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Preface

In the present volume the main aspects of high-power laser—matter interaction in
the intensity range 10'°-10%2 W/cm? are described. We offer a guide to this topic
for scientists and students who have just discovered the field as a new and attractive
area of research, and for scientists who have worked in another field and want to
join now the subject of laser plasmas. Being aware of the wide differences in the
degree of mathematical preparation the individual candidate has acquired we tried
to present the subject in an almost self-contained manner. To be more specific, a
bachelor degree in physics enables the reader in any case to follow without diffi-
culty. Generally fluid or gas dynamics and its relativistic version is not a part of
this education; it is developed in the context where it is needed. Basic knowledge in
theoretical mechanics, electrodynamics and quantum physics are the only prerequi-
sites we expect from the reader. Throughout the book the main emphasis is on the
various basic phenomena and their underlying physics. Not more mathematics than
necessary is introduced. The preference is given to ideas. A good model is the best
guide to the adequate mathematics.

There exist already some but not so many, however, good volumes and some
monographs on high-power laser interaction with matter. After research in this field
has grown over half a century and has ramified into many branches of fundamental
studies and applications producing continuously new results, there is no indication
of saturation or loss of attraction, rather has excitement increased with the years:
“There are no limits; horizons only” (G.A. Mourou). We take this as a motivation
for a new attempt of presenting our introduction to the achievements from the begin-
ning up to present. An additional aim was to offer a more unified or more detailed
view where this is possible now. Furthermore, the reader may find considerations
not encountered in existing volumes on the field, e.g., on ideal fluid dynamics,
dimensional analysis, questions of classical optics, instabilities and light pressure.
In view of the rapidly growing field of atoms, molecules and clusters exposed to
superstrong laser fields we considered it as compulsory to dedicate an entire chapter
to laser—atom interaction and to the various modern theoretical approaches related
to it. Finally, a consistent model of collisionless absorption is given.

Depending on personal preferences the reader may miss perhaps a section on
inertial fusion, on high harmonic generation and on radiation from the plasma, or
on traditional atomic and ionic spectroscopy. In view of the specialized literature

vii



viii Preface

already available on the subjects we think the self-imposed restriction is justified.
Our referencing practice was guided by indicating material for supplementary stud-
ies and establishing a continuity through the decades of research in the field rather
than by the aim of completeness. The latter nowadays is easily achievable with the
aid of the Internet.

We have tested the text with respect to comprehension and readability. Our first
thanks go to Prof. Edith Borie from the Forschungszentrum Karlsruhe. She proof-
read great parts of the text very carefully and gave valuable comments. In second
place we would like to thank Mrs. Christine Eidmann from Theoretical Quantum
Electronics (TQE), TU Darmstadt, for typing in IATEX half of the book. We are
further indebted to Prof. Rudolf Bock from GSI, Darmstadt, for helpful discussions
and precious hints. Further thanks for helpful discussions, critical comments, check-
ing formulas go to Dr. Herbert Schnabl, Prof. Werner Scheid, Dr. Ralf Schneider,
Dipl.-Phys. Tatjana Muth, Dr. Steffen Hain, and Dr. Francesco Ceccherini. We want
to acknowledge explicitly the continuous effort and support in preparing the final
manuscript by Dr. Su-Ming Weng from the Insitute of Physics, CAS, China, at
present fellow of the Humboldt Foundation at TQE. For his professional input to
the section on Brillouin scattering special thanks go to Dr. Stefan Hiiller from Ecole
Polytechnique in Palaiseau.

Darmstadt, Germany Peter Mulser
Rostock, Germany Dieter Bauer
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Chapter 1
Introductory Remarks and Overview

Laser-produced plasmas represent a modern, physically rich topic of electromag-
netic interaction with macroscopic matter. The laser intensities extend from the
threshold of plasma formation at approximately 10'© W/cm? on the nanosecond
time scale up to the highest energy flux densities of several 10> W/cm? currently
available in the femtosecond domain. The laser is capable of supplying enormous
amounts of energy in very short times. The first salient aspect of the laser plasma
is its fast dynamics, and in concomitance, its inhomogeneity in density, tempera-
ture and flow velocity. As the laser acts preferentially on the light electrons they
determine the fast time scale. The interaction itself is characterized by a limiting
electron density beyond which no electromagnetic propagation is possible (critical
density, cut-off). This property is the main reason for laser plasmas to be very hot
and more or less close to ideality, and is responsible for steep density variations
in the transition zone from underdense to overdense plasma. The irreversible inter-
action (absorption, heating of the electrons) is accomplished by friction between
electrons and ions due to electron—ion collisions, so-called collisional or inverse
bremsstrahlung absorption, and by resonances of the free electrons in the self-
generated electrostatic fields. At super-high intensities when the mitigating effect
of collisions (and absorption) is almost absent the laser acts more and more as an
extremely efficient accelerator of energetic electrons by anharmonic resonance. This
collisionless absorption process gives the electron fluid properties far from thermal
equilibrium, not to mention the formation of an electron temperature very much
exceeding that of the ion fluid. Overdense samples of matter are indirectly heated
only by electron heat conduction, fast electron jets, electron plasma waves, plasma
radiation and plasma shock waves. On the slow time scale of the ions the electrons
are bound to them by quasi-neutrality, one of the fundamental properties of any
plasma state.

The dynamics of the laser plasma on the ion time scale is governed by the ther-
mal pressure of the electrons, and to a certain extent, by that of the ions. However,
this is only half the truth. Any oscillating force, like that impressed by the laser
field, in presence of inhomogeneities gives origin to a secular force on the slow
time scale, here in the plasma on the ions. This so-called ponderomotive force, or
pressure gradient of light, and more in general, of waves not only does inhibit the
tendency towards uniformity in the process of plasma expansion; it does impress

P. Mulser, D. Bauer, High Power Laser—Matter Interaction, STMP 238, 1-4, 1
DOI 10.1007/978-3-540-46065-7_1, © Springer-Verlag Berlin Heidelberg 2010



2 1 Introductory Remarks and Overview

also a whole variety of structures onto the plasma, of resonant character like stimu-
lated Raman and Brillouin scattering as well as various other parametric three-wave
interaction phenomena; or of non-resonant character as laser beam filamentation
and self-focusing, self-trapping of light, beam self-modulation and ion density pro-
file steepening. The ponderomotive force, although considerably weaker than the
direct high-frequency force of the laser beam, determines the plasma dynamics to
a decisive degree due to its secular character. It makes the laser plasma inherently
unstable.

Under several aspects the laser plasma represents an extreme state of matter far
from thermodynamic equilibrium, both on large scale (e.g., spatial gradients of den-
sity, temperature, pressure, ionization) and on local scale (e.g., electron and ion
temperatures differing from each other, non-equilibrium velocity distribution). In
the intense field collisional heating tends towards the generation of super-Gaussian
electron distributions in place of a Maxwellian. At resonance electron plasma waves
are driven into non-linearities to the extent of breaking, i.e. quenching of modes by
self-interaction, and to the already mentioned generation of relativistic electron jets,
directly by the action of the laser electric field itself near the critical density or, in
the underdense plasma, by the ponderomotive wake behind the laser propagating
through the plasma. The Lorentz force governing the electron motion is nonlinear,
hence introducing anharmonicities in the high-frequency current densities which
as sources for the fields in the Maxwell equations generate high harmonics of the
fundamental laser frequency up to some thousandth order. Of particular interest is
the interaction of the intense laser field on the atomic and molecular level where, in
contrast to standard perturbative external interaction, the main actor is the laser field
while the atomic potential represents the perturbation once ionization has occurred.
In concomitance, above threshold ionization into the high continuum becomes sig-
nificant. Effects based on electrons driven back to the ion core by the laser field
emerge, such as nonsequential ionization and high-harmonic emission, the latter
being particularly relevant for applications, e.g., the generation of attosecond pulses
and structural imaging. The dynamics of atoms in strong laser fields have become a
rich and fascinating field of modern atomic and plasma physics.

In view of the strong nonlinearities of the basic equations governing the observed
phenomena numerical simulation codes have become an indispensable means of
accompanying the experiments for analysis and interpretation. Sometimes the sim-
ulations themselves need interpretation in the sense that they may not tell at all what
the underlying physics producing the results is. An eminent example is collisionless
absorption and generation of energetic electrons by anharmonic resonance. Such
situations are the moment of truth for simple analytical models.

In the second chapter an introduction to the plasma formation process by intense
laser beams is given and the subsequent plasma dynamics is described phenomeno-
logically by the use of a two fluid model. The salient features thereby are quasineu-
trality and shielding of the plasma. Experience shows that having assimilated these
principles may serve as a criterion for the definition of who is a plasma physicist
and who is not yet. Another basic concept is laser light absorption by collisions
and its equivalence to the inverse bremsstrahlung model. For this reason, in a crude
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way it is already introduced in Chap. 2 and then treated extensively in Chap. 3.
Generally it is believed that the so-called dielectric approach gives the most satisfac-
tory answer. However, by comparison with the ballistic model we show that under
a strong electron drift in the intense laser field the standard dielectric models are
inappropriate because of showing very bad convergence and leading to erroneous
physical conclusions, for instance on shielding. The root of the difficulties lies in
the inappropriate choice of harmonic waves as a basis of description. In other words,
describing the hydrogen atom by choosing as a basis the Hermite polynomials of the
harmonic oscillator would not lead to enlightenment. The search for an adequate
basis is still going on. Chapter 4 is dedicated mainly to the description of linear
resonance absorption at the plasma frequency and its mild nonlinearities as well as
the self-quenching of the high amplitude electron plasma wave by wave breaking.

Until the first half of the past century light pressure was believed to be a subject
of academic interest in the laboratory, only for the equilibrium of stars it played a
decisive role, as discovered by A. S. Eddington. In recent years the situation has
reversed. We are able to generate pressures by laser light in the laboratory which
exceed the gas pressure in the sun easily by a factor of 100. However, already at
moderate laser intensities the salient role of light and wave pressure (ponderomo-
tive force) for the plasma dynamics and ablation pressure (profile steepening) as
well as for the origin of a whole class of parametric plasma instabilities has become
evident. This is shown in detail and under various aspects in Chaps. 5 and 6. At
the threshold of laser break down avalanche ionization is by electron impact once a
sufficient number of free electrons has been created (first free mysterious electron
of Chap. 2). At high laser intensities above 10'> W/cm? multiphoton and sequential
and non-sequential field ionization start dominating and, in concomitance, lead to a
variety of other effects, described altogether in Chap. 7. Finally, Chap. 8 is dedicated
to physics induced by relativistic laser beam intensities beyond 10'® W/cm?, like
electron acceleration, collisionless absorption in simulations and the analysis of the
underlying heating mechanism in overdense targets, self-focusing, and applications.
Owing to the dominance of relativistic effects a short systematic introduction to
relativity and to relativistic kinetic theory is also presented. In general we prefer
fluid models to the various kinetic approaches for their physical evidence and sim-
plicity. The hydrodynamic description of plasmas may never be totally correct, on
the other hand however, it may be extremely difficult to find situations in which it
fails completely. Hydrodynamics is never true and never wrong.

After all, the reader may find some considerations not encountered in existing
volumes in the field. Examples may be the topological aspect of ideal fluid dynamics
and an elementary introduction to dimensional analysis and similarity in Chap. 2,
the oscillator model of dynamical shielding, the nonphysical origin of asymptotic
formulas of collisional absorption under strong drift containing the product of two
logarithms and a true argument on why the classical Landau length is to be replaced
by the reduced de Broglie wavelength in Chap. 3, a thorough discussion of the Fres-
nel limit of linear resonance absorption in steep density profiles and an attempt
to classify the various routes into wave breaking (Chap. 4), alternative derivations
of the ponderomotive force density in plasmas and a purely physical proof of the
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unstable response of a plasma to this force in Chaps. 5 and 6, the treatment of the
ionization dynamics in strong laser fields by a whole variety of modern theoretical
approaches (Chap. 7), and finally, the already mentioned solution of the problem
of collisionless absorption in overdense matter. As with growing laser intensities
the researcher in the field is more and more faced with relativistic phenomena we
present a short introduction to essential relativity also.



Chapter 2
The Laser Plasma: Basic Phenomena and Laws

High power lasers when focused onto matter lead to extremely rapid ionization by
direct photoeffect or, depending on wavelength and material, by multiphoton pro-
cesses. When a sufficient number of free electrons is created the formation of a
dense, highly ionized plasma is more efficiently continued by electron—neutrals and
electron—ion impact ionization. In view of many important applications the genera-
tion of a homogeneous high density and, at the same time, very hot plasma would
be most desirable. Unfortunately, at present high power lasers operate in the near
infrared domain. As a consequence, direct interaction of the laser beam with matter
is possible only below a limiting density, the so-called critical density which, at
nonrelativistic intensities, is typically a hundred times lower than solid density. Only
when the oscillatory velocity of the electrons becomes relativistic at laser intensities
beyond 10'® Wem™2 direct interaction with higher densities takes place. It is due to
this cut-off that the plasma production process becomes a very dynamic interplay
between laser beam stopping and plasma expansion and makes the plasmas created
by lasers from overdense matter very inhomogeneous and short-living. Within cer-
tain limits efficient energy transfer from the laser to overdense plasma regions is
made possible by electron thermal conduction. As there are physical limits inherent
in this process also energy transfer to more dense matter is accomplished by shock
wave heating and UV and X radiation from the moderately dense plasma.

The dynamics of plasma formation and heating is best understood on the basis
of elementary processes induced in atoms and on the electrons by the laser beam.
Hence, first, elements of the motion of a single electron in the electromagnetic field
and its collisions with atoms and ions are presented. The charged particles lead to
collective fields which in turn act back on the single particles. These processes are
described in the simplest way by the conservation equations of charge, momen-
tum, and energy of the two-fluid plasma model. Owing to the high mobility of the
electrons and ions under intense laser irradiation such a hydrodynamic description
in terms of averaged quantities, density, flow velocity, temperature, averaged elec-
tric and magnetic fields, can never be the full truth. On the other hand there is its
conceptual simplicity which makes of it a very powerful instrument for describing
phenomena, even in regions where its validity is questionable. In the following sec-
tions of this chapter the basic concepts of collisional heating and quasineutrality are
introduced and the basic building blocks of laser-plasma dynamics, linear plasma

P. Mulser, D. Bauer, High Power Laser—Matter Interaction, STMP 238, 5-89, 5
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6 2 The Laser Plasma

waves, thermal waves, shocks and the rarefaction wave are presented and applied to
give a first picture of the laser plasma dynamics.

2.1 Laser—Particle Interaction and Plasma Formation

It is a common experience that a laser beam when focused in air, generates a spark as
soon as the flux density exceeds a well defined, i.e., a reproducible threshold value
[1-3]. Such a plasma formation process also occurs in liquids and solids at compa-
rable flux densities. The typical average threshold in insulators is o = 10° Wem™2;
in conducting materials I is lower by orders of magnitude [4, 5]. Thresholds are
material- and density-dependent and they are particularly sensitive to impurities and
surface quality. As a rule, the thresholds decrease with increasing laser wavelength
and pulse duration [6-8].

In this book the interaction of laser radiation with dense matter at flux densities
above the threshold for plasma formation is treated. By high power lasers we mean
systems for which the intensity exceeds Iy. Dense matter is characterized by the
existence of a critical surface in the plasma, to be defined later. As the plasma rar-
efies during interaction with the laser beam, many important processes begin to take
place in the underdense region in front of the critical surface. Such phenomena may
also occur in completely underdense plasmas, in which no critical layer exists.

2.1.1 High-Power Laser Fields

Extremely powerful laser systems have been built for various applications, among
which inertial confinement fusion (ICF) plays a central role [9-14]. They can be
naturally subdivided into two classes: energetic lasers in the ns—ps terawatt (TW)
regime and superintense ultrashort lasers, sometimes also called U? systems (“Ultra-
short, Ultraintense, Ultrapowerful”) or T> lasers (“Table-Top TW”) depending on
whether operating in the petawatt (PW) or TW sub-ps domain.

The peak of large laser system engineering is currently represented by NIF
(“National Ignition Facility”) at Lawrence Livermore National Laboratory (LLNL)
and LMJ (“Laser Mega Joule”) in Bordeaux.

At low energies of the order of 1-100J advances in laser technology have made
it possible to generate subpicosecond pulses approaching intensity levels of up to
10%* Wem ™2, and, nonetheless, containing energy at a level of not more than 17.
This fact renders the U? systems extremely flexible compared to the large ns laser
facilities. The use of novel pulse compression techniques leads to pulses as short
as 5 fs [15]. In itself the CO; laser also represents an interesting and, in contrast
to the glass and iodine lasers [16], a highly efficient system. However, owing to
its low frequency (wco, = wnd/10) collisional coupling to the plasma is reduced,
and anomalous interaction with matter intensifies via undesirable parametric and
collective processes [17]. For these reasons the high power Antares laser at Los
Alamos National Laboratory (LANL) (40kJ in t >~ 2 ns) was shut down.
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Studying high power laser-matter interaction at present means that the power
density to be covered ranges from I = 10'° to approximately 10?> Wem™2 for
wavelengths having A < Ang, i.e., from the near IR to the near UV with A  AkF,
over times t from tens of nanoseconds down to a few femtoseconds. One should
remember that a high power laser pulse with t = 1ns is an energy packet of
length / = 30cm; at T = 100fs this length shrinks to / = 30um = 0.03 mm!
For meaningful laser-matter interaction studies a well defined short rise time and
the absence of an undefined prepulse, even of relatively low intensity, is an absolute
necessity.

In most cases a clean pulse is composed of many modes characterized by a
wavevector k and polarization o so that its total electric field E(x, f) is the sum
of the single components E, (x, 1),

E(x,0)=Y Eis(x,1), Epo(x,1) = Epolx, 1)el®—®D, @.1)
ko

(k) obeying a proper dispersion relation. E ko (X, 1) 18, in contrast to E, (x, ), a
slowly varying function of space and time and is called the amplitude of the mode
ko . By choosing E, complex, phase differences between modes are automatically
taken into account. Since, on the other hand, physical quantities are real, (2.1) reads
as RE = ) NEy,. When studying nonlinear relations among the Ey,’s we have
to take care of this explicitly. Throughout the book the scalar product of two three
vectors a, b is written in the compact form ab, and the same convention is used in
Chap. 8 for the scalar product of two four vectors A and B: AB = A% B,,. Possible
ambiguities are avoided by the use of brackets, e.g., a x (b x ¢) = (ac)b — (ab)c;
(wV)v=(v-V)o.

One can simplify the radiation field when the interaction process under investiga-
tion occurs on a time scale 7" of the order of an oscillation period 27 /@ or shorter as
is the case for collisional interaction, light propagation, and incoherent scattering. In
such and numerous other cases the focused laser beam can be approximated locally
by a linearly polarized plane wave of complex amplitude E (index o suppressed for
compactness),

N k
E(x,t) = Ee*—"  B—Z= x E, (2.2)
w

with the intensity 7, in vacuum, defined by the cycle-averaged modulus of the Poynt-
ing vector S,

_ _ 1 A A
I =|S| = c2|E x B| = EcgoEE*. 2.3)

It is in this approximation that the laser energy flux density is identical with an
“intensity” I. For practical purposes the numerical relation between amplitude and
intensity is very useful,
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Table 2.1 Wavelength, circular frequency w, photon energy fiw, and critical density n. of a few
high power lasers

Laser Wavelength, nm w, s} hw, eV ne, cm™3
CO, 10,600 1.78 x 10*  0.12 109
1 1315 1.46 x 10 0.96 6.5 x 1020
Nd 1060 1.78 x 101 1.17 102!
Ti:Sa 800 2.36 x 1013 1.55 1.8 x 102!
KrF 248 7.59 x 1015 4.99 1.8 x 1022
. 51172
E[V/em] = 27.5 x {1 [W/cm ]} . 2.4)

We list wavelengths, frequencies, photon energies, and critical electron density n, =
megw? /e2 [see also (2.94)] for the most common high power lasers in Table 2.1.
For the interested reader it should be mentioned that the classical coherent wave
(2.2) is an approximation which is only asymptotically reached by the best systems
lasing well above threshold. A single mode having a well-defined wavevector k,
and polarization o can contain 0, 1, 2, 3, ..., n photons. Accordingly, the radiation
field is in one of the following photon number states (Fock states) |0) (vacuum),
[1), 12), 13), ....., |n), or a superposition of them. Since the amplitude of these

states is sharp,
. (2hw\'? 1\'/2
E=— + = , 2.5
() (r3) &

their phase i is completely uncertain (see, e.g., [18, 19]). Here, V is the volume of
an arbitrary cube containing the mode ko . The quantum state coming closest to the
classical mode (2.2) is the so-called coherent or Glauber state |«) [18],

2 n
o) = exp (—%) > ) 2.6)

n>0

where o is an arbitrary complex number. Each number state contributes with the
probability P, of a Poisson distribution,

2n
2 |o] —lal?
Py = |{nla)]* = ——e~lo".
n!

It is easily seen that the average photon number n and its relative mean square
deviation An = (n*> — (n)?)'/? are, by definition,

(n) = ann = |a|?, % _ (2.7)

n>0
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In high power laser experiments with Ti:Sa wavelength (n) ranges typically from
109 to 10?9 cm—3. The electric field E is the expectation value of the field operator

Eop = i(hw/260V) (M7 a — 7 W 0Ty a0’ = 1,

E(x,1) = (@|Egpla) = —(2hw/egV)?|a| sin(kx — ot + ). (2.8)

It differs from the coherent classical wave (2.2) merely by the uncertainty in E [18]:

AE = ((a|E§p|a> — Ex, t))l/2 — (hw/2e9V) /2. (2.9)

This shows that all uncertainty originates from the vacuum state |0). It follows
from (2.5) to (2.9) that at high intensities and acceptable coherence the classical
field (2.2) is an excellent approximation and that quantum field effects do not play
a significant role in high power laser matter interaction. However, one must bear in
mind that “nonclassical” states of light exist, even at high intensities, for instance
photon number states |n), the preparation of which is certainly a very difficult task,
but nevertheless possible [20, 21]. One of the most striking successes of field quanti-
zation is the derivation of the Einstein coefficient A for spontaneous emission solely
from the commutation relations of the photon creation and annihilation operators a '
and a.

2.1.2 Single Free Electron in the Laser Field (Nonrelativistic)

Above the breakdown threshold, matter is transformed into a dense plasma. The
properties of such a fluid are largely determined by the collective motion of free
electrons. The electrons themselves move as single particles in the E- and B-fields
which are the superposition of fields Ecx, Bex, imposed from outside, and internal
fields Ej,, Bin, produced by their collective motions. Classically, the dynamics of a
free electron of mass m is governed by the Lorentz force

%(mv) = —e(E +v x B), (2.10)

which in this form with variable mass is correct at any relativistic speed. Throughout
the book however all symbols referring to masses m, m;, etc. indicate their rest
masses. Accordingly, the left-hand side of (2.10) is written as d(ymv)/dt with y
the Lorentz factor. See also the comment on the “relativistic mass increase” follow-
ing (8.17) in Sect. 8.1.1. A solution x(¢) is such that the equation is satisfied for
given values E (x(t), t) and B(x(t), t) which shows that (2.10) is in general highly
nonlinear. However, for a field of the form (2.2) the nonrelativistic solution is easily
obtained. To a first approximation, B can be disregarded because its magnitude is
B = E/v,, with the phase velocity v, = w/k, and d/dt can be replaced by /0.
One finds for the purely oscillating quantities
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V=i E=peikier, 5o i ©f 2.11)
maw maw
§= ——E =38k §= _°_f (2.12)
maw maw

d is the periodic displacement of the electron; ¥ and 8 are the amplitudes of v and
4. For practical purposes it is convenient to normalize their numerical values to the
Ti:Sa laser field with intensity / in Wem—2 and Ati.s, = 800 nm,

p="—=68x10"1° {I[W/cnl2]}1/2 (2.13)
c ATi:Sa
2
§[nm] = 8.7 x 10~ ( )‘ ) {I[W/cmz]}l/z. (2.14)
Ti:Sa

Another expression of interest is the cycle-averaged oscillation energy W,

welmt— < pp_ Lip (2.15)
= —mv = = — N .
4" T Gma? 40
2
WleV]=6.0x 1071 <—> I[W /em?]. (2.16)
Ti:Sa

When the electron oscillation becomes relativistic,

Al
W =mc 1+-{— —1 2.17)
2\ mc

where A is the vector potential amplitude. For circular polarization the factors 1/4
in (2.15) and 1/2 in (2.17) have to be multiplied by 2.

The various expressions for W are given in view of another interpretation later
on. In Table 2.2 representative values of E, ﬁ,g and relativistic W are given for
the Nd and KrF laser in the intensity range from 10'? to 10°° Wem™2 and for
a monochromatic wave of sun light intensity, all assumed to be concentrated at
ANd = 1060 nm or at A = 248 nm, respectively. At [ = 108 Wem™2 relativistic
effects become noticeable for Nd. The comparison reveals that in normal nonreso-
nant optics the additional motion induced by the light field is completely negligible
relative to the internal dynamics of matter and, as a consequence, optics is linear
(e.g., the refractive index does not depend on E ); however this may no longer be
true for intense laser fields. It is fortunate for our survival that sunlight is of high
frequency, and not coherent over appreciable length scales; otherwise, a voltage
difference of 1 kV over 1 m would be generated! Note that at 10'! Wem™2 and Nd
frequency the oscillation amplitude is equal to the Bohr radius.

The nonrelativistic Hamiltonian of the free electron in the Coulomb (or trans-
verse) gauge is
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Table 2.2 Fields and oscillations (relativistic). / intensity, E R B =1/c, 8 amplitudes of field, rel-
ative velocity, and oscillation amplitude, respectively; W oscillation energy. The last row contains
data for sunlight

I E And = 1060 nm AR = 248 nm
[Wem™2] [Vem™!] B S[nm] W [eV] B $ [nm] W [eV]
10'2 3x107 9x107* 0.15 0.1 2x107% 8x103 6x1073
1013 9x 107 3x1073 05 1.0 7x107% 2.6 x 1072 0.06
104 3x108 9x1073 1.5 10 2x1073 82x1072 0.58
1016 3x10°  0.09 15.3 1050 0.02 0.82 58
10'8 3% 100 0.68 128.0 96 keV 0.21 8.2 5.7keV
1020 3 x 101 0.995 235.5 2803 0.91 46.3 410
0.133 10 3x1071% 6x 1078 14x107¥ 8x 107! 3x10™° 8x10°16
1 2
H=_—(p+eA)-. (2.18)
2m

A(x,t) is the vector potential; it is related to the electric field by E = —0;A.

For a monochromatic plane wave A = E /iw. The quantity p + eA = muv is the
mechanical momentum. In the dipole approximation A does not depend on x, A =
A(t), and the Schrodinger equation (with A nonquantized),

1 5 9
[p+eAD] V) =lhallﬂ>, (2.19)

2m

is solvable analytically. In fact, it is easily shown that the Volkov states ¥ (x, t) =
(x|), (see also Chap. 7),

t

. i N2 5,7
V(x, 1) =exp |:1kx — 5 [hk + eA(t)] dt :| (2.20)

satisfy (2.19). In the absence of the radiation field (A = 0) they reduce to the
elementary plane waves ¢ = exp(ikx — iEt/h) of the free electron. The energy
expectation values E are

1
E =ih(y|d V) = (V|H|y) = ﬂ(hk +eA)’.

Cycle-averaging leads to

— 1 — hk)? 2 ..
E = — (hk + e Ae—iot)2 = u + e—AA* = Exin + W, (2.21)
2m 2m 4m

in perfect agreement with the classical result for the oscillation energy. Silin and
Uryupin [22] used Volkov states to calculate inverse bremsstrahlung absorption in
an elegant way in a strong radiation field (see the next chapter).
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Expression (2.15) for W or its quantum mechanical counterpart (2.21) are strictly
valid for a plane wave with an amplitude which is constant in space and time. Now
imagine that E varies in space in such a way that |(6V)E| is much smaller than
|E |. Such a condition is fulfilled at all nonrelativistic oscillatory speeds, since then
|<§ | < A holds and, on the other hand the amplitude variation cannot be steeper than
4|E|/X in a standing wave. Consequently, W given above is also a good approxi-
mation in any inhomogeneous monochromatic wave field, for example in a standing
wave. W is a unique function of position only, W = W (x), as long as the electron is
shifted slowly from one point to another. The question arises as to where the energy
change AW goes. Since a free electron can neither emit nor absorb photons of fre-
quency @ > 0 (it can only scatter them) the only possible answer to the question
of where the change AW goes to is that the radiation field has done work on the
free electron causing the motion of the oscillation center of the electron (velocity
v, Exin = mv(z) /2), according to the energy conservation equation,

1 2 32 A Ak
Exin + W = —mvy+ ——EE = const.

2 4mw?

Consequently, W is effectively a potential and its negative gradient is a force, the
so-called ponderomotive force f,

2 2

EE = Z_AA". (2.22)
dmw? 4m

=V, H=W= ¢

@, is called the ponderomotive potential. This interpretation becomes particularly
clear when W is written in the form W = A—l‘eg*ﬁ which is nothing but the time-
averaged energy —9 p - N E /2 of an oscillating dipole p = —ed in an electric
field. It is intuitively clear that the arguments leading to @, and f, are not limited to
monochromatic fields and nonrelativistic motions of free particles, as will be shown
in Chap. 5. For laser plasma dynamics and laser-matter interaction f, will reveal
itself to be a quantity of central importance.

In the radiation field the energy states of an electron change from those of a free
electron, £ = Eyin, to Eq = Exin + W; the laser “dresses” the electron, E; are the
“dressed states” of a free electron. The same holds for a bound electron: the energy
states of an atom subject to a radiation field change (known as the dynamic Stark
shift); they become dressed states [19]. The energy shift is a function of field ampli-
tude and, consequently, a function of position. Therefore the quantity AE = Stark
shift minus field-induced internal energy [23] may be regarded as the ponderomotive
potential @, of the bound electron or atom.
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2.1.3 Collisional Ionization, Plasma Heating, and Quasineutrality

The photon energy of a high power laser is generally too low to ionize matter directly
(see Table 2.1). Tonization occurs instead by collisions of fast electrons and by mul-
tiphoton and field ionization. In this section a simple model is presented to evaluate
the energy absorbed from the laser field by collisions of electrons with atoms and
ions. The simplest way to take energy absorption into account is to introduce a fric-
tional force in the nonrelativistic equation of motion of the single electron (Drude
model)

d
md—;) + mvv = —eE. (2.23)

v is the velocity of the single electron relative to the heavy particle and v is the
friction coefficient or “collision frequency.”v is a function of the heavy particle
density n (ions, neutrals) and of the electron kinetic energy. When the oscillatory
velocity 0 becomes of the order of the thermal speed

kp T, \!/2
vih =( 2 e) : (2.24)

m

kp Boltzmann constant, 7, electron temperature, v will also depend on the oscilla-
tion energy W. In the opposite case of 0 < vy, it is convenient to average (2.23) over
all relative velocities. Then, under the assumption of an isotropic thermal velocity
distribution function f(v) = fo(v) the thermal contributions cancel in the averaging
process of the momenta. Equation (2.23) remains valid but now v = v(x, ¢) is the
velocity of an electron fluid element, i.e., the sum of a drift and the oscillatory speed
induced by the field. The average electron collision frequency v = (v) becomes
a function of particle density n and 7, only (see Sect. 3.3). The frictional force
in (2.23) is a phenomenological ansatz. There are two aspects of it which require
justification: (i) that it also makes sense when the electron undergoes several or
numerous oscillations between two collisions and (ii) how, physically, field energy
dissipation, i.e., absorption, comes about.

Consider the hard sphere model of Fig. 2.1. An electron having a relative speed
Vg collides with an atom or ion at the time instant 7. After the collision its directed
velocity is v(. When no field is applied the incident and reflected angles are equal,
o’ = «, and the same holds for |vg| and |v;,|. However, in the presence of an oscil-
latory field E(x,t) = E cos(kx — wt) the magnitude of the sum of velocities,
v(t) = vo + vsin(kx — wt), is conserved in the collision. That is the origin of
irreversibility: v(z) now points in an arbitrary direction and «’ is different from «
(“symmetry breaking”). This can be expressed quantitatively as follows. Before the
collision the speed of the electron is

A . N e
v(t) = vy + vsinkx —wt), v=—E; <1,
mw
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electron

Fig. 2.1 Elastic collision of an electron with an ion or atom (hard sphere model). A strong E-field
breaks the symmetry of reflection (o’ # o)

with vg pointing in the direction of the unit vector e. Due to the collision v(#p) is
scattered into the direction of €/, so that the total velocity at ¢’ > g is

v(t') = |vg + D sin(kx — witg)|e’ + d{sin(kx — wt’) — sin(kx — wty)}.

The energy gain of the electron is me{vz(t’) — vz(t)} /2 and, with the help of ¢ =
kx —owt, ' =kx — wt', Yo = kx — wty the difference Av? is

Av? = v2(t') — v2(t) = 200 (sin Yo — sin ¥) + 29 sin® ¥
+2¢'D|vo + ¥ sin Yol (sin ' — sin o) + 9> (sin® ¥’ — sin® ¥)
—29% sin Yo sin ¥ (2.25)

The times ¢ < fg and fy are completely arbitrary with equal probability for a
collision to occur at any fg. Since the motion is reversible in the interval [z, fg], t can
be taken arbitrarily close to #g, ¢ being just before collision, and it can be identified
with #( in (2.25). Then averaging over one oscillation period T yields

to+T
1 0 2 _/\2 /A ~ . . ’ ) ’
T Av-dtyg = v° + 2e'v|vg + v sin Y| sinyy + v7sin” Y’ —
fo

2¢/|vo + D sin Yo sin Yo — = 9> = Av3(t)).

N =

This, finally, has to be averaged over ¢':

w? = Av2(t) = 9* — 2¢'D|vg + ¥ sin Yo sin Yo. (2.26)
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For the two special cases ¢/ = —e (central collision) and ¢’ = e (no collision) the
intuitive results w? = 29% and w? = 0 are recovered. Equation (2.26) is easily
evaluated only for |9| < |vg| (weak electric field or high electron temperature T):

D 172
|vg + D sinyg| = vo{l + 2u cos(vg, V) sin WO}
vo

vo + || cos(vg, ) sin ¥

with cos(vg, ¥) being the cosine of the angle between vy and v. From this one
obtains

1
|vg + ¥ sin Y| sin ¥y = §|f)|cos(f), V). 2.27)

In the absence of strong electric currents this angular average is zero and the net
mean energy gain in one collision is mv* /2 =2W, with W from (2.22).

For hard spheres the differential cross section o is constant and the collision
frequency for the single electron is given by v = novy = nwr2vy (with n the ion
density, r = r, + r;, the differential cross section o = r2/4, o = 4nog, and
re, 1i are the collisional radii of the electron and atom or ion). Averaging over a
Maxwellian electron distribution

’3 3/2 N
fo= <;) e P, B=m/2ksT, = 1/20}. (2.28)

yields (vg) = 4w f US fodvg = (8 /n)l/ 2y and the average collision frequency
v = 8m)*nr’ug. (2.29)

Using this, the average energy an electron acquires per unit time is

dE, d (3 8 kgT,\ /% &2
e —(—kBTe)=2Wv=no (—ﬂ> — I —ald,  (230)

dt — dt \2 T om megcw?

with the absorption coefficient o per single electron

SkB 172 I’l62 1/2
Ue = <7> WO’TQ . (231)

In passing from W to I in (2.30) it has been assumed that the phase and group
velocities vy, v, are (approximately) related by v,v, = ¢, and that the refractive
index is not far from unity.

As the mean electron energy increases, the excitation and ionization cross sec-
tions oex, o7 also grow. An avalanche process starts and plasma breakdown occurs
when the inequality
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dE,
dt

=ael —vE — iEloss >0

dt
is fulfilled until a significant electron density n, has formed. Here, v; = n{ojvp) is
the mean ionization frequency, E; is the ionization energy and E}os comprises all
energy losses due to hot electron diffusion (thermal conduction), ion and atom exci-
tation, radiation losses, recombination, and energy loss by expansion of the electron
gas. For an approximate breakdown criterion the losses can be disregarded in not too
small foci (diameter > 50—100 A) and v; may be determined from the Lotz formula
[24, 25],

En\°1 1 E,—E
01=2.87ra8 En )" InCu+ ),uz ¢ I,
E; u+1 E;
Ex\? E
(orvo) [em?® s ™11 =6 x 1078 (=2 ) B2 PIEi(—B)), B == (232)
E; kT,
Ep = 13.6eV (hydrogen), ap is the Bohr radius, E; the ionization energy and
Ei=— f o0 e”62 dx is the exponential integral. Breakdown occurs when I = I,
Bi p g
I ~ Mool (2.33)
Qe

is satisfied. Multiphoton or field ionization does not play a role in the breakdown
process at low laser intensities I < 1.

2.1.3.1 Quasineutrality

Well above threshold Iy, violent ionization and production of ion-electron pairs
occurs. At low electron density n, the faster electrons may escape from the volume
in which ionization takes place. Due to such a process the volume becomes elec-
trically charged and a macroscopic static electric field builds up which prevents the
remaining electrons from escaping. As 7, increases, the charge imbalance Zn; —n,
(Z is the average ionic charge, n; the ion density) is small, i.e., (Zn; —ne)/ne < 1.
We say that the ion—electron fluid is quasineutral and call it a plasma. A criterion for
this can be given with the help of the Debye length Ap. For this purpose consider
Fig. 2.2. The surface charge density o of an infinitely extended plate in vacuum gen-
erates a constant electric field of strength E = o/2&p. When the plate is immersed
in a fluid of constant electron and ion temperature T = T, = T; and Zn; = n,,
with 7., n; = const in the absence of E, the free charges rearrange themselves, due
to the influence of E in such a way that equilibrium exists between the pressures
Pe = neksT and p; = nikgT. In a fluid layer of thickness dx

1 dn, e 0P 0P
dp. = kgTdn, = —en.Edx, — =——, E=— (234
pe Bl dhe eretax = Ne 0X kgT 0x 0x ( )
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p+dp

Fig. 2.2 Screening of an electric charge o immersed in an isothermal plasma. Potential @ and field
E fall off as exp(—x/Ap) with the Debye length Ap. p is the thermal pressure

holds and hence,
_ ed _
ne(x) =neexp| ——=); 7ne =n.(x =00). (2.35)
kgT

Analogously, the ion density obeys n;(x) = n; exp(—Ze®/kgT). With n, = Zn;
Poisson’s law now states

92 efl, ed Zed
— P = — ) - — ) 2.36
dx? €0 (exp <kBT) P ( kgT )) (230

Under the condition Ze® /kgT < 1 this simplifies to

92 o f.e*(Z + 1)

X
— P = ® = Px)=@ -,
9x2 coknT 2 OeXp( Py )

D

which shows that o and its field E are screened by 63% at the distance of a Debye
length Ap,

An — 80kBT 172
b=\mea+z)

~ T [K] 1z T [eV] V2
*p lem] = 6.9 ((1 + Z)m, [cm3]) =743 ((1 ¥ Z)m, [cm3]> '

(2.37)

A thermal fluid of minimum extension d >> Ap is quasineutral. Consequently, a
fluid of free charges becomes a plasma when its dimensions exceed Ap several
times.
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For A p one frequently uses the expression

(sokBTe)”2 ( T.[K] )1/2
)\,D = - s )\D [Cm] =69 EarT— . (238)
ne[cm™"]

Equation (2.38) is the correct screening length when o or E change so rapidly
that the ions do not have time to redistribute. For Z = 1 and ions in equilib-
rium, (2.37) becomes Ap [cm] = S(T/ne)l/z, if n, = n, is used for simplicity.
In laser plasmas the following situation may occur: n| electrons have temperature
Ty while n, = n, — np have temperature 75. Then Ap = 6.9{T'T»/[(&1T> +
Ele)ne]}]/z, &1.2 = n12/n,, is the correct screening length of the electrons. If
&1 and & are of the same order and 77 <« T» screening is dominated by the cold
electrons.

Every point charge in the plasma is subject to the same screening pro-
cess described above. When in the Poisson equation 92, is substituted by

v o= 1/ r)8r2rr for spherical symmetry the screened Coulomb potential of a
fixed charge ¢ (i.e., vg « kpT,/m) turns out to be the Debye potential
() = —1 . (2.39)
r) = exp|——| . .
dmegr P AD

However, in applying this formula the reader has to make sure in cases of high
Z-values, g = Ze, that truncating the expansion of exp[—Ze®/(kgT)] after the
first order still holds. In dense plasmas the Fermi energy of the free electrons of
density n,,

h2
Ep = (3n2)2/32—n3/ 3 23.6x 10750, [em™3)H3ev (2.40)
m

may exceed kg 7,. In such a degenerate plasma screening is determined by the num-
ber density of the quantized free electron states. For kg T, << EF, the Debye length
is given by

€0

2h
Ap = BrH!/3 ( ) ~ne V6 — 37 %103, [em ™3] Yo em,  (2.41)

3m
with 3kg 7T, /2 replaced by Er and 7; = 0.

A numerical example may illustrate why plasmas are quasineutral. Assume n, =
102 cm™3 and Zn; — n, = 10~%n,. This charge imbalance creates a voltage AV
over the distance d = 0.1 cm of

AV = 5 (Znj —n)d® =9 x 10° V.
2¢&0

In a thermal plasma an electron temperature of 1 MeV is needed to produce such a
potential difference.
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Four useful remarks may be added:

Remark 1 Relation (2.35) is not limited to thermal equilibrium. From the derivation
presented here it becomes clear that all that is needed is the knowledge of pressure
pe (and possibly also p;) and the kinetic temperature 7, [possibly also 7;; for a
kinetic definition see (2.83)]. The only change is that p,/n,. is no longer connected
with T, by the factor 2/3 but by another proportionality, generally not differing much
from unity.

Remark 2 In order to decide which particles do the screening in fast processes phys-
ical insight into the screening process is useful. The electrons passing close to an
ion move along orbits bent towards the ion, in this way coming closer to it. The
consequence is that on the average the electron density is increased above its aver-
age value 77,. The time needed to establish screening is given by the inverse of the
plasma frequency w,, Ty >~ 27 /w) [explicitly shown by (3.77) in Sect. 3.3.1]. From
the picture follows that in the “standard” case of nearly straight orbits screening
begins to weaken when the number of particles in a Debye sphere Np = 477)%%8 /3
drops below Z.

Remark 3 Classical screening is due to free electrons. In dense, nonideal plasmas
bound electrons in Rydberg states may contribute appreciably to screening. In prac-
tice such an effect can adequately be taken into account by introducing an effective
ion charge number Zggr > Z.

Remark 4 In Poisson’s equation for a point charge (2.35) is used in its linearized
version to obtain the Debye potential (2.39). One might argue that e¢p/(kT,) < 1
is violated for small radii », and one might try to solve the spherical analogue of
(2.36). However, close to the nucleus the Boltzmann factor is incorrect and the Fermi
expression has to be used. On the other hand shielding by free or Rydberg electrons
is weak for r/Ap < 1, and hence the expression obtained from linearization is an
acceptable approximation.

Charge of a Spherical Cluster

In order to gain additional, more quantitative insight into quasineutrality the net
charge ¢’ of conducting microspheres of radius R is calculated. The subject is of
much interest in the context of laser heated clusters, dust, impurities, aerosols, and
small droplets [26]. When a conducting sphere of charge ¢ = Ne is embedded in
an isothermal background plasma it attracts or repels electrons and rearranges the
ions in its neighborhood until a new equilibrium charge ¢’ is reached. If the micro-
sphere is originally uncharged it looses electrons until a new equilibrium of electric
and thermal forces is established and a net positive charge of the core results. The
equilibrium charge ¢’ is determined by the Maxwell equation (Z = 1 is assumed)

1 0
r_ZE(VZE) = —i(ne(r) —n;), n; = ang = const (2.42)
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and the electron pressure balance (2.34)

E(r)=—

ksT, on,
ar

en,

2 The Laser Plasma

Inside the sphere @« = 1 and outside « < 1 is set. Substitution of E in (2.42)

and introducing the dimensionless variables n = n.,/ng and x = r/Ap, Ap =
leoks T, /(e*np)]'/?, leads to
2
——2(x Inn) =n(x) — a. (2.43)
x dx

This nonlinear equation was solved numerically [26]. The net relative charge ¢’ /¢
is obtained from

/

q 3 <, .
PERRTITS N
/AD

it is a unique function of the dimensionless parameter § = R/Ap. In Fig. 2.3 results
of (a) n(x) for various parameters & and (b) the relative charge ¢’/g as a function
of the normalized cluster radius &, embedded in background plasmas of different
densities, are presented.

Spheres with radii below 2Xp, when embedded in a background plasma of
low density (&« = 1073) are fully ionized. At R = 10Ap the residual charge is
q' = 0.3 ¢. Quasineutrality is guaranteed only from R ~ 30 Ap on. As expected,
with increasing background plasma density, quasineutrality sets in at smaller radii.
Contrary to cold Thomas—Fermi theory applied to clusters in the isothermal case no
equilibrium exists for a sphere in vacuum (¢ = 0), as may be seen from n — 0 with
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Fig. 2.3 (a) Equilibrium distribution of electrons of a conducting sphere embedded in an isother-
mal plasma of relative density @ = n;/no = 0.001. The spheres of radius smaller than a Debye
length A p are completely ionized. At R = 20 A p the residual charge ¢’ is 16%. (b) Charge fraction

q'/q of a conducting sphere as a function of normalized cluster radius R/Ap for different values
of @, « =0.001,0.1,0.2,0.4, 0.6, and 0.9
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r — oo. This is analogous to (i) the fact that no isothermal atmosphere can survive
on a planet, (ii) the existence of a solar wind from stars, or (iii) the fact that no
perfect plasma confinement can be achieved in a ponderomotive trap (see Chap. 5).

2.1.3.2 Collision Frequency

The collision frequency v = novg for a single electron and its average v = no vy,
introduced through (2.30) were obtained from an energy consideration under the
assumption of ¥ < v, vg drift velocity, or ¥ < v, respectively. Strictly speak-
ing, v obtained in this way is the collision frequency for energy transfer. Under the
above restriction on 0 it is the same as the cycle-averaged collision frequency v for
momentum transfer, introduced phenomenologically by (2.23). In fact, multiplying
the momentum equation by v and averaging over one period yields

1 d1l 1 2 1
— [ —=—mv°dt+ —v | mvdt = ——e | Evdt.
T ), dt2 T J; T J;

When E (x, t) is slowly varying in time the first term is (nearly) zero; the second is
2vW and the term on the right-hand side represents the irreversible work d E,/dt
done by the laser field on the electron during one cycle; in that case (2.30) is recov-
ered. The finite value of | Ev dr originates from a phase shift of v with respect to
(2.11) owing to the frictional force —mvv in (2.23).

Generally, the collision cross section o is velocity-dependent and the average
collision frequency v is obtained from explicitly calculating the average (ov). An
example of strong energy dependence and of particular relevance in plasmas is the
differential Coulomb cross section for scattering of an electron with an electron or
an ion,

b 9 by Ze?
Q=7 tan s bJ_ = =0.7
4sin"(v/2) 2 b 8megE, E, [eV]

nm. (2.44)

¥ is the deflection angle in the center of mass system and b is the impact param-
eter for a 90° deflection; it is sometimes referred to as the Landau parameter [27].
E, = mmy(v; — v2)2/2(m1 + my) is the reduced energy of the colliding parti-
cles (Fig. 2.4). The detailed calculation of o (v) from (2.44) and folding with the
Maxwellian distribution (2.28) for a thermalized plasma leads to the electron—ion
collision frequency v,;

4 Ze? 2 m \/?
Ao (2 A, 2.45
vei = 327 (47‘[80m> <kBTe> e 4
_ Zn [cm_3]
17 _ e
Vei[S ]—36XWIHA

where
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Fig. 2.4 Deflection of a positive (- - - - - ) or negative charge e (
q = Ze. v = v, — v; relative velocity, b impact parameter

) by a positive ion of charge

A = Ap/bmin (2.46)

(see also Sect. 3.3). n; is the ion density of charge Z. In the Coulomb logarithm In A
it is standard to identify bp,;, with the maximum of b, and half the reduced thermal
de Broglie wavelength X p for electrons ([28], justified in Sect. 3.3.2),

h 0.3 ksT.\'/?
Ap = , A = — = . 2.47
B g eI = ey v ( m ) 247

Equality X3 = 2b, is reached at 7, = 25 Z%eV. In the typical laser plasma In A ~
2-5 are reasonable values. Since the knowledge of v,; is of central importance for
understanding collisional laser plasma interaction, the reader should know its value
by heart,

(10-20) Znilem ] (1-2) x 10~
Vei = (10-20) x ————= s~ ~(1-2) x
‘ (T.[K])3/?

5 M ! (2.48)
(TeleV])3/2

The majority of Coulomb collisions are small angle deflections; this will be seen
in detail in Chap. 3. It follows from (2.23) that r,; = 1/v, v = v,;, is the average
time for single electron collisions adding up to a 90° deflection. For Z = 1 the
electron—electron collision frequency v, is of the order of v,;. T = 1/Ve can be
regarded as a measure of the thermalization time of the electron fluid in the sense
that in a given time t it is thermalized if 7,, < 7 holds, and not thermalized by
collisions in the opposite case 7., > 7. If 7., ~ t holds, only a more accurate
calculation can give the correct answer. The ions thermalize in a characteristic time
Tii > Tee(m;/m)'/?/Z* and T; becomes equal to 7, in about Ty > Teem;/(Z>m)
owing to the average energy transfer ratio m/m; in a collision. The three times
compare with each other in the ratios

m; )1/2 1 m; 1 (2.49)

wini g =1 (00)
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Isotropization of the electron distribution function is increased by electron—ion col-
lisions, especially when the ions are highly charged. An additional contribution to
increase v,; may originate from inelastic collisions of not fully stripped ions.

2.1.3.3 The Mysterious First Free Electron

The electron heating mechanism described by (2.30) and subsequent thermal ion-
ization can work only if a few free electrons in the region of high laser intensity are
present. Typical ionization energies E; of atoms and molecules range from about 4
to 25eV (Cs 3.9, H 13.6, He 24.6eV), and hence none of the high-power lasers
of Table 2.1 are capable of directly photo-ionizing them, except Cs by the KrF
laser. The only possible mechanism is multiphoton ionization which consists of
the “simultaneous” absorption of N > (E; + W)/hw photons. As long as both,
photon energy fiw and ionization energy E;, are large compared to W, multiphoton
ionization can be treated in lowest order perturbation theory (LOPT, see, e.g., [29]).
Ionization in stronger laser fields is discussed in Chap. 7.

The ionization cross sections depend sensitively on the individual matrix ele-
ments between virtual states and may change by orders of magnitude when the laser
frequency or a multiple of it approaches a transition frequency w;; = (E; — E;)/h
of two virtual energy levels [29, 30]. Fortunately, as the photon number N needed
for ionization increases, the w-dependence greatly decreases and approaches a non-
resonant behavior, and the ionization probability Py assumes the structure

Py ~onIV (2.50)

in a wide range of intensities. It can be shown by several independent arguments
that the N'th root of the generalized cross section o for multiphoton ionization —
with the contributions from higher order diagrams included — 01:,/ V'is almost a con-
stant [31], and therefore In Py plotted as a function of In / is a straight line, as was
confirmed by numerous experiments [32-35]. Deviations from this behavior only
occur at resonances, close to saturation (when Py — 1), or when nonsequential
ionization is important (see Chap. 7).

The calculated and measured thresholds for appreciable multiphoton ionization
lie all above 10'> Wem™2 or an order of magnitude higher and there is no doubt
that in very pure atomic gases (and probably very pure liquid or solid dielectrics
with extremely clean surfaces) these are the thresholds for plasma formation by
focused laser beams [36]. On the other hand, it is known that normally breakdown
occurs at much lower intensities, sometimes as low as 10° Wem™2 [37]. From this
discrepancy the question arises where the “first” electron comes from. Although in
general this is an unsolved question, many reasons for the presence of a few free
electrons can be given: ionization by UV light from outside or from the flash lamps
of the laser, aerosols or dust particles carrying very weakly bound electrons, negative
surface charges on solids. Densely spaced energy levels in molecules may facil-
itate multiphoton ionization, or two-step ionization-dissociation processes which,
for instance in Cs, require much lower laser intensity. Hence, no general answer to
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the question is to be expected, nor would one be of much interest. Rather the search
for further individual well-defined effects which may lead to breakdown threshold
lowering in the actual case under consideration is needed [38—42].

2.2 Fluid Description of a Plasma

2.2.1 Two-Fluid and One-Fluid Models

The plasma produced by a high power laser is a mixture of ions of several charge
states, free electrons, and neutrals. At laser flux densities as high as 102 Wem 2
only a plasma produced from frozen hydrogen is fully ionized and consists of a sin-
gle ionic fluid, the protons, and the electronic fluid. All other plasmas will be fully
ionized two-component fluid mixtures only at considerably higher temperatures or
laser intensities. Nevertheless, even in the case of partial ionization the two-fluid
model of a fully ionized plasma with an average charge number Z may be ade-
quate to describe its dynamical behavior. With ns laser pulses usually the collision
frequencies are also high enough that the existence of an electron temperature 7,
and of an ion temperature 7; is guaranteed. Then an electron and an ion thermal
energy density ¢, and &; and pressure p, and p; are also defined. The latter are well
described by the equation of state of the classical ideal gas,

3 3
fe = S Pe: Pe = nekgTe, & = SPi» Pi = nikgT;, n, = Zn;, (2.51)

since kg1, > EF generally holds. At first glance this may be surprising, owing
to the Coulomb force interactions among the particles. Deviations from the ideal

plasma state are characterized by the plasma parameter g = 1 /(ne)%), or in physi-
cal terms,

2 E
g = e — 67 ( pot) ’
eoApksT, (Exin)

e = T, (2.52)

or by the number of particles in the Debye sphere Np = 47 /(3g) ~ 4/g. With the
first order corrections for interaction, ¢, and p, are given by [43]

8

3
Ee = EnngTe (1 — E

) . Pe=nckpT, (1 - %) . (2.53)

For example, at n, = 10°cm™3 and T, = 100eV, T; = 0, one obtains Ap =
7.4nm, Np = 172, g = 0.024, Er = 0.08 eV. In this case the relative corrections
to &, and p, are less than 1073,

The two fluids are characterized by their mass densities p, = mn,, p; = m;n;,
flow velocities v,, v; and by T,, T;, with T, > T; in general, since the laser heats
the electrons (see (2.30)). Let V be a fixed but arbitrary volume. Particle or mass
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conservation requires that the change of particles of species o, @ = e, i in V equals
the flux of matter through its surface X,

d 0
—/ nedV =/ —nydV = —/ NgVedX = —/ V(ngvy)dV,
dt 1% 1% ot 5 1%

(for the divergence V is used instead of V- everywhere). Since V is arbitrary the
integrands must be equal; thus

9 9
oo+ V(neve) =0, i+ Vinivg) = 0. (2.54)

This is the equation of mass conservation in the Eulerian picture where all dynamic
variables n,, vy, etc. are field quantities which depend on position x and time
t: ng =ng(x,t), vy = vyu(x,1t),etc.

Often it is useful to choose the Lagrangian fluid picture, for instance to describe
the expansion of a laser plasma into vacuum or into a surrounding gas. It consists
of looking at fluid flow as a continuous mapping (even as a homeomorphism) of
one region in space onto another one (Fig. 2.5): A volume element d Vj, initially at
position x(t = 0) = a = (a1, a2, az),is found at the point x(¢) after time ¢, i.e.,
x (t) is the image of a. The set of points x(a, t),with a held fixed and x(a, 0) = a,
is the trajectory of the volume element starting from a. It carries all dynamical
variables ny, vy, etc. which now, in this picture, are uniquely identified by the
coordinates (a, t). For instance, p.(a, t) means p,(x(a, t),t) = p.(x, t). In contrast
to the Eulerian picture, in the Lagrangian description each fluid element tells us
where it has come from. The latter is perfectly analogous to Newton’s formulation
of particle mechanics, the only difference being now that @ is a continuous index,
xi(t) > xqo() =x(a,t).

Fig. 2.5 Formally, fluid flow is a continuous mapping of one domain Dy onto another domain
D, characterized by the parameter ¢ (homeomorphism). In an ideal fluid a hole cannot be closed
or opened (but can degenerate to a point) and a point on a boundary is always mapped onto the
boundary. a initial position, x(a, t) trajectory of a fluid element. The degree of connectivity of a
domain is conserved
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Mass conservation in the Lagrangian representation is formulated as follows. The
arbitrary domains Do, D; = D(t) contain the same number of particles (however,
not necessarily the same particles). To compare the integrands n, as before they
have to be transformed to the same domain, say Dy, with the help of the Jacobian J

/ na(a,t=0)dV0=/ na(x,t)dV=/ ny(a, )JdVy, (2.55)
Do Dy Do
|8x(a, 1)
J(a, 1) = ‘—a(a) . (2.56)

Dy is arbitrary and hence

a(x)

d(a)

w‘ (2.57)

ne(a,()) =ne(a9t) 8((1)

, ni(a,0)=n;a,t)

is the mass conservation (continuity equation) in Lagrangian coordinates. For the
infinitesimal time t = dt and x = a + vdt one obtains for n, (or n;),

d B ad
— (a1 + vidt) —(az + vodt) — (a3 + v3dt)
8511 8511 8511
ne(a,0) = | — (a1 + vidt) —(az + vodt) — (a3 + v3dt) | n.(a, dt).
dan dan dan

ad ad ad
— (a1 +vidt) — (a2 + v2dt) — (a3 + v3dt)
das das daz

The determinant is 1 + (94, v1 + 0402 + 0gyv3)dt = 1 + Vyvdt, plus 15
terms of higher order in dt. To leading order it follows that n.(a,dt) —

ne(a,0) = — ne(a,dt)V,avdt or, by continuity of n, with respect to ¢,
0
Ene(a, 0) = —n.(a,0)V,v. (2.58)

The temporal derivative is to be taken at constant @ which means along the trajectory
x(a,1),

9 e , At), At) — n.(a, 0
9 (@ 0) = lim ne(x(a, At), Ar) — n.(a, 0)

Jat At—0 At
—d (x,t=0) = a+ \Y% (x,0) (2.59)
= dtne x,t=0)= o1 v ne(x,0). .

Hence, the partial time derivative 9, in the Lagrangian representation is the total
(“‘convective” or “substantial”) time derivative d; = 9; + (vV) of the Eulerian pic-
ture. BtL ¢ becomes equal to 8,E“1' when v is zero. In this sense the Lagrangian time
derivative is the derivative in the (tangent) inertial system co-moving with the fluid.
With the help of (2.59), mass conservation in the Eulerian picture (2.54) follows
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immediately from (2.58). In one dimension (2.57) is particularly intuitive and sim-
ple. The particles contained in the interval da at t = 0 will occupy the interval
dx at a later time, i.e., n.(a, 0)da = n.(a, t)dx, or n.(a,0) = n.(a, t)|dx/da| =
ne(a, t)J. Correspondingly, in 3 dimensions J is the volume Vx(Vxy x Vx3) of
the parallelepiped formed by the three oblique vectors V,x; in a-space.

The momentum and energy equations are most easily derived in the Lagrangian
picture. For this purpose we assume (for the moment) that the fluid is sufficiently
dense so that (i) the extension d of a volume element AV in which ny, v, etc. are
reasonably constant is much larger than min{X, Ap}, (A is the mean free path), and
that (ii) the pressure p,, is isotropic. Then, as a consequence of (i) p, is transmitted
to the surface X' of AV which contains the mass Amq = p, AV . With the additional
force density f, (e.g., friction), Newton’s second law reads

dv,
Amo =% = noga(E +vq x BYAV = | pod + f,AV.
b

With the help of Gaul}’ theorem the surface integral transforms into the approximate
expression [ VpadV =~ Vpy AV, dividing by AV yields

De = —nee(E+v, x B) —Vp,+ f,,

dv,
dt
dv,'
Pig =n;Ze(E + v; XB)—Vpi+fi~ (2.60)

The reader preferring more mathematical rigor may start from a macroscopic
volume V (¢) moving with the fluid,

d 1
— dV =lim — ! /dV/—/ dv
di o PaVa 1m Ar </V/ Po Vg Vpavot

1
:lim—/ (' o4y — pava)dV
At Jy

. Vo (1) — v (1) dvy
=1 )————dV = —dV,
1m/‘./,0a() Ar '/V/Oa di

with t' = t + At, and p/, v/, V', p, v, V taken at ¢’ and ¢, respectively. In one
of the steps (2.57) has been used. The rest of the calculations leading to (2.60) are
standard. However, for omitting the integral signs assumption (i) has to be fulfilled.
Alternatively, this result is directly obtained by the substitution dm, = p, dV and
by observing that d dmg /dt = 0and M = [ py dV = const, thus

d d d d
— pavade—/ vadma=/ &dmaz/‘ pa&dV
dt V() dt Jy m dt V(1) dt

Energy conservation is expressed by the first law of thermodynamics dU = d O+
dW in the comoving inertial system. Thereby d Q is the heat supplied to the mass
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M in the volume V(¢), and dW is the mechanical compression work done by the
pressure p,. Recalling (i) and (i) we have dU = d [ e, dV = [d(ca/pa) dme =
[ pad(ea/pa)dV,dQ = —dt [q,dX+dt [ hedV,withq, the heat flux density
and A the heating power density (e.g., the absorbed laser light), and finally dW =
—dt [ pavedX = —dt [V(pavy)dV = —dt [(paVvg)dV since vVp is zero
in the comoving system. As V(¢) is arbitrary equating the integrands requires for
the two fluids

3 drT,

Enede_: = —p.Vv, + he — V‘Ie,

3 ik ar; = Vv, +h; — V (2.61)
2”1 Bdt = —DiVYV; i q;. .

As long as v, v; and the internal energy densities &, €; are continuous in space and
time, dQy = TodSy = Ty Amydoy holds for the entropy S, = 0, Amy, and (2.61)
assumes the equivalent form for the specific entropy per unit mass

do, do;
Teped—; =h, — Vg, T,-p,-d—t’ = hi — Vg;. (2.62)

As a special case, when there is no energy deposition by %, or q,, all energy change
is adiabatic and (2.62) reduces to

dO’e _ dO‘i

dr ~— dt

=0. (2.63)

The main contributions to f, and f; in (2.60) come from collisions between
electrons and ions. According to (2.23) f, = —nemeve; (ve —v;) = — f;. For v,; to
be given by (2.45) |[v, — v;| < v, has to be fulfilled. Further, there is a continuous
exchange of particles of the same fluid between adjacent volume elements AV and
the momentum exchange associated with it gives rise to viscous effects. The viscos-
ity is estimated as follows. Assume the flow component vy, to have a gradient v,
in x-direction. By the exchange of two electrons between adjacent volume elements
AV, AV’ the momentum difference mA, 9, vy is transmitted to the slower volume.
Ax = AUth,x/vm is the mean free path in x-direction. The total momentum change
per unit area is obtained by multiplying with the particle flux n,vwm x; hence, the
pressure p, is augmented by

2
Ape = mnevth,x)\xaxvy = mnevthyxaxvy/v = (pe/v)axvy’ V = Vee + Vi

WUe = p./V is the approximate shear viscosity coefficient. The same consideration
holds for a gradient in the y-direction leading to a volume viscosity with the same
coefficient w.. The coefficient for the ion fluid is u; = p;/vi;. Both u, and w; are
density-independent. Their ratio is
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pi 1+Z (T 5/2(mi>1/2
we  Z% \T, m '

In low-Z laser plasmas the ion viscosity dominates due to the large mass ratio.
Numerical estimates in typical low-Z laser plasmas showed only a minor influence
on the overall plasma dynamics [44] so that it will be omitted in the momentum and
energy equations in the following.

In the energy equations (2.61) electronic heat conduction is of great importance.
An analogous consideration for the diffusive energy flux, as before for viscosity,
leads to the heat flux density ¢,

3pe kg

— — VT, = —«.VT,.
2(Vee + Vei) M ‘ e e

1
2
q. = _nevth,grad)&gradvimvlh = —

The index “grad” thereby indicates the projection on the V T,-direction. It becomes
clear from this formula that electron heat conduction is dominated by the fast elec-
trons in the thermal distribution since «, ~ Tes/ 2, On the other hand, fast electrons
exhibit a much longer mean free path than slower ones; consequently, averaging of
single quantities as vy, A,etc. instead of their products underestimates k.. Its true
value for Z = 1 is larger by a factor of 3—4 [45],

q, = —Kk VT, ke =ne—— =kol,'", (2.64)

Ko [cgs Kl = 1.8 x 1077, ne = 3.16.

As Z increases 1, increases to 7, = 13. ko depends on the charge state as kg ~ Z L.
It is essential for (2.64) to be valid that A « L = T,/|VT,| holds everywhere.
Another limit on the heat flux ¢, is imposed by the condition that it can never exceed
the energy flux into the half space u., g . = neMme fuzufe(x, u,t)duy /2 (fe.
electron distribution function, obtained from the Vlasov equation (2.86). For a
Maxwellian distribution f{ this yields

2\ 172 2\ 172
qmax = <_> kpT,vin; <—> =0..8.
s T

The heating function /4, consists of local laser energy transfer owing to electron—ion
collisions (“collisional absorption”) according to n.ael = ol after (2.30), local
damping of resonantly excited electron plasma waves (“resonance absorption”) and
local energy transfer from hot electrons accelerated by the laser field and by elec-
tron plasma waves (“‘anomalous heating”). In addition, there is a negative term
which is due to cooling of the electron fluid by the colder ions; its magnitude is
(2m/m;)veine(3kgT,/2 — 3kpT;/2). For the ions only the latter term contributes to
h;. The two-fluid model is now given by the following system of equations:
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one g 0. iy 0 (2.65)
v, =0, — iv; = 0; .
Y NeVe Y njv;
0
Nem <E + veV> Vo = —Vp,—en.(E +v, x B) (2.66)
—NeMVei (Ve — V),
d
nim; (5 + vN) vi = —Vp; +en.(E +v; X B) (2.67)
+FhRemvei (Ve — V;);
3 0 _ 2 2,772
EnekB Y +v.V|T, = —p.Vv, + §K()V T, +al (2.68)
m
—3—veinekp(Te — T;),
mi
3 0 m
snikg | — +v;V | T; = —piVv; +3—veinckp(Te — T;). (2.69)
2 ot m;

For reasons of simplicity at this point only collisional absorption «/ is taken into
account in its simplest form with

€2I’le
O = Nelleg = mvei, (270)
afem1] = 6.9 x 102 Zelem °D? (“’T“S*‘)2 In A
‘ (Te[KD?*/? w '

In E and B all high and low-frequency fields are included. As a consequence
of the large mass ratio m; /m only the electrons are affected by the high frequency
component. This makes it possible to split off the fast motion of the electrons from
V.. On the fast time scale the remaining equations are

an,
ot

+ Vn.v, = 0; .71

ad
nem (5 + veV> Vo =—Vp,—nee(E + v, X B) —nomv,;v,.

On the slow, hydrodynamic time scale (index s) the momentum equation for the
electrons becomes with their slow velocity component v; = v, — Vg fast

ad
Ne M (E + vSV> Vg =—Vpes—nese(Es+vg X By) +m. 2.72)

The quantity & = n, s f, is the ponderomotive force density (see Sect. 2.1.2). If no
self-generated dc and external static magnetic fields are considered B is zero and,
as a consequence of quasineutrality, vy becomes equal to v;, vy = v; = v, so that
the separate momentum equations (2.66), (2.67) and (2.72) for the two fluids can be
combined into the single-fluid momentum equation
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p (% + vV) v =—V(pes+ pi) + 7. (2.73)
This is a great simplification in numerical calculations. The electron pressure p, and
the ponderomotive force couple to the ions by a quasistatic electric field E;. The
latter is easily determined from (2.72): n, se E; is the same term in (2.72), as well
as in (2.67), but n, smdvs/dt is a factor Zm/m; smaller than n;m;dv;/dt owing
to quasineutrality. From this one has to conclude that the right-hand side terms in
(2.72) have to be equal to zero, and hence

E; = (T = Vpe,s) — vs X By, (2.74)

Ne g€

i.e., the static field E; is of thermal, magnetic and ponderomotive origin. In the
absence of  and Bj in an isothermal plasma with 7; = 0,

1 v
E,=—— " (2.75)
kBTe Ne

holds, and (2.35) follows by integration of (2.75). The model of two coupled fluids is
kept solely in the energy equations (2.68), (2.69). For the rest a one-fluid description
suffices. At the short time scale imposed by the laser frequency only the electrons
react and at the hydrodynamic level the electrons are tied to the ions by the static
field E from (2.74). Radiation effects are important in high-Z targets and can be
taken into account in a simple way by introducing a radiation temperature 7y in
addition to 7, and 7;. In low-Z underdense plasmas, however, the radiation energy
balance plays a minor role and is omitted in this chapter.

In laser generated plasmas situations may occur in which strong dc electric fields
E ¢ are induced by fast electron jets penetrating across (see Sect. 8.3). As a reaction
intense neutralizing return currents of density j. = —en,vy are driven and lead to
Ohmic heating of the background plasma of amount j, Eq. If E. = mv,;vem/e is
the critical field at which the electrons start drifting away (“runaway field”), it has
been shown by Fokker—Planck simulations that for E; > 0.1E, (2.68) has to be
replaced by two equations, one for T, parallel to E containing the heating term
JjrEq and a second one for T, perpendicular to Eg, with coupling coefficients
given in [46].

2.2.1.1 Conservative Form of the Balance Equations

For theoretical considerations of general nature as well as for numerics it is some-
times useful to formulate all dynamic equations in their canonical form (“conser-
vative” formulation) which states that the temporal change of a conserved physi-
cal quantity R in a fixed volume V is due to the flux S of the quantity across its
surface X,
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When R is a tensor of rank r, S is a tensor of rank » + 1. The mass conservation
(2.54) is written in this canonical form. p, and n, are scalars (r = 0) and p, v, are
vectors (r = 1). Next consider (2.73) in the absence of the ponderomotive force .
It is brought into canonical form by multiplying the continuity equation for p by v
and adding,

0
= (pv) + V(oo + (pe + p)T) = 0.

pv is the momentum density vector and I1;; = {pvv + (p. + pi)I}ij = pviv; +
(pe + pi)dij is the symmetric 2nd rank tensor of momentum density flux. If
the pressure is not isotropic the momentum flux density tensorll reads I1;; =
{ PViVj + Peij + Pii j} (see (2.84)). Momentum is neither created nor destroyed;
the system is closed. When & does not vanish (2.73) becomes

3
o (pv) + VI = 1. (2.77)

The ponderomotive force must appear as a source term because it generates
momentum density with the help of the laser radiation field. The source term
vanishes only when the latter is included and its momentum density §/ e (S is
the cycle averaged Poynting vector) is added to pw, since the total momentum
f (pv+ S/c?)dV is conserved (the interested reader may look ahead to Sect. 5.2.3).
Similarly f, and f; and the Lorentz forces appear as source terms in the conser-
vative form of (2.60). Equation (2.77) can also be used as the definition of a force
density instead of making recourse to the Eulerian equations (2.60) which are the
continuum form of Newton’s second law. According to (2.76) or (2.77) a force (den-
sity) is the amount of momentum (density) and momentum flux (density) changes
that do not sum to zero. There are situations, in particular with the ponderomotive
force, in which such a criterion is helpful to find out which is the correct force
(density).

To see how an energy balance is brought into canonical form let us first reduce
the equations (2.68), (2.69) to obtain the single fluid relation by adding them to
yield

3 ad
EnkB (5 + vV) T=—-pVv+al —Vg,. (2.78)

Here n = n, +n; = n;j(1 + Z) is the total particle density, T = (ZT, +
T;)/(1 4+ Z) the average temperature and p = p, + p; the total fluid pressure.
Multiplying (2.77) by v and mass conservation by v?> and adding them to (2.78)
leads to



2.2 Fluid Description of a Plasma 33

a [(v: 3Z+1 v 3741 p
—p(=+= ksT | +V —+= ksT + =
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=al —Vq,+mv. (2.79)

Equations (2.77) and (2.79) show that the total flux densities are IT = pvv + pl
for momentum (viscosity neglected) and S = pv(v2/2+¢+ p/p) = pv(v*>/2+h)
for energy, respectively. ¢ = 3(Z + 1)kpT /2m; is the internal energy per unit mass
and h = e+ p/p the specific enthalpy (not to be confused with the heating functions
he, hi). Under steady state conditions the time derivatives 9, are zero and the fluxes
of mass, momentum and energy are conserved through any section X' of an arbitrary
flux tube,

/pvdE = const, /(,ovv + pI)d X = const,

/ ,0(v2/2 + h)(v/v)d ¥ = const, (2.80)

provided the right-hand side terms in (2.77) and (2.79) vanish. As a result, thermal
pressure carries momentum and energy. In other words, the reason why p appears in
the energy flux density term in (2.79) whereas it does not in the term for the energy
density is that a fluid volume in motion has to do work against the adjacent elements
to remove them from where they are presently located.

2.2.1.2 Topological Aspects of Fluid Dynamics

When Euler’s field equation (2.73), pdv/dt = —V p + &, together with dx /dt = v
is solved for all initial positions x = a at t = fg, the flow field v(a, ) and the
trajectories x = x(a, r) of all material points @ in the Lagrangian description are
determined [47]. x(a,t) can be assumed to be piecewise continuously differen-
tiable with respect to @ and ¢. As long as the fluid density p remains finite, dif-
ferent material points cannot merge into one since mass conservation states that
pla,ty) = p(x,t) J(x,a,t). Thus, the Jacobian J = |d(x)/d(a)| differs from zero
everywhere. Mathematically, this fact is expressed by the property that x (a, ¢) has
to be a continuous one-to-one (biunique) correspondence or, in short, x(a, ¢) is a
topological mapping or a homeomorphism.

A topological mapping and a diffeomorphism in particular, i.e., a continuously
differentiable mapping with respect to a, have some interesting consequences for an
arbitrary fluid volume Vp, namely:

(i) A trajectory starting from the interior of Vj ends in an interior point of Vi, and
a boundary point of V() remains a boundary point of V.
(i1) The degree of connectivity of V; is an invariant of fluid motion.
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In fact, properties (i) and (ii) are easily shown to be consequences of the conti-
nuity of mapping x (a, t), i.e., open neighborhoods are mapped onto open ones, and
the existence of the inverse mapping x ! is also guaranteed. The situation of a few
cases is illustrated by Fig. 2.5. They have some surprising implications for applied
fluid dynamics.

Example 1. As a first example a hollow shell of matter is considered which is com-
pressed to a very small diameter. According to property (ii) the hole may shrink to
a point; however in ideal fluid dynamics it can never disappear which means that at
least at one point inside the shell the density must remain zero. Kidder’s analytical
solutions [48] for homogeneous pellet compression behave in this way. Prior to the
instant of collapse ¢+ = 7. the hole inside the pellet does not fill up with matter
to yield p # 0 everywhere, no matter how small the outer radius R of the shell
has become. Only when R has reduced to zero at ¢+ = ¢, can pellet and void both
degenerate to a singularity simultaneously.

Example 2. As a second example we consider the problem of foil acceleration and
its impact on a solid wall [49]. A mathematically equivalent problem is the following
version of the historical Gay-Lussac experiment (Fig. 2.6): A box is subdivided into
two chambers one of which is filled with a compressible fluid and the other of which
is empty. When the fluid is released by instantaneously removing the separating
wall, a rarefaction wave develops, and matter is accelerated into the vacuum. When
the fluid arrives at the opposite wall it is stopped; a strong shock then originates
from the wall and propagates backward into the counter-streaming fluid [50]. Again
a singular point exists; this time it is located at the solid wall. If the rarefaction
wave is such that at its front both the density and the sound speed drop to zero, p
will remain zero for all times at the wall, the reason being exactly the same as in
the former case of pellet compression. To recognize this it is sufficient to mirror
the Gay-Lussac (or the foil impact) experiment in the plane of the solid wall. Then
a hole of the shape of an infinite slit results which is topologically equivalent to
the spherical case. In numerical calculations such a behavior is reproduced only
approximately as a result of numerical diffusion. However, the hole is clearly seen.
It is useful to know in this context that it is not a numerical artifact but a topological
necessity [51].

2.2.1.3 The Particle Aspect of the Plasma Fluid

Mass, momentum and energy conservation as derived above are valid for dense flu-
ids in which the lifetime of a fluid element AV is approximately T = (AV)?/3/4D,
with the diffusion constant D = (vpA)/3, A mean free path. For instance in air
under standard conditions T = 1.5ms for a volume element AV = (1001)° =
(1073)3 cm3. As a fluid becomes more and more rarefied t decreases and collisions
are so infrequent that the lifetime 7 of a volume element (“mass point””) becomes
equal to the mean volume-crossing time, T = (A V)l/3 /Vh- On the other hand, the
smallest dimension of plasma structures is given by / = min{A, Ap}. [ represents
the lower limit of the fluid picture for any meaningful subdivision of the plasma.
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1.0

Fig. 2.6 Foil impact or Gay-Lussac experiment. An ideal gas initially fills volume V. After the gas
expands through volume V, and reaches the solid wall, a strong back-running shock forms [50].
The density remains zero for all times, and the temperature diverges, just at the wall. Here, in the
figure, the finite density is due to numerical diffusion

From the conservation equations solutions are obtained for the orbits x(a, ) of
volume elements, for p(a, t), v(a, t), etc., in the dense as well as in the very rarefied
plasma. In the latter case, however, the question of the physical meaning of the orbits
arises. For example, does p(a, t) really represent the matter density at x(a, t) at the
time ¢? It becomes immediately clear that the derivation of (2.54) remains valid as
long as the macroscopic quantities p, v, T etc. can be defined in a meaningful way.
In the case of the derivations given above for momentum and energy balance the
answer is not at all so clear when looking at the Lagrangian picture. All we know
is their validity in the canonical or reduced form in the case of a dense fluid. In the
canonical form momentum and energy conservation are deduced exactly in the same
way as mass or particle conservation (2.54). All quantities can be defined kinetically
and no reference is made to collisions; hence, one deduces that (2.65)—(2.80) are also
valid in collisionless fluids, provided momentum and energy fluxes are defined as
presented above for collision-dominated fluids. However, now, since [ > (AV)!/3
holds, the mapping x (a, t) can no longer be visualized as material orbits or center of
mass trajectories of volume elements; the only valid information the mapping yields
is the direction and magnitude of the velocity of the fluid element which at the time
t is located at position x. The real center of mass a generally follows a completely
different and nearly unpredictable trajectory.

The state of a moderately dense fluid with g < 1 is defined by its one-particle
distribution function fy (x, u, ¢) indicating the number of particles AN, in the six-
dimensional phase space volume element At = Ax Au,

ANy = fo(x,u,t)Ax Au. (2.81)
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From elementary gas-kinetic theory it is known that the macroscopic quantities are
defined as follows,

ng(x, 1) =/fa(x,u,r>du, vy = i/ufa(x,u,ﬂdu’ (2.82)
Ny
11 / 2
T, = - Mo (U — o) fu(x, u,t)du, (2.83)
3nakB
Pa,ij = /ma(”i = Vai)(j — Vo)) fu (X, u, 1) du, (2.84)
90 = %ma /(u - va)z(u — Vo) fa(x,u,t)du. (2.85)

The tensor py = pq,ij is the scalar pressure p, plus the viscosity tensor and ¢,
is the heat flux density. As long as the dynamical variables are defined in this way
the conservation equations deduced above are valid for arbitrarily diluted fluids.
This can be directly verified by starting from the conservation equation of the one-
particle distribution function f(x, u, t) (the index « is omitted for simplicity). Let us
first consider a collisionless fluid. By observing that f is the particle density in the
6-dimensional phase space and its flux density is given by fw with the 6-dimen-
sional velocity w = (u, du/dt), particle conservation requires 9; f + div(fw) = 0.
Liouville’s theorem states for noninteracting particles

Vw=Vyu+V,q(E+uxB)/m=0

(or At = const ) owing to Vyu = V,(p/m), p = mu+qA; thus, the conservation
equation reads 9; f + w grad f = 0, or explicitly,

0

8—{+quf+i(E+uxB)Vuf:0. (2.86)
m

This is the celebrated Vlasov equation. It will be used in several contexts in the

following chapters. In an alternative manner it follows from the fact that the number

of particles AN in the volume At is conserved,

d(AT) df df
+ = AT
dt dt dt

d AN d A
AN =24 =1
df/dt = 01is identical to (2.86). The effect of collisions can no longer be described
in terms of a single set of coordinates (x, u, ¢); it must contain at least pairs of
sets (x, u) (binary collisions). Physically this is clear from the fact that owing to
collisions particles are lost from At or scattered into it from outside. Consequently,
a source term (“collision term”) appears on the right-hand side of (2.86) which
cannot be just a function of f depending only on x, u, t. It is shown in volumes
on statistical mechanics that the correct source term is expressed as an integral over
the two-particle distribution function f>(xy, u1, X2, u2, t) for which in turn a new
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conservation equation with a source term containing the three particle distribution
function is needed. In this way one arrives at the famous BBGKY hierarchy, named
after Bogoljubov, Born, Green, Kirkwood and Yvon. Only the latter is equivalent
to the complete description of an ensemble of interacting particles by Liouville’s
equation [43].

The direct derivation of the fluid equations from (2.86) with or without a collision
term is accomplished by multiplying it successively with |#|° = 1, u, u* and inte-
grating over all u-subspace and making use of the definitions (2.82), (2.83), (2.84),
and (2.85), see Sect. 8.1.7. The use of the distribution function f is appropriate for
dilute and moderately dense fluids. Nowadays laser plasmas can be created in which
the plasma parameter g is of the order of unity or larger and the potential energy
also contributes significantly, e.g., to the pressure, so that the definitions (2.82),
(2.83), (2.84), and (2.85) are no longer appropriate. The macroscopic conservation
equations, however, still maintain their validity since, for a dense fluid, all dynamic
variables can be defined without making use of f.

2.2.2 Linearized Motions

Equations (2.65), (2.66), (2.67), (2.68), and (2.69) or their simplified versions are
highly nonlinear and, consequently very few analytical solutions exist. Owing to
their relevance for estimates and understanding and interpreting numerical results,
those solutions relevant to laser plasma dynamics are treated in this and the
following two sections. At moderate laser intensities static magnetic fields are of
minor importance and are omitted here.

2.2.2.1 Electron Plasma Waves and Linear Landau Damping

The two-component plasma is capable of rapid charge density oscillations. Owing to
their large mass the ions can be considered as a uniform background at rest whereas
for the electrons (2.71) apply. For short time intervals g, and heat flow to the ions
need not be considered and in the absence of radiation the energy equation simplifies
to

3dT, T, dn,
2dt  n, dt

—0. (2.87)

Here Vv, has been replaced by —(d;n.)/n. from mass conservation. Equa-
tion (2.87) can be integrated immediately to yield the familiar adiabatic behavior

Ye

Ay — _ 5
Tong 7™V = const, pen,” = const; e = 3 (2.88)

However, it must be pointed out that the adiabatic coefficient y, = 5/3 is cor-
rect only under the assumption that there are enough collisions during a change
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of n, to redistribute the compression work isotropically. In contrast, in a fast one-
dimensional compression occurring during a time shorter than the collision time
Te. the compression (or expansion) work acts only on one of r degrees of freedom
so that /2 = 3/2 in (2.87) has to be replaced by r/2 = 1/2 and the adiabatic
coefficient becomes y, = (r + 2)/r = 3 in (2.88), in agreement with the kinetic
result from (2.86).

Under the above assumptions the electronic fluid decouples from the ions and its
dynamics is determined by the equations

an, d 1 e
— +Vnev,) =0, n, | —+v.V)v,=—-—Vp, —n.—E —n,v; v,
Jat at m m

VE = — £ (n, — Zng),  pen;” = const. (2.89)
&0

In general this system is still “intractable” [52]. However, it becomes solvable in
the case of small disturbances n| = n, — Zng from equilibrium n.9g = n, —n; =
Zng = const, v,0 = 0, T,o = T, — T} = const, |n]| < n,. In this case the system
can be linearized by omitting all higher order terms,

ong v, 2 e
— +n,oVv, =0, ng = —5,Vni —nep—E — negveive;
ot ot m
2 kBTeO
S, = Ye .

m

The quantities v, and E are removed by differentiating the first equation with respect
to time and taking the divergence of the second one, and then using Poisson’s equa-
tion. The straightforward result is

82 0 2 22
ﬁnl +vei5n1+(a)p—sev ;=0 (2.90)
with
2
Wl = ”8;):1 . (2.91)

The (electron) plasma frequency w, is a fundamental quantity in plasma physics.
Keeping v., E or T instead of n; leads to an equation in which n; is merely
to be replaced by v., E or T, respectively. The plane electron plasma waves (or
Langmuir, or electrostatic waves)

ny(x, t) = nelkex—n

form a complete orthonormal set of solutions of (2.90) if w satisfies the Bohm-Gross
dispersion relation
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w? = wf, + sgkg — 1. (2.92)
If we set v,; = 0, this has the remarkable property of the phase and group velocities
vy = w/k and v, = Jdw/dk satisfying vyv, = sg. The connection of n with
T1, ve, E and the potential @ in a harmonic wave is

1 ni .
T = (Ve — DTeo—, Ve = Vp—, E =i

n
ni,
neo neO eoke
o =il ¢ (2.93)
=1— = — ni. .
ke eok2

In the cold plasma (7, = 0) the restoring force is entirely of electrostatic nature and
an arbitrary, small charge distribution oscillates at the plasma frequency w, given
by the expression (2.91), and v, is zero. In the warm plasma (7, > 0) there is the
additional thermal contribution sezkg to the eigenfrequency of the electrostatic wave
and vy is finite; @), is the lower limit (“cut-off”’) of w for the wavelength A tending to
infinity. Formally, for A tending to zero w approaches the other asymptote w = s.k.
and vy, = v, = s,. For this reason s, is called the electron sound velocity. However,
such a wave does not exist since its wavelength A would be much smaller than
AD = Vth,e/wp. This cannot occur because in the collisionless plasma there is no
way to transmit the electron pressure to a neighboring volume element much closer
than Ap via the space charge field alone. The electron density for which a given
frequency w equals w), is called the “critical density n.”,

2
o= ot =175 10° () (294
e W Ti:Sa

The critical density n. is one of the fundamental quantities characterizing the inter-
action of the laser with dense matter. According to (2.92) a Langmuir wave of fre-
quency @ cannot propagate into an “overdense region” with n,9 > n.. The same
holds for electromagnetic waves; they are cut off at n. (see Chap. 3).

Collisional damping, with Jo = —v,;/2, is generally small; for example
Vei/WONd = 3 X 107°Z at n,g = 10°cm=3 and 7, = 1keV. However, for k,
approaching the order of magnitude of kp = 1/ p the particle nature of the electron
fluid manifests itself through the phenomenon of Landau damping. Assume a small
harmonic electron density disturbance in a field-free plasma at rest with equilibrium
distribution function fj(v). By setting

[0, 1) = fo) + fi(w)e®es—n

and linearizing (2.86) in f; with B = 0, a more general dispersion relation than
(2.92) is obtained for the frequency which, although no collisions are considered, is
complex: w — w + iy (see any volume of plasma physics). Under the assumptions
(1) y < w and (i1) (koA p)? < 1 the dispersion relation reduces to the algebraic
relations
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w? = w%(l + 31(62)»2 ) = a) + szk2 -, se2 = 3vt2h,
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The first line is the Bohm—Gross dispersion relation with y, = 3, in accordance with
the number of degrees of freedom r = 1 activated by a plane wave in a collisionless
plasma. The expression for y is negative for an equilibrium distribution function fj
with negative slope and the wave is damped, as is the case for a Maxwellian plasma.
For the latter, y becomes under assumption (i)

_(Z 12 _wp <_; _ i)
8) (korn) P\ T 200002 2
1
-0 4(k o) p<_2<keAD)2)' (2:99)

For instance, at (ke)»D)2 = 1/6, where (2.95) still holds, A = 15Ap, v = 12w,
and the damping is given by |y/w| = 0.08, i.e., the mean lifetime of the wave
is N = At/t = w/2x|y| = 2 periods. In contrast, at twice the wavelength,
A = 30Ap, the wave undergoes nearly 1000 oscillations until its amplitude reduces
to 1/e. If, for some reason, f is flat at v, = w/k linear Landau damping does not
occur as long as (i) and (ii) hold. It is also seen from (2.95) that a weak electron beam
when superposed on fj with a suitable velocity such as to produce a positive slope
at vy, excites the Langmuir wave instead of reducing its amplitude (“electron beam
instability”). In a Maxwellian plasma, frequencies considerably higher than w, do
not occur, unless the waves are strongly driven. As A approaches Xp, Langmuir
waves are heavily damped.

Generally electron plasma waves are excited in a limited region from which they
are emitted as free-running waves. In laser plasmas such waves are most effectively
excited at the critical point in a very narrow region. The situation is very similar to
Langmuir wave excitation by an antenna. In both cases one has to look for complex
roots of k. as functions of real values of w. For a Maxwellian electron fluid the
dispersion relation is
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dz, &= (2.97)

The wave vector has now been assigned an index n because there is an infinite
sequence of roots k, for a fixed w. To give a feeling for the strength of damping, in
Table 2.3 the first 3 roots of k, are calculated as functions of w/w,. For A/Ap > 1
higher Landau modes are much more strongly damped than the fundamental mode.
As k. increases, also the fundamental mode becomes heavily Landau-damped; e.g.,
at A1 = 5Aip the amplitude has reduced by a factor of e = 2.718 after Ax; =
0.21x1 == Ap. From the table also results that for > 1.1 w,, k1 no longer follows
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the Bohm-Gross dispersion relation. 9tk; and Jk; from (2.97) and Table 2.3 were
found to be in excellent agreement with experiments [53].

Landau damping is not easy to explain in physical terms. The standard argument
starts from a single particle in the periodic wave potential given in (2.93). An elec-
tron traveling up the potential hill —e® at speed slightly faster than v, is slowed
down in transferring part of its kinetic energy to the wave; an electron traveling
down the hill at a slightly lower speed than v, gains energy from the wave. If
there are more such “resonant” particles with v < v, than with v > v, there is
a net energy flow into the electrons and the wave is damped. The deficiency of this
explanation is that the attempt to quantify it to obtain (2.96) becomes more involved
than Landau’s derivation [54, 55]. Upon changing to a reference system comoving
with the wave, @ becomes static. Then, one could make the objection that on the
average an electron neither loses nor gains energy. Therefore we prefer a different
point of view. Imagine an initial sinusoidal density perturbation n, = n.,+n| witha
Maxwellian velocity distribution everywhere. Such a perturbation exactly fulfills the
fluid equations (2.89) and leads to an undamped wave in the absence of collisions,
i.e., vo; = 0. However, in the wave frame energy conservation requires

1
Emu’2 —e®=E', u=u-—v,

Those electrons with E/ < —e®y,, are stopped and forced to oscillate, each in
its potential well; they are “trapped” and travel with the wave. Those with E’ >
—e®Pmin are free. However, owing to the periodic potential the time to move one
wavelength further for all free electrons becomes longer than |u — v,|/A which is
the crossing time in the absence of @. The closer an electron comes to the separatrix
between trapped and untrapped particles the larger is the resulting deviation. Hence,
groups of electrons traveling at a constant difference Au’ in the field-free region,
Au’ = Au, when entering the wave change their relative speed, and coherence is
gradually lost. The trapped electrons oscillate at the so-called bounce frequency wp
[52]. For El/dn &K —e®nyy it is easily determined from

d%x’' . e £ sinkx’ d*x’
— FEsink,x’ ~
a2 m ¢ dr?

€ L./
+ —k.Ex" =0.
m

Table 2.3 Landau damping of the first 3 modes. Ax, /A, relative distance at which the wave
amplitude reduces to 1/e

w/wp Ai/Ap Axy /M Ay =00, Axa/Ap A3/Ap Axz /A3
1.0 o0 00 0.64 30.1 0.40
1.1 25.8 23.1 0.62 29.5 0.35
1.5 12.8 0.80 0.55 22.4 0.27
2.0 9.2 0.43 0.48 17.1 0.25
2.5 7.5 0.32 0.43 13.7 0.23
3.0 6.5 0.27 0.40 11.6 0.22

4.0 52 0.22 0.33 8.9 0.21
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This is a harmonic oscillator with frequency

A

LB\
sz(ek ) , (2.98)

m

The quantity tp = 27 /wp indicates the order of magnitude of time duration for a
particle to be trapped. In resonance absorption particle trapping plays a dominant
role for damping and eventual breaking of the highly nonlinear electron plasma
wave. Collisionless damping due to trapping is denoted as nonlinear Landau damp-
ing. Linear Landau damping does not lead to any entropy increase of the system; its
reversibility has been successfully demonstrated by the technique of plasma echoes
[52]. The latter are completely analogous to spin echoes [56, 57] and to laser echoes
in two-level systems and are best visualized by the vector model of the Bloch equa-
tions [58].

2.2.2.2 Ion Acoustic Waves

In a formal treatment of the ionic fluid in complete analogy to Langmuir waves
the frequencies w and w, would be reduced by the ratio (Zm/m )'/2. However, in
such a slow motion the electrons have time to follow adiabatically and to neutralize
any ion disturbance. In other words, the momentum equation for the electron fluid
reduces to (2.72) with r = 0, By = 0. Neglecting viscosity, (2.73) applies for the
ions. For small density disturbances ny = n; — ng, ne;y = n, — Zny it reads as
follows,

v 1 1 5 m ,  kpT;
ny— =——Vpi — —Vpe=—s;Vny — —s;Vne1; s;i=yi—.
ot m; m; m; m;

For the ions the adiabatic law p;n; Y = const applies in the absence of heating from

which s; follows as specified. From (2.74) and the Poisson equation,

m
E=—

e
52Vne1, VE = —(Zni — ne),
Nneo€ &0

ne1 is determined as a function of 7 through elimination of E,
—s5;V2ne1 = 0 (Zny — ne1) = (1 — yehhViner = Zny;

Ap from (2.38). Eliminating v from the linearized momentum equation above with
the help of 9;n1 + noVv = 0 yields

2 m 2
0°ny m; e

ot?

= sl?vznl + mﬁsezvznel = |:sl2 + :| Vznl. (2.99)
i

1= 2L yed ], V2nen

Fourier analysis shows that the plane ion acoustic waves
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ny = ﬁel(kax_wat)

form a complete set of solutions to (2.99) if w, satisfies the dispersion relation

wy = sk,, §%= k—B <)/iTi + V6L2> ) (2.100)
m; 1 + Ye(karp)

Quasineutrality requires that n.; is modulated with the same k,. The quantity s
is the ion sound velocity. It remains finite when 7; approaches zero owing to the
electron pressure which in the ion sound wave is transmitted to the ions by the
electrostatic field of type (2.74) rather than by collisions. The condition however
for this to happen is k,Ap < 1. The ion plasma frequency w; does not appear in
(2.100) since the slow ionic charge disturbance is nearly completely screened by the
fast electrons. Again, if y stands for any of the perturbations of particle densities
ne, n;, temperatures T,, T;, velocities v,, v;, electric field E or potential @, each of
them obeys the linear acoustic wave equation

92 292
my—s Vey =0.

They are related by
Nyl Nyl Zn
T = —_ l T -, Vo = S—, n - T >
al ()/a ) aOnaO o a0 el 1+ Ve(ka)\D)z
. e 2 E
E = —i—yckyAphne, @ =i—. (2.101)
€0 ka

In the long-wavelength limit s is nearly a constant owing to nearly perfect screening;
v, is very close to v; = v and frictional damping plays no role. Generally the elec-
trons have time to transmit their compression energy to their neighborhood during
an oscillation whereas the ions do not. Hence, y, = 1, i.e., the electrons behave
isothermally and y; = 3 holds. If however, v;; > w/2n is fulfilled, y; has to be set
equal to 5/3.

According to the standard interpretation of Landau damping at T, > T;, v, = s
is much greater than vy, = (kp7;/ m;)'/? and the number of resonant particles is
negligibly small. Solving Vlasov’s equation for electrons and ions under this condi-
tion leads to the Landau damping coefficient

172 1/2 ZT, 3
Ya m T ,
(= = — - Z). 2.102
w <m,> (8) exp( T; 2) ( )

For a hydrogen plasma we obtain y, /w, = 1.5 x 1072 exp(—T,/T; — 3/2). In the
range 1 < ZT,/T; < 10 a numerical fit of the kinetic dispersion relation leads to
[55]
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7/4
Yo _ 1 (%) e~ 2T/ T, (2.103)

w i

When T; approaches ZT,, v, becomes comparable to vy, ; and strong Landau damp-
ing sets in. It was due to the fact that 7, > T; in a gas discharge that ion acoustic
waves were first detected there. In laser-generated plasmas 7, >> T; may be easily
reached. If A p is much larger than the wavelength X; of a periodic perturbation in n;
the electrons form a uniform homogeneous negative background in which the ions
oscillate according to a dispersion relation of Bohm-Gross structure (2.92) or (2.95)
with all electron quantities (index e) replaced by those for the ions (index 7). For the
pressure term to be efficient the ion mean free path must be smaller than A;.

2.2.3 Similarity Solutions

In laser dynamics the diffusion of the absorbed energy by electronic heat conduction
and by thermal radiation as well as subsequent expansion of the hot plasma into the
vacuum or a surrounding low-density gas and plasma cooling by expansion are of
particular interest. The dynamics studied in the laboratory are nonstationary and
at best exhibit rotational symmetry around the normal to the target onto which the
laser beam is focused. This is a typical case for numerical computation. Only much
simpler idealized, so to say, few purely one-dimensional cases, are accessible to an
analytical treatment. Such solutions are of great relevance for the laser plasma in
plane and spherical geometry.

2.2.3.1 The Buckingham 7 -Theorem and Similarity

Nonlinear similarity solutions play such an important role in fluid dynamics that
a brief outline of dimensional analysis and its theoretical basis is justified here. It
was pointed out by Lord Rayleigh that sometimes physical laws can be found by
dimensional considerations alone. His research in hydrodynamics is a good demon-
stration for this assertion [59, 60]. In 1914 the so called 7 -theorem was formulated
by Buckingham which yields the formal basis for all dimensional and similarity con-
siderations [61]. Roughly spoken, it states that any physical law must be expressible
as an equation among dimensionless variables (so called m-variables). As a simple
consequence it follows that a fundamental physical theory cannot be constructed
without a minimum number of fundamental constants. However, this was explicitly
expressed much later only by Sedov [62].
Any physical law may be put into the form

y = f(x1,x2,--+,Xxn), n integer (2.104)

with quantities y, x; of certain dimensions. By dimension we mean the following:
Given a system of k units M,L,T, ... (e.g., mass, length, time, . ..) one has
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Table 2.4 Dimensional matrix consisting of n columns

X1 X2 s Xn

M o] o cee oy,

L /31 .82 t ﬂn

T 71 72 Vn

[y =MLATY ..., [y]=MALATY ...
The exponents «, 8, v, ..., &, Bi, Vi, - . . constitute the complete dimensional matrix
(Table 2.4). If its rank is indicated by r, then certainly r < min(n, k). If a new
system of units is used, M = pum, L = Al, T = tt, ..., the value of y transforms
into y = u*APr? ... =: Ky and correspondingly x; = u%1Pit% ... =: K;x;. For

(2.104) to be physically reasonable we postulate the following relations to be valid
identically

y=f(x1,X%2, -+, Xp) or Kf(x1,x2,---,x,) = f(K1x1, Kox2, )

respectively. These relations express what we mean by dimensional homogeneity.
f(x;) must contain at least all variables and constants on which y depends. For
example, if y is the distance of the earth from the sun, f must contain the time ¢,
the masses of earth and sun, total energy, angular momentum and the gravitation
constant (the position of the moon has also to be included if y must be known to
a higher precision). With the help of linear algebra the following theorem can be
demonstrated:

Buckingham’s 7-Theorem. If y = f(x1,x2, -, x;) is dimensionally homoge-
neous, (i) there exists a product x;'x5” - - - x," of variables x; from f of the same
dimension as y, i.e.,

(] = [x}' %37 xpm],

and (il)y = f(x1, - - - , x,) can be put into the form
w=F(T, 7, Tnr) (2.105)
where 7, 71, - - - , m,—, are n — r independent dimensionless variables. The 7;’s are

power products of the x;’s and = may be taken as y/()ci1 xéz ce M.

Corollary 1 [fthe rank r of the dimensional matrix is equal to n, F must be a dimen-
sionless constant. This is the most interesting situation occurring with dimensional
analysis since solving the problem under consideration reduces to determining this
dimensionless constant from simple physical arguments, from solving an ordinary
differential equation, or from a single computer run, or from experiment.



46 2 The Laser Plasma

Definition 1 If from nf‘ ngz ce?r =1 follows 0] = 09 = - -+ = 0, = O the

n—r
7;’s are called independent. If in a solution y = f(x1, x3, - - - , X,) the number n of
independent variables can be reduced at least by one we call it a similarity solution.
f(x1,x2, -+, xp) 1s a self-similar solution if the number of dimensionless variables
7; reduces to a single variable. (In the Soviet literature all similarity solutions are
often called self-similar. The authors do not follow this convention because there is
effectively no need for it). It may be helpful to illustrate the use of the -theorem

by a few simple examples.

Example 1 Stokes law Assume a heavy sphere falling in deep water. What is the
asymptotic velocity v of the sphere? One recognizes that a maximum number of
variables is viscosity u, weight G and radius R. The dimensional matrix in the cgs
system of units is presented in Table 2.5. Since its rank is r = 3, F from (2.105) is
a constant, F = C, and v is uniquely determined by

2

v:CizC’ﬁ; n:ﬁ.

uR n P

This is Stokes’ formula with C = (677)~!. It provides a counter example for the
frequently expressed contention that C is always near unity in a “physical problem”.
If instead of this choice one takes u, p, g and R as independent variables the rank of
the matrix is still » = 3 so that 4 — 3 = 1 dimensionless quantity 7; = p>gR?/u>
can be formed and v is no longer uniquely determined. The reason is that p, g, R
appear in the problem only in the combinations R and pR3g = 3G /4 and not as
three independent quantities. The success of dimensional analysis depends crucially
on the selection of the most restricted number of variables.

Example 2 Harmonic oscillator The motion of the harmonic oscillator mx + xx =
01is completely determined by the quantity « /m and the oscillation amplitude x. The
dimensions of the two quantities are s~2 and cm, respectively. The oscillation period
therefore is independent of £ and is 7 = C(m/«)'/?. The unknown dimensionless
constant C can be determined as follows. From elementary geometry it is known
that by introducing a second oscillator my + «y = 0 perpendicular to x with equal
amplitude § = X but a difference in phase of 7 /2 the trajectory x = (x, y) is a
circle of radius R = x. The only velocity that can be constructed from X and «/m
is v = X(k/m)'/?. This velocity equals 27 R/T from which T = 27 (m/k)'/?
follows.

Table 2.5 Dimensional matrix of the falling sphere (left-hand side) and charged sphere (right-hand
side) problem. In both cases r = 3

% G R v q P &0 R
g 1 1 0 0 C 1 1 0
cm —1 1 1 1 v 0 1 -1 0
s -1 -2 0 -1 em 0 -3 -1 1
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All Galileo would have had to do is to verify that the oscillation period of his
pendulum becomes independent of amplitude when the excursion is small. Then
T =2m(¢/g)"/? follows automatically.

Example 3 Blast wave How secret can the TNT equivalent of a bomb be kept?
Consider a homogeneous atmosphere of mass density pg. In one very restricted
region the energy W is supplied instantaneously (“point explosion”). As a conse-
quence, a blast wave, i.e., a strong shock propagates out into the surrounding space.
Its position x;(¢) depends, under idealized conditions, on W/po and ¢ only. From
[W/po] =cm? s™2 and [x;] = cm follows

WAL/
x(1)=C (—) 1213, (2.106)
£0

By taking pictures of the blast wave at different times W is recovered with good
accuracy. Subsequently, corrections may have to be made for radiation losses and
amplification of the shock front by absorption of radiation. For the constant C and
variants of the model, for example supply of the energy W to a vacuum-solid inter-
face see [62, 63]. In the kbar pressure range the time-dependence ~ r2/3 in (2.106)
has been confirmed recently in air [64].

Example 4 Rayleigh-Taylor instability Consider a fluid of density p; superposed
to a fluid of density p; in a gravity field of acceleration g. Assume that the origi-
nal horizontal interface extending in x-direction is subject to a vertical sinusoidal
displacement y = ypsinkx, k = 2 /). It is known from ocean waves in deep
water that the vertical motion decays exponentially over the depth of a wave-
length Ay ~ X. Hence, the mass per unit length involved in the acceleration is
(p1+p2)(A/s). The gravity force acting on this mass per unit length is (01 — 02)gYo.
This results in the equation of motion

Yo+ (s/A)Agyo =0, A = (p2 = pD)/(p1 + p2). (2.107)

A is the Atwood number. The complete analysis yields the dimensionless factor
s = 2m for small perturbations yp < A. For A > 0 the liquid is stable fulfilling
harmonic oscillations around y = 0. For A < 0 the interface becomes Rayleigh-
Taylor unstable, yo(¢) = yoe”?, with the linear growth rate

vy =VkAg,  k=21/x (2.108)

[65, 66]. The exponential growth (and the harmonic oscillation) originates from the
accelerated mass ~ A.

Example 5 Net charge of a cluster As a last example the net charge ¢’ of a
hot plasma sphere (cluster) of positive charge ¢ and radius R is considered. Evi-
dently ¢ = ¢qf(my,---). The dimensionless function f depends on combina-
tions of the equilibrium pressure p, [p] = VCem™3, the dielectric constant £0,
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[eo] = CV~'em™!, and the radius R. The dimensional matrix, Table 2.5 (right-
hand side), shows that ¢, p, &9 must appear in the combination &op/q> and hence
the set of possible 7 variables is 7; = gopR"T*/(¢?>R") with n real and arbitrary.
By choosing n = 2, my ~ )%/Rz, i.e., ¢'/q is a function of nfl/z ~ R/Ap,in
agreement with what was found in Sect. 2.1.3.

2.2.3.2 Adiabatic and Isothermal Rarefaction Waves in Plane Geometry

In a first approach the expansion of a laser plasma into vacuum can be modeled as
follows: consider a half-space (x < 0) filled with an ideal gas of uniform density po,
temperature Ty, and pressure pg. Suppose the surface pressure at x = 0 is suddenly
reduced to zero at + = 0. The subsequent dynamics is then governed by

dp 0 v v S P ~1ap
% =0 (Yo 2 (L) 2.109
o T ox PV p(az +”ax> %0 (p0> ox (2.109)

The adiabatic sound velocity is s = (yp/o)Y?* = s0(p/po)¥~V/2. The isother-
mal case T = const is characterized by infinite thermal conductivity or an infinite
number of degrees of freedom with y = 1. Equations (2.109) show that p and
v depend on py, so, X, f. From the corresponding dimensional matrix we deduce
one dimensionless variable m1 = x/(sot). Therefore the system above reduces to
ordinary differential equations for p = pgP (), v = 5oV (77):

P(V—-m)+PV =0, V(V-n)+P' 2P =0,

where the prime denotes d /dr. By eliminating P’ one obtains

2
VI(V—1)2 = P" V' =0, or (v—?) =2,

Using this relation in one of the dimensionless conservation equations it follows that
dv = —sdp/p and hence, for y # 1 (adiabatic case)

2
_ y—1v]rT1 2
p(x,t)—po[l 5 SO] , u= (t +so). (2.110)

For y approaching unity (isothermal case) p becomes

v

—1 y=1 _v (14X
p(x,1) = po “ml <1 _V_£>y = poe 0 = poe (HW)- (2.111)
}/—)

2 5o
These solutions hold in the interval —sgt < x < %sot. The rarefaction wave
propagates with the phase velocity v, = so into the undisturbed gas. For any

instant + > 0 the front of the rarefaction wave xr moves with constant speed
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vp = 2s0/(y — 1). For y = 5/3, vp = 3sg. For this case the rarefaction wave
is shown in Fig. 2.6 before it collides with the wall at V5.

It is interesting to calculate the heat flow density ¢ (x, ) which is needed for
maintaining the temperature at the constant value 7p. From the energy equation

3 r ar v  dq 0
—n —_— —-)— — — =

2B T TP T ax

we obtain
o 8 o0
qx,t) = —f p—vdx = —sgp()/ exp <—£> d <£>
X dx v(x)/so 50 S0
= sg,o = pso. 2.112)

This is a useful formula for deducing a criterion for nearly isothermal plasma
expansion in regions where the flow is planar. In fact, from (2.64) follows psy =
KOT:/ 2|8Te /dx|. If the dimension of the plane region is L and Ap is the pressure
difference at its end points, then the fractional temperature difference

AT, S0Ap
7= L—7/2 (2.113)
e ko T,

must be much smaller than unity. In the adiabatic rarefaction wave ¢ is zero and no
entropy increase occurs by the expansion into vacuum.

With the discovery of fast ion jets from solid targets produced by intense fs laser
pulses ion separation in the accelerating electrostatic field accompanying the plasma
rarefaction wave has gained new interest. Electron-ion charge separation, originally
studied under idealized conditions by Gurevich et al. [67], as well as maximum ion
energy and ion energy spectrum have been ivestigated in great detail in [68] for
isothermal targets filling a halfspace and for isothermal thin targets of finite mass
[69]. A self-similar solution of expansion of finite mass targets into vacuum in plane,
cylindrical and spherical geometry is presented in [70]. Full account is taken of
charge separation effects, and the position of the ion front and the asymptotic energy
of accelerated ions are calculated analytically. Generalization to a two-temperature
electron system reveals the conditions under which the high-energy tail of acceler-
ated ions is determined solely by the hot-electron population. See also [71] on the
acceleration of a test ion in a dynamic planar electron sheath, [72] on high energy
proton acceleration by short laser pulses interacting with dense plasma targets, and
[73] on efficient generation of quasimonoenergetic ions by Coulomb explosions of
optimized nanostructured clusters.

The spherical rarefaction wave cannot be solved by dimensional analysis since
the initial radius r¢ of the gas cloud enters as an additional independent variable.
Only for t = d/sg, corresponding to distances d < rg, is the expansion planar
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and it becomes clear that the front rr moves at constant velocity vy at all times
which is the same as in planar geometry. However, with the aid of an additional
assumption the authors of [74] were able to obtain a spherical self-similar solution
of nanocluster explosion. Of particular relevance for various applications is a demix-
ing and energy selection process occurring in spherical geometry. Clusters in the
Coulomb explosion mode, i.e., when all free electrons have escaped from the cluster
(“outer ionization” degree equals unity), are capable of generating monoenergetic
beams of fast ions. A mixture of ions of different charge to mass ratio « is unstable
against uniform mixing. Under appropriately chosen mixing ratios the component
with higher « is accelerated to nearly monochromatic energies in the Coulomb field
of the heavy ions [74].

2.2.3.3 The Nonlinear Heat Wave and Huntley’s Addition

Here we solve the following nonlinear heat conduction problem by dimensional
analysis [75]. A quantity of energy per unit area Qg is instantaneously released at
t = 01in a plane of a solid, liquid or gas from which it diffuses according to the
nonlinear equation into its interior

aT d 20T Ko
—_—=aq— T _ 7 a:—, (2114)
at ax 0x cy

cy specific heat. For heat conduction in a fully ionized plasma the exponent has
to be taken o = %; with other appropriate values of « it describes radiation trans-
port. It is easy to show that for « > 0 the heat front coordinate x7(¢) is finite. For
a = 0 (constant thermal conductivity) xy = oo for all # > 0. The temperature 7
will depend on go = Qg/cy, x and t. This leads to the conclusion that only one
dimensionless variable

X
T= (aqgt)l/(ol+2)

exists (see Table 2.6) and that x7(¢) and the maximum temperature Ty (at x = 0)
are uniquely determined by

o\ 1/ (e+2)
xr(t) = AlagenV/ D, Ty@) = B <Z—‘;> .

With BT (x,t) = Tof (). Equation (2.114) reduces to the ordinary differential
equation

2 d a4/ af =0 2.115
(a + )E<f %>+TL’E+]C— . (2. )
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Table 2.6 Dimensional matrix in cgsK units for solving (2.114). r = 3

q0 a b t
cm 1 2 1 0
S 0 -1 0 1
K 1 -—a 0 0
The solution is
1
x2 o XT
Ta.n=T(1-=| . xr=Agn", / Tdx = qo.
Xy 0
1
3,1 @ etz
a+2( 2T (z T

A=|2 D a=5/2= A=1480.

or (% + l)
40 @ 40

TO(t)ZxT(t) F(%)F(é—l-l)’ ( >=m

(2.116)

For electron heat conduction o = 5/2; for this case,

2/5
2 2/9 T
T=n(1-5) .xr=4g) <ﬂt) L0 03 2117)
) wz')

As « increases the temperature assumes a rectangle-like distribution. At the begin-
ning the heat diffusion speed tends to infinity and soon after it slows down drasti-
cally (Fig. 2.7).

Another relevant situation is given when the heat applied to the surface is deliv-
ered continuously with the power law

1
® = — = Bt”.
cy

If one looks for solutions of the form 7' (x, 1) = A(vt? — x)® one finds B=1y=
8 = 1/a. At the boundary x = 0 @ = —aT*9T/dx must hold. Inserting this in
(2.114) yields

1/(a+2)
a) T 2

1/a
T(x,1)= [ﬂ(vt - x)] , v =x7 = BY/@t2) (_
a o
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Fig. 2.7 Nonlinear electron heat wave at three equidistant time intervals 71, 2¢1, 3¢; in a medium
at rest. The power of 7 in the thermal conductivity is « = 5/2. At t = 0 the diffusion speed is
infinite; x7 ~ £2/9

In the frame moving with x7 this heat wave is stationary. Another exact solution
exists for a quantity Q = cyqo of heat suddenly released from a point into a half
space filled with an isotropic homogeneous medium at rest. Since the procedure is
the same as in the plane case only the final result is reported [75]:

2 1/a

-

T(rt) =T (1 - —2) . rr = Al(aggn)t/ Gt
't

s a/(Ga+2)
. (23a+2)1/(3"‘+2> F(z+a>

r(1+§)r ) ’

amr?®

T 2.119
" () @119
o
In particular with @ = 5/2,
2/5
2 2/19
T=n(1-%) . rr=qA (ﬂr) :
ry cy”Z
7\ 6/19
Tp = 0.9893¢;" " (C"—t> . A =1.144. (2.120)
K0

71 decreases extremely rapidly with time.



2.2 Fluid Description of a Plasma 53

The temperature 7 in our treatment has the dimension of Kelvin (K). By assign-
ing such a dimension T is assumed as a separate physical entity. However, it is
equally legitimate to define T as the ratio of two energies. In this latter case 7 is
a pure number; the unit K disappears from the dimensional matrix and the rank r
is reduced to r = 2: the transition from (2.114) to (2.115) is no longer possible in
the pure cgs-system of units. The important question arises which system of units
should be used in dimensional analysis. The answer was given by H. E. Huntley
[76].

Huntley’s addition: In problems of dimensional analysis take the maximum possi-
ble number of independent units. For example, in some cases it is possible to distin-
guish between masses in the x and y directions or between “inertial” and “thermal”
masses as separate physical entities. In this way problems were solved successfully
by dimensional analysis that were not reducible a priori by the 7 -theorem. A nec-
essary implication for the success of Huntley’s method is that in the process under
consideration there is no interaction between the quantities that are given different
dimensions.

The interested reader may consult with profit several other volumes on
dimensional analysis in addition to Sedov [77-82]. The successful application of
dimensional analysis and similarity considerations to continuum mechanics and
hydrodynamics sometimes led to the conclusion that dimensional analysis would be
appropriate mainly to these disciplines. Only rather recently has it become appar-
ent that the application of Buckingham’s w-theorem is not limited to such fields;
it should also be important for example in quantum field theory and the theory of
phase transitions [83]. Its successful application in biology was demonstrated for
example by Giinther [84-86].

There are several solutions relevant for laser matter interaction which are not self-
similar but become asymptotic solutions of this type. An example is the analytical
treatment of homogeneous pellet compression for laser fusion with a behavior in
time for p, v and T according to Kidder [48]

,O,U,T :f(l)

= (/1)

For instance, p(R, 1) = po(R/Ro)? f () is not self-similar. However, for ¢ approach-
ing the instant of collapse 7y it comes arbitrarily close to

1/2 3
p =22 0o R T=1—1t
23/2 R§/3rl/2 ' '

which is self-similar. Kidder’s solutions are interesting also from the topologi-
cal point of view: The void in a spherical shell only closes at t = fy when the
whole pellet shrinks to a point, as is required from the topological considerations of
Sect. 2.2.1.
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In connection with converging shocks and compression waves Zeldovich [75]
introduced a second “type of self-similar” solutions, a concept which was devel-
oped further by Barenblatt [83] with his formulation of intermediate asymptotics.
Such a distinction may sometimes be justified from a practical point of view, but
from a fundamental point of view no second class of similarity exists. In order to
make sense for subdivision into similarities of the first and second kind all similarity
problems should belong to these two classes. However, in view of certain solutions
[87] a third class of similarity solutions would have to be introduced, and, it is not
difficult to imagine that soon a fourth and fifth kind of similarity would have to
be invented for other problems. Eventually some further progress beyond Bucking-
ham’s theorem may come from group theoretical methods and the determination
of symmetry groups of differential equations [88, 89]. For the diffusion equation
(2.114) with « = —2 (e.g., magnetic field diffusion) see in this context Euler et al.
[90]. For symmetry properties of Euler-type plasma equations including magnetic
fields see [91].

2.2.3.4 Plane Shock Wave

The momentum which can be transmitted to a medium by a linear sound wave of
intensity / is given by the wave pressure p,,

I
pw="(+R), (2.121)

where R is the reflection coefficient and s is the sound speed. A hot plasma expand-
ing from the surface of dense matter, e.g., of a solid, acts like a piston of very high
strength. The effect is the generation of a compression wave the intensity of which
is far beyond the limit of a linear wave. A compression wave in quasineutral matter
steepens until a discontinuity or a steep, narrow transition region has formed. For
example, when an ideal gas of density pg, temperature 7 and pressure pg at rest
is compressed by a piston moving at constant speed v; a compression wave with
spatially constant values p1, T1, p1, v1 builds up which is separated from the undis-
turbed gas by a transition layer a few mean free path lengths thick. Such a structure
is called a shock wave (Fig. 2.8). It propagates with the shock velocity vy. For such a
discontinuity or transition layer to be stationary vy must be supersonic with respect
to the undisturbed medium, vy > s¢; otherwise a rarefaction wave would develop at
its front.

In a system moving with v, the shock wave is stationary and matter flows with
velocity up = —uvy into the discontinuity and streams out of it at the speed u; =
v] — vs. The two regions are connected by the continuity of mass, momentum and
energy flows. The latter are obtained by integrating the equations of motion in the
conservative form across the transition zone and by setting all partial derivatives
with respect to time to zero. Then, when # = 0, I = 0, g, = 0 the Rankine—
Hugoniot relations follow from (2.54), (2.77) and (2.79),
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Fig. 2.8 Shock wave driven by a piston moving at speed v; = const propagates with phase velocity
vy into an undisturbed gas at rest of density pp and temperature 7y

p1UL = POUO,

p1+ ,0114% = po + pou(z),

1 1
e+ 2 =g+ 24 i, (2.122)
p1 2 po 2

¢ is the internal energy per unit mass. On eliminating uq, u| from (2.122) one arrives
at the Hugoniot equation of state,

1 1 1
e1—eo==@Eo+p)|———]), (2.123)
2 po Pi

i.e., at the change a volume element undergoes from state pg, po, €0 to state
01, P1, €1 when crossing the shock front.

For an ideal gas, or dilute fully ionized plasma, from (2.122) one calculates the
following changes as functions of the Mach number M = vs/sg and y = y, = y;
in a straightforward way:

2 2
o P (y+1OM ; £=2yM +1—y (2.124)
po (y—DM>2+2" Tp (v + Dk
For M or the piston pressure p; tending to infinity the compression ratio « reaches
the asymptote k = (y + 1)/(y — 1). For a hot plasma this has the value 4. Owing
to the violent entropy production in the shock front, ¥ cannot exceed this limit, in
contrast to an adiabatic compression following (2.88) where k reaches arbitrarily
high values. A shock is given the name strong shock when k can be approximated
by k = (y +1)/(y — 1). Formally one arrives at this ratio by disregarding pq in the
Rankine-Hugoniot relations. As long as the width of the shock front is much smaller
than its curvature radius equations (2.122), (2.123), (2.124) are equally valid for
spherical shocks. This is not true in the center of a converging shock, where much
higher values of « are reached [92, 93]. When a second plane shock is superimposed
on the first one the overall compression is k = k1k>. However, as soon as their two
fronts merge a rarefaction wave starts from that point which causes « to be instan-
taneously reduced there to a value not exceeding the asymptote (y + 1)/(y — 1).



56 2 The Laser Plasma

Only in the presence of a cooling mechanism (e.g., ionization, radiation losses; see,
e.g., [94]) can a higher « be reached at the front.

It is useful and physically illuminating to deduce the balance equations (2.122)
in the lab frame. The amount of matter compressed per unit time is p; (vs — v1). The
overall force per unit area acting on an arbitrary volume which includes the shock
front is p; — po. This difference must be equal to the momentum change per unit
time Amv; = povsv1. In a strong shock this quantity is equated to p;. Finally, the
work done by two planes including the shock front per unit time and unit area is
p1v1. This leads to a change of kinetic and internal energy povs(e1 — &9 + v% /2).
Summarizing one obtains

povs = p1(vs — V1), Pl — Po = PoVsVI,

2
v
P1V1 = poUs (81 — &0+ %) . (2.125)
By changing to the relative speeds ug, u; system (2.122) follows. From the first
equation the relation between vy, vy and « is deduced,

V] = v (1 — l) . (2.126)

K

By a properly programmed piston which avoids intermediate shock formation
arbitrarily high density values are attainable. For plane geometry the situation is
sketched in Fig. 2.9. Infinite density is reached after t+ = t at position xq if the
piston (coordinate x,) of Fig. 2.8 moves according to

X0 ¢ £\ 2/ r+D
x,,(t):y_l y+1—2;—(y+1) 1—; ;o t<rt.

X, is obtained from the requirement that all characteristics vy + so (straight lines,
vy = Xp(#)) converge to the point (xo, 7). Generally, when a piston is not properly
timed some characteristics intersect earlier; from such intersections shock fronts
originate and concomitant entropy production opposing the compression sets in.
The plasma produced by laser breakdown at the surface of a solid acts like a semi-
transparent, very energetic piston. In Fig. 2.10 the dynamics of crater formation
and plasma outflow is simulated [95]. A laser beam of 10'> Wem™2 peak intensity
impinges on a hydrogen target. At the very beginning the target is transparent to
the laser light. After breakdown has occurred, the electron density n, soon reaches
values higher than the critical value n., given by (2.94), at its surface and stops
the beam there by metal-like reflection, as well as by collisional and resonance
absorption. The electron temperature rises to several keV and the plasma expands,
thereby enabling the beam to penetrate to deeper layers of matter which successively
undergo the same process of collisional ionization, heating and expansion. The hot
plasma acts like a semipermeable piston onto the target. As a consequence, a strong
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Fig. 2.9 Fast adiabatic compression in plane geometry. The piston starts from rest and its accel-
eration is so controlled that all Mach lines v + s starting from the face of the piston intersect
in the point (1,1). The numbers entered along the distance-time curve of the piston represent the
compression ratio k immediately in front of the piston

shock propagates at a typical speed of several 10’cm/s through the target (dark
semicircle in the figure), leaving behind a crater as depicted in Fig. 2.11. Most of
the matter removed has escaped by flowing out of the target more or less tangen-
tially to the shock wave, very similar to the fluid flow which originates from the
supersonic impact of a projectile on dense matter. Only a small fraction of the
matter removed is transformed into hot plasma. The tangential flow component
is also responsible for the reduced compression ratio of x = 2.8 in the shock of
Fig. 2.10, instead of k = 4. Only when the diameter of the laser beam is increased
by a factor 3-5 is k = 4 reproduced numerically. This is a general phenomenon
and occurs also in far more sophisticated numerical codes [14]. The correct value
is k = 4 because the one-dimensional Rankine-Hugoniot relations (2.122) apply.
Numerics cannot resolve the shock; it averages over an extended domain, in this
way producing lower values of compression. By spherically illuminating pellets of
several hundreds of wm in diameter lateral flow is avoided and all ablated matter
is transformed into hot plasma. The plasma outflow generates a strong spherically
converging compression wave. In this way compressions as high as k = 600 times
solid hydrogen density have been achieved with the GEKKO XII laser, with the
best result of k = 1000 [97-99]. Recently this value has been reconfirmed in direct
drive experiments with the Omega laser system at LLE, Rochester University (oral
announcement on IFSA2007, Kobe, Sept. 9-14).

An interesting variant of compression wave is represented by the collisionless
shock. At high laser intensity / 2 10'® Wem™2 the light pressure at the target
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Fig. 2.10 Laser-solid hydrogen target interaction at t = 0, 0.5, 1.2, 1.4, 1.7 and 2.0 ns. Laser
intensity / = 10'> Wem—2, beam radius = 4 cells, with intensity distribution as indicated, target
size =9 x 30 cells, critical density n. = no/10, ng = 5 x 1022 cm™3. Particle number per cell =49.
The shock width is due to numerical diffusion; in reality it is smaller by orders of magnitude

surface acts like an extremely energetic piston on the electrons into the direction of
the laser beam. The electrons are pushed into the dense target until an electrostatic
potential @ has built up in the ion layer remaining behind whose strength is capable
of fulfilling the steady state momentum equation with p; replaced by pje®/m;
in (2.122). Under idealized conditions the internal energy ¢ and the undisturbed
pressure po can be neglected so that the motion of the single particles is one-
dimensional with » = 1 degree of freedom. Hence y = 3 and the compression
becomes x = (y + 1)/(y — 1) = 2. It reveals once more that in order to reach high
compression in a plane shock y must come as close as possible to unity. However,
this is possible only in a system with a high effective number of degrees of freedom
r, as represented by complex molecules and cooling mechanisms (sink of energy
like ionization, diffusive and radiative heat conduction). Ponderomotive ion accel-
eration by relativistic laser pulses is a prominent example of collisionless shock
generation [100].

2.3 Laser Plasma Dynamics

In this section the dynamics of the hot laser plasma is treated. At moderate laser
intensities, / < 10"*Wcem™2, collisional ionization prevails over multiphoton ion-
ization as soon as a modest fraction of electrons has been set free. In the subse-
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Fig. 2.11 Crater produced in copper by a focused Nd laser beam of £ = 10J, T = 10 ns [96].
Ni-Layer is for protection only

quent heating process a plasma from low Z material can be considered as fully
ionized to a good approximation and the ionization energy can be disregarded in a
first approach. The dynamics of the plasma is then well described by the two-fluid
equations (2.65), (2.66), (2.67), (2.68) and (2.69), with the absorption coefficient
taken from (2.70). The latter relation is only true if, as we assume here, collisional
absorption dominates all other heating mechanisms. In simplifying (2.68) and (2.69)
one can go one step further by postulating 7; = T,, or alternatively 7; = 0 to
avoid the solution of the ion energy equation. But even then it is not possible to
solve the remaining three balance equations analytically in plane or spherical geom-
etry. The dynamics depends crucially on the time-dependence of the laser pulse.
If the laser intensity at the surface of a solid target rises nearly instantaneously,
say during a few ps, three different scales in time as well as in space have to be
distinguished:

First, due to violent ionization an overdense plasma of solid state density is
formed, the thickness of which is of the order of the skin depth §; = ¢/w, < Ang.

Secondly, an electron heat wave propagates into the undisturbed solid with a

front coordinate xr(t) = I(g/ ? (I > /cz,)l/ ?47/9. This formula is easily recovered
from dimensional considerations in analogy to (2.117). For t — 0, x7 tends to
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infinity which is characteristic of any continuum model of diffusion. From physical
considerations it is clear that the real maximum speed is X7 < Ve = Se.

In the third stage the plasma rarefies towards the vacuum with ion sound speed
s < s, and, as the front of the heat wave slows down according to X7 ~ 1729
shock wave propagating into the solid builds up as soon as x7 < %s is fulfilled
(see vp after (2.111)). From now on a significant amount of the absorbed laser
energy originally stored in the electron fluid is transformed into kinetic energy of
the plasma, i.e., of the ion fluid.

Owing to the complexity of laser induced plasma dynamics pure cases are of
particular interest. Therefore in the following, instantaneous heating by powerful
lasers in plane geometry, collisional heating and plasma expansion in plane and
spherical geometry with long laser pulses of moderate intensity, similarity solutions
as well as steady state plasma production are treated.

2.3.1 Plasma Production with Intense Short Pulses

With respect to the achievement of dense, high temperature plasmas the most eco-
nomic heating is realized when the energy input is so fast that the plasma is heated
before any appreciable motion sets in and hence all the absorbed energy is con-
verted into thermal energy. Let us assume that a laser pulse of sub-ns duration t
impinges onto the target. Let the absorbed energy per unit area, which is deposited
at the surface of the target, be gy = f ¢ ladt, 1, absorbed intensity. Then in plane
geometry, with 7, = T; = T the system (2.65), (2.66), (2.67), (2.68), and (2.69)
reduces to the heat diffusion equation (2.114) with « = 5/2. The specific heat per
unit volume is cy = 3no(Z + 1)kg/2. The temperature 7' (x, t) and its front x7 ()
are given by (2.117). The value of Ty/(T) = 1.223 shows that the temperature
profile is roughly approximated by a rectangle. In order to apply these results to
heating with ultrashort light pulses and to calculate the amount of heated matter we
keep in mind that the lifetime 7, of the solid state density plasma is approximately
determined by the rarefaction wave which travels with the isothermal sound velocity
s = +/(pe + pi)/po into the heated material. The heat wave stops when the edge of
the rarefaction wave reaches the front of the heat wave, i.e., when [101]

Tp
/ sdt = x7(1p).
0

This relation yields the following expressions for the lifetime 7, thickness of the
heated slab x7 (7)), and maximum temperature 7' (7)) at the instant t:

2 /8\? 9/4, — m$/4
— /45,=7/4 1/2 i 1/2
T, = 3 <9) A7 kg Ko o Z V2 1)7/4q0 , (2.127)



2.3 Laser Plasma Dynamics 61

2 (8\'? 7/6 1/3 m;’° 2/3
_ 32, - ;
X7 (tp) = 5(5) T A (2.128)
Tay=—2 (8 1/3A*3/2k1/%‘”3—zl/3(z+1)1/6 L 2129)
b CV)CT(TP) 9 B 70 m41/6 Qo - '

1

The constant A is given by (2.116). Note that 7'(t,,) does not depend on the initial
particle density ng and depends only weakly on the absorbed energy per unit area
qo- T (tp) represents an upper limit for the temperature since at the instant 7, a
considerable fraction of the energy is already converted into kinetic energy: if an
isothermal rarefaction wave is assumed (worst case) the ratio of kinetic energy to
thermal energy at the instant 7, is 2/3.

The above relations are valid for 7; = T,. For the other limiting case of cold
ions, T; = 0, one has merely to substitute Z + 1 by Z in (2.127), (2.128), and
(2.129). In reality the ions are expected to be heated to a certain degree since the
electron-ion relaxation time t,; = m;/2m,v,; can be shown to be of the same order
of magnitude as 7,. In fact, with the relation st, ~ xp & (k.7,/cy)!/? which
follows from (2.127), (2.128) and k. /cy = 3Acvs,e one obtains

1 k. 1
Ty N —= — = —
Prms2 ey 52

2
)\evth,e omi vth,e m; 1
T =5 T = Te-

3 ~ E 3Vei N 2me Ve

Therefore, when effects are calculated for which the ion temperature enters very
sensitively, e.g., neutron production, the ion temperature has to be evaluated accu-
rately [102, 103]. The expansion of the plasma into vacuum for times ¢ < 7, and
over distances Ax less than the focal radius are approximately described by the
plane rarefaction wave (2.110) or (2.111), respectively.

The foregoing model assumes 7 < 7). With long pulses it depends on the rise
time of the laser intensity whether or not a thermal or a shock wave develops ear-
lier. If the intensity rises too slowly heat conduction only influences the expanding
plasma and not the undisturbed or shocked solid. The problem was solved by Anisi-
mov [104]. Let the absorbed intensity /,(¢) be such that (T)varies as t*. Then

i = & (ars) s
whereas the rarefaction wave travels at the speed of sound s ~ (T)/? ~ /2,
Comparing the two speeds leads to distinguishing the following situations:

(a) A > % For a certain time 7, after the start of irradiation the sound velocity is
greater than the penetration velocity of the thermal wave. Thus the process of
plasma production at the beginning will be governed by the dynamics of plasma
expansion.

(b) » = %: Both velocities X7 and s obey the same power law. The dominating
energy transport mechanism, either mass flow or heat conduction, is determined
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by the coefficients A and B of the relations vy = Ar'/3 and s = Br'/3. If the
heat conduction is the dominating process (x7 > s), one can use the energy
equation for a stationary medium without motion to calculate the time variation
of the absorbed energy flux density @(¢). From [ (t) o d[x7(t){T (t))]/dt, it
follows that the dependence is linear, ,(¢) ~ t.

©) A < %: This is just the inverse case to (a). Up to a time 7, heat conduction
is the dominating energy transport mechanism. During this time the absorbed
radiation intensity varies as t* with @« < 1. The stationary heat wave (2.116)
with I, ~ 12/° belongs to this class.

The heat wave model was shown to be consistent with experiments performed
with 10 ps Nd laser pulses of intensities up to 3 x 10'> Wem™2 by Salzmann [105].
The measured electron temperatures in deuterium and carbon targets at 1J pulse
energy were 500 and 200 eV, respectively.

The model presented in this section is based on Spitzer—Braginskii’s thermal
conductivity following a power law k., ~ T [see (2.64)]. Subsequent to exper-
iments showing the failure of such a simple local law [106] an avalanche-like
enterprise started to investigate experimentally as well as theoretically phenom-
ena of heat flux inhibition, nonlocal and anomalous transport. Despite the enor-
mous effort concentrated on electron (and radiative) heat transport the problem is
still far from a satisfactory solution. To the reader who wishes a deeper insight
in what the current state of the art is may start from the review article by Bell
[107] and then consult more recent papers [108—113]. Perhaps only now with
the advent of greatly improved multidimensional particle-in-cell (PIC) and Vlasov
codes [114-118] is there a chance to come closer to a solution of this complex
problem.

2.3.1.1 Intense Sub-ps Pulses

At laser intensities of the order of 10!7Wcem™2 and higher collisional absorption is
no longer dominating. The interaction with solids and liquids becomes collision-
less latest when 7, exceeds 10 Z2 eV, Z average ion charge. The plasma formation
process is very fast (a few laser cycles) and is a competition between field ion-
ization (Chap. 7) and ionization by collisions. The final state is represented by a
highly overdense plasma of solid electron density. Only after 100 fs typical hydro-
dynamic expansion sets in. According to classical linear optics the plasma should
behave like an ideal mirror of 100% reflectivity. General physical intuition tells
that such ideal hypotheses have to be handled with care. In fact, early measure-
ments showed that 70-80% “collisionless” absorption and even more is possible
[119]. Soon after the experimental finding was qualitatively confirmed by computer
simulations [120]. Thus, production of dense, extremely hot plasmas of relativistic
electron temperatures is possible with ultrashort superintense laser pulses. However,
despite intense search for mechanisms leading to efficient collisionless absorption
over more than two decades, a satisfactory explanation of the underlying physical
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effects is available only since recently. The physics of these plasmas is the subject
of Chap. 8.

2.3.2 Heating with Long Pulses of Constant Intensity

In order to get a more detailed picture of the laser target interaction, the system
(2.65), (2.66), (2.67), (2.68), and (2.69) has been solved numerically in plane and
spherical geometry under the following conditions:

e The target material is solid hydrogen of particle density ny = 4.5 x 10?? and
initial temperatures T, = T; = 0;

e constant laser intensity / = I at Nd wavelength; the absorption is purely colli-
sional;

e total reflection at the critical point;

e heat conduction according to Spitzer—Braginskii, (2.64);

e absence of ponderomotive force, T = 0.

2.3.2.1 Compression Wave

The dynamics of the high-density region in plane geometry is shown in Fig. 2.12
for a 50 wm thick hydrogen foil irradiated by the laser intensity Ip = 10'> Wem™2
[44]. For simplicity, in this special case 7, = 7; = T is assumed. Starting from
a low initial concentration of free electrons, in less than 0.1 ns a strong absorbing
layer forms at the front. Owing to the high plasma pressure a shock builds up which
travels at 2.7 x 10° cms~! into the foil, reaching the rear surface in less than 2 ns.
Since the shock wave has to balance the momentum of the expanding plasma, and
the densities in the two regions are very different, only a small fraction of the laser
energy is transferred to the shock wave (in the present case 8%). Transfer of a large
energy fraction to the compressed phase is possible in gas targets, where the plasma
density is comparable to the density in the shocked material. The results of Fig. 2.12
were obtained by assuming the validity of the ideal gas law also for solid hydrogen.
This may not be unreasonable because it is a very soft material; at only 40 kbars it is
compressed by k = 2.7 [121]. For comparison, to reach a comparable compression
ratio of 2.2 in lead, 4 Mbars are needed.

As the amount of energy going into the shock wave is small and we are inter-
ested only in the properties of the hot plasma, the solid is treated as incompressible
in the following and the interest is concentrated entirely on the plasma properties.
Equations (2.65), (2.66), (2.67), (2.68), and (2.69) are solved in plane and spherical
geometry. In the spherical case the radius of the pellet is chosen as Ry = 100 wm. In
order to make the two cases comparable and to show better the influence of purely
geometrical effects, Ry is kept constant by introducing a self-consistent matter
source on the pellet surface which balances the amount of ablated material. The light
flux F in spherical geometry is chosen to produce the intensity Ip on the original
pellet surface, i.e., F = 4x R(z)lo.
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Fig. 2.12 Plane shock wave in a solid hydrogen foil (50 um thickness) at various times for a
laser intensity Ip = 10'> Wem™2. The shock velocity is 2.7 x 10 cms™!. Undisturbed foil above,
irradiated from the right [44]

2.3.2.2 Moderate Laser Intensity

A calculation was performed for solid deuterium with a laser intensity
Ip = 5 x 10 Wem™2 [122]. Results are shown in Fig. 2.13 for plane (upper
figure) and spherical geometry (lower figure) after 5 and 10 ns. The distributions of
the dynamical quantities n.(= n;), T,, T; and of I and F are plotted as a function
of x and r, respectively. Nearer the solid, the particle density drops rapidly and the
plasma streams out with velocities of the order of 10’cm/s. The incoming light
and that reflected from the critical point are absorbed according to Beer’s law and
heat the plasma to considerable electron and ion temperatures. In plane geometry
light is absorbed over a large distance on its way forward and backward so that
the fraction of reflected light is very low (<2%). In the spherical case the plasma
rarefies much more rapidly; accordingly, the absorption length is strongly reduced
and the reflection is high (55%). The temperatures are considerably lower in the
spherical case and the temperature maxima are shifted towards the target surface.
A comparison of the temperature profiles for 5 ns with those for 10 ns and their
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Fig. 2.13 Plasma production from solid deuterium in plane (upper) and spherical (lower) geometry
with a Nd laser intensity Iy = 5 x 102 Wem™2 after 5 and 10 ns. 7, electron density, 7, electron
temperature, T; ion temperature, / laser intensity, F = 4r21 laser flux. Laser pulse impinges
from the right. The ratio between thermal ion and electron energies in plane (spherical) geometry

18 0.62 (0.47) at 5 ns and 0.66 (0.51) at 10 ns

position as a function of » shows immediately that in spherical geometry the plasma

production process becomes stationary near the target.

The partition of the laser energy into internal and kinetic plasma energy strongly
depends on the geometry. In the plane case 43% of the absorbed energy is stored as
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thermal energy of the electrons and ions; this ratio remains approximately constant
in time. For the pellet a much more unfavorable ratio is expected. In fact, at 5 and
10ns only 25 and 15%, respectively of the absorbed energy is stored as thermal
energy. At the intensity under consideration the influence of heat conduction turned
out to be very small. Therefore matter is heated only in regions where light pen-
etrates, and the plasma density — with the exception of a very small region at the
target surface — is less than its critical value n..

2.3.2.3 Higher Laser Intensity

Corresponding calculations were performed with an intensity of /o = 10" Wem™2,
The results are shown in Fig. 2.14 at 2.5 and 5 ns after the start of irradiation.
In both geometries the electron temperature is 10 times higher, the ion tempera-
ture 4 times higher as compared with the previous case. At high temperatures the
plasma production process is determined by light absorption and heat conduction.
In contrast to light propagation, thermal diffusion is not limited by any cut-off
density, and a large overdense region (n, > 10*'cm™3) builds up in spherical
and especially in plane geometry. Whereas at low intensities its thickness is about
one wavelength and its structure is determined by light tunneling at the reflection
point, for intensities greater than about Iy = 10'> Wem™? its extension is given
by heat conduction. From the figure in plane geometry one can see that the over-
dense region is growing in time: at 5 ns two thirds of the plasma produced is
heated by thermal diffusion alone. In spherical geometry the heat conduction zone
is much smaller and becomes stationary. In the plane case the ratio of thermal to
total plasma energy is 47% at 5ns and increases very slowly with time. Although
heat conduction also plays a dominant role in spherical geometry, the partition of
thermal and kinetic energy at Iy = 10" Wem ™2 still favors the latter: at 2.5 ns only
23% and at 5ns not more than 16% of the absorbed radiation appears as thermal
energy.

With respect to laser light reflection we note that now, at the higher light inten-
sity, the absorbing region has much larger dimensions; nevertheless the reflection is
increased in both geometries as a result of the rise in the electron temperature (16
and 60 % reflection).

Beer’s law is a consequence of the WKB or optical approximation; it fails in the
vicinity of the reflection point. By solving the wave equation for Iy = 10'* Wem ™2
in plane geometry one finds that about 15% of the total absorbed energy goes into
the slab where the optical approximation breaks down; in the overdense region
only 5% is absorbed. At higher intensities the absorption behind the reflection
point is even lower because of the higher electron temperature. Thus the assump-
tion of reflection at the critical density may be considered as approximately cor-
rect for calculating the overall dynamic behavior. For considerations in detail see
Sect. 3.2.1.
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Fig. 2.14 Plasma production from solid deuterium in plane (upper figure) and spherical (lower
figure) geometry with a Nd laser intensity Iy = 5 x 101> Wem™2 after 2.5 and 5 ns. Symbols as
in Fig. 2.13. The ratio between thermal ion and electron energies in plane (spherical) geometry is
0.31 (0.10) at 2.5 ns and 0.32 (0.06) at 5 ns. The target is irradiated from the right

2.3.2.4 Multicomponent Plasma

As pointed out earlier, laser plasmas produced from high-Z elements represent mix-
tures of different ion charge states [123—126]. Such plasmas are of interest as sources
of highly stripped ions for accelerators [127]. Optical and mass-spectroscopic inves-
tigations of the expanding plasma cloud show that the more highlycharged the ions
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are the higher is their kinetic energy [128—133]. A first explanation of the energy
spectra was based on electrostatic acceleration [67, 129, 134]. In the hot plasma
cloud a quasi-static thermoelectric field E builds up according to (2.74) by which
the various groups of ions should be accelerated corresponding to their individual
charge state Z. As early as 1971 it was shown that in a fluid model 1% of the
actual friction force an ion feels in moving through the plasma cloud is already
able to inhibit ion separation [135]. Similar independent theoretical investigations a
decade later came to the same conclusion [136]. Meanwhile further investigations
indicate that the observed ion separation is presumably a consequence of recom-
bination [126, 137-139]. On such a background Kunz investigated the expansion
dynamics of a multicomponent laser plasma numerically by solving coupled rate
equations for a whole variety of ionization and recombination processes simultane-
ously with the expansion process [ 140]. Independently, similar dynamic calculations
were performed in great detail by Granse et al. [141]. Very satisfactory agreement
was found with the ion energy spectra most carefully measured by Dinger et al.
[131]. Subsequently Rupp and Rohr [142] performed detailed measurements of the
recombination dynamics of a plasma as a function of distance from the target. One
of the remarkable and basic aspects of these investigations is the important role that
reheating of the expanding plasma plays due to recombination: No charged particles
would reach the ion collectors if the plasma had cooled down adiabatically. The
sensitivity of the ion energies to reheating was shown also by an ingenious ana-
Iytical investigation [143]. Summarizing, it can be concluded that in the intensity
range I ~ 10'" — 103 Wem™2 the experimentally observed ion separation is very
likely to be based mainly on the phenomenon of recombination and that electrostatic
acceleration has to be excluded as predicted in the early stage of investigations on
this subject. Meanwhile detailed measurements exist on the ion velocity distribution
and anisotropy of kinetic ion temperature, angular emission distributions of neu-
trals and ions, and on the effect of recombination processes and ionization states
[144, 145]. Binary systems show no directional segregation. The neutrals dominate
at low laser intensities (I < 10'> Wem™2) and large distances from the target:
their kinetic energy is generally low and is smaller than that of the singly charged
ions. All measurements underline the importance of recombination (e.g. three body
recombination) up to distances of 1 m. The expansion dynamics shows also complex
structures, i.e., the formation of localized groups of ions propagating at different
velocities and densities. In such an environment groups of highly charged ions may
also survive [146, 147].

Ion separation is studied more recently with intense short laser pulses in
small liquid droplets and clusters. Here, the observed different energies of differ-
ently charged ions are generally attributed to thermoelectric acceleration. How-
ever, a quantitative proof has not been given yet. So, for instance in anal-
ogy to [135], the question of friction between the different ion species would
have to be clarified for the new parameters associated with plasmas gener-
ated by intense sub ps laser pulses. A kinetic Vlasov treatment of the parti-
cle dynamics during the adiabatic expansion of a plasma bunch is presented in
[148].



2.3 Laser Plasma Dynamics 69
2.3.3 Similarity Considerations

From a large number of computer runs with a systematic variation of the parame-
ters the functional dependence of all variables on these parameters can be obtained.
Such a procedure is generally time-consuming. Here dimensional analysis is much
superior. However, if this method is applied to system (2.65), (2.66), (2.67),
(2.68), and (2.69) as it stands, more than one dimensionless variable 7 is found
and the method is not conclusive. If instead 7; is assumed to be proportional to
T,, T; = &T,, heat conduction is neglected and the internal energy per unit mass
e = 3kp(ZT, + T;)/2m; is introduced the system reduces in plane geometry to

— 4+ —pv=0 (2.130)
X
—— —pe (2.131)

V— = —Ze— 4+ —1(x) (2.132)
x o p

,02 00
a=C—5, I(x)=Iyexp|— adx | . (2.133)
£3/2 ;

The initial values are Ip =0, v =0, ¢ =0, p = pg fort < 0and Ip = const > 0
for t > 0. A look at (2.130), (2.131), (2.132), and (2.133) and the boundary/initial
conditions reveals that p, v, & depend on Iy, C, x,t and pg. However, as long as
the average plasma density is much lower than pg, almost all energy is fed into the
plasma, only a small portion being coupled to the solid. The dependence on py is
weak and hence pg = oo can be set, so that pg is no longer a free variable [149].
The remaining dimensional matrix is given in Table 2.7. From this the existence of
one dimensionless variable 7 is deduced,

X

=\
C1/813/4t9/8

It is convenient to express all dimensional variables without using x; then they are
uniquely determined from the 7 -theorem as follows,

p =1y CnBR@)., v=1""Cn"Bvm),

e =1)2(COVAE@), 1(x) = IhJ (1),

and (2.130), (2.131), (2.132), and (2.133) reduces to a system of ordinary differential
equations (the prime corresponds to d/dr),
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Table 2.7 Dimensional matrix of rank » = 3 for (2.130), (2.131), (2.132), and (2.133) with

po = o0
Iy C X t

g 1 -2 0 0

cm 0 8 1 0

s -3 =3 0 1

(8V —97)R' +8RV' —3R =0

P 16 (RE)'
8—9— )V 4+ — 1=0
( V) T3y T
RJ

16
/ / o

0.

Instead of solving this system one can look at quantities not depending on x such
as the mean values (p), (v), (T.) ~ (€.) and the amount of ablated matter per unit
area [4(t), or at vmax () and T, max (). They cannot depend on 7 and are therefore
uniquely determined up to proportionality constants Ry, My, To,

(p) = R013/4(Ct)_3/8, o= Molol/zc_l/4t3/4,

(T) ~ Twax = Toly/>(C)V/4. (2.134)

These relations representing extremely useful formulae clearly show the power of
dimensional analysis. The connection between R, V, E, etc. and Ry, My, Tp, etc. is
found by integration, e.g.

o0

o oo
w(t) =/ pdx = 101/2c*1/4z3/4/ R(m)dm = My =/ Rdw. (2.135)
0 0 0

The amount of plasma produced is proportional to 73/# and hence the process does
not become stationary in one dimension. The physical reason is that with increasing
w(t) the radiation has to cross more absorbing plasma before reaching the solid.
From (2.134) the ratio of thermal to kinetic energy turns out to be time-independent,
in good agreement with the numerical results of the foregoing section. The same
holds for the coefficient R;, of the light reflected from the plasma; in fact

00 () p2
Rr =1—exp <—2/ adx> =1—exp <—2C/ de)
0 o &/

o0 RQ(TL’)
=1—exp (—2/(; E3T(n)dn) = const.

Under the above conditions of g, = 0 and 7; ~ T, the absorption in one dimension
is self-regulating. This was the starting point for Caruso and Gratton [149] who first
derived the relations (2.134) by using dimensional analysis. They also determined
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the constants Ry, M, Tp with the help of simple physical arguments. To be precise,
at finite Ry, Iy has to be replaced by the absorbed intensity I, = (1 — Rp)lp.
Considering (p(¢)) for early times where it exceeds the critical density p. it becomes
clear that R; depends also on p.. A look at Figs. 2.13 and 2.14 tells us that
at later times the dependence is weak in plane geometry. The variation may be
caused mainly by the missing proportionality between 7; and 7,. In order to test
(2.134) numerically 7; = T, = T was set and absorption was determined from
dIl/dx = —al without taking into account that the beam cannot propagate in the
overdense plasma; however, heat conduction was included. For solid hydrogen the
comparison is presented in Fig. 2.15a,b in the quantities u(t) and Tpax(t) in the
intensity interval Iy = 10" — 10'3 Wem™2 [44]. The agreement is more than sat-
isfactory. The constants Ty and M, can be determined from the figure. Formulas
(2.134) hold as long as the distance / from the plasma-vacuum boundary to the
shock front in the solid is less than the focal radius ro. For times 73 X ro/vw, [
certainly exceeds rp and the plasma dynamics becomes stationary. For this case
(2.134) transforms into the relations

(p) = Ro(Cro) 1o, = Mg g1,
(T) ~ Tnax = T§(Cro)° 1)7°, (2.136)

if ¢ is replaced by ro/ Tnlléi Alternatively one can write down the system (2.130),
(2.131), (2.132), and (2.133) in spherical geometry,
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Fig. 2.15 Comparison of T,k (a) and u(t) = pod (b) from (2.134) (dashed lines with the
numerical solution of (2.130), (2.131), (2.132), and (2.133) for solid hydrogen, completed by heat
conduction and ionization energy (solid lines). Missing dashed lines indicate coincidence with
numerical results. Deviations in (a) for Iy = 10'! Wem ™2 originate from ionization energy
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p 19
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v, 9 =0,
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The dynamics becomes stationary under the assumption pg = oo in a sphere of
initial radius rg. In this way the sphere becomes infinitely massive and its size rg
is not affected by ablation. It is further clear that p, &, v depend on C and Iy(rgp)
separately (with increasing C Tpax rises at constant Iy). The dimensional matrix is
given in Table 2.8. Its rank is r = 3. Iy, rg, C and ¢ can be combined to form the
dimensionless variable 71 = (rg / IgC U/ 9t which shows that Tpax, (T), {p), etc.
are not stationary in a rigorous sense. This is not surprising since the plasma-vacuum
interface is continuously increasing in size. Nevertheless it is easily seen in which
sense the plasma expansion comes arbitrarily close to a steady state. In fact, far out
in the “corona”, say at r = R, the flow becomes highly supersonic. If a sink is
applied there for the plasma such that p(R) = 0, the flow at r < R is not altered
since no signal reaches this region from outside, and for large R the contribution
of the region » > R to the absorption of laser radiation becomes arbitrarily small.
The overall effect of such a measure is that for rp < r < R the flow becomes
stationary after the time 7y >~ R/vmax. Then, combining Iy, ro and C to form the
dimensional quantities, (o), t, Tmax, (T) become unique and are given by (2.136).
The relations can be tested by the numerical results of Figs. 2.13 and 2.14. First of
all the building up of a steady state is well confirmed in spherical geometry; e.g., see
the constancy of the maxima of 7,, 7; and the fluxes F' and the linear increase of
w with time. For the ratio of T at [ = 5 % 102 Wem—2 and Iy = 1015 Wem—2
one obtains 9.6 from the similarity model (note that the absorbed intensities /, have
to be used). In the numerical calculation this ratio amounts to 8.2; hence, there is
satisfactory agreement. However, 1 (¢) does not scale according to p ~ I,ll /3 since
this quantity is very sensitive to heat conduction.

The dependence of the dynamic variables on laser wavelength A and charge num-
ber Z and ion mass m; enter only through the absorption constant C,

C~ 122z +8 P m 2,

Table 2.8 Dimensional matrix for plasma production from a sphere. Possible dimensionless vari-
ables are m| = (rg/IgC)l/9 t, m=r/rg
Iy 1o C

~

<}
3
(=)
—_
%)
- o O
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(see (2.30) and (2.31)). With the approximation Z 4+£& =~ Z follows in the plane case

_3/4.5-27/16...21/16 —1/25,-9/8 7/8
(,o)NA/Z/mi ,/,L’\’)»/Z/mi,

~7/8
i

(T) ~ A2 2% m
and in the spherical case
(p) ~ ju ~ A2BRZ3Pp 0 Ty ~ 3z T (2.137)

For fully stripped ions it may be assumed that m; ~ Z and the dependencies reduce
to

(p) ~ A3/ 738, o~ A—l2z-1/4, (T) ~ A1/271/4 (plane);
(p) ~p~Aa"2Rz713 Ty ~a¥°72%/°  (spherical). (2.138)

Numerical calculations give a detailed picture of the interaction and dynamics of a
specific set of parameters. Similarity solutions are much less accurate, but a better
overview and physical insight is gained from them. The functional dependencies
given here are useful for designing experiments. For a Nd laser their validity range
extends from Iy = 101 Wem™2 up to Iy ~ 10'* Wem™2. As already seen, for
some quantities the intensity interval extends even further. Strong thermal con-
duction puts a limit on the validity of (2.134) and (2.136). It is a general feature
of nonlinear processes that, in contrast to linear ones, each dynamical variable
obeys its own range. For some variables, for example ablation pressure or tem-
perature and density distributions in the overdense plasma, more refined models are
needed.

From the foregoing considerations the use of the w-theorem might appear more
or less mechanical. In situations not involving any approximations or simplifica-
tions this is the case. In (2.130), (2.131), (2.132), and (2.133) one could decide
for the cgs-Kelvin-system of units and for the particle density n = n; and the
temperature T = (ZT, + T;)/(Z + 1) instead of p and ¢. Then one has to deal
with

8n+ 0 0 dv (Z+1)kB1 0 T
—+ —nv=0, —=-— — — —nT,
at  ox dt m; n 0x

dT 2 _dv 2 o

— =—-T— 4+ - —F 1,

dt 3 9x 3kgn(Z+1

where « is C’Zznz/T3/2. The independent variables are Iy, C'/kg, kg/m;, x,
t; the rank of the dimensional matrix is r = 4. Ty for instance is therefore
uniquely determined, i.e., Tmax ~ Io/*(C'/kp)"/* (kg /m;)~3/3t~ /2. This differs
from (2.134) and shows the wrong dependence on C’ and ¢. Alternatively, the last
term in the third equation can equally well be written as ~ («/n)(ly/kp) and then
Io/ kg, C’, kg/m;, x, t appear to be independent variables. Since now no mass unit
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appears in Iy/ kg, C’ and kg/m; the rank of the matrix is r = 3 and nothing can be
concluded on how Tpyax depends on Iy/ kg, C’, kg/m; and t; only the contradiction
has disappeared. This digression illustrates that the use of the -theorem generally
requires physical intuition and it may stimulate the reader to find out the source of
the wrong dependence of Tinax given above.

2.4 Steady State Ablation

The knowledge of ablation pressure is important for calculating shock strength in
dense matter and investigating equations of state [150], foil acceleration [151] and
pellet compression for inertial confinement fusion (ICF) [11, 152, 153], and hole
boring in fast ignition [13]. Fast ablation of matter by powerful lasers or particle
beams, e.g., light or heavy ions, is one of the methods to create pressures in the
Megabar range [154]. Above a certain energy supply in solids and liquids a phase
transition occurs to the gaseous state; at even higher energies direct transforma-
tion of matter into the plasma state is achieved. Currently the highest pressures in
the laboratory are obtained by laser ablation. Already at comparatively low laser
pulse energies pressures up to 50 Mbars were measured in shock waves launched
in solid foils by direct irradiation [155, 151]. By using ultrashort laser pulses their
energy content can be significantly reduced, e.g., a 120 fs pulse of only 30 mJ was
able to produce a 3 Mbar shock [156]. Higher pressures were reported in impact
experiments using laser-accelerated foils [157, 158]. In numerical simulations of
laser-accelerated colliding foils the calculated pressure maxima reached up to 2
Gbar [159], and from experiments the authors concluded that shock pressures over
400 Mbar are achievable [160]. More recently 750 Mbar planar shocks in gold tar-
get foils impacted by X-ray driven gold flyer foils were measured by Cauble et al.
[161]. Much higher pressures are achievable in converging shocks, as for example
11 Gbar in a laser pellet compression experiment [162]. Intense shock generation
represents an extremely significant tool to study equations of state of hot dense
matter in radiation physics and astrophysics. For such purposes the shock front has
to be planar. The best quality in this respect up to now was obtained by matter
ablation induced by thermal radiation from laser heated hohlraums [163, 164]. As
the laser beam smoothing technique has gradually improved, shock generation by
direct laser drive has gained increasing attention and is now being used with growing
success [165-167]. In this way the unavoidable losses of pressure in indirect drive
are bypassed. For such reasons and for inertial confinement fusion (ICF) research
(pellet compression and spark ignition [168—171]) ablative pressure generation
by laser has repeatedly attracted the interest of numerous theoreticians for many
years.

The gas dynamic aspect of ablation pressure was studied in great detail in 1D
models and with two-dimensional corrections, taking also anomalous heat conduc-
tion and fast electron production into account [168]. There are two situations acces-
sible to an analytic treatment: sudden impact heating before hydrodynamic motion
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sets in, and the opposite case, i.e., after a steady state has developed. When the flow
of the ablated material is quasi-stationary the ablation pressure is easily estimated
if the Mach number M is known at one fixed density value. In laser heating such
a natural fixed point is the critical density as soon as collisional absorption in the
lower density plasma weakens and resonance absorption starts to dominate. For this
reason in a number of papers the problem of the critical Mach number, i.e., the Mach
number at this point, was investigated in plane and spherical flows [154, 172-178]
Several arguments were used, in plane and spherical geometry, to show that the
Jouget point, that is M = 1, is located at the critical point or in the overdense region
[175]. The analysis of spherical flow is rendered more difficult by the appearance of
a characteristic radius as a new parameter. Gitomer et al. [174] solved the problem
for high laser flux densities by the guidance of numerical calculations and obtained
simple expressions for the ablation pressure. They also showed that in spherical
geometry the mass flow at the critical point can be either subsonic or supersonic
depending on the limitation of heat flux ¢q,.

At the moment there is no universally accepted ablation pressure model. There
are contradictions in details between the various models themselves and between
the models and the experiments. In some experiments agreement was found more
or less with a whole class of simple theoretical pictures but not with those which
are believed to be particularly accurate [179]. In the following the basic aspects
of steady state laser-matter interaction also for laser intensities at which heat con-
duction dominates, are elaborated, and a simple model for the ablation pressure is
presented. To the reader wishing to go more into detail at moderate laser intensi-
ties [151, 168, 177, 180] are particularly recommended. There exists a consider-
able amount of published material on ablation pressure; nevertheless the degree
of apparent contradictions and confusion is very high. In order to contribute to
clarification, in the following sections steady state onedimensional models, plane
and spherical, are developed. Thereby the effect of heat flow supplied to the
expanding corona, hitherto overlooked, is included and the basic gasdynamic rela-
tions which hold with certainty once well-defined conditions are fulfilled, are
elaborated.

2.4.1 The Critical Mach Number in a Stationary Planar Flow

First we study the plane 1D model. When a target with an initially flat surface is
heated, the flow of evaporated matter is planar near the solid—gas or solid—plasma
interface. As the distance increases the flow pattern becomes more and more diver-
gent creating in this way a zone of a stationary flow field in front of the interface.
The temperature increases from a low value in the target, reaches a maximum some-
where in the stationary zone and then decays because of cooling due to expansion
(Fig. 2.16). Let us assume that the ablated gas or plasma follows a polytropic equa-
tion of state of the form pp~ = const, y = const, so that the sound velocity s
is given by (2.100) with k, = 0. In the isothermal case (infinite heat conduction)
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Ye = ¥; = Yy = 1. Mass and momentum flow in the stationary zone are governed
by pv = const and, neglecting ponderomotive forces,

5 9 P 5 1
ax(,ov +p) pUg- <v+pv> pvaxs< +yM> ( )

The momentum equation tells that
P, = p + pv? (2.140)

is invariant throughout the stationary flow region and represents the true ablation
pressure. Differentiating the last expression of (2.139) leads to the relation

My I8 (- L) LM (2.141)
yM) s dx yM) M ax '

From this we conclude that at the position x,, of the maximum of temperature or
sound speed

M=— (2.142)

Y
holds. The proof is as follows. As one moves from the target to the vacuum M
increases from M <« 1to M = oo. Let x); be the smallest value at which (2.142)
holds. xjp; < x,, is not possible because the derivative of s is positive (for instance,
there is no saddle point in s for x < x,,). If xpy > x,, holds, ds/dx must again
be zero there. This implies either x3; = x,,, or M /dx = 0 at x,,, respectively. In

T
M stationary
target flow zone /,__.---"M
divergent
WY —— flow

Xm X

Fig. 2.16 Steady state 1D model. Distributions of temperature 7', sound speed s and Mach num-
ber M = v/s in a typical ablation flow into vacuum. /, absorbed laser flux, ¢;, ¢, heat fluxes;
absorption region dashed
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o/e,
34

Fig. 2.17 (a): Steady state plane ablation. Energy input at p./pp = 0.2. M, = /1/y is exactly
confirmed for y = 5/3. M, does not depend on the value of p.; heat conduction according (2.64)
is included. (b): Plane nonsteady ablation due to energy deposition at x. (50%) as well as in the
ablated plasma. M. = 0.44. The inhomogeneity of the compressed matter is due to decrease of
P, () (see also Fig. 2.12)

the latter case differentiating (2.139) once more leads to the following relation at
X = Xm,

M+1 132S+S M ! 82M—O (2.143)
yM) s ax2 M yM) ax2 7 '

from which owing to 82s/3x2 < 0 also 82M/3x2 < 0, 1.e., v = max follows.
But this is in contradiction to the physical assumption of the existence of only one
maximum in 7. In addition, (2.143) shows that x = x,, cannot be a saddle point
for M.

P, can now be calculated from (2.140) if s and p are known at x,,. With res-
onance absorption dominating over collisional absorption (see Chap.3), e.g., at
1A% Z 1013 Wem—2pm?, the energy deposition zone becomes centered around the
critical point x = x, in a narrow region. Furthermore, in numerous experiments ¢,
seemed to be bounded by a limit considerably lower than the classical value (2.64)
(“heat flux inhibition” [151, 177]). This situation implies that x,, lies close to x.
and that the heat front x7 is sufficiently close to x,, to guarantee the flow to be
approximately planar in between. To prove numerically whether in this case (2.142)
is fulfilled or not the fully time dependent initial value problem of target irradia-
tion by a laser pulse of constant intensity was solved. The energy was deposited
in a narrow zone around x. and, in order to simulate the divergent flow, p was set
equal to zero far out in the supersonic region. As Fig. 2.17a shows, the relation
M. = 1//y = /3/5 = 0.774 is extremely well fulfilled. This is even more
surprising if one takes into account that the maximum in 7 is very flat. A completely
different picture with M. <« 1/,/y is obtained when half of the incoming laser flux
is deposited to the right of x. (Fig. 2.17b). However, M ~ 1/,/y is again reached
at the maximum of 7 which is now located far away from the critical point, outside
the picture.

Several arguments have been given in the past to show that M. = 1 should hold.
It is evident from the analysis presented here that the validity of those arguments is
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questionable for y # 1. It becomes further clear that a supersonic stationary flow
at x. [175] can only be due to deviations from plane geometry (e.g., divergence
effects) regardless of how strong the heat flux in the overdense region is. In an
unsteady flow such a restriction does not hold owing to the presence of additional,
i.e., inertial terms.

So far exact relations for M have been obtained in plane geometry if the flow
is of hydrodynamic character. For a gas target this is always the case, even at arbi-
trarily low energy flux densities, as soon as the mean free path is small compared
to the target dimensions, and the Mach number at T = Tyax is 1/,/y. The situa-
tion changes drastically when the cohesive forces, i.e., the sublimation heat of the
target material, become high. There is an energy regime in which the evaporated
material is almost collision-free. Then the situation can be described by introducing
the potential barrier U representing the sublimation energy per particle. Inside the
solid the probability of the particle energies is given by the canonical distribution.
When crossing the barrier U the molecules or atoms undergo a sufficient number
of collisions to become Maxwellian so that just above the surface their distribution
function is

3/2
fotny =2 (S) exp [—ﬂ (2% + vz)] . B=m/2kgT.

Therefrom the free streaming velocity v = v, results,

f vy fdv B 172 /OO gy kgT 172
v [ fdv T 0 ox€ ox 2mm ( )

which is smaller by the factor (677)!/> = 4.3 than the thermal velocity vy, =

(3kgT/m)'/?. The density undergoes a discontinuous transition from ng to
~U/ksT
noe .

2.4.2 Ablative Laser Intensity

In general the energy supplied to the target may be deposited over a wide region in
space as, for instance, is the case of collisionally absorbed short wavelength radi-
ation. However, the opposite situation of Fig. 2.16 in which the energy absorption
zone is centered in a narrow region of density as assumed here, is of particular
relevance for heating by strong laser pulses, in some deflagrations, and detonations
[181]. In such cases the deposited energy flux density I, may be thought of as
deposited locally and split into the two heat fluxes ¢; and g, to the left and to the
right , as indicated in Fig. 2.16. In this model the slope of T is discontinuous at
Xm 1n order to satisfy g = «(0T/0x)y, and g, = —k (3T /dx)y,,. qi covers the
convection of enthalpy plus kinetic energy of the ablated material whereas g, goes
entirely into expansion work of the outflowing matter [173] and does not contribute
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to the ablation pressure. The energy balance for the steady state is as follows,

v2

7>+qe+Pav1, w=6+£+§. (2.145)

(’Ilzla_Qerv(w+
¢ is the internal energy per unit mass and o represents the heat of evaporation
and/or ionization. The term p/p provides for the work done by the outflowing mat-
ter against the rarefying plasma in front of it. The quantity ¢, is the longitudinal
and transversal heat flux into the target which is not converted into steady state
plasma outflow; P,v; accounts for the work done by the laser to generate the shock
wave traveling into the overdense material at shock speed vy and matter velocity v .
To evaluate the ablation pressure g, is needed. In one-dimensional flow an upper
limit for it is given by (2.112), g, = ps|y=y, (isothermal case, y = 1). Itis a
good approximation at high electron temperature over a wide range in space. In the
simplest case of T; = 0, ¢ = 3p/2p, negligible ionization energy, and g, = 0,
P,v1 = 0 (moderate laser flux), one has

p v
I,=pv e+ —+—
P 2

and hence, the maximum of the ratio of heat fluxes is ¢, /q; = 1/3. It indicates that
qr, in contrast to the common practice, should not be neglected. g, is zero only when
y is identical with the adiabatic exponent.

The actual divergent flow in the outer corona leading to stationary conditions may
be approximated by a spherical isothermal rarefaction wave which is the solution of
8,pr*v = 0and 3,v2/2 = —s20,p/p:

+qr = 4[(),,15317 qr = 3pmsr3n’ (2.146)

Xm

p = poe_(vz_“g))/zsz, r? = rgﬂe(vz_vg)/zsz. (2.147)
v

The maximum heat flux density ¢, is calculated analogously to (2.112) with the
identifications vo = §, o = Pm»

00 2 2
. %8— r v)dr—,o s%e 1ﬂ/yqexp(—(?) )vdexp(%)

= Vaepus® [ e Vi T e
— gy = epms { e ! du}
/1/ N \/_6 /2

_ 3 mwe\1/2 1 _ 3
= pmS {l + (7) |:1 —erf <ﬁ>]} = 1.650ms". (2.148)

It is higher by the factor 1.65 than for planar flow.

The choice of the integration constants vg, po needs a short explanation. At
X = Xy, v is equal to the speed of sound for y = 1; however the flow pattern,
rather than being radial, looks as sketched in Fig. 2.18a for planar and Fig. 2.18b for



80 2 The Laser Plasma

(a) (b)
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Fig. 2.18 (a): Streamlines originating from a plane target [182]; (b): PIC calculation with regular
injection of particles with the parameters of Fig. 2.10 [95]. Close to the shock streamlines follow
the dots of the mass points

concave targets; it is radial only for uniform illumination of spherical targets, e.g.
fusion pellets. Nevertheless, the heat flux ¢ ,d ¥ through any surface element d ¥ on
Y (M =1) is the same as for radial flow, provided ¢, also follows the streamlines.
In fact, under the condition pvd¥ = u = const. along a streamline, Bernoulli’s
equation follows from (2.79)

2
e+ L + v + qr = const. (2.149)
P2
For T = const it simplifies to
v g
— + == = const’. (2.150)
2 pn

Since somewhere outside the target the flow becomes spherical this relation shows
that ¢, through X (M = 1) is the same for all flow patterns owing to v> = s there
and p = const along a flux tube. The assumption ¢, || v is reasonable in the vicinity
of the axis in many experiments for most of the interaction time. However, strong
lateral heat flow would invalidate (2.148). In particle-in-cell (PIC) calculations with
T; = T, = T, for instance, the fraction of energy taken by ¢, in the early stage of
interaction could amount to 70% of the incident laser energy at I = 10> Wem ™2
[95]; at later stages, when a large plasma cloud has formed this fraction reduced to
an asymptotic value g, /1, ~ 20-25%. From (2.148) the ratio ¢, /I, = 1.65/(3 +
2+4+1/2+1.65) = 23% is obtained. At such high laser intensities it is more realistic
to assume 7; = 0 (see Fig. 2.13). Then, from (2.148) g, /q; = 0.55 follows. This
shows once more that ¢, should not be neglected.

The question arises whether the assumption of a steady state is a realistic hypoth-
esis. As far as the overdense (ablative) region is concerned it is reasonable (for a
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detailed discussion see the instructive comments in [183, 184] and the references
therein). For the underdense corona a more accurate evaluation of ¢, may be based
on an interesting discovery by Schmalz and Eidmann ([185] and Fig. 2.19): The
isothermal plasma ablation from a sphere of constant radius ry fills the surrounding
space according to a stationary rarefaction wave (2.147) and then suddenly, at ¢ = ¢
passes over into a time-dependent solution of nearly linear velocity and nearly expo-
nential density distribution in space which is well approximated by the isothermal
similarity solution [185, 186]

p(r, 1) = poexp (-ﬁﬂ>, v =V3s+ 0 (2151
s(t — to) t—1o

By equating v(r) of the two distributions with #yp = 0, r(#p) = r¢, one obtains

,Z__;L__{(ﬂgbﬁéﬁ—%vmz_l},
v—\/gs v

or v(t) which, inserted in (2.147), yields the location of the junction ry. The radial
heat flux density g, is obtained from

o = f (o /P v) + / (pu/ P v),

where the indices s and u refer to the steady and unsteady state profiles (2.147) and
(2.151), respectively. Breaking up of the stationary solution is also observable in the
numerical solutions of Figs. 2.13 and 2.14, spherical cases.

10

t=1 2 3 [ 6

\
steady state

0 : :
o %24 20 r 30

Fig. 2.19 Numerical solution of stationary spherical isothermal plasma expansion [185]. Normal-
ized velocities and densities over radius r for different normalized times. The stationary solution
changes into a self-similar one at r = r(ty)
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2.4.3 Ablation Pressure in the Absence of Profile Steepening

The pressure arising from mass ablation P, can be determined from (2.140) and
(2.145) provided the flow velocity is measured in a reference system in which the
ablation region is stationary. In a strict sense this means an inertial frame in which
the ablation front stays in a fixed position. For thick targets such a requirement is
generally fulfilled to a good approximation. Thin targets undergo an accelerated
motion like a rocket as soon as the first shock wave has moved through. Here the
correct reference system has to be readjusted at each instant of time; it is a tangent
inertial frame. For evaluating P,, in principle, an arbitrary point can be chosen in
the steady state region. However, since v is known only at x,,, this point plays a
special role. Neglecting ionization and setting g, = 0, (2.145) becomes there

3y -1 3 . 3
qr = mpmsm for y#1;, q =3pms, for y=1

Elimination of s, from these expressions and from (2.145) leads to

_ 2(y = D 2/3 1/3 2/3 .
P”_z[—(3y—1):| Iy —qr) for y #1;

1/3

T3P (I, — g3 for y=1. (2.152)

Py =

Specifying for planar isothermal heat flow, (2.112) leads to

2 173,23 13 12/3,
P, = 42/3;),,,/ 123 =07900° 123, y=1. (2.153)
For the spherical case, using (2.148) for g,, yields
2 1/3,2/3 1/32/3,
Py = 4.652/3/)"/ 2P —0mplPi2?, =1 (2.154)

If g, is set equal to zero the numerical factor for the isothermal ablation pressure is
2/3%/3 = 0.96, i.e., 33% higher.

So far formulas for the ablation pressure have been derived for laser pulses
of constant absorbed intensity 7, (i) under the assumptions of stationary plasma
outflow (ii), plane flow in the overdense region (iii), no lateral heat flow in the
underdense corona (iv) and narrow absorption region around the critical point (V).
If the latter condition is satisfied and ponderomotive effects are very small, i.e.,
(|x|/IVp| < 1), py can be identified with the critical density p., and hence P,
scales with the laser wavelength and absorbed intensity as P, ~ (I,/1)*/3.

To compare P, deduced here with the experiment for irradiances /A% 2 103
Wem™2, ponderomotive effects have to be included. They help to keep the plasma
flow one-dimensional in the absorption region owing to density profile steepening
[condition (v)] but they also shift the point of critical Mach number M = 1/,/y
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into the underdense region. Radiation pressure supported and dominated plasma
flow will be treated in Chap. 5. It will be shown that profile steepening takes already
place at radiation pressures as low as a few percent of P,.

At interaction times on the ns time scale crater formation takes place and the
steady state overall flow is two-dimensional (2D). P, can be calculated in a narrow
cylinder on the axis of radius r and length /. Due to profile steepening holds [ < A.
Taking radial flow v, into account mass conservation requires

d 10
V(pv) = a(ﬂv) + ;E(F,Ovr) = 0.

Regularity of flow on the axis implies v, = ar, o = const for r/rg < 1, ro radius
of the laser beam. Then o >~ v/ry (confirmed by 2D simulations). Thus, the mass
flow through a narrow cylinder is one-dimensional, since with A /ry < 1 holds

A
o [rzv + 2rxvr} ~ TPV {r2 + 2—r2} ~ nrzpv,
ro

and the foregoing 1D formulas apply. Equation (2.141) is a special form of the
generalized Bernoulli equation if d/dx is interpreted as derivative along a stream
line. In fact, the stationary momentum equation reads

2
p(vV)v+Vp=pV<%+ps2>—pvaxv:O.

On integrating along a streamline the term containing the curl of v vanishes and
hence the generalized Bernoulli equation in its differential form results,

2
1
d> 4 Zd(ps?) =0.
2 p

Taken along the axis this is identical with (2.139) and (2.141) under the condition
pv = const since dv?/2 = vdv = p~ ' dp v>.

In the absence of ponderomotive effects the time t; for P, to become stationary
is given by the ratio of focal radius rg to thermal velocity vy, Ty =~ ro/vw. In the
long pulse regime with Iy ~ 10'* Wem™2 a typical figure would then be 7, =
5% 1073em/(5 x 10’cm~'s~1) = 100 ps. However this is certainly too pessimistic.
From IpA? Z 1013 Wem™2um? profile steepening and electronic or radiative heat
conduction will be significant and ro has to be replaced by the smaller of the two
characteristic lengths associated with these phenomena. For profile steepening this
is the vacuum laser wavelength A. The thickness d of the overdense conduction zone
is much harder to determine owing to nonlocal heat transport [107]; however d < rg
and in most cases even d < rp, may hold.

The first difficulty with a quantitative comparison of experiments with P, given
here is that there is no measurement with constant intensity; instead, the laser pulse
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. . . ~ 2.2
can be approximated by a Gaussian time dependence, I, = Ie~¢~%)"/7"_ Under the
assumption of a quasi-steady state the average ablation pressure P, measured in the
experiments results as

. 12/3 —+00 2/3 3 1/2
Py =all’ = f (=) ar = (5) a(l)?”, (155)
—00

T

thus showing that the power of I, is preserved and only the numerical factor is
increased by (3/2)'/2. In experiments which are believed to be performed under
steady state conditions, exponents lower than 2/3 are found, e.g., between 0.5 and
2/3. In a few cases however, a slope of 2/3 was seen (see [187], Fig. 10). The rea-
sons for the discrepancy may be manifold: lateral heat flow, change of irradiation
geometry during interaction at high intensities, quasi-steady state not well reached,
anomalous transport and nonlocal laser energy deposition. When collisional absorp-
tion dominates, the critical density no longer plays its predominant role and the
ablation pressure should follow the similarity laws (2.137) or (2.138), respectively,
for spherical geometry (see also [188]),

Py ~ (pkpT) ~ (p)(T) ~ A~2/°1]/ = )~0222]078 (2.156)

Gupta et al. [189] measured P, produced by a 2 ns KrF laser pulse in the intensity
range 10'" — 103 Wem™2. Their result of P, ~ 7(0'66_0'84)

indicated by (2.156). A similar scaling, i.e., P, ~ I , was found by Grun et al.
[179] with 4 ns Nd laser pulse in the 1nten51ty range 1011 3% 103 Wem2. Pa Todine
agrees well with Pa Nd, Whereas Pa KrF 18 2.5 times as high [49, 151]. For a more
detailed discussion see Chap. 5.

An alternative way to generate high pressure which is accessible to an analytical
treatment is by impulsive loading. Suppose the laser pulse energy E is given. In view
of the high pressure generation the question of the optimum pulse length is relevant.
In general this is a complex problem. A partial answer can be given in the sense
that the pressure ratio is between impulsive loading P; and the steady state case of
P,. For this purpose we observe that the shock wave cannot evolve before the heat
diffusion speed x7 [see, e.g., (2.117)] has slowed down to the ion sound speed s.
This means that the comparison of pressures has to be made at the time 7, given by
(2.127). Then the lowest value of P; is determined at the edge of the rarefaction wave
where v = 0 holds; hence P; > (Z + 1)nokgT (z)), whereas P, < p,, + pmsi

confirms the trend

On approximating p,, by p. the inequality P, < n, (1 + %) kT (tp) <1 +
results and hence, the ratio P;/ P, fulfills

)

P.
Pl N7 mo (2.157)
Pe =T+ g7 ne

Generally this ratio is much larger than unity.
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Chapter 3
Laser Light Propagation and Collisional
Absorption

By absorption of electromagnetic radiation we understand the destruction of a cer-
tain number of photons and the creation of other forms of energy of the same
amount, e.g., plasmons, phonons, accelerated and heated particles. In the language
of second quantization the absorption operator reads b a (a annihilation operator,
b™ creation operator); absorption occurs when its expectation value is nonzero. We
call the absorption process collisional or inverse bremsstrahlung if the transforma-
tion of photon energy is due to the Coulomb field of single particles, in contrast
to collective or collisionless absorption which is due to the resonant interaction
with collective fields. There is a clear distinction between collisional and collective:
collective interaction depends on one space variable only whereas collisional inter-
action needs at least two space variables. An example of collisional absorption is the
excitation of plasmons by the plasma ions in a cold electron fluid oscillating in an
intense laser field and their subsequent damping by breaking, particle acceleration,
Landau mechanism and/or collisions.

In the second part of this chapter various models of collisional absorption are
presented. First the electron-ion collision frequency is derived from a harmonic
oscillator model for a unidirectional particle beam; subsequently the dielectric the-
ory of absorption at finite electron temperature is presented. Here the electrons
are treated as a fluid collectively reacting to the electric field of a moving ion. In
the ballistic model, introduced next, a friction coefficient is determined from the
momentum loss in flow direction due to electron-ion scattering events. The dielec-
tric model is able to describe small angle deflections along nearly straight orbits and
screening; the ballistic model adapts equally well to large angle scattering events and
bent trajectories. However, screening must be introduced separately. To some extent
the two models are complementary to each other. In the weakly coupled plasma they
will be shown to lead to identical results.

At a first glance, collisional absorption seems to be the best understood dissipa-
tion process. Closer inspection, however, shows that this is not always true for laser
plasmas. For instance, there is much uncertainty about screening and the Coulomb
logarithm at high electron densities and large laser intensities. The oscillator model
provides some insight into the physics of self-consistent cutoffs for the various
plasma density domains. Also attention has to be paid to the effect of distortions
of a Maxwellian velocity distribution and the role of electron—electron collisions

P. Mulser, D. Bauer, High Power Laser—Matter Interaction, STMP 238, 91-152, 91
DOI 10.1007/978-3-540-46065-7_3, © Springer-Verlag Berlin Heidelberg 2010
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on v. Finally the equivalence of inverse bremsstrahlung and collisional absorption is
demonstrated as this illustrates an interesting piece of radiation physics at moderate
laser intensities (/1% < 1010 Wcm_zumz).

3.1 The Optical Approximation

All linear as well as nonlinear optics is governed by Maxwell’s equations,

) ) B}
EQCZVXB:_]—FSOEE, VxE:—EB. (3.1)

Classically, the electric current density j is given by j = —en.v, + Zen;v;; in
quantum plasmas v, and v; have to be substituted by the single-particle momentum
operators per unit mass p,/m, p;/m;.Inboth cases the relation between j and the
polarization P is given by [1]

o9
J=§P+VX(PX%), P=p.+p: (3.2)

This relation can be regarded either as the definition of j or of P. Traditionally,
for plasmas, one prefers to represent all free and dielectric currents by j, instead of
using P; but this of course is a pure convention. By eliminating B, (3.1) reduces to
the wave equation

VxVxEs L XL (3.3)
x V x - —E=- —. .
2 9r? goc? Ot

In the following all considerations are limited to the classical expression for j. For
high frequency oscillations it reduces to j = —en,v, since in this case the ion
motion can be neglected. In an unmagnetized plasma of equilibrium density ng the

current density may be obtained from the momentum equation of the electronic fluid
of system (2.65), (2.66), (2.67), (2.68), and (2.69) in a straightforward manner:

aJj 2 2 .
3 = sowa —&0s, V(VE) —vj —
2

i x B+ (e —no)E — (jV)v, — ve(V)). (3.4)
m m

v is a linear collisional or noncollisional damping coefficient. Under the additional
constraint of the oscillation amplitudes Se being small compared with the wave-
length A, as well as compared with the plasma density scale length L = ng/|Vno|,
ie., |<§g| < L, A, aplasma frequency w, = (11()e2/8()m)1/2 is defined locally and no
higher harmonics of the laser frequency w have to be considered in (3.4). Thus, if
the flow velocity is vo(x) and j = j,, = —eno(v, — vg) Ohm’s law can be written
as follows:
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aj .. .
a_i = e0wy(E 4+ vo x B) — £0s;V(VE) —vj — (jV)vg — v(Vj).  (3.5)

With the help of the quantities ko = w/c, B = se/c, Vv, = ¢? for phase and
group velocities of the electromagnetic and v,v, = sZ for the electrostatic wave
one easily estimates

2 . 2
s2V(VE) (JV)vo v B
“ =Y k)’ ||~
wrE cos;V(VE) ¢ koL(kip)
Vi
W) | ¥ (3.6)
e0s2V(VE)| ~ v,

As a consequence, plasma flow is generally irrelevant in laser plasma optics and one
may set vp = 0. Then, for a wave of frequency w, (3.3) reduces to the wave equation
of linear optics,

V xV x E—kin*E = p*V(VE), (3.7)
where the refractive index 5 is given by

2
1) 1
2 )4 .
-1--2 -
7 ®? 14+ 1v2/a? :

v a)i 1 (3.8)
o o 14+v2/w? '
E + vy x B is the electric field seen by an observer comoving nonrelativistically
with the plasma. The nonlinear terms of (3.4) which are dropped in (3.7) give rise
to the ponderomotive force and most of nonlinear optics phenomena encountered in
laser plasmas (see Chaps. 5 and 6).

3.1.1 Ray Equations
For moderate density inhomogeneities the local wavelength A(x) satisfies the

inequality A(x) < L(x) nearly everywhere and the electric field is expressed by
the eikonal approximation

E(x,1) = E(x, )eV™D, (3.9)

in which E (x, 1) and Vi (x, 1) are slowly varying functions of space and time (see
for instance Sect. 7.7 in [2]). E and ¢ are called the amplitude and phase of the
wave. The local wave vector and frequency are defined as

9
k=YY, w=-_y. (3.10)
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Starting from (3.3) and (3.5) with vg = 0, and keeping only the leading terms in the
derivatives of E(x,t) and j(x, r) one arrives again at (3.7) and from there at

(VY)2E — VY (EVY) + B*VY(EVY) = kin’E

in a straightforward way. By splitting E into E | + E | with respect to the wave vec-
tor k = Vi, the two eikonal and dispersion relations follow for the electromagnetic
and the electrostatic components,

w
Er: (V)P =kgn', o' =w,+ k2 ko=_. k=kon,

Ej: (VY =kp"" o=, +sk: ke=kpl. (3.11)
Here and in the rest of this section we take v = 0. Then, the refractive index
N = C/Vpem OF ] = S¢/Vgy es, TESPECtively, is the same for both waves and, in an
isothermal plasma, both propagate along identical trajectories. These trajectories or
rays are orthogonal to the surfaces of constant phase, ¥ (x, t) = const (Fig. 3.1). In
a stationary plasma the phase difference between two points P, P, at a given time
is uniquely determined by

Py

W (Py) — y(P)) =/ Iklds

Py

along a ray segment C. Along an arbitrary path C’ from Pj to P, one has

!

sz)—w(Pl):/ kdsf/ kds.
C/

This expresses Fermat’s principle [3].

Rey =const.

us

Fig. 3.1 The rays form a manifold of curves which are perpendicular to the surfaces of constant
phase at ¢ fixed, ¥ (x, t) = const
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From

d 1 1 ko
—(kon) = — (konV)(kon) = —— V(kon)?> — — x V x kon,
ds( 0n) kon( onV)(kon) o (kon) ko <V > kon

V x kon =V x (Vi) = 0

the widely used ray equation
d
——(kon) = koVn (3.12)
ds

follows immediately, if use is made of the vector identity a x (V x a) = V(a?/2)—
(aV)a. Equation (3.12) is the basis for raytracing. From it 5 is again recognized as
the refractive index. In the fully ionized plasma it is the same for Langmuir waves as
for electromagnetic waves. For the electron plasma wave s, plays the same role as
the speed of light ¢ does for the laser wave. In general, (3.12) has to be solved numer-
ically. Only in plane and spherical geometry (“stratified” or “layered” medium) is it
easily integrated. With the constant vector n = V5 /|Vn| in plane geometry one has:

d d
—(m x kon) =n x —(kon) =n x kgVn = 0.
ds ds

Similarly, in spherical geometry one finds for a vector r having its origin in the
center of symmetry of 1(r),

d k d
Z(r x kon) = = x kon+r x ~—(kon) =r x kgVn =0,
ds ko ds

since V) is parallel to r. If « is the angle o between the local wave vector and V),
the two relations can be expressed in integrated form

n(x)sina = const (plane), rn(r)sina = const (spherical). (3.13)

Two examples of ray distributions for plane and spherical geometry are sketched
in Fig. 3.2. In the plane stratified medium the ray directions are such that the
y-component of kon is conserved. In spherical geometry the momentum r x kon
relative to the center of symmetry remains constant. It follows from (3.11) that
Langmuir and electromagnetic waves cannot propagate beyond the critical density
given by (2.94). At oblique or nonradial incidence from the vacuum at the angle o
or distance b from the radius, respectively, the turning point of a ray is located at

n(x) =sinag (plane), rn(r) =>b (spherical). (3.14)
The phase v is a function of x and 7. From the definition (3.10) of the wave vector

it is clear that k = k(x, r); hence, owing to the dispersion relations (3.11), the
functional dependence of the frequency is w = w(k, x, t). The explicit dependence
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M(x)=sina,

Fig. 3.2 Raytracing. (a): Plane layered medium. A ray incident from vacuum at the angle o has
its turning point at n(x) = sinag. The y-component /iky = fikon cos a = kg cos g of the photon
momentum is conserved in the stationary medium. (b): Deflection of a parallel beam by a spherical
plasma cloud. In the stationary medium the angular momenta fikonr sinoe = fikogb of the photons
are conserved along their trajectories

on x enters through a)f,(x, t) and sZ(x, t). From (3.10)and V x k =V x V{y =0

it follows that
ok; <dw ) ok; ok;
— 4+ — =0, —=—.
at dx; f=const 8)6]' 0x;

With the help of the second relation the first transforms into
oki ~ dw 0k; =~ dw 0k n dw dk; n o
at  dk; dx;  dx; At dk; dx;  dx;

02 IV 220 o (2 tuv)ai=
ar ok ox; ) ar )T oy

Hence, the set of equations governing an electromagnetic or electrostatic wave, i.e.,

dx ow dk L do o

dt 9k’ dt  dx  dt Bt (3-15)
are Hamilton’s canonical equations if we take H(p,q,t) = w(k,x,t) with
pi = ki, gi = x;. We observe that dw/dk, generally defined as the “group velocity”
of a wave packet, appears to be the transport velocity of the k vector under consid-
eration. The last of (3.15) is a consequence of the preceding canonical equations of
motion. From (3.10) follows also the Hamilton—Jacobi equation:

ov  (ow N\
¥+w<a, x,t) _o, (3.16)

thus showing that the phase 1 is an action variable.
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A wave vector k from (3.10) is given the name photon, plasmon, phonon by def-
inition, in agreement with quantum theory where #ik is its momentum. The domain
of validity of the particle concept in both cases, classical and quantum mechanical,
is exactly the same. From the Hamiltonian structure of (3.15) follows that the phase
volume Ax Ak is conserved (Liouville’s theorem). Introducing the phase space
occupation density f(x, k, t) for photons, plasmons or phonons, respectively, just
in the same way as with the one-particle distribution function for material parti-
cles in (2.81) along a characteristic the number AN = f(x, k,t) Ax Ak changes
in accordance with the source terms for particle generation (emission) A(x, k, )
and particle destruction (absorption) —«(x, k, t) f, i.e., dN/dt = Ax Akdf/dt =
Ax Ak (A — af). In explicit form it reads with the help of (3.15)

af  dwdf dwaf
o Tokar axak _wkD-aE kDS 17
or T 9kox  ox 9k (k1) —alx k.0 f (3.17)

For fixed (x, r) the term —af expresses the fact that there is an equal probability
to be absorbed for all photons k. Equation (3.17) is the basic equation for radiation
transport for photons, plasmons, and phonons. In the case of the refractive index
n = 1 for photons it reduces to the familiar relation

0 0

o o

at Ca :)u(x, k, t)_a(xsks t)fv (3'18)

which is valid for short wavelength radiation. From (3.17) it is easily seen how it
modifies for a homogeneous medium with n = const. With the help of the Poisson
brackets the left hand side of (3.17) can be written as df/dt + {w, f}.

Two remarks are in order. At first glance the ray equation (3.12) seems to contra-
dict the momentum equation of motion for k from (3.15). This is not the case since
the refractive index is a function of x and ¢ only whereas @ depends on the triple
k,x,t. If f is chosen to represent the photon density the quantity

Jw leoﬁ‘ﬁ'*
ok 2h w

v, (3.19)

is the photon flux density per unit angle and unit wavelength enclosed within a
narrow bundle of rays with no lateral losses through its surface. Therefore the spatial
losses in the narrow tube are expressible by the gradient, i.e., the variation of flux
along a single ray. In Poynting’s theorem the flux balance is taken in a volume
of arbitrary shape, with no restriction to an unit angle, and as a consequence also
lateral losses appear in general, expressible by the operator of divergence on the flux
density S (see Sect. 3.1.3).

From (3.19) and (3.18) follows that in the absence of sources the action den-
sity (&g /2)E E" /o is conserved rather than the energy density (&g /Z)E E". In the
neighborhood of a critical point the optical approximation A(x) = 27 /kon < L is
never fulfilled and the eikonal approach with its consequences (3.12), (3.13), (3.14),
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(3.15), (3.16), (3.17), and (3.18) becomes meaningless. In general, this is also true at
the turning points. To see this in the important case of a plane layered medium, the
exact wave equation (3.7) may be split into its components. In the coordinate system
of Fig. 3.2a the fact that 7 is independent of y and z, a Fourier decomposition in the
planes x = const is convenient, with k, not depending on x. This is in agreement
with the ray equation (3.13), ky, = konsina = ko sinag = const, and means that
the momentum of a photon perpendicular to the density gradient is conserved along
its geometrical path. Hence,

E(x,t) = {E:(x), Ey(x), E.(x)}ehrior, (3.20)

The individual components obey the three equations ('= d/dx)

ko . . ko )
E} + f),—‘;(n2 —sin? ap) E, = lﬁ(l — ) sinagE}, (3.21)
E] +kg(n* — B*sin® a) Ey = iko(1 — B) sinagE}, (3.22)
E! + kj(n* — sin ag) E; = 0. (3.23)

Hence, E; (s-polarized light) decouples from E) and Ey, and is of purely electro-
magnetic nature. At its turning point k, = ko(n2 — sin? a0)!/? vanishes and the
approximations leading to the dispersion relations (3.11) are no longer justified.
For the LHS of (3.21) to be resonantly excited by its RHS “driver”, which in laser
irradiation is an electromagnetic wave, in addition to Wes = Wem, both terms must
have the same spatial dependence. Outside the turning point region, (3.11) holds
with ky em very different from ky s = kyem/B for nonrelativistic temperatures.
As a consequence, there, the transverse and longitudinal components decouple and
propagate without affecting each other. At the turning points resonant coupling is
possible and generally very effective (see the next chapter).

A serious difficulty arises with the expressions (3.12) and (3.15) in an absorbing
medium, in particular when the absorption is strong, since then the imaginary parts
of k and v, can no longer be ignored. Several solutions have been proposed to
overcome this difficulty. We remark that an interesting reinterpretation of the group
velocity in terms of a time-dependent combination of 9t (dw/dk) and J(dw/dk) was
presented and appropriate ray-tracing equations were derived in [4]. For more recent
developments on this subject the interested reader may consult [5] and [6].

3.1.2 WKB Approximation

From (3.10) and (3.11) the phase ¥ is obtained by integrating dy/ along a charac-
teristic x = x () = [ v, dt or any other path in R*,

t

Y(x, 1) = :I:/x kon(x', tdx' — / w(k; x', tdt'. (3.24)
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Since Vx E =iVy x E and 9;B = i B, = —iwB, (2.2) remains valid for B
and, in a weakly absorbing medium, the Poynting vector S is parallel to k. Hence,
the energy flows along the characteristics and propagates with the group velocity
(Sect. 11.7 in [2]). Now, let the medium be stationary, i.e., 9;n = 0, n = n(x). Then
the characteristics x(¢) coincide with the rays and (3.24) reduces to the familiar
expression ¥ (x, 1) = +ko [ nds — wt. By designating the local cross section of a
narrow ray bundle by Q(s), in the eikonal region x = x (s) the solutions of (3.7) for
E =E | are

172
po= (n(%%?ﬂ) S CRE e

These are the WKB solutions with n(sp) = 1. They simply express the fact that
the energy flows with the group velocity along the rays without being attenuated
by gradual reflection. The propagating wave E . and counterpropagating wave E _
are normal to the rays and do not interact with each other. Specializing for a plane
layered medium results in

E— E, eiko [ ndx—ior E_ o—iko [ ndx—iot
(= sin® o) /4 (n? — sin” ag) /4 ’
|E+| = const, |E_| = const. (3.26)

At normal incidence the swelling factor of the amplitudes is n~'/2. In the case
of v # 0 and n complex [and if one does not want to follow [4], for simplicity]
the concept of rays still makes sense provided Jn < 9in. Then it does not matter
much whether in the ray equation (3.12) and in (3.25) and (3.26) 7 is substituted by
nr = R orby [n| = (2 +nHV? = n,(1+n?/2n2) = n,, (n; = In). If itis again
postulated that the energy flow is along the rays, i.e., S||ds, then 7 is to be replaced
by 1, in these equations. This is also in accordance with Ginzburg’s proposition (see
[7], p. 249).

In regions of finite n steep density gradients are needed in order to cause appre-
ciable reflection. To illustrate this point quantitatively an Epstein transition layer of
the following form is considered [8]

exp(kx/s)

2
=l+P—,
n°(x) + 1 4+ exp(kx/s)

(3.27)

where P and s are free parameters. In Fig. 3.3 nz(x), with P = —3/4, is sketched.
The transition width A is determined through s in the following way:

4s
A= e k=2m/A.
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1.01

0.25t-

0.0 } .
x=0 X

Fig. 3.3 Epstein transition layer of width A for the square of refractive index. The wave is incident
from the left. Parameter P = —3/4 is assumed

For a light beam normally incident from the left-hand side the reflection coefficient
R is given by [8]

_sinh?[zs(1 — T+ P)]
"~ sinh?[zs(1 + T+ P)]

In Table 3.1 R normalized to the Fresnel value of the reflection coefficient
Ry = (n — 1)2/(77 + 1)? for a refractive index step, r = R/Ry, is shown for
P = £3/4 and different values of s. It may be surprising how fast reflection drops
from its Fresnel value r = 1 as soon as A becomes larger than A /4; at P < —1 total
reflection occurs for all values of s [8]. As soon as a WKB condition is fulfilled, local
reflection becomes extremely low, and the radiation field can be uniquely split into
incident and reflected waves. When the optical approximation fails, a local reflection
coefficient R(x) is no longer uniquely determined.
In the overdense region well beyond the turning point,

K = ko*fs(n2 — sin? oco)]/2 > L7}

may be fulfilled so that the eikonal approximation applies again and the amplitude
of E, from (3.23) decays exponentially (normal skin effect),

E.(x) = E,pexp (— / kdx — iko / N(n? — sin® ap)/?dx — ia)t). (3.28)

Table 3.1 Normalized reflection coefficient r for the layer of Fig. 3.3 (P = —3/4)and P = +3/4
as a function of the transition width A

s 2 1 172 /4 1/8 1/16
AJX 1.27 0.64 0.32 0.16 0.08 0.04
P=+3/4 61x10710 136x107* 3.92x10°2 037 0.77 0.93
P=-3/4 31x107° 1.5x1072 025 0.78 091 0.98




3.1 The Optical Approximation 101

When dissipation is absent (v = 0), 9%(772 — sin? 0)/? is zero and the wave is
evanescent with no energy transport (S = 0) in the skin layer.

All considerations in this section hold for longitudinal plasma waves as well. In
the formulas kg has merely to be replaced by ky/B (B = s./c) and B has to be set
equal to zero.

3.1.3 Energy Fluxes

Energy conservation is expressed by Poynting’s theorem,

ol 4 2B 4 vs = —jE 3.29
Ry (E°+c¢"B7)+ VS = . (3.29)
The term in parentheses contains the energy density of purely electromagnetic
nature. It can vary in time by irradiation, expressed by the divergence of the Poynting
vector S, and by doing mechanical work on matter through the j E term. To interpret
this source and sink term Ohm’s law (3.5) in a frame comoving with the plasma may
again be used, with (jV)vg set equal to zero,

Y,
E= ( Sy +80s2V(VE)>
an) at

Now let E be purely transverse, E = E . Multiplying by j and averaging over
one period leads to R(jE) = 9:(n, W) + 2vn,W, where W is the mean oscillation
energy of the electron. Hence, the cycle-averaged relation (3.29) can be written as

0 [&p ~rx &oC 2 . oax 1 _

If there is no dissipation (v = 0) the only energy “absorption” V.S < 0 is accom-
plished by increasing the electric, magnetic or kinetic energy densities; they are
reversible. When the wave field as well as the plasma density are both stationary,
VS = 0 must hold. As the wave penetrates a fully ionized plasma with an electron
density slowly varying in space the magnetic energy density decreases according
to 80c21§1§* /4 = nzeoﬁ' E" /4, whereas the kinetic energy density increases by the
same amount. In fact, the total density & is

A Ak A Ak l
£=2 (EE + BB )+5new
(,()2
= SFE (1492 + 5 ) = JEE". 3.31)

thus revealing that the magnetic energy gradually transforms into oscillation energy.
At the critical point B = nE/c ~ n'/? tends to zero and the oscillation energy is
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exactly equal to the electric energy. Equations (3.30) and (3.31) are in perfect agree-

ment with the WKB solution (3.25). It is interesting to note that, without dissipation,
(3.30) yields with the aid of (2.2) and (3.31)

0 — 0 E0 A Ax ad
CeivS= e+ v(LEE) = L+ Vw,6) =0
TR arc T (2”7 ) a:& T VW8

for the fully ionized plasma. In a general dispersive medium the last version of
energy conservation also holds, but its derivation is more subtle. In the presence of
dissipation (v > 0) the pure absorptive case with € /dr = 0 is of greatest relevance,

_ 1
VS = —2un W, noW =3 (1 - m;ﬂ) €. (3.32)

From this the attenuation of a light beam is immediately determined to be governed
by

L S I=—al & I(s) = IGso)e 0% (333)
ds cny w* + v? 0 ' '
The integrated version is recognized as Beer’s law. Alternatively, I = |A§| may

be calculated directly from (3.25) with the undamped local amplitude E(s) =
E 1 (Q(s0)/n(s)Q(s)'/?,

- 1 A A S ~ s
1(s) = eoc*|E x B| = Esocr/rEE*e_y‘of Snds I(so)e_f ads,

o = 2kod. (3.34)

From A = %in? and B = 352 in (3.8) one deduces

| 12
n,=91n={§(\/A2+BZ+A)} :

| 12
i = S = {5 (x/AZ + B2 - A)} . (3.35)

Expanding 7 for B?> <« A? leads to

2\ 12 2
— I—L _ B a = koS v Y (3.36)
n = 7] M= g e == m :

i.e., the absorption coefficients from (3.33) and (3.34) become identical, as expected.
The refractive index 7, in the denominator is due to the increase of E and W with
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increasing plasma density. If the eikonal approximation is no longer valid, no simple
relation exists between £ and S and the absorption has to be calculated from (3.30)
and the wave equation (3.7) or a simplified version of it, e.g., AE + kgn*E = 0.

For the longitudinal component E = E |, S = 0 holds and the energy is carried
by the thermal motion of the electrons. On the other hand, one would argue that
dispersion relations of identical structures lead to energy conservation equations of
the same structure. Hence, in the dissipation-free case, 9,& + V(v,€) = 0 should
hold again with £ = f eoE I E TT /2, where f is an eventual proportionality constant
and vy = 52/v,.

To see whether such an argument holds in the general case one may start from
the linearized momentum equations of Sect. 2.2.2 for electrons and ions without
dissipation,

MN 0 Ve = —mseZVnel —neoeE,

mingov; = —m,~s2Vni1 +noZeE.

Multiplying the first equation by v, and the second one by v; and adding them yields

1 2 1 2 . 2 2
0y zneomve + Enomivi —JE = —ms,;v.Vne1 —m;s“v;Vn;y

2 2
= —ms; (V(ne1ve) — netVoe) — mis*(V(ni1v;) — nin Voy).
The linearized mass conservation equations imply

Ngl Nyl 1 Ngl .
Ng1 Vg = — Vngoly = ———0Ng| = — - Ng00; <_> , a=e,l,
na0 L) 2 ne0

and, when substituted in the foregoing equation,

1 1 1 ne \> 1 nit\?
o (Eneomvz + Enom,'viz) + 9, |:E”e0mse2 (n_:o> + Enomiﬂ <t

1 1
+2vV (Evg,eneomvg + 5vg,im)m,-v,?) ~JE=0 (3.37)

is obtained, or

d .
5 (Se,kin + Ei,kin + ge,pot + Si,pot) +2V (vg,ege,kin + vg,igi,kin) - JE =0,

Vg o group velocity. The divergence term was obtained with the help of
Vo = Vg oNal/Neo from (2.93) and (2.101). When j E is substituted from (3.29)
at every time instant the wave energy balance is given by
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0
5 (Ee + Se,kin + Ei,kin + ge,pot + gi,pot) +V (S + 2Se,kin + 2Si,kin) =0;

2
Ry 1
2. 2
Se kin = E_ve neomvyy;  Sikin = Esnomivl-”. (3.38)
v

Specializing to a monochromatic electron-plasma wave we have, with the help of
(2.93) and after cycle-averaging,

- - 1 s2\ = g0 @ + 52k A s
5e,kin + 5e,pot =_—mne |1+ _62 vg = — 26 ‘EE ,
2 v 4 10}
@ P
— 80 a)z A Ak
ekin = ngw—l%EE .

55 = ge + ge,kin + 5e,pot =

This shows that the idea based on the dispersion relations was correct with
f = ? /a)i. When an electron-plasma wave is resonantly excited by the laser,
® = wp, f = 1 holds, since k., = 0 at resonance (see Chap. 4). Energy conservation
(3.38) becomes simplest for the ion acoustic wave,

,& +VI; =0;

_ _ _ 1 _
& = Eikin+ Eipot = 2& i kin = Enomiviz, I; =28 xin = 5&;. (3.40)

The derivation of a relation analogous to (3.38) for dielectric media is more
involved.

It is interesting to note that the group velocity enters in the energy flux density
only when the total energy density £ is considered. If, instead, one includes in &£
solely the energy density £ which is carried by the wave and transmitted from
point to point vg has to be replaced by another speed. Thus, for instance, for an
electromagnetic wave in the plasma & = & — & kin = eonzi’ E' /4, as pointed
out in an enlightening article by Johnson [9], and the energy conservation 9;€ +
V(v,&) = 0is replaced by the equivalent expression

afgc + V§ = até’c + V(U(pgc) = O,

& is always carried at the phase velocity v, = ¢/n.

The energy balance presented above is strictly valid for waves of infinitesimal
amplitude in a homogeneous plasma. Its applicability to nonstationary inhomoge-
neous plasmas is guaranteed as long as A /L < 1 and 27 /T <« 1, with L and T the
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characteristic length and time scales, respectively, are fulfilled. More precisely, the
validity of the above analysis is intimately connected with the adiabatic behavior of
an action integral. Therefore, in the following subsection we make use of the prin-
ciple of least action to derive energy conservation. The less theoretically oriented
reader may skip it.

3.1.3.1 Variational Treatment

Lagrangian Mechanics is the most general and powerful formalism for solving prob-
lems of point dynamics, once the Lagrangian L = L(g;, ¢;, t) of generalized point
coordinates ¢; and their time derivatives ¢; is known. The familiar equations of
motion d; Ly — Lg; = 0 follow from the principle of least action,

n
5/ L(gi, g, t)dt = 0.
1

When passing from discrete mass points (§-functions) to the continuous distribution
of fields the number of degrees of freedom becomes infinite and the coordinates
gi, ¢i become continuous variables ¢ (x, t) of the field densities and their derivatives
g = 9q+(V)q = f(qs, qx;). Depending on the problem, g may represent a matter
density p(x, t), a velocity field v(x, ¢) or, as in this section, an electric (or magnetic)
field. With ¢ = E(x, t) the principle of least action reads

15}
5/ [L(Ei,aEi/Z)t, IE;/dx;, )didx =0; i=1,2,3. (3.41)
1 R

By introducing the arbitrary variations 4; (x, t) for
Ei(x,t) = Ejo(x,1) + hi(x, 1),

and after integrating by parts to eliminate 0,4; and d;h; = 0h;/0dx;, the Lagrange
equations of motion

8L + 0 L Lg, =0; L ——8 E ——8 Lot (3.42)
—Lg +—Lg..—Lg =0; L= , - etc, )
ar 0x; Eig Ei Ei dE;; ! ot

are obtained in the standard way (see, e.g., [2], p. 391). It is seen by inspection that
all Lagrangians proportional to

2
Lo, » Z ) 1 2 ,
LJ_IE{C—ZEI + / (81E1 —E(BIE,) for EJ_, 1= 1,2,3,

2

l|w 1 .

L= E{c—gEf + B2 § (BEj)? - C—Z(B,Ei)z}forE|, i=1,2,3, (343)
j
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reproduce the wave equation (3.3) with 9; j = eoa)iE — eowf,V(VE ). For E | and
E | separately, these become

2y 10 >
VEL——Zﬁ L—C—ZEL—O,
1 92 w?

B*V(VE)) — PE|=0. (3.44)

2t Tz
Under the assumption that E, longitudinal or transverse, is described by the eikonal
approximation, i.e., E = E(x,t)exp(i¥(x,t)), with E and k = Vv changing
slowly in space and time, (3.41) transforms into equations containing only E,
Y = —w, Yy ;= k;, which are all slowly varying variables. Therefore, instead
of using L = L(E,w, k,x,1) it is appropriate to introduce the phase-averaged
Lagrangian £ = L(E, w, k, x, 1),

. 1
LE, 0k x,t) = 2—/L(E,w,k,x,t)d1//, (3.45)
T

which no longer exhibits any fast dependence on x and ¢. By observing that the
averaging procedure is interchangeable with the x and #-integration up to higher
orders in the phase averaged h; (x, 1),

Sfﬁ(ﬁ',w,k,x,t)dtdx = %fdw <6fL(E,w,k,x,t)dtdx>,
the “averaged” principle of least action ([2], Chap. 14),
3/£(E,w,k,x, t)dtdx = 0 (3.46)
results. Varying in E. w, k as before leads to

a 0
Lo——Lr=0; (Ly=—Ly,). (3.47)

L =0, —
E ot dx

In the WKB approximation the Lagrangians (3.43) transform into

2 2 2 2
1 wp 2 w A2 . 1 Cl)p 242 w )
El:é_l{cz Tk 2 }Eb £|=Z{c2 Ak 32 Ey. (3.48)
L; = 0 is proportional to the dispersion relation D(w,k) = O0; thus £L =

E
A2 ~ ~ ~
E D(w,k), E = E | or E|. With this, the second of (3.43) can be written as

9 (Dwﬁz) _ 9 (Esz) =0.
Jat x
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From D = 0 follows with = w(k, x, t) and

D flk.x,1)

Dyv,+ D=0 = wv,= = ,
one Tk $7 D,  glk,x,1)

Dy = —g(k,x,t)v,.

Assume now that there is no explicit time dependence. Then, replacing D, and Dy
by g(k, x) and g(k, x)v, in the above equation leads to

% (g(k,x)l:l'z) + % (g(k,x)vgﬁz) = g(k,x){%l@'2 +V (vgﬁ2)} =0.

In the last step V x k = 0 has been used. This proves that dispersion relations
of the same structure lead to analogous energy conservation relations. In addition,
it shows that the total energy density in linear dielectrics also propagates with the
group velocity.

3.2 Stokes Equation and its Applications

No general solutions or asymptotic approximations exist for the steady state wave
equation (3.7) once the WKB approximation begins to fail as is the case at the
turning points of the rays or when the gradient length L of 52 becomes appreciably
less than A. In practice, in such regions 7%(x) may be approximated by a linear
function if the curvature of 172 is not too large. In this way (3.21) and (3.23) can be
reduced to the homogeneous and inhomogeneous Stokes or Stokes-Airy equations.
In view of their relevance for determining field structures and mode conversion they
are treated here briefly.

3.2.1 Homogeneous Stokes Equation
In (3.21), (3.22), and (3.23) let n? be a linear function of the spatial coordinate x,
() = q(x — xo). (3.49)

With the new coordinate &,

sin? o0

£ =03 " (x —x0), x0=xc+ e (3.50)

where xg is the turning point, and y = E, (3.23) transforms into the homogeneous
Stokes equation,

y' +Ey=0. (3.51)
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A solution is found by Fourier-transforming y,

dy
—k%p (k)+zﬁ—0 = k) =e K/

and inverting ¢ along a suitable contour C,

k3
y(E) = yo/ expi (ks - ?> dk. (3.52)
C

Ny and Jy represent two linearly independent solutions of (3.51). When a light
beam is incident from the right the solution must become evanescent in the over-
dense halfspace & < 0. This is accomplished by combining 91y and Jy in a suitable
way; the resulting solution is the Airy function Ai(§), if yo = 1/(27):

R (B 1
I ECYE S TETGYE
— 34 1-4 1:4-79,1:4-7-10
FE) =1- g8 e 0 TR
) 2-5-8 3.53
g(é)——5+4_!$ _ g o1 — & F... (3.53)

([10], §10.4 with & = —z). The second, linearly independent solution is chosen such
that it diverges monotonically,

D) g(&)

Bi®) = 35T 2/3) T 3 1/5T(1/3)”

Ai and Bi are shown in Fig. 3.4a. The power series representation is suitable for
small values of |&|. For large |&|, Ai(§) is expected to be well approximated by
its asymptotic forms With ¢ = [yndé ~ [,§%ds = %53/2 and arg£3/? =

Jargé, argé!/* = Largé they are
Ai(§) = Ai1(§) = — e ¥, for & <arg < ox
2 mE/+ 3 3
Ai(§) = Air(§) = W fexpi (¢ = ) +exp[-i (¢ - 7))}
for — % <argf < % (3.54)

The rays emanating from the origin under the angles 6 = £m/3, —n are the so-
called anti-Stokes lines. They play an important role for the determination of the
correct WKB solutions connecting different regions in the complex &-plane (see,
e.g., [11], Sect. 1-4). In Fig. 3.4b a comparison is made between |Ai|> and its
asymptotic expansion |Ais|? for real &. As soon as || > 1.3 the relative error
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Fig. 3.4 (a): Airy functions Ai (solid line) and Bi (dashed line) as functions of the dimensionless
coordinate & from (3.50). (b): Comparison of the asymptotic expansion Aij - Aij (dashed line)
with the Airy function Ai - Ai*. & is taken real (no absorption). For |§| > 1.5 the relative error
|Ai|? — |Aiy|? is less than 1%; at |&| equal to unity it amounts to 4%. The standing wave pattern is
generated by total reflection in the critical region around & = 0

|Ai — Aip|/|Ai| becomes less than 1.5%. Even at the maximum of Ai which lies at
& = 1.045 the deviation is only 4%. The deviation starts to become exponentially
large when |£] is less than 0.5. It is typical for the WKB approximation in general
that even the maximum E-field and its location are approximately reproduced. The
accuracy of (3.54) can be estimated analytically by casting the exact solution into
the form

YE) = CoWe + C_Woy We =& exp(£ic), £ > 0.

The deviations of C4 from unity are a suitable measure of the accuracy of Wy. In
general (see, e.g., [11], Eq. (1-106))

|ACL| < (3.55)

481€|

For large |£| the WKB form becomes extremely precise.

Absorption and reflection coefficients can be calculated for arbitrary, smooth
density profiles by bridging the critical point with the help of Stokes’ equation.
To this end let us assume a wave of unit amplitude incident from vacuum and let
the amplitude of the reflected wave be s. Then from the requirement that the electric
field must be continuous one obtains at x, with the associated |£| lying in the WKB

region,
o0 o
n~ Y2 exp (—ik()/ ndx) + 57712 exp <ik0/ ndx)
X X

_ el <e‘1(§—71/4) I e—i(;—n/4)> . (3.56)
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In order to satisfy this relation the incident wave at the RHS must be equal to the
incident wave at the LHS, and the same must be true for the reflected wave since,
within the limit of the WKB approximation the two waves do not interact. By elim-
inating the factor C one obtains for the amplitude ratio s

s = exp [—Zi (ko /00 ndx — ¢ +rr/4)i| .

The reflection coefficient R for the intensity is given by

o0
R = ss™ exp |:—4 <L‘s§ + ko/ |Tsn|dx)i| ) (3.57)
X

The position x is somewhat arbitrary. On the one hand Ax = x — x, must not be too
small for the validity of the WKB approximation; on the other hand it should not
be too large in order to keep the difference between 5> and its linear approximation
small. This difference can be evaluated by taking into account the quadratic term
in the expansion of n%. The coefficient s would be independent of x if the WKB
solution were exact. In order to be a good approximation, |(1/s)(ds/dx)|Ax <K 1
has to be fulfilled. Straightforward algebra yields

1ds

3.58
s dx ( )

dq
1; ¢ = —+
<ha dx

A 1ds ( ) 1 q'
X <|-——|(x—x0) =< |—57<>
s dx 00=5 (koq2)?/3&5/2

X0

The inequality is certainly fulfilled if |¢’/(kog®)*/3| < 1 holds.
The formula (3.57) for determining R is rather general and can be cast into the
more convenient form

oo o0
R =exp (—4k0/ |3n| dx) = exp <—2/ ozdx) , (3.59)
X0 X0

provided that

(i) in the region around the turning point xp, 1 can be approximated by a linear
function and

(ii) the position & connecting the linear function with the smooth but otherwise
arbitrary function n%(x) lies in the Stokes region of Ai,.

In this form for R all direct evidence of use of Stokes’ equation has disappeared;
it merely served to fix the correct lower limit of integration xg. Collisional absorp-
tion occurring in the overdense (tunneling) region is already included when start-
ing the integration in (3.59) from the turning point x¢. The factor 4 comes from
o = 2ko|3In| in (3.36) and from the fact that the fraction of attenuation of the laser
beam is the same on its way into the plasma and out of it after reflection around xg.
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The homogeneous Stokes equation applies equally well to spherical geometry
and normal incidence. Here VZE = 3, (r28r E)/ r2 =0, (rE) /r. Hence, by setting
y = r E the stationary electromagnetic wave equation reads

82 2.2

of which (3.51) is the special case for linear n2. There is an important topological
difference between solutions of (3.60) for longitudinal and transverse waves. If y
is polarized along 7 (e.g., acoustic or electron plasma wave) spherically symmetric
solutions of the form y = Ce'®/r, C = const, exist with infinite amplitude at
the origin. No such solution exists for a transverse wave. In the latter case C is
always a function of the polar angles ¢ and ¢ as well; the wave shows diffraction
at the origin and the amplitude remains finite [12]. It is not possible to uniformly
illuminate a sphere by a monochromatic light wave. However, as long as the typical
scale length L for the intensity variation across the beam is much smaller than A,
(3.60) is a good approximation for a focused laser beam. In the case of small scale
beam filamentation [13, 14] it may fail.

3.2.1.1 Maximum Electric Field Amplitude

Near the critical or turning point the electric field amplitude may increase consider-
ably. The factor f by which this happens is the ratio between the maximum E-field
in the plasma E p and the vacuum field amplitude Ey at the same position,

_|Ep| _ lypl
|Evl vl

Let the incident wave have an amplitude of unity. Then at a suitable position x or r,
(3.56) holds, from which the scaling factor C is determined,

Erl/4 o0 ko 1/6 1/4
IC| = Wexp[—<ss +ko/ |ssn|dx>] = <—) R4,
Ny X lq|
Keeping in mind that
f =1Ep| = 237 |C||Allmax,
one obtains for the field increase
f=2x0.54mlkog " |VORY* = 1.90(koL)/OR/*. (3.61)

This formula is valid for an arbitrary smooth electron density distribution. Its
limitation consists only in the approximation of (3.23) and (3.60) by the Stokes
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equation (3.51) around the turning point, the validity of which is guaranteed by
condition (3.58). In the case of considerable density profile distortions or when the
maximum lies in front of the linear region the formula fails. The dependence of f on
R is very weak. It reflects the experience that in numerical calculations, even with
considerable absorption, the field still increases towards the reflection point. In fact,
when, for example, 90% of light is absorbed (R = 0.1), f reduces by a factor of
only about 2 with respect to the nonabsorbing case. The knowledge of the f factor
is useful for calculating threshold intensities of parametric instabilities or local light
pressure effects.

3.2.2 Reflection-Free Density Profiles

Instead of starting from the energy flux conservation to derive the WKB solution
(3.26) one can alternatively look for an approximate solution to the stationary wave
equation (3.23) which, for simplicity, is used now for normal incidence only (the
extension to oo # O is straightforward),

E" +I3n*(x)E = 0. (3.62)

Differentiating twice the eikonal expression E = Cy exp(%iko [ ndx) yields
E" = —kGE + {£iko(n'Cy +21C}) + C{ } exp <:I:ik0 / ndx) :

Inserting this in (3.62) and dropping C results in the constraint ' /n4-2C}/Cy = 0,
or when integrated, C; = const/n'/? in agreement with (3.26). Setting C| =
C(x)/n'/? and repeating the previous procedure generates the second correction,
etc. However, it is a general experience that if the first order correction, gener-
ally named the WKB expression, is not sufficiently accurate, inclusion of the next
higher orders does not substantially alter the situation. The first approximation with
C, = const is an exact solution of (3.62) for a medium with the refractive index n
given by

1 77// n/ 2
n=n*+ — 2——3<;> =1’ +1i, (3.63)

as one may verify by differentiating it twice. The general solution of (3.60) with
n? for the refractive index squared and y = E (plane case) is the sum of two
noninteracting terms,

E = C+7’)_1/26+ik0*[ndx + Cin—l/Ze—ikgfndx =E,+E_.

Consequently, E = E; with C_ = 0 is also an exact solution. This leads to an
interesting conclusion [15]: Any refractive index profile n constructed according to
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(3.63) on an arbitrary twice differentiable function 7 (x) is reflection-free. The n%
term acts in such a way that the reflected wave is canceled by interference with the
incident wave. For the WKB approximation to hold nf must be small in comparison
with 2. When the collision frequency is high and 52 very smooth n% <« n? may hold
even at x.. Consequently the overall reflection coefficient R is low, in agreement
with one would expect since in such a case the density scale length L is large and
the laser beam is nearly absorbed before reaching x.. In the opposite case of v,;
small and/or high density gradient around x., n% is large and no longer monotonic;
hence, (3.59) no longer applies to such resonant (reflection-free) profiles and no
conflict arises. For v,; = 0 a reflection-free profile around x, does not exist.

3.2.3 Collisional Absorption in Special Density Profiles

For practical purposes it is very useful to present explicit formulas for the reflectivity
R and absorption A = 1 — R for special isothermal density profiles in layered
plasmas.

3.2.3.1 Linear Density Profile

As long as vezl. Jw? < 1 the refractive index can be approximated by

2

2 ne . Vei Ne ne . Ny
n :1——+1——=1——+1y,—§, n=

ne w Ne ne nc

Vei,c

By vei.c the collision frequency at the critical point is meant. With n,/n, = 1 —
x/L =1—u, L profile length, and n; approximated by (3.36),
wo_
N =~ Eu 12(1 —uw)?,

the integral in (3.59) becomes

1 1
L
/ ISnldx = 2= u2(1 = u)’du
u

=0 2 u=uo>0
ulL (16 12 432 2 5p
= (15 e 3i) . e

The Taylor expansion of 7; overestimates its true value (3.35) around the critical
point (it even diverges there); therefore the exact value is obtained when the lower
limit of the integration is taken to be some positive uq instead of zero. Since, on
the other hand the expansion is satisfactory from u = 2u(1 — u)? ~ 2u upwards,
the relative deviation from the leading term is of the order of 2.5..!/. Hence, with
u <K 1, the reflection coefficient for a linear profile becomes



114 3 Laser Light Propagation and Collisional Absorption

32 Vei,c
R =R ~exp —EkOLM ;U= ” < 1. (3.65)

For high collision frequencies a more accurate value is obtained from (3.64) by
determining ug or integrating (3.59) numerically.

The Profile n, = nc(x./x)
*© uxe 1 du
) nidx = T Y m = UXc; U= X:/X.
R =R = e *koxert, |« 1. (3.66)

The Profile n, = nc(xc/x)2

/oo UXe /‘1 udu UXe . X TT

nidx = —————— = ——arcsinl = —.

0 2 Ju=o (I —u?)1/2 4 4 2
R =R, =exp (—%koxcu) R (3.67)

This profile is a satisfactory approximation of a spherical isothermal rarefaction
wave.

The Profile n, = nc(xc/x)3

The integral is evaluated with the help of the gamma function,

5 [oo U A du 423312
jdx = >~ '=(2/3); L.

2
R = R3 =exp <—7— 423 31/2I‘2(2/3)k0xc,u> = exp(—0.73koxc ). (3.68)
T

This profile represents an asymptotically spherical rarefaction wave.

Owing to (3.60) formulas (3.66), (3.67), and (3.68) are equally valid for spherical
targets with x and x. substituted by the radii r and r.. The scale length L of a profile
of the form n, = n.(r./r)* is connected with r. by L = L, = r./a and the above
reflection formulas read as follows,

3

2
koLu> , Ry = exp(—4koLip), Ry = exp(—mkoLap),

R; =exp <— 15

R3 = exp(—2.2koL3 ). (3.69)

If the absorption is low, i.e., kor.u is small, all four formulas give reasonably
accurate results. In the case of strong absorption the formulas show that the form



3.2 Stokes Equation and its Applications 115

of the density profile very much influences the result. The parameter characterizing
absorption is the product kor. . From this expression the wavelength dependence
can easily be studied under various conditions. If, for example, the critical radius is
kept constant the absorption is independent of A for a given density profile. In fact ko
varies as 1 /A and = v,; ./ is proportional to A. On the other hand, from (3.69)
a very strong dependence of R on the ion charge number Z should be expected.
Since A ~ Z holds for the atomic mass A, under otherwise identical conditions,
the reflection coefficients for deuterium and a high-Z material are related by the
power law

Rz =R},

If heat conduction plays a role this relation is drastically modified [16].

3.2.4 Inhomogeneous Stokes Equation

In contrast to E, which propagates freely according to (3.23) the £, component in
(3.21) appears as a wave driven by the electromagnetic field component Ey. If there
is no incident E,-wave from the vacuum, E, remains zero everywhere in the layered
medium. It decouples from the other field components. This is not the case for E,.
Under oblique incidence E| is different from zero and produces an E,-field through
(3.21). To see more clearly the structure of this field it is convenient to transform the
driver with the help of Faraday’s law,

(VX V x E); =ikyE, + k}Ex = io(V x B)x = —kokycB;
to obtain Piliya’s equation [17], with B for B_,

kokyc

5 — B)B(x).

k2 ,
E] + ’3—%(772 — BZsin® ag)Ex = —

At nonrelativistic temperatures 8> < 1 and k2/82 > ké holds and this equation
further simplifies to

kokyc
’32

kZ
EY+ g3 = B75in” o) By = === B). (370)

This shows that the magnetic field or, equivalently, the E,-component forces the
electrons to oscillate along the density gradient and hence, produces a coher-
ent charge separation or electron plasma wave. The mechanism of excitation is
sketched in Fig. 3.5. Its longitudinal character is revealed by the local wave num-
ber k/B = kon/B in (3.70) which is identical to that given in (3.11). Under the
assumption of a linear density profile, with ; = 0 and setting
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Fig. 3.5 Excitation of an electron plasma wave along a plasma density gradient. Electrons with
equilibrium density no(x) = Zn; are shifted to x + 8, by the electromagnetic E-field component.
Since there the density of the nearly immobile ions is n;(x + §,) a charge density imbalance
pel = e(no(x + 8x) — no(x)), oscillating at frequency w, is produced

5\ 1/3

£= ﬁz—OL (x —x0), x0 = Lp*sin®ap,

we (BN B, BW
koL cB(0) sin o ’ B(0)

(3.70) transforms into the dimensionless inhomogeneous Stokes-Airy equation
w’ +Ew = b(§). (3.71)

As already mentioned at the end of Sect. 3.1.1, effective excitation of an electron
plasma wave puts certain constraints on the spatial structure of the driver b. Res-
onant coupling at frequency w can occur over an extended region when the driver
wavelength matches the local electrostatic wavelength; otherwise resonance is lim-
ited to a space region that is narrow compared with A. The latter situation is most
easily realized at the turning point owing to the reduction of k, = kon/B there. In
Fig. 3.6 numerical solutions of (3.71) are shown for a driver of Gaussian structure
acting at the turning point of the electron plasma wave, b = exp(—£2/8%), with
82 = 2, 8.33, 20 and oo. It is clearly seen that the maximum amplitude of the
wave no longer increases much as soon as the driver halfwidth reaches half a local
wavelength A, (compare (b)—(d)). The reason for this saturation lies in the construc-
tive and destructive spatial interferences, alternating and nearly canceling each other
when the driver is extended and smooth. As a consequence the electron plasma wave
amplitude becomes modulated (see Fig. 3.6d).
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Fig. 3.6 Solution of the inhomogeneous Stokes equation w” + §w = —exp(—§ 2/8%) for 82 = 2

(a), 8.33 (b), 20 (¢), and oo (d). Solid lines: numerical results of normalized field w and its ampli-
tude W (upper curves), and phase velocity v, of the electron plasma wave (lower curves); dashed
lines: WKB approximation of w and 1; dotted lines: driver exp(—£2/82). For £ < 0, w and ¥
decay exponentially
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Starting from Ai(£) and Bi(€) the general solution of (3.71) is constructed in the
familiar way, i.e., using the Green’s function for (3.71)

Ai(z)Bi(§) — Ai(g)Bi(z)d

W Z, (3.72)

§
w(§) = C1Ai(§) + C2Bi(§) +/ b(z)

with the Wronskian W = AiBi’ — Ai'Bi = 1/x. For a spatially constant
driver, b = —1, the inhomogeneous solution becomes the special function
Hi(§) — 2Bi(£)/3. The correct, purely outgoing electron plasma wave is
found from the asymptotic representation of Ai, Bi and Hi and its evanescent behav-
ior for & < 0,

w = 7 (Hi — Bi — iAi) = we'®. (3.73)

Here w is the amplitude of w, and @ the phase. Around the saddle point & = 0 the
square of the amplitude w? has the power series expansion

W2(E) = 1.658 + 1.209¢ + 0.2386% — 0.0839¢3
—0.05236% —7.40 x 10736 + ...

The maximum of w = 1.88 occurs at &,, = 1.8. Figure 3.6 also shows that the WKB
solution of (3.71) deviates very little from the exact solutions for £ > &,. The decay
of W is slowest for b = 1 and behaves like 1/£!/* for & Z &,. On the other hand,
since saturation of Wp,x occurs approximately for drivers of halfwidth &, & is
the correct measure of the width of the resonance x,, — x¢. It increases as L3, The
lower curves in Fig. 3.6 indicate the phase velocity v, at which a point & satisfying
w(§, 1) = 0 propagates. In contrast to the Bohm-Gross expression the true v, does
not diverge at the turning point.

3.3 Collisional Absorption

The physical mechanism of collisional absorption was analyzed in Sect. 2.1.3 under
the assumption that electrons and ions are elastic hard spheres. This model explains
how irreversibility, i.e., heating, and anisotropy of the electron distribution func-
tion come about. It was also shown that all that is required of particle kinetics
to determine absorption is the knowledge of the electron—ion (and, eventually, the
electron—electron) collision frequency, provided the model of a fully ionized plasma
is valid. As long as the thermal electron speed is nonrelativistic all electrons have
a mass close to their rest mass m and “see” nearly the same electric field E (x, t)
with a frequency ' close to w so that they all oscillate locally at nearly identical
vos. Hence, the momentum exchange in electron—electron collisions, occurring with
frequency v, only leads to isotropization of the distribution function f(x, v,,t)
and to thermalization, i.e., Maxwellization, at later times. In the reference system
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comoving at v,s(#) an electron—electron collision looks the same as in the absence
of the laser field. Thus, they do not directly contribute to inverse bremsstrahlung
absorption.

In plasmas produced by high intensity lasers the electron temperatures are gen-
erally such that the model of a two-component fully ionized plasma is valid. The
frictional force, introduced phenomenologically by (2.23), originates, under most
conditions, from long-range, small-angle electron-ion collisions. As a consequence,
the collision frequency v,; becomes highly dependent on the energy of the colliding
electrons and, under standard conditions, it is the result of thousands of simultane-
ous collisions rather than of single binary events (see Fig. 3.7). Expression (2.45)
for v,; was derived for a Maxwellian velocity distribution, vos < Vth,e, and In A
appreciably larger than unity. Since in laser plasmas each of these conditions may
be violated, a more general derivation of v,; is needed. Large radiation field effects
were considered first by Silin [18] on the basis of a classical analysis. Early quan-
tum mechanical treatments were given in [19] and [20]. A similar treatment for
dense plasmas, in particular for X3 > Ap, has only very recently been undertaken
[21, 22]. In strong heating by lasers, the relaxation of slow electrons is faster than
that of more energetic ones. As a consequence the electron velocity distribution may
become non-Maxwellian [23] and nonisotropic [24].

In the following, the main physical effects determining collisional absorption
are described by introducing appropriate models in the test particle approxima-
tion. First, v,; is calculated for a monoenergetic unidirectional electron beam in the
oscillator model approximation. This model turns out to be particularly useful for
explaining dynamical screening of the ion charges and for determining the various
cut-offs in a self-consistent way and the validity of the impact approximation used
by Pert [25-27]. The oscillator model is relevant for ion beam stopping and, to a
certain degree, for absorption of superintense laser beams in dense targets.

bmax

Fig. 3.7 In the weak coupling case (standard plasma) an electron collides simultaneously with
many ions; small angle deflections dominate
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3.3.1 Collision Frequency of Electrons Drifting at Constant Speed
(Oscillator Model)

Let us assume a homogeneous electron plasma streaming at constant velocity vy
and a single ion of charge ¢ = Ze at rest immersed in the electronic fluid (Fig. 3.8).
The electrons are assumed to be held at equilibrium density n by a uniform nonin-
teracting ion background (test particle model). During the passage, the electrons
are attracted by the ion (and released after passage). Due to the passage of the
charge ¢ an electron at equilibrium position x’ = —wgr in the comoving frame
will be shifted by the amount §(x, ) = 8§ + &, parallel and perpendicular to vy.
Aslongas by < n, 1 3, the deflection angle x is very small for almost all impact
parameters b and the electron trajectories can be approximated by straight lines
x = vot. It is this assumption which enables one to reduce multiple simultaneous
Coulomb interactions to binary encounters. The disturbance in the electron density
ne(x, t) induced by the passing ion is small for almost all impact parameters b so
that particle conservation is expressible in its linearized form,

0= 0 +V o) .9 +V 0 )
TR "ear) T e "0%:°)
Integration in time leads to
ni(x,t) ==V (nod) . (3.74)

In the following nq is assumed to be constant in space and hence n; = —noV4.
Combining this with Poisson’s law one arrives at an expression for the electric field,

en q

E = —
£0 dmegr

(3.75)

Fig. 3.8 Oscillator model: A parallel monoenergetic beam of electrons is attracted by an ion at rest.
As a consequence, the single orbits deviate by the vector §(¢) from straight lines and the electron
density 7, increases towards the symmetry axis. This nonuniformity of n, leads to a restoring force
acting back on the electrons
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since V(r/r3) = 478(r). Magnetic fields can be neglected. From the approxima-
tion of straight trajectories one obtains as a function of the collision parameter b

E enos n Kvot E eno(S n kb
=— — 55 1L =——01+ ————5—>—-]
1= (b2 + v212)32 €0 (b2 + v212)32
q
K = . 3.76
dmeg ( )
By linearizing the momentum equation, d;;6 = —(e/u)E (u ~ m is the reduced

mass) one ends up with two equations for forced harmonic oscillators with eigen-
frequency wp,

e X o e

. 2 . 2 .
5” +(1)178|| = ——Km, (SL —+ wl’BL = —;K (377)

b
with x = vor [28]. The restoring force has its origin in the induced space charge
(see n, in Fig. 3.8) which screens the electrons from feeling the force of the bare
charge ¢ = Ze of the ion. Ignoring screening corresponds to setting w, = 0 and
leads to the well-known divergence in the total Coulomb cross section.
For its usefulness we remember in this place that a particular solution of the
inhomogeneous linear differential equation y” + a(x)y = f(x) is given by [29]

COF© / O F©)
=h 3.78
300 = hix) / e s [ L ae a

with W = gh’—g’h and where g and & are solutions of the homogeneous differential
equation.

Equations (3.77) have to be solved with appropriate initial conditions. To
find them we observe that the solutions of the homogeneous equations are § =
Sexp(:l:icupt), when switched on adiabatically at 1+ = —oo. Hence, §(—00) =
§(—00) = 0 and, after introducing the dynamic Debye length A,

vo

Ao = —, (3.79)
@p

and the dimensionless variables & = x /Ao, 8 = b/A¢ the solutions are

¢ ucos(ﬁu)du £ usm(,Bu)du

cos(,Bu)du sin(Bu)du
e = {Sm’%/w (L u?)? ’3‘5/@ (1+u2>3/2}

In this model the cold electron plasma oscillations at w = w,, persist indefinitely. In
reality, owing to finite wave-wave and wave-particle interactions they slowly decay,
thereby converting their kinetic and potential energies into thermal energy of the
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plasma. Their damping is mainly due to profile steepening and cold wavebreaking
(see Sect. 4.4). The relevant amplitudes of §,, § occur at & = oo and since inte-
grals of the odd functions vanish, they are given by

~  bi [T usin(Bu)du T cos(Bu)du

=2 " cospuydy _ 7 b Ki(B) =2b.K 3.81
T8 ) rud32TrEn) 1(B) =201 Ki(B). (3.81)

Expression (3.80) is obtained from a partial integration. Ky and K; are modified
Bessel functions ([10], Sect. 9.6). For small values of 8 their expansions are, with
y = 0.57722,

2
Ko(ﬂ)=—<ln§+y>+<§> <l—ln§—y>+-~-

1 (B B 1
Kl(ﬁ)_E+(5> (1n5+y—§)+--- (3.82)

For B = 1 these expansions for Ko and K; differ by 1 and 7% from the true values.
For large values of g the corresponding asymptotic expansions are

7 \'? 1 9
_ -B e T
KO(’B)_(zﬁ) e {1 8/3+128;62¥"'}’

K(ﬁ):(l)l/ze_ﬂ{l—ki—i—ii }
! 28 8p | 12882 |-

Both amplitudes diverge for 8 — 0 (see Fig. 3.9.), since
1
Ko(B = 0) ~—Ing, Ki(B — 0)~ B

The energy irradiated per unit time into plasma waves by a single ion through a
plane orthogonal to vy and at a fixed distance x — +o00 is given by

o
W= %Mwinovox(%/ﬂ 278 (Sﬁ i Si) dB + voD(Bo). (3.83)
0
This gives rise to a frictional force f on the ion, W = fuvo. The lower cutoff is
introduced to avoid the divergence occurring at b — 0; it is a consequence of the
straight orbit approximation for the deflected electrons and is removed by taking
into account the finite deflection angles ¢ in close encounters. Their contribution to
W is indicated by voD(Bo). To calculate D it has to be mentioned first that strongly
bent trajectories, e.g., with b < b, owing to widely varying curvatures intersect
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each other in such a way that almost no electron density disturbance n; is produced,
i.e., they do not contribute to screening as long as b} < X is fulfilled. As a con-
sequence, (3.77) hold for impact parameters b > by = ab_, with o not far from
unity and to be determined later. The frictional force D(fy) that the unscreened ion
feels from the electrons undergoing deflections from ¢ = 7 to a ¥ (corresponding
to b = 0 and b = by) is determined by the momentum change in the x-direction per
unit time,

M

D(Bo) = novo/ wvo(l — cos ¥)opdS2

20}

T 11— v
= 27‘[,[1,1101}%173_/ #Sin vdo
9o 4sin™(¥/2)

0o *o
- 4n,mov§bif dsin®/2) _ b mn— (3.84)
9 Sin(9/2) P sin(d%9/2)

Equation (3.83) can be rewritten with the help of (3.84) and (2.44) as

. 1 b2
W= Zy,a)ivobj_ {,BOKO(,BO)KI(,BO) +3 111(1 + b_g>}
1

since d(BKoK1)/dB = —B(KZ + K?) (see [10], Sect. 9.6.26). Hence,

2 2 2 2
W — Zuw? Bo Bs B3 (. Bo 1 b2
/La)pvobl{—ln?—y—l—?—?(ln?—l—y —{—Eln l+g

1/2
7 102 2o b1

= Zpwyvoby yIn | — 1+b—2 +In2—vy
0

by
2 2
+%° [1 —2<ln% +y> “ (3.85)

The connection between the electron-ion collision frequency and W is obtained
from (2.23) by multiplying by vy,

W = Zuvdv,;. (3.86)

Thus, the collision frequency becomes:

2 2\1/2
w b A b
vei = 2= 1in —0(1+b—§> 1+0.116
0

Vo bJ_
B} Po ?
+ [1 -2 <1n 5+ O.58> } } . (3.87)
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Fig. 3.9 Modified Bessel functions squared, Kg and K 12, their weighted integrals, foﬁ | ,BKgd,B,

foél ,BKlzd,B and their sum, as functions of the normalized collision parameter 8 = bw,/vo. The
dotted curve is the Coulomb logarithm In(Ag/b, ), with B = B, = 0.1. Hence, when b = i,
InA=23

The integrals [ BK3dp and [ BK?dp are shown in Fig. 3.9 for the lower limit of
integration 8 = B; = 0.1. For B; approaching zero the first integral remains finite
whereas the second diverges logarithmically. When Ay > max(b,Xxp) (weakly
coupled plasma) by can be chosen such that b; < by < Ag holds. The term in the
curly bracket then shrinks to the standard Coulomb logarithm In Ay = In(Xo/b1)
and is insensitive to a particular choice of by which discriminates between “‘straight”
and bent orbits. The parameter b enters in (3.87) in a natural way and is to be con-
sidered merely as a convenient abbreviation for a combination of atomic and kine-
matic quantities. There is no need to introduce additional concepts as, for example,
a “parameter of closest approach,” frequently encountered in text books. The closest
approach is b = 0 and not b = b or b = Xp. In order to study the limits of validity
of In Ag for small ratios A9 = Ag/b_ it is convenient to choose by = (blko)l/z.
Then v,; becomes

a)%,bJ_
Vei = {In Ao+ B +C}, (3.88)
vo
1\/? 1 1 5
B=In(14+— , C=01164+—|14+=-(0234+1nA .
n(+AO> +4AO[+2( +In 0)i|

In evaluating v,; from (3.87), Bo as small as Bop = 28], or ¢ = 2, is tolerable since
cos(99/2) = 0.89 is still sufficiently close to unity, and the factor (1 4 b3 /b3)!/?
contributes only by In+/1.25 = 0.11. In Table 3.2 typical values of In Ay and the
two corrections B and C are given. For In Ay > 3 the standard Coulomb logarithm
is an acceptable approximation in the oscillator model. At Ag = 2, In A( deviates
from the more exact value In Ag + B + C already by 40%. In high-density and/or
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Table 3.2 Behavior of In Ag and its corrections B and C from (3.88) for small values of Ag =

ro/bi
Ao 100 10 5 3 2 1.5 1
In Ag 4.6 2.3 1.6 1.1 0.7 0.4 0.0
B 0.005 0.05 0.09 0.14 0.2 0.25 0.35
C 0.15 0.22 0.25 0.27 0.29 0.32 0.37

high-Z plasmas Ay may become comparable to or even smaller than b . In such a
case (3.87) has to be modified for several reasons. One is immediately seen from
Fig. 3.9, since then fy is in the interval 8 > 1 where In(8/0.1) starts deviating
considerably from [ B(K g +K %)dﬁ and hence v,; depends sensitively on the choice
of a. Another criterion to be obeyed is 471)%}10 /3 X Z for effective Debye screen-
ing. We come back to these problems in connection with collisional absorption in a
thermal plasma.

From the oscillator model the cutoff of the Coulomb potential at the dynamic
Debye length X arises self-consistently. Performing all calculations with a bare
Coulomb potential corresponds to ignoring the restoring force in (3.77) and leads
to the well-known divergent result. The origin of screening and the reason for con-
vergence become clear from the oscillator model (see Fig. 3.8): An electron on the
distant orbit with b larger than a certain b« feels a weak attractive Coulomb force
over a long time; the oscillators (3.77) are very slowly shifted from their equilibrium
position and then slowly released. The whole process occurs adiabatically and all
energy the oscillators had acquired is given back after the encounter. At an inter-
mediate b, the oscillators associated with 8, 8, are excited since the driving force
changes rapidly enough to produce Fourier components not far from the eigenfre-
quency wp. As a result, energy is taken irreversibly from the translational motion
and transformed into oscillatory energy. Finally, at very small b >~ b, the exciting
force has frequencies much larger than w, so that the oscillator behaves like an
attracted particle with zero restoring force. It is well-known that the deflection angle
¥ of a nearly straight orbit can be calculated exactly if the maximum Coulomb force
qe /47T8()b2 is assumed to act over the finite distance of 26 ([30], Sect. 13.1). Con-
sequently, the effective interaction time in such a collision is T = 2b/vy. A cutoff
at bmax = Ao means that interaction times during which the oscillator undergoes
more than

T Ao@p 1

= = — (3.89)
21 /wp T Vg m

oscillations have no irreversible, i.e., collisional effect on the system. It becomes
clear from this picture that at zero temperature the parameter which separates
collective behavior from single particle events is by =~ 2b, and not the Debye
length Ag.

The excitation of a plasma wave by an ion moving uniformly through a homoge-
neous plasma was simulated numerically with a Vlasov code in full generality, i.e.,
nonlinearities in n, and bent electron orbits are included [31, 32]. A typical example
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is shown in Fig. 3.10. For moderate ion charges the nonlinearity in n, and in the
electrostatic potential is small; at high Z-values, however, it is no longer negligible
(see Fig. 3.10b) and leads, as a consequence of trapping of free electrons in the
ion potential, to a dependence of v; on n; which is smaller than Z? of expressions
(3.87) and (3.88).

So far the effect of a single ion on an electron has been calculated. When v,;
produced by the ions of a plasma is considered, one electron feels simultaneously
the influence of many ions and their collisions overlap since Ao > n 1/3 (Fig. 3.7).
Under the conditions that (i) the overlapping collisions occur along nearly straight
orbits and that (ii) collisions with curved orbits do not overlap (by < n, 1/ 3) this
problem is easily solved. To this end imagine the ions at the locations x;. At the
time ¢ each of them has produced the shift §; () = &;(t) + ;1 (¢) according to
(3.77). They sum up to a total instantaneous shift §(¢) and hence the total oscillatory
energy of an electron at position x = (a, b) is

1 » 1 N A : 1 N A 1 N A
— VARE! 1o,
S8 b) = Sp <§ jam) = 2Mi§j_:1 8i8j=Zuy 8. (0)

i=1 i=1

i.e., owing to randomly distributed phases all collisions add up as if they occurred
one after another. As a consequence, N ions radiate N W power by electron plasma
waves and (3.86) remains valid for overlapping long-range Coulomb collisions.
Expressed differently, in this way the collective part of v,; is calculated in its first
Born approximation (no multiple scattering), since v is kept constant over the dura-
tion of the collision with one ion.

In most elementary derivations of v,; based on the momentum change of a single
electron in the forward direction, only &, is taken into consideration. From Fig. 3.9
it is seen that § also contributes. Imagine two parallel layers of electrons at a suit-
able distance from each other. When the first layer has reached the position of the
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Fig. 3.10 (a): Excitation of an electron plasma wave by an ion at position z = 0, r = 0 of charge
Z (normalized by the number of electrons in the Debye sphere) in a plasma streaming from right

to left at speed v /v, = 4 (from [31]). (b): Electrostatic potential/Z on the z axis as a function of
the normalized charge Z (from [31]). In the linear theory the three curves coincide
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ion it has its maximum velocity vg + ¢ by attraction whereas the layer behind has
not yet. This difference in speed leads to a charge nonuniformity oscillating in the
direction of vy. Its relative importance increases with decreasing Coulomb logarithm
In(Ag/b ). In fact, for vg = const the ratio of the two contributions to the absorption
coefficient o + o) for In Ag X 2 is given by

o) 1

= —. 391
o 21n Ay ( )

In a harmonic laser field the electrons oscillate with the oscillation velocity v (¢)
and the displacement p(¢),

N . N . e A n N e A
Vos(t) = Vos € rer, Vos=—I—EFE, p()=pe rer P = 2E~
mw mw
As a consequence the collision frequency becomes time-dependent, v,; = v,; (2).

The portion of energy irreversibly transferred to the electrons per unit time under
steady state conditions is obtained from the cycle-averaged quantity jE. With the
help of (2.23) a meaningful definition of the cycle-averaged collision frequency ve;
is given by

S — — S 1 —
JE = VeilleMV? = 2V,ine0E0ss  Me) = ne(t), Eos = Emv2~ (3.92)

With v,; replaced by v,; (1) in the foregoing sections all absorption formulas remain
valid.

The determination of the time-averaged collision frequency v,; for vanishing
electron temperature represents a nearly exactly solvable problem. It may serve as
a bench mark result for critically analyzing the various approximate results in the
literature. However, even under the limitation 7, = 0 the analysis is of considerable
complexity [33]. In (3.75) the former r = b + vot is replaced by r = b + p(¢).
Under the assumption of steady state and no memory effect extending over more
than one oscillation, with the help of the Anger functions of index 0 = w,/w [34],

Jo(x) = %/On cos(o& — xsin€) d§,

one arrives (making use of trigonometric identities) at the collective part of the col-
lision frequency v,

I;J_Q)z 0 bo R R
ve=2—7~ / —|x| Ko(bolx|/p) Ki(bolx|/p) J3(x)dx; (3.93)
Vos J—oco P
N Ke R R
L= h=bl (3.94)

mugg
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The total collision frequency v,; is the sum of v, and the contribution from the
bent orbits with b < bg. In Fig. 3.11 the integral of expression (3.93) is evaluated
numerically as a function of o for p/by = 20, 40, 60, 80. It shows weak local
maxima in the neighborhood of of even integer values of o. The integral is highest
for w, = 0. This case corresponds to suppressing the restoring force, i.e., dynamical
shielding, in (3.75). As pointed out, with a constant electron velocity v, for b —
oo a logarithmically diverging expression for v,; = v,; is obtained. In contrast,
with a periodically oscillating electron velocity vs(2), Ve; no longer diverges at
b = oo. The reason for this behavior is that now the bare Coulomb cross section is
modified by the presence of the laser field, or, in other words, it is “dressed” by the
laser photons. The contribution of collisional absorption by excitations of plasmons
parallel to E is shown in Fig. 3.11b. For the parameters used here it is at most 15%
of the total value.

For 0 = w,/w = n, n integer, an asymptotic expansion of (3.93) can be given
as follows,

2 wzl;J_ 72
_ p 2 2
Ve =— 2| 1n’(p/bo) + (8In2 — 4x(n)) In(p/boy) + 161n>2 — —
T Vos 12
In3(p/b
—16A(n) 1n2+4)»2(n)i| +o (%) (3.95)
0
w " 1
_ P _ _ . _ _
n_Z_O,I,Z,..., )L(n)_zm, ie., AM0)=0, A()=1,....

k=1

It becomes evident from Fig. 3.11a that for v, < /5 screening is no longer
relevant. Therefore the collision frequency is given by setting ¢ = n = 0 in (3.95),

2 a)%l;J_ 5
Dt i [m (p/bo) + 5.5 In(p/bo) + 6.86] . wp /5. (3.96)
T Vos
8 (a) 1 (b)
058
6
0.6 80
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c c

Fig. 3.11 (a) Evaluation of the integral (3.93) as a function of 0 = w,/w for p/by = 20, 40, 60,
80; (b) contribution of § to the integral for the same parameters. Main contribution to absorption
originates from plasmon excitation perpendicular to veg
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A detailed analysis of (3.93) shows that for 0 = 0 the integrand decays exponen-
tially from x = p/bg on. This means that screening acts as if the bare Coulomb
potential is cut off at byax = p = Vos/w. If 0 > 0, J(%(x < o) =~ 0 holds and the
corresponding cut off is byax = Vos/w).

3.3.2 Thermal Electrons in a Strong Laser Field

The random motion of the plasma electrons in the mean field approximation may
be described by a classical one particle distribution function f(x, v.,t) when its
kinetic temperature 7, is much higher than the Fermi temperature Tr = Ef/kp. In
the presence of the laser field a drift velocity is superposed and hence the distribution
function g(x’, v’, 1) in the lab frame is

g(x/ v, ) = f(x,v., 1), X' =x+p@), vV =uv,+ve5(1). (3.97)

As a consequence of the attraction by an ion an electric field Ej, is induced by
thermal and dynamical shielding. In the case that the screening length A is much
larger than b, and X p the majority of the particle orbits is nearly straight and again a
collision parameter by, max (b ,Xp) < by < A, can be introduced which separates
close encounters from remote ones. The electrons with » > by behave fluid-like and
are adequately described by the linearized dielectric Vlasov model.

The Vlasov equation (2.86) with a test ion of charge ¢ = Ze reads in the oscilla-
tory frame x = x’ — p(r)

af  f e_ of

— —Vo =0, 3.98
or " Yax Tm v, (3-98)
K
D =Pc+ Py, Pc= x| Vo, = —Ej,.

@;, is the induced screening potential. The Coulomb potential @¢ of the ion oscil-
lates around its position in the lab frame x’ = 0 according to x = x" — p(¢). By
setting f = fo(ve) + fi1(x, v, t), with f] the disturbance introduced by the test
charge, and linearizing around fy yields

0 0 e 0
LR ZV(@c + G520 oy Cypct o (39)
at ox v, m v,
Poisson’s equation requires
noe
V2, = 1 /ﬁ dve, V2o =—Lsix 4 py. (3.100)
0

It is standard to omit the last term in (3.99) although it is of first order. By
its neglect strong ion field effects (close encounters, bent orbits) are excluded.
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The V operators are removed by a Fourier transform in space, ®(k, 2) =
(271)_2 f @ (x,t)exp(—ikx 4+ i$2t) dxdt, etc., and (3.99), (3.100) reduce to alge-
braic relations. Equations (3.100) transform into

~ noe ~
Fin(k, 2) = —Eo%ffl(k,.@,ve)dve, (3.101)
Bk, 2) = QJT;ZW / 5(x + p(1) e MR gxar  (3.102)

— (27[)36 = fei(9t+kﬁcoswt) dt
0
q oo
e > i"8(2 + nw) Jy(kp)
n=

—0o0

where the identities

oo
e:tl'ZCOS{' — Z (:I:l)"]n(z) eiin{" S(Z) — (27_[)—1 /eikz dk

n=—0oo

for the Bessel functions of integer order J, and for the delta function have been
used. The Fourier transform of (3.99) yields

afo

—_—. 3.103
ov, ( )

(2 — kv) fi(k, 2) = %(Cf’c + Bk

In a static linear homogeneous medium the dielectric constant € connects the exter-
nal, induced, and total electric fields Ecx, Ein, E with the polarization P in the
following way,

1
¢E = e(Eey + En) =E + —P.
0

By means of Poisson’s equation and VP = — pj, this translates into
€0 = (0 — Pin) = Pex, €P = (P — Djp) = Pex (3.104)

for the total, external, and induced charge densities p, pex, pin and potentials @,
Dex, Pin. Thus, p = pex/€, E = Eex/€, P = Pex /€.

Introducing the dielectric function € = e€(k, §2), within the validity of linear
response these relations hold for a single Fourier component in fields varying in
space and time. Substituting f] from (3.103) in ®;, in (3.101) yields

2
~ ~ ~ ~ nope kafo/ave
Pc=0 -, =P 11 d .
¢ 1 { + eok’m | 2 — kv, Ve
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Hence, owing to @¢ = Pey, pc = pex. and D¢ = Pex, e = fex

e @ [kdfo/dv,

k,2)=—=1 dv,. 3.105
ek, @) = = = 1+ o [ S0 dv, (3.105)

It is analytic in the entire half plane J§2 > 0. For a real quantity 4 (x, t) the relation
h*(k, 2) = h(—k*, —£2%) holds and, consequently, €*(k, £2) = e(—k*, —2%).
The total potential @ (x, 1) = Pc(x,t) + Pin(x, t) reads now in the frame moving
with v (1)

_ Ay ikx+inwt
D(x, 1) = (2n)?eo Z /k2e(k J(kp)e dk. (3.106)

The force f, acting on the ion at position x (1) = — p cos wr is

fqg=—qVP(—pcoswt, 1)

) 0 a1 ~
1 q it k Ju(kp) —ik p cos wt+inwt dk

_(2;1)35 =) Kek, —now)
nt+l-lp i1—)
= Jk‘Jnk* in=Dot g
(2n)3 - ; /kze(k () Jntkp)e

The cycle-averaged energy absorbed per unit volume and unit time is

_ ny——o— no 1

JE === Fqvasl0) = —172—Ef (ot — e—ian)

_ noe’q Z / ikdk
T 2mwep (271')3 k2e(k, —nw)

X{Jn l(kP)Jn(kP) + Jn(kI;)JnJrl(kI;)}

2
_p ikdk P L
(271)3 Z sze(k T kp) 1%

In the last step the property J,,—1(x) + Ju4+1(x) = 2nJ,(x)/x was used. E is the real
laser field amplitude. Owing to the cylindrical symmetry the integration over k L p
can be performed easily in polar coordinates,

TE 1 %7 idk 27'[ 5y
TE= (2”)3_ Z e(k —nw) p ”Jn (kpcos®)dcos?

w dk 1 kp
= Mg Z —2- — J2 (&) dE. 3.107
M Bos n%ﬁg”[o s _nw)fo 2(8) d& (3.107)
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In the last passage the properties J_,(§) = (—=1)"J, (&), an(—é) = J,%(é),
ek, —2%) = €*(k, 2) for k real and 2 = —nw, and Vys = eE/mw were used.
The electron distribution function fp(v,) is to be used in a system of reference in
which no net drift results, i.e., f v, fo(ve.) dv, = O0; all drift is in the ions. The
time-averaged collision frequency v,; follows from (3.92).

For a Maxwellian distribution function f, (3.105) reads

k2 2 [T 2 2 w
e(k,w):l—l——D(l—Zne_” / e dx+iﬁne—"), n= )
k2 0 V2kv,
(3.108)
The electron thermal velocity is vy, = (kBTe/m)l/2 and kp = 1 /AD,_ with

Ap = vpn/w) the familiar electron Debye length. Simple expressions of jE are
attainable for 055 < vy and ves > vyy; for intermediate ratios of ves/ve (3.107)
must be evaluated numerically. A comparison of the classical expression for the dif-
ferential Coulomb cross section o, in terms of the impact parameter b (2.44) with
its identical quantum expression formulated in terms of plane waves of wave vector
k (see [35], p. 387), b and |k| are related by k = |k| = 1/b and, correspondingly,
ki = 1/by and kp = 1/Ap. If b is a few times larger than A p it is the center of a
narrow wave packet around k = 1/b. Hence, for 2 ), the relevant k-interval in
(3.108) is k > kp or, equivalently, w), / kv = V2 < 1. It yields

w2

N (1) (n)m ko e (3.109)
N I e = — . .
€ 2 k3 v (1 + k3 /k2)2

Let us take for the moment Do < vy, to arrive at kp < 1 and Ji(§) = &/2 as
the leading term owing to J,(§ < 1) =~ (£/2)"/n!. Hence, in the weak laser field
approximation (3.107) simplifies to

2
4\ nee* \“mig, [ K3
& _ A\ o [T _ K an 3.110
J 3 ( 2 ) <4n£0m> vfh /0 (k2 + k3))? ( :

The indefinite integral is [In(k2 + k%)) + k%) /(K% + k%))] /2. It diverges for k — oo.
This is a consequence of linearization and omission of the last term in (3.99) or,
equivalently, of the straight orbit approximation. In perfect analogy to the treatment
of close encounters by D(Bp) in (3.84)ff kg = 1/bg has to be introduced, with
bo dividing straight orbits from bent trajectories. After folding with a Maxwellian
and averaging vos(#)(D(Bo)) over one laser cycle the resulting quantity has to be
added to (3.110). We do not continue further here because the subject is treated
more adequately in the next subsection dedicated to the ballistic collision model.
We conclude by observing that the classical dielectric model yields a lower self-
consistent cut-off at k = kp, but it diverges for large k-values related to close
electron-ion encounters. The divergence at large k-values is avoided in a quantum
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treatment, e.g., following a Kadanoff-Baym [36, 21] or a quantum Vlasov treatment
[37]. A complementary derivation in some respect, based on a generalized linear
response theory, is given in [38]. The authors arrive at the same expression (3.107) in
which now the classical expression of € (k, w) is replaced by its quantum counterpart
ek, ) [39],

(ko) =11 XD k—B[D< +L)—D< _Lﬂ
TSI 3 R VT LV T

T\ 1/2 k% kp _.2 _1 2
- P o k/kp)?
+1(2) T3k e e2 sinh(v/27), (3.111)

with 5 as before and D(y) = e ™" [’ ¢*” dx. The evaluation of (3.107) with € = ¢,
is complicated. Following again [39] one arrives at

__ Zmot [ gk k 5
JE= zA”/ F (—ﬁ”—) (3.112)
200s Jo Kk kp wp v
2 0« - kos -5
1) Je, (k,ilw) _ E
F=<—) o d J2E). V= =2
@p/ 1D leq (k, ilw)|= Jo 2n,Eos

for all ratios Dos/vi. In many applications holds Ap > by > Ap < 2b, . Then, for
Uos K v With €, used in (3.107) follows the upper cut-off k = kpax = V2kg.
The validity of (3.110) extends, strictly speaking, only up to k = 1/bg. However,
when adding the cycle-averaged contribution of the close encounters vos(?) (D (Bo))
the sum of both is obtained by extending the interval up to kmax and is insensitive
to the special choice of the cut by over an adequate range. Hence, the integral yields
In(Ap/Zp) + 0.06 which is nearly identical with the familiar Coulomb logarithm
In A, A = Ap/Xp, and v,; becomes identical to the Spitzer—Braginskii collision fre-
quency (2.45) for a Maxwellian plasma. It should be stressed that although electron
trajectories with b = Xp are generally bent and invalidate any Born approxima-
tion or linearization (3.99), under the limitations above the correct result for v,; is
obtained through the cut-off at by, = Xp/2. The collision frequency for s >> vy
is also obtained by making use of ¢, (k, w) and the asymptotic forms of J,,(§) for
large arguments. We list the results of [19, 20, 37], all derived for @* > a)g,

20 29,
Shima—Yatom : v,; = C In Yos <ln v/ +In UOS)
AB Uth

Vos Vh/@
In

2Uth XB

Silin : v, = 2C (1 +1n (3.113)

- AN 12
Kull-Plagne : v,; = 2C In Tos In \/Evth/w <E)
Uth AB Uth
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(“double Coulomb logarithm”) where C = mew;‘, / (neﬁgs). The most careful asymp-
totic analysis is undertaken in [37]. In connection with the expressions (3.113) in
particular and with the dielectric model in general, several remarks are to be made.
(i) Expressions (3.113) for the same physical quantity differ from each other. Evi-
dently there is no unique asymptote. However, the validity of each expression may
be best for some interval of o/ vin. Do they hold for all ratios w), /w > (1 ~ 3)? (ii)
The evaluation of (3.107) in full generality is of considerable complexity and does
exclude close encounters. At ratios Uos/vey > 1 up to 10? Bessel terms may have
to be added to achieve convergence. (iii) To remove the differential operators 9/9¢
and V from (3.99) transformation to Fourier space is done which, as a consequence
necessitates the decomposition of the anharmonic time dependence exp(i cos wt) to
a complete set of Bessel functions. Great loss of a physical picture is the conse-
quence. For example, what is the physics behind a function like

R In Dos /ven
o (v (52
AB Uth

from (3.113)? (iv) In its nature a collision is short in comparison to the laser plasma
period 2 /w, it resembles a narrow Gaussian, if not even a §-type interaction. To
decompose it into functions of kx of constant amplitude is counterintuitive (e.g., like
treating the hydrogen atom in the basis of the Hermite polynomials of the harmonic
oscillator in R3). In transport theory time-dependent quantities are of interest, e.g.,
the heating function j(#)E(¢) at low frequency w. It is a hopeless enterprise to
evaluate it in the framework of the standard dielectric theory (see the double sum
of products J;J,). Searching for a more appropriate description, i.e., a more ade-
quate basis, may represent a challenging problem of mathematical physics. With
the introduction of the ballistic model for collisions a first step may be done in the
right direction.

3.3.3 The Ballistic Model

Collisions of individual electrons with a fixed ion of charge number Z are consid-
ered. The momentum loss along the original electron trajectory due to deflection is
calculated and the result is averaged over all impact parameters b and all velocities
v(t) = vos(t) + ve, v, taken from f(x, v, t) in the oscillating frame as before
in (3.97). As a result the time-dependent collision frequency v,; () is obtained.
Finally, cycle averaging yields v,;. For simplicity the distribution function f is
assumed to be homogeneous and locally isotropic; hence f(x, v.,t) = f(v.,1).
The momentum loss A p in a Coulomb collision along v(¢) follows from the differ-
ential Coulomb cross section o in (2.44) by integration over b, with 0 = b2,
the total cross section,
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b> [T (1—cos®)sind b2 [T dsinZ
Ap = mv—+ %dﬁd(p:%fmv—l - 192
0 Jy=¢ 4sin” 5 0 Jo=¢ sinz
b2 b2 +b2 1/2
= 47mv—=In m. (3.114)

o b,

The Coulomb logarithm InA = ln[(bi + b2

max
momentum loss per unit time is p = on;|v|Ap,

)l/z/bl] is discussed later. The

Z2e4n,-

K
p = —mv,;(V)v = ——vin A, K=—7%¢-
p El() U3 4]‘[83]11

(3.115)

By the first equality the collision frequency v,;(v) for the momentum loss p = mv
is defined. Equation (3.115) implies that simultaneous collisions are reduced to a
sequence of successive encounters since small angle deflections obey the relations
(Av) = ([l — cos #(D)]) = v(P2D)/2 = v YN, 22(1)/2 = v/v? Y6, (1)/2.
in perfect analogy to (3.90). To obtain the ensemble-averaged momentum loss (p)
averaging has to be done on v/v> over the thermal velocities v,. For an isotropic
distribution function f (v.) the velocity v consists of all vector sums as sketched in
Fig. 3.12. The quantity p is parallel to v, whereas (p) is directed along vos. With
the angle x as indicated in the figure we find

o b
(P) = mve; (t)vos = —K/ [ %2nv3 sin x f (ve) In Adxdve. (3.116)
0 0 U

The combined velocity isv = |v| = (v%s+vg+2vosve)1/ 2. The collision frequencies
Ve (t) and v,; follow as

K oo rl 2 f(v)In A
Vi (1) = 27 / f cosav, fUIMA e vdve.  (BA17)
o Jav

MU (1) 2, + vZ + 2V05, COS X
K oo 1 Vel
Vei = 4T — / / =—v2 f (ve) In Ad cos xdve. (3.118)
muvgs Jo -1V

Fig. 3.12 v; = v, ; 4 vos(1), Vos(?) quiver motion
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These expressions are much simpler than (3.107), however they do not handle
collective resonances around w = w,. The integration over b in the Coulomb log-
arithm runs from b = 0 to b = bmax. No lower cut-off appears, only bpax must be
determined.

3.3.3.1 Cut-offs

Let us assume that b, and Xp are well separated from by« and Ap. In addition
bmax > bo, by separating straight from bent orbits, is assumed to be valid as is the
case in the weakly coupled plasma. First by is fixed. Under the current conditions
Jackson’s model applies [see paragraph containing (3.89)]. For 9os /v < 3 the time-
averaged speed is, owing to v2 ~ sin? wt, vV = v/ﬁ. From tin¢ = 20/ < Tiaser/3
follows

2bmax l 21 v

=—-— = bpax = —.
v/\/§ 3w max ﬁw

The accuracy of this cut-off can be checked by comparing (3.118) with (3.112). The
outcome will result very satisfactory, as shown in the following.

In the literature b = b or b = Xp is generally referred to as a “lower cut-off”
bmin- This is unfortunate and totally misleading. Finally, to make the confusion com-
plete, bmin = b is given the name of “closest approach” [Sect. 3.3.1, e.g. (3.84),
(3.85)]. A standard argument for choosing Xp as a lower cut-off is that a higher
degree of localization of encounters b < Ap is meaningless because of the uncer-
tainty principle. As seen in Sect. 3.3.1 in classical Coulomb scattering b, results
from an exact integration starting from b = 0. Perpendicular deflection plays no spe-
cial role from the point of physics, it is merely a compact mathematical symbol. We
want to stress further that the classical Rutherford cross section o, for the Coulomb
potential is identical with the corresponding exact quantum mechanical expression
and with its first Born approximation [35]. In a quantum calculation integration is
also done over all scattering angles, corresponding classically to all values b > 0
[see (2.44)]. However, owing to screening the cross section of a charged particle
in the plasma falls off more rapidly than 1/b*. That is the reason why in transport
theory Ap appears. Let us first consider the quasi-static screening at Ups <€ vth
given by the Debye potential (2.39) in the weak coupling limit. Its differential cross
section op(¢) in first Born approximation is given by [35]

(3.119)

2
bi

9) = ,
oo () Asin2(9/2) + (/20.p)2 2

h
Ap = —. (3.120)
mv

Replacing op () in Ap from (3.114) leads to Lc in place of In A,

Le=tm(L 41 ! Ll 1) =m?2 402 *
=—-In{— - ~—-|ln——-1)=mh=—=+0.2, =,
T2\ 1+p2 2 p2 by P= 20

(3.121)
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It shows that, taken the first Born approximation for granted, in (3.114) b, should
always be replaced by X p. This is in clear contradiction to the rule that by, (which
is not a lower cut-off) in A = bmax/Pmin = bmax/Ap goes over into A = byax /b1
assoon asXp < (1 ~ 2)by ([40] p. 262). The contradiction arises for Ap — oo.
Scattering of a plane wave is an acceptable concept for potentials falling off rapidly,
e.g., a Debye potential, but not for V'~ 1/r which is of infinite extension and gives
contributions to scattering up to b = co. When scattering of finite wave packets is
considered the contradiction disappears. However, the pertinent published literature
is not very clear and often merely formal (see for instance [41] and [42], to name
just two). Here we present a physically correct and more lucid explanation.

By setting ké = 2mE/h* = I/X%g and n> = 1 — V(x)/E the stationary one-
particle Schrodinger equation assumes the structure of (3.7) when VE = 0 is set.
Under WKB conditions n obeys the ray equation (3.12). In the domain of validity
of it the scattering angle ¢ is the deflection angle of the trajectory (“ray”) asso-
ciated with the collision parameter b. According to (2.44) ¢ and b are related by
sin?9/2 = b% /(b1 + b?). Let be kg = rby and by = skp, where r and s are
of order unity. By definition by subdivides the scattering potential into two regions,
b > bg and b < by. In the outer region WKB holds (“straight” orbits, by > b ).
By setting for instance r = s = 2 follows ¥ (bg) = V9 = 28°, cos ¥y = 0.88 ~ 1,
and hence the first Born approximation (3.120) for op (¢%) is also valid there. Owing
to bg K bmax screening in the inner domain b < by is irrelevant and scattering is
calculated to an excellent approximation from the unscreened Coulomb potential.
With the help of (3.114) the total momentum loss A p is

br | bt +1b] N 2o
Ap:471mv? [IHT-F In(x“+ p )O — m . (3.122)

where x = sin¥/2, xo = sindy/2, p = Ap/2ip. If in the inner region op(¥)
is used instead of o, from the second and third terms in (3.122) taken within the
limits x = xp and x = 1 follows

1+ p? 1 X 1

— + ~ In o~
g+ 1+pr g+t g+l
b? b’ by +b§

—ln[ﬁ —;:|:1n J_2 0.

b2+ b 23 b?

In

Thus, the Debye potential can be used in the entire region 0 < b < oo if (Ap/bg)? is
considerably larger than (bi + bg)/ b?%, and the Coulomb logarithm reads as given
by Lc in (3.121).

The situation is more complicated for Zp < b, . In evaluating (3.122) the con-
dition by > b must hold to guarantee the validity of WKB and the first Born
approximation in the outer region. At the same time the use of the unscreened
Coulomb potential in the inner region requires again by < Ap. In general the
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frequently encountered simple rule of replacing X5 by b, in the Coulomb logarithm
represents an improvement. However, it is not exact; the correct cut-off results in
a more complicated expression obtained from (3.122). In laser plasmas generally
Xp > b, holds and the opposite situation is not of great relevance.

In the following we limit ourselves to Xp > b . Guided by the structure of
op (1) in (3.120) which contains (XB/Z)Z/)»%) we redefine by, = Ap/2 = h/2mv.
The formal justification for it may come from the kinetic formulation in terms of
Wigner distribution functions and is therefore to be considered of universal charac-
ter not bound to the special Debye potential of scattering [39]. In practice the model
of a coherent plane wave is not applicable to lateral extensions larger than >~ Xp.
Under the condition 0,5 < vg, the quiver motion induces only small periodic oscil-
lations of the screening Debye sphere. The much faster thermal motion compensates
small deformations. This is expected to hold to an acceptable approximation up to
Uos < vgh. In the Coulomb logarithm, however, Ap = vn/w), has to be replaced by
vm/w if @ > w), holds, as outlined at the beginning of this subsection for arbitrary
velocity v. In case of @ < w), the plasma frequency as the faster oscillation fre-
quency takes the role of the limiting interaction time for a collision, in agreement
with the oscillator model of Sect. 3.3.1. In summary, the Coulomb logarithm to be
used in the ballistic model for the individual velocity v is

bmax v XB h
InA=1In , b = bpin = — = ——. (3.123)
bmin T /2 max (0, wp) T T 2m

This expression for In A is used now in evaluating (3.116) and (3.117), (3.118).

3.3.3.2 Collision Frequencies in the Ballistic Model

The evaluation is done for a Maxwellian f(v.) = fm(v,) as a representative case
in many occasions. For a rough estimate of v,; (¢) in (3.117) In A may be averaged
over the angle x and treated as a constant [43],

2m (v? 2
(In A) ~ In(A) = In */;_Z(” ) [gm 3 + vtzh)i| . o = max(, wp).
m m

(3.124)
When the further approximation cose = 1 is introduced the integral reduces to a
simple expression assuming the structure of the gravitational force of a spherical
mass distribution on a single mass point, and v,; (¢) reads

K In{A)

Vei (1) = W

Uos(t)
f 402 frn(ve) dve. (3.125)
0

For 05 < vy it becomes time-independent and agrees with Spitzer-Silin [44] for
® < wp. By cycle-averaging v,; (¢) it turns out that In{A) is best approximated by
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In(A) = In{A) = In {ﬁm (02, /4 + vfh)] . (3.126)

Wy

The collision frequency v,; becomes

_Kh{4a) 1

vei = ~
mo2,  Vos(1)

Vos (1)
f 47 v2 fnm(ve) dve. (3.127)
0

Explicit expressions of (3.125) and (3.127) for various cases may be found in [43].
The approximations introduced here,In(A) = In (A) and cosa = 1, are not very
accurate. Their main advantage is simplicity of evaluation which can be done analyt-
ically with f(v.) = fm(ve). A thorough evaluation of (3.116), (3.117), and (3.118)
has to be done numerically integrating over f(v.), (vos?)/ v? and In A from (3.123)
at the same time [45]. Expression (3.118) has been determined in Fig. 3.13(a) for
T, = 100eV and a density n, = n; = 102! cm™3 as a function of Dos/Vth and
the frequency ratios w/w, = 0.5 (black dots), 1.5 (gray rthombs), and 5.0 (gray
triangles). Comparison is made with the dielectric expression (3.112), see black
and gray continuum lines. The Coulomb logarithm shown on the ordinate is the
cycle-averaged multiple integral of (3.112). It may be regarded as the true effective
Coulomb logarithm In Aegr = (In A). For 7, = 1 keV the same quantities as before
are shown in Fig. 3.13(b). The agreement between the two models is excellent. The
dashed lines result from the approximation (3.127). They show an increase above the
correct quantities by 20-30%. On the other hand (3.127) is useful for its simplicity.

It has been stressed that evaluating (3.107) in the so-called “long wavelength
limit” kp < 1 may lead to inexact values of absorption, for instance to In A with
bmax = (v)/wp instead of (v)/ max(w, wp) and concomitant incorrect evaluation of
> an(é ). In other words, the long wavelength approximation seems to be appro-
priate for low laser intensities only (see (3.110)). However, this limitation has its

Coulomb Logarilhm
Coulomb Logarithm

BB N ® B D = N oW R
T

VoV LAUR

Fig. 3.13 Cycle- and velocity-averaged effective Coulomb logarithm In Acgr = (In A) as a function
of Dos /v for w/w, = 0.5 (dots), 1.5 (rhombs), and 5.0 (triangles). (a): T, = 100eV; (b): T, =
1keV, and n, = n; = 10*' cm™3: ballistic model, continuous black and gray lines: dielectric
model; dashed lines: (3.126) and (3.127)
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origin in the decomposition of exp(ik p cos wr) into Bessel functions, see (3.102).
The ballistic model does not make use of the decomposition into Bessel functions
and the problem does not appear although it makes also use of the “long wavelength
approximation” in another place [see vos(f) and p(¢) in (3.97) not depending on
x]. In terms of physics the long wavelength approximation is correct for all wave-
lengths of interest, including the soft X-ray domain, and for intensities at least up to
122 =108 Wem—2um?.

Far from w/w, = 1 the dielectric values of V,; are slightly lower than those from
the ballistic model. Exception is made at w/w, = 1.5 where the situation is inverted
(see thombs and gray continuous line). The reason becomes clear from Fig. 3.14
where In Aefr is reported as a function of w/w),. It is clearly seen that there is a
resonant increase around @ = ), in the dielectric model which the ballistic model
is unable to reproduce (at least in the form given here). Such resonances have been
reported, in a simplified approximation, for the first time by Dawson and Oberman
[46]; in the context see also [47]. In [48] the domain w = w, was investigated
with more care which led to a qualitative agreement with Fig. 3.14 (maximum at
o = 12w, and a plateau for < w)). Figure 3.14 shows in a convincing way the
validity of the choice w,;, = max(w, wp) in bmax of (3.123), (3.124) for w # wp. At
> w, the plasma is parametrically unstable (see Chap. 6), and resonant excitation
of high-amplitude Langmuir waves may occur (Chap. 4), with the consequence that
the dielectric model becomes invalid here also.

As a last point we have to discuss the asymptotic expressions (3.113) and to
understand where the double logarithm comes from and why in the Coulomb loga-
rithm appears vy, and not an expression like (3.126). To this aim an exact averaged
effective Coulomb logarithm L (3os/vin) = (In A) is determined in such a way as
to make the two quantities (3.118) and (3.127) equal in magnitude [39],

Coulomb Logarithm

W,

Fig. 3.14 In Aefr as a function of w/w), for n, = n; = 102 em=3 and 7, = 100eV and 1keV.
Black squares: ballistic model, continuous lines: dielectric model, dashed lines: approximation
(3.126)
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_ K VosV 2
Vei = 4w ——= In Av; f (ve) dv,

mo, ) 3
K (P} ] /vog([) 2 £ () d (3.128)
= 4T ——= — v Ve Ve. .
m{)gs ¢ Vth / vos(t) Jo ¢ ¢ ¢

For a Maxwellian the resulting function G (0gs/vh) = Lg/In Ag is now pre-
sented. The Coulomb logarithm In Ag (index S indicating Spitzer or Silin) is taken
from Kull-Plagne in (3.113) with n, = n; = 10! cm™3 and 7, = 100eV. G is a
universal function of the single variable 045/ vin. The two asymptotes proportional to
(Dos/vin)? for Dos < vy and In(Dos /v + 1)/ (Dos/vim) for dos /v = 3 reproduce the
standard Spitzer—Silin formula in the limit of vanishing Dos /vy, [see (3.125)] and lie
between Silin and Kull-Plagne for o5 exceeding vg,. We deduce that, in agreement
with physical intuition, quiver velocities below vy, lead to a weak reduction of v,;
only. On the other hand, in the domain 0os/vy, > 1 there is no unique best fit.
The special choice depends on the interval to be fitted. For example, the interval
1 < Dos/ven < 5 is not fitted well by any formula from (3.113). Finally, Fig. 3.15
shows that there is no physical content in the paradoxical formula In Ag and no
physics in the product of two logarithms in (3.113). They are merely originating
from the use of Bessel functions in solving the problem of collisional absorption
in one special way. A possible factor In(0os/ve) is purely kinetic and not due to
shielding. The branch G (Vos/vs > 5) of Fig. 3.15 can be easily fitted by a single
parabola instead of a double logarithm.

The ballistic model offers great advantages in comparison to the various dielec-
tric approaches: direct physical insight, no slowly converging summations over
oscillating functions, easy extension to moderately nonideal plasmas. For example,
overlapping collisions do not alter v,; as long as they do not superpose for collision
parameters b < bg, with 9 (bg) < 30°. A clear advantage of the dielectric approach
is that it does not need an upper cut-off for b (lower cut off for k) and can handle,
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Fig. 3.15 The function G (0os/vi) and two asymptotic fits for Oos/vin — 0 and Vs /v — 00
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to a limited extent, plasma resonances in a straightforward manner (in this context
see [45]).

So far we have not specified vos(¢). From the kinetic derivation of the first
moment conservation equation it becomes clear that in (2.23) and in the Drude
model v is the velocity of a fluid element and not that of a single electron. As long
as v,; < w holds it makes very little difference whether v, (?) is identified with the
oscillatory velocity of an individual electron or the drift velocity of an oscillating
fluid element. However, in the opposite case of v,; > @ a consistency problem
may arise because the single particle drift from which v,; is calculated and the fluid
drift may differ from each other. Some reasoning shows that at least for Coulomb
logarithms somewhat larger than unity they still coincide since most of the orbits
contributing to v,; are straight. Hence, vys(#) has to be calculated from (2.23) with
Vi included. At Dos/vgn > 1 the electron-ion collision frequency v,; from (3.117)
shows a strong time-dependence. As an immediate consequence higher harmonics
appear in ves and, in concomitance, in the current density j,., in E and B. The
anharmonicity is expected to be particularly strong in a dense plasma when T, is
low and Uos >> vih.

3.3.4 Equivalence of Models

3.3.4.1 Boltzmann Model

Boltzmann’s kinetic equation,

g + v% — EE% = /(f/fi/ — ffi)oo|v.ildS2dv; (3.129)
at ox m Jv

is linearized, f = fo+ f1, fi ion distribution function, to obtain the current induced
by the laser field, j = —en, [ v fidv. Silin calculated this expression to obtain
the cycle-averaged absorption from jE [18]. To show the equivalence of the two
models the ions may be assumed immobile owing to |v;| < |v.|. Then by tak-
ing the first moment of (3.129) and observing the identity f vV f(v)o(®)|v|dv =
f v f(v)o (¥)|v|dv one obtains the momentum equation

d
d—l: + iE = —n; /(v —v)f()  2mo (D)|v|dvd? = —veiu. (3.130)
m
Remembering that j = —enefvf(v)dv = —en,u, from Drude’s ansatz (2.23)

results jE = 2v,;Eos. This is identical with the Boltzmann result. The identity is
most easily seen if f is expressed in the frame moving with velocity u since there j
stems entirely from f; = f — fp. It is essential to use o (¢) of the self-consistently
screened Coulomb potential.
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3.3.4.2 Drude vs Dielectric Model

In order to establish the equivalence of the models one has to show that Ej, =
mve;u/e. The correctness of this relation is recognized by intuition:

(1) The force on the test ion by all plasma electrons balances the Z-fold force
of all plasma ions on one electron (actio = reactio, owing to suppression of
retardation effects);

(i) under the assumption that the collision time t is the shortest time scale [which
is fulfilled, see (3.89)], the momentum change per unit time of an electron due
to collisions is just the instantaneous force of all ions on a single electron.

The formal proof is most conveniently done by calculating the first moment of
(3.129) for the relative velocity u,.,

d
aur _ Veilly — diS =0; u,= / v, f1dv,.
dt m

Summing this over all electrons in the same way as in Sect. 3.3.2 and making use
of (i) above, the assertion follows since (du, /dt) = 0 holds by definition. All treat-
ments of inverse Bremsstrahlung presented so far are equivalent to each other in the
weak coupling limit and fiw/kT, < 1.

3.3.5 Complementary Remarks

3.3.5.1 Non-Maxwellian Distribution Function

A serious impact of a large 0 on absorption is seen in the distribution function [23].
By comparing the time 7j, of heating the electrons up to the temperature 7,

3 — Vth \ 2 _
U = SnkTo/(TE) =3t (=) . T =,
2 v

one finds that 7, becomes shorter than the electron-electron collision time 7., as
soon as

~2 > 2
Z0° 2 3uy,

holds. After one electron-ion or electron—electron collision f(v) becomes nearly
isotropic for moderate vos/vih-ratios. However, when driven at constant E-field
strength, f(v) evolves into a self-similar distribution of the form (Fig. 3.16),

I 107111,-2264 InA ,

Fv) = ke V5 p— 021, (3.131)
m
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Fig. 3.16 Effect of the laser field on the electron distribution function v? f (v) for 92,/ vtzh =225
([24]: dotted, and [23]: solid)

The tendency towards the evolution of a super-Gaussian (broadened Maxwellian)
has been confirmed in [49] for Tps/v = 2 and plasma parameter g = 0.1, in
agreement with molecular dynamics simulations for vos/vg, < 1 [50]. In a more
recent treatment which includes electron-electron collisions self-consistently and
allows for an anisotropic part of the distribution function it has been found that f (v)
consists of a super-Gaussian of slow electrons and a Maxwellian tail of energetic
electrons [51]. The systematic study of the evolution of f(v) by Fokker—Planck sim-
ulations in [52] reveals a departure from a Maxwellian when o5 /vy, >~ 1 and a final
returning to a Maxwellian at Dos/ve, >> 1 due to the inefficiency of absorption. This
behavior is easily understood if one bears in mind that with increasing drift motion
the electron-ion interaction time decreases whereas the electron—electron collisions
are not affected by a drift that is common to all electrons. Finally, significant and
surprising enough, at Uos/v, = 10 and g = 0.1 the authors of [49] observed a so
far unexplained distribution function narrowing of the respective Maxwellian. They
showed that the effect originates from electron—ion collisions.

3.3.5.2 Coulomb Focusing

From the classical collision scheme Fig. 2.1 it follows that, depending on the scat-
tering angle, under the influence of a strong laser field an electron can gain an
appreciable amount of energy in a single collision. The gain is highest in the back
scatter configuration from an attractive potential and less significant from a potential
that is repulsive. The distinction between positive and negative charge scattering
from a Coulomb center clearly contrasts with pure Coulomb scattering for which
oy is indifferent with respect to charge conjugation. Additionally, in presence of
the laser field an electron can be captured temporarily by the ion fulfilling several
cycles for a while before being ejected again. In the quantum scattering process
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Fig. 3.17 Spatial probability density of a Gaussian wavepacket with momentum fikg = 0.005 m.c
scattered by an attractive (left graph) and a repulsive (right graph) Coulomb potential. The inter-
ference maxima indicate Coulomb focusing in the attractive and defocusing in the repulsive case
[53]

interference occurs between the plane incoming and the spherical outgoing wave
and, as a consequence, charge accumulation (attractive potential) and rarefaction
(repulsive) behind the ion can be observed in the direction of the laser field
(Fig. 3.17). This so-called Coulomb focusing phenomenon can lead to strongly
enhanced scattering [53]. In a refined ballistic model it should be taken into account.

3.3.5.3 Giant Ions

Strong enhancement of collisional absorption can occur due to the coherent super-
position of collisions in clusters. The absorption coefficient & due to collisions in
a plasma is proportional to the ion density n; and the square of the ion charge,
o~ Zizn i- When N ions cluster together the density of the scatterers nc decreases
by N but their charge increases by Z; N, resulting in an increase of « ~ N. In
order to obtain realistic amplification factors of collisional absorption due to clus-
tering g = ac /o, ac absorption coefficient of the cluster medium, the fraction &
of ions forming clusters, their “outer ionization” degree 7c, i.e., the net charge of
the cluster, and the collision frequency v.c of an electron with the cluster gas in the
presence of the intense laser field need to be known. It holds [54]

2
Zc L VeC @,
2 £C C eC ™p
_ ’ _ L 3.132
VeC 577c Z: In Ay Vei ac c o2 ( )

In A,; is the Coulomb logarithm of the plasma ions and L¢ is the generalized
Coulomb logarithm of the cluster of radius R, both to be determined. The Coulomb
scattering angle x is a function of the impact parameter b. For b > b, =
R(14+2b, /R)'/?, x(b = b1) = m/2, it coincides with the Rutherford scattering
angle. For orbits crossing the cluster it is determined numerically. For a uniform
charge distribution inside the cluster x is shown in Fig. 3.18 for b; = 2.5R and
by =0.5R. L¢is
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Fig. 3.18 Scattering angle x as a function of the impact parameter b for a uniform charged spheri-
cal cluster. Bold dashed curve for b, = 2.5R, and solid curve forb; = 0.5R, R cluster radius. The
corresponding deflections inside the cluster are indicated by the thin dashed and solid lines ending
at their respective b = b, points. The dotted-dashed and the dotted lines starting from y = 180°
refer to Coulomb scattering from a point charge ¢

Lc =~ +-In| =5——FF1. (3.133)

1/bc (1 —cosx)bdb 1 | bt +b2,,
2 Jo R2 2 b3 + b2

Multiplication factors of order 10°~10* are achievable for realistic cluster parame-
ters. Coherent amplification of collisional absorption is relevant for dusty plasmas,

aerosols, sprays, perhaps foams, and small droplets of liquids, all of them with
R <.

3.4 Inverse Bremsstrahlung Absorption

To illustrate the physics of absorption of radiation by collisions from a different
point of view in this section the absorption coefficient « is deduced from the emis-
sion of bremsstrahlung radiation of an optically thin plasma in the weak laser field
limit.

The total power P emitted by an accelerated nonrelativistic electron is given by
([30], Sect. 14.2)

_2 &2

.2
= ——v°(1). 3.134
34n80c3v ® ( )

In a nearly thermal plasma velocity changes ¥(¢) are mainly produced by electron-
ion and electron-electron collisions. An electron—ion pair constitutes a dipole sys-
tem to a very good approximation as long as the maximum impact parameter by;,x
is small compared to the wavelength emitted. For laser plasmas in the intensity
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range vos < vy and frequencies of w =~ wngq this is always the case because of
ANd > Ap = bmax. On the other hand, a colliding electron—electron system repre-
sents a quadrupole which at nonrelativistic speeds and under the above conditions
gives negligible contribution to radiation emission. The colliding electron—electron
pair can also be viewed as two electric dipoles of relative phase difference . As
a consequence, their dipole emission cancels. Since the principle of detailed bal-
ance applies, absorption of radiation does not occur in electron—electron encounters
either.

The total spectral intensity /,, emitted by n, electrons into the unit solid angle is
obtained by Fourier-transforming Larmor’s formula (3.134), and averaging over all
impact parameters b and the corresponding velocity distribution f(v). In this way,
for a Maxwellian velocity distribution

2P Koy, 0@, T0) _popir,

I pr— = M
C T dQdw 4J§n2c3vel “ InA

(3.135)

is obtained with v,; from (2.45) [55]. o (w, T,) is the Gaunt factor which provides
for the necessary quantum corrections in different (w, T,) regions. For wng and
moderate harmonics iw < k7, holds and the ratio between the thermal de Broglie
wavelength Ap and b,

Ap/by =

4 kT, \ /2
% ( n:) h=0.18(T,[eV])2/Z, (3.136)

in laser plasmas is such that the Born—Elwert expression for o (w, T,) applies since
(Ap/b1)* > 1 holds ([40], Chap. 8):

G hw

V3 <4 kT,

KT,
o T)=""In ) —0.55 [0.81 +1n hw] G=1781. (3.137)

For instance, for k7,/hiw = 103, ¢ = 4.2 results. The absorption coefficient
o, can now be determined from Kirchhoff’s law. Bremsstrahlung radiation from
an optically thin plasma generally represents such a small energy loss that (i) the
plasma can be in thermal equilibrium kinetically even though thermal radiative equi-
librium is not established and (ii) the spectral radiation intensity 1, (7,) is entirely
determined — to a high degree of accuracy — by the kinetic electron distribution.
Therefore, the relation

I ho? [(R(n)]?
= = Ipinck = 7 ! (3.138)
e 3¢ oxp (lf_;g) 1

holds. Consequently, the absorption coefficient becomes
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@, = (1—exp <— hw)) ]‘—Tel(@fi%. (3.139)

kT.)) hoc\w/) %) Ina

From fiw/ kT < 1 the factor (1 - exp(—% ) kT, /hw becomes unity. Comparison

with (3.36) yields
Uy 1 4 kT,
— =—1In{|— .
o InA G hw

To give a numerical example, for fiw/kT, = 1073 the ratio becomes a, /o =
7.7/1n A; for In A = 7.7 the spectral absorption coefficient «,, becomes equal to «.
In any case these considerations show that

(a) « is, within the uncertainty of In A, practically the same as «, in this way
justifying the identification of “inverse bremsstrahlung absorption” with “col-
lisional absorption”;

(b) the bremsstrahlung intensity 7,(7,) represents the spontaneously emitted
amount of radiation, whereas in the absorption coefficient « stimulated re-
emission of radiation is also included;

(c) atvery low temperatures or higher photon energies (e.g., iw/ kT, >~ 1) a purely
classical calculation of & begins to fail because then 1 — e /K" £ hw/kT.

Observation (b) needs two further comments. There are several ways of formulating
the principle of detailed balance and Kirchhoff’s law. It is convenient to use it in the
form of (3.138) where the emitted power density per unit solid angle is indicated
by I,,. This is because experimentally /,, can be uniquely determined only when the
surrounding radiation field is zero; as a consequence I, represents the spontaneously
emitted radiation. On the other hand, in a measurement of «,, the “true” or effective
absorption coefficient is determined which is the difference between absorption and
stimulated re-emission of radiation between two energy levels E; and Ey (Ep —
E1 = hw). With their populations 7] and n;, the Einstein coefficients B1y = Bj; for
stimulated emission, and p,, the spectral radiant energy density, p, = 4w l,/c, oy
is determined by

47
Aply, = (n1 By —naB12)py, = 7312(7!1 —n2)l,. (3.140)

The refractive index 1 and degeneracy are assumed to be unity. If «,, refers to level
excitation by absorption,

4
Ko = — Byany,
C
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and the levels are in thermodynamic equilibrium (for instance, because of collisions;
Maxwellian distribution in the case of continuous energy spectrum), hence n, =
n1el~"/kTe) one obtains

Ay = ko [1 — exp(—hw/kT,)]. (3.141)

K, 1s often used in theoretical work, however, it is not accessible to direct observa-
tion. For correctness it has to be mentioned that the rate equation (3.140) holds as
soon as the shortest time of interest is much longer than the transverse relaxation (or
phase memory) time 7> [56]. In conclusion, when Kirchhoff’s law is written in the
form 1, /cty, = Iglanck, 1, is the spontaneously emitted radiation and «,, is the net
absorption coefficient. Both I, and «,, are directly observable quantities.

3.5 Ion Beam Stopping

In a fully ionized plasma an ion projectile p of mass m, charge Z,e and velocity v
is slowed down by collisions with the plasma electrons and its ions of charge Ze.
For In A X 1 small angle deflections prevail and the energy transfer to an electron
is by m; /Zm larger than to a plasma ion. At the same time the p-e and p-i collision
rates are related to each other by n,0, >~ n.0;/Z. This implies that the projectile
moves straight, except rare p-i events, and the energy loss of the projectile is nearly
all to the electrons. In the following p-i collisions are neglected. The energy loss of
the projectile ion per unit length d E /dx, the so-called stopping power is given by
[compare (3.117)]

dE o] 1
e _ —ZJTKZP/ / 2% 1n Av2 £ (ve) d cos x dv, (3.142)
dx 0 —1 U3

with In A from (3.124), K = Ze4ne/(4rreém) from (3.115) and v = vg + v,.
For a rough estimate the simplifications leading to (3.126) (see Fig. 3.13) may be
introduced to arrive at

dE In(A) [ ,
— ~ —4nKZ, v, f(ve) dve. (3.143)
dx vo Jo

For a Maxwellian f, = fy(v) from (3.143) one obtains by multiple partial integra-
tion in the domain vy /vy < 2

2
£ 1 /2k; In(A)~0 c=v5/2v%, (3.144)
dx 3Vg ™ 7P 3

Vth

1+1 ) 2+ 1 ) 4+ 1 Vo 6+
X —| — — | — — e |
5 Uth 5-7 Uth 5-7-9 Uth
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At vg = vy, the bracket amounts to 1 4 0.23. By the same procedure for vg/vy < 2
results

2 4
dE | —KZyIn(A)— :1 - 2\/22&3“5/2”& 1+ <@) n (Ui‘) } .
dx Vo T Vth Vo Vo
(3.145)

For v, = 0 and Z,, = Z this becomes identical with —W in (3.85).

Barkas effect. In 1953 FM. Smith et al. [57] found a minute difference between
stopping power in emulsion of positive and negative pions. Subsequently it was ver-
ified in countless experiments that the range of a fast particle in matter differs from
that of its antiparticle. Generally the difference in stopping of a negative particle
from its positive counterpart is called Barkas effect. It clearly indicates that stop-
ping is not just due to pure binary encounters because the Coulomb cross section
o respects charge conjugation. Hence, the difference must have its origin in the
presence of spectators involved in the collision. Theoretical investigations have con-
firmed this interpretation for stopping in neutral matter [58]. In the plasma screening
assumes the role of a spectator and the Barkas effect is present there as well [59]. A
theoretical treatment of stopping in dense nonideal plasmas going well beyond the
standard analysis (Zg—term, see [57]) is presented in [60]. There is an asymmetry
between the orbits of a positive and a negative point particle in a screened Coulomb
potential as becomes clear from short inspection of Fig. 2.4.
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Chapter 4
Resonance Absorption

The most familiar absorption process of laser radiation is inverse bremsstrahlung.
As the electron temperature increases Coulomb collisions become less effective and,
in the absence of other conversion processes, a plasma becomes highly transparent
to the laser radiation when the electron density n, is below its critical value n;
alternatively, in case an overdense layer exists, i.e., n, > n., the laser plasma is
highly reflecting. However, at oblique incidence of radiation there is an effective
collisionless absorption process which consists of the resonant conversion of laser
light into an electron plasma wave of the same frequency w. This phenomenon of
resonance absorption was first described by Denisov [1] for a cold and by Piliya
[2] for a warm plasma. Only later was its relevance for collisionless laser plasma
heating recognized [3, 4]. Subsequently, accurate conversion rates as a function of
density scale length L and angle of incidence «g were determined numerically [5].
The most accurate and complete study of the phenomenon in the linear regime was
undertaken in [6, 7].

As already discussed in connection with the inhomogeneous Stokes equation in
Sect. 3.2.4. the excitation of a Langmuir wave occurring resonantly over a wide
region in space requires the simultaneous conservation of the photon (index em or no
index) and plasmon (index es) energies and momenta, fiwes = hwem, fikes = fikem.
Owing to the dispersion relations (3.11) for the two waves at nonrelativistic temper-
atures (sg < c2) matching is fulfilled only at the critical points where ke >~ kes >~ 0
holds, and hence the local plasma frequency equals the laser frequency. It follows
from Fig. 3.6 that with a smooth driver, resonance does not extend over more than
half a local electrostatic wavelength A¢s. In the laser generated plasma the incident
electromagnetic wave acts as a resonant driver for the electron plasma wave propa-
gating down the density gradient and is dependent on the angle of incidence: At nor-
mal incidence the laser field has no component along the density gradient; at grazing
incidence the field has the right direction; however, the laser beam is reflected from
the plasma too far away from the critical point. At an intermediate optimum angle a
conversion factor of 0.5 is reached in flat density profiles. In steep plasma profiles as
well as at relativistic temperatures the conversion rate and the optimum angle both
increase and conversion can rise up to 100% [7]. The excited electron plasma wave
is not converted back into electromagnetic waves and is, consequently, absorbed by
the plasma. At low temperatures and flat density gradients significant damping can

P. Mulser, D. Bauer, High Power Laser—Matter Interaction, STMP 238, 153-192, 153
DOI 10.1007/978-3-540-46065-7_4, © Springer-Verlag Berlin Heidelberg 2010
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occur by electron-ion collisions. At intermediate laser intensities there may exist
conditions for linear Landau damping to play a more important role [8]. At flux
densities above 1014(a)/a)1\1d)2 Wem—2 the electrostatic wave becomes nonlinear in
its amplitude and the electron density modulation assumes a very pronounced spike-
like shape due to self-interaction of modes. In the potential wells associated with
the wave, effective electron trapping and acceleration occurs and nonlinear Lan-
dau damping dominates. At even higher laser fluxes the Langmuir wave becomes
aperiodic; wavebreaking occurs. In the following all these phenomena, starting
from linear mode conversion, are treated extensively and the conversion rates
are calculated.

In recent years intense high contrast laser pulses are available the length of which
is such that all interaction takes place before the ionic rarefaction wave starts. The
observation of an angular dependence of collisionless absorption very similar to
classical resonance absorption under p-polarization raises the question on the nature
of the absorption process in this case and on the possible transition from resonant
absorption to Fresnel formulas for discontinuous changes of the refractive index.
Under certain conditions such a smooth transition from resonance absorption to
ordinary linear optics at interfaces can be constructed. Whether such a coincidence
has a real physical basis or whether it is purely accidental will also be discussed. The
question is of primary interest for a correct interpretation of the collisionless absorp-
tion mechanism measured in experiments and confirmed by simulations, however
hitherto not understood until recently (see Sect. 3.3).

4.1 Linear Resonance Absorption

It is standard to treat linear resonance absorption in the layered medium approx-
imation of Chap. 3. By the method of numerical microparticle simulation more
complex plasma density profiles can be chosen. However, realistic 3D simulations
in the space and velocity coordinates are feasible since more recent years only,
see e.g. [9]. Fortunately all essential aspects of mode conversion and conversion
rates can be studied to a satisfactory degree in a plane layered medium. In such
a geometry the linear phenomenon is governed by the system of (3.21), (3.22)
or (3.70) and (3.22), respectively. If the magnetic field is known the conversion
can be determined from (3.70), or Piliya’s equation alone. Even for the layered
medium a complete solution of the coupled equations for E, and B has only been
obtained numerically up to now. A typical solution of E, and B in a linear den-
sity profile is shown in Fig. 4.1 at four different times as a function of &, with
B =0.1,q = (koL)*3sin> ag = 0.5, and & from Sect. 3.2.4 [6]. B = 0.1 corre-
sponds to an electron temperature 7, = 1.8 keV. The evolution of the electron wave,
its motion to the right and its decoupling from the laser wave are clearly observable.
The dotted line indicates the magnetic field B = B, and shows the periodicity
of the electromagnetic component of E,. In the WKB region the electron plasma
wave propagates nearly parallel to the density gradient since, as a consequence of
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Fig. 4.1 Resonance absorption in a layered plasma. E, and B evolving in time. E, is the
superposition of E, s (small wavelength) and Eyem (the same wavelength as B!). Linear
density profile. Note that B is almost spatially constant in the resonance region around £ = 0;
&= (k2/B*L)'P(x —x0), xo=Lp%sinag, B=0.1, g = (koL)**sin® g = 0.5

the ansatz E (x,y) = E (x) exp(ikyy) (momentum conservation), for its angle o
results

sina] = B sinag, 4.1)

and E¢s 2~ Ejy ¢ holds. In the overdense region Ey as well as E, become evanescent
with a decay behavior which is determined by the two periodicities k/8 and k for
the electron plasma wave and the electromagnetic mode.

The field distributions are uniquely determined as soon as three independent
parameters, e.g., ao, B, and ¢ = (koL)?/?sin® ag are given. In Fig. 4.2 typical
distributions of | Ex|? and | B|? are shown as functions of & forg = 0.5and 8 = 0.1;
they represent the envelopes of E, = Ey em + Ex ¢s and B of Fig. 4.1. The decrease
of | B| according to the WKB approximation [10],

|B(x)| = Binc(n* — sin” ap) /4,

its flat local maximum at x = 0, and the modulation of E ¢ due to the superposition
of Ex em, i€, |Ex|2 = |Exes + Ex,em|2 are characteristic of resonance absorp-
tion. Owing to the flat maximum, the driver B exhibits in the resonance region,
the inhomogeneous Airy—Stokes equation (3.71) with a constant driver b = —1
yields an excellent approximation to Ey (see the dashed curve in Fig. 4.2). As
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outlined in Sect. 3.2.4 for a spatially constant driver B, resonance terminates at
&n where |E,|? reaches its maximum; thus the resonance width in dimensionless
form is given by 2&,,. With x,, indicating the position of the maximum |E x|2 and
with xo = LA? sin” o from Sect. 3.2.4 this becomes in real space

1/3

2
FL Em., Em =18, 4.2)

d=2xy =2 ké

provided xo/(xm — Xx0) = (koL,Bz)z/3 sin? oo/Em < 1 1s fulfilled. With 8 = 0.1 and
koL < 50 this latter inequality is well obeyed for all angles of incidence «( and the
resonance curve is nearly symmetric. Then d scales as (le)1/3/k1, k1 = ko/B.
Although the density profile in Fig. 4.2 is flat, d is very small (dashed region). As
a consequence of the driver not being exactly constant, in the exact solution of the
coupled system of (3.21) and (3.22) &, = 1.7 is obtained from Fig. 4.2. When L is
fixed at small angles of incidence the electromagnetic turning point is close to the
critical point and much intensity reaches the coupling region, but the driver in (3.70),
owing to the factor sinag in ky, is small. As o increases less intensity tunnels to
the critical surface; however, this may be overcompensated by the factor sin ¢, and
resonant excitation of E.s reaches a maximum. As ¢ increases further the expo-
nential decrease of intensity tunneling to the critical point prevails and resonance
absorption becomes ineffective. This situation is illustrated in Fig. 4.3. Resonance
is strongest for ¢ ~ 0.4 (3rd picture).

Let us now determine the conversion rate A = | Sy es/Sx,em| for steady state reso-
nance absorption. The electromagnetic and electrostatic flux densities in x-direction
are (with o the vacuum flux density of amplitude Ej)

1.2

||5le |, [100
08 Los
0.44 F0.4
00 Ho‘o

-2.

Fig. 4.2 Resonance absorption: Distribution of |E\ |2 and | B|? over the flat plasma density profile
no as a function of &. Dashed region shows the resonance width 2&,, (&, position of maximum
|Ex|?). Stokes equation reproduces well resonance behavior (dashed curve close to resonance)
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Fig. 4.3 Resonance absorption. The same distributions as in Fig. 4.2 for different angles of
incidence, ¢ = (kol)?/? sin? 7

1 o 2
_vg,x50|Eem(x)|

1 ) .
St.em = 3 = Zen(l = sin’ ao)'2eo| Eem(0)1*
= (1 — sin® ag)/? 1o,
1 . 1 . R
Sx,es = zvg,x80|Ees(x)|2 = 55677(1 - Sln2a1)1/280|Ees(x)|2 =~ Ies.
By making use of the asymptotic expansion of (3.71) with b = —1 (see [11],
p. 162 11),
1/2 ) 1/3
2 (2o ), (2
gl/4 3 4 g1/2 kL

From the definition of w in Sect. 3.2.4 follows

T
Sees = 5c380kL|B(0)|2 sin” a. (4.3)
Hence, the conversion factor of resonance absorption is
sin? & B(0) |?
A =mkoL — 4.4)
(1 — sin Oé())l/2 Binc

As soon as A is known this relation may be used to determine the “driver” B(0).

With I in W/cm?,
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AN /2
|B(0)| sinag = Binc(1 — sin® ag)/* <;> (koL)~1/?

Al

=516 x 107
koL

1/2
) (1 —sin®ag)/* [Tesla].  (4.5)

Expressions (4.4) and (4.5) are based on the assumption of |B| = const over the
whole resonance interval; for smooth density distributions with no significant cur-
vature and kgL > 27 this simplification is justified. In Fig. 4.4 the conversion factor
A is shown as a function of g for different electron temperatures and koL < 2. As
expected from (3.71) there is almost no difference between cold and warm plasma
up to temperatures 7, = 20keV (i.e., /32 = 0.1; [6]). At T, = 0 the maximum
conversion rate is A = 0.49. For £ < 2 the local electric field amplitude is given by

~ 12
Ex| _ L2 1/2 13 A 2
E_O = (1 — S Ol()) (k()L) W“{” . (46)
Solving for its maximum value |I§x,maX| yields
P 2
% = 1.1(1 — sin® ag) * (ko L) P AB /3. 4.7)
0

This may be compared with the maximum amplitude E; yax of s-polarized light not
exhibiting resonance, (3.61).

For T, = 0 analytical conversion rates A have been given by several authors
[12—14], for finite T, but with B = const cf. [15]. Their result is

0.0 “itde ' ‘2.0 q

Fig. 4.4 Temperature dependence of resonance absorption. Conversion factor A as a function of
q= (koL)?/3 sin® ag. Dashed line: Hinkel-Lipsker [15]
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(koL)?/3 sin® o

= 2rAl % T = Ai'(Bi' +iAD). 4.8
|1—irr2(k0L)2/3Fsin2a0|2| mAL] TBI +iAL) 48

Its numerical evaluation is the dashed line in Fig. 4.4. The deviations from the result
in [7] are due to the simplification B = const. For 8 < 0.1 the power series solu-
tion in [12] is much more accurate and practically coincides with the numerical
result in [7]. The conversion A peaks at sinag =~ (2kL)™'/3 [16]. As T, becomes
relativistic and s, approaches ¢ resonant phase matching occurs over a wide range
and the conversion factor A approaches unity at ¢ >~ 0.7 — 0.9 [7], whereas at low
temperatures Apax = 0.49 at ¢ = 0.5. The shift of the maximum of A towards
higher g-values is a consequence of x¢ increasing with 8 in Sect. 3.2.4 and hence
favoring resonance in lower density regions.

4.1.1 The Capacitor Model

So far, all results were obtained by starting from a rather general wave equation
and solving it in an inhomogeneous medium under some simplifying assumptions
among which linearity of j is the most important one. Additional simplifications
were introduced by neglecting 4% in comparison to 1 in (3.21) and (3.70) and taking
a spatially constant driver B = B(0). Owing to the exp(—iwt) time dependence of
E. and B (3.70) is equivalent to the equation of a resonantly driven electron plasma
wave parallel to Vny,

82 2

—E, E. 4+ 0’ Ey = c&’B sinay. (4.9)
3[2 P

Y
€ 9x2

Let x. be the position of the critical point and let us integrate (3.22) over an interval
enclosing x,. under the restriction A < L,

X>Xe X>Xe
ikoy / Eldx = ikoyEx(x) = / (E} + kin” Ey)dx ~ E},(x).
X

<X X<X¢

The inequality A < L enters in the last step; in steep density gradients n becomes
large already in the vicinity of x.. From E ; ~ ikoy E, and IE/y| ~ kon|Ey|/B in the
resonance interval, we have

|Ey| ~ |Ex|§Sin050 L |Exl; B/n< L (4.10)

That is the main result of a more involved estimate [17]. It shows that VE =
dE,/dx is a good approximation in not too steep density gradients and the dis-
placement 8, of an electronic fluid element is nearly §, . The latter is the basic
assumption of the so-called capacitor model [4, 10, 18, 19].
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When curvature of the ion density profile in the resonance zone does not play
a decisive role (this is the case in expanding plasmas produced by smooth laser
pulses) the wave number k7 of the electron plasma wave at the edge of resonance is
deduced from &, = 1.8 in (4.2),

2/3 1/2 2 1/3
ECE BN B el ko
k;k = ; {/3 S~ o +§m <kO_L) } ~ 1.8 </32_L . (411)

The second expression holds when xg can be ignored. As the electron plasma wave
moves out into the lower density corona, kes increases and Landau damping sets in;
it can also be determined in the framework of the capacitor model [8]. This has to
compete with the WKB reduction of Ees ~ n~'/2. The corresponding dependence
of the electron amplitude 71 = i, — ng, ng = (n.), shows the opposite behavior;
thus

R 12 12
E(x) = ("(x1)> EGp). i) = (ﬂ> i), 4.12)
n(x) n(x1)

if x is an arbitrary position out of resonance where the WKB approximation is
valid.

4.1.2 Steep Density Gradients and Fresnel Formula

The capacitor model developed here may fail either when the density profile cur-
vatures become significant in the resonance interval or/and when L becomes of the
order of the electron displacement XA, or less. The latter effect has been studied in
the literature by adopting Epstein type density transition layers of the form [7]

1 1
”x)==———0o— L=A4A.
2 14exp(—x/A4)

It was found, and it is shown in Fig. 4.5 that (i) the conversion A deviates from the
curves of Fig. 4.4 as soon as kA becomes smaller than 2, (ii) at a given tempera-
ture the maximum of A increases with decreasing transition width A, and (iii) the
local angle o at the resonant layer at which maximum conversion occurs is shifted
towards larger values, in contrast to the vacuum angle «¢ which is reduced. A partic-
ularly interesting and clear result is obtained for an infinite plasma density step with
A — 0. In this case total mode conversion, i.e., A = 1, is found for all temperatures
when the electron plasma wave is emitted into the direction of the incident radiation
field Eq [7]. It requires the existence of an underdense plasma shelf in front of the
discontinuity, generated for example by a laser prepulse.

Resonance absorption of intense electromagnetic fields at the surface of solid tar-
gets plays an important role in the interaction of ultrashort laser pulses with matter
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Fig. 4.5 Conversion curves A as functions of the optical layer thickness kA and angle of incidence.
g = (koL)*sin> g, k =ko/2, B2 =0.1

(ie., = 1075 ) since during such times almost no rarefaction wave builds up
and absorption occurs at a density discontinuity. It has been argued that degener-
ate resonance absorption takes place here which is characterized by nonresonant,
extremely anharmonic forced oscillations of the first electronic layer at the surface
[20, 21], and that absorption occurs at rather large angles of incidence. This kind of
absorption is treated more extensively in the context of ultrashort laser pulse-matter
interaction in Chap. 8 and its correct physical interpretation is given there.

With A shrinking to zero one could expect the absorption A to approach Fres-
nel’s formula for p-polarized light shining on a metal under oblique incidence. This
is indeed the case for ratios v./w of collision frequency v, to laser frequency w
suitably chosen as shown explicitly in [22] by solving the exact Helmholtz equa-
tion in an exponential isothermal density profile of variable scale length L and in
[23, 24] by applying a layered plasma model to various density (e.g., Epstein tran-
sition) profiles. These latter authors have found “qualitative” agreement between
resonance absorption of 250 fs long pulses in short scale length plasmas and Fresnel
optics. The finding may suggest that there is such a correspondence between reso-
nance absorption and classical optics. In particular, the insensitivity of the reflection
coefficient R towards v./w over a wide range of values and for kL < 1 [22] is
understood from the following simple model for a sharp refractive index transition
(see for instance [10], p. 215, [14], p. 42). The dielectric displacement component
D, is continuous across the transition, i.e., € E, = Ejpc[1 + «/ﬁexp(ia)], o real. In
a linear density profile of scale length L and a damping coefficient v normalized to
w, €E, translates into £y = Ejnc[1 + «/ﬁexp(ia)]/(é +1iv), & = (x¢ — x)/L, xc
critical point. The damping stands either for a collision frequency or a loss due to
wave dispersion at finite electron temperature, i.e., energy outflow from the critical
region. Then the absorption coefficient A = 1 — R reads
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A= [UcE /B~ 1+VREW [1EP dx ~1+VRe) [ s ae

(4.13)
For v < 0.3 the integral can be extended from —oo to 400 to yield the value 1/7.
It shows that A becomes insensitive to damping v and scale length L. On the other
hand one must keep in mind that the dependence of R on small damping values is
also weak and its value remains close to unity for electron densities of the order of
100 times critical density. In fact, at 80° of incidence and L/A < 0.1 the reflection
for v = 0.01, 0.1, and 1.0 is R = 0.99, 0.92, and 0.5, i.e., the penetrating field
is very small and consequently A, despite the constant value of the integral close
to 1/, vanishes for L — 0, except for unrealistically high collision frequencies.
There is an additional restriction. In order for the above expression for A to hold
with v reducing to zero the incident laser field must also reduce to zero to avoid
wave breaking owing to Ex max ~ 1/v. After all, Fresnel’s formulas are restricted
to linear optics. From such a requirement one deduces for the limiting intensity Iiax
for L — 0 [25] [see also (4.15) below]

1/ 4\ /m\2
Ima":E(E) <?) (B P eL3)? (4.14)

— Imax[W/cm?] = 2.9 x 10" (e x L[m]'/3)2.

The tolerable limit for linearity of the electron plasma wave n is indicated by
€ = ny/ne. With € = 0.1 and L = 10nm linear resonance absorption is for
6 x 10'3 Wem™2 at its limit. The L?/3-dependence reflects the property of the res-
onance width increasing with L!/3. Particular experimental effort was dedicated
to the collisionless absorption of sub-ps laser pulses in short scale length plasmas
from solid targets in [22-24, 26]. In [22] it is shown how resonance absorption may
be used as an elegant and very reliable diagnostic tool for determining the laser
scale length L. In [26] the reader may find an interesting comparison between fluid
models and collisionfree PIC simulations. Both, although fundamentally different
from each other, fit well to the experimental results, at a price, however, of intro-
ducing an artificial viscosity and, in concomitance, strong artificial damping in the
fluid program to avoid wave breaking. In presence of artificial viscosity to check
the absorption jE over the whole density transition profile is a necessity. Only
if [ JE dx is essentially localized around the critical point and in the evanescent
region the result perhaps may be reliable. In this context a short discussion of the
correct boundary conditions at a vacuum-matter interface may shed additional light
on the question whether resonance absorption for A — 0 goes over into the laws
of linear optics. Thereby it must be kept in mind that such an analysis, owing to its
linear character, is valid only for very low intensities.

Fresnel’s reflection formula for R = 1 — A resembles one aspect of resonance
absorption, namely the Brewster minimum of R which is a consequence of the fact
that an oscillating electron does not radiate into its oscillation direction. This makes
also Kull’s result [7] of total conversion into an electron plasma wave emanating
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into the lower density shelf understandable. Fresnel’s formula is derived from the
conditions that the tangential component of the electric field E; and the normal
component of the electric displacement D,, are continuous. Now, to obtain Fresnel’s
situation the transition width A, together with the density of the lower shelf and the
electron temperature 7, has to reduce to zero. From Maxwell’s equation (3.1), when
applied to the infinitesimal area d F = e,dxdz, follows for B = B;:

e0c*(V x BYdF = (j, — iweoEy) dxdz = (Bzvac — Bz plasma)dz.

For A — 0, Ey and j, both diverge logarithmically at 7, = 0, Ey, j, ~In(1/4),
and hence B; = B_e; is continuous across the vacuum-plasma interface. As a con-
sequence the Poynting vector S = S, e, is also continuous across the surface and
resonance absorption reduces to zero. Continuity of S requires total reflection from
the overdense plasma in perfect agreement with Fresnel’s result. In order to be in
agreement with the foregoing absorption formula +/R exp(io) = —1 must be set (in
this context the reader may consult [27] for a more detailed consideration).

However, this is not the whole story. From D,, being continuous a discontinuity
of E,, i.e., the induction of an oscillating surface charge follows. The oscillation
leads to a delocalization of this charge and to a finite transition width, as considered
in [20, 21]. Such an argument led to the boundary condition of E,, being also con-
tinuous at the interface and with it to a correction of Fresnel’s reflection formula for
p-polarized light incident onto a metal surface with @, > w [28]. For a quantitative
discussion of this situation with a weak incident field the interested reader may
consult the monograph of Forstmann and Gerhardts [29].

In conclusion, only within a restricted domain of parameters v, L and laser inten-
sity I the Fresnel formula for absorption of p-polarized waves may appear as the
limiting case of linear resonance absorption. On physical grounds, however, there is
no basis for such an identification over the whole range of the densitiy scale length
L — 0. For high laser intensities anharmonic resonance, not contained in Fresnel’s
formula at all, will play a decisive role (see Sect. 8.3.3).

4.1.3 Comparison with Experiments

Resonance absorption with ns laser pulses was experimentally shown to occur by
several groups [30-34] and to be in agreement with linear theory at Nd laser inten-
sities up to = 10'*W/cm?. A clear difference between s- and p-absorption was
found at all angles of incidence g < 60°. The most accurate and complete measure-
ments in the intensity range from 10'3 to 10'* W/cm? were performed in the past in
[35] on plexiglass targets with a Nd-YAG laser of 35 ps pulse length. The absorption
was detected simultaneously in five parallel channels of observation: reflection of
the fundamental wave, second harmonic generation, charge and velocity distribu-
tion of the expanding plasma cloud, and relative ablation pressure on the target. All
five channels gave equivalent results and the absorption of p-polarization exceeded
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that for s-polarization by about a factor of 2 on the average. The excited Langmuir
wave can interact nonlinearly with the incident laser light, thus creating the second
harmonic, 2wng with an intensity proportional to A. Some characteristic deviations
between experiments and theory of resonance absorption may have to be attributed
to fluctuations of the plasma density profile. Theoretically the influence of stochastic
density oscillations was studied by several authors [36—38] for long pulses. It was
found that the excitation level of the Langmuir wave decreases monotonically with
increasing amplitude of the density fluctuations.

Resonance absorption by excitation of a plasma wave at twice the laser frequency
is possible at normal or nearly normal incidence when the Lorentz force —evys x B
prevails over the driving force —e E at the fundamental frequency.

4.2 Nonlinear Resonance Absorption

The theory of resonance absorption exposed in the preceding section is valid as long
as the ratio i1 /ng is small compared to unity in the resonance interval. From 3.74)
and from 8 in (2.12), we have n| ~ —ingkeeE/mw?*. At the maximum of E, one
must take k, = k from (4.11), and (4.7) may be used to relate the amplitude 71 to
the incident laser intensity /y. After some transformations the following relation is
obtained,

12 ¢ si6 412 1 (1o 12
= V2&y kYA () (4.15)

£0)1/2 oL \ o2

At the Nd laser intensity Ip = 104w / cm? and L = Ang one obtains from there

A

028412, (4.16)
no

which shows that for these parameters the linear description of the electron plasma
wave in the resonance interval is close to its limit. At higher intensities a nonlinear
theory of mode conversion must be developed. In general, a complete description
of this phenomenon can only be obtained by including Maxwell’s equations and
employing numerical methods. However, in order to describe essential features of
the nonlinear behavior and to make analytical predictions, models of resonant elec-
tron plasma wave excitation can be used. The simplest choice is again the capacitor
model. In the following it will be used to study some nonlinear resonance absorption
characteristics. Vlasov simulations of the capacitor model are then used to test the
hydrodynamic approach and to study electron trapping and acceleration. An entirely
different model will be introduced in Chap. 8 to study collisionless absorption of
ultrashort laser pulses on solid surfaces. The underlying idea is that with a strong
driver the resonance frequency becomes a function of the oscillation amplitude, i.e.,
of driver strength. By this effect an originally nonresonant volume element may
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undergo resonance with the laser frequency if the beam intensity is sufficiently high
(see Sect. 8.3.3 on anharmonic resonance).

4.2.1 High Amplitude Electron Plasma Waves at Moderate
Density Gradients

Two models were used to study high amplitude oscillations in a cold plasma, one
treating the plasma at rest and describing the nonlinear density fluctuations as the
result of superposition of localized linear oscillators [18], the other one by employ-
ing the fully nonlinear momentum fluid equation of a streaming plasma [39]. To
some extent nonlinear wave excitation in a warm plasma at rest can be reduced to
the latter model by choosing an effective flow velocity for the plasma.

In what follows a plasma of finite temperature at rest is assumed. In the capac-
itor approximation, i.e., E = (£,0,0), VE = 0E/ox, V x B = (ik,B,0,0),
Maxwell’s equations and the equation of motion are

0E . e 0E e
W = lkyczB + gnever a = %(Vl() - n‘))’
dv, _ sldme e . 4.17)
dt ne 0x m
Elimination of E leads to
dzve d 5,1 0n, 2 ,662
a7 T Cen, ax ) T opve= k. (19

Advantageously, here w,, contains the ion background density ng/Z,

5 e2ng(x, 1)

W, = ————,
P som

rather than the instantaneous electron density n.. Replacing (x, t) by the Lagrangian

coordinates (a, t), in which a is the initial position of the electron and ion fluid

elements, leads to

no

T 1408, /0a
(4.19)

t
Xi = 4a, xe(aat) =a+5)c(aat)v Sx(a»t) = f ve(a’t)dta ne
0

In the new coordinates (4.18) becomes

92 sz 92 < no

y 1 .
— v, + =< ) + a)?,(a, Ve = —w?vge " + cc. (4.20)
at yno 0tda \ 1 + 98, /da 2
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The oscillation center approximation was assumed to obtain the term wf, (a, t)v,.
This is justified for inhomogeneity lengths L and electrostatic wavelength A, if
L > 2A,. The electron fluid is assumed to obey an adiabatic law, p, = const x n’,

the driver v, stands for vy = —i eczkyB ©)/ mw?. For L > 2Xe, one may further
transform (4.20),
a [ a? 52 9 d 1 ,
— 8+ L— (14 —8) + w8 | = —w vge .
at{az2x+y3a( T 922 +w1’x} @ vae ke

and integrate it once to obtain

92 s2 9

d j i
— S+ e —(1+—8,) " + wf,Sx = %a)vde_”"t + cc. 4.21)
14

012 da da

For small amplitudes (1+ 938, /0a)™" >~ 1 — yd8y/da and, with the help of §, = §,
from (2.12), (4.21) reduces to (4.9), since then 9/d, =~ 9/0dy. For a cold plasma
(sg = 0) it leads to the Koch-Albritton model [18] of uncoupled harmonic oscilla-
tors from which, through (4.19) the electron density is recovered. Although there is
strong coupling between the single fluid elements, v, and §, are sinusoidal in the
cold plasma, but 7, is not, in contrast to a linear wave which is sinusoidal in all
variables that can be used to describe it. By setting

1 . .
Sy =81 + 5 Z {506_100)[ + 6;61014)[} ;

o>2

L(y+2 1(y+4
g=1+-<”2 )kf|51|2+§<”4 )k‘f|81|4+....

4

in the warm plasma the amplitude-dependent dispersion relation for the fundamental

wave J1,
K\ 2
a)zzwi[l+g(SEI> } (4.22)
@p

and the amplitude ratios for the higher harmonics are obtained [40],

5 oyl 31211242 o )
= = 5 5> V1 =01,

81 2 3wyg+4(g—Dnw® s,

R . 3(y+Dw? y+2
93 _ Y +1 773“’2 v ? 3wl g+4(g—Dn’e? T (4.23)
8 4 g2 \s 8w? 4 9(g — Dnw? '

In the resonance region n2 < 1, (sekl/a)p)2 <1, g=1, w% = ? holds and
these relations simplify to
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. . 5 5
2 v+l v & 1 (y+1 vy
st 2 (=) P ). (4.24)
S 6 Se S 2 4 Se

showing the interaction of modes: As the excited wave moves away from the res-
onance region towards lower densities the refractive index 7 increases from zero
to one, thus leading to an increase of higher order modes. The modified dispersion
(4.22) is a consequence of self-interaction of the fundamental mode &1. Due to the
excitation of higher harmonics at finite electron temperature v, and §, no longer
remain sinusoidal. This behavior is clearly seen in the numerical solution of (4.20)
in Fig. 4.6. The maxima of v, are more peaked than its minima. As a result, §,
has a tendency to assume a sawtooth shape. The spike-like character is especially
pronounced in the electron density n.. Such structures of “bubbles and spikes” are
very characteristic of large amplitude electrostatic waves and are encountered in the
nonlinear evolution of the Rayleigh-Taylor istability (see Chap. 5 in [41]). The main
contribution to peaking of n, comes from mass conservation of (4.19) and is best
understood in the cold plasma case; there

1+ (38/8a) cos w)t

Oy =dcoswpt, n,

holds and 7, oscillates between ng/2 and oco. In the warm plasma 7, remains above
no/2 in all situations [42].

/n
“5+ Ne/Nc 14 &,
1 4 N 0+ -
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0.5 14
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Fig. 4.6 Nonlinear electron plasma wave. Normalized electron density 7., electron quiver velocity
Ve, €Xcursion 8, = f vedt and y = 098, /da as functions of x. Nearly the same picture results if
these quantities are plotted as functions of the Lagrange coordinate a
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4.2.2 Resonance Absorption by Nonlinear Electron Plasma Waves

With increasing laser intensity or at low electron temperature the electron plasma
wave may exceed the linear limit and may even break. Furthermore, particle-in-cell
(PIC) simulations have shown that the particle aspect appears more and more as the
Langmuir wave potential increases and particle trapping and acceleration dominates
[43]. As we shall see in the following these phenomena lead to strong collisionless
damping of the Langmuir wave. It is therefore quite natural to extend the traditional,
somewhat vague definition of nonlinear Landau damping (see for example [44]) to
include such processes. This makes clear that at high intensities a kinetic description
of resonance absorption is needed. With particle trapping the following questions
arise: What structure does a strongly nonlinear Langmuir wave assume, and to what
extent does the much simpler fluid description still give a satisfactory answer? How
is the mode conversion efficiency, i.e., the absorption coefficient A, affected by the
nonlinear evolution of the plasma wave? These questions can be answered properly
by numerically solving the Vlasov equation.

The evolution of the one-dimensional electron distribution function f(x, v, t)
under the action of an external driver field E; and the induced self-consistent field
E(x,t) in such a fixed ion background of charge density eng(x) is governed by the
Vlasov and Poisson equations,

%_FUQ_E(E_FEL,)Z_J;ZQ, 8—E=£<n0—n0/ fdv). (4.25)
m

Jat 0x 0x £0 oo

This procedure is much more involved than corresponding PIC simulations; how-
ever, as a compensation, it generates almost no numerical noise and leads to finer
resolution in regions of low density in phase space [45]. Starting with a Maxwellian
distribution function

folr, ) = — (-5) v
)= ————exp(——)exp| — ],
O a2y, TP TP T2

the result of the Vlasov calculation of the Langmuir wave is compared with hydro-
dynamic solutions obtained from (4.20) [25]. In Fig. 4.7a the driving field amplitude,
measured in units of the thermal electric field Ey, = kB T,/ehp = (mkpT, Y 20 /e,
is Ed = 0.02, and in (b)—(d) it is twice as strong, E, d = 0.04. All pictures are taken
at the same time wt = 120m. The first two, (a) and (b), are the hydrodynamic results
and show the characteristic peaking as presented in Fig. 4.6. The analogous Vlasov
result is shown in (c). The agreement in the general wave structure is excellent. For
comparison, in picture (d) the corresponding result of a PIC calculation with 6 - 10%
particles, applied to a nonlinear density profile with the same gradient n./L at the
resonance point, is plotted. The advantage of the 1D Vlasov simulation is evident.
The amount of particles trapped and accelerated (detrapped) by the wave of
Fig. 4.7 can be estimated from the distribution function in Fig. 4.8a: trapped particles
are recognized by closed loops in the potential wells, detrapped ones form the undu-
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Fig. 4.7 High-amplitude electron plasma wave in the capacitor model with driving field amplitude
(a) E; = 0.02 and (b)~(d) E; = 0.04 and L = 600Ap at time wr = 1207. The critical density
is at x = 0. Normalized electron density n./n. (a), (b) from the fluid model, (¢) from the Vlasov
simulation, and (d) from a PIC calculation with 6-10* particles (large numerical noise). Jitter in the
phase between (a)—(c) and (d) is due to small time step differences between the different numerical
procedures

lating contours leaning to the right. For comparison, in Fig. 4.8b the distribution
function from the PIC calculation of the same wave is presented. Here, in contrast to
the Vlasov code, the evaluation of the distribution function is not possible in those
regions where almost no simulation particles are present. How strongly nonlinear
Landau damping exceeds linear Landau damping can be deduced from Fig. 4.9 for
the two driver strengths Eg4 = 0.04 and E4 = 0.08. It shows that, except at very low
E4-values, linear Landau damping (dotted curves) is totally dominated by damping
due to particle trapping and acceleration (at low driver strength the comparison with
linear Landau damping was used to test the accuracy of the numerical procedure
employed here). More quantitatively, Vlasov simulations show that linear Landau
damping holds up to the following laser intensity limit,

2 /3001p "/
Io=2x 10" (@) ( D ) Wem™2. (4.26)
w L

The first wave crest is the only resonantly driven maximum. All other maxima which
are outside the resonance region stop growing due to nonlinear Landau damping at
E4 ~ 0.04; the additional absorbed energy is transferred to fast electrons. The first
field maximum increases with growing driver strength as plotted in Fig. 4.10. For



170 4 Resonance Absorption
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Fig. 4.8 Electron distribution in the wave in Fig. 4.7b—d after 60 cycles. (a) Vlasov simulation:
contour lines of the distribution function for f = 1074, 1073, 1072, and 107! in phase space.
(b) Particle simulation with vy, = 0.05¢; a fraction of the particles are plotted as dots in phase
space. Fast electrons escaping to the right are clearly seen
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Fig. 4.9 Envelopes of the electric field for L = 300Ap and (a) E"d = 0.04 apd (b) Ed = 0.08.
Dashed curves: amplitude maxima from the fluid theory (no damping, £ = const/{l —
exp[fx/L]}l/Z); dotted curves: linear Landau damping after [8]; solid curves: true nonlinear
Landau damping. Amplitude modulations are due to E; being constant in space

E4 Z 0.15, the Vlasov simulation results deviate substantially from the linear theory
result, as indicated by the dots in the figure.

When the driver strength is further increased (e.g., beyond E; = 0.18 for
L = 100Ap), all maxima except the resonant one start fluctuating due to trapping
of entire bunches of electrons, and out of resonance the Langmuir wave completely
loses its periodic structure, i.e., it breaks (Sect. 4.4). At the latest, as soon as the
highly nonlinear phenomenon of intense phase mixing sets in one would expect
strong deviations from the fraction A of resonantly absorbed laser intensity, as calcu-
lated from the linear theory in the foregoing section. However, surprisingly enough,
the Vlasov simulations indicate that for moderately steep density profiles (koL < 2)
at least up to LE? = 30 the absorbed power Paps = Alpcosag ( = (f JEadx);
in the capacitor model; j current density) is given by the linear theory with the
maximum A(c)opt = 0.49 (see Fig. 4.11). Converting the LEd -values for a plasma
of T, = 1keV into laser intensities /y according to (4.4) and (4.5),
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Fig. 4.10 Comparison of maximum electric-field amplitude from Vlasov simulations (dots) and
from the linear theory (straight line). The latter scales as Emax =1.28- (L/)\D)Z/g E; [8]
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Fig. 4.11 Validity of linear resonance absorption: mean absorbed power P as a function of the

driving field strength E‘d (bottom scale) and laser intensity for A = 1.06 um and 7, = 1keV in
case of maximum absorption (top scale). Dots: Vlasov simulations; straight line: linear theory
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. 2A1, 172
£y = <—° cos “(’) , (4.27)
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the intensity scale at the top of Fig. 4.11 is determined. It shows that the absorption
A is correctly calculated from the linear theory at least up to

Ip =2 x 10" Wem™2 /(A /um)?. (4.28)

This is 200 times higher than the limit given by (4.16). It can be explained as follows.
In the linear theory wave conversion takes place only within the resonance zone of
width d from (4.2) given above. Outside this region the plasma wave decouples
from the driver and becomes a freely propagating wave. Vlasov simulations show
that in the nonlinear regime these characteristics still persist and almost no energy
is coupled into the Langmuir wave outside the resonance region. In the nonlinear
case the most remarkable difference is the generation of fast electrons. However,
a large fraction of the energy transferred to the accelerated electrons is taken from
the induced electrostatic wave field which is still almost sinusoidal in the resonance
zone. Outside this region only thermalization of the plasma waves and fast electrons
takes place. In other words, the accelerated electrons or fluid elements, respectively,
have already acquired nearly their total energy just in the moment of breaking.

In order to show clearly the structure of the nonlinear plasma wave and its damp-
ing, in Figs. 4.7, 4.8, and 4.9 moderately steep density profiles have been chosen.
Figs. 4.10 and 4.11 contain data for density profiles with L as short as 20A p which
in Nd-laser plasmas is typically L ~ X /5; this models ponderomotive profile steep-
ening which ranges from L >~ A to L &~ A/10 (see Chap. 5). Detailed calculations
of the conversion efficiency in linear resonance absorption showed that only for
kemL < 1 the conversion exceeds the value A = 0.49 under special conditions [7].

Caviton and soliton formations with subsequent collapse are, of course, not
observed in a model with fixed ions. However, although interesting in themselves
[46], in laser plasmas produced by smooth ns and ps pulses from solid targets they
are transient phenomena and do not play a major role since the plasma flow has
a strong smoothing effect on any eventual ion density fluctuation generated in the
resonance region.

4.3 Hot Electron Generation

Wave-particle interaction in its weakest form leads to linear Landau damping as
treated in Sect. 2.2.2. Below a certain amplitude the traveling potential of an electron
plasma wave is not strong enough to trap a significant fraction of the electrons;
instead they follow straight orbits. With increasing amplitude, the potential (2.93)
becomes sufficiently large to capture first those particles having velocities not far
from the phase velocity v, of the wave. As an electron is trapped in a potential well
it oscillates with the bounce frequency wp around its minimum and is carried into
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regions where v, and n1 are increased or decreased. In the first case effective particle
acceleration takes place. In the second case an electron may remain trapped and the
difference of its kinetic energy is given back to the wave, or it becomes free again
and carries away the energy imparted to it by the wave. Such detrapped electrons are
seen on the wave crests in Fig. 4.8b. The bounce frequency of an electron oscillating
close to the minimum of a wave potential like (2.93) is easily determined. Expansion
of @ around its maximum yields

25 2
PO (x — x0) .
€0 2
Hence, the bounce frequency is
2a 172
wg = <ﬂ> , (4.29)
eom

i.e., wp is the plasma frequency of the electron density amplitude. With increasing
oscillation amplitude wp remains behind this formula in a sinusoidal potential, i.e.,
in a linear electron plasma wave, and it does so owing to the flattening effect of the
minima of n, according to Fig. 4.6 when the wave amplitude increases.

In laser produced plasmas fast, i.e., superthermal electrons were observed as
early as in 1971 [47]. Since their energy distribution was not far from a Maxwellian
a hot temperature Ty, could be assigned to them, in contrast to the thermal electrons
whose temperature 7, was given the name cold electrons T, although typical val-
ues of T, in laser produced plasmas on ns time scales range from 0.5 to SkeV. In
plasmas produced by high-intensity CO, lasers considerably higher values of 7, are
reached. The hypothesis that the main sources for hot electron generation in the ns
and ps regimes are resonance absorption at the critical density and stimulated Raman
scattering as well as two-plasmon decay at a quarter of the critical density (Chap. 6)
was successively confirmed by particle simulations [48, 49]. Electron acceleration
and, in concomitance, acceleration of ions up to several 10 MeV becomes an impor-
tant phenomenon when superintense laser pulses interact with gas and solid targets
(Chap. 8).

In view of the importance the wave-particle interaction in laser plasmas, an ana-
Iytical treatment of it and a classification of its main aspects are presented first.
Thereby the authors mainly follows [50] (alternatively [40]).

4.3.1 Acceleration of Electrons by an Intense Smooth Langmuir
Wave

In the analytical treatment a one-dimensional model is used for the wave and the
particle motion in it. The electron plasma wave is assumed to propagate in the
positive x-direction, with amplitude £ and wavelength . = 27 /k being weakly
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space dependent. The electron equation of motion may be written as follows,

mi = —eE (x) sin ( / k(x)dx' — wt) . (4.30)

0

An asymptotic series solution of this equation can be obtained by a method due
to Kruskal [51]. In our context it is sufficient to determine only the first term. To
leading order the procedure is equivalent to the method of averaging [52], which
has been employed in the computation of electron trajectories in a wave with slowly
time dependent amplitude [53].

In solving the equation of motion two different cases have to be treated sepa-
rately: that of a trapped electron bouncing to and fro in a potential trough of the
wave, moving on the average with the phase velocity, and that of an untrapped parti-
cle going over hill and valley. The solutions are best given in terms of an amplitude
variable y which is taken to be the total particle energy in the wave frame divided
by %mvé.

As a result of Kruskal’s method one obtains the dependence of the normalized
particle energy y on the wave amplitude E(x), wave number k(x) and an eventual
static field E(x). For untrapped particles it is given by [40, 50]

s d 2Bk | — 40 = 431
2 y+6n(w+y) (x) = const, 4.31)

while for trapped particles

kl_z (%)”2 |:E (%) + (K]_Z - 1) K (%)} — const. (4.32)

w(x) is the wave potential amplitude eE (x)/k(x) normalized to %m v(%,
2¢E(x)k
w(x) = L)z(x) (4.33)
mw

The modulus « of the elliptic integrals of the first and second kind, K(«) and E(x),
is defined as

5 2w
Kl=_"" (4.34)
w4y

o = =1 is the sign of the particle velocity in the wave frame. Finally,

D(x)=—

X
o / Eo(x)dx’ (4.35)
mw* J_s

is, apart from a factor, the potential of the static field.
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The corresponding equations for the phase variable ¢ are skipped because these
are of no further importance. Relations (4.31) and (4.32) can be derived from an
action integral [50]. Thus, they are adiabatic invariants of the motion. The main point
of this derivation is that since the equation of motion is not autonomous (and cannot
be made so by simply transforming to the wave frame because time then reappears
in the amplitude), energy and time have to be considered as an additional pair of
canonical variables. These additional variables contribute to the action integral for
untrapped particles, while their contribution vanishes in the case of trapped particles.

A difficulty arises from particles being trapped when the wave amplitude
increases or being detrapped when it decreases. During such a transition the adi-
abatic assumption is violated because of the logarithmic divergence of the particle’s
bounce period 7T,

2\ 12
T(K)IZ(E) KK (k), (4.36)

in the vicinity of the transition point where x approaches unity. Thus, an appre-
ciable change of the adiabatic invariant might occur in a transition; for example,
in the limiting case of an electron sitting on a wave top all the time and traveling
with phase velocity the change of the adiabatic invariant is of order unity. However,
for the vast majority of particle trajectories the adiabatic invariant changes by an
amount of order & = max |10, E / E|, as has been explicitly shown [54]. Changes of
order unity can only occur if the trajectory crosses the separatrix within a narrow
neighborhood of the potential energy maxima. Thus the effect of a nonadiabatic
transition on the adiabatic invariant is negligible with respect to the whole ensemble
of particle trajectories.

For the following considerations the acceleration of electrons in a wave field of
the type shown in Fig. 4.12 is significant. For simplicity A is taken to be constant
and no static electric field is taken into account. Invariant (4.31) then becomes

i 172 _ .2
1+y+an(w+y) E(k) = vy, (4.37)

where v; is the initial particle velocity far outside of the wave field, normalized to
the phase velocity v,,.
Three different groups of particles have to be distinguished:

A. Particles entering from the right with initial velocity v; < 0. In the wave frame,
these particles move initially to the left, i.e., 0 = —1, with a normalized energy
yo = (v; — 1)? > 1 in the wave frame.

B. Particles entering from the left with 0 < v; < 1. Initially, in the wave frame,
they move to the left, 0 = —1, with an energy in the range 0 < yg < 1.

C. Particles entering from the left with v; > 1, which corresponds to a positive
velocity (o = +1) in the wave and yo > 0.
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Fig. 4.12 Electron plasma wave of constant wavelength moving at phase velocity v, to the right.

Wave amplitude E(x) is fixed in the lab frame: for a comoving observer the wave grows until
reaching a maximum and then decays. Velocities of the incoming electrons, A: v; = vo/vy < 0,
B:0<vi<1,Civ; > 1

The motion of a particle entering with initial velocity v; is characterized in this case
by the dependence of the particle energy y on the wave amplitude w. This is shown
in Fig. 4.13a for 0 = —1 (particles of group A) and (b) for o = +1 (particles of
group C). The upper parts above the straight lines y = w describe the motion of
untrapped particles, whereas the lower parts describe trapped particles. The lower
parts of (a) and (b) are identical, since the direction of motion o oscillates along
the trajectory of a trapped particle. When a curve reaches the straight line y = w,
the corresponding particle is trapped or detrapped. As discussed above, there is no
discontinuity in the action integrals at the transition point, so that the trajectories of
trapped and untrapped particles can be connected there continuously.

If trapping occurs for a given v;, the transition point y; = w; can be calculated
from (4.37)

4
14w 40— 2w, =07 (4.38)
T

After trapping, the particle’s trajectory is given by

w!/? |:E (l> 4 (iz _ 1) K (l)} =w/% (4.39)

K K K
For a wave field with normalized maximum amplitude wq (or wg) only those parts
of Fig. 4.13a,b with w < wg (w < w) apply. Particles moving on trajectories
which are inside the solid curve in (a) cannot be trapped by the wave, irrespective
of the maximum wave amplitude. Within this region, particles are either reflected
with final velocity outside the wave vy = —v; (curve c¢), or cross the wave packet

with vy = v; (curves b, d). In both cases no net change of particle energy results. It
follows from (4.37) that all particles entering with 0 < v; < v, from the left or with
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Fig. 4.13 Particle energy y in the frame as a function of wave amplitude w for different initial
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(critical velocity for trapping). (b): particles belonging to group C (¢ = +1). Dashed lines in
diagonal direction: y = w

—v, < v; < 0 from the right pass through or are reflected, depending on the critical
velocity

g 71/2
Ve = |:1 — p:| ~ (0.435, (4.40)

Reflection occurs when the maximum wave amplitude wg exceeds the value 1.27.
Another essential result of (4.37) is that a particle entering a wave of the type of
Fig. 4.12 can only gain energy when it becomes temporarily trapped.

In order to check the degree of adiabaticity of (4.37) the exact equation of motion
(4.30) was integrated numerically for a large number of different initial values with
a symmetric Epstein profile for the wave envelope:

4woe7’kx
wkx) = —.
(1 + evkx)2
The theoretical predictions are not affected by the detailed shape of the envelope. In
Fig. 4.14 the final velocity is plotted versus the initial velocity for different damping
coefficients y. The branch around the origin represents the reflection regime, the
cross shaped structure around vy = v; = 11is the trapping regime; and the remaining
two curves are produced by particles which are trapped over a fraction of a bounce
period only and scattered back to final velocities v; < —uv.. As can be inferred
from the figure the adiabatic theory agrees with the numerical results up to rather
high values of y [cases (a), (b)]. For stronger variations significant deviations from
adiabaticity occur [cases (c), (d)].
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4.3.2 Particle Acceleration by a Discontinuous Langmuir Wave

A resonantly excited electron plasma wave may be idealized by a suddenly rising
wave structure as presented in Fig. 4.15 which results from cutting the wave struc-
ture of Fig. 4.12 in the middle. The acceleration achievable in such a wave field
can be investigated by the same methods employed before. The main difference
from the former case is that particles entering the wave field from the left across the
discontinuity start with an initial energy yo which in the wave frame is given by

yo = (v — 1) — wgcos 1 . (4.41)

Now, yo depends not only on the initial velocity v;, but also on the phase 1
(0 < ©9 < 2m). Thus, for particles entering with a given value of v; there exists
a whole spectrum of initial energies yy, leading to a corresponding spectrum of final
velocities v r.

The possible range of final velocities for given v; and wy is obtained from (4.37)
and Fig. 4.13a,b by taking into account all values of yo which belong to an interval
of width 2w around the particle energies y = (v; — 1)%.
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A comparison between theoretical prediction and numerical calculation is shown
in Fig. 4.16. According to theory, all (v;, vy)-points have to be within the two
spoon-shaped regions (solid curves). Again, there is excellent agreement with the
numerical results. Particles entering the field region from the left with initial veloc-
ities below the phase velocity can be accelerated to a maximum speed which is
independent of v;, but which increases with wy, i.e., with Emax:

1/2

. A 1/2
E 4 (2E
Umax = Vg | 14+ 2—2 4 = ( ma") ) (4.42)
Uy b4 Vg

This important formula shows that, owing to the time dependence of E in the wave
frame, the maximum energy gained by a particle from the wave in the wave frame
is not AE =2 x %m(v,- — vw)z, although this is frequently found in the literature.
The latter formula only holds for a single reflection without temporary trapping.

The behavior illustrated by Fig. 4.16 is quite contrary to that of a wave of the type
shown in Fig. 4.12 where the maximum vy depends on v; but not on wy as soon as a
particle has enough initial energy to undergo trapping. Another important difference
is that in a suddenly rising field particles with arbitrarily low initial velocity may be
trapped provided that the field strength is sufficiently high and the envelope rises
steeply enough, whereas in the case of slowly increasing amplitude no particles
with v; < v, 2~ 0.435 can be trapped.

4.3.3 Vlasov Simulations and Experiments

The energy spectrum of Fig. 4.16 arises from electrons trapped and successively
accelerated and detrapped only once. For a given v; considerable energy broadening
is due to the different phases with respect to the electron plasma wave at which the
particles cross the narrow resonance zone. Additional spreading of energy results
from folding over a suitable interval of initial velocities by which a starting temper-
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Fig. 4.16 “Schneider’s spoons”. Spectrum of final velocities vy of particles accelerated in a
Langmuir wave of suddenly rising amplitude

ature T, always present in a real plasma, is simulated. Finally, only a small fraction
of electrons can escape from the plasma after having crossed the wave once, whereas
the majority of them are trapped by the electrostatic field and may cross the critical
region several times. This mechanism leads to additional heating, if not increased
relative energy spreading. To analyze these aspects a kinetic description or particle
simulations must be used.

Extensive particle simulations [19, 43, 48, 49, 55-57] have shown that the spec-
trum of the hot electrons is close to Maxwellian and was sometimes attributed to
multiple acceleration by Langmuir waves [43]. More recent calculations based on
the Vlasov equation [45] clearly confirm the Maxwellian energy distribution of the
trapped electrons and thus the existence of a temperature 7j. In Fig. 4.17 the space
averaged distribution functions f(v) = (f(x, v)) for driver strengths of Ed =0.04
(a) and Ed = 0.08 (b) in a fixed ion density profile of L. = 300Ap are shown
and the values of 7, = 16 and 36keV are calculated. In addition to the much
reduced noise in the Vlasov simulations the significant result which is found is
that the Maxwellian character of f(x, v) is already established at the right edge
of the resonance zone of Fig. 4.2. In a run with Ed = 0.05and L, = 3001p a
modest variation of f(x, v) was only found when x was varied from x = x,, (end of
resonance) to x = L.. There is a maximum velocity vmax at which the Maxwellian
distribution suddenly breaks up. A comparison of these “experimental” values with
formulas from the literature can be made, in particular with Schneider’s expression
(4.42) and another simple expression, which in normalized quantities reads [58]

. 12
Umax = (SEch‘) .
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Fig. 4.17 Electron distribution function averaged over space, f(v) = {f(x, v)) for a normalized
driver E; = 0.04 (a) and E; = 0.08 (b). The ion density scale length is L. = 300Ap in both
cases. Tj, temperature of the fast electrons, 7 “cold” bulk temperature (steep straight lines)

The result of a comparison with seven Vlasov runs is summarized in Table 4.1.
Thereby v, was taken at x = x,,. The agreement with (4.42) is excellent whereas
the simpler formula above, though leading to too low values, may serve for a rough
estimate. Its agreement with simulations is expected to improve with decreasing
scale length L. According to both formulae vy, and the corresponding 7}, increase
with phase velocity v,. This means that more energetic electrons are to be expected
from electron plasma waves excited in flat density profiles, e.g., from stimulated
Raman scattering and two-plasmon decay; its confirmation by particle simulations
and experiments is well established [48, 59-62] (see also Chap. 8). For practical
purposes scaling laws for 7} and the number density 7, of hot electrons are impor-
tant. For the construction of such functional dependences from simple models in the
ns laser pulse regime the reader may consult the excellent review by Haines [64]. In
the long pulse regime all authors seem to agree on a combined (IpA?)?-dependence
of T, and most of them (Vlasov simulations included) find §-values not far from
1/3. According to [48],

Ty ~ 14(IpAH)' T3, (4.43)

when T),, T, are measured in keV, I in units of 10'® Wem™2 and A in pm. Their
best fit to experiments at (Iox2) > 10" Wum2em=2 was § = 0.25. In this context
the reader interested in a comparison with other simulations may consult [57].
Electron trapping and acceleration is one root of anomalous heat flux density
q = q, out of the critical layer [40, 45, 9]. In Fig. 4.18a the spatial distribution of
g from a Vlasov simulation at t = 60z (dashed line) and t = 80x is presented
for E; = 0.04 and L, = 300X p. The first isolated peak of g, reaches its maximum
exactly at the border x,, of the resonance zone. The divergence of g, manifests
itself in large deviations of single volume elements from adiabatic behavior. In
Fig. 4.18b the dependence of the kinetic pressure p, = m [(v — ue)? fdv [see
(2.84), relativistic (8.53); here u, is the mean fluid velocity] on the electron density
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Table 4.1 Comparison of the maximum electron velocity from a Vlasov simulation of resonance
absorption with analytical formulae

L =100 p L'=3002p

E, 0.06 0.1 0.2 0.04 0.08 0.12 0.16
Vlasov simulation ~ 10 ~ 12 ~ 15 ~ 12 ~ 17 19.5 ~ 22
Equation (4.42) 10.7 11.9 14.3 13 17.6 19.5 21.2
Umax = (8E4L:)/? 6.9 8.9 12.6 9.8 13.9 17 19.6

3
q
1.5¢
0
() (b)
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Fig. 4.18 (a): Anomalous heat current density g = (m/2) f (v — ue)3 fdv at T = 607 (dashed)
and 807 (solid) for a driver E; = 0.04. (b): log n.-log p.- plot of an electron fluid element of
particle density n, and pressure p, in the highly nonlinear electron plasma wave. The deviation of
the trajectory from the straight line is a measure of the time-integrated divergence of the local heat
flow g. Driver strength is E; = 0.16

n, is shown in a log—log plot for a driver E; = 0.16. In the absence of heat flow each
volume element can move only along the diagonal corresponding to y = 3. Owing
to the heat flux of the fast electrons a single volume element, when compressed in a
density spike of the wave, at first remains in the neighborhood of the y = 3 line (see
lower arrow), but then, in the valley of the wave, a jet of fast electrons and with them
a high value of g, have been built up. The latter is responsible for the trajectory in
the diagram far above the diagonal (follow upper arrow).

4.4 Wavebreaking

The excitation of large amplitude electron plasma waves has attracted great and
continuous attention since 1959 when it was shown that cold plasma oscillations
break when the oscillatory velocity v,s equals their phase velocity v, = w/k
[65]. Later this criterion was extended to warm electron plasma waves and it was
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found from the fluid approach that the electron density n, of a free harmonic
wave in a homogeneous plasma of density no must fulfill the inequality n./ng <
(v /sg)z/ +1D [66]. When approaching this limit, the electrostatic potential of the
wave and its enthalpy are growing so rapidly that a single electron fluid element
begins to be reflected from the periodic potential and wavebreaking sets in [42].

These criteria were derived for homogeneous plasmas. In not too steep density
gradients where the WKB approximation applies, the Coffey criterion may still be
used (see below). In the resonance zone the wave becomes strongly inhomogeneous,
the WKB approximation no longer holds and, therefore, breaking at resonance has
to be distinguished from breaking off resonance. For the cold plasma (7, = 0) at rest
a fluid dynamic breaking criterion was formulated in [18]. From these four papers
it becomes clear what wavebreaking means within a fluid approach. On the other
hand, as seen in the foregoing section, kinetic phenomena greatly affect the structure
of the Langmuir wave and its damping. Hence, two main questions arise: (i) what
is a meaningful definition of wavebreaking in the kinetic theory, and (ii) what is
the appropriate breaking criterion, if kinetic effects become significant or dominate.
For example, one may ask whether such a phenomenon as kinetic wavebreaking
occurs at all when one keeps in mind how strongly the Langmuir wave is damped
by particle trapping and acceleration. It is amusing — and surprising — that the sci-
entific community has been using the concept of “wavebreaking” in laser-matter
interaction for more than 20 years without having been aware of this situation,
except [67]: “Thus we see that there is no one-to-one correspondence between hot
electron production and wavebreaking as is sometimes suggested”. Only tentative,
more or less vague characterizations of wavebreaking have been presented which,
at a closer inspection, may not appear very useful. A definition of wavebreaking
was given only later [68]. In connection with particle acceleration by superintense
lasers the phenomenon of Langmuir-type wavebreaking has been enriched by new
fundamental aspects [69-71].

For clarity, wavebreaking in the fluid approach is referred to as “hydrodynamic
wavebreaking” here. Since resonance absorption of smooth laser pulses becomes
quasi-stationary after very short times (several laser periods) it is appropriate to
develop a steady state model for cold wavebreaking in the resonance region [39].
Such a model is interesting in itself and may serve to illustrate the difference of sta-
tionary wavebreaking out of resonance. In the following subsection hydrodynamic
breaking criteria are derived. A possible solution to general wavebreaking is pre-
sented in the subsequent paragraph. Currently we may distinguish five types of wave
breaking: geometrical breaking, cold plasma wave breaking, fluid-like breaking in
the warm plasma, kinetic wave breaking, and resonant (wave) breaking. The second
and third types are also referred to as hydrodynamic breaking.

Geometrical wavebreaking was discovered late although, intuitively, it may
appear as the most natural breaking scenario. It was found in 2D and 3D PIC
simulations of the wake of an intense ultrahsort laser pulse traveling through an
underdense plasma. When the wave fronts off axis travel faster than the central part
they may collapse and interpenetrate leading to the destruction of the wave [70, 71].
Resonant breaking of regular fluid dynamics, in particular of a wave, is induced by
local anharmonic resonance (see Sect. 8.3.3).
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4.4.1 Hydrodynamic Wavebreaking

In a cold plasma (7, s, = 0) there is no energy transport out of the resonance region
unless the plasma is streaming at a finite velocity vg. Introducing this in (4.19) by
setting x; = a + [vo(a, t)dt and x, = x; + [ v.dt one arrives at the harmonic
oscillator equation,

9 2 I ———

mvg + a)p(a, v, = Ew vge +c.c., (4.44)

with resonance frequency w, varying in time: A volume element starting in the
overdense region is off resonance owing to w, > w; it then approaches resonance
wp = o and, rarefying further, in the underdense region (w, < w) it decouples
again from the driver. Formally, (4.44) is obtained from (4.21) by setting s, = 0.
For v = v, —vg a sufficiently accurate solution of (4.44) in our context here is found
from (3.78),

. w2vd » t ei(wt’—q;’) ) t ) )
v=i—e ¢ Tdt i ela,t) = wp(a,t')dt’, (4.45)
2w, 0w, 0

if the flow velocity obeys the inequality vg < Lw/m. With L the density scale length
at resonance a self-consistent density profile is ng = n./(1 + a/2L)?. Inserting n
in (4.45) yields in the resonance region

B .Ll/2wl/2vdeiwa/vo+az o io? ) B 1 wvp\ 1/2
v(a, 1) =i o e do’, o= —1t(=2) 7. (4.46)
Vo —00 2 L

The modulus of ffoo e~ do’ is the familiar Cornu spiral. It shows that secular
growth of |v(a, t)| occurs around resonance (Fig. 4.19). From it the resonance width
A, with ¢ running from —x /2 to 4+ /2, is deduced to be

oL 1/2
A=21|— . (4.47)
w
Wavebreaking occurs when in (4.19) 98, /da = —1. For this to occur at the edge of

resonance (o = 1 /2).

-1
Ud

Vo

1 . /2
§+i%el(”/2)2 / e do| =036 (4.48)

—0o0

must be fulfilled [39]. At resonance cold wavebreaking is due to the overlapping of
two originally distinct volume elements as a result of their different phase shifts in
the neighborhood of the resonance point. Due to such shifts a Langmuir wave in a
cold streaming plasma may break as soon as vos > 0.75 vy, is satisfied, i.e., at a
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Fig. 4.19 The value of |[w| = f foo e~ 4o’ is the length of the vector extending from the center

of the lower Cornu spiral to a point of the double spiral determined by the parameter o, which is
proportional to the length of the arc, i.e., time. Maximum growth occurs around the resonance
o = 0. The maximum of |w| = 2.074 is reached at 0 = 1.53 (compare /2 = 1.57)

slightly lower than the Dawson limit [65]. In order to compare the breaking time 7,
of [18] with (4.48) it is reasonable to set #, = A /vg. In this way the laser intensity
causing breaking there differs from ours by a factor of 3.

Off resonance Coffey’s criterion applies. Its derivation from (4.17) is as follows.
In a reference system moving with local phase velocity v,

no
U=V—Vy, aneu=0=>neu=nov(p, nezm,
1 au? s2 9 (n )\
—Me—— = —Nl, — | — —eE, y #1,
2 0x y —10x \\ng

holds. By eliminating £ and u the following relations are obtained for & = n,/no,

KA PR _r=1(u)’
y>1.@{sy +S—2}_b<s—1>,u—7<g)

2
w
b=y -,
5o
2

0 M 1 (v, a)%,
=1:—11 — ¢t =bE —1), =), b=—.
y=1: {ns+€2} E-D, n (SO) ;

If these equations are integrated once, from a position with & = minimum to an
appropriate x-value,
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S(% -2 -3 1 b *
R e R (4.49)
v 2u Jy

) :£=min

it can be seen that the solution £(x) is symmetric with respect to its minima and
maxima for

2/(y+D
% cgy= <Ui> . (4.50)
S0

However, there is no permanent wave for & > &,. & = &g is a branch point with a
periodic wave of zero radius of curvature in the maxima and an aperiodic solution.
(Note that in a periodic wave with £ > £&( intervals could be found in which the
LHS and RHS of (4.49) would have different signs!). The physical reason for the
existence of &y < oo is that for £ > &y the compression work increases in such
a way that the energy balance can no longer be satisfied. In the derivation of the
criterion the integration is done over half a wavelength; hence, it is invariant with
respect to WKB type inhomogeneities.

4.4.2 Kinetic Theory of Wavebreaking

A kinetic wave description is needed to answer questions (i) and (ii) in a satisfactory
manner. It becomes further clear that in the case of v,s < vy, the answers can
hardly be found on the basis of PIC simulations owing to their inherent large noise.
Therefore, again the system (4.25) in combination with the capacitor model is used
and the driving field Ed is measured in units of the thermal field Ey, as in Sect. 4.2.2.
The ions are treated as a fixed smooth neutralizing background of inhomogeneity
length L, the latter being chosen as a free parameter. The initial velocity distribution
is Maxwellian, fy = (271)_1/21);l exp(—x/L) exp(—v2/2vt2h). Figure 4.20 shows
the evolution of f in terms of contour lines f = const after 20, 25 and 40 periods for
L =300 Ap and Ed = 0.04 with Ey, = kT,/eArp and Debye length at resonance,
Ap = vm/w. After a much higher number of cycles f looks very similar and does
not show any new aspects, thus indicating that a quasi-steady state is reached at the
times considered here. Short reflection may convince the reader that closed loops
in the contour plots refer to trapped particles. The contour lines extending to high
velocities and leaning to the right are to be assigned to accelerated and detrapped
particles. They are modulated by the periodic wave potential and their inclination
increases as is characteristic for free streaming particles. The electron density is
plotted in Fig. 4.21. The dashed smooth curve is the Coffey limit (4.50). Owing to
strong nonlinear damping the Langmuir wave never reaches this limit, except for the
first maximum, even at much higher driver strengths Ed. This behavior is confirmed
for three other L-values in Fig. 4.21. The Coffey criterion does not apply to the first
(resonant) density maximum. For instance, in (a) it is clearly higher than the Coffey
limit, but there is no indication of breaking (see also the first smooth and regular



4.4 Wavebreaking 187

12— T
VVin

(a){

0
12
VIV,

0 100 X/\p 60 100 140 X/\p

Fig. 4.20 Distribution function evolving from the initial distribution fp(x,v) = Qmn)~1/2
exp(—x/L) cxp(—v2/2v‘2h) with L = 300 Ap and E; = 0.04 after (a) 20, (b) 25, and (c) 40
periods; (d) enlarged plot of area indicated in (c) after 50 periods. The contour lines refer to
f = 107", 1072, 1073, and 10~%, the critical density with w, = w is located at x = 0.
Trapped electrons form closed loops (d); the velocity modulation of the detrapped electrons is
due to the periodic electric field of the Langmuir wave. Ed is normalized to Eyq, = kT,/eAp,
Ap = vm/@

maximum in Fig. 4.22a,b). For Ed > (0.04 all maxima of n, except the first do not
increase further; but the wave remains periodic and smooth. As a first result, we
can clearly see that, although fast electrons are generated by trapping, the wave is
still regular and periodic in the sense mentioned above. In conclusion, fast electron
generation alone does not indicate wavebreaking.

However, above a certain threshold E(’; the distribution function undergoes a
qualitative change: the Langmuir wave becomes irregular, it breaks, as illustrated by
Fig. 4.22 for n, and E at E;=02ina density profile of scale length L = 300Ap.
Inspection of the corresponding evolution of the distribution function (see Fig. 4.23)
reveals the reason for such a behavior. The mean oscillatory velocity in the reso-
nance region becomes so large that trapping of whole bunches of rather slow elec-
trons occurs. These bunches of coherently moving electrons are partly coalescing
(see black zones in Fig. 4.23) and remain trapped for at least several wavelengths,
thus creating an additional aperiodic macroscopic electric field. From a fluid point
of view the phenomenon is similar to what is called intense mixing of volume ele-
ments exhibiting different oscillation phases. (A Grassberger—Procaccia analysis of
the electric field and the electron density at fixed x reveals the transition from a
quasiperiodic to a chaotic attractor [45]). The electrons in these bunches contribute
to the heat conduction, so that the heat flux g increases suddenly with wavebreaking.
For example at x = 50 Ap one obtains (1 refractive index, g electron heat flow
density)
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Fig. 4.22 Langmuir wave excited by driver of strength E; =02ina plasma of scale length
L =300 Ap: the irregular shape indicates breaking. (a) Electron density n,; (b) electric field E as
a function of space; dashed curve: Coffey limit
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In contrast to hot electron generation the bunches are not accelerated to high ener-
gies.

As a consequence of these numerical studies, the following definition can be
given: Wavebreaking is the loss of periodicity in at least one of the macroscopically
observable quantities [68]. This definition extends to both hydrodynamic and kinetic
descriptions. In contrast to a linear wave where an irregularity occurs in all variables
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Trapping and coalescence of entire electron bunches is evident (see black colored streaks)

simultaneously, breaking may appear to a different degree in the various quantities
(e.g., no and E in Fig. 4.22). The first, i.e., resonant density maximum may sat-
isfy Coffey’s inequality or exceed this limit, even when the wave does not break
(cf. Figs. 4.21 and 4.22).

Starting from the breaking condition for the streaming cold plasma, we replace
the streaming velocity by the group velocity of the plasma wave, because the latter
is now the speed of energy transport (at least approximately in a nonlinear wave).
From the fluid theory of resonance absorption we obtain for the group velocity at
the end of the resonance zone v, = sez Jve = 2(L/X D)_l/ 3 0t Inserting this into
(4.48) at the place of vg yields

Eq > E5=072(L/Ap)" 3. (4.51)

This breaking threshold is in very good agreement with the results of the Vlasov
simulations, which are displayed in Fig. 4.24. The reason for the validity of
inequality (4.51) at finite electron temperature is that in the resonance region the
electronic oscillatory motion v, is mainly determined by the total electric field
E = Eg 4 Egaye, and is only slightly affected by the much smaller force due to
the electron pressure gradient [72].

Next, the threshold intensity for wavebreaking is calculated. Making use of the
scaling L/Ap ~ I L_ 12 from [49], where I; is the vacuum laser intensity, (4.51)
translates to I} =2 - 1015 W/cm? for the Nd-laser if a degree of absorption of 25%
is assumed.
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Fig. 4.24 Driver strength threshold E; for wavebreaking as a function of scale length L. Straight

line: Eqgs. (4.48) and (4.51). The circles in the (Ed, L)-plane represent Vlasov simulations with
wavebreaking (solid) and without wavebreaking (blank)

Finally it is mentioned that the kinetic analysis of wavebreaking of freely propa-
gating Langmuir waves in a homogeneous plasma shows that the same phenomenon
also occurs here and that one scenario of breaking (others may also exist) is again
trapping of entire bunches of electrons. However, the limit at which the wave breaks
is much higher than the Coffey criterion would indicate. It must also be mentioned
that in the light of recent PIC and Vlasov simulations (for example [71]) it appears
doubtful whether the hydrodynamic breaking limit becomes ever relevant because
of the sudden increase of collective noise produced by kinetic effects. It is an open
question how the two criteria correlate.

We conclude that wavebreaking is a phenomenon on its own, to be distinguished
from trapping of more or less uncorrelated electrons. The definition of wavebreaking
presented here has a clear meaning and is also applicable to a kinetic description.
Further, it has been shown that a criterion for wavebreaking in smooth ion density
profiles can be deduced from the model of a cold streaming plasma. In addition, the
Coffey criterion is not applicable to resonance absorption.

In general, when adjacent electron fluid elements are driven by a spatially inho-
mogeneous intense electromagnetic field they easily happen to cross and to mix up
together, i.e., the regular motion becomes disordered. In particular this is believed to
happen in the so-called Brunel effect at the plasma-vacuum interface [20, 21] and in
“j x B heating” in the skin layer [73], and in collisionless absorption by collective
interaction [74, 75]. In the light of deeper insight into the nature of collisionless
absorption at high laser intensities (wave) breaking is a consequence of anharmonic
resonance (Chap. 8). Wavebreaking and breaking of flow will lead to an increased
plasma fluctuation level, spectral broadening of reflected laser light, temporal pulsa-
tions, Maxwellian-like spectra of accelerated particles, and eventually to lower sat-
uration levels of stimulated Raman and Brillouin scattering at high laser intensities.
It seems to be a widely accepted belief that wave breaking is an efficient mechanism
for electron acceleration (“when the wave breaks electrons become fast”). Closer
inspection, in particular analysis of resonant breaking, leads to the conclusion that
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rather the opposite is true, i.e., first electrons are accelerated and then breaking sets
in. Breaking is an extremely versatile phenomenon, like turbulence, and there may
exist as many scenarios for its onset as in the latter.
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Chapter S

The Ponderomotive Force and Nonresonant
Effects

A momentum flux is associated with all varieties of plasma waves: electrostatic,
electromagnetic, acoustic. As a consequence, a force is transmitted from the wave
to a plasma element whenever the momentum flow changes there either in space or
in time. As early as 1861 James Clerk Maxwell found out that a light beam of flux
density /, when impinging normally upon a surface of reflectivity R in vacuo, exerts
the pressure

1
pL= 1+ R)Z (5.1)

This is a global force. In physics in general, and in plasma physics in particular,
expressions for the radiation force f, on a single charged particle or on a unit
volume, i.e. a force density &, are needed. They are secular forces, in contrast to
the rapidly changing oscillating force of an electric wave which causes the quiver
motion of the electrons and, as far as they are of electric origin, they are given the
name ponderomotive force (density). The expressions “light pressure”, “radiation
pressure”, or “wave pressure” are also in use. In the following we treat them all as
equivalent. f and 7 originate from the nonlinearity of the momentum equation of
the particles.

There are two kinds of ponderomotive forces, one which has its origin in the sin-
gle particle motion and another one which is caused by collective motions induced
in the plasma. As a consequence the first kind leads to a force density o which
is proportional to the average particle density whereas the second type, indicated
by m,, is proportional to the fluctuation level changes of particle densities. In the
treatment given here the most general expression for the force on a single particle
in a periodic electric field is deduced from the cycle-averaged relativistic single
particle Lagrangian. The collective ponderomotive force density is derived from
general momentum conservation in an unmagnetized plasma which enables us to
give it a very immediate physical interpretation.

A ponderomotive force arises whenever the radiation or wave field in question
changes in space. This force has been recognized as a quantity of central importance
in physical phenomena such as the free electron laser [1, 2], particle acceleration
[3-5], stabilization of magnetized plasmas [6-8], trapping and cooling of atoms
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[9-11], dressed atom model [12], multiphoton ionization [13], and chaotic plasma
dynamics [14]. It is of particular relevance to the dynamics and nonlinear optics it
induces in laser plasmas. Whereas collisional absorption of laser light and electronic
heat diffusion create plasma clouds of smooth density and temperature distributions
the ponderomotive force has the tendency to modulate the plasma and to impress
a whole variety of structures on it. At the critical points and caustics step- and
plateau-like density profile modifications are induced which in turn tend to modify
collisional and resonance absorption [15—17]. Inside the plasma density structures
appear whenever the electric field amplitude of the laser beam or any strong plasma
wave is nonuniform owing to inhomogeneities in the single beam or wave itself,
or because the electric field amplitude is periodically modulated by the superposi-
tion of different modes [18]. The density structures may be nonresonant; then they
appear as the following phenomena: static plasma density modifications, nonreso-
nant self-focusing, filamentation, striation, modulational and oscillating two-stream
instabilities. Or they are resonant and are recognized as stimulated Brillouin and
Raman scattering or two-plasmon and parametric decay instabilities. Most nonreso-
nant phenomena are treated in this chapter, whereas Chap. 6 is mainly dedicated to
the class of resonantly induced ponderomotive effects.

5.1 Ponderomotive Force on a Single Particle

There are entire classes of relevant particle trajectories which can be decomposed
into two or more motions having distinct time scales. Often there is a fast, nearly
periodic component superposed on a smooth orbit of secular character. Prominent
examples of this kind are the dynamics of a charged particle gyrating in a magnetic
mirror and the oscillatory motion of an electron subject to a nearly periodic hf force.
Frequently, one is not interested in all details of the trajectories, but the knowledge of
the averaged motion, i.e. its secular component (slow time scale) is of vital interest
(e.g. particle acceleration, asymptotic dynamics, transport theory). In a magnetic
mirror the secular dynamics is represented by the gyrocenter motion, in the case of
a point charge oscillating in an electr(omagnet)ic field the secular component is the
oscillation center motion. For an electromagnetic field E(x, ) of frequency w and
arbitrary space dependence E (x),

E(x,1) = RE(x)e ', (5.2)

it was shown [19-23] that the oscillation center dynamics of a charge ¢ is governed
by the force f .

EE". (5.3)

The ponderomotive potential @, is obtained from a first order perturbation analysis
of the Lorentz force (see next section) and is therefore subject to the usual smallness
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constraints of certain parameters. In order to obtain some weak generalizations
of this expression a variety of different approaches was chosen among which the
Hamiltonian description [24-26] and the Lie transform technique [27] appeared
to be particularly attractive formalisms. As an alternative, perturbative averaging
of a Lagrangian was also used [28]. They are all based on the momentum equa-
tion and are characterized by the following limitations: (i) perturbation analysis of
momentum, (ii) harmonic fields, and (iii) small ratio of oscillation amplitude 5 to
wavelength A, i.e § /A < 1. They all represent local theories, except for one paper
which presents an approximate analysis of nonlocal quiver motion [29].

The standard concept of ponderomotive potential ¢p, and force f, = -V,
governing the secular component of the oscillatory motion of a free point charge
q in the field of an electric and/or electromagnetic wave is limited to motions x ()
which can be decomposed into an oscillatory component & that is nearly periodic
and a secular component x( describing the oscillation center orbit,

x(1) =xo() +§@), v(@) =vo(t) + w(). (5.4)

The total velocity v = x is assumed to be related to an inertial frame of reference
and so then is vy = X(, whereas w = § refers to the oscillation center frame which,
in general, will not be inertial. The decomposition (5.4) is not unique in rigorous
mathematical terms, however, the arbitrariness is small as long as the nearly periodic
orbit & (¢) changes slowly over one spatial cycle A (generalized “wavelength”). In the
opposite case (5.4) becomes meaningless.

In the following we shall show that restrictions (i)—(iii) can be removed by con-
structing an adiabatic invariant for the secular component of motion. The method
we chose here is that of averaging the Lagrangian in time along the fast component
of motion & (7). Adiabaticity is thereby understood in a widely accepted generalized
sense [30], not limited to periodic motions. In order, however, to introduce to this
subject gradually, first the traditional derivation of f' is presented.

5.1.1 Conservation of the Cycle-Averaged Energy

The simplest derivation of f, is obtained from an energy argument. It has the addi-
tional advantage of nonperturbative nature. In the prominent case of a pure elec-
tromagnetic wave the Hamiltonian of a charge ¢ is expressible in terms of a vector
potential periodic in time, A(x, ¢), and the canonical momentum p = mv + gA,

1
H(p,x,0) = ——(p - qA)~. (5.5)

The energy of the particle is not conserved since H varies rapidly in time. On the
other hand, the cycle-averaged oscillation energy W in a stationary wave is only a
function of position when vy is held constant. Therefore, when the particle is slowly
shifted from a region of high vector potential A to one of low vector potential, the
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Fig. 5.1 The time-averaged oscillation energy W of a free particle (dashed line) in a stationary
electromagnetic wave is a unique function of position as long as in passing from xg to x; it
undergoes several oscillations per wavelength. W is identical with the ponderomotive potential

A2
&, ~ E

question arises where the difference in W has disappeared (Fig. 5.1). From a quan-
tum point of view one is induced to argue that AW has been converted into kinetic
energy of the oscillation center since a free particle cannot absorb photons and hence
AW cannot be given back to the hf field. We show that classical arguments lead to
the same conclusion and, consequently, W is the ponderomotive potential.

The simplest way to prove this statement is as follows. By injecting N particles
per unit time at a position x = x¢ with the oscillation center velocity v, stationary
time-averaged mass and energy flows build up between x = xo and x = x,. The
position x, is arbitrary, hence

2

Nvg = const, Nuvg P + W ) = const (5.6)
2m
must hold along x¢(¢), or in particular,
pz
Ho(py. x0) = ﬁ + W (xo, vo) = const, (5.7)

thus showing that the cycle-averaged quantity

1

t+t 1 1 t+t 1
Hy = —/ —(p—qA)’dt = —/ —m(vo 4+ w)>dt
T J 2m T J; 2

2
=20 4 wix, vy
2m

is the Hamiltonian governing the oscillation center motion and
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1 2
Py =W =(omw (5.8)

is the ponderomotive potential of a transverse wave. The dependence of W on v in
(5.7) takes care of the Doppler effect.

A formal, but physically less immediate proof of (5.7) is obtained from dimen-
sional analysis. The quantity Hy merely depends on m, vo and the scalar function
W (x, vo). From these three variables no quantity with the dimension of time can be
constructed. Hence, according to Buckingham’s 7 theorem, H is time-independent
and Hy = E = const holds along each trajectory. As a consequence, Hyo(p, X) is
the Hamiltonian governing the oscillation center motion, with the desired general-
ized ponderomotive potential @, = W.

The concept adopted here is directly subject to a generalization in different direc-
tions:

I. For an arbitrarily strong monochromatic propagating electromagnetic wave

2 1/2
W:mc2{<1+%EE*> —1}, fo=—VW, (5.9)
am*c’w
holds for the oscillation energies corresponding to plane (¢ = 2) and circular

(¢ = 1) polarization [31, 32]. For moderate fields Taylor expansion of this expres-
sion leads back to @, of (5.3). For a detailed derivation see Sect. 8.2.1.

II. Next a point particle is considered, with an internal degree of freedom that is a
harmonic oscillator in dipole approximation,

§+ w3s = %E‘u)e—"“”; W= mima/(my + my). (5.10)

The averaged oscillation energy is

1 .2 q * + a)(z) A Ak
W={(-ud Epot = — ———=
<2M > + pot 4 (0)2 — a)(z))z
In determining @, one has to keep in mind that when the field is switched on the
oscillator gains internal energy Ej, also and that the forces producing this energy
are internal forces and as such, by definition, cancel each other. Thus @, is given by

&, =W — (Ey) =W — E —W a® _ 20 EE"
p =W —(Ein) = W — Epot,max = —@m

(5.11)
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pr
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Fig. 5.2 A harmonic oscillator with eigenfrequency wq and a charged point particle in a constant
perpendicular magnetic field By (cyclotron frequency w,) are shifted towards decreasing electric
field amplitude when its frequency w exceeds wp and w. (special case: free particle with wy =
we = 0); it moves into opposite direction if @ < wp, . holds. At resonance (v = wp, wc) £}, is
zero. Solid curve: damped oscillator, dashed curve: oscillator without damping

The same result is obtained by solving (5.10) up to the first order and determin-
ing its secular component. However, the procedure used here is shorter and more
general, e.g. a force may result from constant E but changing frequencies w, wo.
@, = W — (Ej,) also holds for anharmonic E fields or when the Lorentz force is
included . For wy < w the oscillator behaves like a free particle, i.e. f p tries to drive
it into a region of decreasing field amplitude. For wp > @ it moves into the opposite
direction. By introducing a damping term it is shown that at exact resonance f,
reduces to zero (Fig. 5.2). @, is identical with what in quantum mechanics is called
the expectation value of the interaction energy Eijy;.

It can be shown that (5.11) is correct also for a quantum oscillator [33]. If wy is
properly chosen and an effective oscillator strength is inserted the expression also
applies to the radiation force on an atom with negligible degeneracy. @j, in this case
is identical to the level shift AE of the linear dynamical Stark shift by the electric
wave. If degeneracy is present, (5.11) changes accordingly. At first glance one might
argue that (5.11) is not useful for a fully ionized plasma in which all electrons are
free. However, in the next chapter it will become clear that it is just this expression
which enables one to understand the difference between the oscillating two-stream
and the parametric decay instability.

I It is instructive to generalize f, to include the case of a charged point particle
in a static magnetic field By. In addition, there exist important applications of this
type of situation in magnetically confined plasmas. With E (x, t) in the x-direction
and By parallel to z one has to set

W—lm(v2+v2) (V) = B
_2 X vy _/'l’ 0-
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uBo = Al By (1 magnetic moment, A cross section of the closed orbit, / current)
is the “inner” energy of the orbiting particle configuration which has to be sub-
tracted since, by definition, internal forces do not contribute to f,. Specializing to

E = E, ~ e “yields in analogy to (5.10) and (5.11)

iy + w2vy =—iwn%Ex, vyz—i%vx, a)czn%B;
2 2 2 2 2
q w” + o, A Ak q 2w A Ak
Py =W (V)= 5 kE — — —— 55 EE
dm (w* — wz) dm (0* — wf)
Q> no
EE (5.12)

- dm(w? — w?) ’

in agreement with results obtained from the momentum equation with weak fields
[34]. The cyclotron frequency w, takes the place of wy.

In the three cases of a free particle, a harmonic oscillator and a particle in a static
magnetic field, considered here, the ponderomotive potential can be written with the
help of the dipole moment p = ¢4 as

1
¢p = Eint = <_§pE>

If wp > w, pisparallel to E and the oscillator moves into the direction of increas-
ing field; if wg < w, p is anti-parallel to E; at resonance the phase shift is /2
(Fig. 5.2).

When two or more plane waves are coherently superposed, a variety of spatial
structures of f, can be produced which may lead to induced striation or vortices.
Vortices have been experimentally observed with neutral atoms in two crossed, near
resonant standing waves [35].

5.1.2 The Standard Perturbative Derivation of the Force

Despite its inherent limitations this procedure may provide an alternative, detailed,
physical insight in how the secular force f, originates. It starts from the Lorentz
equation of a charged particle in a monochromatic electromagnetic field of the form
(5.2),

D (E+vxB)
m— = v X B),
dt 1
and makes use of the decomposition (5.4). Under the restriction that the oscillation
amplitude &€ is much smaller than the local wavelength A(xg), i.e. é; < M(xp), the
Lorentz equation may be linearized in & and solved separately,
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d 0
Y [8—';’ + (UOV)w:| — ¢ [E(xo) + vo x B(xo)].

In general E (x) is the superposition of a large set of modes,

Ex) = > E ek
{k}

For a single mode holds
. q
wi(t) =i——(Ex +vo x By), o =ow—vok.
maoy,

The Doppler shift Aw, = vok originates from the convective derivative (voV)w.
For nonrelativistic temperatures all Awy and vy x By can be chosen small so that all
Fourier components w;, superpose to yield

w(t) =i L Exp)e @ = L Axg)e i,
maw m

E = —0; A, A vector potential. In the next order from the Lorentz equation vo(¢) is
calculated, the time variation of which determines f o’

dv()

fo=m—==a{E(xo+&§1) +w®) x Bxo)},.

The bracket contains terms varying with 2w and zero frequency. Therefore the sub-
script “0” has been added to indicate that in determining the secular force f, the 2e-
term has to be suppressed. Taylor expansion of E in § = iw/w, using B =V x A,
and observing that physical quantities have to be real leads directly to

2
g{E +w x B}y = —Z—{(A*V)A +A XV xAtcce)
m

qz A A%
=——V(4AA).
dm

Hence, f, is the gradient of a quantity which can be interpreted as a potential @p,
the ponderomotive potential given by (5.3). In a transverse plane wave (wV)E is
zero; if E is longitudinal (e.g. an electron plasma wave) B is zero and f, arises
entirely from (wV)E.

Expression (5.3) for @}, is valid when damping can be ignored. In the presence
of a linear damping v according to (2.23) the following expression for f, is found
straightforwardly in terms of E = E, + i E; [36],
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Fig. 5.3 In an oscillating longitudinal electric field a charged particle experiences a drift in the
direction of decreasing wave amplitude. The drift is independent of the sign of charge. x¢ starting
point; x1, x2, x3 turning points. In a transverse wave the drift is caused by the Lorentz force

q2

Amea?(1+ 25

fo= {VEE*JF% [Eix(VxE,)—E,x(Vin)“,
(5.13)
w,v = const,and V x f p differs from zero in this case.

In terms of the momentum equation the physical interpretation of the pondero-
motive force f, is as follows. Let us first assume a pure electrostatic wave in the
x-direction of the form £ (x)e~i" with decreasing amplitude E (x) (Fig.5.3). A free
electron is shifted by the E-field from its original position xg to xj. From there it is
then accelerated to the right until it has passed x(. From that moment on the electron
is decelerated by the reversed E-field and is stopped at position x,. If x;, designates
the position in which the field is reversed (x(’) > x0), the deceleration interval x; —x(’)
is larger than that of acceleration since on the right hand side of xo the E-field is
weaker and therefore a longer distance is needed to take away the energy gained in
the former quarter period of oscillation. On its way back the electron is stopped in
the region of higher amplitude; the turning point is shifted from x; to x3 into the
direction of decreasing wave amplitude E(x). In an (inhomogeneous) medium this
drift produces, by charge separation, a static E-field which transmits the force to
the ions. Since this consideration is based only on energy and work — there was no
need to specify the field direction with respect to the particle speed — it follows that
the drift (or force) is independent of the sign of charge: positrons would drift in the
same direction. In the case of a plane electromagnetic wave the drift is caused by
the v x B force which also acts along the direction of propagation.

5.1.3 Rigorous Relativistic Treatment

In connection with the development of ultrashort super-intense laser beams a real
need for relativistic expressions for f ., not bound by the above-mentioned con-
straints (i)—(iii) arises. As we show in this section the most general result for a free
charge ¢ is obtained again from a cycle-averaging method. However, since such
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a procedure does not preserve the canonical character of the Hamiltonian [37] a
Lagrangian formulation will be used [14].

The relativistic Lagrangian L(x, v,t), v = dx/dt, of a charge ¢ in an arbitrary
electromagnetic field E = —V® — dA/0¢ is given by

mc? 2, 2\-1/2
Lx,v,1) = ——— +qvA —q®, y=(1—v*/c?)~12 (5.14)
14

When an oscillation center exists, the transformation to action-angle variables S =
S(x,1), n = n(x,t),is possible (e.g., ¥ (x,t) = f(kdx — wdt) in the case of
a traveling monochromatic wave). The action S and the angle n are both Lorentz
invariant. The motion of the particle is governed by Hamilton’s principle,

n2 dt
3§ = 5/ L(x(n), v(n), t(n)=—dn = 0. (5.15)
m dn

From the Lorentz invariance of S and 7 it follows that the Lagrangian £(n) =
L(dn/dr)~" is invariant with respect to a change of the inertial reference system.
Assuming that 7 is normalized to 2w for one full cycle or period of motion, the
cycle-averaged Lagrangian Lo,

_ 1 t2n / /
Lo(n) = 7 L(n)dn, (5.16)
n

depending only on the secular (i.e., oscillation center) coordinates xg, vo through
n, is defined. The oscillation center motion is governed by the Lagrange equations
of motion,

- —— =0, (5.17)

with Lo = Lodn/dt. To demonstrate this assertion we prove the following theorem.

Theorem 1 The validity of (5.15) implies

) " Lo(mdn =o(N™, (5.18)
ni

where N = (ny — n;)/2m is the number of cycles over which Lo undergoes an
essential change. The symbol o(N ') means “vanishes at least with order 1/N .

Proof Let the variation be an arbitrary piecewise continuous function A(1n). The
nth cycle starts at n = n,, where for brevity we use the symbols A, = A(n,),
0Lo/0n, = (0Lo/0n)y=y,. If the same quantities refer to an intermediate point
N < 1, < n, + 2w we write A, and dLy/9dn, and omit the index n for the interval.
To leading order the following holds:
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nf
‘5 ﬁodn‘ =

i

nf
/ 8(Ly — L)dn ‘
ni
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n

Np+2m
/ Lon+ A)dn — 27 Lo + An)

Np+2m
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/ OA(n)dn P iy}
n 0nn oy
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In the last step the mean value theorem is used. The function A(n) is arbitrary.
Therefore at n = n,, A, = A, can be chosen without affecting A,. With this
substitution the leading order gives the result

nf
'5/ Lodn| <

In this last step it is essential that d Ly /97 is a smooth function (in contrastto dL/dn,
which is generally not). Now, N = min(1/27)|Lomax/(0Lo/dn,)| is chosen; i.e.,
over N cycles Lomax changes at most by L. It follows that

n

—A,|.

2

9 ~0
In2

n

a| < (27)?N max X max | Ay|.

ny L
‘5 Eodn‘ < % x max | Al. (5.19)
ni

Performing the variation of this inequality leads to (5.17) with the O replaced by a
function f not larger than |L£omax| X max |A|/N 2,

In order to understand what inequality (5.19) means let us specialize to a
case of the averaged Lagrangian £y not depending explicitly on time. Then the
Hamiltonian Hy = pgvo — Lo(x0, vo), where Ly = —Lo(w — kvp), owing to
dHy/dt = 0Hy/dt = —dLo/dt = 0, expresses energy conservation

Hy = E = const.

A straightforward estimate shows that the uncertainty f in (5.17) leads to an energy
uncertainty AHy/Hy < 27/N. This means that (5.17) is adiabatically zero and the
total cycle-averaged energy is an adiabatic invariant in the rigorous mathematical
sense in agreement with Arnold’s definition [30]. For N — oo (5.17) becomes
exact. This is the mathematical proof of assertion (5.7) which was established there
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by physical arguments. Furthermore, physical arguments were used for expressions
(5.11) and (5.12). By making use of (5.15) both expressions follow without using
further arguments since nonrelativistically L(x, v) = 1/2m v2—V(x), V(x) poten-
tial energy, and L(x, v) = 1/2mv?> — V(x) + gvA in the presence of a magnetic
field.

The relativistic Hamiltonian of point charge in the electromagnetic field follows
form (5.14),

172
H=pv—L= {m2c4+c2(p—qA)2} to, (5.20)

with the canonical momentum p = 9L/dv = ymv + gA. Its numerical value is
the total energy E = ymc* 4+ @. Considering a monochromatic wave in vacuum
we can set @ = (. This motion is exactly solvable with the result for the oscillation
energy given by (5.9). If the effective mass megt = Loyo(dn/dt)/c? is introduced,
Lo = Lodn/dt shows that, in an arbitrary inertial frame in which the oscillation
center moves at speed vg, Lo and Hy are those of a free particle with space and
time dependent mass m.fr,

2
MeffC
Lo(x0, vo, 1) = — eyo ., Ho(xo, po. 1) = yomefic?; (5.21)

2\ "2
Yo = (1 —~ C—‘;) . PO = YoMegvo.

Expressions (5.21) hold in any electromagnetic field in vacuum in which an oscil-
lation center can be defined. In the special case of (5.9) mey = (1 + q2A .
A*/am2c2)'/2m.

In the oscillation center system, i.e., in the inertial frame in which at the instant
t vo(t) = 0 holds, the ponderomotive force follows from (5.17) and (5.21):

dp BL()

N 0 2V

== = — Meff. 522
fp /"L' a 0 c eff ( )

For the meaning of f ;1:] and its transformation to another reference system see
Sect. 8.1.
To see the power of the Lagrangian formulation, (5.17), we calculate f, in a non-

relativistic Langmuir wave of the form E(x, ) = E (x, 1) sin(kx — wt) with slowly
varying amplitude E. In lowest order the potential is @ (x, 1) = (E / k) cos(kx — wt)
and L = mv*/2 — q®. In the frame comoving with x( the particle sees the
Doppler-shifted frequency §2 = w — kvg (plus higher harmonics that are not essen-
tial here). With the periodic excursion £(¢) around xo the potential is @ (x, ) =~
@ (x0, 1)+ £(1)dP /dxo. From this Lo = mv}/2 —aE? /22, a = ¢*/4m, results in
lowest order. With this Lagrangian it follows from (5.17) for E=E (x) (no explicit
time dependence) that
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d 1 —Vo)(1 =3V, 0
vo_ 0)( 0) 3

v _ A o (5.23)
dt ?(1 = Vo)* — 6a E2/mv2 9x

fp=

In the last expression Vj is the oscillation center velocity normalized to the phase
velocity vy = w/k, Vo = vo/vy. Equation (5.23) shows that f,, changes sign when
the particle is injected into the Langmuir wave with a velocity vy exceeding v, /3.
In regions where the standard expression for f, (5.3), always exhibits repulsion the
more exact treatment can lead to attraction.

Equation (5.23) was also derived in a more formal but physically less transparent
manner in [26]. Uphill acceleration in an electron plasma wave of increasing ampli-
tude E(x) is confirmed by the numerical solution of the exact equation of motion
(Fig. 5.4). If E (x) grows indefinitely the exact ponderomotive force changes sign
again, and the particle stops and is finally reflected; the corresponding path in phase
space exhibits a hysteresis. Uphill acceleration, occasionally observed in another
context of wave particle interaction [38], is a general ponderomotive phenomenon.
It should also be mentioned that for the electrostatic wave considered here uphill
acceleration identical with the result of Fig. 5.4 follows from the adiabatic invariant
(4.31) for nontrapped particles (see [39] and Chap. 4).

The results can be summarized as follows: (i) When an oscillation center of
motion exists, the invariant cycle-averaged Lagrangian describes the ponderomotive
motion in arbitrary strong fields. (ii) The ponderomotive force in a monochromatic
traveling, locally plane wave of arbitrary strength in any reference system can be
expressed analytically. (iii) In a longitudinal wave, uphill acceleration and phase
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Fig. 5.4 Normalized kinetic energy VO2 /2 is shown as a function of @,/ mevé from (5.3) for the
linearly increasing field 2.5 x 103X sin(X — T) and injection velocities Vo = 1/3 (lower curves)
and Vy = 0.43 (upper curves). The motion shows a pronounced hysteresis in phase space owing
to different acceleration in comotion and countermotion
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space hysteresis may occur. (iv) The ponderomotive force on particles with internal
degrees of freedom and the influence of dissipation (radiation losses, friction) on
the ponderomotive force are best understood from conservation of the field-particle
interaction energy. A detailed study of the validity of the ponderomotive concept
for free electrons in finite laser pulses was presented in [40]. For an extension of
ponderomotively induced motion for @ — 0 see Sect. 8.2. Finally we want to point
out that at relativistic energies cycle-averaging in the time parameter ¢ becomes
incorrect; rather one has to switch to an angle variable 1 in order to guarantee a
Lorentz-invariant definition of the oscillation center. The problem is similar to the
correct definition of the relativistic center of mass discussed in Sect. 8.1.6.

5.2 Collective Ponderomotive Force Density

5.2.1 Bulk Force

The force density exerted by an electric wave on the bulk of the plasma is propor-
tional to the time averaged electron particle density ng. Thus & is given by mo,

Ty = n()fp, or myg = —ngVPy, (5.24)

respectively, with @, taken from the preceding section. In the weak field approxi-
mation of Sect. 5.1.2 ¢ is given with @, from (5.11),

(5.25)

For free electrons wy is zero; for free electrons in a constant magnetic field in the
above configuration wy is replaced by w. and u = m.

5.2.2 The Force Originating from Induced Fluctuations

It would be most desirable now to obtain the collective ponderomotive force density
7, also from an energy principle or an action integral. Since a sufficiently general
derivation of this kind does not seem to exist so far, the following considerations are
based on momentum conservation. By definition the ponderomotive force density
m is a secular, i.e. low frequency force which originates from a high frequency
transverse or longitudinal electric field and applies to the one-fluid model. Thus,
when pg = (p(#)) and vop = (v(t)) are the density and velocity of a volume ele-
ment averaged over the high frequency oscillations, m( is defined by the equation of
motion
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dvo
PO = =V(pe + pi) + fo+ o (5.26)

where p., p; are the electronic and ionic thermal pressures and f is any low fre-
quency force (electric and magnetic, gravitational, viscous, frictional, etc.). For the
concept of ponderomotive force to apply it is important that the spectra of fast and
slow motions in pv = p;v; + p. v, are well separated from each other. When includ-

ing all forces f, f = fo+ f;,, where f, originates from the high frequency fields
the general momentum conservation equation in the one-fluid model is

9
EperV(pvv +pD) = f.

The momentum flow density T = pvv + pI, p = p. + pi, is a second rank tensor
with the components Ty; = pvgv; + pdy. Hence, by comparison with (5.26) &,
results as follows,

B dv
n,=<§pv+V(pvv+pI)—fh>—,ood—t0. 5.27)

In the absence of ionic resonances (i.e., no static magnetic fields)

PiVi = min;ov;o, Ve0 = V0,
PeVe = Me(Meo + Nel +Ne2 + ... Y(We0 + Vo1 + V2 + ... ); (5.28)

holds. The indices 1, 2, etc. indicate the Fourier components of frequencies w, 2w,
etc. induced by the high frequency electric or electromagnetic field

E(x,t) = E(x, e ™", (5.29)

E (x, t) is the amplitude slowly varying in space and time. Inserting the quantities
(5.28) into (5.27) leads to

(minjo +meneo)(V(Ve1ver + Ve2Ve2 + ... ... ) = [fr) = mo,
where the brackets () contain, in addition, all sums of products v,;v.; with an even
number / = j + k and j < k. The first nonvanishing term contributing to the

collective force m; originates from n,.1v.1 in (dpv/at). Since this is also the leading
term, to lowest order follows

9
T = <5(mene1ve1)>- (5.30)

There is no corresponding contribution from the flux term since (m,n,1v,10,1) is
zero. With the help of the electronic equation of motion,
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0V, e A .
& = —— E(x,t)e ',
at me

for v, and displacement §.; one obtains

. 2i 0 N
8, = — et <1——’—> E(x,1). (5.31)
w Ot

The density variation n,; follows from (3.74):
ne1 + Vneder = 0.

With these relations for .1 and n.;, 7; can be expressed in terms of the electric
field amplitude of the high frequency wave as follows:

- S 3
Ty =i——— E(V—ZE )—E (V_ZE) . (5.32)
w w w

As shown in Chap. 6 &; plays a decisive role when an electrostatic fluctuation is
modulated by the laser field to resonantly drive another electrostatic mode, as for
example in the two-plasmon decay. There is a whole variety of expressions for ; in
the 1iterature differing from each other [41-43] and, when =, is presented in terms
of E as in (5.32), it is not easy to recognize which of them are correct and which
are not. However, the correctness of (5.32) is easily revealed through (5.30), since
the latter is accessible to an immediate physical interpretation: Due to the variation
of I:](x, t) in time the secular component of the momentum density (m.n.ive;)
induced by the wave changes also. Since, on the other hand the associated momen-
tum flux density term (m.n.1v.1v.1) is zero, the momentum change of a volume
element appears as an external force applied to it.

In principle the contributions of p;, p. to o as well as to x; have to be consid-
ered also. However, by keeping in mind that kinetically p, and p; are defined each
relative to their mean flow velocities v.(x, t) and v; (x, t) (and not relative to the
common center of mass speed v = (p; v; + pe Ve)/(pi + pe)) there is no change
in p, and p; due to the presence of a hf E-field as long as the particle distribution
functions f;(x,u,t), f.(x,u,t)look unchanged in the presence and absence of E
when both are observed from the systems co-moving with v, and v;. For electrons
(and, a fortiori, for ions) this is the case as long as Ugl < (u,)? is fulfilled, since
then the electron-ion collision frequency v,; remains essentially unchanged. It must
further be pointed out that &, according to (5.30) or (5.32) is a good approximation
only as long as the higher harmonics are weak. For a resonantly excited electron
plasma wave close to the breaking limit this may no longer be the case, because all
higher harmonics may then become important.
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5.2.3 Global Momentum Conservation

It may be instructive to cast r into a different form. Let « be the force density caused
by a hf field. With the help of the Poynting vector § and Maxwell’s stress tensor T
it is expressed in conservation form as

1 0
K=—— —S—VT.
2 ot

k is the sink of electromagnetic momentum and must, therefore, appear as a mechan-
ical force density for the electronic and the ionic fluids according to

a
K = E(peve+)Oivi)+v(pevgve+pivi vi + ped + pil),

since the momentum of the three fluids, electrons, ions, and photons, must be con-
served. k is rapidly oscillating. Thus, in order to formulate a law of momentum
conservation for observable quantities one has to pass to a one-fluid description for
p and v as used above which after some algebraic manipulations is conveniently
expressed as follows,

Pe Pi
—w

0 1 9d
—pv+V(pvv+pI)+c—2§S+V(T+ w) =0, (5.33)

ot

where w = v; — v, [44]. When E = Ee~9' reduces to zero 7 vanishes and the last
two terms in (5.33) disappear. Hence, ® = m( + =, is to be identified by

19 :
r=—(=28+VT+V>  ww), (5.34)
2 at 0

which clearly shows that the ponderomotive force & is not the divergence of the
Maxwellian stress tensor only; V p. piww/p is of the same order of magnitude.

The two terms ¢ and 7, are qualitatively different: In the absence of dissipation
1o according to (5.24) is a real potential force, or for not too strong fields usually
close to it, whereas 7, is not since V x 1, # 0. For instance, the latter appears as a
possible source term for magnetic field generation according to [41]

OB 2 1 dB 1
220 -,y (v x Z20) _ly i B (5.35)
ot e2 nio at e nio
Itis further clear from the derivation presented in this section that ;g = —n.oV @) is

correct and not —V (n.0®p). A derivation of 7, in the presence of a static magnetic
field is given by several authors [8, 45, 46].
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5.3 Nonresonant Ponderomotive Effects

The ponderomotive force is strongest in regions of high electric wave field gradients.
Such large gradients are produced by strong local absorption or by the superposi-
tion of waves of equal frequencies but different wave vectors. In the critical region
generally both effects contribute to produce large standing amplitude variations.
The radiation pressure pr, on a plane surface is given by (5.1). In the case of a
plasma layer, e.g., an overdense plane target, (5.1) must follow from (5.24). To show
this a plasma filling the half space x > 0 with an arbitrary density distribution n, (x)
is assumed which at some depth becomes overcritical. A plane wave E(x,t) in a
homogeneous medium is the superposition of an incident and a reflected wave,

E(x,1) = Egelk* il 4 fetkx—iot — po(x 1) + Er(x, 1). (5.36)

In the vacuum k = k9 = w/c. In the plasma such a decomposition does not hold
in general. However, for k = ke, in the whole space E(x, t) obeys the stationary
wave equation

9*E wp
5+ K} (1 - w—g’) E=0 (5.37)

The total ponderomotive force per unit area is given by

b _/°° 0 () D g e [P0 (Lo 1IEIEN
<0 4 o 03x x<0 0x k(% ax Ox
€0
= J(Eo+ E(Ej + EY) + (Eo — E)(Ej — ED),
&0 1 &0
= 2 (1B +|E) =1+ R~ 1=clEol.
2 c 2

The result is obtained by multiplying the wave equation (5.37) by E* = 3, E*
and its complex conjugate by E’. If in the case of an arbitrary a)g Jw? is replaced

by (n2 — 1)/2 in the wave equation, n refractive index, again (5.1) is recovered, as
expected. However, the force density & in a dielectric medium is obtained by such
a replacement only in the limit of a dilute medium, as may be seen from (5.25). In
dense matter the field polarizing the single molecule differs from the mean field E in
the medium. Well-known examples for this are the Clausius—Mosotti and Lorentz-
Lorenz corrections.

In order to see how a static amplitude modulation acts on a streaming plasma let
us consider a partially standing electric wave E(x, t) of the simplest form (5.36),
acting on a stationary isothermal plasma flow parallel to the x-axis. The flow is
determined by
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M=1(SBS) <
1y L

Fig. 5.5 A homogeneous plasma is periodically modulated by the pressure of a partially standing
wave. |E| electric field amplitude, no average plasma density, n; = no + n(x) local plasma
density, M = v/s Mach number. M > 1: maxima of n1 in phase with maxima of |E|%; M < 1:n,
dephased by m; M = 1 : nj dephased by 7 /2 (resonance: stimulated Brillouin scattering, SBS);
lower arrows: direction of ponderomotive force

v 200 & 0 5
PV = povo = const, pv— = —5"— — —p—[Eg+ E;|".
ax ax 4p. ox

With the help of the Mach number M = v/s, for p < p. these relations lead to

9 9
(1 - M2> 9B _ 2L L EVE, sin2kx ~ ——|E|. (5.38)
ax 5?2 pe dx

The solutions of this equation are characterized as follows. If M is less than unity
everywhere a wave field of periodically modulated amplitude produces a stationary
density modulation the maxima of which coincide with the minima of |E|? and
the modulation amplitude increases with increasing Mach number. If the flow is
supersonic in the whole region the density modulation is in phase with |E|?. At
M = 1 the phase shift is 7 /2 (see Fig. 5.5). For a fixed modulation depth of |E|
the density modulation increases monotonically with the flow velocity approaching
the sound speed from both sides; it is lowest for the plasma at rest (M = My = 0)
and tends to zero with M — oo. At M = 1 the force becomes resonant with
the flow: an infinitesimal modulation of | E|, e.g. infinitesimal reflected wave E; is
already capable of producing a density modulation, i.e. a sound wave in this case,
for which in the linear regime no steady state exists. This situation is treated in detail
in Sect. 6.2.

Major nonresonant ponderomotive effects leading to considerable ion density
variations are profile steepening at critical density, laser beam self-focusing and
filamentation. They are treated in the following sections.

5.3.1 Ablation Pressure

Owing to the importance of ablation pressure for applications, it was already treated
in Sect. 2.4.3, however, without radiation pressure. The laser beam pressure influ-
ences the ablation pressure P, in a more complex way than one would assume at
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first glance. Already at very low ratios p /p. of ponderomotive pressure p, at the
field maximum to the plasma pressure p. at the critical density the radiation pres-
sure leads to plasma flow inhibition at the critical point and to subsequent plasma
acceleration around the maximum of £ (see Fig. 5.6). The phenomenon is known
as ponderomotive profile steepening [47, 48]. At vanishing ratio p,/p. the abla-
tion pressure scales like Ia2 / 3, provided that a steady state builds up in the plasma
dynamics and the heat flux ¢, is negligible. As p, dominates more and more a
transition occurs to direct proportionality P, ~ I. With radiation pressure included
the equations governing the steady state model developed in Sect. 2.4 are now

nv = const, ,ov2 + p + px = const,

+ v?
Ia—qr=nv{s+%+mi7}+avl, (5.39)
Znd [ 4
P / no (eoEz) dx, (5.40)
dn. 0x
Py = pv* + p + px, (5.41)

(M + L) Las | (M - L) 1M, &% D (s
yM ) s dx yM) M dx  4pestM dx

The term P,v; stands for the work done by the laser to generate the shock wave

traveling into the dense material at speed vs and matter velocity v;. In what follows

y = 1 (isothermal situation) is set. We observe that E? has the typical sharp maxima

of a standing wave whereas that of s(x > x.) is flat. Therefore, in (5.42) the first

term may be dropped since it cannot balance the two following expressions. Hence

1\ oM 9 .
<M — —) =+ 0T pron. (5.43)
X

M 4pcs2 0x

c 7
M<1 M (x)=1 M>1

>
»
X

Fig. 5.6 Ponderomotive density profile steepening in the critical region. x, critical point; py density
distribution under condition & = 0. Transition from the subsonic to supersonic flow occurs at the
position xy, of the first maximum of EIZn
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With profile steepening a steady state is reached during a time of the order of

= M\/4s, thus T < 25ps. Under this assumption in the very overdense region
v is subsonic (M < 1). In the corona v is supersonic (M > 1). Equatlon (5.43)
states then that the sonic point must coincide with the absolute maximum E at x,,.
Generally E ,Zn coincides with the first local maximum of £2 when counting them in
positive x direction.

In principle P, can be evaluated at any point in the coaxial cylinder owing to
P, = const throughout the steady state flow region. However, owing to the density
dependence of py according to (5.40) it is convenient to evaluate P, in a maximum
or minimum of £2. We chose here the maximum at x = = x,,. At normal incidence
the laser pulse amplitude follows the stationary wave equation

9% . Zn\ -
SER (1 - n—”)E —0: k= w]e. (5.44)
C

Multiplying it by E' =9FE /0x yields at an arbitrary position

Zn 0
4nC ax

(80E2) dx = ZE2 4+ 20 g (5.45)

b= 42

In the maxima and minima £’ vanishes and pr simplifies. At x,, holds

&0 ~
Po=2pns" + L Eps pm = peMe. (5.46)

It is convenient to introduce the normalized quantity £2 = &g E? /4 pc. The critical
Mach number M. is obtained from integrating (5.43) between x. and x,,,

1
53:5,%,—5( 3—1nM§—1). (5.47)

This equation together with (5.44) determines & uniquely if 531 is assumed to be
known. Although it is a simple system, it resisted to all attempts to solve it ana-
lytically in explicit form so far. The numerical analysis yields the following best
fits

52
L <l: Mc~1—,/0482; E2>1: M.~ . 5.48
m = ¢ = ¢~ exp(E2 +0.5) — (5:48)

Owing to the action of the radiation pressure M. reduces monotonically with
increasing &,,. At 5,%, = 1 the critical Mach number is reduced to M. = 0.38.

Now 5,%1 must be linked to the incident intensity /. In the following this is done
for four relevant cases: normal incidence on a flat target, oblique incidence on a flat
target under the angle o and s- and p-polarization, perpendicular incidence on a
crater.
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5.3.1.1 Perpendicular Incidence

Generally at densities below p,, at x > x;,, almost no collisional and collective
absorption takes place; the reflection coefficient R(x = x,,) is close to the overall
reflection coefficient R and p is sufficiently smooth to apply the WKB approxima-
tion on E, >

(1++/R)? I
= At L= (5.49)
(I = pm/pc)"* 2pc c

In pr. the vacuum laser intensity I enters, eventually corrected by the collisional
absorption in the corona x > Xx,,; p. must be determined from the flux difference
q1 — qo — P,v1 defined in (2.145). For Lc =~ A and shorter (3.61) will yield more
precise values of E,,. The transition to Fresnel’s formula for strong profile steepen-
ing may be estimated from (3.27) and Table 3.1. For £2 < 1 this becomes with the
help of (5.48)

8/5 4/5
£ =12 (1 n ﬁ) / (2’7; ) (5.50)
C

The radiation pressure-corrected ablation pressure from (5.41) is given by

& 1+VR? po
P,=2 M ) = 2M, _——]. 5.51
a po( ct 2> po( C+2(1—Mc)]/2[7¢ ( )

Contrary to what one may expect, for E,%l < 1.4 radiation pressure leads to a reduc-
tion of P,/p. since at low ratios pr/p. the stagnation effect of the plasma flow
prevails.

In Fig. 5.7 P,/ p. is plotted as a function of 8,%!. The dashed lines are obtained by
making use of (5.48) for M. In the interval 0 < 5,,21 < 1.41 there is a depression of
P, due to the stagnation effect of p, on M., with a maximum reduction of 22% at E,%l
as low as £2 = 0.35. For £2 = 0.15 the light pressure contributes to P, by at most
by 10% and can be neglected for E,%l < 0.15 and hence (5.46) yields P, >~ 2p.M..
In particular, at 831 = 0.15 follows P, = 1.7 p.. With ns laser pulses generally
one moves around such low values of 531 and it was correct to neglect p, as an
additional term in P, of (5.41), as done by all authors so far. However, to neglect its
stagnation effect on M. would be incorrect. Flow inhibition at x. becomes sensitive
already at values as low as 5,%1 = 0.02, with a 10% reduction of P, at temperature
T held fixed. Only from 5,%1 = 0.84 on the radiation pressure starts dominating the
ablative plasma pressure 2p.M..

Stagnation and flow inhibition are synonymous with profile steepening [48, 49].
With the help of (5.43) its scale length L is given by

_on M 1M
" |Vn| VM| V&
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Fig. 5.7 Normalized ablation pressure P,/p; as a function of £2

At the critical point it becomes in units of vacuum wavelength A

L 1-M? 5.52)
A 2MEAE /x| xmx, '
Multiplying (5.43) by p/pc. = M./ M, then integrating it from x. to x,, and substi-
tuting prm — pc from (5.45) yields

1 N
Mc{z—MC—ﬁ}+5m—gc—k—zgc =0.

C

Introducing £2 and £2 from (5.47) leads to the desired expression for £! as a func-
tion of M.,

1 3
&P = <2MC —InM, — §M§ — 5) k2. (5.53)

With this (5.52) becomes

L 1 — M2
Ao 2Mk{ER + (1 — M2 +1n M2)/2}'/2(2M, —In M, — M2/2 — 3/2}1/2°
(5.54)

The evaluation of this equation proceeds as follows: &, is fixed first. Then the wave
equation (5.44) is solved simultaneously with (5.43). In this way M is recovered to
be used in (5.54). The result is shown in Fig. 5.8, solid line. If, instead, M, is taken
from (5.48) and used in (5.54) to determine L /A, coincidence with the exact result
is found (see Fig. 5.8, solid line, dots). For a quick estimate of L the derivative of
£2 may be approximated by 952 /dx ~ 3kEX[1 — 2M./(1 + M.)]'/?/4, thus
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Fig. 5.8 Scale length at critical point L./A as a function of 53; from wave equation (solid), from
(5.48) and (5.54) (dotted) and from (5.55) (crosses)
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As the crosses in Fig. 5.8 show this simple formula is an excellent fit to (5.54).

5.3.1.2 Oblique Incidence, s-Polarization

The electric field follows the wave equation

9% . Z .
—2E—i-k2 (1 _an —sinzot)E =0.
0x ne

Proceeding in the same way as before one finds at the position x,,

£0 Erzn

Pr = .
4 cos?a

The density, pressure and Mach number at the vertex, pv, py, My,
_ 2 _ 2 _
PV = pcCOS” A, py = pcCos” a, py = py My,

assume the role of the former critical parameters p., p. and M. With this step (5.50)
transforms into

o (VB2 p (A4VR? p

= - L 5.56
" (L= pm/pv)V? 2pccos?a (1= My)/22py (-0
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i.e., its structure remains invariant. Analogously, in (5.48) and (5.54) for the profile
steepening, M, is substituted by My and all calculations proceed in the same way
as in the case of perpendicular incidence.

5.3.1.3 Oblique Incidence, p-Polarization

This is the situation of resonance absorption in a layered medium [50]. At electron
temperatures 7, < 10keV the electron plasma wave is emitted under the small
angle o/ = Bsinag, B = s./c (see Sect. 3.2.4). In the region x; < x < x;, holds
|E o> |E y| for all angles under which absorption is significant. Therefore p;
and &, can be evaluated by using Piliya’s equation (3.70) in the capacitor model
approximation, i.e., neglecting E, B2 sin” g, and setting 1 — 2. The driving term
containing B on the RHS of (3.2.4) is much smaller than E x.m and (5.45) applies
again with py , = 80/4Eim. Then (4.7) yields for £2 = Ef’m

kLN
£ =1.1(1-R) (F) %cosao. (5.57)
C

Alternatively 531 can be calculated from the energy flux conservation (3.38) in com-
bination with (3.39),

12 2
Ses=se(1-L) L2 E2 — (1— Ryeprcosag (5.58)
Pe 2 w%
I 1-R
S 531 Pr cos . (5.599)

T B = M) 2p,

With (5.45), (5.46), (5.47), and (5.48) remaining valid the ablation pressure is
given by

52
Py = 2pe (MC + 7’") (5.60)

and LA follows from (5.54). For low intensities (5.58) may be correct. It has to
be made sure that the resonance width d from (4.2) does not exceed the density
scale length L of the Stokes equation. The second expression (5.59) is more robust;
however, it has also its limitations because Ses is based on linearized equations. On
the other hand (4.14) on the limiting intensity Inax, Fig. 4.10 and the considerations
on wave breaking in Sect. 4.4.2 may be helpful in the specific case.

5.3.1.4 Perpendicular incidence, focused beam

First it has to made sure which of the absorption mechanisms dominates, collisional
or resonance absorption. Such an estimate requires suitable averaging over all angles
of incidence ¢ of the beam into the target crater. If resonance prevails (5.60) and
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the angle-averaged (5.57) apply. If this is not the case no general recipe can be
given here. Rather has there a combination between &,, electromagnetic and &,
electrostatic to be found. In the intensity regime I, = 10> ~ 10'® Wem ™2 pum?
and pulse durations ranging from several ns to ten ps p, < p. is fulfilled. A similar
inequality holds for the compression work going into the shock wave P,v;. With

P12
2 a
Py = povsvy = gpovs, v = <g—) (5.61)
£0
follows
P, P, 172
all _ fali 52<Mc&> : (5.62)
1 I, £0

At short wavelengths in the UV range P,v; must be taken into account. With 5,%1 as
a free parameter P, follows from (2.154) by replacing p,, by poc M.,

(1-R?*? 3
46525
2
—33x 10731 — R¥3M P (pelen)'/? (I[chrz]) Mbar.  (5.63)

Py=2 M3

The critical Mach number M. may be taken from (5.48). For plane isothermal heat
flow into the corona the corresponding numerical factor is 3.6 x 1078,

Formula (5.63) holds for idealized conditions described in the previous analy-
sis. It may be helpful in evaluating the single effects contributing to the ablation
pressure in the individual experiment, like heat conduction, different kinds of laser
energy absorption, radiation pressure and profile steepening, nonsteady state effects.
Within the model presented here the most sensitive aspects are local and nonlo-
cal energy deposition through direct laser light absorption, diffusive heat flow and
delocalized preheat by fast electrons. Radiation pressure effects are important for
profile steepening and its influence on energy absorption. For 5,% < 14, P, is
reduced as a consequence of the stagnation effect on the flow at critical density.
The dependence of P, on the laser intensitiy to the power of 2/3 remains substan-
tially unchanged as long as preheat and lateral heat losses can be ignored. In the
experiment a whole variety of power dependences ranging between 0.15 and 2.5
are measured, e.g., 0.3 in [51]. Extensive experimental studies in the intensity range
1013 ~ 10 Wem™2 and comparison with previous results have been presented
by F. Dahmani [52]. The author finds a 2/3 power in I;/X, in agreement with
(5.63), however, with a numerical factor slightly higher than 3.3 x 1078, From
thorough acceleration studies of thin low-Z foils at the Asterix III iodine laser
(A = 1.315 um) by K. Eidmann et al. [53] in the intensity range 101 — 1010 Wem—2

one extracts P, [Mbar] = 5.5 x 107 (I [Wcm_z])o‘ﬁs. In another series of exper-
iments with the Asterix III laser at fundamental and third harmonic wavelength
(A = 0.44 yum) the law P, = 2.8 x 10_81;)'6)»_0'4 was found [54]. In a last example
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[55] 12 pum thick gold foils under Nd laser irradiation were analyzed with the result
Py=5.1x10"° 129'71. For additional comparisons with early experiments consider
[56]. In a more recent experiment [57] the authors aimed at achieving 1D conditions
without lateral energy losses for A = 0.44 wm up to intensities I, = 2x 104 Wem ™2
on aluminum targets. They found a dependence of P, on the target thickness d /1
and an overall intensity dependence in “fair agreement with analytical models”, e.g.,
[58]. In a numerical study by R.G. Evans et al. [59] at Nd wavelength with plane
targets and no heat flux limit, and with spherical targets of radius 100 wm and heat
flux limit f = 0.03 P, = 2.5x 1072197 and P, = 1.9 x 1071970767 respectively,
was obtained in the interval 10'> — 10'® Wem™2. To the authors’ knowledge no
investigation on the contribution of radiation pressure in this intensity regime is
available except [60].

At laser intensities well beyond 10'” Wem™2 and on fs ~ ps time scale the light
pressure py, clearly prevails on plasma pressure. The reason is that g, of the fast and
medium fast electrons nearly compensates I,. To see this we consider heat diffusion
in a solid target of ng = 10%3ecm™3 for I, = 10'7 Wem ™2 irradiance at 1 = 1 ps.
From (2.117) a penetration depth x7 = 26(f/Z )22 um, f heat flux inhibition fac-
tor, and a plasma pressure p = nckpT = 2.5 % 1012(f/Z)’2/9 [cgs] are calculated.
This has to be compared with the radiation pressure p; = I,/c = 3 x 10'3 [cgs]
which is an order of magnitude higher. In the transition region from P, ~ Ia2 A to
P, ~ I, around I = 10'7 Wem™2 accurate values of p/py are accessible only to
numerical simulation.

5.3.2 Filamentation and Self-Focusing

Filamentary structures in ns beam plasma interactions were reported for the first
time by O. Willi and P.T. Rumsby in 1981 [61] to the surprise of the scientific
community. At the fundamental, 2nd, and 3rd harmonic Nd laser frequency periodic
plasma density perturbations parallel to the incident laser beams had been diagnosed
at intensities / ~ 10'> - 10> Wem™2. In a representative number of shots the spatial
periodicity was ranging from 10 to 18 um. From an expression for the most unstable
mode according to [62], the authors obtained 15 um for I = 3 x 1083 Wem—2 and
T, = 500eV. In burn-through experiments with flat solid targets the back action
of the density modulations onto the intensity profile of the laser could be demon-
strated. The plasma flow velocity under different geometries, oblique incidence on
flat targets, radial irradiation of spherical targets, had no noticeable influence on the
phenomenon of filamentation [63].

Filamentary structures with periodicity orthogonal to the laser beam direction are
known to be driven by thermal, ponderomotive, and relativistic effects. The thermal
instability [64] arises in the resistive plasma from local collisional overheating by an
intensity spike in the laser beam and subsequent plasma expansion. The concomitant
increase in the refractive index leads to bending of the rays in the single filament
according to (3.12), lateral motion (hosing instability [65]), and to filament self-
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focusing in the underdense plasma. In the overdense plasma the thermal instability
is driven by jets of fast electrons generating a locally modulated cold return current
and a pinching magnetic field owing to spatially unstable current neutralization [66];
see also [67, 68]. A kinetic description with the effect of e—e and e—i collisions
thoroughly examined is presented in [69, 70]. Although laser beam self-focusing
can be viewed as a special case of filamentation consisting of one single filament, or
merging of several filaments into one, whole beam self-focusing has bean observed
only ten years later [71]. In this case the driving force was attributed to the thermal
instability.

Ponderomotive filamentation is very simple in principle. Assume a periodically
modulated laser beam propagating in x-direction with a periodic field modulation
k1 perpendicular to it, say in z-direction. If the stationary motion of the isother-
mal plasma is also in z-direction from (5.26) follows that equilibrium is gov-
erned by (5.43). In the subsonic flow (M < 1) growth of the modulation occurs
when the first term is smaller than the second, ponderomotive term. Above a cer-
tain threshold such an imbalance is induced by the lateral expulsion of plasma
from regions of high laser intensity and the concomitant increase of the refrac-
tive index n along the filament axis. For k > several k| the ray equation (3.12)
applies. It describes bending and compression of the rays towards increasing n
which, in turn, reinforces plasma expulsion by increased ponderomotive action.
Alternatively, when the plasma density modulation n1[exp(ik) z) + exp(—ik1z)]
is small compared with the unperturbed density ng a linearized ansatz for the laser
wave E = Eq + E| = Ey exp(ikx) + j2f) exp(ikx + ik z) with Eg L ke, and
E; L (kex + kje;) is appropriate. Its spatial distribution must fulfill the wave
equation (3.7), i.e., V2E —{—k%[l — (no+n1)]E = 0. Ordering according to k = ke,
and k" = kye, Lk e., and by observing that Eq and E | obey the dispersion relation
k? = k3 (1 — no/n,) yields

- kiEl exp(ik1z) = kéz—lﬁé exp(ik1z), ko= %) (5.64)
0

E | is nearly parallel to Eq (the sum of both components ke, £ k] e, is exactly
parallel). Maxima and minima of E; and n; are out of phase by m, in agree-
ment with the prediction from the ray equation. There is an optimum wave-
length to be expected for maximum growth of the filamentary instability because
the ponderomotive force increases with increasing k; when k; becomes of
the order of k or shorter, contrast saturation by diffraction between intensity
maxima and minima sets in. Ponderomotive filamentation may be viewed as a
special case of Stokes/anti-Stokes stimulated Brillouin forward scattering (see
Sect. 6.2.3). The modulations seen in [61, 63] can be interpreted as thermally as
well as ponderomotively driven structures. Final clarification is difficult and still
missing.

A criterion for whole beam self-focusing is obtained most simply with the aid of
a Gaussian laser beam of a radial profile
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2
EGrr) = B, o? =od(1+27/x), 0= = koo’
ko? 1 R2
k=kon, R=x0=—", R.= limo = —; (5.65)
2 OxxO r

R Rayleigh length, 6 diffraction angle in the homogeneous medium, 002 beam waist
(see any volume on optics or diffraction), R, curvature radius at (x = 0, r). The
curvature k = 1/R, averaged over 2R results as

_ R?
= R, ~2—.

-
V5R? r
Note, for r < op at x = 0, o9 has to be replaced by r. It is instructive to observe
that the same average curvature R, is alternatively obtained by elementary means,
see Fig. 5.9.

In the ponderomotively driven inhomogeneity of n a ray through (x = 0,r)
undergoes a curvature 1/R, in the direction opposite to the diffraction that is deter-

mined from the ray equation (3.12) with the help of the first Frenet formula and
koVn =0, 0, = 9, as follows,

1
= ﬁ{(‘)xo(x =0)+0d,0(x =2R)} =

dnko_ dko_nan_ n on,
ds ko dske  or 2pme or
n d kg 2 Nc 2
F t: — = —— R. =2 ; 1 ko, =1. (5.66
e R T dske T Mgy M0 (>66)

From the equilibrium condition V p, + = = 0 the spatial variation of n, and R,
result as

Fig. 5.9 Determination of the curvature radius R, of a Gaussian ray passing through PP’.
Infinitesimal deflection angle @ = Ar/As = ¢/2; As = R.¢ = 2R, R Rayleigh length. To
first order holds 2Ar R, = h? = As?> = R, = As2/2Ar; Ar = (ﬁ —Dr>~r= R, > 2R2/r
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2
One _2rneI0) - g ploPecie, (5.67)
rl(r) ne

or og pe €

Pe electron pressure at critical density. The threshold for self-focusing of the limit-
ing ray through (x = 0, r) is reached when the two curvature radii R, and R, from
(5.67) become equal, i.e., when the local intensity 7 (r) amounts to

2cpe ne
I = — 5.68
") = ok e (5.65)

The higher the intensity /(o) = const the higher the fraction of the total beam
power P = (n/2)00210 that is focused; Ip = I (r = 0). From P and (5.68) follows

2 2
2P 25 S3pe 25
1) ="5e 0, P(r)=n"—t, (5.69)
7o “p

Half power (r = 0.60¢) and 86% power focusing (r = oy) require

3 3
c c

r =0.60¢ : P1/2=2n%; r=og: Pyy=m I;cez’ e=2718....
®p ®p

For illustration, n. = 10n, = 10*'em™3, T, = 1keV, 0y = 10x (5.69) yields
Iy =43 x 10" Wem=2 on axis for Pijpand Ip = 1.6 x 10 Wem=2 for Py,
The intensity measured by the experimentalistis I = P/x ag = Ip/2. Relativistic
self-focusing is postponed to Chap. 8.

Geometrical optics is based on the concept of light rays and is of limited applica-
bility. Further limitation is imposed by the use of Gaussian beams. In particular, after
self-focusing has occurred once, the beam intensity behind will no longer resume a
distribution of this type. Ray tracing is useful to show the effect of intensity on beam
propagation and to get simple criteria for amplification of deviations from ideality.
More recent studies in connection with stimulated Brillouin scattering have eluci-
dated the significance of transient self-focusing for triggering various parametric
instabilities and its interplay with them (see Sect. 6.2.3 on SBS). The dynamics of
ponderomotive self-focusing shows a whole variety of topological aspects already
under the limitation to paraxial geometry in a static ion background [72]. Formation
of intensity rings, oscillatory partial beam trapping and focusing on shorter than
geometrical distances with non-Gaussian beams have been observed.

5.3.3 Modulational Instability

In the oscillation center approximation the ponderomotive force depends on the
gradient of the electric field squared and no distinction between transverse or lon-
gitudinal polarization with respect to the wave propagation direction results. As



5.3 Nonresonant Ponderomotive Effects 223

a consequence, the steady state equation of motion (5.43) preserves its structure
independently of the angle of the irrotational flow relative to the field propaga-
tion direction. Therefore unstable nonresonant pulse propagation is expected also
for the case that the K vector of the pulse perturbation is parallel to the k vec-
tor of the wave. This instability is named modulational instability and occurs in
electromagnetic as well as electron plasma and ion acoustic modes. Consider an
electromagnetic pulse with a narrow frequency spectrum centered around (k, w)
propagating in a homogeneous isothermal plasma of density n = n¢ along x,
E(x,t) = E (x, t) exp(ikx — iwt). Evaluating the nonresonant ponderomotively
induced plasma density n from (5.43) one is led to n = ng exp(—80E2/4pcs2) for
M < 1andton = ng/[1 — 8()[7?2/(2,001)8)]1/2 for M > 1. For small differences
n1 = n — ng the two expressions become

SOEZ 80E2
M>1: ni=ng 5 MKl1l: ni=-ng 5 (5.70)
4pcvj 4pcs

With the current density j = jo + j; from ng and n| and by observing that (lf, )
obey the dispersion relation (3.11) for a smooth, slowly varying amplitude E the
wave equation (3.3) reduces straightforwardly to

9 2k 9 2 52 . 21 .
' i o p_fMp_y. (5.71)
ot w 0x 2w dx2 2eom

By observing that k¢?/w = cng is the group velocity vy = dw/dk the second term
is recognized as the convective part of the total time derivative of E. Transforming
to the reference system co-moving with the pulse and substituting n| from (5.70),
(5.71) assumes the structure of the nonlinear Schrodinger equation

27 +P82w + Q¥ )Pw =0 (5.72)
1— —_— =0, .
ot ax2

with the coefficient P = %o’ /2y2a)i in the comoving frame; y Lorentz factor.
It is a simple model equation used to study mild nonlinear phenomena in many
branches of physics. In our context ¥ = E, which without limitation can be
assumed as real (for instance, by choosing ¢ = fy properly). The correctness of
(5.72) after transforming to the relativistic co-moving frame follows from substitut-
ing 9; +vg0dx = 9y /y according to (8.29) and by observing that 0., ~ y2ax,x/ in the
context here. From (8.11) follows o = ya)f, /. The plasma frequency is a Lorentz
scalar and E' = yE for E | k and E’ = E for the electron plasma wave [see
(8.9)]. If the modulation n| propagates with vy it transforms like n} = yn; and the
coefficient e2n /2eom in (5.71) is also a Lorentz scalar. If, however, n; and m move
at different speed owing to dispersion of ny, or the quiver motion in the E-field
becomes relativistic, the situation is more complex and must be treated properly.
The complication arises from the nonlinear velocity addition theorem (8.19).
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The general solution of (5.72) is accomplished by the inverse scattering method
[73]. Here we consider the steady state pump pulse Ey = Eo exp(lQEzt) that is

a solution of (5.72), perturb it by E; = = E 1 exp(—i—lQEgt) and linearize (5.72) in
E=E+E,

9 A 3 . s n A
i—FE P—F ESE Ef1=0. 5.73
Ly 1+ 002 1+ QEG[E + EV] (5.73)

Splitting E| into real and imaginary part, Ei=U+iV, yields the system of linear
equations

WL P2V g 8V+P82U+2QE —0 (5.74)
ot axz t dx2 oV :

that is solved by the ansatz l%] (Up + iVp) exp[—i(Kx — $21)], Uy, Vo = const,
provided the determinant is zero, 22+ PK 2(2QE2 PK 2) = 0. It shows that

modulational growth occurs for £2 = 1[PK2(2QE§ 1(2)]1/2 if PO > 0 and

E% > PK? /20. The unstable K -interval, growth rate I", maximum growth [ax
and related wave number K, are

~ /
20E? R
0<K< (—QP °> , I'=[PK*QRQE} - PKH]'/?,

. o\'"? .
Fnax = |QIE3, K = (;) Eo. (5.75)

P Q < 0 yields stability. The coefficient P = ¢’ /2y2w is positive and hence n
must be negative or M < 11in (5.70).

The electron plasma wave in one dimension exhibits the same structure as the
electromagnetic wave, see (3.3), (3.4), (3.7), and the same dispersion with the wave
number substituted by k = k, = konoc/se, see (3.11). Hence, in lowest order (5.71)
results again for E | k and (5.75) follows for the modulationally unstable domain
of the Langmuir wave. A relativistic treatment of the modulational instability for
longitudinal and transverse polarization with account of nonlinear Landau damp-
ing is presented in [74]. There is a whole variety of theoretical papers on the pon-
deromotively driven modulational instability under various conditions [75-80]. By
applying a magnetic field in direction of the wave vector the modulational growth
I' is attenuated up to the degree of stabilization [81]. The first direct observation of
a modulationally unstable electron plasma wave was accomplished in an electron
beam-plasma experiment [82] (authors’ claim); the smooth Langmuir pulse evolved
into two humps. The initially weak modulation may evolve into a highly nonlinear
structure of a finite number of solitons. The existence and stability of such structures
in three dimensions is investigated in [83]. The final stage of a pulse after breaking
up into solitary humps may be self-contraction with a rate following theoretical
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predictions and then a collapse after the onset of other nonlinearities, e.g., electron
trapping and acceleration. The collapse of the cavity density n proceeds under the
field trapped in it also after its decoupling from the outer driver [84].

The model equation (5.72) predicts instability only for M < 1. Modulational
instability of E may occur also at M > 1. To see this one simply has to remember
that the plasma density perturbation n is in phase with the humps of the electric
wave at M > 1. For K < ko (3.26) applies. In the maxima of E the group velocity
is lower and hence, under steady state energy flux, wave amplitude, perturbation n
and wave pressure are altogether in phase there; n; starts growing.

The ion acoustic wave is also modulationally unstable. The derivation of a non-
linear Schrodinger equation of type (5.72) proceeds in a similar way. When T, is
much higher than 7; an electric field builds up in the acoustic disturbance according
to (2.75). It gives rise to a ponderomotive force acting on the plasma background
density and leading to a stabilization or destabilization of it. Detailed analysis shows
that at finite angle 6 between the acoustic wave and the background modulation its
amplitude may become unstable. For 6 exceeding /3 instability extends to the
whole K-domain [85], whereas for 6 = 0 stability is predicted [86].

In the plasma nearly all kinds of waves are subject to the modulational instability.
It also occurs in many other branches of physics, e.g., nonlinear crystals and fibers.
It is a very versatile phenomenon. An extreme example of electromagnetic pulse
modulation by intense laser field ionization may be found in [87].
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Chapter 6
Resonant Ponderomotive Effects

Stimulated scattering of an electromagnetic wave from electron density fluctuations
induced by acoustic and Langmuir waves plays an important role in laser gener-
ated plasmas for understanding its dynamics in detail, fast electron generation and
plasma heating, as well as in laser plasma applications. We show that these so-
called parametric effects or instabilities, like stimulated Brillouin and Raman scat-
tering, are all resonantly driven by light or wave pressure. In the system co-moving
with the electron density disturbance the incident pump wave is partially reflected
from the inhomogeneities of the refractive index and causes a standing amplitude
modulation by superposition of the reflected wave with the pump wave. We show
that the phase of the reflected wave with respect to the density modulation is such
that the ponderomotive force resulting from the amplitude modulation amplifies the
latter which, in turn, leads to increased reflection and finally, by ponderomotive
feedback, to exponential growth of the electron density fluctuation and to stimu-
lated scattering of the pump wave. Since in first approximation the longitudinal
electric wave obeys a wave equation of the same structure as the transverse elec-
tromagnetic wave, and the same is true for the ponderomotive force, both types of
waves are subject, damping rates permitting, to the same parametric instabilities.
For the physical insight into the dynamics of unstable growth transformation to the
reference system co-moving with the refractive index modulation is advantageous
because there the modulation is static and the ponderomotive force is secular; for
the explicit calculation of growth rates however, the lab frame is generally more
appropriate.

6.1 Tools

To elaborate the governing equations it may be useful to summarize the nec-
essary main laws and relations derived in the foregoing chapters. In a first
approach let us assume a fully ionized ideal plasma of constant density no,
temperature 7y and flow velocity vg on which a small static electron den-
sity variation nj, possibly accompanied by a small temperature variation 77 is
superimposed.

P. Mulser, D. Bauer, High Power Laser—Matter Interaction, STMP 238, 229-266, 229
DOI 10.1007/978-3-540-46065-7_6, © Springer-Verlag Berlin Heidelberg 2010



230 6 Resonant Ponderomotive Effects
6.1.1 Waves, Energy Densities and Wave Pressure

6.1.1.1 Wave Equation

For the purpose of this chapter it is convenient to split the current density j =
—ene(v — vg) of (3.3) into the two components

J=Jjo+Jji, Jo=—eng(v—uwg) =—engve, Jji=—enive.

The wave equation for the transverse and parallel field components E | (x, w) and
E ) (x, w) in the homogeneous medium (n; = 0) is obtained from Ohm’s law (3.5)
in its linearized version, jo(w) = o (w)E (w, x, 1),

2

19
VZELH—U—szl,Hzo, VE, =0, VxE =0 (6.1)
¢

The individual Fourier components E | (k, w) and E | (k, ) obey the same disper-
sion relations, i.e., refraction law and ray equation, but propagate with different
phase velocities vy,

c 2 a)g no
EJ_(k,CL)): Vp = —, n =1__2= - T
n @ ne
0 =2+, k=kon, ko=, (6.2)
C
Se ) w% no
E||(k,a)): Vp=—, 7 =l-—=1-—,
n w ne
o =2+ 522, k=kon, ko= sﬂ 6.3)
e

n refractive index, s, electron sound speed. The density perturbation n(k, @) of the
ion acoustic wave obeys

1 92

Vi — ——n=
52 012

0;, n=1, o=sk. (6.4)
In general plasmas are inhomogeneous and nonstationary. In the WKB limit in space
and time all relations (6.1), (6.2), (6.3), and (6.4) remain valid locally, i.e., for given
(x, 1) dependence. In presence of n; # 0 in leading order ng is to be replaced by
ne = no + ny in o(w), wp and n; jo = —en vos With vos from (2.11). Together
with these changes in (2.1), (2.2), and (2.3) the wave equation, complemented by
J1, reads now

1 92 1 denjv,

VE, |- —-—E j=——">—1°¢
STz T T Tegc2p e

, Ei:B=1E|: B=s./c.
(6.5)
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As we shall see resonant excitation of a density modulation n; < ng occurs when
n represents a plasma eigenmode, that is in our unmagnetized case an ion acoustic
or Langmuir mode propagating with its phase velocity v,. The current density j| =
—env, is parallel to E | .

By changing to a co-moving reference system the perturbation 71 becomes static.
Attention however must be paid to the fact that the wave vector k and the frequency
w of the pump wave are Doppler-shifted. In the co-moving frame the correctly trans-
formed electric field E’(k’, »’) obeys (6.1) with v, depending on Z(k, vfow). In the
eigenmode system the steady state flow condition n,v = ngv, holds.

6.1.1.2 Energy Transport

A summary of Sect. 3.1.3 on the total energy densities of an electromagnetic, elec-
trostatic and ion acoustic wave Eem, s and &, and their conservation equations
reads as follows,

1 c?

Eem =& +Em+Eos = EeoEE*; 0Eem + vagem =0, Vg = v_’ (6.6)
%
1 o 52

Ees = Ee + Eos + Spot = ESO_ZEE ;o 0r&es + vages =0, Vg = —, (6.7)
(,()P U(p

2.
Ea = Eikin + & pot = nom;ivgg;

0 &+ Vvl =0; v, =v, =s. (6.8)
The indices os, kin, pot indicate the oscillatory, kinetic and potential particle energy
densities; £, and &y, are the electric and magnetic contributions. The group veloc-
ity vg = dw/dk is the energy transport velocity of a narrow wave packet. More
precisely, as shown in Sect. 3.1.1, v, is the velocity at which a constant k-vector
propagates. In a stationary plasma the energy flux of frequency w along a ray bundle
of cross section S(x) must be constant, vgEem,esS = const; hence, in one dimension
follows the WKB result ESm,eSnl/ 2 — constin space. Along the way towards the crit-
ical density the magnetic energy of E (k, ) and the potential energy of E (k, ®)
transform gradually into oscillatory energy of the electrons. At the critical point the
magnetic energy reduces to zero.

Imagine an electric wave with a fixed k-vector in a homogeneous plasma, for
instance a standing wave between two neighboring fixed boundaries, the density of
which changes slowly in time. Then

2

E E?
E217 = z(a)2 — a)g)l/2 = ;ck = const = o= const; (6.9)

thus the action E2/w is an adiabatic invariant. This is in perfect analogy to the
pendulum of slowly varying length where the energy £ ~ w. It shows that under an
adiabatic change the photon (plasmon) number density N = Eem. s/ ~ E*/w is
conserved.
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6.1.1.3 Ponderomotive Force Density & = 7y + 7,

Assume a pump wave E|(k, w) incident onto a homogeneous plasma in which a
much weaker plane wave E;(k’, w) is present. The total field E = E| + E; pro-
duces the ponderomotive force density m( capable of inprinting a regular structure
of periodicity k — k’,

2 2
Eow Eow; N AL ,
my=———2VEE* = —i—2(k —k')(E|E5)é* " +cc. (610
4o 4w

Thereby weak or moderate damping has been tacitly assumed so that terms V| E |2
and V|E;|? are negligible, the latter also owing to |E;| < | E1|. If one of the waves
or both are longitudinal the secular term 7; = d;(mnv,) has to be added to m [see
(5.30)]. It plays a role, for instance, in the two plasmon decay. In case E is the sum
of a transverse and a longitudinal component, E = E | + E, in (6.10) only under
the condition EVn, = 0 follows VEE* = V(E  E* + E||E"‘|‘). The general case

is more complex.

6.1.2 Doppler Shifts

6.1.2.1 Moving Objects and Structures

When transforming from one inertial system S to another inertial reference system
S’(v) in vacuum wave vectors k and frequencies w change, however, the phase ¢ =
kx — wt is a Lorentz scalar, i.e.,

¢ =kx — ot =k'x’ — o't' = const. (6.11)

¢ is not affected by § — S’(v). As outlined in Sect. 8.1.1 this property implies that
k and w transform as follows,

y —1
2

v

K =k+ (vk)v — yo—, o =y(w—kv). (6.12)
¢

If a (partially reflecting) mirror is moving at velocity v and it is oriented in such a

way that the wave vector of the reflected light is &, in the lab frame, its frequency

w; in the lab frame results shifted to

v/c k k
—w—(k—kw=w(1-k—2C ). g0 g0 X
wr = o= v ‘”( 1—k9v/c> kT el

(6.13)

This combined Doppler formula follows from (6.12) by observing that @’ obeys
the equality @’ = y(w — kv) = y(w, — k,v). The orientation of the mirror in
vacuum follows from the condition of k/. to be the specularly reflected vector k’,
ie., k. x n’ = k' x n’, n’ normal vector. In forward direction k, = k the Doppler
shift is zero, in backward direction it is
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v
Ao=20p(1+P),  p=-.

Only for B « 1 the approximation k, = 2k sin(¢/2) is legitimate for the modulus
of k,; 9 = L(k, k). From the Doppler shift of a signal its velocity v can be inferred
provided the emitting region is of limited extension. In this case generally, however
not necessarily, v is the material velocity of the emitting object, e.g., of a moving
atom. In the case of a scattering or emitting object extending over several wave-
lengths interference between the different emitters occurs. To analyze this situation
let us consider (3.3). The incident wave E (k, w), transverse or longitudinal, pro-
duces a current density j = —en,(x, 1)vos, With vos = —i(e/mw) E exp(ikx —iwt).
The scattered field E s obeys also (3.3). Expressing n. (x, t) in Fourier—Laplace com-
ponents n,(K, §2), Es and j read

Esx.0)= 50 / E (ks wy)e'®* =" dkdws,
2
Jx. 1) = _——E/{n (K Q)ei[(k+K)x—(w+Q)t]
’ (271_)2 mo ey,

+n¥(K, 2)el*—Ex—=D gk 4.

{ks, ws} represents an orthogonal basis and hence E and j must fulfill the wave
equation component-wise. Thus the

Stokes condition: kys=k—- K, ws =w— 2,
and (6.14)
anti-Stokes condition: ks =k+ K, wy =w+ £2,

must be fulfilled. In spectroscopy the Stokes and anti-Stokes lines appear with fre-
quencies wy = w — §2 and wy = w + £2, respectively. The fluctuating density
mode (K, §2) propagates at phase velocity v, = K 922/|K|, K° unit vector. Hence
from §£2 = v, K inserted in (6.14) relation (6.13) of the combined Doppler effect,
w; = w — vy(k — ky), is recovered for both, Stokes and anti-Stokes frequencies.
Here the relevant velocity responsible for the Doppler shift is the phase velocity
vy, of the refractive index modulation. Depending on the type of the modulational
mode it may represent a material velocity in some cases but in general does not. For
example, in a sound wave the oscillatory velocity vos = vyni/ng of the matter is
very different from the velocity of the propagation of the density disturbance vy,. In
contrast, an entropy fluctuation in the absence of heat conduction is bound to the
material flow because it does not propagate.

6.1.2.2 Doppler Effect in the Medium

One may ask how expressions (6.12) look like in matter because |v| may exceed c,
for instance when transforming to an electron fluctuation near critical density. To
answer this question first we make the formal extension to call @’ by definition the
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co-moving frequency also in case of v > c¢. Formally this is accomplished by setting
x' = x —vt,t’ = t. Now, consider a stationary layered plasma the density n(x) of
which increases smoothly from zero to the constant density ng throughout the half
space x > 0. An (infinitely) weak electron plasma wave (K, §2) is assumed to
propagate along the density gradient with phase velocity vy.. The laser wave (k, @)
with k || K preserves its frequency w throughout the plasma according to (3.15) and
its direction. An “observer” moving at w || k in the vacuum, fulfills the condition
@' = y(w — kv) = const everywhere in the plasma if (and only if) v = w/n and
y = (1 —v*/c5)""* = (1 — w?/c?)7!/2 because of k = kon and ¢, = ¢/7.
Including the transverse Doppler effect, v = v +u, vy = w/n, u L k, one arrives
at (6.12) with y = (1 — vﬁ/cé — u?/¢?)~1/2 The considerations are valid for any
homogeneous isotropic medium of refractive index 7, hence

2 —1/2 w
o' = y(o—kv), y=<1—v2|/c3,——2) . v=utv, v =— ulk
¢ n

Applied to the electron plasma mode (K, £2) in the frame moving at its phase
velocity vy, = $2/|K| the mode becomes static, (K, 2) — (K', 2’ = 0).
If, for simplicity £ || K is assumed the Doppler shifted frequency results as
o = y(w—kvy) = (w —kos.)/(1 — sZ/c2)1/2, irrespective of the value of v..
The electron sound velocity never exceeds c. The general case of oblique incidence
is reduced to @’ in the vacuum by means of following the light path described by
(3.12), or by applying first a Lorentz boost perpendicular to K (see Sect. 8.3.2).
In the co-moving system of a given mode (K, £2) holds w, = '. This follows
already from the combined Doppler formula (6.13) since in deriving it use has been
made of this equality. In the homogeneous isotropic medium at rest follows from the
translational symmetry perpendicular to K’ that k. | = k', , i.e., angles of incidence
and reflection are equal. However, in presence of flow the fulfillment of the velocity
addition theorem (8.19) is incompatible with translational symmetry. It must be kept
in mind that only in connection with phases and Doppler shifts ¢ is substituted by
¢y = ¢/n. No conclusions on dynamics of massive particles should be drawn.

6.1.2.3 Transformation of 7 to the Lab Frame

In what follows the pump wave and the scattered wave are marked by the indexes
1 and 2; the single Fourier-Laplace mode of the electron density perturbation
ny(x, t) is given the index 3, and (K, £2) = (k3, w3). In the frame co-moving with
ny according to Sect. 5.1.2 the linearized form of mo from (6.10) is the secular
component of

o= —noe{(§1V)E2 + (£2V)E| + wi x By +wy x Bilo; (6.15)
see Sect. 5.1.2; dashes (") on the transformed quantities on the RHS of (6.15) are

omitted for simplicity. The quantities wj >, &1 2 are the oscillation velocities and
the displacements. In the lab frame they oscillate at w; for the pump and at w;
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for the scattered wave. Substitution of wy» = —ie/2mw2(E 2 — EY,), §12 =
e/2ma)% L(E12+ET,), Bio = —i/2w1 2V x (E1 2 — E7 ,) yields in the lab frame
for w3 = w; — w; the resonant ponderomotive component

2
0wy,

Ty = —

- ESV)E E\V)E?
{V(E1E§”)+V(E§E§)+‘”‘2“)2[( SVIEr  (E1V) 2“

20)1 w? w? w1

(6.16)

(c: field component kept constant). For E1Vn3 = 0 the term in the square bracket
vanishes; hence

2

wlaljz (ki — k2)(E'1E;)ei[(kl_kz)x_(wl_m)], (6.17)

gow

Ty = —i

The plasma frequency w), is Lorentz-invariant [e.g. see (8.15)]. Compared to wo =
no fp from (6.10) in the co-moving frame, the new expression (6.17) differs only by
the product of the Doppler shifted frequencies w; and w; in the denominator and
the lab frame representation of the Lorentz-invariant phase ¢ (K, £2) = ¢ (K, 0).
The reader interested in the explicit transformation of the fields £ and B which we
do not need here may consult Chap. 8. The field components E, E> may stand for
two transverse or two longitudinal waves or for a combination of a transverse with
a longitudinal wave. In all cases & is the same formula (6.17).

6.1.2.4 Thomson Scattering

Spontaneous Thomson scattering is the scattering of light from the free plasma elec-
trons. In the case of hard photons it is preferentially known as Compton scattering.
In dense high-Z laser produced plasmas it has proven to represent a powerful tool
of plasma diagnostics [1, 2]. Thomson and Compton scattering measurements in
the X ray domain have been applied to scan shock compressed solid Be [3]. In
order to keep the theory of light scattering and its evaluation as simple as possible
the plasma is assumed to be well underdense and locally, i.e., in the active vol-
ume, homogeneous and the incident radiation does not alter the plasma properties
(Dos < vyp). The far fields E (x, ¢) and B(x, t) and the power d P irradiated into the
solid angle d£2 by an electric dipole p = p exp (—iwt’) at position x” and retarded
time ' =t — |x — x'|/c =t — |r|/c are given by

k? , , k
Ex,1)= ————[p—k'(pk")]e**) —iwr',B= = x E,
dreglx — x| w
4
dP = ¢ <P sin® ¥d . (6.18)
T woc

For a free electron at rest, exposed to the laser field E = E(x”) cos wt’ and intensity
I = eocE?/2, pis to be replaced by p = ¢? E/(mw?) and thus the irradiated power
d P in direction d2 is d P = oo 1d $2, with the nonrelativistic Thomson differential
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scattering cross section o = rg sin? ¢, summing up to the total scattering cross
section 0 = (87/ 3)r§ = (0.665 barn. It is independent of the incident frequency.
ro = 62/(47'[8()11162) is the “classical electron radius” and ¢ = Z(E, d$2). If the
electron moves at nonrelativistic velocity v (7, up to several keV) in the field with
wave vector k the power d P (x) scattered in the direction of the wave vector k; is
still given by o Id$2 but its frequency wg; measured in the lab frame is Doppler
shifted according to (6.13) with k, replaced by kj,

wy=w— vk —kg) =wl —k/c)/(1 -k v/c). (6.19)

In Thomson scattering, or scattering of waves in general, one may encounter two
extreme situations. If the scattering centers are uncorrelated the total power P scat-
tered from a volume AV into the unit solid angle per unit frequency is the sum of
the single intensities,

Q
P(ws) = ool / f(x,0)8(2 — Kv)dvdx = n,AVIrgsin® 9 F (ﬁ) ,
F<Q> 1/f( )d 2 2 sin” (6.20)
—_— | = — X,01)av v = —,00 =TIysSIn” v. .
KI) ™ ne K 0

In the case of a Maxwellian f(x, v) integration over v| yields the well-known
Doppler broadened line profile centered at w. The explicit calculation with fj; from
(2.28) yields for the full width at half maximum (FWHM)

2kgT, 12y
Bzean) sin ). (6.21)

Aws; = 4w (
mc

It is a measure of the electron temperature. From the maximum of P the electron
density can be inferred. On the other hand, from the foregoing considerations on
the Stokes and anti-Stokes shifts having their origin in the current density fluc-
tuations {j($2, K)} = §j(x,t) it results that the amount of scattered light and
its spectrum are an image of the electron and ion density fluctuations n.(x, 1),
dn;(x, t). Thereby the fields E and B superpose, not the intensities. An ideal plasma
of n, = const, n; = const does not scatter for A > (n,)~ /3. In the (, k) pic-
ture, or equivalently (£2, K), the effect of the individual particle motions translates
into a pressure contribution in the dispersion equation of the modes in the medium.
This allows a qualitative distinction between coherent and incoherent scattering by
introducing the scattering parameter « = 1/|K|Ap. Thomson scattering is

coherent if o> 1,
incoherent if a1 (6.22)

It may be seen as follows. Fluctuations of wavelength A = 27/K > 2mwAp obey
a dispersion relation §2 = v, K. As explained in Fig. 6.2 light is reflected from all
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wave fronts and interferes constructively. In the opposite case, A < 2w Ap, K and
£2 are more or less uncorrelated and to a spatially periodic disturbance of period-
icity K corresponds a whole group of frequencies 2 = £(w — w;) by which any
interference is washed out. As a result the intensities scattered from the individual
electrons add up to the intensity observed in direction ky. Owing to K — 0 for kg
approaching k, scattering into forward direction becomes coherent. In fact, when k
and kg are collinear, k and kg and w and w; become identical, and thus their phases
¢1 and ¢, are identical also,

¢ = kx| —ot] +ks(x —x1) — w5t —11),
¢ = kxr —wtr + ks(x —x2) —ws(t — 12) = kx — wt = ¢1.

In practice this means that in a coherent Thomson scattering experiment « must be
chosen sufficiently large to fulfill the first of relations (6.22) for scattering angles ¢
larger than the aperture cone of the probing light pulse.

Introducing the dynamic form factor or spectral density function S(K, §2),
defined as

1 [8n.(K, )

S(K, Q) = ,

( ) AT,AH‘}l—wo AT AV N0

Sne(x,0)7? 1

[ e (x )} - fS(K,.Q)de.Q, (6.23)
L] 2710

and expressing it in terms of the dielectric susceptibilities y, ; (K, §2),

2 2 Z‘Xi ‘2 2 1
pp—— - [ Jp— 78 = .7
F, K| e F; K| = Xe T Xi

(6.24)
with ¢ given by (3.105) plus the analogous integral for the ions (w, — wp;), follows
for the scattered power P (wy) from the unit volume

2 ,
S(K. Q)= (1—ﬁ
K| €

d*P/dRdw; = Ir§sin® 9S(K, 2). (6.25)

The scattering time interval AT and the volume AV have to be chosen large enough
so that a Fourier analysis of dn,,i (x, t) makes sense for min | K|, min w under con-
sideration. In local thermal equilibrium and 7, & T; the form factor simplifies to
S =S8, +S; [4]. With a view on (3.104) the corrections in (6.24) become clear: due
to the local polarization of the plasma by the surrounding electrons and ions each
bare electron charge is weakened by the susceptibilities x, ;. The asymmetry in the
two correction terms expresses the fact that all scattering is due to the electrons
only. For details of derivations (6.23), (6.24), and (6.25) the reader may consult
Sheffield [5] or, for the essentials, Boyd and Sanderson [6], Chap. 9., and [7]. In
the visible and UV spectral region no Compton shift has to be taken into account
for the determination of kg, w,. In nonideal dense plasmas (warm dense matter)
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several corrections have to be introduced (degeneracy, Fermi distribution, quantum
effects on collisions), see e.g. [8, 9]. In the hard X-ray scattering domain w; depends
on the Compton shift as well. In dense plasmas the refractive indexes 7, n; may
differ from unity which for the Doppler shift translates into the substitution of K by
K = nk — nsk;

6.2 Instabilities Driven by Wave Pressure

High temperature plasmas constitute fluids of almost zero rigidity and undergo
therefore a whole variety of deformations induced by the ponderomotive force of
combinations of waves of k; # k. If the amplitude modulation exhibits the peri-
odicity of a normal plasma mode, acoustic or electrostatic, it may drive it unstable
to high amplitude already at low pump intensity. How this happens in detail is the
subject of the following sections.

6.2.1 Resonant Ponderomotive Coupling
Consider a static electron density modulation of the form
Ne = no + n (%% + e %) — o 4y, ng = const (6.26)

with 71 < ng. When a weak electric pump wave E|(k;, w), transverse or/and
longitudinal, impinges onto the plasma the total field E has to obey the stationary
wave equation (6.5),

ni wq w no
AE+k§<ng—n—)E=o; |k0|:? or |k0|=s—, ’7(2):1_,7'

‘ ‘ 6.27)

Since the pump can be taken arbitrarily weak the amplitudes 71, and 0, are nearly
constant and 9;j; = —drenjv, = 0 can be set. The general solution of (6.27)
is the superposition of a forward wave Ee*1x—ieit and a reflected wave of the
same frequency o, E,e%2¥~117 Tt is the phase difference A¢ of E5 in relation to
n1 that determines whether 1 is ponderomotively amplified, attenuated, or merely
accelerated or decelerated in its speed of propagation. Owing to the translational
symmetry perpendicular to k3 = k; — k; all wave vectors can be chosen collinear
without limitation of generality. The general case of oblique incidence is obtained
from a Lorentz boost. Each density disturbance n1(x) sends its reflected signal back
to the left contributing to construct the amplitude modulation. If reflection occurs
from one single position, as for instance from a mirror, A¢p = 7 results with the
well-known node at its surface. As in the reflecting structure of extension A the
incoming signal of a fixed phase E| = const must reach first all points along A
and then send its responses back into the opposite direction; in other words, since
the covered distance now divides into two halves, one forward, one backward, the
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true phase difference of |E| = |E| + E;| relative to ny is A¢ = m/2, and the
ponderomotive force m( results in phase with the refractive index perturbation by n7.
It reaches its maxima in the humps of 7, and its minima in the valleys, as sketched
in Fig. 6.1. To see that exactly this configuration leads to indefinite growth of n; it
is sufficient to consider the directions of the ponderomotive force along n; in the
co-moving system in which holds —njv = —ngv, = const on the @ time scale
(the frequently encountered statement of o displaying its maxima and minima in
the density nodes of n is incorrect). The phase shift A¢p = 7 /2 is the root of the
parametric instabilities. An alternative, formal proof of the shift is as follows.

Under the assumption of |E;| < |E1| that is consistent with a small 7 in a
medium of limited spatial extension, (6.27) transforms into a wave equation for the
reflected wave,

AE; +I2E,; = kéﬂﬁl ’ei(k1+k3)x n ei(k1—k3)x] e—ior K2 = k2. (628)
ne

E> is excited by the product of the incident wave and the refractive index modula-
tion. In order to represent a propagating wave, ko = —k| must hold. In leading order
(6.28) is fulfilled for k| — k3 = k», or k3 = 2k;. The term ¢!k T%3)¥ is nonresonant
and causes only a small rapid oscillation in space superposed on the amplitude of
E,. With the slowly varying amplitude in space E; = E»(x) and the matching
condition for resonance, (6.28) reduces to

2i(kyV)Ey = —2i(k) V) (—iRE2) = —i(k; V) (Epe /% 4 E3e™/2)

dRE .
2 _ "L g (6.29)

dx 2nonc

since E» has to fulfill its dispersion relation. The second equation follows from the

fact that the LHS of the first equation must be real. The reflected wave increases
in backward direction k3 /|k>|. An electron density modulation of amplitude 7; =
const in space leads to a linear growth of Ez, hence E; = CEle’1(2k1x+”/2) C =
koni(xo —x)/(2none), xo —x > 0,and to —V|E| + E2|2 which in leading order
is as follows

\"‘1 /7<=E{ /7<,_\.,.1
ﬁ:_' s

-
V{p

o

X

Fig. 6.1 A static electron density disturbance 7| in the co-moving frame is resonantly driven by a
modulated electric field amplitude | E| when the plasma moves at velocity —v, = —w3/k3. The
arrows indicate the maxima and minima of the ponderomotive force
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—~VI|E| + E2* = —V(E|E} + E{E»)
_ —CE%V {ei(2k1x+n/2) + e—i(2k1x+n/2)} — 4k1i’3% cos 2k x. (6.30)

Summarizing, we have shown that an electric wave incident on a static refractive
index (= density) perturbation in a medium streaming at phase velocity is reflected
in such a way that the ponderomotive force of the total electric field leads to secular
amplification of the initial modulation provided the spatial resonance condition

ki =k)+ ks = k3 = 2k; (6.31)

is fulfilled. The comparison of the two arguments for ry ~ n; is an example for
the superiority of physical (synthetic) reasoning over formal (analytic) proofs (once
a physical picture can be found). A remark is in order here. For simplicity a static
density modulation in a plasma at rest has been assumed. In reality n; is moving
at ion acoustic or Langmuir phase velocity as assumed in Fig. 6.1. Then, in the
system of the density modulation n; at rest the plasma exhibits a constant flow
velocity. A first consequence is that the second of relations (6.31) is only valid for
transverse waves E1, E; in the vacuum. However, the first relation is fulfilled at
each position and, owing to the Lorentz invariance of the phase ¢ matching holds in
all systems of reference. All relations in this section remain valid under oblique inci-
dence of E(k1, w1) as a consequence of momentum conservation perpendicular to
k3 which in turn is a consequence of translational symmetry along that direction.
Under oblique incidence ponderomotive coupling from the superposition of an elec-
tromagnetic and a Langmuir wave is also possible, for instance in the two plasmon
decay. In conclusion, in any inertial system and in the lab frame in particular, for
resonant coupling the matching conditions

ki =k, + k3, w] = w) + w3 (6.32)

must be fulfilled. Among the natural plasma fluctuations those modes are selected
and driven unstable by a transverse or longitudinal electric wave that fulfill these
resonance conditions. The situation is sketched in Fig. 6.2 in the co-moving and in
the lab frame. The incident pump wave generates weak reflected signals from all
inhomogeneities which interfere constructively to compose E,. This latter in turn
generates 1 in phase with the electron density disturbance.

For gaining additional insight it may be instructive to formalize also the proof
of unstable growth based on Fig. 6.1. To this aim, given two electric waves with
w1 = wr and k| # k», the density perturbation n; they induce is shown to be
in phase with mg. To see this consider (5.43) for nonrelativistic velocities v and
v,. By setting M = v/v, and replacing m; by m in p. its validity extends to the
electron plasma wave too (the extension to an arbitrary v, is guaranteed by the
validity of the resonance conditions (6.32) in all systems of reference). At M < 1
the density finds time enough to react to the ponderomotive potential @}, and to
accumulate in the valleys of |E |2; at M > 1 it is retarded by m, i.e., @, is ahead
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Fig. 6.2 Induced scattering of an intense pump wave k| from a refractive index modulation k3;
ko scattered wave. (a) Co-moving frame, sketched for slow mode k3, e.g., Brillouin scattering,
a’ >~ B, (b) lab frame

by m with respect to the “subsonic” case (see Fig. 5.5). At M = 1 no steady state
exists. The ponderomotive potential @, of the system, as it represents a harmonic
oscillator, undergoes a phase shift by 4+ /2 for continuity reasons (—m /2 would
mean stability and discontinuity in the phase shift), or seen explicitly by observing
that in the “sonic” region M = 1 total pressure and kinetic terms balance each other
in (5.43). Then, complemented by the partial derivative of v with respect to time
(5.43) reduces to

ov ap
— =—v— = —7
'OBt at 0

o _ 7o (6.33)
ot Vg
i.e., growing p or n| happen in phase with the ponderomotive force . This com-
pletes our assertion.

For tutorial reasons we may ask ourselves at this point how an electric field does
affect a plasma mode n; when |E |2, in contrast to xq, is modulated in phase with
the mode. Including 7 in the linearized (2.90) and (2.99), now all quantities taken
conveniently in the lab frame, leads to

32 Eo no A Ez

—m 4k |1+ =—=E — |n =0. 6.34

at2n1+11< +2nc lfll nj ( )
As the ratio of the amplitudes o = |E2| /ny is nearly constant, it follows for

n;/ng < 1 that the only effect of ¢ on the wave is to increase its phase velocity,

/ o 172
v = 1+80g|E1|0t > vy,
C

but not its amplitude 7;.
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6.2.2 Unstable Configurations

The excitation of a mode 2 and a mode 3 by the pump mode 1 can be interpreted as
the decay of quanta of type 1 into quanta of type 2 and 3, in symbols w1 — w2 + 3.
By assigning the indexes em, es, and a to the different types of modes, electromag-
netic, electrostatic, and acoustic, as the carriers of photons Zwep, plasmons fiwes,
and phonons iw,, we conclude from the foregoing section that the following decay
instabilities are possible and underlie to the same physical principle:

1. Brillouin instability: Wem —> WLy + 0y

2. Raman instability: Wem —> Wy + Wes

3. Two plasmon decay: Wem —> a)feS + Wes

4. Parametric decay instability: Wem —> Wes + W2

5. Oscillating two-stream instability: Wem —> Wes + Wa,  Wes > Wem
6. Langmuir cascade: Wes = Wiy + Wy, Wg —> -+
7. Two phonon decay of phonon: wy —> o + ol

Stimulated decay of a phonon into two phonons is possible. In high power-laser
plasma interaction it plays at most a secondary role and will not be pursued here.
The opposite is true for stimulated Brillouin [10] or Brillouin-Mandelstam [11] scat-
tering (SBS). It consists in the stimulated amplification of an electromagnetic wave
scattered off a low frequency ion acoustic mode satisfying the resonance conditions
(6.32). In appositely prepared plasmas it can lead to 100% back reflection of the
incident laser light [12, 13], in this way preventing the plasma from effective heat-
ing. The acoustic mode is a low frequency wave, @, < @em, and hence ., >~ wem
and |ky| >~ 2|kem| sin(9/2), & = L(kem, kL,,). Owing to the virtual high reflectivity
the decay process has been intensively investigated experimentally and theoretically
in connection with controlled inertial fusion over more than three decades [14—18].
The repeated decay of a Langmuir wave into another Langmuir wave and an ion
acoustic mode (cascading) is called Langmuir decay instability (LDI). It is the elec-
trostatic equivalent to SBS since the underlying coupling physics is the same as for
SBS [19, 20]. The process tends to degeneracy by multiple cascading into nearly
indistinguishable ion modes. In a limited parameter regime LDI appears to be a
secondary instability that can saturate the Langmuir wave generated by the process
of stimulated Raman scattering [21, 22].

The stimulated Raman scattering (SRS) in plasma has been investigated for at
least four decades [23]. It is the resonant decay of light into an electron plasma
wave and a light wave of longer wavelength. The physical mechanism is the same
as for Brillouin scattering. Owing to the much higher frequency of the plasma wave
the scattered Stokes line undergoes a remarkable red shift, in perfect analogy to
the Raman effect in solids from optically active crystal vibrations (optical phonons)
producing similar large red shifts. SRS exhibits fast growth rates and high saturation
levels in plasmas, at least under ideal conditions [24], and fast electron generation
due to particle trapping in the Langmuir wave [4]. The latter is of relevance to indi-
rect drive of inertial fusion pellets [25]. From the inequality w, + wes > 2wy
follows that the instability is limited to the density domain n < n./4. At compara-
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tively low density and high electron temperature there is another limit due to strong
Landau damping of the electron plasma wave for kesAp < 0.35. On the other hand,
kinetic effects induced by SRS show a fast onset which can lead to a strong modi-
fication of the electron distribution function and thus to phenomena like nonlinear
enhancement of the instability (“inflation regime” [26] and to the excitation of new
modes, so called (electron) beam acoustic modes (BAM) [27].

The two plasmon decay (TPD) is excited in the vicinity of n./4 because of strong
Landau damping outside wes 2 wp. Like SRS, itis a potential candidate for fast elec-
tron generation [28] owing to the high phase velocity of the daughter waves limited
only by the finite density scale length due to profile steepening at n./4 (compare
Fig. 3.6). Langmuir cascading into two electron plasma waves, w,; — o' + o is
not possible because the resonance conditions (6.32) cannot be fulfilled in the entire
density domain. For the same reason resonant transverse wave cascading into two
electromagnetic waves does not occur either.

To give an intuitive physical picture of the TPD is more complex. It is true that
also in this case the instability arises from the reflection of the pump wave k; from
the Langmuir wave k; (k3) to result in a ponderomotive force in phase with k3
(k2, respectively). However, the geometry for maximum growth is peculiar. Starting
from the configuration in the lab frame with the pump k| incident under the arbitrary
angle o onto the plasma mode k> we observe that in good approximation holds

m=wy=wp=w1/2, Mm=+3/2, c,=v,1=w/ki, (6.35)
ki =koni, ko =ks = (c/2s0)ko > k1, ko3 =w/(Quy3).

It follows from k2 3 > ki that the two plasma waves are nearly collinear (see
Fig. 6.3). The growth of the two daughter waves k> 3 implies an increase of the
momentum densities mny 3v; which, in turn, manifest themselves in a ponderomo-
tive force like an inverse rocket effect. Thus, the ponderomotive force m, 3 driv-
ing TPD unstable is given by (5.30). It is physically obvious and confirmed by
the quantitative analysis in the next section that it acts along k| and exhibits the
proportionality

m23 ~ ki|E1E3 5] (6.36)

The growth rate y is proportional to the projection of > 3 in direction k5 3, i.e.,
|k1k2 3| ~ cosa. On the other hand, the modulus |2 3| ~ |E1E;3| ~ sina;
hence y ~ sino cos o, with maximum growth under ¢« = /4. In linear theory
one configuration and its mirror image with respect to k; exhibit identical growth
rates y.

Excitation of TPD under perpendicular incidence, « = /2 is not possible as a
consequence of y ~ sina cosa. If however, one of the modes causing reflection
of the pump wave is a low frequency wave, &; is nearly zero and a symmetric
composition of the k-diagram can be realized also in the lab frame. This difference
in geometry originates from the fact that in presence of a slow (acoustic) mode, e.g.,
n3, in the co-moving reference system two fast modes n, are excited by the laser in
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Fig. 6.3 Stimulated two-plasmon decay; k1 = ko — k3, k1 < kp 3. Its mirror image with respect
to k1 shows equal growth

opposite directions almost symmetrically whereas in the co-moving system of one
of two fast modes, as in TPD, the left-right symmetry is destroyed. In the parametric
decay (PDI) and the oscillating two stream instability (OTSI) one plasma wave is
substituted by an acoustic mode (k,, w,) = (k3, w3) and thus (quasi)-symmetry is
established with maximum growth occurring at o = /2. Owing to se|kes|, wa K
wp the instability is localized in the neighborhood of w, >~ w| and k> >~ (c¢/s.)k1 >
k1. Therefore according to (6.32) k, = k3 = k, and k; = O can be set. From w;, >~ 0
the force m = m( that drives the instability now points into k1 k> ~ £k, direction
and causes maximum growth perpendicularly to k. With respect to relative phases
of the decay products and the ponderomotive forces the considerations from above
on SBS, SRS and TPD apply identically, with m( being in phase with the acoustic
density modulation n3 that leads to an unstable situation again. The PDI has been
described first by Silin [29]. It is localized in the underdense plasma region close to
n. It was Nishikawa to recognize that it can also work above n. when w; < w> and
w3 = wy = 0 [30]. This is the case of the so-called oscillating two stream instability
OTSI. We present the treatment of the two instabilities in terms of wave pressure
given by [31].

Consider a spatially uniform laser field E| = Ee” impinging orthogonally
on a static plasma density modulation n3 = 713 elksx g 1 || k3. It forces the electrons
to shift in £x-direction by the amount

iwt

5 = R— <1+iﬁ> Eeion (6.37)

mw% w1
and, in the presence of an ion density modulation n3, it gives rise to an induced
electric field E; obtained from Poisson’s equation,

0Ey e e e

— =——[n3(x = 8) —m3(x)] = —8— = Eg=—d8n3. (6.38)
0x £0 &0 &0

The driver excites two symmetric plasmons E; = EneiEhsx—on) obeying the har-

monic oscillator equation of the displacement 55 (x),

326, 8 L
?jﬂa—fwggz - _%(E]JrEd)e—lw”; 03 = W2 +s2k3. k= ka. (6.39)
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The derivation is straightforward, with E, from (2.93) and 4, from (6.37) after cor-
responding replacement of the indices. The damping coefficient v is of Landau or
collisional type. The amplitude 85 is modulated proportional to 713 and, according to
(5.11) gives rise to the ponderomotive force ),

20,2 2
s (w7 — w5) 2\ E1 12
To==—"3 g 21 : 2 |2 L 5—Vn3;  njreal. (6.40)
(07 — a)2)2 + v2w1 2m(wy + 7))

Only for A = w; — wy < 0 the electric force density m is in phase with n3 and
thus drives both n and n3 unstable with the same growth rate y > 0. The ratio
of the amplitudes 715 /73 is determined by (6.38) and (6.39) with the help of (3.74).
Formally there is a one to one correspondence of the OTSI with the beam-plasma
instability of two counter streaming electron beams. Nishikawa’s discovery of the
quasi-mode w, = 0 had a major impact on the proper treatment of other parametric
instabilities under the influence of a strong driver. If the dephasing (“mismatch”) in
(6.32) becomes larger than the frequency of one of the modes the contribution of the
anti-Stokes component must also be taken into account. Examples will be shown in
the following section.

6.2.3 Growth Rates

There exist two preferred model situations that greatly facilitate the normal mode
analysis of linear instabilities. It seems quite intuitive to describe spatial growth for
real frequencies w fixed from outside, and temporal growth for real wave vectors
k in the infinitely extended homogeneous medium or wave vector k fixed by the
boundaries of a finite system. In the following temporal growth of the instabilities
discussed above e~ 1§27 — =1 @+iV)! wwith k and w, y all real is determined. Growth
happens for y > 0.

6.2.3.1 Stimulated Brillouin scattering

The transverse pump wave E|(k, w;) impinges onto a homogeneous plasma of
density no which is modulated by the ion acoustic mode n3 = nselk3x—wst) The
polarization of E is assumed to fulfill k3 E1 = 0. The scattered wave E;(k2, @7);
obeying (6.5); and the density perturbation n3 follow in leading order the coupled
equations with real coefficients:

ViE 1 3%E; 19 ( ) c 6.41)
_—_—— = ——— —(enxv 5 C = .
2 c2, o eoc2 o 0ot 27 m
192 1 oy
Vi — =2 L Vmy, mo = —e0—LP-VRE | RE,). (6.42)

52 912 m,'S2 wiw)
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We assume |E > |E2| and 713 < ng, and we consider growth in the small signal
amplification domain and therefore do not need the coupled equation of E. To take
advantage of the complex Fourier analysis of these two equations in (k, £2) one of
the quantities must be taken real. We choose WE| = (E| + E7)/2 and obtain the
netted set of equations

82
(22— v ES = 2n (E " ")'>+E*;n§9+wl’), (6.43)
C
2 _ 232, _ _eok? w (2-w1) (2+w1)
(2% — s%)n — <E B0 4 FYES 1) (6.44)
m; wiwy

On the RHS of (6.44) w» = w1 — w3 is associated with the Stokes component of E;

and wy = w1 + w3 refers to the anti-Stokes component of E,. We express E éﬂ —on

and ES?*V from (6.44) with the help of (6.43),

[(2 — 1) — vk — k)M ES ) = Z;“’z En? . (645)
cl
wiw)
(2 + w1)? — vk + k)2 ES ) = Tllzmg‘”, (6.46)
C

and eliminate them from (6.44) to obtain

Kol 1 1
[(92 B i o}y oo ( + ) n{® =0. (647

4 ming D@—on " p@ton

The Stokes and anti-Stokes w; in (6.45) and (6.46) results from setting £2 = w3 in
the RHS terms. The electromagnetic dispersion functions (£2 = w )2 — vé2 (k+k)?

are abbreviated by the symbols D*?*®1)_ The infinite chain of equations (6.43) has
been cut at n(Q 1) because owing to |£2| < w; these and all following terms are

very small in comparison to the only resonant mode ngw). Furthermore, from (6.32)
follows, even in the case of strong mismatch under a strong driver, wy >~ wy, |ka| =~
|k1|, and hence k1 >~ ky + k3 imposes k3 >~ 2kj sin(}/2), scattering angle ¥ =
/(ky, k2). For backscattering, i.e., 9 = 7, this implies k = k3 >~ k| — ky >~ 2k;.
As the intensity of the pump wave tends to zero the mismatch in (6.30) decreases
also to zero. For mild backscattering y? < a)g o~ a)g holds, and from (6.30) follows
more precisely k3 = 2k([1 — n1s/c]. Hence, in (6.47) only the Stokes component
E ;‘Q_w‘) is resonant; the anti-Stokes term D?+®1) can be disregarded. This is the
weak coupling limit [24]. The dispersion relation (6.47) shrinks to

2 2
. . &0 kzw
Qiyws — y))(~2iywr — 2w1w3) — v (k3 — 2kiks)] = 77

E%. (6.48)

illc
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With k3 from above for backscattering the sum of the real terms in the second
bracket yields w% and can be set to zero compared with 2y w;. Hence, one is left
with the maximum growth rate for exact backscattering

172 A

1 wpi 12 1 Ny Vos

VYmax = z—c(mncs)l/z = Wa)pl —(CS)]/Z 5 (6.49)

I =eoem E1E}/2, wgi = (m/m,-)a)ge, n2 = 11, Dos is taken locally. In side scatter-
ing (¥ < m/2) the term

2 12 .0 c (.0 %
—2wiw3 — vwz(k3 — 2k1k3) = —4w k| sin ) s+ % sin 7~ cos )

is positive and contributes to reduce y . The reduction is, primarily, a consequence of
|E1E>| = |E1||E2|cosv. A short remark may be in order: In (6.41) the scattered
wave E, depends linearly on the pump wave E;. As in side scattering the two
vectors are not parallel to each other in general (% # 0) additional terms appear in
k3E| # 0 polarization. The dependence of y on 1 is due to shrinking of the ion
sound wave vector in the plasma, wg ~ k3 ~ kon;.

In the so called strong coupling regime [17, 24, 32], i e., when |.Q|2 > k%s2
holds under the strong driver, in back scattering the approximations

DE=o) = Q% _2Qw, + a)% - a)f, — czk%(l — 2171s/c)2
~ 2Qw +4niorsk; ~ —2Qw;, 2% — 5%k ~ 22

are consistent and from (6.47), ignoring the anti-Stokes term, follows §2 as the com-
plex cubic root

1 2 2 (Vos 27173 .
2= |:a)1a)pin1 (T) } (1 +iv3). (6.50)

Unstable growth is particularly favored in presence of a strong counter propagat-
ing electromagnetic wave, for example, when the incident wave reaches the critical
density before sufficient attenuation. In such a case y may exceed w, several times.
In stationary plasmas with less than critical density a steady state solution of SBS
usually establishes. In situations when light is reflected from the critical surface
with frequency differing from the red-shifted E égiwl) mode SBS becomes non-
stationary for a sufficiently high pump wave and the scattered spectrum undergoes
strong broadening [33]. Latest in such a situation the scattered anti-Stokes field
component E§9+w1) can no longer be ignored a priori in the dispersion relation
term 1/D=@0) 4 1/ D&+ in (6.47) [34].
The anti-Stokes wave is close to resonance for the matching condition

w) = | + w3, ky =k + ks3. (6.51)
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It travels into the forward direction as the driver E (w1, k1). This is most imme-
diately seen in the co-moving frame. Under the influence of the driver E| from
each position x an elementary electromagnetic disturbance E ;w‘) propagates into
opposite directions with strengths the difference of which reduces to zero with flow
velocity —s approaching zero. In the lab frame w| becomes the anti-Stokes fre-
quency i = y (o] + ki) = w1 + w3 for kaks > 0, see (6.12). When k| and k;
are approximately collinear, |k3| >~ njws/c =~ kos/c is very small and D®?+¢1) ig
close to resonant coupling,

2 2
pten — 92+2Qw1+w%—w§—c2k12 (1 + ﬁ) ~ 2742Qw —4n%w1sk1.
c

On the other hand, in nearly forward direction the Stokes |k3| can assume arbitrarily
small values; anti-Stokes and Stokes frequencies wy = w; £ s|k3| are very close to
w1 and with increasing pump wave intensity their bandwidths begin to overlap in
a |k3| interval around the dispersion intersection points (see Fig. 6.4). This leads
to a redistribution of the energy fluxes and to back reaction onto the (w3, k3) mode
that rather to be a free mode will convert into a forced quasi-mode at downshifted
frequency w,. Nishikawas’s oscillating two-stream instability with w, = 0 for finite
|ka| = |k3| is perhaps the most instructive example for the Stokes-anti-Stokes inter-
play and concomitant frequency shift. The instability results in a long wavelength
modulation of the amplitudes 73 and |E| = |E| + E3|. As a special case of SBS
the filamentary instability is obtained from (6.47) by setting k3k; = 0 and 2 = iy.
Then, D2+ — Hiyw; — czkg leads to the equation of growth y,

2 N 2
(y? +s2k2); = i ((Yos : k Lk (6.52)
4207 + k8 \ ¢

Here, as throughout the chapter, E1Vn3 = 0 is assumed. As long as the pump wave
does not drive plasma resonances, for instance owing to w; > wp, polarization
effects can be disregarded [34, 35].

Stokes and anti-Stokes electromagnetic components both act to drive the ion
acoustic and the electron plasma mode whenever the detuning due to growth exceeds
the Stokes shift Aw. It is advisable in general, also with other types of unsta-
ble modes, to include both components in the analysis and to compare with the
result obtained from the resonant Stokes mode alone. After all it must be kept in
mind that parametric systems of type (6.43), (6.44) represent a recurrence scheme
of an infinite number of equations. For the PDI and OTSI sequences closure
and impact of the anti-Stokes component are investigated quantitatively in [36].
The arguments for closure may vary from case to case. So for example numeri-
cal studies have shown that ion acoustic harmonics can couple to SBS and lead
to reduction of reflectivity, spatial decorrelation and to temporal chaotic plasma
dynamics [16].
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Fig. 6.4 (a) Brillouin diagram of wave-wave coupling in SBS and PDI. Dispersion diagrams of
electromagnetic (wen,: 1,4), electrostatic (wes: 1,4) and acoustic (w,: 2,3) modes. Resonant inter-
action (coupling) is strongest in the neighborhood of the intersection points Sy, S», and S3. Sy, S3
unstable, see (6.48) for Sy, and (6.52) for S3. From (6.47) with 1/ D=1 = 0 follows that S, is a
stable interaction point in the approximation of (6.48). S5 is not energy conserving. (b) Excitation
of a quasi-mode (w3, k3) from overlapping of mismatch zones around S and S;. For laser intensity
I — 0 the graphs delimiting the shadowed regions contract to the intersection points S7 and S»

Stimulated Brillouin backscattering contains a relevant practical aspect; it can
operate as a phase conjugated plasma mirror. The linear phase conjugation opera-
tor “s” acts on the spatial part of a plane wave Ael** 1! transforming it into its
complex conjugate expression, (Ae*¥)*e~i¢ = A*e~ikx—ior Thjs is exactly what
happens in Brillouin backscattering. The inversion of the wave vector k means that
a wave on its way back crosses again the same space domain in opposite direction
correcting thereby all undesired distortions of the wave front (phase) from its first
passage (up to small differences originating from the difference between 1, and 7).
The distortions of an originally plane wave are eliminated in the phase conjugated
reflection. Specular reflection of a beam having for instance the cross section of a
question mark produces its mirror image and to primary phase distortions it adds
additional distortions on its way back, whereas the back scattered beam reproduces
the original shape of the question mark (in laser-plasma interaction first discovered
as the Fragezeicheneffekt in 1972 [37]).

In long scale length plasmas stimulated Brillouin back and side scattering from
a coherent laser beam is an instability that grows rapidly in time to high levels of
reflectivity [12, 13]. The acoustic wave has low frequency and, according to (6.8),
low energy density &, and does almost no photon energy deposit in the medium,
with dramatic consequences for plasma heating in general and inertial confinement
fusion and X-ray sources in particular. Therefore much interest has been concen-
trated in the past three decades on experiments to clarify the saturation level of light
reflection R in long scale length underdense plasmas. In early SBS studies with CO;
lasers interacting with a smooth plasma [38] and subsequent similar experiments
with gas jets [39] showed surprisingly low saturation levels of 713/ny >~ 10-20%,
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corresponding to R < 10%. Further drastic reduction of this values of R from
SBS has been achieved by applying average laser beam smoothing through induced
spatial incoherence (ISI: broad band laser beam is first divided into many inde-
pendent beamlets, with mutual time shifts exceeding the coherence time, and then
overlapped on the target). With IST applied to a 2-ns Nd laser beam of peak intensity
I = 10" Wem™2 on CH disk targets R resulted below 1% [40]. These were good
news but they resisted for nearly two decades to a satisfactory theoretical explana-
tion. The studies focused on the discrepancy between theoretical expectations and
experimental results mostly concentrated on saturation effects of the ion acoustic
modes due to steepening and wavebreaking, generation of harmonics, particle trap-
ping and decay into subharmonics of n3.

In retrospect, however, the low backscatter levels measured in the past have not
been analyzed with enough temporal resolution and therefore indicate merely the
ratio of back scattered to incident laser energy, generally ignoring transient high
backscatter levels that could potentially occur during a fraction of the laser pulse.
The ability of combining fluid dynamic and kinetic SBS modeling with laser pulse
shaping leads to a more realistic interpretation of the experiments. While often high
backscatter levels occur temporarily, in agreement with theory, the average level
over a longer time scale, e.g., tens of ps or entire laser pulses, may result moderate
or low compared to the incident laser intensity. However, this should not lead to the
hasty conclusion that SBS is not of concern under constraints imposed by specific
goals, as for example in laser fusion schemes. Independent of all nonlinear effects
examined with the attempt to explain saturated SBS levels, laser beam smoothing
in plasmas can itself lead to reduction of backscattering: self-focusing of individual
laser speckles of spatially smoothed beams (e.g. by random phase plate technique
[RPP]) contribute in this way to an additional plasma-induced smoothing as the
beam propagates further into the plasma target.

Recently a breakthrough in understanding SBS suppression in long scale length
plasmas has been achieved by Hiiller et al. [41]. Sophisticated numerical simula-
tions have shown a quite universal behavior applicable to laser beams containing
high-intensity hot spots that are subject to self-focusing. Although the growth rate
of SBS is higher than the one of self-focusing, SBS starts from a significantly
lower noise level. Henceforth it grows primarily in intense self focused hot spots,
giving rise to transient high backscatter flashes. Nevertheless, due to subsequent
ponderomotive density depletion disruption of the SBS signal takes place [42] and,
eventually, backscattering remains on a moderate level averaged over the whole
pulse length. It is important to mention that the region behind the self-focusing
hot spots does not contribute significantly to SBS due to plasma induced smooth-
ing, see [41]. In this paper the features of SBS were studied for a mono-speckle
laser beam at Nd peak intensity / = 3 x 10'* Wem™ including self-focusing
and nonlocal energy transport self consistently. In the linearly rising laser pulse
with its maximum at 200 ps SBS starts growing fast as predicted by (6.49) and
(6.50) and reaches its maximum of R ~ 10% already at 50 ps and decays after

100 ps so that averaged over the whole pulse of 1 ns (R) >~ 1-1.5% results with

nonlocal transport included, and (R) =~ 4% without. The results are in excellent
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agreement with the concomitant experiment. On the other hand, when self-focusing
was suppressed in the simulation, maximum values of R = 50% were reached
in coincidence with the maximum of the laser pulse at 200 ps. The conclusion is
twofold: (1) self-focusing, i.e., local intensity concentration, is responsible for the
fast growth; (2) the sudden disruption of SBS after a short time is triggered by an
effect localized in spots of high laser intensity. The simulations allow the identifi-
cation of (2) with the resonant filament instability [43, 44]. Due to the ponderomo-
tive force a density well forms along a filament which is capable of supporting
electromagnetic eigenmodes like a waveguide. When the threshold intensity for
self-focusing is reached they grow rapidly unstable and lead to lateral bending of
the filament and eventually to its complete breakup. After some time it forms again
and disrupts. The process leads to increased lateral scattering of the laser beam and
to correlation length reduction to 10—15 pm in laser plasma interaction regions of
mme-scale. Very good agreement between experiment and the large scale simulations
and the identification of the resonant filament instability as the effect responsible for
low level SBS reflectivity may lead to the conclusion that herewith the two decades
old problem of Brillouin anomaly in high power laser interaction is solved, or very
close to its solution. It should be stressed that the outlined scenario appears quite
universal with beams containing hot spots at power densities above the self-focusing
threshold [45].

6.2.3.2 Stimulated Raman Scattering

In (6.42) the low frequency plasma mode n3 from SBS is replaced by the high
frequency Langmuir wave. As for the rest the underlying physics is identical the
governing equations are

1 9%E, 1 9 c
VZE —— = ————(enav s C = —, 6.53
TR, soc? g s 2 = (9
1 92 1 w?
Vs — T_”; = —Vmo, mo=—e0——VRERE). (654
V3 ot ms; w1w)

Limiting ourselves again to the small signal amplification the Fourier analysis repro-
duces equations (6.43), (6.44), (6.45), and (6.46), with s and m; replaced by vy3
from (6.3) and m, and the corresponding dispersion equation

2.2
gokwp

(2% —v2kH) — = E|E* ! + ! =0 (6.55)
¢3 4 mne, L\ p@-w) " p@+or) ) ’

For a moderately strong driver the matching conditions (6.32) are well satisfied. The
scattered frequency and wave number range from (w3, k2) = (w1, k1) to (w1/2, 0).
Since w3 is close to wp, for the Stokes component follows from w; ~ w; — wp
that in back or side scattering the anti-Stokes frequency wz, >~ w1 + w, is nonres-
onant almost everywhere and 1/D®?*®1) can be neglected. The dispersion relation
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reduces to

(@3 + 2iwsy — wpsg k(@3 — 01)* + 2iy (@3 — 01) — o — (ks — k1)

K2 w?
Sk o3 i (6.56)
4 mne;

Maximum growth occurs close to resonance of w; and w3; hence

k2w?
. . o 3 P *

2iYmax@3[21Ymax (@3 — w1)] = Z E E7. (6.57)
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For exact back scattering follows from (6.32) and (2.92) ky = ko(1 — 2wp/w1)1/2,
k3 = |k3| = k1 + k2. The comparison of ymax for SRS and SBS for s ~ 10~3¢ and
m/m; ~ 10~* shows that they are of the same order of magnitude. SRS into exact
forward direction is also possible. Its relevance lies in the possibility of exciting an
electron plasma wave of particularly high phase velocity in the low density plasma
of wp K wi, €.g., hohlraum plasma in indirect inertial fusion drive, and subsequent
preheat by trapped fast electrons [46—49]. In regions of low plasma density w3 >~ wp,
n1 = n =~ 1, and in forward direction the matching condition implies for the anti-
Stokes and Stokes lines k3 = |k| — kz| = (w1 £ wp)/c =~ w;/c. The dispersion
functions D+ = p@stivEen gimplify to

D) =iy (wp — wy) = —2iyw;, DTV =2iy(wp +w)) = iy,
p2—on) 4 p2+en — diy wy, Do) (4o _ 4),2@%'

Both terms are nearly resonant and must be used in (6.55) to yield the growth rate

2 A
I @ Vs

6.2.3.3 Two Plasmon Decay

Short inspection of (6.53) and (6.54) shows that the equations governing the two
plasmon decay are obtained by replacing E 1, by E 2 of a second plasma wave or
associated electron density perturbation n,

1 92 1 1 32 1
Vi — =2 Va, V- =2 Vas (6.60)
2 2 92 2 2 3 2 92 2 3
Vo mv g, Vg3 muv g3

The wave pressure term now is given by the resonant terms of # = o + 74, i.e.,
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3712,31)1
at

ma3 = (mo+ 1 )23 =—nomV(@wivz3) +m , (6.61)

with v1 = (vos + v},) induced by the laser. We substitute v, 3 by ns 3 with the help
of (2.92), Fourier-analyze (6.60) and keep only the resonant terms to obtain

K22 - _
— K
_ kv, 0
[—(2 — w1)* + (w2 — “)1)2]”;9 o = —T% |:(k - kl)zk—2 + (2 - w1)} ngg).

—w

Elimination of né‘q ) and approximating w; = w3 = w, = /2, yields the

dispersion equation

2 [k = ki)* — K]
p kz(k _ k1)2
(6.

1
(2% = )2 = 1) = (@2 = )] = 2k — kD)bos (kg )

62)
Setting £2 = wp + iy and k — k| >~ k determines the growth rate y,
| k= k) &
=k - 6.63
Y Vos Kk —ky| ( )

With the angle between the pump k| and k = ky of no, « = Z(ky, k2), and
(k — k))? — k? = —2kk + k% ~ —2kk the growth y results proportional
to |kaDos||k1k| ~ sinacosa, in agreement with the elementary reasoning. For
o = 7 /4 it assumes its maximum value,

w1 Vog

Y

From experiments with multiple overlapping laser beams in spherical and planar
geometry it is concluded that the TPD instability is the main source of superthermal
electron generation in the plasma corona with nonvanishing density scale length at
nc. The experiments show that the total overlapped intensity governs their scaling
rather than the number of overlapped beams [50]. Theoretical investigations and
concomitant numerical simulations confirm once more the production of hot elec-
trons and show the transition of the SRS to the TPD when increasing the plasma
density scale lengths [51]. An additional important feature is the emission of 3/2 w1
radiation as a consequence of the current density component j3,/2 = —en¢ w/2Vos
in the wave equation of the driver E.

(6.64)

6.2.3.4 Oscillating Two-Stream Instability

The growth rate y of the OTSI is easily found with the help of ¢ from (6.40).
Combining it with the ion momentum equation and particle conservation after
linearization leads to
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Fig. 6.5 Convective (a) and absolute instability (b). The convectively unstable quantity /(x) grows
in time up to a maximum and then decays at an arbitrary position x;. The absolutely unstable
quantity /(x) shows indefinite growth in time at any position x|

92 To
mn?, = — <m_no + S2> k§n3 (665)

The interesting unstable domain for w; is close to w; ~ wp. For v,; <« w; and

w% — a)% = 2wA follows

2 A n2
Yo = Th_ g (6.66)
2T AT Am 4

Since n3 is quasi-static and not propagating the instability is absolute and, typical
for it, even in the absence of any dissipation, exhibits a finite threshold for the pump
intensity. The reason is obvious: growth can start when the ponderomotive force
(~ |Eq |2n3) prevails on the thermal plasma pressure gradient (~ $2n3).

For practical purposes it may be convenient to distinguish between convective
and absolute instabilities. The difference is illustrated by Fig. 6.5. A convectively
unstable pulse grows and then decays at each arbitrary position of interest (a); an
absolutely unstable quantity grows indefinitely in time everywhere (b). The distinc-
tion is dictated by experimental requirements. If the group velocity of the pulse
maximum in 6.5a is high enough the pulse may decay very quickly before grow-
ing to a dangerous height. The distinction between convective and absolute is not
covariant; it depends on the relative motion of the system of reference.

6.2.3.5 Parametric Decay Instability

In contrast, the PDI is the resonant decay of a photon into a plasmon and a propagat-
ing phonon. An observer co-moving with n3 at speed s > 0 sees a static modulation
to which the former analysis applies, with the difference however that the plasmons
emanating from n3 are Doppler-shifted by Aw, = w3 whereas w1, apart from an
insignificant transverse shift from time dilation, is not. Introducing w+ = w7y + w3,
d; = 0; — s9, momentum conservation and (6.40) combine to



6.2 Instabilities Driven by Wave Pressure 255

d? W2 —? W2 —w? .
ny = — (w% 1 + 2+ . 1 — ef1n/2

dr? fwg_)ervzwl (w17w3)2+v2a)%

2.2 2
oy Bl }k§n3 (6.67)
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This is in agreement with the somewhat lengthy treatments [29, 30, 52]. The phase
change by A¢p = —m /2 comes from (5.43) at resonance, as extensively discussed
in Sect. 6.2.1. In the denominator there appears the factor 4 now instead of 2 in
(6.40) since, pictorially spoken, half the electrons have anti-Stokes eigenfrequency
w4 and the other half are resonant at the Stokes frequency w_ owing to the flow
v = —s. The growth rate just above threshold follows from dt2 = (9, — 50y)? ~
—Qiyws + s%k3),

Ay A_ mw 0
= — + — Ar =wi —wy. (6.68
v { A 40274 T AT ¢ 1)2/4} miws 16 + =04~z (6.08)

For vanishingly small damping it reduces to

1 1 mw f)f
- _ _ L 6.69
v {A++A_}m,-w3 16 ( )

thus indicating that at low driver intensity the PDI is convective. Both terms in
the bracket are negative for w; — w— = A + w3 < 0. Growth also occurs with
0 > A > —w;3. At exact resonance A = 0 neither the OTSI nor the PDI can grow.

6.2.3.6 Impact of Dissipation and Inhomogeneities

At resonance an undamped harmonic oscillator §(¢) is excited to arbitrarily high
amplitude by an arbitrarily weak driver E;; the onset of growth starts at threshold
zero. In presence of linear damping v8 growth can start when —eEg8 > mvé? is
fulfilled. Applied to the parametric three wave process with dispersion equation of
type (6.47) this reads in the weak coupling limit at optimum matching, consistent
with weak damping 123 < w3 3,

1283 < CLE8382, 1387 < C3E18285 = wvavs < ClEy[%, (6.70)

C = (C>C3 = const. |Eth|2 = n/C = yt%l is the threshold pump intensity in
presence of dissipation. By intuition | Ey|? follows from the undamped growth rate

3
Y = Vih = 4/V2V3; C=

= . (6.71)
|En|?

Alternatively, inserting the damping terms iv3w3 and ivz (w3 — w1) in (6.46), (6.47),
at exact resonance (6.70) becomes
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Qy + 1)y +v3) — C|Ei > =0.

The solution for growth is

1/2
—www—cwﬁﬂ ,

Sty (4

4 2 4
with (6.71) for y = 0 at the threshold. Hence, in presence of weak linear dissipation
the growth is given by

172
vty 1 [(r—13)? )
= — — C|E . 6.72
1 + 5 { 1 + C|E;| (6.72)

If instead of v the coefficient for kinetic energy damping v is introduced vg = v/2
has to be kept in mind. Damping may be either of collisional nature or of linear
Landau type. Perhaps less intuitive, if one of the v, 3 vanishes | Ey| is again zero.
As arule laser interaction creates inhomogeneous plasmas. In a region of validity
of the optical WKB approximation the phase mismatch 1/ (x) of the wave vectors is
given by ¥ = [(k; — ko — k3) dx. It is independent of the path of integration from
X0 to x. Let us assume that at position x¢ there is perfect matching. Spatial growth
will stop when ¢ = 7 is reached. Owing to V x kj23 = 0 holds (dxV)k =
V(dxk) = «'k%x, with k = ky — ky — k3 and ¥’ = V|| pointing along «.
Under gentle electron density variation Taylor expansion in x( along k yields ¢ =
fxo (k) dx = k' (x0)(x —x0)2/2. Thus the amplification length is x —xo = /27 /k’.
At threshold the energy fed into the unstable modes 2, 3 in the intervals Ay 3 =
(x —x0)/cosar3, an3 = L(k, k2 3), is convectively carried out of the interaction
region, vg2 3E2 3 = v2 342 3E, 3. The damping coefficients inserted in (6.71) yield

C|Ey 2 COS () COS o3
£l = 27C|Eg | ————

/ —1. (6.73)
V2V3 [’ vg2vg3]

This is the celebrated Piliya—Rosenbluth criterion for |Ew| in the inhomogeneous
plasma [53, 54]. As the emphasis in this chapter is primarily on the basic physical
effects driving the plasma unstable and on the basic wave dynamics the influence of
inhomogeneities on the individual growth rates is not pursued further. An extensive
introduction to parametric instabilities in inhomogeneous plasmas may be found in
[55] and a list of thresholds and linear growth rates may be found in [56].

6.3 Parametric Amplification of Pulses
The foregoing section was devoted to the basic mechanisms of resonant three wave

interactions in the homogeneous plasma in situations where the constant amplitude
approximation is justified. It represents the purest, i.e. the most idealized, case of
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wave-wave coupling by the wave pressure. To give this theory “a touch of reality”
([6], Sect. 10.3) in the following the coupled three wave equations for slowly varying
amplitudes are formulated. At the same time such an extension will exhaust the
limits of the Hamiltonian description of wave dynamics in terms of action angle
variables and preserve the number of quasi-particles introduced in Sect. 3.1.1, and
finally, it will yield additional insight by revealing the perfect symmetry between
the three coupled waves.

6.3.1 Slowly Varying Amplitudes

The waves considered in this subsection exhibit the more general structure
Alx, 1) = A(x, 1) exp[i® (x, t)] with amplitudes A(x, t) slowly varying in space
according to the WKB approximation, and wave vectors k and frequencies o defined
by k = V&, w = —9,P. We begin with the laser pump wave E| by expanding (6.5)
up to first order,

2
. A A . e . A
(=2 + o) P Ey 4 2i[2(kV)E| 4 wd, E1]e'?! = O i@t oo
¢ 2eomwy
—iewy ; A o e
— TGPt o (k3 By Es = i—kans. (6.74)
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Note that ¢ in the second term is the light speed in vacuum. The first term vanishes
by definition. Recalling coc, = ¢ one is led to

L 1 eksor o
(e VVE) + 0By = —~ 2200 o, fryel@rt@s—1) (6.75)
4ma)1a)2

We chose the stimulated Raman effect as the most illustrative example in the context
here. The scattered transverse wave E> is subject to the same procedure as E; it
reads

. I T
(c2V) By + 0 By = — 502 |y Bre=i (@2 3=01), (6.76)
4ma)1w2

Only the i3 and E ; components fulfill the resonance condition. Equation (6.54) is a
consequence of (6.5) because only the velocity component of v, parallel to E3 and
k3 contributes. Analogously to (6.74) with vev, = se2 we obtain

2
Py Eye (Pt P20 6.77)

1 eksw
4 mwiwrws

(Cg3V)E3 +8,E; =

Introducing the symbol d; = 9; + (v,; V) for the total, i.e., convective, derivative,
multiplying E; by its cc E7 in the last three equations above and setting A® = &+
@3 — @ for the dephasing (“mismatch”) of the modes and C = gpek3/8mwiw;,
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(6.75), (6.76), and (6.77) read

—d1 (20 E E*> -C (E ErE5e? 4 Elﬁjég‘e‘iA@), (6.78)

L .
—d> (80 EzEj) ( ErEsei® + B\ B3 Ele —'M’) , (6.79)
)
w—§d3( oy o ) ( Er£364? 4 B\ EX Ee —'M) (6.80)
w

P

The expressions on the LHS of (6.78), (6.79), and (6.80) represent the convective
derivatives of the energy densities ¢; divided by their frequencies w;, i = 1, 2, 3.
Throughout the chapter we have used the electric fields E; with frequencies w; =
const for convenience. In the case of slight inhomogeneities in space and time the w;
and k; both are subject to slow (secular) changes that have to be taken into account
in deriving the energy conservation relations. In Sect. 3.2.1 it has been shown that
in the absence of source terms the Hamiltonian concept leads to the conservation
of egE; E l* /2w; for transverse waves [see (3.19)] rather than of the energy densities
eoE; E /2. That means that when identifying the quiver velocity with the vector
potential, vos = —eA/m, instead of (2.11) and keeping the derivatives of the ampli-
tudes one arrives at the correct expressions d; (0 E; E} /2w;). For the longitudinal
modes the same follows from the assertion that dispersion relations of identical
structure lead to analogous conservation relations, proved in Sect. 3.1.3, (3.48)ff.

Introducing K = ek3w,,/(8m2a)1a)2w3)1/2, ajp = (80/26{)1’2)1/2[’:1,2, and a3 =
(e0w3/2w7)' /2 E3, (6.78), (6.79), and (6.80) transform into

dilai|* = —K (a}aza; + cc),
di|az|* = +K (a}azaz + cc), (6.81)
dilas|* = +K (a}aras + co),

These relations show the perfect equivalence of coupling of mode i by the two
modes j and k. It is straightforward to show it also for the acoustic mode. So
far it has been evident from (6.54) and (6.60) that the longitudinal modes couple
ponderomotively to transverse modes. The symmetry of (6.81) reveals the identi-
cal nature of coupling due to wave pressure for all modes. However, the coupling
coefficients for E | differ from those for E|. When two modes drive a velocity
field v with divo = O the resulting unstable mode is an electromagnetic plane
wave.

6.3.2 Quasi-Particle Conservation and Manley—Rowe Relations

According to (3.19) the LHS of (6.78), (6.79), and (6.80) are the total derivatives of
the quasi-particle densities fi > 3. As the creation and annihilation rates on the RHS
are identical the classical so-called Manley—Rowe relations hold [57-59],
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—ﬂzdﬁz%. (6.82)
dt dt dt

These relations yield the justification for characterizing the parametric instabilities
in Sect. 6.2.2 in terms of particle decay processes. The extension of the operator
d/dt to linear damping and diffusion is very easy in the framework of classical
theory. It may be surprising at first glance that for the expectation values a quantum
concept holds exactly with the same range of validity in a purely classical field. Only
for counting the real number of quasi-particles additional information not available
in classical physics is needed. This new element is Planck’s constant /. The surprise
vanishes after some simple reflections on what classical and quantum theory have
in common in the homogeneous and isotropic environment. Free particles can be
represented by plane waves and as such they are characterized by the parameters k
(momentum) and w (energy); furthermore, the complex exponentials ¢'? are eigen-
states of the operators d; and 9, of the wave operator V2 — 836t. Finally, the steady
state wave equation V>E + k%an = 0 is identical with the Schrédinger equation
if the identifications k(% = 2mE/h? and n? = 1 — V/E with potential and total
energies V and E are made. When (6.82) is integrated over a finite volume V fixed
in space the balance reads

d
d—/(f2+f3—f1)dv+/ (f2vg2 + f3vgz — flvg)d X = 0. (6.83)
tJy (V)

This is the conservation of quasi-particles in its standard form; the total loss through
the surface X' (V') equals their production in the volume. As seen from (6.78), (6.79),
and (6.80) the production rates depend on the dephasing angle A®. If in the inho-
mogeneous plasma matching is perfect in one position in space it will, depending
on the dispersion relations, deteriorate in its neighborhood and may eventually stop
unstable growth.

6.3.3 Light Scattering at Relativistic Intensities

Stimulated Raman and Brillouin scattering from a pump wave in the relativistic
regime, typically I > 10'8 W/cm?, have been investigated analytically and semi-
analytically by several authors, as for example [60-63]. By taking self-focusing,
ponderomotive nonlinearities and pump depletion into account the latter author finds
that reflection of the backscattered Brillouin wave at normalized incident intensity in
circular polarization a = (eE /mcw)? = 4.0 does not exceed 15%. When consid-
ering the effect of Landau damping on Raman forward and backward scattering in a
moderately relativistic regime one should be aware that the Landau damping coeffi-
cients for plasma parameters relevant to controlled thermonuclear fusion have to be
revisited; they may be by several orders of magnitude lower than the nonrelativistic
values [64]. A new and remarkable variant under several aspects of stimulated for-
ward Raman scattering is reported in [65]: The Raman radiation is downshifted by
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half the plasma frequency; the growth is not exponential but of explosive type, i.e.,
it diverges after a finite time. Also, interestingly, a quasi-static electric field moving
along with the laser pulse is found.

A first impression of unstable growth at high laser intensities may still be gained
from the linear formulas of growth from Sect. 6.2.3, now taken for circular polar-
ization for simplicity, by substituting

~ 2 A2 -
E
Vs ) L, 4, M a2 (6.84)
c 14 a2 (1+a%l/2 mcw

For its motivation see Sect. 8.2.1. The inverse growth rates for SRS, OTSI and fil-
amentation at I = 10'® W/cm? are 2, 5, 26, 136 fs for Nd and 1.5, 4, 15, 117fs
for KrF. At I = 10%° W/cm? they shorten to 13, 1.2, 11, 36 fs for Nd and 0.3, 0.6,
4, 18 fs for KrF, hence ranging from sub-fs to ~ 100 fs. Growth is fastest for SRS
and is expected to saturate quickly. To get insight into the dynamics of SRS growth
and its saturation level, recurrence must be made to numerical simulations. In the
following the results obtained by S. Hain [66] in a plasma of Z = 1 and T, = 1 keV
are summarized.

25 50 75 100 0 25 50 75 100
T T

Fig. 6.6 1D2V fluid simulation of stimulated Raman scattering (SBS) at Ay,4. Electron and ion
densities n,, n; (solid and dotted, resp.), critical density n, = 4 x 102! cm—3, electric field E y in
units of 3 x 10'°Vem™!, Poynting flux S, in units of 2.5 x 10'® Wem=2 (lower graphs, dotted),
space coordinate x in units Ayg/7. (a): Incident intensity from left / = 3.5 x 10'7; electron
plasma wave strongly nonlinear, regular (solid), electric field E\ (dotted); laser beam trapping
around n./4, negligible reflection R. (b): I = 1.4 x 108, electron plasma wave broken; strong
trapping around n./4, relativistically increased by factor 1.5 — 1.6; R = 10%. (c): SRS from
stochastic ion density profile, static (solid), (k) > 2kpasers I = 3.5 x 10'7, n, (dotted), R = few
%. (d): SRS from stochastic ion density profile (solid), (k) = 2ky aser, sStrong light trapping around
rel. n. /4 with subsequent detrapping; R = 10%
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First simulations from a 1D2V two-fluid model with a linearly polarized Nd laser
beam in the intensity range of 10'® Wem™2 are presented with parameters given in
Fig. 6.6. Maxwell’s equations together with the relativistic electron fluid equations
of motion

dyv, 1

one + Vnev, =0, =—Vp,—e(E+v, x B) (6.85)
dt m

are solved. Typical results of Raman backward scattering from flat and perturbed
ion background are presented in Fig. 6.6 First the instability builds up with a growth
rate similar to (6.59) corrected by (6.84). At sub-relativistic intensity in (a) the elec-
tron mode shows the spiky structure well-known from Fig. 4.6 which then goes
over into the broken structure of (b). As maximum growth occurs around n./4 the
reflected wave manifests itself as a standing wave of wavelength of the extension
of the active plasma volume, best seen in (a) from the low frequency modulation
of Ey. In (b) strong trapping of incident light at n./4 up to 50% is observed with
following detrapping into forward direction. The saturated reflection level does not

/f

maxr

/D
p/P,

Poynting flux S./1

L: ]I'IEHHI ] w 1 ‘ | 26420
1 ’\ l”] | \ | | (] ===
o . l l 18420
of L ]‘ L IL l i Se+19
"o 2 4 sxl)\s 10 12 14 0 > 14

Fig. 6.7 SRS: Linearly polarized Ti:Sa laser pulse of I = 10'® Wem™2 impinges onto 10A thick
n./10 plasma from LHS. Electron distribution function f(x, py), pn = (kp )2, Poynting flux
Sy (1) (1: solid) and cycle-averaged Sy (2: dotted) and n; (1: solid), n. (2: dotted) after 40 laser
cycles. Electron wave is perfectly regular; almost no back reflection. E, ~0.02F 1(pump)
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100
50

0

2
B/ R,

50

100

10

Fig. 6.8 SRS: Linearly polarized standing pump pulse. Parameters and symbols as in Fig. 6.7.
Electron density becomes chaotic when the two pump beams start overlapping. The ponderomo-
tively driven ion density profile remains regular; amplitudes are reduced due to electron chaos,
compare inset on ion density profile from hydrodynamic simulation. Back reflection level remains
very low despite E, ~02E;

exceed 10%. Backscattering from a stochastic ion background becomes significant
(~10%) only from a Brillouin-matched spatial modulation of 2ky aser. In the fluid
dynamic simulation local wavebreaking must be bridged somehow artificially each
time over the instant of breaking.

Alternatively SRS is simulated kinetically by solving the Vlasov equation. This
is a 3D problem. However, if only for the thermal v, velocity component 7, # 0
is assumed and the laser field is approximated by a plane wave E, = —0;A
owing to the canonical momentum conservation mv, = eA, collinear scattering is
reducible to a 1D1V problem for the electron distribution function f (x, px, py,t) =
f(x, px,)8(py — eAy). Including the Lorentz force component (ponderomotive
term) the relativistic Vlasov equation (8.39) reads

o = ¥ —e(Ex+ —— BxAz)i

=0. 6.86
3 | ymax 2ym 7 dpy (6.86)
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Travlling wave (L) Counterprogating wave (K)
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Fig. 6.9 SRS after 40 cycles from a linearly polarized traveling pump pulse (L), I = 10'8 Wem ™2,
and two counter-propagating pulses (K) in n./4 plasma, same intensity 10'® Wem=2 both direc-
tions. Symbols and rest of parameters as in Fig. 6.7. In both cases, L and K, the electron plasma
wave breaks and stabilizes back scattering; the ion density remains regular. E R 0.2F 1 (L) and
E. ~ 0.3E; (K). In the scattered low-frequency wave E, trapping of E| occurs up to 50% in
intensity

In circular polarization Ay, E are to be substituted by A} = (Ai + Ag)l/z, E| =
—0;A 1. The ion dynamics is calculated in the nonrelativistic fluid approach with
an ion temperature 7; = 100 eV. For the electrons a “one-dimensional” temperature
T, = 1keV is chosen. Simulations are made in linear and circular polarization
with a Ti:Sa beam of constant 10'® Wem™2 and rise time 30 fs that is impinging on
~ 10 wavelengths thick targets of constant densities n, = n; = n./10 and n./4.
The results after different numbers of light periods are presented in Figs. 6.7, 6.8,
and 6.9. We start with SRS from a beam in linear polarization propagating through
n./10 density. In Fig. 6.7 f(x, px)/fmax, normalized Poynting flux S, and n; (1:
solid) and n, are shown after 40 laser cycles. The electron distribution function and
ne, n; are perfectly regular and saturate at a very low level, E, ~ 0.02E;. The
modulation in E originates from the Raman anti-Stokes component. A completely
different picture of the electron dynamics is obtained from two counter-propagating
pump beams (standing wave, e.g. total reflection from critical point) after 40 cycles
(Fig. 6.8). When the two beams overlap the electrons start moving chaotically and
back reflection saturates, under a low level again as inferred from the cycle-averaged
Poynting flux Sy (dotted line). The ions behave perfectly regular. Stronger Raman
back scattering and increased chaotic dynamics is to be expected from n./4 density.
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Fig. 6.10 SRS after 40 cycles from a linearly polarized traveling pump pulse in n./10 plasma
density, I = 10'8 Wcmff. Symbols and parameters as in Fig. 6.7. Owing to breaking of n., see
f(x, px) and Ey = 0.02E, reflection saturates at 2 — 5%, see Poynting flux S, /I in the inset

The latter is true as Fig. 6.9 shows, however, S, /I (L) indicates that back reflection
remains low in this case again.

SRS of a circularly polarized traveling pump wave of / = 10'® Wem™2 from
an n./10 plasma is presented in Fig. 6.10 after 40 cycles. The time for the instabil-
ity to grow is 4 cycles only. At early times regular structures in n; and n, similar
to those in Fig. 6.6 build up, however following onset of breaking destroys them
(lower right picture) and stabilizes back reflection at 2-5%, see Sy /I in the inset
of lower left picture of E,. It has been a general observation through all simula-
tions that circular polarization shows the tendency towards higher degree of chaotic
dynamics and at the same time towards increased back reflection. With increasing
background plasma density the difference tends to vanish. For the parameters of
Fig. 6.9 there is almost no difference between linear and circular polarization. It can
be concluded that at relativistic intensities SRS saturates, mainly owing to breaking,
at an insignificant low level, in qualitative agreement with hydro simulations where
the latter overestimate scattering for obvious reasons. In the context here it may be
interesting to note that in a very early paper [67] it has been stated on pure physical
grounds that at relativistic intensities parametric instabilities are not important, in
agreement with the simulations presented here.
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Chapter 7
Intense Laser—Atom Interaction

In this chapter we shall introduce the fundamental effects that occur when intense
laser light interacts with isolated atoms, that is, ionization by the laser field, laser-
assisted recombination (i.e., harmonic generation), and laser-assisted collisional
ionization (nonsequential ionization). The focus of this chapter is on a self-contained
but concise account of these most fundamental effects and the common theory
behind them. Readers interested in more details on particular subjects (or subjects
not covered at all in this chapter) may find the following (incomplete) list of reviews
and monographs useful: [1-4] (general), [5] (tunneling ionization), [6] (intense-field
S-matrix theory), [7] (few-cycle laser pulses), [8, 9] (above-threshold ionization),
[10] (harmonic generation), [11] (stabilization), [12] (multiple ionization), [13—15]
(attosecond physics), [16] (“double-slit in time”), [17] (two-electron atoms in laser
fields), [18] (Floquet method and beyond), [19, 20] (relativistic laser-atom interac-
tion), [21, 22] (time-dependent density functional theory), [23-25] (molecules in
intense laser fields), and [24—27] (laser—cluster interaction).

7.1 Atomic Units

We use atomic units (a.u.) in this chapter, not only because they greatly simplify
actual calculations but also give a feeling for whether an entity has to be considered
large or small on the atomic scale. For instance, the laser frequency of 800 nm laser
lightis @ = 0.057 a.u., telling us immediately that the laser period is large compared
to the period of an electron on, e.g., the first Bohr orbit in a hydrogen atom.

We will introduce the atomic units in a somewhat formal way. For beginners,
the use of atomic units is sometimes confusing because dimensional checks are not
possible in a straightforward way once %, m., e have been set “equal to unity”.
Another practical problem for beginners is to convert the result of a calculation
performed using atomic units back to SI units. If one sticks to SI units and the result
of a calculation is, say, 42, one knows that the result is dimensionless. If in atomic
units the result is 42 it could be as well 42, 42 e, 42 me, 42 - 4mweg, 42 hime/e, . . ..
A good example is the expression for the nonrelativistic eigenenergies of hydrogen-
like ions, which in atomic units is simply given by

P. Mulser, D. Bauer, High Power Laser—Matter Interaction, STMP 238, 267-330, 267
DOI 10.1007/978-3-540-46065-7_7, © Springer-Verlag Berlin Heidelberg 2010
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Z2

gn = _2_’12,

n=0,1,2,... (atomic units) (7.1)

where Z is the nuclear charge, and n is the principal quantum number. The right-
hand side appears to be dimensionless. Hence, without knowing that the left-hand
side is an energy, there would be no way back to SI units. If one performs the entire
calculation (i.e., the solution of the Schrodinger equation) in SI units, one obtains

£ 22 meet 0,1,2 (S units) (7.2)
= °< n=0,12,... units). .
! 2n% h% (4 ep)?

Even without knowing the left-hand side we can recover from the right-hand side
alone that the result is an energy, provided we know the SI units of %, m., e, and &g.
This seeming asymmetry between the unit systems arise from the fact that “setting
A, me, e, and 4 eg equal to unity” is more than a change of units. It is like setting
kg, m, s, and C to unity. However, if one knows what the dimension of the final
result is, the conversion from atomic units back to SI units is unique.

As in Sect. 2.2.3, let us denote mass, length, time, and charge by M, L, T, and C,
respectively. In atomic units we wish to use the action #, the electron mass m., the
modulus of the electron charge e, and 47 times the permittivity of vacuum, 47 &g, as
the basic units. The relation between both system of units is established by (“[...]”

meaning “units of ...”, see also Sect. 2.2.3)
[A] = MAIL42Ta3C4 (7.3)
[me] — M%1] d22T4923 Cdz4’ (7'4)
[e] = MBIL932T433 934 (7.5)
[4meg] = ML AM2THU3 44 (7.6)
The exponents a41, . . ., a44, for instance, are determined by noticing that in SI units

the dimension of gy is Coulomb per Volt and meter. Volt is a derived unit, V =
ML?/(CT?), and hence

[4eo] = M~ 'L73T2C2. (7.7)

Similarly, the remainder of the dimensional matrix is easily calculated and reads

aiy aiz a1z a4 1 2—-10

_ | @21 axn a3 ax | _ 1 0 0O
A= azrapayay | | 0 0 01 (7.8)

a41 42 A43 Q44 -1-3 2 2

The SI values of one atomic mass, length, time, and charge unit, denoted by M, L,
T, and C, respectively, are needed for the transformation back to SI units. Mass and
charge are trivial: M = me, C = e. Let us calculate the value of the atomic length
unit:
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L = P2 mb2ebs (47 60)P24. (7.9)

Plugging in (7.3), (7.4), (7.5), and (7.6) and using the values for the @;; in (7.8) lead
to

L = MbP21+b22=baa] 2b21=3boarp—ba1+2b2a b3 +2b24 (7.10)

giving us four equations for the four by ;. Since L is a length, 2b31 — 3by4 = 1, and
the exponents of mass, time, and charge must be zero. One finds by; = 2, by = —1,
byz = —2, bo4 = 1 so that

K24
L=="%

=0.5292- 10" "%m, (7.11)

mee

which is the Bohr radius ag. The corresponding calculation for 7 is left as an exer-
cise. The inverse dimensional matrix is

M = hP1imb12ebns (4 gg)P1e, (7.12)
L = hP21mb2.eb2 (4 gg)b24, (7.13)
T = kP mb»eb3 (4 eg)P™, (7.14)
C = hPmbaebs (4reg)bs (7.15)

with

b11 b1 b13 b1y 0
ba1 by b3 boy 2 —
7.16
b31 b3z b3z b3y 3 (7.16)
0

bs1 bap ba3 bay

It is readily checked that A- B=B-A = 1.

We conclude this section by giving the explicit expressions and values for fre-
quently occurring entities in laser-atom interaction in Table 7.1. In the entry for the
velocity the fine structure constant

&2 1

* T hameoc  137.04

(7.17)

appears. The value of the light velocity in vacuum in atomic units equals the inverse
fine structure constant. Note that with 7, e, me, and &g alone it is not possible to
construct a dimensionless entity (as it is impossible with kg, m, s, and C). One
needs a fifth building brick, which is ¢ in the case of the fine structure constant. A
useful and frequently used formula to convert the field strength E in atomic units to
a laser intensity / in the commonly used Wem™2 is

(I in Wem™2) =3.51-10'% x (E? in a.u.). (7.18)
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Table 7.1 One atomic unit of frequently occurring entities expressed in SI units

One atomic unit of Value

Mass e 9.1094 - 10731 kg

Length Bney _ g4, 0.5292.10"10m

Time By’ 241891017

Charge e 1.6022- 10719 C

Action i 1.0546 - 10734J

Permittivity 47 g 47 -8.8542-10712CV~I m!
meet L 10-1971 —

Energy W 4.3598 - 107°] = 27.21eV

Velocity T 2.1877-10°ms™! = ac
mge C1pl! -1

EL field Pty 5.1422 - 10" Vm

Magn. flux density % 2.3505-10° T

. . e me 20 -2
Laser intensity Srald anee) 3.5095 - 10°" Wm

7.2 Atoms in Strong Static Electric Fields

Although we assume the external electric field to be static in this section, the fol-
lowing analysis is useful for atoms in laser fields too, as will become clear below.
The Hamiltonian governing an electron moving in a Coulomb potential —Z /r and
a static electric field E = FEe; reads

. PP z
H = 7+Veff, Vet = —7+EZ. (7.19)

The effective potential Veg describes a tilted Coulomb potential (see Fig. 7.1). A
perturbative treatment of the problem can be found in almost all quantum mechanics
or atomic physics text books (Stark effect, see, e.g., [28-30]). In first order (lin-
ear Stark effect) the degeneracy with respect to the angular quantum number £ is
removed while the degeneracy in the magnetic quantum number m is maintained.
The non-degenerate ground state is only affected in second order (quadratic Stark
effect). It is down-shifted in energy since the potential widens in the presence of
the field. In the case of the hydrogen atom (Z = 1) this down-shift is given by
AE = —9E?/4.

Let us first point out that, strictly speaking, there exist no discrete, bound states
anymore even for the tiniest electric field. This is because even a very small field
gives rise to a potential barrier (see Fig. 7.1) through which the initially bound
electron may tunnel. The electric field couples all bound states to the continuum
and thus all discrete states become resonances with a finite line width. Mathe-
matically speaking, the Hamiltonian (7.19) has only a continuous spectrum, and
the eigenfunctions are no longer square-integrable. However, since the barrier for
small fields is far out, the probability for tunneling is extremely low (note that the
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Fig. 7.1 Effective potential Vs in field direction. The unperturbed Coulomb potential and the field
potential are also shown separately. Depending on the initial (and possibly Stark-shifted) state, the
electron may either escape via tunneling or classically via “over-barrier” ionization

tunneling probability decreases exponentially with the distance to be tunneled, as
will be shown in Sect. 7.2.2) and the states are “quasi-discrete”.

A strong increase in the ionization probability is expected when the electron can
even escape classically, that is, when the distance to be tunneled shrinks to zero.
In a crude approximation (which, in fact, is wrong for hydrogen-like ions, as will
be discussed in the subsequent section) this so-called “critical field” E.; may be
estimated as follows: neglecting the Stark effect, classical over-barrier ionization
sets in when the barrier maximum coincides with the energy level of the electron.
The position of the barrier is (for E > 0) located at

z

Zbarr = — E (7.20)
and the energy at the barrier maximum is
Voarr = =2V ZE. (7.21)

Hence, if we restrict ourselves to the ground state of hydrogen-like ions, we require
that

ZZ
£=-7 L 2 /ZEu (7.22)
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so that

Z3
Ecrit = E (723)

Because of the strong Z-dependence of the critical field even with the most intense
lasers available today it is not possible to fully strip heavy elements. For hydrogen-
like ions (7.23) even underestimates the critical field by more than a factor of two,
as will be shown now.

7.2.1 Separation of the Schrodinger Equation

The Schrodinger equation with the Hamiltonian (7.19) separates in parabolic coor-
dinates (&, n, @) (see, e.g., [28-30]),

1 1
E=r+z, n=r—z, r=§@+nL z=§@—nx 0<é&,n (724

Here, r is the radial coordinate, and ¢ is the azimuthal angle (as in spherical, polar
or cylindrical coordinates). Cuts of contours of constant £ and 7 in the xz-plane are
shown in Fig. 7.2. The Hamiltonian in parabolic coordinates reads

I:I——L[a(fa)—l—a(8)]—#32_2_24_5;%;" (7.25)
B T R AT R
Plugging the ansatz

W = fi(&) fr(n)e™ (7.26)

into the Schrédinger equation E¥ = HY and multiplying by (£ 4 1) /2 leads to an
equation that can be decoupled into

d (_dfi E. m*> E_, B
%<5E)+<§§—E—Z§>f1+Zlf1—0, (7.27)
d ( df E m?> E, 3
an (’7%> + (577 T + 77 )f2 +2Z2f2=0 (7.28)

where Z1, Z, are separation constants fulfilling
Zi1+7Z,=2Z7. (7.29)

Division by 2& and 27, respectively, yields the two Schrodinger equations
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4

Fig. 7.2 Tllustration of parabolic coordinates. Cuts of contours § = const (dashed, values given
next to the lines) and n = const (solid) in the xz-plane (azimuthal symmetry with respect to the

z-axis)
1/d> 1d m? Z, E
2 (i) % 5] e
1 d2+1d m?\ Z, E Py a31)
2 \dn?  ndn 4n? 27 877 2T g2 '

which have the same shape as two Schrodinger equations in cylindrical coordinates
for the potentials

11, (7.30)

IS RN e

ve= -2 Eg y, =22 _E (7.32)
§ = Zé 8 ’ n— 1. .

Both potentials have a Coulombic part and a linear contribution, like Vg in
(7.19). However, because &§,n > 0, the potential V¢ has only bound states (we
assume without loss of generality £ > 0). The potential V, instead displays a
barrier. Hence, in parabolic coordinates ionization happens with respect to the n
coordinate while the electron remains confined in £. The consequences of this in
Cartesian coordinates can be understood with the help of Fig. 7.2: confinement to
aregion § < &nax implies preferred electron emission towards negative z with a
lateral spread that can be estimated by the confining contour &y,,x. The potentials Vg
and V;; are called “uphill” and “downhill potential,” respectively. They are illustrated
in Fig. 7.3. Given an energy £ one finds a sequence of Z; for which the solution
of the Schrodinger equation in &, (7.30), leads to normalizable bound states. This
sequence can be labeled by the number of nodes in fj for§ > 0,n; =0,1,2,...
(note that Z; < 0 is also possible). The second equation (7.31) has to be solved for
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Z» = Z — Z; and the same energy £. This is possible because the corresponding
Hamiltonian I-AI,7 [i.e., the square bracket in (7.31)] has a continuous spectrum and is
neither bound from below nor from above.

In the field-free case E = 0 the two Schrodinger equations (7.30) and (7.31) are
identical, and the relation between the “usual” principal quantum number # and the
parabolic quantum numbers ny, ns is given by

1 Zi
ni+%=n7’, n +ns+ml+1=n, i=1,02. (7.33)

Instead of working directly with the parabolic coordinates & and 7, one can per-
form an additional, simple coordinate transformation

u=y2&  v=y2 (7.34)

which, after multiplication of the new Schrddinger equation by (u? + v?)/4, and
with the ansatz ¥ = @, (u)®,(v)e"™? yields

"uphill"

(bound motion)

"downhill"
(ionization)

Fig. 7.3 Illustration of the potentials V: and V,, (7.32). The “uphill potential” Vg (for E > 0)
supports only bound states while the “downhill potential” V), displays a barrier through which the
electron may tunnel
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1 /1 m?\ 1 1
[—E (;au(uau) - ?) + 592’12 - Zgbft} ¢u = Zl¢u1 (735)

1/1 m? I 5, 1 4
_5 ;av(vav)_v_z +§~Q v +ng Dy = Zr Dy, (7.36)

where, again, Z = Z1 + Z; is used, and §2 and g are defined as
1 2
5[2 =——, £<0, g=—— (7.37)

The Schrodinger equations (7.35) and (7.36) have the shape of two-dimensional
oscillators (with radial coordinates u# and v, respectively) of frequency §2 and with
a quartic perturbation that is proportional to the electric field. In the field-free case,
the Coulomb problem is mapped to two two-dimensional oscillators where, how-
ever, the energy assumes the role of the oscillator frequency, and the nuclear charge
(splitted into Z; and Z;) assumes the role of the energy. The transformation to the
coordinates (u, v, ¢) corresponds to the Kustaanheimo—Stiefel transformation [31].

Let us now evaluate an improved critical field for the case of hydrogen-like ions
[32]. As mentioned above, formula (7.23) underestimates the critical field by more
than a factor of two.

In the unperturbed case (g = 0) and for m = 0 (groundstate) the solutions to
(7.35) and (7.36) are Gaussians. We therefore use

@, (1) = /C;—u e auit®/2 (7.38)

(and analogous for v) as trial functions with parameters a, and a,. Denoting the
square bracket in (7.35) as H,, the “energy” reads

Zi(g) =2 /ood L Lo A & (7.39)
=2r uu =—|—=—-= ay — =—- .
18 0 WP =, 2 T2 ) T T 22
Minimizing this energy yields up to first order in g
8 8
auzﬂ(l—ﬁ), aU=Q(1+§). (7.40)

The oscillator “energies” are

Zi(g) = 2 (1 . i) L g =2 (1 n i) . (7.41)

2823 2023

Note that this is consistent with the fact that the linear Stark effect vanishes for the
ground state since
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Z1(8) + Z2(g) =282 (7.42)

is independent of the field g. Since Z; + Z>, = Z we have Z = 242 which is [see
(7.37)] equivalent to & = —Z?/2, as it should for the ground states of hydrogen-like
ions.

In physical coordinates the variationally determined wave function for, e.g.,
hydrogen (Z = 1) reads

2
1 —4E e’ e—ZE-r
N3 ’

i.e., the unperturbed wave function is multiplied by a “deformation factor”.

If E > 0 we have g < 0 and vice versa. Let us assume g > 0 so that the
u-oscillator displays a barrier while the v-oscillator does not. The barrier is located
at upar = £2/,/2 and the energy at the barrier maximum is 2%u?, /2 —gu}, /4 =
24/(4g). At the critical field strength the energy of the u-state coincides with the
barrier-energy, giving us

y(r) = (7.43)

g £

5 _ w=0231-27"12)~ 0303 (744
202 4g 8erit ( ) ( )

Z1(g) = 2 —

which translates [using (7.37)] to [32]

gi-like — (/2 1) 32, (7.45)

crit

In the case of atomic hydrogen one obtains ECHHI like — 0.147 instead of the 0.0625
predicted by (7.23). The new value is in agreement with [33]. The wrong prediction
of (7.23) is due to the erroneous assumption that the electron motion in z-direction
and in lateral direction are independent. Instead, the problem separates in parabolic
coordinates. However, since the “exceptional” symmetry of hydrogen-like ions is
broken in many-electron atoms, simple over-barrier estimates [such as those above
leading to (7.23)] are useful and sufficiently accurate for many practical applica-
tions. Of particular interest is the “appearance intensity” I,pp, 7z for a charge state Z
of an atom with ionization potential &, 7. Here, “appearance intensity” should be
understood as the intensity where a certain charge state Z is becoming abundant.
This is the case once the electron may escape classically from the binding potential.
The derivation is thus analogous to (7.20), (7.21), (7.22), and (7.23), leading to

4
gip, Z

e (7.46)

Iapp,Z =

Comparison of the appearance intensities predicted by (7.46) for the experiments
reported in, e.g., [34, 35] yields good agreement, and the scaling is confirmed by a
Thomas—Fermi treatment [36].
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7.2.2 Tunneling Ionization

Going one step beyond a classical over-barrier analysis amounts to take tunneling
into account. This can be done in a semi-classical way. Let us consider the tunneling
of the electron in atomic hydrogen through the barrier of the “downhill potential”
in Fig. 7.3 [28]. We assume that the electron is initially in the 1s ground state. The
Schrodinger equation (7.31) form =0, Z; = 1/2, £ = —1/2 reads

1/d*> 1d 1 E 1
[—5 <W + ;%> iy gn} ) = —gfz(n)- (7.47)

Substituting x (1) = /1 f2(n) yields
Y (P N U P SO (7.48)
dn? 4oy Tap T ) AT ‘
Comparison with

1d%x
2 dn?

+Vmx =€x (7.49)

shows that we effectively deal with one-dimensional motion of an electron in the
potential

1 /1 1 1
\% =—|—+—+-E 7.50
(=3 <2n taats n> (7.50)

with total energy ¢ = —1/8. The potential V () is of the form depicted in Fig. 7.4.
We now match at a position 7q inside the barrier,

1< < 1/E (7.51)

the “left” quasi-classical wave function

Xien (1) = —% exp ( /n: p(n)dn' ) (7.52)
with the “right” quasi-classical outgoing wave function
C A
Xright (1) = ﬁexp (1 /no p(n)dn +m/4) (7.53)
where
1 1 1 1
p(n) = +/2[e = V(n) =\/_Z+Z+W+1En' (7.54)
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1VE
0.00 T T T

Mo

-0.05 - -

—-0.10 1

v(n)

—-0.151

-0.20 1 -

-0.25 I 1 1
0 50 100 150 200

U

Fig. 7.4 Plot of the potential V () (7.50) for E = 0.0075. The tunnel “exit” n; for sufficiently low
fields E is in good approximation given by n1 2~ 1/E. The matching point g is located inside the
barrier where 1 < 1o <« 1/E holds

The semi-classical approximation breaks down at the classical turning point 1y ~
1/E since p(n1) = 0. In general, semi-classical wave functions are accurate as long
as the de Broglie wave length 277/ p is small compared to the length scale char-
acterizing changes in the potential (i.e., the potential should be sufficiently “flat”).
For vanishing momentum p the de Broglie wave length is infinite so that the semi-
classical approximation necessarily breaks down. However, for the calculation of
the probability flux out of the potential the disagreement between the semi-classical
wave function and the exact wave function in a narrow region around the classical
turning point 1 plays no role.

For the determination of the normalization constant C we set the left wave func-
tion at position ng equal to the unperturbed wave function so that

iC
v 1pol

with po = p(no). The “uphill” coordinate & appears as a parameter here which will
be integrated out later on; in other words: the wave function is assumed to retain its
ground state shape with respect to & (i.e., the Stark effect is neglected). We obtain
for the right wave function

n
Xright (0, £) =i Me—<‘5+'70)/2e.-xp <i / p(n/)dn/+in/4> (7.56)
7p(n) 0

so that

[
— \/%ﬁe (§+m0)/2 (7.55)

n
g (n, £)[2 = 117 °'exp(—s—no+2m[i / p(n/)dn/D (7.57)
p(n) 0
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where )N denotes the real part. Because of (7.51) we can expand p(n) ine = 1/n,

1 1
— En—1+ ———— +--- | outside barrier, n >
s (VE T ) 7> m

1 1
—|iy1— En+ ——— +--- ) inside barrier, n <
(VB ) e

Since Eng < 1, it is sufficient to take | pg| = 1/2. In order to keep the leading terms
dependent on E in the prefactor as well as in the exponent, we set in the denominator
of the prefactor in (7.57) p(n) = (/En — 1)/2. In the exponent we integrate inside
the barrier and have to keep both terms in the expansion (7.58). We thus obtain

2 170 _
| Xright(m, )17 = 7TE—77—1e (§+m0) (7.59)

ol

0

“E=i))

The integral can be solved. Using n1 =~ 1/E and noE <« 1 we obtain for the
probability density outside the barrier

4e¢ _
[ Xright (M, §)|2 = m e 2/GE), (7.60)

The total probability current through a plane perpendicular to the z-axis is

F=/0 |f1(&) fr(m*v27p dp (7.61)

where f1(&), f2(n) are the wave functions introduced in (7.26), v, is the velocity in
z-direction and p is the radial cylindrical coordinate. The £-dependent part | f1|? is
included in | xsignt (17, £)|° so that

00 . 2
I = / MUZZTU) dp. (7.62)
0 n

With z = (§ — n)/2 >~ —n/2 for small £ and large n, we estimate for v,

11 1 1
—~ = v+ Ez~ vl - ~Ep = v, ~En—1 (7.63)

so that

[es) . 2
r= / Wteighe 0. OV =35 . (7.64)
0 n
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Finally, with

1 1
p=Vén =  dp= df— j_ ds<765)

(where the last step again follows from 1 > &) we arrive at

= / |Xr1ght(7l §)| ﬁz r \/7 S_ e—2/BE) _gds
0

so that

I = %e—z/@@. (7.66)

This is the Landau-rate for tunneling ionization of atomic hydrogen from the ground
state [28]. The Landau-rate is exact in the limit of low field strengths E while it
overestimates ionization as the over-barrier field strength is approached. Figure 7.5
shows the rate I" vs the field strength E.

It is desirable to extend the above calculation to laser fields, to more complex
atoms, and to higher field strengths. All directions have been pursued, and there
exists a vast amount of literature on tunneling ionization (see [5] for a review).
Undeservedly, the most commonly cited tunneling formula is the so-called “ADK-
rate” [37] while full credit should go to the authors of [38—41] instead (see also
Sect. 13.13 in [5]). Introducing the characteristic momentum «, the reduced field
strength F, the effective principal quantum number n*, and the Keldysh parameter
y [42] (derived below in Sect. 7.3),

1/16 0.147

100k ]

r (a.u.)

10 : !
0.01 0.10 1.00
£ (ou.)

Fig. 7.5 The Landau-rate (7.66) vs field strength E. The vertical lines indicate the (here wrong)
over-barrier field strength (7.23) (1/16, dashed) and the correct (7.45) 0.147 (solid), respectively
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k= J26, F=E/° n*=Zk  y= % (7.67)

with w the laser frequency, the so-called “PPT-rate” [39] for initial states of vanish-
ing angular momentum ¢ and for a linearly polarized laser field reads

3F , . . 2 2
=202 220 = exp | - = (1= L) |, (7.68)
- 3F 10

where

22)1*—2

2 _
C. = o — D1 (7.69)

The factor «/3F /7 arises from the averaging over one laser cycle. This factor is
absent for circular polarization, for which also the correction term y2/10 should be
replaced by ¥2/15. A rate formula for £ > 0 has also been derived (see the review
[5] or the original articles [38—41]). However, since £ and m are no “good quantum
numbers” for many-electron atoms or ions, the question arises which values to take
in actual calculations and whether in multiple ionization the electrons have time to
configure in the “new” ionic ground state before the next ionization event occurs
[35, 43].

7.3 Atoms in Strong Laser Fields

There are at least three different energy scales (and the related time scales) in the
physics of atoms in strong laser fields: (i) the ionization potential &, = |£], (ii)
the photon energy w, and (iii) the ponderomotive energy U,. The pulse duration
may introduce an additional laser-related time-scale while the energy spectrum of
the atom, through typical transitions, could introduce an additional species-related
time-scale. If one ignores the two latter parameters, the atomic species enter through
&ip only.

In case @ > &p > Up or &p > @ > Up perturbation theory in lowest non-
vanishing order (LOPT) can be applied. In contrast, when with the increasing laser
intensity the regime & > U, > o is reached, non-perturbative effects such as
above-threshold ionization (ATI) and channel-closings take place. This regime is
commonly referred to as (nonperturbative) multiphoton ionization (MPI). Finally,
increasing the intensity further (or decreasing the photon energy) one arrives at
Up > &p > o. Translated into the time-domain this implies that both the inner-
atomic time-scale and the ionization dynamics are fast with respect to a laser period.
If this is the case, a quasi static field ionization picture may be applied where, at the
instant of ionization ¢’, the electron moves in an effective potential which is the sum
of the Coulomb (or effective core) potential and the instantaneous potential of the
laser, as depicted in Fig. 7.1. If the field reaches the critical field estimated above, the
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electron may escape classically over the barrier [over-barrier or barrier suppression
ionization (OBI) and (BSI), respectively], as already discussed in Sect. 7.2.1. Below
the critical field strength the electron can escape via tunneling through the barrier
(tunneling ionization, cf. Sect. 7.2.2).

The Keldysh parameter y [42] introduced in (7.67) above can be interpreted as
the ratio of the “tunneling time” and the laser period. In semi-classical WKB theory
the time to tunnel through a static Coulomb barrier is

T, f it dz /”2/25 dz K (7.70)
1 = —_— = e .
Tl @l Vii—2E: E

wK Eip
Y = ®@Tunnel = F = E (7.71)

Hence, the Keldysh parameter indicates whether the tunneling process is fast on the
inneratomic time scale (y < 1, tunneling ionization) or the laser field reverses sign
before the tunneling is completed (y > 1, MPI). Besides y < 1 also &p/w > 1
must be satisfied (i.e., very many photons are involved in the tunneling process) to
render the semi-classical tunneling approach applicable. Moreover, for higher and
higher field amplitude (and thus decreasing ) one sooner or later enters the BSI
regime. Extrapolating tunneling rate formulas to the BSI usually overestimates the
ionization rate. By increasing the field strength or decreasing the laser frequency
one also approaches the relativistic regime where U, >~ mc? or greater. However,
just because the laser driven free electron dynamics is relativistic does not mean that
relativistic corrections are already important for the tunneling dynamics. Relativistic
and QED corrections to the binding energy £ because of a high nuclear charge Z
have to be taken into account, of course.

Numerous strong laser-atom experiments operate around y >~ 1l oraty > 1
and are thus not in the tunneling domain. Taking, for instance, the case of atomic
hydrogen in an 800 nm and 10'* W/cm? laser pulse one finds y ~ 1.1. This is a
typical value for ATI measurements.

What are the differences between the ionization dynamics in the MPI and in the
tunneling domain? Since in the tunneling regime the process is fast compared to a
laser period, significant ionization occurs during a single half laser cycle, predom-
inantly around the electric field maximum because the barrier is lowest then. Fur-
thermore, in tunneling ionization the quiver amplitude E/w? of the freed electron
in the laser field is large compared to the atomic dimension, unlike in MPI. This has
consequences for the rescattering dynamics that is responsible for various effects,
such as the ATI plateau, high-harmonic generation, and nonsequential ionization, as
will be discussed below.

so that
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7.3.1 Floquet Theory and Dressed States

If the laser pulse duration is long, i.e., if the pulse contains many laser cycles, we
may in good approximation consider it infinitely long. As a consequence the Hamil-

tonian is periodic,

N A 2
H(t+T)=H(t), T =—, (7.72)
w

and the time-dependent Schrodinger equation (TDSE) is a partial differential equa-
tion with periodic coefficients. This type of problem has been studied by Floquet
more than 120 years ago [44]. The Floquet theorem ensures that the TDSE

N A A d
H®O W (1)) =0, H(t) = H(t) — ia (7.73)
has solutions of the form

¥ (1) = e “'|@1)), [P +T)) =12()), (7.74)

i.e., the wave function |@(t)) is periodic (while |¥(¢)) itself is not). The Bloch
theorem used in solid state physics to treat particle motion in periodic potentials
is the Floquet theorem applied to spatially periodic systems. Inserting (7.74) into
(7.73) leads to the eigenvalue equation

H(D)|P(1)) = €| ®(1)). (1.75)

€ is called quasi-energy or Floquet-energy. Note that if € and |@(¢)) solve (7.75),
then also

€ =e+mo, |D(1)) =" D(1)), mel (7.76)
do. Let |«) be the solution of the unperturbed problem, i.e., H 1) = I:Io + W(t) and
Hola) = ). (7.77)

Because of the periodicity of |@(¢)) we can Fourier-expand

W) =e D)= Y N o |a)e ! (1.78)

n=—oo o

where the expansion coefficients 05(5(") are time-independent. Inserting (7.78) into
(7.73) gives
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DA — € — nwld{Pla)e " = 0. (7.79)

no

Multiplying from the left with (8], e”*', and integrating 7~ [/ dr yields

> UBIA™ M) — (€ + mw)sumbapl®y’ = 0 (7.80)

no

with the time-independent Hamiltonian
. | N
am-m — - f H(t)eltm=—mer gy, (7.81)
0

Introducing the Floquet state
lan) = |a) @ |n), (tin) = e (7.82)
we can recast (7.80) into

D _lm| Hplan) — e(pmlan)]@y” = 0 (7.83)

no
where H is the Floquet-Hamiltonian whose matrix elements read
(Bm|Helan) = (BIH" ™ |a) = mwSyndap. (7.84)

Hence, we obtain the eigenvalue equation

> " (Bm|Hplan) (" = ed ™ (7.85)
no
or, in matrix notation,
Hp® = ¢®. (7.86)

Here, Hp and @ are an infinite matrix and an infinite vector, respectively. In practice,
the size of the system has to be truncated, of course. Numerical solutions of the time-
dependent Schrodinger equation following the Floquet approach have been pursued
by several groups (see, e.g., [3, 18] for reviews and [45] for a Floquet-solver). The
Floquet method is not applicable to atoms interacting with few-cycle laser pulses
because the assumption W(r +T) ~ W(t) is not valid in this case.

We illustrate the Floquet approach by applying it to a laser-driven two-level sys-
tem where the Hamiltonian in dipole approximation reads
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H(t) = wala)(al| + wp|b) (b| — g Ez cos wt, Wa > Wp. (7.87)
Ho ~W()
We thus have
A" = % fo L H(t) ™" = Hobyo — #(5,,,_1 +8u1). (7.88)

i.e., a tridiagonal Hamiltonian in the “photon subspace”. For (7.84) we obtain
A A 1 4
(Bm|Arlan) = ((B1Hole) = mwbep ) 84 £ (BI21e) G n-1+8mns1) (7.89)

so that (using (ﬂ|ﬁ0|a) = wqydyp) (7.85) reads

qE
Z |:(a)a — Mmw)SapSmn — 7(ﬁ|z|a>(5m,n_1 + B,n,n+1):| o = eq)/gm).

n,a

Defining
1 . 1 —i (m)
A= —EqE(a|z|b) = _EQRe ¢, EJY = wy —mo, (7.90)

where Qg is the Rabi-frequency, the corresponding matrix equation has the structure

gD A oY oD
(=D (=D (=D
&, A* D, D,
A gD A o) |_. | & 791
©0) (UN I (0) :
A* & AT cbbl D,
A g o o"
A" g )\ o o)
around m = 0. We now restrict ourselves to “energy-conserving” transitions

between Floquet states |an) and |Sm) where &y ) 5 (") holds. This is equivalent
to the application of the rotating wave appr0x1rnat10n (RWA) (see any volume on

quantum optics, e.g., [46]). Hence, S( " = =w; —Nw = wp —Mw = E(m) so that

EM —8;’”) =A=w;—wp—(n—m)w
—— ——
Wabp !
=1
where A is the detuning, and we are only interested in one-photon transitions
between |a) and |b) (so that n — m = 1). Equation (7.91) now reduces to the 2 x 2
equation
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(n—1) (n—1) (n—1)
g Ax o, _. ?," (7.92)
A &P\ o o | '

The eigenvalues are

€= g tanto(ton)xl/aaa (7.93)
1,2 B a b 2 2 R : .

The first term is the energy half way between |b) and |a), the second term is the
energy of the “photon field”, and the third term gives rise to two levels, separated
by the frequency §2 =,/ 912{ + AZ. Figure 7.6 illustrates the situation for vanishing
detuning A = 0. The energy levels (7.93) are called field-dressed states.

Fig. 7.6 Illustration of (7.93) for A = 0. The coupling of the two unperturbed levels b and a to the
laser field gives rise to an infinite manifold of pairs of field-dressed levels (labelled by ). Because
of (7.76) all the different ns are equivalent. The field-dressed levels are separated by the energy

2=,/ QZR + AZ? (which equals Qg for the vanishing detuning considered here)

Let us finally calculate the field-dressed states for our two-state problem in RWA
and vanishing detuning. Because of (7.76) we are free to choose, say, n = 1. We
also can, without loss of generality, set w, = 0. Vanishing detuning A = 0 then
implies w, = w. Moreover we assume A to be real. Then

1
€12 = iEQRv (7.94)

and the eigenvalue problem reduces to

(0) ©0)
0A (] )
(A 0) ((DZU) - (@DZU) ' 799
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The matrix

M = % <_11 11) =M"! (7.96)

diagonalizes (7.95). The two eigenvectors correspond to the field-dressed or Floquet
states
) . (la) + 1b)) ) . (la) —1b)) (1.97)
= —(la , = — (la) — . .
V2 V2

If the system is, e.g., at time # = 0 in state |a), we have to choose a superposition of
field-dressed states to fulfill the initial conditions:

(1)) = %(l‘fﬁr(f)) + [P (1)). (7.98)
Here, according (7.78)

W) = g€t [e_iwt|a) T |b>] , (7.99)

W (1) = e [e—iwf|a> — |b>] . (7.100)

Calculating the populations |a(r)|?> = [(a|¥ (1))|> or [b(t)|> = |(b|¥(1))|?, one
obtains the well-known Rabi-oscillations of frequency £2.

7.3.2 Non-Hermitian Floquet Theory

As long as we are dealing only with discrete states the quasi-energies € are real. If,
on the other hand, we allow for transitions into the continuum, e.g., via (multipho-
ton) ionization, the quasi-energies become complex,

r

6=E()+A6—13. (7.101)
Here, € is the unperturbed energy, Ae is the AC Stark shift, and I" is the ion-
ization rate. One may wonder why a Hermitian Floquet Hamiltonian should yield
complex eigenvalues. The reason for complex quasi-energies lies in the boundary
conditions. Decaying dressed bound states or dressed resonances must fulfill the so-
called Siegert boundary conditions [47]. Instead of explicitly taking these boundary
conditions into account one may apply the complex dilation (also called complex

scaling) method (see, e.g., [18, 48-50]).
Figure 7.7 shows the ionization rate of atomic hydrogen H(1s) for A = 1064 nm
laser light as a function of the laser intensity, calculated by Potvliege and Shakeshaft
[51] using the non-Hermitian Floquet method. At this wavelength at least 12 photons
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Tonization Rate ({a.u.)

2.0
Intensity (10" wem )

Fig. 7.7 lonization rate vs laser intensity for H(1s) irradiated by linearly polarized light of wave-
length A = 1064 nm. Dashed curves are partial rates for (124 §)-photon ionization obtained within
LOPT. The arrows indicate the intensities at which the real part of the 1s Floquet eigenvalue crosses
the 13- and 14-photon ionization thresholds (from [S1])

must be absorbed by the electron in order to escape. The LOPT results for S excess
photon-ionization (i.e., (12 4+ §)-photon ionization) are included in Fig. 7.7. They
by far overestimate the ionization rate. The exact Floquet-result displays interesting
structures. As the AC Stark up-shift of the continuum (which is given by the pon-
deromotive potential Up) increases, the minimum number of photons required for
ionization increases from 12 to 13 (first arrow) and to 14 (second arrow). After these
thresholds are passed because of the increasing laser intensity, structures appear,
indicating a strong enhancement of the ionization rate at certain laser intensities.
This is due to Rydberg states that are brought into (12 + §)-photon resonance with
the ground state via the AC Stark effect (Freeman resonances) [52].

7.3.3 Stabilization

The coupling W (1) to the laser field reads in dipole approximation and velocity
gauge

A . 1
W) =p-A@) + EAz(z) (7.102)
with A(#) the vector potential. The transformation of the wave function
(1) = 3 oo A e P 1) (7.103)

removes the A?-term and transforms to the system of an electron oscillating with an
excursion

t
alt) = / Ay dr (7.104)
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in the laser field [Pauli-Fierz (PF) or Kramers—Henneberger transformation] [53—
55]. In this system the nuclear potential appears to oscillate. The TDSE then reads

.d P’
IE“IJPF(I)) =75 + VIr +a@®)] ) [Ypr()). (7.105)
The PF Hamiltonian
. P’
Hpg(t) = 5 + Vir +a(t)] (7.106)

is for an infinitely long laser pulse periodic as well so that we may apply the Floquet
theorem. Introducing the time-averaged potential

T
Vpp(@, r) = %/0 Vir + a(t)ldt, & = max |a(t)], (7.107)

which is the zero-frequency contribution in the Fourier-expansion of the potential
[see (7.81)], (7.80) can be written as

A2
— (e + mw)®y" + Z(M% + Vpr(@, nlo) @™ + Y (BIV |y o) = 0.
“ ngtm

(7.108)
If the laser frequency is large compared to the relevant inner-atomic transitions, we
may neglect the third term so that we are left with an equation diagonal in the pho-
ton index, which corresponds to the solution of the time-independent Schrédinger

equation

~2
€|Wpr) = (% + Ver(@, r)) |YPE). (7.109)

If it is possible to transfer the entire electron population to the bound states of
Vpe(a, r) there will be no ionization whatsoever. For intense fields where & > 1
the potential Vpg(&, r) looks very different from the unperturbed nuclear potential
since it has a double-well structure with the minima close to the classical turning
points +ea. If electronic probability density is trapped in this potential the ionization
rate decreases despite increasing laser field strength. This has indeed been observed
in numerical simulations and is called adiabatic stabilization (see [11] for a review).
The stabilization effect survives also for a “real” laser pulse with an up- and a down-
ramp (dynamic stabilization).

Figure 7.8 illustrates stabilization of a one-dimensional model atom employing
a soft-core binding potential V (x) = —(x2+ )7 1/2 withe = 1.9 (leading to a
binding energy of —0.5). The full TDSE was solved. The laser pulse of frequency
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Fig. 7.8 Dynamic stabilization in a one-dimensional model atom. The cycle-averaged ionic poten-
tial in a reference frame where a freely oscillating electron is at rest is depicted in (a) (solid line).
The three lowest energy levels in this “dressed” potential and the corresponding probability densi-
ties are also plotted. In (b) a shadowgraph of the probability density, obtained from the full solution
of the time-dependent Schrodinger equation, is shown. The probability density remains trapped in
the effective potential. Low-frequency Rabi-floppings are responsible for the oscillatory pattern.
Note that the time scale of these oscillations is small compared to the laser period

w = 2.5 was ramped over 10 cycles up to E = 62.5 and thereafter held constant.
The excursion of a free electron in this field is «(¢#) = 10 sin wt. The cycle-averaged
potential, its three lowest levels and the corresponding probability densities are indi-
cated in Fig. 7.8a. The potential has the above mentioned double-well shape with
the minima close to the classical turning points +&. In Fig. 7.8b a shadowgraph
of the probability density obtained from the TDSE solution in the PF frame is
shown. The probability density remains confined between the two turning points.
Only during the up-ramping of the pulse some density escapes. Obviously, not only
a single dressed state is occupied since the probability density distribution oscillates
in time. Note that the time-scale of this dynamics is slow compared to the laser
period. The splitting of the probability density due to the double-well character of
the PF potential is called “dichotomy” [56]. In circularly polarized multi-color laser
field configurations more complex structures were observed [57].

Figure 7.9 shows the lifetime (i.e., the inverse ionization rate) of atomic H in
circularly laser pulses of various frequencies and intensities as predicted by the
high-frequency Floquet theory [58]. With increasing laser intensity the lifetime first
decreases (i.e., ionization increases). This is the expected behavior from LOPT.
Then, however, the lifetime passes through a minimum (the “death valley” [11, 59])
before it increases again (i.e., ionization is reduced).

So far, adiabatic stabilization with the electron starting from the ground state was
observed in numerical simulations only. This is because there are no sufficiently
strong lasers available yet at short wavelengths. The photon energy  has to exceed
the ionization potential, and the laser intensity must be strong enough in order to
lead to the two minima in the time-averaged potential. Since the elongation « is
inversely proportional to w?, the laser intensity necessary for adiabatic stabilization
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Fig.7.9 Lifetime of the H atom in the ground state according to the high-frequency Floquet theory,
vs intensity, at various laser frequencies w; circular polarization. Numbers adjacent to points on
the curves are the corresponding values of &. The descending branches of the curves correspond
to LOPT, the ascending ones to adiabatic stabilization (the latter can be “trusted” as the laser
frequency increases beyond the ionization potential 0.5). From [59]

increases with w. Because w > & it is thus desirable to reduce & so that already
available laser sources can be used. In fact, the stabilization of Rydberg atoms was
already demonstrated [60].

There are (at least) three effects which counteract against adiabatic stabilization.
Firstly, there is the so-called “death-valley” effect [59]: an atom experiences during
the rising edge of a strong laser pulse field intensities in which violent ionization
occurs and hence no more electrons are left to be stabilized once the optimal sta-
bilization condition is reached. Secondly, in more complex atoms or ions inner
electrons might be excited or removed by few photon processes induced by the
incident high frequency radiation. Then the question arises whether an outer elec-
tron can stabilize although there are electron holes in the lower lying shells [61].
Thirdly, at high frequencies and high intensities the dipole approximation breaks
down, and the magnetic v x B-force pushes the electron into the propagation direc-
tion, thus enhancing ionization [62, 63]. These three effects will probably make the
experimental verification of stabilization of atoms starting from the ground state a
formidable task. Even the new short-wavelength free electron laser sources under
construction worldwide are of too low intensity, let alone that they do not deliver
long flat-top pulses, which would be ideal to observe dynamic stabilization. How-
ever, there is no doubt that sooner or later such light sources will be available so that
a new and interesting kind of “meta-matter” will be produced: pseudo atoms with
charge clouds extending over tens or more atomic units and artificial molecules of
tunable internuclear separations.
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7.3.4 Strong Field Approximation

The strong field approximation (SFA), also known as “Keldysh—Faisal-Reiss”
(KFR)-theory [42, 64, 65], and its extensions are the theoretical workhorse in strong
field laser—atom and laser—molecule interaction and often gives insight into the
mechanisms behind strong field effects. As the laser field is far from being a small
perturbation, “‘conventional” perturbation theory in the number of photons involved
is not applicable [66]. The SFA does neither consider the laser field being small
compared to the binding forces nor does it assume the contrary at all times during
the interaction. Instead, in the SFA the binding potential is considered dominant
until ionization whereas the laser field takes over after ionization. The SFA has
been applied to ionization, harmonic generation, and nonsequential ionization. The
beauty of the SFA lies, besides in its predictive power, in the possibility to interpret
its equations in intuitively accessible terms, as will be shown below in Sect. 7.3.5.
However, there are limits as well, to be discussed in the last part of this section.

Let the initial state be an electronic eigenstate of the field-free Hamiltonian. The
electron may at time #; be in the ground state |¥y) = |¥y(4)) of energy & < 0,
for instance, and the laser field is not yet switched on. Now let us consider the
picture-independent bound-free transition matrix element

My(t) = (lI/p|U(I, 1) |¥) (7.110)

for a transition from the initial state [¥p) to the target state |¥p) = |¥p (%)), which is
a continuum state of asymptotic momentum p. U(t, 1) is the (picture-independent)
time evolution operator. The probability to find the electron at time 7 in the scattering
state |Wp) is w(t) = [M)p (1)|?. The time-evolution operator Ui, t) = 0,1
fulfills

i%ﬁ(t, y=HnU, 1) (7.111)

in any picture [67]. The TDSE in the Schrodinger picture reads

d . . 1 R
i) = HOW @),  Ho =3 [p+AD] + V) (7.112)

where A(r) is the vector potential describing the laser field (in dipole approxima-
tion). The minimum coupling Hamiltonian H (¢) can be splitted in various ways:

d L . A
i W (0) = [Ho + WOlw (0) = [HV @) + Vv o). (7.113)
with
A A P
Hy = T+ V(r), HY (1) = T+ W), (7.114)
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and W(t) the interaction with the laser field,

" 1
W@)=p-A@) + EAZ(I) (velocity gauge). (7.115)

The gauge transformation of the potentials (both scalar potential ¢ and vector
potential A) and the wave function ¥ (¢)),

ax(r,t)

Py (1)) = e XD (1))

A=A+ Vy@r, ), ¢ =¢—

where y (r, t) is an arbitrary differential scalar function, leaves the electric and the
magnetic field unchanged:

E=-0A-V¢=E, B=VxA=B8B. (7.116)

This gauge invariance offers the possibility to choose a gauge that suits best, e.g., as
far as computational simplicity is concerned. Observables are not affected by gauge
transformations while the interpretation of the underlying physics may change (e.g.,
there is no potential barrier in velocity gauge to tunnel through). Moreover, approx-
imations may destroy the gauge invariance (see below).

The transformation to the so-called length gauge (also known as the G&ppert—
Mayer gauge [68]) is achieved by choosing

x(r.r)=—A@)-r. (7.117)

Because of Vx = —A the vector potential is “transformed away” while ¢’ =
—0d;x = —E - r. The Hamiltonian in length gauge reads

. ” ” .
A0 =2 +V) —¢/r.0 =T+ V) + E@) -7 (7.118)

(one could also absorb V(r) in ¢ and ¢’). Note that the transformation of the wave
function

') = A0 1w 1) (7.119)
can be interpreted as a translation in momentum space. In fact, while in velocity
gauge the quiver momentum is effectively subtracted from the kinetic momentum,
leading to a canonical momentum different from the kinetic momentum, in length
gauge kinetic and canonical momentum are equal.

From (7.118) we infer
W/(t) =E®@)-r (Iength gauge) (7.120)

with E(t) = —8,A(1).
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Hy describes the unperturbed atom and seemingly does not depend on the gauge
chosen, i.e., Hy = Hé. However, one should bear in mind that the momentum p in
I:IO is not the kinetic momentum (which, in atomic units, equals the velocity) while
in H; (length gauge) it is.

The Gordon—Volkov—Hamiltonian H) (1) governs the free motion of the elec-
tron in the laser field [69, 70]. The Gordon—Volkov state |W5") fulfills in the
Schrodinger picture and velocity gauge

d - 1.
i1 ) = AV 01,0 0) = S1h + AOPI9," (). (7.121)

Thanks to the dipole approximation the Gordon—Volkov—Hamiltonian is diagonal
in momentum space. The solution of (7.121), i.e., the Gordon—Volkov-state, is thus
readily written down:

; . 1 (!
(W@ 0) =e D p), S, 0) =5 / di'[p+ AP (7.122)

f

where |p) are momentum eigenstates, (r|p) = e'?” /(2m)3/?. Note that the lower
integration limit #; affects the overall phase of the Gordon—Volkov solution only. As
mentioned above, the transition to the length gauge corresponds to a translation in
momentum space. It is thus easy to check that in length gauge one has

WY (1, 5)) =0 p 4+ A®W)  (length gauge) (7.123)

with the same action S, (¢, #;) as in (7.122).
Let us now continue to derive the SFA transition matrix element. As the time
evolution operator U (¢, t') satisfies (7.111),

d -~ N N o
i v 1) =[Ho+ WU, 1), (7.124)
the integral equations
A A [ A A A
U, t") = Uyt t) — i/ dt" U@, tHYWa"HUy (", 1), (7.125)
t/

t
= o1, 1) — i / dr” Do, "YW EHT (", 1),
t/

are fulfilled [71]. Here, Uo(t, t') is the evolution operator corresponding to the
TDSE with Hy only. Inserting (7.125) in the matrix element (7.110) leads to
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t
Mpy(t) = —i/ dt’' (WU (t, YW (') W (1)) (7.126)
ti

where use of (lI/p|l}0(t, 1)|¥0) = (¥p|¥(2)) = 0 was made because |¥)) is a scat-
tering state orthogonal to [Wp(1)) = e &=y, and Uy (1, 1)|Wo) = [Wo(1)).
Since the propagator U (¢, t') also satisfies the integral equations

t
Ui, t)y =0, 1) —i/ dt" UV @, " yWvU(", 1), (7.127)

t

t
_ U(V)(f, 1 — 1/ dr" U1, t//)VU(V)(t//’ ),

t

where U™)(z, t') is the evolution operator corresponding to the TDSE (7.121), one
obtains, upon inserting (7.127) in (7.126),

t
Mpy(t) = —i [/ dt’ (Wu|U™N) (2, 1YW ()| (1)) (7.128)
t

t t
—i/ dt”/ dt/<w,,|U<V>(z,/)VU(:’,/’)W(r”)wo(t”))}.
t t”

Using [ di” [\, di’ = [l di’ [!dt" @' —1") = [!dt [! di” expression (7.128)
may be recast in the form

t
Mp(r) = —i/ dt/<wp|0<V>(r,z/)[W(r’)wfo(r’)) (7.129)
ti

t
—i f " VU, //)W(;”)WO(/’))}.
t

Equation (7.129) is still exact and gauge invariant. Whatever is missed in the first
term of (7.129) is included in the second term where the full but unknown time
evolution operator U, 1) appears. Neglecting the second term, replacing the final
state |¥p) by a plane wave |p), and making use of the expansion of the Gordon—
Volkov-propagator into Gordon—Volkov waves

0N, 1) = / P 1, ) (@ 1), (7.130)
(#; is arbitrary since it cancels) we obtain the SFA or so-called Keldysh-amplitude

t
M (@) = —i / d’ (WS (¢, )W ()| W0 (1)). (7.131)

f
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The SFA transition amplitude integrates over all ionization times ¢’ where the tran-
sition from the bound state |¥(¢)) to the Gordon-Volkov state |\IJ§,V) (', 1))), medi-
ated by the interaction with the laser field W), may take place. Unfortunately, the
replacement of the final state by a plane wave destroys the gauge invariance, and
under certain circumstances SFA results can be very different in different gauges
[72-74].

In velocity gauge, where W(t) =p-A@l) + A%(1)/2 is diagonal in momentum
representation, the Keldysh amplitude (7.131) becomes

! . , 1 . /
M (1) = —i f dt' eiSp) [p A + EA%’)} (pl@o)e 0 (7.132)

h

with & the initial energy. Multiplying this matrix element by the overall phase factor
expliS, (¢, #;)] and splitting p - A(t') + A%(¢")/2 in the form [p + A(t)]?/2 — & —
p?/2 + & leads — upon integration by parts—to

. T
MI()SFA)/(t) = —@y(p) Spe

i
t

2 ) )
+i%(p) (% - 50) / eiSrgo 1) gy (7.133)
4
with the classical action
t
p’ -
Sp.&(t. 1) = / [7 —& + W(t’)] dt’ (7.134)

[

and ¥y(p) = (p|¥) the Fourier-transformed initial state wave function

Y(p) = /d3r e TP (r). (7.135)

1
(277)3 /2
The first term in (7.133) vanishes when the asymptotic rate

re M= lim Mp(0) (7.136)

t—>00

is calculated. In this way we recover Reiss’ result [65]

2 S
MY = iwy(p) (”7 —&)) f i5p.50 (=) gy (7.137)
—00
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7.3.4.1 Circular Polarization and Long Pulses

In this case one may write the vector potential in dipole approximation as
1. . « .
A(t) = EA[E exp(iwt) + €™ exp(—iwt)] (7.138)

where the polarization vectors &, e* fulfill 2 = e = 0and ¢ - &* =A1, e.g.,
e = (ex +iey)/ /2. The factor 1/2 is introduced in order to obtain Up = A?/4, as
in the linearly polarized case. With

1. R
[p+AD =p2+§A2+2A|p-e|cos(a)t—¢)), (7.139)

where p - € = |p - €| exp(—igp), the action (7.134) reads

9 .
A .

Sp & (t, —00) = (% —& + Up) t+ alp - &| sin(wt — @) (7.140)

where we neglected contributions from # = —oo since they just affect the irrelevant,

overall phase of the SFA transition matrix element

o0
MO iy (p) > (nw — Up) expling) (7.141)

p. circ.
n=—00

—Alp.
x J,,(M> 8(p%/2 — £+ Up — no).
w

J, (¢) are Bessel functions obeying

0]

exp[—i¢ sin(wt — ¢)] = Z Jn (¢) exp[—in(wt — ¢)]. (7.142)

n=—oo

The time integration in (7.137) leads to the energy-conserving §-function. Employ-
ing (7.136) and using

T/2

1 T
5(£2) = — lim exp(if2t)dt = lim — for2 =0 (7.143)
2w T—>o0 -T)2 T—o0 21

(and zero otherwise) to evaluate the square of the §-function one obtains the ioniza-
tion rate

n=—0oo

o R
—Alp - €|
rijC‘?r)c‘ =21|W(p)I* Y (nw—Uy)* J; (T 8(p*/2—Eo+Up—nw).

(7.144)
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F;SFCI?BC_ has the dimension of a density in momentum space per time. To evaluate

the total rate I" the partial rate I', has to be integrated over all final momenta p,

ar
r:/d3pr =/dpd9p2r,, =/dS?E (7.145)

where dS2 = sin?® dv dy is the solid angle element. The final rate for ionization
with the electron ejected into the solid angle d§2 is given by

A V8w fﬂ Up/)> 22 1w (po) | I ~Apasind
—— =27V 8w n— w 0 ],
e o Vi NV
(7.146)
with

Pn = \/m (7.147)

The sum in (7.146) runs over all n which yield real p,, and starts with the minimum
number of absorbed photons nyis, which depends not only on & but also on U, —
an utterly nonperturbative, nonlinear effect!

7.3.4.2 Channel-Closing in Above-Threshold Ionization

The increase of ny;, with increasing U, is the channel-closing phenomenon (see,
e.g., [75, 76]). This is illustrated in Fig. 7.10. We expect peaks in the photoelectron
spectra at the positions

1
En = Ep% =nw — (Up + gip)y n = Amin (7.148)

where &, = |&y| is the ionization potential and U}, +&j, is the “effective” ionization
potential due to the AC Stark shift of the continuum threshold with respect to the
ground state level. Due to the fact that peaks n > npi, are present — even with
higher probability than n = nn;, — the name above-threshold ionization (ATI) has
been coined for this strong field ionization phenomenon, which was first observed
by Agostini et al. [77]. The peak positions in strong field photoelectron spectra
according (7.148) are well confirmed by ab initio solutions of the TDSE in dipole
approximation. However, in actual measurements the positions of the peaks depend
on the laser pulse duration. In short-pulse experiments the released electrons have
no time to leave the focus before the laser pulse is over. In long pulses, instead,
the electron has time to leave the focus and, in so doing, gains back the energy U,,.
As a consequence the Up-term in (7.148) is canceled and the peak positions in the
long-pulse regime are determined by

1
E,SIOHg pulse) _ Ep’% =nw — Eip’ n > Amin (7.149)
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with nmin, however, still to be calculated with U, (since before leaving the laser
focus, ionization has to occur in the first place).

In Fig. 7.10a the Up-shift of the continuum threshold is small, and the channel
n = 5 is responsible for the first peak in the photoelectron spectrum. At higher
laser intensity, in Fig. 7.10b, the channels n = 5 and n = 6 are closed since 6
photons are not sufficient to overcome the effective ionization potential & + Up.
In the long pulse regime peaks corresponding to a certain channel are always at the
same positions in the energy spectrum whereas in the short pulse regime the peaks
move with Up. As a consequence, focal averaging reduces the contrast in the short
pulse regime whereas it has less of an effect in the long pulse regime because of the
automatic cancellation of Uj, at the position of electron-emission.

In Fig. 7.11 we show the example of an experimental long-pulse spectrum where
lower order peaks are indeed suppressed due to channel-closings.

7.3.4.3 Linear Polarization and Long Pulses

‘We assume a laser field of the form
A(1) = Ae cos(wt), el =1. (7.150)

The action (7.134) reads in this case

p? A A?
Sp.&t, —00) = <7 — & + Up> t — Zp - esin(wt) + 3% sin(2wt).

Proceeding as in the circular field-case one arrives at [65]

/ ) > (-Ap-e U
M;?E‘I?_) =2mi¥y(p) Z (nw — UpJy T —ﬁ 3(P2/2 =& + Up — nw),
n=—oo
ad —Ap-e U
Mo = 2719 (p)*Y_(ne — UP)ZJ,f(T,—ﬁ)a(pz/z_é‘wup_nw),
n=—oo
(SFA) 00 A

dlj, Pn pf-Ap-e U
—lin__ — 27 /80 — Up/w)? Wo(p) 2T ——. -2 |.

-5 TV 8w n;m(n b/ ®) \/ml o(pn) |, " o

J, is the generalized Bessel function of integer order n defined by

- 1 i
Ja(u,v) = 7 / d6 expli(u sinf + v sin(20) — nh)].

—7T

The relation to the ordinary Bessel functions is
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Fig. 7.10 Channel-closing in the short and long pulse regime. In (a) the laser intensity is small so
that the Up-shift of the continuum threshold is less than a photon energy. In (b) the channels n = 5
and n = 6 are closed due to the pronounced AC Stark shift of the continuum. The photoelectron
spectra look different in the short and long pulse regime since the released electrons gain Up, in the

latter case upon leaving the laser focus
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Fig. 7.11 Channel-closing in the long-pulse regime. The experimental spectrum was taken from
[78]. The two channels in the shaded area are closed
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Tn@,v) = Y Ty (@) Ji(v)

k=—o00

and

o
Z exp(in@)f,, (u, v) = expliu sin @ + iv sin(20)].

n=—oo

Further properties of the generalized Bessel functions may be found in the appendix
B of the original SFA paper by Reiss [65]. In the same article it is also demonstrated
how the typical exponential behavior ~ exp[—2(251p)3/ 2 /(3E)] arises in the case of
tunneling ionization [see (7.66)] through the asymptotic behavior of the generalized
Bessel functions fn.

7.3.5 Few-Cycle Above-Threshold Ionization

In few-cycle pulses the pulse envelope A(t) varies on a time scale comparable to
the period T = 2m/w determined by the carrier frequency w. Moreover, the car-
rier envelope phase ¢, governing the shift of the carrier wave with respect to the
envelope, affects many observables. Hence, instead of (7.150) we write

A(t) = A(t)e sin(wt + ¢) (7.151)
with A(t) a sin? or a Gaussian envelope, for instance.

In the case of few-cycle pulses it would be very cumbersome to deal with Bessel
functions, as we did above for constant (or slowly varying) A. Instead, we start off
with the still exact matrix element (7.129) and replace once again the final state by
a plane wave and the full propagator U, 1 by UM, 1). In that way we obtain
the extended SFA transition matrix element

M;SFA)(I) — M;SFA'dir)(t) + M;sFA,I‘CSC) (t), (7152)
. t A
M0 (1) = MP™ (1) = —i / di' (U (W )W), (7.153)
4
M FATESO) (1) (7.154)

t t
= —fa’t/dt” W OIVOVE YW @) "))
15 5
In what follows we set #; = 0, and we assume that

A0) = A(Ty) =0 (7.155)
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where T, is the laser pulse duration. Note that the integral over the electric field of a
realistic laser pulse must vanish (see, e.g., appendix A in [9]), so that A(0) = A(T}),
and (7.155) does not pose a loss of generality. It is left as an exercise to the reader
that relabeling the integration variables, multiplication by an overall phase factor
and making use of the fact that ionization can only happen while the laser is on,
(7.153) and (7.154) can be recast in length gauge in the form

. TP 1 .
MR — fo dition (P + Altion) |7 - E (tion) | Wo) €'P&0 e - (7.156)
where
t | | !
Spey(t) = / ar (5“’ + AW - 80) L S0=; / dr'[p + AP,
O O

tion can be interpreted as the ionization time. Analogously, the rescattering matrix
element can be written for # — oo in the form

T o0 . A
MR = fdtiy ftse [k €590+ Al V1 + Al
0

fion

xe ko) (- A(tion) | - E (tion) | Wp)e' €0 ®)(7.157)

with fegc the rescattering time or, introducing the new variables t = frege, T =

tresc — Tions

t
MO’ = — / dreSnea® / dr / &k Ve Ses0 170 (7,158)
0 0
x(k+ A —1)|r-E(t — 1)|¥)

where
t 1 2
Skt t — 1) :/ dr’ (E [k+A@"] - 50) (7.159)
1—T

and Vp_p = ( p|‘7|k). The time 7 is the time the electron spends in the continuum
between ionization and rescattering. The infinite upper limit in the integration over
the rescattering time in (7.157) can be restricted to T}, since rescattering after the
laser is off will not lead to energy absorption. As a consequence, the final energy
will be within a region strongly dominated by the more probable direct ionization
process.

The integration over the intermediate momentum k can be approximated seeking
the momentum kg (¢, 7) contributing most to the k-integration:
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_ot(t) —a(t—1)

ViSke,tt—T) =0 = k(t.T) = -

(7.160)

with e () the excursion as in (7.104). Hence,

SFA , Ty s t 27T 3/2 .
MPFATe = / dt ¢"SrE® / dt <—> Vp—ky(r.mye S50 H17T)

0 0 17T

x(ks(t,7) + At — )|r - E(t — 7)[¥)) (7.161)
where the stationary action S, g,(f, t — 1) is given by
Ss. ot t — 1) = Spy,1),6E t — T) (7.162)

and the factor [27r/(it)]3/? arises from the saddle-point integration (see, e.g., [79]).
In actual numerical evaluations the denominator it is regularized by adding a real,
positive €. The results are independent of € as long as it is not too small but much
smaller than a laser period.

In the case of a hydrogen-like atom the matrix element needed in (7.161) reads

: k-E(1)
klr - E(0)|W) = —i2"2 &) ———. 7.163
(klr - E)lo) = 277280 s (7.163)
For rescattering at potentials of the form
a —Ar
Vi) =— (b n —) e (7.164)
r
the matrix element V,_j is given by
2bA +aC )

In few-cycle laser pulses the concept of an ionization rate is not useful since
the latter would be time-dependent and sensitive to all details of the pulse (duration,
shape, carrier-envelope phase, peak field strength). In experiments one measures the
differential ionization probability w,, which is the probability to find an electron of
final energy £, = p?/2 emitted in a certain direction corresponding to the solid
angle element d$2,. The probability w is related to the transition matrix element
M, through

wp dEp d2p = |Mp|* d°p = |Mp|* p*dpds2, (7.166)
—
pdp

so that

wp = p|Mpl*. (7.167)
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7.3.6 Simple Man’s Theory

The remaining time integral(s) in (7.156) and (7.161) can be either solved numer-
ically or approximately by using (modifications of) the saddle-point method with
respect to time (see [8] and Appendix B in [9]). We do not want to go into the details
but only emphasize here that the SFA transition matrix element can be approximated
by a sum over the stationary contributions,

MEFD =3 g, jeiSis. (7.168)

s

As it turns out the saddle-point equations define quantum orbits [80, 81] that are
close to the classical orbits of the so-called simple man’s theory, but complex. In
the following we will use simple man’s theory to derive the cut-off laws for the
photoelectron spectra.

If an electron is set free at time f,, and from thereon does not interact with the
ionic potential anymore, its momentum and position at times ¢ > #joy are given by

t
p(1) = —/ dt' E(t") = A(t) — A(tion), (7.169)
"

on

!
r(t) = / dr’ A(t/) — A(tion)(t — tion)
L4t

on

= o(t) — a(tion) — A(fion)(t — fion) (7.170)

with the excursion a(#) as defined in (7.104). If the vector potential fulfills (7.155)
the momentum at the end of the pulse is determined by the value of the vector
potential at the time of ionization, p(Tp) = —A(fjon), so that the final energy is

1
gdir,p(tion) = EAz(tion) =< 2Up (7.171)

because the ponderomotive potential is Up = A? /4. The fact that the direct electrons
are classically restricted to energies up to 2U,, is one of the celebrated cut-off laws
in strong field physics.

Let us now allow for one rescattering event, i.e., at the time f.s the electron
returns to the origin (where the ion is located),

€ > |r(trese)| = lot(tresc) — &t (tion) — A(tion)T| (7.172)

where € is a distance small compared to the Bohr radius. Let us assume the extreme
case of 180° back-reflection where the electron changes the sign of its momentum
so that immediately after the scattering event

P(tresc+) = —[A(tresc) — A(tion)]- (7.173)
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At later times we have

t
Pt > tese) = _f dr’ E(t/) — [A(tresc) — A(tion)]
trCSC

A(t) - 2A(tresc) + A(tion) (7.174)

so that Presc(Tp) = —2A(tresc) + A(tion) and

1
gresc,p(tresc, tion) = E[A(tion) - 2A(tresc)]2 =< 10Up~ (7-175)

Because of the condition (7.172) the 10U, cut-off law for the rescattered elec-
trons is not so obvious. However, it can be readily checked numerically by plotting
Erese, p (trese, tion) VS all possible fiese, fion (Where frese > fion) and then indicating
those pairs of tion, tresc that fulfill (7.172). The result is shown in Fig. 7.12.
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Fig. 7.12 Final photoelectron energy Eesc,p Vs ionization time fio, and rescattering time fresc >
tion (black: high value of Epesc, p, White: small value of Eresc, p, contours 2, 10 and 16U, labeled
explicitly). The branch labeled “rescattered electrons” indicates times #jon and fresc Where (7.172) is
fulfilled (for an € < 1). The highest energy those rescattered electrons can have is 10U}, (see branch
touching the 10Up-contour). The inlet shows the final energy (7.171) of the “direct” electrons vs
the ionization time. The highest energy there is 2U),
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7.3.6.1 How Good Is the Strong Field Approximation?

In order to answer this question we compare the results of an ab initio TDSE solu-
tion with the corresponding SFA predictions. Apart from the dipole approximation
(which is well applicable here) the TDSE result is exact. Comparisons with TDSE
results serve as a much more demanding testing ground for approximate theories
such as the SFA than comparison with experiments, because of focal averaging
effects present in experiments, the uncertainties in laser intensity, pulse duration,
and shape, the limited resolution in energy, and the limited dynamic range in the
yields.

In Fig. 7.13 the results for an n = 4-cycle pulse of the form E(t) =
Ee, sin*[wt/(2n)] cos(wt + ¢) for 0 < t < n27/w, = 0.056, E = 0.0834,
¢ = 0 are shown. The agreement between TDSE and SFA results improve with
increasing photoelectron energy. A possible explanation for that might be that slow
electrons spend more time in the vicinity of the atomic potential where Coulomb
corrections are expected to be important. As can be seen in Fig. 7.13, the transition
regime between the cut-off for the direct electrons at £ = 2U, = 1.1 up to energies
where rescattered electrons start to take over at £ & 2.5 is quite smooth in the TDSE
spectra whereas pronounced interference patterns are visible in the SFA results.
Moreover, at very low energies the positions of the local maxima disagree. It has
been shown that the agreement at lower energies improves if the binding potential
is made short-range by cutting it at certain distances. This is expected since the
crucial assumption in SFA is that the electron is not affected by the ionic potential
anymore once ionization has occurred [9, 82]. This assumption is well justified for
short-range potentials but less so for long range Coulombic ones as, e.g., in the
H(1s) case.

A lot of effort has been devoted to the development of Coulomb-corrections,
taking into account the effect of the Coulomb-potential on the outgoing electron,
e.g. in [83-86]. However, only a few of them are able to reproduce the striking
features seen in experimental and numerical ab initio spectra, which are in strong
disagreement with the plain SFA, such as rotated angular distributions [87], fan-like
structures in momentum distributions at low energies [85], and the recently observed
“low energy feature” at long wavelengths [88]. The pronounced interference pattern
showing a spiky, downward-pointing structure in the rescattering plateau in Fig. 7.13
between energies &~ 3 and 6 a.u. instead is remarkably well reproduced using the
extended SFA taking into account (7.158) without further Coulomb-correction.

7.3.7 Interference Effects

The spiky structure in Fig. 7.13 is due to quantum interference. For a fixed final
momentum p the sum (7.168) is a sum over all quantum orbits that end up with the
same momentum at the detector. It turns out that, most of the time, there are two
dominating contributions per cycle. Depending on their phase-difference those may
interfere constructively (local maxima in Fig. 7.13) or destructively (downward-
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Fig. 7.13 Photoelectron spectra of the H(1s) electron after irradiation with a 4-cycle laser pulse
(w = 0.056, ¢ = O, E = 0.0834). The TDSE and SFA results are drawn solid and dashed,
respectively. Panel (a) shows the “left-going” electrons (i.e., opposite to the laser polarization e_),
panel (b) the “right-going” electrons (in e;)-direction. The spectra were adjusted vertically by
multiplication with a single factor in such a way that agreement is best in the cut-off region for the
right-going electrons. The spectra were not shifted in energy

pointing spikes in Fig. 7.13). The corresponding two trajectories of simple man’s
theory can be readily calculated. As an example we show the final energy vs the
ionization time for a “flat-top” pulse in Fig. 7.14. In the lower panel of Fig. 7.14
the course of the electric field is indicated. Let us focus on the time t = 0.5 cycles
where the electric field has a maximum and ionization is therefore most likely. The
upper panel shows that a “direct” electron emitted at that time will have vanishing
final energy. In order for a direct, classical electron to have the maximum energy
2U,, it has to be emitted at times where the electric field is zero (which is unlikely in
the tunneling and over-barrier regime). However, if an electron is emitted around the
maximum of the electric field and rescatters once, its final energy may be close to
10Uy It is clearly seen that two emission times very close to each other lead to the
same final energy (as indicated in the upper panel). These are the two trajectories
that interfere. Exactly at the cut-off 10U}, those two solutions merge to a single one.
The “travel times” fresc — fion between rescattering and ionization are color-coded
from black (fresc — fion = 0) to yellow (fresc — fion = 2 cycles).

In very short pulses the situation is more complex than in the regular, flat-top
pulse case. Since the ionization probability is strongly weighted with the modulus
of the electric field, only a few “time-windows” may remain “open”, thus affecting
the number of interfering quantum orbits for a given p. The interference pattern is
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then very sensitive to the details of the few-cycle pulse, e.g., to the carrier-envelope
phase. Because of the “time-windows” that are opened and closed depending on
the parameters of the few-cycle pulse, one may view the setup as a “double slit
experiment in time” [89], a detailed analysis of which is given in [16]. There are
two dominating quantum trajectories contributing to a given final momentum in
the case of linear polarization. One of them goes directly to the detector while the
other one starts in the “wrong” direction but turns around within a fraction of a
laser half period. It thus sweeps over the nucleus on the way towards the detector.
The two quantum orbits correspond to the reference wave and the object wave in
a holography experiment. Hence, the interference pattern in the momentum spectra
may be viewed as a hologram of the binding potential [90, 91].

7.3.8 High-Order Harmonic Generation

When an intense laser pulse of frequency w; impinges on any kind of target, in gen-
eral harmonics of w; are emitted. A typical signature of the emission spectrum in the
case of strongly driven atoms, molecules or clusters is that the harmonic yield does
not simply roll-off exponentially with increasing harmonic order. Instead, a plateau
is observed. This is a prerequisite for high-order harmonic generation (HOHG)
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Fig. 7.14 (a) Final energy of direct electrons (black line) vs the ionization time. If rescattered
is allowed, higher energies may occur. The color coding for the rescattered electrons indicates the
time spent in the continuum between ionization and rescattering (the lighter the color the longer the
time). The cut-off energies for the direct and the rescattered electrons are 2 and 10Up, respectively.
Panel (b) shows the course of the laser field. Ionization is improbable for small | E (¢)|
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being of practical relevance as an efficient short wavelength source. As targets for
HOHG one may think of single atoms, dilute gases of atoms, molecules, clusters,
crystals, or the surface of a solid (which is rapidly transformed into a plasma by
the laser). In fact, for all those targets HOHG has been observed experimentally.
Even a strongly driven two-level system displays nonperturbative HOHG [92, 93].
The mechanism generating the harmonics and its efficiency, of course, vary with
the target-type. In the case of atoms the so-called “three-step model” explains the
basic mechanism in the spirit of simple man’s theory: an electron is freed by the
laser at a certain time ¢/, subsequently it oscillates in the laser field, and eventually
recombines with its parent ion upon emitting a photon of frequency

®w=nowi, n>1. (7.176)

This process is illustrated in Fig. 7.15. If the energy of the returning electron is &,

the energy of the emitted photon is w = & + |&| where & is the energy of the level
which is finally occupied by the electron, for example, the groundstate.

From this simple considerations we conclude that the maximum photon energy

one can expect iS Wmax = Emax + || Using (7.169) we obtain at the recombination
time ;e for the return energy &t

1 1
Eret = Epz(trec) = E[A(trec) - A(tion)]2 (7.177)

where we have to impose [see (7.172)]

7 (trec)| = lot(frec) — @ (tion) — A(fion) (frec — tion)| ; €. (7.178)

L & Space

Fig. 7.15 Illustration of the three-step model for high harmonic generation. An electron is (i)
released, (ii) accelerated in the laser field, and (iii) driven back to the ion. There it may recombine
upon emitting a single photon which corresponds to a multiple of the photon energy of the incident
laser light
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Fig. 7.16 Return energy as a function of the ionization time. The color coding indicates the time
between ionization and recombination (the longer this time the lighter the color). The maximum
return energy is > 3.17U,. The course of the laser field is shown in the lower panel

Figure 7.16 shows the possible return energies fulfilling (7.177) and (7.178). We
infer that the maximum return energy is around =~ 3.2. Closer inspection shows that
the number is 3.17 so that the cut-off law reads

Omax = 317U, + | &l (7.179)

This celebrated ~ 3 U, cut-off rule was first established empirically [94] and
explained soon after within simple man’s theory [95, 96].

Lewenstein and co-workers [97] showed that, more precisely, it reads wmax =
3.17U, + 1.32|&].

From simple man’s theory one expects that harmonic generation should be
much less efficient in elliptically polarized laser fields since, classically, the freed
electron never comes back to its parent ion so that recombination can be consid-
ered unlikely. This indeed was confirmed experimentally (see [10], and references
therein).

Harmonic generation in atoms, molecules and clusters has huge practical rele-
vance as an efficient source of intense XUV radiation. This is because (i) the pon-
deromotive scaling of the cut-off allows to achieve high values of Eyax and thus
high harmonic orders n, and (ii), fortunately, the strength of the harmonics does not
decay exponentially with the order n but displays, after a decrease over the first few
harmonics, an overall plateau (at least on the logarithmic scale) up to the cut-off
energy 3.17 Up + |&|, allowing relatively high intensities at short wavelengths. In
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fact, high-order harmonics below A = 4.4 nm, the so-called water-window (between
the K-edges of carbon and oxygen) have been observed experimentally [98, 99].
The intensity of the emitted radiation in the plateau region is about 10~ of the inci-
dent laser intensity which is typically 10'°-10'"® Wem™2 in rare gas experiments.
Therefore, the intensity of the high-order harmonics is sufficient for various kinds
of applications, such as interferometry, for dense plasma diagnostics, holography,
high-contrast microscopy of biological materials, and attosecond spectroscopy or
metrology. Attosecond pulses are generated via harmonic generation. If the incom-
ing pulse is already short (i.e., consists only of a few cycles) the harmonic emission
is restricted to a narrow time window similar to the “double slit in time”-experiment
mentioned above. As a consequence, the harmonic pulse has a duration that is short
compared to the laser period of the incoming pulse (usually a few hundred attosec-
onds). If the incoming laser pulse is longer, one can construct attosecond pulse trains
by selecting a few phase-locked harmonics. Attosecond pulses that are generated via
harmonic generation have been used to probe the ionizing laser field itself [100] as
well as fast atomic processes such as Auger decay [101].

For calculating the rate of harmonic emission one may follow the same route as in
the SFA treatment of ionization. Harmonic generation and ATI are complementary
to each other: while in harmonic generation the electron comes back to the ion and
eventually recombines, upon emitting radiation, in high-order ATI it rescatters upon
which it may gain additional energy. In harmonic generation one observes a plateau
reaching up to photon energies 3.17 U, + |f|. In ATT a plateau is observed as well —
this time with respect to the kinetic energy of the photo electrons — extending up to
10 U,, (for one rescattering event).

In classical electrodynamics, the total radiated power by a dipole of charge g is
given by Larmor’s formula

2q% ..,
P =35 1Re (7.180)

Thus, in a semiclassical approach, it appears reasonable to replace the acceleration
by its quantum mechanical expectation value and making use of Ehrenfest’s theo-

rem. One obtains (in length gauge)
1/ 9H
m or

The last expression on the right-hand side is particularly suited for the numerical
evaluation of the harmonic spectra. In order to simplify even further we write the
dipole as a Fourier-transform,

242 2 2

d2
T 33 a2

dt?

. 2q
(r) —g

(7.181)

o]

dit)y=q ({r)= «/%/ dw exp(iwt)d (). (7.182)
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The total emitted energy then is
o0 2 (0.¢]
Erad :/ dt P = —/ do o |d(w)|*, (7.183)
oo 33 J_o

and we infer that the yield radiated into a spectral interval [w, w + dw] is
€rad. 0 dw ~ o |d(0))? do. (7.184)

A full quantum mechanical treatment reveals that calculating the harmonic spec-
trum emitted by a single atom from the square of the dipole expectation value is
actually incorrect [92, 102]. Since the expectation value of the number of photons
in a mode w, k (with creation and annihilation operators a', a, respectively) at time
tis [103]

t

@ mam) = @ wa)) +2Cn / dt’ (F(t))a (1)) exp(—iwt’)

14

t t
+C? /dt//dt” (FHFE)) explio(@ —17)],  (7.185)
I 5

where C is a coupling constant, one sees that if the mode under consideration is not
excited at the initial time ¢ = £, as it is the case here, only the third term survives.
This term accounts for spontaneous emission and scattering. Hence, the harmonic
spectrum of a single atom should be calculated from the two-time dipole-dipole
correlation function (7 (") (¢")) instead of the Fourier-transformed one-time dipole.
However, if one considers a sample of N atoms

N N !
@tmaw) = CZZZ / dr’ / dt" (Fr(t")F (1)) explio(t — )] (7.186)
I 5

k=1 j=1

1

results and, by assuming that all these atoms are uncorrelated, that is
(PP (1)) = (Pr(t"))(F j(1")), one arrives at

2

@ mawm) ~ c* (7.187)

N t
> f dt’ (F1.(1))) exp(iot”)
k=171

if N > 1 is assumed so that the self-interaction terms ~ (F¢(t")) (F1(t")) contribute
negligibly. Moreover, if all atoms “see” the same field one obtains simply the abso-
lute square of N times the single dipole expectation value. Therefore, calculating the
harmonic spectra from the Fourier-transformed dipole, although not correct in the
single atom response case, is a reasonable method when comparison with HOHG
experiments in dilute gas targets is made. Hence, for the study of macroscopic
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propagation effects the dipole expectation value may be inserted as a source into
Maxwell’s equations.

7.3.9 Strong Field Approximation for High-Order Harmonic
Generation: the Lewenstein Model

The dipole expectation value of a single atom with one active electron (g = —1) is

d(it) = —(FO)|F|¥ (1)) (7.188)

—(Wo(t)|U (11, ) F U (1, )| %0 (1)),

where we assumed again that at the initial time #; the electron starts in the state
[Wo () =: |¥). Using (7.125) we obtain

d(t) = — (Y (1) |[F|¥(1)) (7.189)
t
—ifdt/ (o IWEHU ', 0)F %o (1))
4

t
+H f dt’ (W)U (1, YW (1) |Wo(1'))
4
t t
— fdt’ /dt” (W(NWEHU ', OFU (1, 1YW ()| (t")).
t 14

The first term vanishes for a spherically symmetric binding potential. The second
and third term are complex conjugates of each other and describe ionization (W),
propagation (U ), and recombination (7) (i.e., the emission of harmonic radiation)
in different time-ordering. The last term involves one additional interaction with
the laser field. We will neglect it here (see [104]). As in the SFA for ionization we
replace the full time evolution operator U by oM,

t
dV ) = —i/dt’ (W WEYTNV (&, )F W (1)) + c.c., (7.190)

L4

recovering the Lewenstein-result [97]. In length gauge [W(t) = E(¢) - F] we obtain
(suppressing the “+c.c.”)

t
dV (1) = —i /‘”’f & p (W) E{W) - Flp + AW))(p + AW (t))e Sp "D
[

(7.191)
where we used (7.123) and UM (¢, 1) | p + A(t)) = e 50D | p + A(')). With

! 1
Sp.et, 1) = / dr” (5[11 + AW - 50) (7.192)
t/
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we can write (7.191) as

t . ’
dV () = —i /dﬂ / S p(WIE() - #lp + A@))(p + At)|7F|Wphe Sr&oD,
ti

(7.193)
Introducing the dipole matrix element

. . 1 .
1(p) = (plF|¥) =iV, (p|¥) = G / Ere PTrdg(r)  (7.194)
we have
t ) ,
dM@) =i f‘“’/ BpeSretDp*p + AMIE* () - nlp + A()] +c.c.
t

The integration over momentum can be approximated using the stationary phase
method again, i.e.,

V,Sy.e, 1) =0. (7.195)

For a linearly polarized laser pulse with a slowly varying envelope we have

A

o E
E(t) = Ee, cos wt, A(t) = ——e; sinwt, (7.196)
®
so that
f E
at) —a) = f dt" A" = —e;(coswt — cos wt") (7.197)
t w
and
3Sp.,(t.1' E
pey 1) _ Pt — 1) + = (coswt — coswt’) = 0 (7.198)
p, w?
E[cos wt —cosw(t —1)] ,
= post,) = - = L r=i—1.  (1.199)
®

The transverse stationary momentum vanishes, p, s = py s = 0. Plugging p; into
(7.192) and integrating yield the stationary action

1 —coswt C(7)
Ss(t, T) = (Up — &)t — 20 5 - Up cos[(2t — T)w]  (7.200)
w*T w
with
. 4  Swt
C(r) =sinwt — — sin” —. (7.201)

T 2
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Fig. 7.17 Harmonic spectrum obtained using the SFA (Lewenstein model) for H(ls), 2 x
101 Wem™2, and photon energy 1.17 eV. The time integral in (7.202) was calculated either directly

(labeled “exact”) or applying the saddle-point approximation. The expected cut-off at harmonic
order n = 72.3 is confirmed (from [105])

In the original Lewenstein-paper [97] it is shown that the cut-off law 3.17U,, + &
can be derived from the function C(7). Setting t; = 0, the final result for the SFA
dipole after saddle-point integration reads

' 3/2
dV ) = i/ dt <§> REpzs(t, T) + A(D)] (7.202)
0

Xz pzs(t, T) + At — T)]E cos[o(t — 7)]e 750D 4 ce.

from which, via Fourier-transformation, the harmonic spectra €4, , (7.184) can be
calculated. Figure 7.17 shows an example for a harmonic spectrum calculated using
the Lewenstein model.

7.3.10 Harmonic Generation Selection Rules

As the name “harmonics” suggests, the emission of laser-driven targets mainly
occurs at multiples of the fundamental, incoming laser frequency wi, that is w =
nwi with n the harmonic order. In the case of atoms in a linearly polarized laser field,
for instance, only odd harmonics are emitted, i.e., » = 1,3, 5, .... One could think
that this “quantized” emission is a quantum effect. However, this is not the case.
Pure classical simulations also show harmonic generation and not just continuous
spectra. The selection rules governing which harmonic orders n are allowed and
which are forbidden are determined by the symmetry of the combined system target
+ laser field, i.e., the symmetry of the field-dressed target, also called dynamical



316 7 Intense Laser—Atom Interaction

symmetry. We shall now employ the Floquet theory introduced in Sect. 7.3.1 to
derive the selection rules for harmonic emission for a few exemplary systems.

Let H (¢) be the Hamiltonian of an electron in a linearly polarized monochromatic
laser field E cos(wit)e; of amplitude E and an ionic potential \7(?),

~D
H() = % +V#) + E3coswnt. (7.203)

The Schrodinger equation reads i%|11/(t)) =H (1)|¥ (1)), and since the Hamilto-
nian is periodic in time,

H(t + 27 /o) = H(t), (7.204)
from the Floquet theorem (cf. Sect. 7.3.1)
(1) = e D (1)), |@(t + 21 /1)) = |D(1)) (7.205)

follows, and |® (¢)) fulfills the Schrodinger equation
N N N .d
H®|P (1)) = €|P (1)), H@) = H@) —i— (7.206)

which looks like a stationary Schrodinger equation in an extended Hilbert space
[106] with the time as an additional dimension and € a quasi-energy. The scalar
product in this extended Hilbert space reads

21 /wy
(D)D) == % /dt (@ (1)|D(1)). (7.207)
0

For the derivation of the harmonic generation selection rules we consider an
infinitely long laser pulse and assume that the system is well described by a single,
nondegenerate Floquet state. The only nonvanishing dipole expectation value is in
field-direction and then reads

d@t) = = (¢ OIEI¥ D) = —(PDIZ|P(1)). (7.208)

We define the dipole strength of the harmonic n as

2
21wy 5
P = |2 f dt exp(—inant) d(0)| = |((@]exp(=inwrn) 20| .
0
(7.209)

which is proportional to the absolute square of the Fourier-transformed dipole. The
squared, extended Hilbert space matrix element on the right-hand side of (7.209)
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may be also interpreted as the probability for a transition from a Floquet state to
itself, generated by the operator exp(—inw;?) Z, accompanied by the emission of
radiation of frequency nw;.

The Floquet—Hamiltonian H(¢) is invariant under space inversion plus a transla-
tion in time by 7 /w1,

A

Ppw=@ — —r,t > t+m/w) (7.210)

so that va|(l>) = 0|®), and o is a phase, i.e, |o|> = 1. Inserting the unity P-

inv va
in the matrix element in (7.209) twice yields

(@] exp(—inwi1) 2|@)) = (@ Py}
~——

mv

vaeXP( lnwlt)ZP_l va|(D>)
———
(@0 o|®))

(((15|va exp(—inwit) Z z @)) = —exp(—inm) ((®| exp(—inwir) Z|P)).

inv |

It follows that n must be odd in order to fulfill
—exp(—inm) = 1. (7.211)
Hence, only odd harmonics are emitted in the case of linearly polarized laser pulses
impinging on spherically symmetric systems such as atoms.
In the case of monochromatic circularly polarized laser light (with the electric

field vector in the xy-plane) the Floquet—Hamiltonian may be written (using the
cylindrical coordinates p and ¢) as

N N o E d
H(t) = Hyin + V(F) + Ep cos(p — wit) — ia. (7.212)

This expression is invariant under the continuous symmetry operation
Poio=(@—>9+0,t >1t—0/w) (7.213)
with 6 an arbitrary real number. We thus have

((@|exp(—inwi1) p exp(Fip)|P))
= exp(inf Fi0) ((@| exp(—inwi1) p exp(Fig)|P))

where p exp(Fig) is the dipole operator for circularly polarized light (with the same
helicity (—) and the opposite helicity (+) as the incident pulse, respectively). Hence,
for all 6

explif(n ¥ 1)] = 1 (7.214)
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must hold, which cannot be fulfilled for any n > 1 so that no harmonics are emitted.
However, circularly polarized harmonics may be emitted if bichromatic incident
laser light is used [107-109]. With the two lasers polarized in opposite directions
and frequencies w1 and mw1, respectively, the interaction Hamiltonian reads

~ E E>
W(t) = —=pcos(p —wit) + —

V2 V2

E| and E, are the electric field amplitudes of the first and second laser, respec-
tively. The symmetry operation under which the Floquet—-Hamiltonian is invariant
now reads

pcos(p +mwit). (7.215)

N 2 2
(m+1)

P = 9o+ —\t—>t——-|. 7.216
rot ((ﬂ % 1 o1 ( 1)> ( )

In the same manner as in the two previous examples one arrives at the condition

1 oy 11 (7.217)
=exp |27 . .
P m+1
Hence, harmonics of order
n=k(m+1)=+x1, k=1,2,3,... (7.218)

are expected. The harmonics with n = k(m + 1) + 1 have the same polarization as
the incident laser, whereas those with n = k(m + 1) — 1 are oppositely polarized.
With increasing m more and more low order harmonics are suppressed.

The same selection rule (7.218) is obtained for a target having an M-fold discrete
rotational symmetry axis parallel to the laser propagation direction [110]. An exam-
ple for such a target is the benzene molecule with M = 6. The Floquet-Hamiltonian
in this case may be written as

E .d
—pcos(p —wit) —i—. (7.219)

ﬂtzl:l ‘/} ) )
() kin + (/ocoz)Jr\/§ o

Owing to the discrete rotational symmetry Cys of ‘7(,0, ¢, 7) the symmetry opera-
tion of interest now is

A (M) 27 27
Poi"=\¢ =+t >t-——0 ). (7.220)

from which the selection rule

n=kM=1, k=1,2,3,... (7.221)
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follows, which is indeed of the same form as in the bichromatic, atomic case (7.218).
Note that (7.219) is only a single active electron-Hamiltonian but sufficient for the
purposes here because the electron-electron interaction term is invariant under the
operation (7.220) anyway.

For deducing these selection rules one assumes that the incident laser pulse is
infinitely long. This is required for (7.204) to be true. In finite laser pulses the simple
selection rules above may be violated and one has to consider not only a single
Floquet states but superpositions of them [111, 112].

7.4 Strong Laser—Atom Interaction Beyond the Single Active
Electron

Since the early eighties sufficiently intense lasers were available to produce noncol-
lisional multiple ionization of atoms [113]. A sequential viewpoint where at a certain
intensity of the laser pulse envelope the currently outermost electron is released,
leaving the remaining core essentially in the ground state, was successful in explain-
ing most of the experimentally observed results [17]. Signatures of double-electron
excitation were observed but simultaneous two-electron ejection was not detected.
The situation changed when in 1992 Fittinghoff et al. [114] observed nonsequen-
tial double-ionization (NSDI) of helium at 614 nm in 120 fs laser pulses. This phe-
nomenon will be discussed in more detail in Sect. 7.4.1.

The theoretical treatment of correlated multi-electron systems is a formidable
task already in the stationary case. The direct solution of the Schrodinger equation
is prohibitive because of the so-called “exponential wall” [115]: the dimension of the
configuration space scales with the number of particles N so that the computational
cost of the representation of the N-body wave function scales exponentially. Matters
get worse for nonperturbative, time-dependent problems where the wave function
must be propagated in time. In full dimensionality, the simulation of helium in strong
laser fields is currently at the limit of feasibility [116].

A technique which allows to calculate nonperturbatively single (or, recently, also
double) ionization but taking into account excitation of the other electrons is the R-
matrix Floquet theory [117-119]. This method is a combination of the powerful and
in the electron-atom collisions-community well-known R-matrix method [120, 121]
and Floquet theory. Alternative methods for the study of ionization in two active
electron systems are the complex scaling technique used in [48—50], and the state-
specific approach [122, 123]. However, none of these methods so far reproduced,
e.g., nonsequential double ionization. On the other hand, low-dimensional model
systems [124—133] where the degrees of freedom of the two or more electrons is
restricted, are rather inaccurate on a quantitative level but helped to identify, e.g., the
nonsequential ionization mechanism and, moreover, serve as important test cases for
approximative approaches [61, 124, 127, 128, 134—-136].

Methods such as time-dependent Hartree-Fock (TDHF) and simple versions of
time-dependent density functional theory (TDDFT) fail miserably in describing



320 7 Intense Laser—Atom Interaction

laser-driven correlated electron dynamics [129, 137, 138]. This triggered strong
interest in the multi-configurational TDHF (MCTDHF) approach [139-141] and
in the improvement of TDDFT [134—-136]. MCTDHF becomes exact if a sufficient
number of configurations is taken into account but is very demanding computa-
tionally. TDDFT, on the other hand, is also — in principle — exact and numerically
rather inexpensive as long as “standard” exchange-correlation functionals (such as
the local density approximation, for instance) are used as an approximation. How-
ever, these standard functionals do not reproduce correlated strong-field phenomena
such as NSDI or resonant interactions so that further improvements of the method
are required [134-136].

7.4.1 Nonsequential Ionization

As already mentioned in the introduction of this chapter Fittinghoff et al. [114]
found a signature of nonsequential ionization (NSDI) in the He ion yields after the
interaction with a 614nm, 120 fs laser pulses. A refined measurement at 780 nm
with 160 fs pulses was presented by Walker et al. [142]. The main result is shown
in Fig.7.18. One sees that below 10'> Wem™2 the measured He?" yield is many
orders of magnitude greater than expected from a sequential “single active electron”
(SAE) ionization scenario. The latter is sketched by the solid curves in the plot. At
around 10" Wem™2 the He?* curve changes slope and tends to merge with the
theoretical SAE prediction, forming the so-called NSDI “knee”. This happens when
the previous charge state saturates, indicating that the NSDI emission of the second
electron is correlated with the dynamics of the first electron. The experimental ion
yields continue to increase even after saturation because of the focal expansion ~
I3/ [143]. Obviously, the increased He?* yield originates from the interaction of
the two electrons in the laser field. NSDI was also observed in other rare gases and
higher charge states [34, 144, 145], and in In™ [146].

Two possible mechanisms responsible for NSDI were suggested. Corkum
proposed a rescattering scenario [96] where the electron released first is driven
back to the ionic core by the laser and dislodges the second electron by a collision.
Fittinghoff et al. [114] suggested a “shake-off” of the second electron due to the
sudden loss of screening when the first electron is removed. Another mechanism
one may think of is collective tunneling. However, the amplitude for such a process
is too low for explaining NSDI [147, 148].

The measurement of strongly driven multi-particle dynamics received a new
twist with the invention of the so-called reaction microscope (see Ref. [149] for a
review): cold target recoil ion momentum spectroscopy (COLTRIMS) and electron
momentum spectroscopy provide correlated momentum spectra containing much
more information than just the total ion yields. For recent experiments using the
new technique see, e.g., [150-159].

In sequential ionization the momentum distribution of the ion is centered at zero.
Note that the ion momentum equals the sum of the electron momenta because the
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Fig. 7.18 Experimental ion yields for He* and He?* after the interaction with a 160 fs 780 nm
laser pulse. The solid lines are the theoretically expected yields when a sequential, single active
electron ionization scenario is assumed. Tt is seen that below 10'> Wem™2 the measured He?t
yield is many orders of magnitude greater before it merges with the theoretical prediction. The
deviation from the sequential rate (solid curve) is the so-called nonsequential ionization (NSDI)
“knee”. From [142]

photon momentum can be neglected for laser wavelengths >~ 800 nm. In NSDI
instead, the momentum distribution shows a clear double-peaked structure, as shown
in Fig. 7.19. This is an indication that NSDI is not a pure “shake-off” effect because
an isotropic momentum distribution is expected for the second electron in this case.
Experimentally obtained differential momentum spectra show that the two electrons
escape finally in almost the same direction [152, 153]. This is in contrast to dou-
ble ionization with energetic photons where the two electrons are emitted “back to
back” in opposite directions due to their mutual Coulomb repulsion. At low frequen-
cies the electric field of the laser prevails, thus forcing the electrons to move in the
same direction.

Theoretically, NSDI was successfully analyzed by solving the TDSE of low-
dimensional two-electron model atoms [128—130, 133], by classical simulations
[160-163], and simplified quantum models based on distinguishable electrons (i.e.,
an “inner” and an “outer” one) [164—166]. As in the case of high-order ATI and
HOHG, the SFA treatment gives the deepest physical insight into the NSDI process,
especially when interpreted in terms of quantum trajectories. The standard, single
active electron SFA needs to be extended in order to allow for (laser field-dressed)
collisional ionization by the rescattered electron [6, 157, 167—179]. Starting point is
the still exact expression for the transition matrix element (7.129), but now formu-
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Fig. 7.19 Momentum distributions of Ne"* ions at 1.3 PWcem~2 (Net, Ne?*) and 1.5 PWem ™2
(Ne?t) after a 30 fs 795 nm laser pulse obtained with the COLTRIMS method. pj is the momentum
parallel to the laser polarization, p, perpendicular to it. The distribution for Ne>* and Ne3* shows
a minimum at pj, indicating that NSDI is not a (pure) shake-off effect but relies on Coulomb
interaction of the electrons. From [150]

lated for two electrons. In terms of Feynman diagrams, this matrix element contains
all graphs with arbitrary large numbers of vertices. Without having a physical picture
of the NSDI process in mind it is hard to extract the leading diagram describing the
NSDI process. However, if rescattering of one of the electrons is crucial for NSDI, it
is clear that the NSDI process is contained in the second term of (7.129). We assume
that initial and final state correlations are unimportant. Moreover, we approximate
the final states by plane waves, so that the matrix element of interest reads

t t
Mp,p, = —/t_dt’ft_dt” (p1+ AW (p2+ AVUE ("YW (")
2
x [Wo1) [ Won) exp | —i(Eo1 + E0)t” =i Sp, (t,1)
i=1

with &y; the initial energies of the two electrons i = 1, 2. Here, we suppress an
explicit antisymmetrization of the initial and final two-electron states as the tran-
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sition matrix element with proper symmetry can easily be constructed a posteriori.
The NSDI matrix element is obtained by selecting only a particular of the very
many processes implicitly contained in the sequence of operators VU (', "YW ("),
namely Vlz{[ljl(v)(t/, YW1 @ Up(t',t")}. Here, Uy, is the field-free time
evolution operator Uo acting on electron 2, U I(V), Wl (¢") act on electron 1, and
Via governs the interaction between the two electrons (i.e., the collision). In length
gauge we obtain

t t
Myt = — / dr' / dr" (p1+ AW (p2 + AW ViU (' )W (1)
5 5

2
X [Wo1)|Woo) exp (—i&m” — i€t —i)_ Sp(t, /)) :
i=1

The interpretation is that at time ¢ electron 1 is ionized by the field (W1 (")) and
propagates thereafter in the vacuum until time ¢/ (0 ](V) (t', 1)). Electron 2 meanwhile
remains in its bound state (Uga (7', "), which simply becomes exp[—ifpa (1’ — )]
when applied to |¥p)). At time ¢’ the first electron returns to its parent ion and
interacts via Vj, with the second electron. The latter may be dislodged due to this
interaction. NSDI thus may be viewed as laser-driven collisional ionization. In real-
ity, the second electron may be excited instead of immediately ejected. It then may
be freed later by the laser pulse, leading also to double ionization. This process
was coined RESI (recollision-induced excitation followed by subsequent field ion-
ization) [156]. Whether NSDI or RESI are dominant in an actual experiment is
target-dependent and can be distinguished because both processes lead to different
momentum spectra, as will become clear below. The SFA devised here does not
include excited states so that RESI is not covered. Using (7.130) in length gauge for
O™V, 1") yields

t t'
MyP == [t [[ar” [k (g1 + A2 + ACTialks + AC)
I I

x (ki + A" |ry - E(t")|%1)|Wo2)

2
X exp (—i&nt” — it — iy, (1, 1) — iz Sp. (1, t’)) .

i=1
Introducing the form factor
Vo ) = (p1 + AW |(p2 + A Vialky + AW W), (7.222)
the matrix element

Wi, (") = (ki + A@)|ry - E(")[¥o1), (7.223)
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and the total action

2
Spik (.1 1" = Enit" + Et’ + Si, (. 1) + Y Sp (2. 1) (7.224)
i=1

the NSDI matrix element reads
S ! v 3
MYl = — / dr’ / dar” /d ki Ve, ()Y Wi, (¢ expl—iSpx, (¢, 1/, 1)), (7.225)
4 4

Upon integration by parts and neglecting boundary terms (cf. [71]) the matrix
element

t t'
M}jlsg’ =— / dr’ / dr’ /d3k1 Vb, (') Vie, (8 expl—iSp,x, (£, ', )] (7.226)
4 ti

is obtained, where
Vie, @) = (k1 + A" Vi ¥01). (7.227)

The matrix element (7.226) is widely used in the literature (see, e.g., [178]).
Assuming a monochromatic laser field and a contact-type interaction Vio ~8(r) —
r2)8(ra), all of the integrals in (7.226) apart from a single, remaining time inte-
gral can be solved. For few-cycle pulses the two time integrals remain to be eval-
uated numerically. This is nontrivial because of the highly oscillatory nature of the
integrand. Alternatively, the saddle-point method (or refined versions of it) may
be applied (see, e.g., [178]). Figure 7.20 shows results for correlated momentum
spectra

2
!/
P(puy, p2y) = /dzpu/dzpu (Myfg , (7.228)

calculated for neon in a 4-cycle, linearly polarized laser pulse of the form A(¢) =
Aope; exp[—4(wt — 71n)2 / (nn)z] sin[wt + ¢]. The actual values of all the parameters
are given in the figure caption. The momenta p;| and p;, are parallel and perpen-
dicular to the laser polarization direction, respectively. The typical diagonal “double
blob” structure in the pyj, p2-plane is observed, indicating that the electrons are
preferentially emitted in the same direction. In the case of phase-stabilized few-
cycle laser pulses, the structure sensitively depends on the carrier-envelope phase
¢, as was also demonstrated experimentally [180]. Integrating P (py, p2)) for fixed
sum momenta py = pi + pz)) (i.e., perpendicular to the diagonal pyj = py
in the plots in Fig. 7.20) a double-hump structure is obtained in the NSDI regime.
In the case of few-cycle pulses the weights of the two humps depend sensitively on
the carrier-envelope or absolute phase ¢. Because of momentum conservation the
double-hump in the electron sum momenta is reflected in the measured ion recoil
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Fig. 7.20 Differential electron momentum distributions computed for neon (£p; = —0.79 and

Eop = —1.51 a.u.) subject to a four-cycle pulse of frequency w = 0.057 (Ti:Sapphire, A >~ 800 nm)
and various intensities and absolute phases. The upper, middle and lower panels correspond to I =
410" Wem=2(Up = 0.879), I = 5.5- 10 Wem=2(Up = 1.2),and I = 8 - 101 Wem=2(U,, =
1.758), respectively. The absolute phases are given as follows: Panels (a), (e), and (i): ¢ = 0.87;
panels (b), (f), and (j): ¢ = 0.97; panels (c), (g), and (k): ¢ = m; and panels (d), (h), and (1):
¢ = 1.1x. Taken from [178]

momentum spectra (the momentum of the near infrared photons involved can be
neglected).

As already demonstrated for ATI and HOHG, cut-offs in intense laser-atom inter-
action can always be explained by means of classical electron trajectories. The same
holds true for the maximum electron sum momentum in NSDI. The link between
classical trajectories and the SFA is formally established by the stationary phase
approach already used in (7.160) and (7.195). To that end we seek those values of
k =k, t',and 1" suchthat S = Sp (¢, ¢', t”) is stationary. The conditions 3, S = 0,
a7 S =0,and ViS§ = 0 give

2
> pi + AP = 2800 + [k + AP, (7.229)
i=1
[k+AG"] =280, (7.230)
t/
/ di [k + A()] =0, (7.231)
t//

respectively. Equations (7.229) and (7.230) ensure energy conservation at the rescat-
tering time ¢" and the emission time 7" of the first electron. Equation (7.231) restricts
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the first electron’s intermediate momentum such that rescattering occurs. Since
o1 < 0, (7.230) has only solutions for complex times ¢’ (k is kept real). The
classical trajectories of simple man’s theory are obtained for vanishing &£y;. Equa-
tion (7.230) then implies k = —A(¢”). Together with (7.231) we have

AN -t +a) —a”) =0.

Comparison with (7.170) shows that this expression is indeed equivalent to r (1') =
0 when electron 1 was emitted at time ”. If the second electron is dislodged with
vanishing initial momentum at a time 7 when the electric field of the laser vanishes,
its kinetic energy will assume the maximum value 2U}, so that |py)| = 2\/U»p is
expected. This crude estimate is well confirmed by virtue of Fig. 7.20. If n elec-
trons are involved in the multiple ionization process and all acquire this maximum
momentum (in the same direction), the ultimate classical cut-off for the ion recoil
momentum is 2n \/UTD . Recoil ion spectra of neon confirm this estimate [156]. How-
ever, if the returning electron is likely to excite but not to directly free the second
electron (i.e., the above mentioned RESI occurs), the delayed ionization occurs at
high electric field values so that the drift momentum of the second electron will
be much lower than 2\/UT) . Whether collisional ionization or collisional excitation
prevails strongly depends on the target.
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Chapter 8
Relativistic Laser—-Plasma Interaction

8.1 Essential Relativity

8.1.1 Four Vectors

Sporadically, relativistic energies have been considered already in the foregoing
chapters. As the laser flux density in the near infrared and visible long wavelength
regime exceeds / ~ 10'8 Wem™2, the electron quiver energy assumes relativistic
values. A brief presentation of basic relativity may be useful here.

Empty space is homogeneous and isotropic. As a consequence the transforma-
tion from a system of reference S to one S’ moving at constant velocity v relative
to S must be linear. If the existence of states or characterizable configurations is
postulated, the linear transformations from S to S” must form a group. If no limiting
(maximum) speed exist the only possible transformation satisfying the requirements
above is Galilean,

x' =x—t, t=t. (8.1

We recall that a reference system is called inertial if Newton’s law of motion holds,

dp
i S(x,v). (8.2)

A force f explicitly depending on time would violate Galilean relativity [1]. From
(8.1) follows that the class of inertial reference systems S’(v) comprises all systems
S’ moving at constant speed relative to each other. An example is the class of free
falling elevators, each starting at its individual velocity v at the instant .

Einstein recognized that Maxwell’s equations put a finite limit ¢ on every velocity
v = |v| reachable in S. His argument is very simple. Imagine an observer following
a light front from behind at v slightly greater than ¢, slowing down to ¢ when he has
caught up with the front and then accelerating slowly away. Along such a travel he
observes a finite, quasistatic electric field behind the light front and zero field ahead.
In other words, he sees field lines ending in empty space. This is in contradiction
with Maxwell’s equation VE = pe]/€g, which implies that static field lines must

P. Mulser, D. Bauer, High Power Laser—Matter Interaction, STMP 238, 331-403, 331
DOI 10.1007/978-3-540-46065-7_8, © Springer-Verlag Berlin Heidelberg 2010
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end in a charge or extend to infinity. With a limiting speed ¢ > v the only transfor-
mation from S to S’ obeying linearity, homogeneity and isotropy of empty space,
and forming a group is of Lorentzian type [2]

y— 1 ’
2 (vx)v — yvt, t =y (t — —2) (8.3)

X =x+

with y = (1 — v%/c?)~1/2. The inverse transformation (x’, t') — (x, t) must show
the same structure with the relative velocity v’ of S with respect to S’. From the
principle that all S are equivalent to each other follows v" = —v, a property which
was taken for granted by Einstein and followers and was proven only half a century
later [3]. Thus

1 V_l / 1 ’ vx’
x=x+ 2 (vxHv + yot', t=y t+c—2 . (8.4)

From either (8.3) or (8.4) one deduces the invariant
x? =2 = xR (8.5)

With the pseudo-Euclidean metric gug = op for a, B = 1,2,3 and g4 = —dap
with 8 = 1,2, 3,4, the invariant is recognized as the scalar product of the four
vector X = (x,ct) = (xl,xz,x3,x4),

X2 =XX = go,ﬂx‘)‘x’3 =x% - 2tr =52 (8.6)

The quantity s is the length of the four vector X. Its invariance under a Lorentz
transformation tells that a reference system change from S to S’(v) in four space is a
rotation by a certain angle. In (8.6) summation over the repeatedly appearing indices
o and B is understood (summation convention). Greek indices are reserved to four
quantities and run from «, £, ... = 1 to 4 while latin indices are used to indicate
the spatial components i, j, ... = 1, 2, 3 of the corresponding four quantities. Bold
italic letters designate vectors in the physical space R.

Imagine now a mass point moving according to x = vt in S. Then, owing to s’ =
s = const in any inertial frame, in the comoving system S’ (v) holds X’ = (0, ct’)
and

1/2

2.2 22 22 / v? 4
—ct'T = vt — ¢t = t = 1——2 t=—.
c Y

The time ¢ in the system comoving with the particle is called the proper time 7. In
differential form (8.6) reads

dt
ds®> = dx? — *di* = —c*d+? = dt = —. (8.7)
%
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The last of these relations is the formula for time dilation (e.g., of the lifetime of a
moving, excited atom). Conversely, it can be shown that from the invariance of ds
alone follows the Lorentz transformation (8.3). The proof of this assertion and all
the formulas in this section can be found in [4], Chap. 3 or, better, can be derived as
an exercise by the reader himself on the basis of the principles mentioned in the text
here (homogeneity and isotropy, existence of states, relativity principle).

Another important consequence of (8.5) or (8.7) is the length contraction of mov-
ing scales. Suppose the scale, moving or at rest, in S is dx. If its length in S'(v) is
to be measured it must be kept in mind that the end points of dx’ have to be fixed at
the same time #’. Hence, dt’ = 0 and from (8.7) and (8.3) follows

dx
dx? = — 2di?,  0=di' =y <dt—v—2>.
C

Elimination of dt, with v the component of v parallel to dx, yields

v? d
dx'* = ax? (1 - —') S ) = (8.8)
Vi

with yy = (1 — vﬁ/cz)_l/Z. The scale of length dx = |dx| measured in S appears

contracted by the factor yu_l to an observer measuring its length dx’ = |dx'| in
S’(v). The same result is directly obtained from (8.4) by setting ' = 0 where ¢’ is
now the difference in time at which the end points x| = 0 and x/, = x’ are fixed.
With v || x (8.4) yields x = yx/, hence x’ = x/y. In order to decide whether
to use (8.3) or (8.4) it must be known in which system, S or §’, simultaneity of
events is required. The Lorentz contraction cannot be “seen.” Formulas (8.8) refer to
distances between simultaneous events (x(Pl), t), (x(Pg), t) in spacetime. Obser-
vations relate to simultaneous arrivals of light signals (originating from P; and P)
in the observer’s eye.

A first useful application of (8.7) and (8.8) is encountered in the transformation of
the electromagnetic field from S to S’ (v). Assume an electric field E and a magnetic
field B in S. Imagine an equivalent E-field in a given point, generated by a capacitor
at rest in S. An observer at rest in S’'(v) sees an invariant surface charge density
o when v is perpendicular to the plates, hence the field component parallel to v
remains unaltered, E 1‘ = E.. However, when the plates are parallel to v the charge
density o is increased by y as a consequence of the length contraction (8.8). Thus
E'| = yE . By applying Faraday’s law to a rectangular infinitesimal loop with one
segment dI moving at velocity v one deduces that along the segment the electric
field v x B is induced (see any volume on classical electrodynamics). However, one
must be aware that this result is obtained in Galilean relativity (8.1), i.e., from the
magnetic flux derivative d® /dt in S. This is inconsistent because d® /dt’ in §’(v)
must be calculated. According to (8.7) holds d® /dt’ = y d® /dt and hence yv x B
is the electric field induced by B in the moving segment dl. Thus the field E’ acting
on a point charge at rest in S’(v) is given by
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E\=E|. E| =y(EL+vxB). (8.9)

The magnetic field generated by an infinitely long coil does not change when the coil
moves with velocity v || B because cross section and magnetic field flux (number
of field lines) remain unchanged. To find the transformation law of B the inverse
transformation E', — E| = y(E'| — v x B’) can be used to calculate v x E |
with the help of (8.9),

1

1 1
ﬁvxEL:;vx(E’L—vxB’l):vx(EL—f—vxBL)—;vx(va’L)

1
:vxEJ_—szJ_+;sz/l.
Thus B transforms according to
1
B/HzB”, Bﬁ_:y(BJ_—C—zvXE>. (810)

The second equation in (8.10) is directly deduced from (8.9) by making use of the
analogy of V. x B = 3, E/c? with V x E = —;B. From (8.9) and (8.10) one
deduces E'> — 2B’ = E? — ¢?B?,and E'B’' = EB, i.c., the two expressions are
Lorentz scalars. The second relation says that E 1 B is an invariant property with
respect to a Lorentz transformation; for example the k vector of a plane electromag-
netic wave may change direction, however k, E, B remain mutually orthogonal.

Any quantity Y, which transforms like a position vector X = (x,y,z,ct) =
(x!, x2, x3, x%) is called a four vector. The following easily provable criterion is
very useful. If the scalar product ZY = g,gz* y# of a four vector Z with a four
quantity Y remains unchanged under an arbitrary Lorentz transformation (8.3), Y is
a four vector, and vice versa, i.e., the scalar product of two four vectors Z and Y is
Lorentz invariant. Using this criterion, the correct transformation laws of frequency
w and wave vector k of a light wave in vacuum is found. The phases ¢ = kx — wt
in S and ¢’ = k'x’ — o't’ in S’ must be equal because they count the number of
maxima, for example, which reach the observers in S and S’. Hence, K = (k, w/c)
is a four vector and transforms as

y —1

kK =k+ =

Wk —y o, o =y(@—kv). 8.11)
C

It is evident that the following quantities with proper time t and rest mass m are
four vectors:

four velocity V =dX/dt =y,c), V2= )/2(1)2 — %) = ¢,
four momentum P=mV = (p,ymc), p=ymv, P = —mzcz,
1
four acceleration A=dV/dt, VA= Edvz/a’r =0 = ALV,

A’=d® a= dv/dt.
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A special criterion for a four quantity ¥ to be a four vector is that its square ¥> =
8ap y*yP is invariant against a Lorentz transformation. From the knowledge V? =
—c2, P2 = —m?%c%, A% = a? alone follows that V, P, A are four vectors. At first
glance it may surprise that V, P, A are constructed with the help of the position
vector X in S and the proper time t related to the comoving frame S’(v). However,
from (8.7) follows that dt is proportional to ds, which, as an invariant, may be
evaluated in § as well.

If a four quantity F = F(x, v) is related to the change of the four momentum
P by

dpP
—=F, (8.12)
dr

F is called a four force or Minkowski force. If its spatial components are indicated

by f = (f', f2, f3), it follows

dp_ dp_ _
E_f & E—fE, Je=[f/v. (8.13)

For obvious reasons fg is given the name Einstein force. It is the relativistically
correct three force describing the momentum change in an arbitrary inertial refer-
ence frame. In a reference frame S’ comoving with the point particle, dp /dr reduces

tomdv/dt, and fg becomes equal to f, which we give the index N, f = fn, and
call fn a Newton force,

dv
— = fN. 8.14
m—- = JN (8.14)
In general it is correct only in the comoving inertial frame.
As an application of (8.13) we show that the plasma frequency w), is a Lorentz
invariant. For the infinitesimal displacement & (weak field!) in the electric field
direction holds in an arbitrary reference system S(vo)

P _ = ywom ™ = ywomE = —ep: E= Sn

— = — mv = m— = m— = —ekE; =—n

ar i’ vV Gy = YR s e ¢
dz‘g' e’n, e%ng 2
o = T =_ . 8.15
S k=l = ) (8.15)

The last step follows from n.(vg) = y(vo)no as a consequence of the Lorentz
contraction of & = &’/y (vp). Note n.& = noé’.

Owing to dp*/dt = dp*/dt = 0 in the comoving frame §’, the Minkowski
force is F = (fn,0), and hence in an arbitrary reference system S(w) the four
force F = (f, f*) is given through

—1
f=tn+ i@ =y 2 =2 (8.16)
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Note that if the particle has a velocity v in S, owing to v = —w one has f* =
yv fn/c. This relation follows also from F L P. In fact, dP?>/dt = 2PF =
2ym(vf — cf*) = 0. With the help of (8.16) the Einstein force on a point charge
q is found. By definition of the electric field, in the rest frame S’ of the charge
fNn=qE = qlE)+y(EL+vx B)]holds [see (8.9)]. In a frame S moving at —v
relative to S’ the transformation law (8.16) requires F=¢[E| + y(E_+vx B) +
(y =D E), yvE]. Hence, fg = q(E + v x B), and the correct relativistic equation
of motion in three-space reads

j—t(ymv) =q(E +v x B). (8.17)

Sometimes the difference between the orbits from (8.13) and (8.17) and the corre-
sponding nonrelativistic equation of motion is attributed to the “relativistic mass
increase”. Except special cases this is not a good concept because the “mass
increase” depends on the particular motion (e.g. “longitudinal” mass m differing
from “transverse” mass m ) and may obscure the real origin of (8.13) and (8.17)
that is the Minkowski metric of space time.

8.1.2 Momentum and Kinetic Energy

Integrating (8.12) from 7 = 0 to t > 0 with the point particle initially at rest yields
with the help of (8.13)

P(t)—P(O):('/Offdr,%/(;rfvm')=</0thdt,%/0thdx)

= (p.ymc —mc).

It shows that the kinetic energy of the particle is Exin = ymc> — mc? = E — Eq
because fé fE dx is the work done by the Einstein force. Hence

E = Eo+ Eyin = ymc? & E? = m*c* + p2ct. (8.18)

The second relation is nothing but P? = —m?c? = —Eg/cz.

Sometimes formulas relating the velocity u and the four momentum P measured
in S to the corresponding quantities #’ and P’ measured in S’(v) are useful. Accord-
ing to (8.4) holds for dx = u dt and dx’ = u' dt’

_1 /
udt = (u’ + sz (vu')v + Vv) dt’, dt=vy <1 + 1—‘;) dt', y=y().

Elimination of dt’ leads to the so-called relativistic velocity addition theorem v
and v/,
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’ 1 AR 2
. +o[ly(1+u'v/v°) —u'v/v ]. 8.19)
y(1+u'v/c?)

If u' < c,v < cis fulfilled u < ¢ follows because (8.19) implies (¢> — u?)/c* =
(2 —u 2)(c2 —v%)/(c* + u'v). The inverse transformation for #’ is obtained from
(8.19) by interchanging u and u’ and substituting v by —v. The analogous formula
for P and P’ is accordingly

Py +vlym+ p'v/(y'vH) — p'v/(y'v)]

P = (pv ymc) = ( 1 + p/v/(y/CZ)

ymc) (8.20)

with y' = y (u').
The Lagrangian of a particle of rest mass m moving in a time-independent poten-
tial V = V(x) is

m o
Lx,v)=T—-V=——c"-V (8.21)
14

because it obeys the equation of motion

doL oL d YV =0

do0 ax arym vV =0
if the force is correctly given by —V V. Keeping in mind that it should be an Einstein
force fE, the weakness of a noncovariant Lagrangian (8.21), i.e., a Lagrangian not
expressed in four quantities, appears. For instance, when going from S to §’(v),
the potential may assume the wrong time dependence. If (8.21) is acceptable the
Hamiltonian is given by

oL
H(p.x)=—"v—L= (m*c* 4 p2cH? + v (x), (8.22)

and the canonical equations of motion

d oH dx 0H
—p= —

- == 8.23
dt ox dt ap ( )

yield the equation of motion above and the connection between v and p for a point
particle, respectively.

8.1.3 Scalars, Contravariant and Covariant Quantities
In the basis {e;} the vector x is the unique linear combination x = x'e;, with x'

the contravariant components (Fig. 8.1). The same vector can also be expressed
uniquely by its covariant components x;, which are the projections of x onto the
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€,

Fig. 8.1 Contravariant components x', x? and covariant components (projections) x; and x»

vectors e;, x; = xe;. With the help of the Euclidean metric g;; = e;jey = gi; and
the inverse matrix (g'*) = (gix) !, the transformation from one set of components
to the other is accomplished by

X = gikxk, xi = gikxk. (8.24)

The use of the two types of coordinates allows a compact representation of the scalar
product,

xy = ('e)y =x'(eiy) = x'yi = gix'x", 525
ds® = dx dx = gi; dx' dx*. ‘

The metric of special relativity for a Cartesian coordinate system in R* is given
by the gqup of (8.6). It is identical with its inverse matrix, g% = 8ap-

A scalar quantity, or Lorentz scalar, is by definition a quantity which is invariant
under a general Lorentz transformation. The rest mass m of a particle and its charge
q are Lorentz scalars, but the density of particles n, of charge pe] = ng and of mass
p are not. In fact, from (8.8) and (8.18) follows in S’ (v)

n=yno, P =ypelo, p=vpo, y=1—v/H (826

The index “0” refers to the rest frame S.

Any four quantity Y, which transforms like the position vector X, is a four vector,
eg,V,P, A, K = (k,w/c). For Y this is the case if XY = x*y, = f with an
arbitrary X is a Lorentz scalar. Any four quantity 7%, which transforms like the
product x%xP, is a four (or Lorentz) contravariant tensor of second rank, etc. In
particular, any null four quantity is a four tensor. The four gradient 9,
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a a a a
grad, = 9y = <— T Ty —> (8.27)

when applied to a scalar f generates a four vector since

af
df = ax—adx"‘ = grad, fdX

is invariant under a Lorentz transformation, and d X is a four vector. According to the
criterion above grad, f = 9, f is a covariant four vector. Analogously, grad® f =
0% f = 0f/0xy is a contravariant four vector. Further, it is evident that grad,Y =

9 y? generates a mixed tensor of second rank To’? . The four divergence of a four
vector V = v?, a four tensor T = T*#, etc.,

d d
: _ o _ o . _ af __ af
divV = guv* = _ax"‘v , divT = 0,T __Bx"‘T

generates a Lorentz scalar, a four vector, etc.. It is left as an exercise to the reader
that the converse is also true.

In practical applications one is frequently faced with the problem of how the
partial derivatives d; and d, of an entity F (x, t) transform to d, and 9,/ operating

on F/(x’, t') in a system S’ moving with velocity v along x. To this aim let us assume
x =g, t"), t = h(x', ). Equating the total differentials d F and d F’,

dF = 3, F dt' + 0. F'dx' = 9, F dt + 9, F dx
=0, F(hpdt' + hodx') + 0, F(gpdt’ + gudx'),

gy = 0y g, etc., leads to
0y F = 0,F hy + 0, Fgy, Oy F =03 Fhy + 0, Fgy. (8.28)

In the special case of g = y(x' 4+ vt'), h = y(t' + vx'/c?) results

9 F =y F +va F), 9. F =y (%S,F + 8XF> :
C
v
WF =y F —vd F), 0F=y (——28t/F/ + ax/F/) . (8.29)
c
They show the symmetry required by the relativity principle, i.e., the inverse trans-

formation follows from interchanging F and F’ and substituting v by —v. In
Galileian relativity x = x’ +vt',t =t and 0y F' = 0, F + vo, F, 0, F = 0 F'.
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8.1.4 Ideal Fluid Dynamics

In the reference system S in which an ideal fluid (isotropic pressure, no dissipation)
is locally at rest, according to (2.54) and (2.77,%r = 0) holds

dno + dingv’ =0, 3 pov’ + ;(pov' v/ + ps) = 0. (8.30)

The quantities J, = noV = noy (v, ¢) = j§, no particle density, and T = ,oov"‘vfj
are the four vectors of particle flow density and the momentum flow density ten-
sor, respectively. Since their divergence div J;, and div T are a Lorentz scalar and
a Lorentz vector, respectively, and since in the system locally at rest they reduce
to (8.30) for a fluid in the absence of pressure (p = 0), relativistic particle and
momentum conservation for a pressure-free fluid read

3,j% =0, 3, T = 0. (8.31)

Thus, divT® = 3, pov*v* = cdingmyv’ + cdngmy* = 0 (note V. = v* =
(yvt, vh, vt = yct in our convention). Hence, the familiar nonrelativistic equations
of particle and mass conservation,

0 ad
En + Vnv =0, E'D + Vpv =0, n=yng, p=rymn (8.32)

are also relativistically correct. However, at relativistic energies certain particles
may transform into others.
In perfect analogy follows in the absence of pressure that

9 i 9 ij 9 2 9 2.0
Epv +m,0v v —0, apc —i—@pc v'=0 (833)

hold for all energies. They are identical with their nonrelativistic expressions. The
quantity pc? is the internal energy density (see Sect. 8.1.6). If p # 0 the four
tensor pov®v? must be completed by a four tensor S*# in such a way as to yield
0; S = 9;ps', i, j = 1,2, 3. This is accomplished by setting

T = pov*vf 4 §%F = (po + C%) v*vP + pg®P. (8.34)

TP is clearly a tensor, and hence 9, TP is a four vector F, which for vanishing
velocity v must reduce to zero (see (2.77), # = 0). Therefore F = 0 must hold
in any inertial frame, i.e., 3, 7% = 0 are the relativistic conservation equations of
energy (mass) and momentum. In (x, 7) representation they read
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2
v
3 (pc2 + y2p6—2> + V(pc* +y*p)o =0, (8.35)

8,(p+y2§>v+V{(p+yzc£2>vv+pl}=0, I=@67).  (836)

In contrast to (2.77) and (2.79) in the relativistic formulation the pressure seems
to contribute to the internal energy density pc” and to the momentum density pv.
However, this would be an erroneous interpretation because the internal energy is
defined in the rest frame of the fluid where the pressure term in (8.35) reduces to
zero. On the other hand, its presence in the time derivatives of the relativistic conser-
vation equations is understandable from the spatial derivatives of the corresponding
expressions in (8.35) and (8.36). In fact, V(yzpv) in (8.35) stands for the work a
volume element spends to remove the neighboring fluid element undergoing a spa-
tial change of the field quantities and inducing a corresponding temporal variation
through the interconnecting space and time coordinates in a Lorentz transformation.
With the help of (8.35) momentum conservation (8.36) can be cast into the Eulerian
form just in the same way as in Chap. 2,

d d
(P + )/26%> <8_It) + (vV)v> =— <Vp + va—l;> . (8.37)

8.1.5 Kinetic Theory

Multifluid equations may be derived from a relativistic kinetic equation among
which the simplest is the collisionless Boltzmann or Vlasov equation. It is obtained
as follows. If (X, p) = f(x%, p') is the one-particle distribution function in the
6-dimensional phase space (x, p) at time ¢, the number N (¢) of noninteracting (i.e.,
collisionless) particles of one species (electrons, ions of charge Z, etc.) contained in
the one-particle phase space volume element AI"(f) = Ax Ap is given by

N@) = f(x,p,t) AL (1),

with AI'(t) centered around the trajectory (x (1), p(t)). The motion of the individ-
ual particles is described by the relativistic Hamiltonian H (xi, pi, t) and its canon-
ical equations

L 1
di=a—H., di:—a—H., i=1,2,3. (8.38)
dt ap' dt ox!
The trajectories contained in AI'(¢) differ only by their initial conditions xé, pé at
t = ty and the Einstein force fg varying from point to point. First we show that
the measure of the volume element AI” is conserved in time (relativistic Liouville
theorem). In fact, its ith projection in Cartesian coordinates is at time ¢ + dt
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AT (t +dt) = Ax' (1 + dt) Ap' (t + dr)

, dAx! , dAp'
= [ Ax'(t) + ——dt | | Ap'(t) + ——dt
|axi o+ 2| [ar' o+ 9t
OH(x' + Ax')y  9H(x') 5
op! op!

= {Axi(t)+|:

AH(p' + Aph)  dH(p") o
oxi oxt

x {Ap"(r) —~ [

2

[ ][~ gar a]
=|Ax'(t) + Ax'dt || Ap'(t) — - Ap' dt

oxiapt opidxt
. . 2H \’
= Ax'(t) Ap' (1) {1 — (axiapi> (dt)2:| )

Thus d(AT})/dt = 0 and hence d(AI')/dt = 0. We have chosen this elementary
proof because it shows that the only condition for the validity of Liouville’s theorem
in any finite-dimensional space is the existence of a correct relativistic Hamiltonian.
Alternatively, if the validity of Liouville’s theorem is taken for granted in the nonrel-
ativistic domain, by transforming to the system comoving with AI” one is reduced
again to the nonrelativistic case of dAI'(v = 0)/dt = d(Ax9Apy)/dt = 0, and
hence in S(v) holds A" (v) = (Axo/y)(yApo) = AT'(v =0) andd AT (v)/dt =
(1/y)dA(v = 0)/dt = 0. From its definition it is clear that A/ (¢) is a Lorentz scalar
and as such it is conserved,

AN df d(Ar) df df
Y Ar =—2AT' =0 — =0,
dt dt +f dt dt = dt

or, written in explicit form, the Vlasov equation reads

af+aH8f ORI & 8f+{Hf}—0 (8.39)
ot 9p ox  dx dp ot e '

p is the canonical momentum which may differ from the mechanical momentum
Pm = ymv. It may be convenient to formulate the Vlasov equation in terms of x
and pn, instead of x and p. For this purpose we observe that Liouville’s theorem
remains valid if a new momentum is defined by p’ = p + G(x, 1) because the
Jacobian remains unaltered,

d(x, p") _dx.p) _
d(x,p) Ad(x,p)

If G = —qA(x,1t) is set, with A(x, t) the vector potential, (8.39) transforms into

9 3 9
—f+p—m—f+fE—f =0, (8.40)
at  ym dx oPm
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where f = f(x, pm, t). In the case of charged particles one has fg = qg(E+vxB).
The one-particle distribution function f = N/(AT) is a Lorentz scalar. The three-
form (8.39) is clearly Lorentz invariant since no use of a special reference system
has been made in any step of its derivation.

From (8.39) or (8.40) conservation equations, e.g., for momentum and energy
densities and their fluxes, can be obtained in the form of moment equations by
multiplying it with ¥192"% = p% p®2... p% and integrating over the momentum
space R;, just in the same way as in the nonrelativistic case (see end of Sect. 2.2.1).
In order to preserve the four-character of 1*1%2"% one has to integrate over an invari-
ant volume element in momentum subspace, i.e., dp/y or dp/p*, p* = ymc. The
integrals

dp

Td]azu-as — / pa] p()lz ... pds f(X, p)
clearly define a contravariant four tensor 7' of rank s because any finite sum over
the four tensor *1*2"% and hence also the limiting sum, i.e., the integral over
the invariant volumes dp/(ymc), are tensors of the same kind. The link with the
fluid equations is established by introducing kinetic expressions for particle and
charge density, internal energy, pressure, etc. and their fluxes. To this aim the global
dynamics has to be split up into an inner component and a macroscopic outer flow
component. In other words, the relativistic concept of the center of momentum has
to be introduced.

8.1.6 Center of Momentum and Mass Frame of Noninteracting
Particles

In analogy to the nonrelativistic limit we define for particles of nonvanishing rest
mass m;

N N
P:Zm,-v,- =Zm,~y,- (vi,c) =MV = My () (v, ) (8.42)
i=1 i=1

with y; = y(v;). This definition implies y (v)M = ), m;y;, which is compatible
with the definition of the center of mass position four vector

N N

Zmi)/iX,‘ < X = : Zmiy,-x,- (8.43)
i=1 )/(U)M i=1

1
y()M

X =

as long as no forces act on the particles. Then

N

d 1
= T > mivivi, (8.44)

i=1
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in agreement with the center of momentum velocity v obtained from (8.42). The
point X (¢) defined by (8.43) may vary from one reference system S to another S’. If,
for instance, it coincides with the position x ; (¢) of a particle at time ¢, X (1) = x (1),
this may no longer be true when changing to another inertial frame §', i.e., ¥'(¢') #
x/j (t') owing to the weighting factors y; having changed. In other words, due to the

presence of the y;, X is not a Lorentzian four vector, in contrast to P from (8.42).
To illustrate this the reader may imagine two point masses m| = my = m moving
at speed close to ¢ against each other. An observer comoving with mass m| sees the
center of mass close to m», an observer comoving with m» sees it close to m.

It is evident that a reference system S exists in which V = (0, ¢) in (8.42). Then

N
Me=) miie.  P=MU=ywMu,c),
i=1

N
1
Xe=— Y miVicXi.  Yie = ¥i(vic). (8.45)
M i=1
By x. the center of mass in the rest frame is defined. X, = (x, ct) is a Lorentz
vector, and with x () = x ;(r) also x(t") = x/j (") holds. An additional advantage

of the special choice of the definition (8.45) is that M.c> can be given the simple
interpretation of the total internal energy in the case of noninteracting particles.
The kinetic energy of the system of N point masses in the rest frame then reads
(Me — Y, m;)c?. Owing to c*(Y m;y;)? = Mczc4 + cng, Pc = M.ycve, the
internal energy M.c? is the minimum kinetic energy which the system can assume
under a Lorentz transformation. If the center of mass is defined according to (8.43)
no such interpretation exists for M. The only valid statement is that according to
(8.44), besides x, all centers of mass X are also at rest in the center of momentum
system.

For the interested reader a proof of the existence of S; with V = (0, ¢) is given.
A four vector Y = (y, y*) is time-like if Y> = y> — (y*)?> < 0 and space-like if
Y2 > 0. By choosing a reference system S(v,) with yv, = cy/y* the time-like
Y reduces to Y = (0, yg) in S(v¢) whereas, when setting vy = cy4y/y2 a space-
like Y becomes Y = (yo,0) in S(vs). V; and P; = mV; are time-like. Hence,
P =P + P,= (0, P14) + (p2, Pf) is also time-like owing to P2 = —Pl2 + p? —
(PH? —2P}P} < 0and P}, P} > 0. Assertion V = (0, c) follows by induction
on P and from V = P/M,., M. from (8.45).

8.1.7 Moment Equations

In (8.41) the Lorentz invariant volume element in momentum space was introduced
to preserve the four tensor character of 112" under integration. It is shown now
that such a choice is stringent on physical grounds and is helpful in interpreting the
various moment terms. In Sect. 8.1.5 the distribution function f (x, p, t) was defined
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with the help of the co-moving 6D phase space volume element d1y = dx¢ dpo,
indicated here by the index “y”. dI” = dxdp is also a Lorentz scalar and as such
invariant in any inertial frame, e.g., in the lab frame S, and hence for the particle

number dN holds
dN = f dxdp = fy dxdpy. (8.46)

By definition the particle number density of momentum p in S in the co-moving
frame is dng = dN'/dxo = fydpo. When calculating the particle density n(x, 7) in
S one has to bear in mind that for each momentum p the corresponding dx has to
be chosen such that owing to the Lorentz length contraction it assumes the size dx
in S, i.e., dxo = y dx. Thus from (8.46) follows

dN =dx fdp = ydxfod7p = nolx,1)= /fd7p, (8.47)

in agreement with dpg = dp/y.,dI” = dIy,and f = fo. From (8.41) with p* = p?
results n(x,t) = j;‘/c which shows that n(x, t)c = y@)no(x, t)c is the fourth
component of the particle current density. Furthermore, ¢ [ p f dp/ pt= [vfdp=
Jn- With a view onto (8.42) it shows that the flow velocity u is defined by u = j,/n.
In conclusion the following definitions are introduced:

anc/.Pfgzn(u,c)znoU, U=vy(u)u,c)),
n= /fdp, u= %/vf dp, n = y(u)ng, (8.48)
e = c/(p“)zi—ﬁ =mc* / v(p)f dp = &in + Ekin.

The internal energy density &j, is the energy density in the center of momentum
system (8.45) with u = 0. For clarity the average velocities of the ensemble here
and whenever it appears useful is given the symbol U and u to better distinguish it
from the individual particle velocities V and v. Note that the averaging procedure
for particle density n(x,t) and mean flow velocity u(x, t) in the relativistic and
nonrelativistic case are identical [compare (2.82)]. In this context formula (8.41) for
the moments was justified by the argument that in determining the total number of
particles at the time instant ¢ lying in the interval dx’ around x’ each group when
moving at momentum p’ contracts by y in space. Since, on the other hand dx’ dp’
is Lorentz invariant the shrinking dx’ has to be compensated by choosing its size
in momentum space as dp’ /y. The averaging procedure (8.41) can be justified on
purely formal grounds: If a quantity under consideration coincides with its nonrela-
tivistic expression in the rest frame (like n and j¢) it is relativistically correct in any
frame S(v) because (8.41) generates four quantities out of four quantities.
Decomposition into intrinsic and dynamic components by means of the center
of momentum concept (8.45) (Eckart’s decomposition [5, 6]) is appropriate for
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particles of finite rest mass. In contrast to the nonrelativistic case no simple addition
theorem exists for the individual velocity three vectors [see (8.19)]. Decomposi-
tion is therefore done in four space. To this aim the individual particle momentum
P = (p, p*) is represented as the sum of a vector parallel to the mean flow four
velocity U and a vector W = (w, w*) perpendicular to it,

p% = m(gu® + w%), UW =ugw? =0 (8.49)

so that w* = uw;w! /u4. In the center of momentum system follows from (8.42)
w; = YcVic and wf} = 0. W is a space-like vector. From P2 = mz(gU + W)Z,
U? = —c?, and P2 = —m?c? the coefficient g = —U P/(mc?) is obtained as

= (1 + W?/c*)!/2. The average (W) is a measure of the internal energy per
particle in units of the rest energy mc?. In passing from p to w in (8.41)

dp _m*dw
rt g ut

(8.50)

has to be used. The general validity of this relation can be verified by a lengthy
explicit calculation of the Jacobian |d(p)/d(w)|. Alternatively it follows directly in
the center of mass system (w* = 0) and hence in any inertial frame because dp/ p*
is an invariant measure. The decomposition (8.49) yields for the particle current
density J = j“ and the energy-stress tensor 7 = T%F

J% = nou®, (8.51)
T = (oo + €/cHuuf + PP + u®qP +uPq*), (8.52)

where, with 2(X, w) = m3cf (X, p), the single terms are given by
d d d
p0=m/h—'f, 6=m02/(g—1)h—w, P“ﬂ=m/ ﬂh v
u u

d
g% = mc /(g — Duwh = (8.53)
gu

In the local rest frame (u* = ¢, w* = 0) the mass density po, the internal energy
€, and the corresponding three vectors and three tensors read with i’ = h/c

o\ 12
po:m/h/dw, e:mc2/ |:<1+w_2> — 1:| hdw,
¢

/ T w2/c2)1 T h dw, (8.54)

i 2 i1/
ql =mc /|:1 m] wlh dw.
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The quantity ¢’ represents the local heat flow density. In the nonrelativistic limit ¢’
and the remaining quantities in (8.54) reduce to (2.82), (2.83), (2.84), and (2.85)
after interchanging v for flow with u for the single particle there. The total energy

density in the rest frame is poc® + € = T*Puqu g- It is also possible to identify U
with the energy transport velocity and J = J,,, with pou + R,

d
u® = (po + 6/62)u“uﬁuﬂ = T“ﬁuﬂ, R% = mc? / w“hg—; (8.55)

in which case ¢* = 0 and R* # 0 holds (see Landau and Lifshitz [7]). With this
decomposition the heat flux is hidden in J. Such a choice may be advantageous in
case of massless particles, e.g., photons.

The conservation laws (equations of motion) are obtained from the zeroth order
and first order moments of P = p%,

Oth order: /f(X,p)dp=/P4f(XsP)d—Iiv
p

d
Lst order: /p“f(X, p)dp = /p“p“f(X, P) —I:-
p
Folding the Vlasov equation (8.40) with p* by the invariant measure dp/p*,

/p4[8,f+v8xf+q(E+vxB)apf]Z—Zzo, (8.56)

partial integration of the third term and comparison with (8.48) leads to the particle
number or charge conservation dy j = 0 from (8.31):

0=/8tfdp+/v8xfdp+q/(E+vxB)a,,fdp

o [ raproc [orapra Y [[@wevxmis]’ " aptay
pJ:—OO
= n(x, 1) + Vn(x, Dux, )] = 3y j%.

The third term vanishes owing to f(p’ = +00) = 0 and 9,ivjxi = 0. Momentum

and energy conservation are obtained in the same way by folding (8.40) with 1% =
p® p* as the divergence of 7% and T4,

9T =ng(E +u x B)', 3. T** = nquE, (8.57)

with 7%, T** given by (8.52). Thereby use has been made of
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/(E +vx B) p' —fdp 8ij {/ lejul(E +v x B) pi £17, = dp*dp!

p.l: o0

—/(E+vx3)ffdp}, (k <1) (8.58)

and (8.17) for the fourth component of the Lorentz force.

For a gas of weakly interacting particles in local thermal equilibrium all ther-
modynamic properties (specific heat, pressure, etc.) are obtained from Maxwell’s
velocity distribution. From the canonical distribution for (distinguishable) particles
the relativistic Maxwell distribution function is obtained by expressing the energy
according (8.18) with p taken in the local center of mass system,

1/2
fx, p. 1) = no(x, HN exp [— (Eg + p2c2) / /(kBT)] . (8.59)

N normalizes the exponential to unity, ng is the local particle density in the local
rest frame and 7 is a time variation which is slow on the microscopic time scale.
With f strictly Maxwellian (8.54) yields ¢' = 0.

8.1.8 Covariant Electrodynamics

By introducing a vector potential A whose curl yields the magnetic field, V x A =
1_3, the induction law in differential form can be written as VXxE+B=Vx (E +
A) = 0. The general solution of this equation is E + A = —V® where @ is an
arbitrary scalar function of x and 7. Hence,

E=—-A-Vo, B =V x A. (8.60)
By defining the four quantity

= (cA, @) = (A!, A%, A3, A* = 9) (8.61)
and supposing for the moment that A is a four vector, the quantity

F,
Tap _ duAp — pAg (8.62)

c

is a covariant, antisymmetric four tensor (see Sect. 8.1.3). Equation (8.60) is linked
to Fyg by

CcBy = A3 — 33A2 = Fo3fc, Ey =01A4 — 04A1 = F4/c,
cBy = 03A1 — 01A3 = F31/c, Ey,=0A4 — 04A2 = Fo4/c, (8.63)
cB;, =01Ay — A = F12/c, E, = 03A4 — 04A3 = F34/c.
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Hence

0 ¢B, —cBy E, 0 ¢B, —cBy —E,
_ —cB;, 0 «¢By E, af _ —cB;, 0 By —E,
Fop =c cB, —cB, 0 E. |’ Fr=c cB, —cB, 0 —E,

—E, —Ey —E; 0 E. E, E, 0

In a general Euclidean metric g holds F*f = g@v gh? F,5. According to (8.26) and
(8.31) the four current density is given by

J = peloV, 0, j* = 0. (8.64)
The four current is divergence-free, i.e., the electric charge is conserved. It can be

shown that with (8.64) the total charge Q is both conserved and a Lorentz-scalar
(see [2], Sect. 6). The first pair of Maxwell equations

e0?V x B—goE = j, VE="2 (8.65)
€0
reads in terms of F*P
./3 J
9 FP =—-1_ & divF=-2. (8.66)
€0 €0

Since J is a four vector F®P is a four tensor, and consequently A from (8.61) is a
four vector potential.
By comparing the remaining pair of Maxwell equations

VxE+B= MOC J mag VB = M0C3Pmag, Jmag = (Jmag> CPmag) = 0
with (8.65) the corresponding field tensor

0 E, —E, cB,

—FE 0 E, c¢B,
af __ z X y
F'P =¢ E, —Ex 0 CcB. (8.67)
—cBy —cBy —cB; 0
satisfying
divF =0 © 9,F =0 (8.68)
is obtained.
There are the two simple, nontrivial Lorentz scalars
1
Fop F*P = 2% (c*B? — E?), —eapys F*PFY’ = EB (8.69)

8¢2
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where g4, 5 is the totally antisymmetric Levi—Civita tensor. The invariance of EB
against a Lorentz transformation also follows explicitly using (8.9) and (8.10),

1
E'B' =E\B|+E\ B, =EBj+y,|E.B, — —(vx B)(v x E)
c

=EB,+E . B, =EB,

or from the transformation law of the electromagnetic field tensors F and F’. In
fact, the Lorentz transformations (8.3) and (8.4) are linear and hence can be written
in the form

P =ABx, x* = A% AgAg =687 & (AP) = (AF)~! (8.70)

to obtain F’*8. It is more convenient to associate the dash ’ with the indices, i.e.,
to write x# for x’# and F¥#? for F'*f. Hence F¥P = Ag,Ag/F“ﬂ. From this
equality formulas (8.9) and (8.10) are found again. The matrix A describes a so-
called Lorentz boost.

The already familiar div-operator d, and the d’ Alembertian [,

3 9 , 192
R v £
ax® 9xP c? 912

0= ag — gaﬁ (8.71)

are Lorentz covariant and invariant operators, respectively. The invariance of the
d’Alembertian is evident owing to the scalar product [1 = 9,3%. To show the
covariance of the four divergence consider 9, 7% where T is an arbitrary four
tensor. For x® = Ag/x"‘, TP = Aﬁ/T’“3

/ a o ’ /
o TP = ﬁaa/x“ T = A% A 9, TP = 520, TP = 9, T
X

K

holds, demonstrating the proper transformation behavior of 9, as a four vector.
Moreover, if 9, T — B with t# a four vector, T% is a four tensor (and vice
verse). Use of this criterion was made above after (8.66) for the electromagnetic
field tensor.

The four vector potential leading to a given field configuration F? is not unique.
One may add the gradient V¥ of an arbitrary scalar function ¥ (x, t) to A and —¥
to @ without affecting the fields E and B (gauge transformation). ¥ can be chosen
such that

d
0y A% = VcA + EQ) =0 (Lorentz gauge), (8.72)
¢

leading to the two separate, inhomogeneous wave equations
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197 J 192 Pel
AA———A=——"—, AP — ——P = —— 8.73
c2 912 goc? c2 912 0 (8.73)
or in covariant form
J
O0A = ——. (8.74)
£0C

The well-known particular solutions of these equations are given in terms of retarded
integrals of j and pe). In the special case of a moving point charge the so-called
Liénard-Wiechert potentials read

q v(t') q
. ¢(x,t) - s
4mepc> R — Rv(t')/c 4weg R — Rv(t")/c

Ax, 1) = (8.75)

where 1/ = t — R/c. The vector R = x — x¢(¢’) has its origin at the retarded
position x(¢") of the particle moving with velocity v(¢’) and points to the point of
observation x.

8.2 Particle Acceleration in an Intense Laser Field

The principle of particle acceleration by a wave, either electromagnetic or elec-
trostatic (or both) is simple and is illustrated by Fig. 8.2 where a point particle is
injected into potentials. In (a) the mass point acquires kinetic energy correspond-
ing to its height, A&in = mgh. It gains, however, more energy if the previously
fixed structure is moving to the right, as indicated in (b). This is because now the
force perpendicular to the slope also does work upon accelerating the particle in
x direction. In the intense electromagnetic wave an electron is first accelerated by
the ponderomotive force in the propagation direction (if the transverse gradient of
E? is weak). In the relativistic regime, direct acceleration by E/ = v x B sets
in preferentially into forward direction over arbitrarily long distances, in principle
(c). This is a consequence of the strong frequency Doppler down shift at v, & c.
To avoid misinterpretations, in the lab frame all acceleration work is done by the
E-field of the laser beam, the Lorentz force, perpendicular to v, merely provides
for bending the orbit into forward direction. From the engineering point of view the
main problem consists in (i) trapping the particle, (ii) guiding the intense wave over
a long distance and, perhaps most difficult, (iii) extracting the particle in the right
moment before it starts to be decelerated and to lose energy again.
The covariant equation of motion reads

dv q dvg q
@& _dpy =2 = L FupP, 8.76
i T2 <om dr 2 P (8.76)

which is identical with
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(b)

E’

Fig. 8.2 The principle of particle acceleration in a finite potential structure. (a) Fixed slope,
(b) moving slope, (c) electron trapped in a traveling wave

d d
oy =qg(E +v x B), Emycz = gvE. (8.77)

The nonrelativistic Hamiltonian for a point charge in an electromagnetic field is
accomplished by the passage from the mechanical momentum p, = myv to its
canonical counterpart p = pn, + gA. The Hamiltonian as the sum of kinetic and
potential energy E = p2 /(2m)+V thenis H = (p—qA)?/(2m)+q®. According
to (8.18) the relativistic energy is E = [m>c* + przncz]l/2 +V = myc®>+ V.
Correspondingly, the relativistic Hamiltonian is set as

H = [m** + (p — qA)*A? + g0 (8.78)

,71/2
:mc2|:1+<1—a>] +q@,
mc

with

qA
a=—.
mc

The correctness of the relativistic Hamiltonian (8.78) follows from the canonical
equations
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oH pP—qA myv
:52 21/2:””/ :v,
m[l—i—(p/(mc)—a)]
oH 1 9
p=——=—— — (p—qgA)?
P ax 2my8x(p 4
=qux B4+q(wV)A—qgV® =:C, (8.79)
and
= Lmyv i q| Ay ovalLc
= —myv —+ (v =C,
P dt v 1 ot

leading to the correct equation of motion (8.77). The identity V&% = 2[b x (V x
b) + (bV)b] was used to arrive at expression (8.79).

8.2.1 Particle Acceleration in Vacuum

In order to explore the limits of particle acceleration by laser pulses the ideal-
ized situation of a plane, linearly polarized electromagnetic wave propagating in
x-direction and acting on a point charge of rest mass m and charge ¢ is considered.
Let the wave be described by the vector potential A and @ = 0 (Coulomb gauge),

A=elA§), E=x—ct, eje, =0, ei_ =1 (8.80)
The equations of motion with e, = e, are

OH OH q dA
) = — — = 0, ) = = = — , — A _ . 8.81
Dy oy Dx ox ~my (py —q )dé (8.81)

The first equation implies the conservation of the transverse canonical momentum
Py = ymvy +qA = po = const. (8.82)

From (8.81) and (8.82) follows

q d q dA
—A(6), —ymuvy = —(po —qA)——. (8.83)

_ P
) = my  my dt my d&

By d/dt = (d§/dt)d/d& = (vy — c)d/d& the first of the two equations transforms
into
dy Po q

dE " myn—0 my—o" & (8.84)

Energy and momentum conservation require
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2 _gE = B
—myc” = Uy, —my vy = gy
It Y qLyVy » YVUx = qVyby

so that

10A 0A

yr e + Bx) =0 = my(vy —c) =const. (8.85)

d
—my vy —C) = quy

Starting with v, =0, x =0,and y = 0 atr = 0 yields

q § ’ ’ Po
YO = —— | AENdE - 5 =y, v =yt =0).
mcyo Jo mcyo
(8.86)
By integration under the initial conditions vy (t = 0) = 0, vo = v, (t = 0), Y =
¥ (vo) the second equation of (8.83) becomes

2

> T 142(&) — A%E = 0)] — —2
yomc }/()mC

ymuvy = polA§) — A =0)].  (8.87)

Integrating once more v, = dx/dt of this expression in 7 under the initial conditions
above one arrives at

21 £
x(§)=—< 1 ) —UO A2<s’)ds’—A2<s=0)s}

mcyo) 2

&
+—— po [ f A dg — A = ms} . (8.88)
(mcyo) 0

The energy of the point charge follows from £2 = m?c* + czmzyz(vi + v%). By
substituting the formulas above for vy, vy this results in a lengthy expression. It
shrinks to a compact size for the initial conditions v, (0) = v, (0) = A(0) =0,

2
5=m8P+l<ﬂ$}. (8.89)
2 \mc

Finally, #(£) is recovered from & = x — ct,

t:l@—®=—§+ﬂ2, (8.90)
C C C

with x(§) according to (8.88). The trajectory of the particle is completely deter-
mined by the (8.86), (8.88) as a function of £&. Owing to x < ct follows £ < O for
increasing ¢ and hence, a positive or negative charge initially at restat x = & = 0 is
pushed into the direction of the propagating wave, i.e., in positive x-direction here.
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For an arbitrary plane wave holds:

(i) After the pulse has left the particle behind, vy, vy, and the energy £ of the
point charge return to their initial values before the arrival of the pulse. In
particular, no net energy gain (acceleration) is possible in an interaction over
a whole number of cycles. This result for a plane wave in vacuum is a special
case of the Lawson—Woodward theorem which states that the net energy gain
of a relativistic electron interacting with a continuous electromagnetic field in
vacuum is zero [8]. In the photon picture this is a familiar statement: A free
charge cannot absorb or emit real photons. The only net effect is a shift in
position by Ax according to (8.88) or (8.94).

(i) During the laser pulse, maximum acceleration of a charge initially at rest is

AE = —a’mc*. (8.91)
Its lateral angular spread in a pulse of A(§ =0) =0is

tana =

2
=z (8.92)
a

Ux
The monochromatic plane wave with slowly varying amplitude A(ga)
Alx,t) = eyAA(<p) sin ¢, o =kx —wt, w=ck (8.93)

is of particular interest. With the charge initially ( = 0) at rest at x = 0 follows

1 v A
y—vx = -a%sinp, y-L = —asing, Y _ 0, a= a ,
c 2 c c mc
L a2 : in(2¢) Ls 0 (8.94)
X=—-——a — —sin , = ——dcosg, = .
m % 3 @ y X ¢, z

1 1
t=—(x—¢), E=mc <1+—&2sin2<p).
) 2

In an intense laser field (@ >> 1) a free charge is mainly accelerated in forward
direction under the angle « = 2/a. It should be noted that the Lawson-Woodward
theorem can be violated in the presence of additional E and B fields or in fields of
finite extension.

The reference frame in which the oscillation center is at rest deserves special
attention. The vector potential in this frame may be assumed as

A(p) = eyfi((p) cos @, ¢ = k(x — ct).

From (8.83) and (8.86), (8.87), and (8.88) follows
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vy a 1a .
2 cos @, y=—-—sing,
c Y (9) k yo
- > (8.95)
Vo4 o). x=-2"Lanog
¢ dnye ’ 8yG k

Equation (8.95) describe a figure-8 trajectory. The constant yy is conveniently deter-
mined with the help of (8.85) for ¢ = 7 /4 since v, (7r/4) = 0 and vy = vy (/4) =

—27124¢/yy. Hence,
o\ —1/2 Ao\ 1/2
v a

The ratio of the excursion amplitudes is given by x/y = a/(8yy). For I — 0 it
behaves proportional to 7'/2 while for I — oo it saturates at /9 = 271/2/4 =
0.1768 (i.e., the figure-8 never becomes fat).

The mean oscillatory energy W in the reference frame of the oscillation center
may be regarded as an internal energy, W = mc?(y — 1). From the considerations
on how to define an invariant center of mass it becomes clear that averaging has to
be done over the invariant phase ¢ = k(x — ct) which differs from averaging over
time. By observing

d
yde = yd—‘fdt — yk(vy — ) di = —ypd(wt) (8.97)

the invariant oscillation energy results as

[
W =mc 1—|—7 —1]. (8.98)

This is the elementary proof of (2.17) and the justification for identifying this aver-
age with the ponderomotive potential @, in (2.22). For an alternative derivation
from the Hamilton—Jacobi theory the reader may consult [9].

For a circularly polarized laser field 42/2 has to be replaced by 42. If the light
pulse is not monochromatic but of the form (8.80) the averaging is meaningful if
there exists a tangential reference frame in which the particle orbit is almost closed.
If in this reference frame the averaged particle mass is yocm, its four momentum in
the lab frame L is P = y,cmV. Owing to ¢ P> = )/Ozcmzc4 the energy W averaged
in & over one period in the lab frame is correctly given by

W = mc? [(1 + a2(s))1/2 - 1} = W Yoemc? (8.99)

with ¥y, = ¥ (voc) the Lorentz factor of the oscillation center velocity in L.
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With a monochromatic wave in the oscillation center frame the velocities vy max
and vy max are reached at, e.g., ¢ = 0 and ¢ = 7/2, respectively. For a — oo,
Uy max approaches c, as expected, whereas for vy pax from (8.85) and (8.95)

~2
Uxmax a

c  4(143a2/8)°

(8.100)

results with the high intensity limit vy max — 2¢/3.

To get a feeling for how efficient particle acceleration by laser in vacuum is, the
energy and other relevant parameters for free electrons and protons in a Ti:Sa laser
beam of intensities between I = 10'8 and 10?* Wem™2are shown in Table 8.1. The
front of the laser pulse is assumed to pass x = 0 at ¢+ = 0 and then to increase
adiabatically to the steady state intensities given in the Table. Electron (index e)
and proton (index p) are at rest at + = 0. Maximum energy e is gained during a
quarter cycle (Ap = m/2). If instead a pulse of the form A y cos ¢ is used with an
amplitude extremely rapidly rising from A y(t = 0) = 0 to its constant full value,
according to (8.89) follows the same maximum energy mc>a> /2 if now acceleration
occurs over half a period Ap = 7, i.e., T’ = 7/ in the co-moving frame. In the
lab frame this “half period” T can be very long.

For comparison, the formulas relevant for Table 8.1 are listed below:

quiver motion in
free particle acceleration oscillation center frame
Ay = AAy((p) sing, ¢ =k(x —ct) Ay = Ay((p) cosep, @ =k(x—ct)
Uy 1., vy .
— = —a”, _ = — ~2 A
14 - 2(1 14 - a I _ia_ - li
8k yo’ kyo
I ,m
Ax = —a"—
4k 2 - 12
I, VOZVOC—(1+§Q>
Yiree = 1 + za
2
1 . ~oN 172
Efree = _mCZaZ W = mc2 |:(1 + a—) — 1]
2 2
(8.101)

For electrons the amplitude ratio x/3 of the quiver motion saturates already at
I = 10*Wem™2. From I = 10?> Wem™2on proton acceleration Efee and quiver
energy W are no longer negligible. It is further seen from Table 8.1 that in direct
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Table 8.1 Maximum achievable acceleration e of electrons and protons in a fourth cycle of
a plane Ti:Sa laser pulse (row 5) and corresponding quiver energy W (row 8) in the oscillation
center frame. / laser intensity, @ normalized vector potential amplitude, v, /v, ratio of velocities
in field and pulse direction, jree, Yos Lorentz factors, Ax /A acceleration distance during a fourth
cycle Ap = 7/2 in units of Ti:Sa wavelength (A = 800 nm) during a fourth cycle, X/ ratio of
oscillation amplitudes. First column for a given intensity gives the values for electrons, second
column (where listed) the values for protons

I [Wem™2] 10'8 1020 10?2 102

G, dp 0.69 6.87 68.67 37 x 1072 686.7 0.37

vy /Uy 291 0.3 0.03 53.5 29x 1073 535

Viree — 1 0.24 23.6 236 x 10> 7x107* 236 x 10°  0.07

Efree 120.5keV  12.0MeV  1.2GeV 656keV 120 GeV 65.6 MeV
Ax /A 0.03 2.95 295 87 x 107 295x10* 87x1073
Yoc — 1 0.16 3.96 47.6 35x107*  484.6 0.034

w 818 keV  2.02MeV 243MeV  292keV 247.6MeV  323MeV
/9 0.0740 0.1730 0.1766 4.6 %1073 0.1767 0.045

acceleration by I = 10> Wem™2the electrons become “heavier” than the protons
(1.2GeV vs. 0.94 GeV). Comparing the two Lorentz factors, Yfree VS. Yoc, it becomes
evident that, in order to get maximum energy gain from the laser field, free parti-
cles gain higher energies than particles whose oscillation center is held fixed by
reaction forces as is the case in overdense targets. For this reason highest electron
energies are observed in tenuous plasmas. Although formulas (8.87) and (8.89) are
valid for plane traveling waves only they represent a useful generalization of the
ponderomotive concept. When the laser pulse starts sweeping over a slow particle it
is ponderomotively accelerated into the direction of the light pulse. With decreasing
frequency in the particle frame @, increases faster than the intensity of the pulse.
Finally, at sufficiently high laser field strength the particle is trapped in the wave
and, from then on it gains energy by direct acceleration in the longitudinal field
component E = ¥ vy X B thereby maintaining its velocity v perpendicular to the
total Lorentz force. .

In order to set the accelerated particles free one could think of cutting a plane
pulse abruptly, latest at its maximum. However, a quick view to (8.87) shows that
this does not help because a rapid change of A, (x, ¢) produces an enormous mag-
netic field B, = 0yA, which reduces v, to zero. Nevertheless the plane wave
concept is very useful as it shows what the maximum possible acceleration is.
With conventional accelerators not much higher energies per unit length than the
“standard” s = 100 MeV/m can be reached. It is interesting to note that in the plane
monochromatic laser pulse high multiples of s are achieved, to be precise, according
to (8.91)

Efree, max _ &2/2 me? = 8mc?
Ax N&Z/Sk A

, (8.102)

or, for electrons and Ti:Sa, Efree,max/Ax =5 x 10% s, independently of a. To make
the concept of laser acceleration feasible one could think of producing realistic
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intense 3D pulses of suitable length. In thiscasein B = Vx A = e, (8xAy — 0y Ax)
the intense component dx A, may be partially neutralized by d,A. Such studies
with realistic shock-like laser pulses can be found in the published literature [10].
The pulses used were formed with a steep rise of the field strength inside a half
wavelength, with additional minor oscillations which did not disturb anymore the
motion of the electron. With & = 10 for electrons Egee = 30 mc? was calculated.
For comparison, an idealized box-like half a wavelength long 1D pulse would yield
Eiree = 200mc? [11].

One complication is to inject the electrons into the intense laser field. In order
to study this problem the electromagnetic field of a realistic beam of finite width
was considered. The Maxwell equations were solved numerically in the paraxial
approximation using the angular spectrum method. The idea is to let the electron
enter sideways into the laser beam [12]. In most cases this processes leads to a
reflection of the electron by the laser beam. Under certain incident angles the elec-
tron is captured, and a very moderate acceleration occurs in the periphery of the
laser beam. A first proof of principle of particle acceleration by lasers in vacuum was
given by focusing a 300 fs Nd laser pulse into the tenuous plasma cloud expanding
from a plastic target [13]. At an intensity of about 10! Wem™2 typically 10° elec-
trons could be accelerated into the MeV kinetic energy domain. Large spreads in
angle and energy (A€ is almost 100%) are characteristic features of this kind of
direct acceleration. By replacing the extended tenuous plasma cloud by a very thin
foil of thickness much less than a wavelength it is possible to reduce considerably
the energy spread of the accelerated electron bunch in long pulses. To reduce also
the angular spread clusters of diameters up to a few tens of nm have to be used
and placed into the beam focus in a reproducible way. Analytical studies of 3D
solutions for electromagnetic waves, correct even for sub-cycle pulses, and related
PIC simulations have shown the possibility of generating coherent ultracold electron
beams from very thin foils [14]. The first experimental observation of laser-driven
electron acceleration by a single Gaussian laser beam in a semi-infinite vacuum is
reported in [15]. The longitudinal field strengths measured are similar to those in
conventional accelerators.

8.2.2 Wakefield and Bubble Acceleration

Instead of basing acceleration solely on the laser field the use of the high-intensity
longitudinal electric field of a plasma wave offers several advantages: (1) intensity
increase of the laser pulse by self-focusing and its guiding over longer distances than
the geometric focal length, (2) tunability of the excited plasma wave length through
careful choice of the plasma density, (3) electrostatic field increase by resonance
effects, and (4) ponderomotive self-trapping of electron bunches by self-modulation
and backward and forward Raman instability. As a result a much higher number of
particles is accelerated, typically of the order of 10° electrons. On the other hand, the
extraction of the particles after successful acceleration is in general a more complex
enterprise.
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In the laser wake field accelerator (LWFA, [16]) a highly intense laser pulse
is focused into an underdense plasma of n, ranging typically from some 10'8
to several 10'° electrons per cc. Resonant ponderomotive excitation of an elec-
tron plasma wave occurs when the (cold) plasma wavelength A, = 2mc,/wy,
cg = nc = c group velocity of the laser pulse, is twice the laser pulse length.
When the laser pulse power P is close to or above the relativistic self-focusing
threshold, P > 17 (w /a)p)2 GW, no such matching condition is necessary because
the laser beam amplitude undergoes self-modulation at the plasma frequency by the
Raman forward and side scattering instability [17]. This effect resonantly enhances
the creation of wake fields by ponderomotively expelling locally the electrons and
subsequent overshooting in their return flow. LWFA in the self-modulated regime
has been demonstrated in several experiments [18]. Theoretical investigations on
self-focusing dynamics and stability are presented in [19]. In the wake fields up to
several 10" Vm~! could be generated. The spectra of electrons from such fields
may vary from purely Maxwellian to genuine spike structures depending in first
order on the ratio of laser pulse length to the wavelength A, of the excited elec-
tron plasma wave. However, next the laser intensity is most important because it
determines the regime of operation (e.g., self-modulation).

From a good accelerator device monoenergetic, low divergence beams are
expected. A break-through in this respect has been achieved by A. Pukhov with
the discovery of the so-called bubble acceleration regime [20]. It consists in a short
laser pulse of length I = NA = 2mc/w satisfying the inequality / < p/2 and an
intensity such as to generate an electron wake which breaks completely after the
first oscillation. The laser pulse expels the electrons ponderomotively outward from
the region of highest intensity 42, in forward and lateral direction in much the same
way as an electric charge does in the equilibrium plasma (see Fig. 8.3). In the subse-
quent restoring motion, owing to weak damping, an electron plasma wave develops
with wave fronts that move faster on the axis (higher electron density) than on the

650 2. 700

Fig. 8.3 Solitary laser-plasma cavity produced by a 12J, 33 fs laser pulse in a plasma of density
ne = 10" cecm=3 [20]. (@) ct/x = 500, (b) ct/» = 700, (¢) electron trajectories in the frame
moving together with the laser pulse
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flanks of the laser pulse. As a consequence, transverse (geometrical) wave breaking
may set in downstream after a few oscillations. This has been simulated in 3D PIC
with a 20mJ, a = 1.7 laser pulse of 6.6 fs length propagating through a uniform
plasma of n, = 3.5 x 10 cm—3. Most significant, 10° electrons, preferentially
along the axis in front of the trailing electron wave crest, with acceleration up to 50
MeV were observed. The conversion of laser energy into fast electrons amounted to
surprising 15%. Their energy spectrum had a plateau-like shape with an abundance
of population in the neighborhood of the cutoff. The angular divergence was £1°.
A second computer run was performed witha 12 J,a = 10, 33 fs long pulse in the
same background plasma as before. At such intensity the ponderomotive expulsion
is so violent that a nearly evacuated region of the shape of a bubble is created with
no following wave crest owing to destructive self-interaction of the electron wake
(Fig. 8.3). From the rear side of this solitary bubble an axial high-density bunch
of trapped electrons grows out and gains energy in running down the quasistatic
potential hill. As a consequence, successively a quasi-monochromatic (20% energy
spread) unidirectional (£2° angular spread) electron beam of Egee =~ 350 MeV

builds up after N = 750 cycles (Fig. 8.4). Starting from the relations N >~ 1, /A ~
n, 2, Ewavebreaking/d ~ (Ap/A) /a = const [21] the following scaling for laser irra-
diance 122, laser power P, pulse energy £, and maximum electron energy Eree, max

on the number of laser cycles N is given in [20]:

N,/ MeV
11— 3

5108} |4 2 .-'("':,f

0 200 400
E, MeV
Fig. 8.4 Time evolution of the spectra of accelerated electrons for the same parameters as in

Fig. 8.3. (1) ct/5 = 350, (2) ct/5 = 450, 3) ct/A = 550, (4) ct/r = 650, (5) ct/r = 750,
(6) ct/r = 850



362 8 Relativistic Laser—Plasma Interaction

22 ~a%~N, P~ 132,
22 (8.103)
)»_IZ)NN3’EL"’PNNN4, Sfree,maXZeEmadeNNS/z

Lq is the “dephasing length”, i.e., the distance an electron covers during its acceler-
ation in the electrostatic field Epax. Lq plays an important role because, in order not
to lose part of its energy gained along Lq, the electron must be extracted after the
dephasing time tg = Lg/c. Finally, it has been found that most efficient acceleration
is achieved when the parameters laser pulse length and gas (plasma) density are cho-
sen such that acceleration is entirely by the plasma wave and not by the combined
action of the laser and the wake field. For completeness it must be mentioned that
wake field acceleration driven by short duration intense electron beams in the bubble
regime should work in an analogous manner [22].

Recently successful generation of relativistic quasi-monochromatic, highly col-
limated electron beams has been demonstrated in three experiments. Two of them
were run in the resonant mode acceleration [23, 24], the third was operated with
pulses longer than 2), in a plasma channel in the self-modulated LWFA mode
[25]. The experiments yield surprising results and represent more than one step
forward in the development of table-top accelerators for significant applications, as
for example generation of fs X-rays and coherent TH and infrared radiation. The
main parameters and achievements are summarized in Table 8.2. The technique of
LWFA with self-guided laser beams in capillary tubes has made rapid progress since
then and electron bunches of 1 GeV and beyond have been produced over lengths of
the order of 3 cm [26].

8.2.2.1 Generation of Intense Ion Beams

The fast electrons produced at the front of a solid target by anharmonic resonance
(see Sect. 8.3.3) lead, after crossing the target, to the formation of a hot electron

Table 8.2 Experiments by Mangles et al. [23], Faure et al. [24] and Geddes et al. [25]. Ti:Sa laser
energy &, pulse duration 7, intensity /, background electron density 7., electron energy at peak
maximum Eyree, energy spread AE, angular spread «, number of electrons in the bunch N,, N;
multiple of acceleration standards s = 100 MeV m~!, acceleration efficiency 1y = Nefree/EL

Exp. [23] [24] [25]
&L I 0.5 1.0 0.5

T [fs] 40 30 55

1 [Wcm™2] 25x 1018 =1019" 1.1 x 10"
n, [em™3] 2 x 101 6 x 1018 1.9 x 101°
Eree = AE [MeV] 70+3 % 170+ 11% 86 +2%
o +2.5° +0.3° +1.7°

N, 1.4 x 108 3 x 10° 2 x 10°
Ny 1.3 x 103 570 430

Na %] 0.3 8.1 5.5

* Estimated
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cloud at the back side and to corresponding space charge fields of 1 — 10 MeV /pm.
Protons and ions are accelerated from the surface to high energies (“target normal
sheath acceleration”, TNSA mechanism) [27-30]. At super-high laser intensities of
circularly polarized light (~ 10?> W/cm?) direct ponderomotive acceleration of ions
starts competing with the TNSA mechanism [31-33].

8.3 Collisionless Absorption in Overdense Matter and Clusters

In this Section the interaction of ultrashort laser pulses of high irradiance
I 2 10'® Wem—2pum? with overdense plasmas, i.e., with solid and liquid targets is
studied. The target surface is ionized in a few cycles of the light wave by field ion-
ization and collisions. Under steady state conditions all phenomena of absorption of
intense laser light in extended media are described by the cycle-averaged Poynting
theorem,

S=—JE, (8.104)

with I = |[S|. In terms of this relation the absorption by the free electrons in the
plasma is due to deviations of their phase from 7 /2 between j and E. By intro-
ducing a phenomenological collision frequency v in a generalized Drude model the
right hand side term becomes for a harmonic field E = E (x) exp(—iwt)

1 2 v ~ A

- _ *
The current density is the sum of three terms,
J=JvtJjitJe (8.106)

where jy is the polarization current of the bound electrons, jj is the current density
generated by the electrons escaping from atoms undergoing ionization, and j, is the
contribution by the free electrons. On the basis of kinetic considerations moment
equations can be derived which result in nonstandard fluid equations [34]. With W;
the ionization rate, ny, the density of the bound electrons, and & + (&) the sum of
ionization energy & and average ejection or above-threshold ionization energy (&),
the ionization current density reads (neglecting the influence of B)

jizani%E. (8.107)
As a rule, under the action of a strong laser field both classical as well as quantum
calculations lead to an average ejection energy [35]

& (8.108)
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Neglecting jp as a small quantity and keeping in mind that the power going into
kinetic and heating energy is represented by j . E — vinemuf with u, the electron
fluid velocity, in the Drude model (see (2.23)) the ionization energy balance reads
as vinemug = npWi(& + (&))). Hence,

i = —W1€+—(2£), (8.109)

Ne mu;
and v from (8.105) is the sum v = v; + v,; + Ve, Where v, is the collision fre-
quency of the free electrons with the neutral atoms and molecules. The “ionization
frequency” v; induces the necessary dephasing of j, with respect to its free motion
to account for the amount of energy spent in field ionization. When u, is close
to changing sign, v; has a tendency to become singular. Therefore in numerical
simulations direct use of j; from (8.105) in jE is the better choice than v; in
combination with the right hand side of (8.105) although the two expressions are
equivalent.

From (8.105) an estimate of the efficiency of “collisional” absorption is obtained
by setting [ = eocEE* and JE = —dI/dx. The absorption length L, = 1/, o
absorption coefficient in the sense of Beer’s law, becomes

_1 Me %

o« e c(l+ 2wl (8.110)

In using this expression one has to keep in mind that for large values of n./nc
generally almost all incident radiation is reflected unless v2/w> Z n./n.. After
the very initial phase of irradiation (/ = 10'7 Wem™2) v,; prevails on v;. Then, a
typical electron density may be of the order of n, = 10?3 cm™3. With n,/n. = 60,
T, = 1keV follows v /wrisa = 0.05 and Ly, = 0.07 Ati:sa- This has to be
compared with the skin length A; = ¢/w, = 0.02A1i:5a < L. Furthermore,
the condition for strong reflection, R = (n — D2/(np + 12 = 0.6, is fulfilled
owing to n, > n. and n2 = ney/nc. Thus, latest from 7, = 1keVxZ?% on
collisional absorption is ineffective. It has indeed been shown clearly in exper-
iments that the laser plasma interaction assumes a universal behavior at high
laser irradiances which is predominantly determined by collective interactions
[36].

8.3.1 Computer Simulations of Collisionless Laser—Target
Interaction

The interaction at relativistic intensities, i.e., when the oscillatory electron energy is
determined by (8.98) and no longer by mc a2/4 is highly nonlinear even in the sim-
plest geometry and is therefore a domain of computer simulations. The procedures
used so far are based on particle-in-cell (PIC) [37, 38], Vlasov [39], and molecular
dynamics (MD) methods [40, 41]. PIC codes are, in principle, collisionless and
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suitable to describe collective interactions with reasonable computing effort in three
space dimensions and three dimensions in momentum/velocity space (3D3V). PIC
is flexible, bound to a mesh and relatively noisy. Entropy conservation is not so well
fulfilled. Relativistic Vlasov codes solve the Vlasov equation (8.40) in combination
with Maxwell’s equations plus the momentum equation (8.17). At present, time
economy is possible only in 2D3V. As a compensation Vlasov codes are nearly free
of noise. MD codes can handle collective and collisional interactions, altogether
mesh-free, with great precision. The effort in describing the collective interaction is
greatly reduced by making use of a tree hierarchy [42, 41].

The treatment of relativistic interaction of an obliquely incident plane wave on
a half space filled with a fully ionized plasma is feasible in p-polarization by a
1D2V Vlasov code [39]. Since it offers a detailed and very accurate picture of the
collisionless interaction a summary of the main aspects of interaction obtained from
Vlasov runs is presented in what follows.

A fully ionized target is assumed with the ions forming an immobile over-
dense background which is separated from the vacuum by a small plane transition
layer of relative thickness L/} < 1, A being the vacuum wavelength. The laser
pulse is represented by a plane p-polarized wave incident under the angle «. The
size of the simulation box needed depends on the intensity and the scale length.
Four vacuum wavelengths in the x-direction and 50 mvy, (vy, is the thermal veloc-
ity) in momentum space proved to be sufficient to conserve energy and particle
number.

First, collective absorption of a plane wave under normal incidence is stud-
ied. The ion density n;, normalized to the critical density n., is taken as large as
n; = 25. The electrons start from a Maxwellian distribution of initial temperature
T, = 10keV and a local equilibrium particle density n.(x) corresponding to the
ambipolar field produced by 7. In order to simulate the pure case of a solid target
with a step-like transition from the vacuum n, = 0 to n, = 25 the transition layer
was chosen as small as L/A = 0.023. The laser beam is switched on over half an
oscillation period. Four cycles later all physical quantities have turned into a steady

210 T— - 210
1= 8.00 T= 8.00
105-] 105
o 5
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£ g ool
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=" o
~10.5-
xc
-21.0 t T ~21.0 -+ T T T
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Fig. 8.5 Contour line plot of the cycle-averaged electron distribution function centered at 7 =
8 cycles in a logarithmic scale [39] (a): f.(x, px, py, ) at critical density. (b): g.(x, py, 1), xc
position of the critical density (“critical point”); the conservation of the canonical momentum is
evident. The parameters are )2 = 10'8 Wcmfzumz, n/n. =25, T, = 10keV, L/1x = 0.023,
and 0 = 0°
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state. Figure 8.5(a) shows the contour lines of the cycle-averaged electron distribu-
tion function f(x, px, py, t) at critical density x = x¢. The perfect symmetry of f,
with respect to py, = 0 suggests fast electron generation twice a cycle. Due to the
conservation of the transverse canonical momentum the force on the electrons is of
second order in Ay, and oscillates with twice the frequency of the laser field. Hence,
it produces jets twice per cycle as was first described by Kruer and Estabrook [43].
By simple reasoning their maximum energy Emax was obtained,

P 2 1/2
v,
e = mc? [1+Lh ( Px ) ] 1 ~310keV: (8.111)

MYth / max

it equals four times the mean vacuum oscillation energy (v, = +/kpT,/m). A sim-
ilar expression was obtained by Wilks [44]. Since A, vanishes in the overdense
plasma the electron distribution function g, (x, py,t) = [dpx fe(x, px, py,t) must
retain its original shape there owing to canonical momentum conservation (8.82) in
y-direction [see Fig. 8.5(b)]. For the parameters of Fig. 8.5 the formation of electron
jets results in an absorption of 13.6%. The generation of fast particles is best seen
from the time-resolved distribution function g.(x, px,t) = f dpy fe(x, px, py, 1).
It is particularly pronounced for low n,/n. values (see Fig. 8.6 for n./n. = 2).
The case of oblique incidence is studied in the boosted frame in which the trans-
verse canonical momentum py, — eA,(x, t) is again conserved (see next Section).
Figure 8.7 shows that for an angle of incidence of 6 = 45° particle jets of two
different peak velocities exist. The energy of the fastest particles now exceeds the
energy of those generated at normal incidence. The force on the electrons is now of
first order in Ay. Thus, it oscillates with the laser frequency and produces electron
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Fig. 8.6 Contour line plot of the electron distribution function g, (x, py, ¢) in a logarithmic scale
at T = 9.54 cycles [39]. The parameters are )2 =108 Wcm_zumz, ne/ne =2, T, = 10keV,
L/x =0.15, and 6 = 0°; x, is critical point
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Fig. 8.7 Contour line plot of the cycle-averaged electron distribution function f(x, px, py,1),
centered at 7 = 8 cycles, in the boosted frame at critical density in a logarithmic scale [39]. The
parameters are 1A% = 10'8 Wem—2pum?, n,/n. = 25, T, = 10keV, L/A = 0.023, and § = 45°

jets only once per cycle. This is the reason for the asymmetry of f,(x, px, py,t) in
Fig. 8.7. For the maximum energy (8.111) one obtains Emax >~ 485keV which is
now six times the mean vacuum oscillation energy. The time-resolved distribution
function ge(x, px, 1) = [dpy fe(x, px, py, 1) for ne/nc = 2 is shown in Fig. 8.8.
The isocontours in Figs. 8.5 — 8.8 are labeled according to In[ f.(p)/fe(® = 0)] =
—p?/2mkpT, and In[g.(Px.y)/8e(Pr.y = 0)] = — p%’y /2mkpT,; T, initial temper-
ature. Note, in the absence of collisions, as here, the electron orbits do not cross the
isodensity contour lines.
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Fig. 8.8 Contour line plot of the electron distribution function g.(x, py,t) in the boosted frame
in a logarithmic scale at T = 9.54 cycles [39]. The parameters are /A2 = 10'8 Wem2um?,
n/n. =2, T, = 10keV, L/A = 0.15, and & = 45°. The position of n is indicated by x.. The
return current (p, < 0 at x > 0) is only slightly disturbed (see lower contours for p, < 0)
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Fig. 8.9 Vlasov simulation of collective absorption A in a plane target as a function of the angle
of incidence «. The parameters indicate the irradiance in Wem™2pum? and the ion density profile
length L in units of wavelength A. The plasma is 25 times overcritical, except thin solid line for
10'8/0.15 where n./n. = 2. With L fixed A decreases with increasing irradiance; A is very
sensitive to L

Of particular interest is the cycle-averaged overall absorption coefficient A versus
angle of incidence, given here for different parameters: irradiance, density, profile
length (Fig. 8.9). It shows important aspects not observed in earlier PIC simulations:
(i) for short scale lengths the maximum absorption occurs around o = 70°; (ii)
for high irradiances substructures (secondary maximum and local minimum) are
present; (iii) the degree of absorption correlates with the magnitude of a secular
(dc) magnetic field generated on the target surface. For 1A% = 10'7 Wem™2pum?
and L/A = 0.02 the magnetic field B; is small (B, < 8 MG). The corresponding
absorption profile has a simple shape with only one maximum (Ampa,x =~ 56%).
For 722 = 10" Wem—2pum? and L/A = 0.02 (bold solid curves) B. reaches up
to 33 MG. The associated peak absorption decreases by almost a factor of two
compared to the case where B, max = 8MG. In addition, the absorption pro-
file shows a pronounced plateau. Furthermore, by increasing the scale length to
L/ = 0.05 the secular magnetic field more than doubles (B; max =~ 85 MG), thus
lowering the overall absorption below the former values and depressing the former
plateau to a pronounced minimum at o ~ 45°. The origin of the dc B-field is to
be attributed to light pressure. The electron density is ponderomotively steepened
and hence in the largely overdense plasma (n, = 25n.) a charge double layer
is generated, positive (n, < n;) at the vacuum boundary and negative (n, > n;)
inside. In the system boosted at a speed c sin« the charge imbalance gives rise to
a narrow current double layer which, according to Ampere’s law leads to a well
localized dc magnetic field. In the slightly overdense plasma n, >~ 2n. substruc-
tures appear in the charge double layer, with the consequence of substructures in
B. For 12> = 10" Wem™2pum?, L/A = 0.15, and n/n. = 2 one observes the
familiar scaling of the peak of resonance absorption with a scale length according to
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Fig. 8.10 1D2V Vlasov results of jiEy (solid) and j,E, (dotted or dotted-dashed) at
108 Wem=2um? as a function of position x for an angle of incidence @ = 45° in the lab and
in the boosted frame. Plasma (dotted line) is 25 times overcritical; critical density is located at
xc = 0. jy Ey = 01in the boosted frame is well fulfilled

(2w L/1)*3 sin® a & 0.5 (Sect. 4.1). The distribution of the absorbed power (8.104)
at T = 8 laser periods in space is presented in Fig. 8.10 from the view of the lab
frame and the boosted frame. In the latter case j, E is nearly zero. Under which
conditions this holds is discussed in the next Section. The electrons (dotted line) are
pushed into the target by the light pressure.

Plane geometry with translational symmetry as considered here is convenient for
studying basic aspects of the interaction. A more realistic picture is obtained by
passing to 2D3V simulations. In 2D corrugated targets can be described. Owing
to the high light pressure the nonuniformity of the incident laser beam creates a
crater-like structure resembling the interaction of long pulses with solid targets (see
Chap. 2). As will be seen deviations from plane geometry will add additional topo-
logical possibilities to the interaction dynamics. It would be desirable to perform
Vlasov calculations also in 2D. However, at present they are too time-consuming in
general, and hence, in more complex cases, use of PIC simulations has to be made
in the following analysis of 2D effects. Part of these simulations are performed with
mobile ions. For them, surface corrugation is dynamically generated in the course
of the simulations. Other simulations are parametric, i.e., the corrugation is imposed
in the first place [45].

In 2D simulations all fields depend on the spatial variables x and y. The Vlasov
distribution functions for the ions and electrons also depend on two momentum
coordinates p, and py. A 350 x 128 x 51 x 51 grid for the electrons and a
350 x 128 x 41 x 41 grid for the ions is used. In all Vlasov simulations presented
now the initial temperatures are 1 keV for ions and 10keV for electrons. The laser
wavelength is 1 pm. For the PIC simulations a 1500 x 1028 spatial grid for the
electrons and ions is used. The quasi-particle numbers for electrons and ions are
1.5 x 107 each. The initial electron and ion temperatures are zero. However, a reso-
lution corresponding to the thermal Debye length at 10 keV is taken. The wavelength
is 1 pm. For both simulation methods the intensities are kept constant after a rise
time of two optical cycles.
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First a thin target is considered, i.e., a preformed plasma layer with an
imposed deformation characterized by the longitudinal position of the peak density
x(y) = 8 exp[—(y — y0)?/y?], where § is the deformation depth as indicated
in Fig. 8.11 and y is the deformation width. The beam diameter is 5 wm at full-
width half maximum and y = 3.8 wm. The laser beam is normally incident, and
its axis coincides with yg. The thickness of the plasma layer is d = 0.2 um, and
the ion mass is m; = 8.0 x 10727 kg. The absorption of the laser energy as a
function of time is presented in Fig. 8.11b for three different values of § show-
ing a monotonous increase with the deformation depth. For 6 = 2 yum, absorption
saturates close to 80%, much larger than what is obtained for planar targets (6 = 0).
The plot of Fig. 8.11c shows that absorption weakly increases with intensity above
~ 10" Wem™2pum?. The plot of Fig. 8.11d shows that absorption decreases for
higher densities but is still high (~45%) and has a similar temporal behavior as in
1D. Hence, absorption tends to become a unique function of deformation.

The increase of absorption when a crater is formed suggests the following inter-
pretation. At oblique incidence the laser beam drives a dc electric surface current
towards the center of the crater in approximate radial direction. When arrived there,
in order to form a closed loop, it is either turned around behind to form its own return
current, or continues flowing radially outwards underneath the direct surface current
coming from the opposite direction. In other words, two closed loops are formed
of the extensions of the beam radius, or one closed loop of an 8-like structure of
twice the extension before builds up. In both cases additional energy is stored in the
target in contrast to the case of a laser beam interacting with a plane surface. High
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Fig. 8.11 Vlasov simulation results for a deformed target [45]. (a) Electron density n, (normalized
to ng) for § = 1 wm att = Ofs. The thick solid line shows the density along y = 5 pum. (b)—(d)
Absorption A vs time (b) as a function of § for 122 =4.0 x 10" Wem™2pum? and ne/ne = 15.0,
(¢) as a function of 722 in units of 108 Wcmfzptm2 for 6 = 1 wmand n,/n. = 15.0, and (d) as a
function of n,/n. for 12 =4.0x 108 Wem2pum? and § = 1 pm
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collisionless absorption up to 70% and beyond is well confirmed by experiments
[46, 47].

8.3.2 Search for Collisionless Absorption

8.3.2.1 Lorentz Boost

In plane geometry with all physical quantities depending only on x it is sufficient
to consider the case of normal incidence. In fact, by applying a Lorentz boost of
velocity

(key)
k|~

vy = cey vy = ¢ sina, a=/(k, ey) (8.112)

along ey, in the reference system S’(vg) according to (8.11) the wavevector k trans-
forms into [48]

H:k—%(vok), K| = k cosa = [K,]. (8.113)
0

From (8.9), (8.10), and (8.11) and (8.32) and yy = (1 — sin? oz)_l/2 = cos « follows
for the incident wave

in p-polarization:

_ 1Bl

E! =E , E.=0, B.=B,=0, B = (8.114)
Y ! Yo * * Y )
in s-polarization:
E B
E,=E,=0, E,=—, B;szzu, B.=0. (8.115)
Yo Yo
Owing to
E E’ 1 1
=2 A=—iZ A =_iZ I=_eclEP, I'=-spc|E
Y0 w 04 2 2
(8.116)
it follows that
: : . A
p-polarization: Ay =yo Ay, T _ o0, (8.117)
s-polarization: A} = A_, y?

The transformation I — I’ is most immediate in the photon picture, since
I' = n'cho = (n)y)ch (w/y) = I/y? with the photon number density n’ = n/y
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owing to Lorentz contraction along y. The reduction of oblique incidence to normal
incidence is of great advantage in analytic theory as well as for simulations. In
the case of p-polarization it enables one to reduce an originally 2D2V problem to
1D2V. In PIC such a Lorentz boost was used for the first time in [37] and in Vlasov
simulations in [39]. The term “Lorentz” in conjunction with “boost” may induce
one to think that it is a relativistic transformation. The truth is that a boost in itself,
i.e. k — k) = k’, is of pure kinetic nature. Relativity comes into play only when
one claims that E’ | k. It seems that exactly this fact, i.e. VE’ = 0 in the vacuum,
induced Einstein to postulate the existence of a finite maximum velocity. For v > ¢
follows VE' # 0 at X = (x, ct) appropriately chosen.

By a Lorentz boost of the foregoing kind an increase in symmetry is gained
which may enable one to try further conclusions as shown in the following. In full
generality, in plane geometry perpendicular incidence of the infinitely extended laser
beam may be considered. The interaction with the fully ionized plasma filling the
half space x > 0 is governed by the Maxwell and the Lorentz equation,

0 LB =0 LByt ) (8.118)
—enc: B, = e — E. _
0 ax ¢ 0 a7 =Y Jys
d
0=eo - Ex+Jr. (8.119)
oE ]
- L (no —ne), Ex=——0o, (8.120)
dax £0 dax
ymvy = e Ay —my (vo) vo, Vo = ¢ sinc, (8.121)
a ap 24y (8.122)
—ymuy=e— P — evy, —. )
dt yimox = ¢ dx evy 0x

For simplicity, the ion charge number is assumed to be unity. Equation (8.122)
implies vanishing electron temperature 7. From (8.118) and (8.119) follows

JxEx = > % E? (8.123)
A, 8%A 19

. 2 Yy Yy 2

JyEy = €0 (c =32 3 Ey> (8.124)

Under the following reasonable assumptions, supported by PIC and Vlasov simula-
tions,

1. asteady state is reached,
2. Ey, E, are periodic in time with finite but arbitrary period t

holds
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_ go 1 0 5
E.=——- | —E:dt=0, 8.125
Jx Lx 2T /at x ( )
T
1[04, %A
: _ 2 y Y
‘]yEy = &pC ; / W W dt. (8126)

The first of these relations is of general validity and may serve as a test in numerical
calculations. In the boosted frame its validity can be deduced alternatively from the
following argument,

JE = ijx + j)*Ey = ijLasera Ey = ElLaser = ijx =0, (8.127)

because in y-direction the only field is that of the laser and along x there is no
external driver. Equation (8.127) also states that all absorption is accomplished by
the E-field in y-direction. In fact, in the absence of E7 s there is no net absorption.
It is remarkable that under the assumptions (1) and (2) above a quite general field
for the overdense evanescent region of the structure

Ay =AM eX,  k=kx), (8.128)

where k(x) is an arbitrary complex function of x, does not lead to any absorp-
tion owing to — f k?9,A%(t)dt = 0 over an entire cycle . This is in contrast to
Fig. 8.10. Hence, absorption is made possible only by breaking the symmetry of
a nonpropagating evanescent wave Ay, = f(¢)g(x), which may be surprising at
first glance.

On the basis of (8.125) one could be tempted to exclude the possibility of any
absorption and heating or acceleration by claiming that no net work is done by the
Lorentz force j x B along x. However, this is not a stringent conclusion because
it is model-dependent. It is true, of course, that all work is done by the laser field
Ey (or Ay) but it is difficult, if not impossible, to determine analytically the phase
shift between Ey and j, to obtain the correct absorption. An alternative procedure
therefore is to split E into the sum of a driving and an induced field, E, = Eq+ Ein,
with Eq = vy B, (p-polarization), and E, = —0,®, from (8.120). In this model the
effect of the laser is represented by Eg, the absorbed power results from j, Eq > 0
and may be used to determine the actual phase shift between j, and Ey. The model
shows that the electrons are not free because of the presence of the space charge field
Ein. It will be shown in detail in the following that it is exactly Ej, which makes
the absorption of a photon by a “free” electron possible. The Brunel effect [49] was
the first attempt to explain collisionless absorption by means of E;,. We shall come
back to the underlying physics of Brunel’s model later.
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8.3.2.2 Historical Routes to Irreversibility

At the latest when a solid target is heated up to an electron temperature 7, =~
10372 eV, Z ion charge, collisional absorption becomes negligibly small. Subse-
quent heating and generation of fast electrons in the multi keV/several MeV range
shows that the main absorption process occurs during this second phase, as proved
by a variety of experiments with laser intensities 7 2 10'® Wem™2 during the last
two decades. Efficient collisionless absorption is also well confirmed by computer
simulations [37-39]. However, neither the experiment, nor the numerical simu-
lations tell which are the underlying physical mechanisms leading to irreversible
energy gain by the electrons in the absence of collisions with the ions. Thus, they
need interpretation. Good absorption, typically 50%, is measured and calculated for
very short sub-ps pulses during the irradiation by which almost no hydrodynamic
motion has set in. Here, linear resonance effects cannot be invoked because the
plasma frequency wp is by an order of magnitude higher at least than the laser fre-
quency w. Instead however, owing to the small penetration depth of the laser pulse
which equals approximately the classical skin layer thickness As = ¢/w,, ¢ vacuum
light speed, an electron can cross this layer in a fraction of the laser cycle time and
pick up irreversibly energy from the laser field. For the first time a nonresonant
collisionless absorption mechanism based on such considerations was proposed in
1977 for a sharp-edged slightly overdense plasma (wp > w) already before the
invention of the chirped pulse amplification (CPA) technique in 1985 (“sheath layer
absorption” [50]). For intense fs pulses and arbitrarily overdense plasma layers this
adiabaticity-breaking finite transit time mechanism was used in 1989 to calculate
absorption coefficients of the order of 3—10% at normal incidence [51]. As soon as
the interaction with the laser field is shorter than >~ 7/3, T = 2n/w, it is collision-
like and, consequently the refractive index 7 can be cast into the Drude form

P=1-"¢x+i"y  (Drude) (8.129)

ne ne

with X, Y > 0, X < 1, ne electron density, n. critical (= cut off) density. For a finite
collision frequency v, X and Y assume the well-known form X = ?/(w® + v?),
Y = vX/w. In both papers [50, 51] the magnetic field B of the laser beam is
neglected. This is incorrect because owing to the high gradients in the narrow skin
layer ¢B becomes much larger than the electric field E and, in general, must be
included, also in a linearized treatment. Such a self-consistent calculation of the
effect in a highly overdense plasma slab (wg > ?) has been performed in linear
approximation [52]. For a Maxwellian electron distribution the authors find that
including the B-field leads to identical absorption coefficients as without mag-
netic field, hence justifying a posteriori the assumptions made in the two foregoing
references [50, 51]. In the analytical treatments it is standard to assume that the elec-
trons are reflected instantaneously at the vacuum-target interface. In a more recent
paper arguments are presented for diffuse reflection of a fraction p of electrons as to
be closer to reality [53]. Increased absorption as well as enhanced heat diffusion are
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found as soon as p exceeds the value 0.15. Collisionless absorption under oblique
incidence is also treated analytically as well as numerically [54]. In all cases [50-54]
the analysis is performed under the assumption that the thermal pressure exceeds the
ponderomotive pressure, or that the latter is absent.

Looking through the enormous amount of theoretical papers that have appeared
since the invention of the CPA technique in 1985 on ultrashort intense light pulse
interaction with dense matter including clusters three aspects emerge,

I. aquantitative analysis of the interaction (absorption, fast electron spectra) is not

accessible to an analytical treatment but has to rely on computer simulations;

II. (too) many collisionless absorption mechanisms have been proposed which
are not well separated from each other: j x B heating [43], Brunel effect
[49], vacuum heating [55], sheath layer inverse bremsstrahlung [50], anoma-
lous skin layer absorption [52, 54], stochastic heating [56, 57], relativistic pon-
deromotive heating, both longitudinal [58] as well as transverse [59], absorp-
tion and acceleration by wavebreaking, “laser dephasing heating” [60], linear
and nonlinear Landau damping [61, 62], and excitation of surface plasmons
[631];

III. the underlying physical principles of the collisionless absorption phenomenon
has not been elaborated with sufficient clarity and a clear ordering of the mech-
anisms under II according to their strength is still missing.

The excitation of surface plasmons needs very peculiar conditions for efficient cou-
pling [64]. Perhaps being very sensitive to distortions of the solid target surface
under the action of the laser and to the coupling conditions in general it has never
been observed so far in experiments with flat noncorrugated targets. Landau damp-
ing is a very universal concept; probably all kinds of collisionless interaction may
be reducible to it. However, its success in a quantitative analysis depends on the
specific scenario on which the calculation is based. In the collisionless regime a
“free” plasma electron only couples to an external field, e.g., that of a laser, and
to the collective E and B fields generated by the hot plasma. In such an extended
environment the electrons undergo only adiabatic, i.e., reversible, changes as soon
as the impinging light pulse contains more than two oscillations. In order to make
absorption possible the adiabaticity must be broken. This is accomplished either by
disturbances, microscopic (“collisions”) or macroscopic (“field fluctuations”), that
are shorter than >~ 7/3 (with t = 27 /w oscillation period in the frame comoving
with the particle), or by resonances. In the absence of electron-ion collisions the
only marked collisional events are represented by the interactions with the steep
gradients of the macroscopic fields. If the crossing time is short enough skin layer
absorption as discussed in [50-54] is expected to occur, however only as long as the
discontinuity of transition is not washed out.

There seems to be a kind of agreement that high degrees of collisionless absorp-
tion are mainly due to j x B heating, Brunel effect, or vacuum heating, or a com-
bination of them. It is therefore important to concentrate briefly on each of them.
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8.3.2.3 j x B Heating

The majority of researchers in the field seem to favor the so-called “j x B heat-
ing” [43]. In PIC simulations ‘“electrons are accelerated and then beamed into
the plasma by the oscillating ponderomotive force” resulting in up to 17% at
11 = 10" Wem™2pum? under normal incidence. Since j x B is a reversible force for
free electrons, the question arises where does “beaming”, i.e., irreversibility come
from. The value of their work consists in having recognized first the significance
of the motion perpendicular to the target surface for absorption and having done in
this way the first step towards understanding collisionless absorption. As we shall
see what has to be done is to associate a physical effect with “beaming” which
produces it.

8.3.2.4 Brunel Effect

Two years later the “Brunel effect” was considered as to give rise to “beaming” with
the concomitant annihilation of photons [49]. Consider a harmonic electrostatic field
E (or electromagnetic wave of infinite wavelength under angle of incidence «) with
the normal to an infinitely overdense plasma of collisionless electrons neutralized
by fixed ions of density ngp > n.. Under the assumption of a steady state the
surface layer of electrons is pulled out into the vacuum by the full field strength
and then, approximately half a cycle later pushed back into the target. If no mas-
sive target were there, in the following half cycle the electrons would be slowed
down to rest. However, since the electric field is completely screened according to
Poisson’s law after the thickness Aes = € |E|cos 8/noZe, the evanescent field
in the extremely thin skin layer can no longer hold them back from their free
motion through the solid. In each full cycle the number N, = Zengkes of “free”
electrons is pushed into the target with an average energy 1.57 W per electron,
W given by (8.99). The numerical factor is obtained from a simple transcendental
equation and is correct (the authors of the book found 1.61) under the assumption
(i) that N, is the correct number of electrons per bunch and unit area and that (ii)
the electron layers do not overtake each other. The argument in favor of assump-
tion (ii) is that the layer behind the forefront layer is already partially screened
by the latter, the third layer is screened by two layers in front of it, etc., up to
the last layer seeing no field at all at depth As. The model leads to an absorbed
energy Al per cycle and unit area and fixed angle « = 7 /2 — B of laser beam
incidence,

2 1 172
AL = 16Nw ~ 12— = A~ (12) 7 (8.130)
w w

Such a dependence of A is neither observed in simulations nor in experiments.
In addition somewhere beyond Ing = 10'®Wcem™2 A starts exceeding unity. The
oversimplified skin layer thickness A¢g originates from the omission of the mag-
netic field of the wave through k = 0 (i.e., A = 00). However, despite the fact
that hypothesis (ii) does not hold owing to resonance where the Jacobian (2.56)
becomes singular and layers do overtake each other and mix up (wavebreaking;
the author of [49] is aware of it; see also Fig. 8.8), the Brunel effect offers, on the
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qualitative level, a correct physical scenario into irreversibility: The “free” electrons
are not free; rather they are subject to the additional space charge field which acts on
them, like a uniform gravitational field, providing for the necessary phase shift of j
with respect to the driving E-field. The main shortcoming of the model: resonances
are suppressed and are excluded mathematically by forbidden crossing of adjacent
layers.

8.3.2.5 Vacuum Heating

“Vacuum heating”, originally coined for a well-defined phenomenon in 1992 [37],
has become subsequently one of the most mysterious and most popular expres-
sions in the context of collisionless absorption. It has been invented to address
the fact that at higher laser intensities a low-density, hot electron cloud forms
in the vacuum which, as PIC simulations show, contains a certain amount of
particles not entering the target with the periodicity of the laser frequency. The
contribution to absorption of these electrons circulating in the vacuum has never
been investigated separately, presumably because of the lack of a clear defini-
tion of the phenomenon. Some authors seem to attribute collisionless absorption
entirely to vacuum heating [65, 66], others consider a combination of j x B
heating [43] and vacuum heating responsible for absorption [67]. However, one
must be aware that none of these concepts explains any physics of absorption,
i.e., they do not show any well defined route into irreversibility in physical terms.
The situation does not change when vacuum heating is interpreted as a conse-
quence of unspecified wavebreaking [68] because there are numerous different
scenarios (e.g., of fluid dynamics [69], kinetic [70], resonant (Sect. 8.3.3), geo-
metric type [71]) leading to the vague and not well understood phenomenon of
wavebreaking.

To shed more light on the phenomenon test particle simulations under perpen-
dicular and oblique incidence of intense laser beams have been performed [72].
They reveal some important aspects of the electron dynamics in the vacuum. So,
for instance, electrons entering the vacuum from the target acquire energies which
depend strongly on the phase the laser wave exhibits at the instant of crossing the
interface. In addition, in contrast to a general belief, the moderately energetic elec-
trons are not reflected in the narrow neighborhood of the interface but an appreciable
fraction turns around before reaching the interface. This fact together with the skin
layer thickness oscillating with the periodicity of the laser frequency w (2w for
perpendicular incidence) tells us that the standard static treatment of the anomalous
skin effect and the absorption connected with it have to be handled with caution.
The extension L of the plasma cloud into the vacuum is determined by the light
pressure competing with space charge effects. In [72] L ~ A/3 is found (A laser
wavelength) whereas the Debye length was about three times longer. Finally, as
the collective electrostatic field within the plasma cloud is rather smooth, except
perhaps around the critical point, the circulating electrons in the cloud experience
almost no collisional or stochastic “vacuum heating”. Both terms j x B heating
and vacuum heating do not address well-defined physical effects, nor are they
selfexplaining.
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8.3.3 Collisionless Absorption by Anharmonic Resonance

Any model of collisionless absorption in strongly overdense plasmas must be able
to explain the salient features of simulations, first of all,

(1) how adiabaticity of dynamics is broken or, equivalently, irreversibility, i.e., con-
version and/or heating is accomplished. Under periodic excitations by a laser
field this is equivalent to indicate a physical effect causing a finite phase shift ¢
in j. Under steady state conditions the absorbed power density averaged over a
full laser cycle T = 27 /w results from Poynting’s theorem as

1
Jj - E ~sin(wt + ¢) coswt = 3 sin ¢. (8.131)

If, in the absence of collisions ¢ = 0, zero absorption follows unless a dynamic
process guaranteeing ¢ #* 0 is found. However, ¢ # 0 is not all. Further
requirements are

(2) capability of high conversion (> 70-80%);

(3) instantaneous (i.e., on fs time scale) generation of fast electrons exceeding many
times their mean quiver energy W for the Maxwellian tail;

(4) delay-less absorption at any ratio of target electron density to critical density
neo/ne > 1;

(5) polarization dependence of heating: strong heating in linear p-polarization,
almost no heating in circular polarization under normal incidence.

Property (3), although observed in all PIC simulations has never been commented
in the literature so far. Under the assumption that collisionless absorption is accom-
plished by one single physical effect it follows from property (3) that it can only be
resonance in the collective plasma potential, for no other physical effect is known
capable of exciting to nearly arbitrary high energies during a few laser cycles and
undergoing a phase shift at resonance. Property (4) requires that the resonance is
anharmonic because only then the eigenfrequency wy can shift, through its ampli-
tude dependence, from the harmonic plasma frequency down to the exciting laser
frequency w and below. A final argument in favor of resonance is that anharmonic
resonance may be viewed as an extension of the universally accepted principle that
a single point charge cannot absorb a photon unless it resonates in an outer potential
or it undergoes a collision in a microscopic or macroscopic field.

Collisionless absorption of long ps and fs pulses is, in leading order, by linear
resonance at @ = wj. It is therefore quite natural to speculate whether such a res-
onant conversion is the leading absorption mechanism also in ultrashort pulses on
highly overdense targets (solids, liquids, and clusters) before appreciable rarefaction
has set in. For more than two decades resonance absorption at @, >> @ has been
categorically excluded by the scientific community. The insight that this statement
is incorrect, because limited to the harmonic oscillator only, is the key to the solution
of collisionless absorption [73]. This is shown in the following subsection.
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8.3.3.1 Irreversible Energy Gain by Linear and Nonlinear Oscillators

A nonlinear oscillator is governed by an equation of the type

E+ f(&) =D, (8.132)

where f (&) is any sufficiently smooth restoring force, and D(¢) is an external driver.
The linear oscillator is described by f(§) = a)%& with constant eigenfrequency wy at

all excitation amplitudes. Under the action of a harmonic driver D(¢) = D (1) cos wt,
w # wo, (8.132) behaves adiabatically as soon as b(t) is an envelope of several
cycles T = 2w /w long, whereas it continues to oscillate indefinitely (net energy
absorption) if b(t) is §-peak like [74].

To gain insight into the behavior of (8.132) it is advisable, following [74], to
reconsider first collisional and adiabatic excitation of the linear oscillator with both,
constant and with time-varying eigenfrequency wg. The one-dimensional oscillator

E+ wdt = D) cos wr (8.133)

under the initial condition &(—00) = £(—o00) = 0, ﬁ(—oo) = 0 evolves in time
according to

sinwot T 4
() = / D(t") cos wot’ cos wt’ dt’
(6]

0 —00
coswor [T A, . , L,
— D(t") sinwgt’ cos wt” dt’. (8.134)
20) —00

For b(t) = wpé&pd(t) the ballistic solution £(r > 0) = &psinwopt results. The
general solution can be cast into the form

sinwgt ! 4
@) = S @of / D(t)[coswit’ + coswrt’]dt’
2w

—00

A A
_Smen / D(t")[sinwt’ + sinwyt’] dt’. (8.135)
26&)0 —00

where w; = wp+w and wr = wp — w. For laser interaction with solid density matter
w K wo can be chosen. With a rectangular excitation amplitude D(t) = a)gxo,
centered around t = 0 and At = 21 long,

E(t > ty) = 2&p sin woptg sin wot (8.136)

results.

Maximum irreversible energy gain is achieved with exciting pulses of length
At = w/wy = 2Ty K T = 2n/w. Alternatively, if D(¢) is a smooth function of
halfwidth Ar/2 = f9 X T integration by parts of (8.135) with suitable test functions
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Fig. 8.12 Ballistic vs adiabatic excitation of the linear oscillator (8.133). Absorbed energy in units
of (Dy/w)? from a sin’-pulse, n cycles long; dashed: wy = 10w, dotted: wy = 2w. Maximum
irreversible energy gain is achieved with pulses of length 0.17 = Tp for wp = 10w and 0.77 =
1.4T) for wy = 2w (ballistic excitation). The higher the detuning ¢, wg = qw, the faster drops
the energy gain with increasing pulse duration (adiabatic behavior). For comparison the energy
absorption at resonance g = 1 is also shown (solid)

D(t) shows that the irreversible energy gain e, (t = 0o) compared to the maximum
oscillatory energy emax during the pulse is much less than unity. In Fig. 8.12 the
transition of e, (¢t > fg) from ballistic to adiabatic excitation of (8.133) is shown at
wo = o (solid), wy = 2w (dotted), and wy = 10w (dashed) as a function of the
number of exciting w-cycles n for b(t) = Dy sinz[a)t /(2n)] in the interval 0 <
wt/(2n) < m and zero outside. It is seen that far from resonance ballistic excitation
with finite irreversible gain e, (f — 00) is achieved with very short pulses only. To
save 1% of the maximum e, (t — 00), reached with pulses of length 0.17 = Ty
for wg = 10w and 0.7T = 1.4Ty for wy = 2w, the exciting pulse length must not
exceed 0.27 and 1.9T, respectively. For comparison the energy gain at resonance
wo = o is also plotted. It resembles the quadratic time dependence of the energy
gain at constant amplitude.

Next we consider the linear oscillator with time varying eigenfrequency wq(¢)
from Sect. 4.4.1,

E+ wl(E = Dcoswr, wo(t) = we™™, o> 0. (8.137)

It is a model for linear as well as nonlinear resonance absorption, and wave-
breaking with nanosecond laser pulses. The driver is adiabatically switched on at
t = —oo and held constant in the interval of interest. The eigenfrequency varies
from wp(—00) = 0o to wp(+00) = 0. Highest excitation is expected for ¢ < w,
i.e., when the oscillator remains close to resonance wg(t = 0) = w for a time as
long as possible. Under « < w the functions sin ¢ and cos ¢, with



8.3 Collisionless Absorption in Overdense Matter and Clusters 381
! w .
¢ = / wo(t)dt' = — (1 —e ™), ¢ = —awy > —wf, (8.138)
0 o

represent two independent solutions of the homogeneous oscillator equation (8.137)
to a satisfactory approximation. Hence the desired solution of (8.137) with

£(—00) = £(—00) = 01is

()~ D {smd:(t)f COS¢( /) cos wt’ dt’ —cosd)(t)/ s1n¢( ) sa)t’dt’}

(8.139)
This expression becomes an exact solution if on the RHS of (8.137) the term

cosq&(/) smqb(/)

Cwo(t)

t
y(t) = qbb {cosd)(t)/ coswt’' dt’ + 51n¢(t)/ cos wt’ dt’ }

(8.140)
is added. The amplitude & () of £(¢) is expected to grow appreciably only in a nar-
row interval Awq around the resonant point + = 0. Therefore, under the integral
(and only there) wo(#) and ¢ (¢) can be expanded to lowest order,

wo(t) = we™ ~ w(l —at), Pt ~ ot —at’/2). (8.141)

By observing that cos ¢ cos wt = [cos(¢ + wt) + cos(¢p — wt)]/2, sing coswt =
[sin(¢p + wt) + sin(¢ — wt)]/2 the terms containing cos(¢ + wt) and sin(¢p + wt)
can be omitted since they merely lead to fast low-amplitude modulations, whereas
the two terms containing ¢ — wt exhibit a stationary phase around wy = w. This
is analogous to the rotating wave approximation in the magnetic and optical Bloch
models. Further, wg(¢) can be taken out of the integrals. Then £(¢) from (8.139)
reads in the resonance region

ﬁ . ! o 2 , ! . o 2 /
E(t) = — {sin¢g(¢) cos —wt' " dt" + cos ¢ (t) sin —wt' “dt" ;. (8.142)
2&) —00 2 —0o0 2

1/2

By the substitution ¢ = [/(0¢w)] /1 it transforms into

72D (1 , 1 ”
E(n) ~ w232 112 +C() [sing(n) + 3 + S |cosp(m), (8.143)
with the Fresnel integrals [75]

n n
C(n)=/ cos%n’zdr;’, S(n)=/ sin%n’zdn’. (8.144)
0 0

For n — oo they behave as
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1 1 = _ 1 1 T _
Conp==+—sin=n*+0mn™>, St ==——cos=n*+0n2.
2 @y 2 2 @y 2

Solution (8.143) can be expressed in terms of amplitude and phase,

() ~ E@) sinlg () + v ()], (8.145)

. 72D 1 2 2
5(77)=m |:§+C(77)] +|:§+S(77)i| )
S(m) + 1/2>

= arctan | ———— = | + ¥yo.

v(n) (C(n) ) Yo

The plot of 7(n) = C(n) + i1S(n) in the complex plane yields the familiar Cornu
spiral, Fig. 4.19, well known from diffraction theory in classical optics. The path s
along the spiral from the origin to a point P = C(n)+1S5(n) is the parameter 7 itself,
s(n7) = n, the amplitude A(n) = {[1/24+C () 1>+[1/24+S(1)]?}/?, to be identified
with |w| in Fig. 4.19, is the length of the arrow pointing from O’ = —(1/2 +1/2)
to P = C(n) 4+ 1iS(n). The resonance width and the factor of amplitude growth are

conveniently defined by the change of phase ¥ (1) (in Fig. 4.19 indicated by §) from
Yo —m/2to Yo+ /2 and S(n) = C(n). This is the case for n = n, = 1.27 and

n = —n;, respectively. According to (8.143) the resonance interval and frequency
halfwidth are
A Ta\1/2
w+ Awy > wy > w — Awy, 290 _ (_oz) n. (8.146)
w w

1

The resonance interval 2Awy increases as /2 and covers the number of oscil-

lations

i z(i)”zn,. (8.147)
27 /w To

For o = /100 and @ = w/10 results N = 7.2 and N = 2.3. The associated
resonance halfwidths are Awo/w = 0.23 and Awy/w = 0.7. In general the quanti-
ties £(¢) and y(r)/ ¢ from (8.139) and (8.140) are of the same magnitude. Therefore
£(1) is expected to be a good approximation if (a/w)!/? « 1 is fulfilled. The same
restriction follows also from (8.146) for the validity of expansion (8.141). From
the numerical examples above for Awg/w one sees that with a/w = 1072 the two
quantities exp(—at,) and (1 — «t,) differ very little from each other at the border
of resonance (3%) whereas for o/ = 107! the difference is 33%. Nevertheless the
Fresnel integrals yield very satisfactory results also in this case.

For determining the factor of resonant growth of £(¢) and the amount of energy
absorbed by the oscillator we observe that outside the resonance width any adiabatic
variation of wy(¢) # o under an adiabatically varying driver D(1) may influence the
shape of the two spirals of Fig. 4.19 but has no effect on the resonance segment
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in between (|n| < n,). Hence, the growth of £(¢) for wo(t) = wexp(—at,) is
(nearly) the same as for wq(#) from (8.141), provided o/ < 0.3. After the driver
is switched off adiabatically £(+ — o0) points to the center of the upper spiral at
C(00) = S(o0) = 1/2. This position also indicates the final energy e, (0c0) irre-
versibly gained by the oscillator after crossing the resonance point if its frequency
is kept at wy () = wy = const. Equation (8.145) yields the following quantities for
resonant and asymptotic amplitude increase «;,, ko, and stored energy e, (00),

o= 20 g0 =29 6o, (8.148)
E(=nr) &E(—ny)
Loy o 7D =0)
eq(00) = 5@ §°(0c0) = ee

For wy(t > 1) — 0 the final energy depends on how rapidly the parabolic poten-
tial flattens: if the number of turning points is infinite e, (00) is zero, if it is finite
the particle escapes with finite kinetic energy. We conclude by observing that if the
oscillator is switched off adiabatically before —z, it returns to its starting position
C = § = —1/2; if it is adiabatically switched off after +7, and wo(?,) = wy is
kept constant it has made the irreversible transition from the center of the lower
spiral to the center of the upper spiral in Fig. 4.19. A linear oscillator can gain irre-
versible energy (absorption) under ballistic (collisional) excitation or, adiabatically,
by crossing a resonance.

An undamped nonlinear oscillator may exhibit properties differing in many
respects from its linear counterpart. For our purpose here its most important dif-
ference is the dependence of the eigenperiod 7j on the excitation level, i.e., on the
amplitude. In the case of the very general nonlinear oscillator (8.132) in 1D its
eigenperiod Ty is given by [ dt = [ d& /v, v particle velocity, or

To = f 5 Vo=max V(). (8.149)
[(2)vo- V(s)]]

V(&) is the potential associated with the restoring force f (&) so that f(§) =
—0dg V(§). If the graph of V(&) stays inside the parabola wgéz /2 the eigenperiod
decreases with the amplitude; if however it widens compared to the parabola its
eigenperiod increases with increasing level of excitation. This latter case is of par-
ticular interest because Coulomb systems exhibit such a characteristics owing to the
1/r-dependence of the Coulomb potential at large charge separation and, in con-
comitance, at a fixed driver period the nonlinear system may enter into resonance
when excited to high amplitude. This property opens the new possibility to couple
appreciable amounts of energy by adiabatic excitation into such systems originally
out of resonance. Since even the shortest laser pulse contains several oscillations
ballistic excitation is not possible, in a locally plane wave not even in principle,
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Fig. 8.13 (a) Oblique incidence of parallel laser beam of wave vector k in the lab frame and k' || x
in the system boosted by vp = csin«. The overdense target is cut into layers of thickness d. (b)
Large electron displacement & in plasma layer (LHS) and harmonic (parabola) and anharmonic
closed (solid) and half-open potentials (solid, dashed). In wider potentials than harmonic the fre-
quency decreases with increasing &

regardless of how short the electromagnetic pulse is. Energy coupling into a system
originally out of resonance is illustrated in the following for a cold plasma.

A plane, fully ionized target is assumed to fill the half space x > 0. A plane
wave E(x,t) = Egexpli(k - x — wt)] in p-polarization in y-direction, wave vector
k and frequency w, is incident from —oo under an angle « onto the plasma sur-
face (Fig. 8.13a). After applying a Lorentz boost vp = csina the wave impinges
normally. The target is thought to be cut into a sufficient number of thin parallel lay-
ers, each of which is exposed to a driving force F acting along x of magnitude evg B
and frequency w, and an additional component originating from the Lorentz force of
the oscillatory motion along y of frequency 2w (e electron charge, B magnetic field
of the laser). With the electron displacement & in x-direction and immobile ions of
density ng (corresponding to @po) the motion of a single layer (Fig. 8.13b) in the
nonrelativistic limit is determined by

d2

dé + o2 < |S|)g = €] < d, (8.150)
a? d
d_j+wlz’0 (m)‘é:D» 1§ > d. (8.151)

The free plasma oscillator (D = 0) oscillates at w if the displacement is small.
For a fixed energy Vo = ¢ at high excitation and w,o > w, Ty according to

(8.149) is given by Ty = 8(wod)~"/2,/*. The eigenfrequency wy = 27/Ty =

(r/4) (a)iod U/ 2.§0_ 172 decreases with increasing oscillation amplitude &, in contrast
to the linear harmonic oscillator, and approaches zero for & — oo. (An exact
mechanical analogy is represented by an elastic sphere bouncing on an elastic hori-
zontal glass plate under the influence of gravity, and its mirror image: wy — oo for
& — 0 and wy — O for height & — o0). Under a weak driver D and w,p > o,
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& oscillates in phase with D; under a strong driver £ becomes large and, owing to
wo — 0, it oscillates similarly to a free particle, i.e. dephased by = with respect to
D. Principal resonance [76] occurs at wp = w with §y = & = (Twpo /4w)2d.
The transition from nonresonant to resonant state at wg =  is irreversible,
i.e., resonance breaks adiabaticity. In the neighborhood of resonance the product
(d€/dt)D ~ jE changes from — sinwr x cos wt into cos® wf, with nonvanishing
cycle average. This is illustrated by a numerical example now.

The two equations of motion above for |£| < d and || > d convert into a single
dimensionless equation for the potential V = m(w,od /2)2(1 + g“z)l/ 2

dZé- 3(1 +§-2)1/2 B
T b, (8.152)

where ¢ = 2&/d, m electron mass, T = wpot and D — 2D/(a)i0d). With

D = Dqsin*[wt/(2K)] cos wt, sin? for f (), K number of periods, the results
of Fig. 8.14 are obtained numerically. At Dy = 0.921 the layer remains below
resonance, the energy gain ¢ after the pulse is over is negligible (a). Increasing the
driver by only ADy = 0.002, resonance takes place. Much energy, i.e., 43 times
more than in (a), is stored now in the oscillator [see the horizontal orbits in (b)].
Under the assumption that resonance lasts half a laser cycle, i.e., when the driver
amplitude Eg = ma)iod/(4e), withd = 0.1 - 0.2nm and w,p = 2 x 10101,
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Fig. 8.14 Excitation ¢(¢) = §'2/2 + V(&) of the oscillator from (8.152) by the driver D(r) =
D sin’[0t/2Nwpo)] cos T /wpo, w/wpo = 0.1, N = 20, (a) below resonance (D = 0.921),
(b) above resonance (D = 0.923) with an 43 times higher final energy gain & 7 than in (a) although
the driver strength is changed only by 0.2%. The potential and the resonant energy level are indi-
cated dashed and dotted, respectively. Note the different scales in a, b
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Fig. 8.15 Driver D(7), excursion ¢(t) and absorbed energy &(t) vs time (in driver cycles) for the
case in Fig. 8.14. Each time resonance is crossed ¢ undergoes a phase shift by . Bold lines I,
II indicate instants of phase lag {4 /2 between D and ¢ , i.e., maximum energy gain and loss
(points of stationary phase); modulations in ¢ originate from the @ + wq spectral component

primary resonance of a single isolated layer happens at the laser intensity as low as
1 =10 Wem=2.

Figure 8.15 is of particular relevance. It shows the driving field D(t), the dis-
placement ¢ (7), and the energy gained &(7). At position 1 the oscillator is entering
resonance (¢ starts increasing, wg > ), D and ¢ are in phase; at 2 it is leaving
resonance (¢ starts decreasing, wy < w), D and ¢ are dephased by . Positions I
and II (points of stationary phase) indicate maximum energy gain and maximum
energy loss, D and ¢ are dephased by £ /2. Thus, the resonance signature is pre-
served in a rapid transition. The phenomenon repeats in the second maximum of
¢, etc. Resonance, i.e., wp becoming equal to w, is intimately connected with the
phase shift by = owing to the different reaction of the oscillator to the driver under
a strong restoring force (wp >> ) and a weak one of a nearly free particle. The
absorption term (8.131) jE ~ éD at resonance transits from ~ sint x cos T to
~ cos? 7. This guarantees energy transfer from the driver to the oscillator. Further
illustration of the phase shift at resonance for different parameters are found in [74],
Fig. 5. The time-dependence of wq from (8.137) in (8.152) is accomplished through
the amplitude ¢o, wg = wo(Lo[D(1)]).

8.3.3.2 Anharmonic Resonance Absorption in Cold and Warm Plasma

The extension of the dynamics from one layer of electrons and ions to N layers is
accomplished by considering all attractive forces of the fixed ion layers (index /)
on all electron layers (index k) and all repulsive forces between the electron lay-
ers (indices k, k’). This results into the nonseparable (nonintegrable, chaotic), yet
elementary Hamiltonian
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N 2 N N
_ Pi 1
H= ; 5 1> ké;{ Vi + 121: Vi — D(T)&k (8.153)

with px = d¢i/dt, and the potentials with the structure of V from (2), Vi =
—[1+ (& = &)1 and Vig = [1+ (& — 6012, & = 2x/d L Go = 2a1/d, )
position of the /th ion layer. When one of the layers is driven into resonance it starts
moving oppositely to the coherently moving nonresonant layers, thereby crossing
one or several adjacent oscillators. Incidentally, this is a new scenario of very effec-
tive breaking of flow (special case: breaking of wave) not described in the literature
so far. As a representative case we study the dynamics of a 100 times overdense
target, subdivided into layers of d = 0.125 nm each, on which / = 3.5 x 1018
Wem~2at A = 800 nm and is impinging with f(¢) increasing from zero to unity
within 2 laser periods T and then remaining constant. The intensity of D on the kth
electron layer is calculated at each time instant by determining the screening due to
all layers lying in front of it according to the exponential decay exp(—kn;d), with
n; the imaginary refractive index. The typical scenario is as follows: After being
pulled out into the vacuum and oscillating there for some time (“vacuum heating’:
no heating!) the layers are pushed back in a disruption-like manner into the target
(formation of jets; Fig. 8.16 and Figs. 8.6, 8.7, and 8.8). Layers leaving from the
back of the target are replaced by new layers with zero momentum (cold return
current). First indication of resonance: More than half of the layers have gained

100.00

t/T

41— 100

Fig. 8.16 Time history of the electron layers during the first 10 laser periods 7" under the action of a
pulse as described in the text, with f(#) = const for t > 27': displacements & (¢) in dimensionless
units kx, kK wave number. No detectable “vacuum heating”. Inset: energy spectrum of 2700 layers
att/T =100, W = U, quiver energy
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energies exceeding their quiver energy W. The energy spectrum shows a plateau
between 1W and the cut off at 6W (see inset in Fig. 8.16). In other runs with
more realistic driver field and the magnetic field included similar energy spectra
were obtained with plateaus extending up to 20W. To show the occurrence of res-
onance explicitly the phase of each layer with respect to the driving laser field is
investigated. A typical example with N = 120 is shown in Fig. 8.17 for layer #32,
LHS trajectory and driver field (a), middle absorbed energy (b), RHS phase ¢ of
velocity v ~ sin(wt + ¢) with respect to the driver E ~ cos wt (c): over T /2 there
is a continuous and smooth transition of ¢ through —m/2 at /T = 2.8 (I) with a
simultaneous strong increase in the absorbed energy (b) and the excursion (a), with
following disruption of the layer at 1/ T = 3.6. The change of ¢ is clearly seen also
in (a). Another resonance of the same kind is found at t/T = 8.8 (II). Other two
passages of ¢ through —m/2 att/T = 5.7 (1) and 8.1 (2) show rapid fluctuations
and hence almost no energy gain [see (b)] and no disruption [see (a)]. Transitions
of this latter kind are morphologically clearly distinguishable from the former case,
and for none of the 120 layers they are able to accelerate them across the target. In
the cold plasma model we find that all layers (no exception) get their energy from
resonance and keep it in the underdense region. Only after undergoing resonance
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Fig. 8.17 Resonance dynamics of layer #32 as a function of laser periods. Position kx (a), k wave
number, absorbed energy ¢ (b) and phase ¢ between velocity v and driving laser field from Fig. 8.16
(mapped into the interval [, 0]) (c); & in units of quiver energy U,. Passages through —m /2 are
indicated by L II, and 1 and 2 (see text). After resonance at 3.5 laser periods the layer is pushed
back into the target with high velocity (“disruption”). After crossing the opposite target surface the
layer is substituted by a new layer. Note E ~ —D
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each time the layers disrupt, in the present case in chaotic order 6, 5, 4, 3, 2, 15,
17,16, 9, 11, 10, 8, 12, 24, 31, 34, 28, 32, 14, 30, 1, 33, 45, 26, 36, 27, etc.; layer
113 disrupts before front layer 0. This is one of the fundamental differences in the
dynamics in comparison to [49]. It may be interesting in this context to compare
with an earlier PIC simulation of a cold plasma from [77]. They also show the res-
onance character of absorption (although not properly understood when the article
was written). The question at which intensity resonance sets in is difficult to answer
and is reserved to further investigations. Simulations with 2, 10 and 20 layers show
a decrease and a broadening of its threshold, in agreement with analytical estimates.
The advantage of the model lies in its Hamiltonian structure. In combination with
simplified and oversimplified drivers it offers much flexibility and considerable help
in interpreting PIC simulations. So, for example, property (5) is easily explained: in
circular polarization the electron motion is entirely transverse and no resonance is
excited in x-direction. The simplest driver considered here reproduces already all
properties (1)—(5) Figures 8.16 and 8.17 show no detectable “vacuum heating”. As
this is of stochastic heating type by fluctuating fields it generates Brownian-like
orbits.

Resonance, i.e., energy gain during about half an oscillation implies a phase shift
¢; () for the individual electron or electron layer. All ¢; at a given position and time
(x,t) sum up to a non vanishing ¢ (¢) value once at least one electron (charge e,
amplitude v(y) is resonant,

Je, 1) =—e) 8(x —xi()vo sin(@t + @)
I
= —en,vg sin(wt + ¢). (8.154)

With respect to resonance variations of D had no qualitative consequences. For
quantitative results recurrence must be made to PIC, Vlasov, or molecular dynam-
ics. Anharmonic resonance constitutes a very efficient scenario leading to breaking
of regular dynamics of a fluid (special case: wavebreaking). Once a fluid layer
undergoes resonance it may move opposite to the adjacent fluid layer and thus
destroy the continuous mapping (2.57). We give it the name “resonant (wave)
breaking”.

In order to reveal the dominant role in warm, i.e., realistic plasma, a 100 particles
PIC simulation with the PSC code [78] in its collisionless mode under 45° irradi-
ation is performed. In the boosted frame a Gaussian Nd laser beam of I = 10!
Wem™2 and halfwidth of 26 fs acts on a plane 80 times overcritical 7.3 m thick
target. In some sense 1D is the most severe case because it limits the number of
absorption channels; for example storage of energy in induced ring currents and
concomitant magnetic fields decaying later [45] are excluded. On the other hand
the absorption values of 70-80% have been achieved in PIC simulations in 1D and
measured in 1D [37, 38, 79]. Requirement (3) is proven if we succeed in showing
that in 1D simulations almost all absorption is due to resonance. To reveal resonance
single particle orbits must be followed. It is achieved by embedding a sufficient
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Fig. 8.18 1D3V PIC simulation of a Nd laser beam interacting with a thick overdense target
with mobile ions in the boosted frame (parameters see text). Regular shadow structure: laser field,
LHS black trajectory: displacement x (¢) of test electron #4, RHS black trajectory: corresponding
momentum py in units of m,c, white line: total electric field at position x(¢). Resonance (strong
momentum increase and phase shift ¢ (7)) and disruption are impressive. In all tests: no disrup-
tion without preceding resonance. Resonances look all very similar to each other (see following
Figure)

number of test electrons, here 200, at equal distance from each other in the target
and following momentum py () and space coordinate x (), during 15 laser periods
Tyg =5 f1s.

The outcome of the statistics is overwhelming: all test electrons interacting with
the laser field are resonantly accelerated and either escape in a disruption-like man-
ner into the target interior or move out into the vacuum from where they are driven
back by the space charge. In Fig. 8.18 the time history of a typical test electron is
depicted. The electron enters the laser field (shadowed interference pattern), inter-
acts resonantly (see the evolution of momentum normalized to mc) and escapes into
the target an instant later with 15.3 times W. Resonance is ensured by the high
energy gain [property (2)], the total E-field deviating only slightly from sinusoidal
behavior (white line), and the phase shift in the last half electron oscillation: last
maxima of the two lines exactly coincide, the former are dephased by 7 /2, as they
should at w,/w > 1. The shadowed fine structure right of the laser field is due
to plasmons. All orbits entering the laser field undergo resonance and look very
similar to each other, see Fig. 8.19 with other resonant layers. Properties (1)—(4) are
herewith proven once more. One could object that only the contribution of j - E in x
direction has been considered. However, owing to the conservation of the canonical
momentum in y direction in 1D at normal incidence, py, + eR(E/iw) = const,
JyEy leads only to the change of p, described above. The simulation analysis tells
also important details on the heating mechanism: The fast electrons are generated
first by resonance; they excite “solitary”, i.e., non-Bohm-Gross plasmons in the
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Fig. 8.19 A selection of other 3 resonant layers, #2, #15, #20. Parameters as in Fig. 8.18. Layer
#40 never “sees” the laser field. It is heated by interacting with the fluctuating electrostatic field in
the target interior

dense interior which, in turn, heat cold electrons by a mechanism resembling Landau
damping. The simulations have also revealed that the electron spectrum is subject
to continuous metamorphosis in time, an aspect which may play an important role
in fast ignition.

The mechanism of anharmonic resonance is also active in the collisionless
absorption in clusters during the early interaction phase when ion expansion is neg-
ligible [80, 81].

Anharmonic resonance has already found its first experimental verification in the
few laser cycle absorption experiment by Cerchez et al. [79]. After various esti-
mates and cross checks the conclusion is that this represents the most promising
candidate for the measured absorption. It should be stressed that the mechanism is
active also in long fs or ps pulses when profile steepening is so strong that no linear
resonance can take place. The main practical relevance of resonance may be seen
in the possibility to tailor the electron spectrum for various applications (electron
and ion acceleration, fast ignition, etc.) by designing targets properly, for instance
by choosing carefully their thickness, structure and shape.
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8.4 Some Relativity of Relevance in Practice

There are no limits; horizons only
Gerard A. Mourou

DPG Spring Meeting Diisseldorf 2007

8.4.1 Overview

At high intensities electromagnetic waves behave strongly nonlinear, at a degree
which goes far beyond the familiar nonlinear optics. The origin of the drastically
increased nonlinearity lies in the self-generated sudden variation of the local elec-
tron density due to field ionization (i), the ponderomotive (or wave pressure) effects
(i1) and, at relativistic intensities, the coupling of transverse and longitudinal fields
already in the homogeneous plasma (iii). Whereas in standard nonlinear optics the
number of wave crests of a pulse is invariant, as a consequence of (i) it can vary:
after transition or reflection e.g. five crests become six or seven crests [34]. Pon-
deromotive effects (ii) lead to a large number of instabilities, formation of irregular
structures, solitons, cavitons, wavebreaking, and chaos. In addition, due to (iii) all
effects may even become stronger. So far, transverse and longitudinal wave prop-
agation at relativistic intensities has been studied extensively only with waves of
constant phase velocity in plasmas of constant density [82-84], and recently sta-
tionary quasiperiodic solutions have also been presented [85]. Under the influence
of (ii) the plasma medium is expected to become heavily deformed and even self-
quenching of the electromagnetic mode may occur. As extreme intensities are to
be expected in the near future (/ > 102 Wem™—2) hot dense matter at solid and
above solid density may be produced by relativistic overcritical light penetration.
The study of intense wave propagation in dense matter is of vital importance, in
itself as well as for applications (equation of state, fast ignition [86], astrophysics).
The beauty in this context is that a great portion of related experiments can already
be performed, by analogy, at nonrelativistic and close to relativistic intensities in
sub- and super-critical foams and porous media with standard fs laser pulses. With
increasing light intensity laser-based nuclear physics will become a reality [87].
In analogy to atomic systems excitation, stimulated de-excitation and triggering of
single decay processes may be controlled by laser. Already with the next generation
of photon flux densities (> 10?3, perhaps > 10?3 Wem™2) the direct excitation of
nuclear levels and the triggered decay of isomeric nuclei can be studied, provided
the photon energy is high enough (order of keVs, free electron laser systems, [88]).
Alternatively, the aim may be reached by the coherent superposition of extremely
high order harmonics generated from solid targets [89]. Such pulses will be used
also to study the nuclear Stark effect and fine tuning of nuclear levels for various
applications and diagnostics. All kinds of vacuum nonlinearities have their origin
in the separation (slang: “creation”) of electron-positron or more massive pairs by
a corresponding energy supply. The critical field for the lightest pair production is
E = 1.3 x 10'"® V/m, corresponding to the laser intensity / = 2.3 x 10> Wem 2.
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Their existence becomes noticeable already through their virtual appearance at
much lower energies (and fortunately, after all “there are no limits” of / to make
them real). Nonperturbative vacuum nonlinearities manifest themselves in a variety
of processes and effects of the quantum vacuum exposed to superintense photon
fields: generation of harmonics, photon splitting, light by light scattering, vacuum
polarization [90]. Two favored candidates, accessible to the most intense available fs
laser installations, are the merging of two photons in the laser field interacting with
TeV protons and the dramatic increase of electron bremsstrahlung from a nucleus in
the intense radiation field by many orders of magnitude.

8.4.2 Critical Density Increase for Fast Ignition

Currently high power lasers emit in the infrared (Nd YAG, Ti:Sa), or in the near
UV if for convenience a KrF system can be used. This means that the emitted laser
beams cannot penetrate matter of solid density with electron densities of typically
1023-10%* cm—3. On the other hand it is of extreme interest to heat such dense, and
even denser, plasmas uniformly and isochorically for studies of equations of state,
bright X ray sources, generation of high harmonics and for fast ignition of inertial
fusion pellets [91, 92]. In the latter case, with a laser beam emitting in the soft X
ray range several problems of radiation-pellet coupling of traditional lasers would
be eliminated. It is a fortune that at intensities at which the electrons gyrate rela-
tivistically in a circularly polarized beam an increase of the critical electron density
is obtained owing to the electronic current decrease (“‘relativistic mass increase”) by
the relativistic Lorentz factor y = (1—v?/c?)~1/2, v gyrovelocity, ¢ speed of light in
vacuum [93]. In linear polarization “anomalous penetration” was found by means of
numerical studies in [94], i.e., considerably weaker penetration than corresponding
to their formula for n.. This and analogous results indicate that the general problem
of relativistic penetration needs further investigations. At low, nonrelativistic laser
intensities the fully ionized plasma can be treated as a monofluid for electromagnetic
wave propagation in the homogeneous medium with an invariant plasma frequency.
At high laser intensities one is faced with a different situation: on the fast time scale
the ions can still be treated as immobile objects while the electrons move at relativis-
tic velocity. Thus, in any reference system one has to deal with a two-fluid model and
the problem has to be faced what the implications of the transition from a monofluid
to a two-fluid model are. In addition, the question arises whether the concept of a
critical density remains still valid when at relativistic intensities highly nonlinear
density structures and cavitons may form [95, 96]. Both problems, the existence of
a critical density and its correct relativistic increase in a highly overdense plasma,
are to be clarified “experimentally”, i.e., by particle-in-cell (PIC) simulations owing
to the high nonlinearities involved, and fitted by analytical expressions.

8.4.2.1 Relativistic Critical Density Increase

Under the assumption of an invariant electron density an intense circularly polarized
electromagnetic wave can penetrate considerably deeper into a fully ionized plasma
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owing to the already mentioned relativistic electron current decrease by the Lorentz
factor y,

A .
y=0+a)"? a=°2 A=-'E,
mc w
(A, E)(x,1) = (A, E)(x, 1) exp(—iw1); (8.155)

A, A\, E, E vector potential and electric field with associated amplitudes [93]. The
refractive index is n = (1 — no/yn.)'/?, thus showing that the relativistic critical
density for circular polarization is ny = yn.. By analogy, in linear polarization
the true y factor is expected to be y = (1 + &2/2)1/ 2 of a single electron in the
vacuum. The departure from this value will depend on the electron density variation
dne/dt = —n, Vv induced by the Lorentz force in propagation direction. The avail-
able time for restoring quasineutrality, i.e., Vv = 0, is only half a laser c2ycle /.
In a tenuous plasma (w, < ) perturbation theory yields n¢, = (1 4+ 3a”/ 8)1/2p,,
with 3/8 < 1/2 for this reason [83, 82]. The dispersion of propagating plane waves
of arbitrary strength and linear polarization in a constant plasma density under
Lorentzian gauge is governed by the set of equations

J

goc?’

04 =— 0, A =0, A= (A,¢/c), J=(J,cpe),
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¢ is the scalar potential and v, the constant phase velocity. The second of these
relations is the Lorentz gauge. The current density j, follows from the canonical
momentum conservation ymv, = eAy for a cold electron fluid initially at rest.
In circular polarization the second term (square bracket) in j, vanishes owing to
Ay = ¢/c = 0. The dispersion of waves described by (8.156) has been exten-
sively studied and discussed recently also close to cut-offs and it has been found
that the majority of electromagnetic modes exhibits the typical eight-like electron
motion as in the tenuous plasma [82]. Besides, a purely electrostatic mode with
circular electron motion in the plane of incidence is also possible, in accordance
with the fact that the B-field an electromagnetic wave near cut-off behaves like
I}n — 0. Unfortunately, light coupling to high density matter, which is the typical
fast ignition-relevant situation, is accompanied by plasma density profile steepen-
ing, partial reflection and extremely nonuniform electron fluid expansion [89] and
recession during one cycle, with a concomitant laser frequency Doppler shift in
the frame of co-moving critical layer. Owing to such complexity and, eventually,
due to caviton formation [96, 97], a reliable determination of the critical density
increase is accessible only to particle-in-cell (PIC) or similar simulation procedures
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(e.g. Vlasov). Here the 3D PSC PIC code [78] is used to give the promised “exper-
imental” answer.

8.4.2.2 Quasiperiodic and Chaotic Electron Orbits

In the critical region the phenomena addressed above lead to a strongly fluctuating
potential ¢ which in combination with the laser field may transform the regular
8-shape electron motion into quasiperiodic and chaotic orbits with unknown Lorentz
factor y,. To illustrate the situation a time-independent typical self generated poten-
tial ¢ = mc?all + k2 (x/1)?1'/? with the free parameter « and the laser wavelength
A is used. The beam propagates in x-direction. The laser field strength is held fixed
at a = 1 and « is varied (see Fig. 8.20). The first picture, obtained with ¥k = 6.2,
shows a stable configuration of the electron orbiting around a vacuum-like 8-shape
trajectory. Only a slight asymmetry in diagonal direction is observable. At x = 6.5
the electron manages it to escape from the stable configuration after several turns
in the direction y of the laser field, and eventually it comes back again (picture at
RHS). By a further increase of « by only 8% to k = 7.0 a very complex orbit results
(3rd picture). By plotting the time history of the transverse motion ([y, ¢]-plot in
4th picure) it becomes clear that during the registered 100 laser cycles the electron
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Fig. 8.20 Evolution towards chaotic dynamics of the electron motion in presence of an electrostatic
potential ¢ = mc?a(1+k2x2)!/2. The motion is very sensitive to variations of the free parameter
around x >~ 7.0. Note the close resemblance to chaotic ponderomotive motion in a standing wave,
Fig. 2 in [98]
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crosses 9 attractors. In a sense, the trajectory is a repeated composition of orbits
from the 2nd picture. The contribution of such orbits to the relativistic increase of the
critical density is not known. Additionally, due to inherent stochasticity anharmonic
resonance is accompanied by a heating effect.

8.4.2.3 “Experimental” y Factor

In the rest frame of an electron fluid element the bare electron mass m turns into the
“dressed” thermal mass m, = ymnm, with yy, to be determined kinetically. The elec-
tron becomes “heavier” by yu, thus acting in favor of a high y value. y,, originating
from orbit deformations as presented in Fig. 8.20 can act in both directions and has
not been studied so far. As the y values associated with these various effects interact
in a complex nonlinear manner with the effect of the relativistic increase of the bare
electron mass, the correct value of the resulting y actually is determined in the most
reliable manner by analyzing 1D PIC runs at a sequence of laser intensities. Further-
more, only such an “experimental” procedure can reveal to what extent the existence
of a critical density and a well defined critical point are secure or whether they have
to be given up owing to irregular density fluctuations and aperiodic recessions at
extreme laser intensities.

A fully ionized target of 100 times critical density with heavy ions (to suppress
hole boring, of no interest in the context) is exposed to linearly polarized laser
irradiance of 1A% = 10° Wem2um?, s = 18-22, under perpendicular and p-45°
incidence and, when the interaction has become stationary, all field quantities are
averaged over two laser cycles [99]. A typical result for /A% = 5x 10*! Wem™2jpum?
under 45° on target is presented in Fig. 8.21 for + = 80fs. In contrast to
strongly fluctuating pictures taken at single time instants, after sufficiently averag-
ing quiescent shapes in all field quantities are obtained. Hence, a first result is that
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Fig. 8.21 Cycle-averaged distributions in space (x coordinate) of the field amplitude squared | E |?
with closest maximum M and minimum m, absorption j E and electron density 7, after 80 fs of
irradiance 7A2 = 5 x 10*' Wem™2pum?. Critical density in the lab frame is 7. = n0/100. Angle
of incidence o = 45°
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the concept of a cycle-averaged, not instantaneous, critical density makes sense. It
is to be expected at the point of zero curvature of the evanescent branch of |E|?
occurring close to half the maximum. In nearly all cases this position coincides with
the maximum of absorption j E, a fact which is of great help in the analysis. Thus
the density at this point is taken as the (“experimental”) relativistic critical density
ner and its relativistic increase y = n¢r/n., respectively. The values obtained at the
5 intensities are indicated by the first two columns for perpendicular and 45° laser
incidence in Fig. 8.22. For laser intensities / > 102 Wem™2higher y values result
at oblique incidence than at normal irradiation. The hump in | E|? between x = 4.6
and x = 5.0 is due to the superposition of higher harmonics [89]. For supporting
the numerical results and perhaps gaining some physical insight, in the absence of
any knowledge on y, we start from the assumption of regular vacuum-like 8-shape
orbits and determine a “theoretical” y factor from the formula

ar 172
y=[1+(1+r)2%} , (8.157)

with ra the reflected normalized wave amplitude. Note that this expression is
invariant with respect to a rotation by an angle of incidence «. This can be
recognized by transforming to the boosted reference system in which both quantities
E and o are multiplied by cosa and A is their ratio [see (8.155)]. The magnitude
of r is obtained from max |[E|> = M and min|E|?> = m closest to the cut-off
according to
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Fig. 8.22 Relativistic critical density increase, cycle averaged, in the intensity range I = 10'8 —
1022 Wem™2. Black and gray columns: normal incidence, dashed columns: 45° incidence. Solid
line: (8.159), “analytic”
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2
r = M (8.158)
M —m

The y factors resulting from (8.158) are visualized in Fig. 8.22 by columns 3 and
4 for normal and 45° incidence, respectively (“theoretical). All values, theoretical
and experimental, are taken at + = 80 fs. Although at some intensities, in particular
at I2? = 10! Wem™2um?, the y values for 90° and 45° from PIC differ consider-
ably from each other, and so does y obtained by means of (8.157) for 90° and 45° at
all intensities 112 > 1020 Wcm_zumz, in first approximation the results look like as
if produced by the relativistic mass increase only and almost no relativistic influence
stemming from changes of n, and from chaotic orbits. The latter are revealed by test
particle injection in the PSC simulations and following their motion. The impression
of dominating mass increase is reinforced if a fit to the averages of each of the five
quadruplets is done. For this it was found

12
y = (1 + I)LZ[WCm_Z,LLmZ]/l()]g) , (8.159)

see black solid line. The weak relativistic contribution from n, to y has a qualitative
explanation, a posteriori. By the radiation pressure strong electron density profile
steepening sets in over a scale length which is a small fraction of the laser wave-
length X only. As a consequence the laser wave acts mostly on a low density shelf
with n, < n¢ and, in the evanescent region, on n, > n. (see Fig. 8.21). For
ne K ngr, y is close to the vacuum value (3/8 instead of 1/2). At n, >~ ng charge
neutralization is up to 20 times faster than 2w /w. It can be concluded that up to
the intensities considered an average critical density makes sense and its approxi-
mate relativistic increase is given by a simple formula which reflects essentially the
vacuum-like 8-shape motion of the electrons.

8.4.2.4 Implications for Fast Ignition by Laser

The advantages of fast pellet ignition with powerful lasers for inertial confine-
ment fusion are well known: Decoupling of compression from ignition phase, less
requirements on pulse shaping of the main compression pulse, lowering of symme-
try constraints on peak compression, explicitly shown in [100]. Extensive computer
studies with flux limited Spitzer heat transport have shown that a typical ignition
energy is 70 kJ and, by optimizing the process, 50 kJ at a laser intensity not lower
than 7 = 10?° Wem™2 may represent the minimum energy and intensity require-
ments [101]. Under the condition that such an amount of energy is deposited in
fast electrons the density of the deposition zone has not to be less than 4-5 gem™3
DT; below 1 gcm™2 in no run a burn wave evolved. As the laser energy cannot be
deposited beyond the critical density in standard coronal ignition the flux of the ener-
getic electrons has to travel a long distance up to the compressed core thereby under-
going sensitive diffusive attenuation. For comparison, simulations in [100] with the
heat flux limiter turned off show that the energy needed for the pure ignition process
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(the “free ignition energy”) is typically 15 kJ, in agreement with simpler models
of direct energy deposition in the most favorable region [102, 103]. Originally hole
boring was intended as to reducing noticeably the distance between the laser deposi-
tion region and the compressed core. Unfortunately hole boring has proven to be not
efficient enough for this purpose [104]. Cone guided fast ignition is more advanta-
geous to bring the two regions closer together and, in addition, to provide for better
coupling of the laser beam [91]. However, also in this scheme there is the constraint
on laser energy conversion into kinetic energy of the electrons not beyond the critical
density. Inspired by [91] and [105] we consider a model in which the hot electrons
basically propagate ballistically through the critical and intermediate densities and
interact collisionally in the compressed pellet core. The minimum flux density of
hot electrons gop = 10> Wem™2 is estimated to be sufficient when generated by the
3rd harmonic of Nd laser frequency @ = 1.78 x 103 s~!. Assuming R = 0.5 for
the laser follow y = 6.7 and n¢ = 6.7 X 1022 cm—3, the latter exceeding solid DT
density npr = 5 x 10?2 cm™>. In order to transport the absorbed flux density go
with electron velocity u for the mean energy (E) of the hot electrons must hold

1 1/2 (E)
ne(EYu=q9, u=c|l—— , y:l+—2. (8.160)
y mc

From (8.160) the mean energy results as low as (E) = 0.37 MeV. An upper limit
for (E) is obtained by making the very reasonable assumption that it may not be
much higher than the mean oscillatory electron energy which in the specific case
with a = 4.3 is Eqs = 1.1 MeV, i.e., consistency is guaranteed. If already in the
critical and medium density domain strong thermalization occurs a diffusive model
applies. In [101] it was found on the basis of [100] that the minimum required flux
density has to be close to go = 10>! Wem™2 because most of the energy supplied
is diffusively spread all over the compressed pellet and there in particular all over
its low density corona. In addition the deposition density should not be inferior
t0 pgep = (4-5) gcm_3 DT; below pgep =1 gcm_3 no ignition was possible [100].
With this value for ngep = 5 x 102 cm3 and a safety factor s = (4-5) the condition
Ner = Ndeps = ¥ (Mnc(A) together with 1 (A) = 2gg for R = 0.5 must be fulfilled.
For Nd holds n.(A) = ncNd)»ﬁd /A2. Hence, from (8.159) is recovered

A nend (290\Y* 0.9
— = =) == = = 1.1swnd;
ANd  MdepS <1018 s @ SONd
290 \'? A 40
M=) === 8.161
y () (1018) o= (8.161)

At =2 x 10*' Wem ™2 the maximum wavelength for achieving ignition is close to
ANd if s = 1 is set. For the fundamental of the Ti:Sa laser the condition is fulfilled.
It is obvious that the consistency condition (8.160) is fulfilled with a large safety
factor. As (E) = 0.95 MeV and u = 0.87¢ consistency is secured easily also for
s = 5, i.e., the fifth harmonic of wyng because of E,s = 3.5 MeV> (E). It can be



400 8 Relativistic Laser—Plasma Interaction

concluded that at high laser intensities the relativistic increase of the critical density
is favorable to achieve uniform heating of condensed matter and to facilitate energy
coupling in fast ignition provided the production of fast electrons can be contained
within reasonable limits.

8.4.3 Relativistic Self-Focusing

Whole laser beam self-focusing is considered in a tenuous underdense plasma under
the idealized condition of uniform electron density n, = ng. Provided it can be
assumed that the change of the refractive index is essentially by the relativistic elec-
tron mass increase only the refractive index n = (1—no/yne)'/?, y = (1+a%/2)'/?,
is higher in regions of high beam intensity, for example along the beam axis or at
the center of a filament, and the phase velocity is lower. As a consequence, local self
focusing and eventual beam or filament collapse occur. A threshold of self focusing
as given by [106] is most easily derived for the Gaussian beam of Sect. 5.3.2. Under
the condition of ng < ne¢, a> < 1, from (5.66) and 4% = 221 (r) /eoc>m*w?

0 ne Ne r
=L 5a% Re=n'— 0y
oryne neog ne e-rl(r)

Self-focusing will occur when equality of R, with R, = 2R?/r for a Gaussian ray
is reached, i.e., at local intensity /() and power P ()

eEgm-c n
1) =22—-"¢,
e2od ne
0o 22— gom2c ne 25
P(r) = / 1(r)e 2rrldr = w2 e (8.162)
0 e ne

The total beam power is P = mrgl (r = 0)/2, hence the intensity measured by the
experimentalist is / = P /7{002 = I(r = 0)/2. The power required for half beam
self-focusing Pj /2 and for 86% beam focusing Py, result from (8.162) as

2.5

com?c> ng ne
Pip =2x = 4.2— GW;
ez n, e
5, gom*c n, ne
Py, =e T—s—— = 15.5— GW. (8.163)
ez n, e

Frequently Py, = 17n./n, GW for “whole beam” focusing is given in the literature
as a result of averaged quantities used for this estimate. This and (8.163) are gross
criteria, see comments made on ponderomotive self-focusing, (5.69); they apply
here also. A far more detailed picture is gained by a linearized wave dynamic treat-
ment of an initially Gaussian beam. Light and density nonuniformities along the
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axis lead to variations in the focusing strength 1/R. that may give rise to unsta-
ble growth of hot spots, transverse and longitudinal coupling of modes and beam
self-compression already in the weakly relativistic regime [107].
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