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Preface

This book is an attempt to provide a view of automated target recognition
from the physics of the signatures. Automated target recognition (ATR) can
be viewed as an inverse problem in electromagnetic and acoustics. Targets of
interest are sensed by reflection/scattering, refraction or emission; the sensed
signatures are then transmitted through some transmitting medium before
being intercepted by detectors. The main goal of ATR is to use these signatures
to classify the original objects. Our experience has indicated that only through
understanding of the direct problem, the transformations that a signal goes
through before being detected, one can hope of solving the inverse problem. So
beside attention paid to abstract pattern classification techniques, one needs
to also concentrate on the physics of the signatures, be it from a polarimetric
infrared, hyperspectral, or ultra-wide band radar. Viewed in this context, ATR
can be seen as an exciting physics problem whose general solution remains
elusive but no too far off.

With the rapid advances in sensor designs, high speed computers and low
cost platforms such as unmanned vehicles, the problem of ATR is becoming
more pertinent to a much wider group of scientist and engineers than before.
This book is intended to address this need by providing a cross sectional view
of various issues related to the physics of the ATR.

We are grateful to the contributors, many of who are our friends and col-
leagues for many years for their outstanding contributions. All are imminent
in their fields and most have been active in the ATR field for decades. We
would like to thank the Springer Editor and staff Ms.Virginia Lipscy and Ms.
Vasudha Gandi, for their support, and assistance in the preparation of this
manuscript.
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1

Kernel-Based Nonlinear Subspace Target
Detection for Hyperspectral Imagery

Heesung Kwon and Nasser M. Nasrabadi

U.S. Army Research Laboratory ATTN: AMSRL-SE-SE 2800
Powder Mill Road Adelphi, MD 20783

Summary. In this book chapter, we compare several detection algorithms that are
based on spectral matched (subspace) filters. Nonlinear (kernel) versions of these spec-
tral matched detectors are also given and their performance is compared with the lin-
ear versions. The kernel-based matched filters and kernel matched subspace detectors
exploit the nonlinear correlations between the spectral bands that is ignored by the
conventional detectors. Nonlinear realization is mainly pursued to reduce data com-
plexity in a high-dimensional feature space and consequently providing simpler decision
rules for data discrimination. Several well-known matched detectors, such as matched
subspace detector, orthogonal subspace detector, spectral matched filter, and adaptive
subspace detector (adaptive cosine estimator), are extended to their corresponding ker-
nel versions by using the idea of kernel-based learning theory. In kernel-based detection
algorithms, the data are implicitly mapped into a high-dimensional kernel feature space
by a nonlinear mapping which is associated with a kernel function. The detection al-
gorithm is then derived in the feature space which is kernelized in terms of the kernel
functions in order to avoid explicit computation in the high-dimensional feature space.
Experimental results based on simulated toy-examples and real hyperspectral imagery
show that the kernel versions of these detectors outperform the conventional linear
detectors.

1.1 Introduction

Detecting signals of interest, particularly with wide signal variability, in noisy
environments has long been a challenging issue in various fields of signal pro-
cessing. Among a number of previously developed detectors, the well-known
matched subspace detector (MSD) [1], orthogonal subspace detector (OSD)
[1, 2], spectral matched filter (SMF) [3, 4], and adaptive subspace detectors
(ASD) also known as adaptive cosine estimator (ACE) [5, 6], have been widely
used to detect a desired signal (target).
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Matched signal detectors, such as spectral matched filter and matched
subspace detectors (whether adaptive or nonadaptive), only exploit second-
order correlations, thus completely ignoring nonlinear (higher order) spectral
interband correlations that could be crucial to discriminate between target
and background. In this chapter, our aim is to introduce nonlinear versions
of MSD, OSD, SMF and ASD detectors which effectively exploit the higher
order spectral interband correlations in a high-(possibly infinite) dimensional-
feature space associated with a certain nonlinear mapping via kernel-based
learning methods [7]. A nonlinear mapping of the input data into a high-
dimensional feature space is often expected to increase the data separability
and reduce the complexity of the corresponding data structure [8].

The nonlinear versions of a number of signal processing techniques such
as principal component analysis (PCA) [9], Fisher discriminant analysis [10],
clustering in feature space [8], linear classifiers [11], nonlinear feature extrac-
tion based on kernel orthogonal centroid method [12], kernel-matched signal
detectors for target detection [13, 14, 15], kernel-based anomaly detection [16],
classification in the kernel-based nonlinear subspace [17], and classifiers based
on kernel Bayes rule [18] have alrecady been defined in kernel space. In [19]
kernels were used as generalized dissimilarity measures for classification and
in [20] kernel methods were applied to face recognition.

This chapter is organized as follows. Section 1.2 provides the background
to the kernel-based learning methods and kernel trick. Section 1.3 introduces
linear matched subspace and its kernel version. Orthogonal subspace detector
is defined in section 1.4 as well as its kernel version. In Section 1.5, we describe
the conventional spectral matched filter and its kernel version in the feature
space and reformulate the the expression in terms of the kernel function using
the kernel trick. Finally, in Section 1.6 the adaptive subspace detector and its
kernel version are introduced. Performance comparison between the conven-
tional and the kernel version of these algorithms is provided in Section 1.7.
Conclusions and comparisons of these algorithms are given in Section 1.8.

1.2 Kernel Methods and Kernel Trick

Suppose that the input hyperspectral data are represented by the data space
(X CRY) and F is a feature space associated with X' by a nonlinear mapping
function @

DX — F,x— D(x), (1.1)

where x is an input vector in X which is mapped into a potentially much
higher—(could be infinite)—dimensional feature space. Because of the high
dimensionality of the feature space F, it is computationally not feasible to
implement any algorithm directly in the feature space. However, kernel-based
learning algorithms use an effective kernel trick given by Eq. (1.2) to imple-
ment dot products in the feature space by employing kernel functions [7]. The
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idea in kernel-based techniques is to obtain a nonlinear version of an algorithm
defined in the input space by implicitly redefining it in the feature space and
then converting it in terms of dot products. The kernel trick is then used to
implicitly compute the dot products in F without mapping the input vectors
into JF; therefore, in the kernel methods, the mapping @ does not need to be
identified.

The kernel representation for the dot products in F is expressed as

]{,‘(Xi,X]‘) = @(Xi) . @(le), (12)

where k is a kernel function in terms of the original data. There are a large
number of Mercer kernels that have the kernel trick property; see [7] for de-
tailed information about the properties of different kernels and kernel-based
learning. Our choice of kernel in this chapter is the Gaussian RBF kernel and
the associated nonlinear function @ with this kernel generates a feature space
of infinite dimensionality.

1.3 Linear Matched Subspace Detector and
Kernel Matched Subspace Detector

In this model the target pixel vectors are expressed as a linear combination of
target spectral signature and background spectral signature, which are repre-
sented by subspace target spectra and subspace background spectra, respec-
tively. The hyperspectral target detection problem in a p-dimensional input
space is expressed as two competing hypotheses Hy and Hy

Hy:y=B( +n, Target absent (1.3)

H :y=T0+B{+n= [T B] [Z} +n, Target present

where T and B represent orthogonal matrices whose p-dimensional column
vectors span the target and background subspaces, respectively; 8 and ¢ are
unknown vectors whose entries are coefficients that account for the abun-
dances of the corresponding column vectors of T and B, respectively; n rep-
resents Gaussian random noise (n € R?) distributed as A'(0,0°I); and [T B|
is a concatenated matrix of T and B. The numbers of the column vectors of
T and B, N; and Ny, respectively, are usually smaller than p (N, N, < p).

1.3.1 Generalized Likelihood Ratio Test (GLRT)
for Target Detection

Given the linear subspace detection model and the two hypotheses about how
the input vector is generated, as shown by (1.3), the likelihood ratio test
(LRT) is used to predict whether the input vector y includes the target and
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is defined by

H
_ p1(y|Hi) %1 0.
po(y|Ho) m,

where po(y|Ho) and p;(y|Hi) represent the class conditional probability den-
sities of y given the hypotheses Hy and H;, respectively, and 7 is a threshold
of the test. po(y|Ho) and p1(y|H;) can be expressed as Gaussian probability
densities N (B¢, 0*I) and V(T8 + B¢, 0°I), respectively, since n; are assumed
to be Gaussian random noise. The LRT is derived from the Neyman—Pearson
criterion where the probability detection Pp is maximized while the probabil-
ity of false alarm Pr is kept a constant [21]. I(y) is compared to 1 to make a
final decision about which hypothesis best relates to y.

The LRT includes the unknown parameters ¢ and @ that need to be es-
timated using the maximum likelihood principle. The generalized likelihood
ratio test (GLRT) is directly obtained from I(y) by replacing the unknown
parameters with their maximum likelihood estimates (MLEs) é and 0 and by
taking (P/2)-root [1]

I(y) (1.4)

T — H
yT (I-Pp)y .
y'(I-Pr)y H,

where Pg = B(BTB) !B = BB is a projection matrix associated with the
Nyp-dimensional background subspace < B >; Prp is a projection matrix asso-
ciated with the (Ny; = Np + Ny)-dimensional target-and-background subspace
<TB >

Ly(y) = (I(y)*" = (1.5)

P = [TB][[TB]" [TB]] "' [TB]" . (1.6)

1.3.2 Linear Subspace Models Defined in the Feature Space F

The hyperspectral detection problem based on the target and background
subspaces can be described in the feature space F as

Hy, : 2(y) = Bs(p + ng, Target absent

(7]
H,, : #(y) = Ts0s + Bsly + no = [TeBg) [CZ} +ng, Target present
(1.7)

where T¢ and Bg represent full-rank matrices whose column vectors span
target and background subspaces < Bg > and < T¢ > in F, respectively; 04
and {4 are unknown vectors whose entries are coefficients that account for
the abundances of the corresponding column vectors of Tg and Bg, respec-
tively; ng represents Gaussian random noise; and [T@ Bq;} is a concatenated
matrix of Ty and Bg. In general, any sets of basis vectors that span the
corresponding subspace can be used as the column vectors of T and Bg.
In the proposed method we use the significant eigenvectors of the target and
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background covariance matrices (Cr, and Cg,) in F as the the column vec-
tors of T and Bg, respectively. Ct, and Cg, are based on the zero mean
(centered) target and background sample sets (Zt and Zg), respectively:

N
1
Cr, = > o(yi)d(y:)", fory; € Zn,

i=1
M
1
Ce, = 57 > d(yi)®(yi)", fory; € Zp,
=1

where IV and M represent the number of centered training samples in Zy and
Zg, respectively.

Using a similar reasoning as described in the previous subsection, the
GLRT of the hyperspectral detection problem depicted by the model in (1.7)
is given by

é(y)T(Pqu B Psz)@(Y)
QS(Y)T(PLP - PT:qu))@(Y)’
where Pj, represents an identity projection operator in F; Pp, = Bg

(BIBg)'BX = BsBYI is a background projection matrix; and Pr,p, is a
joint target-and-background projection matrix in F

Ly(2(y)) = (1.8)

Pr,B, = [Ts Bs | [[Te Bs]" [Ts pr]]_l [ Te Bqﬁ]T
TIT, TIBs ] [ T2

~ [T+ B
[To Bo] BIT, BBy | |BJ

(1.9)

1.3.3 Kernelizing MSD in Feature Space

To kernelize (1.8) we will separately kernelize the numerator and the denom-
inator. First consider its numerator,

®(y)" (P, — Pp,)?(y)®(y) " Pr,2(y) — (y)" BsBy®(y).  (1.10)

Using (1.59), as shown in Appendix I, By and T can be written in terms of
their corresponding data spaces as

Bs = [eb1 eb2 ebN”} = @ZBB, (1.11)

To = [el e ... eVt ] = 07,7, (1.12)

where e} and e{ are the significant eigenvectors of Cg,, and Cr,,, respectively;
Pz = [P(y1)2(y2) .. - P(ym)],yi €Zp and Pz, = [D(y1)P(y2) ... 2(yn)],
yi € Zr; the column vectors of B and 7 represent only the significant normal-
ized eigenvectors ( B, By, - -, By,) and (&1, &z, -+, éuy,) of the background
centered kernel matrix K(Zg, Zg) = (K);; = k(yi,¥;), ¥i,¥; € Zp and target



6 Heesung Kwon and Nasser M. Nasrabadi

centered kernel matrix K(Zr,Zr) = (K);j = k(yi,¥;), ¥i,¥;j € Zr, respec-
tively.
Using (1.11) the projection of ¢(y) onto Bg becomes

B, #5,9(y)

BIa(y) = [y ep? - el ] d(y) = B, 2%, 2(y)

-T
B, P2, 2(y)
= B'k(Zn.y), (1.13)
and, similarly, using (1.12) the projection onto Tg is
al of o(y)
~T T
ToP(y) = (e e - el ]T¢(y) — | Pz, 2(y)
an, o7, b(y)
=T k(Zr,y), (1.14)

where k(Zp,y) and k(Zr,y), referred to as the empirical kernel maps in the
machine learning literature [7], are column vectors whose entries are k(x;,y)
for x; € Zp and x; € Zr, respectively. Now using (1.13) we can write

o(y) " BoBLO(y) = k(Zn,y)" BB k(Zs,y). (1.15)

The projection onto the identity operator @(y )T Py, ®(y) also needs to be
kernelized. Py, is defined as Py, := Q@Qg, where Q¢ = [eql eq2 ] is a
matrix whose columns are all the eigenvectors with A # 0 that are in the span
of (y;), yi € Zr U Zp := Zrp. From (1.59) Q¢ can be expressed as

Qo = [eq' €4 ... eq V] = Dy A, (1.16)

where $7,, = 9z, U Pz, and A is a matrix whose columns are the eigenvectors
(K1, K2,-+,KnN,,) of the centered kernel matrix K(Zrg, Ztg) = (K);; =
k(yi,¥j), ¥i,¥; € Zrs with nonzero eigenvalues, normalized by the square
root of their associated eigenvalues. Using Py, = Q¢QF and (1.16)

D(y) " Pr,d(y) = D(y) Pz, AATOF D(y)

Zts

= k(Zrs,y)"AATk(Z1B,y), (1.17)

where k(Ztg,y) is a concatenated vector [k(Zt,y)” k(Zg, y)T]T. The ker-
nelized numerator of (1.8) is now given by

- _ T
k(ZTB7 y)TAATk(ZTB7 }’) - k(ZB7 y)TBB K(ZBa y) (118)
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We now kernelize &(y)TPt,p,®(y) in the denominator of (1.8) to com-
plete the kernelization process. Using (1.9), (1.11) and (1.12)

¢<y>TPTq>Bq> ¢(y)
TITs TLBs
BITs BBy

TS

= @(y)T [T@ B@] BT
P

g
<

)

-1

~T - -7 -
5 - N T 'K(Zp, Z0)T T K(Zr, Zp)B
= [K(Z7,y)TT K(Zg.y)TB] (Zx, Zx) 5 (Zx,Zs)

B K(Zp,Z7)B B K(Zp,Zp)B
~T
7K(Z

< |7, (Zr.y) | (1.19)
B K(ZB7y)

Finally, substituting (1.15), (1.17) and (1.19) into (1.8) the kernelized
GLRT is given by

- _ T
Lok = (k(Z1,y)"AA"k(Zrs,y) — k(Zp,y)" BB k(Zg,y))/

(k(zTB,y)TAATk(zTB,y) — [k(Zr,y)TT k(Zp,y)"B] A]!

>, (1.20)

7" K(ZT,ZT)TT K(Zr,Zp)B |
B K(Zg,Z7)T B K(Zp,Zp)B |

~T
BTk(ZTaY)
B k(ZBa y)

X

where

A=

In the above derivation (1.20) we assumed that the mapped input data
were centered in the feature space @.(x;) = @(x;) — f1,,, where fi,  repre-
sents the estimated mean in the feature space given by fig = % sz\il D(x;).
However, the original data are usually not centered and the estimated mean
in the feature space cannot be explicitly computed, therefore, the kernel
matrices have to be properly centered as shown in (1.70). The empirical
kernel maps k(Zt,y), k(Zg,y), and k(Zrg,y) have to be centered by re-
moving their corresponding empirical kernel map mean (e.g., E(ZT,y) =

k(ZTv ) sz 1 (y“ ) yieZT)'
1.4 OSP and Kernel OSP Algorithms

1.4.1 Linear Spectral Mixture Model

The OSP algorithm [2] is based on maximizing the SNR (signal-to-noise ratio)
in the subspace orthogonal to the background subspace and depends only on
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the noise second-order statistics. It also does not provide an estimate of the
abundance measure for the desired end member in the mixed pixel. In [22] it
was shown that the OSP classifier is related to the unconstrained least-squares
estimate or the MLE (similarly derived by [1]) of the unknown signature
abundance by a scaling factor.

A linear mixture model for pixel y consisting of p spectral bands is de-
scribed by

y =Ma +n, (1.21)

where the (p x ) matrix M represents | endmembers spectra, a is a (I X p)
column vector whose elements are the coefficients that account for the propor-
tions (abundances) of each endmember spectrum contributing to the mixed
pixel, and n is an (p X p) vector representing an additive zero-mean Gaussian
noise with covariance matrix o?I and I is the (I x 1) identity matrix. Assuming
now we want to identify one particular signature (e.g., a military target) with
a given spectral signature d and a corresponding abundance measure «;, we
can represent M and « in partition form as M = (U :d) and a = [O'Zl |then
model (1.21) can be rewritten as

r =da; + By +n, (1.22)

where the columns of B represent the undesired spectral signatures (back-
ground signatures or eigenvectors) and the column vector - is the abundance
measures for the undesired spectral signatures. The reason for rewriting model
(1.21) as (1.22) is to separate B from M in order to show how to annihilate
B from an observed input pixel prior to classification.

To remove the undesired signature, the background rejection operator is
given by the (I x I) matrix

PL =1- BB# (1.23)

where B# = (BTB)"'BT is the pseudoinverse of B. Applying P35 to the
model (1.22) results in

Pir = P5do; + Pn. (1.24)
The operator w that maximizes the SNR of the filter output wP3y,

(wIPEd]aZ[dT PEw]
wiPEEnnT|Pgw ’

SNR(w) = (1.25)

as shown in [2], is given by the matched filter w = kd, where £ is a constant.
The OSP operator is now given by

absp = d' Py (1.26)
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which consists of a background signature rejecter followed by a matched filter.
The output of the OSP classifier is given by

Dosp = qispr = d" Pgy. (1.27)

1.4.2 OSP in Feature Space and Its Kernel Version

The mixture model in the high dimensional feature space F is given by
@(I‘) = Mgag + ng, (128)

where Mg is a matrix whose columns are the endmembers spectra in the
feature space; ag is a coefficient vector that accounts for the abundances of
each endmember spectrum in the feature space; ng is an additive zero-mean
noise. The model (1.28) can also be rewritten as

o(r) = ¢(d)oy, + Bovg + 1o, (1.29)

where @(d) represent the spectral signature of the desired target in the fea-
ture space with the corresponding abundance a,, and the columns of By
represent the undesired background signatures in the feature space which are
implemented by the eigenvectors of the background covariance matrix.

The output of the OSP classifier in the feature space is given by

Dosp, = absp,r = P(d)” (Io — BBj)®(r) (1.30)

where Iy is the identity matrix in the feature space. This output (1.30) is very
similar to the numerator of (1.8). It can easily be shown that the kernelized
version of (1.30) is now given by

~ T ~ -~ T
Dxosp = k(Zpy,d)"YY k(Zpa,y) — k(Zp,d)"BB k(Zp,y) (1.31)

where Zp = [x; X2 -+ xp] correspond to N input background spectral sig-

natures and B = (5’1,,52, e 7,BNb)T are the N, significant eigenvectors of
the centered kernel matrix (Gram matrix) K(Zp,Zp) normalized by the
square root of their corresponding eigenvalues. k(Zg,r) and k(Zp, d) are col-
umn vectors whose entries are k(x;,y) and k(x;,d) for x; € Zp, respectively.
Zgs=1ZpUd and T is a matrix whose columns are the Npg eigenvectors
(v1, v, --,vn,,) of the centered kernel matrix K(Zpq,Zpq) = (K)ij =
k(x;,%x;), x;,x; € Zp U d with nonzero eigenvalues, normalized by the
square root of their associated eigenvalues. Also k(Zpg4,y) is the concate-
nated vector [k(Zpg,r)" k(d,y)T]T and k(Zp4,d) is the concatenated vec-
tor [k(Zp,d)" k(d,d)T]T. In the above derivation (1.31) we assumed that
the mapped input data were centered in the feature space. For non-centered

data the kernel matrices and the empirical kernel maps have to be properly
centered as was shown in the previous Section 1.3.3
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1.5 Linear Spectral Matched Filter and Kernel
Spectral Matched Filter

1.5.1 Linear Spectral Matched Filter

In this section, we introduce the concept of linear SMF. The constrained least
squares approach is used to derive the linear SMF. Let the input spectral
signal x be x = [z(1),2(2),--- ,2(p)]T consisting of p spectral bands. We can
model each spectral observation as a linear combination of the target spectral
signature and noise

x =as+n, (1.32)

where a is an attenuation constant (target abundance measure). When
a =0 no target is present and when a > 0 target is present, vector s =
[5(1),5(2),---,s(p)]T contains the spectral signature of the target and vec-
tor n contains the added background clutter noise.

Let us define X to be a p x N matrix of the N mean-removed background
reference pixels (centered) obtained from the input image. Let each observa-
tion spectral pixel to be represented as a column in the sample matrix X

X =[x; x2 -+ xXpn]. (1.33)

We can design a linear matched filter w = [w(1),w(2),... ,w(p)]T such that
the desired target signal s is passed through while the average filter output en-
ergy is minimized. The solution to this constrained least squares minimization
problem is given by

N —1
wo RS (1.34)
sTR-1s

where R represents the estimated correlation matrix for the reference data.
The above expression is referred to as Minimum Variance Distortionless Re-
sponse (MVDR) beamformer in the array processing literature [23, 24] and
more recently the same expression was also obtained in [25] for hyperspectral
target detection and was called Constrained Energy Minimization (CEM) fil-
ter. The output of the linear filter for the test input r, given the estimated
correlation matrix is given by

T STR_II'
Y =W I = ————.
sTR-1s

If the observation data is centered a similar expression is obtained for the
centered data which is given by

(1.35)

=W Tr=—-o (1.36)
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where C represents the estimated covariance matrix for the reference centered
data. Similarly, in [4] and [5] it was shown that using the GLRT a similar ex-
pression as in MVDR or CEM, (1.36), can be obtained if the n is assumed to
be the background Gaussian random noise distributed as A(0, C) where C is
the expected covariance matrix of only the background noise. This filter is re-
ferred to as matched filter in the signal processing literature or Capon method
[26] in the array processing literature. In this book chapter, we implemented
the matched filter given by the expression (1.36).

1.5.2 Spectral Matched Filter in Feacture Space and
Its Kernel Version

We now consider a linear model in the kernel feature space which has an
equivalent nonlinear model in the original input space

&(x) = a,P(s) + ng, (1.37)

where @ is the non-linear mapping that maps the input data into a kernel
feature space, ag is an attenuation constant (abundance measure), the high-
dimensional vector @(s) contains the spectral signature of the target in the
feature space, and vector ng contains the added noise in the feature space.

Using the constrained least squares approach that was explained in the
previous section it can easily be shown that the equivalent matched filter wg
in the feature space is given by

w - Ry'o(s) (1.38)
’ gii(s)Tl:A{;@lsﬁ(s)7 .

where Ry is the estimated correlation matrix in the feature space. The cor-
relation matrix is given by

. 1
Rg = NXQSXQST (1.39)

where Xg = [@(x1) P(x2) --- P(xn)] is a matrix whose columns are the
mapped input reference data in the feature space. The matched filter in the
feature space (1.38) is equivalent to a non-linear matched filter in the input
space and its output for the input @(r) is given by

2(s) R, '(x)

2L (1.40)
P(s)" Ry 9(s)

You = W%@(I‘) =

If the data was centered the matched filter for the centered data in the feature
space would be

Yoy = Wg@(r) = # (1.41)
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We now show how to kernelize the matched filter expression (1.41) where
the resulting non-linear matched filter is called the kernel matched filter. It was
shown in Appendix I the pseudoinverse (inverse) of the estimated background
covariance matrix can be written as

C# = X4BA2BTXE (1.42)
Inserting Equation (1.42) into (1.41), it can be rewritten as
®(s)" XeBA BT XL d(r)
O(s) XoBAB XL d(s)

Yoy = (1.43)

Also using the properties of the Kernel PCA as shown in Appendix I, we
have the relationship

_ 1 _
K?2= 2 BA BT, (1.44)

We denote K = K(X,X) = (K);; an N x N Gram kernel matrix whose en-
tries are the dot products < &(x;), P(x;) >. Substituting (1.44) into (1.43),
the kernelized version of SMF is given by

k(X s)TK%k(X,r) k'K %k,
Yo T KX, s)TK—2k(X,s) kIK—’k,

(1.45)

where ks = k(X s) and k, = k(X,r) are the empirical kernel maps for s and
r, respectively. As in the previous section, the kernel matrix K as well as the
empirical kernel maps, ks and k, needs to be properly centered.

1.6 Adaptive Subspace Detector and Kernel Adaptive
Subspace Detector

1.6.1 Linear Adaptive Subspace Detector

In this section, the GLRT under the two competing hypotheses (Hy and Hj)
for a certain mixture model is described. The subpixel detection model for a
measurement x (a pixel vector) is expressed as

Hy:x=n, Target absent (1.46)
H, :x=U8 + on, Target present

where U represents an orthogonal matrix whose column vectors are the eigen-
vectors that span the target subspace <U >; 6 is an unknown vector whose
entries are coefficients that account for the abundances of the correspond-
ing column vectors of U; n represents Gaussian random noise distributed as
N(0,C).

In model, x is assumed to be a background noise under Hy and a lin-
ear combination of a target subspace signal and a scaled background noise,
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distributed as A/(U8,0>C), under Hy. The background noise under the two
hypotheses is represented by the same covariance but different variances be-
cause of the existence of subpixel targets under H;. The GLRT for the subpixel
problem described in [5], (so-called ASD), is given by

x'CluUurCclu)tuT e ix M

= Z NASD, 1.47
xTC-1x ;{)77 b ( )

Dasp(x) =

where C is the MLE of the covariance C and nasp represents a threshold.
Expression (1.47) has a constant false alarm rate (CFAR) property and is
also referred to as the adaptive cosine estimator because (1.47) measures the
angle between x and < U >, where x = C1/2x and U = C~1/2U.

1.6.2 ASD in the Feature Space and Its Kernel Version

We define a new subpixel model by assuming that the input data have been
implicitly mapped by a nonlinear function @ into a high-dimensional feature
space F. The subpixel model in F is then given by

Hy, : ¢(x) = ng, Target absent (1.48)
H,, : (x) = Ugbg + ogngs, Target present
where Ug represents a full-rank matrix whose M; column vectors are the
eigenvectors that span target subspace < Ug > in F; O¢ is unknown vec-
tors whose entries are coefficients that account for the abundances of the
corresponding column vectors of Ug; ng represents Gaussian random noise

distributed by N (0, Cg); and o is the noise variance under Hy,. The GLRT
for the model (1.48) in F is now given by

B(x)TCL'Us(ULC,'Ugp)'ULC, 0 (x)
B(x)TC, ' d(x)

D(P(x)) = , (1.49)

where Cqs is the MLE of Cg.

We now show how to kernelize the GLRT expression (1.49) in the feature
space. The inverse (pseudoinverse) background covariance matrix in (1.49)
can be represented by its eigenvector decomposition (see Appendix I) given
by the expression

C# = X4BA?BTXE, (1.50)

where Xg = [@.(x1) Dc(X2) - - - Po(xn)] represents the centered vectors in the
feature space corresponding to NV independent background spectral signatures
X = [x; xy --- xy] and B = [3" 8% --- B""] are the nonzero eigenvectors of
the centered kernel matrix (Gram matrix) K (X, X) normalized by the square
root of their cooresponding eigenvalues. Similarly, Ug is given by

Us =Yo7, (1.51)
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where Yo = [@c(y1) Pe(y2) ... Pc(yar)] are the centered vectors in the feature
space corresponding to the M independent target spectral signatures Y =
[yiys ... yu]and T = [&' &* ... &™], M, < M, is a matrix consisting of
the M; eigenvectors of the kernel matrix K(Y,Y) normalized by the square
root of their corresponding eigenvalues. Now, the term @(X)ch_) 'Us in the
numerator of (1.49) becomes

o(x)TC3'Up = (%) "X BA2B X Yo T (1.52)
=k(x, X)TK(X,X)?’K(X,Y)T = Ky,

where BA72BT is replaced by K(X,X) 2 using (1.69), as shown in
Appendix 1. Similarly,

UG5 0(x) = T K(X, Y)TK(X, X)"2k(x, X) = KT (1.53)
and
U7 65U = T KX, Y)TK(X, X) 2K (X, Y)T. (1.54)
The denominator of (1.49) is also expressed as
D(x)TCLlo(x) = k(x, X)TK(X, X) 2k(x, X). (1.55)
Finally, the kernelized expression of (1.49) is given by
K7 K(X,Y)TK(X,X)?K(X,Y)7T] 'K’
k(x, X)TK(X, X)~2k(x, X)

As in the previous sections all the kernel matrices K(X,Y) and K(X,X) as
well as the empirical kernel maps need to be properly centered.

Dxkasp(x) =

(1.56)

1.7 Experimental Results

In this section, the kernel-based matched signal detectors, such as the kernel
MSD (KMSD), kernel ASD (KASD), kernel OSP (KOSP), and kernel SMF
(KSMF), as well as the corresponding conventional detectors are implemented
on the basis of two different types of data sets—illustrative toy data sets
and real hyperspectral images that contain military targets. The Gaussian
RBF kernel, k(x,y) = exp(f‘lefy”z)7 was used to implement the kernel-based
detectors. ¢ represents the width of the Gaussian distribution, and the value
of ¢ was chosen such that the overall data variations can be fully exploited by
the Gaussian RBF function; the values of ¢ were determined experimentally.

1.7.1 Illustrative Toy Examples

Figures 1.1 and 1.2 show contour and surface plots of the conventional detec-
tors and the kernel-based detectors, on two different types of two-dimensional



1 Kernel-Based Nonlinear Subspace Target Detection 15

(e) OSP (fy KOSP

(g) SMF (h) KSMF

Figure 1.1. Contour and surface plots of the conventional matched signal detectors
and their corresponding kernel versions on a toy data set (a mixture of Gaussian).



| 2

{(a) MSD (b) KMSD

(e) OSP (f) KOSP

(g) SMF (h) KSMF

Figure 1.2. Contour and surface plots of the conventional matched signal detectors
and their corresponding kernel versions on a toy data set: in this toy example, the
Gaussian mixture data shown in Fig. 1 was modified to generate nonlinearly mixed
data.
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toy data sets: a Gaussian mixture in Fig. 1.1 and nonlinearly mapped data
in Fig. 1.2. In the contour and surface plots, data points for the desired tar-
get were represented by the star-shaped symbol and the background points
were represented by the circles. In Fig. 1.2, the two-dimensional data points
x = (z,y) for each class were obtained by nonlinearly mapping the original
Gaussian mixture data points x¢ = (xg,yo) in Fig. 1.1. All the data points
in Fig. 1.2 were nonlinearly mapped by x = (x,y) = (20, 22 + y). In the new
data set the second component of each data point is nonlinearly related to its
first component.

For both data sets, the contours generated by the kernel-based detectors
are highly nonlinear and naturally following the dispersion of the data and
thus successfully separating the two classes, as opposed to the linear contours
obtained by the conventional detectors. Therefore, the kernel-based detectors
clearly provided significantly improved discrimination over the conventional
detectors for both the Gaussian mixture and nonlinearly mapped data. Among
the kernel-based detectors, KMSD and KASD outperform KOSP and KSMF
mainly because targets in KMSD and KASD are better represented by the
associated target subspace than by a single spectral signature used in KOSP
and KSMF. Note that the contour plots for MSD (Fig. 1.1(a) and Fig. 1.2
(a)) represent only the numerator of Eq. 1.5 because the denominator be-
comes unstable for the two-dimensional cases: i.e., the value inside the brackets
(I — Prg) becomes zero for the two-dimensional data.

1.7.2 Hyperspectral Images

In this section, HYDICE (HYperspectral Digital Imagery Collection Experi-
ment) images from the Desert Radiance IT data collection (DR-II) and Forest
Radiance I data collection (FR-I) were used to compare detection performance
between the kernel-based and conventional methods. The HYDICE imaging
sensor generates 210 bands across the whole spectral range (0.4-2.5 wm) which
includes the visible and short-wave infrared (SWIR) bands. But we use only
150 bands by discarding water absorption and low SNR bands; the spectral
bands used are the 23rd-101st, 109th-136th, and 152nd-194th for the HY-
DICE images. The DR-II image includes 6 military targets along the road
and the FR-I image includes total 14 targets along the tree line, as shown in
the sample band images in Fig. 1.3. The detection performance of the DR-II
and FR-I images was provided in both the qualitative and quantitative—the
receiver operating characteristics (ROC) curves—forms. The spectral signa-
tures of the desired target and undesired background signatures were directly

Figure 1.3. Sample band images from (a) the DR-II image and (b) the FR-I image.
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(a) MSD (b) KMSD
(c) ASD (d) KASD

(e) OSP () KOSP

(2) SMF (h) KSMF

Figure 1.4. Detection results for the DR-II image using the conventional detectors
and the corresponding kernel versions.

collected from the given hyperspectral data to implement both the kernel-
based and conventional detectors.

All the pixel vectors in a test image are first normalized by a constant,
which is a maximum value obtained from all the spectral components of the
spectral vectors in the corresponding test image, so that the entries of the
normalized pixel vectors fit into the interval of spectral values between 0 and
1. The rescaling of pixel vectors was mainly performed to effectively utilize
the dynamic range of Gaussian RBF kernel.

Figures 1.4-1.7 show the detection results including the ROC curves gener-
ated by applying the kernel-based and conventional detectors to the DR-IT and
FR-I images. In general, the detected targets by the kernel-based detectors
are much more evident than the ones detected by the conventional detec-
tors, as shown in Figs. 1.4 and 1.5. Figures 1.6 and 1.7 show the ROC curve
plots for the kernel-based and conventional detectors for the DR-IT and FR-I
images; in general, the kernel-based detectors outperformed the conventional
detectors. In particular, KMSD performed the best of all the kernel-based de-
tectors detecting all the targets and significantly suppressing the background.
The performance superiority of KMSD is mainly attributed to the utilization
of both the target and background kernel subspaces representing the target
and background signals in the feature space, respectively.

1.8 Conclusions

In this chapter, nonlinearversions of several matched signal detectors, such
as KMSD, KOSP, KSMF, and KASD, have been implemented using the
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(a) MSD (b) KMSD

(c) ASD (d) KASD

(e) OSP (f) KOSP

(2) SMF (h) KSMF

Figure 1.5. Detection results for the FR-I image using the conventional detectors and
the corresponding kernel versions.

Probability of detection

1 1 1 1 1 1 1
) 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
False alarm rate

Figure 1.6. ROC curves obtained by conventional detectors and the corresponding
kernel versions for the DR-II image (see color insert).
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0.6

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045
False alarm rate

Figure 1.7. ROC curves obtained by conventional detectors and the corresponding
kernel versions for the DR-II image (see color insert).

kernel-based learning theory. Performance comparison between the matched
signal detectors and their corresponding nonlinear versions was conducted on
the basis of two-dimensional toy-examples as well as real hyperspectral im-
ages. It is shown that the kernel-based nonlinear versions of these detectors
outperform the linear versions.

1.9 Appendix I (Kernel PCA)

In this appendix we will represent derivation of Kernel PCA and its properties
providing the relationship between the covariance matrix and the correspond-
ing Gram matrix is presented. Our goal is to prove (1.50) and (1.69). To drive
the Kernel PCA, consider the estimated background clutter covariance ma-
trix in the feature space and assume that the input data has been normalized
(centered) to have zero mean. The estimated covariance matrix in the feature
space is given by

- 1
Co = 7 Xa X5, (1.57)



1 Kernel-Based Nonlinear Subspace Target Detection 21

The PCA eigenvectors are computed by solving the eigenvalue problem

)\Vqs = észqs (158)

1 N
= N Z@(Xz)é(x ) Vg
— %Z < P(x;),ve > D(x;),

i=1

where vg is an eigenvector in F with a corresponding nonzero eigenvalue .
Equation (1.58) indicates that each eigenvector vg with corresponding A # 0
are spanned by &(x;), -, P(xy)—i.e.

N
Ve = Zﬁi‘p(xi) = Xg¢f3 (1.59)
=1

where Xg = [®(x1) P(x2) -+ P(xn) | and B = (b1, Ba, -+, Bn)T. Substitut-
ing (1.59) into (1.58) and multiplying with ®(x,, )T, yields

N
A B < B(xn), B(xi) > (1.60)
=1
N

=37 Zﬁz Xn (Xz)T Zé(xi)

i=1
N
ZB’ < D(xy, ,Z@ X;) < D(x;), P(x;) >>,
j=1

foralln:l,-~-,N.

We denote by K = K(X, X) = (K);; the N x N kernel matrix whose entries
are the dot products < &(x;), P(x;) >. Equation (1.60) can be rewritten as

N)B = K@, (1.61)

where 8 turn out to be the eigenvectors with nonzero eigenvalues of the kernel
matrix K. Therefore, the Gram matrix can be written in terms of it eigenvec-
tor decomposition as

K = BOBT, (1.62)

where B = [8' 32 ... "] are the eigenvectors of the kernel matrix and Q is
a diagonal matrix with diagonal values equal to the eigenvalues of the kernel
matrix Kj. Similarly, from the definition of PCA in the feature space (1.58)
the estimated background covariance matrix is decomposed as

Co = VoAV,T, (1.63)
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where Vg = [vl vZ ... vl] and A is a diagonal matrix with its diagonal

elements being the eigenvalues of Cg. From (1.58) and (1.61) the eigenvalues
of the covariance matrix A in the feature space and the eigenvalues of the
kernel matrix € are related by

1
A= —=0Q. 1.64
< (1.64)
Substituting (1.64) into (1.62) we obtain the relationship
K = NBABT, (1.65)

where N is a constant representing the total number of background clutter
samples, which can be ignored.

The sample covariance matrix in the feature space is rank deficient, there-
fore, its inverse cannot be obtained but its pseudoinverse can be written as
27)

CIF = VoA 'V, T (1.66)
since the eigenvectors Vg in the feature space can be represented as
Vo = XoBA™Y2 = X4 B, (1.67)
then the pseudoinverse background covariance matrix Cg can be written as

CF = VoA 'VoT = XoBA2BTX, 7. (1.68)

The maximum number of eigenvectors in the pseudoinverse is equal to the
number of non-zero eigenvalues (or the number of independent data samples),
which cannot be exactly determined due to round-off error in the calculations.
Therefore, the effective rank [27] is determined by only including the eigen-
values that are above a small threshold. Similarly, the inverse Gram matrix
Kb_1 can also be written as

K !'=BA'B. (1.69)

If the data samples are not independent then the pseudoinverse of the Gram
matrix has to be used, which is the same as (1.69) except only the eigenvectors
with eigenvalues above a small threshold are included in order to obtain a
numerically stable inverse.

In the derivation of the kernel PCA we assumed that the data have already
been centered in the feature space by removing the sample mean. However,
the sample mean cannot be directly removed in the feature space due to the
high dimensionality of F. That is the kernel PCA needs to be derived in terms
of the original uncentered input data. Therefore, the kernel matrix K needs
to be properly centered [7]. The effect of centering on the kernel PCA can be
seen by replacing the uncentered X with the centered Xg¢ — pg (where pg
is the mean of the reference input data) in the estimation of the covariance
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matrix expression ( 1.57). The resulting centered K is shown in [7] to be given

by

K=(K-1yK-Kly +1yKly), (1.70)

where the N x N matrix (1y);; = 1/N. In the above Egs. (1.62) and (1.69)
the kernel matrix K needs to be replaced by the centered kernel matrix K.
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2.1 Introduction

Automatic recognition of objects independent of size, orientation, position in
the field of view, and color is a difficult and important problem in computer
vision, image analysis, and automatic target recognition fields. A direct ap-
proach to this problem is by use of a large library of target signatures at all
potential positions, viewing angles, spectral bands, and contrast conditions
that can lead to a combinatorial explosion of models to be considered. An-
other approach is by development of composite template filters by means of
which potential viewing instances of a target under differing size, orienta-
tion, spectral, and contrast variations are used to create a single composite
template filter that is then used for detection and classification of that target.

In this chapter, we consider a third approach by exploring the theory of
invariant algebra to develop solutions for this problem. Algebraic invariants
of binary and ternary quantics are used to develop features that remain un-
changed when the object undergoes linear geometrical and spectral transfor-
mations. Invariant algebra is a mathematical discipline that arises in relation
with a number of problems in algebra and geometry. Extractions of algebraic
expressions that remain unchanged under changes of coordinate systems are
part of this discipline. Lagrange seems to be among the first mathematicians
who first studied invariants.

In the following section, we provide a background on invariant algebra,
develop the concept of object representation in terms of a probability den-
sity function (PDF) and its statistical moments, and present invariants of
binary and ternary quantics. Section 2.3 provides an application of invariants
of binary quantics in geometrical and spectral invariant object representation.
Section 2.4 provides an application of ternary quantics invariants in 3D
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Ladar target classification. An analysis of computational complexities of
invariant-based classifications is made in Section 2.5, and compared with that
of a typical noninvariant template-based classification method is made. Fi-
nally, in Section 2.6, we provide a summary of the main finding of this chapter.

2.2 Theory of Invariant Alagebra

Studying the intrinsic properties of polynomials, which remain undisturbed
under changes of variables, forms the domain of this theory. The study and
derivation of the algebraic invariants has a long history, which goes back to
Lagrange and Boole. However, its development as an independent discipline
is due to the work of Cayley and Sylvester in the nineteenth century [1-5].

Consider a homogenous nth-order polynomial of m variables. In the par-
lance of invariant algebra this polynomial is referred to as an m-ary quantic of
order n (or m-ary n-ic). The goal pursued under this theory is the derivation
of those algebraic expressions of the coefficients of this quantic that remain
invariant when the m variables undergo a linear transformation. The coeffi-
cients of the transformation act as a multiplying factor. When this factor is
eliminated the invariants are referred to as absolute invariants.

As an example consider a ternary quantic of order m

- m!
f(xl7x27:173) = Z RO apqu”ffl?gIg
PO p:q:r: .
ptqg+r=m

A homogenous polynomial I(a) of coefficients is called an invariant of an al-
gebraic form f if, after transforming its set of variables from z to z’ and
constructing a corresponding polynomial I(a’) of the new coefficients the fol-
lowing holds true:

I(a) = AI(d)). (2.1)

A is independent of the f(z) and depends only on the transformation. For
homogenous polynomials considered here A = A“, where A is the determinant
of the transformation and w is called the weight of the invariant. The invariant
is called absolute when w = 0.

Any object in a multidimensional coordinate system (z1, xq, x3,...) can
be represented in terms of a probability density function p(zy, x2, 3,...)
by proper normalization. Moreover, it is well known that any PDF can be
uniquely defined in terms of its infinite statistical moments [3].

Multidimensional moment of order p 4+ ¢+ + --- of a density p(x1, z,
x3, -+ ) is defined as the Riemann integral:

oo o0 oo

mpqr_”:///---xfxgxg~-~p(x1,x2,x3,...)dxldxgdx3~-~. (2.2)

—00 —00 —O0
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The sequence of {mpq,...} determines uniquely r(z1, 2, x3,...).
Using the definition of moment generating function of multidimensional
moments and expanding it into a power series one has the following:

oo o0 o0

M(u17u27u37...): / / / ...Zé(ulxl+u21~2+u3x3...)p
—00 —00 —00 p=0
X p(x1,x2, T3, .. .)dridzedas - - - . (2.3)

This by a few algebraic manipulations is reduced to an n-ary quantic of order
m similar to (2.1).

2.2.1 Fundamental Theorem of Moment Invariants

If an m-ary p-ic (a homogeneous polynomial of order p in m variables) has an
invariant

f(ap..()a ceey aU..p) = Awf(ap...()a ceey aU..p)- (24)
Then the moment of order p has an algebraic invariant
f(/'l‘p...[h B ,LLO...P) = |J| Awf(,upm(h e 7/1'0‘.Ap)7 (25)

where J is the Jacobian of the transformation.
For the case of binary quantic, the following invariants can be derived [6]:

1+ = M20 + 7oz

¢2 = (20 — mo2)® + 4nfy

¢35 = (mos — 3m2)? + (3n21 + no3)?

¢4 = (n30 +m2)* + (21 + mo3)?

¢s = (130 — 3ma2) (103 + 130) [(M30 + 12)* — 3(121 + 703)°]
+ (3121 — Mo3) (M21 + 103)[3(M30 + 1M12)* — (121 + M03)?]

b6 = (120 — m02) [(M30 + M2)* — (M1 + mo3)?]
+4n11(n30 + ma2) (121 + 103)

A seventh invariant can be added that will change sign under “improper”
rotation.

o7 = (3m2 — m30) (30 + M12) [(M30 + 1M12)* — 3(m21 + Mo3)?]

+ (3m21 = 103) (21 + 103) [3(m30 + 7712)2 — (1 + 7703)2] : (2.7)

¢s are related to p by the following normalization factor that will make the
central moments invariant under size change:

1
Npq = ﬁ' (2.8)

/loo2 +1
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For the case of ternary quadratics, the following invariants are derived [2]:

Jip = H200 + Ho20 + ooz
Jop = po20ft002 — Mgm + 200002 — ,u%m
+ pa00 020 — o (2.9)

M200  M110  HM101
Aoy =det | p110 pozo Mot
H101  Mo11  H002

where fip4- denote the centralized moments. The following absolute invariants
are then obtained by simple algebraic manipulations:

J1J2 J12 J12 AQ
Iy = —— I = — I =— L =— 2.1
3 A, 1 T or 1 T 2 J13 (2.10)

2.3 Applications of Invariants of Binary Quantics

2.3.1 Two-Dimensional Geometrical Invariancy

Figure 2.1 shows an airborne view of a military truck viewed in three different
field of view geometries. Fig. 2.1(a) shows the first view. Fig. 2.1(b) shows
the same scene when the field of view is rotated 90°. Fig. 2.1(c) shows the
same scene again when the field of view is rotated 180°. The corresponding
invariant expressions for these three scenes are computed using the relations
(2.6) and (2.7). These values are tabulated in Table 2.1. As can be seen from
this table the computed invariants remain mostly unchanged when the field
of the view of the scene is changed by 90° and 180°.

o

=y

<

Original Scene Scene 90 degrees Rotated Scene 180 degrees Rotated
(a) (b) ()

Figure 2.1. A scene under three different rotation states: (a) Original scene, (b) scene
90° rotated, (c) scene 180° rotated.
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Table 2.1. Invariant values for a scene under three different geometries.

Scene Rotated Scene Rotated
Invariants Original Scene by 90° by 180°
03} 5344.64 5344.64 5344.64
D, 1112.63 1112.63 1112.63
i3 7.63 7.63 7.69
Dy 0.72 0.72 0.72
[0} —1.69 —1.69 —1.69
Dy —16.90 —16.90 —16.90
D —1.21 1.21 —1.21

2.3.2 Joint Geometrical and Material Invariancy

From the Planck’s Law [7] (which in its common form does not have the spec-
tral emissivity included in it), one has the following relationship between the
emissivity, temperature, wavelength, and the spectral radiant emittance W:

B 2rhc? Ex

Wy= "—F——"—!, 2.11
A A0 e)ﬁi?T —1 ( )

where Wy is the spectral radiant emittance in watts per square centimeter per
micrometer; T is the absolute temperature in degree Kelvin; €, is the spectral
emissivity; h is the Planck’s constant = (6.6256 + 0.0005) x 1073 Ws?; A
is the wavelength in centimeters; K is the Boltzman constant = (1.38054 +
0.00018) x 1072* Ws/K; and c is the speed of light in centimeter per second.
In (2.1) only emissivity is material dependent. Emissivity, defined as the ratio
of the radiant emittance of the illuminating source to the radiant emittance
of the black body, is dimensionless and has a value between 0 and 1.

The scene radiation is obtained by integrating (2.12) over different wave-
length bands. From a wide range of wavelength bands, different spectral im-
ages corresponding to the same scene are obtained.

When the effects of the radiation reflectance are negligible or ignored and
we assume that the scene is in thermal equilibrium, the radiation varies only
with ) in aparticular scene. The variations of €) with frequency for different
materials and paints are well documented.

The output of a focal plane array (FPA), in general, is a linear function of
the incidence photons emanating from the scene

A2
Nij = Kij /Clj()\){EA(Z,])W)\(T”) + [1 - E)\(Z,])W)\(ﬂ))]}d)\ + N¢ (212)

R
A1
where IV;; is the total number of accumulated electrons at pixel i, K;; is a
coeflicient that is dependent on the active pixel area, optical transmission,
frame time, and pixel angular displacement from the optical axis, and the
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f-number of the optics. The quantum efficiency of the 4j pixel is denoted by
Cij(A), and the background radiant reflectance is shown by W (T;,). T3, is the
background temperature in degree Kelvin, and A; and Ao define the spectral
band of the sensor. Finally, the dark charge for the pixel ij is denoted by N%.
The £, (4,7) indicates the spectral emissivity at the pixel location .

At each pixel location ij, consider £(i,j) as an n-dimensional vector
(n being the number of wavelengths used). Then, consider the probability of it
being from a material 7,k being the number of different materials in the scene,
be denoted as p(¢e| 7)) and the probability of material occurrence 7y as p(my).
Then according to the Bayes decision rule, one has to select the following:

p(e)
where p(e|my) is assumed to be known for each frequency k at a range of
temperatures of interest. This assumption is not restrictive since for different
material (and paints) the emissivity as function of frequency and temperature
has been documented. The p(e) is obtained from the following:

p(e) =Y ple|m)p(ms) . (2.14)

ml?x{p(wk le)} = max {

Once for each pixel location, a material label has been chosen a new image
is formed. This image is formed by replacing the value of each pixel with its
most likely emissivity label (iron = 1, water = 2, etc.). Denoting each pixel
as m(i,7), the information content of the image varies by the frequency of
occurrence of the emissivity label in the image.

In the above case, the invariant expressions (2.6) and (2.7) depend on
the material that the targets and scene are made of. Moreover, they are k-
ary quantics (homogeneous polynomials of k variables). Consequently, for any
linear transformation in 7y (changes in material mixtures) there exist a set of
algebraic expressions that will remain unchanged. These second-order invari-
ants will be invariant under scene rotation, scale, translation, and material
mixture transformations. The expressions ¢;(7y) to ¢7(my) are polynomials
of order 1 to 4 in terms of 7 for various k. Each of different k£ values indi-
cates a different material. Any linear transformation of 7, indicates a change
of material mixture in the scene such as changing the paint on a target, or
having the objects on a dry land versus wetland, or for a target being on a
grass verses being on a concrete background.

Ezample: Consider an object whose image is represented analytically as
by the following function:

f(@,y,p,q) = (p+qe ", (2.15)

where x and y represent the axes for the object’s geometry and p and q
represent the axis for each pixel’s material mixtures. In the following, we will
refer to the object’s change of orientation, scale, and position as its geometrical
transformation to distinguish this type of change from those associated with
the object’s surface material.



2 Theory of Invariant Algebra and Its Use 31

Changes in the object’s orientation, scale, and positions in the field of view
will lead to changes in the object image, and consequently in its representa-
tion, as has been expressed in Eq. (2.15). Similarly, any change in the surface
material of the object (for example, a differing surface paint) also causes a
change in the object’s image representation as expressed in Eq. (2.15).

In the following, we will derive the geometrical invariants for this object
and from them will extract the material invariants associated for each pixel on
the object. We will then change the material mixture arbitrarily and show the
invariancy of these expressions to the joint geometrical and material transfor-
mations.

Deriving the geometrical invariants for the object, whose image is repre-
sented by Eq. (2.13), one can obtain the following relationships by using Egs.
(2.6) and (2.7):

(2(1.15(p + q) — 0.57(p + q)* + 0.09(p + q)*))
(1+0.33(p+19q))
(4(p + 9)*(0.84 — 0.57(p + ) + (0.09(p + ¢)*)*)
(1+0.33(p+q))?
Geolnvariant 3 = (0.55(—1.10 + p + ¢))(—=1.10 + p + ¢)(p + ¢)*
x (17.60 — 7.75(p + q) + (p + 9)?))
(5.07 4 (p+q)'%)?
Geolnvariant 4 = (0.2788(p + ¢)*(15.9731 — 7.9674(p + q) + (p + q)%)
x (18.1287 — 6.2169(p + q) + (p + q)%)

x (9.8189 — 3.5321(p + q)+(p + q)?))
(5.0739 + (p + q)19)?
Geolnvariant 5 = (0.38(=3.8 + p+ ¢)(=1.10 + p + ¢)(p + ¢)*
x (17.60 — 7.75(p + q) + (p + 9)*)(15.42 — 5.60(p + q)
+(p+9)*)(13.27 = 5.02(p + ) +(p + ¢)°)
x (11.40 — 4.36(p + q) + (p + 9)?))

(5.07+ (p+ q)t5)*
—3834+p+q)(—2.95+p+¢)(—=2.95+p +q)
p+)'(14.72 - 7.67(p+q) + (p + 9)*)

13.27 = 5.02(p + q) + (p+ ¢)*)(13.27 — 5.02(p + q)
p+q)*)(13.27 - 5.02(p + q) + (p + 9)°))
((2.95+ (p+q))(5.07+ (p+ q)'")?%)
Geolnvariant 7 = (0.69(—4.11 +p + ¢)(=3.95+ p + ¢)(=3.83 + p + q)
X (=110 +p+q)(p + )*(17.60 — 7.75(p + q) + (p + ¢)*)
x (13.277 — 5.02(p + q) + (p + ¢)*)(14.21 — 4.74(p + q)

+(+9?)
(5.07+ (p+q)')*

Geolnvariant 1 =

(2.16)

Geolnvariant 2 =

(2.17)

(2.18)

(2.19)

(2.20)

Geolnvariant 6 = (—0.16
X

—~

X
+

o~

(2.21)

(2.22)
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Figure 2.2. Plots of geometrical invariants associated with Egs. (2.16) to (2.23).

Figure 2.2(a) to (g) shows the 3-D plots of the functions indicated by Egs.
(2.16) to (2.23), respectively. We next change the object’s materials via a
rotation of its basis vectors p and g by 180°. The resulting material invariant
values, tabulated in Table 2.2, illustrate clearly that the material invariants
remain unchanged to a high degree of precision. It should be noted that the
material invariants, by virtue of being derived from the geometrical invariants,
are also unchanged under object’s rotation, translation, and scale change in
the sensor’s field of view.

2.4 Invariant of Ternary Quantics

A set of Ladar targets composed of a total of 35 tactical military targets en-
compassing tanks, trucks, APCs, self-propelled guns from the United States
and other countries were used in the experiment. In this study mostly one
resolution representing sensor-to-scene distance of 100 m was considered.
Fig. 2.3 shows sample Ladar images of some of these targets. The ground
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(2

Figure 2.2. (Continued)

Table 2.2. Joint geometrical and material invariants.

N,
éﬁ'@,,
SR
G

\

Invl Inv2 Inv3 Inv4 Invb Inv6 Inv7
Geolnv 1 11571.435 20314148 188349.36 27209.686 —1.946E+09 —122551302 89242710
11571.435 20314148 188349.36 27209.686 —1.946E+09 —122551302 89242710
Geolnv 2 33861.86 88715529 250759.07  2678.8649 —68932078 —25108715 8707525.9
33861.86 88715529 250759.07  2678.8649 —68932078 —25108715 8707525.9
Geolnv 3 11341.667 19448072 184326.73 27161.357 —1.921E+09 —119747842 54648854
11341.667 19448072 184326.73 27161.357 —1.921E+4+09 —119747842 54648854
Geolnv 4 17021.829 17355576 615048.93 172176.8 —5.59E+10 —715782571  3.311E+09
17021.829 17355576 615048.93 172176.8 —5.59E+10 —715782571  3.311E+09
Geolnv 5 16648.762 17988388 580883.58 156267.49  —4.699E+10 —661440009 2.845E+09
16648.762 17988388 580883.58 156267.49  —4.699E+10 —661440009 2.845E+09
Geolnv 6 19571.193 16468142 783278.67 233664.72 —9.99E+10 —947133124 —2.735E+09
19571.193 16468142 783278.67 233664.72 —9.99E+10 —947133124 —2.735E+09
Geolnv 7 28642.364 16119054 824001.26 247466.68 —1.115E+11 —989943688  5.617E+09
28642.364 16119054 824001.26 247466.68 —1.115E4+11 —989943688 5.617E+09




34 Firooz Sadjadi

M1 A2 Abrams M2 A2 Bradley

=

Mo60 A3

Figure 2.3. Sample of targets used in the experiments.

plane template for each of the image scenes is a 20 m x 20 m flat surface
placed on the XY plane. The maximum height was 10 m. To explore the
effects of noise, a Gaussian probability density function of zero mean with
varying variances was added to the coordinates of each point in the point
clouds. A standard deviation value of 1 corresponds to a distance of 1 m.

Figure 2.4 shows how the targets are distributed in terms of their absolute
invariants. The ranges of variations for different invariants seem to be different
from each others.

To test the effects of coordinate transformations on the 3D invariants, for
five typical targets, M60, T72, M1A1 Abrams, BMP1, and M2A2 Bradley,
the Ladar cloud points were rotated around z-axis, from 0° to 360°, by

0.045 50 .
0.04 ° e
0.035 . 0 om0 W,

€ 003

8 o o

S 0.025 g o0 -50

g o

£ oo R

(\?‘ 0.015 s o -100
0.01 )

0.005 o e, 150
O )
-0.005, -200
39 4 41 42 43 44 45 46 47 39 4 41 42 43 44 45 46 47
1st Invariant 1st Invariant

Figure 2.4. Distribution of the second and first and the third and first absolute
invariants.
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increments of 0.1° and at each state the set of 3-D invariants were com-
puted. The results are shown in Fig. 2.5. The right column plots show the
results for the first 3-D invariants. As can be seen for all the five targets the
first invariant remains very much unchanged. The second column in Fig. 2.5,
showing the plots for the second 3-D invariants, indicates that there some
small disturbances for all of the targets. The third 3-D invariants, shown in
the third column of the Fig. 2.5, display variations that even though small
seem to be larger than those associated with the second invariants. We at-
tribute these disturbances to the quantization errors that are produced in
the data due to the rotation of the coordinate system. The variations in sec-
ond and third 3-D invariants each show unique patterns that require further
investigation.

By representing each target in terms of their first set of absolute invari-
ant representation and using Frobenius distance as a similarity measure, we
computed the probabilities of correct detection and false alarms for each of
the 35 targets at various noise variances. Fig. 2.6 shows the receiver operating
characteristic curves (ROC) for all 35 targets superimposed on top of each
other, at various noise variances. For noise variances below or equal to 0.09,
good results are obtained. However, as noise variance is increased to 0.25 and
1 (equivalent to 1 m error), for a good number of targets, the classification
performances degrade. Similarly, results can be obtained for the second set of
absolute invariants.

2.5 Complexity Analysis

To answer the issues of computational complexities and storage requirements
needed in general 2-D model /template techniques, an analysis of the complex-
ities of the algorithms are made.

2.5.1 Assumptions

1. The template size is m by n pixels.

2. Number of material types is M. The scene is composed of a mixture of two
distinct materials types m; and ms. The range of my being M; and that of
my is My is. Then M is equal to My M.

3. The number of geometrical templates (not including their surface materials)

per target needed for classification is equal to N.

. The number of target classes is equal to T.

. The number of templates per target class is equal to NM.

. The number of templates for classification is equal to NMT.

. Only one perspective view for each target is considered. This can be easily

generalized to the case of P perspective views and the number of operations
for the both cases scaled accordingly.

~ O U b~
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Figure 2.5. Plot of invariant values for five different targets as the targets rotate
around z-axis from 0° to 360° (see color insert).
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Figure 2.6. ROC curves for different noise variances for the first set of invariants.

2.5.2 Noninvariant Approach

For a noninvariant target classification, we will consider a typical template
matching or correlation-based technique. In this case, one can show by
straightforward calculation that the following holds:

Number of operations for noninvariant (NIOP) technique

= (2m*n® + nm) NTM™™. (2.23)

The operations in the above relationship are defined as add, subtract, multiply,
divide, read, and write.

2.5.3 Invariant Approach

For the case of the previously presented algorithm, one can similarly show
that the following relation holds

Number of operations for the invariant technique (IOP)
= (790,272)nmMT. (2.24)

The relationships (2.24) and (2.25) show the definite advantages of the pre-
sented invariant technique over a typical noninvariant template matching tech-
nique. This observation is also demonstrated visually by means of Figs. 2.7
and 2.8.
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Mumber of
Operations

Figure 2.7. The number of operations (on a log scale) as a function of the template
size and material classes for the presented approach.

Numnber
of
Operations

Figure 2.8. The number of operations (on a log scale) as a function of the template
size and material classes for a typical noninvariant approach.
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Figure 2.9. The 2-D plots of the number of operations (on a log scale) as functions
of the template size and material classes for the presented approach and a typical
noninvariant approach (see color insert).

Figures 2.7 and 2.8 show the 3-D plots of the number of operations (in
logarithmic scale) as functions of the template size and material classes for the
presented invariant and a typical noninvariant approaches. In these figures,
the templates are assumed to be squares of size, m = n. The number of target
classes, T, is assumed to be 10.

Figure 2.9 shows the 2-D plots of the number of operations (in logarith-
mic scale) as functions of the template size (horizontal axes) and material
classes, for the presented approach, shown in more solid straight lines with
diamond markers, and a typical noninvariant approach, displayed in a more
spread curved lines, with square markers. These figure indicate that for the
number of material classes, M > 2, and also for template size m = n > 3, the
presented approach has clear advantage over a typical noninvariant technique.
This advantage becomes more prominent as the number of material types and
the template size increases.

2.6 Summary

In this chapter we explored the theory of invariant algebra and its applica-
tions for automatic classification of objects through their multidimensional
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signatures. The applications of binary quantics include derivation 2-D invari-
ant shape attributes and joint geometrical and material invariant features.
The use of invariants of ternary quantics led to the derivation of a set of
3-D invariant shape descriptors that are then used for classification of Ladar
signatures of a large class of land vehicles.
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3.1 Introduction

Landmines have been laid in conflicts around the world, and they cause enor-
mous humanitarian problems in more than 60 countries, killing, mutilating,
or maiming the innocent every day. They do not differentiate between elderly,
men, women, children, or animals, and they are triggered off by the victims
themselves. Detection and clearance of landmines, however, have turned out
to be an immensely challenging problem. A traditional means for detecting
mines is the metal detector. The detector head is slowly moved over the sus-
picious terrain, and it gives out audible alerts when metal in the ground
disturbs the magnetic field the detector generates. In general, the number of
false alarms caused by various (man-made) metal objects in the ground is
a great deal larger than the number of mines. This makes mine clearance a
tiring task that demands the highest level of concentration. Moreover, a haz-
ard involved is that the metal detector could be too insensitive to mines of
low-metal content.

Ground-penetrating radar (GPR) can be used to detect mines of low-
metal content or of no metal at all, and thus can provide a feasible technology
for landmine detection. In particular, ultra-wideband (UWB) GPR systems
have been of interest to scientists for many years because they are capa-
ble of extracting information from returned echoes that is useful for target
recognition purposes [1-6]. Of the currently used GPR systems one is down-
looking with the antenna elements (transmitting and receiving) placed near
the surface of the ground. In general, adequate performance of the radar sys-
tem requires that the coupling of the antenna elements and the background
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clutter be reduced. This can be accomplished by subtracting from the mea-
surements separately recorded signals with the antennas positioned above an
area of the ground with no target present, also called ground bounce removal.
Since the ground bounce removal cannot entirely compensate for various clut-
ter contributions, detection and classification algorithms must be sufficiently
robust.

It was demonstrated that the burial depth of a target could be challenging
enough if target signatures in the frequency domain were attempted for clas-
sification purposes [4]. The reason is due to multiple scatter between a target
and the ground surface. The frequency spectrum of returned waveforms was
affected by the burial depth to the extent that prominent peaks occurring at
small depths split into two or more pointed peaks with increasing depth. Us-
ing, instead, a pseudo-Wigner distribution (PWD) [7] with a suitably selected
smooth time-window increased target depth resulted in a later occurrence in
time of the time—frequency signatures.

There are many a time—frequency distribution (TFD) to choose between,
not all of them equivalent. Six candidate TFDs were surveyed with the ob-
jective to investigate their relative merits by Strifors et al. [6]. Of these six
TFDs, the PWD demonstrated a distinct ability to extract the target’s time—
frequency signature also for targets at the largest burial depth. Recently, the
PWD and the Baraniuk—Jones optimal kernel distribution (BJOKD) [8] were
compared by Gaunaurd et al. [9], and it was found that these two TFDs gen-
erate quite similar features when extracted from returned radar echoes. The
faster running computational results it produces is an obvious advantage of
the PWD.

UWRB radar emits an extremely short pulse, impulse, or a frequency mod-
ulated signal (e.g., sweep or stepped-frequency). The frequency content of
the emitted signals is designed to match the size and kind of typical targets
and environments. We studied the relative merits for an impulse radar and
a stepped-frequency continuous-wave (SFCW) radar operating in the same
frequency range [10]. This radar system transmits a sequential series of indi-
vidual frequencies. The digital processing of the received signals gives in-phase
(I) sampled signals and quadrature-phase (Q) sampled signals. The I and Q
signals contain the amplitude and phase information about the received wave-
form that are necessary for synthesizing a pulse response, using the inverse
Fourier transform. It followed from the analysis that synthesized waveforms
generated in the SFCW radar can be compared to the UWB waveforms trans-
mitted by impulse radar. However, in this chapter the calculations and pre-
dictions shown in the figures for target identification purposes are based on
the SFCW type of radar.

The time—frequency signature of radar illuminated targets buried under-
ground is affected by their burial depth and the composition and moisture
content of the soil. This is particularly true for targets of low-metal content.
In a series of papers [11-13] we have developed a methodology for transform-
ing to standard burial conditions the time—frequency signatures generated by
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returned waveforms from targets buried at unknown depth in soil of unknown
moisture content. However, it is assumed that the electromagnetic properties
of the soil as a function of moisture content are known. The methodology
was based on an approximate technique for transforming time—frequency sig-
natures when a given target is buried in a soil of specified electromagnetic
properties at different depths and moisture contents, which was called the
target translation method (TTM). The electromagnetic backscattering from
the targets was analyzed in the frequency domain using a method of moments
(MoM) algorithm, and suitable waveforms in the time domain were synthe-
sized. The single signature template needed for each target was computed
using a PWD of the returned echo when the target was buried at standard
conditions, i.e., a selected depth in the soil of a selected moisture content.
Then, the PWD of any echo returned from a target was computed and the
difference between this PWD and the template PWD computed using a suit-
able distance function was evaluated. Applying the TTM with the depth and
soil moisture content taken to be unknown parameters, the distance func-
tion, used as the objective function or fitness function, was minimized using
the differential evolution method (DEM) [14,15]. The template that gave the
smallest value of the minimized objective function for a given target was
taken to represent the correct classification, and the corresponding values
of the depth and moisture parameters were taken to be estimates of the ac-
tual target’s burial conditions. To make the computations more efficient, only
two or three iterations in the DEM need to be used. A fast direct search
method is then used for zooming in on the smallest value of the objective
function [16].

This classification method has now been implemented for use with an
SFCW GPR system. We demonstrate the ability to classify mines buried
underground from measured GPR signals. The targets were buried in a
test field at the Swedish Explosive Ordnance Disposal and Demining Cen-
ter (SWEDEC) at Eksjo, Sweden.

3.2 Theoretical Models

3.2.1 Spline Models of Soil Properties

The electromagnetic properties of the soil in which targets are buried are
generally only vaguely known. At best, the complex-valued electromagnetic
(dielectric) properties of samples of the soil with measured moisture content
have been experimentally determined as a function of frequency. Thus, the soil
properties are known for discrete values of moisture content and frequency.
The optimization method (the DEM) and the method for approximating tar-
get translation (the TTM) used in the classification procedure require both
continuous functions to work. This can most conveniently be accomplished
using spline functions [17].
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B-Splines are the basic elements by which polynomial splines are con-
structed. Univariate B-spline functions can be generalized to bivariate func-
tions, using the tensor product of two B-splines. Specifically, the spline model
for a particular function value f(u,v) is given by

flu,v) = Zzaij Nik(u) Nj(v), (3.1)

i=0 j=0

where a;; denotes the coefficients that gives a good approximation to the
function f.

The nondecreasing sequences of scalars S = {s;},i=0,...,m+k, and
T={t;},7=0,...,n+1, are called knots. The B-spline basis functions,
Nk (u), are smooth piecewise polynomials with joints at the knots of the order
k (or degree k — 1) with >~ Ny = 1 with the dependence on S implied. In
this application cubic splines (i.e., order 4) are used.

A simple closed-form representation of a cubic B-spline can be written as

3
2 | |7
—— = < 1
s+ 5L 0slel<
3
T) = 2 _ 3 3.2
B (x) ( 6|x|)’ 1< o] < 2 (3.2)
0, 2 < |x|.

Original data are the given points g;; with pairs of assigned parameter values
(us,vj) for i =1,...,Ny,j=1,...,N,. The coefficients are here determined
by minimizing the Euclidean distance

N. N,
Qust = > > Nlgis — fui, )l (3.3)

i=1 j=1

in the mean-square sense. The above bivariate splines method is applied with
the function f denoting the dielectric permittivity of the soil £ and the target’s
burial depth and soil moisture content (d,m) substituted for the variables

(u,v).

3.2.2 The Target Translation Method in Practice

In the TTM it is tacitly assumed that the returned echo from an underground
target depends on the depth and soil moisture content only through a simple
translation of the waveform [12]. In addition, the surface reflection at the air—
soil interface is taken into account as the reflection at the soil-target assumed
to be a flat surface whatever the shape of the target. To account for the latter
kind of reflection is essential when the target is dielectric with permittivity
close to that of the soil. The scattering interaction with the target of the
interrogating waveform transmitted by the antenna is assumed to be otherwise
independent on the depth and moisture parameters. In the frequency and time
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domains the general trend of the target signatures were shown to be preserved
at target translation. Best agreement between translated target response and
actually computed response was found in the time—frequency domain.

The (normalized) radar cross section (RCS) in terms of form-function can
be written in the alternative forms

2

7 , (3.4)

= ‘f(m,cl,w)e_gad‘2 = ‘f(m,d,w)

Ta?
where w is the angular frequency. The form-function f(m,d,w) is assumed to
completely incorporate the scattering interaction of the waveform and target,
and f(m,d,w) is the actually computed form-function at the depth d and
moisture content m.

The back-scattered F-field, disregarding the air—soil reflections, in the time
domain can then be written in the alternative forms

+oo
1 ) )
Ey = Eoiez— / G(w)f(m,d,w)em’d/c*md e~ HWt=kr) 4.,
2r 2w
+oo

a 1 5 it
= Eoy oy / G(w)f(m,d,w)e @k dy, (3.5)
—0o0
where G(w) is the Fourier transform of the target-illuminating pulse g(t) as
defined immediately below the upper surface of the soil. Moreover, real-valued
quantities ¢ and « are the phase velocity and attenuation in the soil medium

and they can be written as
<|NT5T| + Re (prer) ) -
C=C 9 )

a= w |rer| — Re (prer) 12
Co 2 ’

(3.6)

where ¢y = 1/,/mogq is the wave speed in free space. These convenient rela-

tions can be obtained by introducing definitions p = p,pg = (uh. + iu) o and

e = ere0 = (el + ie))e,, where a prime or double prime indicates the real or

imaginary part of a complex number, into the combined relations:
k=FK +ik",

k? — w2’u& (37)

Identifying the real and imaginary parts of the resulting expression then gives
: CwHRmmy”
E=w — s ,

1/2
M:wcw—fmm>ﬂ

Finally, on defining k = w/c + ia, Egs. (3.6) follow.

(3.8)
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The quantity p,e, is a complex-valued function of the angular frequency
w that is determined by the properties of the soil constituents and moisture
content. In general, the soil medium is both dispersive (i.e., ¢ is a function of
w) and dissipative or lossy (i.e., o > 0).

Returned waveforms from illuminated targets are analyzed in the time—
frequency domain using a PWD. Introducing a smooth time window, wy(7),
the (real-valued) PWD assumes the form

PWD f(w, 1) = 2 / S+ 7) (= Twp (P (—r)e 27 A7, (3.9)

which allows us to control the amount of cross-terms interference. Here, the
window function is a Gaussian of the form: wy(t) = exp(—vt?), where the
parameter v controls the width of the time window.

As a measure of the distance between the PWD signatures of two different
echoes PWDy, (w,t) and PWDy, (w, t), we use the Euclidean distance defined
by

1/2
d(PWDy,,PWDy,) = [//(PWDf,(w,t)—PWDfZ(w,t))dedt} ,

(3.10)

and for the norm of a PWD signature the L?-norm

|[PWDy|, = U/ (PWDf(wﬂf))?dwdt] 1/2. (3.11)

The template of each target is computed when the target is buried at
standard conditions (depth ds and soil moisture mg), which generates the
PWD signature PWD?(w,t;ds,ms), where the superscript T' designates a
template. Assuming the depth d and soil moisture content m to be unknown
parameters, the PWD of any echo returned from a target can be translated
from the conditions (d,m) to the standard conditions (ds,ms). Then, the
signature difference expressed by

Dggn = dr2(PWD7F (w, t; dg, ms), PWDy(w, t; d, m))/HPWDjfu2 (3.12)

is a measure of the fitness of the translated target signature.

3.2.3 The Differential Evolution Method

The recently proposed DEM is a population-based evolutionary algorithm
based on the use of a special recombination operator, which, to create one
child, performs a linear combination of three different individuals and one
parent, which is also to be replaced. The best of parent and child remains
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in the next population. The main differential algorithm [15] can be stated
schematically as follows.
Given an objective function f(x), defined on a space D of real-valued ob-

ject variables xz;,j =1,2,...,D, for which value x* of x does f(x) reach a
minimum value? The DEM generates a randomly distributed initial popu-
lation Py = {x1,0,X2,0,---,Xi,0,---sXNP0}f, Where NP >4 is the number of

members in the population. Evaluate f(x;0),i =1,..., NP. With G < Gyjax
denoting a generation, CR € [0,1] and F' € [0, 1+] being user-defined param-
eters, the algorithm can be written symbolically as

For G =1 to G Do

For:=1to NP Do

Select randomly:r; # 19 #£1r3 £i € {1,2,..., NP}

Select randomly once each @: jrqna € {1,2,...,D}

For j =1to D Do

If (rand;[0,1) < CRor j = jrand);

Then w;; g11 = Tjry,c + F(Tjr.c — Tjr.G) (3.13)
Else u;;.c+1 = Tj4,¢
End If
End For

If f(us,ge1) < f(xi,¢) Then x; 641 = w641
Else x;, g+1 = %6

End If

End For

G=G+1

End For

Here, rand|0,1) is a function that returns a real number between 0 and 1. When
feasible, the algorithm is made to stop when a specified stopping condition is
met, e.g., fiax — fmin < €, where € is a small number, and fi,.x and fi, are,
respectively, the current maximum and the minimum function value to reach.

The DEM is then used with the signature difference Dy, according to
Eq. (3.12) as the objective function to be minimized by a suitable combina-
tion of the parameters (d,m), which are thought of as a member vector of
a population. The number of pairs of (d,m) in the population is chosen to
be NP = 20. To make the computations more efficient, the maximum num-
ber of generations is set to Gpax = 3. This number is far from sufficient for
convergence of the DEM but, in general, good enough for reaching a proper
classification of the target and providing start values for the fast Nelder—Mead
simplex (direct search) method [16]. The resulting parameter values are those
that most closely model the observed data to the specified target template.
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Furthermore, the template that corresponds to the smallest value of the min-
imized objective function Dy, is a measure of the actual classification.

3.3 Classification of Test Field Targets

3.3.1 Radar Measurements

The SFCW radar transmits 55 different frequencies in the band 300 to 3000
MHz (in steps of 50 MHz). Having a duration of about 100 us, each trans-
mitted waveform has an extremely narrow band. The I and Q signals of
14 bits resolution give information of both the amplitude and the phase
of the signal returned from a target. As a result, a complex-valued line
spectrum of the target response is obtained. The present SFCW radar uses
frequency sequences containing N = 256 samples. The recorded spectrum se-
quence is located from position n =6 to = 60 (position n = 0, correspond-
ing to the frequency f = 0). Folding the conjugate sequence (n =0 to 127)
about n = N/2 locates the mirrored conjugate sequence in positions n = 196
to 250. The remaining positions of the frequency sequence are set equal to
zero. This conjugate symmetric frequency series constitutes an analytic signal,
which is then used to synthesize the (real-valued) target response in the time-
domain, using the inverse discrete-time Fourier transform [18]. The Nyquist
frequency is 6.4 GHz and the Nyquist sampling rate 12.8 GS/s. The du-
ration of the synthesized time-series is 20 ns, which has a length of about
6 m in air. Half of this length is the unambiguous range in air (i.e., 3 m).
The possible clutter contributed from targets outside the unambiguous range
by aliasing does not interfere noticeably with the correctly positioned signal
components.

The radar measurements at the SWEDEC test Field at Eksjo, Swe-
den were performed during a few days in October 2003 by using a man
held SFCW GPR system developed at FOIL. This experimental GPR system
HUMUS (HUmanitarian MUItiSensor) has an antenna unit with two parallel
elements, transmitting and receiving, and is prepared to include also a metal
detector. Fig. 3.1 shows this experimental GPR system HUMUS. The opera-
tor lets the antenna in front of him sweep across the width of the lane to be
searched, approximately 1 m. At each scan, 75 waveforms are recorded. Di-
rectly upon each scan various pictures such as a depth view of the waveforms,
detection alerts, and possible mine classification results are presented in eas-
ily comprehensible form to the operator on a computer screen. Classification
using the present DEM-based algorithm with depth and moisture estimation
was implemented later, and the capability of this method is demonstrated
here using the previously recorded waveforms.

The theoretical studies referred to in Section 3.1 used analytical approx-
imations of the complex-valued dielectric permittivity previously measured
from soil samples of known moisture content taken from the Yuma Proving
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Figure 3.1. The HUMUS GPR system and operator. The computer screen displays
depth view of the waveforms, detection alerts, and possible mine classification results.

ground, AZ. A similar approach was used to model the properties of moist
sand. Only preliminary results are available, and they are not derived for the
present kind of soil. Instead, this preliminary algorithm is used for the soil
of both the earth-layer and the road. The actual values of the moisture con-
tent in the earth-layer and road are not known, but a moisture content of
5% is assumed when generating the templates. The targets used to generate
templates are all buried at a depth of 2 cm.

The mine targets used in these experiments were three types of dummy
antitank mines: TMM1 (metallic), TMA1, and TMA5 (both of low-metal
content) (see Figs. 3.2 to 3.4, right image). They were all buried some time
in advance in a portion of an earth-layer (about 40 m?) and a portion of a
dirt road covered with gravel (about 120 m?). The positions of the buried
mines were unknown to us until after the test, but a small portion of both
the earth-layer and the road had known targets at known depths that were
used to record backscattered signals used to generate PWD templates of the
targets. The targets used to generate the templates were all buried at the
depth of 2 cm. The moisture content was assumed to be 5%, but the actual
value was not known. Moreover, the value of the dielectric permittivity of the
low-metallic mines was assumed to be 4 in both cases.

Besides the dummy mines the targets also included a few Coke cans. Var-
ious fragments such as pebbles, roots, and twigs were part of the soil back-
ground. The modulus of the normalized PWD templates of the three mine
targets used in classification are displayed in the surface plots to the left in
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Figure 3.2. PWD template of the dummy antitank mine TMM1 (metal) (left) and
picture of a TMM1 mine (right).
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Figure 3.3. PWD template of the dummy antitank mine TMA1 (low-metal) (left)
and picture of a TMA1 mine (right).
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Figure 3.4. PWD template of the dummy antitank mine TMAS5 (low-metal) (left)
and picture of a TMAS mine (right).
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Figs. 3.2 to 3.4. These surface plots use progressively darker shades of gray
(pseudocolors), and the value of the PWD is further emphasized by three-
dimensional effects of light and shadow. Each PWD is normalized by setting
its maximum value to unity, which corresponds to black in the images.

3.3.2 Classification of Underground Targets

As examples, three scans, each comprising 75 recorded and synthesized wave-
forms, are used here for target classification. The first scan is taken close to a
TMM1 metal mine buried in the earth-layer at a depth of about 20 cm. The
other two scans are taken close to a TMA1 and a TMA5 low-metal mines
buried below the road surface at unknown depths. The classification results
along a 35-cm segment of the scan above the TMMI1 mine are displayed in
Fig. 3.5, left plot. The distance function for the mine templates is displayed
using a heavy solid line for the TMM1 and a heavy dashed or a dash-dotted
line for the TMA1 or TMAS5. The distance function for the Coke can tem-
plate or background template is displayed by a light solid or a dashed line.
It can be seen in the left plot that the TMMI target is correctly classified
(smallest values of the distance function) with the Coke can (a metal object)
as the classifier’s second choice. The low-metal targets and background give
even larger values of the distance function at this segment of the scan. The
right plot displays the estimates of the burial depth and soil moisture content
for the classified target, viz., the TMM]1. The depth can be seen to be under-
estimated as it is shown to be about 13 to —14 cm to be compared with the
actual depth of 20 cm (see Fig. 3.5, right plot). The discrepancy is believed
to be caused by a too unrefined fit of the dielectric and moisture properties of
the present soil. For the portion of the earth-layer where the classified target
is located a moisture content of about 2% can be read off from the right plot
of Fig. 3.5.
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Figure 3.5. Distance function for target templates (left plot) and estimated burial
depth and soil moister content for the TMM1 mine (right plot).
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Figure 3.6. Distance function for target templates (left plot) and estimated burial
depth and soil moister content for the TMA1 mine (right plot).

The classification results of the low-metal mines shown in Figs. 3.6 and
3.7 are computed from backscattered signals from targets buried beneath the
surface of the road. As can be seen in the left plots of both Figs. 3.6 and 3.7,
the distance function corresponding to the TMA1 and TMAS mines are every-
where very close. Indeed, the distance function for any of these two low-metal
targets turned out to be everywhere hard to distinguish from each other, par-
ticularly so when any of these targets is the actual one. From the right plots
of Figs. 3.6 and 3.7, the estimated burial depth of both the TMA1 and the
TMAS is seen to be about 2 cm and the estimated moisture content about
13%. The actual moisture content was not known in any case, but was pre-
sumably closer to the assumed value of 5% used when generating the target
templates, because the target’s contrast was quite low both in the earth-layer
and the road.

As a comparison, previously obtained measurements are used for classifica-
tion of a few targets buried in an indoor sandbox at the Linkoping site of FOI.
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Figure 3.7. Distance function for target templates (left plot) and estimated burial
depth and soil moister content for the TMAS mine (right plot).
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Target Classification: Sphr10 Target Classification: Sphr10

Classified as:
Sphrs
Sphr10
Sphr30

215 220 225 230

Figure 3.8. Signal strength from a target in sandbox (left) and classification re-
sult (right) when an area of the sandbox is scanned by the HUMUS GPR system.
Top circle outlines the extent of the target. Top figures in black squares (correct
classification) denote estimated depth (cm) and bottom figures estimated moisture
content (%).

The targets here are three metal targets, spheres of diameter 5 cm, 10 cm,
and 30 cm buried at a depth of 5 cm, and a dielectric target, a dummy an-
tipersonnel mine buried at the depth of 2 cm. The antenna is in this case
suspended on a computer-controlled positioning system that automatically
lets the antenna traverse the surface of the sand at a selected height above
the ground (here 5 cm) and perform the preprogrammed radar measurements,
illuminating the target from above. Fig. 3.8 shows the classification result for
one target, viz., the 10-cm metal sphere. The figures to the left and at the
bottom of the two plots are coordinates in cm of the positions at the surface
of the sand. A measurement is made at the center of each square of 2 cm
width. Fig. 3.8, left plot, displays the signal strength of the echo returned to
the radar. The right plot of Fig. 3.8 displays the classification results. The
location of the target is outlined by a circle in both plots. The signal strength
is displayed using shades of gray from black (very low) to white (very high)
signal strength. The low target strength that occurs along two diagonals start-
ing at the target corresponds to antenna positions where at least one of two
crossing antenna elements reaches above the target.

In the right plot of Fig. 3.8, the black squares denote correct classifica-
tion, dark gray squares denote any other metal target, and light gray squares
denote the dielectric target. Each square that denotes correct classification
contains two figures above each other. The top (bottom) figure denotes the
estimated depth (moisture content). As can be seen from the two plots of
Fig. 3.8, the classification of the metal sphere of diameter 10 cm together
with the estimated burial depth (¢cm) and soil moisture content (%) are most
accurate where the target strength is high, i.e., away from the two diagonals
and sufficiently close to the target.
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Already King and Harrington [1] pointed out that for pulses to penetrate
into the earth they have to be of very low frequency. On the other hand,
higher frequency content in the pulses is required to extract information from
the target for accurate classification. In conclusion, it seems that the choice
of frequency band used with this radar system is well suited for both soil
penetration and target classification. There seems to be little point in us-
ing frequencies above a few gigahertzs for large underground targets such
as antitank mines. Higher frequencies can provide more detailed informa-
tion, particularly about smaller targets such as antipersonnel mines in dry
soil. On the other hand, higher frequencies tend to contribute clutter from
pebbles, twigs, and roots. In all cases of target classification it is impor-
tant to acquire only a sufficient amount of information for accurate target
classification.

3.4 Summary and Conclusions

We have investigated the possibility of classifying underground targets buried
at unknown depth in soil of unknown moisture content using UWB GPR. We
have implemented on a GPR system our previously developed combination
of the TTM and the DEM for classifying targets using signatures generated
by PWDs. The method was put to test in a field experiment were the targets
included dummy antitank mines, metal and low-metal, buried underground
in an earth-layer or in a road.

The response of each target at a selected burial depth and selected mois-
ture content were used to generate a PWD signature template for the tar-
get. These templates were then used in the classification procedure. For
each echo returned from a target the PWD signature was translated in or-
der to best fit the actual template by adjusting the depth and moisture
content, taken to be unknown parameters. This optimization was accom-
plished using a few generations of the DEM followed by a fast zooming in
of parameters using a direct search method. The smallest value of the ob-
jective function, or fitness function, represented the classification. In each
case, the targets were correctly classified with this method. In addition,
when the proper template was used, the values of the depth and mois-
ture parameters corresponding to the best signature fit turned out to be
good and consistent predictions. Finally, we note that, although very hard
to detect, mines with low-metal content buried at about 20 cm depth in a
gravel road could be conveniently classified using the present classification
method. In fact, a metal detector could prove too insensitive to the low-
metal content in deep buried plastic mines. In such a case, this classification
method could serve the combined purposes of both detecting and classifying
targets.
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Abstract: We have previously used the weighted Zak transform (WZT) to represent
complex, real-world imagery in the space/spatial frequency domain. Also, the WZT
has previously been used to construct complete, orthonormal sets of functions on a von
Neumann—Gabor lattice. In this chapter, we investigate the properties of the weighting
function of the WZT. We then use the WZT to construct an ambiguity function that
vanishes at all points on a lattice, except for the origin, thus providing the narrowest
possible discretely defined function. We then prove that the ambiguity function falls
off exponentially between the lattice points. Finally, we show how to obtain basis
waveforms using the WZT, which are suitable for analyzing and synthesizing complex
signals and images.

4.1 Introduction

The weighted Zak transform (WZT) has been widely used in constructing
complete orthonormal sets of functions on a von Neumann—Gabor lattice [4, 5].
Furthermore, we have used the WZT to represent images in the space/spatial
frequency domain [8].

The WZT can be used in computing [4, 5, 8] the Gabor coefficients, ¢y,
in expansions of the form:

Zp(Q1) = Zg(0,7) DD g - €77
n

m

T 270N L2TTm
Lz, (Q,T—i—E) S i - 2T (41)

m n

where cpn = (f, gmn) = (Zy, Z3,,,.)[8]-
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We have previously applied the Zak Transform (ZT) to the computation of
expansion coefficients for complex images [10]. In that case, the images were
decomposed in a combined space/spatial frequency domain using Hermite
functions. In related work, we used for image analysis another window func-
tion obtained by weighting the Zak transform of a Gaussian [8]. The result-
ing basis functions were smooth and localized, and hence suitable for the
analysis of complex, real-world imagery. The basis functions described here
are similar to those described in [8], and hence may also be relevant to the
analysis of complex imagery consisting of localized targets on complex real-
world-backgrounds. In this chapter, we consider the properties of the WZT
and applications to signal processing. In signal processing one attempts to
design signals with prescribed ambiguity functions (AFs), in particular, AFs
that are strongly localized at the origin in the time—frequency plane [11-14].
First, we note the relation between the discrete Husimi distribution and the
ambiguity function on the lattice of the Gaussian analyzing window and the
test signal, which follows from [9]. We then use the WZT to construct an
ambiguity function that vanishes at all points on a lattice, except for the
origin, thus providing the narrowest possible discretely defined function. We
then prove that the ambiguity function falls off exponentially between the
lattice points. Finally, we show how to obtain basis waveforms, using the
WZT, which are suitable for analyzing and synthesizing complex signals and
images.

4.2 Background and Definitions

The Zak Transform (ZT) for the signal f(t) is defined as follows [1, 2]:

Zp(Q,7) =VT Y ™ f(r —nT). (4.2)

Correspondingly, the inverse transform gives the signal, f(¢):

f(t)=vT / Z (€2, 7)dQ. (4.3)
0

Define the weighted Zak Transform as

Zr(Q, 1)

VSr(Q,7)

We call f the inverse of the weighted Zak transform, z;(€2,7), as is used in

zp(Q,71) = (4.4)
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=S (Q,T + g) (4.5)

1
:Sf (Q+T7T>

The weighting function is real, positive, and periodic in both variables
(Q, 7). For Gaussian the weighting function is a product of two Jacobi theta
functions [5].

Eq. (4.2) and where the weighting function is defined as

1 T
Sr(Q,7) = 5 (lzf(Q,T)l2 + ‘Zf (Q7T+ 5)

4.3 The Weighted Zak Transform and the
Ambiguity Function

Wigner, Ambiguity Functions, and Discrete Husimi Distribution.
When the analyzing window is Gaussian, the coefficients |hyp na(f)]? can be
expressed in terms of the discrete Wigner function [9]:

P oma (f)? = // Wyg(na —t,mb —9) - Wy (t,9)dtdy (4.6)

which is also called a discrete Husimi distribution [9]. The Discrete Fourier
Transform (DFT) of |Amp.na(f)|* can be computed as a product of the corre-
sponding Ambiguity functions Ay, - Ay on the lattice.

Let us elaborate on this and say the following. Denote by H(z,p) the
Husimi function for the signal f, and by K(v,t) the 2-D Fourier transform of
H(z,p). Then from Eq. (44) of [9] it follows that for any v and t, K (v,t) =
Agg(rit) - Apr(1,1).

Therefore, this equality holds also on the lattice. Then, using a well-known
connection [2, 3] between the | Z,(Q, 7)[> and | Z;(£2, 7)|? and their correspond-
ing Ambiguity functions (AFs) on the lattice, one gets the result: K(v,t) on
the lattice can be computed from the squares of the absolute values of the
Z'Ts. We see here again that it is not neccessary to know the phase of the ZT
in order to find K(v,t) on the lattice.

Both the A, and the Wigner function play an important role in signal
processing [3]. Where the cross AF, A, (v, t), in the v — ¢ plane for the signals
f(t) and g(t) is defined as follows [2]:

Apg(vit) = / R (z - %t) g <z + %t) dz, (4.7)

— 00
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where f*(t) is the complex conjugate of the signal f(¢). In the computations
of the coefficients of Eq. (4.6) one is often interested in the values of the AF
on a discrete lattice in the v — t plane. For this purpose, there is an important
relation between the cross AF, A (n%, mT), on a discrete lattice and the Zak
transform, Z(£2, 7). This relation is as follows [2, 3]:

* mn n —(2m QT M+2men %
Z5( Q1) Zy(7) = 3 (1) Apy (7, mT ) e"CmOTmmnd) (45

m,n

for f=g
2 mn n —(2mQTm+2min )
Zp( @) = Y (1) Aps (ZomT ) e P 9)

m,n

The cross Wigner function for two signals f(¢) and g(t) can be defined as
follows [2]:

Wy q(t,v) = /e*%“’Zf* (t — %z) g <t + %z) dz. (4.10)

One can easily check that W 4(t,v) is the two-dimensional Fourier transform
of Ay 4(t,v). We have [2]

Wy q(t,v) :// Ag g (u, )™ 2T dydy (4.11)

and
t v
Aralot) = 235(0) (5.3 ). (4.19)

where f(t) = f(—t).

The Weighted Zak Transform and the Ambiguity Function. An
interesting connection can be established between the WZT, z(Q2, 7), and the
AF, if we use Eq. (4.9) rewrite it for 7 + £ and then add the two forms of the
equation. We find (summing only over even n = 2s, since the sum vanishes
for odd n = 2s +1):

T
2z + |75 (7 + 3

2
-9 Z Aﬁ(%; mT) e—(27‘rt52Tm+47rts%).

(4.13)

By using the definitions in Eqs. (4.4) and (4.5), Eq. (4.13) for the WZT, z,
becomes (omitting subscript f).

T\ |2 2 .
P (Q, T4+ 5) - 1= QZAZ <?87 mT) e—(27rLQTm+47r/,sT).
(4.14)

It therefore follows that for the normalized z(2, 7), the AF in Eq. (4.14) will
be 3 at A%(0,0) and will be zero at all other even-frequency points of the von

|2(Q,7)]” +
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FFT {12[Q,7]12 FFT {2[Q,7 + ET 1%

Figure 4.1. The AF? (3, mT) and AF% (%, mT) for T = 2\/ar = 1.25331, A =
2

T

0.5, = 0.5, of the Eq. (4.14a).

Neumann— Gabor lattice sz’ mT } in the time-frequency plane. A* (QTS, mT)
in Eq. (4.14) is computed in the following way by taking the 2D DFT of

12(Q, 7[>+ |2 (2,7 + %)|2 Denote the DFT of the first term AF* and the
DFT of the second term AF7%, then,
2

. [ 2s . [ 2s . [ 2s
A (T,mT> = AF (?,mT) +AF§ <T 7mT> , (4.14a)

where the sum vanishes when 2s is replaced by an odd integer. This is shown
in Figures 4.1 and 4.2 for a Gaussian signal.

4.4 The Weighting Function

The Zak Transform, Zy(€2, 7), for Gaussian f(t) = ——e~ 2%, from Eq. (4.2)
is

| T2 -2 S T 7 _ e
Zo(Q, 1) =4 W@M‘ <1+22c0s <2n(ﬂQT—LWf)>-e 2>\2">.

n=1

Figure 4.2. Ambiguity function on von Neumann—Gabor lattice.
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shift by+T=1.25331 ghift by +2 = 0.626657

1
T
Q

1
T
Q
Figure 4.3. The absolute value | Zy(Q2, 7)| for A = 0.5 and o = 0.5 (see color insert).

The expression in the outer parentheses is a Jacobi Theta 3 function [6]:

[ T2 _ =2 T 1
ZO(Q’T) =4 We 232 @3 (TFQT LW?

For computational convenience, denote o = %, p=1t1-2-a, and q = e"P.
Then Eq. (4.15) in standard notation is

Zy(Q,7) =4V 4ae_2°‘”%2,@3 (WQT - L27ra% ’q) (4.16)

which has a simple zero at ( = (ﬂ'QT — L27ra%) = ”(12 P for O = T and 7 =
%, and is periodic in © with period % (Figure 4.3).

The absolute value of the WZT of the Gaussian is shown in Fig. 4.4

The weighting function S;(€2,7) of Eq. (4.5) for Gaussian f(t) is shown in
Fig. 4.5 and 4.6.

Alternatively, the S(£2,7) function can be written in terms of ©3 functions
m? _iax?a2 2

[5]. For the Gaussian, f(t), the AF is A (%, mT) =e it =t , on
the lattice points (23 mT) Using this AF and Eq. (4.13) one can show that
the weighting function is a product of two O3 functions as follows [5]:

|Z(Q,T)|2 ' (Q T+ ) — 22 e—rram —2mQTm Ze T —4mis %

= 203(10T|e”™)O; (27rf e-i) (4.17)
S(Q,7) = % <|Z(Q,T)|2 v 'z (Q,T+ %) 2)
= O4(7QT | )0, (277% e—”é) (4.18)
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 Zakgusd 7]

‘\" sgaugﬂﬂs 7]

| Zaman(0, 7+ )|

\I Snlun[n- 7)

[z 7)|=

&’T)\) for the Gaussian

Figure 4.4. The absolute value of the weighted |2(2,7)| = e

function (see color insert).

Figure 4.6. shows plots of S;(£2,7), which is a product of two Jacobi Theta
functions (see Eq. 4.17). one of which is a function of Q and the other of .
When T is small, the Theta function depending on 2 oscillates, while the
Theta function depending on 7 will be almost constant and close to 1. This
can be clearly seen in the first three plots of Figure 4.6(a). For large T, the
situation is be reversed: The Theta function of ) is almost constant and is
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Figure 4.5. S;(Q, 7) for Gaussian f(¢),a = 1.

close to 1, while the Theta function of 7 oscillates. This can be seen on all
the plots of Figs. 4.6(b) and 4.6(c). Qualitatively, the plots of Fig. 4.6(b) and
4.6(c) can be obtained rotating the plots of Fig. 4.4 by 90 degrees. Note that
each plot of Fig. 4.6(b) and 4.6(c) have different T s and is normalized to fit
the uniform display.

4.5 The Inverse of the Weighted Zak Transform

The inverse ZT of the WZT z(2, 7) is obtained using Eq. 4.3 and is depicted
in Figs. 4.7, and 4.8 for various periods T and a fixed Gaussian parame-
ter A = 0.5. Figure 4.8 compares the inverse of the WZT z(£2,7) with the
Gaussian.

Decay Rate of the Expansion Coefficients

The AF on a lattice that was constructed using the WZT is shown in the Fig.
4.2

Keeping in mind the results shown in Eq. 4.16 for any normalized z,(2, 7),
it is clear also that zo(£2,7) [see Eq. (4.14) will lead to an AF, A (23, mT), [see
Eq. (4.16) that will vanish at all points of the lattice (22, mT) in the time-
frequency plane, with the exception, of the point s =m =0 at the origin.
However, for the Gaussian function the AF, A (2, mT), will in addition fall
off exponentially for increasing absolute values of |s| and |m/| of the integers
s,m. The exponential fall-off can be shown in the following way. For the
Gaussian function (the ground state of the harmonic oscillator) we have for
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3 ) 3
27 0 (a) T 0

Figure 4.6. The weighting function, Sf (2, 7), for various 7' and fixed A = 0.5.
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2 7
o =17

T

(b}

Figure 4.6. (Continued)

the parameter p = ¢ (See Eq. (4.18) for % = 1) for normalized |z (2, 7)[*

Z Z(_1)mne—rr[m2—(%)n]—Zﬂ-LQTm+L2% n
m n

|20(Q,7)* = (4.19)

O3(mQT[1)O3 (3L 0)

For real 0, 7|29(€2, 7)|? is periodic in Q and 7 with period 7 and T, respectively.
One can extend Q and 7 into the complex plane Q' + Q" 7/ + 7" and write
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Figure 4.6. (Continued)

the series for |29(€2,7)|? in the following way:

20 =D z(m, n)e2m® Tm =3 7! n=2mQ Tmt i r'n, (4.20)
m n

Since |29(©2, 7)|? is analytic for all real Q" and 7/ and for complex parts |Q”| <
o=, 7" < L (the zero of ©3(¢|¢) is at ¢ = Z(1+¢), and |2(€, 7)[* has to fall
off as e=™™~ 2", This follows from a well-known theorem for Fourier series [7].
But z9(m,n) in Eq. 4.20 is proportional to the Wigner function (or Ambiguity
function) that will also fall off exponentially on the lattice in phase space

(time—frequency space) (Figure 4.9).
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Figure 4.7. The basis function derived from the Gaussian for various 7" and fixed

A=0.5.
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T=2A Var = 1.25331
2

T=2AYor = 1.77245
T

T=2AYor = 2.1708

T=2AVoar = 2.50663

175 L,
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:" 1"‘
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Figure 4.8. The inverse of the weighted z(, ) for larger periods T'. The dotted red
plot is Gaussian A = 0.5. Note the scale of each plot is different: for reference purpose
marks of 1,1 on ¢ axis are shown (see color insert).
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frequency

Figure 4.9. The absolute value of the Ambiguity function (see color insert).

4.6 Signal Synthesis Using the Weighted
Zak Transform

For any given signal, g(t), S(€, 7) is periodic in both variables with period %
and %, respectively. This function can be written as Fourier series as follows:

- Z by (7)€ 27" (4.21)

where a,, () is periodic in €2, and b,(7) in 7.

By taking the inverse ZT of the WZT, Z;?S’;)), we can get the signal g(¢)

corresponding to it, or its Fourier transform G(v). We have, by using Eq.
(4.21)

=T / dQ Zb g(t —nT). (4.22)
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And, correspondingly, using the connection between the Fourier Transform
and the ZT:

~ 1 [t Z,7)

=TT ) T

where G(v) is the Fourier transform of the signal g(t).

Result represented by Eq. (4.22) is a generalization of formula (4.3) in
Janssen’s paper [2]: instead of one window, m(t), we have a set of windows,
by, (t). Result represented by Eq. (4.23) is, likewise, a generalization of formula
(4.2) in Janssen’s paper [2].

—2mvr g Zan(’/)G (u _ %) , (4.23)
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Using Polarization Features of Visible Light for
Automatic Landmine Detection
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TNO Defence, Security and Safety

5.1 Introduction

This chapter describes the usage of polarization features of visible light for au-
tomatic landmine detection. The Section 5.2 gives an introduction to landmine
detection and the usage of camera systems. In Section 5.3 detection concepts
and methods that use polarization features are described. Section 5.4 describes
how these detection concepts have been tested and evaluated. The results of
these tests are given in Section 5.5. Conclusions from these results are given
in Section 5.6.

5.2 Landmine Detection with Camera Systems

Landmines as left behind after military or civil conflicts are a huge problem.
The main current practice to clear mine fields is by prodding and by use of a
metal detector. Prodding is very time consuming and dangerous and demands
a lot of concentration from the deminer. The metal detector is used to find all
metal objects. However, landmines that contain little or no metal also exist
and moreover, in former battle zones a lot of metal shrapnel is left behind.
The lack of sophisticated tools that are reliable makes the process of demining
very slow. To improve the clearance speed in the future, many nations have
put effort in landmine-detection research.

The research on sensor systems focuses on three main topics [1,2]. First,
the development of new sensors. Second, the improvement of existing sensors.
The third research topic is the integration of these sensors into a sensor-
fusion system. The use of one sensor is generally believed to be insufficient
for landmine detection meeting the requirements of humanitarian demining
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(100% detection) for the reason that a single sensor has a false-alarm rate
which is too high or a detection rate which is too low. The goals of sensor-
fusion are to reduce the probability of false alarms P(fa), to increase the
probability of detection P(d), or to improve a combination of both.

5.2.1 Polarization Camera

One of the sensors that are considered for a multisensor landmine detection
system is the thermal infrared (TIR) camera [3]. TIR cameras are able to
detect small temperature differences (as low as 15 mK). Landmines often
have different heat conductivity and heat capacity compared to the soil and
the vegetation around them. Because of these differences in thermal prop-
erties, differences in temperature between a landmine and the background
may develop when the soil is heated or cooled down. However, TIR images of
landmines in natural scenes contain clutter, since other (natural) objects like
trunks, holes, and rocks also may have different thermal properties compared
to the background. In the visual spectrum it is well known that unpolar-
ized light reflected from a smooth surface becomes polarized [4]. This is also
true for TIR radiation. However, for TIR radiation not only the reflection,
but also the emission is polarized. Since in general the surfaces of landmines
are smoother than the surfaces found in a natural background, the presence
of significantly polarized TIR radiation is an extra indication for landmines
(or other nonnatural objects). Using a polarization setup, the performance of
the TIR camera can be improved and thus have a larger contribution to the
multisensor system [5-7].

When compared to a TIR polarization camera a VIS polarization camera
is in general much cheaper and more robust. The drawback that buried land
mines cannot be detected with a VIS polarization camera is in some applica-
tions less important. This chapter only deals with the automatic detection of
landmines using a VIS polarization camera.

5.2.2 The Use of VIS Polarization in Area Reduction

Reduction of the suspected area (before close-in detection is started) is very
important in mine-clearance operations, irrespective of the detection tech-
nique (prodding or using an advanced multisensor system). Area reduction
is the process through which the initial area indicated as contaminated (dur-
ing a general survey) is reduced to a smaller area. Area reduction consists
mainly of collecting more reliable information on the extent of the hazardous
area.

Mechanical methods to reduce the area for mine clearance are among oth-
ers rollers and flails. So-called Pearson rollers [8], mounted on an armored
commercial front-end loader, are sometimes used to rapidly reduce areas ad-
jacent to locations where antipersonnel (AP) landmines are suspected. Since
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the AP mine rollers have proven to be successful within humanitarian mine
clearance, The HALO Trust has developed an anti-tank (AT) mine roller unit
to be mounted on a front-end loader like the AP mine roller. The AT roller
system is designed to detonate antitank mines, but each detonation of an AT
mine will incur a downtime for repair of the rollers, since some damage is
expected on an AT mine detonation.

In order to minimize the amount of physical AT mine detonations, a cam-
era system is developed that uses polarization properties of visual light to
reach a high-detection rate of AT mines, combined with a low false-alarm
rate. The camera system is fitted to the roof of the vehicle and is forward
looking. The goal is to detect as many surface-laid AT mines as possible
and to stop the vehicle before the roller detonates the mine. Contrary to
close-in mine detection, 100% detection is not a requirement in this scenario,
since mines missed by the camera will be detonated by the rollers. For some
applications a very low false-alarm rate (less than 3 alarms per 100 m for-
ward movement of the vehicle) combined with a moderate detection rate
would be a valuable system. The following list presents some possible cam-
era system concepts and the assumptions they have on the camera image
modality:

— Black and white (BW), visible light, video camera;
— color, visible light, video camera;

— BW, visible light, video camera with polarization;
— Color, visible light, video camera with polarization.

All mine-detection camera systems are based on assumptions regarding the
appearance of landmines for image processing and landmine detection. The
above-mentioned camera concepts of a visible-light camera with or without
polarization have different mine-detection capabilities.

5.3 Detection

In addition to the conventional way of detecting mines using image inten-
sity [9] and/or color features, an additional way is created by the use of
polarizers. Polarization can add significantly to the systems robustness and
its detection performance [5-7|, especially in the case of detecting artificial
objects within a natural background. However, the performance of polariza-
tion features depends more on the operating conditions than the color or
intensity features, which are more invariant to those conditions. For exam-
ple, the position of the sun (both azimuth and elevation), viewing angle with
respect to the sun position, and weather conditions (daylight, clouds) have
an impact on the use of polarization. Extensive tests have given some in-
sights into the application of polarization system and its effect on the system
characteristics.
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5.3.1 Detection Concepts

The mine-detection concept that we propose should combine features and cues
from different image-processing techniques:

Color and/or intensity analysis: Detection is based on object color [10]
or intensity contrast with the surrounding background [9]. The contrast
threshold is defined by global or local image statistics (mean and standard
deviation) of the image.

Polarization analysis: Objects are detected on the basis of their polarization
contrast with the surrounding background [7].

Edge detection and grouping: Straight or partly circular edges are ex-
tracted because they can indicate artificial objects. The subsequent step
groups edges into hypothetical artificial objects (e.g., using an edge-based
Hough transform [11]).

For this concept, each image-processing technique results in a set of pos-
sible object detections with computed color, edge, or polarization features for
which additional features (e.g., morphological) can be calculated. The result-
ing set of objects is put into a pattern-recognition classifier that performs the
final mine detection based on all computed features and previously learned
examples. In order to ensure robustness of this classifier, it is important that
the image-processing techniques deliver invariant features. For example, scale
invariance [12] can be found with proper camera calibration.

5.3.2 Detection Methods

For the tests that are described in Section 5.4, we have made a first par-
tial implementation of the mine-detection concepts described in the previous
paragraph. For these tests we have implemented a threshold on intensity and
polarization, and a blob analysis scheme as pattern-recognition classifier.

5.8.2.1 Threshold on Intensity

The assumption that landmines have intensity values that are different from
local surroundings can be exploited using intensity contrast images. As mines
can be brighter or darker than the background, the intensity contrast can be a
so-called positive or negative contrast with the background. The (normalized)
positive intensity contrast image is defined as

_ I(z) — min(I)
Lpos() = max () — min(I)

(5.1)

The (normalized) negative intensity contrast image is defined as
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On both contrast images a threshold can be applied to obtain an image with
binary values indicating the detection of landmines. The applied threshold
is a parameter of the detection method, and its choice of value depends on
the scenario of application and required performance. The positive intensity
contrast detections are defined as

Dfpos(x) = {Ipos(x)}t (5.3)
The negative intensity contrast detections are defined as

Dy, (#) = {Ineg(2) }, (5.4)
where the threshold operator is defined as

e = {5021 (55)

5.3.2.2 Threshold on Polarization

Landmines that have a smooth artificial surface (and/or have intensity values
that are different from local surroundings) can be detected using polariza-
tion contrast. Polarization contrast can be defined using the Stokes vector [4],
which is a mathematical representation of polarization. Using this representa-
tion, optical elements can be described as matrix operators on these vectors.
The Stokes vector is constructed by measuring the intensity of four different
polarization states:

— Iy measures all states equally through an isotropic filter,

— I, measures the intensity through a horizontal linear polarizer,

— I;5 measures the intensity through a linear polarizer oriented at 45 degrees,

— I, measures the intensity through a polarizer which is opaque for left cir-
cular polarization.

Using these measured intensities, the Stokes parameters I, Q, U, V are defined
as

I =2I,
0 =t 3h 6)
V =2I; — 2]
Often different representations are used for the linear polarization:
LP =+/Q?>+U? (5.7)
DoLP = ? (5.8)

U= %arctan (%) (5.9)
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with LP the amount of linear polarization, DoLP the degree of linear polariza-
tion, and ¥ the angle of polarization (orientation of the polarization ellipse).
The polarization detections are defined as

Dyo(z) = {f(1,Q,U)(z)}, (5.10)

where f(I,Q,U)(x) is a function that projects the first three elements of the
Stokes Vector to a scalar. For example, the linear polarization LP (Eq. (5.7)),
with @ and U being the Stokes components that are determined for each
pixel. The amount of linear polarization is, in the implementation for the
tests, taken as the polarization feature. The normalized polarization contrast
image is defined as

LP(z) — min(LP)

LPpos(z) = : 5.11
pos () max(LP) — min(LP) (5-11)

The polarization detections are defined as
DLPpos(x) = {LPI)OS(I)}t (512)

5.3.2.83 Combination of Intensity and Polarization

For implementation for the tests, we have combined intensity and polarization
in the following way:

F(z) = {IPOS(‘T)}t] V {neg () 'I—*Ppos(x)}t2 (5.13)

The blobs in the resulting binary image F(z) are extracted by means of a
connected-component algorithm. Blobs are groups of connected pixels that
represent possible landmine detections. Blobs with a size smaller than thresh-
old t3 are removed from image F'(x). As such, the complete detection proce-
dure has three parameters: thresholds ¢, t5, and t3.

The reason for this combination is as follows: The combination takes a
disjunction of the positive intensity and polarization contrast to use either
positive intensity or polarization, whichever has more contrast at the appro-
priate moment. The conjunction between the negative intensity contrast and
the polarization is applied for reasons of false-alarm reduction. Furthermore,
it is assumed that intensity and polarization are complementary features. This
assumption has been validated from the results of the tests.

5.4 Detection Tests

To test the detection concepts, detection tests have been performed. This
section describes the camera hardware and the detection and performance
evaluation software that have been used for the detection tests. These detec-
tion tests have been performed using a static setup, looking at a static scene.
This section also describes the test procedure, including preparation of the
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test fields, selection of the test mines, and pre-processing of the measured
data before detection evaluation. Several factors that are expected to influ-
ence the detection performance have been taken into account when setting
up and performing the static tests. Factors that are expected to influence the
detection results are as follows

— Light conditions (elevation and relative azimuth of the sun);

— Distance between camera and mine (number of pixels on mine);
— Mine type;

— Condition of mine surface;

— Burial depth (fraction of mine body visible for camera);

— Vegetation;

— Orientation of top surface of mine (horizontal or tilted).

5.4.1 Polarization Measurement Setup

Generally there are two different approaches used for the measurement of
(infrared or visual) polarization. Either time division or spatial division is
necessary to measure up to four elements of the Stokes vector using only one
focal plane.

With time division, different polarization images are measured sequen-
tially. This is usually performed by mounting a polarization filter in front of
the camera and taking a sequence of images with different polarization direc-
tions. For measurements of the full (four elements) Stokes vector, a retarder
(for instance, a quarter wave plate) is rotated followed by a fixed linear po-
larization filter. This common approach of either rotating a polarizer or a
retarder is reported by the majority of literature [13-15].

Using spatial division, the different polarization states are measured simul-
taneously at the cost of reduced spatial resolution. For example, every four
adjacent pixels of a focal plane array (FPA) are grouped. In front of each of
these four pixels a different polarization filter is mounted, each with a different
orientation [16,17].

When more than one focal plane is available, an optical prism assembly,
mounted behind the camera lens can be used to separate an image into three
equal components. Each image is captured with a CCD. In front of each CCD
element a polarization filter with a different, fixed orientation is mounted.
This solution is known only for visible light since visible light CCDs are much
cheaper than IR FPAs.

Our approach for the measurement setup is the use of time division and
a rotating polarization filter. With this setup only linear polarization can be
measured (the first three Stokes components). The measurement setup con-
sisted of a black-and-white visible-light camera system, mounted on a tripod.
The camera has a frame rate of 25 Hz and the images are grabbed from the
analog video output of the camera using a frame grabber. The rotating po-
larization filter (Polaroid sheet) was mounted in front of the camera lens.
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The filter was rotating at a constant speed. A trigger pulse from the rotation
setup started the acquisition of the frame grabber in the computer. Since the
camera was running at a fixed frame rate, the time between the frames and
thus the rotation of the polarization filter between the different frames is fixed.
A recorded sequence (about 56 images) contains at least one full rotation of
the filter, which had a rotation time of just over 2 s. This camera had a fixed
iris and a limited dynamic range, which appeared to be a limitation with shiny
mines.

5.4.2 Test Setup
5.4.2.1 Test Fields

In order to perform measurements with different relative sun positions, four
test fields were constructed, each in a different direction relative to the camera,
which was placed in a central position. Three of the four fields had a stony
background; the field in the west direction had a grass background. During
data collection, the camera made recordings of the different measurement
areas with the camera being rotated on the tripod to view the different areas.
From the camera viewpoint, the four areas faced the North, South, East, and
West directions (Fig. 5.1).

5.4.2.2 Test Mines

Replicas of four different types of AT mines that appear frequently in mine
afflicted countries have been chosen for the tests. One type has a shiny surface
(TM62P-3), while the surface of the PMN consists of mat rubber. The surface
of the P2 consists of concentric rings which are expected to cause detection
difficulties. Quite often only the cap of the mine is visible and not the whole

Figure 5.1. Two examples of the four measurement areas (facing North, South, East
and West). The example on the left is the West measurement area that has grass as
background. The other measurement areas have stones as background clutter as shown
in the example on the right.
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Table 5.1. Lay-out of all four measurement areas. The objects are placed on a 1-m
grid. The six false alarms mentioned in this table are boulders with sizes and/or
colors that are comparable to the mines that are used.

Distance to camera Column 1 Column 2 Column 3
Row 1 13 m PRBM-3 TM62P-3 PRBM-3
Row 2 12 m TM62P-3 P2 TM62P-3
Row 3 11m P2 PRBM-3 P2
Row 4 10 m False alarm False alarm False alarm
Row 5 09 m PMN False alarm PMN
Row 6 08 m False alarm PMN False alarm

mine body. In the test field only the TM62P-3 mines were surface laid. From
the P2 and PRBM-3 only replicas of the detonators were placed (as if the
mine body was buried). The PMN AP mines were used since these mines have
roughly the same diameter as the detonator of an AT mine. These PMNs were
surface laid. Each measurement area contains three samples of four mine types
and six false alarms. The mines and false alarms were placed in a rectangular
area with a width of 3 m and a length of 6 m. Eighteen objects (3 x 6)
were placed on a square grid. Table 5.1 shows the layout of the measurement
areas.

Specular reflectivity and thus polarization contrast depends on the
smoothness of the mine surface. Measurements were performed with clean
mine surfaces and with mine surfaces with some sand on them.

During most measurements, the mines were placed horizontally. However,
some measurements were performed with tilted mines, with tilt angles in
different directions relative to the camera.

5.4.2.8 Measurement Procedure

Every 30 minutes during data gathering, recordings were taken of each field.
The time difference between the recordings of the four fields is less than 1 min.
Most recordings took place between sunrise and sunset. Only a few recordings
were taken during the twilight period.

5.4.2.4 Data Pre-Processing

The detection algorithms as described in Section 5.3.2 use Stokes images as
input. The recorded data consists of image sequences with different orienta-
tions of the rotating polarization filter for the different images in the sequence.
Several pre-processing steps are needed to convert the raw data to calibrated
Stokes images. (1). Determination of rotation frequency of polarization fil-
ter. (2). Correction for intrinsic polarization of camera. (3). Determination of
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offset angle of filter. (4). Determination of three Stokes parameters for each
pixel.

5.4.3 Performance Evaluation Tools

The performance of the camera system was evaluated using the ROC curve.
In an ROC curve the detection rate is plotted against the false-alarm rate for
adjustable optimization parameters. Each working point on the ROC corre-
sponds with a set of values for the thresholds #1, t2, and t3 (Eq. (5.13)). The
detection rate is defined as the fraction of detected landmines.

The corresponding number of false alarms per unit area is calculated using
the following method: The camera system will be fitted on top of a vehicle
that moves forward, and we count multiple false alarms that are on the same
horizontal line of the measurement area as one false alarm. This is because
the vehicle must stop only once if one or more false alarms are detected on
the same horizontal line in front of the vehicle.

In order to evaluate the performance of the results of the tests, a tool was
developed to construct the ground truth of the recorded sequences. Figure 5.2
shows the graphical user interface for the tool. In the left window of the
tool a visualization of the recorded polarization sequence is shown. Within
that window we can mark the region of interest by drawing a boundary box,
which appears as a shaded grey area on the right. Detections and/or false
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Figure 5.2. Performance evaluation tool to make ground truth of measurement areas.
The left panel shows the calculated LP image (Eq. (5.7)). The light-grey area, which
is roughly 3 m wide and 6 m deep, in the right panel is used in the detection step. The
white circles give the ground truth.
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alarms outside that box are not taken into account for the results of that
sequence. The ground-truth mine positions can be entered by placing a circular
or rectangular object on the mines on the left. The size of the mine can be
altered and the ground-truth mines appear in white on the right.

5.5 Test Results

This section presents detection results on recordings made in the late summer
period on the test field described in the previous section.

In the following subsections the detection results for different example data
sets are presented. The examples are given to show the advantage of using
polarization and to assess the influence of several factors (as mentioned in
the previous section) to the detection performance as well as to validate the
landmine-detection concepts.

5.5.1 Polarization Versus Intensity

In this subsection we look at the difference in detection results obtained on
a data set that was recorded under ideal recording conditions: completely
clear sky during the whole day, with a shortwave irradiance that continuously
increases from 300 W/m? at 9:00 till 750 W /m? at 14:00 local time. Figure 5.3
shows two ROC curves obtained from the complete data set (all hours, all
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Figure 5.3. Two ROC curves obtained from one data set that show a clear difference
in detection performance when using polarization features. In the bottom curve only
intensity features are used for detection. In the top curve only polarization features
are used (see color insert).
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mines, all viewing directions). In the bottom curve only positive intensity
contrast has been used for detection. In the top curve only the amount of linear
polarization has been used. From this figure we may conclude that polarization
is the most important feature for detection. Although detection based on
intensity only has very low performance, the combination of polarization and
intensity features generally results in a better ROC. For this specific data
set, fusion of both features gives an increase in true detections of not more
than 5%.

5.5.2 Position of the Sun

In this subsection we assess the influence of the relative position of the sun
on the performance of the system. Again a data set has been used that was
recorded under ideal conditions: completely clear sky during the whole day,
with a shortwave irradiance that continuously increases from 250 W/m? at
9:00 till 800 W/m? at 14:00 local time. For each individual measurement hour
and each individual mine type an ROC was calculated. This results in 4 ROC
curves per measurement hour. Subsequently in each of those ROC curves
the percentage of true detections at a false-alarm rate of 3% was chosen.
Figure 5.4(a) shows this percentage of true detections versus the time of mea-
surement for the four mine types. ROC curves were also calculated for each
viewing direction (and all mines types combined, with the exclusion of the P2
mine type). Figure 5.4(b) shows the percentage of true detections versus the
time of measurement for the four viewing directions. The horizontal dashed
lines in the two graphs are the detection results for the whole measurement
period (instead of the result of 1 hour) per mine type (in Fig. 5.4(a)) and per
viewing direction (in Fig. 5.4(b)), also with a false-alarm rate of 3%. From
Fig. 5.4(a) we may conclude that detection results per mine type do not differ
much, except for the P2 mine, that shows a very low performance. This effect
can be explained by the fact that the P2 mine has no flat top surface whereas
the other mines have. As a result this specific mine type cannot be detected
very well using polarization features.

Furthermore, Fig. 5.4(a) clearly shows the dependency between the record-
ing hour and the detection rate. For all mines (except the P2 mine type) the
detection graph shows similar behavior. At 9:00 to 10:00 hours we have top
performance, at 12:00 hours the graph shows a local minimum, and after 12:00
hours there is increased performance again, with the exception of 15:00 hours.
This indicates that there is a relationship between the relative position of
the sun and the detection results, given that the recording conditions were
ideal.

From Fig. 5.4(b) we may conclude that three out of four viewing direc-
tions perform better than 50% detection with a false-alarm rate of 3% when
we look at the detection results for the whole measurement period (hori-
zontal dashed lines). However, looking at the results per hour, there are some
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Figure 5.4. (a) Detection rate vs. time of measurement for the four mine types. (b)
Detection rate vs. time of measurement for the four viewing directions. The results
for all mine types with the exclusion of the P2 mine type are shown. In both figures a
false-alarm rate of 3% was chosen. The horizontal dashed lines in the figures are the
detection results for the whole measurement period (instead of the results of 1 hour)
per mine type (a) or per viewing direction (b) (see color insert).

significant variations. This indicates that different parameter settings are used
for different hours which do not closely match the global settings for the whole
period. From a detailed inspection of the recorded images, we may conclude
that a viewing direction directly toward the sun results in the highest polar-
ization contrast of the mines. When the viewing direction is along with the
sun, the polarization contrast of the mines is lowest.

5.5.3 Influence of Clouds

In this section we look at the detection results for a data set that was
recorded under cloudy conditions. The shortwave irradiance changes between
200 W/m? and 800 W/m? on a time scale of only a few minutes. With the
detection results of this data set we assess the influence of cloudy weather on
the performance of the system.

Figure. 5.5(a) presents the detection results for the four mine types. With
the exception of the P2 mine the detection results are good. Furthermore, the
variation in the results is significant only in the morning and at the beginning
of the evening. When we compare the results with the results for the four
mine types recorded under a completely clear sky (Fig. 5.4(a)) we can see
that there is no drop in performance during the middle of the day. Also the
results for the whole period (dashed horizontal lines) are significantly higher.

Figure. 5.5(b) presents the detection results for the four viewing direc-
tions. For all viewing directions the results for the whole period are above the



86 Wim de Jong and John Schavemaker

100 %- 100 %
20 % 90 %
80 % - 80 %
70 % 70%
2] [}
(= c
260 % 960 %
'g —&-PRBM-3 (0.71 %) 3]
£ 50 % —&-TMB2P-3 (0.87 %)| % 50%
=} =}
&= pP-2 (0.05 %)
4] 1]
2% —o-PMN  (078%)] 2707 j
30 % _ 30 % —&- south (0.54 %)
{ —o—west (0.63 %)
20 % _ 20 % —&- north {0.54 %)
10 % - sl _ _ 10 % —&=- east (0.49 %)
0% wd o s TN, 0% - e
7:00 9:00 11:00 13:00 15:00 17:00 19:00 7:00 9:00 11:00 13:00 15:00 17:00 19:00
Time Time
(a) (b)

Figure 5.5. (a) Detection rate vs. time of measurement for the four different mine
types. (b) Detection rate vs. time of measurement for the four viewing directions. A
false-alarm rate of 3% was chosen (see color insert).

required 50% detection rate. Note that these results include also the P2 mine
which explains the somewhat lower performance in Fig. 5.5(b) when compared
to the dashed lines in Fig. 5.5(a) and Fig. 5.5(b). Furthermore, the variation
in the results is significant only in the morning and at the beginning of the
evening, with the exception of the East direction. When we compare these
results with the results for the four viewing directions recorded under a com-
pletely clear sky (Fig. 5.4) we can see that there is far less variation between
the four viewing directions. This probably stems from the fact that under
cloudy conditions a more uniform light source, which varies less with viewing
direction, illuminates the mines. Under the clear sky conditions the sun as a
point source gives the highest contribution to the illumination.

5.5.4 Surface Orientation

This section describes the results of tests performed using the camera system
on tilted mines. The tests were conducted to assess the influence of the mine
orientation on polarization results when compared with mines that are not
tilted The tests were divided into three parts:

— Mines tilted away from the camera;
— Mines tilted toward the camera; and
— Mines tilted to the side.

In all three situations a tilt angle of 10 degrees was used. Only the mines
in the 1st and 3rd column of the four measurement areas were tilted (see
Table 5.1). The mines in the inner column remained horizontal to serve as a
reference point.
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Figure 5.6. Detection rate vs. time of measurement for the four viewing directions. A
false-alarm rate of 3% was chosen. (a) Results for mines tilted away from the camera.
(b) Results for the nontilted mines (see color insert).

5.5.4.1 Results for Mines Tilted Away From Camera

Figure 5.6 presents the detection results for mines tilted away from the camera
(Fig. 5.6(a)) and nontilted mines (Fig. 5.6(b)) for the four viewing directions.
Comparison of the dashed lines shows that for each viewing direction the
detection results of the mines tilted away from the camera are at least 10%
lower than the detection results of the horizontal mines.

5.5.4.2 Results for Mines Tilted Toward the Camera

Figure. 5.7 presents the detection results for mines tilted toward the camera
(Fig. 5.7(a)) and nontilted mines (Fig. 5.7(b)) for the four viewing directions.
Comparison of the dashed lines shows that detection results for mines tilted
toward the camera only deteriorated for the North viewing direction when
compared with the horizontal mines of the same data set. The other viewing
directions showed improved performance. The East viewing direction performs
poorly for tilted and nontilted mines because of shadows in the morning im-
agery and background clutter in the recordings later on the day.

5.5.4.83 Results for Mines Tilted Along the Viewing Direction

Figure 5.8 presents the detection results for mines tilted along the viewing
direction (Fig. 5.8(a)) and nontilted mines (Fig. 5.8(b)) for the four viewing
directions. Comparison of the dashed lines shows that except for the north
direction detection results deteriorate for tilted mines when compared with
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Figure 5.7. Detection rate vs. time of measurement for the four viewing directions.
A false-alarm rate of 3% was chosen. (a) Results for mines tilted toward the camera.
(b) Results for the nontilted mines (see color insert).

the nontilted mines. However, the results per hour of the west direction do
not differ much.

5.6 Conclusions

In this chapter we have described the usage of polarization features of visible
light for automatic landmine detection.

Given the results of the conducted experiments, the following conclusions
can be drawn:

— Combination of intensity and polarization gives the best performance of an
automatic landmine detection system.
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Figure 5.8. Detection rate vs. time of measurement for the four viewing directions.
A false-alarm rate of 3% was chosen. (a) Results for mines tilted along the viewing
direction. (b) Results for the nontilted mines (see color insert).
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— Performance depends on viewing direction, relative to the position of the
sun. Looking toward the sun (i.e., when the sun is in a sector of +45 degrees
when looking in the forward motion direction) seems to be the best viewing
direction. This is illustrated by the results for some of the data sets from the
West viewing direction (see, for example, the magenta curve in Fig. 5.4(b)).
Note that for the West viewing direction the background clutter is far less
(grass field) when compared with the other directions, which have debris as
background clutter.

— The East viewing direction performs less well because of the position of the
sun relative to the viewing direction during most measuring hours.

— Performance depends on the time of day and shows large variations, which
may be partly due to weather conditions, shadows, and a fixed camera iris.
A camera with a larger dynamic range could solve part of these variations.

— Performance depends on the type of mine: detection results do not differ
much for the mines used in the test, with the exception of the P2 mine that
shows a very low performance. This can be explained by the fact that the
P2 mine has no flat top surface and, as such, cannot be detected very well
using polarization.

— Detection of tilted mines proves to be more difficult, except for mines tilted
toward the camera.
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Physics Innovations Inc.
P.O. Box 2171
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6.1 Introduction

This volume addresses the fundamental physical bases of sensing and informa-
tion extraction in state-of-the-art automatic target recognition systems. The
physical basis of sensing light and its properties of intensity, coherence, and
wavelength are discussed elsewhere in this book. In this chapter, another prop-
erty of light, polarization, will be described. All light, natural or man-made, is
polarized to some degree. Light from a target contains information in its polar-
ization state. Often this information relates to the three-dimensional shape of
the target and is independent of the intensity and wavelengths radiated. Inten-
sity and wavelengths can vary with the illumination source, the temperature
of the target, and the surface coating on the target. However, for most cases
of interest the three-dimensional shape of the target will remain unchanged.

In order to use this information in automatic target recognition systems,
three technical capabilities must be developed: (1) an understanding of how
light polarization is altered when scattered from or transmitted through ob-
jects, (2) development of imaging sensors to capture the polarization of light
from targets, and (3) development of algorithms which use the captured po-
larization information to aid in automatic target recognition. The latter two
capabilities are currently being discussed in the literature and will not be
covered here. This chapter will describe how objects alter the polarization of
light and what polarization states should be expected for light from targets
when viewed using an polarimetric imaging sensor.

First a description of the polarization state of incoherent light will be given
in terms of the Stokes vector. When light interacts with matter, the trans-
formation from the input to output polarization states is given in terms of
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the Mueller matrix. A description will then be given of a common occurrence
that changes the polarization, the reflection and transmission at a planar
air/dielectric interface. Reflection and transmission are described by the
Fresnel equations. Finally, examples will be given where polarization infor-
mation captured during the imaging of objects can be used to aid automatic
target recognition.

6.2 Stokes Vectors and Mueller Matrices

A beam of incoherent radiation emitted or reflected from a target’s surface can
be completely described at a given wavelength by the four Stokes parameters
I, Q, U, and V [1]. The first Stokes parameter I is a measure of the total
intensity of radiation. The second parameter () measures the amount of linear
polarization in the horizontal direction. The third parameter U measures the
amount of linear polarization in a plane rotated 45° from the horizontal. The
fourth parameter V' is associated with the circular polarization.

The first three Stokes parameters can be transformed into degree of linear
polarization P and angle of polarization ¢ using the relations [2],

p- V&

I
1 U
o= 3 - arctan (6) (6.1)

In Section 6.3, P and ¢ will be shown to be related to the orientation of the
surface element of an object radiating the light.

The four Stokes parameters together form the Stokes vector S = (I, Q,
U, V). Upon reflection from or transmission through an object, the change
in the input Stokes vector Sj, is described by a 4 x 4 matrix M called the
Mueller matrix [1]. The output Stokes vector Sy is equal to M - S;;,.

6.3 Target Shape Information from
Polarization Imaging

6.3.1 Reflection at an Air/Dielectric Interface
6.3.1.1 Polarization from Reflection—Theory

The relationship between the polarization characteristics of light and surface
orientation can be demonstrated using the common experience of polarized
reflection. When sunlight is incident at a grazing angle on the horizontal
surface of water the portion of the light which is reflected is partially linearly
polarized with a horizontal plane of polarization. (Polarizers in sunglasses are
oriented to attenuate horizontally polarized light.) Similarly, sunlight which
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Figure 6.1. The reflection and transmission of light at an interface.

is reflected from a vertical glass window on the side of a building is vertically
linearly polarized.

A theoretical description of the polarization of light upon reflection from
a planar interface is given by the Fresnel equations. The derivation described
here will follow the notation in [3]. Fig. 6.1 shows the reflection and trans-
mission of light at a boundary between media of index of refraction n; and
ng. The z-axis is normal to the interface. Negative z is in the n; region, and
positive z in the ns region. The x and y axes are in perpendicular and parallel
to the scattering plane, respectively. The electric field vectors are defined as
shown in the figure.

When there is a planar interface between air n; =1 and an absorbing
dielectric with a complex index of refraction ny = n — ik, the reflectivity be-
comes

(n cosf — 1) + (k cosf)?
(n cosf + 1)% + (k cos6)?

P (0) = (6.2a)

and
(n — cos0)? + K?

)= —"F—— 6.2b
pL(6) (n + cos0)? + K2 (6:20)
for incident light linearly polarized parallel and perpendicular to the plane of
incidence, respectively [4]. The angle of incidence is 0, i.e., the angle between

the incident light and the normal to the interface. When incident light is
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Figure 6.2. Variation with angle of the reflectivity and degree of polarization.

unpolarized, the reflected light has a degree of polarization given by

~p1(0) —py(0)
PO = o+ m®

If the incident light is unpolarized and the sensor is not sensitive to polariza-
tion, then the measured reflectivity is

o(6) = pL(0) ;PH(@)

p||, pL, and P are plotted in Fig. 6.2 for the case where the complex index
of refraction is 1.5 + ¢0.15, which is representative of paint in the wavelength
range, 3 to 5 pm, the mid-wave infrared region [5].

Figure 6.2 shows that p, > p|| for all angles ¢ except at normal incidence.
When the incident light is unpolarized, the reflected light is linearly polar-
ized perpendicular to the scattering plane. This corresponds to the common
observation of polarized reflection of the sun off planar surfaces as mentioned
above. The scattering plane contains the normal vector to the surface element.
Furthermore, the maximum degree of polarization P occurs when viewing the
surface at a grazing angle, similar to the Brewster angle. These are constraints
on the direction of the normal vector within an image pixel which can be used
to aid in recognition of the target from its three-dimensional shape.

(6.3)

(6.4)

6.3.1.2 Polarization from Reflection—Examples

This section discusses an example of how sensing the polarization of reflected
light can aid target detection and recognition. Section 6.3.1.1 described how
light, which is reflected from a planar surface, is linearly polarized perpendic-
ular to the scattering plane. An example of polarized reflection giving cues of
the three-dimensional shape of target is shown in Fig. 6.3 [6]. In these images,
large values of the degree of polarization P occur in regions where the smooth
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Figure 6.3. Polarization images of a scene with reflected light (see color insert).
[Reprinted with permission of IS&T: The Society for Imaging Science and Technology
sole copyright owners of The Journal of Imaging Science and Technology.]
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Polarization-sensitive
thermal sensor

Figure 6.4. Thermal radiation from a surface on an object is received by a
polarization-sensitive sensor.

surface of the automobile is oriented at a grazing angle to the camera. Fur-
thermore, in regions where P is large, the angle a of the polarization plane is
perpendicular to the normal vector of the surface.

6.3.2 Thermal Emission
6.3.2.1 Polarization from Thermal Emission—Theory

The previous section described how unpolarized light, when incident at a
grazing angle on the surface of water, is reflected with horizontal linear po-
larization (Fig. 6.2). The portion of the light, which is transmitted into the
water is linearly polarized with a vertical plane of polarization. By the same
mechanism, if light originates below the surface and passes through the sur-
face, the transmitted light would be linearly polarized with a vertical po-
larization plane. The polarization plane is identical to the scattering plane
and contains the normal vector to the surface. The transmitted light when
exiting at a more grazing angle to the surface will have a greater degree of
polarization.

Thermal emission is the light originating below the surface. Referring to
Fig. 6.4, when thermal radiation is received by a polarization-sensitive sen-
sor from a surface element on an object, the plane of polarization gives the
azimuth angle ¢ and the degree of polarization P can be related to the po-
lar angle 6. Together # and ¢ determine the normal vector n to the surface
element.

The relationship between P and 6 can be found using the Fresnel equa-
tions [Eqs. (6.2)] for light reflection at a planar interface and Kirchhoff’s law
relating the emitting and absorbing properties of a body, £(0) = 1— p(8) [4].
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Define the plane of emission as the plane containing the normal vector n to
the surface element and the vector a from the surface element to the sensor
(Fig. 6.4). Using these equations, the emissivity ¢ for radiation linearly
polarized parallel to the plane of emission and the emissivity €, for ra-

diation linearly polarized perpendicular to the plane of emission are given
by [4]

4n cos @
[(n? 4+ k%) cos? 0] + [2n cosf] + 1

6“(9) = (6.5&)

4n cos 0
cos? 0 + [2n cosf] + n? + k2’

where 6 is the angle of emission, i.e., the angle from the surface normal n to the
emission direction a. The thermal radiation is assumed to be traveling from
an absorbing material with complex index of refraction ny = n — ix through
the surface into air with n; = 1. The degree of polarization P is given by
g(f)—e (0
EH(Q) +€L(0)
If the sensor is not sensitive to polarization, then the measured emissivity
will be

_ EH(Q) + €J_(9)
B 2

Using the same complex index of refraction as in the Section 6.3.1.1, g, €1,
and P can be calculated and are shown in Fig. 6.5. Examples of P and 0 images

of objects captured using polarized thermal emission sensing are shown in the
next section.

£(9) (6.7)
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Figure 6.5. Variation with angle of the directional emissivity and degree of
polarization.
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6.3.2.2 Polarization from Thermal Emission—FEzamples

Section 6.3.2.1 described how thermally emitted light, which originates below
the surface of an object and passes through the surface, will be linearly po-
larized with a vertical polarization plane. The polarization plane contains the
normal vector to the surface (Fig. 6.4). The transmitted light when exiting at
a more grazing angle to the surface will have a greater degree of polarization
P (Fig. 6.5).

Figure 6.6 shows polarimetric images of a cube captured using a
polarization-sensitive thermal imaging sensor [7]. The cube is made of solid
metal painted a flat black and is heated internally. The I image corresponds
closely with the image expected from intensity, i.e., a forward-looking infrared
(FLIR) image. From the above discussion on polarized emission, the degree of
polarization P should be larger when viewing a surface at a more grazing angle
(Fig. 6.5). The top of the cube in the P image in Fig. 6.6 is brighter than the
sides which face the viewer. (In the P image, the bright pixels that surround
the cube are artifacts of the imaging technique [7].) In the image of the angle
of the plane of polarization ¢, the gray levels are chosen as follows. Where the
surface emits light with a polarization plane such that the electric field vector
E points in the 3 o’clock direction, the pixel is white. Where the E vector
points in the 12 o’clock direction, the pixel is mid-gray. Where the E
vector points to 9 o’clock, the pixel is black. The above discussion described
how, for thermal emission, the plane of polarization contains the normal vec-
tor to the surface. The ¢ image clearly shows that the right-hand side of the
cube, where the normal vector n points to the right, is white, the upper sur-
face, where n points up, is mid-gray, and the left-hand side, where n points
to the left, is black. The two parameters, P and ¢, are directly related to the
two angles which determine surface orientation. From the P and ¢ images in
Fig. 6.6 the three-dimensional shape of the target can be derived.

Insensity Percent of Angle of
Polarization P Polarization ¢

Figure 6.6. I, P, and ¢ images of a heated cube.
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1 P [0)
Figure 6.7. High-resolution polarization images of a scale model of an aircraft.

Another set of polarimetric images with greater spatial resolution and a
target with more facets is shown in Fig. 6.7 [8]. The target is a die-cast metal
scale model of an F-117 stealth aircraft. The model is painted a flat black and
heated above the temperature of the background. In this figure, the three-
dimensional shape and orientation of the target is readily apparent. In the
¢ image, surfaces on the aircraft facing towards the viewer’s upper right are
dark gray, and surfaces towards the upper left are light gray.

6.3.3 Circular Polarization
6.3.3.1 Advantages of Imaging Circular Polarization

The previous section describes how thermal emission generates linearly polar-
ized radiation. When linearly polarized light is reflected from an air/dielectric
interface, circularly polarized light is generated [1]. It is surprising then, that
imaging systems that detect the circular polarization of light have not been
developed for automatic target identification. The sign and magnitude of the
circular polarization can often reveal the spatial orientation, material, and
surface roughness of the target surface [9]. In addition, since very few natural
materials can generate circular polarized light, such a sensor would be able to
detect man-made targets in a background free of clutter.

6.3.3.2 Polarization Ray Tracing

The section describes the simulation, by ray tracing, of the polarization images
of an idealized terrestrial scene. In this scene, shown in Fig. 6.8, the sensor is
located 1 m above the surface of the ground. The ground has a planar surface.
The target is a sphere of diameter 0.308 m and the center of the sphere is
1 m above the surface of the ground. The ground and sphere are dielectric with
a complex index of refraction of 1.5 + i0.15, which is representative of paint
in the mid-wave infrared wavelength range, 3 to 5 um [5]. The surfaces of the
sphere and ground are smooth and transmission and reflection are described
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Figure 6.8. Idealized terrestrial scene for ray tracing images: Sphere above ground.

by Fresnel equations. All surfaces are at the temperature 300 K. The ray
tracing simulates the effects of polarized thermal emission and the effects on
intensity and polarization components as light is reflected and refracted at
interfaces.

Using polarization ray-tracing, polarimetric images of size 64 x 64 pixels
of the target were generated. Images of the Stokes parameters I, @Q, U, and V'
are shown in Fig. 6.9(a). From these Stokes parameters, the degree of linear
polarization (DOLP) and degree of circular polarization (DOCP) [Fig. 6.9(b)
and (c)] can be calculated using

VT

DOLP = I

and DOCP = ¥ (6.8)

These polarimetric images show that there are distinctive regions on the
target sphere, referred to as Regions 1, 2, and 3 in Fig. 6.9(d). In Region 1,
the upper half of the sphere, thermal radiation is emitted which the DOLP
image shows as being linearly polarized. The Stokes I image, or intensity
image, shows that the upper half of the sphere contributes less radiation than
the lower half of the sphere. The lower half can be divided into two regions.
Region 2 is the area in the lower half of the sphere away from the limb, and
Region 3 is the area near the limb. Radiation from both areas is dominated
by reflection of thermal emission from the ground plane. Radiation, coming
from Region 2, originated as thermal emission from the ground in front of the
sphere, i.e., the ground between the sensor and the target sphere. From the
point of view of the sensor viewing the sphere, light is linearly polarized over
most of this area. In this area light is also circularly polarized, especially near
the center of the sphere.
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Figure 6.9. (a) Stokes parameter images of a sphere above a ground plane (Fig.
6.8). (b) Degree of linear polarization. (¢) Degree of circular polarization. (d) On the
target sphere image, three distinctive regions of polarization characteristics. (e) Stokes
parameter V' image at output of wide-band MWIR imaging sensor.

Light from Region 3, near the limb of the sphere, has significantly higher
intensity and higher degree of circular polarization than the other two regions.
Radiation, coming from this region, originated as thermal emission from the
ground behind the sphere. This radiation reflects off the sphere at a grazing
angle. Because the surface of the sphere is curved, a larger area on the ground
contributes to light received by a pixel viewing near the limb than by pixels
viewing Region 2. This emission from a larger ground area results in a higher
intensity I for a pixels in Region 3. Furthermore, the grazing angle results in
a larger conversion, upon reflection, of the linearly polarized ground emission
into circularly polarized radiation.

Figure 6.10(a) is a plot of degree of circular polarization across two rows
of pixels, rows 34 and 45 of the V image in Fig. 6.9(a). Row 34, plotted
as (x), is just below the equator of the sphere and includes pixels with
the largest magnitude of V' in Region 2. The plot of Row 34 shows that
DOCP is largest near the center of the row with a value approximately 1.5%.
Row 45, plotted as (<)) is half way from the equator to the south pole of
the sphere and includes pixels with the largest magnitude of V in Region
3. The plot of Row 45 shows DOCP is largest near the limb with a value
approximately 2.5%.

6.3.3.3 Simulation of Sensor Output Images

For a polarimetric imaging sensor operating in the mid-wave infrared
[9], the sensitivity was determined by simulating the image for circular
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Figure 6.10. (a) Degree of circular polarization in rows 34 and 45 in the DOCP
image. (b) Values of pixels in row 45 of stokes parameter V' image (Fig. 6.9(e)) from
a wide-band MWIR imaging sensor.
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polarization that would appear at the output of the sensor. The output V'
image is shown in Fig. 6.9(e) and contains sensor noise. A plot of the value
of circular polarization parameter V across row 45 is shown in Fig. 6.10(b).
V is in units of electron numbers, which is the number of photoelectrons
accumulated during an integration time at a pixel. In Fig. 6.10(b) the solid
line is the true value of V, and the symbol () is the value of V' measured
by the sensor. Row 45 is half way from the equator to the south pole of the
sphere and includes pixels with the largest magnitude of V' in Region 3. The
plot of Row 45 shows that the measured data reproduces V for pixels near
the limb where V is largest. However, away from the limb, the noise is too
large to determine V. By combining these observations with the DOCP plot
in Fig. 6.10(a), we can conclude that the wide-band sensor is able to resolve
Stokes parameter V' when the degree of circular polarization is approximately
2% or greater.

6.4 Summary

This chapter describes the polarization state of light from targets. Polariza-
tion information often gives clues to the three-dimensional shape of the target
and is independent of the intensity and wavelengths of light radiated from the
target. Light which is polarized by a reflection from a surface element has a
polarization state which give clues to the orientation of the surface. Thermally
emitted light also has a polarization state which reveals the surface orienta-
tion. Polarization imaging gives information which can lead to signification
improvements in automatic target recognition systems.

References

[1] D. Goldstein. Polarized Light, 2nd edn. Dekker, New York, 2003.

[2] C. S. L. Chun, D. L. Fleming, and E. J. Torok. Polarization-sensitive, thermal
imaging. In F. A. Sadjadi (Ed.) Automatic Object Recognition IV, Proceedings of
SPIE, vol. 2234, pp. 275-286, 1994.

[3] D. Clarke and J. F. Grainger. Polarized Light and Optical Measurement.
Pergamon Press, Oxford, 1971.

[4] R. Siegel and J. R. Howell. Thermal Radiation Heat Transfer, 4th edn. Taylor &
Francis, New York, 2002.

[6] T. W. Nee and S. M. F. Nee. Infrared polarization signatures for targets. In W. R.
Watkins and D. Clement (Eds.) Targets and Backgrounds: Characterization and
Representation, Proceedings of SPIE, vol. 2469, pp. 231-241, 1995.

[6] F. Mizera, B. Berndth, G. Kriska, and G. Horvath. Stereo videopolarimetry: Mea~
suring and visualizing polarization patterns in three dimensions. J. Imaging Sci.
Technol., 45:393-399, 2001.

[7] C.S.L. Chun, D. L. Fleming, W. A. Harvey, and E. J. Torok. Polarization-sensitive
thermal imaging sensor. In B. F. Andresen and M. Strojnik (Eds.) Infrared Tech-
nology XXI, Proceedings of SPIE, vol. 2552, pp. 438-444, 1995.



104 Cornell S. L. Chun

[8] F. A. Sadjadi and C. S. L. Chun. Remote sensing using passive infrared Stokes
parameters. Opt. Eng., 43:2283-2291, 2004.

[9] C. S. L. Chun. Microscale waveplates for polarimetric infrared imaging. In B. F.
Andresen and G. F. Fulop (Eds.) Infrared Technology and Applications XXIX,
Proceedings of SPIFE, vol. 5074, pp. 286-297, 2003.



7

Dispersion, Its Effects, and Compensation

Leon Cohen! and Patrick Loughlin?

1City University of New York, 695 Park Avenue, New York, NY 10021, USA
2University of Pittsburgh, 348 Benedum Hall, Pittsburgh, PA 15261, USA

7.1 Introduction

As a pulse propagates in a dispersive medium, many of the fundamental char-
acteristics of the pulse change and therefore different observers at different
locations/times will see a different pulse. Of particular importance, for exam-
ple, are the duration and bandwidth of the pulse but these quantities change
as the pulse evolves. It is, of course, important for different observers or sen-
sors to be able to report that it is the same pulse with a common origin.
That is, one has to compensate for dispersion if a recognizer is based on the
characteristics of the signal at the source. Channel models that simulate such
propagation effects can be effectively used for this purpose provided that the
model is accurate, which requires detailed information about the propagation
channel. In the absence of such information, or when it is inaccurate, other
approaches are needed.

Our principal aim is to define moments of a wave that may be used as fea-
tures for classification. We discuss various moment-like features of a propagat-
ing wave. In the first set of moments, namely spatial moments at a given time,
we give explicit formulations that quantify the effects of dispersion. Accord-
ingly, one can then compensate for the effects of dispersion on these moments.
We also consider the dual case of temporal moments at a particular location.
We then consider another class of mixed moments, which are invariant to
dispersion and hence may be useful as features for dispersive propagation,
particularly in situations where knowledge of the propagation environment is
limited. These moments are based on a joint position-wavenumber (or analo-
gously a joint time-frequency) approach to wave propagation, which we have
found to be particularly illuminating.

To illustrate the effects of dispersion, we show in Figure. 7.1 spectro-
grams (squared-magnitude of the short-time Fourier transform) of an acoustic
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Figure 7.1. Spectrograph (main panel) of an underwater sound pressure wave mea-
sured at a distance of 9 km (top) and 38 km (bottom) from the initial source. Note
the changes in the wave, which become more pronounced as it propagates, owing to
dispersion (see color insert). [Data courtesy of P. Dahl, Applied Physics Laboratory,
University of Washington]

wave recorded underwater at two different locations from the initial source.
Notice in the spectrogram (main color panel) the dramatic change in the
time-frequency trajectory (which is related to the “group delay”) of the wave
as it propagates from 9 km to 38 km. Below the main panel we plot the wave
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itself, where one can also observe that it has changed dramatically. Note how
the duration of the wave has increased with propagation, because of dispersion.
Accordingly, the duration is likely not a good feature to use for classification,
unless one can quantify the dispersion effects and account for them. We do
so here, as well as consider other moment-like features that are invariant to
dispersion.

7.2 Basic Ideas and Definitions

A propagating pulse, u(z,t), is a field; that is, it is a function of both space
and time.' The method of generation of a pulse can be broken into two cases.
In the first case one disturbs the medium at a given time and follows the
evolution. An example of such a case is when one plucks a string and then
observes the evolution of each point along the string at each time. That is
we are given u(x,0) and determine u(z,t). The other case is where at a given
position we produce a wave as a function of time, for example as in active
radar, sonar, or the fiber optics case. Then we observe the resulting wave over
time at different positions. That is, we are given u(0,¢) and obtain u(x,t). We
differentiate these two cases as

Initially given : u(zx,0) (Case A) (7.1)
:u(0,t) (Case B) (7.2)

While one can develop an approach that combines the two cases, we have found
that it is easier and more revealing to consider these two cases separately.
From a mathematical point of view the two cases are almost identical with,
of course, different interpretation of the quantities. This will be discussed in
detail later on. Hence for the sake of clarity we will develop the two cases
separately. We first discuss case A.

Obtaining u(x, t) with initial condition u(z,0) is a textbook problem when
the wave equation is linear with constant coefficients. One defines the initial
spatial spectrum, S(k,0), from the initial pulse by

S(k,0) = \/% / u(z,0) e~ dz, (7.3)

where k is spatial frequency or the wavenumber. The general solution is then
[8, 16]

1 o
u(x,t) = Ner / S(k,0) etkz—iwk)t g (7.4)

! For simplicity of notation and presentation, we consider only one spatial dimension z.
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per mode, where w = w(k) is the dispersion relation, which couples spatial
frequency k and radial frequency w. If one defines

S(k,t) = S(k,0) e k) (7.5)
then

_ L eika:

u(z,t) = m/S(k,t) dk (7.6)
- u(z,t) e dy

S(k,t) = \/ﬁ/ (2,1) da. (7.7)

That is, u(x,t) and S(k,t) form Fourier transform pairs between k and x for
all times ¢. There can be many solutions to the dispersion relation and each
solution is called a mode; the general solution is then the sum of the modes.
Depending on whether w(k) is complex or real we will have damping (i.e.,
losses) or not. In this chapter we will deal only with the case of no damping
(lossless propagation), for which w(k) is real. As usual we define the group
velocity, v(k), by

(7.8)

It is convenient to express the wave and its spectrum in terms of their
respective amplitude and phase as

u(z,t) = A(zx, )™t (7.9)
S(k,t) = B(k,t)eV k), (7.10)
Note that
S(k,0) = B(k,0)e™*0) (7.11)
and hence by virtue of Eq. (7.5) we have that
S(k,t) = B(k,0)e" k0 —iwk) (7.12)
and therefore
B(k,t) = B(k,0) (for real dispersion relation) (7.13)
P(k,t) = (k,0) — w(k)t (7.14)

These relations will be useful later.

7.3 Spatial Moments of a Pulse

Moments have been widely used to characterize signals and images and as
features for classification in a variety of applications. We consider here spatial
moments of the wave at a given time, and investigate the effects of dispersion
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on these moments. We subsequently define a new kind of moment that is un-
affected by dispersion; hence, these moments do not change with propagation
and may therefore serve as useful features for classification.

The global spatial moments of a pulse are

(2"}, = /az” lu(z, £)[2 da. (7.15)

Because u(x,t) and S(k,t) form a Fourier transform pair, it is also the case
that one can advantageously calculate the moments from the spectrum by
way of

(z") = /S*(k, £) X" S(k, t) dk, (7.16)

where X is the position operator in the k representation

0
X=ig. (7.17)

It is typically easier to use Eq. (7.16) than Eq. (7.15) since the differentiation
indicated by X™ S(k,t) can easily be carried out.
For the first moment one obtains [2, 3]

(x)e=(x)+ Vi (7.18)
where

V= / )1S(k,0)| dk. (7.19)

Note that the usual definition of group velocity, Eq. (7.8), enters naturally in
Eq. (7.19). The second moment is [2, 3]
(@) = (2% )0 + (v + Xv)o +1* (0*). (7.20)

We now explain the various quantities appearing in Eq. (7.20). We define
(vX 4+ Xv ), for an arbitrary time as

(0 + XY = ([0,2]1 ) (7.21)
/ S* (k1) [0(k)X + Xo(k)] S(k, ) dk (7.22)
- / S* (k1) {v(k)i%Jri%v(k)} Sk, ) dk (7.23)

_@/S* (k,t) [ v )aSgZ’t) —&—v’(k;)S(k;,t)} dk (7.24)

7/ “(z,t) [v(K)z + zv(K)] u(z,t) dx (7.25)
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where
0
K=—i—. 7.26
Zam ( )
As to the quantity (v?) it is obtained from
(v?) = /UQ(k) |S(k,0)|? dk. (7.27)
The spread at a particular time defined by
oo = (@%)e — (2)7 (7.28)
works out to be
ai‘t = O'ilo + 2t Covyg + toor, (7.29)
where
o2 = (v?) — (v)? (7.30)
= /(v(k) —V)?|S(k,0)|* dk (7.31)
1
Covyylo = §<’UX + Xv)o — (v)o(z)o. (7.32)

The covariance is a mixed moment that couples two variables. We define
the first mixed moment of position and group velocity by [2, 3, 6]

(v); = %(M + X0, (7.33)
- % / S (I, £) (v + &) S(k, £) dk. (7.34)

This works out to
(zv) = — / o) 8wék ) S0 )2 d, (7.35)

where ¥ (k,t) is the phase of the spatial spectrum defined by Eq. (7.10). By
Eq. (7.14) we also have that

(k. t) _ 0P(k,0)

e = S k)t (7.36)
and substituting this into Eq. (7.35) gives

() = — / o(l) 22D 8‘”(’“ D50k, 1)[2 di (7.37)

_ / o(k) {&bg; 0 _ v(k)t} 1S (k)2 dk (7.38)

= —/u(k)wb*(k t)|2dk+/ 2(k)t|S(k,t)>dk.  (7.39)



7 Dispersion, Its Effects, and Compensation 111
which is

(o) = (wv)o+ (V7)1 (7.40)

It is easy to calculate that the covariance evolves as [2, 3, 6],

Covaylr = (Tv)e — () (V) (7.41)
= Covy|o + o’t. (7.42)

We note that the covariance, Cov,,;, may be negative at any one time but
must eventually become positive as time increases.
The correlation coefficient between x and v is [2, 3, 6]

Covy, Covyylo +to?
Pzo|t = J - | (743)

Oz|tOvt g, \/Jilo + 2t Covyy|o + 202

and for large times the correlation goes as

) 2 Covf2w|0 — O'i‘OO'z -
pzu|t e + 21520';4} R ( . )

It follows then that
Paoft — 1 as t — 00, (7.45)

which shows that there is perfect correlation between group velocity and po-
sition for large times. For small times, the correlation goes as
U?)

sz\t e va|0 + t(l - piv|0)—
Oz|0

(7.46)

The fact that we have exact equations for the spatial moments allows
us to compensate for the evolution of a pulse. For example, suppose that a
recognizer uses the spread of a signal as a classification feature; but if the
recognizer is programmed with UiIO and the signal is observed at a time ¢,
the spread measured will be O’il , and the pulse would hence not be correctly
recognized. The problem then becomes how to compensate for dispersion and
obtain O’i‘o to be fed into the classifier. The above exact results show how to
do that and what is needed to do it. In particular, one requires knowledge
of the initial covariance between position and group velocity, Cov,,o, Eq.
(7.32); the spread o, of the group velocity as defined by Eq. (7.31); and the
propagation time t.

Alternately if one can make multiple measurements of the spatial spread
at different times, it is possible to solve for the initial covariance and spread
of the group velocity from the explicit formulation for the spatial spread.

Specifically, suppose that we measure the spread O'ilt at three different times
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t = {t1,ts,t3}. Taking the differences Uim — o2, and o2

2 .
: = O, 2its ~ TOalty and using
Eq. (7.29) yields a system of two equations with two unknowns, namely
Covyy|o and o2, for which we can then solve. With these quantities thus ob-

tained, we can determine the initial spread 0'320‘0.

7.4 Dispersion-Invariant Moments

The moments considered above change as the wave propagates, e.g., ai‘ . F
O'ilo, and hence to be useful as features for classification, one must first com-
pensate for the effects of dispersion, as discussed above. Another alternative,
particularly appealing for the case where limited knowledge of the propagation
channel or initial pulse is available, is to use moments that do not change with
propagation. One example of such moments is the spectral (spatial frequency)
moments,

k™), = /k” 1S (k)| dk. (7.47)

For real dispersion relation we have that [S(k,t)| = |S(k, 0)| per mode, by Eq.
(7.5), and therefore (k™); is independent of time, (k™); = (k™)(, even though
u(z,t) # u(x,0) when there is dispersion.

We give another class of moments that are similar to spatial moments
but, like the spatial frequency moments, they do not change with dispersion.
Hence these moments complement the spectral moments and provide addi-
tional (spatial) information that may be useful for classification.

To begin, let (g(z)): denote a spatial moment at a given ¢, defined by

(g(z)) = /g(x) lu(z, 1) do = /u (z,t)g(x)u(x, t)dz (7.48)

= /S*(k, t) g(X) S(k,t) dk, (7.49)

where, as mentioned previously, the latter equation follows by the properties of
the Fourier transform relation between u(x,t) and S(k, t). So, for example, the

duration, which is a central moment, is obtained by taking g(z) = (x — (x))?,
by which we have

o = / (@ 1) (@ — (@) u(z, £)dz (7.50)
_ /S*(k,t) (X — (202 Sk, ) dk. (7.51)

Consider now a new set of moments similar to the above but rather than
taking them centered around the mean position for a given time, (x);, we take
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the moments to be centered about the spatial group delay, defined by

9y(k,1)
ok

$g(k,t) = *w/(k,t) = (7.52)
where 9 (k, t) is the spatial phase as per Egs. (7.10) and (7.14). We define the
“spatial moments centered about the spatial group delay” by [12]

An(t) = / S () (X — gk £))" S(k, 1) di (7.53)

_ / S* (k, 1) <i% + o (k, t)) " Sk 1) dk. (7.54)

The spatial group delay z4(k,t) can be considered as a local moment akin to
the spatial mean for a particular wavenumber k. It is related to the ordinary
spatial mean by averaging over k, specifically,

[t 01500 = (7.5

which follows from Eqs. (7.48) and (7.49) for n =1 and g(z) = z, with X
given by Eq. (7.17).

Thus, the moments A, (t) are similar to the standard duration o, (for
n = 2) and other ordinary central spatial moments, but with the key difference
being that the centroid is dependent on k. The significance of this difference
is that with dispersion, different frequencies propagate at different velocities,
and hence the mean position of the wave is different for different k. Taking
this into account by using a frequency-dependent central moment as defined
above compensates for the effects of dispersion. Further physical meaning of
these moments and an alternate formulation will be discussed shortly but first
we show that indeed they do not change with propagation, i.e., that A, (¢) are
independent of time,

A, (t) = A, (0) (7.56)

for each mode.
To show that these moments do not change as the wave propagates, con-
sider first

(i% + 1/1’(k,t)> S(k,t) = (z‘a% + w’(k,t)> B(k, t)e'v(k:t) (7.57)

n—1
= (i(% +z//(k,t)> iB'(k,t)e™ &t (7.58)
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Therefore, repeating n times we have that
9] " ;
(i% + z/J’(k,t)) S(k,t) = i"B™ (k,t)etV k) (7.59)

where B (k,t) denotes the nth derivative with respect to k. Substituting
this into Eq. (7.54) and recalling Eq. (7.13), we obtain,

An(t) = /S*(k,t) (X — 2y (k,t))" S(k, t) dk (7.60)
= / B(k, t)e”WEt n B0 (1)t (kD g, (7.61)
. / i Bk, t)B™ (k, £) dk (7.62)
= / i" B(k,0)B™ (k,0) dk (7.63)
= A,(0). (7.64)

Accordingly, even though the wave changes as it propagates when there is dis-
persion, i.e., u(x,t) # u(z,0), the moments A, (t), like the spectral moments
(k™) given earlier, are the same per mode for u(z,t) and u(z,0).

To gain further physical insight for these new moments, we show that they
can be calculated in the wave domain, just as with ordinary spatial moments.
In particular it follows from Eqgs. (7.48) and (7.49) that

A(t) = / i Bk, £)B™ (k, 1) dk (7.65)

_ / " ua(z, )2 da, (7.66)
where
1 .
up(z,t) = E/B(k,t) e d. (7.67)

Thus the moments A,,(¢) are the spatial moments of the pulse u(z,t) which
is a pulse constructed from only the spectral amplitude B(k,t) of the wave
u(x,t). Not only does this provide another physical interpretation of the mo-
ments A, (t), but it also gives us another way to compute them, namely from
ua(x,t), which may be computationally simpler.

7.5 Example

We illustrate the above with an exactly solvable example. We take a quadratic
dispersion relation

w(k) = ck +vk*/2 (7.68)
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and for the initial pulse we take,

u(z,0) = (a/7

/ )1/4 e~ o?/2+ifa? [2+ikox (7.69)
(/) /4 emmee’ 24ikoz, (7.70)

where for convenience we let

n=a-—1if. (7.71)
The initial spectrum is
S(k,0) = \/% / u(z,0) e dy (7.72)
/ _
= (01%7314 exp {W} (7.73)
_ (afm)l/t alk —ko)? Bk — k)?
= Vo= eXp{Q(aQ—i—ﬁZ) 12(a2+52)} (7.74)
and therefore the time-dependent spectrum is
S(k,t) = S(k,0) e~ k) (7.75)
/ _
= 7(0‘/;7_21 " exp [—L 277’“’)2 — i(ck + yk? /2)4 (7.76)
L/ k= ko)? k — ko)?
— (O;{i) 5 oxP [— g((oﬂ " ;2) - ig((op m ;g) —i(ck + 7k2/2)t} .
(7.77)

The squared amplitude spectrum and spectral phase (up to a constant)
are

o, (a/m)'/? ox _a(k = k)?
stk 0 = o[- (779)
Wk, t) = ((j2+ 22) (ck + ~vk?/2)t. (7.79)

Note that |S(k,t)|?> = |S(k,0)|* as expected for real dispersion relation w(k).
At the initial time, ¢ = 0, the means and standard deviations of z and k are
given by

(T)o=0;  (k)o=ho (7.80)

1
a0 = 5 Okio = —5——- (7.81)
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The exact solution is given by

(am)M/* n(x —ct —koyt)> . s
l) = ——— —— =+ iko(x — ct) — ivk§t/2
Ut = A m P | T2 Ty Rele ) —ivkot/
1 (x — ct — koyt)?
=———exp|-—— 55— (7.82)
(2ﬂ0§‘t)1/4 l 402“
— ct — koyt)? 2+ gt
K exp i &=t =Ko D) {f+7(0‘ O | ko — et) — k2 E)2 — i
40“790\15
(7.83)
where O’ilt is given below and
1 Yot
6 = —arct . 7.84
5 aretan o— i (7.84)
The average goes as
()t = (c+ vko) t. (7.85)
Calculating the spread O’i‘t, using Eq. (7.29), we first obtain
Covyy = % 7.86)
(v) = c+ ko (7.87)
2 2
W) =7 S (e by (7.88)
042 +52
ol = QT' (7.89)
Substituting these values into Eq. (7.29), we have
2 _ 2 B | p 207+
Since ailo = 1/(2«) we can rewrite it as
o = 00 [L+207t +77(” + ) 7] (7.91)

7.5.1 Dispersion-Invariant Moments

We now consider the spatial moments centered about the group delay for the
above example. We do so directly from Eq. (7.54), even though we know from
our general proof that it has to be independent of time and there are simpler
ways to calculate the moments. The derivative of the spectral phase is given
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by

Bk — ko)

(a® + 5)

and therefore we have to calculate
/S* (k,t) ( = — f;’;;ggi - (c+’yk)t) S(k,t)dk.  (7.93)

That this is independent of time is certainly not obvious. To see how the time

dependence drops out, let us calculate the first and second moments, for which
we need

P (k,t) = — —(c+ k)t (7.92)

0 k—k 0 k—k
(Z% - —(ﬁo(é? +5g;—(c+yk)t) S(k,t) = ( o 75;2 +ﬂg§—(c+7k)t>
(7.94)
a/m)l/4 alk — k)2 Bk—k))? . )
7(@{?)% exp {_ (( i +;g) _Zg((a2+gg) —i(ck + vk /2)t]
= —'L((k k0§ (k,t). (7.95)
Therefore
/S* k,t) (z— - (ﬁ;§+§3; - (c+7k)t) S(k,t)dk (7.96)
_ / [—i%} 1S (k, 0) 2 dk (7.97)

which is indeed independent of time. For this case the moment is zero, since
|S(k,0)|” is a Gaussian with mean (k) = k. (In fact, A;(t) = 0 in general.)
Now consider the second moment. We have

. Bk — ko) ’
/s (k. 1) (-- e (c+*yk)t> Stht)dk  (7.98)

/‘( ok a];Jrgg; - (C+7k)t) S(k,t)

where the last step follows by the usual rules of operator algebra because the
operator is Hermitian. Using Eq. (7.95), we have that

2
dk, (7.99)

2

As(t) =/H k ko ]S(k,t) dk (7.100)
- / (k= ko) (0, 1) (7.101)
a? (o/m)/? ak —ko)?
@2+ 2 a2+ (k —ko)” exp [—W} dk (7.102)
= s (7.103)

2(o? + )
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and we see that it is independent of time. To check further, we calculate using
Eq. (7.63)

Ay(t) = /i2B(k,O)B(2>(k,O) dk (7.104)
- / B(k,O)aa—;B(k,O) dk (7.105)
:/<%B(k,0))2dk (7.106)
= m/(k—kO)QBZ(k,O) dk, (7.107)

which is the same as Eq. (7.103). (Recall B?(k,0) = |S(k,0)|*> which is a Guas-
sian for this example and hence the final integral is the spread G‘ilo of the initial
pulse, which is 1/2q).

7.6 Wigner Approximation for Wave Propagation,
and Approximately Invariant Moments

The moments considered above are global moments, in that they are averages
over all space. Suppose that we are interested in local moments, such as av-
erages for a particular spatial frequency of interest. One way to obtain such
moments is to filter the wave about the frequency of interest, and then calcu-
late the moments above for the filtered wave [12]. Another way to obtain local
moments is to consider a phase-space distribution of the wave, such as the
Wigner distribution, and obtain moments from that [11, 12]. We consider this
approach here and define local mixed moments analogous to the A, above,
and show that they, too, are (approximately) invariant to dispersion.

The spatial/spatial-frequency Wigner distribution of the wave u(x,t) is
defined by [2, 9]

. o 1 >‘ * /\ —ik\
Wz, k; t) = o /u <x+ §,t> u <:c 2,t> e dA. (7.108)

The local Wigner central spatial moments for a particular ¢ and k are given
by

(= (@)t ) Vew = m / (x — () )" W(x, k; t)dr  (7.109)
= #’M) /33" Wz + (x)k, ks t) d, (7.110)
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where [2]
/W(x,k:; t)dr = B*(k,t) (7.111)
(T)eh = m /azW(x,k; t) dx (7.112)
=~/ (k1) (7.113)

= —/(k,0) + v(k)t. (7.114)

It can be shown that the Wigner distribution at ¢ is approximately related
to the Wigner distribution of the initial pulse u(z,0) by [5, 13]

Wz, k; t) =~ W(x —v(k)t, k; 0) (7.115)

for real dispersion relation w(k), where v(k) is the group velocity defined by
Eq. (7.8). Plugging Eqs. (7.115) and (7.114) into Eq. (7.110), it follows that

1 . , |
m/z W(z —4'(k,0),k; 0)dz (7.116)

1

= m/xnw(xd/(ho),k; 0)dz (7.117)

= ((z = (@)o,x)" o,k (7.118)

Hence the local central spatial moments of the Wigner distribution are ap-
proximately dispersion-invariant; i.e., they are independent of ¢. Indeed the
invariance is exact for the first two moments, which we work out explicitly;
by Eq. (7.109), and using Eq. (7.114), we have, for n = 1,

((x — <I>t,k)n>t,k ~

1 , )
(@ — (@) p)) ek = B0 /(x + ' (k,0) —v(k)t)W (x, k; t)de  (7.119)
= —'(k,t) + ¢'(k,0) — v(k)t = 0. (7.120)
For n = 2 we obtain

(z — (x)ep)Ven = )/ W (x, k; t) da (7.121)

_1 B'(k, 1) B"(k,t)
=3 ( B(F.) > B0 ] (7122)

_1|(B(k0)\* B"(k,0)
=3 |(7u0) B ] | (7123)

where the last step follows from Eq. (7.13). Hence, the first two local central
spatial moments of the Wigner distribution are exactly invariant to dispersion.
Higher moments are approximately invariant, as given by Eq. (7.117).
Relation to global moments. Averaging the local moments over k gives
global moments. For the Wigner distribution moments above, this is
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accomplished by

{((x —A{x)ep)")e = /((m — (Y1) ek Bk, t) dk. (7.124)

While these global moments are not the same as those defined by Eq. (7.54),
they are dispersion-invariant for n = 1,2 and approximately so for n > 3.

7.7 Dual Case: Initially Given u(0,t)

As mentioned at the outset, the propagation of waves can be thought of in
terms of two cases: (A) given u(z, 0) we solve for u(z, t); this is the case consid-
ered above; and (B) given (0, t) we solve for u(z,t). We now consider this case
here. The mathematics and results are analogous to the first case, except for a
sign change by convention in the Fourier transforms and associated operators.

7.7.1 Preliminaries

Given u(0,t), one defines the Fourier spectrum by

F(0,w) = \/%_W/u(o,t)ewtdt. (7.125)

Note the sign difference in the exponent, by convention, with respect to the
case of u(z,0) and S(k,0) considered previously. The general solution is then

1 . )
u(z,t) = \/—2_7r/ F(0,w)etk@z=iwt g, (7.126)

per mode, where k(w) is the dispersion relation written in terms of k as a
function of w. There can be many solutions to the dispersion relation, and each
solution is called a mode; the general solution is then the sum of the modes.
As with the previous case, we will deal only with the case of real dispersion
relation k(w) here. Analogous to the group velocity and the case of u(z,0),
the derivative of the dispersion relation k(w) arises for the case of u(0,t). We
call this the “group slowness” (or the “unit transit time”), defined as
dk(w)

To(w) = k' (w) = o (7.127)

If one defines
F(z,w) = F(0,w) et (7.128)
then we have the Fourier pair

1 —iwt
u(x,t) = N /F(x,w) e "“*dw (7.129)
1 iwt
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for all z. As done previously, it is convenient to express the wave and its
spectrum in terms of their respective amplitude and phase,

u(x,t) = Az, t)e'?@? (7.131)
F(z,w) = B(x,w)e@), (7.132)
Note that
F(0,w) = B(0,w)e™(0) (7.133)
and hence we have that
F(z,w) = B(0,w)e 0w eik@) (7.134)
and therefore
B(xz,w) = B(0,w) (for real dispersion relation k(w)) (7.135)
Y(z,w) =9Y(0,w) + k(w) z. (7.136)

7.7.2 Dispersion-Invariant Temporal Moments

We give a new kind of central temporal moment analogous to the central
spatial moments considered previously. We begin by considering the duration
of the pulse at a particular location x, which is given by

ol = /u*(x,t) (t — (t)2) u(a, t) dt (7.137)

_ /F*(x,w) (i% - (t)z)zF(x,w) du, (7.138)

where we have again made use of the properties of the Fourier transform
relation between wu(z,t) and F(x,w) to express the duration equivalently in
terms of F(z,w).? Then, as with the local central spatial moments, we define
the “moments centered about the group delay” by

An(z) = /F*(m,w) (—z’a% - tg(a:,w)>nF(as,w) d
:/F*(x,w) <—i%—w’(x,w)>nF(m7w)dw, (7.139)

where t,(z,w) is the group delay of the wave, defined by?

9]
tg(z7w) = ¢'(x,w) = %7/}(1‘7“}) (7140)
=9 (0,w) + k' (w)z. (7.141)
2 The negative sign in front of —i% is due to the definition of the Fourier transform as per Eq.
(7.129). Also, we note that analogous moments were first defined by K. Davidson for signals in
Instantaneous Moments of A Signal (Ph.D. dissertation, Univ. of Pittsburgh, 2000), in which
he also derived the analogous identity given in Eq. (7.59).

3 Consistent with the sign change in the Fourier transform, we take the group delay to be
Y’ (z,w) rather than —¢’(z, w).
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Note, then, that these moments are similar to those given by Eq. (7.138),
except that rather than being centered about the average time (t),, they are
centered about the group delay t,(z,w) of the wave. The main result is that
the moments, A, (x), do not depend on position. In particular,

A (z) = / F*(2,w) (—ia%—w’(:v,w)>nF(x,w)dw (7.142)

1 ) )

= — [ B(z,w) e @) BM (5 ) @) gy (7.143)
Z’Vl
]' n

= B(x,w)B™ (z,w) dw (7.144)
1

== B(0,w)B™(0,w) dw = A,(0), (7.145)

where the last step follows for real k(w). Thus we have shown that indeed these
moments are independent of position x, A, (x) = A, (0). We also note that for
odd n, these moments are zero, which is easy to show using integration by
parts, and given that B(0,w) = 0 for |w| — oo.

Analogous to the case with the spatial moments A,,(t), we can express the
moments A, (z) in the time domain, in terms of the wave u4(z,t) obtained
from the spectral amplitude B(x,w) of the wave u(z,t) [12],

Ap(z) = Zln B(x,w)B"™ (z,w) dw (7.146)
_ / £ Jua (a0 dt (7.147)

where

ua(z,t) = \/%/B(ac,w) e dw. (7.148)

7.7.3 Wigner Approximation and Approximately
Invariant Moments

We now give local central temporal moments analogous to the local central
spatial moments, using a phase-space/Wigner distribution approach as in Sec-
tion 7.6. Because of the convention in the sign difference in the Fourier trans-
form relation for F(z,w) versus S(k,t), we adopt the same convention in
defining the Wigner distribution W (¢,w;x) versus Wz, k;t). Doing so will
preserve the analogy between the results for the two cases.

We define the Wigner distribution in ¢,w of u(z,t) at a particular x by

W (t,w; x) = % /u (x,t + g) u* (x,t - %) e“Tdr. (7.149)
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This can be expressed equivalently in terms of F(x,w) as

W (t,w;z) = L [p <x w— —) ( —> etds  (7.150)

o
(e
ettt ek (wtg)—h(«=5)] gp, (7.151)

which is readily shown by substituting in the Fourier relation for u(x,t) in
terms of F(z,w) into the expression for W (¢,w; x) above.
At £ =0, we have

1 )
W (t,w; 0) = Py /F (O,w - g) F* (O,w + g) et do (7.152)
T

therefore

F (O7w - g) F* (O,w + g) = /W(t’,w; 0)e 0t ay'. (7.153)
It follows that
W (t,w; z) = 2i / / Wt w; 0) =0 =t) g=io[k (o 8) k(o= )] gy gp,
™
(7.154)

which relates the Wigner distribution of the pulse at position x to the Wigner
distribution of the initial pulse at x = 0.
Expanding the exponent in a power series in 6, namely

k (w:l: g) =k(w) + (:tg) K (w) + % (ig)Qk”(w) + - (7.155)

and keeping just the first two terms, we obtain an approximation for the
Wigner distribution,

W (t,w; ) //W ' w; 0) e~ O 7)) gyt g (7.156)
:/W(t’,w; 0)6(t —t +7, () ) dt’ (7.157)

or
W (t,w; z) = W (t — 74 (w) z,w; 0) . (7.158)

Note the exact analogy of this approximation with that for the spatial Wigner
distribution W (x, k; t) given in Eq. (7.115).

Because of this analogy, all of the results from the previous case transcribe
readily to this case. In particular, the local central temporal moments of the
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Wigner distribution for a given x and w are given by

s /Wtw xdt/(

— (t)2w)" W(t,w; z) dt  (7.159)

- m / VTV (+ (£) g0, w; @) dt, (7.160)
where!
/W(t,w; x)dt = Bz(x,w) (7.161)
o / IW(tw @) dt (7.162)
/W (t,w; x)dt
=1/ (z,w) (7.163)
= ' (0,w) + Ty(w)z. (7.164)

By the approximation above for the Wigner distribution at x in terms
of the initial Wigner distribution, these central moments, like the local cen-
tral spatial moments considered previously, are (approximately) dispersion-
invariant, in that they do not depend on z:

<(t - <t>x’w)n>z,w ~ <(t - <t>0,w)n>0,w (7'165)

This result is exact for n =1, 2.

7.8 Conclusion

Moments of a pulse are basic characterizers of a pulse. The results presented
show how one can compensate for the fact that the spatial and temporal mo-
ments change because of dispersion. In addition, one can obtain dispersion-
invariant central moments, as shown, by taking moments centered about the
group delay. We gave two different approaches for doing this, one based on
a phase-space (Wigner distribution) approach, which gives approximately in-
variant local central moments; and a second using an operator approach which
gives exactly invariant central moments, for real dispersion relations.

It is important to appreciate that the results above are per mode. In gen-
eral each mode travels with a different group velocity; that is, each mode has
a different dispersion relation. Accordingly, the spectral and A,, moments of a
wave composed of multiple modes will change with propagation distance/time,

4 Because of the sign change in the exponential of the Wigner distribution as defined in Eq.
(7.149) vs. the usual definition, there is a sign change in the first conditional moment obtained,
i.e., Eq. (7.163).
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even though the moments of each mode are invariant to dispersion. Accord-
ingly, mode separation techniques are important to apply in order to obtain
the dispersion-invariant central moments per mode.
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8.1 Introduction

Development of efficient methods for automatic target recognition on the bat-
tlefield is one of the important research areas of electronic imaging. Evolution-
ary algorithms (EA) have been successfully used for solving a few electronic
imaging problems closely related to target recognition such as pattern match-
ing, semantic scene interpretation, and image registration.

A version of the classical Genetic algorithm (GA) with roulette-wheel se-
lection, single point crossover, and uniform mutation is used in [1] to solve
incomplete pattern matching problem for two point sets Py and Ps under
affine transformation. The approach reduces parameter space by constructing
feature ellipses of the point sets Py and Ps. A reference point triplet is se-
lected on the feature ellipse of the point set P; and the corresponding triplet
in the point set P is sought with GA. Trial point triplets in Py are binary
encoded in a chromosome. The chromosome that minimizes the Hausdorff
distance between the point sets provides the proper parameters of the affine
transformation between P, and Ps.

In [1, 2] a GA-based approach is applied to semantic scene interpretation,
i.e., recognizing objects present in the image of a scene, and labeling them
according to their appropriate semantic classes. An individual chromosome
encodes a feasible mapping between different segments of an image and classes
of objects in the semantic net that establishes predicate relations between the
classes. The quality of the chromosome, i.e., its fitness is evaluated by calling
a set of feature comparison functions, each of which computes the degree of
correspondence between the feature sets of an image segment and the feature
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sets of objects belonging to a particular class. The chromosome that maximizes
the sum of all predicates provides the optimal classification scheme.

Registration of two images obtained from different sources includes finding
unknown parameters of geometric transformation which properly align both
images. A method for automatic registration of medical images with the clas-
sical variant of GA is proposed in [2-6]. A chromosome encodes parameters
of geometric transformation between the images including rigid body rotation
and translation, and limited elastic motion. The quality of the chromosome is
evaluated via the quality of the mapping between the images provided by the
encoded parameters. In order to facilitate fitness evaluation a small subset of
image pixels is randomly selected for evaluation based on statistical sampling.
This technique allows to evaluate larger number of candidate solutions dur-
ing one iteration of the algorithm, as opposed to a more accurate but slower
evaluation of all image pixels.

From the standpoint of the method used to evaluate the quality of the
candidate solution, current applications of EA in electronic imaging can be
broken into two main groups:

1. The first group of methods directly compares distributions of the pixel
values in images. If the light conditions are changing between the images,
the comparison becomes difficult since no matching pixels can be found.
Moreover, comparison of different types of imagery, e.g., infrared and real
visual images obtained from different types of sensors (i.e., multisensor
image fusion) becomes virtually impossible with these methods.

2. Methods in the second group attempt to find a set of salient character-
istics, i.e., features that are common for the compared images. Choosing
appropriate features is not a trivial task, which becomes even more com-
plex when images are distorted by some kind of geometric transformation,
e.g., affine or perspective.

This chapter evaluates the feasibility of extending the evolutionary ap-
proach to the problem of recognizing a target in a scene where the target and
the scene have different imagery types, e.g., their images are obtained from
different types of sensors. The approach is based on a peculiar image trans-
formation called image local response (ILR) proposed in [7] for automatic
selection of image features that are most responsive to a particular geometric
transformation. As shown in [7], the ILR transformation helps improve the
performance of the hybrid evolutionary algorithm (HEA) in solving electronic
imaging problems. Method discussed in this chapter utilizes the fact that ILR
is significantly invariant to the type of imagery, which makes it particularly
suitable for object and target recognition from multiple sensors. The key idea
of the method is to transfer the search for a target from the real visual space
into image response space defined by the ILR transformation.

The chapter is organized as follows. Section 8.2 describes the proposed
method of target recognition from multiple sensors; it gives a brief overview
of the main features of the response-based hybrid model of EA used in this
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work. Section 8.3 discusses experimental results of target recognition in the
case of different imagery types. Section 8.4 concludes the chapter with the
summary of the findings.

8.2 Hybrid Model of Evolutionary Algorithm in
Target Recognition with Different Imagery Types

Target recognition can be stated as a problem of finding a particular object
(i.e., a target) with the known signature (i.e., an image) Imgr in the image
Imgs of a scene. Either image can be distorted by, e.g., affine or perspective
transformation; the scene might also contain objects other than the target.
The problem can be formulated mathematically as a search for an appropri-
ate geometric transformation A providing the correct aligning of the image of
the target with the corresponding segment of the scene [8]. This chapter uses
a particular model of the HEA to conduct the search. A trial vector of pa-
rameters V' defining the sought transformation A is real-valued encoded in a
chromosome. The chromosome V* that minimizes a measure of the difference
F between the images Imgr and Imgg identifies and aligns the recognized
target. The chromosome’s fitness, i.e., the measure of the difference F' can be
defined as the sum of the squared differences of the gray values of the images,
ie.,

2lgr(@y) - gs(a, y)?

F= e , (8.1)
where gr(2’,y’) and gg(z,y) are the gray values of the images Imgr and
Imgg, respectively and €2 is the area of their overlap.

The hybrid model of EA used in this chapter for solving the target recog-
nition problem utilizes hybridization in a broader sense [7—9]. In particular,
the following techniques are incorporated in the evolutionary search:

1. Direct local search, i.e. hybridization in the narrower sense of this term.
2. Random search with uniform probability.

3. Preservation and analysis of the history of the search.

4. Utilization of problem-specific knowledge.

Incorporating traditional methods of local search in the evolutionary ap-
proach is a well known hybridization technique commonly used to refine the
best fraction of the current population [10, 11]. However, direct application of
local search in electronic imaging can result in a few computational problems
that can be mitigated with a two-phase cyclic search procedure based on the
modified Downhill simplex method (DSM) and random search [8].

The classical DSM is one of the popular choices among practitioners be-
cause it has low computational cost along with the relatively high robust-
ness and does not require computing the derivatives of the objective function
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[12, 13]. However, direct local search with DSM in a multidimensional pa-
rameter space can occasionally converge to a suboptimal solution. In order to
redefine or improve the current configuration of the simplex, random search
with the uniform probability in the locality of the existent simplex is period-
ically invoked by the algorithm as an interim alternative procedure.

During the search EA samples numerous points in the N-dimensional pa-
rameter space. Preserving the history of the search in a way similar to Tabu
search introduces additional elements of organization in the selection-driven
random evolutionary process by structuralizing the parameter space. In par-
ticular, the algorithm used in this chapter performs bookkeeping operations
that affect local search and mutation as described below.

The local search procedure keeps track of the neighbors selected during
random search by building a binary tree with the selected chromosome V';
as the initial root of the tree. Once the designated number of the chromo-
some’s neighbors has been evaluated, the tree is rotated to the right, so that
the individual V; with the lowest value of the fitness function F} replaces
the chromosome V;, and becomes the new root of the tree. When the local
procedure switches to DSM, it chooses the chromosome V' ; as the first vertex
of the initial simplex. The other N vertices are picked from the right brunch
of the tree; these vertices have the next N lowest values of the fitness func-
tion. The selection technique ensures that the best-known simplex in the local
neighborhood is formed as the starting point for the refined DSM search.

Sampling parameter space with operations of crossover, mutation, and lo-
cal search, as well as favoring and promoting the best up-to-date individuals
result in the uneven representation of different subregions in the chromosome
pool, which leads to what is known as exploitation vs. exploration problem.
Bookkeeping is used to keep track of the usage of the search space, and mu-
tation is performed at random only in the subregions that have been least
represented up-to-date in the population. This technique helps maintain the
fair usage of the search space, especially at the initial stages of the algorithm
run.

One of the attractive features of EA is its versatility: the algorithm can be
applied to a broad spectrum of problems without involving problem-specific
knowledge. The flip side of this versatility is that many ad hoc methods utiliz-
ing relevant problem-specific information might outperform EA when solving
these problems. There are two principal ways in which problem-specific knowl-
edge can be incorporated in the algorithm in order to improve its performance:

1. To provide the algorithm with the specific data about the problem at hand.
This approach typically requires human intervention, and can result in the
loss of so much appreciated generality of the algorithm.

2. To provide the algorithm with the general method that can be invoked
within the EA framework to autonomously obtain specific data about the
problem at hand.
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ILR is a general method that can provide evolutionary search with im-
portant data related to the particular electronic imaging problem [9]. ILR is
defined as the variation of the objective (i.e., fitness) function F' which occurs
because of a small variation of the parameter vector V' in the N-dimensional
parameter space. The response is computed over a small pixel area w as fol-
lows:

(g y) — g(z,y))?

F=2 = , (8.2)

where g(x,y) and g(z’,y’) are the respective gray values of the image before
and after the variation of the parameter vector has occurred.

ILR can significantly reduce the computational cost of the HEA in elec-
tronic imaging applications [7]. There are two important properties of ILR
that can be effectively utilized in target recognition:

1. Response emphasizes segments of an image that are most responsive to a
particular geometric transformation. These segments identify the salient
features of the image that are particularly important in solving various
image mapping problems.

2. Response is computed by mapping an image onto itself which makes the
result of the mapping largely invariant in relation to imagery type.

The key idea of the proposed method of target recognition from multiple
sensors is to utilize the above-formulated properties of ILR, and to transform
the originally stated problem of target recognition in real visual space G into
a new problem of target recognition in image response space R. The new
problem can be formulated now as a search for an appropriate transforma-
tion A providing the correct aligning of ILR r(z,y) of the target with ILR
rs(x,y) of the scene. The matrices of ILR for both images are computed at
the pre-processing stage. As in the original statement of the target recognition
problem, a chromosome encodes a trial vector of parameters V' defining the
sought geometric transformation A. The chromosome V* that minimizes a
measure of the difference F' between the responses rr and rg of the images
Imgr and I'mgs identifies and aligns the recognized target. The sum of the
squared differences of the response values of the images I'mgr and Imgg is
used as the measure of the difference F' between the images, i.e.,

%(TT(QS/7 y/) - TS(‘:C’ y))2

F= o2 , (8.3)
where rr(2’,y’) and rg(x,y) are the ILR values of the images Imgr and
Imgg, respectively, and 2 is the area of their overlap. The use of the imagery-
invariant response values rr(2’,y’) and rg(z,y) in formula (8.3) makes the
proposed method of target recognition fundamentally different from the tra-
ditional methods based on the comparison of the actual pixel values gr(2’,y’)
and gs(z,y) as in formula (8.1).
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Next section discusses the results of the computational experiments that
support the proposed approach to target recognition with the HEA in the
response space in the case of different imagery types.

8.3 Computational Experiments with Different
Imagery Types

Computational experiments were conducted on a set of two-dimensional syn-
thetic grayscale images shown in Fig. 8.1. The set includes a wireframe My,
and a realistic solid model Mg of a target, and a realistic image of a scene
with the target. The wireframe and the solid models exhibit a significant

Figure 8.1. A set of synthetic test images: a wireframe model of the target (top left),
a realistic solid model of the target (top right), and a realistic scene with the target
(bottom).
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Table 8.1. Ranges and step sizes of parameters in
computational experimants.

Parameter DX DY 0 SX SY SHX SHY

Min value 0 0 0.0 1.0 1.0 0.0 0.0
Max value 299 299 6.28 4.0 4.0 2.0 2.0

255 255 3.0 3.0
Step size 1 1 0.1 0.1 01 01 0.1
2 2

difference in imagery type, which simulates the difference in the images of
the same target obtained from the sensors of different types. The images of
the target were distorted by affine transformations defined in general case
by the vector of parameters

V = {DX,DY,0,SX,SY,SHX, SHY}, (8.4)

where DX and DY are translations along the x and y axes, 6 is rotation in the
zy plane, SX and SY are scaling factors along the x and y axes, and SHX and
SHY are shears along the x and y axes. The target recognition problem was
stated as a search for the vector of parameters V* minimizing the difference F'
between the images I'mgr and Imgg of the target and the scene, respectively.
The search was conducted with the hybrid model of EA described in Section
8.2. The ranges and the step sizes of the sought parameters are presented in
Table 8.1. The experiments were conducted in real visual space G, i.e., by
comparing the pixel gray values g(x,y) of the original images, and in response
space R, i.e., by comparing the response values r(x,y) of the images.
The experiments had the following objectives:

1. To show that different types of imagery cannot be used in real visual space
G for target recognition with EA because fitness functions corresponding
to the wireframe and solid models have different optimal values in G.

2. To validate the use of image response space R in target recognition with
EA by showing that fitness functions corresponding to the solid model have
the same optimal values in both real visual G and response R spaces.

3. To show that different types of imagery can be used in image response space
R for target recognition with EA because fitness functions corresponding
to the wireframe and solid models have similar optimal values in R.

4. To show that the performance of the local DSM search does not degrade
when the search is relocated into image response space.

5. To show that target recognition problem for different imagery types can be
successfully solved with the HEA in image response space R.

The feasibility of conducting the search in real visual space G for differ-
ent imagery types was assessed by comparing the gray values of the wire-
frame and solid models with the gray values of the scene, i.e., fitness F' was
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Figure 8.2. Fitness function corresponding to the solid and wireframe models along
the optimal cross sections of the scene in real visual space G:DY = 250 (top); DX =
140 (bottom).

computed according to formula (8.1). The parameters 6, SX, SY,SHX, and
SHY of the chromosome V' were set to their optimal values, while the trans-
lations DX and DY varied between their minimum 0 and maximum 299 val-
ues. The computed values of the fitness function along the optimal cross sec-
tions DX = 140 and DY = 250 for both models are shown in Fig. 8.2. The
solid model clearly expresses global minima along both optimal cross sections,
which corresponds to the correct aligning of the target and the scene. The
wireframe model exhibits only local minima at the correct locations along
both cross sections; it identifies the erroneous positions of the global min-
ima DX = 32 and DY = 76. This result clearly indicates that the wireframe
model cannot be used for recognizing the realistic solid target in real visual
space G because of the significant difference in the imagery type between the
models.

In order to validate the use of image response space R in target recog-
nition with EA, ILR was computed for all test images. The images of the
response values are shown in Figs. 8.3 and 8.4. The lighter areas with higher
intensity (i.e., larger gray values) correspond to larger response values. The
responses of the wireframe and solid models exhibit a high degree of similarity;
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Figure 8.3. Images of ILR computed for test images (from the left to the right): A
wireframe model, a wireframe model after applying intensity threshold, a solid model.

both responses highlight the main shape features of the target. The wireframe
response has more low-intensity details which can be discarded after applying
an intensity threshold.

The values of the fitness function along the optimal cross sections of the
scene were computed for the solid model in image response space R using
formula (8.3), i.e., by comparing the response values r(z, y) of the solid model
and the scene. The computed values plotted in Fig. 8.5 clearly indicate the
correct locations of the global optimum in x and y directions, i.e., the optimal
values DX = 140 and DY = 250. The fact that the fitness function corre-
sponding to the solid model does not change its behavior when the search is
conducted in image response space validates the feasibility of using response
space R instead of real visual space G in target recognition with EA.

Once the validity of relocating the search space from real space G into re-
sponse space R has been proven, the most important question arises whether
the behavior of the fitness function F' in response space is similar for both wire-

Figure 8.4. Image of ILR computed for the test image of a scene.
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Figure 8.5. Fitness function corresponding to the solid model along the optimal cross
sections of the scene in real visual G' and response R spaces: DY = 250 (top); DX =
140 (bottom).

frame and solid models. The computed values of the fitness function along the
optimal cross sections for both models are compared in Fig. 8.6. The global
minima along the x and y directions computed for the wireframe model corre-
spond to DX = 144 and DY = 254 which are very close (with the maximum
error 3%) to the minimum positions for the solid model. This important re-
sult clearly indicates that the wireframe model can be used for recognizing
the realistic solid target in image response space R.

One of the main features of HEA is utilization of local search within the
global evolutionary procedure. The objective of the next experiment was to
show that the performance of the local DSM search did not degrade when
the search was conducted in response space R. The performance was assessed
as the number of fitness evaluations required to find the optimal solution.
A set of 100 test runs of the local DSM search for the solid and wireframe
models in real G and response R spaces was performed. For every test run, the
initial simplex was placed in the proximity of the optimal solution using the
following technique. The value of each parameter of the vector V for each of
the vertices was independently drawn at random with the uniform probability
from the (£10%) range of the corresponding range centered at the parameter’s
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Figure 8.6. Fitness function corresponding to the solid and wireframe models along
the optimal cross sections of the scene in response space: DY = 250 (top); DX = 140
(bottom).

optimal value. For example, the value of the translation DX for a 300 x 300-
pixel image of the scene was drawn from the interval (140.0 & 30). Figure 8.7
shows a sample image of the transformed solid model.

The comparative results for the number of fitness evaluations for all test
runs are shown in Fig. 8.8. The performance of the DSM search for the solid
model is similar in both real and response spaces: the total number of fit-
ness evaluations over 100 runs was 8681 in real space and 8472 in response
space. The performance of the local DSM search for the wireframe model
in response space was even better than the performance of the solid model:
The total number of fitness evaluations was 5354. These results assure that
the performance of local search at least does not degrade when the search is
conducted in response space for imagery of different types.

Finally, the hybrid model of EA discussed in Section 8.2 was used to solve
the target recognition problem for imagery of different types. The distorted
image of ILR of the wireframe model was used to recognize the target in the
image of ILR of the scene containing the solid model. In the first test run
of the algorithm the wireframe model was subject to affine transformation
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Figure 8.7. Sample transformed image of solid model with 10% parameter range
about the optimal position.

defined by the four-dimensional vector
V ={DX,DY,SX, SY}, (8.5)

where SX = SY (i.e., isotropic scaling of the image).
In the second test run the wireframe model was subject to affine transfor-
mation defined by the five-dimensional vector

V = {DX,DY,0,SX,SY}, (8.6)

where SY = 25X (i.e., non-isotropic scaling of the image).
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Figure 8.8. Performance of local DSM search for solid and wireframe models in real

G and response R spaces.
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Figure 8.9. Images of the target and results of recognition: four-parameter test (left);
five-parameter test (right).

The first test run was performed with the population of 137 chromosomes
initially selected at random with the uniform probability. The population size
in the second test run was 260. The images of the target used in the search,
and the results of the recognition are shown in Fig. 8.9, where the rectangular
segment of the scene corresponding to the image of the target is highlighted.
Algorithm was able to correctly recognize and align the target in the scene
in both test runs. The total number of fitness evaluations in the first test
was 119,454 with 12,153 evaluations attributed to the local DSM search. The
total number of fitness evaluations in the second test was 117,982 with 13,898
evaluations attributed to the local DSM search.

8.4 Conclusions

EA has been successfully used for solving a few electronic imaging problems
closely related to target recognition. However, the existing methods are based
either on direct comparison of the pixel values or on extracting the salient
features of images. Both approaches can show poor performance when images
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of the target are obtained from the sensors of different types. Moreover, the
images of the target can be geometrically distorted. This chapter evaluates
the feasibility of target recognition with the HEA for different imagery types
by relocating the search from real visual space into image response space.

Computational experiments conducted on a test set of two-dimensional
synthetic grayscale images allow to draw the following conclusions:

1. Different types of imagery cannot be directly used in real visual space for
target recognition with HEA because fitness functions corresponding to
images of different types have different optimal values in real space.

2. Evolutionary search can be relocated into image response space because
fitness functions corresponding to the real image and to its response have
similar optimal values in both real and response spaces.

3. Different types of imagery can be used in image response space because
fitness functions corresponding to images of different types have similar
optimal values in response space.

4. The performance of the local DSM search does not degrade when the
search is relocated into image response space.

5. Target recognition problem for different imagery types can be successfully
solved with the HEA in image response space.

Further research is needed to extend the proposed approach to more com-
plex problems of target recognition including cluttered and noisy scenes, and
recognition of three-dimensional targets.
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9.1 Chapter Overview

The eyes have it! This chapter describes cutting-edge computer vision meth-
ods employed in advanced vision sensing technologies for medical, safety, and
security applications, where the human eye represents the object of interest for
both the imager and the computer. A camera receives light from the real eye
to form a sequence of digital images of it. As the eye scans the environment, or
focuses on particular objects in the scene, the computer simultaneously local-
izes the eye position, tracks its movement over time, and infers measures such
as the attention level, and the gaze direction in real time and fully automatic.
The main focus of this chapter is on computer vision and pattern recognition
algorithms for eye appearance variability modeling, automatic eye detection,
and robust eye position tracking. This chapter offers good readings and solid
methodologies to build the two fundamental low-level building blocks of a
vision-based eye tracking technology.

9.1.1 Eye Tracking-Based Applications

The eye tracking research and application community has grown remarkably
in the past few years [1], and thus eye tracking systems appear to be ready
for utilization in various areas of human computer interaction. In [75] eye
tracking is used for examining the effectiveness of marketing material and
newspaper layouts. Andersen et al. [4] have used eye tracking in interior de-
sign and ergonomic evaluation such as in airplane cockpits. In vision-based
automotive applications, human factors use eye tracking systems to assess the
driver state such as fatigue and distraction level [18, 19, 24, 45, 64, 65, 77].
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Figure 9.1. Snapshot of main modules in a vision-based eye tracking sensing system.

The use of eye gaze as a pointing device is a straight forward approach
when considering real-time interaction. Information about the users inten-
tions (like browsing and reading) can be exploited in applications such as
eye typing and as an aid for reading foreign text [49]. More recently gaze
determination is used in connection with rendering digital displays for exam-
ple by only displaying the areas of the gaze fixations in high resolution [6,
53, 55]. Such applications require robust, real-time, and low-cost eye tracking
components.

9.1.2 Eye Tracking Modules

A general flowchart of a typical eye tracking system is depicted in Figure 9.1.
The camera control module adjusts the intensity distribution to match a pre-
defined model of the eye or face image. This module is very useful for systems
that run in all weather conditions and for any subject. The subject eye is then
searched in the entire frame. Once it is detected, the tracking module takes
over and tracks it in next frames. These two modules, automatic eye detection
and eye location tracking, represent the fundamental low-level building blocks
in an eye tracking system and will be reviewed in details in this chapter. Af-
terward, one could analyze the tracked eye region to compute for instance the
eye gaze and/or the eye closure state. The gaze direction determines where
the subject is looking at. The eye closure state determines the percentage of
eye opening or eye closing. Such high-level features are cumulated over time
and used in estimating system features like distraction, attention and fatigue
level, drowsiness state, etc.

9.1.3 Chapter Organization

In Section 9.2 we will review some background materials about light spectrum
and the responses of the pupil eye in some specific near infrared light setup.
In Sections 9.3 and 9.4 the important issue of eye appearance changes and
eye representation are brought up and discussed in details. Then, some ad-
equate approaches to model the appearance variability in feature spaces are
described in Section 9.5. The variability is due to the existing difference in eye
shapes among people, contrast, sensitivity, partial eye occlusion, iris orienta-
tion, and cluttered background. We will present the state-of-the-art automatic
eye detection in Section 9.6. The tracking problem is formulated in Section
9.7. A brief review of tracking methods is given in Section 9.8. In Sections 9.9,
9.9.2 and 9.9.3, a particular focus is placed on particle filter theory and its
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adaptation to dark-bright pupil observations and iris-contour data. Some ad-
vanced eye tracking—based technologies are introduced in Section 9.10. Finally,
the chapter is concluded in Section 9.11.

9.2 Background Review: Light, Eye Responses,
and Movements

Lighting setup can make the task of computer vision easier or harder. One
could say that its position in relation to vision is the same as the position of
the axis in relation to the hand-mill. A better lighting equals greater success
and less effort in vision sensing algorithm research and development. A poor
lighting results into missperception and lack of information about the physical
world.

9.2.1 Electromagnetic Spectrum

The light is emitted from an object which is then captured by a light detec-
tor such as human eyes and imagers. The light, which is a wave of discrete
photons, moves at a specific wavelength A of the electromagnetic spectrum
(EM) range. Photons with a specific wavelength have a specific energy which
describes the best the relationship between light and heat or light and elec-
tricity. The electromagnetic spectrum is a map of all the types of light that
are identified (see Figure 9.2). It separates all the types of light by wavelength
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Figure 9.2. Illustrations of the blackbody radiation curve (a), the electromagnetic
(b), optical (c), and visible spectrum (d). The wavelengths are in nanometers (nm).
The peak of the blackbody radiation curve gives a measure of temperature (see color
insert).
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because that directly relates to how energetic the wave is. Less energetic waves
have longer wavelengths while more energetic waves have shorter wavelengths
(see Figure 9.2(a)). The human eye is sensitive to the narrow range of visible
light (between 400 and 700 nm, see Figure 9.2), and has its peak sensitivity
to bright light at approximately 550 nm, which is close to the peak of the
emission curve for the sun.

9.2.2 Pupil Responses

In machine vision, light acquired by the detector is aimed to provide sufficient
information (contrast) for detector to separate the primary features of interest,
and for the processor to distinguish them. Therefore, the primary goal of
machine vision lighting engineers is to maximize feature of interest contrast
while minimizing all other features.

In the eye tracking vision-based sensing world, it is found that there are
two types of illumination techniques to acquire the human eye pupil: bright
pupil and dark pupil. These phenomena are related to the biophysics of the eye,
infrared-eye responses, and illuminator and camera placement. The infrared
light impinging on the eye can be reflected, absorbed, and /or transmitted. The
bright-pupil technique lines up the optical axes such that the light entered to
the retina is bounced back (retro-reflected) within the field of view of the
camera. The bright-pupil technique provides a nice boundary of the pupil
image; it looks like a “moon-like” image. The other case is using the dark-
pupil technique where the majority of the light entered is not bounced back
along the axis of the optical measurement system. In order to produce these
two physiological eye properties, two banks of infrared sources (LEDs) are
mounted on- and off-optical axis of the camera. These two LEDs are turned
on and off in order to produce an interlaced image. An illustration of the
camera and LEDs setup is shown in Figure 9.3, while Figure 9.4 shows two
generated pupil images.

9.2.3 Eye Movements

Eye movements and neuroscientific studies have revealed many important
findings of the mammal visual system. Our eyes are constantly directed to a
series of locations in the visual field. These movements have been shown to be
essential to our visual system and can be subdivided into the following basic
types [46]:

1. Adaption and accommodation are nonpositional eye movements which
are used for pupil dilation and focusing.

2. Rolling of the eyes is a rotational motion around an axis passing through
the fovea and pupil. It is involuntary, and is influenced by, among other
things, the angle of the neck [36].
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Figure 9.3. Illustration of the LEDs setup as implemented in [27] to generate dark
and bright pupil images. The first LED is located at an angle less than 2.5 degrees
of the imaging axis, while the second light source is arranged at an angle greater
than 4.5 degrees from the imaging axis for illuminating the eye. The first light pro-
duces bright pupil, while the second light produces dark pupil. When the light source
is placed off-axis (top), the camera does not capture the light returning from the
eye.

3. Saccadic Movements is the principal method for repositioning the eye
(fovea) to a location in the visual field. The movements are rapid and can
be both voluntary and reflexive. The duration of saccade movements varies
between 10 and 100 ms and takes about 100-300 ms to initiate. The peak
velocity of a saccade can be as much as 900 deg/sec [74].

4. Smooth pursuit is a much smoother, slower movement than a saccade; it
acts to keep a moving object foveated allowing the object to be tracked. It
cannot be induced voluntarily, but requires a moving object in the visual
field.

5. Vergence movements are used to position both eyes when the distance
from the observer to the foveated object is changed; the closer the object is,
the more the eyes point toward each other. Vergence movement is normally

Figure 9.4. Examples of a dark and bright pupil images and their corresponding
pixel-to-pixel enhanced subtraction image.
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the result of a moving stimulus, but may be voluntary and are thus either
saccadic or smooth.

6. Nystagmus is a pattern of eye movements that occur as a response to
the turning of the head or the viewing of a moving, repetitive pattern. It
consists of two alternating components, (1) “smooth pursuit” motion in
one direction followed by (2) a saccadic motion in the another direction.
For example, in a train where looking out of the window you look at a tree
and follow it as it moves past (slow phase), then make a rapid movement
back (fast phase) and fixate on the next object which again moves past
you.

7. Fixations are movements which stabilize the gaze direction on a stationary
object.

From the description above it is clear that fixations, smooth pursuit, and
saccades are important for establishing visual attention and thus also impor-
tant in relation to eye tracking.

9.3 Eye Appearance Changes

The problem of visual eye recognition poses a number of challenges to existing
machine vision and pattern recognition algorithms due to dramatic changes
in the eye appearance among people, poses, and lighting conditions. Such
problem exists too in many other applications of computer vision such as
Optical Character Recognition.

The eye can be seen as a multistate model; it is subject to transitions from
wide open eye to completely closed eye and thus the appearance of the iris
and pupil are heavily influenced by occlusions from the eye lids and may often
be totally covered. The effects of occlusion and illumination changes are also
related to the ethnic origin of the user. Furthermore, the eye shape differs
from one subject to another (Asian, European, African, etc.); eyes might ap-
pear with or without eyeglasses, sunglasses, eyebrows, and eye makeup. Both
Caucasian and Asian people have facial features that may make eye detection
and tracking difficult. The eye lids of Asians are generally close together and
may thus result in less boundary information. On the other hand, the nasal
bone and superciliary arch of Caucasians are usually more pronounced and
therefore casts more shadows on the eye. In addition, the distance between
the two eyes also varies across ethnic backgrounds.

The industrial push to develop cost-effective and free calibration eye track-
ing systems contribute furthermore to the variability problem at two levels:
(1) the noise level increases when off-the-shelf cheap infrared cameras are
used, and (2) the shadow effects, partial eye occlusions, and perspective dis-
tortions become more important with nonconstrained 3D head rotations and
fast motions.

As with a monocamera system the depth map is mostly inaccurate, any
departure of the head from the nominal position may decrease considerably
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Figure 9.5. Snapshots of eye and noneye patches.

the performance rate of eye detection and eye tracking algorithms. Most al-
gorithms use a predefined eye region size, and eventually with any depth
changes, this region would either lose essential eye components such as eye-
lids, or would gain nondesirable background objects such as eyebrows and
edges of glasses (cluttered background). Figure 9.5 shows some examples of
cluttered eye regions and noneye patches with close appearance to eyes.

The current focus of eye tracking researchers is shifted toward developing
robust algorithms that are capable of handling the listed challenges above.
These challenges to be overcome are summarized in Figure 9.6. Interestingly
enough the human vision system is naturally adapted to such variations among
the visual objects, while it is still challenging to computers to handle easily
and completely the iris-shift event illustrated in Figure 9.7.

1 . .
1 ®Vironment condition®

Cluttered packground

Figure 9.6. Pyramid of factors that contribute to eye appearance variability. A robust
detection and tracking algorithm must tolerate to all of these levels (vertical dimension)
as well inside all cases within each level (horizontal dimension). As more layers are
crossed horizontally and vertically the complexity to develop robust vision algorithm
increases in a nonlinear way.
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Figure 9.7. Illustration of the eye appearance variability during an iris-shift event in
two spaces: (a) gray scale and (b) edge-pixel space.

9.4 Eye Image Representation

The first step toward building an efficient eye tracking system is choosing an
adequate representation of the eye. In this section we will review most effective
eye representation methods.

9.4.1 Selection Criteria

The eye is coded in a two-dimensional gray-scale image as a set of pixels
ordered in multiple rows and columns with intensity values between 0 and
255. A well-formed dark pupil would have pixels of intensity values less than
15. As for the bright pupil the intensity values are expected to be above 240 to
distinguish them easily from the sclera or the skin pixels. The representation
process of an eye region consists of mapping the pixel format to another space
through a defined transformation. The generated space out of a transformation
(filter) is known by the “feature space.” The consensus in computer vision is
that a good image representation is:

1. Compact: The dimension of the feature space must be as small as possible,
and at least smaller than the original eye region size; the smaller the better
for memory allocation and matching procedure;

2. Unique: The feature vector describing eye is unique in such a way that the
class of eyes and noneyes are well separable and easily distinguishable;

3. Robust: When the eye region is subject to an affine transformations (trans-
lation, rotation, etc.), its representation in feature space must remain rel-
atively unchanged; and,

4. Computationally inexpensive: A filter must be computationally fast to be
employed in real-time systems.

Unfortunately, the selection process of an adequate image feature is always
a compromise between these four criteria. The higher the complexity of the
feature the more computation resources are needed.

9.4.2 Feature Spaces

During the last decade a tremendous effort has been made in the area of image
representation. Image representation methods employed by the eye tracking
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community could be arranged into the following groups: brightness-, texture-,
and feature-based representations.

The brightness-based methods, known too by appearance-based meth-
ods, work with intensity or colors of the pixels and use the image itself as a
feature descriptor. In most real-time eye tracking systems the gray-scale vec-
tor is employed. This vector is obtained by simple linear transformation of
the eye region. It is intuitive, inexpensive, and more importantly it preserves
the spatial relationship between the pixels distribution. Other features such as
statistical moments could be used, but to be efficient they should be computed
at high orders making them less used in real-time eye tracking systems.

In contrast, the texture-based methods try to encode the unique tex-
ture of the eye. Often a Gabor filter bank is used for this purpose. In [20]
it is reported that the best performance in locating facial landmarks may
be achieved by concentrating a large number of orientations (8 orientation
bands) on very low frequency carriers (spatial frequencies in the order of 5-8
iris widths per cycle). The Gabor filters are orientation and scale-tunable edge
detectors, and the statistics of the Gabor filter outputs in a given image re-
gion are often used to characterize the underlying texture information. More
recently, Haar-like texture features have been employed in [13].

Finally, the feature-based methods extract edges, points, and contours
and the problem is therefore reduced to matching of these salient features to
the model [7, 12, 14, 25, 32, 35, 43, 44, 71, 78]. The model could take the form
of a generic template which is matched to the image, for example, through
energy minimization. In [73] and [23], generic local descriptors and spatial
constraints are used for face detection and infrared eye tracking. A local de-
scriptor is a combination of gray-value derivatives named “local jet.” They are
computed stably by convolution of the eye image with Gaussian derivatives.
Note that derivatives up to Nth order describe the intensity function locally
up to that order. The “local jet” of order N at a point x = (x;,y;) for image
I and scale o is defined by JN[I](x,0) = {L;,. ;. (x,0) | (x,0) €I x R*;n =
0,..,N}, where Lj j, (x,0) is the convolution of image I with the Gaus-
sian derivatives Gj, ;. (x,0) and ji € {z,y}. To obtain invariance under 2D
image rotations and affine illumination changes, differential invariants from
the local jet are computed. The local jet is computed at each facial point
in the image and this describes the local geometry around a point of interest.
The eye neighbor region is then represented by a compact feature vector that
is tolerant to translation, 2D eye rotations, global light changes, and small
factors of scale changes.

9.5 Modeling of the Eye Variability

It is quite difficult to develop a perfect feature that is capable of representing
the eye in a unique way under all image conditions. On the other hand, mod-
eling of the eye appearance changes seems to be a reasonable solution. The



152 Riad I. Hammoud and Dan Witzner Hansen

modeling aims to capture the intraclass variations in the feature space with
a parametric model often called “generic model.” It is constructed through
supervised machine learning techniques. Such techniques provide a natural
and successful framework for bringing automatic eye detection to practical
use. Processing brightness, shape, and texture-based eye features, a number
of learning approaches have shown success in discriminating eyes vs. noneye
[23, 28, 31, 41, 58, 80].

During the learning process, all positive and negative patches (see
Figure 9.6) are projected in a selected eye representation space. The learning
process aims to find the optimal boundary between the two classes of patches.
As a result of such process, two generic eye and noneye models are built. They
represent the eye and noneye distributions, in a compact and efficient way.
Each generic model is described by a set of parameters. These parameters
are employed in the online testing process. An unknown patch is classified
into either class according to a specific classification rule such as minimum
distance or maximum probability.

King et al. [41] applied a linear principal component analysis approach
[70] to find the principal components of the training eye patches. These rep-
resentative principal components (PCs) are used as templates. An unknown
image patch is projected into these PCs, and either Mahalanobis distance or
Reconstruction error could be used along with a dissimilarity threshold to
classify the patch. The issue with this technique is the selection of appropri-
ate thresholds. To avoid this problem of threshold selection, a noneye model
could be used in the comparison. Haro et al. [28] use a probabilistic principal
component analysis to model offline the intraclass variability within the eye
space and the noneye distribution where the probability is used as a measure
of confidence about the classification decision.

More sophisticated learning techniques have been proposed in [23, 58,
73, 80]. The support vector machines (SVM) classifier [9] is used to train
dark-pupil eye patches and noneye patches on gray-scale image vectors and
invariant local jet [23, 80]. Using a selected eye database, the highest accu-
racy (above 98%) was obtained when the SVM kernel was chosen as a Gaus-
sian kernel whose standard deviation is 3 [58]. Vogelhuber et al. [73] used a
Gaussian Mixture Model (GMM) to learn the different aspect (variability)
of the left eye and right eye patches in the local jet feature space. In this
latter approach subclusters in the eye space are searched using Expectation
Maximization (EM) algorithm. The eye patches are localized manually and
represented by invariant descriptor (“local jet” proposed by Koenderink and
van Doorn [42]). Invariant descriptors are proved to give more reliable re-
sults in recognition than simple gray scale features [61]. The issue with GMM
method is that enough training data must be available and that a Gaussian
assumption is made on the shape of the distribution, which may not be valid.
However, finding compact and homogeneous clusters within a class might be
more efficient than fitting a nonlinear multidimensional kernel function. Figure
9.8 illustrates the separation boundary between eye and noneye distributions
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Figure 9.8. Illustration of eye and noneye models and their corresponding areas of
membership in a two dimensional feature space. Each eye patch is represented by
its projection in the first two eigenvectors. The space is splited into two areas of
membership (eye vs. noneye) using SVM technique (middle). In the most right figure,
a Gaussian Mixture Model is used to find the subclusters in the eye space, where three
clusters were found, each cluster groups similar eye appearances (see color insert).

using SVM. It illustrates also the subclusters found by GMM in the eye
space.

While the SVM is a very attractive classifier, manifesting performance
comparable to or better than nearly all classifiers, based on experience with
a wide range of data sets [62], it does have some drawbacks. For example, the
restriction to Mercer kernels can be limiting, and while the number of sup-
port vectors (training examples x,, with nonzero Lagrange multiplier «, that
reflects the importance of training example n) is typically a small percentage
of the training data, the number of support vectors grows linearly with the
available training data [63]. In order to reduce the memory usage and the com-
putation complexity, Hammoud [23] used the Relevance Vector Machine [67]
instead of SVM. The RVM is based on a Bayesian formalism, with which we
again learn functional mappings of the form f(z) = 2711\;1 wp K (x, z,) + wo.
However, K (z,x,), which is in the case of SVM, a kernel that quantifies the
similarity between z and x, in a prescribed sense, is now viewed simply as a
basis function, and therefore it need not be a Mercer kernel. More theoretical
details about Support Vector Kernels are found in [63].

In contrast to statistical approaches, evolutionary genetic algorithms [31],
and parameterized geometric deformable templates have been employed very
rarely on modeling of the eye appearance variability. Deformable templates
and the closely related elastic snake models are interesting concepts to model
the eye appearance changes, but using them is difficult in terms of learning
and implementation, not mentioning their computational complexity.

9.6 Automatic Eye Localization

For most eye tracking applications it is highly required to automatically local-
ize both eyes of a test subject without prior calibrations [2, 16, 18, 19, 24, 64,
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Figure 9.9. Illustration of some steps of the eye motion—based detection algorithm.
First raw: open eye, closed eye, and their corresponding absolute-difference image.
Second raw: filtered-binarized image and final set of detected eyes.

65]. Otherwise, a human expert should interfer to identify the eyes through
multiple steps such as aligning the subject’s head in a window of interest
or fit the facial features in a predefined face template. Evidently, employing
a semiautomatic eye detection limits the usability of an eye tracking system
considerably. The main challenge today is to minimize false positives and false
negatives during automatic eye detection.

Two categories of automatic eye detection methods have appeared in the
vision community: image-based passive approaches [41, 58] and active IR-
based approaches [23, 28, 80]. The first category can be further divided into
four subapproaches: appearance-, feature-, model-, and motion-based meth-
ods. The second category exploits the spectral properties of pupil under struc-
tured infrared illumination.

The common steps among these methods are summarized below: Fxtrac-
tions of potential eye candidates, Selection of initial set of eyes, and Selection
of final set of eyes. Figures 9.9 and 9.10 illustrate the results of eye detection,
using motion-based method, and dark-bright pupil technique, respectively.

e FExtractions of potential eye candidates: The goal of this stage is to reduce
the search space of the target eye. The more compact this search space
is, the smaller the likelihood of false eye detection. The classic way is to
perform a dense search in the entire image. For instance, in [51, 66] a
method being adopted in eye detection consists of detecting the face first,
then each pixel in the upper block of the face is considered a potential eye
candidate

As opposed to dense methods, sparse methods select intelligently a small
set of potential eye candidates. The subtraction method that relies on
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Figure 9.10. Ilustration of some steps of the dark-bright pupil-based approach: initial
list of potential eye candidates (a), and final list of detected eyes (b). Note that the
two false eye candidates are rejected using a SVM classifier.

dark-bright pupil technology [23, 28, 37, 52] has gained a lot of attention
recently due to its effective way to extract potential eye candidates. A re-
view of pupil responses to near-structured infrared light is given in Section
9.2. The two images, the dark and bright pupil fields of the same interlaced
frame, are subtracted from each other, and only candidates of high contrasts
are kept as shown in the right image of Figure 9.4.

Similarly, regions of eye motion are identified by subtracting two suc-
cessive frames of the subject [23, 39]. The eye motion could be ei-
ther eye blinking or iris shift. Only regions that satisfy certain size and
shape constraints, like circularity and orientation, are kept for further
processing.

e Selection of initial set of eyes: The initial set of potential eye candidates is
filtered and a subset of eyes is generated. This is done through a filtering
procedure applied on an entity of single, pair, or triplet of eye candidates.
Most methods which do not constraint eye detection in frontal head pose
apply a common appearance-based filter. First, a feature vector is extracted
from the image to represent a potential eye candidate. Second, the candidate
is classified as an eye or a noneye, according to a well-defined classification
rule and offline generic eye model. A brief review of eye features and machine
learning tools was given in Sections 9.4 and 9.5, respectively.

For instance, Haro et al. [28] used the gray-scale vector and Probabilistic
Principal Component Analysis (PPCA) classifier to represent and classify
the eye region candidate as eye or noneye. While in [23] more robust image
feature and nonlinear classifier, the local jet, and a derivative of Support
Vector Machine, are used.

At this stage the majority of false eye candidates are eliminated. However,
the output of this stage may not be optimal and more than two candidates
left. Such a scenario is addressed in next step.

e Selection of final set of eyes: In order to select the final set of eyes, a further
analysis could be performed. One solution adopted in [28] consists of tak-
ing the initial set of eyes, generated in the previous step, track all of them
simultaneously, and then eliminate the false candidates over time according
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Figure 9.11. Illustration of detection results on both eyes using invariant local fea-
tures and RVM appearance models, eye motion, and infrared-eye responses. The track-
ing boxes are overlaid on the bright-pupil images.

to certain criteria like dynamic. Another approach to tackle this problem
makes use of information like facial feature geometry, anthropomorphic
constraints, and eye blinks. If two points are selected but they seem too
far from each other in space, then only the eye that satisfies the ellipse-like
constraint is considered in the final set of eyes.

Figure 9.11 shows detection results of both eyes, using invariant local fea-
tures and RVM appearance models, eye motion, and infrared-eye responses
[23].

9.7 Tracking Problem Formulation

The eye tracking process consists of following one or both eyes in consecutive
video frames. The choice of tools used to perform a particular tracking task
depends on the prior knowledge of the object being tracked and its surround-
ings. For example, both the appearance and the dynamical properties of the
eyes are important modeling problems. This section provides brief background
materials on tracking such as state vector, tracking components, and tracking
problem formulation.

9.7.1 Components

To formulate the tracking problem properly, the following tracking compo-
nents shall be introduced first. These terminologies are used in the rest of the
chapter and more specific definitions are given in Section 9.9.

o Target representation: The target representation is used for discriminating
the eye from other objects and is often described and abstracted by a set
of parameters, called the state vector. In the following x denotes the state.



9 Biophysics of the Eye in Computer Vision 157

Often the shape and appearance of the eye is sufficiently discriminative but
also the way the eye moves may be useful. Section 9.5 about representation
elaborates further on this issue.

e Observation representation: The observation representation defines the im-
age evidence of the eye representation; i.e., the image features Y observed
in the images. The observation representation is closely related to the target
representation, as for example, when the eye is represented by its contour
shape, we expect to observe edges of the contour in the image. If the target is
characterized by its color appearance, particular color distribution patterns
in the images can be used as the observation of the eye.

e Hypotheses measurement: The hypotheses measurement evaluates the eye
state hypotheses with the image observations, and essentially describe the
evolution of the posterior density.

e Hypotheses generation: The probability of the state hypotheses generat-
ing the image observations is often needed, for example, to determine the
hypothesis most likely to produce the image observations. Hypotheses gen-
eration is intended to produce new state hypotheses based on the old state
estimates and the old observations. The target’s dynamics could be embed-
ded in such a predicting process. At a certain time instant, the eye state is
a random variable. The posterior density of the eye state, given the history
of observations, changes with time.

9.7.2 Bayesian Formulation

Given a sequence of T' frames, at time ¢ only data from the previous ¢t — 1 im-
ages are available. Let us represent the states and measurements by x; and yy,
respectively, and the previous states and measurements by x, = (x1,... ,X¢)
and y, = (¥1,-..,¥yt). At time ¢ the observation y; is assumed independent
of the previous state x;_; and previous observation y;_; given the current
state x;. Each of the noise sequences is assumed identically distributed (i.i.d.).
The probabilistic formulation can be represented by the graphical model in
Figure 9.12.

The objective of state space-based tracking is to estimate the state of
the eye, given all the measurements up to that moment, or equivalently to
construct the probability density function (pdf). The theoretically optimal

f\f\?
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Figure 9.12. The dependency graph of the assumptions made for particle filtering
The assumptions used for particle filtering can be represented by a graphical model,
similar to the Hidden Markov Model.
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solution is provided by the recursive Bayesian filter which solves the problem
in two steps.

p(xeely, ) < p(yelxe)p(xei1ly,) (9.1)

pxialy,) = [ plxeaxp(xly, )i (9.2)

The equation contains the prior distribution, p(x:|y,), the dynamics,
p(x¢11|x;) and the likelihood term p(y;|x;) The prediction step uses the dy-
namic equation and the already computed pdf of the state at time ¢ — 1. Then
the update step employs the likelihood function of the current measurement
to compute the posterior pdf. Therefore, the tracking problem can be viewed
as a problem of conditional probability density propagation.

9.8 Models of Tracking Methods

In general there is no closed form solution to the recursive Bayesian filter in
Eq. (9.2). However, under linear dynamic models the equation can be opti-
mally solved in closed form, provided in the Kalman filter. Empirically it has
been shown that a Gaussian approximation for the observation density in vi-
sual tracking may not be sufficient and can lead to tracking failures. When the
noise sequences are nonlinear but modeling the posterior density as Gaussian,
a locally linear model is found in the Extended Kalman Filter (EKF) [5]. A
recent alternative to the EKF is the Unscented Kalman Filter (UKF), which
uses a set of discretely sampled points to parameterize the mean and covari-
ance of the posterior density [38]. Hidden Markov Models (HMM) can be
applied for tracking when the number of states is finite [60]. To efficiently
handle nonrigid transformations without explicitly modeling dynamics Co-
maniciu [11] proposes a histogram-based tracking, which exploits a spatially
smooth cost function and mean-shift.

Eye tracking methods could be arranged into four major categories, namely
appearance-based, deformable templates, feature-based, and IR-based methods.
Deformable template and appearance-based methods rely on building models
directly on the appearance of the eye region while the feature-based methods
rely on extraction of local features of the region. The latter methods are largely
bottom up while template and appearance-based are generally top-down ap-
proaches. That is, feature-based methods rely on fitting the image features to
the model while appearance and deformable template-based methods strive
to fit the model to the image.

The appearance-based methods track eyes based on the photometry
of the eye region. The simplest method to track the eye is through template-
based correlation. Tracking is performed by correlation maximization of the
eye model in a search region. The eye model could be too simply an average
gray-scale eye template. Grauman et al. [22] use background subtraction and
anthropomorphic constraints to initialize a correlation-based tracker. Trackers
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based on template matching and stereo cameras seem to produce robust re-
sults [50, 54]. An essential part of real-time tracking is to find a model which is
sufficiently expressive to handle a large variability in appearance and dynamics
while still be sufficiently constrained as to only track the given class of objects.
The appearance of eye regions share commonalities across race, illumination,
and viewing angle. Rather than relying on a single instance of the eye region,
the eye model can be constructed from a large set of training examples with
varying pose and light conditions. On the basis of the statistics of the training
set, a classifier can be constructed for modeling a large set of subjects.

The deformable template-based methods [12, 14, 25, 35, 43, 78] rely
on a generic template which is matched to the image for example through
energy minimization.The deformable template-based methods seem logical
and are generally accurate. They are also computationally demanding, require
high contrast images, and usually needs to be initialized close to the eye.

In contrast to the above two tracking models, the feature-based meth-
ods extract particular features such as skin-color, color distribution of the
eye region. These features could be tracking the in-between eyes [40] and [76],
filter banks [21, 29, 72], iris location using the Hough transform [56, 77], facial
symmetries [47]. Eye tracking methods committed to using explicit feature de-
tection (such as edges) rely on thresholds. Defining thresholds can, in general,
be difficult since light conditions and image focus change. Therefore, methods
relying on explicit feature detection may be vulnerable to these changes.

Finally, IR-based methods make use of the unique IR-pupil observations
[3, 17, 52, 57, 69]. More details and experimental results are given in Section
9.9.2.

9.9 Particle Filter-Based Eye Tracking Methods

The most general class of filters is represented by particle filters. Particle
filters (PF) are based on Monte Carlo integration. Rather than parameterizing
the posterior probability (equation 9.2) may sample from it. Particle filters
alm at exactly representing the current distribution by a set of N particles
S, = {s1W) = (Xf), ﬂ'éi))} at time ¢ [15, 34]. The current density of the state is
represented by a set of random samples with associated weights and the new
density is computed on the basis of these samples and weights. Each particle,
s is defined by a state hypothesis X and a weight 7r£i>, which reflects the
likelihood of that particular state hypothesis.

9.9.1 Particle Filtering

Over the last couple of years several closely related sequential Markov chain al-
gorithms have been proposed under the name of bootstrap filter, condensation,
particle filter, Monte Carlo filter, genetic algorithms, and survival of the fittest
methods [15]. Sequential Monte Carlo techniques for iterating time series and
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their use in the specific context of visual tracking are described at length in
the literature [10, 33].

e Filtering Distribution: The aim of particle filtering is to recursively estimate
the posterior distribution p(X;|Y};) or the marginal distribution p(x;|Y}),
also known as the filtering distribution. The associated features of the den-
sity such as the expectation can be estimated using:

My (X0 = [ X0p(XY )Xy (9.3)

for some function of interest f; : X#*1) — R”. For instance using the iden-

tity function f;(X;) = X; yields the conditional mean.

The objective is to apply Bayes’ theorem at each time step, obtaining a pos-
terior p(x¢|Y:) based on all the available information, as defined in Eq.(9.2).
That is, a sequence of two operations on density functions: a convolution
of the filtering distribution at the previous timestep, p(x;—1|Y;—1) with the
dynamics p(x’|x) followed by a multiplication by the observation density
p(Y¢|xt). Rather than approximating the distribution in Eq.(9.2) the idea
is to simulate or sample the distribution. The sampling uses a weighted
set of samples, the particles {s{}¥,. A particle si = (xi,7}) consists of a
state instance x' € X and a weight 7* € [0,1]. The finite set of particles
is meant to represent a distribution p(x;|Y:), in the same manner so as
to choose one of the x’ with probability ; should be approximately the
same as sampling from the distribution p(x;|Y;). This principle is shown in
Figure 9.13.

If the samples at time t, s7*, are fair samples from the filtering distribu-
tion at time t, the new particles, X;™, associated with the weights 7},
approximate the filtering distribution. Resampling these particles with re-
placement proportional to their weights provides a set {x./1}M_| of fair
samples from the filtering distribution p(x;41|Y¢+1). The algorithm for the

Weighted O
Probability Particle

Density —

A0 ©00 o0 OO o O o

Figure 9.13. Sample representation of a distribution A. weighted set of particles
approximate the distribution. Picking one of the samples with probability proportional
to the area is similar to drawing randomly from the density function. Adapted from
[8].
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Figure 9.14. Particle filtering. Starting at time ¢ — 1 the particles are unweighted.
For each particle the weights are computed using the information at time ¢ — 1. These
constitute the approximation to p(z:—1|yy—1). Subsequently, in the resampling step,
the particles are selected according to their weights resulting in a unweighted measure.
Finally predicting (resampling) and weighing the samples resulting in a measure which
is an approximation of p(z¢| Y:) [15].

standard particle filter is given in algorithm 9.1 and the iterative process is

depicted in Figure 9.14.

e Components of Particle Filters: To make a workable particle filter several
components have to be modeled.

1. The state vector that encodes parameters that are of interest to our mod-
eling problem. In terms of eye tracking, the center of the iris, head ori-
entation, the four eye corner positions, IR glints and reflections, low-
dimensional shape parameters are all examples of possible parameters to
be estimated. In this chapter we are limited to track the 2D position of
the eye only.

Initialization:

— for i = 1: N sample z{ ~ p(xo);
— Weigh each sample according to data likelihood 7i = p(y|x;)

Iteration:
fori=1:N
— Select: a sample X* with probability wfﬂ

— Predict by sampling from p(x;|x;_1 = X?)
~ Measure and weight the new sample in terms of the data likelihood 7} =

p(yelx:)

Estimate the measures of interest according to equation (9.3) once the N
samples are constructed.
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2. The likelihood is used to evaluate each particle hypothesis as to how well
the state instance explains the data.

3. The dynamics that is a model of the object’s temporal behavior in state
space.

e The Number of Particles: The number of particles, N, represents an ap-
proximation of the posterior distribution. When N — oo, the representa-
tion approaches the true distribution. However, because of to the linear
time complexity, as few particles as possible are desired. It is difficult to
automatically determine the number of samples, but [48] derive the require-
ment

Dmin

N >

(9.4)

where d is the number of dimensions of the parameter space, Dy, is the
smallest number of particles to survive sampling, and the survival rate, a <<
1, is a constant related to the shape of the posterior and prior distributions. As
a is very small, the lower bound on N grows exponentially with the number of
dimensions. The survival rate will, in general, be lower for noisy distributions
with shaper peaks, which, in turn, means that more samples are needed to
represent them. In our implementation of a simple PFIR tracker we have used
200 particles (see next section).

9.9.2 Adapted PF Tracker to IR-Pupil Observations

This section describes how to adapt the particle filter theory to tracking of
dark-bright pupil. One could see that most predominate eye tracking methods
in both research and commercial products are based today on active infrared
light [3, 17, 45, 52, 57, 65, 68, 69]. Ebisawa et al. [17] use a novel synchro-
nization scheme in which the difference between images obtained from on-axis
and off-axis light emitters are used for tracking. Kalman filtering and Mean
shift tracking are more recently applied in similar approaches [79]. The suc-
cess of these approaches is highly dependent on external light sources and the
apparent size of the pupil.

The IR-based PF tracking algorithm is described in details in Figure 9.15.
Several simplifying assumptions are made here, to make this example short
and comprehensible. Tracking often involves following areas in the image of
high probability. This example shows a simple particle filter for following
regions of high probability using bright and dark pupil images eye tracking as
the main application. The observations are obtained by subtracting the dark
and bright eye images and thus the eye regions yield areas of high probability
(see Figures 9.4 and 9.16).

The first step is to find the parameters to be estimated. For simplicity,
assume that the dimensions of the bounding box is predefined and fixed over
time. In other words, there is no scaling or rotations between frames. The only
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Initialization:

— Get initial eye location (Ziit, Yimit) and bounding box (d, dy)

— for i=1:N
set sample x = (x;, + vy, i + vy); where v, and v, are random Gaus-
sian noise as specified in the dynamical equation (9.9). As the eye location
is known the noise covariance is usually set low.

— Weigh each sample according to equation (9.6), by adding all pixel values
within the bounding box located at position x*

Iteration:
fori=1: N

— get the next images and subtract the dark and bright images

— Select: a sample X' with probability 7i_;. This can be done by pick-
ing a random number between [0; Zf\’ mi_,] and pick the sample in the
cumulative histogram which is closest to the random number

— Predict each sample by adding random noise to each particle, as given in
equation (9.9)

— Measure and weight the new sample in terms of the data likelihood
7t = p(y¢|x¢), again by summing all pixel values with the bounding box
specified by each sample

Estimate Calculate the weighted mean of all samples. This will be our
state estimate.

Figure 9.15. Adapted particle filter tracking algorithm to dark-bright pupil observa-
tions.

parameters to be estimated are the coordinates in the image. The second step
is to define a dynamical model. As described in Section, 9.2.3, pupil move-
ments can be very rapid from one image frame to another. As no priori knowl-
edge of the movements is available, the dynamic is modeled as a first-order

Figure 9.16. Illustration of the subtraction image of dark and bright pupil fields and
their corresponding thresholded image (the threshold value is here set heuristically to
60). Another close-up view of the pupil is illustrated in Figure 9.4. Notice how the
center of the pupil is highlighted in the thresholded image, in both figures.
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auto-regressive process using a Gaussian noise model:
X1 = Xt TV, v~ N(Ov E)v (95)

where Y is the covariance matrix of the noise v. That is, each particle is moved
in a random direction and its distance is related to the covariance matrix.

Each particle has to be evaluated so as to find its likelihood. We noticed in
Figure 9.16 that the pupil reflections generate a bright spot in the difference
image. If the intention is to track the eye, we might as well follow bright areas
within a bounding box. Assuming that high-intensity values correspond to a
high probability that the pixel belongs to the pupil the (pseudo) likelihood
can be defined as

p(ylx) = /R exp(1a(x))dX, (9.6)

where the integral is defined over the pixel coordinates within the bounding
box of the difference image I;. We are still faced with a couple of problems
before we have an actual tracker, namely how is the tracker initialized, how
many particles to use and how to represent the object, given the set of parti-
cles. Even though the posterior is multimodal, the eye position is represented
by the weighted sample mean. The samples in the initial sample distribution
are initialized by setting each to the known initialized position plus some ran-
dom low noise. The number of particle, depends on several factors such as
image size and eye dynamics and is often set heuristically. Figure 9.17 shows
the tracking results of the left eye using the described algorithm above 9.16.
Under various head rotations this algorithm seems to maintain tracking of the
eye.

This tracker is easy to implement and is actually capable of tracking the
eye region under moderate head, lighting conditions and eye movements, but
may lose track when the IR reflections disappear, in outdoor conditions section

Figure 9.17. Eye position tracking results using the adapted PF tracker (see Figure
9.15) to dark-brigh pupil observations. In this experiment the number of particles used
is N = 200.
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sunlight, or the head movements are too rapid. The reason is that the likeli-
hood measure is not sufficiently discriminative to uniquely represent eyes. An
easy extension to the tracker is to add scale changes. This can be done by
adding another parameter to the state model. However, one should remember
to normalize the likelihood measure when comparing samples of different sizes.

9.9.3 Combined Particle Filter and Iris-Contour Trackers

To make eye trackers more robust, additional eye features must be considered.
In this section we will describe an eye tracking method that utilizes the iris as
the most prominent feature of the eye. The iris is characterized by being ellip-
tic and by its large contrast to the sclera. This section outlines the components
used in a recent contour-based tracker, but with all derivations left out [26].

The method combines particle filtering with the EM (Expectation Maxi-
mization) algorithm. Particles filters generally require a large set of particles
to accurately determine the pose parameters. By contrast, the method uses
a fairly small set of particles to maintain track of the object while using the
EM Contour method [59] for precise pose estimation. In this way computation
time is lowered while maintaining accuracy.

The iris appears elliptical on the image plane. The state, x, is therefore
defined to model an ellipse given by five state variables:

X = (Cg, Cyy A1, A2, 0),

where (cg,c¢y) is the center of the iris, A, A2 are the major and minor axes,
and 6 is the angle of the major axis with respect to the vertical. These are
the variables being estimated in the method.

The robustness of particle filters lies in maintaining a set of hypotheses.
Generally, the larger the number of hypotheses, the better the chances to
get accurate tracking results, but the slower the tracking speed. Therefore,
there is a trade-off between tracking accuracy and speed. In the approach [26]
the particle filter is used to obtain a state estimate on the coarsest image
scale. In this way the number of particles can be reduced. The EM Contour
method is applied on gradually finer image scales so as to obtain an accurate
measurement, of the sample mean on finest image scale. An overview of the
algorithm is depicted in Figure 9.18.

Many contour-based methods [8], as well as this approach, use the normals
to the contour to obtain the observations and assume that they are mutually
independent. This means that the likelihood of the entire contour is a multi-
plication of the likelihoods for each normal.

This contour model is based on the following assumptions:

1. The pdf of the observation depends only on the gray level differences
(GLDs).

2. Gray-level differences between pixels along a measurement line are statis-
tically independent.
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Figure 9.18. Overview of each iteration in the algorithm. Overall tracking is per-
formed on the coarsest image scale through particle filtering; starting from the weighted
mean of the particle states (sample mean), maximum likelihood estimation of the ob-
ject state is performed through the EM contour algorithm over gradually finer image
scales.

3. Intensity values of nearby pixels are correlated if both belong to the object
being tracked or both belong to the background: thus, a priori statistical
dependencies between nearby pixels are assumed.

4. There is no correlation between pixel values if they are on opposite sides
of the object boundary.

5. The shape of the contour is subject to random local variability, which means
that marginalization over local deformations is required for a Bayesian
estimate of the contour parameters.

Taking this into account the log-likelihood contribution from a single mea-
surement line is given by [26]:

h(ilp) = —log(m —|—10ng Il ej AV7 (9.7

where fp is the Gaussian deformation, fr is the density of gray-level differ-
ences between neighboring pixels, which in turn is well approximated by a
generalized Laplacian [30]:

fo(AI = —exp( ‘ ) (9.8)

Al is the gray-level difference, A\ depends on the distance between the two
sampled image locations, [ is a parameter approximately equal to 0.5, and
Z 1, is a normalization constant.

Taking the assumptions together means that no features need to be de-
tected and matched to the model (leading to greater robustness against noise),
while at the same time local shape variations are taken explicitly into account.
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Contour Tracker: operation for a single image frame
Input: Image scale space H }V[ of I, Motion model ¥ and particle set S;_1
Output: Optimized mean state X and new particle set Sy

1. Obtain the sample set Sy by selecting IV samples proportionally to their
weight from sample set S;_;

2. Predict all samples in S; according to Eq. (9.9)

3. Update weights in .S; by multiplying all normals with the measurement
line likelihood given in equation (9.7) using H}O) as reference image.

4. Calculate sample mean

N
> mix”
=1
N
>
i=1

5. Xo = Oy(X9) where O;(x#) represents the EM Contour algorithm ap-
plied at scale ¢ with initialization given by the argument xx.

6. for each image scale ¢ calculate X; = O;(X;—1)

7. X=Xuy

X0

Figure 9.19. The iris tracker as applied to a single frame of an image sequence.

The dynamical model, on the other hand, is slightly different from the
one described in the simple IR-based tracker as the covariance matrix 3; of
the noise v; is now made time-dependent matrix so as to compensate for scale
changes: when the apparent size of the eye increases, the corresponding eye
movements can also be expected to increase. For this reason, the first two
diagonal elements of ¥ (corresponding to the state variables ¢, and ¢,) are
assumed to be linearly dependent on the previous sample mean. The time-
dependent dynamics can therefore be defined to be

X1 = Xt + Vi, v~ N(0,%). (9.9)

The iteration step of the contour method is described in Figure 9.19.

Figure 9.20 shows an example of using the iris tracker using images ob-
tained from a standard video camera [26].

While this tracker is capable of tracking the iris without explicit feature
detection in both IR and non-IR light, it still faces several issues to be handled
to be a final system. One obvious limitation is to use only the iris for gaze
determination, as it is impossible to disambiguate head and eye movements
from the iris position, thus, in turn, disallow free head movements. Second, the
state model is not sufficiently discriminative to uniquely determine whether
it is tracking the iris or another circular objects. The extension to facilitate a
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Figure 9.20. Tracking results of the left eye using the PF-iris based tracking algorithm
described in Figure 9.19. Note the occlusion of the tracked eye by the subjet’s hand
and hair.

more committed model has been avoided so as to prove that iris tracking can
be done without any explicit feature detection. Even though eye movements
are rapid, using a more committed dynamical model may reduce the number
of particles as well as improve accuracy, as less particles are lost in least areas
of state space.

9.10 Advanced Eye Tracking—Based Technologies

Over the past few years the number of applications of eye tracking has ex-
panded remarkably [1]. Eye tracking-based technologies can broadly be di-
chotomized from a system analysis point of view as diagnostic or interac-
tive. In a diagnostic role, the eye tracker provides information about the
observer’s visual and attentional processes. In an interactive role, the eye
tracker serves as an input device. An interactive system responds to the
observer’s actions and interacts with him. In this instance this is done on
the basis of the observer’s eye movements. This latter category could be di-
vided further into two types of interactive systems: (a) selective, where the
point of gaze is used as a pointing device and (b) gaze-contingent, where
the observer’s gaze is used to change the rendering of complex information
displays [2].

Once the eye is automatically detected and tracked over time, the eye re-
gion could then be analyzed as follows. The eye corners and the pupil position
are extracted to determine the orientation of the eyeball. This information is
combined with head pose data and depth information to estimate the gaze
vector accurately. The head pose estimation could be estimated either us-
ing appearance-based techniques which explore the difference between frontal
face pattern and profile face pattern, or 3D-based techniques which require
detection of facial features and a reference head pose model.
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Delphi Corporpation Copyright 2005

pring: | =
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Figure 9.21. Snapshots of two applications of eye tracking: (1) fatigue assessment:
the eye state is classified as open (top left) or closed (top right); and (2) distraction
assessment: as the head pose is frontal (bottom left) or non-frontal (bottom right) for
a while, the driver is recognized as non-distracted (bottom left) or distracted (bottom
right). Both eyes were detected and tracked in real-time. Some human factor algorithms
being used to measure distraction from the head pose classification results can be found
in [18, 19, 24] (see color insert).

SeeingMachines [64] developed an eye tracking system, called FaceLab,
that analyzes head pose and eye behavior, in various complex environments,
e.g., on the road, in the air, and in simulators. It provides a robust and flexible
stereo-vision solution for research into driver fatigue, distraction, human work-
load management systems, and smart vehicle applications. Recently, Delphi
Corporation announced the readiness of its automotive grade eye-tracking
based Driver State Monitoring system [18, 19, 24] which reports in real-time
driver fatigue and driver distraction state. Some illustrations of Delphi DSM
customer view are depicted in Figure 9.21. It employs an active infrared mono-
camera system and a Digital Signal processor. Many other commercial eye
tracking products exist today in the market (see for instance [45] and [65]).

Nikolov et al. developed a gaze contingent multimodality display [55].
Their demonstration of focus+context display is very successful in our ev-
eryday life. For instance, Multimap [53] offers its users the ability to view
online (on their Web site) such displays where a focal region from a street
map is overlaid on top of aerial photograph. Information about the user’s in-
tentions (like browsing and reading) can be exploited in applications such as
eye typing and as an aid for reading foreign text [49]. A complete survey of
eye tracking applications is given in [2, 16].
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9.11 Conclusion

During the last decay, tremendous effort has been made on developing robust
and cheap eye tracking systems for various real-world applications. This chap-
ter presented cutting-edge computer vision methods employed in advanced vi-
sion sensing technologies for medical, safety, and security applications, where
the human eye represents the object of interest for both the imager and the
computer. As the eye scans the environment or focuses on particular objects
in the scene, the computer simultaneously localizes the eye position, tracks its
movement over time, and reports information about attention level and the
gaze direction. The applications of robust eye tracking and gaze estimation
methods are growing in importance in many different areas and the current
tendency is that eye tracking is sneaking into many domestic appliances such
as in TVs and cars and in security systems. Eye tracking seems to have moved
out of laboratory use and into our homes and cars.

The main focus was placed on computer vision and pattern recognition
algorithms for eye appearance variability modeling, automatic eye detection,
and robust eye tracking. This chapter offers methodologies for constructing
the fundamental building blocks of a vision-based eye tracking technology:
automatic eye detection and eye position tracking. Methods that utilize both
active infrared illuminations and ambient light are reviewed in details. Our
presentation of these methods was described here in a tutorial-like manner.
In particular, detailed examples to illustrate the adaptation of particle filter
theory to dark-bright pupil observations and iris-contour models are given.
Throughout the chapter a special attention was given to biophysics of the eye
in infrared spectrum. The unique responses of pupils to structured infrared
lights along with the need to operate during night time are the prominent
reasons for choosing infrared light in near production eye tracking system
technologies. The main challenge today with such illumination is the glare.
The glare occludes the eye when subjects wear glasses or sunglasses. The glare
issue is not addressed yet in the literature. However, intensive research effort
is under way to tackle this obstacle.
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10.1 Introduction

Pattern recognition in images has broad applications from biometric identi-
fication to automatic target recognition (ATR). Optoelectronic imaging and
processing has been studied to identify unknown targets in scenes [1-24].
Increased interests in three-dimensional (3D) information processing for pat-
tern recognition are well reflected in the literature [8-24]. For example, digi-
tal holography has been utilized for object recognition and image encryption
[10-22]. Applications in 3D integral imaging have been extended to ATR as
well as depth estimation [23, 24].

There are numerous military and industrial applications of an automated
recognition/identification system of microorganism: biological weapon detec-
tion in security and defense; diagnosis of diseases and food safety investigation
in medical and health care; and ecological monitoring in wastewater treatment
or oceanography. However, automated recognition of tiny biological objects
in images is very challenging. They are small, simple, and, sometimes, undis-
tinguishable in morphological traits. Moreover, the interclass diversity of mi-
croorganisms in size and shape is comparable to the intraclass diversity. The
simple geometrical shape can be changed by the motility and growth which
are influenced by external factors [25]. A microorganism can appear as an
individual object or form a group or clutter with arbitrary complexity.

In this chapter, we introduce 3D visualization and two different approaches
to microorganism recognition using single exposure on-line (SEOL) digital
holography [17-22]. The frameworks of our system are composed of several
stages as shown in Fig. 10.1. For sensing and visualization of 3D objects,
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Figure 10.1. Frameworks of the 3D visualization and recognition of microbiological
objects: (a) 3D morphology-based recognition, (b) shape-tolerant 3D recognition.

SEOL digital holography captures and reconstructs 3D microbiological ob-
jects. Utilizing a microscope-based Mach—Zehnder interferometer, SEOL
digital holography records the complex amplitude of microorganisms in
the Fresnel diffraction field. The 3D information of the microorganisms
can be numerically reconstructed at an image plane of an arbitrary
depth [26-30].

In the first approach (See Fig. 10.1(a)), image recognition is performed
based on the 3D morphology comprising the complex amplitude of the re-
constructed holographic images [21]. For preprocessing, reconstructed com-
plex images are resized and backgrounds are subtracted. We segment fore-
ground objects using the histogram analysis and the maximum transmit-
tance rate of the coherent light. In the next stage, Gabor-based wavelets
extract salient features by decomposing them in the spatial frequency domain
[31-33].

The following feature matching technique identifies 3D reference shapes
in unknown images. The rigid graph matching (RGM) technique measures
the similarity of 3D morphologies between a reference microorganism and
unknown biological samples. The graph matching technique with Gabor-based
wavelets has been studied as a robust template matching technique which is
tolerant to shift, rotation, and distortion [34-37].

The second approach utilizes the statistical inference to build a shape-
tolerant 3D recognition system as shown in Fig. 10.1(b) [19]. A number of
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sampling segments are randomly extracted from the reconstructed 3D image
of a biological microorganism. These sampling segments are processed using
two cost functions: mean-squared distance (MSD) and mean-absolute distance
(MAD), and statistical sampling theory for the equality of means and equality
of variances between the sampling segments of a reference microorganism
and unknown input biological samples. Student’s ¢ distribution and Fisher’s
F distribution are used to analyze the difference of means and the ratio of
variances of two populations, respectively [38].

In Section 10.1, we present the sensing and reconstruction of SEOL digi-
tal holography. The 3D morphology-based recognition is presented in Section
10.3. In Section 10.4, the shape-tolerant 3D recognition technique is illus-
trated. In Section 10.5, experimental results are demonstrated. The conclu-
sions follow in Section 10.6.

10.2 Single Exposure Online (SEOL)
Digital Holography

In this section, we describe the SEOL digital holography technique. The SEOL
digital hologram of a 3D microorganism in the Fresnel diffraction field is
recorded by the CCD (charge-coupled device) array as shown in Fig. 10.2.
Coherent light from an argon laser (center wavelength of 514.5 nm) is used as a
source of illumination. A spatial filter and a collimating lens provide the spatial
coherence. A beam splitter divides the plane-parallel wave into object and
reference wave. The object wave illuminates the specimen magnified by the
microscope objective. The microscope objective produces the focused image
at the image plane. The wavefront of the 3D microorganism at the image
plane starts to be diffracted. (see Fig. 10.3). The digital hologram of the 3D

M2 QBs

Ar Laser

Ui + M1
BS2

CCD MO Specimen
Figure 10.2. Experimental setup for recording the SEOL digital hologram of a
3D microorganism. Ar: argon laser; BS1, BS2: beam splitter; M1, M2: mirror; MO:
microscope objective; CCD: charge coupled device array.
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Figure 10.3. Coordinate system for the digital hologram and image reconstruction
of 3D microorganisms.

microorganism is the interference intensity pattern generated by the plane-
parallel reference wave and the diffracted wavefronts of the specimen.

The Fresnel diffraction field of the 3D microorganism at the CCD plane is
represented as follows:

Op(z.y) = Apn(z,y eXp[J<I>H(rc y)l (10.1)
///*_2 expg?wz /)\] [ (sc +y )} Oy )
X exp[ s /( +y )} exp { ])\ I(xa:’ +yy’)} dZ'dx’'dy,

where O is the 3D object under investigation; d; is the distance between the
center of the 3D microorganism and CCD plane; and é,, is the microorgan-
ism’s depth along the z-axis.

The Fresnel diffraction field of the 3D microorganism can be numerically
reconstructed by the inverse Fresnel transformation:

O'(z,y) = Ao(x,y) exp[jPo(z,y)] (10.2)
Nx Ny
2.2 2 2
_exp[ )\d —(AX 2"+ AY?y ]IE, lyg le Y

2 . vy
xexp{ )\d —(Az’z +Ayy )] exp []27T<N Ny)]

where (AX,AY) are the resolution at the image plane; (Ax,Ay) are the
resolution at the hologram plane; Nx and Ny are the size of the hologram
in the z and y directions; and H(z, y) is the SEOL digital hologram which is
obtained from Og [19, 20].

The reconstructed 3D microorganism’s image from the SEOL digital holo-
gram contains a conjugate image. This undesired component degrades the
quality of the reconstructed 3D image, but this intrinsic and defocused conju-
gate image also contains information of the 3D microorganism for recognition.
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As an additional merit, SEOL digital holography allows us to obtain a dy-
namic time-varying scene for monitoring and recognizing moving and growing
microorganisms.

10.3 3D Morphology-Based Recognition

In this section, we present the segmentation for preprocessing, feature extrac-
tion using Gabor-based wavelets, and the graph matching technique for the
3D morphology-based recognition.

10.3.1 Preprocessing, Gabor-Based Wavelets,
and Feature Extraction

Since the coherent light is modulated by the semitransparent objects, the
intensity on the object surface becomes lower than the background region.
Therefore, segmentation can be performed through the histogram analysis of
reconstructed images. Detailed processes of the segmentation of the complex
amplitude are presented in Refs. [20, 21]. After the segmentation, we apply the
Gabor-based wavelets. The Gabor-based wavelets have the form of a Gaussian
envelope modulated by the complex sinusoidal function. The impulse response
(or kernel) of the 2D Gabor-based wavelet is defined as

60 1 xp () i) ()], 103

where x is a position vector; k is a wave number vector; and o is proportional
to the standard deviation of the Gaussian envelope. By changing the magni-
tude and direction of the vector k, we can scale and rotate the Gabor kernel to
make self-similar forms. The size of the Gaussian envelope is the same in the
x and y directions, which is proportional to o/|k|. The second term in the
square bracket in equation (10.3), exp(—0c?/2), subtracts the DC value, thus,
it has a zero mean response [32].

We can define a discrete version of the 2D Gabor kernel as G, (x,y)
at k=k,, and x=[zy]". The sampling of k is performed as k,, =
kou[cos ¢, sin ¢, ]!, ko = ko /6% L, ¢ = [(v = 1)/V]m,u=1,...,U, and v=
1,...,V, where kg, is the magnitude of the wave number vector; ¢, is the
azimuth angle of the wave number vector; ky is the maximum carrier fre-
quency of the Gabor kernels; ¢ is the spacing factor in the frequency do-
main; U and V are the total numbers of decompositions along the radial
and tangential axes, respectively; and the superscript ¢ stands for the matrix
transpose.

Let Y., be the filtered output of the image O after it is 2D convolved
with the Gabor kernel G,,. Elements in the output matrix Y,, are called
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the “Gabor coefficients”:

Nx Ny

Yuo(z,9) =Y Y Gulr—2',y—y) 0@, y), (10.4)

z'=1y'=1

where O is the complex amplitude of the segmented image in Refs. [20, 21].
The magnitude of O(z,y) is normalized between 0 and 1.

A rotation-invariant vector is defined at each pixel. The rotation-invariant
property can be achieved simply by adding up all the Gabor coefficients along
the tangential axes of the frequency domain. We define the component of the
rotation-invariant vector for one node (pixel) as the summation of the Gabor
coefficients:

t

\%4 \%4
Vx| = D Y[ Yo x| (10.5)

Therefore, the dimension of the node vector v is U. There is no optimal
way to choose the parameters for the Gabor kernels, but several values are
widely used heuristically depending on the applications.

10.3.2 Recognition with the Rigid Graph Matching Technique

The RGM technique measures the similarity of 3D geometrical shapes com-
prising the complex magnitude between a reference microorganism and un-
known input samples. The graph is defined as a set of nodes associated in
the local area. Let R and S be two identical and rigid graphs placed on the
reference image O,. and unknown sample image Oy, respectively. The location
of the reference graph R is pre-determined by a translation vector p, and a
counter clock-wise rotation angle 8,.. Position vectors of K nodes in the graph
R are computed as

Xk (Pr, 0r) = Ay, (X}, — X2) + Pr, k=1,...,K, (10.6)
cosf) —sinf
Ap = [sin@ cos 0 } ’ (10.7)

where x? and x{ are, respectively, the position vectors of the node k and the
center of the graph without any translation and rotation; and K is the total
number of nodes in the graph.

In our database, the reference graph is predetermined in order to repre-
sent unique shape features of the microorganism. Assuming that the graph R
covers a designated shape of the representing characteristic in the reference
microorganism, we search the similar local shape by translating and rotating
the graph S on unknown input images. We describe any rigid motion of the
graph S by the translation vector ps and the clockwise rotation angle 6,:

Xk(Ps, 0s) = Ay, (x7 —x2) + ps, k=1,....K, (10.8)
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where x(ps,0s) is the position vector of the node k in the graph S. The
transformation in equation (10.8) performs a robust detection process of the
rotated and shifted reference morphology.

A similarity function between the graphs R and S is defined as the sum-
mation of the normalized inner product of two vectors vg[xx(pr,0;)] and

Vs [Xk(Ps, 0s)]:

FRS ps’ K Z || VR Xk pra )] VS[Xk(ps,e )]>| (109)

ve[xk(pr, 0)]Il1Vs i (ps, 0)]”

where (-) stands for the inner product; and vg[xx(p, 6;)] and vg[xx(ps, 0s)]
are the node vectors of the graph R in the reference image and the graph S
in the unknown input image, respectively, as in equation (10.5). We adopt a
difference cost function to improve discrimination capability between the two
graphs R and S. The difference cost is defined as the absolute value of the
difference between two vectors:

Crs(Ps,0,) Z 1V R[xk(Pes 0)] = V[ (Ds, 0] (10.10)

The local area which is covered by the graph S is identified with the
reference shape if the following two conditions are satisfied:

Trs(ps fs) >ar  and  Cre(ps,0s) < ac, (10.11)

where ar and ac are the thresholds for the similarity function and the dif-
ference cost, respectively; and 6, is obtained by searching the best matching
angle to maximize the similarity function at the position vector pg:

és = argmaXFRS(psves)- (1012)

s

10.4 Shape-Tolerant 3D Recognition

In the following, we describe the procedure for shape-tolerant 3D microor-
ganism recognition. We apply statistical cost functions and hypothesis testing
for the 3D recognition which is independent of the shape of the microor-
ganisms. The shape-tolerant approach may be suitable for recognizing mi-
croorganisms that do not have well-defined shapes or profiles. For example,
they may be simple, unicellular, or branched in their morphological traits.
It could also be applied to biological cells that vary in shape and profile
rapidly.

First, we reconstruct the 3D microorganism as a volume image from a
SEOL digital hologram corresponding to a reference microorganism. Then, we
randomly extract arbitrary sampling segments (patches) in the reconstructed
3D image. We denote the mth reference sampling segment in the pth page as
R,.p (see Fig. 10.4). We refer to each image plane with different reconstruction
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Figure 10.4. The design procedure for the shape-tolerant 3D recognition. The win-
dows of sampling segment are extracted in the reconstructed 3D image from the SEOL
digital hologram.

depth as “page.” The field distribution Xg,  in the sampling segment R,
is composed of N, by N, complex values, where N, and N, are the size of
the window in the x and y directions.

For testing, we record the SEOL digital hologram of an unknown input mi-
croorganism and then computationally reconstruct holographic images. Next,
arbitrary sampling segments are extracted in the complex input image. We
denote the nth unknown input sampling segment as S,, (see Fig. 10.4). The
field distribution Xg, in the sampling segment S, is composed of N, by N,
complex values, where N, and N, are the size of the window in the = and y
directions.

We utilize two statistical cost functions and statistical inference to rec-
ognize the unknown input microorganism. First, we use mean-squared dis-
tance (MSD) and mean-absolute distance (MAD) to evaluate the quantita-
tive discrepancy between the reference and the input microorganisms. Two
cost functions measure the distances between the reference and unknown in-
put microorganisms in a statistical way. When p = 1, the MSD and MAD are
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Figure 10.5. The histogram of the (a) real part, (b) imaginary part of the recon-
structed image from the SEOL hologram.

defined as
N, N, [
3% 3% X (0,0) — BIXs, (5, )F
MSD = N, , (10.13)
> 1 Xr, (z,y)
r=1y=1
N, Ny
=5 ‘X’Rm (x7 y) - E[Xsn ({,C7 y)”
MAD = : NN , (10.14)
Xk, (z,9)|
r=1y=1

where E[-] stands for the expectation operator which is estimated by the
sample mean in the experiments.

Second, we conduct the hypothesis testing for the equality of means (loca-
tion parameters) and variances (dispersion parameters) between two indepen-
dent Gaussian populations using a statistical sampling theory [38]. Fig. 10.5
shows the histograms of the real and imaginary parts of the reconstructed com-
plex images after the segmentation and the Sobel edge detection. As shown
in this figure, the real and imaginary parts of the reconstructed image may
be considered as nearly Gaussian distribution.

We assume that random variables (observations) X!(1),..., X} (Ny),
which are elements of the reference sampling segment X or the input sam-
pling segment Xg, are statistically independent with identical Gaussian dis-
tribution N(ﬂxé , crg(l ), where Ny is the total number of pixels in the sampling
segment, i.e., Ny = N, x Ny; and X! and ag% are the mean and the variance

of the field distribution, respectively. It is noted that the subscript g can be R
or S to represent the reference or input sampling segment and the superscript
l can stand for the “real” or the “imaginary” part of the sampling segment.
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We also assume that random variables in the reference and the input sampling
segments are independent.

For comparing the mean between two sampling segments, we assume that
the variances are the same and all three statistical parameters (ux,, xs, 0> =
UE(R = Ugfs) are unknown. The sample mean and sample variance of the ref-

erence and input sampling segments are given by

N, N,

—l 1 & —1 1 & -l

Xy= gy LA, V=g YXm - (01s)
9 n=1 9 n=1

Since M has Chi-square(x?) distribution with Nz + Ng — 2 degrees
of freedom, the following equation can be claimed:
Ngr+ Ng —2 Xﬁ% — Xév
NgV} + NgVE (NGt + Ng1)L/2

~ Nt Ns—2) (10.16)

where tn,+Ng—2 is the Student’s ¢ distribution with Nr + Ng — 2 degrees of
freedom [38].

To perform the hypothesis testing, we set a null hypothesis H, and alter-
ative hypothesis H; as follows:

Ho :pugr, = gty Hycpxr # px, (10.17)

where the null hypothesis means that there is no difference between population

means. For the null hypothesis Hy, we use the statistic 7"
_ _
1 Xr— XL
Ve (N + Ny )72

where Vp is the pooled estimator of the variance o?.
On the basis of a two-tailed test at a level of significance oy, we have the

following decision rule:

1. Accept Hy if the statistic T is placed inside the interval —tn .\ ns—2,1—qa,/2
t0 tNpt Ns—2,1—ay /2
2. Reject Hy otherwise.

We denote the upper 100(a;/2)% point of ¢, 4 Ng—2 88 tN 4 Ng—2,1-a,/2-
Therefore, the following probability can be claimed [38]:

P{(Xk— X§) = tnpins—21-arj2- VP(NG' + NgHYV2 (10.19)
< Hxy —pxy < (Xk = XG) + tNgsNs—21-a1/2
Ve(Ng' + NgHY? =1 - a.
This decision rule implies that H is true if the Student’s ¢ distribution occurs
between the percentile values —#,_,, /o and £;_q, /2.

For comparing the variance between two samples, we assume that all four
parameters (fxp, lxg, 0%, 0% ) are unknown. The following equation can
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be claimed from the ratio of the variance of two independent Gaussian popu-
lations:

[Nr/(Np = 1)]Vh/ah
[Ns/(Ns — 1)]Vi/ok

Fn, Ny (10.20)

where Fy,_1 ng—1 is the Fisher’s F' distribution with Ngp — 1, Ng — 1 degrees
of freedom [38]. The null hypothesis Hy and the alterative hypothesis H; are
set as

Hy :UZ:G?, H, :0%#0?, (10.21)

where the null hypothesis means that there is no difference between two vari-
ances. For the null hypothesis Hy, we use the statistic F":

7 [Nr/(NR — DVi Vi
[Ns/(Ns = 1)]V§ Vi

(10.22)

On the basis of a two-tailed test at a level of significance as, we have the
following decision rule:

1. Accept Hj if the statistic F' is placed inside the interval F, 1 ng—1,a./2
t0 Finp—1,Ns—1,1—au/2-
2. Reject Hj otherwise.

We have denoted the upper 100(as/2)% point of the Fi,_1 ny—1 distri-
bution as F,_1 nNg—1,a,/2- This decision rule implies that Hy is true if the
Fisher’s F' distribution occurs between the percentile values F,,, /o and F|_,, /2.
Therefore, the following probability can be claimed [52]:

N 2 ~
Vl ot Vl
pl Fl R R - p-l LR =1—qs.
Nr—1,Ns—1,a2/2 v 2 Nr—1,Ns—1,1—as/2 Y
r—1,Ns—1,0/ Vé Ufs' r—L1,Ns—1,1-ay/ Vé

10.5 Experimental Results

We show experimental results of the image formation of the following filamen-
tous microorganisms (sphacelaria alga, tribonema aequale alga, and polysi-
phonia alga) using SEOL digital holography. Recognition process using fea-
ture extraction and graph matching are presented to localize the predefined
shapes of two different microorganisms. For shape tolerant 3D microorganism
recognition, mean-squared distance (MSD), mean-absolute distance (MAD),
and the test of hypothesis for the equality of means (location parameters) and
equality of variances (dispersion parameters) between two different sampling
segments of microorganisms are calculated.
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10.5.1 3D Imaging with SEOL Digital Holography

In the following, we present the visualization of 3D microorganisms (sphace-
laria alga, tribonema aequale alga and polysiphonia alga) using SEOL
digital holography. In the experiments the 3D microorganisms are around
10-100 pm in size. They are recorded using a SEOL digital hologram with
a CCD array of 2048 x 2048 pixels and a pixel size of 9um x 9 um, where
the specimen is sandwiched between two transparent cover slips. We generate
holograms for each alga sample. The results of the reconstructed images from
the hologram of the alga samples are shown in Fig. 10.6. Figs. 10.6(a) and

Figure 10.6. Experimental results for microorganism samples by use of a 10x micro-
scope objective: (a) sphacelaria’s 2D image and (b) sphacelaria’s digital hologram by
SEOL digital holography, reconstructed image of (c) sphacelaria alga, (d) tribonema
aequale alga, (e) polysiphonia alga, (c)—(e) are reconstructed at d = 180 mm.
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10.6(b) show sphacelaria’s 2D image and the digital hologram by means of
SEOL digital holography, respectively. Figs. 10.6(c), 10.6(d) and 10.6(e) are
sphacelaria’s, tribonema aequale’s, and polysiphonia’s reconstructed images
from the blurred digital holograms at a distance d = 180 mm, respectively.

10.5.2 3D Morphology-Based Recognition

To test the recognition performance, we generate nine hologram samples each
for sphacelaria and tribonema aequale. We denote the nine sphacelaria sam-
ples as Al,...,A9 and the nine tribonema aequale samples as B1,...,B9. To
test the robustness of the proposed algorithm, we have changed the position of
the CCD during the experiments resulting in different depths for the sharpest
reconstruction image. The samples A1-A3 are reconstructed at 180 mm, A4
A7 are reconstructed at 200 mm, and A8 and A9 are reconstructed at 300
mm and all samples of tribonema aequale (B1-B9) are reconstructed at 180
mm for the focused images.

Magnitude and phase parts of computationally reconstructed holographic
images are cropped and reduced into an image with 256 x 256 pixels by the
reduction ratio 0.25. The probability Ps and the maximum transmittance rate
Tmax for the segmentation are set at 0.2 and 0.45, respectively. The segmenta-
tion applied to the complex holographic images is described in Refs. [20, 21].
We assume that less than 20% of the lower magnitude region is occupied by
microorganisms and the magnitude of the microorganisms is less than 45% of
the background diffraction field. The parameters for Gabor-based wavelets are
set up at 0 = 1, ko = 7/4,6 = /2,U = 3,V = 6, and only real parts of Gabor
coefficients are used.

To recognize two filamentous objects which have different thicknesses and
distributions, we select two different reference graphs and place them on the
samples A1l and B1. A rectangular grid is selected as a reference graph for
sphacelaria which shows a regular thickness in the reconstructed images. The
reference graph is composed of 25 x 3 nodes and the distance between the
nodes is 4 pixels in the z and y directions. Therefore, the total number of
nodes in the graph is 75. The reference graph R is located in the sample
A1l with ps = [81,75]" and 6, = 135° as shown in Fig. 10.7(a). The threshold
ar which is set at 0.6 is only used. The threshold is selected heuristically to
produce better results.

Considering the computational load, the graph S is translated by every 3
pixels in the z and y directions for measuring its similarity and difference with
the graph R. To search the best matching angles, the graph S is rotated by
7.5° from 0 to 180° at every translated location. When the positions of rotated
nodes are not integers, they are replaced with the nearest neighbor nodes.

Fig. 10.7(b) shows one sample (A9) of test images with the RGM process.
The reference shapes are detected 65 times along the filamentous objects.
Fig. 10.7(c) shows the number of detections for nine true-class and nine
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Figure 10.7. Recognition of sphacelaria: (a) reference sample Al with the graph
R, (b) RGM result of one test sample A9, (¢) number of detections, (d) maximum
similarity and minimum difference cost, (a) and (b) are presented by contrast reversal
for better visualization.

false-class samples. The detection number for A1-A8 varies from 27 to 220,
showing strong similarity between the reference image (A1) and test images
(A2-A9) of the true-class microorganism. There is no detection found in the
samples B1-B9, which are the false-class samples. Fig. 10.7(d) shows the max-
imum similarity and the minimum difference cost for all samples.

To recognize tribonema aequale, a wider rectangular grid is selected to
identify its thin filamentous structure. The reference graph is composed of
20 x 3 nodes and the distance between the nodes is 4 pixels in the x direction
and 8 pixels in the y direction; therefore, the total number of nodes in the
graph is 60. The reference graph R is located in the sample B1 with p, =
[142,171])" and 6, = 90° as shown in Fig. 10.8(a). The thresholds ar and ac
are set at 0.8 and 0.7, respectively.

Figure 10.8(b) shows another sample (B2) of the true-class input image
with the graph matching process. The reference shapes are detected 30 times
along the thin filamentous object. Fig. 10.8(c) shows the number of detections
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Figure 10.8. Recognition of tribonema aequale alga, (a) reference sample Bl with
the graph R, (b) RGM result of one input sample B2, (¢) number of detections,
(d) maximum similarity and minimum difference cost, (a) and (b) are presented by
contrast reversal for better visualization.

for nine true-class and nine false-class microorganisms. The detection number
for the true-class samples B1-B9 varies from 6 to 49. Four false detections are
found in one of the false-class samples A8. Fig. 10.8(d) shows the maximum
similarity and the minimum difference cost for all samples.

10.5.3 Shape-Tolerant 3D Recognition

We evaluate the performance of the shape independent 3D microorganism
recognition. First, 100 trial sampling segments are produced by randomly se-
lecting the pixel values after the segmentation and the Sobel edge detection
of the sphacelaria alga 3D image as the reference, where we change the size
of each trial sampling segment from 2 to 500. Similarly, a number of sam-
pling segments are randomly selected in the sphacelaria alga 3D image as the
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true-class inputs and in the polysiphonia alga image as the false-class inputs.
We produce 100 true-class and 100 false-class input sampling segments to
test the performance of the shape independent 3D recognition, respectively,
where we change the size of each input sampling segment from 2 to 500.
The reference and input images are reconstructed at a distance d = 180 mm.
Figs. 10.9(a) and 10.9(b) show experimental results of the average MSD and
MAD calculated by the complex values between each reference sampling seg-
ment and each input sampling segment. As shown in Fig. 10.9, it is noted

The average MSD between two sample segments
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Figure 10.9. The average (a) MSD, (b) MAD calculated by the complex amplitude
between the reference segments and the input segments versus the sample size of
sampling segments.
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T-test for the equality of location parameter between two sample
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Figure 10.10. (a) T-test for the equality of the location parameters (means) between
two sampling segments versus a sample size, (b) F-test for the equality of the dispersion
parameters (variances) between two sampling segments versus a trial number with a
sample size 500.

that the average MSD and MAD for the true-class input sampling segments
calculated are around 0.01525 and 0.10355, respectively, and for the false-class
input sampling segments more than 0.01535 and 0.10425.

Fig. 10.10(a) shows the results of the hypothesis testing for the differ-
ence of location parameters between the reference and input sampling seg-
ments, where we reject the null hypothesis H, if the statistic 7' defined in
equation (10.18) is outside the range —tg.975 and (975 on the basis of a two-
tailed test at 0.05 confidence level. It is noted that the percentages of the
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correct matched segments by the decision rule (—tpg975 < T < tg.975) for the
true-class input segments are around 80%, while for the false-class input sam-
pling segments, the percentages rapidly decrease as a sample size increases.
We also conduct the hypothesis testing for the ratio of dispersions of the ref-
erence and input microorganism, where we reject the null hypothesis H if the
statistic F' defined in equation (10.22) is outside the range Fp g5 and Fpg7s
on the basis of a two-tailed test at 0.05 confidence level. Fig. 10.10(b) shows
the ratio of the dispersions of sampling segments between the reference and
the number of the correct matched segments with a sample size 500 by the
following decision rules (Fy. g5 < F < Fjg75). It is noted that the number of
the correct matched segments for the true-class inputs is 87, while for the
false-class inputs the number is 2.

10.6 Conclusion

In this chapter, we have overviewed the approaches for 3D sensing, imag-
ing, and recognition of microorganisms. 3D sensing and reconstruction by
means of the SEOL digital holography is robust to dynamic movement of
microscopic objects and noisy environments as compared with the multiple-
exposure phase-shifting digital holography.

In the first approach to the recognition of the biological microorganisms,
3D morphology-based recognition is presented. The recognition process of
the first approach examines the simple morphological traits comprising the
complex amplitude of microorganisms. Feature extraction is performed by
the segmentation and Gabor-based wavelets. They are followed by the graph
matching technique to localize the specific 3D shape of different classes of
microorganisms.

In the second approach to the recognition, the shape-tolerant 3D recogni-
tion using the statistical costs and inference is presented. A number of sam-
pling segments are randomly extracted and processed with the cost functions
and statistical inference theory. By investigating the Gaussian property of the
reconstructed images of microorganisms, we are able to distinguish the sample
segments of the reference from the input of the different class of microorgan-
ism.

The automatic recognition and classification of microorganisms is very
challenging. By presenting two fundamental approaches using a 3D imaging
technique, we hope to put forward a first step toward fully automated biolog-
ical microorganism surveillance and classification.
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Distortion-Tolerant 3D Object Recognition
by Using Single Exposure On-Axis
Digital Holography

Daesuk Kim and Bahram Javidi

Electrical and Computer Engineering Department, University of Connecticut,
CT 06269-2157, USA

11.1 Introduction

Optical systems have been extensively studied for object recognition [1-8].
With rapid advances in CCD array sensors, computers, and software, digi-
tal holography can be performed efficiently as an optical system for 3D ob-
ject recognition. Digital holography has also been a subject of great interest
in various fields [9-16]. In digital holography, the off-axis scheme has been
widely used since it is simple and requires only a single exposure in separat-
ing the desired real image term from the undesired DC and conjugate terms
[9]. However, 3D object recognition by use of the off-axis scheme has inherent
limitations in terms of robustness to the variation of the 3D object position
due to the superposition of the real image with undesired terms. The toler-
ance problem to the variation of the 3D object positioning can be resolved
by employing an on-axis scheme. Recent studies on 3D object recognition by
use of phase-shifting digital holography have provided a feasible approach for
implementing the on-axis 3D object recognition system [6-8].

The phase-shifting digital holographic method requires multiple hologram
recordings [10], however. Therefore, the 3D object recognition system based on
the on-axis phase-shifting approach has inherent constraints in the sense that
it needs a vibration-free environment that is convenient only in a laboratory.
Also, it is sensitive to recording a moving object. It was proposed that such
limitations of 3D object recognition can be overcome by use of single exposure
on-axis digital holography [17]. In this study, we present a distortion-tolerant
3D object recognition method based on single exposure on-axis digital holog-
raphy [18]. The main subject in this study is to show that the single exposure
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on-axis based 3D object recognition can provide a distortion-tolerant 3D ob-
ject recognition capability compared with that obtainable by use of on-axis
phase-shifting digital holography, while maintaining practical advantages of
the single exposure on-axis scheme, such as robustness to environmental dis-
turbances and tolerance to moving targets.

This chapter is organized as follows. In Section 11.2, we introduce a novel
scheme on single exposure on-axis digital holography. In Section 11.3, a de-
tailed composite filter design process is described. In Section 11.4, we carry out
the performance tests of the distortion-tolerant 3D object recognition by us-
ing single exposure on-axis digital holography. The conclusions are presented
in Section 11.5.

11.2 Single Exposure On-Axis Digital Holography

The basic experimental setup for the single exposure on-axis digital holo-
graphic system is based on a Mach-Zehnder interferometer as shown in
Fig. 11.1. B/S means a beam splitter and M represents a plane mirror. Polar-
ized light from an Ar laser source tuned to 514.5 nm is expanded and divided
into object and reference beams. The object beam illuminates the object and
the reference beam propagates on-axis with the light diffracted from the ob-
ject. In order to match the overall intensity level between the reference wave
and the reflected wave from the 3D object, a tunable density filter is used in
the reference beam path. The interference between the object beam and the
reference beam is recorded by a CCD camera. In contrast to on-axis phase
shifting digital holography, no phase-shifting components are required. The
conventional on-axis phase-shifting digital holography can be implemented

Laser
Polarizer
—Ai— Spatial filter
Lens
[ ]
YR 1 T S ——————
oo
MINC Qoo
Tunable
density filter

Figure 11.1. Experimental setup of the distortion-tolerant 3D object recognition
system based on a single exposure on-axis scheme.
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by inserting a quarter wave plate in the reference beam path. For on-axis
phase-shifting digital holography, the hologram recorded on the CCD can be
represented as follows:

H(z,y,0) = [O(z,y)]” + |R(z,y)|* + exp(~i0)O(z,y) R (z, y)
+exp(i0)O* (z, y) R(z, y). (11.1)

Here, [O(z,y)] and [R(x,y)] represent the Fresnel diffraction of the 3D object
and the reference wave functions, respectively. 0 is an induced phase shift.
In on-axis phase-shifting digital holography based on multiple holograms, the
desired object wave function [O(z,y)] can be subtracted by use of two holo-
grams having \/4 phase difference and two DC terms |O(z,y)|* and |R(z, y)|?
as follows:

ut (z,y) = O(x,y)R*(z,y)
= {1 v.0) ~ 0@ - (B +i[H (0. 5)
~|o@,y)[* - R[]} (11.2)

Here, uM (z,y) represents the synthesized hologram obtained by on-axis phase-
shifting digital holography which requires multiple recordings.

Likewise, the following expression represents the synthesized hologram ob-
tained by use of single exposure on-axis digital holography:

uf (z,y) = Oz, y)R* (z,y) + O*(z,y)R(z,y) (11.3)
N—-1N-1
= Hz.0) - [BEa)f - 5 3 Y
k=0 [=0

x {H(kAz,1Ay,0) — |R(kAz, IAy)|*}.

Here, N is the windowed hologram size used for image reconstruction. Ax
and Ay represent the directional spatial resolution of the CCD. The reference
wave can be assumed to be a known function because it is not changed while
the object intensity distribution varies according to the input scene. The DC
term |O(x,y)|* generated by the object can be reduced effectively by employ-
ing an averaging over the whole hologram as described in the third term of
equation (11.3) [14]. Thus, the index uf(x,y) can be regarded as a synthe-
sized result obtained by use of only a single hologram. The single exposure
on-axis approach suffers from the superposition of the conjugate image which
degrades the reconstructed image quality. However, for 3D object recognition,
the inherent conjugate term in single exposure on-axis digital holography may
not substantially degrade the recognition capability since the conjugate image
term also contains information about the 3D object [17].

In order to apply the distortion-tolerant 3D object recognition, we first
need to numerically reconstruct 3D object images. 3D multi perspective sec-
tion images on any parallel plane can be reconstructed by using the following
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Figure 11.2. Three-dimensional multiple image sectioning and multi perspectives by
digital holography.

inverse Fresnel transformation:

exp(ikd) exp ﬁ(az:’2 + y/Q)} X F{ui(ﬂc, y) exp [ﬁ(xz + yz)} }

roon
(@', y) = — 2 2
(11.4)

Here, F denotes the 2D Fourier transformation. u;(z,y) represents the syn-
thesized hologram which can be either u} (z,v) in equation (11.2) or u? (z,y)
in equation (11.3). u,(z’,3’) is the reconstructed complex optical field at a
parallel plane which is at a distance d from the CCD. By changing d, we can
reconstruct multiple section images from the single hologram without using
any optical focusing. Different regions of the digital hologram can be used for
reconstructing different perspectives of the 3D object with the angle of view
(o, B) as depicted in Fig. 11.2. u;(x,y; as,ay) denotes the amplitude distri-
bution in the window of the hologram used for the 3D object reconstruction.

Here, a, and a, are central pixel coordinates of the hologram window.

11.3 Composite Filter Design

The reconstructed complex wave u,(z’,y’) in equation (11.4) can be directly
used to construct a variety of correlation filters [1-4] for 3D object recognition
[17]. However, direct use of the reconstructed image for constructing a matched
filter may prevent us from recognizing correctly distorted true class targets
[8]. In order to improve the distortion-tolerant recognition capability, removing
phase terms in the reconstructed complex field decreases high sensitivity. Also,
we can employ some preprocessing such as averaging and median filtering to
remove speckle. The main goal of the proposed distortion-tolerant 3D object
recognition by use of single exposure on-axis digital holography is to recognize



11 Distortion-Tolerant 3D Object Recognition by Using Single Exposure 199

a distorted reference 3D object as a true input while correctly rejecting false
class objects. For this purpose, a filter must be designed to provide a high
performance distortion-tolerant 3D object recognition capability.

We now describe the detailed process of creating the composite filter by use
of single exposure on-axis digital holography. We measure M different holo-
grams as we change the perspectives on a 3D reference object. After capturing
each single hologram, we can make a synthesized hologram u? (x, y) which can
be used for reconstructing the complex wave function u,(z’,3’). Then, in order
to decrease the high sensitivity of the reconstructed wave function, we remove
phase terms in the reconstructed complex field and apply some preprocessing
techniques of averaging and median filtering. By use of such preprocessed M
training images represented by si(z,y), s2(x,y), ..., sp(z,y), we can gener-
ate p—dimensional column vectors sj,ss,...,sy by taking the rows of the
m X n matrix and linking their transpose to create a p = m x n vector. We
compute the Fourier transformation of each training image and obtain a new
set of column vectors Si,Ss,...,Sy;. Then, we nonlinearly modify the am-
plitude of each column vector by use of the power law nonlinearity by which
those column vectors become S¥,S% ... ,S% [18]. This power-law operation
is defined for any complex vector v as follows:

v[1]* exp(jov[1])

e | VI exp(iol2)

(11.5)

vIpl* exp(iulp])

Now, we define a new matrix S* = [SF, S5, ..., Sk | with vector S; as its ith
column. Using such notation, the k-law-based nonlinear composite filter h*
can be defined in the spatial domain as follows:

h* = F~1{S*[(S*)T Sk 71y, (11.6)

Here (S¥)* is the complex conjugate transpose of S¥. The vector ¢ contains
the desired cross-correlation output origin values for each Fourier transformed
training data S; and the notation c* denotes the complex conjugate of ¢ [18].

11.4 Experimental Results

We compare the distortion tolerant 3D object recognition capability of the
single exposure scheme with that of the multiple exposure on-axis phase-
shifting holographic approach. Experiments have been conducted with a 3D
object as the reference object which is 25 x 25 x 35 mm and several false 3D
objects with similar size. The reference car is located at a distance d = 880
mm from the CCD camera. We use an argon laser of 514.5 nm. The CCD has
a pixel size of 12 x 12 um and 2048 x 2048 pixels. However, throughout the
experiment, we use only 1024 x 1024 pixels for each reconstruction process
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since multi perspectives are required from a single hologram in making a
composite filter.

11.4.1 Rotation Tolerance

First, we acquire nine synthesized holograms of the reference true class object
labeled from 1 to 9 (synthesized holograms: #1-#09) for the on-axis phase-
shifting approach as well as single exposure on-axis scheme. For every synthe-
sized hologram capturing step, the reference object is rotated by 0.2° around
the axis orthogonal to Fig. 11.1. Figures. 11.3(a) and 11.3(b) show the re-
constructed image of the reference 3D object from one of the synthesized
holograms by use of single exposure on-axis digital holography and on-axis
phase-shifting digital holography, respectively. They are reconstructed by us-
ing the central window area of 1024 x 1024 pixels from the total synthesized
hologram of 2048 x 2048 pixels. As can be seen, even the reconstructed im-
age with only amplitude data contains high frequency speckle patterns. In
order to smooth the high frequency amplitude distribution, we need to em-
ploy preprocessing techniques. Specifically, we use the window of 6 x 6 pixels
for averaging which is followed by a median filtering with the window size of
5 x 5 pixels. After the averaging process, the window of 1024 x 1024 pixels
is reduced to 171 x 171 pixels since we reconstruct a new image with aver-
aged values calculated for each averaging window. After the median filtering
process, the image size of 171 x 171 pixels remains unchanged.

Among the nine synthesized holograms of the true class reference object,
we use three (synthesized holograms: #3, #6, and #9) to construct a non-
linear composite filter. For each of those three synthesized holograms, we se-
lect one centered window of 1024 x 1024 pixels and two different windows of
the same size to reconstruct three training images with different perspectives
from each synthesized hologram. Figures 11.4(a)-11.4(c) depict three pre-
processed training images reconstructed from the synthesized hologram #6.

(a) (b}

Figure 11.3. Reconstructed images of the reference true target prior to pre-processing
by use of (a)single exposure on-axis digital holography and (b) multiple exposure on-
axis phase shifting digital holography.
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(b)

(d) (e) ()

Figure 11.4. (a)—(f) Three reconstructed training images from the synthesized holo-
gram #6 by use of (a)—(c) single exposure on-axis digital holography and (d)—(f)
multiple exposures on-axis phase-shift digital holography.

Figures 11.4(a) and 11.4(b) have a viewing angle difference of 0.4°. The view-
ing angle difference between Figs. 11.4(a) and 11.4(c) is 0.8°. Figure 11.4(d)—
11.4(f) represent the three views obtained by use of phase-shifting on-axis
digital holography. In the same way, we can obtain nine training images from
the three synthesized holograms (synthesized holograms: #3, #6, and #9).
Then, we construct a nonlinear composite filter by following the procedures
described in Section 3. We use a nonlinear factor £ = 0.1 in equation (11.6) to
improve the discrimination capability of the nonlinear filter. Figures 11.5(a)
and 11.5(b) depict the final nonlinear composite filters that can be used for the
single exposure approach and the multiple exposure approach, respectively.
Once we construct the composite filter, we perform the distortion-tolerant
3D object recognition process for various input objects. We acquire more
synthesized holograms for several false class objects labeled from 10 to 15
(synthesized hologram: #10-#15). Now, we have 15 synthesized holograms
consisting of true and false class objects. We can reconstruct 15 images by
using the central window area of 1024 x 1024 pixels from the total synthesized
hologram of 2048 x 2048 pixels and perform the preprocessing.
Finally, those 15 preprocessed images (input images: #1-#15) are put in
the input scene for distortion-tolerant 3D object recognition. Figure 11.6



202 Kim and Javidi

(a) (b)

Figure 11.5. Constructed nonlinear composite filters for distortion-tolerant 3D object
recognition by use of (a) single exposure on-axis digital holography and (b) on-axis
phase-shift digital holography.

shows some of the false class objects (images: #10, #13, and #15). Six in-
put images (images: #1, #2, #4, #5, #7, and #8) among the nine true
class inputs (images: #1-#9) are used as our nontraining distorted true class
objects.

Figure 11.6. Reconstructed images of some flase class oobjects (images: #10, #13,
and # 15) by use of (a)—(c) single exposure on-axis digital holography and (d)-(f)
on-axis phase-shift digital holography.
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Figure 11.7. (a)-(d) Normalized correlation when input image #8 of the nontraining
true targets and input image #13 among the false class objects are used as input scenes
for (a)-(b) single exposure on-axis digital holography and (c¢)-(d) on-axis phase-shift
digital holography (see color insert).

Figure 11.7(a),(b) and 11.7(c),(d) represent the normalized correlation ob-
tained by use of single exposure on-axis digital holography and phase-shifting
on-axis digital holography, respectively. All plots are normalized by the corre-
lation peak value obtained when the training image #3 is used as input scene.
As can be seen in Figs. 11.4(a)-11.4(c) and Figs. 11.6(a)-11.6(c), for the single
exposure on-axis digital holography, the reconstructed image quality degrades
due to the presence of its conjugate image. The 3D object recognition by use
of single exposure on-axis digital holography, which employs both the phase
and amplitude information, is capable of 3D object recognition. However,
the distortion-tolerant capability of the single exposure on-axis scheme some-
what degrades after the averaging and median filtering since the 3D object
information contained in the conjugate image term is disappeared due to the
preprocessing. The degradation of the recognition capability could be from
the existence of the conjugate term in the single exposure approach.

Figure 11.8 illustrates the distortion tolerant 3D recognition capability
of the single exposure on-axis digital holographic approach. The degradation
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Figure 11.8. Normalized correlation distribution for various input images of true
targets (#1-#9) and false class objects (#10-#15) for single exposure on-axis digital
holography (OJ) and on-axis phase-shifting digital holography(*).

in recognition capability is not substantially less than that of on-axis phase-
shifting digital holography.

11.4.2 Longitudinal Shift Tolerance

We have examined the longitudinal shift tolerance of the single exposure
scheme in order to compare with that of phase-shifting digital holography.
For the practical use of digital holography in distortion-tolerant recognition, it
must also be less sensitive to longitudinal shifts along the z axis for recognizing
a true class input target. It provides benefits in terms of the reduced number
of reconstructions that must be performed for recognizing the input 3D object.

For this longitudinal shift tolerance, we construct another nonlinear com-
posite filter which includes a number of out-of-focus reference reconstruction
images. For constructing this filter, we use only one hologram (synthesized
hologram: #3) among the three used for constructing the composite filter in
rotational distortion tolerance. We use the same three reconstruction windows
for generating training images. However, for each window, we also use three
reconstructed images with a defocus of —20 and 20 mm as well as the recon-
structed image of the reference object in the focus plane. Likewise, nine views
are used to construct the new nonlinear composite filter for longitudinal shift
tolerance.

Figure 11.9 represent, the normalized correlation peak values versus
longitudinal shift for both the single exposure on-axis scheme and the
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Figure 11.9. Normalized correlation peak values versus longitudinal shift along the

z axis for single exposure on-axis digital holography (OJ) and on-axis phase-shifting
digital holography (*).

phase-shifting digital holographic approach when a distorted reference tar-
get is in the input scene. It shows that the single exposure on-axis scheme is
less sensitive to longitudinal shift than the on-axis phase-shifting approach.
The reason that the sensitivity is less for the single exposure scheme compared
with that of the phase-shifting approach may be due to the inherent image
degradation of the single exposure scheme as stated earlier. The single expo-
sure on-axis approach seems to be somewhat more robust to the variation of
longitudinal shift.

11.5 Conclusion

We have presented a distortion-tolerant 3D object recognition system using
single exposure on-axis digital holography. The proposed method requires only
a single hologram recoding for the distortion-tolerant 3D object recognition
while the on-axis phase-shifting-based approach requires multiple recordings.
The main benefit of the proposed single exposure method is that it can pro-
vide more robustness to environmental noise factors such as vibration since
it uses only a single hologram, which can be measured and analyzed in real
time. Experimental results show that the distortion-tolerant recognition ca-
pability of the single exposure approach is somewhat worse than that of the
phase-shifting digital holographic method. Nevertheless, the proposed single
exposure method makes the recording system simpler and more tolerant to
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object parameters such as moving targets while maintaining a distortion-
tolerant 3D object recognition capability.
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12.1 Introduction

Optical identification (ID) tags [1] have a promising future in a number of
applications such as the surveillance of vehicles in transportation, control of
restricted areas for homeland security, item tracking on conveyor belts or other
industrial environment, etc. More specifically, passive optical ID tag [1] was
introduced as an optical code containing a signature (that is, a characteristic
image or other relevant information of the object), which permits its real-time
remote detection and identification. Since their introduction in the literature
[1], some contributions have been proposed to increase their usefulness and
robustness. To increase security and avoid counterfeiting, the signature was
introduced in the optical code as an encrypted function [2-5] following the
double-phase encryption technique [6]. Moreover, the design of the optical ID
tag was done in such a way that tolerance to variations in scale and rotation
was achieved [2-5]. To do that, the encrypted information was multiplexed
and distributed in the optical code following an appropriate topology. Further
studies were carried out to analyze the influence of different sources of noise.
In some proposals [5, 7], the designed ID tag consists of two optical codes
where the complex-valued encrypted signature was separately introduced in
two real-valued functions according to its magnitude and phase distributions.
This solution was introduced to overcome some difficulties in the readout of
complex values in outdoors environments. Recently, the fully phase encryption
technique [8] has been proposed to increase noise robustness of the authenti-
cation system.
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This chapter aims to revise the main features introduced in the design of
optical ID tags for distortion-invariant detection and verification as well as
to introduce new results to show the feasibility of the proposal. The chap-
ter is organized as follows: First, a description of the whole authentication
system is provided (Section 12.2). Afterwards, a procedure of the encryption
technique is detailed (Section 12.3). We focus our attention on the design
of distortion-invariant ID tags in Section 12.4. Section 12.5 introduces the
signature verification process which is based on correlation. Then, authen-
tication results and the analysis of noise robustness are provided in Section
12.6. Finally, Section 12.7 summarizes the conclusions.

12.2 Authentication System

Real-time remote object surveillance can be achieved by using an optical code
located on a visible part of the item under control. The optical code manufac-
tured with retroreflective materials can be inspected with a receiver to verify
the authenticity of the object (Fig. 12.1). Usually, the information stored in
the tag will consist of an identification number, an image, or other relevant
information, named a signature, that permits the recognition of the object.
The signature is obtained after the decryption of the image contained in the
ID tag. Encryption and decryption can be done either electronically or opti-
cally as it is to be described in Section 12.3. The verification system can be a
correlator [9]. The signature to be verified is imaged onto the input plane, and
compared with a stored reference function. An intensity peak in the output
plane will be used to decide whether the object is authenticated or not. Au-
thentication should be achieved when the ID tag is captured under its original
position or even if it appears scaled or rotated.

Distortion-invariant Correlation with stored |_| Varifiontion
1D tag readout ¥P reference function
/ nerypted

1D tag. signal

Signature

Receiver

Input plane

Correlator

Digital Signal Processing

Figure 12.1. Block diagram of the complete authentication system.
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A complete diagram of the proposed remote authentication system is depicted
in Fig. 12.1. First, an optical code is built and placed on the object under
surveillance. Then, a distortion-invariant ID tag readout is carried out by a
receiver. And finally, the signature is decrypted and verified by correlation.

12.3 Signature Encryption and Decryption

Prior to introduce the signature in the ID tag, its information is encrypted to
increase security and avoid counterfeiting. Commonly, images to be encrypted
are intensity representations. Encryption allows one to convert the primary
image into stationary white noise, so that the ciphered function does not re-
veal the appearance of the signature at human sight. Double-phase encryption
[6] is used in most of the results shown in this chapter. This technique provides
robustness against different types of ID tag degradation such as noise, occlu-
sion, scratches, etc. [10, 11]. Therefore, we choose this technique among other
encryption methods, such as the standard private key system. Double-phase
encryption permits us to appropriately cipher grayscale images for optical tags
without conversion to binary signatures which is the case for XOR encryption
with a stream of pseudo random key [10].

Let us describe the algorithm of the double-phase encryption technique [6]
used in this work. We denote by f (z,y) the signature to be encrypted, which
is normalized (0 < f (x,y) < 1) and sampled to have a total number of pixels
N. The coordinates in the spatial and in the frequency domain are (z,y) and
(s, v), respectively. The double-phase encryption technique uses two random
phase codes to convert the input information f (x,y) into stationary noise.
One phase code is used in the input plane, and the second phase code is used
in the frequency domain (Fourier plane).

Let p(z,y) and b(u,v) be two independent white sequences, uniformly
distributed in the interval [0, 1]. Two operations are performed to obtain the
encrypted information. First, the signature f (z,y) is multiplied by the input
phase mask exp [i27p (x, y)]. Then, this product is convolved by the impulse re-
sponse h (z,y) whose phase-only transfer function H (u,v) = exp [i27b (i, )]
is denoted as the Fourier plane phase mask. Thus, the double-phase encrypted
information, ¢ (z,y), is given by

Y (z,y) = {f (z,y)exp[i2mp (z,y)]} * h (2, y), (12.1)

where * denotes the convolution operation. The encrypted signature ¢ (z,y)
is a complex-valued function that needs to be represented by its magnitude
and phase distributions. This encryption technique may be implemented elec-
tronically or optically. Figure 12.2(a) shows a diagram of the optical setup
capable of ciphering the information.

In order to decrypt the encoded signature, v (x,y), its Fourier transform
must be multiplied by the complex conjugated phase mask exp [—i27b (i, V)]
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and then inverse Fourier transformed, which produces [6]

TFT{FT[{ (p,v)]exp [—i2mb (u,v)]} = [ (z,y) exp [i2mp (z,y)] . (12.2)

Finally, multiplication by the conjugated phase mask exp [—i27p (z,y)]
will recover f (z,y). Alternatively, because f (z,y) is real and positive in
general, the signature can be recovered by computing the magnitude of
f (z,y) exp [i27p (x, y)] or by using an intensity-sensitive device such as a video
camera or a CCD camera.

From equation (12.2) it can be seen that the encoded signature can only
be decrypted when the corresponding phase code exp [i27b (u, )] is known by
the processor and used for the decryption. We refer to this phase code as the
key.

The same optical setup used for the encryption procedure, can also be
used for decrypting the signature. Figure 12.2(b) shows the corresponding
steps carried out in the decoding process.

A different encryption technique, the fully phase encryption method [8],
has some advantages in terms of noise robustness when additive Gaussian
noise corrupts the ID tag [7]. If the fully phase encryption is applied, the
images or signatures are represented as phase-only functions [12] in the
double-phase encryption technique [6]. That is, the phase encoded signature
exp [imf (z,y)] is introduced in equation (12.1) instead of f (z,y).

12.4 Distortion-Invariant ID Tags

We aim to achieve a detection and verification of the encrypted signature in-
cluded in the ID tag, even when the receiver captures it from an unexpected
location and orientation. To do so, the proposed ID tag should be invariant to
distortions such as scale variations and rotations. A number of contributions
that deal with scale and rotation-invariant systems have already been made
in the literature for a wide variety of purposes [13-23]. In general, sophisti-
cated methods are needed to achieve enough tolerance to different distortions
simultaneously. Information of several distorted views of a given target can be
included in the design of a filter to obtain a distortion-tolerant system. The
level of complexity of the recognition system usually increases notoriously
with the number of considered distortions. In this work, distortion invari-
ance is achieved by both multiplexing the information included in the ID tag
and taking advantage of the ID tag topology. This procedure permits certain
reduction of the system complexity [2-5, 7].

The complex-valued encrypted signature o (x,y) = | (x,y)|exp
{i¢y (x,y)} can be represented either by a single optical code [2-4], or
by two optical codes [5,7]. In the last case, the real-valued magnitude func-
tion and phase distribution of 1 (x,y) are separately reproduced in the final
ID tag. This second representation makes the authentication process more
robust, particularly when remote identification and verification of objects
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have to be made outdoors. In such a case, a large number of environmental
conditions may affect the information contained in the ID tag as they
introduce noise or even invalidate the captured signal. For instance, shading
effects or nonuniform illumination affect mainly the signal magnitude, and
air turbulences or rain affect the signal phase. Moreover, the phase content
of the signature can be easily neutralized and the ID tag sabotaged if an
adhesive transparent tape is stuck on it. For all these reasons, it appears to
be convenient to further encode the phase content of the signal in intensity
variations. Thus, we consider encoding both the magnitude and phase of
function ¢ (z,y) in grayscale values [5,7].

Let us consider the encrypted signature % (z,y) in array notation ¢ (t) =
[(t)| exp {jpy(t)} where t =1,2,..., N, and N is the total number of pixels
of the encrypted signature (Fig. 12.3). We build two vectors: the magnitude
vector |1(t)| and the phase vector ¢ (t). The information included in the ID
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Figure 12.3. Design of a rotation- and scale-invariant ID tag.
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tags is distributed in two circles. Different possibilities can be considered to
rearrange the information contained in these two circles of the ID tags. In our
case, one circle contains the magnitude vector |¢(¢)| and the other circle the
phase vector ¢y (t) (Fig. 12.3). The upper semiplane of both circles is the area
for rotation-invariant identification whereas the bottom semiplane is the area
for scale-invariant identification, just following a distribution similar to that
considered in Refs. [2—4]. In an alternative rearrangement, one circle allows the
rotation-invariant readout of both the magnitude and phase of the encrypted
signature and the other circle the scale-invariant readout of the same signal
[5, 7]. The choice of a particular distribution of the signal information depends
on practical considerations of a given problem.

Following with the arrangement of the signal shown in Figure 12.3, the
circle on the left of the ID tag consists of the magnitude of the encrypted
signature v (¢) written in a radial direction and repeated angularly in the top
semicircle so that rotation invariance could be achieved. The bottom semicircle
of the optical code on the left contains the same signal, i.e., the magnitude
of the encrypted signature, but written circularly and repeated in concentric
rings. Therefore, in this area of the circle, the information of a given pixel
of the encrypted signature will correspond to a sector of a semicircle in the
optical code. Thus, the readout of the ciphered information in the bottom
part of the circle will be tolerant to variations in scale.

The second circle of the ID tag, the optical code shown on the right of Fig.
12.3, contains the phase of the encrypted signature ¢ (t) with a distribution of
the information similar to that described for the circle on the left. Figure 12.3
shows a possible arrangement of both circles. Their centers are white dots that,
along with a third white dot in the upper part, build a reference triangular-
shaped pattern. The triangle basis or longest side establishes an axis (the
horizontal axis in Fig. 12.3) and the triangle vertex defines the semiplane
(upper semiplane in Fig. 12.3) where rotation invariance is achieved. The
bottom semiplane of both circles is the area that provides scale invariance.

A mathematical description of the proposed ID tag, in polar coordinates,
is done according to the circle Cjy ) (1, 6) corresponding to the absolute value
of the encrypted signature, and to the circle Cy () (r,0) corresponding to its
phase distribution.

The optical code located on the left of the ID tag corresponds to the
magnitude of the encrypted signature and can be written in polar coordinates
as

ol o= (1) (LR e o,

1 (8)], forf=(N+1,...,2N) (%) . Vre(Roy,Ri]’
Vinax, forr < Ry (white central dot),

Cly)(r,0) =

(12.3)
where the functions |¢(r)| and | (0)] are discretized in 2™ values, and Vi =
2" is the maximum value of the grayscale (white). In our simulations, we will
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consider n = 8, that is, a 8-bit grayscale. In equation (12.3), Ry, is the radius
of the ID tag circle, and Ry is the radius of the white central dot.

The optical code on the right of the ID tag corresponds to the information
of the phase of the encrypted signature and is mathematically described in
polar coordinates as

py(r), forr=(1,...,N) (@) . VOe(0,7]

6p(0), for=(N+1,...,2N) (%) ., Vre(Ro, Ryl
Vinax,  forr < Ry (white central dot) .

Coy(t)(r:0) =

(12.4)

In equations (12.3) and (12.4), N indicates either the radial partition (up-
per semicircle) or the angular partition (lower semicircle), which is limited by
the receiver resolution at the smallest pixels that surround the central dot.
Since the receiver resolution is not generally known a priori, the image of the
triangular-shaped pattern consisting of three white dots can be used as a ref-
erence to know if the receiver has enough resolution to read the encrypted in-
formation. For instance, the ID tags can be designed to ensure an appropriate
readout for those receivers that measure a distance between the circle centers
(or the triangle basis) greater than a certain value. The triangle pattern could
give information about scale and rotation and, therefore, one could think that
there is no need to codify the encrypted signature 1 (x,y) in the distortion-
invariant ID tags defined by equations (12.3) and (12.4). But we must take
into account that if the encrypted signature ¢ (x, y), written in a matrix array
similar to the one shown in Fig. 12.3, is affected by rotation and/or scale vari-
ation, then it needs to be sampled again and rearranged into the matrix form
before decryption. This operation entails interpolations that can produce er-
rors such as aliasing. For this reason, we consider that the distortion-invariant
ID tags, provided they are correctly built, allow more accurate readouts of the
encrypted information under rotation and/or scale variations.

The encrypted information is recovered following the procedure depicted
in Fig. 12.4. In each circle, the border between the rotation-invariant and the
scale-invariant regions is determined by the axis defined by the two circle cen-
ters. Once this border is determined, the third white dot marks the semiplane
where the rotation invariance is achieved (upper semiplane in Fig. 12.4). The
other semiplane corresponds to the scale-invariant region (bottom semiplane
in Fig. 12.4). The signature in vector notation ¥ (t) can be decoded by reading
out the information of the optical code from either the rotation-invariant or
the scale-invariant areas. The magnitude and phase of the encrypted signature
are extracted from both circles of the ID tag.

From the semicircles corresponding to the rotation-invariant areas, the
magnitude and phase of the encrypted signature could be read out by using
a linear array detector placed in any radial direction of the imaged semicir-
cles. The semicircle on the left provides the information of the magnitude
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Figure 12.4. Reading out process from the rotation- and scale-invariant ID tag.

and the semicircle on the right, the phase distribution. Not only is a single
pixel value read along a unique radius, but a set of different radial codes are
read to increase noise robustness. One possibility consists of computing the
code that is the mean value of this set [2-4]. Other results can be obtained
if the median value is used instead [5, 7]. Both possibilities have been used
in previous works, and we are going to compare their performance in this
chapter.

From the semicircles corresponding to the scale-invariant areas, the mag-
nitude and phase of the encrypted signature in vector notation v (t) are recov-
ered by reading out the pixels of the ID tag in semicircular rings. To minimize
errors in the reading process, not only is one pixel taken into account for each
position of a single semicircular ring, but also a set of pixels located in neigh-
bor concentric rings in the radial direction. Again, the results obtained taking
either the mean value or the median value are compared and analyzed in this
work.

The retrieved information of the pixels should be written back into matrix
notation prior to decoding the signature by using the decryption technique [6].
Following this procedure, the encrypted signature 1 (z,y) will be recovered
when the ID tag is captured in its original orientation and size or in rotated
or scaled formats.

For encrypted signatures with a large number of pixels (Fig. 12.5), the
information of the scale-invariant region can be distributed using different
concentric semicircles to assure a minimum number of pixels for each sec-
tor to properly recover the information (Fig. 12.5d). Consequently, the tol-
erance to scale variation is affected in accordance to the number of con-
centric semicircles used in the ID tag. In such a case, the procedure to
recover the encrypted signature is basically the same, but the existence
of concentric semicircles and their size must be taken into account in the
readout.
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(d)

Figure 12.5. (a) Signature f(z,y) that identifies the object under control. (b) Mag-
nitude and (c¢) Phase distributions of the encrypted signature 1 (z,y) by using the
double-phase encryption technique. (d) Distortion-invariant ID tag built from the en-
crypted signature. The information of the optical code in the scale-invariant tag is
distributed in concentric circles.

12.5 Signature Verification

To verify the authentication of an object, a final step of verification of the
captured and decrypted signature is necessary. A correlation-based processor
[9, 24] compares the decoded information with a previously stored reference
signal. A comparison of these two functions is based on a nonlinear correlator
[25].

Let f(z,y) denote the decoded signal and r(x,y) the reference signature.
Let |F(p,v)| and |R(u,v)| be the modulus of their Fourier transforms, re-
spectively, and let ¢p(p, v) and ¢r(u,v) denote their phase distributions in
the frequency domain. The nonlinear correlation between the input and the
reference signals is obtained by using the equation

¢(,y) = IFT {|F (u,0) R (,v)| expli (6 (u,0) = ém (m0))]}, (12.5)

where the parameter k defines the strength of the applied nonlinearity [25].
We use kth-law nonlinearity for computational efficiency. The nonlinearity de-
termines the performance features of the processor, such as its discrimination
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capability, noise robustness, peak sharpness, etc. and it can be chosen accord-
ing to the performance required for a given recognition task [25-27]. Optimum
nonlinear transformations allow one to enhance the detection process by op-
timizing a given performance metric [28].

Correlation-based detection is feasible when an output peak above a noise
floor is obtained. A threshold operation, applied to the correlation output,
determines the identity of the object. The processor performance can be eval-
uated using different metrics. The metrics that are taken into account in this
work are well-known parameters described in the literature [29-31]. We con-
sider, as a measure of the system discrimination capability, the cc/ac metric,
which is the ratio between the maximum peak value of the correlation output,
cc, and the maximum autocorrelation value, ac, for the reference signature.
Similarity between the decoded information and the reference signature will
be great if the cc/ac ratio approaches the value of unity.

Another possibility is to directly evaluate the quality of the recovered
image, f (z,y), from the decryption procedure in comparison with a reference
signature r (z,y) by using the mean-squared error (mse) [8]:

N, Ny
mself ()] =B S5 [f ) @yl p. (26)

=0 y=0

where N = N, - N, is the total number of pixels of the original image and
E {-} is the expected value.

12.6 Authentication Results

To explore the feasibility of the proposal, the designed distortion-invariant ID
tag was tested in the presence of a unique distortion (either rotation or scale
variations). Afterwards, results were obtained for both distortions modifying
the ID tag simultaneously. In the readout process of the information included
in the ID tag, two mathematical operations are separately analyzed and com-
pared: the mean and median values, as they were introduced in Section 12.4.

12.6.1 Rotation Invariance

To test the tolerance of the verification system to rotations of the ID tag, we
digitally rotate the ID tag shown in Fig. 12.5(d) from 0 to 360° in steps of
20°. For all the rotated ID tags, encrypted signatures in vector notation v (t)
are recovered from the rotation-invariant area (upper semicircle) of the ID
tag following the procedure described in Section 12.4. Then, a series of de-
crypted signatures f (x,y) are obtained by using the double-phase decryption
technique [6]. Some of these decrypted signatures are depicted in Fig. 12.6.
Results shown in Fig. 12.6(a) correspond to the case where the mean value of
a set of pixels is considered in the readout process. The decrypted signatures
depicted in Fig. 12.6(b) are the results obtained when the median value is
computed during the readout.
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Figure 12.6. Decrypted signatures obtained from rotated versions of the ID tag shown
in Fig. 12.5(d) when either (a) the mean value or (b) the median value are computed
during the readout process.

From results depicted in Fig. 12.6, one can appreciate that the signature
is better deciphered if the median is considered instead of simply the mean
value. If the mean value is applied, retrieved signatures are noisy images.
When the median is used, however, the pixel values are better preserved for
the encrypted signature and the double-phase decryption procedure obtains a
signature closer to the original image. To make these differences clearer, the
mse is graphed versus the rotation angle of the ID tag in Fig. 12.7. This graph
points out an improvement in the process of reading out the information from
the distortion-invariant ID tag if the median value is computed from a set of
pixels. If the mean value is used instead, the difference between the retrieved
signature and the original increases, except for rotation angles that do not
need interpolation algorithms (0°,180°, and 360°).

12.6.2 Scale Invariance

Invariance to scale variations is tested by using the lower semicircle of both
optical codes of the ID tag (Fig. 12.5(d)). This case occurs, for instance,
when the ID tag is captured at different distances from the receiver. We have
digitally scaled the ID tag by a factor ranging from 0.2 to 2 in steps of 0.1.
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Figure 12.7. Parameter mse versus rotation angle of the ID tag. Comparison between
the use of the mean value (x) or the median (-) in the readout algorithm.

A series of the decrypted signatures obtained from this test are shown in
Fig. 12.8. The quality of the recovered signature is visually acceptable in
nearly all cases for both procedures, using either the mean value in the readout
process or the median. When the ID tag is captured from a long distance
(that is, if small scale factors are used), the noise level of the decoded images
increases rapidly and the signature is not properly deciphered. In addition, we
recall that the system tolerance to scale variations is limited due to the high
number of pixels NV, which leads to using concentric semicircles in the ID tag.

Figure 12.9 shows the mean-squared error computed between each re-
trieved signature of Fig. 12.8 and the original function (Fig. 12.5(a)). This
graph evidences the differences between the mean and median calculation in
the algorithm. If the median is considered, the decoded signature approaches
better the original, even though small scale factors are applied. The quality
of the decoded signature decreases quickly for scale factors smaller than 0.5.

12.6.3 Simultaneous Rotation and Scale Invariance

Finally, the identification system is tested against rotation and scale distor-
tions when both of them affect simultaneously the two circles of the ID tag.
Figure 12.10 displays the output planes of the recognition system along with
the decoded signatures obtained for a rotated and scaled version of the ID
tag shown in Fig. 12.5(d). The median value is computed in the distortion-
invariant readout. In all the cases, the signature has been correctly decoded
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Figure 12.8. Decrypted signatures from scaled versions of the ID tag shown in Fig.

12.5(d) where (a) the mean value or (b) the median value are computed during the
readout process.
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Figure 12.9. Parameter mse versus rotation angle of the ID tag. Comparison between
the use of the mean value (Xx) or the median (-) in the readout algorithm.



12 Design of Distortion-Invariant Optical ID Tags 221

(®)

Figure 12.10. Decoded signatures and correlation outputs (with & = 0.5) for rotated
and scaled versions of the ID tag shown in Fig. 12.5(d). (a) Scale factor x0.6 and
rotation angle 40°; (b) scale factor x0.5 and rotation angle 60°.

and identified using a nonlinearity given by k = 0.5 for correlation. However,
it can be appreciated that the level of noise increases with the distortion.

To further demonstrate the robustness of the ID tags for verification and
identification, let us recover the decrypted information from a rotated (40°)
and scaled (0.6 scale factor) ID tag, and let us decrypt the encoded information
by using a false phase key. As a result, we obtain a noisy image where no
signature can be recognized (Fig. 12.11(a)).

It is also important to demonstrate that a different signature, even if it is
correctly decrypted with the appropriated phase key, will not be recognized
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Figure 12.11. (a) Decoded image by using a false key and correlation output for
k = 0.5. In addition, the ID tag was rotated 40° and scaled by a factor of 0.6. (b)
Decoding a different signature with the correct phase key. The ID tag was rotated 40°
and scaled by a factor of 0.6. Correlation output for £ = 0.5 when the decoded image
is compared with the stored reference image (Fig. 12.5(a)).

as the reference image. Figure 12.11(b) presents the decoded signature corre-
sponding to a different logo, and the corresponding correlation output with
a low peak which is clearly below the threshold. Thus, the decoded signature
is discriminated from the authentic one (Fig. 12.5(a)) used in the previous
experiments.
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Figure 12.12. Magnified sector of the ID tag corrupted by Salt € Pepper noise that
modifies 15% of the ID tag pixels.

12.6.4 Noise Robustness

Finally, the proposed verification system is tested in the presence of noise.
The captured ID tag is corrupted by Salt & Pepper noise, due to the fact
that is a common noise for electronic devices which conform the receiver. The
corrupted pixels take either the maximum or the minimum value possible in
the capturing device.

Figure 12.12 shows a part of the ID tag degraded by Salt & Pepper noise
in 15% of its pixels. Both optical codes, the one containing the magnitude and
the one containing the phase of the encrypted signature ¢ (z,y), are equally
modified.

Figure 12.13 shows the output results when the noisy ID tag of Fig.
12.12 is captured by the receiver with a rotation of 40° and scaled by x 0.6.

Figure 12.13. Decoded signature and correlation output (k = 0.5) for a corrupted
ID tag by Salt & Pepper noise (15% of pixels) and captured under rotation (40°) and
a variation in scale (0.6).
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Figure 12.13 depicts both the decoded signature and the corresponding output
plane from the nonlinear correlator with & = 0.5.

Even in the presence of Salt & Pepper noise degrading the signal, the
signature is correctly verified.

12.7 Conclusions

We have proposed a method to encode an encrypted signature into an ID
tag to provide invariance to rotation and scale distortions. The signature is a
characteristic image that allows identification of an object. Thus, identifica-
tion tags can be used for real-time remote verification and authentication of
objects which have diverse applications in transportation and homeland secu-
rity. The ID tags consist of an optical code containing double-phase encrypted
information to increase security. This encrypted information is replicated ra-
dially and angularly so as to build an ID tag that can be read even if it appears
scaled or rotated. Both the magnitude and the phase of the encrypted signa-
ture are codified in grayscale to improve robustness against phase distortions
produced by outdoors environmental conditions (rain, air turbulences, etc.)

The designed ID tag can be located on a given object, and is captured
by a receiver, which will decode and verify the information. To decipher the
information of the tag, two algorithms are used and compared. One uses the
mean value of a set of pixels. The other uses the median value instead. Au-
thentication results provided in this chapter show that clear improvement, in
terms of recognition performance and noise robustness, is achieved when the
median value is applied.

Numerical results demonstrate that the proposed system is able to recover
a given signature even if the ID tag is rotated, scaled, or both rotated and
scaled simultaneously. The method used for encrypting the signature has been
shown to be robust against using a different key for the decryption technique.
Also, the receiver is able to discriminate between a reference signature and
a different image by using correlation. Moreover, satisfactory authentication
results are obtained in the presence of Salt and Pepper noise.
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13.1 Presentation

Although most common imaging systems are based on incoherent optics, sev-
eral important imaging techniques rather use coherent light to illuminate the
objects under study. Such coherent imaging systems are useful in a variety
of applications. For instance, Synthetic Aperture Radar (SAR) images [1]
are used for environmental monitoring, detection of changes between two
dates, navigation and guidance, etc. Another class of coherent images is ob-
tained by systems involving a laser illumination. For example, holographic im-
ages [2] can be used for three-dimensional object visualization and recognition
[3-16].

The main drawback of coherent images is that they are corrupted by a
strong random speckle noise [17]. This noise is caused by random interfer-
ences that are due to the roughness of the studied objects and that result
in high spatial-frequency wavefront deformations. The speckle pattern super-
imposed on the images makes it very difficult to use these images in many
applications. For instance, a correlation between two identical images with dif-
ferent speckle patterns will be corrupted because of the uncorrelated speckle
patterns. Similarly, speckle deteriorates most commonly used methods of de-
tection or estimation. For many applications, it is therefore essential to filter
out the speckle noise before any further image processing.

Most existing approaches to speckle removal are based on an image model
with constant reflectivity in a patchwork of regions also known as mosaic
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model. This image model is adapted for SAR images. For coherent optical
images in general, the reflectivity of the objects in the scene can be con-
tinuously variable. In this chapter, we present a speckle removal algorithm
designed for image with continuously varying gray-levels [18]. Although we
will focus on digital holographic images, the proposed technique can be used
for other types of coherent images. The proposed method is based on a max-
imum likelihood estimation with a general model for the image reflectivity.
The image model is based on a lattice of nodes with linear interpolation of
the gray-levels between nodes. Moreover, to improve the quality of the re-
sult, a constraint on gray-level isolines is introduced. This constraint allows
us to obtain smooth results without blurring the edges of the objects in the
image.

In this contribution, we will first describe the Maximum Likelihood (ML)
estimator derived from the speckle modelization and we will present the image
model defined as a continuous lattice based on elementary triangles. Next, we
will describe the algorithm designed for ML criterion optimization. Then we
will introduce a regularization term based on gray-level isolines of the restored
image. Lastly, we will show results of the algorithm and we will analyze its
robustness and dependence on the method parameters.

13.2 Description of the Algorithm

13.2.1 Maximum Likelihood Estimator

Active coherent imaging is very helpful for many applications. In this con-
tribution, we use images obtained through digital holography as examples.
Digital holographic techniques allow the capture of 3D information about ob-
jects. In this case, a hologram is digitally recorded by a camera and then nu-
merically processed to reconstruct arbitrary 2D views of the 3D object [4, 6].
The proposed method can be similarly applied to other types of coherent
images.

The main difficulty with coherent imaging is the random high spatial-
frequency interference pattern (speckle) which cannot be perfectly predicted
in general.

The complexity of radar or hologram scenes generally implies that the
intensity level of the image must be considered as a random field. The reflec-
tivity of the scene, which is the parameter of interest, has then to be recovered
from local parameters such as the local mean, the standard deviation, or the
whole probability density function (pdf) of the random field.

Usually, intensity images with speckle correspond to the square modulus
of Gaussian circular complex fields. Complex field modelization could be ob-
tained for instance from a wavefront near the object calculated with digital
holographic data [4,6]. For SAR images, one can get intensity images by av-
eraging several independent intensity acquisitions. In that case a simple but
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generally accurate speckle model for intensity images consists in consider-
ing that the gray-levels are realizations of independent randoms fields with
Gamma pdf and mean value that is proportional to the local reflectivity in
the image.

The gamma pdf of the observed gray-level x,, of pixel n is given by

P (@ lin) = (%) ?(LLL; exp(—Lj—:) , (13.1)

where i,, is the mathematical expectation value of the gray-level at pixel n and
L the order of the Gamma law. In this case, i, corresponds to the gray-level of
the object one would measure without speckle and is the wanted information.
In the following we will assume that L is known. Indeed, the probability
density function obtained with a complex Gaussian circular assumption on the
amplitudes (which is the case of holography, for example) provides a gamma
pdf for the intensity gray-levels with order 1 (L = 1). Furthermore, averaging
L images leads to gamma pdf of order L.

In the following, we will assume that the gray-level pixels of the image
are distributed with gamma pdf (Eq. (13.1)) and that they are statistically
independent, i.e., without spatial correlation. With this hypothesis, the log-
likelihood of the N pixel image X = {&}, }nepi,n] can be written:

N
C(X|T) =log [ [ p (n lin), (13.2)

where I = {4, },ep,n) and which, with Eq. (13.1), leads to

(X 1) = C(L, {x,}) LZ <log (in) ) (13.3)

where C(L, {z,}) is a term independent of I.
The Maximum Likelihood estimation of the intensity image I = {i,} is
then obtained by maximizing the log-likelihood [19] expression of Eq. (13.3):

I= arg max (X |I). (13.4)

One can remark that the maximum likelihood estimation is independent of
the L order of the gamma pdf. Indeed, the parameter L in Eq. (13.3) is present
only in the additive constant C'(L,{z,}) and appears as the multiplicative
factor of the second term including the parameter of interest I.

13.2.2 Image Model

Equation (13.3) shows that without further hypothesis, the maximum like-
lihood estimator of the image I is the trivial result I = X. Indeed, the first
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Figure 13.1. Lattice example and its two base polygons.

derivative of the log-likelihood with respect to i, is

or 1 =z, i,—x,
- = R 13.5
and this latter equation provides the solution:
ol
5 = 0= i, =, (13.6)

In order to remove the speckle, one can limit the set of interesting so-
lutions to images with slow spatial variations. A first possibility consists in
introducing an image model for I.

We consider a piecewise linear image model based on elementary triangles.
Figure 13.1 shows an example of a lattice with two base polygons drawn
arround the nodes k19 and ko7. The gray-level of each pixel of the modeled
image is defined as being a linear interpolation between the gray-levels of the
three vertices of the triangle to which it belongs. This linear variation between
nodes is a constraint that imposes a slow spatial variation of the intensity. Let
K = {kp}pep,p) be a set of parameters which completely defines the image
I(K). P is the number of nodes in the lattice and is thus equal to the number
of parameters of this model. Let each node k, of the lattice be described by
three coordinates (kg,, ky,, k-, ), where k;, k,  correspond to the coordinates
of its location in the image and k., is the unknown corresponding gray-level.
The parametric intensity image model can be written:

T={in} =1 (kasrrkopsenrrbiap) (13.7)

The first advantage of using a simple lattice based on triangles is to lead
to a low computational time. Indeed, determining the gray-level for each pixel
of the image from the triangle lattice information (k,,, ..., k., ) requires only
3N additions and 3N multiplications. This property is mainly due to the fact
that local adjustments of the lattice result in local modifications of the gray-
level of the nearest pixels. Indeed, a modification of the gray-level of one node
only implies computations on the polygon area which surrounds this node.
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For example, the nodes k9 and ko7 of the lattice shown in figure Fig. 13.1 are
associated to polygons respectively filled with hatchings.

The second advantage is the continuity of the gray-level of the image model
I = {i,} which is naturally introduced by the lattice design. This continuity
property is important to smooth the image.

13.2.3 Optimization of the Log-Likelihood Criterion

In order to optimize the criterion of Eq. (13.3) with a low CPU load, we choose
to implement an iterative second order algorithm. This iterative algorithm
usually needs a small number of iterations and, moreover, one can remark
that the triangular-lattice with linear interpolation is very helpful for quick
determination of the criterion derivatives. Indeed, the first derivative of the
log-likelihood criterion with respect to the gray-level k., of the node ky, is
given by

N . N .
ov or  0iy, 1 Tn\ Ol
V k, € latti — = LR —_m )
p Sl oy ; 9i,, Ok, ; <z Z%) Bk,
Let o, = 8‘9% be the derivative of the image model with respect to k., we
obtain
N
or « x
k, € latti =LYy 2r(1-"2). 13.
Yk, € lattice o, nzz:l i < Zn> (13.8)

Actually, changes of k., affect only the pixels contained in the polygons
surrounding the node k,, which will be denoted {p; ~ p,} (see Fig. 13.2). The
value of ay, 5, is zero for pixels outside this polygon. Since the image model is
defined by a linear interpolation between each node of the lattice, then the
set ap = {ap n/pixel n € {p; ~ p,}} forms a pyramid with a polygonal base
{p1 ~ py}—where the value is zero—and a top at node k,—where the value
is 1 (Fig. 13.2). This set of coefficients a, depends on the location of node &,
and on the location of nodes of the polygonal base associate to k,. Indeed, it

kp 1

0

kpS

kpl p
0
0
kp4
kp2 kp3 0 0

Figure 13.2. Polygonal-based elementary pyramid example used to compute the
derivatives.
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is easy to show that image model I(K) can be described as a sum of pyramids
a, weighted by nodal values k.

P
1= k., -a (13.9)

p=1
Finally, Eq. (13.8) can thus be written as
. ol oy, x
V k, € lattice T -L Y % (1 - i) : (13.10)
i ne{pi~pq}

With similar notations, the second derivative of the ML criterion can be
expressed as

26 2
V k, € lattice ot > Do <2@ - 1> . (13.11)

Ok? 12 i
o ne{pi~ps} " "

The second-order iterative algorithm that we propose to use in order to
determine the k,, variation at each iteration is based on Newton algorithm
and it can be written as

(13.12)

-1
2
Yk, € lattice Ak, = — ( oL ) ot

oKz | Ok,

Equation (13.12) provides z axis correction for each node k,. For a pixel
n around a node k,, the correction is Ai,, = Ak, a, . The iterative process
of the correction of the image model can thus be written:

P
L=T1+» Ak, o (13.13)

p=1

Thanks to Eq. (13.13), I; at iteration ¢ is determined without extra
computations such as for example to reconstruct I, from the set of val-
ues {k.,}pen,p) known at iteration ¢. It is necessary only to determine at
each iteration Ak, with Eq. (13.12) and to modify the image model with
Eq. (13.13).

13.2.4 Regularization With Isoline Level

A first regularization of the image {i,} is naturally introduced by the im-
age model since it is based on a parametric model with less degrees of free-
dom than the pixel number N of the image. However, when small trian-
gles are used, poor speckle noise removal is obtained as shown in Fig. 13.3,
while if the triangles are too big, a blurred image is obtained. This figure,
a part of a toy car, is a two-dimensional (2D) view near the toy position
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(a) (b)

(d)

Figure 13.3. Part of image of a toy car calculated from an experimental digital holo-
gram. Results with different triangle sizes of lattice. (a) reference image 401 x 401
(CPU time, number of nodes), drawn with gamma correction = 2 only for visualiza-
tion. (b) 5 pixels base triangle (1.1s, 20201 nodes). (c) 9 pixels base triangle (0.5s, 5101
nodes). (d) 17 pixels base triangle (0.4s, 1301 nodes).

reconstructed from an experimental digital hologram with 12 bits dynamic
range. Figure 13.3(a) shows the initial image without speckle removal. Fig-
ures 13.3(b)-13.3(d) show the results obtained for different sizes of the ele-
mentary triangle. One can see that noise removal is very low with triangles
with a base of 5 pixels. In Fig. 13.3(c), the base of the triangle was 9 pix-
els and the noise removal effect is still quite low. On the other hand, with
triangles with a 17 pixel-base, the speckle noise has been more efficiently re-
moved but a blurring effect becomes noticeable and prohibits to use larger
triangles.
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In order to improve speckle removal, we introduce, with small triangles, a
second constraint. This constraint brings a minimal a priori information on
the smoothness of the result.

Since most common images are continuous images with a small number
of edges, images can be decomposed in regular lines with constant gray-
levels (Fig. 13.4(a)). Furthermore, these iso-gray-level lines (which will be
simply denoted isolines in the following) are in general regular in the sense
that their shape does not oscillate a lot. The principle of the proposed
isoline regularization thus consists in penalizing irregular sets of constant
gray-levels.

More precisely, for each iteration ¢ and for the image model determined
at this iteration, starting from a node k, (k, = lo) of coordinates (k,,k,,)
of the triangle lattice, we consider the circle centered on node k, with radius
equal to the edge size of the triangles. On this circle, we look for the pixel
I that has the nearest gray-level to k. . Now, let us assume that an isoline
has been determined with ¢ — 1 pixels. Let 4y, ...,%,_, denote the gray-level
values of the pixels ly,...,l;—1 of this isoline. We can define the mean gray-
level value of this isoline mqy—; = %Z?;& ir;, where [y corresponds to kp. In
order to merge a new pixel I, to this isoline, a half circle of radius equal to the

edge size of the triangles is first defined in the direction l;_»l,—1 as shown in
Fig. 13.4(b). We thus have to determine in the half circle defined above
the pixel [, which has the gray-level value 4; nearest to mg_q. If
‘z’lq - mq_l‘ /mg—1 is smaller than a threshold 3 (denoted “constrast thresh-
old”) the pixel I, is merged into the isoline and the process is iterated. The
merging process is stopped when this condition cannot be fulfilled anymore or
when the maximum length @ of the isoline level, fixed at the beginning, has
been reached. A new merging process is then initiated with the next node of
the lattice.
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Figure 13.4. Isoline level estimation description (a) and determination (b).



13 Speckle Elimination With a Maximum Likelihood Estimation 235

Since this process is applied to the restored image obtained at iteration ¢,
the proposed technique thus consists in minimizing

N T
JAK)=C+L-> (log (in(K)) + in(;()>

P 2
(kzp - m(pa 5))
+u-L ;Np B (13.14)
where p is a parameter which balances between the likelihood term (first part
of the criterion) and the regularization one, N, is the number of pixels which
belong to the polygon {p; ~ p,} that include the node ky, 3 is the parameter
of the regularization method and P is the number of nodes in the lattice.
As shown in Eq. (13.14), the proposed technique consists in determining the
isoline m,, to which each node belongs in order to penalize the square differ-
ence between the gray-level of the nodes and their corresponding isoline. In
addition, the square difference in node p is weighted by the isoline gray-level
value L/mg in order to take into account the characteristics of speckle noise
which is a multiplicative noise.

The optimization algorithm is similar to the one presented in Section
13.2.3. In order to apply a second-order iterative algorithm, we need to de-
termine the first and second derivatives of the criterion. The first term of
criterion (13.14) is identical (multiplied by —1) to the ML criterion (13.3)
and its derivatives are provided by Eq. (13.10) and (13.11). The first and
second derivatives of the constraint expression are easy to obtain when we
remark that the derivative expression of the isoline is

om(p,B) _ 1
Ok, Q+1

(13.15)

since each isoline is calculated on @ + 1 pixels by m = ﬁ E?:o iy; as de-
scribed in Section 13.2.4.

13.3 Results and Influence of the Parameters

13.3.1 Results on Synthetic and Real Images

The synthetic image used for the tests is shown in Fig. 13.5. This image
provides borders with strong slopes of 1 pixel and continuous variations of
grey-levels. Some grey-level values are shown in Fig. 13.5(a) (horizontal text)
and the contrasts for some borders are also reported (vertical text). Figure
13.5(b) shows the noisy image generated with a 10-order speckle noise with a
gamma pdf defined by Eq. (13.1).

Figure 13.6 shows the result for the gamma noisy synthetic images.
The result of the proposed technique is shown in Fig. 13.6(a) and 13.6(b),
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Figure 13.5. Reference synthetic image and 10-order gamma noisy image (512 x 512).

and has been obtained with a triangle lattice with a 3-pixel base and
with regularization by isoline level. As a comparison, Figures 13.6(c) and
13.6(d) show the results of a median filter (with a sliding window of 5 x 5
pixels).

Results shown in Fig. 13.6(a) demonstrate that the proposed method is
able to efficiently remove speckle while keeping sharp edges between the differ-
ent zones. Of course, estimation of the edges is not perfect for low contrasts,
however we can conclude with Figure 13.6(a) that the contrast! limit to obtain
good results is between 1.1 and 1.2 for a 10-order speckle. For high-contrast
edges, one observes with Fig. 13.6(b) that the quality of the restoration is
limited by the size of the lattice.

One can also see that with the proposed technique the visual aspect is
improved in comparison to the results obtained with a median filter.

The last validation is based on the 2D reconstructed view of an experi-
mental digital hologram where the speckle corresponds to a 1-order speckle.
Figure 13.7. provides the result for a lattice with 5 pixels for the base of the
triangles and a constraint on the isoline level.

13.3.2 Study of the Influence of the Contrast Threshold 3

The contrast threshold § is an important parameter of the algorithm. The
value of this parameter allows us to find a trade-off between the smoothness
and the loss of low-contrast details in the filtered images. The choice of the

I The local contrast is defined as the ratio of average gray-levels on both sides of an edge, for
example.
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Figure 13.6. Results on synthetic image with 10-order gamma noise (512 x 512). (a)
u =23 and = 0.14 with 3 pixels base. (46s, PIII-1.1GHz). (b) square error image,
mse = 219. (c¢) median filter (5 x 5). (d) square error image, mse = 362.

value of this parameter depends on the contrast levels present in the image
and on the speckle order.

In the simulation presented in Fig. 13.8, all the parameters other than §
are fixed. We show the filtered images obtained by the proposed algorithm for
9 different values of the parameter 3. It can be seen that, for low values of
(3, the isolines are very short because they are rapidly stopped when finding
small contrast steps. The variance of the isoline level is inversely proportional
to its number of points. Short isolines are then poorly estimated and cannot be
trusted. This explains why the filtered images for low § present many defects



Figure 13.7. (top) Reference image of a toy car reconstructed from an experimental
digital hologram 1123 x 1585 with 1-order speckle (or 1 look). Drawn with modification
of gray-levels for visualization. White box correspond to the part used in Fig. 13.3
(bottom) Result with 5 pixels base triangle, p = 20.0 and 8 = 0.3. (27s, 222437 nodes,
PIII-1.1GHz).

ref with 10 order gamma noise beta=0.07

Figure 13.8. Influence of the contrast threshold 3 for a synthetic image (reference)
with 10-order gamma noise. Results for 3 pixels base triangles and p = 23.
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in the supposedly smooth areas. On the other hand, edges are correctly found,
even when they have a low contrast, for instance in the case of letter I in Fig.
13.8 for the values of  larger than 0.19. On the contrary, for high values of
the parameter (3, the filtered images are perfectly smooth but the low-contrast
details tend to vanish.

Obviously, the correct value for 8 depends on the image, the expected re-
sult, and the speckle order. For a low order, one needs to increase (3 in order to
force the isolines to extend over larger distances and include more points in the
isoline-level estimation. However, in this case, low-contrast details will be lost.

13.3.3 Study of the Influence of the Weight of the Isoline
Constraint p

The weight of the isoline constraint p is the second important parameter of the
presented algorithm. This parameter imposes the regularity of the solution.
Since the penalization term uses only information from the estimated image
at step t(I;) (see Eq. (13.14)), the final solution depends both on the data
(noisy image) and on the initial estimation (I;—p). The value of y determines
the respective weights of these two dependences.

In the simulation presented in Fig. 13.9, all parameters other than u are
fixed. The reference image is a synthetic image, two flipped identical plans
(gradients) with value between 64 and 192, with 10-order gamma noise. In this
particular simulation, the initial estimation (I;—¢) is chosen as the result of a
7x7 mean filter of the noisy image, but rotated by 90 degrees (Fig. 13.9). This
initialization is an intentionnally poor estimation of the final result. Figure
13.9 shows the results for values between p =1 and 200. For small values of
1 the regularization has no effect. For weights larger than p = 10 the isoline
constraint is efficient. This relatively low sensitivity can be explained by the
fact that isolines exist in any reasonable image, so imposing their existence is
not really penalizing. Moreover, for weights larger than p = 20, we note that
the final result depends on the initialization too. We can conclude that if the
user has no correct initialization, it is better to choose a weight between p = 10
and 20. With a correct initialization, larger weights can be used to provide
smoother results. Choosing a weigth larger than p = 200 is not interesting
because for these values, the final result depends only on the initialization
and not on the data.

Contrary to the contrast threshold (3, the weight of the isoline constraint
does not depend on the order of the gamma noise.

13.3.4 Robustness of the Algorithm With Respect
to Spatial Correlation

Depending on the size of the pixels relatively to the speckle, the speckle pat-
tern can either be spatially uncorrelated (as in Fig. 13.7) or spatially correlated
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20 40 200

Figure 13.9. Influence of the weight of the isoline constraint u. Results for 3 pixels
base triangles and 5 = 0.15.

(as in Fig. 13.10(b)). For instance, in Fig. 13.10(a) the size of the speckle grain
is larger than 1 pixel, which introduces spatial correlation. This image is based
on the reconstructed 2D view (1024 x 1024) of an experimental digital holo-
gram where speckle has an order equal to 1. Figure 13.10 shows results for
different sizes of the base triangles (3 pixels in Fig. 13.10(c), 5 pixels in Fig.
13.10(d) and 9 pixels in Fig. 13.10(e)). We can note that with smaller size
triangles the result is not smooth. For larger base triangles, the results are
better and similar. The interest of using a lattice with small size base trian-
gles is the sensitivity to small details. Since the likelihood term does not hold
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(a) Reference image (b) local zoom

() @ (e

Figure 13.10. Influence of the spatial correlation. Results for 3(c), 5(d) and 9(e)
pixels base triangles and 5 = 0.3, u = 23.

account of the spatial correlation, each grain of speckle is thus regarded as
details.

As can be seen in Figures 13.7 and 13.10, the quality of the filtered images
is similar for both uncorrelated and correlated speckle when using similar
parameters. The proposed technique is thus robust to spatial correlation of
the speckle pattern if the size of the base triangles is bigger than the speckle
size.

13.4 Conclusion

In this chapter, we have presented a new technique to remove the speckle
pattern from coherent images. Although we provided example images obtained
from digital holography, the proposed approach can be applied to other types
of coherent images.

Our technique is based on a maximum likelihood estimation of the reflec-
tivity of the object and on a regularization whose aim is to obtain smooth
filtered images. We have first presented the maximum likelihood estimator of
the image, and then we introduced a regularization in the form of a lattice
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modelization of the image. In order to further improve the results, we have
added a second regularization by gray-level isolines. The resulting technique
allows one to obtain smooth surfaces while keeping sharp edges of the objects.
Lastly, we have presented results of speckle removal and we have investigated
the robustness of the technique with respect to the parameter values.
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Figure 1.6. ROC curves obtained by conventional detectors and the corresponding
kernel versions for the DR-IT image.
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Figure 1.7. ROC curves obtained by conventional detectors and the corresponding
kernel versions for the DR-II image.
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of the template size and material classes for the presented approach and a typical
noninvariant approach.
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Figure 4.9. The absolute value of the Ambiguity function.
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Figure 5.3. Two ROC curves obtained from one data set that show a clear difference
in detection performance when using polarization features. In the bottom curve only
intensity features are used for detection. In the top curve only polarization features
are used.
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Figure 5.5. (a) Detection rate vs. time of measurement for the four different mine
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false-alarm rate of 3% was chosen.
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Figure 5.6. Detection rate vs. time of measurement for the four viewing directions. A
false-alarm rate of 3% was chosen. (a) Results for mines tilted away from the camera.

(b) Results for the nontilted mines.
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Figure 5.7. Detection rate vs. time of measurement for the four viewing directions.
A false-alarm rate of 3% was chosen. (a) Results for mines tilted toward the camera.

(b) Results for the nontilted mines.
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Figure 6.3. Polarization images of a scene with reflected light. [Reprinted with per-
mission of IS&T: The Society for Imaging Science and Technology sole copyright own-
ers of The Journal of Imaging Science and Technology.]
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Figure 7.1. Spectrograph (main panel) of an underwater sound pressure wave mea-
sured at a distance of 9 km (top) and 38 km (bottom) from the initial source. Note
the changes in the wave, which become more pronounced as it propagates, owing
to dispersion. [Data courtesy of P. Dahl, Applied Physics Laboratory, University of
Washington]
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Figure 9.2. Illustrations of the blackbody radiation curve (a), the electromagnetic
(b), optical (c), and visible spectrum (d). The wavelengths are in nanometers (nm).
The peak of the blackbody radiation curve gives a measure of temperature.
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Figure 9.8. Illustration of eye and noneye models and their corresponding areas of
membership in a two dimensional feature space. Each eye patch is represented by
its projection in the first two eigenvectors. The space is splited into two areas of
membership (eye vs. noneye) using SVM technique (middle). In the most right figure,
a Gaussian Mixture Model is used to find the subclusters in the eye space, where three
clusters were found, each cluster groups similar eye appearances.



Figure 9.21. Snapshots of two applications of eye tracking: (1) fatigue assessment:
the eye state is classified as open (top left) or closed (top right); and (2) distraction
assessment: as the head pose is frontal (bottom left) or non-frontal (bottom right) for
a while, the driver is recognized as non-distracted (bottom left) or distracted (bottom
right). Both eyes were detected and tracked in real-time. Some human factor algorithms
being used to measure distraction from the head pose classification results can be found

in [18, 19, 24].
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Figure 11.7. (a)-(d) Normalized correlation when input image #8 of the nontraining
true targets and input image #13 among the false class objects are used as input scenes
for (a)—(b) single exposure on-axis digital holography and (c¢)-(d) on-axis phase-shift

digital holography.
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