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Preface

The present theory for the penetration of charged particles through matter rests on
the fundamental work by Bohr, Bethe and Bloch. Due to the progress in the acce-
leration and detection of particles since the early years of the last century an increas-
ing range of applications has emerged, both in fundamental physics but also in fields
like medical radiology, materials science, nuclear fission and fusion technology and
many others. These developments require a detailed and quantitative knowledge
about the processes occuring during the passage of charged particles through mat-
ter. A comprehensive overview on the present status of the theory of stopping of
heavy ions in matter has, e.g., been presented in recent monographs by Sigmund.

However, in recent decades considerable interest has been directed towards
applications in which strong magnetic fields play a dominant role. Then the cy-
clotron radius of the target electrons is the smallest relevant length scale and their
cyclotron period the smallest time scale of the problem. While the fields occuring in
magnetic confinement fusion devices are still marginal in this sense, stronger fields
are employed to guide the electrons in the cooling sections of particle storage rings
and even more so for the deceleration of heavy ions and antiprotons in traps. In the
rest frame of the beams the cooling/deceleration process may be viewed as the stop-
ping of ions in an electron plasma. Except for recombination, changes in the internal
structure are not so important in these applications. The emphasis of this book lies
therefore on the interaction of ions with a magnetized electron plasma.

The original results presented in this book could not have been obtained without
the generous support by:

– Alexander von Humboldt Stiftung
– Bundesministerium für Bildung und Forschung (BMBF)
– CERN
– Gesellschaft für Schwerionenforschung (GSI)
– Deutscher Akademischer Austauschdienst (DAAD)
– Centre National de la Recherche Scientifique (CNRS), Université Paris-Sud
– Armenian National Science and Education Foundation (ANSEF).

The authors are also grateful for the advice offered in many enlightening discus-
sions with our colleagues Jacques Bosser, Christian Carli, Claude Deutsch, Frank
Herfurth, Heinz-Jürgen Kluge, Gilles Maynard, Dieter Möhl, Wolfgang Quint, Paul-
Gerhard Reinhard, Markus Steck, Andreas Wolf and our students Bernd Möllers and
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Markus Walter. Large parts of the manuscripts have been meticulously prepared by
Claudia Schlechte.

Erlangen, Hrachya Nersisyan
November 2006 Christian Toepffer

Günter Zwicknagel
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1 Introduction

The interaction of charged particles with matter has been an issue of extensive inves-
tigations throughout the whole last century. Its theoretical treatment starts with the
classical description of the energy loss of fast projectiles considered by Bohr [24].
Later a quantum mechanical treatment of the energy transfer to bound electrons was
established by Bethe [18] and refined by Bloch [23]. Further considerable improve-
ments of the theoretical description have been achieved by Fermi and Teller [41] and
finally by Lindhard [79]. The present status of the theory has, e.g. been reviewed in
the monographs by Sigmund [118, 119]. Till nowadays an enormous number of
publications are dedicated to specific questions on the energy loss for a variety of
possible projectile and target conditions. Recent applications are the energy transfer
to pellets for inertial confinement fusion, electron cooling of heavy ion beams as
well as the deceleration of particle beams in traps.

The interaction of a test particle with a medium of charged particles like the stop-
ping of an ion in an electron plasma or its deceleration in a trap can be described
in two approaches which are complementary to each other. The dielectric theory
(DT) is a continuum theory in which the response of charge and current densities to
external perturbations is calculated. While this requires cut–offs at small distances
(or large wavenumbers in Fourier space) to exclude hard collisions of close parti-
cles, the collectivity of the excitation can be taken into account. In the binary col-
lision approximation (BC), on the other hand, the motion of the ion is described as
the aggregate of subsequent pairwise interactions with the target electrons. This re-
quires cut–off parameters at large distances (corresponding to small wave numbers
in Fourier space) to account for screening.

For a physically meaningful comparison between DT and BC we adhere in this
book to the following terminology: The basic, but generally unobserved quantity in
BC is the energy or velocity transfer ΔEi or Δvi, respectively, to the test particle in a
collision with specific initial data. Averaging with respect to quantities like the phase
angle ϕ of the cyclotron motion and integration with respect to the impact parameter
s yields the energy loss dEi/dl of the test particle with monochromatic electrons.
Here dl = vidt is the path element of the test particle moving with velocity vi in
a time interval dt. Then averaging with respect to the electron velocity distribution
f (ve) yields the stopping power S and the stopping force or drag force F ,

S = −F · v̂i = −
dEi

dl
= −
〈

dEi

dl

〉
. (1.1)



2 1 Introduction

In Chap. 2 we review the previous work on this subject, present the methods
which were employed and their results and point out the inherent problems in ap-
proximation methods like perturbation expansion and linearization. These are asso-
ciated with the infinite range of the Coulomb interaction and the role of the collective
excitations in the target, large velocity transfers in hard collisions and the transition
to a quasi-one-dimensional electron motion for strong magnetic fields. In contrast
to the field-free case the BC depends then on the sign of the interaction between the
test particle and the electrons. Consider, e.g., a test particle moving parallel to the
magnetic field, while the electrons move like beads on a wire along the field lines.
In the attractive case no velocity transfer takes place at all, while it is maximal in
the repulsive case. This indicates a failure of the perturbation expansion. Even in
the attractive case caution is indicated. For small ion velocities the stopping power
has the logarithmic behavior typical for one-dimensional problems unless one ac-
counts for the velocity dependence of the lower cut–offs. In any case the validity
of the more analytical approaches, perturbation expansion in BC and linearization
in DT must be checked by numerical simulations. To this end we employ classical
trajectory Monte-Carlo (CTMC) and particle-in-cell (PIC) simulations.

It turns out to be advantageous to include the cut–offs, which are physically
motivated by (dynamic) screening and quantum diffraction already on the level of
the interaction potentials. For this purpose we have developed analytical methods in
which the exact form of the interaction potential must be specified only at the end
of the calculation of the stopping power.

This program is carried out in Chap. 3 for the BC. Closed expressions for the
averaged energy transfer in second-order perturbation theory are obtained for the
limiting cases of weak and strong magnetic fields and for parallel ion motion in
arbitrary magnetic fields. The validity of the perturbation expansion and the ap-
pearance of chaotic regimes are studied by comparison with CTMC calculations.
Knowing the velocity transfers in the binary collisions one can also calculate the
velocity diffusion of charged particles in a magnetic field, i.e. the straggling.

In Chap. 4 we turn to the DT, which is formulated in linear response (LR) by
calculating first the dielectric function, which involves an integration in velocity
space. The zeroes of this function describe the excitation modes of the target. Then
the imaginary part of the inverse of the dielectric function is integrated in Fourier
space for the stopping power. Closed expressions are obtained in the limits of small
and large projectile velocities in a weak as well as in a strong magnetic field. For
intermediate fields the stopping power can only be evaluated in closed form under
the assumption of weakly interacting electrons with a vanishing plasma frequency.
Then the stopping power does not receive any contribution from dynamic collective
plasma modes, but the collectivity can be reintroduced by replacing the Coulomb
interaction between the ion and the target electrons by a screened interaction. From
its very concept this reduced linear response (RLR) should be equivalent to the BC
with a screened electron-ion interaction, and such a conformity is verified explicitly.
As in the BC there emerges a logarithmic anomalous behavior of the stopping power
at low ion velocities and strong magnetic fields both in the LR and the RLR versions
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of the DT. As the averaging with respect to the electron velocity distribution is done
first when calculating the dielectric function this cannot be avoided by employing
velocity dependent cut–offs in the later spatial (Fourier) integrations. Insofar the LR
is less flexible than the BC.

The velocity dependence of the cut–off at small distances is suggested by quan-
tum diffraction. An ab initio quantum treatment of the stopping power is presented
in Chap. 5. This involves the equation of state and the dielectric function of a magne-
tized quantum plasma and their semiclassical limits. In the framework of the quan-
tum BC the conformity between the RLR and the transition to the classical case are
shown.

In Chap. 6 some applications are discussed. Electron cooling is a powerful tech-
nique to improve the phase space structure of ion beams in storage rings. In the
cooling section the ion beam is superimposed by a comoving electron beam. Due
to the acceleration in the electron gun the velocity distribution of the electrons in
the rest frame of the beams is highly anisotropic, the temperature parallel to the
beam and its magnetic guiding field is lower by some orders of magnitude than the
transverse temperature. As the transverse motion of the electrons is quenched by the
magnetic field, it is rather small longitudinal velocity of the electrons which sets the
scale for the velocity dependence of the stopping power.

Another recent application is the deceleration of heavy ions or antiprotons by
electrons in traps for the purpose of precision experiments on QED and symmetries,
respectively. Here the particles move under the influence of the external electric
and magnetic fields, the mean fields produced by the particles themselves and the
drag force F . The stopping of the heavy particles is accompanied by a heating of
the electrons, which in turn loose energy by radiation. The solution of the coupled
equations yields the time in which the particles come to rest for the precision exper-
iments. For ions the stopping process must be faster than the recombination. This
can be achieved under realistic experimental conditions.

To conclude we propose in Chap. 7 a pragmatic approach for a calculation of
the stopping power. In the presence of a magnetic field there exist no closed solu-
tions. Even approximate treatments like second order BC or linearized DT can only
be evaluated in closed form in certain limiting cases like parallel ion motion, an in-
finitely strong magnetic field etc. The validity of these approximations is critically
examined as there exists no universal parameter of smallness. Unphysical diver-
gences can be suppressed by using physically well motivated velocity dependent
cut–off parameters. An explicit comparison with numerical simulation validates the
linearization of the DT and the perturbative BC except for a very slow motion of the
ions transverse to the magnetic field. Fortunately this region of parameter space is
unimportant for the present experiments on ion beam cooling and trapping.



2 Previous Work, Status and Overview

2.1 Energy Loss in an Unmagnetized One–Component–Plasma
(OCP)

There are basically two complementary approaches to describe the energy loss of
charged particles in matter. In the dielectric treatment (DT) the response of the tar-
get’s charge and current densities to the perturbation caused by the passing projectile
is calculated. Such a continuum theory requires cut–offs to exclude hard collisions
of close particles, but the collectivity of the excitation can be taken into account.
In the binary collision approximation (BC), on the other hand, the energy loss of
the projectile is the aggregate of subsequent pairwise interactions with the target
particles. This requires cut–offs at large distance to account for screening. We will
first treat the case of an unmagnetized target plasma. This will illustrate the basic
ideas of both approaches and serves to highlight the difficulties introduced by the
presence of an external magnetic field.

We consider the stopping power S , which is the energy loss of an ion moving
with velocity vi along a path element dl = vidt

S = −
dEi

dl
= −

1
vi

dEi

dt
= −F · v̂i . (2.1)

Here F is the stopping force, i.e. the drag exerted by the target on the ion. Its de-
pendence on vi is easily obtained in the dielectric picture shown in Fig. 2.1.

The passing ion creates in its wake a polarization cloud with the typical radius
of the Debye screening length λD = vth/ωp, where vth is the thermal velocity of the
target particles and the time scale is set by the inverse plasma frequency ω−1

p . Near
the center of the cloud the electric field increases linearly with the distance, outside
the cloud it decreases with an inverse square law. For small velocities vi � vth the
ion will still be within its polarization cloud after the typical time ω−1

p , so the drag
force will increase linearly with vi. For large velocities vi � vth the ion has left
its polarization cloud before its formation has been completed. The drag force will
then be inverse proportional to the square of the ion velocity. This gross, schematic
behavior is therefore described by

|F | = −
dEi

dl
∝
{

vi , vi < vth

v−2
i , vi > vth

. (2.2)
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λ

|F |

vi = riωpvth

−     −     −

−     −     −

−     −     −     −     −

−     −     −     −     −

Fig. 2.1. Schematic dielectric model for the stopping force.

It follows immediately that a swift projectile is stopped most effectively by the
fastest target particles, i.e. the electrons and that nuclear stopping becomes only
important at very low projectile velocities [118]. We will therefore concentrate on
electron stopping in the following.

In order to gain more insight we rederive (2.2) in the complementary binary
collision model. Let F(r(t)) = F(r(t))r̂(t) be a central force exerted by the ion on
the electron, n a unit vector in the direction of closest approach and θ the polar angle
between relative distance r(t) and n. For reasons of symmetry, see Fig. 2.2, only the
component n(n ·F) = nF(r) cos θ contributes to the energy loss. Because of angular
momentum conservation the energy transfer (3.21) can be written as

ΔEi = −
∫ ∞
−∞

dt vi · F(r(t)) = −2
m
l

vi · n
∫ θmax

0
r2F(r) cos θ dθ . (2.3)

Here −F is the force acting on the ion and l = mr2dθ/dt is the angular momen-
tum and the reduced mass has been approximated by the electron mass m. For the
Coulomb interaction (3.1) with F(r) = −Ze/2/r2 (where e/2 = e2/(4πε0) with the per-
mittivity of the vacuum ε0) the explicit dependence on the radial distance cancels,
so that

ΔEi =
2Ze/2m

l
vi · n
∫ θmax

0
dθ cos θ =

2Ze/2m
l

(n · vi) sin θmax . (2.4)

The direction θmax of the asymptotic motion and the scattering angle Θ = π − 2θmax

are related to the excentricity ε of the hyperbolic trajectory by [48, Chap. 3]

cos θmax = sin
Θ

2
=

1
ε
=

1
1 + (s/s90)2

. (2.5)
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θs n

Θ

r(t)

Fig. 2.2. Trajectory of relative motion in an electron-ion collision.

Here s is the impact parameter which is related to the scattering angle Θ and the
relative velocity vr by

s =
|Z|e/2

mv2
r

cot
Θ

2
. (2.6)

The impact parameter s90 = |Z|e/2/mv2
r separates the regimes of soft (s > s90) and

hard (s < s90) collisions. With these relations the energy transfer (2.4) can be ex-
pressed as

ΔEi =
2Ze/2

vr s90
(n · vi) sin

Θ

2
. (2.7)

Averaging n with respect to the directions of ŝ yields a factor (n · vi)vr = vr sinΘ/2.
Thus

〈ΔEi〉ŝ =
2Ze/2

v2
r

s90

s2
90 + s2

(vr · vi) =
2Z2e/4

mv4
r (s2

90 + s2)
(vr · vi) . (2.8)

The energy transfer (2.8) refers to a binary collision with an initial relative veloc-
ity vr = ve(t → −∞) − vi = ve0 − vi and an impact parameter s ⊥ ve0. Assuming
monochromatic electrons with a velocity ve0 and a number density ne an ion col-
lides during a time interval Δt with 2πnevr sdsΔt electrons with impact parameters
between s and s + ds. The energy loss of an ion on a path length dl = vidt is

dEi

dl
=

1
vi

dEi

dt
=

2πnevr

vi

∫ smax

0
dss〈ΔEi〉ŝ , (2.9)

where 〈. . .〉ŝ indicates averaging with respect to the azimuthal angle of s. Insertion
of (2.8) yields

dEi

dl
=

4πZ2nee/4

mv3
r

(vr · v̂i)
∫ smax

0

sds

s2
90 + s2

=
4πZ2nee/4

mv3
r

(vr · v̂i)Λ(smax, s90) (2.10)
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with the modified Coulomb logarithm [124]

Λ(smax, smin) =
1
2

ln

⎛⎜⎜⎜⎜⎝1 + s2
max

s2
min

⎞⎟⎟⎟⎟⎠ . (2.11)

Here the cut–off smax is required by the infinite range of the Coulomb interaction. A
physical model is provided by screening, i.e. smax is set equal to the Debye length λD

or suitable modifications thereof, see Sect. 3.2. On the other hand no lower cut–off
is required in the s-integral (2.10) as hard collisions with s < s90 are treated exactly.
We note that the modified Coulomb logarithm Λ(smax, s90) is strongly self–cutting
as it behaves like O(v4

r ) in the limit vr → 0.

t = 0

vr

R0
s

t = −t0

Fig. 2.3. Zero order trajectory of relative motion (2.12).

For more general forces than inverse square and in the presence of a magnetic
field the exact closed solution (2.4) is not possible. We must seek for approximate
treatments. A systematic perturbation expansion for some central interaction poten-
tials without magnetic field has been formulated by Lehmann and Leibfried [78],
see also [119]. We start in zero order from uniform motion

v0 = vr , r0(t) = R0 + r(t) = s + vr(t + t0) . (2.12)

It should be noted that the impact vector s is here equal to the vector of closest
approach, see Fig. 2.3. The first order correction to the relative velocity is

v1(t) =
1
m

∫ t

−∞
F0(r0(t′))dt′ (2.13)

with

F0(r0(t)) = −Ze/2 r0(t)

r3
0(t)
=

r0(t)
r0(t)

F(r0(t)) (2.14)

and F0(r0(t)) = −Ze/2/r2
0(t). For symmetry reasons v1(t→ ∞) is parallel to s, thus

〈
ΔE(1)

i

〉
ŝ
=

〈
−
∫ ∞
−∞

dt′vi · F0(r0(t′))

〉
ŝ
= 0 . (2.15)
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The first–order force can be expanded as

F1(r0(t), r1(t)) = r1
F(r0)

r0
+

r0(r0 · r1)
r0

∂

∂r0

(
F(r0)

r0

)
, (2.16)

where the time arguments have been dropped for simplicity. Here

r1(t) =
1
m

∫ t

−∞
F0(r0(t′))(t − t′)dt′ (2.17)

is the first–order trajectory correction. The second–order energy transfer is then〈
ΔE(2)

i

〉̂
s
=

〈
−
∫ ∞
−∞

dt′vi · F1(r0(t′), r1(t′))

〉
ŝ
, (2.18)

and inspection shows that only the terms

〈vi · r0(t)〉ŝ = (vi · v) (t + t0) , (2.19)

〈(vi · r0(t))(r0(t) · r0(t′))〉ŝ = s2 (vi · v) (t + t0) + v2(t + t0)2(t′ + t0) (vi · v)

survive the ŝ–averaging. The remaining nested integrals are of the type∫ ∞
−∞

dt f (t)
∫ t

−∞
dt′g(t′) =

1
2

(∫ ∞
−∞

dt f (t)

) (∫ ∞
−∞

dt′g(t′)

)
(2.20)

as the integrands are either both even or both odd. A straightforward calculation
yields then for the Coulomb case〈

ΔE(2)
i

〉
ŝ
=

2Z2e/4

mv4
r s2

(vr · vi) , (2.21)

which should be compared to the exact result (2.8). Here the second–order pole for
s → 0 indicates the inability to handle hard collisions in perturbation theory. The
integration with respect to the impact parameter must now exclude hard collisions
by introducing a lower cut–off smin

dEi

dl
=

4πZ2nee/4

mv3
r

(vr · v̂i) L (smax, smin) (2.22)

with the conventional Coulomb logarithm [72]

L (smax, smin) = ln
smax

smin
. (2.23)

With the apparently reasonable choice smin = s90 ∝ v−2
r this Coulomb logarithm

becomes negative at small relative velocities. This can cause artifacts when inte-
grating over the velocity distribution of the electrons, see Sect. 3.10. In contrast, the
modified Coulomb logarithm (2.11) is self–cutting for vr → 0. Conversely, the reg-
ularization 1/s→ s/(s2

90 + s2) may be used as a recipe to account for hard collisions
beyond the second–order regime for problems more general than Coulombic.
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In most applications the electrons are not monochromatic, so dEi/dl must be
averaged with respect to the electron velocity distribution f0(ve). (Of course the
argument is here the asymptotic velocity of the electrons ve0, we drop the subscript
zero to simplify the notation). The stopping power is then

dEi

dl
=

〈
dEi

dl

〉
=

4πZ2nee/4

m
v̂i ·
∫

dve
ve − vi

|ve − vi|3
f0(ve)Λ (smax, smin) . (2.24)

If the Coulomb logarithm varies sufficiently slowly with the electron velocity, its
average value Λth can be taken out of the integral and the remaining problem is
analoguous to the evaluation of the field associated with the pseudopotential H(vi)
[85, 112] of the three–dimensional distribution f0(ve)

∂

∂vi
H(vi) =

∂

∂vi

∫
dve

f0(ve)
|ve − vi|

=

∫
dve

ve − vi

|ve − vi|3
f0(ve) . (2.25)

We will first consider a target in thermal equilibrium described by the Maxwell
distribution

f0(ve) =
1

(2πv2
th)3/2

exp

⎛⎜⎜⎜⎜⎝− v2
e

2v2
th

⎞⎟⎟⎟⎟⎠ , (2.26)

where the thermal velocity vth is related to the temperature T by mv2
th = kBT with

the Boltzmann constant kB. Performing a multipole expansion in (2.25) we obtain

dEi

dl
=

4πZ2nee/4

m
Λthv̂i ·

∂

∂vi

[
1
vi

erf

(
vi√
2vth

)]
(2.27)

∼ −
4πZ2nee/4

m
Λth

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
3

√
2
π

vi

v3
th
, vi � vth

1
v2

i
, vi � vth

.

This confirms the gross estimate (2.2) shown in Fig. 2.1, which was obtained in the
dielectric picture. In connection with electron cooling of ion beams we will employ
anisotropic velocity distributions like

f0(ve) =
1

2πv2
th⊥

1

(2πv2
th‖)

1/2
exp

⎛⎜⎜⎜⎜⎜⎝− v2
e⊥

2v2
th⊥
−

v2
e‖

2v2
th‖

⎞⎟⎟⎟⎟⎟⎠ . (2.28)

Now we have to solve a problem analoguous to the electric field of an axially sym-
metric ellipsoidal Gaussian charge distribution. This can be done in a straightfor-
ward manner [86] by representing |ve−vi|−1 in cylindrical coordinates [68, Sect. 13].
The stopping force F on the ion, defined by

dEi

dl
= F · v̂i (2.29)

is not more antiparallel to v̂i unless vi � max(vth⊥, vth‖). Assuming vth⊥ � vth‖ and
expanding yields three regimes:
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F ‖ = −
4πZ2nee/4

m
Λth

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
vi‖
v3

i
, vi‖ � vth⊥

vi‖
vi‖v2

th⊥
, vth‖ � vi‖ � vth⊥√

2
π

vi‖
vth‖v2

th⊥
, vi‖ � vth‖ � vth⊥

, (2.30)

F⊥ = −
4πZ2nee/4

m
Λth

⎧⎪⎪⎪⎨⎪⎪⎪⎩
vi⊥
v3

i
, vi⊥ � vth⊥√
π
8

vi⊥
v3

th⊥
, vi⊥ � vth⊥

. (2.31)

While these expressions agree with [106] they differ in some prefactors from re-
sults reported in [85] and in [26]. There occurs now an intermediate velocity regime
vth‖ � vi‖ � vth⊥ in which F ‖ is constant. The numerical evaluation of (2.25) shows
however that this regime is more narrow than the limits in (2.30) suggest.

2.2 Challenges Imposed by the Magnetic Field

The influence of a magnetic field B = Bb on the energy loss cannot be easily de-
scribed, in fact simple physical arguments lead to apparently contradictory conclu-
sions. In a very strong magnetic field the electrons are restricted to move along the
field lines like beads on a wire [85], their transverse motion being quenched.

1. Now consider an electron velocity distribution which is flattened in the direction
of the magnetic field like (2.28) with vth‖ � vth⊥. Then the simple dielectric
result shown in Fig. 2.1 which has been confirmed in the binary collision model
must be modified as shown in Fig. 2.4. The transverse motion of the electrons
is quenched, so it is the smaller velocity vth‖ which divides the linear and the
inverse square regimes of the energy loss, the intermediate regime (2.30) (solid
curve) being absent. The v−2

i dependence of the drag (dashed curve) occurs now
down to vth‖. It has therefore been argued (in careful terms) that the magnetic
field tends to increase the energy loss in case of such an anisotropic velocity
distribution [120].

vth⊥ v

|F |

vth‖

Fig. 2.4. Schematic dielectric model for the stopping force in strongly magnetized electrons
with a flattened velocity distribution.
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2. Consider, on the other hand, collisions of electrons with an ion moving along the
field lines (vi⊥ = 0). The process is completely symmetric, the energy gained
in approaching the ion is again lost on the way out. So in this situation the
magnetic field suppresses the energy loss completely [35]. We note that this
argument is only valid for the attractive interaction of electrons with positively
charged ions. For the repulsive case, e.g. electrons and antiprotons, there will
be reflections for small impact parameters. Of course such violent changes in
the trajectories cannot be treated as perturbations of the helical motion of the
electrons. We will show in Sect. 6.2.3 in explicit examples that the energy loss
in the repulsive case is larger than for particles which attract each other.

Thus for reliable results on the influence of the magnetic field on the energy loss the
scattering must be studied on a deeper level. It is useful to distinguish three regimes
of trajectories shown in Fig. 2.5, depending on the relative size of the distance of
closest approach, the cyclotron radius and the pitch of the helix.

s

a→ ∞

2πδ
a

2πδ
a

s̄

s̄

Fig. 2.5. Schematic trajectories of relative motion. Top: Weak field, s � a. Center: Stretched
helices in case of a strong field, s̄ � a, s̄� δ. Bottom: Tight helices in case of a strong field,
s̄ � a, s̄� δ. After [124].

1. If the cyclotron radius is much larger than the distance of closest approach the
influence of the magnetic field is weak. As shown in Sect. 3.9 the energy loss in
this Coulomb regime can be described by (2.8).
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2. In a magnetic field B the unperturbed trajectory of the electrons is a helix with
the cyclotron radius a = ve⊥/Ωe. Its guiding center moves with a velocity v̄r =

ve‖b − vi relative to the ion. Its impact parameter is s̄ and the pitch of the helix
is 2πδ with δ = v̄r/Ωe. Here ve‖ = ve · b is the component of the asymptotic
electron velocity ve parallel to the magnetic field and ve⊥ = |ve − ve‖b| is its
magnitude transverse to the magnetic field. (The subscript zero has again been
dropped). We distinguish now two subcases:

a. If the helices are stretched so that their pitch is larger than the impact pa-
rameter s̄ � δ, an inspection of Fig. 2.5 shows that these trajectories are
quite similar to those of the Coulomb regime in the vicinity of the scattering
center. This suggests that the energy loss can be obtained by replacing the
relative velocity vr occuring in (2.8) by the relative velocity of the guiding
center. Thus

〈ΔEi〉ˆ̄s =
2Z2e/4

mv̄4
r (s̄2

90 + s̄2)
(v̄r · vi) (2.32)

which has been confirmed by explicit calculation [124].
b. More interesting is the case of tight helices, where s̄� δ. The force −F1 on

the ion (2.16) must be modified as the electrons are only allowed to move
in the direction b of the magnetic field

F1(r0(t), b (b · r1(t)) = b(b · r1)
F(r0)

r0
+

r0(r0 · b)(b · r1)
r0

∂

∂r0

(
F(r0)

r0

)
.

(2.33)
In the second–order energy transfer〈

ΔE(2)
i

〉̂̄
s
=

〈
−
∫ ∞
−∞

dt′vi · F1(r0(t′), b(b · r1(t′)))

〉
ˆ̄s

(2.34)

only the longitudinal component of the force survives the ˆ̄s–averaging. The
ˆ̄s–averages are

vi‖〈b · r0(t)〉̂̄s = vi‖v̄r‖(t + t0) ,〈
(r0(t) · vi)(r0(t) · b)(r0(t′) · b)

〉̂̄
s =

1
2

s̄2v̄r‖ve‖
v̄2

r⊥
v̄2

r
((t′ + t0) + (t + t0))

+
1
2

s̄2vi · v̄r
v̄2

r⊥
v̄2

r
(t + t0) + vi · v̄rv̄

2
r‖(t + t0)2(t′ + t0) . (2.35)

Straightforward integration of (2.34) with (2.33) and (2.27) yields [124]〈
ΔE(2)

i

〉̂̄
s
=

Z2e/4

mv̄6
r s̄2

v̄2
r⊥(v2

e‖ − v2
i ) (2.36)

=
Z2e/4

mv̄6
r s̄2

v̄2
r⊥

⎡⎢⎢⎢⎢⎢⎣2v̄r‖ + v̄r⊥

⎛⎜⎜⎜⎜⎜⎝1 − v̄2
r‖

v̄2
r⊥

⎞⎟⎟⎟⎟⎟⎠⎤⎥⎥⎥⎥⎥⎦ · vi .

Here vi‖ and vi⊥ are the velocities of the ion parallel and transverse to the
magnetic field and similarly for the components of the relative velocity.
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As was already noted above this energy transfer vanishes for symmetry reasons
unless the ion has a velocity component transverse to the magnetic field. For the
special case ve‖ = 0 this was previously derived in [120]. Similar expressions with
the unexplicable replacements 2v̄r‖ → 3v̄r‖ and 1 − v̄2

r‖/v̄2
r⊥ → 1 − 2v̄2

r‖/v̄2
r⊥ are used

in [35, 85]. For the energy loss (2.9) an integration with respect to the impact pa-
rameter has to be done. The integrand can be approximated piecewise by (2.8) for
s̄ < a and by (2.32) (s̄ < δ) or (2.36) (s̄ > δ) for s̄ > a. This leads to Coulomb log-
arithms involving a and δ as additional parameters. As these are velocity dependent
this leads to expressions for the energy loss [35,85,124] which are not very transpar-
ent. Moreover, the impact parameters s of the actual trajectory and s̄ of the guiding
center ought to be distinguished carefully; we return to this question in Sect. 3.5.
The subsequent integration with respect to the electron velocity distribution reveals
deeper lying, more serious problems. These become obvious if one attempts to cal-
culate the ve-averaged energy loss along the lines presented in Sect. 2.1. But now
the energy loss involves derivatives of the potential∫

dve
f0(ve)

v̄r
=

∫
dve‖

f0(ve‖)

|v̄e‖ − vi|
(2.37)

of a one–dimensional source. In contrast to the previous three–dimensional case
there is no volume element which suppresses the singularity of the integrand in the
limit v̄r → 0. This indicates a failure of the second–order perturbation treatment
which is not surprising in view of the asymmetry a strong magnetic field introduces
with respect to the sign of the interaction. As mentioned above reflections with
large velocity transfer will increasingly occur in the repulsive case for v̄r → 0. In
the attractive case obvious unphysical results are avoided if a self–cutting Coulomb
logarithm like (2.11) is left under the velocity integral [86]. The order in which
the integrations for the energy loss are done in ordinary and in velocity space mat-
ters very much for strong magnetic fields. We will discuss this in more detail in
Sect. 3.10 and again when comparing the BC with the LR in Sect. 4.6.

The cut–offs in the treatment presented in this Chapter are required because of
singularity of the Coulomb interaction at the origin and its infinite range. However,
there are good physical reasons to use interactions of finite range (screening) and
which are regularized near the origin to account for the quantum indeterminacy. But
for these interactions the calculation of the second–order energy transfer along the
lines used in this Chapter cannot be easily done. We postpone such a treatment to
Chap. 3.

2.3 Classical-Trajectory-Monte-Carlo (CTMC) Simulations

A fully numerical treatment is required for applications beyond the perturbative
regime and for checking the validity of the perturbative approach outlined above.
This can be done on different levels of approximation. We first consider the case
of binary ion–electron collisions with an effective interaction U(r), like e.g. the
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interaction potentials (3.2), (3.3), which allow to incorporate both screening and
quantum effects in the binary collision picture. The non–perturbative treatment of
the dielectric approach based on a nonlinear Vlasov-Poisson description will be
discussed in Sect. 2.5.

In the absence of a magnetic field, the energy transfer in a binary collision with
an arbitrary interaction U(r) depending on the relative distance between ion and
electron can be easily calculated by standard numerical techniques. As the angular
momentum l and the energy of relative motion E are conserved in such collisions
the azimuthal angle θ and the radial distance r are related by [48]

θ(r) = θmax −
∫ ∞

r

l dr′

r′
√

2mr′2[E − U(r)] − l2
. (2.38)

This yields after numerical integration and inversion the trajectory r(θ), and from a
subsequent numerical integration of expression (2.3) (with F(r) = −∂U(r)/∂r and
r = r(θ)) the energy transfer ΔEi.

But in the presence of a magnetic field the numerical evaluation of the BC energy
loss is very complicated. Neither the energy of relative motion nor the angular mo-
mentum are conserved and we have to deal with a chaotic system. Under these con-
ditions, the energy transfer can be successfully investigated by Classical-Trajectory-
Monte-Carlo (CTMC) simulations [135, 136, 138]. In the CTMC method [2] the
trajectories for the relative motion between the ion and an electron are calculated
by a numerical integration of the equations of motion (i.e. equation (3.16) for the
case M � m and vi = const, see Sect. 3.2), starting with initial conditions for the
guiding center velocity v̄r = ve‖b − vi and the transverse electron motion ve⊥. The
initial positions are chosen to correspond to a certain impact parameter s̄ and are lo-
cated outside the interaction zone, which is – employing a screened interaction like
(3.2) – defined as a sphere of several screening lengths λ about the ion. The numer-
ical calculation stops after the electron has left this interaction zone, that is, when
the collision is completed. Deducing the velocity changes from the initial and final
velocities v̄r, ve⊥ yields the energy transfer ΔEi(v̄r , ve⊥, s̄), see (3.32). The required
accuracy is achieved by using a modified Velocity–Verlet algorithm which has been
specifically designed for particle propagation in a (strong) magnetic field [121], and
by adapting continuously the actual time–step by monitoring the constant of mo-
tion K (3.18). The resulting relative deviations of K are of the order of 10−6 − 10−5.
For binary collisions in an infinitely strong magnetic field, which are modeled by a
purely one dimensional motion of the electron along the field lines, a high precision
Bulirsch–Stoer method with adaptive step size [108] is applied. The desired average
over the initial orientation of the perpendicular electron velocity ve⊥ and the impact
parameter s̄ is performed by a Monte–Carlo sampling [21, 42] of a large number
of trajectories with different initial values. The actual number of computed trajecto-
ries is adjusted by monitoring the convergence of the averaging procedure. Around
105 − 106 trajectories are typically needed for the energy transfer 〈ΔEi〉(v̄r‖, ve⊥, vi⊥)
for one set of velocities v̄r‖, ve⊥, vi⊥ and at a given magnetic field, i.e. for an ion with
velocity vi in a monochromatic electron beam. Calculating 〈ΔEi〉 for a sufficiently
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large number of electron velocities ve‖, ve⊥ a final numerical integration over the
electron velocity distribution f0(ve‖, ve⊥) can be performed. Results of the CTMC
calculation will be presented and discussed in Sects. 3.7, 3.10 and Chap. 6.

2.4 Dielectric Treatment (DT), Vlasov–Poisson Equation, Linear
Response (LR)

The dielectric treatment describes the force on a charged particle moving through a
plasma in a continuum picture as the interaction with its polarization cloud. Correla-
tion effects between the plasma particles which go beyond a mean–field interaction
are neglected. This approximation holds for weakly coupled plasmas with a large
number of particles in the Debye sphere ND = 4πnλ3

D � 1, where n is the plasma
density and λD the Debye length. A plasma of different species ν is then treated as
a superposition of continuous, polarizable fluids which are described by the single
particle phase–space densities fν(r, v, t). Their time evolution is determined by the
Vlasov–Poisson equations

∂ fν
∂t
+ v ·

∂ fν
∂r
+ cνΩν [v × b] ·

∂ fν
∂v
−

qν

mν

∂φ

∂r
·
∂ fν
∂v
= 0 (2.39)

and

ε0∇2φ(r, t) = −ρi (r, t) −
∑
ν

qν

∫
dv fν(r, v, t) . (2.40)

Here cν = |qν| /qν, Ων = |qν| B/mν, and φ is the self–consistent electrostatic potential
given by the solution of the Poisson equation (2.40), where ρi (r, t) = Zeδ (r − ri (t))
is the charge density of the projectile ion (charge q = Ze, mass M) moving with a
non–relativistic velocity vi (t) = ṙi (t).

For a sufficiently heavy projectile, implying a constant velocity vi and a charge
density ρi (r, t) = Zeδ (r − vit), the energy loss (2.1) of the charged particle is di-
rectly given by the created electric field and related force F = −Ze∇φ at the parti-
cle’s position, i.e.

dEi

dt
= vi · F = −Zevi · ∇ φ(r)|r=vi t . (2.41)

Due to the assumption of constant velocity vi, it was presumed here that φ,F take –
after a short transient period – stationary values in the moving frame where the ion
is at rest. For calculating the force F the Vlasov–Poisson system, equations (2.39)
and (2.40) has to be solved with appropriate boundary conditions. This can be done
by fully numerical Particle-In-Cell (PIC) or test-particle simulations and will be
discussed in Sect. 2.5. If the projectile only exerts a weak perturbation on the tar-
get plasma, approximate solutions of the Vlasov–Poisson system are possible and
usually more appropriate. A detailed discussion of this perturbative dielectric treat-
ment will be given in Chap. 4. The basic ideas and procedures are outlined in the
following.
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To that end we consider the rather general case of an anisotropic two-component
electron-ion plasma (ν = e, i) with qe = −e and qi = Zie, densities ni, ne = Zini and
two different temperatures Tν‖, Tν⊥ of the plasma particles. For each plasma species
we define an average temperature T̄ν =

1
3 Tν‖ +

2
3 Tν⊥. The axis b defined by the

external magnetic field coincides with the symmetry axis of the velocity distribu-
tion with temperature Tν‖. The strength of the coupling between the projectile ion
moving with velocity vi and the plasma is given by the coupling parameter

Z =
g(

1 + v2
i /v̄2

thν

)3/2
. (2.42)

Here v̄thν = (kBT̄ν/mν)1/2 is the average thermal velocity of the plasma particle ν

with mν = m and mν = mi for the electrons and ions, respectively, g = |Z| /ND.
The derivation of (2.42) is discussed in detail in [134]. The parameterZ character-
izes the ion–target coupling, where Z � 1 corresponds to weak, linear coupling
and Z � 1 to strong, nonlinear coupling. Equation (2.42) was originally derived
for nonmagnetized targets, but is expected to essentially characterize as well the
coupling with magnetized plasmas.

For a sufficiently small perturbation (Z � 1) the Vlasov equation (2.39) may
be linearized about the unperturbed equilibrium distribution nν f0ν, with f0ν given by
the two–temperature Maxwell distribution

f0ν
(
v‖, v⊥
)
=

1

(2π)3/2 v2
thν⊥vthν‖

exp

⎛⎜⎜⎜⎜⎝− v2
⊥

2v2
thν⊥

⎞⎟⎟⎟⎟⎠ exp

⎛⎜⎜⎜⎜⎜⎝− v2
‖

2v2
thν‖

⎞⎟⎟⎟⎟⎟⎠ , (2.43)

where 〈v2
‖ 〉 = v2

th‖ν = kBT‖ν/mν, 〈v2
⊥〉 = 2v2

th⊥ν = 2kBT⊥ν/mν.
The linearized Vlasov–Poisson equations with nν f1ν = fν − nν f0ν then read

∂ f1ν
∂t
+ v ·

∂ f1ν
∂r
+ cνΩν [v × b] ·

∂ f1ν
∂v
=

qν

mν

∂φ

∂r
·
∂ f0ν
∂v

, (2.44)

and

ε0∇2φ = −ρi (r, t) −
∑
ν

nνqν

∫
dv f1ν(r, v, t) . (2.45)

By solving equations (2.44) and (2.45) in space–time Fourier transforms (see
Appendix A for details), we obtain the electrostatic potential

φ (r, t) =
Ze

(2π)4 ε0

∫
dk
∫ ∞
−∞

dω
k2ε (k, ω)

exp (ik · r − iωt) (2.46)

×
∫ ∞
−∞

dt′ exp
(
iωt′ − ik · ri

(
t′
))

,

which provides the dynamic linear response of the plasma to the motion of the
projectile ion in the presence of the external magnetic field. The dielectric response
function ε (k, ω) is expressed by the susceptibilities χ

(0)
ν (k, ω) of the magnetized

plasma particles with ν = e, i,
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ε (k, ω) = 1 +
∑
ν

uC (k) χ(0)
ν (k, ω) , (2.47)

where (q2
ν/4πε0)u (k) is the Fourier transformed two–body interaction potential, in

case of the repulsive Coulomb potential for electron and ion subsystems uC (k) =
1/2π2k2 (see (3.5)). The dielectric function (DF) of a homogeneous, magnetized
and anisotropic Maxwellian plasma is given by (see Appendix A for details)

ε(k, ω) = 1 +
1

k2λ2
D‖

(G + i F) (2.48)

= 1 +
∑
ν

1

k2λ2
Dν‖

{
1 + iζν

√
2
∫ ∞

0
dt exp
[
iζνt
√

2 − Xν(t)
]

+
kvthν‖

√
2

Ων

(1 − τν) sin2 β

∫ ∞
0

dt sin

⎛⎜⎜⎜⎜⎝Ωνt
√

2
kvthν‖

⎞⎟⎟⎟⎟⎠ exp
[
iζνt
√

2 − Xν(t)
]⎫⎪⎪⎬⎪⎪⎭

with

Xν(t) = t2 cos2 β + k2a2
ν sin2 β

⎡⎢⎢⎢⎢⎣1 − cos

⎛⎜⎜⎜⎜⎝Ωνt
√

2
kvthν‖

⎞⎟⎟⎟⎟⎠⎤⎥⎥⎥⎥⎦ , (2.49)

where λDν‖ = vthν‖/ωpν and λ−2
D‖ =
∑

ν λ
−2
Dν‖, ωpν = (nνq2

ν/mνε0)1/2 is the plasma
frequency of the species ν (ω2

p =
∑

ν ω
2
pν is the plasma frequency of electron–ion

plasma), ζν = ω/kvthν‖, τν = Tν⊥/Tν‖, aν = vthν⊥/Ων and β is the angle between the
wave vector k and the magnetic field b. In equation (2.48) we have introduced the
real and imaginary parts, G and F, of the dispersion function for the electron–ion
magnetized plasma, respectively.

As shown in Appendix A, equations (2.48) and (2.49) are identical with the
Bessel function representation of ε(k, ω) derived e.g. by Ichimaru [67]. Equations
(2.48) and (2.49) are, however, more convenient when studying the weak and strong
magnetic field limits in Sects. 4.2 and 4.3.

The stopping power (SP) S of an ion is defined as the energy loss of the ion in a
unit length path due to interaction with the plasma. From (2.46) it is straightforward
to calculate the electric field E = −∇φ and the stopping force acting on the ion

F (t) = − Ze∇φ(r, t)|r=ri(t) (2.50)

= −
2iZ2e/2

(2π)3

∫
dk
∫ ∞
−∞

dω
k

k2ε (k, ω)
Ξi (k, ω, t)

∫ ∞
−∞

dt′Ξ∗i
(
k, ω, t′
)
,

where e/2 = e2/4πε0,

Ξi (k, ω, t) = exp (ik · ri (t) − iωt) . (2.51)

In (2.50) the asterix denotes the complex conjugate. Then, the stopping power of the
projectile ion becomes

S = −
dEi

dl
= −

vi (t) · F (t)
vi (t)

(2.52)

=
2iZ2e/2

(2π)3 vi (t)

∫
dk
∫ ∞
−∞

dω
k · vi (t)

k2ε (k, ω)
Ξi (k, ω, t)

∫ ∞
−∞

dt′Ξ∗i
(
k, ω, t′
)
.



2.4 Dielectric Treatment (DT), Vlasov–Poisson Equation, Linear Response (LR) 19

We now consider some particular cases of this expression. First the case of a
heavy ion which moves in the plasma with constant velocity vi and ri (t) = vit. Then
expression (2.52) together (2.51) yields

S =
2Z2e/2

(2π)2 vi

∫
dk

k · vi

k2
Im

−1
ε (k, k · vi)

. (2.53)

Equation (2.53) assumes that the projectile ion mass is infinitely large, M → ∞, and
the magnetic field has no influence on the trajectory of the ion. More precisely this
requires that the cyclotron radius of an ion must be larger than any characteristic
length scale, in particular the Debye screening length λD.

For the light projectile ions, however, we take into account the magnetic field
effect on the ion trajectory. In this case the ion velocity and coordinate can be rep-
resented as

vi(t) = vi‖b + vi⊥
[
up cos (Ωct) − cZ[b × up] sin (Ωct)

]
, (2.54)

ri(t) = vi‖tb + ac

[
up sin (Ωct) + cZ[b × up] cos (Ωct)

]
, (2.55)

where cZ = |Z| /Z, up =
(
cosϕp, sin ϕp

)
is an arbitrary unit vector perpendicular to

b (see Sect. 3.5). The vector up fixes the phase ϕp of the incoming projectile ion.
Here vi‖, vi⊥, Ωc = |Z| e/M and ac = vi⊥/Ωc are the longitudinal and transverse
velocities as well as the cyclotron frequency and cyclotron radius of the projectile
ion, respectively. Note that v2

i (t) = v2
i‖ + v2

i⊥ = v2
i is constant. Using (A.5) the SP

(2.52) for a light ion yields

S =
2iZ2e/2

(2π)2 vi

∫
dk

k · vi (t)
k2

∞∑
m,n=−∞

Jn (k⊥ac) Jm (k⊥ac)
ε
(
k, nΩc + k‖vi‖

) (2.56)

× exp
{
i (m − n)

[
Ωct + cZ(θ − ϕp)

]}
,

where k‖ and k⊥ are the components of k along and perpendicular to the magnetic
field, respectively. Here θ is the azimuthal angle of k⊥ and Jn are the Bessel func-
tions of the first kind and of the nth order. From expression (2.56) is seen that the
SP is periodic function of time due to projectile ion cyclotron motion. For practical
applications expression (2.56) should be averaged over a cyclotron period 2π/Ωc of
the ion. The result reads

〈S 〉 =
2Z2e/2

(2π)2 vi

∞∑
n=−∞

∫
dk

k‖vi‖ + nΩc

k2
J2

n (k⊥ac) Im
−1

ε
(
k, nΩc + k‖vi‖

) . (2.57)

The expression (2.57) differs significantly from (2.53) because the SP 〈S 〉 involves
besides the cyclotron motion of the plasma particles in addition the cyclotron motion
of the projectile ion. We discuss this point in details in Sect. 4.5.3.

In the case of a bare Coulomb interaction between the projectile ion and plasma
particles the cut–off parameters kmin = 1/smax and kmax = 1/smin (where smin is the
effective minimum impact parameter) must be introduced in (2.53) and (2.57) to
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avoid the logarithmic divergence at small and large k. The divergence at large k cor-
responds to the incapability of the linearized Vlasov theory to treat close encounters
between the projectile ion and the plasma particles properly, while kmin accounts
for screening. Ignoring the collisions of the projectile with the plasma ions for smin

we use the effective minimum impact parameter excluding hard Coulomb collisions
with a scattering angle larger than 900 (see Sect. 2.1 as well as the discussion below
(2.6))

smin =
|Z| e/2

mv2
r
, smax =

vr

ωp
. (2.58)

The cut–off smax describes the dynamic screening at high relative electron-ion ve-
locities vr (see, e.g., [134] for more detail).

In the linear response (LR) treatment cut–offs and impact parameters are used
which are averaged with respect to the electron velocity distribution function. With
the averaged relative velocity 〈vr〉 � (v2

i + v̄2
the)1/2, they read

〈smin〉 =
1

kmax
=

|Z|e/2

m(v2
i + v̄2

the)
, 〈smax〉 =

1
kmin
=

(v2
i + v̄2

the)1/2

ωp
. (2.59)

The cut–off parameters (2.58) and (2.59) are well known (see, e.g., [85,107,120,
134, 136, 138]) for stopping power calculations without magnetic field. In particu-
lar, the minimum impact parameter, smin, is provided by the Rutherford scattering
formula [68] (see also (2.6) and (2.8)). However, in the presence of a magnetic
field, the cut–off smin must be deduced by a comparison of the LR and the full non-
perturbative BC treatments. The cut–off smax or its velocity averaged form in (2.59)
incorporates the static and dynamic screening effects at low– and high–velocity lim-
its, respectively. In particular, in high–velocity limit smax � 〈smax〉 � vi/ωp which
is precisely the wavelength of the plasma wakewaves (divided by 2π) excited by a
swift projectile ion in unmagnetized plasma [9,37,50,99,104,105]. It turns out that
this dynamic screening length is essentially valid also for the case of magnetized
plasma [89,97,113,129], where, however, the magnetic field may play an important
role in an intermediate regimes discussed, e.g., in [97] and Sect. 4.5.1.

Introducing the maximum impact parameter the SP (2.53) of the heavy projectile
ion becomes

S =
2Z2e/2λ2

D‖

π2

∫ kmax

0
k3dk
∫ 1

0
dμ
∫ π

0
dφ

F cosΘ

(k2λ2
D‖ + G)2 + F2

, (2.60)

where β is the angle between k and b, μ = cos β, Θ is the angle between k and vi,
ζν = k · vi/kvthν‖ =

(
vi/vthν‖

)
cosΘ. In passing from (2.53) to (2.60) the k–integral

has been represented in a spherical coordinate system (k, β, φ) with the axial axis
along b. In addition we have made a transformation φ→ φ+ π. Thus, in this system

cosΘ = μ cosα −
√

1 − μ2 sinα cosφ , (2.61)

where α is the angle between vi and b. The functions G and F were defined in (2.48).
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Let us briefly discuss the question of the isotropisation of the plasma temperature
during ion beam–plasma interaction. A two temperature description of the plasma
is valid only when the ion beam–plasma interaction time is less than the relaxation
time between the two temperatures, Tν‖ and Tν⊥. For an estimate we consider the
field-free case, because the external magnetic field suppresses the relaxation be-
tween the transverse and longitudinal temperatures [66,67] during the time of flight
of the ion beam through plasma. The interaction between identical plasma particles,
e.g. from the species ν, essentially accounts for the relaxation between Tν‖ and Tν⊥.
In addition since the ions are heavier than the electrons we consider the relaxation
time only for electrons, Δτrel = Δτe,rel � Δτi,rel.

The problem of a temperature relaxation in an anisotropic plasma with and with-
out an external magnetic field was considered by Ichimaru and Rosenbluth [66] (see
also [67]). Within the dominant–term approximation the relaxation time Δτrel for
the plasma without magnetic field is given by

1
Δτrel

=
8

15

√
π

m
nee/4

(kBTeff)3/2
ln (ND) , (2.62)

where ln (ND) is the Coulomb logarithm and the effective electron temperature Teff

is defined through

1

T 3/2
eff

=
15
2

∫ 1

0

μ2(1 − μ2)dμ
[μ2T‖ + (1 − μ2)T⊥]3/2

(2.63)

=
5
√

3

12T̄ 3/2

(1 + 2τ)3/2

(τ − 1)2

[
τ + 2
√
|τ − 1|

p0(τ) − 3

]
,

p0(τ) =

⎧⎪⎪⎨⎪⎪⎩ ln 1+
√

1−τ√
τ

, τ < 1

arctan
√
τ − 1, τ > 1

. (2.64)

Here we drop the electronic index for simplicity. The relaxation time calculated from
(2.62) are of the order of 10−6 s, 0.5 × 10−5 s and 10−3 s for averaged temperatures
T̄ = 10−2 eV, T̄ = 0.1 eV and T̄ = 1 eV, respectively, for anisotropies τ � 0.01 −
100. The interaction time (for instance, for inertial confinement fusion (ICF) or for
electron cooling) is about 10−7 − 10−8 s. Therefore, ion beam–plasma interaction
time can be very small compared to the plasma relaxation time.

In Chap. 4 we analyze the general expressions (2.53) and (2.57) for the SP in
details. In (2.47) and (2.48) the susceptibility of the ions is neglected for the energy
loss of the projectile ion in an electron plasma. In such case we drop the electronic
index for the sake of simplicity assuming that all parameters refer to the electrons.
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2.5 Particle-In-Cell (PIC) Simulations

Numerical solutions of (2.39) and (2.40) are unavoidable in the regime of nonlinear
coupling Z � 1, that is, e.g. for highly charged, slow ions. A widely used and
very efficient method for this task are particle simulations where the phase–space
distribution is represented by a swarm of pseudo-particles. Here we focus on the
case of a heavy projectile (M � m) moving with a constant velocity vi through a
magnetized electron plasma. Ions in the target plasma are only taken into account
as a homogenous, neutralizing background, if appropriate. After transforming to
the ion rest frame, i.e. to the relative positions and velocities, r = re − ri = re −
vit , v = ve − vi, see Sect. 3.2, the nonlinear Vlasov–Poisson equations (2.39), (2.40)
describing the evolution of the transformed electronic phase–space density f (r, v, t)
(suppressing the index e), then take the form

∂ f
∂t
+ v ·

∂ f
∂r
− Ωe [(v + vi) × b] ·

∂ f
∂v
+

1
m

∂

∂r

(
Ze/2

r
+ eφp

)
·
∂ f
∂v
= 0 , (2.65)

together with the Poisson–equation for the polarization φp = φ − φi,

ε0∇2φp(r, t) = e

(∫
f (r, v, t)dv − ne

)
, (2.66)

where eφi = Ze/2/r is the potential of the ion and ne is the electron density in absence
of the ion. The phase–space density f (r, v, t) for N electrons is here normalized as∫

f (r, v, t)dvdr =
∫

n(r, t)dr = N , (2.67)

where n(r, t) is the electron density when the ion is present.
These coupled equations are now solved numerically by the particle–in–cell

(PIC) technique [22, 60] representing the phase-space distribution of N real elec-
trons through

f (r, v, t) =
N
NT

∑
α

w(r − rα(t)) wv(v − vα(t)) (2.68)

by a swarm of NT pseudo-particles with positions rα(t) and velocities vα(t), α =
1, ..., NT. The pseudo-particles have a mass mT = mN/NT and charge eT = eN/NT

which usually differ from the values for physical particles, but the physical charge
to mass ratio eT/mT = e/m is the same. The w and wv in (2.68) are smooth and well
concentrated, normalized packets in phase space. For a time evolution of f (r, v, t)
given by (2.68) according to (2.65) the pseudo-particles now follow the Newtonian
equations of motion

ṙα = vα , v̇α + Ωe[vα × b] = −Ωe[vi × b] +
1
m

∂

∂r

(
Ze/2

r
+ eφp

)
(2.69)

in the potential φp produced from their own charges and the field of the charged
projectile. The propagation of the Vlasov equation thus depends linearly on the
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number of pseudo-particles. The Poisson equation (2.66) for the polarization φp is
usually solved on a spatial grid, where the electronic charge density at a grid point
rm is given by equation (2.68) and the pseudo-particle positions {rα} through

ρm = ρe(rm, t) = e
N
NT

∑
α

w(rm − rα(t)) . (2.70)

There are various methods available for solving (2.66). A particularly efficient one
employs fast Fourier transformation [108] to obtain the electrostatic potential for a
given charge density. The number of pseudo-particles must be adapted to the spatial
grid to achieve a sufficiently smooth representation of the electron density on the
grid. Typically, a few pseudo-particles per grid cell are sufficient. Their number
can be enhanced, if necessary, to suppress the amount of unavoidable fluctuations
or noise. Two basically different scenarios are conceivable. In the one case, one
pseudo–particle stands as a “macro particle” for many physical electrons. This is
the genuine PIC scheme. In the other case, one physical electron is represented by
many pseudo-particles. This is the regime of test–particle simulations. The choice of
the appropriate scenario essentially depends on the involved physical length scales
and the required spatial resolution. This determines the grid and, in turn, the required
number of pseudo-particles and the numerical expense. For the actual case of energy
loss calculations a spatial resolution of the order of some fraction of the screening
length is needed, which typically enforces the test–particle scheme. For a given,
affordable number of test–particles the required resolution at small distances limits,
however, the size of the simulation box and sets an upper limit on the wave length
of the dynamic response of the plasma. Thus a high spatial resolution runs into
a conflict with the dynamic response at long wavelengths, like the excitation of
plasma waves and the dynamic screening, which yields important contributions to
energy loss at high projectile velocities. This usually limits energy loss calculations
to a low velocity range up to vi ≈ 10vth.

In the actual numerical treatment the electron density {ρm} (2.70) is sampled
on a 3D spatial grid from the pseudo–particles contained in a cubic simulation box
taking for the function w a product of triangular shaped weight functions in each
dimension. For a detailed discussion about commonly used weight functions and
other possible shapes and frequently chosen w, see e.g. [60]. The Poisson–equation
is solved in Fourier space, i.e. by ε0φp(k) = e2ρe(k)/k2, using fast Fourier trans-
formation to switch forth and back simultaneously with the particle propagation in
every time step. The forces on the particles are retrieved from the grid using the
same weight functions w, see again [60] for details. As only the calculation of the
electronic contribution ∇φp to the force on the pseudo–particles involves the grid,
no restriction of the resolution at small distances occurs in the ion–pseudo–particle
interaction. The particle propagation given by (2.69) is performed using the same
techniques and algorithms as described and discussed for propagating the electron
trajectories in the CTMC treatment outlined in Sect. 2.3. The CTMC scheme and
the PIC method just differ by the dynamic polarization contribution related to the
Poisson equation (2.66). Replacing Ze/2/r+eφp(r) with a static ion–electron interac-
tion U(r), the phase–space dynamics and particle propagation given by (2.65) and
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(2.69) become identical to the CTMC treatment with a subsequent average over
the electron distribution. In the PIC scheme the energy loss is also derived from
the velocity change as in the CTMC method, now with respect to the velocity of
a pseudo-particle when it enters and leaves the simulation box. As an alternative
and for a consistency check also the averaged force on the ion, which is calculated
anyway for the equations of motion (2.69), is recorded.

For the case of unmagnetized electrons more details on the test–particle sim-
ulation technique and some subtleties, e.g. for treating problems arising from the
Coulomb singularity, and a comprehensive discussion of results for the energy loss
are reported in [134,136,139]. The more recent simulations of the energy loss in the
presence of a magnetic field essentially employ the same numerical techniques, but
larger spatial grids (up to 72×72×72) and up to 2.4 × 106 pseudo-particles. In con-
trast to earlier simulations no periodic boundary conditions for the pseudo-particle
positions are used. Instead particles leaving the simulation box are replaced by new
incoming particles generated at the side walls of the box with a velocity randomly
sampled from the distribution of the incoming particle current j = nev f0(v) associ-
ated with the desired thermal distribution of the electrons f0(v), e.g. (2.43). Some
results of this PIC/test–particle simulations will be given at the end of Sect. 4.6.



3 Binary Collision Model

3.1 Introductory Remarks

In the presence of an external magnetic field B even the nonrelativistic problem of
two charged particles cannot be solved in a closed form as the relative motion and
the motion of the center of mass are coupled to each other. There exists no closed
solution of this problem that is uniformly valid for any strength of the magnetic field
and the Coulomb force between the particles. The classical limit of a hydrogen or
Rydberg atom in a strong magnetic field also falls in this category (see, e.g., [56]
and references therein) but in contrast to the free-free transitions (scattering) the
total energy is negative there.

Numerical calculations have been performed for binary collisions (BC) between
magnetized electrons [47,116] and for collisions between magnetized electrons and
ions [135, 136, 138]. While the total energy W of the particles interacting in a mag-
netic field is a constant of motion, the relative and center of mass energies are not
conserved separately. In addition, the presence of the magnetic field breaks the ro-
tational symmetry of the system and as a consequence only the component of the
angular momentum L parallel to the magnetic field L‖ is a constant of motion. A dif-
ferent situation arises for the BC between an electron and uniformly moving heavy
ion. As an ion is much heavier than an electron, its uniform motion is only weakly
perturbed by collisions with the electrons and the magnetic field. In this case L‖
is not conserved but there exists a conserved generalized energy K [124, 138] in-
volving the energy of relative motion and a magnetic term. The apparently simple
problem of charged particle interaction in a magnetic field is in fact a problem of
considerable complexity as the cyclotron orbital motion can produce a chaotic dy-
namics [54, 64, 114]. Some examples of the chaotic scattering events are discussed
in Sect. 3.7 using Classical-Trajectory-Monte-Carlo (CTMC) simulations.

In this Chapter we consider the BC between electrons and heavy ions treating
the interaction with the ion as a perturbation to the helical motion of the magnetized
electrons. This has been done previously in first order of the ion charge Z and for an
ion at rest [46]. For applications in plasma physics (e.g., for calculation of the ion
energy loss in a magnetized plasma) this is somewhat unsatisfactory as one has to
calculate the angular averaged energy transfer which vanishes in first–order pertur-
bation theory due to symmetry reasons. The ion energy change receives contribution
only from higher orders, see Sect. 3.5. Indeed, the transport phenomena are of order
O(Z2) in the ion charge. Here, the second–order energy transfer is calculated with
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the help of an improved BC treatment which is uniformly valid for any strength
of the magnetic field and does not require an early specification of the interaction
potential [93]. This allows a physically transparent introduction of cut–offs at small
and large distances.

3.2 Equations of Motion

We consider two point charges, an electron with mass m and charge −e, and an ion
with mass M and charge Ze moving in a homogeneous magnetic field B = Bb.
These particles interact with a potential U(r) where r is the relative coordinate of
the colliding particles. The bare Coulomb interaction is UC(r) = −Ze/2uC(r) with

uC(r) =
1
r
, (3.1)

where e/2 = e2/(4πε0) with the permittivity of the vacuum ε0. In plasma applications
the infinite range of this potential is modified by screening, e.g. UD(r) = −Ze/2uD(r)
with

uD(r) = uC(r) e−r/λ =
1
r

e−r/λ , (3.2)

with a screening length λ which can be chosen as the Debye screening length λD,
see, for example [4, Chap. 1.1]. The quantum uncertainty principle prevents particles
from falling into the center of these potentials. In a classical picture this can be
achieved by regularization at the origin, for example [36, 69] UR(r) = −Ze/2uR(r)
with

uR(r) =
1 − e−r/�

r
e−r/λ , (3.3)

where � is a parameter, which may be related to the de Broglie wavelength. For later
purposes we note the Fourier transforms

u(k) =
1

(2π)3

∫
dr e−ik·ru(r) (3.4)

of these potentials

uC(k) =
1

2π2k2
, (3.5)

uD(k) =
1

2π2(k2 + λ−2)
, (3.6)

uR(k) =
1

2π2

(
1

k2 + λ−2
−

1
k2 + λ′−2

)
(3.7)

with λ′−1 = λ−1 + �−1. Introducing the vector potential A through B = ∇ × A the
Lagrangian for the electron–ion system is

L =
m
2

v 2
e +

M
2

v 2
i − eA(re) · ve + ZeA(ri) · vi − U(r) . (3.8)
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Here re, ri and ve, vi are the position and velocity vectors of the electron and the ion,
respectively. This Lagrangian cannot in general be separated into parts describing
the relative motion and the motion of the center of mass (CM). With

R =
mre + Mri

m + M
, V =

mve + Mvi

m + M
, (3.9)

r = re − ri , v = ve − vi ,

the reduced mass 1/μ = 1/m + 1/M and A(r) = (B × r)/2 the Langrangian is

L =
m + M

2
V2 +

μ

2
v 2 − U(r) +

Z − 1
2

e (B × R)V (3.10)

+
μ2

2

( Ze
M2
−

e
m2

)
(B × r) · v −

μ

2

(Ze
M
+

e
m

)
[(B × R) · v + (B × r) · V] .

The coupled equations of motion are

v̇(t) + Ω4(v(t) × b) = −Ω3(V × b) +
1
μ

F(r(t)) , (3.11)

V̇(t) − Ω1(V(t) × b) = −Ω2(v(t) × b) , (3.12)

where F(r) = −∂U/∂r is the force exerted by the ion on the electron. The fre-
quencies Ωi, i = 1 . . . 4 are expressed in terms of the electron cyclotron frequency
Ωe = eB/m

Ω1 =
m(Z − 1)
M + m

Ωe , Ω2 =
m(M + Zm)
(M + m)2

Ωe , (3.13)

Ω3 =

(
1 +

Zm
M

)
Ωe , Ω4 =

μ

m

(
1 −

Zm2

M2

)
Ωe . (3.14)

As the relative and the CM motion are coupled, their energies are not separately
conserved but the total energy

W =
M + m

2
V2 +

μ

2
v 2 + U(r) = const (3.15)

is a constant of motion. For interactions between electrons and heavy ions the equa-
tions of motion can be simplified using M � m. In this limit μ → m, Ω1, Ω2 → 0
and Ω3, Ω4 → Ωe. Then (3.12) leads to V → vi =const. and the relative motion is
described by

v̇(t) + Ωe(v(t) × b) = −Ωe(vi × b) +
1
m

F(r(t)) . (3.16)

Dropping unimportant constants the Lagrangian (3.10) becomes in this limit a La-
grangian for the relative motion in which the uniformly moving ion acts as a time–
dependent perturbation to the electron motion

L =
m
2

v 2 − U(r) −
e
2

(B × r) · v −
e
2

((B × vit) · v + (B × r) · vi) . (3.17)
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Because of the explicit time dependence it is not the energy E = m
2 v2 + U(r) of

relative motion that is conserved, but rather the quantity

K(v, r) =
m
2

v 2 + U(r) + mΩer · (vi × b) , (3.18)

which can easily be proved by inserting (3.16) into the total time derivative of K.
In contrast to the unmagnetized case there is a transfer of relative energy in an
electron–ion collision which is proportional to δr⊥vi⊥, where δr⊥ and vi⊥ are the
components of the relative coordinate transfer and the ion velocity transverse to the
magnetic field, respectively.

3.3 Energy Loss and Velocity Transfer

The rate at which the energy of an ion in a collision with an electron at time t
changes is given by

dEi(t)
dt
= −vi · F(r(t)) , (3.19)

as −F is the force exerted by the electron on the ion. Integration with respect to time
yields the energy transfer itself

δEi(t) = −
∫ t

−∞
dτvi · F(r(τ)) , (3.20)

which after completion of the collision becomes

ΔEi = δEi(t→ ∞) = −
∫ ∞
−∞

dτvi · F(r(τ)) . (3.21)

Here one has to integrate the equations of motion for the relative trajectories. The
limit M � m leading to (3.13) implies that the change in the ion energy is calculated
under the assumption of a constant ion velocity. Alternatively this energy transfer
can be expressed by the velocity transferred to the electrons during the collision. For
that purpose we substitute vi = ve(t) − v(t) into (3.21) and split the electron velocity
into two terms ve(t) = ve0(t) + δv(t), where ve0(t) describes the helical motion in the
magnetic field

v̇e0 + Ωe(ve0 × b) = 0 (3.22)

and δv(t) the velocity transfer due to the collision with the ion

δv̇ + Ωe(δv × b) =
1
m

F(r(t)) . (3.23)

This yields

δEi(t) = −
∫ t

−∞
dτve0(τ) · F(r(τ)) −

∫ t

−∞
dτδv(τ) · F(r(τ)) − U(r(t)) . (3.24)
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The time integrals can be done with the help of the derivative of the scalar product
ve0(t) · δv(t). Using the equations of motion (3.22) and (3.23) we obtain

d
dt

(ve0(t) · δv(t)) =
1
m

ve0(t) · F(r(t)) , (3.25)

which yields ∫ t

−∞
dτve0(τ) · F(r(τ)) = mve0(t) · δv(t) . (3.26)

Similarly from (3.23)
d
dt

(δv(t))2 =
2
m
δv(t) · F(r(t)) (3.27)

which yields ∫ t

−∞
dτδv(τ) · F(r(τ)) =

m
2

[δv(t)]2 . (3.28)

Thus
δEi(t) = −U(r(t)) − mve0(t) · δv(t) −

m
2

[δv(t)]2 . (3.29)

The last two terms in this equation represent the change in the electron energy due
to the collision

δEe(t) =
m
2

(
(ve0(t) + δv(t))2 − ve0(t)

)
= mve0(t) · δv(t) +

m
2

[δv(t)]2 . (3.30)

This shows energy conservation

δEi(t) + δEe(t) + U(r(t)) = 0 . (3.31)

As U(r(t → ∞)) = 0 the energy change of the ion can also be calculated from the
velocity transfer Δv = δv(t→ ∞) with the help of

ΔEi = −δEe(t → ∞) = −m

(
ve0(t) · Δv +

1
2

(Δv)2

)
. (3.32)

This method has been adopted in [124]. In this approach the potential U(r) has to
be specified at an early stage. In Sect. 3.4 we will show that (3.21) allows for a
more general formulation in which the cut–off at large distances (3.2) and the regu-
larization at small distances (3.3) suggested by screening and quantum diffraction,
respectively, can be treated easily.

3.4 General Interactions, no Magnetic Field

In the previous perturbation theory for binary collisions explicit use was made of
the Coulomb interaction. We now seek a more general formulation. As before we
start from the expansions
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r(t) = r0(t) + r1(t) + r2(t) + . . . , (3.33)

v(t) = v0(t) + v1(t) + v2(t) + . . . , (3.34)

F (r(t)) = F0 (r0(t)) + F1 (r0(t), r1(t)) + . . . (3.35)

with

F1 (r0(t), r1(t)) =

(
r1(t) ·

∂

∂r

)
F(r)

∣∣∣∣∣∣
r=r0(t)

. (3.36)

It turns out to be useful to Fourier transform with respect to space

F0 (r0(t)) = −i
∫

dkU(k)k exp (ik · r0(t)) , (3.37)

F1 (r0(t), r1(t)) =
∫

dkU(k)k (k · r1(t)) exp(ik · r0(t)) . (3.38)

For pedagogical purposes we treat the case without magnetic field first. This will
allow to calculate the energy transfer ΔEi for potentials which are more general than
Coulomb. In particular the use of screened and regularized interaction potentials
like (3.2) and (3.3) obviates cut–offs when integrating with respect to the impact
parameter. As before the zero–order motion is described by the linear trajectory

r0(t) = R0 + vrt = s + vr(t + t0) (3.39)

with the constant relative velocity vr and the impact parameter s ⊥ vr, see Fig. 2.3.
The first–order energy transfer is

ΔE(1)
i = i
∫

dkU(k) (k · vi)
∫ ∞
−∞

dt eik·r0(t) = 2πi
∫

dkU(k) (k · vi) eik·R0δ (k · vr) .

(3.40)
Now the δ-function enforces k to lie in the plane transverse to vr. Thus

ΔE(1)
i = 2πi

∫
dkU(k) (k · vi) eiks sinϑsδ (k · vr) (3.41)

= 2πi
∫

dkU(k) (k · vi) δ (k · vr)
∞∑

n=−∞
Jn(ks)einϑs ,

where the exponential has been expanded into Bessel functions [1, Chap. 9] (see
also (A.5)). After averaging with respect to ϑs there remains an odd integrand as
U(k) is even for real interactions. Therefore 〈ΔE(1)

i 〉ŝ = 0 .
With the first–order trajectory correction (2.17)

r1(t) =
1
m

∫ t

−∞
dt′
(
t − t′
)

F0
(
r0(t′)
)

(3.42)

= −
i
m

∫
dkU(k)k

∫ t

−∞
dt′
(
t − t′
)

eik·r0(t′)

the second–order energy transfer is
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ΔE(2)
i = −vi ·

∫ ∞
−∞

dtF1 (r0(t), r1(t)) =

= −
∫ ∞
−∞

dt
∫

dkU(k) (k · vi) (k · r1(t)) eik·r0(t)) (3.43)

=
i
m

∫
dk
∫

dk′U(k)U(k′) (k · vi)
(
k · k′
)

ei(k+k′)·s

×
∫ ∞
−∞

dt eik·vr(t+t0)
∫ t

−∞
dt′(t − t′)eik′ ·vr(t′+t0) .

For real potentials symmetrization shows that ΔE(2)
i is real. The time integrals can

be expressed as∫ ∞
−∞

dτ ei(ω+ω′)τ
∫ ∞

0
dττ′ e−iω′τ′ = 2π δ(ω + ω′)

∂

∂ω′
1

ω′ − i0
. (3.44)

Here and in the following we introduce cylindrical coordinates oriented along the
relative velocity nr = vr/vr, i.e.

C = C(r)
‖ nr + C(r)

⊥ . (3.45)

for any vector C. In this coordinate system we have

ei(k+k′)·s = ei(k(r)
⊥ +k′ (r)

⊥ )·s = exp
(
is
∣∣∣k(r)
⊥ + k′(r)

⊥
∣∣∣ sinϑs

)
. (3.46)

Expanding as above in (3.41) and averaging with respect to ϑs yields〈
ΔE(2)

i

〉̂
s
= −

2π2

mv3
r

∫
dk
∫

dk′U(k)U(k′)J0

(
s
∣∣∣k(r)
⊥ + k′(r)

⊥
∣∣∣)

× (k · vi)(k · k′)δ
(
k(r)
‖ + k′(r)

‖

)
δ′
(
k′(r)
‖

)
, (3.47)

where we have used
1

ω′ − i0
=

P
ω′
+ πiδ(ω′) (3.48)

and the reality of ΔE(2)
i . The integrals with respect to the parallel components are

done with the help of ∫
dx
∫

dx′ f (x, x′)δ(x + x′)δ′(x′ − x0) (3.49)

= −
∂ f (−x0, x′)

∂x′

∣∣∣∣∣
x′=x0

+
∂ f (x, x0)

∂x

∣∣∣∣∣
x=−x0

.

The result is 〈
ΔE(2)

i

〉
ŝ
= −

2π2

mv3
r

∫
d2 k(r)

⊥

∫
d2 k′(r)

⊥ J0

(
s
∣∣∣k(r)
⊥ + k′(r)

⊥
∣∣∣)

×
[
U(0, k(r)

⊥ )U(0, k′(r)
⊥ )(vi · nr)

(
k(r)
⊥ · k

′(r)
⊥

)
+
(
v(r)

i⊥ · k
(r)
⊥

) (
k(r)
⊥ · k

′(r)
⊥

)
(3.50)

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎛⎜⎜⎜⎜⎜⎜⎝∂U(k)

∂k(r)
‖

⎞⎟⎟⎟⎟⎟⎟⎠
k(r)
‖ =0

U(0, k′(r)
⊥ ) − U(0, k(r)

⊥ )

⎛⎜⎜⎜⎜⎜⎜⎝∂U(k′)

∂k′(r)
‖

⎞⎟⎟⎟⎟⎟⎟⎠
k′(r)
‖ =0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ .
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In the transversal plane we have

k(r)
⊥ · v

(r)
i⊥ = k(r)

⊥ v(r)
i⊥ cosϑ ,

k′(r)
⊥ · v

(r)
i⊥ = k′(r)

⊥ v(r)
i⊥ cosϑ′ , (3.51)

k(r)
⊥ · k

′(r)
⊥ = k(r)

⊥ k′(r)
⊥ cos(ϑ − ϑ′) ,

where ϑ and ϑ′ are azimuthal angles of k(r)
⊥ and k′(r)

⊥ , respectively. For axially sym-
metric potentials the integration with respect to these angles can be done after using
the addition theorem [1]

J0

(
s
∣∣∣k(r)
⊥ + k′(r)

⊥
∣∣∣) = J0

(
k(r)
⊥ s
)

J0

(
k
′(r)
⊥ s
)

(3.52)

+2
∞∑

n=1

Jn

(
k(r)
⊥ s
)

Jn

(
k
′(r)
⊥ s
)

cos
(
n(π − ϑ + ϑ′)

)
.

Inspection shows that all terms involving derivatives of the potential yield odd pow-
ers of cosϑ or cosϑ′ and vanish upon integration. There remains

〈
ΔE(2)

i

〉
ŝ
=

8π4

mv4
r

(vr · vi)T 2
1,2(0, s) , (3.53)

where the transforms

Tμ,ν(k‖, s) =
∫ ∞

0
dk⊥kν⊥U(k‖, k⊥)Jμ(k⊥s) (3.54)

have been introduced. For the potentials (3.5)-(3.7) further progress is achieved with
the help of the integrals [52]∫ ∞

0
dx

xν+1Jν(ax)
x2 + b2

= bνKν(ab) . (3.55)

There results in the screened case (3.6)

T (D)
1,2 (0, s) = −

Ze/2

2π2λ
K1(s/λ) (3.56)

and for the regularized and screened potential (3.7)

T (R)
1,2 (0, s) = −

Ze/2

2π2

[
1
λ

K1(s/λ) −
1
λ′

K1(s/λ′)

]
. (3.57)

We investigate the asymptotic behavior of this amplitude in the limit s → 0. As
K1(z) ∼ z−1 + z ln(z/2)

T (R)
1,2 (0, s) ∼ −

Ze/2

2π2
s

[
1
λ2

ln(s/2λ) −
1
λ′2

ln(s/2λ′)

]
(3.58)
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which causes no harm when integrating over the impact parameters in (2.9). This is
not so for the screened potential. Insertion of (3.56) into (3.53) yields

〈
ΔE(2)

i

〉
ŝ
=

2Z2e/4

mv4
r s2

(vr · vi)
[
ρK1(ρ)

]2 (3.59)

with ρ = s/λ. Of course the finite screening length λ prevents problems for large
impact parameters. Indeed, all modified Bessel functions vanish exponentially for
large arguments. The Coulomb case (2.21) is recovered in the limit λ→ ∞.

3.5 Binary Collisions (BC) in a Magnetic Field

We are now prepared to include the magnetic field in our perturbative treatment of
binary collisions. The unperturbed helical relative motion is described by v0(t) =
ve(t) − vi

v̇0(t) + Ωe(v0(t) × b) = −Ωe(vi × b) . (3.60)

This equation is projected in turn on b, on a unit vector u transverse to the magnetic
field and on b × u. This yields

v0(t) = v̄r + ve⊥ [u cos(Ωet) + (b × u) sin(Ωet)] , (3.61)

where v̄r = ve‖b − vi is the relative velocity of the electron guiding center, ve‖ is the
component of the unperturbed electron velocity ve(t) parallel to the magnetic field
and ve⊥ its magnitude transverse to b. A further integration gives the unperturbed
relative coordinate

r0(t) = R̄0 + v̄rt + a [u sin(Ωet) − (b × u) cos(Ωet)] (3.62)

where a = ve⊥/Ωe is the cyclotron radius. It should be noted that the vectors u and
R̄0 are independent and defined by the initial conditions. The first–order corrections
involve the zero–order force. Inserting (3.62) into (3.37) we obtain

F0 (r0(t)) = −i
∫

dkU(k)k eik·{R̄0+v̄r t+a[u sin(Ωet)−(b×u) cos(Ωet)]} . (3.63)

We introduce a coordinate system oriented along b so that u = (cosϕ, sinϕ, 0),
(b × u) = (− sinϕ, cosϕ, 0) and k = (k⊥ cos θ, k⊥ sin θ, k‖) and expand as in (3.41)

F0 (r0(t)) = −i
∫

dkU(k)k eik·(R̄0+v̄r t)
∞∑

n=−∞
Jn (k⊥a) ein(Ωet+ϕ−θ) . (3.64)

Insertion into (3.21) yields the first–order energy transfer

ΔE(1)
i = 2πi

∫
dkU(k) (k · vi) eik·R̄0

∞∑
n=−∞

Jn (k⊥a) ein(ϕ−θ)δ (k · v̄r + nΩe) . (3.65)
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R̄0s̄

b

v̄r

ϑb

Fig. 3.1. The direction b of the magnetic field lies in general not in the common plane of the
vectors v̄r, R̄0 and s̄.

Now this energy change is averaged with respect to the initial phase ϕ of the elec-
trons as well as with respect to the azimuthal angle ϑs̄ of the impact parameter s̄.
This vector points from the ion to the closest point of the electron’s guiding center,
it is the component of the initial coordinate R̄0 perpendicular to v̄r, see figure 3.1.

Averaging with respect to ϕ yields〈
ΔE(1)

i

〉
ϕ
= 2πi
∫

dkU(k) (k · vi) eik·R̄0 J0 (k⊥a) δ (k · v̄r) . (3.66)

As in (3.41) a further average with respect to ϑs̄ vanishes as the integrand is odd for
a real interaction. The equation of motion for the velocity transfer δv(t) = v(t)−v0(t)
is obtained from (3.16)

δv̇(t) + Ωe (δv(t) × b) =
1
m

F(r(t)) (3.67)

with the electron–ion relative coordinate r(t) = re(t) − vit. Expanding according to
(3.33)-(3.38) the equation for the first–order velocity transfer is given by

v̇1(t) + Ωe(v1(t) × b) =
1
m

F0 (r0(t)) . (3.68)

This inhomogeneous equation can be solved with the help of a tensorial Green’s
function Gi j(t − t′)

v1i(t) =
1
m

∫ ∞
−∞

dt′Gi j(t − t′)F0 j
(
r0(t′)
)
. (3.69)

Being a solution of

Ġi j(t − t′) + ΩeεiklblGk j(t − t′) = δi jδ(t − t′) (3.70)

the Green’s function must be a function of b. Furthermore it consists of a symmetric
and an antisymmetric part. Inserting the ansatz
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Gi j(t − t′) = bib ju(t − t′) + δi jv(t − t′) + εik jbkw(t − t′) (3.71)

yields

bib ju̇ + δi jv̇ + εik jbkẇ + Ωeεi jlblv + Ωe(δi j − bib j)w = δi jδ(t − t′) . (3.72)

These equations can be decoupled by taking in turn the trace, by multiplying with
bi and by multiplying with εi jm. There results

Gi j(t − t′) = Θ(t − t′)
[
bib j(1 − cos(Ωe(t − t′))) + (3.73)

δi j cos(Ωe(t − t′)) + εik jbk sin(Ωe(t − t′))
]
.

Inserting into (3.69) yields the first–order velocity correction

v1(t) =
1
m

∫ t

−∞
dt′
[
cos(Ωe(t − t′))F0

(
r0(t′)
)
+
(
1 − cos(Ωe(t − t′))

)
×
(
b · F0
(
r0(t′)
))

b + sin(Ωe(t − t′))
(
b × F0(r0(t′))

)]
(3.74)

which can be written as

v1(t) = bV‖(t) − Re [b(b · V⊥(t)) − V⊥(t) + i(b × V⊥(t))] (3.75)

with

V‖(t) =
1
m

∫ t

−∞
dt′
(
b · F0(r0(t′))

)
(3.76)

and

V⊥(t) =
1
m

eiΩet
∫ t

−∞
dt′e−iΩet′F0

(
r0(t′)
)
. (3.77)

A further integration yields the first–order coordinate correction

r1(t) = bR‖(t) − Re [b(b · R⊥(t)) − R⊥(t) + i(b × R⊥(t))] (3.78)

with

R‖(t) =
∫ t

−∞
dt′V‖(t′) (3.79)

and

R⊥(t) =
∫ t

−∞
dt′V⊥(t′) . (3.80)

Here it has been assumed that all corrections vanish for t → −∞. For an investiga-
tion of the asymptotic behavior of these corrections we insert, for example, (3.76)
into (3.79) and perform a partial integration

R‖(t) =
1
m

∫ t

−∞
dt′
∫ t′

−∞
dt′′
(
b · F0
(
r0(t′′)
))

=
1
m

t′
∫ t′

−∞
dt′′
(
b · F0(r0(t′′))

)∣∣∣∣∣∣
t

−∞
−

1
m

∫ t

−∞
dt′t′
(
b · F0
(
r0(t′)
))

(3.81)

= tV‖(t) − tV‖(t)|t→−∞ −
1
m

∫ t

−∞
dt′t′
(
b · F0
(
r0(t′)
))

.
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The first–order corrections involve the zero–order force. Inserting (3.37) into (3.74)
we obtain

v1(t) = −
i

2m

∫
dk′U(k′)

∫ t

−∞
dt′
[
2(k′ · b)b + eiΩe(t−t′)(k′ − (k′ · b)b + i(k′ × b))

+ eiΩe(t−t′)(k′ − (k′ · b)b − i(k′ × b))
]
eik′·r0(t′) . (3.82)

Another integration yields the first–order trajectory correction

r1(t) = −
i

2m

∫
dk′U(k′)

∫ t

−∞
dt′
∫ t′

−∞
dt′′eik′ ·r0(t′′) {2(k′ · b)b (3.83)

+ eiΩe(t−t′′) [k′ − (k′ · b)b + i(k′ × b)
]
+ e−iΩe(t−t′′) [k′ − (k′ · b)b − i(k′ × b)

]}
.

The double time integrals are done by partial integration according to∫ t

−∞
dt′
∫ t′

−∞
dt′′ f (t′′) = (t′ − t)

∫ t

−∞
dt′′ f (t′′)

∣∣∣∣∣∣t
−∞
−
∫ t

−∞
dt′(t′ − t) f (t′) =

=

∫ t

−∞
dt′(t − t′) f (t′) (3.84)

and similarly∫ t

−∞
dt′
∫ t′

−∞
dt′′e±iΩe(t−t′′) f (t′′) = ±

1
iΩe

∫ t

−∞
dt′e±iΩe(t−t′) f (t′) , (3.85)

so that

r1(t) = −
i
m

∫
dk′U(k′)

∫ t

−∞
dt′
[
(t − t′)(k′ · b)b +

1
2iΩe

(
k′ − (k′ · b)b

+ i(k′ × b)
) (

eiΩe(t−t′) − 1
)
−

1
2iΩe

(
k′ − (k′ · b)b (3.86)

− i(k′ × b)
) (

e−iΩe(t−t′) − 1
)]

eik ′·r0(t′) .

Insertion into (3.38) yields the second–order energy transfer

ΔE(2)
i = −

∫ ∞
−∞

dt
∫

dk U(k) (k · vi) (k · ri(t)) eik·r0(t)

= −
i
m

∫
dk
∫

dk′ U(k)U(k′) (k · vi)
[
g0(k, k′)ψ0(k, k′) (3.87)

+g−(k, k′)ψ+(k, k′) + g+(k, k′)ψ−(k, k′)
]

with the functions

g0(k, k′) = −(k · b)(k′ · b) , (3.88)

g±(k, k′) = g1(k, k′) ± ig2(k, k′) = (k · b)(k′ · b) − k · k′ ± ik · (k′ × b)
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and the time integrals

ψ0(k, k′) =
∫ ∞
−∞

dt eik·r0(t)
∫ t

−∞
dt′(t − t′)eik′·r0(t′) (3.89)

=

∫ ∞
−∞

dt eik·r0(t)
∫ ∞

0
dττeik′ ·r0(t−τ) ,

ψ±(k, k′) =
1
±2iΩe

∫ ∞
−∞

dt eik·r0(t)
∫ t

−∞
dt′
(
e±iΩe(t−t′) − 1

)
eik′·r0(t′) (3.90)

=
1
±2iΩe

∫ ∞
−∞

dt eik·r0(t)
∫ ∞

0
dτ
(
e±iΩeτ − 1

)
eik′ ·r0(t−τ) .

Here the helical trajectories (3.62) must be inserted. We will show below in Sect. 3.9
that the weak field limit of the energy transfer is obtained by subsequent expansion
with respect to powers of Ωe.

For magnetic fields of arbitrary strength we introduce r0⊥(t) = r0(t) − R̄0 − v̄rt
and expand into Bessel functions as in (3.41) and (3.64)

eik·r0⊥(t) = eik⊥a sin(ϕ−θ+Ωet) =

∞∑
n=−∞

Jn (k⊥a) ein(ϕ−θ+Ωet) (3.91)

and similarly for exp[ik′ · r0(t − τ)]. Then the second–order energy transfer is

ΔE(2)
i = −

i
m

∫
dk
∫

dk′ U(k)U(k′)(k · vi)ei(k+k′)·R̄0

×
∞∑

n,m=−∞
ein(ϕ−θ)+im(ϕ−θ′)Jn(k⊥a)Jm(k′⊥a) (3.92)

×
∫ ∞
−∞

dt ei(k+k′)·v̄r tei(n+m)Ωet
∫ ∞

0
dτ e−i(k′·v̄r+mΩe−i0)τ

×
[
τg0(k, k′) +

1
Ωe

sin(Ωeτ)g1(k, k′) +
1
Ωe

(1 − cos(Ωeτ)) g2(k, k′)
]
.

After averaging with respect to ϕ the remaining series can be summed with the help
of an addition theorem for Bessel functions [1]

∞∑
n=−∞

ein(θ′−θ)einΩeτJn(k⊥a)J−n(k′⊥a) = J0 (K(τ)a) (3.93)

with
K2(τ) = k2

⊥ + k ′2⊥ + 2k⊥k ′⊥ cos(Ωeτ + θ ′ − θ) . (3.94)

The t-integral in (3.92) can now be done

〈ΔE(2)
i 〉ϕ = −

2πi
m

∫
dk
∫

dk′ U(k)U(k′)(k · vi)ei(k+k′)·R̄0

×δ
(
(k + k′) · v̄r

) ∫ ∞
0

dτJ0(K(τ)a)e−i(k′ ·v̄r−i0)τ (3.95)

×
[
τg0(k, k′) +

1
Ωe

sin(Ωeτ)g1(k, k′) +
1
Ωe

(1 − cos(Ωeτ)) g2(k, k′)
]
.
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Similar as in (3.40) the δ-function enforces k+ k ′ to lie in the plane transverse to v̄r

so that

ei(k+k′)·R̄0δ
(
(k + k′) · v̄r

)
= ei(k+k′)· s̄δ

(
(k + k′) · v̄r

)
, (3.96)

eis̄|k+k′ | sinϑs̄δ
(
(k + k′) · v̄r

)
=

∞∑
n=−∞

Jn

(∣∣∣k + k ′
∣∣∣ s̄) einϑs̄δ

(
(k + k′) · v̄r

)
, (3.97)

where ϑs̄ is the azimuthal angle of s̄ in that plane. After averaging with respect to
this angle there remains

〈ΔE(2)
i 〉ϕ, ˆ̄s = −

2πi
m

∫
dk
∫

dk′ U(k)U(k′)(k · vi)J0

(∣∣∣k + k′
∣∣∣ s̄)

× δ
(
(k + k′) · v̄r

) ∫ ∞
0

dτJ0 (K(τ)a) e−i(k·v̄r−i0)τ (3.98)

×
[
τg0(k, k′) +

1
Ωe

sin(Ωeτ)g1(k, k′) +
1
Ωe

(1 − cos(Ωeτ)) g2(k, k′)
]
.

Symmetrization according to k → −k, k → −k′ shows that for real potentials the
energy transfer can be written as

〈
ΔE(2)

i

〉
ϕ, ˆ̄s
=

2π
m

∫
dk
∫

dk′U(k)U(k′)(k · vi)J0

(∣∣∣k + k′
∣∣∣ s̄)

× δ
(
(k + k′) · v̄r

)
Im
∫ ∞

0
dτe−i(k′·v̄r−i0)τJ0(aK(τ)) (3.99)

×
[
τg0(k, k′) +

1
Ωe

sin(Ωeτ)g1(k, k′) +
1
Ωe

(1 − cos(Ωeτ))g2(k, k′)
]
.

This integral representation of the second–order energy change is valid for any
strength of the magnetic field. Besides the direction b of the magnetic field the
direction n̄r = v̄r/v̄r of the relative velocity is singled out in the arguments of the δ–
function and integrand of the τ–integration. This prevents a closed evaluation of the
integrals (3.99). However the limiting case of an ion motion parallel to a magnetic
field of arbitrary strength and the case of an arbitrary motion in a magnetic field
with small electron cyclotron radius a can be treated in a straightforward manner.
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3.6 Parallel Ion Motion

Introducing cylindrical coordinates along b, i.e. vi = vi⊥ + vi‖b etc. and setting
vi⊥ = 0, the energy change (3.99) is〈
ΔE(2)

i‖

〉
=

2πvi‖

m|v̄r‖|

∫
dk
∫

dk′U(k)U(k′)k‖J0

(
s̄
√

k2
⊥ + k′2⊥

)
×δ(k‖ + k′‖) Im

∫ ∞
0

dτ ei(k‖ v̄r‖+i0)τ (3.100)

×J0

(
a
√

k2
⊥ + k′2⊥ + 2k⊥k′⊥ cos(Ωeτ + θ′ − θ)

)
×
[
k2
‖τ −

k⊥k′⊥
Ωe

sin(Ωeτ) cos(θ − θ′) −
k⊥k′⊥
Ωe

(1 − cos(Ωeτ)) sin(θ − θ′)

]
,

where the subscripts ϕ and ŝ have been dropped to simplify the notation. For the
Bessel functions we use the addition theorem [1]

J0

(
a
√

k2
⊥ + k

′2
⊥ + 2k⊥k′⊥ cos(Ωeτ + θ ′ − θ)

)
= J0(ak⊥)J0(ak′⊥) +

+2
∑
n=1

Jn(ak⊥)Jn(ak′⊥) cos(n(π + Ωeτ − θ + θ ′)) (3.101)

and similarly for J0

(
s̄
√

k2
⊥ + k

′2
⊥

)
. Then the angular integrations with respect to θ

and θ ′ are trivial for angle–independent interactions U(k⊥, k‖). The integrals with
respect to the parallel components k‖, k′‖ are done with the help of (3.49).

To continue the interaction must be specified. The potentials proposed in (3.5)-
(3.7) have the common behavior ∝ (k2

⊥ + κ2)−2, where κ is some constant to be
specified later. The remaining transversal integrals are then of the form [52]∫ ∞

0
dk⊥k⊥

Jn(k⊥a)Jn(k⊥ s̄)

k2
⊥ + κ2

= In(ξ)Kn(η) (3.102)

and their derivatives with respect to κ. Here ξ = κmin(a, s̄) and η = κmax(a, s̄). In
the following we consider the regularized screened potential (3.7) with

uR(k⊥, k‖) =
1

2π2

(
1

k2
⊥ + κ2

−
1

k2
⊥ + χ2

)
, (3.103)

where κ2 = k2
‖ +λ

−2, χ2 = k2
‖ +λ

′−2 and λ′−1 = λ−1+�−1. Carrying out the calculation
indicated above between (3.100) and (3.103) we obtain〈
ΔE(2)

i‖

〉
=

4Z2e/4vi‖

mv̄3
r‖δ

2

∞∑
n=1

n2

{
3
[
un (κna, κn s̄) − un (χna, χn s̄)

]2 (3.104)

+
2n2

δ2

[
un (κna, κn s̄) − un(χna, χn s̄)

] [ 1
κ2

n
tn (κna, κn s̄) −

1
χ2

n
tn (χna, χn s̄)

]
+ 2δ2
[
κ2

nqn (κna, κn s̄) + χ2
nqn (χna, χn s̄) − 2κnχndn (κna, κn s̄; χna, χn s̄)

] }
.



40 3 Binary Collision Model

Here δ = |v̄r‖|/Ωe is the pitch of the helix, divided by 2π,

κ2
n =

n2

δ2
+

1
λ2

, χ2
n =

n2

δ2
+

1
λ′2

, (3.105)

un(x, y) = In(ξ)Kn(η) ,

tn(x, y) = ξI′n(ξ)Kn(η) + ηK′n(η)In(ξ) , (3.106)

qn(x, y) = In(ξ)Kn(η)

[
1
ξ

I′n(ξ)Kn(η) +
1
η

K′n(η)In(ξ)

]
,

with ξ = min(x, y), η = max(x, y),

dn (x, y; X, Y) =
1

4n
[
sn−1 (x, y) sn−1 (X, Y) − sn (x, y) sn (X, Y)

+sn−1 (y, x) sn−1 (Y, X) − sn (y, x) sn (Y, X)
]
, (3.107)

and

sn(x, y) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
In(x)Kn+1(y) , y > x

1
2 [In(x)Kn+1(x) − In+1(x)Kn(x)] , y = x
−In+1(y)Kn(x) , y < x

. (3.108)

For a study of the convergence of the series (3.104) we note that in all terms the
modified Bessel functions In carry the smaller argument ∝ min(a, s̄), while the Kn

depend on max(a, s̄). The uniform asymptotic expansions of these functions are [1]

In(nz) ∼
1
√

2πn

enϕ(z)

(1 + z2)1/4

⎡⎢⎢⎢⎢⎣1 − a1(z)

n
(
1 + z2
)1/2

⎤⎥⎥⎥⎥⎦ ,
I′n(nz) ∼

1
√

2πn

(1 + z2)1/4

z
enϕ(z)

⎡⎢⎢⎢⎢⎣1 − b1(z)

n
(
1 + z2)1/2

⎤⎥⎥⎥⎥⎦ , (3.109)

Kn(nz) ∼
√

π

2n
e−nϕ(z)

(1 + z2)1/4

⎡⎢⎢⎢⎢⎣1 + a1(z)

n
(
1 + z2
)1/2

⎤⎥⎥⎥⎥⎦ ,
K′n(nz) ∼ −

√
π

2n
(1 + z2)1/4

z
e−nϕ(z)

⎡⎢⎢⎢⎢⎣1 + b1(z)

n
(
1 + z2
)1/2

⎤⎥⎥⎥⎥⎦
with

ϕ(z) = (1 + z2)1/2 − ln
1 + (1 + z2)1/2

z
(3.110)

and

a1(z) = −
1
8
+

5
24
(
1 + z2
) , b1(z) =

3
8
−

7
24
(
1 + z2
) . (3.111)

Therefore the case s̄ = a is most critical for the convergence of (3.104). This is in-
tuitively clear as the gyrating electron hits the ion on such a trajectory. This should
not matter for the potential (3.3), (3.103) which has been regularized near the origin
for exactly that purpose. Insertion of the expansions (3.109) shows indeed that the
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nth member of the series are of the order O(n−4), see Sect. 3.10, so the series con-
verges even for s̄ = a. On the other hand, the energy transfer for the unregularized
potentials (3.1), (3.2) diverges for s̄ = a.

In the limit � → 0 all functions un, tn, qn and dn involving χn in their arguments
tend to zero. There remains〈

ΔE(2)
i‖

〉
=

4Z2e/4vi‖

mv̄3
r‖δ

2

∞∑
n=1

n2

{
3u2

n(κna; κn s̄) +
2n2

κ2
nδ

2
un(κna; κn s̄)tn(κna; κn s̄)

+ 2κ2
nδ

2qn(κna; κn s̄)

}
. (3.112)

Now insertion of the expansions (3.109) shows that at n → ∞ the members of this
series are independent of n for s̄ = a, hence the series diverges. In the Coulomb
case (3.1), i.e. for λ → ∞, κn = n/δ, the resulting series are geometric and can be
summed in closed form〈

ΔE(2)
i‖

〉
=

Z2e/4vi‖

2mv̄3
r‖δ

2

(1 + ξ2)−1/2(1 + η2)−1/2

sinhΨ (ξ, η)
(3.113)

×
{[

2 + Ξ1(ξ, η)
]
e−Ψ (ξ,η) +

Ξ2(ξ, η)
sinhΨ (ξ, η)

}
with ξ = δ−1 min(a, s̄), η = δ−1 max(a, s̄), Ψ (ξ, η) = ϕ(ξ) − ϕ(η) and

Ξ1(ξ, η) =
5(1 + ξ2)3/2

6ξ2(1 + η2)3/2
+

5(1 + η2)3/2

6η2(1 + ξ2)3/2
−

1
3

(
1
ξ2
+

1
η2

)
−

(1 + η2)3/2

2η2(1 + ξ2)1/2
−

(1 + ξ2)3/2

2ξ2(1 + η2)1/2
, (3.114)

Ξ2(ξ, η) =
(1 + ξ2)3/2

ξ2
−

(1 + η2)3/2

η2
.

For the limit |s̄ − a| → 0 the Taylor expansions

Ψ (ξ, η) � (ξ − η)
∂Ψ

∂ξ

∣∣∣∣∣
ξ=η

= −(ξ − η)
(1 + η2)1/2

η
(3.115)

and
(1 + ξ2)3/2

ξ2
�

(1 + η2)3/2

η2
+ (ξ − η)(1 + η2)1/2 η2 − 2

η3
(3.116)

are used. This yields

〈
ΔE(2)

i‖

〉
�

Z2e/4vi‖

mv̄3
r‖δ

1
η(1 + η2)3/2

1
|s̄ − a|

(3.117)

which exhibits the divergence at s̄ = a. Note that in equation (3.117) η = a/δ =
ve⊥/|v̄r‖| at s̄ = a.
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For later purposes we also note the limits of (3.112) for a small cyclotron radius
with a � δ,

〈
ΔE(2)

i‖

〉
=

2Z2e/4vi‖

mv̄3
r‖ s̄

2
[(κ1 s̄) K1(κ1 s̄)]2

[
1 +

a2

δ2
F (κ1δ, κ1 s̄, κ2 s̄)

]
(3.118)

with

F (ζ, λ, μ) =
3
2
+

ζ2

2

⎧⎪⎪⎨⎪⎪⎩1 + 2K′1 (λ)

λK1 (λ)
+

[
μ2K2(μ)
λ2K1(λ)

]2⎫⎪⎪⎬⎪⎪⎭ + 1
ζ2

[
1 +

λK′1 (λ)

K1 (λ)

]
. (3.119)

Because of the symmetry of (3.112) in respect to its arguments the limit of a small
impact parameter s̄ � δ, is given by (3.118), (3.119) with the roles of a and s̄
interchanged.

3.7 Chaotic Scattering and Validity of the Perturbation
Treatment

Having obtained the results for the second–order energy transfer in the case of par-
allel ion motion we interrupt the discussion of (3.99) in order to investigate the
validity of the perturbation treatment by comparing with CTMC calculations.

For all the binary ion-electron collisions in a magnetic field as given by the equa-
tions of motion (3.16) and (3.17) with interactions (3.1)-(3.3) there are less integrals
of motion than degrees of freedom. So the motion can be chaotic. Coulomb scatter-
ing in a magnetic field is in fact the paradigm of a chaotic system. This immediately
raises the question whether a perturbative treatment as proposed in the previous sec-
tions can be applied here at all. We will address this issue in this section by showing
some examples for the energy transfer obtained from a numerical solution of the
equations of motion (3.16) as outlined for the CTMC simulations in Sect. 2.3 and
by making some comparison with the perturbative treatment. To avoid all problems
related to the Coulomb singularity at r → 0 we employ the regularized screened
potential UR(r) (3.3) throughout.

Starting point is thus the equation of relative motion for M � m, vi = const
(3.16) with the interaction UR(r) (3.3)

v̇ = −Ωe[(v + vi) × b] +
Ze/2

m
∂

∂r

[
1 − e−r/�

r
e−r/λ

]
. (3.120)

For the forthcoming discussion we put it in a more appropriate dimensionless form
by scaling lengths in units of the screening length λ and velocities in units of a
characteristic velocity vs defined by

v2
s =
|Z|e/2

mλ
. (3.121)
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This velocity vs gives a measure for the strength of the Coulomb interaction with
respect to the (initial) kinetic energy of relative motion mv2

r/2. For vr < vs the kinetic
energy is small compared to the characteristic potential energy |Z|e/2/λ in a screened
Coulomb potential and we expect to be in a non-perturbative regime. A perturbative
treatment on the hand should be applicable for vr � vs.

The scaled version of equation (3.120) reads

dṽ
dt̃
= −
(
λ

as

)
[(ṽ + ṽi) × b] +

∂

∂r̃

[
1
r̃

(
1 − e−r̃(λ/�)

)
e−r̃

]
, (3.122)

where ṽ = v/vs, r̃ = r/λ, t̃ = t/ts with the corresponding time scale ts = λ/vs,
while as = vs/Ωe is the cyclotron radius of an electron with ve⊥ = vs. In the scaled
variables a specific collision depends on the two dimensionless parameters as/λ and
�/λ, and the initial conditions. The parameter as/λ ∝ vs/B represents a measure for
the strength of the magnetic field compared to the strength of the Coulomb interac-
tion (which is ∝ v2

s , see (3.121)). The ratio �/λ describes the amount of softening of
the screened interaction at r → 0 with UR(r → 0) → |Z|e/2/�. The initial conditions
are the scaled position r(t → −∞)/λ and the scaled velocities ṽ(t → −∞) = vr/vs

and vi/vs.
Here we are going to discuss the energy transfer 〈ΔEi‖〉 for parallel ion mo-

tion vi⊥ = 0. This specific case shows qualitatively the same features of chaotic
motion as the general case, but allows some further simplification and an explicit
comparison with the second–order expression for 〈ΔE(2)

i‖ 〉 (3.104) as derived in
the previous Sect. 3.6. For parallel ion motion the only relevant initial conditions
are the impact parameter s̄/λ, the velocity v̄r/vs = v̄r‖/vs of the guiding center,
the initial transverse electron velocity ve⊥/vs, or equivalently the cyclotron radius
a/λ = ve⊥/Ωeλ = (ve⊥/vs)(as/λ), and its initial phase ϕ (i.e. the direction of ve⊥).
The longitudinal initial positions must be located outside the interaction region of
a few λ, but is otherwise of no relevance. In contrast to the general case the energy
of the relative motion is conserved here as the conserved quantity K (3.18) turns
into K = mv2/2 + UR(r) = E for vi⊥ = 0. Hence v2(t → ∞) = v2(t → −∞) which
results (with v(t) = ve0(t) − vi + δv(t), δv(t → −∞) = 0 and v2

0 = (ve0(t) − vi)2 =

const for the unperturbed helical motion (3.22)) in Δv2 = −2Δv · (ve0(t) − vi), where
Δv = δv(t→ ∞). Inserting this into expression (3.32) for the energy transfer we get

ΔEi‖

mv2
s
= −

vi

vs
·
Δv
vs
= −

vi‖

vs

Δv‖
vs

. (3.123)

The energy transfer for parallel ion motion is thus entirely given by the parallel
velocity transfer and we are focusing on the scaled quantity

ΔEi‖

mvsvi‖
= −
Δv‖
vs

(
as

λ
,
�

λ
,

v̄r‖

vs
,

a
λ
, ϕ,

s̄
λ

)
, (3.124)

where Δv‖ = δv‖(t→ ∞) = v(t→ ∞) · b − v̄r‖.
Within the perturbative treatment the average of (3.124) over the initial phase ϕ

of the helical electron motion is given by (3.104) derived for parallel ion motion and
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the regularized screened interaction UR. In the scaled form of equation (3.124) and
in terms of the scaled parameters and variables, equation (3.104) reads〈

ΔE(2)
i‖

〉
mvsvi‖

=

(
vs

v̄r‖

)5 (
λ

as

)2 ∞∑
n=1

4n2

{
3
[
un (κna, κn s̄) − un (χna, χn s̄)

]2 (3.125)

+ 2n2 [un (κna, κn s̄) − un(χna, χn s̄)
] [ tn (κna, κn s̄)

(κnδ)2
−

tn (χna, χn s̄)
(χnδ)2

]
− 4(κnδ)(χnδ)dn (κna, κn s̄; χna, χn s̄)

+ 2(κnδ)2qn (κna, κn s̄) + 2(χnδ)2qn (χna, χn s̄)

}
with un(x, y), tn(x, y), qn(x, y) and dn (x, y; X, Y) as defined in (3.106)-(3.108) and

(κna)2 =

⎡⎢⎢⎢⎢⎢⎣n2

(
vs

v̄r‖

)2 (
λ

as

)2
+ 1

⎤⎥⎥⎥⎥⎥⎦ (aλ
)2
, (χna)2 =

⎡⎢⎢⎢⎢⎢⎣n2

(
vs

v̄r‖

)2 (
λ

as

)2
+ κ

2

⎤⎥⎥⎥⎥⎥⎦ (aλ
)2
,

(κn s̄)2 =

⎡⎢⎢⎢⎢⎢⎣n2

(
vs

v̄r‖

)2 (
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(3.126)
where κ = 1 + λ/� and we have used δ/λ = |v̄r‖|/(Ωeλ) = (|v̄r‖|/vs)(as/λ).

As a first example we consider the particular case of a motion which is initially
purely parallel (i.e. ve⊥ = 0 or a/λ = 0) at a finite magnetic field. From the energy
conservation with v2

‖ (t → ∞) + v2
⊥(t → ∞) = v2(t → ∞) = v2(t → −∞) = v̄2

r‖,
it here follows that the (negative, scaled) velocity transfer −Δv‖/v̄r‖ can range from
0 . . .2, where −Δv‖/v̄r‖ = 2 corresponds to a reversion of the initial motion, i.e. to
a backscattering event. Fig. 3.2 shows the results for the velocity transfer for dif-
ferent parameter settings as found in the numerical CTMC-simulations outlined in
Sect. 2.3. Each dot corresponds to one calculated trajectory with a randomly cho-
sen impact parameter (as ve⊥ = 0 no initial phase must be considered). Each figure
comprises 105 events. For regular motion, like in the integrable case of Rutherford
scattering, where the velocity transfer Δv‖ is a smooth function of the impact pa-
rameter s̄, all dots will fall on one single curve. In the given situation this is the
case for large s̄ and/or v̄r‖/vs � 1. But for low s̄ and v̄r‖ chaotic motion takes
place where the scattering events completely fill the kinematically allowed range
with some ’islands’ of regular motion, i.e. the velocity transfer Δv‖ is very sensitive
to small changes in s̄ (see e.g. Fig. 3.2 top left for s̄/λ < 1). This chaotic region
is characterized by frequent very violent scattering events (’hard collisions’) with
|Δv‖/v̄r‖| � 1, like backscattering or large transfers of initial parallel relative mo-
tion to transverse motion of the electron. Scattering events with an almost complete
transfer to transverse electron motion are, however, strongly suppressed (see the
thinly dotted regions around −Δv‖/v̄r‖ = 1) as they are associated with a vanishing
outgoing velocity v‖(t → ∞) → 0, i.e. the electron would not reemerge outside
the interaction zone. The region of chaotic motion shrinks strongly with increasing
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Fig. 3.2. Scaled velocity transfer (3.124) as function of the impact parameter s̄ in units of the
screening length λ for vanishing initial transverse electron velocity ve⊥ = 0 (a/λ = 0) and
different parameters �/λ, as/λ and initial velocities v̄r‖ in units of vs (3.121).
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Fig. 3.3. Scaled velocity transfer (3.124) as in Fig. 3.2 for vanishing initial transverse electron
velocity ve⊥ = 0 (a/λ = 0) and different parameters �/λ, as/λ and initial velocities v̄r‖.
Compared is the velocity transfer from CTMC calculations averaged over impact parameter
intervals Δs̄/λ = 0.02 (symbols) with the second–order energy transfer (3.127). Note the
different ranges, both of s̄ and Δv‖.
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initial velocity v̄r‖ (see Fig. 3.2, going from top left to top right to down right). It
even completely vanishes in the given example for v̄r‖/vs � 4 (Fig. 3.2 down right),
where |Δv‖| gets small compared to v̄r‖ and Δv‖(s̄) behaves fully regular. Increasing
the magnetic field (i.e. decreasing as ∝ 1/B) at fixed v̄r‖ reduces the development of
large transverse spatial excursions of the electron during the collision. The chaotic
region then starts at lower impact parameters s̄, as shown in Fig. 3.2 by comparing
the case as/λ = 0.5 (top left) with as/λ = 0.125 (bottom left), that is, with a four
times larger magnetic field. Rather interesting is also the sensitivity with respect to
a variation of the regularization parameter �/λ of the interaction. Reducing �/λ, i.e.
approaching the (screened) Coulomb interaction, leads to an additional region of
regular motion at very small impact parameters, see Fig. 3.2 center left compared
to top left. Here the Coulomb force dominates the motion and the influence of the
magnetic field gets negligible. And, as in the case of Rutherford scattering at small
impact parameters s̄, the velocity transfer tends to −Δv‖/v̄r‖ = 2 for s̄ → 0, that is,
backscattering. This is in contrast to the behavior seen for the ’softer’ regularized
potential (�/λ = 0.05) where Δv‖ → 0 for s̄→ 0.

The numerical CTMC results are now compared to the predictions of the per-
turbative treatment (3.125) which reduces for the specific case discussed in Fig. 3.2
with ve⊥ = 0, i.e a = 0, κna = 0, χna = 0 to〈

ΔE(2)
i‖

〉
mvsvi‖

∣∣∣∣∣∣∣∣
a=0

=

(
vs

v̄r‖

)5 (
λ

as

)2
2
[
(κ1δ)K1(κ1 s̄) − (χ1δ)K1(χ1 s̄)

]2
. (3.127)

Some examples for different parameter settings are given in Fig. 3.3. While the
CTMC results shown in Fig. 3.2 have been taken from 105 events for graphical
reasons, we employed here 107 trajectories and averaged the impact parameters over
intervals Δs̄/λ = 0.02. For low initial velocities v̄r‖ the chaotic character of the
scattering events is still present, despite the averaging procedure with respect to s̄,
see Fig. 3.3 top left. At s̄ → 0 the regular behavior of the more Coulomb–like
regularized potential (with �/λ = 5 × 10−5) at small s̄ can again nicely be seen. As
expected, the perturbative treatment (3.127) reproduces the velocity transfer at large
impact parameters. At small impact parameters it yields, however, a |Δv‖| which
clearly exceeds the allowed upper limit given by energy conservation. This is still
the case for the higher v̄r‖/vs = 2 (Fig. 3.3 top right). But here the averaged CTMC
results have a regular character (see Fig. 3.2 center right for comparison) and the
agreement with the perturbative treatment is perfect for s̄/λ � 0.3. For increasing
v̄r‖, where no chaotic regime at all has been found in the CTMC, the agreement at
smaller impact parameters continuously improves, as shown in Fig. 3.3 center and
down left.

As expected for a perturbative approach, expression (3.127) excellently de-
scribes the velocity transfer in cases where a small velocity transfer occurs and
chaotic motion is completely absent, that is, for sufficiently large initial velocities
v̄r‖ � 1 or for large impact parameters (where Δv‖ gets exponentially small, see
Fig. 3.3 bottom right).
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Fig. 3.4. Scaled velocity transfer (3.124) as function of the impact parameter s̄ as in Fig. 3.2,
but here for finite initial transverse electron velocities ve⊥/vs = a/as . Different values of Δv‖
for the same given impact parameter s̄ belong to different randomly chosen initial phases of
the unperturbed helical motion of the electrons. The dashed lines indicate the lower and upper
limits of the velocity transfer (3.128) due to energy conservation.
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Fig. 3.5. Comparison of the scaled velocity transfer (3.124) from the CTMC calculations as
in Fig. 3.4, now averaged over impact parameter intervals Δs̄/λ = 0.02 and the initial phase
ϕ, with the second–order energy transfer (3.125). Note again the different ranges, both of s̄
and Δv‖.
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This turns out to be essentially true also for the more general case with ve⊥ � 0,
where however the initial phase now plays an important role. Some examples for the
velocity transfer obtained in the CTMC treatment for ve⊥/vs = a/as � 0 are shown
in Fig. 3.4, taken again from 105 calculated trajectories for each parameter setting.
The dots for an event with a given impact parameter depend here additionally on a
randomly chosen initial phase ϕ of the unperturbed helical motion of the electrons.
The allowed values for the scaled velocity transfer −Δv‖/v̄r‖ again follow from en-
ergy conservation v2

‖ (t → ∞) + v2
⊥(t → ∞) = v̄2

r‖ + v2
e⊥ when setting v⊥(t → ∞) = 0

and are given by

1 −
⎡⎢⎢⎢⎢⎢⎣1 + (ve⊥

v̄r‖

)2⎤⎥⎥⎥⎥⎥⎦1/2

≤ −
Δv‖
v̄r‖
≤ 1 +

⎡⎢⎢⎢⎢⎢⎣1 + (ve⊥

v̄r‖

)2⎤⎥⎥⎥⎥⎥⎦1/2

. (3.128)

The lower and upper limits (3.128) for −Δv‖/v̄r‖ are indicated as dashed lines in
Fig. 3.4. Now a chaotic regime can be seen around s̄ = a, where all allowed velocity
transfers are realized except those with vanishing v‖(t→ ∞) i.e. with −Δv‖/v̄r‖ = 1.
These chaotic regions are larger and more pronounced for small v̄r‖/vs � 1 but their
size decreases with increasing v̄r‖, see the sequence from top left to bottom left in
Fig. 3.4. It also shrinks while shifting towards lower s̄ for increasing magnetic field,
compare the plots on top of Fig. 3.4, but blows up for decreasing ve⊥/vs = a/as

at given v̄r‖ (top left versus center right in Fig. 3.4) as the total initial energy
(∝ v̄2

r‖ + v2
e⊥) gets smaller. The actual velocity transfer depends here sensitively

both on the impact parameter s̄ and the initial phase ϕ, where the latter dependence
dominates. Simply considering an unperturbed helical motion, the closest and most
violent ion–electron encounters will happen for impact parameters around the cy-
clotron radius a and initial phases ϕ such that the electron (almost) hits the ion.
This will result in a large |Δv‖| while for a different ϕ, where the electron passes the
ion in a distance of a or larger, |Δv‖| will be rather small. Here again the compar-
ison of different regularized potentials as shown in the bottom panel of Fig. 3.4 is
interesting. Whereas for the more Coulomb–like interaction (�/λ = 5 × 10−5) scat-
tering events with a velocity transfer out of the full range of allowed values (3.128)
occur, only much ’weaker’ collisions with much smaller |Δv‖| are observed for the
’softer’ interaction with �/λ = 5 × 10−2. In all cases, however, the large variation
of |Δv‖| seen around s̄ = a mainly results from the variation in the initial phase. It
will thus be interesting to see how the ϕ (and s̄)–averaged CTMC results will com-
pare to the second–order perturbative expression (3.125). To that end the CTMC
data for Δv‖(s̄, ϕ) as obtained from 107 trajectories are averaged again over intervals
Δs̄/λ = 0.02, which automatically comprises an average over the initial phase ϕ.

Some results of this comparison are shown in Fig. 3.5. Even at low initial ener-
gies/velocities there are no more signatures for a chaotic character in the numerical
data averaged with respect to s̄ (at least not within the unavoidable numerical fluc-
tuations). As in the previous case ve⊥ = 0 the CTMC results and the perturbative
treatment disagree at small velocities and small impact parameters (Fig. 3.5 top left),
but with increasing initial velocity v̄r‖ the agreement again continuously improves
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and is almost perfect over the full range of impact parameters at sufficiently large
v̄r‖/vs � 1 (Fig. 3.5 down left).

The general conclusion thus remains the same as previously. For large initial
velocities v0/vs = (v̄2

r‖ + v2
e⊥)1/2/vs � 1 and/or large impact parameters s̄ occur only

small velocity transfers |Δv‖|/v0 � 1 and a chaotic behavior of the ion–electron col-
lision is either absent or averages out. Then the non–perturbative numerical CTMC
results agree excellently with the predictions of the perturbative treatment, i.e. ex-
pression (3.125). In other words the inherent chaotic character of the collision dy-
namics and the related problems for an analytical description of the energy/velocity
transfer turn out to be of no relevance in parameter regimes where a perturbative
treatment is applicable.

3.8 Binary Collision Model for Arbitrary Ion Motion in a Strong
Field

After this discussion of the energy loss for an ion moving parallel to a magnetic
field of arbitrary strength we return to the general case, where the ion velocity has
a component transverse to the magnetic field. As mentioned above the integrals in
(3.99) cannot be done in this case unless other simplifications are made. In the fol-
lowing we consider strong magnetic fields or, alternatively small electron transverse
velocity ve⊥ and expand J0(aK(τ)) � 1 − (aK(τ))2/4 + . . .. We obtain two contri-
butions to the energy transfer, 〈ΔE(2)

i 〉I which is independent of the cyclotron radius
and 〈ΔE(2)

i 〉II which is proportional to a2. We split 〈ΔE(2)
i 〉I according to〈

ΔE(2)
i

〉
I
=
〈
ΔE(2)

i

〉
I0
+
〈
ΔE(2)

i

〉
I1
+
〈
ΔE(2)

i

〉
I2

(3.129)

where〈
ΔE(2)

i

〉
I j
=

2π
m

∫
dk
∫

dk′U(k)U(k′) (k · vi) J0
(
|k + k′|s̄

)
δ((k + k′) · v̄r)

× Im
∫ ∞

0
dτei(k·v̄r+i0)τ

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
τg0(k, k′) , j = 0
1
Ωe

sin(Ωeτ)g1(k, k′) , j = 1
1
Ωe

(1 − cos(Ωeτ))g2(k, k′) , j = 2
. (3.130)

We will assume axially symmetric potentials U(k) = U(|k‖|, k⊥). The integration is
done by using cylindrical coordinates oriented along n̄r = v̄r/v̄r, i.e. any vector C
will be represented as

C = C(r)
‖ n̄r + C(r)

⊥ . (3.131)

(Note that this orientation differs from the one adopted in Sect. 3.6). Inserting the
function g0(k, k′) we obtain the contribution〈

ΔE(2)
i

〉
I0
=

2π2

mv̄3
r

∫
dk
∫

dk′U(k(r)
‖ , k(r)

⊥ )U
(
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‖ , k′(r)
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(k · vi) (3.132)

× J0

(∣∣∣k + k′
∣∣∣ s̄) δ (k(r)

‖ + k′(r)
‖

)
(k · b)(k′ · b)δ′

(
k(r)
‖

)
,
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where

Im
∫ ∞

0
e−i(ω−i0)ττdτ = πδ′(ω) (3.133)

has been used. The integration with respect to k(r)
‖ and k′(r)

‖ is done with the help of
(3.49) with the result〈
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⎫⎪⎪⎬⎪⎪⎭ . (3.134)

Now the integrations with respect to the azimuthal angles ϑ and ϑ′ of k(r)
⊥ and k ′(r)

⊥ ,

ϑ′b(r)
⊥

k(r)
⊥

n̄r

k′(r)
⊥ × n̄r

ϑ

n̄r × b(r)
⊥

k′(r)
⊥

Fig. 3.6. Vectors in the plane tranverse to the relative motion of the guiding center, see (3.131).

respectively, can be done. Let ϑb be the angle between b and vr, see Fig. 3.1. Then
according to Fig. 3.6

k(r)
⊥ · b

(r)
⊥ = −k(r)

⊥ sinϑb cosϑ , (3.135)

k′(r)
⊥ · b

(r)
⊥ = −k′(r)

⊥ sinϑb cosϑ′ ,
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and because of v(r)
i⊥ = vi − v(r)

i‖ = ve‖b − v̄r − v(r)
i‖

k(r)
⊥ · v

(r)
i⊥ = −ve‖k

(r)
⊥ sinϑb cosϑ . (3.136)

For the Bessel functions we use the addition theorem (3.52). The angular integrals
are trivial as they involve powers of trigonometric functions. For symmetry reasons
all terms involving odd powers of sinϑb = −vi⊥/v̄r vanish. There remains〈

ΔE(2)
i

〉
I0
=

(2π2)2

mv̄3
r

v2
i⊥

v̄2
r

∫ ∞
0

dk(r)
⊥ k(r)
⊥ U
(
0, k(r)
⊥

) ∫ ∞
0

dk ′(r)
⊥ k ′(r)

⊥ U
(
0, k ′(r)
⊥

)
×
⎡⎢⎢⎢⎢⎢⎣ve‖ b(r)

‖ k(r)2
⊥ J0

(
k(r)
⊥ s̄
)

J0

(
k ′(r)
⊥ s̄
)

(3.137)

+
(
v(r)

i‖ + ve‖b
(r)
‖

)
k(r)
⊥ k ′(r)
⊥ J1

(
k(r)
⊥ s̄
)

J1

(
k ′(r)
⊥ s̄
) ⎤⎥⎥⎥⎥⎥⎦

=
(2π2)2

mv̄3
r

v2
i⊥

v̄2
r

[
ve‖b

(r)
‖ T0,3(0, s̄)T0,1(0, s̄) +

(
v(r)

i‖ + ve‖b
(r)
‖

)
T 2

1,2(0, s̄)
]

with the transforms Tμ,ν introduced in (3.54). Inserting b(r)
‖ = cosϑb = v̄r‖/v̄r =

(ve‖−vi‖)/v̄r and v(r)
i‖ = vi‖ cosϑb+vi⊥ sinϑb = (vi‖(ve‖−vi‖)−v2

i⊥)/v̄r this contribution
to the energy loss is〈
ΔE(2)

i

〉
I0
=

(2π2)2

mv̄6
r

v2
i⊥

[
ve‖
(
ve‖ − vi‖

)
T0,3 (0, s̄) T0,1 (0, s̄) +

(
v2

e‖ − v2
i

)
T 2

1,2(0, s̄)
]
.

(3.138)
For further progress the transforms (3.54) of the interaction potentials must be done.
From (3.55) and its derivatives with respect to a we obtain in the screened case (3.6)

T D
0,1(0, s̄) = −

Ze/2

2π2
K0(s̄/λ) ,

T D
1,2(0, s̄) = −

Ze/2

2π2λ
K1(s̄/λ) , (3.139)

T D
0,3(0, s̄) =

Ze/2

2π2λ2
K0(s̄/λ)

and for the regularized and screened potential (3.7)

T R
0,1(0, s̄) = −

Ze/2

2π2

[
K0(s̄/λ) − K0(s̄/λ′)

]
,

T R
1,2(0, s̄) = −

Ze/2

2π2

[
1
λ

K1(s̄/λ) −
1
λ′

K1(s̄/λ′)

]
, (3.140)

T R
0,3(0, s̄) =

Ze/2

2π2

[
1
λ2

K0(s̄/λ) −
1
λ′2

K0(s̄/λ′)

]
.

We investigate the asymptotic behavior of the amplitudes in the limit s̄ → 0. As
K0(z) ∼ − ln z and K1(z) ∼ z−1 + z ln z

2
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T R
0,1(0, s̄) ∼ −

Ze/2

2π2
ln

λ

λ′
,

T R
1,2(0, s̄) ∼ −

Ze/2

2π2
s̄

(
1
λ2

ln
s̄

2λ
−

1
λ′2

ln
s̄

2λ′

)
, (3.141)

T R
0,3(0, s̄) ∼

Ze/2

2π2

(
1
λ2

ln
s̄
λ
−

1
λ′2

ln
s̄
λ′

)
the divergence is not worse than logarithmic and will cause no harm when integrat-
ing over the impact parameter in (2.9). This is not so in the case of the screened
potential. Insertion of (3.139) into (3.138) yields〈

ΔE(2)
i

〉
I0
=

Z2e/4v2
i⊥

mv̄6
r s̄2

[(
v2

e‖ − v2
i

)
ρ2K2

1 (ρ) − ve‖(ve‖ − vi‖)ρ2K2
0 (ρ)
]

(3.142)

with ρ = s̄/λ, which behaves like s̄−2 for small impact parameters. On the other hand
all amplitudes (3.139) and (3.140) vanish exponentially for large impact parameters
because of the finite range of the potentials UR and UD. We obtain the Coulomb
case by taking the limit λ→ ∞ in (3.142). This yields〈

ΔE(2)
i

〉
I0
=

Z2e/4v2
i⊥

mv̄6
r s̄2

(v2
e‖ − v2

i ) (3.143)

which is precisely the energy transfer (2.36) for tight helices.
We turn now to the next term in 〈ΔE(2)

i 〉I1 in (3.130). It involves

1
Ωe

Im
∫ ∞

0
dτei(k·v̄r+i0)τ sin(Ωeτ) =

π

2Ωe
[δ(k · v̄r − Ωe) − δ(k · v̄r + Ωe)] . (3.144)

Then 〈
ΔE(2)

i

〉
I1
=

2π2

mΩe

∫
dk
∫

dk′U (k) U
(
k′
)

(k · vi) J0
(
|k + k′|s̄

)
(3.145)

×
[
(k · b)

(
k′ · b
)
−
(
k · k′
)]
δ
((

k + k′
)
· v̄r
)
δ (k · v̄r − Ωe) .

Using cylindrical coordinates the integrations are done as before between (3.134)
and (3.137). With the help of the δ–functions we obtain〈
ΔE(2)

i

〉
I1
=

2π2

mv̄2
rΩe

∫
d2 k(r)

⊥

∫
d2 k ′(r)

⊥ U
(
δ−1, k(r)

⊥

)
U
(
δ−1, k ′(r)

⊥

)
(3.146)

× J0

(
|k(r)
⊥ + k ′(r)

⊥ |s̄
) (
δ−1v(r)

i‖ + k(r)
⊥ · v

(r)
i⊥

) [
δ−2b(r)2

⊥ +
(
k(r)
⊥ · b

(r)
⊥

) (
k ′(r)
⊥ · b

(r)
⊥

)
−
(
k(r)
⊥ · k

′(r)
⊥

)
+ δ−1b(r)

‖

((
k ′(r)
⊥ − k(r)

⊥

)
· b(r)
⊥

)]
.

The angular integrations yield〈
ΔE(2)

i

〉
I1
=

(2π2)2

mv̄6
r

{
v2

i⊥

[
2δ−2
(
ve‖vi‖ − v2

i

)
T 2

0,1

(
δ−1, s̄
)

(3.147)

− ve‖v̄r‖T0,1

(
δ−1, s̄
)

T0,3

(
δ−1, s̄
)]

+
[
2v̄2

r

(
ve‖vi‖ − v2

i

)
− v2

i⊥

(
v2

e‖ − v2
i

)]
T 2

1,2

(
δ−1, s̄
)}

.
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For the potentials (3.6), (3.7) we obtain with the integrals (3.55)

T D
0,1(δ−1, s̄) = −

Ze/2

2π2
K0(κ1 s̄) ,

T D
1,2(δ−1, s̄) = −

Ze/2

2π2
κ1K1(κ1 s̄) , (3.148)

T D
0,3(δ−1, s̄) =

Ze/2

2π2
κ2

1K0(κ1 s̄)

in the screened case (3.2) and

T R
0,1(δ−1, s̄) = −

Ze/2

2π2

[
K0(κ1 s̄) − K0(χ1 s̄)

]
,

T R
1,2(δ−1, s̄) = −

Ze/2

2π2

[
κ1K1(κ1 s̄) − χ1K1(χ1 s̄)

]
, (3.149)

T R
0,3(δ−1, s̄) =

Ze/2

2π2

[
κ2

1K0(κ1 s̄) − χ2
1K0(χ1 s̄)

]
with κ2

1 = δ−2 + λ−2 and χ2
1 = δ−2 + λ′−2 in the regularized case (3.3). As before, see

(3.141), the behavior in the limit s̄ → 0 is logarithmic for the regularized potential
(3.7). For the screened potential (3.6) the insertion of (3.148) yields〈

ΔE(2)
i

〉
I1
=

Z2e/4

mv̄6
r s̄2

{
v2

i⊥

[
ve‖v̄r‖ +

2

(κ1δ)2

(
ve‖vi‖ − v2

i

)]
ρ2

1K2
0 (ρ1) (3.150)

+
[
2v̄2

r

(
ve‖vi‖ − v2

i

)
− v2

i⊥

(
v2

e‖ − v2
i

)]
ρ2

1K2
1 (ρ1)

}
with ρ1 = κ1 s̄. For parallel ion motion, vi⊥ → 0, there remains a contribution
to 〈ΔE(2)

i 〉I1, which is equal to the leading term of the corresponding expansion
of (3.118) in orders of a/δ.

Taking now the limit λ → ∞ for the unscreened Coulomb interaction we see
that 〈ΔE(2)

i 〉I1 vanishes exponentially for s̄ > δ. Hence the energy transfer is given
by the tight helix term (3.143). For the case s̄ < δ and ρ1 = 0 we obtain

〈
ΔE(2)

i

〉
I0
+
〈
ΔE(2)

i

〉
I1
=

(
Ze/2

s̄

)2 2v̄r · vi

mv̄4
r

. (3.151)

This is (up to regularization) just the stretched helix case obtained before by elemen-
tary considerations in (2.32). There remains in (3.129) the contribution 〈ΔE(2)

i 〉I2 to
the energy loss, which involves the function

g2(k, k′) = k · [k′ × b] = b(r)
‖ k(r)
⊥ · [k ′(r)

⊥ × n̄r] + k′(r)
‖ k ′(r)

⊥ · [n̄r × b(r)
⊥ ] (3.152)

= b(r)
‖ k(r)
⊥ k′(r)
⊥ sin(ϑ − ϑ′) − b(r)

⊥ k(r)
⊥ k′(r)
‖ sinϑ + b(r)

⊥ k(r)
‖ k′(r)
⊥ sinϑ′ ,

see Fig. 3.6. Because of the sine functions the integrations with respect to the az-
imuthal angles ϑ and ϑ′ yield zero.
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These results are obtained in the limit a → 0 where the electrons move along
their guiding center trajectories. Moreover, for Ωe → ∞ also the pitch δ → 0 and
these trajectories are rectilinear along the lines of the magnetic field and the energy
transfer is given by 〈ΔE(2)

i 〉I0. For a finite Ωe corresponding to a finite pitch the
contribution 〈ΔE(2)

i 〉I1 describes the perturbation of the guiding center trajectory.
The quadratic term in the expansion of the Bessel function J0(aK(τ)) = 1 −

(aK(τ))2/4+ . . . accounts for the finite cyclotron motion. Using the same techniques
as before a tedious but straightforward calculation yields

〈
ΔE(2)

i

〉
II
=

(
Ze/2a

s̄2

)2 1
2mv̄2

r
(Q0 + Q1 + Q2) . (3.153)

Here we restrict ourselves to give the result for the screened potential (3.2), (3.6):

Q0 =
ve‖v̄r‖v2

i⊥
v̄4

r

⎛⎜⎜⎜⎜⎜⎝ v2
i⊥

8v̄2
r
−

v̄2
r‖

v̄2
r

⎞⎟⎟⎟⎟⎟⎠ [ρ2K0 (ρ)
]2
+

v2
i⊥

v̄2
r

⎡⎢⎢⎢⎢⎣ve‖vi‖ − v2
i

v̄2
r

(3.154)

×
⎛⎜⎜⎜⎜⎝1 − 3v2

i⊥
4v̄2

r

⎞⎟⎟⎟⎟⎠ + ve‖v̄r‖

v̄2
r

⎛⎜⎜⎜⎜⎝1 − 3v2
i⊥

2v̄2
r

⎞⎟⎟⎟⎟⎠⎤⎥⎥⎥⎥⎦ [ρ2K1 (ρ)
]2
+

3ve‖v̄r‖v4
i⊥

8v̄6
r

[
ρ2K2 (ρ)

]2
,

Q1 =

⎧⎪⎪⎨⎪⎪⎩ve‖v̄r‖v2
i⊥

v̄4
r

⎛⎜⎜⎜⎜⎝1 − 17v2
i⊥

8v̄2
r

⎞⎟⎟⎟⎟⎠ + v̄2
r‖

(
ve‖vi‖ − v2

i

)
v̄4

r

⎛⎜⎜⎜⎜⎝1 + v2
i⊥

2v̄2
r

⎞⎟⎟⎟⎟⎠
+

1
(κ1δ)2

v2
i⊥

v̄2
r

⎡⎢⎢⎢⎢⎣ve‖v̄r‖

v̄2
r

⎛⎜⎜⎜⎜⎝5 − 12v2
i⊥

v̄2
r

⎞⎟⎟⎟⎟⎠ + ve‖vi‖ − v2
i

v̄2
r

⎛⎜⎜⎜⎜⎝10 −
11v2

i⊥
v̄2

r

⎞⎟⎟⎟⎟⎠⎤⎥⎥⎥⎥⎦
+

2
(κ1δ)4

v2
i⊥

v̄2
r

⎡⎢⎢⎢⎢⎣ve‖v̄r‖

v̄2
r

⎛⎜⎜⎜⎜⎝1 − 2v2
i⊥

v̄2
r

⎞⎟⎟⎟⎟⎠ + ve‖vi‖ − v2
i

v̄2
r

⎛⎜⎜⎜⎜⎝7 − 8v2
i⊥

v̄2
r

⎞⎟⎟⎟⎟⎠⎤⎥⎥⎥⎥⎦ ⎫⎪⎪⎬⎪⎪⎭ [ρ2
1K0(ρ1)

]2
+

⎧⎪⎪⎨⎪⎪⎩ − 3ve‖v̄3
r‖v

2
i⊥

v̄6
r

+
ve‖vi‖ − v2

i

v̄2
r

⎛⎜⎜⎜⎜⎜⎝3v4
i⊥

4v̄4
r
+

2v̄2
r‖

v̄2
r

⎞⎟⎟⎟⎟⎟⎠ (3.155)

+
1

(κ1δ)2

⎡⎢⎢⎢⎢⎣ve‖v̄r‖v2
i⊥

v̄4
r

⎛⎜⎜⎜⎜⎝13v2
i⊥

v̄2
r
− 7

⎞⎟⎟⎟⎟⎠ + ve‖vi‖ − v2
i

v̄2
r

⎛⎜⎜⎜⎜⎝16v4
i⊥

v̄4
r
−

23v2
i⊥

v̄2
r
+ 6

⎞⎟⎟⎟⎟⎠⎤⎥⎥⎥⎥⎦ ⎫⎪⎪⎬⎪⎪⎭ [ρ2
1K1(ρ1)

]2
+

⎡⎢⎢⎢⎢⎣ve‖v̄r‖v2
i⊥

2v̄4
r

⎛⎜⎜⎜⎜⎝4 − 7v2
i⊥

4v̄2
r

⎞⎟⎟⎟⎟⎠ − ve‖vi‖ − v2
i

v̄2
r

⎛⎜⎜⎜⎜⎝1 − 3v2
i⊥

2v̄2
r
+

v4
i⊥

4v̄4
r

⎞⎟⎟⎟⎟⎠⎤⎥⎥⎥⎥⎦ [ρ2
1K2(ρ1)

]2
−

1
(κ1δ)2

ve‖vi‖ − v2
i

v̄2
r

⎡⎢⎢⎢⎢⎣v2
i⊥

v̄2
r

⎛⎜⎜⎜⎜⎝2 − 3v2
i⊥

2v̄2
r

⎞⎟⎟⎟⎟⎠ + 2
(κ1δ)2

⎛⎜⎜⎜⎜⎝2 − 3v2
i⊥

v̄2
r
+

2v4
i⊥

v̄4
r

⎞⎟⎟⎟⎟⎠
+

4
(κ1δ)4

v̄2
r‖v

2
i⊥

v̄4
r

⎤⎥⎥⎥⎥⎥⎦ ρ5
1K0(ρ1)K1(ρ1) ,
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Q2 =
v4

i⊥
v̄4

r

(
1 +

8
(κ2δ)2

) ⎡⎢⎢⎢⎢⎣ve‖v̄r‖

v̄2
r
+

ve‖vi‖ − v2
i

2v̄2
r

(
1 +

8
(κ2δ)2

)⎤⎥⎥⎥⎥⎦ [ρ2
2K0(ρ2)

]2
+

2v2
i⊥

v̄2
r

⎧⎪⎪⎨⎪⎪⎩ve‖v̄r‖

v̄2
r

⎛⎜⎜⎜⎜⎝1 − 3v2
i⊥

4v̄2
r

⎞⎟⎟⎟⎟⎠ + 4
(κ2δ)2

×

⎡⎢⎢⎢⎢⎢⎢⎣2
(
ve‖vi‖ − v2

i

)
v̄2

r

⎛⎜⎜⎜⎜⎜⎝1 + v̄2
r‖

v̄2
r

⎞⎟⎟⎟⎟⎟⎠ − ve‖v̄r‖v2
i⊥

v̄4
r

⎤⎥⎥⎥⎥⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭ [ρ2

2K1(ρ2)
]2

(3.156)

+

⎡⎢⎢⎢⎢⎢⎣ve‖vi‖ − v2
i

v̄2
r

⎛⎜⎜⎜⎜⎜⎝2v̄2
r‖

v̄2
r
+

v4
i⊥

4v̄4
r

⎞⎟⎟⎟⎟⎟⎠ + v̄r‖ve‖v2
i⊥

v̄4
r

⎛⎜⎜⎜⎜⎝ v2
i⊥

2v̄2
r
− 2

⎞⎟⎟⎟⎟⎠⎤⎥⎥⎥⎥⎥⎦ [ρ2
2K2(ρ2)

]2
.

Here κ2
2 = 4δ−2 + λ−2, ρ2 = κ2 s̄. The cyclotron motion and the drift of the guiding

center of the electron are coupled to each other. Therefore the perturbation of the
cyclotron motion causes an additional perturbation of the guiding center motion.
This effect is given by the first term Q0 in (3.153) which depends on magnetic field
through the cyclotron radius a in the prefactor, while the arguments of the modified
Bessel functions in (3.154) do not depend on magnetic field. In the other terms Q1

and Q2 the arguments of the Bessel functions ρ1 and ρ2 correspond to the first and
second cyclotron harmonic perturbations, respectively.

For vi⊥ = 0 we have Q0 = 0 and

Q1 =
vi‖

v̄r‖

{
ρ4

1

[
K2

0 (ρ1) − K2
2 (ρ1)
]
+

[
2 +

6
(κ1δ)2

]
ρ4

1K2
1 (ρ1) (3.157)

−
4

(κ1δ)4
ρ5

1K0(ρ1)K1(ρ1)

}
,

Q2 =
2vi‖

v̄r‖

[
ρ2

2K2(ρ2)
]2

. (3.158)

With the help of the recursion relations of the Bessel functions it is easy to see that
the resulting energy transfer

〈
ΔEi‖
〉

II agrees with the corresponding O(a2/δ2)–term
of the energy transfer (3.118), where the limit of parallel ion motion vi⊥ → 0 was
taken before the limit a � δ.

3.9 Binary Collisions in a Weak Field

We return to the case of a weak magnetic field, where the cyclotron radius a is larger
than other characteristic length scales like the screening length λ while the cyclotron
frequency Ωe is small compared to the plasma frequency. Very high cyclotron har-
monics with n � 1 will now contribute to the motion of the particles as described
by the expansion (3.91). We start therefore before, on the level of (3.87)-(3.90), and
expand up to terms O(Ω2

e). For that purpose we rewrite the helical motion (3.62)
using ve⊥ = ve⊥u
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r0(t) = R̄0 + v̄rt + a [u sin(Ωet) − (b × u) cos(Ωet)]

= R0 + v̄rt +
1
Ωe

[ve⊥ sin(Ωet) + (b × ve⊥)(1 − cos(Ωet))] (3.159)

� R0 + vrt +
Ωet2

2
(b × ve⊥) −

Ω2
et3

6
ve⊥ = r̃0(t) + r̃1(t) + r̃2(t) .

Here r̃0(t) = R0 + vrt with R0 = R̄0 − (b × ve⊥) and vr = v̄r + ve⊥ describes the
uniform motion of the field free case and r̃1(t) = Ωet2

2 (b× ve⊥) and r̃2(t) = −Ω2
e t3

6 ve⊥
are the first and second order trajectory corrections, respectively. The second–order
energy transfer (3.87) involves the multiple time integrals (3.90) and these in turn
functions like exp[ik · r0(t)]. Their expansions

eik·r0(t) � eik· r̃0(t)

[
1 + ik · r̃1(t) + ik · r̃2(t) −

(k · r̃1(t))2

2

]
(3.160)

are inserted into ψ0(k, k ′) and ψ±(k, k ′). This yields up to second order

ψ0(k, k ′) =
∫ ∞
−∞

dt eik·r0(t)
∫ t

−∞
dτ(t − τ)eik ′ ·r0(τ) (3.161)

�
∫ ∞
−∞

dt eik· r̃0(t)
∫ t

−∞
dτ(t − τ)eik ′ · r̃0(t′) [1 + ik · r̃1(t) + ik ′ · r̃1(τ)

+ ik · r̃2(t) + ik ′ · r̃2(τ) −
1
2
(
k · r̃1(t) + k ′ · r̃1(τ)

)2]
= ψ

(0)
0 (k, k ′) + ψ

(1)
0 (k, k ′) + ψ

(2)
0 (k, k ′) ,

ψ±(k, k ′) =
1
±2iΩe

∫ ∞
−∞

dt eik·r0(t)
∫ t

−∞
dτ
(
e±iΩe(t−τ) − 1

)
eik ′ ·r0(τ) (3.162)

�
1
±2iΩe

∫ ∞
−∞

dt eik· r̃0(t)
∫ t

∞
dτeik· r̃0(τ) {±iΩe(t − τ) [1 + ik · r̃1(t)

+ ik ′ · r̃1(τ) + ik · r̃2(t) + ik ′ · r̃2(τ) −
1
2
(
k · r̃1(t) + k ′ · r̃1(τ)

)2]
− Ω2

e(t − τ)2 [1 + ik · r̃1(t) + ik ′ · r̃1(τ)
]
∓ iΩ3

e(t − τ)3
}

= ψ
(0)
± (k, k ′) + ψ

(1)
± (k, k ′) + ψ

(2)
± (k, k ′) .

Here

ψ
(0)
0 (k, k ′) = 2ψ(0)

± (k, k ′) =
∫ ∞
−∞

dt eik· r̃0(t)
∫ t

−∞
dτeik ′· r̃0(τ)(t − τ) (3.163)

are the zero–order terms

ψ
(1)
0 (k, k ′) = i

∫ ∞
−∞

dt eik· r̃0(t)
∫ t

−∞
dτeik ′ · r̃0(τ)(t − τ)

[
k · r̃1(t) + k ′ · r̃1(τ)

]
,

ψ
(1)
± (k, k ′) =

1
2
ψ

(1)
0 (k, k ′) ±

1
2
Θ1(k, k ′) (3.164)
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with

Θ1(k, k ′) =
iΩe

2

∫ ∞
−∞

dt eik· r̃0(t)
∫ t

−∞
dτeik ′· r̃0(τ)(t − τ)2 (3.165)

are the first–order terms and

ψ
(2)
0 (k, k ′) =

∫ ∞
−∞

dt eik· r̃0(t)
∫ t

−∞
dτeik ′ · r̃0(τ)(t − τ)

[
ik · r̃2(t) + ik ′ · r̃2(τ)

−
1
2
(
k · r̃1(t) + k ′ · r̃1(τ)

)2]
, (3.166)

ψ
(2)
± (k, k ′) =

1
2
ψ

(2)
0 (k, k ′) ∓

1
2
Θ21(k, k ′) −

1
2
Θ22(k, k ′)

with

Θ21(k, k′) =
Ωe

2

∫ ∞
−∞

dteik· r̃0(t)
∫ t

−∞
dτeik′ · r̃0(τ)(t − τ)2 (3.167)

×
[
k · r̃1(t) + k′ · r̃1(τ)

]
,

Θ22(k, k′) =
Ω2

e

6

∫ ∞
−∞

dteik· r̃0(t)
∫ t

−∞
dτeik′· r̃0(τ)(t − τ)3 (3.168)

are the second–order terms. It should be noted that the first and second order cor-
rections are related among each other by

ψ
(1)
+ (k, k ′) + ψ

(1)
− (k, k ′) = ψ

(1)
0 (k, k ′) (3.169)

and
ψ

(2)
+ (k, k ′) + ψ

(2)
− (k, k ′) = ψ

(2)
0 (k, k ′) − Θ22(k, k ′) . (3.170)

The energy transfer can be represented as a sum of three terms, namely field free,
first and second order with respect to the magnetic field. Inserting the zero–order
term

g0(k, k ′)ψ(0)
0 (k, k ′) + g−(k, k ′)ψ+(k, k ′) + g+(k, k ′)ψ−(k, k ′) (3.171)

= −(k · k ′)ψ(0)
0 (k, k ′)

into (3.87) yields(
ΔE(2)

i

)
0
=

i
m

∫
dk
∫

dk′U(k)U(k′) (k · vi) (k · k′)ei(k+k′)·R0 (3.172)

×
∫ ∞
−∞

dt ei(k+k′)·vr t
∫ t

−∞
dτ(t − τ) eik′·vrτ ,

which agrees, of course, with (3.43) and leads to the results (3.53), (3.59) in the
absence of a magnetic field.

For the first–order correction we insert

g0(k, k ′)ψ(1)
0 (k, k ′) + g−(k, k ′)ψ(1)

+ (k, k ′) + g+(k, k ′)ψ(1)
− (k, k ′)

= −(k · k ′)ψ(1)
0 (k, k ′) − ik · (k ′ × b)Θ1(k, k ′) (3.173)
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into (3.87) (
ΔE(2)

i

)
1
=

1
m

∫
dk
∫

dk′U(k)U(k′) (k · vi)

×
[
i(k · k′)ψ(1)

0 (k · k′) −
(
k · (k′ × b)

)
Θ1(k, k′)

]
. (3.174)

Here the explicit expression for r̃1(t) has to be inserted into (3.164) in order to do
the time integrals. It turns out to be advantageous to do this in a systematic manner
by defining the operators

R̂μ,ν(ω,ω′) =
iν−μ+1

2π

∫ ∞
−∞

dt tνei(ω+ω′)t
∫ ∞

0
dt′t′μe−iω′t′

=

[
∂μ

∂ω′μ
1

ω′ − i0

]
∂ν

∂ων
δ(ω + ω′) . (3.175)

Their action on a test function Φ(ω,ω′) is obtained by repeated partial integrations

∫ ∞
−∞
dω′
∫ ∞
−∞
dω R̂μ,ν(ω,ω′)Φ(ω,ω′) = (−1)ν+μ

∫ ∞
−∞

dω′

ω′ − i0
∂μ

∂ω′μ

[
∂ν

∂ων
Φ(ω,ω′)

]
ω=−ω′

.

(3.176)

We note in passing that (3.44) defines and (3.49) involves R̂1,0. Then

ψ
(1)
0 (k, k′) = −iπΩeei(k+k′)·R0

[(
(k + k′) · (b × ve⊥)

)
R̂1,2(ω,ω′) (3.177)

+
(
k′ · (b × ve⊥)

) (
2R̂2,1(ω,ω′) + R̂3,0(ω,ω′)

)]
and

Θ1(k, k′) = −πΩeei(k+k′)·R0 R̂2,0(ω,ω′) (3.178)

with ω = k · vr, ω′ = k′ · vr. The first–order energy transfer (3.174) is then(
ΔE(2)

i

)
1
=

πΩe

m

∫
dk
∫

dk′U(k)U(k′) (k · vi) ei(k+k′)·R0 (3.179)

×
[
(γ + γ′)R̂1,2 + γ′

(
2R̂2,1 + R̂3,0

)
+ g2R2,0

]
,

where all operators are understood as R̂μ,ν(ω,ω′) and

γ = (k · k′) (k · (b × ve⊥)) , γ′ = (k · k′)
(
k′ · (b × ve⊥)

)
, g2 = k · (k′ × b). (3.180)

The term involving g2(k, k′) vanishes upon the angular integration, see the discus-
sion in connection with (3.152). The other terms are linear in the vector ve⊥ and will
give no contribution when folding with a velocity distribution which is even in ve⊥.
Then the first non–vanishing correction to the field free case is O(Ω2

e).
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Proceeding as before the second order term is(
ΔE(2)

i

)
2
=

i
m

∫
dk
∫

dk′U(k)U(k′) (k · vi)

×
[
(k · k′)ψ(2)

0 (k, k′) − ig2(k, k′)Θ21(k, k′) + g1(k, k′)Θ22(k, k′)
]

=
πiΩ2

e

m

∫
dk
∫

dk′U(k)U(k′) (k · vi) ei(k+k′)·R0 (3.181)

×
{
−

2α3 + α1 + α′1
4

R̂1,4 +
α2 + α′2

3
R̂1,3 − (α3 + α′1)R̂2,3

+
2α′2 − α′4 − α4

2
R̂2,2 −

g1

3
R̂3,0 + (α′2 − α′4)R̂3,1

−
α3 + 3α′1

2
R̂3,2 − α′1R̂4,1 +

2α′2 − 3α′4
6

R̂4,0 −
α′1
4

R̂5,0

}
with

α1 = (k · k′) (k · (b × ve⊥))2 , α′1 = (k · k′)
(
k′ · (b × ve⊥)

)2
,

α2 = (k · k′) (k · ve⊥) , α′2 = (k · k′)
(
k′ · ve⊥

)
, (3.182)

α3 = (k · k ′) (k · (b × ve⊥))
(
k ′ · (b × ve⊥)

)
,

α4 = (k · (k′ × b)) (k · (b × ve⊥) , α′4 = (k · (k′ × b))
(
k′ · (b × ve⊥

)
.

In the first–order correction (3.179) the integrand must be differentiated up to three
times, in the second–order correction even up to five times. This leads to tedious,
but straightforward calculations.

3.10 Impact Parameter Integration and Velocity Averaging

In our treatment we distinguished between the impact parameters s̄ and the relative
velocity v̄r of the guiding center for magnetized electrons and the impact parameter
s and the relative velocity vr = v̄r + ve⊥ in the field–free case. The energy loss (2.9)
involves

vr

∫
ds s = vr

∫
ds̄ s̄ J(s, s̄)→ v̄r

∫
ds̄ s̄ (3.183)

as the Jacobian J(s, s̄) ∼ v̄r/vr cancels the particle fluxes up to an unimportant phase
factor. The regularized potential (3.3), (3.7) obviates the introduction of Coulomb
logarithms when doing the integration with respect to the impact parameter. We will
show this explicitly for the cases of parallel ion motion and infinitly strong field. It
is advantageous to do the s̄–integration before the k⊥–integration in passing from
(3.100) to (3.104). Using∫ ∞

0
ds̄ s̄Jn(k⊥ s̄)Jn(k′⊥ s̄) =

1
k⊥

δ(k⊥ − k′⊥) (3.184)
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one obtains∫ ∞
0

ds̄ s̄
〈
ΔE(2)

i‖

〉
=

4Z2e/4vi‖

mv̄3
r‖δ

2

∞∑
n=1

n2

{
3Φn(k‖, a) + k‖

∂

∂k‖
Φn(k‖, a)

+
δ2

a
∂

∂a
Φn(k‖, a)

}
k‖=

n
δ

(3.185)

with

Φn(k‖, a) = (2π2)2
∫ ∞

0
dk⊥k⊥u2

R(k⊥, k‖)J2
n(k⊥a) . (3.186)

For the convergence of the series (3.185) as well as for the limiting behavior at small
relative velocities v̄r‖ → 0 we study

lim
n/δ→∞

uR

(
k⊥, k‖ =

n
δ

)
=

1
2π2

λ′−2 − λ−2

(k2
⊥ + n2/δ2)2

= O

(
δ4

n4

)
. (3.187)

From (3.102) and (3.109), we find in this limit with κ = n/δ∫ ∞
0

dk⊥k⊥
k2
⊥ + κ2

J2
n(k⊥a)→

1
2

1
√

n2 + κ2a2
→

1
2n

δ

a
. (3.188)

For Φn this has to be differentiated three times with respect to κ. There results

Φn(k‖, a) →
5

32k7
‖a

(
λ′ −2 − λ−2

)2
=

5δ7

32n7a

(
λ′ −2 − λ−2

)2
(3.189)

=
5

32n7a

(
λ′ −2 − λ−2

)2 ( |v̄r‖|
Ωe

)7
and this is sufficient to guarantee a regular behavior of the integrated energy transfer
(3.185) at small relative velocities v̄r‖ → 0∫ ∞

0
ds̄s̄
〈
ΔE(2)

i‖

〉
= O(v̄2

r‖) (3.190)

for the regularized potential (3.3). This should be compared to the cases of the
screened (3.2) and the Coulomb potential (3.1) in which a self–cutting Coulomb
logarithm must be kept under the integral for the velocity averaging, see equa-
tion (2.37).

Similar calculations yield the stopping power dEi/dl for an infinite magnetic
field and an arbitrary direction of the motion of the ion. The transforms (3.140)
are inserted into the energy transfer (3.138). The integrated energy transfer involves
integrals like∫ ∞

0
ds̄s̄ T0,3(0, s̄)T0,1(0, s̄) =

Z2e/4

(2π2)2

∫ ∞
0

dρρ
[
K0(κρ) − K0(ρ)

] [
K0(ρ) − κ

2K0(κρ)
]

=
Z2e/4

(2π2)2
U0(κ) , (3.191)
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where κ = λ/λ′ = 1 + λ/� and

U0 = U0(κ) =
κ

2 + 1
κ2 − 1

ln κ − 1 (3.192)

takes the role of the modified Coulomb logarithm (2.11), see also Sect. 4.7. Likewise∫ ∞
0

ds̄s̄ T 2
1,2(0, s̄) =

Z2e/4

(2π2)2
U0(κ) , (3.193)

so the integral energy transfer is

2π
∫ ∞

0
ds̄s̄
〈
ΔE(2)

i

〉
I0
=

2πZ2e/4

m

v2
i⊥

v̄6
r

U0(κ)
[
ve‖(ve‖ − vi‖) + v2

e‖ − v2
i

]
. (3.194)

Now the energy loss (2.9)

dEi

dl
=

2πnev̄r

vi

∫ ∞
0

ds̄s̄
〈
ΔE(2)

i

〉
I0

(3.195)

is averaged with respect to the anisotropic electron velocity distributions (2.28).
There results a one–dimensional integral for the stopping power

dEi

dl
=

∫
dve f0(ve)

dEi

dl
=

(2π)1/2nevi

mvth‖
Z2e/4U0(κ) sin2 α (3.196)

×
∫ ∞
−∞

dve‖e
−v2

e‖/2v2
th‖

2v2
e‖ − ve‖vi cosα − v2

i

(v2
e‖ − 2ve‖vi cosα + v2

i )5/2

with sinα = vi⊥/vi. This can be further simplified by introducing the integration
variable y = ve‖/vth‖ and a partial integration

−
dEi

dl
=

(2π)1/2nevi

mv3
th‖

Z2e/4U0(κ) sin2 α

∫ ∞
−∞

dy
y2e−y2/2

(y2 − 2xy cosα + x2)3/2
(3.197)

with x = vi/vth‖. A further partial integration shows that the integral

�(α, x) =
∫ ∞
−∞

dy
y2e−y2/2

(y2 − 2xy cosα + x2)3/2
(3.198)

=
1

x2 sin2 α

∫ ∞
−∞

dy e−y2/2 (y − x cosα)(y3 − 2y)
(y2 − 2xy cosα + x2)1/2

is singular in the limit α→ 0

lim
α→0
�(α, x) =

2

sin2 α
e−x2/2 . (3.199)

So the stopping power (3.197) remains finite for ions moving parallel to the field,
while the energy loss in collisions with monoenergetic electrons (3.195) with



64 3 Binary Collision Model

(3.194) vanishes. The energy transfer (3.194) diverges too strongly for small relative
velocities v̄r → 0. This indicates a failure of the perturbation treatment. The regular-
ization in the potential (3.3) is sufficient to guarantee the existence of the integrated
energy transfer (3.194) but there remains the problem of treating hard collisions. For
a perturbation treatment the change in velocity must be small compared to v̄r and
this condition is increasingly difficult to fulfill in the regime v̄r → 0. This suggests
a physically reasonable procedure: The potential must be softened near the origin.
In fact the parameter � which describes the effects of quantum diffraction should be
related to the de Broglie wavelength which is inversely proportional to v̄r. Then the
functionU0(κ) (3.192) must remain within the velocity averaging integral. As this
function is self–cutting

U0(κ) ∼ (κ − 1)2 ∼ (λ/�)2 ∼ v̄2
r (3.200)

for v̄r → 0 the integrand becomes less singular by two orders. Then the integral
�(α, x) diverges only logarithmically in the limit α → 0, and the stopping power
vanishes as ∝ α2 lnα.

A similar argument applies to the limit of small ion velocities x = vi/vth‖ → 0.
Performing a multipole expansion of the integrand in (3.198) the leading behavior
is

lim
x→0
�(α, x) = ln

8

x2 sin2 α
− γ + 2

(
cos2 α

sin2 α
− 1

)
. (3.201)

Here γ = 0.5772 is the Euler’s constant. On the other hand if (3.200) is included in
the velocity averaging this singular behavior is changed to ∝ x2 ln(1/x2).

Before closing this section we would like to check the range of validity of the
impact parameter integrated second–order energy transfer in the case of an infinitely
strong magnetic field, i.e. expression (3.194), by comparing it with the numerical
CTMC calculations of Sect. 2.3. In the present limit of vanishing electron gyration
a → 0 the numerical simulations are done for purely one dimensional electron
motion, where v(t) = v̄r‖b − vi⊥ + δv‖(t)b and Δv = v(t → ∞) − v(t → −∞) =
bδv‖(t → ∞) = bΔv‖. Note that under this constraint of electron motion along the
magnetic field lines neither the energy nor the quantity K (3.18) are conserved. The
related equations of motion which have to be solved numerically are, after scaling
as introduced in the beginning of Sect. 3.7, given by

dṽ‖
dt̃
= b ·

∂

∂r̃

[
1
r̃

(
1 − e−r̃(λ/�)

)
e−r̃

]
,

dr̃
dt̃
= ṽ = ṽ‖(t)b − ṽi⊥ (3.202)

when using the regularized screened interaction UR (3.3). It has been tested numer-
ically that the general case with finite magnetic field governed by the equations of
motion (3.3) and (3.122), respectively, does indeed converge for increasingly strong
magnetic field towards the dynamics according to equations (3.202).

Scaling the perturbative expression (3.194) using λ as unit of length and vs

(3.121) as unit of velocity and rewriting it in terms of v̄r‖ = ve‖ − vi‖, i.e. the ini-
tial relative velocity along b, and the components of the ion velocity vi‖, vi⊥ yields
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σ
(2)
I0 := −

∫ ∞
0

ds̄s̄
λ2

〈
ΔE(2)

i

〉
I0

mv2
s
=

v2
s v2

i⊥

(v̄2
r‖ + v2

i⊥)3

(
v2

i⊥ − 2v̄2
r‖ − 3vi‖v̄r‖

)
U0(κ) (3.203)

with U0(κ) as defined in (3.192). The quantity σ introduced here can be inter-
preted as a dimensionless generalized cross section for the energy loss, cf. equations
(3.195) and (2.9).

Applying on the other hand the energy transfer in the form (3.32) to the present
case with ve0 = (v̄r‖ + vi‖)b and δv(t→ ∞) = Δv‖b, we arrive at the definition of the
generalized cross section in terms of Δv‖

σ = −
∫

d2 s̄
2πλ2

ΔEi

mv2
s
=

∫
d2 s̄

2πλ2

⎡⎢⎢⎢⎢⎢⎣vi‖

vs

Δv‖
vs
+

v̄r‖

vs

Δv‖
vs
+

1
2

(
Δv‖
vs

)2⎤⎥⎥⎥⎥⎥⎦ . (3.204)

It is now advantageous to split (3.204) into two terms, one related to the average of
the velocity transfer Δv‖, named σ‖, and a remaining part σr which is independent
of the parallel ion motion vi‖, defining σ = −(vi‖/vs)σ‖ + σr. Inserting this into
(3.204) results in

σ‖(η, ξ) = −
∫

d2 s̄
2πλ2

Δv‖
vs

, (3.205)

σr(η, ξ) =
∫

d2 s̄
2πλ2

⎡⎢⎢⎢⎢⎢⎣ v̄r‖

vs

Δv‖
vs
+

1
2

(
Δv‖
vs

)2⎤⎥⎥⎥⎥⎥⎦ (3.206)

which are functions of the scaled transverse ion velocity η = vi⊥/vs and the initial
parallel relative velocity ξ = v̄r‖/vs. These expressions allow to discuss the average
energy transfer (3.203) in terms of the scaled velocities η, ξ independently of the
actual value of vi‖. The corresponding expressions for σ‖, σr within the second order
perturbation treatment can be easily derived by matching (3.203) with (3.204). This
yields

σ
(2)
‖ I0(η, ξ) = 3

η2ξ

(η2 + ξ2)3
U0(κ) , (3.207)

σ
(2)
r I0(η, ξ) =

η2(η2 − 2ξ2)
(η2 + ξ2)3

U0(κ) . (3.208)

Some examples comparing (3.205) and (3.206) determined by the CTMC method
from about 107 calculated trajectories for each given η, ξ with the perturbative treat-
ment (3.207) and (3.208) are presented in Figs. 3.7 and 3.8. Shown are σ‖ (left
column) and σr (right column) as functions of ξ = v̄r‖/vs for increasing transverse
ion velocity η = vi⊥/vs from η = 1 (Fig. 3.7 top) to η = 18 (Fig. 3.8 bottom). The
CTMC results are indicated by open squares for a regularized screened potential UR

(3.3) with �/λ = 0.05 and by filled triangles for �/λ = 0.005. The corresponding
second order predictions (3.207), (3.208) are given by the solid curves. Note the
logarithmic scale for σ‖, σr and the use of the absolute value |σr | for η = 1 and
η = 2 (Fig. 3.7 top and center).
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Fig. 3.7. Generalized cross sections σ‖ (3.205) and σr (3.206) as function of the initial parallel
relative velocity ξ = v̄r‖/vs scaled in units of vs (3.121) for different transverse ion velocities
η = vi⊥/vs and regularized screened potentials (3.3) with �/λ = 0.05 and 0.005. Compared
are the results of CTMC simulations (symbols) with the second order perturbative treatment
(solid curves) given by expressions (3.207) and (3.208), respectively. Note the logarithmic
scale for σ‖,r and the use of the absolute value |σr | in the upper and central panels.
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Fig. 3.8. Same as in Fig. 3.7 for larger transverse ion velocities η = vi⊥/vs.
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Despite the unavoidable numerical fluctuations, which considerably increase
when the energy transfer, i.e. |σ‖|, |σr |, decreases, we can clearly observe the follow-
ing behavior: The larger the velocities η, ξ, and thus, the smaller the cross sections
σ‖, σr, the better is the agreement between the numerical CTMC results and the
second order perturbative treatment. With respect to the ’softness’ of the regularized
potential the agreement improves, keeping all other parameters fixed, for increasing
�/λ, that is, a ’weaker’ interaction UR. This is consistent with the observations made
in Sect. 3.7 for the energy transfer as function of the impact parameter s̄ and η = 0,
but arbitrary finite magnetic field. In view of the previous discussion in connection
with equations (3.196)-(3.199) and (3.201) concerning the velocity integration with
respect to v̄r‖ and the behavior of the stopping power in the limit of small vi⊥ and
vi‖, we like to point out the large deviations found for small v̄r‖ and vi⊥. At small
ξ the second order treatment considerably overestimates the energy transfer at de-
creasing η. For η = 1 and small ξ the second order σ‖, σr are already about an
order of magnitude larger than the CTMC results (see the top panel of Fig. 3.7).
And this discrepancy further strongly increases for smaller η, that is vi⊥/vs � 1
(not shown). In this regime the second order perturbative treatment is clearly in-
valid and a non-perturbative description is required. Any attempts to eliminate this
overshooting of the perturbative treatment by a velocity dependent softening of the
interaction should be considered with caution. While some straightforward assump-
tions for such a velocity dependent interaction, that is � = �(η, ξ) like in (3.200),
might cure the discrepancies in the velocity averaged results on a qualitative level,
it is not guaranteed that they will do so quantitatively.

3.11 Velocity Diffusion (Straggling) of Charged Particles in a
Magnetic Field

An alternative approach to stopping and velocity diffusion starts from the Fokker–
Planck equation, see for example [72, 112]. The velocity distribution f (vi, t) of ions
at time t varies through collisions with electrons. If w(vi−Δvi,Δvi) is the normalized
probability that the ion velocity changes from vi −Δvi to vi in a time interval Δt then
the distribution at time t + Δt is obtained from that at time t by

f (vi, t + Δt) =
∫

d(Δvi) f (vi − Δvi, t) w(vi − Δvi,Δvi) . (3.209)

Excluding hard collisions one may expand both sides as Δvi remains small for small
time intervals

f (vi, t) + Δt
∂ f
∂t
=

∫
d(Δvi)

[
1 − Δvi ·

∂

∂vi
+

1
2

(ΔviΔvi) :
∂2

∂vi∂vi

]
f (vi, t)w(vi,Δvi) .

(3.210)
The average change in the velocity moments is
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〈Δvi〉 =
∫

d(Δvi)Δvi w(vi,Δvi) , (3.211)

〈ΔviΔvi〉 =
∫

d(Δvi)ΔviΔvi w(vi,Δvi) .

Insertion yields the Fokker–Planck equation

∂ f
∂t
= −

∂

∂vi

(
〈Δvi〉
Δt

f

)
+

1
2

∂2

∂vi∂vi
:

(
〈ΔviΔvi〉
Δt

f

)
. (3.212)

Here the friction coefficient
〈Δvi〉
Δt
= −

F
M

(3.213)

is related to the force −F on the ion, see Sect. 3.2, and

D(vi) =
〈ΔviΔvi〉
Δt

(3.214)

is the (velocity) diffusion tensor. While the friction coefficient describes the stop-
ping of the ion as discussed in previous Sections, velocity diffusion is related to
straggling. For the leading behavior of D(vi) the first–order velocity transfer is re-
quired

Δvi = −
1
m

∫ ∞
−∞

dtF0(r0(t)) =
i
m

∫
dkU(k)k exp [ik · r0(t)] . (3.215)

Without magnetic field the zero–order motion r0(t) is uniform (3.39) and

Δvi = −
2πi
m

∫
dkU(k)k eik·sδ(k · vr) , (3.216)

where vr is the relative velocity and s ⊥ vr the impact parameter, see Fig. 2.3. Then

ΔviΔvi = −
4π2

m2

∫
dk
∫

dk′U(k)U(k′)(kk′)δ(k · vr)δ(k′ · vr) ei(k+k′)·s . (3.217)

Introducing cylindrical coordinates about vr and averaging with respect to ŝ yields
with the same techniques as used between (3.43) and (3.53)

〈ΔviΔvi〉ŝ =
(2π)4

2m2v2
r

T 2
1,2(0, s)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝1 0 0
0 1 0
0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (3.218)

where the transform T 2
1,2(0, s) has been defined in (3.54), and explicit expressions

for the regularized and the screened potential have been given in (3.57) and (3.56),
respectively. For an arbitrary direction of relative motion the replacement⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝1 0 0

0 1 0
0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ −→ 1 −
vrvr

v2
r

(3.219)
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must be made. In a ring between s and s + ds there are 2πnevrΔt scattering events
during a time interval Δt. Thus

ΔviΔvi

Δt
=

(2π)5ne

2m2vr

∫
dss T 2

1,2(0, s)

(
1 −

vrvr

v2
r

)
(3.220)

for a general interaction. For the regularized interaction (3.3) the impact parameter
integration yields

ΔviΔvi

Δt
=

4πneZ2e/4

m2vr
U0(κ)

(
1 −

vrvr

v2
r

)
(3.221)

with the cut–off functionU0 defined in (3.192). In the special case of the Coulomb
interaction this is replaced by [72]

ΔviΔvi

Δt
=

4πneZ2e/4

m2vr
L (smax, smin)

(
1 −

vrvr

v2
r

)
. (3.222)

In view of the discussion in Sect. 2.1 the conventional Coulomb logarithm (2.23)
should be replaced by the modified logarithm (2.11). The latter is self–cutting for
small relative velocities vr → 0, where the perturbation treatment becomes doubtful.
Without magnetic field this region of velocity space has sufficiently small weight so
average values of the Coulomb logarithm may be taken out of the three–dimensional
velocity integrals. Then

D(vi) =
4πneZ2e/4

m2
Λth

∂2

∂vi∂vi

∂2H(η, vi)
∂η2

∣∣∣∣∣∣
η=0

=
4πneZ2e/4

m2
Λth d(vi) (3.223)

with the pseudopotential [112]

H(η, vi) =
∫

dve f0(ve)
e−η|ve−vi |

|ve − vi|
(3.224)

and a convergence enforcing parameter η. Using cylindrical coordinates we obtain
for a distribution like (2.28)

H(η, vi) = 2π
∫ ∞

0

dk⊥k⊥J0(k⊥vi⊥)√
k2
⊥ + η2

∫ ∞
−∞

dve‖e
−|ve‖−vi‖|

√
k2
⊥+η

2
(3.225)

×
∫ ∞

0
dve⊥ve⊥ f0(ve‖, ve⊥)J0(k⊥ve⊥)

and

∂2H(η, vi)
∂η2

∣∣∣∣∣∣
η=0

=
vth⊥√

2

{
e−x2

‖

∫ ∞
0

dye−y2
F+(x‖, τ1y)J0(2x⊥y) + x⊥e−x2

‖ (3.226)

×
∫ ∞

0
dye−y2

F+(x‖, τ1y)
J1(2x⊥y)

y
+ 2τ1

[
x‖ erf(x‖) +

1
√
π

e−x2
‖

]}
.
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Here
x‖ =

vi‖

vth‖
√

2
, x⊥ =

vi⊥

vth⊥
√

2
, τ1 =

vth‖

vth⊥
(3.227)

and
F±(a, x) = e(x+a)2

erfc(x + a) ± e(x−a)2
erfc(x − a) (3.228)

with the complementary error functions erfc(z). Note that the parameter τ1 is related
to the temperature anisotropy τ introduced in Sect. 2.4 as τ1 = τ−1/2. The derivatives
of these potentials required in (3.223) for the diffusion tensor can be evalulated with
the help of the relation

∂

∂a

[
e−a2

F+(a, x)
]
= 2x e−a2

F−(a, x) . (3.229)

For small and large ion velocities the diffusion tensor can be calculated without
specifying the distribution function. At vi → 0 the tensor d is diagonal

dαβ � 4πδαβ

∫ ∞
0

dve‖

∫ ∞
0

dve⊥ve⊥

ve
f0(ve‖, ve⊥)

⎧⎪⎪⎪⎨⎪⎪⎪⎩1 − v2
e⊥

2v2
e
α, β = x, y

v2
e⊥
v2

e
α, β = z

. (3.230)

For the anisotropic Maxwell distribution (2.28)

dxx = dyy =
4

3
√

2π vth⊥
χ⊥(τ1) , dzz =

4

3
√

2π vth⊥
χ‖(τ1) (3.231)

with χ⊥(1) = χ‖(1) = 1,

χ⊥(τ) =
3τ

4(1 − τ2)

(
1 +

1 − 2τ2

τ
√

1 − τ2
arccos τ

)
, 0 ≤ τ < 1 (3.232)

χ⊥(τ) =
3τ

4(τ2 − 1)

[
2τ2 − 1

τ
√
τ2 − 1

ln
(
τ +
√
τ2 − 1
)
− 1

]
, τ > 1

and

χ‖(τ) =
3τ

2(1 − τ2)

(
1

τ
√

1 − τ2
arccos τ − 1

)
, 0 ≤ τ < 1 (3.233)

χ‖(τ) =
3τ

2(τ2 − 1)

[
1 −

1

τ
√
τ2 − 1

ln
(
τ +
√
τ2 − 1
)]

, τ > 1

At large ion velocities vi → ∞ and for α, β = x, y

dαβ(vi) �
1
vi

⎛⎜⎜⎜⎜⎝δαβ − vi,αvi,β

v2
i

⎞⎟⎟⎟⎟⎠ ⎡⎢⎢⎢⎢⎢⎣1 + 1
2

⎛⎜⎜⎜⎜⎜⎝3v2
i‖

v2
i

− 1

⎞⎟⎟⎟⎟⎟⎠ c21 −
1
4

⎛⎜⎜⎜⎜⎜⎝3v2
i‖

v2
i

+ 1

⎞⎟⎟⎟⎟⎟⎠ c03

⎤⎥⎥⎥⎥⎥⎦
+

vi,αvi,β

v3
i

⎡⎢⎢⎢⎢⎢⎣⎛⎜⎜⎜⎜⎜⎝1 − 6v2
i‖

v2
i

⎞⎟⎟⎟⎟⎟⎠ c21 +
1
2

⎛⎜⎜⎜⎜⎜⎝1 + 6v2
i‖

v2
i

⎞⎟⎟⎟⎟⎟⎠ c03

⎤⎥⎥⎥⎥⎥⎦ , (3.234)
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while for α = x, y

dαz �
vi,αvi‖

v3
i

⎡⎢⎢⎢⎢⎢⎣−1 +
3
2

⎛⎜⎜⎜⎜⎜⎝3 − 5v2
i‖

v2
i

⎞⎟⎟⎟⎟⎟⎠ c21 +
3
4

⎛⎜⎜⎜⎜⎜⎝5v2
i‖

v2
i

− 1

⎞⎟⎟⎟⎟⎟⎠ c03

⎤⎥⎥⎥⎥⎥⎦ (3.235)

and

dzz =
v2

i⊥

v3
i

+
1

2vi

⎡⎢⎢⎢⎢⎢⎣3
⎛⎜⎜⎜⎜⎜⎝2v2

i‖

v2
i

− 1

⎞⎟⎟⎟⎟⎟⎠ + 3v2
i‖

v2
i

⎛⎜⎜⎜⎜⎜⎝4 − 5v2
i‖

v2
i

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦ c21 (3.236)

+
1

4vi

⎡⎢⎢⎢⎢⎢⎣1 + 3v2
i‖

v2
i

⎛⎜⎜⎜⎜⎜⎝5v2
i‖

v2
i

− 4

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦ c03 ,

where vi,α is the α-th component of the ion velocity vi and

cμν =
4π

v2
i

∫ ∞
0

dve‖v
μ

e‖

∫ ∞
0

dve⊥vνe⊥ f0(ve‖, ve⊥) . (3.237)

For the anisotropic Maxwell distribution (2.28)

c03 =
2v2

th⊥

v2
i

, c21 =
v2

th‖

v2
i

. (3.238)

With magnetic field the zero–order motion is helical (3.62). Using the methods
of Sect. 3.5 the first order velocity transfer is

Δvi =
2πi
m

∫
dkU(k)keik·R̄0

∞∑
n=−∞

Jn(k⊥a)ein(ϕ−θ)δ(k · v̄r + nΩ) (3.239)

and after averaging with respect to the phase angle ϕ and integration with respect to
the impact parameter s̄ one obtains in the limit a→ 0 for a strong magnetic field

Δvi · Δvi

Δt
=

(2π)5ne

2m2v̄r

∫
ds̄ s̄T 2

1,2(0, s̄)

(
1 −

v̄rv̄r

v̄2
r

)
. (3.240)

This differs from the result (3.220) in the field–free case just by the replacement of
the kinematic variables of the electrons by those of their guiding center. The average
with respect to the electron velocity distribution leads now to one–dimensional in-
tegrals. As discussed in Sect. 3.10 the velocity dependent Coulomb logarithm or the
cut–off function (3.192) must be kept under the velocity integral so that they sup-
press the integrand in the region v̄r → 0 where the perturbation treatment becomes
doubtful.
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4.1 Stopping Power (SP) in Plasmas Without Magnetic field

In this section we analyze expression (2.60) in the case when a projectile ion moves
in an anisotropic two-temperature electron plasma (the susceptibility of the ions is
neglected and the electronic index e is suppressed) without magnetic field. In the
limit of vanishing magnetic field equation (2.49) takes the form X(t) = Y2t2, where
Y = [μ2 + τ(1 − μ2)]1/2 with μ = cos β. In this limit the plasma dielectric function
from (2.48) after changing the integration variable, t→ t/Y, now reads

ε(k, ω) = 1 +
1

k2λ2
D‖

⎧⎪⎪⎨⎪⎪⎩1 + iζ
√

2
Y

∫ ∞
0

dt ei(ζ/Y)t
√

2−t2
(4.1)

+ 2(1 − τ)
sin2 β

Y2

∫ ∞
0

dt t ei(ζ/Y)t
√

2−t2

}
,

where ζ = ω/kvth‖. The t-integrals in (4.1) can be evaluated in close form and finally
the dielectric function is represented as

ε (k, ω) = 1 +
1

k2λ2
D‖

1
Y2

W
(
ζ

Y

)
. (4.2)

Here W(ζ) = g(ζ) + i f (ζ) is the plasma dispersion function [43],

g(ζ) = 1 − ζ
√

2 Di

(
ζ
√

2

)
, f (ζ) =

√
π

2
ζ e−ζ

2/2 , (4.3)

where

Di (ζ) = e−ζ
2
∫ ζ

0
dt et2

(4.4)

is the Dawson integral [43] which has for large arguments ζ the asymptotic behavior
Di(ζ) � 1/(2ζ)+ 1/(4ζ3). Notice that the real and imaginary parts of plasma disper-
sion function, g(ζ) and f (ζ), are related to the corresponding functions G and F for
the magnetized plasma (see equation (2.48)) according to G|B→0 = Y−2g(ζ/Y) and
F|B→0 = Y−2 f (ζ/Y). Thus in the absence of a temperature anisotropy, i.e. τ = 1 and
Y = 1, equation (4.2) yields the dielectric function of the isotropic plasma, [43].

Substituting (4.2) into (2.60) and performing the k–integration we obtain
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S 0 =
Z2e/2

2π2λ2
D‖

∫ 1

0
dμ
∫ π

0
dφ

cosΘ
Y2

Q0

(
x

cosΘ
Y

, ξY

)
, (4.5)

where x = vi/vth‖, ξ = kmaxλD‖, cosΘ is determined from (2.61) and

Q0(X, ξ) = f (X) ln
f 2(X) + [ξ2 + g(X)]2

f 2(X) + g2(X)
+ 2g(X)

[
arctan

g(X)
f (X)

− arctan
ξ2 + g(X)

f (X)

]
.

(4.6)
In the case of an isotropic plasma (T⊥ = T‖ ≡ T, and τ = 1)) Y = 1 and equa-
tion (4.5) after φ-integration coincides with the result of e.g. [105]

S 0 =
Z2e/2

2πλ2
Dx2

∫ x

0
dyyQ0(y, ξ) , (4.7)

where x = vi/vth, vth = vth‖ = vth⊥, λD = vth/ωp, and ξ = kmaxλD.
When a projectile ion moves slowly through a plasma, the electrons have suf-

ficient time to experience the attractive ion potential. They are accelerated towards
the ion, but when they reach its trajectory the ion has already moved forward a little
bit. Hence, we expect an increased density of electrons at some place in the wake
of the ion. This negative charge density pulls back the positive ion and gives rise to
the stopping. This drag force is of particular interest for the electron cooling pro-
cess. In the limit of small velocities S � Rvi. This looks like the friction law of a
viscous fluid, and accordingly R is called the friction coefficient. However, in this
case it should be noted that this law does not depend on the plasma viscosity and is
not a consequence of electron–electron collisions which are neglected in the Vlasov
equation.

The Taylor expansion of equation (4.5) for small vi (vi � v̄th) yields the friction
law

S 0 =
Z2e/2

3
√

2π λ̄2
D

vi

v̄th
ψ(ξ̄)
[
I1(τ) + I2(τ) sin2 α

]
, (4.8)

where ξ̄ = kmaxλ̄D =
(
1 + v2

i /v̄2
th

)
/Z � 1/Z. Here Z is the ion–plasma coupling

parameter (2.42) and

I1(τ) =
3

ψ(ξ̄)

(
2τ + 1

3

)3/2 ∫ 1

0
dμ

μ2ψ(ξY(μ))
Y3(μ)

, (4.9)

I2(τ) =
3

2ψ(ξ̄)

(
2τ + 1

3

)3/2 ∫ 1

0
dμ

(1 − 3μ2)ψ(ξY(μ))
Y3(μ)

, (4.10)

and the function ψ is

ψ(ξ) = ln(1 + ξ2) −
ξ2

1 + ξ2
. (4.11)

In the case of an isotropic plasma (τ = 1) we have I1 = 1 and I2 = 0 and equa-
tion (4.8) becomes the usual friction law [105]. For the case of strong temperature
anisotropy, when τ � 1 (T⊥ � T‖) we have ξ �

√
3/Z and
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I1 � −
√

3

6ψ(ξ̄)

[
Li2(1 + ξ2) + ln(1 + ξ2)

]
, (4.12)

I2 �
√

3

12ψ(ξ̄)

[
ξ2 + 2 ln(1 + ξ2) + 3 Li2(1 + ξ2)

]
. (4.13)

Here the functions I1 and I2 do not depend on τ, and Li2(x) is the dilogarithm func-
tion [52]. Note that Z � 1 and therefore ξ̄ � 1, ξ � 1 in equations (4.12) and
(4.13) where the Coulomb logarithms are the leading terms and

I1 �
√

3
6

ln
1
Z
� I2 �

√
3

8Z2

1
ln(1/Z)

. (4.14)

The friction coefficient in (4.8) is thus dominated by the second term and increases
with increasing α.

In the opposite case, τ � 1 (T⊥ � T‖), the evaluation of equations (4.9) and
(4.10) yields

I1 �
π
√

6

3ψ(ξ̄)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
√

1 +
3
2
ξ̄2 − 1 − 2 ln

1 +
√

1 + 3
2 ξ̄

2

2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (4.15)

I2 �
π
√

6

6ψ(ξ̄)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝1 + 1√
1 + 3

2 ξ̄
2
− 2

√
1 +

3
2
ξ̄2 + 6 ln

1 +
√

1 + 3
2 ξ̄

2

2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (4.16)

and
I1 � −I2 �

π

2Z ln(1/Z)
. (4.17)

Then I1 + I2 sin2 α � I1 cos2 α and the friction coefficient decreases with increasing
α in this case.

In Fig. 4.1 the normalized friction coefficient I(τ) = I1(τ)+ I2(τ) sin2 α is plotted
as a function of temperature anisotropy τ for α = 0 (solid line), α = π/6 (dotted
line), α = π/3 (dashed line), α = π/2 (dot-dashed line) and for fixed plasma density
and average temperature (Z = 0.2). Figure 4.1 shows an enhancement of the friction
coefficient when the ion moves along the direction with low temperature.

For arbitrary projectile velocities we evaluated equation (4.5) numerically. In
Fig. 4.2 the stopping power is plotted for plasmas with a large temperature anisotropy
(τ = 10−2 and τ = 102 in left and right panels respectively), ne = 108 cm−3,
T̄ = 0.1 eV and for four values of α; α = 0 (dotted line), α = π/6 (short-dashed
line), α = π/3 (dashed line), α = π/2 (dot-dashed line). The solid lines are plotted
for an isotropic one-temperature plasma with T = T̄ = 0.1 eV. The general behavior
of the stopping power for two anisotropy parameters τ is characterized by an in-
crease by comparison with the isotropic case. At α � π/2 and τ = 10−2 (left panel,
Fig. 4.2) the ion moves in the direction to the electron motion with the lower tem-
perature T⊥ and the maximum of the stopping power is around vi � vth⊥, whereas
the maximum for an ion motion in longitudinal direction is at vi � vth‖ � vth⊥.
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4.2 Stopping in Plasmas With Weak Magnetic field

For the case when the magnetic field is weak, in the sense that the dimensionless
parameter η = Ωe/ωp is much less than unity, the functions G and F, equations
(2.48) and (2.49), which define the dielectric function, can be expanded about the
field free values Y−2g(ζ/Y), Y−2 f (ζ/Y) equations (4.3) and (4.4)

G + iF �
1

Y2

[
g
(
ζ

Y

)
+ i f
(
ζ

Y

)]
+ η2 sin2 β

Y4(kλD‖)2

[
g1

(
ζ

Y

)
+ i f1
(
ζ

Y

)]
, (4.18)

where
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g1(ζ) + i f1(ζ) =
2
3

(1 − τ)
∫ ∞

0

(
t2

2Y2
τ sin2 β − 1

)
eiζt
√

2−t2
t3dt (4.19)

+
iζ
√

2
6

τ

∫ ∞
0

eiζt
√

2−t2
t4dt ,

ζ = ω/kvth‖ =
(
vi/vth‖
)

cosΘ. The functions g1(ζ) and f1(ζ) can be evaluated explic-
itly [52]

g1 (ζ) = −
τ

24
ζ

[
ζ(5 − ζ2) +

√
2(3 − 6ζ2 + ζ4) Di

(
ζ
√

2

)]
+

1 − τ

6

{
ζ2 − 2 + ζ

√
2(3 − ζ2) Di

(
ζ
√

2

)
(4.20)

+
τ sin2 β

4Y2

[
8 − 9ζ2 + ζ4 − ζ

√
2(15 − 10ζ2 + ζ4) Di

(
ζ
√

2

)]}
,

f1 (ζ) =
1
6

√
π

2
ζe−ζ

2/2

{
τ

4
(3 − 6ζ2 + ζ4) (4.21)

+ (1 − τ)

[
τ sin2 β

4Y2
(15 − 10ζ2 + ζ4) + ζ2 − 3

] }
.

Substituting expressions (4.18)-(4.21) into (2.60) leads to

S = S 0 + η2S 1 , (4.22)

where S 0 is the stopping power in plasma without magnetic field, equation (4.5) and
η2S 1 represents the change due to a weak magnetic field. After some simplifications
this becomes

S 1 =

√
π

2
Z2e/2

24π2λ2
D‖
(
vi/vth‖
) ∫ 1

0

1 − μ2

Y5
dμ
∫ π

0
ζ2e−ζ

2/2Y2 τ
(
7 − ζ2/Y2

)
− 4Y2

f 2 (ζ/Y) + g2 (ζ/Y)
dφ.

(4.23)
In the isotropic plasma (τ = 1) equation (4.23) coincides with the results by May
and Cramer [83] after integration over φ. Note that the additional term S 1 does not
depend on the cut–off parameter kmax. It should be noted that the stopping power
(4.23) is valid for sufficiently large velocities in the sense η � vi/vth‖ as it is intu-
itively clear from equation (2.49). Obviously in the argument of the cosine function
the quantity Ωe/vth‖ must be kept small in a limit of vanishing magnetic field. This
point will be further discussed in Sect. 4.4 (see also Sect. 5.5).

In the next subsections we evaluate equation (4.23) for small and large projectile
velocities.

4.2.1 Small Projectile Velocities

When the projectile ion moves slowly, vi < v̄th but η � vi/vth‖, equation (4.23) leads
to the simplified expression
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S 1 �
Z2e/2

60πλ̄2
D

√
π

2
vi

v̄th
P(α, τ), (4.24)

with

P(α, τ) =

(
1 + 2τ

3

)3/2 [
P1(τ) + P2(τ) sin2 α

]
, (4.25)

P1(τ) =
5

6 (1 − τ)2

[
14τ + 25 −

3(9τ + 4)
√
|1 − τ|

p0(τ)

]
, (4.26)

P2(τ) =
5

12τ (1 − τ)2

[
3τ (23τ + 16)
√
|1 − τ|

p0(τ) − 28τ2 − 91τ + 2

]
. (4.27)

Here, the function p0(τ) is given by equation (2.64). In an isotropic plasma with
τ = 1 we have P1(1) = P2(1) = 1.

In Fig. 4.3 the normalized friction coefficient P(α, τ) for the additional stopping
power S 1 is plotted as a function of τ for α = 0 (solid line), α = π/6 (dotted line),
α = π/3 (dashed line), α = π/2 (dot-dashed line). The general behavior of P(α, τ) is
similar to the friction coefficient of the plasma without magnetic field (see Fig. 4.1).
But the correction P(α, τ) can be also negative at small τ and α, which corresponds
to a slight decrease of the stopping power, equation (4.22).

4.2.2 High Projectile Velocities

When the projectile ion moves with large velocity (vi � v̄th), equation (4.23), yields

S 1 � −
Z2e/2ω2

p

4v2
i

⎡⎢⎢⎢⎢⎢⎣1 + cos2 α +
v2

th‖

v2
i

C (α, τ)

⎤⎥⎥⎥⎥⎥⎦ , (4.28)

where
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C (α, τ) = 12τ
(
1 − 3 cos2 α

)
+

7 (1 − τ)
2

(
15 cos4 α − 12 cos2 α + 1

)
. (4.29)

This result at τ = 1 is in agreement with the results of Honda et al [61] and May and
Cramer [83]. Although S 1 in equation (4.28) is proportional to the plasma density,
the full correction term η2S 1 does not depend on the plasma density.

In Fig. 4.4 we show the velocity dependence of the function S 1 for τ = 10−2

(left) and τ = 102 (right). The different curves are α = 0 (solid line), α = π/6 (dotted
line), α = π/3 (dashed line), α = π/2 (dot-dashed line). For small and medium
projectile velocities the weak magnetic field decreases the total stopping power for
small τ and increases it in the high τ limit. For high projectile velocities the magnetic
field always reduces the stopping power independent of the temperature anisotropy,
see equation (4.28).

4.3 Stopping in Plasmas With Strong Magnetic Field

We now turn to the case when a projectile ion moves in an anisotropic electron
plasma with a strong magnetic field, which is on one hand, sufficiently weak to
allow a classical description (�Ωe < kBT⊥ or �/mvth⊥ < ae), and, on the other
hand, comparatively strong so that the cyclotron frequency of the plasma electrons
exceeds the plasma frequency Ωe � ωp. This limits the values of the magnetic
field, the transverse temperature and the plasma density. From these conditions we
can obtain

3 × 10−7n1/2
e < B < 104T⊥ , (4.30)

where ne is measured in cm−3, T⊥ in eV, and B in T. Conditions (4.30) are always
true in the range of parameters ne < 1015 cm−3, B < 10 T, T⊥ > 10−3 eV. Then the
transverse motion of the electrons is completely quenched and the stopping power
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depends only on the longitudinal electron temperature T‖. The dependence on the
transverse temperature will be only introduced by the cut–off parameter equation
(2.59).

In the limit of a sufficiently strong magnetic field the second term in (2.49) is
proportional to ae and can be omitted. Then X(t) = t2 cos2 β and in equation (2.48)
the term proportional to 1/Ωe can also be omitted. Changing the integration variable
in (2.48), t → t/| cos β|, we find that G + iF = g(ζ1) + i f (ζ1), where ζ1 = ω/|k‖|vth‖
with g, f from equations (4.3). Thus the dielectric function of the strongly magne-
tized plasma coincides with the dielectric function of the isotropic field-free plasma,
where k, vth and λD are replaced by |k‖|, vth‖ and λD‖, respectively.

Consider equation (2.60) in the limit of strong magnetic field. Assuming that the
variable k is scaled in units of λ−1

D‖ from (2.60) we obtain

S inf =
2Z2e/2

π2λ2
D‖

∫ ξ

0
k3dk
∫ 1

0
dμ
∫ π

0
dφ

cosΘ f (ζ1)[
k2 + g(ζ1)

]2
+ f 2(ζ1)

, (4.31)

where now ζ1 = x cosΘ/μ with x = vi/vth‖. After integration over k equation (4.31)
yields

S inf =
Z2e/2

2π2λ2
D‖

∫ 1

0
dμ
∫ π

0
dφ cosΘQ0

(
x

cosΘ
μ

, ξ

)
. (4.32)

Here the function Q0 is given by equation (4.6). For further simplification of equa-
tion (4.32) we introduce the new variable of integration y = cosΘ/μ. After integrat-
ing with respect to φ the stopping power in the presence of a strong magnetic field
is finally

S inf (vi, α) =
Z2e/2

8πλ2
D‖

Q (x, α) , (4.33)

where

Q (x, α) = sin2 α

∫ +∞
−∞

Q0 (xy, ξ) ydy
(y2 − 2y cosα + 1)3/2

. (4.34)

Previously (see, e.g., [25, 31, 88, 89, 115]) only the case of α = 0 (the motion of
the projectile ion parallel to the magnetic field) has been investigated. In this case
the integral in equation (4.34) diverges, while the prefactor sin2 α tends to zero,
cf. (3.197). Introducing the new variable of integration in equation (4.34), y′ =
(y − cosα)/ sinα, we obtain for vanishing angle α

Q (x, α→ 0) = 2Q0 (x, ξ) . (4.35)

Thus expression (4.33) with (4.35) reproduces the known results for the stopping
power on an ion which moves along the direction of the magnetic field. Below we
discuss its low- and high-velocity limits.
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4.3.1 Small Projectile Velocities

In the low velocity limit (vi � vth‖) equation (4.34) becomes

Q(x, α) � 2x

{√
2πψ(ξ)

[
sin2 α ln

(
2

x sinα

)
+ 1 − 2 sin2 α

]
+ C1(ξ) sin2 α

}
,

(4.36)
where

C1(ξ) =
∫ 1

0

dy
y2

[
Q0(y, ξ) −

√
2πψ(ξ)y

]
+

∫ ∞
1

dy
y2

Q0(y, ξ) . (4.37)

The function ψ is defined by equation (4.11). Since we deal with small ion beam-
plasma coupling Z � 1 we have, ξ � 1 in equations (4.36) and (4.37) and the
function C1(ξ) simplifies to

C1(ξ) �
√

2π ln(2/γ0) ln ξ + 2.01 , (4.38)

where γ0 = eγ and γ = 0.5772 is Euler’s constant.
We note that the friction coefficient S inf/vi from equations (4.33) and (4.36)

contains a term which depends logarithmically on vi and which vanishes for α→ 0.
In Sect. 4.4 we show that this behavior is a characteristic feature of the LR stopping
power at low velocities for a finite strength of the magnetic field.

4.3.2 High Projectile Velocities

In the case of high projectile velocities (vi � vth‖) the general expression (4.34)
becomes

Q (x, α) �
4π
x2

{
sin2 α

[
ln

(
2x

sinα

)
+C2(ξ) − 2

]
+ 1

}
, (4.39)

where

C2(ξ) =
1

2π

∫ 1

0
Q0(y, ξ)ydy +

∫ ∞
1

dy
y

[
y2

2π
Q0(y, ξ) − 1

]
(4.40)

which gives for ξ � 1 C2(ξ) � ln ξ. The stopping power for strong magnetic fields
shows, in the low- and the high-velocity limits (equations (4.36) and (4.39)) an en-
hancement for ions moving transverse to the magnetic field compared to the case
of the longitudinal motion (α = 0). This effect is in agreement with PIC simu-
lation results [127]. In contrast to the field-free case for a strong magnetic field
and for ion parallel motion (α = 0) with vi � vth‖ (equations (4.33) and (4.39))
S inf � Z2e2ω2

p/2v2
i is independent of kmax. The cut–off kmax necessary at low ion

velocities is, however, less well defined here than for the field-free case, where the
cut–off (2.59) was deduced from the binary collision picture. Now, the electrons
are forced to move parallel to B. Since we assumed the motion of the ion in this
direction as well the ion and an electron just pass each other along a straight line.
For symmetry reasons the total momentum transfer and the stopping power is zero.
Purely binary interactions contribute nothing and the stopping of the ion is only due
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to the collective response of the plasma, that is, due to modes with long wavelengths
k < 1/λD‖. This suggests taking kmax of the order of 1/λD‖, but further investigations
are clearly needed here for a more precise description in this particular case.

In Fig. 4.5, the stopping power S inf is plotted as a function of projectile velocity
(in units of vth‖) for ne = 106 cm−3, T‖ = 10−4 eV , T⊥ = 10−5 eV (left), T⊥ = 0.1 eV
(right), and for four different values of angle α : α = 0 (solid line), α = π/6 (dot-
ted line), α = π/3 (dashed line) and α = π/2 (dot-dashed line). The enhancement
of S inf (vi, α) with respect to S inf (vi, 0) in the low and in high velocity limit by in-
creasing of the angle α is documented in Fig. 4.6, for T‖ = 10−4 eV, T⊥ = 0.1 eV,
ne = 106 cm−3, α = π/6 (solid line), α = π/4 (dotted line), α = π/3 (dashed line)
and α = π/2 (dot-dashed line). For medium projectile velocities vi � vth‖ the stop-
ping power is always higher for small α, cf. with Fig. 4.5.
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4.4 Stopping in the Low-Velocity Limit at Arbitrary Field
Strengths

We now proceed with a projectile ion at low velocities and an arbitrary magnetic
field. In the presence of a magnetic field the LR friction coefficient contains a
term which diverges like ln(vth‖/vi) in addition to the usual constant one (see e.g.
Sect. 4.1). Below we investigate the case of the interaction of a heavy (no cyclotron
motion) projectile ion with a magnetized anisotropic electron–ion plasma. For this
consideration it is convenient to use the Bessel function representation of the di-
electric function which has been given, e.g., by Ichimaru [67] (see Appendix A,
equation (A.7)) and to write the real and imaginary parts of equation (A.7) (see also
(2.48)) separately,

G (ω) = 1 −
∑
ν

�ν

√
2ω

|k‖|vthν‖
Λ0 (zν) Di

⎛⎜⎜⎜⎜⎜⎝ ω
√

2|k‖|vthν‖

⎞⎟⎟⎟⎟⎟⎠ (4.41)

−
∑
ν

�ν

√
2

|k‖|vthν‖

∞∑
n=1

Λn (zν)

⎧⎪⎪⎨⎪⎪⎩ω
⎡⎢⎢⎢⎢⎢⎣Di

⎛⎜⎜⎜⎜⎜⎝ ω + nΩν√
2|k‖|vthν‖

⎞⎟⎟⎟⎟⎟⎠ + Di

⎛⎜⎜⎜⎜⎜⎝ ω − nΩν√
2|k‖|vthν‖

⎞⎟⎟⎟⎟⎟⎠⎤⎥⎥⎥⎥⎥⎦
+ nΩν

(
1
τν
− 1

) ⎡⎢⎢⎢⎢⎢⎣Di

⎛⎜⎜⎜⎜⎜⎝ ω − nΩν√
2|k‖|vthν‖

⎞⎟⎟⎟⎟⎟⎠ − Di

⎛⎜⎜⎜⎜⎜⎝ ω + nΩν√
2|k‖|vthν‖

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭ ,

F (ω) =

√
π

2

∑
ν

�ν

⎧⎪⎪⎨⎪⎪⎩ ω

|k‖|vthν‖
Λ0 (zν) exp

⎛⎜⎜⎜⎜⎜⎝− ω2

2k2
‖v

2
thν‖

⎞⎟⎟⎟⎟⎟⎠ (4.42)

+
2

|k‖|vthν‖

∞∑
n=1

Λn (zν) exp

⎛⎜⎜⎜⎜⎜⎝−ω2 + n2Ω2
ν

2k2
‖v

2
thν‖

⎞⎟⎟⎟⎟⎟⎠
×
⎡⎢⎢⎢⎢⎢⎣ω cosh

⎛⎜⎜⎜⎜⎜⎝ nΩνω

k2
‖v

2
thν‖

⎞⎟⎟⎟⎟⎟⎠ + nΩν

(
1
τν
− 1

)
sinh

⎛⎜⎜⎜⎜⎜⎝ nΩνω

k2
‖v

2
thν‖

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭ .

Here �ν = λ2
D‖/λ

2
Dν‖. The other notations in equations (4.41) and (4.42) are explained

in Appendix A. Note that in equations (4.41) and (4.42) we explicitly separate the
terms with n = 0 and n � 0.

For the friction coefficient we have to consider the SP S , given by equa-
tion (2.60) in the low-velocity limit and thus the functions G(ω) and F(ω) given
by equations (4.41) and (4.42), when ω = k · vi. Now we have to write the Taylor
expansion of equations (4.41) and (4.42) for small ω = k · vi. However, the first
term of equation (4.42) exhibits a singular behavior in the limit of ω = k · vi → 0
where the k‖ integration diverges logarithmically for small k‖. We must therefore
keep ω = k · vi finite in that integration to avoid such a divergence. The anomalous
contribution which arises from the first term of equation (4.42) is S I = S an + S ′I (see
Appendix B for details), where

S an =

(
2
π

)1/2 Z2e/2

8λ2
D‖

sin2 α
∑
ν

�ν
vi

vthν‖

⎡⎢⎢⎢⎢⎢⎣ln
⎛⎜⎜⎜⎜⎜⎝ 8v2

thν‖

v2
i sin2 α

⎞⎟⎟⎟⎟⎟⎠ − γ − 1

⎤⎥⎥⎥⎥⎥⎦K (ςν) (4.43)
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with

K (ςν) = 2
∫ ξ

0

Λ0(k2ςν)k3dk[
k2 +H0 (k)

]2 (4.44)

is the anomalous term while the other one,

S ′I =

(
2
π

)1/2 Z2e/2

λ2
D‖

∑
ν

�ν
vi

vthν‖

∫ 1

0

dμ
μ

(4.45)

×
⎡⎢⎢⎢⎢⎣(μ2 cos2 α +

1 − μ2

2
sin2 α

) ∫ ξ

0

Λ0 (zν) k3dk[
k2 +H (k, μ)

]2 − 1
4

sin2 αK (ςν)

⎤⎥⎥⎥⎥⎦
is linear with respect vi and contributes to the usual SP. In (4.43)–(4.45) we have
introduced the following notations ην = Ων/ωpν, ςν = τν/η

2
ν�ν, Λ0(z) = e−zI0(z) and

γ is the Euler’s constant. The other quantities are explained in Appendix B.
Consider now the limit of a vanishing magnetic field. In general the stopping

power (2.53) in the limit of vanishing magnetic field or ion velocity strongly depends
on the order of these limits. In a weak magnetic field the additional stopping power
is even, i.e. quadratic with respect to B, due to the symmetry of the system (see
(4.22)). As discussed in Sect. 4.2 in the case when B → 0 there is a restriction
on the ion velocity and vi cannot be arbitrary small. In the present case of small ion
velocities this is a restriction on the magnetic field and the obtained stopping powers
(4.43) and (4.45) are valid for sufficiently large parameters ην (i.e., magnetic field
strengths), so that vi/vthν‖ � ην. In the limit of vanishing magnetic field ην � vi/vthν‖
the S an vanishes as shown in Sect. 4.2.1. Hence the anomalous term equation (4.43)
with (4.44) arises from the presence of the magnetic field and is not restricted to
anisotropic plasmas.

For an isotropic plasma (τν = 1) and for a sufficiently weak magnetic field
ην
√
�ν < ξ (or Ων < kmaxvthν‖), equation (4.44) takes the form [66]

K (ςν) �
∫ ∞

0

Λ0(x)xdx

(x + ςν)2
= eςν [(1 + ςν) K0 (ςν) − ςνK1 (ςν)] , (4.46)

where K0 and K1 are the modified Bessel functions of the second kind. In the case
of very strong magnetic field ην > ξ

√
τν/�ν (or Ων > kmaxvthν⊥) the functionK (ςν)

readsK(ςν) � ψ(ξ), where ψ(ξ) is defined in (4.11).
The physical origin of such an anomalous friction coefficient may be traced

to the spiral motion of the electrons and ions along the magnetic field lines. An
analysis shows that the anomalous term does not vanish switching off the collective
excitations in the dielectric function (see, e.g., Sect. 4.6 for details). This term being
proportional to ∝ Im ε(k, ω) arises at small k‖ in the k‖–integration. Recalling that
the spectral density of the charge fluctuations in plasma is ∝ Im ε(k, ω) [67, 72] the
anomalous friction arises as a result of the long–wavelength fluctuations (i.e., small
k‖). The plasma particles naturally tend to couple strongly with these fluctuations
along the magnetic field. In addition, when such fluctuations are characterized by
slow variation in time (i.e., small ω = k · vi), the contact time or the rate of energy
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exchange between the particles and the fluctuations will be further enhanced. In a
plasma, such low–frequency fluctuations are provided by the slow projectile ion.
The above coupling can therefore be an efficient mechanism of energy exchange
between the plasma particles and the projectile ion. In the limit of vi → 0, the
frequency ω = k · vi → 0 tends to zero as well. The contact time thus becomes
infinite and the friction coefficient diverges. On the other hand one must query how
far such a strong coupling is described adequately in a linearized treatment, this will
be further discussed in Sect. 4.6.

The anomalous friction coefficient (see equation (4.43)) vanishes, however,
when the ion moves along the magnetic field (α = 0). Then the friction coefficient
is solely given by the second term of equation (4.42) as well as by equation (4.45).
The contributions of these terms to the stopping power lead to the usual friction law
in a plasma and reads for arbitrary angles α

S ′I + S II �
(

2
π

)1/2 Z2e/2

λ2
D‖

∑
ν

�ν
vi

vthν‖

∫ 1

0

dμ
μ

(4.47)

×
⎧⎪⎪⎨⎪⎪⎩
(
μ2 cos2 α +

1 − μ2

2
sin2 α

) ∫ ξ

0

Pν (k, μ) k3dk[
k2 +H (k, μ)

]2 − 1
4

sin2 αK (ςν)

⎫⎪⎪⎬⎪⎪⎭
with

Pν (k, μ) = Λ0 (zν) + 2
∞∑

n=1

Λn (zν) exp

(
−

n2η2
ν�ν

2k2μ2

) [
1 +

(
1
τν
− 1

)
n2η2

ν�ν

k2μ2

]
(4.48)

and H (k, μ) as defined by equation (B.5). Note that the anomalous term (4.43) is
not divergent at large k and thus does not require an upper cut–off kmax (2.59).

4.5 High-Velocity SP in a Magnetized Plasma

In this section we consider the SP of an ion moving in a magnetized plasma in the
high–velocity regime. We shall assume that due to the high–frequencies involved the
electrons give the main contribution to the stopping power and the influence of the
ionic component is neglected. We study the influences (i) of the magnetic field and
the Coulomb coupling on the SP of heavy ions with rectilinear trajectories (heavy
ions), (ii) the effect of the finite curvature of the trajectory of the ion beam due to
the cyclotron motion (light ions). As has been stressed in Sect. 2.4 the dielectric
formalism is valid for the case of weak coupling between the ion and the plasma, in
high–velocity limit given by the parameterZ =

√
3 |Z|Γ3/2 (vth/vi)3 [134]. Here vth

is the electron thermal velocity, Γ = e/2/(kBTaWS) is the plasma parameter, where
aWS = (4πne/3)−1/3 is the Wigner–Seitz radius, and T is the temperature of the elec-
tron plasma. Since we assume the high–velocity ion beam the dielectric formalism
in linear response becomes accurate. Since the early 1960’s several theoretical cal-
culations of the SP in a high–velocity regime with the ion velocity vi much higher
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than the electron thermal velocity vth have been presented in [3, 61, 88, 90, 97, 122].
These papers are generally focused on the case of weakly coupled plasmas, Γ � 1.
Here we consider the general situation with Γ ∼ 1 [97].

Within the linear response formalism the SP and the longitudinal dielectric func-
tion of the plasma, ε (k, ω) = kik jεi j (k, ω) /k2, are related by the equations (2.53)
and (2.57), where εi j (k, ω) denotes the dielectric tensor of the magnetized plasma
[67, 72, 77]. To account for the strong Coulomb coupling between plasma electrons
we use the cold plasma approximation with the dielectric tensor εi j = εi j (ω) con-
structed in [101] by means of the classical theory of moments. If the magnetic field
is chosen to be parallel to the z–direction, the components of this dielectric tensor
read εxz = εzx = εyz = εzy = 0, εxy = −εyx, εxx = εyy = ε⊥(ω), εzz = ε‖(ω). Thus

ε(k, ω) ≡ ε (ω, β) = ε‖ (ω) cos2 β + ε⊥ (ω) sin2 β , (4.49)

where β denotes the angle between the wave vector k and the magnetic field,

ε‖(ω) = 1+
ω2

p

Ω2
‖ − ω (ω + iνe)

, ε⊥(ω) = 1+
ω2

p

[
ω (ω + iνe) − Ω2

⊥

]
Ω2

eω
2 −
[
ω (ω + iνe) − Ω2

⊥

]2 . (4.50)

Here νe is the effective collision frequency accounting the damping of plasma waves.
In the high–velocity limit the damping effects can be neglected and consequently the
imaginary part of the inverse dielectric function can be described by a sharp energy
loss at the plasma excitation frequencies1. The positive parameters Ω⊥ and Ω‖ take
into account the Coulomb correlations between the particles, and are expressed via
the second frequency moment of the magnetized plasma conductivity tensor Hermi-
tian part [101], so that

Ω2
⊥ =

ω2
p

2

∑
q�0

S ei (q)
q2
⊥

q2
, Ω2

‖ = ω2
p

∑
q�0

S ei (q)
q2
‖

q2
, (4.51)

S ei (q) being the partial electron–ion static structure factor, and q⊥ (q‖) the compo-
nent of the vector q on the direction perpendicular (parallel) to the external magnetic
field. We shall not specify here the frequencies Ω⊥ and Ω‖. We mention only that
in the ideal plasma limit both Ω⊥ and Ω‖ → 0. For our purpose, it is sufficient to
make an assumption that the frequencies Ω⊥ and Ω‖ are not affected by the mag-
netic field. Moreover, to simplify the situation we consider a hydrogen plasma. In
this approximation the frequencies Ω⊥ and Ω‖ coincide,

Ω2
‖ = Ω2

⊥ = hei (0)
ω2

p

3
=

ω2
p

3

∑
q�0

S ei (q) , (4.52)

and are directly related to the zero–separation value of the electron–ion correlation
function hei(0) [101].

1 The effect of damping, however, is considered in Sect. 4.5.3 to avoid the divergence of the
SP due to resonance excitations.
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In the limit of small damping, νe → 0, the imaginary part of the inverse longitu-
dinal dielectric function is then given by the expression

Im
−1

ε (k, ω)
→ π
|ω|
ω

δ
[
ε (ω, β)

]
. (4.53)

The dispersion relation for the longitudinal magnetized plasma modes (traditionally
called as the plasma resonances) is given by the equation P (ω) = cos2 β, where

P(ω) =
ε⊥(ω)

ε⊥(ω) − ε‖(ω)
=

(ω2 − Ω2
−)(ω2 − Ω2

+)(Ω2
⊥ − ω2)

ω2ω2
pΩ

2
e

. (4.54)

Here Ω− and Ω+ are the solutions of the equation ε⊥ (ω) = 0 and play the role of the
plasma upper hybrid frequencies in the case of strong coupling,

Ω2
± = Ω2

⊥ +
1
2

(
ω2

H ±
√
ω4

H + 4Ω2
eΩ

2
⊥

)
, (4.55)

and ω2
H = ω2

p + Ω2
e is the upper hybrid frequency for ideal magnetized plasma.

From equation (4.54) it is seen a cubic equation with respect to ω2 can be obtained.
It determines three resonance frequencies. This is in contrast to ideal magnetized
plasmas, where only two resonances exist if the ion motion is neglected (see, e.g.,
[77]). For the transverse propagation (at β = π/2) the frequencies of the plasma
resonances, Ω1 (β), Ω2 (β) and Ω3 (β), are equal to Ω−, Ω⊥, and Ω+, respectively. For
the case of longitudinal propagation (at β = 0), the frequencies Ω1 (β), Ω2 (β) and
Ω3 (β) of these resonances are ω1, ω2 and ω3, respectively. They are given explicitly
by ω1 = ω̃1, ω2 = min

(
ω̃2,3
)
, ω3 = max

(
ω̃2,3
)
, where

ω̃2 =

√
ω2

p + Ω2
⊥ , ω̃3

1
=

1
2

(√
Ω2

e + 4Ω2
⊥ ± Ωe

)
. (4.56)

The frequencies (so called cut–off frequencies) ω1,2,3 and Ω±, Ω⊥ determine the
boundaries between the domains of propagation for different longitudinal plasma
modes. In the limit of weakly coupled plasma ω1 vanishes and ω2 = ω−, ω3 = ω+,
where ω− = min[ωp;Ωe] and ω+ = max[ωp;Ωe] are the usual cut–off frequencies.
Schematically the frequencies of the plasma resonances are shown in Fig. 4.7 (left).
One can check that the inverse dielectric function defined in (4.53) with expression
(4.49) satisfies the frequency sum rule.

4.5.1 Heavy Ions With Rectilinear Trajectories

Having introduced and specified the dielectric function and the behavior of the
plasma longitudinal modes we may now proceed to analyze the stopping power of a
projectile heavy ion (no cyclotron orbit curvature) passing a plasma for different in-
cident angles α and magnetic field strengths. Our starting point is the equation (2.53)
which with the dielectric function (4.49) with (4.53) may be represented in the form
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Ω1(β)

Ω2(β)

Ω3(β)ω3
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Fig. 4.7. Left panel. The resonance frequencies Ω1 (β), Ω2 (β) and Ω3 (β), as a function of β.
Right panel. The mean excitation frequency, ωM (in units of ωp) for vanishing coupling (the
lines without symbols) and for w = 0.5 (the lines with circles). α = 0 (solid lines), α = π/4
(dashed lines), α = π/2 (dotted lines). After [97].

S =
Z2e/2

πv2
i sinα

∫ π

0
dβ
∫ ∞

0
δ
[
ε(ω, β)

]
ωdω
∫ kmax

0

dk
k

∫ 2π

0
dφδ
[
cosφ −Φ (k, ω, β)

]
,

(4.57)
where

Φ (k, ω, β) =
ω/kvi − cos β cosα

sin β sinα
. (4.58)

The φ–integral requires that |Φ (k, ω, β)| < 1. This condition restricts the integration
domain for the k–integral. We perform in equation (4.57) the integrations over φ, k
and β. The straightforward calculation will lead to

S =
Z2e/2

πv2
i

∑
j=1,2

∫
C j

X j (ω)ωdω√∣∣∣∣ε⊥ (ω)
{[
ε⊥ (ω) − ε‖ (ω)

]
sin2 α − ε⊥ (ω)

}∣∣∣∣ , (4.59)

where the ω–integrations are performed in the domains ω ≥ 0 and 0 ≤ P (ω) ≤
sin2 α and sin2 α ≤ P (ω) ≤ 1 in C1 and C2, respectively. Here

X1 (ω) =
∑
σ=±

ln
[
S σ (ω) +

√
S 2
σ (ω) − 1

]
, (4.60)

X2 (ω) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, S + (ω) > 1

π
2 − arcsin (S + (ω)) , −1 ≤ S + (ω) ≤ 1

π, S + (ω) < −1
(4.61)

S ± (ω) =
1

sinα
√

1 − P (ω)

[
kmaxvi

ω

(
sin2 α − P (ω)

)
±
√

P (ω) |cosα|
]
. (4.62)

In the first term of equation (4.59) it is required that S ± (ω) > 1 otherwise the cor-
responding logarithmic function in equation (4.60) vanishes. In the second term of
equation (4.59) we require the inequality S + (ω) ≤ 1. At S + (ω) > 1 the second
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term of equation (4.59) vanishes. All these restrictions on the values of S ± (ω) ad-
ditionally reduce the ω–integration domains in (4.59). Equation (4.59) is the main
result for the SP of the heavy ion in high–velocity limit. It is valid in the limit when
kmaxvi > ωp. For two particular values of the incident angle, α = 0 and α = π/2,
with ion motion along and perpendicular to the magnetic field, respectively, equa-
tion (4.59) is simplified,

S ‖ =
Z2e/2

v2
i

∫
C‖

ωdω
|ε⊥ (ω)|

(4.63)

with C‖ ∈
[
ω ≥ 0, ω2/k2

maxv2
i ≤ P (ω) ≤ 1

]
and

S ⊥ =
2Z2e/2

πv2
i

∫
C⊥

ωdω√∣∣∣ε⊥ (ω) ε‖ (ω)
∣∣∣ ln
[
S (ω) +

√
S 2 (ω) − 1

]
(4.64)

with S (ω) = (kmaxvi/ω)
√

1 − P (ω) and C⊥ ∈
[
ω ≥ 0, 0 ≤ P (ω) ≤ 1 − ω2/k2

maxv2
i

]
.

For arbitrary incident angles α some general results can be extracted out of ex-
pression (4.59). Consider the limit of extremely large velocities. Neglecting all terms
in (4.59) that vanish as O(v−2

i ) we obtain the following leading term for the stopping
power at high velocities

S =
Z2e/2ω2

p

v2
i

[
ln

(
kmaxvi

ωp

)
− F

]
, (4.65)

where the constant F is given by

F (η, α) =
2

πω2
p

∫
C1

ln
(
ω/ωp

)
ωdω√

ε⊥ (ω)
{[
ε⊥ (ω) − ε‖ (ω)

]
sin2 α − ε⊥ (ω)

} . (4.66)

Here η = Ωe/ωp is the measure of the electron cyclotron frequency and the in-
tegration domain C1 is defined above. For the dielectric function given by ex-
pressions (4.49) and (4.50) the integration domain C1 includes three subdomains:
Ω1 (α) ≤ ω ≤ Ω−, Ω⊥ ≤ ω ≤ Ω2 (α), and Ω3 (α) ≤ ω ≤ Ω+, where Ω1,2,3 (α) are the
solutions of the equation P (ω) = sin2 α. Equation (4.65) is the generalization of the
Bohr’s and Akhiezer’s expressions for the SP in the high–velocity limit obtained for
ideal plasmas without and with magnetic field [3, 4], respectively.

For deriving equation (4.65) we have used the identities f1 = 1 and f2 = 0,
where

f1 =
2

πω2
p

∫
C1

ωdω
√

D1 (ω)
, (4.67)

f2 =
1
ω2

p

∫
C2

ωdω
√

D2 (ω)
−

2
πω2

p

∫
C1

ωdω
√

D1 (ω)
ln

⎡⎢⎢⎢⎢⎢⎢⎣ sinα
√

1 − P (ω)

2
(
sin2 α − P (ω)

) ⎤⎥⎥⎥⎥⎥⎥⎦ . (4.68)

Here D1 (ω) is the function under the square root in (4.66), D2 (ω) = −D1 (ω). Note
that D1 (ω) ≥ 0 and D2 (ω) ≥ 0 in C1 and C2, respectively.
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For proving these identities we use the following obvious relations

℘
(√

P (ω)
)

√
D1 (ω)

∣∣∣∣∣∣∣∣
C1

= 2
∫ sinα

0

dμ√
sin2 α − μ2

℘ (μ) δ
[
ε (ω, μ)

]
, (4.69)

℘
(√

P (ω)
)

√
D2 (ω)

∣∣∣∣∣∣∣∣
C2

= 2
∫ 1

sinα

dμ√
μ2 − sin2 α

℘ (μ) δ
[
ε (ω, μ)

]
, (4.70)

where ℘ (μ) is an arbitrary function of μ. The dielectric function ε (ω, μ) is given by
(4.49) with μ = cos β. The left hand side of (4.69) and (4.70) are non-zero only in
C1 and C2, respectively. Substituting expression (4.69) into (4.67) with ℘ (μ) = 1,
changing the integration order and using the frequency sum rule we obtain f1 = 1.
Similarly expression (4.68) becomes

f2 =
∫ 1

sinα

dμ√
μ2 − sin2 α

−
2
π

∫ sinα

0

dμ√
sin2 α − μ2

ln

⎡⎢⎢⎢⎢⎢⎢⎣ sinα
√

1 − μ2

2
(
sin2 α − μ2

) ⎤⎥⎥⎥⎥⎥⎥⎦ . (4.71)

Since both terms in the right hand side of (4.71) are equal to ln [(1 + |cosα|) / sinα],
we finally arrive at f2 = 0.

For the ideal plasma the constant F(η, α) vanishes in the limit η→ 0, from which
one retrieves the field–free result. For a strongly coupled plasma and a vanishing
magnetic field equation (4.66) yields F(η, α) = (1/2) ln(1+w2), where w = Ω⊥/ωp.
At arbitrary incident angle α and at strong (η � 1) magnetic fields equation (4.66)
reads

F(η, α) = ln η +
sin2 α

4

⎡⎢⎢⎢⎢⎢⎢⎣2 ln
w +
√

w2 + sin2 α

2η
+

⎛⎜⎜⎜⎜⎜⎝ sinα

w +
√

w2 + sin2 α

⎞⎟⎟⎟⎟⎟⎠2
⎤⎥⎥⎥⎥⎥⎥⎦ . (4.72)

When the ion moves along the magnetic field (α = 0) the integrals in (4.66) can be
evaluated exactly. The result is

F(η, 0) =
1

q2
+ − q2

−

[(
w2 − q2

−
)

ln q− +
(
q2
+ − w2
)

ln q+
]
, (4.73)

where q± = Ω±/ωp.
Some general results can be extracted out of the expressions (4.65) and (4.66)

concerning the influence of the Coulomb coupling and the magnetic field on the
high–velocity SP. First, the constant F (η, α) is positive at arbitrary η and α and
grows with the magnetic field strength and correlation intensity characterized by
w. An exception is the ion parallel motion (α = 0). In this case the SP increases
with w for a strong magnetic field. The SP of a plasma is then reduced with in-
creasing magnetic field and the coupling parameter. However we note that for a
strong magnetic field the leading logarithmic term in expression (4.65) with (4.72)
is ln[(kmaxvi/ωp)(ωp/Ωe)y], where y = (1 + cos2 α)/2. The argument of this func-
tion should be a large quantity which restricts the strength of the magnetic field,
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kmaxvi > ωp(Ωe/ωp)y. Moreover, the leading term in equation (4.65) may be rep-
resented as ln (kmaxvi/ωM), where ωM = ωp eF(η,α) is the mean excitation energy.
It is seen that the dynamic screening length becomes λM = vi/ωM and decreases
both with increasing magnetic field and the Coulomb coupling. This suggests that
in high–velocity limit the dynamic cut–off parameter 〈smax〉 introduced in Sect. 2.4
(see the second relation in (2.59)) must be replaced by λM . The third point is that
the high–velocity SP monotonically increases with α, having its minimum at par-
allel motion, α = 0, and its maximum at perpendicular motion α = π/2. All these
features are shown in Fig. 4.7 (right panel) where the frequency ωM is plotted as a
function of the magnetic field for different incident angle α and coupling parameter.
The lines with and without circles correspond to w = 0.5 and w = 0 respectively.

4.5.2 Weakly Coupled Plasma with Strong Magnetic Fields

As have been discussed above equations (4.65) and (4.66) are not valid for strong
magnetic fields when Ωe � kmaxvi � ωp. To analyze the stopping power in this
regime we should start from more general expression (4.59). Here we consider two
particular examples, ion motion along (α = 0) and transverse (α = π/2) to the
magnetic field in a weakly coupled (w = 0) plasma when the stopping power can be
evaluated from (4.63) and (4.64), respectively.

In a weakly coupled plasma there are only two plasma resonances. In the limit
w → 0 the first plasma mode with frequency Ω1(β) vanishes and the frequencies of
the other two modes are given by

Ω̃2
±(β) =

1
2

(
ω2

H ±
√
ω4

H − 4Ω2
eω

2
p cos2 β

)
. (4.74)

Here Ω̃−(β) and Ω̃+(β) correspond to the frequencies Ω2(β) and Ω3(β) introduced in
the previous section. We note that the expressions (4.63) and (4.64) in the limit of
ideal plasma is more general than the Akhiezer’s result [3] since they involve not
only the main logarithmic contribution but also the terms which are proportional
to O(v−2

i ). Some particular regimes for the magnetic field strength are considered
below.

(i) Longitudinal motion of the ion. If the incident ion moves parallel to the mag-
netic field expression (4.63) at kmaxvi > Ωeωp/ωH yields

S ‖ =
Z2e/2ω2

p

v2
i

[
ln

(
ω−Λ+

ωHΛ−

)
+

Ω2
e

2

(
1

ω2
−
+

1

Λ2
+

−
1

Λ2
−

)]
, (4.75)

where Λ+ = max [kmaxvi;ω+], Λ− = min [kmaxvi;ω−]. The cut–off frequencies ω−
and ω+ have been introduced in Sect. 4.5. Consider two particular cases: For strong
magnetic fields with ωp < kmaxvi < Ωe equation (4.75) reads

S ‖ =
Z2e/2ω2

p

v2
i

[
1
2
− ln

(
ωH

Ωe

)]
. (4.76)
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This expression is in agreement with our previous result, see Sect. 4.3.2 where we
have used the full dielectric function with thermal motion of the electrons. In con-
trast to the field–free case, for α = 0 and strong magnetic fields, S ‖ � Z2e/2ω2

p/2v2
i

is independent of kmax.
In the high–velocity limit kmaxvi > ω+, the stopping power is

S ‖ =
Z2e/2ω2

p

v2
i

[
ln

(
kmaxvi

ωH

)
+

Ω2
e

2 (kmaxvi)2

]
. (4.77)

It is easy to see that the leading logarithmic term in (4.77) agrees with expres-
sions (4.65) and (4.66). However the last expression involves an additional term
which decreases as v−2

i .
(ii) Transverse motion of the ion. For the ion transverse motion we consider

the case of strong magnetic field, ωp < kmaxvi < ωH . The other limiting case,
kmaxvi > ωH , can be extracted from (4.65) and (4.66).

In the high–velocity limit with ωp � kmaxvi < ωH equation (4.64) becomes

S ⊥ =
Z2e/2ω2

p

v2
i

[
F1(η) ln

(
kmaxvi

ωp

)
− F2(η)

]
. (4.78)

Here p± = Ω̃±(μ)/ωp, Ω̃±(μ) are given by (4.74) where cos β is replaced by μ,

F1(η) =
2
π

∫ 1

0
dμ

η2μ2 − p2
−(μ)√(

1 − μ2
) [(

1 + η2
)2 − 4η2μ2

] , (4.79)

F2(η) =
2
π

∫ 1

0
dμ

η2μ2 − p2
−(μ)√(

1 − μ2
) [(

1 + η2
)2 − 4η2μ2

] ln
⎛⎜⎜⎜⎜⎜⎝ p− (μ)

2
√

1 − μ2

⎞⎟⎟⎟⎟⎟⎠ . (4.80)

In a strong magnetic field limit (η � 1) F1(η) = 1/2 and F2(η) = (1/2) ln(1/C),
where C = 2/e � 0.735. In this case the stopping power is

S ⊥ =
Z2e/2ω2

p

v2
i

ln

(
C

kmaxvi

ωp

)1/2

. (4.81)

In contrast to the case α = 0 the leading logarithmic term for the ion transverse
motion depends here on kmax. However, this term is modified as a consequence of
a strong magnetic field. This term also differs from the high–velocity expression
(4.65) with (4.72) derived for arbitrary α. The physical reason for the modification
of this term is the following. In high–velocity limit both low– and high–frequency
magnetized plasma modes (see expression (4.74)) are excited and both of them con-
tribute to the SP. The contribution of each mode is equal to the half of the main
logarithmic term. However in the intermediate velocity regime considered here only
the low–frequency mode is effectively excited. The contribution of this mode leads
to the stopping power (4.81).
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4.5.3 Light Ions, The Effect of the Cyclotron Rotation

We now focus our attention on the high–velocity SP for light projectile ions and
study the influence of the cyclotron rotation on the SP [88, 122, 126]. We consider
the case when the ion moves perpendicular to the magnetic field with α = π/2.
Since we assume a non–relativistic ion the synchrotron radiation is neglected. The
velocity, coordinate and the time–averaged SP of the ion are given by expressions
(2.54), (2.55) and (2.57) respectively, where vi‖ = 0 and vi⊥ = vi. In the high–
velocity limit we use the cold plasma approximation, expression (4.49). In this case
equation (2.57), written in the cylindrical geometry with the axis along the magnetic
field, becomes

〈S 〉 =
4Z2e/2

πac

∞∑
n=1

n
∫ k⊥max

0
J2

n (k⊥ac) k⊥dk⊥

∫ ∞
0

dk‖Im

⎡⎢⎢⎢⎢⎢⎣ −1

k2
‖ε‖ (nΩc) + k2

⊥ε⊥ (nΩc)

⎤⎥⎥⎥⎥⎥⎦ .
(4.82)

Here k⊥max is a maximal cut–off for k⊥–integration and ac is the cyclotron radius of
the projectile ion. Performing the k‖–integration we finally obtain

〈S 〉 =
2Z2e/2

πa2
c

∞∑
n=1

nQn (ζ) Im

[
−1

ε‖ (nΩc) T (nΩc)

]
, (4.83)

where ζ = k⊥maxac and

Qν (ζ) = π

∫ ζ

0
J2
ν (y) dy , (4.84)

T (ω) =

√
|A(ω)| + ReA(ω)

2
+ i
|A′′(ω)|
A′′(ω)

√
|A(ω)| − ReA(ω)

2
(4.85)

withA(ω) = ε⊥(ω)/ε‖(ω),A′′(ω) = Im[A(ω)].
The expression (4.83) is general. It involves all cyclotron harmonics and is valid

for arbitrary complex dielectric functions ε⊥(ω) and ε‖(ω) which may involve the
damping effect. Below we will see that the SP diverges near characteristic reso-
nances. Therefore we include the damping effect in order to remove such singular
behavior of the SP. When the damping vanishes we find from (4.83)

〈S 〉 =
2Z2e/2

πa2
c

∑
n

nQn (ζ)√∣∣∣ε‖ (nΩc) ε⊥ (nΩc)
∣∣∣ . (4.86)

Here the summation over harmonic numbers n is performed in the domain where
A(nΩc) < 0 (ε⊥ (nΩc) and ε‖ (nΩc) must have different signs). The stopping power
given by equation (4.86) shows a divergence at magnetic field strengths for which
ε‖ (nΩc) = 0 or ε⊥ (nΩc) = 0. These conditions correspond to the excitation of
the plasma and upper hybrid oscillations in a plasma by rotating ion. Physically,
this divergence is due to a resonant coupling of two oscillators with the frequencies
Ωc, i.e., the incident projectile ion, and ωp (or ωH), i.e., the plasma (upper hybrid)
waves, respectively. When we neglect the damping effects, these resonances have an
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infinite amplitude. For the dielectric functions given by equation (4.50) with νe = 0
and Ω⊥ = 0 (neglecting the damping and Coulomb coupling) the summation in
(4.86) is performed in the domains 1 ≤ n ≤ n1 and n2 ≤ n ≤ n3, where

n1 =

{
[c] , γ ≥ c[
γ
]
, γ < c

, n2 =

{ [
γ
]
+ 1, γ ≥ c

[c] + 1, γ < c
, n3 =

[√
γ2 + c2

]
(4.87)

with γ = ωp/Ωc and c = Ωe/Ωc = M/ |Z|m. Here [x] denotes the rounding of
the number x downwards to the nearest integer. When γ or

√
γ2 + c2 are integers

the resonances occur at the harmonic numbers n = γ or n =
√
γ2 + c2. This will

show the oscillatory behavior of the SP with respect to the parameter γ (with in-
finitely large amplitudes), where the SP has maxima at γN = N = 1, 2, ... (plasma
oscillations) and γN =

√
N2 − c2 (upper hybrid oscillations) with an integer N such

that N ≥ [c] + 1. For an ion with c � 1 the periodicity of the upper hybrid reso-
nances is much larger than those for the plasma resonances and they can be easily
resolved in γ. For an electron (or positron) projectile with c = 1 both resonances
may coalesce into a single entity and they cannot be resolved in γ anymore. Rep-
resenting the parameter γ in the form γ = 2πac/λp,H , where λp,H = 2πvi/ωp,H is
the wavelength of the plasma (upper hybrid) waves, the resonance condition can be
alternatively formulated in another form: The resonances occur when the cyclotron
circle with the length 2πac contains integer number of plasma (upper hybrid) waves.
In addition, the antiresonance conditions may also be formulated (see, e.g., [126])
for intermediate values of 2πac/λp,H � 1.5, 2.5, ..., where the SP drops down. These
near-cancellation effects are due to destructive interferences in the self–interaction
of the projectile ion with its own induced charge density.

In contrast to the previous sections we have used the cylindrical geometry and
introduced the cut–off parameter k⊥max for k⊥–integration for deriving equations
(4.82) and (4.83). This allows to perform k‖–integration and yields more convenient
expressions for the numerical evaluation of the SP. A similar expression for the SP
can be found in a spherical geometry which again leads to a resonance behavior of
〈S 〉. For instance, for vanishing damping and within spherical geometry the SP is
again given by expression (4.86) with the summation domain A (nΩc) < 0 but the
argument of the function Qn(ζ) contains an extra factor

√
1 − P(nΩc) [122], where

P (ω) has been introduced by (4.54). In addition, now ζ = kmaxac with the cut–
off parameter kmax introduced in a spherical geometry (see Sect. 2.4). Note that in
this case due to the appearance of the factor

√
1 − P(nΩc) in the argument of Qn(ζ)

the summand in (4.86) behaves as |ε‖(nΩc)|n and vanishes near plasma resonances
ε‖(nΩc) = 0. Therefore the SP receives contribution only from upper hybrid excita-
tions ε⊥(nΩc) = 0.

For a numerical evaluation of the SP (4.83) as well as for the study a number of
particular cases the behavior of the function Qν(ζ) determined by (4.84) is impor-
tant. Consider briefly the properties of function Qν(νζ). To find the asymptotic value
of that function at ν � 1 and ζ > 1, we divide the domain of integration in (4.84)
into two parts with y < ν and ν < y < νζ and use the uniform asymptotic expansion
of the Bessel functions of the first kind Jν(νy) for y > 1 and ν � 1 [52]. Thus, we
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find

Qν(νζ) � qν + ln

(
ζ +

√
ζ2 − 1

)
+

1
6
Γ

(
1
3

) (
3
2ν

)1/3

+ O

(
1
ν

)
, (4.88)

where Γ(z) is the Euler’s function and

qν = π

∫ ν

0
J2
ν (y)dy . (4.89)

Numbers qν are less than 1, and slowly fall off as qν ∼ ν−1/3 with increasing ν. Here
we point out some values of qν: q1 � 0.225, q20 � 0.096, q100 � 0.057.

At ζ < ν, the argument of the Bessel function is smaller than the index. In this
case, the Bessel function is exponentially small, and at a fixed value of ζ, Qν(ζ)
vanishes exponentially as ν increases. Therefore, the series entering equation (4.83)
is cut at nmax � ζ and taking into account the damping effect the SP is determined
by harmonics having n < nmax.

Consider equation (4.83) in the case of strong magnetic fields (γ � 1) with
νe � 0 and Ω⊥ = 0. Note that this is a domain far from the resonances in the SP.
Two cases must be mentioned here.

(i) c = Ωe/Ωc is no integer. In this case we find from (4.83)

〈S 〉 �
Z2e/2ω2

p

πv2
i

νe

Ωc

∞∑
n=1

1
n2

Qn (ζ)

⎡⎢⎢⎢⎢⎣1 + 2n4(
n2 − c2

)2
⎤⎥⎥⎥⎥⎦ . (4.90)

From (4.90) it is seen that the SP decreases with increasing magnetic field.
(ii) c = 1 (electron or positron test particle). From equation (4.83) we obtain the

leading term for the SP

〈S 〉 �
Z2e/2ω2

p

πv2
i

Ωe

2νe
Q1 (ζ)

⎡⎢⎢⎢⎢⎢⎢⎣ 2(
1 + σ2

) (√
1 + σ2 + 1

) ⎤⎥⎥⎥⎥⎥⎥⎦
1/2

(4.91)

with σ = ω2
p/2νeΩe. For a further increase of the magnetic field with σ � 1 the

numerical factor within the square root in (4.91) tends to unity. In this case the SP
may increase with increasing the magnetic field. These two asymptotic examples
show the strong dependence of the SP on the mass of a test particle in the case when
the magnetic field is sufficiently strong.

Consider briefly the zero curvature result, equations (4.65) and (4.66) with α =

π/2, which can be recovered from (4.86) in the limit of a heavy ion, M → ∞. Since
Ωc → 0 in this limit we can transform the summation in equation (4.86) into an
integration with respect to ω = nΩc. In the next step we use the asymptotic relation
(4.88) at ν → ∞ and ζ � 1, Qν(νζ) → ln(2ζ). Using these expressions one arrives
at equation (4.65) with (4.66) where α = π/2 and kmax = 2k⊥max.

Figure 4.8 shows the SP given by equation (4.83) as a function of the dimen-
sionless parameter γ for a proton test particle. Note that for a proton the parame-
ter c � 1836.1 and, for instance, the first three upper hybrid resonances occur at
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Fig. 4.8. Dependence of the stopping power normalized as S = (Z2e/2ω2
p/v2

i )L(γ) on the
dimensionless parameter γ = ωp/Ωc for proton projectile in high-velocity limit, assuming a
finite curvature of the test particle and introducing some arbitrary cut–off, k⊥maxvi/ωp = 200.
The damping frequency is νe/ωp = 0.01. The dashed line shows the asymptotic result for
zero curvature, i.e., M → ∞ and Ωc → 0 obtained from equations (4.65) and (4.66) with
α = π/2.

γ1 � 57.5, γ2 � 83.6 and γ3 � 103.2, respectively. Therefore these resonances are
outside of the domain 0 < γ ≤ 12 shown in Fig. 4.8. It is seen that the SP oscillates
as a function of the magnetic field around the zero curvature result. One expects
that the resonance peaks are damped out with γ, i.e., at small magnetic fields ap-
proaching asymptotically the zero curvature result. In addition both curves approach
asymptotically to the field–free value ln(kmaxvi/ωp) at the vanishing magnetic field,
i.e. γ→ ∞.

4.6 Reduced LR (RLR) Treatment

For a theoretical description of the energy loss of ions in a plasma two standard ap-
proaches, namely BC, Chap. 3 and LR, Chap. 4 have been discussed in the previous
sections. Both treatments, LR and BC, can be regarded as complementary to each
other and both of them are of physical interest. Within the LR treatment (dielec-
tric theory) the stopping power can receive a dynamic contribution from collective
plasma excitations. It requires a cut–off at small distances where hard collisions be-
tween ion and electrons cannot be treated any more as a weak perturbation. Within
the BC picture the interaction between the plasma electrons is only treated approx-
imatively by an effective interaction or an upper cut–off for the impact parameters,
to account for screening. In this case the stopping power of an ion is the result of
the energy transfer in successive binary collisions. In the limit of a non–interacting
electron gas (Uee → 0, where Uee is the interaction potential between the electrons),
the LR and BC treatments should therefore provide the same result for the stopping
power. But even in the absence of a magnetic field both approaches give slightly
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different results. Exactly the same results can be achieved if physically reasonable
cut–offs are used in the Coulomb logarithms [107, 120]. In the presence of a mag-
netic field the situation is dramatically changed. Here the agreement between the LR
and BC treatments breaks down for intermediate and low ion velocities as discussed
in [93, 94, 124]. The disagreement is larger for an ion motion along the magnetic
field than transverse to it. In addition, the BC treatment also predicts an energy gain
(negative stopping power) for very low ion velocities [124] (see, e.g. (3.143)).

In this section we consider BC between ion and electrons in the presence of an
arbitrary magnetic field and demonstrate that full agreement between BC and LR
treatments in the limit of a non–interacting electron plasma is guaranteed for a reg-
ularized interaction which is both of finite range and less singular than the Coulomb
interaction at the origin. The regularized and screened potential (3.3) considered in
Chap. 3 is an example of such interaction.

As basis for further considerations, we recall briefly the main aspects of the lin-
ear response theory for the ion–plasma interaction in the presence of an external
magnetic field discussed in more details in Sect. 2.4. Here, for simplicity, we con-
sider the electron plasma and all indices referring to the electrons are omitted. In
addition, we introduce two kind of SPs, S BC and S LR, calculated on the basis of BC
and LR, respectively. The stopping power S LR of an ion is defined in Sect. 2.4, equa-
tion (2.53). The collective excitations (i.e. magnetized plasma modes) contributing
to the stopping power are contained in ε (k, k · vi). In general, equation (2.53) can-
not be evaluated in closed form except for the limiting cases B→ 0 and B→ ∞. For
connecting now the dielectric picture discussed so far in the previous Sections of this
Chapter to the BC approach we assume weakly interacting electrons, e2n1/3

e → 0 (or
ωp → 0), with

Im
−1

ε (k, ω)
=

Im ε (k, ω)

|ε (k, ω)|2
� uC (k) Imχ(0) (k, ω) . (4.92)

In this approximation which we call Reduced Linear Response (RLR) approach for
the SP, the stopping power thus reads

S RLR =
Z2e/2

vi

∫
dk |u (k)|2 (k · vi) Imχ(0) (k, k · vi) , (4.93)

where −Ze/2u (k) is the Fourier transformed ion–electron interaction potential intro-
duced in Sect. 3.2. Now the stopping power does not receive any contribution from
the dynamic collective plasma modes, but some collective contributions (i.e. screen-
ing) can be easily reintroduced by replacing u(k) with an screened ion–electron
interaction potential. Then equation (4.93) amounts to neglecting the electron–
electron interaction in the target except for the screening of the ion. Note that the
approximation (4.93) is equivalent replacing the denominator in (4.92) |ε(k, ω)|2 by
its static value at ω = 0 and replacing the bare Coulomb interaction uC(k) by the
screened one according to

u(k)→
uC(k)
ε(k, 0)

. (4.94)
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On the other hand to mimic collectivity in (4.93) the dynamic screening length (the
second relation in (2.59)) can be introduced in the interaction potential as discussed
in Sect. 2.4 and [134].

To illustrate the problem and the interrelation of the LR, RLR and BC treat-
ments, we consider the cases without and with an infinitely strong magnetic field.
We show that even in the absence of a magnetic field these approaches yield slightly
different results when using the standard averaging procedure. The discrepancy
grows with the strength of the magnetic field.

4.6.1 RLR, LR and BC Treatments Without Magnetic Field

Without magnetic field the imaginary part of the susceptibility of an isotropic
Maxwellian plasma can be found from (2.47), (4.2) and (4.3), where for the isotropic
plasma we take Y = 1,

Imχ(0) (k, ω) =
(2π)5/2

4λ2
D

ω

kvth
exp

⎛⎜⎜⎜⎜⎝− ω2

2k2v2
th

⎞⎟⎟⎟⎟⎠ . (4.95)

The expression (4.93) for the RLR stopping power in the case of the Coulomb
interaction, u(k) = uC(k), and taking into account the dynamic screening (i.e. kmin

and kmax from (2.59)) yields

S RLR = S0
g2

x2
Lth(x)

⎡⎢⎢⎢⎢⎢⎣erf

(
x
√

2

)
−
√

2
π

x e−x2/2

⎤⎥⎥⎥⎥⎥⎦ , (4.96)

where erf(x) is the error function, x = vi/vth, S0 = (kBT/e/)2 and

Lth(x) = ln
kmax

kmin
= ln

(
1 + x2
)3/2

g
= ln

1
Z(x)

(4.97)

is a Coulomb logarithm. Here, the coupling parameter Z is defined by expression
(2.42), and the parameter g is expressed through the Coulomb coupling parameter
Γ, g =

√
3 |Z|Γ3/2. In the Coulomb logarithm Lth, the averaged lower and upper cut–

offs, equation (2.59), have been used. Similarly, for the screened Coulomb potential
u(k) = uD(k) with the static screening length λD expression (4.93) yields again
the RLR result (4.96), where, however, the Coulomb logarithm Lth(x) is replaced
by (1/2)ψ(ξ) (see (4.11)) with ξ = kmaxλD = (1 + x2)/g. Since g � 1 for an ideal
plasma the Coulomb logarithm Lth can be considerably larger than (1/2)ψ(ξ), i.e. the
Coulomb logarithm with static screening. That is, the reduction of the SP (4.93) by
ignoring the collective effects in the dielectric function can be compensated in part
by introducing a dynamic, velocity dependent screening in the interaction potential.

Within the perturbative BC treatment, Chap. 3, we need to consider only the sec-
ond order energy transfer during an electron–ion collision, as the first order energy
transfer is proportional to the impact parameter s and vanishes after averaging over
s. The angular averaged second order energy transfer is given by equation (3.59)
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Fig. 4.9. Stopping powers (in units of g2S0) within the RLR with dynamic screening (4.96)
(dotted lines), LR (2.53) (solid lines) and BC (4.99) (dashed lines) treatments as a function
of the ion velocity vi (in units of vth) in a plasma without magnetic field for g = 0.1 (lines
without circles) and g = 0.01 (lines with circles). After [93].

(with ρ→ 0 for Coulomb interaction). The energy loss of the ion due to the succes-
sive collisions in a homogeneous electron plasma is obtained by integrating equa-
tion (3.59) over an area element d2s perpendicular to the relative current density nevr

with vr = ve − vi and averaging over the unperturbed electron distribution function
f0

S BC = −
(

dEi

dl

)
BC

= −
2πne

vi

∫
dve f0 (ve) vr

∫ smax

smin

〈
ΔE(2)

i

〉
ŝ

sds . (4.98)

Here the upper cut–off smax accounts for screening, while smin is the cut–off be-
low which the perturbative treatment of the Coulomb interaction fails (see equation
(2.58)). For Rutherford scattering hard collisions are taken into account by regulariz-
ing the s–integral in (4.98) according to L(smax, smin) → Λ(smax, smin), which yields
the exact result [68]. Here the conventional L and modified Λ Coulomb logarithms
have been introduced by (2.23) and (2.11), respectively.

For an isotropic Maxwellian distribution (2.26) we obtain from (3.59) with ρ→
0 and (4.98) after the replacement L→ Λ

S BC =
S0g2

2x2
√

2π

∫ ∞
0

dy
y2

ln

(
1 +

y6

g2

) [
(xy − 1)e−(y−x)2/2 + (xy + 1)e−(y+x)2/2

]
,

(4.99)
where y = vr/vth.

In Fig. 4.9, the normalized stopping powers within RLR (dotted lines) and BC
(dashed lines) treatments, equations (4.96) and (4.99), are plotted versus the ion
velocity. The full LR results, S LR, including the electron–electron interaction are
also plotted for comparison (solid lines). All these approaches yield close results
except for some deviations in the intermediate velocity range.

To make a contact between LR and BC results, (4.96) and (4.99), we note that
the integral in (4.99) divided by the factor

√
2π is identical with the expression in
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square brackets in (4.96) if the logarithmic factor in (4.99) is taken out of the y–
integral at some average value 〈y〉 = 〈vr〉/vth. The averaged stopping power in the
BC treatment can thus be rewritten as

S̄ BC =
1

2Lth(x)
ln

(
1 +
〈y6〉
g2

)
S RLR . (4.100)

This demonstrates that both approaches are equivalent if comparable cut–off proce-
dures, resulting in equal Coulomb logarithms, are used. Equation (4.100) shows that
for the conformity between both approaches one must choose 〈y6〉 = (1 + x2)3 − g2.
In the limit g� 1, this condition becomes 〈y2〉 � 1 + x2.

4.6.2 RLR, LR and BC Treatments With Strong Magnetic Fields

In the presence of a strong magnetic field, the imaginary part of χ(0)(k, ω) can be
obtained from the general expressions (2.47) and (2.48) (neglecting the contribution
of the plasma ions) in the limit of Ωe → ∞. As discussed in Sect. 4.3 (see discussion
before (4.31)) the final result is given by (4.95) where the wave vector k should be
replaced by |k‖|, k → |k‖|. Here k‖ is the component of k along the magnetic field.
Substituting this equation into (4.93) and taking into account the dynamic screening
for the Coulomb potential we obtain

S RLR = S0
g2

2
√

2π
xLth(x) sin2 α

∫ ∞
−∞

y2e−y2/2dy
q3/2(x, y)

. (4.101)

Here α is the angle between the magnetic field and the ion velocity vi, the Coulomb
logarithm Lth is the same as in (4.97) and q(x, y) = y2 − 2xy cosα + x2, where
y = ve‖/vth. We recall that for the screened Coulomb potential with static screening
the Coulomb logarithm in (4.101) should be replaced by (1/2)ψ(ξ).

The second order energy transfer for an electron–ion Coulomb collision in the
presence of a strong magnetic field is obtained from (3.143), where v̄r = ve‖b − vi,
and ve‖ is the electron velocity along the magnetic field. The last result has been
given in [120] for the case ve‖ = 0. In the general case, this term also leads to an
energy gain for v2

i < v2
e‖ .

The integration of (3.143) over the impact parameter s̄ is similar to that used in
the previous subsection, with smin and smax from (2.58). However, now vr is replaced
by the relative velocity of the guiding center v̄r. Averaging expression (3.143) over
an isotropic Maxwell distribution function f0, we arrive at

S BC = S0
g2

4
√

2π
x sin2 α

∫ ∞
−∞

dy(x2 − y2)e−y2/2

q5/2(x, y)
ln

[
1 +

q3(x, y)
g2

]
. (4.102)

Note that the RLR (4.101) and BC (4.102) stopping powers are related to (3.197)
and (3.196), respectively, which, however, have been derived for the regularized
potential given by (3.3). The Coulomb logarithm in (4.101) and the logarithmic
factor in (4.102) are replaced there by the functionU0(κ).
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Fig. 4.10. Stopping powers (in units of g2S0) within the RLR with dynamic screening (lines
without circles) and the BC (lines with circles) treatment as a function of the ion velocity vi

(in units of vth) in a plasma with a strong magnetic field for g = 0.1 (left), g = 0.01 (right),
α = 0 (solid lines), α = π/4 (dotted lines) and α = π/2 (dashed lines). After [93].

When the logarithmic factor in (4.102) is now taken out with some average
value 〈q3(x, y)〉 we obtain the stopping power S̄ BC in which the y–integral does not
coincide with the y–integral in (4.101) as it has been the case in the absence of
a magnetic field, cf. (4.100). Moreover, at low ion velocity x → 0 the stopping
power S̄ BC behaves as 1/x and tends to infinity. The RLR stopping power (4.101),
on the other hand, leads at low ion velocities to a term which behaves ∝ x ln(1/x),
for both the full and the reduced LR treatments [90]. This anomalous SP has been
investigated in details in Sect. 4.4. This is a quite unexpected behavior compared to
the well–known linear velocity dependence without magnetic field [38, 105, 134].

The stopping powers (4.101) and (4.102) depend on the angle α. For small α→
0, expression (4.101) yields

S RLR(α→ 0) = S0
g2

√
2π

Lth(x)x e−x2/2 , (4.103)

whereas for BC, the stopping power vanishes as

S BC(α→ 0) = S0
g2

4
√

2π
x sin2 α

∫ ∞
−∞

dy(x2 − y2)e−y2/2

|y − x|5
ln

[
1 +

(y − x)6

g2

]
. (4.104)

This result coincides with the exact behavior (no perturbation treatment) of the
BC stopping power for vanishing α. In the presence of a strong magnetic field, the
electrons move parallel to the magnetic field. For reasons of symmetry, no velocity
can be transferred to positively charged ions which also move parallel to the field,
see, e.g., equations of motion (3.202) with ṽi⊥ = 0.2 The energy transfer and hence
the stopping power within BC treatment must therefore vanish.

In Fig. 4.10 the stopping powers within RLR (4.101) (the lines without circles)
and BC (4.102) (the lines with circles) treatments are plotted for plasmas in a strong

2 It should be noted that this may also be true for negatively charged ions (Z < 0). For
instance, equations of motion (3.202) for the Coulomb potential yield vanishing velocity
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Fig. 4.11. Stopping powers (in units of g2S0) within the RLR with the Coulomb potential and
dynamic screening (dashed lines), within the RLR with Debye potential and static screening
(dotted lines) and the LR (solid lines) treatments as a function of the ion velocity vi (in units
of vth) in a plasma without magnetic field (left) and with strong magnetic field (right). Left
panel, the lines with and without circles correspond to g = 0.01 and g = 0.1, respectively.
Right panel, for g = 0.01, α = 0 (lines without circles) and α = π/2 (lines with circles).

magnetic field for three values of α: α = 0 (solid lines), α = π/4 (dotted lines),
α = π/2 (dashed lines). The difference between the two treatments is noteworthy
especially in the low and intermediate ion velocity limits. It is related to the differ-
ent cut–off procedures, i.e. kmin, kmax in RLR and smin, smax in BC. In particular, the
large stopping power predicted by the RLR for α = 0 is unrealistic, since it vanishes
within an exact (nonlinear) BC treatment, as discussed above. This is not healed by
including collective effects, see Fig. 4.11, where we compare the reduced and full
LR stopping powers without magnetic field ((4.96) and (4.7), respectively) and for
an infinitely strong magnetic field ((4.101) and (4.33), respectively). The RLR re-
sults for the screened Coulomb interaction and with static screening are also plotted
for comparison (dotted lines). (Note that in the left panel of Fig. 4.11 the curves
corresponding to the LR and RLR with dynamic screening results are the same as in
Fig. 4.9). Figure 4.11 shows by introducing the dynamic screening in the RLR that
the role of collective excitations as predicted in this linear treatment is not as impor-
tant here as in the limiting case considered in [88, 120]. We come back to this point
at the end of this Section. As all dynamic collective excitations are absent in a RLR
treatment with static screening, the resulting stopping power is always smaller than

and energy transfers if s̄ > s0 = 2|Z|e/2/mv̄2
r‖, where v̄r‖ is the initial relative velocity. In

opposite case with s̄ < s0 the velocity transfer is Δv‖ = −2v̄r‖ which corresponds to a
reversion of the initial motion, i.e. to a backscattering event. Then the energy transfer is
ΔEi = 2mvi‖ v̄r‖.
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those for the LR.3 This difference vanishes in the low–velocity limit where only the
single-particle excitations contribute to the SP, see Fig. 4.11.

In the low–velocity limit when x � 1, the BC stopping power is linear in x and
negative,

S BC(x→ 0) = −S0
g

8
√

2π
x sin2 α

∫ ∞
0

dy
y2

e−gy ln
(
1 + 8gy3

)
. (4.105)

This corresponds to an energy gain of an ion at slow transverse motion. For a fi-
nite magnetic field strength and anisotropic (non–equilibrium) velocity distributions
typical for electron cooling, such energy gains have indeed been observed in non–
perturbative numerical simulations of binary collisions [138] as well as in a numer-
ical solution of the non–linearized Vlasov–Poisson equation [127]. The perturbing
ion drives the equilibration between the longitudinal and transverse electron temper-
atures. There results, in the average, a shrinking of the cyclotron radii of the elec-
trons and an energy gain of the ion caused by the released transverse electron energy.
For an infinitely strong magnetic field and an effective one–dimensional electron
motion, however, this mechanism does not work. Both the unexpected ∝ x ln(1/x)
behavior in the LR and the energy gain in (second order) BC therefore indicate a
breakdown of a perturbation treatment for B → ∞ and small ion velocities. This is
also supported by considering again the case where the ion moves along the mag-
netic field. As discussed above, the energy transfer in binary collisions is zero for
positively charged ions due to symmetry. But for negatively charged ions, the elec-
tron can either pass over the potential well, which gives again no energy transfer,
or it is reflected with a momentum transfer of two times its initial momentum, see
also the example and discussion given in Sect. 6.2.3. Thus all scattering events con-
tributing to the stopping power are non–perturbative in this case. It is evident, that
this situation cannot be treated by either the LR or the second order BC which both
depend on the square of the ion–charge. However, the cut–off procedures employed
in the (perturbative) BC (see Sects. 2.2 and 3.10) lead to stopping powers which are
much closer to numerical simulations [127, 138] than the LR predictions [124] for
positively charged ions and finite magnetic fields.

3 It should be emphasized that these results do not contradict to the ”equipartition rule”.
Originally this rule first formulated by Lindhard and Winther in [80] states the equality
of the k–integrals in the SP (i.e., only the one–dimensional integral k2dk in the volume
element dk in (2.53)) for collective and single–particle excitations. Although these ex-
citations contribute equally in this integral, nevertheless the SPs for both excitations may
considerably differ from each other, see, e.g., Fig. 4.11 and [92,98] for a review. Moreover,
the ”equipartition rule” has been formulated for the field–free case and for fully degenerate
plasmas with a sharp boundary between the spectra of collective and single–particle exci-
tations. In a classical plasma with a Maxwellian distribution of the particles this boundary
is not as well defined as for a degenerate plasma. In addition the presence of a magnetic
field introduces in general an infinite number of plasma collective modes (see, e.g., [72])
and the equipartition rule may not necessarily hold in the present context. Some examples
of the violation of this rule even for B = 0 are considered in [92, 98].



104 4 Dielectric Theory

To shed some more light on the differences between BC and LR and the role of
the dynamic excitations discussed so far in this Section we now turn to some com-
parison with numerical results from the PIC method (Sect. 2.5) and the CTMC treat-
ment (Sect. 2.3). The most pronounced discrepancies have been found for a strong
magnetic field in the case of small angles α and low ion velocities (see Fig. 4.10),
i.e. for strong ion–electron couplingZ � 1 (2.42) or g =

√
3 |Z|Γ3/2 � 1. We thus

focus in Fig. 4.12 on some examples in this regime and consider the typical param-
eters (B = 6 T, Te = 4.2 K, ne = 7 × 106 cm−3) for the cooling of highly charged
ions with strongly magnetized electrons in a trap. More details on electron cooling
in traps will be discussed in Sect. 6.2.

Compared are in Fig. 4.12 the numerical solution of the nonlinear Vlasov-
Poisson equations (2.65), (2.66) obtained by PIC simulations as outlined in Sect. 2.5
(curves with filled circles) with the results of a non-perturbative BC treatment
(curves with open circles) given by CTMC simulations (see Sect. 2.3) and the per-
turbative LR (dashed curves) and RLR (dotted curves) approaches. The numerical
treatments have been performed with the strong, but finite magnetic field B = 6 T,
while for LR and RLR an infinitely strong magnetic field with a one-dimensional
electron motion along b was assumed. It was checked by CTMC simulations that
a strong finite field of B = 6 T yields, within numerical fluctuations, in fact the
same results as obtained by restricting the electron motion to be directed along
the magnetic field. In the PIC simulations a pure Coulomb interaction is used, as
it is in the employed LR expression for infinitely strong magnetic field (expres-
sions (4.33), (4.34) with the required cut–off to exclude the violent close scattering
events ξ = kmaxλD = (1 + x2)/g, where x = vi/vth). The BC (CTMC) and the
RLR have been calculated on basis of a dynamic screened potential given by uD

(3.2), (3.6) with a velocity dependent screening length λ(vi) = λD (1 + x2)1/2. The
RLR stopping power is then given by (4.101) after replacing the Lth (appropriate
for the Coulomb interaction) by ψ(ξ)/2 (appropriate for the screened potential) and
ξ = kmaxλ(vi) = (1 + x2)3/2/g, i.e.

S RLR = S0
g2

4
√

2π
xψ(ξ(x)) sin2 α

∫ ∞
−∞

y2e−y2/2dy

q3/2(x, y)
, (4.106)

where ψ(ξ) is defined through (4.11). We first focus on the non-perturbative treat-
ments. The difference between PIC (full circles) and BC (CTMC) (open circles) re-
veals the collective dynamic polarization contribution to the stopping power which
cannot be approximated by an effective velocity dependent spherical interaction,
uD(λ(vi)), as assumed for the BC. This contribution turns out to be particular large
for large coupling (g � 1) and small angles α and diminishes with decreasing cou-
pling and increasing angle (from top left to bottom right). For α→ 0, there remain,
however, such dynamic contributions also in the limit g� 1. As already argued pre-
viously in several places the energy transfer in a BC treatment with a spherical sym-
metric interaction must vanish for symmetry reasons for the quasi one-dimensional
electron motion in a strong magnetic field. But this argument does not apply in the
general case where the electron-electron interaction is included as the polarization
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Fig. 4.12. Stopping power S as function of the ion velocity vi in units of vth for the two
angles α = 10o and α = 30o and for B = 6 T, Te = 4.2 K, ne = 7 × 106 cm−3 which are
typical conditions for electron cooling in a trap. Compared are results from the PIC method
(Sect. 2.5) (filled circles), from CTMC simulations (Sect. 2.3) (open circles) with the LR
(4.33), (4.34) (dashed curves) and RLR (4.106) (dotted curves) treatments. For the CTMC
and RLR a screened interaction uD (3.2) with a velocity dependent screening length λ(vi) (see
text) was used. The coupling parameters g = 6.9 (left panel) and g = 0.75 (right) correspond
to ion charge states Z = 92 (i.e bare Uranium) and Z = 10, respectively, or for g = 0.75 to
Z = 92 and a higher temperature Te = 18.4 K instead of Te = 4.2 K.

cloud generated here by a moving ion is usually non-spherical. And this results
in a finite stopping power also for parallel ion motion in a strong magnetic field.
The effects of this dynamic polarization contribution in the perturbative treatment
is quite similar and can be identified by comparing the LR (dashed curves) with the
RLR (dotted curves) results. Here the influence of the dynamic collectivity is also
reduced with decreasing coupling and increasing angle, except for α→ 0 and large
velocities vi � vth where the LR goes like 1/v2

i , see (4.39), while the RLR vanishes
exponentially with exp(−v2

i /2v2
th), cf. (4.103).
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But very interesting is here of course the comparison of PIC with LR and BC
(CTMC) with RLR, respectively, i.e. of the non-perturbative with the correspond-
ing perturbative approaches. As expected the perturbative treatments fail at strong
coupling (g � 1 and vi/vth � 1), see the low velocity regime in the left panel of
Fig. 4.12, but tend towards the non-perturbative numerical results for decreasing
coupling (g < 1 and/or vi/vth � 1). For ions moving along the magnetic field lines
or with small angles, the LR significantly overestimates the stopping power when
compared to the PIC. At low ion velocities this is not healed by a decreasing cou-
pling strength. Unfortunately there are no PIC results at very small coupling (g→ 0)
available as this method suffers increasingly from numerical noise in this limit.

Altogether the general trends and observations, which are supported by PIC cal-
culations in other parameter regimes [127, 128], are as follows: Dynamic collective
contributions to the stopping power, which cannot be simply incorporated into a
BC or RLR treatment by employing an effective interaction with velocity dependent
screening, get unimportant for weak coupling, i.e. in the domain where perturbative
approaches are valid, except in cases of a strong magnetic field and ions moving with
small angles to b. Under the latter conditions these dynamic contribution dominate
the energy loss and cannot be described within a BC treatment. The perturbative
dielectric approach, i.e. the LR, on the other hand here also fails and overestimates
the stopping power in particular in the low velocity regime vi ≈ vth.

4.7 Conformity Between Reduced LR and BC approaches

The results obtained so far strongly suggest that the large discrepancies between the
LR and the BC seen at strong magnetic fields are peculiar to the Coulomb interaction
which requires cut–offs. It is the main concern of this Section to show that these
discrepancies are in fact a consequence of the different cut–off procedures in the LR
and BC and that the standard cut–off recipes for the non–magnetized case are not
guaranteed to work in the presence of an external magnetic field. To this end we
replace the Coulomb interaction by an effective, regularized interaction potential,
which decays faster than r−1 at large distances and increases slower than r−1 at
small ones. The introduction of such a regularized potential can be viewed as an
alternative implementation of cut–offs. It is justified by the same line of arguments.
At large distances, the bare Coulomb interaction is screened by the polarization of
the electrons. At small distances a perturbative treatment of the Coulomb interaction
leads to divergencies. One thus attempts to approximate the finite cross section of a
non–perturbative treatment by either a cut–off or a regularization of the interaction.

Our starting point is the second order ϕ–averaged energy transfer (3.95). Next,
the ϕ–averaged ion energy change, 〈ΔE(2)

i 〉ϕ, is integrated over the impact param-
eters s̄ in the full 2D space. For calculation of this s̄–integral we split all vector
variables C in (3.95) into components parallel C(r)

‖ and perpendicular C(r)
⊥ to the rel-

ative velocity v̄r as in (3.131), where n̄r = v̄r/v̄r is the unit vector along v̄r. Note that
the component of k perpendicular to the magnetic field, k⊥, is now a function of k(r)

‖
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and k(r)
⊥ . Introducing an effective transport cross section, σ (vr, vi), and performing

the s̄ and τ-integrations in (3.95) we obtain

σ (v̄r, vi) ≡
∫

d2 s̄
〈
ΔE(2)

i

〉
ϕ

(4.107)

= −
(2π)4Z2e/4

2mv̄r

∫
dk |u(k)|2 (k · vi)

+∞∑
n=−∞

J2
n (k⊥a) gn (k) ,

where

gn(k) =
1
πi

⎧⎪⎪⎨⎪⎪⎩ k2
‖

(ζn(k) + i0)2
+

k2
⊥

2Ωe

[
1

ζn−1(k) + i0
−

1
ζn+1(k) + i0

]⎫⎪⎪⎬⎪⎪⎭ . (4.108)

Here ζn(k) = k · v̄r + nΩe. The second order singularity in (4.108) (the first term)
must be understood as

1

(ζn + i0)2
→

1
ζn (ζn + i0)

=
1
ζ2

n
−

πi
ζn

δ (ζn) . (4.109)

It is easy to see that the contribution of the imaginary part of gn(k) to the effective
cross section, (4.107), vanishes. The contribution of the real part yields

σ (v̄r, vi) = −
(2π)4 Z2e/4

2mv̄r

∫
dk |u(k)|2 (k · vi)

+∞∑
n=−∞

J2
n (k⊥a) (4.110)

×
{

k2
‖δ
′ (ζn(k)) +

k2
⊥

2Ωe

[
δ (ζn+1(k)) − δ (ζn−1(k))

]}
,

where δ′(x) defines the derivative of the δ–function with respect to the argument.
For the Coulomb interaction u(k) = uC(k), the full 2D integration over the s̄-

space results in a logarithmic divergence of the k-integration in (4.110). To cure
this, we introduce cut–off parameters kmin and kmax as it was done in the linear
response formulation (see (2.59)).

For applications to the energy loss of ions moving in a magnetized homogeneous
plasma we average the ion energy change during successive binary collision over
the distribution function of the electrons f0. The standard procedure for averaging
over distribution function is given by (4.98), where the s–integral and vr must be
replaced by (1/2π)σ(v̄r, vi) and v̄r, respectively. Substituting (4.110) for the effective
transport cross section σ into (4.98), we obtain

S BC =
Z2e/2

vi

∫
dk |u(k)|2 (k · vi)Ξ (k, k · vi) , (4.111)

where

Ξ (k, ω) = 2π3ω2
p

+∞∑
n=−∞

∫
dve f0(ve)J2

n (k⊥a) (4.112)

×
{

k2
‖ δ
′ (ξn) +

k2
⊥

2Ωe

[
δ (ξn+1) − δ (ξn−1)

]}
,
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and ξn = k‖ve‖ + nΩe − ω.
With the relations J2

n−1(z) − J2
n+1(z) = (4n/z) Jn(z)J′n(z), for the Bessel functions

(see, e.g., [52]), the function Ξ(k, ω) becomes

Ξ (k, ω) = 2π3ω2
p

+∞∑
n=−∞

∫
dve f0(ve) (4.113)

×
{

k‖J
2
n (k⊥a)

∂

∂ve‖
δ (ξn) + δ (ξn)

nΩe

ve⊥

∂

∂ve⊥
J2

n (k⊥a)

}
.

After a partial integration of (4.113) we arrive at Ξ(k, ω) = Imχ(0)(k, ω), where
χ(0)(k, ω) is the susceptibility of magnetized electrons given by (2.47) and (A.6)
with the electronic component only. The comparison of (4.111) and (4.93) then
yields S BC = S RLR. Thus, starting from BC treatment we obtain the result derived
in a reduced LR treatment. This shows the complete conformity between both ap-
proaches.

In the presence of a strong magnetic field the RLR expression for the stop-
ping power (4.93) with an arbitrary spherically symmetric interaction potential u(r)
yields

S RLR(x) = S0
g2U0

2
√

2π
x sin2 α

∫ ∞
−∞

y2e−y2/2dy

q3/2(x, y)
= S BC(x) . (4.114)

Here

U0 =
(2π)4

4

∫ ∞
0

k3u2(k)dk (4.115)

and u(k) is the Fourier transformed interaction potential. Now there appears in
(4.114) the numerical factorU0 instead of the Coulomb logarithm (4.97) in (4.101).
Equation (4.115) also gives a criterion in Fourier space for the regularized potential
which is equivalent to the conditions considered above. Indeed, it must behave like
u(k) � k−2−p at k → 0 and k → ∞ with negative or positive values, p < 0 and p > 0,
respectively. Note that for the Coulomb potential p = 0 in both limits and the lower
and upper cut–offs must be introduced in (4.115).



5 Quantum Theory of SP in Magnetized Plasmas

5.1 Dielectric Theory

In Chap. 4 we have considered the energy loss of a test ion in a magnetized plasma
where the motion of the projectile ion as well as the plasma have been treated clas-
sically. Here we use a quantum mechanical description of the beam–plasma interac-
tion rather than a classical dielectric function. Again we assume a weak coupling ,
Z � 1, between projectile ion and plasma, where the coupling parameterZ, within
quantum description is given by Z = |Z|e/2/�v̄r.(see, e.g., [134]). Hence the dielec-
tric formalism in linear response becomes accurate in the limit of high test particle
velocities. We describe the plasma in the random-phase approximation (RPA) and
are therefore restricted to the weak–coupling limit of the interparticle interactions.
Unlike its classical counterpart the RPA dielectric function due to the wave nature of
particles guarantees the convergence of the k–integral for short–range interactions
and avoids the cut–off procedure. Furthermore, we assume that the electrons give
the main contribution to the stopping power.

The general theory for the SP has been developed in [3, 8] which, in principle,
allows to account for the quantum nature of the incident test particle as well. In par-
ticular, in [8] the SP is expressed by the dynamical charge–charge structure factor.
The latter is obtained from the longitudinal dielectric function ε(k, ω) of the plasma,
by employing the fluctuation dissipation theorem [76]. However this approach does
not allow to calculate the dielectric function of the plasma explicitly. Instead we use
the self–consistent field method developed originally for unmagnetized plasmas by
Ehrenreich and Cohen [39] as well as by Goldstone and Gottfried [49]. This was
generalized to the case of magnetized plasmas by Zyryanov [142] (see also [143]),
Mermin and Canel [84] as well as Celli and Mermin [30]. The derivations in [30,84]
are very close to those given by Zyryanov and Kalashnikov [142, 143] except that
the authors of [30,84] include the interaction of the electron spin with the magnetic
field explicitly.

We consider a quantum electron gas in a uniform magnetic field B, initially
in thermal equilibrium, which is subsequently perturbed by a weak self–consistent
potential φ(r, t) of the projectile ion. We assume a heavy ion such that a classical
description of its motion with a rectilinear trajectory is applicable. The classical
description of an individual electron is valid as long as the Landau energy satisfies
�Ωe � E0, where E0 is the mean energy of the random motion of electrons. In the
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case �Ωe � E0 the quantum effects play an important role, but one can still treat the
self–consistent electric field φ(r, t) created by a moving ion by classical theory.

Consider the single–particle equation of motion for the density operator

i�
∂ρ̂

∂t
= [Ĥ, ρ̂] (5.1)

with Ĥ = Ĥ0 + Ĥ1, where Ĥ0 is the unperturbed Hamiltonian for a single electron
in a magnetic field and Ĥ1 = −eφ (r, t) is the time–dependent perturbation. We seek
an approximate solution of the equation of motion in which φ(r, t) is considered as
a perturbation. Within the perturbation theory ρ̂ can be represented as ρ̂ = ρ̂0 + ρ̂1,
where ρ̂1 is the first–order perturbation to the unperturbed density operator ρ̂0. The
operator ρ̂1 can be treated as a linear functional of the self–consistent potential, ρ̂1 ∼
φ(r, t). We start with the zero–order unperturbed equation of motion, i�(∂ρ̂0/∂t) =
[Ĥ0, ρ̂0]. Since the density of an electron gas is constant in equilibrium before the
perturbation, the equilibrium density operator commutes with Ĥ0, [Ĥ0, ρ̂0] = 0. We
take its diagonal matrix elements in a representation of eigenstates |α〉 = ψα (r) of Ĥ0

to be given by the Fermi–Dirac distribution function f (Eα) with ρ̂0|α〉 = f (Eα)|α〉.
Here Ĥ0 |α〉 = Eα |α〉, Eα are the eigenvalues of the Hamiltonian Ĥ0, i.e. for free
particles. The corresponding eigenstates are labeled by α. In the case of magnetized
electrons in the homogenous magnetic field along the z-axis, α = {n, σ, qy, qz} with
the Landau level n = 0, 1, 2..., spin variable σ = ±1/2 and the components of the
momentum, qy and qz.

Next, we consider the first–order linearized equation of motion for the density
operator ρ̂1,

i�
∂ρ̂1

∂t
= [Ĥ1, ρ̂0] + [Ĥ0, ρ̂1] . (5.2)

We assume that all corrections vanish at t → −∞, i.e. before the perturbation. Fol-
lowing Ehrenreich and Cohen [39], we use (5.2) to find the equation of motion of
the matrix elements, Nαβ (t) = 〈α |ρ̂1 (r, t)| β〉, of the operator ρ̂1, which describes
the transitions between the stationary states, α and β, of the system,(

i�
∂

∂t
+ Eβ − Eα

)
Nαβ (t) = −e

[
f (Eβ) − f (Eα)

] ∫
dkφ (k, t) S αβ (k) (5.3)

with
S αβ (k) = 〈α|eik·r|β〉 . (5.4)

Here φ (k, t) is the Fourier transformed self–consistent potential. For deriving (5.3)
we have used the relations

〈α|Ĥ0ρ̂1|β〉 = EαNαβ (t) , 〈α|ρ̂0Ĥ1|β〉 = −e f (Eα) 〈α |φ (r, t)| β〉 . (5.5)

Making the Fourier transformation with respect to t and using the initial condi-
tion Nαβ (t)→ 0 at t → −∞ from (5.3) we find the solution for the matrixNαβ (ω),

Nαβ (ω) = e
f (Eβ) − f (Eα)

Eα − Eβ − �ω − i0

∫
dkφ (k, ω) S αβ (k) , (5.6)
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where the infinitesimal i0 guarantees the vanishing ofNαβ (t) at t → −∞.
Next, we express φ(k, ω) in terms of the matrix element of the operator ρ̂1 using

the Poisson equation

ε0k2φ (k, ω) = ρi (k, ω) − en1 (k, ω) . (5.7)

Here ρi (k, ω) and −en1 (k, ω) are the Fourier transformed charge densities of the
projectile ion and plasma electrons, respectively. The first–order perturbation n1(r, t)
to the equilibrium density of the plasma can be evaluated from

n1 (r, t) = Tr
[
δ
(
r − r′
)
ρ̂1
(
r′, t
)]
=
∑
α,β

ψ∗β (r)ψα (r)Nαβ (t) , (5.8)

where the trace is evaluated by means of the eigenfunctions |α〉. Thus, using (5.8)
we arrive at

n1 (k, ω) =
1

(2π)3

∑
α,β

S ∗αβ (k)Nαβ (ω) . (5.9)

Finally, substituting (5.9) with (5.6) into (5.7) we obtain an integral equation for
the Fourier transformed self–consistent potential

φ (k, ω) + V (k)
∫

dk′φ
(
k′, ω
)∑

α,β

S ∗αβ (k) S αβ

(
k′
)

(5.10)

×
f (Eβ) − f (Eα)

Eα − Eβ − �ω − i0
=

ρi (k, ω)
ε0k2

.

Here uC (k) = 1/2π2k2 and V (k) = e/2uC (k) is the Fourier transformed electron–
electron Coulomb interaction potential. The result given by (5.10) is general be-
cause up to now we have not specified the initial state of the plasma. For a general
unperturbed Hamiltonian Ĥ0 one would have to resort to additional approximations
to solve (5.10). However, when Ĥ0 represents a translationally invariant system, the
kernel of (5.10) will contain a delta function of k − k′ which enables the equation
to be solved algebraically1.

To carry this through in the present case we must make use of the explicit unper-
turbed eigenfunctions and eigenvalues of Ĥ0, i.e., for an electron gas in a uniform
magnetic field. If we take B to be in the z direction and use for the vector potential
A the gauge Ax = Az = 0 and Ay = Bx, then

Ĥ0 =
1

2m
( p̂+ eA)2 + �Ωeσ̂z , (5.11)

where σ̂z is the spin operator. The unperturbed electron wave function in the Landau
state α = {n, σ, qy, qz} is [73]

1 To solve the integral equation (5.10) Zyryanov [142], for instance, makes an approxi-
mation which is equivalent to the RPA. We note that this is unnecessary approximation
because for the translational invariant system (5.10) is indeed an algebraic equation. We
show this explicitly by calculating the matrix elements of S βα(k), see expressions (5.16)
and (5.127).
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ψα(r) =
1

Lλ1/2
B

(
2nn!
√
π
)1/2

ei(qyy+qzz)e−ξ
2/2Hn(ξ)uσ (5.12)

with ξ = x/λB + qyλB and the magnetic length λB = (�/mΩe)
1/2. A factor L−1 was

introduced for normalization reasons (L is the normalization length). In (5.12) uσ

is the spin wave function, Hn is the Hermite polynomial, and the eigenvalues of the
free particles Eα are given by

Enσ (qz) =
�

2q2
z

2m
+ �Ωe

(
n + σ +

1
2

)
, (5.13)

where σ = ±1/2 is the spin quantum number. The wave functions (5.12) are nor-
malized to δσσ′δnn′δqy;q′yδqz;q′z , where the Kronecker symbol δq;q′ , in the continuum
limit is related to the Dirac delta function as δq;q′ = (2π/L) δ (q′ − q). With the wave
functions (5.12) we calculate the matrix elements for S βα(k) [84]

S βα (k) = in
′−nδσσ′δky+qy;q′yδkz+qz ;q′z e

−ikxλ
2
B(qy+ky/2)ei(n−n′)θFnn′ (ζ) (5.14)

with β = {n′, σ′, q′y, q′z} as another Landau state, ζ = k2
⊥λ

2
B/2, tan θ = ky/kx and k⊥

is the component of k perpendicular to b = B/B. The function Fnn′ (ζ) (n, n′ ≥ 0) is
given by [84]

Fnn′ (ζ) =

(
n!
n′!

)1/2

ζ(n′−n)/2e−ζ/2Ln′−n
n (ζ) (5.15)

with the property of symmetry Fnn′(ζ) = (−1)n−n′Fn′n(ζ), and Ln′
n (ζ) are the gener-

alized Laguerre polynomials.
Now using (5.14) we explicitly calculate the integral involved in (5.10)∫ ∞

−∞
dqydq′yS βα(k′)S ∗βα(k) =

2π

λ2
B

δσσ′δq′z;qz+kzδk′;kF2
nn′ (ζ) . (5.16)

In (5.16) a delta function δ(k − k′) allows to reduce the integral equation (5.10) to
an algebraic one. Solving this equation with respect to φ(k, ω) we arrive at

φ (k, ω) =
ρi (k, ω)

ε0k2ε (k, ω)
, (5.17)

where

ε(k, ω) = 1 +
4πe/2

k2

∞∑
n;n′=0

F2
nn′ (ζ) (5.18)

×
∑

σ=±1/2

∫ ∞
−∞

dqz

(2πλB)2

f (En′σ (qz + kz)) − f (Enσ (qz))
Enσ (qz) − En′σ (qz + kz) − �ω − i0

is the longitudinal dielectric function of the magnetized quantum plasma. (For the
calculation of the full dielectric tensor we refer to [30, 111, 143]). Note that for a
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point–like projectile ion with ρi(r, t) = Zeδ(r − ri(t)) the expression (5.17) after in-
verse Fourier transformation is the same as (2.46) except that the dielectric function
in (5.17) is given by (5.18), i.e., for quantum magnetized plasma.

The dielectric function (5.18) is not appropriate to calculate the stopping power
in the limiting case of weak and strong magnetic fields. An alternative integral rep-
resentation for the dielectric function (5.18) considered e.g. by Horing [62] is given
in Appendix C.

We make some remarks about the dielectric function (5.18). In obtaining this
equation we have not imposed restrictions on the distribution function f (E). Fur-
thermore, equation (5.18) gives two branches of the spectrum of excitations as for
the field–free case (see, e.g., [79, 80]). The poles from the denominator in (5.18)
give the branch of single–particle excitations, and the root of the integral equation
ε(k, ω) = 0 gives the branch of collective oscillations.

Next we consider the imaginary part of the dielectric function. The δ–function
(see expression (C.1)) allows us to perform the qz–integration in (5.18), and we
readily obtain

Im ε(k, ω) =
1

k2|kz|λ2
BaB

∑
σ=±1/2

∞∑
n;n′=0

F2
nn′ (ζ)
[
f (Enσ (Q−)) − f (Enσ (Q+))

]
(5.19)

with

Q± =
kz

2
+

m
�kz

[
Ωe(n′ − n) ± ω

]
. (5.20)

Here aB = �
2/me/2 is the Bohr radius. The real part of ε(k, ω) can be evaluated from

the Kramers–Kronig relation

Re ε(k, ω) = 1 +
1
π

P
∫ +∞
−∞

dω′
Im ε(k, ω′)
ω′ − ω

, (5.21)

where the integral is to be understood in the sense of a Cauchy principal value. The
result reads as

Re ε(k, ω) = 1 +
1

πk2kzλ
2
BaB

∑
σ=±1/2

∞∑
n;n′=0

F2
nn′ (ζ) [Gnσ (Q−) +Gnσ (Q+)] , (5.22)

where the functions Gnσ(Q) is defined by

Gnσ(Q) = P
∫ +∞
−∞

dq
f (Enσ(q))

Q − q
. (5.23)

Equations (5.19) and (5.22) are valid at arbitrary degeneracy of the plasma and may
serve as a starting point for the analysis of ε(k, ω) in different parameter regimes.
In the next Sections we find some explicit expressions for the dielectric function in
these regimes.

In the low–frequency limit the real part of the dielectric function (5.22) involves
the statical screening properties of the plasma. In this limit we have for the real
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part Re ε(k, 0) = 1 + k2
s/k2, where ks = 1/λs is the inverse screening length. In

general the quantity ks may be found from the first derivative of the electron density
with respect to the chemical potential, i.e., k2

s = 4πe/2(∂ne/∂μ). For a nondegenerate
plasma one finds that the screening length shows an isotropic behavior and is given
by the Debye radius, λs = λD. For a degenerate plasma and vanishing magnetic
field λs is approximated by the static Thomas–Fermi length. In a degenerate plasma
with a magnetic field the modified Thomas–Fermi length can be computed using the
explicit equation of states (see Sect. 5.2.2, equation (5.33)). At finite temperatures
analytical expressions for the screening length can be found in [63].

Consider briefly the high–frequency and hydrodynamic (or alternatively the
long–wavelength limit k → 0) limits of the dielectric function. In both cases the
imaginary part (5.19) of the dielectric function for the Fermi–Dirac distribution
function is exponentially small. For the real part we obtain in the high–frequency
limit from (5.22) and (5.23)

ε(k, ω) � 1 −
2m

ne�k2

ω2
p

ω2

1
(2πλB)2

∑
σ=±1/2

∞∑
n=0

∫ ∞
−∞

dq f (Enσ(q)) (5.24)

×
∞∑

n′=0

F2
nn′(ζ)

[
�k2

z

2m
+ Ωe(n′ − n)

]
,

where ωp and ne are the plasma frequency and density, respectively. The n, n′–
sums in (5.24) are evaluated using expressions (D.4), (D.9) and (D.14). This yields
�k2/2m. Substituting this value into (5.24) and taking into account the normalization
condition for the distribution function (see Sect. 5.2, expression (5.26)) we finally
arrive at ε(k, ω) � 1 − ω2

p/ω
2. This is a well known high–frequency approximation

of the dielectric function (see, e.g., [74]).
Next consider the hydrodynamic limit of the dielectric function (5.22). (For

more detailed calculations and a number of another limiting cases we refer a reader
to [13, 30, 62, 84, 142, 143]). To do this we separate out from the double sum over
n and n′ the terms with n′ = n and n′ � n. Then we obtain in the long–wavelength
limit k → 0 from (5.22)

ε(k, ω) � 1 +
ω2

p

ne(2πλB)2

∑
σ=±1/2

∞∑
n=0

∫ +∞
−∞

dq f (Enσ(q)) (5.25)

×
⎡⎢⎢⎢⎢⎢⎣−cos2 β

ω2
F2

nn(ζ) +
sin2 β

ζ

∞∑
n′�n

F2
nn′ (ζ)

n′ − n
Ω2

e(n′ − n)2 − ω2

⎤⎥⎥⎥⎥⎥⎦ .
Here β is the angle between k and B. In the second term of (5.25) in the limit
ζ → 0 only the terms with n′ = n± 1 contribute to the dielectric function (see equa-
tion (5.15)). Thus keeping only these terms and using the behavior of the functions
Fnn′ at ζ → 0, F2

nn(ζ)→ 1 and F2
n;n+1(ζ) − F2

n;n−1(ζ)→ ζ we get the dielectric func-
tion (4.49) with (4.50) (ignoring the damping and Coulomb correlations) obtained
within the hydrodynamical approximation.
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5.2 Equation of State for Quantum Magnetized Plasmas

The calculation of the SP in a quantum magnetized plasma in different parameter
regimes requires some details about the dielectric function as well as the equation
of state, μ = μ(ne, T ), where μ, ne and T are the chemical potential, density and
temperature of electrons, respectively. The relation between the chemical potential
μ (ne, T ), the electron density ne, the temperature T and the magnetic field B is es-
tablished by the normalization condition for the Fermi–Dirac distribution function.
Recalling that the density of states in the interval dqz for the given Landau level
{n, σ} is (2πλB)−2dqz [75] this condition reads

1

(2πλB)2

∞∑
n=0

∑
σ=±1/2

∫ ∞
−∞

dqz f (Enσ (qz)) =
y
√

2
π2�3

∞∑
n=0

gnF−1/2(μn) = ne . (5.26)

The arguments of the Fermi–Dirac function f (E) are given by the eigenvalues of
the free particles (5.13). Here gn = 1 − 1

2δn0, μn = μ/kBT − 2ny, y = �Ωe/2kBT ,
� = �/mvth and vth = (kBT/m)1/2 are the thermal wavelength and velocity of the
electron, respectively. In (5.26) we have introduced the Fermi functions Fν(z) with
ν > −1 which are defined by

Fν(z) =
∫ ∞

0

tνdt
1 + et−z

. (5.27)

For applications the asymptotic behavior of the Fermi function is useful. At z→ ∞
and z → −∞ this function behaves as Fν(z) � zν+1/(ν + 1) and Fν(z) � ezΓ(ν + 1),
respectively.

Note that the limit of vanishing magnetic field of the normalization condition
(5.26) can be easily recovered. Since Ωe → 0 in this limit we can transform the
n-summation in (5.26) into an integration with respect to n. Next we introduce the
new variable of the integration according to n�Ωe → �

2q2
⊥/2m. Using these trans-

formations one arrives at the ordinary normalization condition for the distribution
function (see, e.g., [75]).

5.2.1 Critical Temperature

Let us define the critical temperature Tc when the chemical potential vanishes,
μ (ne, Tc) = 0. We will show that at T < Tc and T > Tc equation (5.26) allows
positive (μ > 0) and negative (μ < 0) solutions for the chemical potential, respec-
tively. Although this temperature behavior of μ is similar to the case with vanishing
magnetic field (see, e.g., [75]) the asymptotic values of the chemical potential at
T = 0 (fully degenerate limit) and T → ∞ (classical limit) as well as the tempera-
ture Tc will depend on the magnetic field. As for the unmagnetized case the Fermi
energy is defined as EF = μ(ne, T → 0). Setting μ = 0 we obtain from (5.26)

∞∑
n=0

gnF−1/2(−2nyc) = ne
� (2πλB)2

2 (2mkBTc)1/2
, (5.28)
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where yc = �Ωe/2kBTc. Alternatively the left hand side of (5.28) can be expressed
through the elementary functions. The straightforward calculations yield

∞∑
n=1

(−1)n+1

√
n

yc

tanh(nyc)
=

4

3
√
π

(
EF

kBTc

)3/2

. (5.29)

Here EF is the Fermi energy in the absence of magnetic field.
Consider the limit of a vanishing magnetic field, yc → 0. In this case we obtain

from (5.29) (see, e.g., [75])

kBTc

EF
=

⎡⎢⎢⎢⎢⎣3√π4

⎛⎜⎜⎜⎜⎝1 − √2
2

⎞⎟⎟⎟⎟⎠ ζ (3/2)

⎤⎥⎥⎥⎥⎦−2/3

, (5.30)

where ζ(z) is the Riemann function. So, in the limit of a vanishing magnetic field
kBTc ∼ EF . In the opposite case of a strong magnetic field (yc � 1)

kBTc

EF
�
(

8

3C
√
π

EF

�Ωe

)2
, (5.31)

where

C =
∞∑

n=1

(−1)n+1

√
n
� 0.6049 . (5.32)

Equation (5.31) shows that in the limit of a strong magnetic field the temperature Tc

decreases with B and kBTc � EF .

5.2.2 Fully Degenerate Electron Plasma

After these preliminary results we now turn to the analysis of the chemical potential
and the Fermi energy in the presence of a magnetic field. For a fully degenerate
electron plasma (T = 0) we have f (E) = Θ (EF − E). Here Θ(z) is the Heaviside
function. Therefore we obtain from (5.26)

nF∑
n=0

gn

√
EF

�Ωe
− n =

π2

√
2

neλ
3
B , (5.33)

where nF = [EF/�Ωe] is the allowed number of Landau levels and [z] denotes the
integer part of z. Hence expression (5.33) expresses implicitly the Fermi energy
through the electron density and the magnetic field. In the limit of a vanishing mag-
netic field the number of allowed Landau levels increases and the summation in
(5.33) can be replaced by an integration. This yields the Fermi energy EF in the
field–free case. However in the opposite case of increasing magnetic field the num-
ber nF is strongly reduced. For instance when EF < �Ωe only one Landau level
exists. Consider two examples.
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(i) One Landau level, EF < �Ωe. In this case nF = 0 and all terms in (5.33) with
n ≥ 1 vanish and only the term with n = 0 contributes to the Fermi energy which
reads

EF = α3EF

(
EF

�Ωe

)2
, (5.34)

where α = (16/9)1/3. Note that the condition �Ωe > EF is equivalent to �Ωe > αEF .
We also note that in this case EF < αEF . From (5.34) one finds the simple relation
for the Fermi momentum of the electrons kF = 2π2neλ

2
B.

Equation (5.34) shows that in the limit of a strong magnetic field the Fermi en-
ergy of the electrons is strongly reduced. Since in this limit the critical temperature
Tc is reduced (see (5.31)) as well one can conclude that a strong magnetic field
decreases the domain of the positive values of μ.

(ii) Two Landau levels, �Ωe ≤ EF < 2�Ωe. In this case nF = 1 and there are
only two contributions in (5.33). Introducing the parameter ξ = αEF/�Ωe the Fermi
energy is

EF = αEF

⎛⎜⎜⎜⎜⎜⎝ ξ3 + 4

ξ2 + 2
√
ξ
(
ξ3 + 3
) ⎞⎟⎟⎟⎟⎟⎠2 , (5.35)

where there must be 1 � ξ < 1/C1 with C1 = (2 +
√

2)−2/3. This condition is
equivalent to C1αEF < �Ωe ≤ αEF . The Fermi momentum for the two level system
can be easily found from (5.35).
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Fig. 5.1. Fermi energy EF of the quantum magnetized plasma (in units of EF , i.e. Fermi
energy in field–free case) as a function of EF/�Ωe. The solid and dashed lines are found from
(5.33) and (5.36), respectively.

For an arbitrary number nF of Landau levels equation (5.33) can be evaluated
using Poisson summation formula (see, e.g., [75]). This way of summing accurately
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involves the de Haas–van Alphen oscillatory terms in the Fermi energy [75]. Apply-
ing this summation formula for the Fermi energy we obtain the following approxi-
mate relation

EF

EF
� 1 −

√
2

4πν3/2

⎡⎢⎢⎢⎢⎢⎣ ∞∑
l=1

1
l3/2

sin
(
2πlν −

π

4

)
+

π
√

2
12ν1/2

⎤⎥⎥⎥⎥⎥⎦ , (5.36)

where ν = EF/�Ωe > 1. The results of the numerical evaluation of (5.33) and (5.36)
are shown in Fig. 5.1.

5.2.3 Semiclassical and Classical Limits

The semiclassical limit (in the sense of statistics) is established by the relations
kBT � EF or eμ/kBT � 1 but the external magnetic field is still arbitrary. In this case
we can take approximately f (E) � e(μ−E)/kB T . Then we find from equations (5.13)
and (5.26) after summation over all Landau levels

eμ/kBT =
4

3
√
π

(
EF

kBT

)3/2 tanh(y)
y

(5.37)

and

μ = −kBT ln

⎡⎢⎢⎢⎢⎢⎣3√π4

(
kBT
EF

)3/2 y
tanh(y)

⎤⎥⎥⎥⎥⎥⎦ , (5.38)

where y = �Ωe/2kBT is still an arbitrary parameter. More precisely the semi-
classical limit can be formulated using the relations (5.37) and (5.38). It reads
kBT � (tanh(y)/y)2/3EF . Introducing the electron thermal wavelength � = �/mvth

and velocity vth = (kBT/m)1/2 this condition can be alternatively represented in
the equivalent form, (2π)3/2ne�

3 tanh (y) /2y � 1 which requires high temperatures
and low densities for an electron plasma. The classical limit is recovered in the
limit of small Landau energy compared to the thermal one, y → 0. Equation (5.38)
shows that the chemical potential may be strongly modified by an external mag-
netic field. In addition a magnetic field increases the domain of classical behav-
ior towards higher densities or lower temperatures. In this semiclassical regime the
single–electron motion is described by quantum mechanics but the electron distri-
bution is given by a classical Maxwell distribution.

5.3 Dielectric Function, Fully Degenerate Plasma

Consider first the dielectric function in the case of fully degenerate plasma (T = 0)
when the distribution function is expressed by the Heaviside function f (E) =
Θ (EF − E). Using this distribution we calculate the functions Gnσ(Q) in (5.23) and
substitute into (5.22). Thus from (5.22) and (5.19) we obtain for the real and imagi-
nary parts of the dielectric function



5.3 Dielectric Function, Fully Degenerate Plasma 119
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+
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where τ = EF/�Ωe, nF = [τ] ([τ] denotes the integer part of τ), ζ = k2

⊥λ
2
B/2 and

aB is the Bohr radius. In (5.40) the quantities Q± are defined by (5.20). Note that
in this case the Fermi energy EF is determined from (5.33). Equations (5.39) and
(5.40) show that as the magnetic field strength decreases, i.e., as nF increases new
terms are added to the n–sums, and this leads to the discontinuous changes of the
dispersion relations of the plasma. Consider this briefly by the example of Bernstein
modes [15] propagating transverse to the magnetic field with kz = 0. In this case the
imaginary part of the dielectric function vanishes and we obtain from (5.39)
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+
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n′2Ω2
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The dispersion equation ε(k, ω) = 0 with the dielectric function (5.41) has an infi-
nite number of solutions (Bernstein modes [15]) near the harmonics of the cyclotron
frequency lΩe, where l = 1, 2, ... For instance, the frequencies of the lowest Bern-
stein modes with nF = 0 (τ < 1) and nF = 1 (1 ≤ τ < 2) are obtained from (5.41)
neglecting the terms with n′ ≥ 2. The straightforward calculations for nF = 0 and
nF = 1 yield

ω2
nF=0(ζ) � Ω2

e + ω2
pe−ζ , (5.42)

ω2
nF=1(ζ) � Ω2

e + ω2
pe−ζ
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1
τ
+

(2 − ζ)2

2

⎤⎥⎥⎥⎥⎥⎦ , (5.43)
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respectively. At τ � 1 the discontinuity between the frequencies (5.42) and (5.43) is
determined by the term within square brackets in (5.43).

Equations similar to (5.39) and (5.40) have been previously derived by Zyryanov
[142] ignoring the spin of electrons. In contrast to [142] the dielectric function in
(5.39) and (5.40) involves the electron spin. In particular, the first and second n–
sums in (5.39) and (5.40) are the contributions of the electrons with σ = −1/2
and σ = +1/2, respectively, and these contributions do not necessarily coincide as
in [142].

5.3.1 Fully Degenerate Plasma in a Strong Magnetic Field

Consider the dielectric function of a fully degenerate plasma in a strong magnetic
field with �Ωe > EF (alternatively �Ωe > αEF , where α = (16/9)1/3), τ < 1. The
Fermi energy EF is obtained from (5.34) with the Fermi momentum kF = 2π2neλ

2
B.

In this case all the electrons are in the lowest Landau state with nF = 0 and have their
spins aligned antiparallel to the magnetic field. Thus the second terms in (5.39) and
(5.40) vanish and the dielectric function receives contributions only from the first
terms with n = 0. Using the relation F2

0n(ζ) = (ζn/n!) e−ζ (see (5.15)) the real and
imaginary parts of the dielectric function become [13, 62]
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where vF = �kF/m is the Fermi velocity.
In the limit of infinitely strong magnetic field (λB → 0) only the terms with n = 0

contribute to the dielectric function (5.44) and (5.45) which in this case becomes

ε(k, ω) = 1 +
k2
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. (5.46)

Note that in a classical limit (� → 0) the real part of the dielectric function (5.46)
coincides with the high–frequency classical dielectric function in an infinitely strong
magnetic field (see Sect. 4.3). In both cases and in high–frequency limit the plasma
frequency is replaced by ωp(kz/k) which is the consequence of the infinitely strong
magnetic field.
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The dielectric function (5.46) can be treated as a quantum analogy of the
plasmon–pole approximation employed to calculate the stopping power in an un-
magnetized plasma (see, e.g., [11, 91]). However, due to the strong magnetic field
the Fermi velocity in (5.46) vanishes and the three–dimensional wavenumber k in
plasmon–pole approximation is replaced here by kz.

5.3.2 Acoustic Plasma Resonance

In a fully degenerate plasma there exists an acoustic mode (see, e.g., [34, 71, 133]).
In a long wavelength limit, k → 0, the frequency of this mode behaves as ω(k) � kcs,
where cs is some constant and can be treated as the velocity of sound. This quantity
can be obtained from the real part of the dielectric function (5.39)

nF∑
n=0

gn

√
τ − n

V2
0 (τ − n) cos2 β − c2

s

= 0 , (5.47)

where V2
0 = 2�Ωe/m. Note that this acoustic mode does not exist in transverse

direction when β = π/2. Also this acoustic mode does not exist in the presence of
strong magnetic field, or alternatively, when there exists only one Landau level with
nF = 0. For a degenerate electron plasma with two Landau levels, nF = 1 and

c2
s = V2

0 cos2 β

√
τ (τ − 1)

(√
τ − 1 + 2

√
τ
)

2
√
τ − 1 +

√
τ

. (5.48)

Note that for a degenerate electron plasma with two Landau levels the Fermi energy
EF is determined from (5.35).

This difference in the dispersion from the usual quadratic type ω ∝ k2 for zero
magnetic field has its origin in the following: the electron gas which is a single com-
ponent plasma in the absence of the external magnetic field, behaves, under the field,
as a multi–component plasma with electrons at different Landau levels. It is known
(see, for example, [5, 72]) that a two–component plasma having charged particles
of unequal effective masses (e.g. an electron–hole and electron-ion plasmas) has an
acoustic type dispersion for the collective mode. In our case the different Landau
levels act as different constraints of motion and hence simulate the effect of unequal
effective masses.

5.4 Dielectric Function, Semiclassical Limit

Consider the semiclassical limit for the dielectric function (5.18) for the Fermi–
Dirac distribution function for a magnetized electron plasma with temperature T
[62]. The relation between the chemical potential μ (ne, T ) and the electron density
ne is established by the expression (5.38) and the external magnetic field is still
arbitrary.
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The imaginary part of the dielectric function (5.18) with the distribution function
f (E) � e(μ−E)/kBT reads

Im ε(k, ω) =
m2e2Ωe

�3k2 |kz|
(
1 + e−2y
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For the evaluation of the function �(y, ζ) we rewrite it in the following form
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First, let us consider the function�s (y, ζ). Using (5.15) we obtain
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where κ = e−2y < 1. The sum in (5.54) is well known [52]. It represents the expan-
sion of the modified Bessel functions of the first kind by the generalized Laguerre
polynomials
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Using the symmetry relation�−n (y, ζ) = e−2yn�n (y, ζ), (5.52) can be rewritten as

� (y, ζ) =
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n=−∞
�n (y, ζ) (Cn − Dn) . (5.56)

Substituting the last expression into (5.49) we finally arrive at
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This is a semiclassical expression for Imε(k, ω). In a classical limit y → 0, ζ → 0
and ζ/y → k2

⊥a2
e, where ae = vth/Ωe is the cyclotron radius of the electrons. Thus,

in this limit (5.57) agrees with the imaginary part of the classical dielectric function
(A.7) (neglecting the contribution of plasma ions) derived in Appendix A.

The real part of ε(k, ω) can be evaluated from the Kramers-Kronig relation
(5.21). The straightforward calculations yield
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,

where p± = (Ω± − nΩe) / |kz| vth and the Dawson integral Di (z) is defined by (4.4).
Again, in the classical limit, �→ 0, (5.58) agrees with the real part of (A.7) (ignor-
ing in (A.7) the contribution of plasma ions).

Equations (5.57) and (5.58) are valid for arbitrary magnetic fields. In the pres-
ence of infinitely strong magnetic fields only the terms with n = 0 contribute in
(5.57) and (5.58). In this limit the straightforward calculations yield
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Here g(z) and f (z) are the real and imaginary parts of the dispersion function of the
classical plasma, respectively, (4.3) with (4.4). It is easy to check that in a classical
limit �→ 0 expression (5.59) yields the classical dielectric function in an infinitely
strong magnetic field (see Sect. 4.3). Besides, in the limit of the vanishing tem-
perature (fully degenerate limit), vth → 0, the dielectric function (5.59) yields the
expression (5.46) derived previously.

As we discussed in Sect. 5.2 the strong magnetic field increases the domain of
classical behavior of the plasma. Therefore, one can expect that the dielectric func-
tion (5.59) can be found starting from the quantum expression (5.18) and assuming
the infinitely large magnetic fields when only the Landau levels with n = 0 and
σ = −1/2 are occupied. Since in this regime the chemical potential is large and
negative (see Sect. 5.2.3) the distribution function is f (E) � e(μ−E)/kBT . Substituting
this function into (5.18) we arrive after straightforward calculations at (5.59).
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5.5 Stopping Power in a Magnetized Quantum Plasma

In this section we calculate on the basis of the theoretical background introduced in
Sects. 5.2-5.4 the stopping power (SP) within the LR treatment using the dielectric
function of the magnetized quantum plasma (5.18). We consider a heavy projectile
ion with �Ωc � E⊥, where Ωc and E⊥ are the cyclotron frequency and the transverse
energy of the ion, respectively. Consequently the classical motion of the ion with a
constant velocity vi on a rectilinear trajectory is justified. In this regime the SP may
be computed from (2.53) with the dielectric function (5.18). We analyze the SP in
dependence on the ion velocity at both low, vi → 0, and high velocities, vi → ∞,
as well as the influence of the quantizing magnetic field. Note that the dielectric
formalism employed in this Chapter is valid if the ion–electron relative velocity sat-
isfies the inequality v̄r � |Z|e/2/�. In a low–velocity limit the relative velocity v̄r

may be replaced by the velocity of the random motion of electrons v0. In an unmag-
netized plasma the above inequality requires large temperatures or densities in the
case of nondegenerate and degenerate plasmas, respectively. With increasing mag-
netic field the velocity v0 may be strongly reduced (see Sect. 5.2.2) and practically it
is impossible to fullfill the condition above. Therefore in this case the LR treatment
becomes questionable and the calculation of the low–velocity SP may have only a
qualitative nature.

5.5.1 Low–Velocity Stopping Power in a Semiclassical Regime

First we consider the SP of a slow ion with vi � vth in a semiclassical regime when
the dielectric function is determined from (5.57) and (5.58). In a classical treatment
the SP contains an anomalous term (see Sect. 4.4) which in the low–velocity limit
behaves as∝ vi ln(1/vi). We show below that the quantum treatment does not remove
the anomaly in the SP.

Let us introduce the Coulomb logarithm ΛQ(x, α, η) which is determined by

S =
Z2e/2ω2

p

v2
th

1
3

√
2
π

xΛQ(x, α, η) . (5.60)

Here α is the angle between vi and B, x = vi/vth, η = λD/ae = Ωe/ωp, � = �/mvth,
ς = �/2λD = �ωp/2kBT , where ae is the cyclotron radius of the electrons. In a low–
velocity limit the Coulomb logarithm ΛQ in (5.60) can be treated as a dimensionless
friction coefficient. The evaluation of this quantity in a present case is similar to
that adopted in Sect. 4.4. In the imaginary part of the dielectric function (5.57)
we separate the terms with n � 0 and n = 0. As shown in Sect. 4.4 the latter is
responsible for the anomalous SP. Note that in a semiclassical regime the ratio of
the Landau energy to the electron thermal energy, y = �Ωe/2kBT = �/2ae, is an
arbitrary parameter. For the evaluation of the low–velocity SP we distinguish two
different cases.

(i) Classically strong magnetic fields, � � ae � λD. In this case there are ba-
sically three small parameters, x, 1/η and y. (Note that ς = y/η � 1). Substituting
expressions (5.57) and (5.58) into (2.53) in a leading–term approximation and in the
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low–velocity limit we obtain

ΛQ(x, α, η) =
3
8
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− 3γ −C2

]
,

where γ is the Euler’s constant and C1 � 0.074, C2 � 0.154. For deriving (5.61) we
have used the relation K(z) � ln(2/z) − γ − 1 for small z, where the function K(z)
is determined from (4.46). In (5.61) the terms proportional to the small parameters
x, ς and y have been dropped. The obtained expression for the Coulomb logarithm
is valid for (m/mi)1/3 < x � 1, where mi is the mass of the plasma ions. Under this
condition the contribution of the plasma ions in the SP can be neglected [27, 83].

The different terms in (5.61) have the following origin. The anomalous∝ ln(1/x)
and ∝ ln(1/η) terms are the contributions from n = 0 in the dielectric function.
The other terms result from the summation with respect to n ≥ 1 in (5.57). Equa-
tion (5.61) can be compared with the SP derived in a classical case (Sect. 4.4, ex-
pressions (4.43) with (4.47)) neglecting the contribution of the plasma ions. An in-
spection shows that the both results agree with the choice kmax � 2/� of the cut–off
parameter in a classical treatment [8].

(ii) Quantum strong magnetic fields, ae � � � λD. This corresponds to the
situation when the Landau energy is larger compared to the thermal energy, y � 1,
and the transverse motion of the electrons, i.e. the terms in (5.57) and (5.58) with
n � 0 can be neglected. In a leading–term approximation and in a limit x → 0 we
obtain

ΛQ(x, α, η) =
3
8

sin2 α

{[
ln
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x2 sin2 α
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− 4 − γ

] [
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η
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−
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+

3
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η
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]
.

In a low–velocity limit the Coulomb logarithm in a field–free case is ∝ ln(1/ς) (see,
e.g., [55]). Therefore, at low velocities the Coulomb logarithms, (5.61) and (5.62),
of the plasma increase as a result of an increasing magnetic field strength, in contrast
to the high–velocity limit, where the SP decreases, see, e.g., Sects. 4.5.1 and 4.5.2.
Besides, the SP with the Coulomb logarithms (5.61) and (5.62) increases with the
angle α. In Chap. 4 we have alrady discussed a similar behavior of the classical SP.

Let us discuss the limit of the infinitely strong magnetic field in (5.62). In fact,
this expression diverges logarithmically at η→ ∞. Actually there is a reason which
limits the strength of the magnetic field which cannot assumed to be arbitrary large.
Equations (5.61) and (5.62) are computed in a low–velocity limit with a strong mag-
netic field. The resulting SP depends on the order of the limits vi → 0 and B → ∞.
When one deals first with the small velocities the SP for a strong magnetic field
η � 1 is valid for x � 1/η. Note that this condition together with ae � � restricts
the ion velocity stronger, x � ς. In a transition domain with η ∼ 1/x the Coulomb
logarithm (5.62) behaves like ∝ ln2 x and the anomalous term becomes even more
singular.
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5.5.2 Stopping power in an Infinitely Strong Magnetic Field, Low–Velocity
Limit

In an infinitely strong magnetic field the dielectric function is determined from
(5.59). First we consider the SP for an ion motion with arbitrary velocity parallel
to the magnetic field, α = 0. The straightforward calculations yield
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where κ = ς2/2 = �2/8λ2
D, x = vi/vth, and
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1

s + x
[
1 − g(s + x)

]
+

1
s − x
[
1 − g(s − x)

]
, (5.64)
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]
. (5.65)

In equation (5.64) the function g(x) is the real part of plasma dispersion function
(see the first expression of (4.3)). In a classical limit with κ→ 0 the obtained SP can
be compared with the results of Sect. 4.3, expressions (4.33) with (4.35), where Q0

is determined from (4.6). We discuss this point at the end of this Section.
In a limit of large velocities, x � 1, equation (5.63) becomes

S ‖ �
Z2e/2ω2

p

2v2
i

(5.66)

in complete agreement with our previous results, see Sects. 4.3.2 and 4.5.2.
Consider now the low–velocity SP with arbitrary α. The inverse dielectric func-

tion is obtained from (5.59) which in the low–frequency limit reads
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Here G(z) is the statical screening function in a semiclassical regime

G(z) =
1 − g(z)

z2
(5.68)

which determines the screening properties in a plasma k2
s = k2

DG(kz�/2). Note that
in the presence of an infinitely strong magnetic field the plasma is effectively one–
dimensional and the screening length depends only on kz [63]. Moreover, in (5.67)
we again keep the exponential factor with the ω2–term to avoid the logarithmical
divergence of the Coulomb logarithm at low velocities which in this regime reads

ΛQ(x, α) =
3

2π

∫ π

0
dφ
∫ 1

0

dμ
μ
Φ2(μ, φ, α) exp

(
−x2 Φ

2(μ, φ, α)
2μ2

)
Ψ (κμ2) . (5.69)
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Here Φ(μ, φ, α) = cosΘ, μ = cos β, Θ is the angle between the vectors k and vi.
In a spherical coordinate system Θ is expressed by the angle α between vi and B
and the spherical coordinates β, φ of the vector k (see equation (2.61)). In (5.69) the
function Ψ (u) is

Ψ (u) = 2
∫ ∞

0

e−s2/2s3ds[
s2 + 2uG(s)

]2 . (5.70)

For an evaluation of the Coulomb logarithm (5.69) the behavior of the function
Ψ (u) at small u is important. Equation (5.70) shows that Ψ (u) � ln(1/u) − 1 − γ at
u → 0, where γ is the Euler’s constant. Due to this logarithmic singularity in Ψ (u)
the method of integration employed in Sects. 4.4 and 5.5.1 is not applicable here.
Thus we have to deal with the integral

Q(x) =
∫ 1

0

dμ
μ

ln μ exp

⎛⎜⎜⎜⎜⎝−x2 ℘
2
1(μ)

2μ2

⎞⎟⎟⎟⎟⎠℘2(μ) , (5.71)

where ℘1(μ) and ℘2(μ) are some arbitrary functions with ℘1(0), ℘2(0) � 0. In a limit
of small x (x � 1) the function Q(x) behaves as

Q(x) �
∫ 1

0

dμ
μ

ln μ
[
℘2(μ) − ℘2(0)

]
−

1
8
℘2(0)

⎧⎪⎪⎨⎪⎪⎩
⎡⎢⎢⎢⎢⎣ln ⎛⎜⎜⎜⎜⎝ 2

x2℘2
1(0)

⎞⎟⎟⎟⎟⎠ − γ

⎤⎥⎥⎥⎥⎦2 + π2

6

⎫⎪⎪⎬⎪⎪⎭ . (5.72)

For a calculation of (5.69) we decompose the function Ψ into two parts with and
without logarithmic singularity. The first part can be evaluated using (5.72). The
second part is evaluated employing the method of Sects. 4.4 and 5.5.1. The straight-
forward calculations yield

ΛQ(x, α) =
3
4

⎧⎪⎪⎨⎪⎪⎩ψ1(κ) +
sin2 α

4

⎡⎢⎢⎢⎢⎢⎣(ln ( 8

x2 sin2 α

)
− 1 − γ

)2
+

π2 − 18
2

(5.73)

+ 2

(
ln

1
κ
− 1 − γ

) (
ln

(
8

x2 sin2 α

)
− 1 − γ

)
+ 2 (ψ2 (κ) − 3ψ1 (κ) + 3)

]}
,

where

ψ1(κ) = 2
∫ ∞

0

e−s2/2sds
s2 + 2κG(s)

, (5.74)

ψ2(κ) = ln κ
[
ln κ + 1 + γ + Ψ (κ)

]
+ 2
∫ ∞

0

ds
s

{
ln

s2 + 2κ
s2

− e−s2/2 ln
s2 + 2κG(s)

s2
+ 2κ

⎡⎢⎢⎢⎢⎣ 1
s2 + 2κ

−
e−s2/2G (s)

s2 + 2κG (s)

⎤⎥⎥⎥⎥⎦ (5.75)

+ 4κ ln κ

⎡⎢⎢⎢⎢⎣e−s2/2G(s)(s2 + κG(s))
(s2 + 2κG(s))2

−
s2 + κ

(s2 + 2κ)2

⎤⎥⎥⎥⎥⎦⎫⎪⎪⎬⎪⎪⎭ .
The Coulomb logarithm (5.73) can be further simplified for small and large κ.
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(i) Low–density, high–temperature plasma, κ � 1. In this case Ψ (κ) � ln(1/κ)−
1 − γ, ψ1(κ) � ln(1/κ)− γ and ψ2(κ) = O(κ ln2 κ). Neglecting the function ψ2(κ) and
substituting the values of Ψ (κ) and ψ1(κ) into (5.73) we obtain

ΛQ(x, α) =
3
4

⎧⎪⎪⎨⎪⎪⎩ln 1
κ
− γ +

sin2 α

4

⎡⎢⎢⎢⎢⎢⎣(ln ( 8

x2 sin2 α

)
− 1 − γ

)2
+

π2 − 18
2

+ 2

(
ln

1
κ
− γ − 1

) (
ln

(
8

x2 sin2 α

)
− 4 − γ

)]}
. (5.76)

(ii) High–density, low–temperature plasma, κ � 1. In this limit Ψ (κ) � C3/κ
2,

ψ1(κ) � C2/κ −C3/κ
2 and

ψ2(κ) �
1
2

(ln κ + γ + 1)2 +
π2 − 2 + 2C1

4
, (5.77)

where C1, C2 = 13π/20 and C3 � 17.07 are numerical constants with

C1 = −4
∫ ∞

0

ds
s

e−s2/2 lnG(s) � 1.238 . (5.78)

Now we neglect in equation (5.73) the function Ψ (κ) and the second term in ψ1(κ)
proportional to κ−2, and substitute the first term of ψ1(κ) and (5.77) into (5.73). The
result reads

ΛQ(x, α) =
3
4

⎧⎪⎪⎨⎪⎪⎩13π
20κ
+ sin2 α

⎡⎢⎢⎢⎢⎢⎣(12 ln

(
8

κx2 sin2 α

)
− 1 − γ

)2
+

π2 − 4 +C1

4

⎤⎥⎥⎥⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭ .
(5.79)

Note that in (5.79) we keep the small term proportional to κ−1 because for ion par-
allel motion with α = 0 only this term contributes to the Coulomb logarithm.

The regime (i) with �ωp � kBT does not necessarily coincide with the classical
situation considered in Sect. 4.3.1. This is because the Coulomb logarithm (5.76)
is computed assuming that the ratio of the Landau energy to the thermal energy is
infinitely large. This indicates that the Coulomb logarithm in the regime (i) still has
quantum nature even in the high–temperature limit. The quantum origin of (5.76)
for nonzero α is expressed by the velocity dependency of the SP which is now
proportional to ∝ ln2 x in contrast to the anomalous term ∝ ln x in a classical case
(4.36). Thus the quantum effects intensify the anomaly in a low–velocity SP unless
α = 0. Moreover, for a parallel motion of the ion (α = 0) the term ln2 x in (5.76)
vanishes and complete agreement with the classical result (4.36) can be achieved
for kmax = (2mvth/�)C0 with C0 � 1.75. It is seen that this cut–off parameter differs
from the Bethe value [118] by the numerical factor C0.

In a second regime (ii) with �ωp � kBT it is impossible to recover the fully
degenerate situation with T = 0 smoothly since the Coulomb logarithm (5.79) for
α � 0 diverges logarithmically at large κ. This is because the SP depends on the
order of the limits x→ 0 and κ → ∞which restricts the velocity of the ion x � κ−1/2

in (5.79). The specific case of a nearly degenerate plasma is considered in the next
Section.
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5.5.3 Stopping power in a Strong Magnetic Field in the Nearly Degenerate
Regime

The Fermi (see equation (5.34) and Fig. 5.1) and the thermal energies of electrons
should not both vanish. Therefore, we assume a small but finite temperature (or,
alternatively, a large but finite magnetic field) and show explicitly how the LR treat-
ment of the SP breaks down at low velocities.

The most characteristic feature of the dielectric function (5.46) is the strong
damping of the single–particle modes and the stopping power receives contribu-
tion only from the collective excitations. Since the effective plasma frequency in
the approximation (5.46) is ωp(kz/k) the excitation of collective waves in a trans-
verse direction is strongly restricted. For the SP we consider only two specific cases,
namely parallel or transverse motion of the ion with respect to the magnetic field.

For parallel motion of the ion (α = 0) we obtain from (2.53) and (5.46)

S ‖ =
2Z2e/2ω2

p

v2
c

{
x2 , x < 1
1

x2+
√

x4−1
, x ≥ 1 (5.80)

where x = vi/vc with v2
c = �ωp/m. In a low–velocity limit the SP (5.80) falls as x2

unlike the linear behavior ∝ x considered in Chap. 4 and Sect. 5.5. In the opposite
case of high velocities expression (5.80) vanishes as x−2 but the SP is by a factor of
two larger than equation (4.76) as well as (5.66).

Similarly for a transverse motion of the ion (α = π/2) we find

S ⊥ =
4Z2e/2ω2

p

πv2
c x

∫ μ0(x)

0

μ2dμ
D+(μ) +D−(μ)

K (D(μ)) . (5.81)

Here μ0 is the solution of the equation μ3
0 = x2(1 − μ2

0), K(x) is the complete elliptic
integral, and

D±(μ) =
√

x2
(
1 − μ2
)
± μ3 , D(μ) =

4D+(μ)D−(μ)[
D+(μ) +D−(μ)

]2 . (5.82)

We also provide the asymptotic solutions μ0(x) which are important for treating
the low– and high–velocity limits of the SP. At x � 1 and x � 1 this function
behaves as μ0(x) � x2/3(1 − x4/3/3) and μ0(x) � 1 − 1/(2x2), respectively. Using
these asymptotic values the low– and high–velocity limits of (5.81) read

S ⊥ =
2Z2e/2ω2

p

3v2
c

, S ⊥ =
Z2e/2ω2

p

2v2
i

ln

⎛⎜⎜⎜⎜⎝C2
2mv2

i

�ωp

⎞⎟⎟⎟⎟⎠ , (5.83)

respectively, where C2 = 8e−5/2 � 0.66. Clearly, the behavior of the SP (5.81) is
unphysical at low velocities as it does not vanish for vi → 0. In the high–velocity
limit the SP in (5.83) yields the Bethe result [118] apart from the numerical fac-
tors C2 in a logarithmic function and 1/2 in a front of the SP. As we discussed in
Sect. 4.5.2 the factor 1/2 appears due to the strong magnetic field. Moreover, the
result in (5.83) agrees with the classical SP (4.81) if the classical cut–off parameter
kmax is replaced there by � 2mvi/�.
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5.6 Binary Collision Treatment, Conformity Between BC and
RLR

Consider now the electron-ion binary collisions (BC) in the presence of quantizing
magnetic field. We consider an electron and a projectile heavy ion moving in a
homogeneous magnetic field B. We assume a mass of the ion M � m such that
a classical description of its motion with a rectilinear trajectory is applicable. The
particles interact with the potential−eΦei(r−vit), where r and vit are the coordinates
of the electron and ion, respectively. For charged particles the function Φei(r) can
be expressed, for instance, by screened potential, Φei(r) = Ze exp(−r/λ)/4πε0r (λ
is the screening length) for application in plasmas. Note that Φei is related to the
potential U(r) = −Ze/2u(r) introduced in Sect. 3.2 as U(r) = −eΦei(r).

Our starting point is the Schrödinger equation(
Ĥ0 + Ĥ1(t)

)
ψ = i�

∂ψ

∂t
(5.84)

with the time–dependent Hamiltonian Ĥ1(t) = −eΦei(r − vit) and the Hamiltonian
of free electron Ĥ0 (5.11). We note that due to the spin operator σ̂z commutes with
the full Hamiltonian in (5.84), and the coefficient of σ̂z in (5.11) is a constant, σ̂z is
conserved and the spin and coordinate variables in (5.84) are separable.

Alternatively, one can consider the scattering process with the stationary inter-
action Hamiltonian Ĥ1 ∼ Φei(r), where r is the relative radius vector of the particles,
such a program was carried out in [58, 100, 103]. There the energy of the particles
is conserved. In contrast to previous work we use here the more realistic time–
dependent Hamiltonian Ĥ(t) = Ĥ0 + Ĥ1(t). Thus, after the interaction the electron
is in a superposition state of the eigenvalues of Ĥ0 (see below) and the energy of an
electron has not a definite value since its energy is not conserved [95, 96].

We seek an approximate solution of (5.84) in which the interaction potential is
considered as a perturbation. We start with the zero–order unperturbed eigenstates
which are described by the zero–order Schrödinger equation

Ĥ0ψ
(0)
α = i�

∂ψ
(0)
α

∂t
, (5.85)

where the corresponding time–dependent eigenstates contain an exponential factor,
ψ

(0)
α (r, t) = ψ

(0)
α (r) exp (−iΩαt) with Ωα = Eα/� and Eα from (5.13). The stationary

wave functions ψ(0)
α (r) are given by (5.12) and are supplied by an additional upper

index to indicate the order.
We now seek the solution of the perturbed equation (5.84) in the form

ψα (r, t) =
∑
β

aαβ(t)ψ(0)
β

(r, t) , (5.86)

where the expansion coefficients are a function of time and β = {n′, σ′, q′y, q′z}. Sub-

stituting (5.86) into (5.84), and recalling that the function ψ
(0)
β

(r, t) satisfies the equa-
tion (5.85) we obtain
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ȧαβ(t) = −
i
�

∑
γ

hβγ(t)aαγ(t) , (5.87)

where

hβγ(t) = eiΩβγt
∫

drψ(0)∗
β

(r) Ĥ1 (t)ψ(0)
γ (r) (5.88)

are the matrix elements of the perturbation, including the time factor. Here �Ωβγ =

Eβ − Eγ.
The expression (5.87) is an exact equation for the expansion coefficients aαβ(t).

Since we take the wave function of the αth stationary state as unperturbed wave
function in (5.86), we find in zero-order (free particles) a(0)

αβ
(t) = δαβ. The equation

for the first-order correction is then given by ȧ(1)
αβ

(t) = −(i/�)hβα(t). Assuming that all
corrections vanish at t → −∞ and Fourier transforming the ion–electron interaction
potential we find from (5.86) for the first-order electron wave function

ψ(1)
α (r, t) =

e
�

∫
dkΦei (k)

∑
β

ψ
(0)
β

(r, t) S βα (k)
ei(Ωβα−ω)t

Ωβα − ω − i0
, (5.89)

where ω = k · vi, and the matrix S βα(k) is given by (5.4) and (5.14). At large
t → ∞ the interaction force between the particles vanishes. Thus after the interac-
tion the electron at large t is described by a superposition of stationary zero-order
wave functions with the constant expansion coefficients. The first-order correction
to the stationary state ψ

(0)
α can be found from (5.89). At large t from (5.89) we find

ψ
(1)
α (r, t) =

∑
β Tαβψ

(0)
β

(r, t), where

Tαβ = a(1)
αβ

(∞) =
2πie

�

∫
dkΦei (k) S βα (k) δ(ω − Ωβα) . (5.90)

The quantities Tαβ give the first–order correction to the eigenstates ψ
(0)
α (r, t) after

completion of an electron–ion collision. We note that the diagonal elements of this
matrix are Tαα ∼ Φei(0). Therefore for the bare Coulomb interaction potential a
lower cut–off kmin must be introduced in (5.89) and (5.90) to avoid the divergence
at small k. Here kmin must account for screening with kmin ∼ λ−1.

Since the energy of an electron during its interaction with the ion is not con-
served the Fermi golden rule is not applicable for the calculation of the energy
transfer after a collision between an electron and a nonstationary ion. Therefore
we introduce the probability current density of the electron in the state |α〉 [73] for
the calculation of the expected energy transfer

jα(r, t) =
i�
2m
(
ψα∇ψ∗α − ψ∗α∇ψα

)
+

eA
m
|ψα|2 (5.91)

with the corresponding probability density ρα = |ψα|2. Then we define the energy
transfer of an electron which is initially in the αth Lanadau state as

ΔEα = −e
∫ ∞
−∞

dt
∫

dr jα (r, t) · Eext (r, t) , (5.92)
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where Eext(r, t) = −∇Φei(r−vit) is the electrical field created by a moving ion. Here
−e jα(r, t) is the electrical current for an electron in αth state.

The energy loss of the ion per unit length, i.e. the stopping power, in a homo-
geneous electron plasma is obtained by averaging the energy transfer of an electron
per unit time over the unperturbed electron distribution function

S BC =
1
vi

∫
drJ (r, t) · Eext (r, t) . (5.93)

Here we have introduced the averaged electrical current and electrical charge density
of the electrons

J (r, t) = −e
∑
α

f (Eα) jα (r, t) , (5.94)

ρ (r, t) = −e
∑
α

f (Eα) ρα (r, t) . (5.95)

Let us note that (5.93) appears to differ from the general definition of the stopping
power (see, e.g., [134, 136]) in terms of the density matrix. To show the identity of
both treatments we consider the relation J · Eext = Φei∇ · J − ∇ · (Φei J). The last
term of this equation vanishes after transformation of the volume integral into the
surface one according to the Gauss theorem. Using the continuity equation for the
probability current and density the first term can be rewritten as

ρ
∂Φei

∂t
−

∂

∂t
(ρΦei) = ρvi · Eext −

∂

∂t
(ρΦei) . (5.96)

The last term in (5.96) is the time derivative of the function ρΦei which represents
the density of the plasma potential energy Up(r, t) in the electrical field of the ex-
ternal ion. However, the total potential energy

∫
Up(r, t)dr should be a constant for

a homogeneous and infinite plasma and can be dropped from further consideration.
Substituting the first term of (5.96) into (5.93) we arrive at

S BC =
vi

vi
·
∫

drρ (r, t) Eext (r, t) =
vi

vi
· Ftot , (5.97)

where Ftot = −F is the total averaged electrical force acting on the plasma. In (5.97)
the charge density ρ(r, t) represents the eigenvalues of the density matrix operator
considered in [134, 136] which guarantees the identity of both treatments.

Similarly one can prove that the energy transfer (5.92) is expressed through the
charge density of an electron in the αth state

ΔEα = −e
∫ ∞
−∞

dt
∫

drρα (r, t) [vi · Eext (r, t)] . (5.98)

Physically the identities of (5.92) with (5.98) and (5.93) with (5.97) are the conse-
quence of the conservation of the total energy of the macroscopic system.

Below we evaluate the general expressions (5.97) and (5.98) within first- and
second–order perturbation theory. The first–order energy transfer is proportional to
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the zero–order probability current density or to the zero–order probability density
ρ

(0)
α = |ψ(0)

α |2. Using the Fourier representation of the interaction potential the first–
order energy transfer reads

ΔEα = 2πie
∫

dkΦei (k) (k · vi) δ (k · vi) S αα (k) = 0 . (5.99)

Similarly, the first–order SP is proportional to ρ(0)(r, t) which is related to the proba-
bility density ρ

(0)
α (r, t) according to (5.95). From (5.97) we find S (1)

BC = 0. Then as for
classical description, see Sect. 3.5, the first–order energy transfer and SP vanishes
and the energy transfer and ion energy loss receive contributions only from higher
orders.

Consider now the second–order energy transfer and energy loss which are pro-
portional to the first–order charge density, ρ(1)

α (r, t) and ρ(1)(r, t), respectively. Here
ρ(1)(r, t) is related to ρ

(1)
α (r, t) according to (5.95) and the quantity ρ

(1)
α (r, t) is given

by
ρ(1)
α (r, t) = ψ(0)

α (r, t)ψ(1)∗
α (r, t) + ψ(0)∗

α (r, t)ψ(1)
α (r, t) . (5.100)

Using (5.89) and Fourier representation of the interaction potential ρ
(1)
α (r, t) and

ρ(1)(r, t) can be written as

ρ(1)
α (r, t) =

e
�

∫
dkΦei (k) e−iωt

∑
β

[
Pβα (r) S αβ (k)

Ωβα + ω + i0
+

Pαβ (r) S βα (k)

Ωβα − ω − i0

]
, (5.101)

ρ(1)(r, t) = −
e2

�

∫
dkΦei (k) e−iωt

∑
α,β

Pαβ (r) S βα (k)
f (Eα) − f (Eβ)

Ωβα − ω − i0
, (5.102)

where we have introduced the matrix Pαβ (r) = ψ
(0)∗
α (r)ψ(0)

β
(r). Using the rela-

tion S βα(k) = S ∗αβ(−k) and substituting (5.101) and (5.102) into (5.98) and (5.97),
respectively, and after straightforward calculations one arrives at the following ex-
pressions for the second–order energy transfer and stopping power

ΔEα = −
(2π)2 e2

�

∫
dkdk′Φei (k)Φei

(
k′
)

(k · vi) δ
(
ω + ω′

)
(5.103)

×
∑
β

S αβ (k) S βα

(
k′
)
δ(Ωαβ − ω) ,

S (2)
BC = −

ie2

�vi

∫
dkdk′Φei (k)Φ∗ei

(
k′
) (

k′ · vi
)

ei(ω′−ω)t (5.104)

×
∑
α,β

S βα (k) S ∗βα
(
k′
) f (Eα) − f (Eβ)

Ωβα − ω − i0
,

where ω′ = k′ · vi. Finally using the expression (5.16) and the relation between
screened potentials Φei(k) = (Ze/4πε0) u(k) we obtain S (2)

BC = S RLR, where S RLR

is the RLR stopping power, (4.93) with the susceptibility χ(0)(k, ω) deduced from
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the dielectric function of the quantum magnetized plasma, (5.18). This shows that
the complete conformity is established only between the BC and RLR approaches
since there is no collectivity except screening in either the BC or reduced version of
LR treatment. In Sect. 4.7 the same result has been obtained for classical plasmas.
However for the latter case the conformity is established only for the regularized
interaction potential, which decays faster than r−1 at large distances and increases
slower than r−1 at small ones. Such a regularized potential can be viewed as an al-
ternative implementation of cut–offs. Due to the wave nature of the electrons the
quantum mechanical description does not require a cut–off procedure at small dis-
tances and hence the conformity between BC and reduced LR approaches is valid
for any interaction potential which decays faster than r−1.

Equation (5.103) is the quantum mechanical analogy of the electron second–
order energy transfer. Because of conservation of the total energy the ion energy
transfer is −ΔEα. Note that (5.103) was obtained for any ψ

(0)
α (r) and, therefore, can

be applied for different bases of the unperturbed wave functions.

5.7 Correspondence Between Quantum and Classical BC
Treatments

In this Section we consider the second–order energy transfer of an electron in αth
Landau state (5.103) when the unperturbed Landau levels are represented either
in a cartesian (CAR) or a cylindrical (CYL) basis. Within the CAR approach the
electron state α is given by the parameters α = {n, σ, qy, qz} [73], n = 0, 1, 2, ... de-
notes the Landau levels, qz and qy are the electron momentum components parallel
and perpendicular to the external magnetic field, respectively. In this geometry the
Schrödinger equation is reduced to the 1D equation for a shifted harmonic oscilla-
tor and the corresponding wave functions and eigenvalues are given by (5.12) and
(5.13), respectively. In CYL the electron state α = {ν, n, σ, qz} (ν = 0,±1,±2...
is the angular momentum) and corresponding wave functions differ from CAR
[70, 73, 123]. The momentum component qy in CAR is replaced here by angular
momentum ν. Because of the different electron states α in both representations the
BC treatment will describe different elementary collision processes which finally
results in different energy transfers. We investigate the classical limit of these quan-
tum mechanical expressions obtained from CAR and CYL and compare them with
classical results. As the main outcome we will show that using CYL allows a con-
nection to the classical energy transfer as a function of the impact parameter. The
use of cylindrical coordinates is hence much more appropriate for the present scat-
tering problem, as it makes the transition to the classical description much more
transparent.

5.7.1 Cartesian Basis

In a cartesian basis the vector potential of the magnetic field A has been defined
in Sect. 5.1. The eigenstates are labeled by α = {n, σ, qy, qz}, and the unperturbed
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electron wave function in the Landau state α is represented by (5.12) (see [73]).
Within the CAR treatment the eigenvalues of the free particles Eα and the matrix
S βα (k) are given by (5.13) and (5.14) with (5.15), respectively. Substituting (5.14)
into (5.103) we obtain within CAR

ΔECAR
α =

(2π)4 e2

�|vix|L2

∫
dk |Φei(k)|2 (k · vi)

∞∑
l=−n

F2
n;l+n(ζ) δ

(
ζl (k) +

�k2
z

2m

)
. (5.105)

Here vix is the component of ion velocity along the x-axis, ζl (k) = lΩe + k · v̄r,
v̄r = ve‖b− vi (ve‖ = �qz/m is the electron unperturbed classical velocity component
parallel to b) is the classical relative velocity of the guiding center of the electron
helical motion with respect to the ion.

Now we consider the classical limit of (5.105). The classical regime can be re-
alized by the two limits λ2

B = �/mΩe → 0 (ζ → 0) and n = E⊥/�Ωe → ∞
(large quantum numbers), where E⊥ = mv2

e⊥/2 is the electron classical energy per-
pendicular to the magnetic field with ve⊥ = �qy/m. We also note that in this limit
nζ → k2

⊥a2/4, where a = ve⊥/Ωe is the electron cyclotron radius. The limit of the
function F2

n;l+n(ζ) at ζ → 0, n→ ∞ and nζ → k2
⊥a2/4 as found in Appendix D is

F2
n;l+n (ζ)

∣∣∣
λB→0;n→∞ = J2

l (k⊥a) + ζQl (k⊥a) + O(ζ2) . (5.106)

The first term in (5.106) gives the full classical limit. The second term gives a quan-
tum correction. Also we should expand the δ–function in (5.105) for small �k2

z /2m.
We note that the first term of this expansion in the summand of (5.105) which is pro-
portional to J2

l (k⊥a) δ (ζl (k)) vanishes due to the antisymmetrical behavior of this
expression with respect to the changes l→ −l and k→ −k. The other nonvanishing
terms contribute to the electron energy transfer which leads to

−ΔECAR
α →

(2π)4 e2

2m|vix|L2

∫
dk |Φei (k)|2 (k · vi)

+∞∑
l=−∞

δ (ζl (k)) (5.107)

×
{

(k · b)2

ζl (k)
J2

l (k⊥a) +
k2
⊥

2Ωe

[
J2

l+1 (k⊥a) − J2
l−1 (k⊥a)

]}
.

The last expression is the classical limit of the quantum mechanical CAR energy
transfer. In this case the classical energy transfer depends on ve⊥, ve‖ and vi. Note,
however, that in a quantum treatment an electron forms a wave–packet with the
amplitude ∝ F2

n;l+n(ζ) in k–space (see, e.g., expression (5.105)) which decays ex-
ponentially on a scale λB. And this guarantees the convergence of the k–integral in
(5.105) at large k or at short distances (quantum diffraction). In a classical limit the
quantum amplitude F2

n;l+n(ζ) is transformed into J2
l (k⊥a) with an infinite range ∝ k−1

according to (5.106). Obviously this aggravates the convergence of the k–integral
in (5.107) and one can expect that the classical limit (5.107) exhibits singularities at
large k which can be avoided by introducing an upper cut–off parameter in (5.107)
as discussed in Chaps. 2 and 3.

As shown in (5.105) the quantum CAR energy transfer behaves as ∼ 1/|vix| and
diverges in a limit vix → 0. This is a consequence of the perturbative treatment in a
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CAR geometry. In fact for an ion moving in the yz–plane with vix = 0 the contact
time with an electron 1D wave–packet moving parallel to the same plane becomes
infinitely large. In the next section we show the similar behavior for the CYL energy
transfer which also diverges in a limit vi⊥ → 0.

As an illustration consider now the expression (5.105) in the presence of an in-
finitely strong magnetic field when only the term with l = 0 (i.e. n′ = n) contributes
to the CAR energy transfer. Since λB → 0 in this limit we obtain from (5.105)

ΔECAR
α =

(2π)4 e2

�|vix|L2

∫
dk |Φei(k)|2 (k · vi)δ

(
k · v̄r +

�k2
z

2m

)
, (5.108)

where the electron state α is fixed by only one parameter qz = mve‖/�. In the clas-
sical limit (� → 0) we must expand (5.108) with respect to �. The first term of the
expansion of δ–function vanishes for symmetry reasons. Then the second term for
the quantity −(|vix|/v̄r)ΔECAR

α yields a result which is precisely the classical second
order energy transfer

〈
ΔE(2)

i

〉
I0

, expression (3.138) with (3.54), of an ion in an in-
finitely strong magnetic field integrated with respect to the impact parameters s̄ds̄
in a full space and multiplied by a factor (2π/L2). In Sect. 5.8 we derive the similar
relation for any finite magnetic field.

Consider some particular examples of the energy transfer (5.108). For an ion
motion parallel to the magnetic field with vi⊥ = 0 and for the spherical–symmetric
interaction potential from (5.108) we obtain

−
|vix|
|v̄r‖|
ΔECAR

α →
2 (2π)5 me2vi‖

�2L2v̄r‖

∫ ∞
km

Φ2
ei(k)kdk , (5.109)

where km = 2m|v̄r‖|/� and vi‖ = viz is the ion velocity parallel to b. In particular, for
the screened interaction (3.2) (we remind the reader that U(r) = −eΦei(r))

−
|vix|
|v̄r‖|
ΔECAR

α =
2πZ2e/4

mL2

vi‖

v̄r‖
(
v̄2

r‖ + v2
λ

) . (5.110)

Here vλ = �/2mλ and λ is the screening length. In a classical limit or for the un-
screened Coulomb interaction with λ → ∞ equation (5.110) yields the same result
which reads

−
|vix|
|v̄r‖|
ΔECAR

α =
2πZ2e/4

mL2

vi‖

v̄3
r‖
. (5.111)

One can make some interesting remarks about expressions (5.109)-(5.111). Al-
though the classical energy transfers (3.143) and (3.138) for the Coulomb and
screened interactions, respectively, vanish at vi⊥ = 0 their quantum counterparts
(5.111) and (5.110) yield finite results. Apparently, in this case the vanishing classi-
cal energy transfers are compensated by an infinite range of integration in s̄–space,
see Sect. 5.8. From (5.109) it is straightforward to see that for any interaction po-
tential which decays for k → ∞ faster2 than the Coulomb (3.1) and screened (3.2)

2 In a real space this corresponds to the potential which is less singular at the origin r → 0
than the potentials (3.1) and (3.2)
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potentials the quantum energy transfer (5.109) vanishes in a classical limit. For in-
stance, this can be easily checked using the regularized potential (3.3).

Let us assume now that the electron wave packet propagates in y–direction (ve‖ =

0). In this case for an ion transverse motion with viy = vi‖ = 0 and for the screened
potential (3.2) expression (5.108) yields

ΔECAR
α =

4
√

2Z2e/4λ

�viL2

∫ ∞
0

xdx
√

x2 + 1
(√

x2 + 1 + 1
)3/2

(5.112)

×
1

(1 + #x)3/2

[
(2#x + 1) ln

(√
#x + 1 +

√
#x
)
−
√
#x(#x + 1)

]
,

where vi = |vix|, # = (vi/2vλ)2. In the large (vi � vλ) and small (vi � vλ) velocity
limits this energy transfer becomes

ΔECAR
α =

16
√

2Z2e/4

3mv2
i L2

[
ln

(
vi

2vλ

)
+

3π − 2
12

]
, (5.113)

ΔECAR
α =

2
√

2Z2e/4

mv2
λ
L2

, (5.114)

respectively. As seen from (5.114) the energy transfer of an ion in a low–velocity
limit is a nonvanishing constant. Thus the second order CAR quantum perturbation
theory predicts in a limit vi → 0 an unphysical result for the energy transfer of an
ion moving transverse to the magnetic field, the first relation cf. (5.83).

5.7.2 Cylindrical Basis

We now switch to another quantum mechanical formulation for the electronic states
in the external magnetic field. Because of symmetry the Schrödinger equation for
the free particle and in the presence of external magnetic field may also be solved
in cylindrical coordinates. We consider an electron with given angular momentum
ν (ν = 0,±1,±2...) and momentum qz along the magnetic field. If we choose the
axial symmetric vector potential in the form A = (1/2) [B × r] = (B/2) (xŷ − yx̂)
or Aϕ = Bρ/2, Az = Aρ = 0 then the unperturbed Schrödinger equation has the
following solutions [70, 73, 123]

ψ(0)
α (r) =

1

(2πL)1/2 λB

[
n!

2|ν| (|ν| + n)!

]1/2

uσeiνϕeiqzz (2ξ)|ν|/2 e−ξ/2L|ν|n (ξ) , (5.115)

where L|ν|n are the generalized Laguerre polynomials. Here α = {ν, n, σ, qz}, ξ =
ρ2/2λ2

B, n = 0, 1, 2..., ρ, ϕ and z are the cylindrical coordinates. The energy of the
free electrons in the αth CYL state is given by

Eα = En+ην;σ(qz) =
�

2q2
z

2m
+ �Ωe

(
n + σ + ην +

1
2

)
(5.116)
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with ην = (ν + |ν|)/2, μν = (|ν| − ν)/2. For ν ≤ 0 the electron energy is the same as
Enσ(qz) in the CAR basis (5.13).

Using the wave functions (5.115) we calculate the matrix elements [52]

S αβ (k) =
2π
L

iν
′−νδσσ′δ(q′z − qz + kz)e

i(ν′−ν)θ�nn′; νν′ (k⊥λB) , (5.117)

where β = {ν′, n′, σ′, q′z}. When the quantum numbers ν and ν′ have different signs
(νν′ ≤ 0) the function �nn′; νν′ (y) is given by

�nn′; νν′ (y) = (−1)n+n′+ην+μν′ Fn;n′+|ν′|

(
y2

2

)
Fn′;n+|ν|

(
y2

2

)
, (5.118)

where Fnn′ is defined by (5.15). In the opposite case when νν′ ≥ 0

�nn′; νν′ (y) = (−1)μν′+μν Fnn′

(
y2

2

)
Fn+|ν|;n′+|ν′|

(
y2

2

)
. (5.119)

The quantum mechanical expression for the electron energy transfer has been
derived above (see (5.103)). Substituting (5.117) into (5.103) and using the relations
�n′n; ν′ν (y) = (−1)ν

′−ν�nn′; νν′ (y) one finds

ΔECYL
α = −

(2π)3 e2

�L

∫
dkdk′Φei(k′)Φei(k) (k · vi) δ(kz + k′z)

× δ
((

k + k′
)
· v̄r
) ∞∑

n′=0

∞∑
ν′=−∞

(−1)ν
′−νei(ν′−ν)(θ−θ′) (5.120)

× δ

(
ζην−ην′+n−n′ (k) −

�k2
z

2m

)
�nn′; νν′ (k⊥λB)�nn′; νν′

(
k′⊥λB
)
.

The last expression together with (5.118) and (5.119) gives the final result for the
quantum mechanical electron energy transfer within the CYL treatment. In (5.120)
the Dirac function δ(kz + k′z) enforces a dependence on vi⊥ only. This feature shows
that the CYL energy transfer diverges as ∼ 1/vi⊥ for parallel ion motion with vi⊥ →
0. Again, this is the peculiarity of the perturbative treatment which is not capable
to account the infinitely large interaction time between an ion and electron wave–
packet moving parallel each other.

The classical regime can be realized by the following limits: λ2
B → 0 and large

quantum numbers ν → ∞ and n → ∞. Here two different regimes with positive or
negative angular momentum can be distinguished. In the first regime, ν ≥ 0, ην = ν,
the energy of an electron in the αth Landau state is En+ν;σ(qz). The transition to
classical mechanics therefore requires that ν + n→ mv2

e⊥/2�Ωe = a2/2λ2
B → ∞. As

will be shown below the quantum number n (which is always positive) is associated
with the classical impact parameter s̄ according to the relation n → s̄2/2λ2

B → ∞.
It will be proven that the impact parameter within the quantum treatment must be
quantized with the quantum numbers n. As the number ν is positive here it thus
requires s̄ ≤ a for ν ≥ 0. Using (5.118)-(5.120) we obtain for ν ≥ 0
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ΔECYL
α = −

(2π)3 e2

�L

∫
dkdk′Φei(k′)Φei(k) (k · vi) δ(kz + k′z)δ

((
k + k′
)
· v̄r
)

×
⎧⎪⎪⎨⎪⎪⎩ ∞∑

n′=−n

Ψn′+n;n
(
ζ, ζ′
) ∞∑
ν′=−ν

(−1)ν
′
eiν′(θ−θ′)

× δ

(
ζν′+n′
(
k′
)
+

�k2
z

2m

)
Ψn+ν;n′+ν′+n+ν

(
ζ, ζ′
)

(5.121)

+

∞∑
n′=−(n+ν)

(−1)n′ein′(θ−θ′)δ

(
ζn′
(
k′
)
+

�k2
z

2m

)
Ψn′+n+ν;n+ν

(
ζ, ζ′
)

×
∞∑

ν′=1+ν+n′
(−1)ν

′
e−iν′(θ−θ′)Ψn;ν′+n

(
ζ, ζ′
)⎫⎪⎪⎬⎪⎪⎭ ,

where Ψpq (ζ, ζ′) = Fpq (ζ) Fpq (ζ′), ζ′ = k′2⊥λ
2
B/2. In the classical limit this corre-

sponds to the energy transfer with small impact parameters, s̄ ≤ a.
In the second regime with ν ≤ 0, ην = 0. The energy of an electron in αth state is

Enσ (qz) and the transition to classical mechanics requires n → a2/2λ2
B → ∞. Now

the classical impact parameter s̄ is associated with the quantum number n−ν = n+|ν|
according to the relation n− ν→ s̄2/2λ2

B → ∞. The case of negative ν thus requires
s̄ ≥ a.

It can be proved that in the classical limit both expressions for the energy trans-
fer with ν ≤ 0 and ν ≥ 0 (expression (5.121)) are equivalent and therefore we
consider here the classical limit only for (5.121) with positive ν. The resulting clas-
sical expression will be valid for s̄ ≤ a as well as for s̄ ≥ a. The limit of the function
Fν;l+ν (z) at ν → ∞, z → 0 (but νz → const) is given in Appendix D. Using also the
Taylor expansion of the Dirac δ-function with respect to the small parameter λ2

B we
obtain from (5.121)

−ΔECYL
α →

(2π)3 e2

2mL

∫
dkdk′Φei(k′)Φei(k) (k · vi) δ(kz + k′z) (5.122)

× δ
((

k + k′
)
· v̄r
)

J0 (q)
∞∑

l=−∞
(−1)l eil(θ−θ′)δ

(
ζl
(
k′
))

Hl
(
k, k′
)
,

where q = |k⊥ + k′⊥|s̄ and

Hl
(
k, k′
)
= Jl(x)Jl(y)

(k · b) (k′ · b)
ζl (k′)

+
k⊥k′⊥
Ωe

(5.123)

×
[

l
x

Jl (x) J′l (y) +
l
y

Jl (y) J′l (x) + i sin
(
θ − θ′
)

Jl(x)Jl(y)

]
.

Here x = k⊥a and y = k′⊥a. The zero–order term changes its sign under the exchange
k � k′ and gives no contribution. For the same reason some further terms also
vanish in (5.123) after integration over k and k′.

The classical CYL expression (5.122) depends on ve⊥, ve‖ and vi, and in addi-
tion on the impact parameter s̄. In this sense the conformity between quantum and
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classical descriptions is more complete here than within CAR. Since the purely clas-
sical problem does not depend on the specific coordinate basis one can expect that
two different limits, (5.107) and (5.122), correspond to the classical energy transfer
averaged over different sets of parameters. In the next Section, we consider the cor-
responding classical problem and look for the connection with the classical limits
of quantum mechanical energy transfers.

5.8 Averaged Classical Second–Order Energy Transfer

As a basis for further consideration, we recall that the ion classical energy transfer
ΔEi(R̄0, ϕ) during the collision with a magnetized electron should depend on the ini-
tial position R̄0 and the initial phase ϕ of the electron helical motion (see Sect. 3.5).
Since the initial phase of electrons and the azimuthal angle ϑs̄ of s̄ are not observable
in the quantum mechanical treatment we therefore consider the ϕ, ϑs̄-averaged en-
ergy transfer. As has been shown in Sect. 3.5 the first-order energy transfer, which is
proportional to the ion charge vanishes due to symmetry after averaging with respect
to ϕ and ϑs̄. Hence the ion energy change receives a contribution only from higher
orders. The second-order energy transfer ΔE(2)

i and its ϕ-averaged value, which are
proportional to Z2, have been found in Sect. 3.5.

We consider now some averaged quantities which can be obtained from expres-
sion (3.95) for the energy transfer. First, the ϕ-averaged ion energy change, (3.95),
is integrated over the 2D impact parameter s̄ in the full space. Then one obtains that
the classical limit (5.107) corresponds to

−
|vix|
v̄r
ΔECAR

α →
1
L2

E1 ≡
2π
L2

∫ ∞
0

〈
ΔE(2)

i

〉
ϕ, ˆ̄s

s̄ds̄ . (5.124)

We now average the ϕ-averaged ion energy change over the variable z0 = b · R̄0,
which is the component of the vector R̄0 along the magnetic field, and with respect
to the angle ϑs̄. This gives the classical limit of CYL energy transfer

−ΔECYL
α →

1
L

E2 (s̄) ≡
1
L

∫ ∞
−∞

〈
ΔE(2)

i

〉
ϕ, ˆ̄s

dz0 . (5.125)

Equations (5.124) and (5.125) for the averaged energy changes E1 and E2 (s̄)
have a different physical meaning. The quantity E1 is identical to the effective trans-
port cross section for the classical electron–ion scattering in the presence of an exter-
nal magnetic field introduced in Sect. 4.7, see (4.107). The second quantity E2 (s̄) is
the classical energy transfer averaged over the all initial positions z0 of the electron
guiding center. Therefore from the quantum mechanical treatment only the ϕ, ϑs̄, s̄
(in CAR) or ϕ, ϑs̄, z0 (in CYL) averaged classical energy transfers can be recovered
because in quantum mechanics only these quantities are observable and the electron
angular orientation and initial position of the guiding center cannot be fixed.

It should be noted that although the full quantum mechanical expressions (5.105)
and (5.120) may strongly differ from each other one can expect that for many–
electron systems the statistical averaged physical quantities are the same for both
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treatments. In particular, we briefly show below the equivalence of the dielectric re-
sponse functions obtained within the CAR and CYL formulations. For this purpose
we substitute (5.116)- (5.119) into the kernel of the integral equation (5.10) and use
the expansion of the 2D Dirac function with respect to the orthogonal functions Fνν′ ,

∞∑
ν;ν′=0

ei(ν−ν′)(θ−θ′)Fνν′ (ζ) Fνν′
(
ζ′
)
=

2π

λ2
B

δ
(
k⊥ − k′⊥

)
. (5.126)

After lengthy calculations one obtains∑
α,β

S ∗αβ (k) S αβ

(
k′
) f (Eβ) − f (Eα)

Eα − Eβ − �ω − i0
= (2π)3 δ

(
k′ − k
)

(5.127)

×
∑
σ

∞∑
n;n′=0

F2
nn′ (ζ)
∫ ∞
−∞

dqz

(2πλB)2

f (En′σ (qz + kz)) − f (Enσ (qz))
Enσ (qz) − En′σ (qz + kz) − �ω − i0

.

Here the arguments of the Fermi–Dirac function f (E) in the second line of (5.127)
are given by the eigenvalues of the free particles, (5.13) in CAR. We now apply
(5.127) for calculation of the dielectric function in CYL. Substituting (5.127) into
the integral equation (5.10) we arrive at the expression for the dielectric function of
the magnetized quantum plasma obtained within CAR treatment (5.18). This shows
the complete conformity between the CAR and CYL approaches.



6 Applications and Illustrating Examples

Examples of applications where the energy loss of ions in a magnetized plasma
plays a prominent role are the stopping of the alpha particles created by fusion
events in the hot plasma of magnetic confinement fusion devices and the cooling of
ion beams or bunches of ions by magnetized electrons in electron cooler sections of
storage rings or in traps. In a strong magnetic field the cyclotron motion of the target
electrons sets the smallest relevant length and time scale. In that sense the fields
usually applied in magnetic confinement fusion are still moderate, while stronger
fields are employed to guide the electrons in the cooling sections of storage rings
and even more so for the cooling in traps. We will therefore focus on these latter
cases.

Electron cooling in storage rings is a well-established and powerful technique
to improve the phase space quality of ion beams by the exchange of energy between
the ions and a superimposed electron beam. In the rest frame of the beams this may
be viewed as the stopping of ions in an electron plasma. We will present the es-
sentials of electron cooling in storage rings and compare the theoretical description
with experimental results in the next section, before turning then to electron cool-
ing in Penning traps. This application attracts a lot of attention in connection with
the production of antihydrogen by first cooling antiprotons and then merging them
with positrons in such traps. And more recently, experiments are performed or in
preparation where heavy ions or antiprotons are decelerated by electrons in traps for
precision measurements on QED and fundamental symmetries. During the cooling
in a trap the particles move under the influence of the external electric and magnetic
fields, the space charge fields produced by the particles themselves and the stop-
ping force F resulting from the interaction of the trapped ions with the enclosed
electrons. The stopping of the heavy particles causes a strong heating of the elec-
trons which are themselves cooled by synchrotron radiation in the applied strong
magnetic field.

6.1 Electron Cooling in Storage Rings

In most experiments with charged particle beams it is desired that the beams are
well concentrated and have a low temperature i.e. that they occupy only a small
phase space volume. One method to achieve this is electron cooling in storage rings
as proposed by Budker [29]. The ion beam is superimposed by a comoving electron
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beam in a cooling section of about one to two meter length. The electron beam
is guided through this section by a magnetic field of about B = 0.02 − 0.2 T and
separated from the ion beam thereafter. In the rest frame of the beams the cooling
process may be regarded as a thermal equilibration between the ion beam and a
cold electron plasma, or in a more detailed and microscopic view as the stopping of
ions in an electron plasma with a density of about ne = 106 − 107 cm−3. Due to the
acceleration in the electron gun the velocity distribution of the electrons in the rest
frame is highly anisotropic. The very small velocity spread of the electrons parallel
to the beam and its magnetic guiding field corresponds to a temperature T‖ of a few
K, while the transverse temperature T⊥ is by two to three orders of magnitude larger
and about 100 − 1000 K. As the transverse motion of the electrons is quenched
by the magnetic field, the rather small longitudinal thermal velocity typically sets
the relevant velocity scale for stopping. Reviews on electron cooling can be found
e.g. in [85, 107, 120].

6.1.1 Energy Loss and Drag Force

The basic ingredient for a description and theoretical understanding of electron cool-
ing is the stopping of ions in magnetized electrons in the typical regime of param-
eters given above. Due to the large transverse temperature T⊥ of the electrons, the
coupling parameter Z (2.42) is even for highly charged ions still small enough to
allow the use of the perturbative BC (Chap. 3) and LR (Chap. 4) treatments. But
closed evaluations of the general expressions for the stopping power in LR (2.60)
and in BC based on the energy transfer (3.99) are only possible for the limiting cases
treated in Chaps. 3 and 4. Here we have neither parallel ion motion nor an infinitely
strong magnetic field or can restrict us to the low and high velocity regimes. In the
present coupling regime, we may, however, assume that the dynamic polarization
of the electrons can be accounted for by a velocity dependent screening length (cf.
Sect. 4.6.2). We are thus looking for an appropriate approximate BC expression. In
the BC picture different types and regimes of trajectories can be identified by com-
paring the impact parameter with the cyclotron radius and the pitch of the electron
helix, which have been introduced in Sect. 2.2 and Fig. 2.5. There we also gave
explicit expressions for the energy transfer in close unmagnetized (2.8) (Coulomb
scattering), fast weakly magnetized (2.32) (stretched helices) and distant strongly
magnetized (2.36) (tight helices) collisions. The energy loss which follows from the
energy transfer by an integration with respect to the impact parameter s̄ can now
be composed out of these distinct cases by piecewise using (2.8), (2.32) and (2.36)
in the corresponding s̄–interval, as it has been advocated in [86, 124]. In a similar
manner the approximations given e.g. in [35, 85] have been obtained by combining
expression for the energy transfer in weakly and strongly magnetized collisions.

For a comparison with experiments at storage rings we propose the following
approximation made up of the energy transfer for nonmagnetized Rutherford scat-
tering (2.8) (which is the limit λ→ ∞ of (3.59)) for close collisions with s̄ < δ and
of the energy transfer for the strongly magnetized, tight helix case with Coulomb
interaction (2.36) (which has been re-derived from (3.99) in Sect. 3.8 (3.143)) for
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distant collisions with δ < s̄ < λ. This yields after impact parameter integration
according to (2.9) the energy loss
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(6.1)

where s90 = Ze/2/mv2
r (see (2.6)), δ = v̄r/Ωe is the pitch of the helix and λ the veloc-

ity dependent screening length λ(vi) = (vth/ωp)(1+v2
i /v2

th)1/2. To avoid any negative
values we replaced the conventional Coulomb logarithm (2.23) originally appearing
in the second term with the modified Coulomb logarithm (2.11). Expression (6.1) is
the energy loss of an ion in a monochromatic beam of electrons. In electron cooling
of ion beams the velocity distribution of the electrons is anisotropic. It is usually
modeled by a two-temperature Maxwellian (2.28)
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The stopping power then follows from the energy loss (6.1) by a velocity average
with respect to (6.2), that is,

dEi
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=

∫
dve f0(ve)

dEi

dl
. (6.3)

The stopping forceF on the ion, defined by dEi/dl = F · v̂i (2.1), can now easily be
extracted from (6.3) and (6.1) as
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(6.4)

For explicit results the velocity average in expression (6.4) will be provided by nu-
merical integration. A comparison of this approximation of the stopping force with
measurements in the ESR storage ring at GSI will be made in the next section.

6.1.2 Cooling Forces

For using electron cooling routinely as a tool to improve the quality of ion beams
global quantities like cooling time and final emittances are of primary interest. For
an insight into the cooling process itself a more detailed study of basic quantities like
the stopping forces is needed. Such kind of measurements have been performed at
several storage rings during the last ten years, like e.g. at the ESR at GSI [130–132],
the TSR at Heidelberg [19, 20], CRYRING at Stockholm [32, 33] and CELSIUS at
Uppsala [45]. In these experiments a so-called cooling force is extracted, which can
be view as an averaged stopping force where the averaging runs over the ion distri-
bution in the beam. As an example we focus on the measurements of longitudinal
cooling forces for different fully stripped heavy ions as conducted at the electron
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cooler of the ESR storage ring. Two different methods have been used here to de-
termine the cooling force. At low ion velocities the cooling force is extracted from
the equilibrium between cooling and longitudinal heating with rf noise. At high rel-
ative velocities between the rest frames of the beams the cooling force is deduced
from the momentum drift of the ion beam after a rapid change of the electron en-
ergy. Details of these methods are given in [130,131]. The measured cooling forces
are shown in Fig. 6.1 (filled circles). The electron beam in these experiments has a
typical density of ne ≈ 106 cm−3 and can be described by an anisotropic velocity
distribution (6.2) with T⊥ = mv2

th⊥ ≈ 0.11 eV and T‖ = mv2
th‖ ≈ 0.1 meV. As the ion

beam had a radial position some mm off the electron beam axis in these experiments,
an additional transverse cyclotron velocity vc of the electrons has to be taken into
account, see [132] for details. The velocity distribution relevant for the averaging in
(6.3) and (6.4) is thus given by
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whereN is a normalization factor and vc ≈ vth⊥ in the present case. The strength of
the magnetic guiding field was B = 0.1 T. The measured longitudinal cooling force
represents an average over the stopping forces on individual ions. For a comparison
with the theoretical model (6.4) the cooling force is thus interpreted as the average
〈F‖〉 of the componentF‖ of the stopping forceF (6.4) parallel to the beam axis (and
the magnetic field) over the ion distribution fi(vi) in the beam (see also e.g. [40]),
that is,

〈F‖〉 =
∫

dvi fi(vi)F‖(vi) , (6.6)
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For low ion velocities this average is taken with respect to the transverse ion velocity
only and the cooling force depends on the parallel ion velocity, i.e. 〈F‖〉 = 〈F‖〉(vi‖).
In the experimental procedure used for high ion velocities the cooling force is an
average over the complete ion distribution. This average 〈F‖〉 = 〈F‖〉(〈vi‖〉) depends
now on the velocity of the CM of the ion beam relative to the rest frame of the
electron beam 〈vi‖〉. Both velocities are denoted as relative ion velocity in Fig. 6.1.
To perform the average (6.6) the distribution fi(vi) must be known. However, this
distribution was not determined in detail, but there exists an estimate of the beam
divergence 〈θi〉 � 0.5 mrad [131]. This yields after transformation to the rest frame
of the ion beam for the transverse ion velocities 〈vi⊥〉 ≈ γβc〈θi〉, where γ, β are
the relativistic factors related to the beam velocity in the lab frame and c is the
speed of light. For the measurements at hand with an ion energy of 250 keV/u this
results in 〈vi⊥〉 � 105 m/s. Due to the lack of a more detailed knowledge about the
ion distribution, the average (6.6) is replaced by 〈F‖〉 = F‖(vi⊥= 〈vi⊥〉, vi‖) where
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Fig. 6.1. Longitudinal cooling force for various fully stripped ions as function of the rela-
tive ion velocity with respect to the rest frame of the electron beam. Filled circles: experi-
mental data from measurements at the electron cooler of the ESR storage ring [130–132].
Solid curve: binary collision approximation (6.7). Dashed curve: empiric formula (6.8) for
the cooling force as proposed in [102]. Both theoretical descriptions of the cooling force are
calculated for an electron beam with ne = 106 cm−3, T⊥ = 0.11 eV and T‖ = 0.1 meV in a
magnetic field of B = 0.1 T, and are fitted to the experimental results at low relative velocities
by treating the transverse ion velocity vi⊥ as a free parameter (see the text for details).
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vi⊥ = 〈vi⊥〉 is treated as a free parameter to fit the BC stopping force (6.7) to the
experimental data. As F‖(vi⊥, vi‖) (6.7) is rather sensitive to a variation of vi⊥ at low
parallel velocities vi‖ this fit is done for the linear increase of the cooling force at low
relative velocities. The related values for vi⊥ = 〈vi⊥〉 are in the range vi⊥/vth‖ = 10−
17 which corresponds to 〈θi〉 ≈ 0.2−0.3 mrad in good agreement with the estimated
beam divergence. The resulting theoretical predictions are given by the solid curves
in Fig. 6.1. They agree well with the experimental data at low and high velocities
but overestimate the cooling force at medium velocities vth‖ = 4.2 × 103m/s �
vi‖ � vth⊥ = 5 × 103m/s. We mainly ascribe this difference to the rather rough
approximation made here for the averaging over the ion distribution in the beam.
The experimental data are also compared to an empirical formula for the cooling
force
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4πneZ2e/4
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(v2
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ln
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(6.8)

as proposed by Parkhomchuk [102]. Here 〈smin〉 = Ze/2/m(v2
i + v2

th) and 〈smax〉 =
(v2

i + v2
th)1/2/ωp are the minimal and maximal impact parameters, (2.59), ae =

vth⊥/Ωe is the cyclotron radius of the electrons, and veff is an effective electron ve-
locity related to the transverse magnetic and electric fields in the electron cooler,
see [102], which can be viewed as a fitting parameter. The force (6.8), which is the
stopping force on a single ion, must also be averaged over the ion distribution like in
(6.6). As above the force (6.8) with an average 〈vi⊥〉 has been used instead. If the ad-
ditional parameter is chosen as veff = vth‖ (that is, rather small) the experimental data
at low velocities are fitted by nearly the same values for the beam divergence 〈θi⊥〉
as before. The resulting cooling force is shown by the dashed curves in Fig. 6.1. The
agreement with the experimentally deduced cooling force is as good as for the BC
force (6.7) at low and high velocities. At medium velocities the deviation from the
experimental results is even larger, in particular for vi‖ ≈ vth⊥, compared to the more
detailed BC treatment. For a more accurate comparison with the measurements and
a critical evaluation of the theoretical approaches a detailed knowledge of the ion
distribution is indispensable.

6.1.3 Emittance and momentum spread

The aim of electron cooling is the improvement of the quality of the ion beam which
is measured by the longitudinal momentum spread Δp/p and the horizontal rms
emittance

ε =
(
〈x2〉〈x′2〉 − 〈xx′〉2

)1/2
. (6.9)

Here x is the horizontal distance from the reference orbit and x′ = dx/ds its deriva-
tive with respect to the pathlength s along this orbit. In Fig. 6.2 we compare mea-
surements of these observables at the ESR storage ring [51] with theoretical re-
sults [125] which where obtained by inserting different cooling force models into
the beam dynamics simulation code BETACOOL by I. Meshkov and coworkers
[16, 117]. Similar to equations (6.1)-(6.4) the theoretical cooling force is composed
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Fig. 6.2. Horizontal rms emittance ε (6.9) (upper part) and longitudinal momentum spread
Δp/p (lower part) as function of the electron current. Experimental values from measure-
ments performed at the ESR (EXP) [51] compared to the perturbative binary collision treat-
ment as outlined in Sect. 2.2 (NTZ) [86], the Derbenev, Skrinsky and Meshkov model
(DSM) [35,85], the empirical model of Parkhomchuk (P) [102] and the non-magnetic cooling
force (NM).

from the energy transfers for Coulomb scattering (2.8), stretched helices (2.32) and
tight helices (2.36) according to the relative size of the impact parameter, the pitch
and the radius of the cyclotron motion as it is described in detailed in [86]. This per-
turbative BC treatment (denoted here as NTZ model) yields a good agreement with
the experiment except for the the emittance at large electron currents. In Sect. 2.2
we mentioned the similar DSM model of Derbenev, Skrinsky and Meshkov [35,85]
which overestimates the emittance somewhat. Neglecting the magnetic field alto-
gether (NM) results in too large values for both the emittance ε and the momentum
spread Δp/p as does the empirical model P (6.8) of Parkhomchuk [102]. For further
details on the actual implementation of the employed cooling force models and the
BETACOOL code see [17].
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6.2 Electron Cooling in Penning Traps

Ions and antiprotons are also cooled by electrons or positrons in traps, as e.g. in the
Penning traps employed in the recent and planned experiments for the production
of antihydrogen at CERN [6, 44] or the generation of slow highly charged ions at
GSI [12,109]. Although electron cooling is routinely used in connection with the an-
tihydrogen production a lot of observations are not yet satisfactorily explained and
understood, like e.g. the spatial correlations observed in the antiproton energy spec-
tra by the ATHENA collaboration [7]. More comprehensive theoretical studies are
needed as well for the envisaged cooling of highly charged ions up to bare Uranium
in the HITRAP facility [12, 109] at GSI. Here the specific conditions in Penning
traps have to be taken into account. These are the rather strong magnetic field of a
few Tesla and, in contrast to electron cooling in storage rings, an intially isotropic
velocity distribution of the electrons together with a strong and fast heating of the
electrons by the ions as both are confined together during the whole cooling process.
As we will see later, the electron temperature Te typically rises by about four orders
of magnitude from Te ∼ 1 meV in the initial state to a few eV. The energy transfered
thereby from the ions to the electrons finally leaves the trap by the synchrotron radi-
ation which is emitted by the electrons due to their gyration in the strong magnetic
field. An important subject are also losses by radiative or three-body ion-electron
recombination or charge exchange with residual gas atoms/molecules. In cases like
the HITRAP cooler trap which aims at providing cold highly charged ions for sub-
sequent experiments such losses are clearly unwanted and the cooling rates must be
large compared to e.g. radiative recombination rates. In this respect, the strong heat-
ing of the electrons is highly welcome. It can considerably reduce the recombination
of ions with free electrons, at least if the electrons can be removed from the trap or
spatially separated from the ions as soon as the cooling of the ions is completed and
before the cooling of the electrons by synchrotron radiation increases the recombi-
nation rates again. Sufficiently large cooling rates are, however, not only mandatory
for avoiding too large recombination losses, but also to enable the envisaged repe-
tition rate for HITRAP. During one operation cycle of about 10 s the trap is loaded
with electrons, the ions are caught, cooled by electrons and after that by resistive
cooling. Finally the ions have to be extracted out of the trap in a sufficiently smooth
and slow manner to avoid heating them up again. That is, the electron cooling itself
may only take a small fraction of the whole time of one cycle. To check whether
such cooling times are feasible and considering possible optimizations requires nu-
merical studies based on an appropriate theoretical description. The ultimate aim of
such simulations of the cooling process is the determination of the time evolution
of the phase-space distribution f (ri, vi, t) of the ions. In the following we will dis-
cuss a few results on the time evolution of the ion energy, the energy distribution
and the electron temperature during the cooling process in a trap, starting with the
explanation of the model we employed for this purpose.
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6.2.1 Modeling of the Cooling Process in a Trap

In our theoretical treatment [140, 141] of the cooling process we follow in large
parts the basic ideas developed in the earlier approaches [14,59,110]. There are two
essential effects to be considered: the energy loss of the ions and the change of the
temperature Te of the trapped electrons which are heated by the ions and cooled by
synchrotron radiation. Assuming an instantaneous conversion of the energy lost by
the trapped ions into thermal electron energy, the increase of Te follows from energy
conservation as

3
2

NekB
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=

dEe

dt
= −

dEi
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= −

Ni∑
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dt
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M
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· viμ . (6.10)

Here dEe/dt is the change per unit time of the total kinetic energy of all electrons
and dEi/dt the change of the kinetic energy of all ions. This is the sum of the en-
ergy changes dEiμ/dt of the individual ions due to the force Mdviμ/dt on the μ-th
ion which includes the stopping force when passing through the cloud of trapped
electrons. With the heating given by (6.10) and the cooling of the electrons by syn-
chrotron radiation the evolution of the electron temperature is determined by the
rate equation

dTe(t)
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−

1
τs

(Te − T0) . (6.11)

Here T0 is the ambient temperature (typically about 4 K) supplied by the cryostat,
and τs the time constant for synchrotron radiation [28]

1
τs
=

1
3πε0

e4B2

m3c3
, (6.12)

where τs ≈ 0.1 s for electrons gyrating in a homogeneous magnetic field of B = 6 T.
The use of a single electron temperature Te in Eqs. (6.10) and (6.11) implies that an
isotropic electron distribution, i.e. a Maxwellian with temperature Te, is assumed.

The energy change dEiμ/dt of an ion is determined by the equations of motion

M
dviμ

dt
= F [ne, Te(t), B, viμ] + Ze

(
−∇φ(riμ) + viμ × B

)
,

driμ

dt
= viμ , (6.13)

where F [ne, Te, B, vi] is the stopping force (2.1) exerted on the ion by collisions
with the magnetized trapped electrons which have a Maxwellian velocity distribu-
tion of the actual temperature Te(t). This stopping force acts on the ions together
with the Lorentz force due to the homogeneous magnetic field B in the trap and
the (static) electric field −∇φ(r) composed of the electric potential of the trap and
the space charge field of the electrons. The interaction between the ions is neglected
here in view of the low ion density. Since the stopping forceF depends on Te, Equa-
tions (6.10)-(6.13) are coupled and have to be solved numerically. The trajectories
{riμ(t), viμ(t)} of the ions and thus the evolution of the ionic distribution f (ri, vi, t) are
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given by the solutions of (6.13). To that end the electric field −∇φ(r) in the trap must
be known and implemented. For the HITRAP design such work is in progress [87].
For our purposes the typical nested trap with harmonic trap potentials for the elec-
trons and spheroidal electron clouds is replaced by the simpler trap configuration
depicted in Fig. 6.3. Here, the field of the trap with length L is given by a square
well potential, and the electrons are spatially distributed as a cylindrical cloud of
constant density ne, length Λ and radius ρ. The radius ρ is chosen somewhat larger
than the largest radial initial position plus the initial cyclotron radius of the trapped
ions. This provides in transverse direction a spatial overlap of all the ions with the
electron cloud during the whole cooling process. The space charge field of this elec-
tron cloud is neglected.
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Fig. 6.3. Simplified trap configuration as used for the present calculations of electron cooling.
After [141].

The basic feature of the present treatment is its detailed description of the cool-
ing by equation (6.13) and the individual stopping force F [Te, viμ] on each ion. In
earlier treatments, like [14, 59, 110], only the total (or average) ionic energy Ei ex-
pressed by an ion temperature Ti = 2Ei/3kBNi has been considered, and the equation
of motion (6.13) was replaced by a rate equation for Ti. But such kind of averaged
description cannot take into account effects which are, for instance, related to the
anisotropy of the velocity distribution of the ions after their injection into the trap.
The present approach enables an advanced treatment of electron cooling based on
the time evolution of the ion distribution, for which the stopping force F is a key
quantity. At strong coupling, i.e. high ion charges and low relative velocities, and
at large magnetic fields, the method of choice would be the numerically expensive
solution of the Vlasov-Poisson equation by PIC simulations. It accounts for both the
nonlinearity and the collectivity of the response. In cases where the collectivity is
not so important the CTMC implementation of binary collisions would come next.
In the present application the electron temperature will become rather large, as we
will see below. We are thus mostly in a weak coupling regime, even for the cooling
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of highly charged ions like bare Uranium, which allows a perturbative treatment.
In view of including the dynamic collective response of the electrons we are using
here, as a reasonable approximation for the stopping force F needed in equation
(6.13), the LR expression for an infinitely strong magnetic field (4.32) given by

F inf = −
Z2e/2

2π2λ2
D‖

∫ 1

0
dμ
∫ π

0
dφ
(
cosφ(1 − μ2)1/2, sinφ(1 − μ2)1/2, μ

)
Q0

(
x

cosΘ
μ

, ξ

)
.

(6.14)
Here μ = k̂ · b, x = vi/vth‖, ξ = kmaxλD‖ and the function Q0 is given by equation
(4.6). Expression (6.14) is evaluated by numerical integration which can be done
with relatively low computational effort. As discussed in Sect. 4.6, such a LR treat-
ment predicts, however, unrealisticly large stopping forces on ions moving almost
parallel to b. But this will affect only a small number of ions out of the considered
ensemble of ions. We estimate the related error in the global observables (cooling
times, electron temperatures) of at most 20%. Improved stopping forces based on
a fit to PIC and CTMC results are in progress. Then also the role of the ion gy-
ration on the stopping force and the assumption of a straight ion trajectory during
the interaction with the electrons made so far needs some further attention, as the
screening length and the ionic cyclotron radius are often of the same size at the
typical conditions for electron cooling in traps.

Besides the cooling process itself, also losses of highly charged ions by recom-
bination with free electrons or charge exchange with residual gas particles might be
important. Charge exchange is expected to be sufficiently suppressed by the envis-
aged ultra high vacuum. Three body recombination which scales like T−9/2

e [53, 82]
will be strongly reduced by the large heating of the electrons (see below). There
remains radiative ion-electron recombination (RR) which depends on the electron
temperature like T−1/2

e [65]. Thus RR is is expected to give the dominant contribu-
tion to the losses of highly charged ions into lower charge states during the cooling.
The present scheme, (6.10)-(6.13), can be supplemented by calculating instanta-
neous radiative recombination rates νRR,iμ(t) or each ion from the actual ion velocity
viμ(t) and electron temperature Te(t) which then provides a surviving probability of
the initial charge state. The losses, e.g. for bare Uranium, turn out to be about 10%
to 15% for the typical conditions and parameters in HITRAP, see [141] for details
and explicit results.

6.2.2 Cooling of Protons and Highly Charged Ions

The coupled differential equations (6.10)-(6.13), involving the stopping force F
due to the interaction with magnetized electrons (6.14) have been applied to the
cooling of protons and bare Uranium. In the case of electron cooling of protons
experimental results for the time evolution of the average proton energy and the
electron temperature are available [59] and can be used to evaluate the theoretical
treatment and its numerical implementation. In these experiments Np ∼ 5 × 105

protons of a few keV have been cooled in a multi-ring Penning trap by Ne ∼ 108

electrons with a density of about ne ∼ 3.5 × 107 cm−3 at B = 1 T and T0 � 10
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K. The time evolution of the mean energy of the protons was determined by time-
of-flight measurements after opening the trap at certain times. The electron energy
(temperature) was inferred from the measured frequency of plasma oscillation of
the confined electron cloud. For details on these techniques and the experimental
parameter see [59] and the reference therein. A comparison of our calculations with
these experimental results for protons with an initial energy of Ep0 = 2 keV is shown
in Fig. 6.4. The agreement with the time evolution of the proton energy is very
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Fig. 6.4. Time evolution of the average energy 〈Ep〉(t) and the electron temperature Te(t)
during cooling of an ensemble of protons by magnetized electrons with ne = 3.5 × 107 cm−3,
Np/Ne = 5 × 10−3, T0 = 10 K and B = 1 T. Curves: theoretical results obtained from a
numerical solution of (6.10)-(6.14) assuming the simplified trap of Fig. 6.3 and Λ/L = 0.2.
Symbols with errorbars: experimental results for the proton energy (filled circles) and the
electron temperature (open diamonds) from [59].

good in particular when taking the experimental errors into account. Compared to
the calculations the experiments show a slightly slower cooling, i.e. a larger cooling
time. Concerning the electron temperature the overall trend, with a strong increase at
the very beginning and a slow decay due to synchrotron radiation, is well reproduced
by the theoretical predictions. In detail the agreement is, however, less satisfactory
than for the proton energy. Here some further investigations are needed. A possible
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explanation might be the development of an anisotropic velocity distribution during
the cooling process.

For bare Uranium, calculations have been performed with an ion distribution of
500 U92+ ions representing the ion ensemble of roughly 105 ions which are expected
to be trapped during a typical cooling cycle at HITRAP [12]. To get the correct
heating rate corresponding to the actual number of ions in the trap the total energy
loss
∑Ni

μ dEμ/dt of the Ni = 500 simulated ions is multiplied with a factor 105/500
in (6.10) and (6.11). The initial distribution, i.e. at time t = 0, of the 500 ions of bare
Uranium was obtained from a preceding simulation of the injection of an ion bunch
into the cooler trap for the designed HITRAP setup [57]. The same ion ensemble
was, after proper rescaling, also used for the cooling of protons shown in Fig. 6.4.

As a first example we consider the case of Ne = 109 trapped electrons with a
density ne = 107 cm−3 and Ni/Ne = 10−4 when assuming that the trap is filled with a
bunch of 105 ions. For all following calculations for the HITRAP setup an effective
size of the electron cloud Λ with Λ/L = 0.4 is assumed. The resulting time evolution
of the average energy per ion 〈Ei〉(t) and the electron temperature Te(t) are shown in
Fig. 6.5 (top) together with the variation of the width 〈E2

i − 〈Ei〉2〉1/2 of the energy
distribution of the ions (bottom). Some snapshots of the energy distribution (dN/dE)
itself are plotted in Fig. 6.6. While the ions cool down in this example within roughly
one second from their initial energy of about 1.7 keV/u, a strong and rapid heating
of the electrons from T0 ≈ 0.34 meV to about 2.2 eV takes place already within the
first 0.1 s (see Fig 6.5 top). After this initial strong heating due to the large energy
loss of the highly charged U92+ ions, the energy and the energy loss of the ions
continuously decrease and with it the heating of the electrons. Now the cooling by
synchrotron radiation dominates and the electrons start to cool down. This behavior
is qualitative exactly the same as we have already seen in Fig. 6.4 for the cooling of
protons. At the final stage of the cooling (after about 1.5 s), the energy of the ions
reaches the equilibrium value given by Te (not resolved in this figure), the heating
of the electrons stops and the electrons temperature decays like exp(−t/τs) towards
T0 due to synchrotron radiation. During cooling the energy distribution of the ions
(Fig. 6.6) shifts, in accordance with the evolution of 〈Ei〉, towards lower energy.
It thereby develops an increasingly pronounced peak, that is, a strongly shrinking
width. This evolution of the width is also shown in the lower part of Fig. 6.5 as a
continuous function of time.

To get some idea on the optimal conditions for the cooling process the number
of trapped electrons Ne (i.e. the ratio Ni/Ne) and their density ne can be varied. In
the real nested trap such density changes can be achieved within some limits by
varying the applied electrostatic potential. Some examples for the observed depen-
dencies are given in Fig. 6.7. As expected, a decreasing number of electrons at a
given number of ions, i.e. an increasing Ni/Ne, at fixed electron density (ne = 107

cm−3) results in a stronger heating of the electrons (going from bottom to top in the
left panel of Fig. 6.7). This increases the cooling time because the stopping force
gets smaller at larger electron temperatures. A closer look reveals a more compli-
cated feedback between electron temperature and energy loss than naively expected.
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Fig. 6.5. Time evolution of an ensemble of bare Uranium ions cooled by magnetized electrons
with ne = 107 cm−3, Ni/Ne = 10−4, T0 = 4 K and B = 6 T in the simplified trap sketched in
Fig. 6.3 as obtained from a numerical solution of the coupled equations (6.10)-(6.14). Top:
Average energy per ion 〈Ei〉(t) and electron temperature Te(t). Bottom: Width of the energy
distribution of the ions as function of time. After [141].

Changing the electron number by a factor 10 should result in a 10 time larger/lower
Te. But the stopping force depends strongly and nonlinearly on Te and is larger for
lower temperatures. This then implies a stronger heating of the electrons. A varia-
tion of the electron density ne acts in a similar manner. An increase of ne results in
an (almost linear) increase of the stopping force and thus enhances the heating of
the electrons. The higher Te in turn reduces the energy loss of the ions in a nonlinear
manner. The corresponding variation of cooling times and electron temperatures are
shown in the right part of Fig. 6.7. Instead of a scaling of the cooling time like 1/ne,
i.e. here a change by a factor 10, it only changes by factors 2 . . .4. The cooling time
reduces from about 1.2 s only to 0.5 s when increasing the density ne from 107 cm−3
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to 108 cm−3 at fixed Ni/Ne = 10−4 (from left center to right center in Fig. 6.7), and
increases from about 1.2 s to 4.3 s for decreasing ne = 107 cm−3 to ne = 106 cm−3

(from left center to right top).
Such calculations of electron cooling in Penning traps show an expected strong

dependence of the observed cooling times on the number of trapped electrons Ne,
or more precisely on the ratio Ni/Ne, and on the electron density ne, but in a more
complex manner than one would naively estimate. The whole cooling process is
subject to a nonlinear feedback between electron heating and stopping force. This
prevents simple predictions of the variation of the cooling time. An optimization
for fast cooling thus requires a fully numerical treatment and careful modeling. The
situation becomes even more involved if also recombination losses have to be mini-
mized, as the optimal parameters for a high cooling rate may run into a conflict with
unacceptably high recombination rates; see [141] for the related variation of the re-
combination losses. Bearing in mind the simplifications and assumptions employed
here these theoretical studies demonstrate that cooling times < 1 s (and RR-losses
< 10%) will be feasible for U92+ in HITRAP.

6.2.3 Cooling of Antiprotons and Protons by Electrons and Positrons

In the experiments for antihydrogen production by the ATRAP and ATHENA col-
laborations at CERN [6, 44] the antiprotons are cooled in Penning traps both by
electrons and, in the final stage, by positrons. In this context we would like to con-
sider in some detail the difference between the energy loss of antiprotons in strongly
magnetized electrons compared to positrons or likewise the difference between elec-
tron cooling of antiprotons and protons, or more general, between repulsive and
attractive electron(positron)-ion interaction. To our knowledge there are, however,
no dedicated quantitative measurements like those presented in Sect. 6.2.2 available
in the repulsive case. We will hence discuss this question on the basis of CTMC
simulations (Sect. 2.3), and as an illustrating example for the difficulties and prob-
lems arising for a perturbation treatment in cases of a strong magnetic field and
an ion motion under small angles α to the magnetic field lines. Under these condi-
tions a perturbative treatment, for example in third order [10, 81], is not sufficient.
We immediately expect a significant difference between the attractive and repulsive
interactions in a binary collisions picture just by simple symmetry arguments. For
large magnetic fields the electrons tend to move like beads on a wire along the mag-
netic field lines, as depicted in Fig. 6.8. For attractive interaction and for ions also
moving along the magnetic field lines the acceleration of the electron when entering
the potential is fully canceled by the subsequent deceleration when leaving it. In
this case the velocity- and energy transfer between ion and electron vanishes. For
a repulsive interaction, however, large velocity transfers occur when the particles
are reflected from each other which results in a nonzero velocity- and energy trans-
fer between ion and electrons. For ions moving with a finite angle to the magnetic
field this symmetry argument does not apply any longer, but as we will see from
the results of CTMC simulations some effect of this completely different scatter-
ing behavior persists and leads to a considerable difference between attractive and
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Z > 0: no scattering
effectively one-dimensional

motion Z < 0: backscattering

Fig. 6.8. In a strong magnetic field electrons are constrained to move along the field lines
(center). For an attractive potential there is no scattering (left), for a repulsive potential low
energy electrons are backscattered (right).

repulsive interaction also for nonzero angles α. This is shown in Fig. 6.9 for the
stopping of protons versus antiprotons under the typical conditions in a Penning
trap (see the previous section). The very different behavior of the stopping power
S (top) and the stopping force parallel to the magnetic field F‖ (bottom) for pro-
tons and antiprotons is clearly visible. While S and F‖ for a proton steeply fall
off towards zero for vi⊥ → 0, i.e, when the proton is moving along the magnetic
field, S and F‖ for an antiproton tend to a maximum. The transverse stopping force
which anyway becomes zero for parallel motion shows only a slight sensitivity on
the sign of the projectile charge. For a more quantitative comparison the stopping
power is plotted in Fig. 6.10 as function of the velocity vi for some selected angles
α (vi‖ = vi cosα, vi⊥ = vi sinα) (left column) and also for a somewhat larger elec-
tron temperature, that is, weaker coupling (right column). In terms of the angle α

we find, as expected, the largest difference between protons and antiprotons at small
α. This difference diminishes with increasing angle, but remains significant up to
angles of about α = 30o and larger (not shown). For decreasing coupling strength
(2.42), e.g. for an increasing electron temperature Te, that is, when going towards
or deeper into the weak coupling regime these differences are strongly reduced, as
shown in Fig. 6.10 for a temperature increase by a factor of five (going from the left
column to the right one). For α = 0, of course, a large difference between attractive
and repulsive interaction, i.e. between S = 0 and some finite value, always remains.
But the range of angles around α = 0 where the stopping power is markedly dis-
tinct form each other strongly shrinks down in the very weak coupling regime. This
behavior found in the framework of a binary collision picture remains qualitatively
unchanged when adding the full nonlinear dynamic polarization of the electrons (as
in the numerical PIC treatment discussed in Sect. 2.5 and Sect. 4.6.2, Fig. 4.12).
Although there is now a finite stopping force on a proton also for α = 0 (the above
symmetry argument does not apply any more), it is still small compared to that on
an antiproton and this difference diminishes again for increasing angle.

The strong sensitivity of the stopping power on the sign of the projectile charge
at strong magnetic field and small angles between vi and B suggests that any per-
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Fig. 6.9. Stopping power S = −dEi/dl = −F · v̂i (top) and stopping force transverse F⊥
(center) and along F‖ the magnetic field B as functions of the transverse vi⊥ and parallel vi‖
components of the projectile velocity in units of the thermal velocity vth for the stopping of
protons (left column) and antiprotons (right column) in magnetized electrons with ne = 7×106

cm−3, Te = 4.2 K and at B = 6 T (S ,F⊥,F‖ in arbitrary units).
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turbative treatment as the linear response (LR) or binary collision to O(Z2) (BC)
approach which yields results independent of the sign of the interaction runs into
difficulties and becomes doubtful under these conditions. There exists apparently
no suitable parameter of smallness in case of this quasi-one-dimensional electron
motion. We have already been confronted with this question when investigating the
perturbative approaches and the difference which shows up between LR and BC in
the limiting case of α→ 0 and a strong magnetic field (see in particular Sects. 3.10
and 4.6.2). But the region where perturbative treatments fail considerably, i.e. here
the region of small α, turns out to be rather small in the weak coupling regime. There
the deficiencies of the perturbative approaches ought to be of minor significance in
applications where an ensemble of ions with non–vanishing transverse motion is in-
volved, like the electron cooling in storage rings and traps discussed in the previous
Sections of this Chapter.



7 Summary and Conclusion

In the wide field of the interaction of charged particle beams with matter this mono-
graph is primarily concerned with a special topic, namely the influence of exter-
nal magnetic fields on the passage of heavy ions or antiprotons through an electron
plasma. Observables are the stopping power which determines the range of the parti-
cles and the time until they come to rest as well as their straggling. The independent
variables are the strength of the magnetic field B, the velocity vi of the projectile
(both its magnitude and the angle α with B), the charge Ze of the projectile and
properties of the target like its density ne and the velocity distribution f (ve) of the
target electrons. Theoretical estimates of the stopping power and the straggling in
terms of these variables are desired for applications in nuclear fusion, electron cool-
ing of charged particle beams in storage rings and the deceleration of particles in
traps.

We studied in detail the two complementary pictures in which the passage of
charged particles through a plasma can be treated. In the binary collision approxi-
mation (BC, Chap. 3) the focus is on the pairwise interaction of the particles. The
desired observables can be obtained numerically from classical trajectory Monte
Carlo (CTMC, Sect. 2.3) simulations. Of course closed analytical treatments can of-
fer more physical insight provided the underlying assumptions are valid. Within the
BC we expanded the velocity transfer with respect to the projectile–electron inter-
action. As straggling is described by the second moment of the velocity transfer, an
expansion up to first order is sufficient, but the second order is needed for the stop-
ping power S . For this observable the energy transfer ΔEi to the test particle is first
averaged with respect to unobserved quantities like the phase ϕ of the cyclotron mo-
tion and integrated with respect to the impact parameter s̄ (or s in the unmagnetized
case). This yields the energy loss dEi/dl of the test particle with monochromatic
electrons. For the stopping power S and the stopping (drag) forceF the energy loss
must then be averaged with respect to the electron velocity distribution.

With increasing magnetic field the unperturbed motion of the electrons becomes
quasi one–dimensional, they move along the field lines like beads on a wire. For co-
moving projectiles and attractive interactions the velocity transfer vanishes, while
it becomes maximal in the repulsive case. This indicates a breakdown of the per-
turbation treatment. For a strong field the stopping power behaves in a logarithmic
manner at small projectile velocities. While this divergence can be lifted by using
velocity–dependent cut–off parameters as suggested by quantum diffraction, the va-
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lidity of the perturbation treatment at small velocities must be checked by comparing
with CTMC results (Sect. 3.10). These must be averaged in the chaotic regimes of
phase space, see Sect. 3.7.

In the dielectric theory (DT, Chap. 4) one calculates the response of the tar-
get, here the magnetized plasma to the perturbation caused by the projectile. In
this continuum theory the underlying nonlinear Vlasov–Poisson equation can be
solved numerically by a particle-in-cell (PIC, Sect. 2.5) simulation. More physical
insight can be obtained by linearization of the response (LR). One calculates first
the dynamic dielectric response function ε(k, ω) of the target, here a spatially ho-
mogeneous, magnetized, anisotropic Maxwellian electron plasma, see Sect. 2.4. In
a second step the stopping power is calculated from the force between the test parti-
cle and the polarization cloud it has created in its wake. For that purpose the inverse
of the dielectric function must be integrated in k–space. Generally this cannot be
done in closed form (Chap. 4). More manageable expressions are obtained by dis-
regarding the dynamic collectivity (reduced linear response, RLR, Sect. 4.6), which
corresponds to the second order perturbation treatment of the BC (Sect. 4.7). Some
account of the dynamics can be restored in an RLR with a dynamic screening of
the Coulomb potential. But as in BC both the LR and RLR stopping powers behave
in an anomalous manner at low ion velocities where the response is too strong for
linearization. The linear response results must be validated by comparing with PIC
simulations, the role of collectivity can be studied in comparison to CTMC simula-
tions, see Fig. 4.12.

The electrons must be treated quantum mechanically whenever their magnetic
(Landau) energy becomes comparable or is larger than their thermal energy. In
Chap. 5 the quantum theory of the stopping power is developed both within the
linearized DT and in the BC picture. As in the classical case both approaches agree
up to the collective dynamic response. The quantum energy transfers agree with the
classical results in that limit, provided that the appropriate averages with respect to
unobserved quantum numbers and variables, respectively, are taken, see Sect. 5.8.

In view of the strengths and weaknesses of these approaches we recommend
a pragmatic approach for the calculation of the stopping of charged particles in a
magnetized electron plasma: For large projectile velocities (compared to the ther-
mal velocity of the electrons) the dielectric linear response treatment is preferred as
it includes collectivity. The linearization becomes increasingly doubtful for strong
magnetic fields and low projectile velocities. In the attractive case this is cured to
some extent within the BC by self–cutting Coulomb logarithms as motivated by
quantum diffraction. In the repulsive case, e.g. for the cooling of antiprotons by
electrons the CTMC is indicated to account for the hard collisions at low velocities.
The method of choice is the PIC simulation which also accounts for the collective
response. On the other hand, the simulation methods offer less physical insight, are
numerically expensive and suffer from statistical fluctuations.

In applications (Chap. 6) like electron cooling in heavy ion storage rings or the
deceleration of charged, heavy particles in traps the region of phase space where
the perturbation expansion or the linearization are doubtful is small. Observables
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like cooling rates which require some averaging with respect to the initial data turn
out to be quite robust. So with sufficient care predictions can be done with good
confidence. There exists, for example, a wide range of parameters for which ions
like U92+ survive recombination while brought to rest in a trap.



A Dielectric Function of the Magnetized Electron-Ion
Plasma

Here we describe the evaluation of the dielectric function with the anisotropic
Maxwell distribution (2.43). We introduce the Fourier transformations of f1ν(r, v, t)
with respect to variables r and t, f1ν(k, ω, v). Because of the cylindrical symmetry
(around the magnetic field direction b = B/B = ẑ) of the problem, we choose

v = x̂v⊥ cosσ + ŷv⊥ sinσ + v‖ ẑ . (A.1)

Then the Vlasov equation (2.44) for the distribution function becomes

∂

∂σ
f1ν(k, ω, v)−

icν
Ων

(k · v−ω− i0) f1ν(k, ω, v) = −
i |qν|
mνΩν

φ(k, ω)

(
k ·

∂ f0ν
∂v

)
, (A.2)

where φ(k, ω) is the Fourier transformation of φ(r, t). The positive infinitesimal +i0
in equation (A.2) serves to assure the adiabatic turning on of the disturbance and
guarantees thereby the causality of the response. The solution of the equation (A.2)
has the form

f1ν(k, ω, v) = −
i |qν|
mνΩν

φ(k, ω)
∫ σ

∞
dσ2

(
k ·

∂ f0ν
∂v

)
σ=σ2

(A.3)

× exp

[
icν
Ων

∫ σ2

σ

dσ1
[
ω + i 0 − (k · v)σ=σ1

]]
.

Combining the expression (A.3) with the Poisson equation (2.45) we find for the
dielectric function

ε(k, ω) = 1 +
i

ε0k2

∑
ν

cνnνq2
ν

mνΩν

∫ ∞
0

v⊥dv⊥

∫ 2π

0
dσ
∫ +∞
−∞

dv‖

∫ σ

∞
dσ2

×
[
k‖
∂ f0ν
∂v‖
+ k⊥ cos(θ − σ2)

∂ f0ν
∂v⊥

]
(A.4)

× exp

{
icν
Ων

∫ σ2

σ

dσ1
[
ω + i0 − k‖v‖ − k⊥v⊥ cos(θ − σ1)

]}
,

where kx = k⊥ cos θ, ky = k⊥ sin θ. After integration with respect to the variables σ1,
σ2 and σ, and using the expression [52]

e−iz sin θ =

+∞∑
n=−∞

Jn(z) e−inθ , (A.5)
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where Jn is the Bessel function of the nth order, we obtain [5, 67, 77]

ε (k, ω) = 1 −
∑
ν

2πω2
pν

k2

+∞∑
n=−∞

∫ ∞
0

v⊥dv⊥

∫ +∞
−∞

dv‖ (A.6)

×
(

nΩν

v⊥

∂ f0ν
∂v⊥
+ k‖

∂ f0ν
∂v‖

)
J2

n(k⊥v⊥/Ων)

nΩν + k‖v‖ − ω − i0
.

Substituting expression (2.43) for the unperturbed distribution function f0ν into
(A.6) we finally obtain [67]

ε(k, ω) = 1 +
∑
ν

1

k2λ2
Dν‖

⎧⎪⎪⎨⎪⎪⎩1 + +∞∑
n=−∞

(
1 +

1
τν

nΩν

ω − nΩν

) [
W

(
ω − nΩν

|k‖|vthν‖

)
− 1

]
Λn(zν)

⎫⎪⎪⎬⎪⎪⎭ ,
(A.7)

where zν = k2
⊥v2

thν⊥/Ω
2
ν = k2

⊥a2
ν , Λn(z) = e−zIn(z), In(z) is the modified Bessel func-

tion of the nth order, and W(z) is the plasma dispersion function, equations (4.2)-
(4.4), see also [43]. For the derivation of equation (A.7) we have used the for-
mula [52, 67]

∞∑
n=−∞

Λn(z) = 1 . (A.8)

To show the identity of the two forms, expressions (2.48) and (A.7) of the di-
electric function we use the expansion in modified Bessel functions [52]

e−z(1−cos θ) =

∞∑
n=−∞

Λn(z) einθ . (A.9)

This allows to rewrite exp[−Xν(t)] with Xν(t) from (2.49) as

exp[−Xν(t)] = exp
(
−t2 cos2 β

) +∞∑
n=−∞

Λn (zν) exp

⎛⎜⎜⎜⎜⎝ inΩνt
√

2
kvthν‖

⎞⎟⎟⎟⎟⎠ . (A.10)

Substituting (A.10) into expression (2.48) and integration over the variable t leads
to equation (A.7).



B Anomalous Term

Consider the more detailed derivation of the anomalous contribution which arises
from the first term of equation (4.42). We start with the expression

S I =
4Z2e/2

(2π)3/2 λ2
D‖

∑
ν

�ν
vi

vthν‖

∫ ξ

0
k3dk
∫ π

0
dφQν (k, φ, vi) , (B.1)

where the variable k is scaled in units of λ−1
D‖ and ξ = kmaxλD‖. Here

Qν (k, φ, vi) =
∫ 1

0

dμ
μ
Φν (μ, k, φ, ω) exp

⎛⎜⎜⎜⎜⎜⎝−v2
i cos2 Θ

2v2
thν‖μ

2

⎞⎟⎟⎟⎟⎟⎠ , (B.2)

where

Φν (μ, k, φ, ω) =
Λ0 (zν) cos2 Θ[

k2 + G (ω)
]2
+ F2 (ω)

(B.3)

with zν = (k2τν/η
2
ν�ν)(1− μ2) and ην = Ων/ωpν. For vi → 0 a leading–term approxi-

mation of (B.2) leads to

Qν (k, φ, vi) �
1
2
Φ(0)

ν (0, k, φ) ln

⎛⎜⎜⎜⎜⎜⎝ 2v2
thν‖

γ0v2
i sin2 α cos2 φ

⎞⎟⎟⎟⎟⎟⎠ (B.4)

+

∫ 1

0

dμ
μ

[
Φ(0)

ν (μ, k, φ) −Φ(0)
ν (0, k, φ)

]
+ O (vi) ,

where γ0 = eγ and γ is the Euler’s constant, Φ(0)
ν (μ, k, φ) is the value of the function

Φν (μ, k, φ, ω) at vi → 0 (ω→ 0). Note that in this limit F (ω)→ 0 and G (ω)|ω→0 =

H (k, μ) with

H (k, μ) = 1 +
2
√

2
|μ| k

∑
ν

�3/2
ν ην

(
1
τν
− 1

) ∞∑
n=1

nΛn (zν) Di

⎛⎜⎜⎜⎜⎝nην√�ν√
2k |μ|

⎞⎟⎟⎟⎟⎠ . (B.5)

Thus

Φ(0)
ν (μ, k, φ) =

Λ0 (zν) cos2 Θ[
k2 +H (k, μ)

]2 (B.6)

and
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Φ(0)
ν (0, k, φ) =

Λ0(k2ςν) sin2 α cos2 φ[
k2 +H0 (k)

]2 (B.7)

with ςν = τν/η
2
ν�ν andH0 (k) = H (k, 0),

H0 (k) = 1 + 2
∑
ν

�ν

(
1
τν
− 1

) ∞∑
n=1

Λn(k2ςν) . (B.8)

Using the relation (A.8) (see also [52]) the functionH0 (k) finally takes the form

H0 (k) =
∑
ν

�ν

[
1
τν
+

(
1 −

1
τν

)
Λ0(k2ςν)

]
(B.9)

with Λ0(z) = e−zI0(z).
In small velocity limit, vi → 0, substituting equation (B.4) into (B.1) and after μ

and φ-integrations we finally obtain S I = S an+S ′I, where S an and S ′I are determined
by (4.43) and (4.45), respectively.



C Dielectric Function of the Magnetized Quantum
Plasma

In this Appendix we derive an alternative integral representation of the dielectric
function of the quantum plasma discussed in Sect. 5.1 (see equation (5.18)). This
representation can be treated as the quantum-mechanical analogue of classical di-
electric function, (2.48).

Consider the imaginary part of the dielectric function (5.18)

Imε (k, ω) =
4π2e2

k2 (2πλB)2

∑
σ=±1/2

∞∑
n;n′=0

F2
nn′ (ζ)
∫ +∞
−∞

dqz (C.1)

×
[
f (En′σ (qz + kz)) − f (Enσ (qz))

]
δ
[
Enσ (qz) − En′σ (qz + kz) − �ω

]
.

Here the eigenvalues of the free particle Enσ(qz) are defined by (5.13). Insert-
ing equation (5.13) into (C.1) and employing the integral representation of the δ-
function,

δ
(
E − E′

)
=

1
2πi

∫ δ+i∞

δ−i∞
dλ eλ(E−E′ ) , (C.2)

equation (C.1) can be written as

Imε (k, ω) =
2πe2

k2 (2πλB)2

∫ ∞
0

dE f (E)
1

2πi

∫ δ+i∞

δ−i∞
dλ eλE

(
1 + e−λ�Ωe

)

×
∫ +∞
−∞

dςe−iς�ω

∫ +∞
−∞

dqz exp

(
−i�2ς

k2
z + 2qzkz

2m

)
(C.3)

×
∞∑

n′=−∞

[
eiς�Ωen′ exp

(
−λ

�
2 (qz + kz)2

2m

)
− e−iς�Ωen′ exp

(
−λ

�
2q2

z

2m

)]

×
∞∑

n=0

e−λ�ΩenF2
n;n′+n (ζ) ,

where δ is an arbitrary real parameter. In (C.3) the summation over n is performed
using (5.53) and (5.55). The result reads as
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Imε (k, ω) =
2πe2

k2 (2πλB)2

∫ ∞
0

dE f (E)
1

2πi

∫ δ+i∞

δ−i∞
dλ eλE e−ζ coth(λ�Ωe/2)

tanh (λ�Ωe/2)

×
∫ +∞
−∞

dςe−iς�ω

∫ +∞
−∞

dqz exp

(
−i�2ς

k2
z + 2qzkz

2m

)
(C.4)

×
⎧⎪⎪⎨⎪⎪⎩exp

(
−λ

�
2 (qz + kz)2

2m

) ∞∑
n′=−∞

ein′�Ωe(ς−iλ/2)In′

(
ζ

sinh (λ�Ωe/2)

)

− exp

(
−λ

�
2q2

z

2m

) ∞∑
n′=−∞

e−in′�Ωe(ς+iλ/2)In′

(
ζ

sinh (λ�Ωe/2)

)⎫⎪⎪⎬⎪⎪⎭ .
The sum over n′ can be evaluated using the summation formula (A.9). After

some transformations in the ς-integral this yields

Imε (k, ω) =
4πe2

k2 (2πλB)2

∫ ∞
0

dE f (E)
1

2πi

∫ δ+i∞

δ−i∞
dλ eλE sinh (λ�ω/2)

tanh (λ�Ωe/2)
e−ζ coth(λ�Ωe/2)

×
∫ +∞
−∞

dς exp

[
−iς

(
�

2k2
z

2m
+ �ω

)]
exp

[
ζ

sinh (λ�Ωe/2)
cos (�Ωeς)

]

×
∫ +∞
−∞

dqz exp

⎡⎢⎢⎢⎢⎣−λ �
2

2m

(qz + kz)2 + q2
z

2

⎤⎥⎥⎥⎥⎦ exp

(
−iς�

2 qzkz

m

)
. (C.5)

In equation (C.5) there remains the qz-integral. Straightforward calculation of
this integral finally yields

Imε (k, ω) =
4πe2

k2

√
2πm

2� (2πλB)2

∫ ∞
0

dE f (E)
1

2πi

∫ δ+i∞

δ−i∞

dλ
√
λ

eλE sinh (λ�ω/2)
tanh (λ�Ωe/2)

×
∫ +∞
−∞

dςe−iς�ω/2 exp

⎡⎢⎢⎢⎢⎣−k2
⊥λ

2
B

2
cosh (λ�Ωe/2) − cos (�Ωeς/2)

sinh (λ�Ωe/2)

⎤⎥⎥⎥⎥⎦ (C.6)

× exp

[
−

�
2k2

z

8mλ

(
λ2 + ς2

)]
.

For deriving equation (C.6) we have made the change ς → ς/2. The integral form
of the real part of the dielectric function can be evaluated from Kramers-Kronig
relation, equation (5.21).



D Some Properties of the Function Fnn′(ζ)

We consider some properties of the function Fnn′ (ζ). First we give a detailed deriva-
tion of the classical limit of the function Fn;l+n(ζ) with fixed l and n → ∞, ζ → 0
but nζ = c2/4 = const. We express the Laguerre polynomials through the confluent
hypergeometric sum [52]. Using (5.15) this results in

Fn;l+n(ζ) =

[
Γ (n + l + 1)
Γ (n + 1)

]1/2

ζ l/2e−ζ/2
n∑

k=0

Γ (−n + k)
Γ (−n)

1
Γ (k + l + 1)

ζk

k!
, (D.1)

where Γ (x) is the Euler function. For forthcoming considerations the following limit
will be useful

Γ (q + k)
qkΓ (q)

∣∣∣∣∣∣
q→∞
= 1 +

k2 − k
2q

+ O

(
1
q2

)
. (D.2)

Here k is an arbitrary but fixed number. Using the last relation and the standard
representation of the Bessel functions [52] in the limits n → ∞, ζ → 0 but nζ =
c2/4 = const (D.1) becomes

Fn;l+n(ζ)
∣∣∣
n→∞; ζ→0

= Jl (c) + ζPl (c) + O
(
ζ2
)
, (D.3)

where Pl (c) = ((l + 1)/c) J′l (c). The function Ql in (5.106) is given by Ql (c) =
2Jl (c) Pl (c).

Consider two sums involving the functions Fnn′ (ζ). The first one is the summa-
tion of F2

nn′ (ζ) with respect to n′,

Bn(ζ) =
∞∑

n′=0

F2
nn′ (ζ) . (D.4)

For an evaluation of (D.4) we use the integral representation of the function Fnn′(ζ)

Fnn′ (ζ) =
∫ ∞
−∞

ϕn (t) ϕn′
(
t +
√

2ζ
)

dt , (D.5)

which follows from equations (5.4), (5.12) and (5.14). Here ϕn(t) = Ane−t2/2Hn(t)
with A−2

n = 2nn!
√
π, where Hn(t) are the Hermite polynomials. Note that the func-

tions ϕn(t) are orthogonal with
∫ ∞
−∞ ϕn(t)ϕn′ (t)dt = δnn′ . Moreover these functions

obey the differential equation [1, 52]
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ϕ
′′

n (ζ) = (ζ2 − 1 − 2n)ϕn(ζ) . (D.6)

Thus substituting (D.5) into (D.4) we arrive at

Bn(ζ) =
∫ ∞
−∞

ϕn

(
t −
√

2ζ
)

dt
∫ ∞
−∞

ϕn

(
τ −
√

2ζ
)

dτ
∞∑

n′=0

ϕn′ (t)ϕn′ (τ) . (D.7)

Now we recall the completeness of the functions ϕn(t)

∞∑
n=0

ϕn(t)ϕn(τ) = δ(t − τ) . (D.8)

Using this relation in (D.7) we finally obtain

Bn(ζ) =
∫ ∞
−∞

ϕ2
n (t) dt = 1 . (D.9)

In the last step we have introduced the new variable of integration in (D.7).
Consider the second sum which is defined as

Dn(ζ) =
∞∑

n′=1

n′F2
nn′ (ζ) . (D.10)

Again we use the integral representation of the functions Fnn′ (ζ) (D.5). With this
representation equation (D.10) becomes

Dn(ζ) =
∫ ∞
−∞

ϕn

(
t −
√

2ζ
)

dt
∫ ∞
−∞

ϕn

(
τ −
√

2ζ
)

dτ
∞∑

n′=1

n′ϕn′ (t)ϕn′ (τ) . (D.11)

In the next step we express n′ϕn′ (t) through the functionsϕn′ (t) and its second deriva-
tive using the differential equation (D.6). After some calculations this yields

Dn(ζ) =
1
2

∫ ∞
−∞

[
(τ2 − 1)ϕn

(
τ −
√

2ζ
)
− ϕ

′′

n

(
τ −
√

2ζ
)]
ϕn

(
τ −
√

2ζ
)

dτ . (D.12)

In this equation the second derivative ϕ
′′

n can be replaced by ϕn using (D.6). Then
changing the integration variable we obtain

Dn(ζ) =
∫ ∞
−∞

(
n + ζ + τ

√
2ζ
)
ϕ2

n(τ)dτ = n + ζ . (D.13)

Recalling the relation (D.9) this result can be alternatively written in the form

∞∑
n′=0

(n′ − n)F2
nn′(ζ) = ζ . (D.14)
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List of Symbols and Abbreviations

a cyclotron radius of the electrons in BC treatment.
aν thermal cyclotron radius of the plasma species ν, vthν⊥/Ων.
ac cyclotron radius of the projectile ion.
aB Bohr radius �

2/me/2.
aWS Wigner–Seitz radius = (4πne/3)−1/3.
A vector potential.
C(r)
⊥ , C(r)

‖ components of an arbitrary vector C transverse or parallel to
vr , respectively.

C⊥, C‖ components of an arbitrary vector C transverse or parallel to
b, respectively.

b unit vector along the magnetic field.
B magnetic field.
BC binary collisions.
CAR Cartesian coordinate basis.
CM center of mass.
CTMC Classical–Trajectory–Monte–Carlo.
CYL cylindrical coordinate basis.
DT dielectric theory.
Di(ζ) Dawson integral.
−dE/dl energy loss of monochromatic particle beam.
−dE/dl stopping power (velocity averaged energy loss).
Eext electrical field created by a moving ion −∇Φei.
Eα, Enσ(qz) energy eigenvalues in the Landau state α (n, σ, qz).
EF Fermi energy of unmagnetized electrons.
−e charge of the electron qe.
e/2 e2/4πε0.
f (r, v, t) nonequilibrium electron distribution function.
f0(v) equilibrium electron distribution function.
Fν(z) Fermi function.
Ftot total averaged electrical force acting on the plasma.
F(r) interaction force.
F(k) Fourier transformed interaction force.
g(ζ), f (ζ) real and imaginary parts of the plasma dispersion function.
g statical ion-plasma coupling parameter

√
3|Z|Γ3/2.



184 List of Symbols and Abbreviations

Hn(x) Hermite polynomials.
Ĥ Hamiltonian of the system.
Ĥ0, Ĥ1(t) zero and first order Hamiltonians, respectively.
� Planck’s constant divided by 2π.
ICF inertial confinement fusion.
Im imaginary part.
In modified Bessel function of the first kind.
jα(r, t) probability current density in the Landau state |α〉.
j(0,1)
α (r, t) zero and first order probability current densities in the state

|α〉, respectively.
J(r, t) electrical current density.
J (1)(r, t) first-order electrical current density.
Jn Bessel function of the first kind.
K constant of motion for the magnetized electrons.
kB Boltzmann’s constant.
kmax maximum cut–off parameter in k-space.
kmin minimum cut–off parameter in k-space.
Kn modified Bessel function of the second kind.
k, k′ wave vectors.
L Lagrangian of the system.
L normalization length.
L(smax, smin) conventional Coulomb logarithm ln(smax/smin).
Lth velocity-averaged Coulomb logarithm ln(〈smax〉/〈smin〉).
Li2(z) dilogarithm function.
Lμ

n(z) generalized Laguerre polynomials.
LR linear response.
m mass of the electron.
mi mass of the plasma ions.
M mass of the projectile ion.
ne electron density.
ni ion density.
nr unit vector along vr.
n̄r unit vector along v̄r.
PIC particle-in-cell.
p̂ momentum operator.
qν charge of the plasma species ν.
Re real part.
R0 initial position of the electron in a field-free case.
R̄0 initial position of the guiding center for magnetized elec-

trons.
r0(t) initial relative radius–vector.
r position vector.
RLR reduced linear response.
s impact parameter in field-free case.
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s̄ impact parameter of the guiding center for magnetized elec-
trons.

smax maximum cut–off parameter.
smin minimum cut–off parameter.
S 0 SP in the absence of magnetic field.
S inf SP in the presence of infinitely strong magnetic field.
S an anomalous SP.
S LR SP within LR treatment.
S RLR SP within RLR treatment.
S BC SP within BC treatment.
S αβ(k) matrix elements of eik·r.
S ei(q) electron-ion static structure factor.
SP stopping power.
t time.
T average plasma temperature 2

3 T⊥ + 1
3 T‖.

Teff effective temperature
T⊥ plasma temperature transverse to the magnetic field.
T‖ plasma temperature parallel to the magnetic field.
Tr trace operation.
Up(r, t) density of plasma potential energy
u unit vector transverse to the magnetic field (cosϕ, sinϕ).
up unit vector transverse to the magnetic field (cosϕp, sinϕp).
vr relative velocity in the field-free case.
v̄r relative velocity of the guiding center.
vi ion velocity.
ve electron velocity.
v0(t) initial relative velocity ṙ0(t).
vth thermal velocity of plasma electrons.
vth⊥ electron transverse thermal velocity (kBT⊥/m)1/2.
vth‖ electron longitudinal thermal velocity

(
kBT‖/m

)1/2.
vth average thermal velocity of the electrons (kBT/m)1/2.
w Ω⊥/ωp.
W(ζ) plasma dispersion function.
x scaled projectile ion velocity vi/vth‖.
x̂, ŷ, ẑ unit vectors.
Zie charge of the plasma ion qi.
Ze charge of the projectile ion.

E1 is identical to σ(v̄r, vi).
E2(s̄) classical BC energy transfer averaged over the all initial po-

sitions z0 of the electron guiding center.
EF Fermi energy of magnetized electrons.
F macroscopic stopping force.
R friction coefficient.



186 List of Symbols and Abbreviations

Z dynamical ion-plasma coupling parameter.
G,F real and imaginary parts of the dispersion function of a mag-

netized plasma, respectively.
S0 (kBT/e/)2.

α angle between the magnetic field B and the ion velocity vi.
β angle between the wave vector k and the magnetic field B.
α, β Landau states.
γ scaled magnetic field ωp/Ωc.
γ Euler’s constant � 0.5772.
γ0 exponent of the Euler’s constant = eγ.
Γ Coulomb coupling parameter.
Γ(z) Euler’s Γ-function.
Δτrel relaxation time in two-temperature plasma.
δ pitch of the electron helices divided by 2π, v̄r/Ωe.
δEi(t), δEe(t) ion and electron energy changes at the time t, respectively.
δv(t), δp(t) relative velocity and momentum changes at the time t, re-

spectively.
δ(x) Dirac function.
δαβ Kronecker symbol.
Δv, Δp relative velocity and momentum transfers.
ΔE(1,2)

i first and second order ion energy transfers.
ΔE(1,2)

e first and second order electron energy transfers.
〈ΔE(2)

i 〉ϕ ϕ-averaged second order ion energy transfer.
〈ΔE(2)

i 〉ϕ,ϑs ϕ, ϑs-averaged second order ion energy transfer.
ΔECAR

α quantum mechanical energy transfer of an electron in the
state |α〉 in a Cartesian basis.

ΔECYL
α quantum mechanical energy transfer of an electron in the

state |α〉 in a cylindrical basis.
ε0 vacuum permittivity.
ε(k, ω) longitudinal dielectric function of the magnetized plasma.
εi j(k, ω) dielectric tensor of the magnetized plasma.
εi j(ω) dielectric tensor of the magnetized cold plasma.
ε⊥,‖(ω) diagonal elements of the tensor εi j(ω).
ζν scaled frequency ω/kvthν‖.
ζ(z) Riemann function.
η scaled magnetic field Ωe/ωp.
θ, θ′ azimuthal angles of k⊥ and k′⊥ respectively.
ϑb angle between b and v̄r .
ϑs, ϑs̄ azimuthal angle of the impact parameters s and s̄.
Θ angle between ion velocity vi and wave vector k.
Θ(z) unit step (Heaviside) function.
Λ(smax, smin) modified Coulomb logarithm.
Λth velocity-averaged modified Coulomb logarithm.
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ΛQ Coulomb logarithm in quantum–mechanical treatment.
Λn(z) e−zIn(z).
λDν‖ Debye screening length of the plasma species ν, vthν‖/ωpν.
λD‖ Debye screening length for electrons vth‖/ωp.
λ screening length.
λB magnetic length.
� thermal wavelength.
μ reduced mass.
ν plasma species index (ν = e, i).
νe effective collision frequency.
ρ̂ density matrix operator.
ρi(r, t) charge density of projectile ion.
ρα(r, t) probability density.
ρ

(0)
α (r, t) zero-order probability density.

ρ(r, t) induced charge density.
σ(v̄r, vi) effective transport cross–section.
σ̂z spin operator.
σ spin variable.
τν temperature anisotropy of the species ν in temperature-

anisotropic two-component plasma Tν⊥/Tν‖.
τ temperature anisotropy in two-temperature electron plasma

T⊥/T‖.
τs time constant for synchrotron radiation.
φ(r, t) scalar potential.
Φei(r) electric potential created by ion on electron.
Φei(k) Fourier transformed electric potential created by ion on elec-

tron.
ϕ, ϕ′ initial phases of magnetized electrons.
ϕp initial phase of projectile ion.
χν(k, ω) susceptibility of the plasma species ν.
χ(k, ω) susceptibility of the plasma electrons χe(k, ω).
ψ

(0,1)
α unperturbed and first order electron wave functions in the

Landau state α.
ω, ω′ frequencies.
ω, ω′ resonance frequencies k · vi and k′ · vi, respectively.
ωpν plasma frequency of the species ν.
ωp plasma frequency of electrons = ωpe.
ωH upper hybrid frequency.
Ων cyclotron frequency of the plasma species ν.
Ωc cyclotron frequency of the projectile ion.
Ωα energy eigenvalue in the state |α〉 in units of �, Eα/�.
Ωαβ Ωα − Ωβ.
Ω1,2,3(β) plasma resonances.
Ω‖,⊥ strengths of the Coulomb correlations.
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