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Introduction

After the great scientific revolutions of Special Relativity and of Quantum
Mechanics in the first half of the twentieth century, Relativistic Quantum
Field Theory (QFT) was introduced to provide a synthesis of these two new
paradigms (in Kuhn’s words). As such, QFT is one of the major advances for
theoretical physics in the second half of the last century. The main reason for
emphasizing the importance of QFT lies in the impressive effort that it repre-
sents towards a unified understanding of the structure of matter at subatomic
scales, as it emerges in the collision phenomena of particle physics in the range
of energies presently explored in particle accelerators. But another reason is
the extraordinary mathematical wealth of this theoretical framework, which
makes it a fascinating domain of research for mathematical physics and may
also stimulate the interest of mathematicians.

Foreseen by Dirac in 1933 and finaly established discovered by Feynman
around 1949 for the treatment of quantum electrodynamics, the so-called
“path-integral formalism” of quantum field theory is also now considered as
a powerful tool for providing perturbative methods of computation in many
problems of theoretical physics, namely in statistical mechanics and in string
theory. However, the use of relativistic quantum fields as a basic concept of
mathematical physics underlying all the phenomena of particle physics in a
very large range of energies represents a much more ambitious program.

This program was indeed stimulated by the success of the quantum elec-
trodynamics (QED) formalism for computing the electron-photon, electron-
electron and electron-positron scattering amplitudes. Even today, it is by no
means understood why the perturbative expansion of QED in powers of the
coupling parameter, that is the electric charge of the electron, provides such
a spectacular agreement with experimental data, although in practice it is
reduced to the computation of the very first terms of the series (the only ones
which are computable). This is even more surprising since we now know that
the series cannot be convergent, so that, paraphrasing Wigner’s words, one
may wonder about the “unreasonable effectiveness” of perturbation theory in
four-dimensional QED.
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In the 1950s, however, the success of these computations was credited to
the smallness of the coupling parameter of QED, and this situation stimulated
research for other methods of investigation of QFT, which could apply to
quantum field models with large coupling: it was in fact the very concept of
a quantum field which appeared as the most powerful and promising one for
explaining the phenomena of strong nuclear interaction of particle physics.
During all that period the study of phenomena of weak nuclear interaction
also benefitted, like QED, from the success of a perturbative QFT formalism
reduced to very few terms.

The demand for a more general nonperturbative treatment of QFT mo-
tivated an important community of mathematical physicists to work out
a model-independent axiomatic approach to relativistic quantum field the-
ory [2,8,9,11,14]. Their first task was to provide a mathematically meaningful
concept of a relativistic quantum field in terms of “operator-valued distribu-
tion in the Hilbert space of quantum physical states”, in such a way that the
notion of ingoing and outgoing particle states could be introduced in terms of
appropriate asymptotic forms of the field operators.

The precise mathematical formulation of fundamental physical principles
of relativistic quantum theory in terms of field operators considered as ba-
sic entities of the system allowed the possibility to offer a general model-
independent framework, in which one could propose a theoretical treatment
of high-energy collision phenomena.

These phenomena involve not only the usual processes of “elastic scatter-
ing” preserving the number and nature of the particles, but also all possible
processes of creation and annihilation of particles permitted by the kinemat-
ical laws of special relativity and the conservation laws of basic quantum
numbers called “charges”. In this mathematical framework, all the collision
processes are encoded in a certain general unitary scattering operator S in
the Hilbert space of states, according to the concept originally introduced by
Heisenberg, and all the corresponding scattering kernels Sm,n of (m → n)-
particle collision processes are related to general N -point structure functions
of the quantum fields (with N = m+ n) via the so-called LSZ “reduction for-
mulae”. This formalism was fully justified at least for processes involving only
massive particles; the inclusion of massless particles, such as the photons of
QED, soon revealed the existence of hard mathematical problems of various
types.

This general approach of QFT was followed by a conceptually important
variant, in which the quantum fields are supposed to generate “algebras of
local observables” attached to arbitrary regions of Minkowski spacetime. This
is the algebraic approach to quantum field theory (Haag, Kastler 1964), whose
most important developments between 1960 and 1990 have been presented in
a book by Haag (1992) under the name of “local quantum physics” [6].

From both mathematical and physical viewpoints, the visionary works of
Von Neumann, which were contemporary to the birth of quantum mechanics,
are at the origin of all these developments; however, the algebraic structures



1 Introduction 3

involved in relativistic QFT refer to the most advanced developments of the
theory of Von Neumann algebras. Just as an example, it is worthwhile to re-
call that, in contrast with the case of nonrelativistic quantum mechanics, one
is necessarily confronted by factors of type III in the standard classification of
Von Neumann algebras. This occurs already in the simplest models of relativis-
tic QFT, namely the free-fields. Moreover, important conceptual progress was
made by the algebraic QFT viewpoint with respect to the primitive quantum-
mechanical notion of the Hilbert-space of states of a given physical system.
It consists in introducing algebras of local observables of the system as ab-
stract C∗−algebras (and even more general ∗-algebras) and then representing
all possible physical states of the system as linear functionals on such al-
gebras. In this more general viewpoint, various types of physically relevant
Hilbertian representations of the algebras may be introduced mathematically
via GNS-type (Gelfand-Naimark-Segal) [6] constructions. As a typical illus-
tration of this viewpoint, one can mention the Borchers-Uhlmann algebraic
presentation of the original Wightman axiomatic QFT [3].

In these various general approaches to relativistic QFT aiming to provide
a theoretical understanding of particle physics, a central role is played by a
certain field-theoretical formulation of Einstein causality together with the
relativistic principle of positivity of energy (also called spectral condition) and
an appropriate expression of the covariance of the system under the Poincaré
group.

The interplay of these postulates has generated rigorous proofs of impor-
tant physical properties, thanks to the discovery of very rich analyticity prop-
erties of the N -point structure functions of the fields (elaborated in successive
works by Ruelle, Steinmann, Araki, Bros, Epstein, Glaser, Stora). As a mat-
ter of fact, all these functions enjoy two associated analytic structures, which
coexist in the complexified spacetime variables z and in the Fourier-conjugate
complexified energy-momentum variables k; this double analytic structure is
equipped with a peculiar type of algebraic relations between boundary values
from tube domains and relevant (multiple) discontinuities, including various
interconnections by Fourier-Laplace transformations in several variables. In
both z-space and k-space, nontrivial problems of holomorphy envelopes of the
so-called “edge-of-the-wedge” type which emerge from this double analytic
structure have only been very partially solved. As typical illustrations of the
latter, one can say that on the one hand the exploitation of the z-space analytic
structure has provided proofs in general QFT of such important properties of
particle physics as the PCT-symmetry and the spin-statistics connection . On
the other hand, the exploitation of the k-space analytic structure has brought
a general justification in QFT of important analytic continuation properties
of the scattering kernels on the so-called complex mass shell manifold of var-
ious collision processes. As a typical example, let us mention the crossing
property between the “particle-particle” and “particle-antiparticle” scattering
processes, which can be geometrically expressed as the existence of a domain of
analyticity on the complex mass shell manifold relating two different “physical
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regions” on the real mass shell submanifold (Bros, Epstein and Glaser). Such
successful results, which were mostly obtained in the 1960s, correspond to
the “golden age” of the so-called dispersion relations in particle physics. It
is rather remarkable that such model-independent Cauchy-type integral rela-
tions were found to be in satisfactory agreement with the experimental data of
two-particle collision processes and that in this analytic framework, important
“high-energy bounds” could also be derived from general principles in basic
works by Froissart and Martin [10].

Of course, as a natural complement to this conceptual progress, there was
(and there is) the need to produce nontrivial models of relativistic quantum
fields: for that matter, a basic criterion of nontriviality is the requirement that
the associated scattering operator S be different from the identity operator.
This accounts for the occurrence of another school of mathematical physi-
cists, called “Constructive quantum field theory” and founded essentially by
Glimm and Jaffe in the late 1960s [5], whose purpose was to produce rigorous
existence proofs together with properties of the corresponding solutions for
models of relativistic QFT associated with Lagrangians of suitable type. Inge-
nious methods of “cluster expansions” were invented which allowed one to treat
successfully various classes of nontrivial models in two and three-dimensional
Minkowski spacetime, thus displaying that (at least for these dimensions)
the axiomatic framework was not a pure abstraction, but it contained a lot
of mathematically well-defined Lagrangian theories. It was even shown that,
for such models, the traditional perturbation expansion, defined as a formal
power series in terms of a small coupling parameter, had Borel-summability
properties which allowed one to reach the exact solution of the model [5, 7].

However, it became patent that all the models of interacting relativistic
quantum fields in the physical four-dimensional spacetime are afflicted by
very hard mathematical problems which have to do with unavoidable short-
distance as well as long-distance divergent behaviours of the structure func-
tions of the fields. These difficulties are closely related to the renormalization
problems in the standard perturbative approach of QFT. In the 1980s, in spite
of the fact that no completely rigorous proof of it could be produced, there
appeared a wide consensus among theoretical physicists that the QFT model
with quartic interaction, that is the “simplest” Lagrangian model of scalar
fields to be considered, probably did not exist in four-dimensional spacetime,
but only reduced to a pure formal series in the sense of the perturbative
approach.

The same consensual opinion also applies to QED, which therefore makes
it still more thrilling to have in mind the physical success of its perturbation
series. The additional intriguing aspect of QED is the fact that it incorporates
the fundamental physical notion of electric charge. As a matter of fact, the
horizons of QFT were considerably renewed in the 1970s by the generalization
of the notion of charge in particle physics and the associated concept of gauge
symmetry groups for the quantum field description of charged states. From
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this viewpoint, in comparison with all the models studied in constructive QFT,
the Lagrangian of QED appeared as the simplest one to incorporate a local
gauge symmetry group, namely the gauge group based on the abelian group
U(1). A very important event was then the discovery of more complicated La-
grangians of relativistic fields, symmetric under nonabelian gauge groups, in
particular the model called quantum chromodynamics (QCD). The successful
exploitation of the latter for the phenomenology of particle physics opened a
way that is still used nowadays in describing elementary particle interactions.
In fact, for theoreticians of particle physics, the early success of QED in per-
turbation theory was renewed in the 1970s and extended to all the phenomena
of weak and strong nuclear interactions: this was mainly due to the success of
the so-called “renormalization group” treatment of QCD for the understanding
of strong nuclear interactions, and of the standard model, whose fundamental
set of boson and fermion quantum fields are supposed to take into account
all the basic interactions of matter but gravitation, thus providing a unified
treatment of the electroweak and strong interactions together. In particular,
it is the discovery of the basic notion of asymptotic freedom which allowed
one to give a sense to expansions of the field-theoretical structure functions
in terms of a large coupling parameter, and therefore to renew to some extent
with QCD the old success of QED in the spirit of perturbation theory.

In that regard, however, the point of view of mathematical physicists re-
mained somewhat different and cultivated a still larger ambition in the line of
its tradition. As ingenious as they are, the computational techniques of QCD
and of the standard model treat the quantum fields of those models as very for-
mal objects. In these approaches, whose computational efficiency is the main
criterion to be fulfilled, the problem of the mathematical existence of fields
has not been really considered. A pragmatic attitude consists in being satisfied
with a certain type of approximate computations, whose recipes pertain to a
weakened conceptual framework of quantum field theory, which is sometimes
called “effective quantum field theory” by the tenants of these approaches.
However, the impressive adequacy of some of the results obtained with the
experimental data is stimulating for the mathematical physicist whose hope is
to obtain a fully coherent understanding of this fundamental branch of physics
in terms of mathematically well-defined objects. There are basic mathemati-
cal problems of the QFT framework which remain unsolved and whose solu-
tions might shed new light on deep conceptual aspects of high-energy particle
physics.

For a large part of the community of theoreticians of particle physics,
increasing evidence has been accumulated since the 1970s that nonabelian
gauge quantum field theory might be the only class of theories relevant
for elementary particle physics, and whose mathematical existence in four-
dimensional Minkowskian spacetime might hopefully be established some day.
As an abelian gauge theory, QED might have a less favourable mathematical
status as an isolated theory, and (according to certain arguments) should be
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more credibly thought as “embedded” in a larger nonabelian theory (such as
the “standard model”). During the last thirty years, these considerations have
been taken into account by the community of QFT mathematical physicists.

On the one hand, the problem of treating charged states in the case of a
global gauge symmetry group (namely an internal symmetry group indepen-
dent of spacetime localization) gave rise to deep conceptual progress in the
general approach of algebraic QFT. This was due to the analysis of charge
sectors in the Hilbert space of states by Doplicher, Haag and Roberts in the
1970s, and to the axiomatic introduction of nonlocal charge-carrying quantum
fields such as the “string-localized fields” of Buchholz-Fredenhagen (1982).
This contributed to enlarging considerably the concept of a quantum field
and its relationship with the concept of a particle and thereby to opening new
ways of research for QFT in the spirit of mathematical physics.

On the other hand, the mathematical study of QFTs involving a local gauge
group (like QED and QCD) remains a much harder task. Indeed the very exis-
tence of a local gauge symmetry renders the axioms incompatible and one has
to choose whether to work in local and covariant gauges and abandon Hilber-
tian positivity, and therefore a direct quantum mechanical interpretation, or
to work in positive gauges where all the standard wisdom of QFT fails (in
particular the expression of Einstein causality). A general approach to these
problems was introduced and developed in the papers by Strocchi and Wight-
man in the 1970s. Still harder problems concern the construction of charged
states for nonabelian gauge QFTs, the “confinement problem” being a partic-
ular instance of it [12] (see also further remarks below). The importance of
this stream of research may be symbolized by the inscription of the study of
Yang-Mills Quantum Field Theory (namely the “gluonic part” of QCD) in the
seven Millennium Prize Problems proposed by the Clay Mathematical Insti-
tute. We refer to the presentation of this subject by A. Jaffe and E. Witten
for a description of the type of hard mathematical problems to be solved in
that context.

In their spirit, all the articles presented in this book consider quantum
fields as genuine mathematical objects, whose various properties and relevant
physical interpretations have to be studied in a well-defined mathematical
framework. They therefore pertain to that tradition of “Rigorous Quantum
Field Theory”, which traces back to the basic axiomatic settings, supplemented
by relevant constructive approaches, that we have previously mentioned. In
this spirit, the most recent investigations of QFT may be characterized by
the conceptual needs of extending the general axiomatic framework at least
in two directions: i) taking into account the inclusion of internal (abelian and
nonabelian) gauge groups as basic structures suggested by particle physics; ii)
going beyond the Minkowskian spacetime of special relativity by incorporat-
ing more general notions concerning space and time. The latter investigations
include, on the one hand, the consideration of QFT on curved spacetime man-
ifolds, stimulated by various currents of research in general relativity, astro-
physics and cosmology; in this context, unexpected relationships with basic
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concepts of “thermal QFT”, namely field theory in a medium with a large
number of particles, have also been exhibited. They also include, on the other
hand, the recent development of QFT on noncommutative spacetimes, stim-
ulated by new insights on the very-short-range structure of space and time.
From these various viewpoints, it seems that one has now entered a new phase,
namely the genesis of a deep renewal of the fundamental structures of QFT,
in which the most advanced progress in pure mathematics may have its role
to play.

We shall end this introduction with a very brief overview of the different
topics which are represented in the various texts of this book. These topics can
be grossly regrouped under seven titles, whose order is by no means significant
and which do not exclude overlap:

1. Analytic Structures of QFT.
The analytic structures of QFT in complex energy-momentum space offer
microlocal aspects and global aspects. While the microlocal aspects con-
cern the analytic wave-fronts of N-point functions and of general multipar-
ticle collision amplitudes, the global aspects involve such general concepts
as holomorphy envelopes in Cn, Fredholm-type equations with floating
cycles in complex manifolds (i.e., the so-called Bethe-Salpeter-type equa-
tions), polar singularities in the space C2 of the complex energy and an-
gular momentum variables, interpreted as Regge particles in QFT.

2. Renormalization group methods.
A version of rigorous renormalization theory based on the flow equations of
the Wilson renormalization group is presented and illustrated in particular
by considering the case of the scalar field with quartic coupling. More
general results of the rigorous approach of renormalization group methods
are also described. Moreover a new look at the renormalization group
from the point of view of Algebraic Quantum Field Theory is proposed
which results in a consistent definition of local algebras of observables
and of interacting fields in renormalized perturbative QFT, involving an
appropriate use of the classical action of the models.

3. New investigations and results related to Gauge QFT.
Some basic unsolved problems of Quantum Electrodynamics which con-
cern the formulations of that theory in different gauges are investigated
from the viewpoint of the Wightman functions of the fields.
Yang-Mills field equations are the starting point of a far-reaching math-
ematical study on “Yang-Mills algebra”, “quadratic self-duality algebras”
and “super” versions of them as applications of the theory of homogeneous
algebras.
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4. New methods and results in Constructive QFT.
a) The invention of new procedures for constructing models of local rel-
ativistic quantum fields starting with a given scattering operator gives
successful results for the case of factorizing S-matrices in two-dimensional
spacetime. An intermediate step in the construction procedure makes use
of nonlocal fields, called “Polarization-Free Generators” whose affiliated
algebras are localized in wedge-shaped regions of spacetime rather than
in bounded regions. The hope of obtaining similar results when starting
from more general collision operators in four-dimensional spacetime by
also incorporating the concept of “lightfront holography” is also discussed.
In the same spirit, a general procedure for constructing stringly-localized
fields from Wigner representations of the Poincaré group in d-dimensional
spacetime is also presented.
b) Thermal Quantum Field Theory, whose axiomatic status has been im-
plemented in recent years on the basis of the KMS condition (starting from
the general analysis of Haag, Hugenholtz and Winnink), presents a char-
acteristic analytic structure in complex spacetime. This structure, which
involves a periodicity in imaginary times given by the inverse of the tem-
perature, is an alternative to the one prescribed by the spectral condition
for the usual theories with a ground state (or zero-energy “vacuum”), thus
appearing as the case of zero temperature. The construction of thermal
field models in two-dimensional spacetime, associated with polynomial
Lagrangians (of the type considered by the shool of constructive QFT in
the 1970s) has been performed very recently, and it is proven here that
they satisfy a relativistic form of the KMS-condition introduced earlier at
the axiomatic level by Bros and Buchholz.

5. Stability properties in QFT and extensions of the Axiomatic Framework
of QFT.
Apart from the standard postulates of QFT expressed respectively by
the spectral condition for theories with a ground state, and by the KMS-
condition for thermal QFT, have both been proved to result from a general
stability criterion called “passivity” (according to a basic work of Pusz and
Woronowicz). Another type of stability condition is presented here, which
is formulated in terms of “quantum energy inequalities” to be satisfied by
the energy-momentum tensor of the theory. The links between this type of
condition with the passivity condition are investigated, as also those with
the important concept of “nuclearity” introduced in QFT by Buchholz.
Another direction of research concerns the concepts of Anosov flows and
of Kolmogorov systems, the important point being that they can be trans-
lated from classical to quantum systems. With some modifications neces-
sary to keep the same clustering behavior as the typical one for classi-
cal Anosov systems, Anosov structure then appears rather naturally in a
typeIII1 algebra. Here Anosov structure and Kolmogorov structure with
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respect to modular evolution are even equivalent. The Rindler wedge of
quantum field theory offers a typical example.

6. QFT on Models of Curved Spacetimes.
Quantum field theory in curved spacetime is one important issue of mod-
ern theoretical physics, in that, while waiting for new high energy physics
experiments in terrestrial laboratories, most of the new data come from
observational cosmology. In particular, the evidence for a nonzero cos-
mological constant indicates that the de Sitter geometry plays and will
play in future an important role. The study of soluble models on the two-
dimensional de Sitter spacetime should be based on the two-dimensional
massless scalar field. An original study of that model is presented here,
that puts in evidence the anomaly of the equations of motion and fully
characterizes the charge structure of the model.
Anti-de Sitter Quantum Field theory is nowadays very popular because of
its appearence in the context of string theory with the so-called “AdS-CFT
correspondence”. Euclidean AdS QFT can also provide a covariant regu-
larization of flat QFT. The difficulty in studying AdS-QFT lies mainly in
the absence of global hyperbolicity, caused by the presence of a bound-
ary at spacelike infinity. A general rigorous approach to AdS QFT that
bypasses these problems is presented here together with a collection of
structural results that are implied by the chosen axioms.

7. QFT on Noncommutative Minkowski Spacetime.
One of the fundamental questions in field theory on noncommutative
spacetimes is how to find suitable generalizations of the local interaction
terms we know from ordinary field theory. By construction, the notion of
a point loses its meaning on such a spacetime and, not surprisingly, the
principle of locality has to be modified. Depending on how this is done,
various interaction terms are obtained. One can replace the idea of co-
inciding points in a way compatible with the uncertainty relations. The
resulting interaction term resembles a point-split regularized product of
fields and leads to an ultraviolet finite perturbation theory.
The Wick reduction of non-locally time-ordered products of Wick mono-
mials can be performed in a quantum field theory with a certain nonlocal
self–interaction as introduced by Doplicher, Fredenhagen and Roberts,
and simple Dyson diagrams are discussed.
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Local Counterterms on the Noncommutative
Minkowski Space

Dorothea Bahns

Max-Planck-Institut für Gravitationsphysik (Albert-Einstein-Institut)
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Summary. The quasiplanar Wick products on the noncommutative Minkowski space
defined in [5] by subtracting only local counterterms are reviewed. In addition, it
is shown that ordinary Wick products on the noncommutative Minkowski space
indeed involve nonlocal counterterms. A discussion of Wightman functions on the
noncommutative Minkowski space is included and a cluster decomposition property
(i.e. causality at large distances) is proved.

One of the fundamental questions in field theory on noncommutative
space-times is how to find suitable generalizations of the local interaction
terms we know from ordinary field theory. While in the latter case the prin-
ciple of locality along with Lorentz and gauge invariance uniquely fixes the
possible form of the interaction, some freedom remains in its definition on
noncommutative space-times.

The appearance of this additional freedom follows from the very moti-
vation and construction of such space-times as defined in [9]. Gravity along
with the principles of quantum theory suggests that it should be impossible to
measure all coordinates of an event in space-time simultaneously with an ar-
bitrarily high precision. Therefore, noncommuting coordinate operators were
introduced in [9] which entail restrictions on the possible precision of a coor-
dinate measurement by means of uncertainty relations. By construction, the
notion of a point loses its meaning on such a space-time and, not surprisingly,
the principle of locality has to be modified. Depending on how this is done,
we end up with various interaction terms.

One route we have pursued is based on replacing the concept of coinciding
points in a way compatible with the uncertainty relations (using what we have
called the quantum diagonal map). The resulting interaction term resembles
a point-split regularized product of fields and leads to an ultraviolet finite
perturbation theory [4].

Another possibility (see [5]) is based on mimicking the ordinary subtraction
formulas (i.e. renormalizing using counterterms). Here, the crucial input is
the definition of the properties an allowed counterterm should have. We have



12 Dorothea Bahns

shown that for theories with noncommuting time variable it is possible to
define products of massive fields by subtracting only counterterms which are
local in a particular sense. They differ from the ordinary Wick products and
are referred to as quasiplanar Wick products.

The purpose of this paper is threefold. For one thing, our results on quasi-
planar Wick products from [5] are rewritten in a way which I hope to be more
easily accessible and more effective in actual calculations than the compact
notation we employed there. Secondly, I included a concrete example to show
how on the noncommutative Minkowski space, the ordinary Wick subtraction
leads to nonlocal counterterms. And since the quasiplanar Wick products may
be understood in terms of vacuum expectation values, I have also included a
discussion of vacuum expectation values of free fields on the noncommutative
Minkowski space. Their most surprising feature is that they still fulfill the
cluster decomposition property, i.e. causality at large distances.

2.1 Free fields and perturbation theory

The noncommutative space-time considered in this paper, the so-called
noncommutative Minkowski space, was defined in [9]. Here, the noncommut-
ing coordinate operators are subject to the following relations (μ = 0, . . . , 3,
Einstein’s convention for sums is employed, and I is the identity):

[qμ, qν ] = iQμν , QμνQμν = 0 , 1
8 QμνεμνρσQ

ρσ = ±I , [qμ, Qνρ] = 0 .

Though formulated in terms of a specific set of coordinates, the construction
is invariant under the action of the full Poincaré group, since by definition the
spectrum Σ of the mutually commuting operators Qμν is fixed in a Poincaré-
invariant way. Therefore, the above can be said to define a noncommutative
version of Minkowski space1. As was shown in [9], any state in the domain of
the commutators fulfills the desired uncertainty relations.

In what follows, we will consider the commutation relations in the stronger
Weyl form

eikq eipq = e−
i
2 kQp ei(k+p)q , (2.1)

where kq = kμq
μ, kQp = kμQ

μνpν . The exponential e−
i
2 kQp is referred to as

the twisting.
1The elements of Σ are antisymmetric 4 × 4-matrices σ with real entries which

– in the same manner as the field strength tensor of electrodynamics – can be
parametrized by an “electric” and a “magnetic” component, σ0i = ei, σij = εijkmk

for �e, �m ∈ R3 with �e2 − �m2 = 0, �e�m = ±1 (by the defining relations). As a topo-
logical space, Σ was shown to be homeomorphic to two copies of TS2 (which is
not compact). For the purposes of this paper the reader who is more familiar with
models with fixed noncommutativity matrix may choose a specific element of Σ, as
the use of the full spectrum is not crucial in the construction of the quasiplanar
Wick products. In this case, however, Lorentz invariance is lost.
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2.1.1 Free fields

In [9], “functions” on the noncommutative Minkowski space were defined
in terms of the Weyl correspondence,

W (f) ≡ f(q) :=
∫

dk eikq f̌(k) = (2π)−4

∫
dk e−ikq f̂(k) ,

where f̌(k) = (2π)−4
∫
dx f(x)e−ikx, f̂(k) = (2π)4 f̌(−k). Using the Weyl

relations (2.1) we can calculate products of these expressions and refer to the
resulting algebra as E (for a more extensive review see [8] in this volume).
By construction, the full Poincaré group acts as an automorphism on E. By
analogy with the above, the free field φ on the quantum space-time was defined
in [9] by the heuristic formula

φ(q) =
∫

dk ϕ̌(k)⊗ eikq ,

where ϕ is the free field on Minkowski space and ϕ̌ is its inverse Fourier
transform. φ(q) is to be thought of as a (formal) element of the tensor product
F⊗E, where F is the algebra of polynomials of the free field. In other words, a
quantum field on the noncommutative Minkowski space is an affine functional
on a suitable subset of the state space S(E) of E, taking values in F: For
suitably chosen states ω, k �→ ω(eikq) =: ψ̂ω(k) defines a suitable testfunction
of k, such that

φ(ω) ≡
∫

dk ϕ̌(k)ω(eikq) =
∫

dxϕ(x)ψω(x) = ϕ(ψω) ,

and we recover the well-known expression of a field ϕ evaluated in a testfunc-
tion ψω on Minkowski space. The state ω thus takes the role of a localizing
function. Formally, we can now write down products of fields,

φ(q)φ(q) =
∫

dk1dk2 ϕ̌(k1)ϕ̌(k2) ⊗ eik1qeik2q .

However, despite the appearance of a twisting in the product of Weyl opera-
tors, such products are ill-defined, since

(k1, k2) �→ ω(eik1qeik2q) =
∫

dμ(σ) e−
i
2

P
kiσkj ψ(σ,

∑
j

kj)

with some function ψ and some measure2 dμ on Σ, fails to be strongly de-
creasing. Contrary to that, the expression

φn
f (ω) ≡ ϕ⊗n(ψ⊗n

ω × f) , (2.2)

2Note that this measure may even be given by the point measure whichs maps
Q to a particular point θ ∈ Σ.
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where × denotes the convolution and ψ̂⊗n
ω := ω(eik1q · · · eiknq), is indeed well-

defined for f ∈ S(R4n) and suitable ω. Explicitly, we may write

φn
f (ω) =

∫
dxN ϕ(x1) · · ·ϕ(xn)(ψ⊗n

ω × f)(xN )

=
∫

dkN ϕ̌(k1) · · · ϕ̌(kn) f̂(kN )ω(eik1q · · · eiknq) ,

where N = (1, . . . , n) and xN denotes the tuple (xi)i∈N . We call (2.2) the
regularized product of n fields. Note that this definition is consistent, as
φn

f φm
g = φn+m

f⊗g for f ∈ S(R4n), g ∈ S(R4m), and that the adjoint is given
by φn

f
∗ = φn

f∗ , where f∗(x1, . . . , xn) = f(xn, . . . , x1). Replacing f by a δ-
distribution, we indeed recover the (ill-defined) product of fields φ(q)n evalu-
ated in ω. For formal manipulations it turns out to be convenient to use the
symbolic expressions

φn
f (q) =

∫
dkN ϕ̌(k1) · · · ϕ̌(kn) f̂(kN ) ⊗ eik1q · · · eiknq

=
∫

dxN f(xN )φ(q + x1) · · ·φ(q + xn) ,

where q + x is shorthand for q + xI (recall that the translations act as auto-
morphisms on E). In what follows, the tensor product symbol will be dropped.

Given a regular representation of E on some Hilbert space H, the (formal)
elements φn

f of F ⊗ E can be represented by operators on a dense domain in
Hϕ ⊗H, where Hϕ is the Fock space of the free field. In this sense we can
take partial expectation values with respect to Fock vectors Ψ1, Ψ2 as follows:

〈Ψ1|φn
f (q)|Ψ2〉=

∫
dxNf(xN )〈Ψ1|φ(q + x1) · · ·φ(q + xn)|Ψ2〉

=
∫

dxNf(xN )
∫
dkN 〈Ψ1| ϕ̌(k1) · · · ϕ̌(kn)|Ψ2〉

n∏
j=1

eikj(q+xj).

(2.3)
Such expressions are referred to as “expectation values” although we still have
to evaluate them in a state on E before they take values in C.

In particular, we find that the vacuum expectation value 〈·〉 of two fields
is equal to the ordinary 2-point function:

〈φ(q + x1)φ(q + x2)〉 =
∫

dk1dk2 〈ϕ̌(k1)ϕ̌(k2)〉 eik1(q+x1) eik2(q+x2)

=
∫

dμ(k) e−ik(x1−x2) = Δ+(x1 − x2) ,

where dμ(k) denotes the usual L↑
+-invariant measure on the positive mass

shell, dμ(k) = (2π)−3 d3k
2ωk

∣∣∣
k0=ωk

, ωk =
√
m2 + k2. Note however, that unless
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the vacuum expectation value is taken, the commutator of two fields is not
equal to the ordinary commutator function,

[φ(q + x1), φ(q + x2)] �= Δ(x1 − x2) .

2.1.2 Vacuum expectation values

To get used to field theory on the noncommutative Minkowski space, we
will now consider the properties of vacuum expectation values of free fields.
First we recall the explicit form of vacuum expectation values on the ordinary
Minkowski space. Evaluated in a testfunction g, a vacuum expectation value
of an even number of fields (for an odd number the vacuum expectation values
vanish) is given by∫

dxN g(xN ) 〈ϕ(x1) · · ·ϕ(xn)〉 =
∑

C∈C(N)
|A|= n

2

∫
dxNg(xN )

∫
dμ(kA)e−ikA(xA−xα(A))

=
∑

C∈C(N)
|A|= n

2

∫
dμ(kA) (2π)4n ǧ(kN )

∣∣
kα(A)=−kA

.

Here, N = (1, . . . , n), and for any ordered index set A = (a1, . . . , a|A|), kA

denotes the tuple (ka1 , . . . , ka|A|), dμ(kA) =
∏

a∈A dμ(ka), and for two ordered
index sets A and B with |A| = |B|, kAxB =

∑|A|
i=1 kaixbi . We use C(N) denotes

the set of all contractions of N , each of which is given by a pair (A,α), where
A is an ordered subset of N (generally including A = ∅), and α is an injective
map α : A → N \ A with α(a) > a (with respect to the order of N) for
all a ∈ A. The set α(A) = (α(a1), . . . , α(a|A|)) inherits its order from A. In
what follows, the letter U is reserved for the ordered set N \ (A ∪ α(A)) (of
course, U is empty in the contractions considered above where |A| = n

2 ). For
any given contraction, the corresponding momenta kA and kU are called the
internal and external momenta, respectively.

The situation is very similar on the noncommutative Minkowski space,
where by application of (2.3) we find 〈φ(q + x1) · · ·φ(q + xn)〉 ≡ 0 for n odd
and for n even,

〈φn
f (q)〉 =

∑
C∈C(N)
|A|= n

2

∫
dxNf(xN )

∫
dμ(kA) e−ikA(xA−xα(A))

∏
i<j∈N

e−
i
2 kiQkj

∣∣
kα(A)=−kA

=
∑

C∈C(N)
|A|= n

2

∫
dμ(kA)

(
(2π)4n f̌(kN )

∏
i<j∈N

e−
i
2 kiQkj

)∣∣
kα(A)=−kA

.

We see that the vacuum expectation values on the noncommutative Minkowski
space depend only on the commutators Qμν , not on the noncommuting coor-
dinates themselves. Using the notation
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WQ(xN ) = 〈φ(q + x1) · · ·φ(q + xn)〉 and W (xN ) = 〈ϕ(x1) · · ·ϕ(xn)〉 ,
we conclude ∫

dxN f(xN )WQ(xN ) =
∫

dxN fQ(xN )W (xN ) ,

where fQ is the Fourier transform of f̌(kN )
∏

i<j∈N e−
i
2 kiQkj . In fact, fQ is a

Schwartz function if f is Schwartz (the twisting being bounded and smooth).
Note however, that fQ takes values in Z, the centre of the multiplier algebra
of E, which is identifiable with the bounded functions on Σ. In what fol-
lows, functions will be understood to take values in Z without further notice
whenever necessary.

It is sometimes convenient to symbolize the elements of C(N) by graphs
as follows. Draw |N | points in a horizontal line and for each pair (a, α(a)) of
a contraction C ∈ C(N) connect the corresponding points by a connecting
curve in the upper half plane (the so-called internal lines). For example, for
N = (1, . . . , 6), A = (1, 3), α(A) = (4, 5), we draw the graph � � � � � � .
Using these graphs, we can easily read off the twisting of a contraction. First
we rewrite the twisting as follows (see [1, 5]),∏

i<j∈N

e−
i
2 kiQkj

∣∣
kα(A)=−kA

= e−i〈kA,IkA〉−i〈kA,EkU 〉 ,

with a (4|A| × 4|A|)-matrix I (called the intersection matrix) and a (4|A| ×
4|U |)-matrix E (called the enclosure matrix). Now, each 4 × 4 block Iaa′ is
given by the matrix Qμν if a < a′ ∈ A and the connecting curve of the
corresponding graph which starts from a intersects the one starting from a′;
otherwise Iaa′ = 0. Likewise, each 4 × 4 block Eau, a ∈ A, u ∈ U , is given
by the matrix Qμν if in the corresponding graph the point u (a so-called
uncontracted point) is enclosed by the connecting curve starting from a.

It is also possible to describe properties of contractions directly in terms of
these graphs, instead of using complicated notation. For instance, a connected
component of a contraction is given by all internal lines which intersect each
other, along with all elements3 of N . A contraction with only one connected
component (which then automatically coincides with the full contraction it-
self) is called a connected contraction. The contraction discussed above is con-
nected, whereas the contraction � � � � � � � possesses the two connected
components � � � � � � � and � � � � � � � .

Let us collect some properties of the n-point functions WQ(xN ) which
follow directly from the definition and the classic results for fields on the
ordinary Minkowski space.

1. The n-point functions behave as ordinary Wightman functions under com-
plex conjugation,

3This is the convention we chose in [5], which differs from the one used in [1].
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WQ(x1, . . . , xn) = WQ(xn, . . . , x1) .

2. They are invariant under Poincaré transformations, since the fields trans-
form covariantly,

U(Λ, a)φ(q + x)U(Λ, a)−1 = φ(Λ(q + x) + a) ,

the vacuum vector is invariant as usual, and the spectrum of the Qμν re-
mains unaffected by the transformation (by definition, for all σ ∈ Σ, ΛσΛt

is again an element of Σ). Note however, that after evaluation in a state
ω (i.e. after integration against some measure dμ on Σ) the expression is
no longer invariant but merely covariant. The reason is that the Lorentz
group is not amenable such that there cannot be a finite measure on Σ
whose support is invariant. Instead, the transformed measure will define
a different state.

3. The n-point functions are translation-invariant with respect to the com-
mutative arguments xi, and hence their Fourier transforms have support
only in

∑n
i=1 pi = 0. Moreover, since we treat only free fields, the spectral

property holds by definition.
4. After evaluation in a state ω, the n-point functions are positive definite

in the usual sense (φ∗ = φ),∑
j,k

∫
dx1 . . . dxj dy1 . . . dyk fj(x1, ... , xj) ·

·ω( 〈φ(q + xj) · · ·φ(q + x1)φ(q + y1) · · ·φ(q + yk)〉 ) fk(y1, ... , yk) ≥ 0

for any sequence of testfunctions {fj}, fj ∈ S(R4j) with fj = 0 except for
a finite number of j. This follows as usual from the fact that the left-hand
side of this inequality is given by the product of the state

f0 |Ω〉+
∫

dx1 φ(q + x1) f1(x1) |Ω〉

+
∫

dx1dx2 φ(q + x1)φ(q + x2) f2(x1, x2) |Ω〉+ · · ·

with its conjugate, and subsequent evaluation in ω.
5. Up to this point, no serious deviation from ordinary field theory has arisen.

However, apart from the lowest possible order, the n-point functions (for
n even) are not microcausal (“local” in the sense of Wightman theory).
While for the 2-point function

WQ(x1, x2) = Δ+(x1 − x2) ,

which is the only n-point function (with n even) independent of Q, we
have WQ(x1, x2) = WQ(x2, x1) for (x1 − x2)2 < 0, this ceases to be the
case when more fields are involved, i.e. for (xi − xj)2 < 0 we find

WQ(x1, . . . , xi, xj , . . . , xn) �= WQ(x1, . . . , xj , xi, . . . , xn) , n > 2 .



18 Dorothea Bahns

Quite surprisingly in view of this last point, we do find some remnant of
causality at large distances: the cluster decomposition property does indeed
remain valid on the noncommutative Minkowski space.

Lemma 1. “Cluster decomposition property” Let b ∈ R4 be a space-like vector,
and λ > 0. Then

WQ(x1, . . . , xj , xj+1 + λb, . . . , xn + λb)
→WQ(x1, . . . , xj)WQ(xj+1, . . . , xn) (2.4)

for λ→∞ in the sense of tempered distributions.

Proof. Let J = (1, . . . , j). After evaluation in a testfunction f ∈ S(R4n), the
left-hand side of (2.4) is given by∑
C∈C(N)
|A|= n

2

∫
dxN f(xN )

∫
dμ(kA)

∏
a∈A

e−ika(xa−xα(a)−λab)
∏

i<j∈N

e−
i
2 kiQkj

∣∣
kα(A)=−kA

,

where λa = 0, if both a and α(a) are either in J or in N \ J , and λa = λ
otherwise. From the discussion on page 16 it follows that the twisting in a
contraction with λa = 0 for all a ∈ A (i.e. for all a ∈ A, both a and α(a)
are either in J or in N \ J) consists of two distinct parts, one containing only
momenta ka with a ∈ J∩A, the other containing only ka with a ∈ (N \J)∩A.
Therefore, these indeed constitute the right hand side of (2.4). To see that
the remaining contractions, i.e. those where λa = λ for at least one a ∈ A,
vanish in the limit λ→∞, we first note that after the integration over xN is
performed, such a contribution yields∫

dμ(kA)
∏
a∈A

e−ikaλab
(
(2π)4n f̌(kN )

∏
i<j∈N

e−
i
2 kiQkj

)∣∣
kα(A)=−kA

,

where λa �= 0 for at least one a ∈ A. As in the calculation on page 16, we may
now define f̌Q(kN ) = e−

i
2

P
kiQkj f̌(kN ). The twisting being bounded and

smooth, this is again a Schwartz function (taking values in Z), and the claim
indeed follows since the 2-point function decreases exponentially for space-like
argument. �

Note that in the proof locality was not required, since we only treated free
fields.

2.1.3 Perturbation theory

As we have pointed out elsewhere [3], there are two approaches to define
unitary perturbation theory on the noncommutative Minkowski space (with
noncommuting time). As was shown in [1], these approaches are inequivalent
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unless the time variable commutes with the space variables, in which case
they coincide with the so-called modified Feynman rules. The first possibility
is the Yang-Feldman approach. Here, the field equation is solved recursively
using ordinary retarded propagators. Explicit rules may be found in [1]. The
second approach was proposed already in [9] and is based on the introduction
of an interaction Hamiltonian HI(t) = μ

( ∫
q0=t

d3q HI(φ(q))
)

where μ denotes

a positive map with μ(eikQp) =
∫
dμ(σ) eikσp with some measure dμ on Σ and

where the “integral” stands symbolically for a positive weight on E. Expecta-
tion values are calculated from Dyson’s series (for one possible set of rules see
for instance [1]). In the Hamiltonian approach, we have investigated different
possibilities to define a suitable generalization HI of the ordinary interaction
Hamiltonian density, one based on the quantum diagonal map [4], the others
based on using :φ(q)n : as the bare interaction term (see also [2]). For a review
and a particularly lucid set of rules based on general considerations on Wick’s
reduction formulas see [8] in this volume.

2.2 Local counterterms

It is quite natural to ask whether the ordinary subtraction procedure which
defines Wick products on the ordinary Minkowski space should be applied to
the noncommutative situation to define products of fields at coinciding points.
As we have argued in [5] (see also [1]), this is not the case, since nonlocal
counterterms arise. In the first of the two following subsections a summary of
our results from [5] is given. The second subsection treats the nonlocality of
a typical counterterm in more detail.

2.2.1 Subtraction formulas

We first note that the ordinary Wick product on ordinary Minkowski space
is given by the following subtraction formula, which is of course equivalent to
the prescription to “put all annihilation operators to the right”,

:ϕn
g : =

∑
C∈C(N)

(−1)|A|
∫

dxN g(xN )
∫

dμ(kA)
∏
a∈A

e−ika(xa−xα(a))
∏
u∈U

ϕ(xu)

=
∑

C∈C(N)

(−1)|A|ϕ|U|
γC
0 (g)

= ϕn
g +

∑
C∈C(N)

A 	=∅

(−1)|A|ϕ|U|
γC
0 (g)

,

where for each C, γC
0 : S(R4n) → S(R4|U|) is the linear continuous map

defined by γC
0 (g)(xU ) =

∫
dxAdxα(A)

∏
a∈A Δ+(xa−xα(a)) g(xN ). To shorten

the notation, we have defined ϕ
|U|
γC
0 (g)

= γC
0 (g) for U = ∅. It is well known that

for g(xN ) → G(x1)
∏

j>2 δ(x1 − xj), the Wick product remains well defined.
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We now look for suitably subtracted products of fields on the noncommu-
tative Minkowski space:

�

�

�

φn
f �

�

� =
∑

C∈C(N)
C with certain

properties

(−1)κC φ
|U|
γC(f) , (2.5)

where (−1)κC = ±1 denotes some possibly necessary sign, and where for each
C which appears in the sum, γC : S(R4n) → S(R4|U|) is a continuous linear
map such that

1. when f → δ, the limit of �

�
�

φn
f �

�
� exists as an affine F-valued functional on

some dense subset of S(E);
2. (locality condition): the maps γC can be chosen to be local in the sense

that
suppγC(f) ⊂ PU suppf ,

where PU is the projection R4n �→ R4|U| given by PU (xN ) = xU .

Note that in condition 1, the function ψω corresponding to ω ∈ S(E), takes
the role of the function G from the previous page. We first try to apply the
ordinary Wick ordering and check whether condition 2 holds. Compared to the
situation on the ordinary Minkowski space we find that internal and external
momenta kA and kU are now linked via the twisting:

:φn
f (q) : =

∑
C∈C(N)

(−1)|A|
∫

dxN f(xN )
∫

dkN

∏
a∈A

〈ϕ̌(ka)ϕ̌(kα(a))〉

·
∫

dkU

∏
u∈U

ϕ̌(ku)
∏

i<j∈N

e−
i
2 kiQkj ei

P
N kj(q+xj)

=
∑

C∈C(N)

(−1)|A|
∫

dxN f(xN )
∫

dμ(kA)
∏
a∈A

e−ika(xa−xα(a))

·
∫

dkU

∏
u∈U

ϕ̌(ku)
( ∏

i<j∈N

e−
i
2 kiQkj

)∣∣
kα(A)=−kA

ei
P

U ku(q+xu)

=
∑

C∈C(N)

(−1)|A|
∫

dxU γC(f)(xU )
∏
u∈U

φ(q + xu)

where γC(f), the so-called contraction map, is the Fourier transform of

(
γC(f)

)̌
(kU ) = (2π)8|A|

∫
dμ(kA) e−i〈kA,IkA〉−i〈kA,EkU〉 f̌(kN )|kα(A)=−kA .

It is pointed out that the contraction map maps a Schwartz function f to a
Schwartz function γC(f) taking values in Z. Note that, using the contraction
map, we can rewrite the vacuum expectation values as
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dxN WQ(xN ) f(xN ) =

∑
C∈C(N)
|A|= n

2

γC(f) . (2.6)

Likewise, the connected part of the n-point function, denoted WQ(xN )c, is
given by the above, with the sum now running only over connected contrac-
tions.

2.2.2 The simplest example

It is now shown that on the noncommutative Minkowski space, the sub-
tractions which lead to the ordinary Wick product do not fulfill condition 2.
on page 20. Consider the third Wick power :φ3

f : which in terms of graphs is
given by the following sum of contractions � � � − � � � − � � � − � � � .
The last contraction yields

γC(f)(x2) =
∫

dx1dx3

∫
dμ(k) e−ik(x1−x3) f(x1, x2 + Qk, x3)

where we have performed the coordinate transformation x2 → x2 + σk (for
all σ ∈ Σ).

Lemma 2. Let f = h⊗h⊗h be a smooth function on R12 with compact support.
Then γC(f) as above will in general not have compact support. Furthermore,
we can find smooth functions h of compact support such that supp γC(f) ∩
supp h = ∅.
Proof. We first perform the integrations over x1 and x3 which yields the prod-
uct ĥ(k)ĥ(−k). Since h has compact support, ĥ is analytic and therefore can-
not vanish in an open subset without being identically 0. We can thus find h
such that H+

m ⊂ supp ĥ. Since the multiplication with an element of Σ will
not confine the possible momenta to a compactum, we conclude that in this
case, γC(f) will not have compact support.

Now, let the support of h be contained in the box [−a, a] ⊂ R4, where
a ∈ R4, 0 < aμ < 1

3 infσ∈Σ infk∈H+
m
|σμνkν | for μ = 0, . . . , 3. Note that a �= 0

since k is on the positive mass shell and σ is nondegenerate. It clearly follows
that supp γC(f) ∩ supp h = ∅. �

Lemma 2 clearly implies that the map γC as above violates the locality
condition from page 20. Let us now consider γC(f) in the limit of coincid-
ing points. Take a sequence {hr} of compactly supported functions centered
around 0 ∈ R4 with supp hr ⊂ hr+1 and hr → δ. Then γC(hr)(x) does not
converge to δ(x) (in the appropriate sense). In fact, it follows from Lemma 2
that the limit of γC(hr)(x) is zero when evaluated on testfunctions which van-
ish outside a sufficiently small neighbourhood of 0. As was shown in [1], no
addition from the kernel of the free field, i.e. a function of the form (�+m2)f ,
can serve to make γC local.
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If we hold on to our wish to preserve locality in the sense of not enlarging
the support of testfunctions, we therefore must not subtract the counterterm
� � � . Luckily, we do not have to subtract this term since it correponds to a

finite renormalization. To see this, we evaluate γC in f(x, y, z) = δ(x)δ(y)δ(z)
and calculate

φγC(f) =
∫

dx γC(f)(x)φ(q + x) =
∫

dx

∫
dμ(k) δ(x + Qk)φ(q + x)

=
∫

dp

∫
dμ(k) ϕ̌(p) eip(q−Qk) =

∫
dpΔ+(Qp)ϕ̌(p) eipq .

Now, p is on the positive or negative mass shell, hence σp is space-like for all
σ ∈ Σ and therefore Δ+(Qp) is smooth and quickly decreasing. Therefore,
evaluating this expression in a suitable state ω yields an element of F.

Last but not least it is pointed out that the compactly supported testfunc-
tions in the above lemma merely serve to illustrate the nonlocality of γC , but
that such functions do not in fact provide a suitable space of testfunctions [6].
However, the locality condition is also violated when h (notation as above) is
not compactly supported but instead given by, say,

h(x) = e−x2
0−x2

1−x2
3 e−x4

2/(x2−a)2 χa(x2) , a > 0,

with the characteristic function χa of the interval (−∞, a]. In this case, choos-
ing the particular element σ ∈ Σ given by the usual canonical symplectic

matrix, σ =
(

0 −1
1 0

)
, we find that for all n ≥ 2, Vn

def= {x ∈ R4
∣∣x2 ∈

[ a+m
n , a+m−m

n ]}, where m is the mass of the field, is contained in supp γC(g),
but Vn ∩ supp h = ∅.

2.3 Quasiplanar Wick products

In the previous section we have seen seen that some of the ordinary coun-
terterms used in the definition of Wick products cease to be local on the
noncommutative Minkowski space. The consequence we have drawn was to
define modified Wick products by subtracting only local counterterms. In this
section, the definitions and combinatorial aspects of these products as dis-
cussed in [5] are rewritten in a form more similar to the conventions used
in [1]. It is to be hoped that they will be more immediately accessible to the
reader.

We start by observing that, for a contraction C ∈ C(N) with trivial enclo-
sure matrix, the contraction map is given explicitly as

γC(f)(xU ) =
∫

dμ(kA) e−i〈kA,IkA〉 (F−1
N\Uf

)(
ξN (kA, xU )

)
(2.7)
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with F−1
N\Uf denoting the inverse Fourier transform of f with respect to the

variables xN\U , and with ξa = ka, ξα(a) = −ka for a ∈ A, and ξu = xu for
u ∈ U . It follows immediately that for such C the locality condition holds.

Contractions with trivial enclosure matrix are called quasiplanar contrac-
tions4. The set of contractions whose connected components are quasiplanar
is denoted Cqp(N). Note that a contraction may have trivial enclosure matrix
(i.e. be quasiplanar) but still not be in Cqp(N). As an example consider the
quasiplanar contraction � � � � which has one connected component that
is not quasiplanar.

Using these definitions, we have given a recursive definition of products of
fields on the noncommutative Minkowski space where only quasiplanar, i.e.
local, counterterms are subtracted (see [5]). Let h ∈ S(R4), g ∈ S(R4n), then

�

�

�

φ
1+|N |
h⊗g �

�

� = φh �

�

�

φ|N |
g �

�

� −
∑

C∈Cqp((1)�N)
Cconnected,1∈A

�

�

�

φ
|U|
γC(h⊗g) �

�

� (2.8)

Here, A�B denotes the ordered union of two ordered sets A and B, where B is
appended to A. As we have shown in [5], this recursive definition is equivalent
to

�

�

�

φ
|N |
f �

�

� =
∑

C∈Cqp(N)

(−1)κφ
|U|
γC(f)

, (2.9)

where κ is the number of connected components of C. As desired, this is
indeed of the form (2.5).

Lemma 3. Let M = (1, . . . , n + 1). Then (2.8) can be rewritten as follows:

�

�

�

∏
j∈M

φ(q + xj) �

�

� = φ(q + x1) �

�

�

n+1∏
i=2

φ(q + xi) �

�

�

−
[ n+1

2 ]∑
a=1

WQ(x1, . . . , x2a)c
�

�

�

n+1∏
i=2a+1

φ(q + xi) �

�

�

,

where WQ(x1, . . . , x2a)c denotes the connected contributions to the vacuum
expectation values of 2a fields.

Proof. The sum over all connected contractions C ∈ Cqp(M) with 1 ∈ A from
the right-hand side of (2.8) can be rewritten as follows (f ∈ S(R4(n+1))):

∑
C∈Cqp(M)

Cconnected,1∈A

�

�

�

φ
|U|
γC(f)

�

�

� =
[ n+1

2 ]∑
a=1

∑
C′∈C(M)

C′connected
U=(2a+1,...,n+1)

�

�

�

φ
|U|
γC′ (f)

�

�

�

.

4Since the corresponding contraction maps may still depend on the twisting (via
the intersection matrix I), the term planar contraction is not suitable.
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Now, by definition, C′ is quasiplanar and γC′
(f) is given explicitly by (2.7)

with C connected and with ξN (kA, xU ) = (kN\U , xU ) where kα(A) = −kA.
The claim now follows from (2.6). �

Now consider the quasiplanar Wick theorem from [5],

�

�

�

φn
f �

�

�

�

�

�

φm
g �

�

� =
∑

C∈C(N,M)

�

�

�

φ
|U|
γC(f⊗g) �

�

�

,

where C(N,M) denotes the set of all quasiplanar contractions C ∈ C(N �M)
which have the property that every connected component C′ of C connects
N and M , in the sense that α(AC′ ∩ N) ∩M �= ∅. The explicit form of the
quasiplanar Wick theorem reads

�

�

�

n∏
i=1

φ(q + xi) �

�

�

�

�

�

m∏
j=1

φ(q + yj) �

�

� = �

�

�

n∏
i=1

φ(q + xi)
m∏

j=1

φ(q + yj) �

�

�

+
n∑

l=1

m∑
k=1

WQ(xn−l+1, . . . , xn, y1, . . . , yk)(l,k)
�

�

�

n−l∏
i=1

φ(q + xi)
m∏

j=k+1

φ(q + yj) �

�

�

.

Here, WQ(x1, . . . , xl+k)(l,k) denotes the sum of those contributions to the (l+
k)-point function which contain in every connected component at least one
contraction (a, α(a)) with a ∈ (1, . . . , l) and α(a) ∈ (l + 1, . . . , l + k).

As we have shown in [5] (see also [1]), quasiplanar Wick products can be
reexpressed in terms of ordinary Wick products by the following formula:

�

�

�

φ
|N |
f �

�

� =
∑

C∈Cap(N)

:φ|U|
γC(f)

: = :φ|N |
f : +

∑
C∈Cap(N)

|A|	=0

:φ|U|
γC(f)

: , (2.10)

where Cap(N) is the set of all aplanar contractions of N . A contraction is
called aplanar if for every connected component the corresponding part of the
enclosure matrix is nontrivial. Equivalently, C ∈ Cap(N) if and only if for all
a ∈ A either ∃u ∈ U such that Eau �= 0 or ∃u ∈ U and ∃ a1, . . . , ak ∈ A,
k ≥ 1, such that

Ĩaa1 Ĩa1a2 · · · Ĩak−1ak
Eaku �= 0 ,

where Ĩab = Iab if a < b and Ĩab = Iba if a > b. In other words, if we define
a set CA(C) of components of C to consist of all internal lines which inter-
sect each other, along with all uncontracted points enclosed by any of these
internal lines, then C is aplanar if and only if every component in CA con-
tains at least one uncontracted point. An example for an aplanar contraction
is � � � � � � � � � � � . Note that the empty contraction is quasiplanar
and aplanar, and that contractions may be neither in Cqp nor in Cap (as an
example consider � � � � ).

Using (2.10) we have given an argument in [5] why the quasiplanar Wick
products are well-defined even in the limit f → δ. The idea is the same as in



2 Local Counterterms on the Noncommutative Minkowski Space 25

the simplest case of three fields discussed in this paper, namely to show that
the terms which we do not subtract compared to the ordinary Wick product
remain finite in this limit.

Roughly speaking, the quasiplanarity of the counterterms we find from
Lemma 3 ensures that, in this limit, the counterterms are always of the form
cQ φ(q)n with (infinite) renormalization “constants” cQ depending on Q. The
details of the proof (domains of definition etc.) will be published elsewhere [6].

2.4 Outlook

The quasiplanar Wick products can (and in fact should) be applied both
in the Hamiltonian approach and in the context of the Yang-Feldman equa-
tion. In the first case we use �

�

�

φ(q)n
�

�

� as the interaction term. Note that since
�

�

�

φ(q)2 �

�

� = :φ(q)2 :, the free theory remains unchanged by the same argument
as used in [9] for the ordinary Wick product. It is also straightforward how to
calculate the interacting field within the Yang-Feldman approach using quasi-
planar Wick products (see [1]). However, to calculate expectation values of
fields (either directly within the Hamiltonian approach or using the interact-
ing field from the Yang-Feldman approach), it seems to be most efficient to
rewrite the quasiplanar Wick products in terms of ordinary Wick products
using (2.10). Efficient rules remain to be developed.

The full proof that theories of massive self-interacting fields are renormal-
izable by subtraction of quasiplanar counterterms only is not yet available,
but lower order calculations indicate that this is indeed the case. Moreover,
the construction still has to be investigated for massless fields.

Last but not least I would like to point out that on space-times with
commuting time variable, nonlocal counterterms are indeed needed [5].
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Summary. We study the massless minimally coupled scalar field on a two-dimen-
sional de Sitter space-time in the setting of axiomatic quantum field theory. We
construct the invariant Wightman distribution obtained as the renormalized zero-
mass limit of the massive one. Insisting on gauge invariance of the model we construct
a vacuum state and a Hilbert space of physical states which are invariant under the
action of the whole de Sitter group. We also present the integral expression of the
conserved charge which generates the gauge invariance and propose a definition of
dual field.

3.1 de Sitter geometry and the massive scalar field

The de Sitter space-time may be represented as a d-dimensional one-
sheeted hyperboloid

Xd(R) = Xd =
{
x ∈ Rd+1 : x(0)2 − x(1)2 − · · · − x(d)2 = −R2

}
(3.1)

embedded in a Minkowski ambient space Rd+1 with scalar product x · y =
x(0)y(0) − x(1)y(1) − · · · − x(d)y(d) (and x2 = x · x). The manifold Xd is then
equipped with a causal ordering relation induced by that of Rd+1. The in-
variance group of the de Sitter space-time Gd = SO0(1, d). The Gd-invariant
volume form on Xd will be denoted by dσ(x). Let us introduce the complex
hyperboloid

X
(c)
d (R) = X

(c)
d =

{
z = x + iy ∈ Cd+1 : z(0)2 − z(1)2 − · · · − z(d)2 = −R2

}
,

(3.2)

∗Dedicated to Jacques Bros for his birthday
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equivalently characterized as the set

X
(c)
d =

{
(x, y) ∈ Rd+1 × Rd+1 : x2 − y2 = −R2, x · y = 0

}
.

We define the following open subset of X(c)
d :

T+ = T+ ∩X
(c)
d , T− = T− ∩X

(c)
d , (3.3)

where T± = Rd+1 + iV ± are the so-called forward and backward tubes in
Cd+1 [4] (here V± are the standard future/past lightcones in the ambient
Minkowskian manifold). These are the (minimal) analyticity domains of the
Fourier–Laplace transforms of tempered distributions f̃(p) with support con-
tained in V + or in V − .

The rôle of Wightman axioms [10] for a QFT in Minkowski space are
replaced by other axioms of similar nature ([3], [4] and [9]) where the spectral
condition is replaced by the notion of minimal analyticity. Specifically the
axioms to be satisfied are (for a quasi-free theory):

1. Positivity:
∫

Xd×Xd

W(x, x′)f(x)f (x′)dσ(x)dσ(x′) ≥ 0, ∀ f ∈ D(Xd).

2. Locality: W(x, x′) = W(x′, x) for every space-like separated pair (x, x′).
3. Covariance: W(gx, gx′) = W(x, x′), ∀g ∈ Gd.
4. Normal analyticity: the two-point function W(x, x′) = 〈Ω, φ(x), φ(x′)Ω〉

is the boundary value of a function which is analytic in the domain T12 of
X

(C)
d ×X

(c)
d .

For a minimally coupled Klein-Gordon field the field equation may be written
as

�φ + μ2φ = 0, (3.4)

where μ2 = M2 + ζρ is the relevant mass parameter, and ζ is the coupling
constant to the scalar curvature ρ. A plane-wave analysis similar in spirit to
the Minkowskian case and subsequent evaluation of integrals [4] lead to the
following two-point function for such a scalar field:

Wν(z, z′) =
2cd,νe

πνπd/2

Rd−1Γ (d/2)
P

(d+1)

− d−1
2 +iν

(λ) , λ :=
z · z′
R2

R2μ2 =
(d− 1)2

4
+ ν2

(3.5)
with

P
(d+1)

− d−1
2 +iν

(λ) =
Γ (d/2)√
πΓ
(

d−1
2

) ∫ π

0

(
λ +

√
λ2 − 1 cos θ

)− d−1
2 +iν

sind−2 θ dθ ,

cd,ν =
Γ
(

d−1
2 + iν

)
Γ
(

d−1
2 − iν

)
e−πν

2d+1πd
. (3.6)

This two-point function gives rise to a QFT satisfying all the previously men-
tioned axioms and can be shown to be unique.
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3.2 Massless limit

We are interested in the two-dimensional (d = 1) massless limit μ2 → 0
for the two-point function in Eq. 3.5, namely the Wightman function of a
massless minimally coupled scalar field.

As the Minkowskian case shows [11] [7] [8], two-dimensional massless QFTs
present us with infrared singularities. In the present context — being de Sitter
compact in the spatial directions — we may expect a natural IR cutoff. This
indeed will be the case at the price of violating the equation of motion and the
positivity assumption. We will show that restoring the positivity by means
of Krein topology automatically restores the effective equation of motion.
This means that the equation of motion will be automatically satisfied on the
physical states (á la Gupta-Bleuer).

The Krein construction ensures that the Hilbert space obtained by closing
the space of local states is a “maximal” space [11].

Let us proceed and perform the massless limit on the Wightman two-point
function. We can write the massive two-point function as

Wν(λ) =
Γ (1− α)Γ (α)

4π
F

(
1− α, α; 1;

1− λ

2

)
, (3.7)

where α = 1
2 − iν, F (a, b; c;x) is the hypergeometric function and λ = z·z′

R2 .
For α→ 0 (or α→ 1), we have that μ2 = 1/R2 α(1 − α)→ 0.

The gamma function Γ (α) has a simple pole at the origin so that we have
to renormalize the massive two-point function in order to obtain a finite result.
To this end we expand Wν(λ) in power series of α:

Wν(λ) =
Γ (1− α)Γ (α)

4π
+

Γ (1− α)Γ (α)α
4π

∞∑
n=1

1
n

(
1− λ

2

)n

+ o(1). (3.8)

By subtraction of the divergence due to the first term we obtain

W0 ≡W0(λ) ≡ lim
α→0

[
Wα(λ)− Γ (1− α)Γ (α)

4π

]
= − 1

4π
ln

[
− (z − z′)2

R2

]
.

(3.9)
Note that this is the same function as in the flat case, but with the argument
being the (hyperbolic for time-like separation) sine of the pseudo-distance in
the de Sitter manifold.

Such a two-point function is analytic in the extended tube and invariant
under the action of the complex de Sitter group G

(c)
2 [4]. The boundary value

W0 of W0 is therefore invariant for a de Sitter transformation g, it is local
and analytic in the domain T12.
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This renormalization procedure has however introduced an anomaly in the
equation of motion; indeed taking the limit

�W0(x, x′) = lim
α→0

� (Wα(x, x′)− C2,α) = − lim
α→0

μ2Wα(x, x′)

= − lim
α→0

μ2C2,α = − 1
4πR2

(3.10)

we get the equation of motion

�W0(x, x′) = − 1
4πR2

. (3.11)

The renormalization procedure has introduced an anomaly in the equation of
motion. Moreover the resulting kernel is not positive essentially due to the
logarithmic singularity at short distances, another drawback of this renor-
malization procedure. This forces us to use the extended Wightman axioms
which require the introduction of a Krein topology, restoring at the same time
positivity and equation of motion on the physical states.

Remark 1. One may ask why the solution of the equation �F (λ) = 0, namely

F (λ) = ln
(

1− λ

1 + λ

)
, (3.12)

is not an acceptable two-point function (λ being the invariant z·z′
R2 ). The reason

is that this function is invariant under the action of G2 but it is not analytic
in the full extended domain: it is analytic in C2 minus the cuts (−∞,−1) and
(1,∞). In particular the cut (1,∞) violates locality for antipodal points on
the de Sitter manifold.

3.3 Invariant Krein space

A two-point function which is invariant, analytic and causal, but not pos-
itive, allows us to construct, via a GNS construction, a linear space invariant
under de Sitter transformation with an indefinite inner product. Were the two-
point (semi-)positive it would define a pre-Hilbert structure, and the space of
physical states would be identified with the closure under such a norm. If the
Wightman functions fail to be positive, such identification is not natural and,
in general, not unique. We have to look for a minimal Hilbert topology, i.e.
such that the closure of the span of local states is maximal (Krein topology).
We give here a direct construction tailored to our specific case.

The invariant two-point function W0 is positive on the subspace D0, the
space of null integral test functions

D0 :=
{
f ∈ D(X2) :

∫
X2

dσ(x)f(x) = 0
}
, (3.13)
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because on this subspace the renormalization procedure by which we obtained
the two-point function is irrelevant. Let us choose and fix a real function
h ∈ D(X2) such that∫

X2

dσ(x)h(x) = 1 , 〈h, h〉 = 0 . (3.14)

Then, for any f ∈ D(X2) we can decompose

f(x) = f0(x) +
(∫

X2

dσ(y)f(y)
)
h(x),

and therefore the test function space D(X2) is decomposed in the direct sum

D(X2) = D0 + H, (3.15)

where H is the one-dimensional space generated by h. Following this decom-
position the indefinite sesquilinear form given by W0 is written as

〈f, g〉 = 〈f0, g0〉+
(∫

X2

dσ(x)f (x)
)
〈h, g〉+

(∫
X2

dσ(x)g(x)
)
〈f, h〉. (3.16)

The Krein inner product on D(X2) is then defined by

(f, g) = 〈f0, g0〉+ 〈f, h〉〈h, g〉+
∫

X2

dσ(x)f (x)
∫

X2

dσ(y)g(y). (3.17)

The inner product (3.17) is positive semidefinite and hence defines a structure
of pre-Hilbert space. The null space of this pairing is the subspace

Ih = {f ∈ D0 : 〈f0, f0〉 = 0, 〈h, f〉 = 0} . (3.18)

By quotienting D(X2) and then completing in the ensuing Hilbert topology
we obtain a Hilbert space which we denote with K(1).

Lemma 1. The linear functional on K(1) defined by

Fh(f) = 〈h, f〉, (3.19)

(where h is the previously fixed test function with unit integral) has norm
equal to 1 and therefore it defines a normalized element v0 of K(1), such that
(v0, f) = Fh(f). Furthermore, for all f ∈ D(X2),

〈v0, f〉 =
∫

X2

dσ(x)f(x) . (3.20)
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Proof. Let Ih be the ideal of the test functions of zero-norm (3.18). Then

K(1) = D(X2)/Ih
‖·‖

. Defining

v0 ≡ −4πR2�h (3.21)

we have

(v0, f) = 〈v0, f0〉+ 〈v0, h〉〈h, f〉+
∫

X2

dσ(x)v0(x)
∫

X2

dσ(y)f(y) = 〈h, f〉 ,
(3.22)

since 〈v0, h〉 = 1 and v0 ∈ D0. Thus v0 is the element identified by the
functional Fh as in the statement of the lemma.

We now prove uniqueness of the vector v0. Consider a different real function
h′ in D(X2) satisfying eqs. (3.14). Then the difference h − h′ belongs to D0

and hence �(h−h′) belongs to the ideal Ih, so that the corresponding vectors
v′0 and v0 are the same in the quotient space.

Finally the norm of v0 is given by

(v0, v0) = 16π2R4 |〈�h, h〉|2 = 1 (3.23)

and thus ‖Fh‖ = 1. Moreover, we have that

〈v0, v0〉 = 0 (3.24)

and, for every function f in D(X2),

〈v0, f〉 = −4πR2〈�h, f〉 =
∫

X2

dσ(x)f(x). (3.25)

�
Remark 2. The state v0 plays the same role as the infinitely delocalized state
of [7]. However there such a state is a limit of test functions and belongs
only to the Krein completion of the space: here on the contrary the state is a
perfectly well-behaved test function obtained by application of the Laplace–
Beltrami operator � to the chosen h. This may seem not to be an invariant
state, however — as it is proven in Prop. 2 — the action of an isometry of the
space-time does not change its equivalence class modulo the ideal Ih.

Proposition 1. The Hilbert space K(1) is a Krein space and can be written as
a direct sum:

K(1) = D⊥
0 /Ih

〈·,·〉 ⊕ V0 ⊕H , (3.26)

where D⊥
0 is the subspace of D0 orthogonal to (the eq. class of) v0 spanning

V0 = ({λv0 : λ ∈ C}+ Ih)/Ih and H = ({λh : λ ∈ C}+ Ih)/Ih.
The metric operator η(1) defined by 〈·, ·〉 = (·, η(1)·) is given by

η
(1)
|
D⊥

0
〈·,·〉

= 1|
D⊥

0
〈·,·〉 , η(1)h = v0 , η(1)v0 = h . (3.27)

Note: from now on we will use the same symbols h, v0 to denote the functions
and the equivalence classes in the quotient space.
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Proof. We first note that Ih is entirely contained in D⊥
0 since for any f ∈ D0,

(f, v0) ∝ 〈f, h〉 (3.28)

and hence the orthogonality to v0 is one of the defining properties of the vector
space Ih (see eq. 3.18).

Let us write the subspace of zero-integral test functions as D0 = D⊥
0 ⊕

C{v0}, where the orthogonality is with respect to the (pre-)Hilbert product
(·, ·). If restricted to the space D⊥

0 , the Krein product is equal to the indefinite
sesquilinear form 〈·, ·〉. Indeed, for every pair of test functions f, g ∈ D⊥

0 we
have

(f, g) = 〈f, g〉+ 〈f, h〉〈h, g〉 = 〈f, g〉+ (f, v0)(v0, g) = 〈f, g〉 . (3.29)

The mono-dimensional space H is orthogonal to V0 because (v0, h) = 〈h, h〉 =
0. Moreover we have D⊥

0 ⊥H :

(h, f) =
∫

X2

dσ(x)h(x)
∫

X2

dσ(y)f(y) = 0 . (3.30)

This is true also for the Hilbert space D⊥
0

〈·,·〉
and thus we have proved the de-

composition (3.26). The definition of the metric operator η(1) is now obvious.
The Hilbert space K(1) is then a Krein space and, being η(1)−1

continuous,
the Hilbert majorant topology defined by the Krein norm is minimal and the
Krein space is maximal. �

The de Sitter group acts naturally on D(X2) by αgf(x) = f(g−1x) and

the restriction to D⊥
0

〈·,·〉
is unitary since W0 is invariant. Moreover we have

Proposition 2. The representation U(g) of the de Sitter group has a unique
continuous extension from D(X2) to K(1) and

U(g)v0 = v0 . (3.31)

Proof. The only non-obvious part is the invariance of v0. For any element g of
SO0(1, 2) the function �h(x)−�h(gx) belongs to Ih (note that h(x)− h(gx)
is a function in D0) and thus it is zero in K(1), thus proving that U(g)v0 = v0.

�
From the decomposition (3.26) follows that v0 is the unique invariant vec-

tor in K(1). From the construction of the one-particle Hilbert-Krein space
K(1) one can build as usual a Fock-Krein space K and extend there the metric
operator η. Then we can prove

Proposition 3. The space K contains an infinite-dimensional subspace V0 of
vectors invariant under the de Sitter transformation. However, the vacuum is
still essentially unique (i.e. any strictly positive subspace of invariant vectors
is one-dimensional).

Proof. The proof of this theorem follows [7]. �
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3.4 Equation of motion and gauge invariance

In this section we investigate the equation of motion and the existence of
a charge operator generating gauge transformations. As we have remarked
above, the most important difference between the massless scalar field in
Minkowski space-time and the covariant massless scalar field in de Sitter
space-time is that the invariant state v0 now belongs to the space of test
functions D(X). Therefore the operator φ(v0) belongs to the field algebra and
its introduction does not require any extension of the latter. This invariant
operator commutes with any other operator of A:

[φ(v0), φ(f)] = 0, (3.32)

as follows from the explicit expression of v0 = −4πR2�h and the equations
of motion �xW (x, x′) = �x′W (x, x′) = − 1

4πR2 .
We begin by proving that the equation of motion for the two-point func-

tion, �W = −1/(4πR2) translates into the following equation of motion for
the quantum field φ.

Proposition 4. The quantum field φ(x) satisfies

�φ(x) = − 1
4πR2

φ(v0) , (3.33)

where v0 is the previously defined state represented by v0 = [−4πR2�h].

Proof. For any test function f we have f = f0 + h
∫
f , the decomposition in

its D0 and H components. We can obviously write φ(f) = φ(f0) +
∫
fφ(h).

Recalling that �φ|D0
≡ 0, we have

< �φ(f)φ(g) >=
∫

f < φ(�h)φ(g) >= − 1
4πR2

∫
f

∫
g

=: − 1
4πR2

∫
f < φ(v0)φ(g) > . (3.34)

This, together with the fact that φ is a free field, proves the statement. �
In the homogeneous case the equation �φ = 0 is clearly invariant under

the transformation φ→ φ+λ1. This invariance is still present as the following
lemma shows

Lemma 2. The equation of motion for the quantum field φ is invariant under
the gauge transformation γλ(φ) := φ + λ, λ ∈ C.

Proof. The identity operator 1, as an operator-valued distribution, associates
to a test function its total integral. In the equation of motion we then have

�γλ(φ) = �φ = − 1
4πR2

φ(v0) = − 1
4πR2

γλ(φ)(v0) ,

where the last equality follows from the fact that the state v0 = [4πR2�h] has
zero total integral. �
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We can then define a gauge transformation as the automorphism of the field
algebra generated by

γλ : φ→ φ + λ, λ ∈ C. (3.35)

Let us now introduce the operator

Q = i
[
φ+(v0)− φ−(v0)

]
, (3.36)

where the operators φ±(f) are defined as creators–annihilators of states v0

in the Fock-Krein space K. This is a continuous operator from the n-particle
space K(n) to K(n±1). Moreover it is easily verified that Q satisfies the follow-
ing commutation relations:

[Q,φ(f)] = −i

∫
dσ(x)f(x). (3.37)

One can compute directly that — exactly as in the flat case —

[φ±(v0), φ(f)] = ∓1
2

∫
dσ(x)f(x) ; [φ+(v0), φ−(v0)] = 0 . (3.38)

The natural question now arises as to whether this charge Q is the integral of
a local expression. The classical charge of any solution of the wave equation
in d + 1 dimensions �ϕ = 0 is defined by integrating along any space-like d-
surface the “time-like” derivative along the direction orthogonal to the surface∫

Σ

dvΣ∂n̂ϕ. (3.39)

Such an expression is “conserved” (i.e. independent of the spacelike surface Σ)
because of the equation of motion. The integrand in eq. (3.39) is the Hodge
dual of the 1-form dϕ, i.e. (in Lorentzian signature) the d-form defined by

(dϕ)∗ :=
√−gεμ1,...,μd,νg

νρ∂ρϕdxμ1 · · ·dxμd . (3.40)

Such a d-form can be integrated on any d-surface in an intrinsic way. Now,
such a form is closed iff the function ϕ satisfies the wave equation �ϕ = 0
because

d(dϕ)∗ ∝ �ϕdvol .

The integral of a closed d-form on a d-surface is independent of continuous
deformations of the surface (i.e. the choice of the “time-slice” in our setting).

This preamble shows clearly that we are to expect some problems from
the fact that our quantum field φ does not satisfy the homogeneous wave
equation.

Let us have a closer look at what happens in the case at hand: the ex-
plicit expression of the Hodge dual is now the d = 1-form (see also later the
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discussion about the dual field)

(dφ)∗ = −∂τφdθ − ∂θφdτ

for our (quantum) field φ (in conformal coordinates for clarity). The equation
of motion (3.33) implies that this operator-valued form is not closed

d(dφ)∗ =
1

4πR2
φ(v0) dvol =

1
4πR2

φ(v0)
dτ ∧ dθ

cos2(τ/R)
.

Therefore the charge defined as in the flat case (with all the additional tech-
nical details which we now omit) [7, 8] by

Q ∝
∫

dx1 ∂x0φ

could not be possibly conserved (in our case the expression would look more
like

∫
dθ ∂τφ).

Proposition 5. The charge Q = i
2 (φ+(v0)− φ−(v0)) is the integral of a local

current, namely

Q = − 1
8π

∫
Σ

(
(dφ)∗ +

1
4πR

tan(τ/R)φ(v0)dθ
)

, (3.41)

where Σ is any space-like d = 1-surface (i.e. a curve, e.g. τ = const). The
integral is independent of the space-like (closed, simple) curve Σ because the
1-form in the integrand is closed.

Remark 3. The integrand of eq. (3.41) is the differential of a dual field φ̃ up
to an exact form: indeed we define the dual field by the equation

dφ̃ = (dφ)∗ − tan(τ/R)
4πR

(
φ(v0)dθ + φ̃(v0)dτ

)
, (3.42)

which differs from the integrand in eq. 3.41 by the exact operator-valued form

tan(τ/R)
4πR

φ̃(v0)dτ =
1
4π

φ̃(v0)d ln(cos(τ/R)) , (3.43)

which does not contribute to the integral. In this notation the above proposi-
tion would read

Q = − 1
8π

∫
Σ

dφ̃ . (3.44)

The 1-form dφ̃ is (classically) closed but not exact, i.e. the dual field φ̃ nat-
urally lives on the universal covering of X2. In other words, the dual field φ̃
carries a topological charge w.r.t. φ (see later).



3 Massless Scalar Field in a Two-dimensional de Sitter Universe 37

Proof (Sketch). The proof consists in showing that the integrand is indeed a
closed form (which is straightforward) and that the commutator of the integral
with the fields φ(f) reproduces the correct commutator of Q as given in (3.37),
which amounts to a direct manipulation of the integrals. �

From the relation

d
dλ

γλ(φ(f)) =
∫

X2

dσ(x)f(x) = i [Q,φ(f)] (3.45)

follows that the automorphism γλ is generated by the operator Q.

Theorem 1. The automorphism γλ is implementable in the Krein space K by
the η-unitary operator

γλ = eiλQ. (3.46)

The not difficult proof will be detailed elsewhere.
The Wightman function W0(x, x′) is not invariant under the gauge trans-

formation: indeed, for φ→ φ+λ, we get W0 →W0 +λ2. For this reason some
authors ([5, 6]) do not use Wightman formalism to construct a QFT for the
massless minimally coupled field in de Sitter space-time. The construction is
nonetheless still feasible because the vacuum is not gauge invariant but it is
mapped to a non-physical state (i.e. a zero-norm state). If restricted to the
physical space of states Hphys the two-point function is positive, analytic and
invariant under de Sitter and gauge transformation.

3.5 Conclusions

We have constructed a QFT of a massless minimally coupled scalar field in
a bidimensional de Sitter space-time. Although we have studied this particular
case, the results are valid also for the four-dimensional de Sitter universe. The
renormalized two-point function for a massless minimally coupled scalar field
in X4 is not defined to be positive, and one can construct a full de Sitter
invariant vacuum with the same techniques we have described in section 3.3.

This seems to disagree with Allen’s theorem [1] which states that in a
four-dimensional de Sitter space-time there cannot exist a de Sitter invariant
vacuum for a massless scalar field. As we have already pointed out, the prob-
lem is analogous to the case of the vacuum of the massless scalar field in a
bidimensional Minkowski space-time: it is impossible to find a two-point func-
tion that is positive by definition, analytic, Lorentz invariant and local [11];
if one insists on Lorentz invariance one necessarily loses positivity.

If one uses the normal modes to construct the two-point function, its pos-
itivity is a natural consequence of the construction itself and, in agreement
with Allen’s theorem, de Sitter invariance is lost. With the normal modes
construction, not only dS invariance but also gauge invariance is lost, being
the Hilbert space of the states non-invariant under gauge transformation.
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Another result is that, the vacuum being de Sitter invariant, the linear
dependence on the time coordinate of the vacuum fluctuation on the non-
invariant vacuum is lost [1, 2]. This result could have some consequence for
the inflationary model, where this time dependence is used to explain the
roll-over of the inflation fields responsible for the inflation. It is important to
point out that these results are valid only for a de Sitter universe that exists
forever and we do not yet know the implication for a de Sitter universe with
a finite life.
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4.1 Locality and general covariance

In his famous “Missed Opportunities” paper [8], Freeman Dyson attempted
to establish a generally covariant approach to quantum field theory. His aim
was to unify the different perspectives on QFT of Tomonaga, Schwinger and
Feynman, but the question remained unsettled, mainly because he made some
strong assumtpions that were unjustified. But the important point is that he
considered the framework of algebraic QFT of Araki, Haag, Kastler [1, 9] as
the right one for implementation. A main aim of this article is to convince the
reader that, with the appropriate generalizations, Dyson’s aim can indeed be
fullfilled.

The core of the generalization originates from a collaboration with Klaus
Fredenhagen [5], dating back to the mid 1990s. The main tool that we shall
be using is the language of category theory.

The idea that QFT can be described by the use of category theory is
certainly not new. In the eighties, something similar was advocated by Sir
Atiyah [2], for the sake of topological QFT, and along the same lines, by G.
Segal [13] for conformal QFT. Moreover, Dimock has perhaps been the pioneer
of the use of categories for the algebraic description of free QFT [7].

I wish to substantiate the idea with a claim that, unlike other attempts,
originates from physics [6]. The claim is that it would be better to work locally,
to describe (relativistic) quantum theories, where here locality is intended in
the geometric sense, not as causality. The result is that the best things one
can do for QFT in a general covariant setting is to quantize simultaneously
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in all space-times of a certain family. The recipe can be condensed into the
following

Categorical Imperative: Do nothing that you cannot do on any manifold.

I will be dealing with the general structure at the algebraic level and
present some examples. For stronger results dealing with the Wightman ap-
proach on specific space-times such as de Sitter, you should better look at the
papers written by Jacques Bros [3].

4.2 Quantum Field Theory as a Functor

Rigorous implementation of the generally covariant locality principle uses
the language of category theory.

The following two categories are used :

Loc The class of objects obj(Loc) is formed by all (smooth) d-dimensional (d ≥
2 is held fixed), globally hyperbolic Lorentzian space-times M which are
oriented and time-oriented. Given any two such objects M1 and M2, the
morphisms ψ ∈ homLoc(M1,M2) are taken to be the isometric embeddings
ψ : M1 →M2 of M1 into M2 but with the following constraints;
(i) if γ : [a, b] → M2 is any causal curve and γ(a), γ(b) ∈ ψ(M1), then

the whole curve must be in the image ψ(M1), i.e., γ(t) ∈ ψ(M1) for
all t ∈]a, b[;

(ii) any morphism preserves orientation and time-orientation of the em-
bedded space-time.

Composition is composition of maps; the unit element in homLoc(M,M)
is given by the identical embedding idM : M �→M for any M ∈ obj(Loc).

Obs The class of objects obj(Obs) is formed by all C∗-algebras possessing
unit elements, and the morphisms are faithful (injective) unit-preserving
∗-homomorphisms. The composition is again defined as the composition
of maps; the unit element in homObs(A,A) is for any A ∈ obj(Obs) given
by the identical map idA : A �→ A, A ∈ A.

One may change categories according to particular needs, as for instance
in perturbation theory where instead of C*-algebras general topological ∗-
algebras are better suited. Or one may use von Neumann algebras, in case
particular states are selected. On the other hand, one might consider for Loc
bundles over space-times, or one might (in conformally invariant theories)
admit conformal embeddings as morphisms. In case one is interested in space-
times which are not globally hyperbolic, i.e. AdS, one could look at the globally
hyperbolic subregions (where attention has to be payed to the causal convexity
condition (i) above), and fix the target. Otherwise one might look at a larger
family, as for instance the family composed of all asymptotically AdS space-
times of the same dimension and look for embeddings that remain between
globally hyperbolic subregions.



4 Locally Covariant Quantum Field Theories 41

Now we define the concept of locally covariant quantum field theory.

Definition 1 (i) A locally covariant quantum field theory is a covariant func-
tor A from Loc to Obs and (writing αψ for A (ψ)) with the covariance
properties

αψ′ ◦ αψ = αψ′◦ψ , αidM = idA (M) ,

for all morphisms ψ∈homLoc(M1,M2), all morphisms ψ′∈homLoc(M2,M3)
and all M ∈ obj(Loc).

(ii) A locally covariant quantum field theory described by a covariant functor
A is called causal if the following holds: Whenever there are morphisms
ψj ∈ homLoc(Mj ,M), j = 1, 2, so that the sets ψ1(M1) and ψ2(M2) are
causally separated in M , then one has

[αψ1(A (M1)), αψ2(A (M2))] = {0} ,

where the element-wise commutation makes sense in A (M).
(iii) We say that a locally covariant quantum field theory given by the functor

A obeys the time-slice axiom if

αψ(A (M)) = A (M ′)

holds for all ψ ∈ homLoc(M,M ′) such that ψ(M) contains a Cauchy-
surface for M ′.

Thus, a quantum field theory is an assignment of C∗-algebras to (all) globally
hyperbolic space-times so that the algebras are identifiable when the space-
times are isometric, in the indicated way. This is a precise description of the
generally covariant locality principle.

4.2.1 The traditional approach in Minkowski space-time

The traditional framework of algebraic quantum field theory, in the Araki-
Haag-Kastler sense, on a fixed globally hyperbolic space-time can be recovered
from a locally covariant quantum field theory, i.e. from a covariant functor A
with the properties listed above. The change is done at the level of the first
category by choosing a full subcategory in which a target manifold is fixed
and one considers all globally hyperbolic space-times of the target.

Indeed, let M be an object in obj(Loc). We denote by K(M) the set of
all open subsets in M which are relatively compact and contain with each
pair of points x and y also all g-causal curves in M connecting x and y (cf.
condition (i) in the definition of Loc). O ∈ K(M), endowed with the metric of
M restricted to O and with the induced orientation and time-orientation, is a
member of obj(Loc), and the injection map ιM,O : O → M , i.e. the identical
map restricted to O is an element in homLoc(O,M). With this notation it is
easy to prove the following assertion:
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Theorem 1. Let A be a covariant functor with the above stated properties, and
define a map K(M) � O �→ A(O) ⊂ A (M) by setting

A(O) .= αιM,O(A (O)) .

Then the following statements hold:

(a) The map fulfills isotony, i.e.

O1 ⊂ O2 ⇒ A(O1) ⊂ A(O2) for all O1, O2 ∈ K(M) .

(b) The group G of isometric diffeomorphisms κ : M →M (so that κ∗g = g)
preserving orientation and time-orientation, is represented by C∗-algebra
automorphisms ακ : A (M)→ A (M) such that

ακ(A(O)) = A(κ(O)) , O ∈ K(M) .

(c) If the theory given by A is additionally causal, then it holds that

[A(O1),A(O2)] = {0}
for all O1, O2 ∈ K(M) with O1 causally separated from O2.

These properties are just the basic assumptions of the Araki-Haag-Kastler
framework. It is certainly not a big advance to replace three axioms by two.
We are confident that the more general description may open the way to a
sharper understanding.

4.3 Beyond simple functoriality: Equivalence, Dynamics, Fields,
Scattering, and more.

The real substance in category theory is the notion of natural transfor-
mations. So far, we have scratched only the surface of the new framework,
and we will see now that introduction of the natural transformations allows
us to reach a higher descriptive level. Let me then remind you of the general
definition of natural trasformations: Consider two categories, say A and B,
and two functors between them F and G ; then a natural transformation N
is a “functor over functors”, i.e., a function N : F −→ G that assigns to each
object a in A an arrow Na of B and such that any arrow A : a→ a′ in A yields
a commutative diagram such as

a⏐⏐�A

a′

Fa
Na−−−−→ G a

FA

⏐⏐� ⏐⏐�GA

Fa′
Na′−−−−→ G a′ .

The fact that the diagram is commutative is the heart of the matter. One
may equivalently describe the naural transformation as a family of functors,
i.e. {Na}a∈obj(A ).

Let us then see the usefulness of this notion.
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1. It allows a neat description of equivalence between theories, something
which is certainly beyond reach in the more traditional formulations. In-
deed, if we have two theories F1, F2, in the sense described above of
covariant functors, then we may say the theories are equivalent whenever
there exists a natural tranformation {NM}M∈obj(Loc) such that each el-
ement of the family is a ∗-bijective map. Examples and counterexamples
are easily given, see e.g. [6]. Another, yet to be proved, equivalence may
be discussed using the concept of PCT operator as a natural transforma-
tion. Here, we say that a theory A satisfies the PCT symmetry whenever a
natural transformation Θ exists (again composed of a family of ∗-bijective
maps) and links A to the theory A ∗ for which the space-times M have
opposite time-orientations, notationally M , and where the C∗-algebras are
complex conjugates, i.e. Θ(A (M)) = A (M)∗.

2. The most important use of natural transformations comes with the defi-
nition of locally covariant fields. Here, such a field is described by a family
of (linear) continuous maps AM : D(M)→ A (M), where D is the functor
of a test-function space, and now A has to be interpreted in the larger
sense of topological algebras, i.e., such that they conform to the definition
above and therefore satisfy a commutativity rule

A ψ ◦AM = AN ◦Dψ ,

where Dψ denotes the push-forward on test function spaces. The impor-
tance of such a definition is that it provides a way for any theory to
compare observations based on different portions of a single space-time or
even better on different space-times.

3. In the general setting described in these notes one natural question is
the description of dynamics. Usually this is done at the algebraic level by
invoking space-time isometries, and especially time translations, whose
generator is considered to be the Hamiltonian. Here, we do not have such
a possibility. Indeed, in a generic space-time we do not have any one-
parameter group of time translation. Hence, what can be done? An answer
to this question takes advantage of the timeslice property, invoked in the
first part, and the notion of a locally covariant field. Indeed, this allows
us to compare “time-evolutions” on different space-times. Namely, let N±
be two isometric neighbourhoods of two Cauchy surfaces in M1, resp.
M2, and let ψi,± be the corresponding embeddings. Then, using that the
corresponding algebraic embeddings A ψi,±

.= αi,± are surjective, one can
define an automorphism of the first algebra A (M1) with

β = α1,+α−1
2,+α2,−α−1

1,− .

This automorphism describes the effect of a change of the metric between
the two Cauchy surfaces and, because of that, called the “relative Cauchy
evolution.” To see that this is related to the field definition, one may argue
as follows. Suppose we introduce, for any space-time M , the set L (M)
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of Lorentzian metrics that differ from the metric of M only in a compact
region. Let then βMh

be the relative Cauchy evolution between M and the
space-time obtained by replacing the metric with h ∈ L (M). Let now,
βM : L (M) → Aut(A (M)) be defined as

βM (h) = βMh
.

The family {βM}M∈obj(Loc) is then a natural transformation, as the com-
mutation relation can be easily checked.

4. A last example, also in the nonlinear case, is related to the scattering
theory. Here we mean scattering in the sense of the local S-matrices ap-
proach of Stückelberg-Bogoliubov-Epstein-Glaser, although not necessar-
ily in the perturbative sense. These are unitaries SM (λ) with M ∈ Loc
and λ ∈ D(M) which satisfy the conditions

SM (0) = 1 , SM (λ + μ + ν) = SM (λ + μ)SM (μ)−1SM (μ + ν)

for λ, μ, ν ∈ D(M) such that the supports of λ and ν can be separated by
a Cauchy surface of M with suppλ in the future of the surface. These S-
matrices can be used to define a new quantum field theory. The new theory
is locally covariant if the original theory was and if the local S-matrices
satisfy the local covariance condition. A perturbative construction was
completed in this way by Hollands and Wald [10], based on previous work
done by me and Fredenhagen [5].

4.3.1 Prolegomena to Generally Covariant Scaling Algebras

At this point it is a rather trivial task to generalize to the generally co-
variant situation the nice description of the renormalization group idea in the
algebraic setting pioneered by Buchholz and Verch. Here, as in the previous
section, we use natural transformations. One needs a slightly more general
version of the locality category to include also a set of physical parameters,
a generalization that is rather trivial and that will not be discussed in de-
tail. So our starting point will be the family of all pairs given by a globally
hyperbolic space-time and a set of physical parameters like masses, charges,
couplings etc. as (M,p) (we assume that the parameters are the same for all
space-times).

The main idea is that we are furnished with a one-parameter family Aλ

of covariant functors between the same categories as before (with the local-
ity category slightly generalized according to the above) where λ ∈]0, 1], for
instance, and is such that it acts as follows:

Aλ : (M,p) −→ A (Mλ, pλ)

where Mλ means that the manifold is still M but its metric gets scaled by
a factor λ, i.e., gλ

.= λ2g, and the parameters p are scaled accordingly. Now,
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we may define scaling transformations as natural ones such that given any
element in the supplemented locality category (M,p) we may define maps
R

(M,p)
λ such that

R
(M,p)
λ : A (M,p) −→ A (Mλ, pλ)

is a C∗-isomorphism, and choosing a different element in Loc the appropriate
commutative diagrams for the scaling w.r.t. the isometric embeddings are
obtained, i.e., in functional form

R
(M ′,p)
λ ◦ αψ = αλ

ψ ◦R(M,p)
λ

where αλ
ψ isometrically embeds (Mλ, pλ) into (M ′

λ, pλ).
In order to compare with the Buchholz-Verch analysis we need some form

of dynamics and to this extent we assume the time-slice axiom and make use of
the relative Cauchy evolution. It is now very easy to check that we have scaling
transformations acting as intertwiners of the relative Cauchy evolutions,

R
(M,p)
λ ◦ βg = βgλ

◦R(M,p)
λ .

If we call g̃ the compactly supported perturbation to the metric g and δg =
g − g̃ their difference, then we may use the following as a substitute for the
“uniformity” condition of Buchholz-Verch, namely

lim sup
λ∈]0,1]

‖ βgλ
(R(M,p)

λ (A)) −R
(M,p)
λ (A) ‖−−−→

δg↘0
0 (4.1)

as long as δg tends to zero in the topology of test functions and for any element
A ∈ A (M,p).

The scaling algebras will be formed by all uniformly bounded elements
R

(M,p)
λ (A) for which the latter condition holds true. Hence, we consider the

functions
A (M,p) : λ ∈]0, 1]→ A (Mλ, pλ) (4.2)

and make all these functions into unital C∗-algebras denoted by A (M,p) by
the usual definitions for linear and multiplicative properties and definition of
the norm. We have now again a covariant functor between the same categories
as before, but which represents the generally covariant scaling algebras of
Buchholz and Verch A and that underlies the algebraic description of the
renormalization group, i.e.,

A : (M,p) −→ A (M,p)

where each unital C∗-algebra contains the above functions (4.2) obeying the
uniformity relation (4.1) and to each isometric embedding there is associated
a lifting to the new algebras of the previous C∗-monomorphisms. Accordingly,
state spaces can be defined in the usual manner and the treatment of the scal-
ing limit proceeds along the same line of the Buchholz and Verch treatment.
More details will be presented elsewhere.
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4.4 Conclusions and Outlook

The generally covariant treatment of QFT discussed in this paper is based
on the first principle that ensures equivalence of observable algebras based
on isometric regions of different space-times. That’s all one needs to proceed,
at the conceptual level. Important developments are those connected to the
works of Hollands and Wald, Verch, Hollands, Ruzzi, and one easily foresees
applications of the framework to interesting situations, such as those related
to AdS space-time, or in general theories on space-times with boundaries,
to the exploitation of the renormalization group at the algebraic level and its
possible use towards a clarification of the role of the conformal anomaly in the
treatment of theories on asymptotically AdS space-times. Another, perhaps
more important topic, is that related to background independent formulation
of perturbative quantum gravity. We hope to report on these soon.

References

1. H. Araki: Mathematical theory of quantum fields. Oxford University Press, Ox-
ford, 1999.

2. M. Atiyah: Topological quantum field theories. Inst. Hautes Études Sci. Publ.
Math. 68:175-186 (1989).

3. J. Bros, H. Epstein and U. Moschella, Towards a General Theory of Quan-
tized Fields on the Anti-de Sitter Space-Time. Communications in Mathematical
Physics 231:481-528 (2002).

4. R. Brunetti and K. Fredenhagen, Microlocal analysis and interacting quantum
field theories: Renormalization on physical backgrounds. Communications in
Mathematical Physics 208:623-661 (2000).

5. R. Brunetti, K. Fredenhagen and M. Köhler, The microlocal spectrum condition
and Wick polynomials on curved spacetime. Communications in Mathematical
Physics 180:633 (1996).

6. R. Brunetti, K. Fredenhagen and R. Verch, The generally covariant locality
principle – A new paradigm for local quantum field theory. Communications in
Mathematical Physics 237:31-68 (2003).

7. J. Dimock, Algebras of local observables on a manifold. Communications in
Mathematical Physics 77:219 (1980) 12; and, Dirac quantum fields on a manifold.
Transactions of the American Mathematical Society 269:133 (1982).

8. F. Dyson, Missed Opportunities, Bulletin of the American Mathematical Society
78:635 (1972).

9. R. Haag, Local Quantum Physics. Springer-Verlag, Berlin, Heidelberg, New
York, 2nd ed., 1996.

10. S. Hollands and R.M. Wald, Local Wick polynomials and time ordered prod-
ucts of quantum fields in curved spacetime. Communications in Mathematical
Physics 223:289-326 (2001); and, Existence of local covariant time ordered prod-
ucts of quantum field in curved spacetime. Communications in Mathematical
Physics 231:309-345 (2003).

11. S. Hollands, PCT theorem for the operator product expansion in curved space-
time. Communications in Mathematical Physics 244:209-244 (2004).



4 Locally Covariant Quantum Field Theories 47

12. G. Ruzzi, Punctured Haag duality in locally covariant quantum field theories,
to be published in Communications in Mathematical Physics (2005), math-
ph/0412014.

13. G. Segal, The definition of conformal field theory. Topology, geometry and quan-
tum field theory, London Math. Soc. Lecture Note Ser. 308, Cambridge Univ.
Press, Cambridge, pp. 421-577, 2004.

14. R. Verch, A spin-statistics theorem for quantum fields on curved spacetime
manifolds in a generally covariant framework. Communications in Mathematical
Physics 223:261 (2001).



5

Asymptotic Abelianness and Braided Tensor
C∗-Categories

Detlev Buchholz1, Sergio Doplicher2, Giovanni Morchio3, John E. Roberts4
and Franco Strocchi5

1 Institut für Theoretische Physik der Universität Göttingen, D-37077 Göttingen,
Germany
buchholz@theorie.physik.uni-goettingen.de

2 Dipartimento di Matematica, Università di Roma “La Sapienza”, I-00185 Roma,
Italy
dopliche@mat.uniroma1.it

3 Dipartimento di Fisica dell’Università and INFN, I-56126 Pisa, Italy
morchio@difi.unipi.it

4 Dipartimento di Matematica, Università di Roma “Tor Vergata”, I-00133 Roma,
Italy
roberts@mat.uniroma2.it

5 Scuola Normale Superiore and INFN, I-56126 Pisa, Italy
f.strocchi@sns.it

Summary. By introducing the concepts of asymptopia and bi-asymptopia, we show
how braided tensor C∗-categories arise in a natural way. This generalizes construc-
tions in algebraic quantum field theory by replacing local commutativity by suitable
forms of asymptotic Abelianness.

5.1 Introduction

The occurrence of superselection sectors in quantum theories was first
recognized by Wick, Wightman and Wigner [20] who gave two important
examples of situations leading to sectors, the univalence rule and the electric
charge. For a while it looked as if little would be touched by their fundamental
discovery. The unrestricted superposition principle had to be abandoned, but
it at least remained valid within certain subspaces, the coherent subspaces.
However the point of view persisted that pure states of the theory were de-
scribed by the projective space associated to a preassigned Hilbert space, or
rather a subset of that space to account for the new phenomenon.

But a drastic change in the basic picture allowed the new phenomenon to
spawn new ideas and results: as was stressed very early by Haag, in quantum
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field theory the local observables are fundamental and generate an algebra.
The different sectors provide inequivalent irreducible realizations of that al-
gebra [13]. Furthermore, starting just from the vacuum sector and analyzing
the structure of the algebra, we can in principle determine all sectors.

For superselection sectors describing localizable charges, this is possible
by a selection criterion [6] singling out those irreducible representations. The
mathematical object that emerges and describes the structure of the sectors
is a symmetric tensor C∗-category with conjugates and irreducible unit. It
was later shown that any such category is isomorphic to a category of unitary
representations of some compact group, unique up to isomorphism [8]. Fur-
thermore there is a canonical field net with ordinary Bose–Fermi commutation
relations at spacelike separations [9] where this group, the gauge group, acts
as automorphisms with the original net as fixed-point net.

The above selection criterion does not select all the relevant representa-
tions in every case. Although weaker physically significant conditions covering
a large class of theories with short range forces have been analyzed with suc-
cess [5], there is no known, or even plausible proposed criterion for singling
out the relevant representations in all cases. In fact, it suffices to take the
case of the electric charge, one of the key examples of [20], to realize that
there are still unresolved problems. Essentially one would like in this case to
arrive at a simple picture where the sectors are labelled by the electric charge
corresponding to a gauge group U(1). However for each value of the electric
charge there are myriads of representations differing by their infrared clouds,
cf. [2,10]and references therein. To find such a simple picture one would either
have to take equivalence classes or choose a suitable subset of representa-
tions. Previous work on the problem of sectors in quantum electrodynamics
include [1, 3, 4, 11, 12].

This paper has been a result of our attempts to describe the sector struc-
ture of quantum electrodynamics and of similar models exhibiting long range
effects. In view of the central role played by the symmetric tensor C∗-category,
we here propose a method of constructing such categories which might prove
to be applicable in these cases but the scheme seems of interest in its own
right.

In the simplest case of strictly localizable charges [6], one passes from the
selected representations and their intertwiners to endomorphisms and their
intertwiners using Haag duality. The endomorphisms of a C∗-algebra and their
intertwiners form a tensor C∗-category, the endomorphisms being the objects
and the intertwiners the arrows. The symmetry properties of the category can
be deduced from analyzing the commutation properties of intertwiners.

The proposal described here allows for intertwiners not lying in the alge-
bra where the endomorphisms act. In addition, our endomorphisms are not
required to be locally inner but only asymptotically inner. We will show in
Section 5.2 how an appropriate form of asymptotic Abelianness allows one
to construct a tensor C∗-category from this structure without the additional
input of Haag duality. Similarly, the symmetries on our derived tensor C∗-
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categories, discussed in Section 5.3, will reflect asymptotic rather than purely
local commutation properties of intertwiners; yet they are exact symmetries
although one might have anticipated that asymptotic Abelianness would just
lead to an asymptotic notion of symmetry.

The general mechanism presented here might still be too limited to be
directly applicable to quantum electrodynamics, but might elucidate some
important aspects of that theory. As a matter of fact, it covers examples
of theories exhibiting long range effects which go beyond the limits of the
approaches previously studied.

One such example is provided by the model of charges of electromagnetic
type discussed in [3], which actually stimulated the study of the more general
structure discussed in the present paper. We briefly discuss at the end of
Section 5.4 how that model fits into the scheme presented here.

Another interesting example is concerned with the superselection structure
of Bose sectors of the gauge invariant part of the algebra of a free massive
Fermi field on the two-dimensional space-time. Those sectors are usually de-
scribed by a tensor category of localized automorphisms with a trivial Bose
symmetry. The breakdown of Haag duality in this model, however, allows for
different descriptions: for each real parameter λ, there is a tensor category de-
scribing the same sectors, where the intertwiners do not belong to the algebra,
but fulfil the asymptotic Abelianness condition of Section 5.2. That category
is equipped with a braiding which is not a symmetry, unless λ = 0, and arises
from a bi-asymptopia as described in Section 5.3. For λ = 0, one gets back
the usual symmetric tensor category of localized automorphisms [18].

5.2 Asymptotically Abelian Intertwiners

One of the very first steps in the theory of superselection sectors is to show
how a tensor C∗-category may be obtained by passing from a C∗-category of
representations to a C∗-category of endomorphisms. In this step duality plays
a fundamental role. The aim here is to describe an alternative mechanism, in
suitable mathematical generality and abstraction.

Let A ⊂ B be an inclusion of unital C∗-algebras and Δ a semigroup of
endomorphisms of A. Given ρ, σ ∈ Δ, we consider the corresponding space
(ρ, σ) of intertwiners

(ρ, σ) = {R ∈ B : Rρ(A) = σ(A)R,A ∈ A}

and obtain in this way a C∗-category T, where the composition of arrows
(intertwiners) is denoted by ◦.

This framework is supposed to model the situation of a set of representa-
tions and their intertwiners. Restricting attention to representations described
by endomorphisms does not seem restrictive on the mathematical side. In the
case of separable simple C∗-algebras A acting irreducibly on some Hilbert
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space H, any other irreducible representation can be obtained (up to equiv-
alence) by the action of some automorphism. One can choose that automor-
phism to be asymptotically inner in the sense that it is the limit of inner
automorphisms induced by a continuous one-parameter family of unitaries
of the same algebra (cf. [16], and references in there for previous results). If
the algebra is also nuclear and not type I, any cyclic representation is ob-
tained in a similar way by asymptotically inner endomorphisms [15]. In the
non-separable case, customary in quantum field theory, the physically mo-
tivated split property [7] implies that A is generated by a type I∞ funnel.
Then all locally normal irreducible representations can also be described (up
to equivalence) in one such representation by automorphisms [19].

The intertwiners between the representations considered, however, do not
belong to the given C∗-algebra in general, so End A does not model the cate-
gory of representations, in contrast to the case of localizable charges in quan-
tum field theory fulfilling duality. If duality fails and B denotes the C∗-algebra
generated by the dual net, our category T models again a category of repre-
sentations with localizable charges. More generally, whenever the above men-
tioned theorems apply and A acts irreducibly on H, we may always take
B = B(H). We take these facts as motivation for studying our more general
structure.

The descriptions of representations given by the above mentioned general
mathematical results, however, either ignore or take only partially into account
the local structure of A in quantum field theory. Yet certain aspects of locality
are needed in order to turn T into a tensor C∗-category. Note that T does
not yet have a tensor structure, for the arrows lie in B and each ρ ∈ Δ is
defined only on A.6 So what is required is an extension of Δ to a semigroup
of endomorphisms of the C∗-algebra AΔ ⊂ B generated by A and all the
intertwiner spaces (ρ, σ) in B.

Two basic ingredients will help us to accomplish this task. First, we assume
that any ρ ∈ Δ is asymptotically inner in B, i.e. there are unitaries Um ∈ B

such that
U∗

mAUm → ρ(A) (5.1)

in norm as m→∞ for each A ∈ A. Secondly, letting Vn denote the analogues
of the Um for σ instead of ρ, equation (5.1) implies that for all R ∈ (ρ, σ),
A ∈ A

[VnRU∗
m, A] → 0

in norm as m,n → ∞. As we want to extend our morphisms to AΔ, we
require that this asymptotic Abelianness holds for intertwiners too, i.e. given
R ∈ (ρ, σ) and R′ ∈ (ρ′, σ′),

[VnRU∗
m, R′]→ 0 (5.2)

6T acquires a tensor structure if the tensor product of endomorphisms is defined
by composition and if the tensor product of intertwiners R ∈ (ρ, ρ′) and S ∈ (σ, σ′)
given by R× S

.
= Rρ(S) is meaningful as an element of (ρσ, ρ′σ′).
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in norm as m,n → ∞. Indeed, condition (5.2) will allow us to use (5.1) as a
definition of the desired extension of each ρ ∈ Δ to AΔ.

Rather than spell out our assumptions in detail, we will first introduce
some standard formalism from the theory of C∗-algebras enabling us to replace
a sequence of unitaries in B by a unitary in a larger C∗-algebra B. This
simplifies what are already simple proofs by eliminating the indices.

Now the bounded sequences in B with pointwise operations and norm
defined as the supremum of the norms of elements of the sequence form a C∗-
algebra and the subset of sequences that tend to zero in norm is a two-sided
ideal in that algebra. B is then the quotient C∗-algebra and, passing from
an element of B to the corresponding constant sequences, B can and will be
canonically identified with a C∗-subalgebra of B, denoted again by B.

We will use the following notation: generic elements of B will be denoted
by bold face letters B, whereas elements of A,B and of their canonical images
in B are denoted by A,B. As indicated, the elements B ∈ B are equivalence
classes of bounded sequences modulo sequences that tend to zero. If {Bn}n∈N

represents B, then ‖B‖ = lim supn ‖Bn‖. Obviously any subsequence of a
bounded sequence is again bounded and we say that a subset S ⊂ B is stable
if it is closed under taking subsequences.

Lemma 1. A subset of B consisting of a single element B is stable if and only
if B = B ∈ B.

Proof. Let {Bn ∈ B}n∈N be a sequence representing B ∈ B, then Bn − B →
0. Given any subsequence {Bn(i)}i∈N, then Bn(i) − B → 0 and {Bn(i)}i∈N

again represents B, so the subset consisting just of B is stable. Conversely, if
{Bn}n∈N does not represent an element of B, then {Bn}n∈N is not a Cauchy
sequence. But then there is an ε > 0 and for each i ∈ N an n(i), n′(i) ≥ i with
‖Bn(i) −Bn′(i)‖ ≥ ε. Thus the subset consisting just of B is not stable. �

Lemma 2. If U is a unitary from B, then there is a representing sequence
consisting of unitaries.

Proof. If {Bn(i)}i∈N is a representing sequence for U , then B∗
nBn represents

U∗U = I so that B∗
nBn → 1. Similarly BnB

∗
n → 1. Thus |Bn| is invertible for

all sufficiently large n and if we then set Un
.= Bn|Bn|−1, U∗

nUn = 1 whilst
UnU

∗
n = Bn|Bn|−2B∗

n is a projection tending in norm to 1. Consequently, Un

is unitary for all sufficiently large n and, setting Un = 1 for other values of n
to make it unitary, the result follows. �

Now if U(B) denotes the set of unitaries in B, and U ∈ U(B), then

τ(A) .= U∗AU , A ∈ A

is a morphism of A into B and we set

U(B)τ
.= {U ∈ U(B) : AdU∗ � A = τ}.

Lemma 3. τ(A) ⊂ B if and only if U(B)τ is stable.
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Proof. If U ∈ U(B)τ and U(B)τ is stable then U∗AU is stable and hence,
by Lemma 1, an element of B for each A ∈ A. Conversely if τ(A) ⊂ B then
U(B)τ is stable from the definition. �

Note that if we consider the C∗-category C whose objects are the mor-
phisms of A into B inner in B and arrows their intertwiners, then all objects
are obviously unitarily equivalent since U ∈ U(B)τ is a unitary in C from τ
to the identity automorphism ι. Now A′ ∩B is the set of arrows from ι to ι
in C so if U ∈ Uτ , V ∈ Uυ, then R ∈ (τ, υ) if and only if V RU∗ ∈ A′ ∩B.

Obviously if ρ(A) ⊂ A so that we are dealing with endomorphisms of A

then U(B)ρU(B)σ ⊂ U(B)σρ for two such endomorphisms ρ and σ. Now by
Lemma 2, saying that an endomorphism of A is unitarily implemented in B

is the same as saying that it is asymptotically inner in B. So the set of such
endomorphisms of A obviously forms a semigroup. We begin here by studying
a subsemigroup Δ and the associated C∗-category T of intertwiners in B.
Just as we defined B from B so we can define a C∗-category T by taking
bounded sequences of arrows from T with pointwise composition ◦ and the
supremum norm and quotient by the ideal of sequences of arrows that tend
to zero in norm. The proof of Lemma 2 shows that a unitary arrow of T

has a representing sequence consisting of unitaries from T. T can again be
considered as a C∗-subcategory of T in a natural way.

We now want to extend our semigroup of endomorphisms to the C∗-algebra
AΔ ⊂ B generated by A and the intertwiners T ⊂ B so that the extended
endomorphisms remain asymptotically inner in B. The above discussion indi-
cates what hypotheses will be necessary. We assume that for each ρ ∈ Δ, we
are given a stable subset Uρ ⊂ U(B)ρ with Uρ ∩ T �= ∅, where T here refers
to the union of its Hom-sets. Thus in each Uρ there is at least one sequence
of intertwiners between morphisms belonging to Δ and

UρUσ ∩Uσρ �= ∅.

Furthermore, we suppose that asymptotic Abelianness holds in the sense of
Equation (5.2), i.e. given R ∈ (ρ, σ) ⊂ B and R′ ∈ (ρ′, σ′) ⊂ B and U ∈ Uρ,
V ∈ Uσ,

[V RU∗, R′] = 0.

Such a coherent assignment U : ρ �→ Uρ for ρ ∈ Δ will be called an asymptopia
for Δ. Note that there are in general several such asymptopias.

Theorem 4. Let AΔ denote the C∗-subalgebra of B generated by A and T, and
let U be some asymptopia for Δ. Then every ρ ∈ Δ has a unique extension
ρU to an endomorphism of AΔ such that

ρU(A) = U∗AU , A ∈ AΔ U ∈ Uρ.

Furthermore (ρσ)U = ρUσU and (ρ, σ) = (ρU, σU). Thus T inherits the struc-
ture of a tensor C∗-category from EndAΔ.
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We first prove the following lemma.

Lemma 5. If ρ, σ, τ ∈ Δ and S ∈ (σ, τ), then ρU(S) .= U∗SU is independent
of the choice of U ∈ Uρ and is an element of AΔ.

Proof. If U ,U ′ ∈ Uρ,

U∗SU −U ′∗SU ′ = U∗(SUU ′∗ −UU ′∗S)U ′

= U∗[S, U1ρU
′∗]U ′ = 0

as required. In particular, the subset consisting of the single element U∗SU
is stable since Uρ is stable. Thus by Lemma 1, ρU(S) ∈ B and since we can
choose U ∈ T, ρU(S) ∈ AΔ. �

Proof (of Theorem 4). Lemma 5 shows that each ρ ∈ Δ has the required
unique extension to an endomorphism ρU of AΔ. The condition of asymptotic
Abelianness shows that we do not lose any intertwiners in this way, i.e. that
(ρ, σ) = (ρU, σU). Since V U ∈ Uρσ for some U ∈ Uρ and V ∈ Uσ, (ρσ)U =
ρUσU. Thus T can be identified with a full tensor C∗-subcategory of End AΔ

completing the proof of the theorem. �

For a given semigroup Δ of endomorphisms, the C∗-category T is deter-
mined by the inclusion A ⊂ B. Its tensor structure is determined by the choice
of asymptopia U. Different asymptopias can lead to different tensor structures,
in other words to different extensions of Δ to AΔ, unless they are included
in a common asymptopia. ρ �→ UρU

, the set of all unitaries in B inducing ρU

on AΔ, is obviously a maximal asymptopia containing the given asymptopia.
Thus two asymptopias lead to the same tensor structure if and only if there is
an asymptopia containing both. If we consider the set of asymptopias ordered
under inclusion, the different tensor structures correspond to the different
path-components of this set.

Theorem 6 Given an inclusion of unital C∗-algebras A ⊂ B and a semigroup
Δ of endomorphisms of A, the path-components of the set of asymptopias for
Δ are in natural 1–1 correspondence with the set of maximal asymptopias
and with the set of extensions of Δ to a semigroup of asymptotically inner
endomorphisms of the C∗-algebra AΔ generated by A and the intertwiners for
Δ in B.

It is of interest that the above framework for studying semigroups of en-
domorphisms can be extended so as to cover the case of representations and
their intertwiners. One then deals with a set Δ of morphisms of A into B and
the associated C∗-category of intertwiners. We suppose that for each ρ ∈ Δ,
we are given a set Uρ of unitary operators in B with Uρ ∩ T �= ∅ such that

ρ(A) = U∗AU

for each A ∈ A, U ∈ Uρ and ρ ∈ Δ. In particular, the inclusion mapping ι of
A into B is in Δ with Uι consisting just of the identity of B. Furthermore,
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we require that for each ρ, σ ∈ Δ, there is a unique τ ∈ Δ such that given
U ∈ Uρ there is a V ∈ Uσ with V U ∈ Uτ . As before, R ∈ (ρ, σ) if and only
if V RU∗ ∈ B∩A′. The intertwiners are again supposed to be asymptotically
Abelian. Under these circumstances we have the following generalization of
Theorem 4.

Theorem 7. Let AΔ denote the C∗-subalgebra of B generated by A and T, then
every ρ ∈ Δ has a unique extension ρU to an endomorphism of AΔ such that

ρU(A) = U∗AU , A ∈ AΔ U ∈ Uρ.

Furthermore (ρ, σ) = (ρU, σU) and the set ΔU of the extended morphisms
constitutes a unital semigroup of endomorphisms of AΔ. Thus T inherits the
structure of a tensor C∗-category from End AΔ.

Proof. Note that Lemma 5 retains its validity in this new context and that
ρ(A) ⊂ AΔ since Uρ ∩ T �= ∅. Thus ρU(A) .= U∗AΔU ⊂ AΔ. Now let
ρ, σ ∈ Δ. Choose τ ∈ Δ, U ∈ Uρ and V ∈ Vσ such that V U ∈ Uτ . Since
Ad U∗V ∗=AdU∗AdV ∗, we conclude that ρUσU=τU. Thus ΔU is a semigroup
with unit. Given T ∈ (ρ, σ), then the set of B ∈ B such that

T U∗BU = V ∗BV T,

T U∗B∗U = V ∗B∗V T,

is a C∗-subalgebra of B containing A. It also contains every arrow of T since
intertwiners are asymptotically Abelian. This shows that (ρ, σ) = (ρU, σU).�

We conclude with the remark that all results of this section can be gen-
eralized in the following sense. Instead of considering an inclusion of unital
C∗-algebras, we can consider a fixed unital C∗-algebra L, say, and a set Δ of
morphisms between unital C∗-subalgebras, closed under composition. Given
ρ, σ ∈ Δ, between two such subalgebras A and B, we set

(ρ, σ) .= {R ∈ L : Rρ(A) = σ(A)R, A ∈ A},
and obtain in this way a C∗-category T. In the presence of an asymptopia
U for Δ, the morphism ρ has a unique extension to a morphism ρU between
AΔ and BΔ, the C∗-subalgebras of L generated by A and T and B and T,
respectively. In this way, T inherits the structure of a 2-C∗-category from the
2-C∗-category of morphisms and intertwiners between unital C∗-subalgebras
of L, cf. [14]. The reader should have no difficulty in enunciating and proving
the analogue of the results of this section.

The above generalization may prove relevant to the theory of superselec-
tion sectors, first because it may prove advantageous to restrict a representa-
tion to a subnet of the observable net, and secondly because it may not be
possible to get an endomorphism of the subnet by passing to an equivalent
representation.
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5.3 The Emergence of Braiding

In view of the results in the preceding section, we can now forget about the
inclusion A ⊂ B, work with a single unital C∗-algebra A (corresponding to
the previous algebra AΔ) and suppose that we are given a tensor C∗-category
T with Δ as its set of objects realized as a full tensor subcategory of End A.
How it was obtained, in particular, which asymptopia, if any, was used to
construct it, is for the moment quite irrelevant.

We also note that the C∗-category T now becomes a tensor C∗-category
in a natural way. The tensor product of objects is just the pointwise product
of the individual sequences of endomorphisms, whilst if arrows R and S are
represented by sequences Rn ∈ (ρn, ρ

′
n) and Sn ∈ (σn, σ

′
n), their tensor prod-

uct R × S is represented by Rnρn(Sn) ∈ (ρnσn, ρ
′
nσ

′
n), n ∈ N. We further

note that a sequence of endomorphisms ρn of A defines in a canonical way a
unital morphism ρ of A into A, two sequences ρn and σn defining the same
morphism if and only if ρn(A)− σn(A) → 0 for every A ∈ A. Adjoining inter-
twiners, we get a C∗-category Mor (A,A). There is now an obvious canonical
∗-functor F from T to Mor (A,A) mapping a sequence of endomorphisms of
A onto the induced morphism from A to A and acting as the identity on
intertwiners. The effect of F is to identify sequences of endomorphisms with
the same asymptotic behaviour.

The task in this section is to show how to get a braiding and to develop
criteria for deciding whether the braiding is a symmetry. The idea here is to
define the braiding using suitable norm convergent sequences of unitaries and
we will again realize these sequences as unitary operators in A. However, the
conditions we need are now somewhat different. In particular, as a braiding
is a function of two objects, we assume that there are for each object ρ ∈ Δ
two stable sets of unitaries Uρ,Vρ which are contained in T, each unitary
W implementing ρ, i.e. ρ(A) = W ∗AW , A ∈ A. This means that F (W ) is
an intertwiner in A from ρ to the identity automorphism ι. Furthermore, we
require the following notion of asymptotic Abelianness, where we work in the
category Mor (A,A): given two intertwiners R ∈ (ρ, ρ′) and S ∈ (σ, σ′) of T

and U ∈ Uρ, U ′ ∈ Uρ′ , V ∈ Vσ and V ′ ∈ Vσ′ , then

F (U ′RU∗ × V ′SV ∗)− F (V ′SV ∗ ×U ′RU∗) = 0. (5.3)

This form of asymptotic Abelianness of the tensor product of arrows will allow
us to define the universal rule for interchanging tensor products, in very much
the same way as condition (5.2) allowed us to define the tensor product of
arrows.

For that purpose this data should, in addition, be compatible with prod-
ucts in the sense that given ρ, ρ′ ∈ Δ, we can find U ∈ Uρ and U ′ ∈ Uρ′ such
that U ×U ′ ∈ Uρρ′ and analogously for the second set of unitaries {Vρ}. Any
assignment (U,V) : ρ �→ Uρ,Vρ with these properties will be referred to as a
bi-asymptopia for Δ.
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Theorem 8. Let (U,V) be a bi-asymptopia for Δ. Given ρ, σ ∈ Δ, then

ε(ρ, σ) .= F (V ∗ ×U∗) ◦ F (U × V )

is independent of the choice of U ∈ Uρ and V ∈ Vσ and is in (ρσ, σρ).
Furthermore, if R ∈ (ρ, ρ′) and S ∈ (σ, σ′), then

ε(ρ′, σ′) ◦R× S = S ×R ◦ ε(ρ, σ)

and if τ ∈ Δ, then

ε(ρσ, τ) = ε(ρ, τ)× 1σ ◦ 1ρ × ε(σ, τ),

ε(ρ, στ) = 1σ × ε(ρ, τ) ◦ ε(ρ, σ)× 1τ .

In other words, ε is a braiding for the full subcategory of EndA generated by
Δ.

Proof. We have

F (V ∗ ×U∗) ◦ F (U × V )− F (V ′∗ ×U ′∗) ◦ F (U ′ × V ′)

= F (V ∗ ×U∗) ◦ (F ((U ◦U ′∗)× (V ◦ V ′∗))

− F ((V ◦ V ′∗)× (U ◦U ′∗))
) ◦ F (U ′ × V ′) = 0

proving independence of the choice of U ∈ Uρ and V ∈ Vσ. But then
F (V ∗ ×U∗) ◦ F (U × V ) is stable so that ε(ρ, σ) ∈ (ρσ, σρ). Furthermore,

F (V ′∗ ×U ′∗) ◦ F (U ′ × V ′) ◦R× S

− S ×R ◦ F (V ∗ ×U∗) ◦ F (U × V )

= F (V ′∗ ×U ′∗) ◦ (F (U ′RU∗ × V ′SV ∗)

− F (V ′SV ∗ ×U ′RU∗)
) ◦ F (U × V ) = 0,

and we deduce that

ε(ρ′, σ′) ◦R × S = S ×R ◦ ε(ρ, σ).

Now, pick U ∈ Uρ and V ∈ Uσ such that U × V ∈ Uρσ. Then, if W ∈ Vτ ,

F (W ∗ ×U∗ × V ∗) ◦ F (U × V ×W )

= F (W ∗×U∗×1σ) ◦ F (U×W×1σ) ◦ F (1ρ×W ∗×V ∗) ◦ F (1ρ×V ×W ),

and we conclude that

ε(ρσ, τ) = ε(ρ, τ)× 1σ ◦ 1ρ × ε(σ, τ).

Now,
ε−1(ρ, σ) .= ε(σ, ρ)−1 = F (U∗ × V ∗) ◦ F (V ×U)

and as we have here just interchanged the roles of U and V, we deduce that

ε(ρ, στ) = 1σ × ε(ρ, τ) ◦ ε(ρ, σ)× 1τ

as stated. �
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There still remains the question of whether ε is in fact a symmetry, i.e.
whether ε = ε−1. But in the above proof, we have just seen that we pass from
ε to ε−1 by interchanging the roles of U and V. Hence one way of tackling the
problem is to ask when two bi-asymptopias give rise to the same braiding and
here we may follow our discussion in the case of asymptopias.

Two bi-asymptopias will obviously give rise to the same braiding if one is
included in the other, or if their intersection is still a bi-asymptopia; thus if
we order the set of bi-asymptopias under inclusion, we can divide that set into
path-components, and the braiding associated to a bi-asymptopia will depend
only on its path-component.

A difference from the case of asymptopias is worth noting here: whilst
ρ �→ UρU

defines a maximal asymptopia, where in particular equation (5.2) is
automatically satisfied, the notion of asymptotic Abelianness entering in the
definition of bi-asymptopias requires a further mutual (asymptotic) commuta-
tivity, equation (5.3). Hence there is no a priori unique maximal bi-asymptopia
containing a given one, just as in general there is no unique maximal Abelian
subalgebra containing a given Abelian subalgebra. Thus in this case we cannot
say a priori that different braidings correspond to different path components
of asymptopias. But by the previous discussion we have

Theorem 9. The bi-asymptopia {U,V} gives rise to a symmetry if it lies in
the same path-component as {V,U}.

We close with a few comments. First, when does a braiding arise from a
bi-asymptopia? Note that if ε is a braiding for T, then this braiding extends
in an obvious way to a braiding for T. Writing ρ to denote an object of T,
i.e. a sequence of elements of Δ, U ∈ (ρ,ρ) and V ∈ (σ,σ), then

V ×U ◦ ε(ρ, σ) = ε(ρ,σ) ◦U × V .

So if we give ourselves a braiding ε for T then

ε(ρ, σ) = F (V ∗ ×U∗ ◦U × V )

if and only if F (ε(ρ,σ)) = 1ι. Next,

ε(ρ′,σ′) ◦ (U ′RU∗)× (V ′SV ∗) = (V ′SV ∗)× (U ′RU∗) ◦ ε(ρ,σ).

Finally, F (ρ) = F (ρ′) = F (σ) = ι and F (ε(ρ,σ)) = F (ε(ρ′,σ)) = 1ι implies
F (ρρ′) = ι and F (ε(ρρ′,σ)) = 1ι. So we conclude

Theorem 10. Let ε be a braiding for T and suppose given two mappings Ǔ, V̌
from the morphisms ρ into stable subsets of U(B)ρ such that each Ǔρ and
each V̌ρ are non-empty. If, given any pair U ∈ (ρ,ρ) from Ǔρ and V ∈ (σ,σ)
from V̌σ, F (ρ) = F (σ) = ι F (ε(ρ,σ)) = 1ι, then Ǔ, V̌ can be extended to
a bi-asymptopia {U,V} giving ε. Furthermore, we can even take U and V to
be closed under composition on the right by unitary intertwiners and stable
under tensor products.
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As a final comment, we note that our notion of asymptotic Abelianness of
the ×-product implies the corresponding notion for the operator product. In
fact, F (U ′RU∗) = F (U ′RU∗ × 1σ′) and

F (V ′SV ∗) = F (V ′SV ∗ × 1ρ) = F (V ′SV ∗ ×U1ρU
∗).

Hence

F (U ′RU∗) ◦ F (V ′SV ∗) = F (U ′RU∗×1σ′) ◦ F (U1ρU
∗×V ′SV ∗)

when we have a bi-asymptopia. Thus

F (U ′RU∗) ◦ F (V ′SV ∗) = F (U ′RU∗ × V ′SV ∗)

and
F (U ′RU∗) ◦ F (V ′SV ∗) = F (V ′SV ∗) ◦ F (U ′RU∗)

as stated.

5.4 Algebraic Quantum Field Theory

We briefly outline the relations of the preceding general analysis to alge-
braic quantum field theory, giving in particular some examples of asymptopias.

To begin with, we consider the semigroup of localized morphisms ρ of an
observable net A on Minkowski space which are transportable as representa-
tions on the vacuum Hilbert space of the theory. The C∗-algebra A of Section
2 can then be thought of as the C∗-inductive limit of the net A(O) of local
algebras associated with double cones O, A

.=
⋃

O A(O). The intertwiners in
the sense of representations belong to the dual net Ad,

Ad(O) .=
⋂

O1⊂O′ A(O1)′,

where as usual O′ denotes the spacelike complement of the double cone O. The
role of B is played by the C∗-algebra generated by the net Ad, B

.=
⋃

O Ad(O).
We know that if Um ∈ (ρ, ρm) is unitary and ρm is localized in Om, then

ρ(A) = U∗
mAUm, A ∈ A(O), Om ⊂ O′.

Hence our endomorphisms are asymptotically inner in B. If we assume Haag
duality we have A = B, so we do not need to extend our endomorphisms and
ρ �→ U(B)ρ is the unique maximal asymptopia.

If we just assume essential duality, then in space-time dimension d > 2,
we know that if Ri ∈ (ρi, σi), i = 1, 2, then R1R2 = R2R1 if ρ1 and σ1 are
localized spacelike to R2. Thus we can define an asymptopia U by taking Uρ

to consist of all unitaries of U(B) with representing sequences Um ∈ (ρ, ρm),
the ρm being localized in double cones Om tending spacelike to infinity. In
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this case, AΔ = B and our Theorem 2 is just a variant of a known result
cf. [17, §3.4.6].

The reader’s attention is also drawn to the case of charges localizable in
spacelike cones [5] where the intertwiners likewise do not lie in the observable
algebra and where the treatment in [9] has aspects in common with the present
paper, cf. Lemma 5.5 of [9].

In space-time dimension d = 2, the spacelike complement of a double cone
has two path-components, a spacelike left and a spacelike right. As far as
the commutation properties of intertwiners Ri ∈ (ρi, σi) go, we merely know
then that R1R2 = R2R1 if ρ1 and σ1 are both localized left spacelike to R2

or both localized right spacelike to R2. Thus we can define two asymptopias
U� and Ur as above by letting Om tend spacelike to left infinity or right
infinity, respectively. The restricted commutation properties of intertwiners
show that these two asymptopias lead to different tensor structures, in general.
The vacuum representation of the observable net then induces a solitonic
representation of the corresponding field net.

In replacing A by the algebra A, we are, on the one hand, simplifying
the mathematical setting by suppressing the net structure and avoiding all
reference to spacetime. But we also have in mind applications where the en-
domorphisms are no longer strictly localized but only asymptotically inner.

For an example going beyond the standard setting of strictly local or cone-
localized charges, we turn to the model expounded in [3] and based on the free
massless scalar field. A is here the C∗-algebra generated by Weyl operators
W (f), f ∈ L,

L
.= ω− 1

2 D(R3) + iω
1
2 D(R3).

Here D(R3) denotes the space of smooth real-valued functions with compact
support and ω the energy operator. L is equipped with the scalar product

(f, f ′) .=
∫

d3xf(x)f ′(x),

determining the symplectic form

σ(f, f ′) = −�(f, f ′)

and the usual vacuum state:

ω(W (f)) = e−
1
4 (f,f).

The C∗-algebra B can be taken to be the algebra of all bounded operators on
the vacuum Hilbert space. For Δ, we take the group Γ of automorphisms of
A generated by the space

LΓ
.= ω− 1

2 D(R3) + iω− 3
2 D(R3).

For convenience, we use the same symbol γ to denote the element of LΓ ,
parametrized by smooth functions g and h,
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γ = iω− 3
2 g + ω− 1

2h, g, h ∈ D(R3),

and the automorphism it generates so that

γ(W (f)) = eiσ(γ,f)W (f),

where the symplectic form σ is defined on LΓ so as to extend that on the
subspace L by

σ(γ, γ′) =
∫

d3pω−2
(
g̃(−p)h̃′(p)− g̃′(−p)h̃(p)

)
.

The sectors are characterized by the charge∫
d3x g(x).

They are translation invariant and if γa denotes the translate of γ by a, we
have unitary intertwiners Ua ∈ (γ, γa) unique up to a phase. We define Uγ

to be the set of equivalence classes of sequences of unitaries Ua ∈ (γ, γa) for
which a tends spacelike to infinity and a0/|a| → 0. Then

U∗
aW (f)Ua = eiσ(γ−γa,f)W (f)→ γ(W (f)),

as follows from the asymptotic behaviour of the symplectic form, Theorem 3
of [3]. Obviously, UγUδ = Uδγ . Hence to show that the assignment γ �→ Uγ

defines an asymptopia, it suffices to check that the intertwiners are asymptot-
ically Abelian. Now if (γ, δ) �= 0, it consists of multiples of W (δ − γ). Hence
the intertwiners are asymptotically Abelian if

lim
a,b

[W (δb − γa),W (δ′ − γ′)] = 0,

whenever γ and δ are equivalent and γ′ and δ′ are equivalent. The norm of
this commutator of Weyl operators is

|eiσ(δb−γa,δ′−γ′) − 1|
and asymptotic Abelianness follows from Theorem 3 of [3].

In order to define a bi-asymptopia, we may take Uγ to consist of repre-
senting sequences Ua ∈ (γ, γa), where a tends to spacelike infinity inside some
(open) spacelike cone S, and define Vγ similarly using the spacelike cone −S.
In view of our previous computations, we need only verify the condition of
asymptotic Abelianness. Since every non-zero element of (γ, γ′) is a multiple
of W (γ′ − γ), it suffices to check that

W (γ′
a′ − γa)×W (δ′b′ − δb)−W (δ′b′ − δb)×W (γ′

a′ − γa)

tends to zero as a, a′, −b and −b′ go spacelike to infinity in S. But the norm
of this expression is
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|eiσ(γ′
a′ ,δ′

b′ )eiσ(δb,γa) − 1|
and tends to zero as required by Theorem 3 of [3].

It is easy to see by direct computation that the braiding determined by
this bi-asymptopia is given by

ε(γ, δ) = e−iσ(γ,δ),

cf. Sect. 5 of [3], and is therefore a symmetry, but it is instructive to derive this
from Theorem 9. Obviously, if we replace the spacelike cone S in the definition
of the bi-asymptopia by a smaller spacelike cone S1 we remain in the same
path-component. The same is therefore true if S ∩ S1 �= ∅. By a sequence of
such moves, we may interchange S and −S so that by Theorem 9 our braiding
is a symmetry.
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Summary. After a short introduction on the theory of homogeneous algebras we
describe the application of this theory to the analysis of the cubic Yang–Mills al-
gebra, the quadratic self-duality algebras, their “super" versions as well as to some
generalization.

6.1 Introduction

Consider the classical Yang–Mills equations in (s+ 1)-dimensional pseudo
Euclidean space Rs+1 with pseudo metric denoted by gμν in the canonical
basis of Rs+1 corresponding to coordinates xλ. For the moment the signature
plays no role so gμν is simply a real nondegenerate symmetric matrix with
inverse denoted by gμν . In terms of the covariant derivatives ∇μ = ∂μ + Aμ

(∂μ = ∂/∂xμ) the Yang–Mills equations read

gλμ[∇λ, [∇μ,∇ν ]] = 0 (6.1)

for ν ∈ {0, . . . , s}. By forgetting the detailed origin of these equations, it
is natural to consider the abstract unital associative algebra A generated
by (s + 1) elements ∇λ with the (s + 1) cubic relations (6.1). This algebra
will be referred to as the Yang–Mills algebra. It is worth noticing here that
Equations (6.1) only involve the product through commutators so that, by its
very definition the Yang–Mills algebra A is a universal enveloping algebra.

Our aim here is to present the analysis of the Yang–Mills algebra and
of some related algebras based on the recent development of the theory of
homogeneous algebras [2, 4]. This analysis is only partly published in [10].

In the next section we recall some basic concepts and results on homoge-
neous algebras which will be used in this paper.
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Section 6.3 is devoted to the Yang–Mills algebra. In this section we recall
the definitions and the results of [10]. The proofs are omitted since these are
in [10] and since very similar proofs are given in Sections 4 and 6. Instead, we
describe the structure of the bimodule resolution of the Yang–Mills algebra
and the structure of the corresponding small bicomplexes which compute the
Hochschild homology.

In Section 6.4 we define the super Yang–Mills algebra and we prove for
this algebra results which are the counterpart of the results of [10] for the
Yang–Mills algebra.

In Section 6.5 we define and study the super self-duality algebra. In par-
ticular, we prove for this algebra the analog of the results of [10] for the
self-duality algebra and we point out a very surprising connection between
the super self-duality algebra and the algebras occurring in our analysis of
noncommutative 3-spheres [9, 11].

In Section 6.6 we describe some deformations of the Yang–Mills algebra
and of the super Yang–Mills algebra.

6.2 Homogeneous algebras

Although we shall be concerned in the following with the cubic Yang–Mills
algebra A, the quadratic self-duality algebra A(+) [10] and some related alge-
bras, we recall in this section some constructions and some results for general
N -homogeneous algebras [2,4]. All vector spaces are over a fixed commutative
field K.

A homogeneous algebra of degree N or N -homogeneous algebra is an alge-
bra of the form

A = A(E,R) = T (E)/(R)

where E is a finite-dimensional vector space, R is a linear subspace of E⊗N

and where (R) denotes the two-sided ideal of the tensor algebra T (E) of
E generated by R. The algebra A is naturally a connected graded algebra
with graduation induced by the one of T (E). To A is associated another N -
homogeneous algebra, its dual A! = A(E∗, R⊥) with E∗ denoting the dual
vector space of E and R⊥ ⊂ E⊗N∗ = E∗⊗N

being the annihilator of R, [4].
The N -complex K(A) of left A-modules is then defined to be

· · · d→ A⊗A!∗
n+1

d→ A⊗A!∗
n

d→ · · · d→ A→ 0 (6.2)

where A!∗
n is the dual vector space of the finite-dimensional vector space A!

n of
the elements of degree n of A! and where d : A⊗A!∗

n+1 → A⊗A!∗
n is induced

by the map a ⊗ (e1 ⊗ · · · ⊗ en+1) �→ ae1 ⊗ (e2 ⊗ · · · ⊗ en+1) of A ⊗ E⊗n+1

into A⊗ E⊗n

, remembering that A!∗
n ⊂ E⊗n

, (see [4]). In (6.2) the factors A
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are considered as left A-modules. By considering A as right A-module and by
exchanging the factors one obtains the N -complex K̃(A) of right A-modules

· · · d̃→ A!∗
n+1 ⊗A

d̃→ A!∗
n ⊗A

d̃→ · · · d̃→ A→ 0 (6.3)

where now d̃ is induced by (e1 ⊗ · · · ⊗ en+1) ⊗ a �→ (e1 ⊗ · · · ⊗ en) ⊗ en+1a.
Finally one defines two N -differentials dL and dR on the sequence of (A,A)-
bimodules, i.e. of left A⊗Aopp-modules, (A⊗A!∗

n⊗A)n≥0 by setting dL = d⊗IA

and dR = IA ⊗ d̃ where IA is the identity mapping of A onto itself. For each
of these N -differentials dL and dR the sequences

· · · dL,dR→ A⊗A!∗
n+1 ⊗A

dL,dR→ A⊗A!∗
n ⊗A

dL,dR→ . . . (6.4)

are N -complexes of left A⊗Aopp-modules and one has

dLdR = dRdL (6.5)

which implies that

dN
L − dN

R = (dL − dR)

(
N−1∑
p=0

dp
Ld

N−p−1
R

)
=

(
N−1∑
p=0

dp
Ld

N−p−1
R

)
(dL − dR) = 0

(6.6)
in view of dN

L = dN
R = 0.

As for any N -complex [13] one obtains from K(A) ordinary complexes
Cp,r(K(A)), the contractions of K(A), by putting together alternatively p
and N − p arrows d of K(A). Explicitly Cp,r(K(A)) is given by

· · · dN−p→ A⊗A!∗
Nk+r

dp→ A⊗A!∗
Nk−p+r

dN−p→ A⊗ A!∗
N(k−1)+r

dp→ . . . (6.7)

for 0 ≤ r < p ≤ N − 1, [4] . These are here chain complexes of free left
A-modules. As shown in [4] the complex CN−1,0(K(A)) coincides with the
Koszul complex of [2]; this complex will be denoted by K(A,K) in the sequel.
That is one has

K2m(A,K) = A⊗A!∗
Nm, K2m+1(A,K) = A⊗A!∗

Nm+1 (6.8)

for m ≥ 0, and the differential is dN−1 on K2m(A,K) and d on K2m+1(A,K).
If K(A,K) is acyclic in positive degrees then A will be said to be a Koszul
algebra. It was shown in [2] and this was confirmed by the analysis of [4] that
this is the right generalization for N -homogeneous algebra of the usual notion
of Koszulity for quadratic algebras [16,17]. One always has H0(K(A,K)) ! K
and therefore if A is Koszul, then one has a free resolution K(A,K)→ K → 0
of the trivial left A-module K, that is the exact sequence

· · · dN−1→ A⊗A!∗
N+1

d→ A⊗R
dN−1→ A⊗ E

d→ A
ε→ K → 0 (6.9)
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of left A-modules where ε is the projection on degree zero. This resolution is
a minimal projective resolution of A in the graded category [3].

One defines now the chain complex of free A⊗ Aopp-modules K(A,A) by
setting

K2m(A,A) = A⊗A!∗
Nm ⊗A, K2m+1(A,A) = A⊗A!∗

Nm+1 ⊗A (6.10)

for m ∈ N with differential δ′ defined by

δ′ = dL − dR : K2m+1(A,A)→ K2m(A,A) (6.11)

δ′ =
N−1∑
p=0

dp
Ld

N−p−1
R : K2(m+1)(A,A)→ K2m+1(A,A) (6.12)

the property δ′2 = 0 following from (6.6). This complex is acyclic in positive
degrees if and only if A is Koszul, that is if and only if K(A,K) is acyclic in
positive degrees, [2] and [4] . One always has the obvious exact sequence

A⊗ E ⊗A
δ′→ A⊗A

μ→ A→ 0 (6.13)

of left A ⊗ Aopp-modules where μ denotes the product of A. It follows that
if A is a Koszul algebra, then K(A,A)

μ→ A → 0 is a free resolution of the
A ⊗ Aopp-module A which will be refered to as the Koszul resolution of A.
This is a minimal projective resolution of A⊗Aopp in the graded category [3].

Let A be a Koszul algebra and let M be an (A,A)-bimodule considered as a
right A⊗Aopp-module. Then, by interpreting the M-valued Hochschild homol-
ogy H(A,M) as Hn(A,M) = TorA⊗Aopp

n (M,A) [6], the complex M ⊗A⊗Aopp

K(A,A) computes the M-valued Hochschild homology of A, (i.e. its homol-
ogy is the ordinary M-valued Hochschild homology of A). We shall refer to
this complex as the small Hochschild complex of A with coefficients in M and
denote it by S(A,M). It reads

· · · δ→M⊗A!∗
N(m+1)

δ→M⊗A!∗
Nm+1

δ→M⊗A!∗
Nm

δ→ . . . (6.14)

where δ is obtained from δ′ by applying the factors dL to the right of M and
the factors dR to the left of M.

Assume that A is a Koszul algebra of finite global dimension D. Then
the Koszul resolution of K has length D, i.e. D is the largest integer such
that KD(A,K) �= 0. By construction, D is also the greatest integer such that
KD(A,A) �= 0 so the free A ⊗ Aopp-module resolution of A has also length
D. Thus for a Koszul algebra, the global dimension is equal to the Hochschild
dimension. Applying then the functor HomA(•,A) to K(A,K) one obtains
the cochain complex L(A,K) of free right A-modules

0 → L0(A,K)→ · · · → LD(A,K)→ 0
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where Ln(A,K) = HomA(Kn(A,K),A). The Koszul algebra A is Gorenstein
iff Hn(L(A,K)) = 0 for n < D and HD(L(A,K)) = K (= the trivial right A-
module). This is clearly a generalisation of the classical Poincaré duality and
this implies a precise form of Poincaré duality between Hochschild homology
and Hochschild cohomology [5, 20, 21]. In the case of the Yang–Mills algebra
and its deformations which are Koszul Gorenstein cubic algebras of global
dimension 3, this Poincaré duality gives isomorphisms

Hk(A,M) = H3−k(A,M), k ∈ {0, 1, 2, 3} (6.15)

between the Hochschild homology and the Hochschild cohomology with coef-
ficients in a bimodule M.

6.3 The Yang–Mills algebra

Let (gλμ) ∈Ms+1(K) be an invertible symmetric (s + 1)× (s + 1)-matrix
with inverse (gλμ), i.e. gλμg

μν = δν
λ. The Yang–Mills algebra is the cubic

algebra A generated by s + 1 elements ∇λ (λ ∈ {0, . . . , s}) with the s + 1
relations

gλμ[∇λ, [∇μ,∇ν ]] = 0, ν ∈ {0, . . . , s}
that is A = A(E,R) with E = ⊕λK∇λ and R ⊂ E⊗3

given by

R =
∑

ν

Kgλμ[∇λ, [∇μ,∇ν ]⊗]⊗

=
∑

ρ

K(gρλgμν + gνρgλμ − 2gρμgλν)∇λ ⊗∇μ ⊗∇ν . (6.16)

In [10] the following theorem was proved.

Theorem 1. The cubic Yang–Mills algebra A is Koszul of global dimension 3
and is Gorenstein.

The proof of this theorem relies on the computation of the dual cubic algebra
A! which we now recall.

The dual A! = A(E∗, R⊥) of the Yang–Mills algebra is the cubic algebra
generated by s + 1 elements θλ (λ ∈ {0, . . . , s}) with relations

θλθμθν =
1
s
(gλμθν + gμνθλ − 2gλνθμ)g

where g = gαβθ
αθβ . These relations imply that g ∈ A!

2 is central in A! and
that one has A!

0 = K1l ! K, A!
1 = ⊕λKθλ ! Ks+1, A!

2 = ⊕μνKθμθν ! K(s+1)2 ,
A!

3 = ⊕λKθλg ! Ks+1, A!
4 = Kg2 ! K and A!

n = 0 for n ≥ 5. From
this, one obtains the description of [10] of the Koszul complex K(A,K) and
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the proof of the above theorem. It also follows that the bimodule resolution
K(A,A)

μ→ A→ 0 of A reads

0 → A⊗ A
δ′
3→ A⊗Ks+1 ⊗A

δ′
2→ A⊗Ks+1 ⊗A

δ′
1→ A⊗A

μ→ A → 0 (6.17)

where the components δ′k of δ′ in the different degrees can be computed by
using the description of K(A,K) = C2,0 given in Section 3 of [10] and are
given by⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

δ′1(a⊗ eλ ⊗ b) = a∇λ ⊗ b− a⊗∇λb

δ′2(a⊗ eλ ⊗ b) = (gαβδγ
λ + gβγgα

λ − 2gγαδβ
λ)×

×(a∇α∇β ⊗ eγ ⊗ b + a∇α ⊗ eγ ⊗∇βb + a⊗ eγ ⊗∇α∇βb)

δ′3(a⊗ b) = gλμ(a∇μ ⊗ eλ ⊗ b− a⊗ eλ ⊗∇μb)

(6.18)

where a, b ∈ A, eλ (λ = 0, . . . , s) is the canonical basis of Ks+1 and ∇λ are
the corresponding generators of A.

Let M be a bimodule over A. By using the above description of the Koszul
resolution of A one easily obtains the one of the small Hochschild complex
S(A,M) which reads

0→M
δ3→M⊗Ks+1 δ2→M⊗Ks+1 δ1→M→ 0 (6.19)

with differential δ given by⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

δ1(mλ ⊗ eλ) = mλ∇λ −∇λm
λ = [mλ,∇λ]

δ2(mλ ⊗ eλ)
= ([∇μ, [∇μ,mλ]] + [∇μ, [mμ,∇λ]] + [mμ, [∇μ,∇λ]])⊗ eλ

δ3(m) = gλμ(m∇μ −∇μm)⊗ eλ = [m,∇λ]⊗ eλ

(6.20)

with obvious notation. By using (6.20) one easily verifies the duality (6.15).
For instance H3(A,M) is Ker(δ3) which is given by the m ∈ M such that
∇λm = m∇λ for λ = 0, . . . , s, that is such that am = ma, ∀a ∈ A, since A is
generated by the ∇λ and it is well known that this coincides with H0(A,M).
Similarily mλ⊗ eλ is in Ker(δ2) if and only if ∇λ �→ D(∇λ) = gλμm

μ extends
as a derivation D of A into M (D ∈ Der(A,M)) while mλ⊗eλ = δ3(m) means
that this derivation is inner D = ad(m) ∈ Int(A,M) from which H2(A,M)
identifies with H1(A,M), and so on.

Assume now that M is graded in the sense that one has M = ⊕n∈ZMn with
AkM�Am ⊂ Mk+�+m. Then the small Hochschild complex S(A,M) splits into
subcomplexes S(A,M) = ⊕nS(n)(A,M) where S(n)(A,M) is the subcomplex
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0→Mn−4
δ3→Mn−3 ⊗Ks+1 δ2→Mn−1 ⊗Ks+1 δ1→Mn → 0 (6.21)

of (6.19). Assume furthermore that the homogeneous components Mn are
finite-dimensional vector spaces, i.e. dim(Mn) ∈ N. Then one has the following
Euler–Poincaré formula

dim(H(n)
0 )− dim(H(n)

1 ) + dim(H(n)
2 )− dim(H(n)

3 ) =

dim(Mn)− (s + 1)dim(Mn−1) + (s + 1)dim(Mn−3)− dim(Mn−4)
(6.22)

for the homology H(n) of the chain complex S(n)(A,M).

In the case where M = A, it follows from the Koszulity of A that the
right-hand side of (6.22) vanishes for n �= 0. Denoting as usual by HH(A) the
A-valued Hochschild homology of A which is here the homology of S(A,A),
we denote by HH(n)(A) the homology of the subcomplex S(n)(A,A). Since
An = 0 for n < 0, one has HH

(n)
0 (A) = 0 for n < 0, HH

(n)
1 (A) = 0 for n ≤ 0,

HH
(n)
2 (A) = 0 for n ≤ 2 and HH

(n)
3 (A) = 0 for n ≤ 3. Furthermore one has

HH
(0)
0 (A) = HH

(4)
3 (A) = K, (6.23)

HH
(1)
0 (A) = HH

(1)
1 (A) = HH

(3)
2 (A) = Ks+1, (6.24)

HH
(2)
0 (A) = HH

(2)
1 (A) = K

(s+1)(s+2)
2 , (6.25)

and the Euler–Poincaré formula reads here

dim(HH
(n)
0 (A)) + dim(HH

(n)
2 (A)) = dim(HH

(n)
1 (A)) + dim(HH

(n)
3 (A))

(6.26)
for n ≥ 1 which implies

dim(HH
(3)
0 (A)) + (s + 1) = dim(HH

(3)
1 (A)) (6.27)

for n = 3 while for n = 1 and n = 2 it is already contained in (6.24) and
(6.25).

The complete description of the Hochschild homology and of the cyclic
homology of the Yang–Mills algebra will be given in [12].

6.4 The super Yang–Mills algebra

As pointed out in the introduction, the Yang–Mills algebra is the universal
enveloping algebra of a Lie algebra which is graded by giving degree 1 to the
generators ∇λ (see in [10]). Replacing the Lie bracket by a super Lie bracket,
that is replacing in the Yang–Mills equations (6.1) the commutator by the
anticommutator whenever the 2 elements are of odd degrees, one obtains a
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super version Ã of the Yang–Mills algebra A. In other words one defines the
super Yang–Mills algebra to be the cubic algebra Ã generated s + 1 elements
Sλ (λ ∈ {0, . . . , s}) with the relations

gλμ[Sλ, {Sμ, Sν}] = 0, ν ∈ {0, . . . , s} (6.28)

that is Ã = A(Ẽ, R̃) with Ẽ = ⊕λKSλ and R̃ ⊂ Ẽ⊗3
given by

R̃ =
∑

ρ

K(gρλgμν − gνρgλμ)Sλ ⊗ Sμ ⊗ Sν . (6.29)

Relations (6.28) can be equivalently written as

[gλμSλSμ, Sν ] = 0, ν ∈ {0, . . . , s} (6.30)

which mean that gλμSλSμ ∈ Ã2 is central in Ã.

It is easy to verify that the dual algebra Ã! = A(Ẽ∗, R̃⊥) is the cubic
algebra generated by s + 1 elements ξλ (λ ∈ {0, . . . , s}) with the relations

ξλξμξν = −1
s
(gλμξν − gμνξλ)g

where g = gαβξ
αξβ . These relations imply that gξν + ξνg = 0, i.e.

{gλμξ
λξμ, ξν} = 0, ν ∈ {0, . . . , s} (6.31)

and that one has Ã!
0 = K1l ! K, Ã!

1 = ⊕λKξλ ! Ks+1, Ã!
2 = ⊕μνKξμξν !

K(s+1)2 , Ã!
3 = ⊕λKξλg ! Ks+1, Ã!

4 = Kg2 ! K and Ã!
n = 0 for n ≥ 5.

The Koszul complex K(Ã,K) of Ã then reads

0 → Ã
St→ Ãs+1 N→ Ãs+1 S→ Ã→ 0

where S means right multiplication by the column with components Sλ, St

means right multiplication by the row with components Sλ and N means right
multiplication (matrix product) by the matrix with components

Nμν = (gμνgαβ − gμαgνβ)SαSβ

with λ, μ, ν ∈ {0, . . . , s}. One has the following result.

Theorem 2. The cubic super Yang–Mills algebra Ã is Koszul of global dimen-
sion 3 and is Gorenstein.

Proof. By the very definition of Ã by generators and relations, the sequence

Ãs+1 N→ Ãs+1 S→ Ã
ε→ K → 0
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is exact. On the other hand it is easy to see that the mapping Ã
St→ Ãs+1 is

injective and that the sequence

0 → Ã
St→ Ãs+1 N→ Ãs+1 S→ Ã

ε→ K → 0

is exact which implies that Ã is Koszul of global dimension 3. The Gorenstein
property follows from the symmetry by transposition. �

The situation is completely similar to the Yang–Mills case, in particular Ã

has Hochschild dimension 3 and, by applying a result of [15], Ã has the same
Poincaré series as A i.e. one has the formula∑

n∈N

dim(Ãn)tn =
1

(1− t2)(1 − (s + 1)t + t2)
(6.32)

which, as will be shown elsewhere, can be interpreted in terms of the quantum
group of the bilinear form (gμν) [14] by noting the invariance of Relations
(6.30) by this quantum group. For s = 1 the Yang–Mills algebra and the super
Yang–Mills algebra are particular cubic Artin–Schelter algebras [1] whereas
for s ≥ 2 these algebras have exponential growth as follows from Formula
(6.32).

6.5 The super self-duality algebra

There are natural quotients B of A and B̃ of Ã which are connected with
parastatistics and which have been investigated in [15]. The parafermionic
algebra B is the cubic algebra generated by elements ∇λ (λ ∈ {0, . . . , s}) with
relations

[∇λ, [∇μ,∇ν ]] = 0

for any λ, μ, ν ∈ {0, . . . , s}, while the parabosonic algebra B̃ is the cubic algebra
generated by elements Sλ (λ ∈ {0, . . . , s}) with relations

[Sλ, {Sμ, Sν}] = 0

for any λ, μ, ν ∈ {0, . . . , s}. In contrast to the Yang–Mills and the super Yang–
Mills algebras A and Ã which have exponential growth whenever s ≥ 2, these
algebras B and B̃ have polynomial growth with Poincaré series given by

∑
n

dim(Bn)tn =
∑

n

dim(B̃n)tn =
(

1
1− t

)s+1( 1
1− t2

) s(s+1)
2

but they are not Koszul for s ≥ 2, [15].

In a sense, the algebra B can be considered to be somehow trivial from
the point of view of the classical Yang–Mills equations in dimension s + 1 ≥ 3



74 Alain Connes and Michel Dubois-Violette

although the algebras B and B̃ are quite interesting for other purposes [15]. It
turns out that in dimension s + 1 = 4 with gμν = δμν (Euclidean case),
the Yang–Mills algebra A has non-trivial quotients A(+) and A(−) which
are quadratic algebras refered to as the self-duality algebra and the anti-self-
duality algebra respectively [10]. Let ε = ±, the algebra A(ε) is the quadratic
algebra generated by the elements ∇λ (λ ∈ {0, 1, 2, 3, }) with relations

[∇0,∇k] = ε[∇�,∇m]

for any cyclic permutation (k, ",m) of (1,2,3). One passes from A(−) to A(+) by
changing the orientation of K4 so one can restrict attention to the self-duality
algebra A(+). This algebra has been studied in [10] where it was shown in
particular that it is Koszul of global dimension 2. For further details on this
algebra and on the Yang–Mills algebra, we refer to [10] and to the forthcoming
paper [12]. Our aim now in this section is to define and study the super version
of the self-duality algebra.

Let ε = + or − and define Ã(ε) to be the quadratic algebra generated by
the elements S0, S1, S2, S3 with relations

i{S0, Sk} = ε[S�, Sm] (6.33)

for any cyclic permutation (k, ",m) of (1,2,3). One has the following.

Lemma 1. Relations (6.33) imply that one has

[ 3∑
μ=0

(Sμ)2, Sλ

]
= 0

for any λ ∈ {0, 1, 2, 3}. In other words, Ã(+) and Ã(−) are quotients of the
super Yang–Mills algebra Ã for s + 1 = 4 and gμν = δμν .

The proof which is a straightforward verification makes use of the Jacobi
identity (see also in [18]). Thus Ã(+) and Ã(−) play the same role with respect
to Ã as A(+) and A(−) with respect to A. Accordingly they will be respectively
called the super self-duality algebra and the super anti-self-duality algebra.
Again Ã(+) and Ã(−) are exchanged by changing the orientation of K4 and
we shall restrict attention to the super self-duality algebra in the following,
i.e. to the quadratic algebra Ã(+) generated by S0, S1, S2, S3 with relations

i{S0, Sk} = [S�, Sm] (6.34)

for any cyclic permutation (k, ",m) of (1,2,3). One has the following result.

Theorem 3. The quadratic super self-duality algebra Ã(+) is a Koszul algebra
of global dimension 2.
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Proof. One verifies that the dual quadratic algebra Ã(+)! is generated by el-
ements ξ0, ξ1, ξ2, ξ3 with relations (ξλ)2 = 0, for λ = 0, 1, 2, 3 and ξ�ξm =
−ξmξ� = iξ0ξk = iξkξ0 for any cyclic permutation (k, ",m) of (1,2,3). So
one has Ã

(+)!
0 = K1l ! K, Ã

(+)!
1 = ⊕λKξλ ! K4, Ã

(+)!
2 = ⊕kKξ0ξk ! K3

and Ã
(+)!
n = 0 for n ≥ 3 since the above relations imply ξλξμξν = 0 for any

λ, μ, ν ∈ {0, 1, 2, 3}. The Koszul complex K(Ã(+)) = K(Ã(+),K) (quadratic
case) then reads

0 → Ã(+)3 D→ Ã(+)4 S→ Ã(+) → 0

where S means right matrix product with the column with components Sλ

(λ ∈ {0, 1, 2, 3}) and D means right matrix product with

D =

⎛⎝ iS1 iS0 S3 −S2

iS2 −S3 iS0 S1

iS3 S2 −S1 iS0

⎞⎠ . (6.35)

It follows from the definition of Ã(+) by generators and relations that the
sequence

Ã(+)3 D→ Ã(+)4 S→ Ã(+) ε→ K → 0

is exact. On the other hand one shows easily that the mapping Ã(+)3 D→ Ã(+)4

is injective so finally the sequence

0 → Ã(+)3 D→ Ã(+)4 S→ Ã(+) ε→ K → 0

is exact which implies the result. �

This theorem implies that the super self-duality algebra Ã(+) has Hoch-
schild dimension 2 and that its Poincaré series is given by

PÃ(+)(t) =
1

(1− t)(1 − 3t)

in view of the structure of its dual Ã(+)! described in the proof. Thus every-
thing is similar to the case of the self-duality algebra A(+).

Let us recall that the Sklyanin algebra, in the presentation given by
Sklyanin [18], is the quadratic algebra S(α1, α2, α3) generated by four ele-
ments S0, S1, S2, S3 with relations

i{S0, Sk} = [S�, Sm]

[S0, Sk] = i
α� − αm

αk
{S�, Sm}

for any cyclic permutation (k, ",m) of (1,2,3). One sees that the relations of
the super self-duality algebra Ã(+) are the relations of the Sklyanin algebra
which are independent from the parameters αk. Thus one has a sequence of
surjective homomorphisms of connected graded algebra
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Ã→ Ã(+) → S(α1, α2, α3).

On the other hand for generic values of the parameters the Sklyanin alge-
bra is Koszul Gorenstein of global dimension 4 [19] with the same Poincaré
series as the polynomial algebra K[X0, X1, X2, X3] and corresponds to the
natural ambiant noncommutative 4-dimensional Euclidean space containing
the noncommutative 3-spheres described in [9, 11] (their “homogeneisation").
This gives a very surprising connection between the present study and our
noncommutative 3-spheres for generic values of the parameters. It is worth
noticing here that in the analysis of [11] several bridges between noncommu-
tative differential geometry in the sense of [7,8] and noncommutative algebraic
geometry have been established.

6.6 Deformations

The aim of this section is to study deformations of the Yang–Mills algebra
and of the super Yang–Mills algebra. We use the notation of Sections 6.3 and
6.4.

Let the dimension s + 1 ≥ 2 and the pseudo metric gλμ be fixed and let
ζ ∈ P1(K) have homogeneous coordinates ζ0, ζ1 ∈ K. Define A(ζ) to be the
cubic algebra generated by s + 1 elements ∇λ (λ ∈ {0, . . . , s}) with relations

(ζ1(gρλgμν + gνρgλμ)− 2ζ0gρμgλν)∇λ∇μ∇ν = 0

for ρ ∈ {0, . . . , s}. The Yang–Mills algebra corresponds to the element ζY M

of P1(K) with homogeneous coordinates ζ0 = ζ1. Let ζsing be the element
of P1(K) with homogeneous coordinates ζ0 = s+2

2 ζ1; one has the following
result.

Theorem 4. For ζ �= ζsing the cubic algebra A(ζ) is Koszul of global dimension
3 and is Gorenstein.

Proof. The dual algebra A(ζ)! is the cubic algebra generated by elements θλ

with relations

θλθμθν =
1

(s + 2)ζ1 − 2ζ0
(ζ1(gλμθν + gμνθλ)− 2ζ0gλνθμ)g (6.36)

for λ, μ, ν ∈ {0, . . . , s} with g = gαβθ
αθβ . This again implies that g is in

the center and that one has A!
0 = K1l ! K, A!

1 = ⊕λKθλ ! Ks+1, A!
2 =

⊕λ,μKθλθμ ! K(s+1)2 , A!
3 = ⊕λKθλg ! Ks+1, A!

4 = Kg2 ! K while A!
n = 0

for n ≥ 5, where we have set A!
n = A(ζ)!n. Setting A = A(ζ), the Koszul

complex K(A(ζ),K) of A(ζ) reads

0 → A
∇t→ As+1 M→ As+1 ∇→ A→ 0
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with the same conventions as before and M with components

Mμν =
1

(s + 2)ζ1 − 2ζ0
(ζ1(gμνgαβ + gμαgνβ)− 2ζ0gμβgνα)∇α∇β ,

μ, ν,∈ {0, . . . , s}. The theorem follows then by the same arguments as before,
using in particular the symmetry by transposition for the Gorenstein property.

�

It follows that A(ζ) has Hochschild dimension 3 and the same Poincaré
series as the Yang–Mills algebra for ζ �= ζsing .

Remark. One can show that the cubic algebra generated by elements ∇λ with
relations

(ζ1gρλgμν + ζ2g
νρgλμ − 2ζ0gρμgλν)∇λ∇μ∇ν = 0

cannot be Koszul and Gorenstein if ζ1 �= ζ2 and ζ0 �= 0 or if (ζ1)2 �= (ζ2)2.

Let now (Bλμ) ∈ Ms+1(K) be an arbitrary invertible (s + 1) × (s + 1)-
matrix with inverse (Bλμ), i.e. BλμB

μν = δν
λ, and let ε = + or −. We define

A(B, ε) to be the cubic algebra generated by s+1 elements Eλ with relations

(BρλBμν + εBλμBνρ)EλEμEν = 0 (6.37)

for ρ ∈ {0, . . . , s}. Notice that B is not assumed to be symmetric. If Bλμ = gλμ

and ε = −, then A(g,−) is the super Yang–Mills algebra Ã (Eλ �→ Sλ) while
if Bλμ = gλμ and ε = +, then A(g,+) is A(ζ0) (Eλ �→ ∇λ) where ζ0 has
homogeneous coordinates ζ1 �= 0 and ζ0 = 0. Thus A(B,+) and A(B,−)
belong to deformations of the Yang–Mills and of the super Yang–Mills algebra
respectively.

Theorem 5. Assume that 1 + εBρλBμνBμλBρν �= 0, then A(B, ε) is Koszul of
global dimension 3 and is Gorenstein.

Proof. The Koszul complex K(A(B, ε),K) can be put in the form

0→ A
Et

→ As+1 L→ As+1 E→ A→ 0

where A = A(B, ε) and with the previous conventions, the matrix L being
given by

Lμν = (BμαBβν + εBνμBαβ)EαEβ (6.38)

for μ, ν ∈ {0, . . . , s}. The arrow A
Et→ As+1 is always injective and the exact-

ness of A
Et→ As+1 L→ As+1 follows from the condition 1+εBρλBμνBμλBρν �= 0.

On the other hand, by definition of A by generators and relations, the sequence
As+1 L→ As+1 E→ A

ε→ K → 0 is exact. This shows that A is Koszul of global
dimension 3. The Gorenstein property follows from (see also in [1])

BρλBμν + εBνρBλμ = ε(BνρBλμ + εBμνBρλ)

for ρ, λ, μ, ν ∈ {0, . . . , s}. �
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Remark. It is worth noticing here in connection with the analysis of [5] that
for all the deformations of the Yang–Mills algebra (resp. the super Yang–Mills
algebra) considered here which are cubic Koszul Gorenstein algebras of global
dimension 3, the dual cubic algebras are Frobenius algebras with structure
automorphism equal to the identity (resp. (−1)degree× identity).
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Summary. This is a short review of work done with Jacques Bros and Ugo Moschella.
A general framework for QFT on AdS or its universal cover is given, with definitions
of covariance, locality, and energy-momentum spectrum, and expressed in terms of
analyticity properties of Wightman functions. The Bisognano-Wichmann analyticity
follows (leading to the AdS-Unruh effect), as well as CTP.

Dedicated to Jacques Bros on the occasion of his seventieth birthday

7.1 Introduction

The de Sitter (dS) and Anti-de-Sitter (AdS) space-times have been the
subjects of a huge literature, of which the bibliography of this paper (and of
[4]) give only an extremely small and unbalanced sample. Here some remarks
on QFT in AdS are given. They do not touch on the deeper questions, such
as AdS-CFT correspondence in the sense of [8].

7.1.1 Real and complex (d + 1)-Minkowski space-time

Recall that the real (resp. complex) (d+1)-Minkowski space-time is Rd+1

(resp. Cd+1) equipped with the scalar product

x · y = x0y0 − x1y1 − · · · − xdyd. (7.1)

When no ambiguity arises,
x2 def= x · x . (7.2)

The future and past cones V± are given by

V+ = −V− = {x ∈ Rd+1 : x(0) > 0, x · x > 0}, (7.3)

and the future and past tubes by

T+ = −T− = {x + iy ∈ Cd+1 : y ∈ V+}. (7.4)
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7.1.2 Real and complex d-AdS space-time

We always assume d ≥ 2 in this paper. We identify the real (resp. complex)
d-dimensional AdS space-time Xd (resp. X(c)

d ) with a hyperboloid imbedded
in the “ambient space” Ed+1 (resp. E(c)

d+1):
Ed+1 = Rd+1, E(c)

d+1 = Cd+1, with points denoted

x = (x0, x1, . . . , xd) = (x0, #x, xd) (7.5)

and scalar product :

(x, y) = x · y
= x0y0 − x1y1 − · · · − xd−1yd−1 + xdyd

def= xμημνy
ν , (7.6)

x2 def= x · x if no ambiguity arises. (7.7)

Scalar product for tensors :

(A,B) = Aμ1...μn Bμ1...μn . (7.8)

The basis (e0, . . . , ed) in Ed+1 is given by eμ
ν = δμν = ημ

ν . A vector x ∈ Ed+1

is called time-like if (x, x) > 0, light-like if (x, x) = 0, space-like if (x, x) < 0.
Given two vectors a and b in Ed+1 (resp.E(c)

d+1), a∧b denotes the antisymmetric
2-tensor in Ed+1 (resp.E(c)

d+1) given by a⊗b−b⊗a, i.e. (a∧b)μν = aμbν−bμaν .
We note that

1
2
(a ∧ b, a ∧ b) = (a, a)(b, b)− (a, b)2 , (7.9)

1
2
(e0 ∧ ed, a ∧ b) = a0bd − adb0 . (7.10)

The real and complex d-AdS space-times are defined by

Xd = {x ∈ Ed+1 : (x, x) = 1}, X
(c)
d = {z ∈ E

(c)
d+1 : (z, z) = 1} , (7.11)

and
X̃d = universal cover of Xd . (7.12)

7.1.3 Real and complex AdS transformations

We denote G (resp. G(c)) the group of real (resp. complex) “AdS transfor-
mations”, i.e. the set of real (resp. complex) linear transformations of Ed+1

(resp E
(c)
d+1) which preserve the scalar product (7.6), G0 and G

(c)
0 the connected

components of the identity in these groups, G̃0 and G̃
(c)
0 the corresponding

universal covering groups. An element of G0 (resp. G(c)
0 ) will be called a proper
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AdS transformation (resp. a proper complex AdS transformation). Denoting
M(n, R) (resp. M(n, C)) the set of all real (resp. complex) n× n matrices,

G = {Λ ∈ M(d + 1, R) : (x, x) = (Λx, Λx) ∀x ∈ Ed+1}, (7.13)

G0 = connected component of 1 in G, (7.14)

G(c) = {Λ ∈ M(d + 1, C) : (z, z) = (Λz, Λz) ∀z ∈ E
(c)
d+1}, (7.15)

G
(c)
0 = connected component of 1 in G(c), (7.16)

G̃0, G̃
(c)
0 : universal covering groups. (7.17)

The Lie algebra G of G0 can be identified with

G = {M ∈M(d + 1, R) : (x, Mx) = 0 ∀x ∈ Ed+1}. (7.18)

The linear isomorphism " of the 2-contravariant tensors in Ed+1 with linear
operators in Ed+1 is defined as

"(A)μ
ν = Aμσησν . (7.19)

G is then given as "(
∧

2(Ed+1)), i.e.

G = {"(A) : A is an antisymmetric 2-contravariant tensor in Ed+1}. (7.20)

A basis in G is provided by {Mμν : 0 ≤ μ < ν ≤ d}, with

Mμν = "(eμ ∧ eν), (Mμν)ρ
σ = eρ

μeνσ − eρ
νeμσ . (7.21)

Let C1 be the subset of G consisting of all elements of the form "(a ∧ b) with
(a, a) = (b, b) = 1, (a, b) = 0, and (e0 ∧ ed, a ∧ b) > 0. Then

C1 = {ΛM0d Λ
−1 : Λ ∈ G0} . (7.22)

We denote C+ the cone generated by C1 and Ĉ+ the convex hull of C+ in G.
In G0, exp(2πM0d) = 1 and, by (7.22), exp(2πM) = 1 for all M ∈ C1. The
loop t �→ exp(2πtM0d), t ∈ [0, 1] defines exp(2πM0d) ∈ G̃0, and since all the
loops t �→ Λ exp(2πtM0d)Λ−1, Λ ∈ G0, are homotopic, we have in G̃0,

ι
def= exp(2πM0d) = exp(2πM) ∀M ∈ C1 (7.23)

= Λ exp(2πM0d)Λ−1 ∀Λ ∈ G̃0 . (7.24)

The last equation shows that ι belongs to the center of G̃0. ιn �= 1 for all
n ∈ Z \ {0}, and G0 = G̃0/H , where H is the cyclic group generated by ι.
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7.1.4 Angular coordinates

χ(t, #x) = (
√

1 + #x2 sin t, #x,
√

1 + #x2 cos t) (7.25)

defines a diffeomorphism of S1 × Rd−1 onto Xd, and it can be lifted into
a diffeomorphism χ̃ of R × Rd−1 onto X̃d. Thus X̃d admits a global chart.
Equation (7.25) can be rewritten as

χ(t, #x) = (t, #x) �→ exp(tM0d)(0, #x,
√

1 + #x2), (7.26)

where t ∈ R/2πZ ! S1. The same formula also expresses χ̃ with t now running
over R and the exponential interpreted as the exponential map of G into G̃0.

7.2 Some Lorentzian geometry in AdS

The pseudo-Riemannian metric ημνdx
μdxν of Ed+1 (which is invariant

under G) induces on Xd a Lorentzian pseudo-Riemannian metric also invari-
ant under G. Geodesics in this metric lie in 2-planes containing 0. Light-like
geodesics are straight lines. G0 (resp. G

(c)
0 ) acts transitively on Xd (resp.

X
(c)
d ). The point ed belongs to Xd. Its stability subgroup is the connected

Lorentz group acting in the d-Minkowski space {y ∈ Ed+1 : (y, ed) = 0},
parallel to the tangent hyperplane to Xd at ed. We identify the future cone
within this d-Minkowski space to the “future cone at ed”, denoted V+(ed), i.e.
V+(ed) = {y ∈ Ed+1 : yd = 0, y0 − |#y| > 0}. If x ∈ Xd, it can be written
(non-uniquely) as Λed with Λ ∈ G0. We then define V+(x) = ΛV+(ed), a sub-
set of {y ∈ Ed+1 : (y, x) = 0} which does not depend on the choice of Λ. It
is easy to see that, for any x ∈ Xd,

V+(x) = C+x = {y ∈ Ed+1 : (y, x) = 0, (y, y) > 0, y0xd − ydx0 > 0} .
(7.27)

As a consequence, if M ∈ Ĉ+, the orbits of exp(tM) in Xd are all time-like,
and, at each x ∈ Xd, (d/dt) exp(tM)x ∈ V+(exp(tM)x). This motivates the
spectral condition (see below) for QFT on AdS.

Two points x1, x2 in Xd are space-like separated if (x1 − x2)2 < 0 or
equivalently (x1, x2) > 1, time-like separated if (x1 − x2)2 > 0 or equivalently
(x1, x2) < 1, light-like separated if (x1 − x2)2 = 0 or equivalently (x1, x2) = 1.

In AdS (Xd) two space-like separated points (as Fig. 7.2 shows) can still
be connected by a time-like curve, but not by a time-like geodesic. Two points
x, y ∈ Xd are said to be exotically space-like separated if (x + y)2 < 0, i.e. if
x and −y are space-like separated.

In X̃d, the future set Γ+(x) of a point x is the set of all points y which
can be reached from x by a positively time-like or light-like curve t �→ c(t),
i.e. such that c(0) = x, c(1) = y, and (d/dt)c(t) ∈ V+(c(t)) for all t ∈ [0, 1].
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Fig. 7.1. R = {x ∈ Xd : xd > 1}, R′ = {x ∈ Xd : xd < −1}.

x1

τ

−2π

−π

0

π

2π

Fig. 7.2. Xd and eXd in angular coordinates. The sinuous line is a time-like geodesic.

The future set of an arbitrary x = Λed, where Λ ∈ G̃0, is given by ΛΓ+(ed).
The relation x ∈ Γ+(y) defines a partial order on X̃d, denoted x ≥ y or y ≤ x.
The past set Γ−(x) of x is {y ∈ X̃d : x ≥ y}. Two points x, y ∈ X̃d are
space-like separated if x �≥ y and y �≥ x.
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The future and past sets Γ±(ed) of ed are given in the angular coordinates,
(t, #x) = χ̃−1(x) (see (7.25, 7.26)) by

Γ±(ed) = {(t, #x) ∈ R×Rd−1 : ±t ≥ Arctg |#x|} . (7.28)

τ

x10  (ed)

Points space-like to edPoints space-like to ed

Future set of ed

Past set of ed

Fig. 7.3. Space-like separated points in eXd.

7.3 Real Scalar Field on Xd, X̃d

We adopt a description in terms of Wightman functions. The Schwartz
test-functions S(Xd) on Xd are defined as restrictions of Schwartz test-
functions on Ed+1. The Schwartz test-functions S(X̃d) on X̃d are the functions
f such that f ◦ χ̃ ∈ S(Rd). A set of Wightman functions on Xd (resp. X̃d) is
a sequence of distributions (Wn ∈ D′(Xn

d ))n∈N (resp. (Wn ∈ D′(X̃n
d ))n∈N))

on which certain conditions are imposed. Some of them may be relaxed, e.g.
positivity. By convention W0 is defined as the constant 1. The condition of
reality is adopted for simplicity. The conditions are:

Temperedness: Wn ∈ S′(Xn
d ) (resp. Wn ∈ S′(X̃n

d )) for all n ∈ N.
Covariance:

Wn(x1, . . . , xn) = Wn(Λx1, . . . , Λxn) (7.29)

for all Λ ∈ G0 (resp. G̃0).
Locality:

xj and xj+1 space-like separated ⇒
Wn(x1, . . . , xj , xj+1, . . . , xn) = Wn(x1, . . . , xj+1, xj , . . . , xn). (7.30)
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Reality (or hermiticity): For all n ∈ N,

Wn(x1, . . . , xn) = Wn(xn, . . . , x1) . (7.31)

Positivity: for each terminating sequence (fn ∈ S(Xn
d ))n∈N (resp. (fn ∈

S(X̃n
d ))n∈N) and each f0 ∈ C,∑

0≤p,q≤N

∫
Wq+p(x′

q, . . . , x
′
1, x1, . . . , xp)

f(x′
1, . . . , x

′
q) f(x1, . . . , xp) dx′

1 . . . dxp ≥ 0. (7.32)

If this condition is satisfied, the reconstruction procedure can be carried
out as in [3, 7, 11], and provides a Hilbert space H, a unit vector Ω ∈ H,
and an unbounded operator-valued distribution φ, such that

Wn(x1, . . . , xn) = (Ω, φ(x1) . . . φ(xn)Ω). (7.33)

If temperedness holds, φ is tempered. If locality holds,

x and y space-like separated ⇒ [φ(x), φ(y)] = 0. (7.34)

If covariance holds, there is a continuous unitary representation U of G0

(resp. G̃0) such that, for all Λ,

U(Λ)Ω = Ω, U(Λ)φ(x)U(Λ)−1 = φ(Λx). (7.35)

Strong Spectral Condition: For any M ∈ C+ and t ∈ R, U(exp tM) =
exp(itM̂), where M̂ has positive spectrum. This makes sense only if co-
variance and positivity hold. This condition has been adopted by a large
number of authors, in particular in the early paper of Fronsdal [5]. If
positivity does not hold, the Weak Spectral Condition can be used:

Weak Spectral Condition: For all n, for any M ∈ C+, and for any test func-
tion f ∈ D(R) with support contained in (−∞, 0),∫

R

W(x1, . . . , exp(tM)xj , . . . , xn) dt
∫
R

exp(−itω)f(ω) dω = 0 . (7.36)

This condition is equivalent to the Strong Spectral Condition if positivity
holds. We will replace it by the “Tempered Spectral Condition”, a property
of analyticity of the Wightman functions. To formulate this condition, we
have to describe the “n-point tuboids”.
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7.4 The n-point Tuboids

7.4.1 The Domains G+
0 ⊂ G

(c)
0 and G̃+

0 ⊂ G̃
(c)
0

We define

G+
0 = {exp(τ1M1) . . . exp(τNMN) :

N ∈ N, Im τj > 0, Mj ∈ C+ ∀j = 1, . . . , N}. (7.37)

In this formula G is identified with a set of matrices as in (7.18) and the ex-
ponentials are the matrix exponentials. We define G̃+

0 ⊂ G̃
(c)
0 by the same

formula, but interpreting the exponentials as exponential maps from the com-
plexified G(c) of G into G̃

(c)
0 . We also define

G−
0 = {Λ ∈ G

(c)
0 : Λ−1 ∈ G+

0 }, G̃−
0 = {Λ ∈ G̃

(c)
0 : Λ−1 ∈ G̃+

0 }. (7.38)

Note that G−
0 (resp. G̃−

0 ) is the complex-conjugate of G+
0 (resp. G̃+

0 ). It is
obvious that G±

0 and G̃±
0 are semi-groups (without unit). Moreover (see [4])

Lemma 1.

(i) G+
0 is open in G

(c)
0 .

(ii) G+
0 = G0G

+
0 = G+

0 G0.

Similar properties hold for G̃+
0 .

7.4.2 The n-point Tuboids Tn± and T̃n±

The tuboids Tn± are subsets of X(c)
d defined by

Tn+ = {(z1, . . . , zn) ∈ X
(c)n
d : ∀j = 1, . . . , n,

zj = Λ1 . . . Λj cj , Λj ∈ G+
0 , cj ∈ Xd } ,

Tn− = T∗
n+ . (7.39)

By Lemma 1 (ii),

Tn+ = {(z1, . . . , zn) ∈ X
(c)n
d : ∀j = 1, . . . , n,

zj = Λ1 . . . Λj ed , Λj ∈ G+
0 } . (7.40)

Indeed suppose that for all j = 1, . . . , n, zj = Λ1 . . . Λj cj with Λj ∈ G+
0 and

cj = Ajed with Aj ∈ G0. Denote Λ′
1 = Λ1A1, and Λ′

j = A−1
j−1ΛjAj for j > 1.

Then zj = Λ′
1 . . . Λ

′
j ed for all j. It is obvious that G0Tn+ = Tn+ and that

G+
0 Tn+ = Tn+ (and similarly with tildes). Note also that Tn+ ⊂ Tn

1+.

Lemma 2. For any n ∈ N, Tn+ is open.
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Proof. For a fixed c ∈ X
(c)
d the map hc : G

(c)
0 → X

(c)
d given by Λ �→ Λc

is holomorphic and open. Therefore so is the map hn : (G(c)
0 )n → X

(c)n
d

given by (Λ1, . . . , Λn) �→ (Λ1ed, . . . , Λned). The map kn : (Λ1, . . . , Λn) �→
(Λ1, Λ1Λ2, . . . , Λ1 . . . Λn) is a biholomorphic map of (G(c)

0 )n onto itself. Equa-
tion (7.40) can be rewritten as

Tn+ = hn ◦ kn(G+n
0 ), (7.41)

hence Tn+ is open. �

The tuboids T̃n± are defined as the universal covering spaces of Tn±.

7.4.3 The special case of T1+

It is not hard to verify that

T1+ = {z = x + iy ∈ X
(c)
d : (y, y) > 0, y0xd − ydx0 > 0}, (7.42)

T1+ = {Λ exp(itM0d) ed : Λ ∈ G0, t > 0}. (7.43)

It follows from (7.42) that T1+ = −T1+, T1+∩T1− = ∅ and hence G+
0 ∩G−

0 = ∅
and Tn+∩Tn− = ∅. As shown in [4], there is a biholomorphic map of T1+ onto
the subset of the complex d-Minkowski space T+ \ {(z0, . . . , zd−1) : zd−1 =
0}. In particular T1+ is a domain of holomorphy. The image of T1+ under the
map z �→ zd is the cut-plane Δ = C\ [−1, 1]. This map lifts into a map of T̃1+

onto the universal cover Δ̃ of Δ. The map (z1, z2) �→ z1 · z2 maps T1− × T1+

(resp. T2+) onto the cut-plane Δ, and can be lifted to a map of T̃1− × T̃1+

(resp T̃2+) onto Δ̃.

7.5 Spectral Condition for AdS

It is now possible to formulate the following condition.

Tempered Spectral Condition: For each pair of integers m ≥ 0 and n ≥ 0,
with m + n > 0,
Wm+n(wm, . . . , w1, z1, . . . , zn) is the boundary value, in the sense of tem-
pered distributions, of a function Wm,n of (w, z) holomorphic and of tem-
pered growth (both at infinity and at the boundaries) in T∗

m+ × Tn+ =
Tm− × Tn+.

In particular Wn(z1, . . . , zn) is the boundary value of a function Wn holomor-
phic and of tempered growth in Tn+.

We always suppose this condition satisfied in the sequel.
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7.6 Two-Point Functions, Generalized Free Fields

In Xd, according to the tempered spectral condition, in the sense of tem-
pered distributions,

W2(x1, x2) = lim
z1∈T1−, z2∈T1+

z1→x1, z2→x2

W+(z1, z2),

W2(x2, x1) = lim
z1∈T1+, z2∈T1−

z1→x1, z2→x2

W−(z1, z2), (7.44)

where W+ is holomorphic in T1−×T1+, and W− is holomorphic in T1+×T1−.
If either locality or covariance holds, W± are branches of the same function
W , holomorphic in

{(z1, z2) ∈ X
(c)2
d : z1 · z2 ∈ Δ}. (7.45)

If covariance holds, there is a function w holomorphic on Δ such that
W (z1, z2) = w(z1 · z2).

In X̃d, (7.44) holds with T̃1± replacing T1±, and if locality or covariance
holds, W± are branches of a function W holomorphic on the universal cover of
(7.45). If covariance holds, there is a function w holomorphic on the universal
cover Δ̃ of Δ such that W (z1, z2) = w(z1 ·z2) on the “first sheet” of T̃1+×T̃1−.

For both Xd and X̃d, in the case of a real field,

W2(x1, x2) = W2(x2, x1) ∀(x1, x2) ∈ X2
d , W (z1, z2) = W (z̄2, z̄1).

(7.46)
In the case of Xd, if locality or covariance holds, this implies that

W2(x1, x2) and W2(x2, x1) coincide on the two regions

R2 = {x ∈ X2
d : (x1 − x2)2 < 0} = {x ∈ X2

d : (x1, x2) > 1}, (7.47)

and

R′
2 = {x ∈ X2

d : (x1 + x2)2 < 0} = {x ∈ X2
d : (x1, x2) < −1}. (7.48)

This raises the question whether our assumptions imply “exotic locality”, i.e.
whether [φ(x1), φ(x2)] vanishes when (x1 +x2)2 < 0, or equivalently whether
φ(x) and φ(−x) are mutually local. Note that

(z1, . . . , zj , . . . , zn) ∈ Tn+ ⇒ (z1, . . . , −zj, . . . , zn) ∈ Tn+ , (7.49)

Hence mixed Wightman functions of φ(x) and φ(−x) satisfy the tempered
spectral condition. However it is possible to give an example of a field on Xd

which satisfies locality, covariance, positivity and the strong spectral condi-
tion, but not exotic locality. This is sketched in Appendix 7.9 and will appear
in detail elsewhere.
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Suppose given a function W2 on X2
d (resp. X̃2

d) verifying (7.44) (resp.
(7.44) with T̃1± instead of T1±), with W± holomorphic as above with tempered
growth. One can define a generalized free-field on Xd (resp. X̃d) by defining
its sequence of Wightman functions as built from W2 with the same formulae
as in Minkowski space. They will satisfy the tempered spectral condition, and
the other conditions if and only if they are satisfied by W2. Furthermore all
Wick powers of this field are well-defined through their Wightman functions,
which also satisfy the tempered spectral condition, and the other conditions
if and only if they are satisfied by W2. In Xd, if locality holds, then so does
exotic locality.

7.7 n-Point Permuted Tuboids

For n > 1 and for any permutation π of (1, . . . , n) we define, as usual, the
permuted Wightman function

Wn,π(x1, . . . , xn) = Wn(xπ(1), . . . , xπ(n)), (7.50)

the permuted tuboid (for Xd)

Tn,π = {z ∈ X
(c)n
d : (zπ(1), . . . , zπ(n)) ∈ Tn+}, (7.51)

and T̃n,π as the universal cover of Tn,π. If locality holds, the various per-
muted Wightman functions are boundary values, from their respective per-
muted tuboids, of a single holomorphic function. An interesting feature of
AdS geometry is that, in contrast to the Minkowskian situation, two adja-
cent permuted tuboids have a non-empty intersection. Let us choose π as the
transposition (j, j +1), where 1 ≤ j < n. Let c ∈ Xn

d belong to R2 ∪R′
2, with

R2 = {x ∈ Xn
d : (xj − xj+1)2 < 0}, R′

2 = {x ∈ Xn
d : (xj + xj+1)2 < 0}.

(7.52)
It is proved in [4] that, for all (Λ1, . . . , Λj−1, A, Λj+2, . . . , Λn) ∈ (G+

0 )n−1,
the point z ∈ X

(c)n
d given by

zk = Λ1 . . . Λk ck for k < j,

zj = Λ1 . . . Λj−1Acj , zj+1 = Λ1 . . . Λj−1Acj+1,

zk = Λ1 . . . Λj−1AΛj+2 . . . Λk ck for k > j + 1 (7.53)

belongs to Tn+, and therefore also to Tn,π. This implies that Tn+ ∩ Tn,π con-
tains two non-empty open tuboids bordered by R2 and R′

2 (see Fig.7.4). Each
of these real regions is connected if d > 2, or has two connected components if
d = 2. As a consequence, if locality (resp. exotic locality) holds in some open
set it holds everywhere.
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Fig. 7.4. Schematic picture of Tn+ ∩ Tn,π.

7.8 Bisognano-Wichmann-KMS Property, CTP

The Bisognano-Wichmann analyticity property can be proved (as for the
dS and Minkowski spaces) without using positivity. For λ ∈ C\{0}, we define
[λ] ∈ G

(c)
0 by

([λ]x)0 =
λ + λ−1

2
x0 +

λ− λ−1

2
x1, ([λ]x)1 =

λ− λ−1

2
x0 +

λ + λ−1

2
x1 ,

(7.54)
and ([λ]x)μ = xμ for 1 < μ ≤ d. For all ζ ∈ C, [eζ ] = exp(ζM10). For any test
function fn ∈ S(Xn

d ) we denote

fnλ(x1, . . . , xn) = fn([λ−1]x1, . . . , [λ−1]xn). (7.55)

Let
WR = {x ∈ Xd : x1 > |x0|, xd > 1} = [−1]WL . (7.56)

Theorem 1. If a set of Wightman functions satisfies the locality and tempered
spectral conditions, then for all m, n ∈ N, fm ∈ D(Wm

R ) and gn ∈ D(Wn
R),

there is a function G(fm,gn) holomorphic on C\R+ with continuous boundary
values G±

(fm,gn) on R+ \ {0} from the upper and lower half-planes such that,
for all λ ∈ R+ \ {0},
G+

(fm,gn)(λ) = 〈Wm+n, fm ⊗ gnλ〉, G−
(fm,gn)(λ) = 〈Wm+n, gnλ ⊗ fm〉 .

(7.57)

If we also assume positivity, this gives rise to the Bisognano-Wichmann-KMS
property [2]. Denote P(O) the polynomial algebra of fields smeared with test
functions with supports in the open set O. Let A, B ∈ P(WR), and, for any
real t,

At = U(etM10)AU(e−tM10). (7.58)

Then
(Ω, At BΩ) = (Ω, B At+2iπ Ω) (7.59)

in the sense that t �→ (Ω, B At Ω) extends to a function holomorphic in the
strip {t + is : 0 < s < 2π} and continuous in its closure, and the last
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expression in (7.59) is the boundary value of this function. This leads to an
AdS-Unruh effect similar to those in the dS space.

The same process of analytic continuation which leads to Theorem 1 shows
that

Lemma 3. If a set of Wightman functions satisfies the locality, covariance, and
tempered spectral conditions, then for all integer n ≥ 1, and all z ∈ Tn+,

Wn(z1, . . . , zn) = Wn([−1]zn, . . . , [−1]z1). (7.60)

If positivity holds this implies the existence of an anti-unitary operator θ such
that θφ(x)θ−1 = φ([−1]x)∗.

The contents of this section hold without change in X̃d.

7.9 Wick Rotations for X̃d

Here we assume that locality and covariance hold. We use the global chart
χ̃−1, i.e. a point of X̃d is identified with an element (t, #x) ∈ Rd. (see (7.26).
The map χ̃ (see (7.26) can be extended to a holomorphic diffeomorphism of

{τ ∈ C} × {#z ∈ Cd−1 : #z2 + 1 �∈ R−} (7.61)

onto a holomorphic extension of X̃d denoted [X̃d](c). This contains in particu-
lar the image of C×Rd−1, which in turn contains the image X̃

(E)
d of iR×Rd−1.

By using covariance and locality, it can be shown that the Schwinger function

Sn(s1, #x1, . . . , sn, #xn) = Wn(χ̃(is1, #x1), . . . , χ̃(isn, #xn)) (7.62)

(where s1, . . . , #xn are real) extends to a function analytic in (s1, . . . , sn)
whenever (sj , #xj) �= (sk, #xk) for all j �= k. As in the Minkowski case, positiv-
ity implies Osterwalder-Schrader positivity, and vice-versa if certain growth
conditions are satisfied (see [6, 9, 10]).

Appendix. q-Sheeted AdS Covers and Exotic Locality

For any integer q > 0, let Hq = {ιnq : n ∈ Z} (see (7.23, 7.24)). The
q-sheeted AdS cover qX̃d is obtained by identifying z and ιqz for all z ∈ X̃d,
i.e. qX̃d = X̃d/Hq. We denote qG̃0 = G̃0/Hq and qG̃

(c)
0 = G̃

(c)
0 /Hq.

A field defined by its Wightman functions (Wn) on X̃d is actually a field
on qX̃d if, for all n ≥ 1, for all j = 1, 2, . . . , n, in the sense of distributions,

Wn(x1, . . . , ιqxj , . . . , xn) = Wn(x1, . . . , xj , . . . , xn), (7.63)

or equivalently
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Wn(z1, . . . , ιqzj, . . . , zn) = Wn(z1, . . . , zj , . . . , zn) (7.64)

for all (z1, . . . , zn) ∈ T̃n+, all j = 1, 2, . . . , n. Consider in particular a free
Klein-Gordon field φ on X̃d satisfying the covariance, tempered spectral and
locality conditions. It is characterized by its two-point Wightman function W2

and (see Subsec. 7.6 and [1,4]), there exists a function w, holomorphic in the
universal cover Δ̃ of Δ = C \ [−1, 1], such that W (z1, z2) = w(z1 · z2) on the
first sheet of T̃1− × T̃1+ (or of T̃2+), and

w(ζ) = wλ+ d−1
2

(ζ) = C(λ, d)
∫ ∞

1

(ζ+ t
√

ζ2 − 1)−λ−d+1(t2−1)
d−3
2 dt. (7.65)

Here C(λ, d) > 0, and λ is related to the mass m by m2 = λ(λ + d − 1).
For integer λ, w is a holomorphic function on Δ. If λ = p/q, with p, q ∈ N
relatively prime, then w is q-sheeted and the free field is a free field on qX̃d.
We consider the case λ = k + 1/2, k ∈ N (this, together with d ≥ 2, implies
ν = λ+(d−1)/2 > 1 so that the free field φ satisfies the positivity condition).
In the integral on the rhs of (7.65), the function ζ �→

√
ζ2 − 1 is understood

as holomorphic in Δ, and behaving like ζ at infinity. This function, as well
as ζ �→ (ζ + t

√
ζ2 − 1), is Herglotz and positive on (1, ∞), negative on

(−∞, −1). It follows that ζ �→ w(ζ) is holomorphic in the 2-sheeted covering
of Δ and can be represented as the glueing together of wI and wII = −wI,
both holomorphic in C \ 1+R− and continuing each other across (−∞, −1),
wI(ζ) > 0 for ζ ∈ (1, ∞). For ζ ∈ (−∞, −1), −iwI(ζ + i0) is real �= 0 and
has the sign of (−1)k+d, and wI(ζ + i0) = −wI(ζ − i0). It follows that

W2(ι−nx1, x2) = W2(x1, ιnx2) = (−1)n W2(x1, x2) (7.66)

(in the sense of distributions) for all n ∈ Z. The field φ satisfies (7.63) with
q = 2 and is therefore a free field on 2X̃d. It is representable as an operator-
valued tempered distribution acting in a Hilbert Fock space H as usual, and
we claim that

U(ι)φ(x)U(ι)−1 = −φ(x) ∀x ∈ X̃d . (7.67)

Indeed

Wn+m+1(y1, . . . , yn, x, y′1, . . . , y′m) (7.68)

=
n∑

j=1

Wn+m−1(y1, . . . , ŷj , . . . , x̂, . . . , y′m)W2(yj , x)

+
m∑

k=1

Wn+m−1(y1, . . . , x̂, . . . , ŷ′k, . . . , y
′
m)W2(x, y′k) (7.69)

where x̂, ŷj or ŷ′k denotes the omission of the corresponding variable. There-
fore, by (7.66), changing x to ιx in (7.68) is equivalent to changing the sign
of (7.68). Let A(x) = : φ(x)2 :. Then, by (7.67),
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U(ι)A(x)U(ι)−1 = A(x) ∀x ∈ 2X̃d . (7.70)

Therefore A is a field on Xd. In the subspace H2 it generates from the
vacuum, it satisfies locality, covariance, and the strong spectral condition.
Let (x1, x2) ∈ X̃2

d satisfy (x1 + x2)2 < 0, i.e. (x1, x2) < −1. All bound-
ary values of w at ζ = (x1, x2) are pure imaginary, so that, by (7.46),
W2(x1, x2) = −W2(x2, x1). In particular

(Ω, [A(x1), A(x2)]A(x3)Ω) = 2(Ω,A(x1)A(x2)A(x3)Ω)
= 16 W2(x1, x2)W2(x1, x3)W2(x2, x3). (7.71)

The last expression cannot vanish in a real open set, therefore A does not
satisfy exotic locality.
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Summary. Quantum Energy Inequalities (QEIs) are constraints on the extent to
which quantum fields can violate the energy conditions of classical general relativity.
As such they are closely related to the gravitational stability of quantised matter.
In this contribution we discuss links between QEIs and other stability conditions in
quantum field theory: the microlocal spectrum condition, passivity and nuclearity.
The fist two links suggest an interconnection between stability conditions at three
different length scales, while the third hints at a deeper origin of QEIs.

8.1 Introduction

The stress-energy tensor Tab of the real scalar field, in common with those
corresponding to most models of classical matter,1 obeys the dominant energy
condition (DEC): for any future-directed timelike vector ua, the contraction
T a

bu
b is itself timelike and future-directed. This may also be stated as the

inequality Tabu
avb ≥ 0 for all pairs of future-directed timelike vectors ua and

va. In the special case va = ua, we recover the weak energy condition (WEC),
Tabu

aub ≥ 0, i.e., the energy density is nonnegative according to any observer.
In classical general relativity, energy conditions of this type play a key role,

guaranteeing the stability of gravitational collapse (singularity theorems [29]),
the stability of Minkowski space as a ‘ground state’ of the theory (positive
mass theorems [35,48]) and also excluding certain exotic causal structures (see
e.g., Hawking’s discussion of chronology protection [28]). However, as has been
known for a long time [6], the WEC (and hence DEC) are violated in quantum
field theory. It is easy to give a simple proof in Minkowski space: suppose that
$ = Tabu

aub, where ua is now a smooth timelike vector field, and let f be
a nonnegative smooth function of compact support. We need assume only
that the smeared field $(f) is (essentially) self-adjoint on the Hilbert space
of the theory and that there is a vacuum state Ω in the operator domain

1The main exception is the nonminimally coupled scalar field, satisfying the field
equation (� + m2 + ξR)φ = 0 with ξ �= 0.
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of $(f) such that 〈Ω | $(f)Ω〉 = 0 but which is not annihilated by $(f), i.e.,
$(f)Ω �= 0. Writing the spectral measure of $(f) as ΔE(λ), these last two
properties tell us that the probability measure 〈Ω |ΔE(λ)Ω〉 on R has zero
expectation, but that its support is not simply the set {0}. Accordingly $(f)
must have some negative spectrum.2 Clearly the same argument applies in
many circumstances, and for observables other than energy density.

Thus, the classical pointwise energy conditions are simply incompatible
with the structures of quantum field theory. Further analysis of particular
models shows that the pointwise energy density is typically unbounded from
below as a function of the quantum state, and this can be proved for all
theories with a suitable scaling limit [9].

This fact raises questions concerning the applicability of the singularity,
positive mass and chronology protection results where quantised matter is
concerned. Many authors have also sought to exploit quantum fields to sup-
port metrics (including wormhole or warp drive models) which require WEC-
violating matter distributions. It is therefore important to understand whether
the classical energy conditions are irretrievably lost, or whether one can iden-
tify some remnant in the quantum theory. This contribution will discuss a
promising candidate: a group of results known as Quantum Energy Inequal-
ities (QEIs), and will in particular focus on their emerging connections with
other well-known stability conditions in quantum field theory, namely the mi-
crolocal spectrum condition, passivity and nuclearity. The hope is that, by
unravelling these connections, further insight is provided into the nature of
quantised matter and its (gravitational) stability.

It is a particular pleasure to dedicate this contribution to Jacques Bros,
in view of his influential contributions to both microlocal analysis and the
description of thermal behaviour in quantum field theory.

8.2 Quantum Energy Inequalities

As mentioned above, the pointwise energy conditions are unavoidably and
severely violated in quantum field theory. However, observations at individ-
ual spacetime points are not physically achievable in any case (owing to the
uncertainty principle), so it is more natural to consider weighted averages of
the stress-energy tensor over a spacetime volume.

Definition 1. Let W be a class of second-rank tensors on spacetime, and S a
class of states of the theory. If, for each f ∈ W , the averaged expectation values∫
Δvol(x)〈Tab(x)〉ωfab(x) are bounded from below as ω runs over S, we say

that the theory obeys a Quantum Energy Inequality (QEI) with respect to W
and S.

2The same conclusion is easily drawn by examining the expectation values of
Ω + λ�(f)Ω for small λ.
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One generally aims to find an explicit lower bound −Q[f] so that the QEI can
be written as an inequality∫

Δvol(x)〈Tab(x)〉ωfab(x) ≥ −Q[f] ∀ω ∈ S .

Where W consists of tensors of a particular form e.g., fab = uaub or
fab = uavb for timelike vector fields ua, va, we use more specific terms, e.g.,
Quantum Weak Energy Inequality (QWEI) or Quantum Dominated Energy
Inequality (QDEI). Of course a similar approach could be adopted for other
quantities of interest.

For the most part, QEIs have been developed for averages along timelike
curves, rather than over spacetime volumes, in which case the weights may be
thought of as being singularly supported on a curve. By threading a space-
time volume by worldlines, these bounds imply the existence of spacetime-
averaged QEIs, which may also be obtained directly, as sketched below. It is
known that compactly supported weighted averages over spacelike hypersur-
faces [23] or null lines [15] are not generally bounded from below, except for
two-dimensional conformal fields [11, 19].

QEIs were first proposed by Ford [21], who realised that suitable bounds of
this type would be sufficient to prevent macroscopic violations of the second
law of thermodynamics arising from negative energy phenomena in quantum
field theory. They have since been established for the free Klein–Gordon [8,10,
16,19,20,22,24,26,39,47], Dirac [12,17,47], Maxwell [14,26,37] and Proca [14]
quantum fields in both flat and curved spacetimes, the Rarita–Schwinger field
in Minkowski space [49], and also for general unitary positive-energy conformal
field theories in two-dimensional Minkowski space [11]. We will not give a full
history of the development of the subject, referring the reader to the recent
reviews [9, 42]. To give a flavour of the sort of results obtained, we give an
example in which the energy density of a scalar field of mass m is averaged
along the inertial trajectory (t, 0) in Minkowski space. It can be obtained
by elementary means [10] or as a special case of the rigorous result [8]. Set
ρ = Tabu

aub, where u = ∂/∂t. Then the QWEI∫
Δt 〈$(t, 0)〉ψ|g(t)|2 ≥ −Q[g] := − 1

16π3

∫ ∞

0

Δuu4ϑ(u−m)|ĝ(u)|2 , (8.1)

holds for all Hadamard states ψ (see below) and smooth compactly supported
g. Here ĝ denotes the Fourier transform3 and ϑ is the Heaviside function. The
bound is finite, owing to the rapid decay of ĝ. In fact the bound given in [10]
is slightly tighter than this, but (8.1) will suffice for our present purposes.

For later reference, let us note the scaling behaviour of the bound (8.1).
Replacing g by gτ (t) = τ−1/2g(t/τ), so that τ controls the ‘spread’ of the
weight, one may show that

3Our convention for the Fourier transform is bg(u) =
R

Δt eiutg(t) etc.
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Q[gτ ] =
{

O(τ−4) as τ → 0+

O(τ−∞) as τ →∞
for m > 0, where the notation O(τ−∞) indicates faster-than-inverse-polynom-
ial decay. In the massless case, it turns out that Q(gτ ) ∝ τ−4 for all τ > 0.
We note that the τ → 0+ limit, which corresponds to sampling at a point, is
consistent with the pointwise unboundedness below of the energy density. For
intermediate scales, the QWEI allows for a limited violation of the classical
WEC; bounds of this type therefore appear to be the natural remnant of the
WEC in quantum field theory.

We mention briefly that related bounds appear elsewhere in quantum field
theory [36] and quantum mechanics [7]; QEIs have also been used to place
constraints on exotic spacetimes [25, 38, 42].

8.3 Stability at Three Scales

The work described in this section, conducted with Verch [18] and building
on earlier work [8, 43], uncovers a circle of connections between stability con-
ditions operating at three different scales: the microscopic (Hadamard con-
dition/microlocal spectrum condition), mesoscopic (QEIs) and macroscopic
(thermodynamic stability, expressed by the notion of passivity [40]). Each
connection takes the form of a rigorous theorem; the reader should be cau-
tioned, however, that the conclusions and hypotheses of successive links do
not match perfectly. Moreover, two of the links (mesoscopic to macroscopic,
and macroscopic to microscopic) are obtained in greater generality than the
particular setting of quantum field theory on curved spacetimes, while the
microscopic to mesoscopic link is currently known only for particular mod-
els of quantum field theory. Thus the existence of these connections should
be regarded as indicative of a close relationship between these three stability
conditions, rather than of proving their equivalence. In part, this work gives
a precise expression to Ford’s original insight [21], that bounds of QEI type
would suffice to prevent macrosopic violations of the second law of thermody-
namics.

8.3.1 Microscopic Stability: the Hadamard Condition

Stability of quantum field theory at the microscopic scale is (partly) ex-
pressed by the Hadamard condition, which requires that the singular structure
of the two-point function takes a form determined for nearby points by the lo-
cal geometry [33] of spacetime. As first shown by Radzikowski [41], this may
be reformulated as a condition on the wave-front set [31] of the two-point
function.4 By passing to a Hilbert space representation, however, one obtains

4Appropriate conditions on higher n-point functions were given in [2]. For non-
initiates: the wave-front set WF(S) of a distribution S on a manifold M is a subset of
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a very simple formulation of the Hadamard condition [18, 46] (cf. also [1]): a
state of the scalar field on (M, g) is Hadamard if and only if it may be rep-
resented by a vector ψ in some Hilbert space representation of the theory so
that f �→ Φ(f)ψ is a vector-valued distribution whose wave-front set obeys

WF(Φ(·)ψ) ⊂ V− , (8.2)

where Φ is the field and

V− = {(x, k) ∈ T ∗M : gabkakb ≥ 0, k past directed}

is the bundle of past-pointing causal covectors (our signature convention is
+ − −−). This has the following practical upshot. Suppose f is smooth and
compactly supported within some coordinate patch, with coordinates xα so
that ∂/∂x0 is future-pointing and timelike. Let V be any closed cone in R4

consisting of k such that the covector field kαΔxα is nowhere causal and past-
directed on the coordinate patch. In particular, V could be the half-space
V = {k ∈ R4 : k0 ≥ 0}. Then

I(k) :=
∥∥∥∥∫ Δ4x eikαxα

f(x)Φ(x)ψ
∥∥∥∥

is of rapid decay in V ; that is, it decays more rapidly than any inverse poly-
nomial in the Euclidean norm of k as k → ∞ in V . Moreover, the same is
true if f is replaced by a partial differential operator with smooth coefficients
compactly supported in the coordinate patch.

Microlocal formulations of the Hadamard condition are also known for the
Dirac [30,34,44], Maxwell and Proca fields [14]. They may be regarded as local
remnants of the spectrum condition, i.e., the Minkowski space requirement
that the joint spectrum of the generators Pμ of spacetime translations should
lie in the future causal cone.5

8.3.2 From Microscopic to Mesoscopic

We now show how QEIs may be derived from the Hadamard condition,
using an argument based on that of [8]. The classical Klein–Gordon field φ
obeying (� + m2)φ = 0 on spacetime (M, g) has stress-energy tensor

Tab = ∇aφ∇bφ− 1
2
gabg

cd∇cφ∇dφ +
1
2
gabm

2φ2 ,

the cotangent bundle T ∗M which encodes the singular structure of S. Singularities
are classified in terms of the (lack of) decay of local Fourier transforms of S in
different directions.

5That the forward cone appears in the spectrum condition, but the backward
cone in (8.2), is the result of an unfortunate clash of conventions.
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and obeys the WEC and DEC because the relevant contractions of Tab can be
decomposed as sums of squares. Let us therefore consider — as representing
the most general classical energy condition — any tensor field fab for which

Tabf
ab =

1
2

∑
j

(Pjφ)2 , (8.3)

where the Pj are finitely many linear partial differential operators (possi-
bly of degree zero) with smooth real coefficients of compact support. Clearly
Tabf

ab ≥ 0 for classical fields φ. For simplicity, assume that the supports of
the Pj are contained within a single coordinate patch of (M, g) writing the
coordinates as xα and assuming as above that ∂/∂x0 is future-pointing and
timelike. Write also g(x) = | det gαβ(x)|.

Let ψ0 be a fixed Hadamard reference state. Defining the stress-energy
tensor :Tab: by point-splitting and normal ordering with respect to ψ0, we
have

〈:Tab(x):〉ψfab(x) =
1

2
√

g(x)
F (x, x)

for any Hadamard state ψ, where

F (x, y) = (g(x)g(y))1/4
∑

j

[
〈(PjΦ)(x)(PjΦ)(y)〉ψ − 〈(PjΦ)(x)(PjΦ)(y)〉ψ0

]
is smooth (owing to the common singularity structure of Hadamard two-
point functions) and symmetric (because two-point functions have a state-
independent antisymmetric part). Thus we may write∫

Δvolg(x)〈:Tab(x):〉ψfab(x) =
1
2

∫
Δ4xΔ4y F (x, y)δ(4)(x− y)

=
∫

k0≥0

Δ4k

(2π)4

∫
Δ4xΔ4y e−ik·(x−y)F (x, y) ,

where we have used the Fourier representation of the Dirac-δ and symmetry
of F to restrict the outer domain of integration. Now the inner integral is
A(k;ψ)−A(k;ψ0), where

A(k;ψ) :=
∑

j

∥∥∥∥∫ Δ4x eik·xg(x)1/4PjΦ(x)ψ
∥∥∥∥2

≥ 0 ,

and so we obtain the QEI∫
Δvolg(x) 〈:Tab(x):〉ψfab(x) ≥ −

∫
k0≥0

Δ4k

(2π)4
A(k;ψ0) , (8.4)

the left-hand side of which depends on the reference state ψ0, but not on ψ.
The key point now is that the microlocal form of the Hadamard condition
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entails that A(k;ψ0) is of rapid decay in the half-space k0 ≥ 0. Thus the
integral on the right-hand side of (8.4) exists and is finite. We conclude that
the real linear scalar field obeys a QEI with respect to the class of weights
delineated by (8.3) and the class of Hadamard states. The same argument
would apply to a suitable class of adiabatic states [32] in which one replaces
the smooth wave-front set by a wave-front set modulo Sobolev regularity.

Note that this QEI applies to the normal ordered stress-energy tensor,
rather than the renormalised tensor.6 By adding a term to both sides, which
depends on the renormalised stress-energy tensor in state ψ0 and certain other
smooth local geometric terms, this defect can be remedied. (The bound is then
typically not a ‘closed form’ expression.)

8.3.3 Macroscopic Stability: Passivity

Pusz and Woronowicz introduced the notion of passivity in the following
way [40]. Let (A, αt) be a C∗-dynamical system; that is, A is a C∗-algebra,
which we think of as the algebra of observables for some quantum system,
while αt is the map of evolution through time t ∈ R corresponding to the
undisturbed evolution of the system, and has the group property αt ◦ αt′ =
αt+t′ . Provided αt is strongly continuous (i.e., the map R � t �→ αt(A) ∈ A is
continuous for each A ∈ A) we may define the generator δ of the evolution by

δ(A) =
Δ

Δt
αt(A)

∣∣∣∣
t=0

for the space of A for which the derivative exists (in A), which we denote D(δ).
For example, if A is the algebra of bounded operators on the Hilbert space of
a quantum mechanical system with Hamiltonian H , then δ(A) = i[H,A]. We
also have δ(A) = α−1

t (Δ/Δtαt(A)) for any t. The motivating idea of [40] is
to understand thermodynamic stability of the dynamical system with respect
to cyclical changes of external conditions. One might think of a box of gas
which is compressed and then allowed to return to its initial volume. In the
current setting, a cyclical process occuring during time interval [0, T ] may be
modelled by a perturbed time evolution βt satisfying

β−1
t

(
Δ

Δt
βt(A)

)
= δ(A) + i[ht, A] ,

and β0 = id where t �→ ht is a differentiable assignment of a self-adjoint
element ht ∈ A to each time t, and ht = 0 for t /∈ [0, T ].

Suppose the system is initially in state ω. Then the work performed by
the external agent driving the cyclical process is

6To form the renormalised tensor, we begin by splitting points as above, but then
subtract appropriate derivatives of the locally determined Hadamard parametrix,
rather than the two-point function of a reference state.
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Wh =
∫ T

0

Δtω(βt(ḣt)) ,

and the state ω is said to be passive if Wh ≥ 0 for any ht, i.e., if no cycli-
cal process can extract energy from the system. Thus passivity isolates the
property characteristic of the second law of thermodynamics in Kelvin’s for-
mulation, where we think of the system as a thermal reservoir from which we
attempt to extract work.

Pusz and Woronowicz proved

Theorem 1. A state ω is passive if and only if

i−1ω(U∗δ(U)) ≥ 0

for all U ∈ U1(δ) := U1(A) ∩ D(δ), where U1(A) is the identity-connected
component of the unitary elements of A.

Particular examples of passive states are provided by ground and KMS
states, or mixtures thereof. A key feature of passivity is that it introduces a
definite thermodynamic ‘arrow of time’.

8.3.4 From Mesoscopic to Macroscopic

Let us now see how passivity may be obtained from QEIs, giving a sim-
plified and slightly modified version of the discussion in [18]. We begin by
introducing an abstract formulation of QEIs for C∗-dynamical systems, to
which end we must first provide a notion of the energy density. Accordingly,
we assume that A is the algebra of observables of a system in a spacetime
of the form R × Σ, for Σ compact and Riemannian, with volume measure
Δμ(x). The evolution αt corresponds to time-translations on spacetime and
is assumed to be strongly continuous with generator δ.

As one would not expect the energy density to exist for all states, we must
specify a smaller class of states and a class of unitary elements large enough
to be dense in U1(δ), in a suitable sense, but which preserves the state space.
Accordingly, let O be a ∗-subalgebra of A with 1 ∈ O ⊂ ⋂n D(δn), and be
large enough that any element of U1(δ) may be approximated arbitrarily well
by unitary elements of O with respect to the graph norm of δ. That is, to
any U ∈ U1(δ) there is a sequence of unitaries Un ∈ O with Un → U and
δ(Un) → δ(U). In addition, let S be a convex set of states of A which is closed
under operations in O.7

The energy density $(t, x) is assumed to obey:

1. For each A,B ∈ O and ϕ ∈ S, ϕ(A$(t, x)B) is a C1 function on R×Σ.

7That is, for any 0 �= A ∈ O and ω ∈ S, we have ω(A∗A) > 0 and ωA(B) =
ω(A∗BA)/ω(A∗A) defines a state ωA ∈ S.
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2. The energy density generates the dynamics, and energy is conserved, i.e,∫
Σ

Δμ(x)ϕ(A[$(t, x), B]C) =
1
i
ϕ(Aδ(B)C) (8.5)

for arbitrary A,B,C ∈ O, ϕ ∈ S and t ∈ R.

Here, expressions of the form ϕ(A$(t, x)B) should be taken as a convenient
shorthand: what is more precisely meant is the following. Let F be the sub-
space of continuous linear functionals on A generated by functionals of the
form C �→ AϕB(C) := ϕ(ACB) (for A,B ∈ O, ϕ ∈ S). Then the energy
density is a linear map � : F → C1(R × Σ), and our shorthand notation
ϕ(A$(t, x)B) means (�(AϕB))(t, x).

We are now in a position to define a general type of QWEI in this setting,
by analogy with the result (8.1). Our definition differs slightly from that given
in [18].

Definition 2. Let W be a class of nonnegative integrable functions of compact
support on R. The system (A, αt,O, S, $) obeys a static QWEI (SQWEI) with
respect to W if, for some ω ∈ S, there exists a map qω : W → L1(Σ) such
that ∫

Δt f(t)ϕ(:$(t, x):) ≥ −qω(f)(x) μ-a.e. in x (8.6)

for all ϕ ∈ S, where :$: = $ − ω($)1. (In this case, the same is true for all
ω′ ∈ S, as we may take qω′(f)(x) = qω(f)(x) +

∫
Δt f(t)ω′(:$(t, x):).)

We now state and prove one of the main results of [18].

Theorem 2. If (A, αt,O, S, $) obeys a SQWEI, then (A, αt) admits at least one
passive state.

Proof. Fix a reference state ω ∈ S and choose f ∈ W with
∫
Δt f(t) = 1 (we

may assume W is conic without loss). For unitary U ∈ O,

1
i
ω(U∗δ(U)) =

∫
Σ

Δμ(x)ω(U∗[$(t, x), U ])

=
∫

Σ

Δt f(t)
∫

Δμ(x)ω(U∗[$(t, x), U ])

=
∫

Σ

Δμ(x)
∫

Δt f(t)ω(U∗:$(t, x):U)

≥ −
∫

Σ

Δμ(x) qω(f)(x) , (8.7)

where we apply (8.6) with ϕ defined by ϕ(A) = ω(U∗AU). Because unitary
elements of O provide arbitrarily good approximations to elements of U1(δ)
we may choose unitaries Un ∈ O such that
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1
i
ω(U∗

nδ(Un)) −→ cω := inf
U∈U1(δ)

1
i
ω(U∗δ(U)) , (8.8)

as n→∞, thereby deducing that

cω ≥ −
∫

Σ

Δμ(x) qω(f)(x) > −∞ . (8.9)

If cω ≥ 0 then ω is passive and we are done, so suppose instead that cω < 0.
By the Banach–Alaoglu Theorem there exists a state ωp on A and a subnet
Un(σ) of the Un such that

ωp(A) = lim
σ

ω(U∗
n(σ)AUn(σ)) A ∈ A . (8.10)

To complete the proof, we calculate

1
i
ωp(U∗δ(U)) = lim

σ

1
i
ω(U∗

n(σ)U
∗δ(U)Un(σ))

= lim
σ

[
i−1ω((UUn(σ))∗δ(UUn(σ)))︸ ︷︷ ︸

≥cω

− i−1ω(U∗
n(σ)δ(Un(σ)))︸ ︷︷ ︸
→cω

]
≥ 0 , (8.11)

so ωp is passive. �

In [18] we also defined the notion of a state ω being quiescent, in terms of
the behaviour of function qω(fλ) in the limit λ → 0+, where fλ(t) = f(λt).
We showed that quiescent states are passive (and even ground states, under
additional clustering assumptions).

Of course, we would like to see that this abstract set-up can be realised in
practice, and in particular, that it applies to quantum field theory in static
spacetimes with compact spatial section. Here, we encounter a problem with
the scalar field because its C∗-algebraic description in terms of the Weyl alge-
bra with generators W (F ) is not a C∗-dynamical system with respect to the
time-translations

αtW (F ) = W (Ft) where Ft(τ, x) = F (τ − t, x) . (8.12)

(This problem would not occur with the Dirac field, but less was known about
Dirac QEIs when [18] was written!) Instead one can generate A from objects
of the form ∫

Δth(t)αtW (F ) (h ∈ C∞
0 (R)) (8.13)

formed in quasifree Hadamard Hilbert space representations of the Weyl alge-
bra; as shown in [18], all the requirements of the abstract setting are fulfilled
with S equal to the set of finite convex combinations of Hadamard states oc-
curring as vectors in quasifree Hadamard representations of the Weyl algebra.
(Microlocal techniques turn out to be exactly the right tools for this nontrivial
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check.) The ∗-algebra O is generated by operators of the form exp iA, where
A = A∗ is a polynomial in objects of the type (8.13).

A further problem, however, is that the passive state obtained from the
Banach–Alaoglu theorem lives on A, rather than the Weyl algebra itself. Given
sufficient regularity (e.g., energy compactness, believed to hold for this theory)
we may reconstruct a passive state on the Weyl algebra [18]. Again, this
problem would not arise for the Dirac field.

8.3.5 From Macroscopic to Microscopic

Finally, we briefly discuss the last link in our circle of stability conditions.
In [43], Sahlmann and Verch considered general topological ∗-dynamical sys-
tems and defined a strictly passive state to be a mixture of ground and KMS
states (at possibly different inverse temperatures). Note that this is a stronger
requirement than the usual notion of passivity, as employed in [18, 40]. They
also introduced the notion of an asymptotic n-point correlation spectrum which
generalises the wave-front set to this setting, and formulated an appropriate
generalisation of the microlocal spectrum condition. When applied to linear
quantum field theory on stationary spacetimes, with respect to the station-
ary time evolution, the original microlocal spectrum condition is recovered.
They then proved that strictly passive states obey the generalised microlocal
spectrum condition: the key ingredient in their argument is that both (strict)
passivity and the microlocal spectrum conditions share a common arrow of
time.

8.4 Connections with Nuclearity

Quite recently, evidence has emerged to suggest the existence of a con-
nection between QEIs and nuclearity criteria, with possibly far-reaching im-
plications. We will consider the original nuclearity condition of Buchholz and
Wichmann [5] (for other closely related criteria see, e.g., [4]). We work within
the algebraic approach to quantum field theory [27], and consider a quantum
field theory described by a Hilbert space H , a strongly continuous unitary rep-
resentation g �→ U(g) on H of the universal cover of the proper orthochronous
Poincaré group P̃↑

+, and a net of von Neumann algebras R(O), consisting of
bounded operators on H and indexed by open bounded contractible space-
time regions O. The following axioms are assumed to hold: isotony (O′ ⊂ O

implies R(O′) ⊂ R(O)); covariance (U(g)R(O)U(g)−1 = R(gO) for g ∈ P̃↑
+);

locality (R(O) and R(O′) commute if O and O′ are spacelike separated) and
the spectrum condition (the generators of spacetime translations, Pμ, associ-
ated with the representation U , are self-adjoint operators such that P0 and
P 2

0 −P 2
1 −P 2

2 −P 2
3 are positive). Finally, we assume the existence of a unique

vacuum state: namely, that the Hamiltonian H = P0 has a simple eigenvalue
at zero with normalised eigenvector Ω.
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Given any double cone Or based on a ball of radius r and any β > 0, let

Nβ,r = {e−βHWΩ : W ∈ R(Or) s.t. W ∗W = 1} . (8.14)

This set may be regarded as the set of local vacuum excitations associated
with Or, damped exponentially in the energy. The theory is said to obey the
condition of nuclearity if, firstly, each Nβ,r is a nuclear subset of H [see
below] and, secondly, there exist positive constants c, n, r0 and β0 so that the
corresponding nuclearity index ν(Nβ,r) obeys

ν(Nβ,r) ≤ exp
(
cr3β−n

)
(8.15)

for all 0 < β < β0 and r > r0. This condition is therefore a restriction on the
number of local degrees of freedom available to the theory.

In the above, a subset L of H has nuclearity index ν(L ) = inf Tr |T |,
where the infimum is taken over the set of trace-class operators T so that L
is contained within the image of the unit ball H(1) of H under T , and L is
said to be nuclear if it has a finite nuclearity index.8

Despite its rather technical definition, the condition of nuclearity is well-
motivated from a physical viewpoint as the discussion in [5] makes plain:
the nuclearity index can be interpreted as a local partition function, and the
form of the nuclearity bound (8.15) is suggested by the requirement that the
associated pressure should remain finite in the thermodynamic limit and scale
polynomially with temperature (as is the case, for example, in the Stefan–
Boltzmann law).

Buchholz and Wichmann verified in [5] that the massive free scalar field
satisfies the condition of nuclearity, and remark that the same is true of the
system of countably many fields with masses mj given suitable conditions on
the density of states. Namely, the sets Nβ,r are nuclear if [5] and only if [3]∑

j exp(−βmj) < ∞ for all sufficiently small β; furthermore, the nuclearity
index may be estimated from above by

ν(Nβ,r) ≤ exp

⎛⎝c

(
r

β

)3∑
j

∣∣∣log(1 − e−βmj/2)
∣∣∣
⎞⎠ (8.16)

for all sufficiently large r and small β, and some constant c. It is convenient
to introduce N(u), the number of particle species with mass below u by

N(u) =
∑

j

ϑ(u−mj) . (8.17)

The assumption that N(u) grows polynomially, N(u) = O(up) as u → ∞, is
sufficient to show (using (8.16)) that (8.15) is satisfied, for any n > 3 + p.

8By convention, an infimum over an empty set is infinite, so this amounts to the
assertion that there does exist a trace-class T with L ⊂ TH(1).
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It is tempting to conjecture that this condition is also necessary, but this is
currently an open question, and relies on finding better lower bounds on the
nuclearity index than are currently known. We will return to this point below.

We now present some circumstantial evidence for a connection between
nuclearity criteria and QEIs. Fix some inertial frame of reference in Minkowski
space and let $j be the energy density of the free field of mass mj with Hilbert
space Hj and vacuum state Ωj . Let Hadj ⊂ Hj be the corresponding space
of Hadamard vector states. The Hilbert space of the full theory is the tensor
product

H =
⊗

j

Ωj Hj ; (8.18)

that is, the completion with respect to the obvious inner product of the set
of finite linear combinations of product states

⊗
j ξj in which all but finitely

many of the ξj are equal to Ωj . We define the space of Hadamard states Had of
the full theory to consist of finite linear combinations of product states

⊗
j ξj

in which each ξj ∈ Hadj and all but finitely many ξj equal Ωj , and then define
the total energy density as follows: for any η =

⊗
j ηj and ξ =

⊗
j ξj in Had

we set
〈η | $(x) ξ〉 =

∑
j

〈ηj | $j(x) ξj〉
∏
k 	=j

〈ηk | ξk〉 (8.19)

(noting that only finitely many terms contribute to the sum, and that each
product involves only finitely many terms differing from unity) and then ex-
tend by linearity to all η, ξ ∈ Had. The left-hand side should be regarded as
a quadratic form on Had, taking values in the space of smooth functions on
spacetime; clearly, any normal-ordered quantity could be treated in this way,
and no constraints on the mj have been imposed. Since the j’th component
of the full theory obeys the QWEI (8.1) for each mass mj ,∫

Δt |g(t)|2〈ψj | $j(t, 0)ψj〉 ≥ −
‖ψj‖2Hj

16π3

∫ ∞

0

Δu |ĝ(u)|2u4ϑ(u−mj) , (8.20)

for all Hadamard states ψj ∈ Hadj , the full theory obeys∫
Δt |g(t)|2〈ψ | $(t, 0)ψ〉 ≥ − 1

16π3

∫ ∞

0

Δu |ĝ(u)|2u4N(u) , (8.21)

for any normalised ψ ∈ Had. Accordingly, polynomial growth of N is sufficient
for the theory to admit a worldline QWEI with test-functions g drawn from
C∞

0 (R), and it is possible to show that it is a necessary and sufficient condition
if certain scaling behaviour is required:9

Theorem 3. Consider a generalised free field with discrete mass spectrum de-
scribed by N(u). Let p > 0. Then the following are equivalent:

9If N(u) grows faster than polynomially, one may still formulate QWEIs, but for
weight functions with sufficiently rapid decay in Fourier space. In particular, this
would generally exclude compactly supported weights.
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1) N(u) = O(up) as u→∞;
2) The generalised free field obeys the QWEI (8.21) for arbitrary g ∈ C∞

0 (R),
and the bound has asymptotic behaviour of order O(τ−(p+4)) as τ → 0+,
if we replace g by gτ (t) = τ−1/2g(t/τ).

The proof of this result will be reported elsewhere. An immediate corollary
is that the existence of a QWEI with polynomial scaling implies that the
Buchholz–Wichmann nuclearity condition (8.15) is satisfied for any n > p+3.

All this raises two questions, which are being pursued in on-going work
with Porrmann and Ojima. First, can we show that (8.15) implies that N(u) is
polynomially bounded? If so, we would have an equivalence between QWEIs
and nuclearity for this model. This leads to the second question: Can we un-
derstand the link at a deeper level, or is it merely a coincidence, with no more
significance than that both are manifestations of the uncertainty principle?
A suitable understanding of this question might lead to a general framework
for establishing QEIs in general quantum field theories. Part of the problem
is to identify the right question, of course, and it may be that one or both of
nuclearity or QEIs need to be carefully (re)phrased or even replaced. These
questions also require consideration of lower bounds on nuclearity indices: here
a potential stumbling block is the technical definition of many of the quantities
appearing in discussions of nuclearity, which are therefore not easily amenable
to direct calculation even in the simplest cases. Indeed this provides pitfalls
for the unwary, one of which we have recently noted [13]: in the mathematical
literature there is a notion of p-nuclear map, whose definitions for p > 1 and
p ≤ 1 take rather different forms. Although this difference has occasionally
been noted in the physics literature [45], one often finds the p ≤ 1 definition
used for all p. However, as we show in [13], the corresponding nuclearity index
would vanish identically for p > 1 according to this definition! Fortunately
this confusion does not appear to have adverse consequences in the literature
so far, but it serves as a warning.

8.5 Conclusion

Quantum Energy Inequalities are an expression of the uncertainty princi-
ple, and as such are deeply rooted within quantum theory. It is perhaps not
surprising that they have connections with other fundamental properties: un-
ravelling these interconnections has the potential to deepen our understanding
of the structure of quantum field theory and the nature of quantised matter.
Much remains to be done!

Acknowledgment. I am grateful to Lutz Osterbrink for a careful reading of
the manuscript.
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Summary. A fresh look at the renormalization group (in the sense of Stückelberg-
Petermann) from the point of view of algebraic quantum field theory is given, and it
is shown that a consistent definition of local algebras of observables and of interact-
ing fields in renormalized perturbative quantum field theory can be given in terms
of retarded products. The dependence on the Lagrangian enters this construction
only through the classical action. This amounts to the commutativity of retarded
products with derivatives, a property named Action Ward Identity by Stora.

9.1 Introduction

Modern perturbative quantum field theory is mainly based on path inte-
grals. Basic objects are the correlation functions

G(x1, . . . , xn) = (Ω, Tϕ(x1) · · ·ϕ(xn)Ω) (9.1)

which are calculated as moments of the Feynman path integral, i.e.

G(x1, . . . , xn) =
1
Z

∫
Dϕϕ(x1) · · ·ϕ(xn)eiS(ϕ)/� . (9.2)

Relations to Wightman fields or even to local algebras of observables are
indirect and are not elaborated in typical cases. This fact leads to some severe
problems. On the one hand, concepts from the algebraic approach to quantum
field theory cannot be easily applied to perturbatively constructed models.
This leads to the prejudice that these concepts are irrelevant for physically
interesting models as long as they can be constructed only at the level of

∗Talk given at the Symposium in honour of the 70th anniversary of Jacques Bros,
Paris 2004, based on [9] and on private communication with R. Stora
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formal perturbation theory. On the other hand, the path integral approach is
intrinsically nonlocal; therefore difficulties arise for the treatment of infrared
problems and of finite temperatures, and theories on curved back grounds
or with external fields cannot properly be formulated. In algebraic quantum
field theory, concepts for dealing with these problems have been developed
[2, 4, 5, 13, 14, 18].

We therefore started a program for a perturbative construction of the net
of local algebras of observables [4,7]. There already exists a local formulation
of renormalization due to Epstein and Glaser [11] and based on older ideas
of Stückelberg and Bogoliubov [1]. The advantages of this method compared
to other schemes of renormalization are that it can be formulated entirely
in position space, that it is mathematically well elaborated and that it gives
a direct construction of operators. It is, however, not equally well developed
from the computational point of view, the rôle of the renormalization group
is not yet fully established and, even worse, the application to non-Abelian
gauge theories is not evident.

In particular the last problem was partially resolved by the Zürich school
[20,21], who also developed many new tools for doing concrete calculations in
the Epstein-Glaser framework.

The starting point for our approach is Bogoliubov’s definition of interacting
fields

ϕR
Lg(x) = (Tei

R
Lg)−1 δ

δh(x)
Tei(

R
Lg+

R
ϕh)|h=0. (9.3)

In this contribution, we will first formulate axioms for interacting fields, will
then construct solutions, thereafter discuss the renormalization group and will
finally describe the arising local nets and local fields.

9.2 Basic properties required for interacting fields

We consider polynomial functionals of a classical scalar (C∞) field ϕ on
d-dimensional Minkowski space,

F (ϕ) =
∑

n

〈fn, ϕ
⊗n〉 . (9.4)

Here the smearing functions fn are assumed to be distributions with compact
support in n variables with wave front set

WF (fn) ⊂ {(x, k) ,
∑

i

ki = 0}, (9.5)

e.g., f2(x1, x2) = g(x1)δ(x1 − x2) with g ∈ D, so 〈f2, ϕ
⊗2〉 =

∫
dx g(x)ϕ(x)2 .

A functional F is called local, if supp(fn) ⊂ Dn, with the total diagonal

Dn = {(x1, . . . , xn) , x1 = · · · = xn ∈ Rd} . (9.6)
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Let us first describe the classical free theory: There the field equation (� +
m2)ϕ = 0 generates an ideal in the algebra of functionals F (with respect to
pointwise multiplication). The Poisson bracket of the classical model is

{F,G}(ϕ) =
∫

dxdy
δF

δϕ(x)
Δ(x− y)

δG

δϕ(y)
(9.7)

where Δ is the commutator function of the free scalar field with mass m.
For quantization we follow the recipes of deformation quantization and

define an associative product ∗ by

F ∗G(ϕ) = e
�

R
dxdyΔ+(x−y) δ

δϕ(x)
δ

δϕ′(y) F (ϕ)G(ϕ′)|ϕ′=ϕ (9.8)

where Δ+ is the 2-point function of the free scalar field.
The Poisson bracket as well as the ∗-product vanish on the ideal generated

by the field equation and can therefore be defined also on the quotient algebra.
In the classical case one obtains the Poisson algebra of the classical field the-
ory, in the quantum case one obtains the algebra of Wick polynomials on Fock
space, and the formula for the ∗-product translates into Wick’s Theorem. For
the treatment of interactions, it is however preferable not to go to the quo-
tient but to formulate everything on the original space (off-shell formalism).
This introduces some redundancy which will be very useful for the solution
of cohomological problems, as for instance in the determination of counter
terms in the Lagrangian which compensate changes in the renormalization
prescription.

We now turn to the characterization of retarded interacting field function-
als. Let F, Sn, n ∈ N be local functionals of ϕ. Let S(λ) =

∑∞
n=1 λ

nSn be
a formal power series with vanishing term of zeroth order. We associate to
the pair F, S(λ) a formal power series of functionals FS which we interpret as
the functional F of the interacting retarded field under the influence of the
interaction S where λ is the expansion parameter of the formal power series.

We require the following properties:

Initial condition:
FS=0 = F. (9.9)

Causality:
FS1+S2 = FS1 (9.10)

if S2 takes place later than F .
Glaser-Lehmann-Zimmermann: [12]

i

�
[FS , GS ]� =

d

dμ
(FS+μG −GS+μF )|μ=0 . (9.11)

In addition, we require

Unitarity:
(FS)∗ = F ∗

S∗ . (9.12)
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Covariance: Let β denote the natural action of the Poincaré group on the
space of functionals F . Then

βL(FS) = βL(F )βL(S) (9.13)

for all Poincaré transformations L.
Field independence: The association of local functionals to their interacting

counterpart should not explicitly depend on ϕ,

FS(ϕ + ψ) = F (ϕ + ψ)S(ϕ+ψ) (9.14)

for test functions ψ.
Scaling: There is a natural scaling transformation, x �→ ρx, on the space of

functionals which scales also the mass in the ∗-product from m to ρ−1m.
But the limit ρ→∞ is singular because of scaling anomalies. This holds
already for the free theory (in even dimensions).
Instead: Introduce an auxiliary mass parameter μ > 0 and transform the
∗-product to an equivalent one which is smooth in the mass m. Require a
smooth m dependence in the prescription (F, S) → F

(m,μ)
S (in particular

at m = 0 (one-sided)) such that F
(ρ−1m,μ)
S , scaled by ρ, is in every order

of perturbation theory a polynomial of log ρ.

9.3 Construction of solutions

We make the ansatz that the interacting field is a formal power series in
the interaction,

FλS =
∞∑

n=0

λn

n!
Rn,1(S⊗n ⊗ F ) , (9.15)

where Rn,1 is an (n + 1)-linear functional, symmetric in the first n entries
(called ‘retarded product’).

The inductive construction of retarded products can be done in an analo-
gous way as the construction of time ordered products in the Epstein-Glaser
method and was elaborated already (in a slightly different form) by Stein-
mann [22]. In a first step we represent the local functionals as fields smeared
with a test function,

F (ϕ) =
∫

ddxA(x)f(x) (9.16)

where A is an element of the space P of all polynomials of ϕ and its derivatives,

A(x) = A(ϕ(x), ∂ϕ(x), . . .) , (9.17)

and f is a test function. Using this representation, the retarded products can
be represented as distributions Rn,1(A1(x1), . . . , An+1(xn+1)) with values in
the space of functionals of ϕ. With that the inductive construction can be
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done by first constructing the retarded products outside of the total diagonal
Dn+1 (9.6) in terms of retarded products with fewer arguments and then by
extending them to the full space (in the sense of distributions). Perturbative
renormalization is precisely this extension problem.

A difficulty with this procedure is that the representation of local func-
tionals by fields is non-unique, e.g. one finds by partial integration∫

dx ∂A(x)f(x) = −
∫

dxA(x)∂f(x) . (9.18)

Therefore it was suggested by Stora [24] that one should impose an addi-
tional requirement, termed the Action Ward Identity (AWI), which guarantees
that the retarded products depend only on the functionals, but not on the way
they are represented as smeared fields. This amounts to the requirement, that
the retarded products commute with derivatives,

∂Rn,1(. . . , A(x), . . .) = Rn,1(. . . , ∂A(x), . . .) . (9.19)

Such a relation cannot hold if the arguments of the retarded products are
on-shell fields (i.e. satisfy the free field equations). In the off-shell formalism
adopted here, however, one can actually show that there are no anomalies for
the AWI. Namely one may introduce balanced fields, as was done recently for
the purpose of non-equilibrium quantum field theory by Buchholz, Ojima and
Roos [6]: the balanced fields form that subspace Pbal of all local fields

A(x) = P (∂1, . . . , ∂n)ϕ(x1) · · ·ϕ(xn)|x1=···=xn=x ∈ P (9.20)

(where P is a polynomial) which arises when P is restricted to depend only
on the differences of variables (∂i − ∂j).

The argument relies on

Lemma 1. Every local functional F is of the form

F =
∫

ddx f(x) (9.21)

with a unique test function f with values in the space of balanced fields.

Proof. Existence: Every symmetric polynomial P (p1, . . . , pn) in n variables
p1, . . . , pn, pi ∈ Rd may be written in the form

P (p1, . . . , pn) =
∑

j

aj(p)bj(prel) (9.22)

with polynomials aj in the center of mass momentum p =
∑

pi and symmetric
polynomials bj in the relative momentum prel = (pi − pj , i < j). Every local
functional of n-th order in ϕ is of the form
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F (ϕ) =
∫

ddx
∑

j

λj(x) (9.23)

×
∫

dd(n−1)xrel δ(xrel)aj(i∂) bj(i∂rel)ϕ⊗n(x, xrel) (9.24)

with test functions λj . By partial integration we find

F (ϕ) =
∫

dx
∑

j

μj(x)Bj(x) (9.25)

with μj = aj(−i∂)λj and Bj = bj(i∂rel)ϕ⊗n|xrel=0 ∈ Pbal.
Uniqueness: To show uniqueness let

F (ϕ) =
∫

dx
∑

j

μj(x)Bj(x) (9.26)

with the balanced fields Bj = bj(i∂rel)ϕ⊗n|xrel=0, where bj are symmetrical
polynomials (with respect to permutations of ∂1, ..., ∂n). Then F (ϕ) = 0 im-
plies that ∑

j

μj(x)bj(−i∂rel)δ(xrel) = 0 . (9.27)

Since the center of mass coordinate x and the relative coordinate xrel are
independent, this implies ∑

j

μj ⊗ bj = 0 , (9.28)

hence
∑

j μjBj = 0. �

By using this lemma the AWI can be fulfilled by the following procedure. One
first extends R(A1(x1), ..., An+1(xn+1)) only for A1, ..., An+1 ∈ Pbal. Since, by
induction, the AWI holds outside of Dn+1, one may then define the extension
for general fields A1, ..., An+1 by using the AWI and linearity in the fields.

9.4 Renormalization group

The extension of Rn,1 from D(Rd(n+1) \ Dn+1) to D(Rd(n+1)) is generi-
cally non-unique. Hence, there is an ambiguity in the construction of inter-
acting fields, which is well understood: it can be described in terms of the
Stückelberg-Petermann renormalization group R [25].

The elements of R are analytic invertible maps Z : S �→ Z(S) which map
the space of formal power series of local functionals, which start with the first
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term, into itself such that

Z(0) = 0 , (9.29)

Z ′(0) = id (where Z ′(S)F :=
d

dτ
Z(S + τF )|τ=0) , (9.30)

Z(S�) = Z(S)� (9.31)

and
Z(S) =

∫
ddx z(L(x), ∂L(x), . . .) (9.32)

if S =
∫
dxL(x). Here the Lagrangians are of the form L(x) =

∑
j Aj(x)gj(x)

with Aj∈Pbal and gj∈D(Rd). Derivatives are defined by ∂L :=
∑

j Aj(x)∂gj .
z is of the form

z(L(x), ∂L(x), . . .) =
∑
n,a

1
n!

dn,a(Aj1 ⊗ · · · ⊗Ajn)(x)
n∏

i=1

∂aigji(x) (9.33)

with linear maps dn,a : P⊗n
bal → Pbal which are Lorentz invariant, maintain

homogeneous scaling of the fields and do not explicitly depend on ϕ.
The Main Theorem of Renormalization [9,19,23] amounts to the following

relation between interacting field functionals for two renormalization prescrip-
tions (F, S) → FS and (F, S) → F̂S which both satisfy the mentioned axioms:

Theorem 1. There is a unique element Zof the renormalization group R such
that

F̂S = (Z ′(S)F )Z(S) . (9.34)

Conversely, given a renormalization prescription FS satisfying the axioms and
an arbitrary Z ∈ R, equation (9.34) gives a new renormalization prescription
F̂S which fulfills also the axioms.

9.5 Local nets and local fields

We first define the algebra AL(O) of observables within the region O for
a (fixed) interaction L with compact support. This algebra is generated by
elements FS , S =

∫
dxL(x) with local functionals F fulfilling supp δF

δϕ ⊂ O.
In [4] it has been found that the algebraic structure of AL(O) is independent
of the values of L outside of O:

Theorem 2. If the interactions L1 and L2 coincide within O, there exist iso-
morphisms α : AL1(O)→ AL2(O) such that

α(FS1) = FS2 (9.35)

for all F localized in O (where Sj =
∫
dxLj(x)).
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We now want to construct the algebras for a not necessarily compactly sup-
ported Lagrangian L (i.e. we perform the so-called algebraic adiabatic limit).
For this purpose we consider the bundle of algebras AL1(O) over the space of
compactly supported Lagrangians L1 which coincide within O with the given
Lagrangian L.

A section B = (BL1) of this bundle is called covariantly constant if for all
automorphisms α satisfying (9.35) the following relation holds:

α(BL1) = BL2 . (9.36)

So in particular the interacting field functionals FS are (by definition) covari-
antly constant sections. The covariantly constant sections now generate the
local algebras associated to the interaction L.

To define the net of local algebras one has to specify, for O1 ⊂ O2, the
injections

iO2O1 : AL(O1)→ AL(O2) . (9.37)

Let B ∈ AL(O1). Then iO2O1(B) is the section which is obtained from the
section B by restriction to Lagrangians which coincide with L on the larger
region. Clearly these injections satisfy the compatibility relation required for
nets:

iO3O2 ◦ iO2O1 = iO3O1 (9.38)

for O1 ⊂ O2 ⊂ O3. Moreover, the net satisfies local commutativity and, if L

is Lorentz invariant, it is covariant under the Poincaré group [7].
The next step is the construction of local fields associated to the local

net. Following [5], a local field associated to the net is defined as a family of
distributions (AO) with values in AL(O) such that

iO2O1(AO1(h)) = AO2(h) (9.39)

if the test function h has support contained in O1. In particular all classical
fields A ∈ P induce local fields AL ≡ (AL

O)O by the sections

AL
O(h) : L1 �→ (AO(h))L1 = (

∫
dxA(x)h(x))S1 (9.40)

where L1 coincides with L within O, h ∈ D(O) and S1 =
∫
dxL1. It is an open

question whether there are other local fields. The answer would amount to the
determination of the Borchers class for perturbative quantum field theories.

We may now restrict the renormalization group flow to constant La-
grangians L ∈ Pbal.

Theorem 3. Let L �→ AL and L �→ ÂL (L ∈ Pbal) be associations of local
nets which are defined by the two renormalization prescriptions FS and F̂S,
respectively.
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1. Then there exists a unique map (‘renormalization of the interaction’)

z0 : λPbal[[λ]] −→ λPbal[[λ]] : z0(λL) = λL + O(λ2) (9.41)

such that the nets ÂL and Az0(L) are equivalent for all L.
2. Furthermore there exists a unique map (‘field renormalization’)

z(1) : λPbal[[λ]]× P[[λ]] −→ P[[λ]] : (λL, A) �→ z(1)(λL)A = A + O(λ)
(9.42)

such that z(1)(λL) : P[[λ]] −→ P[[λ]] is a linear invertible map which
commutes with partial derivatives and such that for the local fields (9.40)
the identification of ÂL with Az0(L) is given by

ÂL = (z(1)(L)A)z0(L) , ∀L ∈ Pbal, A ∈ P . (9.43)

We point out that z0 and z(1) are independent of O.

Proof. By applying the algebraic adiabatic limit to Theorem 2 the formula
(9.34) goes over into (9.43) with

z0(L) = z(L, 0) =
∑

n

1
n!

dn,0(L⊗n) (9.44)

and

z(1)(L)A =
∑

n,a∈Nd
0

1
n!

(−1)|a| ∂adn+1,(0,...,0,a)(L⊗n ⊗A) . (9.45)

For the equivalence of the nets we refer to Theorem 5.1 of [9]. �

Example. L = ϕ4 in d = 4 dimensions. Then

z0L = (1 + a)ϕ4 + b((∂ϕ)2 − ϕ�ϕ) + m2cϕ2 + m4e , (9.46)

where a, b, c, e ∈ C[[λ]]. In the case m = 0 the coupling constant renormal-
ization a and the field renormalization b are explicitly computed to lowest
non-trivial order in [9].

Remarks. (1) It may happen that for a certain interaction L0 the renormal-
ization is trivial, z0(L0) = L0, but the corresponding field renormalization
z(1)(L0) is non-trivial. This corresponds to the Zimmermann relations.

(2) The scaling transformations on a given renormalization prescription
induce a one-parameter subgroup of the renormalization group, which may be
called a Gell-Mann-Low Renormalization Group. Its generator is related to the
β-function. Gell-Mann-Low subgroups belonging to different renormalization
prescriptions are conjugate to each other. The generator starts with a term of
second order which is universal [3].
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(3) An analysis of the perturbative renormalization group in the algebraic
adiabatic limit was already given by Hollands and Wald in the more general
framework of QFT on curved space times [16]. But the formalism presented
here is not yet fully adapted to general Lorentzian space-times.

(4) Hollands and Wald generalized the Action Ward Identity to curved
space times [17] (and called it ‘Leibniz rule’). In that framework it is a non-
trivial condition already for time ordered (or retarded) products of one factor.

(5) Ward identities, in particular the Master Ward Identity [8, 10] remain
to be analyzed.
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Summary. The relativistic KMS condition introduced by Bros and Buchholz pro-
vides a link between quantum statistical mechanics and quantum field theory. We
show that for the P (φ)2 model at positive temperature, the two-point function for
fields satisfies the relativistic KMS condition.

10.1 Introduction

The operator algebraic framework allows us to characterize the equilibrium states
of a quantum system by first principles: when the dynamical law is changed by a
local perturbation, which is slowly switched on and slowly switched off again, an
equilibrium state returns to its original form at the end of this procedure. In a
pioniering work, Haag, Kastler and Trych-Pohlmeyer [15] showed that this char-
acterization of an equilibrium state leads to a sharp mathematical criterion, the
so-called KMS condition, first encountered by Haag, Hugenholtz and Winnink [14]
and more implicitly by Kubo [15], Martin and Schwinger [24].

On the other hand, the vacuum states of a relativistic QFT are characterized by
Poincaré invariance and the spectrum condition [27]. Both the KMS and the spec-
trum condition can be formulated in terms of analyticity properties of the correlation
functions, but for almost 40 years the connection between these two conditions was
not investigated in depth, and algebraic quantum statistical mechanics and algebraic
quantum field theory were treated in this respect as disjoint subjects. But finally
increased interest in cosmology and heavy-ion collisions led to a need to combine
QFT and quantum statistical mechanics.

It was first recognized by Bros and Buchholz [6] that the thermal equilibrium
states of a relativistic QFT should have stronger analyticity properties in configura-
tion space than those imposed by the traditional KMS condition. The result of their
careful analysis is a relativistic KMS condition which can be understood as a rem-
nant of (and, in applications, as a substitute for) the relativistic spectrum condition
in the vacuum sector.
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10.1.1 Content of the Paper

The content of this short paper is as follows. In Section 10.2 we recall the con-
struction of the P (φ)2 model at positive temperature presented in [12]. In Section
10.3 we review the main ingredients of the Euclidean approach to thermal field the-
ory. In Section 10.4 we show that the Wightman two-point function for fields satisfies
the relativistic KMS condition. Section 10.5 is devoted to a brief discussion of the
implications of the relativistic KMS condition.

10.2 The spatially-cutoff P (φ)2 model at positive temperature

The construction of interacting thermal quantum fields in [12] includes several of
the original ideas of Höegh-Krohn [17], but instead of starting from the interacting
system in a box the authors started from the Araki-Woods representation for the
free thermal system in infinite volume. We briefly recall the main steps of this
construction.

10.2.1 Preliminary Material

The KMS condition

A state ωβ over a C∗-algebra A equipped with a C∗-dynamics τt is called a
(τ, β)-KMS state for some β ∈ IR∪{±∞}, if for all A,B ∈ A there exists a function
FA,B which is continuous in the strip {z ∈ C | 0 ≤ Im z ≤ β} and analytic and
bounded in the open strip {z ∈ C | 0 < Im z < β}, with boundary values given by

FA,B(t) = ωβ

`

Aτt(B)
´

, FA,B(t + iβ) = ωβ

`

τt(B)A
´

, ∀ t ∈ IR.

Thus KMS states are characterized by a real parameter β, which has the meaning
of inverse temperature.

The relativistic KMS condition

Lorentz invariance is always broken by a KMS state. A KMS state might also
break spatial translation or rotation invariance, but the maximal propagation veloc-
ity of signals is not affected by such a lack of symmetry.

Definition 1. A state ωβ over a C∗-algebra A satisfies the relativistic KMS condition
at inverse temperature β > 0 if there exists some positive timelike vector e ∈ V+,
e2 = 1, such that for every pair of elements A,B of A there exists a function FA,B

which is analytic in the tube domain

Tβ := {z ∈ C2 | Im z ∈ V+ ∩ (βe + V−)},
and continuous at the boundary sets IR2 and IR2 + iβe with boundary values given
by

FA,B(t, x) = ωβ

`

Aαt,x(B)
´

and FA,B(t + iβe, x) = ωβ

`

αt,x(B)
´

for all (t, x) ∈ IR2. Here V± = {(t, x) ∈ IR2 | |t| < |x|, ±t ≥ 0} denote the for-
ward/backward light-cones.
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Remark 1. Note that in the limit β → ∞ the tube Tβ tends toward the forward tube
IR2 + iV+.

As we will discuss in Section 10.5, the relativistic KMS condition has numer-
ous applications. For instance, the famous Reeh-Schlieder property (in the thermal
representation) is a direct consequence of the relativistic KMS condition (and weak
additivity), no matter if the spatial translation or rotation invariance is broken by
the KMS state or not [19].

10.2.2 The free neutral scalar field at temperature β−1

Let h = H− 1
2 (IR) be the complex Sobolev space of order − 1

2
equipped with the

norm
‖h‖2 = (h, (2ν)−1h)L2(IR,dx)

for ν := (D2
x + m2)

1
2 .

Let W(h) be the abstract Weyl C∗-algebra over h. On W(h) we define the free
time evolution {τ◦

t }t∈IR by

τ◦
t

`

W (h)
´

= W (eitνh), h ∈ h, t ∈ IR.

For m > 0 the unique (τ◦, β)-KMS state on the Weyl algebra W(h) is given by

ω◦
β

`

W (h)
´

:= e−
1
4 (h,(1+2ρ)h), h ∈ h, (10.1)

where ρ := (eβν − 1)−1, β > 0.

The Araki-Woods representation

A realization of the GNS representation associated to the pair
`

W(h), ω◦
β

´

is
provided by the Araki-Woods representation. We set:

HAW := Γ (h ⊕ h),

ΩAW := ΩF ,

πAW (W (h)) = WAW (h) := WF

`

(1 + ρ)
1
2 h⊕ ρ

1
2 h
´

, h ∈ h.

Here h is the conjugate Hilbert space to h, WF (.) denotes the Fock Weyl operator
on the bosonic Fock space Γ (h ⊕ h) and ΩF ∈ Γ (h ⊕ h) is the Fock vacuum.

The generator of the time evolution

Since ω◦
β is τ◦-invariant, the time evolution can be unitarily implemented in the

representation πAW :

eitLAW πAW (A)ΩAW := πAW

`

τ◦
t (A)

´

ΩAW , A ∈ W(h). (10.2)

The generator LAW of the free time evolution, uniquely fixed by (10.2) and the
request LAWΩAW = 0, is called the (free) Liouvillean. It is equal to dΓ (ν ⊕−ν).
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Thermal fields

The Araki-Woods representation πAW is a regular representation, i.e., the map
IR � λ �→ Wπ(λh) is strongly continuous for any h ∈ h. Thus one can define field
operators

φAW (h) := −i
d

dλ
WAW (λh)

˛

˛

˛

λ=0
, h ∈ h,

which satisfy in the sense of quadratic forms on D(φAW (h1)) ∩ D(φAW (h2)) the
commutation relations

[φAW (h1), φAW (h2)] = iIm (h1, h2), h1, h2 ∈ h.

The net of local von Neumann algebras

The von Neumann algebra generated by {πAW (W (h)) | h ∈ h} is denoted
by RAW .

To define the net of local von Neumann algebras, we introduce the IR-linear map

U : h = H− 1
2 (IR) → S′(IR)

h �→ Reh + iν−1Imh.

For I ⊂ IR a bounded open interval, we define the following real vector subspace
of h,

hI := {h ∈ h | suppUh ⊂ I}. (10.3)

We denote by RAW (I) the von Neumann algebra generated by {WAW (h) | h ∈ hI}.
The algebra

A :=
[

I⊂IR

RAW (I)
(C∗)

is called the algebra of local observables. The union is over all open bounded inter-
vals I ⊂ IR and the symbol

S

I⊂IR RAW (I)
(C∗)

denotes the C∗-inductive limit (see
e.g. [20, Proposition 11.4.1.]).

Remark 2. We note that the Araki-Woods representation is locally normal w.r.t. the
vacuum representation of the free field. Consequently, the C∗-algebra A is identical
(up to ∗-isomorphisms) to the algebra

AF :=
[

I⊂IR

πF

`

W(hI)
´′′(C

∗)

,

where πF is the Fock representation.

10.2.3 The spatially-cutoff P (φ)2 model at temperature β−1

Let P (λ) =
P2n

j=0 ajλ
j be a real-valued polynomial, which is bounded from

below, and let l ∈ IR+ be a spatial cutoff parameter. The spatially cutoff P (φ)2
model on the real line IR at temperature β−1 is then defined by the formal interaction
term

Vl =

Z l

−l

:P (φAW (x)) : dx, l > 0.
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Here : : denotes the Wick ordering (see e.g. [13]) with respect to the temperature β−1

covariance on IR:

C0(h1, h2) :=
“

h1,
(1 + e−βν)

2ν(1 − e−βν)
h2

”

L2(IR)
, h1, h2 ∈ S(IR). (10.4)

Using a sequence of functions {δk} approximating the delta-function, the limit

Vl := lim
k→∞

Z l

−l

:P (φAW (δk(.− x)) : dx

exists on a dense set of vectors in Γ (h⊕h). An approximation of the Dirac δ function
can be fixed by setting δk(x) := kχ(kx), where χ is a function in C∞

0 IR(IRd) with
R

χ(x)dx = 1.

The perturbed KMS system

It can be shown (see [12]) that the operator sum LAW +Vl is essentially selfadjoint
on D(LAW )∩D(Vl) and if we set Hl := LAW + Vl, then the perturbed time-evolution
on A is given by

τ l
t(A) := eitHlAe−itHl , A ∈ A.

The perturbed KMS state ωl on A is normal w.r.t. the Araki-Woods representa-
tion πAW . In fact, the GNS vector ΩAW ∈ Γ (h ⊕ h) belongs to D

`

e−
β
2 Hl
´

and the
perturbed KMS state ωl is the vector state induced by the state vector

Ωl :=
e−

β
2 HlΩAW

‖e− β
2 HlΩAW ‖

.

These results are in complete analogy to the analytic perturbation theory for
bounded perturbations due to Araki (see e.g. [5]). Identical formulas, valid for a
certain class of unbounded perturbations, have recently been derived in [8].

10.2.4 The translation invariant P (φ)2 model at temperature β−1

Existence of the dynamics

Let I ⊂ IR be a bounded open interval. For t ∈ IR fixed, the norm limit

lim
l→∞

τ l
t(A) =: τt(A)

exists for all A ∈ RAW (I). In fact, for A and t fixed, τ l
t (A) is independent of l for l

sufficiently large.
By construction the elements of the local von Neumann algebras RAW (I), I open

and bounded, are norm dense in A. Thus the map τ : t �→ τt extends to a group of
∗-automorphisms of A. Moreover, if {αx}x∈IR denotes the group of space translations
over A, defined by

αx

`

WAW (h)
´

:= WAW (eix.kh), x ∈ IR,

where k is the momentum operator acting on h, then

τt ◦ αx = αx ◦ τt

for all t, x ∈ IR. Consequently the time evolution is translation invariant.
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Existence of the thermodynamic limit

Let {ωl}l>0 be the family of (τ l, β)-KMS states for the spatially cutoff P (φ)2
models constructed in Subsection 10.2.3. Then it has been shown in [12] that

w − lim
l→+∞

ωl =: ωβ exists over A. (10.5)

Moreover, the state ωβ has the following properties:

(i) ωβ is a (τ, β)-KMS state over A;
(ii) ωβ is locally normal, i.e., if I ⊂ IR is an open and bounded interval, then

ωβ|RAW (I) is normal w.r.t. the Araki-Woods representation;
(iii) ωβ is invariant under spatial translations, i.e.,

ωβ(αx(A)) = ωβ(A), x ∈ IR, A ∈ A;

(iv) ωβ has the spatial clustering property, i.e.,

lim
x→∞

ωβ(Aαx(B)) = ωβ(A)ωβ(B) ∀A,B ∈ A.

The rate of the spatial clustering is related to the infrared properties of the
Liouvillean [18].

10.3 Euclidean approach

As far as the formulation of the spatially cut-off thermal P (φ)2 model is con-
cerned, the Euclidean approach is only used to show that the sum of the operators
LAW and Vl (which are both unbounded from below) is essentially selfadjoint on
the intersection of their domains.

However, for the existence of the thermodynamic limit (10.5) the Euclidean
approach is used in a more sophisticated manner. The key argument in the proof
of (10.5), Nelson symmetry, will be crucial for the proof of the relativistic KMS
condition too. In order to formulate it, we briefly recall the Euclidean approach, in
a framework adapted to the thermal P (φ)2 model (see [11], [21] for a more general
abstract framework).

10.3.1 Euclidean reconstruction theorem

Euclidean measures on the cylinder

Let Sβ = [−β/2, β/2] be the circle of length β. The points in the cylinder Sβ×IR
are denoted by (t, x). Let Q := S′

IR(Sβ × IR) be the space of real-valued, β-periodic
Schwartz distributions on Sβ × IR and let Σ be the Borel σ-algebra on Q. Let μ be
a Borel probability measure on (Q,Σ).

For f ∈ SIR(Sβ × IR), we denote by φ(f) the function

φ(f) : Q → IR
q �→ 〈q, f〉.
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For T ≥ 0, we denote by Σ[0,T ], the sub σ-algebra of Σ generated by the functions
eiφ(f) for supp f ⊂ [0, T [×IR. Let r : Q → Q be the time-reflection around t = 0
defined by rφ(t, x) = φ(−t, x) and let τE

t : Q → Q be the group of euclidean time
translations defined by τE

t φ(s, x) = φ(s− t, x). The map r lifts to a ∗-automorphism
R of L∞(Q,Σ) defined by RF (q) := F (rq), and the group τE

t lifts to a group U(t) of
∗-automorphisms of L∞(Q,Σ). This group is unitary on L2(Q,Σ, μ) if μ is invariant
under τE

t .

Reconstruction theorem

Let HOS := L2(Q,Σ[0,β/2],dμ). We assume that the measure μ satisfies the
Osterwalder-Schrader positivity

(F, F ) :=

Z

Q

R(F )Fdμ ≥ 0 ∀F ∈ HOS.

Let N ⊂ HOS be the kernel of (., .). We set

Hphys := HOS/N,

where the completion of HOS/N is done w.r.t. the norm (., .)
1
2 . The canonical pro-

jection HOS to Hphys is denoted by V.
In Hphys we have the distinguished vector

Ωphys := V(1),

where 1 is the constant function equal to 1 on Q.
The unitary group U(t) for t ≥ 0 does not preserve HOS (contrary to 0-tempera-

ture theories), because distributions supported in the ‘future’ [0, β/2[×IR come back
in the ‘past’ ] − β/2, 0] × IR by time translations. Nevertheless U(s) for 0 ≤ s ≤ t
sends L2(Q,Σ[0,β/2−t[,dμ) into HOS.

Using the theory of local symmetric semigroups (see [10], [22]), it is possible to
define a selfadjoint operator Lphys on Hphys such that for F ∈ L2(Q,Σ[0,β/2−t[,dμ)
and 0 ≤ s ≤ t one has

V(U(s)F ) = e−sLphysV(F ).

Finally if A ∈ L∞(Q,Σ{0}), then multiplication by A preserves HOS and N, and
one obtains a representation πphys of the algebra of time-zero fields L∞(Q,Σ{0}):

πphys(A)V(F ) := V(AF ), F ∈ HOS.

From this reconstruction procedure one obtains a β-KMS system defined as follows:

(i) the C∗-algebra Aphys is the von Neumann algebra generated by the operators
eitLphysπphys(A)e−itLphys, t ∈ IR, A ∈ L∞(Q,Σ{0});

(ii) the dynamics τt on Aphys is the dynamics generated by the unitary group
e−itLphys ;

(iii) the β-KMS state on Aphys is the state generated by the vector Ωphys.
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10.3.2 Euclidean measure for the translation invariant P (φ)2 model

The spatially-cutoff P (φ)2 model at positive temperature allows a Euclidean
formulation: the measure dμl for the spatially cutoff P (φ)2 model is given by

dμl :=
1

Zl
e
− R β/2

−β/2

R l
−l:P (φ(t,x)):Cdtdx

dφC , (10.6)

where dφC denotes the Gaussian measure on (Q,Σ) with covariance

C(u, u) = (u, (D2
t + D2

x + m2)−1u)

(with β-periodic b.c.) defined by
Z

Q

eiφ(f)dφC = e−C(f,f)/2, f ∈ SIR(Sβ × IR). (10.7)

The partition function Zl is chosen such that
R

Q
dμl = 1.

Existence of limiting measure

In order to show that one can remove the spatial cutoff one has to show that

lim
l→+∞

Z

Q

F (q)dμl =:

Z

Q

F (q)dμ∞ (10.8)

exists and defines a Borel probability measure on S′
IR(Sβ × IR).

Nelson Symmetry

Formally exchanging the role of t and x in (10.6) one notices that dμ∞ is the
Euclidean measure of the P (φ)2 model on the circle at temperature zero. This formal
argument can be made rigorous (see [12], [17]). In particular one has:

e
− R β/2

−β/2(
R l
−l:P (φ(t,x)):C0dx)dt

= e
− R l

−l(
R β/2
−β/2:P (φ(t,x)):Cβ

dt)dx
. (10.9)

Note that on the r.h.s. Wick ordering is done w.r.t. the covariance

Cβ(g1, g2) :=
“

g1,
1

2ν
g2

”

L2(Sβ,dt)
, g1, g2 ∈ S(Sβ).

The analog of (10.9) in the zero temperature case is called Nelson symmetry (see
e.g. [26]).

It was first noticed by Höegh-Krohn [17] that the existence of the limit (10.8) is
equivalent to the uniqueness of the vacuum state for the P (φ)2 model on the circle.

Using Nelson symmetry, the existence of the limit (10.8) is proved in [12]. More-
over it is shown in [12] that μ∞ is OS positive, invariant under space-time transla-
tions, and that sharp-time fields are well defined: this means that if δk ∈ C∞

0 (Sβ) is
a sequence of functions tending to the Dirac distribution δ0, then the limits

φ(t, h) := lim
k→∞

φ(δk(.− t) ⊗ h)

exist in
T

1≤p<∞ Lp(Q,Σ, dμ∞) for any h ∈ C∞
0 (IR).
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10.4 The relativistic KMS condition

In this section we show that two-point functions for fields in the thermal P (φ)2
model satisfy the relativistic KMS condition.

Identification of physical objects

Let (Hβ, πβ , Ωβ) be the GNS triple associated to the KMS state ωβ over the
C∗-algebra A. Let also Pβ , Lβ be the unique generators of space-time translations
such that LβΩβ = PβΩβ = 0.

As we saw in Subsect. 10.3.1, the Euclidean reconstruction theorem provides
a Hilbert space Hphys, a unit vector Ωphys, a representation πphys of the abelian
von Neumann algebra UAW generated by {WAW(h) | h ∈ h, h real-valued }, and a
selfadjoint operator Lphys. Since the Euclidean measure μ∞ is invariant under space
translations, we obtain also a selfadjoint operator Pphys implementing the space
translations.

Let us briefly check that these two families of objects are identical (up to unitary
equivalence). In the sequel we will freely identify them.

Let U(I) be the abelian von Neumann algebra generated by {WAW(h) | h ∈
h, h real-valued, supph ⊂ I}. It was shown in [12] that for Aj ∈ U(I), 1 ≤ j ≤ n,

(Ωphys,
Qn

j=1 eitjLphysπphys(Aj)e
−itjLphysΩphys)

= ωβ(
Qn

j=1 τtj (Aj))

= (Ωβ ,
Qn

j=1 eitjLβπβ(Aj)e
−itjLβΩβ).

(10.10)

Thus we can define a map U : Hphys → Hβ by

UeitLphysπphys(A)Ωphys := eitLβπβ(A)Ωβ, t ∈ IR, A ∈ U(I), I ⊂ IR. (10.11)

From (10.10) we see that U preserves the scalar product, hence it can be uniquely
extended by linearity to

E = Vect{eitLphysπphys(A)Ωphys | t ∈ IR, A ∈ U(I), I ⊂ IR}
as an isometry. It follows from the Euclidean reconstruction theorem, that E is dense
in Hphys. Moreover it is clear from (10.11) that U intertwines πphys and πβ restricted
to U and also intertwines Lphys and Lβ. Finally U also intertwines Pphys and Pβ (note
that the algebra of time-zero fields is clearly invariant under space translations).

To check that U is unitary, we use a result in [12]: let Bα(I) be the von Neumann
algebra generated by {τt(A) | A ∈ U(I), |t| < α}. Then it was shown in [12, Prop.
6.5] that

RAW (I) =
\

α>0

Bα(I).

Since by construction Ωβ is cyclic for πβ(A), this implies that the range of U is
dense in Hβ. Therefore U is unitary.
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10.4.1 Wightman two-point function for the thermal P (φ)2 model

Let I ⊂ IR be a bounded open interval and hI the real subspace of h defined in
(10.3).

By restriction to the local algebra RAW(I), πβ defines a CCR representation of
the real symplectic space hI .

Lemma 1. i) The representation πβ restricted to RAW(I) is quasi-equivalent to the
concrete representation of RAW(I);

ii) the CCR representation hI � h �→ πβ(WAW(h)) ∈ B(Hβ) is regular.

Proof. It is well known (see e.g. [12, Lemma 6.2]) that RAW(I) is a factor. Now it
is shown in [20, Prop. 10.3.14] that if R is a C∗-algebra and π is a factor represen-
tation of R, then π is quasi-equivalent to the GNS representation of any π-normal
state ω. Applying this fact to RAW(I) (with its concrete representation) and to
ωβ, we obtain that πβ is quasi-equivalent to the concrete representation of RAW(I).
This proves i). We know then that there exists a ∗-isomorphism γ from RAW(I) into
πβ(RAW(I))′′ extending πβ . This isomorphism is automatically weakly continuous.
Since the Araki-Woods representation is regular, the same holds true for the GNS
representation πβ restricted to hI . �

Since πβ is a regular CCR representation, we can define for h ∈ hI the Segal
field operators

φβ(h) := −i
d

ds
πβ(WAW(sh))

˛

˛

˛

s=0
.

In the sequel we will consider only the time-zero fields ϕβ :

ϕβ(h) := φβ(h), for h ∈ hI , h real.

Remark 3. If we restrict ourselves to time-zero fields, it is possible to give a direct
proof that the CCR representation is locally regular, avoiding the use of the local
normality of the state ωβ. In fact, let us show that

the map IR � s �→ πβ

`

WAW(sh)
´

is strongly continuous for h ∈ hI , h real, (10.12)

using the Euclidean approach.
It suffices to prove the weak continuity on a dense subspace of Hβ. From the

reconstruction theorem, we see that we may take as a dense subspace of Hβ the
linear span of the vectors V(

Qk
1 eiφ(tj,hj)) for hj ∈ C∞

0IR(IR), 0 ≤ tj < β/2.
We see that it suffices to prove the continuity of the map

IR � s �→
Z

Q

`

n
Y

1

eiφ(tj,hj)
´

eisφ(0,h)dμ∞

for hj ∈ C∞
0IR(IR), tj ∈ Sβ . But this follows from the fact that φ(0, h) ∈ L1(Q,dμ∞),

shown in [12].

Lemma 2. Ωβ ∈ D(ϕβ(h)), ∀h ∈ hI , h real-valued.
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Proof. Clearly it suffices to prove that

2 − (Ωβ , e
isϕβ(h)Ωβ) − (Ωβ , e

−isϕβ(h)Ωβ) ≤ C|s|2, 0 ≤ s ≤ 1. (10.13)

By the reconstruction theorem, the r.h.s. is equal to
Z

Q

`

2 − eisφ(0,h) − e−isφ(0,h)´dμ∞.

Since φ(0, h) ∈ L2(Q,dμ∞), we obtain (10.13). �

We now define Wightman two-point functions. For a function h ∈ C∞
0 (IR) we

denote by h− the function h−(x) = h(−x).

Proposition 1. There exists a unique Wβ(t, .) ∈ C0(IRt,D
′(IR)) such that for h1, h2 ∈

C∞
0IR(IR):
`

ϕβ(h1)Ωβ, e
itLβϕβ(αxh2)Ωβ

´

= h1 � h
−
2 � Wβ(t, x), (t, x) ∈ IR2. (10.14)

Proof. For fixed t the l.h.s. is a bilinear form Qt w.r.t. h1 and h2. Moreover it is shown
in [12] that ‖ϕβ(h)Ωβ‖ ≤ C‖h‖S , where ‖.‖S is a Schwartz seminorm. Therefore Qt

is continuous for the topology of C∞
0 (IR), which by translation invariance, implies

the existence of Wβ(t, .). The continuity w.r.t. the variable t of W(t, .) follows from
the obvious continuity in t of the l.h.s. of (10.14). �

10.4.2 Relativistic KMS condition

The rest of this section is devoted to the proof of the following theorem:

Theorem 1. The distribution Wβ(t, x) extends holomorphically to IR2 + iVβ , where
Vβ := {(t, y) | |y| < inf(t, β − t)}. Therefore for Ai = ϕβ(hi), hi ∈ C∞

0IR(IR) the
two-point function FA1,A2(t, x) is holomorphic in IR2 + iVβ.

10.4.3 Proof of Theorem 1

Let us briefly recall a few facts concerning the 0-temperature P (φ)2 model on
the circle Sβ. The Hilbert space is the Fock space Γ (H− 1

2 (Sβ)), where H− 1
2 (Sβ) is

the Sobolev space of order − 1
2

on Sβ with norm

‖g‖2 = (g, (2b)−1g)L2(Sβ ,dt)

with b = (D2
t + m2)

1
2 . For g ∈ H− 1

2 (Sβ), we denote by φC(g) the (Fock) field
operator acting on Γ (H−1

2 (Sβ)).
The operator sum

dΓ (b) +

Z

Sβ

: P (φC(t)) :Cβ dt

is essentially selfadjoint and bounded below, and the Hamiltonian of the P (φ)2
model on Sβ is

HC := dΓ (b) +

Z

Sβ

: P (φ(t)) :Cβ dt− EC ,
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where EC is an additive constant such that inf σ(HC) = 0. The Hamiltonian HC

has a unique (up to a phase) ground state (i.e., vacuum state) induced by the state
vector ΩC . Another fact we shall need is the following: if g1, g2 are real elements of
H− 1

2 (Sβ), then (φC(g1)ΩC , e
−yHCφC(g2)ΩC) is real for y ∈ IR+. This follows from

the representation of e−yHC using the Feynman-Kac-Nelson (FKN) formula.
Finally we note that

PC := dΓ (Dt)

is the momentum operator on the circle Sβ.

The two-point function for the P (φ)2 model on the circle

Now consider the two-point function WC for the P (φ)2 model on the circle

WC(t, y) =
`

ΩC , φC(δ0)e
iyHCeitPCφC(δ0)ΩC

´

, t ∈ Sβ, y ∈ IR.

WC is a tempered distribution on Sβ × IR rigorously defined by

〈WC , f ⊗ g〉 := (2π)
1
2
`

φC(δ0)ΩC , g̃(−HC)φC(f)ΩC

´

,

for f ∈ C∞(Sβ), g ∈ S(IR), and g̃ the Fourier transform of g.
To check that WC is well defined as a tempered distribution, we use the bound

‖(HC + 1)−
1
2 φC(h)(HC + 1)−

1
2 ‖ ≤ C‖h‖H−1(Sβ), (10.15)

which using that δ0 ∈ H−1(Sβ) yields

|〈WC , f ⊗ g〉| ≤ C‖(HC + 1)g̃(−HC)‖‖f‖H−1(Sβ)‖(HC + 1)
1
2ΩC‖2.

The r.h.s. can clearly be estimated in terms of Schwartz seminorms of f and g.

Analytic continuation

We first recall the spectrum condition on the circle [14]:

|PC | ≤ HC .

Set
V± := {(t, y) ∈ IR2 | |t| < |y|, ±y ≥ 0}.

Using ‖e−εHC (HC + 1)‖ ≤ Cε−1 and the bound (10.15) we conclude that

F (τ, z) :=
`

ΩC , φC(δ0)e
izHC eiτPCφC(δ0)ΩC

´

is holomorphic in Sβ × IR + iV+, has a moderate growth when Im (τ, z) → 0 and
R

F (t + iε, y + iε)f(t)g(y)dtdy

= (2π)
1
2
`

φC(δ0)ΩC , g̃(−HC)e−ε(HC+PC)φC(f)ΩC

´

→ 〈WC , f ⊗ g〉,
when ε → 0, i.e.,

lim
ε→0

F (. + iε, . + iε) = WC(., .) in S
′(Sβ × IR).
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Locality on the circle

Clearly
WC = lim

k→+∞
Gk in S

′(Sβ × IR),

where
Gk(t, y) :=

`

ΩC , φC(δk)eiyHCeitPCφC(δk)ΩC

´

,

and δk is a sequence in C∞(Sβ) with support in {t ∈ IR | |t| ≤ k−1} and tending
to δ0 when k →∞.

Now using locality (i.e., finite speed of light) on the circle, we see that if (t, y) ∈
Vβ,k,

Vβ,k = {(t, y) | |y| < inf(t, β − t) − 2k−1},
then

[φC(δk), eiyHCeitPCφC(δk)e−itPC e−iyHC ] = 0,

because no signal can go from supp δk to supp (δk + t) in time y if (t, y) ∈ Vβ,k.
This fact can be shown by exactly the same arguments as those used for the P (φ)2
model on IR. Thus for (t, y) ∈ Vβ,k, the function Gk is real-valued.

Edge of the wedge

According to the Schwarz reflection principle, WC can now be viewed as the
boundary value of a function holomorphic in Vβ − iV+:

WC(t, x) = H(t, x)

where
H(τ, z) :=

`

φC(δ0)ΩC , e
−izHCe−iτPCφC(δ0)ΩC

´

.

Thus
WC(t, y) = WC(t̄, ȳ), (t, y) ∈ Vβ + i(V+ ∪ V−). (10.16)

We can now apply the edge of the wedge theorem [27]. It implies that there
exists an open ball B(0, d) := {z ∈ C2 | |z| < d} such that WC(t, y) is holomorphic
in Vβ + iΓ , where

Γ := V+ ∪ V− ∪B(0, d).

Moreover, WC(t, iy) is real for t ∈ Sβ , y > 0 (by using the representation of
e−yHC as a Feynman-Kac-Nelson (FKN) kernel). Thus WC(t, iy) is real for t ∈ Sβ,
y ∈ IR, by (10.16). Applying the Schwarz reflection principle one more time, we
conclude that

WC(t, y) = WC(t,−y) ∀(t, y) ∈ Vβ + iΓ.

Schwinger two-point function for the thermal P (φ)2 model

Let h ∈ C∞
0IR(IR) and set

I(t, x) :=

Z

S′(Sβ×IR)

φ(0, h)φ(t, αxh)dμ∞, t ∈ Sβ, x ∈ IR,

where αxh(y) = h(y − x). By [13, Thm. 7.2], we get:
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I = 2
R

−∞<x1≤x2<∞ h(x1)
`

ΩC , φC(δ0)e
−(x2−x1)HCφC(δt)ΩC

´

h(x2 − x)dx1dx2

= 2
R

−∞<x1≤x2<∞ h(x1 − x)
`

ΩC , φC(δt)e
−(x2−x1)HCφC(δ0)ΩC

´

h(x2)dx1dx2.

But
`

ΩC , φC(δ0)e
−(x2−x1)HCφC(δt)ΩC

´

is real by the FKN formula and hence
`

ΩC , φC(δ0)e
−(x2−x1)HCφC(δt)ΩC

´

=
`

ΩC , φC(δt)e
−(x2−x1)HCφC(δ0)ΩC

´

,

which yields:

I(t, x) = 2
R

−∞<x1≤x2<∞
`

h(x1)r(t, x2 − x1)h(x2 − x)

+h(x1 − x)r(t, x2 − x1)h(x2)
´

dx1dx2,
(10.17)

for
r(t, x) =

`

ΩC , φC(δ0)e
−xHCφC(δt)ΩC

´

= WC(t, ix), x ≥ 0.

We have seen that WC(t, y) = WC(t,−y) for (t, y) ∈ Vβ +iΓ , which when restricted
to t ∈ Sβ , Re y = 0, yields WC(t, ix) = WC(t,−ix).

Therefore exchanging the variables x1 and x2 in the r.h.s. of (10.17), we obtain:

2I(t, x) =

Z

IR2
h(x1)WC(t, x2 − x1)h(x2 − x)dx1dx2 = h � h− � WC(t, x), (10.18)

where h−(x) := h(−x).

Wightman two-point function for the thermal P (φ)2 model

Let Ωβ be the GNS vector for the thermal state ωβ, and let Pβ and Lβ be the
generators of space-time translations such that PβΩβ = LβΩβ = 0. We recall that
ϕβ(h) for h ∈ C∞

0IR(IR) is the field operator in the GNS representation.
Let Wβ(t, x) be the two-point function for the thermal P (φ)2 model, defined by

`

ϕβ(h1)Ωβ,e
itLβϕβ(αxh2)Ωβ

´

= h1 � h
−
2 � Wβ(t, x), (10.19)

for hi ∈ C∞
0IR(IR). Since dμ∞ is the Euclidean measure for the thermal P (φ)2 model

on the line, we have

Wβ(it, x) = WC(t, ix), 0 < t < β/2, x ∈ IR. (10.20)

As we have seen, WC(t, y) is holomorphic in Vβ + iΓ . Thus we deduce from (10.20)
that Wβ(t, x) is holomorphic in Γ + iVβ . Applying (10.19) with h1 = h2 =: h, we
deduce from this fact that

ϕβ(h)Ωβ ∈ D(e−(sL+yP )/2) ∀(s, y) ∈ Vβ .

But by the spectral theorem this clearly implies that Wβ(t, x) is holomorphic in
IR2 + iVβ . �
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10.5 Outlook

The condition of locality leads to strong constraints on the general form of the
thermal two-point functions which allow one to apply the techniques of the Jost–
Lehmann–Dyson representation. As has been shown by Bros and Buchholz [6] [7],
the interacting two-point function Wβ can be represented in the form

Wβ(t, x) =

Z ∞

0

dmDβ(x,m) W
(0)
β (t, x,m).

Here Dβ(x,m) is a distribution in x,m which is symmetric in x, and

W
(0)
β (x,m) = (2π)−1

Z

dνdp ε(ν)δ(ν2 − p2 −m2)(1− e−βν)−1ei(νt−px)

is the two-point correlation function of the free field of mass m in a thermal equilib-
rium state at inverse temperature β. In contrast to the vacuum case, the damping
factors Dβ(x,m) depend in general in a non-trivial way on the spatial variables x.
They describe the dissipative effects of the thermal background on the propagation
of sharply localized excitations.

If the underlying equilibrium state satisfies the relativistic KMS condition, the
function Dβ(x,m) is regular in x and admits an analytic continuation into the
domain {z ∈ C | |Im z| < β/2}.

References

1. H. Araki: A lattice of von Neumann algebras associated with the quantum theory
of a free Bose field. J. Math. Phys. 4:1343–1362 (1963).

2. H. Araki: Relative Hamiltonian for faithful normal states of a von Neumann
algebra. Publ. Res. Int. Math. Soc. (RIMS) 9:165–209 (1973).

3. H. Araki: Positive cone, Radon-Nikodym theorems, relative Hamiltonian and
the Gibbs condition in statistical mechanics. An application of Tomita-Takesaki
theory. In C∗-algebras and their applications to Statistical Mechanics and Quan-
tum Field Theory (ed.: D. Kastler). North Holland, 1976.

4. L. Birke and J. Fröhlich: KMS, etc. Rev. Math. Phys. 14:829–871 (2002).
5. O. Bratteli and D.W. Robinson: Operator Algebras and Quantum Statistical

Mechanics I, II. Springer-Verlag, New York, Heidelberg, Berlin, 1981.
6. J. Bros and D. Buchholz: Towards a relativistic KMS condition. Nucl. Phys. B

429:291–318 (1994).
7. J. Bros and D. Buchholz: Axiomatic analyticity properties and representations

of particles in thermal quantum field theory, New problems in the general theory
of fields and particles. Ann. l’Inst. H. Poincaré 64:495–521 (1996).

8. J. Derezinski, V. Jaksic and C.-A. Pillet: Perturbation theory of W ∗-dynamics,
Liouvilleans and KMS states. Rev. Math. Phys. 15:447–48. (2003).

9. J. Fröhlich: The reconstruction of quantum fields from Euclidean Green’s func-
tions at arbitrary temperatures. Helv. Phys. Acta 48:355–363 (1975).

10. J. Fröhlich: Unbounded, symmetric semigroups on a separable Hilbert space are
essentially selfadjoint. Adv. in Appl. Math. 1:237–256 (1980).



140 Christian Gérard and Christian D. Jäkel

11. C. Gérard and C.D. Jäkel: Thermal quantum fields with spatially cut-off inter-
actions in 1+1 space-time dimensions. To appear in Journal of Funct. Anal.,
2005.

12. C. Gérard and C.D. Jäkel: Thermal quantum fields without cutoffs in 1+1 space-
time dimensions. arXiv math-ph/0403047. To appear in Rev. Math. Phys.

13. J. Glimm and A. Jaffe: Quantum Physics, A Functional Point of View. Springer,
1981.

14. R. Haag, N.M. Hugenholtz and M. Winnink: On the equilibrium states in quan-
tum statistical mechanics. Comm. Math. Phys. 5:215–236 (1967).

15. R. Haag, D. Kastler and E.B. Trych-Pohlmeyer: Stability and equilibrium states.
Comm. Math. Phys. 38:173–193 (1974).

16. E.P. Heifets and E.P. Osipov: The energy momentum spectrum in the P (ϕ)2
quantum field theory. Comm. Math. Phys. 56:161–172 (1977).

17. R. Höegh-Krohn: Relativistic quantum statistical mechanics in two-dimensional
space-time. Comm. Math. Phys. 38:195–224 (1974).

18. C.D. Jäkel: Decay of spatial correlations in thermal states. Ann. l’Inst. H.
Poincaré 69:425–440 (1998).

19. C.D. Jäkel: The Reeh-Schlieder property for thermal field theories. J. Math.
Phys. 41:1745–1754 (2000).

20. R.V. Kadison and J.R. Ringrose: Fundamentals of the Theory of Operator Al-
gebras II. Academic Press, New York, 1986.

21. A. Klein and L. Landau: Stochastic processes associated with KMS states. J.
Funct. Anal. 42:368–428 (1981).

22. A. Klein and L. Landau: Construction of a unique selfadjoint generator for a
symmetric local semigroup. J. Funct. Anal. 44:121–137 (1981).

23. R. Kubo: Statistical mechanical theory of irreversible processes I. J. Math. Soc.
Jap. 12:570–586 (1957).

24. P.C. Martin and J. Schwinger: Theory of many-particle systems. I. Phys. Rev.
115:1342–1373 (1959).

25. M. Reed and B. Simon: Methods of Modern Mathematical Physics, Vol. II:
Fourier Analysis, Self-adjointness. Academic Press, 1975.

26. B. Simon: The P (ϕ)2 Euclidean (Quantum) Field Theory. Princeton University
Press, 1974.

27. R.F. Streater and A.S. Wightman: PCT, Spin and Statistics and all that. Ben-
jamin, New York, 1964.



11

The Analyticity Program in Axiomatic Quantum Field
Theory

Daniel Iagolnitzer
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daniel.iagolnitzer@cea.fr

Summary. This paper reviews some topics and results of the linear and the nonlinear
programs of Axiomatic Quantum Field Theory. Applications to Constructive Field
Theory are also discussed.

11.1 Introduction

This review treats analyticity in energy-momentum variables (dual to time and
space variables respectively) in traditional Quantum Field Theory (QFT). It roughly
covers the period 1960–1990. In 1960, analyticity is clearly recognized as an impor-
tant property of collision amplitudes in relativistic quantum physics, a fact which
leads to a number of rigorous works and results, in various approaches, in successive
steps in the 1960s through 1980s. A more recent result related to this analyticity
program concerns analyticity in angular momentum (presented in this book by G.A.
Viano).

Viewed from a current perspective, the analysis includes a number of basic results
on the general structure of 2-body and multiparticle collision amplitudes. It has also
been related to, and at the origin of some, deep mathematical problems and results
in the domain of analytic functions of several complex variables and of what is
called today “microlocal analysis”. On the negative side, some of the results so far
apply only to “massive” theories (particles with strictly positive masses only), whose
existence in space-time dimension 4 is very doubtful. Nevertheless, it is hoped that
the analysis will keep some value in more general theories.

The paper will mainly treat the analyticity program in the axiomatic QFT ap-
proach, in which Jacques Bros has played a major role. The related approach of
Constructive QFT, in which his ideas also played a direct role, will be briefly pre-
sented at the end. Other approaches (analysis of Feynman integrals in perturbative
QFT, “axiomatic” S-matrix theory) will be briefly mentioned in the course of the
talk. Concerning the axiomatic analyticity program, two types of methods and re-
sults can be distinguished; they lead respectively to what we shall call microlocal and
global analyticity properties of the N-point functions of the fields and m → n parti-
cle collision amplitudes. As a general rule, our survey will provide more information
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about the former than about the latter; in particular, such important and well-
known global results of the case N = 4 as the dispersion relations for two-particle
collision amplitudes and the rigorous derivation of the Froissart bounds (and other
types of bounds) by A. Martin will only be briefly mentioned at the relevant place
of our survey.

For conciseness, references to original works are omitted. For details and ref-
erences, see the book by the author “Scattering in Quantum Field Theories: the
Axiomatic and Constructive Approaches”, Princeton University Press, 1991. Among
contributions by many authors, most crucial works on the topics treated are due to
A. S. Wightman et al in Sect. 1, J. Bros in Sect. 2, J. Bros, H. Epstein, V. Glaser
in Sect. 3, H.P. Stapp in Sect. 4, J. Bros in Sect. 5 and J. Magnen in Sect. 6.

11.2 The axiomatic framework

11.2.1 Wightman axioms and Asymptotic Completeness

We denote by x = (x0, �x) a (real) point in Minkowski space-time with respective
time and space components x0 and �x (in a given Lorentz frame), the Minkowskian
squared pseudo-norm of x being x2 = x2

0−�x2. Besides the usual physical space-time
dimension d = 4, possible values 2 or 3 will also be considered. In all that follows,
the unit system is such that the velocity c of light is equal to 1. Energy-momentum
variables, dual (by Fourier transformation) to time and space variables respectively,
are denoted by p = (p0, �p); the corresponding squared mass variable is p2 = p2

0 − �p2.
We describe below the Wightman axiomatic framework, though alternative

frameworks such as the one of “Local Quantum Physics” based on the Araki-Haag-
Kastler axioms, may be used similarly for present purposes with only minor changes.
For simplicity, we consider a theory with only one basic (neutral, scalar) field A, de-
fined on space-time as an operator-valued distribution: for each test function f , A(f)
(i.e. formally the integral

R

A(x)f(x)dx) is an operator in a Hilbert space H of states
(by abuse, we will also speak of A(x), for a given point x, as an “operator in H”). A
physical state is more precisely represented by a (normalized) vector in H modulo
scalar multiples. It has to be physically understood as “sub specie aeternitatis” (i.e.
“with all its evolution”, the Heisenberg picture of quantum mechanics being always
adopted).

It is assumed that there exists in H a representation of the Poincaré group
(semi-direct product of pure Lorentz transformations and space-time translations).

The Wightman axioms

– local commutativity : the operators A(x) and A(y) commute if x− y is space-
like (i.e. (x− y)2 < 0).

– spectral condition ( = positivity of the energy in relativistic form): the spec-
trum of the energy-momentum operators (infinitesimal generators of space-time
translations) is contained in the future cone V+ ( p2 ≥ 0, p0 ≥ 0).

In a theory “with mass gap”, the spectrum is more precisely assumed to be
contained in the union of the origin (that will correspond to the vacuum vector
introduced next), of one or more discrete mass-shell hyperboloids H+(mi) (p2 = m2

i ,
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p0 > 0) with strictly positive masses mi, and of a continuum. For simplicity, we will
mostly consider a theory with only one mass m and a continuum starting at 2m,
but this is not so in a theory “with bound states” (see Note ii) below).

– existence in H of a vacuum vector Ω, which is the only invariant vector under
Poincare transformations up to scalar mutiples. It is moreover assumed that the
vector space generated by the action of field operators on the vacuum is dense in H.

– Poincaré covariance of the theory.

Haag-Ruelle-Hepp asymptotic theory

In a theory with mass gap, subspaces Hin and Hout of H can be defined by lim-
iting procedures that we briefly explain (assuming only one mass m for simplicity).
To that purpose, one considers test functions fj,t(x) with Fourier transforms of the
form

f̃j,t(p) = f̃j(p)e
i(po−[�p2+m2]

1
2 )t,

where the functions f̃j have their supports in a neighborhhod of the mass-shell
H+(m). It can then be shown that vectors of the form

Ψt = A(f1,t)A(f2,t) · · ·A(fn,t)Ω

converge to limits in H when t tends to minus or plus infinity respectively, and that
these limits only depend on the mass-shell restrictions of the test functions f̃j |H+(m).

Hin and Hout are interpreted physically as subspaces of states that are “asymp-
totically tangent” before, respectively after the interactions, to free-particle states,
with particles of mass m. They are in fact both isomorphic to the free-particle Fock
space F,namely the direct sum of n-particle spaces of “wave functions” depending
on n energy-momenta p1, p2, . . . , pn on the mass shell H+(m).

Asymptotic Completeness

Asymptotic Completeness (AC) is the assertion that H = Hin = Hout, i.e. that
each state in H is asymptotically tangent to a free-particle state, with particles of
mass m, both before and after interactions (the two free-particle states are different
if there are interactions). This condition can certainly NOT be expected to always
hold in the general framework introduced above. Even if we restrict our attention
to “physically reasonable” theories, in which states of H are assumed to be asymp-
totically tangent to free-particle states before and after interactions, the absence of
other stable particles with different masses is not guaranteed. For instance, even-
though the field A as introduced above is “neutral”, the action of field operators
on the vacuum might generate neutral states corresponding to pairs of “charged”
particles with opposite charges, whatever “charge” one might imagine. Individual
charged particles cannot occur in H and their mass thus does not appear in the
spectral condition for the field A. Hence such states of pairs of charged particles will
not belong to Hin or Hout although they belong to H.

If the set of charged particles is known, it can be shown that the above axiomatic
framework might be enlarged by defining charged fields, in such a way that AC
might still be valid in the enlarged framework. (For the analysis of charged fields in
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the general context of Local Quantum Physics, see the works by Doplicher, Haag ,
Roberts and by Buchholz and collaborators).

For simplicity, we will restrict below our attention to the simplest theories in
which AC holds in the way stated above.

Notes

i) We are speaking so far of “stable” particles. Unstable particles may occur in
the theory (see Sect. 4) but do not occur in the spectrum.

ii) In a theory with one basic field A, it may happen that one-particle states of
several stable particles corresponding to different masses in the discrete spectrum,
will be created by the action of field operators on the vacuum. This includes the case
of the 2-particle bound states mentioned in Sect. 5 and 6, which then contribute to
Hin and Hout.

Theoretical models

Do there exist theoretical models satisfying axioms of the type described above?
Besides free fields (corresponding to theories without interactions) or “generalized
free fields”, together with the class of “Wick-polynomials” of the latter, works in
Constructive QFT (see Sect. 6) provide a positive answer in space-time dimension
d = 2 or 3: non-trivial models of interest satisfying the Wightman axioms, with mass
gap, have been defined rigorously at d = 2 or 3 in the 1970s and 1980s, such as φ4 at
d = 2 or 3 or the “renormalisable” but not “super-renormalisable”, “asymptotically
free”, Gross-Neveu model at d = 2. Asymptotic Completeness has also been partly
established for these models. At d = 4, no similar result has been achieved and the
existence of such models is very doubtful for various basic reasons not discussed
here.

11.2.2 Chronological N -point functions and collision amplitudes

Collision operator S, or S-matrix, and collision amplitudes

For simplicity, we consider an axiomatic framework including AC, though the
latter is not needed to define the collision operator S. It is shown that there does
exist a linear operator S from H to H, called “collision operator” or “S-matrix”, that
relates the “initial” and “final” free-particle states to which a state in H is tangent
before and after interactions respectively.

Collision amplitudes are the energy-momentum kernels of S for given numbers m
and n of initial and final particles. As easily seen, they are well-defined distributions
on the space of all initial and final on-shell energy-momenta. For convenience, we
will denote by pk the physical energy-momentum of a final particle with index k
(pk ∈ H+(m)), and by −pk the physical energy-momentum of an initial particle
(−pk ∈ H+(m)).
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Wightman functions and chronological functions of the fields

The N-point Wightman functions WN , which are as a matter of fact distribu-
tions, are defined as the vacuum expectation values (VEV) of the products of N
field operators, namely:

WN(x1, x2, . . . , xN) =< Ω,A(x1)A(x2) · · ·A(xN)Ω > .

The chronological functions TN are the VEV of the chronological products
TN(x1, . . . , xN) of N field operators A(x1), . . . , A(xN): in the latter, fields are or-
dered according to decreasing values of the time components of the points xk. TN

is essentially well-defined due to local commutativity, with, however, problems not
treated here at coinciding points.

T̃N(p1, . . . , pN) will denote the Fourier transform of TN . It is shown that it has
poles for each energy-momentum variable pk on the mass-shell. The amputated
chronological function T̃ amp

N is defined by multiplying T̃N by the product of all
factors p2

k −m2 that cancel these poles.

L.S.Z.-Hepp “Reduction formulae”

A basic connection between chronological functions and collision amplitudes is
then established: T̃ amp

N can be restricted as a distribution to the mass-shell of any
physical process with m initial and n final particles, with m + n = N, and this
restriction coincides with the collision amplitude of the process. A process is here
characterized by fixing the initial and final indices.

We note that, in view of the invariance of the theory under space-time trans-
lations, Wightman and chronological functions in space-time are invariant under
global space-time translation of all points xk together. As a consequence their
Fourier transforms contain an energy-momentum conservation (e.m.c.) delta func-
tion. δ(p1 + p2 + · · · + pN ).

Finally, connected (also called truncated) N-point functions T̃ amp,c
N are defined

by induction (over N) via a formula expressing each initial (non-connected) function
as the sum of the corresponding connected function and of products of connected
functions depending on subsets of points. In contrast to non-connected functions, the
analysis shows that connected functions in energy-momentum space do not contain
in general e.m.c. delta functions involving subsets of energy-momenta.

The analyticity properties of interest (described below) will apply to the con-
nected functions after factoring out their global e.m.c. delta functions.

11.2.3 Linear and nonlinear programs

The Wightman axioms allow one to establish analyticity properties in complex
energy-momentum space for the so-called Analytic N-point functions or Green func-
tions that will be introduced in Sect. 11.4. The introduction of these functions makes
only use of linear relations (either in x-space or in p-space) between the Wightman
functions WN(xi1 , xi2 , . . . , xiN ) corresponding for each fixed N to various permuta-
tions of the variables x1, . . . , xN . The exploitation of these relations for obtaining the
best analyticity properties of the Analytic N-point functions has been called “the lin-
ear program” of axiomatic QFT. In order to establish further results on the analytic
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structure of N-point functions and collision amplitudes, one then makes recourse
to the exploitation of positivity conditions (positivity of the Hilbertian norm) and
of relations (namely discontinuity formulae) arising from Asymptotic Completeness.
These conditions and relations appear respectively as nonlinear integral inequations
or equations involving various boundary values of N-point functions for different val-
ues of N . Their exploitation has been called the “nonlinear program” of axiomatic
QFT.

11.3 Causality and Analyticity: mathematical results

11.3.1 The standard Fourier-Laplace transform theorem

Up to minor technical conditions, this theorem states the equivalence between
the following properties of a tempered distribution f defined in Rn

(x) and of its
Fourier transform f̃ defined in Rn

(p):
i) the support of f is contained in a closed convex salient cone C with apex at

the origin,
ii) f̃ is the boundary value (b.v.), in the sense of distributions, of a function f̂

analytic in a domain of the complexified p-space. More precisely, f̂ , which is called
the Fourier-Laplace transform of f , is analytic in the tube Im p ∈ C̃, Re p arbitrary,
where C̃ denotes the (open) dual cone of C with respect to the scalar product
< p.x >= p1x1 + p2x2 · · ·+ pnxn. The corresponding b.v. f̃ of f̂ is obtained for Im
p tending to zero from the directions of the cone C̃.

A similar result holds if C is not a strict support but is an “essential support” in
the sense of the exponential decay of f in all directions outside C: the only difference
is that f̂ is then analytic only for Im p sufficiently small in the cone C̃. If there is
exponential decay in all directions, f̃(p) is analytic at all real points. The results
rely on the real factor Im p.x in the exponent of the kernel e±ip.x of the Fourier-
Laplace transformation. The support or essential support of f in C provides absolute
convergence of the integral, hence analyticity in the tube. In the converse direction,
the integration contour Rn

(p) is replaced by Rn
(p) + ib for a convenient choice of b in

C̃.
The following result is also obtained similarly: if the support or essential support

of f is contained in a finite union of closed convex salient cones Ck, f̃ is a corre-
sponding sum of b.v. of analytic functions from imaginary directions of the dual
cones C̃k. Since Rn

(x) itself is always contained in many ways in the union of at least
n + 1 convex salient cones, any tempered distribution can thus always be written
in many ways as a sum of n + 1 (or more) b.v. of analytic functions. On the other
hand, if f satisfies particular support or essential support conditions, more refined
decompositions of f with possibly less than n+1 terms and with specified directions
of analyticity are obtained. The result may be of interest even when the support or
essential support of f is contained in a convex salient cone C, but is smaller than
C: it gives decompositions of f̃ for which each cone C̃k is larger than C̃ (which is
the intersection of all cones C̃k).
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11.3.2 The essential support, or microsupport, in x-space for given p

A crucial limitation of the previous results comes from the fact that the ana-
lyticity properties of f̃ do not depend on the real point p considered. More refined
analyticity properties depending on p (e.g. analyticity at certain real points but not
all...) thus cannot be characterized by support or essential support properties of f
in the sense specified above.

More refined results will be needed in applications to the chronological functions
of Quantum Field Theory. To that purpose, one introduces the notion of essential
support ESP (f̃) associated with f̃ for each given (real) value P of p: for each P ,
ESP (f̃) is defined as the cone CP with apex at the origin in Rn

(x) which is composed
of all directions along which an adequate generalized Fourier transform of f̃ “at P ”
does not decay exponentially. A typical form of such transform is

fP,γ(x) =

Z

f̃(p)e−ip.x−γ|x||p−P |2dp.

More precisely, a point u in Rn
(x) is by definition outside ESP (f̃) if there exists a

positive constant α such that fP,γ(x) decays exponentially as e−αγ|x| in the direction
of u, for sufficiently small γ.

The function fP,γ(x) is the prototype of what mathematicians have later called
“FBI transform”. It can be shown that the definition of ESP (f̃) is not changed if
any given function χ(p) with compact support around P and locally analytic at P is
inserted as an additional factor in the integrand. For a distribution f̃ defined on an
analytic manifold M, the essential support at a point P can then be defined similarly
by using local coordinates; the set thus defined is however shown to be independent
of the choice of local coordinates and therefore characterized as a well-defined cone
CP in the cotangent space T ∗

P M at P to M.
Results of Sect.11.3.1 can then be adapted by similar, but more refined methods

which provide:

Theorem 1.

i) If ESP (f̃) is contained in a closed convex salient cone C(P ) for each point P
in a given real region, then f̃ is equivalently the b.v. of an analytic function f̂
from the imaginary directions of the dual cone C̃(P ) for each point P in the real
region considered.

ii) If, for a given point P , ESP (f̃) is contained in a (finite) union of closed convex
salient cones Ck(P ), then f̃ is equivalently a sum of b.v. of analytic functions
whose directions of analyticity at P are those of the respective dual cones C̃k(P ).

More generally, the data of all essential supports ESP (f̃) at all points P in a real
region characterizes the possible decompositions of f̃ in that region as a sum of b.v.
of analytic functions obtained from cones of imaginary directions that in general
depend on P.

Remark. The notion of essential support defined above (due to J.Bros and the au-
thor) is a refinement of a similar notion in which exponential fall-off in x-space is
replaced by rapid fall-off (i.e. faster than any inverse power). The latter was used im-
plicitly in various works by theoretical physicists in the 1960s, and was introduced
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independently in a more explicit way by L. Hörmander under the name of “wave
front set”. This notion is defined by introducing infinitely differentiable functions χ
with compact support around P in the Fourier transform (without gaussian), and
taking the limit when the support of χ gets smaller and smaller around P . However,
analyticity properties cannot be characterized in that way (this is linked to the fact
that there exists no function with compact support and analytic at all real points).

Besides the notion of essential support that we have presented, two different
approaches have been proposed independently around the same period (1970): the
“analytic wave front” of Hörmander and the “singular spectrum” of M. Sato, T. Kawai
and M. Kashiwara in hyperfunction theory. It has been shown by J.M. Bony that the
three notions coincide for distributions; since then, one often uses the terminology
of “microsupport”, proposed by M. Sato.

More precise notions of essential support at a point P in which rates of expo-
nential fall-off are specified have also been given by J.Bros and the author, with
corresponding more precise local analyticity domains (“local tubes”).

11.3.3 Complements

Many further developments have been achieved under the general name of mi-
crolocal analysis. For our later purposes, only the following simple results are needed:

i) Lemmas 1 and 2 are straightforward consequences of the previous definitions
and results:

Lemma 1. If f has its support (or essential support in the sense specified above) in
a cone C with apex at the origin, the essential support ESP (f̃) of f̃ at any point P
is contained in C.

Lemma 2. If f̃ and g̃ coincide in the neighborhood of a point P , their essential sup-
ports at P also coincide.

ii) In the forthcoming sections, results on restrictions of distributions to submani-
folds of Rn

(p), and on products of distributions, will be useful. Under some conditions,
they give a simple and natural definition of the restriction or of the product, with
information on their microsupports. In Lemma 4, N(P ) denotes the conormal space
to the manifold M at P . and we recall that the cotangent space T ∗

P M at P to M is
the quotient by N(P ) of the dual Rn

(x) of Rn
(p).

Lemma 3. (Products) Given two distributions f̃1 and f̃2, their product f̃ is a well-
defined distribution in a given real region if, for any point P in that region, there is
no common direction in ESP (f̃1) and −ESP (f̃2). In that case, ESP (f̃) is contained
in the set of points x of the form x = x1 + x2 with xj ∈ ESP (f̃j), j = 1, 2.

Lemma 4. (Restrictions) Given a distribution f̃ on Rn
(p) and an analytic submanifold

M of Rn
(p), the restriction f̃|M of f̃ to M is a well-defined distribution if, given any

point P of M, there is no common direction in ESP (f̃) and in the conormal space
N(P ) at P to M. The essential support, at any point P of f̃|M , is then the set of
points in ESP (f̃) defined modulo N(P ).
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11.4 The linear axiomatic program

We consider a theory with mass gap and, for simplicity, with only one hyper-
boloid H+(m) in the spectrum and a continuum V+(2m). The aim is ultimately to
establish results on (on-shell) collision amplitudes. We thus start with chronological
functions. Some of the results on the latter apply also to theories without mass gap.

The analysis is essentially based on the interplay of support properties in x-
space arising from the definition of the chronological operators (involving as we
have seen the role of local commutativity) and support properties in p-space due
to the spectral condition. As a matter of fact, all these support properties do not
apply to the chronological functions themselves, but to related distributions. They
will provide both general microsupport and related analyticity properties (near real
points) of chronological functions and more global analyticity properties of the latter
in complex p-space. In view of the reduction formulae, related analyticity properties
of the collision amplitudes will in turn be obtained by restriction of the previous
analyticity domains to the complex mass shell. These analyticity properties will
provide excellent global results at N = 4 for 2-body collision amplitudes such as
“crossing” and “dispersion relations”, but only local results at N > 4.

Support properties in x-space

Chronological functions do not themselves have support properties in x-space nor
exponential fall-off properties of interest (it can be shown that connected functions
do decay exponentially for large spacelike separations of subgroups of points, in a
theory with mass gap, but this is not a true causality property since it does not
distinguish past and future and yields no interesting result on analyticity).

Actual support properties apply to related “paracell functions”. The simplest
ones are the functions RI associated with subsets I of indices among (1, . . . , N).
They are defined as the following VEV:

RI(x1, . . . , xN) =< Ω, [T(x1, . . . , xN )− T(x(J))T(x(I))]Ω >,

where J denotes the complement of I in the set {1, . . . , N} and x(I) (resp. x(J))
denotes the multiplet of points xk for k in I (resp. J). In view of its definition, the
chronological operator T factorizes into the product T(x(J))T(x(I)) if x(J) ≤ x(I),
where this notation means that each point xi in x(I) is either space-like to, or in
the future cone of each point xj in x(J) (xi − xj ∈ V+). As a consequence RI has
its support in the closed cone CI with apex at the origin in x-space composed of all
points x that do not satisfy this condition.

General paracell functions RS are defined similarly from more general combina-
tions of products of “partial” chronological operators. Each RS is also shown to have
its support in a closed cone CS with apex at the origin. Besides the class of functions
RI introduced above, another particular class of paracell functions (distinct from
the class of functions RI for N > 2) are the so-called “cell” functions which satisfy
the following property:

Lemma 5. i) If RS is a cell function, the cone CS is convex and salient.
ii) The Fourier transform R̃S of RS is the boundary value on the reals of a function

analytic in the tube
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TS = {p; Im p ∈ C̃S , Re p arbitrary},
where C̃S denotes the open dual cone of CS .

We omit the proof of Part i). Part ii) follows from the standard Laplace transform
theorem.

Support properties in p-space

It is shown on the other hand that, given any real point P = (P1, . . . , PN),
the (momentum space) chronological function T̃N coincides with many (but not
all!) R̃S in the neighborhood of P , as a consequence of the spectral condition. For
instance, the latter entails that T̃N and R̃I coincide locally if the sum P (I) of the
energy-momenta Pk for k in I does not belong to the spectrum: to check this result,
one notes that T̃N − R̃I is the VEV of the product T(x(J))T(x(I)). For connected
functions T̃ c

N , a similar result holds if P (I) does not belong to H+(m) ∪ V+(2m).
Hence, given any point P and any partition of the set of indices {1, . . . , N} into two
subsets I ,J , T̃ c

N coincides locally with either one of the corresponding connected
functions R̃c

I , R̃
c
J (since P (I) = −P (J)), or with both.

Finally, given a point P = (P1, . . . , PN ) on the mass shell of a certain physical
process, it is also shown that the coincidence between T̃ amp,c

N and corresponding
functions R̃amp,c

I also holds if |I | = 1 or N − 1, when P (I) does not belong to
V+(2m) (but may belong to H+(m)).

On the other hand the following basic result can also be established.

Lemma 6. i) Given any point P = (P1, . . . , PN ), the connected function T̃ c
N coin-

cides with at least one (and possibly several) cell functions in a neighborhood of
P .

ii) Any cell function does coincide with T̃ c
N in a well-specified real region.

In view of this information, the following result holds:

Theorem 2.

i) Microsupport of chronological functions: Given any real point P , the microsup-
port of T̃ amp,c

N at P is contained in the intersection of the cones CS associated
with all paracell functions such that T̃ amp,c

N and R̃amp,c
S coincide locally. It is in

particular contained in each one of the following two sets:
a) the intersection of the cones CI , for all subsets I such that P (I) does not

belong to H+(m) ∪ V+(2m) (resp. to V+(2m) for |I | = 1 or N − 1),
b) the closed convex salient cone CP with apex at the origin, which is the

intersection of the cones CS associated with the cell functions that coincide
with T̃ amp,c

N locally.
ii) The Analytic N-point Functions:

a) Given any N , there exists a unique analytic function FN (called the “analytic
N-point function”), whose domain contains all the tubes TS associated with
the cell functions (see Lemma 3.1). For any given tube TS, the boundary
value of FN on the reals from the directions of C̃S is the corresponding
(momentum space) cell function R̃amp,c

S .
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b) The chronological function T̃ amp,c
N is the boundary value of FN at all real

points P . This boundary value is obtained from imaginary directions which
are, at each P , those of the dual cone C̃P of CP . C̃P contains the convex
envelope of the cones C̃S associated with cell functions that coincide locally
with T̃ amp,c

N .

iii) Microsupport of collision amplitudes: For each N , the distribution T̃ amp,c
N can

be restricted to the physical region of any process with N initial and final par-
ticles and yields the corresponding (connected) collision amplitude. For each
such process and each physical point P of that process, the microsupport of the
collision amplitude is obtained from that of T̃ amp,c

N by replacing each point uk

(k = 1, 2, . . . , N) by the space-time trajectory passing through uk and parallel to
Pk.

Proof. By Lemma 2, T̃ amp,c
N has the same microsupport at P as R̃amp,c

S if both
coincide locally. On the other hand, by Lemma 1, the microsupport of R̃amp,c

S is
contained in CS . Result i) follows by considering all relevant paracell functions at
P, including the functions R̃amp,c

I , or alternatively the cell functions R̃amp,c
S . The

existence of FN and its analyticity properties near the reals described in Part ii)
follows from Theorem 1. The analytic continuation of FN in each tube TS follows
from the fact that each cell function R̃amp,c

S is the boundary value of a function
analytic in TS (in view of Lemma 5) and coincides with T̃ amp,c

N in some real region
(in view of Lemma 6). Hence the analytic functions from which T̃ amp,c

N and R̃amp,c
S

are boundary values (respectively from the directions of C̃P and C̃S , with C̃S ⊂ C̃P ),
also coincide. Finally, the existence of the restriction in Part iii) follows from Lemma
4: the condition needed to apply this lemma can be checked e.g. by using Part i)b)
of the theorem. Note that the conormal space at P to the mass shell is indeed
the set of points u = (λ1P1, λ2P2, . . . , λNPN), in view of the mass shell conditions
p2

k = m2, k = 1, 2, . . . , N . �

Remarks. 1) Rates of exponential fall-off outside the microsupport are also easily de-
termined (and may provide more detailed information on corresponding analyticity
domains).

2) More detailed physical explanations on the content of Parts i) and iii) of
Theorem 2 in terms of (asymptotic) causality properties will be given in Section
11.5.

We end this section with a brief account of further analyticity properties whose
derivation makes use of Theorem 2 as a starting point.

A further use of all relations of coincidence between the cell functions R̃amp,c
S (in

well-specified real regions) allows one to obtain the so-called “primitive domain of
analyticity” of the analytic N-point function FN (which improves the result stated
in Part ii) of Theorem 2). However, it can be checked that this domain has an empty
intersection with the complex mass-shell. It therefore gives no result by itself on
the analyticity properties of collision amplitudes on the (real or complex) mass-
shell. One important approach to improve the situation is based on the following
fact: the primitive domain is not a domain of holomorphy; this means that any
function analytic in that domain can be analytically continued in a larger domain,
called its holomorphy envelope. It is this holomorphy envelope which has a non-
empty intersection with the complex mass shell; the results which one obtains by
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computing part of this holomorphy envelope are however substantial only in the case
N = 4 (two-particle collision amplitudes). Further improvements of these analyticity
domains of the functions FN (substantial again at N = 4) can still be obtained by
exploiting a class of linear relations between the various cell functions R̃amp,c

S called
“Steinmann relations”.

The case N = 4

We can distinguish results of local and global types:
i) The following local result can also be seen as implied by a result on the

microsupport of T̃ amp,c
4 (see Sect. 4): the 4-point function F4 can be restricted to

the complex mass-shell in an open set Δ that admits each (real) physical region
on its boundary (there is here one physical region for each choice of the two initial
and the two final indices, the corresponding physical regions being disconnected
from each other). In each physical region, the collision amplitude is the boundary
value of the mass shell restriction of F4, from the corresponding half-space of “+iε”
directions Im sij > 0, where sij = (pi + pj)

2 = (pk + p�)
2 for the collision process

(i, j) → (k, �).
ii) The set Δ is connected, namely a domain of the complex mass-shell. That

means that it contains paths of analytic continuation on the complex mass shell
between the various physical regions (“crossing property”). As a matter of fact,
analyticity on the complex mass-shell is obtained in a one-sheeted domain, called
the “physical sheet”, admitting cuts sij real ≥ (2m)2 covering the various physical
regions. This property also holds for all possibly unequal values of the masses of
the stable particles involved in the collision process. In the most favourable cases,
there exist sets of sections of the domain Δ obtained by fixing a momentum transfer
variable sik = t, with t0 < t ≤ 0, which consist in a full cut-plane (with two cuts) of
the complex energy variable s = sij (or u = si� = m2

i +m2
j +m2

k +m2
� − s− t). Such

a cut-plane produces by itself a “crossing-domain of maximal type” which borders
the physical regions of the s and u-collision processes along the corresponding s and
u-cuts. By applying the Cauchy formula to the restriction of F4 to such type of cut-
plane domain, one obtains the famous “dispersion relations”, which relate the real
and imaginary parts of the collision amplitudes. All these global results have been
obtained by methods of analytic continuation in several complex variables which
will not be described in the present review.

The case N > 4

No similar result has been achieved at N > 4, and as a matter of fact, no similar
result is expected. The best information achieved so far in the present framework is
derived from the microsupport properties of Theorem 2 (and as a matter of fact from
Part i)a) of the latter). Given any physical process, the collision amplitude cannot
be shown to be, in its physical region, the boundary value of a function analytic
on the complex mass-shell. Instead, decompositions of interest as sums of boundary
values of functions analytic in domains of the complex mass-shell are obtained in
various parts of the physical region. In contrast to the case N = 4, the sum does not
reduce in general to one term. However, it has been shown that it does reduce to one
term (which thus coincides locally with the analytic N-point function) in a certain
subset of the physical region. Otherwise, the N-point analytic function cannot be
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restricted locally to the complex mass-shell, but it can be decomposed as a sum of
terms which, individually, are locally analytic in a larger domain that intersects the
complex mass-shell.

It remains an open question whether a crossing property can be established or
not in this framework, namely the existence of an analyticity domain on the com-
plex mass-shell of the N-point function which relates the local analyticity domains
neighbouring two physical regions (in the parts of the latter where one term only
is needed in the decompositions mentioned above). A partial result in that direc-
tion has been achieved by J. Bros for the 5-point function, but by using also some
ingredients of the non linear program (see Section 11.6).

The fact that collision amplitudes are not shown to be everywhere boundary
values of functions analytic on the complex mass-shell was a surprise. The discussion
of Section 11.5 will show that, even under stronger assumptions, one cannot expect
such a result at all real points.

11.5 Causality and local analyticity of chronological functions:
physical discussion

By definition, a configuration u = (u1, . . . , uN ) of N spacetime points uk will be
called “causal” (resp. “non-causal”) at P = (P1, . . . , PN) if u belongs to (resp. does
not belong to) the essential support of T̃ amp,c

N at P .
Theorem 2 states in particular that, if u(J) ≤ u(I), the configuration u is “non-

causal” at P if P (I) is not “outgoing”, namely if it does not belong to the spectral
set H+(m)∪ V+(2m), or to V+(2m) if |I | = 1 or N − 1. For definiteness, let us now
consider the case when P is a physical point of a given collision process. With each
initial (resp. final) point uk, can be associated the incoming energy-momentum −Pk,
(resp. the outgoing energy-momentum Pk). The basic physical content of the latter
statement can then be described as follows: the only possible causal configurations
u at P are those for which energy-momentum can be transferred from the initial to
the final points in future cones. It is also easily seen, from the case |I | = 1 or N − 1,
that if u is causal, at least two “extremal” initial points must coincide, as also two
extremal final points.

Simple examples of possible causal situations are:
i) N = 4, 2-body process, 1, 2 initial, 3, 4 final: u1 = u2, u3 = u4, with u3 in

the future cone of u1. By using Lorentz invariance, one shows in the linear program
that moreover u3 − u1 must be parallel to −(P1 + P2) = (P3 + P4).

ii) N = 6, 3 → 3 process, 1, 2, 3 initial, 4, 5, 6 final: two initial points coincide
at a point a, two final points coincide at a point b, b is in the future cone of a, and
the remaining initial and final points lie both in the future cone of a and in the past
cone of b (no other condition at this stage).

In more general cases, the possible causal configurations u depend on P.

A better causality property “in terms of particles” — which is the best possible
one — is expected for “physically reasonable” theories if the (stable) particles of the
theory are known. By physically reasonable, we mean the absence of “a la Martin”
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pathologies such as the occurrence of an infinite number of unstable particles with
arbitrary long life-time. That property expresses the idea that the only causal con-
figurations u at P are those for which the energy-momentum can be transferred from
the initial to the final points via intermediate stable particles in accordance with
classical laws: there should exist a classical connected multiple scattering diagram in
space-time joining the initial and final points with physical on-shell energy-momenta
K� attributed to each intermediate particle � and energy-momentum conservation
at each interaction vertex (between all particles involved, including possibly some
of the external Pk ); moreover, each intermediate particle � must move in the direc-
tion of its energy-momentum (if this particle joins two interaction vertices a and b,
b− a = α�K� for some positive α�).

This microsupport property, if it holds, yields in turn improved analyticity of
the analytic N-point function near real physical regions, and it is in turn shown that
the (on-shell) collision amplitude is then the b.v. of a unique analytic function in
its physical region, at least away from some “exceptional points”. This b.v. (namely
the collision amplitude) is moreover analytic outside +α-Landau surfaces L+(G)
of connected multiple scattering graphs G; along these surfaces, it is in general
obtained from well-specified “+iε” directions. Note that analyticity outside +α-
Landau surfaces entails the existence of analytic continuations in “unphysical sheets”.

By definition P belongs to L+(G) if there is a space-time diagram with the
structure of the graph G and external energy-momenta Pk. The “surfaces” L+(G)
have codimension 1 or more; those of codimension 1 are in general smooth manifolds.
At a point P of such a smooth surface L+(G), there is in general only one causal
direction which is (co)normal to L+(G) at P . The +iε-directions are those of the
dual half-space.

The existence of exceptional points in the neighborhood of which the collision
amplitude is not the b.v. of this analytic function was a surprise. They are those
that lie at the intersection of two (or several) surfaces L+(G1), L+(G2) . . ., with
opposite causal directions, and hence having no +iε-directions in common. Such
points do not occur at N = 4 for 2-body processes, in which case the +α-Landau
surfaces are the n-particle thresholds s = (nm)2,with n ≥ 2, s = (p1 + p2)

2. They
do occur more generally: in a 3 → 3-process, 1, 2, 3 initial, 4, 5, 6 final, this is the
case of all points P such that −P1 = P4, −P2 = P5,−P3 = P6 which all belong
to the surfaces of the two graphs G1, G2, with only one internal line joining two
interaction vertices: in the case of G1, (resp. G2), the first vertex involves the external
particles 1, 2, 4 (resp. 1, 3, 5), while the second one involves 3, 5, 6 (resp. 2, 4, 6). The
configurations of external trajectories that define the respective causal configurations
at P are obviously opposite. (This is of course not the case for the respective causal
configurations of points u in the off-shell framework). If moreover P1, P2, P3 lie in
a common plane, previous points P also lie on +α-Landau surfaces of “triangle”
graphs with again opposite causal directions at P .

Remark. The above “exceptional” points are no longer exceptional in space-time
dimension 2. In fact, all +α-Landau surfaces mentioned then coincide with the
(on-shell) codimension 1 surface −p1 = p4 ,−p2 = p5 ,−p3 = p6, with two opposite
causal directions. The previous causality property (exponential fall-off for non-causal
configurations), together with a further “causal factorization” property for causal
configurations, then yields along that surface an actual factorization of the 3-body
(non-connected) S matrix into a product of 2-body scattering functions modulo an
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analytic background. The latter vanishes outside the surface, hence is identically
zero, for some special two-dimensional models. The analysis can also be extended
to n-body processes.

If we come back to the linear program, one clearly sees why the above refined
causality in terms of particles cannot be established: as we have seen in Sec.1, there
is a priori no control in the linear program on the stable particles of the theory and
on their masses, and pathologies such as those mentioned above cannot be excluded.
Hopefully the first problem should be solved if Asymptotic Completeness is assumed,
and the second one should be removed from adequate regularity assumptions to be
added to AC in the nonlinear program. Results obtained will be described in Sect.
11.6.

Besides the previous causality properties and related analyticity, one wishes to
examine many further problems in the nonlinear program, e.g. analytic continuation
into unphysical sheets, with the occurence of possible unstable particles, poles and
other singularities, nature of physical-region and other singularities, possible mul-
tiparticle dispersion relations,. . . , to cite only a few. Results so far remain limited
but provide a first insight into such problems.

11.6 The nonlinear program: some results

Results described below are based on discontinuity formulae arising from — and
essentially equivalent in adequate energy regions to — Asymptotic Completeness,
together with some regularity conditions. They can be established either by “direct”
methods presented below or through the introduction of adequate “irreducible” ker-
nels. The latter method, due to J. Bros, relies on some general preliminary results on
Fredholm theory in complex space (and with complex parameters). Irreducible ker-
nels are defined through integral (Fredholm-type) equations, first in the euclidean
region (imaginary energies) and then by local distortions of integration contours
allowing one to reach the Minkowskian region. From discontinuity formulae and al-
gebraic arguments, these irreducible kernels are shown to have analyticity (or mero-
morphy) properties associated with the physical idea of irreducibility (see examples
below).

Results obtained so far by direct methods or through the use of irreducible ker-
nels are comparable in the simplest cases: see Sec 11.6.1 and 11.6.2 below. However,
the method based on irreducible kernels gives more refined results and seems best
adapted to “extricate” the analytic structure of N-point functions for N > 4. Indi-
cations in that direction are mentioned in Sec. 11.6.2 and 11.6.3.

11.6.1 N=4, 2-body processes in the low-energy region

Standard results on 2-body processes with initial (resp. final) energy-momenta
p1, p2 (resp. p′1, p′2) in the low-energy region (2m)2 ≤ s < (3m)2 (s = (p1 + p2)

2 =
(p′1 + p′2)

2) are based on the “off-shell unitarity equation”

F+ − F− = F+ � F−,

where F+(p1, p2; p
′
1, p

′
2) and F−(p1, p2; p

′
1, p

′
2) denote respectively the +iε and −iε

boundary values of the 4-point function F4 from above or below the cut s ≥ 4m2 in
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the physical sheet, and � denotes on-shell convolution over two intermediate energy-
momenta. This relation is a direct consequence of Asymptotic Completeness for s
less than (3m)2, in a theory with only one mass m. When the four external energy-
momentum vectors p1, p2, p

′
1, p

′
2 are put on the mass shell (on both sides of that

relation) one recovers the usual elastic unitarity relation for the collision amplitude
T+ and its complex conjugate T−:

T+ − T− = T+ � T−.

In fact, in view of the reduction formulae, T+ and T− appear respectively as the
restrictions of F+ and F− to the mass shell (pi ∈ H+(m), p′i ∈ H+(m))). In the
exploitation of these relations outlined below, a regularity condition is moreover
needed, e.g. the continuity of F+ in the low-energy region.

By considering the unitarity equation as a Fredholm equation for T+ at fixed s (in
the complex mass shell) one obtains the following result: T+ can be analytically con-
tinued as a meromorphic function of s through the cut (in the low-energy-region) in
a 2-sheeted (d even) or multisheeted (d odd) domain around the 2-particle threshold.
Possible poles in the second sheet (generated by Fredholm theory) will correspond
physically to unstable particles. The singularity at the 2-particle threshold is of the
square-root type in s for d even, or in 1

log s
for d odd. The difference between the two

cases is due to the power (d−1)
2

of s, integer or half-integer, in the kinematical factor
arising from on-shell convolution. This result can also be extended to the off-shell
function F4 by applying a further argument of analytic continuation making use of
the off-shell unitarity equation.

A similar result also follows from the introduction of a “2-particle irreducible”
(in short “2 p.i.”) Bethe-Salpeter type kernel G satisfying (and here defined from F
through) a regularized B.S. equation of the form

F = G + F ◦G,

where ◦ denotes convolution over two intermediate energy-momenta with 2-point
functions on the internal lines and a regularization factor in order to avoid con-
vergence problems at infinity (G then depends on the choice of this factor but its
properties and the subsequent analysis do not). Alternatively, one may also intro-
duce a kernel satisfying a renormalized B.S. equation, but this is not directly useful
for present purposes.

Starting from the above discontinuity formula (arising from AC in the low-energy
region), one shows in turn that G is indeed “2 p.i.” in the analytic sense:

G+ = G−

in the low-energy region (below the 3-particle threhold). More precisely, G is analytic
or meromorphic (with poles that may arise from Fredholm theory) in a domain that
includes the 2-particle threshold s = 4m2, in contrast to F itself.

The proof of this property of G is based on the relation

◦+ − ◦− = �

for the operation ◦ (which is a non-trivial adaptation of the decomposition of a mass-
shell delta-function as a sum of plus and minus iε poles), and on a simple algebraic
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argument which then shows essentially the equivalence between the discontinuity
formula F+ − F− = F+ � F− and the relation G+ = G−.

In turn, this analyticity of G allows one to recover the two-sheetedness (d even)
or multisheetedness (d odd, singularity in 1

log
) of F , in view of the B.S. type equation.

11.6.2 N = 6, 3-3 process in the low-energy region (even theory)

The result, in the neighborhood of the 3-3 physical region, is here a “structure
equation” expressing the 3-3 function F in the low-energy region as a sum of “à
la Feynman contributions” associated with graphs with one internal line and with
triangle graphs, with 2-point functions on internal lines and 4-point functions at
each vertex, plus a remainder R. The latter is shown to be a b.v. from +iε-directions
Im s positive, where s = (p1 + p2 + p3)

2, p1, p2, p3 denoting the energy-momentum
vectors of the initial particles. Further regularity conditions are needed to recover its
local physical-region analyticity. The various explicit contributions that we have just
mentioned yield the actual physical-region singularities expected in the low-energy
3-3 physical region.

A more refined result, in the approach based on irreducible kernels outlined
below, applies in a larger region and then includes further à la Feynman contribu-
tions associated with 2-loop and 3-loop diagrams (the latter do not contribute to
“effective” singularities in the neighborhood of the physical region).

The first result can be established by “direct” methods using discontinuity for-
mulae for the 3-point function around 2-particle thresholds, arising from AC, and
microsupport analysis of all terms involved. In the approach based on irreducible
kernels, it is useful to introduce further kernels, and in particular a 3-p.i. kernel
L that, in contrast to the 3-3 function, will be analytic or meromorphic in a do-
main including the 3-particle threshold. To that purpose an adequate set of integral
equations is introduced and the 3-particle irreducibility of L in “the analytic sense”
is then established. In turn it provides the complete structure equation mentioned
above.

11.6.3 More general analysis

There are so far only preliminary steps in more general situations in view of
the technical problems involved. As already mentioned, the approach based on ir-
reducible kernels seems best adapted when expected singularities can be associated
with graphs with more than two lines between some vertices. The analysis will
clearly involve more general irreducible kernels with various irreducibility properties
with respect to various channels (and not only with respect to the basic channel
considered such as the 3-3 channel in Sect. 11.6.2. From a heuristic viewpoint, one
may first consider to that purpose adequate formal expansions into (infinite) sums
of “à la Feynman contributions” adapted to the energy regions under investigation.
These à la Feynman contributions will involve adequate irreducible kernels in the
graphical sense at each vertex, and the above expansions correspond formally to the
best possible regroupings of Feynman integrals with respect to the energy region
considered. From such expansions, one might determine adequate sets of integral
equations allowing one, together with regularity assumptions, to carry an analysis
similar to above.
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11.6.4 Special applications of positivity conditions on the four-point
functions

The present review of the nonlinear program would not be complete without
mentioning an important and completely different type of analytic continuation
which concerns an enlargement in the physical sheet of the analyticity domain of the
two-particle collision amplitudes obtained in the linear program (see the paragraph
entitled “The case N = 4” at the end of Sec. 11.4).

By making use of Hilbertian positivity conditions on the discontinuity T+ − T−
of the collision amplitude (i.e. of F4) across the s-cut together with the local and
global analyticity properties of the restriction T of F4 to the complex mass shell, A.
Martin obtained the following results, which are closely linked:

a) The set of values of the momentum transfer variable t for which T is holomor-
phic in a cut plane of s (or a “quasi-cut-plane” excluding only a bounded region from
the full cut-plane) can be extended from its initial range t < 0 to a large complex
domain of the t-plane including a certain positive interval [0, tmax[.

b) As a function of s, the function T admits a very restrictive bound at infinity
in its (quasi-)cut-plane, obtained previously by M.Froissart under much stronger
assumptions. This type of bound shows the validity of dispersion relations with at
most two subtractions, which can be considered as a beautiful application of rigorous
quantum field theory. What must also be stressed as remarkable is the fact (proved
by Epstein, Glaser and Martin) that these results still hold true when the Wightman
axioms of quantum field theory are replaced by the more general framework of local
quantum physics in which the pointlike fields are replaced by fields generated by
Araki-Haag-Kastler local observables.

11.7 The Analyticity Program in Constructive QFT

Models in Constructive QFT are first rigorously defined in Euclidean space-
time (i.e., at imaginary times) through cluster and, more generally, phase-space
expansions which are convergent at small coupling (and replace the non-convergent
expansions, in terms of Feynman integrals, of perturbative QFT). Examples of such
models in space-time dimension d = 2 or 3 have been mentioned in Sect. 11.1. For
later purposes, we note that, in view of these expansions, the N-point functions of
these models can also be shown to have exponential fall-off in Euclidean space-time,
of the form

exp[−(m− ε(λ))L(x1, x2, . . . , xN )],

for some strictly positive mass m (which will be the basic physical mass as outlined
below); in the latter, L(x1, x2, . . . , xN)] denotes an appropriate positive function
depending on the mutual distances between the various points x1, x2, . . . , xN . By the
usual Fourier-Laplace transform theorem (Sect. 11.3), one obtains in turn analyticity
properties in corresponding regions around the Euclidean energy-momentum space.

On the other hand, à la Osterwalder-Schrader properties can be established in
Euclidean space-time. By analytic continuation from imaginary to real times, it is in
turn shown that a corresponding non-trivial theory satisfying the Wightman axioms
is recovered on the Minkowskian side. However, note that no information is obtained
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in that way on the mass spectrum, Asymptotic Completeness, energy-momentum
space analyticity. Such results can be obtained through the use of irreducible kernels.
The latter can here be defined through “higher order” phase-space expansions which
are again convergent at sufficiently small coupling. Irreducible kernels involved then
satisfy exponential fall-off in Euclidean space-time with rates better than those of
the N-point functions, and hence corresponding analyticity in larger regions around
Euclidean energy-momentum space. As in Sect. 11.6, they depend on a regularization
factor at infinity (in energy-momentum space) but the corresponding analyticity
property does not.

The 1 p.i. two-point kernel is analytic up to s = (2m)2− ε(λ). A simple rigorous
argument (extending partial heuristic arguments of perturbative QFT) allows one
to show in turn analyticity of the actual two-point function in the same region up
to a pole at k2 = m2: this in turn will show the existence of a mass gap with a first
basic physical mass m.

The 2 p.i. four-point kernel G is shown to be analytic up to s = (4m)2 − ε(λ)
in an even theory. On the other hand, in view of its definition, it also satisfies a
(regularized) B.S. equation. From the arguments presented in Sect. 11.6 (used here
in the converse direction), the actual four-point function F is in turn analytic or
meromorphic in that region up to the cut at s ≥ 4m2, and the analyticity of G
together with the relation ◦+ − ◦− = � imply in turn the discontinuity formula
associated with AC in the low-energy region.

For some (though not all) of the models (depending on some signs), it can be
rigorously shown that there may be more precisely a pole in the physical sheet, below
the 2-particle threshold (at a distance which tends to zero as the coupling itself tends
to zero). Their possible occurrence is due to specific kinematical factors at d = 2 or
3 (as can also be seen in a heuristic way from a partial perturbative argument). This
pole will then correspond to the occurrence of a further stable particle in the mass
spectrum, with mass close to (and below) 2m, which is referred to as a “2-particle
bound state”.

More generally, and up to technical problems only partly solved so far, the (here
direct) introduction of general irreducible kernels leads one to structure equations,
in higher and higher energy regions, of the type already mentioned in Sect. 11.6
and with here convergence properties (under some conditions). They allow one in
turn to derive various discontinuity formulae, including those associated with AC
in the corresponding energy region, and others (see Sect. 11.5 in this connection).
However, convergence in this approach may be obtained only for smaller and smaller
couplings as the energy region considered increases.
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Summary. I give an overview over some work on rigorous renormalization
theory based on the differential flow equations of the Wilson renormaliza-
tion group. I first consider massive Euclidean ϕ4

4-theory. The renormalization
proofs are achieved through inductive bounds on regularized Schwinger func-
tions. I present relatively crude bounds which are easily proven, and sharpened
versions (which seem to be optimal as regards large momentum behaviour).
Then renormalizability statements in Minkowski space are presented together
with analyticity properties of the Schwinger functions. Finally I give a short
description of further results.

12.1 Introduction

In this lecture I would like to give a short overview of part of the work on renor-
malization theory based on flow equations I have been involved in since 1990. The
differential flow equations of the Wilson renormalization group [1] appear for the
first time in a paper of Wegner and Houghton [2] in 1972. In a seminal paper by
Polchinski [3] in 1984 a renormalization proof for scalar ϕ4

4-theory was performed.
It is based on the observation that the flow equations give access to a tight in-
ductive scheme wherefrom bounds on the regularized Schwinger functions implying
renormalizability may be deduced. The Schwinger functions are regularized by an
UV -cutoff Λ0 and by an infrared cutoff Λ, the flow parameter. The bounds on these
Schwinger functions obtained in [4] are uniform in the UV cutoff and finite for
Λ → 0. This basically solves the renormalization problem. Later on renormalization
theory with flow equations was extended in various directions, for a recent review
covering some of the rigorous work see [5]. Among the issues treated are the renor-
malization of composite operators and the short distance expansion, sharp bounds
on the Schwinger functions, massless theories, the transition to Minkowski space,
the treatment of abelian and nonabelian gauge theories and field theories at finite
temperatures.

∗Lecture given at the symposion in honour of Jacques Bros
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I will address subsequently massive Euclidean ϕ4
4-theory. I first outline the sim-

plest version of the renormalization proof based on relatively crude bounds on the
regularized Schwinger functions. Then I present sharpened versions of these bounds
in momentum and position space. Hereafter analyticity properties of the Schwinger
functions and statements on renormalizability in Minkowski space are presented.
These notes end with a short overview on further rigorous results obtained in the
flow equation framework.

Colleagues I had the pleasure to work with on renormalization theory with flow
equations are Frédéric Meunier, Walter Pedra, Thomas Reisz, Manfred Salmhofer,
Clemens Schophaus and Vladimir Smirnov. In particular I am grateful for the fruitful
long term collaborations with Georg Keller and Volkhard Müller.

12.2 Renormalization of ϕ4
4-Theory

Massive Euclidean ϕ4
4-theory is the simplest theory on which the general issues of

renormalization theory can be studied. When one analyzes the divergence structure
of its bare Feynman amplitudes one faces the problem to be solved by general renor-
malization theory, namely the so-called overlapping divergences which had paved
the way to a rigorous theory of renormalization with so many difficulties during the
first few decades of existence of perturbative quantum field theory. The most aston-
ishing message from the flow equation framework is that the focus on overlapping
divergences and the heavy combinatorial and analytical machinery employed for its
solution are not intrinsic to the problem2. In the flow equation approach overlapping
divergences do not leave any trace.

12.2.1 The basic tools

The bare propagator of the theory is replaced by a regularized flowing propagator

CΛ,Λ0(p) =
1

p2 + m2
{e−

p2+m2

Λ2
0 − e

− p2+m2

Λ2 } , 0 ≤ Λ ≤ Λ0 ≤ ∞ .

The full propagator is recovered by taking the regulator Λ0 to ∞ and the flow
parameter Λ to 0 . We calculate the derivative of CΛ,Λ0 as

ĊΛ(p) = ∂ΛC
Λ,Λ0(p) = − 2

Λ3
e
−p2+m2

Λ2 .

Subsequently we will denote by dμΛ,Λ0 the Gaussian measure with covariance
�CΛ,Λ0 . The parameter � is introduced as usual to obtain a systematic expansion
in the number of loops.

The theory we want to study is massive Euclidean ϕ4
4-theory. This means that

we start from the bare action

L0(φ) =

Z

d4x { g

4!
ϕ4 + a0 ϕ

2 + b0 (∂μ ϕ)2 + c0 ϕ
4},

2This is of course of no consequence as for the merit attached to the hard and
profound work done in early rigorous renormalization theory.
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a0 , c0 = O(�) , b0 = O(�2) .

From the bare action and the flowing propagator we may define Wilson’s flowing
effective action LΛ,Λ0 by integrating out momenta in the region Λ2 ≤ p2 ≤ Λ2

0. It is
defined through

e−
1
�

LΛ,Λ0 (ϕ) := N

Z

dμΛ,Λ0(φ) e−
1
�

L0(φ + ϕ)

and can be recognized to be the generating functional of the connected free propa-
gator amputated Schwinger functions of the theory with propagator CΛ,Λ0 and bare
action L0 . For the normalization factor N to be finite we have to restrict the theory
to finite volume. All subsequent formulae are valid also in the thermodynamic limit
since they involve no longer the vacuum functional or partition function.

The fundamental tool for our study of the renormalization problem is then the
functional Flow Equation

∂Λ LΛ,Λ0 =
�
2
〈 δ

δϕ
, ĊΛ δ

δϕ
〉LΛ,Λ0 − 1

2
〈δL

Λ,Λ0

δϕ
, ĊΛ δLΛ,Λ0

δϕ
〉 .

It is obtained by deriving both sides of the previous equation w.r.t. Λ and performing
an integration by parts in the functional integral on the r.h.s., and finally rearranging
the powers of � coming from L/� and from �Ċ. We then expand LΛ,Λ0 in moments
w.r.t. ϕ,

(2π)4(n−1) δϕ(p1) . . . δϕ(pn)L
Λ,Λ0 |ϕ≡0 = δ(4)(p1 + · · · + pn) L

Λ,Λ0
n (p1, . . . , pn)

and also in a formal powers series w.r.t. � to select the loop order l,

L
Λ,Λ0
n =

∞
X

l=0

�l
L

Λ,Λ0
l,n .

From the functional flow equation we then obtain the perturbative flow equations
for the (connected free propagator amputated) n-point functions by identifying co-
efficients

∂Λ∂
w

L
Λ,Λ0
l,n =

1

2

Z

k

∂w
L

Λ,Λ0
l−1,n+2(k,−k, . . .) ĊΛ

−
X

li,ni,wi

c{wi}

"

∂w1L
Λ,Λ0
l1,n1

(∂w3 ĊΛ) ∂w2L
Λ,Λ0
l2,n2

#

sym

,

l1 + l2 = l , n1 + n2 = n + 2 , w1 + w2 + w3 = w .

Fig. 12.1. A contribution to the r.h.s. of the flow equation for l = 2, n = 6 . The
dashed line represents the derived propagator ĊΛ .
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Here we wrote the equation directly in a form where a number |w| of momentum
derivatives, characterized by a multi-index w, act on both sides. Derived Schwinger
functions are needed to make close the inductive scheme (see below). The c{wi} are
combinatoric constants The subscript sym indicates a symmetrization procedure
w.r.t. external momenta.

12.2.2 Renormalizability

Before bounding the solutions of the system of flow equations we first have to
specify the boundary conditions :

At Λ = Λ0 we find as a consequence of our choice of the bare action L0 = LΛ0,Λ0 ,

∂w
L

Λ0,Λ0
l,n ≡ 0 for n + |w| ≥ 5 .

The so-called relevant parameters of the theory or renormalization constants are ex-
plicitly fixed by renormalization conditions imposed for the fully integrated theory
at Λ = 0 :

L
0,Λ0
4 (0) = g , L

0,Λ0
2 (0) = 0 , ∂p2L

0,Λ0
2 (0) = 0

(where we chose for simplicity BPHZ renormalization conditions).
Once the boundary conditions are specified the renormalization problem can be

solved inductively as follows :
The inductive scheme may for example be chosen as in the subsequent figure,

namely by ascending in n+2l and for fixed n+2l ascending in l. For this scheme to
work it is important to note that by definition there is no 0-loop two-point function
in LΛ,Λ0 .
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Fig. 12.2. The inductive scheme starts from the point (l=0, n=4) and follows the
arrows, along the lines of fixed value of n + 2l in increasing order.
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We then may verify the following
Induction hypothesis:

|∂w
L

Λ,Λ0
l,n (�p)| ≤ (Λm)4−n−|w|

P1(ln
Λm

m
) P2(

|�p|
Λm

) .

Here we note �p = (p1, . . . , pn) , |�p| = sup{|p1|, . . . , |pn|} , Λm = sup(Λ,m) , and
the Pi are (each time they appear possibly new) suitable polynomials with coeffi-
cients, which do not depend on Λ0. The important point to note on this induction
hypothesis is that it is independent of (and thus uniform in) the UV cutoff Λ0 . This
means that its verification implies essentially the solution of the renormalization
problem. We shortly describe the
Method of proof:
The induction hypothesis is proven by first verifying it for the boundary conditions
specified previously and then by inserting it on the right-hand side of the flow equa-
tion bounding the integrals in an elementary way. One has to distinguish irrelevant
terms with n + |w| ≥ 5 which are integrated downwards from Λ0 to Λ and relevant
terms which are integrated upwards from 0 to Λ . We note that the relevant terms are
imposed by the renormalization conditions at fixed external momentum. To move
away from the renormalization point one uses the Schlömilch interpolation formula,
e.g. for the two-point function

L
Λ,Λ0
l,2 (p) = L

Λ,Λ0
l,2 (0) +

X

μ

pμ

Z 1

0

dλ (
∂

∂pμ
L

Λ,Λ0
l,2 ) (λp) ,

and similar formulas where L
Λ,Λ0
l,2 (p) is replaced by ∂

∂pμ
L

Λ,Λ0
l,2 (p) or ∂2

∂pμ∂pν
L

Λ,Λ0
l,2 (p) .

When applying three derivatives to the two-point function or one derivative to the
four-point function the contribution becomes irrelevant and is integrated down-
wards from Λ0 . In this way the analogue of the previous equation written for

∂2

∂pμ∂pν
L

Λ,Λ0
l,2 (p) gives full control of the twice derived two-point function. Then

the equation for ∂
∂pμ

L
Λ,Λ0
l,2 (p) gives control of the once derived two-point function,

and finally the one for L
Λ,Λ0
l,2 (p) gives control of the two-point function itself. By

Euclidean invariance one realizes that no renormalization conditions are needed for
terms which are not scalars w.r.t. this symmetry. For the four-point function only
one step is required.

As an example we now bound by induction the first term on the r.h.s. of the
flow equation in the irrelevant case, i.e. for n + |w| ≥ 5,
Z Λ0

Λ

dλ

Z

k

2

λ3
e
− k2+m2

λ2 λ4−(n+2)−|w|
m P1(ln

λm

m
) P2(

|(�p, k,−k)|
λm

)

≤
Z Λ0

Λ

dλ λ4+1−(n+2)−|w|
m P1(ln

λm

m
) P̃2(

|�p|
λm

) ≤ (Λm)4−n−|w|
P̃1(ln

Λm

m
) P̃2(

|�p|
Λm

)

which verifies the induction hypothesis.
To complete the proof of renormalizability one also proves

|∂Λ0∂
w
L

Λ,Λ0
l,n (�p)| ≤ 1

Λ2
0

(Λm)5−|n|−|w|
P1(ln(Λ0/m)) P2(

|�p|
Λm

) .
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This bound is obtained applying the same inductive scheme on the flow equation
derived once w.r.t. Λ0 and using the previous bounds on ∂wL

Λ,Λ0
l,n (�p). It implies

convergence of the ∂wL
Λ,Λ0
l,n (�p) for Λ0 → ∞, whereas the previous induction hy-

pothesis still allows for solutions of the flow equations which are uniformly bounded
but oscillating in terms of Λ0 .

12.2.3 Generalizations and Improvements

The previous statement of renormalizability may be improved and generalized in
various ways. A first short remark is that we may generalize the boundary conditions
by enlarging the class of bare actions : we also admit nonvanishing irrelevant terms
in the bare action as long as they satisfy the bound

|∂w
L

Λ0,Λ0
l,n (�p)| ≤ Λ

4−n−|w|
0 P1(ln

Λ0

m
) P2(

|�p|
Λ0

) for n + |w| ≥ 5 .

Remembering the previous method of proof we only have to note that these boundary
conditions still satisfy the induction hypothesis (for Λ = Λ0) so that the proof goes
through without change. One might note that this generalization is of practical
importance on one hand, since such irrelevant terms typically will appear, e.g. in
effective actions used to describe critical behaviour in statistical mechanics [6]. On
can calculate subdominant corrections to scaling near second order phase transitions
due to such terms.

On the other hand these terms pose considerable problems in the BPHZ type
renormalization proofs of which we are not sure whether they have been solved in
full rigour up to the present day [7].

It is also possible to give much sharper bounds on the Schwinger functions with
the aid of the flow equations which do not only imply renormalizability but also
restrict the high momentum or large distance behaviour of the Schwinger functions in
a basically optimal way (in the sense that they are saturated by individual Feynman
amplitudes). To phrase those bounds we need the following concept of
Weighted trees:
We regard trees with n external lines and V vertices of coordination number 3 or
4. To the n external lines of a tree T we associate n external incoming momenta
�p = (p1, . . . , pn ) respectively positions �x = (x1, . . . , xn ) . We then define weight
factors in momentum and position space.
Weight factor in momentum space:
To each internal line I ∈ I of the tree is attached a weight μ(I) ∈ {1, 2} such that
P

I∈I μ(I) = n − 4 . Let p(I) be the momentum flowing through the internal line
I ∈ I . For given Λ and tree T we define

gΛ(T ) =
Y

I∈I

1

(sup(Λm, |p(I)|)μ(I)
.

Weight factor in position space:
For α = 1 − ε fixed and letting |I | be the distance of the points joined by I in
position space we define

FΛ(T ) := Λ4−n
m

Y

I∈I

e−[Λm |I|]α .
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In terms of these weight factors we may now state
Sharp bounds in momentum space: [8]

|LΛ,Λ0
l,n (�p)| ≤ sup

T
gΛ(T ) Pl

`

ln sup(
|�p|
Λm

,
Λm

m
)
´

, n ≥ 4 ,

|LΛ,Λ0
l,2 (p)| ≤ sup(|p|, Λm)2 Pl−1

`

ln sup(
|p|
Λm

,
Λm

m
)
´

,

deg Pl ≤ l .

The most important ingredient to obtain such sharpened bounds is to implement
in the inductive procedure the fact that momentum derivatives improve the large
momentum behaviour. These derivatives necessarily appear due to the use of the
Schlömilch interpolation formula. Here the main problem to solve is to find optimal
paths in the interpolation formula for the four point function so as to avoid that
derivatives only lead to a net gain of a small external momentum, whereas subse-
quent application of the interpolation formula then may lead to multiplication by a
large one. Thus the problem is related to the exceptional momentum problem.
Sharp bounds in position space:
On smearing out the positions of n− 1 external vertices with smooth bounded test
functions ϕ := ϕ2 · · · · · ϕn , ϕi being supported in a square of side length 1/Λm

around xi, we have for suitable (maximizing) choice of the positions of the internal
vertices of the trees for n ≥ 4,

|LΛ,Λ0
l,n (ϕ, x1)| ≤ sup

T
FΛ(T ) Pl(ln(ϕ,Λm)) ||ϕ|| ,

|LΛ,Λ0
l,2 (ϕ, x1)|

≤
“

||ϕ|| + Λ−2
m ||ϕ(2)|| + Λ−3

m ||ϕ(3)||
”

e−[Λm dist(x1, suppϕ)]α
Pl−1(ln(ϕ, Λm)) .

Here the definiton of Pl−1(ln(ϕ,Λm)) is given through

Pl(ln(ϕ,Λm)) := Pl(ln sup(
||ϕ′ ||
||ϕ||Λm

,
Λm

m
)) ,

with the definition ||ϕ(k)|| := supw,|w|≤k ||ϕ(w)||∞ . This means that the polynomial
is in logarithms of the maximal momentum content of the test functions if the latter
exceeds Λm/m . The proof of these bounds has not been published so far.
Sharp combinatoric bounds: [9]
Finally the flow equation method also permits us to recover the bounds on large
orders of perturbation theory which were established by de Calan and Rivasseau
using BPHZ type methods [10]. They can be stated now in a form somewhat more
compact than the one given in the original paper [9]:

|LΛ,Λ0
l,n (�p)| ≤ Λ4−n

m K
n−3

2 +2l (
n

2
)!

l
X

s=0

(
n

2
+ s− 2)! lnl−s(

Λm

m
)

for |�p| ≤ sup(2Λm, k) with k fixed, and for K sufficiently large.
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12.3 Relativistic Theory

We want to indicate how the flow equation method, which at first sight is
restricted to euclidean theories, can be employed to prove renormalizability in
Minkowski space [11]. In this respect we emphasize the beautiful framework for
renormalization theory developed by Epstein and Glaser, which takes into account
the structural locality and causality properties of relativistic theories from the be-
ginning, and which was presented at the Saclay conference in the contributions of
Dorothea Bahns and Klaus Fredenhagen. In our framework we address the relativis-
tic renormalization problem in momentum space, and we want to recover the results
from BPHZ renormalization theory saying that the perturbative relativistic Green
functions are distributions in momentum space, and at the same time analytic func-
tions in those domains where the external incoming energy stays below the physical
thresholds. For a fully satisfactory renormalization theory in Minkowski space one
would also like to have continuity properties of the Green functions above threshold,
sufficient at least to define a physical renormalized coupling for physical values of
the external momenta which necessarily lie above threshold. Satisfactory results in
this respect do not seem to exist, and we hope to come back to this issue in the
future.

12.3.1 The Flow Equation for one-particle irreducible Schwinger functions

To discuss analyticity properties it is preferable to work with one-particle irre-
ducible (1PI) Schwinger functions, the generating functional of which is obtained
from the one for connected Schwinger functions by a Legendre transform. Using this
relation one can deduce the (still Euclidean) flow equations for the perturbative 1PI
Schwinger functions ΓΛ,Λ0

l,n which take the form

∂Λ ΓΛ,Λ0
l,n =

1

2

Z

k

Γ̂Λ,Λ0
l−1,n+2(k,−k, . . .) ĊΛ,Λ0(k) ,

Γ̂Λ,Λ0
l,n =

X

i≥1

(−1)i+1
X

li,ni

h“

i−1
Y

j=1

CΛ,Λ0(kj) ΓΛ,Λ0
lj ,nj+2

”

ΓΛ,Λ0
li,ni+2

i

sym
,

X

i

li = l ,
X

i

ni = n− 2 (1− δi,1) .

Fig. 12.3. A contribution to Γ̂l,n for l = 4, n = 6 .
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The momentum arguments kj are determined by momentum conservation. They
are a sum of the loop momentum k and a subsum of incoming momenta pi. One
immediately realizes that the inductive scheme used for the renormalization proof of
connected Schwinger functions is also viable in the 1PI case, and the same inductive
bounds may also be proven for the euclidean 1PI functions ΓΛ

l,n(�p) .

12.3.2 Analyticity of the Euclidean theory

Using the 1PI flow equation it is possible to extend the inductive renormaliz-
ability proof to the complex domain

D =
n

(p01, p
1
, . . . , p0n−1, p

n−1
) | p

i
∈ R3 , p0i ∈ C ,

|Im
X

i∈J

p0i| < 2m− η ∀J ⊂ {1, . . . , n}
o

(with η > 0 arbitrarily small).
That is to say:
The 1PI Schwinger functions ΓΛ,Λ0

l,n (�p) are analytic in D with respect to the ar-
guments p01, . . . , p0n and still uniformly bounded with respect to Λ0 by bounds
analogous to those given for real external momenta (for η > 0 fixed).

The proof of this statement obviously uses the fact that we have chosen an an-
alytic regulator in momentum space. It relies on the observation that the external
momentum sets of the terms ΓΛ,Λ0

li,ni+2 appearing on the r.h.s. of the 1PI flow equation
also fulfill the conditions appearing in the definition of D , if the full external mo-
mentum set does. Thus the inductive procedure is still valid. Then by displacing the
integration contour of the first component of the integration variable k in the flow
equation by an amount of modulus smaller than m in the imaginary direction — in
fact one has to move towards the centre of the interval of width 2m − η appearing
in the definition of D — one can show that all propagators CΛ,Λ0(ki) in the 1PI
flow equation have still |Imk0i| < m− η, so that the k -integral is still controlled by
the exponential fall-off exp(− k2

i +m2

Λ2 ) of the regulating factors. We note again that
the bounds thus obtained are (obviously) not uniform in η .

To obtain the statement on existence of the relativistic Green functions as distri-
butions, we need more explicit information on the dependence of the 1PI Schwinger
functions on the external momenta. This information is obtained from the following
α-parametric integral representation for these Schwinger functions:

ΓΛ,Λ0
l,n (�p) =

Z 1/Λ2

1/Λ2
0

dα1 . . . dαs GΛ,Λ0
l,n (�α, �p)

with
GΛ,Λ0

l,n (�α, �p) =
X

j

Vj(�α)Pj(�p)Qj(�α) e−(�p,Aj �p)eu−m2 Ps
k=1 αk .

By induction one verifies the following statements:

(i) Pj is a monomial in the O(4)-invariant scalar products of the external momenta.
(ii) Qj is a rational function homogeneous of degree dj > −s in the αi. Here

s = 2l − 2 + n/2 is the number of internal lines of Γl,n.
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(iii) Aj is a positive-semidefinite symmetric (n−1×n−1)-matrix, homogeneous of
degree 1 in �α.

(iv) Vj is a product of θ-functions restricting the α-integration domain. Its origin
traces back to previous integrations over the flow parameter, which either start
from Λ0 for the irrelevant terms or from 0 (corresponding to α → ∞) for the
relevant terms.

On changing variables

αk = τβk , d�α = τ s−1δ(1−
X

βk)d�β dτ

and using homogeneity of Aj and Qj we may write

ΓΛ,Λ0
l,n (�p) =

Z 1

0

d�β δ(1−
X

βk)
X

j

Vj(�β) Pj(�p) Qj(�β)
1

[(�p,Aj �p)eu + m2]dj+s
.

The integrand is absolutely integrable with respect to �β for �p ∈ D . This statement
follows from the previous one on the degree of Qj . The previous integral represen-
tation is obtained quite naturally from the starting observation that

CΛ,Λ0(k) =

Z 1/Λ2

1/Λ2
0

e−α(k2+m2) dα

and on using recursively (inductively) the flow equation where each successive Λ -
integration is written as a new α-integration.

12.3.3 Transition to Minkowski space

We use the relativistic Feynman propagator

Crel(p) =
i

p2
rel −m2 + iε(p2

eu + m2)
,

CΛ,Λ0
rel (p) =

Z Λ−2

Λ−2
0

eiα[p2
rel−m2+iε(p2

eu+m2)] dα ,

which for finite ε can be bounded in terms of the Euclidean one and 1/ε to make all
integrals well-defined. Then following the steps which led to the integral representa-
tion for the Euclidean theory one obtains the same representation for the relativistic
theory, replacing Euclidean by Minkowski scalar products and

1

(�p,Aj �p)eu + m2

by
1

(�p,Aj �p)rel −m2 + iε((�p,Aj �p)eu + m2)
.

This representation together with results from distribution theory [12] implies the
following
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Results:

1) The relativistic 1PI Green functions are Lorentz-invariant tempered distribu-
tions.

2) For external momenta (p01, p
1
, . . . , p0n, p

n
) with |Pi∈J p0i| < 2m for all J ⊂

{1, . . . , n} they agree with the Euclidean ones for (ip01, p
1
, . . . , ip0n, p

n
) and

are thus smooth functions in the (image of the) corresponding domain under
the Lorentz group.

12.4 A short look at further results

Among the results of rigorous renormalization theory with flow equations not
covered here we mention the following:
1. One of the earliest applications of Polchinski’s method was by Mitter and Ramadas
[13], who gave a renormalization proof for the two-dimensional nonlinear σ-model
on the ultraviolet side.
2. Massless theories [14]
Massles theories or partially massless theories have been treated in momentum space.
In this case the inductive bounds of course have to allow for the singularities present
in the connected Schwinger functions at exceptional external momentum, i.e. when
subsums of external momenta vanish. One then has to find and prove bounds which
characterize these singularities in a basically optimal way so that the successive
integration procedures of the flow equation reveal how the possible singularities
disappear when passing from Ll−1,n+2 to Ll,n . We think that a better and more
transparent way of treating this problem than that of [14] is by the more recent
method of [8]. There we give sharp large momentum bounds for the massive theory. It
should be possible to translate them to the massless theory, taking care of restrictions
on the admissible renormalization conditions in this case.
3. Composite Operators, Zimmermann identities [15] and the Wilson short distance
expansion [16]
The renormalization of Schwinger functions with composite operator insertions is an
indispensable tool in many applications of renormalization theory. In particular in
gauge theories these composite operator insertions appear as quantities which char-
acterize the violation of the Ward identities due to the presence of cutoffs. Besides,
inserted Green functions are of physical interest in their own right, e.g. current-
current-correlators in relativistic field theory, or the < ϕ2 ϕ2 >-correlator from
which one reads the behaviour of the specific heat when applying Euclidean field
theory to critical phenomena. The Zimmermann identities relate these composite
operator insertions in different renormalization schemes with each other. They are
obtained in a straightforward way from the linear structure of flow equations for
inserted Green functions. Having at hand the general composite operator renormal-
ization techniques one can then prove asymptotic expansions for perturbative Green
functions of the Wilson type. This has been done in Euclidean space only.
3. Gauge theories [17, 18]
We mentioned that the Ward identities are violated in momentum space regulated
gauge theories. In the flow equation framework the renormalization of gauge theories
then requires us to prove that the Ward identities can be restored in the limit
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where the cutoffs are taken away. To do so one disposes of the freedom of imposing
renormalization conditions on all relevant terms of the theory. This programme has
been achieved explicitly for QED and for massive SU(2) Yang-Mills-Higgs theory.
4. Finite temperature theory [19]
Using flow equations it is possible to study explicitly the difference between the
(massive Euclidean scalar) finite temperature and zero temperature field theories
and to show that this difference theory is completely irrelevant in the sense of the
renormalization group. That is to say, both theories (T > 0 and T = 0) are renormal-
ized with identical counter terms. This result is new (though expected by experts)
and its proof is simple: our framework is particularly suited for this kind of anal-
ysis where one has to lay hands on the bare and renormalized actions at the same
time, since both appear automatically as opposite boundary values of the flow to be
controlled.

Two further topics of related nature have been treated within the flow equation
framework. First the Symanzik programme of improved actions [20] has been carried
out: it is possible to modify the bare action through irrelevant terms such that
the convergence of the regularized towards the renormalized theory is accelerated,
in terms of inverse powers of 1/Λ0 . Secondly decoupling theorems [21] for heavy
particles have been proven.

In conclusion we may say that
1. The Wilson-Wegner flow equation allows for a simple transparent rigorous so-
lution of the perturbative renormalization problem, without introducing Feynman
diagrams.
2. The method gives new results and perspectives on various aspects of the problem.
3. It places the problem in a more general, more physical and less technical context,
relating perturbative and nonperturbative aspects.

We should also mention that flow equations in different forms and in various
approximation schemes are presently applied to many problems in high energy and
solid state physics, a topic not covered in this lecture. For a relatively recent review
see [22].

Acknowledgement. This manuscript was written when the author was a visitor to
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Summary. Starting from a given factorizing S-matrix S in two space-time dimen-
sions, we review a novel strategy to rigorously construct quantum field theories
describing particles whose interaction is governed by S. The construction procedure
is divided into two main steps: Firstly certain semi-local Wightman fields are intro-
duced by means of Zamolodchikov’s algebra. The second step consists in proving the
existence of local observables in these models. As a new result, an intermediate step
in the existence problem is taken by proving the modular compactness condition for
wedge algebras.

13.1 Introduction

In quantum field theory, the rigorous construction of models with non-trivial
interaction is one of the most challenging open problems. Although collision theory
was established a long time ago and the calculation of the scattering matrix is well
understood, little is known about the inverse problem, i.e. the reconstruction of
interacting models from a given S-matrix. The only situation in which certain steps
of such a reconstruction have been carried out is the class of factorizing S-matrices
on two-dimensional Minkowski space, which correspond to scattering processes in
which the particle number and momenta are conserved. This issue is usually taken
up in the framework of the so-called formfactor program [2,3,35], which aims at the
construction of local quantum field theories corresponding to factorizing S-matrices
by determining expectation values of local operators in scattering states. In spite
of the interesting results that have been obtained for many S-matrices, the final
construction of interacting Wightman fields has not been achieved up to now.

In the present paper, we shall review a novel approach to this construction prob-
lem, which was initiated by Schroer in the last few years1. As it mainly uses the
framework of local quantum physics [1,19] instead of Wightman theory, we will term
this new approach “algebraic” as opposed to the more field theoretic concepts of the
formfactor program. The starting point of the algebraic approach was Schroer’s in-
sight that for the family of factorizing S-matrices describing a single type of massive,

1See also the contribution of B. Schroer in the present volume.
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scalar particles, certain field operators arising from Zamolodchikov’s algebra [40] (in
which the given factorizing S-matrix S is encoded) can be interpreted as being
localized in wedge-shaped regions of Minkowski space [33]. Subsequently, the under-
standing of these wedge-local fields was deepened in [34] and [22], and connection
to the algebraic formulation of quantum field theory was made by investigating the
von Neumann algebras generated by them [14]. The construction of the wedge-local
fields and their corresponding operator algebras will be reviewed in Section 13.2.

The second step of the algebraic program is devoted to exhibiting local observ-
ables. Compared to the formfactor program, where the aim is an explicit construction
of local field operators, the algebraic approach focusses on the question of existence
of local operators, which can be phrased in terms of the aforementioned wedge al-
gebras. In [14], the modular nuclearity condition [10,11] for wedge algebras was put
forward as a sufficient condition for the existence of local observables. This condition
was then shown to be fulfilled in specific models in [14, 23]. These subjects will be
discussed in Section 13.3.

Whereas the subsequent Sections 13.2 and 13.3 have the character of a review, we
will prove a new result in Section 13.4, already announced in [14]. In a specific class
of models with factorizing S-matrices, the modular compactness criterion for wedge
algebras will be verified, thus taking a further step towards proving the existence
of local observables. Regarding the occasion of this conference, we emphasize the
relation of our compactness proof to the work of J. Bros [7] on the ‘Haag-Swieca
compactness property’ [20]. Inspired by his strategy, we will also employ techniques
of complex analysis in Section 13.4.

The article ends with a short summary in Section 13.5.

We conclude this introductory section by stating our assumptions: In the spirit
of the inverse scattering approach, our construction begins with the specification of
the particle content of the theory and the S-matrix. We deal here only with a single
species of scalar particles of mass m > 0. It will be convenient to parametrize the
upper mass shell by the rapidity θ via

p(θ) = m

„

cosh θ
sinh θ

«

. (13.1)

In this variable, the physical sheet of the complex energy plane is transformed to
the horizontal strip S(0, π) := {ζ ∈ C : 0 < Imζ < π}.2

As mentioned before, the S-matrix is assumed to be of the factorizing type. This
implies that it can be described by means of a single function S2, called the scattering
function in the following, which is related to two-particle S-matrix elements by

out〈θ1, θ2|θ1, θ2〉in = S2(|θ1 − θ2|) , (13.2)

and is required to satisfy the following conditions:

1. S2 : S(0, π) → C is continuous and bounded, and analytic on S(0, π).
2. For real θ one has

S2(θ)
−1 = S2(−θ) = S2(θ) = S2(θ + iπ) . (13.3)

2More generally, we will use the notation S(a, b) = {ζ ∈ C : a < Imζ < b} in
the following.
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By excluding poles of S2 in the strip S(0, π), the first condition characterizes models
without bound states. The equations summarized in (13.3) arise from the require-
ments of unitarity, crossing symmetry and hermitian analyticity for the correspond-
ing S-matrix (cf., for example, the review in [16, p. 46] and the references cited there),
and put strong constraints on the possible form of the function S2. Indeed, the gen-
eral solution of (13.3) is quite explicitely known [27]. We note here the existence of
two particularly simple solutions, namely S2(θ) = ±1, which will be discussed in
some detail. A more generic scattering function is given by

S2(θ) =
1 + ig sinh θ

1− ig sinh θ
, (13.4)

where g > 0 is some constant. It interpolates between the preceding solutions in
the limit of small and large g, respectively. We also note that products of scattering
functions again satisfy (13.3).

13.2 Wedge-local fields

13.2.1 Hilbert space and Zamolodchikov’s algebra

The starting point of the construction of the wedge-local fields is Zamolod-
chikov’s algebra3 [40], which is a basic ingredient in the context of factorizing S-
matrices. We do not deal with the abstract algebra here, but rather with a particular
representation of it on a conveniently chosen Hilbert space H, which we define first.
For details we refer the reader to [22,24].

In view of the assumptions on the particle spectrum made above, a reasonable
choice for the one-particle Hilbert space is H1 = L2(IR, dθ), the space of square
integrable functions over the upper mass shell of mass m. The n-particle space Hn

is defined as a particular subspace of the (unsymmetrized) n-fold tensor product
H⊗n

1 ; namely its elements are wavefunctions ψn ∈ L2(IRn, dnθ) which satisfy the
symmetry relations

ψn(θ1, . . . , θk+1, θk, . . . , θn) = S2(θk − θk+1) · ψn(θ1, . . . , θk, θk+1, . . . , θn) (13.5)

for k = 1, . . . , n−1. Here S2 is the scattering function corresponding to the S-matrix
we are considering. The full Hilbert space of the theory is

H :=
∞
M

n=0

Hn , (13.6)

where we have put H0 := C · Ω to denote the zero particle space containing the
vacuum unit vector Ω. For the special scattering functions S2 = 1 and S2 = −1,
H coincides with the symmetric and antisymmetric Fock space over H1, respec-
tively. But in general we deal with a “twisted” Fock space with rapidity dependent
symmetry structure.

On H we have a positive energy representation U of the proper orthochronous
Poincaré group P

↑
+. If (x, λ) ∈ P

↑
+ denotes the transformation consisting of a boost

3Sometimes also called Zamolodchikov-Faddeev algebra.
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with rapidity parameter λ ∈ IR and a subsequent translation along x ∈ IR2, then
U(x, λ) is defined as

(U(x, λ)ψ)n(θ1, . . . , θn) = ei
Pn

k=1 p(θk)x · ψn(θ1 − λ, . . . , θn − λ) . (13.7)

In the following, we will also use the shorthand notation U(x) := U(x, 0) for pure
translations.

The creation and annihilation operators familiar from symmetric and antisym-
metric Fock space have their counterparts on H. These operator-valued distributions
will be denoted z(θ) and z†(θ) = z(θ)∗, and are defined by

(z(θ)ψ)n(θ1, . . . , θn) =
√
n + 1 · ψn+1(θ, θ1, . . . , θn) (13.8)

and by taking the adjoint on H. This definition yields a representation of Zamolod-
chikov’s algebra on H, i.e., z(θ), z†(θ) satisfy the exchange relations

z†(θ1)z
†(θ2) = S2(θ1 − θ2)z

†(θ2)z
†(θ1) , (13.9)

z(θ1)z
†(θ2) = S2(θ2 − θ1)z

†(θ2)z(θ1) + δ(θ1 − θ2) · 1 . (13.10)

We will also write z(ψ) =
R

dθ z(θ)ψ(θ), z†(ψ) =
R

dθ z†(θ)ψ(θ), for wave functions
ψ ∈ H1. Note that with these conventions, z(ψ)∗ = z†(ψ).

13.2.2 Wedge locality

With the help of the creation and annihilation operators z†(.) and z(.), a scalar
quantum field φ can be defined on (a dense domain in) H in a manner analogous to
the definition of the free field on symmetric Fock space. For f ∈ S (IR2), we consider
the restrictions of the Fourier transform of this function to the upper and lower mass
shell, parametrized by the rapidity:

f±(θ) :=
1

2π

Z

d2x f(x)e±ip(θ)x , (13.11)

and set

φ(f) := z†(f+) + z(f−) , (13.12)

which is a well-defined operator on the dense subspace D ⊂ H of vectors of finite
particle number. In the case of the scattering function S2 = 1, this definition yields
the well-known free scalar field. But also for different scattering functions, φ has
many properties in common with a free field.

Proposition 1. [22] The field operator φ(f) has the following properties:

1. φ(f) is defined on D and leaves this space invariant.
2. For ψ ∈ D one has

φ(f)∗ψ = φ(f)ψ. (13.13)

All vectors in D are entire analytic for φ(f). If f ∈ S (IR2) is real, φ(f) is
essentially self-adjoint on D.

3. φ is a solution of the Klein-Gordon equation: For every f ∈ S (IR2), ψ ∈ D one
has

φ((� + m2)f)ψ = 0 . (13.14)
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4. φ(f) transforms covariantly under the representation U of P
↑
+, cf. (13.7):

U(g)φ(f)U(g)−1 = φ(fg), fg(x) = f(g−1x), g ∈ P
↑
+ . (13.15)

5. The vacuum Ω is locally cyclic for the field φ. More precisely, given any open
subset O ⊂ IR2, the subspace

DO := span{φ(f1) · · ·φ(fn)Ω : fk ∈ S (O), n ∈�0} (13.16)

is dense in H.

In spite of these pleasant properties of the field operator, a simple calculation
shows that φ is local if and only if S2 = 1. As locality is one of the fundamental
principles in quantum field theory, the generically non-local field operators φ(f)
cannot be interpreted as the basic physical fields of our model, but rather as an
auxiliary tool in the construction of the theory: They are polarization-free generators
in the sense of [6].

To clarify the role of the field φ, we consider subsets W of IR2 called wedges,
which are the Poincaré transforms of the so-called left wedge

WL := {x ∈ IR2 : |x0| + x1 < 0} . (13.17)

As WL is invariant under boosts, any wedge has the form W = WL+x or W = WR+x
for some x ∈ IR2, where WR = −WL = W ′

L is the right wedge. The set of wedges
will be denoted by W.

Following Schroer and Wiesbrock [34], we address the question whether it is
possible to consistently interpret the field φ as being localized in a wedge region, say
in WL for the sake of concreteness. Put differently, we take

A(WL) := {eiφ(f) : f ∈ SIR(WL)}′′ (13.18)

as the von Neumann algebra generated by the observables in WL and look for a
map W � W �−→ A(W ) of wedge regions to von Neumann subalgebras of B(H)
such that A(WL) is given by (13.18) and the following standard properties [1, 19]
hold: (W,W1,W2 ∈ W):

1. A(W1) ⊂ A(W2) for W1 ⊂ W2 (Isotony).
2. U(g)A(W )U(g)∗ = A(gW ), g ∈ P

↑
+ (Covariance).

3. A(W ′) ⊂ A(W )′ (Wedge-Locality).
4. Ω is cyclic for each A(W ) (Reeh-Schlieder property).

Such a map W �−→ A(W ) will be called a wedge-local covariant net. Within the
present context one obtains a net by setting

A(WR) := A(WL)′, (13.19)
A(W + x) := U(x)A(W )U(x)∗, x ∈ IR2, W ∈ W, (13.20)

where the prime denotes taking the commutant in B(H). Whereas the first three
properties (isotony, covariance, and wedge locality) follow immediately from the
definitions (13.18-13.20), the cyclicity of Ω for A(WR) is not so obvious – proving
it is equivalent to showing that φ can be interpreted as being localized in WL.
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Proposition 2. [14,22]
The correspondence W �−→ A(W ) defined in (13.18,13.19,13.20) is a wedge-local
covariant net. In particular, Ω is cyclic and seperating for A(W ), W ∈ W. Moreover,
A(W ′) = A(W )′, i.e. wedge duality holds.

The cyclicity of Ω can be proven by considering the antilinear operator J ,

(Jψ)n(θ1, . . . , θn) := ψn(θn, . . . , θ1) , (13.21)

which can be adjoined to the representation U to obtain a representation of the
proper Poincaré group P+. More importantly, it gives rise to a second field φ′,

φ′(f) := Jφ(f j)J, f j(x) := f(−x) . (13.22)

The “reflected field” φ′(f), can be shown to commute with φ(g), in the sense that
their associated unitary groups commute, whenever supp f + WR is spacelike sepa-
rated from supp g + WL. As the vacuum is cyclic for φ′ as well, the cyclicity of Ω
for all wedge algebras then follows.

In the next section, the modular data associated to (A(WL), Ω) will become
important. As the J maps A(WL) onto A(WR), it can be shown to coincide with
the modular conjugation of this couple. The modular group Δiλ

L of (A(WL), Ω) acts
as expected from the Bisognano-Wichmann theorem [4,5,29]:

Proposition 3. [14]
The modular group and modular conjugation of (A(WL), Ω) are given by Δiλ

L =
U(0, 2πλ) and J, respectively.

Before entering into the discussion of local observables in these models, we men-
tion that it is possible to calculate the two-particle scattering states with the help of
the wedge-local fields φ and φ′, since left and right wedges can be causally separated
by translation. Because of wedge-locality, it turns out that the particles are “Bosons”.
It is then possible to determine the two-particle S-matrix, which is the “right” one,
i.e. the one associated to the scattering function S2 we started with [22]. The con-
struction of the wedge algebras thus leads to a (wedge-local) quantum field theory
of particles whose interaction is described by S2.

13.3 Existence of local observables

13.3.1 Observables localized in a double cone

Having constructed a wedge-local quantum theory with the correct two-particle
scattering states, the next step is to exhibit observables localized in bounded space-
time regions. Typical examples of such regions are double cones, which in two di-
mensions can always be realized as intersections of two opposite wedges. To fix ideas,
consider the double cone

Ox := WR ∩ (WL + x), x ∈ WR . (13.23)

An operator A representing an observable localized in Ox has to commute with any
observable localized in Ox

′ = WL∪(WR +x) because of Einstein causality. Any such
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A is therefore an element of the algebra

A(Ox) := (A(WL) ∨A(WR + x))′ = A(WR) ∩A(WL + x) , (13.24)

the relative commutant of A(WR + x) in A(WR). We will adopt (13.24) as the
definition of the algebra generated by the observables localized in Ox in our model.
The algebras associated to translated double cones are then fixed by covariance.

The net O �−→ A(O) of double cone algebras arising in this manner inherits the
basic properties of isotony, covariance and locality from the corresponding features of
the wedge net, as can be verified in a straightforward manner. But without further
information on the structure of the wedge algebras, it is not clear whether the
relative commutants (13.24) are non-trivial. As a physical theory should describe
local observables, we would like to rule out the pathological cases in which A(Ox) =
C · 1.

In [34], a method to construct explicitly non-trivial operators localized in Ox

has been proposed. However, this procedure faces substantial difficulties related to
the convergence of certain “perturbation” series. We will concentrate here on an
existence proof without trying to give concrete expressions for local operators.

13.3.2 Split property and modular nuclearity

The basic idea in the approach to the existence problem proposed in [14] is the
observation that the non-triviality of the relative commutant A(Ox) (13.24) can be
established if the net of wedge algebras A(W ) has the split property, i.e if to each
x ∈ WR there is a type I∞ von Neumman factor Nx such that

A(WR + x) ⊂ Nx ⊂ A(WR) . (13.25)

In this case, the observables localized in WL and WR + x satisfy a strong form of
statistical independence (for a review, see [39]), and the algebraic structure of A(Ox)
is completely fixed. According to a result of Longo [25], the wedge algebras A(W )
are type III1 von Neumann factors in the present context. Using this information
and the split assumption (13.25), one can establish the unitary equivalence [14,17]

A(Ox) ∼= A(WR) ⊗ A(WL + x). (13.26)

Thus the split property for the wedge algebras implies that the local algebras A(Ox)
are of type III as well, and in particular non-trivial.

In the following, the split property will be used as a sufficient condition for the
non-triviality of the relative commutants (13.24)4. However, as the existence of an
interpolating type I factor (13.25) is difficult to establish directly, one needs an-
other condition, implying the split property, which is better manageable in concrete
models. In the literature different “nuclearity” criteria for the split property have
been discussed, the one which is relevant in our context being introduced in [10]. As
these criteria involve the notions of nuclear maps, we recall that a bounded opera-
tor between two Banach spaces is called nuclear if it can be expanded into a norm

4Note that in two space-time dimensions the split property for wedges is a rea-
sonable assumption, as Araki’s argument [9] to the effect that inclusions of wedge
algebras cannot be split does not apply here because of the missing translation
invariance along the edge of the wedge.
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convergent series of rank 1 operators [30]. Note that a nuclear map is in particular
compact.

To formulate the relevant condition for the split property, we denote by J,Δ the
modular involution and modular operator of the pair (A(WR), Ω), respectively5, and
introduce the maps

Ξ(x) : A(WR) −→ H,

A �−→ Δ1/4U(x)AΩ .
(13.27)

Using modular theory, one easily finds

‖Ξ(x)A‖2 = 〈U(x)AΩ,Δ1/2U(x)AΩ〉 = 〈U(x)AΩ,JU(x)A∗Ω〉 ≤ ‖A‖2,

i.e. Ξ(x) is a bounded map with ‖Ξ(x)‖ ≤ 1 for any x ∈ WR. Based on results
of [10], the following “modular nuclearity condition” has been discussed in [14].

Proposition 4. [14]
If Ξ(x) (13.27) is nuclear, the inclusion A(WR + x) ⊂ A(WR) is split and the local
algebra A(Ox) (13.24) is isomorphic to the unique hyperfinite type III1 factor.

Proposition 4 is used as a sufficient condition for the non-triviality of the local
algebras in the model theories presented in Section 13.2. If the scattering function
is constant, S2(θ) = ±1, the structure of Zamolodchikov’s algebra simplifies to the
CCR- and CAR-algebra, respectively, and the estimates needed for the nuclearity
proof of Ξ(x) are fully under control. We have

Proposition 5. [14,23]
In the models corresponding to the constant scattering functions S2(θ) = 1 and
S2(θ) = −1, the maps Ξ(x) are nuclear, x ∈ WR. In particular, the split property
for wedges holds and all double cone algebras (13.24) contain non-trivial observables.

The proof for the case S2 = 1 can be found in [14], where previous results
obtained in [13,15] have been used. For the case S2 = −1, see [23]. In these articles,
one also finds explicit bounds on the nuclear norms ‖Ξ(x)‖1. The case S2 = 1 gives
just the free scalar field in two dimensions, and the model corresponding to the
scattering function S2 = −1 is related to the scaling limit of the Ising model (see [3]
and the references cited there).

Although the existence of local observables is well known in free field theory,
the check of the modular nuclearity condition in the case S2 = 1 was an important
test for its value in the discussion of models with non-constant scattering functions.
In view of Proposition 5 and the earlier mentioned fact that S2 = ±1 may be
considered as the “limiting cases” of typical non-constant scattering functions, we
conjecture that Ξ(x) is nuclear in the family of models considered in Section 13.2.

It was shown in [10] that whereas the nuclearity of Ξ(x) is sufficient for the split
property, the compactness of Ξ(x) is a necessary condition for split. In the next
section, our conjecture about the nuclearity of Ξ(x) will be further substantiated by
proving the compactness of this map in a wide class of models with certain typical
scattering functions.

5Δ is connected to the earlier discussed modular operator of the left wedge by
Δ = Δ−1

L .
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13.4 Modular Compactness for Wedge Algebras

In this section we concentrate on the model corresponding to the scattering func-
tion (13.4) with arbitrary constant g > 0, or a finite product of such functions with
different values of g. In view of the general solution [27] of the constraining equations
(13.3) for S2, this is a typical example of a non-constant scattering function. The
aim of this section is the proof of the following proposition.

Proposition 6. Consider the model theory corresponding to the scattering function

S2(θ) :=

R
Y

r=1

1 + igr sinh θ

1 − igr sinh θ
, (13.28)

where R < ∞ and g1, . . . , gR > 0. The maps Ξ(x) are compact, x ∈ WR.

Before explaining our strategy of the proof, we make a few remarks about the maps
Ξ(x) and introduce some notation.

First note that it is sufficient to consider the maps Ξ(0, s) corresponding to
wedge inclusions of the type

WR + (0, s) ⊂ WR, s > 0 . (13.29)

As WR is stable under boosts, a more general inclusion WR + x ⊂ WR, x ∈ WR,
of right wedges can be transformed to (13.29) by a velocity transformation with
appropriately chosen rapidity parameter λ. Using the fact that the boosts commute
with the modular operator, one easily shows Ξ(x) = U(0,−λ)Ξ(0, s)AdU(0, λ),
where s = (x2

1 − x2
0)

1/2 > 0. Hence Ξ(x), x ∈ WR, is nuclear (compact) if and
only if Ξ(0, s), s > 0, is nuclear (compact). In the case of nuclear maps, ‖Ξ(x)‖1 =
‖Ξ(0, (x2

1−x2
0)

1/2)‖1. For this reason, we will consider in the following only inclusions
of the form (13.29), and use the shorthand notation Ξ(s) := Ξ(0, s).

It will be useful to consider, as a generalization of (13.27), the maps

Ξα(s)A(WR) −→ H , Ξα(s)A := ΔαU(s)AΩ , 0 ≤ α ≤ 1
2
, (13.30)

and we adopt the convention to suppress the upper index for the “canonical” value
α = 1

4
. Furthermore, we introduce the n-particle projections6

Ξα
n (s) := PnΞ

α(s) , (13.31)

where Pn ∈ B(H) denotes the orthogonal projection onto the n-particle subspace
Hn.

In the proof of Proposition 6, the maps Ξn(s) will be shown to be nuclear by
estimating the “size” of their images in Hn. This is achieved by exploiting certain
analytic properties of the n-particle rapidity wavefunctions

ψs
n := PnU(0, s)AΩ , A ∈ A(WR), (13.32)

which are considered as elements of L2(IRn, dn�θ) and constitute our main objects of
interest in the following. (For a different compactness proof based on the techniques
of complex analysis, see [7].)

6Note that the modular operator Δ can be restricted to the n-particle space Hn.
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From modular theory and the Bisognano-Wichmann property (as specified in
Proposition 3) it is known that

λ �−→ (Δ−iλ/2πψs
n)(θ1, . . . , θn) = ψs

n(θ1 − λ, . . . , θn − λ) (13.33)

is a strongly analytic function in the strip S(0, π), and ‖Δλ/2πψs
n‖ ≤ ‖A‖, 0 ≤ λ ≤ π.

In particular, the vectors in the image of Ξn(s) are given by the functions

(θ1, . . . , θn) �−→ (Δ1/4ψs
n)(θ1, . . . , θn) = ψs

n(θ1 − iπ
2
, . . . , θn − iπ

2
), (13.34)

which have an analytic continuation (in the sense of distributions) in the “center of
mass rapidity” n−1 ·(θ1 +· · ·+θn) to the strip S(−π

2
, π

2
). Furthermore, the L2-bound

of the continuation is uniformly bounded over this strip and the convergence to the
boundary values is valid in the norm topology of Hn.

The main idea in the proof of Proposition 6 consists in the observation that in
the models at hand, the wavefunctions (13.32) enjoy considerably stronger analytic
properties, namely they are holomorphic, as functions of n complex variables, in a
certain tube domain. More precisely, we find:

Lemma 1. Let A ∈ A(WR), s > 0, n ∈ �0 and ψs
n as in (13.32). There exists a

constant α > 0 (independent of A and s, but dependent on n) such that

a) Δαψs
n is analytic in the tube

Tn(α) := {�ζ ∈ Cn : −2πα < Im(ζk) < 2πα, k = 1, . . . , n}. (13.35)

b) For any �λ ∈ ]− 2πα, 2πα [×n,

IRn � �θ �−→ (Δαψs
n)(�θ + i�λ) (13.36)

is in L2(IRn, dn�θ), with norm bounded by K · ‖A‖, where K depends on α, s and
n, but is independent of A and �λ. Moreover, lim

|�θ|→∞
|ψs

n(�θ + i�λ)| = 0.

c) (Δαψs
n)(�ζ) converges strongly to its boundary values at Im(ζk) = ±2πα.

Here we introduced the convention to denote vectors in Cn or IRn by bold face letters
�ζ,�λ, �θ, and their components by ζk, λk, θk, k = 1, . . . , n. Note in particular that by
considering the limit Im(ζk) → 2πα, k = 1, . . . , n, the wavefunctions ψs

n (13.32) are
recovered as a (strong) boundary value of the analytic function Δαψs

n.
The constants α and K appearing in Lemma 1 specify the size of the tube Tn(α)

in which Δαψs
n is analytic and its bound in that region, respectively. They depend

on the scattering function S2 (13.28) under consideration, i.e. on the parameters
g1, . . . , gR. This dependence will be made explicit in the proof of Lemma 1, which
is based on wedge locality and the symmetry properties (13.5) of n-particle func-
tions. However, it will require the discussion of some technical points. We therefore
postpone it and and rather begin by showing how Lemma 1 can be used to derive
estimates on the nuclear norms of Ξn(s).

Lemma 2. The maps Ξn(s) are nuclear, s > 0.
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Proof. In view of the definition of the translations (13.7), we have, �θ ∈ IRn,

(Δαψs
n)(�θ) = (ΔαU(0, s

2
)ψ

s
2
n )(�θ)

= e−im s
2

Pn
k=1 sh(θk−2πα i)(Δαψ

s
2
n )(�θ) (13.37)

=
n
Y

k=1

e−i ms
2 cos(2πα) shθke−

ms
2 sin(2πα) chθk · (Δαψ

s
2
n )(�θ).

The strongly decreasing factor appearing here allows us to conclude the nuclearity
of Ξn(s) by application of Cauchy’s integral formula: Let �θ ∈ IRn and consider a
polydisc D ⊂ Tn(α) with �θ ∈ D . As Δαψs

n is holomorphic in Tn(α),

(Δαψs
n)(�θ) =

1

(2πi)n

I

∂D

dn�ζ′
(Δαψs

n)(�ζ′)
Qn

k=1(ζ
′
k − θk)

.

Because of the decrease properties of Δαψs
n in real directions, and the good con-

vergence to its boundary values, as specified in Lemma 1 b),c), we can deform the
contour of integration to the boundary of Tn(α) and get

(Δαψs
n)(�θ) =

1

(2πi)n

X

�ε

Z

IRn

dn�θ′
n
Y

k=1

εk

(θ′k − θk − i · 2παεk)
(13.38)

× (Δαψs
n)(θ′1 − i · 2παε1, . . . , θ

′
n − i · 2παεn).

The summation extends over the 2n terms parametrized by ε1, . . . , εn = ±1. Con-
sider the integral operators T±

s,α ∈ B(L2(IR, dθ)) which are defined by their kernels

T±
s,α(θ, θ′) := ± 1

iπ

e−
ms
2 sin(2πα) chθ

θ′ − θ ∓ 2πiα
, (13.39)

and the unitary operator Ms,α multiplying with e−i ms
2 cos(2πα)shθ. With these defi-

nitions, inserting (13.37) into (13.38) yields

Ξα
n (s)A = Δαψs

n = 2−n
X

�ε

Ms,α
⊗n(T ε1

s,α ⊗ . . .⊗ T εn
s,α)Δαψ

s
2
n,�ε , (13.40)

where we used the shorthand notation ψ
s
2
n,�ε(

�θ) = ψ
s
2
n (�θ−2παi·�ε). It is now important

to note that T±
s,α are trace class operators on L2(IR, dθ) [14]. (This can be seen by

Fourier transforming the kernels (13.39) in the variable θ′, and the applying standard
techniques to split the resulting operators into a product of two Hilbert Schmidt
maps [38, Thm. XI.21].) Note also that T+

s,α and T−
s,α are unitarily equivalent, the

equivalence being given by the operator V , (V ψ)(θ) := ψ(−θ). Hence they have the
same trace norm ‖T+

s,α‖1.
According to Lemma 1 b), ‖ψ

s
2
n,�ε‖ ≤ K‖A‖ for each �ε occuring in the above

summation. Put differently, A �−→ Δαψ
s
2
n,�ε is bounded as a linear map between the

Banach spaces A(WR) and Hn, with norm dominated by K. As Ms,α is unitary,
this implies that Ξα

n (s) is a nuclear map, and as a crude bound on its nuclear norm
we have

‖Ξα
n (s)‖1 ≤ K ‖T+

s,α‖n
1 . (13.41)
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To proceed from this nuclearity result to the statement in Lemma 2, the power of
the modular operator needs to be adjusted from α to 1

4
. This can be achieved as

in [10, Cor. 3.4]: Let A ∈ A(WR). From modular theory we know

Ξα
n (s)A = PnΔ

αU(0, s)AΩ = PnΔ
αJΔ1/2U(0, s)A∗Ω (13.42)

= JPnΔ
1/2−αU(0, s)A∗Ω = JΞ1/2−α

n (s)A∗ , (13.43)

where we used the fact that Δ and J commute with Pn. Hence Ξ
1/2−α
n (s) is nuclear,

too, and ‖Ξ1/2−α
n (s)‖1 = ‖Ξα

n (s)‖1. Since X := Δ1/4(Δα +Δ1/2−α)−1 is a bounded
operator with norm ‖X‖ ≤ 1

2
, it follows from

Ξn(s) = X
“

Ξα
n (s) + Ξ1/2−α

n (s)
”

(13.44)

that Ξn(s) is nuclear, with nuclear norm bounded by

‖Ξn(s)‖1 ≤ ‖X‖
“

‖Ξα
n (s)‖1 + ‖Ξ1/2−α

n (s)‖1

”

≤ ‖Ξα
n (s)‖1 . (13.45)

This completes the proof of the Lemma. �

The proof of Proposition 6 now follows as a short corollary of Lemma 2 [14]. Let
A ∈ A(WR). Since

(Ξn(s)A)(�θ) =
n
Y

k=1

e−ms cosh θk · (Ξn(0)A)(�θ) ≤ e−msn · (Ξn(0)A)(�θ)

and ‖Ξn(0)‖ ≤ 1, we have ‖Ξn(s)‖ ≤ e−msn, and hence the series
P∞

n=0 Ξn(s)
converges in the norm topology of B(A(WR),H) to Ξ(s). But as nuclear maps, the
Ξn(s) are in particular compact, and the set of compact operators between two
Banach spaces is norm closed [36, Thm. VI.12]. Thus Ξ(s) is compact, too. �

To accomplish the existence proof for local observables, one has to show that
the map Ξ(s) is not only compact, but also nuclear. This amounts to proving that
the series

P

n Ξn(s) converges not only in the operator norm ‖ · ‖, but also in the
nuclear norm ‖ · ‖1, i.e., better bounds than (13.41) on ‖Ξn(s)‖1 are required. Such
a refined analysis will be presented elsewhere.

After having shown how analytic properties of the wavefunctions ψs
n lead to

the nuclearity of Ξn(s), it remains to derive these properties, i.e. prove Lemma 1.
This proof will be devided into three steps: First, we consider the dependence of ψs

n

on its first variable θ1 only, and derive analytic properties of θ1 �→ ψs
n(θ1, . . . , θn)

by using the localization of A in WR (Lemmata 3 and 4). This is a kind of one-
particle analysis, and the form of the scattering function S2 does not matter here.
In a second step, the symmetry (13.5) is exploited to transfer these results to the
other variables θ2, . . . , θn. Here two important properties (13.67, 13.68) of S2 enter.
Finally, the n-variable analyticity claimed in Lemma 1 is established by using the
Malgrange-Zerner (“flat tube”) theorem (cf., for example, [18]).

To exploit the localization of A, it is useful to consider the time zero fields ϕ, π
of the “left localized” field φ (13.12) and study expectation value functionals of the
commutator of these fields with A. In rapidity space, these functionals give rise to
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certain analytic functions (Lemma 3). Their relations to the wavefunctions ψs
n are

explained in Lemma 4.
The formal definitions ϕ(x) = φ(0, x), π(x) = (∂0φ)(0, x), x ∈ IR, can be

rephrased as (f ∈ S (IR))

f̂(θ) := ef(m sinh θ), f̂−(θ) := f̂(−θ), (13.46)
ϕ(f) := z†(f̂) + z(f̂−), (13.47)
π(f) := i(z†(ωf̂) − z(ωf̂−)). (13.48)

Here ω = m cosh θ is considered as an (unbounded) multiplication operator on its
maximal domain in L2(IR, dθ). Along the same lines as in [22, Prop. 2 (2)], one can
show that these fields are localized on the left half line, i.e. ϕ(f), π(f) are affiliated
with A(WL) if f ∈ S (IR−).

Choosing an (n− 1)-particle vector ξn−1 ∈ Hn−1, an operator A ∈ A(WR), and
a translation s > 0, we define two linear functionals on S (IR) as

C−
s (f) := 〈ξn−1, [ϕ(f), A(0, s)]Ω〉,

C+
s (f) := 〈ξn−1, [π(f), A(0, s)]Ω〉 .

(13.49)

The operator A is an arbitrary element of A(WR), but fixed in the following. The
(anti-) linear dependence of the above distributions on A and ξn−1 will not be
indicated in our notation.

We recall that the creation and annihilation operators z†(.), z(.) satisfy the fol-
lowing bounds with respect to the particle number [22], familiar from free field theory
(χ ∈ H1):

‖z(χ)ξn−1‖ ≤ (n− 1)1/2‖χ‖‖ξn−1‖,
‖z†(χ)ξn−1‖ ≤ n1/2‖χ‖‖ξn−1‖ .

(13.50)

Also note that for f ∈ L2(IR, dx) (we put ‖f‖2 := (
R

dx|f(x)|2)1/2),

‖ω1/2f̂‖2 =

Z

dθmchθ |f̂(θ)|2 =

Z

dp | ef(p)|2 = ‖f‖ 2
2 . (13.51)

Combining (13.50) and (13.51) with the Cauchy-Schwarz inequality and using the
annihilation property of z(·), we obtain the bounds

|C±
s (ω∓1/2f)| ≤ cn ‖ξn−1‖‖A‖ · ‖f‖2, cn :=

√
n +

√
n− 1 + 1. (13.52)

By carrying out the same estimate for |C±
s (f)| and taking into account that both,

‖f̂‖ and ‖ωf̂‖, can be dominated by certain linear combinations of Schwartz space
seminorms of f , we first note C±

s ∈ S ′(IR). Moreover, (13.52) shows that the dis-
tributions f �→ C±

s (ω∓1/2f) are regular in the sense that they are given by L2-
functions, whose norm is bounded by cn‖ξn−1‖‖A‖.

In view of the localization properties of A, ϕ(f) and π(f), the support of C±
s is

contained in the half line [s,∞ [ ⊂ IR+. Consequently, their Fourier transforms are
boundary values (in the sense of distributions) of functions C̃±

s which are analytic
in the lower half plane and polynomially bounded in imaginary direction [37, Thm.
IX.16]. Taking into account supp C±

s ⊂ [s,∞ [, it follows that C̃±
s actually decays

exponentially in the imaginary direction.
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We now proceed to the rapidity picture by setting

Ĉ−
s (θ) := m cosh(θ) · C̃−

s (m sinh θ), Ĉ+
s (θ) := C̃+

s (m sinh θ) . (13.53)

Note that because of the regularity of ω∓1/2C̃±
s , these are well-defined functions.

Their properties are collected in the following lemma.

Lemma 3. Let A ∈ A(WR), s > 0, and ξn−1 ∈ Hn−1. The functions Ĉ±
s (13.53)

corresponding to the distributions (13.49) have the following properties:

a) Ĉ±
s is the boundary value of a function analytic in the strip S(−π, 0).

b) Ĉ±
s is (anti-) symmetric with respect to reflections about IR− iπ

2
:

Ĉ±
s (θ − iπ

2
+ iμ) = ±Ĉ±

s (−θ − iπ
2
− iμ), −π

2
< μ < π

2
. (13.54)

c) Let 0 ≤ λ ≤ π and cn =
√
n +

√
n− 1 + 1. The functions

IR � θ �−→ Ĉ±
s,λ(θ) := Ĉ±

s (θ − iλ) (13.55)

are elements of L2(IR, dθ), with norm bounded by ‖Ĉ±
s,λ‖ ≤ cn‖ξn−1‖‖A‖.

d) S(−π, 0) � ζ �−→ Ĉ±
s,ζ is continuous in the norm topology of L2(IR, dθ).

e) For θ ∈ IR, 0 < λ < π,

|Ĉ±
s (θ − iλ)| ≤

r

2

π
cn‖ξn−1‖‖A‖ e−

ms
2 sin λ cosh θ

min{λ, π − λ}1/2
. (13.56)

Proof. a) Recalling

cosh(θ − iλ) = cosλ cosh θ − i sin λ sinh θ,

sinh(θ − iλ) = cosλ sinh θ − i sin λ cosh θ,
(13.57)

we see that sinh(.) maps the strip S(−π, 0) to the lower half plane. Hence Ĉ±
s is

analytic in S(−π, 0). b) is also a direct consequence of (13.57).
To prove c), note that on the real line the claimed bound holds in view of the

former estimates on ‖ω∓1/2C̃±
s ‖:

Z

dθ |Ĉ±
s (θ)|2 =

Z

dp |ω(p)∓1/2C̃±
s (p)|2 = ‖ω∓1/2C̃±

s ‖ 2
2 ≤ c2n‖ξn−1‖2‖A‖2.

But b) implies in particular Ĉ±
s (θ − iπ) = ±Ĉ±

s (−θ), and hence Ĉ±
s is also square

integrable over the lower boundary IR−iπ, with the same bound on its norm. As C̃±
s

decays exponentially in the imaginary direction, we have Ĉ±
s,λ ∈ L2(IR, dθ) for any

fixed 0 < λ < π. Moreover, the limits limλ→0 Ĉ
±
s,λ and limλ→π Ĉ±

s,λ are known to
hold in the sense of distributions. These facts allow for the application of a version
of the three lines theorem adapted to L2-bounds, which is proven in the appendix
as Lemma 5. The results are: Ĉ±

s,λ converges in the norm topology of L2(IR, dθ) as
λ → 0 or λ → π, and the bound calculated on the boundary holds also for Ĉ±

s,λ,
0 < λ < π. This proves the claims c) and d).

Finally, e) is a consequence of a) and c): Let θ ∈ IR, 0 < λ < π, and put
ρ := min{λ, π−λ}. Then the disc Dρ with center θ− iλ and radius ρ is contained in
the closed strip S(−π, 0). By the mean value theorem for analytic functions, Hölder’s
inequality and the norm bound given in c), we get
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|Ĉ±
s (θ − iλ)| ≤ 1

πρ2

Z

Dρ

dθ′ dλ′ |Ĉ±
s (θ′ + iλ′)|

≤ 1√
πρ

 

Z

Dρ

dθ′ dλ′ |Ĉ±
s (θ′ + iλ′)|2

!1/2

≤ 1√
πρ

„

Z −λ+ρ

−λ−ρ

dλ′
Z ∞

−∞
dθ′ |Ĉ±

s (θ′ + iλ′)|2
«1/2

≤
r

2

πρ
· cn‖ξn−1‖‖A‖ . (13.58)

Taking into account the covariance of ϕ(f) and the translation invariance of Ω,

C−
s (f) = 〈ξn−1, [ϕ(f), U(0, s

2
)A(0, s

2
)U(0,− s

2
)]Ω〉

= 〈U(0,− s
2
)ξn−1, [ϕ(f s

2
), A(0, s

2
)]Ω〉 =: C′(f s

2
),

where f s
2
(x) = f(x + s

2
), x ∈ IR. Hence Ĉ−

s (θ) = e−
ims
2 shθĈ′(θ), and Ĉ′ also

fulfills the estimate (13.58) since ‖U(0,± s
2
)‖ = 1. Taking the absolute value of the

exponential factor evaluated on points θ− iλ ∈ S(−π, 0) yields the claimed estimate
(13.56) for Ĉ−

s . The argument for Ĉ+
s is the same. �

The relation between the functions Ĉ±
s and the wavefunctions ψs

n (13.32) is
specified in the next lemma.

Lemma 4. Consider the function7

hs
ξ(ζ) :=

1

2
(Ĉ−

s (ζ) + iĈ+
s (ζ)), ζ ∈ S(−π, 0) , (13.59)

which depends on ξn−1 ∈ Hn−1 through the definitions (13.49) and (13.53).
hs

ξ has the properties a), c), d), e) of the preceding lemma. Moreover, θ1 ∈ IR,

hs
ξ(θ1) =

√
n

Z

dθ2 · · · dθn ξn−1(θ2, . . . , θn) · ψs
n(θ1, . . . , θn) . (13.60)

Proof. From the definition of hs
ξ it follows immediately that properties a) and c)–e)

of Lemma 3 hold. To show (13.60), let f ∈ S (IR).

〈f̂−, hs
ξ〉 =

1

2

Z

dθf̂(−θ)
“

Ĉ−
s (θ) + iĈ+

s (θ)
”

=
1

2

Z

dp ef(−p)
“

C̃−
s (p) + iω(p)−1C̃+

s (p)
”

=
1

2

`

C−
s (f) + iC+

s (ω−1f)
´

=
1

2
〈ξn−1, [ϕ(f) + iπ(ω−1f), A(0, s)]Ω〉

= 〈ξn−1, [z(f̂−), A(0, s)]Ω〉 (13.61)
= 〈ξn−1, z(f̂−)A(0, s)Ω〉 (13.62)

= 〈z†(f̂−)ξn−1, PnU(0, s)AΩ〉 (13.63)

=
√
n 〈f̂− ⊗ ξn−1, ψ

s
n〉 . (13.64)

7We write hs
ξ instead of hs

ξn−1
in order not to overburden our notation.
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In the last steps, we wrote the annihilation operator as a linear combination of the
time zero fields in (13.61), cf. (13.47,13.48), used the annihilation property of z(.)
in (13.62), the relations of Zamolodchikov’s algebra in (13.63) and the definition of
z†(.) in (13.64). By continuity, the above calculated relation

〈f̂−, hs
ξ〉 =

√
n 〈f̂− ⊗ ξn−1, ψ

s
n〉 (13.65)

holds also if f̂− is replaced by an arbitrary function in L2(IR, dθ). This implies
(13.60). �

For n = 1, Lemma 4 states ψs
1 = hs

Ω . Hence the one particle wavefunctions ψs
1

have the properties a), c)–e), listed in Lemma 3. In particular the claims of Lemma
1 follow if the parameters α and K appearing there are chosen as α = 1

4
and K = 1.

But for n > 1, only information about ψs
n, considered as a function of the first

variable θ1, has been obtained. To extend this to the other variables, two properties
of the scattering function (13.28),

S2(θ) =
R
Y

r=1

1 + igr sinh θ

1− igr sinh θ
, g1, . . . , gR > 0, (13.66)

are important, which we extract now. Firstly, we see that S2 is a meromorphic
function in the entire complex plane, with certain (2πi)-periodic sequences of poles.
In particular, S2 is analytic not only in the physical sheet S(0, π), but also in the
wider strip S(−κg, π + κg), where κg > 0 is given by

κg :=

j

arcsin(g−1) ; g > 1
π
2

; 0 < g ≤ 1
, g := max

r=1,...,R
gr . (13.67)

Furthermore, given arbitrary κ ∈ [0, κg [, we note that S2 is uniformly bounded on
S(−κ, π + κ). This bound will be denoted by

σ(κ) := sup{|S2(ζ)| : ζ ∈ S(−κ, π + κ)} < ∞, 0 < κ < κg . (13.68)

These two features of S2, the analyticity in the enlarged strip and the bound (13.68),
will be essential in the following proof of Lemma 1. Furthermore, the parameters α
and K appearing there, will be specified explicitly in terms of κ, σ(κ) and n.

Proof of Lemma 1. Fix ζ1 = θ1 − iλ1 ∈ S(−π, 0). In view of the definitions of
C±

s (13.49), Ĉ±
s (13.53) and hs

ξ (13.59), it is clear that ξ �−→ hs
ξ(ζ1) is an anti-linear

functional on Hn−1, which by Lemma 3 e) is norm-continuous. Hence, by application
of Riesz’ Theorem, hs

ξ(ζ1) can be written as

hs
ξ(ζ1) =:

√
n

Z

dθ2 · · · dθn ξn−1(θ2, . . . , θn) · ψs
n(ζ1, θ2, . . . , θn) , (13.69)

where (θ2, . . . , θn) �→ ψs
n(ζ1, θ2, . . . , θn) is a function in Hn−1 ⊂ L2(IRn−1dn−1�θ)

which is defined by this equation. Taking ξn−1 to be the characteristic function of
a compact set C ⊂ IRn−1, and χI to be the characteristic function of a compact
interval I ⊂ IR, it follows from

√
n

˛

˛

˛

˛

˛

˛

Z

I×C

dn�θ ψs
n(θ1 − iλ1, θ2, . . . , θn)

˛

˛

˛

˛

˛

˛

=

˛

˛

˛

˛

Z

dθ1χI(θ1)h
s
ξ(θ1 − iλ1)

˛

˛

˛

˛

< ∞
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that �θ �−→ ψs
n(θ1 − iλ1, θ2, . . . , θn) =: ψs

n,λ1
(�θ) is locally integrable and hence mea-

surable. According to Lemma 3 e),
Z

dθ2 · · · dθn |ψs
n,λ1(�θ)|2 ≤ 2c2n‖A‖2 e−ms sinλ1chθ1

πnmin{λ1, π − λ1} . (13.70)

In view of the measurability of ψs
n,λ1 , it follows from the estimate (13.70) that

for fixed λ1 ∈ (0, π), ψs
n,λ1 is an element of L2(IRn, dn�θ). Furthermore, note that

{n−1c2n : n ∈ �} is bounded. Hence there is a function b(λ1, s), independent of n
and A, such that

‖ψs
n,λ1‖ ≤ b(λ1, s) · ‖A‖ , 0 < λ1 < π, s > 0 . (13.71)

Next we want to show that ψs
n,λ1 converges to ψs

n in the norm topology of
L2(IRn, dn�θ) as λ1 → 0. To this end, we need to improve on the bound (13.71),
because b(λ1, s) → ∞ for λ1 → 0 and for λ1 → π. Note first that as a conse-
quence of its rapid decrease in the real direction, the Fourier transform of (hs

ξ)λ1 is
given by β1 �→ eλ1β1

fhs
ξ(β1), β1 ∈ IR (cf. the proof of Lemma 5 in the appendix).

In view of (13.69), this relation implies that the Fourier transform of ψs
n,λ1 is

IRn � �β �→ eλ1β1 ·fψs
n(�β). Now one can proceed as in the proof of Lemma 5 and apply

Lebesgue’s dominated convergence theorem to arrive at the norm limit ψs
n,λ1

→ ψs
n

as λ1 → 0. The limit ψs
n,λ1 → ψs

n,π as λ1 → π can be established by exploiting the
symmetry properties (Lemma 3 b)) of Ĉ±

s , but will not be needed here.
We now turn to the analyticity properties of the wavefunctions and consider a

point ζ0 ∈ S(−π, 0) with an appropriate curve C0 ⊂ S(−π, 0) containing it in its
interiour. As hs

ξ is analytic, we have

0 =

I

C0

dζ hs
ξ(ζ) =

√
n

I

C0

dζ

Z

dθ2 · · · dθn ξn−1(θ2, . . . , θn)ψs
n(ζ, θ2, . . . , θn).

But since the integrand is integrable over C0×IRn−1, we may reverse the order of the
two integrals and conclude

H

C0
dζ ψs

n(ζ, θ2, . . . , θn) = 0 for almost all θ2, . . . , θn ∈ IR,
i.e. ψs

n is the boundary value of an analytic function in the first variable if the other
variables θ2, . . . , θn ∈ IR are held fixed.

Consider the symmetry condition (cf. (13.5))

ψs
n(θ2, θ1, θ3, . . . , θn) = S2(θ1 − θ2) · ψs

n(θ1, θ2, θ3, . . . , θn) (13.72)

and let θ2, . . . , θn ∈ IR be fixed. In view of the analyticity of the scattering function
in the enlarged strip S(−κg , π + κg), we see that the right-hand side of (13.72)
is the boundary value of a function analytic in its first variable θ1, in the region
S(−κg, π + κg) ∩ S(−π, 0) = S(−κg, 0). Hence the left-hand side can be continued
to S(−κg, 0) as well, and we conclude that ψs

n has also an analytic extension in the
second variable, to the strip S(−κg, 0), if the other variables are held fixed. In the
same way we see inductively from

ψs
n(θ1, . . . , θk+1, θk, . . . , θn) = S2(θk − θk+1)ψ

s
n(θ1, . . . , θk, θk+1, . . . , θn)(13.73)

that ψs
n is analytic in each variable θk ∈ S(−κg, 0) if the remaining (n − 1) vari-

ables are held fixed and real. (We neglect here the even stronger analyticity in
θ1 ∈ S(−π, 0).) By application of the Malgrange-Zerner theorem (for a proof of
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this theorem see [18]) we conclude that ψs
n is analytic (as a function of n complex

variables) in the tube region

Tn(κg) := IRn − iBn(κg), (13.74)

Bn(κg) :=

j

�λ ∈ ] 0, κg [×n : 0 <
n
X

k=1

λk < κg

ff

. (13.75)

To avoid the divergences due to the poles of S2 at the boundary of Tn(κg), we now
fix some κ ∈ ] 0, κg] and consider the smaller tube Tn(κ) instead of Tn(κg). Note
that Bn(κ) contains the n-dimensional cube ] 0, κ

n
[×n. As

(Δλψs
n)(�θ) = ψs

n(θ1 − 2πλ · i, . . . , θn − 2πλ · i) , (13.76)

the analyticity of ψs
n in Tn(κ) implies the claim of Lemma 1 a), and the parameter

α appearing there can be chosen as

α =
κ

4πn
. (13.77)

Now we use the uniform bound (13.68) to prove part b). The relations (13.72) and
(13.71) imply ‖ψs

n( . , .− iλ2, . . .)‖ ≤ σ(λ2)b(λ2, s)‖A‖, and inductively we get from
(13.73)

Z

dn�θ |ψs
n(θ1, . . . , θk − iλk, . . . , θn)|2 ≤ σ(λk)2(k−1)b(λk, s)

2 · ‖A‖2. (13.78)

Thus the analytic continuations of ψs
n in each single variable have L2-norm bounded

by σ(κ)n−1b(κ, s)‖A‖. This bound can be transported to the interiour of the tube
Tn(κ) by using the flat tube theorem, see Lemma 6 in the appendix. We arrive at

Z

dn�θ |ψs
n(�θ − i�λ)|2 ≤ σ(κ)2(n−1)b(κ, s)2 · ‖A‖2 , �λ ∈ Bn(κ) . (13.79)

In particular, the norm bound claimed in Lemma 1 b) follows, and the parameter
K can be chosen as

K = σ(κ)n−1 · b(κ, s) . (13.80)

To establish the limit lim|�θ|→∞ ψs
n(�θ− i�λ) = 0, let �θ ∈ IRn, �λ ∈ Bn(κ) and consider

a polydisc Dρ ⊂ Tn(κ) with sufficiently small radius ρ and �θ− i�λ ∈ Dρ. By the mean
value property for analytic functions and Hölder’s inequality,

|ψs
n(�θ − i�λ)|2 ≤ (πρ2)−n

Z

Dρ

dn�ζ′ |ψs
n(�ζ′)|2

≤ (πρ2)−n

Z

[−ρ,ρ]×n

dn�λ′
Z

[−ρ,ρ]×n

dn�θ′|ψs
n(�θ′ + �θ + i(�λ′ − �λ))|2 .

Because of (13.79) the last integral is convergent, also when the integration in �θ′ is
carried out over IRn instead of [−ρ, ρ]×n. Hence it vanishes in the limit |�θ| → ∞.

Finally, c) is a consequence of the earlier discussed strong continuity (Lemma 3
d)) of [0, κ] � λ1 �→ ψs

n,λ1 . �
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13.5 Summary and Outlook

We have reviewed a novel approach to the construction of quantum field theories
with a factorizing S-matrix on two-dimensional Minkowski space. Starting from a
scattering function describing the interaction of one type of massive, scalar particles
without bound states, in a first step certain auxiliary quantum fields (“polarization-
free generators”) were constructed. It was shown how to define a covariant net of
wedge algebras from these fields. Furthermore, we mentioned that the “correct” two-
particle scattering behaviour, namely the one expected from the input scattering
function, can be recovered from the wedge-local fields.

In a second step, the local operator content of these wedge local theories has to
be analyzed to ensure physically meaningful models. In this context, the modular
nuclearity condition constitutes a sufficient criterion for the existence of local ob-
servables. In two particular examples, namely the models with constant scattering
functions ±1, this criterion has been verified already.

In the present paper, the modular compactness criterion, a necessary condition
for the split property of the wedge net and thus providing an intermediate step in
proving the existence of local operators, has been checked in a wide class of models
with typical, non-constant scattering functions. In view of these results, it seems
reasonable to conjecture that the question of the existence of local observables will
have an affirmative answer in the family of models considered.

If this conjecture can be proven, the program reviewed here provides a possibility
to rigorously construct interacting quantum field theories in two dimensions, without
taking recourse to classical concepts. Although the family of S-matrices considered
is limited, it seems possible to generalize the procedure to more complicated models
with several kinds of massive particles, ultimately leading to an existence proof for
quantum field theories with an arbitrary factorizing S-matrix.

Appendix

In this appendix we prove two lemmata in complex analysis which are used in
the main text. The first one is an adaptation of the three lines Theorem [31, Thm
12.8] to the case of L2-bounds, and the second one shows how to obtain such bounds
in the situation of the Malgrange-Zerner theorem. Both statements seem to be well-
known; but as we did not find them in this form in the literature, we give their
proofs here.

Lemma 5. Let a, b ∈ IR, a < b,

S(a, b) := {z ∈ C : a < Im(z) < b}, (A.1)

and let f denote a function which is analytic in S(a, b). Assume that for each y ∈
[a, b], the function x �→ f(x + iy) =: fy(x) is an element of L2(IR, dx) and that
fy → fc for y → c, where c = a, b, in the sense of distributions.
Then the limits fy → fc are also valid in the norm topology of L2(IR, dx), and

‖fy‖ ≤ max{‖fa‖, ‖fb‖} , a ≤ y ≤ b . (A.2)
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Proof. Let eg ∈ C∞
0 (IR). Then g is entire analytic and x �→ g(x + iy) =: gy(x) is of

rapid decrease at infinity for fixed y ∈ IR. Let 0 < y < b− a.
Z

dp efa+y(−p)eg(p) =

Z

dx fa+y(x)g(x) =

Z

dx fa+εy(x)g(ε−1)y(x).

Here we used the rapid decrease of gy and the analyticity of f and g to shift the
integration from IR to IR + iy(ε − 1), where 0 < ε < 1. As eg ∈ C∞

0 (IR), the limit
limε→0 g(ε−1)y = g−y holds in the topology of S (IR). Together with the distribu-
tional convergence fa+εy → fa, this implies that the above integral is equal to

Z

dx fa(x)g(x− iy) =

Z

dp efa(−p)eyp
eg(p) .

Hence efa+y(p) = e−yp
efa(p). This implies

‖fa+y − fa‖2 =

Z

dp | efa(p)|2(e−yp − 1)2 ,

and since we have the integrable bound

| efa(p)|2(e−yp − 1)2 ≤ | efa(p)|2
“

4Θ(p) + Θ(−p)(1 + e−p(b−a))2
”

,

we may use Lebesgue’s dominated convergence theorem to conclude limy↘a fy = fa

in the norm toplogy of L2(IR, dx). The limit limy↗b fy = fb is established in the
same manner.

Now let h ∈ S (IR) be a test function and consider the convolution f ∗ h, which
is an analytic function in S(a, b). It satisfies the bound, a < y < b,

|(f ∗ h)(x + iy)| ≤
Z

dx′ |h(x′)| · |fy(x− x′)| ≤ ‖h‖ · ‖fy‖ < ∞ .

But in view of the above established continuity of [a, b] � y �→ fy, the norm ‖fy‖
depends continuously on y, and hence we can find a uniform bound on |(f ∗ h)(z)|,
z ∈ S(a, b). By the three lines theorem, we conclude

˛

˛

˛

˛

Z

dx′ h(x′)fy(x− x′)

˛

˛

˛

˛

≤ ‖h‖ ·max{‖fa‖, ‖fb‖}, a ≤ y ≤ b .

As h ∈ S (IR) was arbitrary and S (IR) is dense in L2(IR, dx), the claim follows. �

Lemma 6. Let

Bn :=

j

�y ∈ (0, 1)×n : 0 <

n
X

j=1

yj < 1

ff

, Tn := IRn + iBn (A.3)

and consider an analytic function f : Tn → C of n complex variables. Setting
f�y : IRn → C, �x �→ f(�x + i�y), assume that f�y ∈ L2(IRn, dn�x) for any �y ∈ Bn, that
the map �y �→ f�y can be extended norm continuously to Tn, and that

‖f(0,...,yk,...,0)‖2 ≤ 1, 0 < yk < 1, k ∈ {1, . . . , n}, (A.4)

holds. Then one has the bound

‖f�y‖2 ≤ 1 (A.5)

for any �y ∈ Bn.
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Proof. Let g ∈ S (IRn) be a test function and consider the convolution f ∗ g. Ac-
cording to the hypothesis of the lemma, f ∗ g is analytic in Tn and �y �−→ (f ∗ g)�y is
continuous on Tn. On the boundary we have

|(f ∗ g)(x1, . . . , xk + iyk, . . . , xn)| ≤ ‖g‖2‖f(0,...,yk,...,0)‖2 ≤ ‖g‖2. (A.6)

Now consider hg(�z) := ((f ∗ g)(�z) − eiα(‖g‖ + ε))−1, where ε > 0 and α ∈ IR are
arbitrary. Due to the bound (A.6), hg is, in each variable separately, analytic in the
strip S(0, 1) if the remaining variables are held fixed and real. By the Malgrange-
Zerner Theorem, we conclude that hg has an analytic continuation, as a function of
n complex variables, to the tube Tn. Varying α and letting ε → 0, we conclude

|(f ∗ g)(�x + i�y)| = |〈ĝ�x, f�y〉| ≤ ‖g‖2 = ‖ĝ�x‖2 , (A.7)

where we have put ĝ�x(�x′) := g(�x− �x′). But as g ∈ S (IRn) was arbitrary and S (IRn)
is norm dense in L2(IRn, dn�x), the claim (A.5) follows. �
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Summary. We present a construction of string-localized covariant free quantum
fields for a large class of irreducible (ray) representations of the Poincaré group.
Among these are the representations of mass zero and infinite spin, which are
known to be incompatible with point-like localized fields. (Based on joint work with
B. Schroer and J. Yngvason [13].)

14.1 Introduction

The principles of relativistic quantum physics admit certain “exotic” particle
types which do not allow for point-localized quantum fields, namely the massless
“infinite spin” representations found by Wigner [17] and Wilczek [19]. However, it is
known [8, 12] that all Wigner particle types1 do allow for localization, in a certain
sense, in spacetime regions which extend to infinity in some space-like direction.

In this contribution, we present the construction of free Wightman type fields
for the massless “infinite spin” particles, which are localized in semi-infinite strings
extending to space-like infinity. This result solves the old problem [6, 18, 20] of rec-
onciling these representations with the principle of causality. It has been obtained
in collaboration with B. Schroer and J. Yngvason and partly published in [13]. The
details will be presented in [14]. Here, we emphasize the relation with the work of
Bros et al. [2], as appropriate for the occasion.

The construction also works for the usual, “non-exotic”, particle types. Our mo-
tivation to consider such fields, despite the fact that they generate the same algebras
as the corresponding point-like localized free fields, is the hope that they may serve
as a starting point for the construction of interacting string-localized quantum fields.

Let us make precise what we mean by a string-localized covariant free quantum
field for a given particle type.2 The “string” is a ray which extends from a point

1By Wigner particle type, we mean here an irreducible unitary ray representation
of the Poincaré group with positive energy.

2Our notion of a string-localized covariant quantum field is a generalization of
the generalized Wightman fields of Steinmann [16].
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x ∈ Rd to infinity in a space-like direction. That is to say, it is of the form x+ R+e,
where e is in the manifold of space-like directions

Hd−1 := {e ∈ Rd : e · e = −1}. (14.1)

Let now U be a unitary ray representation of the Poincaré group acting on a Hilbert
space H with positive energy and a unique invariant vector Ω, which contains an
irreducible ray representation U (1) acting on H(1) ⊂ H.

Definition 1. A string-localized covariant quantum field for U (1) is an operator val-
ued distribution ϕ(x, e) over Rd ×Hd−1 acting on H such that the following require-
ments are satisfied.
0) Reeh–Schlieder property: Ω is cyclic for the polynomial algebra of fields ϕ(f, h)

with suppf × supph in a fixed region in Rd ×Hd−1.
i) Covariance: For all (a,Λ) ∈ P

↑
+ and (x, e) ∈ Rd ×Hd−1,

U(a,Λ)ϕ(x, e)U(a,Λ)−1 = ϕ(Λx + a,Λe). (14.2)

ii) String-locality: If the strings x1 + R+e′1 and x2 + R+e2 are space-like separated
for all e′1 in some open neighborhood of e1, then

[ϕ(x1, e1), ϕ(x2, e2)] = 0. (14.3)

The field is called free, if it creates only single particle states from the vacuum vector,
ϕ(f, h)Ω ∈ H(1).

Our construction of such fields in [13,14] is reduced to a single particle problem.
Namely, consider the single particle vector ψ(x, e) := ϕ(x, e)Ω if a free field ϕ(x, e)
as above is given. It enjoys certain specific properties reflecting the covariance and
locality of the field. The crucial point is that these properties are intrinsic to the
representation U (1) and can be formulated without reference to the field, using the
concept of a modular localization structure [5,8,12] based on Tomita–Takesaki mod-
ular theory. We will call an H(1)-valued distribution satisfying the ensuing properties
a string-localized covariant wave function for U (1), cf. Definition 2. Our strategy is
to reverse the route, namely to construct such an H(1)-valued distribution ψ(x, e)
for given U (1) and then to obtain the field via second quantization.

The idea of the construction of ψ(x, e) is as follows. Recall that an irreducible
representation U (1) of the Poincaré group is induced by a representation D of a
subgroup G of the Lorentz group. If V is an extension of D to the Lorentz group,
then U (1) is contained in U0 ⊗ V , where U0 is the scalar representation. Thus the
problem can be separated. The U0 part is solved by Fourier transformation. Now
Bros et al. exhibit in [2] a suitable representation V , for which they (implicitly)
construct a localized covariant wave function living on Hd−1. Consider then the
tensor product of a wave function localized at x for U0 and a wave function localized
at e ∈ Hd−1 for V . Our basic result is that the projection onto U (1) of this vector
turns out to be a vector which is localized for U (1) in the string with initial point x
and direction e.

We recall the relevant representations U (1) of the Poincaré group and the concept
of a modular localization structure in Sections 14.2 and 14.3, respectively. We will
concentrate on the bosonic representations with positive mass and for those with
zero mass and infinite spin, in dimension d = 3 and 4. In Section 14.4 we present
the (definition and) construction of a string-localized covariant wave function, as
sketched above. In Section 14.5 we summarize our results and give a brief outlook.
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14.2 Wigner Particles

Following Wigner [17], the state space of an elementary relativistic particle cor-
responds to an irreducible ray representation of the Poincaré group with positive en-
ergy. We recall the relevant representations here for spacetime dimension d = 3 and
4, restricting to proper representations since we are at the moment only interested
in bosons. We denote the proper orthochronous Poincaré and Lorentz groups by P

↑
+

and L
↑
+, respectively. Reflecting the semidirect product structure P

↑
+ = Rd >�L

↑
+,

elements of the Poincaré group will be denoted g = (a,Λ).
An irreducible positive energy representation U (1) of P

↑
+ is characterized by two

data. The first one is the mass value m ≥ 0, determining the energy-momentum
spectrum of the corresponding particle as the mass hyperboloid

H+
m := {p ∈ Rd : p · p = m2, p0 > 0}. (14.4)

Given m, one fixes a base point p̄ ∈ H+
m, and considers the stabilizer subgroup,

within L
↑
+, of this point. This so-called “little group” will be denoted Gp̄ in the

sequel. Then the second characteristic of U (1) is a unitary irreducible representation
V of Gp̄, acting in a Hilbert space h. The representation U (1) fixed by these data is
said to be induced from D. It acts on

H
(1) := L2(H+

m,Δμ) ⊗ h, (14.5)

which we identify with L2(H+
m,Δμ; h), according to

`

U (1)(a,Λ)(φ⊗ ϕ)
´

(p) = eia·p φ(Λ−1p)D(R(Λ, p))ϕ. (14.6)

Here, R(Λ, p) is the so-called Wigner rotation, defined by

R(Λ, p) := A−1
p ΛAΛ−1p, (14.7)

where (Ap, p ∈ H+
m) is a section of the bundle L

↑
+ → H+

m, i.e. Ap maps p̄ to p.
The little groups Gp̄ can be conveniently determined as follows. Let

Γp̄ := {q ∈ H+
0 : q · p̄ = 1}. (14.8)

Then Gp̄ is precisely the (unit component of the) isometry group of Γp̄. But Γp̄, with
the induced metric from ambient Minkowski space, is isometric to the sphere Sd−2

for m > 0, and to Rd−2 for m = 0. (E.g. for m = 0 and d = 4, the map ξ : R2 → Γp̄,
with p̄ = 1

2
(1, 1, 0, 0), defined by

ξ(z) := (|z|2 + 1, |z|2 − 1, z1, z2

´

(14.9)

can be checked to be an isometric diffeomorphism.) It follows that the little group
Gp̄ is for m > 0 isomorphic to SO(d−1), and for m = 0 isomorphic to the euclidean
group in d−2 dimensions, i.e. Gp̄

∼= E(2) in d = 4 and Gp̄
∼= R in d = 3. Now faithful

representations of E(2) are infinite dimensional. Owing to this fact, a representation
U (1) resulting from m = 0 and a faithful representation of Gp̄ is called a massless
infinite spin representation. The faithful representations D of E(2) are labelled by a
strictly positive number κ > 0, and D = D(κ) acts on L2(R2, δ(|k|2 −κ2)) according
to

`

D(κ)(c,R)ϕ̃
´

(k) := exp(ic · k) ϕ̃(R−1k), (c, R) ∈ E(2). (14.10)



202 Jens Mund

14.3 Modular Localization Structure for U (1)

As the first step in our construction, the single particle space is endowed with
a family of so-called Tomita operators, labelled by a specific class of spacetime
regions. This family will be called a modular localization structure for the single
particle space.

The basic geometrical ingredient is the family of wedge regions. A wedge is
a region in Minkowski space which arises by a Poincaré transformation from the
“standard wedge”

W0 := {x ∈ Rd : |x0| < x1}.
Associated with each wedge W is the one-parameter group of Lorentz boosts ΛW (t)
leaving W invariant, and the reflection jW about the edge of W . More precisely, for
the standard wedge W0 the boosts ΛW0(t) act on the coordinates x0, x1 as

„

cosh(t) sinh(t)
sinh(t) cosh(t)

«

, (14.11)

and the reflection jW0 inverts the sign of the coordinates x0, x1 and leaves the other
coordinate(s) invariant. For a general wedge W = gW0, g ∈ P

↑
+, the boosts and

reflection are defined as3

ΛgW0(t) := g ΛW0(t) g−1, (14.12)
jgW0 := g jW0 g

−1. (14.13)

Let now U be an (anti-) unitary representation of the proper Poincaré group
acting in some Hilbert space H. Then there is, in particular, for each wedge W
an anti-unitary representer U(jW ) of the reflection jW . Let further KW denote the
self-adjoint generator of the unitary group representing the corresponding boosts,
i.e. KW is defined by exp(itKW ) = U(ΛW (t)) for all t ∈ R. Then we define an
anti-linear operator associated with W by

SU (W ) := U(jW ) exp(−πKW ). (14.14)

Owing to the group relations, it is an antilinear involution, SU (W )2 ⊂ 1, i.e. a
so-called Tomita operator.

We now consider the class of causally complete, convex spacetime regions, which
we denote by C. It is known [3] that each C ∈ C coincides with the intersection of all
wedges which contain C. Typical regions belonging to this class are double cones,
space-like cones, and wedges. For each C ∈ C we now define the subspace of vectors
which are “localized in C” by

DU (C) :=
˘

ψ ∈
\

W⊃C

domSU (W ), SU (W )ψ independent of W
¯

. (14.15)

Brunetti et al. have shown [3] that if U has positive energy, then DU (C) is dense
in H if C contains a space-like cone. On this domain we define a closed anti-linear

3This definition is consistent because every Poincaré transformation which leaves
W0 invariant commutes with ΛW0(t) and jW0 , cf. [3].
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involution SU (C) by4

SU (C)ψ := SU (W )ψ, W ⊃ C. (14.16)

The family of these anti-linear involutions satisfies isotony [3], SU (C1) ⊂ SU (C2) for
C1 ⊂ C2, and covariance, U(g)SU (C)U(g)−1 = SU (gC). It has further a property [3]
which will soon turn out to correspond to locality:

Lemma 1. If C1 and C2 are causally disjoint, then

SU (C1) ⊂ SU (C2)
∗. (14.17)

Proof. Choose a wedge W which contains C1 and whose causal complement W ′

contains C2. The group relations ΛW ′(t) = ΛW (−t) and jW ′ = jW , cf. [3], imply
that S(W ′) = U(jW ) exp(πKW ). On the other hand, ΛW (t) commutes with jW ,
hence U(jW ) exp(πKW )= exp(−πKW )U(jW )≡ S(W )∗. Hence S(W ′) = S(W )∗.
Therefore

S(C1) ⊂ S(W ) = S(W ′)∗ ⊂ S(C2)
∗,

which proves the claim. �

All these properties motivate us to call the family SU (C), C ∈ C, a modular localiza-
tion structure5 for the representation U . They allow the construction of a local and
covariant theory for a given particle type from the single particle space via second
quantization as follows. Given the corresponding irreducible representation U (1) of
P

↑
+, extend it to P+ as e.g. in Appendix A, and define D(C) = DU(1) (C) as above.

Let a∗(ψ) and a(ψ), for ψ ∈ H(1), denote the creation and annihilation operators
acting on the symmetrized Fock space over H(1). Then define, for ψ ∈ D(C),

Φ(ψ) := a∗(ψ) + a(S(C)ψ). (14.18)

These operators generate a covariant and local theory [3], the locality property com-
ing about as follows. For ψ1 ∈ D(C1), ψ2 ∈ D(C2), the commutator [Φ(ψ1), Φ(ψ2)]
equals (S(C1)ψ1, ψ2) − (S(C2)ψ2, ψ1). But if C1 is causally disjoint from C2, this
expression vanishes by Lemma 1, hence

[Φ(ψ1), Φ(ψ2)] = 0 (14.19)

in this case. Thus, the property (14.17) of our modular localization structure implies
the locality property of the second quantization.

4We shall skip the index U when no confusion can arise.
5Note that our notion of a modular localization structure is equivalent to the

usual one, as formulated e.g. in [5,8,12,13]. There, one considers for each C ∈ C the
real subspace

KU (C) :=
\

W⊃C

{φ ∈ domSU (W ) : SU (W )φ = φ}.

These are precisely the +1 eigenspaces of our Tomita operators (14.15), (14.16). But
these eigenspaces are well-known [8,15] to be in one-to-one correspondence with the
latter.
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The motivation to construct the modular localization structure from the repre-
sentation U is the Bisognano-Wichmann theorem [4, 11]. This theorem states that
for a large class of local relativistic quantum fields ϕ(f) the so-called modular co-
variance property holds:

S(C)ϕ(f)Ω = ϕ(f)∗Ω if C ⊃ suppf,

where S(C) is constructed as above, cf. (14.14) to (14.16), from the representation
U under which the field is covariant. Thus, given a local quantum field ϕ(f), the
vectors ϕ(f)Ω, suppf ⊂ C, are the prototypes for elements of the subspace DU (C).

14.4 String-Localized Covariant Wave Functions

In view of the above discussion, our task of constructing a string-localized co-
variant free quantum field for a given particle type reduces to the first-quantized
version of the problem: Namely, the construction of the spaces D(C) in terms of
“covariant string-localized wave functions” as mentioned in the introduction. These
are defined as follows. Let U (1) be the corresponding representation, acting on H(1).

Definition 2. A string-localized covariant wave function for U (1) is a weak H(1)-
valued distribution ψ(x, e) on Rd ×Hd−1 satisfying the following requirements.

0) The set of ψ(f, h), with suppf × supph in a fixed compact region in Rd ×Hd−1,
is dense in H(1).

i) Covariance: For all (a,Λ) ∈ P
↑
+ and (x, e) ∈ Rd ×Hd−1,

U (1)(a,Λ)ψ(x, e) = ψ(Λx + a,Λe). (14.20)

ii) String-locality: If suppf + R+supph ⊂ C ∈ C, then ψ(f, h) is in DU(1)(C).

Given such ψ(x, e), one verifies that

ϕ(x, e) := Φ(ψ(x, e)), (14.21)

with Φ(ψ) as in (14.18), is a string-localized covariant free quantum field in the sense
of Definition 1. (Locality (14.3) follows from (14.19).)

Example 1. To illustrate the concept, we consider the scalar irreducible unitary rep-
resentation U0 with mass m ≥ 0. (Scalar means that the little group is represented
trivially.) For f ∈ S(Rd), let Ff denote the restriction of the Fourier transform of f
to the mass shell H+

m. This map enjoys the covariance properties

U0(g)Ff = F g∗f, g ∈ P
↑
+, (14.22)

U0(j)Ff = F j∗f̄ , j ∈ P
↓
+, (14.23)

where (g∗f)(x) := f(g−1x). Further, if f has compact support contained in some
wedge W , then

exp(−π(K0)W )Ff = F (jW )∗f, (14.24)

where (K0)W is the generator of U0(ΛW (t)). The basic fact underlying this identity
is that for x ∈ W , the analytic function t �→ ΛW (t)x has imaginary part in the
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forward light cone for t in the strip R + i(0, π), and goes to jWx if t goes to iπ.
Lemma 5 in the appendix then implies (14.24). It follows that SU0(W )Ff = F f̄ ,
hence Ff ∈ DU0(O) if suppf ⊂ O. Consequently the map f �→ Ff is, in analogy to
the above definition, a (point-) localized covariant wave function for U0. Note that
the definition (14.21), namely ϕ(f) := Φ(Ff) with Φ(·) as in (14.18), then coincides
with the usual scalar free field.

We now turn to the construction of a string-localized covariant wave function for
arbitrary U (1) with mass m ≥ 0 and faithful (or scalar) inducing representation
D of the little group Gp̄. Bros et al. exhibit in [2] a family of unitary irreducible
representations V α of the Lorentz group L+, labelled by a complex number α with
real part −(d − 2)/2.6 As we show in Lemma 3, the inducing representation D is
contained in the restriction of V α to Gp̄, namely as a subrepresentation if m > 0 and
in a direct integral decomposition if m = 0. This implies that U (1) is contained in the
representation induced by V α|Gp̄. But the latter is equivalent to the representation
U0 ⊗ V α, hence U (1) is contained in U0 ⊗ V α. More precisely, there is a map Rα

from (a dense domain in) the tensor product of the representation spaces of U0 and
V α into the representation space of U (1) satisfying the intertwiner relation

U (1)(a,Λ) ◦Rα = Rα ◦ U0(a,Λ) ⊗ V α(Λ), (a,Λ) ∈ P
↑
+, (14.25)

on its domain. We write down a suitable intertwiner Rα in Lemma 3, which turns
out to satisfy also

U (1)(j) ◦Rα = Rᾱ ◦ U0(j) ⊗ V α(j), j ∈ L
↓
+. (14.26)

Thus, the problem of finding a string-localized wave function can now be separated.
For U0 we already have a localized wave function, cf. Example 1. Now for V α, Bros
et al. [2] construct implicitly a “localized covariant wave function” on Hd−1, in the
following sense:

Example 2. There is a continuous linear map Fα from D(Hd−1) into the represen-
tation space of V α with the following properties:

0) The set of Fαh, with supph in a fixed region in Hd−1, is dense.
i) For h ∈ D(Hd−1),

V α(Λ)Fαh = FαΛ∗h, Λ ∈ L
↑
+, (14.27)

V α(j)Fαh = F ᾱj∗h̄, j ∈ L
↓
+. (14.28)

ii) For a wedge W whose edge contains the origin, let Kα
W be the generator of

V α(ΛW (t)). Then for all h ∈ D(Hd−1) with supph ⊂ W ∩ Hd−1, the vector
Fαh is in the domain of exp(−πKα

W ), and

exp(−πKα
W ) Fαh = Fα (jW )∗h. (14.29)

(We recall the definition of Fα in the appendix, cf. (14.49), and show in Lemma 4
that the mentioned properties are implicitly contained in [2].)

6V α is in fact equivalent to the irreducible principal series representation corre-
sponding to the value −|α|2 of the Casimir operator.
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All this implies that a good candidate for a covariant string-localized wave function
in the sense of Definition 2 is given by

ψα(f, h) := Rα(Ff ⊗ Fαh), (14.30)

with f ∈ D(Rd) and h ∈ D(Hd−1). We have in fact the following result.

Proposition 1. Equation (14.30) defines a string-localized covariant wave function
for U (1) in the sense of Definition 2. Moreover, for C ∈ C the Tomita operator S(C)
acts as follows. Let O ⊂ Rd and Ô ⊂ Hd−1 be such that O + R+Ô ⊂ C. Then for all
f with suppf ⊂ O and h with supph ⊂ Ô,

S(C)ψα(f, h) = ψᾱ(f̄ , h̄). (14.31)

For m = 0, ψα(f, h) has the explicit form

ψα(f, h)(p) = Ff(p)uα(h, p), (14.32)

where h �→ uα(h, p) is the h-valued distribution on Hd−1 with kernel

uα(e, p)(k) = e−iπα/2

Z

Rd−2
Δzeikz `ξ(z) ·A−1

p e
´α

. (14.33)

Here z �→ ξ(z) is the isometry from Rd−2 onto Γp̄ exhibited in (14.9).

Proof. We first consider m > 0, in which case the intertwiner Rα is a partial isometry
defined on the whole Hilbert space, cf. Lemma 3. Then the covariance condition i) of
Definition 2 is satisfied by construction, cf. (14.22), (14.25) and (14.27). The “Reeh-
Schlieder” property 0) of Definition 2 follows from the well-known Reeh–Schlieder
property of Ff and that of Fαh, cf. 0) of Example 2. It remains to prove (14.31),
which then implies the locality property ii). As a first step, let f and h be such
that suppf + R+supph is contained in the standard wedge W0. It then follows that
suppf is contained in W0 and supph in its closure. Suppose first that supph ⊂ W0.
Then from (14.24) and (14.29) we know that the vectors Ff and Fαh are in the
domains of the corresponding “modular operators” exp(−πKW0) and that the latter
maps them to F (j0)∗f and Fα(j0)∗h, respectively. From the intertwining property
(14.25) of Rα and its continuity it follows (e.g. using Lemma 5) that ψα(f, h) is in
the domain of exp(−πKW0) and that

exp(−πKW0) ψ
α(f, h) = ψα

`

(j0)∗f, (j0)∗h
´

. (14.34)

Further, (14.23), (14.26) and (14.28) imply that U (1)(j)ψα(f, h) = ψᾱ
`

j∗f̄ , j∗h̄
´

for
j ∈ L

↓
+. Now the last two equations imply that

S(W0)ψ
α(f, h) = ψᾱ(f̄ , h̄). (14.35)

If, on the other hand, supph meets the boundary of W0 (but is contained in its
closure), then one finds a sequence hn → h so that supphn ⊂ W0 for all n. Then
S(W0)ψ

α(f, hn) goes to ψᾱ(f̄ , h̄), and (14.35) also holds in this case because S(W0)
is closed. By covariance, it follows that for any wedge W , the operator S(W ) acts as
in (14.35) if suppf + R+supph ⊂ W . This proves (14.31). The continuity property
follows from that of F , Fα and Rα. The proof is complete for m > 0.
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For m = 0, we show in [14] the following facts. Rα is well-defined on vectors of
the form Ff ⊗ Fαh, leading to the formula (14.32), (14.33), and the intertwining
properties (14.25) and (14.26) hold on these vectors. Further, if h has support in a
wedge W , then for almost all p the h-valued function t �→ uα(ΛW (t)∗h, p) is analytic
on the strip R+i(0, π) and weakly continuous on its closure. It is uniformly bounded
in p and t, for p in a dense set of H+

0 and for t in any compact subset of the closure
of the strip. As t goes to iπ, it goes to u((jW )∗h, p). This implies (14.34), e.g. using
Lemma 5 (details are spelled out in [14]). The proof of (14.31) is then completed as
in the case m > 0. Finally, we show in [14] an analyticity and growth property in e
of uα(e, p) which implies continuity of ψα(f, h). �

14.5 Summary and Outlook

We have constructed, for each α ∈ C with Reα = −(d− 2)/2 and each massless
“infinite spin” representation U (1), a H(1)-valued distribution on Rd × Hd−1 with
certain specific properties, which motivate our name “string-localized covariant wave
function”. They guarantee that second quantization (14.21) of these objects leads
to a string-localized covariant free quantum field, cf. Definition 2 and discussion
thereafter. Summarizing, and using the explicit formula (14.32), we have as our
main result:

Theorem 1. Let ϕ(x, e) be the operator-valued distribution given by7

ϕα(x, e) =

Z

H+
m

Δμ(p)
n

eip·x uα(e, p) ◦ a∗(p) + e−ip·x uᾱ(e, p) ◦ a(p)
o

, (14.36)

with uα as in (14.33). Then ϕ(x, e) is a string-localized covariant free quantum field
for U (1) in the sense of Definition 1.

It turns out [14] that the formula works for all α ∈ C\N0, and that for a certain
range of values the fields need not be smeared in the directional variable e. It also
works with uα and uᾱ replaced by F (p·e)uα(e, p) and F (−p · e)uᾱ(e, p), respectively,
where F is the distributional boundary value of a suitable function which is analytic
on the upper half plane. The resulting fields are all relatively “string-local” to each
other. It is shown in [14] that every string-localized covariant free field, in the sense
of Definition 1, is of the above form.

An important open problem for our infinite spin fields is the existence of local
observables. These are operators which are localized in bounded regions, in the sense
that they commute with field operators localized causally disjoint from the respective
region. In this sense, a local expression for the energy density is of particular interest,
since it would be valuable for a discussion of the thermodynamic properties of the
KMS states [13] of our fields.

We have perfomed the above construction also for massive bosons with arbitrary
spin, and similar constructions work for fermions with half-integer spin and for
photons [14]. Our photon field Aμ(x, e) is a string-localized covariant version of the
“axial gauge”, acting on the physical photon Hilbert space. The resulting fields in

7We use the symbolic notation a∗(ψ) =:
R

dμ(p)ψ(p) ◦ a∗(p) and
a(ψ) =:

R

dμ(p)ψ(p) ◦ a(p).
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all these cases are strictly string-localized, but relatively local to the corresponding
standard point-localized free fields. (In fact, they can be written as certain line
integrals over the latter [14].)

The reason why these fields nevertheless have the potential for applications is
that they might serve as ingredients for the construction of interacting models with
string-like localization. Recall that the results of [4, 8] support the viewpoint that
localization of charged quantum fields in space-like cones (the idealizations of which
are our strings) is a natural concept, yet there is so far a lack of rigorous model
realizations8 . There are two reasons to believe that our free fields are good starting
points for a construction of interacting fields with strict string-localization. Firstly,
since the obstruction to point-like localization is due to the charge, which is already
carried by the single particle states, one should expect that already the latter are
strictly string-localized. That is to say, the single particle states E(1)ϕΩ, where E(1)

denotes the projection onto the single particle space and ϕ is an interacting field,
are string-like (but not point-like) localized in the sense of (14.15). But then the
LSZ relations imply that the corresponding incoming and outgoing free fields are
also strictly string-localized. Therefore, our fields might represent the in- and out-
fields of such a model, in contrast to the usual point-localized free fields. Secondly,
the distributional character of our free fields is less singular than that of the point-
localized free fields, as is made precise in [14], even more so in the direction of the
localization string. This fact should lead to a larger class of admissable interactions
in a perturbative construction, as compared to taking the standard point-localized
free fields as starting point.
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A Extension of the Representations to P+

The proper Poincaré group P+ is generated by P
↑
+ and any single element j0 in

P
↓
+. We choose

j0 := jW0 . (14.37)

(Note that −j0 is in P
↑
+ and hence leaves each mass shell H+

m, m ≥ 0, invariant.)
As to the irreducible representation U (1), we choose the base point p̄ ∈ H+

m so that

− j0p̄ = p̄. (14.38)

Then the section p �→ Ap of the bundle L
↑
+ → L

↑
+/Gp̄ = H+

m can be chosen [14] so
that it transforms under the adjoint action of j0 as

j0Apj0 = A−j0p. (14.39)

8apart from non-Lorentz covariant infra-vacua models as in [7] and lattice models
as in [9,10].
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Let D(j0) be the anti-unitary involution from Lemma 2 below. Then, by virtue of
(14.39) and (14.41), the anti-unitary involution defined by

`

U (1)(j0)ψ
´

(p) = D(j0)ψ(−j0p) (14.40)

extends U (1) to an (anti-) unitary representation of P+ within the same Hilbert
space H(1) = L2(H+

m,Δμ)⊗ h. Due to irreducibility, U (1)(j0) is fixed up to a phase
factor.

Lemma 2. There is an anti-unitary involution D(j0) acting on h satisfying the rep-
resentation properties

D(j0)
2 = 1 and D(j0)D(Λ)D(j0) = D(j0Λj0), Λ ∈ Gp̄. (14.41)

The existence of such a representer is established in Lemma 3. Note that the adjoint
action of j0 leaves Gp̄ invariant due to (14.38), hence the lemma states that D
extends to a representation of the subgroup of P+ generated by Gp̄ and j0.

B Intertwiners and Localization Structure for the Principal
Series Representations

We recall the representation of the Lorentz group presented by Bros et al. in [2].
Fix a complex number α with real part −(d−2)/2. Let H+

0 denote the mantle of the
forward light cone in Rd as before, and let Cα(H+

0 ) denote the space of continuous
C-valued functions on H+

0 which are homogenous of degree α, i.e.

Cα(H+
0 ) := {ψ ∈ C(H+

0 ) : ψ(tp) = tα ψ(p), t > 0}.
Consider the maps V α(Λ), Λ ∈ L+, defined on C(H+

0 ) by

(V α(Λ)ψ)(p) := ψ(Λ−1p) , Λ ∈ L
↑
+ , (14.42)

(V α(j)ψ)(p) := ψ(−jp) , j ∈ L
↓
+. (14.43)

Clearly, V α|L↑
+ establishes a representation of L

↑
+ in Cα(H+

0 ), while V α|L↓
+ maps

Cα(H+
0 ) onto Cᾱ(H+

0 ), and the pair V α, V ᾱ satisfies the following representation
property:

V ᾱ(j1)V
ᾱ(Λ)V α(j2) = V α(j1Λj2), Λ ∈ L

↑
+, jk ∈ L

↓
+. (14.44)

Let now Γ be any (d−2)-dimensional cycle which encloses the origin. Then Cα(H+
0 )

can (and will) be identified with C(Γ ). Let ΔνΓ be the restriction of the Lorentz
invariant measure Δν on H+

0 to Γ , and define a scalar product on C(Γ ) by

(ψ,ψ′) :=

Z

Γ

ψ(p)ψ′(p) dνΓ (p). (14.45)

As Bros and Moschella point out [2], the representation V α of the Lorentz group
is unitary w.r.t. this scalar product. The corresponding Hilbert space completion of
C(Γ ) will be denoted by h′, and the extension of V α to this space will be denoted by
the same symbol. It is equivalent to the irreducible principal series representation
corresponding to the value −|α|2 of the Casimir operator [2].
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Lemma 3. i) Let D be a faithful irreducible representation of Gp̄, and let Reα =
−(d− 2)/2. Then V α|Gp̄ contains D, i.e. there is a map T from a dense domain in
h′ onto a dense subspace of h which intertwines the representations V α|Gp̄ and D
in the sense that

D(Λ) ◦ T = T ◦ V α(Λ), Λ ∈ Gp̄, (14.46)

holds on its domain. In the case m > 0, D is a subrepresentation of V α, while
for m = 0, D occurs in a direct integral decomposition of V α. T also intertwines
V α(j0), in the sense of (14.46), with an anti-unitary operator D(j0) satisfying the
representation properties (14.41).
ii) Let Rα be the map from (a dense domain in) L2(H+

m)⊗h′ into H(1) = L2(H+
m)⊗h

defined by
`

Rα(φ⊗ ϕ)
´

(p) := φ(p)TV α(A−1
p )ϕ. (14.47)

Then Rα satisfies on its domain the intertwiner relations (14.25) and (14.26).

Proof. Ad i). We choose the cycle Γ conveniently as Γ := Γp̄ defined in (14.8).9

As mentioned, the cycle Γ = Γp̄ is isometric to the sphere Sd−2 for m > 0, and
to Rd−2 for m = 0, and its isometry group coincides with Gp̄. Hence the action
of Gp̄ on Γ corresponds to the natural action of SO(d − 1) on Sd−2 for m > 0,
and to the natural action of E(d − 2) on Rd−2 for m = 0. It also follows that
the invariant measure ΔνΓ goes over into the SO(d − 2) invariant measure ΔΩ
on Sd−2 or the Lebesgue measure Δz on Rd−2, respectively. In the case m > 0,
it follows that h′ is naturally isomorphic to L2(Sd−2, ΔΩ), and V α|Gp̄ acts as the
push-forward representation. As is well-known, this representation decomposes into
the direct sum of all irreducible representations D(s) of SO(d− 1). (In d = 4, s runs
through N0 and the irreducible subspaces are spanned by the spherical harmonics
Ys,m, and in d = 3, s runs through Z and the irreducible subspaces are spanned
by θ �→ exp(isθ).) Hence, for each s there is a partial isometry T = T(s) with the
claimed property (14.46). Further, under the mentioned equivalence Γ ∼= Sd−2 the
representer of j0 acts as (V α(j0)ϕ)(n) = ϕ(I0n), where I0 corresponds to −j0 and
is hence in O(d− 1). Since the spherical harmonics {Ys,m, m = −s, . . . , s} for given
s ∈ N are invariant under O(3) as well as under complex conjugation, it follows
that V α(j0) leaves each irreducible subrepresentation invariant in d=4. This implies
that V α(j0) is intertwined by T with an (anti-unitary) operator D(j0) satisfying
(14.41), as claimed. In d=3, the same conclusion follows from the facts that I0 is an
orientation reversing isometry of the circle, hence SO(2)-conjugate to θ �→ −θ, and
that exp(is(−θ)) = exp(isθ).

Similarly, in the case m = 0, h′ is naturally isomorphic to L2(Rd−2,Δz), and
V α|Gp̄ acts as the push-forward representation. Via Fourier transformation, this
representation decomposes into a direct integral of irreducible representations D(κ),
where κ runs through R for d = 3, and through R+ for d = 4. Thus there is a
densely defined intertwiner T satisfying (14.46) on its domain: Tϕ is the restriction
of the Fourier transform of ϕ to the circle with radius κ for d = 4, respectively
its value at κ for d = 3. Further, under the mentioned equivalence Γ ∼= Rd−2 the
representer of j0 acts as (V α(j0)ϕ)(z) = ϕ(I0z), where I0 corresponds to −j0. With

9Note that Γp̄ is invariant under Gp̄ and −j0, which implies that the restriction
of V α to the subgroup of L+ generated by Gp̄ and j0 does not depend on α.
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our explicit formula (14.9), I0 coincides with the reflection z �→ −z.10 The identity
TV α(j0)ϕ = Tϕ then implies that V α(j0) leaves the kernel of T invariant. Hence

D(j0)Tϕ := T V α(j0)ϕ,

defines an anti-unitary operator D(j0) on the image of T , which also has the repre-
sentation property (14.41), as claimed.

Ad ii). The intertwiner relations (14.25) and (14.26) follow from part i), (14.39)
and (14.44). �

We now discuss the map Fα defined by Bros et al. [2], which we used in Example 2.
It is the Fourier-Helgason type transformation given by

Fα : D(Hd−1) → Cα(H+
0 ) ⊂ h′, (14.48)

(Fαh)(p) := e−iπα/2

Z

Hd−1
Δσ(e)h(e) (e · p)α. (14.49)

Here, e · p denotes the scalar product in d-dimensional Minkowski space, of which
Hd−1 and H+

0 are considered submanifolds. The power tα is defined via the branch
of the logarithm on R\R−

0 with ln 1 = 0, and as limε→0+(t+ iε)α for t < 0. Further,
Δσ denotes the Lorentz invariant measure on Hd−1. In our context, the upshot of
this transformation is the following.

Lemma 4 (Bros et al.). The map h �→ Fαh establishes a “localized covariant wave
function” on Hd−1 in the sense of the properties 0) . . . ii) listed in Example 2.

Proof. The transformation Fα has been taken over from [2] in such a way that
Fαh = φ(h)Ω, where φ(·) is the free field of [2], cf. [2, eq. (4.30)]. In this context,
property 0) of our Example 2 is the Reeh–Schlieder property, Proposition 5.4 of [2].
The covariance property i) corresponds to the covariance of the field φ(·) (and also
follows directly from the definitions). Finally, the geometrical KMS condition [2,
Prop. 2.3] enjoyed by the two-point function of φ(·) implies that Fαh is in the
domain of the Tomita operator exp(−πKα

W ). The antipodal condition [2, Prop. 2.4]
then shows that this operator acts on Fαh as in (14.29). This proves ii). �

We finally mention a standard result, which we have used occasionally in the context
of our modular operators.

Lemma 5. Let Ut be a continuous unitary one-parameter group, with generator K.
Then ψ is in the domain of exp(−πK) if, and only if, the vector-valued map

t �→ Utψ

is analytic in the strip R+ i(0, π) and weakly continuous on the closure of that strip.
In this case, exp(−πK)ψ coincides with the analytic continuation of Utψ into t = iπ.

10Using another isometric diffeomorphism yields the same I0 up to conjugation
with a euclidean transformation, leading to the same conclusion.
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Quantum Anosov Systems
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Summary. The concept of Anosov flows and of Kolmogorov systems can be trans-
lated from classical to quantum systems. It is shown that modifications of the con-
cepts are necessary to keep the same clustering behavior as is typical for classical
Anosov systems. With such modifications, Anosov structure appears rather natu-
rally in a type III1 algebra. Here Anosov structure and Kolmogorov structure with
respect to modular evolution are even equivalent. The Rindler wedge of quantum
field theory offers a typical example.

15.1 Introduction

The idea that thermodynamics and an approach to equilibrium has to be un-
derstood on the basis of statistics, as has been emphasized by Boltzmann, is now
common belief. However we have not been successful in proving the concepts in
mathematically rigorous and at the same time physically realistic models. Neverthe-
less it has motivated us to study and characterize in detail the long time behavior
of evolutions. In fact ergodic theory has become a rich and fruitful discipline in the
classical framework. Concepts such as dynamical entropy and Lyapunov exponents
have been developed and can be used to describe approaches to an invariant state.
They can be studied in various models and enable us to study long time behavior
in an efficient way.

There have been many attempts to translate these concepts to quantum systems.
One path is followed in quantum chaology : one starts with a classical evolution in a
finite system and studies how the spectral behavior of its quantum counterpart, and
especially correlations between eigenvalues, reflect ergodic properties of the classi-
cal system. Concepts such as dynamical entropy and Lyapunov exponents however
cannot be translated. The other possibility is to start with these most powerful
concepts of classical theory and to try to translate them to quantum systems. It
turns out that it is essential to leave the type I algebras, that describe few nonrel-
ativistic particles and move to the type II and III cases. Only here is it possible
to obtain powerful results on convergence properties of correlation functions. This
is of course promising in understanding how statistics and thermodynamics can be
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related, because thermodynamics and infinite systems offer us type III algebras in
which we can hope that in realistic models ergodic concepts are realized.

But it also turns out that small variations in the starting point lead to strong
structural differences. This makes it even more important that it has been possible
to observe the relevant ergodic behavior in quantum field theory and therefore en-
ables us to test how we have to modify relevant questions in the context of ergodic
quantum theory.

15.2 The classical system

We start with a measure space on which time evolution is described as a measure
preserving action that can be either discrete or continuous. Already in [16] it was
pointed out that we can formulate the problem in the language of abelian algebras.
On this algebra the invariant measure defines an invariant state and we are concerned
with the behavior of ω(AτtB) and its convergence to ω(A)ω(B). As a starting point
the convergence can be read off from the spectral properties of the unitary Ut that
implements the time evolution in the Koopman formalism [11]. If Ut has absolutely
continuous spectrum apart from the nondegenerate eigenvalue 1 that corresponds
to the (unique) invariant state, then convergence is guaranteed, but this statement
is still very rough. We want to control the rate of convergence and its dependence
on the operators A and B. Here we have two descriptions:

A.) Kolmogorov systems: These are systems (A,A0, τt, ω), where τt is an auto-
morphism on the algebra A, ω a τt invariant state over A and A0 a subalgebra such
that

τtA0 = At ⊂ A0 ∀t < 0, {
[

t

At}′′ = A,
\

t

At = c1. (15.1)

In a K-system the time evolution is K-clustering in the following sense: For a given
B and given ε there exists a t0 such that

|ω(AτtB) − ω(A)ω(B)| ≤ ε||A|| ∀t > t0. (15.2)

In a Kolmogorov system Ut has, apart from a simple point spectrum 1, infinitely
degenerate absolutely continuous spectrum. The algebra A0 can be found by starting
with a finite dimensional subalgebra (a finite partition of the measure space) B and
constructing A0 = (

S

t∈R+ τ−tB)′′.

B.) Anosov systems [2]: The measure space has in addition the structure of a
hyperbolic manifold. The geodesic flow defines a continuous time evolution τt. In
addition there exist two other automorphism groups σ±, the horocyclic actions, that
satisfy

τtσ
±
s τ−t = σe±λts. (15.3)

These automorphism groups σ± permit a foliation of the manifold: in one di-
rection the time evolution acts as expansion, in the other as contraction, and the
amount of expansion and contraction is uniform over the manifold. The foliation
helps to control the refinement of a given partition (preferably a partition respect-
ing the foliation) in such a way that it can be shown that every partition has a
trivial tail. Therefore every Anosov system is also a Kolmogorov system. In addition
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we can control the clustering properties also via

lim sup
t→∞

|ω(AτtB) − ω(A)ω(B)|
e−λt

< ∞. (15.4)

These clustering properties are used in numerical calculations to characterize the
ergodic behavior of an evolution.

Evidently the assumption of two automorphism groups τt and σs that satisfy
the Anosov commutation relations (15.3) is not restricted to abelian algebras. Also
the definition of a Kolmogorov system is not restricted to the abelian situation [13].
What remains is the question whether also in the noncommutative case we can draw
conclusions on the clustering properties and on a Kolmogorov structure.

15.3 Spectral properties and clustering properties

We do not make any assumptions on the underlying algebra but just assume
that τt and σs are strongly continuous. Then the two spectra of Ut, τt = adUt,
Vs, σs = adVs are determined by the Anosov relation. The Hilbert space can be
written as H = |Ω > ⊕(L2(R+, dx)×L2(y, dμ(y))) Here |Ω > is the state invariant
both under Ut and Vs. In the remaining space Ut, Vs act as

Vsf(x, y) = eixsf(x, y), Utf(x, y) = et/2f(etx, y). (15.5)

We can use the Anosov structure in various ways to characterize the clustering
behavior.

Theorem 1. [14] Let A(f) =
R∞
0

dsf(s)σsA, f = F ′, F (0) = 0, ||F ||1 < ∞, ||F ′||1 <
∞, ||F ′′||1 < ∞. Then:

a) The set of these operators is dense in the algebra.
b) δA(f) = d

ds
σsA(f)|s=0 exists and is norm bounded by ||F ′′||1.

c) Let ω ◦ σs = ω, ω ◦ δ = 0. Then

lim |ω(A1(f)τtA2(f)A3(f))− ω(A1(f)A3(f))ω(A2(f))| ≤ 2e−λt||F ||1||F ′′||1.
(15.6)

Proof. We may assume that ω(A2(f)) = 0. By partial integration we obtain

|ω(A1(f)τtA2(f)A3(f))| =
˛

˛

˛

e−λt < Ω|A1(f)

Z

dsF (s)σe−λtsδτtA2A3(f)
˛

˛

˛

Ω > |

= e−λt
˛

˛

˛

< Ω|δA1(f)

Z

dsF (s)σe−λtsτtA2A3(f)

+A1(f)

Z

dsF (s)σe−λtsτtA2δA3(f)|Ω > |
≤ 2e−λt||F ||1||F ′′||1.

�

Variations of the restrictions on the operators on which we want to study the con-
vergence of the correlation functions are possible. We have chosen a way which is
expressed only in the operators and the action of the automorphisms. Alternatives
use the spectral representations of Ut, Vs, but always also some smearing of the
operators [9].
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15.4 Verification of the Anosov structure in crossed product
constructions

The first attempt to construct non-abelian algebras other than type I was the
crossed product construction. Already in [17] von Neumann used automorphisms
that satisfy the Anosov relations to construct the first example of a type III algebra.
However he had to apply some modifications:

If we start with the abelian algebra L∞(R, dx), we have as automorphisms the
shift σsf(x) = f(x + s), and the dilation τtf(x) = f(e−tx) such that

τtσsτ−tf(x) = τtσsf(etx) = τtf(et(x + s)) = f(x + ets).

The crossed product with σs L∞× |σsR acts on L2(R2, dxdy) and is built by opera-
tors {f(x + y), py}. Therefore it is isomorphic to B(L2(R,dx)). The automorphism
τt can be extended to the crossed product and on the type I algebra becomes an in-
ner automorphism. As a consequence we have no invariant state, in correspondence
to the fact that we started with an infinite measure. There exist operators invari-
ant under time evolution (the functions of the unitary Ut) and therefore we do not
have time clustering in general. As an analog of the Kolmogorov structure we can
construct an ideal Aa = Ξ[−a,a](x)BΞ[−a,a](x) where Ξ[−a,a](x) is the projection op-
erator in x-space on the interval [−a, a]. This ideal has a trivial tail

T

t<0 τtAa = Ω.
To avoid type I situations where L∞(R, dx)×|σsR is isomorphic to B(L2(R, dx),

von Neumann restricted the crossed product construction to the rationals C.
With L∞(R, dx) × |σsC we obtain a type II∞ algebra with the trace trf̂(x, s) =
R

f(x, 0)dx. The natural extension of the automorphism τt to an automorphism τ̂t

on the crossed product (τ̂tf̂(x, s) = f̂(etx, ets)) (where we have to restrict the per-
mitted values of t such that et ∈ C) satisfies tr ◦ τ̂t = ettr. Therefore [17], we obtain
a type III algebra, more precisely a type III0 algebra, with automorphism groups
with Anosov type, which however are not continuous. This has to be compared to
the result of [19]: if the automorphism τt (now t ∈ R) of a type II∞ algebra satisfies
tr ◦ τ̂t = ettr for all t ∈ R, then the crossed product is a type III1 algebra.

Another example is provided by the irrational rotation algebra that can be
obtained as a crossed product of the abelian algebra over the one-dimensional
torus with the shift [18]. We can also think of this algebra as the subalgebra of
B(L2(R, dx)), Aa = {Un = e2πinx, V m = eiampx} [10]. The parameter a is called a
rotation parameter. The algebra appears in this form in the quantum Hall effect [15]
where the rotation parameter a is related to the magnetic field. On this algebra we
have the automorphism groups

σ+
γ e2πixn = e2πin(x+γ), σ+

γ eiapxm = eiampx ,

σ−
γ e2πixn = e2πinx, σ−

γ eiapxm = eiam(px+γ).
(15.7)

They replace the horocyclic actions in the classical Anosov system. In addition
the dilation in appropriate direction and appropriate step size acts as a discrete
automorphism group:

W (�n) = Un1V n2 , τTW (�n) = W (T�n) (15.8)

where T is a 2 × 2 matrix built of integers and with determinant 1. The algebra is
type II1, if a is irrational, it is type I with nontrivial center, if a is rational. In both
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cases it permits the construction of a trace. If a > 1 this trace can be obtained as
expectation value with Ψ(x) = Ξ[0,1](x). In the corresponding GNS representation all
unitaries that implement the above automorphisms are independent of the rotation
parameter a. Therefore the system has the same clustering properties as the abelian
analog. However multicorrelations become different, and it is an open problem, if an
underlying Kolmogorov structure can be found.

As another example in this framework we start with the abelian algebra
L∞(R+, dx). Here σs acts only as (not unity preserving) endomorphism:σsf(x) =
f(x − s), s > 0. We consider L∞(R+, dx) as an ideal in L∞(R, dx) and take f as
a function in L∞(R,dx) satisfying f(x) = f(x)Θ(x) with the Heaviside Θ-function
(Θ(x) = 1 iff x ≥ 0), which enables us to extend σs to all s ∈ R:

σsf(x) = f(x− s)Θ(x)Θ(x− s). (15.9)

The group property is changed to

σ−sσsf(x) = f(x), s ≥ 0, σsσ−sf(x) = f(x)Θ(x− s) = γsf(x), s ≥ 0 (15.10)

where γs is the conditional expectation on the ideal As = {f(x)Θ(x − s)}.
τtf(x) = f(e−xx) remains as an automorphism that satisfies Anosov relations with
the endomorphisms σs.

Also with the endomorphism we can construct a crossed product. It is the algebra
A acting on H = L2(R+×R+, dxds) and generated by operators df(x) corresponding
to f(x) ∈ L∞(R+, dx) = F and bV (t), t ∈ R defined as

df(x)Ω(x, s) = (σ−sf(x))Ω(x, s) = f(x + s)Ω(x, s), (15.11)

bV (t)Ω(x, s) = Θ(s− t)Θ(s)Ω(x, s− t) (15.12)

such that bV (t)bV (−t) = bP (t) is a nontrivial projector for t > 0. We collect the
multiplication rules that follow from the definition of the operators:

bV (t)df(x)bV (−t) = ̂(f(x− t)Θ(x) bP (t) = ̂(σtf(x)) bP (t), (15.13)

df(x) bP (t) = bP (t)df(x), (15.14)
bV (t) bP (z)bV (−t) = bP (z + t) bP (t), (15.15)

bP (z) bP (t) = bP (t) bP (z). (15.16)

For f(x, t, z) continuous and bounded functions the operators

̂f(x, t, z) =

Z

(f(x, t, z))∧ bV (t) bP (z)dtdz

are well defined and dense in the algebra. They act as

̂f(x, t, z)Ω(x, s) =

Z ∞

−∞
dt

Z ∞

0

dzf(x + s, t, z)Θ(s− t− z)Θ(x)Θ(s− t)Ω(x, s− t).

(15.17)
As subalgebra of B(L2(R+ × R+, dxds) together with the imbedding L2(R+ ×
R+, dxds) ⊂ L2(R × R, dxds) it is constructed by operators {Θ(x)Θ(s)f(x +
s), Θ(x)Θ(s)eitpsΘ(x)Θ(s)} = {Θ(x)Θ(s)f(x, s), Θ(x)Θ(s)eitpsΘ(x)Θ(s)} and has
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center {Θ(x)Θ(s)f(x + s)}. The automorphism τρ can be extended over A to an
automorphism τ̂ρ via

τ̂tρ ̂f(x, t, z) = e2ρ ̂f(eρx, eρt, eρz). (15.18)

On A we can define a trace by

Tr ̂f(x, t, z) =

Z

f(x + s, 0, z)Θ(s− z)Θ(s)Θ(x)Θ(z)dsdxdz. (15.19)

This expression can be obtained as

lim
a→∞

Z

db < Ωa,b| ̂f(x, t, z)|Ωa,b >,Ωa,b(x, s) = eisbΘ(a− x)Θ(a− s). (15.20)

With respect to the automorphism group τ̂ρ it satisfies

Trτ̂ρ
̂f(x, t, z) = e−ρTr ̂f(x, t, z). (15.21)

The algebra is a type I∞ algebra with an unbounded trace and an automorphism
that is not inner on the center. This automorphism is unitarily implemented whereas
the horocyclic action as endomorphism is not.

It remains to see whether the clustering properties remain the same as in the
classical situation. As for L∞(R+, dx) we cannot find a subalgebra but only an
ideal, namely the algebra imbedded between projectors that converge strongly to 0.

Possibilities are bP (t) with bP (t)Ω(x, s) = Θ(t− s)Θ(s)Θ(x)Ω(x, s) or ̂Θ(a− x) with
̂Θ(a− x)Ω(x, s) = Θ(a − x + s)Ω(x, s). Triviality of the tail follows because st-lim

τ̂ρ
̂Θ(a− x) = ̂Θ(a− eρx) = 0.
Our main interest concerns clustering behavior. Now we study trAτ̂ρB. We notice

that we can translate the proof in Theorem 1 to the present situation, since the
trace is invariant under σs, s > 0. However we have to control in addition that
trA1(f) < ∞, which holds if we choose A1 ∈ Aa such that we can estimate

|trA1(f)τ̂ρA2(f)|
tr|A1(f)| ≤ e−λρ |tr|δA1(f)|

tr|A1(f)| ||F ||1 ∀A2, trA2(f) = 0. (15.22)

Nevertheless we have one essential difference: In the general classical framework
we started with two horocyclic actions. These two actions are related to time re-
flection. Consider on the abelian L∞(R+, dx) the map γf(x) = f(1/x) such that
γτtγf(x) = f(e−tx) = τ−tf(x). Acting on the horocyclic action we have γσ+

s γ = σ−
s

with σ−
s f(x) = γf( 1

x−s
) = f( x

1−xs
). Therefore the second horocyclic action appears

naturally. This changes on the noncommutative level. Passing to the crossed prod-
uct neither time reflection nor σ−

s can be extended. Though τ̂ρ is a group there is a
natural asymmetry with respect to time direction.

15.5 The Type III Case

The type III case offers an example in which Kolmogorov structure and Anosov
structure imply one another, however again with the modification that we permit
endomorphisms. In addition this example appears in the physical context of quantum
field theory. First however we observe a no go theorem:
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Theorem 2. Let A be a type III algebra and τt its modular automorphism group
with respect to a state ω. If τtσsτ−t = σeλts for some automorphism group σs, then
λ = 0.

Proof. Both τt and σs can be unitarily implemented. This implementation is unique
if we demand JUsJ = Us, JVtJ = Vt with J the modular conjugation. Therefore
UtVsU−t = Veλts, so that also the unitaries satisfy the Anosov relations. It follows
that also ω is invariant under σs. A general theorem tells us that τ and σ have to
commute, which reduces the Lyapunov exponent to 1. �

Already in the abelian situation we also considered the case when σs is an
endomorphism. Let therefore σM = N ⊂ M for algebras M,N. This permits us
to pass from Kolmogorov systems to Anosov systems and from Anosov systems to
Kolmogorov systems. These are results starting in [5], continued in [20] and just
recently extended in [1]. (Compare also [6].)

Theorem 3. Let M,N be two von Neumann algebras with common cyclic and sep-
arating vector Ω. Denote the corresponding modular operators and conjugations by
ΔM ,ΔN , JM , JN . Let the endomorphism σ mapping M into N be implemented by
the unitary V . Let V |Ω >= |Ω >.

Then V (t) = Δ−it
M V Δit

N is strongly continuous in t ∈ R and it can analytically be
extended to the strip S(0, 1/2) = {t ∈ C, 0 < Imt < 1/2}. In this strip ||V (τ )|| ≤ 1.
On the boundary V (t + i/2) = JMV (t)JN .

The theorem has a converse:

Theorem 4. Let M,N be two von Neumann algebras with common cyclic and sep-
arating vector Ω. Let W (s) be a family of operators that satisfy the following re-
quirements: W (s)|Ω >= |Ω >, W (s) is analytic and bounded with ||W (σ)|| ≤ 1 in
the strip S(0, 1/2), unitary at the boundary of the strip. Further W (s)NW (s)∗ ⊂
M, W (s + i/2)N′W (s + i/2)∗ ⊂ M′. It follows that

Δit
MW (s)Δ−it

N = W (s− t), JMW (s)JN = W (s + i/2). (15.23)

As a special example for V in Theorem 3 we can take V = JMJN , the operator that
implements the Longo shift [12]. It acts as V ∗MV = N̄ ⊂ N and we can replace N

by N̄ in Theorem 3.
The analyticity properties for V (s) become more precise if we know in addition

that N ⊂ M form a Kolmogorov system, i.e. that Δit
MNΔ−it

M ⊂ N∀t ∈ R+.

Theorem 5. Let M,N be two von Neumann algebras with common cyclic and sepa-
rating vector Ω and assume Δit

MNΔ−it
M ⊂ N∀t ∈ R+. Then

1

2π
(logΔN − logΔM) = G (15.24)

is defined as an essentially selfadjoint operator that satisfies with U(s) = eiGs:

a) G is positive
b) Δ−it

M U(s)Δit
M = Δ−it

N U(s)Δit
N = U(e2πts)

c) JMU(s)JM = JNU(s)JN = U(−s) s ∈ R
d) U(s)MU(s)∗ ⊂ M ∀s ∈ R+.
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Therefore the Kolmogorov structure implies the Anosov structure.

On the other hand we can start with U(s). Assume that U(s)MU(−s) ⊂
U(s′)MU(−s′)∀s > s′. If in addition Δ−it

M U(s)Δit
M = U(e2πts), then with

Ns = U(s)MU(−s)

we have

Δ−it
M NsΔ

it
M = Δ−it

M U(s)MU(−s)Δit
M = U(e2πts− s)U(s)MU(−s)U(−e2πts + s)

= U(e2πts− s)NsU(−e2πts + s) ⊂ Ns ∀t ∈ R+.

So the Anosov structure guarantees that we have a Kolomorov system, and the
two structures with respect to the modular evolution are equivalent for a type III1
system.

If we compare the situation with that of the abelian algebra, we can observe an
essential difference: there we constructed an inverse to the endomorphism that we
needed in the crossed product construction. We could also look at the inverse as an
adjoint σ∗

s = σs that satisfies

ω(AσsB) = ω(σ∗
sA ◦B) ∀A,B ∈ L∞(R+, dx).

We can do the corresponding construction for the type III case using the natural
correspondence between normal states and operators of the (antiisomorphic) com-
mutant:

ωA(B) =< Ω|JAJB|Ω >=< Ω|A∗Δ1/2B|Ω > .

We define the adjoint with respect to the state ω as

ωA(σsB) = ωσ∗
s A(B) =< Ω|A∗Δ1/2U(s)B|Ω >=< Ω|A∗U(−s)Δ1/2B|Ω >= ωσsA

(15.25)
according to Theorem 5. Therefore under the assumptions of Theorem 5, with σs

implemented by U(s), we have σ∗
s = σs.

The above observation can again be taken as a definition for an Anosov structure
for the following reason:

Theorem 6. Let σs be a continuous endomorphism group such that with respect to
the state ω we have ω ◦ σs = ω, σs = σ∗

s . Then τt, the modular automorphism with
respect to ω, and σs define an Anosov system.

Proof. We implement the endomorphism by eiGs. According to our assumption and
(25) we have

e−iGsΔ1/2 = Δ1/2eiGs.

This holds on the domain on which Δ1/2 is essentially selfadjoint, namely on M|Ω > .
If we smear A to Af =

R∞
0

dsf(s)σs(A) for functions that satisfy f, f ′ ∈ L1, f(0) = 0,
then these operators are strongly dense in M and the corresponding domain is still
sufficiently large for Δ1/2. By partial integration G is defined on this domain and we
have GΔ1/2 = −Δ1/2G. We want to calculate e−iGsΔ1/2eiGs = Δ

1/2
s respectively

(compare Theorem 5) log e−iGsΔ1/2eiGs. It suffices to calculate [G, logΔ1/2] which
we can obtain as

[G,

Z ∞

0

dα(
1

Δ1/2 + α
− 1

1 + α
)]
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where we can choose the path such that the integrand apart from α = 0 remains
bounded. We argue, always on the appropriate domain with ε > 0,

0= [G,
1

Δ1/2 + α
(Δ1/2 + α)]

= [G,
1

Δ1/2 + α
](Δ1/2 + α) +

1

Δ1/2 + α
[G, (Δ1/2 + α)]

= [G,
1

Δ1/2 + α
](Δ1/2 + α) +

1

Δ1/2 + α
2GΔ1/2.

Therefore

[G,
1

Δ1/2 + α
] = −2

1

Δ1/2 + α
G

Δ1/2

Δ1/2 + α

= −2G
Δ1/2

(Δ1/2 + α)2
+ 2[G,

1

Δ1/2 + α
]

Δ1/2

(Δ1/2 + α)2
.

We continue to

[G,
1

Δ1/2 + α
](1 − 2Δ1/2

Δ1/2 + α
) = [G,

1

Δ1/2 + α
]
α−Δ1/2

Δ1/2 + α
= −2G

Δ1/2

Δ1/2 + α
,

[G,
1

Δ1/2 + α
] = 2G

Δ1/2

(Δ1/2 + α)(Δ1/2 − α)
.

If we integrate over a path in the lower half plan (which is dictated from s ≥ 0) we
obtain
Z ∞−iε

−∞−iε

Δ1/2

(Δ1/2 + α)(Δ1/2 − α)
dα = 1/2

Z ∞−iε

−∞−iε

dα(
1

Δ1/2 + α
− 1

Δ1/2 − α
) = iπ.

In fact we obtain logΔ
1/2
s = logΔ1/2 + πG as in Theorem 5. �

Finally we remark that the estimate of Theorem 1 on the clustering properties
can be applied, since we have an invariant state and the possibility of smearing.

15.6 Application to Quantum field Theory

A typical example of a quantum Anosov system is the Rindler wedge. As shown
by [3, 4] the modular automorphism group of the Rindler wedge is the boost. The
corresponding endomorphism is light-like translation. The translated Rindler wedge
is stable under positive boosts. Therefore the Poincare group can be constructed
from the imbeddings of the Rindler wedge [8]. Especially σ∗

s = σs appears as a
natural fact, corresponding to the reflection along one light ray.

Another model that is close to an Anosov system but does not satisfy all require-
ments is the de Sitter space. It is the hyperbolic manifold defined as the submanifold
S4 of the five-dimensional space

R

d5xδ(x2
0−x2

1−x2
3−x2

4 +R2). This imbedding into
a higher dimensional space can be used to construct a quantum field theory over the
de Sitter space [7]. The analog to the Rindler wedge is the reduction of the five di-
mensional wedge to the de Sitter space Wj = {x ∈ R5;xj ≥ |x0|} ∩ S4, j = 1, 2, 3, 4.
Geometrical automorphisms of the quantum field theory over the de Sitter space
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are induced by Killing vector fields, whose existence however is rather limited. They
are determined by a Lie algebra Lμν where L0μ are the generators of the modular
evolution in a wedge, which coincides with the time evolution of a geodesic observer.
The Lij correspond to rotations. They satisfy the Anosov commutation relations

[L0i, L0j − Lij ] = i(L0i − Lij).

However L0i − Lij does not leave W1 invariant. Up to order ε (i = 1, j = 2),

x0 → x0 + εx1 +
ε2

2
(x0 + x2), x1 → x1 + εx0 + εx2, x2 → x2 − εx1 − ε2

2
(x0 + x2).

The shift transfers again the wedge along the light ray. If therefore an operator is
sufficiently localized in the interior of the wedge, still

R

dsf(s)σj(s)A will remain in
the wedge. We have only to assume that f(s) is twice differentiable and has compact
support in a sufficiently small region. With this modification we again obtain from
Theorem 1 exponential clustering of the correlation functions.
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DFR Perturbative Quantum Field Theory on Quantum
Space Time, and Wick Reduction

Gherardo Piacitelli∗

I.P. “De Sandrinelli”, Via Paolo Veronese 3, 34131 Trieste, Italia
gherardo@piacitelli.org

Summary. We discuss the perturbative approach à la Dyson to a quantum field
theory with nonlocal self–interaction :φ�· · ·�φ :, according to Doplicher, Fredenhagen
and Roberts (DFR). In particular, we show that the Wick reduction of nonlocally
time-ordered products of Wick monomials can be performed as usual, and we discuss
a very simple Dyson diagram.

Dedicated to Jacques Bros on the occasion of his 70th birthday.

16.1 Introduction

During the XXth century, locality has been so valuable a principle in the devel-
opment of high energy physics, that it is strongly encoded in our minds. Sometimes
we advocate locality even when it is not strictly necessary.

I once heard Daniel Kastler telling a story about a sixty or so pages long paper
on a certain topic in commutative algebra; the astonishing fact was that the only
necessary change in order to generalize the results of that paper to the non-abelian
case was the removal of every occurrence of the word “abelian”. The conclusion of
Kastler’s tale was that commutativity comes so naturally to our mind, that some-
times even an expert might overlook the generality of some arguments.

Something similar happens with locality. We will see that some aspects and
methods of the perturbation theory of a certain class of nonlocal theories are exactly
the same as in the local case.

Indeed, we will consider the nonlocal theory which naturally arises when at-
tempting a perturbative quantum field theory à la Dyson on the flat DFR quantum
space-time. It could have been easily recognized that the usual diagrammatic repre-
sentation of the correction terms to the trivial scattering matrix has nothing to do
with locality. The interesting point, however, is that it has not been easy to recog-
nize this, probably because of some psychological obstruction of the kind mentioned
by Daniel Kastler.

∗Research partially supported by MIUR and GNAMPA-INdAM
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In the next section, we will give a short description of the machinery underlying
the DFR model of a flat quantum space-time, and of a quantum field theory built on
top of it. We will take the occasion to clarify the relations between the original DFR
notation and that which is now current in the literature (see also the appendix).

In Section 16.3, we will describe how to derive the Dyson diagrams for a (pos-
sibly) nonlocal perturbation theory using precisely the same methods which were
developed in the late 1940s. An analogous discussion can be done for the Feynman
diagrams, see [18] for details.

We will draw some conclusions in Section 16.4.

16.2 DFR Quantum Space-time, and All That

16.2.1 The Underlying Philosophy

In their seminal paper [9], Doplicher, Fredenhagen and Roberts proposed to
derive a simple model of space-time coordinates quantization, stemming from first
principles endowed with an operational meaning.

Indeed, the idea of quantizing the coordinates was quite old [22]. The idea that
non-commuting coordinates would produce a coarse-grained space-time also was far
from new. However, the spirit of the DFR proposal was rather original. While Sny-
der’s space coordinates have discrete spectra so as to induce a covariant analogue
of lattice discretization, the DFR coordinates all have continuous spectra, so that
no limitations arise on the precision of the localization in one coordinate. Limi-
tations arise instead on the precision of simultaneous localization in two or more
non-commuting coordinates.

It is common folk lore2 that limitations on localization in the small should arise
since, according to our understanding of high energy physics, the localization process
requires that a certain amount of energy be transferred to the geometric background:
the smaller the localization region, the higher the energy density induced in the
localization region. If the localization process reaches a sufficiently small length
scale (typically the Planck length scale λP =

√
G�c−3), a closed horizon might trap

the region under observation, preventing any information escaping from it.
This classical argument has been invoked for example to claim that it is not

possible to localize with a precision below the Planck length scale (see e.g. [8,14]). A
moment’s thought, however, would make it clear that such a statement is not really
supported by the above argument. Indeed, one might envisage to localizing below the
Planck length scale in one space dimension, at the cost of sufficiently delocalizing in
the remaining space dimensions. The resulting admissible localization region would
be very large (compared with λP ) and very thin; thin enough to obtain localization
much below the Planck length (in one direction), and large enough to keep the energy
density sufficiently low to avoid black hole formation. It was precisely this remark
that led DFR to cast limitations on the admissible localization regions in the form
of uncertainty relations among the coordinates. Lacking more direct motivations,

2Apparently the first who made this remark (in a slightly different form, namely
revisiting Heisenberg’s microscope gedankenexperiment) was C. Alden Mead as
early as 1959, but his paper underwent referee troubles and was not published un-
til 1964 [14]. See the interesting letter of Mead to Physics Today [15].
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they decided to reproduce the path which, long ago, led to canonical quantization;
namely to find commutation relations inducing precisely the required uncertainty
relations.

16.2.2 The DFR Basic Model

A heuristic analysis led DFR to postulate a very simple toy model of a flat,
fully covariant quantum space-time, described by four quantum coordinates, i.e.
four selfadjoint operators qμ on the infinite dimensional, separable Hilbert space H.
Setting λP = 1 (in suitable units) and

Qμν = −i[qμ, qν ],

the commutation relations are [qμ, Q�σ] = 0, or equivalently3

exp(ikμq
μ) exp(ihμq

μ) = exp
“

− i

2
kμQ

μνhν

”

exp(i(h + k)μq
μ), (16.1)

to be complemented with the statement that the joint spectral values σμν of the
pairwise commuting operators Qμν define precisely the set Σ of the antisymmetric
matrices σ fulfilling4

σμνσ
μν = 0, (σμν(∗σ)μν)2 = 16.

The requirement that [qμ, Q�σ] = 0 is a simplifying, otherwise arbitrary ansatz;
once this ansatz is accepted, the limitations on the set Σ stem out of the DFR
stability condition of space-time under localization, together with the quest for co-
variance. We will not give the details; the interested reader is referred to the original
paper.

The coordinates are covariant: there is a unitary representation U of the Poincaré
group P, such that

U(Λ, a)qμU(Λ, a)−1 = Λμ
νq

ν + aμ, (Λ, a) ∈ P.

In strict analogy with Weyl quantization [23], one may consider the quantization
of an ordinary function f = f(x) of R4 defined by

f(q) =

Z

R4
dk f̌(k)eikq, (16.2)

where kq = kμq
μ, and

f̌(k) =
1

(2π)4

Z

R4
dx f(x)e−ikx.

At this point, one might wish to follow the suggestion of Weyl (for example as
von Neumann did [16]) and describe the operator product f1(q)f2(q) in terms of a
suitable product of the ordinary functions f1, f2. Unfortunately, the set of all the

3More precisely, equation (16.1) gives the formal relations [qμ, Q�σ] = 0 the
precise mathematical status of regular, strong commutation relations.

4We recall that the Hodge dual ∗σ of an antisymmetric 2-tensor σ is given by
(∗σ)μν = (1/2)εμνλ�σ

λ�.
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operators of the form f(q) is not closed under operator products. It is then necessary
to preliminarily extend the DFR quantization to a larger class of functions, namely
the functions F = F (σ, x) of Σ×R4. The full DFR quantization of a function of the
form

F (σ, x) =
X

i

gi(σ)fi(x)

(a DFR symbol) is given by

F (Q, q) =
X

i

gi(Q)fi(q);

above, fi(q) is understood as in (16.2), while gi(Q) is the joint functional calculus
of the pairwise commuting operators Qμν .

We may now define a covariant product � of two DFR symbols (the DFR twisted
product) by requiring that

F1(Q, q)F2(Q, q) = (F1 � F2)(Q, q).

By standard computations, one easily finds

(F1 � F2)(σ, x)

=
1

π4

Z

(R4)2

dadb F1(σ, x + a)F2(σ, x + b) exp
`− 2ibμ(σ−1)μνaν

´

. (16.3)

An asymptotic expansion of the (reduced) DFR product is widely known as the
Moyal product. See the appendix for more details.

Following [9], we may define two maps, which, for self-evident reasons, we will
denote by

R

{q0=t} d
3q and

R

d4q, respectively:
Z

{q0=t}

d3q F (Q, q) =

Z

R3

d3x F (Q, (t,x)),

Z

d4q F (Q, q) =

Z

R4

d4x F (Q,x).

These maps are positive: for all F ’s and t’s,
Z

{q0=t}

d3q F (Q, q)F (Q, q)∗ � 0,

Z

d4q F (Q, q)F (Q, q)∗ � 0.

In particular, the positivity of the map
R

{q0=t} d
3q is compatible with the uncertainty

relations, since the latter allow for exact localization in q0, at the cost of total
delocalization in the remaining coordinates. Note also that, for any x ∈ R4 fixed,
the map F (Q, q) �→ F (Q,x) is not positive.

16.2.3 Field Theory

A (Wightman, say) quantum field φ(x) on ordinary Minkowski space-time is a
(generalized) function taking values (morally) in the field algebra F, namely it is
(morally) in C(R4,F) � C(R4) ⊗ F. Here C(R4) is the localization algebra.

Hence, it is natural to replace the classical localization algebra C(R4) with its
quantized counterpart, the algebra E generated by the quantum coordinates qμ. In
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this “semiclassical” model, it is natural to seek for quantum fields on quantum space-
time as elements of (morally) the algebra E ⊗ F. By analogy with the quantization
of ordinary functions, DFR proposed the following quantization of the free Klein–
Gordon field:

φ(q) :=

Z

R4

dk eikq ⊗ φ̌(k).

Then they made the following, fundamental remark. Let H0(φ(x), ∂μφ(x)) be the
free Hamiltonian density. It is well known that the full free Hamiltonian

H0 =

Z

d3x H0(φ(t,x), ∂μφ(t,x))

does not depend on the time t. Then, it was shown in [9] that
Z

{q0=t}

d3q H0(φ(q), ∂μφ(q)) = H0

(as a constant function of σ). To put it in a more explicit way, with

H0(φ(x), ∂μφ(x)) =
1

2
:

 

X

μ

(∂μφ)2(x) + m2φ2(x)

!

:,

we have
Z

{q0=t}

d3q H (φ(q), ∂μφ(q))

=
1

2

Z

R3

dx :

 

X

μ

((∂μφ) � (∂μφ))(t,x) + m2(φ � φ)(t,x)

!

: = H0

(as a constant function of σ).
This remark5 is the starting point for defining an effective perturbation theory

on the ordinary Minkowski quantum space-time, in the so-called interaction rep-
resentation; of course, this ansatz should be taken with a grain of salt. Since the
Hamiltonian is unaffected by the replacement of ordinary pointwise products with
twisted products, we may consider perturbations of the usual free fields. The only
remaining difficulty is the dependence on σ; to get rid of it in view of an effective
theory on ordinary space-time, we need to integrate it out by means of some measure

5This result is independent from the well-known general fact that, for any two
admissible functions f, g, not necessarily solutions of the Klein–Gordon equation,
R

d4x (f �g)(x) ≡ R d4x (fg)(x). The latter result is commonly taken as the starting
point for a perturbative approach to nonlocal theories in the Euclidean setting, since
it implies that the free action is unchanged by replacing the ordinary pointwise
product with some twisted product ∗. Note however that the Wick rotation of a
twisted product is ill defined (namely no well defined ∗ may be reached by Wick
rotating the DFR product �), so that at present (and to the best of the author’s
knowledge) the only known relation between Euclidean and Minkowskian “twisted
theories” is a weak, indirect formal analogy.
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on Σ. Unfortunately, there is no Lorentz invariant measure on Σ; the best we can
find is a rotation invariant measure dσ. Quite unfortunately, this will destroy the
covariance of this class of models under Lorentz boosts.

By analogy with the case of the local φn interaction, we may consider the inter-
action Hamiltonian

HI(t) =

Z

q0=t

:φ(q)n :

=

Z

R3

da : (φ � · · · � φ)(Q, (t,a)) :,

where :AB · · · : denotes the normal (i.e. Wick) ordering of operator products. To
obtain an effective interaction Hamiltonian on the classical Minkowski space-time,
we integrate the σ dependence out, getting

Heff
I (t) =

=

Z

Σ

dσ

Z

R3

da :(φ � · · · � φ)(σ, (t,a)) :

=

Z

R3

da

Z

R4n

dx1 · · · dxn W(t,a)(x1, . . . , xn) :φ(x1) · · ·φ(xn) :

for a suitable kernel6 Wx. Following Dyson [10], the (formal) S-matrix is given by

S = I +

∞
X

N=1

(−ig)N

N !

Z

RN

dt1 · · · dtN T [Heff
I (t1), . . . ,H

eff
I (tN )],

where

T [Heff
I (t1), . . . ,H

eff
I (tN)]

=
X

π

Heff
I (tπ(1)) · · ·Heff

I (tπ(N))

N−1
Y

k=1

θ(tπ(k+1) − tπ(k))

is the product of the Heff
I (tj)’s taken in the order of decreasing times (the sum over

π running over all permutations of (1, . . . , N)). Note that, contrary to the usual
conventions, we wrote T [A,B, . . . ] instead of the traditional T [AB · · · ].

As pointed out in [9], the time ordering acts on the overall times t1, . . . , tn of
the interaction Hamiltonians, not on the time arguments of the fields which appear

6If Cσ is the kernel such that

(f1 � · · · � fn)(σ, x) =

Z

(R4)n

dx1 · · · dxn Cσ(x− x1, . . . , x− xn)f1(x1) · · · fn(xn),

then
Wx(x1, . . . , xn) =

Z

Σ

dσ Cσ(x− x1, . . . , (x− xn).
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in the definition of the interaction Hamiltonian. Since the perturbation theory de-
scribed above is built on top of a Hamiltonian model, the S-matrix of the DFR φ�n

interaction is (formally) unitary by construction. More recent concerns about pos-
sible unitarity violation were the consequence of a too naive way of performing the
time ordering prescription (see [3], and references therein; see also [1, 20, 21]). The
ultraviolet regularity of a φ�3 DFR model has recently been proved by Bahns [2],
under a weaker prescription for averaging over σ.

At this point it might be natural to convince ourselves that the trick of absorbing
the time ordering into some analogue of the Stueckelberg–Feynman propagator is not
possible any more. Indeed, in the local case the Stueckelberg–Feynman propagators
allow us to consider one diagram, describing at once all possible arrangements of the
time of the vertices [12, 19]; this feature might seem apparently lost in the present
nonlocal case. We will see in the next section how, on the contrary, things are bound
to go exactly the same way as in the local case.

Before closing this section, let us recall that different perturbative approaches,
which are equivalent in the local case, may well fail to be such in the nonlocal case.
As an example of this situation we mention the noncommutative analogue of the
Yang–Feldman equation proposed in [3], and developed in [1, 5]. Finally, see [4, 17]
for a different generalization of the Wick product, based on optimal localization; the
resulting model is free of ultraviolet divergences.

16.3 Nonlocal Dyson Diagrams

In [7], Denk and Schweda showed that the above mentioned concerns were wrong;
indeed, they were able to show that it was possible to absorb the time ordering in
the definition of a simple generalization of the Stueckelberg–Feynman propagator,
namely

D(x; τ ) =
1

i
(Δ+(x)θ(τ ) + Δ+(−x)θ(−τ )) .

When the theory is local, then the above general propagator (the “contractor”, ac-
cording to Denk and Schweda) is always evaluated at τ = x0, in which case it
reproduces the usual Stueckelberg–Feynman propagator:

D(x;x0) = ΔSF (x).

The original argument (which is cast in the case of non-Wick ordered interac-
tions, and worked out in the framework of the Gell–Mann & Low formula) is rather
involved: it relies on a clever, though very tricky manipulation consisting of Wick
reducing the ordinary pointwise products of fields, and recombining the products of
two–point functions and θ functions by hand.

There is, however, a profound reason why such a clever rearrangement of terms
leads to the desired result: indeed, one can instead reproduce exactly the same line
of reasoning that can be found in any standard textbook on local quantum field
theory, since the Wick reduction of time ordered products of Wick monomials can
be performed in the nonlocal setting considered here, too [18]. In other words, the
second Wick theorem is not local; this is so deeply true that even the original proof
of Wick does not rely on locality [24].

Let us look at this in the case of the Dyson diagrams. Consider the N th order
contributions to the S-matrix:
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S(N) =
(−ig)N

N !

Z

RN

dt1 · · · dtN T [Heff
I (t1), . . . ,H

eff
I (tN)].

We introduce the following shorthand:

xj = (xj1, . . . , xjn) ∈ R4n, dxj =
n
Y

k=1

dxjk, φ(n)(xj) = φ(xj1) · · ·φ(xjn),

so that
Heff

I (t) =

Z

R3

da

Z

R4n

dx W(t,a) :φ(n)(x) :,

and a short, standard computation gives7

S(N) =
(−ig)N

N !

Z

(R4)N

da1 · · · daN

Z

(R4n)N

dx1 · · · dxN Wa1(x1) · · ·WaN (xN)

× T a1
0,...,aN

0
[:φ(n)(x1) :, . . . , :φ

(n)(xN) :],

(16.4)

where we introduced the following, natural notation:

T τ1,τ2,...,τk [A1, A2, . . . , Ak] =
X

π

Aπ(1)) · · ·Aπ(k)

k−1
Y

j=1

θ
`

τπ(j+1) − τπ(j)

´

,

namely the product of the Aj ’s is taken in the order of decreasing τj ’s. Note that
this definition may be given in general; there is no need for any a priori relation
between the factors Aj and the parameters τj which we may wish to attach to those
factors; we will call the above a general time ordered product, to highlight this fact.

The key remark here is that the mechanism for the Wick reduction of a general
time ordered product works as usual. The only difference with respect to the local
case is that, here, we have to keep in mind that to each field there corresponds
a parameter driving its position in the time ordered product; this was implicit in
the local case, where the time parameter corresponding to each field φ(x0,x) was
precisely x0.

In view of this remark, we need a notation which indicates this correspondence
explicitly, e.g.

:

a1
0

z }| {

φ(x11) · · · φ(x1n)

a2
0

z }| {

φ(x21) · · ·φ(x2n) · · ·
aN

0

z }| {

φ(xN1) · · · φ(xNn) : (16.5)

Wick contractions8, then, may be defined in the obvious way with respect to the

7We rename tj as aj
0, so that

R

R
dtj
R

R3 daj =
R

R4 da.
8Some reader might be surprised (I was surprised) to discover that the stan-

dard graphic notation for contractions is not due to Wick; it was first introduced
by Houriet and Kind in Helv. Phys. Acta 22:319 (1949). In his paper, Wick politely
complains that he was forced to abandon that very convenient notation for typo-
graphical reasons. Hence, he writes e.g. : U .VW ..X..Y .Z : instead of :UVWXY Z :.
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above correspondence:

:φ(x11) · · · φ(xiu) · ··φ(xjv) · · ·φ(xN n) :

= :φ(x11) · · · φ̂(xiu) · · · φ̂(xjv) · · · φ(xN n) : D(xiu − xjv; ai
0 − aj

0),

where a caret indicates omission. The reader is invited to read the beautiful original
paper of Wick [24], to convince herself that the proof does not rely on the requirement
that the time associated to the field is the same as the time argument of the field
(see also [18] for a more detailed, “nonlocal” discussion). Hence, we still may state
the second general Wick theorem, according to which

The general time ordered product

T a1
0,...,aN

0
[:φ(n)(x1) :, . . . , :φ

(n)(xN ) :]

equals the sum of the terms obtained by applying all possible choices of any
number (including none) of allowed general contractions to (16.5), where
no contraction is allowed, which involves two fields associated with the same
time parameter aj

0.

By applying the Wick reduction to (16.4), we obtain a certain sum of integrals,
which we may label by means of Dyson diagrams, namely diagrams consisting of N
(= the order in perturbation theory) vertices, each of which is the origin of no more
than n (possibly none) lines for a φ�n interaction; each line connects two distinct
vertices (no loops, no external lines). This is possible because a Wick monomial
:φ(x1) · · ·φ(xn) : is totally symmetric in the arguments x1, . . . , xn, so that we may
safely replace each kernel Wa(x1, . . . , xn) by its totally symmetric part in (16.4). To
see how to proceed, let us consider the following second-order contribution in the
case of a φ�3 interaction:

−g2

2

Z

(R4)2

dadb

Z

(R4n)2

dxdy Wa(x)Wb(y) :φ(x1)φ(x2)φ(x3)φ(y1)φ(y2)φ(y3) :

=
−g2

2

Z

(R4)2

dadb

Z

(R4n)2

dxdy Wa(x)Wb(y) :φ(x3)φ(y1) :

×D(x1 − y2; a
0 − b0)D(x2 − y3; a

0 − b0).

It is clear that, up to renaming the integration variables and using the total sym-
metry of Wa,Wb and :φ(x3)φ(y1) :, the above integral is exactly the same that we
would obtain from the contribution

−g2

2

Z

(R4)2

dadb

Z

(R4n)2

dxdy Wa(x)Wb(y) :φ(x1)φ(x2)φ(x3)φ(y1)φ(y2)φ(y3) : .

Hence, the only information which is needed to write it down are that there are
two Wick monomials and two contractions between those two monomials. To give
this information, it is sufficient to draw a diagram with two vertices (the two Wick
monomials) and two lines connecting them (the contractions). Of course, one also has
to count the multiplicity of a diagram, namely the number of different contraction
schemes that would lead to the same integral up to dummy integration variables.
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16.4 Conclusions

We have seen that the usual diagrammatic expansion of the Dyson series is not
special to local interactions. Indeed, diagrams are a consequence of two nonlocal
tools, namely the Dyson perturbation series and the normal (Wick) ordering of
products of creation and annihilation parts. Both these tools are completely unre-
lated to locality, hence this result should not have come out as a surprise. Feynman
diagrams require an additional tool, the Gell–Mann & Low formula [13], which also
has nothing to do with locality; indeed, it was shown in [18] that the dear old Feyn-
man diagrams also arise naturally in the reduction of the nonlocal Green functions
of the DFR perturbative model.

Actually, we did not introduce any really new argument, everything was already
virtually contained in the papers of Dyson, Wick, and Gell–Mann & Low. The case
of the usual local φn interaction can be reobtained as a special case, by setting
Wa(x1, . . . , xn) =

Q

j δ
(4)(xj − a) in (16.4).

The unified treatment of both local and nonlocal φn interactions may be of some
practical interest, since it allows us to study the convergence of the large scale limit
diagramwise. Moreover, it may allow for developing a renormalization scheme for
nonlocal theories with a strict correspondence between local and nonlocal subtrac-
tions. In the large scale limit, it might be natural to expect that nonlocal, possibly
finite, subtractions converge to the infinite subtractions of the local renormalized
theory. However, it should be kept in mind that a different point of view may well
be taken. For example, in [5], a different prescription for the admissible subtrac-
tions was investigated, in order to only select those subtractions which are divergent
already at the Planck length scale.

We close with the following remark. Many years ago, Caianiello raised some
concerns about what he regarded as a too naive interpretation of Feynman diagrams
as pictorial representations of actual scattering processes (see [6]). He remarked
that, even if we were inclined to accept such a view prior to renormalization, some
paradox might arise after implementing some subtraction prescription (e.g. in the
fermionic case, strong interference among free field modes belonging to different
diagrams might produce violations of the exclusion principle). Here, we found that,
even prior to renormalization, diagrams seem to be nothing more than a graphic
representation of the CCR algebra combined with ordinary quantum mechanical
perturbation theory; it might be misleading to try to see more than that.

Appendix. Twisted Products

Actually, for both historical and technical reasons, the DFR twisted product was
laid down in Fourier space9. To avoid confusion, in this appendix we will reserve

9Twisted products first arose in the framework of canonical quantization, in
the late 1920s. Their use was first advocated by Weyl [23], who however did not
publish explicit equations; following Weyl’s suggestion, von Neumann [16] laid down
the twisted product in Fourier space (twisted convolution). The twisted product in
position space first appeared (in the form of an asymptotic expansion) in a paper by
Grönewold; the integral form was first used by Baker and explicitly written down
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the symbol × to indicate the ordinary convolution product, and ×̃ to indicate the
twisted convolution product (twisted product in Fourier space). Setting

(ϕ1×̃ϕ2)(σ, k) =

Z

R4

dh ϕ1(σ, h)ϕ2(σ, k − h) exp
“ i

2
kμσ

μνhν

”

,

ϕj(σ, ·) ∈ L1(R4),

one easily finds

F1 � F2 = ̂̌F1×̃F̌2, Fj(σ, ·) ∈ L1(R4) ∩ L̂1(R4).

A (formal) asymptotic expansion of the product � can be easily obtained by stan-
dard Fourier theory10. Indeed, by replacing the exponential factor exp[(i/2)kσh] =
exp[−(i/2)hσ(k − h)] with the corresponding exponential series and (formally) ex-
changing the sum and the integration, one obtains

(F1 � F2)(σ, x)

=

Z

R4

dk eikx

Z

R4

dh F̌1(σ, h)F̌2(σ, k − h) exp
n i

2
σμνkμ(h− k)ν

o

“=” F1(σ, x)F2(σ, x)

+
∞
X

n=1

(−i/2)n

n!
σμ1ν1 · · ·σμnνn

`

(∂μ1 · · · ∂μnF1)∂ν1 · · · ∂νnF2

´

(σ, x).

The above formal series gives a precise meaning to the more compact definition

A [F1 � F2](σ, x) =

„

exp

j

− i

2
σμν∂μ ⊗ ∂ν

ff

F1 ⊗ F2

«

(σ, x) (16.6)

of the asymptotic expansion A [F1 � F2] of F1 � F2; here, ⊗ is a tensor product of
functions defined fibrewise over σ by

(F1 ⊗ F2)(σ, x, y) = F1(σ, x)F2(σ, y),

and m is the fibrewise multiplication map

m(F1 ⊗ F2)(σ, x) = F1(σ, x)F2(σ, x).

by Pool. The first rigorous results on asymptotic expansions of twisted products are
probably due to Antonet, and a comprehensive investigation can be found in [11],
to which we also refer for the bibliographical coordinates missing in this footnote.
The seminal work of Weyl and von Neumann inspired Wigner to define the so-called
Wigner transform; Wigner’s work in turn led Moyal to define the so-called Moyal
bracket or sine–bracket {f, g}� = f � g − g � f ; the Moyal bracket then played a
fundamental role in a seminal paper by Bayen et al about geometric quantization of
phase manifolds. The covariant version of the twisted product was first introduced
by DFR in order to quantize the space-time. For some strange reason, in the current
literature about QFT on noncommutative space-time, the DFR variant of the Weyl–
von Neumann twisted product is widely known as the Moyal product.

10With our conventions, we have (d∂μf)(k) = −ikμf̂(k) and f̂ × ĝ = (2π)4cfg.
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Some authors take (16.6) as their definition of twisted product.
This asymptotic expansion, however, may be rather misleading. Assume that,

for a fixed value of σ, the functions Fj(σ, x) of x are C∞ and have compact support,
j = 1, 2; moreover, assume that the supports are disjoint. Since derivatives cannot
enlarge the supports, we have A [F1 � F2](σ, ·) ≡ 0. In this precise sense, the asymp-
totic expansion of the twisted product defines (in the sense of formal power series)
a local, non-commutative product. This is rather unsatisfactory from the point of
view of space-time quantization, since on general grounds we expect the quantum
geometry to be nonlocal.

Note also that, in the special case envisaged right above, there is no reason
why we should have F1 � F2 ≡ 0, and there are counterexamples, indeed. In other
words, to naively rely on the above asymptotic expansion amounts to work with a
completely different algebra than that of “true” twisted products. This also shows
that the series may fail to converge (if it converges at all) to the actual twisted
product F1 � F2.

While for large classes of functions the asymptotic expansion truncated at order n
agrees with the twisted product up to terms of order λ2(n+1)

P , the issue of convergence
is rather delicate, and there are very few general results (see [11], and references
therein). Certainly, the asymptotic expansion converges to (the Antonet extension
of) F1 �F2 if F̌1, F̌2 have compact supports; in this case, F1, F2 are real–analytic, i.e.
they are nonlocal in the sense that they cannot be deformed locally while preserving
analiticity. In a sense, we may equivalently describe the nonlocality of quantized
space-time using either (16.3) as a nonlocal product of local objects (L1 functions),
or (16.6) as a local product of nonlocal objects (analytic functions). As a (formal)
product of smooth functions, (16.6) is irremediably local, and should be dismissed.
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Summary. The holographic relation between local boundary conformal quantum
field theories (BCFT) and their non-local boundary restrictions is reviewed, and
non-vacuum BCFT’s, whose existence was conjectured previously, are constructed.
(Based on joint work [18] with R. Longo.)

17.1 Introduction

This contribution highlights some aspects of a recent analysis of relativistic con-
formal QFT in the presence of a boundary [18]. The main result in [18] is that
the local observables of a conformal field theory on the half-space x > 0 of two-
dimensional Minkowski space-time (“local boundary conformal QFT” or BCFT for
short) can be reconstructed from their restrictions to the boundary, which define
a non-local chiral conformal QFT (“non-chiral local fields arise from non-local chi-
ral fields”), and vice versa. This fact may be regarded as a “holographic” relation
between quantum field theories in different space-time dimensions.

A more detailed statement of the above is the following: A local conformal QFT
on the half-space M+ = {(t, x) : x > 0} contains a subalgebra of chiral fields, which
may be naturally identified with its restriction to the boundary, i.e., a local CFT
on the real line. Restricting the full BCFT to the boundary, one obtains a chiral
CFT which is non-local, but relatively local with respect to its chiral subtheory.
Conversely, every chiral CFT which is relatively local with respect to a given local
chiral subtheory, induces a local BCFT on M+. Under some (rather natural) tech-
nical assumptions, if one restricts a BCFT to the boundary and induces another
BCFT from the restriction, then the latter is the maximal local extension of the
original theory on the same Hilbert space. In particular, every BCFT is a subtheory
of one arising by induction from some non-local chiral CFT.

This fact gives fresh motivation to study non-local chiral quantum field theories.
E.g., to regard the non-local chiral theories on the boundary as the primary objects,
opens a new route to classification of boundary CFT. Structure results on non-
local chiral QFT have immediate consequences for the induced BCFT’s (and their
sub-theories).
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While the statement of the main result amounts to the very simple identity (2.8)
below, its proof is rather involved. It turns out advantageous to swap between the
two-dimensional (BCFT) and the one-dimensional (chiral CFT) point of view. This
“holographic” attitude is particularly powerful in combination with Modular Theory
( [5,22], see below). In order to emphasize this situation, we reorganize in these notes
the line of argument and focus the attention on the holographic and modular aspects
in the interplay between chiral CFT and boundary CFT, rather than doubling the
approach in [18].

The Modular Theory of von Neumann algebras [22] (briefly reviewed in the ap-
pendix) is most naturally tied to the algebraic approach to QFT [9]. Many results of
great generality about local QFT have been obtained, when this theory is applied to
the algebras of bounded local observables in suitable space-time regions in conjunc-
tion with the vacuum vector [4]. The most prominent is the Bisognano-Wichmann
(BW) property [1] in local QFT, which states that the modular group Δit associated
with the von Neumann algebra of observables in a wedge region and the vacuum
vector, coincides with the unitary group of Lorentz boosts which preserve the wedge,
hence the boosts are of modular origin. In fact the entire Poincaré group (including
positivity of the energy spectrum [23]) can be constructed from modular groups
of local algebras [13]. These methods are particularly powerful in local chiral QFT
where the conformal group was found to be of modular origin [8].

For non-local chiral theories, some nontrivial results concerning the modular
group of interval algebras have been previously obtained [5] for Z2-graded local
(i.e., fermionic) theories, including the Bisognano-Wichmann property. We show
that these results generalize to non-local chiral CFT’s, whenever these are relatively
local with respect to a subtheory (which is automatically local) which is contained
with finite index; in particular, this is true whenever the subtheory is the fixed point
subalgebra under the action of a finite internal symmetry group.

In Sect. 17.4 of this contribution, we construct positive-energy representations of
chiral extensions associated with “nimreps” (non-negative integer matrix represen-
tations) of the fusion rules of the underlying chiral observables. By the holographic
relation, these theories give rise to local “non-vacuum” boundary CFT’s which were
conjectured to exist in [18], while special cases were constructed explicitly in terms
of chiral exchange fields [20]. Their general construction strengthens the parallelism
between local BCFT and Euclidean BCFT in Statistical Mechanics, where analo-
gous theories are widely considered for the remarkable properties of their partition
functions Tr exp−βL0 and their relation to matrix elements of a two-dimensional
heat kernel exp−(2π2/β)(L+

0 +L−
0 ) at inverse temperature, between pairs of states

from a finite family of distinguished improper “boundary states” [24].

17.2 Algebraic boundary conformal QFT

We denote by M+ the half-space M+ = {(t, x) : x > 0}, and by I × J the set
{(t, x) : t + x ∈ I, t− x ∈ J}. If I and J are open intervals in R, then O = I × J is
a double-cone in Minkowski space-time, and O ⊂ M+ iff I > J elementwise.

A BCFT is a local quantum field theory on M+, covariant under the subgroup
of Möb × Möb (acting on t+x and t− x separately) which preserves the boundary.
This is the diagonal subgroup, and will be identified with the Möbius group itself.
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A BCFT contains certain chiral observables, e.g., the stress-energy tensor or
conserved currents. Due to a boundary condition at x = 0, the left and right chi-
ral fields of the BCFT coalesce and are identified with a local chiral field defined
on the boundary R. Let A(I) denote the von Neumann algebras generated by the
latter chiral observables smeared over an interval I ⊂ R. The inclusion-preserving
assignment I �→ A(I) is called a chiral net. The chiral net A is local and Möbius
covariant (and in fact extends to a net on the circle, into which R is embedded
via a Cayley transformation). We shall henceforth assume that the chiral net A is
completely rational [15], i.e., it is split (A(I) ∨ A(J) � A(I) ⊗ A(J) if I and J are
disjoint without common boundary points) and the four-interval subfactor has finite
index, implying strong additivity [19].

The von Neumann algebras generated by the chiral observables of the BCFT
smeared in a double-cone O = I × J ⊂ M+ are

A+(O) = A(I) ∨A(J). (17.1)

This formula expresses the fact that smearing the BCFT chiral fields over O = I×J
is the same as smearing the chiral fields on R over I ∪ J .

In general, a BCFT will contain local observables beyond the chiral ones: A
BCFT is a Möbius covariant local net O �→ B+(O) where O ⊂ M+ and B+(O)
contain A+(O). These von Neumann algebras act on a Hilbert space which is in
general reducible as a representation of A+. We call this representation π, thus

π(A+(O)) ⊂ B+(O). (17.2)

The representation π of A+ is at the same time a representation of the chiral net
I �→ A(I), and we require it to be a covariant positive-energy representation. We also
assume that the algebra generated by π(A) together with any single local algebra
B+(O) acts irreducibly on the Hilbert space of B+ (“joint irreducibility”), expressing
the physical property that the stress-energy tensor (contained in A) locally generates
the translations of the BCFT, and hence together with a single local algebra B+(O)
generates the entire net.

Our aim is to understand the structure of the extension (17.2). It is the most
remarkable conclusion of our work that this is possible in terms of (local or non-local)
chiral nets which contain the chiral observables.

A chiral extension of A is a Möbius covariant net of inclusions

π(A(I)) ⊂ B(I) (17.3)

in the vacuum representation of B, such that B and A are relatively local, i.e.,
B(I1) commute with π(A(I2)) whenever Ii are disjoint. B contains A irreducibly
if the inclusions (17.3) are irreducible. In this case, B(I) are factors and (17.3) are
subfactors.

The passage between chiral and boundary CFT makes use of two basic oper-
ations: “restriction” and “induction”. Restriction associates a chiral net (over the
intervals I ⊂ R) with a given BCFT net (over the double-cones O ⊂ M+), and
induction associates a BCFT net with a given chiral net.

Every interval I ⊂ R defines a left wedge WL(I) = {(t, x) ∈ M+ : t+x ∈ I, t−x ∈
I}, and a right wedge WR(I) := WL(I)′ (the interior of the causal complement within
M+).
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Let a BCFT B+ be given. For either wedges, let B+(W ) :=
W

O⊂W B+(O). The
boundary net I �→ ∂B+(I) is defined by restriction of B+ to the left wedges,

∂B+(I) := B+(WL(I)). (17.4)

For the time being, we also introduce the net I �→ ∂′B+(I) defined by

∂′B+(I) := B+(WR(I))′ (17.5)

but we shall later see that this net coincides with ∂B+. Both chiral nets B = ∂B+

or = ∂′B+ are chiral extensions of A; joint irreducibility of B+ implies irreducibility
of the chiral extensions. But although B+ is local, ∂B+ and ∂′B+ are in general
non-local nets.

Conversely, let a chiral extension π(A) ⊂ B be given. For O = I × J ⊂ M+ and
J = (a, b) < I = (c, d), let K and L denote the intervals K = (b, c) and L = (a, d).
The induced net O �→ Bind

+ (O) is defined by

Bind
+ (O) := B(K)′ ∩B(L). (17.6)

Even if B may be non-local, Bind
+ is local. If B contains A irreducibly, then Bind

+

satisfies joint irreducibility. It follows that Bind
+ is a BCFT net.

One has the following relations between the two constructions.

Theorem 1. Let B be an irreducible local extension of A, and let B+ be a BCFT net.
Then:
(T1) ∂′B+ = ∂B+.
(T2) ∂(Bind

+ ) = B.
(T3) (∂B+)ind

+ = (B+)dual.

The dual net in (T3) is defined standardly: since O′ is the union of a left wedge
WL and a right wedge WR, let B+(O′) := B+(WL) ∨B+(WR). Then

(B+)dual(O) := B+(O′)′. (17.7)

The dual of a local net extends the local net but need not be local itself; if it is local,
then it equals its own dual, i.e., it is self-dual.

Let us first discuss the far-reaching implications of this theorem.

Corollary 1.
(C1) Every BCFT satisfies wedge duality, i.e., B+(W ′) = B+(W )′ for any wedge
W .
(C2) Every irreducible chiral extension arises by restriction of some BCFT.
(C3) Every self-dual BCFT net arises by induction from some irreducible chiral
extension.
(C4) The dual net of a BCFT is local, hence self-dual.
(C5) Every induced BCFT net is self-dual.
(C6) The maps B �→ Bind

+ (induction) and B+ �→ ∂B+ (restriction) give a bijection
between self-dual BCFT nets and irreducible chiral extensions.
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Proof. (C1) is equivalent to (T1) by the definitions. (C2) is obvious from (T2), and
(C3) from (T3). (C4) follows from (T3) because every induced net is local. (T2) and
(T3) together imply (C5) because (Bind

+ )dual = (∂Bind
+ )ind

+ = Bind
+ , as well as (C6)

because ∂(Bind
+ ) = B and (∂B+)ind

+ = (B+)dual = B+. �

In particular, for self-dual BCFT nets, one has

B+(O) = B(K)′ ∩B(L) (17.8)

(B = ∂B+ the corresponding boundary net, and K and L as in (17.6) before). One
may regard the identity (17.8) as a “holographic relation” between a two-dimensional
CFT and a one-dimensional (chiral) CFT: The inclusion (17.2) is completely deter-
mined by the chiral extension (17.3), see Sect. 17.3 below.

By (C6), classification of self-dual BCFT’s is equivalent to classification of irre-
ducible chiral extensions. This is a finite problem, because completely rational nets
possess only finitely many irreducible chiral extensions. E.g., for Virasoro nets with
c < 1 and for SU(2) chiral current algebras, complete classifications of local chiral
extensions have been obtained in [14], and non-local ones can be classified along the
same lines.

A general BCFT B+ is intermediate between π(A+) and (B+)dual. Because one
can show that π(A+(O)) ⊂ (B+)dual(O) given by (17.8) has finite index, the number
of intermediate nets is also finite.

We disentangle the proof of the theorem by a series of lemmas, which are of
more or less interest of their own.

Lemma 1. (All nets and extensions here are assumed to be Möbius covariant. As
before, chiral extensions are relatively local. Otherwise, locality of the nets is stated
explicitly if assumed, and so is complete rationality.)
(L1) If a local chiral net A is completely rational, then every irreducible chiral ex-
tension of A has finite index.
(L2) If B extends A with finite index and A is split, then B is split. (The split prop-
erty for non-local nets is B(K) ∨ B(L)′ � B(K) ⊗ B(L)′ if K and L are disjoint
intervals without common boundary points.)
(L3) If a chiral net is split, then

T

K⊂L[B(K) ∨ B(L)′] =
ˆ

T

K⊂L B(K)
˜ ∨B(L)′ =

B(L)′.
(L4) Every chiral net B has a maximal relatively local net C ⊂ B. C is unique,
hence covariant and invariant under the gauge group of B. Clearly, C is local, and
if A ⊂ B is relatively local then A ⊂ C ⊂ B.
(L5) If C ⊂ B is invariant under the gauge group of B, then there are local vacuum-
preserving conditional expectations B(I) → C(I).
(L6) If A ⊂ C and C is local, then there are local vacuum-preserving conditional
expectations C(I) → A(I).
(L7) The local conditional expectations B(I) → A(I) of a chiral extension (existing
according to (L4)–(L6)) are consistent, i.e., the expectations for two intervals coin-
cide on the intersection of the corresponding local algebras, and are implemented by
the projection on the subspace AΩ.
(L8) If A ⊂ B has finite index and there are local vacuum-preserving conditional
expectations B(I) → A(I), then B has the BW property if A does.
(L9) If a chiral extension B of A has finite index, then B has the BW property.
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Proof. (L1) [11] and (L2) [18] employ subfactor theory techniques (the generation
of the larger algebra by the smaller and certain isometries). Proving (L3) and (L4)
is elementary [18]. (L5–L9) invoke Modular Theory.

We focus on the steps involving Modular Theory (referring to the appendix for its
results used here). (L5) and (L6) follow with Takesaki’s Theorem about conditional
expectations and modular stability of subalgebras as well as the characterization
of the departure from the BW property in non-local theories, based on Borchers’
modular commutation relations: in (L5), C(I) is invariant under the modular group
of (B(I),Ω) by (A.5), and in (L6), C, being local, satisfies the BW property, hence
A(I) is invariant under the modular group of (C(I),Ω). So in both cases (i) ⇒ (ii)
in Takesaki’s Theorem (see the appendix) proves the claim. (L7) uses the restriction
and implementation properties in Takesaki’s Theorem: since A is local, the cocycle
for A is trivial, hence the cocycle z(t) for B is trivial on the cyclic subspace of A,
hence the modular group of B(I) acts trivially on A(I). (L7) follows because the
projection on A(I)Ω is independent of I (Reeh-Schlieder theorem). By the same
argument, it follows in (L8) that the fixed point subalgebra B(I)z of B(I) under
the one-parameter group Adz(t) of automorphisms contains A(I), hence the index
of the fixed point subalgebra is finite. Because R has no nontrivial finite quotients,
we must have B(I)z = B(I), hence B(I) commutes with z(t). Ω being cyclic for
B(I); this implies that z(t) is trivial, hence (L8). Combining (L4)–(L8), gives (L9)
because A, being local, has the BW property. �

Now the theorem is proven easily. (L1)–(L3) mean that
W

K⊂L Bind
+ (O) = B(L),

which is the statement of (T2). By (L1) and (L9) we conclude that ∂B+(I)
and ∂′B+(I) have the same modular group (namely the dilations of I). Because
∂B+(I) ⊂ ∂′B+(I) and Ω is cyclic for both algebras, the implementation property
in Takesaki’s Theorem implies equality. This is (T1). (T3) is then obvious by writing
(17.7) as ∂B+(K) ∩ ∂′B+(L). �

Along the way, we proved the following proposition (assembling results on chiral
extensions) and its corollary (assembling the implications for BCFT):

Proposition 1.
(P1) Every chiral extension has a consistent family of vacuum-preserving conditional
expectations EI : B(I) → A(I).
(P2) If a chiral net B is a chiral extension with finite index of a local net A, then
B satisfies the BW property. In particular, this is the case for all irreducible chiral
extensions of completely rational nets.
(P3) The split property is upward hereditary for chiral extensions of finite index.

Proof. (P1) is the combination of (L4)–(L7). (P2) is (L8), using the fact that a local
chiral net has the BW property. (P3) is (L2). �

The existence of a consistent family of vacuum-preserving conditional expecta-
tions has been a crucial assumption, expressing a generalized symmetry principle,
in the general structure theory for chiral extensions [17]. We see from (P1–P3) that
it is automatic for boundary nets of a BCFT which are irreducible extensions of a
completely rational chiral net. Thus, subfactor methods as developed in [17] may be
applied.
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Corollary 2. (C7) Every BCFT satisfies the split property for wedges.
(C8) The index of π(A+(O)) ⊂ B+(O) is universal for self-dual BCFT nets B+

(i.e., it depends only on the chiral observables A).
(C9) A self-dual BCFT is strongly additive, i.e., if Oi are two spacelike separated
double-cones which touch each other in one point and O = I × J is the double-cone
spanned by O1 and O2, then B+(O1) ∨B+(O2) = B+(O).
(C10) A self-dual BCFT satisfies Haag duality for finite unions of spacelike separated
double-cones.
(C11) A self-dual BCFT net has no DHR sectors.

Proof. (C7) follows for induced BCFT nets by the definition because B is split by
(P3) because A is completely rational. Then (C7) is true for any BCFT because B+

is contained in (B+)dual, which is an induced net. For (C8), let B = ∂B+ denote
the boundary net, and consider the chain of inclusions

π(A(K)) ∨ π(A(L′)) ⊂ π(A(K)) ∨ B(L)′ ⊂ B(K) ∨B(L)′ ⊂ π(A(I))′ ∩ π(A(J))′.

By the split property (P3) for B, the first two inclusions both have index [B : A], and
by the general theory in [15], the total index equals d(π)2μA where d(π) = [B : A]
and μA is the “dimension” of the DHR superselection category of A, i.e., the sum of
the squares of the dimensions of all irreducible DHR sectors of A. Hence, the index
of the last inclusions is μA, and by passing to the commutants, this is the index of
the subfactor in (C8).

(C8) implies (C9) by standard subfactor methods [16], relying only on the
finiteness of the index in (C8). By similar methods as for (C8), the index of
B+(E) ⊂ B+(E′)′ when E is a finite union of spacelike separated double-cones,
is computed [18] to be a power of [(B+)dual : B+], hence it is 1 if B+ is self-dual,
implying (C10). (C10) implies (C11) by standard arguments. �

17.3 The charge structure of BCFT fields

The holographic formula (17.8) allows for an explicit computation of the local
algebras B+(O) of a self-dual boundary CFT in terms of the chiral extension A ⊂ B.
It is found [18] that B+(O) is generated by A+(O) along with a finite system of
charged BCFT operators, carrying a product of chiral charges which is bi-localized
in I and in J if O = I × J .

The notion of chiral charge here refers to the irreducible superselection sectors
(generalized charges) of the theory A. The bi-localized charge structure expresses
itself in the commutation relations with the local fields on the boundary: A charged
operator ψ ∈ B+(O) is an intertwiner for σ ◦ τ̄ where σ and τ̄ are DHR endo-
morphisms of A localized in I and in J , respectively. Hence ψ carries a charge [σ]
localized in I and a charge [τ̄ ] localized in J .

The precise combinatorial structure (including the pairing of chiral charges) of
these local charged intertwiners in terms of non-local “chiral vertex operators” can
be determined by solving a certain eigenvalue problem, depending on the chiral
extension A ⊂ B, within the DHR superselection category of A.
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The admissible pairing of chiral charges is described by a modular invariant
matrix Zσ,τ . It is also proven in [18] that the induced BCFT Bind

+ is locally iso-
morphic to a local two-dimensional CFT B2 on the entire Minkowski space-time
(whose Hilbert space is given by the same modular invariant matrix Z), previously
obtained by a “generalized quantum double construction” [21]. There is thus a com-
mon (sub)net, defined sufficiently far away from the boundary, of which B2 and
Bind

+ may be regarded as different quotients (representations) distinguished by the
absence or presence of the boundary.

17.4 Nimreps and non-vacuum BCFT

This section closes a gap which was left open in [18]. We canonically associate
with a given non-local chiral extension π(A) ⊂ B a family of chiral extensions Bb

along with a family of positive-energy representations πab of Bb where the labels
a and b (“boundary conditions”) run over the same finite set. The holographic con-
struction yields a corresponding family of BCFT’s B+,ab.

The multiplicities nρ
ab of the irreducible DHR sectors [ρ] of the chiral observables

A within πab form a normalized “nimrep” (non-negative integer matrix representa-
tion) of the fusion rules of the DHR sectors of A,

nσ · nρ =
P

τ Nτ
σρ nτ such that n0

ab = δab. (17.9)

In particular, unless a = b, these representations do not contain the vacuum sec-
tor. The property (17.9) implies that the partition functions Tr exp−βL0 of B+,ab

coincide with matrix elements of the heat kernel exp−(2π2/β)(L+
0 + L−

0 ) of the
associated Minkowski theory B2 between pairs of states |a〉 and |b〉 from a finite
family of distinguished improper “boundary states” [24].

Our construction starts by “acting with the DHR sectors of A” on π(A) ⊂ B
as in [2, 18]: Let ι denote the inclusion homomorphism ι : A(I) → B(I) for a fixed
interval I . Then consider homomorphisms ι ◦ σ : A(I) → B(I) where σ runs over
the DHR endomorphisms of A localized in I , and let X be the (finite) set of all
equivalence classes [a] of irreducible subhomomorphisms1 a ≺ ι ◦ σ as σ varies. For
every pair a, b in X and ā : B(I) → A(I) a conjugate2 homomorphism of a, the
product ā ◦ b : A(I) → A(I) is (the local restriction of) a DHR endomorphism
localized in I . It follows that the numbers3

nρ
ab = dimHom(ρ, ā ◦ b) ≡ dimHom(a ◦ ρ, b) (17.10)

form a nimrep as above, including the normalization.

1A homomorphism β : N → M is a subhomomorphism (β ≺ α) of α : N → M ,
if the intertwiner space Hom(β, α) := {t ∈ M : tβ(n) = α(n)t ∀n ∈ N} contains an
isometry, t∗t = 1; hence β(n) = t∗α(n)t.

2A homomorphism ᾱ : M → N is conjugate to α : N → M , if idN ≺ ᾱ ◦ α and
idM ≺ α ◦ ᾱ. Since A is assumed to be completely rational, all homomorphisms in
the sequel decompose into finitely many irreducibles, and possess conjugates.

3Strong additivity of A guarantees equivalence between local and global inter-
twiners, hence the notions of equivalence and subendomorphisms are the same for
DHR endomorphisms and for their local restrictions.
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The construction of the family of chiral CFT’s and hence BCFT’s associated
with this nimrep now relies on the following equivalence.

Theorem 2. [17] There is a 1 : 1 correspondence (up to unitary resp. algebraic
equivalences) between

(i) irreducible covariant chiral extensions π(A) ⊂ B, defined on the vacuum Hilbert
space of B.

(ii) irreducible subfactors A1 ⊂ A(I0) (for any fixed interval I0) whose canonical en-
domorphism4 is (the local restriction of) a DHR endomorphism θ of A localized
in I0.

More precisely [17, Cor. 3.3 and Prop. 3.4]: a chiral extension gives an inclusion
homomorphism ι : A → B such that π = π0 ◦ ι, where π0 is the defining vacuum
representation of B. For any interval I0, one can construct a conjugate homomor-
phism ῑ : B → A such that ῑ�B(I): B(I) → A(I) is conjugate to ι�A(I): A(I) → B(I)
whenever I ⊃ I0, and θ = ῑ ◦ ι is a DHR endomorphism of A localized in I0. Then
π0 is unitarily equivalent to π0 ◦ ῑ, where π0 is the defining vacuum representation
of A, and consequently π is unitarily equivalent to π0 ◦ θ. This unitary equivalence
turns the covariance U of B into the covariance5 Uθ of A in the DHR representation
π0 ◦ θ.

Proof. The 1:1 correspondence in the theorem is given by the subfactor

A1 := ῑ(B(I0)) ⊂ A(I0). (17.11)

From the subfactor A1 ⊂ A(I0), one can reconstruct A(I0) ⊂ B(I0) by the Jones
basic construction [12], along with a conditional expectation which extends the vac-
uum state on A(I0) to a state on B(I0). The construction of the entire net B is then
achieved with the help of charge transporters or using the Möbius covariance [17,
Thm. 4.9]. The vacuum state extends to the net, and its GNS representation is the
vacuum representation of B.

Now, let a chiral extension π(A) ⊂ B be given. Fix an interval I0 and let ι :
A(I0) → B(I0) denote the local inclusion homomorphism. Then θ = ῑ◦ι is (the local
restriction of) a DHR endomorphism localized in I . Let σ be a DHR endomorphism
localized in I0 and a ≺ ι ◦ σ an irreducible sub-homomorphism as before. Then
the subfactor A1,a := ā(B(I0)) ⊂ A(I0) has canonical endomorphism θa = ā ◦ a
which is (the local restriction of) a DHR endomorphism because θ = ῑ ◦ ι is (the
local restriction of) a DHR endomorphism and ā ◦ a ≺ σ̄ ◦ θ ◦ σ. By (iii)⇒(i), the
subfactor A1,a ⊂ A(I) defines a chiral extension πa(A) ⊂ Ba.

This construction results in a finite family of chiral extensions in their vacuum
representations (called the “DHR orbit” in [18]; note that inequivalent a ∈ X may
result in equivalent extensions, e.g., if a1 = a2 ◦τ where τ is a DHR automorphism).

Each element of this family generates the whole family (and the same nim-
rep) by the same construction [2, 3]: namely, starting from A(I0) ⊂ B(I0), let
c ∈ X, and construct A(I0) ⊂ Bc(I0) as before with inclusion homomorphism

4If N ⊂ M with inclusion homomorphism ι and conjugate ῑ, then ῑ◦ι ∈ End(N) is
the canonical endomorphism, and ι◦ ῑ ∈ End(M) the dual canonical endomorphism.

5The covariances here are the unitary representations of the Möbius group such
that AdU(g)B(I) = B(gI) and AdUθ(g) ◦ π0 ◦ θ(A(I)) = π0 ◦ θ(A(gI)), respectively.
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ιc : A(I0) → Bc(I0) and dual canonical endomorphism θc = ῑc ◦ ιc = c̄ ◦ c. Then
because c̄(B(I0)) = A1,c = ῑc(Bc(I0)), the mapping ϕc := c̄−1 ◦ ῑc : Bc(I0) → B(I0)
is well defined, and is an algebraic isomorphism between Bc(I0) and B(I0). Using
A(I0) ⊂ Bc(I0) as the starting point instead, denote by Xc the set of equivalence
classes of irreducible subhomomorphisms ac : A(I0) → Bc(I0) of ιc ◦ σ for DHR
endomorphism σ localized in I0. Then ϕc ◦ ac : A(I0) → B(I0) is contained in
c̄−1 ◦ ῑc ◦ ῑc ◦ σ = c̄−1 ◦ c̄ ◦ c ◦ σ = c ◦ σ ≺ ι ◦ σ′ ◦ σ because c is contained in ι ◦ σ′

for some σ′. Hence ϕc ◦ ac belongs to X. Conversely, if a ≺ ι ◦ σ belongs to X, then
a ≺ c ◦ σ̄′ ◦ σ for some σ′, hence ϕ−1

c ◦ a ≺ ῑ−1
c ◦ c̄ ◦ c ◦ σ̄′ ◦ σ = ιc ◦ σ̄′ ◦ σ belongs to

Xc.
This means that ϕc provides by left composition a bijection between the irre-

ducible subhomomorphisms of ι ◦σ : A(I0) → B(I0) as σ varies, and those of ιc ◦σ :
A(I0) → Bc(I0) as σ varies. Moreover, āc(Bc(I0)) = āc◦ϕ−1

c (B(I0)) = ā(B(I0)) give
the same subfactors A1,a ⊂ A(I0), and hence the same family of chiral extensions.
Obviously, the bijection preserves the nimrep nρ

ab = dimHom(ρ, ā ◦ b).
We now turn to positive-energy representations of chiral extensions, using α-

induction [17]. α-induction covariantly extends a DHR endomorphism σ of A to an
endomorphism of its extension B, and hence to a covariant induced representation
of B. The latter is unitarily equivalent to π0 ◦ σ ◦ ῑ [17]. This representation of B
restricts to the DHR representation π0◦σ◦ῑ◦ι = π0◦σ◦θ of A. Since the covariance of
B in the representation π0◦ ῑ is Uθ, the covariance in induced representation π0 ◦σ◦ ῑ
is Uσσ(U∗

0Uθ) = Uσ◦θ [6]. The induced representation is in general reducible.
Let a, b ∈ X. Then ā ◦ b is the local restriction of a DHR endomorphism θab

with multiplicities nρ
ab. Moreover, there is a DHR endomorphism σ of A localized

in I0 and an isometric local intertwiner t ∈ Hom(ā, σ ◦ b̄) ⊂ A(I0). We want to
show that t reduces the induced representation π0 ◦ σ ◦ ῑb of Bb. Namely, t is an
intertwiner between the local restrictions of the DHR endomorphisms θab = ā ◦ b
and σ ◦ θb = σ ◦ b̄ ◦ b, and hence it is also a global intertwiner. The projection tt∗

thus commutes with σ ◦ b̄(B(I0)) = σ ◦ ῑb(Bb(I0)) (i.e., locally) and with σ ◦ ῑb ◦ ιb(A)
(globally). Since Bb(I0) and A generate the entire net Bb, tt∗ commutes globally
with σ ◦ ῑb(Bb).

Thus tt∗ defines a subrepresentation π̂ab = π0 ◦ Adt∗ ◦ σ ◦ ῑb of the induced
representation of Bb, which restricts to the DHR representation π0 ◦Ad∗

t ◦ σ ◦ θb =
π0 ◦ θab of A. Because t ∈ Hom(θab, σ ◦ θb) also intertwines the covariances of the
DHR endomorphisms [6], π̂ab is covariant with covariance Uθab

.
By choosing a unitary operator U to transport π0 ◦ θab to a representation πab

of A on Hab =
L

ρ n
ρ
abHρ, we obtain the desired covariant extensions

πab(A(I)) ⊂ πab(Bb(I)) (17.12)

with
πab := AdU ◦ π0 ◦ Adt∗ ◦ σ ◦ ῑb. (17.13)

These theories are positive-energy representations (subrepresentations of α-induced
representations) of the chiral extensions Bb, which were previously defined in their
vacuum representations. �

Note that in (17.13) we cannot write Adt∗ ◦ σ ◦ ῑb = Adt∗ ◦ σ ◦ b̄ ◦ ϕb = ā ◦ ϕb

because ϕb is only defined on Bb(I0) while ῑb extends to the net Bb. Nevertheless, πab

depends only on a and b, and not on the choice of σ and t ∈ Hom(ā, σ ◦ b̄). Namely,
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this is true for πab(Bb(I0)) = AdU ◦ π0 ◦ ā ◦ ϕb(Bb(I0)) = AdU ◦ π0 ◦ ā(B(I0)), and
πab(Bb(I)) is obtained by acting with the covariance of AdU ◦π0◦θab on πab(Bb(I0)).

In the case a = b, we may choose σ trivial and t = 1 in (17.13). Thus πaa(Ba)
coincides with the chiral extension Ba in its vacuum representation.

Corollary 3. The same “holographic construction” as in (17.6):

B+,ab(O) := πab(Bb(K))′ ∩ πab(Bb(L)) (17.14)

for all a, b ∈ X defines a family of covariant BCFT’s containing πab(A+) on the
Hilbert spaces Hab with multiplicities given by the nimrep (17.10).

Proof. The corollary is obvious by the results of [18] mentioned in Sect. 17.2. �

17.5 Appendix: Modular Theory in QFT and in BCFT

We assemble those aspects of Modular Theory, which are particularly relevant
for BCFT (and for QFT in general). We recommend also [4] and [22].

The fundamental result of Modular Theory is the following.

Theorem 3 (Tomita). [22, Chap. VI, Thm. 1.19] Let M be a von Neumann algebra
on a Hilbert space H with a cyclic and separating vector Ω. Then the anti-linear
operator S : mΩ �→ m∗Ω is closable, and its closure has the polar decomposition
S = JΔ

1
2 where J = J(M,Ω) is an anti-unitary involution and Δ = Δ(M,Ω) ≥ 0 is

an invertible positive self-adjoint operator such that Δit is a unitary one-parameter
group. These “modular data” have the properties

(i) ΔJ = JΔ−1, ΔitJ = JΔit.
(ii) Δit implements a one-parameter group of automorphisms σt of M , i.e.,

σt(M) = M where σt(m) := ΔitmΔ−it (m ∈ M). (17.15)

(iii) The conjugation J maps M onto its commutant, i.e.,

j(M) = M ′ where j(m) := JmJ (m ∈ M). (17.16)

(iv) The state ω = (Ω, · Ω) is a KMS state of inverse temperature β = 1 on M with
respect to the “dynamics” given by the inverse modular automorphism group σ−t.
The modular automorphism group is determined by this property.

The modular data contain highly nontrivial information about the “position”
of a von Neumann algebra in its Hilbert space relative to the distinguished state.
In local QFT, this information is of dynamical nature. The Bisognano-Wichmann
theorem [1] states that, if Ω is the vacuum vector and M the von Neumann algebra
of observables localized in a wedge region, then the modular conjugation J is a
CPT operator (which in asymptotically complete QFT is related to the scattering
matrix), and the modular group Δit coincides with the unitary group of Lorentz
boosts which preserve the wedge:

Δit
(A(W ),Ω) = U(ΛW (−2πt)). (17.17)
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By the statement (iv), the BW property (17.17) explains the Unruh effect, that
an accelerated observer whose “dynamics” is given by the boosts in the Rindler
wedge senses the vacuum state like a thermal state. Also the Hawking effect can
be explained in this way, because an observer of a black hole “at rest” in constant
distance from the surface, is in fact an accelerated observer.

Since, as the wedges vary, the corresponding Lorentz boosts generate the
Poincaré group, the BW property implies that the unitary representation of the
Poincaré group is of modular origin. In a more ambitious program [13], one at-
tempts to derive the Poincaré group from the modular data of a finite set of wedge
algebras, which are required to be in a suitable “relative modular position” such as
to ensure the correct relations among their respective modular groups in order to
generate the Poincaré group.

In chiral theories, wedges are replaced by R+ and the Lorentz boosts by the
dilations. By conformal covariance, this situation is transported to any interval and
the subgroup of Möb which preserves the interval. Thus, the BW property is the
statement that the modular group of an interval algebra in the vacuum coincides
with the unitary representation of this subgroup. Since, as the interval varies, these
subgroups generate the Möbius group, the BW property implies that the conformal
group is of modular origin.

Of relevance for BCFT are mainly the following two profound theorems.

Theorem 4 (Takesaki). [22, Chap. IX, Thm. 4.2] Let N ⊂ M be a pair of von Neu-
mann algebras on a Hilbert space H and Ω ∈ H a vector which is cyclic and sepa-
rating for M . Then the following are equivalent:

(i) N is globally invariant under the modular automorphism group of (M,Ω), i.e.,
σ

(M,Ω)
t (N) = N .

(ii) There exists a conditional expectation E : M → N which preserves the state
ω = (Ω, · Ω), i.e., ω �N (E(m)) = ω(m).

In this case, E is implemented by the projection E onto the cyclic subspace NΩ, i.e.,
EmE = E(m)E. Moreover, the modular data associated with (M,Ω) restrict on the
cyclic subspace to those associated with (N,Ω), i.e., EΔ(M,Ω) = Δ(M,Ω)E = Δ(N,Ω)

and EJ(M,Ω) = J(M,Ω)E = J(N,Ω). In particular, if Ω is cyclic also for N , then
E = 1 and N = M .

Theorem 5 (Borchers). [4, Thm. II.5.2] Let M be a von Neumann algebra on a
Hilbert space H and Ω ∈ H a vector which is cyclic and separating for M . Let
U(s) be a unitary group preserving Ω such that U(s)MU(−s) ⊂ M for s > 0. If the
generator of U is positive, then one has

ΔitU(s)Δ−it = U(e−2πts). (17.18)

Choosing M = B(R+) in a Möbius covariant chiral QFT, Ω the vacuum, and
U(s) the translation subgroup of the Möbius group, the spectrum condition implies
by Borchers’ theorem that the modular group has the same commutation relations
with the translations as the dilations (scaled by a factor of −2π). This implies [5,7]
that the modular group coincides with the unitary representers of the scaled dilation
subgroup up to a unitary cocycle z(t) taking values in the center of the gauge group
of B,

Δit
(B(I),Ω) = U(ΛI(−2πt)) · z(t). (17.19)
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The BW property is the statement that this cocycle is trivial.
If B is local, it has been shown previously [7] that the BW property holds, by

extending the theory to a net on the circle on which the Möbius group acts globally,
and using the triviality of U(R(2π)) where R is the subgroup of rotations of the
circle. This argument has been generalized [5] to Z2-graded (fermionic) theories, but
it fails for more general non-local nets for which U(R(4π)) �= 1. Our result (P2)
provides an alternative sufficient condition for the BW property of non-local chiral
nets which does not depend on the spectrum of the rotations.
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Summary. We describe a general geometric setup allowing a generalization of
Rehren duality to asymptotically anti-de Sitter space-times whose classical matter
distribution is sufficiently well-behaved to prevent the occurence of singularities in
the sense of null geodesic incompleteness. We also comment on the issues involved
in the reconstruction of an additive and locally covariant bulk net of observables
from a corresponding boundary net in this more general situation.

18.1 Introduction

The inception of quantum field theory in curved space-time, about forty years
ago, brought into evidence a host of new conceptual problems hitherto absent or
left unnoticed due to the peculiarities of Minkowski space-time, such as the very
definitions of the notions of vacuum, particle, S-matrix, etc.. One hopes that the
clarification of such issues may bring some new insights into the deeper problem
of the quantization of gravity. An example of a possible interface between QFT in
curved space-time — based on the principle of locality — and a would-be quantum
theory of gravity – where such a principle is likely to be only macroscopically valid
— is black hole thermodynamics. The idea that a stationary black hole is a “black”
object in the quantum sense of the word — i.e., it produces a thermal bath with a
certain universal temperature – suggests, together with the peculiar geometrical be-
haviour of its event horizon, some remarkable consequences, such as: 1) the notion of
(thermodynamical) entropy is no longer extensive as in usual thermodynamics, but
leads to a quantity depending linearly on the area of the event horizon (Bekenstein-
Hawking entropy) 2) A black hole can “evaporate”, i.e., lose all its mass by thermally

∗Talk given during the Symposium “Rigorous Quantum Field Theory” in the hon-
our of Prof. J. Bros, SPhT-Saclay, Paris, July 19-21, 2004. This project is supported
by FAPESP under grant no. 01/14360-1.
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radiating it to infinity (Hawking radiation), in finite time, which leads to a complete
decoherence of an initially pure global state through entanglement with the partial
state inside the horizon of the vanishing black hole. To explain these phenomena
without violating basic postulates of quantum mechanics, ’t Hooft and Susskind
have put forward the holographic principle — namely, that the horizon has already
all physical degrees of freedom, in the sense that one can completely reconstruct the
physical data contained in a (bulk) volume from the physical system living on the
boundary of this volume, in pretty much the same way a tridimensional picture is
rebuilt from a two-dimensional hologram.

A concrete implementation of this principle in string theory was conjectured
by Maldacena [22] and Witten [31] — the famous AdS-CFT correspondence, which
triggered an impressive amount of theoretical development afterwards. Surprisingly,
although the holographic principle was thought to be inconsistent with the principle
of locality [6], it is possible to rigorously prove that the essentials of the AdS-CFT
correspondence — more precisely, the peculiar geometry of the space-times involved
— allow the reformulation of this correspondence in a manner consistent with the
principle of locality, that is, within the context of QFT in curved space-time. Such
a result is proven in Rehren’s paper [25], which is formulated within the framework
of Local Quantum Physics (Algebraic Quantum Field Theory). It states that “theo-
ries of local observables in Anti-de Sitter (AdS) space-time that are covariant under
global (rigid) isometries can be put in a one-to-one correspondence to theories of
local observables in AdS’s boundary — that is conformal to Minkowski space-time
of one dimension less — that are covariant under global (rigid) conformal transfor-
mations”. This result did not get the attention it deserved outside the realm of Local
Quantum Physics, being misinterpreted as a “fake proof” of Maldacena’s AdS-CFT
correspondence, and therefore deemed useless by string theorists; this comes as a
consequence of the fact that only rigid isometries are implemented, i.e., the quan-
tum observables are completely decoupled from the gravitational degrees of freedom
— there is no clue to how the bulk quantum system transforms under arbitrary
diffeomorphisms of space-time, let alone how it reacts to arbitrary, but compactly
localized, changes of the metric, and how these changes manifest themselves in the
holographic dual theory.

Here we understand Rehren’s theorem — called heretofore algebraic hologra-
phy or Rehren duality — as an independent result, that, at the same time, poses
questions with a counterpart in the “stringy” AdS-CFT correspondence, and issues
deeply related to the foundations of relativistic quantum theory itself. It is from this
perspective that the author’s work starts.

In Section 18.2, after recalling some basic definitions and results in Lorentzian
geometry that will be needed in the sequel, we will extend Rehren’s geometrical
setup to asymptotically simple, asymptotically AdS space-times of any dimension
greater than 2, based in the simple, but crucial remark: wedges in AdS are simply
diamonds with both tips belonging to the conformal infinity. This not only renders
Rehren duality quite natural, but also shows that it depends essentially on the global
causal structure of AdS’s conformal infinity, therefore begging for a generalization to
space-times that share these properties. We will see, however, in Section 18.3, that
there are some subtle, but important aspects in this more general setting. Namely,
one needs some global constraints on the classical matter distribution (which can
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be put into strictly geometrical terms) in order to utilize algebraic holography to
preserve causality when going from the bulk to the boundary. We will see that these
conditions also open up the possibility of encoding bulk gravitational effects in a non-
geometrical way at the boundary — namely, in the form of spontaneous symmetry
breaking (breakdown of Haag duality for diamonds at the boundary), if the bulk
theory is causal and Haag dual. This has remarkable consequences, due to previous
results by Brunetti, Guido and Longo about modular covariance in conformal QFT
[9]. These same conditions raise, on the other hand, great difficulties when it comes to
reconstruct the (compact) localization of the bulk observables using only boundary
CFT data and the (bulk wedge ⇔ boundary diamond) correspondence. It can be
shown, nevertheless, that for sufficiently small bulk diamonds this reconstruction
can indeed be done. This is just enough for additive bulk theories, which can thus
be “holographically rebuilt”. Section 18.4 closes with some remarks on open problems
and further work to be done by the author.

The developments to be presented in what follows are, first and foremost, ge-
ometric. We will focus on two essential aspects: causality and localization (in the
sense of manifold topology — see Section 18.3). We will refrain from studying co-
variance aspects of our construction in detail, as they demand a separate paper of
their own for a proper discussion and limit ourselves to some remarks at the end.

18.2 Doing away with coordinates in Rehren duality

18.2.1 Some tools in Lorentzian geometry

Let us recapitulate some definitions. For details, see the monographs of Wald [30],
Hawking and Ellis [19], O’Neill [23] and Beem, Ehrlich and Easley [4]. By a space-
time it will be understood a pair ( cM , bg)2, where cM is a paracompact, connected
and orientable C ∞ manifold, and bg is a time-orientable, Lorentzian C ∞ metric, with
Levi-Civita connection ∇a.

Let U ⊂ cM be an open set, and p ∈ U . The chronological (resp. causal)
future of p with respect to U , denoted by I+(p,U ) (resp. I+(p,U )) is given by the
following sets:

I+(p,U ) =̇ {x ∈ U : ∃γ : [0, a]
C∞−→ U timelike

and future such that γ(0) = p, γ(a) = x}; (18.1)

J+(p,U ) =̇ {x ∈ U : x = p ou ∃γ : [0, a]
C∞−→ U causal

and future such that γ(0) = p, γ(a) = x}. (18.2)

Exchanging future with past, one can define in a dual fashion the chronological
(resp. causal) past I−(p,U ) (resp. J−(p,U )) of p with respect to U . It follows
from these definitions that I±(p,U ) is open and int(J±(p,U )) = I±(p,U ). Using
such sets we can define chronology and causality relations between two points. Let
p, q ∈ U ⊂ V . We say that p chronologically (resp. causally) precedes q with respect

2The use of hats follows the convention for the interior of the conformal comple-
tion (see later).
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to U if p ∈ I−(q,U ) (resp. p ∈ J−(q,U )). We denote this relation by p !U q
(resp. p ≤U q). If p ≤U q and p �= q, we write p <U q. If p !U/ q and pgU/ q
(resp. p ≮U q e p ≯U q), we say that p and q are chronologically (resp. causally)
disjoint — in this case, we write p�U q (resp. p ⊥U q). All chronology and causality
relations defined above, as well as the notions of chronological/causal future/past,
are defined for arbitrary nonvoid sets in an obvious way. If p, q ∈ U ⊂ V implies
that p�U q (resp. p ⊥U q), we say that U is achronal (resp. acausal) with respect
to U . For instance, given O ⊂ U , the set ∂I+/−(O,U ) = ∂J+/−(O,U ) is said to
be the future/past achronal boundary of O with respect to U , and constitutes an
achronal, topological submanifold of V such that every p ∈ ∂I+/−(O,U ) belongs
to a (necessarily unique) null geodesic segment, achronal with respect to U and
contained in ∂I+/−(O,U ), which is either past/future inextendible or possesses a
past/future endpoint in O. Such geodesics are the null generators of ∂I+/−(O,U ).

Let now S ⊂ V be closed and achronal. The future (resp. past) domain of
dependence of S , denoted by D+(S ) (resp. D−(S )) is given by:

D+/−(S )=̇{p ∈ V : ∀γ : [0, a) −→ V past/future inextendible,
causal such that γ(0) = p, ∃b < a such that γ(b) ∈ S }. (18.3)

D(S )
.
= D+(S ) ∪ D−(S ) is said to be the domain of dependence or Cauchy

development of S . The edge of S (notation: Ṡ ) is given by the points p ∈ S
such that any open neighborhood of p possesses points q ∈ I−(p), r ∈ I+(p) and
a timelike curve γ linking q to r, and with empty intersection with S . If S is
not only achronal but also acausal, then the set int(D(S )) is globally hyperbolic
(in such a case, we say that S is a Cauchy surface for int(D(S ))). The closed,
achronal set H+(S )

.
= D+(S ) \ I−(D+(S )), denoted future Cauchy horizon of

S , possesses the following property: any p ∈ H+(S ) is contained in an achronal,
null geodesic segment contained in H+(S ), which is either past inextendible or has
a past endpoint in Ṡ . An analogous property holds for H−(S ), the past Cauchy
horizon of S ; the (full) Cauchy horizon H(S )

.
= H+(S )∪H−(S ) equals ∂D(S ).

Now, for the notion of conformal infinity :

Definition 1. The conformal infinity or conformal boundary of an n-dimensional
space-time ( cM , bg) is an n − 1-dimensional semi-Riemannian manifold (I , b) such
that there exists an n-dimensional, Lorentzian manifold-with-boundary (M , g) (the
conformal closure or conformal completion of ( cM , bg)) satisfying:

• I ≡ ∂M ; there is a diffeomorphism Φ of cM onto Φ( cM ) = M \ ∂M ;
• b is the (possibly degenerate) semi-Riemannian metric induced by g in I ;
• There exists a conformal (Weyl) factor (that is, a real-valued, positive C ∞ func-

tion Ω in cM , that admits a C∞ extension to M such that Ω �I≡ 0 and
ΔΩ �I �= 0 em I ) satisfying gab = Ω2

bgab.

Note that, if na := ∇aΩ �= 0 in I (na is the normal (co)vector to I ; this
condition can be made to hold if the Einstein equations are satisfied in a neighbor-
hood of (I , b) and the classical matter fields satisfy certain decay conditions in this
neighborhood), then Ω can be chosen in such a way that the extrinsic curvature
(second fundamental form) Kab := ∇anb vanishes in I . It is enough to multiply
Ω by a real-valued, positive, nowhere vanishing C∞ function ω in M — the new
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factor Ω still satisfies all the conditions in Definition 1. Nonetheless, this choice by
no means constrains the values ω can take in I [3]. Therefore, (I , b) can be taken
totally geodesic, regardless of the choice of representative of the conformal structure
of b.

Definition 2. Let ( cM ,bg) be an n-dimensional space-time with conformal infinity
(I , b). We say that ( cM ,bg) is asymptotically simple if any inextendible null geodesic
( cM ,bg) has a unique extension to (M , g) such that I contains precisely both of its
endpoints.

Obviously, this is only possible if ( cM ,bg) is null geodesically complete. Actually,
when (I , b) is timelike (and therefore a space-time in its own right), one can say
more, justifying the name “asymptotically simple”:

Theorem 1. If ( cM , bg) is asymptotically simple and has a timelike conformal infinity,
then it is causally simple, that is, J±(p, cM ) is closed in cM (and therefore equal to

I±(p, cM )) for all p ∈ cM .

Proof. First, notice that if p, q ∈ cM are such that p ! cM/ q, then p !M/ q and
likewise exchanging future with past, for a timelike curve in M linking p to q can
always be slightly deformed so as to give a timelike curve contained in cM and linking
p to q. Now, suppose that p ∈ ∂I−(q, cM ) and p /∈ J−(q, cM ). By the reasoning above,
we have p ∈ ∂I−(q,M ). Moreover, by hypothesis, a null generator γ of ∂I−(q, cM )
must reach its future endpoint at infinity without crossing q before this. Let r be
such an endpoint. Then, r ∈ ∂I−(q,M ) since this set is closed. Since the infinity
is totally geodesic, γ must hit it transversally and thus any future causal extension
of γ must be broken. Therefore, if one extends γ slightly to the future by a null
generator segment γ′ of ∂I−(q,M ) crossing r (say, by setting the affine parameter t
of γ′ equal to zero in r and extending up to t = ε > 0), then there is a timelike curve
in M linking p to γ′(ε) [19], which violates the achronality of ∂I−(q,M ). Repeat
the argument exchanging future with past. �

An asymptotically simple space-time, however, need not be globally hyperbolic
— a prime example is AdS space-time, which will be studied in the next subsection.

18.2.2 Asymptotically Anti-de Sitter (AAdS) space-times and Rehren
duality

We will recapitulate some definitions given in [27]. Recall that n-dimensional
AdS space-time (notation: AdSn, n ≥ 3) is given by the hyperquadric in Rn+1

(X = (X1,X2, . . . ,Xn−2))

−X0X0 + X ·X + Xn−1Xn−1 −XnXn = A2, A > 0, (18.4)

where the X0 −Xn plane determines the time orientation. AdSn is a homogeneous
space for the isometry group SO(2, n− 1). Consider now the region AdS+

n
.
= {X ∈

AdSn : Xn−1 + Xn > 0}. One can build a chart for this region (denoted horocyclic
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or Poincaré parametrization) with the parameters (x, z), where x ∈ R1,n−2 and
z ∈ R+:

8

>

<

>

:

Xμ =A
z
xμ (μ = 0, . . . , n − 2),

1
A
Xn−1= 1−z2

2z
+ 1

2z
xμx

μ,
1
A
Xn = 1+z2

2z
− 1

2z
xμx

μ.

(18.5)

One can see from the formulae (18.5) that each timelike hypersurface given by
z = const. is conformal to R1,n−2 by a factor

(Xn−1 + Xn)2 =
A2

z2
. (18.6)

In this chart, the AdSn metric is written as

Δs2 =
A2

z2
(ΔxμΔxμ + Δz2), (18.7)

that is, AdS+
n is a semi-Riemannian “warped product” of R1,n−2 with R∗

+. The uni-
versal covering of AdSn (notation: ÃdSn) is asymptotically simple, and possesses
the Einstein static universe (ESU) I = R×Sn−2 as conformal infinity. Specializing
to the Poincaré chart, we see that in AdS+

n the conformal factor is given by (18.6),
that is, z = 0 corresponds to the conformal embedding of Minkowski space-time into
the Einstein static universe. ÃdSn satisfies the empty space Einstein equations with
(negative) cosmological constant Λ = − (n−1)(n−2)

2A2 .

Now, let us define, for p, q ∈ I , p !I q:

Wp,q
.
= (I−(p,AdSn) ∩ I+(q,AdSn)) ∩ ÃdSn ((bulk) wedge); (18.8)

Dp,q
.
= (I−(p,AdSn) ∩ I+(q,AdSn)) ∩I

= I−(p,I ) ∩ I+(q,I ) ((boundary) diamond). (18.9)

Let p ∈ I . All future null geodesics emanating from p will focus at a single
point of I , which is the future endpoint of all null generators of ∂I+(p,I ). This
point is denoted antipodal of p (notation: p̄). The antipodal of p has the following
properties:

∂I+(p,I ) = ∂I−(p̄,I ); (18.10)
∂I+(p,AdSn) = ∂I−(p̄, AdSn). (18.11)

Let ¯̄p
.
= (p̄), and define M in(p)

.
= Dp, ¯̄p, the Minkowski domain to the future

of p ∈ I . This region corresponds to the conformal embedding of R1,n−2 into
I such that p corresponds to the past timelike infinity of R1,n−2. Poi(p)

.
= Wp, ¯̄p

corresponds to the domain of a Poincaré chart in ÃdSn, therefore being denominated
the Poincaré domain to the future of p. Given the objects defined above, we can
define the geometrical setup for Rehren duality as follows:

1. The isometry group of ÃdSn acts transitively on the collections W
.
= {Wp,q :

p, q ∈ I } of bulk wedges and D
.
= {Dp,q : p, q ∈ I } of boundary diamonds.

2. Wp,q and Dp,q share the same isotropy subgroup.
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3. From (18.10) and (18.11), it follows respectively that W and D are closed under
causal complements. More precisely (by O ′

U we mean the causal complement of
O with respect to U ⊃ O), we have, for all p, q ∈ M in(r), r ∈ I , p !I q̄,

Wq,p̄ ∩ ÃdSn = (Wp,q̄)
′
ÃdSn

(18.12)

and
Dq,p̄ = (Dp,q̄)

′
I . (18.13)

4. As a consequence of the above statements, the Rehren bijection

ρ : W −→ D (18.14)
Wp,q �→ α(Wp,q)

.
= Dp,q

is one-to-one and onto, preserves inclusions and causal complements, and in-
tertwines the action of ÃdSn’s isometry group, which is also the conformal
group of (I , b) and the universal covering of the conformal group of Minkowski
space-time. Rehren duality = algebraic holography is simply the transplantation
(change of index set) of theories of local observables under the map ρ3.

Now, what happens if we “perturb” AdS space-time in such a way that we still
have the ESU (I , b) as conformal infinity? This corresponds to the class of asymp-
totically AdS space-times. More precisely, by employing a definition similar to the
ones given in [3] and [2], one can write:

Definition 3. An n-dimensional space-time (n ≥ 3) ( cM ,bg) with conformal infinity
(I , b) is said to be asymptotically anti-de Sitter (notation: AAdS) if:

1. It satisfies Einstein’s equations bRab − 1
2
bRbgab − Λbgab = 8πG(n)

bTab, where G(n)

is the n-dimensional Newton’s constant, and the cosmological constant Λ is
< 0 (one can attribute an “AdS radius” to such space-times, by setting A =
q

− (n−1)(n−2)
Λ

);
2. (I , b) is globally conformally diffeomorphic to the (n− 1)-dimensional Einstein

static universe;
3. The (classical) energy-momentum tensor bTab of ( cM ,bg) decays fast enough close

to I for Ω2−n
bT a
b to possess a C ∞ extension to the conformal closure (M , g).

The condition on the decay of bTab is motivated by considering the behaviour
of classical fields emanating from compactly localized sources in AdSn, especially
massless fields (electromagnetic, Yang-Mills). The global condition on the confor-
mal infinity makes sense in general because solutions of Einstein’s equations with
negative cosmological constant possess a timelike conformal infinity.

In what follows, we shall make two additional demands on the class of AAdS
space-times we will deal with:

3This coordinate-free form of the Rehren bijection, which solely makes use of
causal relationships in the conformal closure, is based in a suggestion from K.-H.
Rehren [26], and was employed in this form by Bousso and Randall [7] for studying
qualitative aspects of the AdS-CFT correspondence.
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Asymptotic simplicity. This is indispensable for rebuilding bulk localization from
wedges. The existence of a large class of asymptotically simple AAdS space-times
was proven by Friedrich [11,13].

Global focusing of null geodesics. More precisely, it is demanded that all inextendible
null geodesics shall possess a pair of conjugate points (recall that a pair of points
p, q in a null geodesic γ are said to be conjugate if there is a Jacobi field on γ — i.e.,
a vector field that satisfies the geodesic deviation equation on each point of γ —
nowhere vanishing on the open segment of γ linking p to q but vanishing at both p
and q. It is well known [4,19,30] that, in this case, any point of γ to the future (resp.
past) of q (resp. p) can be linked to p (resp.q) by a timelike curve). It is precisely this
condition that guarantees the Rehren bijection will preserve causality, and it also
ends up playing an important role in the reconstruction of bulk localizatiion. Even if
one does not require asymptotic simplicity, one can still show that any chronological
space-time which satisfies this focusing condition is strongly causal [4], and therefore
its topology is generated by diamonds. AdS does not satisfy this condition, but it
follows from energy conditions on the energy-momentum tensor as weak as the
NEC, ANEC and the Borde energy condition [5]4, and does look natural from the
viewpoint of certain rigidity theorems for asymptotically simple space-times: for
asymptotically flat and de Sitter space-times which satisfy, say, NEC, it was proven
by Galloway [14, 15], by employing the stability results of Friedrich [11, 12], that if
such space-times possess a so-called null line (a complete, achronal null geodesic),
then they are globally isometric to Minkowski space-time (resp. de Sitter space-time,
with radius determined by the value of the cosmological constant appearing in the
Einstein equations). From the viewpoint of stability of the (conformal) [11] mixed
Cauchy/boundary problem, one can see that the occurrence of null lines is an unstable
feature of such space-times, i.e., any arbitrarily small perturbation of Cauchy data
that preserves boundary conditions at the conformal infinity destroys all null lines,
i.e., all complete null geodesics acquire a pair of conjugate points. There is still no
similar result for asymptotically simple AAdS space-times in the sense of Definition
3, yet the the global structure of conformal infinity suggests that this may still be
true. If so, our analysis complements and extends Rehren’s.

We shall now study how this framework behaves in the more general situation
of AAdS space-times complying with the conditions above.

18.3 Properties of the Rehren bijection in AAdS space-times

18.3.1 Causality (bulk-to-boundary)

In principle, gravitational effects deep inside the bulk may produce causal short-
cuts through the bulk linking causally disjoint point at the boundary, i.e., it may

4If one wants to extend our considerations to semiclassical AAdS space-times,
i.e., with quantum backreaction, we remark that quantum energy inequalities seem
to be capable of guaranteeing that a “Planck-scale coarse-grained (i.e., transversally
smeared)” ANEC holds for the renormalized quantum energy-momentum tensor [10],
but whether this implies, say, the Borde energy condition, and thus gives rise to the
needed focusing theorems [5], or not, is still an open question.
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happen that I+(p,I )∩ I−(q,I ) � (I+(p,M ) ∩ I−(q,M )) ∩I , rendering the sec-
ond identity in (18.9) false. Such a thing would be ruinous to the Rehren bijection
to keep preserving causality in AAdS space-times. We shall show now that, luckily,
(18.9) still holds under our set of hypotheses. Here, we make use of the notion of
gravitational time delay [16,24,32] of complete null geodesics in AAdS space-times.
The Einstein static universe (I , b) is globally hyperbolic; let it be given a foliation
in Cauchy surfaces such that the orbits of the global time function t (supposed to
be oriented in the same way as the time orientation of (I , b)) generating the fo-
liation are complete timelike geodesics, and the values of the global time function
correspond to a common affine parametrization of this family of geodesics. Now, let
γ be a complete null geodesic in M traversing cM , with past endpoint p and future
endpoint q belonging to the orbits Tp (resp. Tq), and γ′ a null geodesic segment in
I starting at p and ending at, say, q′ ∈ Tq. The gravitational time delay of γ with
respect to I is given by the difference Δt = t(q) − t(q′) (notice that, due to the
properties of null geodesics in ESU, it follows that any other null geodesic segment
in I starting at p that crosses Tq afterwards will necessarily do it at q′.). Although
this value depends on the choice of foliation, the sign of Δt (< 0, = 0, > 0) does
not. Under our set of hypotheses, the gravitational time delay in AAdS space-times
is always posititive:

Theorem 2. 5 Let ( cM ,bg) be an asymptotically simple AAdS space-time, such that
every inextendible null geodesic has a pair of conjugate points, and p ∈ I . Then,
every null geodesic segment emanating from p which does not belong to I has its
future endpoint in I+(p,I ).

Proof. Let γ be a null geodesic segment emanating from p and traversing the bulk,
and let p′ be the future endpoint of γ in I . Since we have assumed that ( cM ,bg) is
causal, one can see that p′ /∈ I−(p,M ). Now, we prove two lemmata:

Lemma 1 (Absence of causal shortcuts). Let p, p′ ∈ I . If p ⊥I p′, then there is no
causal curve in (M , g) linking p to p′.

Proof. Suppose that p′ >M p (the opposite case is treated analogously). We will
prove that the gravitational time delay implied by the presence of a pair of conjugate
points contradicts the causal disjointness of p and p′ with respect to I . Denote by
T (p′) the timelike generator of (I , b) containing p′.

Note that ∂I+(p,I )
.
= Σ is a closed, achronal surface that cuts (I , b), in two

disjoint subsets I+(p,I )
.
= A and I \ I+(p,I )

.
= B and intersects each timelike

generator of I in precisely one point, as every timelike generator has points in
I+(p,I ) and I−(p̄,I ). By hypothesis, p′ ∈ B. Moreover, T (p′) must cross Σ at
some instant of time. Therefore, there exists p′′ ∈ T (p′) such that p′′gI p′ and
p′′ ∈ Σ. Let γ be a null generator of Σ that contains p′′. As the segment of γ that
links p to p′′ is null and achronal, γ is necessarily the fastest curve in (I , b) linking
p to T (p′).

5The method of proof was communicated to me by Sumati Surya [29]. It is
analogous to the proof of a positive mass theorem for asymptotically flat space-times
due to Penrose, Sorkin and Woolgar [24] and for AAdS space-times due to Woolgar
[32]. Another proof of this, using a somewhat different strategy, was provided by
Gao and Wald [16].
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Now, consider the achronal boundary ∂I+(p,M ) = ∂J+(p,M )
.
= Σ. Σ ∩ I is

closed, achronal and intersects each timelike generator of I in precisely one point,
as every timelike generator has points in I+(p,M ) and I−(p,M ), and Σ separates
M in two disjoint open sets (from the viewpoint of a manifold-with-boundary, of
course) I+(p,M )

.
= Ȧ and M \ I+(p,M )

.
= Ḃ. Thus, T (p′) must cross Σ in, say,

p′′′. Since p <M p′, we must have p′′′ !I p′ or p′′′ = p′. In both cases, we have
p′′′ !I p′′, which implies that any null generator γ of Σ containing p′′′ is strictly
faster than γ. As γ was the fastest curve in (I , qb) linking p to T (p′), γ necessarily
traverses cM . Hence, we have built a complete and achronal null geodesic in ( cM , bg).
However, such a geodesic cannot exist since it must have a pair of conjugate points
and therefore cannot be achronal. �

Lemma 2. Let p, p′ ∈ I . If p′ ∈ ∂I+(p,I ) and p′ �= p̄, then there is no null geodesic
segment in (M , g) that does not belong to I and links p to p′.

Proof. Let γ be the (necessarily unique) null generator of ∂I+(p,I ) linking p to p′.
Suppose that there is another null geodesic, traversing cM and linking p to p′. Then,
if one picks any point p′′ in γ after p′, there is a broken null geodesic segment linking
p to p′′, which in turn implies that there is a timelike curve in (M , g) linking p to
p′′ [19].

Let T (p′′) be the timelike generator of (I , b) containing p′′. Now, consider Σ as
in the preceding lemma. Again, T (p′′) must cross Σ, say, in p′′′. Thus, necessarily
p′′′ !I p′′. But this implies that, since (M , g) is causal, p ⊥I p′. That contradicts
the preceding lemma. �

Both lemmata above imply that, if p′ is not dragged inside I+(p,I ) by gravita-
tional time delay, then p′ coincides with p, just as in AdS. But, even in such a case,
the presence of conjugate points in γ implies that there is a timelike curve traversing
the bulk and linking p to p̄. Repeating the argument in Lemma 2, the result follows.

�

All arguments above can be repeated exchanging future with past, and p with
its antipodal p̄, yielding a similar result in the opposite time orientation. It is now
immediate to show that, as a direct consequence of Theorem 2, (18.9) holds. Thus,
we shall keep the same notation for the conformal infinity, for bulk wedges, boundary
diamonds and the Rehren bijection, as well as for Minkowski and Poincaré domains,
when dealing with AAdS space-times.

Remark 1. Our set of hypotheses, however, entails that, although the Rehren bijec-
tion preserves causality, it no longer does so in a maximal way — the collection of
wedges is no longer closed under causal complements. More precisely:

Proposition 1. Let ( cM , bg) be an AAdS space-time satisfying the hypotheses of The-
orem 2. Define Ξ+

p
.
= ∂I+(p,M ) \ {p, p} and Ξ−

p

.
= ∂I−(p,M ) \ {p, p}. Then:

(i) Ξ+
p ∩ I−(p,M ) = Ξ−

p ∩ I+(p,M ) = ∅.
(ii) Ξ+

p ∩ Ξ−
p ∩ cM = ∅.

Proof. (i) We know that Ξ+
p ∩ I = Ξ−

p ∩ I , so let us concentrate only at the
bulk. Namely, suppose that there is q ∈ cM such that q ∈ Ξ−

p and q /∈ Ξ+
p . If qgp,
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that contradicts the fact that there is no timelike curve linking p to p. Repeat the
argument exchanging past with future, and the roles of p and p.

(ii) If Ξ+
p and Ξ−

p coincide in some point q ∈ cM , then there is an at least
broken null geodesic segment linking p to p̄, which implies that there is a timelike
curve through the bulk doing the same. The result easily follows by repeating the
reasoning at the end of the proof of Theorem 2. �

Note that the argument above is symmetric with respect to time orientation.
An important consequence of Proposition 1 is that our global focusing condition
entails a nontrivial “shrinking” of the AAdS wedges towards the boundary, as a
side effect of the gravitational time delay. As a consequence of the latter, it follows
that, although by Theorem 2, p̄ still satisfies (18.10), it will certainly violate (18.11).
Moreover, Wq,p̄ ∩ cM � (Wp,q̄)

′
cM

and Poi(r) � {r}′M ∩ cM . Hence, property 3 for
wedges no longer remains valid, and therefore the collection of bulk wedges cannot
be closed by causal complements in the sense of (18.12). The strict inclusions above
suggest that Haag duality for boundary diamonds cannot be satisfied without violat-
ing bulk causality for local observables, as the local (von Neumann, for concreteness)
algebra A(W (p, q̄)′) may be strictly larger than A(W (q, p̄)) = A(D(q, p̄)) (here the
Borchers timelike tube theorem does not remove the strictness of the inclusion, as
here one would need to extend the localization beyond the set of points causally
between p and q̄). Hence, in such a case, if A(D(p, q̄))′ = A(D(q, p̄)) = A(D(p, q̄)′),
then the algebra A(W (p, q̄)′) necessarily has elements that do not commute with
A(W (p, q̄)) = A(D(p, q̄)), therefore violating local causality. That means that the
local algebras also “shrink” from the viewpoint of the boundary — in this way, the
boundary net can “feel” bulk gravitational effects as a spontaneous symmetry break-
ing that necessarily follows from the breakdown of Haag duality [18]. We will say
more on this at the end of this contribution.

18.3.2 Reconstruction (boundary-to-bulk)

Knowing the wedge localization of bulk observables may not be enough for the
full reconstruction of the bulk quantum theory using only boundary data and the
Rehren bijection ρ. We need to be able to specify the localization of the local pro-
cedures in arbitrarily small open regions, or, which amounts to the same thing, the
localization with respect to a basis of the bulk topology. This can, in principle, be
performed by taking intersections of wedges, but it is by no means clear whether
these give a basis for the bulk topology or not. This must be done in a more precise
way. In AdS, we are fortunate, because any relatively compact AdS diamond (for the
purpose of generating the manifold topology, these suffice) can be enveloped by AdS
wedges: given

Op,q
.
= I+(p, ÃdSn) ∩ I−(q, ÃdSn), p !

ÃdSn
q, (18.15)

we can write

Op,q =
\

r∈∂I−(p,AdSn)∩I , s∈∂I+(q,AdSn), r,s∈Min(u)

Wr,s. (18.16)

We will see shortly that the achronality of the inextendible null geodesics in AdS
is crucial for the precise enveloping. In an AAdS space-time as in Theorem 2, the
issue is much more delicate, because of the following
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Proposition 2. Let ( cM , bg) be an AAdS space-time satisfying the hypotheses of The-
orem 2, and p ∈ cM . Then, ∂I+(p,M ) intersect each timelike generator if (I , b)
precisely once.

Proof. By the achronality of ∂I+(p,M ), it intersects every timelike generator of
(I , b) at most once. Suppose that the thesis is false. Then, given a timelike generator
T , we have the following possibilities:

(i) T ⊂ I+(p,M ) – Consider a complete null geodesic γ crossing p, and let q be
the past endpoint of γ. Then, there exists a value t of the affine parameter of T
such that T (t) !I q. Therefore, T (t) !M p, which is absurd since (M , g) is
chronological.

(ii) T ∩ J+(p,M ) = ∅ – Consider a complete null geodesic γ crossing p, and let r
be the future endpoint of γ. Then, there exists a value t of the affine parameter
of T such that T (t)gI r. Therefore, T (t)gMp, contradicting the hypothesis. �

Proposition 3. Let ( cM ,bg) be an AAdS space-time which satisfies the hypotheses of
Theorem 2, q, r ∈ cM such that r ∈ ∂I−(q, cM ), and γ a null generator of ∂I−(q, cM )
to which r belongs. Let s1(r), s2(r), s3(r) ∈ I be defined as:

• s1(r) is the future endpoint of γ;
• s2(r) is the point where ∂I+(q,M ) intersects the timelike generator T (s1(r)) to

which s1(r) belongs;
• s3(r) is the point where ∂I+(r,M ) intersects T (s1(r)).

Then:

(i) s3(r) ≤I s2(r) ≤I s1(r).
(ii) s3(r) = s2(r) = s1(r) if and only if the segment of γ linking r to s1(r) is

achronal.

Proof. (i) Immediate, as is (ii) ⇒. It remains to prove (ii) ⇐. Namely, suppose that
s3(r) equals s2(r). Then, the null geodesic segment linking q to s2(r) must belong
to γ, for otherwise there would be a broken geodesic segment linking r and s3(r),
contradicting the definition of the latter (this, in particular, proves that s1(r) = s3(r)
even if we just assume s2(r) = s3(r)). If γ is not achronal, once more we have a
contradiction with the definition of s3(r). �

Similar results are valid if we exchange future with past. Now, in an AAdS space-
time satisfying the hypotheses of Theorem 2, let Op,q be a relatively compact diamond
with a contractible Cauchy surface — any sufficiently small diamond satisfies both
conditions. Let us now consider the region

Qp,q =
\

r∈∂I−(p,M)∩I ,s∈∂I+(q,M)∩T (r)

Wr,s. (18.17)

It follows naturally from the definition that Qp,q ⊃ Op,q , it is causally complete, as
it is the intersection of causally complete regions, and

Qp,q ∩ J+(q,M ) = Qp,q ∩ J−(p,M ) = ∅. (18.18)
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In AdS, Qp,q = Op,q [25]. For AAdS space-times as in Theorem 2, however, it
may happen that Qp,q 	 Op,q . Likewise, defining Ep,q

.
= ∂I+(p, cM ) ∩ ∂I−(q, cM ),

let us start from
eQp,q =

\

r∈Ep,q

Ws′3(r),s3(r), (18.19)

where s′3(r) corresponds to s3(r) if we exchange future with past in the statement of
Proposition 3. Here, eQp,q ⊂ Qp,q is again causally complete, if nonvoid. However, if
the space-time metric deep inside the bulk is sufficiently “distorted”, and causing a
sufficient number of null generators of, say, ∂I−(q, cM ) to acquire a pair of conjugate
points between Ep,q and I , for all we know (Proposition 3) eQp,q could very well
be empty (the intersection of the corresponding algebras may even be nonvoid, but
then we will not be able to attribute any localization whatsoever to this algebra).
This is suggested by the following remarks:

1. In a causally simple space-time, any relatively compact diamond Op,q is a glob-
ally hyperbolic region, for which any Cauchy surface has a boundary equal to
Ep,q;

2. Any causally complete region U has the following property: if S ⊂ U is a
closed, achronal set with respect to U , then D(S ) ⊂ U .

Both remarks together show that, if r ∈ Ep,q is such that a null generator of, say,
∂I−(q, cM ) crossing r acquires a pair of conjugate points between r and s1(r), then,
by causal simplicity, it follows that there is a neighbourhood of q that is causally
disjoint from s3(r), and, therefore, I−(s3(r),M ) cannot contain a Cauchy surface for
Op,q. Since, on the other hand, this does not exclude the possibility that eQp,q may
contain points outside Op,q either, it is by no means clear whether the collections of
Qp,q and eQp,q give bases for the topology of cM or not.

One way to circumvent these problems could be to restrict ourselves to suffi-
ciently small diamonds, such that none of the null generators of ∂I+(q,M ) can
travel far enough beyond q in order to develop a pair of conjugate points. But there
is a situation such that, no matter how small the extension, it will always cease to be
achronal: it is when q itself is conjugate to s1(r). In this limiting case, s1(r) = s2(r)
but s2(r) �= s3(r).

We show now that the key to these problems is to try to build a region similar
to eQp,q, but employing, instead of the points s3(r), s′3(r) for r ∈ Ep,q, the points for
which the problem, entailed by Proposition 3 and mentioned above, is, in a certain
sense, “minimized”. To perform this task, we start from a different viewpoint, which
will also eventually show that the critical situation in the preceding paragraph is
ruled out by null geodesic completeness. First, notice that, using an argument similar
to the one used in [19] and [30] to prove the existence of a (Lipschitz) topological
manifold structure for achronal boundaries, one can show that Ep,q is locally the
graph of an R-valued, locally Lipschitz function of n−2 real arguments, and therefore
it is a compact, acausal, embedded (Lipschitz) topological submanifold of cM , with
codimension 2. Notice as well that one can smoothly parametrize the family of
timelike generators of (I , b) by a latter’s Cauchy surface S which is homeomorphic
to Sn−2 and thus also compact. Let t be the common affine parametrization of
the timelike generators of (I , b) mentioned in the previous subsection. Define the
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function
τ : Ep,q × S � (r, θ) �→ τ (r, θ) ∈ R, (18.20)

where
∂I+(R,M ) ∩ T (θ) = {T (θ)(τ (r, θ))}. (18.21)

Proposition 2 shows that the definition of τ is not empty. Moreover:

Proposition 4. τ is upper semicontinuous in r for fixed θ.

Proof. Let ε > 0. r lies in the chronological past of the point T (θ)(τ (r, θ) + ε), and
thus there is an open neighborhood U of r in Ep,q which lies in the chronological
past of T (θ)(τ (r, θ)+ε). Therefore, for all r′ ∈ U , we must have τ (r′, θ) < τ (r, θ)+ε.

�

One can actually prove that τ is Lipschitz continuous in θ for fixed r, but this
will not be used in the sequel. The function τ (., θ) will be called future Fermat po-
tential with respect to θ. The name is a remnant of the Huygens-Fermat principle of
geometrical optics (see, for instance, pages 249-250 of [1]). Now, extend the defini-
tion of τ (., θ) to the closure Fp,q of some Cauchy surface Fp,q for Op,q , denoting it
by the same symbol, since no confusion arises here. By the same argument employed
in Proposition 4, τ (., θ) is upper semicontinuous in Fp,q. Since both Ep,q = ∂Fp,q

and Fp,q are closed subsets of the compact set Op,q, they are compact themselves.
By a standard result of analysis (see, for instance, pages 110–111 of [21]), τ (., θ) has
a maximum value both in Fp,q and Ep,q. The next theorem shows that τ (., θ) has
indeed a distinguishing property of potentials:

Theorem 3 (Maximum principle for the future Fermat potential). The maximum
value of τ (., θ) in Fp,q is achieved at Ep,q.

Proof. Let r be a point of Ep,q where τ (., θ) achieves its maximum in Ep,q , and let
r′ be a point of Fp,q such that τ (r′, θ) ≥ τ (r′, θ). In such a case, it is obvious that
Ep,q lies in the causal past of T (θ)(τ (r′, θ)). Pick a curve segment in Fp,q starting at
r′, initially pointing outside J−(T (θ)(τ (r′, θ)),M ) and ending in some point of Ep,q.
Then, any such a curve segment must cross ∂I−(T (θ)(τ (r′, θ)),M ) at least once
more after r′, and before or at Ep,q. This shows that ∂I−(T (θ)(τ (r′, θ)),M ) ∩Fp,q

encloses an open subset X of Fp,q outside the causal past of T (θ)(τ (r′, θ).
The remainder of the proof is analogous to the proof of Penrose’s singular-

ity theorem [19, 30]: namely, we will show that the properties of ∂X imply that
there must exist an incomplete null geodesic in ( fM ,egab). First, we will show that
the closed, acausal set ∂X = ∂I−(T (θ)(τ (r′, θ)),M ) ∩ Fp,q is past trapped, i.e.,
∂I−(X, cM ) is compact. The past “ingoing” null geodesics of ∂X constitute the past
Cauchy horizon of X, which is thus contained in Op,q and therefore compact, as it
is closed [19,30]. The past “outgoing” null geodesics are precisely the null generators
of ∂I−(T (θ)(τ (r′, θ)),M ) that cross ∂X. Given a common affine parametrization to
the null generators of ∂I−(T (θ)(τ (r′, θ)),M ) such that the zero value of the affine
parameter corresponds to ∂X. Then, let t0 the largest value of affine parameter for
which a past endpoint of ∂I−(T (θ)(τ (r′, θ)),M ) is achieved. It must be finite, for
each inextendible null geodesic must acquire a pair of conjugate points before reach-
ing infinity, although the value of the affine parameter at a past endpoint of the null
generator segment starting at, say, r′′ ∈ ∂X can be zero if r′′ happens to be itself a
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past endpoint. Anyway, the portion of ∂I−(T (θ)(τ (r′, θ)),M ) in the causal past of
∂X, being closed, has a closed inverse image in the compact set [0, t0] × ∂X under
the chosen parametrization of the null generators, and is therefore compact. Hence,
the set ∂I−(∂X, cM ) = H−(X) ∪ ∂X ∪ (∂I−(T (θ)(τ (r′, θ)),M ) ∩ J−(∂X, cM )) is a
compact, achronal subset of cM , as asserted.

However, any causally simple space-time is stably causal [4]. That is, one can
smoothly foliate cM by “constant-time”, spacelike surfaces of codimension 1. By
the structure of the conformal infinity, such surfaces (leaves) cannot be compact.
Moreover, each timelike orbit of the foliation crosses an achronal set at most once.
By following these orbits, one can continuously map ∂I−(∂X, cM ) into a spacelike
leaf of this foliation. As the image of this map is compact, it must have a nonvoid
boundary. But it is known that a set of the form ∂I−(Y, cM ), Y ⊂ cM is a topological
submanifold without boundary of cM , and, as such, it cannot have a boundary.
This shows that some null generator of ∂I−(T (θ)(τ (r′, θ)),M ) must terminate at a
singularity before reaching its past endpoint. But this conflicts with the null geodesic
completeness of cM , entailed by asymptotic simplicity. Hence, no point in Fp,q can
achieve a maximum for τ (., θ) in Fp,q — this maximum always takes place at Ep,q.

�

Proposition 4 and Theorem 3 together show that, for each θ, there will always
be an r ∈ Ep,q such that, given any Cauchy surface Fp,q for Op,q , the set Fp,q will
always lie in the causal past of T (θ)(τ (r, θ)). By Proposition 3 and the remarks
above, this can only happen if the achronal null geodesic segment γ(r, θ) linking r
to T (θ)(τ (r, θ)) crosses q. Thus, this maximum point is unique: suppose otherwise.
Then, there would be another r′ ∈ Ep,q such that there is an achronal null geodesic
segment γ(r′, θ) linking r′ to T (θ)(τ (r′, θ)) = T (θ)(τ (r, θ)) and crossing q. Now
consider the curve segment γ′(r, θ) which coincides with γ(r, θ) from r to q, and
coincides with γ(r′, θ) from q to T (θ)(τ (r, θ)). This segment is necessarily broken,
which conflicts with the achronality of γ(r, θ). Exchanging the roles of r and r′,
one sees that this argument also conflicts with the achronality of γ(r′, θ). Notice,
however, that an arbitrary r ∈ Ep,q need not maximize τ (., θ) for some θ. Two
instances where this cannot occur are:

1. r is conjugate to q along a null generator of ∂I−(q, cM ) — any future extension
of this generator beyond q will not be achronal;

2. q is conjugate to s2(r) along a null generator of ∂I+(q,M ), by the remarks
made above.

The second instance, however, is excluded by our line of reasoning, because it
renders impossible, by Proposition 3 and Theorem 3, to τ (., θ) to achieve a maximum
value in Ep,q. This cannot happen, since for every θ a maximum must exist by
Proposition 4. The first instance can be circumvented by picking Op,q contained,
say, in a convex normal neighbourhood, which can always be done, as here ( cM ,bg) is
strongly causal. One can go further and take Op,q sufficiently small (yet nonvoid) so
that every r ∈ Ep,q is a maximum point of τ (., θ) for some θ, as the only obstacle to
this would be the second instance above, which is excluded by the above argument.
All results above have a past counterpart, by exchanging q with p and reversing the
time orientation.
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Summing up, we have showed that sufficiently small Op,q can always be precisely
enveloped by wedges, by means of the prescription (18.16). In such a case, any point
not belonging to Op,q lies either in the chronological future of ∂I−(q, cM ) or in
the chronological past of ∂I+(p, cM ), and, as such, will fail to belong to some wedge
enveloping Op,q . Since the points at ∂Op,q are already excluded from the intersection
by construction, one concludes that Op,q = Qp,q for sufficiently small Op,q. Moreover,
in such a situation, each wedge in the definition (18.17) of Qp,q is guaranteed to be
contained in some Poincaré domain. Therefore, one can even restrict to a Poincaré
domain and perform the bulk reconstruction there starting from a boundary CFT
in Minkowski space-time.

18.4 Perspectives and open problems

For additive local quantum theories, it suffices to specify the localization of the
procedures for a basis of the manifold topology. Therefore, the results in the previous
section indicate that one can completely recover the bulk quantum theory by just
employing localization data from the boundary quantum theory and the Rehren
bijection, and this theory is guaranteed to be causal if its holographic dual is. In
situations where the boundary theory is additive, then all compactly localized bulk
observables are necessarily multiples of the identity [25]. In such a case, it suffices
to have just wedge localization in the bulk.

The covariance issue is obviously more complicated than in the AdS case. For a
proper implementation of conformal covariance in the boundary theory, two diffeo-
morphisms which are “asymptotic isometries” [3] which differ only by a diffeomor-
phism which is an “asymptotic identity” (i.e., acting as the identity on the bound-
ary) should differ, from the viewpoint of the boundary theory, only by an internal
(non-geometric) symmetry. The lack of bulk isometry groups cries out for a locally
covariant formalism for local quantum physics, such as the one developed in [8].
Algebraic holography then maps the realization of a locally covariant quantum the-
ory in the bulk to a globally conformally covariant quantum theory at the boundary,
where the latter has, in principle, an enormous amount of internal symmetry. For the
conformal group to be unitarily implementable in some GNS representation, these
internal symmetries should not be generating a non-trivial cohomological obstruc-
tion. If the state asssociated to the GNS representation satisfies the Reeh-Schlieder
property, it follows from Proposition 1, the discussion following it, and the work
of Brunetti, Guido and Longo [9] that, due to the breakdown of Haag duality, the
Tomita-Takesaki modular groups associated with the diamond von Neumann alge-
bras cannot unitarily implement the isotropy groups of the respective diamonds.
From this, it follows that either (or both) 1) The unitary representation of the
conformal group cannot be of positive energy, or 2) The conformal group is sponta-
neously broken. Both scenarios are of the greatest interest for further study, as well
as the possibility that such a spontaneous breaking has a cohomological structure
stemming from the nontrivial asymptotic identities, and possible connections with
the phenomenon of holographic Weyl anomalies [20]. This may even reveal a holo-
graphic encoding of bulk gravitational degrees of freedom into the modular structure
of the boundary theory.
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All the reasoning in Subsection 18.3.2 applies equally well if one wants to rebuild
the bulk localization using (sufficiently small) bulk regular diamonds [17,28] instead
of ordinary ones. This makes it also a good starting point for studying how the
superselection sector structure is holographically mapped between both theories.
This problem will be attacked in forthcoming work.
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Summary. We review the recent approach of Grosse and Wulkenhaar to the per-
turbative renormalization of non-commutative field theory and suggest a related
constructive program. This paper is dedicated to J. Bros on his 70th birthday.

19.1 Introduction

Non-commutative field theory has attracted interest in recent years from several
different point of views [1]. It is a concrete example of non-commutative geometry
which, according to mathematicians like A. Connes, should be in a broad sense the
correct framework to quantize gravity. It can be generated as an effective limit of
string theory in certain cases. And it is related to condensed matter problems such as
two-dimensional Fermi systems in the presence of strong magnetic transverse fields,
i.e. the quantum Hall effect.

Quantizing gravity is considered the “Holy Grail” of theoretical physics, and
should lead to new insights on the ultimate nature of space, time, and the universe.
In this direction a more and more insistent thread of the recent years is the possi-
bility of some duality or mixing between short and long distance physics. A priori
this idea runs against the well established tradition of determinism, the modern em-
bodiment of which is the standard philosophy of the renormalization group (RG).
In this philosophy, iterated integration over short range degrees of freedom of a bare
“fundamental” microscopic action leads to an effective action for macroscopic long
range variables. Infrared/ultraviolet duality or mixing clash with this philosophy
but would fit well within the context of increased links between particle physics
and astrophysics or cosmology. These links are certainly a major trend of physics
in the last decade, which saw supernovas and cosmic background radiation studies
boost the concept of the universe and the big bang as the ultimate laboratory and
experiment.

A paradigmatic example for the possibility of infra-red/ultraviolet mixing is the
R → 1/R duality for strings compactified on circles of radius R. If something of this
kind occurs in the real universe, we might have to change the usual renormaliza-
tion group picture in which microscopic observations solely determine fundamental
laws. We could view ourselves as observing the universe from some kind of a “middle
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scale”, which could be called the “ultrared-infraviolet”. Our observations of micro-
scopic ultraviolet scales through e.g. accelerators and of macroscopic infrared scales
through various kinds of “telescopes” might more and more reveal entangled aspects
of physics. Both should be considered inputs of some ultraviolet-infrared bare laws of
physics and then combined into a modified RG analysis that would lead to effective
laws of physics (and perhaps of chemistry and biology as well?) for the ultrared-
infraviolet middle scale. This may smell like the “anthropic” point of view. But what
are the scales involved in this grand mixing? The quantization scale for gravity is
the Planck scale of about 10−33 meters. The observable present radius of the uni-
verse is about ten giga light-years or 1026 meters. Although there may be nothing
fundamental with this value, if we follow the fashionable guess that new physics just
lies “a factor of 10 around the corner of present observations”, we obtain 1027 meters
as a possible fundamental macroscopic length. A geometric ratio betwen these mi-
croscopic and macroscopic scales leads to a fundamental “middle scale” of about a
millimeter. Therefore we should perhaps call this point of view the “antropic” rather
than anthropic principle. . .

More seriously, from the mathematical physicist point of view, it seems a long
way before a completely rigorous string or M -like version of quantized gravity can
be developed. In the meantime, it would be good to have simpler mathematical
toy models of ultraviolet-infrared mixing in which we could begin to grasp the phe-
nomenon. On this road simple Lagragian non-commutative field theories stand as
the first natural station.

Indeed the simplest way to generalize the algebra of ordinary commuting space
time coordinates is to add a nonzero constant commutator between them. This
means the relation

[xμ, xν ] = iθμν (19.1)

should hold, with θ a constant antisymmetric tensor. As in symplectic geometry
we could by a linear transformation put θ under standard symplectic form. In this
way space-time coordinates would occur as “symplectic pairs” and we would have
the simple notion of non-commutative IR2 or IR4 for which θ12 = θ34 = −1, θ21 =
θ43 = +1 and all other θμν ’s are zero1. Obviously this new tensor breaks Lorentz
invariance.

It also breaks locality. Indeed the ordinary product of functions is replaced by a
non-commutative product called star product or Moyal product. By the Campbell-
Hausdorff formula we can compute the star product of two plane-waves:

eik.x � eik′.x = e−
i
2 kμθμνk′

νei(k+k′).x (19.2)

from which one can deduce by linearity and Fourier analysis a kernel which explicitly
displays the non-locality of the star multiplication:

f � g(z) =

Z

dxdyK(z; y, x)f(x)g(y) , (19.3)

1Of course we can also consider e.g. a non-commutative IR3 in which there is
just one symplectic pair and a remaining commutative coordinate but this is not
very appealing.
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K(z; y, x)= δ(z − x) � δ(z − y) =
1

(2π)d

Z

dkdk′eik(z−x) � eik′(z−y)

=
1

(2π)ddetθ
ei(z−x)θ−1(z−y).

(19.4)

19.2 The UV-IR Problem for φ4
4

The ordinary action for the simplest commutative renormalizable bosonic field
theory, the φ4

4 theory is:

S =

Z

d4x
1

2
(∂μφ∂μφ + m2φ2) +

λ

(4!)
φ4 , (19.5)

which is easily generalized to a naive non-commutative φ4
4 theory by replacing or-

dinary products by the star product and integration by the non-commutative in-
tegration, noted

R

nc
, which is a kind of combination of ordinary integration plus a

trace [1]:

S =

Z

nc

1

2
(∂μφ � ∂μφ + m2φ � φ) +

λ

(4!)
φ � φ � φ � φ . (19.6)

If we rewrite this action in momentum space and use the rule (19.2) for the star
product of plane waves, we get

S =
1

2

Z

d4p

(2π)4
(p2 + m2)φ(p)φ(−p)

+
λ

(4!)

Z 4
Y

i=1

d4pi

(2π)4
(2π)4δ(

4
X

i=1

pi) exp(− i

2

X

i<j

pμ
i θμνp

ν
j )

4
Y

i=1

φ(pi) .

(19.7)

Remark that this formula is identical to the commutative case except for the oscil-
lating vertex factor

exp(− i

2

X

i<j

pμ
i θμνp

ν
j ) . (19.8)

The form of this factor shows that we cannot order fields arbitrarily at a vertex
but that we have to respect cyclic ordering, and that the Feynman graphs of this
theory are ribbon graphs, as in matrix models. In fact this is a matrix model if we
introduce the correct functional basis. Let us recall that experts concluded that the
model is not renormalizable because of infrared/ultraviolet entanglement [2–4].

Indeed planar graphs have amplitudes identical to ordinary φ4 graphs, since the
oscillating factors all cancel out in the planar case. Still this means the theory has an
infinite number of divergent graphs which require renormalization. But on the other
hand, for non-planar graphs the oscillating factors (19.8) make the amplitudes finite
but divergent when external momenta become small. This leads in turn to infrared
divergences of arbitrary strength when these non-planar subgraphs are inserted into
loops. No simple idea solved this “entanglement”.

For instance for the planar tadpole graphs of Figure 19.1 A, the amplitude is
the standard diverging one:

λ

6

Z

d4k

(2π)4
1

k2 + m2
, (19.9)
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while for the non-planar tadpole of Figure 19.1 B, it is

λ

12

Z

d4k

(2π)4)

eipμkνθμν

k2 + m2
=

λ

48π2

s

m2

p̃2
K1(

p

m2p̃2) , (19.10)

where K1 is a standard special function and p̃μ = θμνp
ν . This amplitude behaves

as p̃−2 for small p. It does not seem possible to improve such a finite amplitude by
an ultraviolet subtraction. Furthermore if we insert n of these non-planar tadpoles
in a closed loop as in Figure 19.2, we get divergence of the integral at small p of
arbitrarily high power when n gets large.

A B
Fig. 19.1. Planar and twisted tadpoles.

Fig. 19.2. Chain of twisted tadpoles.

19.3 The Covariant Theory

The solution to this problem was recently obtained by Grosse and Wulkenhaar.
In a beautiful series of papers [5–7, 20], they claim that action (19.6) is indeed
not renormalizable but simply in the sense of an anomalous theory, because it is not
covariant under the Langmann-Szabo duality [8]. They found the correct Langmann-
Szabo covariant version of the theory by modifying the quadratic part of the action,
and proved the BPHZ theorem, namely renormalizability of the theory at all orders
in perturbation. Their proof still assumes some reasonable bounds on the propagator
that they checked numerically. We have now proved these bounds using a different
type of cutoffs [9], so that the proof is complete even for “purists”.

To understand why action (19.6) is not correct but anomalous, we should intro-
duce the Langmann-Szabo duality:

pμ → x̃μ = 2(θ−1)μνx
ν , (19.11)
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and define the Fourier transform of the field with a cyclic sign:

φ̂(p) =

Z

d4xe(−1)aipa,μxμ
aφ(xa) , (19.12)

where the index a = 1, 2, 3, 4 follows a cyclic ordering at the vertex.
Then if we write this interaction in terms of ordinary products and kernels:

Sint =

Z

nc

φ � φ � φ � φ(x) =

Z 4
Y

a=1

d4xaφ(x1)φ(x2)φ(x3)φ(x4)V (x1, x2, x3, x4)

=

Z 4
Y

a=1

d4pa

(2π)4
φ̂(p1)φ̂(p2)φ̂(p3)φ̂(p4)V̂ (p1, p2, p3, p4)

(19.13)
we find

V (x1, x2, x3, x4) =
1

π4detθ
δ4(x1−x2 +x3−x4) cos[2θ−1

μν (x1μx2ν +x3μx4ν ], (19.14)

V̂ (p1, p2, p3, p4) = (2π)4δ(p1 − p2 − p3 + p4) cos
θμν

2
[p1μp2ν + p3μp4ν ] (19.15)

and this interaction has Langmann-Szabo duality. But the free part of the action
is not covariant under this duality; the local mass term, like the interaction, is
covariant but the p2 Laplacian is not because it has no x̃2 counterpart. So Grosse
and Wulkenhaar proposed as correct Langmann-Szabo covariant action for non-
commutative φ4 the generalized action with a harmonic potential dual to the kinetic
term:

Sfree =

Z

nc

1

2
[∂μφ � ∂μφ + Ω2(x̃μφ � x̃μφ + m2φ � φ] . (19.16)

Then

Sfree +Sint =

Z

nc

1

2
[∂μφ�∂

μφ+Ω2(x̃μφ�x̃
μφ+m2φ�φ]+

λ

(4!)
φ�φ�φ�φ (19.17)

is covariant under duality pμ → x̃μ:

S(φ,m, λ,Ω) → Ω2S(φ,
m

Ω
,
λ

Ω2
,

1

Ω
) . (19.18)

The theory has one additional parameter, namely Ω. It is completely invariant at
Ω = 1, where there is complete equivalence between space coordinates and momenta.
It is this theory that is renormalizable at all orders of perturbation theory [7].

The best rigorous understanding of renormalization is neither in pure space nor
in pure momentum space, but in phase-space, the only frame in which it can be
understood even in a constructive or non-perturbative sense. But what is the equiv-
alent of phase space here? An important observation is that in a non-commutative
space one cannot simultaneously localize all x coordinates with arbitrary precision.
There should be analogs of the Heisenberg uncertainty relations but now between
coordinates. This may be grasped using Gaussian wave packets. The star multi-
plication of such Gaussians is again Gaussian, as in the commutative case. But in
contrast with that commutative case, if we try to focus more and more a Gaussian
by star multiplying with itself, there is a limiting scale at which this focusing pro-
cess must stop. More precisely we have for a two-dimensional symplectic pair with
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commutator [x1, x2] = θ,

e
− x2

a2 � e
−x2

b2 = ce
− x2

d2 (19.19)

with c = [1 + θ2/(ab)2], d =
q

a2b2+θ2

a2+b2
, so that d < a if a >

√
θ, d > a if a <

√
θ

and there is a fixed point at a =
√
θ.

This means there is a canonical best focused Gaussian which is

f0(x1, x2) = 2e−
x2
1+x2

2
θ . (19.20)

This suggests introducing creation and annihilation operators

a =
x1 + ix2√

2
; ā =

x1 − ix2√
2

(19.21)

and the base functions

fmn(x) =
1√

n!m!θm+n
ā�m � f0 � a

�n (19.22)

in which the star product becomes an ordinary matrix product:

fmn � fkl = δnkfml . (19.23)

This is called the matrix base. Any function of x or its Fourier transform in
p which belongs to Schwartz space, hence is smooth with rapid decrease, can be
analyzed as a series in the fmn modes:

a(x) =
∞
X

m,n=0

amnfmn(x) , (19.24)

a � b(x) =

∞
X

m,n=0

(ab)mnfmn(x) ; (ab)mn =

∞
X

k=0

amkbkn . (19.25)

The condition of smoothness and rapid decay is equivalent to rapid decay of the
amn coefficients:

∀k
X

m,n

ˆ

(2m + 1)2k(2n + 1)2k|amn|2
˜1/2

< ∞ , (19.26)

and the non-commutative integral becomes an ordinary trace:
Z

nc

fmn(x) = 2πθδmn . (19.27)

In this theory, to cut the large values of m and n, for instance through a condition
such as m,n < Λ, corresponds to imposing a cutoff in both position and momentum
space, so it is an infrared-ultraviolet cutoff and the remaining modes m,n < Λ could
be called the ultrared-infraviolet modes below Λ. As we said above the usual RG
philosophy is now to integrate slice by slice the high m,n modes to get the effective
theory for the remaining ultrared-infraviolet modes. The renormalization condition
instead of being formulated at zero or low momentum are now formulated at the
fundamental mode m = n = 0, which means the fundamental f0 Gaussian wave
packet.
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It is well known that in practice there are different technical ways to implement
this RG philosophy, and in particular to create the different “momentum slices” for
the “fluctuation fields” that are to be integrated out. The best way to do this when we
have a positive quadratic form as free action is to invert it and cut the slices directly
on the propagator. This leads to factorizing the Gaussian measure into independent
measures so that the slice fields are orthogonal with respect to this decomposition.

This is what Grosse and Wulkenhaar do in [6, 7]. For that they have first to
compute the free action (19.16) in the matrix base, which is not too difficult. One
can perform first the computation for a single pair of coordinates, so in IR2 since
the two pairs are in fact independent. The result is

Sfree = 2πθ
X

m,n,k,l∈IN

1

2
Gm,n;k,lφmnφkl, (19.28)

Gm,n;k,l = m2 +
2

θ
(1 + Ω2)(n + m + 1)δnkδml

−2

θ
(1 −Ω2)(

p

(n + 1)(m + 1)δn+1,kδm+1,l +
√
nmδn−1,kδm−1,l) .

(19.29)
Then one has to invert this quadratic form to get the propagator of the theory in the
matrix base. This is a beautiful non-trivial computation of Grosse and Wulkenhaar,
which uses Meixner polynomials [7, 10], which are some kind of hypergeometric
functions. But we are really interested in the scaling properties of this propagator. It
is not necessary to know anything about Meixner polynomials or special functions of
any kind to understand or use the result, which is based an integral representation
of the propagator analog to Feynman-Schwinger parametric representation. The
propagator Δm,n;k,l is zero unless m + l = n + k, so we can express it in terms of
three multi-integers Δm,m+α;l+α,l, and the result is

Δ(m,m + α; l + α, l) =
(1 + Ω)2

4Ω

Z 1

0

dz z
μ2
0θ

8Ω
θ

8Ω(1 + B)2

min(m,l)
X

u=0

A

„ √
z

1 + B

«2u+α

×
„

B(1 + Ω)

(1 + B)(1−Ω)

«m+l−2u

(19.30)

where A(m, l, α, u) =
q

`

m
m−u

´`

m+α
m−u

´`

l
l−u

´`

l+α
l−u

´

and B(z,Ω) = (1−Ω)2(1−z)
4Ω

. Indices

such as m, l, α and u have two components, one for each symplectic pair of IR4,
hence run over IN2. Sums or products apply to these two components.

Remark that every contribution in these sums and integrals is positive, so we
should think of this representation as the non-commutative analog of the heat kernel
or path representation of the propagator in the commutative case.

Grosse and Wulkenhaar then go on, slicing the propagator with sharp conditions
on the maximum of the four indices m,n; k, l appearing in the propagator. For
instance the i-th slice of the RG in their framework would be

Δi(m,n; k, l) = Δ(m,n; k, l)χ(M i ≤ max(m,n, k, l) < M i+1) (19.31)

where M is some fixed number, e.g. M = 2, and χ(X) is the characteristic function
of the event X considered.
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Then they check that the theory with full action is renormalizable, using the
popular Polchinski’s scheme which feeds inductive bounds directly into the RG equa-
tions [11]. This is a good way of proving perturbative renormalizability and even
large order bounds.

Let us however recall that as of now there is no constructive version of this
scheme. Indeed it seems very difficult to iterate bounds in the RG expansions of
constructive field theory because many potential Wick contractions remain hidden
in functional integrals. For example in the simplest cases of Fermionic models, con-
structive field theory simply amounts to expanding a tree of Wick contractions
connecting external sources and to keep half of the contractions (those of the loops)
inside a determinant [12]. This determinant is bounded in the end through some
Gram’s inequality. But intermediate bounds à la Polchinski on earlier kernels at an
intermediate stage of the expansion seem to inevitably destroy the cancellations in
the determinant that are responsible for constructive i.e. non-perturbative conver-
gence of the scheme.

19.4 Smooth slices

We would like to introduce an improvement on [6, 7] original scheme, by using
sharp cutoffs in Feynman parametric space rather than directly on the indices m
and n. As is known e.g. in constructive theory, sharp cutoffs in direct or momentum
space for ordinary field theory have bad decay properties in the dual Fourier variable,
and this leads to difficulties for phase space analysis, whence cutoffs implemented
through the parametric representation are usually much more convenient. So we
suggest picking a number M > 1 and to defining the i-th slice of the RG analysis
through the sliced propagator

Δi(m,m + α; l + α, l)

=

Z 1−M−i

1−M−i+1
dzz

μ2
0θ

8Ω
θ

8Ω(1 + B)2
{

√
z

1 + B
}m+l+α

min(m,l)
X

u=0

A{ B(1 + Ω)√
z(1−Ω)

}m+l−2u.

(19.32)
We can then use bounds such as

A(m, l, α, u) ≤
p

m(α + m)
m−up

l(α + l)
l−u

(m− u)!(l − u)!
≤ (m + α/2)m−u(l + α/2)l−u

(m− u)!(l − u)!
(19.33)

in the ultraviolet region, which corresponds to z near 1.
Let us consider a slice M−i ≤ 1− z ≤ M−i+1. For i large enough we have

Δi(m,m + α; l + α, l)

=

Z 1−M−i

1−M−i+1
dzz

μ2
0θ

8Ω
θ

8Ω(1 + B)2
{

√
z

1 + B
}m+l+α

min(m,l)
X

u=0

A{ B(1 + Ω)√
z(1−Ω)

}m+l−2u

≤
Z 1−M−i

1−M−i+1
dzz

μ2
0θ

8Ω
θ

8Ω(1 + B)2
{

√
z

(1 + B)
}m+l+α

min(m,l)
X

u=0

Xm−uY l−u

(m− u)!(l − u)!
(19.34)

where X = B(1+Ω)(m+α/2)√
z(1−Ω)

and Y = B(1+Ω)(l+α/2)√
z(1−Ω)

.
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Since obviously
Pmin(m,l)

u=0
Xm−uY l−u

(m−u)!(l−u)!
≤ exp(X + Y ):

Δi(m,m + α; l + α, l) ≤
Z 1−M−i

1−M−i+1
dzz

μ2
0θ

8Ω
θ

8Ω(1 + B)2
{

√
z

(1 + B)
}m+l+α

exp{B(1 + Ω)(m + l + α)√
z(1−Ω)

} (19.35)

Expanding to first order in 1 − z = ε, since
√
z � 1 − ε/2 and B = Cε with

C(Ω) = (1 −Ω)2/4Ω, one finds, since C + (1/2) − C 1+Ω
1−Ω

= Ω/2.

Δi(m,m + α; l + α, l) ≤ Kθ

Ω

Z 1−M−i

1−M−i+1
dz exp{(−C − 1/2 + C

1 + Ω

1−Ω
)ε(m + l + α)}

≤ K

Ω
M−i

Y

j=1,2

e−M−iΩ(α+m+l)/2 (19.36)

for some constants c and K.
In the same vein, we shall prove in [9] bounds such as

X

l

max
α

Δi(m,m + α; l + α, l) ≤ K

Ω
M−i

Y

j=1,2

e−cM−im (19.37)

for a certain range of parameters Ω including a neighborhood of Ω = 1. These
bounds establish the regular non-local matrix model behavior in the sense of [5].
This should complete for purists the corresponding renormalization theorem at all
orders in perturbation theory of [7].

19.5 Towards Non-commutative Constructive Field Theory

We would like to extend these results of perturbative field theory to the non-
perturbative or constructive level. For this we have roughly speaking to perform the
sum over all Feynman diagrams. This is usually possible for Bosonic models which
are both stable and asymptotically safe, and for Fermionic models which are asymp-
totically safe. As remarked already, one can no longer directly use the Polchinski
inductive scheme, but there are similar constructive renormalization group schemes
in phase space (see [13,14] for reviews on general methods and results on constructive
field theory).

19.5.1 Gross-Neveu

One of the easiest models of constructive field theory is the Gross-Neveu model
of Fermions with N colors and a quartic vector-like interaction. In two dimensions
this model has the same counting power as φ4

4. It shows asymptotic freedom in
the ultraviolet and mass generation in the infrared, all these features having been
rigorously established at the constructive level ([12]– [16] and references therein).

There is an analogous model on commutative IR2 which is studied at large N
in [15]. However if we rewrite the model in the matrix base, the regime of large ma-
trix indices is not the one studied in [15]. The non-commutative Gross Neveu model
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on IR2 ought to be the easiest candidate for rigorous non-perturbative construction
of a non-commutative field theory. But we expect at least one difficulty which is the
following. In Fermionic vector models the easiest constructive analysis of [12] can be
summarized as follows. Instead of developing the full set of Wick contractions that
leads to the series of all Feynman graphs, one develops only “half of them”, namely
those Wick contractions of a spanning tree in each diagram, and the other con-
tractions are kept in a Grassmann unexpanded integral, i.e. a determinant. Gram’s
bound is then applied on this determinant, which does not generate the dangerous
factorial leading usually to divergence of perturbation theory. This scenario works
well in vector theories, such as for instance the interacting Fermi liquid in two di-
mensions [17,18], because Gram’s bound leads to a single sum over the vector index
at each vertex.

Here however we have matrix indices for each field or anti-field. After picking
an explicit tree a naive Gram’s bound on the remaining determinant may lead to
two index sums at each vertex, which is one more than what power counting can
afford. In short, in an N vector model Pauli’s principle stops perturbation theory
roughly at order N but in an N ×N matrix model, Pauli’s principle stops pertur-
bation theory only at order � N2. This is somewhat reminiscent of the situation
in three-dimensional condensed matter models. Hence the constructive analysis of
non-commutative models may require some heavier techniques, in fact the “Bosonic
techniques” of multi-scale cluster expansions, and Hadamard’s bound instead of
Gram’s bound, as in [19].

19.5.2 φ4
4 at Ω = 1

The ordinary φ4
4 model, as well known, is disappointing from the constructive

point of view because for the repulsive sign of the coupling constant it lacks ultra-
violet asymptotic freedom and for the attractive sign it lacks stability!

However in the non-commutative case there should be ultraviolet-infrared mixing
so we expect the asymptotic freedom in the infrared regime to come partly to the
rescue of the ultraviolet regime. At Ω = 1 there should be perfect symmetry between
the infrared and ultraviolet sides. Therefore we expect the β function of φ4

4 should
vanish at Ω = 1. This has been checked at least at one loop in [20].

This means that at Ω = 1 the “running coupling constant” does not run at
all, and the bare coupling therefore equals the renormalized one. The model is not
asymptotically free but asymptotically safe. As a result there is no Landau ghost
problem, and no reason for which this theory should not exist in a non-perturbative
sense, probably being the Borel sum of its perturbative series. The same difficulties
as for the Gross-Neveu model should be also expected here, namely the construc-
tive analysis should overcome the difficulties linked to a matrix model. However
building non-perturbatively a φ4

4 theory, even of a non-commutative type, is a tan-
talizing perspective. After so many years it would partly realize one of the dreams of
the founding fathers of constructive theory, although this non-commutative model
should obviously not be expected to fulfill Wightman’s axioms, in particular Lorentz
invariance.
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Summary. Among several ideas which arose as consequences of modular localization
there are two proposals which promise to be important for the classification and
construction of QFTs. One is based on the observation that wedge-localized algebras
may have particle-like generators with simple properties and the second one uses the
structural simplification of wedge algebras in the holographic lightfront projection.
Factorizable d = 1+1 models permit us to analyse the interplay between particle-like
aspects and chiral field properties of lightfront holography.

20.1 How modular theory entered particle physics

The following introductory remarks about the history and the physical content of
modular theory are intended to be helpful to understand the recent role of modular
localization in the classification and construction of models of QFT without the use
of Lagrangian quantization.

20.1.1 Remarks about history of modular localization

The beginnings of modular theory date back to the second half of the 1960s
when two independent ideas, one from mathematics and one from particle physics,
merged together [5]. On the mathematical side the Japanese mathematician Tomita
generalized a concept, which before was only studied in the special context of the
Haar measure (“unimodular”) in group algebra theory, to the general setting of
von Neumann algebras. At the same time three physicists, Haag, Hugenholtz and
Winnink [16], found a conceptual framework for the direct field theoretic description
of the thermodynamic limit (“open systems”) in terms of operator algebras and
their commutants [15]. Their important contribution, which became immediately
incorporated by Takesaki into Tomita’s modular theory, was the realization that
the KMS condition (introduced by Kubo, Martin and Schwinger as a computational
tool) acquired a fundamental conceptual significance in their new thermal setting.

It took another decade in order to appreciate the geometric significance of this
modular formalism for the problem of localization of algebras and states in QFT [4].
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This was preceded by an important mathematical application in the classification of
type III von Neumann algebras by A. Connes [12] and followed up by a theorem of
Driessler [13] stating that wedge-localized algebras are factors of type III1. As a con-
sequence double cone algebras in conformal invariant theories inherit this property1.
Later refinements supported the idea that compactly localized subalgebras in QFT
are isomorphic to the unique hyperfinite type III1 factor. For more detailed reviews
of modular theory from the mathematical physics viewpoint we refer to [5] [37] [40]

Although hyperfinite type III1 algebras appear at first sight (as a result of this
uniqueness) in a certain sense as void of structure as points in geometry, they are
in other aspects much richer since they contain subalgebras of all types and one
can form nontrivial intersections from copies placed into different positions within
a common Hilbert space H . In fact we know from later developments of algebraic
QFT that the full richness of a model of QFT is encoded in the notion of a net of
space-time-indexed von Neumann algebras as subalgebras of B(H) [15].

The net result of this thread of ideas, which culminated in the mathematical
identification of simple building blocks of QFT, is interesting from many viewpoints.
From a philosophical standpoint it tells us that the algebraic aspects of QFT comply
perfectly with Leibniz’s dictum that reality emerges from the relation between inde-
composable entities (“monades”) and not from their individual position with respect
to an absolute outside reference.

This is not the first time that philosophical ideas of Leibniz became relevant in
physics. In Einstein’s “hole argument” [30] it played a significant role in the birth
of general relativity; in particular it helped Einstein (and independently Hilbert) to
overcome a misconception about how the local covariance of the Einstein-Hilbert
field equations and the Newtonian limit fit together. By upholding the local covari-
ance principle, i.e. the idea that local isomorphism classes of isometric diffeomor-
phisms replace the global notion of an absolute Minkowski space-time inertial frame
of special relativity, Einstein realized that his difficulties in obtaining agreement
with the Newtonian limit came from a computational misconception.

In fact it was shown recently that the Leibniz viewpoint of physical reality emerg-
ing from relations between entities rather than from positions in a pre-assigned ab-
solute “inertia ether” can actually be extended in order to combine the quantum
algebraic modular aspects with the classical covariance principle into a “local (quan-
tum) covariance principle” [8]. This places QFT in CST much closer to a still elusive
background-independent quantum gravity than ever before.

In the following we will argue that the “monades” of QFT are the wedge-localized
algebras which (thanks to Driessler’s work [13]) are known to be isomorphic copies
of hyperfinite type III1 factor. In order to avoid lengthy terminology we will refer to
the basic hyperfinite type III1-von Neumann algebra as the monade algebra (MA).
The most convincing affirmation of this way of viewing QFT as arising from wedge
localized MA is the fact that models of quantum field theory can be completely
specified by positioning a finite number of operator algebra copies of the MA into
suitably chosen relative positions within a common Hilbert space2 [21].

1In conformal theories double cone algebras are conformally equivalent to wedge
algebras and therefore inherit the hyperfinite typ III1 property.

2We will use the terminology MA also for the positioned operator algebra copies
of the basic MA.
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This way of looking at QFT permits a particularly natural intrinsic formulation
in low dimensional QFT. In the case of d = 1+1 the “modular inclusion” of two MAs
specifies all data needed to characterize a specific QFT in terms of the structure of
its Poincaré covariant nets and for d = 1 + 2 one achieves a complete character-
ization in terms of “modular intersection” of three MAs. Modular positions which
are associated with a characterization of higher dimensional QFT models are also
known [21], but in their present formulation they appear less natural i.e. more con-
cocted in order to generate the desired Poincaré symmetry structure of Minkowski
space-time.

Accepting the philosophical, conceptual and mathematical implications, one may
ask the question whether this approach guided by Leibniz’s philosophy is just an
esoteric new way of looking at particle physics or if it also has constructive clout, i.e.
whether one can actually classify models of QFT and elaborate a realistic scenario
of their construction along those lines. Admittedly the apparent simplicity of gener-
ating QFT from the positioning of a finite number of MAs is somewhat deceiving;
the problem of an intrinsically formulated positioning of MAs is actually quite hard
since the appropriate concepts and mathematical tools are to a large extent still
missing. Already the characterization of one MA in Hilbert space i.e. in the setting
of local quantum physics of massive particles, the description A(W ) ⊂P B(H) is a
difficult problem; here A(W ) denotes a wedge-localized MA, B(H) is the algebra of
bounded operators on Fock space of massive particles obtained by scattering theory
(assuming asymptotic completeness) and the subscript P indicates that the inclu-
sion is meant in the extended sense that also the action of the Poincaré group on it
(which creates a family of wedge-localized MAs) is known.

There are two situations in which this positioning of the MA is reasonably simple
and the construction of the net (and its generating pointlike field coordinatizations)
can actually be carried out. These are the interactionless theories whose one-particle
components are described in terms of Wigner representations of elementary systems
and d = 1+1 factorizing models. For general interacting theories the idea of lightfront
holography is very helpful because it suggests that we classify and construct wedge
algebras in terms of their lightfront holographies. These problems will be addressed
in this paper.

In the remainder of this introduction the modular approach to the interaction-
free QFTs will be given; as a result of its simplicity it also serves well as a pedagogical
introduction into the setting of modular localization.

20.1.2 Modular construction of interaction-free QFT

This construction via modular localization proceeds in three steps as follows
[9,14,26,29]

1. Fix a reference wedge region, e.g. WR =
˘

x ∈ R4;x1 >
˛

˛x0
˛

˛

¯

and use the Wigner
positive energy representation of the WR-affiliated boost group ΛWR (χ) and
the x0 − x1−reflection jW

3 along the edge of the wedge jWR in order to define

3The reflection on the edge of the wedge is related to the total TCP reflection by
a π-rotation around the x1-axis. Hence in certain cases the irreducible representation
has to be doubled. This is always the case for zero mass finite helicity representations
and more generally if particles are not selfconjugate.
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the following antilinear unbounded closable operator (with closS = closΔ
1
2 ).

Retaining the same notation for the closed operators, one defines

SWR := JWRΔ
1
2 , (20.1)

JWR := U(jWR ), Δit := U(ΛWR (2πt)).

The commutativity of JWR with Δit together with the antiunitarity of JWR yield
the property which characterizes a Tomita operator4 S2

WR
⊂ 1 whose domain is

identical to its range. Such operators are completely characterized in terms of
their +1 real eigenspaces which in the present context amounts to real standard
subspace K(WR) of the Wigner representation space H ,

K(WR) := {ψ ∈ H, SWRψ = ψ} , (20.2)

K(WR) + iK(WR) = H, K(WR) ∩ iK(WR) = 0,

JRK(WR) = K(WR)⊥ =: K(WR)′.

K(WR) is closed in H whereas the complex subspace spanned together with
the −1 eigenspace iK(WR) is the dense domain of the Tomita operator SWR

and forms a Hilbert space in the graph norm of SWR . The denseness in H of
this span K(WR) + iK(WR) and the absence of nontrivial vectors in the inter-
section K(WR) ∩ iK(WR) is called “standardness”. The right-hand side in the
third line refers to the symplectic complement i.e. a kind of “orthogonality” in
the sense of the symplectic form Im(·, ·). The application of Poincaré transfor-
mations to the reference situation generates a consistent family of wedge spaces
K(W ) = U(Λ, a)K(WR) if W = (Λ, a)WR. These subspaces carry a surpris-
ing amount of information about local quantum physics; their structure even
preempts the spin-statistics connection by producing a mismatch between the
symplectic and the geometric complement (W ′ denotes the causal complement
in terms of Minkowski space geometry) which is related to the spin-statistics
factor [14,26]

K(W )′ = ZK(W ′), (20.3)

Z2 = e2πis.

Another surprising fact is that the modular setting prepares the ground for the
field theoretic on-shell crossing property, since the equation characterizing the
real modular localization subspaces in more detail reads

“

JΔ
1
2ψ
”

(p) = V ψc(−p) = ψ(p), (20.4)

i.e. the complex conjugate of the analytically continued wave function (but now
referring to the charge-conjugate situation) is up to a constant matrix V which
acts on the spin indices equal to the original wave function.

4Operators with this property are the corner stones of the Tomita-Takesaki mod-
ular theory [38] of operator algebras. Here they arise in the spatial Rieffel-van Daele
spatial setting [31] of modular theory from a realization of the geometric Bisognano-
Wichmann situation within the Wigner representation theory.
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2. The sharpening of localization is obtained by intersecting wedges in order to
obtain real subspaces as causally closed subwedge regions:

K(O) := ∩W⊃OK(W ). (20.5)

The crucial question is whether they are “standard”. According to an important
theorem of Brunetti, Guido and Longo [9] standardness universally holds for
spacelike cones O = C in all positive energy representations. In case of finite
spin/helicity representations the standardness also holds for intersections lead-
ing to (arbitrary small) double cones D. In those cases where the double cone
localized spaces with pointlike “cores” are trivial (massless infinite spin [28], mas-
sive d=1+2 anyons [27]), the smallest localization regions are spacelike cones
with semi-infinite strings as cores. Without loss of generality one may restrict
localization regions to causally complete regions.

3. In the absence of interactions the transition from free particles to localized
operator algebras is most appropriately done in a functorial way by applying the
Weyl (CCR) (or in case of half-integer spin the CAR functor) to the localization
K-spaces5:

A(O) := alg {Weyl(ψ)| ψ ∈ K(O)} , (20.6)
Weyl(f) := expi {a∗(ψ) + h.a.} .

where a#(ψ) are the creation/annihilation operators of particles in the Wigner
wave function ψ. The functorial relation between real subspaces and von Neu-
mann algebras preserves the causal localization structure [25] and commutes
with the process of improvement of localization through the formation of inter-
sections.

For later purposes we introduce the following definition [32].

Definition 1. A vacuum-polarization-free generator (PFG) for a region O is an op-
erator affiliated with the algebra A(O) which created a vacuum-polarization-free one-
particle vector

Gη A(O), (20.7)
GΩ = 1 − particle.

Since these wedge algebra-affiliated operators G are generally unbounded, one
has to comment on their domain properties. We will adopt the natural assumptions
that they admit dense domains which, similar to smeared Wightman fields, are
stable under translations. This definition permits us to characterize the presence
of interactions by the interaction induced vacuum polarization as a result of the
following statement.

Proposition 1. The existence of subwedge-localized PFGs characterizes interaction-
free theories.

5To maintain simplicity we limit our presentation to the bosonic situation and
refer to [14,26] for the general treatment.
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The proof uses the fact that PFGs are on-shell (weak solutions of the Klein-
Gordon equation [6]) and subwedge-localized; the analytic argument is completely
analogous to that of the theorem about the equality of a two-point function with
that of a free field implying the equality of the associated covariant field with a free
field [35, 36] (the restriction to covariance and pointlike localization is easily seen
to be not necessary). The existence of wedge-localized PFGs GηA(W ) is a conse-
quence of modular theory, but their domain dom(G) is generally not stable under
all translations (but only under those translations which transform the wedge into
itself). Such PFGs do not admit a Fourier transform i.e. they are not tempered [6].
Hence in the presence of interactions the particle localization through the applica-
tion of localized operators to the vacuum is weakened; according to the previous
proposition the QFT cannot localize particles in subwedge regions. Accordingly the
functorial relation between particle and field localization breaks down and one has
to look for a substitute.

In the next section we will show that the requirement that wedge-localized G
fulfill the domain properties of the definition (i.e. are “tempered”) leads to an explicit
characterization of the associated wedge-localized algebras in terms of a simple alge-
braic structure of their generators. This amounts to the complete knowledge of the
QFT in the sense of its algebraic net. Namely it can be shown that the knowledge
of generators of wedge algebras together with the knowledge of how Poincaré trans-
formations act on this reference wedge algebra and generate the family of all wedge
algebras in different space-time position is sufficient to build up the complete net
of algebras through the formation of intersections of wedge algebras (in analogy to
(20.5)). Examples of tempered wedge-localized PFGs are obtained by Fourier trans-
forming generating operators of Zamolodchikov-Faddeev algebras (20.8) and there
are reasons to believe that the d+ 1 + 1 factorizing models exhaust the possibilities
for tempered PFGs. Knowing the PFG generators explicitly as one does in these
models, one can construct the net and its local field generators which are of course
much more involved than the non-local wedge generators.

In the third section the idea of lightfront holographic projection will be used in
order to classify wedge algebras in terms of extended chiral algebras. The unsolved
problems of inverse lightfront holography i.e. the problem of reconstructing ambient
algebras from their holographic projections, is the main obstacle in the general
classification and construction. Here again the restriction to d = 1 + 1 factorizing
models is very helpful.

20.2 Modular localization and the bootstrap-formfactor program

The various past attempts at S-matrix theories which aimed at direct construc-
tions of scattering data without the intermediate use of local fields and local observ-
ables provide illustrations of what is meant by an “on-shell” approach to particle
physics. The motivation behind such proposals was first spelled out by Heisen-
berg [18]. It consisted in the hope that by limiting oneself to particles and their
mass-shells, one avoids (integration over) fluctuations on a scale of arbitrarily small
spacelike distances causing ultraviolet divergencies which at the pre-renormalization
days of Heisenberg’s S-matrix proposal appeared to be an incurable disease of QFT.
The main purpose of staying close to particles and using scattering concepts (“on-
shell”) is the avoidance of inherently singular objects as pointlike fields in calcula-
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tional steps. This is certainly a reasonable aim independent of whether one believes
or not that a formulation of interactions in terms of singular pointlike fields exists
for d = 1 + 3 QFT in the mathematical physics sense.

Since the early 1950s, in the aftermath of renormalization theory, the relation
between particles and fields received significant elucidation through the derivation
of time-dependent scattering theory. In the course of this it also became clear that
Heisenberg’s S-matrix proposal had to be amended by the addition of the crossing
property i.e. a prescription of how to analytically continue particle momenta on
the complex mass shell in order to relate matrix elements of local operators between
incoming ket and outgoing bra states with a fixed total sum of incoming and outgoing
particles as different boundary values of one analytic “masterfunction”. In physical
terms crossing allows us to relate matrix elements describing real particle creation
with particles in both the incoming ket- and outgoing bra-states to the vacuum
polarization matrix elements where the ket-state (or the bra state) is the vacuum
vector.

Whereas Heisenberg’s requirements of Poincaré invariance, unitarity and cluster
factorization on a relativistic S-matrix can also be implemented in a “direct particle
interaction” scheme [11, 33], the implementation of crossing is conceptually related
to the presence of vacuum polarization for which QFT with its micro-causality is
the natural arena.

The LSZ time-dependent scattering theory and the associated reduction for-
malism relates such a matrix element (referred to as a generalized formfactor) in a
natural way to one in which an incoming particle becomes “crossed” into an outgoing
anti-particle on the backward real mass shell; it is at this point where analytic con-
tinuation from a positive energy physical process enters. In this setting the S-matrix
is the formfactor of the identity operator.

The important remark here is that the use of particle states requires the restric-
tion of the analytic continuation to the complex mass shell (“on-shell”). It was Bros6

in collaboration with Epstein and Glaser [7] who gave the first rigorous proofs of
crossing in special configurations. In the special case of the elastic scattering ampli-
tude, the crossing of only one particle from the incoming state has to be accompanied
by a reverse crossing of one of the outgoing particles in order to arrive at a physical
process allowed by energy-momentum conservation7.

A derivation of crossing in the setting of QFT for general multi-particle scattering
configurations and for formfactors (as one needs it for the derivation of a bootstrap-
formfactor program, see later) from the general principles of local quantum physics
does not yet exist. It is not clear to me whether the present state of art in algebraic
QFT would permit one to go significantly beyond the old but still impressive results
quoted before.

The crossing property became the cornerstone of the so-called bootstrap S-
matrix program and several ad hoc representations of analytic scattering amplitudes

6Since the issue of crossing constitutes an important property of the present
paper, it is particularly appropriate to dedicate this work to Jacques Bros on the
occasion of his 70th birthday.

7This crossing of a pair of particles from the in/out elastic configuration is ac-
tually the origin of the terminology “crossing” and was the main object of rigorous
analytic investigations.
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were proposed (Mandelstam representation, Regge poles. . . ) in order to incorporate
crossing in a more manageable form.

The algebraic basis of the bootstrap-formfactor program for the special family of
d = 1 + 1 factorizable theories is the validity of a momentum space Zamolodchikov-
Faddeev algebra [41]. The operators of this algebra are close to free fields in the sense
that their Fourier transform is on-shell (see (20.8) in the next section), but unlike
the latter they are not local in the pointlike sense. A closer look reveals that they
are localizable in the weaker sense8 of space-time wedge regions [23,32]. In fact the
existence of such Fourier transformable (“tempered”) wedge-localized PFGs, which
implies the absence of real particle creation through scattering processes [6], turns
out to be the prerequisite for the success of the bootstrap-formfactor program for
factorizable models in which one uses only formfactors and avoids (short-distance
singular) correlation functions.

According to an old structural theorem which is based on certain analytic prop-
erties of a field theoretic S-matrix [1, 6], interaction-induced vacuum polarization
without real particle creation is only possible in d = 1+1 theories. This in principle
leaves the possibility of direct 3- or higher- particle elastic processes beyond two par-
ticle scattering. But an argument by Karowski based on formfactor crossing9 shows
that the nonvanishing of higher connected elastic contributions would be inconsistent
with the absence of real particle creation. In this sense the Z-F algebra structure,
which is at the heart of factorizing models, turns out to be a consequence of special
properties of modular wedge-localized PFGs, a fact which places the position of the
factorizing models within general QFT into sharper focus. The crossing property of
the two-particle scattering amplitude is a consistency prerequisite for the formfactor
crossing. Providing a special illustration of the previous general unicity argument of
inverse scattering based on crossing, the bootstrap formfactor approach associates
precisely one QFT in the sense of one local equivalence class of fields (or one net of
localized operator algebras) to a prescribed factorizing S-matrix.

In agreement with the philosophy underlying AQFT, which views pointlike fields
as coordinatizations for generators of localized algebras, the bootstrap-formfactor
construction for d = 1 + 1 factorizing models primarily aims to determine coor-
dinatization-independent double-cone algebras by computing intersections of wedge
algebras. The nontriviality of a theory is then tantamount to the nontriviality (�= C1)
of such intersections. The computation of a basis of pointlike field generators of
these algebras is analogous to (but more involved than) the construction of a basis
of composites of free fields in the form of Wick polynomials. As we saw before
for noninteracting theories the functorial description of the algebras (20.6) based on
modular localization is conceptually simpler than the use of free fields and their local
equivalence class of Wick-ordered composites e.g. one is not obliged to introduce a
non-intrinsic Wick basis.

The crossing property is crucial for linking scattering data with off-shell operator
spaces. As explained in the previous section, it relates the multi-particle component
of vectors obtained by one-time application of a localized (at least wedge-localized)

8An operator which is localizable in a certain causally closed space-time region is
automatically localized in any larger region but not necessarily in a smaller region.
The unspecific terminology “non-local” in the literature is used for any non-pointlike
localized field.

9I am indebted to M. Karowski for this argument.
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operator to the vacuum with the connected formfactors of that operator. It is im-
portant to note that in factorizing models, crossing is not an assumption but rather
follows from the properties of tempered PFGs for wedge algebras similar to crossing
of formfactors for composite operators of free fields [34].

In the following some of the details of wedge-localized PFGs and their con-
nections with the Zamolodchikov-Faddeev algebra structure are presented. In the
simplest case of a scalar chargeless particle without bound states10 the wedge gen-
erators are of the form [32]

φ(x) =
1√
2π

Z

(eip(θ)x(χ)Z(θ) + h.c.)dθ, (20.8)

Z(θ)Z∗(θ′) = S(2)(θ − θ′)Z∗(θ′)Z(θ) + δ(θ − θ′),

Z(θ)Z(θ′) = S(2)(θ′ − θ)Z(θ′)Z(θ).

Here p(θ) = m(chθ, shθ) is the rapidity parametrization of the d = 1 + 1 mass-shell
and x = r(shχ, chχ) parametrizes the right-hand wedge in Minkowski space-time.
S(2)(θ) is a structure function of the Z-F algebra which is a nonlocal ∗-algebra gen-
eralization of canonical creation/annihilation operators. The notation preempts the
fact that S(2)(θ) is the analytic continuation of the physical two-particle S-matrix
S(2)(|θ|) which via the factorization formula determines the general scattering op-
erator Sscat (20.11). The unitarity and crossing of Sscat follows from the corre-
sponding two-particle properties which in terms of the analytic continuation are
S2(z)∗ = S(2)(−z) (unitarity) and S(2)(z) = S(2)(iπ − z) (crossing) [22]. The Z∗(θ)
operators applied to the vacuum in the natural order θ1 > θ2 > · · · > θn are by
definition equal to the outgoing canonical Fock space creation operators, whereas
the re-ordering from any other ordering has to be calculated according to the Z-F
commutation relations e.g.

Z∗(θ)a∗(θ1) · · · a∗(θn)Ω =

k
Y

i=1

S(2)(θ − θi)a
∗(θ1) · · · a∗(θk)a∗(θ)a∗(θk+1) · · · a∗(θn)Ω

(20.9)
where θ < θi i = 1, . . . , k, θ > θi i = k + 1, . . . , n. The general Zamolodchikov-
Faddeev algebra is a matrix generalization of this structure.

It is important not to identify the Fourier transform in (20.8) of the momen-
tum with a localization variable. Although the x in φ(x) behaves covariantly under
Poincaré transformations, it is not marking a causal localization point; in fact it
is a non-local variable in the sense of the standard use of this terminology11. It is
however wedge-localized in the sense that the generating family of operators for the
right-hand wedge W Wightman-like (polynomial) algebra alg {φ(f), suppf ⊂ W}
commutes with the TCP transformed algebra alg {Jφ(g)J, suppg ⊂ W} which is

10A situation which in case of factorizing models with variable coupling (e.g. the
massive Thirring model) can always be obtained by choosing a sufficiently small
coupling. Bound state poles in the physical θ-strip require nontrivial changes of the
algebraic formalism.

11The word local is reserved for “commuting for spacelike distances”. In this work
we are dealing with non-local fields which are nevertheless localized in causally
complete subregions (wedges, double cones) of Minkowski space-time.
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the left wedge algebra [23]

[φ(f), Jφ(g)J ] = 0, (20.10)
J = J0Sscat.

Here J0 is the TCP symmetry of the free field theory associated with a#(θ) and
Sscat is the factorizing S-matrix which on (outgoing) n-particle states has the form

Sscata
∗(θ1)a

∗(θ2)...a
∗(θn)Ω =

Y

i<j

S(2)(θi − θj)a
∗(θ2)...a

∗(θn)Ω (20.11)

if we identify the a#(θ) with the incoming creation/annihilation operators. It is
then possible to give a rigorous proof [23] that the Weyl-like algebra generated by
exponential unitaries is really wedge-localized and fulfills the Bisognano-Wichmann
property

A(W ) = alg
n

eiφ(f) | suppf ⊂ W
o

, (20.12)

A(W )′ = JA(W )J = A(W ′),

where the dash on operator algebras is the standard notation for their von Neumann
commutant and the dash on space-time regions stands for the causal complement.
Within the modular setting the relative position of the causally disjoint A(W ′) de-
pends via Sscat on the dynamics. The TCP operator J is the (antiunitary) “angular”
part of the polar decomposition of Tomita’s algebraically defined unbounded anti-
linear S-operator with the characterization

SAΩ = AΩ, A ∈ A(W ), (20.13)

S = JΔ
1
2 , Δit = U(Λ(−2πt)),

with Λ(χ) being the Lorentz boost at the rapidity χ.
At this point the setup looks like a relativistic quantum mechanics since the φ(f)

(similar to genuine free fields if applied to the vacuum) do not generate vacuum po-
larization clouds. The advantage of the algebraic modular localization setting is
that interaction-caused vacuum polarization is generated by algebraic intersections,
which is in agreement with the intrinsic definition of the notion of interaction pre-
sented in terms of PFGs in the previous section

A(D) ≡ A(W ) ∩ A(W ′
a) = A(W ) ∩A(Wa)′, (20.14)

D = W ∩W ′
a.

This is the operator algebra associated with a double cone D (which is chosen
symmetric around the origin by intersecting suitably translated wedges and their
causal complements). Note the difference from the quantization approach, where
pointlike localized fields are used from the outset and the sharpening of localization
of smeared products of fields is simply achieved by the classical step of restricting
the space-time support of the test functions. The problem of computing intersected
von Neumann algebras is in general not only difficult (since there are no known
general computational techniques) but also very unusual as compared to methods of
standard quantization. There is a well-founded hope that one can solve the existence
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problem of factorizing models by showing the nontriviality of the intersections A(D)
[10].

The problem becomes more amenable if one considers instead of operators their
formfactors i.e. their matrix elements between incoming ket and outgoing bra state
vectors. In the spirit of the LSZ formalism one can then make an Ansatz in form
of a power series in Z(θ) and Z∗(θ) ≡ Z(θ − iπ) (corresponding to the power series
in the incoming free field in LSZ theory). In a shorthand notation which combines
both frequency parts we may write

A =
X 1

n!

Z

C

· · ·
Z

C

an(θ1, . . . , θn) : Z(θ1) · · ·Z(θn) : dθ1 · · · dθn (20.15)

where each integration path C extends over the upper and lower part of the rim
of the (0,−iπ) strip in the complex θ-plane. The strip-analyticity of the coefficient
functions an expresses the wedge-localization of A.12 It is easy to see that these
coefficients on the upper part of C (the annihilation part) are identical to the vacuum
polarization form factors of A

〈Ω |A| pn, . . . , p1〉in = an(θ1, . . . , θn), θn > θn−1 > · · · > θ1 (20.16)

whereas the crossing of some of the particles into the left-hand bra state (see the
previous section) leads to the connected part of the formfactors

out 〈p1, . . . , pk |A| pn, . . . , pk+1〉inconn = an(θ1 + iπ, . . . θk + iπ, θk+1, . . . , θn) (20.17)

Hence the crossing property of formfactors is encoded into the notation of the oper-
ator formalism (20.15) in that there is only one analytic function an which describes
the different possibilities of placing θ on the upper or lower rim of C.

The presence of bound states (poles in the physical θ-strip) leads to a weak-
ening of the wedge localization in the sense that the wedge commutativity (20.10)
only holds between states from the subspace generated from the “elementary” states
linearly related to (20.8). This requires considerable modifications of the algebraic
formalism which goes beyond the modest aims of this paper.

The essential advantage of this algebraic formalism over the calculation of form-
factors of individual fields is expected to appear if one tries to secure the existence of
the theory. Whereas the conventional way via controlling Wightman functions and
checking their properties appears hopelessly complicated (the mathematical control
of the convergence of the formfactor series (20.15) has not even been achieved in sim-
ple models), the “modular nuclearity property” of wedge algebras in d=1+1 which
secures the nontriviality of the intersected algebras A(D) [10] seems to be well in
reach [24].

20.3 Constructive aspects of lightfront holography

In the previous sections it was shown how modular theory together with on-
shell concepts can be used to analyze special wedge algebras in the presence of

12Compact localization leads to coefficient functions which are meromorphic out-
side the open strip [2].
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interactions. The constructive use was limited to the presence of so-called tempered
PFGs which in turn restricted computable models to d = 1 + 1 factorizing theories.
In this section I will present a recent proposal which also uses modular localization
ideas but tries to analyze wedge algebras in terms of (extended) chiral theories by
means of “algebraic lightfront holography” (ALH). Again we limit ourselves to some
intuitively accessible remarks mainly emphasizing analogies as well as differences
with the standard formalism of QFT; for a more detailed mathematical description
we again refer to the literature [34].

The following comparison with the canonical formalism turns out to be helpful.
The ETCR formalism tries to classify and construct QFTs by assuming the validity
of canonical equal time-commutation relations (ETCR). The shortcomings of that
approach are well-known. Even if one ignores the fact that the ETC structure is in-
consistent with the presence of strictly renormalizable interactions13, the usefulness
of the ETCR is still limited by its insensitivity with respect to interactions. One
would prefer to start with a structure which senses the presence of interactions and
is capable of utilizing the enormous amount of knowledge and structural richness
which has been obtained in studying chiral theories by providing a concept of rich
universality classes for higher dimensional QFT (instead of just one ETCR class).

Lightfront holography tries to address this imbalance by replacing the ETCR by
the richer structure of (extended) chiral theories on the lightfront. Its main aim is
to shift the cut between kinematics and dynamics in such a way that what has been
learned by studying low dimensional theories can be used as a kinematical input for
higher dimensional models.

The holographic projection turns out to map many different interacting ambient
theories to the same holographic image; in this respect there is a certain similarity
to the better known scale invariant short distance universality classes which are
the key to the understanding of critical phenomena. But in contradistinction to
scaling universality classes which change the theory to an associated massless theory,
holographic projections live in the same Hilbert space as the ambient theory; in fact
they just organize the space-time aspects of a shared algebraic structure in a radically
different way.

Let us briefly recall some salient points of ALH14.
ALH may be viewed as a kind of conceptually and mathematically refined “light-

cone quantization” (or “p →∞ frame” description). Whereas the latter never faced
up to the question of how the lightfront quantized fields are related to the original
local fields i.e. in which sense the new description addresses the original problems
posed by the ambient theory, the ALH is conceptually precise and mathematically
rigorous on this point.

It turns out that the idea of restricting fields to the lightfront is limited to free
fields and certain superrenormalizable interacting models with finite wave function
renormalization. Theories with interaction-caused vacuum polarization which leads
to Kallén-Lehmann spectral functions with diverging wave function renormalization
do not permit lightfront restrictions for the same reason as they do not have equal

13Only superrenormalizable interactions (finite wave function renormalization) as
the polynomial scalar models in d = 1 + 1 have fields which restrict to equal times

14We add this prefix “algebraic” in order to distinguish the present notion of
holography from the gravitational holography of t’Hooft [19]. More on similarities
and differences between the two can be found in the concluding remarks,
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time restrictions; e.g. for scalar fields one has15

〈A(x)A(y)〉 =

Z ∞

0

ρ(κ2)iΔ(+)(x− y, κ2)dκ2, (20.18)

〈A(x)A(y)〉 |LF ∼
Z ∞

0

ρ(κ2)dκ2δ(x⊥ − y⊥)

Z ∞

0

dk

k
e−ik(x+−y+),

where in passing to the second line we used the correct rule for lightfront restriction;
this is obviously not the naive one obtained by simply restricting the coordinates
in the Kallén-Lehmann representation. To obtain the second line, which replaces
the free field Δ+ function by the transverse δ(x⊥ − y⊥) delta function times the
longitudinal chiral function in the x+ lightray variable, one starts from the free field
representation in terms of momentum space creation/annihilation operators. In the
z-t wedge region this field may be parametrized in terms of rapidities χ, θ as follows:

A(x) =
1

(2π)
3
2

Z Z

(eimeff rch(χ−θ)+�p⊥�x⊥a∗(p) + h.c.)
dθ

2
dp⊥, (20.19)

ˆ

a(p), a∗(p′)
˜

= 2δ(θ − θ′)δ(p⊥ − p′⊥), meff =
q

�p2
⊥ + m2, (20.20)

x = (r sinhχ, �x⊥, cosh χ), p = (coshχ, �p⊥,meff sinh θ).

The limit r → 0 together with a compensating limit χ = χ̂ − lnmeffr provides
a finite lightfront limit in terms of the same creation/annihilation operators and
hence takes place in the same Hilbert space (unlike the scaling limit used for critical
phenomena) and leads to the desired result

A(x)|LF =
1

(2π)
3
2

Z ∞

0

Z

(eip−x++ip⊥x⊥a∗(p) + h.c.)
dp−
2p−

dp⊥, (20.21)

p− � e−θ,

which yields the above formula for the two-point function. The infrared-divergence
in the longitudinal factor is spurious if one views the lightfront localization in the
setting of modular wedge localization16 . On the other hand the obstruction resulting
from the large κ divergence of the K-L spectral function (short distance regime of
interaction-caused vacuum polarization) is shared with that which limits the range
of validity of the ETCR formalism. But whereas equal time restricted interacting
fields in d � 1 + 2 simply do not exist, there is no such limitation on the short
distance properties of generalized chiral conformal fields which turn out to generate
the ALH. What breaks down is the idea that these lightfront generating fields can
be gotten simply by restricting the fields of the ambient theory, as was the case in
the example of free fields.

15It is important to realize that LF restriction is not a pointwise local procedure.
This becomes clearer within the setting of modular localization.

16By re-expressing the rapidity testfunction space in terms of the p+ integration
variable, one obtains the vanishing of the testfunctions at p+ = 0. The same argu-
ment also shows that an additive modification of χ̂ (a multiplicative change of p−)
does not change the result in the appropriate test function setting.
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It turns out that modular theory provides a useful tool to analyze the connection
between the ambient theory and its holographic projection. Although the ambient
theory may well be given in terms of pointlike fields and the ALH may also allow
a pointlike description (see 20.25), there is no known direct relation between these
fields. This was of course precisely the problem of lightcone quantization which
remained unresolved. Even in the above interaction-free case when the restriction
method in the sense of (20.21) works, the ALH net of algebras turns out to be non-
local relative to the ambient algebra and hence the recovery of the ambient from the
ALH involves non-local steps which the standard formalism cannot handle. Whereas
lightcone quantization was not able to address those subtle problems, ALH solves
them.

The intuitive physical basis of this algebraic approach is a limiting form of the
causal closure property. Let O be a space-time region and O′′ its causal closure (the
causal disjoint subsequently taken twice) then the causal closure property is the
equality

A(O) = A(O′′). (20.22)

In the case of free fields this abstract algebraic property17 is inherited via quantiza-
tion from the Cauchy propagation in the classical setting of hyperbolic differential
equations. The lightfront is a limiting case (characteristic surface) of a Cauchy sur-
face. Each lightray which passes through O′′ either must have passed or will pass
through O. For the case of a x0 − x3 wedge W and its x0 − x3 = 0 (upper) causal
lightfront boundary LFB(W ) (which covers half of a lightfront) the relation

A(LFB(W )) = A(W ) ⊂ B(H) (20.23)

is a limiting situation of the causal shadow property; a lightlike signal which goes
through this boundary must have passed through the wedge (or in the terminology
of causality, the wedge is the backward causal completion of its lightfront boundary).
Classical data on the lightfront define a characteristic initial value problem and the
smallest region which generates data localized in an open ambient region is half
the lightfront as in (20.23); for any transversely not two-sided infinite extended
subregion OLF on the lightfront, as well as for any region on the lightfront which is
bounded in the lightray direction, the causal completion is trivial i.e. OLF = O′′

LF .
This unusual behavior of the lightfront is related to the fact that as a manifold with
its metric structure inherited from the ambient Minkowski space-time it is not even
locally hyperbolic.

Several symmetries which the lightfront inherits from the ambient Poincaré
group are obvious; it is clear that the lightlike translation together with the two-
transverse translation and the transverse rotation are leaving the lightfront invariant
and that the longitudinal Lorentz boost, which leaves the wedge invariant, acts as
a dilatation on the lightray in the lightfront. There are however two additional in-
variance transformations of the lightfront which are less obvious. Their significance
in the ambient space is that of the two “translations” in the 3-parametric Wigner
little group E(2) of the light ray in the lightfront (a Euclidean subgroup of the
6-parametric Lorentz group). Projected into the lightfront these “translations” look
like transverse Galilei transformations in the various (x⊥)i − x+ planes.

Modular concepts (in particular modular inclusions and intersections) provide
a firm operator algebraic basis for the interplay between the ambient causality and

17This equality is the local version of the “time slice property” [17].
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the localization structure as well as the 7-parametric symmetry of the lightfront
holography18. Among the many structural consequences we only collect those which
are important for the constructive use of holography:

• The Poincaré group P (4) and hence also the 7-parametric subgroup GLF ⊂ P (4)
which leaves the lightfront invariant are of modular origin. The full lightfront
symmetry is much larger and includes the Moebius group extension of the 2-
parametric longitudinal translation-dilation group which is also of modular ori-
gin.

• The lightfront algebra has no vacuum fluctuations in transverse direction i.e.
the operator algebra of a longitudinal infinitely extended cylindrical region Ξ =
{x⊥ ∈ Q, −∞ < x+ < ∞} with finite transverse extension Q is a tensor factor
of the full lightfront algebra which is identical to the full ambient algebra B(H),

A(LF ) = B(H) = A(Ξ) ⊗A(Ξ)′, A(Ξ)′ = A(Ξ ′). (20.24)

In longitudinal direction the cyclicity of the vacuum (the Reeh-Schlieder prop-
erty) prevents such a factorization i.e. the lightfront holography “squeezes” the
field theoretic vacuum fluctuation into the lightray direction so that the trans-
verse structure becomes purely quantum mechanical. As a result of the Moe-
bius covariance along the lightray and the quantum mechanical factorization in
transverse direction, the lightfront holography has the structure of an (quantum
mechanically) extended chiral QFT.

For the derivation of the local net structure of the lightfront theory in the longi-
tudinal and transverse directions we refer to [3,34]; this is the part which requires the
use of modular localization concepts (modular inclusions and modular intersections
of wedge algebras, relative commutants) which differ significantly from concepts of
the standard approach to QFT. The following remarks are only intended to facilitate
understanding and highlight some consequences.

Although there is presently no rigorous proof, the structural analogy of the light-
front holographic projection with chiral theory leads one to expect that similar group
theoretical arguments as in [20] provide the existence of covariant pointlike genera-
tors. In cases where they exist, their commutation relations are severely restricted;
the transverse quantum mechanical nature only permits a delta function without
derivative and the balance in the scaling dimensions restricts the longitudinal sin-
gularity structure to that of Lie fields known from chiral current or W-algebras.

ˆ

ψi(x⊥, x+), ψj(x
′
⊥, x

′
+)
˜

(20.25)

= δ(x⊥ − x′
⊥)

(

δ(nij)(x+ − x′
+) +

X

k

δ(nijk)(x+ − x′
+)ψk(x⊥, x+)

)

.

As in the pure chiral case one may hope for rational situations in which there exists
a finite set of generating fields.

The difficult part of a constructive proposal of the lightfront holography is the
“inverse holography” i.e. the reconstruction of an ambient theory from its holographic

18For the inverse holography the information from the fundamental lightfront
inclusion A(LF (W )) ⊂GLF A(LF ) = B(H) has to be complemented by the action
of the x−translation (similar to the Hamiltonian input in the ETCR approach).
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projection. Apart from the interaction-free case which is characterized by a c-number
commutator, the kinematical holographic information is insufficient. The analogy
with the canonical formalism suggests expecting that the action of the x− lightray
translation on the lightfront net or on its generating fields (20.25) should select a
particular ambient model from the holographic equivalence class.

The remainder of this section contains some comments on the inverse holography
of factorizing models, where as a result of the two-dimensionality the transverse
structure is absent and the holographic projection is a bona fide chiral theory. The
on-shell aspect of covariant PFG generators for wedge algebras (20.8) trivializes
the passing between the ambient theory and its holographic projection; within the
setting of factorizing models the holographic inversion is unique and amounts to
representing the action of the x− translation (similar to the case of free fields) by
the multiplication with eip+x− , p+ = m2

p− in the formfactor representation (20.15).
The reason for this uniqueness is that the covariance property of the particle-like
Z-F creation/annihilation operators implicitly fix the transformation properties of
the full Poincaré group i.e. including the LF-changing transformations beyond GLF .

The holographic restriction of factorizing models also highlights a new interesting
aspect of chiral theories. At least those chiral models which originate in this way
permit a formal representation in terms of PFGs (20.15) inherited from ambient
theory. Although this basis of Z#(θ) operators loses its particle interpretation in
the chiral holographic projection, it still continues to provide an unexpected simple
“on-shell representation” simplicity for these chiral algebras. In this representation
the Moebius rotations applied to states Z∗(θ)Ω “dress” the latter with a vacuum
polarization cloud. Again we refer for more details to [3, 34]. Analogous to the free
field case the inverse holography in this particular representation just amounts to
multiplication of the formfactors an with the appropriate eip+x− translation factors.

This inverse holography also raises an interesting question about the possible dy-
namical role of modular generated non-local ambient symmetries beyond the local
vacuum preserving Poincaré transformations. This is part of a quest for a more pro-
found future understanding of the relation between particle aspects of the ambient
theory and chiral field aspects of its holographic projection.

We conclude with some remarks about the difference in the underlying philos-
ophy as compared to the standard approach to QFT which is based on quantizing
classical field theories i.e. on the idea that important models of particle physics can
be constructed by subjecting the classical Lagrangian formalism to quantization
rules. This setting leads to a finite number of possibilities of renormalizable local
coupling between higher dimensional (d ≥ 1+ 2) covariant fields which contains the
important standard gauge theory model of electro-weak interactions.

The modular based approach advocated here disposes of the parallelism to clas-
sical field theories; instead of quantizing concrete classical field models it aims at
a classifying of models according to their intrinsic algebraic structure. The proto-
type situation is that of chiral models on the lightray which are classified by their
Lie-type commutation structure or alternatively by analyzing the possible modular
position of three MAs. The underlying philosophy is that of universality classes as it
is successfully used in the condensed matter physics of critical phenomena. Instead
of trying to find a unique model of particle physics by quantizing a selected classi-
cal Lagrangian, one classifies holographic equivalence classes and refines the search
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for the best mathematical description of particle physics in terms of local quantum
theory by adding additional dynamical information.
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Summary. The connection between the Gupta-Bleuler formulation and the Coulomb
gauge formulation of QED is discussed. It is argued that the two formulations are
not connected by a gauge transformation. Nor can the state space of the Coulomb
gauge be identified with a subspace of the Gupta-Bleuler space. Instead a more in-
direct connection between the two formulations via a detour through the Wightman
reconstruction theorem is proposed.

21.1 Introduction

This article is concerned with a major unsolved problem of QED, that of an ex-
act formulation of the notion of gauge invariance, more especially the problem of an
exact characterization of gauge transformations and their uses. Why are such seem-
ingly disparate formulations as the Gupta-Bleuler (GB) formalism and the Coulomb
gauge (C gauge) description physically equivalent, and how are they connected?
Needless to say, this problem will not be solved here or even fully described. I will
merely put forward a few possibly useful remarks and suggestions. Attention will be
restricted to the two most widely used ‘gauges’ already mentioned, the GB and the
C gauges. And since there still does not exist a rigorous formulation of QED in any
gauge, these results will be based on the experience gained in perturbation theory
(PT). Any result which is valid in every order of PT has a good chance of describing
a feature present in a possibly existing exact theory. That this statement must be
taken with a grain of salt will become apparent later on.

For the structural studies we have in mind, the Wightman functions are more
convenient tools than the Green’s functions of the traditional formulations. The PT
of the Wightman functions of QED has been developed in [8]. Our results are based
on the rules derived there. But the reader’s acquaintance with these rules will not be
assumed. The claims made will therefore in general be substantiated by somewhat
heuristic arguments rather than full proofs. The emphasis is on statements of facts
and the discussion of their significance, rather than on proofs. However, all the
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results claimed can be rigorously proved to all orders of PT. And they are usually
plausible enough as they stand.

21.2 Formal Considerations

The basic fields of QED with charged particles of spin 1/2 are the electromagnetic
potentials Aμ(x) and the Dirac spinors ψ(x) and ψ̄(x) = ψ∗(x)γ0.

The GB formalism has the advantage of working with local, covariant, fields
Aμ, ψ, as we like them. But it also has two grave drawbacks. First, its state space
VGB is equipped with an indefinite scalar product, hence it is not a Hilbert space.
This contradicts the basic rules of quantum mechanics, and it is mathematically
inconvenient. Second, the Maxwell equations

∂νF
νμ(x) = jμ(x) , (21.1)

with
F νμ(x) = ∂νAμ(x)− ∂μAν(x) , jμ(x) = e ψ̄(x)γμψ(x) , (21.2)

are not satisfied as operator equations on VGB , even after renormalization. This
means that VGB contains unphysical states, that is vectors which do not describe
states ever encountered in a laboratory. This raises the question of how to charac-
terize the physical states, and the second question whether VGB can be defined such
that it contains sufficiently many physical states to give a full description of reality.
The standard textbook answer to the first question is this: the divergence

B(x) = ∂μA
μ(x) (21.3)

solves the free field equation ∂μ∂μB(x) = 0, hence can be split into a creation part
B−(x) and an annihilation part B+(x). And the physical subspace Vph ⊂ VGB is
defined to be the kernel of B+:

B+(x)Vph = 0 . (21.4)

This condition ensures the validity of the Maxwell equations on Vph. The second
question is, as a rule, simply ignored. A clean definition of VGB and thus of Vph is
hardly ever given.1

The C gauge has complementary advantages and drawbacks. Its state space VC

is a Hilbert space and contains only physical states. The Maxwell equations are
satisfied. But the basic fields Aμ, ψ, ψ̄, are neither local (i.e. they do not commute
at spacelike distances) nor covariant. This is very inconvenient for a detailed ab ovo
elaboration of the theory, especially for a convincing formulation of renormalization.
And the lack of manifest covariance also raises the question of how observational
Lorentz invariance emerges from the theory.

The complementary aspects of the two methods suggests a joining of their forces.
This may consist in first working out the theory of the GB-fields Aμ, ψ, as fully
as possible, and then identifying in this framework “physical fields” Aμ, Ψ, which

1There exist more thoughtful treatments of the problem outside of textbooks, for
example [3, 7, 12]. These approaches make essential use of the notion of asymptotic
fields, which is not unproblematic in QED and will be avoided in the present work.
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generate Vph out of the vacuum Ω, yielding the C gauge formulation. Formally, such
“C-fields” are obtained from the GB-fields by the Dirac ansatz

Aμ(x) = Aμ(x)− ∂

∂xμ

Z

dy rρ(x− y)Aρ(y) ,

Ψ(x) = exp
n

ie

Z

dy rρ(x− y)Aρ(y)
o

ψ(x) , (21.5)

Ψ̄(x) = Ψ∗(x) γ0 ,

with
r0 = 0 , rj(x) = −rj(x) = δ(x0) ∂j

1

|�x| , (21.6)

for j = 1, 2, 3. The auxiliary ‘functions’ rμ satisfy

∂μr
μ(x) = δ4(x) , (21.7)

or in momentum space
pμr̃

μ(p) = i (21.8)

with r̃μ(p) =
R

dx exp{ipx} rμ(x). Notice that formally the definitions (21.5) have
the form of a gauge transformation with the operator-valued and field-dependent
gauge function

G(x) = −
Z

dy rρ(x− y)Aρ(y) . (21.9)

That the fields (21.5) really are the desired C-fields follows from the fact that they
satisfy

ˆ

B(x), Ψ(y)
˜

=
ˆ

B(x), Ψ̄(y)
˜

=
ˆ

B(x), Aμ(y)
˜

= 0 , (21.10)

which equations then also hold for the annihilation part B+. And this together with
B+Ω = 0 shows that states of the form

Φ = P(Ψ, Ψ̄ , Aμ)Ω , (21.11)

with P a polynomial — or a more general function, if definable — of fields averaged
over test functions, are physical in the sense of (21.4). The property (21.10) has been
called “strict gauge invariance” by Symanzik [11] and, following him, by Strocchi and
Wightman [10]. A proof of (21.10) is found in the first of these references.

21.3 Problems, and a Solution

The contents of Sect. 21.2 were purely formal. In order to give the definition
(21.5) a rigorous meaning we must start from a rigorous description of the GB for-
malism, especially of VGB . The use of a suitably adapted version of the Wightman
formalism [1, 6, 9] suggests itself. Of course, the naturally defined scalar product
being indefinite, VGB cannot be a Hilbert space. But we assume it to be equipped
with a non-degenerate scalar product. And we wish to retain all the other Wight-
man axioms. In particular, the fields Aμ, ψ, ψ̄, are to be operator-valued tempered
distributions. And we assume the subspace V0 spanned by tempered field polyno-
mials applied to the vacuum Ω to be dense in VGB in the weak topology induced
by the scalar product. V0 is called the space of “local states”. The density of V0
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is important because it allows us to construct VGB from the Wightman functions
by the reconstruction theorem. The Wightman functions are easily calculated in PT
and other schemes of approximation. And their properties, as properties of tempered
distributions, are easier to investigate than those of unbounded operators in a space
with indefinite metric. On V0 the Wightman functions determine the scalar product.

Right at the start we are confronted with a slightly disturbing fact. Let the
charge operator Q be defined by

[Q, ψ(x)] = −eψ(x) , [Q, ψ̄(x)] = e ψ̄(x) , [Q, Aμ(x)] = 0 , QΩ = 0 , (21.12)

with e the charge of the positron. Define the state Φ to be physical if the Gauß law

QΦ =

Z

x0=t

d3x∇ �E(x)Φ (21.13)

holds on it2, with �E the electric field strength. Then it is known [2] that V0 contains
no charged physical states. This means that the construction of charged physical
states in VGB as limits of local states is a non-trivial task.3

Let us now turn to the problem of giving a rigorous meaning to the equations
(21.5) defining the C-fields in terms of the GB-fields, supposing a rigorous theory
of the latter to be at hand as just explained. In this attempt we encounter two
problems, an ultraviolet (UV) one and an infrared (IR) one.

The UV problem is this: The factor ψ(x) in Ψ(x) is a distribution, not a function,
and so is the exponential factor. Notice that the auxiliary ‘functions’ rj are not
functions in the strict sense of the word, let alone test functions, so that the exponent
does not exist as a function. This problem can be solved by standard renormalization
procedures, most easily by subtraction at p = 0 in momentum space (‘intermediate
renormalization’). Unfortunately such a subtraction destroys the product form of Ψ ,
because in p-space the product a(x)b(x) becomes the convolution

R

dk ã(p− k) b̃(k)
(the tilde denotes the Fourier transform). This reads in its subtracted form

Z

dk
ˆ

ã(p− k) b̃(k) − ã(−k) b̃(k)
˜

,

which is no longer a convolution. Hence the mapping (ψ,A) → (Ψ,A) has no longer
the form of a gauge transformation. It is very unlikely that this problem can be
solved by a more sophisticated method of renormalization. It is my opinion that we
should not bemoan this fact, but accustom ourselves to the idea that the notion of
gauge transformations is not as useful in QED as it is in classical electrodynamics,
but is only of a heuristic value.4 The true problem is to find fields satisfying the
condition (21.10) of strict gauge invariance, no matter whether or not they can be
derived from the GB-fields by a gauge transformation. That the renormalized Dirac

2As is well known, in this crude version of the condition the right-hand side does
not make sense. Suitable regularizations in space and time are necessary. But this
problem is immaterial to our present purposes.

3That it is not necessarily an unsolvable task has recently been re-emphasized
by Morchio and Strocchi [13].

4This scepticism does not extend to gauge transformations of the first kind, that
is global transformations with an x-independent real gauge function.
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ansatz yields a formulation of QED which satisfies all the necessary requirements,
fully justifies its use.

The IR problem is this: Are Ψ, Aμ, after renormalization, defined as fields on
VGB? In other words, is the space VC generated from the vacuum Ω by the C-fields
a subspace of VGB? At first, the answer gleaned from PT is a plain ‘no’ ! The scalar
product (Φ0, Φ) of the physical state

Φ =

Z

dx f(x)Ψ(x)Ω ∈ VC (21.14)

and the local state
Φ0 =

Z

dy g(y) ψ̄ ∗ Ω ∈ V0 , (21.15)

with f and g tempered test functions, can be shown to diverge already in second
order of PT (see end of Appendix). This divergence is caused by the divergence at
large y of the exponent

R

dy rρ(x− y)Aρ(y) in (21.5): it is an IR problem.
But this result is misleading. As is well known, the generic S-matrix element of

QED calculated with the LSZ reduction formula is in general IR divergent in finite
orders of PT. But these divergences can be isolated and summed over all orders,
yielding a vanishing result. And this result is expected to be closer to the truth than
the finite-order divergences, because it agrees with information obtained from other
sources, especially the Bloch-Nordsieck model. Something similar might happen for
the mixed 2-point function

F (x, y) = (Ω, ψ̄(y)Ψ(x)Ω) (21.16)

occurring in (Φ0, Φ). And, indeed, it does happen! The IR divergences in F can be
isolated in all orders of PT and summed to yield

F (x, y) ≡ 0 . (21.17)

For a sketch of the proof we refer to the Appendix. Again, we expect the result
(21.17), rather than the finite-order divergences, to correspond to the true situation.
But, as in the case of the S-matrix, this does not solve our problem. In the same
way as (21.17) it can be generally shown that Φ is orthogonal to all local states.
The state Φ of charge −e is orthogonal to V0, hence it cannot be the weak limit
of a sequence of local states, hence VC cannot be a subspace of VGB, in which we
assumed V0 to be dense.

As a result we obtain:

The state space VC of the Coulomb gauge cannot be obtained as a subspace of
an extension VGB of V0, if the scalar product defined on V0 can be extended to VGB

in such a way that V0 is weakly dense in VGB.

The problems discussed in this section lead to the following conclusions. The
C-fields Ψ, Aμ, cannot be defined as fields acting on VGB . Nor are they related to
the GB-fields ψ, Aμ, by a gauge transformation. The traditional explanations of
the connection between the two formulations do not work. A working method of
relating the two formalisms has been derived in Chap. 12 of [8]. It will be briefly
described without giving proofs. The method makes essential use of the Wightman
reconstruction theorem. At first it is demonstrated (in PT) that the Wightman
functions of the C-fields can be obtained from those of the GB-fields by a limiting
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procedure, like this: Replace the auxiliary functions rj(x) in (21.5) and (21.6) by
the regularized version

rj
ξ(x) = χ(ξx) rj(x) , 0 < ξ < ∞ , (21.18)

with χ(u) a test function with compact support, satisfying χ(0) = 1. The resulting
fields Ψξ, A

μ
ξ are definable as acting on a slight extension of V0. Their Wightman

functions can be computed. And the limits ξ → 0 of the latter exist and define a
field theory via the reconstruction theorem, which has all the desired properties of
QED in the C gauge. It is QED in the C gauge! But the states and the fields of this
theory have no discernible direct connection with the states and fields of the GB
formalism.

Let us end this section with a few remarks on how observational Lorentz invari-
ance emerges from the not manifestly covariant C gauge formalism. The problem has
not yet been discussed in depth. I can therefore only state a program rather than
results. This program is based on the spirit of the local observables approach [4]
to quantum field theory, according to which only observables localized in bounded
regions of space-time are true observables. The first problem facing us is finding an
exact characterization of the operators representing observables. Since the C-fields
should describe the theory fully, an observable in the bounded domain R must be
a function of the fields with arguments in R. Observables should be represented
by hermitian operators (self-adjointness is hard to handle in PT), and they should
satisfy the axioms of local quantum physics. In particular, two observables localized
in relatively spacelike domains should commute. And the algebras of observables
in the domain R and its image RΛ under the Lorentz transformation Λ should be
related by an automorphism αΛ, which we can, of course, not expect to be unitarily
implemented. The traditional requirement that observables should be gauge invari-
ant is difficult or impossible to formulate in C gauge, on account of the doubtful
status of gauge transformations. We propose to solve this conundrum as we did for
fields, by starting from the GB formalism. There, observables must satisfy the same
requirements as stated for the C gauge. But the additional requirement of gauge
invariance can now be interpreted to denote strict gauge invariance. This means
that observables must commute with B(x).5 The C gauge equivalent of such a GB
observable A can then be defined as a bilinear form by

(Ω, Ψ̄(x)AΨ(y)Ω) = lim
ξ→0

(Ω, Ψ̄ξ(x)AΨξ(y)Ω) (21.19)

and obvious generalizations. Under exactly what conditions on A this limit exists
has not yet been investigated. It is clear that the observable fields Fμν and jμ belong
to this class.

Given the local observables of the theory, the second problem is that of describing
observational Lorentz invariance without using a non-existent unitary representation
of the Lorentz group. The formulation proposed here is based on the important
insights put forward by Haag and Kastler in [5] concerning the relevance of Fell’s
theorem (a purely mathematical statement) to quantum mechanics. This relevance
rests on the observation that in any given experiment we can only measure a finite
number of local observables with a finite accuracy. In view of this we can formulate
observational invariance as follows.

5On VC B vanishes identically.
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Let A1, . . . , An, be a finite set of local observables with measuring accuracies
εi, AΛ

i = αΛ(Ai) their images under the Lorentz transformation Λ, and let Φ be a
(physically preparable) state in VC . Then there exists a state ΦΛ ∈ VC such that

|(ΦΛ, A
Λ
i ΦΛ) − (Φ, Ai Φ)| < εi , (21.20)

for i = 1, . . . , n.

If Λ is a boost, then ΦΛ represents the original state as seen by a moving ob-
server, as far as the experiment in question is concerned. That this form of Lorentz
invariance is satisfied in VC is at the moment still a conjecture. But it has a good
chance of being true. Partial results in this direction can be found at the end of
Chap. 12 in [8].

Appendix: Proving Equation (21.17)

Using the methods of [8] a rigorous proof of the claimed result (21.17) can be
given by summing the IR relevant parts of F in all orders of PT. In this appendix
we will not give the full proof, but only sketch its essential ideas.

We denote the vacuum expectation value (Ω, . . . , Ω) by 〈· · · 〉. The expression of
interest is

A = 〈ψ̄(y)Ψ(x)〉
= 〈ψ̄(y) exp{ie

Z

du rj(x− u)Aj(u)}ψ(x)〉 (A.1)

with
rj(v) = δ(v0)∂j 1

|�v| . (A.2)

We are only interested in the IR problems connected with this expression, ignoring
the UV problems which can, however, easily be taken into account. The reader is
free to get rid of them by a suitable UV regularization. This means that our problem
is the existence of the u-integral in (A.1) at large u. Assume x, y, to be restricted
to bounded regions by integrating them over test functions with compact support.
Again, this restriction is not essential. Then, because of the δ-factor in (A.2), u can
tend to infinity only in spacelike directions. For large u we can then neglect �x with
respect to �u in rj(x− u). Using the cluster property we find

A ∼ 〈ψ(x) ψ̄(y)〉〈exp{ie
Z

du rj(−u)Aj(u)}〉 , (A.3)

where the symbol ∼ means that only the potentially IR dangerous contributions to
A are considered. The first factor depending on x and y is IR harmless. We need
therefore only discuss the second factor, which we call X. Going over to momentum
space we find

X =
D

exp
n

e

Z

dk0 d3k
kj

|�k|2
Ãj(k)

oE

(A.4)

with Ãj the Fourier transform of Aj (the tilde will be omitted in the sequel). The
existence of the k0-integral is part of the UV problem which we ignore. The same
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goes for the existence of the �k-integral at |�k| → ∞. Our only concern is the possible
divergence of the �k-integral at �k = 0. In PT the exponential in (A.4) is defined as
a power series. (Notice the factor e in the exponent.) Only the even terms in this
expansion survive because the Wightman functions of an odd number of A’s and no
ψ or ψ̄ vanish. Hence we find

X =
∞
X

σ=0

e2σ

(2σ)!

fi

“

Z

dk
kj

|�k|2
Aj(k)

”2σ
fl

. (A.5)

This expression contains terms of the form
*

2σ
Y

ω=1

Ajω (kω)

+

which must be evaluated in PT, and its IR divergences isolated. The graph rules
for these functions are similar to, but somewhat more complicated than, the famil-
iar Feynman rules for Green’s functions. As in this case it is found that connected
components with ≥ 4 external lines of a graph give convergent contributions to
X, because they vanish sufficiently strongly at kω = 0 to overcome the 1/| �kω | sin-
gularities in (A.5). This is a consequence of the Ward identities, which for these
fermion-less connected graphs take the form kμAμ(k) = 0 in all orders except the
0th. These contributions can be factored out. The IR problem is concentrated in
graphs consisting exclusively of 2-variable components. But such a 2-point function
is assumed to satisfy the renormalization condition

〈Aμ(k1)Aν(k2)〉 = δ4(k1 + k2)
`

gμνδ+(k1) + IR harmless terms
´

(A.6)

with δ+(k) = θ(k0) δ(k
2). The IR divergences are entirely due to the zero-order term

gμνδ+. Inserting this into the expansion (A.5) and doing the combinatorics right we
find

X ∼ (finite factor) · exp
n

− e2

Z

d3k

2|�k|3
o

. (A.7)

The k-integral diverges positively at �k = 0. The UV divergence at |�k| → ∞ is in a
more detailed treatment removed by renormalization and does not concern us here.
The result is, then:

X ∼ 0 (A.8)

which proves (21.17). Notice that the e2 term in the power series expansion of (A.7)
diverges, as was claimed in Sect. 3.
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Summary. Recent experimental measurements at HERA of the Structure Functions
in lepton-hadron inelastic scattering started to bridge the gap between the hard
and the soft regimes of strong interactions. In this scenario the Complex Angular
Momentum (CAM) theory, which plays a relevant role in describing soft processes,
which are intrinsically non-perturbative, is widely adopted as a phenomenological
model. It is therefore of some interest to explore up to what extent one can give a
theoretical foundation to CAM methods, starting from the basic axiomatic principles
of Quantum Field Theory (QFT). In this review we shall try to expose the main
results obtained recently on this topic.

22.1 Introduction: Phenomenological Motivation

Hadronic processes are traditionally classified in two distinct classes: soft pro-
cesses and hard processes.

The soft processes are characterized by an energy scale of the order of the
hadron size R (∼ 1 fm). The squared momentum transfer is generally small:
|t| ∼ 1/R2 ∼ (few hundred MeV)2. The t-dependence of the cross-sections is ex-
ponential dσ/dt ∼ exp(−R2|t|). Classical examples of soft processes are elastic
hadron-hadron scattering and diffractive dissociation. From a theoretical point of
view, perturbative quantum chromodynamics (QCD) is inadequate to describe these
processes. The presence of a large length scale R makes them intrinsically non-
perturbative. The approach which has been adopted since the 1960s to describe soft
processes is the complex angular momentum (CAM) theory [1].

The hard processes are characterized by two (or more) energy scales: one is still
the hadron size, the other is a hard energy scale. The momentum transfer is of the
order of this scale, and therefore large (� 1 GeV2). The high value of the momentum
transfer allows one to use perturbative QCD. Part of the process, however, is still
of non-perturbative origin. The main novelty of the last years is the discovery of
diffractive processes which have soft and hard components at the same time. A
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typical process of this type is the diffractive deep inelastic scattering in which two
different energy scales coexist: a soft and a hard one [1].

For a more precise understanding of this point it is convenient to look at the
behavior of the so-called structure functions, which can be measured in the deep
inelastic lepton-hadron scattering, and parametrize the structure of the target as
seen by the virtual photon. They are usually denoted by Fi(x,Q

2) (i = 1, 2), and
the kinematic variables are: Q2 = −q2, qμ = kμ − k′μ is the momentum transfer (kμ

and k′μ being the incoming and the outgoing lepton four momenta, respectively),
and the Bjorken variable x = Q2/2ν, ν = p ·q (p2 = M2, M being the nucleon mass).
Bjorken (1969) argued that in the limit ν,Q2 → ∞, x = Q2/2Mν fixed, F1 and F2

should (approximately) scale, i.e. depend on x only [1]. Furthermore, assuming the
Callan–Gross relation, F1 and F2 are proportional to each other and are given by
F2(x) = 2xF1(x) [1]. Therefore we shall refer only to the behavior of F2 as a function
of x. The results can be summarized as follows. The CAM methods are believed to
apply to the low-Q2 region: i.e., Q2 	 1 GeV2. In this region the observed behavior
of F2(x) is close to the one dictated by the Donnachie–Landshoff formula [12], that
is F2(x) ∼ x−0.08. On the other hand, as soon as one enters the perturbative regime
(i.e. for Q2 > 1 GeV2) the CAM fit fails; QCD predicts that if F2 is parametrized
as F2 ∝ x−λ, the exponent of x should change with Q2: one finds λ � 0.25÷ 0.35 at
large Q2 (∼ (10÷ 100) GeV2). Unfortunately, from the theoretical point of view the
transition from the CAM picture to the QCD picture is not well understood: i.e.,
the transition from soft processes to hard processes is still unclear.

The CAM methods, which were widely used in the 1960s, lost ground in the
1970s. The main reason was due to the explosion of interest for the gauge field theory
and the birth of QCD. But, then, in the 1980s and 1990s the interest in diffractive
scattering was reignited mainly for the experimental results at HERA and at the
Tevatron. In the same years some relevant theoretical results were obtained: on one
hand A. Donnachie and P.V. Landshoff [12] proposed an empirically simple CAM
model able to reproduce a variety of high-energy processes; on the other hand, a
perturbative QCD picture of the hard diffraction was developed by various authors
(notably by Lipatov and co-workers [16]). We can thus say that a basic problem of
the present day’s debate is the study of the interplay of soft and hard interactions.

In this scenario another relevant problem emerges: the CAM model (i.e., the
Regge theory) has been rigorously proved in the non-relativistic potential scattering
for a well-defined class of potentials (the Yukawian class), but a rigorous proof of
its extension to the relativistic dynamics was missing. More precisely, a tentative
formulation of this extension was given in the approach of the so-called S-matrix
theory based on the general, but rather loose concept, of maximal analyticity [11].
We can thus say that the relativistic CAM theory was, up to a certain extent, a
phenomenological theory whose validity was essentially tested on the fits which re-
produce the experimental data. One is then, quite naturally, led to pose the following
questions:

Problem: i) Is it possible to prove that the existence of analytic structures in the
CAM variables is a property of QFT satisfying the basic properties of local commu-
tativity, Poincaré invariance, spectral condition and temperate ultraviolet behavior?

ii) Is it possible, assuming these properties of QFT, to perform a CAM diagonal-
ization of the Bethe–Salpeter equation (diagonalization with respect to the angular
variables), which generates Regge-type singularities in the CAM plane?
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In [9, 10] an answer to these questions has been given by the use of peculiar
mathematical methods (i.e., harmonic analysis on complex hyperboloids [8]), which
will be rapidly sketched in the next section. The physical results will be reported
and briefly commented in Section 22.3.

22.2 Harmonic Analysis on Complex Hyperboloids

22.2.1 The Complex Quadric X(c)
d−1

Consider the space C (d) of the complex variables z = (z(0), �z, z(d−1)) with �z =

(z(1), . . . , z(d−2)), and the complex quadric X
(c)
d−1 with equation:

s(z) = z(0)2 − �z2 − z(d−1)2 + 1 = 0, (22.1)

where
�z2 = z(1)2 + · · ·+ z(d−2)2. (22.2)

Two submanifolds of X(c)
d−1 are relevant:

a) the one-sheeted hyperboloid Xd−1 = R(d) ∩X
(c)
d−1;

b) the Euclidean sphere Sd−1 =
“

iR × R(d−1)
”

∩X
(c)
d−1, (iR refers to the coordinate

z(0) of z).

22.2.2 Froissart–Gribov Equalities

A) Case d = 2

On the complex hyperbola X
(c)
1 = (z(0) = −i sin θ, z(1) = cos θ, θ = u + iv) one

considers the domain D = X
(c)
1 \(Σ

(c)
+ ∪Σ(c)

− ), whose representation in the θ-plane is
the periodic cut-plane Π = C\(σ+∪σ−) (the cuts σ+, σ− are embedded respectively
in [+1,+∞) and (−∞,−1]), and the corresponding subsets Σ

(c)
+ , Σ(c)

− of X(c)
1 are

given by:

Σ
(c)
± =

n

z = (z(0), z(1)) ∈ X
(c)
1 ;±z

(1)
1 ∈ [cosh v±,+∞)

o

.

Note that the circle S1 = {z = (iy0, x1) : y2
0+x2

1 = 1; y0, x1 real} of X(c)
1 , represented

by the periodic u-axis in Π , is contained in the domain D. Next, one defines the
following Laplace-type transform:

F̃ (λ) =

Z

γ

f(θ) eiλθ dθ, (22.3)

where the functions f(θ) are the even periodic functions, holomorphic in the cut-
plane Π , bounded by |f(θ)| 
 C em|v|, and the contour γ encloses the components
of σ+, σ− inside the half-strip v > 0, −α < u < 2π − α, with 0 < α < π. Then,
replacing the contour γ by a pair of contours (γ+, γ−) enclosing respectively the cuts
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+ σ−

γ+ γ−

v+

-

σ

γ

0 2π−α u

v

v

π 2π−α

Fig. 22.1. Integration paths in the cut-plane Π .

σ+, σ−, and then from flattening them (in a folded way, see Fig. 22.1) onto the cuts,
from (22.3) one obtains:

F̃ (λ) = F̃+(λ) + eiπλ F̃−(λ), (22.4)

F̃±(λ) =

Z +∞

0

e−λvΔf±(v) dv, (22.5)

Δf± being the corresponding jumps of if across the cuts, i.e.

Δf+ = i lim
ε→0

[f(ε + iv) − f(−ε + iv)] , (22.6a)

Δf− = i lim
ε→0

[f(π + ε + iv) − f(π − ε + iv)] . (22.6b)

Note that we have assumed that the bound given by em|v| is uniform in Π , and
therefore applies to the discontinuity functions Δf± and, accordingly, F̃±(λ) are
holomorphic in C

(m)
+ = {λ ∈ C;Reλ > m}.

Then, from choosing γ = γα with support (−α+ i∞,−α]∪ [−α, 2π − α]∪ [2π −
α, 2π − α + i∞) and taking into account the 2π-periodicity of f(θ), one obtains for
λ = � integer:

F̃ (�) = f� for all integers such that � > m, (22.7)

where

f� =

Z 2π−α

−α

ei�uf(u) du. (22.8)

Finally, from (22.4) and (22.8) it follows that

f� = F̃+(�) + F̃−(�) (� even > m), (22.9a)
f� = F̃+(�)− F̃−(�) (� odd > m). (22.9b)
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Next, combining the symmetric and antisymmetric parts, i.e. F̃ (s) = F̃+ + F̃−, and
F̃ (a) = F̃+ − F̃−, we get:

F̃ (s)(2�) = f2�, (22.10a)

F̃ (a)(2� + 1) = f2�+1. (22.10b)

Equalities (22.10) (called Froissart–Gribov equalities [11]) give a bijection between
classes of functions f(θ), holomorphic in Π , bounded by Cem|v|, and corresponding
classes of functions F̃ (λ) = F̃+(λ)+eiπλF̃−(λ) holomorphic in the half-plane C

(m)
+ =

{λ ∈ C,Reλ > m}; moreover, the functions F̃ (s),(a)(λ) are the unique Carlsonian
interpolations in the half-plane C

(m)
+ of the respective sets of even and odd Fourier

coefficients of f |R.
Let us note that analogous results hold when f admits boundary values in the

sense of distributions on iR and π+ iR, and therefore the discontinuities are defined
as distributions with respective supports σ+, σ− [9].

B) Case d > 2

We now consider the complexified unit hyperboloid X
(c)
d−1: the analyticity domain

D is the preimage of the cut-plane C \ (σ+ ∪ σ−) in X
(c)
d−1 (through the mapping

z → z(d−1) = cos θ → ±θ). The sphere is embedded in D and projects onto the
interval [−1,+1] in the z(d−1)-plane; the cuts σ+ and σ− are the images of the
subsets Σ+ and Σ− of Xd−1, defined respectively by the conditions z(0) > 0, z(d−1) �
cosh v+ (i.e., θ = iv, v � v+) and z(0) < 0, z(d−1) 
 − cosh v− (i.e., θ = iv + π, v �
v−). The functions F(z) considered, are holomorphic in the cut-domain D of X(c)

d−1,
invariant under the stabilizer Gz0 (isomorphic to SO

(c)
0 (1, d− 2)) of the base point

z0 = (0, . . . , 0, 1); therefore they only depend on z(d−1) = cos θ, so that one can
again put F(z) = f(θ), with f even, 2π-periodic and holomorphic in the cut-plane
Π = C \ (σ+ ∪ σ−). Furthermore, a moderate growth condition of the form |F(z)| 

const. |zd−1|m is assumed. We now write a Fourier–Laplace-type transform similar
to formula (22.3)

F̃ (λ) = ωd−2

Z

γ

ei(λ+ d−2
2 )θ

“

A
(c)
d f

”

(θ) dθ, (22.11)

where ωd−2 = 2π(d−2)/2/Γ ( d−2
2

) = area of Sd−3 (d � 3), γ is the same contour
as for the case d = 2, and the definition of A

(c)
d requires the following procedure.

We introduce a decomposition of f(θ) of the form f(θ) = f+(θ) + f−(θ), where
f+ and f− have the same analyticity and symmetry properties as f , but enjoy the
following additional property: f+ (resp. f−) admits a single cut, namely σ+ (σ−)
across which its discontinuity coincides with the corresponding one of f , denoted by
Δ+f(v) (resp. Δ−f(v)). We then define:

“

A
(c)
d f

”

(θ) =
“

A
(c)

d+f+

”

(θ) +
“

A
(c)

d−f−
”

(θ), (22.12)

where A
(c)

d+f+ and A
(c)

d−f− are respectively defined as holomorphic functions in the
periodic cut-planes C \ σ+ and C \ σ− by the following integrals:
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“

A
(c)

d+f+

”

(θ) = −
Z

γ(π,θ)

f+(τ ) [2 (cos θ − cos τ )](d−4)/2 sin τ dτ, (22.13a)

“

A
(c)

d−f−
”

(θ) = −
Z

γ(0,θ)

f−(τ ) [2 (cos θ − cos τ )](d−4)/2 sin τ dτ. (22.13b)

The path γ(π, θ) (resp. γ(0, θ)) with end-points π and θ (resp. 0 and θ) has to
belong to the domain C \ σ+ (C \ σ−), and the function [2 (cos θ − cos τ )](d−4)/2 is
determined by the condition that it is positive for θ = iv, τ = iw, 0 < w < v. By
using the same contour distorsion argument as for the case d = 2, one then obtains:

F̃ (λ) = F̃+(λ) + eiπλF̃−(λ), (22.14)

where

F̃+(λ) = ωd−2

Z +∞

v+

e−λve−( d−2
2 )v

Adf+(v) dv, (22.15a)

Adf+(v) =

Z v

v+

f+(w) [2 (cosh v − coshw)](d−4)/2 sinhw dw, (22.15b)

and

F̃−(λ) = ωd−2

Z +∞

v−
e−λve−( d−2

2 )v
Adf−(v) dv, (22.16a)

Adf−(v) =

Z v

v−
f−(w) [2 (cosh v − coshw)](d−4)/2 sinhw dw. (22.16b)

The functions F̃±(λ) can be rewritten in a form closer to the standard expression
of the Fourier–Laplace transform by the use of two systems of local coordinates
on Xd−1, equally valid in a neighborhood of the set Σ+ = {z ∈ Xd−1; z

(d−1) �
cosh v+, z

(0) > 0}, namely:

i) The polar coordinates:

z(0) = sinhw coshϕ, z(d−1) = coshw,

[�z] = (z(1), . . . , z(d−2)) = sinhw sinhϕ [�α],

[�α] ∈ Sd−3.

ii) The horocyclic coordinates:

z(0) = sinh v +
1

2
‖�x‖2 ev; z(d−1) = cosh v − 1

2
‖�x‖2 ev,

[�z] = �x ev, �x ∈ Rd−2.

The sections v = const. are paraboloids in the hyperplanes z(0) +z(d−1) = ev, called
horocycles. For classes of functions F+(z) with support in Σ+, invariant under the
stabilizer of z0, namely F+(z) ≡ F+[z(d−1)] = f+(w) (supp f+ ⊂ [v+,+∞)), and
moreover satisfying a bound of the form |F+(z)| 
 const. |z(d−1)|m, the Laplace
transform of F+ is defined as follows, closer to the standard form:

F̃+(λ) =

Z

Σ+

e−λv F (coshw) d�x dv. (22.17)
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By the use of the relationship

�x = e−v/2 [2 (cosh v − coshw)]1/2 [�α] [�α] ∈ Sd−3, (22.18)

one can rewrite formula (22.17) in the form (22.15a). Analogous results hold for
F̃−(λ).

For λ = � integer (with � > m), one can rewrite (22.11) with the choice of
the contour γ = γα (as in the case d = 2), and by taking the periodicity of
(A

(c)
d f)(θ) exp[i( d−2

2
)θ] into account, one obtains from (22.14):

f� = F̃+(�) + (−1)�F̃−(�) (� > m), (22.19)

where the terms f�, given by the equation:

f� = ωd−1

Z π

0

P
(d)
� (cos θ)f(θ)(sin θ)(d−2) dθ (� � 0), (22.20)

are the Legendre coefficients of F|Sd−1 , P
(d)
� (cos θ) being the ultraspherical Legendre

polynomials [9]. As in the case d = 2, we can introduce symmetric F̃ (s)(λ) = F̃+(λ)+
F̃−(λ) and antisymmetric F̃ (a)(λ) = F̃+(λ)−F̃−(λ) combinations, and finally obtain
the Froissart–Gribov equalities in the form:

F̃ (s)(2�) = f2� (2� > m), (22.21a)

F̃ (a)(2� + 1) = f2�+1 (2� + 1 > m). (22.21b)

F̃ (s)(λ) (resp. F̃ (a)(λ)) represents the unique Carlsonian interpolation of the even
(odd) Legendre coefficients of F|Sd−1 [9].

22.2.3 Causal Symmetric Spaces and Volterra Algebra

Since the 1960, it has been felt by various authors that the introduction of
the CAM analysis should find a conceptual justification by starting from a group
representation viewpoint [18]. In particular, the methods of harmonic analysis on
the two-sheeted hyperboloid SO(1, 2)/SO(2) have been widely used for obtaining
a Watson-type-resummation of the partial wave expansion, which is, indeed, one
of the main ingredients of the CAM methods. But, in this framework, the corre-
sponding Fourier-type transformation cannot yield analytic functions of λ in the
half-planes C

(m)
+ = {λ ∈ C : Reλ > m} as those encountered in the Froissart–

Gribov equalities. It turns out that it is the harmonic analysis on the one-sheeted
hyperboloid (i.e., Xd−1 = SO0(1, d − 1)/SO0(1, d − 2)) which must be considered.
But then a question emerges: up to what extent is it possible to adapt to these
pseudo-Riemannian spaces the methods of harmonic analysis introduced (notably
by Helgason [14]) in the case of symmetric Riemannian spaces, like SO(1, 2)/SO(2)?
Even if a complete answer to this question is still a matter of research (see [15]),
nevertheless some significant results have been obtained.

A relevant ingredient, which can be introduced, is the ordering on Xd−1 induced
by the ambient Minkowskian space, i.e. Ω+ = {z ∈ Rd; z2 � 0, z(0) � 0} (i.e.,
the closed forward light-cone) defines on Rd the following partial ordering relation:
z1 � z2 (or z2 
 z1) if z1 − z2 ∈ Ω+ (Xd−1 equipped with this ordering relation
is called causal symmetric space [15]). This order structure allows us to introduce
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an algebra of kernels on Xd−1, called Volterra algebra [13]. A kernel K(z, z′) on
Xd−1 is a Volterra kernel if its support is contained in the region Γ+

d−1 = {(z, z′) ∈
Xd−1×Xd−1; z � z′}. We can thus introduce the convolution product ♦ of Volterra
kernels:

(K1♦K2) (z, z′) =

Z

♦(z,z′)∩Xd−1

K1(z, z
′′)K2(z

′′, z′) dz′′, (22.22)

where the double-cone region ♦(z, z′) = {z′′ ∈ Xd−1|z � z′′ � z′} is compact. Since
K1♦K2 is again a Volterra kernel the space of Volterra kernels is an algebra: the
Volterra algebra.

Next, introducing the following integral representation of the second kind Leg-
endre function [8, III]:

Q
(d)
λ (coshw) =

ωd−1

ωd−2(sinhw)d−3

Z +∞

w

e−(λ+ d−2
2 )v [2(cosh v − coshw)](d−4)/2 dv,

(22.23)
one can rewrite formula (22.15a) (taking into account (22.17) and (22.18)) as follows:

F̃+(λ) = ωd−1

Z +∞

0

f+(w)Q
(d)
λ (coshw)(sinhw)d−2 dw. (22.24)

One can then prove [13] that the Laplace-type transform (22.24), applied to the con-
volution product (22.22), transforms the convolution product into ordinary product:

˜(K1♦K2)(λ) = K̃1(λ)K̃2(λ). (22.25)

22.2.4 Holomorphic Perikernels [7]

Besides the algebra of Volterra kernels on Xd−1, we may also consider the algebra
of kernels on the sphere Sd−1. We are thus led to introduce triplets (K, K,K) on
the complexified hyperboloid X

(c)
d−1 such that:

i) K(z, z′) is an analytic function called perikernel, whose domain is: Δμ = X
(c)
d−1×

X
(c)
d−1 \Σ(c)

μ , where Σ
(c)
μ is the cut :

Σ(c)
μ =

n

(z, z′) ∈ X
(c)
d−1 ×X

(c)
d−1; (z − z′)2 = ρ;ρ � 2 (coshμ− 1)

o

. (22.26)

ii) K is a kernel on Sd−1 defined by taking the restriction of K: K = K|Sd−1×Sd−1 .
The convolution product on the sphere is given by:

(K1 ∗K2)(z, z
′) =

Z

Sd−1

K1(z, z
′′)K2(z

′′, z′) dσ(z′′). (22.27)

iii) K is a Volterra kernel on Xd−1 defined via the jump ΔK of K across Σ
(c)
μ .

We can now introduce a convolution product on perikernels: ∗(c), i.e.

K(z, z′) = (K1 ∗(c)
K2)(z, z

′) =

Z

Γ (z,z′)
K1(z, z

′′)K2(z
′′, z′) dz′′. (22.28)

By distortion of the integration cycles, from the special cycle Γ0(z, z
′) ≡ Sd−1, one

can then prove the following proposition [7]:
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Proposition 1. Being given two perikernels Ki(z, z
′) (i = 1, 2) on X

(c)
d−1, analytic in

the domains Δμi (Δμ = X
(c)
d−1×X

(c)
d−1 \Σ(c)

μ ), whose respective discontinuities on the
cuts Σ(c)

μi are the Volterra kernels ΔK1, ΔK2, there exists a perikernel K = K1∗(c)K2

such that:

i) The restriction of K, K1, K2 to the Euclidean sphere Sd−1 are such that:

K|Sd−1 = K1|Sd−1 ∗ K2|Sd−1 . (22.29)

ii) The discontinuity ΔK is given by the following ♦-convolution product:

Δ+K = Δ+K1 ♦Δ+K2, (22.30)

(the subscript (+) is because we are considering only one cut Σ(+)
μ ∈ Xd−1; the

result can be extended and allows two cuts Σ
(±)
μ ∈ Xd−1).

iii) For every (z, z′) in the analyticity domain of K, there exists a class of cycles
Γ (z, z′) such that:

K(z, z′) =

Z

Γ (z,z′)
K1(z, z

′′)K2(z
′′, z′) dz′′, (22.31)

Γ (z, z′) being obtained by continuous distortion inside the analyticity domain of
the integrand from the special cycle Γ0(z, z

′) ≡ Sd−1 relevant for the Euclidean
configurations (z, z′) ∈ Sd−1 × Sd−1.

iv) If K1, K2 are invariant perikernels, K is also an invariant perikernel.

Next, we introduce a complexified Radon transformation R
(c)
d [8, II] acting on perik-

ernels K in X
(c)
d−1. The result of the action of R

(c)
d will be a function f̂(θ) of a single

complex variable enjoying the properties of 2π-periodicity, analyticity in the cut-
plane, and appropriate symmetries already seen in the case d = 2. Then, one can
perform the composition

Ld = L ◦ R
(c)
d , (22.32)

(L is the Laplace transform already considered in the case d = 2). Applying the
operator Ld to perikernels we get a mapping which transforms the ∗(c) convolution
product of invariant perikernels into ordinary product of holomorphic functions: it
therefore relates the properties of the Volterra convolution on Xd−1 to those of the
convolution on the sphere Sd−1 [8, III]. The transform (22.32) is indeed an extension
of the Laplace-type transform (22.24), which is a composition of the ordinary Laplace
transform with an Abel transform.

22.3 Complex Angular Momentum in General Quantum Field
Theory

22.3.1 Four-Point Function

Let F (k1, k2; k
′
1, k

′
2) be the four-point function of a scalar Q.F. in (d + 1)-

dimensional space-time (d � 2) considered through the kinematics of a two-particle
channel with: incoming complex energy-momenta (k1, k2); outgoing complex energy-
momenta (k′

1, k
′
2); total energy-momentum vector K = k1 + k2 = k′

1 + k′
2; K2 = t.
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We assume K fixed, real, space-like: i.e., t 
 0. We introduce also the vector vari-
ables Z = k1−k2

2
, Z′ =

k′
1−k′

2
2

. We shall consider K �= 0, and choose K along the
d-axis of coordinates: K =

√−t ed, where ed denotes the corresponding unit vector
(e2

d = −1). We also introduce the (off-shell) scattering angle Θt of the t-channel as
being the angle between the two planes Π and Π ′ spanned respectively by the pairs
of vectors (k1, k2) (or (Z,K)) and (k′

1, k
′
2) (or (Z′,K)). It is convenient to introduce

(real or complex) unit vectors z, z′ (uniquely determined up to a sign) orthogonal
to K, belonging respectively to Π and Π ′, such that the following decompositions
hold:

Z = ρz + wK, Z′ = ρ′z′ + w′K, (22.33a)
z ·K = z′ ·K = 0; z2 = z′2 = −1. (22.33b)

The parameters ρ,w (resp. ρ′, w′) can be computed in terms of the Lorentz invariant
ζi = k2

i (resp. ζ′i = k′
i
2), (i = 1, 2) and t. One has: w = ζ1−ζ2

2t
, w′ =

ζ′
1−ζ′

2
2t

,
ρ2 = −Z2 + w2t, ρ′2 = −Z′2 + w′2t.

We can now write F as F (k1, k2; k
′
1, k

′
2) or as F (ζ, ζ′, t; cosΘt), ζ = (ζ1, ζ2),

ζ′ = (ζ′1, ζ
′
2). From the basic axioms of locality, spectrum, and Lorentz invariance,

we can derive the analytic structure of F . From the temperateness axiom a power-
type majorization of F follows. Therefore one can prove the following theorem [9].

Theorem 1. i) F (ζ, ζ′; t, cosΘt) is analytic in a cut-plane of the variable cosΘt

(with cuts contained in the half-lines (−∞,−1], and [+1,+∞)) for all (ζ, ζ′, t)
belonging to a certain off-shell region

Δ(e) =
˘

(ζ, ζ′, t); t 
 0, ζ ∈ Δt, ζ
′ ∈ Δt

¯

, (22.34a)

Δt = (ζ1 − ζ2)
2 − 2(ζ1 + ζ2)t + t2 
 0 (ζ = (ζ1, ζ2) ∈ R2).(22.34b)

(For K = 0 the corresponding set Δ0 is ζ1 = ζ2 
 0).
ii) |F (ζ, ζ′; t, cosΘt)| 
 Cζ,ζ′,t| cosΘt|N in the cut-plane considered.
iii) ∃ the Laplace-type transform F̃ (ζ, ζ′; t, λ) analytic in the corresponding half-

plane
C

(N)
+ = {λ ∈ C,Reλ > N}, ∀(ζ, ζ′, t) ∈ Δ(e). (22.35)

iv) F̃ = F̃+ + eiπλF̃−, with

F̃±(ζ, ζ′; t, λ) = ±ωd−1

Z

σ±
Q

(d)
λ (cosΘt)F±(ζ, ζ′; t, cosΘt)(sinΘt)

(d−3) d(cosΘt),

(22.36)
where F± are the jumps of the function iF across the respective cuts σ+ and
σ− (s-cut and u-cut, respectively) contained in the half-lines [+1,+∞) and
(−∞,−1] respectively of the cosΘt-plane.

v) F̃+ and F̃− are analytic for λ ∈ C
(N)
+ and uniformly bounded (up to temperate

factors) by e−μ± Reλ, where μ± are positive numbers determined by the thresh-
olds s0 and u0 of the s and u cuts.

vi) The symmetric and antisymmetric combinations F̃ (s) = F̃+ + F̃− and F̃ (a) =
F̃+ − F̃− interpolate uniquely the even and the odd partial waves, respectively
(i.e., the Froissart–Gribov equalities hold):

F̃ (s)(ζ, ζ′; t, λ)|λ=2� = f2�(ζ, ζ
′; t) (2� > N), (22.37a)

F̃ (a)(ζ, ζ′; t, λ)|λ=2�+1 = f2�+1(ζ, ζ
′; t) (2� + 1 > N), (22.37b)
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with

f�(ζ, ζ
′; t) = ωd−1

Z +1

−1

P
(d)
� (cosΘt)F (ζ, ζ′; t, cosΘt)(sinΘt)

(d−3) d(cosΘt),

(22.38)
where P

(d)
� (cosΘt) are the ultraspherical Legendre polynomials.

22.3.2 Complex Angular Momentum Diagonalization of the Bethe–Salpeter
(BS) Structure in QFT

We now denote the four-point function by H(K;Z,Z′): it describes the interac-
tion of two local (and mutually local) fields Φ1 and Φ2. In [2, 3] it has been shown
that for massive QFT’s satisfying the postulate of asymptotic completeness of two-
particle states and an additional regularity assumption in the energy variable t (for
t � t0), the two-particle t-channel analytic structure of H is entirely encoded in any
Bethe–Salpeter-type integral equation of the following form:

H(K;Z,Z′) = B(K;Z,Z′) +

Z

Γ (K)

B(K;Z,Z′′)H(K;Z′′, Z′)G(K;Z′′) dZ′′,

(22.39)
where B(K;Z, Z′) is a four-point function satisfying the same axiomatic analyticity
properties and bounds as H and, in addition, the property of two-particle irreducibil-
ity in the t-channel [2,3]. G(K;Z′′) represents a regularized double-propagator of the
following form:

G(K;Z′′) = iΠ
(reg)
1

„

K

2
+ Z′′

«

Π
(reg)
2

„

K

2
− Z′′

«

, (22.40)

where Π
(reg)
i (i = 1, 2) is a regularized form of the propagator Πi, obtained by

multiplying the latter by a suitable Pauli–Villars-type factor, equal to 1 on the
mass-shell. The integration cycle Γ (K) is the Euclidean subspace Ed+1 = {Z′′ =
(iY ′′(0), �X ′′)}, when K,Z, Z′ are themselves taken in Ed+1. Equation (22.39) can be
written in short:

H = B ◦t H. (22.41)

The convolution ◦t can be decomposed into an integration operation ◦̃t over the
domain Δt, with respect to the mass variables ζ′′ = (ζ

′′
1 , ζ

′′
2 ), and a convolution

product (in the sense of SO(d)) on the sphere Sd−1. Recalling the expression of the
convolution product ∗ of SO(d)-invariant kernels a and b on the sphere Sd−1, and
denoting by 〈ω, ω′〉 the Euclidean scalar product in Rd, we have:

(a ∗ b)(〈ω,ω′〉) =

Z

Sd−1

a(〈ω,ω′′〉)b(〈ω′′, ω′〉) dω′′. (22.42)

Next, we use the factorization property, according to which:

(̃a ∗ b)� = ã�b̃�, (22.43)

where, replacing Θt by θ, we have:

ã� = ωd−1

Z +1

−1

P
(d)
� (cos θ)a(cos θ)(sin θ)(d−3) d(cos θ). (22.44)
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We can then replace the version (22.41) of the BS equation by the following set of
BS equations for the partial waves of H [10]:

h̃�(ζ, ζ
′; t) = b̃�(ζ, ζ

′; t) +

Z

Δt

b̃�(ζ, ζ
′′; t)h̃�(ζ

′′, ζ′; t)G(ζ′′) dμt(ζ
′′), (22.45)

where G(ζ′′) = iΠ
(reg)
1 (ζ

′′
1 )Π

(reg)
2 (ζ

′′
2 ).

The BS equation (22.39) implies corresponding integral relations between the
absorptive parts ΔsH , ΔuH of H and ΔsB, ΔuB of B [2, 4]. The convolution ◦t

is replaced by the product ♦t. The latter can be decomposed into an integration in
the mass variables and an integral in (hyperbolic) angular variables, interpretable
as a certain convolution product on an appropriate orbit of the group SO0(1, d−1):
namely, a one-sheeted hyperboloid. Indeed, performing suitable distortions of the
integration cycle Γ (K) (starting from the Euclidean domain Ed+1) and remaining
inside the axiomatic domain of the integrand, one folds the cycle Γ (K) around the
supports of the absorptive parts [2,4]. One obtains:

ΔsH = ΔsB + ΔsB ♦t ΔsH + ΔuB ♦t ΔuH, (22.46a)
ΔuH = ΔuB + ΔsB ♦t ΔuH + ΔuB ♦t ΔsH. (22.46b)

In view of Proposition 1 (in particular, property (iii)), one can see that the BS
equation can be analytically continued to all (z, z′) in X

(c)
d−1 × X

(c)
d−1 for all t < 0,

(ζ, ζ′) ∈ Δt ×Δt under the following form [10]:

H(ζ,ζ′,t)(z, z
′)

= B(ζ,ζ′,t)(z, z
′) − i

Z

Δt

“

B(ζ,ζ′′ ,t) ∗(c) H(ζ′′,ζ′,t)

”

(z, z′)G(ζ′′) dμt(ζ
′′). (22.47)

The latter can be considered as a Fredholm resolvent equation in complex space,
whose integration space is the product of Δt by the floating cycle Γ on which the
complex points z, z′ vary. In view of general results of [5, 6] adapted to the present
situation [10], the function B(ζ,ζ′ ,t)(z, z

′) is directly obtained with its full perikernel
structure as a solution of the Fredholm equation (22.47). Moreover, applying the
property of ∗(c)-composition product of perikernels for computing side-by-side the
discontinuities of (22.47) one reobtains eqs. (22.46).

Next, we apply the Laplace-type transform Ld = L◦R
(c)
d to (22.47). Let us recall

that this transform accounts for the association of the Froissart–Gribov structure
with the triplet (K,K,K). Collecting all these results we can state the following
theorem [10].

Theorem 2. If H(ζ,ζ′ ,t)(cosΘt) satisfies the following bound:
˛

˛

˛

H(ζ,ζ′,t)(cosΘt)
˛

˛

˛


 C
(H)
(ζ,ζ′,t) e

NH |Im Θt|| sin ReΘt|−nH , (22.48)

where nH describes the maximal local order of singularity of the distribution boundary-
values of H(ζ,ζ′,t) on the reals, and C

(H)

(ζ,ζ′,t) is taken equal to the uniform bound of
H in the Euclidean subspace, namely

C
(H)
(ζ,ζ′,t) = C

(H)
E

h

(1 + |t|1/2)(1 + ρ)(1 + |w||t|1/2)(1 + ρ′)(1 + |w′||t|1/2)
iNH

,

(22.49)
then:
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i) It admits Laplace-type transforms H̃s(ζ, ζ
′; t, λt) and H̃u(ζ, ζ′; t, λt) which are

holomorphic with respect to the CAM variable λt in the half-plane C
(NH )
+ =

{λt ∈ C,Reλt > NH}. These Laplace-type transforms are given by:

H̃s(ζ, ζ
′; t, λt)=ωd−1

Z +∞

0

ΔsH(ζ,ζ′,t)(cosh v)Q
(d)
λt

(cosh v)(sinh v)(d−2) dv,(22.50a)

H̃u(ζ, ζ′; t, λt)=ωd−1

Z +∞

0

ΔuH(ζ,ζ′,t)(− cosh v)Q
(d)
λt

(cosh v)(sinh v)(d−2) dv.(22.50b)

ii) The symmetric and antisymmetric Laplace-type transforms H̃(s) = H̃s + H̃u,
H̃(a) = H̃s − H̃u, enjoy the following Froissart–Gribov equalities:

H̃(s)(ζ, ζ′; t, 2�) = h̃2�(ζ, ζ
′; t) (2� > NH), (22.51a)

H̃(a)(ζ, ζ′; t, 2� + 1) = h̃2�+1(ζ, ζ
′; t) (2� + 1 > NH). (22.51b)

H̃(s) and H̃(a) are Carlsonian (unique) interpolations of the respective sets of
partial waves (h̃2�, 2� > NH) and (h̃2�+1, 2� + 1 > NH).

iii) The corresponding interpolation in λt (Reλt > NH) of the BS equations (22.45)
can be written as follows:

H̃(s),(a)(ζ, ζ′; t, λt) = B̃(s),(a)(ζ, ζ′; t, λt)

+

Z

Δt

B̃(s),(a)(ζ, ζ′′; t, λt)H̃
(s),(a)(ζ′′, ζ′; t, λt)G(ζ′′) dμt(ζ

′′), (22.52)

which are two decoupled BS-type equations for B̃(s) and B̃(a) in terms of H̃(s)

and H̃(a) respectively, in which the Fredholm integration space reduces to the
two-dimensional real region Δt of the plane of the squared-mass variables ζ′′ =
(ζ

′′
1 , ζ

′′
2 ), while (t, λt) are parameters varying in R− × C

(NH )
+ .

iv) By construction, the functions B̃(s) and B̃(a) are interpolations in the λt-
plane of the corresponding Euclidean partial waves (b̃2�(ζ, ζ

′; t); 2� > NH) and
(b̃2�+1(ζ, ζ

′; t); 2�+ 1 > NH ); namely, there hold the following Froissart–Gribov
equalities:

B̃(s)(ζ, ζ′; t, 2�) = b̃2�(ζ, ζ
′; t) (2� > NH), (22.53a)

B̃(a)(ζ, ζ′; t, 2� + 1) = b̃2�+1(ζ, ζ
′; t) (2� + 1 > NH). (22.53b)

Up to now we have considered the kernel B (resp. B̃(s),(a)) as determined by H via
the Fredholm method. One may adopt a more exploratory viewpoint and assume
that in the field theory under consideration the kernel B satisfies better properties
than H . Assume that B satisfies the following bound [10]: for all u (0 
 u 
 π and
π 
 u 
 2π, the jumps at u = 0 and u = π being taken into account)

Z +∞

0

e−NBv
˛

˛

˛

B(ζ,ζ′;t)(cos(u + iv))
˛

˛

˛

dv 
 C
(B)
(ζ,ζ′;t), (22.54a)

sup
−1�cos Θt�1

˛

˛

˛

B(ζ,ζ′;t)(cosΘt)
˛

˛

˛


 C
(B)

(ζ,ζ′;t), (22.54b)

with

C
(B)

(ζ,ζ′;t) = C
(B)
E

h

(1 + |t|1/2)(1 + ρ)(1 + |w||t|1/2)(1 + ρ′)(1 + |w′||t|1/2)
iNB

,

(22.55)
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where max(−1,− d−2
2

) < NB < NH , then these bounds on B imply analyticity prop-
erty with respect to λt in C

(NB)
+ , and the following majorization for the transforms

B̃(s),(a):
˛

˛

˛

B̃(s),(a)(ζ, ζ′; t, λt)
˛

˛

˛


 C
(B)
(ζ,ζ′;t)ψ(|Imλt|), (22.56)

where ψ denotes a bounded positive function on [0,∞), tending to zero at infinity.
Then one can consider the analytic continuation of eqs. (22.52) in the strip NB <
Reλt < NH ; these equations being now regarded as Fredholm-resolvent equations
defining H̃(s) (resp. H̃(a)) in terms of B̃(s) (resp. B̃(a)) through expression of the
form [10]:

H̃(s),(a)(ζ, ζ′; t, λt) =
NB̃(s),(a) (ζ, ζ′; t, λt)

DB̃(s),(a) (t, λt)
. (22.57)

Since H̃(s),(a) are holomorphic in C
(NH )
+ the resolution (22.57) provides a meromor-

phic continuation of H̃(s),(a) in the strip NB < Reλt < NH . The poles are given
respectively by the zeros of DB̃(s)(t, λt) and DB̃(a)(t, λt); the locations of the latter
in the λt-plane are given respectively by: λ(s)

t = λj(s)(t), λ(a)
t = λj(a) (t).

22.3.3 Conclusions

a) The analysis, which we have reviewed, is completely worked out in the complex
momentum space scenario appropriate to QFT.

b) The joint exploitation of harmonic analysis on orbital manifolds of the Lorentz
group together with basic analyticity properties of QFT entails the complex angular
momentum structure. The result which can be derived from these properties is
that for each given two-field channel (called t-channel), with total squared energy-
momentum t and (off-shell) scattering angle Θt, there exists an appropriate Fourier–
Laplace type transform of the four-point function with certain analyticity properties
in the complex angular momentum λt, which is the natural conjugate variable of
Θt.

c) The analyticity domain, which was obtained in a half-plane of the form
Reλt > NH , where the number NH (NH > 0) corresponds to a certain degree
of temperateness of the four-point function at large momenta. This domain was ob-
tained for all negative values of the squared total energy t of the channel considered.

d) The Euclidean partial waves admit Carlsonian (i.e., unique) analytic interpo-
lations in a given CAM half-plane; this can be shown to be equivalent to the property
of analytic continuation of the four-point function from Euclidean momentum space
to Minkowskian momentum space.

e) By the use of the Fourier–Laplace transform previously introduced, the general
Bethe–Salpeter structure of four-point functions of scalar fields, in a given t-channel,
can be diagonalized in the corresponding CAM variable λt for all negative values
of t, and of the squared-mass variables corresponding to Euclidean configurations
in complex momentum space. More specifically, Carlsonian interpolations of the
Euclidean BS equations for even and odd partial waves have been constructed in
the half-plane of the form Reλt > N , starting from the corresponding BS equations
for the s- and u-channel absorptive parts.

f) Any information on B leading to continue analytically these interpolations in
some region of the left half-plane Reλt 
 NH results in the potential generation of
Regge poles.
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g) The existence of a meromorphic continuation of these interpolations in a strip
of the form NB 
 Reλt 
 NH , holds if and only if the Bethe–Salpeter kernel B
satisfies bounds of the form | cosΘt|NB , with NB < NH .

h) More questionable is the justification of the inequality NB(t) < NH(t). In
the absence of global information on general versions of the two-particle irreducible
kernel B, one can think of exploiting various contributions to B, defined in terms
of generalized Feynman convolutions enjoying the graph property of two-particle ir-
reducibility. The simplest ones are those associated with particle exchange graphs;
they do satisfy the previous inequality with NB = −1. However, much more com-
plicated contributions to B are imposed by Feynman convolution structure of field
theory: typical examples of those have been studied by Mandelstam [17] and oth-
ers [11]. The treatment of such contributions, which these authors have given by
using the methods of S-matrix theory, has led them to introduce Regge cuts in the
λt-plane [11]. Although no mechanism of production of Regge cuts appears in our
general field-theoretical framework, the contributions considered by these authors
cannot satisfy the inequality NB(t) < NH (t) for negative t, although they hopefully
do it for positive t.
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