, Progress in Mathematical 149
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Vi F + Ay, F® =0, (4.2)

where *F;, denotes the dual of F,;, (*F,, = %sabch d). The Yang—Mills equations
are
V.F® 1+ [A,, F®) =0. 4.3)

The Yang—Mills equations are form-invariant under the gauge transformations
Aa=UT'AU + U100, (4.4)

where U is a function with values in the (gauge) group G. Under this transformation,
the field strength transforms according to

Fup—UT'FuU.

The field strength F;, vanishes if and only if there exists locally a function U with
values in G such that A, = U~19,U.

By virtue of the identities (4.2), the Yang—Mills equations are trivially satisfied if
*Fap = AF, for some constant factor A. Since *(*F;,) = (—1)9F,; [see (1.60)], it
follows that A2 = (—1)9; that is, *F,; is proportional to F,;, only if the field is self-
dual (*F,, = 19F;) or anti-self-dual (*F,, = —(i7)F,;). However, when the metric
has Lorentzian signature, a self-dual or anti-self-dual Yang—Mills field would satisfy
*F,, = +iF,;,, which cannot be fulfilled if A, takes values in the (real) Lie algebra of
G; but when the metric of M has Euclidean signature it is possible to have nontrivial
self-dual or anti-self-dual Yang—Mills fields, because in that case, the field strength
would satisfy the condition *F, = +F,. _

For instance, in the case of a self-dual Yang-Mills field we have FARBR =0,
where F} ipp is the spinor equivalent of F, [see (1.50) and (1.65)]; hence, making
use of (4.1), one obtains the condition

ViukApp+ A Ap R =0, (4.5)

which involves only first derivatives of Ay [cf. (3.10)]. As in the case of the abelian
version of the self-duality conditions (4.5), given by (3.10), equations (4.5) can be
partially integrated, reducing them to a single equation for a potential, if the curva-
ture is equal to zero or if there exists a principal spinor /, of the Weyl spinor C,p-p
satisfying the condition (3.52),

IAIBV o1y = 0.

As shown in Section 3.3.1, in a manifold with Lorentzian signature, a one-index
spinor satisfying this condition defines a shear-free congruence of null geodesics
{ AZA is the spinor equivalent of a vector field tangent to the congruence). However,
when the signature of the metric is Euclidean, we cannot define a vector field with [,
alone. Nevertheless, the consequences of the existence of such a spinor field derived
in Section 3.3.1 remain valid (e.g., Propositions 3.2-3.5).
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The proof is almost identical to that given for Proposition 3.6. With respect to a
null tetrad such that , = 82, we have I};,; = 0, and from (4.5), withA =B =1, we
obtain ' A B A

0=(0," Iy ~T™5)A 1 +A, A (4.6)
[cf. (3.78)]. This last equation means that the components A of the gauge field can
be eliminated locally by a gauge transformation (4.4). That is, equation (4.6) is the
integrability condition for the local existence of a function U with values in G such
that A, = U~19,,U. In fact, applying 9,* to both sides of this last equation, we
have

2, RA 1z = (9, FU™1)9,U + U9, R0, U
= U O U)UT U + U5, RagU — TSR 10,50)
= _AlRAlR+ﬂ21RA1R+rSRR1A1Sv
which coincides with (4.6).
Thus, with A, being equal to zero, taking A = 1, B =2 in (4.5) we obtain the

condition _ ' _ B
0= (9" + " + 0" =T g)Asg,

which has the form of (3.79); therefore, there exists locally a matrix-valued function
x such that
Ay =915+ 20015+ T112p)X 4.7

[see (3.80)].
Finally, taking A = B = 2 in (4.5) and substituting the expressions A;p = 0 and
that for A, given by (4.7), one obtains the single nonlinear condition
0= (3" + Ny T q) A + A, A,
= (" + N T 5) (O1p +2N01x + Nioe) X
(0 +2005  + ,") ] (g + 21z + N X- (4.8)
When M is flat, we can make use of the null tetrad d,; = (1/v/2) 6%, d/dx*

induced by Cartesian coordinates x* for which all the spin coefficients vanish. Then,
equation (4.8) reduces to

_d dx d dyx [8;5 8;5}

T o2l gxl2 9x22 gyli oxll’ 9xl2 (4.9)

where x* = (1/v/2) 0,44x% [see (2.149)]. As pointed out above, if the metric of
M has Lorentzian signature, there are no nontrivial self-dual Yang—Mills fields if
A, takes values in a real Lie algebra. However, one can have nontrivial self-dual
fields by considering, for instance, GL(n,C) as the gauge group G. In that case,
(4.9) corresponds to the equation for Newman’s K-matrix (Newman 1978, Mason
and Woodhouse 1996).
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4.2 o7 and 77 Spaces

As shown in Section 3.3.1, in a manifold with Lorentzian signature, a one-index
spinor field /, satisfying the condition

IAIBY o1y =0 (4.10)

defines a shear-free congruence of null geodesics. According to the Frobenius the-
orem, these equations are also the conditions for the complete integrability of the
system of differential equations

1,68 = 0. (4.11)

That is, equations (4.10) are necessary and sufficient for the local existence of two
(possibly complex-valued) functions ¢', ¢> such that

1,6" = 18 .dq°, (4.12)

where the LBC are complex-valued functions whose values at each point form a
nonsingular 2 x 2 matrix (see also Flaherty 1980). In fact, the system (4.11) is com-
pletely integrable if and only if

d(1,6*B) A 1,651 A 1.6 = 0.

Making use of (2.90), the Cartan first structure equations (2.15), (2.55), and Exercise
2.5, one can readily verify that this last condition amounts to (4.10).

For example, in the case of the Schwarzschild metric (2.106), the spin coefficients
for the null tetrad (2.108) satisfy I ,,4; = 0 [see (2.109)], and therefore, the one-
index spinor field [, = 62 satisfies the condition (4.10). Making use of the explicit

expressions (2.107), we find that the system of differential equations /, 648 = 0 is
equivalent to
d@ +isinfde = 0,

-1
cdi + (1 —r—g) dr=0.

r

This system is, indeed, completely integrable (actually, in this particular case, each
of these one-forms is integrable); one can readily see that

do +isin@de = 2e ?cos* 10d (e tan 16),

N
cdt + (l - r—”) dr =d(ct+r+rgln|r—rg).

r

Thus, the functions qA appearing in (4.12) can be taken as ¢'? tan%@ and ct +r+
reln|r—r,|, or any pair of functionally independent functions of them (see below).



4.2 € and FC I Spaces 153

Assuming that [, is a multiple principal spinor of C,gqp, With the aid of the

. c . .-
functions ¢* we construct a second null tetrad, 945, starting with
o A
024 = -9 2dg", (4.13)
where ¢ is defined by
1BV ily = 1,180, 1n ¢ (4.14)

[see (3.73)]. Thus, from (4.12) we obtain
0% = ¢ (L") 41,678, (4.15)
where (L~1)4 5 are the entries of the inverse of the matrix (1A ;). Then, the one-
forms @ '4 must be given by
51A=¢2L3Amc9CB+ﬂ 52A’ (4.16)

where m, is a one-index spinor field such that mAl 4, = 1 and 7 is an arbitrary func-

i _ QAAgBB _ _  SAA BB .
tion, so that —&, ;€077 0°° = —£, €, 077 0°7 [see (2.99)]. (Note that the spinor
field m* is not uniquely defined by the condition m?1, = 1; the function 7 is related

C
to this ambiguity.) Thus, the vector fields o 45 are

A= )ABlCacBa

C - C
924 = —9L imPIpe —1 9y -

o

(4.17)

A somewhat lengthy computation, making use of (1.106), (2.23), (4.10), the fact
that ddg® = d[(L~1)41,6P] = 0, and the Cartan first structure equations (2.15),
yields

= ¢~*[det(LR )] [_210(9CR In§)I5 g + 3 (V1) 150
= 3p(V215)dgp + SR (VP 1) O |
= 29 *[det(LR )] (lC IR g — mClBVCRlB) 159,

which is equal to zero as a consequence of (4.14). We can now introduce a second
pair of (possibly complex-valued) functions, p*, defined by

910" = 8%, (4.18)
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The integrability conditions for these equations are trivially satisfied since the vector

fields 5 14 commute. Then, the differential of pA is [see (2.90)]

C

i C i 5 C H C i C 5
dpt == cpr*) 6P =— 6" — (950" 67,
and using (4.13) we obtain

) ) c ) i
01 = —dpt+ 0720 5" dgP. 4.19)
On the other hand, from (4.17) we have
C

0d zApA = —¢2LCAmDaDcpA —27.

. . C .
Therefore, choosing n = —%(szC AmD 8DCpA, we obtain ¢ ,4 p* = 0, which means
that

. c ;o
0¥ =—9729,"p" (4.20)
is symmetric on the indices A, B. Then, (4.19) gives
o1 = _dpt — 0ALdgt. “21)
In this manner, we have proved the validity of the following (Plebarski and Robinson
1976, Finley and Plebarski 1976, Torres del Castillo 1983) result.

Proposition 4.1. The existence of a repeated principal spinor of the Weyl spinor
Cupcp that satisfies (4.10) implies the local existence of (possibly complex) coor-

dinates ¢*, p* such that the metric of the manifold can be expressed in the form

g =20"2dg (dp, + Q,zdg”). (4.22)

It may be remarked that in the preceding derivation no assumption is made con-
cerning the signature of the metric (see Example 4.1 below). The manifolds de-
scribed in this last proposition are called .77 spaces.

In the case of the Schwarzschild metric, already considered at the beginning of

this section, it is convenient to choose the coordinates qA in such a way that
) . N
dg' =csc0d6 +idp,  dg? = cdr + (1 - ’—”) dr. (4.23)
r
Then, by comparing (2.107) with (4.12), taking I, = 5§ as above, we find that

(LAB) = diag (—rsin6/v/2,1).

The conformal factor ¢ is determined by I, =9,,In¢ (i.e., p =DIn¢, t=51n¢)
[see (3.74)]; hence, we can take ¢ = ! [see (2.109) and (2.108)]. Then, ac-

C c C
cording to (4.17), the vector fields ¢, of the new tetrad are g,i= —r2811, 1=
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V2resch d;s, and one can readily verify that a possible choice for the coordinates
phis A A
pl=r1, p? = —cosH. (4.24)

Taking m* = 82", the vector fields 52 i are given by [see (4.17)]

c sin @

c c 1 <

Then, making use of the expressions derived above, one finds that 7 = 0 and

r—rg

Qi = _% sin’ 0, 0, =0, 055 = T3 4.25)

It may be pointed out that if we replace the relations (4.23) by
. . —1
dg' =csc0dO+cdr,  dg’ =ide+ (1—r—g) dr,
r

maintaining (4.24), (4.25), and ¢ = !, then (4.22) gives another type-D solution
of the Einstein vacuum field equations (with Lorentzian signature, assuming that
r, 0, @, and ¢ are real), known as the Ehlers—Kundt B1 metric (Flaherty 1980).

Example 4.1. The standard metric of S* in complex coordinates.

An explicit example of a metric with Euclidean signature that satisfies the condi-
tions of Proposition 4.1 and therefore can be written in the form (4.22) is given by
the standard metric of S* (see Example 2.1, pp. 84-86). As shown in Section 2.2,
the conformal curvature of this metric vanishes, Cyp-p = 0, C;pep = 0, and the spin
coefficients for the null tetrad (2.102) satisfy I';;,; = O; hence, the one-index spinor
I, = 82 satisfies (4.10) and, trivially, [181C, 5, = 0. The one-forms [, 6% = 625

must form an integrable system; in fact, 924 — [A quB , with
dqi =csc0dO +ido, dqizcscl//dl[/—kidx,

and )
(L) = diag(— sin ysin y sin 6 /v/2,sin y/v/2).

The conformal factor ¢ is determined by the conditions I3, = d,4 In ¢. Hence, one
finds that ¢ can be taken as

¢ =cscycescy,

and from (4.17) we obtain

C
dii

—sinl//sinzx i—k;i )
Jdy  sinydy

S, L (o 1 9
27 5in0 \ 90 ' sin@de )’
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By inspection, one readily finds that the coordinates pA can be chosen as

p! = —icoty, P> = —cosh.

Then, one finally finds that the functions Q ;, are given by
Qjj=—3sin’6,  Qj=0, Qs =jesc’y,

which are second-degree polynomials in the pA.

Going back to the general case, from (4.13) and (4.21) it follows that the null
tetrad 9, 3, in terms of the coordinates ¢, p, is given by

9 )
. r P 5 9 (4.26)
=02 = _0.B—_

Note that this tetrad need not satisfy one of the conditions (2.100). In fact, equations
C .
(4.17) can be written in the form g, 5= KACKBD8CI~), with
K\© = =0 [dey(Lg)) 1 1C,
K,C = ¢?[det(LR)]"2mE +no2[det(LR )] /21,

and _ _ _
Ki® = [det(Lg)]' AL,

The matrices (Kj) and (K ;) belong to SL(2,C), but they do not have to satisfy
one of the relations (1.185).

The spin coefficients of the metric (4.22) with respect to the null tetrad (4.26) can
be readily obtained by making use of (2.97) and (2.98). Since

E,AB _ 5 LA 5 1218) _ (sz(dp(A —QC(Aqu)Aqu>
[see (2.57)], we have
d S4B = —2¢1dpA §4B — 9 2d0CA A dgpndg?)
=207 (e 0) 97N 548 +02(9pp Q%) 6/%°' A dge N dg?
_ 2¢71(5RC_ 0) 5RC/\ §AB+¢72(5RD Qc'(A) 5\RD\ Ach)¢4 §22’

€22 _j2i, 422 441 3
where we have made use of the fact that S““ =0“'A §““ = ¢ "dg’ Adg”. The
exterior products appearing in the last equation are expressed in terms of the three-

C

forms 048 with the aid of (2.71), and we obtain
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c c . . ¢ . c
d S48 = [—2¢71(9g “9)eP)  — 9%(a,p 0'F) %] BRP. (4.27)
Then, making use of (2.98), we find that
S o _a15 ,._ZC. g2 4.28
Tigep =9 dpa ¢ €pyc— 97 (0114 @))€ b (4.28)
and hence
C . .
Tig= 090 (dpg) + Opyedq®) + ¢~ 'Dyiddag) — 9iQpdg”,  (429)

where we have made use of the definitions

d
aA = a_pA’
5 . (4.30)
DA = (— — QAB_B) .
dqh dp
(Note that 94 = —9/dp,.) In a similar manner, computing separately d Sase,
and d 3‘ 22 we obtain
c .
]rll = ¢_38A¢qu7

T = — 3671940 (dp’ + 04 4dg®) — L(67'D40 +9504) dgt,  (431)
Ty = —0D;0 (dp + 0 dg?) — 92DP 0y e

The curvature spinors can now be calculated, e.g., with the aid of (2.91)—(2.94); the
Weyl spinors are

[
Cipcp= —9°949Q¢p)» (4.32)
and
C
Cinn =0,
C
Ciiin =0,
. -
Ciin = —%¢29A33QAB7 (4.33)

¢ -
Ciom = —39*D,40;0",
c - L
Coy = —0°[D;D0"" — (D0**)9 Q¢ ],
the spinor equivalent of the traceless part of the Ricci tensor
C
Ciiag = ¢ '9i959,
c A
Croap = —39°0°0,4Qp)c+ 99,aDp)9, (4.34)

ézzA;_f; = —¢53(A (¢71DCQB)C) +0°(D9)9p Q5+ ¢3D(ADB>¢,
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and the scalar curvature

R=2029,0,0"% +12¢%9,(¢2D"9). (4.35)

Integration of Field Equations

Expression (4.22) allows us to partially integrate several sets of equations of ge-
ometric or physical interest. As an example of the reduction that can be achieved
by combining the two-component spinor formalism and the form of the metric
(4.22) (which is itself adapted to the spinor formalism) we shall give an alterna-
tive derivation of two results obtained in Section 3.3.1, showing that locally the
solution of the source-free Maxwell equations, or of the Weyl equation, can be ex-
pressed in terms of a single scalar function that satisfies a second-order linear partial
differential equation.

a c P
The source-free Maxwell equations V 4 A8 =0 are equivalent to d(f i B§AB )=0
(see Exercise 2.5). Thus making use of (2.71), (2.90), and (4.27), we have

c c ..
9?01 (977 f1) =0 (4.36)
and
2 ¢ 2 SAB 2 %8¢ € A
0" 0pp (0~ F77)+ 07 f7 9, " Qpe =0. (4.37)
C ..
Owing to (4.26), equation (4.36) is equivalent to dz(¢ 2 f45) = 0. The solution of
this last equation can be obtained making use of the following proposition.

Proposition 4.2. Let M;; be a set of functions satisfying the conditions M3 = Mp,;
and 9;MAB = 0. Then there exists locally a function H such that Mz = 0, 0gH.

Proof. Conditions 9;MA® = 0 are equivalent to

8M13 8M23

dp? apl’
which imply the local existence of functions F B such that

opl’ dp?

Since Mj, = My, we have dF;/dp' = dF;/dp?, which in turn implies the local
existence of a function H such that F; = dH/dp™; hence, M, = d*H /dpapP.
O

Thus, there exists locally a function H such that

fig =9209sH. (4.38)
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Substituting this expression into (4.37), making use of (4.26) and (4.30), we obtain
0= Dyd 9P H + (9P9°H) 9" Qe

— o (8‘9 9%H + QBCaBaCH>
q*

— oA (DBaBH) ,

which means that F = DBaBH is a function of qA only. The function F can always
be written in the form F = dh /dq?, where the i are also functions of ¢ only.
Letting H = H — h; pA we find that [see (4.30)]

oh®

DydPH =Dy(9®H —hP) =F —Dyh® = F — S5 =0
q

C ~
On the other hand, f;; = ¢?0,;d3H = ¢>9;d3H. Thus (dropping the tilde), we con-
clude that locally, any solution of the source-free Maxwell equations can be written

in the form JCCA'B: ¢%0,05H, where H is a function such that Dzd?H = 0.

In order to make use of this result it is not necessary to express the metric of
the background space-time in the form (4.22), since with respect to an arbitrary null
tetrad, this solution is given by

Fin= VP a0V (0Ll w))] (4.39)
(Torres del Castillo 1984b), where y is some function [cf. (3.83)].
With the aid of (4.28), one finds that with respect to the null tetrad (4.26), the
Weyl equation V,zn® = 0 is given by
032 315 (97321 %) =
C [ c . Cc -
037 00 (9721 P) + 30(9) “Qep) N = 0.

The first of these equations is locally equivalent to the existence of a function H

(4.40)

C
such that 1= 03/ 29xH, and substituting into the second equation one finds that the
function H has to satisfy the equation

Dyd®H +1(9€Qp)9"H = 0.
With respect to an arbitrary null tetrad we have
Mg =0""'V<y(0lcy)
[cf. (3.88)].
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Left-Flat Spaces

The so-called J7 spaces are “half-flat,” which means that the curvature two-forms
R 5 (or X, ) vanish. In the same form as the vanishing of the curvature two-forms
Q,;, implies the local existence of a tetrad for which the connection one-forms van-
ish [see (2.51)], the vanishing of the two-forms Z, 5, for instance, is locally equiv-
alent to the existence of a null tetrad such that I'y; = 0 [see (2.68)]; therefore,
according to Proposition 4.1, the metric of such a manifold can be expressed in the
form

g =2dq*(dp; + Q,3dq®) (4.41)
in terms of some local coordinates qA pA [since I p-p =0, ¢ can be taken equal
to 1; see (4.14)]. As we shall show below, the coordinates qA p? can be chosen

in such a way that ][‘AB: 0. We start by noticing that d;0¢ QBC = 8(A3 QB)C +

£A38R8 'QRC =0, as a consequence of E‘IZAB— 0 and 51 122=0, taking into account
that ¢ =1 [see (4.34) and (4. 33)] Hence, 8CQBC are functions of q only.

On the other hand, from C1222— 0, we have 8ADBQA = 0, which turns out to
be equivalent to Dd; Q48 = 0 [see (4.30)], or, since 9; 0 depend on the ¢~ only,
(9(8AQAB )/9d¢® = 0. This last equation is locally equivalent to the existence of a
function A (¢®) such that

2404 = 0A /94" (4.42)
(cf. Proposition 4.2).

We can take advantage of the fact that the coordinates qA are not uniquely defined
by (4.12); in place of qA we can employ any pair of independent functions g’ R of the
qA, which induce a new null tetrad 5 'AB \yith [see (4.13)]

c B ) 78q’A i e
9/2A:_¢ qu/A:_(P 2 quB:TvABeZB7
dq
where )
. aq/A
T4, = —
B 94"

(There is also some freedom in the choice of the conformal factor ¢ [see(4.14)].
However, in the present case, we want to maintain the value ¢ = 1.) Hence,

. c . .,
The new coordinates p' must satisfy the conditions 9/, ; p'® = Sf [see (4.18)], and
therefore, ) o )

P =—(T"""p" + o, (4.43)

where the o are functions of qB only.



4.2 € and FC I Spaces 161

Since the form of the metric (4.41) must be invariant under this change of coor-
dinates, the functions Q' ; corresponding to the new coordinates g4, p'* must be
given by

JAB _ (1 Appeiy BACD e C(AOD™D
048 = (1) M) (U L @44

Using the fact that 5 Ui =9/9p"4 = 9’ [see (4.26)] and combining the previous
results, one finds that

PGy = (11)Py |90~ 55 a7

Hence, by means of a change of coordinates such that Indet(TX §) = A, we get
9"4Q 45 = 0 [see (4.42)].
Now we note that d;DQpe = 94D Qp)c + 38130 D Qe = 0, as a conse-

quence of ézzAB =0, 8‘1222 =0, and ¢ = 1. Hence, DCQBC are also functions of ¢
only. Assuming that the coordinates q/A, p’A have been chosen in such a way that
(9A Qg = 0, from the condition 8‘2222 = 0 we have DBDCQBC =0, which is locally
equivalent to the existence of a function = (qA) such that

DCQue = 9Z /3", (4.45)

Under the coordinate transformation q/A = qA, p’A = pA + o4 [see (4.43) and
(4.44)], we have

Qi =Qip— W%)-

Then one finds that

d 1904
DCQ ye = D Qe+ — :
Q BC QBC (9 B 2 aq
Therefore, by means of a change of coordinates g4 qA, p’A = pA + o with

904 /9g* = —2Z, we get D'CQ/ - = 0, thus showing that there exist local coor-
dinates ¢, p such that the metric can be written in the form (4.41) with

2'0i; =0, D'Qu=0 (4.46)

C .
(which amounts to Typ= 0 [see (4.31)]). According to Proposition 4.2, 8AQAB =0
implies the local existence of a function © such that

Qjip = 9;930. (4.47)

Substituting (4.47) into the second set of equations in (4.46), we find that [see
(4.26)]
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_ (9 ¢ 0 5 o8] 9 qig L[5 a¢a) 5 o4
o_< 0, ﬁ)QA - [8_qAa @—5(8A8 @)aca@

@ _ (4.48)

Equation (4.48) means that the expression between brackets is a function of qA only,
which can always be written in the form Ok’ /9q?, where the B are functions of the
g® only. Then, the substitution © — © + h; P, which leaves Q; i unchanged [see

(4.47)], gives
po) o
—aA@+ (a 930)9*9%e = 0. (4.49)
dq*
This is the so-called second heavenly equation (Plebarnski 1975, Boyer et al. 1980),
and as we have shown, the metric of any left-flat space can be locally expressed in
the form

g =2dg" (dp; + 9,040 dg®), (4.50)

where © is a solution of (4.49).
According to (4.32), the only components of the curvature that can be different
from zero are given by C'j g = —0050:9p0.

4.3 Killing Bispinors. The Dirac Operator

Apart from the definition of a Killing spinor given in Section 3.4 for a manifold with
Lorentzian signature, there exists another concept of a Killing spinor in the litera-
ture, which we shall call Killing bispinor (defined for a manifold of any signature).
For a four-dimensional manifold, a pair of one-index spinor fields (y,, ¢, ) forms a
Killing bispinor with Killing number A if

VaiVp = A€i04 Vii%s = A€ipWy, (4.51)

for some constant A (cf. Baum 2000, Friedrich 2000). An analogous concept can be
defined in Riemannian manifolds of any dimension (Friedrich 2000, for the three-
dimensional case see also Torres del Castillo 2003). As in the case of the D(k,0)
Killing spinors, the existence of a nontrivial solution of (4.51) imposes strong con-
ditions on the curvature of the manifold. In fact, combining the equations (4.51),
one obtains )

VAVaivp = 22y, (4.52)
VAV AW = —A%€ci W,

and hence

OcaVs = A2 (EagVe + Ecp W)
Ueaws =0,
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and comparing with the Ricci identities (2.122) and (2.124), we see that C, g, =0,
Cupip =0, and
R = —247". (4.53)

In a similar way one finds that Cj 3¢, = 0. Equation (4.53) shows that the value of
A is determined up to sign by the scalar curvature and that A must be real or pure
imaginary.

Equations (4.51) imply that if (y,,¢,) is a Killing bispinor with Killing num-
ber A, then (—y,, ¢;) is a Killing bispinor with Killing number —A. Each Killing
bispinor gives rise to a (null, possibly complex) Killing vector K, ; = y, ¢4, since

Vai(Wpts) = AW, Wpeip+ A0 0p84p (4.54)
[cf. (2.140)]. Equations (4.52) also yield

VY oy, = 202y, (4.55)

In what follows we shall restrict ourselves to the case that the signature of the
metric is Euclidean. In this case equations (4.51) are equivalent to

Vail¥p = —A€4504, Vails = —A&ig¥s. (4.56)

Thus, when 4 is real (R < 0), (y,,9,) and (—y,, ‘EA) are two linearly independent
Killing bispinors with the same Killing number A, while if 4 is pure imaginary
(R>0), (y,,9;) and (y,,9,) are two linearly independent Killing bispinors with
the same Killing number A. ~ ~

From (4.54) and its mate it follows that y, ¢, — ¥, ¢, and i(y,9; + ¥, ¢;) are
the spinor equivalents of two real Killing vectors, and from the relation

Vi (WBQ;B + Ypdy) = 3AB(7L¢A($B q:I(l)BaA) +ei5(Ay, P :FIWBfI}A)

it follows that if A is real, then i(l//A(EA — Y, 0;) is the spinor equivalent of a real
Killing vector, while if A is pure imaginary, y, (EA + ¥, 9, is the spinor equivalent of
areal Killing vector. Thus, a Killing bispinor gives rise to three linearly independent
Killing vectors (cf. Friedrich 2000, Sec. 5.2).

Making use of (4.51) and (4.56) one can verify that if A is real, then y* Y, —

q)A (E i 18 a (real) constant, and if A is pure imaginary, then yA W+ q)A ‘EA is a constant.
Eigenbispinors of the Dirac Operator

We shall say that the pair of nonvanishing one-index spinor fields (v, ;) is an
eigenbispinor of the Dirac operator if

VA =A0i, V40 =2y,, (4.57)
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for some constant A [cf. (3.34)]. Note that a Killing bispinor is an eigenbispinor
of the Dirac operator, but the converse is not true. If we further assume that M is
compact, then A must be pure imaginary, since when the metric of M is positive
definite, we have

A/ Ad:/AVAAd
Mv"wAv MAGTY

= /M (VA (Ga04) — 0, VA7, ] dv

_ [ o754
- /M 070" dv,
ie.,
—~ _ 7 AT
A/wa‘wAdv_ )L/Mq) by dv, (4.58)

and similarly one finds that A [, oA (E)\A dv = -2 [,, w*, dv, which implies that
A+ [ (i + "6 dv =0,
Hence, A= —A, and if A does not vanish, (4.58) yields
/ YA, dv = / 049, dv. (4.59)
M M
Making use of the Ricci identities, from equations (4.57) and their mates one finds
that if A is equal to zero then the curvature of M vanishes.
A lower bound for |4| can be obtained by noting that for any spinor field x*, the
identity
Vi Vet = V(BCVA)CXA + %8BAVSCVSCXA
=0pax" + 3V Ve
= §RXp+ 3V Vacks (4.60)

holds. Therefore, if (y,,¢,) is an eigenbispinor of the Dirac operator, then VACY AC
W = —2A%y — 3Ry and

/A;I(z}tz + R Y dv = /M POV e dv
= | Y aew) — (VT sl

_— /M (VACYB)(V oy dv. 4.61)
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The integrand in the last expression is greater than or equal to zero, and therefore
212/ By dv>l/R By,dv > 1R / By, dv,
||MWWB 4M‘/"/’B 40MWWB

where Ry denotes the minimum of the scalar curvature on M; thus, |A |2 > %RO.
In order to find a smaller lower bound for |4 | we introduce the spinor fields

Eane = Vac¥s — 3A€59c Nisc = Veads — 1A €ipVe
[cf. (4.51)], so that (4.57) are equivalent to &, g = &45¢ and Nz = N(ig)c- Then
(VW) (Vaewp) = (EYC+ 5A2%0) (Eupe + 1 Aeasbc)
= EAPCE, et AP0
and making use of (4.61) and (4.59), we have
0< /A./IéABCgABC dv
= [ (VYN Vewp) = LA av
= [ [ @22+ 1Ry~ 426 %] d
= | GIAP= 4Ry v

Thus |A|? > {Ro. Furthermore, if |A | = %Ro, then R is constant and &, g~ = 0, which
means that V .y, = %QL.SA p®c- In a similar manner one finds that 15~ = 0, which
is equivalent to V05 = %A&‘ABWC, and therefore, (y,,¢;) is a Killing bispinor
with Killing number 1 4.

Exercises

4.1. Show that the solution of the zero-rest-mass field equations (3.42) with respect
to the null tetrad (4.26) can be expressed in terms of a scalar potential [cf. (4.38)].

4.2. Find the commutators of the three linearly independent Killing vector fields
induced by a Killing bispinor when the signature of the metric is Euclidean.



Appendix A
Bases Induced by Coordinate Systems

In the traditional tensor formalism, the vector or tensor fields and the connections
are given through their components with respect to the bases induced by coordinate
systems, instead of rigid bases as the orthonormal or the null tetrads. Given the
components #;y.. p of a tensor field with respect to the basis induced by a coordinate
system x*, the components of its spinor equivalent are defined by

1 1 1

I4ABB..DD = \/EGMAAEGVBB ﬁGPDD tuv..ps (A.1)

where the Infeld—van der Waerden symbols o ,; are complex-valued functions
such that

guvot 430” cp = —2€,c8p (A.2)

and the g,y are the components of the metric tensor with respect to the coordinate
system x*. (By contrast, the Infeld-van der Waerden symbols associated with a
rigid tetrad are constant.) We use here almost the same notation as in the preceding
chapters for the Infeld—van der Waerden symbols, only with a Greek letter instead
of a Latin letter for the first index.

The Infeld—van der Waerden symbols can be explicitly obtained for a metric
given in terms of a coordinate system, by finding first a set of one-forms 847 such
that the metric tensor is expressed as g = —26'160%2 4+ 2012621 [see (2.99)], and
then reading off the coefficients in 647 = (1/v/2)0,"? dx* [cf. (2.14)]. Finally,
6" a5 = 8"V ExcEspov "

The components of the covariant derivative of a tensor field involve the Christoffel
symbols, which are given by the well-known formula

d d
1—#3 _ %gul (agvl + 8pr gvp>' (A3)

oxP oxVv dx?
For instance, the components of the covariant derivative of a vector field are

\Y4 tv—ﬂ_FFVIP
P P TR
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which are also denoted by ¢V.,,. Therefore, using the fact that

P

EF
= O ppt
\/E EF )
the components of the spinor equivalent of V¢V are given by

5 1 5 [ Ot
VAB ICD = EG”ABGVCD <(9_“ +FV lp>

— ot :6,P (| 6¥ ot" +tEF—aGVEF +TY 6P tEF
2\/— AB EF 50 It puO" EF

o D CD  EF
= dupt TP pan 55,

where the vector fields

1 J
Oyp = —20'“AB—ax” (A4)
form a null tetrad and
: 1 5 [ doY
TP ey = mo”ABovCD( — [fF +I)0 EF) (A.5)

(An example in which one can identify the functions o* ,; is given by (2.108).)
Since in the present case the components of the metric tensor need not be con-

stant, one has to be careful with the order in which the partial derivatives and

the raising or lowering of indices are applied. Using the fact that dg,; /dx* =

T{,’;g,d + Fﬁgw, which is equivalent to (A.3), from (A.2) we obtain
90 sr _ v IOV @
v dxH EF ™ )xH

d ACD
_GVEF W (gv?u o )

aGlCD

_ . v _ACD
= "Or—5ua — 9 EFC (

R};lgxl + F)LKugvvc),

and substituting into (A.5), we find that I'? .., » = —T;zCP 4 5, which implies that
Iepeiag = Iceag€pr + Iprpaécr- Hence, the spin coefficients for the null tetrad
(A.4) are related to the Christoffel symbols by

\%
26V ep

1
Tepas = mG”ABGVCD < OxH +1ou0’ ) ’

(A.6)
) p. _Lo.u 'O'C~ aGCF+FvO_p
DFBA_4\/§ ABYV D oM

[cf. (2.18)].
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If we consider two conformally related metrics g = ¢¢’ as in Section 2.3, for a
given null tetrad d,; associated with the metric g, we can define a null tetrad 9’45
for the metric g, by 9"y = ¢ d4p [see (2.132)]. Expressing the vector fields 9’45 in
the form (A.4), in terms of the basis induced by the coordinates x*, we have

Mmoo bt
O A =00 p
or equivalently,
r .
Cuap=9 Ouap

(The tensor indices of ', are lowered by means of giw = q)’zg”v.) With the
aid of the coefficients 6* 45 and 6'* ,; we can find the relation between the tensor
components of objects corresponding to the metrics g and g’, with respect to a given
coordinate system. For example, making use of (2.136) and the fact that C,p¢ is
the spinor equivalent of §(Ryy — 7Rguv), we obtain

R, — iR\, =Ruy — 1Rguv +207 ' (Vu Vo — 18w VPV, 0),

where RLV and R’ are the components of the Ricci tensor and the scalar curvature,
respectively, of the metric g’. Hence,

Ry =Ruy+207'VuVyo + 07" guy VPV, 0 =30 g (VP9) (V). (A7)

In a similar way, making use of the fact that C,p-p€ip€epn + Cincp€ap€ep 15 the
spinor equivalent of the Weyl tensor, from (2.135) and (2.138) we find that

C;tvpc = ¢72Cuvpa- (A.8)
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