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Preface

In this book we present a theory of the gravitational field where this field (a kind of ‘square root’ of
g) is represented by a (1, 1)-extensor field h describing a plastic distortion of the Lorentz vacuum
(a complex substance that lives in a Minkowski spacetime) due to the presence of matter. The field
h distorts the Minkowski metric extensor n generating what may be interpreted as an effective
Lorentzian metric extensor g = thh. Besides that, h permits the introduction of different kinds of
parallelism rules on the world manifold, which may be interpreted as distortions of the parallelism
structure of Minkowski spacetime and which may also have non null curvature and/or torsion
and/or nonmetricity tensors. Therefore, we have different possible effective geometries which may
be associated with the gravitational field and thus its description by a Lorentzian geometry is only
a possibility, not an imposition from Nature. Moreover, we present with enough details the theory
of multiform functions and multiform functionals which is the main new ingredient permitting us
to write a Lagrangian for h successfully and to obtain its equations of motion, that results in our
theory being equivalent to Einstein field equations of General Relativity (for all those solutions
where the manifold M is diffeomorphic to R*). However, in our theory, differently from the case
of General Relativity a trustworth energy-momentum conservation law and an orbital plus spin
angular momentum conservation law exist. We also express the results of our theory in terms of the
gravitational potentials g* = h'(9") where {9} is an orthonormal basis of Minkowski spacetime
(representing the ground state of the Lorentz vacuum), in order to have results which may be easily
expressed with the theory of differential forms. The nice Hamiltonian formalism for our theory
(formulated in terms of the potentials g#) is also discussed with details. The book contains also
several important Appendices that complement the material in the main text.

The authors are grateful to Dr. E. A. Notte-Cuello, Dr. A. M. Moya, Dr. E. Capelas de Oliveira,
Dr. R. da Rocha, Dr. Q. A. G. Souza and Dr. J. Vaz Jr. for many useful discussions on the subject
of this book, and want to thank also Dr. J. Dunning-Davies for his improvement of our English.
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1

Introduction

ABSTRACT In this chapter we first recall the concept of a geometrical space structure that may be
defined on a manifold M once we introduce different metrical fields and different connections on it.
Then, we brielfly recall the concepts of curvature, torsion and nonmetricity of a general connection’ on
M. Next we recall the concepts of flat space and affine spaces. After that, we explain with details and
many examples® the crucial difference between the concept of curvature of a connection defined on
M and the fact that M can eventually be a bent hypersurface in an Euclidean (or pseudo-Euclidean)
space with an appropriate number of dimensions. After that, we present the main reason for the
proposal of our theory, namely the fact that in Einstein’s General Relativity Theory (GRT) there
are no trustworth energy-momentum and angular momentum conservation laws®. At the end of the
chapter, we describe the contents of the other chapters and appendices briefly.

1.1 Geometrical Space Structures, Curvature, Torsion and
Nonmetricity Tensors

In this book we present a theory of the gravitational field where this field is described by a distortion
field h which exists and interacts with the matter fields in Minkowski spacetime. It describes a
plastic deformation of the Lorentz vacuum understood as a real physical substance*. The distortion
field is represented in a mathematical formalism —called the multiform and extensor calculus on
manifolds (MECM )— by a (1, 1)-extensor field and as we are going to see, h is a kind of square root

I Those concepts are presented with details in Chapter 4.

2See also Appendices A and B.

3Which, of course, is not the case in our theory.

4We recall that deformations of a medium may be of the elastic or plastic type [1]. Later we will explain the
difference between those two types of deformation.

V.V. Ferndndez and W.A. Rodrigues Jr., Gravitation as a Plastic Distortion of the Lorentz Vacuum,
Fundamental Theories of Physics 168, DOI 10.1007/978-3-642-13589-7_1,
© Springer-Verlag Berlin Heidelberg 2010



2 1. Introduction

of a (1, 1)-extensor field g which is directly associated to the metric tensor g which is well known
to represent important aspects of the gravitational field in Einstein’s GRT. Before going into the
details, we will digress in order to present the main motivations for our enterprise.

We start by recalling that in GRT, the gravitational field has a status which is completely different
from the other physical fields. Indeed, in GRT the gravitational field is interpreted as aspects of
a geometrical structure of the spacetime manifold. More precisely, we have that each gravitational
field generated by a given matter distribution (represented by a given energy-momentum tensor) is
represented by a pentuple (M, g, D, 7,,T), where’:

(mi) M is a 4-dimensional Hausdorff manifold which is paracompact, connected and noncompact,

(mii) g € secTYM is a tensor of signature —2, called a Lorentzian metric® on M,

(miii) D is the Levi-Civita connection of g,

(miv) M is oriented by the volume element 7, € sec /\4 T*M and the symbol T means that M is
also time oriented.

GRT supposes that particles and fields are described by some special structures” on the manifold
M. Particles are described by triples {(m, q), S,0} where m (0 < m < o00) is the particle mass, ¢ is
a parameter called the electric charge®, S is the particle’s spin®, and o is a regular curve called the
world line of the particle.'”

The different physical fields are modelled by special sections of the tensor and spinor bundles
over the basic manifold M.

The world lines that represent the history of particles, as well as the dynamics of the tensor and
spinor fields which describe the physical fields, are mathematically described by some system of dif-
ferential equations (in general called the equations of motion) in which the metric tensor g appears.

The energy-momentum content of a system of particles and fields is described by their respective
energy-momentum tensors T}, € sec T¢M and Ty € sec T3 M. As is well known [2, 6], those objects
appear in the second term of Einstein’s field equation, whereas in the first term of that equation
there appears a tensor called the Einstein tensor.

Einstein’s equation may be written (after a convenient choice of a local chart on U C M) as a
system of ten nonlinear partial differential equations which contains a certain combination of the
first and second order partial derivatives of the components g, of the metric tensor.

Einstein’s equation is sometimes described pictorially [6] by saying that “the geometry says how
the matter must move and,in its turn matter says how the geometry must curve”. This pictorial
description induces novices on the subject to imagine that the curvature concept used in GRT means
that the manifold M, which models spacetime is some kind of bent hypersurface (a 4-brane living
in a (4 + p)-dimensional pseudo-Euclidean space)!?. It is then necessary, in order to appreciate

5In fact a gravitational field is defined by an equivalence class of pentuples, where (M,g, D,7,, 1) and
(M',¢g,D’,7},1") are said to be equivalent if there is a diffcomorphism h: M — M’, such that g’ =h*g, D’ =h*D,
T4 =h*7,,1'="10* 1, (where h* here denotes the pullback mapping). For more details, see, e.g., [2,3,4].

6The field g in GRT obeys Einstein’s field equation, to be recalled below.

"Particles and fields are to be interpreted in future developments of our theory respectively as different kinds of
defects and distortions of the Lorentz vacuum.

81t seems to be an experimental fact that if e denotes the charge of the electron, then ¢ = ne, n € Z for all leptons,
mesons and baryons and also that g can take the values :i:%e or :i:%e for quarks.

9For details of how to characterize the particle’s spin in the Clifford bundle formalism see e.g., [5].

10Tf m > 0 the particle is called a bradyon and in this case o is a timelike curve pointing into the future. If m = 0
the particle is said to be a luxon and in this case o is a lightlike curve.

1A description of how this can be done using the Clifford bundle formalism may be found in [4].



1.2 Flat Spaces, Affine Spaces, Curvature and Bending 3

the developments of this book, to correct such an idea by explaining in a rigorous way and by
illustrating with examples what the concept of curvature used in GRT really means, and also to
realize that the use of this concept in the formulation of certain gravitational theories (including
GRT) is no more than a coincidence.

We recall that, from a mathematical point of view a general differential manifold M by itself
possesses only a topological structure and a differential structure of the charts of its maximal atlas.
It must be clear to start, that the topological structure of M is not fixed in GRT and indeed the
topology of M is introduced ‘by hand’ in specific problems and situations [2,7]. On the other hand,
any given M may support, in general, many distinct geometrical structures.

In what follows we say that a pair (M,V), where M is a general differential manifold and V
is an arbitrary connection on M is a space endowed with a parallelism rule. We say that the
triple (M, g, V) is a geometric space structure (GSS) and that g is a general metric tensor on M.
The signature of a g is arbitrary. So, even in the case where (M, g, V) is part of a Lorentzian
spacetime structure and g has signature —2 we can have another GSS (M, g’, V) where g’ has
another signature'®.

Now, the objects that characterize a GSS are the following tensor fields'*:

(egi) nonmetricity of V, A € TYM,
A=Vg. (1.1)

(egii) torsion of V, represented by a tensor field © € T4 M,
(egiii) the Riemannian curvature of V, represented by a tensor field R € Ty M.

A geometric space structure is said to be a:

(a) Riemann-Cartan- Weyl GSS iff 2A# 0,0 # 0,% #£ 0,
(b) Riemann-Cartan GSS iff A = 0,0 # 0,7 # 0,

(c) Riemann GSS iff A =© =0,R # 0.

A general GSS (M, g, V) such that Vg = 0 will be called a metric compatible geometric space
structure (MCGSS)

1.2 Flat Spaces, Affine Spaces, Curvature and Bending

A MCGSS (M, g, V) such that 2 = © = R = 0 is said to be a globally flat Riemann MCGSS. We
denote by A" a MCGSS where the parallelism rule is such that © = 8 = 0 and where M ~ R" is
isomorphic to a (real) affine space of the same dimension.

As it is well known [8], a (real) affine space has as a fundamental property an operation called
the difference between two given points, such that if p, ¢ € A" (or p,q € E") then (p —q) € V,
where V is a real n-dimensional vector space. So, we may say, in a pictorial way, that an affine
space is a vector space from which the origin has been stolen. Given an arbitrary point o € A™ (said
to be the origin), the object (p — 0) € V is appropriately called the position vector of p relative to
o. This operation permits us to define an absolute parallelism rule (denoted 1) in an affine space.
Given two arbitrary points 0,0’ € A™, consider the set of all tangent vectors at those two points,

12Indeed, this is typical of many drawings appearing in textbooks and expository books for laymen.
13In particular, in our theory we will see that we shall need to introduce a g with signature +4.
14The definitions of those objects will be recalled in Chapter 3.
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ie,{(p—o0),p€ A"} and {(p/ — o), p' € A™}. Then we say that a tangent vector at o, say (p — o)
is parallel to a tangent vector at o/, say (p/ — o') if being (p —0) =v eV and (pf —0) =veV
we have v = v’. This parallelism rule permits us to identify the pair (A", 1) with a parallelism
structure (M ~ R", V1) where VT is a connection, called the Euclidean connection and defined as
follows. Let {x'}, i = 1,2,...,n be a set of Cartesian coordinates for M (~ R"). Consider the global
coordinate basis {e;} for TM where e; := 9/0x". Then, put

Vile;=0, Vi,j=1,2,..n (1.2)

We define a Euclidean MCGSS as a triple E* = (R", g, V1) where g defines the standard Euclidean
scalar product in each tangent space T,M by g|p (ei|p, ej|p) = 0;5. For future reference, we say
that if the signature'® of g is (1,n— 1), i.e. 8l, (€il, , €jl,) = mij, then the matrix (1;;) with entries
n;; is the diagonal matrix diag(1, —1, ..., —1).

Now, from the classification of the GSS structures given above it is clear that the Riemannian
curvature does not refer to any intrinsic property of M, but refers to a particular parallelism struc-
ture (i.e., a property of a particular connection V) that has been defined on M. Keeping this in
mind is crucial, because very often we observe confusion between the concept of Riemannian cur-
vature and the concept of bending'® of hypersurfaces embedded in a higher dimensional Euclidean
MCGSS, something that may lead to equivocated and even psychedelic interpretations concerning
the physical and mathematical contents of GRT.

So, before proceeding, we should recall some examples, which we hope will clarify the difference
between bending and curvature.

Consider a 2-dimensional cylindrical surface C embedded in E3. Using as metric on C the pullback
of the Euclidean metric of E? and defining on C a connection which is the pullback of the connection
VT of E? (which happens to be the Levi-Civita connection of the induced metric), it is possible
to verify without difficulties that the Riemannian curvature of C is null, i.e., the cylinder C is flat
according to its Riemannian curvature. However, a cylinder S! x R living in E? is very different
topologically from any plane R? which lives in E3 and which may have zero curvature tensor if it is
part of a MCGSS (call it PE2), where the metric on it is the pullback of the Euclidean metric of E3
and its connection is the pullback of the connection V! of E3, (which happens to be the Levi-Civita
connection of the induced metric). As we already said (see Footnote 16), it is the shape tensor the
mathematical object that helps to characterize distinct r-dimensional differential manifolds (with
identical properties concerning the metric and the connection structures) when they are viewed
as hypersurfaces embedded in an Euclidean (or pseudo-Euclidean) GSS of appropriate dimension

n > r, and of course, the shape tensors of C and R? (as part of the MCGSS PE?) are very different
[11].

Another very instructive example showing the crucial distinction between curvature and bending
is the following [12]:

(A) Consider the torus 77 as a surface embedded in E3 and represented, e.g., in the canonical
coordinates of E? by the equation

(2® + 4% + 22 +3)2 = 16(2? + y?). (1.3)

15 A metric with signature (n — 1, 1) is also called pseudo-euclidean. Note also that mathematical textbooks define
the signature of a metric (p, ¢) as the number s = p — q.

16We recall that the bending of a r-dimensional hypersurface S considered as a subset of points of an euclidean
(or pseudo-eucldean) GSS of appropriated dimension [9] n is characterized by the so called shape tensor [10,11].
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Of course, 7; is a 2-dimensional manifold. If we consider on 73 a MCGSS structure where the
metric on 7; is the pullback of the Euclidean metric of E? and its connection is the pullback of the
connection V' of E3 (which results to be the Levi-Civita connection of the induced metric) then
the Riemann curvature tensor of that pullback connection on 77 is non null, as is easy to verify.

(B) Now, the subset 75 of E* given by,

T={zecE*| ("2 + (2?2 =)+ (=% =1}, (1.4)

is diffeomorphic to the torus 77 defined in (A). Consider the MCGSS structure defined on Tz where
the metric is the pullback of the Euclidean metric of E* and its connection is the pullback of the
connection V' of E4. It can be easily verified that such MCGSS is globally flat, i.e., © = R = 0.

Those two examples make it clear that we should not confuse curvature with bending. Indeed,
these examples show that a given manifold when interpreted as an r-dimensional hypersurface
embedded in an euclidean MCGSS of appropriate dimension n > r, may, or may not, be Riemann
curved (even if that MCGSS has as its metric tensor and its connection, respectively the pullback
of the metric tensor and of the connection of E™). In particular, keep in mind that a 2-dimensional
torus in order to be part of a flat MCGSS (with a Levi-Civita connection of the pullback metric),
must be embedded in a euclidean GSS with more dimensions than in the case in which it is part
of a non flat MCGSS (with a Levi-Civita connection of the pullback metric).!”

We give yet another example —which Cartan showed to Einstein in 1922 when he visited Paris
[13,14]- to clarify (we hope) the question of the curvature of a given MCGSS. Consider the punctured
sphere S? = {S?— north and south poles} C E3. S? is clearly a bent surface embedded in E3. As
it is well known, it is a surface with non zero Riemann curvature tensor when interpreted as part
of a MCGSS {S 2 g, D}, where the metric g and the connection D are respectively the pullback of
the metric and the connection of the MCGSS E3. )

Now, besides the MCGSS {S?,g, D}, it is possible to define on S? a Riemann-Cartan MCGSS
{S?, g, V}, where g is as before and V is a metric compatible Riemann-Cartan connection such that
its Riemann curvature is null, but its torsion tensor is non null. V is called in [15] the navigator
connection, and the denomination Columbus connection is also sometimes used. In [4] V has been
appropriately called the Nunes connection'®. The parallelism rule defining V is very simple (see
Figures 2 and 3 in Appendix B). Given a vector v at p, let a be the angle it makes with the tangent
vector to the latitude lines that pass through p. Then, v is said to be parallel transported according

17We can also put on a torus living in E3 a non metric compatible connection with null torsion and curvature
torsions or yet a metric compatible connection with non null torsion tensor and null curvature torsion. See Appendix
A.

18Pedro Salacience Nunes (1502-1578) was one of the leading mathematicians and cosmographers from Portugal
during the Age of Discoveries. He is well known for his studies in Cosmography, Spherical Geometry, Astronomic
Navigation, and Algebra, and particularly known for his discovery of the loxodromic curves and the nonius. Loxo-
dromic curves, also called rhumb lines, are spirals that converge to the poles. They are lines that maintain a fixed
angle with the meridians. In other words, loxodromic curves are directly related to the construction of the Nunes
connection. A ship following a fixed compass direction travels along a loxodromic, this being the reason why Nunes
connection is also known as navigator connection. Nunes discovered the loxodromic lines and advocated the drawing
of maps in which loxodromic spirals would appear as straight lines. This led to the celebrated Mercator projection,
constructed along these recommendations. Nunes invented also the Nonius scales, which allow a more precise reading
of the height of stars on a quadrant. The device was used and perfected at the time by several people, including Tycho
Brahe, Jacob Kurtz, Christopher Clavius and further by Pierre Vernier, who in 1630 constructed a practical device for
navigation. For some centuries, this device was called nonius. During the 19th century, many countries, most notably
France, started to call it vernier. More details in http://www.mlahanas.de/Stamps/Data/Mathematician/N.htm.
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to the Nunes connection from p to ¢ along any curve containing those points if at a point in the
curve, the transported vector makes the same angle o« with the tangent vector to the latitude
line at that point. It is then possible to verify that, indeed, the Riemann curvature of the Nunes
connection is null and its torsion is non null. Details are given in Appendix B where a comparison
of the transport rules on 52 according to the Levi-Civita and the Nunes connection is also given.
From Appendix B, it is clear that the orthonormal basis {e; = %8/69, ey = Tsilnea/&b} (where r,
0,6 are the usual spherical coordinates) used in the calculations are not defined on the poles. This
is due to the well known fact that S? does not admit two linear independent tangent vector fields
in all its points. Any given vector field on S? necessarily is zero at some point of S? (see, e.g., [16]).

A n-dimensional manifold M which admits n linearly independent vector fields {e; € secTM,
i=1,2,..,n} at all its points is said to be parallelizable.

A Riemann-Cartan MCGSS {M, g, V} which is also parallelizable and such that there exists a
set of n linearly independent vector fields {e; € secTM,i=1,2,...,n} on M such that

Ve,ei=0, Vi, j=1,2,..,n (1.5)

is said to be a teleparallel MCGSS. As may be verified without difficulty, any teleparallel MCGSS
has null Riemannian curvature tensor but non null torsion tensor.

It is also an easy task to invent examples where a manifold M diffeomorphic to R™ is part of a
MCGSS such that its connection has non zero curvature and/or torsion. A simple example is the
following. Take an arbitrary global g-orthonormal non coordinate basis for TM (M ~ R™) given
by {f;}, with f; = f/0/0x’, and introduce on M ~ R™ a connection V such that Vg, f; = 0, for all
i,7 =1,2,...,n. It is then easy to verify that the nonmetricity of that connection, i.e., Vg = 0, the
Riemann curvature tensor of V is null but the torsion tensor of V is non null. This last example
is important regarding the interpretation of the gravitational field in theories that can be shown
to be mathematically equivalent to GRT (in a precise sense to be disclosed in due course), not
as an element describing a particular geometrical property of a given MCGSS, but as a physical
field in the sense of Faraday (i.e., a field with ontology similar to the electromagnetic field) existing
in Minkowski spacetime. But a reader may ask: is there any serious reason for trying such an
interpretation for the gravitational field? The answer is yes, and it will be briefly discussed now.

1.3 Killing Vector Fields, Symmetries and Conservation Laws

We will start this section by given some specialized names for structures that may represent a space-
time in GRT and some of its better known generalizations. Let then M be a 4-dimensional differ-
entiable manifold satisfying the properties required in the definition given above for a (Lorentzian)
spacetime of GRT. Consider the structure given by the pentuple (M,g,V,7,, 1), where g is a
Lorentzian metric (with signature —2) on M and V is an arbitrary connection on M.

We say that the pentuple (M, g, V,7,, 1) is:

(a) Lorentz-Cartan-Weyl spacetime iff 2 # 0,0 # 0, R # 0,
(b) Lorentz-Cartan spacetime iff 2 =0,0 £ 0, R £ 0,
(c) Lorentzian spacetime iff A =0 =0, R # 0,
(d) Minkowski spacetime iff M ~R* 20 =60 =R =0.

In a Minkowski spacetime we will denote the metric tensor by 1. Moreover, we recall that, in
such spacetime, there exists an equivalence class of global coordinate systems for M ~ R* such that
if {x*} is one of these systems, then
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N = Napdx® ® x’, (1.6)
with nes = 77(02& , %), where o, f =0, 1,2,3 and the matrix (1,g) is:
(77045) :diag(laflaflafl)- (17)

Now, consider a Lorentzian spacetime. Let T €secT, M be an arbitrary differentiable tensor
field. We say that a diffeomorphism [ : U — U (U C M) generated by a one-parameter group of
diffeomorphisms characterized by the vector field & is a symmetry of T iff

£¢T =0, (1.8)

where £¢ is the Lie derivative '¥ in the direction of &.
This means that the pullback field [*T satisfies

T =T. (1.9)

For Lorentzian spacetimes (where dim M = 4) the symmetries of the metric tensor g play a very
important role. Indeed, it can be shown that the equation. (see, e.g., [18])

Leg=0, (1.10)

called the Killing equation, can have the maximum number of ten Killing vector fields, and that the
maximum number ten only occurs for Lorentzian spacetimes, which have constant scalar curvature.
There are only three distinct Lorentzian spacetimes with the maximum number of Killing vector
fields: the Minkowski spacetime, the de Sitter spacetime and the anti de Sitter spacetime.

As it is well known, Minkowski spacetime is the mathematical structure used as the ‘arena’ for
the classical theories of fields and particles, and also for the so called relativistic quantum field
theories [19].

In the classical relativistic theories of fields and particles it can be shown that there exist trust-
worthy conservation laws for the energy-momentum, angular momentum and conservation of the
center of mass for any system of particles and fields?°. The proof 2! of that statement depends
crucially on the existence of the ten Killing vector fields of the Minkowski metric tensor 7.

This fact is very important because, given a general Lorentzian spacetime modelling, a given
gravitational field according to GRT and which has a non constant scalar curvature, in general, there
is not a sufficient number of Killing vector fields to formulate trustworth conservation laws for the
energy-momentum and angular momentum of a given system of particles and fields. Many attempts
have been made in order to establish energy-momentum and angular momentum conservation laws
in GRT. All attempts are based on the fact that although the field g is part of the spacetime
structure, the ‘geometry’ must also have energy-momentum and angular momentum, and thus
there must exist some mathematical objects that assume the roles of its ‘energy-momentum tensor’

For details, see, e.g., [4,17].

20Tn the relativistic quantum field theories, where fields exist in Minkowski spacetime, there are trustworth con-
servation laws for any system of interacting fields.

218ee, e.g., [18].
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and its angular momentum tensor, in order to warrant the conservation of the energy-momentum
and angular momentum of the system composed of the gravitational and matter fields. However
all attempts were (until now) deceptive (unless some additional hypothesis are postulated for the
Lorentzian spacetime structure, e.g., that such structure is parallelizable) because all that had been
achieved was the association of a series of pseudo-energy momentum tensors with the gravitational
field 22 and, without additional commentaries from our part, we quote here what the authors of [2]
said on this issue:

“It is a shame to lose the special relativistic total energy conservation in General Relativity. Many
of the attempts to resurrect it are quite interesting, many are simply garbage” .

It can be shown that the non-existence of trustworthy energy-momentum and angular momentum
for the system of the gravitational field and the matter fields lead to serious inconsistencies. This
has already been noted by several scientists, in particular by Levi-Civita (already in 1919!) [23]
and discussed by Logunov and collaborators [18] in the eighties of the last century**. A modern
discussion may be found in [4, 22,25] and the continuous tentatives for finding a solution for the
problem within GRT (including today’s popular approach called quasi-local energy) may be found
n [26]. We will discuss briefly such an approach in Section 7, where we study the Hamiltonian
formulation of our theory.

After more than 85 years of unsuccessful attempts?* many physicists think that GRT needs a
revision where the main emphasis must be given to the fact that the gravitational field is a physical
field in the sense of Faraday, living and interacting with the other physical fields in Minkowski
spacetime. However, the formulation of such a theory using as unique ingredients the geometric ob-
jects of Minkowski spacetime and the correct representation of the gravitational field (the distortion
field h) living in that spacetime and in such a way that the resulting theory becomes equivalent to
GRT in some well defined sense resulted in being a nontrivial task.

In [35] (using the Clifford bundle formalism [4]) a theory of that kind, i.e., one where the gravi-
tational field is described by a physical field existing in Minkowski spacetime and has its dynamics
described by a well defined Lagrangian density such that its equations of motion are equivalent
to Einstein’s field equations (at least for models of GRT where the manifold M can be taken as
R*) was proposed. In that theory, it was suggested that the gravitational field g was to be in-
terpreted as a deformation of the Minkowski metric 1 produced by a special (1,1)-extensor field
h:sec \' T*M — sec \' T* M, said to be the distortion (or deformation) tensor field. However, in
that instance, those authors were not able to produce a mathematical formalism in which it was
possible to work directly with h, i.e., writing a Lagrangian density for that field and deducing its
equation of motion.

The necessary mathematical formalism to do that job now exists. It is the MECM mentioned
above. The MECM has its origin, to the best of our knowledge, based on some mathematical ideas
first proposed by Hestenes and Sobczyc in their book “Clifford Algebra to Geometrical Calculus”

22The first one to introduce an energy-momentum pseudo-tensor for the gravitational field was Einstein [20].
However, it is possible to introduce an infinity of distinct energy-momentum pseudo-tensors for the gravitational
field in GRT. The mathematical reasons for this manifold possibility may be found, e.g., in [4,21,22].

23 A simple way to understand the origin of the issue has already been clearly stated by Schréndinger, who in [24]
observed that in a general Lorentzian spacetime you can not even define the momentum of a pair of particles when
they are at events say, e; and e2 because vectors at the tangent spaces T.; M an T., M cannot be summed.

24Besides Logunov and collaborators we quote here also Feynmann [27] , Schwinger [28], Weinberg [29], Rosen [30]
and [31,32,33,34].
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[10]. Those ideas have been investigated in [36,37,38], attaining maturity in [39,40,41,42,43,44,45,46,
47,48,49]. In particular, in [45] the theory of derivatives of functionals of extensor fields necessary
for the development of the present discussion has been introduced in a rigorous way. That crucial
concept will be recalled (with several examples) in Chapter 3. Utilizing MECM, presented with
enough details in Chapter 4, we will show that it is, indeed, possible to present a theory of the
gravitational field as the theory of a field h existing on Minkowski spacetime, and describing a
plastic deformation of the Lorentz vacuum. The Lorentz vacuum is in our view a real and very
complex physical substance?® which exists in an arena mathematically described by Minkowski
spacetime?. When the Lorentz vacuum is in its ground state, it is described by a trivial distortion
field h = id, but when it is disturbed due to the presence of what we call matter fields, it is described
by a nontrivial distortion field h of the plastic type, which as we shall see in Section 5, satisfies a
well defined field equation, which are (Chapter 6) equivalent to the Einstein field equation for g (at
least for models of GRT where the manifold M can be taken as R*). In Chapter 6, we introduce
also genuine energy-momentum and angular momentum conservation laws for the system composed
of the matter and gravitational fields.

One of the features of the general mathematical formalism used in this book, and developed in
Chapters 2 to 4, is a formulation of a theory of covariant derivatives on manifolds, where some
novel concepts appear, for example, the rotation extensor field €2, defined in a 4-dimensional vector
manifold U, C U, where U, represents the points of a given &Y CM and U is called the canonical
space (Chapter 4).

Once U is constructed we introduce a Euclidean Clifford algebra denoted by C4(U,-) on U, C U
whose main purpose is to define an algorithm to perform very sophisticated and indeed nontriv-
ial calculations. Next we introduce on Uy a constant Minkowski metric extensor field 1 and the
distortion field h, such that the extensor field g = thh represents in U, the metric tensor g in
U CM. Several different MCGSS are introduced having U, as the first member of the triple, and
it is shown that some of those structures may be clearly interpreted as a distortion of another one
through the action of the distortion extensor h. In that way, it will be shown that when M ~ R*,
in which case we may identify R* ~ Uy ~ U, the rotation extensor field that appears in the rep-
resentation on U of the Levi-Civita connection of g can be written as a functional of h* = h!f
and its vector derivatives -Oh® and -0 - Oh*®. This permits us to write the usual Einstein-Hilbert
Lagragian as a functional of (h"’, ~8h"’, -0 - 811"') and to find directly the equation of motion for
h, a result that for the best of our knowledge has not been obtained before in a consistent way. It
must be said, though, that the rudiments of the multiform and extensor calculus to formulated a
theory of the gravitational field as a gauge theory (but where the word gauge does not have the
same meaning as the one it has in those field theories which use gauge fields defined as sections
of some principal bundles) had been developed in [54,55]. However, despite some very good ideas
presented there, those works contain in our opinion some equivocated mathematical concepts which
lead to inconsistencies. The gravitational theory in [54,55] has been recently reviewed in [56], but
it contains the same equivocated mathematical concepts. So, to distinguish clearly our theory from
the one in [54,55], we briefly discuss the main ingredients of that theory in Appendix F and point
out explicitly what those inconsistencies are.

25For some interesting ideas on the nature of such a substance see [50,51,52,53].
26 Eventually future experimental developments will show that this hypothesis must be modified, e.g., the substance
describing the vacuum may exist in a spacetime with more dimensions that Minkowski spacetime.
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For completeness, we also present in Appendix C the derivation of the equations of motion for a
theory where the gravitational field is described by two independent fields, a distortion field h and
a rotation field €. This is the line of ideas (first present in [57]) where it is claimed that 2 is related
to the source of spin®’. Appendix D contains a proof of the equivalence of two apparently very
different expressions for the Einstein-Hilbert Lagrangian density. Appendix E recalls the derivation
of the field equations for the potential fields g* = hf(ﬂa). Also, Appendix G presents (in order to
illustrate once more the philosophy adopted in this book) a model for the gravitational field of a
point mass where that field is represented by the nonmetricity of a particular connection. Finally,
in Chapter 8, we present our conclusions.
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2

Multiforms, Extensors, Canonical and Metric

Clifford Algebras

ABSTRACT In this chapter, we introduce the concepts of multiforms, extensors, the canonical and
metric Clifford algebras. Given a real vector space V with dim V' = n, multiforms are elements of
a space denoted AV, each multiform being a sum of non homogeneous k-forms (0 < k < n). We
define the exterior product of those objects. Next we introduce a Euclidean product (called canonical
product) in V and extend it to the space AV, defining also the right and left contracted products
of multiforms. Those concepts permit us to introduce the canonical Clifford product in A V. We,
thus, get a very powerful algebraic structure, the canonical Clifford algebra of A V, denoted C£(V, )
that is utilized as a basic calculational tool in the rest of the text. Next, we introduce the concept of
extensors, linear mappings from Cartesian products AV x ... x AV — AV and study with details
the properties of so-called (1,1)-extensors and some important extensors related to it (in particular
its extensions), which will appear in different occasions in the following chapters. In particular, they
will play a crucial role in our formulation of the differential geometry of manifolds (Chapter 4) and
our theory of the gravitational field (Chapter 5). Equipped with the concept of extensor, we introduce
in A\ V a metrical extensor g of arbitrary signature (an object directly associated to a metric tensor g
of the same signature) and extend it to A\ V. Given a g, we can define a corresponding metric Clifford
algebra. We introduce a pseudo-Euclidean metric extensor n in V and find a (1,1)-extensor h which
relates 7 to g (the deformation of n by h). Moreover, we derive an important formula which permits
obtaining h (modulus a Lorentz transformation) in terms of a given g. Several remarkable results are
then presented, such as the golden rule relating the scalar, contracted and Clifford products associated
to different metric extensors. With the golden rule, it becomes possible also to relate easily thorough
a nice formula, the Hodge star operators associated with two different metric extensors. The chapter
ends with a section presenting a set of useful identities that are used several times in the remainder
of the book.

V.V. Ferndndez and W.A. Rodrigues Jr., Gravitation as a Plastic Distortion of the Lorentz Vacuum,
Fundamental Theories of Physics 168, DOI 10.1007/978-3-642-13589-7_2,
© Springer-Verlag Berlin Heidelberg 2010
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2.1  Multiforms

Let V be a vector space (dim 'V = n) over the real field R. The dual space of V is usually denoted
by V*, but in what follows it will be denoted by V. The space of k-forms (0 < k < n) will be
denoted by A"V and we have the usual identifications: A’V =R and A'V = V.

A formal sum X = Xo+ X1+ -+ X+ -+ X, where X, € /\’C V will be called a nonhomoge-
neous multiform. The set of all nonhomogeneous multiforms has a natural vector space structure!
over R and will be denoted by A V.

Let {ex} and {Ek} be respectively bases of V and V where the second is the dual of the first,
ie., e¥(e;) = 6;?. Then, {1,e71,..., e/ A... ANele ... el A... ANeln} is a basis for /\ V, and since
dim V =n, we have that dim AV = (3) + (7)) +--+ (}) + -+ (7) =2

2.1.1 The k-Part Operator and Involutions

Let 0 < k < n, the linear operator (), defined by X — (X), = X, (X} € A" V) will be called the
k-part operator and (X), is read as the k-part of X.

The k-forms are called homogeneous multiforms of grade k or sometimes k-homogeneous mul-
tiforms. It is obvious that, for any k-homogeneous multiform X, we have: (X), = X if | = k, or

(X), = 0if I # k. Also, any multiform may be expressed as a sum of its k-parts, i.e., X = > (X), .
k=0

The 0-forms (X), (i.e., the real numbers), the 1-forms (X),, the 2-forms (X),, etc...., are called
scalars, forms, biforms, etc. .., and the n-forms (X), and the (n — 1)-forms (X), _, are sometimes
called pseudo-scalars and pseudo 1-forms 2.

We now introduce two fundamental involutions on A V.

The linear operator ~, defined by X — X , such that

is called the conjugation operator and X is read as the conjugate of X.
The linear operator™, defined by X — X, such that

(X), = (CDFED (),

is called the reversion operator and X is read as the reverse of X.

A ~
Both operators are involutions, i.e., X = X and X = X.

1The sum of multiforms and the multiplication of multiforms by scalars are defined by: ) if X = Xo+ X1+ --+Xn
andY = Yp+Yi+: - -+Y, then X+Y = (Xo+Y0)+(X1+Y1)+ - +H(Xn+Yn), (i) ifa € Rand X = Xo+ X1+ - -+ Xn,
then, aX = aXo +aX; + -+ aX,.

2Such a nomenclature must be used with care, since it may lead to serious confusions if mixed up with the concept
of de Rham’s pair and impair forms, those latter objects also called by some authors pseudo-forms or twisted forms.
See [1] for a discussion on the issue.
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2.1.2 Eaxterior Product

The exterior product (or Grassmann product) A : AV x AV — AV is defined for arbitrary
X, Y € AV as the element X AY € /\V such that

k
(XAY), =3 (X0, A (V). (2.2)

Jj=1

On the right side of Eq.(2.2), it appears a sum of the exterior product of * j-form by a (k — j)-
form. The exterior product (like the sum) is an internal law in the space A V. It satisfies distributive
laws on the left and on the right, the associative law X A(Y AZ) = (X AY)AZ for X, Y, Z e AV
and also, for any @ € R it holds, (X AY) = (aX AY) = (X AaY). The first are consequence
of the distributive laws of the exterior product of k-forms, and the second may be shown to be
true, without difficulty. The linear space A V', equipped with the exterior product is an associative
algebra called the exterior algebra of multiforms.

We will present now the main properties of the exterior product of multiforms.

(i) Foralla,f e Rand X € AV

aAf=af, (2.3a)
anNX =X ANa=aX, (2.3b)
(ii) For all X; € A’V and Y e \*V
X; AYe = (—1)7%Y, A X (2.4)
(iii) Foralla e \'V and X e AV
aANX =X Aa. (2.5)
(iv) Forall X, Y e AV
(XAY) =XAY, (2.6a)
XAY =Y AX (2.6b)

2.1.8 The Canonical Scalar Product

Let us fix on V an arbitrary basis {b;}. A scalar product of multiforms X,Y € AV may be defined

by
XY = (X (V) 7 (X0 (07 b3 (V) (b D), (27)

3The exterior product of k-forms is defined as follows: (i) «,8 €R:a A B =aB; (ii) « € Rand x € /\k V with
kE>1l:aAz=zAa=az (i) if X; € A7V and X; € A*V with j, k> 1 then X, A Y = “JT,f,“A(ac@y) where
A is the well known antisymmetrization operator of ordinary linear algebra. Keep in mind when reading texts on
the subject that eventually another definition of the exterior product (not equivalent to the one used here) may be

being used, as e.g., in [2].
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where, in order to utilize Einstein’s sum convention rule, we wrote b;, := b’i, i = 1,2, ..., k.

The product defined by Eq.(2.7) (obviously associated with the basis {b;}) is a well defined scalar
product on the vector space A V. It is symmetric (X -Y =Y - X), it is linear, i.e.,, (X - (Y + 2) =
X -Y+X-2), it satisfies ((aX)-Y = X - (oY) = a(X -Y)) and it is nondegenerated (i.e., X-Y =0
for all X, implies Y = 0). Even more, that product is positive definite, i.e., X - X > 0 for all X,
and X - X =0iff X =0.

The scalar product of multiforms, which we just introduced, will be called the canonical scalar
product, despite the fact that for its definition it is necessary to choose an arbitrary basis {b;} of
V.

Some important properties of the canonical scalar product are:

(i) For all scalars o, 3 € R
o f=ap, (2.8)

(i) For all X; € A7V and Y, e A"V
X; Y, =0, if j #F. (2.9)

(iii) For any two simple k-forms, say v1 A ... A v, and wy A ... A wy, we have:

U1 - W1 [P V1 - Wk
(1 Ao Aog) - (wr Ao AN wg) = , (2.10)
Uk . wl DR Uk . wk
where | | denotes here, the classical determinant.
(iv) For all X, Y € AV
X vY=X.Y, (2.11a)
X-Y=X.Y (2.11b)

(v) Let ({7}, {€;}) be a pair of reciprocal bases for V (i.e., &/ -}, = 5%) We can then construct
exactly two natural basis for the space AV, respectively

{1, AL AT e AL A eI (2.12a)
and
{178]‘1,...75]‘1 /\.../\Ejk7...,€j1 /\.../\Ejn}. (212b)

Then, any X € AV may be expressed using those basis as :

"1 , ,
X=X-1+ E EX'(Eﬁ/\-~-/\5]k)(5j1/\~-~/\€jk)a (2.13a)
k=1"

"1 . .
=X-1 +ZEX (e AN NEg ) (EN AL ANETR), (2.13b)
k=1""
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or in a more compact notation, using the collective index* J,

X = ZJ:V(;)!(X -el)es = ;ﬁ(X cey)e’. (2.14)

2.1.4 Canonical Contractions

We now introduce two other important products on AV, by utilizing only the properties of the
canonical scalar product.
Given X,Y € AV, the canonical left contraction (X,Y) — XY is defined by

(X2Y) Z:=Y - (XAZ), (2.15)

for arbitrary Z € AV.
Given X,Y € AV, the canonical right contraction (X,Y) — XY is defined by

(XLY)-Z:=X-(ZAY), (2.16)

for arbitrary Z € A V.

The space AV, equipped with any of those canonical contractions 4 or L possesses a natural
structure of a non associative algebra. The triple (A V,1,.) will be called the canonical interior
algebra of multiforms.

Some important properties of _ and L are:

(i) Forall o, e Rand X € \*V
aiff =aLf = ap, (2.17a)
asX = Xia = alX, (2.17b)
(ii) For all X; € A’V and V;, e A*V
X,V =0, if j > k, (2.18)
X; Y, =0, if j < k. (2.19)

k(iii) For all X; € AV and Yz € A"V, with j < k, we have that X,;.Y, € A" 7V, Vi X, €
N7V, and

X1V, = (1) * Dy X;. (2.20)
(iv) For all X},Y; € A%
XpaVe = Xpl Yy = Xp - Vi = Xy - Yy (2.21)
(v) Forallae A\'V and X e AV
asX = —XvLa. (2.22)
4The collective index J take values over the following set of indices: } (the null set), j1,...,51 - Jks-- 71 - - Jn-
The symbol ¢/ denotes then a scalar basis, e? = , a basis of 1-forms €71, ..., and €717k = gJ1 A ... A ek abasis

for /\ V. We will also use ,when convenient, the notation &/1--Jn = ¢J1 A ... Ae/n. Finally, we note that v(J) is the
number of indices, defined by v(J) =0,1,...,k,...,n with J taking values over the set just introduced.
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(vi) Forallae A\'V and X,Y e AV

as(X AY) = (asX)AY + X A (alY). (2.23)

(vii) For all X, Y, Z e AV
XJ(YJZ) = (X A Y)JZ, (2.24&)
(XI_Y)I_Z = Xl_(Y A Z). (2.24b)

2.2 The Canonical Clifford Algebra

We will define now on AV the canonical Clifford product (or geometrical product) utilizing the
canonical contractions and the exterior product. For any X, Z € AV the Clifford product of X by
Y will be denoted by juxtaposition of symbols and it obeys the following axioms:

(i) Foralae Rand X e AV

aX = Xa (2.25)
(i) For alla € A' V and any X € AV
aX =a.X+anX, (2.26a)
Xa=Xra+ X ANa. (2.26b)
(iii) For all X, Y, Z e AV
X(YZ)=(XY)Z (2.27)

The canonical Clifford product is distributive and associative (precisely axiom (iii)). Its distribu-
tive law follows directly from the corresponding distributive laws of the canonical contractions and
of the exterior product.

The linear space A V', equipped with the canonical Clifford product, is a (real) associative algebra.
It will be called here the canonical Clifford algebra of multiforms and denoted by CL(V,-).

We will list now the main properties of the canonical Clifford product.

(i) Forall X, Y e AV

XY)=X Y, (2.282)
XY =YX. (2.28D)
(ii) Forallae A\'V and X e AV
1 N
a.X = §(aX - X a). (2.29a)

1 A
aNX = §(aX + Xa). (2.29Db)
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(iii) For all X, Y € AV
XY = <)?Y>O - <X}7>0. (2.30)
(iv) Let 7€ A"V,ae A'V and X € AV, then
(@A X) = (—=1)""tas(rX). (2.31)

This formula is sometimes referred to in the mathematical literature as the duality identity.

2.3 Extensors

2.3.1 The Space extV

A linear mapping between two arbitrary parts® A V, A5,V of AV, ie., t: AJV — A5V such that
for all ,a/ € R and X, X’ € A]V we have

tlaX + ' X') = at(X) + a't(X’), (2.32)

will be called an extensor over V. The set of all extensor over V whose domain and codomain are
AV and AV possesses a natural structure of vector space over R.
When A7V = A3V = AV, the space of extensors t : AV — AV will be denoted by extV.

2.8.2  The Space (p,q)-extV of the (p,q)-Extensors

Let p,q be two integers with 0 < p,q < n. An extensor with domain A’ Vand codomain A? Vis
said to be a (p, q)-extensor over V. The real vector space of the (p, q)-extensors will be denoted
(p, q)-extV. If dim'V = n, then dim((p, g)-extV) = (7) (7).

n
p/\q

2.3.83 The Adjoint Operator

Let ({e7},{e;}) be a pair of arbitrary reciprocal bases for V' (i.e., €7 - £; = 67). The linear operator,
acting on the space (p, q)-extV > t — t! € (¢, p)-extV, such that

1 . ,
tH(X) := H(t(ej1 Ao NER) - X)ej AL Ngj, (2.33a)
1 : )
= (e A Ngj) - X)e AL nER, (2.33b)
p!

is called the adjoint operator and t' is read as the adjoint of ¢.

The adjoint operator is, of course, well defined since the sums appearing in Eq.(2.33a) and
Eq.(2.33b) do not depend on the choice of the pair of reciprocal basis ({g7}, {¢;}).

We give now some important properties of the adjoint operator.

5A direct sum of any vector spaces /\k V' is clearly a subspace of AV and is said to be a part of AV. A
convenient notation for a part of A V is A® V.
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(i) The adjoint operator is involutive, i.e.,
tHt =t (2.34)
(ii) Let t € (p, q)-extV. Then, for all X € APV, Y € A?V we have that
tHX) Y =X -tI(Y). (2.35)

(iii) Let t € (g, 7)-extV and u € (p, q)-extV. The extensor t o u (composition of u with ¢), which
clearly belongs to (p,r)-extV, satisfies

(tou) =ufotf. (2.36)

2.8.4  (1,1)-Extensors, Properties and Associated Extensors
Symmetric and Antisymmetric parts of (1, 1)-Extensors

An extensor t € (1, 1)-extV is said to be adjoint symmetric (respectively adjoint antisymmetric) iff
t = t! (vespectively t = —t).

The following result is important. For any ¢ € (1, 1)-extV, there exist exactly two (1, 1)-extensors
over V, say t4 and t_, such that ¢ is adjoint symmetric (i.e., t4 = ti) and t_ is adjoint antisym-
metric (i.e., - = fti) and the following decomposition is valid:

t(a) =ti(a) +t_(a). (2.37)

Those (1, 1)-extensors are given by

t(a) = %(t(a) + ¢ (a)). (2.38)

The extensors ¢4 and t_ are called the adjoint symmetric and the adjoint antisymmetric parts
of t.
The extension of (1, 1)-Extensors
Let ({7}, {e,}) be an arbitrary pair of reciprocal basis forV (i.c., e/ -e; = 67) and let t € (1,1)-extV.

The extension operator is the linear mapping

(1, 1)-extV — extV,

t—t, (2.39)
such that
HX):=1-X+ znjg((af1 Ao NERY Xt (eg ) AL At(ej,) (2.40)
k=1
=1-X+ zn:k‘((sj1 Ao Negj) s XOHET) AL At(ETR). (2.41)
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In what follows, we say that ¢ is the extension of t ©.
The  extension operator is  well defined since the sums appearing in
Eq.(2.40) and Eq.(2.41) do not depend on the pair ({7}, {s;}). Moreover, the extension opera-

tor preserves the graduation, i.e., if X € A*V, then ¢(X) e A" V.
We will present now some important properties of the (1, 1)-extensors.

(i) Let t € (1,1)-extV, foralla € R, v € AV and v1,...,v5 € A' V we have that

tla) = «a, (2.42a)
1(v) = t(v), (2.42b)
E(Ul /\.../\’Uk) :t(U1)/\.../\t(Uk). (2.42C)

The last property possesses an immediate corollary,
HX AY) = H(X) AL(Y), (2.43)

forall X, Y e AV.
(ii) For all t,u € (1,1)-extV, the following identity holds;

tou=tou. (2.44)

(iii) Let ¢t € (1,1)-extV with inverse t= € (1,1)-extV (ie, tot ! =t~ 1ot = i4, where
ig € (1,1)-extV is the identity extensor), then

W=, (2.45)

and we shall use the symbol t~! to denote both extensors (£)~! and (¢71).
(iv) For any (1, 1)-extensor over V, the extension operator commutes with the adjoint operator,
ie.,

(th = @, (2.46)

and we shall use the symbol ¢! to denote both extensors () and (¢)'.
(v) Let ¢t € (1,1)-extV, for all X,Y € AV we have

Xat(Y) = it (X)aY). (2.47)
The Characteristic Scalars tr[t]and det]t]
Let ({e7},{e;}) be an arbitrary pair of reciprocal bases for V (i.e., & - &; = 67). The trace mapping

tr: (1,1)-extV — R,
t— trlt] (2.48)

is such that
tr[t] :=t(e?) -5 = t(e;) - €. (2.49)

6Some authors call ¢ the exterior algebra extension of t.
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Observe that the evaluation of tr does not dependent on the pair ({e/}, {¢,}) used in Eq.(2.49).
We have immediately that, for any ¢ € (1,1)-extV,

tr[tT] = trft]. (1.42)
The determinant mapping

det[t] : (1,1)-extV — R,

t— det[t],
is such that
1. .
det[t] := Ez(aﬁ Ao NE) (g5 Ao NESL) (2.50a)
1 ) )
= —t(Ejl /\.../\Sj”) . ({:‘Jl /\.../\{:‘J"). (2501’))

n!~

Like the trace, the determinant also does not depend on the pair of arbitrary reciprocal bases

({7} {ei})-

By using the combinatorial formulas v71 A ... Avin = etInpt AL A" and v, A ... A, =

€1..4n V1 A ... AUy, Where ef1--In and €j...j» are symbols of permutation’ of order n and v!,...,v"
and vy, ...,v, are 1-forms, we can write formulas more convenient for det t. Indeed,we have:
det[t] =t(e" A...AE™) - (e1 A... Nen) =) - & (2.51a)
=tler Ao Nen) (XA AEM) =t(e) - E, (2.51b)
where we used the short notations: £ =c! A...Ac® ande =1 A ... Ag,.
The mapping det possesses the following important properties.
(i) For all t € (1, 1)-extV,
det[tT] = det[t]. (2.52)
(ii) Let t € (1,1)-extV, for any 7 € AV we have
t(7) = dett]T. (2.53)
(iii) For all ¢,u € (1,1)-extV,
det[t o u] = det[t] o det[u]. (2.54)

(iv) Let t € (1,1)-extV with inverse t=! € (1,1)-extV (ie., tot ! = t7lot = iy where
ig € (1,1)-extV is the identity extensor). Then,

det[t™1] = (det[t]) . (2.55)
We shall use the notation det ~* [t] to denote both det[t—!] and (det[t])~.

(v) If t € (1,1)-extV is non degenerate (i.e., det[t] # 0), then its inverse t =1 € (1,1)-extV exists,
and is given by
t~Ya) = det ' [t]tf (ar)T 7T, (2.56)

where a € A'Vand 7€ A"V, 7 # 0.

"The permutation symbols of order n are defined by

1, if j1...Jn is an even permutation of 1,...,n
€Itedn = €51 ln —1, if j1...Jn is an odd permutation of 1,...,n
0, in all other cases.

Moreover, recall that e/1--Jne;, ;i =nl
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The Characteristic Biform Mapping bif

Let ({7}, {£;}) be an arbitrary pair of reciprocal bases for V (i.c., &/ -; = 7). The biform mapping
2
bif : (1,1)-extV — \'V,
is such that 4 4
bif[t] :=t(e?) Nej =t(g;) Ne’. (2.57)
Note that bif[t] is a 2-form characteristic of the extensor ¢ (since it does not depend on the pair

of reciprocal bases ({e’}, {e,}), and bif[t] is read as the biform of ¢.
We will give now some important properties of bif mapping:

(1) Let t € (1,1)-extV, then
bif[tT] = —bif[t]. (2.58)

(ii) The antisymmetric adjoint of any ¢ € (1, 1)-extV may be factored by the following formula
1
t_(a) = ibif[t] X a, (2.59)
where x means here the canonical commutator defined for any A, B € AV by

Ax B:= ~(AB — BA). (2.60)

1
2
The Generalization Operator of (1, 1)-Extensors

Let ({€7},{¢;}) be an arbitrary pair of reciprocal basis for V' (i.e., &/ -g; = ¢7). The linear operator
whose domain is the space (1,1)-extV and whose codomain is the space extV, given by

(I, 1)-extV o5t +— T € extV, (2.61)
T(X)=t() A (gj0X) = t(e;) A (e71X),

is called the generalization operator, and T is read as the generalized of t.
The generalization operator is well defined since the sum in Eq.(2.61) does not depend on

({e7},{e;}). The generalization operators preserves the grade, i.e., if X € A"V, then T(X) € NV
We will list now some important properties of the generalization of a (1,1)-extensor ¢:

(i) Foralla e Randve \'V,

T(a) =0, (2.62a)
T(v) = t(v). (2.62b)

(i) For all X, Y e AV, it is:
TXAY)=T(X)ANY + X AT(Y). (2.63)

(iii) The generalization operator commutes with the adjoint operator. Then, 7T denotes both
the adjoint of the generalized and the generalized of the adjoint.

(iv) The antisymmetric part of the adjoint of the generalized coincides with the generalized of
the adjoint antisymmetric part of ¢ and can then be factored as

1
T_(X) = ibif[t} x X, (2.64)
forall X e AV.
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Normal (1, 1)-Extensors

An extensor t € (1, 1)-extV is said to be normal if its adjoint symmetric and antisymmetric parts
commute, i.e., for any a € V,

E(t-(a)) =t (t+(a)). (2.65)

We can show, without difficulties [3], that Eq.(2.65) is equivalent to any of the following two
equations

E(ET( )) =t (¢(A)),
= (t"(A)t'(B))o, (2.66)

for any A,Be A V.

2.4 The Metric Clifford Algebra C4(V, g)

A (1,1)-extensor over V, say g, which is symmetric adjoint (i.e., g = g') and non degenerate (i.e.,
det g # 0), is said to be a metric extensor on V. Under these conditions, g~ exists and is also a
metric extensor on V, and as we are going to see, both g and g~ ! have equally important roles
in our theory. The reason is that we are going to use g to represent the metric tensor g € T9V,
whereas g~! will represent g€ TZV. This is done as follows. Given an arbitrary basis {e;} of V
and the corresponding dual basis {¢'} de V and the reciprocal basis of {¢'}, i.e., g; - &/ = &7, if
glei,e;) = gij and g(e',&7) = g with g;;¢’* = 6F, then:

g(ei) €5 = gij- (2.67)

The Metric Scalar Product

Given a metric extensor g € (1, 1)-extV, we may define two new scalar products on A V, respectively
- and " such that:

Y = g(X) Y, (2.68)
X - Yi=g'X)Y (2.69)

Both - and = will be called a metric scalar product.
9

The mapplngs and - are indeed well defined scalar products on A V. The scalar product - (and
obviously also S ) is symmetrlc (ie., X - Y Y. X) is linear (ie., X - (Y +2)=X"- Y + X Z)
- 9

Moreover, it also satisfies (aX) Y = X (aY) = a(X - Y), Va € R, and is non degenerate (i. e.,
9 9 9
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X Y =0 for all X, implies Y = 0). In what follows, we will list the main properties of -, since

g9 g9 9
obey similar properties.
(i) For a,f € R
a-f=af, (2.70)
9
(ii) For all X; € A’V and V;, e A*V
X, Y =0, if j #k. (2.71)
9
(iii) For all simple k-forms vy A ... Avg € A¥V and wy A ... Awy, € A¥V, we have
V1 - W e U1 W
9 9
(v AvcoAwog) - (wr Ao Awyg) = : : , (2.72)
9
Vw1 ... Vg-Wg
9 9

where, as before, | | denotes the classical determinant of the matrix with the entries v; - w; .
9

(iv) Forall XY e AV

9

Y. (2.73a)

X- Y. (2.73D)

9 g

Y=X
Y=X

The Metric Left and Right Contractions

The metric left and right contractions of X,Y € AV are given by
X;Y = g(X)JY, (2.74)
X|;Y = Xig(Y). (2.75)

The linear space AV, equipped with any one of those contractions, has a structure of non
associative algebra, and (A V, J,.) will be called metric interior algebra of multiforms.
9 9

The most important properties of the metric left and right contractions are:
(i) Forall XY, Z e \V,
(XY) - Z=Y - (XAZ), (2.76a)
9 9 9

(X.Y)-Z=X-(ZAY). (2.76b)

g 9

(ii) For all ¢, f e Rand X € AV
a1 =aLf = af, (2.77a)
9 [
X = Xia = aX, (2.77b)
9 9
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(iii) For all X; e A’V and i e A"V
X;0Y, =0, if j > k. (2.78a)
[
X Y, =0, if j <k (2.78b)

(iv) For all X; € A’V and Y; € A"V, with j < k, we have: Xj;.Yk e A"/ V and kaXj €
A7V, and

X Vi = (—1)j(k*j>thXj. (2.79)
(v) For all X}, € A"V
Xy ¥y = XYy = X, Vi = X, ;}7,6. (2.80)
(vi) Forallae A'V and X e AV )
an = fX\;a. (2.81)
(vii) Foralla e A'V and X,Y e AV
au(X AY) = (asX) AY + XA (aaY). (2.82)

The Metric Clifford Product
The metric Clifford product of two arbitrary elements X,Y € AV will be written X Y, and it
9

satisfies the following axioms:

(i) Forala e Rand X e AV
aX=Xa=aX,
9 9

(ii) Foralla e A'V and X e AV

aX=a1X+aANX,
g9 g9

Xa=XLa+ X Aa.
g g

(iii) For all X, Y, Z e AV
XY2)=(XY)Z
g9 g9 g9 g9

The metric Clifford product is distributive and associative. Its distributive law follows from the
corresponding distributive laws satisfied by the left and right contractions and the exterior product.
Its associative law is just the axiom (iii).

AV equipped with a metric Clifford product is an associative algebra, called a metric Clifford
algebra over V. It will be denoted by C4(V, g). In a totally similar way we may define the algebra
CUV, g7 h).

We will conclude this section by listing some useful properties of the metric Clifford product,
which will be used in the calculations of the following chapters.
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(i) Forallae A\'V and X,Y,Z e AV :

Xy=XY,
9 9
XY=XY
9 9
asX = =(a X — X a),
9 9 9
1 A
a/\XzE(aXJrXa). (2.83)
9 9

XY= <)?gy>0 = <Xg§7>0.
X,(YiZ)= (X AY)JZ,
(XQ\EY)Q\;Z =X (Y A gZ). (2.84)

(ii) Let 7€ A"V then foralla € A'V and X e AV :

TaNX)= (—1)”71a_g|(7' X). (2.85)

9 g

Eq.(2.85) will be called metric dual identity.

2.5 Pseudo-Euclidean Metric Extensors on V'

2.5.1 The metric extensor n

Consider the vector spaces Vand V (dimV = dim V' = n) and the dual bases {b,} and {3"} for
V and V, B"(b,) = ¢%. Moreover, denote the reciprocal basis of the basis {8"} by {3,}, with
B" -5, =46 and p,v=0,1,2...,n.

The extensor on V, say n € (1,1)-extV defined for any a € \' Vby a — n(a) € A' V, such that

n(a) = B°ap’, (2.86)

is a well defined metric extensor on V (i.e.,  is symmetric and non degenerate) and it is called a
pseudo-FEuclidean metric extensor for V.
The main properties of n are:

(i) B is an eigenvector with eigenvalue 1, i.e., 77(,80) =% and ﬁk (k =1,2,...,n) are cigenvectors
with eigenvalues —1, i.e., n(8%) = —3".

(ii) The 1-forms of the canonical basis {3"} are n orthonormal, i.e.,
ﬁ“&ﬁ”¢:7ﬂﬁ“)'ﬁyizﬂﬂa (2.87)

where the matrix with entries (n*¥) is the diagonal matrix (1, —1,...,—1).
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Then, 7 has signature® (1,n).
(iii) tr[n] = 2 —n and det[n] = (=1)""1.
(iv) The extended 7 of 7 has the same generator as 7, i.e., for any X € AU, n(X) = B°XxB°.

(v) n is orthogonal canonical, i.e., since
n(B")-B" =p" - n(B"),
it is n = n* (where n* = (n")~! = (n™H)). Then, n? = iq.

Remark 2.1 When dim V = 4 and the signature of 7 is (1, 3), the pair (V,n) is called a Minkowski
vector space and 7 is called a Minkowski metric extensor.

2.5.2 Metric Extensor g with the Same Signature of 1

Let g be a general metric extensor on Vwith the same signature as the n extensor defined by
Eq.(2.86). Then, we have the following fundamental theorem?, which will play a crucial role in the
considerations that follow.

Theorem 2.1 For any pseudo-Euclidean metric extensor g for V, there exists an invertible
(1,1)-extensor h (non unique!), such that

g=h'nh, (2.88)

where 7 is defined by Eq.(2.86). The (1, 1)-extensor field h is given by:
n
h(a) = > V/[M(a-0")B", (2.89)
pn=0

where the M\ are the eigenvalues of g and v € /\1 V' are the associated eigenvectors. The 1-form
{v"} defines a Fuclidean orthonormal basis for V, i.e., v* - v¥ = §H.

Proof We must prove that h, in Eq.(2.89), satisfies the equation for the composition of extensors
thh =g

First, we need to calculate the adjoint of h. Take two arbitrary elements a, b € /\1 V. Then, using
Eq.(2.35) and Eq.(2.89), we can write

h'(a)-b=a- h(b)

— - (/b v)8)

pn=0

— (Z\/W(a - 8" - b, (2.90)

80r, as some mathematicians say, signature (1 — n).
90riginally proved in [4].
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and from the non degeneracy of the scalar product, we have

Z\/I/\“ - BMyot. (2.91)
Now, using Egs.(2.89) and (2.91), we get

hinh(a) ZZ XAV [n(BH) - B (a - v* )"

pn=0v=0

IXOPPn(B°) - B°(a - ) + Z INMXO[n(B7) - B%(a - v?)o’
j=1
+ VN IB?) - Bt
+ZZ\/I/\J/\’“|77 (8) - B (a-v?)o*,

j=1k=1

and, since 7(8°) = 8% and n(8*) = —B* (k=1,2,...,n), and B" - B” = 6", we obtain

h'nh(a) = A% (a- 0”00 - ZZ IMAR|67K (@ - v )0
Jj=1k=1
h'nh(a) = A% (a- %) —Z (M| (a-v")v (2.92)

Finally, using Egs.(2.91) and (2.90) in Eq.(2.92), we have

h'yh(a) = (a- %) g(v") + Z(a -0 )g(v!

n

- o) = o3 )
pn=0
h'nh(a) = g(a). [
The (1,1)-extensor h given by Eq.(2.89) is invertible since

h'nh = g= det[h'] det[n] det[h] = det[g]
= (det[h])*(—1) = det]g], (2.93)

and this implies that det[h] # 0, i.e., h is non degenerate and thus invertible.

On the other hand, the (1, 1)-extensor h, which satisfies Eq.(2.88) is certainly not unique. There is
a gauge freedom, which is represented by a local pseudo orthogonal transformation. Indeed, consider
the (1,1)-extensor h' = Ih, where I is an n-orthogonal (1,1)-extensor I = 1, (or equivalently,
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I'nl = 1) '° and h is any (1,1)-extensor that satisfies Eq.(2.88) (e.g., the h given by Eq.(2.89)),
then

(W)'nh' = (Ih)'nlh = h'l'nlh = h'nh = g.
i.e., h' also satisfies Eq.(2.88).

Remark 2.2 When dim V' = 4 and the signature of g (and, of course, of 1) is (1, 3), g is said a
Lorentz metric extensor.

2.5.3 Some Remarkable Results

We will recall now some remarkable results that will be needed repeatedly in the following chapters.

Golden Rule

Let g = thh be defined as in Eq.(2.88). Then, for any X,Y € A U, it holds the following remarkable
identity known as the golden rule [5]:

B(X *Y) = b(X) + h(Y), (2.94)

where * denotes here, as previously agreed, any one of the multiform products.

Hodge Star Operators
The canonical Hodge star operator in A V is defined first by its action on A” V' by

* /\pV — /\n_pV,

X —+X = Xur =X, (2.95)
where 7 is the canonical volume element'* 7 = 3° A B AB% A...AB" and next extended by linearity
toall AV.

Then, the Hodge star operators associated with the metric extensors n and g just introduced
above are given by:

p n—p p n—p
: \% Vv, : \% V, 2.96
ST AT A 290
*X = X_ITn:XTn7 *X:: X_ITg:XTg7
n 9

where

T, = +/|detn|7, 7, = /|det g|T. (2.97)

107 e., a transformation 1(a) - 1(b) = a - b.
n n

' Note that if the basis {3"} is (canonical) orthonormal we can write the volume element as 7 = 8°3'382...4".
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Relation Between the Hodge Star Operators of g and the Canonical Hodge Star Operator

We then have the following nontrivial results relating x and x. For any X € AV,
[

1 -

1
*X = ——g(Xi1) = ———g
g V/|det g|= V/|det g|=

Relation Between the Hodge Star Operators of g and 7

oxX, (2.98)

Putting
h* .= h'~, (2.99)

the following result is valid when g and n have the same signature

* = sgn(det h)h' o x o h*. (2.100)
9 n

Moreover, if we suppose that h is continuously connected to the identity extensor which has deter-
minant equal to 1, we can write

x=nh'+«h* (2.101)

9 n

2.5.4  Useful Identities

We shall list some identities involving contractions, exterior product and the Hodge star operator
that will be needed for some derivations in Chapters 5, 6,7 and Appendices D and E. These are
For any metric extensor g and for any A, € A"V and B € A°V, r,5 > 0:
AN xBs=B; N %xA,; r=s
g9 g9
A. - xB;=B; - *xA,; r+s=n
g 9 g g9 ~
AN x By = (17670 % (A, 2 Bs); r<s
’ 4 . 2.102
Ap o *xBs=(=1)"" « (A ABy); r4+s<n (2.102)
9 9~ ~ 9
*Ar=A, 110 = A, 7,
g g—l 9

*T, = sgng; *1 =7,
9 g

Finally, we shall also need the following result. Let {¢#} be an arbitrary basis of U, such that e* -

et = g*. Then, if

g

ghtte = gt N N ghp ghpttetn = gt AL\ gm

we have, with ¢ g, = d7,

1
Hi--fp — K1V HpVp Vp+1-.-Un
*e ! = (n_p)!,/|det(gw)|g W ghtrTre Ly, g (2.103)

where det(g,.,,) is the classical determinant of the matrix with entries g,,,.
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3

Multiform Functions and Multiform Functionals

ABSTRACT This chapter, of pure mathematical character, deals with the theory of multiform
functions which are mappings AV x ..AV — AV, and multiform functionals which are mappings
(p,q)-extV — A V. As a preparation for the general theory, the multiform functions of a real variable
are first introduced, defining for those objects the concepts of limit, continuity and derivative. Next,
we will introduce multiform functions of multiform variables, defining for them limit, continuity,
directional derivatives in the direction of a multiform, derivative mappings in relation to a multiform
variable and the concept of t-distortions (¢ being an extensor field) of the derivative mapping, a
crucial ingredient for the applications we have in mind. Next, multiform functionals are defined and
the key concept of derivatives of induced multiform functionals is given. Finally, we will introduce
a derivative operator of induced functionals, called the variational operator, which plays a crucial
role in the Lagrangian formulation and in derivation from a variational principle of the motion’s
equation for the extensor field h, representing the distortion field in our theory of the gravitational
field. The chapter illustrates the abstract mathematical theory, with several examples worked with
details, which hopefully will make the reader confident in the use of this abstract mathematical theory
and will permit him to check, with success, the equations of the following chapters.

3.1 Multiform Functions of Real Variable

A mapping
X:85— \V,(SCR), (3.1)

is called a multiform function of real variable.
For reasons of simplicity, when the image of X is a scalar, a 1-form, a biform, etc..., X is said to
be a scalar function, 1-form function, biform function, etc...

V.V. Ferndndez and W.A. Rodrigues Jr., Gravitation as a Plastic Distortion of the Lorentz Vacuum,
Fundamental Theories of Physics 168, DOI 10.1007/978-3-642-13589-7_3,
(© Springer-Verlag Berlin Heidelberg 2010
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3.1.1 Limit and Continuity

The concepts of limit and continuity may be easily introduced following a path analogous to the
one used in the theory of ordinary functions.

Then, a multiform L € AV is said to be the limit of X(\) for A € S approaching \g € S
iff for any real number ¢ > 0 there exists a real number § > 0 such that! | X(\) — L| < e, if
0 < |A = Xo| < 6. As usual, such a concept will be denoted by )}LH,%OX(/\) = L.

The theorems for the limits of multiform functions are completely analogous to the ones of the
theory of ordinary functions, i.e.,

AILH)}OX()\) +Y(\) = )\ILH)\IDX()\) + AILII)}OY(A). (3.2)
Jlim X ()« Y(\) = lim X(3)« lim Y()), (3.3)

where * denotes any of the multiform products, i.e., (A), (+), ( or (Clifford product).

Ja‘—)
X (M) is said to be continuous at Ao € S iff )\lirr)\l X(A\) = X(Xo), and sum and product of
—A0

continuous multiform functions are continuous.

3.1.2 Derivative

The notion of derivative of a multiform function of a real variable is also formulated in complete
analogy to the one used in the theory of ordinary functions. Then, the derivative of X (\) at Ag is
defined by

X(A) — X (o)

/ R :
X'(ho) = lim =S (3.4)

The rules for derivations, as expected, are completely analogous to the ones valid for ordinary
functions.

(X+Y) =X +Y, (3.5)
(X*xY) =X'%Y + X «Y' (Leibniz rule), (3.6)
(X 0¢) = (X"o¢)¢ (chain rule), (3.7)

where #, as above means (A), (), (5,1) or (Clifford product) and ¢ is a real ordinary function (¢’
is the derivative of ¢).

d
In the space of derivable multiform functions of real variable, we introduce the symbol iy (deriva-
d
tive operator), by aX(/\) = X'(A).
We can easily generalize all the above rules for multiform functions of several real variables. So,

any additional comments are not necessary. Now we will introduce the really important objects
needed for the presentation of our gravitational theory.

IFor any A € AV, || X| = /{X - X)o
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3.2  Multiform Functions of Multiform Variables

A mapping F : \°V — AV is called a multiform function of a multiform variable and, when F(X)
is a scalar, a 1-form, a biform, etc..., then F' is said to be a scalar function, a 1-form function, a
biform function, etc...

3.2.1  Limat and Continuity

Let F : \°V — AV. A multiform M € AV is said to be the limit of F(X) for X € \°V
approaching Xo € AV iff for any real € > 0, there exists a real 6 > 0 such that ||F(X) — M| < ¢,
if 0 < || X — Xo|| < ¢. This will be denoted by Xlin}l{ F(X)=M.

— A0

When we are considering scalar functions of multiform variables AV > X +— ®(X) € R, the

definition XliH)l( ®(X) = « is simply the statement: for any real £ > 0 there exists a real 6 > 0 such
—A0

that |®(X) —a] <e,if 0 < || X — Xol| < 6.
The limit theorems are analogous to the ones of the theory of ordinary functions, i.e.,

XILH)I(DF(X) +G(X) = XILH)I(OF(X) + XILH)I(DG(X)' (3.8)
XlLII)l(OF(X) *G(X) = Xler)l(oF(X) * XILII;(OG(X), (3.9)

where * means, as now usual (A), (+), (u,0) or the (Clifford product).
Let F: A°V — AV be a multiform function of multiform variable. We say that F' is continuous
at Xo € AV iff lim F(X) = F(Xo).
— A0

The sum X — (F 4+ G)(X) = F(X)+ G(X) and any product of continuous multiform functions
of multiform variable X — (F x G)(X) = F(X) * G(X) are also continuous multiform functions of
multiform variable.

3.2.2  Differentiability

A multiform function of multiform variable F': A®V — A V is said to be differentiable at Xo € AV
iff it exists fx, € extV, such that

L OO = F(Xo) = fy (X = Xo)
X—Xo X — Xol|

=0. (3.10)

If such fx, ewists, it must be unique and it will be called the differential of F at Xj.

3.2.83 The Directional Derivative A - Ox

Let F: A°V — AV be differentiable at X . Take a real number A # 0 and an arbitrary multiform
A. Denote also by () : AV — A° V. Then, the limit

I FX+XA)y) - F(X)
,\12% A

(3.11)
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exists. It will be denoted by F/}(X) (or, A-9x F(X))? and called the directional derivative of F' at
X in the direction of the multiform A. The operator A - Jx is said to be the directional derivative
operator in the direction of A. We have:

FX+XA4)y) - F(X)

’ _A. N H
Fiy(X)=A 0xF(X): )l\lirb \ , (3.12)

or in an equivalent form
FL(X) = A- Oy F(X) = %F(X Ay (2.10)

A=0

The directional derivative of a differentiable multiform function F': A°V — AV is linear with
respect to the direction multiform, i.e., for all o, € R and A, B AV

Foarpp(X) = aFy(X) + BFp(X), (3.13)

or yet
(@A + BB) - 9xF(X) = aA-9xF(X) + BA - Ox F(X). (3.14)

We will give now the main properties of the directional derivative.

Let F,G : A°V — AV be differentiable, the sum X — (F + G)(X) = F(X) + G(X) and the
products X — (F «G)(X) = F(X) * G(X), where * means (A), (+), (u,0) or (Clifford product), are
also differentiable and we have

(F + G)4(X) = FA(X) + Ga(X), (3.15)
(FxG@)y(X)=F)(X)*G(X)+ F(X) * G4, (X) (Leibniz rule). (3.16)

Chain Rules

Let F,G : A°V — AV be differentiable. The composition X — (F o G)(X) = F((G(X))y ), with
Y € domF is differentiable and

(F o G)a(X) = For, () ({G(X))y)- (3.17)

Let X — F(X) and A — X (\) be differentiable multiform functions, the first one of multiform
variable and the second of real variable. The composition A — (F o X)(A) = F((X(\))y ), with
Y € domF is a differentiable multiform function of a real variable and

(Fo X)'(A) = Fxioy ((X(N)y ) (3.18)

Let  : R — R and ¥ : A°V — R, respectively an ordinary differentiable function and a scalar
differentiable multiform function of multiform variables. The composition ¢ o ¥ : /\<> V — R such
that (¢ o ¥)(X) = ¢(¥(X)) is differentiable multiform function of multiform variable and

(¢ 0 W)y (X) = ¢'(T(X)) P (X). (3.19)

2For some few special cases we use some special symbols.
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In resume, we have:

A-0x(F+G)(X) = A-0xF(X) + A-9xG(X). (3.20)
A-Ox(FxG)(X) = A-0xF(X) % G(X) + F(X) * A- 9xG(X). (3.21)
A-0x(FoG)(X) = A-0xG(X) - 0y F({G(X))y), with ¥ € domF. (3.22)
%(F o X)(\) = %X()\) Oy F((X(N))y), with Y € domF, (3.23)

A+ 0x (60 W)(X) = T-6(¥(X)A - 0V (X), (3.24)

3.2.4  The Derivative Mapping Ox

Let F: N°V = AV be differentiable at X. Take any pair of arbitrary reciprocal bases for V', say
({e7},{g;}), (67 -&; = 7). Then, it exists a well defined multiform function (i.e., it is independent
of the pair ({€7},{e;}) depending only on F) called the derivative of F' at X, and given by

F'(X)=0xF(X):= zj:ﬁg‘f& (X) = ;ﬁsﬁ; (X). (3.25)
The main properties of dx F' are:
(i) Let X — ®(X) be a scalar multiform function, then
A-0xP(X)=A-(0xD(X)). (3.26)

(ii) Let X — F(X), X — G(X) and X — ®(X) be differentiable multiform functions. Then,

Ox(F + G)(X) = dx F(X) + dx G(X). (3.27)
Ox (PG)(X) = 0xB(X)G(X) + B(X)IxG(X) (Leibniz rule). (3.28)

3.2.5 Fxamples

Now we will present some examples which illustrate some of the most important formulas of the
calculus of multiform functions of multiform variables and which will be used in the following

sections.
Example 3.1 Let A°V 2 X — X - X € R. Let us calculate A - 9x(X - X) and dx (X - X).

A-0x(X - X) = (XE A (A)) - (X + A (A)y)

A=0
= S X Ay X+ (A ()|
A=0
A-0x(X-X)=2(A) X =24-X. (3.29a)
1 1
Ix(X-X)= ZijEJEJ Ox(X-X) = ZJ)V(J)!gJQ(aJ - X) =2X. (3.29b)
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Example 3.2 Let A\°V > X — B- X € R, with B € A V. Let us calculate A - 9x(B - X) and
dx(B - X).

A-0x(B-X) = %B XAy =B A=A (B)x (3.30a)
Ox(B-X)= ;ﬁgw -0x(B - X)
= 3o (- (Bhx) = (Bl (3.:300)

Example 3.3 Let A°V 2 X — (BXC)- X € R, with B,C € A\ V. Let us calculate:
A-0x((BXC)-X)and Ox((BXC) - X).

A-0x((BXC)-X) = %(B(X +A(A))C) - (X +AX(A)y)

A=0
- %((BXC) X + A(BXC - {A)y))
A=0
+ROB U)X+ REWL )y (st
= (BXC) - (A)y + (B(A) C) - X (3.31b)
= (4) - (BXC + BXC),
A-9x((BXC) - X)=A- <BXC + §X5>X .
Ox((BXO)-X) = ZLH@ -0x(BXC - X)
J I/(J)‘
= ;%J)!EJ(&] . <BXC + EXC~'>X),
dx((BXC) - X) = <BXC + §X5>X . (3.31c)

In this example, we essentially utilized the nontrivial multiform identity (AXB)-Y = X -(AY B).

Example 3.4 Consider A B, with 2 € A' V and B € A>V. Then, 2AB € A V. Let us calculate
the directional derivative a - 9, (x A B), the divergent 0y (x A B), the rotational 0y A (x A B) and
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the gradient 0,(x A B).

a-0z(xNB)= i(x—l—)\a)/\B =aA B, (3.32a)
dA =0
Dos(@AB) = > el e - Bu(w AB) = S el (e; A B) = (n — 2)B. (3.32b)
Jj=1 j=1
0y A(@AB) = > ed Nej-5(x AB) = 36 Ae; AB) = 0. (3.32¢)
j=1 j=1
0,(x AB) = S ele; - du(x AB) = Soei(e; A B)
Jj=1 j=1
— S°(95(e; A B) + €9 A (¢ A B)), (3.32d)
=1
Oz(x AN B) = (n—2)B, (n=dimV). (3.32¢)

Example 3.5 Consider 21 B € A V. Let us calculate a - 0, (x1B), pa(x1B), d; A (z2B) and
((91(.%43)

a-0y(xaB) = i(x + Aa)uB = aJiB. (3.33a)
ax o
0, s(@2B) = S 7 e; - Op(waB) = & s(e;0B) = 3 (& Aej)s B =0, (3.33b)
j=1 j=1 j=1
0y A(@2B) = 3267 Aej -0, (x.B) = S2¢9 A (¢;4B) = 2B. (3.33¢)
j=1 j=1
0,(z.B) = Soele; - Du(waB) = > &7 (e, B) (3.33d)
j=1 j=1
0,(z2B) = 3> (7 5(;3B) + €@ A (¢;5B)) = 2B. (n = dim V) (3.33¢)
j=1

Example 3.6 Let X € A\" V and consider the multiform function F : A" 2 X — XAxX € A" V.
Let us calculate the directional derivative W - dx F, with W € A"V and dx F. We have

X+ A X+ AMW) - X AxX
— 2 A #X. (3.34)

On the other hand, using Eq.(3.25), we have:

OxF(X) = Y (e A AE)l(es, Ao As) - OxF(X)]

722_531 SN (5 A AEgj) AxX]

—_~—

= QZ—sﬁ A AT (=)D (g, Ao Agj,)aX))]
= 22—8J1 WA (e A Nej) - X)T]
=2X7=2(-1)5"" VX iy =2(-1)50" D s X,
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Remark 3.1 Sometimes, the directional derivative of a multiform function F : A" 3 X —
X AxX € A" in the direction of W = §X € A"V is written as

oF
OF :=60X N — .
A X (3.35)
and called the variational derivative of F' and g—f( is called the algebraic derivative of F'. Now, since
OF =W - 0x we see that we have the identification for our multiform function

r oF
. — (_1)5(r=1) =
0X -OxF =(-1) X A X (3.36)

3.2.6  The Operators Ox* and their t-distortions

We will introduce now the linear differential operators dx* defined by

dx * F(X) := Zﬁ Txey - 0xF(X), (3.37)
J

where * denotes any one of the multiform products (A), (+), (5,1) or (Clifford product).

Those linear differentiable operators are well defined since the multiforms in the second member
of Eq.(3.37) depends only on the multiform function ' and do not depend on the pair of arbitrary
reciprocal basis used.

Note that, if * refers to the Clifford product then the operator Ox* is precisely the operator dx
(i.e., the derivative operator). Sometimes, dx is called the gradient operator and Ox F' is said to be
the gradient of F.

Also, the operator Ox A is called the rotational operator and dx A F is said to be the rotational
of F.

The operators Ox - and Jx 1 are called divergent operators, dx - F is said to be the scalar divergent
and Ox JF is said to be the contracted divergent.

Let ¢t € (1,1)-extV. We define the linear differential operators t(Jx )* by

HOx) * F(X) =Y te?)xey - OxF(X), (3.38)

J

v(J)!

where x is any one of the multiform products (A), (), (u,1) or (Clifford product).

Those linear differential operators are well defined since they depend only on F' and do not depend
on the pair of reciprocal basis ({e/}, {¢,}). We call £(0x)* a t-distortion of dx*. Special cases have
special names, i.e., we call £(0x) A F' the t-rotational of F, t(0x) - F' is the t-scalar divergent of F
and t(0x)JF is t-contracted divergent of F. Finally, t(0x) is the t- gradient operator and t(0x)F
is read as the t-gradient of F.
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3.3 Multiform Functionals Fx1 _ x#)[t]

Let
F:/\qVX"'X/\qV*)/\‘/’
k copies
(X' L XR) s P(XY L XE) = Fixa, xn. (3.39)
A mapping

Fix1,.,x+) - (p, q)-extV — /\V,
t— Foxr, xmlt] = FRX), .. t(XP)], (3.40)
will be called a multiform functional (p, q)-extensor variable induced by the function F. We say also
that F' is the generator of Fx1 . x#)-

When F[t] is scalar valued, 1-form valued, biform valued, etc..., F is said to be a scalar functional,
1-form functional, biform functional, etc..., of a (p,q)-extensor variable.

3.3.1 Derwatives of Induced Multiform Functionals

Let (X', ..., X%)— F(X',...,X%) be a differentiable multiform function, i.e., differentiable with
respect to each one of its g-multiform variables (X!,..., X*). Then, the partial derivatives of F,
Ox1F,...,0xxF exist. We can then construct exactly & multiform functionals of a (p, ¢)-extensor
variable t € (p, q)-extV which are induced by them, namely

t (0x1 F)x1, . xm[t] = 0y FIEHXY), .. 4(XF)), ..
t— (0XkF)(X17MXk)[t] = 0t(Xk)F[t(X1), ey t(Xk)} (341)
The A-Directional A - 0; Derivative of a Multiform Functional
Let A€ AV be an arbitrary multiform. The multiform functional of (p, ¢)-extensor variable ¢,
(P, q)-extV ot A- O F x1,. xnt] € /\V (3.42)
such
A- 8tf(X1,...,Xk)[t] =A- Xl(axlF)(X%ka)[ﬂ + .-
+A- Xk(anF)(Xl’m’Xk)[t]
k
=D A X' (OxiF)x1,. x0)lt]
i=1
k

=Y A X'Oyxi)FIt(X"), ... . (X)) (3.43)
i=1
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is said to be 3 the A-directional derivative of the functional Fix1,.. . xw[t]. A convenient notation,
in order to write short formulas, is F(y1  yx4[t], 1., we have

Fixi, . xoyaltl = A0 Fx1, . xnlt]. (3.44)

Observe that A - 9 is linear with respect to the direction multiform A, i.e., for all o, 3 € R and
A, Be AV,

(0¢A+BB) -0 =aA -0+ B - 0. (3.45)
The operator A - 0; possesses three important properties:
A0 (Fixa,xwy +Gxr, xo)[t] = A0 Fixr,.. xmt] (3.46)
+ A0 Gixr,. xm[t]-
A0y (aF(x1,.. xm)[t] = a(A- 0 Fixr,.. xwlt]) (3.47)
A O(Fixr,...xwyB)[t] = (A0 Fix1,.. xv)t])B, (3.48)

where Fx1 . x#) and Gx1,  xw») are the multiform functionals induced by F and G, and a € R
and Be AV.

The Operators Oy

Let ({e7},{e;}) be a pair of arbitrary reciprocal bases for V and let * be any of the multiform
products as before. We define

1 . .
O * .7'-(X1"H’Xk)[t] = ﬁgﬁ A ANETP x f{Xl,m,X’“)ajl/\.../\sjP [t] (3.49)

Observe first that 0y * (a1, a»)[t] does not depend on the pair of reciprocal bases and that taking
into account Eq.(3.43) and Eq.(3.41), we have

5,5 * f(Xl,M,X’“) [t}
k

1 . . .
= ngl A NeTP x Z(Ejl AR /\Ejp) . Xz(axiF)(Xl’m’Xk)[ﬂ
' i=1
: 1 i( g1 J
= ZH(Eﬁ AR /\Ejp) - X (6 Ao ANETP) x (8XiF)(A1’M’Ak)[t]
i=1""

k
i=1

k
= X' Oy xn) FIH(XT), .. t(XP)]. (3.50)
i=1
We call the objects 0; A f(Al’.“’Ak)[t}, O + f(Al’.“’Ak)[t}, 8,54.7:(141"“’Ak) [t] and atf(Al"H’Ak) [t] re-
spectively the rotational, the divergence, the left contracted divergence and the gradient (or simply
the derivative) of F(x1  x#) with respect to ¢ [1].

3Note that in [1] we used the notation O¢(a) in place of A-0; and called that operator the directional derivative
of the functional ]-'( X1,..,xk) [t] in the direction of A. We think now that the new denomination is more appropriate,
something that will become clearer when we calculate some examples.



3.3 Multiform Functionals F(x1 _ xu[t] 43

Examples

We will present now some illustrative examples of derivatives of multiform functionals that will
be needed in Chapter 5 (and Appendix C), where we shall derive the equations of motion of the
gravitational field from the variational principle.

Example 3.7 Let h € (1,1)-extV and consider the scalar functional h — h(b) - h(c) and the
biform functional I — 1(b) A I(c), with b,c € A" V. The first has as generator function, the scalar
function of two 1-form variables (z,y) — « -y and the generator of the second functional is the
biform function of two 1-form variables (z,y) — = A y. Let us calculate the derivative of those

functionals, with respect to h in the direction of a € /\1 V.

a- 0y(h(b) - h(c)) = a - bd,w)(h(b) - h(c)) + a - cdy)(h(b) - h(c))
=a-bh(c) + a- ch(b), (3.51)

where we utilized 0, (x - y) = y.
Also

a-0,(h(b) A h(c)) = a - b0,u) (h(b) A h(c)) + a - ¢, (h(b) A h(c))
=a-b(n—1)h(c) —a-c(n—1)h(d)
= (n—1)(a-bh(c) — a- ch(b))
=(n—1)h(a-bc—a-cd)
= (n—1)h(as(b A c)), (3.52)

where we used 9, (z Ay) = (n — 1)y.
Eq.(3.52) has a very useful generalization. The derivative of the k-form functional h — h(a® A

...AaF)=h(a') A...Ah(a¥), with a*,...,akF e A"V is

a-0h(a* A...Ad*) = (n—k+1)h(as(a* A ... Ad")). (3.53)

Example 3.8 Let ¢ € (1,1)-extV. The trace of ¢ (i.e., t — tr[t] = t(e7)-¢;) is a scalar functional
of t, whose generator is the scalar function of n 1-form variables, (x!,...,2") + 2.1 +---+a" e,

and bif[t] = t(¢7 A g;) is the biform functional of ¢, whose generator is the biform function of n

1-form variables, (z!,...,2") — z! Ae; + -+ + 2" Agp. Let us calculate a - d;tr[t] and Op (o) PIf[t].

We have
a-optrftl = a- Elat(€1)(t(51) a1t t(E") en) -
+a- €nat(8n)(t(€1) I t(En) . gn)
=a-eley+---+a-e, =a, (3.54)

and
a-O,bif[t] = a- "Gy (t(e") Ner 4+ + (") Nen) + -

+a-e"Oyeny(tE) Ner+ -+ +H(E™) Aey)
=a-e'n—1er+---+a-e"(n—1e, = (n—1)a. (3.55)
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Example 3.9 Let h € (1,1)-extV, and consider the 1-form functional h — h'(b), with b € /\1 V,
and the pseudo-scalar functional h — h(7), with 7 € A" V. Let us calculate the derivatives of those
functionals.

a-8,h'(b) = a-0,(h'(b)-e¥ex) = a-0,(b- h(e")ey)
=a-€ 8h(€1)(b - h(E )Ek) +---t+a- a"@,l(gn)(b . h(Ek)Ek)
=a-e'(ber) +-- +a-e"(bey)
=bla-e'e; + - +a-e"e,) = ba, (3.56)
where we used a formula for the expansion of 1-forms, in order to get h' (b) as a 1-form functional
of h, the scalar product condition involving h and h' (i.e., h'(z)-y = - h(y)) and the formula
0. (b - z)c = be.
Also,
a-0,h(1)=a-0,h((T-e1A...Nep)et AL NEM)
:(T~a1/\.../\€n)a~8},g(€1/\ Ne™)
= (1t e1A...Nen)h(as(e! /\.../\s”))
=h(as(T-e1 A...Aep)et Ao AE)
= h(aJ7) = h(a7), (3.57)

where we used the formula for expansion of pseudo-scalars, Eq.(3.47) and Eq.(3.53).

Example 3.10 Let h € (1,1)-extV, the determinant of h is a well defined scalar functional,
h— det[h) = h(e' A...A€") - (e1 A... Aey). Let us calculate 0, det[h].

a-0,det[h] = a- 0,(h(r)7) = (a- 8,h(T))T~"
= h(ar)r~" = det[h|h*(a), (3.58)

where we used Eq.(3.48), Eq.(3.57) and the following 1dent1t1es involving (1, 1)-extensors: det[t]T =
t() and t=1(a) = det ! [t]t! (a7)7~1, (recall that h* = (h")~1 = (h=1)1).

3.3.2  The Variational Operator 8,

Let F(x1,.. xr[t] be a scalar functional of the extensor variable ¢ : /\1 V — /\1 V. Let also w :

/\1 V — /\1 V. Construct next the real variable function f,,(\) = F(x1, . x#[t + Aw]. Then, ac-
cording to the mean value theorem we have

d 1 d? )
Fo) =Ful0+ 35 oMo A+ o faWaon, X 0< M < N (3.59)

The functional variation of F(x1  x#)[t] is by definition:

w d
6t f(Xl"H’Xk)[t} = ﬁ fw(/\)b\:(). (360)
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Since the Lagrangian for the field theory of gravitation (to be developed in Section 5) is a scalar
functional of a (1,1)-extensor field h , its functional variation will play an important role in this
paper. In particular, we shall need the following result.

Example 3.11 Calculate 8, det[t]. We first construct the real variable function

fw(X) =det[t + Aw] (3.61)
Next, we define g = ##T and take a pair of reciprocal bases ({¢'}, {&;}) for V satisfying the condition
g(e") - e? =89, (3.62)
which implies that _ _ N
t(e') - t(e?) = o%. (3.63)
Recalling Eq.(2.50a), we can write
Ffuw(N) :%{(t(el) +AM0(EDN] A ATEHE™) + Mw(e™)]}aler Ao Agn). (3.64)
Then, we have
% fuN)] o = %{[w(el) AtEZ) A o At(E™)]a(er Ao Agy)
o FHENALER) A o Aw(E)]a(er A Aeg)} (3.65)

and recalling the identity giving by Eq.(2.26), which says that for any A, B,C € AV, itis (AAB).C
= AL(BJC), and Eq.(2.56) (t~'(a) = det ' [t]t(a7)7~!), we can write the second member of
Eq.(3.65) as

%{w(sl)J(t@Q) A AEE)a(er A oo Aen) + oo
+ (=D tw(E)atEY A o AtET))a(er A Aen)}
:%{w( VAEEY) (D () A o AHE)) s(Er A e A ).

+w(e™)a[t(e™)a(t(e)(E(EX) A o AtE™))a(er A Aen)}

= Zw(ai)_n[t(ei)_n(t(el)(t(ez) A ANEE™))a(eL Ao Ney)

= w(9,)t*(a) det[t]. (3.66)

Moreover, taking into account that, for any a € /\1 Vv,
Zw )t (e?) det[t] = w(,)t*(a) dett], (3.67)

we finally get
0 det[t] = w(8,)t*(a) det[t]. (3.68)
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4

Multiform and Extensor Calculus on Manifolds

ABSTRACT In this chapter, we will introduce multiform and extensor fields on an arbitrary manifold
M. In order to use the full algebraic machinery presented in the previous chapters, we recall from
Chapter 1 that a manifold M may in general support many different connections (and many different
metrics). Then, given an open set U C M and chart (U, ¢) and a fixed point O € U, we define in an
appropriate way a teleparallel connection® on i/ C M, which permits us to construct a vector space U
and its dual U, called the canonical vector space. This permits us to introduce on U, in a thoughtful
way, different parallelism structures which are in a precise sense the representatives on U of the
restriction to U of parallelism structures defined by corresponding connections defined on M. The main
object in the construction of a parallelism structure on U is a connection 2-extensor field (and some
other associated extensor fields) which permits the calculation of covariant derivative representatives
on U of multiform and extensor fields defined on &/ C M. Moreover, given a metric structure for M,
we introduce the concept of a metrical compatible parallelism structure (MCPS), present a particular
MCPS characterized by the Christofell operator, and introduce, moreover the 2-exform torsion field
and the 4-extensor curvature field associated with a general MCPS and then specialize those concepts
for the case of Riemannian and Lorentzian MCPS. Next, we will introduce a crucial ingredient for our
theory of the gravitational field, namely the concept of elastic and plastic deformations of a MCPS
into a new one metrical compatible parallelism structure generated by a (1, 1)-extensor field h that
transforms the metric extensor field of the first structure into the metric extensor field of the second
structure. We will study the conditions that h must satisfy in order to generate an elastic or plastic
deformation. We will prove some key theorems which relate the torsion and curvature extensor fields
of two structures, in which one is the deformation of the other. Particularly important for our purposes
are the gauge fields, associated with what we call a Lorentz-Cartan metric compatible structure, which
permits us to interpret a Lorentz metric compatible structure as a plastic h-deformation of what we

1This connection on U cannot be extended in general to all M.

V.V. Ferndndez and W.A. Rodrigues Jr., Gravitation as a Plastic Distortion of the Lorentz Vacuum,
Fundamental Theories of Physics 168, DOI 10.1007/978-3-642-13589-7_4,
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call a Minkowski-Cartan parallelism structure. All concepts have been presented with enough details
in order to help the reader become conversant with the subject.

4.1 Canonical Space

Let M be a smooth (i.e., C*°) differential manifold, dim M = n. Take an arbitrary point O € M ,
and a local chart (U, ¢), of an atlas of M, such that O € Y.

Any point p € U is then localized by an n-uple of real numbers ¢(p) € R"™, say ¢(p) =
(€X(p),...,£"(p)). As usual, both U > p — &"(p) € R, the p-th coordinate function as well
&' (p) = &*, the p-th coordinate , are denoted (when no confusion arises) by the same notation
&H. Moreover, here p=1,...,n.

0 0
At p € U, the set of coordinate tangent vectors ¢ —| ..., 3~ is a natural basis for the
0wy 9
tangent space 1, M, and the set of tangent coordinate 1-forms {d§1|(p) e df"\(p)} is a natural

basis for the cotangent (or dual) space T,y M.

We will introduce an equivalence relation on the (sub)tangent bundle TU = (J ¢, T, M, as follows.
Let v, € T,M and vq € TyM. We say that v, ~ vq iff v ¢* = v ¢, with p=1,...,n.

This equivalence relation is well defined and, of course, it is not void, since the coordinate tangent
vectors at any two points, p,q € U are equivalent. Indeed, we have

9 oen oen B
el &=l =0h=am| = e €Y oma=1,.00m, (4.1)
9 | ) 9 1) 9Ky 9y
9 B
and thus — ~ — .
9Ky 08|y

For the point O € U, the equivalence class of a tangent vector v, € ToM is given by [v,] = {v, ~
Vo | peU}.

The set of the equivalence classes of each one of the tangent vectors v, € T,M, i.e., U = {[v,]
/ Vo € T,M}, equipped with the sum of equivalence classes and the multiplication of equivalence
classes by scalars (real numbers), defined by

Vol + [Wo] = [Vo +Wol;  alv,] = [av,], (4.2)

has a natural structure of vector space over R.
The equivalence class of the null vector 0, € T, M, i.e., 0 =[0,] € U, i.e., the set of all null vectors
in TU is the null vector of U.

The set of the equivalence classes of the n-tangent coordinate vectors (‘3' , with i €
9 (,) 98" | (o)
T,M, say {bs,...,b,} with
0 0
by =[— v, by =[— ey, 4.3
1 [aé-l (O)} n [agn (O)] ( )

is a basis for U, called the fiducial basis and, of course, dim U = n.
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U is a vector space, obviously associated with the chart (U, ¢),, but nevertheless it will be said to
be the canonical space, since it will play a fundamental role in our theory of multiform and extensor
fields on manifolds. To continue, we recall that from the above identifications, we have immediately
the identification of A\ T, M with ATy M for all p,q € U.

Taking into account the notations introduced in Chapter 2 the dual space of U is denoted by U,
the space of k-forms is denoted by /\k U and the space of multiforms is denoted by A\ U.

The dual basis of the fiducial basis {b,} is said to be a fiducial basis for U and is denoted by
{B"}, i.e., B"(b,) = 6. To be able to use Einstein’s sum convention we will introduce also the
notation,

b =b, e [, =p" (4.4)

The canonical scalar product is constructed as in Chapter 2, using {b, }, and in what follows, we
use for our calculations the canonical Clifford algebra C£(U, -).

The Position 1-Form

To any p € U there correspond exactly n real numbers ¢!, ..., &7, its position coordinates in the
local chart (U, ¢),. It is thus possible to define a 1-form on U,
x=&"By, (4.5)

associated with p € U. The 1-form x € U localizes p in the vector space U and we call x the position
1-form (or position vector) of p.

Observe that given an arbitrary 1-form on U, it will not necessarily be the position vector of
some point of the open set U, since the components of an arbitrary element of U do not need to be
the coordinates of some point of U necessarily.

The set of all position vectors of the points of U is denoted U, C U. This subset of the vector
space U is not necessarily a vector subspace of U.

Observe also that we have immediately, for any x,y € U,, the identification of the tangent spaces
AT;U and AT U with AU.

4.1.1  Multiform Fields

From what has been said, it is obvious that any X €sec A T*M, when restricted to U, will be
represented by a multiform function X of the position vector, which we will write as

X € sec /\T*U, (4.6)

meaning that for each x € U,, X (x) = X(;) € AT,;U ~ A\ U. Eventually, we also use the notation
X : UO — /\ U.

If X € sec NT*U is C°°-differentiable on the set Up, then the multiform X €sec AT*M is
differentiable on .

Extensor Fields

Any (p, ¢)-extensor field t on M, when restricted to U, is represented by an extensor function ¢ of
the position vector. We write
t € sec(p, q)-extU, (4.7)
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and eventually also write ¢ : Uy — (p, q)-extU.
If ¢ is C>°-differentiable’ on U,, then the (p,q)-extensor field t is smooth on U. For a general
extensor field, say A, we use the notation A € secextU.

4.2 Parallelism Structure (Uy,y) and Covariant Derivatives

Given a smooth manifold M (dim M = n) and an arbitrary linear connection V on M, the pair
(M, V) is said to be a parallelism structure. We will now analyze some important parallelism struc-
tures that will appear in the next sections.

4.2.1 The Connection 2-Extensor Field v on U, and Associated Extensor Fields

The parallelism structure (M, V) is represented on U, by a pair (Up,~y) (also called a parallelism
structure) where v € secextU is called a smooth connection 2-extensor field on U,, i.e., for each
z € Uy,

Yyt N0 x \' 10 — \'T0. (4.8)

1
Also, we will define the following fields associated with ~y. First, given a € sec /\ T*U, define the
smooth (1, 1)-extensor field on Uy, 7, € sec(1,1)-extU by

Va(b) = 7(‘1’ b) (4'9)

for all b € sec \' T*U. The field 7, is called a connection (1,1)-extensor field on U,.
Next, we introduce a smooth (1,2)-extensor field on Uy, say w € sec(1,2)-extU such that for

a €sec N' T*U, w(a) € sec \> T*U is given by
1
w(a) := ibif['ya}. (4.10)

The field w will be called (for reasons that will become clear in a while) a rotation gauge field.
Finally we define the smooth extensor field on U,, Iy € secextU such that for each x € U, I'(4)q
is the generalized of v(,), (recall Eq.(2.61)).

4.2.2  Covariant Derivative of Multiform Fields Associated with (U, )

The connection 2-extensor field «y is used in the following way. For any smooth a € sec /\1 U
which is a representative on U of a vector field a € sec TU we will introduce two covariant operators
V. and V7, acting on the module of smooth multiform fields on U,.

First, if b € sec \' T*U

Vab:=a-0b+ v,(b), (4.11a)
Vob:=a-9b—,(b) (4.11Db)

2A (p, q)-extensorial function ¢ is said to be C°°-differentiable on Uy iff for an any C°-differentiable p-form
function on Up, say = +— X (), the g-form function = +— t(,)(X(z)) is C*°-differentiable on Up.
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For any smooth X € sec A T*U we define

VX i=a-0X +T,(X), (4.12a)
V,X:=a-0X -TI(X), (4.12b)

where T, is the generalized of v, and I} is the adjoint of T,.

The operators V, and V, are well defined covariant derivatives on U, and thus satisfy all
properties of a covariant derivative operator, i.e., they are linear with respect to the direction
1-form field, i.e., we have

ViarspX =aVEX + BV X, (4.13)
for o, 8 € R and a,besec/\lT*U and
Vof =a-0f, Vo(X+Y)=V, X+V,.Y, Vo.(fX)=0a -0f + fV.X, (4.14)

with analog equations for V.

To prove, e.g., that V,f = a-df, it is enough to recall a property of the generalized T of a given
(1,1)-extensor t, explicitly T'(a) = 0, with o € R. Then, we have, using Eq.(4.12a) that for any
smooth scalar field f indeed V,f =a-90f +Tu(f) =a-0f.

The proofs of the remaining formulas in Eq.(4.14) are equally elementary.

We can prove also that V, and V_ satisfy Leibniz rule for the exterior product of smooth
multiform fields, i.e.,
V(X AY)= (V. X)ANY + X A (V,.Y), (4.15)

with an analogous formula for V. Indeed, take two smooth multiform fields X and Y. Using
the Leibniz rule, satisfied by the directional derivative operator a - 0 when applied to the exterior
product of smooth multiform fields and a property of the generalized of a (1, 1)-extensor ¢ (namely
T(ANB)=T(A)ANB+ ANANT(B), for any A, B € sec A\T*U), we get

VoXAY)=a -0 X AY)+T,(XAY)

=@ - OX)ANY + X A(a-0Y)+ T (X)ANY + X AT (Y)

V(X AY)= (V. X)ANY + X A (V,.Y), (4.16)

which proves Eq.(4.15).

On the other hand, the operator of ordinary directional derivative a -0 and the operators V, and
V_ are related by a notable identity:

a-0(X Y)=(VoX) Y +X-(VY)=(V;X) YV + X - (VoY) (4.17)

Indeed, take two smooth multiform fields X and Y. Using the Leibniz rule for -0, when applied
to the exterior product of smooth multiform fields and that T'(A) - B = A - TT(B), for all A,B €
sec A\ T*U, we see immediately the validity of the formulas

(VoX) Y+X - (VJY)=(a-0X) Y +T,(X) Y
+X - (a-9Y)—- X -TH(Y)
=(a-0X) Y+X: (a-0Y)
(VoX) Y+X - (V,Y)=0a-0(X"Y). (4.18)
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4.2.3  Covariant Derivative of Extensor Fields Associated with (Uy, )

The covariant derivative operators V, and V_, may be extended to act on the module of smooth
(p, q)-extensor fields on U, (which represent smooth (p, ¢)-extensor field on & CM). We define for
t € sec(p, q)-extU, V,t and V t as the smooth (p, ¢)-extensor fields on U,, such that for any smooth
X €sec NP T*U,

(Vat)(X) := Vat(X) — t(V; X), (4.19a)
(V) (X) i= VI H(X) — (Vo X). (4.19b)

Observe that, in the above formulas V,t(X) denotes the covariant derivative V, of the smooth
multiform field ¢(X) and V_ X is the covariant derivative V of the smooth multiform field X.

Certainly, those properties are consistent with the linearity property of the smooth (p, ¢)-extensor
fields. Indeed, take two smooth p-form fields X and Y, and a smooth scalar field f. We have
immediately

(Vat)(X +Y) = Vot(X +Y) — (Vo (X + 7))
=Va(t(X)+1(Y)) = t(V, X + V. Y)
= Vol(X) + Vot (Y) — t(V X) — t(V;Y)
= (Vat)(X) + (Vat)(Y), (4.20)

and

(Vat)(fX) = Vat(fX) = (Vo (fX))
= Va(ft(X)) —t((a-0f)X + [V, X)
— (- DNHX) + VLX) — (a- OHX) — FHV X)
— F(Vat)(X). (4.21)
Each one of the covariant derivatives ¢ — V,t and ¢t — V_t possesses the property of linearity
with relation to the direction 1-form, i.e., VMJrﬁbt = aVit + ﬁvit where o, € R and a,b €
sec ' T*U
Moreover, t — V,t,and ¢t — V_t possess also the following properties:
VE(t +u) = Vit + Vi, (4.22)
VE(ft) = (a- 0f)t + fVEL, (4.23)

where ¢ and u are smooth (p, ¢)-extensor fields and f is a scalar field.
Let us prove Eq.(4.22).and Eq.(4.23). Let X be an arbitrary smooth p-form field,then

(Va(t +u))(X ) Va(t +u)(X) = (t +u)(V, X)
Va(t(X) + u(X)) = 1(V, X) —u(V, X)
= Vat(X) + Vau(X) —t(V, X) —u(V, X)
= (Vat)(X) + (Vau)(X) = (Vat + Vau)(X), (4.24)
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e, Va(t+u) =Vat+ Vau. Also,

(va(ft))(X) = va(ft)(X) - ft(vaX) = vaft(X) - ft(vaX)
= (a0 )t(X) + fVat(X) — fH(VaX)
= (a- 9f)t(X) + f(Vat)(X), (4.25)

ie., Vo(ft) = (a-0f)t+ f(Vat).

X

4.2.4 Notable Identities

We will end this section by presenting two notable identities, which are:
(i) Let X be a smooth p-form field and Y a smooth ¢-form field, then

(Vat)(X) Y =a-0(t(X) V) —t(V; X) Y — t(X)- VY. (4.26)

a

Indeed, we have

(Vat)(X) Y = Vut(X)-Y —t(V, X)- Y

=a-0t(X) Y+T, (X)) Y —t(VoX) Y
HX)-Y +t(X) -THY) -V, X)-Y
t(X) Y +¢X) a-0Y —t(X)-a-9Y
(X)-TLY) =tV X)-Y
a-0t(X)-Y+tX)-a-0Y —t(V,X)-Y
—t(X) - (a-9Y —TL(Y))
=a-9(t(X)-Y)-t(V;X) Y —t(X)-V,Y.

a

-0
-0

|
e o

+
~+

(ii) For any smooth (p, ¢)-extensor field ¢, it is
Vath = (Vi)' (4.27)

Take the smooth fields X € sec A" T*U, and Y € sec A? T*U. Utilizing Eq.(4.26) twice and the
algebraic property t(X)-Y = X - tT(Y), we have

(Vath(Y) - X =a-0tT(Y) - X)—t(V,Y)- X —tI(Y) -V, X
=a-0t(X) Y)—t(X) VY —t(V, X) Y
= (vat)(X) Y =X (vat)T(Y)a (428)
which implies (V,t7)(Y) = (V)T (Y), ie., VotT = (Vat)f.

For V_ completely analogous properties hold, i.e., for any smooth p-form field X and all smooth
g-form field Y, it is

(Vi) (X) Y =a-0t(X) Y)—t(VaX) Y —t(X)-V,Y. (4.29)
Also, for any smooth (p, ¢)-extensor field ¢,
v tt = (Vv )l (4.30)
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4.2.5 The 2-Exform Torsion Field of the Structure (U,, ")

Given a parallelism structure (M,V), we know that the torsion and curvature operators (used
for the definition of the torsion and Riemann curvature tensors) characterize V completely. Let
(Us,7) be the representative of the structure (M, V) restricted to U. We will now introduce the
representatives of the torsion and curvature operators of (M, V) on U,.

First we will introduce the smooth torsion 2-ezform? field 7 € sec extlU , such for smooth a,b €
sec \' T*U we have (a,b) — 7(a,b) € sec \' T*U, given by

F(a,b) := Vab — Via — [a,b] = va(b) — 7 (). (4.31)

v
Next we will introduce the (2,1)-extensor field T € sec(2,1)-extU,such that, for any smooth
gl
B esec \' T*U, B — T(B) € sec \' T*U, we have:
ol 1 ~
T(B) := §B - (Oa N Op)T(a,b). (4.32)

gl
T is called the torsion (2,1)-extensor field.
Observe that, if the covariant derivative V, is symmetric (i.e., Vb — Vya = [a, b], for all smooth

gl
1-form fields a and b, then 7(a,b) = 0 and T(B) = 0.

4.3 Curvature Operator and Curvature Extensor Fields of the
Structure (U,, )

Now we will introduce a linear operator that acts on the Lie algebra of smooth 1-form fields on U,.
Given a, b, ¢ € sec /\1 T*U the curvature operator is the mapping

1 1 1 1
p o osee(\ TUx N\ TU x \ T°U) — sec \ T*U,
(a,b,0) —  plabe),

such that
Z(a, b,c) := [Va, Vilc = Vg pc. (4.33)

The operator 7) characterizes the curvature of the parallelism structure (M,V) on Up. Its main
properties are:

(i) Z) is antisymmetric with respect to the first and second variables, i.e.,
v v
pla,b,c) = —p(b,a,c). (4.34)

(ii) If the covariant derivative V,, is symmetric, i.e., Vob — Via = [a, b] (or equivalently ~,(b) =

Y(a), for all smooth 1-form fields a and b) then p has a cyclic property, i.e.,

p(a,b,c) + p(b,c,a) + plc, a,b) = 0. (4.35)

3A 2-exform on U is an antisymmetric 2-extensor on U , i.e., a linear mapping 6 : A U x A* U — A U such that
for all a,b € A' U it is 0(a,b) = —0(b, a).
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' y
The smooth scalar 4-extensor field*, (w, a,b, c) — Ry(w, a, b, ¢), such that

.
Ry (w,a,b,¢) =w - p(b, c,a), (4.36)

for all smooth 1-form fields w, a,b and c, is called the curvature 4-extensor field
Y
The main properties of Ry are:

~
(i) Ry is antisymmetric with respect to the third and fourth variables, i.e.,
y 7y
Ri(w,a,b,¢) = =Ry (w,a,c,b). (4.37)
R
(ii) If the covariant derivative V,, is symmetric then R4 possess a cyclic property, i.e.,
¥ v ¥
Ri(w,a,b,c) + Ry(w,b,c,a) + Ry(w,c,a,b) =0. (4.38)

.
The smooth scalar 2-extensor field (a,b) — Ra(a,b), such that

Ro(a,b) = Ry (D, a, w, b), (4.39)

.
for all smooth 1-form fields a and b, is called the Ricci 2-extensor field. Note that Ro is an internal

Y
contraction of Ry between the first and third variables calculated as follows. Let ({e"},{c.}) be a
pair of reciprocal bases on Uy, then an internal contraction between the first and third variables is

y d Y ’ y
R1 (0w, a,w,b) := aTRl(E”,a,w,b) =Ri(e",a,e,,b) = Ri(ey, a,e",b),
©w

with g summed from 0 to 3.
o
The smooth (1, 1)-extensor field b — R;(b) such that

a- Ry (b) = Ra(a,b), (4.40)

for all smooth 1-form fields a and b, is called the Ricci (1,1)-extensor field.

o
Note that we can write R4 (b) as

Ry (b) = 9uRa(a, b), (4.41)

y Y y
once we recall that d,Ra(a,b) = (g, - 0aR2(a,b)), ie., 0uR2(a,b) = e*Ra(eyu,b) due to the

Y
linearity of Ry with respect to the first variable.

4A linear mapping ¢ : sec(A'U x A'U x A* U x A* U) — R is called a scalar 4-extensor.
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4.4  Covariant Derivatives Associated with Metric Structures (U,, g)

4.4.1  Metric Structures

Let g be a smooth (1,1)-extensor field (associated with a metric tensor g € secTYM ). Its rep-
resentative g on a given U, is symmetric (i.e., 9iz) = gJ(rw) for all z € Up), is non degenerate (i.e.,

det[g(,)] # 0 for z € Up). In what follows, we say that g is a metric extensor field on Up.
A pair (M, g) is said to be a metric structure and its restriction to U CM is represented by
(U,, g), and is also called a metric structure.

4.4.2  Christoffel Operators for the Metric Structure (U,, g)

Let g be the representative of the extensor field g (associated to g) on U,.

The two classical Christoffel operators on & CM are represented on the structure (U,, g) by two
operators that have the same name and that act on the Lie algebra of smooth 1-form fields on Uy.
If a,b, c € sec /\1 T*U are such fields, we have

(1) The first Christoffel operator is the smooth mapping (a, b, ¢) — [a,b, c] such that

[a,b,c)i= 5(a- D(gb)-¢) +b-Dlgle) -a) — e gla) -1
+9(0) 0.t + g0) - [eva] = gla) - ), (1.42)

where [a, ] is the Lie bracket of a and b defined by:
[a,b] :=a-0b—10- Da. (4.43)

(ii) The second Christoffel operator, (a,b,c) — { Cb} is defined by

a,

{afb} = [a,b, g 1(c)]. (4.44)

Note that ac b is also a smooth 1-form field, since has been defined algebraically from [a, b, c].

For all smooth form fields a, a’,b,¥’, ¢, ¢’ and smooth scalar field f, the first Christoffel operator
satisfies the elementary properties:

[a+a',b,c] =la,b,c|+ [d,b,c]
[fa,b,c] = fla,b,c].
[a, b+ V', c] =[a,b,c] + [a,V,].
[a, fb,¢] = fla,b,c] + (a- 0f)g(b) - .
[a,b,c+ | = [a,b,c] + [a,b, ]
[a,b, fc] = fla,b,]. (4.45)

Eq.(4.45) says that [a,b, ] is linear with respect to the first and third arguments, but it is not
linear with respect to the second argument.
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Given the smooth 1-form fields a,b and ¢, other relevant properties of [a, b, ¢| are:

[a,b,c] + [b,a,c]=a-9(g(b)-c)+b-0(g(c)-a) —c-I(g(a) -b)

T 96) - [era] - g(a) - b, (4.46a)
[a,b,c] — [b,a,c] = g(c) - [a,b]. (4.46b)
[a,b,c] + [a,c,b] = a-I(g(b) - c) (4.46¢)
(ar5,c] — [y, 8] = b- 0(g(c) - a) — ¢ D{gla) -b) + g(c) - [0, 8]

+ g(b) - [c,a] — g(a) - [b, c]. (4.46d)
[a,b,¢c] + [¢,b,a] =b-9(g(c) - a) + g(c) - [a,b] — g(a) - [b, ] (4.46¢)
[a,b,¢] —[¢,b,a] = a-0(g(b) - c) —c-I(g(a) -b) + g(b) - [c, al. (4.46¢)

4.4.3 The 2-Extensor field X

Given the metric structure (M, g) and (U,, g), the representative on U, of its restriction to U, we
can construct a connection 2-extensor field A on Uy, A\ € secextU, such that a,b € sec /\1 U,

A sec(/\lT*U X /\1T*U) — sec/\lT*U7

Aa, b) = ac{afb} —a - ob. (4.47)

Remark 4.1 In complete analogy to the case of connection 2-extensor field «y, we will also introduce
here the extensor fields A\, and A,. Those objects and some others constructed from them (see next
subsection), enter in the calculations of covariant derivatives of multiform fields and extensor fields
defined on U,. The field A will be called a Levi-Civita connection on U,.

4.4.4  (Riemann and Lorentz)-Cartan MGSS’s (U,, g,7)

Consider a triple (M, g, V) where M is a smooth manifold (dim M = n), g € secT9M is a Rie-
mannian or a Lorentzian metric tensor, and V is an arbitrary metric compatible connection. Let
g be the metric extensor corresponding to g and let g be the representative of g on U,. As we
already know, the connection V is characterized on U, by a smooth 2-extensor field v (and other
two extensor fields defined from 7). The metric compatibility means

Vg=0, (4.48)
and such condition is obviously expressed on Uy by
V,g=0. (4.49)

In what follows, when g has Euclidean signature ((n,0) or (0,n)), we call (M, g, V) a Riemann-
Cartan MCGSS. When g has pseudo-euclidean signature (1,n — 1), we call (M, g, V) a Lorentz-
Cartan MCGSS®. We use also such denominations for the triple (U,, g, 7).

5The GSS where g has other possible signatures may be called semi-riemannian.
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4.4.5 Fxistence Theorem of the vg-gauge Rotation Extensor of the MCGSS
(Us, 9,7)

Now we will present a theorem whose proof may be found in [1], and which plays a crucial role in
our theory of the gravitational field in Chapter 6.

Theorem 4.1 [2] On the MCGSS (U,, g,v), there exists a (1, 2)-extensor field &(a) = %byif['ya],
such that for all smooth 1-form fields a and b

%a(b) = 597 9g)(b) + Bla) b (4.50)
where
&(a) X b= Zf(a)gb - bgﬁf(a). (4.51)

The field Zug(a) is called the ~g-gauge rotation field.

Corollary 4.1 [2] Let a — g(a) be a metric extensor field defined on U,, and let a — Z)g(a) a
smooth (1,2)-extensor field defined on U,. Define a smooth connection 2-extensor field on U,, say

(a,b) = 74 (b) by ]
Ya(b) = 597 (- 9g)(b) + ¥(a) x b, (452)

for all smooth 1-form fields a and b. Then, the triple (U,, g,7) is a Riemann-Cartan or Lorentz-
Cartan MCGSS (depending on the signature of g).

4.4.6  Some Important Properties of a Metric Compatible Connection

Given the MCGSS (U,, g,7) the operators V, and V satisfy the following properties [1].
(1) The Ricci Theorem For all smooth 1-form fields a,b, ¢ we have

a-9(g(db) - c) = g(Vab) - ¢+ g(b) - Vac, (4.53)
Ricci theorem may be generalized for arbitrary smooth multiform fields X and Y, i.e.,
a-0(g(X)-Y)=g(VaX) Y 4+ g(X)-V,Y. (4.54)

(ii) Leibniz rule for the metric scalar product (i.e., X -Y = g(X)-Y),
a-0X-Y)=(V, X)) Y+X-(V,Y), (4.55)

for all smooth multiform fields X and Y.
(iii) For any smooth multiform field X,

V. X = g(Vag ' (X)). (4.56)

(iv) The action of the operators V, and V; , on smooth extensor fields permits us to write the
compatibility between the metric and the parallelism as

V,9=0, (4.57)
Vug ' =0. (4.58)
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4.4.7 The Riemann 4-Extensor Field of a MCGSS (U,, g,7)

v
The smooth scalar 4-extensor field on U,, (a,b,c,w) — l:ig,(a,b7 ¢, w), such that for all smooth
1-form fields a, b, ¢ and w,

Y9 ~g
Rs (aa b, c, ’LU) = 7p(a> b, C) ’ g(w)a (459)
is called the Riemann (curvature) 4-extensor field of the structure (Us, g,7).
'y
Rgg satisfies the following important properties [2]:

9
(i) On the parallelism structure (U, ), R3 is antisymmetric with respect to the first and second
variables, i.e.,

9 9
Rs(a,b,c,w) = —R3(b,a,c, w). (4.60)
(ii) On the parallelism structure (U,, ), if the covariant derivative V, is symmetric (i.e., Vb —
Y9
Via = [a,b]), then Rg possesses a cyclic property, i.e.,
Y9

v Y
l:ig(a, b, c,w) + ﬁ,g(b, ¢,a,w) + Rs(e,a,b,w) =0. (4.61)

Y9
(iii) On the MCGSS (U,, g,7), R3 is antisymmetric with respect to the third and fourth variables,
ie.,

9 9

Rs(a,b,c,w) = —Rs(a, b, w, ¢). (4.62)
(iv) On the MCGSS (U,, g,7), if the covariant derivative V, is symmetric (i.e., Vob — Vpa =

ot
[a, b]), then Iid

9 9

Rs(a, b, c,w) = Rs(c,w, a,b). (4.63)
Note that, from the Eqgs.(4.60) and (4.62), we have

9 9

Rs(a, b, c,w) = Rs(b,a,w,c) (4.64)
and under those conditions, given a pair of reciprocal bases ({e"},{e,}) on U,, we agree in writing
3,4
[ ] Y9

R3(5,3’50,5p,50) = Rﬁapg, (465)

for the components of the Riemann tensor. Also, under the same conditions, Eq.(4.39) may be
written as

Y9 Y9 Y9
Ro(a,b) = R3(0y, a, w,b) = Ra(a, Oy, b, w) (4.66)
and we have
g 9 o o
Rp, = Ral(ep, €p) = Ra(ep, €%, 6p,8a) = RS ) (4.67)
for the components of the Ricci tensor.
The scalar field
9 9 _1
R=Ra(g9™ (9a),a), (4.68)

9
i.e., a g~ '-contraction between the first and second variables of Ry is called the Ricci scalar field

(or scalar curvature).
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4.4.8 Existence Theorem for the on (U,, g,7)

Y9
Proposition 4.1 [2] There exists a unique smooth (2, 2)-extensor field, say B — Rgy(B), such that

Y9

ﬁg(a, b,c,w) = Ra(aAD)- (cAw). (4.69)

.
This field B — .Rgg (B) is called the Riemann (2, 2)-eztensor field and we see that Eq.(4.69) may
9

~
be thought of as a factorization of Rj.

.
Proposition 4.2 [2] The Ricci (1, 1)-extensor field b — 1-%1(19) and the Ricci scalar field R may

Y9
be written as g~!-divergences of the Riemann (2, 2)-extensor field B — Ra(B), i.e.,

Y9 1 Y9
Rl(b) =g (8Q)JR2(a N b),
Y9

R=g'(d) R(b) = g (9. A O) - Raa AD). (4.70)

Proof A simple algebraic manipulation of Eq.(4.36) and Eq. (4.59) gives the extensor identity

Y9 Y9
Ri(w,a,b,c) = Ra(c,b,a, g (w)). (4.71)

Now, according to Eq.(4.39) and Eq. (4.40), and taking also in account Eq.(4.71), we have

g

a-Ry(b) = Ra(a,b)
ol
= R:(E“, a,eyu,b), (usummed from 0 to 3)

= Ra(b,epna, gL (e)), (4.72)

and using essentially the factorization given by Eq.(4.69), we have

Y9

a-Ba(b) = Balb Aey) - (an g7 () = (g7 ) Aa) - Baley AD)
=a- (g7} (e")sRa(e, A D)),

9 79 9
ie, Ri(b) =g (") Ra(e,, Ab) = g1 (0a)sRa2(a A D). m

4.4.9 The Einstein (1,1)-Extensor Field

-
The smooth (1, 1)-extensor field, a — é(a), given by

g Y9 9

Gwy:Rﬂw—%m@R, (4.73)

is called the Finstein (1,1)-extensor field.
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4.5 Riemann and Lorentz MCGSS’s (U,, g, \)

4.5.1 Leuvi-Civita Covariant Derivative

Tt is important to have in mind that the unique MCGSS (U,, g,7), where the covariant derivative V,
is symmetric, is the one where the connection 2-extensor field -y is precisely the Levi-Civita one, that
we have already denoted by A (recall Eq.(4.47)). In this case, the MCGSS (M, g,V = D) is said a
Riemann or Lorentz MCGSS depending on the signature of g. We also use this denomination for the
structure (U,, g, A). The covariant derivatives defined by A are precisely the Levi-Civita covariant
derivatives D, and D . Some properties of the curvature extensors of the MCGSS (U,, g,7), which
are important for the purposes of this book, will be given below, and for that important case,
simplified notations will be used.

The covariant derivative operators associated with the connection 2-extensor field A will be de-
noted by D, and D, and

DX :=a-0X + Ay (X), (4.74a)
D; X :=a-0X — Al(X), (4.74b)

for all smooth multiform field X € sec A T*U, and called Levi-Civita covariant derivative operators.
Note that A, is the generalized of A\, and A(Tl is the adjoint of A,.

4.5.2  Properties of D,
(i) For all smooth 1-form fields a,b and c it is:

(Dab) - ¢ = {afb}. (4.75)

Indeed, using Eq.(4.74a) and Eq.(4.47), we have immediately

c c
Dab—a~6b+)\a(b)—a-8b+60{ ,b}—a-ab—ac{a’b}.

Now, using the formula for multiform differentiation c - Op¢(n) = ¢ - (On¢p(n)), with ¢ a scalar
function of 1-form variable, the formula
¢ Onf(n) = f(c), where f is a multiform function of 1-form variable and taking into account the
linearity of the Christoffel operator with respect to the superior argument, we have:

(Dab) - e=e- (8"{a77b}) B c'a”{:b} - {a?b}'

(ii) In order to become acquainted with the algebraic manipulations of the multiform and extensor
calculus, we give the details in the derivation of the Ricci theorem for the Levi-Civita covariant
derivative Dy, i.e.,

a-0(gd)-c)=g(Dyd)-c+ gb) - Dy, (4.76)

where a, b, c € sec /\1 T*U are smooth 1-form fields.
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Using Eq.(4.75), Eq.(4.42) and Eq.(4.46¢), we have

g(Dab) e+ g(b) : Dac = (Dab) : g(C

~
+
)
S|
o
Q
—
=

(iii) This theorem is also valid for smooth multiform fields X,Y, i.e.,

a-9(X-Y)=g(DuX) Y +g(X)D,Y, (4.77)

(iv) The Levi-Civita covariant derivative D, is symmetric, i.e.,
Db — Dya = [a,b], (4.78)

for all smooth 1-form fields a and b.
Take three smooth 1-form fields a,b and c. Using Eq.(4.75), Eq.(4.44) and Eq.(4.46b), we can
write

Cc

)-c- Da)-c={ 5= { b= fmng @1 - g )
=g(g7'(0)) - la,b] = [a, ] - c,
which from the non degeneracy of the scalar product gives
Dy,b— Dya = [a,b]. m
(v) The Levi-Civita covariant derivative D, is g-compatible, i.e.,
D g=0. (4.79)

Take three smooth 1-form fields a,b and c¢. Using Eq.(4.29) and the Ricci theorem (Eq.(4.76)),
we have

(D, 9)(b)-c=a-9(g(b) - c) — g(Dgb) - ¢ — g(b) - Dac,
=0,

which implies that (D, g)(b) =0, i.e., D, g=0.

We emphasize that the symmetry property and the g-compatibility uniquely characterizes the
Levi-Civita covariant derivative, i.e., there exists a unique pair of covariant derivative operators V,
and V such that V, is symmetric (i.e., Vob—Vipa = [a,b]) and V, g =0 (i.e., V is g-compatible).
Those V, and V_ are precisely D, and D_ .
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4.5.3 Properties of Ry(B) and R;(b)

On a Riemann or Lorentz MCGSS (U,, g,\), we use simplified notations, the Riemann (2,2)-
extensor field is denoted B — Ry(B) and the Ricci (1, 1)-extensor is denoted b +— Ry (b). These
objects now have three additional properties besides the ones those objects have on a general
MCGSS (U,, g,7). We have

(i) R2(B) is adjoint symmetric, i.e.,

Ry(B) = Ri(B). (4.80)
(ii) R4 (b) is adjoint symmetric, i.e.,
Ry (b) = Ri(b). (4.81)
(iii) The matriz element for the Ricci extensor field is given by the notable formula
Ri(b) - c =0, - p(a,b,c), (4.82)

i.e., the divergent of the curvature operator with respect to the first variable.

4.5.4  Leuvi-Civita Differential Operators

On the Riemann or Lorentz GSS (U,,g,A), we can introduce three differential operators : the
gradient D , the divergent D_ and the rotational DA, acting on smooth multiform fields.
g9 g9

e The gradient of a smooth multiform field X € sec A T*U is defined by
DX =9, (D; X), (4.83)
g9 g9
Le, DX =¢e" (D; X)=c¢u (Do X), where ({e"},{e,}) is a pair of arbitrary reciprocal bases
g9 g9 g9
defined on U,.

e The divergent of a smooth multiform field X € sec AT*U is defined by
D.X =0,4(D; X). (4.84)
g9 g9

e The rotational of a smooth multiform field X € sec A T*U is defined by
DAX =0,N(D]X). (4.85)

The main properties of those operators are:
(i) For any smooth multiform field X € sec A T*U,

DX =D.X+DAX, (4.86)
[ 9

ie, D =Dis+DA.
9 9
(i) For any smooth multiform field X € sec A T*U

mg(& detlgllg~ (X)), (4.87)

DAX =0AX. (4.88)

D.X =
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4.6 Deformation of MCGSS Structures

4.6.1 Enter the Plastic Distortion Field h
Minkowski Metric on U,

Let M be a smooth manifold with dim M = 4. Consider the canonical spaces U and U defined by
local coordinates (U, ¢),, and the canonical dual bases® {b, } and {8"} for U and U, 8"(b,) = é~.
Moreover, we denote the reciprocal basis of the basis {3"} by {5,}, with 8" -8, = ¢#. Note that due
to the identifications that define the canonical space, we can also write that 8", 3, € sec /\1 ™U
for all z € U,.

Recalling Section 2.8.4 we will introduce the smooth extensor field on Uy, say 7 € sec(1, 1)-extU,
defined for any a € sec A' T*U by a — n(a) € sec \' T*U, such that

n(a) = B%B°. (4.89)

The field 7 is a well defined metric extensor field on Uy (i.e., n is symmetric and non degenerate)
and it is called the Minkowski metric extensor”.

The main properties of 7 are:

(i) n is a constant (1, 1)-extensor field, i.e., a - 9n = 0.

(ii) The 1-forms of the canonical basis {3"} are 1 orthonormal (i.e., n(3") - B” = 6*); B° is an
eigenvector with eigenvalue 1, i.e., n(ﬁo) =3° and 8" (k =1,2,3) are eigenvectors with eigenvalues
—1, i.e., n(B") = —B". Then, 7 has signature (1, 3).

(iii) tr[n] = —2 and det[n] = —1.

(iv) The extended of n has the same generator of ), i.e., for any X € sec /\1 U, n(X) = 3°x3°.

(v) 1 is orthogonal canonical, i.e., n = n* (recall that n®* = (")~ = (n~")1). Then, ? = iq4.

Lorentzian Metric

Given a metric tensor g € sec TYM of signature (1, 3), if the (1, 1)-extensor field associated with g
is g and its representative on Uy is g, then g also has the same signature as the Minkowski metric
extensor, i.e., signature(g) = signature(n) = (1, 3). In what follows, g (and its representative g) will
be called a Lorentzian metric extensor field, or simply Lorentzian metric, if the context is clear.
Recalling Section 2.8.4, we know that there exists a (non unique) (1, 1)-extensor field h given by:

3
h(a) =) /M](a-v)B", (4.90)
p=0

where the M € sec /\O T*U and v* € sec /\1 T*U are respectively the eigenvalue fields and the
associated eigenvector fields of g, such that

g=h'nh. (4.91)

6For spacetime structures, as usual the Greek indices take the values 0,1,2,3 and Latin indices take the values
1,2,3.
TWe eventually call 7 the Minkowski metric, when the context is clear.
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The set of 1-forms {v*} define a Euclidean orthonormal basis for V, i.e., v*-v” = 6*”. As we know,
h is not unique and is defined modulo a local Lorentz transformation, i.e., h and h’ = Ah determines
the same g, if A € sec(1,1)-extU is a local Lorentz transformation, i.e., for any a,b € sec /\1 T*U,
Aa) 7~7A(b) =a ; b. In what follows, we call h a plastic gauge distortion field on U,.

4.6.2  On Elastic and Plastic Deformations

The wording gauge is, of course, well justified, since h can only be determined modulus a local
Lorentz transformation. The wording distortion is also well justified in view of Eq.(4.91), h distorts
7 into g. The wording plastic is justified as follows. In the theory of deformations and defects on
continuum media [5], two different kinds of deformations are introduced for any medium that exists

on a manifold M carrying a metric field, say é These deformations are: (i) an elastic one, where
the deformation of the medium is described by a diffeomorphism h: M — M which induces a
deformed metric given by the pullback metric® g = h* é on M and which is used in the definition
of the Cauchy-Green tensor [6], and (ii) a plastic one, where the deformation of the medium is such
that the new effective metric g on M defining distance measurements cannot be described by the
pullback of any diffeomorphism, as in the elastic case. In case (i) we can show that the pullback
D’ = h*D of the Levi-Civita connection D of ,g(.;;, has the same torsion and Riemann curvature
tensors as D, i.e., they are null if D has null curvature and torsion tensors’, whereas in case (ii)
the medium can conveniently be described by a new effective MCGSS with a connection V that is
g compatible (Vg = 0), but that has in general non null torsion and Riemann curvature tensors.

Now, although there exists a distortion field h corresponding to the pullback h* of any diffeo-
morphism [2], there are distortion fields h to which there corresponds no diffeomorphism. Thus,
the wording plastic is justified, even more because we are going to see below that h also deforms
in a precise sense the Levi-Civita connection of é and thus produces a connection on M that is
not compatible with é And, in this sense we can also say that h distorts the parallelism structure
defined by the Levi-Civita connection of é

Construction of a Lorentzian Metric Field on U,

Proposition 4.1 [1] Let h be a (1, 1)-extensor field on Uy, defined by
3
ha) = S Ada) - 4", (192)
pn=0

where p# € sec A’ T*U are positive scalar fields on U, (i.e., p*(z) > 0, for z € Up) and A is an
n-orthogonal (1,1)-extensor field on Uy (i.e., A(v) - A(w) = A(v) - A(w), for all vector fields v and
7 n
w); then, the (1,1)-extensor field g on U, given by

g=h'nh, (4.93)

8Take notice that here h* denotes the pulback mapping.

9This result, which can be easily proven is shown, e.g, in Remark 250 in [4]. We take the opportunity to call the
reader’s attention that in [7] it is presented a theory for the gravitational field where the field g has been identified
as a result of an elastic deformation. Such identification is, of course, incorrect. The arXiv version of the paper
[http://arxiv.org/abs/math-ph/0608017] contains a correction.
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is a Lorentzian metric extensor field (i.e. signature(g) = (1, 3)).
The non null scalar fields (p°)? and — ( B2 —(p ) ,—(p 3) are the eigenvalue fields of g, and the
non null 1-form fields Af(3%) and AT(B8), ,BT([?Q), el (8%) are the associated eigenvector fields of g.

4.7 Deformation of a Minkowski-Cartan MCGSS into a
Lorentz-Cartan MCGSS

Let M be 4-dimensional (with enough structure to be part of a Lorentzian spacetime structure as
defined in Section 1). Let (U4, ¢), a chart for & CM containing O € U and let U, C U be defined
as previously. A MCGSS (U,,n, »), where n is the Minkowski metric extensor on U, and s is a
connection extensor field on U, compatible Wlth 7, is said to be a Minkowski-Cartan MCGSS.

The metric compatibility may be written D oM =0, where D is one of the covariant derivative
operators associated with s¢. Before going on, a crucial observatlon is needed.

Remark 4.3 Note that we did not impose the condition that the manifold M carries a Minkowski
metric field ), as given by Eq.(1.6). If that were the case, we would have M ~ R* which is not
being considered at this moment.

Now, let us recall that the Theorem 4.1 (Eq.(4.50)) implies the existence of a »n-gauge rotation
1)
field, say € such

2l

s2a(b) = S(@) x b= Q(a) x n(b). (4.94)

el
Also, according to Eq.(4.12a), the covariant derivative D, when acting on a smooth 1-form field
is given by

2n 2m
Db=a-0b+ Q(a) xb. (4.95)
"

Remark 4.4 Keep in mind that, in a general Minkowski-Cartan GSS (U,,n, »), Zga is not the
representative of the Levi-Civita connection of 7 and indeed, in general, possesses non null torsion
and Riemann curvature tensors.

We recall that a MCGSS (M, g, V), where M is a 4-dimensional manifold as in the previous
subsection, g is a Lorentzian metric, V is an arbitrary metric compatible connection on M, i.e.,
Vg = 0. It is said to be a Lorentz-Cartan MCGSS. Let U,, g, and v be as defined previously. We
recall that we agreed in calling also (U,, g,7) a Lorentz-Cartan MCGSS.

Y9
The compatibility between g and v may be written as V, g = 0, where V is one of the covariant
derivative operators associated to ~.

The Theorem 4.1 implies in this case the existence of a yg-gauge rotation field Z}g(a), such that

1u(b) = 397 a- 09)(0) + Bla) x b= 597 (@ 09)0) + Bla) x g0).  (4.96)

Y9
According to Eq.(4.12a), the covariant derivative V,, when acting on a smooth 1-form field, is
given by

Vb = a- b+ %gfl(a .0g)(8) + (a) x b. (4.97)
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4.7.1 h-Distortions of Covariant Derivatives

y Y9
Theorem 4.2. The operators Vi and V of the Lorentz-Cartan GSS are related with the operators
P2 P
D, and D, of the Minkowski-Cartan GSS by

Vib = h~Y(Doh(b)), (4.98)
Vb — bt (D, B* (b)), (4.99)

where h is the plastic distortion field introduced above such that g = thh.
In order to prove the Theorem 4.2 we shall need the results of the following two lemmas.
1 1

1
Lemma 4.1 Let (V,, V) be any pair of associated covariant derivative operators, i.e., V, and
1

Vi

satisfy Eq.(4.18),
1 1
a-9(b-c)=(Vyb)-c+b-V,c. (4.100)

2 2
Then, the pair of covariant derivative operators (V, V), defined by

%ab = h’l(%ah(b)), (4.101)
Vng = h*(vlgh"(b)), (4.102)

where h is a smooth invertible (1, 1)-extensor field is also a pair of associated covariant derivative

2 2
operators, i.e., V, and V satisfy Eq.(4.18),
2 2
a-0(b-c)=(Vgb)-c+b-(V;e). (4.103)

1 1
Proof Given that V, and V; are well defined covariant derivative operators they satisfy
2

2
Eqgs.(4.13), (4.14) and (4.15). Then, a simple algebraic manipulation shows that V, and V also
2

2
satisfy those same equations. Thus, V, and V are also well defined covariant derivative operators.
On the other side, using Eq.(4.18), we have

1 1
Vah(b) - h*(c) + h(b) - V; h*(c) = a- d(h(b) - h*(c)),
and after some algebraic manipulations, using Eqgs.(4.101) and (4.102), we get

h*l(%ah(b)) c+b- h*(vlgh*(c)) =a-8(h 'h(b)-c)

2 2
(Vgb)-c+b-Vic=a-9(b-c).
2 2 2 2
We see then that V, and V also satisfy Eq.(4.18), i.e., (V,, V) is a pair of associated covariant
derivative operators. m
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1 2

Lemma 4.2 Let h be a plastic distortion field such that g = hinh, and let V; and V; be a

pair of associated covariant derivative operators acting on the module of the smooth (p, ¢)-extensor
fields. Then

2 1
V. g=h'(V;n)h. (4.104)

Proof Indeed, according to the Eq.(4.19b),utilizing Eqgs.(4.101) and (4.102) and also taking into
account the Lemma 4.1, we have

2 2 2 1 1
(Vs g)(b) = V; g(b) — g(Vab) = h'V; h*hinh(b) — hinhh~'V  h(b)

— B (V; nh(b)) - 4(Vah(b)) = b (Vo0)h(b),

2 1
ie,Vog=h'(V;n)h =
1 1 2 2
Eq.(4.104) shows that if V is n-compatible (i.e., V7 = 0) iff V is g-compatible (i.e., Vg = 0).
1 1
Or, in other words, the operators V, and V are covariant derivative operators on the Minkowski-

2 2
Cartan MCGSS ift V, and V are covariant derivative operators on the Lorentz-Cartan MCGSS.

Proof of Theorem 4.2 The theorem follows at once from Lemmas 4.1. and 4.2 using the
identifications:

»n 1 P 1 Yg 2 Yg 2
Dy=Vye, D, =V, andV, =V,,V, =V, . &

4.8 Coupling Between the Minkowski-Cartan and the
Lorentz-Cartan MCGSS

Proposition 4.3 There exists a smooth 2-extensor field on Uy, such that for all a € sec /\1 T*U,
there exists f, : sec A' T*U — sec \' T*U, b — fo(b), which is n-adjoint antisymmetric 1° (i.e.,
fo=— ;(n)), such that

Y9 gl 1.m
hw(a) = Q(a) + §b1f[fa]. (4.105)
Such a 2-extensor field is given by the formula

fa(d) = (a- Oh)h™ 1 (b) — %nh"‘(a -9g)h™ 1 (b). (4.106)

The proof is a simple calculation.

10The g-adjoint (or metric adjoint) of a (1,1)-extensor t is the (1,1)-extensor 1 = gotf o g1
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4.8.1 The Gauge Riemann and Ricci Fields

Let (a,b,¢) — p(a,b,c) and (a,b,¢) — p(a,b,c) be the curvature operators of the MCGSS’s
#n

(Uo,m, 2) and (U,, g,7) as previously defined and (a,b,c,w) — Rs(a,b,c,w) and (a,b,c,w) —

9
Rs(a,b, c,w) the corresponding Riemann 4-extensor fields.
1

-
Let B — Ry(B) and B — Rgg(B) be the Riemann 2-extensor fields of (M, n, ») and (M, g,7).
We related p'(a, b, ¢) with (a, b, c), using Eq.(4.98). Indeed,

Plab,c) = [V, Vile — Viaye
= h™([Da, Dyh(c) — Dy ph(c))
Pla,b,c) = h~(5(a, b, h(c))). (4.107)

el ¥
We relate Rs(a,b, ¢, w) with Iig(a, b, c,w), using Eq.(4.107). Indeed,

ﬁgg,(a, b,c,w) = —p(a,b,c) - glw)
= —h '(7'(a,b, h(c))) - hinh(w)
= —"p'(a, b, h(c)) - nh(w)

Ry (a, b, ¢, w) = Ry(a, b, h(c), h(w)). (4.108)

#n Y
We related Rz (B) with Rgz(B)7 using the factorization of Rs, and the Eqs.(4.69) and (4.108).
Indeed,

Ro(anb) - (cAw)

— Ry(a,b, ¢, w)

— Ri(a, b, h(c), h(w))

— Ro(a Ab) - (h(c) A h(w))

»n
=h'Ry(a AD) - (cAw),

which implies

9 1
Ra(aAb) = h'Ry(a AD),
ie.,

Y9

R(B) = h' Ry(B). (4.109)
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s n »n
Now we get pn(a7 b,c) and Ry(a Ab) in terms of the sn-gauge rotation field Q of the Minkowski-
Cartan structure. For p'(a,b, c), we have (recalling Eq.(4.95)):

'(a,b,¢) = [Da, Dylc — Dy pc

— (a-0Q(b) —b-00(a) — Q([a,b]) + 2 (a) x Q) <
Tarb,e) = ((a-0Q)b) — (b-9Q)(a) + Q(a) x Q) e (4.110)

#n
For Ry(aAb), using the factorization theorem for Rg, Eq.(4.69),the Eq.(4.110) and the multiform
identities B x b = BLb and (BLb) -a = B - (a Ab), with B € sec A’ T*U and a,b € sec \' T*U, we
9 9 9 9

g
have:

>

5
Ra(aAD) - (c Aw) = Ra(a, b, c,w)
= —}Zn(a,b, ¢) - w
n

s

— ((a-0Q () —b-0Q(a) — Q([a,b]) + Q(a) X Qb)) x0) ;v
— (-0 (b) —b-00(a) — Q([a,b]) + O(a) X Q) - nleAw)
Relabeling ¢ — n(c) and w — n(w), and recalling that n? = i,4, we have

xn >

Ro(anb)-n(cAw) = (a-00(b) —b-09(a) — 2 (ja,b]) + (a) X Qb)) (A w),

which implies that

>

nRa(a Ab) =a -0 () —b-09(a) — O ([a,b]) + O (a) x Qb). (4.111)

4.8.2 Gauge Extensor Fields of a Lorentz-Cartan MCGSS (U,, g,7)

We will introduce now three smooth gauge extensor fields on U, obtained from the Minkowski-
Cartan MCGSS (U,,n, »), and which encode all the information encoded in the Lorentz-Cartan
MCGSS (U,, g,7), where g = h'nh. First, we define

~Yh
(i) The (2, 2)-extensor field, B — Rq(B), given by

yh #n

R2(B) = nRa(B), (4.112)

which is called the Riemann gauge field for (U,, g,7), and the reason for that name will be clear in
a while.

Yh
(ii) The (1, 1)-extensor field, b — R4 (b), given by

Ro(b) = h*(9,) Rala A D), (4.113)
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called the Ricci gauge field for (U,, g,7).
~Yh
(iii) The scalar field R, given by by

Yh Yh Yh
R =h*8,) - Ri(b) = h*(9a A D) - Ra(a A D), (4.114)
called the gauge Ricci scalar field for (Us,, g,7).
Yh
(iv) The (1, 1)-extensor field, a — G (a), given by

Yh Yh

G(a) = Ry(a) - %h(a)R, (4.115)

called the FEinstein gauge field for (U,, g,7).
Proposition 4.5 The Riemann gauge field has the fundamental property

Yh un »mn un > Esl)
Ro(aAb)=a-0Q(b)—b-002(a) — Q([a,b]) + Q(a) x Q(b) (4.116)
7
Proof Eq.(4.116) follows immediately from Eq.(4.112) and Eq.(4.111). =

i ~Yh
Proposition 4.6 The Ricci scalar field Rg (associated with (U,, g,7)) is equal to R, i.e.,

Y9 Yh

R=R (4.117)
Proof By a simple algebraic manipulation of Eq.(4.70) and using the Theorem 4.1, Eq.(4.109)
and Eq.(4.110), we get that

9

9 P2
R =g Y8, A3y - Ra(a AD) 'nh* (9, A Op) - k' Ra(a A b)

227
2t h
“(0u A Oy) - nRa(a A D) = B* (9 A D) - Ra(a A D),

Y9 Yh
ie., by BEq.(4.114), R=R. m

-
Proposition 4.7 The Ricci (1, 1)-extensor field, b — Rgl(b)7 and Einstein (1, 1)-extensor field,
v
a +— é(a), associated to the Lorentz-Cartan MCGSS (U,, g,7) are related to the gauge fields
Yh Yh
b— R1(b) and a — G(a) by

Ry (b) = hinR,(b), (4.118)
G(a) = hinG(a). (4.119)

Proof By simple algebraic manipulation of Eq.(4.70), using Eq.(4.109), Eq. (4.112), Eq.(2.47)
and Theorem 4.1, we get that

Y9

Ry(b) = g~ (9a) sRo(a A D) = g~ (8a) sh! Ra(a A D)
-1 tR f “1h* (9. R
=g (04)sh'nR2(a Ab) = h'n(nhh™ " nh™ (0,) Ra(a A b))

— htn(h™(9,)Ra(a A b)),
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y i
and recalling Eq.(4.113), we have that Rgl (b) = h'yR(b).
Also, putting Eqgs.(4.118) and (4.117) in Eq.(4.73), and using Theorem 4.1, we get

Y9 Yh

Gla) = Raa) — So(a) = hinRi(a) — Sg(a)R

Yh Yh

= iRy (a)  Shinh(@)R = h'n(R(a) - Sh(@)R),

v Yh
and recalling Eq.(4.115), it follows that é(a) = h'nG(a). m

The last results may be interpreted by saying that the plastic distortion field h exisitng on the
Minkowski MCGSS (U,,n, 3) deforms its natural parallel transport rule, thus generating (U,, 1, 5),
a Minkowski-Cartan MCGSS''. Equivalently, we may say that the field h generates an effective
Lorentzian metric (extensor) g and that the Lorentz MCGSS (U,, g,) is gauge equivalent to the

Minkowski-Cartan MCGSS (U,,n, »). This is the case because the Riemann gauge field %(B)
encodes all the information contained in the Ricci (1,1)-extensor field ﬁgl (a), in the Ricci scalar
field ’]y%sfl and in the Einstein (1, 1)-extensor field g(a) of the Lorentz-Cartan MCGSS. Moreover, we
have the following proposition.

Proposition 4.8 The Ricci scalar field % (= }?f) is a scalar h*®-divergent of the Riemann gauge
field Ra(B), i.c.,

Yh

R = b (s A Dy) - Ra(a A D)

B0 ADy) - (a-0Q(B) —b-09(a) — Q((a,b]) + (a) x G (8)
R =B (0 Ab) - ((a-00)(b) — (b-0Q)(a) + ©(a) x (b)), (4.120)
n

The proof of Proposition 4.8 follows trivially from the previous results.

Yh

Remark 4.5 Proposition 4.8 shows that R may be interpreted as a scalar functional of the
=

plastic gauge distortion field h an the »m-gauge rotation field Q (and their directional derivatives

1)
-08)). However, to get a simple theory for the gravitational field we need an additional result which
is valid for a Lorentz MCGSS (U,, g, \)

4.8.8 Lorentz MCGSS as h-Deformation of a Particular Minkowski-Cartan
MCGSS
Let (M,g, D, 7,,1) be a Lorentzian spacetime structure as defined in the beginning of Section 1.

We already called the triple (M, g, D) Lorentz MCGSS. As in the previous sections, let U C M, U
be the canonical vector space, and U, C U the representative of the points of /. Moreover, let g be

11The way in which D, and Dq are related is a particular case of the way that two different connections defined
on a manifold M are related, see details, e.g., in [4].
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the metric extensor on U, (which represents g) and A the connection 2-extensor on U, representing
the de Levi-Civita connection D. Under those conditions, we also say that (U,, g, A) is a Lorentz
MCGSS.

Observe that the Lorentz (U,, g,\) MCGSS is a particular Lorentz-Cartan MCGSS (U,, g,7)
where the connection 2-extensor field is v = A (the Levi-Civita connection 2-extensor field).

Let D, be the covariant derivative operator defined by (U,, g, A) and let a, b € sec /\1 T*U. Under
those conditions, we shall use the following notation (recall Eq.(4.97))

1
D,b=a-0b+ ngl(a-ﬁg)(b) +w(a) x g(b), (4.121)
where the g-gauge rotation field w of the (U,, g, \) GSS is given by the formula [2]
1
w(a) = —5_9*1(8;, A 9.)A(a, b, c), (4.122)

where

1 1
Aa,by¢) = a- (b-9g(c) —c- 0g(b) — g([b,])) = 5a- (b~ dg)(c) — (c- 0g)(b)), (4.123)
is a scalar 3-extensor field (obviously antisymmetric with respect to the second and third variables).
If g = h'nh, then, according to the Theorem 4.3 we may interpret the Lorentz MCGSS (U,, g, \)
as a deformation of a particular Minkowski-Cartan MCGSS, which will be denoted by (U,, 7, ).
Indeed, in this case we have the following result:

Proposition 4.9 [1] If the covariant derivative operator defined by (U,,, ) is denoted D, then
Dub=h"'(D,h(b)), (4.124)

where
Dob:=a-0b+ Qa) xb (4.125)
n

and the n-gauge rotation operator  of the Minkowski-Cartan (U,,n, pt) is given by
1
Qa) = 75271(81, Ad)[a, k=1 (b), h™ (c)], (4.126)

where [a, h™*(b), h™"(c)], which has been defined by Eq.(4.42) is the first Christoffel operator asso-
ciated to the Lorentz metric extensor g = thh.

Remark 4.6 It is absolutely clear from the above formulas that the biform field Q(a) may
be interpreted as a biform functional of the plastic distortion gauge field h of its first directional
derivatives -0h and of its second order directional derivatives -9 - 0h. It is that result that, summed
to the one recalled in Remark 4.5, permits us to formulate a gravitational theory on Minkowski
spacetime, where this field is the plastic distortion field h. This is, indeed, the case because if R

is the curvature scalar in Einstein’s GRT (the same as R in the Lorentz GSS (U,, g,))), then
A Ah
according to Eq.(4.117) (where now v = A), R = R =R is a scalar functional of h*®, -Oh* and

.0 -0Oh*.
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5

Gravitation as Plastic Distortion of the Lorentz
Vacuum

ABSTRACT In this chapter we will introduce some notation in Section 5.1 and, then, in Section
5.2 we will present the Lagrangian for the free gravitational field h* : sec /\1 T*'U — sec /\1 TU.
In Section 5.3, dedicated to the derivation of the equation of motion for h* that follows from a
variational principle, we will see the power of the mathematical methods developed in Chapters 2,
3 and 4. In Section 5 we will present the Lagrangian for the gravitational field plus a matter field
which includes also a cosmological constant term and, then, will derive the equations of motion for
the gravitational field.

5.1 Notation for This Chapter

The Remark 4.6 clearly reveals the way that the dynamics of the plastic gauge deformations h*
of the Lorentz vacuum must be described in a world that unless experimental facts (and none
exists now, for the best of our knowledge) demonstrate the contrary, must be described by an event
manifold M ~ R*. We elaborate this point as follows.

Let (M =~ R4,77,D,7',7,T) be the structure representing Minkowski spacetime as defined in
Chapter 1. In our theory, we suppose that all physical fields and/or particles live and interact
in the arena defined by Minkowski spacetime. Now, let (M ~ R* g, D, ,,1) be a Lorentzian man-
ifold that as we know represents a particular gravitational field in Einstein’s GRT. Moreover, let
7' ,g € secT¢M be the metric tensors on the cotangent bundle such that, in the global chart with
global coordinates ' {x®} associated to a chart (M, ¢),, where

N =1Napdx® ®dx’,  g= gapdx® @ dx” (5.1)

1Called coordinates in the Einstein-Lorentz-Poincaré gauge.

V.V. Ferndndez and W.A. Rodrigues Jr., Gravitation as a Plastic Distortion of the Lorentz Vacuum,
Fundamental Theories of Physics 168, DOI 10.1007/978-3-642-13589-7_5,
(© Springer-Verlag Berlin Heidelberg 2010
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we have
, of 0 0 of 0 0

T o Yo BT o Y o
with nam]ﬁ” = J; and gaggﬁ” = 47. Let also ) be the extensor field corresponding to 7, i.e.,
' (dx®,dx®) = n(dx®) - dx” (5.3)
where in Eq.(5.3) the symbol - denotes the canonical scalar product on M ~ R4, i.e., dx®-dx® = §°8.
Since M ~ R*, using the global coordinates {x®}, we have immediately that M ~ U, ~ U (where
U, and U are as previously introduced) and the equivalence classes of the dx* are 9% := [dx?],
which {9°} defining a basis? for U.
Its reciprocal basis will be denoted by {¢,}. In this case, given a smooth invertible extensor field
h :sec /\1 TM — sec /\1 TM its representative on U is the smooth extensor field h : sec /\1 U —
sec /\1 T*U. Recall, moreover, that the metric tensor g is represented on U by the extensor field
g:sec \' T*U — sec \' T*U,

(5.2)

g=h'nh, (5.4)
whereas the representative of g is
g '=h"1pn 11 (5.5)
with (for x €U and = € M, x = ¢(x))
-1 a B ._ B
g ’x (19 ) 97 = g(dxaadx )|ac’ (56)

In what follows, we present a gravitational theory where that field which exists in Minkowski
spacetime is represented by smooth invertible extensor field h : sec A' T*U — sec A\' T*U describing
(where it is not the identity) a plastic deformation of the Lorentz vacuum, putting it in an ‘excited’
state which may be described by Minkowski-Cartan MCGSS (M, 7, ), which, as we already know,
is gauge equivalent to the Lorentz MCGSS (M, g,v). We will give the Lagrangian encoding the
dynamics of h and its interaction with the matter fields and will derive its equation of motion.

5.2 Lagrangian for the Free h* Field

Under the conditions established above we postulate that the dynamics of the gravitational field h :
sec /\1 T*U — sec /\1 T*U is encoded in the following Lagrangian, which using notations introduced
in the previous section, is written as®

[h*,.0n*, .0 - 0h*] — £.,[h*, -0n* .0 0h*) .= %R det[h], (5.7)

Ah
where recalling Eq.(4.120) and Eq.(4.126)) we see that R = R may indeed be expressed as a scalar

functional field of extensor variables h*, -Oh®, and -0 - 9h*, i.e.,

R =h"(9a ADy) - Ra(a AD)

=h"(0a A\ Oy) - (a- 0(2b) — b - 0Q(a) — Q[a, b]) + Qa) X Q(b)), (5-8)

2The canonical reciprocal basis of {9} of U is denoted by {¥a}. The basis {94} of U is defined by the condition
9 . X 95 =9 -9 = 65- It may be called the n-reciprocal basis of {9%}.

n- n

3The notation £ is used because it is equivalent to the Einstein-Hilbert Lagrangian.
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where the biform field Q(a) given by Eq.(4.122), is also expressed as a functional for the extensor
fields h*, -9h* and -9 - 9h*.
To continue, we must express det[h] as a scalar functional of h"'also, ie.,

1
det[h] = . 5.9
(b det[h*®] (5:9)
The action functional for the field h* on U is
A= / Lon[h*,-0n*, .9 . on*) 7
U
1
_1 / R det[h] T, (5.10)
2 Ju

where 7 is an arbitrary Euclidean volume element, e.g., we can take 7 = dx® A dx' A dx? A dx>
Let 6% be the variational operator with respect to h* in the direction of the smooth (1,1)-
extensor field w, such that wl|y,;, = 0 and -0w|,, = 0.

5.3 Equation of Motion for h*

As usual, in the Lagrangian formalism we suppose that the dynamics of h*is given by the principle
of stationary action,

6% [ Lon[h™* -0n* .0 on*)r :/ 8% (R det[h]) 7 =0, (5.11)
U U

which implies a functional differential equation (Euler-Lagrange equation) for h* that we now
derive.

As is well known the solution of that problem implies the use of variational formulas, the Gauss-
Stokes theorem (for star shape regions), i.e.,

/8~a7’=/ 9 a7, (5.12)
U ou

where 7, are 3-form fields on the boundary U of U, a is a smooth 1-form field and also a funda-
mental lemma of integration theory, which says that if fU A- X 7 =0 for all multiform field A then
the X = 0.

Before starting the calculations, we recall from Section 3.8 that any variational operator 8}’
satisfies the following rules. Let ®, ¥ be arbitrary multiform functionals of the extensor field .
Moreover, let F be a scalar functional of the extensor field ¢ with a a smooth 1-form field and ¢ an
arbitrary function. Then:

51(B[t] + WI]) = (61 B[t]) « W[e] + B « (57 V[r), (5.13)
0, t(a) = w(a), (5.13b)

8, (a-0P[t]) = a- 0(8,D[t]), (5.13c)
6 (K [t]) = ¢ (F[t(8F [t]), (5.13d)
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where in Eq.(5.13a) % denotes (as previously agreed) any of the multiform products.
Using Eq.(5.13a) in Eq.(5.7), and taking into account Eq.(5.8), we get
Y (h* (04 A 83) - Ra(a Ab)det[h]) = (6% h™® (0. A Dy)) - Ra(a A b) det[h]
+h*(0, A 0y) - (854 R2(a A D)) det[h]
+ h*(9, A dy) - Ra(a A D) (8% det[h]). (5.14)

Next we will obtain a functional identity for the scalar product in the first term of Eq.(5.14). We
have,

(8% h* (0, A 3y)) - Ra(a A D)

— (674 h*(9.) A h*(3,) + h*(0,) A 6,2 h*(,)) - Ra(a A b)
= (w(0a) A B* (D) + B*(0a) A w (D)) - Ra(a N D)

= (w(9a) AB*@y)) - Ra(a A D) + (B*(02) A w () - Ra(a AD)
= (h*(8,) Aw(0a)) - Ra(b Aa) + (h* () Aw(8a)) - Ra(b A a)
= 2(h* () Aw(8,)) - Ra(b A a)

= 2w(8,) - (W™ (9p) Ra(b A a)),

—~

ie.,

(6% h* (0, A 8y)) - Ra(a Ab) = 2w(d,) - Ri(a), (5.15)
where we used Eq.(5.13a) in the form 8" (®[¢(]AP[t]) = (6} @[t])AC[t]+P[E])A (6 T[E]), Eq.(5.13b)
and Eq.(4.113) which defines the Ricci gauge field.

Next we will obtain a second functional identity for the scalar product in the second term® of

Eq.(5.14),
h* (9, A 8y) - 6% Rala Ab) = h* (9" A 9") - 6% R2(9, AD,)

— B* (9 A 9Y) - 8l (0, - 00(0,)
= U OUIp) + Q) X O(D,))
= h* (" N 9") - (9, - 08,2 00,)Q(V,)
-9, - 35;‘}4.
+B5a0D,) X UD) + D) X Sa02))
= h* (" A 9") - (Dy, 870 0(V))
— Dﬁy&lﬁ*g(ﬁ )
= 2h* (9" N9¥) - Dy, 5% Y,
= 2h*(9") - (B*(9") Dy, 512 0(9,))
= 2h*(9”) - DL6%Q(0,). (5.16)

4Keep in mind that {9} is the canonical reciprocal basis of {9}, i.e., 9* - ¥, = d5.
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In these equations, we essentially used Eq.(5.13¢) once more and Eq.(5.13a), this time in the form,
0 (®[t] x W[t]) = (67 @[t]) x P[t] + @[t]) x (6, ¥[t]), and the definition of the gauge divergent
n 7 n

D.X = h"(@a)_nDaX , where D, is the covariant derivative operator, which applied on a smooth
multiform field X gives
Do X :=0a-0X 4+ Qa) x X. (5.17)
n
We may also write the right hand side of Eq.(5.12), which is a scalar product as the scalar
divergent of a smooth 1-form field, using the following identity (which is easily obtained if we take
Eq.(4.87) into account),

D.X = detl[h}g(aJdet[h}yl(X)). (5.18)
We then have
B4(9")- D.6Ja00,) = BH(9") - ot b den B (613 0(0,)
— detl[h} 9. (det[H)h (65 Q(0,)
- detl[h}ﬁ (9739, - O(det[Hh 1 (55%.2(0,)))
_ detl[h} (9" A9Y) -0, - O(det[ Il (6% 92(0,))
:_detl[h] (O A D) -9, - O(det[B]h (5% Q)
_ *detl[ 0 (0" 10, - (et BB~ (514 0(1,)))
_ det[ Gy O 00 et B (612 00.))
_ _detl[h]a- (det[H]8” sh~ (8%9(8,)).
| h*(9”) - DL85%.Q(0,) = —detl[h]a-(det[ 003k (6% 9(a)). (5.19)

Now, putting Eq.(5.19) in Eq.(5.16), we get an analogy of the well known Palatini identity, i.e.,

h* (9 A D) - 6% Ra(a A b) = 8 - (det[h)0,h~ " (8% Q(a))). (5.20)

1
det[ ]

Next, we calculate the variation of det[h] with respect to h* in the direction of w. In order to do
so, we use the chain rule given by Eq.(5.13d) and the variational formula (recall Eq.(3.68))

8 det[t] = w(8y) - t*(a) det[t], (5.21)
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which permits us to write

et = s
= m %, det[h*®]
mw(aa) . h(a) det[B*]
= ) )
%, det[h] = —w(@,) - h(a) det[h]. (5.22)

Finally, using Eqs.(5.15), (5.20) and (5.22) in Eq.(5.1

4) we get the variation with respect to h*®
in the direction of w of the Lagrangian given by Eq.(5.7),

(R det[h]) = 2w(d,) - R1(a) det[h]
Q%H&(det[h]@wh (8% (a))) det[h]

—b*(0, A\ 9y) - Ra(a A b)(w(0a) - h(a) det[h])
2u(Da) - (Ra(a) ~ Sh(a)R) det[B])

(

(

2w(d,) - (20 (det[h]@aJQ_l(éw.'.Q(a)))
8a) - G(a) det[h] — 20 - (det[h]0, sh ™ (6% Q(a))). (5.23)

0, (R det[h]) = 2w

In the last step we recalled the definition (Eq.(4.115)) of the Einstein gauge field G for the particular
case of the Lorentz MCGSS.
Taking into account Eq.(5.23), the contour problem for the dynamic variable h* becomes

/ w(Ba) - G(a) det[h] T—/ 9 - (det[B0n b~ (6% 0(a))) T = 0, (5.24)
U U

for all w satisfying the boundary conditions w|,;, = 0 and a - dw|,y, = 0.
Then, using the Gauss-Stokes theorem with the above boundary conditions the second term of
Eq.(5.24) may be integrated and gives

/ - (det[h]@yuh™ ' (8% Q(a))) T
U

= [ det[h]9" - (0,sh™ " (6!%(a))) T, = 0, (5.25)
oU

since under the boundary conditions w|,,; = 0 and a - Qw|,,; = 0, it is 511"14. Q(a) = 0.
Thus, using Eq.(5.25) in Eq.(5.24) it follows that

/Uw(aa) -G(a)det[h] T =0, (5.26)



5.4 Lagrangian for the Gravitational Field Plus Matter Field Including a Cosmological Constant Term 81

for all w, and since w is arbitrary, a fundamental lemma of integration theory yields

G(a) det[h] = 0, (5.27)

1
G(a) =Ri(a) — ih(a)R =0, (5.28)
which is the field equation for the distortion gauge field h.
If we recall the relation between the Einstein (1, 1)-extensor field, a — G(a) and the Einstein
gauge field, a — G(a), (i.e., G(a) = h'nG(a)), we get
G(a) =0, (5.29)

which we recognize as equivalent to the free Einstein equation for g.

5.4 Lagrangian for the Gravitational Field Plus Matter Field
Including a Cosmological Constant Term

Since cosmological data seems to suggest an expansion of the universe (when it is described in
terms of the Lorentzian spacetime model), we postulate here that the total Lagrangian describing
the interaction of the gravitational field with matter is®

£ = Lep + Adet[h] + £, det[h], (5.30)

where A is the cosmological constant and where £,, is the matter Lagrangian. The equations of
motion for h are obtained from the variational principle,

1
/ 51 (3R + A+8,,) det[h] 7= 0. (5.31)
U
Then, we get, defining conveniently the energy-momentum extensor of matter T'(a) by

(w(8a) - 7h*T(a)) det[h] := 6% (L, det[h)), (5.32)

that
Ri(a) — %h(a)R — Ah(a) = —nh*T(a). (5.33)

Multiplying Eq.(5.33) on both sides by th we get:
G(a) — \g(a) = —T(a). (5.34)

5Note that we are using geometrical units. The matter Lagrangian density is normally written as £, = —kL,,
where kK = —87 G, where G is Newton’s gravitational constant.
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Gravitation Described by the Potentials
g" = h'(9)

ABSTRACT In this chapter, we will define in Section 6.1, the gravitational potentials g€ sec /\1 T"U,
a = 0,1,2,3 as a result of a distortion by hfof a ‘cosmic lattice’ characterizing the ground state
of the Lorentz vacuum. Then, in Section 6.2, we will deduce from the Lagrangian for h* (which includes
a cosmological constant term) introduced in Chapter 5 the Lagrangian density for the potentials g<.
The structure of this Lagrangian, is indeed, very interesting, it contains a term of the Yang-Mills type,
a term (that for obvious reasons) we called a gauge fixing term and one which express the interaction of
the ‘vorticites’ g% A dga of the fields g* with themselves. Section 6.3 deduces two possible expressions
for the energy-momentum conservation law in our theory and Section 6.4 deduces a total angular
momentum conservation law for out theory that includes the spin angular momentum of both the
gravitational field and the matter fields. In Section 6.5, we will deduce the wave equations satisfied
by the gravitational potentials in the effective Lorentzian spacetime generated by the gravitational
field.

6.1 Definition of the Gravitational Potentials

Let {x*}be global coordinates in the Einstein-Lorentz Poincaré gauge for M ~ R*and write, as
above

9" = dx, (6.1)

Then

N = Napd® @ 9°. (6.2)

V.V. Ferndndez and W.A. Rodrigues Jr., Gravitation as a Plastic Distortion of the Lorentz Vacuum,
Fundamental Theories of Physics 168, DOI 10.1007/978-3-642-13589-7_6,
(© Springer-Verlag Berlin Heidelberg 2010



84 6. Gravitation Described by the Potentials g* = h'(9%)

We define next, the gravitational potentials

g" = h'(9") € sec /\1T*U, (6.3)
and immediately have that
o g? = h'nh*g™ . g = nh*g> . h*g? (6.4)
— h*go - h*g? =
=9 o 97 = 9> 7-7195 =08, (6.5)

i.e., the g# are g~ !-orthonormal, which means that {g"} is a section of the g~!-orthonormal coframe

bundle of (M =~ R* g). Recalling now Eq.(4.117) which says that R = R= R, we can write the
gravitational Lagrangian (Eq.(5.7)) as

1
Lep = iRdet[h], (6.6)
and the Lagrangian density Lep, = £, 7 is then

1
Lep = é{h*(aa A Bp) - Ra(a Ab)} det[h]r
1, & xn
= E{h (0 N Op) -nRa(a Ab)}1,, (6.7)
where we have used the fact that 7, = det[h]r and Eq.(4.112), which says that Rq(a A b) =
un
nRa(a Ab). Now, we write the 1-form fields a,b and the multiform derivatives 9,, 0, as
a=a"g., b="0"g,,

d o
0a=8"5 2. O =9"5=.

(6.8)

Then, using Eq.(6.8) in Eq.(6.7) and taking into account Eq.(4.111) which says that IL]{(B) =
Ag »n
R(B) = h'Ry(B) we get
&K L i
2Len = {h%(g" N g") - nR2(gx A 8.)}T,

_ & K 2 L) Tlm

= {h%(g" Ag") - nh"h'Ry(gx A g.)}7,

S ES NN Yo ¢ to

={h™ nh™(g" N g) - hyRa(gx A g.)}

9
= {h™'nh*(g" A ") - Ra(g. A ),
9
{(g"ng") - Ra(ge Ag)}r, (6.9)
9

INote that, in the calculations of this section, we used the g reciprocal basis {ga } of the basis {g}, i.e., g © o =
-

Sk, ie., ga = hin(Wa) = nasg’.



6.1 Definition of the Gravitational Potentials 85
We now recall that from Eq.(4.69), it is

Ry(g. N @) = Res (6.10)

where Ry, : U — /\2U are the representatives of the Cartan curvature 2-form fields. Then,
recalling the definition of the Hodge star operator (Eq.(2.96)) we can write

1
Lep = 5{(9»@ Ngh) i Ri}T,

o

1
= E(g“ ANg) ARy, (6.11)
g9
Now, L, may be written, once we realize that the connection 1-forms can be written as
1

W =2 |g°.dg” — g7 .dg’ + g7 1 (g5Jdga> ga] (6.12)

2 9 [ 9 [

s 1 1 1
Loy = _Edga A *dge + 559“ A*x0gq + ng“ A ga A *(dg® A gg) — d(g® Axdgg) (6.13)
g9 g9 99 g9 g9

where d is the differential operator and ¢ is the Hodge coderivative operator given by a r-form field
9

A, by (see e.g., [1])
§A, = (=1)" % tdx A,. (6.14)

g9 g9 g9
The proof of Eq.(6.13) is in Appendix D. Writing
1 1 1
Ly, = —=dg® Axdga + =0g% Ax0ga + —dg® A ga A *(dg’ A gp) (6.15)
2 9 2 9 99 4 9

and taking notice of an important identity [2]

1 1 1
——dg® Axdge + =0g% Axdga = —=(dg® A g°) A x(dgs A ga), (6.16)
2 [ 2g 99 2 9
we can write Eq.(6.15) as
1 1
Ly = —i(dga A g7) A x(dgs A ga) + nga A ga A x(dg’ A gp) (6.17)
9 9

Using Eq.(2.94) and Eq.(2.101), we can write:

(dg™ A g%) A x(dga A gs) = (dg® A g?) A BT« h*(dga A gs)
g n

= hi[h*dg® A h*g® A xh*dg, A h*g). (6.18)
n
6.19)
(dg™ A ga) A t(dgﬁ Agg) = h'[h*dg> A h*g, A ;Q"‘dgﬁ A h"'gg)]. (6.20)

and write 2L, = &"’EQ as

1
2Ly = — (Q"'(g“ Ae?) - b*(dga A o) — SB*(d” Aga) - b*(dg” A 95)) 7 (6.21)
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Remark 6.1 A careful inspection of the Lagrangian density given by Eq.(6.15) reveals its re-
markable structure. Indeed, the first term is of the Yang-Mills kind and the second term may be
called a gauge fixing term, since, e.g., §g* = 0 is analogous of the Lorenz gauge in electromagnetic

[

theory. Finally, the third term is an auto-interaction term, describing the coupling of the vorticities?
(dg® A ga) of the fields g*. One way of saying that is: the distortion field h puts the Lorentz vacuum
medium in motion. That motion is described by g¢ = hT(ﬁa), saying that the deformed cosmic
lattice h'(9%) is in motion relative to the ground state cosmic lattice which is defined (modulo a
global Lorentz transformation) by {9“}.

Remark 6.2 In the gravitational theory, with the Lagrangian density given by Eq.(6.15), no
mention of any connection on the world manifold appears. But, if some one wants to give a geomet-
rical model interpretation for such a theory, of course, the simple one is to say that the gravitational
field generates a teleparallel geometry with a metric compatible connection defined on the world
manifold by? V.. g® = 0, V"g = 0. For that connection, the Riemann curvature tensor is null
whereas the torsion 2-form fields are given by ©% = dg® (i.e., the gravitational field is torsion in
this model). Only on second thoughts, someone would think to introduce a Levi-Civita connection
D on the world manifold such that D;Qgﬁ = ngng, D~g = 0, for which the torsion 2-forms
0% = dg® +wj Ag? = 0 and the curvature 2-forms Rf = dwi +wi Awg # 0. However, since history
did not follow that path, it was the geometry associated with the Levi-Civita connection that was
first discovered by Einstein and Grossmann. More on this issue may be found in [4] .

Remark 6.3 Eq.(6.21) expresses L}, as a functional of h* and uses only objects belonging to
the Minkowski spacetime structure. However, to perform the variation of L, in order to determine
the equations of motion for the extensor field h* is an almost impracticable task, which may lead
one to appreciate the tricks used in Chapter 5 to derive the equation of motion for that extensor
field h. The derivation of the equations of motion directly for the potential fields g* is an easier
(but still involved) task and is given in Appendix E.

6.2 Lagrangian Density for the Massive Gravitational Field Plus the
Matter Fields

In this section, we study the interaction of the gravitational potentials g with the matter fields
described by a Lagrangian density L,,. Moreover, as before in Section 5.1.2, we add a term corre-
sponding to the Lorentz vacuum energy density, the one given in terms of the cosmological constant,
which we prefer here to write as a ‘graviton mass’ term, i.e., we have:

1
L =Ly + §m29a Axg® + Ly, (6.22)
g

2The name vorticity has been used here for the following reason. In GRT, as well known (see, e.g., [1,3]) any given
reference frame existing in (M, g, D, 7, is represented by a given timelike vector field Z (pointing to the future). The
physically equivalent 1-form o = g( ,Z) has the unique decomposition Da = a®a+w+o+ %Gh,where h €sec TQOM
is the projection tensor h =g — a ® a, a acceleration of Z, w is the rotation tensor (or vortex) of Z, o is the shear
of Z and € is the expansion ratio of Z. We can show that the non null components of w are the same as the ones in
a A da.

3The {ea} is the dual basis of {g*}.
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or equivalently, since L., and L, differs from an exact differential, we shall use
L=L,+ %nga /\a;ga + Lo,
=L}, + L. (6.23)

The resulting equations of motion (whose derivation for completeness is given in the Appendix
E) may be written putting

oL! oL! oL
¢ — g o __ 779 %7 =T := — m 6.24
* aga’ 7: adga7 t j aga ’ ( )
as
%G = d xS At = — T, (6.25)
9 9 9 9

where xG® € sec A’ T*U are the Einstein 3-form fields while, the xt* € sec A> T*U and the xS €
9 9 9
sec \> T*U are given by (recall Eq.(E.30) and Eq.(E.31) of Appendix E):

oL, oL

K 79 _ 29 205 = gL, — (g" adgs) A *S® 2g" 6.26

M= gt = g Tt ="k (g% dga) A *S% +mg (6.26)

K (3/:,g @ K 1 K [0

*S" = = —g* Ax(dga A g") + =8" A *(dg® A ga). (6.27)

9 8dgn 9 2 9

We write, moreover,
xS = xdg" + *R”, (6.28)
g9 g9 g9
1

xR = —(g"ax g%) Axd* go + 58" A x(dg” A ga) (6.29)
[ 99 [ 9 2 [

and insert this result in Eq.(6.25), obtaining:
d*dg“qtmg*g”—*(t“+’]’”+*_1d*ﬁ“> (6.30)
9 9 9 9 9

Applying the operator x~! to both sides of that equation, we get
9

—bdg” +m2g" = — <t” +TR (w) (6.31)

Calling
SK/ — dgK/

we have the following Mazwell like equations for the gravitational fields §":
dg® =0, (6.32a)
6F" = (t" + T + m?g"), (6.32D)
9
T =Tr 4 IR" (6.32¢)
9
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However, note that the above system of differential equations is non linear in the gravitational
potentials g*.

Now we may define the total energy-momentum of the system consisting of the matter plus the
gravitational field either as or P = P,0¥"

P, := 7/ * (te + T+ m?g,) :/ * dg. (6.33)
U ! ou 9
or P/ = Py~
P .= —/ * (te + T + m?g.) :/ * S, (6.34)
U9 ou 9

6.3 Energy-Momentum Conservation Law

The Maxwell like formulation (Eq. (6.32)) or Eq.(6.25)) immediately imply two possible energy-
momentum conservation laws in our theory (i.e., both the P, as well as the P, are conserved), but
in order to avoid any misunderstanding some remarks are necessary.

Remark 6.4 The values of P, (Eq.(6.33)) as well as P, (Eq.(6.34)) are, of course, independent of
the coordinate system used to calculate them. This is also the case in GRT, where identical equations
hold for models with global g-orthonormal cotetrad fields. However, in GRT expressions anlagous
to P = P.,9" or P’ = P.9" can be given meaning only for asymptotically flat spacetimes. Also, it is
obvious that, in our theory, as well as in GRT both P, or P depend on the choice of the cotetrad
field {g*}. The difference is that in our theory, the {g*}, the gravitational potentials (defined by
the extensor field h modulus an arbitrary local Lorentz rotation A which is hidden in the definition
of g= hinh = hTATnAh) are by chance a section of the g-orthonormal frame bundle of an effective
Lorentzian spacetime (with the *t, being thus gauge dependent objects) whereas in GRT the set

g9

{g%} does not have any interpretation different from the one of being a section of the g-orthonormal
frame bundle of the Lorentzian spacetime representing a particular gravitational field. Moreover in
GRT we can write equations similar to Eq.(6.26) also for coordinate basis of the linear frame bundle
of the Lorentzian spacetime, thus obtaining different ‘energy-mometum pseudo-tensors’, for which
the values of the integral analogous to Eq.(6.34) depend on the coordinate system used for their
calculations, something that is clearly a nonsense [5,6].

Remark 6.5 The condition of possessing a global g-orthonormal tetrad field is, of course, not
satisfied by a general Lorentzian structure® (M, g) and, if we want GRT to admits a total energy-
momentum conservation law for the system consisting of the matter and gravitational fields, such a
condition must result as consequence of other extra condition imposed on the spacetime structure,
a fact that we already mentioned in Chapter 1.

Remark 6.6 Another very well known fact concerning the t® is that their components are not
symmetric. Then, for example in [8] it is claimed that in order to obtain an angular momentum
conservation law, it is necessary to use superpotentials different from the S® which produce a
symmetric ¢*. The choice made, e.g., in [8] is then to use the so-called Landau-Lifschitz pseudo-
energy momentum tensor [9], which, as is well known, is a symmetric object®. However, we will show

4Such a condition, as is well known [1,6] is a necessary one for the existence of spinor fields.
5For more details on those issues see [6].
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next, that with the original non symmetric t¢, we can get a total angular momentum conservation
law which includes the spin density of the gravitational field.

6.4 Angular Momentum Conservation Law

Consider the global chart for R* with coordinates in the Einstein-Lorentz-Poincaré gauge {x*} and
as previously put 9" = dx*. Calling

* T := % (t" + T + +m?g") (6.35)
9 9
the (non symmetric) total energy momentum 3-forms of matter plus the gravitational field, we

define the chart dependent density of total orbital angular momentum of the matter as the 3-form
fields

*L5 = h {h*(x*) A «h*T? — h* (x%) A xh* T}, (6.36)
g n n

which can be written as

*LOP = x5 TP — %7 « T (6.37)
g9 g9 g9
Of course,
d* LeP = 9% AxT? — 97 AT £ 0. (6.38)
g9 g9 g9

However, let us define the density (3-forms) of orbital angular momentum of the gravitational
field by
«Lo# = b {g* Axh*§7 — g% A xh*F7}, (6.39)
9 n n

which can be written as
*LOP = 9% AxFP — 97 AxF, (6.40)
g g g

and the density of total orbital angular momentum of the matter plus the gravitational field by

*Lg7 = «L8P 4 #1970, (6.41)
9 9 9

Then, we immediately get that
de;w = 9° /\a;Tﬁ —9° AHT? =" /\dtgﬁ +9° ndx3e
| :190‘/\»;<T'6—ﬁﬁAjTQ—ﬁaAj’i‘ﬁ+ﬁ5AjTé
= 0. (6.42)

However, Eq.(6.42) does not contain, as yet the spin angular momentum of matter and the spin an-
gular momentum of the gravitational field and thus cannot be considered as a satisfactory equation
for the conservation of total angular momentum. To go on, we proceed as follows. First we write
the total Lagrangian density for the gravitational field as

L="Len+ Lo, (6.43)
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where L., is defined by Eq.(6.11), i.e.,
1
Len = 572,% A*(gt Agh), (6.44)
9

but where now we suppose that L., is a functional of the gravitational potentials g” and the
connection 1-form fields w,, appearing in R, which we take as independent variables to start.
Moreover, we suppose that £,, depends on the field variables ¢ (which in general are indexed
form fields®) and their exterior covariant derivatives, i.e., it is a functional of the kind £, =

‘Cm((bA7 d(bAv wnL)'

If we make the variation of the action / (Len + L4,) with respect to w,, we get
U

6/[]('ceh + L)

= / (8wyes A OLeh | Sy A PE 4 G, A aC—m)
U

0w, Odw,, 0wy,
OLeh 0Leh 0L 0Leh
= Kt KL 5 A4
/U((Sw A L’?wm +d ((’9dwm) + &um] +d (&u A (’9dwm) (6.45)

from where we obtain from the principle of stationary action and with the usual hypothesis that
the variations vanishes on the boundary OU of U that

8[-"6}1 aceh aﬁm
Ow,e, +d <0dwm) + Ow,e,

=0 (6.46)

In metric affine theories the spin [10,11] (density) angular momentum of matter is defined by

oLy,

Sh = . 6.47
S = oo (6.47)
and we will accept it as a good one’. Now,
aLEh _ ]' K « L L K «
Yo, 2 (wwj(g Ng')+wa AX(g" N g )) :
OLen 1
d == "AgH). 6.48
(J) = 52 ) (6.45)
Thus, defining
*SP' = wy Ax(g¥ A gh) +wp, Ax(g™ Ag?) (6.49)
g9 g9 g9
as the spin (density) angular momentum of the gravitational field, we get
d*(g" Ag')=—2x (S5 +85), (6.50)
g9 g9

6Even spinor fields may be represented in he Clifford bundle formalism as some equivalence classes of non ho-
mogenous form fields. See, e.g., [1] for details.

"In particular, in [11], it is shown that this agrees with the spin density, which has as source the antisymmetric
part of the canonical energy-momentum tensor of the matter field.
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and thus®
dx (S +85) =0. (6.51)

We now define the total angular momentum of the matter field plus the gravitational field as
jJaﬁ = j(Lgf + S5 + j(Lj;ﬁ +85), (6.52)
and due Eq.(6.42) and Eq.(6.51) we have

dxJ =0. (6.53)
g9

Eq.(6.53) expresses the law of conservation of total angular momentum in our theory, and surpris-
ingly, it seems that the orbital and spin angular momentum are separately conserved.

6.5 Wave Equations for the g”

The wave equation for the gravitational potential g* can be written easily in the effective Lorentzian
spacetime structure (M, g, D, 7,,1) already introduced. Indeed, to get that wave equation, we add
the term ddg™ to both members of Eq.(6.31) getting

g9

—5dg" — dég” +m’g" = — <t“ +T" + 0/ + d59“> : (6.54)

We now recall the definition of the Hodge D’Alembertian, which in the Clifford bundle formalism
is the square of the Dirac operator (9 := g* Dy = d — 0), acting on multiform fields [1], i.e., we
g9 g9

can write

Og" == 8%g" = (—dd — do)g". (6.55)
9 [
We recall, moreover, the following nontrivial decomposition [1] of o,
8%g" =9 -0g" + 9 A dg", (6.56)
9

where [0 := 9-0 is the covariant D’Alembertian and 8 N @ is the Ricci operator associated to the

9
Lewvi-Civita connection of g. If

D, ¢" = —L2,8,, (6.57)
then
(a) 90 = 17Dy, Dy, ~LepDy) (6.58)
(b) and = g*ng?(Dy Dy, —Lb,sDy ), '
and a simple computation shows that
O NOgt =TR", (6.59)

8 An equation analogous to this one was found originally by Bramsom [12].
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where R” : U — /\1 U are the Ricci 1-form fields, given by:
R"=Rg', (6.60)

where R!" are the components of the Ricci tensor in the basis defined by {g*}. Then, we have the
following wave equations for the gravitational potentials:

Og”® +m2g" = —(T" + t* 4+ 68" + dog"). (6.61)
[ 9
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7

Hamiltonian Formalism

ABSTRACT In this chapter, we will investigate the Hamiltonian formalism for our gravitational
theory, when expressed in terms of the gravitational potentials. So, in Section 7.1, after briefly recalling
the concept of a Legendre transformation we will obtain several different equivalent expressions for
the Hamiltonian 3-form density H of our theory. In Section 7.2,. we briefly recall the concept of
quasi-local energy (which is of importance in GRT') and show how it applies naturally to our theory.
Moreover, we will show that, for a special choice of a timelike vector field defining the ‘flow of time’
in the Hamiltonian formalism, the energy of a gravitational configuration yields an identical result
with one calculated with the approach of Section 6.4 and given by Eq.(6.34). In Section 7.4, we will
deduce Hamilton’s equations of motion. Finally, in section 7.5, we will make contact between our
Hamiltonian formalism and the celebrated ADM formalism of GRT, and show that the ADM energy

coincides again with the one given by Eq.(6.34), for a special choice of a timelike vector field defining
the ‘flow of time’.

7.1 The Hamiltonian 3-form Density H
We start with the Lagrangian density® given by Eq.(6.15), i.e.,

1 1 1
Lg(g%,dg?) = —=dg* A *dga + 09" A *0ga + —dg™ A ga A *(dgﬂ Ngg), (7.1)
2 9 2 9 99 4 g

LA rigorous formulation of the Lagrangian and Hamiltonian formalism in field theory, needs at least, the intro-
duction of the concepts of jet bundles and the Legendre bundles. Such a theory is well presented, for example., in
the excellent texts [1,2]. Here, we give a formulation of the theory, without mentioning those concepts, but which is
very similar to the standard one used in physics books on field theory, and which, to the best of our knowledge was
used first in [3] and developed with mastery in [4] (see also [5]). Also, we recall that the Hamiltonian formalism for
GRT, as usually presented on some textbooks, has been introduced in [6], where the concept of ADM energy first
appeared. See Section 7.3.

V.V. Ferndndez and W.A. Rodrigues Jr., Gravitation as a Plastic Distortion of the Lorentz Vacuum,
Fundamental Theories of Physics 168, DOI 10.1007/978-3-642-13589-7_7,
(© Springer-Verlag Berlin Heidelberg 2010
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and as usual in the Lagrangian formalism, we define the conjugate momenta p, € sec /\3 T*M —
Cl(g, M) to the potentials g* by:

0L,
[ = l) 7.2
Po = Fga (7.2)
and before proceeding, we recall that according to Eq.(6.27), it is:
Pa = *Sa- (7.3)

g

Next, supposing that we can solve Eq.(7.2) for the dg® as functions of the p,, we introduce a
Legendre transformation with respect to the fields dg® by

L: (ga,pa) = L(ga,pa) =dg® ANpa — ﬁg(gaadga(pa)) (7'4)

We write in what follows
£4(9% pa) == Lg(g%, dg*(pa)) (7.5)
We observe that

o 4oy — dg(gae p ILa(8% dg%)
0L,(g%, dg”) = d(dg™ A g™ )

OLy(g", dg”)  OLy(g" dg”)

+0g“ A g ( Ddge )
0L, (g%, dg*
— d(8g% A pa) + 8g A %. (7.6)
Also from Eq.(7.4) we immediately have:
o B o o, OL 0L
0L4(8" Pa) = O(dg™ Apa) = 08 N 52 = e A 5 =
o o OL . OL
= (8" Apa) + Ba® (~dbo — o )+ Bldg” — 225 A
6L,(9% pa
d(6g /\pa)+6ga/\( g(gavp ))
dg
9(8% Pa
< Spn ) A Opa, (7.7)
where we put:
629(90"]3@) L L
S = —dp, Bg"’
0L4(8% pa) _ ;o OL
Spn =dg . (7.8)

From Egs. (7.6) and (7.7) we have

@ ‘scg(gaa dga) _ « 5£g(ga,pa) dgg(gaapa)
dge A 37 =0g° A 3 + Son A Opq. (7.9)
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To define the Hamiltonian form, we need something to act the role of time for our manifold, and
we choose this ‘time’ to be given by the flow of an arbitrary timelike vector field? Z € sec T M such
that g(Z, Z) = 1. Moreover, we define Z = g(Z,) € sec \' T*M — C{(g, M). With this choice, the
variation & is generated by the Lie derivative £z. Using Cartan’s ‘magical formula’ (see, e.g., [7]),
we have

88, = £28, = d(Z.L,) + ZdL, = d(Z.8L,). (7.10)

Then, using Eq.(7.7) we can write

0L 0L
d(ZJgg) = d(fzga A\ pa) + £Zga A\ gg + £Zpa A (g) (711)

and taking into account Eq.(7.9), we get

d(£z9" Npa — Z28g) = Lzg" N ﬁﬁj. (7.12)
Now, we define the Hamiltonian 3-form by
H(g% pa) = £29% Apa — Z2L,. (7.13)

We immediately have taking into account Eq.(7.12) that, when the field equations for the free

gravitational field are satisfied ( i.e., when the Euler-Lagrange functional is null, g;‘} =0) that

dH = 0. (7.14)
Thus H is a conserved Noether current. We next write
H=Z"H, +dB (7.15)

and find some equivalent expressions for H,. To start, we rewrite Eq.(7.13) (taking into account
Eq.(7.2), Cartan’s magical formula and some Clifford algebra identities [12]) as

H=—-2.L4+ £29% Npa
=—Z.L,+d(Z1g%) ANpo + (Z2dg™) A pa
—Z.8y+d((Z2g%) Apa) — (Z2g%) Ndpa + (Z2dg™) A pa
= Z% (gaLg + (8asdg”) Aps — dpa) +d(Z%pa) s (7.16)

from where we get

| Ho = gaaly + (ga—‘dgK) APy —dpa, |

r17)

2We recall once again that an arbitrary timelike vector field Z € sec TM such that g(Z, Z) = 1 defines a reference
frame in GRT, whose integral lines represent observers. For details, consult, for example, [7,8].
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Next, we use the definition of the Legendre transform (Eq.(7.4)), and some
identities to write Eq.(7.13) as :

H=—Z1L,+d(Z9%) N po + (Z2dg*) Apa
=Z.L—Z.i(g" Api) + d(Z2g") Apw + (Z2dg") A py
= 7% (La + (ga=px) A dg" — (gasg")dp,) + d (Z2%pa)

where we put L, = goL. Thus, we also have

| Ho = Lo + (ga—‘pn) A dgn — dpaa |

Now, recalling Eq.(7.12), we can write

5
A(Z°Ho + dB) + £2° 7 258 — 0,

age
Then,
0 )
A7 N Hoy + Z°dHo + d(Zog™) A 258 1 (72dg%) n 052
ag™ age
=dZ* N (Ha + 6&)
ag™
oL oL
Za o o K g o K g
+ (d?—[ +d(g Jg)/\égn—i-(g Jdg)/\égﬁ>
= 0’
which means that 5e
- __=9
Ho = 3

and

o 8L, o 0L,
dHo + d(ga-g") A 5o + (gaadg”™) A 5o =0.

From Eq.(7.23), we have

0L,
gk
0L,

- (gaJdgN) A (SLQ

dHo = ~d(gag") N 5o

=

B o 6L, 6L, 6L,
= —(gadg®) A 5 d[éga] —I—d(éga

B 8L, 5L,
__(ga—‘dg )/\ Sg~ +dHa+d<5ga>’

Clifford algebra

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)

(7.23)

_ K _ K 6'CQ K 6‘CQ
= —(gaadg™) A 5o d{(gwg ) A 694 + (ga g )Ad<6gn)

(7.24)
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from where follows the identity:

0L, 0L,
a ® —_— = — . 2
(gaadg™) A 5o d (éga) (7.25)
We now return to Eq.(7.20) and recalling Eq.(7.9), we can write:
d(Z“Hq + dB) + 8g° A (%) + (%) Adpy =0, (7.26)

from where we get, after some algebra,

o ag, dg,
Ha(g% pa) = 3%*(9044/”%)/\3%,

727)

7.2 The Quasi Local Energy

Now, let us investigate the meaning of the boundary term in Eq.(7.15). Consider an arbitrary
spacelike hypersuface o. Then, we define

H= /(ZO‘HQ +dB)

:/ZO‘HQ+/ B. (7.28)
o do

If we take into account Eq.(7.22), we see that the first term in Eq.(7.22) is null when the field
equations (for the free gravitational field) are satisfied and we are thus left with

E= | B, (7.29)
do
which is called the quasi local energy?.
Before proceeding, recall that if {e,} is the dual basis of {g®} we have
g%(e;) =0, i=1,2,3. (7.30)

Then, if we take Z =eq orthogonal to the hypersurface o, such that for each p € o, T'g,, is generated
by {ei}, we get recalling that in our theory it is p, = *S, (Eq.(6.27)) that
g9

E:/ *So, (7.31)
3]

o 9

which we recognize as being the same conserved quantity as the one defined by P} in Eq.(6.33),
which is the total energy contained in the gravitational plus matter fields for a solution of Einstein’s
equation, such that the source term goes to zero at spatial infinity.

3For an up to date review on the concept of quasilocal energy in GRT, its success and drawbacks see [9].
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7.3 Hamilton’s Equations

Before we explore in detail the meaning of this quasi local energy, let us remember that the role of
a Hamiltonian density is to derive Hamilton’s equation. We have

S H = /0 oH = /0 8(Z*H, + dB) (7.32)

where 6 is an arbitrary variation, not generated by the flow of the vector field Z. To perform that
variation, we recall that we obtained above three different (but equivalent) expressions for H,,
namely Eq.(7.17), Eq.(7.19) and Eq.(7.29).

Taking into account that 6L,(g%, dg®) = 0£,(g% pa), we have using Eq.(7.6) and Cartan’s
magical formula*

SH =8 (£29% Apa — Z2L,)

5L,
:_ZJ< (8% A pa) + g% A )+£ 89% Apa + £28% A pa

ag®
o 0L,
= —0g% A L£2pa + 0pa A £29% — Z1(6g% N —2 3g° —I) +d[Z(8g% N pa))- (7.33)
This last equation can also be written using Eq.(7.9) as
OH=—6g“ A Lzpo + 0pa N £7g°
— Z(6g* A ?:a + 0pa A %) +d[Z1(6g% Apa)l, (7.34)

and a simple calculation shows that this is also the form for §H that we get varying Eq.(7.23).
From the above results, it follows that

§H = /(—5ga A £7Pe + 0P A £20°)

. 6L, 58,
\/0-7ZJ(69 /\6a+5pa/\6,7)

+ /d 280" A pa). (7.35)

Thus, only if the field equations are satisfied (i.e., gﬁ—a =0 or g% =0, g% =0) and

/ Z(86% Apa) = 0, (7.36)
do

for arbitrary variations dg® not necessarily vanishing at the boundary [10] do, it follows that the
variation dH gives Hamilton’s equations:

oH

g (7.37)

£Zpoz = - £Zg

 Opa

4Keep in mind that the 1-form field physically equivalent to the vector field Z is Z such that Z(Z) = 1.
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Now, the term d[Z1(dg* A p,)] comes as part of the variation of the term dB. Indeed, since

B =27Z%q=(Z229") Npa
=Z(g" Npa) + 9% A (Zpa), (7.38)
it is
dB = d(Z (g% A pa)) + d(g® A (Zpa)), (7.39)

and

0dB = d(Z (09 A po)) +d(Z2(g™ A dpa))
+d(8g" N (Zpa)) +d(g™ A (Z26pa))
(ZJ(égc“ APa)) +d((Z2(g%) A 6pa)
9% N (Za0pa) + 8% AN (Z26pa)) +d(6g” A (Zpa)) (7.40)
= d(Z4(0g% N pa)) +d((Z(g%) A Opa) + d(Z(0g% A pa)) (7.41)
This result is important since it shows that if Eq.(7.36) is not satisfied, we must modify in an
appropriate way the boundary term B in Eq.(7.15) in order for that condition to hold. This was
exactly the idea originally used by Nester and collaborators [11,12,13] in their proposal for the use

of the quasi local energy concept. Here, we analyze what happens in our theory when we choose,
e.g., Z = g° So, we examine the integrand in Eq.(7.36). We have:

Z4(0g% Apa) = (Z30g%) Apa — 0g“ A (Zpa) - (7.42)
and with Z = g° it is
(Z469%) Npa = 6[(Z29%) Apal — (6Z2.9%) A pa — (Z2g%) A Opa (7.43)
So, if Z = g° is maintained fized on do (for we used this hypothesis in deriving Eq.(7.41), we get
Z(86g" Apa) = 6po — dpo =0, (7.44)

and thus the boundary term in dH is null, thus implying the validity of Hamilton’s equations of
motion.

Remark 7.1 If we choose Z # g°, we will have in general that Z(6g* Aps) # 0 and, in this case
a modification of the boundary term will indeed be necessary in order to get Hamilton’s equations
of motion. Chen and Nester, making good use of ideas first presented (to the best of our knowledge)
in [2] concerning a simplectic framework for field theories, introduced the following prescription for
modification of the B(Z) = (Z_1g*) Apa = Z%Ap, term: introduce a reference configuration (g%, p,)
and adjust B(Z) to one of the two covariant simplectic forms,

Bgo(Z) = (Z2g%) A DApo + Ag® A (Zpa), (7.45)

or

By (Z) = (Z28%) AN Dpa + Ag* A (Zapa), (7.46)

where Ag® = g® — g® and Apy = Po — Po. Next, introduce the improved Hamiltonian 3-forms:

Hge (Z) = Z"H,, + dBge (Z), (7.47)
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and
Hy (Z) =ZMH,, + dBy,(2). (7.48)

For these improved Hamiltonians, we immediately get for arbitrary variations (not generated by
the flow of Z)

OHge (Z) = —8g™ A £2pa + 0P A £28°
g,

— Z(0g* A g% + 0pa A W) +d[Z3(6g% A Apa)], (7.49)

and

0Hyp, (Z) = =09 N £zpa + 0pa A £28°
— 73(60% A 250 1 sp n 059y a1z (06" A o). (7.50)
og™ O0Pe
The variations dHge(Z) and dH,, (Z) include then, besides the field equations, the following
boundary terms,

dCye = d[Z(8g% A Apa)], (7.51a)
—dC,y, = —d[Z(g® A 6po)] (7.51b)

which are the projections on the boundary of covariant simplectic structures dCge and —dC,_,
which simply reflect the choice of the control mode according the general methodology introduced
in [2].
Now, we can take arbitrary variations on the boundary such that §g% = o(1/r) and dp, = o(1/r?)
which give / Bgo(Z) = 0 and / By, (Z) = 0, warranting the validity of Hamilton’s equations.
do

do
Moreover, we have

By (Z) — By, (Z) = Z3(15g” A Dpa), (7.52)

and Ag® A Ap, is null at spatial infinity if g% and p, are the references concerning the Lorentz
vacuum (Minkowski spacetime). Thus, we can use Bge(Z) or By, (Z) as good boundary terms, but
each one gives a different concept of energy (as it happens in Thermodynamics), which may be
eventually useful in particular applications.

7.4 The ADM Energy.

The relation of the previous sections with the original ADM formalism [6] can be seen as follows.
Instead of choosing an orthonormal vector field Z, start with a global timelike vector field n €
secTM such that n = g(N,) = N2dt € sec /\1 T*M — Cl(M,g), with N : R DI — R, a positive
function called the lapse function of M. Then n A dn = 0 and according to Frobenius theorem, n
induces a foliation of M, i.e., topologically it is M = Ixo;, where o; is a spacelike hypersurface
with normal given by n. Now, we can decompose any A € sec A" T*M — C{(M, g) into a tangent
component A to oy and an orthogonal component +A to o; by [14,15]:

A=A+ *4, (7.53)
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where

A=na(dtNA), PA=dtNAL (7.54)
Ay =nJA. (7.55)

Introduce also the parallel component d of the differential operator d by:
dA :=dt A (nadA) (7.56)
from where it follows (taking into account Cartan’s magical formula) that
dA=dt N (£nA—dA))+ dA. (7.57)
Call

m:=—-g+n@n
=g ®g, (7.58)

the first fundamental form on o; and next introduce the Hodge dual operator associated® to m,
acting on the (horizontal forms) forms A by

KA = *(% A A). (7.59)

At this point, we come back to the Lagrangian density Eq.(7.13) and, proceeding like in Sections
7.1 and 7.2, but now leaving dn® to be non null, we arrive at the following Hamiltonian density

H(g' pi) = Lng' Axpi — Ky, (7.60)

where _ _ _
g' =dt A (nog') = n'dt, (7.61)

and where K, depends on (n,c_in,gi,d_gi, £ngi). As in Section 7.1, we can show (after some tedious
but straightforward algebra®) that H(g", p;) can be put into the form

H =n"H,; +dB’, (7.62)
with s sk
_ 9k _ 9y
Rl o (7.63)
and '
B' = —Ng; A *dg" (7.64)

Then, on shell, i.e., when the field equations are satisfied we get

E'=—[ Ng; Axdg, (7.65)

doy

5Recall that o has an internal orientation compatible with the orientation of M.
6Details may be found in [4].
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which is exactly the ADM energy, as can be seen if we take into account that taking do; as a

twosphere at infinity, we have (using coordinates in the ELP gauge) g; = hijdx? and h;j, N — 1.
Fhen Oh;  Oh

i Axdgl = W (S — ) s gt 7.66

gi Axdg' = h (550 — 55) g (7.66)

and under the above conditions we have the ADM formula

;o Ohyi.  Ohy; &

which, as is well known, is positive definite [15]. When we choose n = g° as in the previous section,
we see that E' = E.

References

[1] Giachetta, G., Mangiarotti L., and Sardanashvily G., New Lagrangian and Hamiltonian Methods
in Field Theory, World Sci. Publ. Co., Singapore, 1997.

[2] Kiwjowski, J., and Tulczyjew, M., A Simpletic Framework for Field Theories, Lecture Notes in
Physics 107, Springer-Verlag, Berlin, 1970.

[3] Thirring, W., and Wallner, R., The Use of Exterior Forms in Einstein’s Gravitational Theory,
Brazilian J. Phys. 8, 686-723 (1978).

[4] Wallner, R. P., Asthekar’s Variables Reexamined, Phys. Rev. D. 46, 4263-4285 (1992).

[5] Kopczynski, W., Variational Principles for Gravity and Fluids, Ann. Phys. 203, 308-338 (1990).
[6] Arnowitt, B., Deser, S., and Misner, C. W., The Dynamics of General Relativity, in Witten, L.
(ed.), Gravitation, an Introduction to Current Research, pp. 227-265, J. Willey &Sons, New York,
1962. [http://arXiv.org/abs/gr-qc/0405109v1]

[7] Rodrigues, W. A. Jr., and Capelas de Oliveira, E., The Many Faces of Mazwell, Dirac and Ein-
stein Equations. A Clifford Bundle Approach. Lecture Notes in Physics 722, Springer, Heidelberg,
2007.

[7] Sachs, R. K., and Wu, H., General Relativity for Mathematicians, Springer-Verlag, New York
1977.

[8] Szabados, L. B., Quasi-Local Energy-Momentum and Angular Momentum in GR: A Review
Article, Living Reviews in Relativity,

[http://www.livingreviews.org/lrr-2004-4]

[9] Regge, T., and Teitelboim, C., Role of Surface Integrals in the Hamiltonan Formulation of
General Relativity, Ann. Phys. 88, 286-318 (1974).

[10] Chang, C.-C, Nester, J. M., and Chen, C.-C, Pseudotensors and Quasilocal Energy-Momentum,
Phys. Rev. Lett. 83, 1897-1901 (1999).

[11] Chen, C.-M., and Nester, J. M., A Simpletic Hamiltonian Derivation of Quasilocal Energy-
Momentum for GR, Grav. Cosmol. 6, 257-270 (2000).

[12] Meng, F.-F., Quasilocal Center-of-Mass Moment in General Relativity, MSc. thesis, National
Central University, Chungli, 2001.
[http://thesis.lib.ncu.edu.tw/ETD-db/ETD-search/view_etd?7URN=89222030]

7As shown by Wallner [4] the formalism used in this section permits an alternative (and very simple) proof of the
positive mass theorem, different from the one in [15].



7.4 The ADM Energy. 103

[13] Hecht, R. D., Lemke, J., and Wallner, R. P., Can Poincaré Gauge Theory be Saved?, Phys.
Rev. D 44, 2442-2451 (1991)

[14] Witten, E., A New Proof of the Positive Energy Theorem, Commun. Math. Phys. 30, 381-402
(1981).



8

Conclusions

In this book, we presented a theory of the gravitational field, where that field is mathematically
represented by a (1,1)-extensor field h existing in Minkowski spacetime (M, n, D, 7,,T) and de-
scribes a plastic distortion of a medium that we called the Lorentz vacuum. We showed (Remark
6.2) that the presence of a nontrivial distortion field can be described by distinct effective geomet-
rical structures (M = R* g = hnhT, V,7,), which may be associated to a Lorentzian spacetime, or
a teleparallel spacetime or even a more general Riemann-Cartan-Weyl spacetime!. We postulated
a Lagrangian density for the distortion field in interaction with matter, and developed with details
the mathematical theory (the multiform and extensor calculus) necessary to obtain the equations
of motion of the theory from a variational principle. Moreover, we showed that, when our theory
is written in terms of the global potentials g* = h(d%) € sec /\1T*M, a = 0,1,2,3, obtained
by the deformation of the (continuum) cosmic lattice {9*}, describing the Lorentz vacuum in its
ground state, the Lagrangian density contains a term of the Yang-Mills type plus a gauge fixing
term and plus a term describing the interaction of the ‘vorticities’ of the potentials g*, and, in this
case, no connection associated with any geometrical structure appears in it. We proved that, in our
theory (in contrast with GRT'), there are trustworthy conservation laws of energy-momentum and
angular momentum for the system consisting of the gravitational plus matter fields. We showed,
moreover, how the results obtained for the energy-momentum conservation law from the Lagrangian
formalism appear directly in the Hamiltonian formalism of the theory, and how the energy obtained
through the Hamiltonian formalism is also related to the concept of ADM energy used in GRT.
We think that those results are enough to clearly illustrate how our theory and GRT differ, but, of

n that latter case, we can get equations of motion similar to the Einstein equations, but where the matter
tensor appears as a combination of terms proportional to the torsion tensor, that, as well known, in continuum
theories describe some special defects in the medium. This possibility will be discussed with more details in another
publication. For a simple model where the gravitational field is represented by the nonmetricity tensor of a connection,
see Appendix G.

V.V. Ferndndez and W.A. Rodrigues Jr., Gravitation as a Plastic Distortion of the Lorentz Vacuum,
Fundamental Theories of Physics 168, DOI 10.1007/978-3-642-13589-7_8,
(© Springer-Verlag Berlin Heidelberg 2010
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course, there are also other crucial differences. In our theory, the spacetime topology is fixed (it is
diffeomeorphic to R*). This implies that in our theory there are no spacetime “singularities”, there
are no blackholes?, wormholes, time machines, etc..., but the fact is that there is no convincing
evidence for any of those exotics objects. We also discussed in Appendix F why a gauge theory
of gravitation described in [3,4], and apparently similar to ours does not work. To end, we would
like to observe that eventually some readers will not fell happy seeing us to introduce an universal
medium filling all spacetime, because it eventually looks like the revival of the aether of the X I X*"
century. To these people, we emphasize that our theory does not violate Lorentz invariance, since
the medium and its distortions are represented by a (1, 1)-extensor field h, which does not fix any
vector field (or 1-form field). Indeed, any timelike global potential g°, in a set of potentials {g*},
does not fix any privileged reference frame, since the theory is gauge invariant, i.e., the Lagrangian
densitiy of the theory is invariant under local Lorentz transformations of the g®. So, the medium
(the Lorentz vacuum) in our theory has the same role as the one introduced by Einstein in his not
so well known 1922 Leyden lecture [4]. Moreover, there are now many arguments for the existence
of such a medium (that quantum physicists call quantum vacuum) in, e.g., [6,7,8,9,10,11,12,13].
Eventually, it is also worth quoting here [14,15] which show that if we interpret particles as defects
in the medium?®, then some characteristic relativistic and quantum field theory properties of those
objects emerge in a natural way. Moreover, there is possibly some hope of describying the electro-
magnetic field as some kind of distortion of that medium.We intend to come back to these issues in
a forthcoming book. Finally, we will be happy if we have motivated the reader to seriously consider
the idea that it is, eventually, time to deconstruct the idea that gravitation must necessarily be
associated with the geometry of spacetime, and look for its real nature.
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Appendix A

May a Torus with Null Riemann Curvature Exist
on E3?

We can also give a flat Riemann curvature tensor for! 73 ~ S! x ! ~ 7, ~ T;. First parametrize
T3 by (2!, 2?), 21,22 € R, such that its coordinates in R? are x(x!,2?) = x(2! + 27,22 + 27) and

x(z', 2%) = (h(z') cosz?, h(z') sinz?, I(x!), (A1)

with
h(z') = R+ rcoszt, I(z') = rsina!, (A.2)

where here R and r are real positive constants and R > r (See Figure A.1).

Figure A.1: Some Possible GSS for the Torus 73 living in E? where the grid defines the parallelism

1Recall that 77 and 73 have been defined in Section 1.1.
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Now, T'73 has a global coordinate basis {0/0x!,0/02%}, and the induced metric on 73 is easily
found as
g=r?de' @ dz' + (R 4+ rcosa')?de® @ da? (A.3)

Now, let us introduce a connection V on 73 such that
Va/gxia/a$j =0. (A4)

With respect to this connection, it is immediately verified that its torsion and curvature tensors
are null, but the nonmetricity of the connection is non null. Indeed,

Vojori8=—2(R+rcosz')sinz’. (A.5)

So, in this case, we have a particular Riemann-Cartan-Weyl GSS (73,g,V) with 2 # 0, © = 0,
R =0.

We can alternatively define the parallelism rule on 73 by introducing a metric compatible con-
nection V' as follows. First, we introduce the global orthonormal basis {e;} for T73 with

10 1 0
- Y S A6
O = gt 2 (R + rcosat) 0x?’ (4.6)
and, then, postulate that
v;iEj =0. (A.7)
Since o
rsinz
= —-——""" A.8
[e1, e2] T(R+rcosx1)e2 (A-8)
we immediately get that the torsion operator of V' is
v/ Rsin !
5 = 5 . 5 A.g
7(e1,e2) = [eq, ez r(R + rcosal) ©2 (A-9)
and the non null components of the torsion tensor are T7, and T2, = —T3,
2 _ U2 2 2
T, = O(0%, e1, €2) = —0%(7(e1, €2)) = —0° (—[e1, e2])
Rsina!
= A.10
r(R+ rcosal) ( )

Also, it is trivial to see that the curvature operator is null and that V/g = 0, and, in this case,
we have a particular Riemann-Cartan MCGSS (73,g,V’), with © # 0 and with a null curvature
tensor.



Appendix B

Levi-Civita and Nunes Connections on S?

First, consider S?, a sphere of radius R = 1 embedded in R3. Let (z',2%) = (J,9) 0 < 9 < m,
0 < ¢ < 2m, be the standard spherical coordinates of S2, which cover all the open set U which is
S2 with the exclusion of a semi-circle uniting the north and south poles.

Introduce the coordinate bases

{8,.),{0" = da"} (B.1)
for T*U and T*U. Next, introduce the orthonormal bases {ea}, {0} for T*U and T*U with
e =01, e2 = ! (B.2a)
1 — 1, €2 — sinxl 25 .4
0! = dz', 6% = sinz'da?. (B.2b)
Then,
lex. o] = ke, (B.3)
c%z = —c§1 = —cotzl.
Moreover, the metric g € sec 79S? inherited from the ambient Euclidean metric is:
g = dz!' @ da' + sin® z'd2? @ da?
=0' @0+ 6% 0% (B.4)

The Levi-Civita connection D of g has the following non null connections coefficients I'f,, in the
coordinate basis (just introduced):

Dy, 8, =T%,0,,
Iz, = Iy, = r7, = [0y = cot ), I, = I‘fw = —cos¥sin¥. (B.5)
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Also, in the basis {ea}, De,€; = wiljek and the non null coefficients are:
w3, = cotV, way = — cot ). (B.6)

The torsion and the (Riemann) curvature tensors of D are

@(01‘, €i, ej) = Gk(T(ei, ej)) = ek (Dejei - Deiej - [ei, ej]) s (B7)
R(ek,Ha, €i, ej) =62 ([DeiDej - DejDei - D[ei7 ej]] ek) s (B8)
which results in 7 = 0 and the non null components of R are Ri!y; = —R1, = RZ2;5 = —RZ,5, =

—1.

Since the Riemann curvature tensor is non null, the parallel transport of a given vector depends
on the path to be followed. We say that a vector (say vo) is parallel transported along a generic
path R DI +— v(s) € R3 (say, from A = v(0) to B = v(1)) with tangent vector 7. (s) (at v(s)) if it
determines a vector field V along v satisfying

D, V=0, (B.9)

and such that V(y(0)) = vo. When the path is a geodesic! of the connection D, i.e., a curve
R DI — ¢(s) € R? with tangent vector c.(s) (at c(s)) satisfying

Dc*c* - O, (B].O)

the parallel transported vector along ¢ forms a constant angle with c,. Indeed, from Eq.(B.9) it is
Y« - D,V = 0. Then, taking into account Eq.(B.10) it follows that

Dy, (7 gV) = 0.

i.e., v« - V = constant. This is clearly illustrated in Figure B.1 (adapted from [1]).
g

Consider next the manifold $2 = {52\north pole + south pole} C R3, which is a sphere of
unitary radius i = 1, but this time excluding the north and south poles. Let again g € secT: 052
be the metric field on S? inherited from the ambient space R? and introduce on S? the Nunes (or
navigator) connection V defined by the following parallel transport rule: a vector at an arbitrary
point of S? is parallel transported along a curve v, if it determines a vector field on +, such that,
at any point of v the angle between the transported vector and the vector tangent to the latitude
line passing through that point is constant during the transport. This is clearly illustrated in Figure
B.2. And to distinguish the Nunes transport from the Levi-Civita transport, we also ask the reader
to study the caption of Figure B.1.

We recall that, from the calculation of the Riemann tensor R, it follows that the structures
(S2,g,D,7,) and also (S2, g, D,,) are Riemann spaces of constant curvature. We now show that

IWe recall that a geodesic of D also determines the minimal distance (as given by the metric g) between any two
points on S2.
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Figure B.1: Levi-Civita and Nunes transport of a vector v starting at p through the paths psr and
pqr. Levi-Civita transport through psr leads to vi whereas Nunes transport leads to ve. Along pgr
both Levi-Civita and Nunes transport agree and leads to va.

the structure (S'Z,g,V,Tg) is a teleparallel space?, with zero Riemann curvature tensor, but non
zero torsion tensor.

Indeed, from Figure B.2, it is clear that (a) if a vector is transported along the infinitesimal
quadrilateral pgrs composed of latitudes and longitudes, first starting from p along pqr, and then
starting from p along psr, the parallel transported vectors that result in both cases will coincide
(study also the caption of Figure B.2).

Now, the vector fields e; and ez in Eq.(B.2a) define a basis for each point p of T,,LSD'2 and V is
clearly characterized by:

Vejei =0. (B.11)

The components of the curvature operator are:

v
R(ek,Ha, €i, ej) =62 ([Veiv% - VQjVQi - V[ehej]] ek) = 0, (B].Q)

and the torsion operator is

7v'(ei, ej) = VQjei — VQiej — [ei, ej]
= [ei, ej], (B.13)

which gives for the components of the torsion tensor, TZ, = —TZ = cotd. It follows that S2,
considered as part of the structure (52, g, V,7,), is flat (but has torsion)!

If you need more details to grasp this last result, consider Figure B.2 (b), which shows the
standard parametrization of the points p,q,r,s in terms of the spherical coordinates introduced
above. According to the geometrical meaning of torsion, its value at a given point is determined

2 As recalled in Section 1, a teleparallel manifold M is characterized by the existence of global vector fields, which
is a basis for T, M for any & € M. The reason for considering S2 for introducing the Nunes connection is that, as is
well known (see, e.g., [2]), S? does not admit a continuous vector field that is nonnull at all its points.
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a
(O —dv, ¢) (9 —dv, ¢+ do)
S r= r2 r
1
14 q
(B,0) (B9 + dg)

Figure B.2: Characterization of the Nunes connection.

by calculating the difference between the (infinitesimal)® vectors priand pro. If the vector pq is

1
transported along ps, one gets (recalling that R = 1) the vector v = sry such that |g(v,v)|2 =
sin ¥Ap. On the other hand, if the vector ps is transported along pq, one gets the vector qro = gr.
Let w = sr. Then,

lg(w, w)| = sin(¥ — AY) Ay ~ sin A p — cos VAV A, (B.14)
Also,
u=rirs = —u ! 3) u = |g(u,u)| = cosVAIA (B.15)
=Tir2 = sind 0’ = |8, = ®- :

Then, the connection V of the structure (§2, 8, V,7,) has a non null torsion tensor 7. Indeed, the
component of u = 172 in the direction 9/9¢p is precisely Tg;AﬁAcp. So, one gets (recalling that
V0 = F?Z-@k)

75, = (1§, - T%)) = - coto. (B.16)

To end this Appendix, it is worth showing that V is metrically compatible, i.e., that Vg = 0.
Indeed, we have:

0= Ve.glei, e) = (Ve.g)(ei, &) + 8(Ve.ei, €) + glei, Ve, &)
= (Ve.8)(ei, ). (B.17)

3This wording, of course, means that those vectors are identified as elements of the appropriate tangent spaces.
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Appendix C

Gravitational Theory for Independent h and )
Fields

In this Appendix, we will present, for completeness', a theory where the dynamics of the grav-
itational field is such that it must be described by two independent fields [1], namely the plas-

el

tic distortion field h (more precisely h"') and a smn-gauge rotation field Q = Qn defined on the
canonical space U. These two independent fields distort the Lorentz vacuum, creating an effective
Minkowski-Cartan MCGSS (U, n, ), or equivalently a Lorentz-Cartan MCGSS (U, g = h'nh, )
which is viewed as gauge equivalent to (U, 7, ») as already discussed in the main text. From the
mathematical point of view, our theory is then described by a Lagrangian, where the fields h and
Q) are the dynamic variables to be varied in the action functional. The Lagrangian is postulated to
be the scalar functional

[h*, Q,-00Q] — £[h* Q,-09] = R det[h], (C.1)
h
where R(= ;3) (given by Eq.(4.114) ) is expressed as a functional of the fields h*, Q and -9, i.e.,
R =h*0, A8) - Ra(a A D)

= 19, A 3y) - (a-09(b) ~ b~ 9a) — (. b)) +Qa) x AD)), (C.2)

and det[h], as in Section 5.1 is expressed as a functional of h*®, i.e., det[h] = (det[h*])~?.
The Lagrangian formalism for extensor fields supposes the existence of an action functional

_ * 0 00— ot[hl .
A—/U}Z[h .Q,-00] /URd (] (C.3)

which according to the principle of stationary action, gives for any of the dynamic variables a
contour problem.

1And also, as a justification for our construction in Section 6.4 of the spin angular momentum of the gravitational
field in our theory.
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For the dynamic variable h* it is
/ 8% £[h*, Q,-0Q] T =0, (C.4)

for any smooth (1, 1)-extensor field w such that w|,;, = 0.
For the dynamic variable €2, it is

/ SB[h* 0,-00] 7 = 0, (C.5)
U

for any smooth (1,2)-extensor field B, such that B|,, = 0.

We now show that Eqgs.(C.4) and (C.5) lead to coupled differential equations for the fields h*
and (.

Of course, the solution of the contour problems given by Eqs.(C.4) and (C.5) is obtained fol-
lowing the traditional path, i.e., by using the proper variational formulas, the Gauss-Stokes and a
fundamental lemma of integration theory (already mentioned in Section 5.1).

First, we calculate the variation in Eq.(C.4). We have:

Y (h* (8, A 3y) - Ra(a A b)det[h]) = (6% h* (0, A Dy)) - Ra(a A b) det[h]
+h*(9, 7 9y) - Ra(a N b)(6)a det[h)). (C.6)

For the scalar product in the first member of Eq.(C.6), an algebraic manipulation analogous to
the one already used for deriving Eq.(5.15) gives

(6% h* (0, A 8y)) - Ra(a Ab) = 2w(d,) - Ri(a), (C.7)

where R(a) is the Ricci gauge field (in the Lorentz-Cartan MCGSS).
The calculation of d;4 det[h] has already been obtained (see Eq.(5.22)). So, substituting Eqgs.(C.7)

and (5.22) in Eq.(C.6) and recalling the definition of G g (Eq.(4.115)), we get that
'% (R det[h]) = 2w(d,) - R1(a) det[h] — Rw(9,) - h(a) det[h]
=2w(0y) - (R1(a) — %h(a)R) det[h]
va (R det[h]) = 2w(d,) - G(a) det[h]. (C.8)

Substituting Eq.(C.8) in Eq.(C.4), the contour problem for the dynamic variable h* becomes

/ w(Ba) - G(a) det[h] 7 = 0, (C.9)

u

for any w, and since w is arbitrary, recalling a fundamental lemma of integration theory, we get
G(a) =0. (C.10)

This field equation looks like the one already obtained for h in Section 6.1, but here, it is not a
differential equation for the field h. To continue, recall that Eq.(C.10) is equivalent to R(a) =
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Indeed, taking the scalar h*®-divergent of R, (a), we have

1
G(a) =0=Ry(a) — Eh(a)R =0
1

= h*(9,) - Ri(a) — §h""(aa) ~h(a)R =0

1
=R - 547% =0
=R =0,

which implies

Ri(a) = 0. (C.11)

Also, it is quite clear that Eq.(C.11) implies Eq.(C.10). ,
Let us express now Eq.(C.11) in terms of the canonical 1-forms of h (i.e., h(9°),..., h(9?)) and
the canonical biforms of Q (i.e., Q(J),...,Q(J3)),

R1(a) =0< Rl(ﬂy) =0
& h* (") Ry(9, N 10,) =
ie.,
h*(9") (9, - 99Q(9,) — U, - OI,,) + QD) x Q1,)) = 0. (C.12)
n
Eq.(C.12) is a set of four coupled multiform equations which are algebraic on the canonical

I-forms of h and differential on the canonical biforms of €.
Let us, now, calculate the variation in Eq.(C.5). We have

85 (h* (0, A 3y) - Ra(a Ab)det[h]) = h* (0, A By) - (65Ra(a A b)) det[h]. (C.13)
For the scalar product on the right side of Eq.(C.13), using the commutation property involving

05 and a - 9, the property 659 (a) = B(a) and the definition of the covariant derivative operator
2
Do =D, ,ie, DX =a-90X +Qa) x X, we have
7

b‘

h*(0, A 0y) - (65R2(a A b)) = h* (9" A9 - (55732(19 AY,))
FANOY) - (0 - 0B(9y) — 9y - OB(9,)

*o
B(0,.) o Q) + Q0,) s B(1,))

Il
Ilr |

= 2h* (9" N 9") - Dy, B(0,). (C.14)
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After some algebraic manipulations, the right side of Eq.(C.14) may be written as
h* (9" N9Y) - Dy, B(¥,) = h* (9" A9") -9, - 0B(9,)
+ 9, - Oh* (9" A9 - B(9,)
+ h* " A9Y) - (Q0,) x B(0,))
n—1
— 9, - Oh* (9" A 9”) - B(¥,)
=, - d(h* (9" A 9") - B(9,)) — (9, - Oh* (9" A 9")
+1(Q(9,,) x nh* (9" A 9¥))) - B(9,)
n
=3, - O(h*(9" N9") - B(9,)) — n(9,, - Onh™ (9" A 9")
+Q(9,) x ph* (" A 9")) - B(9,),
o

B*(9" A 9") - Dy, B(,) = 0, - O(B* (9" A 9") - B(9,))
— Dy, nh* (9" A9”) - B(9,). (C.15)

Also, the first member on the right side of Eq.(C.15) may be written as a scalar divergent of a
1-form field, i.e.,

9, - O(h* (9" A9Y) - B(W,)) = - (9,h* (9" A 9") - B(9,)), (C.16)

where we used the fact that 0 - (9,¢) =9, - ¢, where ¢ is a scalar field.
After putting Eq.(C.16) in Eq.(C.15) and using the result obtained in Eq.(C.14), the Eq.(C.13)
gives us finally the variational formula

86 (h* (90 A\ D) - Ra(a A D) det[h]) = —2(yDy, nh* (9" A 9¥) - B(9,)
— 8- (0, h* (9" A9”) - B(9,))) det|[h]. (C.17)

Putting Eq.(C.17) in Eq.(C.5), the contour problem for the dynamic variable 2 becomes
/ 1Dy, nh* (9" A9") - B(9,) det[h] T
L ol
— / 0 - (ﬁubﬂ'(ﬁ“ AY”) - B(d,))det[h] T =0, (C.18)
U

for all B such that B|,; = 0. Now, the second member of Eq.(C.18) may be easily transformed
in such a way that a scalar divergent of a 1-form field appears. Indeed, if we recall that and
0-(ap) =a-0¢+ (0 a)p, where a is a 1-form field and ¢ is a scalar field, we have

/ d- (0, h* (9" A9) - B(¥,))det[h]

U

= / d- (0, h* (" A9") - B(0,))det[h]) T
U

7/Q"’(ﬁ“/\z?”)~B(19,,)19H~8det[h] T. (C.19)
U
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Putting Eq.(C.19) in Eq.(C.18), we get
/U(Qmuﬂg*(w A9”) det[h] + b* (9" A 9¥)9,, - 9 det[h]) - B(d,) T
— /U d- (0, h* (9" A9Y) - B(9,))det[h]) T = 0, (C.20)

for all B such that B|,;, = 0. Next, using the Gauss-Stokes theorem with the boundary condition
Bly; = 0, the second term of Eq.(C.20) may be integrated and gives

/ d- (0, h* (" A9) - B(9,))det[h]) T
U
:/ 9 -9, h* (9" A 9Y) - B(9,)det[h] 7,
oU
= / h* (9" A9Y) - B(®,) det[h] 7, = 0. (C.21)
oU
So, putting Eq.(C.21) in Eq.(C.20) gives
/ (nDy, nh* (9" A 9”) det[h] + h* (9" A 9")0,, - & det[h]) - B(Y,) T = 0, (C.22)
U

for all B such that B|,;, = 0, and since B is arbitrary a fundamental lemma of integration theory
finally yields
17Dy, nh* (9" A 9") det[h] + h* (9" A 9")0,, - & det[h] = 0,

ie.,

Dy, nh* (9" A9) = —(9,, - d1n|det[h]|)nh* (9" A 9"), (C.23)

or yet,

(9, - 91n |det[h]|)nh* (9" A 9”) + 0, - Onh* (9" A9”) + QI,) x nh* (9" A9”) =0.  (C.24)
] 1, <1

This is the field equation for the »mn-gauge rotation field €. It is a set of four coupled multiform
equations, differential in the canonical 1-forms of h* (i.e., h*(9%),... h*(¥%)), and algebraic in
the canonical biforms of Q (i.e., Q(%p), ..., Q2(V3)).

We end this Appendix, writing again the FEuler-Lagrange equations for the fields h and €2, in
terms of the canonical 1-form and biform fields.

h*(9") (0, - 0V,) — ¥, - (0, + Q0,) x Q) =0, (C.25)

n
(9, - @1 |det[h]|)nh* (9" A O¥) + 0, - Onh* (9" A 9”) + Q(9,) x nh* (9" A9”) =0.  (C.26)
. ") <
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Appendix D
Proof of Eq.(6.13)

Proposition [1] The Einstein-Hilbert Lagrangian density L.; can be written as

Lon = —d <g°‘ A *dga> + Ly, (D.1)
[
where ] 1 ]
Ly =—=dg® Nxdga + =0g% N *0ga + —dg® A go A x(dg™ A ga) (D.2)
2 g9 2 g9 99 4 g9
is the first order Lagrangian density (first introduced by Einstein).
Proof: We will establish that £; may be written as

1
‘C!] = _5 gg’y :‘196 = (waﬁ /\w;“) ) (D3)

which is nothing more than the intrinsic form of the Einstein first order Lagrangian, in the gauge
defined by the basis {g*}. To see this first recall Cartan’s structure equations for the Lorentzian
structure (M ~ R*, g, D), i.e.,

dg® = —wg A a’, (D.4a)
R§ = dwi +w§ Awj, (D.4b)

where wf are the so called connection 1-form fields, which on the basis {g*} are written as
wi=L3.9". (D.5)

Now, using one of the identities in Eq.(2.84), we easily get

0" 5,67 3, (was A) =0 (Lingﬁ - ngLZﬂ) . (D.6)



124 Appendix D. Proof of Eq.(6.13)

Next, we recall that Eq.(D.4a) can easily be solved for wf in terms of the dg®’s and the gP’s. We
get

1
W= | 2 dg’ — g7 1 dg’+g" o (95 J_ldga) ga} - (D7)
9 9 9 9

We now have all ingredients to prove that L.;, can be written as in Eq.(D.1). Indeed, using Cartan’s
second structure equation (Eq.(D.4b)), we can write Eq.(6.11) as:

1 1
Len = =dwap A*(g* A gP) + ~waqy A wy Ax(g* A g”)
2 g 2 g
1 1 1
= sdwap A (g A 07)] + swap A (g A 07) + Swary Aw) AR A7)
2 g 2 9 2 g

1 1
= §d[waﬁ /\j(g“ A gP)] — FWap Awy /\a;(g” Ag?). (D.8)

Next, using again some of the identities in Eq.(2.102) we get (recall that w?® = —w®?)
(@7 A g°) Axwys = — % [w (84 A gs)]
g9 g9 g9

= ’;[(WMS ;95)97 — (W ;97)95] = 27; [(w ;95)97]7 (D.9)

and from Cartan’s first structure equation (Eq.(D.4a)), we have

0% Axdga = g% A *(wga A g’) = - * [ga;(wﬁ“ Agg)l
A

[

= - ’; o ;Wﬁa)gﬁ} == ’; I¢: ;wﬁa)g ) (D.10)

from where it follows that
1
l(@ A 8%) A Hwos] = —d(g™ A *dga). (D.11)
9 9
On the other hand, the second term in the last line of Eq.(D.8) can be written as

1
FWas AwS Ax(g7 A a%)
g9

5+ 167  was)(@” ) — (87 )@ - sl

Now,

B

(6" was) (a7 - w5)

= was - [(@7 2o
= wag (87 wS A g°) + ™)
9 9

- (wozﬁ A gw)j(wg A gﬁ) + wys ;w’Yﬂ
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and taking into account that dg® = —wj A g%, *xldxg® = —wg - g”, and that g, = — %' d * ga,
g9 g9 g9 g9 g9 g9

we have
1 a B 1 a a §
SWap AWT AX(g7 A g7) = o [—dg® Axdga — 0g% A *0ga + wys Axw°]. (D.12)
2 g9 2 g9 g9 99 g9
Next, using Eq.(D.7) the last term in the last equation can be written, after some algebra, as
1 é « 1 « «
50-)76 A w7 = dg® A xdga — 1 (dg™ A ga) A *(dg™ A ga)
g9 g9 g9
and we finally get
1 «@ 1 « 1 « yél
L, = —Edg A *dge + 5(59 A *0ga + 1 (dg™ A ga) Ax (dg” Agg), (D.13)
g9 g9 99 g9

and the proposition is proved.
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Appendix E

Derivation of the Field Equations from L,

Let X € sec A" T*U. A multiform functional F of X (not depending explicitly on x € /\1 U)is a
mapping
F :sec /\pT*U — sec /\TT*U

As, in Section 3, when no confusion arises, we use a sloppy notation and denote the image F(X) €
sec \"T*U simply by F. Eventually, we also denote a functional F by F(X). Which object we are
talking about is always obvious from the context of the equations where they appear.

Let w := §X € sec A\’ T*U. As in Exercise 3.6. we write the variation of F in the direction of
80X as the functional 6 F : A" U — A" U given by

F(X + MX) — F(X)

F=1 E.1
oF = Jim, A (E1)
Recall from Remark 3.1 that the algebraic derivative of F relative to X, g—f; is such that:
OF
OF =0X N —. E.2
0X (E-2)

Moreover, given the functionals F : A" U — A" U — and G : A"U — A’U the variation § satisfies
O(FANG)=6FANG+ FAOG, (E.3)

and the algebraic derivative (as is trivial to verify) satisfies

0 OF oG
—(FAG)=—= NG+ (-1)"PF A —. E.4
ax )=5x NG+ (=) Ee (E.4)
An important property of 4 is that it commutes with the exterior derivative operator d, i.e., for

any given functional F’
dOF = édF. (E.5)
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In general, we may have functionals depending on several different multiform fields, say, F :
sec(NPT*U x N1T*U) — sec \"T*U, with (X,Y) — F(X,Y) € sec A\"T*U. In this case, we have:

OF OF
OF =X N5 +8Y A oo (E.6)

An important case is the one where the functional F is such that F(X,dX) : sec(A"T*U x
/\p'HT*U) — sec /\4T*U. We then can write, supposing that the variation X is chosen to be

null on the boundary U, U’ c U (or that aad—l; oy = 0) and taking into account Stokes theorem,

oF oF
5//F7//5F7/l5X/\8—X+6dX/\ad—X
F

0 oF oF
— (1) _ _
_/,‘”M [8)( (=1) d(adx)} +d(5XA 8dX)
oF oF OF
= — _(—=1)P —_ i
//JX/\[a ( 1)d(8d )}+8U/6XAad
SF

= | 8¥n 5% (E.7)

where S%F(X’ dX) : sec(NPT*U x NPT' T*U) — \*"PT*U is called the functional derivative of
F, and we have:

6F _OF | d<8F>. E8)

= _(—=1)P _
60X 0X (=1) odX

When F' = L is a Lagrangian density in field theory gé is the Fuler-Lagrange functional.

We now obtain the variation of the Einstein-Hilbert Lagrangian density L., given by Eq.(6.11),
ie.,

1 1
Len = _(gn A gL) AN Ry = =R A *(gn A gL)’
2 g 2 g

by varying the w,, and the g” independently.
We have!

Lo, = %5[7375 Ax(g” A g')]

1 1
= 567275 A a;(g” Agd)+ 57275 N x (g7 A g°). (E.9)

1We use only constrained variations of the g® that do no change the metric field g.
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From Cartan’s second structure equation, we can write
OR~s N >;<(g'y Ag°)
= ddw~s A »;(g“* A G%) + 8w AW Ax(gY A g°) + Wy ASWE A »;(g7 A g°)
= ddw~s A t(g” Ag°) (E.10)
= d[dwss A#(87 A g°)] — wss A dlx(g7 A g°)]
= d[owys A x(g7 A g°)] = Bwys A [—wi A (" A g") — wy, A (g7 A g")]

= d[0w~s A 7:(9'y Ag)].

Moreover, using the definition of algebraic derivative (Eq.(E.1)), we have immediately

Olx(g” A g°)]

Sx(g" Ng°) =g~ A E.11
*(g7 N g’) = g e (E.11)
Now, recalling Eq.(2.103) of Chapter 4, we can write
) v 5 ) 1 YK 0L N v
‘:(g ANg ) = (577 N € N9 )
= 69” A (TIWTI&EMWQD), (E.12)
from where we get
d* (g7 A g°)
K,,0L v
gaT = 'I]Iy n En”“/g . (E].?))
On the other hand we have
vy 0\ 1 YK, 0L p o
gusx (87 A 8°) = 8507 0" €ripo” A 07)
=" € g”. (E.14)
Moreover, using the fourth formula in Eq.(2.102), we can write
Olx(a” A g”)] s
B — vy A
g grax (87 N g°%)
=g A (07 A 0")] = (g7 A 0" A ). (E.15)
Finally,
Ox (9" Ag®) =3d8g" Ax(g" Ag® Ag). (E.16)
[ [

Then, using Eq.(E.10) and Eq.(E.16) in Eq.(E.9) we get

1 1
0L, = id[éwfﬂ; A (g7 A gg)] +dg" A [ERW A*(g® A g? A 9] (E.17)
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Now, the curvature 2-form fields are given by Ras = 3Ragyx8” A g% where Rogy, are the
components of the Riemann tensor, and then

1 1
3 Rap Ax(g” A g’ ngy) = =5 * [Rap (g™ A g’ Nap)l

1 K (073
= =7 Rapyex (g7 A g7) (8" A g’ Nl

1
=—x(Ru— §R9H) =—%G,, (E.18)

where the R, are the Ricci 1-form fields and G, are the Einstein 1-form fields. So, finally, we can
write

0L
/5(z:eh+.cm) _ /5gaA(—*ga+ o

To have the equations of motion in the form of Eq.(6.25) (here with m = 0), i.e.,

) =0. (E.19)

d*S7 +*tV = —*T7 (E.20)
9 9 9

it remains to prove that
d*xS7+*t7 =—xG7. (E.21)
9 [

In order to do that we recall that L., may be written (recall Eq.(6.13) and Eq.(6.17)) as
Len = Ly — d(g” A *dgp)
1 « 1 « 1 « B «
= ——dg® AN*dgq + =0g% A*x0ga + —dg™ A ga A *(dg” A gg) — d(g™ A xdgg)
2 [ 2 [ 99 4 9 9
1 1
= —Edg“ Ags Ax(dg’ Aga) + nga A ga Ax(dg® A gg) — d(g® A*dgs)
9 9 9
1
= §dg°‘ A XS — d(g* N xdgg) (E.22)
9 9
Then

oL, oL
— a od a g9
0L, =8g" A e + 8dg™ A 9dg"

. foc, oL, o 0L,
8g /\{agaer(adga)]er(ég A e

=0g" A (*ta + d*8a> +d(0gY A *Sa), (E.23)

with oar ar
*ta R g9 S . g9

ST Bger w00 Bdge

(E.24)

To calculate g%, we first recall from Eq.(2.23) that we can write

1 1 1
gnJ(Edga A*S8%) = i(gn_ndga) A*S* + idga A(groxSY) (E.25)
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and thus since from Eq.(E.22) it is £, = %dga A *S%, we have
g9

1
3 dga N (grax SY) — (gradga) A *S¢ (E.26)

k1L — (glﬁ—‘dga) A*S* =
Next, we recall that
1
08% = 555,0(g" Ng') = 09" A (g:5%),
OxS*=08g" A (ga*S?) (E.27)

and, so we have

[6,*} S*=0x8 —x65“

= 09" A (g,528%) — 09" A (gra*x SY). (E.28)
g9 99
Multiplying Eq.(E.28) on the left by dg,A and, moreover adding ddg™ A xS“ to both sides, we get
[
1 1 1
O(=g" AxSY) = ddgt A = *SY 4+ =dg" A x6S“
2 g 2. 2 g
1
+0g" A = (dga A(graxSY) — (gkodga) /\*Sa)
2 99 g9 9
or
1 1
0Ly =0dg" N = xS + —dg" A *0S°
24 2 g
1
+6g" A 3 (dga A (gra*xSY) — (gradga) A *Sa) . (E.29)
99 g9 g9

Thus, comparing the coefficient of dg” in Eq.(E.29) with the one appearing on the first line in
Eq.(E.23), and taking into account the identity given by Eq.(E.26), we get

‘:ta = %c% = gajgg - (ga;‘dgn) A ’;st- (E.30)
Also, take into account that
a‘cg j— K K
*Sa 1= gage = —8n AX(dg" N ga) + 1ga A *(dg™ A gr), (E.31)
or )
*S® = —xdg" — (g7 x g%) Axd * go + =98" A x(dg™ A gao). (E.32)
g9 g9 99 g9 g9 2 g9

Finally, comparing the coefficient of dg" in Eq.(E.29) with the one appearing on Eq.(E.17), we get
the proof of Eq.(E.21).

Remark E1 Before proceeding, recall that in our theory the xt* are 3-form fields defined directly
as functions of the gravitational potentials g® and the fields dg® (Eqs.(6.26) and (6.27)), where the
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set {g*} defines by chance a basis for the g-orthonormal bundle. However, from Remark 6.4, we

know that the cotetrad fields {g®} defining the gravitational potentials are associated with the

extensor field h modulus, an arbitrary local Lorentz rotation A which is hidden in the definition of

g= thh = hTATnAh. Thus the energy-momentum 3-forms xt” are gauge dependent. However, once
[

a gauge is chosen the xt7 are, of course, independent on the basis (coordinate or otherwise) where

they are expressed, i.e., they are legitimate tensor fields. However, in GRT, where the x§7 : U —
9

/\2 U are called superpotentials® and the xt” are called the gravitational pseudo energy-momentum
3-forms this is not the case. The reason is implicit in the name pseudo 3- forms for xt7. Indeed,
in GRT, those objects are directly associated with the connection 1-forms w,g associated with
a particular section of the g-orthonormal bundle and thus, besides being gauge dependent, their
components in any basis do not define a true tensor field.
Taking into account Remark E1, we provide alternative expressions for xt7 and xS7 given by
[ [

Egs.(E.30) and (E.31) as

1
*tY = —5Wap Alwd Ax(g* A g? Ag) +w§ Ax(g A g® A,
9 [ [
1
*ST = JWas Ax(g® AgP Ag), (E.33)
g9 g9
where we use Eq.(D.7) for packing part of the complicated formulas involving g® and dg®, in the

form of weg. With Egs.(E.33), we can provide a simple proof of Eq.(E.21). Indeed, let us compute
—2x G7 using Eq.(E.18) and Cartan’s second structure equation.
g9

2% G = dwas Ax(g* Ag® A g®) + wany Awjh Ax(g® A g’ A g°)
g9 g9 g9
= dlwas A*(8% A g7 N g°)] +wap Adx (g% Ag” A g%)
g9 g9

+ Way AW} /\:(ga A gl Agd)

= dlwap A *(g" N 8" N g")] —wap Awp Ax(g” Ag? A g")

—wag AWy A(g*Ng"NG") —wap Awy Ax(g A g A gf)

+ Wary AW} /\j(g“ AgP Agd)

= dlwap A (g N 87 N g")] —wap A wy Ax(g% A g A g7)

+w) Ax(a” Ag” Ag’)

= 2(dag<85 +9;t5). (E.34)

2These objects are called in [1], the Sparling forms [2]. However, they were already used much earlier by Thirring
and Wallner in [3].
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Appendix F

Comment on the LDG Gauge Theory of
Gravitation

In the footnote 1 of Chapter 1, we recalled that in GRT, a gravitational field is defined by an equiv-
alence class of pentuples, where (M, g, D, 7,,1) and (M’,g’,D’,7.,1") are said to be equivalent if
there is a diffeomorphism f: M — M’, such that g’ = f*g, D' = f*D, 7/ = f*7,,1'= f* 1, (where
f* here denotes the pullback mapping)*. Moreover, in GRT, when one is studying the coupling of the
matter fields, represented, say by some sections of the exterior algebra bundle? )y ,, which sat-
isfy certain coupled differential equations (the equations of motion?), two models {(M,g, D,7,, 1),
Y1, Yn} and {(M' g, D', 7/,1"),91,  ,} are said to be dynamically equivalent iff there is a
diffeomorphism f : M — M’, such that the structures (M, g, D,7,,1) and (M',g’,D’,7.,1') are
diffeormorphic and moreover ¥, = f*;, i = 1,...,n.

This kind of equivalence is not a peculiarity of GRT. It is an obvious mathematical requirement
that any theory formulated with tensor fields existing in an arbitrary manifold must satisfy*. This
fact is sometimes confused with the fact that, for a particular theory, say ¥, it may happen that
there are diffeomorphisms f : M — M such that for a given model {(M, g, D, 7,, 1), ¢, ¥n} it

is g = f*g, D' = f*D, 7, = f*1,,1'= f* 1, but ¢ # f*¢;. When this happens, the set of

IDetails may be found in [1,2,3].
21f the exterior algebra bundle /\T*M is viewed as embedded in the Clifford algebra bundle C4(M, g) (/\T*M —

C¢(M,g)) then even spinor fields can be represented in that formalism as some appropriate equivalence classes of
sums of even non homogeneous differential forms. Details may be found in [1].

3The equations of motion, for any particular problem, satisfy appropriate initial and boundary conditions.

4Some people now call this property background independence, although we do not think that to be a very
appropriate name. Others call this property general covariance. Eventually it is most appropriate to simply say
that the theory is invariant under diffeomorphisms. Moreover, we recall that there is an almost trivial mathematical
theorem saying that the action functional for the matter fields represented by sections of the exterior algebra bundle
plus the gravitational field is invariant under the action of a one-parameter group of diffeomorphisms for Lagrangian
densities that vanish on the boundary of the region where the action functional is defined. Details, for example, in

(1]
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diffeomorphisms satisfying that property defines a group, called a symmetry group of ¥, and of
course, knowing the possible symmetry groups of a given theory facilitates the finding of solutions
for the equations of motion °.

Having said that, we now analyze first the motivations for the ‘gauge theory of the gravitational
field” in Minkowski spacetime of references [4] and [5] formulated on a vector manifold U ©. Those
authors, taking advantage of the obvious identification of the tangent spaces of U, write that for
a diffeomorphism f : U — U, & — f(x) we have some particularly useful representations for the
pullback mapping (f*, f) : 75U — T;U and pushforward mapping (f., f«, : ToU — T U).
Indeed, for representing the pushforward mapping [1] and [2], let’s introduce the operator £, such
that

f sec/\lTU — sec/\lTU,

a - () —a:0.f (F.1)

where

0
oxm’
with {x*} coordinates for U in the Einstein-Lorentz-Poincaré gauge and {7} the dual basis of the
basis {9, }, as introduced” in Chapter 5. For representing the pullback mapping [1] and [2] introduce
the operator £ such that®

Oy =*

(F.2)

ff : sec /\TxU — sec /\TQCU7
bix) = Yi(x) = (1) () = ¥i(f(x)) (F.3)

Next, those authors argue that the description of physics in terms of ; or ’(/J; is not covariant. To
cure this ‘deficiency’, they propose to introduce a gauge field h : sec /\1 TU — sec /\1 TU, such
that,

vilw) = h' ()],
Vi) = B ¥ ()], (F.4)

where U;(x) is said to be the covariant description of t;(z). This implies the following transforma-
tion law for h under a diffeomorphism f: U — U,

h'" = £th. (F.5)

From this point, using heuristic arguments, those authors say that this permits the introduction of
a new metric extensor field on U, that they write as

g=h'h, (F.6)

because, different from what we did in this book they choose as basic algebra for performing
calculations C4(U, ), instead of C4(U,-). Also, take notice that in [4,5] it is h = h~1.

5See some examples, e.g., in Chapter 5 of [1].

6The vector manifod U is as defined in Chapter 5, but with the elements of U being vectors instead of forms, and
the elements of A TU being multivector fields instead of multiform fields.

"Take notice that the reciprocal basis of {y*} is the basis {7,} such that v, ; V=4

8Recall that £ is the extended of f.
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The reasoning behind Eqs.(F.4) is that the field ¥; € sec A TU has been selected as a representa-
tive of the class of the diffeomorphically equivalent fields {£+;}, for f € DiffU, the diffeomorphism
group of U. This is a very important point to keep in mind. Indeed, in [4] and [5] in aregion V C U
the gravitational potentials (called displacement gauge invariant frame {g"}) are introduced as

follows. First, take arbitrary coordinates {z*}, covering V', and introduce the coordinate vector

fields 9
ZL _ 9, (F.7)

ey =

where the position vector = := x*(2®)v, and the reciprocal basis of {e,} is the basis {e/} such
that?

et := Oyt (F.8)
Then,
Iy = hT(eu) = hjea, (F.9)
g" =h"'(e") = (h™'0,)a" (F.10)
and
h'(ey) : B (ev) = gley) - ev = g, (F.11)
h™'(e") - ht(e") = g l(e!) - e¥ = g, (F.12)
n n
From its definition, the commutator [e,, e,] := e, - O, €, — €, - Oye, = 0, but, in general ,we have
n n
that

(Gus 9] = [hTeM, hTey] = (hTeM ; 6x)hTey — (hTey ; 8x)hTeH
= (Ouhy — Ouhi))ea = ¢ ea # 0, (F.13)

i.e., {gu} is not a coordinate basis, because the structure coefficients cf;, of the basis g, are non
null.

Remark F1 Before proceeding, we recall that on page 477 of [4] it is stated that the main
property that must be required from a nontrivial field strength h is that we should not have h' (a) =
£1(a) where £ is obtained from a diffeomorphism f : U — U. This implies that d, A h'(e,,) # 0,
Le., (Ouhy — Oyhy)eq # 0.

The next step in [4] towards the formulation of their gravitational theory is the introduction of
what those authors call a ‘gauge covariant derivative’ that ‘converts 9, into a covariant derivative’.
If M € sec ATU they define

(D, M =0, + 9, x M, | (F.14)

with Q : sec\' TU — sec /\2 TU, Q, = Q(e,). Before going on we must observe that the correct
notation for D,,, in order to avoid confusion'?, must be D.,, and we shall use it in what follows,

9Recall that 9, = v 8(2# = eufmiuv with et = & gir(‘: )

10Ty [5] Eq.(F.15) is written D, M = 8, + w(gy) X M. We must immediately conclude that w(g,) = w(hf(e,)) =
Qley), ie, w = h*Q. Moreover from the notation used in [5] we should not infer that D,, is representing Dg,,,
because if that was the case then the defining equation for Dy, should read Dy, M = h{;0u + Q(gu) x M.
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thus to start, we write
D, M =0, + Qu x M. (F.15)

We also introduce the basis {8} of T*U dual of the basis {e,} of TU and also the basis {¢(*} of
T*U dual of the basis {g,} of TU and write as in [4,5]:

D.,gv =L}, 90, De, g% =—-L},9", De,(*=—Ly,(" (F.16)

0z

We also write

D, e, ==L}, 90, De,e*=-Lj ", D, 0%=-L;0". (F.17)
Note now that, whereas the indices  and v in L%, refer to the same basis'', namely {e,} the
indices p1 and v in L%, are hybrid'?, i.e., the first (1) corresponds to the basis {e,} whereas the
second (v) corresponds to the basis {g, }. This observation is very important, for indeed, if we write
explicitly  and g, the metric tensors which correspond to the metric extensors n~! and g~ !, we
have immediately from g, ; 9y = g and e, - €, = g, that

g9

n=guw®, g=gubt 06, (F.18)
with {¢#} the dual basis of {g,} and {#"} the dual basis of {e,}.
We then get
Deun = DeH (gaﬁca ® Cﬁ)
= (augocﬁ - ngLZa - gapLZﬁ)ga & Cﬁa (F~19)
i.e., the connection D will be metric compatible with n iff
Opugap — 9ppLlie — gapLZﬁ =0. (F.20)

Now, in [4,5] Eq.(F.20) is trivially true'?, but it is interpreted by those authors as meaning that D
is compatible with g. The error in those papers arises due to the confusion with the hybrid indices
(holonomic and non holonomic) in Lf,,, and we already briefly mentioned in [6]. And, indeed, a
trivial calculation shows immediately that

D.,g#0, (F.21)

i.e., the connection D has a non null nonmetricity tensor relative to g. Indeed, we know from
the results of Section 4.9.1 that the connection which is metrically compatible with g is D', the
h-deformation of D such that if a,b € sec /\1 TM,

Db = h"'(D,h(b)). (F.22)

Another serious equivocation in [4,5] is the following. Those authors introduce a Dirac like operator,
here written as D = goD._ . Then, it is stated (see, e.g., Eq.(131) in [5]) that

« 1 « « v
DAg® = §(LW — L,,H)g A gt (F.23)

' Those indices are holonomic, since {e,} is a coordinate basis.

12The index p is holonomic and the index v is non holonomic. This has already been observed in [6].

!3Indeed, we have for one side that D, (9o - 98) = Ougag and on the other side De, (9o - 98) = De,ga - 93
n n n

+ 90 Dey9p = gppLliza + ganLys.
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is the torsion tensor (more precisely the torsion 2-forms ©¢). However, since the structure coeffi-
cients of the basis {g,,} are non null, the correct expression for the torsion 2-form fields ©“ are, as
well known (see. e.g., [1] )
0% = %(Lﬁy =Ly, —cp)g” Ngt. (F.24)
It follows that even assuming Lj;,, = Ly, the connection D has torsion, contrary to what is claimed
in [5]. Of course, a simple calculation shows that the Riemann curvature tensor of D is also non
null.
The above comments clearly show that the gravitational theory presented in [4,5] introduces a
connection D that is never compatible with g and moreover does not reduce to GRT even when it
happens that ©“ = 0, and as such that theory seems to be unfortunately inconsistent concerning

its claims'4.
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Appendix G

Gravitational Field as a Nonmetricity Tensor Field

In this Appendix to further illustrate the point of view used in this book, we give a model for
gravitational field of a point mass, where that field is represented by the nonmetricity tensor of a
special connection. To start with, suppose that the world manifold M is a 4-dimensional manifold
diffeomorphic to R*. Let ,moreover, (¢, x,y, z) = (2°, 2,22, 2%) be global Cartesian coordinates for
M.

Next, introduce on M two metric fields:

n=dt®@dt —de' @ dr' — da® @ do® — da® ® da®, (G.1)
and
g= (1— Q—m) dt @ dt
r
1 2m - N2 i i
~ a5\ Z(m) dx' @ dx
i=1
om\ !
—dr' @ da' + (1 - T) (do? @ da* — da® @ da?). (G.2)
In Eq. (G.2)
r=/(@1)? + (22)? + (%)% (G.3)

Now, introduce (¢,7,9, ) = (2%, 2’1, 2'%,23) as the usual spherical coordinates for M. Recall

that

! =rsindcosp, 2° = rsindsing, = rcos? (G4)
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and the range of these coordinates in n are r > 0,0 < 9 <7, 0 < ¢ < 27. For g, the range of the r
variable must be (0,2m) U (2m, 00).

As it can be easily verified, the metric g in spherical coordinates is:

2 2m\
g— (1 - Tm) dt ® dt — (1 - Tm) dr @ dr — r2(dd ® dv + sin® dde @ dy), (G.5)

which we immediately recognize as the Schwarzschild metric of GR. Of course, 1 is a Minkowski
metric on M.

As next step, we introduce two distinct connections, D and D on M. We assume that D is the
Levi-Civita connection of i in M and D is the Levi-Civita connection of g in M. Then, by definition
(see, e.g., [1] for more details) the nonmetricities tensors of D relative to n and of D relative to g
are null, i.e.,

b'r) =0,
Dg=0. (G.6)

However, the nonmetricity tensor A" € secTY M of D relative to g is non null, i.e.,
Dg = A"+£0, (G.7)
and also the nonmetricity tensor AY € secTYM of D relative to m is non null, i.e.,
Dn = 2A94£0. (G.8)

We, now, calculate the components of A" in the coordinated bases {0,} for TM and {dz"} for

T*M associated with the coordinates (20, 2!, 22, 23) of M. Since D is the Levi-Civita connection

of the Minkowski metric 7, we have that
9,=0,
Do, da® = —L%,dz” = 0. (G.9)

D,,8, =L

N

i.e., the connection coefficients Lf,, of D in this basis are null. Then, A" = Quapdr® @ dz® ® dat
is given by

A" = bg = bau (ga/;dxa ® dwﬁ) ® dzt

_ 9908\ o 8 "
*(mu )dz® @ dz” ® dxt. (G.10)

To fix ideas, recall that for Q1q0, it is,

0 2m
G gt (l V@ @R+ <x3>2>

= = : (G.11)
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which is non null for x' # 0. Note also that Qo0 = Qoo1 = 0.

Remark G1 Note that using Riemann normal coordinates {£#} covering V' C U C M, naturally
adapted to a reference frame Z €secTV' in free fall (DzZ = 0, da Ao = 0, a = g(Z, )), it is
possible, as it is well known, to put the connection coefficients of the Levi-Civita connection D of
g equal to zero in all points of the world line of a free fall observer (an observer is here modelled as
an integral line o of a reference frame Z, where Z is a time like vector field pointing to the future
such that Z| = oy).

In the Riemann normal coordinates system covering U C M, not all the connection coefficients of
the non metric connection D (relative to g ) are null. Also (of course) the nonmetricity tensor 27 of
D (relative to g) representing the true gravitational field is not null. An observer following o does not
feel any force along its world line because the gravitational force represented by the nonmetricity
field is compensated by an inertial force represented by the non null connection coefficients? L35 of
D in the basis {%}

The situation is somewhat analogous to what happens in any non inertial reference frame which,
of course, may be conveniently used in any Special Relativity problem (as e.g., in a rotating disc
[2]), where the connection coefficients of the Levi-Civita connection of 1 are not all null.

Standard clocks and standard rulers (standard according to GRT') are predicted to have a be-
havior that seems to be (at least with the precision of the GPS system) exactly the observed one.
However, take into account that those objects are not the standard clocks and standard rulers of
the model proposed here®. We would say that the gravitational field distorts the period of the
standard clocks and the length of the standard rulers of GRT relative to the standard clocks and
standard rulers of the proposed model, which has non null nonmetricity tensor?. But, who are the
devices that materialize those concepts in the proposed model? Well, they are paper concepts, like
the notion of time in some Newtonian theories. They are defined and calculated in order to make
correct predictions. However, given the status of present technology, we can easily imagine how to
build devices to directly realize the standard rulers and clocks of the proposed model.
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30f course, our intention was only to illustrate a statement we made in the Introduction, namely that some
gravitational fields may have many (equivalent) geometrical interpretations.
40n his respect see also [3].
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metric compatible, 56
curvature and bending, 3
curvature operator
curvature extensor fields, 54
curvature tensor, 1

Deformation of MCGSS Structures
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Deformation of MCGSS plastic distor-
tion field h, 64
deformation of MCGSS structures, 64
deformations
elastic, 65
Cauchy-Green tensor, 65
Minkowski-Cartan —Lorentz-Cartan, 66
plastic, 65
determinant of of (1,1)-extensor
det[t], 21
distortions
of covariant derivatives, 67
duality identity, 19

Einstein (1,1)-extensor field, 60
Einstein tensor, 2
Einstein-Lorentz-Poincaré gauge, 136
Einstein-Lorentz-Poincare gauge, 75
energy-momentum tensor, 2
extensor calculus on manifolds, 47
extensor field, 49

covariant derivative, 52
extensors, 13, 19
exterior product, 15

flat spaces, 3

free gravitational field
equation of motion, 77
Lagrangian, 76

functional
algebraic derivatives, 127
Euler-Lagrange, 128

gauge extensor fields, 70
gauge freedom, 29
gauge Ricci field, 69
gauge Riemann field, 69
vg-gauge rotation extensor field, 58
nn-gauge rotation extensor field, 66
generalization operator, 23
geometrical space structure, 1

GSS, 3

metric compatible

MCGSS, 3

Riemann, 3

Riemann-Cartan, 3

Riemann-Cartan-Weyl, 3

golden rule, 30
gravitational potentials g, 83
gravitational theory

independent h and € fields, 117
graviton mass, 86
GRT, 1

Hamilton’s equations, 98
Hamiltonian 3-form, 93
Hamiltonian formalism, 93
Hodge coderivative operator, 85
Hodge star operators, 30

involutions, 14

k-part operator, 14
Killing vector fields
symmetries
conservation laws, 6

Lagrangian

gauge fixing term, 86

gravitational field plus matter field, 81
Lagrangian density

Einstein-Hilbert, 123

Len, 127

LDG Gauge Theory, 135
Legendre transformation, 94
Levi-Civita connection, 2
Levi-Civita differential operators, 63

divergent, 63

gradient, 63

rotational, 63
Lorentz-Cartan MGSS, 57
Lorentzian metric, 2

MECM, 1

metric extensor n, 27

Metric Extensorg, 28

multiform and extensor calculus
notable identities, 53

multiform calculus on manifolds, 47

multiform field, 49
covariant derivative, 50

multiform functionals, 33, 41
A-directional derivative A - 0y, 41
derivative of induced functionals, 41



variational derivative 9}, 44
multiform functions, 33
derivative, 34
limit and continuity, 34
multiform variables, 35
chain rules, 36
derivative mapping Ox, 37
differentiablility, 35
directional derivative A - Ox, 35
limit and continuity, 35
real variable, 33
multiforms, 13
mutiform functionals
operators Oyx, 42

Noether current, 95
nonmetricity tensor, 1, 3
nonmetricity tensor field, 141
normal (1,1)-extensors, 24
Nunes connection
navigator connection
Columbus connection, 5

operator
covariant D’Alembertian, 91
Dirac operator, 91
Hodge D’Alembertian, 91
Ricci operator, 91
Ricci operator dA @, 91
operators Jx *
t-distortions, 40

parallelism rule, 3
parallelism structure

covariant derivative, 50
parallelizable, 6
plastic distortion

Lorentz vacuum

gravitation, 75

position 1-form, 49
pseudo energy-momentum 3-forms, 132
pseudo-euclidean metric extensor, 27
pseudo-euclidean space, 2
punctured sphere

Nunes connection, 111

Riemann connection, 111

Index

quasi local energy, 97

Riemann (2,2)-extensor field, 60
Riemann 4-extensor field, 59
Riemann curvature tensor, 3
Riemann-Cartan MGSS, 57
rotation gauge field, 50

scalar product
canonical scalar product, 15
metric scalar product, 24
shape tensor, 4
space extV, 19
spacetime
Lorentz-Cartan, 6
Lorentz-Cartan-Weyl, 6
Lorentzian, 6
Minkowski, 6
superpotentials, 132

teleparallel connection
teleparallel MCGSS, 6
time oriented, 2
torsion tensor, 1, 3
torus
null Riemann curvature, 109
torus geometry, 4
trace of (1,1)-extensor
tr[t], 21

useful identities, 31

volume element, 2
vorticities, 83

wave equations, 91

Yang-Mills, 83
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