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Preface

The aim of this book is to present in an elementary manner the spinor formalism
applicable to four-dimensional spaces of any signature, without assuming previous
knowledge about spinors, nor an advanced knowledge about Lie groups. The ap-
proach followed here is not based on the Clifford algebras and does not make use of
the language of fiber bundles.

This book should provide the basic notions for graduate students interested in the
foundations of the two-component spinor formalism or its applications in general
relativity or relativistic quantum mechanics. It is also intended for use as a reference
book, since it contains several results scattered in research papers, as well as some
previously unpublished results.

Throughout the book I have tried to stress the advantages of the two-component
spinor formalism over other formalisms encountered in the literature, and the ex-
amples considered here have been selected with this purpose. Whenever possible,
I have tried to derive the relations given in the book making use of the spinor for-
malism, not simply translating into the spinor notation some relation obtained by
means of another formalism.

My first encounter with the two-component spinor formalism was through Pro-
fessor Jerzy Plebański’s monograph entitled Spinors, Tetrads and Forms (Plebański
1974). This monograph circulated in handwritten form in the 1970s, and when Pro-
fessor Plebański decided to update his work and get it published as a book, he invited
me to collaborate in the task. After several not very successful attempts to complete
Professor Plebański’s manuscript, I decided to start from scratch, rewriting every-
thing. Unfortunately, owing to his much deteriorated health, Professor Plebański
was unable to give his opinion on the first chapter, which was almost finished before
his death in 2005. To a great extent, I have tried to follow the conventions employed
in the works of Professor Plebański and collaborators.

This book differs from the books about spinors already published and also from
Professor Plebański’s monograph in many details. It develops the two-component
spinor formalism for four-dimensional spaces of any signature, giving a detailed
study of the orthogonal groups based on spinors. It also gives a detailed account of
the relationship with the standard treatment of the Dirac bispinors.

v



vi Preface

The concept of the mate of a spinor (which can be defined only when the sig-
nature is Euclidean or ultrahyperbolic) is introduced and applied. Many worked
examples are included in the manuscript; in some of them, the bases of the self-dual
and the anti-self-dual two-forms are employed to find the connection and curvature
of the manifold. The self-dual electromagnetic fields are studied to find the solu-
tions of the source-free Maxwell equations, presenting results and derivations not
previously given in book form. The D(k,0) Killing spinors and their applications
are discussed in some detail, and the formalism of the H H spaces is also included
with complete derivations. The Killing bispinors are studied making use of the two-
component spinor formalism.

In Chapter 1, which deals with the algebraic aspects of the spinor formalism and
contains a fairly complete discussion about the orthogonal groups, it is assumed
that the reader has some familiarity with linear algebra, elementary group theory,
and the use of tensor indices. Chapter 2 deals with the elementary applications of
the spinor formalism to Riemannian manifolds, assuming some basic knowledge
about differentiable manifolds, Riemannian connections, vector fields, and differen-
tial forms. For the last two chapters, it is convenient to have also some knowledge
of general relativity. Most of the examples considered in the book are taken from
general relativity and differential geometry.

I would like to thank the reviewers of the original version of the manuscript for
their very helpful comments. I am also grateful to Gerald Kaiser and Ann Kostant
at Birkhäuser for their support.

Gerardo F. Torres del Castillo
October 2009
Puebla, Puebla, México



Contents

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

1 Spinor Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Orthogonal Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Null Tetrads and the Spinor Equivalent of a Tensor . . . . . . . . . . . . . . 4
1.3 Spinorial Representation of the Orthogonal Transformations . . . . . . 17

1.3.1 Euclidean Signature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
1.3.2 Lorentzian Signature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
1.3.3 Ultrahyperbolic Signature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

1.4 Reflections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
1.5 Clifford Algebra. Dirac Spinors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
1.6 Inner Products. Mate of a Spinor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
1.7 Principal Spinors. Algebraic Classification . . . . . . . . . . . . . . . . . . . . . 59
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

2 Connection and Curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
2.1 Covariant Differentiation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
2.2 Curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

2.2.1 Curvature Spinors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
2.2.2 Algebraic Classification of the Conformal Curvature . . . . . . . 91

2.3 Conformal Rescalings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
2.4 Killing Vectors. Lie Derivative of Spinors . . . . . . . . . . . . . . . . . . . . . . 95
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

3 Applications to General Relativity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
3.1 Maxwell’s Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
3.2 Dirac’s Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
3.3 Einstein’s Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

3.3.1 The Goldberg–Sachs Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 123
3.3.2 Space-Times with Symmetries. Ernst Potentials . . . . . . . . . . . 131

3.4 Killing Spinors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

vii



viii Contents

4 Further Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
4.1 Self-Dual Yang–Mills Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
4.2 H and H H Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
4.3 Killing Bispinors. The Dirac Operator . . . . . . . . . . . . . . . . . . . . . . . . . 162
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

A Bases Induced by Coordinate Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175



Chapter 1
Spinor Algebra

In this chapter the algebraic background of the two-component spinor formalism is
developed, showing that a four-dimensional real vector space with an inner prod-
uct can be considered as a subspace of the tensor product of two two-dimensional
complex vector spaces (the spin spaces), and several examples of the usefulness of
this identification are given, deriving various properties of the orthogonal transfor-
mations as well as several tensor relations.

Most existing applications of the two-component spinor formalism are related to
the space-time of special or general relativity, and it is sometimes asserted that the
two-component spinor formalism is tied to the signature of the space-time metric.
As shown below in detail, the two-component spinor formalism can be applied to
four-dimensional spaces of any signature.

In the traditional tensor formalism, one is acquainted with the fact that it is pos-
sible to construct tensors with any number of indices by means of the tensor prod-
uct of vectors. As we shall see, in turn, the vectors of a four-dimensional vector
space can be constructed from the tensor product of simpler objects, which are the
two-component spinors. In this sense, it is often said that the spinors are square
roots of vectors and that the spinors are more fundamental objects than the vectors
themselves. Any vector or tensor has a spinor equivalent, and all the operations be-
tween vectors and tensors have a straightforward counterpart in the spinor algebra.
As shown throughout this book, in many cases, the expression of the spinor equiva-
lent of a tensor is much simpler than that of the corresponding tensor, and therefore
it is easier to derive many relations employing spinors instead of tensors. Some of
the advantages of the spinor formalism come from the fact that each spinor index
takes two values only.

Apart from giving the basic rules of the spinor algebra, this chapter contains a
detailed study of the orthogonal groups, as an example of the simplifications that
can be achieved by making use of the spinor formalism. The connection between
the two-component spinors and the Dirac spinors, for all signatures of the metric, is
developed here, and the algebraic classification of totally symmetric spinors is also
discussed.

G.F.T. del Castillo, Spinors in Four-Dimensional Spaces, Progress in Mathematical 1
Physics 59, DOI 10.1007/978-0-8176-4984-5_1,
c© Springer Science+Business Media, LLC 2010



2 1 Spinor Algebra

1.1 Orthogonal Groups

Let V be a four-dimensional real vector space with a metric tensor g (i.e., g is a
nondegenerate, symmetric, not necessarily definite bilinear form). (Some authors,
e.g., Hall 2004, reserve the name metric tensor for the tensor field defining a Rie-
mannian manifold, reserving inner product for the nondegenerate bilinear form of a
vector space.) It is always possible to find an orthogonal basis of V , {e1,e2,e3,e4},
such that for a = 1,2,3,4, g(ea,ea) = 1 or −1; in other words, the 4× 4 matrix
(gab) (a,b = 1,2,3,4) that represents the metric tensor g with respect to the basis
{e1,e2,e3,e4}, defined by gab = g(ea,eb), is diagonal with 1’s or (−1)’s along the
diagonal. Such a basis will be called orthonormal. We can assume that the basis
vectors e1,e2,e3,e4 are ordered in such a way that the first p entries of the diagonal
are equal to 1 and the last q = 4− p entries are equal to (−1).

The numbers, p and q, of 1’s and (−1)’s appearing in the diagonal matrix (gab)
do not depend on the orthonormal basis chosen, but are fixed by the metric tensor.
The pair of numbers (p,q) defines the signature of g. Since p + q must be equal
to 4, the knowledge of p or q defines the signature of g; some authors define the sig-
nature as p− q. Thus, (gab) must be the matrix diag(1,1,1,1), diag(1,1,1,−1),
diag(1,1,−1,−1), diag(1,−1,−1,−1), or diag(−1,−1,−1,−1). Since the last
two cases are obtained from the first two by reversing the sign of g and relabel-
ing the basis vectors, we will consider only the first three cases

(gab) =

⎧
⎨

⎩

diag(1,1,1,1) (Euclidean signature),
diag(1,1,1,−1) (Lorentzian or hyperbolic signature),
diag(1,1,−1,−1) (Kleinian or ultrahyperbolic signature).

(1.1)

In what follows it will be assumed that the metric tensor of V has one of the
forms (1.1).

For a given signature, there are infinitely many bases with respect to which (gab)
takes one of the forms (1.1). If {e1,e2,e3,e4} and {e′1,e

′
2,e

′
3,e

′
4} are two orthonor-

mal bases of V with respect to which g is represented by the same matrix (gab), i.e.,

g(e′a,e
′
b) = g(ea,eb), (1.2)

then the fact that {e′1,e
′
2,e

′
3,e

′
4} is a basis of V implies the existence of a 4×4 real

matrix (La
b) such that

ea = Lb
ae′b (1.3)

(with a sum over repeated indices; here and in what follows, lowercase Latin indices
a,b, . . . take values from 1 to 4). Substituting (1.3) into (1.2), using the bilinearity of
g, one obtains

gab = Lc
aLd

bgcd . (1.4)

This condition implies that det(La
b) = 1 or −1 (and, hence, (La

b) is invertible).
The matrices (La

b) satisfying (1.4) are called orthogonal, and as can readily be
seen, the set of orthogonal matrices forms a group with the usual matrix multi-
plication as the group operation, which is denoted by O(p,q), where (p,q) is the



1.1 Orthogonal Groups 3

signature of g. The matrices satisfying (1.4) with det(La
b) = 1 form a subgroup of

O(p,q), denoted by SO(p,q). (When q is equal to zero, we simply write O(4) or
SO(4) instead of O(4,0) or SO(4,0), respectively.)

If (gab) is the inverse of the matrix (gab), i.e., gabgbc = δ c
a , from (1.4) we obtain

δ e
b = geagab = geaLc

aLd
bgcd = geaLc

agcdLd
b, which means that the inverse of (La

b),
with entries (L−1)a

b, is given by

(L−1)e
d = geaLc

agcd , (1.5)

or, following the standard rules for raising and lowering tensor indices by means
of the metric tensor (gab) and its inverse (gab) (e.g., ta = gabtb, ta = gabtb), we can
write (1.5) as

(L−1)e
d = Ld

e. (1.6)

The inverse of a matrix satisfying (1.4) also belongs to O(p,q) and therefore also
satisfies condition (1.4), i.e., gab = (L−1)c

a(L−1)d
bgcd , and according to (1.6) we

conclude that

gab = La
cLb

dgcd . (1.7)

In order to motivate the spinor notation employed in what follows, it is convenient
to consider the space R

2,2, which is the vector space R
4 with the ultrahyperbolic

metric tensor (gab) = diag(1,1,−1,−1) with respect to the canonical basis. The
mapping

(x,y,z,w) �→ 1√
2

(−x− z −y−w
w− y x− z

)

(1.8)

is a one-to-one correspondence between R
2,2 and the vector space formed by the

2× 2 real matrices (the factor 1/
√

2 is introduced in order to get agreement with
the conventions adopted in the following sections). Denoting by P the matrix on the
right-hand side of (1.8), we see that

detP = −1
2
(x2 + y2 − z2 −w2),

i.e., apart from the factor −1/2, detP is the inner product of the vector (x,y,z,w)
with itself.

If K and M are 2×2 matrices, both real or both pure imaginary, the transformation

P �→ P′ ≡ KPM (1.9)

is linear and, by means of the correspondence (1.8), is equivalent to some linear
transformation of R

2,2 into itself. Since detP′ = det(KPM) = (detK)(detP)(detM),
it follows that if

(detK)(detM) = 1, (1.10)

then detP = detP′; that is, denoting by (x′,y′,z′,w′) the vector corresponding to P′
according to (1.8), the inner product of (x,y,z,w) with itself is equal to the inner
product of (x′,y′,z′,w′) with itself. This implies that the mapping (1.9) corresponds
to an orthogonal transformation of R

2,2, i.e., an element of O(2,2).
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Assuming that the matrices K, M satisfy the condition (1.10), letting K̃ ≡
(detK)−1/2K, M̃ ≡ (detK)1/2M, we have

P′ = KPM = K̃PM̃,

and detK̃ = 1 = detM̃; hence, in order for (1.9) to correspond to an orthogonal
transformation, we can assume that the determinants of K and M are equal to 1.
(Note that since K and M are both real or both pure imaginary, (detK)1/2 is real or
pure imaginary and the matrices K̃ and M̃ are also both real or both pure imaginary.)
Hence, by representing the points of R

2,2 by 2× 2 matrices, as in (1.8), the simple
algebraic conditions detK = 1 = detM, allow us to find orthogonal transformations.

If we denote the entries of P by Pi
j, where the superscript labels the row and the

subscript labels the column, and similarly for the other 2×2 matrices, the transfor-
mation (1.9) is equivalent to

P′i
j = Ki

kPk
lM

l
j = Ki

kMl
jP

k
l. (1.11)

This last equation is similar to the transformation law for the components of a rank-
two tensor, with the difference that in the latter case, the matrix K would be the
inverse of M, while in (1.11), K and M can be two arbitrary unimodular 2× 2 real
or pure imaginary matrices.

Hence, it is convenient to distinguish the two indices labeling the entries of the
matrix P in a way that explicitly indicates which one of the matrices K and M
appearing in (1.9) is employed in the transformation. Specifically, the entries of K
will be labeled with undotted indices A,B, . . . that take two values only, K = (KA

B)
(A,B, . . . = 1,2), while the entries of M will be labeled with dotted indices Ȧ, Ḃ, . . .,
M = (MȦ

Ḃ) (Ȧ, Ḃ, . . . = 1̇, 2̇), and the entries of P and P′ will be labeled with one
undotted index and one dotted index, P = (PA

Ḃ), so that (1.9) amounts to

P′A
Ḃ = KA

CPC
ḊMḊ

Ḃ = KA
CMḊ

ḂPC
Ḋ. (1.12)

As we shall show in the following sections, all the SO(p,q) transformations can
be expressed in a form analogous to (1.12), though in some cases it will be necessary
or convenient to make use of linear combinations of vectors of V with complex
scalars.

1.2 Null Tetrads and the Spinor Equivalent of a Tensor

Apart from the orthonormal bases considered in the foregoing section, it will be
useful to consider bases, {E1,E2,E3,E4}, with respect to which the metric tensor
of V is represented by the matrix

⎛

⎜
⎜
⎝

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

⎞

⎟
⎟
⎠ , (1.13)
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i.e., the only nonvanishing inner products among the vectors Ea are given by
g(E1,E2) = 1 = g(E3,E4). Such a basis will be called a null tetrad, since each
basis vector is null (g(Ea,Ea) = 0, without summation on a). Only when the sig-
nature of the metric of V is ultrahyperbolic will it be possible to find a null tetrad
formed by real vectors (see (1.16) below), and therefore, in most cases we will have
to assume that the vectors Ea belong to the complexification of V (see, e.g., Hirsch
and Smale 1974). For instance, if the signature of V is Euclidean and {e1,e2,e3,e4}
is an orthonormal basis of V , we can take

E1 =
1√
2
(e1 + ie2), E2 =

1√
2
(e1 − ie2),

E3 =
1√
2
(e3 − ie4), E4 =

1√
2
(e3 + ie4).

(1.14)

Similarly, it can be readily verified that if (gab) = diag(1,1,1,−1), we can take

E1 =
1√
2
(e1 + ie2), E2 =

1√
2
(e1 − ie2),

E3 =
1√
2
(e3 + e4), E4 =

1√
2
(e3 − e4),

(1.15)

while if (gab) = diag(1,1,−1,−1), a convenient choice is

E1 =
1√
2
(e1 − e3), E2 =

1√
2
(e1 + e3),

E3 =
1√
2
(−e2 + e4), E4 =

1√
2
(−e2 − e4).

(1.16)

Conversely, if one assumes that the only nonzero inner products among the
vectors Ea are given by g(E1,E2) = 1 = g(E3,E4), then the vectors ea given by
(1.14)–(1.16) form an orthonormal basis with respect to which the metric tensor
is represented by one of the forms (1.1), depending on the signature of the met-
ric tensor.

Whereas the components of the metric tensor with respect to an orthonormal
basis {e1,e2,e3,e4} depend on the signature of the metric tensor [see (1.1)], the
components of the metric tensor with respect to a null tetrad {E1,E2,E3,E4} will
be given in all cases by (1.13); the signature of the metric tensor is determined by the
behavior of the vectors Ea under complex conjugation. (For instance, the relations
E1 = E2, E3 = E4, where the bar denotes complex conjugation, satisfied by the null
tetrad (1.14) imply that the metric has Euclidean signature.)

Instead of a single subscript, a = 1,2,3,4, labeling the vectors, Ea, of a null
tetrad, it is convenient to make use of a pair of subscripts that take two values each.
Letting

(eAḂ) ≡
(

E4 E2

E1 −E3

)

(1.17)
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(A,B = 1,2, Ȧ, Ḃ = 1̇, 2̇), one finds that the definition of the null tetrad is equivalent to

g(eAḂ,eCḊ) = −εACεḂḊ, (1.18)

where

(εAB) = (εAB) =
(

0 1
−1 0

)

= (εȦḂ) = (ε ȦḂ). (1.19)

(Some works make use of primed indices instead of dotted ones (e.g., Penrose 1960,
Penrose and Rindler 1984, Stewart 1990).)

Since the vectors eAḂ belong to the complexification of V , there exist complex
scalars, σa

AḂ, such that

eAḂ =
1√
2
σa

AḂea, (1.20)

and as a consequence of (1.18), they obey

σa
AḂσ

b
CḊgab = −2εACεḂḊ. (1.21)

The scalars σa
AḂ will be called connection symbols or Infeld–van der Waerden

symbols.
The Levi-Civita symbols (1.19) will be employed to lower or raise the spinor

indices A,B. We shall follow the convention (e.g., Plebański 1974, 1975)

ψA = εABψ
B, ψA = ψBε

BA (1.22)

(thus, ψ2 = ψ1, ψ1 = −ψ2), and similarly for dotted indices. It should be remarked
that other authors (e.g., Penrose 1960, Penrose and Rindler 1984, Wald 1984,
Stewart 1990) follow the conventionψA = εABψB. The antisymmetry of εAB implies
that

ψAφA = ψAεABφ
B = −ψAεBAφ

B = −ψBφ
B = −ψAφ

A; (1.23)

thus,

ψAψA = 0. (1.24)

Similar results hold for objects with more than one index (dotted or undotted), e.g.,
αABβAB = −αA

BβA
B = αABβAB, μAḂCνAḂ = −μA

ḂCνA
Ḃ = μAḂ

CνAḂ. Furthermore,
from (1.22) it follows that

εA
B = δA

B and εA
B = −δB

A . (1.25)

The definitions (1.19) are consistent with the rules (1.22) in the sense that, for in-
stance, lowering the indices of εAB, one obtains εAB, that is, εACεBDεCD = εAB.

The Levi-Civita symbols (1.19) will appear very often in what follows, in many
cases as a consequence of the fact that any object antisymmetric in two indices must
be proportional to one of the symbols (1.19).

Proposition 1.1. If ψAB = −ψBA, then

ψAB = 1
2ψ

R
RεAB. (1.26)
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Proof. Any antisymmetric 2×2 matrix is of the form
( 0 a
−a 0

)
, which can be written as

a(εAB); therefore, if ψAB is antisymmetric, it must be a multiple of εAB: ψAB = aεAB,
for some a. Then, by contracting both sides of this equality with εAB; one obtains
ψA

A = 2a, which leads to (1.26). ��
Similarly, ψAB = 1

2ψ
R

RεAB, if ψAB is antisymmetric in A, B, with analogous
identities for objects with dotted indices. Furthermore, for an object with more than
two indices, e.g., hA

Ḃ
C

D, such that hA
Ḃ

C
D =−hC

Ḃ
A

D, we have hA
Ḃ

C
D = 1

2 hRḂ
R

DεAC.
As a corollary, noting that (1.26) can be written as ψAB = 1

2 (εRSψRS)εAB, we see
that if ψAB...ĊḊ... is any object with at least two indices of the same type (dotted or
undotted), a difference of the form

ψA...R...S...ĊḊ... −ψA...S...R...ĊḊ...,

where only two indices of the same type interchange places, is antisymmetric in
R, S, and therefore it is equal to 1

2ε
PQ(ψ...P...Q... −ψ...Q...P...)εRS = 1

2 (ψ...
Q

...Q... −
ψ...Q...

Q
...)εRS = ψ...

Q
...Q...εRS. Thus,

ψ...R...S... −ψ...S...R... = ψ...
Q

...Q... εRS, (1.27)

with analogous relations for the cases where the interchanged indices are dotted or
appear as superscripts (dotted or undotted). By raising, e.g., the index R on both
sides of (1.27), one obtains

ψ...
R

...S... −ψ...S...
R

... = ψ...
Q

...Q... δ
R
S . (1.28)

Note also that (1.27) implies that

ψ...R...S... = ψ...S...R... ⇔ ψ...
Q

...Q... = 0. (1.29)

If (MR
S) is a (real or complex) 2×2 matrix, then

εACMA
BMC

D = det(MR
S)εBD. (1.30)

In fact, letting ψBD ≡ εACMA
BMC

D, it follows that

ψDB = εACMA
DMC

B = −εCAMC
BMA

D = −ψBD,

and since ψR
R =ψ1

1 +ψ2
2 = −ψ21 +ψ12 = 2ψ12 = 2εACMA

1MC
2 = 2(M1

1M2
2−

M2
1M1

2) = 2det(MR
S), making use of (1.26) one obtains (1.30).

Given a set of connection symbols σa
AḂ, the scalars

σ̃a
AḂ = KC

AMḊ
Ḃσ

a
CḊ (1.31)

also satisfy (1.21) (with the same gab) if and only if det(KA
B)det(MȦ

Ḃ) = 1. In fact,
from (1.31) and (1.30) we have

σ̃a
AḂσ̃

b
CḊgab = KE

AMḞ
Ḃσ

a
EḞ KG

CMḢ
Ḋσ

b
GḢ gab

= KE
AMḞ

ḂKG
CMḢ

Ḋ(−2εEGεḞḢ)

= −2det(KA
B)εAC det(MȦ

Ḃ)εḂḊ

= −2εACεḂḊ.
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Similarly,

σ̃a
AḂ = KĊ

AMD
Ḃσ

a
DĊ (1.32)

satisfy (1.21) if and only if det(KȦ
B)det(MA

Ḃ) = 1. As we shall show in the fol-
lowing section, given two sets of Infeld–van der Waerden symbols σa

AḂ and σ̃a
AḂ

(satisfying (1.21) with the same metric tensor gab), there exist two unimodular 2×2
matrices such that (1.31) or (1.32) holds.

A Convenient Choice for the Infeld–van der Waerden Symbols

Comparing (1.14) with (1.20), one finds that when (gab) = diag(1,1,1,1), the
Infeld–van der Waerden symbols can be chosen as

(σ1
AḂ) =

(
0 1
1 0

)

, (σ2
AḂ) =

(
0 −i
i 0

)

,

(σ3
AḂ) =

(
1 0
0 −1

)

, (σ4
AḂ) =

(
i 0
0 i

)

.

(1.33)

(Note that the first three matrices in (1.33) are the usual Pauli matrices.)
Similarly, when (gab) = diag(1,1,1,−1), from (1.15), one finds that we can take

(σ1
AḂ) =

(
0 1
1 0

)

, (σ2
AḂ) =

(
0 −i
i 0

)

,

(σ3
AḂ) =

(
1 0
0 −1

)

, (σ4
AḂ) =

(−1 0
0 −1

)

,

(1.34)

and if (gab) = diag(1,1,−1,−1), then

(σ1
AḂ) =

(
0 1
1 0

)

, (σ2
AḂ) =

(−1 0
0 1

)

,

(σ3
AḂ) =

(
0 1

−1 0

)

, (σ4
AḂ) =

(−1 0
0 −1

)

,

(1.35)

which are all real [see (1.16)]. By means of the relation (1.31), with the σa
AḂ given

by (1.35) and the unimodular matrices

(
0

K A
B) ≡ 1

2

(
1− i −1 + i
1 + i 1 + i

)

, (
0

M Ȧ
Ḃ) ≡ 1

2

(
1 + i −1− i
1− i 1− i

)

, (1.36)

one obtains another set of connection symbols for the same signature given by (drop-
ping the tilde)
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(σ1
AḂ) =

(
0 −i
i 0

)

, (σ2
AḂ) =

(
0 1
1 0

)

,

(σ3
AḂ) =

(−i 0
0 i

)

, (σ4
AḂ) =

(−1 0
0 −1

)

.

(1.37)

The choices given in (1.33)–(1.35) and (1.37) are convenient because they satisfy
the relations

σa
AḂ =

⎧
⎪⎪⎨

⎪⎪⎩

−σaAḂ if the σa
AḂ are given by (1.33),

σa
BȦ if the σa

AḂ are given by (1.34),
σa

AḂ if the σa
AḂ are given by (1.35),

ηACηḂḊσaCḊ if the σa
AḂ are given by (1.37),

(1.38)

where

(ηAB) ≡
(

1 0
0 −1

)

≡ (ηȦḂ). (1.39)

By contracting both sides of (1.21) with σc
CḊ, one obtains

σa
AḂσ

b
CḊσc

CḊgab = −2εACεḂḊσc
CḊ = −2σcAḂ,

which is equivalent to
σa

AḂ(σaCḊσc
CḊ + 2gac) = 0.

Since the Infeld–van der Waerden symbols represent a change of basis, they corre-
spond to an invertible relation, and therefore, from the last equation it follows that

σaAḂσb
AḂ = −2gab. (1.40)

The minus sign appearing in the right-hand sides of and (1.21) and (1.40), as
well as in very many equations in the rest of the book, is necessary in order to
have the simple relation σa

AḂ = σa
BȦ when (gab) = diag(1,1,1,−1); this sign

can be avoided, maintaining the relation σa
AḂ = σa

BȦ, if one chooses (gab) =
diag(1,−1,−1,−1), as in Penrose (1960), Penrose and Rindler (1984), and
Stewart (1990).

If tab...d are the components of a tensor with respect to the orthonormal basis
{e1,e2,e3,e4}, then the components of its spinor equivalent are defined by

tAḂCḊ...GḢ ≡ 1√
2
σa

AḂ
1√
2
σb

CḊ · · · 1√
2
σd

GḢ tab...d . (1.41)

It is often convenient to write (1.41) in the form

tAȦBḂ...DḊ ≡ 1√
2
σa

AȦ
1√
2
σb

BḂ · · ·
1√
2
σd

DḊ tab...d , (1.42)

where it is understood that the indices A and Ȧ are independent of each other, and
so on; in this manner, the tensor index a is replaced by the pair of indices AȦ.
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Sometimes all the undotted indices are written to the left of all the dotted indices,
maintaining the order in which the indices of each type appear, that is,

tAB...DȦḂ...Ḋ ≡ 1√
2
σa

AȦ
1√
2
σb

BḂ · · ·
1√
2
σd

DḊ tab...d . (1.43)

Then, according to (1.40),

tab...d =
(

− 1√
2
σa

AȦ
)(

− 1√
2
σb

BḂ
)

· · ·
(

− 1√
2
σd

DḊ
)

tAȦBḂ...DḊ. (1.44)

Owing to (1.20), the spinor equivalent of a tensor gives the components of that tensor
with respect to the basis {e11̇,e12̇,e21̇,e22̇}. For instance, an arbitrary element of V
can be expressed as a linear combination vaea, and by virtue of (1.44) and (1.20),

vaea = − 1√
2
σa

AȦvAȦ ea = −vAȦ eAȦ. (1.45)

From the definition (1.42) it follows that the spinor equivalent of a sum [resp.
product] of tensors is the sum [resp. product] of their spinor equivalents; however,
the spinor equivalent of the contraction of a tensor is not always equal to the con-
traction of its spinor equivalent. From (1.21) we obtain, for instance,

tasa = −tAȦsAȦ. (1.46)

Equation (1.45) allows us to consider the complexification of V as the tensor
product of two complex two-dimensional vector spaces called spin spaces. We iden-
tify each null vector eAḂ with the tensor product eA⊗eḂ, where {e1,e2} and {e1̇,e2̇}
are bases of the spin spaces. The elements of the spin spaces will be called one-index
spinors, since with respect to the bases {e1,e2} and {e1̇,e2̇} they are represented by
complex components of the form φA and φ Ȧ, respectively (i.e., an arbitrary element
of each spin space has the form φAeA or φ ȦeȦ).

By forming tensor products of one-index spinors we obtain spinors with any
number of dotted or undotted indices (the spinor equivalent of a tensor is a special
case for which the number of dotted indices coincides with the number of undotted
indices).

From (1.38) and (1.41) it follows that the components of an n-index tensor tab...d

with respect to the orthonormal basis {e1,e2,e3,e4} are real if and only if

tAḂCḊ...GḢ

=

⎧
⎪⎪⎨

⎪⎪⎩

(−1)ntAḂCḊ...GḢ if the σa
AḂ are given by (1.33),

tBȦDĊ...HĠ if the σa
AḂ are given by (1.34),

tAḂCḊ...GḢ if the σa
AḂ are given by (1.35),

ηARηḂṠηCTηḊU̇ . . .ηGVηḢẆ tRṠTU̇ ...VẆ if the σa
AḂ are given by (1.37).

(1.47)
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Each of the two sets of Infeld–van der Waerden symbols given above for the case
of the ultrahyperbolic signature, (1.35) and (1.37), has a certain advantage over the
other. The set of real Infeld–van der Waerden symbols may seem more natural in
the sense that the complexification of V is not necessary and the spinor equivalent
of a real tensor is real. On the other hand, the use of the complex Infeld–van der
Waerden symbols allows us to reduce the number of independent components or
equations to consider.

The Spinor Equivalents of Symmetric or Antisymmetric Tensors

The symmetries of a tensor are inherited by its spinor equivalent. For example, if tab

is a two-index symmetric tensor, then its spinor equivalent has the symmetry

tAȦBḂ = tBḂAȦ, (1.48)

but tAȦBḂ will not necessarily coincide with tBȦAḂ (which, according to (1.48), is
equal to tAḂBȦ). In fact, using (1.27), we have

tAȦBḂ − tBȦAḂ = εABtR
ȦRḂ,

but owing to (1.48), tR
ȦRḂ is antisymmetric,

tR
ȦRḂ = tRḂ

R
Ȧ = −tR

ḂRȦ,

and therefore tR
ȦRḂ is proportional to εȦḂ; thus

tAȦBḂ − tBȦAḂ = εAB
1
2 tRṠ

RṠεȦḂ = − 1
2 ts

s εABεȦḂ, (1.49)

which means that tAȦBḂ = tBȦAḂ = tAḂBȦ if and only if tAȦBḂ is the spinor equiv-
alent of a traceless symmetric tensor. Similarly, one finds that tAȦBḂ...CĊ is com-
pletely symmetric separately on the undotted and on the dotted indices if and only
if tAȦBḂ...CĊ is the spinor equivalent of a traceless totally symmetric tensor.

In the case of a completely symmetric object MAB...L with n spinor indices, the
n+1 components M111...1, M211...1, M221...1, . . . , M222...2, are independent; hence an
n-index traceless totally symmetric tensor has (n + 1)2 independent components.
(Note that the components tAȦBḂ...CĊ may be complex, but also in that case, taking
into account the conditions (1.47), one concludes that a real n-index traceless totally
symmetric tensor has (n + 1)2 real independent components.)

The spinor equivalent of an antisymmetric two-index tensor tab = −tba satisfies
tAȦBḂ = −tBḂAȦ; hence,

tAȦBḂ = 1
2(tAȦBḂ + tBȦAḂ)+ 1

2 (tAȦBḂ − tBȦAḂ)

= 1
2(tAȦBḂ − tAḂBȦ)+ 1

2 (tAȦBḂ − tBȦAḂ)

= 1
2 tA

Ṙ
BṘεȦḂ + 1

2 tR
ȦRḂεAB

= τABεȦḂ + τȦḂεAB, (1.50)
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where

τAB ≡ 1
2 tA

Ṙ
BṘ, τȦḂ ≡ 1

2 tR
ȦRḂ. (1.51)

Owing to tAȦBḂ =−tBḂAȦ and (1.23), τAB and τȦḂ are symmetric in their two indices;
e.g., tB

Ṙ
AṘ = −tAṘB

Ṙ = tA
Ṙ

BṘ.
Note that if tab is real, the components τAB and τȦḂ may be complex or related

to one another. For instance, if the metric of V has Lorentzian signature, then from
(1.47) we have tAḂCḊ = tBȦDĊ and therefore

τAB = 1
2 tA

Ṙ
BṘ = 1

2 tR
ȦRḂ = τȦḂ

(for the other two signatures see Section 1.6).
In particular, from (1.50) one finds that the spinor equivalent of the antisym-

metrized product vawb − vbwa of a pair of vectors is

vAȦwBḂ − vBḂwAȦ = 1
2(vA

ṘwBṘ − vBṘwA
Ṙ)εȦḂ + 1

2 (vR
ȦwRḂ − vRḂwR

Ȧ)εAB

= 1
2(vA

ṘwBṘ + vB
ṘwAṘ)εȦḂ + 1

2 (vR
ȦwRḂ + vR

ḂwRȦ)εAB

= v(A
ṘwB)ṘεȦḂ + vR

(Ȧw|R|Ḃ)εAB, (1.52)

where the parentheses denote symmetrization on the indices enclosed [e.g., ξ(AB) =
1
2 (ξAB + ξBA)] and the indices between bars are excluded from the symmetrization.

If tabc is totally antisymmetric (that is, it changes sign under any transposition of
a pair of its indices), then in particular, it is antisymmetric in the last pair of indices;
therefore, according to the preceding results, the spinor equivalent of tabc must be of
the form

tAȦBḂCĊ = μAȦBCεḂĊ + μAȦḂĊεBC, (1.53)

with μAȦBC = μAȦ(BC), μAȦḂĊ = μAȦ(ḂĊ). The antisymmetry in the first pair of in-
dices of tabc is then equivalent to

μAȦBCεḂĊ + μAȦḂĊεBC = −μBḂACεȦĊ − μBḂȦĊεAC. (1.54)

Contracting the last equation with ε ḂĊ, we obtain [see (1.29)]

2μAȦBC = −μB
Ḃ

ACεȦḂ − μB
Ḃ

ȦḂεAC

= −μBȦAC − μB
Ḃ

ȦḂεAC

= −μAȦBC + μAȦBC − μBȦAC − μB
Ṙ

ȦṘεAC,

and hence, making use of (1.27),

3μAȦBC = μR
ȦRCεAB − μB

Ṙ
ȦṘεAC. (1.55)

Contracting now this last equation with εBC, we obtain

0 = −μR
ȦRA − μA

Ṙ
ȦṘ,
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and therefore, defining tBȦ ≡ 2
3μ

R
ȦRB, from (1.55) we obtain

2μAȦBC = tCȦεAB + tBȦεAC. (1.56)

In an entirely similar way, from (1.54) one arrives at

2μAȦḂĊ = −tAĊεȦḂ − tAḂεȦĊ. (1.57)

Substituting (1.56) and (1.57) into (1.53), it follows that the spinor equivalent of
a three-index antisymmetric tensor is of the form

tAȦBḂCĊ = 1
2 [(tCȦεAB + tBȦεAC)εḂĊ − (tAĊεȦḂ + tAḂεȦĊ)εBC]

= 1
2 [(tCȦεAB − tBȦεAC + 2tBȦεAC)εḂĊ

− (tAĊεȦḂ − tAḂεȦĊ + 2tAḂεȦĊ)εBC]
= 1

2 [(tR
ȦεARεCB + 2tBȦεAC)εḂĊ

− (tA
ṘεȦṘεĊḂ + 2tAḂεȦĊ)εBC]

= tBȦεACεḂĊ − tAḂεBCεȦĊ, (1.58)

for some tBȦ.
If now tabcd is a totally antisymmetric four-index tensor, then as a consequence

of the antisymmetry on the first three indices, according to (1.58) we can write

tAȦBḂCĊDḊ = φBȦDḊεACεḂĊ −φAḂDḊεȦĊεBC, (1.59)

and the antisymmetry of tabcd in the last two indices is then equivalent to

φBȦDḊεACεḂĊ −φAḂDḊεȦĊεBC = −φBȦCĊεADεḂḊ +φAḂCĊεȦḊεBD;

hence, contracting with εAC, we have

2φBȦDḊεḂĊ −φBḂDḊεȦĊ = −φBȦDĊεḂḊ +φR
ḂRĊεȦḊεBD, (1.60)

and contracting this last equation with ε ȦĊ, we obtain

0 = −φB
Ṙ

DṘεḂḊ +φR
ḂRḊεBD,

which implies that

φB
Ṙ

DṘ = 2aεBD, φR
ḂRḊ = 2aεḂḊ, (1.61)

for some scalar a.
On the other hand, contracting (1.60) with ε ḂḊ, rearranging, and using (1.61),

one finds that

4φBȦDĊ = φB
Ḃ

DḂεȦĊ +φRḂ
RĊεȦḂεBD

= 2a(εBDεȦĊ + εȦĊεBD)
= 4aεBDεȦĊ. (1.62)
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Substituting (1.62) into (1.59), one finds that the spinor equivalent of an antisym-
metric four-index tensor is of the form

tAȦBḂCĊDḊ = a(εBDεȦḊεACεḂĊ − εADεȦĊεBCεḂḊ), (1.63)

for some scalar a.
The spinor equivalent εAȦBḂCĊDḊ of the Levi-Civita symbol εabcd , which is anti-

symmetric with ε1234 = 1, must be proportional to εACεBDεȦḊεḂĊ − εADεBCεȦĊεḂḊ.
Since εabcdεabcd = (−1)q 24, where q is the number of negative entries in the diag-
onal matrix (gab), the proportionality factor is real or pure imaginary depending on
the signature of the metric tensor, and for a given signature, this factor is defined
up to sign. From ε1234 = 1 one finds that, with the connection symbols given by
(1.33)–(1.35) and (1.37),

εAȦBḂCĊDḊ = iq(εACεBDεȦḊεḂĊ − εADεBCεȦĊεḂḊ). (1.64)

Therefore, the spinor equivalent of the dual of an antisymmetric two-index tensor
tab, defined by ∗tab ≡ 1

2εabcdtcd , is [see (1.50)]

∗tAȦBḂ = iq(−τABεȦḂ + τȦḂεAB), (1.65)

with τAB and τȦḂ defined by (1.51), and from this formula we readily obtain the
well-known fact that

∗(∗tab) = (−1)q tab. (1.66)

(Note that the factor iq appears in (1.64) and (1.65) as a consequence of the specific
choice for the connection symbols (1.33)–(1.35) and (1.37); by contrast, (1.66) fol-
lows from the definition of the dual of tab.) The terms τȦḂεAB and τABεȦḂ will be
referred to as the self-dual and the anti-self-dual parts of tABȦḂ, respectively, though
in the case of ultrahyperbolic signature, τABεȦḂ is the spinor equivalent of an anti-
symmetric tensor that coincides with its dual.

From (1.50) and (1.65) we see that for an arbitrary antisymmetric two-index
tensor (or bivector) tab, we have

∗tabtab = −iq(τABεȦḂ − τȦḂεAB)(τABε ȦḂ + τ ȦḂεAB)

= −2iq(τABτ
AB − τȦḂτ

ȦḂ).

The bivector tab is simple if there exist vectors va, wa such that tab = vawb − vbwa.
Hence, for a simple bivector, ∗tabtab = 1

2εabcdtcdtab = 2εabcdvcwdvawb = 0. Thus,
we have proved the following result.

Proposition 1.2. If the bivector tab is simple, then

τABτ
AB = τȦḂτ

ȦḂ. (1.67)

The converse of this proposition is also true, and we shall give a constructive
proof in Section 1.7. Combining (1.65) and (1.67), one concludes that a bivector tab

is simple if and only if its dual is simple. (See also Exercise 1.6.)
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Spin-Tensors and Other Derived Objects

Substituting (1.50) into (1.44), one finds that an antisymmetric two-index tensor can
be expressed in the form

tab = 1
2σa

AȦσb
BḂ(τABεȦḂ + τȦḂεAB)

= 1
2τABσa

(A|Ṙ|σb
B)

Ṙ + 1
2τȦḂσa

R(ȦσbR
Ḃ)

= 1
2τABSab

AB + 1
2τȦḂSab

ȦḂ, (1.68)

where

Sab
AB ≡ σa

(A|Ṙ|σb
B)

Ṙ, Sab
ȦḂ ≡ σa

R(ȦσbR
Ḃ). (1.69)

Making use of (1.23), we obtain the alternative expression

Sab
AB = 1

2 (σa
AṘσb

B
Ṙ +σa

BṘσb
A

Ṙ)

= 1
2 (σa

AṘσb
B

Ṙ −σb
AṘσa

B
Ṙ)

= σ[a
AṘσb]

B
Ṙ, (1.70)

where the brackets denote antisymmetrization on the indices enclosed. In a similar
way, we have

Sab
ȦḂ = σ[a

RȦσb]R
Ḃ.

There are many relations satisfied by the spin-tensors Sab
AB and Sab

ȦḂ that follow
directly from (1.21). For example,

Sab
ABSabCD = 4(εACεBD + εADεBC),

Sab
ABSabĊḊ = 0, (1.71)

Sab
ȦḂSabĊḊ = 4(ε ȦĊε ḂḊ + ε ȦḊε ḂĊ).

Hence, from (1.68) we see that

τAB = 1
4 tabSabAB, τ ȦḂ = 1

4 tabSabȦḂ. (1.72)

On the other hand, from (1.65) we obtain

∗tab = −iq( 1
2τABSab

AB − 1
2τȦḂSab

ȦḂ), (1.73)

and therefore, combining (1.68) and (1.73), we obtain, for example,

tab − (−i)q ∗tab = τABSab
AB = 1

2

(
gacgbd −gadgbc − (−i)qεabcd

)
tcd ,

and making use of (1.72), we have τABSab
AB = 1

4 tcdScdABSab
AB. In this manner we

conclude that
Sab

ABScdAB = 2
(
gacgbd −gadgbc − (−i)qεabcd

)
(1.74)
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and, in a similar way,

Sab
ȦḂScdȦḂ = 2

(
gacgbd −gadgbc +(−i)qεabcd

)
. (1.75)

Substituting (1.68) and (1.73) into the definition ∗tab = 1
2εabcdtcd , it follows that

1
2εabcdScdAB = −iqSab

AB, 1
2εabcdScdȦḂ = iqSab

ȦḂ. (1.76)

The second equation (1.71) implies that the contraction mabtab of a self-dual bivector
with an anti-self-dual one vanishes. Furthermore, (1.71) implies that if mabtab = 0
for all self-dual [resp. anti-self-dual] bivectors mab, then tab is anti-self-dual [resp.
self-dual].

The complex scalars Sab
A

B and Sab
Ȧ

Ḃ can be arranged in 2× 2 matrices, em-
ploying the spinor indices to label the entries of these matrices. A straightforward
computation, using the explicit expressions (1.33)–(1.35) and (1.37), yields

(
(S23

A
B),(S31

A
B),(S12

A
B),(S14

A
B),(S24

A
B),(S34

A
B)
)

=

⎧
⎪⎪⎨

⎪⎪⎩

(iσ1,−iσ2, iσ3,−iσ1, iσ2,−iσ3) if the σa
AḂ are given by (1.33),

(iσ1,−iσ2, iσ3,−σ1,σ2,−σ3) if the σa
AḂ are given by (1.34),

(σ1,−σ3,−iσ2,−σ1,σ3,−iσ2) if the σa
AḂ are given by (1.35),

(−σ2,σ1,−iσ3,σ2,−σ1,−iσ3) if the σa
AḂ are given by (1.37),

(1.77)

where the σi are the standard Pauli matrices,

σ1 =
(

0 1
1 0

)

, σ2 =
(

0 −i
i 0

)

, σ3 =
(

1 0
0 −1

)

, (1.78)

and similarly,

(
(S23

Ȧ
Ḃ),(S31

Ȧ
Ḃ),(S12

Ȧ
Ḃ),(S14

Ȧ
Ḃ),(S24

Ȧ
Ḃ),(S34

Ȧ
Ḃ)
)

=

⎧
⎪⎪⎨

⎪⎪⎩

(−iσ1,−iσ2,−iσ3,−iσ1,−iσ2,−iσ3) if the σa
AḂ are given by (1.33),

(−iσ1,−iσ2,−iσ3,−σ1,−σ2,−σ3) if the σa
AḂ are given by (1.34),

(−σ1,σ3,−iσ2,−σ1,σ3, iσ2) if the σa
AḂ are given by (1.35),

(−σ2,−σ1, iσ3,−σ2,−σ1,−iσ3) if the σa
AḂ are given by (1.37).

(1.79)

As we shall see in Section 1.3, the matrices (Sab
A

B) and (Sab
Ȧ

Ḃ) span two irreducible
representations of the Lie algebra of SO(p,q) [see, e.g., (1.124) and (1.158)]. Note,
however, that only when the metric has Lorentzian signature are the sets of 2× 2
matrices {(Sab

A
B)} and {(Sab

Ȧ
Ḃ)}, with 1 � a < b � 4, linearly independent over R

[see (1.76)].
In the case of a totally antisymmetric three-index tensor tabc, (1.44) and (1.58)

give

tabc = − 1

2
√

2
σa

AȦσb
BḂσc

CĊ(tBȦεACεḂĊ − tAḂεBCεȦĊ) = − 1√
2
σ̌abc

AḂtAḂ,
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where

σ̌abc
AḂ ≡ σ[a

RḂσb
AṠσc]RṠ. (1.80)

A convenient alternative expression of the symbols σ̌abc
AḂ is obtained as follows.

Making use of (1.40) and (1.64), one obtains

1
6
εabcdσa

RḂσb
AṠσcRṠ = − 1

12
εabceσa

RḂσb
AṠσcRṠσe

PQ̇σd
PQ̇

= −1
3
εRḂAṠ

RṠ
PQ̇σd

PQ̇

= −1
3

iq(εR
Rε

APε ḂQ̇ε Ṡ
Ṡ − εRPεA

Rε
Ḃ

Ṡε
ṠQ̇)σd

PQ̇

= −iqσdAḂ, (1.81)

i.e.,
1
6
εabcdσ̌abc

AḂ = −iqσdAḂ. (1.82)

Furthermore, from (1.58) we see that tA
ȦB

Ḃ
AḂ = 3tBȦ. Hence, using (1.42),

tBȦ =
1

6
√

2
σaA

Ȧσ
b

B
Ḃσ c

AḂtabc =
1

6
√

2
σ̌abc

BȦtabc. (1.83)

By combining the preceding formulas, one finds that

σ̌abc
BȦσ̌abc

QṖ = −12δQ
B
δ Ṗ

Ȧ ,

which, owing to (1.82), is equivalent to (1.21).

1.3 Spinorial Representation of the Orthogonal Transformations

As we shall show in this section, with the aid of the spinor algebra, one can find
simple explicit expressions for all the orthogonal transformations in terms of 2×2
matrices that act on the one-index spinors. We shall also show that any orthogonal
transformation with negative determinant can be expressed in terms of two vectors.

According to the definition (1.42) and (1.21), the spinor equivalent of the metric
tensor gab is

1
2
σa

AȦσ
b

BḂgab = −εABεȦḂ;

therefore, (1.4) is equivalent to

εABεȦḂ = LCĊ
AȦLDḊ

BḂεCDεĊḊ, (1.84)
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where LAȦ
BḂ is the spinor equivalent of La

b. Condition (1.84) implies, in particular,
that

LCĊ
11̇LDḊ

11̇εCDεĊḊ = 0,

or equivalently,
LCĊ

11̇LCĊ11̇ = 0. (1.85)

In order to determine the consequences of this relation we shall establish the fol-
lowing useful result.

Proposition 1.3. If ψAḂ satisfies ψAḂψAḂ = 0, then there exist αA and βȦ such that

ψAḂ = αAβḂ. (1.86)

Proof. Making use of the rules (1.22), one finds that ψAḂψAḂ = 2ψ11̇ψ22̇−2ψ12̇ψ21̇

= 2det(ψAḂ); therefore ψAḂψAḂ = 0 if and only if the 2×2 matrix (ψAḂ) has van-
ishing determinant, which means that its rows are linearly dependent and that its
columns are linearly dependent, and hence ψAḂ must be of the form (1.86) (see also
Exercise 1.5). ��

Thus, from (1.85) we conclude that

LCĊ
11̇ = αCβ Ċ, (1.87)

for some αA, β Ȧ. In an entirely analogous manner one finds that

LCĊ
22̇ = γCδ Ċ, (1.88)

for some γA, δ Ȧ. Substituting (1.87) and (1.88) into LCĊ
11̇LDḊ

22̇εCDεĊḊ = 1, which
follows from (1.84), one obtains the condition

(αAγA)(β ḂδḂ) = 1. (1.89)

This condition implies that the two sets {αA,γA} and {β Ȧ,δ Ȧ} are linearly indepen-
dent. (Indeed, if one assumes, for instance, that γA = λαA, then αAγA = λαAαA =
0.) Furthermore, making use of (1.27), we see that

(αAγB −αBγA)(βȦδḂ −βḂδȦ) = (αRγR)εAB (β ṠδṠ)εȦḂ = εABεȦḂ. (1.90)

On the other hand, the spinor equivalent of (1.7) is given by

εABεȦḂ = LAȦ
CĊLBḂ

DḊεCDεĊḊ. (1.91)

Then substituting (1.90) into the left-hand side of (1.91), and (1.87) and (1.88) into
the right-hand side, after some simplifications one obtains

αAδȦγBβḂ + γAβȦαBδḂ = LAȦ21̇LBḂ12̇ + LAȦ12̇LBḂ21̇. (1.92)
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Using the fact that the sets {αA,γA} and {β Ȧ,δ Ȧ} are linearly independent we can
expand LAȦ12̇ and LAȦ21̇ in the form

LAȦ12̇ = a1αAβȦ + a2αAδȦ + a3γAβȦ + a4γAδȦ,

LAȦ21̇ = b1αAβȦ + b2αAδȦ + b3γAβȦ + b4γAδȦ,
(1.93)

where a1, . . . ,a4,b1, . . . ,b4 are some (possibly complex) scalars. Then, substituting
(1.93) into (1.92), one finds that a1 = a4 = b1 = b4 = 0 and that only the following
two cases are possible:

(i) LAȦ12̇ = a2αAδȦ, LAȦ21̇ =
1
a2
γAβȦ, (1.94)

(ii) LAȦ12̇ = a3γAβȦ, LAȦ21̇ =
1
a3
αAδȦ. (1.95)

In the case (i), by defining

KA
1 ≡

(
a2

αRγR

)1/2

αA, KA
2 ≡

(
1

a2αRγR

)1/2

γA,

MȦ
1̇ ≡

(
αRγR

a2

)1/2

β Ȧ, MȦ
2̇ ≡

(
a2α

RγR

)1/2 δ Ȧ,

from (1.87), (1.88), and (1.94) we obtain

(i) LAȦ
BḂ = KA

BMȦ
Ḃ, (1.96)

and
det(KA

B) = 1, det(MȦ
Ḃ) = 1 (1.97)

[see (1.89)]. In the case (ii), making

KA
1̇ ≡

(
1

a3αRγR

)1/2

αA, KA
2̇ ≡

(
a3

αRγR

)1/2

γA,

MȦ
1 ≡ (

a3α
RγR

)1/2β Ȧ, MȦ
2 ≡

(
αRγR

a3

)1/2

δ Ȧ,

we have
(ii) LAȦ

BḂ = KA
ḂMȦ

B, (1.98)

with
det(KA

Ḃ) = 1, det(MȦ
B) = 1. (1.99)

Using (1.96) and (1.30) one finds that (1.84) reduces to the condition

det(KA
B)det(MȦ

Ḃ) = 1,
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which is satisfied as a consequence of (1.97), and similarly, substituting (1.98) into
(1.84), it follows that

det(KA
Ḃ)det(MȦ

B) = 1.

The determinant of the matrix (La
b) can be computed by means of the general

expression
εabcdLa

eLb
f Lc

gLd
h = det(Lr

s)εe f gh (1.100)

[cf. (1.30)]. Hence, by virtue of (1.64),

(εACεBDεȦḊεḂĊ − εADεBCεȦĊεḂḊ)LAȦ
EĖLBḂ

FḞLCĊ
GĠLDḊ

HḢ

= det(Lr
s)(εEGεFHεĖḢεḞĠ − εEHεFGεĖĠεḞḢ),

and making use of (1.30) one finds that (1.96) is the spinor equivalent of an orthog-
onal transformation (La

b) with determinant equal to +1, while (1.98) is the spinor
equivalent of a matrix (La

b) with determinant equal to −1. The orthogonal transfor-
mations with positive [resp. negative] determinant are called proper [resp. improper]
transformations.

If σa
AḂ and σ̃a

AḂ are two sets of Infeld–van der Waerden symbols (satisfying
(1.21) with the same metric tensor gab) and {e1,e2,e3,e4} is an orthonormal basis
of V as above, then

e′a = − 1
2 σ̃a

AḂσb
AḂeb

is also an orthonormal basis of V (or of its complexification); in fact, using (1.21)
and (1.40),

g(e′a,e
′
b) = 1

4 σ̃a
AḂσ c

AḂσ̃b
CḊσd

CḊgcd

= − 1
2 σ̃a

AḂσ̃b
CḊεACεḂḊ

= − 1
2 σ̃aAḂσ̃b

AḂ

= gab.

Hence, ea = Lb
ae′b for some 4× 4 matrix (La

b) satisfying (1.4), and by virtue of

the definition of the e′a, we have ea = − 1
2 Lb

aσ̃b
AḂσ c

AḂec, that is, − 1
2 σ̃b

AḂσ c
AḂ =

(L−1)c
b = Lb

c, or

σ̃b
AḂ = Lb

cσc
AḂ

= − 1
2 La

cσa
CḊσb

CḊσc
AḂ

= −LCḊ
AḂσb

CḊ.

Then, making use of (1.96) or (1.98), one proves that σa
AḂ and σ̃a

AḂ must be related
as in (1.31) or (1.32).

According to the preceding results, any orthogonal transformation with positive
determinant, that is, any element of SO(p,q), is of the form

La
b =

1
2
σa

AȦσb
BḂKA

BMȦ
Ḃ, (1.101)
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where (KA
B) and (MȦ

Ḃ) belong to SL(2,C), the group formed by the unimodular
2×2 complex matrices with the usual matrix multiplication. Since for a 4×4 matrix
(La

b), det(La
b) = det(−La

b), any element of SO(p,q) can also be expressed as

La
b = −1

2
σa

AȦσb
BḂKA

BMȦ
Ḃ. (1.102)

This last expression is more convenient than (1.101) because when (KA
B) and

(MȦ
Ḃ) are both the identity 2× 2 matrix, (La

b) given by (1.102) is the identity
4×4 matrix [see (1.40)]. However, in order for (La

b) to be real, the matrices (KA
B)

and (MȦ
Ḃ) must be suitably restricted. Since the Infeld–van der Waerden symbols

are related to their complex conjugates in a way that depends on the signature of
the metric tensor, we need to deal with each case separately. Note in passing that
according to (1.21), from (1.102) we have

tr(La
b) = tr(KA

B) tr(MȦ
Ḃ). (1.103)

1.3.1 Euclidean Signature

When the metric of V has Euclidean signature, the connection symbols have been
chosen in such a way that σa

AḂ = −σaAḂ [see (1.38)]; therefore, the entries (1.102)
are real if and only if

σa
AȦσb

BḂKA
BMȦ

Ḃ = σaAȦσbBḂKA
BMȦ

Ḃ.

Writing the left-hand side of this equation in the form σaAȦσbBḂKA
BMȦ

Ḃ, one ob-
tains the equivalent condition

KA
BMȦ

Ḃ = KA
BMȦ

Ḃ.

Since the indices A, B, Ȧ, and Ḃ are independent of each other, from this last rela-

tion it follows that KA
B = λ KA

B and MȦ
Ḃ = λ−1MȦ

Ḃ, for some scalar λ . Taking
into account the fact that the determinant of (KA

B) and that of its complex conju-
gate are equal to 1, it follows that λ 2 = 1. On the other hand, by virtue of (1.22),
det(KA

B) = K1
1K2

2 −K1
2K2

1 = −K1
1K1

1 −K1
2K1

2 = −K1
1λ K1

1 −K1
2λ K1

2 =
−λ (|K1

1|2 + |K1
2|2), which implies that λ must be equal to −1. Thus, we are left

with
KA

B = −KA
B (1.104)

and, similarly, MȦ
Ḃ = −MȦ

Ḃ. These conditions mean that (KA
B) and (MȦ

Ḃ) are
unitary. Indeed, from (1.30) and (1.22) we have, for an arbitrary 2×2 matrix (MA

B),

MA
CMAD = det(MR

S)εCD, (1.105)
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and hence, raising the index D, MA
DMA

C = −det(MR
S)δD

C , which means that the
inverse of (MA

B) has entries

(M−1)D
A = − 1

det(MR
S)

MA
D (1.106)

(assuming, of course, that det(MR
S) �= 0). In particular, for a unimodular 2 × 2

matrix,

(M−1)D
A = −MA

D (1.107)

[cf. (1.6)]. Hence, the condition (1.104) amounts to (K−1)B
A = KA

B, thus showing
that (KA

B) is unitary.
In summary, any SO(4) transformation is of the form (1.102), where (KA

B) and
(MȦ

Ḃ) belong to SU(2), the group of unimodular unitary 2× 2 matrices with ma-
trix multiplication. However, the two pairs of SU(2) matrices

(
(KA

B),(MȦ
Ḃ)
)

and
(−(KA

B),−(MȦ
Ḃ)
)

correspond to the same SO(4) transformation. The mapping
from SU(2) × SU(2) onto SO(4) given by (1.102) is a group homomorphism whose
kernel is {(I, I),(−I,−I)}, where I denotes the 2× 2 unit matrix; hence, we can
write

SO(4) 
 (
SU(2)×SU(2)

)
/Z2, (1.108)

where Z2 denotes the group with two elements, which is identified here with
{(I, I),(−I,−I)}. In effect, if (La

b) is given by (1.102) and

L̃a
b = −1

2
σa

AȦσb
BḂK̃A

BM̃Ȧ
Ḃ,

then the product of the matrices (L̃a
b) and (La

b) is given by

L̃a
cLc

b = 1
4σ

a
AȦσc

CĊK̃A
CM̃Ȧ

Ċσ
c

DḊσb
BḂKD

BMḊ
Ḃ

= − 1
2σ

a
AȦσb

BḂK̃A
CKC

BM̃Ȧ
ĊMĊ

Ḃ,

which is the SO(4) transformation corresponding to the pair of SU(2) matrices
(K̃K,M̃M), where K = (KA

B), K̃ = (K̃A
B), M = (MA

B), M̃ = (M̃A
B) [recall that

the group operation in SU(2) × SU(2) is defined by (K̃,M̃)(K,M) = (K̃K,M̃M)].
The group SU(2), whose underlying manifold can be identified with the unit

sphere S3, is connected and so is SU(2)×SU(2); hence, SU(2)×SU(2) is a double
covering group of SO(4).

The existence of a homomorphism between SO(4) and SU(2)×SU(2) is a well-
known result, which is often obtained by considering the corresponding Lie algebra
homomorphism. If the 4×4 matrices (La

b) = exp t(ωa
b), for t ∈ R, are orthogonal,

then the entries of the matrix (ωa
b) must satisfy

ωab = −ωba.
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(This condition can be obtained by substituting (La
b) = exp t(ωa

b) into (1.4) and
taking the derivative of both sides of the equation with respect to t at t = 0.) There-
fore, the 4×4 real matrices Jab with entries

(Jab)c
d ≡ δ c

a gbd − δ c
b gad (1.109)

generate so(4), the Lie algebra of SO(4) (note that Jab = −Jba). (Actually, expres-
sions (1.109) generate the Lie algebra of SO(p,q) if the entries gab appearing on
the right-hand side are those of the metric with signature (p,q).) The commutators
between these matrices are readily found to be

[Jab,Jcd ] = gacJdb −gbcJda + gadJbc −gbdJac, (1.110)

or, making use of the definitions

L1 ≡−J23, L2 ≡−J31, L3 ≡−J12,

and
M1 ≡ J14, M2 ≡ J24, M3 ≡ J34,

one finds that the commutation relations (1.110) are equivalent to

[Li,Lj] = εi jkLk, [Li,Mj] = εi jkMk, [Mi,Mj] = εi jkLk,

where the lowercase Latin indices i, j,k range from 1 to 3 and there is summation
over repeated indices. Finally, letting

Ai ≡ 1
2(Li + Mi), Bi ≡ 1

2(Li −Mi),

one finds that

[Ai,A j] = εi jkAk, [Ai,B j] = 0, [Bi,B j] = εi jkBk.

Thus, the sets of 4×4 matrices {A1,A2,A3} and {B1,B2,B3}, which together form
a basis of so(4), are bases of Lie algebras isomorphic to that of SU(2). Making use
of the definitions above, (1.69) and (1.76), one finds that the spinor equivalents of
the matrices Ai and Bi are

(Ai)AḂ
CḊ = −1

4
εi jkδ Ḃ

ḊS jk
A

C, (Bi)AḂ
CḊ = −1

4
εi jkδA

C S jk
Ḃ

Ḋ.

That is, each matrix Ai or Bi is the identity transformation on one of the spin spaces.
We shall not follow this approach, based on the Lie algebras, centering our attention
on the groups directly. However, the connection with the Lie algebras will arise
naturally in what follows [see, e.g., (1.124)].

The SU(2) matrices can be parameterized in several convenient ways (see also
(1.156) below). For instance, given (KA

B)∈ SU(2), we can look for its eigenspinors.
The unitarity of (KA

B) implies that the eigenvalues of (KA
B) are of the form eiα , for
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some α ∈ R, and the fact that det(KA
B) = 1 implies that the product of the two

eigenvalues of (KA
B) must be equal to 1; therefore, there exist αA and βA such that

KA
Bα

B = eiθ/2αA, KA
Bβ

B = e−iθ/2βA, (1.111)

where the factor 1/2 has been introduced for convenience. Hence [see (1.24) and
(1.28)],

KA
B =

1
αRβR

(
eiθ/2αAβB − e−iθ/2βAαB

)

=
1

αRβR

[
cos 1

2θ (αAβB −βAαB)+ i sin 1
2θ (αAβB +βAαB)

]

= cos 1
2θ δ

A
B + i sin 1

2θ
αAβB +βAαB

αRβR
. (1.112)

As a consequence of the relation (1.104), the one-index spinors αA and βA are
related to each other. Indeed, taking the complex conjugate of the first equation in
(1.111), we have KA

BαB = e−iθ/2αA, hence −KA
BαB = e−iθ/2αA, and, introducing

the definition

α̂C ≡ αC (1.113)

(i.e., α̂1 =−α2, α̂2 =α1) we obtain−KA
Bα̂B = e−iθ/2α̂A, or equivalently, KA

Bα̂B =
e−iθ/2α̂A. By comparing with the second equation in (1.111) one concludes that
βA = λα̂A, for some λ ∈ C. Then, (1.112) can be written in the form

KA
B = cos 1

2θ δ
A
B + i sin 1

2θ
αAα̂B + α̂AαB

αRα̂R
. (1.114)

Note that αRα̂R = |α1|2 + |α2|2 � 0, and therefore, if αA �= 0, the set {αA, α̂A} is
linearly independent. Equation (1.114) yields

KA
A = 2cos 1

2θ . (1.115)

Thus, any SO(4) transformation is given by (1.102) with (KA
B) and (MȦ

Ḃ) being
two SU(2) matrices. The matrix (KA

B) can be expressed in the form (1.114), and in
a similar manner, there exists γ Ȧ such that

MȦ
Ḃ =

1

γ Ṙγ̂Ṙ

(eiϕ/2γ Ȧγ̂Ḃ − e−iϕ/2γ̂ ȦγḂ)

= cos 1
2ϕ δ

Ȧ
Ḃ + i sin 1

2ϕ
γ Ȧγ̂Ḃ + γ̂ ȦγḂ

γ Ṙγ̂Ṙ

, (1.116)

for some ϕ ∈ R, where

γ̂Ċ ≡ γĊ. (1.117)
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Then, MȦ
Ḃγ Ḃ = eiϕ/2γ Ȧ, MȦ

Ḃγ̂ Ḃ = e−iϕ/2γ̂ Ȧ, and

MȦ
Ȧ = 2cos 1

2ϕ . (1.118)

The vector equivalents of αAγ Ȧ, α̂Aγ̂ Ȧ, αAγ̂ Ȧ, and α̂Aγ Ȧ are (complex) eigen-
vectors of (La

b) with eigenvalues ei(θ+ϕ)/2, e−i(θ+ϕ)/2, ei(θ−ϕ)/2, and e−i(θ−ϕ)/2,
respectively.

Classification of the SO(4) Transformations

The SO(4) transformations can be classified according to whether the traces KA
A

and MȦ
Ȧ coincide or not. In view of (1.115) and (1.118), KA

A = MȦ
Ȧ if and only

if eiθ/2 = eiϕ/2 or eiθ/2 = e−iϕ/2. Hence, the traces KA
A and MȦ

Ȧ coincide if and
only if two eigenvalues of (La

b) are equal to 1. As is well known, any SO(3) trans-
formation has at least one eigenvalue equal to 1, which means that there exists a
one-dimensional subspace (the axis of the rotation) pointwise invariant under the
transformation. The SO(4) transformations (La

b) such that KA
A = MȦ

Ȧ (which will
be called simple) are analogous to the SO(3) transformations in the sense that there
exists a proper subspace pointwise invariant under (La

b).
Assuming αRα̂R = 1 = γ Ṙγ̂Ṙ, we define

vAȦ =
1√
2
(αAγ Ȧ − α̂Aγ̂ Ȧ), wAȦ =

i√
2
(αAγ Ȧ + α̂Aγ̂ Ȧ). (1.119)

Then, one can readily verify that vAȦ and wAȦ are the spinor equivalents of two
mutually orthogonal real unit vectors va, wa. When eiθ/2 = eiϕ/2 we obtain

KA
BMȦ

ḂvBḂ = cosθ vAȦ + sinθ wAȦ,

KA
BMȦ

ḂwBḂ = −sinθ vAȦ + cosθ wAȦ,

which means that the corresponding orthogonal transformation is a rotation through
the angle θ in the plane spanned by {va,wa}. In a similar manner, when eiθ/2 =
e−iϕ/2, the SO(4) transformation defined by the pair of SU(2) matrices (1.114) and
(1.116) is a rotation through the angle θ in the two-dimensional plane generated by
the vector equivalents of

1√
2
(αAγ̂ Ȧ + α̂Aγ Ȧ),

i√
2
(αAγ̂ Ȧ − α̂Aγ Ȧ)

(which are real and orthogonal to va and wa).
Since θ = 1

2 (θ + ϕ) + 1
2 (θ − ϕ) and ϕ = 1

2(θ + ϕ)− 1
2 (θ − ϕ), any SO(4)

transformation, which is defined by a pair of matrices of the form (1.114) and
(1.116), is the composition of two simple SO(4) transformations, one of them rep-
resenting a rotation through 1

2(θ + ϕ) in a two-dimensional plane and the other
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representing a rotation through 1
2(θ −ϕ) in the orthogonal complement of the first

two-dimensional plane.
The SU(2) matrices (KA

B) and (MȦ
Ḃ) can be expressed in terms of the unit vec-

tors va, wa, introduced above. Making use of the definitions (1.119) and (1.69),
we have

vawbSabAB = vawbσa(A
Ṙσ|b|B)Ṙ

= 2v(A
ṘwB)Ṙ

= i(αAα̂B + α̂AαB), (1.120)

and therefore (1.114) can be written as

KA
B = cos 1

2θ δ
A
B + sin 1

2θ vawbSab
A

B. (1.121)

In a similar way, we have

vawbSabȦḂ = vawbσa
R

(Ȧσ|bR|Ḃ)

= 2vR
(Ȧw|R|Ḃ)

= i(γȦγ̂Ḃ + γ̂ȦγḂ);

hence, (1.116) is equivalent to

MȦ
Ḃ = cos 1

2ϕ δ
Ȧ
Ḃ + sin 1

2ϕ vawbSab
Ȧ

Ḃ.

With αRα̂R = 1, the square of the matrix (αAα̂B + α̂AαB) is the 2× 2 identity
matrix,

(αAα̂C + α̂AαC)(αCα̂B + α̂CαB) = αAα̂B − α̂AαB = δA
B ,

and therefore, from (1.120) it follows that the powers of the matrix
(
vawbSab

A
B

)
are

given by

(
vawbSab

A
B

)2k = (−1)k(δA
B ),

(
vawbSab

A
B

)2k+1 = (−1)k(vawbSab
A

B

)

for k = 0,1,2, . . . , and making use of the usual series expansion for the exponential,
we obtain the matrix equality

exp
( 1

2θ vawbSab
A

B

)
= cos 1

2θ
(
δA

B

)
+ sin 1

2θ
(
vawbSab

A
B

)
.

Thus, comparing with (1.121), we conclude that

(KA
B) = exp

( 1
2θ vawbSab

A
B

)
,

or equivalently,
(KA

B) = exp
(
iθ 1

2(αAα̂B + α̂AαB)
)
. (1.122)
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In an analogous manner, we find that

(MȦ
Ḃ) = exp

( 1
2ϕ vawbSab

Ȧ
Ḃ

)
,

or
(MȦ

Ḃ) = exp
(
iϕ 1

2 (γ Ȧγ̂Ḃ + γ̂ ȦγḂ)
)
. (1.123)

These expressions show that any SU(2) matrix is the exponential of some (traceless)
matrix.

We can get expressions for (KA
B) and (MȦ

Ḃ) that show more similarities. Indeed,
making use of (1.76), we have

θ vawbSab
A

B =
[ 1

2 (θ +ϕ) vawb − 1
2(θ −ϕ) 1

2 vcwdεcdab]Sab
A

B

and

ϕ vawbSab
Ȧ

Ḃ =
[ 1

2(θ +ϕ) vawb − 1
2 (θ −ϕ) 1

2 vcwdεcdab]Sab
Ȧ

Ḃ,

and therefore, we can also write

(KA
B) = exp

( 1
4 tabSab

A
B

)
,

(MȦ
Ḃ) = exp

(
1
4 tabSab

Ȧ
Ḃ

)
,

(1.124)

where we have introduced the bivector

tab ≡ (θ +ϕ) v[awb] − (θ −ϕ) 1
2ε

abcdvcwd . (1.125)

Making use of (1.52) and (1.65), one finds that the spinor equivalent of the bivector
tab is

tAȦBḂ = iθ α(Aα̂B)εȦḂ + iϕ γ(Ȧγ̂ Ḃ)εAB. (1.126)

As shown below, the spinor equivalent of any real bivector is of the form (1.126)
[see (1.232)]; therefore, any real bivector is of the form (1.125), and for any real
bivector tab, equations (1.124) define an SO(4) transformation.

Any matrix whose spinor equivalent is of the form τA
Bε Ȧ

Ḃ commutes with any
matrix whose spinor equivalent is of the form εA

Bτ Ȧ
Ḃ; therefore

exp
(
(τA

Bε
Ȧ

Ḃ)+ (εA
Bτ

Ȧ
Ḃ)
)

= exp
(
τA

Bε
Ȧ

Ḃ

)
exp

(
εA

Bτ
Ȧ

Ḃ

)
,

and taking τAB = iθ α(Aα̂B), τȦḂ = iϕ γ(Ȧγ̂Ḃ), from (1.122) and (1.123) we have

exp
(
(τA

Bε
Ȧ

Ḃ)+ (εA
Bτ

Ȧ
Ḃ)
)

=
(
MA

BKȦ
Ḃ

)
,

which implies that the SO(4) transformation corresponding to the pair of SU(2)
matrices (1.124) can be also expressed as

(La
b) = exp(−ta

b). (1.127)
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Thus, any SO(4) transformation can be written as the exponential of some matrix.
Furthermore, making use of Proposition 1.2 and the preceding results one can
verify that the bivector tab is simple if and only if the SO(4) transformation
(La

b) = exp(−ta
b) is simple.

Improper O(4) Transformations

Following a procedure similar to that leading to (1.104), one concludes that any
O(4) transformation with negative determinant can be expressed in the form

La
b = −1

2
σa

AȦσb
BḂKA

ḂMȦ
B, (1.128)

where (KA
Ḃ) and (MȦ

B) are SU(2) matrices; given (La
b), the matrices (KA

Ḃ) and
(MȦ

B) are defined up to a common sign.
The matrices (KA

Ḃ) and (MȦ
B) appearing in (1.128) can be regarded as the spinor

equivalents of two vectors. Owing to (1.104) and (1.47), these two vectors are pure
imaginary. Hence, letting

KAḂ = i
√

2vAḂ, MȦB = i
√

2wBȦ, (1.129)

one finds that det(KA
Ḃ) = 1

2 KAḂKAḂ = −vAḂvAḂ = 1 and, similarly, −wAḂwAḂ = 1;
therefore, the vector equivalents va and wa of vAḂ and wAḂ, respectively, are real unit
vectors [see (1.46)]. Then, making use of (1.27) we obtain the identity

vAḂwBȦ = 1
2 (vAḂwBȦ − vAȦwBḂ + vAȦwBḂ

+ vAḂwBȦ − vBḂwAȦ + vBḂwAȦ)

= 1
2 (−εȦḂvA

ṘwBṘ + vAȦwBḂ + εABvR
ḂwRȦ + vBḂwAȦ)

= 1
2

[− εȦḂ(v(A
ṘwB)Ṙ + 1

2εABvSṘvSṘ)+ vAȦwBḂ

+ εAB(vR
(Ḃw|R|Ȧ) + 1

2εḂȦvRṠwRṠ)+ vBḂwAȦ

]

= − 1
2(vRṠwRṠ)εABεȦḂ + 1

2 (vAȦwBḂ + vBḂwAȦ)

− 1
2(v(A

ṘwB)ṘεȦḂ − vR
(Ȧw|R|Ḃ)εAB). (1.130)

According to (1.52) and (1.65), −(v(A
ṘwB)ṘεȦḂ − vR

(Ȧw|R|Ḃ)εAB), which appears in
the last line of this identity, is the spinor equivalent of the dual of the antisym-
metrized product vawb −vbwa. Hence, substituting (1.129) and (1.130) into (1.128),
we obtain

La
b = −vcwcδ a

b + vawb + wavb + gaeεebcdvcwd , (1.131)

which is, therefore, the tensor equivalent of LAȦ
BḂ = 2vA

ḂwB
Ȧ.

Thus, for each improper orthogonal transformation there exist two (not nec-
essarily distinct) unit vectors va, wa, defined up to a common sign, such that
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(1.131) holds. Expression (1.131) shows that if {va,wa} is linearly independent,
there are two two-dimensional subspaces of V invariant under the orthogonal trans-
formation (La

b); one of them is the subspace spanned by {va,wa} (note that
La

bvb = wa and La
bwb = va), and the other is formed by the vectors simultaneously

orthogonal to va and wa. When {va,wa} is linearly dependent (i.e., wa = ∓va), the
last term in (1.131) vanishes, and (La

b) corresponds to the reflection on the hyper-
plane orthogonal to va or to the negative of this reflection (see Section 1.4).

Conversely, given two real unit vectors va, wa, equation (1.131) yields an im-
proper orthogonal transformation.

1.3.2 Lorentzian Signature

In the case that the metric has Lorentzian signature, the connection symbols have
been chosen in such a way that σa

AḂ =σa
BȦ; therefore, the unimodular matrix (La

b)
given by (1.102) is real if and only if

σa
AḂσb

CḊKA
CMḂ

Ḋ = σa
BȦσb

DĊKA
CMḂ

Ḋ,

which is equivalent to KA
CMḂ

Ḋ = KB
DMȦ

Ċ. Hence, MȦ
Ċ = λKA

C and KB
D =

λ−1MḂ
Ḋ, for some scalar λ . Since both matrices (KA

B) and (MȦ
Ḃ) have unit deter-

minant, we have λ 2 = 1, so that finally we obtain the condition

MȦ
Ḃ = ±KA

B. (1.132)

Thus, any SO(3,1) transformation can be expressed in the form

La
b = ∓ 1

2σ
a

AḂσb
CḊKA

CKB
D, (1.133)

with (KA
B) ∈ SL(2,C). The SO(3,1) transformations of the form (1.133) with the

upper sign form a subgroup of SO(3,1) denoted by SO↑(3,1) or SO(3,1)0 (being
the connected component of SO(3,1) containing the identity). Furthermore, the
mapping

(KA
B) �→ (La

b), with La
b = − 1

2σ
a

AḂσb
CḊKA

CKB
D, (1.134)

is a two-to-one homomorphism of SL(2,C) onto SO↑(3,1). In fact, making use of
(1.21), one finds that the product of the SO↑(3,1) matrices

La
b = − 1

2σ
a

AḂσb
CḊKA

CKB
D, Ma

b = − 1
2σ

a
AḂσb

CḊQA
CQB

D

is given by
La

bMb
c = − 1

2σ
a

AḂσc
GḢKA

CQC
GKB

DQD
H ,
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which is the SO↑(3,1) matrix corresponding to the product of the matrices (KA
B)

and (QA
B) under the mapping (1.134).

Thus, SO↑(3,1) 
 SL(2,C)/Z2, and since SL(2,C) is connected, SL(2,C) is a
double covering group of SO↑(3,1).

Making use of the explicit expressions for the Infeld–van der Waerden symbols
(1.33), from (1.133) one finds that

L4
4 = ± 1

2

(|K1
1|2 + |K1

2|2 + |K2
1|2 + |K2

2|2
)
.

Therefore, SO↑(3,1) is formed by the orthogonal transformations with unit deter-
minant such that L4

4 > 0.
In the context of special relativity, the O(3,1) transformations are identified with

the Lorentz transformations that can be defined as those relating the Cartesian space-
time coordinates measured by two inertial frames (see, e.g., Jackson 1975, Rindler
1977). The elements of SO↑(3,1) are called orthochronous proper Lorentz transfor-
mations; SO↑(3,1) is called the restricted Lorentz group. The SO(3,1) transforma-
tions (1.133) with the lower sign produce a time inversion (L4

4 < 0) and a space
inversion.

Lorentz Boosts

The elementary Lorentz transformation

x′ = γ(x− vt),
y′ = y,
z′ = z,

ct ′ = γ(ct − vx/c),

(1.135)

where c denotes the speed of light in vacuum and γ ≡ (1− v2/c2)−1/2, gives the
relationship between the Cartesian coordinates of an event measured by two inertial
reference frames, assuming that the primed reference frame S′ moves with respect
to the unprimed one, S, along the x-axis with velocity v. The Lorentz transformation
(1.135) is equivalent to x′a = La

bxb if we identify (x,y,z,ct) = (x1,x2,x3,x4), and
similarly for the primed coordinates, with

La
b = δ a

b +(γ−1)
(

vavb

vcvc
−T aTb

)

+
γ
c
(vaTb −T avb). (1.136)

Here the T a are the components of a (timelike) vector such that T aTa = −1, va is
a (spacelike) vector orthogonal to T a, vaTa = 0, which gives the relative velocity
of S′ with respect to S, and γ = (1− vava/c2)−1/2. In fact, it can readily be seen
that (1.136) reduces to (1.135) when (T a) = (0,0,0,1) and (va) = (v,0,0,0). The
matrix (La

b) given by (1.136) represents an orthogonal transformation and therefore
must be of the form (1.133). (It is customary to define x0 = ct, with the tensor indices
a,b, . . . running from 0 to 3; we do not follow here that convention in order to employ
a uniform convention for all signatures of the metric.)
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As is well known, it is convenient to write (vava)1/2 = c tanhζ , for some ζ ∈ R

(called rapidity); then γ = coshζ , and (1.136) amounts to

La
b = δ a

b +(coshζ −1)
(

va

(vcvc)1/2
−T a

)(
vb

(vcvc)1/2
+ Tb

)

− (coshζ −1− sinhζ )
(

vaTb −Tavb

(vcvc)1/2

)

= δ a
b −2(coshζ −1)nalb − (coshζ −1− sinhζ )(lanb −nalb)

= δ a
b − (e−ζ −1) lanb − (eζ −1)nalb, (1.137)

where we have defined

la ≡ 1√
2

(

T a +
va

(vcvc)1/2

)

, na ≡ 1√
2

(

T a − va

(vcvc)1/2

)

.

By virtue of the definitions of T a and va, the vectors la and na satisfy

lala = 0 = nana, lana = −1. (1.138)

As can readily be seen, the null vectors la and na are eigenvectors of (La
b) with

eigenvalues e−ζ and eζ , respectively.
Then, for instance, lAḂ, the spinor equivalent of the null vector la, satisfies

lAḂlAḂ = 0, and according to (1.86), there exist αA and γȦ such that lAḂ = αAγḂ.
Since the components la are real, lAḂ = lBȦ, which implies that γȦ = λαA, for some
λ ∈ R. Hence, absorbing the absolute value of λ into αA, it follows that

lAḂ = ±αAα Ḃ, (1.139)

where

α Ḃ ≡ αB. (1.140)

(An explicit proof is given below; see (1.161).)
According to the conventions (1.34) and (1.44), the sign in (1.139) is positive

[resp. negative] if the component l4 is positive [resp. negative]. (From (1.34), (1.44),
(1.139), and (1.140) we have l4 = 2−1/2(l11̇ + l22̇) = ±2−1/2(|α1|2 + |α2|2).) In a
similar manner, there exists βA such that nAḂ = ±βAβ Ḃ. Taking

lAḂ = αAα Ḃ, nAḂ = βAβ Ḃ, (1.141)

from the last condition in (1.138) we obtain 1 = lAḂnAḂ = αAα ḂβAβ Ḃ = |αAβA|2.
Since expressions (1.141) are left unchanged if we multiply αA or βA by any phase
factor, we can assume that

αAβA = 1. (1.142)
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Making use of (1.141), (1.28), and (1.142), one finds that the spinor equivalent of
(1.137) is given by

LAȦ
BḂ = −δA

B δ
Ȧ
Ḃ − (

e−ζ −1
)
αAα ȦβBβ Ḃ −

(
eζ −1

)
βAβ ȦαBα Ḃ

= −(
αAβB −βAαB

)(
α Ȧβ Ḃ −β Ȧα Ḃ

)− (
e−ζ −1

)
αAα ȦβBβ Ḃ

− (
eζ −1

)
βAβ ȦαBα Ḃ

= −(
e−ζ/2αAβB − eζ/2βAαB

)(
e−ζ/2α Ȧβ Ḃ − eζ/2β Ȧα Ḃ

)

= −KA
BKA

B, (1.143)

where

KA
B = ± (

e−ζ/2αAβB − eζ/2βAαB

)

= ±[
cosh 1

2ζ δ
A
B − sinh 1

2ζ (αAβB +βAαB)
]

(1.144)

[cf. (1.112)]. One can verify directly that det(KA
B) = 1. The rapidity is determined

by the absolute value of the trace of (KA
B), |KA

A| = 2cosh 1
2ζ .

The direction of the velocity of S′ with respect to S, represented by va, is hidden
in the definitions of la, na, and of the one-index spinors αA, βA appearing in (1.141)
and (1.144); however, it may be noticed that by virtue of the antisymmetry of SabAB
on the tensor indices a, b, we have [see (1.69), (1.141), and (1.142)]

(vcvc)−1/2vaT bSabAB = lanbSabAB = lanbσa(A
Ṙσ|b|B)Ṙ = 2l(A

ṘnB)Ṙ

= 2α(Aα
ṘβB)β Ṙ = 2α(AβB); (1.145)

thus, expression (1.144) is equivalent to

KA
B = ±(

cosh 1
2ζ δ

A
B − sinh 1

2ζ uaT bSab
A

B

)
, (1.146)

where ua ≡ va/(vcvc)1/2. Hence, with T a = δ a
4 as above, making use of (1.77),

(KA
B) = ±

(
cosh 1

2ζ + u3 sinh 1
2ζ (u1 + iu2)sinh 1

2ζ

(u1 − iu2)sinh 1
2ζ cosh 1

2ζ −u3 sinh 1
2ζ

)

. (1.147)

The complex conjugate of the matrix (1.147) can be expressed as

K = (KA
B) = ±[

(cosh 1
2ζ )I +(sinh 1

2ζ )u jσ j
]
,

where I is the 2× 2 identity matrix, and the σi are the Pauli matrices (i, j, . . . =
1,2,3). Then, the components of the unit vector ui are given in terms of K by

tr(Kσi) = ±2(sinh 1
2ζ )ui.

As a consequence of (1.142), the square of the matrix
(
αAβB + βAαB

)
=

(
uaT bSab

A
B

)
is the identity; therefore the matrix (1.146) can be expressed as

(KA
B) = ±exp

(− 1
2ζ uaT bSab

A
B

)
= ±exp

(− 1
2ζ lanbSab

A
B

)
. (1.148)
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As we shall see below, this last equation implies that the boost (1.136), (1.137) can
be written in the form

(La
b) = exp

(
ζ (lanb −nalb)

)

[see (1.159)], which, among other things, shows the additive character of the rapidity
ζ for boosts in the same direction.

Classification of the Orthochronous Proper Lorentz Transformations

The matrix (1.144) does not represent the most general SL(2,C) matrix. If (KA
B) is

an arbitrary SL(2,C) matrix, we can write KAB = 1
2 (KAB −KBA)+ 1

2 (KAB + KBA) =
1
2 KC

CεAB + K(AB), i.e., KAB = νεAB + μAB, where ν is some complex scalar and
μAB = μBA. As shown below [see (1.227)], the fundamental theorem of algebra im-
plies the existence of αA, βA, such that μAB = α(AβB). Then αA and βA are eigen-

spinors of (KA
B); in fact,

KA
Bα

B =
[
νδA

B + 1
2 (αAβB +βAαB)

]
αB = (ν+ 1

2α
BβB)αA,

and KA
BβB = (ν− 1

2α
BβB)βA; thus, if {αA,βA} is linearly independent, then

KA
Bα

B = λαA, KA
Bβ

B = λ−1βA, (1.149)

for some λ ∈ C, since the determinant of (KA
B) is equal to 1. The contraction αAβA

is different from zero; hence, by rescaling αA or βA, we can impose the condition
αAβA = 1; then (1.149) are equivalent to

KA
B = λαAβB −λ−1βAαB (1.150)

[cf. (1.144)].
From (1.134) and (1.149) it follows that the products αAα Ȧ, βAβ Ȧ, αAβ Ȧ, and

βAα Ȧ are the spinor equivalents of eigenvectors of (La
b) with eigenvalues

|λ |2, |λ |−2, λ/λ , λ/λ , (1.151)

respectively; αAα Ȧ, βAβ Ȧ are the spinor equivalents of two real null vectors
[see (1.139)], while αAβ Ȧ and βAα Ȧ are the spinor equivalents of two complex-
conjugate null vectors. Thus, if (KA

B) is of the form (1.150), then (La
b) pos-

sesses two real null eigenvectors, and the vector equivalents of αAβ Ȧ +βAα Ȧ and
i(αAβ Ȧ − βAα Ȧ), which are real, span a two-dimensional invariant subspace on
which (La

b) is a rotation through the angle arg(λ/λ).
Two eigenvalues of (La

b) are equal to 1 if and only if |λ | = 1 or λ ∈ R [see
(1.151)]. The orthochronous proper Lorentz transformations of this type, which
leave pointwise invariant a two-dimensional subspace, are called simple (Lounesto
1997, Sec. 9.6). When |λ | = 1, (La

b) represents a rotation; the vector equivalents
of αAα Ȧ and βAβ Ȧ span a real two-dimensional subspace pointwise invariant under
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(La
b), the trace KA

A is real, and |KA
A| < 2. When λ is real, (La

b) represents a

boost, the vector equivalents of αAβ Ȧ + βAα Ȧ and i(αAβ Ȧ − βAα Ȧ) span a real
two-dimensional subspace pointwise invariant under (La

b), the trace KA
A is real,

and |KA
A| > 2.

On the other hand, it can be readily verified that KA
A = λ + λ−1 is real if and

only if |λ | = 1 or λ ∈ R. Therefore, the SL(2,C) matrix (1.150) corresponds to a
simple orthochronous proper Lorentz transformation if and only if the trace KA

A is
real.

In the remaining case, in which {αA,βA} is linearly dependent, we have

KA
B = νδA

B + μαAαB,

where ν and μ are two complex numbers. Then, the condition det(KA
B) = 1 gives

ν = ±1, and by rescaling αA we can write

KA
B = ±(δA

B − 1
2ζ α

AαB), (1.152)

where ζ is a real number. Now αA is the only eigenspinor of (KA
B), and αAα Ȧ

is the spinor equivalent of a real null eigenvector of the corresponding orthogonal
transformation (La

b), with eigenvalue 1 (these Lorentz transformations are called
null rotations).

If γA is a one-index spinor such that αAγA = 1, then the vector equivalent of

i(αAγ Ȧ − γAα Ȧ) is a (spacelike) real eigenvector of (La
b) with eigenvalue 1; hence,

for the SO↑(3,1) transformation corresponding to (1.152) there is always a real
two-dimensional subspace pointwise invariant under (La

b) (that is, (La
b) is sim-

ple). (Note that γA is defined up to the transformation γA �→ γA +καA, with κ ∈ C

arbitrary, but the two-dimensional subspace pointwise invariant under (La
b) is not

affected by this ambiguity.) From (1.152) we see that KA
A = ±2.

Substituting (1.152) into (1.102), with the aid of (1.28), we obtain

La
b = − 1

2σ
a

AȦσb
BḂ(δA

B − 1
2ζ α

AαB

)(
δ Ȧ

Ḃ − 1
2ζ α

Ȧα Ḃ

)

= δ a
b − 1

2σ
a

AȦσb
BḂ[− 1

2ζ α
Aα Ȧ(αBγ Ḃ + γBα Ḃ)

+ 1
2ζ (αAγ Ȧ + γAα Ȧ)αBα Ḃ + 1

4ζ
2αAα ȦαBα Ḃ

]

= δ a
b +

1√
2
ζ (lasb − salb)− 1

4
ζ 2lalb, (1.153)

where la and sa are the vector equivalents of αAα Ȧ and (1/
√

2)(αAγ Ȧ + γAα Ȧ),
respectively. The vectors la and sa are real and orthogonal to each other; la is null
and sasa = 1. (A similar classification of the proper orthochronous Lorentz transfor-
mations, making use of quaternions, is obtained in Lanczos (1970); see also Penrose
and Rindler 1984, Hall 2004.)

The foregoing discussion proves the following result.

Proposition 1.4. The trace of the SL(2,C) matrix (KA
B) is real if and only if there

exists a real two-dimensional subspace pointwise invariant under the corresponding
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SO↑(3,1) transformation (La
b). Furthermore, in that case, (La

b) is a boost or a
rotation if |KA

A| > 2 or |KA
A| < 2, respectively. When |KA

A| = 2, with (KA
B) �=

±(δA
B ), (La

b) has only one real null eigenvector, and the corresponding eigenvalue
is equal to 1.

Since any nonzero complex number λ can be expressed as the product of a
positive real number and a complex number of unit modulus, λ = |λ |eiθ/2, for
some θ ∈ R, from (1.149) it follows that the SO↑(3,1) transformation defined by
(1.150) is the composition of two simple orthochronous Lorentz transformations.
Furthermore, making use of (1.145), one finds that (1.150) can also be expressed in
the form

KA
B = 1

2(λ +λ−1) δA
B + 1

2 (λ −λ−1) lanbSab
A

B, (1.154)

with la and na defined by (1.141). For instance, taking λ = eiθ/2 and T a = δ a
4 , we

have (see Exercise 1.9)

(KA
B) =

(
cos 1

2θ − iu3 sin 1
2θ −i(u1 + iu2)sin 1

2θ

−i(u1 − iu2)sin 1
2θ cos 1

2θ + iu3 sin 1
2θ

)

, (1.155)

where now ua is a unit vector defining the axis of the rotation [cf. (1.147)]. Alterna-
tively, denoting by ma the vector equivalent of αAβ Ȧ, we have

mambSabAB = mambσa(A
Ṙσ|b|B)Ṙ = 2α(Aβ

ṘβB)α Ṙ = −2α(AβB)

[cf. (1.145)]; hence, (1.150) is also equivalent to

KA
B = 1

2 (λ +λ−1) δA
B − 1

2 (λ −λ−1) mamb Sab
A

B.

With the conventions adopted here, the composition of a rotation about the z-axis
through an angle ϕ followed by a rotation about the y-axis through an angle θ ,
followed finally by a rotation about the z-axis through an angle χ , corresponds to
the matrix

(KA
B) =

(
e−iχ/2 0

0 eiχ/2

)(
cos 1

2θ sin 1
2θ

−sin 1
2θ cos 1

2θ

)(
e−iϕ/2 0

0 eiϕ/2

)

=

(
e−i(ϕ+χ)/2 cos 1

2θ ei(ϕ−χ)/2 sin 1
2θ

−ei(χ−ϕ)/2 sin 1
2θ ei(ϕ+χ)/2 cos 1

2θ

)

(1.156)

and its negative. (Note the order of the factors.) As one can readily verify, this matrix
also belongs to SU(2), and this last expression gives a parameterization of the SU(2)
matrices by Euler angles (ϕ ,θ ,χ).

It is convenient to express the eigenvalue λ of (KA
B) in the form λ = e−z/2;

then (KA
B) corresponds to a simple SO↑(3,1) transformation when z is real or pure

imaginary, and from (1.154) we also have

KA
B = cosh 1

2 z δA
B − sinh 1

2 z lanbSab
A

B.
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On the other hand, using the fact that the square of the matrix (lanbSab
A

B) is the
identity [see (1.145)], we find that

(KA
B) = exp

(− 1
2 z lanbSab

A
B

)

and, by virtue of (1.76), letting z = x + iy,

z lanbSab
A

B = (x + iy)lanbSab
A

B

= (xlcnd − y 1
2 lanbεabcd)ScdA

B

= − 1
2 tabSabA

B,

where tab is the real bivector

tab ≡−2xl[anb] + yεabcdlcnd . (1.157)

Thus,
(KA

B) = exp
(

1
4 tabSab

A
B

)
(1.158)

[cf. (1.124)]. Making use of the criterion given in Proposition 1.2, one can verify
that tab is simple if and only if x or y vanishes; therefore, the bivector (1.157) is
simple if and only if the SL(2,C) matrix (1.158) corresponds to a simple SO↑(3,1)
transformation. Since for the Lorentzian signature we have SabAB = SabȦḂ, it follows
that (MȦ

Ḃ) = exp
(

1
4 tabSab

Ȧ
Ḃ

)
[cf. (1.124)]; hence, as in the foregoing subsection, it

follows that
(La

b) = exp(−ta
b). (1.159)

Finally, in the case of the null rotations,

1√
2

lasbSabAB =
1√
2

lasbσa(A
Ṙσ|b|B)Ṙ = αAαB,

where la and sa are the vector equivalents of αAα Ȧ and (1/
√

2)(αAγ Ȧ + γAα Ȧ),
respectively. Hence (1.152) can also be expressed in the form

KA
B = ±

(

δA
B − 1

2
√

2
ζ lasbSab

A
B

)

,

or equivalently,

(KA
B) = ±exp

(

− 1

2
√

2
ζ lasbSab

A
B

)

, (1.160)

since the square of the matrix (αAαB) is equal to zero. This expression is of the form
(1.158), where tab is the simple bivector −√

2ζ l[asb]. As we have seen, (1.152) cor-
responds to a simple Lorentz transformation, and therefore, in all cases, the SL(2,C)
matrix (KA

B) = exp
(

1
4 tabSab

A
B

)
corresponds to a simple SO↑(3,1) transformation

if and only if the bivector tab is simple. (One can directly verify that in this case,
(1.159) reduces to (1.153).)
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Note that in order to obtain (1.124), (1.158), and (1.160), the explicit form of the
matrices (Sab

A
B) and (Sab

Ȧ
Ḃ), given by (1.77) and (1.79), has not been required.

Parameterization of Null Vectors, Aberration of Light

By definition, a (real) null vector la satisfies the condition lala = 0 and therefore

l4 = ±[
(l1)2 +(l2)2 +(l3)2]1/2

.

This means that apart from the ambiguity in the sign of l4, the components of the
null vector la are determined by the point (l1, l2, l3) ∈ R

3, which, in turn, can be
parameterized by the usual spherical coordinates (r,θ ,ϕ), according to

(l1, l2, l3) = (r sinθ cosϕ ,r sinθ sinϕ ,r cosθ ).

Assuming l4 > 0, the components of the spinor equivalent of la are then given by
[see (1.34)]

(
l11̇ l12̇

l21̇ l22̇

)

=
r√
2

(
1− cosθ −eiϕ sinθ

−e−iϕ sinθ 1 + cosθ

)

=
√

2r

(
sin2 1

2θ −eiϕ sin 1
2θ cos 1

2θ

−e−iϕ sin 1
2θ cos 1

2θ cos2 1
2θ

)

=
√

2r

(
−eiϕ/2 sin 1

2θ

e−iϕ/2 cos 1
2θ

)
(−e−iϕ/2 sin 1

2θ eiϕ/2 cos 1
2θ

)

=
(
α1

α2

)(

α 1̇ α 2̇
)

, (1.161)

which shows explicitly that the spinor equivalent of a real null vector with l4 > 0 is
of the form lAȦ = αAα Ȧ [see (1.139)]. From (1.161) we see that

(
α1

α2

)

= 21/4r1/2e−iχ/2

(
−eiϕ/2 sin 1

2θ

e−iϕ/2 cos 1
2θ

)

, (1.162)

where χ is an arbitrary real number.
The wave four-vector of an electromagnetic plane wave ka is a future-pointing

null vector, that is, k4 > 0 (see, e.g., Jackson 1975), and therefore, its spinor equiv-
alent is of the form αAα Ȧ, with αA given by

(
α1

α2

)

= 21/4k1/2

(−eiϕ/2 sin 1
2θ

e−iϕ/2 cos 1
2θ

)

, (1.163)
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where k = [(k1)2 +(k2)2 +(k3)2]1/2 is the wave number, and θ and ϕ are the stan-
dard polar and azimuth angles of the direction of propagation of the wave with
respect to some inertial reference frame S. The spinor equivalent of k′a the wave
four-vector of the wave with respect to a second inertial reference frame S′, which
moves with velocity v with respect to S along the z-axis, is also of the form α ′Aα ′Ȧ,
with α ′A = KA

BαB, and (KA
B) given by [see (1.147)]

(KA
B) =

(
cosh 1

2ζ + sinh 1
2ζ 0

0 cosh 1
2ζ − sinh 1

2ζ

)

=

(
eζ/2 0

0 e−ζ/2

)

,

with v = c tanhζ ; hence, expressing α ′A in the form (1.163), we immediately obtain

k′1/2 sin 1
2θ

′ eiϕ ′/2 = eζ/2k1/2 sin 1
2θ eiϕ/2,

k′1/2 cos 1
2θ

′ e−iϕ ′/2 = e−ζ/2k1/2 cos 1
2θ e−iϕ/2,

which imply ϕ ′ = ϕ and

tan 1
2θ

′ = eζ tan 1
2θ =

√
c + v
c− v

tan 1
2θ

(see also Misner, Thorne, and Wheeler 1973, Penrose and Rindler 1984). (Note that
θ is the angle between the direction of propagation of the wave and the direction of
motion of S′ with respect to S.) Furthermore, recalling that the angular frequencyω
of the wave is related to k by ω = ck, we have

ω ′ = c
[(

eζ/2k1/2 sin 1
2θ

)2 +
(
e−ζ/2k1/2 cos 1

2θ
)2
]

= γω
(

1− v
c

cosθ
)

,

which gives the relativistic Doppler shift.

Improper Lorentz Transformations. Spatial Inversion

Proceeding as at the beginning of this subsection, one finds that the O(3,1) transfor-
mations with determinant −1 are of the form

La
b = ∓ 1

2σ
a

AḂσb
CḊKA

ḊKB
Ċ, (1.164)

where (KA
Ḃ)∈ SL(2,C). Making use of the explicit expression (1.33), from (1.164)

one finds that
L4

4 = ± 1
2

(|K1
1̇|2 + |K1

2̇|2 + |K2
1̇|2 + |K2

2̇|2
)
,

which shows that (La
b) preserves [resp. reverses] the time orientation if we take the

upper [resp. lower] sign in (1.164).
As in the case of Euclidean signature, the entries of the matrix (KA

Ḃ) appearing
in (1.164) can be regarded as the spinor equivalent of a vector, but in the present
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case that vector is complex (according to (1.47), KAḂ is the spinor equivalent of a
real vector if and only if KAḂ = KBȦ). Since det(KA

Ḃ) = 1
2 KAḂKAḂ = 1, denoting

by Ka the vector equivalent of KAḂ, we have KaKa = −2, which means that the real
and the imaginary parts of Ka are orthogonal to each other. Making use of (1.130),
(1.52), and (1.65), from (1.164) we obtain

La
b = ∓ 1

2

(−KcKc δ a
b + KaKb + KaKb − igaeεebcdKcKd

)

= ∓[− 1
2(vcvc + wcwc)δ a

b + vavb + wawb −gaeεebcdvcwd], (1.165)

where va and wa are the real and the imaginary parts of Ka, respectively [cf. (1.131)]
(see also Penrose and Rindler 1984).

From KaKa = −2, it follows that vava −wawa = −2, and therefore, from (1.165)
we see that La

bvb = ±va and La
bwb = ∓wa. If {va,wa} is linearly independent, this

set spans a two-dimensional subspace invariant under (La
b).

When {va,wa} is linearly dependent, the orthogonality of va and wa implies
that va or wa is equal to zero; then (La

b) corresponds to the reflection in a three-
dimensional hyperplane passing through the origin or to the negative of such a re-
flection (see also Section 1.4, below). If va is equal to zero, wa is spacelike, and
if wa is equal to zero, va is timelike. Thus, in the latter case, (La

b) corresponds to
the reflection in the three-dimensional hyperplane orthogonal to the unit timelike
vector T a = va/

√
2, or to the negative of this reflection. Hence, if TAḂ is the spinor

equivalent of Ta, from (1.164) it follows that

La
b = −σa

AḂσb
CḊT A

ḊTC
Ḃ (1.166)

corresponds to the improper Lorentz transformation that leaves invariant the time-
like vector T a and reverses the sign of the vectors orthogonal to T a. This transfor-
mation is the spatial inversion for an observer for which T a (or −T a) represents its
time axis [cf. also (1.190)].

1.3.3 Ultrahyperbolic Signature

When (gab) = diag(1,1,−1,−1), the Infeld–van der Waerden symbols can all be
real [see (1.35)]. If these symbols are real, the matrix (1.102) is real if and only if
the unimodular matrices (KA

B) and (MȦ
Ḃ) are both real or both pure imaginary. The

4×4 matrices of the form

La
b = − 1

2σ
a

AȦσb
BḂKA

BMȦ
Ḃ, (1.167)

with σa
AḂ given by (1.35) and (KA

B),(MȦ
Ḃ) ∈ SL(2,R), the group of unimodu-

lar real 2× 2 matrices with matrix multiplication, form a connected subgroup of
SO(2,2) that contains the identity of this group and will be denoted by SO(2,2)0.
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Furthermore, the mapping
(
(KA

B),(MȦ
Ḃ)
) �→ (La

b), with La
b given by (1.167), is a

two-to-one homomorphism of SL(2,R) × SL(2,R) onto SO(2,2)0, i.e.,

SO(2,2)0 

(
SL(2,R)×SL(2,R)

)
/Z2. (1.168)

Following a procedure analogous to those employed in the preceding two sub-
sections, we can find the possible forms of the SL(2,R) matrices. As shown in Sec-
tion 1.7, below, for a given 2× 2 matrix (KA

B) there exist αA and βB such that
KA

B = νδA
B + 1

2 (αAβB + βAαB), for some scalar ν . Then αA and βA are eigen-
spinors of (KA

B), and, assuming that {αA,βA} is linearly independent, the condition
det(KA

B) = 1 implies that

KA
Bα

B = λαA, KA
Bβ

B = λ−1βA, (1.169)

for some λ ∈ C [cf. (1.149)]. If we now assume that (KA
B) belongs to SL(2,R), the

complex conjugate of the first equation in (1.169) gives

KA
Bα̂

B = λα̂A,

where, in the present case, the mate (conjugate or adjoint) of αA is defined by

α̂A ≡ αA (1.170)

[cf. (1.113)]. This means that if αA is an eigenspinor of an SL(2,R) matrix, so
is its mate α̂A, and now we have to consider two possible subcases according to
whether αAα̂A is different from zero or not. (Note that αAα̂A = α1α2 −α2α1 is pure
imaginary and that iαAα̂A = 2Re(iα1α2) can take any real value.)

When αAα̂A �= 0, {αA, α̂A} is linearly independent, the equations above imply
that βA must be proportional to α̂A and λ = λ−1, which means that λ = eiθ/2, for
some θ ∈ R. Hence, from (1.169) we have

KA
B =

1
αRα̂R

(
eiθ/2αAα̂B − e−iθ/2α̂AαB

)

= cos 1
2θ δ

A
B + i sin 1

2θ
αAα̂B + α̂AαB

αRα̂R
. (1.171)

When αAα̂A = 0, α̂A is proportional to αA, and hence, λ = λ . Writing α̂A = μαA,

with μ ∈ C, then ̂̂αA = (μαA )̂ = μα̂A = μμαA, and using the fact that ̂̂αA = αA,
it follows that μ = eiχ , for some χ ∈ R; thus, (eiχ/2αA)̂ = eiχ/2αA, and absorbing

the factor eiχ/2 into αA, we have α̂A = αA. Similarly, β̂A must be also proportional

to βA and we can assume that β̂A = βA. Then, expressing λ in the form λ = ±eθ/2,
from (1.169) it follows that

KA
B = ± 1

αRβR

(
eθ/2αAβB − e−θ/2βAαB

)

= ±
(

cosh 1
2θ δ

A
B + sinh 1

2θ
αAβB +βAαB

αRβR

)

. (1.172)



1.3 Spinorial Representation of the Orthogonal Transformations 41

Finally, when {αA,βA} is linearly dependent we have KA
B = νδA

B
+μαAαB, and

the condition det(KA
B) = 1 requires ν = ±1. Since (KA

B) must be real, α̂A has to
be proportional to αA and we can assume that α̂A = αA; hence, in this case,

KA
B = ±(

δA
B + 1

2θ α
AαB

)
,

with θ ∈ R.
Summarizing, any SL(2,R) matrix different from the unit matrix has one of the

forms
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

cos 1
2θ δ

A
B + i sin 1

2θ
αAα̂B + α̂AαB

αRα̂R
, with αAα̂A �= 0,

±
(

cosh 1
2θ δ

A
B + sinh 1

2θ
αAβB +βAαB

αRβR

)

, with α̂A = αA, β̂A = βA,

±(
δA

B + 1
2θ α

AαB

)
, with α̂A = αA.

(1.173)

These three cases correspond to |KA
A| less than 2, greater than 2, and equal to 2,

respectively.
Similarly, one concludes that any SL(2,R) matrix (MȦ

Ḃ) different from the unit
matrix can have one of the forms

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

cos 1
2ϕ δ

Ȧ
Ḃ

+ i sin 1
2ϕ

α Ȧα̂Ḃ + α̂ ȦαḂ

α Ṙα̂Ṙ

, with α Ȧα̂Ȧ �= 0,

±
(

cosh 1
2ϕ δ

Ȧ
Ḃ

+ sinh 1
2ϕ

α ȦβḂ +β ȦαḂ

α ṘβṘ

)

, with α̂Ȧ = αȦ, β̂Ȧ = βȦ,

±(
δ Ȧ

Ḃ
+ 1

2ϕ α
ȦαḂ

)
, with α̂Ȧ = αȦ,

(1.174)

where
α̂Ȧ ≡ αȦ. (1.175)

Since the two SL(2,R) matrices (KA
B), (MȦ

Ḃ) appearing in (1.167) are independent
of each other and each of these matrices can have one of the forms (1.173) and
(1.174), there is a huge variety of SO(2,2)0 transformations.

Improper O(2, 2) Transformations

With the Infeld–van der Waerden symbols given by (1.35), all the orthogonal trans-
formations with determinant equal to −1 are given by

La
b = −1

2
σa

AȦσb
BḂKA

ḂMȦ
B, (1.176)
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where the unimodular matrices (KA
Ḃ) and (MȦ

B) are both real or both pure imagi-
nary. KAḂ and MȦB can be regarded as the spinor equivalents of two real vectors or
two pure imaginary vectors, respectively; in the first case, writing

KAḂ =
√

2vAḂ, MȦB =
√

2wBȦ,

one finds that vAḂ and wAḂ are the spinor equivalents of two real vectors va and wa

such that vava = −1 = wawa. Making use of (1.52), (1.65), and (1.130), one finds
that (1.176) is equivalent to

La
b = vcwcδ a

b − vawb −wavb + gaeεebcdvcwd .

From this last expression one finds that La
bvb = wa and La

bwb = va.
In the second case, KAḂ and MȦB can be regarded as the spinor equivalents of two

pure imaginary vectors; letting

KAḂ = i
√

2vAḂ, MȦB = i
√

2wBȦ,

one finds that vAḂ and wAḂ are the spinor equivalents of two real vectors va and wa

such that vava = 1 = wawa, and (1.176) amounts to

La
b = −vcwcδ a

b + vawb + wavb −gaeεebcdvcwd .

Here we also have La
bvb = wa and La

bwb = va.
As in the cases of the improper O(4) and O(3,1) transformations, when {va,wa}

is linearly independent, the two-dimensional subspace spanned by {va,wa} is invari-
ant under (La

b) as well as its orthogonal complement, and when {va,wa} is linearly
dependent, (La

b) or−(La
b) is a reflection in a three-dimensional hyperplane passing

through the origin.

Alternative Basis

Apart from the real Infeld–van der Waerden symbols (1.35), another advanta-
geous choice is given by the complex scalars (1.37) because they satisfy σa

AȦ =
ηABηȦḂσ

aBḂ, with ηAB and ηȦḂ defined as in (1.39),

(ηAB) ≡
(

1 0

0 −1

)

≡ (ηȦḂ).

Then, the entries of the orthogonal transformation (La
b) given by (1.102) are real if

and only if

σa
AȦσb

BḂKA
BMȦ

Ḃ = ηACηȦĊσ
aCĊηBDη ḂḊσbDḊKA

BMȦ
Ḃ,

where, following the general rules (1.22),
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(ηAB) =

(
−1 0

0 1

)

= (η ȦḂ).

Thus
KC

DMĊ
Ḋ = ηACηȦĊη

BDη ḂḊKA
BMȦ

Ḃ,

i.e., KC
D = ληACηBDKA

B and MĊ
Ḋ = λ−1ηȦĊη ḂḊMȦ

Ḃ, for some λ ∈ C. Again,

since det(KA
B) and det(MȦ

Ḃ) are equal to 1, λ =±1. Hence, making use of (1.107),
one obtains the conditions

ηCAKC
SKA

R = ±ηSR, ηĊȦMĊ
ṠMȦ

Ṙ = ±ηṠṘ. (1.177)

The unimodular 2× 2 complex matrices (KA
B) or (MȦ

Ḃ) satisfying (1.177) with
the positive sign form a group with the usual matrix multiplication that is de-
noted by SU(1,1). Since the pairs

(
(KA

B),(MȦ
Ḃ)
)

and
(−(KA

B),−(MȦ
Ḃ)
)

give
the same SO(2,2)0 transformation, SO(2,2)0 can be identified with

(
SU(1,1)×

SU(1,1)
)
/Z2.

The components of the spinor equivalent vAḂ of a vector va computed according
to (1.42) with the aid of the real Infeld–van der Waerden symbols (1.35) are related
to the components of the spinor equivalent ṽAḂ of the same vector computed us-
ing the complex Infeld–van der Waerden symbols (1.37), which will be denoted by
σ̃a

AḂ, by means of [see (1.31)]

ṽAḂ =
1√
2
σ̃a

AḂva =
1√
2

0
K C

A

0
M Ḋ

Ḃσ
a

CḊva =
0

K C
A

0
M Ḋ

ḂvCḊ, (1.178)

with (
0

K A
B) and (

0
M Ȧ

Ḃ) given by (1.36). Consistently with this relationship, we shall
assume that the components of one-index spinors are related by

φ̃A =
0

K B
AφB, ψ̃Ȧ =

0
M Ḃ

ȦψḂ, (1.179)

where φ̃A, ψ̃Ȧ are the components with respect to the spinor basis associated with
the complex Infeld–van der Waerden symbols (1.37), and φA, ψȦ are the compo-
nents with respect to the basis associated with the real Infeld–van der Waerden
symbols (1.35).

Given the components of a one-index spinor φA with respect to the basis associ-
ated with the real Infeld–van der Waerden symbols (1.35), the operation φA �→ φA

produces another one-index spinor, which has been denoted by φ̂A [see (1.170)].
According to (1.179), the components of φ̂A with respect to the spinor basis as-
sociated with the complex Infeld–van der Waerden symbols (1.37) are given by
˜̂φA =

0
K B

Aφ̂B =
0

K B
AφB, but φB = (

0
K −1)C

Bφ̃C = − 0
K B

Cφ̃C, and hence

˜̂φA =
0

K B
A(− 0

K B
Cφ̃C) = (

0
K −1)A

B 0
K B

Cφ̃C.
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On the other hand, an explicit computation using (1.36) shows that

0
K A

B = −iεBCη
CD 0

K A
D, (1.180)

and therefore

˜̂φA = (
0

K −1)A
B(−iεCDηDE

0
K B

E)φ̃C = −iηADφ̃D.

Hence, dropping the tildes, with respect to the basis associated with the complex
Infeld–van der Waerden symbols (1.37), the mate (conjugate or adjoint) of αA has
to be defined by

α̂A ≡−iηABαB (1.181)

(i.e., α̂1 = iα2, α̂2 = iα1) [cf. (1.113)]. One can verify that as a consequence of
(1.177), if αA is an eigenspinor of an SU(1,1) matrix (KA

B), then so is its mate α̂A.
Depending on the value of the trace KA

A, an SU(1,1) matrix (KA
B) has one of

the forms (1.173). (Note that the trace KA
A is real.)

Since (
0

M Ȧ
Ḃ) is the complex conjugate of (

0
K A

B), from (1.179) and (1.180) one
finds that with respect to the basis associated with the complex Infeld–van der Waer-
den symbols (1.37), the definition of the mate (conjugate or adjoint) of a spinor with
one dotted index (1.175) is equivalent to

α̂Ȧ ≡ iηȦḂα Ḃ. (1.182)

Spin Transformations

Given two orthonormal bases {e1,e2,e3,e4} and {e′1,e
′
2,e

′
3,e

′
4} satisfying (1.2), any

vector v ∈V can be expressed in the form v = vaea and v = v′ae′a, where the va and
v′a are real numbers related by the “transformation law”

v′a = La
bvb, (1.183)

which follows from (1.3), with (La
b) ∈ O(p,q). Hence, if (La

b) ∈ SO(p,q)0 [the
connected component of the identity in SO(p,q)], the spinor equivalents of va and
v′a, denoted by vAḂ and v′AḂ, respectively, are related through [see (1.102)]

v′AḂ = KA
CMḂ

ḊvCḊ, (1.184)

where
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(KA
B),(MȦ

Ḃ) ∈ SU(2) if the σa
AḂ are given by (1.33),

(KA
B) ∈ SL(2,C),(MȦ

Ḃ) = (KA
B) if the σa

AḂ are given by (1.34),
(KA

B),(MȦ
Ḃ) ∈ SL(2,R) if the σa

AḂ are given by (1.35),
(KA

B),(MȦ
Ḃ) ∈ SU(1,1) if the σa

AḂ are given by (1.37).

(1.185)
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Similarly, since the components of a tensor with respect to the bases {e1,e2,e3,e4}
and {e′1,e

′
2,e

′
3,e

′
4} are related by t ′ab... = La

cLb
d · · · tcd..., their spinor equivalents are

related by means of

t ′AB...ȦḂ... = KA
CMȦ

ĊKB
DMḂ

Ḋ · · · tCD...ĊḊ.... (1.186)

The transformations (1.184) and (1.186) can be seen as consequences of the spin
transformations

ψ ′A = KA
Cψ

C, φ ′Ȧ = MȦ
Ċφ

Ċ (1.187)

on the one-index spinors. Whereas in the transformations (1.184) and (1.186) the
two pairs of matrices

(
(KA

B),(MȦ
Ḃ)
)

and
(−(KA

B),−(MȦ
Ḃ)
)
, corresponding to a

given SO(p,q)0 transformation, yield the same result (as it should), the effect of the
spin transformations (1.187) does depend on which pair of matrices restricted by
(1.185) we choose.

1.4 Reflections

A special class of orthogonal transformations is that of reflections on hyperplanes
passing through the origin. A nonnull vector Na defines a three-dimensional sub-
space of V formed by the vectors orthogonal to Na. The 4×4 real matrix given by

La
b = δ a

b − 2NaNb

NcNc
(1.188)

corresponds to the reflection on the hyperplane passing through the origin orthogo-
nal to Na and is an orthogonal transformation with negative determinant, as can be
verified using (1.4) and (1.100) or, in a simpler manner, by comparing (1.190), be-
low, with (1.98). Making use of (1.42), (1.21), and (1.46), one finds that the spinor
equivalent of (1.188) is

LAȦ
BḂ = −δA

B δ
Ȧ
Ḃ +

2NAȦNBḂ

NCĊNCĊ

, (1.189)

and then, by virtue of the identity [see (1.28) and (1.23)]

NAȦNBḂ = NAȦNBḂ −NA
ḂNB

Ȧ + NA
ḂNB

Ȧ

= NAṘNBṘδ
Ȧ
Ḃ + NA

ḂNB
Ȧ

= 1
2 (NAṘNBṘ −NB

ṘNA
Ṙ)δ Ȧ

Ḃ + NA
ḂNB

Ȧ

= 1
2δ

A
B δ

Ȧ
Ḃ NSṘNSṘ + NA

ḂNB
Ȧ,

one obtains the simple expression
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LAȦ
BḂ =

2NA
ḂNB

Ȧ

NCĊNCĊ

, (1.190)

which is of the form (1.98).
The composition of any two reflections on hyperplanes passing through the origin

(or of any even number of such reflections) is an orthogonal transformation with unit
determinant. In a three-dimensional space, with definite or indefinite metric tensor,
any orthogonal transformation with unit determinant is the composition of two re-
flections (see, e.g., Cartan 1966, Porteous 1995, Lounesto 1997, Torres del Castillo
2003); however, in a four-dimensional space, a similar result does not hold. In fact,
the vectors belonging to the two-dimensional subspace formed by the intersection of
two different hyperplanes passing through the origin are fixed points of the composi-
tion of the reflections on these hyperplanes. Thus, the composition of the reflections
in two hyperplanes passing through the origin is a proper orthogonal transformation
with a double eigenvalue 1, while, as we have seen, not every proper orthogonal
transformation has two eigenvalues equal to 1.

For instance, if the metric tensor of V is positive definite, the spinor equivalent of
the composition of the reflections on the hyperplanes orthogonal to the unit vectors
Na and Ña is [see (1.190); an extra minus sign comes from (1.46)]

LAȦ
BḂ = −(−2NA

ĊNC
Ȧ
)(−2ÑC

ḂÑB
Ċ
)

= −4NA
ĊÑB

ĊNC
ȦÑC

Ḃ,

which corresponds to an SO(4) transformation of the form (1.102) with KA
B =

2NA
ĊÑB

Ċ and MȦ
Ḃ = 2NC

ȦÑC
Ḃ. Then, KA

A =−2NAĊÑAĊ, and MȦ
Ȧ =−2NCȦÑCȦ,

i.e., KA
A = MȦ

Ȧ, which means that the composition of two reflections is a sim-
ple SO(4) transformation (see Section 1.3.1). In fact, the converse is also true; we
can see explicitly that any simple SO(4) transformation is the composition of two
reflections in hyperplanes passing through the origin. Letting

NAḂ =
1√
2

(
eiθ/4αAγḂ − e−iθ/4α̂Aγ̂Ḃ

)
,

ÑAḂ =
1√
2

(
e−iθ/4αAγḂ − eiθ/4α̂Aγ̂Ḃ

)
,

assuming that αRα̂R = 1 and γ Ṙγ̂Ṙ = 1, one finds that 2NA
ĊÑB

Ċ = eiθ/2αAα̂B −
e−iθ/2α̂AαB and 2NC

ȦÑC
Ḃ = eiθ/2γ Ȧγ̂Ḃ−e−iθ/2γ̂ ȦγḂ, which are of the form (1.114)

and (1.116) with ϕ = θ , and letting

NAḂ =
1√
2

(
eiθ/4αAγ̂Ḃ + e−iθ/4α̂AγḂ

)
,

ÑAḂ =
1√
2

(
eiθ/4α̂AγḂ + e−iθ/4αAγ̂Ḃ

)
,

one finds that 2NA
ĊÑB

Ċ = eiθ/2αAα̂B − e−iθ/2α̂AαB and 2NC
ȦÑC

Ḃ = e−iθ/2γ Ȧγ̂Ḃ −
eiθ/2γ̂ ȦγḂ, which are of the form (1.114) and (1.116) with ϕ = −θ . In both cases,
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the vector equivalents Na and Ña of NAḂ and ÑAḂ, respectively, are real unit vectors
and satisfy NaÑa = cos 1

2θ .
As shown in Section 1.3.1, any SO(4) transformation is simple or is the composi-

tion of two simple SO(4) transformations, and therefore, any SO(4) transformation
can be obtained through the composition of two or four reflections.

On the other hand, the spinor equivalent of the composition of an arbitrary im-
proper O(4) transformation given by (1.128), followed by a reflection given by
(1.190), is

2NA
ḂNB

Ȧ

NRṘNRṘ

KB
ĊMḂ

C = − (−2NA
ḂwC

Ḃ)
√

−NRṘNRṘ

(2NB
ȦvB

Ċ)
√

−NRṘNRṘ

,

where we have made use of the definitions (1.129). This composition corresponds
to a simple SO(4) transformation if, for instance, we choose NAḂ orthogonal to vAḂ
and wAḂ, since the traces

(−2NA
ḂwA

Ḃ)
√

−NRṘNRṘ

and
(2NB

ȦvB
Ċ)

√

−NRṘNRṘ

coincide. In effect,

−2NA
ḂwA

Ḃ = 0 and 2NB
ȦvB

Ȧ = 0.

(Alternatively, if vAḂ �= wAḂ, one can choose NAḂ = vAḂ−wAḂ.) Hence, using the fact
that the square of a reflection is equal to the identity, we conclude that any improper
O(4) transformation is the composition of a simple SO(4) transformation followed
by a reflection, or equivalently, any improper O(4) transformation is a reflection or
can be expressed as the composition of three reflections.

Now we shall consider only the SO↑(3,1) transformations, showing that any sim-
ple orthochronous proper Lorentz transformation can be expressed as the composi-
tion of two reflections. Hence, any orthochronous proper Lorentz transformation is
the composition of two or four reflections.

The Lorentz boosts, given by (1.136) or (1.137), have a double eigenvalue equal
to 1, and these transformations can be expressed as the composition of two reflec-
tions on hyperplanes passing through the origin. The vector equivalents of

NAḂ =
1√
2

(
e−ζ/4αAα Ḃ + eζ/4βAβ Ḃ

)
,

ÑAḂ =
1√
2

(
eζ/4αAα Ḃ + e−ζ/4βAβ Ḃ

)
,

with αA and βA defined by (1.141) and (1.142), are two real vectors Na and Ña

(i.e., NAḂ = NBȦ and ÑAḂ = ÑBȦ) such that NaNa = −1, ÑaÑa = −1, and ÑaNa =
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−cosh 1
2ζ . Making use of (1.190), one finds that the composition of the reflections

in the hyperplanes orthogonal to Na and Ña is determined by

LAȦ
BḂ = −(2NA

ĊNC
Ȧ)(2ÑC

ḂÑB
Ċ)

= −(2NA
ĊÑB

Ċ)(2NC
ȦÑC

Ḃ)

= −(2NA
ĊÑB

Ċ)(2NA
ĊÑB

Ċ), (1.191)

but

2NA
ĊÑB

Ċ =
(
e−ζ/4αAαĊ + eζ/4βAβ Ċ

)(
eζ/4αBα

Ċ + e−ζ/4βBβ
Ċ
)

= −(
e−ζ/2αAβB − eζ/2βAαB

)
,

and therefore (1.191) coincides with (1.143).
Similarly, any orthochronous proper Lorentz transformation that represents a ro-

tation is the composition of two reflections. For instance, the vector equivalents of

NAḂ =
1√
2

(
eiθ/4αAβ Ḃ + e−iθ/4βAα Ḃ

)
,

ÑAḂ =
1√
2

(
e−iθ/4αAβ Ḃ + eiθ/4βAα Ḃ

)
,

with αAβA = 1, are two real vectors Na and Ña such that NaNa = 1, ÑaÑa = 1,
and NaÑa = cos 1

2θ ; furthermore, 2NA
ĊÑB

Ċ = eiθ/2αAβB − e−iθ/2βAαB, which co-
incides with (1.150) when λ = eiθ/2.

The orthochronous proper Lorentz transformation corresponding to the SL(2,C)
matrix (1.152) is equal to the composition of the reflections on the hyperplanes
orthogonal to the vectors given by

NAḂ =
1√
2

(
αAβ Ḃ +βAα Ḃ

)
,

ÑAḂ = ± 1√
2

(− 1
2ζαAα Ḃ +αAβ Ḃ +βAα Ḃ

)
,

where βA is a one-index spinor such that αAβA = 1. In fact, one finds that 2NA
ĊÑB

Ċ

= ±(
δA

B − 1
2ζα

AαB

)
.

Orthogonal Projection on a Hyperplane

Given a vector va, the decomposition into symmetric and antisymmetric parts

NB
ṘvAṘ = N(B

ṘvA)Ṙ + N[B
ṘvA]Ṙ = N(B

ṘvA)Ṙ + 1
2εBANRṘvRṘ,

which, contracted with NB
Ȧ, is equivalent to
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NB
ȦNB

ṘvAṘ = NB
ȦN(B

ṘvA)Ṙ + 1
2εBANB

ȦNRṘvRṘ

or

−1
2

NBḂNBḂδ
Ṙ
Ȧ vAṘ =

1√
2
(NCĊNCĊ)1/2 NB

Ȧv⊥BA −
1
2

NRṘvRṘNAȦ,

where

v⊥BA ≡
√

2N(B
ṘvA)Ṙ

(NCĊNCĊ)1/2
, (1.192)

allows us to express (the spinor components of) the vector va as the sum of a vector
orthogonal to Na and a vector proportional to Na,

vAȦ = −
√

2NB
Ȧv⊥AB

(NCĊNCĊ)1/2
+

NBḂvBḂNAȦ

NCĊNCĊ

.

(The first term on the right-hand side of the last expression corresponds to a vector
orthogonal to Na, since NAȦ(NB

Ȧv⊥AB) = 1
2 NRȦNRȦεABv⊥AB, which is equal to zero

because of the symmetry of v⊥AB.) Hence, using the fact that v⊥BA is symmetric, the
orthogonal projection of va on the hyperplane orthogonal to Na is the vector

√
2NB

Ȧv⊥AB eAȦ

(NCĊNCĊ)1/2
= −v⊥AB

√
2N(B

Ȧ eA)Ȧ

(NCĊNCĊ)1/2
,

and therefore, a basis of (the complexification of) this hyperplane is formed by the
three vectors

eAB ≡
√

2N(A
Ȧ eB)Ȧ

(NCĊNCĊ)1/2
. (1.193)

The vectors eAB need not be real, and the explicit relationship between the vectors
eAB and their complex conjugates depends on the choice of the Infeld–van der Waer-
den symbols.

The map that sends an arbitrary vector v =−vAḂeAḂ into its orthogonal projection
on the hyperplane orthogonal to Na, −v⊥ABeAB, can be extended to higher-rank
tensors assuming that this map is linear and preserves tensor products, keeping in
mind that the components of the projected objects are referred to a basis induced
by {eAB} (see also Sommers 1980, Sen 1982, Shaw 1983a,b, Ashtekar 1987, 1991,
Torres del Castillo 2003). (In a three-dimensional space, with a definite or indefinite
metric, only one type of spinor indices is necessary.)

1.5 Clifford Algebra. Dirac Spinors

Spinors are frequently introduced starting from the study of the Clifford algebras
(see, e.g., Penrose and Rindler 1986, Lawson and Michelsohn 1989, Chevalley 1996,
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Lounesto 1997). In this section we will show how the one-index spinors are related
to the Clifford algebras considering only the case of four-dimensional spaces.

As in the preceding sections, gab will denote the components of the metric tensor
of V with respect to an orthonormal basis, and we shall assume that (gab) is of one
of the forms (1.1). The Clifford algebra associated with V can be defined as the
associative algebra generated by 1,γ1,γ2,γ3,γ4, which satisfy the relations

γaγb + γbγa = 2gab, (1.194)

and 1 is the unit element. The elements of the algebra are the linear combinations
with complex coefficients of 1,γ1,γ2,γ3,γ4, and their products.

The anticommutation relations (1.194) appear in connection with the Dirac equa-
tion for the electron. The relation E2/c2−p2 = m2

0c2 between the relativistic energy
E and the relativistic momentum p of a particle with rest mass m0, leads to the
Klein–Gordon equation

(

gab ∂
∂xa

∂
∂xb − m2

0c2

h̄2

)

ψ = 0, (1.195)

where (gab) = diag(1,1,1,−1) and the xa are Cartesian space-time coordinates as-
sociated with an inertial reference frame, when E and p are replaced by the operators
ih̄∂/∂ t and −ih̄∇, respectively, following the standard rules of quantum mechanics.
In contrast with the Schrödinger equation, the Klein–Gordon equation involves sec-
ond derivatives with respect to time and does not lead to a conserved positive definite
probability density. The Dirac equation is obtained by looking for a factorization of
the operator appearing in the Klein–Gordon equation (1.195) of the form

(

gab ∂
∂xa

∂
∂xb − m2

0c2

h̄2

)

=
(

γa ∂
∂xa +

m0c
h̄

)(

γb ∂
∂xb − m0c

h̄

)

,

which requires the validity of (1.194). (The index of γa is raised following the usual
rule with the aid of gab.) The Dirac equation can be expressed as

(

γa ∂
∂xa − m0c

h̄

)

ψ = 0. (1.196)

We are interested in finding an irreducible representation of the Clifford algebra,
that is, we want to consider the elements of the algebra as linear operators on some
complex vector space D in such a way that there are no proper subspaces of D
that are invariant under all these operators. As we shall show, there is an infinite
number of equivalent irreducible representations of the algebra in a complex four-
dimensional vector space D, and finding each of these representations amounts to
finding a set of Infeld–van der Waerden symbols.

With the components of the metric tensor given by (1.1), the basic relations
(1.194) yield

(γa)2 = ±IN , (1.197)
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where IN denotes the identity of D, and

γaγb = −γbγa, for a �= b. (1.198)

From (1.197) it follows that each operator γa is invertible, γa
−1 = ±γa, and from

(1.198) one obtains detγa detγb = (−1)N detγb detγa, where N denotes the dimen-
sion of D. Hence, N must be even.

Defining
γ5 ≡ iqγ1γ2γ3γ4, (1.199)

where, as above, q is the number of (−1)’s appearing in the diagonal matrix (gab),
with the aid of (1.197) and (1.198) one finds that

γ5γa = −γaγ5 (1.200)

and γ2
5 = (−1)q(γ1)2(γ2)2(γ3)2(γ4)2 = IN . Furthermore, from (1.200) we have γ5 =

−γaγ5γa
−1 (without summation on a); hence, using the fact that tr(AB) = tr(BA),

we obtain trγ5 = −tr(γaγ5γa
−1) = −trγ5, i.e., trγ5 = 0. The eigenvalues of γ5 are

equal to +1 or −1 and from the condition trγ5 = 0 it follows that there are as many
+1’s as −1’s (which also implies that dimD is even). Hence, there is a basis of D
formed by eigenvectors of γ5, with respect to which γ5 is represented by the matrix

(
IN/2 0

0 −IN/2

)

,

where IN/2 is the N/2×N/2 unit matrix. Writing the matrix corresponding to γa in
block form

(
Aa Ba

Ca Da

)

,

where Aa, Ba, Ca, and Da are N/2×N/2 matrices, from (1.200) one finds that Aa =
Da = 0, and (1.194) amounts to

BaCb + BbCa = 2gabIN/2, CaBb +CbBa = 2gabIN/2. (1.201)

These equations imply that Ca = gaa(Ba)−1 (without summation on a). Furthermore,
for a �= b, BaCb =−BbCa, and therefore detBa detCb = (−1)N/2 detBb detCa. On the
other hand, detCa = (gaa)N/2(detBa)−1 (without summation on a); hence

(gaa)N/2

(detBa)2 = (−1)N/2 (gbb)N/2

(detBb)2 , for a �= b,

which cannot be satisfied if N/2 is odd, and we conclude that N, the dimension of
D, must be a multiple of 4.



52 1 Spinor Algebra

Assuming N = 4, we have

Ba =

(
xa ya

za wa

)

, (1.202)

where for a = 1,2,3,4, xa, ya, za, and wa are scalars, and hence

Ca = λa

(−wa ya

za −xa

)

(without summation on a) (1.203)

with
λa ≡− gaa

detBa
(without summation on a).

Substituting (1.202) and (1.203) into (1.201), one finds that all λa must have a com-
mon value, λ (say) (otherwise (gab) would be equal to a matrix of rank 2 at most),
and

λ (−xawb −waxb + yazb + zayb) = 2gab. (1.204)

By means of an appropriate change of basis of D we can eliminate the factor λ
appearing in (1.203) and (1.204). In effect, applying the similarity transformation

(
0 Ba

Ca 0

)

�→
(
λ 1/2I 0

0 I

)(
0 Ba

Ca 0

)(
λ−1/2I 0

0 I

)

=
(

0 λ 1/2Ba

λ−1/2Ca 0

)

,

and redefining λ 1/2xa, λ 1/2ya, λ 1/2za, and λ 1/2wa as xa, ya, za, and wa, respectively,
one concludes that there is a basis of D, formed by eigenvectors of γ5, with respect
to which the operators γa are represented by

γa =
(

0 Ba

Ca 0

)

(1.205)

with

Ba =
(

xa ya

za wa

)

, Ca =
(−wa ya

za −xa

)

, (1.206)

and
2gab = −xawb −waxb + yazb + zayb. (1.207)

This last relation implies that the four (possibly complex) vectors with compo-
nents xa, ya, za, and wa form essentially a null tetrad as defined in Section 1.2;
i.e., they are null vectors, xaxa = yaya = zaza = wawa = 0, that form a basis of (the
complexification of) V , and the only nonvanishing inner products among them are
xbwb = −2 and ybzb = 2. In fact, from (1.207) it follows that for any vector va,

va = gabvb = 1
2 (−vbwbxa − vbxbwa + vbzbya + vbybza),
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thus showing that xa, ya, za, and wa span the complexification of V , and from this
last relation one obtains, e.g.,

xa = 1
2 (−xbwbxa − xbxbwa + xbzbya + xbybza),

which shows that xbxb = xbzb = xbyb = 0 and xbwb = −2.
Letting

σa11̇ ≡ xa, σa12̇ ≡ ya, σa21̇ ≡ za, σa22̇ ≡ wa, (1.208)

one finds that (1.207) is equivalent to (1.40), and therefore, finding a representation
of the Clifford algebra associated with the metric tensor gab in a four-dimensional
complex vector space D is equivalent to finding a null tetrad and also to find-
ing Infeld–van der Waerden symbols for the metric tensor gab. Thus, according to
(1.206) and (1.208) we have

Ba =
(
σa11̇ σa12̇
σa21̇ σa22̇

)

, Ca = −
(
σa

11̇ σa
21̇

σa
12̇ σa

22̇

)

, (1.209)

and in order to get agreement with the notation employed in the preceding sections,
the components of an element of D with respect to a basis such that (1.205)–(1.207)
and (1.209) hold will be denoted by

(
ψA

φ Ȧ

)

. (1.210)

The elements of D are called Dirac spinors or bispinors. Owing to (1.205) and
(1.209),

γa

(
ψA

φ Ȧ

)

=

(
σaAȦφ Ȧ

−σa
AȦψA

)

. (1.211)

In order to verify that the representation of the Clifford algebra (1.194) given
by (1.205)–(1.207) is irreducible, it suffices to show (according to Schur’s lemma)
that any operator that commutes with all the linear combinations of the operators
(1.205) must be a scalar multiple of the identity. Indeed, such an operator, Δ , say,
must commute with γ5 and therefore with respect to the basis of D formed by the
eigenvectors of γ5 previously employed is represented by a matrix of the block form

(
F 0
0 G

)

,

where F = (FA
B) and G = (GȦ

Ḃ) are 2× 2 matrices. Then, Δ also commutes with
γa if and only if FBa = BaG and GCa = CaF , which amounts to

FA
BσaBĊ = σaAḂGḂ

Ċ
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[see (1.209)]. Then, by contracting with σaRṠ one finds that

F
A

Rδ Ṡ
Ċ = GṠ

Ċδ
R
A ,

which implies that F and G are the same scalar multiple of the identity matrix and
therefore Δ is a scalar multiple of the identity.

If (La
b) is an orthogonal transformation and the operators γa satisfy (1.194), then

the operators γ ′a ≡ La
bγb also satisfy (1.194) [cf. (1.183)]; in fact, γ ′aγ ′b + γ ′bγ

′
a =

La
cγcLb

dγd + Lb
dγdLa

cγc = La
cLb

d(γcγd + γdγc) = 2La
cLb

dgcdIN = 2gabIN . Thus,
the γa and the γ ′a form representations of the Clifford algebra, and as a consequence
of (1.96), (1.98), and (1.211), these two representations are equivalent to each other
in the sense that there exists a unimodular operator U of D onto itself such that
γ ′a =U−1γaU . In effect, if (La

b)∈ SO(p,q), using (1.102) and (1.211), one finds that

γ ′a

(
ψA

φ Ȧ

)

=

(
La

bσbAȦφ Ȧ

−La
bσb

AȦψA

)

=

(
KC

AMĊ
ȦσaCĊφ Ȧ

−KC
AMĊ

Ȧσa
CĊψA

)

= U−1γaU

(
ψA

φ Ȧ

)

,

with

U

(
ψA

φ Ȧ

)

=

(−KA
CψC

MȦ
ĊφĊ

)

, U−1

(
ψA

φ Ȧ

)

=

(
KC

AψC

−MĊ
ȦφĊ

)

, (1.212)

and one can verify that U−1γ5U = γ5. Recall that the matrices (KA
B) and (MȦ

Ḃ)
are defined by (La

b) up to a common sign; hence, U is defined by (La
b) up to sign.

Note also that (1.212) coincides with the spin transformations (1.187), and we can
identify D with the direct sum of the spin spaces.

Similarly, in the case of an improper orthogonal transformation given by Lb
a =

− 1
2σ

b
BḂσa

AȦKB
ȦMḂ

A, we have

γ ′a

(
ψA

φ Ȧ

)

=

(
KC

ȦMĊ
AσaCĊφ Ȧ

−KC
ȦMĊ

Aσa
CĊψA

)

= U−1γaU

(
ψA

φ Ȧ

)

,

with

U

(
ψA

φ Ȧ

)

=

(
KAĊφĊ

−MȦCψC

)

, U−1

(
ψA

φ Ȧ

)

=

(
−MĊAφĊ

KCȦψC

)

, (1.213)

and U−1γ5U = −γ5. Thus, for any (La
b) ∈ O(p,q) there exists a unimodular opera-

tor U of D onto itself such that

U−1γaU = La
bγb. (1.214)
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The operator U can be chosen in the explicit form (1.212) or (1.213), for a proper or
improper orthogonal transformation, respectively. In the first case each spinor space
is mapped onto itself, but in the second case one spin space is mapped onto the
other. (In fact, given a unimodular operator U satisfying (1.214), the operators iU ,
−U , and −iU are also unimodular and satisfy (1.214). One can verify directly that
the set of unimodular operators U such that (1.214) holds for some (La

b) ∈ O(p,q)
form a group under composition and that the map U �→ (La

b) given by (1.214) is a
group homomorphism.)

We can prove the covariance of the Dirac equation (1.196) under a Lorentz trans-
formation x′a = La

bxb, with (La
b)∈O(3,1). Indeed, applying the operatorU defined

by (1.212) or (1.213) to the Dirac equation (1.196), we obtain
(

UγaU−1 ∂
∂xa − m0c

h̄

)

Uψ = 0,

but UγaU−1 = (L−1)a
bγb and ∂/∂xa = Lc

a(∂/∂x′c), and hence the last equation is
equivalent to (

γa ∂
∂x′a

− m0c
h̄

)

Uψ = 0,

which is of the form (1.196), with the coordinates x′a in place of xa and ψ replaced
by Uψ .

More generally, if {γ ′1,γ ′2,γ ′3,γ ′4} is any other set of operators on D satisfying the
anticommutation relations (1.194), then, according to the foregoing results, there
exists a basis of D formed by eigenvectors of γ ′5 = iqγ ′1γ ′2γ ′3γ ′4. Defining an operator
S by the condition that S send each eigenvector of γ5 into an eigenvector of γ ′5 corre-
sponding to the same eigenvalue, we have, S−1γ ′5S = γ5. Then, one can readily verify
that the operators S−1γ ′aS anticommute with γ5 and satisfy the anticommutation re-
lations (1.194); therefore, with respect to the basis formed by the eigenvectors of γ5,
S−1γ ′aS has the form given by (1.205) and (1.209), for some set of Infeld–van der
Waerden symbols. As shown in Section 1.3, any two sets of Infeld–van der Waerden
symbols are related through (1.31) or (1.32), and one finally concludes that there ex-
ists an operator U such that γ ′a = U−1γaU . In the context of the Dirac equation, this
result is known as Pauli’s theorem.

When the metric (gab) has Lorentzian signature, one can define the Hermitian
inner product between bispinors

〈
(
χA

η Ȧ

)

,

(
ψA

φ Ȧ

)
〉
≡ i

(
χ Ȧφ

Ȧ −ηAψA

)
, (1.215)

which is indefinite and manifestly invariant under SO↑(3,1). It can readily be shown
that this inner product is invariant only under the transformations (1.212) or (1.213)
induced by proper or improper Lorentz transformations that preserve the time orien-
tation. The operators γa are anti-Hermitian with respect to this inner product. The ad-
joint of an operator defined by means of this inner product is the so-called Dirac ad-
joint. (Note that γ5 is also anti-Hermitian but its eigenvalues are real; this is possible
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owing to the fact that the inner product (1.215) is indefinite.) When the metric has
Euclidean or ultrahyperbolic signature, it is also possible to define a Hermitian inner
product between bispinors (see Exercise 1.12).

The inner product 〈 , 〉std between bispinors employed in the standard formulation
of the Dirac equation (see, e.g., Messiah 1962, Davydov 1988, Merzbacher 1998)
is positive definite, but it is not invariant under SO↑(3,1) transformations. Up to
a constant positive real factor, this inner product is related to the inner product
(1.215) by

〈Φ,Ψ 〉std = −i〈Φ,γ4Ψ〉.
According to (1.211) and (1.69), the action of the commutator [γa,γb] on a

bispinor (1.210) is given by

[γa,γb]

(
ψA

φ Ȧ

)

=

(
2SabA

CψC

−2Sab
Ȧ

ĊφĊ

)

. (1.216)

As we have shown, any SO(4) transformation can be written in the form (La
b) =

exp(−ta
b), where tab is an antisymmetric tensor [see (1.127)] and the correspond-

ing SU(2) matrices can be chosen as in (1.124), namely (KA
B) = exp

( 1
4 tabSab

A
B

)
,

(MȦ
Ḃ) = exp

( 1
4 tabSab

Ȧ
Ḃ

)
; hence, from (1.212) and (1.216) we see that the transfor-

mation induced on the bispinors is given by

U = exp
(− 1

8 tab[γa,γb]
)
. (1.217)

According to the results of Section 1.3.2, any SO↑(3,1) transformation can also be
expressed as (La

b) = exp(−ta
b), where tab is an antisymmetric tensor, and one finds

that (1.217) also holds.
As in the case of any vector space, one can make use of other bases of D (not

formed by eigenvectors of γ5). When the metric has Lorentzian signature, the bases
usually employed in connection with the Dirac equation are formed by eigenvectors
of γ4.

The explicit representation for the γa is useful to obtain some identities that do
not depend on the representation. For instance, from (1.211) and (1.81) it follows
that

1
6
εabcdγaγbγc = iqγ5γd ,

or equivalently,
γ[aγbγc] = (−i)qγ5εabcdγd . (1.218)

Making use repeatedly of the basic relations (1.194), one finds that γ[aγbγc] =
γaγbγc −gbcγa + gacγb −gabγc, hence, from (1.218),

γaγbγc = gbcγa −gacγb + gabγc +(−i)qγ5εabcdγd

(see also Exercise 1.14).
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1.6 Inner Products. Mate of a Spinor

As we have seen in Section 1.3, when the signature of the metric is (+ + + +) or
(+ + − −), it is useful to define the mate (conjugate, or adjoint) of a spinor by

ψ̂AB...ĊḊ... =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ψAB...ĊḊ... if the σa
AḂ are given by (1.33),

ψAB...ĊḊ... if the σa
AḂ are given by (1.35),

(−i)ηAM(−i)ηBN · · · iηĊṘ iηḊṠ · · ·ψMN...ṘṠ...

if the σa
AḂ are given by (1.37),

(1.219)

or equivalently,

ψ̂AB...ĊḊ... =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(−1)mψAB...ĊḊ... if the σa
AḂ are given by (1.33),

ψAB...ĊḊ... if the σa
AḂ are given by (1.35),

(−1)m(−i)ηAM(−i)ηBN · · · iηĊṘ iη ḊṠ · · ·ψMN...ṘṠ...

if the σa
AḂ are given by (1.37),

(1.220)

where m is the total number of indices of ψAB...ĊḊ.... Then one finds that

ε̂AB = εAB, ε̂ȦḂ = εȦḂ, (1.221)

and

̂̂ψAB...ĊḊ... =
{

(−1)mψAB...ĊḊ... if the signature is (+ + + +),
ψAB...ĊḊ... if the signature is (+ + − −).

(1.222)

From (1.222) it follows that when the signature is Euclidean, a nonzero m-index
spinor can be proportional to its mate if and only if m is even; assuming ψ̂AB...ĊḊ... =
λψAB...ĊḊ..., for some scalar λ , we have ̂̂ψAB...ĊḊ... = λψ̂AB...ĊḊ... = |λ |2ψAB...ĊḊ....
Comparison with (1.222) yields |λ |2 = (−1)m, which implies that m must be even,
and if m is even, λ must be of the form eiθ , for some θ ∈ R.

The mapping ψAB...ĊḊ... �→ ψ̂AB...ĊḊ... is antilinear, and its existence is equivalent
to that of a Hermitian inner product given by

〈φ ,ψ〉 ≡
{
φ̂AB...ṘṠ...ψAB...ṘṠ... if the signature is (+ + + +),
imφ̂AB...ṘṠ...ψAB...ṘṠ... if the signature is (+ + − −),

(1.223)

for any pair of spinors of the same type, where m is the total number of indices of
each spinor. This inner product is invariant under spin transformations. Furthermore,
the inner product (1.223) is positive definite if and only if the metric tensor of V is
positive definite.



58 1 Spinor Algebra

The mate of the sum [resp. tensor product] of two spinors is equal to the sum
[resp. tensor product] of their mates, and by virtue of (1.221), we have, for instance,
αAβA = α̂Aβ̂A.

It should be remarked that the explicit expression for the components of the mate
of a spinor depends on the choice of the Infeld–van der Waerden symbols; each set
of Infeld–van der Waerden symbols corresponds to a definite choice for the basis of
the spin space.

By comparing (1.47) with (1.219) one finds that tAȦ...DḊ is the spinor equivalent
of a real n-index tensor tab...d if and only if

t̂AȦ...DḊ =
{

(−1)ntAȦ...DḊ if the signature is (+ + + +),
tAȦ...DḊ if the signature is (+ + − −).

(1.224)

For instance, the spinor equivalent of a real bivector satisfies t̂AȦBḂ = tAȦBḂ, which,
by virtue of (1.50) and (1.221), is equivalent to τ̂AB = τAB and τ̂ȦḂ = τȦḂ.

The existence of the mate of a spinor in the cases in which the spin group is SU(2)
or SU(1,1) (or a group isomorphic to one of them) follows from the fact that for each
of these groups, the fundamental representation is equivalent to its conjugate, which
amounts to the existence of a nonsingular 2× 2 matrix (defined up to a factor) M
such that

K = M−1KM, (1.225)

for all K in the group. For example, one can readily verify in an explicit manner

that any 2× 2 complex matrix K belonging to SU(2) is of the form
( α β
−β α

)
, with

|α|2 + |β |2 = 1, and that

(
α β

−β α
)

=
(

0 −1
1 0

)−1 ( α β
−β α

)(
0 −1
1 0

)

.

That is, (1.225) holds with M =
(0 −1

1 0

)
or any nonvanishing scalar multiple of this

matrix. Similarly, any element of SU(1,1) is of the form
(α β
β α

)
, with |α|2−|β |2 = 1,

and (
α β
β α

)

=
(

0 −i
−i 0

)−1 (α β
β α

)(
0 −i

−i 0

)

.

The matrix M gives (up to a factor) the relation between the complex conjugates
of the components of a spinor and the components of its mate; thus, in the cases of
SU(2) and SU(1,1) we have

(
0 −1

1 0

)(
ψ1

ψ2

)

=

(
−ψ2

ψ1

)

and

(
0 −i

−i 0

)(
ψ1

ψ2

)

=

(
−iψ2

−iψ1

)

,

respectively [cf. (1.219)].
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1.7 Principal Spinors. Algebraic Classification

Owing to (1.27) and its dotted version, any spinor with two or more undotted or
dotted indices can be expressed as a sum of a totally symmetric spinor in each type
of spinor indices plus totally symmetric spinors multiplied by ε’s. For example, an
object like μAȦḂĊ introduced in (1.53), which is symmetric in the last two indices,
has a totally symmetric part

μA(ȦḂĊ) = 1
6(μAȦḂĊ + μAȦĊḂ + μAḂȦĊ + μAḂĊȦ + μAĊȦḂ + μAĊḂȦ)

= 1
3(μAȦḂĊ + μAḂȦĊ + μAĊȦḂ),

where we have made use of the symmetry of μAȦḂĊ in the last pair of dotted indices.
Thus,

μA(ȦḂĊ) = μAȦḂĊ + 1
3(μAḂȦĊ − μAȦḂĊ + μAĊȦḂ − μAȦḂĊ)

= μAȦḂĊ + 1
3μA

Ṙ
ṘĊεḂȦ + 1

3μA
Ṙ

ṘḂεĊȦ,

i.e.,
μAȦḂĊ = μA(ȦḂĊ) +

1
3μA

Ṙ
ṘĊεȦḂ + 1

3μA
Ṙ

ṘḂεȦĊ. (1.226)

The image of a totally symmetric spinor under a spin transformation is also
totally symmetric, and since the spin transformations have unit determinant, εAB and
εȦḂ are invariant under the spin transformations in the sense that, e.g., KA

CKB
DεCD =

εAB [see (1.30)]; hence, the (complex) vector space formed by the spinors totally
symmetric on k undotted indices and totally symmetric on l dotted indices multi-
plied by a fixed number of εAB’s and εȦḂ’s is invariant under the spin transforma-
tions. Furthermore, the action of the group of spin transformations on this vector
space is irreducible, in the sense that there is no nontrivial subspace invariant under
all the spin transformations. Thus, a decomposition such as the one given in (1.226)
corresponds to a decomposition into irreducible parts, and the group of the spin
transformations possesses an irreducible representation on the vector space formed
by the spinors totally symmetric on k undotted indices and totally symmetric on
l dotted indices, denoted by D(k/2, l/2). The dimension of this representation is
(k + 1)(l + 1).

A particularly simple and important case corresponds to the totally symmetric
spinors with only one type of indices (undotted or dotted) because they can be ex-
pressed as the symmetrized tensor product of one-index spinors (Penrose 1960).

Proposition 1.5. If φAB...L is a k-index totally symmetric spinor, then there exist k
one-index spinors (not necessarily distinct), αA, βA, . . . , ζA, such that

φAB...L = α(AβB · · ·ζL). (1.227)
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Proof. Let λ 1, λ 2 be two auxiliary complex variables. Then if λ 2 �= 0, the expression

(λ 2)−kφAB...Lλ
AλB · · ·λ L = φ11...11

(
λ 1

λ 2

)k

+ kφ11...12

(
λ 1

λ 2

)k−1

+
k(k−1)

2
φ11...22

(
λ 1

λ 2

)k−2

+ · · ·+φ22...22

is a polynomial in λ 1/λ 2 of degree k provided that φ11...11 does not vanish, and
according to the fundamental theorem of algebra, there exist k complex numbers (the
roots of the polynomial) that can be written as ratios of complex numbers α1/α2,
β 1/β 2, . . . , ζ 1/ζ 2 such that

(λ 2)−kφAB...Lλ
AλB · · ·λ L

= φ11...11

(
λ 1

λ 2 − α1

α2

)(
λ 1

λ 2 − β 1

β 2

)

· · ·
(
λ 1

λ 2 − ζ 1

ζ 2

)

=
φ11...11

(λ 2)kα2β 2 · · ·ζ 2 (α2λ 1 −α1λ 2)(β 2λ 1 −β 1λ 2) · · · (ζ 2λ 1 − ζ 1λ 2);

hence

φAB...Lλ
AλB · · ·λ L =

φ11...11

α1β1 · · ·ζ1
αAλ

AβBλ
B · · ·ζLλ

L. (1.228)

Since only the ratios α1/α2, β 1/β 2, . . . , ζ 1/ζ 2 are fixed, we can make φ11...11 =
α1β1 · · ·ζ1, and using the fact that λA is arbitrary one obtains (1.227).

If, for instance, φ11...11 = 0 but φ11...12 �= 0, then (λ 2)−kφAB...LλAλB · · ·λ L is a
polynomial in λ 1/λ 2 of degree k−1; hence, expressing the k−1 roots of this poly-
nomial in the form β 1/β 2, . . . , ζ 1/ζ 2,

(λ 2)−kφAB...Lλ
AλB · · ·λ L = kφ11...12

(
λ 1

λ 2 − β 1

β 2

)

· · ·
(
λ 1

λ 2 − ζ 1

ζ 2

)

=
kφ11...12

(λ 2)k−1β 2 · · ·ζ 2 (β 2λ 1 −β 1λ 2) · · · (ζ 2λ 1 − ζ 1λ 2).

Thus

φAB...Lλ
AλB · · ·λ L =

kφ11...12

β1 · · ·ζ1
λ 2βBλ

B · · ·ζLλ
L = αAλ

AβBλ
B · · ·ζLλ

L,

with

α1 ≡ 0, α2 ≡
kφ11...12

β1 · · ·ζ1
,

which leads again to (1.227). In a similar way one can verify the validity of (1.227)
when the degree of the polynomial (λ 2)−kφAB...LλAλB · · ·λ L is less than k−1. ��
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The one-index spinors αA, βA, . . . , ζA appearing in (1.227) are called principal
spinors of φAB...L. As pointed out above, if k � 2, each principal spinor is defined up
to a scalar factor. From (1.228) it follows that φAB...LλAλB · · ·λ L = 0 if and only if
λA is proportional to one of the principal spinors of φAB...L.

A first algebraic classification of the totally symmetric k-index spinors comes
from the possible multiplicities of the roots of the polynomial appearing in the proof
of Proposition 1.5,

φ11...11 zk + kφ11...12 zk−1 +
k(k−1)

2
φ11...22 zk−2 + · · ·+φ22...22. (1.229)

If one of the roots of this polynomial is repeated m times, e.g., assuming that
precisely the first m roots coincide, α1/α2 = β 1/β 2 = · · · , we can take αA = βA
= · · · ; hence,

φAB...D...L = α(AαB · · ·αD
︸ ︷︷ ︸

m

· · ·ζL),

which is equivalent to the conditions

φAB...D...Lα
AαB · · ·αD

︸ ︷︷ ︸
k−m

�= 0, φAB...D...Lα
AαB · · ·αD

︸ ︷︷ ︸
k−m+1

= 0. (1.230)

It should be clear that all the preceding results, especially (1.227) and (1.230),
also apply if all the indices are dotted.

When the signature of V is Euclidean or ultrahyperbolic, the mate of a totally
symmetric k-index spinor φAB...L can be proportional to φAB...L, that is, φ̂AB...L =
λφAB...L, and in that case, if αA is an m-fold repeated principal spinor of φAB...L, then
so is α̂A. This conclusion follows from the fact that the relations (1.230) would then
be equivalent to

φ̂AB...D...L α̂
Aα̂B · · · α̂D

︸ ︷︷ ︸
k−m

�= 0, φ̂AB...D...L α̂
Aα̂B · · · α̂D

︸ ︷︷ ︸
k−m+1

= 0.

As we have shown (Section 1.6), if the signature of V is Euclidean, α̂A cannot be
proportional to αA (except in the trivial case αA = 0), and therefore a nonvanishing
totally symmetric k-index spinor φAB...L such that φ̂AB...L is proportional to φAB...L
must be of the form

φABCD...LM = eiθα(Aα̂BβCβ̂D · · ·ζLζ̂M), (1.231)

for some θ ∈ R, and necessarily k must be an even number (the one-index spinors
αA, βA, . . . need not be distinct). An example is provided by any antisymmetric real
two-index tensor (or bivector) tab whose spinor equivalent is of the form tAȦBḂ =
τABεȦḂ +τȦḂεAB, with τAB = τ(AB), τȦḂ = τ(ȦḂ) and τ̂AB = τAB, τ̂ȦḂ = τȦḂ [see (1.50)

and (1.224)]. Thus, there exists γA such that τAB = λγ(Aγ̂B). Then, τ̂AB = λ γ̂(Â̂γB) =
−λγ(Aγ̂B), which implies that λ = ib, for some b∈ R. Thus, we have τAB = iα(Aα̂B),
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where αA ≡ √
bγA if b > 0, and αA ≡ √−b γ̂A if b < 0 (then α̂A = −√−bγA).

Similarly, it follows that there exists βȦ such that τȦḂ = iβ(Ȧβ̂Ḃ) and

tAȦBḂ = iα(Aα̂B)εȦḂ + iβ(Ȧβ̂Ḃ)εAB. (1.232)

As an application of the expression (1.232) we can prove that if a bivector tab

satisfies ∗tabtab = 0, then tab is simple. Indeed, from (1.67) and (1.232) we see that
∗tabtab = 0 implies α(Aα̂B)α(Aα̂B) = β(Ȧβ̂Ḃ)β (Ȧβ̂ Ḃ), which, in turn, is equivalent to

αAα̂A = β Ȧβ̂Ȧ. Taking

vAȦ =
αAβȦ − α̂Aβ̂Ȧ

(2αRα̂R)1/2
, wAȦ =

i
(
αAβȦ + α̂Aβ̂Ȧ

)

(2αRα̂R)1/2
,

we have [see (1.52)]

vAȦwBḂ − vBḂwAȦ = v(A
ṘwB)ṘεȦḂ + vR

(Ȧw|R|Ḃ)εAB,

=
1

2αSα̂S

[
2iα(Aα̂B)β

Ṙβ̂ṘεȦḂ + 2iβ(Ȧβ̂Ḃ)α
Rα̂RεAB

]

= iα(Aα̂B)εȦḂ + iβ(Ȧβ̂Ḃ)εAB,

i.e., tab = vawb − vbwa, where va and wa are the vector equivalents of vAȦ and wAȦ,
respectively, thus showing that tab is simple. It may be verified that the vectors va

and wa are real [see (1.224)].
If the signature is ultrahyperbolic, a nonzero one-index spinor can be propor-

tional to its mate, and therefore, in contrast to (1.231), the principal spinors of a
totally symmetric k-index spinor proportional to its mate need not appear in conju-
gate pairs. For instance, when k = 2, if φ̂AB = φAB, then φAB is of one of the forms

⎧
⎪⎨

⎪⎩

±α(Aα̂B) with α̂AαA �= 0,

α(AβB) with α̂A = αA, β̂A = βA,

±αAαB with α̂A = αA,

which correspond to φABφAB being positive, negative, or equal to zero, respectively.
When V has Lorentzian signature, the spinor equivalent of a real bivector tab is

of the form
tAȦBḂ = α(AβB)εȦḂ +α(Ȧβ Ḃ)εAB. (1.233)

Making use of this expression, we can explicitly show that if ∗tabtab = 0, then tab is
simple. In fact, from ∗tabtab = 0 it follows that α(AβB)α(AβB) = α (Ȧβ Ḃ)α

(Ȧβ Ḃ), or

equivalently, αAβA = ±αȦβ Ȧ, which means that αAβA is real or pure imaginary. If
αAβA is real and different from zero, we can assume without loss of generality that
αAβA is positive (otherwise, we have only to interchange αA and βA, which leaves
(1.233) unchanged); then, letting

vAȦ =
αAα Ȧ −βAβ Ȧ

(2αRβR)1/2
, wAȦ =

αAα Ȧ +βAβ Ȧ

(2αRβR)1/2
,
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one finds that tab = vawb −vbwa. If αAβA is different from zero and pure imaginary,
we can assume that iαAβA is positive. Then with

vAȦ =
i
(
αAβ Ȧ −βAα Ȧ

)

(2iαRβR)1/2
, wAȦ =

αAβ Ȧ +βAα Ȧ

(2iαRβR)1/2
,

we obtain tab = vawb − vbwa.
Finally, if αAβA = 0, then βA is proportional to αA and we can assume that tAȦBḂ

is of the form
tAȦBḂ = αAαBεȦḂ +αȦα ḂεAB. (1.234)

Taking
vAȦ = αAα Ȧ, wAȦ = αAγ Ȧ + γAα Ȧ,

where γA is a one-index spinor such that αRγR = 1, one finds that tab = vawb −vbwa.

Since tAȦBḂtAȦBḂ = −(αAβA)2 − (α Ȧβ Ȧ)2 [see (1.233)], these three possible cases
correspond to tabtab negative, positive, or zero, respectively. In all cases, the vectors
va and wa defined above are real (cf. also (3.29) and (3.30)).

Spin

Now we restrict ourselves to the case that V has Lorentzian signature. In elementary
quantum mechanics, the spin of an object is defined by its behavior under spatial
rotations. A spin-s object has 2s+1 components that form a basis for an irreducible
representation of SU(2), the double covering group of SO(3). As we shall see, the
components ψAB...ĊḊ... of a spinor with n undotted indices and m dotted indices can
be decomposed as the sum of objects of spin 1

2(n+m), 1
2 (n+m)−1, . . . , 1

2 |n−m|.
In order to isolate the spatial rotations, we employ a timelike vector ta. The set of

vectors orthogonal to ta form a three-dimensional subspace of V , on which the inner
product is positive definite. The SO↑(3,1) transformations that leave ta invariant
(and hence leave invariant the subspace orthogonal to ta) form a group isomorphic
to SO(3) (the group of rotations of a three-dimensional space with a definite inner
product). Correspondingly, the SL(2,C) matrices (KA

B) satisfying

KA
BK

Ċ
ḊtAĊ = tBḊ, (1.235)

where tAḂ is the spinor equivalent of ta, form a group isomorphic to SU(2). Since
det(tAḂ) = 1

2 tAḂtAḂ = − 1
2 tata �= 0, the 2×2 matrix (tAḂ) is invertible, and therefore

there is an invertible relation between ψAB...ĊḊ... and

φAB...CD... ≡ tC
ĊtD

Ḋ · · ·ψAB...ĊḊ....

Then, under the spin transformation defined by an SL(2,C) matrix (KA
B) that satis-

fies the condition (1.235), we have



64 1 Spinor Algebra

φAB...CD... �→ KA
MKB

N · · ·KĊ
ṖK

Ḋ
Q̇ · · · tC

ĊtD
Ḋψ

MN...ṖQ̇...

= KA
MKB

N · · ·KC
RtR

ṖKD
StS

Q̇ · · ·ψMN...ṖQ̇...

= KA
MKB

N · · ·KC
RKD

S · · ·φMN...RS...,

which means that the components φAB...CD... form a basis for a (possibly reducible)
representation of SU(2).

By expressing φAB...CD... as the sum of its totally symmetric part plus totally
symmetric objects (with n + m− 2, n + m− 4, . . . , |n−m| indices) multiplied by
εAB’s (though some terms may be equal to zero), as at the beginning of this section,
one decomposes φAB...CD... as a sum of objects of spin 1

2 (n + m), 1
2(n + m)−1, . . . ,

1
2 |n−m| (though some values may be absent). Note that this decomposition depends
on the timelike vector ta, except in the case that m or n is equal to zero (actually,
when ψȦḂ...L̇ has only dotted indices, the value of the components of φAB...L do
depend on ta, but the number of independent totally symmetric spinors that can be
extracted from φAB...L does not depend on ta). (See, e.g., the discussion about spin-
3/2 particles in Berestetskii et al. 1982, §31.)

Exercises

1.1. Show that if tAȦBḂ is the spinor equivalent of a symmetric two-index tensor tab,
then sAȦBḂ = tBȦAḂ is the spinor equivalent of tab − 1

2 tc
cgab.

1.2. Show that if tABĊḊ is the spinor equivalent of a symmetric two-index tensor tab,
then t(AB)ĊḊ = tAB(ĊḊ) is the spinor equivalent of tab − 1

4 tc
cgab (the traceless part

of tab).

1.3. Show that the spinor equivalent of a three-index tensor Habc such that

Habc = −Hbac, Hab
b = 0, Habc + Hbca + Hcab = 0,

is of the form HAȦBḂCĊ = hABCĊεȦḂ +hȦḂĊCεAB, with hABCĊ = h(ABC)Ċ and hȦḂĊC =
h(ȦḂĊ)C.

1.4. Using the spinor formalism, show that if the signature is Lorentzian, then two
nonzero real null vectors are orthogonal to each other if and only if they are propor-
tional.

1.5. Show that
tAȦtBḂ = tBȦtAḂ

if and only if tAȦ is the spinor equivalent of a null vector. (If tAȦ is different
from zero, there exist αA and βȦ such that tAȦαAβ Ȧ �= 0; hence, contracting both
sides of the equation above with αBβ Ḃ, one concludes that if tAȦtAȦ = 0, then
tAȦ = tBȦαBtAḂβ Ḃ/(tBḂαBβ Ḃ); this constitutes a proof of Proposition 1.3.)
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1.6. Using the spinor formalism, show that if tab and sab are two bivectors, then

tacsb
c +(−1)q ∗sac

∗tbc = 1
2 tdesde gab

and conclude that tac
∗tbc = 1

4 tde
∗tde gab. Hence, a bivector tab is simple if and only

if tac
∗tbc = 0, or equivalently, ta[btcd] = 0.

1.7. Using the spinor formalism, show that if tab is a bivector, then

det(tab) = 1
16(∗tabtab)2.

1.8. Let tab be an anti-self-dual bivector (i.e., ∗tab = −iqtab) and ua an arbitrary
nonnull vector. Show, using the spinor formalism, that if we let va ≡ tabub, then

tab =
1

ucuc

(
vaub −uavb +(−i)qεabcducvd).

1.9. Assume that the signature of the metric is Lorentzian. If the axes of the refer-
ence frame S′ are obtained from those of S by means of a spatial rotation through
an angle θ about the axis defined by the unit vector ua, the Cartesian coordinates of
a point with respect to these frames are related by x′a = La

bxb, with

La
b = cosθ δ a

b +(1− cosθ )(uaub −T aTb)+ sinθ gamεmbcducT d ,

where T a is a timelike vector orthogonal to ua such that T aTa = −1. Show that the
spinor equivalent of La

b is of the form −KA
BKȦ

Ḃ with

KA
B = ± (eiθ/2αAβB − e−iθ/2βAαB)

and αAβA = 1. Here αAα Ȧ and βAβ Ȧ are the spinor equivalents of the null vectors
(T a +ua)/

√
2 and (T a −ua)/

√
2, respectively. (Note that as in the case of the boost

(1.135), we are considering passive transformations in the sense that the points are
not affected by transformations; only the basis vectors are transformed.)

1.10. Assuming that the signature of the metric is Lorentzian, show that any two-
dimensional spacelike plane orthogonal to a given null vector la is spanned by the
vector equivalents of αAβ Ȧ + βAα Ȧ and i(αAβ Ȧ − βAα Ȧ), where ±αAα Ȧ is the
spinor equivalent of la and βA is some one-index spinor such that αAβA �= 0.

1.11. Show that each matrix in (1.173) can be expressed in the form

νδA
B + μvawbSab

A
B,

where ν , μ are two real scalars and va, wa are two real vectors.

1.12. Show that if the signature of the metric is Euclidean, the expression

〈Φ,Ψ 〉 = χ̂Aψ
A + η̂Ȧφ

Ȧ,
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where Φ and Ψ are the bispinors Φ =
(χ

A

η Ȧ

)
, Ψ =

(ψ
A

φ Ȧ

)
, defines a positive definite

Hermitian inner product. Show that with respect to this inner product, the operators
γa are Hermitian. Also show that if the signature of the metric is ultrahyperbolic,
then

〈Φ,Ψ 〉 = i
(
χ̂Aψ

A + η̂Ȧφ
Ȧ)

defines an indefinite Hermitian inner product. Show that with respect to this inner
product, the operators γa are anti-Hermitian.

1.13. Show that the eigenvalues of each operator γa are ±(gaa)1/2 (without summa-
tion on a) and find the corresponding eigenvectors.

1.14. Show that
1
2εabcd [γc,γd ] = −iqγ5[γa,γb].

1.15. Prove explicitly that if the signature of the metric is ultrahyperbolic, a real
bivector tab such that ∗tabtab = 0 is simple.



Chapter 2
Connection and Curvature

In this chapter some applications of the spinor formalism to four-dimensional
Riemannian manifolds are considered. By definition, if p is a point of a Riemannian
manifold M, the tangent space to M at p, TpM, is a vector space with a nondegen-
erate inner product, and therefore, one can construct null tetrads in the complexifi-
cation of TpM, thus allowing the use of the spinor algebra discussed in the previous
chapter.

It is shown that the connection and curvature of a four-dimensional Riemannian
manifold can be conveniently computed and analyzed by making use of the two-
component spinor formalism. As examples, the connection and curvature of the
standard metric of S4, the Schwarzschild metric, and the Euclidean Schwarzschild
metric are computed. Some further applications that will be employed in the follow-
ing chapters, such as the conformal rescalings of the metric, the Killing vector fields,
and the algebraic classification of the conformal curvature for all signatures of the
metric, are studied. The Newman–Penrose and the Geroch–Held–Penrose notations
are also introduced.

It is assumed that the reader is acquainted with the basic concepts related to
differentiable manifolds such as tangent vectors, vector fields, differential forms,
and connections (see, e.g., Conlon 2001, Hall 2004).

Throughout this chapter it will be assumed the Infeld–van der Waerden symbols
are given by one of the forms (1.33)–(1.35) and (1.37), depending on the signature
of the metric of M.

2.1 Covariant Differentiation

In what follows, M will denote a four-dimensional Riemannian manifold, that is,
M will be a differentiable manifold of dimension four endowed with a Riemannian
metric (a differentiable tensor field g such that at each point p ∈ M, gp is a non-
degenerate, symmetric, not necessarily definite, bilinear form defined on TpM, the
tangent space to M at p).

G.F.T. del Castillo, Spinors in Four-Dimensional Spaces, Progress in Mathematical 67
Physics 59, DOI 10.1007/978-0-8176-4984-5_2,
c© Springer Science+Business Media, LLC 2010
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Each point p ∈ M possesses a neighborhood U in M such that there exist four
differentiable vector fields {∂1,∂2,∂3,∂4} defined on U , which, evaluated at a point
q ∈ U , form an orthonormal basis of TqM. Such a set is called an orthonormal
tetrad. Furthermore, we shall assume that the constants gab = g(∂a,∂b) have one
of the forms (1.1). (In most cases, the vector fields ∂a will not be the holonomic
basis associated with a coordinate system; that is, in most cases there will not exist
coordinates xa such that ∂a = ∂/∂xa. See also Appendix A.)

Given an orthonormal tetrad {∂a}, there exists a unique set of four one-forms
{θ a} such that θ a(∂b) = δ a

b . Then, the metric tensor can be expressed locally in the
form

g = gabθ a ⊗θ b, (2.1)

where ⊗ denotes the tensor product, that is, g(X ,Y ) = gabθ a(X)θ b(Y ), for any pair
of vector fields X , Y on M. Thus, we have

g =

⎧
⎨

⎩

θ 1 ⊗θ 1 +θ 2 ⊗θ 2 +θ 3 ⊗θ 3 +θ 4 ⊗θ 4,
θ 1 ⊗θ 1 +θ 2 ⊗θ 2 +θ 3 ⊗θ 3 −θ 4 ⊗θ 4,
θ 1 ⊗θ 1 +θ 2 ⊗θ 2 −θ 3 ⊗θ 3 −θ 4 ⊗θ 4,

if the signature of the metric is (+ + + +), (+ + + −), or (+ + −−), respectively.
By expressing a given metric in this form, one can identify a set of one-forms {θ a}
corresponding to some orthonormal tetrad {∂a}.

Connection One-Forms

With respect to an orthonormal tetrad {∂a}, a connection ∇ on M is represented by
the set of (real-valued) functions Γ a

bc, defined by

∇a∂b = Γ c
ba∂c, (2.2)

where ∇a denotes the covariant derivative along ∂a, that is, ∇a = ∇∂a [note the
position of the subscripts of Γ c

ba in (2.2)]. It follows from (2.2) and the properties
of a connection that the connection one-forms

Γ a
b ≡ Γ a

bcθ c (2.3)

satisfy the relation
Γ a

b(X) = θ a(∇X∂b), (2.4)

for any vector field X on M.
With the torsion of the connection ∇ being defined by

T (X ,Y ) = ∇XY −∇Y X − [X ,Y ], (2.5)

for any pair of vector fields X , Y on M, the torsion two-forms with respect to the
tetrad {∂a} will be defined by

T a(X ,Y ) ≡ 1
2θ

a(T (X ,Y )
)
, (2.6)
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for any pair of vector fields X , Y on M. Then, from (2.4)–(2.6), one derives the
Cartan first structure equations

dθ a +Γ a
b ∧θ b = T a (2.7)

if the differential (or exterior derivative) of a one-form α is defined by

dα(X ,Y ) ≡ 1
2

{
X
(
α(Y )

)−Y
(
α(X)

)−α([X ,Y ])
}
, (2.8)

for any pair of vector fields X , Y on M, and the exterior product of two one-forms
α , β is defined by

(α ∧β )(X ,Y ) ≡ 1
2

[
α(X)β (Y )−α(Y )β (X)

]
. (2.9)

If the connection ∇ is compatible with the metric, that is,

X [g(Y,Z)] = g(∇XY,Z)+ g(Y,∇XZ),

for all vector fields X , Y , Z on M, we have ∂agbc = g(∇a∂b,∂c) + g(∂b,∇a∂c) =
Γ d

bagdc +Γ d
cagbd = Γcba +Γbca (lowering the tetrad indices by means of gab in the

usual way). Thus, with respect to an orthonormal tetrad, a connection compatible
with the metric is represented by a set of functions Γabc (the Ricci rotation coeffi-
cients) satisfying

Γabc = −Γbac. (2.10)

As is well known, in a Riemannian manifold there is a unique torsion-free con-
nection compatible with the metric (the Riemannian or Levi-Civita connection) (see,
e.g., Conlon 2001). In what follows we shall consider only Riemannian connections.

The Ricci rotation coefficients can be computed by making use of the Cartan
first structure equations (2.7) or the commutators of the vector fields ∂a. In fact,
combining (2.5) and (2.2), one finds that when the torsion vanishes,

[∂a,∂b] = (Γ c
ba −Γ c

ab)∂c. (2.11)

By virtue of (2.10), the Ricci rotation coefficients are determined by the commuta-
tion relations (2.11). In effect, writing

[∂a,∂b] = Cc
ba∂c,

we have Cc
ba = Γ c

ba −Γ c
ab, and one readily verifies that

Γabc = 1
2 (Cabc +Cbca −Ccab). (2.12)

As a consequence of (2.10), the connection one-forms (2.3) satisfy Γab = −Γba;
therefore, their spinor equivalents ΓAȦBḂ = 1

2σ
a

AȦσb
BḂΓab can be expressed in the

form
ΓAȦBḂ = IΓABεȦḂ + IΓȦḂεAB, (2.13)
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where IΓAB = IΓ(AB) and IΓȦḂ = IΓ(ȦḂ) are one-forms [see (1.50)]. (We are employing
the symbol IΓ in order to avoid confusion with the connection one-formsΓ a

b, which
also possess two indices.) Then, letting

θAȦ ≡ 1√
2
σa

AȦθ a, (2.14)

the Cartan first structure equations (2.7), with vanishing torsion, are equivalent to

dθAȦ = Γ AȦ
BḂ ∧θBḂ = IΓA

B ∧θBȦ + IΓȦ
Ḃ ∧θAḂ. (2.15)

(The one-forms θAḂ are related to the one-forms gAḂ employed by Plebański (1974,
1975) by gAḂ =

√
2θAḂ. The factor 1/

√
2 included in (2.14) is dictated by the rule

(1.41).)
The one-forms IΓAB and IΓȦḂ can be expressed in the form

IΓAB = −ΓABCĊθ
CĊ, IΓȦḂ = −ΓȦḂĊCθ

CĊ, (2.16)

where the ΓABCĊ and ΓȦḂĊC are some (possibly complex-valued) functions; then,
substituting these expressions into the right-hand side of (2.13) and making use of
(2.3), we obtain

ΓABCĊεȦḂ +ΓȦḂĊCεAB =
1

2
√

2
σa

AȦσ
b

BḂσ
c
CĊΓabc, (2.17)

which leads to the expressions

ΓABCĊ =
1

4
√

2
Sab

ABσ
c
CĊΓabc,

ΓȦḂĊC =
1

4
√

2
Sab

ȦḂσ
c
CĊΓabc

(2.18)

[see (1.69)]. Following Newman and Penrose (1962), the functions ΓABCĊ and
ΓȦḂĊC will be called spin coefficients. (The spin coefficients can also be expressed
in terms of the Christoffel symbols associated with some coordinate system; see
Appendix A.)

From (2.18), (2.16), and (2.14) it follows that the one-forms IΓAB and IΓȦḂ are
related to the connection one-forms Γab by

IΓAB = 1
4 Sab

ABΓab, IΓȦḂ = 1
4 Sab

ȦḂΓab.

The right-hand side of (2.17) is the spinor equivalent of the Ricci rotation coeffi-
cients ΓAȦBḂCĊ. Thus

ΓAȦBḂCĊ = ΓABCĊεȦḂ +ΓȦḂĊCεAB. (2.19)

The fact that the Ricci rotation coefficients are real-valued functions amounts to
certain specific relations between the spin coefficients and their complex conjugates,
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depending on the signature of the metric. From (1.224) and (1.221) one finds that if
the signature of the metric is (+ + + +), then

Γ̂ABCḊ = −ΓABCḊ, Γ̂ȦḂĊD = −ΓȦḂĊD (2.20)

(i.e., Γ ABCḊ = −ΓABCḊ and Γ ȦḂĊD = −ΓȦḂĊD); if the signature is (+ + + −), we
have

ΓABCḊ = ΓȦḂĊD, (2.21)

and if the signature of the metric is (+ + − −), then

Γ̂ABCḊ = ΓABCḊ, Γ̂ȦḂĊD = ΓȦḂĊD. (2.22)

The spin coefficients can be obtained directly from the relations

[∂AḂ,∂CḊ] = −Γ R
CAḂ∂RḊ −Γ Ṙ

ḊḂA∂CṘ +Γ R
ACḊ∂RḂ +Γ Ṙ

ḂḊC∂AṘ, (2.23)

which follow from (2.11) and (2.17), with the definition

∂AḂ ≡ 1√
2
σa

AḂ∂a (2.24)

[cf. (1.20)] (see Example 2.2 on pp. 86–87). In actual computations, it is convenient
to make use of individual symbols for the 24 spin coefficients, owing to the rela-
tively high number of indices of ΓABCḊ and ΓȦḂĊD. Following Newman and Penrose
(1962), we shall denote the spin coefficients ΓABCḊ according to

Γ1111̇ = κ , Γ1112̇ = σ , Γ1121̇ = ρ , Γ1122̇ = τ,
Γ1211̇ = ε, Γ1212̇ = β , Γ1221̇ = α, Γ1222̇ = γ,
Γ2211̇ = π , Γ2212̇ = μ , Γ2221̇ = λ , Γ2222̇ = ν,

(2.25)

and, in a similar way,

Γ1̇1̇1̇1 = κ̃ , Γ1̇1̇1̇2 = σ̃ , Γ1̇1̇2̇1 = ρ̃, Γ1̇1̇2̇2 = τ̃,
Γ1̇2̇1̇1 = ε̃ , Γ1̇2̇1̇2 = β̃ , Γ1̇2̇2̇1 = α̃, Γ1̇2̇2̇2 = γ̃,
Γ2̇2̇1̇1 = π̃ , Γ2̇2̇1̇2 = μ̃ , Γ2̇2̇2̇1 = λ̃ , Γ2̇2̇2̇2 = ν̃.

(2.26)

Then, the relations (2.23) take the explicit form

[D,δ ] = −(α̃+β − π̃)D−κΔ+(ρ̃+ ε− ε̃)δ +σδ̃ ,

[Δ ,δ ] = ν̃D− (τ− α̃−β )Δ − (μ− γ+ γ̃)δ − λ̃ δ̃ ,

[D,Δ ] = −(γ+ γ̃)D− (ε+ ε̃)Δ +(τ̃+π)δ +(τ+ π̃)δ̃ ,

[δ , δ̃ ] = (μ− μ̃)D+(ρ− ρ̃)Δ − (α− β̃)δ − (β − α̃)δ̃ ,

[D, δ̃ ] = −(α+ β̃ −π)D− κ̃Δ +(ρ+ ε̃− ε)δ̃ + σ̃δ ,

[Δ , δ̃ ] = νD− (τ̃−α− β̃)Δ − (μ̃− γ̃+ γ)δ̃ −λδ ,

(2.27)
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with the definitions

D ≡ ∂11̇, δ ≡ ∂12̇, δ̃ ≡ ∂21̇, Δ ≡ ∂22̇. (2.28)

When the metric has Lorentzian signature, then D and Δ are real, each symbol
with a tilde is the complex conjugate of the corresponding symbol without a tilde
[see (2.21)], and the last two lines of (2.27) are the complex conjugates of the first
two lines. (Despite several differences in the conventions, the commutation relations
(2.27) coincide with those given in Newman and Penrose 1962.)

When the signature of the metric is Euclidean, the spin coefficients are related by

κ = −ν, σ = λ , ρ = μ , τ = −π , ε = γ, β = −α, (2.29)

with identical relations for the spin coefficients with a tilde (e.g., κ̃ = −ν̃) and

D = −Δ , δ = δ̃ . (2.30)

In the case that the signature of the metric is (+ + − −) and one employs the real
Infeld–van der Waerden symbols, the vector fields D, δ , δ̃ , and Δ are real, and the
24 spin coefficients (2.25) and (2.26) are real and independent.

Using the properties of the covariant derivative, one finds that the covariant
derivative of a vector field X = Xa∂a with respect to a vector field Y = Y a∂a is
given by

∇Y X = Y a∇a(Xb∂b)
= Y a[(∂aXb)∂b + Xb∇a∂b]
= Y a(∂aXc +Γ c

baXb)∂c.

By abuse of notation, the components of the covariant derivative of X along ∂a are
usually denoted by ∇aXc, that is,

∇aXc = ∂aXc +Γ c
baXb. (2.31)

Hence, according to (2.19), the spinor equivalent of ∇aXc is given by

∇AȦXCĊ = ∂AȦXCĊ −ΓCĊ
BḂAȦXBḂ

= ∂AȦXCĊ −ΓC
BAȦXBĊ −Γ Ċ

ḂȦAXCḂ. (2.32)

The covariant derivative of an arbitrary tensor field can be defined as usual, as-
suming that the covariant differentiation is linear, satisfies the Leibniz rule, com-
mutes with contraction, and the covariant derivative of a function coincides with the
directional derivative (∇X f = X f , for any vector field X). In this way one finds that
the components of the covariant derivative of a tensor field with tetrad components
tab...
cd... are

∇atbc...
de... = ∂atbc...

de... +Γ b
satsc...

de... +Γ c
satbs...

de... + · · ·−Γ s
datbc...

se... −Γ s
eatbc...

ds... −·· · . (2.33)
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Tetrad Rotations

In the intersection of their domains, any two orthonormal tetrads {∂a} and {∂ ′a}
must be related by means of an expression of the form ∂ ′a = La

b∂b, where the La
b are

differentiable functions such that at each point p belonging to the common domain
of {∂a} and {∂ ′a}, (La

b(p)) is an orthogonal matrix [see (1.3)]. From (2.2) and the
properties of a connection we have

∇∂ ′a∂
′
b = La

c∇∂c(Lb
d∂d)

= La
c[Lb

dΓ s
dc∂s +(∂cLb

d)∂d
]

= La
c[Lb

dLr
sΓ s

dc +(∂cLb
d)Lr

d
]
∂ ′r .

This last expression must coincide with Γ ′r
ba∂ ′r , where Γ ′a

bc are the Ricci rotation
coefficients for the tetrad {∂ ′a}; hence,

Γ ′
rba = La

cLb
dLr

sΓsdc + La
cLr

d∂cLbd . (2.34)

The transformation law (2.34) is equivalent to some relation between the corre-
sponding spin coefficients. For instance, if the matrices (La

b(p)) have positive de-
terminant, the functions La

b can be expressed as

La
b = −1

2
σa

AȦσb
BḂKA

BMȦ
Ḃ, (2.35)

where the KA
B and MȦ

Ḃ are differentiable functions such that at each point p where
they are defined, the matrices (KA

B(p)) and (MȦ
Ḃ(p)) belong to the appropriate

subgroup of SL(2,C), depending on the signature of the metric. Substituting (2.35)
into (2.34), making use of (2.17) and (1.30) we obtain

Γ ′
ABCĊ = KA

RKB
SKC

DMĊ
ḊΓRSDḊ −KA

RKC
DMĊ

Ḋ∂DḊKBR (2.36)

and
Γ ′

ȦḂĊC = MȦ
ṘMḂ

ṠMĊ
ḊKC

DΓṘṠḊD −MȦ
ṘMĊ

ḊKC
D∂DḊMḂṘ. (2.37)

These formulas can be expressed in a more compact form in terms of the connection
one-forms IΓAB and IΓȦḂ:

IΓ′AB = KA
RKB

SIΓRS −KA
RdKBR,

IΓ′ȦḂ = MȦ
ṘMḂ

ṠIΓṘṠ −MȦ
ṘdMḂṘ.

(2.38)

Spinor Fields

Throughout Chapter 1, and in what follows, spinors are given by means of their
components with respect to some basis, which is induced by an orthonormal basis
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of a vector space V , or of the tangent space to M at some point. A simultaneous
rotation through 2π in both spin spaces leaves the corresponding orthonormal basis
invariant, but changes the sign of any spinor with an odd number of indices [see
(1.112), (1.116), (1.155), and (1.171)]. In order to define spinor fields on M, it is
necessary to assign consistently the change of sign under these rotations over M,
which imposes some restrictions on the global structure of M (see, e.g., Geroch
1968, 1970, Penrose and Rindler 1984, Wald 1984, Lawson and Michelsohn 1989,
Huggett and Tod 1994). We shall assume that M admits a spinor structure, and we
shall restrict ourselves to local considerations.

A spinor field will be given by means of its components with respect to bases of
the spin spaces (or spin frames); a basis of one of the spin spaces together with a
basis of the other spin space defines a unique null tetrad, but the converse is not true.

Covariant Derivatives of Spinor Fields

Since the Riemannian connection of M is compatible with the metric tensor, the
parallel transport of tangent vectors to M along a given curve on M is an orthogonal
transformation between the tangent spaces at any two points on the curve. Hence,
with respect to a (differentiable) null tetrad ∂AḂ, this orthogonal transformation must
be of the form KA

BMĊ
Ḋ (since by continuity, its determinant must be positive),

which means that the parallel transport of spinors along a curve can be defined in
such a way that undotted [resp. dotted] spinors are mapped onto undotted [resp.
dotted] spinors, and therefore, the covariant derivative of any spinor field will be a
spinor field of the same type as the original spinor field.

Equation (2.32) is consistent with the assumption that for one-index spinor fields,

∇AḂφ
C = ∂AḂφ

C −ΓC
SAḂφ

S, ∇AḂφ
Ċ = ∂AḂφ

Ċ −Γ Ċ
ṠḂAφ

Ṡ, (2.39)

and that the covariant derivative of spinor fields also satisfies the Leibniz rule; then,
as a consequence of the symmetry ΓABCḊ = ΓBACḊ, we have

∇AḂε
CD = 0, ∇AḂε

ĊḊ = 0,

and therefore, assuming that the covariant derivative commutes with the
contractions,

∇AḂεCD = 0, ∇AḂεĊḊ = 0.

Thus, for an arbitrary spinor field ψA...Ḃ...
C...Ḋ...

,

∇RṠψ
A...Ḃ...
C...Ḋ... = ∂RṠψ

A...Ḃ...
C...Ḋ... −Γ A

PRṠψ
P...Ḃ...
C...Ḋ... −·· ·−Γ Ḃ

ṖṠRψ
A...Ṗ...
C...Ḋ... −·· ·

+Γ P
CRṠψ

A...Ḃ...
P...Ḋ... + · · ·+Γ Ṗ

ḂṠRψ
A...Ḃ...
C...Ṗ... + · · · . (2.40)
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Weighted Quantities

When the metric has Lorentzian signature, any nonvanishing complex-valued func-
tion λ defines a tetrad rotation (2.35) with the SL(2,C)-valued matrix

(KA
B) =

(
λ−1 0

0 λ

)

(2.41)

and MȦ
Ḃ = KA

B. Following Geroch, Held, and Penrose (1973), a quantity η is of
type (p,q) if under the tetrad rotation defined by (2.41), it transforms into

η ′ = λ pλ qη .

Thus, for instance, from ∂ ′AḂ = KA
CMḂ

Ḋ∂CḊ, it follows that the null tetrad vector
fields ∂11̇, ∂12̇, ∂21̇, and ∂22̇ are of type (1,1), (1,−1), (−1,1), and (−1,−1), re-
spectively. In a similar way, each component ψAB...ĊḊ... of a spinor field is of type
(p,q), where p is the number of undotted subscripts, A,B, . . . equal to 1 minus the
number of these subscripts equal to 2, while q is the number of dotted subscripts
Ċ,Ḋ, . . . equal to 1̇ minus the number of these subscripts equal to 2̇ [see (1.187)].
According to (2.36) and (2.37), the same rules apply to the spin coefficients Γ11AḂ,
Γ22AḂ, Γ1̇1̇ȦB, and Γ2̇2̇ȦB, but

Γ ′
12CĊ = KC

DMĊ
Ḋ(Γ12DḊ +λ−1∂DḊλ ), (2.42)

which means that the spin coefficients Γ12DḊ are not of a definite type. Similarly,
even though each member of the null tetrad ∂AḂ is of a definite type, the directional
derivative ∂AḂη of a quantity of type (p,q) is not of a definite type. In fact, under
the tetrad rotation defined by (2.41), ∂AḂη transforms into

∂ ′AḂη
′ = KA

CMḂ
Ḋ∂CḊ

(
λ pλ qη

)
. (2.43)

Thus, by combining (2.43) with (2.42) and its conjugate, one finds that

(∂ ′AḂ − pΓ ′
12AḂ −qΓ ′

1̇2̇ḂA)η ′ = KA
CMḂ

Ḋλ pλ q(∂CḊ − pΓ12CḊ−qΓ1̇2̇ḊC)η , (2.44)

which means that (∂AḂ− pΓ12AḂ−qΓ1̇2̇ḂA)η has a well-defined type (which depends
on p,q, and the specific values of A and Ḃ). This fact leads to the definition of the
Geroch–Held–Penrose (GHP) operators

Þη ≡ (D− pε−qε)η ,

ðη ≡ (δ − pβ −qα)η ,

ð
′η ≡ (δ − pα−qβ)η ,

Þ′η ≡ (Δ − pγ−qγ)η ,

(2.45)
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if η is of type (p,q), where we have made use of the notation (2.25) and (2.28). From
(2.44) it follows that Þη , ðη , Þ′η , and ð

′η are of type (p+1,q+1), (p+1,q−1),
(p−1,q + 1), and (p−1,q−1), respectively.

From the definition one finds that if η is of type (p,q), then its complex conjugate
η is of type (q, p). Hence,

Þη = Þη , ðη = ð
′η , Þ′η = Þ′η .

The spin weight s and the boost weight w of η are defined by

s =
p−q

2
, w =

p + q
2

.

When the signature of the metric is Euclidean, any pair of complex-valued func-
tions λ , μ such that |λ | = 1 = |μ | defines a tetrad rotation (2.35) with the SU(2)-
valued matrices

(KA
B) =

(
λ−1 0

0 λ

)

, (MȦ
Ḃ) =

(
μ−1 0

0 μ

)

. (2.46)

A quantity η is said to be of type (p,q) if under the tetrad rotation given by (2.46)
it transforms according to η ′ = λ pμqη . Following a procedure similar to that em-
ployed in the previous case, one finds that if η is of type (p,q), then

Þη ≡ (D− pε−qε̃)η ,

ðη ≡ (δ − pβ −qα̃)η ,

ð
′η ≡ (δ̃ − pα−qβ̃)η ,

Þ′η ≡ (Δ − pγ−qγ̃)η ,

(2.47)

are of type (p+1,q+1), (p+1,q−1), (p−1,q+1), and (p−1,q−1), respectively
[cf. (2.45)].

Now, if η is of type (p,q), then η is of type (−p,−q), and as a consequence of
(2.29) and (2.30),

Þη = −Þ′η , ðη = ð
′η .

Making use of the corresponding definitions, one finds that in all cases, if η is of
type (p,q) and κ is of type (r,s), then ηκ is of type (p + r,q + s) and

O(ηκ) = ηOκ+κOη ,

where O is any of the weighted operators Þ, ð, ð
′, and Þ′.

The use of weighted quantities allows one to write many explicit expressions in
a compact form, simplifying some computations (see, e.g., Jeffryes 1986). Whereas
the commutators between the vector fields ∂AḂ involve only the spin coefficients
[(2.23)], the presence of the spin coefficients in the weighted operators (2.44) im-
plies that the commutators of the latter contain some components of the curvature
[see (2.91)–(2.94)].
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2.2 Curvature

The curvature tensor Ω of the connection ∇ is defined by

Ω(X ,Y )Z = ∇X∇Y Z −∇Y∇X Z −∇[X ,Y ]Z, (2.48)

for any vector fields X , Y , Z on M. With respect to an orthonormal tetrad {∂a}, the
curvature of a connection is represented by the curvature two-formsΩa

b, defined by

Ω a
b(X ,Y ) ≡ 1

2θ
a(Ω(X ,Y )∂b

)
, (2.49)

for any pair of vector fields X , Y on M. One can verify that the Ω a
b are indeed

two-forms and that

Ω a
b = 1

2 Ra
bcdθ c ∧θ d, (2.50)

where the Ra
bcd are the components of the curvature tensor with respect to the tetrad

{∂a}, which are defined by Ω(∂a,∂b)∂c = Rd
cab∂d .

Making use of (2.8), (2.9), (2.48), (2.49), (2.4), and the properties of ∇, one
obtains the Cartan second structure equations

Ω a
b = dΓ a

b +Γ a
c ∧Γ c

b. (2.51)

The curvature two-forms satisfy the relation Ωab = −Ωba, which can be readily
obtained from (2.51). Indeed, from (2.51) and the fact that the connection one-forms
satisfy Γab = −Γba we have

Ωab = dΓab +Γac ∧Γ c
b = −dΓba−Γbc ∧Γ c

a = −Ωba.

Hence, the components of the curvature tensor satisfy Rabcd = −Rbacd .
Applying the exterior derivative operator d to both sides of (2.7), using again

these equations and (2.51) one obtains the identities

dT a +Γ a
b ∧T b =Ω a

b ∧θ b, (2.52)

and therefore, if the torsion of the connection vanishes,

Ω a
b ∧θ b = 0. (2.53)

Substituting (2.50) into (2.53), one finds that when the torsion is equal to zero,
Ra

bcd + Ra
cdb + Ra

dbc = 0.
Similarly, applying the exterior derivative operator to both sides of (2.51), one

obtains the Bianchi identities

dΩ a
b +Γ a

c ∧Ω c
b −Γ c

b ∧Ω a
c = 0. (2.54)
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2.2.1 Curvature Spinors

Any two-form can be expressed locally in terms of the exterior products θ a ∧θ b, or
equivalently, in terms of the exterior products θAȦ∧θBḂ, which, according to (1.50)
and (1.69), can be written in the form

θAȦ ∧θBḂ = 1
2σa

AȦσb
BḂ θ a ∧θ b

=
(
ε ȦḂ 1

4σa
(A|Ṙ|σb

B)
Ṙ + εAB 1

4σa
R(ȦσbR

Ḃ))θ a ∧θ b

=
( 1

4 Sab
ABε ȦḂ + 1

4 Sab
ȦḂεAB)θ a ∧θ b

≡ SABε ȦḂ + SȦḂεAB, (2.55)

where we have introduced the six two-forms

SAB ≡ 1
4 Sab

ABθ a ∧θ b, SȦḂ ≡ 1
4 Sab

ȦḂθ a ∧θ b. (2.56)

Then, from (2.55) we have

SAB = 1
2θ

AȦ ∧θB
Ȧ, SȦḂ = 1

2θ
AȦ ∧θA

Ḃ, (2.57)

or in an explicit form,

S11 = θ 11̇ ∧θ 12̇, S12 = 1
2 (θ 11̇ ∧θ 22̇ −θ 12̇ ∧θ 21̇), S22 = θ 21̇ ∧θ 22̇,

S1̇1̇ = θ 11̇ ∧θ 21̇, S1̇2̇ = 1
2 (θ 11̇ ∧θ 22̇ −θ 21̇ ∧θ 12̇), S2̇2̇ = θ 12̇ ∧θ 22̇.

(2.58)

From (1.76) we see that the duals of the two-forms SAB and SȦḂ are given by

∗SAB = −iqSAB, ∗SȦḂ = iqSȦḂ. (2.59)

The two-forms SAB [resp. SȦḂ] form a local basis for the anti-self-dual [resp. self-
dual] two-forms.

Making use of (2.57), the properties of the exterior derivative, the Cartan first
structure equations (2.15), and the symmetry IΓṘṠ = IΓṠṘ, one finds that

dSAB = 1
2 d(θAṘ ∧θB

Ṙ)

= dθ (A|Ṙ| ∧θB)
Ṙ

= (IΓ(A
C ∧θ |CṘ| + IΓṘ

Ṡ ∧θ (A|Ṡ|)∧θB)
Ṙ

= 2IΓ(A
C ∧SB)C, (2.60)

and in a similar way one obtains

dSȦḂ = 2IΓ(Ȧ
Ċ ∧SḂ)Ċ. (2.61)
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As we shall show below, the relations (2.60) and (2.61) are very useful in obtaining
the spin coefficients for a given tetrad. (An equivalent formulation, for the Lorentzian
signature, without the spinor notation is given in Israel 1979.)

Since the components of the curvature tensor of a connection compatible with the
metric are antisymmetric in the first and the last pairs of indices Rabcd = −Rbacd =
−Rabdc, making use of (1.50) it follows that the spinor equivalent of the curvature
tensor can be written as

RAȦBḂCĊDḊ = XABCDεȦḂεĊḊ + C̃ȦḂCDεABεĊḊ

+CABĊḊεȦḂεCD + XȦḂĊḊεABεCD, (2.62)

where the sets of functions XABCD, C̃ȦḂCD, CABĊḊ, and XȦḂĊḊ are symmetric in the
first and the last pairs of indices, XABCD = X(AB)(CD), C̃ȦḂCD = C̃(ȦḂ)(CD), CABĊḊ =
C(AB)(ĊḊ), and XȦḂĊḊ = X(ȦḂ)(ĊḊ). If the Ricci tensor is defined by

Rab ≡ Rc
acb, (2.63)

from (2.62) and (1.46) we find that the spinor equivalent of the Ricci tensor is

RBḂDḊ = −RAȦ
BḂAȦDḊ

= −XA
BADεḂḊ + C̃ḂḊBD +CBDḂḊ −XȦ

ḂȦḊεBD, (2.64)

and the scalar curvature R ≡ Ra
a is given by

R = −RBḂ
BḂ = 2(XAB

AB + XȦḂ
ȦḂ). (2.65)

The antisymmetry of the curvature two-forms Ωab = −Ωba implies that their
spinor equivalents ΩAȦBḂ are of the form

ΩAȦBḂ = RABεȦḂ +RȦḂεAB, (2.66)

where RAB = R(AB) and RȦḂ = R(ȦḂ) are two-forms. From (2.50) and (2.55) it

follows that ΩAȦBḂ = 1
2 RAȦBḂCĊDḊ(SCDεĊḊ + SĊḊεCD), and substituting (2.66) and

(2.62), one concludes that the two-forms RAB and RȦḂ are given by

RAB = XABCDSCD +CABĊḊSĊḊ,

RȦḂ = C̃ȦḂCDSCD + XȦḂĊḊSĊḊ.
(2.67)

The Cartan second structure equations (2.51) expressed in terms of the spinor equiv-
alents of the connection one-forms and of the curvature two-forms given by (2.13)
and (2.66), respectively, read

RAB = dIΓAB − IΓAC ∧ IΓC
B,

RȦḂ = dIΓȦḂ − IΓȦĊ ∧ IΓĊ
Ḃ

(2.68)

[cf. (2.51)].
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Similarly, making use of (2.66) and (2.67), one finds that (2.53) is equivalent to

0 = RAB ∧θB
Ȧ +RȦḂ ∧θA

Ḃ

= (XABCDSCD +CABĊḊSĊḊ)∧θB
Ȧ +(C̃ȦḂCDSCD + XȦḂĊḊSĊḊ)∧θA

Ḃ. (2.69)

Owing to the antisymmetry of the exterior product of one-forms, according to (1.58),

θAȦ ∧θBḂ ∧θCĊ = εACε ḂĊθ̆BȦ − εBCε ȦĊθ̆AḂ, (2.70)

where the θ̆AȦ are some three-forms, which implies that

SAB ∧θCĊ = εC(Aθ̆B)Ċ, SȦḂ ∧θCĊ = −εĊ(Ȧθ̆ |C|Ḃ) (2.71)

[see (2.57)]; hence, (2.69) can be rewritten as

0 = XA
B

BDθ̆
D

Ȧ +CABȦḊθ̆
BḊ − C̃ȦḂADθ̆

DḂ −XȦ
Ḃ

ḂḊθ̆A
Ḋ.

At each point of its domain, the set of three-forms {θ̆AȦ} is linearly independent
(see Exercise 2.2), and therefore the last equation is equivalent to

0 = XA
B

BDεȦḊ +CADȦḊ − C̃ȦḊAD −XȦ
Ḃ

ḂḊεAD. (2.72)

Hence, contracting the last equation with ε ȦḊ yields

0 = 2XA
B

BD −XḊḂ
ḂḊεAD, (2.73)

while contracting with εAD gives us

0 = XDB
BDεȦḊ −2XȦ

Ḃ
ḂḊ. (2.74)

From (2.73) or (2.74) we obtain XAB
AB = XȦḂ

ȦḂ, and therefore (2.65) implies that

XAB
AB = XȦḂ

ȦḂ = 1
4 R. (2.75)

Thus, from (2.73) and (2.74) we obtain

XA
B

BD = 1
8 RεAD, XȦ

Ḃ
ḂḊ = 1

8 RεȦḊ, (2.76)

and substituting these expressions into (2.72), it reduces to

C̃ȦḊAD = CADȦḊ. (2.77)

As a consequence of (2.76), XABCD and XȦḂĊḊ are symmetric not only on the first
and second pairs of indices, but also under the exchange of the first and second pairs
of indices. Indeed, from (1.27) and (2.76) we see that
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XABCD −XCDAB = XABCD −XACBD + XACBD−XCDAB

= εBCXA
M

MD + εADXC
M

MB

= 1
8 R(εBCεAD + εADεCB)

= 0,

i.e.,
XABCD = XCDAB, (2.78)

and in a similar manner one concludes that

XȦḂĊḊ = XĊḊȦḂ. (2.79)

From (2.62) and (2.77)–(2.79) it follows that RAȦBḂCĊDḊ = RCĊDḊAȦBḂ, which is
equivalent to the well-known relation Rabcd = Rcdab.

Making use of (2.78) and (2.76), one finds that the totally symmetric part of
XABCD, which will be denoted by CABCD, is

CABCD = X(ABCD)

= 1
3 (XABCD + XACBD + XADBC)

= XABCD + 1
3(XACBD −XABCD + XADBC −XABCD)

= XABCD + 1
3(εCBXA

M
MD + εDBXA

M
MC)

= XABCD − 1
24 R(εACεBD + εADεBC). (2.80)

Similarly, denoting by CȦḂĊḊ the totally symmetric part of XȦḂĊḊ, one obtains

CȦḂĊḊ = XȦḂĊḊ − 1
24 R(εȦĊεḂḊ + εȦḊεḂĊ). (2.81)

Thus, from (2.67), (2.77), (2.80), and (2.81) we see that the curvature two-forms can
be expressed as

RAB = CABCDSCD + 1
12 RSAB +CABĊḊSĊḊ,

RȦḂ = CCDȦḂSCD + 1
12 RSȦḂ +CȦḂĊḊSĊḊ,

(2.82)

and from (2.62), the spinor equivalent of the curvature tensor is given by

RAȦBḂCĊDḊ = CABCDεȦḂεĊḊ +CȦḂĊḊεABεCD

+CABĊḊεȦḂεCD +CCDȦḂεABεĊḊ

+ 1
24 R(εACεBDεȦḂεĊḊ + εADεBCεȦḂεĊḊ

+ εABεCDεȦĊεḂḊ + εABεCDεȦḊεḂĊ). (2.83)

Making use of the relation

εABεCD + εACεDB + εADεBC = 0, (2.84)
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which is equivalent to (1.27), and its dotted version, one can rewrite in various ways
the expression between parentheses in the last two lines of (2.83), e.g.,

2(εABεCDεȦĊεḂḊ + εADεBCεȦḂεĊḊ),

2(εABεCDεȦḊεḂĊ + εACεBDεȦḂεĊḊ),

and
2(εACεȦĊεBDεḂḊ − εADεȦḊεBCεḂĊ);

according to (1.21), the last expression is the spinor equivalent of 2(gacgbd −
gadgbc).

Substituting (2.76) and (2.77) into (2.64), one finds that the spinor equivalent of
the Ricci tensor is related to CABȦḂ by RBḂDḊ = 2CBDḂḊ − 1

4 RεBDεḂḊ, i.e.,

CABȦḂ = 1
2(RAȦBḂ + 1

4 RεABεȦḂ). (2.85)

Thus, recalling that −εABεȦḂ is the spinor equivalent of gab, (2.85) shows that CABȦḂ
is the spinor equivalent of 1

2 (Rab − 1
4 Rgab); that is, apart from a factor of 1

2 , CABȦḂ
is the spinor equivalent of the traceless part of the Ricci tensor.

Making use of (1.27), it can readily be seen that

CABĊḊεȦḂεCD +CCDȦḂεABεĊḊ = CADȦḊεBCεḂĊ −CACȦĊεBDεḂḊ

+CBCḂĊεADεȦḊ −CBDḂḊεACεȦĊ,

which means that the second line of (2.83) is the spinor equivalent of the tensor
1
2 (Rad − 1

4 Rgad)(−gbc)− 1
2 (Rac − 1

4 Rgac)(−gbd)+ 1
2(Rbc − 1

4 Rgbc)(−gad)− 1
2 (Rbd

− 1
4 Rgbd)(−gac) = − 1

2(Radgbc − Racgbd + Rbcgad −Rbdgac) + 1
4 (gadgbc − gacgbd);

hence, it follows from (2.83) that CABCDεȦḂεĊḊ + CȦḂĊḊεABεCD is the spinor
equivalent of

Cabcd ≡ Rabcd + 1
2 (Radgbc −Racgbd + Rbcgad −Rbdgac)+ 1

6 R(gacgbd −gadgbc).
(2.86)

The tensor field Cabcd is known as the Weyl tensor, and CABCD and CȦḂĊḊ are called
Weyl spinors. Owing to its behavior under conformal rescalings, Cabcd is also called
the conformal curvature tensor (see Section 2.3).

The tensor field Cabcd possesses all the symmetries of the curvature tensor Rabcd

(i.e., Cabcd = −Cbacd = −Cabdc, Cabcd +Cacdb +Cadbc = 0, Cabcd = Ccdab), and in
addition, Ca

bad = 0, as can readily be seen using the total symmetry of CABCD and
CȦḂĊḊ [see (1.29)].

Since the curvature tensor is real, making use of (2.83), (1.224), and (1.221) one
finds that when the signature is (+ + + +) or (+ + − −), the curvature spinors
must satisfy

ĈABCD = CABCD, ĈȦḂĊḊ = CȦḂĊḊ, ĈABĊḊ = CABĊḊ, (2.87)

while when the signature is (+ + + −) one has
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CABCD = CȦḂĊḊ, CABĊḊ = CCDȦḂ (2.88)

[see (1.47)].
Combining (1.41) and (2.62), we see that

XABCDεȦḂεĊḊ +CCDȦḂεABεĊḊ +CABĊḊεȦḂεCD + XȦḂĊḊεABεCD

=
1
4
σa

AȦσ
b

BḂσ
c
CĊσ

d
DḊRabcd ;

hence [see (1.69)],

XABCD =
1

16
Sab

ABScd
CDRabcd,

CABĊḊ =
1

16
Sab

ABScd
ĊḊRabcd, (2.89)

XȦḂĊḊ =
1

16
Sab

ȦḂScd
ĊḊRabcd

[cf. (2.85)]. Since CABCD, CABĊḊ, and R are independent of each other, from (2.89)
we have, for instance,

CABCD =
1

16
Sab

ABScd
CDCabcd .

The spinor components of the curvature can be expressed in terms of the spin co-
efficients by substituting (2.16) into (2.68), making use of (2.15) and (2.55). Since
the differential of a scalar function is expressed locally as d f = (∂a f )θ a, equiva-
lently we have

d f = −(∂AȦ f )θAȦ. (2.90)

In this way we obtain the explicit expressions

XABCD = ∂(C
ḊΓ|AB|D)Ḋ −ΓAB(C|ĊΓ

ĊṘ
Ṙ|D) +ΓABRĊΓ

R
(CD)

Ċ +ΓA
R

(C
ḊΓ|BR|D)Ḋ (2.91)

and

CABĊḊ = ∂R
(ĊΓ|ABR|Ḋ) +ΓABCṘΓ

Ṙ
(ĊḊ)

C −ΓABC(ĊΓ
CR

|R|Ḋ) +ΓA
RD

(ĊΓ|BRD|Ḋ), (2.92)

together with

CCDȦḂ = ∂(C
ṘΓ|ȦḂṘ|D) +ΓȦḂĊRΓ

R
(CD)

Ċ −ΓȦḂĊ(CΓ
ĊṘ

|Ṙ|D) +ΓȦ
ṘḊ

(CΓ|ḂṘḊ|D) (2.93)

and

XȦḂĊḊ = ∂D
(ĊΓ|ȦḂ|Ḋ)D−ΓȦḂ(Ċ|CΓ

CR
R|Ḋ) +ΓȦḂṘCΓ

Ṙ
(ĊḊ)

C +ΓȦ
Ṙ

(Ċ
DΓ|ḂṘ|Ḋ)D. (2.94)

As pointed out above, the spin coefficients can be obtained by means of the com-
mutators (2.23) or from (2.60) and (2.61). Substitution of (2.16) and (2.71) into
(2.60) and (2.61) gives
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dSAB = −Γ (A
C

B)
Ḋ θ̆

CḊ −Γ (A
C
|C|

Ḋ θ̆
B)Ḋ (2.95)

and
dSȦḂ = Γ (Ȧ

Ċ
Ḃ)

D θ̆
DĊ +Γ (Ȧ

Ċ
|Ċ

D θ̆
D|Ḃ). (2.96)

The combinations of the spin coefficients appearing in (2.95) and (2.96) allow
us to find the spin coefficients individually. Writing, say, dSAB = KAB

CḊ θ̆CḊ,
with KABCḊ = K(AB)CḊ, and comparing with (2.95) one has KABCḊ = −ΓC(AB)Ḋ −
Γ(A|R

R
Ḋ|εB)C. Then, from this last relation one readily obtains

ΓABCḊ = −KC(AB)Ḋ (2.97)

[cf. (2.12)] (see the examples below). In a similar way one finds that

ΓȦḂĊD = KĊ(ȦḂ)D (2.98)

if the functions KȦḂĊD are defined by dSȦḂ = KȦḂ
ĊDθ̆DĊ (cf. Israel 1979 and the

references cited therein).
Frequently, the metric tensor of M is given by a local expression in terms of some

coordinate system, and in order to find a set of one-forms θAȦ, it is convenient to
notice that from (2.1) we obtain

g = −εABεȦḂ θ
AȦ ⊗θBḂ

= −θ 11̇ ⊗θ 22̇ −θ 22̇ ⊗θ 11̇ +θ 12̇ ⊗θ 21̇ +θ 21̇ ⊗θ 12̇

= −2θ 11̇θ 22̇ + 2θ 12̇θ 21̇, (2.99)

where the juxtaposition of one-forms means symmetrized tensor product, and

θAḂ =

⎧
⎪⎪⎨

⎪⎪⎩

−θAḂ if the σa
AḂ are given by (1.33),

θBȦ if the σa
AḂ are given by (1.34),

θAḂ if the σa
AḂ are given by (1.35),

ηACη ḂḊθCḊ if the σa
AḂ are given by (1.37).

(2.100)

Thus, instead of looking for an orthonormal or null tetrad, a suitable set of one-forms
θAȦ can be obtained directly by expressing the metric tensor in the form (2.99) in
terms of one-forms satisfying the appropriate condition (2.100) (see the examples
below).

The behavior of the differential forms SAB, SȦḂ, and θ̆AḂ under complex conju-
gation can be derived from (2.100) and the relations (2.57) and (2.71).

Example 2.1. The standard metric of S4.
The metric induced on the sphere S4 ≡ {(x1,x2,x3,x4,x5) ∈ R

5 |(x1)2 +(x2)2 +
(x3)2 +(x4)2 +(x5)2 = 1} by the standard Euclidean metric of R

5 is locally given by

g = dψ2 + sin2ψ
[
dχ2 + sin2 χ (dθ 2 + sin2 θ dϕ2)

]
, (2.101)
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in terms of spherical coordinates ψ , χ , θ , and ϕ . We can equivalently write

g = −2

[

− 1√
2
(dψ− i sinψ dχ)

][
1√
2
(dψ+ i sinψ dχ)

]

+ 2

[

− 1√
2

sinψ sinχ(dθ − i sinθ dϕ)
][

− 1√
2

sinψ sinχ(dθ + i sinθ dϕ)
]

,

and by comparing with (2.99) one finds that the one-forms θAȦ satisfying the con-

dition θAḂ = −θAḂ (i.e., θ 11̇ = −θ 22̇ and θ 12̇ = θ 21̇), appropriate for a metric with
Euclidean signature, can be taken as

θ 11̇ = − 1√
2
(dψ− i sinψ dχ), θ 22̇ =

1√
2
(dψ+ i sinψ dχ),

θ 12̇ = − sinψ sinχ√
2

(dθ − i sinθ dϕ), θ 21̇ = − sinψ sinχ√
2

(dθ + i sinθ dϕ).

(2.102)
(Alternatively, from (2.101) we see that

θ 1 = sinψ sinχ dθ , θ 2 = sinψ sinχ sinθ dϕ ,
θ 3 = dψ , θ 4 = sinψ dχ ,

form the dual basis of an orthonormal tetrad. The one-forms (2.102) are then ob-
tained with the aid of (2.14) and (1.33).)

The two-forms SAB are then given by [see (2.58)]

S11 = 1
2 sinψ sinχ (dψ− i sinψ dχ)∧ (dθ − i sinθ dϕ),

S12 = − 1
2 i(sinψ dψ ∧dχ+ sin2ψ sin2 χ sinθ dθ ∧dϕ),

(2.103)

with S22 = S11. The two-forms SȦḂ can be readily obtained by noticing that the
one-forms (2.102) have the property that under the substitution of ϕ by −ϕ , θAḂ is
mapped into θBȦ, and therefore SAB is mapped into SȦḂ [see (2.58)]. A straightfor-
ward computation, making use of (2.71), gives

dS11 = − cotθ√
2 sinψ sinχ

θ̆ 11̇ − 1√
2

(

2cotψ− i
cotχ
sinψ

)

θ̆ 12̇,

dS12 = − 1√
2

(

cotψ+ i
cotχ
sinψ

)

θ̆ 11̇ − 1√
2

(

cotψ− i
cotχ
sinψ

)

θ̆ 22̇.

Hence, the only nonvanishing spin coefficients ΓABCḊ are determined by [see (2.97)
and (2.20)]
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Γ1121̇ = − 1√
2

(

cotψ+ i
cotχ
sinψ

)

, Γ1211̇ = Γ1222̇ =
1

2
√

2
cotψ ,

Γ1212̇ = −Γ1221̇ =
1

2
√

2

cotθ
sinψ sinχ

,

and the connection one-forms IΓAB for this tetrad are

IΓ11 = −1
2
(cosψ sinχ+ icosχ)(dθ + i sinθ dϕ),

IΓ12 = − i
2
(cosψ dχ+ cosθ dϕ), (2.104)

IΓ22 = −1
2
(cosψ sinχ− icosχ)(dθ − i sinθ dϕ).

Substituting into (2.68), one finds that the curvature two-forms RAB are given ex-
plicitly by

R11 = dIΓ11 −2IΓ12 ∧ IΓ11 = S22,

R12 = dIΓ12 + IΓ11 ∧ IΓ22 = −S12, (2.105)

R22 = dIΓ22 + 2IΓ12 ∧ IΓ22 = S11,

and hence CABȦḂ = 0, CABCD = 0, and R = 12 [see (2.82)]. In a similar way one finds
that CȦḂĊḊ = 0.

Example 2.2. The Schwarzschild metric.
The Schwarzschild metric, which, according to Einstein’s theory of gravitation,

represents the exterior gravitational field of a spherically symmetric distribution of
matter, is usually expressed in the form

g = −
(

1− rg

r

)
c2dt2 +

dr2

1− rg/r
+ r2dθ 2 + r2 sin2 θ dϕ2, (2.106)

where rg is a constant (called the gravitational radius or Schwarzschild radius,
rg = 2GM/c2, where G is Newton’s constant of gravitation, M corresponds to the
Newtonian mass of the source, and c is the speed of light in vacuum), and t, r, θ , and
ϕ are real coordinates (see, e.g., Rindler 1977, Wald 1984). When rg = 0, (2.106)
is the metric of Minkowski space-time in spherical coordinates. By comparing the
metric (2.106), written as

g = −2

[
1
2

(
1− rg

r

)
cdt − 1

2
dr

][

cdt +
(

1− rg

r

)−1
dr

]

+ 2

[

− r√
2
(dθ − i sinθ dϕ)

][

− r√
2
(dθ + i sinθ dϕ)

]

,

with (2.99) one finds that the one-forms θAḂ satisfying the condition θAḂ = θBȦ,
appropriate for Lorentzian signature, can be taken as
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θ 11̇ =
1
2

(
1− rg

r

)
cdt − 1

2
dr, θ 22̇ = cdt +

(
1− rg

r

)−1
dr,

θ 12̇ = − r√
2
(dθ − i sinθ dϕ), θ 21̇ = − r√

2
(dθ + i sinθ dϕ),

(2.107)

and hence,

∂11̇ = −
(

1− rg

r

)−1 1
c
∂
∂ t

+
∂
∂ r

, ∂22̇ = − 1
2c

∂
∂ t

− 1
2

(
1− rg

r

) ∂
∂ r

,

∂12̇ =
1√
2r

(
∂
∂θ

+
i

sinθ
∂
∂ϕ

)

, ∂21̇ =
1√
2r

(
∂
∂θ

− i
sinθ

∂
∂ϕ

)

.

(2.108)

(The coefficients of ∂/∂ t are chosen negative, so that vAȦ = lAlȦ is the spinor equiv-
alent of a future-pointing null vector, for any one-index spinor lA different from
zero.)

The commutators of the vector fields (2.108) can be readily computed, and mak-
ing use of the notation (2.28), we obtain

[D,δ ] = −1
r
δ , [Δ ,δ ] =

1
2r

(
1− rg

r

)
δ ,

[D,Δ ] = − rg

2r2 D, [δ ,δ ] =
cotθ√

2r
(δ − δ),

which, compared with (2.27), implies that the only nonvanishing spin coefficients
are

ρ = −1
r
, β =

cotθ
2
√

2r
, α = − cotθ

2
√

2r
, γ =

rg

4r2 , μ = − 1
2r

(
1− rg

r

)
;

(2.109)
therefore, the connection one-forms are given by

IΓ11 = − 1√
2
(dθ + i sinθ dϕ),

IΓ12 = − i
2

cosθ dϕ− rg

4r2

[

cdt +
(

1− rg

r

)−1
dr

]

, (2.110)

IΓ22 = − 1

2
√

2

(
1− rg

r

)
(dθ − i sinθ dϕ),

and, substituting into (2.68), one finds that the curvature two-forms RAB are given
explicitly by

R11 = dIΓ11 −2IΓ12 ∧ IΓ11 = − rg

2r3 S22,

R12 = dIΓ12 + IΓ11 ∧ IΓ22 = − rg

r3 S12, (2.111)

R22 = dIΓ22 + 2IΓ12 ∧ IΓ22 = − rg

2r3 S11,
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which implies that CABȦḂ = 0, R = 0 (that is, Rab = 0, thus showing that the Einstein
vacuum field equations are satisfied), and the only nonvanishing components of the
Weyl spinor are determined by

C1122 = − rg

2r3 (2.112)

[see (2.82)].

Example 2.3. The Euclidean Schwarzschild metric.
By reversing the sign of the first term in (2.106) we obtain a metric with

Euclidean signature for r > rg

g =
(

1− rg

r

)
c2dt2 +

dr2

1− rg/r
+ r2dθ 2 + r2 sin2 θ dϕ2, (2.113)

which can be expressed in the form −2θ 11̇θ 22̇ + 2θ 12̇θ 21̇, with θ 11̇ = −θ 22̇ and

θ 12̇ = θ 21̇, choosing

θ 11̇ =
i√
2

√

1− rg

r
cdt − 1√

2

dr
√

1− rg/r
,

θ 22̇ =
i√
2

√

1− rg

r
cdt +

1√
2

dr
√

1− rg/r
,

θ 12̇ = − r√
2
(dθ − i sinθ dϕ), θ 21̇ = − r√

2
(dθ + i sinθ dϕ).

A straightforward computation gives

S11 = − r
2

(

i

√

1− rg

r
cdt − dr

√
1− rg/r

)

∧ (dθ − i sinθ dϕ),

S12 =
i
2

(
cdt ∧dr− r2 sinθ dθ ∧dϕ

)
,

with S22 = S11, and

dS11 =
cotθ√

2r
θ̆ 11̇ − 1√

2r

(√

1− rg

r
+

rg/r

2
√

1− rg/r

)

θ̆ 12̇,

dS12 = − 1√
2r

√

1− rg

r
(θ̆ 11̇ + θ̆ 22̇).

Then, using the fact that when the signature is Euclidean, KABCḊ = −KABCḊ, the
foregoing relations and (2.97) give

IΓ11 = −1
2

√

1− rg

r
(dθ + i sinθ dϕ),

IΓ12 = − i
2

cosθ dϕ− irg

4r2 cdt,
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with IΓ22 = IΓ11 [cf. (2.110)]. The curvature two-forms are

R11 = − rg

2r3 S22, R12 = − rg

r3 S12,

with R22 = R11, showing that CABĊḊ = 0 = R and the only nonvanishing component
of the Weyl spinor CABCD is given by C1122 = −rg/(2r3) [real, as follows from
(2.87)].

Further examples are given in Sections 2.3 and 4.2.

Bianchi and Ricci Identities

The Bianchi identities in spinor form can be derived from (2.54) or directly by
applying the exterior derivative operator to both sides of the Cartan second struc-
ture equations (2.68), using again these equations in order to eliminate the exterior
derivative of IΓAB or IΓȦḂ. Thus

dRAB = 2IΓC(A ∧RC
B),

dRȦḂ = 2IΓĊ(Ȧ ∧RĊ
Ḃ).

(2.114)

Substituting (2.67) and (2.16) into (2.114), with the aid of (2.71), (2.77), (2.60), and
(2.61) one obtains

∇C
ṘXABCD −∇D

ĊCABĊṘ = 0,

∇R
ĊXȦḂĊḊ −∇C

ḊCCRȦḂ = 0,
(2.115)

and hence, employing the decompositions (2.80) and (2.81), one finds that these last
equations are equivalent to

∇C
ṘCCABD −∇(A

ĊCBD)ĊṘ = 0,

∇R
ĊCĊȦḂḊ −∇C

(ȦC|CR|ḂḊ) = 0, (2.116)

1
8∇DṘR +∇BĊCBDĊṘ = 0.

Since CABĊḊ is the spinor equivalent of 1
2(Rab − 1

4 Rgab), the last of these relations
amounts to the so-called contracted Bianchi identities.

Applying the decomposition (1.52) to the commutator of covariant derivatives,
we have

∇AȦ∇BḂ −∇BḂ∇AȦ = εȦḂ AB + εAB ȦḂ, (2.117)

where

AB ≡ ∇(A
Ṙ∇B)Ṙ, ȦḂ ≡ ∇R

(Ȧ∇|R|Ḃ), (2.118)

and the spinor equivalent of the Ricci identity (∇a∇b −∇b∇a)tc = −Rd
cabtd , which

follows from (2.48), can be written in the form

(εȦḂ AB + εAB ȦḂ)tCĊ = RDḊ
CĊAȦBḂtDḊ. (2.119)
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Then, making use of (2.83) one finds that (2.119) is equivalent to

ABtCĊ = CD
CABtDĊ +CAB

Ḋ
ĊtCḊ + 1

24 R(εCBtAĊ + εCAtBĊ) (2.120)

and

ȦḂtCĊ = CḊ
ĊȦḂtCḊ +CD

CȦḂtDĊ + 1
24 R(εĊḂtCȦ + εĊȦtCḂ). (2.121)

Equations (2.120) and (2.121) also follow directly from the definitions (2.118) and
the explicit expressions (2.91)–(2.94).

The commutator of covariant derivatives of a scalar function vanishes; in fact,
(∇a∇b −∇b∇a) f = ∇a∂b f −∇b∂a f = ∂a∂b f −Γ c

ba∂c f −∂b∂a f +Γ c
ab∂c f , which

is equal to zero if and only if (2.11) holds. Thus, AB f = 0 and ȦḂ f = 0.
In the case of one-index spinor fields, making use of (2.40), (2.80), (2.81), and

(2.91)–(2.94), one finds that

ABψC = CD
CABψD + 1

24 R(εCBψA + εCAψB), (2.122)

ABψĊ = CAB
Ḋ

ĊψḊ, (2.123)

and

ȦḂψC = CD
CȦḂψD, (2.124)

ȦḂψĊ = CḊ
ĊȦḂψḊ + 1

24 R(εĊḂψȦ + εĊȦψḂ). (2.125)

These identities imply the identities (2.120) and (2.121) by virtue of the formulas

AB(ψC...Ḋ...φE...Ḟ ...) = ψC...Ḋ... ABφE...Ḟ... +φE...Ḟ ... ABψC...Ḋ...

and

ȦḂ(ψC...Ḋ...φE...Ḟ ...) = ψC...Ḋ... ȦḂφE...Ḟ ... +φE...Ḟ ... ȦḂψC...Ḋ...,

which follow from the fact that the covariant derivative satisfies the Leibniz rule. In
this manner one finds that

ABψCD...ĖḞ ... = CR
CABψRD...ĖḞ ... +CR

DABψCR...ĖḞ... + · · ·
+ 1

12 R
(
εC(AψB)D...ĖḞ ... + εD(Aψ|C|B)...ĖḞ ... + · · ·)

+CAB
Ṙ

ĖψCD...ṘḞ ... +CAB
Ṙ

ḞψCD...ĖṘ... + · · · (2.126)

and

ȦḂψCD...ĖḞ ... = CṘ
ĖȦḂψCD...ṘḞ ... +CṘ

ḞȦḂψCD...ĖṘ... + · · ·
+ 1

12 R
(
εĖ(Ȧψ|CD...|Ḃ)Ḟ ... + εḞ(Ȧψ|CD...Ė|Ḃ)... + · · ·)

+CR
CȦḂψRD...ĖḞ ... +CR

DȦḂψCR...ĖḞ ... + · · · . (2.127)
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2.2.2 Algebraic Classification of the Conformal Curvature

Since the conformal curvature spinors CABCD and CȦḂĊḊ are totally symmetric,
they can be classified according to the multiplicities of their principal spinors (see
Section 1.7).

If the signature is (+ + + +), the reality conditions (2.87) imply that the only
possible nontrivial cases are

CABCD =

{
α(Aα̂BβCβ̂D) with αAβA �= 0,

±α(AαBα̂Cα̂D)
(2.128)

[see (1.231)], with analogous independent expressions for CȦḂĊḊ. For instance,
the spinor CABCD of the Euclidean Schwarzschild metric is of the form CABCD =
−α(AαBα̂Cα̂D).

Similarly, if the metric has signature (+ + − −), the only nontrivial possible
cases are

CABCD =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α(AβBγCδD) with α̂A = αA, β̂A = βA, γ̂A = γA, δ̂A = δA,

α(AβBγCγ̂D) with α̂A = αA, β̂A = βA,

±α(Aα̂BβCβ̂D),

α(AαBβCγD) with α̂A = αA, β̂A = βA, γ̂A = γA,

±α(AαBβCβ̂D) with α̂A = αA,

±α(AαBβCβD) with α̂A = αA, β̂A = βA,

±α(AαBα̂Cα̂D),

α(AαBαCβD) with α̂A = αA, β̂A = βA,

±αAαBαCαD with α̂A = αA,

(2.129)

with analogous independent expressions for CȦḂĊḊ. In particular, there exist
Riemannian manifolds with ultrahyperbolic signature with CABCD = 0 and CȦḂĊḊ �=
0 (or vice versa), which turn out to possess interesting applications (see, e.g.,
Dunajski and West 2008). (The algebraic types (2.128) and (2.129) coincide with
the possible algebraic types of a traceless two-index symmetric tensor in a manifold
of dimension three; Torres del Castillo 2003, Sec. 5.3.)

It should be remarked that when the signature of the metric is (+ + + +) or
(+ + − −), the algebraic type of the Weyl spinors is not completely determined by
the multiplicities of their principal spinors, but in some cases there is an overall sign
that has to be specified (cf. Goldblatt 1994a,b and the references cited therein).

In the remaining case, in which the metric has signature (+ + + −), the reality
conditions (2.88) do not impose any restrictions on the principal spinors of CABCD,
and therefore, if the conformal curvature spinor is different from zero, it can be of
the form
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CABCD =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

α(AβBγCδD) (type G or {1,1,1,1}),
α(AαBβCγD) (type II or {2,1,1}),
α(AαBβCβD) (type D or {2,2}),
α(AαBαCβD) (type III or {3,1}),
αAαBαCαD (type N or {4}),

(2.130)

where it is understood that all the contractions αAβA, αAγA, αAδA, βAγA, βAδA,
and γAδA are different from zero. This constitutes the Petrov–Penrose classifica-
tion of the conformal curvature (Penrose 1960, Pirani 1965). Only if the metric has
Lorentzian signature are CABCD and CȦḂĊḊ not independent of each other, being re-
lated by CȦḂĊḊ = CABCD [see (2.88)], and therefore it suffices to consider CABCD
only. Furthermore, only in this case is there associated with each one-index spinor
αA another one-index spinor α Ȧ = αA, so that αA is a principal spinor of CABCD if
and only if α Ȧ is a principal spinor of CȦḂĊḊ. If αA is a principal spinor of CABCD,
then ±αAα Ȧ is the spinor equivalent of a real null vector referred to as a Debever–
Penrose (DP) vector, and its direction is a principal null direction of the conformal
curvature.

The DP vectors can be defined directly using the conformal curvature tensor. If
la is a real null vector, then the spinor equivalent of lcCabcd is

±(
εȦḂαḊCABCDα

C + εABαDCȦḂĊḊα
Ċ),

assuming that ±αAα Ȧ is the spinor equivalent of la; hence

lcCabcd = 0 ⇔ CABCDα
C = 0,

which means that αA is a quadruple principal spinor of CABCD. Similarly, the spinor
equivalent of lcCabc[dle] is [see (1.52)]

− 1
2(εDEεȦḂαḊα ĖCABCRα

CαR + εABεḊĖαDαECȦḂĊṘα
Ċα Ṙ),

and hence
lcCabc[dle] = 0 ⇔ CABCRα

CαR = 0,

which means that αA is at least a triple principal spinor of CABCD. It can readily be
seen that the spinor equivalent of lblcCabc[dle] is

± 1
2

(
εDEα Ȧα Ḋα ĖCABCRα

BαCαR + εḊĖαAαDαECȦḂĊṘα
ḂαĊα Ṙ),

and therefore

lblcCabc[dle] = 0 ⇔ CABCRα
BαCαR = 0,

which means that αA is at least a double principal spinor of CABCD. Finally, the
spinor equivalent of lblcl[ fCa]bc[dle] is

1
4

(
εDEεFAα Ḟα ȦαḊα ĖCSBCRα

SαBαCαR + εḊĖεḞȦαFαAαDαECṠḂĊṘα
Ṡα ḂαĊα Ṙ),
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and therefore

lblcl[ fCa]bc[dle] = 0 ⇔ CSBCRα
SαBαCαR = 0, (2.131)

which means that αA is a principal spinor of CABCD.
By virtue of the equivalence (2.131), it follows that there exist four (not necessar-

ily distinct) real null directions represented by null vectors la satisfying the condition
lblcl[ fCa]bc[dle] = 0. If the four principal null directions of the conformal curvature
are all distinct [which corresponds to the type G or {1,1,1,1} in (2.130)], the cur-
vature is said to be algebraically general. The conformal curvature is algebraically
special or degenerate if there are fewer than four distinct principal null directions
(which corresponds to the existence of a repeated principal spinor of CABCD).

2.3 Conformal Rescalings

Two metric tensors g and g′ on M are conformally equivalent if there exists a positive
function φ such that g = φ2g′. Given a null tetrad ∂AȦ for the metric g,

∂ ′AȦ = φ ∂AȦ (2.132)

is a null tetrad for g′. Note that since the values of φ are real, the transformation
(2.132) preserves conditions (2.100). Each metric tensor defines a Riemannian con-
nection, and in order to find the spin coefficients corresponding to the Riemannian
connection defined by g′ with respect to the null tetrad ∂ ′AȦ, we note that the two-
forms SAB and their analogues S′AB are then related by S′AB = φ−2SAB; therefore,
writing dSAB = KAB

CḊ θ̆CḊ as in Section 2.2, and similarly, dS′AB = K′AB
CḊ θ̆ ′CḊ,

we have

dS′AB = φ−2dSAB −2φ−3dφ ∧SAB

= φ−2KAB
CḊ θ̆

CḊ + 2φ−3(∂RḊφ)θRḊ ∧SAB

= (φKAB
CḊ + 2∂ (A

Ḋφ ε
B)

C) θ̆ ′CḊ

[see (2.71) and (2.90)], i.e., K′
ABCḊ = φKABCḊ +εAC∂BḊφ+εBC∂AḊφ . Thus, accord-

ing to (2.97), Γ ′
ABCḊ = −K′

C(AB)Ḋ, that is,

Γ ′
ABCḊ = φ ΓABCḊ − εC(A ∂B)Ḋφ . (2.133)

In a similar manner one finds that

Γ ′
ȦḂĊD = φ ΓȦḂĊD − εĊ(Ȧ ∂|D|Ḃ)φ . (2.134)

Equations (2.133) and (2.134) give the spin coefficients of the Riemannian connec-
tion corresponding to g′ with respect to the null tetrad ∂ ′AȦ.
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The spinor components of the curvature of the rescaled metric g′ with respect
to the tetrad ∂ ′AȦ can be obtained by substituting (2.132), (2.133), and (2.134) into
(2.91)–(2.94); in this way, from (2.91) one obtains

X ′
ABCD = φ2XABCD + 1

4(εACεBD + εADεBC)φ3∇RṘ∇RṘφ
−1,

which is equivalent to the relations

C′
ABCD = φ2CABCD, R′ = φ2R + 6φ3∇RṘ∇RṘφ

−1, (2.135)

whereas (2.92) yields

C′
ABĊḊ = φ2CABĊḊ +φ ∇A(Ċ∇|B|Ḋ)φ . (2.136)

Similarly, from (2.93) we obtain

C′
ABĊḊ = φ2CABĊḊ +φ ∇(A|Ċ|∇B)Ḋφ , (2.137)

which is equivalent to (2.136), while from (2.94) we obtain

C′
ȦḂĊḊ = φ2CȦḂĊḊ. (2.138)

It should be stressed that equations (2.135)–(2.138) give the relation between
the components of the curvature spinors of g and g′ with respect to two different
null tetrads related by (2.132). With the aid of (2.135)–(2.138), one finds that the
components of the curvature tensors of g and g′ (with respect to the basis induced
by a coordinate system) are related by

R′
μν = Rμν + 2φ−1∇μ∇νφ +φ−1gμν∇ρ∇ρφ −3φ−2gμν(∇ρφ)(∇ρφ)

and
C′
μνρσ = φ−2Cμνρσ ,

and therefore, C′μ
νρσ = Cμ

νρσ (see Appendix A).
Only CABCD and CȦḂĊḊ transform homogeneously under conformal rescalings,

and therefore, CABCD and CȦḂĊḊ vanish for a metric conformally equivalent to a flat
one. It can be shown that conversely, if CABCD and CȦḂĊḊ are equal to zero, then the
metric tensor g is locally conformally equivalent to a flat metric.

For instance, the curvature of the standard metric of the sphere S4 satisfies
CABCD = 0 = CȦḂĊḊ, and we can see explicitly that this metric is indeed locally
conformally flat. In fact, letting r ≡ cot 1

2ψ , from (2.101) we obtain

dψ2 + sin2ψ
[
dχ2 + sin2 χ (dθ 2 + sin2 θ dϕ2)

]

=
(

2
1 + r2

)2 {
dr2 + r2[dχ2 + sin2 χ (dθ 2 + sin2 θ dϕ2)

]}
.
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The expression within braces can be recognized as the standard metric of R
4, which

is flat, written in spherical coordinates. (Note that the conformal factor φ = 2/(1 +
r2) = 2sin2 1

2ψ vanishes at ψ = 0.)

Example 2.4. The hyperbolic space.
The hyperbolic space H

4 ≡ {(x1,x2,x3,x4) ∈ R
4 |x4 > 0} possesses the metric

g′ = (x4)−2[(dx1)2 +(dx2)2 +(dx3)2 +(dx4)2]

conformally equivalent to the flat metric g = (dx1)2 + (dx2)2 + (dx3)2 + (dx4)2.
Thus, in the notation employed throughout this section, φ = x4. The Laplacian of
φ−1 = (x4)−1, relative to the flat metric g, can be readily computed by making use of
Cartesian coordinates xa, and one obtains ∇a∇aφ−1 = −∇a(φ−2δ 4

a ) = 2φ−3. Sim-
ilarly, ∇a∇bφ = 0, which amounts to ∇AḂ∇CḊφ = 0. Then, from (2.135)–(2.138)
we see that the only nonvanishing component of the curvature of g′ is the scalar
curvature

R′ = −12.

2.4 Killing Vectors. Lie Derivative of Spinors

The infinitesimal generator K of a one-parameter group of isometries satisfies the
condition £Kg = 0, where £K denotes the Lie derivative with respect to the vector
field K (see, e.g., Kobayashi and Nomizu 1963, Petersen 1998), or equivalently, in
terms of the Levi-Civita connection

∇aKb +∇bKa = 0. (2.139)

These equations are referred to as the Killing equations, and their solutions are
called Killing vector fields, or simply Killing vectors. In a four-dimensional mani-
fold, the Killing equations constitute a set of ten independent linear partial differ-
ential equations, and the set of Killing vector fields is a real Lie algebra, with the
commutator or Lie bracket [ , ], of dimension less than or equal to ten. Thus, a vector
field K is a Killing vector field if and only if ∇aKb is antisymmetric and therefore
its spinor equivalent is of the form (1.50),

∇AȦKBḂ = LABεȦḂ + LȦḂεAB, (2.140)

with LAB and LȦḂ being symmetric spinor fields. From (2.140) we obtain

LAB = 1
2∇A

ṘKBṘ, LȦḂ = 1
2∇

R
ȦKRḂ. (2.141)

The spinor components LAB and LȦḂ can be conveniently calculated by express-
ing the differential of the one-form Kaθ a in terms of the two-forms SAB and SȦḂ,
since

d(Kaθ a) = ∇(A
ṘKB)Ṙ SAB +∇R

(ȦK|R|Ḃ) SȦḂ (2.142)
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(see Exercise 2.5). In this way, the spin coefficients need not be known in order to
find LAB and LȦḂ.

The Lie derivative £KX of an arbitrary vector field X = Xa∂a = −XAȦ∂AȦ with
respect to a Killing vector K = Ka∂a = −KAȦ∂AȦ coincides with their commuta-
tor, or Lie bracket, [K,X ]; therefore, if the torsion of the connection vanishes, then
£KX = [K,X ] =∇KX −∇X K [see (2.5)], and making use of (2.140), we find that the
spinor equivalent of £KX is determined by

£KX = (KAȦ∇AȦXBḂ −XAȦ∇AȦKBḂ)∂BḂ

= (KAȦ∇AȦXBḂ + LB
AXAḂ + LḂ

ȦXBȦ)∂BḂ

≡ −(£KXBḂ)∂BḂ.

This result suggests the following definition for the Lie derivative of an arbitrary
spinor field with respect to a Killing vector:

£KψA...Ḃ...
C...Ḋ... = −KRṠ∇RṠψ

A...Ḃ...
C...Ḋ... −LA

Sψ
S...Ḃ...
C...Ḋ...

−·· ·−LḂ
Ṡψ

A...Ṡ...
C...Ḋ...

−·· ·+ LS
Cψ

A...Ḃ...
S...Ḋ... + · · ·+ LṠ

Ḋψ
A...Ḃ...
C...Ṡ...

+ · · · . (2.143)

Then, for instance, £KεAB = 0 and £KεȦḂ = 0.
The Killing equations (2.140) have some integrability conditions. From (2.141)

and (2.117) we obtain

∇AȦLBC = 1
2∇AȦ∇B

ṘKCṘ

= 1
2(∇AȦ∇B

Ṙ −∇B
Ṙ∇AȦ +∇B

Ṙ∇AȦ)KCṘ

= 1
2(εAB Ȧ

Ṙ + εȦ
Ṙ

AB +∇B
Ṙ∇AȦ)KCṘ

= 1
2εAB Ȧ

ṘKCṘ − 1
2 ABKCȦ − 1

2∇B
Ṙ∇CṘKAȦ,

where we have made use of the fact that ∇AȦKCṘ = −∇CṘKAȦ [see (2.139)]. Since
the left-hand side of the last equation is symmetric on the indices BC, we have

∇AȦLBC = 1
2εA(B |Ȧ|

ṘKC)Ṙ − 1
2 A(BKC)Ȧ − 1

2 BCKAȦ

= −CD
ABCKDȦ −CBC

Ḋ
ȦKAḊ − 1

12 RεA(BKC)Ȧ, (2.144)

by virtue of the Ricci identities (2.120) and (2.121). Analogously, we obtain

∇AȦLḂĊ = −CḊ
ȦḂĊKAḊ −CD

AḂĊKDȦ − 1
12 RεȦ(ḂK|A|Ċ). (2.145)

Equations (2.144) together with (2.145) are equivalent to the well-known relation
∇a∇bKc = Rd

abcKd , which follows from the Killing equations. From (2.144) and
(2.145) one finds that the spinor fields LAB and LȦḂ are covariantly constant along
the Killing vector K,

KAȦ∇AȦLBC = 0, KAȦ∇AȦLḂĊ = 0,
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or equivalently [see (2.143)],

£KLBC = 0, £KLḂĊ = 0. (2.146)

Combining (2.118) and (2.144), one can compute ADLBC and ȦḊLBC; then,
making use of (2.140) and the Ricci and Bianchi identities, one finds that

KRṠ∇RṠCABCD −4LR
(ACBCD)R = 0,

KRṠ∇RṠR = 0, (2.147)

KRṠ∇RṠCABĊḊ −2LR
(ACB)RĊḊ −2LṘ

(ĊC|AB|Ḋ)Ṙ = 0,

which can also be written as £KCABCD = 0, £KR = 0, and £KCABĊḊ = 0, respectively.
In a similar way one finds that £KCȦḂĊḊ = 0.

It is also possible to define the Lie derivative of spinor fields with respect to a
conformal Killing vector. A vector field K is a conformal Killing vector if ∇aKb +
∇bKa = 2χgab, where χ is a function different from zero (if χ is a nonzero constant,
K is a homothetic Killing vector); hence, the spinor equivalent of a conformal Killing
vector satisfies

∇AȦKBḂ = LABεȦḂ + LȦḂεAB − χεABεȦḂ,

with LAB and LȦḂ symmetric. Proceeding as in the case of a Killing vector, one
obtains the formula

£KψA...Ḃ...
C...Ḋ... = −KRṠ∇RṠψ

A...Ḃ...
C...Ḋ... − (LA

S + 1
2χδ

A
S )ψS...Ḃ...

C...Ḋ...
−·· ·

− (LḂ
Ṡ + 1

2χδ
Ḃ
Ṡ )ψA...Ṡ...

C...Ḋ...
−·· ·+(LS

C + 1
2χδ

S
C)ψA...Ḃ...

S...Ḋ...

+ · · ·+(LṠ
Ḋ + 1

2χδ
Ṡ
Ḋ)ψA...Ḃ...

C...Ṡ...
+ · · · , (2.148)

which reduces to (2.143) when χ = 0. Now we have, for instance, £KεAB = −χεAB

and £KεAB = χεAB.

Example 2.5. Total angular momentum.
A flat four-dimensional Riemannian manifold possesses ten linearly indepen-

dent Killing vectors. In fact, from (2.144) and (2.145) we obtain ∇AȦLBC = 0,
∇AȦLḂĊ =0. On the other hand, if xa denote Cartesian coordinates, the vector fields
∂a = ∂/∂xa form an orthonormal tetrad with Γabc = 0; therefore, ∇AȦLBC = 0 and
∇AȦLḂĊ = 0 reduce to ∂AȦLBC = 0 and ∂AȦLḂĊ = 0, which means that the com-
ponents LBC and LḂĊ with respect to the null tetrad ∂AȦ = (1/

√
2)σa

AȦ ∂/∂xa are

constant. Letting xAȦ ≡ (1/
√

2)σa
AȦxa, we have

∂AȦxBḂ =
1
2
σa

AȦ
∂
∂xaσb

BḂxb = −δB
A δ

Ḃ
Ȧ ,

which means that

∂AȦ = − ∂
∂xAȦ

. (2.149)
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Then, from (2.140) we obtain

−∂KBḂ

∂xAȦ
= LABεȦḂ + LȦḂεAB,

and the solution is
KBḂ = LBSxS

Ḃ + LḂṠxB
Ṡ + bBḂ,

where the bAȦ are constants (which correspond to rigid translations). The Killing
vectors of the form

KAȦ = LABxB
Ȧ + LȦḂxA

Ḃ = (LABεȦḂ + LȦḂεAB)xBḂ (2.150)

generate a group of isometries isomorphic to SO(p,q).
In the specific case of the Minkowski space-time (Lorentzian signature), the

Killing vector given by (2.150) with LAB = −iα(AβB), where αA and βA are con-

stant with αAβA = 1, generates rotations in the plane spanned by the orthogonal
spacelike unit vectors given by

vAȦ =
1√
2
(αAβ Ȧ +βAα Ȧ), wAȦ = − i√

2
(αAβ Ȧ −βAα Ȧ).

Then v(A
ṘwB)Ṙ = LAB, and from (1.52) and (1.69) we have

vAȦwBḂ − vBḂwAȦ = LABεȦḂ + LȦḂεAB

and
vawbSabAB = vaσa(A

Ṙwbσ|b|B)Ṙ = 2v(A
ṘwB)Ṙ = 2LAB.

Therefore, for instance, the Lie derivative of a bispinor, defined as the bispinor
formed by the Lie derivatives of the two-component spinors, is [see (2.143), (2.150),
and (1.216)]

(
£KψA

£Kφ Ȧ

)

= −KBḂ∇BḂ

(
ψA

φ Ȧ

)

+

(
LC

AψC

−LȦ
ĊφĊ

)

= −(vBḂwCĊ − vCĊwBḂ)xCĊ∇BḂ

(
ψA

φ Ȧ

)

+
1
2

vawb

(
SabA

CψC

−Sab
Ȧ

ĊφĊ

)

= −(vbwc − vcwb)xc∂b

(
ψA

φ Ȧ

)

+
1
4

vawb[γa,γb]

(
ψA

φ Ȧ

)

= vawb
(

xa
∂
∂xb − xb

∂
∂xa

)(
ψA

φ Ȧ

)

+
1
4

vawb[γa,γb]

(
ψA

φ Ȧ

)

.

Apart from a factor −ih̄, this Lie derivative represents the component of the total
angular momentum along the spatial direction orthogonal to the plane spanned by
va and wa.
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The fact that the components of the metric tensor (2.106) do not depend on the
coordinate ϕ implies that ∂/∂ϕ is a Killing vector of the Schwarzschild metric.
The nonvanishing components of the vector field K = ∂/∂ϕ with respect to the
null tetrad (2.108) are K12̇ = ir sinθ/

√
2 and K21̇ = −ir sinθ/

√
2; thus, according

to (2.141) and (2.109) [or using (2.142) and (2.107)], the components of the corre-
sponding field LAB are

L11 =
i√
2

sinθ , L12 =
i
2

cosθ , L22 = − i

2
√

2

(
1− rg

r

)
sinθ .

Then, from (2.143) and (2.109) one obtains the remarkably simple expression

£∂/∂ϕψA =
∂
∂ϕ

ψA.

The Schwarzschild metric possesses the two additional spacelike Killing vectors

K(1) ≡−sinϕ
∂
∂θ

− cotθ cosϕ
∂
∂ϕ

, K(2) ≡ cosϕ
∂
∂θ

− cotθ sinϕ
∂
∂ϕ

,

which, together with K(3) ≡ ∂/∂ϕ , generate a group of isometries isomorphic to
SO(3) (one can verify that [K(i),K( j)] = −εi jkK(k)). Following the steps outlined
above, one finds that

£K(1)ψ
A =

(
− sinϕ

∂
∂θ

− cotθ cosϕ
∂
∂ϕ

− is
cosϕ
sinθ

)
ψA,

£K(2)ψ
A =

(
cosϕ

∂
∂θ

− cotθ sinϕ
∂
∂ϕ

− is
sinϕ
sinθ

)
ψA,

where s is the spin weight of ψA (s = −1/2 for ψ1, s = 1/2 for ψ2) (see also Torres
del Castillo 2003, Chap. 3). It should be noted that all these expressions do not
involve the parameter rg, and therefore, they are also valid when rg = 0, in which
case the Schwarzschild metric (2.106) reduces to the metric of Minkowski space-
time in spherical coordinates.

Exercises

2.1. Show that dθ̆AȦ = IΓA
B ∧ θ̆BȦ + IΓȦ

Ḃ ∧ θ̆AḂ.

2.2. Show that θAȦ ∧ θ̆BḂ = εABε ȦḂ (θ 11̇ ∧θ 12̇ ∧θ 21̇ ∧θ 22̇).

2.3. Show that

SAB ∧SCD = 1
2 (εACεBD + εADεBC)θ 11̇ ∧θ 12̇ ∧θ 21̇ ∧θ 22̇,

SAB ∧SĊḊ = 0,

SȦḂ ∧SĊḊ = − 1
2(ε ȦĊε ḂḊ + ε ȦḊε ḂĊ)θ 11̇ ∧θ 12̇ ∧θ 21̇ ∧θ 22̇.
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(The second of these relations amounts to the fact that with respect to the inner
product induced on the two-forms, the self-dual two-forms are orthogonal to the
anti-self-dual two-forms [cf. (1.71)].)

2.4. Show that

θ̆AḂ =
1

6
√

2
σ̌abc

AḂθ a ∧θ b ∧θ c,

which, together with (1.82), means that the three-form θ̆AȦ is proportional to the
dual of the one-form θAȦ.

2.5. Show that

d(−KAḂθ
AḂ) = (∇A

ĊKBĊ)SAB +(∇C
ȦKCḂ)SȦḂ,

d(φABSAB) = −(∇C
ḂφCA)θ̆AḂ,

d(φȦḂSȦḂ) = (∇A
ĊφĊḂ)θ̆AḂ.

2.6. Find the curvature of the metric (2.113) in the region r < rg, where it has ultra-
hyperbolic signature. Find the algebraic type of the Weyl spinors.

2.7. Show that if K is a Killing vector, then

∇AȦ£K f = £K∇AȦ f ,

∇AȦ£KψB = £K∇AȦψB,

∇AȦ£KψḂ = £K∇AȦψḂ,

where f is a differentiable function, and ψB and ψḂ are one-index spinors.

2.8. Show that if K1 and K2 are two Killing vectors, then [£K1 ,£K2 ]ψA = £[K1,K2]ψA
and [£K1 ,£K2 ]ψȦ = £[K1,K2]ψȦ.

2.9. A two-index Killing tensor is a symmetric tensor field Kab such that∇(aKbc) = 0
[cf. (2.139)]. Show that this equation is equivalent to

∇(A
(ḊPBC)

ĖḞ) = 0

and
∇CḊPACḂḊ = 3

4∂AḂK,

where PABĊḊ = P(AB)(ĊḊ) is the spinor equivalent of the traceless part of Kab and
K = Ka

a.

2.10. The three-index tensor field Habc is a Lanczos potential if

Habc = −Hbac, Hab
b = 0, Habc + Hbca + Hcab = 0,
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and the conformal curvature tensor can be expressed in the form

Cabcd = ∇dHabc −∇cHabd +∇bHcda −∇aHcdb

+ H(bc)gad −H(ac)gbd + H(ad)gbc −H(bd)gac,

where Hab ≡ ∇cHacb (Lanczos 1962). The spinor equivalent of Habc is of the form
HAȦBḂCĊ = hABCĊεȦḂ + hȦḂĊCεAB, with hABCĊ = h(ABC)Ċ and hȦḂĊC = h(ȦḂĊ)C (see
Exercise 1.3). Show that the Weyl spinors are given by

CABCD = −2∇(A
ṘhBCD)Ṙ, CȦḂĊḊ = −2∇R

(ȦhḂĊḊ)R.

(Cf. also Maher and Zund 1968, Zund 1975, Bampi and Caviglia 1983, Ares de
Parga et al. 1989, O’Donnell 2003.)



Chapter 3
Applications to General Relativity

In this chapter some applications of the spinor formalism to special and general
relativity are considered. Some of the examples given here are related to tensor fields
(such as the electromagnetic and the gravitational fields), which can be studied using
the traditional tensor formalism; in these cases one can compare and appreciate the
advantages of the use of the spinor formalism. Other examples involve spinor fields
in an essential manner (such as those of the Dirac field and the Weyl neutrino field)
and also serve to show the usefulness of the two-component spinor formalism.

Even though one can always construct the spinor equivalent of any vector or
tensor, in some cases it is more convenient to use the original objects than their
spinor equivalents. (For instance, the four-momentum of a particle with zero rest
mass, being a null vector, can be represented by a single one-index spinor, but the
four-momentum of a particle with nonzero rest mass, which is a timelike vector,
does not have a particularly simple spinor equivalent.) The examples considered
here have been selected in such a way that the advantages of the spinor formalism
can be more clearly exhibited. These examples include the Maxwell equations, the
self-dual electromagnetic fields, the energy–momentum tensor, and the principal
null directions of the electromagnetic field. The Dirac equation is expressed in terms
of two-component spinors, as well as the zero-rest-mass field equations for any spin.

This chapter contains proofs of the Mariot–Robinson and the Goldberg–Sachs
theorems. In these theorems the shear-free congruences of null geodesics, which
are represented by one-index spinor fields, play a central role. These congruences
also appear in most of the examples considered in the rest of the book, such as the
Killing spinors. The Ernst equations for solutions of the Einstein equations or the
Einstein–Maxwell equations that admit a Killing vector are also derived by means
of the spinor formalism.

Throughout this chapter it is assumed that M is a possibly curved space-time
manifold with Lorentzian signature and that the Infeld–van der Waerden symbols
satisfy the condition σaAḂ = σaBȦ.

G.F.T. del Castillo, Spinors in Four-Dimensional Spaces, Progress in Mathematical 103
Physics 59, DOI 10.1007/978-0-8176-4984-5_3,
c© Springer Science+Business Media, LLC 2010
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3.1 Maxwell’s Equations

In the framework of special or general relativity, the electromagnetic field is rep-
resented by an antisymmetric two-index tensor field Fab (or differential two-form)
on the space-time manifold. It is assumed that the electromagnetic field in vacuum
satisfies the Maxwell equations

∇bFab =
4π
c

Ja, ∇b
∗Fab = 0, (3.1)

where the Fab are the components of the electromagnetic field tensor with respect to
an orthonormal tetrad ∂a, Ja are the components of the four-current density, and c is
the velocity of light in vacuum (see, e.g., Wald 1984). (The effect of the electromag-
netic field on a charged particle is given by dUa/dτ = (q/m0c)Fa

bUb, where τ , q,
m0, and Ua are the proper time, electric charge, rest mass, and four-velocity of the
particle, respectively; if the signature of the metric is chosen as (− − − +), instead
of the first equation in (3.1) we have ∇bFba = (4π/c)Ja.)

According to (1.50), the spinor equivalent of Fab is of the form

FAȦBḂ = fABεȦḂ + fȦḂεAB, (3.2)

with fAB = 1
2 FA

Ṙ
BṘ and fȦḂ = 1

2 FR
ȦRḂ being symmetric spinor fields, and since Fab

is real, FAḂCḊ = FBȦDĊ [see (1.47)]. Hence

fȦḂ = fAB. (3.3)

Thus, the spinor equivalent of the Maxwell equations (3.1) is given by

−∇BḂ( f ABε ȦḂ + f ȦḂεAB) =
4π
c

JAȦ

and
i∇BḂ( f ABε ȦḂ − f ȦḂεAB) = 0

[see (1.65)]. By combining these equations one obtains

∇B
Ȧ f AB =

2π
c

JAȦ, ∇A
Ḃ f ȦḂ =

2π
c

JAȦ. (3.4)

Owing to (3.3) and to the fact that JAḂ is the spinor equivalent of a real vector field,
the second equation is the complex conjugate of the first one.

Making use of (1.72) and the second line of (1.77) we find an explicit relation be-
tween the components of the electromagnetic spinor fAB and the tetrad components
Fab:

( f A
B) = 1

4 (FabSab
A

B)

= 1
2

[
(−F14 + iF23)σ1 +(F24 − iF31)σ2 +(−F34 + iF12)σ3

]
;
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hence,

( fAB) =
1
2

(
−F14 + iF23 + i(F24 − iF31) F34 − iF12

F34 − iF12 F14 − iF23 + i(F24 − iF31)

)

=
1
2

(
Ex + iBx − i(Ey + iBy) −(Ez + iBz)

−(Ez + iBz) −(Ex + iBx)− i(Ey + iBy)

)

, (3.5)

where (Ex,Ey,Ez) and (Bx,By,Bz) are the Cartesian components of the electric and
magnetic field, respectively, with respect to the orthonormal tetrad ∂a.

The Maxwell equations ∇b
∗Fab = 0, which can also be written as ∇aFbc +

∇bFca +∇cFab = 0, are locally equivalent to the existence of a vector field Aa (the
four-potential) such that

Fab = ∇aAb −∇bAa. (3.6)

Thus, if ABḂ is the spinor equivalent of Ab, then

fBC = ∇(B
ḂAC)Ḃ, fḂĊ = ∇B

(ḂA|B|Ċ). (3.7)

For a given electromagnetic field, the four-potential Aa is defined by (3.6) up to a
gauge transformation

Aa �→ Aa + ∂aξ , (3.8)

where ξ is an arbitrary differentiable function.
In a source-free region, ∇bFab = 0; therefore, by analogy with (3.6), there exists

locally a second (real) vector field Ǎa such that

∗Fab = ∇aǍb −∇bǍa,

or equivalently [see (1.65)],

fBC = i∇(B
ḂǍC)Ḃ, fḂĊ = −i∇B

(ḂǍ|B|Ċ), (3.9)

where ǍBḂ is the spinor equivalent of Ǎb. Then, the complex vector field

Φa ≡ 1
2 (Aa − iǍa)

is a potential for the self-dual field 1
2 (Fab − i∗Fab) [i.e., ∗(Fab − i∗Fab) = i(Fab −

i∗Fab)]; in fact, from (3.7) and (3.9) we obtain

∇(B
ḂΦC)Ḃ = 1

2 (∇(B
ḂAC)Ḃ − i∇(B

ḂǍC)Ḃ) = 0,

that is,
∇(B

ḂΦC)Ḃ = 0. (3.10)

Thus, we have proved the following result.
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Proposition 3.1. If Fab is a (real) solution of the source-free Maxwell equations,
then there exists locally a complex vector field Φa satisfying the self-duality condi-
tion (3.10) such that Fab = ∇aAb −∇bAa, where Aa = 2ReΦa.

The self-duality condition (3.10) has the advantage of being a set of first-order
partial differential equations for Φa, in contrast to the original source-free Maxwell
equations ∇bFab = 0, which, expressed in terms of the four-potential, are second-
order equations. Making use of (3.7) and the complex conjugate of (3.10), one
finds that the self-dual part of the real electromagnetic field generated by the four-
potential Aa = 2ReΦa is given by

fȦḂ = ∇B
(ȦΦ|B|Ḃ). (3.11)

In terms of the Newman–Penrose notation, the self-duality condition (3.10) is
equivalent to the explicit expressions

(D− ε+ ε−ρ)Φ12̇ − (δ −β −α+π)Φ11̇ +κΦ22̇ −σΦ21̇ = 0,

(D+ ε+ ε+ρ−ρ)Φ22̇ − (δ +β −α+ τ+π)Φ21̇

+(δ −α+β −π− τ)Φ12̇ − (Δ − γ− γ− μ+ μ)Φ11̇ = 0, (3.12)

(δ +α+β − τ)Φ22̇ − (Δ + γ− γ+ μ)Φ21̇ +νΦ11̇ −λΦ12̇ = 0.

As an application of the last proposition, we can find the solution of the source-
free Maxwell equations assuming that the metric of the space-time is the Schwarz-
schild metric. Making use of (2.108) and (2.109), after some rearrangement, one
finds that equations (3.12) take the form

1
r

[

−
(

1− rg

r

)−1 1
c
∂
∂ t

+
∂
∂ r

]

rΦ12̇ −
1√
2r

(
∂
∂θ

+
i

sinθ
∂
∂ϕ

)

Φ11̇ = 0,

[

−
(

1− rg

r

)−1 1
c
∂
∂ t

+
∂
∂ r

]

Φ22̇ −
1√
2r

(
∂
∂θ

+
i

sinθ
∂
∂ϕ

+ cotθ
)

Φ21̇

+
1√
2r

(
∂
∂θ

− i
sinθ

∂
∂ϕ

+ cotθ
)

Φ12̇

+
1
2

[(
1− rg

r

)−1 1
c
∂
∂ t

+
∂
∂ r

](
1− rg

r

)
Φ11̇ = 0,

1√
2r

(
∂
∂θ

− i
sinθ

∂
∂ϕ

)

Φ22̇ +
1
2r

[
1
c
∂
∂ t

+
(

1− rg

r

) ∂
∂ r

]

rΦ21̇ = 0.

These equations admit separable solutions of the form
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Φ11̇ = 2
(

1− rg

r

)−1
F(r)Yjm(θ ,ϕ)e−iωt ,

Φ12̇ =
√

2G(r)1Yjm(θ ,ϕ)e−iωt ,

Φ21̇ =
√

2 f (r)−1Yjm(θ ,ϕ)e−iωt ,

Φ22̇ = g(r)Yjm(θ ,ϕ)e−iωt ,

(3.13)

where the sYjm are spin-weighted spherical harmonics (Newman and Penrose 1966,
Torres del Castillo 2003), j and m are integers, j = 1,2, . . ., − j � m � j, and ω
is a constant. The factor 2(1− rg/r)−1 is introduced for convenience and corrects
the asymmetry introduced in the definition of the null tetrad (2.108). Following the
conventions of Newman and Penrose (1966), we have

(
∂
∂θ

+
i

sinθ
∂
∂ϕ

− scotθ
)

sYjm = −√
j( j + 1)− s(s+ 1) s+1Yjm,

(
∂
∂θ

− i
sinθ

∂
∂ϕ

+ scotθ
)

sYjm =
√

j( j + 1)− s(s−1) s−1Yjm,

(3.14)

and the 0Yjm are the ordinary spherical harmonics Yjm. Thus, the one-variable func-
tions F , G, f , and g must obey the system of ordinary differential equations

[
iω
c

+
(

1− rg

r

) d
dr

]

rG+
√

j( j + 1)F = 0,

[
iω
c

+
(

1− rg

r

) d
dr

]

g +

√
j( j + 1)

r

(
1− rg

r

)
( f + G)

+
[

− iω
c

+
(

1− rg

r

) d
dr

]

F = 0, (3.15)

√
j( j + 1)g +

[

− iω
c

+
(

1− rg

r

) d
dr

]

r f = 0.

These equations imply that f + G must satisfy the decoupled equation

(
1− rg

r

)
j( j + 1)

f + G
r

=
[
ω2

c2 +
(

1− rg

r

) d
dr

(
1− rg

r

) d
dr

]

r( f + G), (3.16)

leaving f −G unspecified, which is related to the gauge freedom (3.8) [see equation
(3.17) below].

Then, letting

ξ ≡ r( f −G)
√

j( j + 1)
Yjme−iωt , χ ≡ f + G

√
j( j + 1)

Yjme−iωt ,
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from (2.108) and (3.13)–(3.16) one obtains

Φ11̇ = ∂11̇ξ + ∂11̇(rχ), Φ22̇ = ∂22̇ξ − ∂22̇(rχ),

Φ12̇ = ∂12̇ξ + ∂12̇(rχ), Φ21̇ = ∂21̇ξ − ∂21̇(rχ),
(3.17)

where ξ is an arbitrary function [cf. (3.8)] and χ is a solution of the second-order
linear partial differential equation

[(
1− rg

r

)( ∂
∂ r

(
1− rg

r

) ∂
∂ r

+
1

sinθ
∂
∂θ

sinθ
∂
∂θ

+
1

sin2 θ
∂ 2

∂ϕ2

)

− 1
c2

∂ 2

∂ t2

]

rχ = 0.

(3.18)

(When rg = 0, this equation reduces to the usual scalar wave equation for χ .) Note
that (3.17) and (3.18) do not contain the separation constants j, m, and ω . By choos-
ing the function ξ equal to rχ or to −rχ , one makes Φ2Ȧ = 0 or Φ1Ȧ = 0, respec-
tively (see (3.76) below).

A similar result holds in other space-times; the solution of the self-duality condi-
tion (3.10) can be expressed locally in terms of a single complex function if there ex-
ists a repeated principal spinor of the conformal curvature lA such that lAlB∇AȦlB = 0
(see Proposition 3.6 below).

When the Ricci tensor vanishes, each Killing vector K is the four-potential of a
(possibly trivial) solution of the source-free Maxwell equations. From (2.144) and
(2.85) we have ∇A

ȦLBC = CACḊȦKAḊ − 1
8 RKCȦ = 1

2 RCȦAḊKAḊ, which is equal to
zero if Rab = 0 or under the weaker condition RabKb = 0. In any of these cases, fAB =
LAB satisfies the source-free Maxwell equations (3.4). Furthermore, by virtue of
(2.146), the Lie derivative with respect to K of this electromagnetic field is equal to
zero. In the case of Minkowski space-time one obtains only uniform electromagnetic
fields in this manner (see Example 2.5). However, the timelike Killing vector ∂/∂ t
of the Schwarzschild metric gives rise to a nontrivial spherically symmetric field.

Energy–Momentum Tensor of the Electromagnetic Field

In special relativity, the four-vector 1
c Fa

bJb is the Lorentz force density on the
charge and current distribution represented by Ja, in the presence of the electro-
magnetic field Fab (see, e.g., Jackson 1975, Sec. 12.10). The spinor equivalent of
1
c Fa

bJb, expressed in terms of the electromagnetic field alone, is

−1
c

FAȦ
BḂJBḂ = −1

c
( f A

Bε
Ȧ

Ḃ + f Ȧ
Ḃε

A
B)JBḂ

= −1
c
( f A

BJBȦ + f Ȧ
ḂJAḂ)

= − 1
2π

( f A
B∇

B
Ċ f ȦĊ + f Ȧ

Ḃ∇C
Ḃ f AC)

=
1

2π
∇BḂ( f AB f ȦḂ),
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where we have made use of (3.2) and (3.4). The spinor field

TABȦḂ ≡ 1
2π

fAB fȦḂ (3.19)

thus obtained is the spinor equivalent of the energy–momentum tensor of the elec-
tromagnetic field Tab. As a consequence of the symmetries TABȦḂ = T(AB)(ȦḂ), Tab is
symmetric and traceless.

In order to find the expression for Tab in terms of the electromagnetic field tensor
Fab, we rewrite (3.19) in the form

4πTABȦḂ = −( fACεȦĊ + fȦĊεAC)( fB
CεḂ

Ċ + fḂ
ĊεB

C)

− fAC fB
CεȦḂ − fȦĊ fḂ

ĊεAB.

Owing to (1.23), fAC fB
C =− fA

C fBC =− fBC fA
C; hence, by virtue of (1.26), fAC fB

C

= − 1
2 fRC f RCεAB, and therefore, by complex conjugation, fȦĊ fḂ

Ċ = − 1
2 fṘĊ f ṘĊεȦḂ.

Thus

4πTABȦḂ = −( fACεȦĊ + fȦĊεAC)( fB
CεḂ

Ċ + fḂ
ĊεB

C)

+ 1
2 ( fRC f RC + fṘĊ f ṘĊ)εABεȦḂ

= −( fACεȦĊ + fȦĊεAC)( fB
CεḂ

Ċ + fḂ
ĊεB

C)

+ 1
4 ( fRCεṘĊ + fṘĊεRC)( f RCε ṘĊ + f ṘĊεRC)εABεȦḂ,

and this amounts to
4πTab = FacFb

c − 1
4 FcdFcdgab. (3.20)

Equivalently, we can start from

4πTABȦḂ = ( fACεȦĊ − fȦĊεAC)( fB
CεḂ

Ċ − fḂ
ĊεB

C)

+ fAC fB
CεȦḂ + fȦĊ fḂ

ĊεAB,

which leads to the alternative form [see (1.65)]

4πTab = ∗Fac
∗Fb

c + 1
4 FcdFcdgab.

By combining the two expressions found for Tab we also have

4πTab = 1
2 (FacFb

c + ∗Fac
∗Fb

c). (3.21)

In addition to the algebraic properties Tab = T(ab) and Ta
a = 0, the energy–

momentum tensor of the electromagnetic field satisfies the so-called dominant en-
ergy condition: for every timelike vector ta, Tabtatb � 0 and Tabtb is a nonspacelike
vector, i.e., (Tabtb)(T a

ctc) � 0. Physically, this means that for any observer, the
energy density of the electromagnetic field is always positive and the energy flux
vector is nonspacelike. We can readily prove the validity of this condition by mak-
ing use of the fact that fAB can be expressed as the symmetrized tensor product of
its principal spinors (see Section 1.7).
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If the principal spinors αA, βA of fAB are not proportional to each other, the
electromagnetic field is called algebraically general; then, writing fAB = α(AβB),
we have

Tabtatb = TABȦḂtAȦtBḂ

=
1

2π
α(AβB)α(Ȧβ Ḃ)t

AȦtBḂ

=
1

4π
(tAȦαAα ȦtBḂβBβ Ḃ + tAȦβAα ȦtBḂαBβ Ḃ). (3.22)

On the other hand,

tata = −εABεȦḂtAȦtBḂ

= − 1

αRβRα
Ṡβ Ṡ

(αAβB −αBβA)(α Ȧβ Ḃ −αḂβ Ȧ)tAȦtBḂ

= − 2
|αRβR|2

(tAȦαAα ȦtBḂβBβ Ḃ − tAȦβAα ȦtBḂαBβ Ḃ);

hence, tata < 0 if and only if tAȦαAα Ȧ tBḂβBβ Ḃ > |tAȦαAβ Ȧ|2, and from (3.22) we
then obtain Tabtatb > 1

2π |tAȦαAβ Ȧ|2 � 0.
When the two principal spinors of the electromagnetic spinor fAB are propor-

tional to each other, the electromagnetic field is called algebraically special or null,
and by absorbing the proportionality factor into αA, we can write fAB = αAαB; then
Tabtatb = 1

2π (tAȦαAα Ȧ)2 � 0. As a matter of fact, for tata < 0, tAȦαAα Ȧ vanishes
only if αA = 0 (see Exercise 3.1).

In order to prove that for every timelike vector ta, Tabtb is a nonspacelike vector,
we first note that the spinor equivalent of TabT a

c is given by

− 1
(2π)2 fAB fȦḂ f A

C f Ȧ
Ċ = − 1

16π2 fAR f ARεBC fȦṠ f ȦṠεḂĊ

= − 1
16π2

∣
∣ fAR f AR

∣
∣2 εBCεḂĊ,

which means that TabT a
c is proportional to gbc. In terms of the electromagnetic field

tensor and its dual, f AB fAB can be expressed as [see (1.65)]

f AB fAB = 1
2 f ABε ȦḂ fABεȦḂ

= 1
2 ( f ABε ȦḂ + f ȦḂεAB) fABεȦḂ

= 1
2 FABȦḂ 1

2 (FABȦḂ + i∗FABȦḂ)

= 1
4 (FabFab + i∗FabFab); (3.23)

hence,

TabT a
c =

1
(16π)2

[
(FrsFrs)2 +(∗FrsFrs)2]gbc, (3.24)
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and from this last expression we readily see that (Tabtb)(T a
ctc) � 0 for every time-

like vector ta. As a matter of fact, TabtaT a
ctc = 0 for any timelike vector ta, that is,

the energy flux vector is null for any observer if and only if f AB fAB = 0.
The proportionality of TabT a

c to gbc is a characteristic of the energy–momentum
tensor of the electromagnetic field. More precisely, if Tab = T(ab), T a

a = 0, and
TabT a

c is proportional to gbc, then there exists Fab = −Fba such that 4πTab =
±(FacFb

c − 1
4 FcdFcdgab). In order to prove this assertion we note that for an ob-

ject μABCD such that μABCD = −μCDAB, the identity

μABCD = 1
2(μABCD − μCDAB)

= 1
2(μABCD − μCBAD + μCBAD − μCDAB)

= 1
2(εACμ

R
BRD + εBDμC

R
AR)

= 1
2εAC(μR

(B|R|D) +
1
2εBDμ

RS
RS)

+ 1
2εBD(μ(C

R
A)R + 1

2εCAμ
SR

SR)

= 1
2(εACμ

R
(B|R|D) + εBDμ(C

R
A)R) (3.25)

holds. Since we are assuming that Tab is symmetric and traceless, it follows that
TABȦḂ = T(AB)(ȦḂ), and from (3.25) we have

T AB
ȦḂTCD

ĊḊ −TCD
ȦḂT AB

ĊḊ = εACT R(B
ȦḂTR

D)
ĊḊ + εBDT R(C

ȦḂTR
A)

ĊḊ.

Now T R(B
ȦḂTR

D)
ĊḊ = −T R(B

ĊḊTR
D)

ȦḂ, and applying the analogue of (3.25) for
objects with dotted indices, we find that

T AB
ȦḂTCD

ĊḊ −TCD
ȦḂT AB

ĊḊ

= 1
2ε

AC(εȦĊT R(B|Ṙ|
(ḂT|R

D)
Ṙ|Ḋ) + εḂḊT R(B|Ṙ|

(ȦT|R
D)

Ṙ|Ċ))

+ 1
2ε

BD(εȦĊT R(A|Ṙ|
(ḂT|R

C)
Ṙ|Ḋ) + εḂḊT R(A|Ṙ|

(ȦT|R
C)

Ṙ|Ċ)),

which is equal to zero, since by hypothesis, TABȦḂT A
C

Ȧ
Ċ is proportional to εBCεḂĊ.

Hence,
TABȦḂTCDĊḊ = TCDȦḂTABĊḊ, (3.26)

and contracting both sides of this last equation with αCαĊαDα Ḋ, assuming that
TCDĊḊαCαĊαDα Ḋ is different from zero, we obtain

TABȦḂ =
TABĊḊαĊαḊ TCDȦḂαCαD

TCDĊḊαCαĊαDα Ḋ
,

thus showing that TABȦḂ is of the form

TABȦḂ = ± 1
2π

fAB fȦḂ. (3.27)
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The spinor fAB appearing in this last expression is defined by TABȦḂ up to a duality
rotation fAB �→ eiχ fAB, where χ is an arbitrary real-valued function. According to the
preceding discussion, the sign on the right-hand side must be positive if Tabtatb � 0
for every timelike vector ta.

Moreover, it may be noticed that by contracting both sides of (3.26) with
φCDφ ĊḊ, where φAB is a symmetric spinor, we obtain

TABȦḂ =
TABĊḊφ ĊḊ TCDȦḂφCD

TCDĊḊφCDφĊḊ
,

which is again of the form (3.27), with fAB proportional to TABĊḊφĊḊ and fȦḂ

proportional to TCDȦḂφCD, provided that TCDĊḊφCDφĊḊ is different from zero.
Then, using the fact that TABṘṠφ ṘṠεȦḂ + TRSȦḂφRSεAB is the spinor equivalent of
Tacφ c

b − Tbcφ c
a, where φab is the tensor equivalent of φABεȦḂ + φ ȦḂεAB, one con-

cludes that up to duality rotations, the electromagnetic field tensor corresponding to
a given energy–momentum tensor Tab is given by

Fab =
√

4π
Tacφ c

b −Tbcφ c
a

√
Tcdφ c

sφds
, (3.28)

where φab is any (real) antisymmetric tensor field such that Tcdφ c
sφds is different

from zero.

Principal Null Directions of the Electromagnetic Field

If the electromagnetic field is different from zero, the electromagnetic spinor has
one of the forms

fAB =
{
α(AβB) with αAβA �= 0,

αAαB.

In the first case (where the electromagnetic field is algebraically general) f AB fAB =
− 1

2(αAβA)2 �= 0, and in the second case (where the electromagnetic field is alge-
braically special) f AB fAB = 0. Since the two well-known invariants of the electro-
magnetic field FabFab and ∗FabFab are both real, from (3.23) we see that the elec-
tromagnetic field is algebraically special if and only if FabFab and ∗FabFab are both
equal to zero. Furthermore, when the electromagnetic field is algebraically special,
from (3.19) we see that

Tab =
1

2π
lalb,

where la is the vector equivalent of αAα Ȧ, which is a real null vector. Conversely, if
Tab is proportional to lalb, where la is a real vector, la must be null (since T a

a = 0),
and from (3.19) or (3.24) it follows that the electromagnetic field is algebraically
special.
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Each principal spinor αA of an algebraically general electromagnetic field fAB

gives rise to a (real) null vector la = −(1/
√

2)σa
AȦαAα Ȧ. Since the principal

spinors of fAB are defined up to a complex factor, la is defined up to a (positive)
real factor. Hence, at each point of the space-time, an algebraically general electro-
magnetic field defines two real null directions, called principal null directions, of
the electromagnetic field. When the electromagnetic field is algebraically special,
these two principal null directions coincide. (Note that if fAB = αAαB, then αA is
defined up to sign.)

The principal null directions of the electromagnetic field can be characterized as
those null directions la along which Tablalb attains its minimum value (zero). Indeed,
the spinor equivalent of a real null vector la is of the form lAȦ = ±γAγ Ȧ. Then
Tablalb = 1

2π |γAαA|2 |γBβB|2, which is equal to zero if and only if γA is proportional
to αA or to βA.

The principal null directions of the electromagnetic field are the only real null
eigenvectors of the electromagnetic field tensor Fab. If la is a real null eigenvector of
Fab, then its spinor equivalent is of the form ±γAγ Ȧ, and the condition Fablb = λ la
is equivalent to

( fABεȦḂ + fȦḂεAB)γBγ Ḃ = −λγAγ Ȧ.

Hence, fABγBγ Ȧ + fȦḂγAγ Ḃ = −λγAγ Ȧ. Contracting this last equation with γA, we
obtain fABγAγB = 0, and therefore γA is a principal spinor of fAB [see (1.230)].
Conversely, if γA is a principal spinor of fAB, then fABγA = μγB, for some μ , and
( fABεȦḂ + fȦḂεAB)γBγ Ḃ = (μ+μ)γAγ Ȧ, which means that γAγ Ȧ is the spinor equiva-
lent of a real null eigenvector of Fab. The condition Fablb = λ la is usually expressed
in the equivalent form

laFa[blc] = 0

[cf. (2.131)].
In the case of an algebraically general electromagnetic field, from (3.2) and (1.27)

we obtain

FAȦBḂ = fABεȦḂ + fȦḂεAB

=
1
2
(αAβB +αBβA)

1

α Ṡβ Ṡ

(α Ȧβ Ḃ −α Ḃβ Ȧ)+ c.c.

=
1

2α Ṡβ Ṡ

(αAα ȦβBβ Ḃ −αBα ḂβAβ Ȧ +αBα ȦβAβ Ḃ −αAα ḂβBβ Ȧ)+ c.c.,

where c.c. denotes complex conjugate. If la and na are the vector equivalents of
αAα Ȧ and βAβ Ȧ, respectively (that is, la and na point along the two principal null
directions of the electromagnetic field), the spinor equivalent of εabcd lcnd is [see
(1.64)]

i(εACεBDεȦḊεḂĊ − εADεBCεȦĊεḂḊ)αCαĊβDβ Ḋ = i
(
αAα ḂβBβ Ȧ −αBα ȦβAβ Ḃ

)
,
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and hence
Fab = (ReF )(lanb − lbna)+ (ImF )εabcd lcnd , (3.29)

with F ≡ 1/(αSβS) [cf. (1.157)]. The function F is related to the complex invariant
f AB fAB through f AB fAB = − 1

2F−2. Directly from (3.29) we have

∗Fab = −(ImF )(lanb − lbna)+ (ReF )εabcd lcnd.

The energy–momentum tensor can also be expressed in terms of the null vectors
la, na; the result is

Tab =
1

4π
(lanb + nalb − 1

2 lcncgab),

which shows that the subspace spanned by la, na is formed by eigenvectors of T a
b,

with eigenvalue lcnc/8π , and the vectors orthogonal to la and na are eigenvectors of
T a

b, with eigenvalue −lcnc/8π .
When the electromagnetic field is algebraically special one can find γA such that

αAγA = 1; then

FAȦBḂ = fABεȦḂ + fȦḂεAB

= αAαB(α Ȧγ Ḃ −αḂγ Ȧ)+αȦα Ḃ(αAγB −αBγA)
= αAα Ȧ(αBγ Ḃ + γBα Ḃ)−αBα Ḃ(αAγ Ȧ + γAα Ȧ).

Thus, if sa is the vector equivalent of αAγ Ȧ + γAα Ȧ, we have

Fab = lasb − lbsa, (3.30)

and lasa = 0, sasa = 2. Furthermore,

∗FAȦBḂ = −iαAαB(α Ȧγ Ḃ −αḂγ Ȧ)+ iαȦα Ḃ(αAγB −αBγA)
= αAα Ȧ(iγBα Ḃ − iαBγ Ḃ)−αBα Ḃ(iγAα Ȧ − iαAγ Ȧ),

that is,
∗Fab = larb − lbra,

where ra is the vector equivalent of i(γAα Ȧ −αAγ Ȧ), which is also orthogonal to
la. Hence, we conclude that when the electromagnetic field is algebraically special,
Fab and ∗Fab are simple and Fablb = 0 = ∗Fablb, where la is a null vector that points
along the repeated principal null direction of the electromagnetic field.

For example, in Minkowski space-time, the electric and magnetic fields with
Cartesian components

E = A
(

cos(kz−ωt),±sin(kz−ωt),0
)
,

B = A
(∓ sin(kz−ωt),cos(kz−ωt),0

)
,

where A is a positive real constant, correspond to a monochromatic, circularly po-
larized, electromagnetic plane wave propagating along the z-axis, with angular fre-
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quency ω and wave number k = ω/c (the upper or the lower sign determines the
sense of rotation of the fields). According to (3.5), the components of the electro-
magnetic spinor are simply

f11 = Ae±i(kz−ωt), f12 = 0 = f22. (3.31)

Therefore f AB fAB = 0, which means that this field is algebraically special. By in-
spection, one finds that fAB = αAαB with

(
α1
α2

)

= ±A1/2e±i(kz−ωt)/2
(

1
0

)

.

The only principal null direction of this field is proportional to (0,0,1,1).
A simple example of an algebraically general electromagnetic field is provided

by the field of a static electric point charge E = q(x,y,z)/r3, B = 0, with r = (x2 +
y2 + z2)1/2. Making use of (3.5) one obtains the spinor components

( fAB) =
q

2r3

(
x− iy −z

−z −x− iy

)

=
q

2r2

(
e−iϕ sinθ −cosθ

−cosθ −eiϕ sinθ

)

,

where we have replaced the Cartesian coordinates by spherical coordinates. The
ratios α1/α2 and β 1/β 2 of the components of the principal spinors of fAB are the
roots of the polynomial [see (1.229)]

f11z2 + 2 f12z+ f22 =
q

2r2 (e−iϕ sinθ z2 −2cosθ z− eiϕ sinθ ),

which are −eiϕ tan 1
2θ and eiϕ cot 1

2θ . Hence, the principal spinors of fAB can be
chosen as

(
α1

α2

)

=
q
r

(
−eiϕ/2 sin 1

2θ

e−iϕ/2 cos 1
2θ

)

,

(
β 1

β 2

)

=
1
r

(
eiϕ/2 cos 1

2θ

e−iϕ/2 sin 1
2θ

)

,

and F−1 = αSβS = q/r2. The first of these spinors corresponds to a null vector
whose spatial part points radially away from the origin [see (1.163)], and the second
spinor corresponds to a null vector with a spatial part pointing radially toward the
origin.

3.2 Dirac’s Equation

Another illustrative example of the applications of the spinor formalism is given
by the Dirac equation. As a matter of fact, in the study of this equation, Infeld and
van der Waerden (1933) developed the two-component spinor formalism for curved
space-times.
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The Dirac equation in flat space-time, expressed in terms of Cartesian coordi-
nates (x1,x2,x3,x4) = (x,y,z,ct), has the form

γ a ∂Ψ
∂xa =

m0c
h̄
Ψ , (3.32)

where m0 is the rest mass of the particle and the γa must satisfy the relations (1.194),
that is,

γ aγ b + γ bγ a = 2gab

(see, e.g., Messiah 1962, Davydov 1988, Merzbacher 1998). As shown in Section
1.5, we can find a linear representation of the γa in a complex vector space of di-
mension four and with respect to a suitable basis [see (1.211)]

γa

(
ψA

φ Ȧ

)

=

(
σaAḂφ Ḃ

−σa
BȦψB

)

,

where the σaAḂ are Infeld–van der Waerden symbols. Hence, the Dirac equation
(3.32) is equivalent to

∂AḂφ
Ḃ =

m0c√
2 h̄
ψA, ∂BȦψ

B =
m0c√

2 h̄
φȦ, (3.33)

with

∂AḂ =
1√
2
σa

AḂ
∂
∂xa .

Since the spin coefficients for this null tetrad are all equal to zero, equations (3.33)
are equivalent to

∇AḂφ
Ḃ =

m0c√
2 h̄
ψA, ∇BȦψ

B =
m0c√

2 h̄
φȦ. (3.34)

This set of equations is form-invariant under null tetrad transformations, and it is
assumed that it also holds in a curved space-time.

The combination of the Dirac equations (3.34) and their complex conjugates
yields the continuity equation

∇AȦ(φAφ Ȧ +ψAψ Ȧ) =
m0c√

2 h̄
(ψ Ȧφ

Ȧ +φAψA +ψAφA +ψ ȦφȦ) = 0.

The fact that φAφ Ȧ and ψAψ Ȧ are the spinor equivalents of two future-pointing
null vectors implies that JAȦ ≡ φAφ Ȧ +ψAψ Ȧ is the spinor equivalent of a future-
pointing timelike current density Ja; hence, J4 is nonnegative and can be interpreted
as a probability density.

Making use of the definitions (2.25), (2.26), and (2.28), the Dirac equation (3.34)
takes the form
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(δ −α+π)φ1̇ − (D+ ε−ρ)φ2̇ =
m0c√

2 h̄
ψ1,

(Δ − γ+ μ)φ1̇ − (δ +β − τ)φ2̇ =
m0c√

2 h̄
ψ2,

(δ −α+π)ψ1 − (D+ ε−ρ)ψ2 =
m0c√

2 h̄
φ1̇,

(Δ − γ+ μ)ψ1 − (δ +β − τ)ψ2 =
m0c√

2 h̄
φ2̇.

(3.35)

As in the case of the Maxwell equations, the Dirac equation is integrable in flat
space-time or in a curved space-time without restriction on the curvature.

Example 3.1. Solution of the Dirac equation in the Schwarzschild background.
The Dirac equation can be solved by taking as the background metric that of the

Schwarzschild space-time, assuming that the energy–momentum tensor of the Dirac
field is small enough and that the space-time metric is not affected by the presence
of the Dirac field. Substituting (2.108) and (2.109) into (3.35), we obtain

m0c√
2 h̄
ψ1 =

1√
2r

(
∂
∂θ

+
i

sinθ
∂
∂ϕ

+
cotθ

2

)

φ1̇

− 1
r

[

−
(

1− rg

r

)−1 1
c
∂
∂ t

+
∂
∂ r

]

rφ2̇,

m0c√
2 h̄
ψ2 = − 1

2r

[
1
c
∂
∂ t

+
(

1− rg

r

) ∂
∂ r

+
rg

2r2

]

rφ1̇

− 1√
2r

(
∂
∂θ

− i
sinθ

∂
∂ϕ

+
cotθ

2

)

φ2̇,

m0c√
2 h̄
φ1̇ =

1√
2r

(
∂
∂θ

− i
sinθ

∂
∂ϕ

+
cotθ

2

)

ψ1

− 1
r

[

−
(

1− rg

r

)−1 1
c
∂
∂ t

+
∂
∂ r

]

rψ2,

m0c√
2 h̄
φ2̇ = − 1

2r

[
1
c
∂
∂ t

+
(

1− rg

r

) ∂
∂ r

+
rg

2r2

]

rψ1

− 1√
2r

(
∂
∂θ

+
i

sinθ
∂
∂ϕ

+
cotθ

2

)

ψ2.

(When rg = 0, the background space-time is flat.) These equations admit separable
solutions of the form
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ψ1 =
√

2
(

1− rg

r

)−1/2
F(r) 1

2
Yjm(θ ,ϕ)e−iEt/h̄,

ψ2 = G(r)− 1
2
Yjm(θ ,ϕ)e−iEt/h̄,

φ1̇ =
√

2
(

1− rg

r

)−1/2
f (r)− 1

2
Yjm(θ ,ϕ)e−iEt/h̄,

φ2̇ = g(r) 1
2
Yjm(θ ,ϕ)e−iEt/h̄,

(3.36)

where the sYjm are spin-weighted spherical harmonics (Newman and Penrose 1966,
Torres del Castillo 2003), j and m are half-integers with − j � m � j, and E is a
real constant. The factor

√
2(1− rg/r)−1/2 is introduced for later convenience and

corrects the asymmetry in the definition of the null tetrad (2.108) [cf. (3.13)]. (The
spin weight of the functions on the right-hand side of (3.36) is determined by the
type of the corresponding component appearing on the left-hand side as defined in
Section 2.1.) According to (3.14) we have

(
∂
∂θ

± i
sinθ

∂
∂ϕ

+
1
2

cotθ
)

∓ 1
2
Yjm = ∓( j + 1

2)± 1
2
Yjm, (3.37)

and therefore the one-variable functions F , G, f , and g must obey the system of
ordinary differential equations

m0c
h̄

F = −1
r
( j + 1

2 ) f − 1
r

(
1− rg

r

)1/2
[

iE
h̄c

(
1− rg

r

)−1
+

d
dr

]

rg,

m0c
h̄

G = −1
r

(
1− rg

r

)1/2
[

− iE
h̄c

(
1− rg

r

)−1
+

d
dr

]

r f − 1
r
( j + 1

2)g,

m0c
h̄

f =
1
r
( j + 1

2)F − 1
r

(
1− rg

r

)1/2
[

iE
h̄c

(
1− rg

r

)−1
+

d
dr

]

rG,

m0c
h̄

g = −1
r

(
1− rg

r

)1/2
[

− iE
h̄c

(
1− rg

r

)−1
+

d
dr

]

rF +
1
r
( j + 1

2)G.

These equations can be partially decoupled by expressing them in the equivalent
form

m0c
h̄

A = i
j + 1

2

r
A− i

r

(
1− rg

r

)1/2
[

d
dr

+
iE
h̄c

(
1− rg

r

)−1
]

rB,

m0c
h̄

B = −i
j + 1

2

r
B +

i
r

(
1− rg

r

)1/2
[

d
dr

− iE
h̄c

(
1− rg

r

)−1
]

rA,

m0c
h̄

C = −i
j + 1

2

r
C +

i
r

(
1− rg

r

)1/2
[

d
dr

+
iE
h̄c

(
1− rg

r

)−1
]

rD,

m0c
h̄

D = i
j + 1

2

r
D− i

r

(
1− rg

r

)1/2
[

d
dr

− iE
h̄c

(
1− rg

r

)−1
]

rC,

with A ≡ F + i f , B ≡ G− ig, C ≡ F − i f , and D ≡ G+ ig.
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The fact that the pair of functions A,B is decoupled from the pair C, D implies
that one can consider particular solutions of the Dirac equation such that either
A = 0 = B or C = 0 = D; that is, there exist solutions (3.36) such that f = ±iF
and g = ∓iG, which contain only two radial functions instead of four. As we shall
show below (Section 3.4), this possibility is related to the existence of a symmetry
operator for the Dirac equation in any type-D vacuum space-time [see (3.128)]. (The
solution of the Dirac equation in the Kerr background given in Chandrasekhar 1983,
§104, belongs to this class of particular solutions that involve two radial functions
only.) When rg = 0 the radial functions are linear combinations of spherical Bessel
functions of order j± 1

2 (recall that j is a half-integer).

The Dirac equation in a possibly curved space-time (3.34) can be written in terms
of the Dirac matrices γa and bispinors. Indeed, from (3.34), (2.39), (1.211), (2.18),
and (1.216), we obtain

m0c
h̄

(
ψA

φ Ȧ

)

=
√

2

(
∂AḂφ Ḃ −Γ Ḃ

ṠḂAφ Ṡ

−∂BȦψB −Γ xS
B

BȦψS

)

= γ a∂a

(
ψA

φ Ȧ

)

− 1
4
Γabc

(
SabḂ

Ṡσ c
AḂφ Ṡ

SabS
Bσ cBȦψS

)

= γ a∂a

(
ψA

φ Ȧ

)

+
1
8
Γabcγ c[γ a,γ b]

(
ψA

φ Ȧ

)

,

or equivalently,

γa∇aΨ =
m0c

h̄
Ψ (3.38)

[cf. (3.32)], where

∇aΨ ≡ ∂aΨ +
1
8
Γbca[γ b,γ c]Ψ (3.39)

is the covariant derivative of a bispinor (see also Lichnerowicz 1964).
Letting m0 = 0 in (3.34), one obtains the decoupled pair of equations

∇AȦφ
Ȧ = 0, ∇AȦψ

A = 0. (3.40)

Each of these equations is known as the Weyl equation.

Zero-Rest-Mass Fields

The Weyl equation and the source-free Maxwell equations [see (3.4)] are two par-
ticular cases of the so-called spin-s zero-rest-mass field equations

∇AȦΦ
AB...L = 0 (3.41)

or
∇AȦΦ

ȦḂ...L̇ = 0, (3.42)
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where ΦAB...L and Φ ȦḂ...L̇ are totally symmetric 2s-index spinor fields. (See the
discussion about spin at the end of Chapter 1.)

In flat space-time the zero-rest-mass field equations admit plane-wave solutions.
The Ricci rotation coefficients for the orthonormal basis ∂a = ∂/∂xa, induced by a
set of Cartesian coordinates xa, are equal to zero; thereforeΓABCḊ andΓȦḂĊD are also
equal to zero, and substituting, for instance, ΦAB...L = MAB...L exp(−ikRṘxRṘ) into
(3.41), where MAB...L = M(AB...L) and kAȦ are constants, and xAȦ denotes the spinor
equivalent of xa [cf. (3.31)], we obtain

ikAȦMAB...L exp(−ikRṘxRṘ) = 0.

Hence, kAȦMAB...L = 0, and by contracting this last equation with kSȦ it follows that
kAȦkAȦMSB...L = 0, which implies that in order to have a nontrivial solution, kAȦ must
be null and therefore kAȦ = ±αAα Ȧ, for some (constant) one-index spinor αA. Thus
we have αAMAB...L = 0, which implies that MAB...L is proportional to αAαB · · ·αL

[see (1.230)]. Thus

ΦAB...L = CαAαB · · ·αL exp(∓iαRα ṘxRṘ), (3.43)

where C is some constant [cf. (3.31)].
Similarly, one finds that the equations (3.42) admit plane wave solutions of the

form

Φ ȦḂ...L̇ = Cα Ȧα Ḃ · · ·α L̇ exp(∓iαRα ṘxRṘ), (3.44)

where C is a complex constant and αA is a constant one-index spinor.
As in the case of the circularly polarized electromagnetic wave (3.31), the fields

(3.43) and (3.44) possess a definite helicity. Let βA be a constant one-index spinor
such that αAβA = 1. The vector equivalents of αAβ Ȧ +βAα Ȧ and i(αAβ Ȧ −βAα Ȧ)
span a two-dimensional spacelike plane orthogonal to the wave four-vector ka,
and conversely, any two-dimensional spacelike plane orthogonal to ka can be con-
structed in this manner, with a suitable choice of βA (see Exercise 1.10). The
SL(2,C) matrix with entries KA

B = eiθ/2αAβB − e−iθ/2βAαB corresponds to a ro-
tation through an angle θ in this plane (see Exercise 1.8); under this rotation kAȦ is
invariant and ΦAB...L, given by (3.43), is mapped into eisθΦAB...L. At a point with
fixed spatial coordinates (x1,x2,x3), the effect of this rotation is the same as that pro-
duced in the course of the time t = ∓sθ/ω , where ω is the angular frequency of the
wave (k4 = ω/c). Thus, at a point with fixed spatial coordinates, the field (3.43) ro-
tates with angular velocity ω/s in any two-dimensional spacelike plane orthogonal
to the wave four-vector ka (the sense of the rotation depends on the sign of k4).

In an analogous way, under the rotation corresponding to KA
B = eiθ/2αAβB −

e−iθ/2βAαB, Φ ȦḂ...L̇ is mapped into e−isθΦ ȦḂ...L̇, and therefore, for a given sign
of ω , at a point with fixed spatial coordinates the fields (3.43) and (3.44) rotate in
opposite senses.
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The zero-rest-mass field equations (3.41) and (3.42) maintain their form under
conformal rescalings of the metric. For example, making use of (2.40), (2.132), and
(2.133), one finds that ifΦAB...L obeys the zero-rest-mass field equations (3.41), then

0 = ∂AȦΦ
ABC...L −Γ A

SAȦΦ
SBC...L − (2s−1)Γ (B

SAȦΦ
C...L)SA

= φ−1∂ ′AȦΦ
ABC...L − (φ−1Γ ′A

SAȦ + 3
2∂

′
SȦφ

−1)ΦSBC...L

− (2s−1)(φ−1Γ ′(B
SAȦ + 1

2δ
(B
A
∂ ′SȦφ

−1)ΦC...L)SA

= φ−s−2∇′
AȦ(φ s+1ΦABC...L),

which shows that the zero-rest-mass field equations are form-invariant under con-
formal rescalings if we take Φ ′AB...L = φ s+1ΦAB...L, provided that the null tetrads
are related as in (2.132).

A conformally invariant equation for a spin-0 zero-rest-mass field is given by

∇AȦ∇
AȦΦ+ 1

6 RΦ = 0. (3.45)

In effect, making use of (2.40), (2.132), and (2.133)–(2.135), one finds that

∇AȦ∇
AȦΦ = ∂AȦ∂

AȦΦ−Γ A
SAȦ∂

SȦΦ−Γ Ȧ
ṠȦA∂

AṠΦ

= φ−1∂ ′AȦ(φ−1∂ ′AȦΦ)− (φ−1Γ ′A
SAȦ + 3

2∂
′
SȦφ

−1)φ−1∂ ′SȦΦ

− (φ−1Γ ′Ȧ
ṠȦA + 3

2∂
′
AṠφ

−1)φ−1∂ ′AṠΦ

= φ−2∇′
AȦ∇

′AȦΦ+ 2φ−3(∂ ′AȦφ)∂ ′AȦΦ

= φ−3∇′
AȦ∇

′AȦ(φΦ)−φ−3(∇′
AȦ∇

′AȦφ)Φ

= φ−3∇′
AȦ∇

′AȦ(φΦ)− 1
6 RΦ+ 1

6 R′φ−3Φ,

that is,
∇AȦ∇

AȦΦ+ 1
6 RΦ = φ−3[∇′

AȦ∇
′AȦ(φΦ)+ 1

6 R′(φΦ)
]
.

The zero-rest-mass field equations (3.41) and (3.42) are not satisfactory for spins
greater than 1 if the conformal curvature of the space-time is different from zero
(Buchdahl 1958, Plebański 1965). Making use of the Ricci identities (2.126), one
obtains the integrability conditions for (3.41)

0 = ∇B
Ȧ∇AȦΦ

ABCD...L

= BAΦ
ABCD...L

= −(2s−2)CABS
(CΦD...L)ABS. (3.46)

Note that by virtue of the Bianchi identities (2.116), when the traceless part of the
Ricci tensor vanishes, the Weyl spinor satisfies the zero-rest-mass field equations,
but the right-hand side of (3.46) vanishes identically when ΦABCD = CABCD, and
therefore no algebraic constraints on the Weyl spinor arise in this way.



122 3 Applications to General Relativity

3.3 Einstein’s Equations

With the Ricci tensor defined as in (2.63), the Einstein field equations are given by

Rab − 1
2 Rgab =

8πG
c4 Tab, (3.47)

where G is Newton’s constant of gravitation and Tab denotes the energy–momentum
tensor of the matter present (see, e.g., Rindler 1977, Wald 1984). Equations (3.47)
yield R = −(8πG/c4)T a

a; therefore, in the case of vacuum (Tab = 0), the Einstein
equations reduce to

Rab = 0, (3.48)

while in the case that the source of the gravitational field is the electromagnetic field
[see (3.20)],

Rab =
2G
c4 (FacFb

c − 1
4 FcdFcdgab),

or equivalently, making use of (2.85) and (3.19),

CABȦḂ =
2G
c4 fAB fȦḂ. (3.49)

The tensor equivalent of CABCDCȦḂĊḊ is a real, traceless, totally symmetric four-
index tensor field Tabcd , known as the Bel–Robinson tensor [cf. (3.19)]. If the trace-
less part of the Ricci tensor vanishes, as a consequence of the Bianchi identities
(2.116), we have ∇AȦ(CABCDCȦḂĊḊ) = 0, that is, ∇aTabcd = 0.

Since CABCDεȦḂεĊḊ and CȦḂĊḊεABεCD are the spinor equivalents of 1
2(Cabcd +

i∗Cabcd) and 1
2 (Cabcd − i∗Cabcd), respectively, where

∗Cabcd ≡ 1
2εabrsC

rs
cd

and
CABCDCȦḂĊḊ = CARBSεȦṘεḂṠCĊ

Ṙ
Ḋ

ṠεC
RεD

S,

it follows that
Tabcd = 1

4 (Carbs + i∗Carbs)(Cc
r
d

s − i∗Cc
r
d

s).

Using the fact that Cabcd , ∗Cabcd , and Tabcd are real, we conclude that

Tabcd = 1
4(CarbsCc

r
d

s + ∗Carbs
∗Cc

r
d

s) (3.50)

[cf. (3.21)] and
Carbs

∗Cc
r
d

s −∗CarbsCc
r
d

s = 0.

The Bel–Robinson tensor is analogous to the energy–momentum tensor of the elec-
tromagnetic field in various senses; however, it is not possible to give a local defini-
tion of energy or momentum for the gravitational field (see, e.g., Wald 1984).
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A totally symmetric, traceless, four-index tensor Tabcd possesses a spinor equiva-
lent of the form CABCDCȦḂĊḊ if and only if its spinor equivalent satisfies the relation

TABCDȦḂĊḊTEFGHĖḞĠḢ = TABCDĖḞĠḢTEFGHȦḂĊḊ (3.51)

[cf. (3.26)]. However, the tensor equivalent of this condition has a complicated form
(see Bergqvist and Lankinen 2004). If TABCDȦḂĊḊ = T(ABCD)(ȦḂĊḊ) satisfies the con-
dition (3.51), then the corresponding spinor CABCD is uniquely defined up to a phase
factor (see Exercise 3.7).

3.3.1 The Goldberg–Sachs Theorem

The following two propositions imply that the integral curves of a repeated principal
null direction of a zero-rest-mass field have several special geometric properties.

Proposition 3.2. If fAB is an algebraically special solution of the source-free Maxwell
equations and lA is a (repeated) principal spinor of fAB, then

lAlB∇AȦlB = 0. (3.52)

Proof. By hypothesis, fAB = αlAlB, for some function α , and ∇AȦ fAB = 0; hence

0 = lB∇AȦ(αlAlB) = lB[αlA∇
AȦlB + lB∇

AȦ(αlA)] = αlBlA∇
AȦlB.

��
It may be noticed that condition (3.52) is invariant under rescalings of the spinor

field lA. With respect to a spinor frame such that lA ∝ δ 2
A , (3.52) is equivalent to

Γ111Ȧ = 0 (that is, κ = 0 = σ , in the Newman–Penrose notation); then, making use
of (2.91), one finds that C1111 = 0, which means that any spinor field lA satisfying
(3.52) is a principal spinor of CABCD.

The foregoing proposition is a special case of the following more general result.

Proposition 3.3. If lA is a repeated principal spinor of a totally symmetric spinor
field φAB...L that satisfies the zero-rest-mass field equations

∇AȦφAB...L = 0, (3.53)

then lA satisfies (3.52).

Proof. Denoting the components φAB...L by φ( j), where j = 0,1, . . . ,2s is the number
of indices taking the value 2, i.e., φ(0) = φ11...1, φ(1) = φ21...1, . . . , φ(2s) = φ22...2,
equations (3.53) are explicitly given by

0 = [∂1Ȧ −2(s−1− j)Γ121Ȧ− (2s− j)Γ112Ȧ]φ( j+1)

− [∂2Ȧ −2(s− j)Γ122Ȧ +( j + 1)Γ221Ȧ]φ( j)

+ jΓ222Ȧφ( j−1) + (2s−1− j)Γ111Ȧφ( j+2), (3.54)
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j = 0,1, . . . ,2s− 1. In a spin frame such that lA ∝ δ 2
A , the fact that lA is a repeated

principal spinor of φAB...L amounts to φ(0) = 0 = φ(1), and from (3.54), assuming
that φAB...L is different from zero, one obtains Γ111Ȧ = 0, which is equivalent to the
condition (3.52) when lA ∝ δ 2

A . ��
There is a converse of Proposition 3.2. Given a one-index spinor lA that satisfies

lAlB∇AȦlB = 0, there exist (locally) algebraically special solutions fAB of the source-
free Maxwell equations such that lA is the repeated principal spinor of fAB. Indeed,
looking for solutions of the source-free Maxwell equations (equations (3.54) with
s = 1) such that φ(0) = 0 = φ(1) with respect to a spin frame for which lA ∝ δ 2

A , we
obtain

0 = Γ111Ȧφ(2), 0 = (∂1Ȧ + 2Γ121Ȧ−Γ112Ȧ)φ(2).

The first of these equations is satisfied by virtue of the hypothesis, while the second
one can be written in the equivalent form

∂1Ȧ lnφ(2) = Γ112Ȧ −2Γ121Ȧ. (3.55)

The integrability condition for these partial differential equations for φ(2) is ob-

tained by applying ∂1
Ȧ to both sides of (3.55):

∂1
Ȧ∂1Ȧ lnφ(2) = ∂1

Ȧ(Γ112Ȧ −2Γ121Ȧ). (3.56)

The left-hand side of this last equation contains the commutator

∂1
Ȧ∂1Ȧ = ∂11̇∂12̇ − ∂12̇∂11̇ = −Γ S

11
Ȧ∂SȦ −Γ Ṡ

Ȧ
Ȧ

1∂1Ṡ (3.57)

[see (2.23)], which, since Γ111Ȧ = 0, reduces to

∂1
Ȧ∂1Ȧ = Γ121

Ȧ∂1Ȧ −Γ Ȧ
Ṡ

Ṡ
1∂1Ȧ. (3.58)

On the other hand, from (2.91) we obtain

C1211 = (∂1
Ȧ −Γ ȦṘ

Ṙ1)Γ121Ȧ (3.59)

and
2C1112 = (∂1

Ȧ −Γ121
Ȧ −Γ ȦṘ

Ṙ1)Γ112Ȧ. (3.60)

Substituting (3.58), (3.55), (3.59), and (3.60) into (3.56), one obtains an identity,
which means that the equations (3.55) are locally integrable. This result, together
with Proposition 3.2, is known as the Mariot–Robinson theorem (Mariot 1954,
Robinson 1961).

If the one-index spinor field lA satisfies the condition (3.52), then the integral
curves of the (real) null vector field v = −lAlȦ∂AȦ form a shear-free family (or
congruence) of null geodesics. From (3.52) we obtain

lAlBlȦ∇AȦlB = 0, (3.61)
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which means that the integral curves of v are geodesics; in fact, (3.61) is equivalent
to

lAlȦ∇AȦlB = εlB, (3.62)

for some complex-valued function ε , and therefore,

lAlȦ∇AȦ(lBlḂ) = lAlȦ(lḂ∇AȦlB + lB∇AȦlḂ) = (ε+ ε) lBlḂ,

that is, ∇vv ∝ v, which is the definition of a geodesic. (Only when ε + ε = 0 will
these geodesics be affinely parameterized.)

By replacing the spinor field lA by l′A ≡ f lA, where f is a complex-valued func-
tion, from (3.62) we have

l′Al′Ȧ∇AȦl′B = | f |2( f εlB + lBlAlȦ∂AȦ f ).

Hence, choosing f as a solution of the equation lAlȦ∂AȦ ln f = −ε , we obtain
l′Al′Ȧ∇AȦl′B = 0; that is, l′A is translated parallel to itself along the congruence of
geodesics and∇v′v

′ = 0, with v′ =−l′Al′Ȧ∂AȦ (the integral curves of v′ are geodesics
affinely parameterized). From l′Al′Ȧ∇AȦl′B = 0 we have

l′Al′Bl′Ȧ∇AȦl′B = 0,

which implies that
l′Al′B∇AȦl′B = σ l′Ȧ, (3.63)

for some function σ .
In order to exhibit the geometric meaning of σ , we consider the behavior of

vectors joining each of the geodesics with its neighbors. More precisely, we deter-
mine how a vector ξ rotates and is stretched as it is dragged along the congruence
of the affinely parameterized geodesics, that is, £v′ξ = 0. Since £v′ξ = [v′,ξ ] =
∇v′ξ −∇ξ v′ and ∇v′v

′ = 0, the directional derivative of the inner product g(v′,ξ )
along v′ vanishes,

v′[g(v′,ξ )] = g(∇v′v
′,ξ )+ g(v′,∇v′ξ ) = g(v′,∇ξ v′) = 1

2ξ [g(v′,v′)] = 0,

where v′[ f ] denotes the directional derivative of f along v′. Therefore, if ξ is orthog-
onal to v′ at some point, it will remain orthogonal to v′ along the geodesic passing
through that point. Hence, we can assume that ξ is orthogonal to v′ everywhere,
which means that the spinor equivalent of ξ is of the form

ξAȦ = zmAl′Ȧ + zl′AmȦ + bl′Al′Ȧ, (3.64)

where mA is a spinor field such that mAl′A = 1 and we can impose the condi-
tion l′Al′Ȧ∇AȦmB = 0 (that is, l′A and mA are covariantly constant along v′), z is
a complex-valued function, and b is a real-valued function. Substituting (3.64) into
the spinor equivalent of the relation ∇v′ξ −∇ξv′ = 0, we obtain
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0 = −l′Al′Ȧ∇AȦξBḂ + ξAȦ∇AȦ(l′Bl′Ḃ)
= v′[z]mBl′Ḃ + v′[z] l′BmḂ + v′[b] l′Bl′Ḃ

+ zmAl′Ȧ∇AȦ(l′Bl′Ḃ)+ zl′AmȦ∇AȦ(l′Bl′Ḃ).

The contraction of this last equation with l′B yields

0 = −v′[z]+ρz+σz, (3.65)

where
ρ ≡ mAl′Ȧl′B∇AȦl′B (3.66)

and we have made use of (3.63). Thus, if s is an affine parameter of the geodesics and
we write z = (x+ iy)/

√
2, ρ = θ+ iω , and σ = |σ |eiχ , equation (3.65) is equivalent

to a pair of real ordinary differential equations that can be expressed in the matrix
form

d
ds

(
x

y

)

=

(
θ + |σ |cosχ −ω+ |σ |sinχ
ω+ |σ |sinχ θ −|σ |cosχ

)(
x

y

)

. (3.67)

Since

ξAȦ = x
mAl′Ȧ + l′AmȦ√

2
+ y

imAl′Ȧ − il′AmȦ√
2

+ bl′Al′Ȧ

[see (3.64)], the real-valued functions x and y are the components, with respect to
an orthonormal basis, of the projection of ξ on a two-dimensional plane orthogonal
to v′ (see Exercise 1.10). At each point of M where the real-valued function χ has
some specific value χ0, say, by means of a rotation in this plane through an angle
χ0/2, which amounts to replacing z by eiχ0/2z, one obtains an equation of the form
(3.67) with χ = 0, at that point only [see (3.65)], and then one can see that θ rep-
resents the rate of expansion of the congruence, ω is the angular velocity, or twist,
with which the congruence rotates, and |σ | corresponds to a distortion, or shear, of
the congruence whose principal axes form an angle χ0/2 with respect to the basis
vectors employed in (3.67).

Since l′A = f lA, from (3.52) it follows that l′Al′B∇AȦl′B = 0, which, according to
the definition (3.63), means that σ = 0; thus, the integral curves of the vector field
v = −lAlȦ∂AȦ form a shear-free congruence of null geodesics, as stated above.

As pointed out at the end of Section 3.2, when the traceless part of the Ricci
tensor vanishes, the Bianchi identities imply that the Weyl spinor satisfies the zero-
rest-mass field equations; therefore, according to the last proposition, if CABĊḊ = 0
(as in the case in which the Einstein vacuum field equations hold), each repeated DP
spinor defines a shear-free congruence of null geodesics.

There exists a converse of this result, which does not require the vanishing of the
traceless part of the Ricci tensor.

Proposition 3.4. Let lA be a one-index spinor field such that

lAlB∇AȦlB = 0 and lAlBCABȦḂ = 0. (3.68)
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Then lA is a repeated principal spinor of CABCD, i.e., lAlBlCCABCD = 0.

Proof. In a spin frame such that lA ∝ δ 2
A , conditions (3.68) are equivalent to Γ111Ȧ =

0 and C11ȦḂ = 0, respectively. Then, from (2.91) we obtain C1111 = 0, together with

C1211 = (∂1
Ȧ −Γ ȦṘ

Ṙ1)Γ121Ȧ (3.69)

and
2C1112 = (∂1

Ȧ −Γ121
Ȧ −Γ ȦṘ

Ṙ1)Γ112Ȧ. (3.70)

On the other hand, with C11ȦḂ = 0 and Γ111Ȧ = 0, we have ∇1
ṠC11ṘṠ = ∂1

ṠC11ṘṠ +
2Γ A

11
ṠCA1ṘṠ +Γ Ȧ

Ṙ
Ṡ

1C11ȦṠ +Γ Ȧ
Ṡ

Ṡ
1C11ṘȦ = 0, and taking into account that C1111 =

0, the Bianchi identities (2.116) yield

0 = ∇A
ṘC111A

= ∂A
ṘC111A + 3Γ S

1
A

ṘC11SA +Γ S
A

A
ṘC111S

= (∂1Ṙ −2Γ121Ṙ−4Γ112Ṙ)C1112,

i.e.,
∂1ṘC1112 = (2Γ121Ṙ + 4Γ112Ṙ)C1112. (3.71)

Then, making use of (3.71), (3.70), and (3.69), expressed in the equivalent form

C1211 = (∂1
Ȧ −Γ121

Ȧ −Γ ȦṘ
Ṙ1)Γ121Ȧ, (3.72)

we obtain

∂1
Ṙ∂1ṘC1112 = (2Γ121Ṙ + 4Γ112Ṙ)∂1

ṘC1112 +C1112∂1
Ṙ(2Γ121Ṙ + 4Γ112Ṙ)

= C1112∂1
Ṙ(2Γ121Ṙ + 4Γ112Ṙ)

=
{

2[C1112 +(Γ121
Ȧ +Γ ȦṘ

Ṙ1)Γ121Ȧ]

+ 4[2C1112 +(Γ121
Ȧ +Γ ȦṘ

Ṙ1)Γ112Ȧ]
}

C1112

=
[
10C1112 +(Γ121

Ȧ +Γ ȦṘ
Ṙ1)(2Γ121Ȧ + 4Γ112Ȧ)

]
C1112.

According to (3.58) and (3.71), the left-hand side of this last equation is also equal
to

(Γ121
Ȧ +Γ ȦṘ

Ṙ1)∂1ȦC1112 = (Γ121
Ȧ +Γ ȦṘ

Ṙ1)(2Γ121Ȧ + 4Γ112Ȧ)C1112.

Thus, we conclude that C1112 = 0, which, together with C1111 = 0, is equivalent to
C111A = 0 and to the covariant expression lAlBlCCABCD = 0 in a frame such that
lA ∝ δ 2

A . ��
Thus, if the Einstein vacuum field equations hold, the conformal curvature is

algebraically special if and only if the space-time admits a shear-free congruence of
null geodesics. This result is known as the Goldberg–Sachs theorem (Goldberg and
Sachs 1962).
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In the case of a solution of the Einstein–Maxwell equations with an algebraically
special electromagnetic field, from (3.49) we have lAlBCABȦḂ = 0 if lA is the repeated
principal spinor of fAB, and from (3.52) and (3.68) it follows that lA is also a repeated
principal spinor of CABCD, which is therefore algebraically special.

The space-times that admit a shear-free congruence of null geodesics defined by
a multiple DP spinor have several remarkable properties.

Proposition 3.5. If lA is a repeated principal spinor of the Weyl spinor CABCD
(CABCDlAlBlC = 0) such that lAlB∇AȦlB = 0, then there exists locally a complex-
valued function φ such that

lB∇AȦlB = lAlB∂BȦ lnφ . (3.73)

Proof. In a spinor frame such that lA = δ 2
A , equation (3.73) is equivalent to

Γ111Ȧ = 0, Γ112Ȧ = ∂1Ȧ lnφ . (3.74)

The integrability condition for the function φ is obtained by applying the operator
∂1

Ȧ to both sides of the second equation in (3.74), which, making use of (3.58) and
(3.74), is equivalent to the condition

∂1
ȦΓ112Ȧ = Γ211

ȦΓ112Ȧ −Γ Ṡ
Ȧ

Ȧ
1Γ112Ṡ,

which is satisfied, since by hypothesis, C1112 = 0 [see (3.70)]. ��
In a similar manner one finds that (3.72) with C1112 = 0 implies the local exis-

tence of a function ζ such that

Γ121Ȧ = ∂1Ȧ lnζ . (3.75)

As a first application of the existence of the functions φ and ζ we can now establish
the following proposition.

Proposition 3.6. In a space-time that admits a shear-free congruence of null geodesics
defined by a multiple DP spinor lA, up to gauge transformations the most general
solution of the self-duality condition (3.10) can be expressed locally as

Φ1Ḃ = 0, Φ2Ḃ = (∂1Ḃ + 2Γ121Ḃ +Γ112Ḃ)χ , (3.76)

with respect to a spin frame such that lA ∝ δ 2
A, where χ is a complex potential

satisfying the equation

(∂2
Ḃ +Γ122

Ḃ −Γ ḂṠ
Ṡ2)(∂1Ḃ + 2Γ121Ḃ +Γ112Ḃ)χ = 0.

Proof. The self-duality condition∇(B
ḂΦC)Ḃ = 0 is explicitly given by the equations

0 = ∂(B
ḂΦC)Ḃ +Γ S

(BC)
ḂΦSḂ +Γ Ṡ

Ḃ
Ḃ

(BΦC)Ṡ, (3.77)
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which are equivalent to (3.12). Taking B = 1 = C in (3.77), we have

0 = (∂1
Ḃ −Γ121

Ḃ −Γ ḂṠ
Ṡ1)Φ1Ḃ +Γ111

ḂΦ2Ḃ. (3.78)

Making use of the fact that we have Γ111
Ḃ = 0 with respect to a spin frame such

that the multiple DP spinor that defines a shear-free geodesic congruence has the
form lA ∝ δ 2

A , from (3.78) it follows that there exists locally a function ξ such that
Φ1Ḃ = −∂1Ḃξ . Indeed, the integrability condition for ξ is given by

∂1
Ȧ∂1Ȧξ = Γ121

Ȧ∂1Ȧξ −Γ Ȧ
Ṡ

Ṡ
1∂1Ȧξ

[see (3.58)], which amounts to

−∂1
ȦΦ1Ȧ = −Γ121

ȦΦ1Ȧ +Γ Ȧ
Ṡ

Ṡ
1Φ1Ȧ

and coincides with (3.78). Then, the gauge transformation ΦBḂ �→ ΦBḂ + ∂BḂξ
yields Φ1Ḃ = 0.

Taking B = 1, C = 2 in (3.77) with Φ1Ḃ = 0, we obtain the condition

0 = (∂1
Ḃ +Γ121

Ḃ +Γ112
Ḃ −Γ ḂṠ

Ṡ1)Φ2Ḃ. (3.79)

Making use of (3.74) and (3.75), this last condition can also be written as

0 = (∂1
Ḃ −Γ121

Ḃ −Γ ḂṠ
Ṡ1)(ζ

2φΦ2Ḃ)

[cf. (3.78)], which implies the local existence of a function η such that ζ 2φΦ2Ḃ =
∂1Ḃη . Hence, letting χ ≡ ζ−2φ−1η , we have

Φ2Ḃ = ζ−2φ−1∂1Ḃ(ζ 2φχ) = (∂1Ḃ + 2Γ121Ḃ +Γ112Ḃ)χ , (3.80)

where we have made use again of (3.74) and (3.75).
Taking A = 2 = C in (3.77) we obtain

0 = (∂2
Ḃ +Γ122

Ḃ −Γ ḂṠ
Ṡ2)Φ2Ḃ,

which, by virtue of (3.80), implies that the potential χ must satisfy the equation

0 = (∂2
Ḃ +Γ122

Ḃ −Γ ḂṠ
Ṡ2)(∂1Ḃ + 2Γ121Ḃ +Γ112Ḃ)χ (3.81)

(Torres del Castillo 1999). ��
It can be readily verified that the covariant expression

ΦBḂ = φ−2∇S
Ḃ(φ2lSlBψ) (3.82)
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reduces to (3.76), with χ = (l2)
2ψ , in a spinor frame such that lA ∝δ 2

A . If we assume
that φ and ψ are scalar functions, then both sides of (3.82) are spinor fields of the
same type, and therefore the equality (3.82) is valid in any spinor frame.

Hence, according to the results of Section 3.1, the most general real source-free
electromagnetic field is given locally by

fȦḂ = ∇B
(Ȧ[φ−2∇S

Ḃ)(φ
2lSlBψ)] (3.83)

(see also Cohen and Kegeles 1974, Wald 1978, Mustafa and Cohen 1987). The
second-order linear partial differential equation (3.81) can be solved by separa-
tion of variables in all the type-D solutions of the Einstein vacuum field equations
(Kamran 1987, Torres del Castillo 1988).

In the case of flat space-time there exist covariantly constant one-index spinors
(which form a complex two-dimensional vector space), and any of them satisfies the
conditions of Proposition 3.5. Then the function φ defined by (3.73) can be taken
equal to 1, and (3.83) reduces to

fȦḂ = ∇A
Ȧ∇

B
Ḃ(lAlBψ),

where lA is a covariantly constant spinor and ψ is a complex-valued function that
has to satisfy the wave equation (see also Penrose 1965).

The solution of the Weyl equation can also be expressed locally in terms of
a complex potential when the space-time admits a shear-free congruence of null
geodesics defined by a multiple DP spinor. The Weyl equation 0 = ∇A

ȦηȦ is given
explicitly by

0 = (∂1
Ȧ −Γ ȦṠ

Ṡ1)ηȦ, (3.84)

0 = (∂2
Ȧ −Γ ȦṠ

Ṡ2)ηȦ. (3.85)

Making use of (3.75), equation (3.84) can be rewritten as

0 = (∂1
Ȧ −Γ121

Ȧ −Γ ȦṠ
Ṡ1)(ζηȦ),

which implies the local existence of a complex-valued function η such that ζηȦ =
∂1Ȧη , and writing η = ζχ , we have

ηȦ = ζ−1∂1Ȧ(ζχ) = (∂1Ȧ +Γ121Ȧ)χ . (3.86)

Substituting this expression into (3.85), we obtain

0 = (∂2
Ȧ −Γ ȦṠ

Ṡ2)(∂1Ȧ +Γ121Ȧ)χ . (3.87)

Then, as in the case of (3.82), one finds that with respect to an arbitrary frame, the
solution of the Weyl equation is given by

ηḂ = φ−1∇S
Ḃ(φ lSψ), (3.88)
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where ψ is a complex potential that has to satisfy the condition

∇BḂ[φ−1∇S
Ḃ(φ lSψ)

]
= 0

(the left-hand side of this last equation is proportional to lB, and therefore this equa-
tion imposes a single condition on ψ).

In any type-D solution of the Einstein vacuum field equations, equation (3.87)
can be solved by separation of variables.

3.3.2 Space-Times with Symmetries. Ernst Potentials

With each nonnull Killing vector of a solution of the Einstein vacuum field equa-
tions, there is associated a complex function, called the Ernst potential, which can
be used to construct the metric. In the case of a solution of the Einstein–Maxwell
equations, there is a pair of Ernst potentials associated with each nonnull Killing
vector, provided that the Lie derivative of the electromagnetic field with respect to
the Killing vector vanishes. In this subsection the equations for the Ernst poten-
tials are obtained by means of the spinor formalism (alternative derivations, making
use of the tensor formalism or of differential forms, can be found, for instance, in
Chandrasekhar 1983, Heusler 1996, Stephani et al. 2003). Owing to their nonlin-
earity, it is difficult to find explicit solutions of the Ernst equations; fortunately, the
symmetries of the Ernst equations make it possible to generate new solutions from
a given one (see, e.g., Stephani et al. 2003).

An arbitrary vector field K is (locally) hypersurface orthogonal if and only if

ωa ≡ εabcdKb∇cKd

vanishes (see below). Making use of (1.64), one finds that the spinor equivalent of
ωa is given by

ωAȦ = −i(KBḂ∇AḂKBȦ −KBḂ∇BȦKAḂ).

According to (2.142) and (2.71), the components ωAȦ can be obtained by means of
the relation

Kaθ a ∧d(Kbθ b) = iωAȦθ̆
AȦ. (3.89)

In particular, if K is a Killing vector, from (2.140) it follows that

ωAȦ = 2i(KB
ȦLAB −KA

ḂLȦḂ). (3.90)

Similarly, if we let
f ≡ KBḂKBḂ (3.91)

(i.e., f = −KaKa), then using again (2.140), we have

∇AȦ f = 2KBḂ∇AȦKBḂ = 2(KB
ȦLAB + KA

ḂLȦḂ), (3.92)
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[cf. (3.90)]. Hence
ωAȦ = 4iKB

ȦLAB − i∇AȦ f . (3.93)

We can now prove the assertion made at the beginning of this subsection. When
ωa = 0, from (3.93) we see that ∇AȦ f = 4KB

ȦLAB; therefore, if K is nonnull,
K(C

Ȧ∇A)Ȧ f = −2 f LAC, or equivalently, K(C
Ȧ∇A)Ȧ f = f∇(A|Ȧ|KC)

Ȧ [see (2.141)].

This last equation can also be written in the form ∇(A|Ȧ|[ f−1KC)
Ȧ] = 0, and taking

into account that the spinor equivalent of the curl of ωa is given by

∇AȦωBḂ −∇BḂωAȦ = εȦḂ∇(A
ṘωB)Ṙ + εAB∇

R
(Ȧω|R|Ḃ),

it follows that there exists (locally) a real-valued function u such that

KAȦ = f∇AȦu, (3.94)

thus showing that K is orthogonal to the hypersurfaces u = constant. Alternatively,
if ωa = 0, from (3.89) and Frobenius’s theorem it follows that the one-form Kaθ a

is locally integrable; that is, locally there exist functions F and G such that Kaθ a =
FdG, which amounts to

KAȦ = F∇AȦG.

(Note that this last proof is valid also if K is null and even if K is not a Killing
vector; on the other hand, (3.94) explicitly gives an integrating factor for the one-
form Kaθ a.)

By virtue of (2.140) and (2.144), the anti-self-dual part of the curl of ωa is deter-
mined by

∇(C
ȦωA)Ȧ = 4iKB

Ȧ∇(C
ȦLA)B = 4iKBḂCB(A|Ḃ|

ṠKC)Ṡ. (3.95)

The right-hand side of (3.95) vanishes if K is an eigenvector of the Ricci tensor or
if the traceless part of the Ricci tensor is equal to zero. Thus, if we assume that the
Einstein vacuum field equations are satisfied, from (3.95) it follows that there exists
(at least locally) a real-valued function ω , the twist potential, such that

ωAȦ = −∇AȦω , (3.96)

and (3.93) yields
4KB

ȦLAB = ∇AȦχ , (3.97)

where
χ ≡ f + iω . (3.98)

Therefore, if K is nonnull (i.e., f �= 0), we have

LAB = − 1
2 f

KB
Ȧ∇AȦχ . (3.99)

Then (3.97), (2.144), with Rab = 0, (2.140), and (3.99), give
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∇AȦ∇AȦχ = 4KB
Ȧ∇

AȦLAB + 4LAB∇
AȦKB

Ȧ

= 8LABLAB

=
1
f
(∇AȦχ)(∇AȦχ).

Thus, χ obeys the nonlinear equation

(Reχ)∇a∇aχ = (∇aχ)(∇aχ). (3.100)

This equation is known as the Ernst equation and χ is the Ernst potential (Ernst
1968a). (Note that from (3.97) it follows that KAȦ∇AȦχ = 0.)

The Ernst potential is useful in finding exact solutions of the Einstein vacuum
field equations. For instance, the metric of a stationary axisymmetric space-time
can be locally expressed in the form

g = −e2U(dt + Adϕ)2 + e−2U[
e2γ(dρ2 + dz2)+ρ2dϕ2],

where t, ρ , ϕ , z form a coordinate system and the functions U , γ , and A depend
on ρ and z only (Papapetrou 1953; see also Chandrasekhar 1983, Stephani et al.
2003). This metric possesses the timelike Killing vector K = ∂/∂ t, for which f =
KAȦKAȦ = −KaKa = e2U ; hence, we can also write

g = − f (dt + Adϕ)2 + f−1[e2γ(dρ2 + dz2)+ρ2dϕ2].

Then, the Ernst equation (3.100) takes the explicit form

(Reχ)
[

1
ρ
∂
∂ρ

(

ρ
∂χ
∂ρ

)

+
∂ 2χ
∂ z2

]

=
(
∂χ
∂ρ

)2

+
(
∂χ
∂ z

)2

,

which does not involve the unknown functions f , γ , and A. The real part of a given
solution of the Ernst equation gives f [see (3.98)], while the imaginary part of χ
determines A by means of

f 2

ρ

(
∂A
∂ρ

+ i
∂A
∂ z

)

=
∂ω
∂ z

− i
∂ω
∂ρ

. (3.101)

In fact, Kaθ a = − f (dt + Adϕ), and therefore Kaθ a ∧ d(Kbθ b) = f 2dt ∧ dA∧ dϕ .
Then (3.89) and (3.96) lead to (3.101).

The function γ is also determined by the Ernst potential, as a consequence of the
Einstein equations (see, e.g., Heusler 1996, Sec. 4.1, Stephani et al. 2003, §19.5).

Solutions of the Einstein–Maxwell Equations

When there is an electromagnetic field present, expressions analogous to (3.99) and
(3.100) can be given, provided that the electromagnetic field is invariant under a
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one-parameter group of isometries. The electromagnetic field is invariant under the
one-parameter group of isometries generated by a Killing vector K = −KAȦ∂AȦ if
the Lie derivative of the electromagnetic spinor fAB with respect to K vanishes, i.e.,

−KCĊ∇CĊ fAB + 2LC
(A fB)C = 0

[see (2.143)], or equivalently, making use of (1.27) and (2.140),

0 = −KCĊ∇(A|Ċ fC|B) + K(A
Ċ∇S

|Ċ fS|B) + 2LC
(A fB)C

= −∇(A|Ċ[KCĊ fC|B)]+ fC(A∇B)ĊKCĊ + K(A
Ċ∇S

|Ċ fS|B) + 2LC
(A fB)C

= −∇(A|Ċ[KCĊ fC|B)]+ K(A
Ċ∇S

|Ċ fS|B).

Thus, if the source-free Maxwell equations are satisfied, letting PBĊ ≡ KC
Ċ fBC, we

have ∇(A
ĊPB)Ċ = 0. Furthermore,

∇B
(ȦP|B|Ċ) = ∇B

(Ȧ[KC
Ċ) fBC] = fBC∇

B
(ȦKC

Ċ) = 0

[see (2.140)]. Hence the curl of the tensor equivalent of PAȦ is equal to zero, and
therefore, there exists, locally, a complex-valued function Φ such that

KC
Ċ fBC =

c2

2
√

G
∇BĊΦ, (3.102)

where the constant factor is introduced for later convenience. The symmetry of fBC

implies that KBĊ∇BĊΦ = 0. Thus, if Ka is nonnull,

fBC = − c2

f
√

G
KC

Ċ∇BĊΦ. (3.103)

The source-free Maxwell equations imply KBḂ∇A
Ḃ fAB = 0, which, making use

of (3.103) and (2.140), reduces to

f∇AȦ∇AȦΦ = 4KBȦLA
B∇AȦΦ. (3.104)

(See Exercise 3.9.)
Substituting the Einstein equations (3.49) and (3.102) into (3.95), one finds that

∇(C
ȦωA)Ȧ = −2i(∇(C

ȦΦ)(∇A)ȦΦ)

= i∇(C
Ȧ[Φ∇A)ȦΦ−Φ∇A)ȦΦ

]
,

which implies (locally) the existence of a real-valued function ω such that ωAȦ =
i(Φ∇AȦΦ −Φ∇AȦΦ)−∇AȦω , and therefore (3.93) gives

4KB
ȦLAB = ∇AȦχ+ 2Φ∇AȦΦ, (3.105)
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where
χ ≡ f −ΦΦ+ iω . (3.106)

From (3.105), making use of (2.140), (2.144), (3.104), the Einstein equations, and
(3.102), we obtain

∇AȦ∇AȦχ = 4LAB∇
AȦKB

Ȧ + 4KB
Ȧ∇

AȦLAB −2(∇AȦΦ)(∇AȦΦ)

−2Φ∇AȦ∇AȦΦ

= 8LABLAB +
8G
c4 KB

Ȧ fBRKRṠ fṠ
Ȧ −2(∇AȦΦ)(∇AȦΦ)

−8 f−1KBȦLA
BΦ∇AȦΦ

= f−1(∇AȦχ+ 2Φ∇AȦΦ)∇AȦχ .

Thus, from (3.104)–(3.106) we finally obtain the system of nonlinear equations
(Ernst 1968b)

(Reχ+ΦΦ)∇a∇aχ = (∇aχ+ 2Φ∇aΦ)∇aχ ,

(Reχ+ΦΦ)∇a∇aΦ = (∇aχ+ 2Φ∇aΦ)∇aΦ.
(3.107)

The Ernst equations (3.107) can be used to find stationary axisymmetric solutions
of the Einstein–Maxwell equations, and as in the case of the Ernst equation (3.100),
the symmetries of these equations make it possible to generate new solutions from
a given one.

Relations Between Killing Vectors and the Conformal Curvature

The equations derived above are also useful in the derivation of some relations be-
tween the properties of a Killing vector and the conformal curvature (equivalent
results using other formalisms have been given in Debney 1971a,b and Catenacci
et al. 1980). In the rest of this section we shall restrict ourselves to solutions of the
Einstein vacuum field equations.

If the space-time admits a null Killing vector K, we can write

KAḂ = ±αAα Ḃ, (3.108)

where αA is some one-index spinor field, and from the Killing equations (2.140) we
obtain

0 = αAαC(∇AḂKCḊ +∇CḊKAḂ) = ±(αAαḊα
C∇AḂαC +αAα Ḃα

C∇CḊαA),

which implies
αAαC∇AḂαC = 0,
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that is, K is tangent to a shear-free congruence of null geodesics [see (3.52)]. Then,
by virtue of the Goldberg–Sachs theorem (Proposition 3.4), since the Einstein vac-
uum field equations are assumed to hold, αA is a repeated DP spinor and the confor-
mal curvature is algebraically special.

In the present case, in which the function f = KBḂKBḂ vanishes, from (3.92) and
(3.108) we have

0 = KB
ȦLAB + KA

ḂLȦḂ = ±(αBα ȦLAB +αAα
ḂLȦḂ),

which implies that LABαB = iBαA, where B is a real-valued function; then (3.90)
and (3.108) give ωAȦ = −4BKAȦ.

The condition ∇(C
ȦωA)Ȧ = 0 [see (3.95)] yields

0 = B∇(C
ȦKA)Ȧ + K(A|Ȧ|∇C)

ȦB = 2BLCA ±α(Aα |Ȧ|∇C)
ȦB.

Contracting this relation with αC, we obtain 2 iB2αA ± 1
2αAα Ȧα

C∇C
ȦB = 0, which

implies B = 0.
Thus, LABαB = 0; that is, αA is a double principal spinor of LAB, and LAB is

algebraically special. Hence, we can write

LAB = ψαAαB (3.109)

for some complex-valued function ψ . Furthermore, ωAȦ = 0; that is, K is hypersur-
face orthogonal.

Substituting (3.108) and (3.109) into (2.144), we see that

∇AȦ(ψαBαC) = ∓CD
ABCαDα Ȧ.

Hence, contracting with αBα Ȧ we obtain (assuming ψ �= 0)

αBα Ȧ∇AȦαB = 0,

which shows that the twist and the expansion of the congruence of null geodesics
defined by αA are equal to zero [see (3.66)].

On the other hand, if we assume that LAB is algebraically special [as in (3.109)]
but that the corresponding Killing vector K is nonnull, writing LAB = αAαB, from
(2.144), assuming again that the Einstein vacuum field equations hold, we arrive at

0 = αBαC∇AȦ(αBαC) = −CD
ABCα

BαCKDȦ.

Since K is nonnull, it follows that CABCDαBαC = 0, thus showing that the conformal
curvature is of type III or N, or equal to zero.
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3.4 Killing Spinors

Walker and Penrose (1970) showed that any type-D solution of the Einstein vacuum
field equations admits a quadratic integral of the null geodesic equations (see also
Hughston et al. 1972, Hughston and Sommers 1973). The existence of this first
integral follows from that of a certain two-index spinor field, which has been called
a Killing spinor.

Apart from their relationship with first integrals of the geodesic equations, the
Killing spinors also appear in “symmetry operators” for the Weyl, Dirac, and
Maxwell equations (Carter and McLenaghan 1979, Kamran and McLenaghan 1983,
1984a, Torres del Castillo 1985, 1986, McLenaghan et al. 2000).

A D(k,0) Killing spinor is a totally symmetric 2k-index spinor field MAB...D such
that

∇(A
ȦMBC...L) = 0. (3.110)

(Note that the equations for a conformal Killing vector can be expressed in the
form ∇(A

(ȦKB)
Ḃ) = 0.) It can readily be seen that the symmetrized tensor product of

Killing spinors is also a Killing spinor. Equation (3.110) is also known as the twistor
equation.

By virtue of the Ricci identities (2.126),

∇(A|Ȧ|∇B
ȦMCD...L) = − (ABMCD...L) = −2kCS

(ABCMD...L)S;

hence, an integrability condition for the set of equations (3.110) is

CS
(ABCMD...L)S = 0. (3.111)

As we shall show below, if k �= 2,4,6, . . ., or if the traceless part of the Ricci tensor
vanishes, these equations imply that the conformal curvature must be of type D
or N, or equal to zero [see (2.130)]. Denoting the components of MAB...D by M( j),
where j = 0,1, . . . ,2k is the number of indices taking the value 2, i.e., M(0) = M11...1,
M(1) = M21...1, . . . , M(2k) = M22...2, the integrability conditions (3.111) are given
explicitly by the set of 2k + 3 equations

0 = (2k + 2− j)(2k + 1− j)(2k− j)C(5)M( j+1)

+ 2(2 j− k)(2k + 2− j)(2k + 1− j)C(4)M( j)

+ 6 j(2k + 2− j)( j− k−1)C(3)M( j−1)

+ 2 j( j−1)(2 j−3k−4)C(2)M( j−2)

− j( j−1)( j−2)C(1)M( j−3) = 0, (3.112)

where j can take the values 0,1, . . . ,2k+2, C(5) ≡C1111, C(4) ≡C1112, C(3) ≡C1122,
C(2) ≡C1222, and C(1) ≡C2222.
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If lA is a principal spinor of MAB...D, then in a spinor frame such that lA ∝ δ 2
A

,

we have M(0) = 0, and from (3.112) it follows that C(5) = 0, which means that a
principal spinor of MAB...D is also a principal spinor of CABCD. Substituting the values
M(0) = 0 and C(5) = 0 into (3.112), one finds that if k �= 2,4,6, . . ., then C(4) = 0;
hence, when k is not an even integer, each principal spinor of MAB...D is at least a
double principal spinor of CABCD. Therefore (if CABCD �= 0), there are at most two
principal spinors of MAB...D that are not proportional to each other. When MAB...D
has a 2k-fold repeated principal spinor, from (3.111) or (3.112) one concludes that
CABCD is of type N; otherwise, CABCD must be of type D (Torres del Castillo 1984a).

The fact that a principal spinor of a D(k,0) Killing spinor, MAB...D, is a principal
spinor of CABCD also follows from the fact that each principal spinor of MAB...D sat-
isfies condition (3.52) (Hughston et al. 1972). Indeed, equations (3.110) amount to

∂(A
ȦMBC...L) + 2kΓ S

(AB
ȦMC...L)S = 0,

or more explicitly,

0 = j [∂2Ȧ −2(k + 1− j)Γ122Ȧ− (2k + 1− j)Γ221Ȧ]M( j−1)

+ (2k + 1− j)[∂1Ȧ−2(k− j)Γ121Ȧ + jΓ112Ȧ]M( j)

− j( j−1)Γ222Ȧ M( j−2) + (2k + 1− j)(2k− j)Γ111ȦM( j+1), (3.113)

where j can take the values 0,1, . . . ,2k + 1. Substituting M(0) = 0 into (3.113), one
finds that Γ111Ȧ = 0, which implies C1111 = 0 [see (2.91)]. Furthermore, as we have
seen, Γ111Ȧ = 0 means that any one-index spinor lA such that lA ∝ δ 2

A
satisfies condi-

tion (3.52); hence, if the traceless part of the Ricci tensor vanishes, Proposition 3.4
implies that each principal spinor of MAB...D is at least a double principal spinor of
CABCD (without restriction on the value of k). Therefore, when the traceless part of
the Ricci tensor vanishes, CABCD must be of type N or D, or equal to zero.

If we do not assume that the traceless part of the Ricci tensor vanishes, when k =
2, for instance, the integrability conditions (3.111) imply that MABCD is proportional
to CABCD, without restriction on the algebraic type of the conformal curvature.

When CABCD is of type D one can find a spin frame such that only C(3) is different
from zero; then (3.112) implies that M(k) is the only nonvanishing component of
MAB...L, and necessarily k must be an integer. In the case that CABCD is of type N,
one can find a spin frame such that only C(1) is different from zero, and (3.112)
implies that M(2k) is the only nonvanishing component of MAB...L.

In the case that CABCD is of type D, assuming that M(k) is the only nonvanishing
component of MAB...D, equations (3.113) reduce to

0 = Γ111Ȧ,
0 = Γ222Ȧ,
0 = (∂1Ȧ + kΓ112Ȧ)M(k),

0 = (∂2Ȧ − kΓ221Ȧ)M(k).

(3.114)
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These equations are integrable if the traceless part of the Ricci tensor vanishes
(Walker and Penrose 1970); in fact, the Bianchi identities (2.116) with CABȦḂ = 0
imply that the Weyl spinor satisfies the zero-rest-mass equations (3.53), and as-
suming that C(3) is the only nonvanishing component of CABCD, equations (3.54)
reduce to

0 = Γ111Ȧ,

0 = Γ222Ȧ,

0 = (∂1Ȧ −3Γ112Ȧ)C(3),

0 = (∂2Ȧ + 3Γ221Ȧ)C(3).

Therefore, the solution of (3.114) is given by

M(k) = const. [C(3)]−k/3. (3.115)

Thus, a type-D solution of the Einstein vacuum field equations (such as the
Schwarzschild or the Kerr metric) admits a D(k,0) Killing spinor, for k = 1,2, . . . .
(According to (3.115), up to a constant factor, all these Killing spinors are sym-
metrized products of the D(1,0) Killing spinor with itself.)

Similarly, one can give the solution of (3.114) if the space-time metric satisfies
the Einstein–Maxwell equations with an algebraically general electromagnetic field
such that each principal spinor of fAB satisfies (3.52) (as in the case of the Reissner–
Nordström and the Kerr–Newman solutions). With these assumptions, the Einstein
equations (3.49) imply that if lA is a principal spinor of fAB, then lAlBCABĊḊ = 0,
and by Proposition 3.4, lA is a repeated DP spinor, which implies that the conformal
curvature is of type D. With respect to a spinor frame such that f12 is the only
nonvanishing component of fAB, we have Γ111Ȧ = 0 = Γ222Ȧ, and the source-free
Maxwell equations [(3.54) with s = 1] give

0 = (∂1Ȧ −2Γ112Ȧ)φ(1),

0 = (∂2Ȧ + 2Γ221Ȧ)φ(1).

Thus, the solution of (3.114) is

M(k) = const. (φ(1))
−k/2 = const. ( f12)

−k/2.

When CABCD is of type N, assuming that M(2k) is the only nonvanishing compo-
nent of MAB...D, equations (3.113) give

0 = Γ111Ȧ,

0 = (∂1Ȧ + 2kΓ121Ȧ + 2kΓ112Ȧ)M(2k), (3.116)

0 = (∂2Ȧ + 2kΓ122Ȧ)M(2k).

The system of equations (3.116) is integrable for k = 1/2,1,3/2,2, . . . if and only
if it is integrable for k = 1/2; in fact, if we denote by Q the solution of equations
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(3.116) for k = 1/2, that is,

(∂1Ȧ +Γ121Ȧ +Γ112Ȧ)Q = 0, (∂2Ȧ +Γ122Ȧ)Q = 0,

then the solution of equations (3.116) for any other value of k is M(2k) = Q2k, which
means that in the present case, any D(k,0) Killing spinor MAB...L is of the form
MAB...L = MAMB · · ·ML, where MA is a D(1/2,0) Killing spinor.

As pointed out at the beginning of this section, the existence of a D(1,0) Killing
spinor allows us to construct a quadratic integral of the null geodesic equations.
Indeed, if αAα Ȧ is the spinor equivalent of the tangent vector of an affinely param-
eterized null geodesic, that is, αAα Ȧ∇AȦ(αBα Ḃ) = 0, then from (3.110) it follows
that if MAB is a D(1,0) Killing spinor, the directional derivative of the real-valued
function MABMȦḂαAα ȦαBα Ḃ along the geodesic is equal to zero. If MAB satisfies
the additional condition ∇B

ĊMAB +∇A
ḂMĊḂ = 0, one can find a quadratic constant

of motion for any geodesic (see Exercise 3.14).
According to the definition (3.110), MAB...D is a D(k,0) Killing spinor if and only

if there exists KAB...DL̇ = K(AB...D)L̇ such that

∇A
ȦMBC...L =

2k
2k + 1

εA(BKC...L)
Ȧ. (3.117)

Then
KAB...L

Ȧ = ∇SȦMSAB...L, (3.118)

and making use of (2.117) and (3.117), one finds that

∇(A
(ȦKB...L)

Ḃ) = ∇(A
(Ȧ∇|S|Ḃ)MB...L)S

= ∇S(Ḃ∇(A
Ȧ)MB...L)S − ȦḂMAB...L

=
1

2k + 1
∇(A

(ḂKB...L)
Ȧ)− ȦḂMAB...L;

hence,
∇(A

(ȦKB...L)
Ḃ) = −(2k + 1)C(A

SȦḂMB...L)S, (3.119)

where we have made use of the Ricci identities (2.127).

D(1, 0) Killing Spinors. Symmetry Operators

According to the definitions given above, a D(1,0) Killing spinor MAB is a symmet-
ric two-index spinor field such that

∇A
ȦMBC = 1

3(εABKC
Ȧ + εACKB

Ȧ), (3.120)

with KA
Ȧ = ∇SȦMSA [see (3.117) and (3.118)]. Then, making use of (2.117) and

(3.120), we obtain
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∇BȦKA
Ȧ = ∇BȦ∇S

ȦMS
A

= ∇S
Ȧ∇

BȦMS
A + 2 BSMS

A

= 1
3∇

S
Ȧ(εB

SKAȦ + εBAKS
Ȧ)+ 2 BSMS

A

= 1
3∇

B
ȦKAȦ − 1

3ε
BA∇SȦKSȦ + 2 BSMS

A.

Thus, by virtue of (2.126),

4
3∇

BȦKA
Ȧ = − 1

3ε
BA∇SȦKSȦ + 2CBASCMSC − 1

3 RMBA.

Contracting the last equation with εBA, one finds that

∇AȦKAȦ = 0, (3.121)

and therefore
4
3∇

BȦKA
Ȧ = 2CBASCMSC − 1

3 RMBA. (3.122)

On the other hand, from (3.119) and (3.121) it follows that KAȦ is the spinor equiv-
alent of a (possibly complex) Killing vector if and only if C(A

SȦḂMB)S = 0. Thus, in
particular, KAȦ corresponds to a possibly complex Killing vector if the space-time
metric is a type-D solution of the Einstein vacuum field equations or of the Einstein–
Maxwell equations with an algebraically general electromagnetic field such that
each principal spinor of fAB satisfies (3.52), since, as shown above, in this case MAB
is proportional to fAB.

Proposition 3.7. Let MAB be a D(1,0) Killing spinor and KAȦ ≡∇B
ȦMBA. Then for

an arbitrary spinor field ΦA,

∇CȦ(MAB∇BȦ − 2
3 KA

Ȧ)ΦA = (MCB∇BȦ − 1
3 KC

Ȧ)∇AȦΦA. (3.123)

Proof. We begin by noticing that, making use of (1.27), (2.117), and (2.122),

MAB∇CȦ∇BȦΦA = MCB∇AȦ∇BȦΦA + εACMSB∇S
Ȧ∇BȦΦA

= MCB∇BȦ∇
AȦΦA + 2MCB A

BΦA + MSB
SBΦ

C

= MCB∇BȦ∇
AȦΦA − 1

6 RMCBΦB + MSBCRC
SBΦR.

Hence, with the aid of (3.120), (3.122), and (1.27), we obtain

∇CȦ(MAB∇BȦ − 2
3 KA

Ȧ)ΦA = MAB∇CȦ∇BȦΦA +(∇CȦMAB)∇BȦΦA − 2
3 KA

Ȧ∇
CȦΦA

− 2
3 (∇CȦKA

Ȧ)ΦA

= MCB∇BȦ∇
AȦΦA − 1

6 RMCBΦB + MSBCRC
SBΦR

+ 1
3 (εCAKBȦ + εCBKAȦ)∇BȦΦA − 2

3 KA
Ȧ∇

CȦΦA

−CCASBMSBΦA + 1
6 RMCAΦA

= (MCB∇BȦ − 1
3 KC

Ȧ)∇AȦΦA. ��
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Thus, if the spinor field ΦA satisfies the Weyl equation ∇AȦΦA = 0 and MAB is a
D(1,0) Killing spinor, then

χȦ ≡ (MAB∇BȦ − 2
3 KA

Ȧ)ΦA

satisfies the Weyl equation∇CȦχȦ = 0 (see also Kamran and McLenaghan 1984a,b).
A similar result holds in the case of the source-free Maxwell equations; if fAB is a
solution of the source-free Maxwell equations ∇AȦ fAB = 0, then

fṘṠ = ∇A
(Ṙ

[
(M|ABMCD|∇

C
Ṡ) +

2
3 M|ABKD|Ṡ) + 1

3 M|BDKA|Ṡ)) f BD
]

satisfies the source-free Maxwell equations ∇RṘ fṘṠ = 0 (Torres del Castillo 1985).
In fact, fṘṠ = ∇A

(ṘΦ|A|Ṡ), with

ΦAṠ =
(
MABMCD∇

C
Ṡ + 2

3 MABKDṠ + 1
3 MBDKAṠ

)
f BD,

and making use of (3.120), (3.122), (2.64), and the result of Exercise 3.2, one finds
that ΦAṠ satisfies the self-duality condition (3.10).

Equation (3.123) can be written in a more symmetric form involving MAB and its
complex conjugate; indeed, making use of (3.123), we obtain

∇CȦ(MAB∇BȦ − 2
3 KA

Ȧ + MȦ
Ḃ∇A

Ḃ)ΦA

= (MCB∇BȦ − 1
3 KC

Ȧ + MȦ
Ḃ∇C

Ḃ)∇AȦΦA +(∇CȦMȦ
Ḃ)∇A

ḂΦA

= (MCB∇BȦ − 1
3 KC

Ȧ −KC
Ȧ + MȦ

Ḃ∇C
Ḃ)∇AȦΦA,

with MȦḂ ≡ MAB and KAḂ = ∇A
ṠMḂṠ. Hence, if

KAḂ = −KAḂ, (3.124)

we have

∇CȦ(MAB∇BȦ − 2
3 KA

Ȧ + MȦ
Ḃ∇A

Ḃ)ΦA

= (MCB∇BȦ − 2
3 KC

Ȧ + MȦ
Ḃ∇C

Ḃ)∇AȦΦA. (3.125)

Making use of (3.120) and its complex conjugate, one can verify that condition
(3.124) holds if and only if MABεȦḂ +MȦḂεAB is the spinor equivalent of a two-index
Killing–Yano tensor Yab, which is an antisymmetric two-index tensor satisfying

∇aYbc +∇bYac = 0 (3.126)

(see (3.127) below). Note that if MAB is a D(1,0) Killing spinor, then for any com-
plex constant λ , λMAB is also a D(1,0) Killing spinor, but when KAȦ is different
from zero, MAB and λMAB satisfy condition (3.124) if and only if λ is real. On the
other hand, if MAB is a D(1,0) Killing spinor such that KAȦ is equal to zero, then
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for any complex constant λ , λMABεȦḂ +λMȦḂεAB will be the spinor equivalent of a
two-index Killing–Yano tensor, which implies (taking λ real or pure imaginary) that
the tensor equivalent of MABεȦḂ +MȦḂεAB and its dual are two linearly independent
Killing–Yano tensors. (Cf. Taxiarchis 1985 and the references cited therein.)

By virtue of (3.120), (3.124), (1.27), and (1.64), the spinor equivalent of ∇aYbc is

∇AȦ(MBCεḂĊ + MḂĊεBC)
= 1

3

[
(εABKCȦ + εACKBȦ)εḂĊ − εBC(εȦḂKAĊ + εȦĊKAḂ)

]

= 1
3

[
(2εACKBȦ + εBCεA

RKRȦ)εḂĊ − εBC(2εȦĊKAḂ + εḂĊεȦ
ṘKAṘ)

]

= 2
3 (εACεBDεȦḊεḂĊ − εADεBCεȦĊεḂḊ)KDḊ

= − 2
3 iεAȦBḂCĊDḊKDḊ,

that is,
∇aYbc = 2

3 iεabcdKd , (3.127)

where Ka is the vector equivalent of KAȦ, which implies the validity of (3.126). (Note
that condition (3.124) means that Ka is pure imaginary, and therefore the right-hand
side of (3.127) is real.)

If we now consider a pair of spinor fields ψA, φȦ satisfying the Dirac equation√
2 h̄∇AȦψA = m0cφȦ,

√
2 h̄∇AȦφ Ȧ = m0cψA, the identity (3.125) and its complex

conjugate imply that the spinor fields

ψ̃A ≡ −(MȦḂ∇AḂ − 2
3 KA

Ȧ + MA
B∇B

Ȧ)φȦ,

φ̃Ȧ ≡ (MAB∇BȦ − 2
3 KA

Ȧ + MȦ
Ḃ∇A

Ḃ)ψA,
(3.128)

also satisfy the Dirac equation (see also Exercise 3.13).
In the case of a type-D space-time that admits a D(1,0) Killing spinor (e.g., any

type-D solution of the Einstein vacuum field equations), according to (3.114), with
respect to a frame such that only C1122 is different from zero, the components of the
vector field KAȦ, defined by (3.120), can be explicitly expressed in the form

K11̇ = −3Γ1121̇M12, K12̇ = −3Γ1122̇M12,

K21̇ = −3Γ2211̇M12, K22̇ = −3Γ2212̇M12.
(3.129)

Hence, with respect to such a frame, expressions (3.128) can be written explicitly in
the form

ψ̃1 = 2M1̇2̇(∂12̇ −Γ1̇2̇2̇1 +Γ2̇2̇1̇1)φ1̇ +(M12 + M1̇2̇)∇1
ȦφȦ,

ψ̃2 = 2M1̇2̇(∂21̇ +Γ1̇2̇1̇2 −Γ1̇1̇2̇2)φ2̇ − (M12 + M1̇2̇)∇2
ȦφȦ,

φ̃1̇ = −2M12(∂21̇ −Γ1221̇ +Γ2211̇)ψ1 − (M12 + M1̇2̇)∇A
1̇ψA,

φ̃2̇ = −2M12(∂12̇ +Γ1212̇−Γ1122̇)ψ2 +(M12 + M1̇2̇)∇A
2̇ψA.

(3.130)
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In the case of the Schwarzschild metric, (3.115) and (2.112) imply that M12 is
proportional to r, and making use of (2.109) and (3.129) one finds that (3.124) is
satisfied if we take, for instance,

M12 =
ir√

2
.

Then, making use of (2.108), equations (3.130) reduce to

ψ̃1 = −i

(
∂
∂θ

+
i

sinθ
∂
∂ϕ

+
1
2

cotθ
)

φ1̇,

ψ̃2 = −i

(
∂
∂θ

− i
sinθ

∂
∂ϕ

+
1
2

cotθ
)

φ2̇,

φ̃1̇ = −i

(
∂
∂θ

− i
sinθ

∂
∂ϕ

+
1
2

cotθ
)

ψ1,

φ̃2̇ = −i

(
∂
∂θ

+
i

sinθ
∂
∂ϕ

+
1
2

cotθ
)

ψ2.

(3.131)

The eigenvalues of the operator that sends ψA, φȦ into ψ̃A, φ̃Ȧ, given by (3.131),
are of the form ±( j + 1

2 ), where j is a half-integer [see (3.37)]. It may be noticed
that this operator does not involve the parameter rg, contained in the Schwarzschild
metric; therefore, also in the Minkowski space-time this operator maps any solution
of the Dirac equation into another solution. In the flat space-time limit, this operator
is essentially that given in the standard notation as β (σ ·L+ h̄) (see, e.g., Messiah
1962, Davydov 1988).

Exercises

3.1. Show that if tAȦ is the spinor equivalent of a future-pointing timelike vector,
then 〈α,β 〉 ≡ tAȦβAα Ȧ is a positive definite Hermitian inner product for the undot-
ted one-index spinors.

3.2. Show that if fAB satisfies the source-free Maxwell equations, then ∇CĊ∇CĊ fAB
= 2CABCD fCD − 1

3 R fAB.

3.3. Show that at each point where the electromagnetic field is algebraically general,
the minimum value of Tabtatb, with the constraint tata = −1, is

1
16π

[(FabFab)2 +(∗FabFab)2]1/2.

(Physically, Tabtatb is the energy density of the electromagnetic field measured by
an observer with four-velocity ta.)
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3.4. Let Fab be a bivector. Prove that there exists a nonzero vector la such that
Fablb = 0 = ∗Fablb if and only if Fab is algebraically special.

3.5. Let Tab be the energy–momentum tensor of the electromagnetic field. Prove that
there exists a nonzero vector la such that Tabla = 0 if and only if Tab corresponds to
an algebraically special electromagnetic field Fab and la points along the repeated
principal null direction of Fab.

3.6. A set of equations for a zero-rest-mass spin-3/2 field is given by

∇AȦψ
A

BḂ = ∇BḂψ
A

AȦ.

Show that these equations can be also expressed in the form HAḂĊ = 0, HABC =
H(ABC), where

HAḂĊ ≡ ∇D
(Ḃψ|AD|Ċ), HABC ≡ ∇(B

Ḋψ|A|C)Ḋ,

and that if the Ricci tensor vanishes, HABC satisfies

∇A
ȦHABC = CABC

Dψ A
DȦ

[cf. (3.41)]. Show that if the Ricci tensor is equal to zero, there are no algebraic
consistency conditions of the Buchdahl–Plebański type for these equations.

3.7. Using the spinor formalism, show that if the spinor equivalent of a real, trace-
less, totally symmetric four-index tensor Tabcd satisfies the condition (3.51), then
Tabcd can be expressed as Tabcd = 1

4 (CarbsCc
r
d

s + ∗Carbs
∗Cc

r
d

s) with

Cabcd = 2
Tacghφb

g
d

h −Tbcghφa
g

d
h + Tbdghφa

g
c

h −Tadghφb
g

c
h

[T abcd(φarbsφc
r
d

s + ∗φarbs
∗φc

r
d

s)]1/2
,

where φabcd is any real four-index tensor with the symmetries of the Weyl tensor
such that T abcd(φarbsφc

r
d

s + ∗φarbs
∗φc

r
d

s) is different from zero [cf. (3.28)].

3.8. Assuming that the Einstein vacuum field equations are satisfied (i.e., Rab = 0)
and that K is a Killing vector, show that

∇[a

(
2 f∇bKc] +ω εbc]de∇dKe

)
= 0,

where f = −KaKa and ω is the twist potential of K; that is, show that

∇AȦ(− iχLABεȦḂ + iχLȦḂεAB

)
= 0,

where χ is the Ernst potential (3.98). This implies the local existence of a vector
field βa such that

2 f∇[aKb] +ω εabcd∇cKd = −∇[aβb].
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Similarly, show that
∇[a

(
εbc]de∇dKe) = 0,

that is, ∇AȦ(LABεȦḂ + LȦḂεAB) = 0, which implies the local existence of a vector
field αa such that

εabcd∇cKd = 2∇[aαb].

The vector fields αa and βa can be used to construct a one-parameter family of
solutions of the Einstein vacuum field equations (for details see Geroch 1971).

3.9. Show that the spinor field (3.103) satisfies K(B
Ċ∇A

|Ċ fA|C) = 0, for any differen-
tiable function Φ .

3.10. Show that if MAB is a D(1,0) Killing spinor and Qab is the tensor equivalent
of MABεȦḂ + MȦḂεAB, then

∇aQbc = − 1
3εabcd∇s

∗Qsd + 1
3 gab∇sQsc − 1

3 gac∇sQsb,

and therefore ∇(aQb)c = 1
3 gab∇sQsc − 1

3 gc(a∇sQ|s|b). Show that Qab is a Killing–
Yano tensor if ∇aQab = 0.

3.11. Show that if ΦAB...L is a totally symmetric spinor field that satisfies the spin-s
zero-rest-mass field equations and MAB...D is a D(k,0) Killing spinor, with s > k,
then ΦAB...D...LMAB...D also satisfies the zero-rest-mass field equations.

3.12. Show that if MA is a D(1/2,0) Killing spinor, then

∇AȦKḂ = − 1
12 RεȦḂMA −2CD

AȦḂMD,

with KḂ ≡ ∇A
ḂMA. Show that if ΦȦ satisfies the Weyl equation, then

fȦḂ ≡ MC∇CȦΦḂ −Φ(Ȧ∇
C

Ḃ)MC

satisfies the source-free Maxwell equations.

3.13. Show that the relation between the bispinors

Ψ =

(
ψA

φ Ȧ

)

and Ψ̃ =

(
ψ̃A

φ̃ Ȧ

)

,

given by (3.128), can be expressed in the form

Ψ̃ =
1√
2
(Y abγ5γa∇bΨ + 2

3 KaγaΨ).

3.14. Show that if Yab is a Killing–Yano tensor and va is the velocity vector of an
affinely parameterized geodesic, then YabYc

bvavc is constant along the geodesic (this
amounts to saying that Kac ≡ YabYc

b is a two-index Killing tensor, ∇(aKbc) = 0).
Show that Yabvb is covariantly constant along the geodesic.
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3.15. Show that if K is a Killing vector, the Lie derivative of a bispinor Ψ with
respect to K is given by

£KΨ = Ka∇aΨ + 1
4 (∇aKb)γ aγ bΨ

with

Ψ =

(
ψA

φ Ȧ

)

.



Chapter 4
Further Applications

In this chapter some further examples of the applications of the two-component
spinor formalism are given. In contrast to the preceding chapter, manifolds with Eu-
clidean or ultrahyperbolic signature are also considered here. In Section 4.1 the self-
dual Yang–Mills fields in a possibly curved manifold are considered. In Section 4.2,
a reduced expression for the metric of a Riemannian manifold with one algebraically
special Weyl spinor (CABCD or CȦḂĊḊ) is derived; this class of manifolds includes
the H spaces, which were originally studied by Newman (see, e.g., Newman 1976,
Hansen et al. 1978) and Penrose (see, e.g., Penrose 1976, Penrose and Ward 1980,
Ward and Wells 1990). Section 4.3 deals with Killing bispinors and eigenbispinors
of the Dirac operator, which can be defined in Riemannian manifolds of any dimen-
sion or signature. The discussion is restricted to four-dimensional manifolds, which
allows one to obtain stronger results than those derived by means of the formal-
ism based on Clifford algebras, applicable to manifolds of arbitrary dimension. The
sections of this chapter are independent of each other.

With the only exception of the null tetrad
c
∂AḂ introduced in Section 4.2, the null

tetrads employed in this chapter satisfy the condition (2.100) appropriate for the
signature of the metric.

4.1 Self-Dual Yang–Mills Fields

A Yang–Mills field is locally represented by a one-index vector field (or one-form)
Aa with values in the Lie algebra g of some Lie group G. (More precisely, Aa is the
local expression of a connection in a principal fiber bundle with structure group G
(see, e.g., Ward and Wells 1990).) The field strength Fab is then given by

Fab = ∇aAb −∇bAa +[Aa,Ab] (4.1)

and satisfies the identities [which follow from (4.1)]

G.F.T. del Castillo, Spinors in Four-Dimensional Spaces, Progress in Mathematical 149
Physics 59, DOI 10.1007/978-0-8176-4984-5_4,
c© Springer Science+Business Media, LLC 2010
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∇a
∗Fab +[Aa,

∗Fab] = 0, (4.2)

where ∗Fab denotes the dual of Fab (∗Fab = 1
2εabcdFcd). The Yang–Mills equations

are
∇aFab +[Aa,F

ab] = 0. (4.3)

The Yang–Mills equations are form-invariant under the gauge transformations

Aa �→U−1AaU +U−1∂aU, (4.4)

where U is a function with values in the (gauge) group G. Under this transformation,
the field strength transforms according to

Fab �→U−1FabU.

The field strength Fab vanishes if and only if there exists locally a function U with
values in G such that Aa = U−1∂aU .

By virtue of the identities (4.2), the Yang–Mills equations are trivially satisfied if
∗Fab = λFab, for some constant factor λ . Since ∗(∗Fab) = (−1)qFab [see (1.66)], it
follows that λ 2 = (−1)q; that is, ∗Fab is proportional to Fab only if the field is self-
dual (∗Fab = iqFab) or anti-self-dual (∗Fab = −(iq)Fab). However, when the metric
has Lorentzian signature, a self-dual or anti-self-dual Yang–Mills field would satisfy
∗Fab =±iFab, which cannot be fulfilled if Aa takes values in the (real) Lie algebra of
G; but when the metric of M has Euclidean signature it is possible to have nontrivial
self-dual or anti-self-dual Yang–Mills fields, because in that case, the field strength
would satisfy the condition ∗Fab = ±Fab.

For instance, in the case of a self-dual Yang–Mills field we have FA
Ṙ

BṘ = 0,
where FAȦBḂ is the spinor equivalent of Fab [see (1.50) and (1.65)]; hence, making
use of (4.1), one obtains the condition

∇(A
ṘAB)Ṙ + A(A

ṘAB)Ṙ = 0, (4.5)

which involves only first derivatives of ABḂ [cf. (3.10)]. As in the case of the abelian
version of the self-duality conditions (4.5), given by (3.10), equations (4.5) can be
partially integrated, reducing them to a single equation for a potential, if the curva-
ture is equal to zero or if there exists a principal spinor lA of the Weyl spinor CABCD
satisfying the condition (3.52),

lAlB∇AĊlB = 0.

As shown in Section 3.3.1, in a manifold with Lorentzian signature, a one-index
spinor satisfying this condition defines a shear-free congruence of null geodesics
(lAlȦ is the spinor equivalent of a vector field tangent to the congruence). However,
when the signature of the metric is Euclidean, we cannot define a vector field with lA
alone. Nevertheless, the consequences of the existence of such a spinor field derived
in Section 3.3.1 remain valid (e.g., Propositions 3.2–3.5).



4.1 Self-Dual Yang–Mills Fields 151

The proof is almost identical to that given for Proposition 3.6. With respect to a
null tetrad such that lA = δ 2

A , we have Γ111Ȧ = 0, and from (4.5), with A = B = 1, we
obtain

0 = (∂1
Ṙ −Γ121

Ṙ −Γ ṘṠ
Ṡ1)A1Ṙ + A1

ṘA1Ṙ (4.6)

[cf. (3.78)]. This last equation means that the components A1Ṙ of the gauge field can
be eliminated locally by a gauge transformation (4.4). That is, equation (4.6) is the
integrability condition for the local existence of a function U with values in G such
that A1Ṙ = U−1∂1ṘU . In fact, applying ∂1

Ṙ to both sides of this last equation, we
have

∂1
ṘA1Ṙ = (∂1

ṘU−1)∂1ṘU +U−1∂1
Ṙ∂1ṘU

= −U−1(∂1
ṘU)U−1∂1ṘU +U−1(−Γ S

11
Ṙ∂SṘU −Γ Ṡ

Ṙ
Ṙ

1∂1ṠU)

= −A1
ṘA1Ṙ +Γ121

ṘA1Ṙ +Γ ṠṘ
Ṙ1A1Ṡ,

which coincides with (4.6).
Thus, with A1Ṙ being equal to zero, taking A = 1, B = 2 in (4.5) we obtain the

condition
0 = (∂1

Ṙ +Γ121
Ṙ +Γ112

Ṙ −Γ ṘṠ
Ṡ1)A2Ṙ,

which has the form of (3.79); therefore, there exists locally a matrix-valued function
χ such that

A2Ḃ = (∂1Ḃ + 2Γ121Ḃ +Γ112Ḃ)χ (4.7)

[see (3.80)].
Finally, taking A = B = 2 in (4.5) and substituting the expressions A1Ṙ = 0 and

that for A2Ṙ given by (4.7), one obtains the single nonlinear condition

0 = (∂2
Ṙ +Γ122

Ṙ −Γ ṘṠ
Ṡ2)A2Ṙ + A2

ṘA2Ṙ,

= (∂2
Ṙ +Γ122

Ṙ −Γ ṘṠ
Ṡ2)(∂1Ṙ + 2Γ121Ṙ +Γ112Ṙ)χ

+
[
(∂1

Ṙ + 2Γ121
Ṙ +Γ112

Ṙ)χ
]
(∂1Ṙ + 2Γ121Ṙ +Γ112Ṙ)χ . (4.8)

When M is flat, we can make use of the null tetrad ∂AȦ = (1/
√

2)σa
AȦ ∂/∂xa

induced by Cartesian coordinates xa for which all the spin coefficients vanish. Then,
equation (4.8) reduces to

0 =
∂
∂x21̇

∂χ
∂x12̇

− ∂
∂x22̇

∂χ
∂x11̇

+
[
∂χ
∂x11̇

,
∂χ
∂x12̇

]

, (4.9)

where xAȦ ≡ (1/
√

2)σa
AȦxa [see (2.149)]. As pointed out above, if the metric of

M has Lorentzian signature, there are no nontrivial self-dual Yang–Mills fields if
Aa takes values in a real Lie algebra. However, one can have nontrivial self-dual
fields by considering, for instance, GL(n,C) as the gauge group G. In that case,
(4.9) corresponds to the equation for Newman’s K-matrix (Newman 1978, Mason
and Woodhouse 1996).
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4.2 H and H H Spaces

As shown in Section 3.3.1, in a manifold with Lorentzian signature, a one-index
spinor field lA satisfying the condition

lAlB∇AĊlB = 0 (4.10)

defines a shear-free congruence of null geodesics. According to the Frobenius the-
orem, these equations are also the conditions for the complete integrability of the
system of differential equations

lAθ
AḂ = 0. (4.11)

That is, equations (4.10) are necessary and sufficient for the local existence of two
(possibly complex-valued) functions q1̇, q2̇ such that

lAθ
AḂ = LḂ

ĊdqĊ, (4.12)

where the LḂ
Ċ are complex-valued functions whose values at each point form a

nonsingular 2×2 matrix (see also Flaherty 1980). In fact, the system (4.11) is com-
pletely integrable if and only if

d(lAθ
AḂ)∧ lBθ

B1̇∧ lCθ
C2̇ = 0.

Making use of (2.90), the Cartan first structure equations (2.15), (2.55), and Exercise
2.5, one can readily verify that this last condition amounts to (4.10).

For example, in the case of the Schwarzschild metric (2.106), the spin coefficients
for the null tetrad (2.108) satisfy Γ111Ȧ = 0 [see (2.109)], and therefore, the one-
index spinor field lA = δ 2

A
satisfies the condition (4.10). Making use of the explicit

expressions (2.107), we find that the system of differential equations lAθAḂ = 0 is
equivalent to

dθ + i sinθ dϕ = 0,

cdt +
(

1− rg

r

)−1
dr = 0.

This system is, indeed, completely integrable (actually, in this particular case, each
of these one-forms is integrable); one can readily see that

dθ + i sinθ dϕ = 2e−iϕ cos2 1
2θ d

(
eiϕ tan 1

2θ
)
,

cdt +
(

1− rg

r

)−1
dr = d

(
ct + r + rg ln |r− rg|

)
.

Thus, the functions qȦ appearing in (4.12) can be taken as eiϕ tan 1
2θ and ct + r +

rg ln |r− rg|, or any pair of functionally independent functions of them (see below).
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Assuming that lA is a multiple principal spinor of CABCD, with the aid of the

functions qȦ we construct a second null tetrad,
c
θ AḂ, starting with

c
θ 2Ȧ ≡−φ−2dqȦ, (4.13)

where φ is defined by
lB∇AȦlB = lAlB∂BȦ lnφ (4.14)

[see (3.73)]. Thus, from (4.12) we obtain

c
θ 2Ȧ = −φ−2(L−1)Ȧ

ḂlAθ
AḂ, (4.15)

where (L−1)Ȧ
Ḃ are the entries of the inverse of the matrix (LȦ

Ḃ). Then, the one-

forms
c
θ 1Ȧ must be given by

c
θ 1Ȧ = φ2LḂ

ȦmCθ
CḂ +η

c
θ 2Ȧ, (4.16)

where mA is a one-index spinor field such that mAlA = 1 and η is an arbitrary func-

tion, so that −εABεȦḂθAȦθBḂ =−εABεȦḂ

c
θ AȦ

c
θ BḂ [see (2.99)]. (Note that the spinor

field mA is not uniquely defined by the condition mAlA = 1; the function η is related

to this ambiguity.) Thus, the vector fields
c
∂ AḂ are

c
∂ 1Ȧ = −φ−2(L−1)Ȧ

ḂlC∂CḂ,

c
∂ 2Ȧ = −φ2LĊ

ȦmD∂DĊ −η c
∂1Ȧ .

(4.17)

A somewhat lengthy computation, making use of (1.106), (2.23), (4.10), the fact
that ddqĊ = d[(L−1)Ċ

ḂlAθAḂ] = 0, and the Cartan first structure equations (2.15),
yields

[
c
∂ 11̇,

c
∂ 12̇] =

c
∂1

Ṙ
c
∂1Ṙ

= φ−4[det(LṘ
Ṡ)
]−1

[
−2lC(∂C

Ṙ lnφ)lS∂SṘ + 3
2(∇RḊlR)lS∂SḊ

− 3
2 lR(∇RḊlS)∂SḊ + 1

2 lR(∇SḊlR)∂SḊ

]

= −2φ−4[det(LṘ
Ṡ)
]−1

(
lC∂C

Ṙ lnφ −mClB∇C
ṘlB

)
lS∂SṘ,

which is equal to zero as a consequence of (4.14). We can now introduce a second
pair of (possibly complex-valued) functions, pȦ, defined by

c
∂ 1Ȧ pḂ = δ Ḃ

Ȧ . (4.18)
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The integrability conditions for these equations are trivially satisfied since the vector

fields
c
∂ 1Ȧ commute. Then, the differential of pȦ is [see (2.90)]

dpȦ = −(
c
∂ CḂ pȦ)

c
θ CḂ = − c

θ 1Ȧ − (
c
∂ 2Ḃ pȦ)

c
θ 2Ḃ,

and using (4.13) we obtain

c
θ 1Ȧ = −dpȦ +φ−2(

c
∂ 2Ḃ pȦ)dqḂ. (4.19)

On the other hand, from (4.17) we have

c
∂ 2Ȧ pȦ = −φ2LĊ

ȦmD∂DĊ pȦ −2η .

Therefore, choosing η = − 1
2φ

2LĊ
ȦmD∂DĊ pȦ, we obtain

c
∂ 2Ȧ pȦ = 0, which means

that
QȦḂ ≡−φ−2

c
∂ 2

Ȧ pḂ (4.20)

is symmetric on the indices Ȧ, Ḃ. Then, (4.19) gives

c
θ 1Ȧ = −dpȦ −QȦ

ḂdqḂ. (4.21)

In this manner, we have proved the validity of the following (Plebański and Robinson
1976, Finley and Plebański 1976, Torres del Castillo 1983) result.

Proposition 4.1. The existence of a repeated principal spinor of the Weyl spinor
CABCD that satisfies (4.10) implies the local existence of (possibly complex) coor-
dinates qȦ, pȦ such that the metric of the manifold can be expressed in the form

g = 2φ−2dqȦ(dpȦ + QȦḂdqḂ). (4.22)

It may be remarked that in the preceding derivation no assumption is made con-
cerning the signature of the metric (see Example 4.1 below). The manifolds de-
scribed in this last proposition are called H H spaces.

In the case of the Schwarzschild metric, already considered at the beginning of
this section, it is convenient to choose the coordinates qȦ in such a way that

dq1̇ = cscθ dθ + idϕ , dq2̇ = cdt +
(

1− rg

r

)−1
dr. (4.23)

Then, by comparing (2.107) with (4.12), taking lA = δ 2
A as above, we find that

(LȦ
Ḃ) = diag(−r sinθ/

√
2,1).

The conformal factor φ is determined byΓ112Ȧ = ∂1Ȧ lnφ (i.e., ρ = D lnφ , τ = δ lnφ )
[see (3.74)]; hence, we can take φ = r−1 [see (2.109) and (2.108)]. Then, ac-

cording to (4.17), the vector fields
c
∂1Ȧ of the new tetrad are

c
∂11̇= −r2∂11̇,

c
∂12̇=
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√
2r cscθ ∂12̇, and one can readily verify that a possible choice for the coordinates

pȦ is
p1̇ = r−1, p2̇ = −cosθ . (4.24)

Taking mA = δA
2 , the vector fields

c
∂ 2Ȧ are given by [see (4.17)]

c
∂21̇ =

sinθ√
2r
∂21̇ −η

c
∂11̇,

c
∂22̇ = − 1

r2 ∂22̇ −η
c
∂12̇ .

Then, making use of the expressions derived above, one finds that η = 0 and

Q1̇1̇ = − 1
2 sin2 θ , Q1̇2̇ = 0, Q2̇2̇ = − r− rg

2r3 . (4.25)

It may be pointed out that if we replace the relations (4.23) by

dq1̇ = cscθ dθ + cdt, dq2̇ = idϕ+
(

1− rg

r

)−1
dr,

maintaining (4.24), (4.25), and φ = r−1, then (4.22) gives another type-D solution
of the Einstein vacuum field equations (with Lorentzian signature, assuming that
r, θ , ϕ , and t are real), known as the Ehlers–Kundt B1 metric (Flaherty 1980).

Example 4.1. The standard metric of S4 in complex coordinates.
An explicit example of a metric with Euclidean signature that satisfies the condi-

tions of Proposition 4.1 and therefore can be written in the form (4.22) is given by
the standard metric of S4 (see Example 2.1, pp. 84–86). As shown in Section 2.2,
the conformal curvature of this metric vanishes, CABCD = 0, CȦḂĊḊ = 0, and the spin
coefficients for the null tetrad (2.102) satisfy Γ111Ȧ = 0; hence, the one-index spinor
lA = δ 2

A
satisfies (4.10) and, trivially, lAlBlCCABCD = 0. The one-forms lAθAḂ = θ 2Ḃ

must form an integrable system; in fact, θ 2Ȧ = LȦ
ḂdqḂ, with

dq1̇ = cscθ dθ + idϕ , dq2̇ = cscψ dψ+ idχ ,

and
(LȦ

Ḃ) = diag(−sinψ sinχ sinθ/
√

2,sinψ/
√

2).

The conformal factor φ is determined by the conditionsΓ112Ȧ = ∂1Ȧ lnφ . Hence, one
finds that φ can be taken as

φ = cscψ cscχ ,

and from (4.17) we obtain

c
∂11̇ = −sinψ sin2 χ

(
∂
∂ψ

+
i

sinψ
∂
∂χ

)

,

c
∂12̇ =

1
sinθ

(
∂
∂θ

+
i

sinθ
∂
∂ϕ

)

.
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By inspection, one readily finds that the coordinates pȦ can be chosen as

p1̇ = −icotχ , p2̇ = −cosθ .

Then, one finally finds that the functions QȦḂ are given by

Q1̇1̇ = − 1
2 sin2 θ , Q1̇2̇ = 0, Q2̇2̇ = 1

2 csc2 χ ,

which are second-degree polynomials in the pȦ.

Going back to the general case, from (4.13) and (4.21) it follows that the null
tetrad ∂ ′AḂ, in terms of the coordinates qȦ, pȦ, is given by

c
∂1Ȧ =

∂
∂ pȦ

,

c
∂2Ȧ = φ2

(
∂
∂qȦ

−QȦ
Ḃ ∂
∂ pḂ

)

.

(4.26)

Note that this tetrad need not satisfy one of the conditions (2.100). In fact, equations

(4.17) can be written in the form
c
∂AḂ= KA

CKḂ
Ḋ∂CḊ, with

K1
C = −φ−2[det(LṘ

Ṡ)]
−1/2lC,

K2
C = φ2[det(LṘ

Ṡ)]
1/2mC +ηφ−2[det(LṘ

Ṡ)]
−1/2lC,

and
KȦ

Ḃ = [det(LṘ
Ṡ)]

1/2(L−1)Ȧ
Ḃ.

The matrices (KA
B) and (KȦ

Ḃ) belong to SL(2,C), but they do not have to satisfy
one of the relations (1.185).

The spin coefficients of the metric (4.22) with respect to the null tetrad (4.26) can
be readily obtained by making use of (2.97) and (2.98). Since

c
S ȦḂ =

c
θ 1(Ȧ∧ c

θ |2|Ḃ) = φ−2(dp(Ȧ −QĊ(ȦdqĊ)∧dqḂ)

[see (2.57)], we have

d
c
S ȦḂ = −2φ−1dφ∧ c

S ȦḂ −φ−2dQĊ(Ȧ ∧dqĊ ∧dqḂ)

= 2φ−1(
c
∂RĊ φ)

c
θ RĊ∧ c

S ȦḂ +φ−2(
c
∂RḊ QĊ(Ȧ)

c
θ |RḊ| ∧dqĊ ∧dqḂ)

= 2φ−1(
c
∂RĊ φ)

c
θ RĊ∧ c

S ȦḂ +φ−2(
c
∂RḊ QĊ(Ȧ)

c
θ |RḊ| ∧ εĊ

Ḃ)φ4 c
S 22,

where we have made use of the fact that
c
S 22 =

c
θ 21̇∧ c

θ 22̇ = φ−4dq1̇ ∧ dq2̇. The
exterior products appearing in the last equation are expressed in terms of the three-

forms
c

θ̆ AḂ with the aid of (2.71), and we obtain
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d
c
S ȦḂ =

[−2φ−1(
c
∂R

(Ȧφ)ε Ḃ)
Ḋ −φ2(

c
∂1Ḋ QȦḂ)ε2

R

] c

θ̆ RḊ. (4.27)

Then, making use of (2.98), we find that

c
Γ ȦḂĊD =φ−1

c
∂D(Ȧ φ εḂ)Ċ −φ2(

c
∂1(Ȧ QḂ)Ċ)ε2

D, (4.28)

and hence
c
IΓȦḂ= φ−1∂(Ȧφ (dpḂ) + QḂ)ĊdqĊ)+φ−1D(Ȧφ dqḂ) − ∂(ȦQḂ)Ċ dqĊ, (4.29)

where we have made use of the definitions

∂Ȧ ≡ ∂
∂ pȦ

,

DȦ ≡
(

∂
∂qȦ

−QȦ
Ḃ ∂
∂ pḂ

)

.

(4.30)

(Note that ∂ Ȧ = −∂/∂ pȦ.) In a similar manner, computing separately d
c
S 11, d

c
S 12,

and d
c
S 22, we obtain

c
IΓ11 = φ−3∂Ȧφ dqȦ,
c
IΓ12 = − 3

2φ
−1∂Ȧφ (dpȦ + QȦ

ḂdqḂ)− 1
2(φ−1DȦφ + ∂ ḂQḂȦ)dqȦ, (4.31)

c
IΓ22 = −φDȦφ (dpȦ + QȦ

ḂdqḂ)−φ2DḂQḂȦ dqȦ.

The curvature spinors can now be calculated, e.g., with the aid of (2.91)–(2.94); the
Weyl spinors are

c
CȦḂĊḊ= −φ2∂(Ȧ∂ḂQĊḊ), (4.32)

and

c
C1111 = 0,
c
C1112 = 0,
c
C1122 = − 1

6φ
2∂Ȧ∂ḂQȦḂ, (4.33)

c
C1222 = − 1

2φ
4DȦ∂ḂQȦḂ,

c
C2222 = −φ6[DȦDḂQȦḂ − (DḂQȦḂ)∂ ĊQȦĊ

]
,

the spinor equivalent of the traceless part of the Ricci tensor

c
C11ȦḂ = φ−1∂Ȧ∂Ḃφ ,
c
C12ȦḂ = − 1

2φ
2∂ Ċ∂(ȦQḂ)Ċ +φ∂(ȦDḂ)φ , (4.34)

c
C22ȦḂ = −φ5∂(Ȧ

(
φ−1DĊQḂ)Ċ

)
+φ3(DĊφ)∂ĊQȦḂ +φ3D(ȦDḂ)φ ,
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and the scalar curvature

R = 2φ2∂Ȧ∂ḂQȦḂ + 12φ3∂Ȧ(φ−2DȦφ). (4.35)

Integration of Field Equations

Expression (4.22) allows us to partially integrate several sets of equations of ge-
ometric or physical interest. As an example of the reduction that can be achieved
by combining the two-component spinor formalism and the form of the metric
(4.22) (which is itself adapted to the spinor formalism) we shall give an alterna-
tive derivation of two results obtained in Section 3.3.1, showing that locally the
solution of the source-free Maxwell equations, or of the Weyl equation, can be ex-
pressed in terms of a single scalar function that satisfies a second-order linear partial
differential equation.

The source-free Maxwell equations∇AḂ f ȦḂ = 0 are equivalent to d(
c
fȦḂ

c
S ȦḂ) = 0

(see Exercise 2.5). Thus making use of (2.71), (2.90), and (4.27), we have

φ2 c
∂1Ḃ (φ−2

c
f ȦḂ) = 0 (4.36)

and

φ2 c
∂2Ḃ (φ−2

c
f ȦḂ)+φ2

c
f ḂĊ

c
∂1

ȦQḂĊ = 0. (4.37)

Owing to (4.26), equation (4.36) is equivalent to ∂Ḃ(φ−2
c
f ȦḂ) = 0. The solution of

this last equation can be obtained making use of the following proposition.

Proposition 4.2. Let MȦḂ be a set of functions satisfying the conditions MȦḂ = MḂȦ

and ∂ȦMȦḂ = 0. Then there exists locally a function H such that MȦḂ = ∂Ȧ∂ḂH.

Proof. Conditions ∂ȦMȦḂ = 0 are equivalent to

∂M1̇
Ḃ

∂ p2̇
=
∂M2̇

Ḃ

∂ p1̇
,

which imply the local existence of functions FḂ such that

M1̇
Ḃ =

∂FḂ

∂ p1̇
, M2̇

Ḃ =
∂FḂ

∂ p2̇
.

Since M1̇2̇ = M2̇1̇, we have ∂F2̇/∂ p1̇ = ∂F1̇/∂ p2̇, which in turn implies the local
existence of a function H such that FȦ = ∂H/∂ pȦ; hence, MȦḂ = ∂ 2H/∂ pȦ∂ pḂ.

��
Thus, there exists locally a function H such that

c
fȦḂ =φ2∂Ȧ∂ḂH. (4.38)
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Substituting this expression into (4.37), making use of (4.26) and (4.30), we obtain

0 = DḂ∂
Ȧ∂ ḂH +(∂ Ḃ∂ ĊH)∂ ȦQḂĊ

= ∂ Ȧ
(

∂
∂qḂ

∂ ḂH + QḂĊ∂
Ḃ∂ ĊH

)

= ∂ Ȧ
(

DḂ∂
ḂH

)
,

which means that F ≡ DḂ∂ ḂH is a function of qȦ only. The function F can always
be written in the form F = ∂hȦ/∂qȦ, where the hȦ are also functions of qȦ only.
Letting H̃ ≡ H −hȦpȦ, we find that [see (4.30)]

DḂ∂
ḂH̃ = DḂ(∂ ḂH −hḂ) = F −DḂhḂ = F − ∂hḂ

∂qḂ
= 0.

On the other hand,
c
fȦḂ =φ2∂Ȧ∂ḂH = φ2∂Ȧ∂ḂH̃. Thus (dropping the tilde), we con-

clude that locally, any solution of the source-free Maxwell equations can be written

in the form
c
fȦḂ= φ2∂Ȧ∂ḂH, where H is a function such that DḂ∂ ḂH = 0.

In order to make use of this result it is not necessary to express the metric of
the background space-time in the form (4.22), since with respect to an arbitrary null
tetrad, this solution is given by

fȦḂ = ∇B
(Ȧ[φ−2∇S

Ḃ)(φ
2lSlBψ)] (4.39)

(Torres del Castillo 1984b), where ψ is some function [cf. (3.83)].
With the aid of (4.28), one finds that with respect to the null tetrad (4.26), the

Weyl equation ∇AḂη Ḃ = 0 is given by

φ3/2
c
∂1Ḃ (φ−3/2

c
η Ḃ) = 0,

φ3/2
c
∂2Ḃ (φ−3/2

c
η Ḃ)+ 1

2φ
2(

c
∂1

ĊQĊḂ)
c
η Ḃ = 0.

(4.40)

The first of these equations is locally equivalent to the existence of a function H

such that
c
ηḂ= φ3/2∂ḂH, and substituting into the second equation one finds that the

function H has to satisfy the equation

DḂ∂
ḂH + 1

2 (∂ ĊQĊḂ)∂ ḂH = 0.

With respect to an arbitrary null tetrad we have

ηḂ = φ−1∇C
Ḃ(φ lCψ)

[cf. (3.88)].
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Left-Flat Spaces

The so-called H spaces are “half-flat,” which means that the curvature two-forms
RAB (or RȦḂ) vanish. In the same form as the vanishing of the curvature two-forms
Ωab implies the local existence of a tetrad for which the connection one-forms van-
ish [see (2.51)], the vanishing of the two-forms RAB, for instance, is locally equiv-
alent to the existence of a null tetrad such that IΓAB = 0 [see (2.68)]; therefore,
according to Proposition 4.1, the metric of such a manifold can be expressed in the
form

g = 2dqȦ(dpȦ + QȦḂdqḂ) (4.41)

in terms of some local coordinates qȦ, pȦ [since ΓABCḊ = 0, φ can be taken equal
to 1; see (4.14)]. As we shall show below, the coordinates qȦ, pȦ can be chosen

in such a way that
c
IΓAB= 0. We start by noticing that ∂Ȧ∂ ĊQḂĊ = ∂(Ȧ∂ ĊQḂ)Ċ +

1
2εȦḂ∂ Ṙ∂ ĊQṘĊ = 0, as a consequence of

c
C12ȦḂ= 0 and

c
C1122= 0, taking into account

that φ = 1 [see (4.34) and (4.33)]. Hence, ∂ ĊQḂĊ are functions of qṘ only.

On the other hand, from
c
C1222= 0, we have ∂ȦDḂQȦḂ = 0, which turns out to

be equivalent to DḂ∂ȦQȦḂ = 0 [see (4.30)], or, since ∂ȦQȦḂ depend on the qṘ only,
∂ (∂ȦQȦḂ)/∂qḂ = 0. This last equation is locally equivalent to the existence of a
functionΛ(qṘ) such that

∂ ȦQȦḂ = ∂Λ/∂qḂ (4.42)

(cf. Proposition 4.2).
We can take advantage of the fact that the coordinates qȦ are not uniquely defined

by (4.12); in place of qȦ we can employ any pair of independent functions q′Ṙ of the

qȦ, which induce a new null tetrad
c
θ ′AḂ with [see (4.13)]

c
θ ′2Ȧ = −φ−2dq′Ȧ = −φ−2 ∂q′Ȧ

∂qḂ
dqḂ = T Ȧ

Ḃ

c
θ 2Ḃ,

where

T Ȧ
Ḃ ≡ ∂q′Ȧ

∂qḂ
.

(There is also some freedom in the choice of the conformal factor φ [see(4.14)].
However, in the present case, we want to maintain the value φ = 1.) Hence,

c
∂ ′

1Ȧ = −TȦ
Ḃ

c
∂1Ḃ .

The new coordinates p′Ȧ must satisfy the conditions
c
∂ ′

1Ȧ p′Ḃ = δ Ḃ
Ȧ

[see (4.18)], and
therefore,

p′Ȧ = −(T−1)Ḃ
Ȧ pḂ +σ Ȧ, (4.43)

where the σ Ȧ are functions of qḂ only.
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Since the form of the metric (4.41) must be invariant under this change of coor-
dinates, the functions Q′

ȦḂ corresponding to the new coordinates q′Ȧ, p′Ȧ must be
given by

Q′ȦḂ = (T−1)Ċ
Ȧ(T−1)Ḋ

ḂQĊḊ − (T−1)Ċ(Ȧ ∂ p′Ḃ)

∂qĊ
. (4.44)

Using the fact that
c
∂ ′

1Ȧ = ∂/∂ p′Ȧ ≡ ∂ ′Ȧ [see (4.26)] and combining the previous
results, one finds that

∂ ′ȦQ′
ȦḂ = (T−1)Ḋ

Ḃ

[

∂ ĊQĊḊ − ∂
∂qḊ

lndet(T Ṙ
Ṡ)
]

.

Hence, by means of a change of coordinates such that lndet(T Ṙ
Ṡ) = Λ , we get

∂ ′ȦQ′
ȦḂ = 0 [see (4.42)].

Now we note that ∂ȦDĊQḂĊ = ∂(ȦDĊQḂ)Ċ + 1
2εȦḂ∂ ṘDĊQṘĊ = 0, as a conse-

quence of
c
C22ȦḂ = 0,

c
C1222 = 0, and φ = 1. Hence, DĊQḂĊ are also functions of qȦ

only. Assuming that the coordinates q′Ȧ, p′Ȧ have been chosen in such a way that

∂ ȦQȦḂ = 0, from the condition
c
C2222 = 0 we have DḂDĊQḂĊ = 0, which is locally

equivalent to the existence of a function Ξ(qȦ) such that

DĊQḂĊ = ∂Ξ/∂qḂ. (4.45)

Under the coordinate transformation q′Ȧ = qȦ, p′Ȧ = pȦ +σ Ȧ [see (4.43) and
(4.44)], we have

Q′
ȦḂ = QȦḂ −

∂
∂q(Ȧ

σḂ).

Then one finds that

D′ĊQ′
ḂĊ = DĊQḂĊ +

∂
∂qḂ

1
2
∂σ Ȧ

∂qȦ
.

Therefore, by means of a change of coordinates q′Ȧ = qȦ, p′Ȧ = pȦ + σ Ȧ with
∂σ Ȧ/∂qȦ = −2Ξ , we get D′ĊQ′

ḂĊ = 0, thus showing that there exist local coor-

dinates qȦ, pȦ such that the metric can be written in the form (4.41) with

∂ ȦQȦḂ = 0, DȦQȦḂ = 0 (4.46)

(which amounts to
c
IΓAB = 0 [see (4.31)]). According to Proposition 4.2, ∂ ȦQȦḂ =0

implies the local existence of a functionΘ such that

QȦḂ = ∂Ȧ∂ḂΘ . (4.47)

Substituting (4.47) into the second set of equations in (4.46), we find that [see
(4.26)]
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0 =
(

∂
∂qȦ

−QȦ
Ċ ∂
∂ pĊ

)

QȦḂ = ∂ Ḃ
[
∂
∂qȦ

∂ ȦΘ − 1
2

(
∂Ȧ∂

ĊΘ
)
∂Ċ∂

ȦΘ
]

. (4.48)

Equation (4.48) means that the expression between brackets is a function of qȦ only,
which can always be written in the form ∂hȦ/∂qȦ, where the hȦ are functions of the
qṘ only. Then, the substitution Θ �→Θ + hȦpȦ, which leaves QȦḂ unchanged [see
(4.47)], gives

∂
∂qȦ

∂ ȦΘ +
1
2

(
∂Ȧ∂ḂΘ

)
∂ Ȧ∂ ḂΘ = 0. (4.49)

This is the so-called second heavenly equation (Plebański 1975, Boyer et al. 1980),
and as we have shown, the metric of any left-flat space can be locally expressed in
the form

g = 2dqȦ(dpȦ + ∂Ȧ∂ḂΘ dqḂ), (4.50)

whereΘ is a solution of (4.49).
According to (4.32), the only components of the curvature that can be different

from zero are given by C′
ȦḂĊḊ = −∂Ȧ∂Ḃ∂Ċ∂ḊΘ .

4.3 Killing Bispinors. The Dirac Operator

Apart from the definition of a Killing spinor given in Section 3.4 for a manifold with
Lorentzian signature, there exists another concept of a Killing spinor in the litera-
ture, which we shall call Killing bispinor (defined for a manifold of any signature).
For a four-dimensional manifold, a pair of one-index spinor fields (ψA,φȦ) forms a
Killing bispinor with Killing number λ if

∇AȦψB = λεABφȦ, ∇AȦφḂ = λεȦḂψA, (4.51)

for some constant λ (cf. Baum 2000, Friedrich 2000). An analogous concept can be
defined in Riemannian manifolds of any dimension (Friedrich 2000, for the three-
dimensional case see also Torres del Castillo 2003). As in the case of the D(k,0)
Killing spinors, the existence of a nontrivial solution of (4.51) imposes strong con-
ditions on the curvature of the manifold. In fact, combining the equations (4.51),
one obtains

∇C
Ȧ∇AȦψB = 2λ 2εABψC,

∇A
Ċ∇AȦψB = −λ 2εĊȦψB,

(4.52)

and hence

CAψB = λ 2(εABψC + εCBψA),

ĊȦψB = 0,
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and comparing with the Ricci identities (2.122) and (2.124), we see that CABCD = 0,
CABȦḂ = 0, and

R = −24λ 2. (4.53)

In a similar way one finds that CȦḂĊḊ = 0. Equation (4.53) shows that the value of
λ is determined up to sign by the scalar curvature and that λ must be real or pure
imaginary.

Equations (4.51) imply that if (ψA,φȦ) is a Killing bispinor with Killing num-
ber λ , then (−ψA,φȦ) is a Killing bispinor with Killing number −λ . Each Killing
bispinor gives rise to a (null, possibly complex) Killing vector KAȦ = ψAφȦ, since

∇AȦ(ψBφḂ) = λψAψBεȦḂ +λφȦφḂεAB (4.54)

[cf. (2.140)]. Equations (4.52) also yield

∇AȦ∇AȦψB = −2λ 2ψB. (4.55)

In what follows we shall restrict ourselves to the case that the signature of the
metric is Euclidean. In this case equations (4.51) are equivalent to

∇AȦψ̂B = −λεABφ̂Ȧ, ∇AȦφ̂Ḃ = −λεȦḂψ̂A. (4.56)

Thus, when λ is real (R � 0), (ψA,φȦ) and (−ψ̂A, φ̂Ȧ) are two linearly independent
Killing bispinors with the same Killing number λ , while if λ is pure imaginary
(R � 0), (ψA,φȦ) and (ψ̂A, φ̂Ȧ) are two linearly independent Killing bispinors with
the same Killing number λ .

From (4.54) and its mate it follows that ψAφȦ − ψ̂Aφ̂Ȧ and i(ψAφȦ + ψ̂Aφ̂Ȧ) are
the spinor equivalents of two real Killing vectors, and from the relation

∇AȦ(ψBφ̂Ḃ ± ψ̂BφḂ) = εAB(λφȦφ̂Ḃ ∓λφḂφ̂Ȧ)± εȦḂ(λψAψ̂B ∓λψBψ̂A)

it follows that if λ is real, then i(ψAφ̂Ȧ − ψ̂AφȦ) is the spinor equivalent of a real
Killing vector, while if λ is pure imaginary,ψAφ̂Ȧ + ψ̂AφȦ is the spinor equivalent of
a real Killing vector. Thus, a Killing bispinor gives rise to three linearly independent
Killing vectors (cf. Friedrich 2000, Sec. 5.2).

Making use of (4.51) and (4.56) one can verify that if λ is real, then ψAψ̂A −
φ Ȧφ̂Ȧ is a (real) constant, and if λ is pure imaginary, thenψAψ̂A+φ Ȧφ̂Ȧ is a constant.

Eigenbispinors of the Dirac Operator

We shall say that the pair of nonvanishing one-index spinor fields (ψA,φȦ) is an
eigenbispinor of the Dirac operator if

∇A
ȦψA = λφȦ, ∇A

ȦφȦ = λψA, (4.57)
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for some constant λ [cf. (3.34)]. Note that a Killing bispinor is an eigenbispinor
of the Dirac operator, but the converse is not true. If we further assume that M is
compact, then λ must be pure imaginary, since when the metric of M is positive
definite, we have

λ
∫

M
ψAψ̂A dv =

∫

M
ψ̂A∇

AȦφȦ dv

=
∫

M

[
∇AȦ(ψ̂AφȦ)−φȦ∇

AȦψ̂A

]
dv

=
∫

M
φȦλ φ̂

Ȧ dv,

i.e.,

λ
∫

M
ψAψ̂A dv = −λ

∫

M
φ Ȧφ̂Ȧ dv, (4.58)

and similarly one finds that λ
∫

M φ Ȧφ̂Ȧ dv = −λ ∫

MψAψ̂A dv, which implies that

(λ +λ)
∫

M
(ψAψ̂A +φ Ȧφ̂Ȧ)dv = 0.

Hence, λ = −λ , and if λ does not vanish, (4.58) yields
∫

M
ψAψ̂A dv =

∫

M
φ Ȧφ̂Ȧ dv. (4.59)

Making use of the Ricci identities, from equations (4.57) and their mates one finds
that if λ is equal to zero then the curvature of M vanishes.

A lower bound for |λ | can be obtained by noting that for any spinor field χA, the
identity

∇B
Ċ∇AĊχ

A = ∇(B
Ċ∇A)Ċχ

A + 1
2εBA∇

SĊ∇SĊχ
A

= BAχ
A + 1

2∇
AĊ∇AĊχB

= 1
8 RχB + 1

2∇
AĊ∇AĊχB (4.60)

holds. Therefore, if (ψA,φȦ) is an eigenbispinor of the Dirac operator, then∇AĊ∇AĊ
ψB = −2λ 2ψB − 1

4 RψB and

∫

M
(2λ 2 + 1

4 R)ψBψ̂B dv =
∫

M
ψ̂B∇AĊ∇AĊψB dv

=
∫

M
[∇AĊ(ψ̂B∇AĊψB)− (∇AĊψ̂B)∇AĊψB]dv

= −
∫

M
(∇AĊψB)(∇AĊψB)̂ dv. (4.61)
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The integrand in the last expression is greater than or equal to zero, and therefore

2|λ |2
∫

M
ψBψ̂B dv � 1

4

∫

M
RψBψ̂B dv � 1

4 R0

∫

M
ψBψ̂B dv,

where R0 denotes the minimum of the scalar curvature on M; thus, |λ |2 � 1
8 R0.

In order to find a smaller lower bound for |λ | we introduce the spinor fields

ξABĊ ≡ ∇AĊψB − 1
2λεABφĊ, ηȦḂC ≡ ∇CȦφḂ − 1

2λεȦḂψC

[cf. (4.51)], so that (4.57) are equivalent to ξABĊ = ξ(AB)Ċ and ηȦḂC = η(ȦḂ)C. Then

(∇AĊψB)(∇AĊψB)̂ = (ξABĊ + 1
2λε

ABφĊ)(ξ̂ABĊ + 1
2λεABφ̂Ċ)

= ξABĊξ̂ABĊ + 1
2 |λ |2φĊφ̂Ċ,

and making use of (4.61) and (4.59), we have

0 �
∫

M
ξABĊξ̂ABĊ dv

=
∫

M

[
(∇AĊψB)(∇AĊψB)̂ − 1

2 |λ |2φĊφ̂Ċ

]
dv

=
∫

M

[− (2λ 2 + 1
4 R)ψBψ̂B − 1

2 |λ |2φĊφ̂Ċ

]
dv

=
∫

M

( 3
2 |λ |2 − 1

4 R
)
ψBψ̂B dv.

Thus |λ |2 � 1
6 R0. Furthermore, if |λ |2 = 1

6 R0, then R is constant and ξABĊ = 0, which
means that ∇AĊψB = 1

2λεABφĊ. In a similar manner one finds that ηȦḂC = 0, which
is equivalent to ∇CȦφḂ = 1

2λεȦḂψC, and therefore, (ψA,φȦ) is a Killing bispinor
with Killing number 1

2λ .

Exercises

4.1. Show that the solution of the zero-rest-mass field equations (3.42) with respect
to the null tetrad (4.26) can be expressed in terms of a scalar potential [cf. (4.38)].

4.2. Find the commutators of the three linearly independent Killing vector fields
induced by a Killing bispinor when the signature of the metric is Euclidean.



Appendix A
Bases Induced by Coordinate Systems

In the traditional tensor formalism, the vector or tensor fields and the connections
are given through their components with respect to the bases induced by coordinate
systems, instead of rigid bases as the orthonormal or the null tetrads. Given the
components tμν...ρ of a tensor field with respect to the basis induced by a coordinate
system xμ , the components of its spinor equivalent are defined by

tAȦBḂ...DḊ ≡ 1√
2
σμAȦ

1√
2
σνBḂ · · ·

1√
2
σρDḊ tμν...ρ , (A.1)

where the Infeld–van der Waerden symbols σμAḂ are complex-valued functions
such that

gμνσμAḂσ
ν

CḊ = −2εACεḂḊ (A.2)

and the gμν are the components of the metric tensor with respect to the coordinate
system xμ . (By contrast, the Infeld–van der Waerden symbols associated with a
rigid tetrad are constant.) We use here almost the same notation as in the preceding
chapters for the Infeld–van der Waerden symbols, only with a Greek letter instead
of a Latin letter for the first index.

The Infeld–van der Waerden symbols can be explicitly obtained for a metric
given in terms of a coordinate system, by finding first a set of one-forms θAḂ such
that the metric tensor is expressed as g = −2θ 11̇θ 22̇ + 2θ 12̇θ 21̇ [see (2.99)], and
then reading off the coefficients in θAḂ = (1/

√
2)σμAḂ dxμ [cf. (2.14)]. Finally,

σνAḂ = gμνεACεḂḊσνCḊ.
The components of the covariant derivative of a tensor field involve the Christoffel

symbols, which are given by the well-known formula

Γ μ
νρ = 1

2 gμλ
(
∂gνλ
∂xρ

+
∂gρλ
∂xν

− ∂gνρ
∂xλ

)

. (A.3)

For instance, the components of the covariant derivative of a vector field are

∇μtν =
∂ tν

∂xμ
+Γνρμtρ ,

167



168 A Bases Induced by Coordinate Systems

which are also denoted by tν ;μ . Therefore, using the fact that

tρ = − 1√
2
σρEḞ tEḞ ,

the components of the spinor equivalent of ∇μtν are given by

∇AḂ tCḊ =
1
2
σμAḂσν

CḊ
(
∂ tν

∂xμ
+Γνρμ tρ

)

= − 1

2
√

2
σμAḂσν

CḊ

(

σνEḞ
∂ tEḞ

∂xμ
+ tEḞ ∂σνEḞ

∂xμ
+Γ ν

ρμσ
ρ

EḞ tEḞ

)

= ∂AḂ tCḊ −ΓCḊ
EḞAḂ tEḞ ,

where the vector fields

∂AḂ ≡ 1√
2
σμAḂ

∂
∂xμ

(A.4)

form a null tetrad and

ΓCḊ
EḞAḂ =

1

2
√

2
σμAḂσν

CḊ
(
∂σνEḞ

∂xμ
+Γνρμσ

ρ
EḞ

)

. (A.5)

(An example in which one can identify the functions σμAḂ is given by (2.108).)
Since in the present case the components of the metric tensor need not be con-

stant, one has to be careful with the order in which the partial derivatives and
the raising or lowering of indices are applied. Using the fact that ∂gνλ/∂xμ =
Γ κ
νμgκλ +Γ κ

λμgνκ , which is equivalent to (A.3), from (A.2) we obtain

σνCḊ ∂σνEḞ

∂xμ
= −σνEḞ

∂σνCḊ

∂xμ

= −σνEḞ
∂
∂xμ

(gνλσλCḊ)

= −σλEḞ
∂σλCḊ

∂xμ
−σνEḞσ

λCḊ(Γ κ
νμgκλ +Γ κ

λμgνκ),

and substituting into (A.5), we find that ΓCḊ
EḞAḂ = −ΓEḞ

CḊ
AḂ, which implies that

ΓCḊEḞAḂ = ΓCEAḂεḊḞ +ΓḊḞḂAεCE . Hence, the spin coefficients for the null tetrad
(A.4) are related to the Christoffel symbols by

ΓCEAḂ =
1

4
√

2
σμAḂσνC

Ḋ
(
∂σνEḊ

∂xμ
+Γ ν

ρμσ
ρ

EḊ

)

,

ΓḊḞḂA =
1

4
√

2
σμAḂσν

C
Ḋ

(
∂σνCḞ

∂xμ
+ΓνρμσρCḞ

) (A.6)

[cf. (2.18)].
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If we consider two conformally related metrics g = φ2g′ as in Section 2.3, for a
given null tetrad ∂AḂ associated with the metric g, we can define a null tetrad ∂ ′AḂ
for the metric g′, by ∂ ′AḂ = φ ∂AḂ [see (2.132)]. Expressing the vector fields ∂ ′AḂ in
the form (A.4), in terms of the basis induced by the coordinates xμ , we have

σ ′μ
AḂ = φ σμAḂ,

or equivalently,
σ ′
μAḂ = φ−1σμAḂ.

(The tensor indices of σ ′μ
AḂ are lowered by means of g′μν = φ−2gμν .) With the

aid of the coefficients σμAḂ and σ ′μ
AḂ we can find the relation between the tensor

components of objects corresponding to the metrics g and g′, with respect to a given
coordinate system. For example, making use of (2.136) and the fact that CABĊḊ is
the spinor equivalent of 1

2(Rμν − 1
4 Rgμν), we obtain

R′
μν − 1

4 R′g′μν = Rμν − 1
4 Rgμν + 2φ−1(∇μ∇νφ − 1

4 gμν∇ρ∇ρφ),

where R′
μν and R′ are the components of the Ricci tensor and the scalar curvature,

respectively, of the metric g′. Hence,

R′
μν = Rμν + 2φ−1∇μ∇νφ +φ−1gμν∇ρ∇ρφ −3φ−2gμν(∇ρφ)(∇ρφ). (A.7)

In a similar way, making use of the fact that CABCDεȦḂεĊḊ +CȦḂĊḊεABεCD is the
spinor equivalent of the Weyl tensor, from (2.135) and (2.138) we find that

C′
μνρσ = φ−2Cμνρσ . (A.8)
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