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Preface

The transport of a given species (atoms, molecules, neutrons, photons, 
etc.), either through its own kind or through some other host medium, is a 
problem of considerable interest.  Practical applications may be found in 
many technologically and environmentally relevant areas such as the 
transport of neutrons in a nuclear power reactor or in a nuclear weapon, the 
transport of ions and electrons in plasma, the transport of photons which 
constitutes radiative heat transfer in various industrial, environmental and 
space applications, the transport of atoms or molecules of one species either 
through itself or as one component of a multi-component gas mixture, and 
the interactions of such gas mixtures with various solid and liquid surfaces 
such as one might find associated with capillary tubes, aerosol particles, 
interstellar dust grains, etc..  These application areas are obviously quite 
broad and it is readily apparent that there are, indeed, few scientific activities 
that do not require some level of understanding of transport processes. 

One of the most important and influential texts in the area of transport 
theory has been The Mathematical Theory of Non-Uniform Gases by Sidney 
Chapman and T.G. Cowling that was first printed in 1939.  This book, along 
with several other more recent texts (Hirschfelder, J.O., Curtiss, C.F. and 
Bird, R.B., Molecular Theory of Gases and Liquids, John Wiley and Sons, 
NY, 1954;  Kogan, M.N., Rarefied Gas Dynamics, Plenum Press, NY, 1969;  
Ferziger, J.H. and Kaper, H.G., Mathematical Theory of Transport 
Processes in Gases, North-Holland, Amsterdam-London, 1972;  Cercignani, 
C., Theory and Application of the Boltzmann Equation, Scottish Academic 
Press, Edinburg, UK, 1975.), have provided students and researchers in the 
area of transport theory with an excellent basis for pursuing in-depth 
research in the area and have made possible some limited, albeit very useful, 
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applications of the theory.  These texts have focused primarily on the 
development and simplification of the Boltzmann equations and on the 
derivation of general expressions for the coefficients associated with the 
transport phenomena of viscosity, thermal conduction, and diffusion in 
essentially unbounded gases. 

In recent years, however, it has been recognized that not only do 
intermolecular collisions within the bulk of the gas play an important role in 
determining the various transport coefficients but that interactions at 
boundaries are also significant.  Hence, a simultaneous understanding of 
both is required in order to obtain reasonably complete descriptions of, and 
ultimately solutions to, any given transport problem.  The relative 
importance of a boundary in a given transport problem is generally specified 
by Knudsen number, Kn d , where  represents the mean free path of 
the species of interest in the host medium while d  is some characteristic 
dimension of the system.  Thus, in transport problems in general, there exist 
several somewhat arbitrarily defined regimes of interest.  These cover the 
range from 1Kn  where a given boundary exerts a strong influence on the 
transport processes to 1Kn  where a given boundary exerts an essentially 
negligible influence on the transport processes.

Accounts of the effects of boundaries on transport problems have been 
discussed in a variety of texts on subjects such as Neutron Transport Theory, 
Radiative Heat Transfer, and the Kinetic Theory of Gases.  These, and the 
basic transport theory books mentioned above, are generally written at a 
level suitable only for specialists in the field or very advanced students.  
Thus, even though many have tried to use them as teaching texts, their 
application in this capacity has remained somewhat constrained with a clear 
need continuing to exist for a more student-friendly text having a clearer 
emphasis on basic problem solving.  At the University of Missouri-
Columbia, we became clearly aware of this need in the Winter of 1992 when  
one of us (INI), as a part of teaching obligations associated with his status as 
a visiting professor to Columbia from Russia under the Fulbright exchange 
program, taught a class on the subject of transport theory.  Based on this 
experience, we felt that the time had arrived for a new text that would 
combine a concise, but basically complete, introduction to the field of 
transport theory with a fairly tight focus on a few recently successful 
analytical solution techniques.  Further, we recognized that any successful 
text of this type would, of necessity, include a good selection of easily 
applicable, representative problems that were either fully solved or which 
included sufficient basic guidance to assist the problem solver in reaching 
the correct solution.  In this context, we have been strongly influenced by the 
organization and style of the excellent series of texts by Landau and Lifshitz. 



Preface xix

      

The subject material in the book divides itself quite naturally into two 
parts:  the non-equilibrium properties of an infinite expanse of gas and those 
of a bounded gas.  The first part (Chapters 1-5) contains the basis of the 
Kinetic Theory of Gases developed along the traditional lines of Chapman 
and Cowling.  Some simplifications have been made during this 
development but only to facilitate the reader’s understanding of the basic 
principles of the kinetic theory.  For example, the derivation of the 
Boltzmann collision operator is substantially simpler than that described in 
the above mentioned texts.  The analysis presented in these chapters is based 
on the framework of the scattering cross section being the basic quantity 
characteristic of molecular encounters.  In description of the Chapman-
Enskog method, we focus our attention on the first-order approximation for 
rigid-sphere molecules to facilitate one’s understanding of this method.  
Nevertheless, the second-order Chapman-Enskog solutions along with 
tabulated values of all quantities necessary for their complete evaluation, are 
also provided for the Lennard-Jones (6-12) intermolecular potential as this 
development is potentially very important for practical applications.  The 
presentation of this material here is in the most complete form currently 
available.

The second part of the book (Chapters 6-12) presents focused 
descriptions of a limited selection of analytical methods that may be used to 
solve boundary value problems of transport with reasonable accuracy.  The 
typical features found in the statements of boundary value problems for 
various gas flow regimes are discussed in Chapter 6.  Within the framework 
of the traditional Maxwellian boundary model, new expressions for the 
reflected distribution functions at surfaces are presented which are then 
adapted to numerous applied problems of a practical nature.  The physical 
features associated with statements of the boundary conditions for 
condensable and non-condensable gases are discussed and appropriate 
definitions for the basic accommodation coefficients are described in detail. 

Chapter 7 contains a kinetic theory treatment of gas transport problems 
for extremely high Knudsen numbers.  The theory presented here starts with 
a Boltzmann equation that takes its simplest form due to the absence of the 
collision operator.  Under stationary conditions, the constancy of the 
distribution function along molecular trajectories results in its discontinuity 
in velocity space; an effect that may be described in terms of the classic 
‘cone of influence.’  For the spherical geometry, a new analytical 
representation of the distribution function in the full velocity space is given.  
This representation is a generalization of that previously proposed for the 
planar geometry.  A number of basic problems are considered which show, 
in detail, the features of a mathematical solution technique that is presented 
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here, in monographic form, for the first time and which otherwise could only 
be found by perusing the original journal articles in which it was developed. 

The next two chapters, Chapters 8 and 9, present selected methods of 
solution of planar transport problems.  Detailed analytical solutions of some 
applied problems are given for the special case when molecules can be 
approximated as rigid spheres.  In our description of selected methods, we 
have concentrated on various moment approaches in which we have 
emphasized the importance of using conservation laws to construct exact 
moment solutions.  In Chapter 8, our development of the various moment 
approaches starts with the classic Maxwellian method and proceeds on to a 
generalized form of the Maxwellian method, which we term the Loyalka 
method after the one of us (SKL) who developed it.  A key feature of this 
latter method that we emphasize is the opportunity that it represents to 
construct an accurate theory of slip phenomena for arbitrary models of the 
intermolecular potential.  We follow these with a description of the 
characteristic features of the half-range moment method which, in 
combination with the mathematical solution technique described in 
Appendix A, is presented here in monographic form for the first time.  Also 
in Chapter 8 we discuss in detail various boundary models and introduce a 
new model that allows for the incorporation of two conservation laws. 

We continue our discussion of planar transport problems in Chapter 9 
with a discussion of the variational method which is followed by a 
discussion of the accuracy of all the various solution methods described for 
planar transport problems.  Features of the integral representation of the 
distribution function and of the construction of basic functionals for slip 
problems are discussed in detail.  We touch briefly on a new approximate 
method (Prob. 9.8) that may be used to describe gas behavior in the Knudsen 
layer.  This comparative analysis of various approximate methods and 
estimates of their accuracy are compiled here in monographic form for the 
first time allowing the reader to make easy comparisons between the various 
methods. 

Chapter 10 contains straightforward applications of the slip-flow theory 
to various classical problems of interest.  Derivations of the basic equations 
and statements of the boundary conditions in the slip-flow regime are 
discussed as well.  While the subject treated here may be found in various 
places in the literature, several gaps in the subject have been bridged in order 
to make possible a systematic description of the various linearized problems. 

Chapter 11 contains original material that has been worked out only 
recently and which, in some cases, is still under development (such as the 
sphere drag problem).  In many cases, methods and results for arbitrary 
Knudsen number and different geometries are described for the first time in 
such a complete manner.  For instance, analytical expressions for the bracket 
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integrals associated with each transport problem as well as numerical and 
various approximate methods of calculation of these bracket integrals for 
different curvilinear geometries are original and have not been reported 
previously.  The authors were the first to suggest the use of the Chapman-
Enskog solutions as the molecular properties used to construct moment 
systems.  This approach yields a very simple procedure that may be used to 
calculate bracket integrals for arbitrary intermolecular potentials.  The 
advantage of this method is shown in analyses of some classical spherical 
transport problems such as the torque and thermal conduction problems. 

In Chapter 12 the analytical methods presented earlier for the Maxwell 
and Loyalka methods are again used to solve planar boundary value 
problems involving the various boundary slip phenomena.  Here, however, 
the emphasis is on binary gas mixtures where the preceding chapters have 
focused only on simple one-component gases.  The relevant boundary slip 
phenomena are discussed in detail and the accuracy of the various methods 
is evaluated further in the context of gas mixtures.  This chapter also 
contains all of the material necessary to completely specify the transport 
coefficients for a binary gas mixture for both the first- and second-order 
Chapman-Enskog approximations. 

In addition to the material in Chapters 1-12, a number of appendices have 
been included to facilitate the ease of the reader in finding and using such 
information as is necessary to effectively make use of the analytical methods 
described in this book.  Appendices A-C contain descriptions of analytical 
methods needed to evaluate the necessary bracket integrals associated with 
the various transport problems in both the planar and curvilinear geometries.  
Of particular importance, the methods of calculation of bracket integrals 
containing the discontinuous distribution function have all been collected 
together in one monograph for the first time.  Appendix D provides 
additional information about the variational principle for use in planar 
transport problems.  Here, the reader can find greater detail regarding the 
general principles behind the construction of the necessary variational 
functionals needed for specific boundary value transport problems.  
Appendix E contains an extensive listing of definite integrals that are most 
frequently encountered in boundary value transport problems and Appendix 
F contains tabulated numerical values of the -integrals that are 
encountered when using the Lennard-Jones (6-12) potential model.  This set 
of tabulated -integrals is the complete set that it is necessary to use when 
employing either the first-order or the second-order Chapman-Enskog 
approximations. 

The problems following each chapter may be useful to both students and 
instructors.  While all of these problems have been solved, sometimes only 
an outline of the solution is given and the reader must supply the details.  
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The authors recommend that students of the subject seek to obtain their own 
solutions to these problems in order to gain familiarity with the techniques.  
In addition to basic experience, this will also help students of the subject to 
understand some of the subtleties of the analytical methods described.  
While some of the problems presented at the ends of the chapters only 
require the reader to utilize basic information that may be readily obtained in 
the necessary form directly from the book, other problems will require the 
reader to engage in some significant extension and generalization of the 
basic material presented in the book. 

This book is designed to serve a dual function.  It is intended that it be 
capable of serving as a teaching instrument, either in a classroom 
environment or independently, for the study of basic analytical methods and 
mathematical techniques that may be used in the Kinetic Theory of Gases.  It 
is primarily suitable for use in graduate level physics and engineering 
courses on the Kinetic Theory of Gases.  This book should also prove to be 
useful as a reference for scientists and engineers working in the fields of 
Rarefied Gas Dynamics and Aerosol Mechanics.  In addition, the material in 
this book may prove to be of interest to individuals working in the areas of 
Physical Chemistry, Chemical Engineering, or any other applied discipline 
in which gas-surface interactions can be expected to play a significant role. 
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Chapter 1 

THE GENERAL DESCRIPTION OF A RAREFIED 
GAS 

1. SOME INTRODUCTORY REMARKS. 

Systems consisting of what are usually called rarefied gases will be 
considered in this book.  Such systems contain large numbers of molecules; 
specifically, about 192.7 10  cm–3 for a gas at standard temperature and 
pressure (STP) defined to be 0 °C (273.15 K) and 1.0 atm (760 torr).  How 
may the behavior of such huge collections of particles be described?  If one 
were to try to apply the methods of classical mechanics, one would have to 
construct and solve a system of equations of motion containing as many 
equations and initial conditions as there are numbers of interacting particles.  
Obviously, such a problem could not be solved today even with the help of 
the most advanced computers.  On this basis, one might naively suspect that 
the greater the number of particles, the more difficult the problem.  This is 
not strictly true, however, as it turns out that useful results can be obtained 
by applying statistical descriptions to such systems. 

The state of a gas can be analyzed by employing statistical laws which 
allow one to determine average values for the different macroscopic 
quantities that characterize the behavior of the gas.  It has been proven in 
statistical mechanics [1-3] that the relative fluctuations of additive quantities 
(i.e. quantities whose values for the body as a whole are equal to the sum of 
the values for its separate parts) are proportional to 1 2N , where N  is the 
number of molecules of the gas.  In accordance with this theorem, the 
additive quantities are really equal to their average values to an extremely 
high degree of accuracy and, therefore, deviations of the actual quantities 
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from the average values do not have a practical influence on the 
trustworthiness of the statistical description. 

The mean values mentioned above may be found by using a probability 
framework in which the main interest is in the statistical distribution 
function for the molecules.  It is very important to note that the extreme 
accuracy of this type of probabilistic analysis, due to the relatively small 
deviations of the macroscopic quantities from their mean values, is much 
greater than the accuracy of actual experimental measurements and, hence, 
small deviations of the macroscopic quantities from their mean values are 
typically neglected. 

2. DENSITY AND MEAN MOTION. 

First, some macroscopic quantities for a ‘simple’ gas composed entirely 
of identical molecules [4-6] will be determined.  Let the mass of any 
molecule be m  and let dr  denote a small volume element surrounding the 
point, r .  This volume element is assumed to be large enough to contain a 
great number of molecules while still possessing dimensions small compared 
to the scale of variation of the macroscopic quantities of interest. 

Let the mass contained in dr  be averaged over a time interval, dt ,
which is long compared to the average time needed for a molecule to 
traverse dr  yet short compared to the scale of the time variations in the 
macroscopic properties of the gas.  Then, the average value of the mass 
contained by dr  will be proportional only to its volume and will not depend 
upon its shape.  This mass will be denoted by dr , where ,tr  may be 
termed the mass density (or typically just ‘density’) of the gas at ,tr .  The 
number density of the gas, ,n tr , is identified by analogy.  These densities 
are connected by the relationship: 

, , ,t mn tr r

where m  is the mass of a single gas molecule. 
If the velocity of a molecule is denoted by v , then the mean velocity of a 

gas at ,tr  may be denoted by ,tu r  which is defined by the vector 
equation: 

,ndr u v
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where the summation over v  on the right-hand-side extends over all of the 
molecules in dr , and both ndr  and v  are averaged over the time 
interval, dt .

The translational motion of an individual molecule in dr  may be 
specified either by its ‘actual’ velocity, v , relative to some standard frame 
of reference, or by its velocity, V , relative to axes moving with a velocity, 
u , so that: 

.V v u

If u u , then the quantity, V v u , is called the peculiar velocity of the 
molecule. 

3. THE DISTRIBUTION FUNCTION OF 
MOLECULAR VELOCITIES. 

Within a statistical framework, the state of a rarefied gas is described by 
the distribution function, , ,f tv r , so that the quantity, fd dv r , gives the 
probable number of molecules which, at time, t , are situated around r  in 
the volume element, dr , and have velocities near v  lying in the range, dv .
It is also important to note that fd dv r  is the number of molecules in d dv r
averaged over the time interval, dt .  The distribution function may be 
specified as the probability density of points in the phase space (i.e. the six-
dimensional space of r  and v ) of a molecule. 

The description of a gas by its distribution function is excessively 
detailed.  For practical purposes this amount of detail is not always needed.  
For instance, the gas as a continuum may be characterized by various 
macroscopic quantities which may be experimentally measured.  These 
quantities may be considered to be moments of the distribution function and 
these moment relationships will be discussed in detail later. 

It is clear that the number density may be obtained by integrating the 
distribution function throughout the entire velocity space.  This integration 
may be performed over either the actual or peculiar velocities of the 
molecules since the distribution of velocity points is unaffected if the origin 
in the velocity space is shifted to the point, u .  The same integration concept 
also applies with respect to all similar integrals over the distribution function 
(moments of the distribution function).  Hence, the number density may be 
expressed in the form: 

, , , , , .n t f t d f t dr v r v V u r V  (1-1) 
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4. MEAN VALUES OF FUNCTIONS OF 
MOLECULAR VELOCITIES. 

Let , ,tv r  be any function of the molecular velocity, v , position, r ,
and time, t .  This function will be called a molecular property.  The mean 
value of , ,tv r  in the volume element, dr , is defined by the relation: 

1 ,ndr

where  denotes the time average during dt  of the sum of the values of 
, ,tv r  for all the molecules in dr  and can be expressed in terms of the 

distribution function, , ,f tv r .  For this purpose, consider the set of 
molecules in the volume element of the phase space, d dv r .  Molecules of 
this set all have the same velocity and thus their contribution to the sum, 

, is fd dv r .  The net contribution of all molecules in the volume 
element, dr , may then be expressed in the form: 

.d fdr v

Hence , the mean value of any molecular property, , ,tv r , may be 
represented by a moment of the distribution function, i.e.: 

1 .n fdv  (1-2) 

In particular, the mean velocity of a gas is given by: 

1 .n fdu v v  (1-3) 

From Eq. (1-3), it then follows directly that the mean value of the peculiar 
molecular velocity is equal to zero, i.e.: 

0 .V v u v u

5. TRANSPORT OF MOLECULAR PROPERTIES. 

Consider the passage of molecules, as shown in Fig. 1-1, across a small 
element of surface, dS , moving in the gas with arbitrary velocity, u .  Let 
n  be a unit vector positioned normal to the surface element and pointing in 
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the direction from the negative side to the positive side.  The velocity, V ,
of a molecule relative to dS  is equal to v u , or V u u .  In the Kinetic 
Theory of Gases, a standard analysis is usually employed to calculate the 
fluxes of the various molecular properties.  First, the contribution to the flux 
across the surface element, dS , is determined for each separate velocity 
group of molecules.  Then, the net flux is calculated by integrating over all 
velocity groups. 

Consider the molecules of one velocity group in dr  whose peculiar 
velocities lie in the range, dV .  Let a molecule cross the element dS  in a 
time dt  which is so short that the possibility of molecular encounters may 
be ignored.  In this case, the molecule must lie somewhere inside the region 
having dS  as the base and having a length and direction determined by 

dtV .  Thus, if dr  denotes the volume of this region, the number of 
molecules crossing dS  during dt  is fd dV r .

From the above description, it follows that cosd dSdtr V  where 
 is the angle between V  and n  and the sign, plus or minus ( ), is chosen 

so as to make the expression for dr  positive.  Thus, the flux of V  for 

Figure 1-1. Passage of molecules across an arbitrary surface element, dS .
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this molecular group is expressed, both in magnitude and in sign, by the 
following relation: 

.nV f d dSdtV V V  (1-4a) 

The net flux is then the integral over all of the velocity groups and is written 
as: 

.ndSdt V f dV V V  (1-4b) 

The rate of flow of property  per unit area is expressed in the form: 

.nnV V  (1-4c) 

This represents the n -component of the corresponding vector quantity: 

.nV V  (1-5) 

Substituting the definition of V  into Eq. (1-5), one can obtain: 

.n n nV V V V u u V  (1-6) 

The vector nV V  is typically termed the flux density vector for the 
molecular property, V , while the second term on the right in Eq. (1-6) is 
connected with the number flow of molecules across dS ; each of which 
possesses the mean value of the property, V .

6. THE PRESSURE TENSOR. 

Let V  be equal to some component of the molecular momentum, 
mv .  At the boundary of some containment vessel, every molecule that 
rebounds from the surface imparts momentum to it.  These impacts simulate 
a continuous force on the surface equal to the rate at which momentum is 
imparted to the surface.  The force per unit area on the surface is called the 
pressure which is a vector that is not necessarily normal to the surface. 

Let an element of the surface, dS , move with a velocity, u , and let the 
direction pointing into the gas from the surface be taken as negative.  The 
pressure on this boundary surface element, nP , is equal to the total rate of 
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flow of the molecular momentum, mnv , per unit area.  Using Eq. (1-4c), 
one obtains [4]: 

.n nVP v  (1-7) 

If the surface is impenetrable to the gas molecules, then the mean velocity 
relative to the wall has no component normal to the wall.  This may be 
expressed as: 

0 .nV  (1-8) 

Using this condition, one can perform the following transformations: 

,n nV Vv V u n V u u V n V V

after which the following expression for nP  may be obtained: 

.n nVP V n VV n P  (1-9) 

Figure 1-2. Components of the pressure tensor.  Here, the point, M , is physically located at
the center of the cube face nearest to the observer. 
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Here, P  is a symmetrical tensor defined by: 

2

2

2

.
x x y x z

y x y y z

z x z y z

V V V V V

V V V V V

V V V V V

P VV  (1-10) 

It is important to note that this tensor depends only upon the distribution of 
the peculiar velocities. 

The same analysis may be used to define the pressure distribution at any 
point, M , within the gas.  Let the surface element, dS , containing M  share 
the mean motion of the gas so that , 0u u V V  and, therefore, 0nV .
Since the basic condition for deriving Eq. (1-9) is satisfied in this particular 
case, the pressure distribution across the surface element, dS , is defined by 
the same pressure tensor, P , given by Eq. (1-10).  The physical sense of 
each pressure tensor component is illustrated in Fig. 1-2. 

7. THE HYDROSTATIC PRESSURE. 

The sum of the normal pressures at the point, M , across the three planes 
parallel to the coordinate planes, is given by: 

2 .xx yy zzP P P V

The mean of the normal pressures across these planes is called the 
hydrostatic pressure, p , or the pressure at M .  Immediately from this 
definition, one can obtain: 

1
3 ,ik ikp P  (1-11) 

where i k  is the unit symmetrical tensor whose components are given by: 

1 ; ,
0 ; .i k

i k
i k

If 0ikP  when i k  and the diagonal elements are equal, the pressure, p ,
may be expressed in the form: 
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,xx yy zzp P P P  (1-12a) 

or: 

.ik ikP p  (1-12b) 

In this case, the pressure vector may be written as n ik k ii P n pnP  and, 
therefore, the pressure on any surface element through the point, M , is 
normal to the surface and is independent of the orientation of the surface. 

8. THE AMOUNT OF HEAT. 

The kinetic energy of translational motion of molecules in the volume 
element, dr , at time, t , is: 

21
2 ,nd mvr

which may be expressed in the form: 

2 21
2 .d u Vr  (1-13) 

Here, the first term is the kinetic energy associated with the motion of the 
volume element which has a net mass.  The second term is the kinetic energy 
associated with the peculiar motions of the molecules in the volume element 
and which is one component of the thermal energy of the gas in the volume 
element (and is the only component of the thermal energy for monatomic 
gases).  This energy is communicable between molecules at encounters.  It 
should be noted that there are also other forms of communicable energy that 
occur in polyatomic gases.  In this case, the total heat energy, E , of a 
molecule is the sum of its peculiar kinetic energy and any of these other 
forms of communicable energy that may be present. 

9. THE KINETIC TEMPERATURE. 

In the Kinetic Theory of Gases, a temperature, T , is defined directly by 
the relationship: 
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2 31
2 2 ,mV kT  (1-14) 

where 161.38066 10k  erg K–1 is Boltzmann’s constant.  It is important to 
note that the temperature definition given by Eq. (1-14) is more general than 
that employed in Thermodynamics and Statistical Mechanics where only 
equilibrium states are considered.  Eq. (1-14) can be used for non-steady-
states of a gas as well. 

10. THE EQUATION OF STATE FOR A PERFECT 
GAS. 

From the definitions of the hydrostatic pressure and the temperature 
given in Eqs. (1-11) and (1-14), one can obtain the following relationship 
between the pressure and the temperature: 

.p nkT  (1-15) 

This equation is called the equation of state for a perfect gas. 

11. THE THERMAL FLUX VECTOR. 

The thermal flux vector, Q , is an important quantity that expresses the 
rate of flow of heat energy across a unit surface element.  This vector may be 
obtained from Eq. (1-6) by substituting the heat energy of a molecule (the 
energy which is communicable between molecules at encounters) in place of 
the generic molecular property, V .  After this substitution, one obtains: 

.nEQ V  (1-16) 

If a molecule possesses only kinetic energy, then this heat flux vector is 
defined by: 

21
2 .n mVQ V  (1-17) 
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12. SUMMARY. 

Rarefied gases, since they are systems containing a huge number of 
molecules, can only be realistically described within a statistical framework.  
The probabilistic basis of this description is not readily apparent in many 
practical transport problems, however, because the accuracy of the results 
predicted by the Kinetic Theory of Gases is much greater than the 
realistically achievable accuracy in actual experimental measurements and 
because the relative deviations of the various macroscopic quantities from 
their mean values are extremely small. 

Within this framework, the state of a rarefied gas is described by the 
distribution function, , ,f tv r , so that the quantity, fd dv r , gives the 
probable number of molecules at time, t , which are located in the spatial 
region at r  in dr , and which have velocities of v  in the velocity space 
interval, dv .  The description of a gas by the distribution function is 
excessively detailed while the gas, as a continuum, may be characterized by 
certain macroscopic quantities which are relatively few in number and which 
can be experimentally measured.  These macroscopic quantities, and any 
other molecular property fluxes of interest, may be calculated as moments of 
the distribution function.  The most significant of these macroscopic values 
for a monatomic gas include the number density, the mean velocity, the 
temperature, the pressure, and the thermal flux, and are given by: 

,n fdv  (1-18) 

1 ,n fdu v v  (1-19) 

213 1
2 2 ,kT n m fdv u v  (1-20) 

,ik i i k kP m v u v u fdv  (1-21) 

and: 

21
2 .m fdQ v u v u v  (1-22) 
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Thus, a complete knowledge of the distribution function can be used to fully 
describe the behavior of a gas. 

PROBLEMS 

1.1.  Prove that the relative fluctuation of an additive quantity is proportional 
to 1 2N , where N  is the number of molecules of a gas. 

Solution:  Let L  be an additive quantity for a gas that contains N
molecules.  The mean value of this quantity may be written as: 

1
,

N

i
i

L L

and, therefore, this value is proportional to N .  The relative fluctuation of L
is given by: 

21 .iiL L

The radicand may be expressed in the form: 

2
2 .i i i k

i i i k
i k

L L L L

The later term in this relation is equal to zero since separate molecules are 
statistically independent and, for one molecule, 0iL .  Hence, this sum 
containing N  terms is proportional to N  and one can obtain the following: 

1 1 2~ .N N N

1.2.  Derive the condition of applicability of the point-mass hypothesis for a 
gas molecule. 

Solution:  A molecule in a gas may be considered as a point particle 
when the de Broglie wavelength of the molecule is much less than the mean 
distance between the gas molecules.  This relationship may be expressed as: 
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1 3
1 32 ,V n

mv N

where  is Planck’s constant ( 271.054 10  erg sec) and v  is the mean 
heat velocity of a molecule.  The following expression may be written: 

1 32 1 .
2

n
mkT

1.3.  Determine the temperature for which the de Broglie wavelength of a 
molecule is the same order of magnitude as the mean distance between gas 
molecules.  Consider the case of hydrogen having a number density of 

192.69 10n  cm–3.
Solution:

2 2 2 3

0 0
2 ; 0.43nT T

mk
 K. 

1.4.  Let the behavior of a mechanical system be described by exact 
equations of motion ( N  is the number of molecules, V  is the volume, and 

1N ).  How might a statistical description be introduced for such a 
system?  How might the mean values and the distribution function be 
specified?  What accuracy does the statistical description have? 

Solution:  Consider the state of a subsystem which is situated in a small 
volume element, dr , surrounding the point, r , during a time interval, dt .
This interval is assumed to satisfy the following relations: 

1 3 1 3

,
d Vdt

v v
r

where v  is the mean velocity of the particles.  Let the time interval, dt , be 
divided into k  smaller subintervals of width, d , and the whole velocity 
space be divided into m  smaller velocity ranges, j jx jy jzv v vv , so 
that 1

m
j jv  is equal to the product of the maximum values of the velocity 

components.  If the equations of motion are known, it is easy to calculate the 
number of molecules at time, t i d , which have velocities lying in the 
range, jv .  Let this quantity be denoted by , ,ij jn n t idr v .  The 
number density and the mean value of any molecular property may be 
defined, respectively, by: 
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1 1

1 ,
m k

ij

j i

n
n

d kr
 and 

1 1
.

m k j ij

j i

n
n

k

v

The distribution function may be written as: 

1

1 ,
k

ij

ij

n
f

d kr v

The relative fluctuations of additive quantities for such a system are given by 
1 2~ .N
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Chapter 2 

THE BOLTZMANN EQUATION 

1. DERIVATION OF THE BOLTZMANN 
EQUATION. 

It has been established previously that knowledge of the distribution 
function gives all the necessary information for a gas.  To obtain the basic 
equation for the distribution function, consider a balance of the number of 
molecules that are located in the element, d dv r , of the six-dimensional 
phase space for the time interval, dt .  Consider a gas in which each 
molecule is subject to an external force, mF , that is a function of r  and t ,
but not a function of v .  For the time interval, dt , the position of this phase 
element will change from ,v r  to ,dt dtv F r v .  It is important to note 
that the magnitude of this volume element is unaltered in accordance with 
the Liouville theorem of classical mechanics [1]. 

There are , ,f t d dv r v r  molecules which, at the time, t , are situated in 
the volume element, dr , and have velocities in the velocity range, dv .
These molecules are assumed to belong to the first molecular set.  After the 
time interval, dt , there is another set in which the number of molecules is 
given by: 

, , .f dt dt t dt d dv F r v v r

The number of molecules in the second set will differ from that in the 
first set owing to molecular encounters.  The net gain of molecules to the 
second set is proportional to d d dtv r  and will be denoted by 

f t d d dtv r .  Consequently, one can obtain: 
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, , , , .f dt dt t dt f t d d f t d d dtv F r v v r v r v r  (2-1) 

Now, if dt  tends to zero, it is easy to obtain the Boltzmann equation which 
may be written in the form [2]: 

.ff
t

D  (2-2a) 

Here, the following notation is introduced: 

,i i
i i

f f ff v F
t x v

D  (2-2b) 

where ix  are components of the position vector, r .  The quantity 
f t d dv r  is the rate of change of the number of molecules in the phase 

element, d dv r , owing to molecular encounters. 

2. THE MOMENT EQUATIONS. 

Let , ,tv r  be any molecular property.  After multiplying the 
Boltzmann equation by dv  and integrating throughout the velocity space, 
one can obtain the following integral relation: 

,fd nvD  (2-3) 

where: 

.fn d
t

v

In Eq. (2-3), all the integrals are assumed to be convergent and, moreover, 
products such as f  tend to zero if v .  This equation is the general 
form of a moment equation in which n  is a moment of the Boltzmann 
collision integral. 

The various terms on the left-hand-side of Eq. (2-3) may be transformed 
by means of the following relationships: 
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,f d fd f d n n
t t t t t

v v v

,i i i i i
i i i i i

fv d v fd fv d n v nv
x x x x x

v v v

.i

i

v
j kv

i i i

f d f dv dv f d n
v v v

v v

In the last of the above relationships, the double integral vanishes because 
| 0i

i

v
vf  in accordance with the notation made above.  Substituting these 

expressions into Eq. (2-3), one can obtain [2]: 

.i i i
i i i

n n v n v F
t x t x v

 (2-4) 

This equation is usually called the moment equation or the transport 
equation of the molecular property, .

Table 2-1. Transformation of the various derivatives to new variables. 

, , tv r , , tV r

v V

t
i

i

u
t V t

i
i

v
x

k
i i

i k i

uv v
x V x
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3. ANOTHER FORM OF THE MOMENT 
EQUATIONS. 

The basic moment relationship given in Eq. (2-4) is suitable for the 
laboratory frame of reference relative to which the gas has a mean velocity, 

,tu r .  To transform this equation into the variables, , ,tV r , where 
,tV v u r , one must consider that , ,tV r  depends upon r  and t ,

both explicitly and implicitly through its dependence on V .  Table 2-1 
expresses the transformation of the various derivatives in Eq. (2-4). 

Substituting the derivatives from Table 2-1 into Eq. (2-4), one can obtain 
[2]: 

,

i
i

i i

i k
i i i

i i k i

uD n n n V
Dt x x

Du uDn V F V n
Dt x Dt V V x

 (2-5) 

where i iD Dt t u x  is the ‘mobile operator’ or time derivative 
with respect to the frame of reference moving with velocity, u .  By analogy, 
the Boltzmann equation for these variables may be expressed in the form: 

.i k
i i i

i i k i

Du uDf f f f fV F V
Dt x Dt V V x t

 (2-6) 

4. THE EQUATIONS FOR A CONTINUUM 
MEDIUM. 

Some important moment equations can be obtained from Eq. (2-5) by 
using the molecular properties, , which are conserved during encounters.  
It is very important to note that these equations may be derived without 
knowledge of the collision operator because 0  for such molecular 
properties.  The invariant quantities of molecular encounters in a monatomic 
gas are the number of molecules, momentum, and kinetic energy because the 
mutual potential energy of two molecules equals zero both before and after 
an encounter.  Let the following notations be introduced with respect to 
these invariant quantities: 

1 2 3 21
21 , , .m mVV
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The statement 0in  (for 1,2,3i , respectively) expresses the 
principles of conservation of number (of molecules), momentum, and energy 
during encounters.  Substituting i  into Eq. (2-5), one can obtain: 

0 ,i

i

uDn n
Dt x

 (2-7) 

0 ,ik i
i

k

P DuF
x Dt

 (2-8) 

2 .
3

i i
ij

j i

u QDT P
Dt nk x x

 (2-9) 

These equations are usually called the continuum equations.  This system 
is not closed as it contains 13 unknown functions that cannot be specified 
from the five equations.  This lack of closure is a general characteristic of all 
moment systems. 

Since the distribution function is unknown, the moment transport 
equations may be considered to be the most general relations between the 
time and space derivatives of the macroscopic quantities because this system 
cannot be solved without definite suppositions or hypotheses about the 
distribution function which forms the basis of any moment method.  The 
distribution function being used to close a moment system must satisfy 
certain general conditions.  It must describe the characteristic features of the 
gas flow and must contain as many unknown parameters as the number of 
moment equations being employed.  Then, all moments will depend on these 
parameters and the moment system becomes closed. 

5. MOLECULAR ENCOUNTERS. 

Knowledge of the nature of the molecular interaction during encounters 
is necessary to derive the expression for the Boltzmann collision integral.  At 
present, there is not a theory that describes the details of molecular 
encounters exactly.  Therefore, a definite model of the molecular interaction 
has to be introduced to complete this description. 

One of the simplest molecular models is that of a smooth, rigid, and 
perfectly elastic sphere; commonly referred to as the rigid-sphere model for 
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brevity.  The force between two molecules at a collision appears only if 
these molecules are in close contact with each other.  This model is 
approximate since the real force varies continuously with the distance 
between the molecules.  This fact might be better interpreted if a molecule 
was considered as a point-center of force depending on the nature of the 
interacting molecules and on their separation distance.  Molecules 
represented as either rigid spheres or as point-centers of force may be termed 
smooth molecules since their internal energy is not altered during 
encounters.  In this book, only smooth molecules are considered and the 
analysis of encounters follows that described in [2]. 

Let the masses of the two molecules undergoing an encounter be 1m  and 
2m .  The interaction force is directed along the line joining their centers and 

it depends only upon the distance between molecules.  The velocities before 
and after the encounter are denoted by 1 2,v v  and 1 2,v v , respectively.  
Some general relations between these velocities may be found without 
consideration of the details of the molecular encounter. 

To start, one introduces the following notations: 

0 1 2 1 1 0 2 2 0, , .m m m M m m M m m

Owing to the momentum conservation during encounters, the center of mass 
of the two molecules moves with a constant velocity, G , that is given by: 

0 1 1 2 2 1 1 2 2 .m m m m mG v v v v  (2-10) 

Let 21g  and 21g  denote the relative velocities of the two molecules 
before and after an encounter: 

21 2 1 21 2 1, .g v v g v v  (2-11) 

which have the following magnitudes: 

21 21, .g gg g

From Eqs. (2-10) and (2-11), one can obtain: 

1 2 21 1 2 21, ,M Mv G g v G g  (2-12a) 

2 1 21 2 1 21, .M Mv G g v G g  (2-12b) 
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The mutual potential energy of the two molecules equals zero both before 
and after an encounter and, hence, the energy conservation equation may be 
written in the following very simple form: 

2 2 2 21 1
1 1 2 2 1 1 2 22 2 .m v m v m v m v

Using this relation and Eqs. (2-12a) and (2-12b), one is able to determine 
that the relative velocity during an encounter is changed only in direction 
and not in magnitude, i.e.: 

.g g

Consideration of momentum and energy conservation laws alone does 
not suffice to determine the direction of 21g  which depends not only upon 
the initial velocities but also upon two geometric variables characterizing the 
spatial orientation of the two interacting molecules under consideration. 

Figure 2-1. Geometry of a generic encounter. 
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Consider the motion of the center B  of the second molecule relative to 
the center A  of the first.  This relative motion can formally be considered as 
the motion of an imaginary particle with a reduced mass, 1 2 0m m m , in a 
central force field and, therefore, it will be confined to the plane through A
[1] (the curve LMN  in Fig. 2-1 is a trajectory of the second molecule).  The 
asymptotes of this trajectory, PO  and OQ , are in the directions of 21g  and 

21g .  Let P A  be a line parallel to PO  so that the direction of P A  is fixed 
by 21g .  The orientation of the plane LMN  is specified by the angle 
between this plane and another plane containing both P A  and the arbitrary 
fixed axis, Ax , as shown in Fig. 2-2.  Let the plane 1RAO  ( 1O  is the point of 
intersection of the line PO  with the plane 1RAO ) be perpendicular to P A
and AR  be the line of intersection of the plane 1RAO  with the plane through 
A  which contains both P A  and the axis, Ax .  Let the polar coordinates of 

1O  in this plane be b  and .  These geometric variables complete the 
specification of the encounter. 

Figure 2-2. Parameters of a generic encounter. 
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The angle, , through which 21g  is deflected, depends, in general, on the 
magnitude of g  and on the parameter, b .  To derive the geometrical 
connection between 21g  and 21g , this angle is assumed to be known.  Let the 
spherical coordinates of the vector 21g g  be , ,g .  Then, the 
Cartesian and spherical coordinates shown in Fig. 2-3 are related by the 
following: 

cos ,xg g  (2-13a) 

sin cos ,yg g  (2-13b) 

sin sin .zg g  (2-13c) 

Figure 2-3. The spherical coordinates of the relative velocity. 
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Let  be the angle between the two planes, POQ  and POR , as shown 
in Fig. 2-3.  The vectors, g  and g , and g  and i , lie in the planes, 
POQ  and POR , respectively, hence one can obtain [3]: 

cos
cos .

sin sin
x xg g

g
g g i g
g g i g

 (2-14) 

To simplify this vector expression, the following relation is employed: 

2 .a b c b a c b a b c b

Let  be the angle between the two planes, POR  and POy , shown in 
Fig. 2-3.  Then, one can obtain: 

2 2

cos cos
cos ,

1 sin cos

i g j g
i g j g

 (2-15) 

and: 

2 2

cos

sin cos cos
.

sin 1 sin cos

yg g

j g g g
j g g g

 (2-16) 

Using Eqs. (2-14)-(2-16) and analogous relations for zg , one can express 
the components of the relative velocity by: 

cos cos sin sin cos ,xg g  (2-17a) 

sin cos cos

cos cos sin cos

sin sin sin ,

yg g

 (2-17b) 
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sin sin cos

cos sin sin cos

cos sin sin .

zg g

 (2-17c) 

If the angle, , is known, these relations together with Eqs. (2-12a) and (2-
12b) permit one to determine the velocity components after an encounter. 

Some other relations for the molecular velocities before and after an 
encounter may be derived from Eqs. (12-12a) and (12-12b).  The trajectory, 
LMN , of the second molecule relative to the first molecule is symmetrical 
about the line, OA  (usually known as the apse-line), shown in Fig. 2-1.  The 
vectors, 21g  and 21g , differ by twice the component of 21g  in the direction 
of k .  This difference is expressed as: 

21 21 212 .g g g k k

Using this relation and Eqs. (2-12a) and (2-12b), one can obtain: 

1 1 2 21 2 212 2 ,M Mv v g k k g k k  (2-18a) 

2 2 1 21 1 212 2 .M Mv v g k k g k k  (2-18b) 

These formulas form another set of relations between molecular velocities 
during an encounter. 

6. THE RELATIVE MOTION OF TWO 
MOLECULES. 

The relative motion of two molecules is equivalent to the motion of one 
particle with the reduced mass, 1 2 0m m m , moving in a central force 
field, r U r rF r , where U r  is the mutual potential energy of 
the two molecules [1].  This problem can be solved in a general form by 
employing the energy and angular momentum conservation laws which, in 
polar coordinates ,r  with the origin at the point, A , as shown in Fig. 2-
1, may be written as [1,4]: 

2 2 21
2 ,E r r U r  (2-19) 
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2 ,M r  (2-20) 

where E  is the energy before an encounter and M  is the constant angular 
momentum component which is normal to the motion plane.  Using Eq. (2-
19), one can obtain: 

2

2 2
2 .Mr E U r

r
 (2-21) 

The polar angle, , can be found from Eq. (2-20) which may be 
expressed in the form: 

2 .Md dt
r

From this relation and Eq. (2-21), after integrating with respect to r , one 
can obtain the following expression for  as a function of r :

2

2

2

const .

2

M dr
r

ME U r
r

 (2-22) 

After substituting 21
2E g  and M bg , Eq. (2-22) becomes: 

0

2

0 2

2 2

.
2

1r

dr
rb

U rb
r g

 (2-23) 

Here, the lower limit of integration, 0r , is defined as: 

2
0 02 2

0 2

2
.

r U r
r b

g

and the scattering angle, , can be found from: 

02 .  (2-24) 
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PROBLEMS 

2.1.  Prove that, if molecules move in accordance with Newton’s equations 
of motion, the phase volume element is not altered for the time interval, dt .

Solution:  For the time interval, dt , the position of the phase element, 
d d dv r , is changed from ,v r  to ,dt dtv v F r r v .  Then: 

constconst

, , ,
, , ,

, , , ,
.

, ,, ,
x y z

x y z

d d d

v v v x y z
d d

x y zv v v vr

v r v r v r
v r v r v r

The external force, F , is assumed to be independent of v .

2.2.  Prove that the relative motion of two interacting molecules with mutual 
potential energy depending only on the distance between the molecules may 
be considered as the motion of a single particle in a central force field. 

Solution:  First, introduce the vector: 2 1 .rrr r r e   The equations of 
motion of these molecules may be written in terms of this vector as 

1 1 rm f rr e , and 2 2 rm f rr e , where f r U r r  and U r
is the mutual potential energy.  From these equations, it is easy to find the 
relationship, rf rr e .  This equation is the equation of motion of a 
single particle of mass, 1 2 0m m m , in a central force field. 

2.3.  Prove that the relative motion of two interacting molecules is planar in 
nature. 

Solution:  The differential equation of the relative motion of two 
molecules is given by: rf rg e , where 1 2 0m m m , r re r ,

2 1r r r , 2 1g v v , f r U r r  and U r  is the mutual 
potential energy.  The vector product of this equation and the position 
vector, r , may be expressed as 0r g  or 0d dtM , where 
M r g .  This shows that constM  and, consequently, that the position 
vector lies in the plane which is perpendicular to the constant vector, M .

2.4.  Determine the distribution function for a gas in which the magnitude of 
the velocity vector is the same for all of the molecules, in which all 
directions of velocity are equally probable, and where the number density of 
the gas is n .

Solution:  The number of molecules situated in a phase element, d dv r ,
may be expressed as:  0 ,fd d n v v v d dv r v r  where v  is a 
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function that depends only on the magnitude of the molecular velocity and 
0v v  is the Dirac delta function.  The function, v , may be found 

from the condition: 

2
0 sin .fd n v v v v dvd d nv

Then, it is easy to obtain the following form for the distribution function: 

02 .
4

nf v v
v

2.5.  Using the conditions given in Problem 2.4, determine the distribution 
function for a two-dimensional gas (in which all molecular velocity vectors 
are parallel to the same plane) with a number density, n .

Answer:

0 .
2

nf v v
v
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Chapter 3 

THE COLLISION OPERATOR 

1. THE DIFFERENTIAL AND TOTAL SCATTERING 
CROSS SECTIONS. 

One of the most important concepts relating to the statistics of molecular 
collisions is that of the scattering cross section which is the basic quantity 
characteristic of molecular encounters.  Consider a uniform flux of 
molecules that have a constant velocity, g , towards a spherically symmetric 
force center, O .  The parameters of importance to the scattering events are 
shown in Fig. 3-1.  Let gN  be the g -component of the uniform molecular 
number flux and sind d d  be the solid angle in which molecules 
are deflected after encounters.  The differential scattering cross section, 

, g , is defined by [1]: 

, ,
g

dNg d
N

 (3-1) 

where dN  is the number of molecules deflected per unit time by the central 
force field in d .  Since the incident molecules scattered into d  must 
primarily pass through that portion of the annular differential element 
represented by dS bdbd , dN  may be expressed in the form: 

.gdN N bdbd  (3-2) 

From Eqs. (3-1) and (3-2), one can obtain: 
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, .
sin

b dbg
d

 (3-3) 

The absolute value of db d  must be included in this relation since the 
signs of db  and d  are usually opposite.  The integral or total scattering 
cross section is then defined as: 

2 , sin .tot g g d  (3-4) 

The differential scattering cross section has a very simple physical sense.  
The quantity, , g d bdbd , is that part of the annular differential 
area through which the molecular trajectory at infinity must pass in order for 
a molecule to be scattered into the solid angle, d , after an encounter.  The 
total scattering cross section, tot g , is the area of the circular region 
through which the incident molecular trajectory must pass for any scattering 
to occur.  The range of scattering that would contribute to this total cross 
section would encompass all of the available scattering solid angle 4  and 
any incident trajectory that were to lie outside of this circular region would 
be deemed to have not been scattered at all. 

Now, for example, consider molecules which are rigid spheres with 
diameters, 1  and 2 .  The relation between the collision parameters shown 
in Fig. 3-2 may be expressed in the form: 

12 sin ,b  (3-5) 

where 1
12 1 22  and 1

2 .  Since the relative motion of two 
molecules is equivalent to motion in a central force field, the differential 
scattering cross section specified by Eq. (3-3) is given by: 

21
124, .g  (3-6) 

The total scattering cross section may be written as: 

2
12 .tot g  (3-7) 

It is very important to note that this molecular interaction model is 
unique in that , g  and tot g  are independent of the relative velocity 
of the two molecules, g .  This significant property of this model allows one 
to facilitate many calculations.  For other models of intermolecular 
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interaction that involve forces acting across infinite distances, the integral 
given by Eq. (3-4) is divergent since molecules are scattered even if the 
impact parameter, b , tends to infinity.  Consequently, in this case, definite 
assumptions must be made regarding a cutoff of this parameter for which, 
when maxb b , no encounter occurs. 

2. THE STATISTICS OF MOLECULAR 
ENCOUNTERS.

Consider encounters between two different molecules with masses, 1m
and 2m , situated in the volume element, dr .  To derive the collision 
operator, one should calculate the rate of change of the number of 1m -
molecules having velocities in the range, 1dv , due to collisions with all 
molecules of the second kind.  First, encounters between the two molecular 
sets, 1dv  and 2dv , in the volume element, dr , must be analyzed.  Then, this 
analysis must be generalized for all molecules of the second kind. 

Encounters in which more than two molecules take part are assumed to 
be negligible in number compared with binary encounters and, moreover, 
molecules of the two velocity sets are assumed to be distributed at random 
without any correlation between velocity and position in the neighborhood 
of the point, r .  These two assumptions are fundamental to the classical 

Figure 3-1. The scattering solid angle. 
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kinetic theory.  It is necessary to note that the physical sense of the second 
assumption cannot be understood within the framework of the one-particle 
distribution function and, therefore, it may be considered to be a hypothesis 
the applicability of which may only be confirmed by using a more general 
theory [2-4] or by comparison with experiment. 

Examine the scattering of molecules of the second set by a molecule of 
the first in dr .  The molecular number flux in the direction of the relative 
velocity, may be expressed in the form: 

2 2 2, , .gf t dv r v  (3-8) 

Then, in accordance with Eq. (3-1), the number of molecules of the second 
set deflected into the solid angle, d , during the time interval, dt , is given 
by: 

12 2 2 2, , , ,g g f t d d dtv r v  (3-9) 

where the time interval, dt , is assumed to be short compared to the scale of 
the time variation of the macroscopic properties of the gas, but large 
compared to the duration of an encounter.  The appropriate number of 2v -

Figure 3-2. Encounters of rigid-sphere molecules. 
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molecules reflected by all 1v -molecules in dr  and 1dv  may be written as 
[5]: 

12 1 2 1 2, .g g f f d d d d dtv v r  (3-10) 

In Eq. (3-10) it is assumed that the number of 1 2,v v -collisions is 
proportional to 1 2f f  such that any potential correlation between velocity and 
position of molecules in dr  has been ignored.  Moreover, this expression 
holds true only if binary encounters are exclusively considered. 

The total number of encounters of the first set molecules with all 
molecules of the second kind in dr  during dt  may be found by integration 
over all values of  and 2v .  Then, one can obtain: 

12 1 1 2 12 2 1, .N d d dt f f g g d d d d dtv r v v r  (3-11) 

Such encounters change the velocity of the first set molecules and thus the 
molecules are lost to the first set.  As a result, 12N  may be interpreted as the 
rate of loss of molecules from the first set per unit volume and velocity 
interval caused by collisions with molecules of the second kind. 

In the same way, one can obtain the number of 1m -molecules that enter 
the velocity set, 1dv .  For this purpose, the 1m -molecules whose velocities 
after encounters lie in the range, 1dv , must be considered.  In such inverse 
collisions, the molecular velocities are changed from 1 2,v v  to 1 2,v v .
Using the above analysis, one can obtain the total gain of 1m -molecules to 
the first velocity set, 1dv , for the time interval, dt , in the volume element, 
dr , owing to inverse encounters.  This is given by: 

12 1 1 2 12 2 1, ,N d d dt f f g g d d d d dtv r v v r  (3-12) 

where 1f  and 2f  stand for 1 1, ,f tv r  and , 2 2 , ,f tv r  respectively. 
Now, one transforms the integrand in Eq. (3-12).  First, since g g , one 

can obtain: 

12 12, , .g g g g  (3-13) 

Next, one considers two subsystems of molecules the velocities of which, 
before an encounter, lie in the ranges, 1dv  and 2dv .  If the collision 
parameters of these molecules lie in the ranges, db  and d , then their 
velocities after encounters will lie in the ranges, 1dv  and 2dv .  In 
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accordance with Liouville’s theorem [1], the phase elements of these 
subsystems are connected by the relationship: 

1 1 2 2 1 1 2 2 .d d d d d d d dv r v r v r v r  (3-14) 

Since the collisions between the two molecular sets occur in the same 
volume element, dr , Eq. (3-14) may be written as: 

1 2 1 2 .d d d dv v v v  (3-15) 

Taking into account Eqs. (3-13) and (3-15), one can express Eq. (3-12) in the 
form: 

12 1 1 2 12 2 1, ,N d d dt f f g g d d d d dtv r v v r  (3-16) 

where 12N  is equal to the rate of gain of the first set molecules, per unit 
volume and velocity interval, due to encounters. 

Now, it is straightforward to obtain the collision operator for encounters 
between molecules of the first set and of the second kind: 

1
12 12 1 2 1 2 12 2

2

, .f N N f f f f g g d d
t

v  (3-17) 

This form of the collision operator is usually called the Boltzmann collision 
integral. 

For a simple gas 1 2 1 2 1, ,m m m v v v v , Eq. (3-17) may be 
written as: 

1 1 1, ,f f f ff g g d d
t

v  (3-18) 

where f t  denotes the rate of variation of the distribution function due to 
encounters at a fixed point, r .  The rate of variation of any molecular 
property, , ,tv r , per unit volume, due to encounters, is defined by: 

1 1 1, .n f f ff g g d d dv v  (3-19) 

This very important quantity may be called the moment of the collision 
integral associated with the property, .
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3. THE TRANSFORMATION OF SOME 
INTEGRALS. 

Let the variables of integration in Eq. (3-19) be changed from 1,v v  to 
1,v v .  Then, this integral may be written as: 

1 1 1, .n ff f f g g d d dv v  (3-20) 

Since the integration over all values of 1,v v  is equivalent to integration 
over all encounters, one can conclude that n n .  Taking into account 
Eqs. (3-15), (3-19) and (3-20), one can obtain: 

1
1 1 12 , .n f f ff g g d d dv v  (3-21) 

Since the variables, 1v  and v , both refer to the same molecules, an 
interchange of them does not alter the value of this integral.  After making 
this interchange of variables, Eq. (3-21) may be expressed in the form: 

1
1 1 1 1 12 , .n f f ff g g d d dv v  (3-22) 

Then, combining Eqs. (3-21) and (3-22), one can obtain the following 
integral relation: 

1
1 1 1 1 14 , .n f f ff g g d d dv v  (3-23) 

PROBLEMS 

3.1.  Evaluate the time duration of an encounter between two molecules. 
Solution:  Let 0r  be the radius of action of the molecular forces and let 

V  be the mean velocity of a molecule.  The time duration of an encounter, 
coll , is then given by 0~coll r V .  For rigid-sphere molecules, this may be 

written as ~coll V  where  is a molecular diameter. 

3.2.  Derive the condition of applicability of the Boltzmann equation if n  is 
the gas number density. 

Solution:  The mean distance between molecules is proportional to 1 3n .
Let 0r  be the radius of action of the molecular forces.  The binary interaction 
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hypothesis holds true if the molecular force action sphere contains not more 
than one molecule.  This condition may be expressed: 3

0 1r n .

3.3.  Prove by direct calculation that 1 2 1 2d d d dv v v v  during molecular 
encounters. 

Solution:  First, derive the expressions; 1 2 21d d d dv v G g  and 
1 2 21d d d dv v G g  in which 2

21 .d g dgdg   The desired proof follows 
directly if one takes into account the relationship g g .

3.4.  For a rigid-sphere gas in which all of the molecules have velocities of 
the same magnitude, determine the molecular mean free path assuming that 
all velocity directions are equally probable (number density, n , molecular 
diameter, ).

Solution:  The total number of collisions occurring between molecules 
per unit volume and time is given by: 

11 1 1, ,N ff g g d d dv v  (P-1) 

where 
1 22 2

1 12 cosg v v vv  and  is the angle between v  and 1v .
The distribution function (Problem 2.4) may be expressed in the form: 

3 2
0

1 ,
4

nf c
v c

 (P-2) 

where 0vc v  and c c .  Substituting Eq. (P-2) into Eq. (P-1), one can 
obtain: 

1 2 2 2
1 20

11 12
2 1 cos ,

4
n vN d d  (P-3) 

where sind d d  and 1 1 1 1sind d d .  After integration 
over all directions of c  and 1c , Eq. (P-3) becomes 2 24

11 03N n v .  The 
mean free path is then given by: 

124
0 3

11
.nv n

N
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3.5.  For a two-dimensional rigid-sphere gas (number density, n , molecular 
diameter, ), determine the molecular mean free path using the conditions 
in Problem 3.4. 

Solution:  All molecular velocity vectors for this gas lie in the same 
plane.  Therefore, it is convenient to use polar coordinates in the velocity 
space.  The distribution function, in dimensionless variables, is given by 
(Problem 2.5): 

2
0

1 .
2

nf c
v c

The total number of molecular collisions per unit volume and time is then: 

2 21 2 2 2
1 2 2 20

11 1 02
0 0

2 1 cos 4 ,
2

n vN d d n v

where  is the angle between v  and 1v , and 1  is the polar coordinate of 
1v .  The mean free path may then be expressed as: 

12
0

11
4 .nv n

N
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Chapter 4 

THE UNIFORM STEADY-STATE OF A GAS 

1. THE BOLTZMANN H-THEOREM. 

Consider a simple gas whose molecules possess only energy of 
translation, and are subject to no external forces.  Let the state of the gas be 
uniform so that the distribution function, f , is independent of r .  For this 
case, the Boltzmann  equation may be expressed in the following simple 
form: 

1 1 1, .f f f ff g g d d
t

v  (4-1) 

Let the following H-function be introduced: 

ln .H f f dv  (4-2) 

The time derivative of the H-function may be written as: 

1 1 1

1 ln

1 ln , .

H ff d
t t

f f f ff g g d d d

v

v v
 (4-3) 

Now, taking into account Eq. (3.23), one can obtain: 
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1
1 1 1 1 14 ln , .H ff f f f f ff g g d d d

t
v v  (4-4) 

In this relation, 1 1ln ff f f  is always opposite in sign to 1 1f f ff  and, 
therefore, the integral is either negative or zero.  As a result of this: 

0 .H
t

 (4-5) 

The latter differential relation indicates that the H-function can never 
increase.  This fundamental inference is known as Boltzmann’s H-theorem 
and gives the time direction of processes for the uniform state of a gas [1-7]. 

2. THE MAXWELLIAN VELOCITY 
DISTRIBUTION. 

A very important question arises regarding whether there exists a limiting 
state for a gas after it has been disturbed from an initial uniform state.  To 
show that there is, in fact, a limiting state, it is necessary to prove that the H-
function cannot decrease indefinitely (i.e., that the H-function is bounded 
below).  It is clear that H  only if the integral given by Eq. (4-2) is 
divergent.  If v , then the distribution function tends to zero and 
ln f .  Since the integral, 21

2 mv fdv , expressing the energy of 
translation of the molecules, must be convergent, the H-function would be 
divergent only if ln f  tended to infinity more rapidly than 2c , where 

1 22m kTc v  is the dimensionless velocity.  In this case, however, f
must tend to zero more rapidly than 2exp c  and, if this occurs in the 
integral given by Eq. (4-2), then the integral is convergent and the H-
function is bounded below. 

Since it is bounded below, the H-function cannot decrease indefinitely 
but must tend to some limit, corresponding to a state of the gas, in which 

0H t .  From Eq. (4-4), one may then conclude that the distribution 
function for the gas in this state may be found from the relation, 1 1f f ff .
This equation is equivalent to: 

1 1ln ln ln ln .f f f f  (4-6) 

If the distribution function satisfies Eq. (4-6), then, from Eq.(4-1), one can 
obtain that 0f t  also, so that such a state of the gas is steady as well as 
uniform. 
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Now, consider the form of this distribution function.  Eq. (4-6) shows 
that ln f  is a summational invariant of encounters and, therefore, must be 
a linear combination of the three summational invariants.  It may be 
expressed in the form [1,2]: 

1 2 3 21
2ln ,f m mva v  (4-7) 

or: 

2
20 3 1

2 3
exp ; .f m V aV v  (4-8) 

The constants, 0 , 2a , and  3 , can be expressed in terms of the number 
density, n , the mean velocity, u , and the temperature, T  [1,2].  Using 
definitions of these quantities given by Eqs. (1-18)-(1-20), one can obtain: 

3 2 2
0 3

3 3

2 1, , .n
kTm

au

Then, the uniform steady-state of a gas is described by: 

23 2

exp .
2 2

mmf n
kT kT

v u
 (4-9) 

This function is usually called the Maxwellian distribution function. 
Some mean values for the Maxwellian state of a gas may be calculated 

quite easily as they involve only simple integrations.  For example, the mean 
value of the magnitude of the peculiar molecular velocity is given by: 

1 2 1 2
3 2

1 2
0

4 2 8exp .kT kTV C C dC
m m

 (4-10) 

The number of molecules per unit time crossing a unit area surface 
element that is normal to the axis Ox  and which moves with the same mean 
velocity as the gas is given by: 

,x xN V fdv  (4-11) 
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where the notation, , signifies that the range of integration is over all 
values of v  for which xV  is positive.  After integration, one can obtain: 

1
4 .xN nV  (4-12) 

The last expression is very frequently used in the elementary kinetic analysis 
of transport phenomena [8-10]. 

3. THE MEAN FREE PATH OF A MOLECULE. 

Consider collisions between pairs of molecules with masses, 1m  and 2m ,
in a binary gas mixture having a uniform steady-state.  The number of 
collisions per unit volume and time between the two molecular sets having 
collision parameters in the ranges, db  and d , is given by: 

12 1 2 1 2 1 2 12 1 2, .dN f f gbdbd d d f f g g d d dv v v v  (4-13) 

The total number of collisions per unit volume and time, 12N , is obtained by 
integrating Eq. (4-13) over all values of the collision parameters and the 
molecular velocities.  For a gas having a uniform steady-state, the 
Maxwellian distribution function is used in the integrand.  Then, 12N  for 
rigid-sphere molecules may be written as [1]: 

3 2 2 2 2
1 2 1 2 12 1 1 2 2

12 1 23 exp .
22

n n m m m v m vN gd d
kTkT

v v  (4-14) 

Let the variables of integration be changed from 1 2,v v  to 21,G g g g
as introduced in Section 2-5.  Due to the following relationships between 
Jacobians: 

1 2 1

1 2 1 2 1 2

1 2 1 1 2

1 2 1 2

, , ,
, , ,

, ,
1 ,

, ,

MG g v g g v g
v v v v v v

v v v v v
v v v v

the velocity space element, 1 2d dv v , may be replaced by d dG g .  Then, Eq. 
(4-14) becomes: 
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3 2 2
1 2 1 2 12

12 3

2 2
0 1 2

2

exp .
2

n n m m
N

kT

m G M M g
gd d

kT
G g

 (4-15) 

Having performed the integration in spherical coordinates for G  and g , one 
obtains: 

1 2
2 0

12 1 2 12
1 2

22 .kTmN n n
m m

 (4-16) 

The number of encounters solely between molecules of the first-kind is 
given by: 

1 2
2 2

11 1 1
1

4 .kTN n
m

 (4-17) 

The average number of collisions of a molecule of the first-kind per unit 
volume and time is usually called the collision frequency and may be written 
as: 

11 12
1

1
.N N

n
 (4-18) 

The mean time between collisions (the collision interval) is then defined by: 

1
1

1 11 12

1 .n
N N

 (4-19) 

The mean distance between collisions is called the mean free path.  This 
quantity is: 

11 2
1 2 2 2 1

1 1 1 1 1 2 12
2

2 1 .mV n n
m

 (4-20) 
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For a simple gas 1 2 1 2 1 2, , , 0m m m n n n , the mean free 
path can be expressed in the form: 

11 2 22 .n  (4-21) 

Using Eq. (4-21) the mean free path in a simple gas can now be estimated 
for various conditions.  Assuming that one has nitrogen under conditions of 
Standard Temperature and Pressure (STP;  0 °C and 1 atm), the appropriate 
density and molecular diameter are 19~ 2.7 10n  cm 3 and 8~ 3 10  cm, 
respectively.  Using these values in Eq. (4-21), the calculated mean free path 
for nitrogen at STP is then approximately 510  cm. 

PROBLEMS 

4.1.  For the Maxwellian gas state, determine the number of molecules per 
unit volume with velocities in the ranges, zdv  and dv , where zv  is the 
molecular velocity component along the axis, OZ , and v  is that along any 
perpendicular axis. 

Solution:  In cylindrical coordinates, the distribution function is given by: 

3 2 2

exp .
2 2

m mvf n v
kT kT

The number of molecules per unit volume in dv  and zdv  may be written 
as: 

3 22 2

0

, 2 exp .
2 2z z z

m mvdn v v fd dv dv n v dv dv
kT kT

4.2.  For the Maxwellian gas state, determine the number of molecules per 
unit volume, 0x xn v v , having an x -velocity component in the interval, 

0x xv v .
Solution:  The number of molecules in the above range may be 

determined from: 
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0

0

3 2 2

0

2 1 1
0 02 2

exp
2 2

exp 1 erf cerf .

x

x

x x y z x
v

x x x x
c

m mvn v v n dv dv dv
kT kT

n c dc n c n c

4.3.  For the Maxwellian gas state, determine the distribution function of the 
kinetic energy of translation. 

Solution:  Starting with the Maxwellian distribution function for the 
magnitude of the molecular velocity use the relationship 21

2 mv E  to 
transform the differential elements of the relationship f v dv f E dE .
Substitute this transformation and the original energy relationship into the 
molecular velocity distribution to obtain the following distribution for the 
kinetic energy of translation: 

3 22 exp .Ef E n kT E
kT

4.4.  For the Maxwellian gas state, determine the number of molecules 
impinging upon a unit surface element per unit time and lying in the angular 
range, d , where  is the angle with respect to the surface element normal. 

Solution:  From the Maxwellian distribution function in spherical 
coordinates, after integration over all velocities and the azimuthal angle, one 
can obtain: 

1 22 cos sin .kTdN n d
m

4.5.  For the Maxwellian gas state, determine the number of molecules 
impinging on a unit surface element per unit time and having molecular 
velocity magnitudes in the range, dv .

Solution:  This flux of molecules is given by: 

3 2 22
3

0
3 2 2

3

2 exp cos sin
2 2

exp .
2 2

v
m mvdN n v dv d
kT kT

m mvn v dv
kT kT
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4.6.  A narrow molecular beam exits a system of slots into a vacuum.  
Determine the mean velocity and the root mean square (rms) velocity of the 
beam molecules. 

Solution:  The distribution function of the beam molecules may be 
expressed in the form: 

,vdNf v dv n
N

where vdN  has been found in Problem 4.5 and N  is defined by Eq. (4-12).  
Then, any mean value for the beam molecules may be determined by means 
of this distribution function with the following results: 

1 29
8

kTV
m

 and 
1 2

2 4 .kTV
m

4.7.  For an equilibrium gas, prove that the ratio of the mean velocity of 
molecules crossing a surface element to the mean velocity of other 
molecules is 3

8 .
Solution:  Using Eq. (4-10) and the result from Problem 4.6 yields: 

1 2 1 2
3
8

9 8 .
8

SV kT kT
m mV

4.8.  Consider molecules reflecting from a differential surface element, dS ,
on one surface and subsequently passing through a differential surface 
element, dS , on another surface.  Assume that the reflected molecules at the 
first surface are being diffusely reflected and that the gas has a number 
density of n  and a temperature of T .  Moreover, assume that no molecular 
collisions occur while a molecule is transiting the space between the two 
differential surface elements.  Determine the rate at which molecules 
reflected from dS  cross dS .  Use the geometry in Fig. 4-1. 

Solution:  The number of molecules crossing dS  per second in a given 
direction may be expressed in the form (see Problem 4.4): 

1 2 cos2 cos sin
4

n V dSkTdN n dS d d
m

where d  is the solid angle subtended by dS  at dS .  Taking into account 
that 2cosd dS r , one can obtain: 
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1 2

2

cos cos 8 .
4

n V dSdS kTdN V
mr

4.9.  Two vessels containing the same gas at the pressures and temperatures, 
1 1,p T  and 2 2,p T , respectively, are connected by a small slot possessing a 

typical dimension of, L , which is much less than the mean free path of the 
gas molecules in either chamber.  Derive the condition of kinetic 
equilibrium. 

Solution:  If L , molecules are leaving the vessels independently of 
each other.  The condition of kinetic equilibrium requires that the net 
number of molecules crossing the area of the slot per second be equal to 
zero.  This condition may be expressed as 1 1

1 1 2 24 4 0n V n V .  From this 
relationship, one can obtain: 

1 2

1 2

.p p
T T

4.10.   A binary gas mixture exits a chamber through a small slot by means 
of effusion.  The escaping gas is collected in another chamber without loss.  
Calculate the ratio of the gas densities in the collection chamber. 

Figure 4-1. The geometry to be used in Problem 4.8 in determining the rate at which 
molecules reflected from one differential surface element cross another.
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Solution:  Let 1 1,n m  and 2 2,n m  be the number densities and molecular 
masses, respectively, of the gases in the first chamber.  The total number of 
molecules of each constituent in the collection chamber may be expressed 
as: 

1
4 ,i i iN n V S t

where iV  is the mean velocity of each constituent, S  is the area of the slot, 
and t  is the collection time interval.  From this, the ratio of the gas 
densities can be written as: 

1 1 1 1

2 2 2 2

.n N n V
n N n V

Equation (4-10) then yields: 

1 2
1 1 2

2 2 1
.n n m

n n m

4.11.  Electrons evaporating from a hot wire form an electron gas with a 
number density, n .  These electrons exit the chamber in which they are 
generated by means of a system of slots which serve to direct the electrons in 
one specific direction forming a beam.  While exiting the chamber, this 
electron beam must pass through a hindering potential, , which stops some 
of the electrons.  Determine the flux density of the electrons that are able to 
overcome this hindering potential. 

Solution:  The flux density of electrons having velocities in the interval, 
dv , is given by (Problem 4.5): 

3 2 2
3exp .

2 2v
m mvdN n v dv
kT kT

The flux density of electrons overcoming the hindering potential may be 
written as: 

0

1 2

1 exp .
2v

v

n kT e eN dN
m kT kT
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where 21
02 mv e .

4.12.   The work function of a metal is .W   Determine the current density of 
the emitted electrons if the temperature is T  and the electron number 
density inside the metal is n .

Solution:  Let OX  be the axis normal to the surface of the metal.  The 
current density along this axis is given by: 

0

1 2 2
1
4exp exp ,

2 2
x

x
x x x

v

mvm Wj ne v dv neV
kT kT kT

where 21
02 xmv W .  This is equivalent to the classical Richardson 

thermionic emission formula. 

4.13.   Determine the number density variation for the steady-state of a gas 
that is situated in a force field described by the potential, r .

Solution:  Let the distribution function be represented in the form: 

3 2 2

exp .
2 2

m mvf n
kT kT

r
r r

Substituting this function into the Boltzmann equation, one obtains: 

ln 0 .fv F
r v

This expression may be reduced to: 

2

3 2 2ln 0 .
2

n mv T m
kTT kT

v F
r r

which is an identity in v .  As such, the following system of equations may 
be obtained: 

0T
r

 and 3 2ln 0 .n m
kTT

r
r

From the above system of equations, it is easy to obtain: 
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0 exp .
m

n n
kT

r
r

where 0n  is the number density at the point for which 0r  and T  is the 
constant temperature. 

4.14.  A gas rotates around a fixed axis with an angular speed, .
Determine the number density distribution in the gas. 

Solution:  The rotation of a gas is equivalent to an external force field 
having the potential: 2 21

2 rr , where r  is the distance from the 
rotational axis.  From Problem 4.13, the variation in the number density is 
known to be: 

0 exp .
m

n n
kT

r
r

Substituting the rotational potential into this expression yields: 

2 2

0 exp .
2

m rn n
kT

r

4.15.  Determine the number density distribution, n r , of a gas contained 
in a cylindrical vessel of radius, R , and length, L , that is rotating about its 
axis with an angular velocity, .  The total number of molecules in the 
vessel is N .

Solution:  Using the number distribution obtained in Problem 4.14, one 
can obtain: 

12 2 2 2 2

exp exp 1 .
2 2 2

Nm m r m Rn
L kT kT

r

4.16.  Evaluate the mass of the Earth’s atmosphere assuming that almost all 
of the mass is contained in the thin layer near the Earth’s surface. 

Solution:  The potential energy of a molecule near the Earth’s surface is 
given by: U h mgh .  The total mass of the atmosphere is then 
approximated by: 

2 2 1
0 0

0

4 exp 4 ,mghM R mn dh R nkTg
kT
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where 0R  is the radius of the Earth.  Using typical values for the quantities 
involved yields 185.3 10M  kg. 

REFERENCES

1. Chapman, S. and Cowling, T.G., The Mathematical Theory of Non-Uniform Gases 
(Cambridge University Press, Cambridge, U.K., 1990). 

2. Ferziger, J.H. and Kaper, H.G., Mathematical Theory of Transport Processes in Gases
(North-Holland, Amsterdam-London, 1972). 

3. Huang, K., Statistical Mechanics (John Wiley and Sons, New York, 1963). 
4. Cercignani, C., Theory and Application of the Boltzmann Equation (Scottish Academic 

Press, Edinburgh, U.K., 1975). 
5. Brush, S.G., Selected Readings in Physics.  Vol. 2. Irreversible Processes (Pergamon 

Press, New York, 1966). 
6. Klein, M.J., Paul Ehrenfest (North-Holland, Amsterdam and Elsevier, New York, 1970). 
7. Uhlenbeck, G.E. and Ford, G.W., Lectures in Statistical Mechanics (American 

Mathematical Society, Providence, RI, 1963). 
8. Kennard, E.H. , Kinetic Theory of Gases (McGraw-Hill, New York and London, 1938). 
9. Knudsen, M. , The Kinetic Theory of Gases, third edition (Methuen & Co., London, and 

Wiley, New York, reprinted 1952). 
10. Loeb, L.B. , The Kinetic Theory of Gases (Dover, New York, 1961). 



     

      

Chapter 5 

THE NON-UNIFORM STATE FOR A SIMPLE 
GAS 

1. EXPANSION IN POWERS OF A SMALL 
PARAMETER. 

Consider the unsteady, non-uniform state of an infinite gas.  For this 
general case, the Boltzmann equation has the form [1]: 

1 ,f J ffD  (5-1) 

where: 

,f f ff
t

v F
r v

D

and: 

1 1 1 1 .J ff ff f f gbdbd dv

The Boltzmann equation may be readily converted into a dimensionless 
form by introducing the following quantities: 

1 2 3 2

1 4

2 , ,
2

, , , 2 , ,

kT mf n f
m kT

t t L w b b

v c

r r F F
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where  and L  are typical values for the time and length variations of the 
macroscopic quantities of a gas. 

In terms of the above dimensionless quantities, Eq. (5-1) becomes: 

1 2

1

2 2
1 ,

L m f f wmL ff
kT kTt

J f f

c F
r c

D
 (5-2) 

where L .  The parameter, , is usually called the typical parameter of 
non-uniformity of a gas but, since L  is not necessarily the typical dimension 
of a boundary problem,  is not the Knudsen number [2]. 

Let the macroscopic values vary slightly in the mean free path length, so 
that the following relations are satisfied: 

ln 1 , ln 1 , ln 1 .n T u

Moreover, the typical values  and w  are assumed to be confined by the 
conditions 1 22L m kT  and 2w kT mL .  Then, the basic 
dimensionless parameter, 1 .  This makes it quite natural to seek a 
solution to Eq. (5-2) in the form of a power series in .  Taking into account 
only the linear terms of this expansion, the distribution function may be 
approximated by: 

0 1 ,f f f  (5-3a) 

or: 

0 1 ,f f f  (5-3b) 

in ordinary variables. 
Substituting Eq. (5-3a) into Eq. (5-2), and retaining only the main terms 

in , one obtains: 

0 0 0 0 1 1 0
1 1 1

1 .f J f f J f f J f fD  (5-4) 

After equating coefficients of like powers of , the following relationships 
may be written: 
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0 0
1 0 ,J f f  (5-5) 

0 0 1 1 0
1 1 .f J f f J f fD  (5-6) 

These integral equations are the basic ones used to obtain analytical 
expressions for the first and second-order correction terms to the distribution 
function. 

2. THE FIRST APPROXIMATION. 

In the usual variables, Eq. (5-5) has the form: 

0 0 0 0
1 1 1 0 .f f f f gbdbd dv

The general solution of this integral equation is defined by [1]: 

0 0 0 0
1 1 ,f f f f

and therefore, 0ln f  is a linear combination of the summational 
invariants of molecular encounters.  By a simple transformation one can 
obtain: 

23 2
0 exp ,

2 2
mmf n

kT kT
v u

 (5-7) 

where n , u , and T  denote arbitrary values related to each of the 
summational invariants.  These values can be identified with number 
density, mean velocity, and temperature at a point, ,tr .  This means that 
the Maxwellian distribution function in which ,n n tr , ,T T tr , and 

,tu u r  is chosen as the first approximation to f .  This function is 
usually called the local Maxwellian distribution function, which, for the 
general, non-uniform, non-steady-state of a gas, may be written as: 

23 2
0 ,

, , exp .
2 , 2 ,

m tmf t n t
kT t kT t

v u r
r r

r r
 (5-8) 
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As a consequence of the identification of n , u , and T  with the density, 
mean velocity, and temperature at the point, ,tr , the function 1f  must 
satisfy the following relations: 

1 0 ,if dv  (5-9) 

where 21
21, ,i m mVV .  These conditions must be satisfied in the 

formulation of any expressions for the second-order correction term to the 
distribution function. 

3. A GENERAL FORMAL SOLUTION FOR THE 
SECOND CORRECTION. 

Eq. (5-6) in ordinary variables may be written in the form: 

0 1 1 0 0
1 1 .J f f J f f fD  (5-10) 

This is the linear non-homogeneous integral equation for the second-order 
correction to the distribution function, 1f .  Let 1F  and 1  be the 
particular and general solutions of the non-homogeneous and homogeneous 
equations, respectively.  Then, the general solution can be represented by: 

1 1 1 .f F  (5-11) 

Substituting this expression into Eq. (5-10), one can obtain the following 
form of the homogeneous integral equation: 

1 0 .I  (5-12) 

Here, the correction 1  is given by the relation, 1 0 1f  and 1I
is the standard linearized collision operator which may be expressed as: 

0 02
1 1 1 1 .I F n f f F F F F gbdbd dv  (5-13) 

Eq. (5-12) means that 1  must be the summational collision invariant 
which may be written as: 
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1 1,1 2,1 3,1 21
2 ,m mvv  (5-14) 

where ,1i  are arbitrary functions of r  and t .  These functions may be 
found from the conditions given by Eq. (5-9). 

Now, to find the necessary conditions of solubility for Eq. (5-10), one 
uses the integral theorem [1] given by: 

0 1 1 0
1 1 0 .i J f f J f f dv

Using this theorem in Eq. (5-10), one can obtain the following conditions: 

0 0 .i f dvD  (5-15) 

These relations, when 1,2,3i , mean that the values n , u , and T
contained in 0f  must satisfy the continuum equations obtained by means 
of the use of the first-order distribution function [1]. 

Let 1F  be represented in the form, 1 0 1F f .  Then, Eq. (5-10) 
gives the following basic equation for this correction: 

1 02 .n I fD  (5-16) 

From general conditions given by Eq. (5-9), one can conclude that the 
function, 1 , must satisfy the following additional conditions: 

0 1 1 0 .i f dv  (5-17) 

4. THE TRANSFORMATION OF THE NON-
HOMOGENEOUS TERM. 

If the variables , , tV r  are used, the right-hand-side of Eq. (5-16) may be 
expressed in a form analogous to that given in Eq. (2.6): 

0 0 0ln

: ,

f f f

D D
Dt Dt

u uV F V
r V V r

D
 (5-18) 
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where: 

.D
Dt t

u
r

The space and time derivatives of n , u , and T  are connected by the 
equations of the continuous medium in which the pressure tensor and the 
heat flux must be calculated by use of the local Maxwellian distribution 
function given in Eq. (5-8).  This results in the following expressions: 

0 0, 0 .ik ik ikP nkT p q  (5-19) 

Substituting these quantities into Eqs. (2.7)-(2.9), one obtains: 

,Dn n
Dt

u
r

 (5-20) 

1 ,D p
Dt

u F
r

 (5-21) 

2
3 .DT T

Dt
u

r
 (5-22) 

Eqs. (5-20) and (5-22) result in: 

3 2 3 2ln 0 , ln const .D nT nT
Dt

 (5-23) 

Using the second relationship in Eq. (5-23), one can write: 

2
0ln const .

2
mVf

kT

Taking into account Eq. (5-22), the first term in Eq. (5-18) may be expressed 
in the form: 
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2 2 2
0 1 1 1

2 3 32ln .i
ik

k

uD mV DT mV mVf
Dt Dt kT kT xkT

u
r

The last term in Eq. (5-18) may be written as: 

0ln
: .i

i k
k

f um VV
kT x

uV
V r

The sum of the first and last terms of Eq. (5-18) is then: 

21
3 : .i

i k ik
k

um mVV V
kT x kT

uVV
r

 (5-24) 

The sum of the two middle terms of Eq. (5-18) is given by: 

0
0

2 2
5 2 51 1

2 2 22

ln ln ln

ln
ln .

ff nkT
nkT

TmV T mVT
kTkT

V V
r r r

V V
r r r

 (5-25) 

Using Eqs. (5-24) and (5-25), Eq. (5-18) can be represented as: 

0 0 2 5
2

ln
2 : .

T
f f C uV CC

r r
D  (5-26) 

The basic relation expressed by Eq. (5-16) can now be written in the form: 

1 02 2 5
2

ln
2 : .

T
n I f C uV CC

r r
 (5-27) 

5. THE SECOND APPROXIMATION. 

Since Eq. (5-27) is a linear integral equation and the right-hand-side of 
this equation is linear in ln T r  and u r , one may seek a solution of 
this equation in the form of a sum of the two terms each of which is 
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proportional to the appropriate space non-uniformity.  Thus, one can write 
[1,3-5]: 

1 ln
2 : ,

T uA B
r r

 (5-28) 

where A  is a vector and B  is a tensor.  The quantities, A  and B ,
introduced here are identical to those obtained from the Chapman-Enskog 
theory for multiple gas mixtures in the limiting case of a simple gas [1]. 

Substituting Eq. (5-28) into Eq. (5-27), one can separate out equations for 
the unknown functions, A  and B .  These functions are then particular 
solutions for the following equations: 

02 2 5
2 ,n I f CA V  (5-29) 

02 ,n I fB CC  (5-30) 

which, in the coordinate form, can be written as: 

02 2 5
2 ,i in I A f C V  (5-31a) 

02 21
3 .ik i k ikn I B f C C C  (5-31b) 

One now assumes that the solutions of Eqs. (5-31a) and (5-31b) are of 
the following form: 

,A CA C  (5-32) 

,B CB CC  (5-33) 

where A C  and B C  are two new unknown functions of n , T , and 
C C .  The general formal solution of Eq. (5-27) then has the form: 
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1 0

1,1 2,1 3,1 21
2

ln
2 :

.

T
f f A C B C

m mV d

uC CC
r r

V v

 (5-34) 

where the constants ,1i  in Eq. (5-34) are chosen such that the function 
1f  satisfies the following equations: 

1 0 ; 1,2,3 .if d iv  (5-35) 

Neglecting vanishing integrals, these equations have the form: 

0 1,1 3,1 21
2 0 ,f mV dv

1 20 2,1 2ln
2 0 ,

T
f A C mkT C dv

r

0 1,1 3,1 2 21 1
2 2 0 .f mV mV dv

The first and third of the above relations show that 1,1 3,1 0 .  The 
second shows that 2,1 ~ ln T r  and, hence, that this term may be 
absorbed into the first term.  In order that 2,1 0  also, the function A C
must satisfy the additional relation: 

02 0 .A C C f dv  (5-36) 

Now, the second approximation to the distribution function is given by: 

1 0 1 1

0 ln
2 : .

f f

T
f A C B C uC CC

r r

 (5-37) 
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6. THE FIRST-ORDER CHAPMAN-ENSKOG 
SOLUTION FOR THERMAL CONDUCTION. 

Suppose that the function A  can be expressed as a convergent series of 
the form: 

2
3 2

0
, ,rr r

r
r

a S CA a a C  (5-38) 

where 2
3 2

rS C  are the Sonine polynomials.  The polynomial n
mS x  is 

defined by: 

0
,

n
p n pn

m
p

m n
S x x

p n p

where: 

1 ... 1 ,n pm n m n m n m n n p

and 
0 1m n .  Two special cases exist where: 

0 11 , 1 .m mS x S x m x

These polynomials satisfy the following integral relations: 

0

0 ; ,
exp

1
; ,

p q m
m m

p q
x S x S x x dx

m p
p q

p

where k  is the gamma function. 
The additional condition expressed by Eq. (5-36) gives: 
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2 2

4 2 2
3 2

00

02 2 2 3 2
3 2 3 2

0 0

5
0 2

exp

4 exp

2 exp

2 0 ,

p
p

p

p
p

p

C C A C d

C C a S C dC

a C S C S C C d C

a

C

and therefore 0 0a .  To get acceptable accuracy [1], only one term of the 
series in Eq. (5-38) need to be taken into account, i.e.: 

11 2
1 3 2 .a S CA C

Substituting this expression into Eq. (5-29), one obtains: 

1 11 0 02 2 2 25
1 3 2 3 22 .n a I S C f C f S CC V V  (5-39) 

After multiplying this equation by 1 2
3 2S CC  and integrating over all values 

of v , Eq. (5-39) can be expressed in the form: 

1 112 2 2
1 13 2 3 2 ,n a S C I S C dC C v

or 1
1 11 1a a  where: 

1 12 2
11 3 2 3 2, ,a S C S CC C

1 2
1 102 2 2 115

1 3 2 3 2 4
2 .kTn f S C S C d n
m

V C v

The expression for the bracket integral 11a  is calculated in Appendix A.  
Using Eq. (A-9), the following solution of Eq. (5-39) can be obtained for 
rigid-sphere molecules: 



64 Analytical Methods for Problems of Molecular Transport

      

1 2
1 115 15

1 4 16
11

2 1 .kTa n
m a

 (5-40) 

The vector, A , for the first-order Chapman-Enskog solution is given by: 

1 215
3 216 .S CA C  (5-41) 

7. THE FIRST-ORDER CHAPMAN-ENSKOG 
SOLUTION FOR VISCOSITY. 

To simplify the following calculations, consider the viscosity equation 
for only one component of the tensor, B .  The equation for xyB  may be 
written as: 

02 .x y x yn I C C B C f C C  (5-42) 

Since the tensor, B , is a non-divergent tensor of molecular velocity 
components,  it can be expressed in the general form [1]: 

1 2
5 2

1
,r

r
r

B C b S CB CC CC  (5-43) 

where the coefficients, rb , are constants to be determined. 
When only one tensor component, xyB , is being considered, it can be 

expressed as: 

1 2
5 2

1
.r

xy x y r
r

B C C b S C  (5-44) 

To obtain the first-order Chapman-Enskog solution (retaining only one term 
of the expansion), this tensor is given by: 

1
1 .xy x yB b C C  (5-45) 

Substituting Eq. (5-45) into Eq. (5-42) one can obtain: 
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1 02
1 .x y x yn b I C C f C C  (5-46) 

After multiplying both sides of Eq. (5-46) by x yC C dv  and integrating 
over all velocities one obtains: 

1
1 11 1 ,b b  (5-47) 

where: 

11 , ,x y x yb C C C C

02 2 2 11
1 4 .x yn C C f d nv

It is important to note that the values of 11b  and 1  introduced here differ 
from the corresponding values in [1] by a factor equal to 1

10 .  Using Eq. (A-
12) for 11b , one obtains: 

1 2
1 5

1 8
11

1 .
4 2

mb
b n kT

 (5-48) 

Both Eqs. (5-40) and (5-48) have been obtained for rigid-sphere molecules.  
From the preceding analysis, in general, the components of the tensor for 

the first-order Chapman-Enskog solution, ikB , have the form: 

1 2
25 1

8 3 .
2ik i k ik
mB C C C
kT

 (5-49) 

Using Eqs. (5-41) and (5-49) and introducing the mean free path, the first-
order Chapman-Enskog distribution function is then given by: 

10 215
3 216

1 2
25 1

4 3

ln
1

.
2

i
i

i
i k ik

i

T
f f S C C

x

um C C C
kT x

 (5-50) 

Here, molecules have been assumed to act as rigid spheres. 
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8. THE THERMAL CONDUCTIVITY AND 
VISCOSITY COEFFICIENTS. 

Since the distribution function is known, the coefficients of viscosity and 
thermal conductivity may be readily calculated.  The thermal conductivity 
coefficient can be obtained from the relation: 

21
2 .i i

i

Tq m V V fd
x

V  (5-51) 

Having performed the very simple integration in Eq. (5-51), one obtains the 
following expression for the thermal conductivity coefficient of a 
monatomic gas: 

1 2
75
64 2 .k kT

m
 (5-52) 

The molecules here have been assumed to behave as rigid spheres. 
To derive a similar expression for the viscosity coefficient, the simplest 

case of 0, ,0uu  and u u x  is considered.  In this case: 

.xy x y
uP m V V fd
x

V

Using Eq. (5-50) in this expression and integrating yields:  

1 2
25

16 .mkT  (5-53) 

The general expression for the pressure tensor [1] is given by: 

2
3 .i k

ik ik ik
k i

u uP p
x x

u  (5-54) 
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9. THE FIRST-ORDER APPROXIMATION FOR 
ARBITRARY INTERMOLECULAR POTENTIAL. 

In the first approximation, the thermal conductivity and viscosity 
coefficients depend only on the bracket integrals, 11a  and 11b , respectively.  
These bracket integrals for arbitrary intermolecular potentials may be 
expressed in the form [1]: 

1 1 2,22 2
11 3 2 3 2, 4 ,a S C S CC C  (5-55) 

and: 

2,2
11 , 4 .b CC CC  (5-56) 

where the 11b  given here is in the same form as that used by Chapman and 
Cowling [1]. 

The ,i j -integrals can be evaluated only if the form of the 
intermolecular interaction is specified.  All potential functions may be 
characterized by two parameters,  and , and it is convenient to represent 
the mutual potential energy of two molecules in the form: 

,r f r  (5-57) 

where f r  is the same function for all gases described by the specific 
interaction model. 

The Lennard-Jones (6-12) potential model has found the widest use in 
applied transport problems.  This model is described by: 

12 6

4 ,r
r r

 (5-58) 

where  is the depth of the potential well and r  at the point where 
0r .  This parameter may be called an effective molecular diameter.  

The two parameters of this model, k  (K) and , have been tabulated for 
many gases by a comparison of the theory with experimental data. 

All of the -integrals are expressible in the form [3,5]: 
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, , ,

. .
,i j i j i j

r s

å  (5-59) 

where ,

. .

i j

r s
 is the integral for rigid-sphere molecules that is given by: 

1 2
, 2

. .

1 1 1
1 .

2 2 1

i
i j

r s

jkT
m i

 (5-60) 

The reduced integral, ,i j å , depends only on the reduced temperature 
which is defined as: 

.kTT  (5-61) 

The numerical values of the reduced -integrals for various models of the 
intermolecular potential may be found in [3,5,6]. 

Taking into account Eq. (5-59), one can express the first approximation 
to the transport coefficients for a monatomic gas as follows:  

1 2
5

161 2,22
,

mkT

Tå
 (5-62) 

1 2
25
321 2,22

,V
mkT

c
Tå

 (5-63) 

where Vc  is the specific heat per unit mass at constant volume which is (for 
a monatomic gas, for example) 3 2Vc k m .

10. THE SECOND-ORDER APPROXIMATION FOR 
ARBITRARY INTERMOLECULAR POTENTIAL. 

The parameters of the second-order Chapman-Enskog solutions may be 
found from the following algebraic systems [1]: 
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1 2
2 2 115

1 11 2 21 4
2 ,kTa a a a n
m

2 2
1 12 2 22 0 ,a a a a

and: 

2 2 15
1 11 2 21 2 ,b b b b n

2 2
1 12 2 22 0 ,b b b b

All of the parameters are expressible in terms of the bracket integrals defined 
in [1].  In the second approximation, the thermal conductivity and viscosity 
coefficients can be shown to be: 

2
2 1 ,f T  (5-64) 

and: 

2
2 1 ,f T  (5-65) 

where the functions, 2f T  and 2f T , are given by: 

2
2

77 112 80 ,
28 64 80

v tf T
v t

 (5-66) 

and: 

2 301 336 240 .
154 48

v tf T
t

 (5-67) 

Here, the following notations have been introduced: 

2,3 2,2 ,v T Tå å  (5-68) 



70 Analytical Methods for Problems of Molecular Transport

      

2,4 2,2 .t T Tå å  (5-69) 

The second coefficients of the Chapman-Enskog solutions are found to be: 

2
2

32 28 ,
77 112 80

va
v t

 (5-70) 

and: 

2
2

96 84 .
301 336 240

vb
v t

 (5-71) 

where 2 2 2
2 2 1a a a  and 2 2 2

2 2 1b b b .  For the Lennard-Jones (6-12) 
potential, the functions, 2f T , 2f T , 2

2a T , and 2
2b T , are 

given in Table 5.1.  

PROBLEMS 

5.1.  Show that if: 

23 2
0 ,

, exp ,
2 , 2 ,

m tmf n t
kT t kT t

v u r
r

r r

Table 5-1. Functions for calculating the second-order transport coefficients. 

T 2f T 2f T 2
2a T 2

2b T
0.30 1.00189 1.01030 0.02680 0.01724 
0.50 1.00009 1.01020 0.00588 0.00376 
0.75 1.00004 1.02181 –0.00369   –0.00237   
1.00 1.00000 1.02775 –0.00030   –0.00019   
1.25 1.00012 1.03074 0.00680 0.00441 
1.50 1.00055 1.03149 0.01419 0.00922 
2.00 1.00214 1.02832 0.02801 0.01825 
2.50 1.00380 1.02580 0.03719 0.02426 
3.00 1.00516 1.02448 0.04325 0.02824 
4.00 1.00737 1.02105 0.05158 0.03370 
5.00 1.00867 1.01948 0.05590 0.03653 
10.0 1.01096 1.01582 0.06279 0.04103 
50.0 1.01160 1.01419 0.06465 0.04222 

100.0 1.01167 1.01410 0.06483 0.04233 
400.0 1.01170 1.01383 0.06492 0.04239 
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then the collision operator associated with this function is equal to zero. 
Solution:  Very simple transformations result in the following expression 

which occurs in the collision operator: 

2 2
10 00 0

1 1 1

2 2
1

1

, exp
2

exp 0 .
2

m v v mf f f f A t
kT kT

m v v m
kT kT

r v v u

v v u

That this is equal to zero (and hence the collision operator is equal to zero) 
follows from the conservation of energy and momentum during molecular 
encounters. 

5.2.  Obtain the second-order Chapman-Enskog solution for the thermal 
conduction problem by using the following polynomial expansion:  

1 22 22 2
1 23 2 3 2 .a S C a S CA C

Assume that the molecules in this problem are rigid spheres. 
Solution:  Multiplying Eq. (5-29) alternately by the terms, 1 2

3 2S CC
and 2 2

3 2S CC , one can obtain the following algebraic system: 

1 2
2 2 115

1 11 2 21 4
2 ,kTa a a a n
m

2 2
1 12 2 22 0 ,a a a a

where 1
12 21 114a a a  and 45

22 1116a a  for rigid-sphere molecules [1].  The 
solution of this system yields: 

2 1 2 1 245 1 4
1 1 2 1 244 11 45, , .a a a a a

5.3.  Derive the expression for the thermal conductivity coefficient for the 
second-order Chapman-Enskog solution for rigid-sphere molecules. 

Solution:  From Eqs. (5-37) and (5-51), one can obtain: 
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3 2
3 2 2 2 21

2

3 2
3 2 2 2 251

6 2

3 2
11 2 3 21

3 2 3 23
10

1 2
5

14

2 1 exp

2 1 exp

2 1 exp

2 .

i i
i

i

p
p

pi

i i

kT Tq mn C C A C C d
m T x

kT Tmn C C A C C d
m T x

kT Tmn x S x a S x x dx
m T x

kT T Tkna
m x x

C

C

This implies that the thermal conductivity coefficient is proportional to 1a
only and may be written as: 

1 2
5

14
2 .kT kna
m

For the second-order Chapman-Enskog solution (Problem 5.2), one can 
obtain: 

1 2
2 2 15 45

14 44
2 ,kT kna
m

where the molecules have been assumed to be rigid spheres. 

5.4.  Obtain the second-order Chapman-Enskog solution for the viscosity 
problem by using the following polynomial expansion:  

12 2 2
1 2 5 21 .xy x yB b C C b S C

Assume that the molecules in this problem are rigid spheres. 
Solution:  Multiplying Eq. (5-30) alternately by the terms, x yC C  and 

1 2
5 2x yC C S C , one can obtain the following algebraic system: 

12 2
1 11 2 21 4 ,b b b b n

2 2
1 12 2 22 0 ,b b b b
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where 1
12 21 114b b b  and 205

22 1148b b  for rigid-sphere molecules [1].  The 
solution of this system yields: 

2 1 2 1 2205 6 12
1 1 2 1 2202 101 205, , .b b b b b

5.5.  Derive the expression for the viscosity coefficient for the second-order 
Chapman-Enskog solution for rigid-sphere molecules.  

Solution:  Taking into account the definition of the pressure tensor and 
Eq. (5-37), one can obtain: 

3 2 2 2 2

1 2 6 216
15

0

0 11 2 5 28
5 2 5 215

10

1

4 exp

exp

exp

.

xy x y

p
p

p

uP nT C C B C C d
x

unkT C B C C dC
x

unkT x S x b S x x dx
x

unkTb
x

C

This implies that the viscosity coefficient is proportional to 1b  only and does 
not contain any other coefficients from the polynomial expansion.  Then the 
viscosity coefficient can be written as 1nkTb .  For the second-order 
Chapman-Enskog solution (Problem 5.4), one can obtain: 

2 2 1205
1 202 .kTb
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Chapter 6 

REGIMES OF RAREFIED GAS FLOWS 

1. THE KNUDSEN NUMBER. 

Consider the steady-state flow of an infinite stream of a rarefied gas over 
a body having a characteristic dimension, R , in the absence of external 
forces.  In this case, the Boltzmann equation may be expressed in the form: 

1 1 1 .f f f ff gbdbd dv v
r

 (6-1) 

Let this equation be transformed into dimensionless variables by means 
of the following: 

1 2 3 2
1 42 , , , 2 , .

2
kT mf n f R b b
m kT

v c r r

In these variables, Eq. (6-1) becomes: 

1
1 1 ,f R J f f Kn J f fc

r
 (6-2) 

where Kn R  is the Knudsen number and 1J f f  is the standard 
dimensionless collision operator.  The Knudsen number is the natural 
parameter characterizing the degree of rarefaction of a gas for a given 
boundary problem.  The Knudsen number is defined as the ratio of the mean 
free path of a molecule to a characteristic external geometrical dimension of 
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the boundary problem.  The Knudsen number is not a property of the gas 
alone as it explicitly involves the system dimension, R .  It is, however, the 
basic parameter for any given boundary value transport problem. 

2. A GENERAL ANALYSIS OF THE DIFFERENT 
GAS FLOW REGIMES. 

The problem of the steady-state flow of a rarefied gas past a body has a 
characteristic dimensionless parameter.  This parameter is the Knudsen 
number described in Section 6.1.  Large or small values of the Knudsen 
number permit simplification or modification of the Boltzmann equation for 
each particular case.  Corresponding to certain ranges of the Knudsen 
number, there are four regimes in the Kinetic Theory of Gases.  This 
classification has a schematic character. 

For conditions when 0Kn  ( 0.01Kn , the continuum regime), one 
may use the Navier-Stokes equations with the usual hydrodynamic boundary 
conditions (Eqs. (2-7)-(2-9) together with Eqs. (5-51) and (5-54)).  If 

1Kn  ( 0.01 0.1Kn , the slip-flow regime), the gas may be described by 
the Navier-Stokes equations but the boundary conditions should be modified 
by the introduction of slip conditions on the surface of the body.  The slip-
flow regime will be described in detail in Chapter 10. 

The other regions are those in which the Knudsen number is greater than 
unity.  Two sub-regions can be distinguished here.  The limiting regime, 
where Kn , is usually called the free-molecular regime.  If the 
dimensions of the body are insignificant compared with the mean free path, 
one says that the flow past the body is of the free-molecular type.  For such 
flows the presence of the body does not disturb the distribution function of 
the incident molecules of the gas in the neighborhood of the body.  In this 
case, the molecules that rebound from the surface of the body collide with 
other molecules at distances on the order of the mean free path from the 
body.  Therefore, in a free-molecular flow, the collisions between the 
molecules that rebound and those coming from the gas occur at a great 
enough distance from the body that the influence of these collisions can be 
neglected.  The free-molecular distribution function is constant along the 
molecular trajectories.  On the surface of the body the distribution function 
of incident molecules is the same as that in the surrounding volume of gas 
far from the body.  The distribution function of molecules rebounded from 
the body can be found from the boundary conditions which will be 
considered in Section 6.3. 

The region where 1Kn  is usually called the near free-molecular 
regime.  For flow in this regime, Knudsen iteration [1] is a well known 
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approximate solution of the Boltzmann equation.  The distribution function 
is assumed to have the form: 

0 11 .f f Kn f  (6-3) 

The function, 1f , may be found from the non-homogeneous linear partial 
differential equation that contains the free-molecular distribution function 
inside the collision integral.  The solutions of several specific problems of 
interest in this regime may be found in [2-9]. 

The region where ~ 1Kn  is the most difficult to describe theoretically.  
In this region the flow has features typical of both the free-molecular and 
continuum regimes.  In this transition region, it is often convenient to use the 
various moment methods that will be discussed in Chapter 11 in order to 
find the solutions to boundary problems of interest. 

3. THE BOUNDARY CONDITIONS. 

Both the mathematical formulation and the solution of all boundary value 
transport problems, by both the direct and the moment methods, requires 
knowledge of the applicable microscopic boundary conditions.  These 
conditions on the surface of a body can be formulated for the distribution 
function of the reflected molecules by means of a dispersion kernel [10-15].  
Within this framework only a general description may be provided at 
present, which cannot be used to solve practical boundary problems because 
no theory currently exists from which the necessary kernels can be derived.  
The absence of a strict theory for the molecular interaction of a gas with a 
solid surface results in the need to use definite models to postulate the 
distribution function for the reflected molecules.  This function contains a 
certain number of free parameters which are usually called accommodation 
coefficients.  These coefficients may be determined by a comparison of the 
theory constructed from a given model with an appropriate experiment. 

Maxwell was the first to propose the boundary model that has been 
widely used in various modified forms.  At present, this model still appears 
to be the most convenient and correct formulation for the various boundary 
value transport problems; particularly those in which one assumes a non-
condensable gas for which the boundary surface is impenetrable.  The 
Maxwellian boundary model is constructed on the assumption that some 
fraction 1  of the incident gas molecules are reflected from the surface 
specularly, while the remaining fraction, , are reflected diffusely with a 
Maxwellian distribution.  This supposition can be expressed as: 
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, , 1 , , ,S r Sf t f f tv r v r  (6-4) 

where f  are the distribution functions of the molecules reflected and 
incident on the surface at a point, Sr , 2v v v n n , n  is the unit 
normal vector to the surface at the given point, and rf  is the Maxwellian 
distribution function given by: 

3 2 2

, exp .
2 , 2 ,r r S

r S r S

m mvf n t
kT t kT t

r
r r

 (6-5) 

There are two parameters in this distribution function, rn  and rT , which 
correspond to the number density and temperature of some fictitious gas 
emitted by the surface.  Also, in this form of the reflected distribution 
function, the surface element is assumed to be stationary. 

Now, consider the physical meaning of the coefficient, .  The 
tangential momentum transferred to a unit surface element per second by 
incident molecules is given by: 

0

,P m f v d
v n

v n v  (6-6) 

and that carried away by the reflected molecules may be expressed as: 

0

1 .P m f v d P
v n

v n v  (6-7) 

From Eqs. (6-6) and (6-7), the following relation can be written: 

; 0 1 .P P P

Therefore,  gives the fraction of the tangential momentum of incident 
molecules transmitted to the surface by all molecules.  This parameter is 
usually called the tangential momentum accommodation coefficient. 

The unknown parameters, rn  and rT , in Eq. (6-5) may be found if the 
impenetrability condition for the surface and the energy accommodation 
coefficient, T , are introduced by means of the relations: 

0 ,N N  (6-8) 
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and: 

; 0 1 ,T T
eq

Q Q

Q Q
 (6-9) 

where N  and Q  are the fluxes of the number of molecules and energy for 
the incident and reflected molecules across a unit element of the surface at 
the point Sr  per unit time.  The value eqQ  is the energy flux which would be 
carried away by the reflected molecules if the gas were in equilibrium with 
the surface, i.e., when r wT T , where wT  is the temperature of the surface at 
the point Sr .  The energy accommodation coefficient can be interpreted as 
the fraction of the equilibrium heat flux transmitted to the surface by the gas 
molecules.  The details of the calculational technique associated with this 
formulation of the boundary problem are given in detail in Problem 6.3. 

The accommodation coefficients,  and T , may be found via 
experiment.  The classical Millikan experiments [16], for instance, have 
shown that for most cases 1 .  This would seem to indicate that the 
model of diffuse reflection is generally the most appropriate model to 
employ in practice. 

The boundary conditions needed for a condensable gas are significantly 
different from those considered above.  On a liquid surface, for instance, the 
evaporation (condensation) coefficient, m , should be introduced for the gas 
(the vapor phase of the liquid comprising the surface) via the relationship: 

,m
S

N N

N N
 (6-10) 

where SN  is the reflected flux of molecules which have the parameters of a 
saturated vapor at the applicable surface temperature. 

This coefficient should be interpreted to mean that a fraction of the 
incident flux of molecules at the surface, m , is reflected from the surface 
having the parameters of a saturated vapor and that the remaining fraction of 
the incident molecules, 1 m , leaves the surface without having 
undergone a phase transition.  This latter fraction forms what is, in essence, a 
non-condensable gas for which the parameters may be specified by an 
impenetrability condition for the surface and an energy accommodation 
coefficient, T , as was done above for the case of a purely non-condensable 
gas.  One must keep in mind, however, that the use of an energy 
accommodation coefficient in such a scenario makes sense only for the non-
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condensable part of the gas.  The evaporating molecules must have the 
equilibrium parameters of a saturated vapor. 

To be consistent with the definition of the evaporation coefficient, the 
reflected distribution function can be expressed in the form: 

3 2 2

3 2 2

, ,

, exp
2 , 2 ,

1 , exp ,
2 , 2 ,

S

m S w S
w S w S

m r S
r S r S

f t

m mvn T t
kT t kT t

m mvn t
kT t kT t

v r

r
r r

r
r r

 (6-11) 

where ,S w Sn T tr  is the saturated vapor density at the given surface 
temperature ,w ST tr  which, in the general case, is a function of the specific 
location on the surface, Sr , and the time, t .  The unknown parameters 
associated with the non-condensable fraction of the reflected molecules may 
be found using the standard impenetrability and energy accommodation 
conditions.  A detailed description of this technique is given in Problem 6.4. 

4. THE BOUNDARY DISPERSION KERNEL. 

The Maxwellian model of the boundary conditions is frequently used to 
analyze boundary value transport problems.  This model gives a simple 
expression for the distribution function of molecules reflected from the 
surface of the wall.  For a non-condensable gas, the diffusely reflected part 
of this distribution function contains two unknown parameters which may be 
defined by introducing the energy accommodation coefficient and the 
impenetrability condition for the surface.  Note that the expression for the 
energy accommodation coefficient contains an additional unknown 
parameter connected with the number density of the molecules that are 
reflected and which are in thermal equilibrium with the wall which is 
assumed to be located at 0x  and to have a constant temperature, 0T .
Hence, three additional integral conditions must be used to obtain the 
unknown parameters.  For the linearized case, if evaporation (condensation) 
is absent at the wall, a general form of the boundary condition may be 
derived in which these additional relations are taken into account by the 
dispersion kernel, 1,W c c :



Chapter 6.  Regimes of Rarefied Gas Flows 81

      

1 1 1,0 , ,0 ,f fW dc c c c c  (6-12) 

where 0, 1 ,ff x f xc c  and ,f xc  are the full corrections to 
the distribution function which, in general, contain the Chapman-Enskog 
distributions. 

For the correction to the reflected distribution function, the Maxwellian 
boundary condition may be written as: 

2 3
2,0 1 ,0 ,f f r rcc c  (6-13) 

where: 

2c c c n n

Using Eq. (6-13) and Eqs. (6-8) and (6-9), one can obtain: 

1 2 21
2exp 2 1 2 ,r x T fc c c dc

1 2 21 2 exp .r T x fc c c dc

Then, Eq. (6-13) may be written as: 

1 2
1 1

2 2
1 1 1

,0 1 ,0 exp

2 1 2 2 ,0 ,

f f x

T f

c c

c c d

c c

c c
 (6-14) 

Allowing for Eq. (6-12), one can express the dispersion kernel in the form: 

1 1

1 2 2 2
1 1 1

, 1 2

exp 2 1 2 2 ,x T

W

c c c c

c c c c c n n
 (6-15) 

where x  is the Dirac delta function [17]. 
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5. FEATURES OF THE BOUNDARY CONDITIONS 
FOR SMALL KNUDSEN NUMBER. 

Consider the gas flow along a plane wall under conditions in which the 
mean velocity has only a tangential component that is a linear function of the 
normal coordinate beyond the wall.  This linear dependence may be obtained 
from the solution of both the Boltzmann equation and Navier-Stokes 
equations.  Since the Navier-Stokes distribution function is a solution of the 
Boltzmann equation only at large distances from the wall, the gas state in the 
Knudsen layer must be investigated in order to establish the boundary 
conditions for Navier-Stokes equations [18-26]. 

Let the solid curve (Fig. 6-1) be the variation of the mean velocity of a 
gas that has been obtained by the solution of the Boltzmann equation.  Then, 
the linear extrapolation of the asymptotic solution (outside of the Knudsen 
layer) of this equation gives a fictitious value of mean velocity at the wall, 

wu u .
If one uses this fictitious velocity, wu u , on the wall as a boundary 

condition for the Navier-Stokes equations, then the same velocity profile 
may be obtained as from the solution of the Boltzmann equation outside of 
the Knudsen layer.  The difference between the fictitious velocity and the 
actual wall velocity is called the slip velocity.  The most reliable expression 

Figure 6-1. The variation of the mean velocity of a gas near a moving wall. Here, wu is the 
velocity of the wall, u  is the slip velocity, and 0u  is the real mean velocity at the wall. 
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for the slip velocity has been obtained by Ivchenko, Loyalka and Tompson 
[27]: 

,m
uu c
x

 (6-16a) 

where: 

5
8

0.6690 0.17752 ,
0.7549 0.09714mc  (6-16b) 

is the isothermal-creep coefficient, the molecules have been assumed to be 
rigid spheres, and 205

202  for the second-order Chapman-Enskog 
solution.  In the very important case when 1 , one obtains: 

1.1006 .uu
x

 (6-17) 

The temperature-jump may be introduced in the same way (Fig. 6-2).  
The most reliable analytical expression for the temperature-jump has been 
obtained by Loyalka [18].  Loyalka’s formula, if the tangential momentum 
accommodation coefficient is taken into account, can be expressed as [28]: 

,T
TT c
x

 (6-18a) 

where: 

75 52 1
128 25 2

22
1 ,

2
TT T

T
T T

c  (6-18b) 

is the temperature-jump coefficient, 45
44 , and 0.9378T  for rigid-

sphere molecules if the second-order Chapman-Enskog solution is 
employed. 

Consider a gas having a tangential temperature gradient located over a 
non-uniform heated plane surface (Fig. 6-3).  Under these conditions, the gas 
has a mean velocity in the direction of the temperature gradient, i.e. the gas 
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slips along the wall.  The gas velocity beyond the wall is the thermal-creep 
velocity or the thermal-creep velocity. 

The most accurate analytical expression for the thermal-creep velocity 
has been obtained by Ivchenko, Loyalka and Tompson [28,29]: 

ln
,sl Tsl

T
u c

y
 (6-19) 

where: 

3
2

0.4354 0.2179
,

0.8518 0.1096Tslc

is the thermal-creep coefficient, ,  is the kinematic 
viscosity, and molecules have been assumed to be rigid spheres.  For two 
specific cases of interest, this coefficient may be written as: 

1.0193 ; 1 ,
0.7667 ; 0 .Tslc  (6-20) 

Figure 6-2. The variation of the gas temperature near a wall.  Here, wT is the wall 
temperature, T is the temperature-jump, and 0T is the real temperature of the gas at the 
wall 
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The slip boundary conditions may be obtained only from the solution of the 
Boltzmann equation with microscopic boundary conditions for the 
distribution function.  These problems will be considered in Chapter 8. 

PROBLEMS 

6.1.  Using the Maxwellian boundary model, determine the form of the 
reflected distribution function if the boundary surface is moving and u  is 
the wall velocity. 

Solution:  The mean velocity of the diffusely reflected molecules is equal 
to u .  Therefore, the reflected distribution function may be written as: 

3 2 2

, exp
2 2

1 , , , ,

S r S
r S r S

x x y z S

mmf n
kT kT

f v u v v

v u
v r r

r r

r

where x  is a normal coordinate. 

6.2.  Determine the form of the dispersion kernel which is specified by: 

1

1 1 1
0

, , , ,S Sf W f d
v n

v r v v v r v

for the Maxwellian boundary model. 
Solution:  The distribution function of reflected molecules is given by 

Eqs. (6-4) and (6-5).  The condition of wall impenetrability gives: 

Figure 6-3. The thermal-creep geometry. 
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1

1 2

1 1 1
0

2 , .
2r S S

r S

mn f d
kT v n

r v n v r v
r

Using this expression, one can obtain: 

2 2

1 1

1

, exp
2 2

1 2 .
r S r S

m mW
kT kT

vv v v n
r r

v v v n n

6.3.  Write down the full system of boundary conditions at the solid 
impenetrable wall if the wall temperature is 0T .

Solution:  The number density, rn , and the temperature, rT , in Eqs. (6-4) 
and (6-5) are defined by 0N N  and: 

,T
eq

Q Q

Q Q

where N  and Q  are normal components of the relative fluxes.  The flux, 
eqQ , is determined by means of the reflected distribution function in which 

r eqn n  and 0rT T .  The unknown equilibrium number density, eqn , may 
be found from 0 .eqN N

6.4.  At a liquid surface, write down the boundary conditions for reflected 
molecules of the same liquid vapor if the temperature of the surface is 
slightly different from the equilibrium temperature 0 0, 1w wT T T .

Solution:  The reflected distribution function may be presented in the 
form: 

3 2 2

3 2 2

,0 exp
2 2

1 exp ,
2 2

m S w
w w

m r
r r

m mvf n T
kT kT

m mvn
kT kT

v

where the first term describes molecules evaporated from the liquid surface 
while the second term is related to molecules reflected from the surface 
without a phase transition.  It should be noted that, for this latter group of 
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molecules, it is appropriate to treat the liquid surface as if it were 
impenetrable and to employ an appropriate surface condition.  The unknown 
parameters rn  and rT , may be determined from the relations 
1 0m rN N  and: 

1
,

1
m r

T
m r eq

Q Q
Q Q

where r eqQ  contains an additional unknown parameter related to the density 
of a fictitious gas reaching equilibrium with the surface if r wT T .  This 
parameter may be found from 1 0m r eqN N .  The fluxes, rN ,

r eqN , rQ , and r eqQ , are calculated by using the second term of the reflected 
distribution function.  The number density of the saturated vapor at the 
temperature, wT , may be found by using the Clausius-Clapeyron equation 
[30] which yields 0 1 1S w S wn T n T  where 0fgh kT  and 

fgh  is the latent heat of condensation for a vapor molecule. 

6.5.  Generalize Eq. (6-14) to obtain an expression for the distribution 
function of the rebounding molecules for a case when the equilibrium 
temperature of the wall is given by 0wT T T  where 0T T .

Solution:  The boundary condition for a correction to the distribution 
function may be written as: 

2 3
2,0 1 , , ,0 ,f f x y z r rc c c cc

where the two boundary quantities, r  and r , may be found by introducing 
the energy accommodation coefficient, T , together with the condition of 
impenetrability of the wall for molecules of the gas.  This yields: 

2 2 1 1

,0 1 , , ,0

2 22 1 ,

f f x y z

T w T

c c c

c

c

where: 

0

2
1

2 2
2

,

,0 exp ,

,0 exp .

w

f x

f x

T
T

c c d

c c c d

c c

c c
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6.6.  Generalize Eq. (6-14) to obtain an expression for the distribution 
function of the rebounding molecules for a case when the 
evaporation/condensation processes at the wall are taken into account and 
the equilibrium temperature of the surface is given by 0wT T T  where 

0T T  and 0T  is the equilibrium vapor temperature. 
Solution:

2 23 3
2 2,0 1 ,f m w w m r rc cc

where w  is the correction to the number density of the saturated vapor at 
the temperature, 0 1w wT T , and r  and r , may be found by 
introducing the energy accommodation coefficient, T , and using the 
impenetrability condition for molecules reflected without a phase transition.  
This yields: 

2 3
2

2 2 1 1

,0

2 21 2 1 ,

f m w w

m T w T

c

c

c

where: 

0

2
1

2 2
2

,

,0 exp ,

,0 exp .

w

f x

f x

T
T

c c d

c c c d

c c

c c

The correction, w , may be found by using the Clausius-Clapeyron equation 
[30] which yields 0 1 1S w S wn T n T  where 0fgh kT  and 

fgh is the latent heat of condensation (evaporation) for a vapor molecule. 
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Chapter 7 

THE FREE-MOLECULAR REGIME 

1. THE FREE-MOLECULAR DISTRIBUTION 
FUNCTION. 

The theoretical treatment of gas flow problems for extremely high 
Knudsen numbers (the free-molecular regime) is very different from that 
typically encountered in conjunction with the hydrodynamics of media 
having the higher number densities most people are used to working with.  
The theoretical frameworks encountered at these extremes are connected via 
various fundamental relationships between the Kinetic Theory of Gases and 
the mechanics of media that exhibit continuum type behaviors (the 
continuum regime).  The continuum equations may be obtained from the 
Boltzmann equation if one uses the summational invariants of encounters as 
molecular properties with which to construct a system of moment equations.  
This moment system, however, is indeterminate unless one knows the 
relationships between the basic hydrodynamic values and the stress tensor or 
the thermal flux vector.  These relationships may be derived by using the 
Chapman-Enskog method of solution of the Boltzmann equation.  It is very 
important in the continuum regime that such gas characteristics as the 
viscosity and thermal conductivity coefficients be determined independently 
of the boundary conditions. 

The boundary problems for high Knudsen numbers are quite different.  
The kinetic analysis may only be used for the description of gas flows.  The 
general solution of the Boltzmann equation requires usage of appropriate 
boundary conditions for the distribution function itself which ultimately 
results in a dependence of the hydrodynamic functions on the boundary 
parameters of the specific problem under consideration.  Hence, in this 



92 Analytical Methods for Problems of Molecular Transport

      

regime there are no general relationships between the various macroscopic 
quantities. 

The free-molecular regime will be examined in this chapter.  A general 
characteristic of gas flows in this regime is that the presence of a body does 
not effectively disturb the distribution function of the impinging molecules 
since the collisions between molecules being reflected and those coming 
from infinity occur at distances on the order of  from the surface of the 
body.  Since R , where R  is the typical dimension of the body, the 
influence of these collisions can be neglected.  Owing to this simplification, 
the theory describing free-molecular flows has been sufficiently developed 
that several useful solutions to applied transport problems have been 
obtained [1-6]. 

A rigorous theory of transport problems must start with the Boltzmann 
equation which, for stationary conditions, when Kn , may be written as: 

0 ,fv
r

or: 

0 .x y z
f f fv v v
x y z

 (7-1) 

Eq. (7-1) is a linear partial differential equation of the first-order.  The 
auxiliary system of ordinary differential equations, usually called the 
characteristic or Lagrange system, is: 

,
0x y z

dx dy dz df dt
v v v

 (7-2) 

where t  is an auxiliary parameter used to ease the solution of this system of 
equations.  The characteristics of these equations are the straight lines 
specified by: 

0 0 ,t tr r v  (7-3) 

where t  denotes the value of the parameter on the characteristic (i.e. t  is not 
time).  These characteristics may be interpreted to be the molecular 
trajectories associated with this problem [7].  Eq. (7-2) means that: 
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0 .df
dt

 (7-4) 

which implies that f  is constant along the molecular trajectories.  For the 
molecular trajectories that start at infinity and at the surface of the body the 
distribution functions are, therefore, equal to the values of the distribution 

Figure 7-1. The cone of influence for a sphere. 
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functions at infinity in the undisturbed flow and at the point, SP r , on the 
surface.  These functions are not the same and, hence, the free-molecular 
distribution function is discontinuous in velocity space. 

Consider the form of the distribution function at the point, M r , in 
various velocity domains when a spherical model of the particle is assumed.  
At each spatial point, M r , there exists a cone of influence, the surface of 
which is formed by the extensions of the tangents to the surface of the 
particle passing through the point M r  (see Fig. 7-1). 

This conical surface in the velocity space is described by 0 ,
0 arcsin arcsin 1R r r  where R  is the radius of the particle and 

is the angle between vectors c  and r .  In the velocity space, the surface of 
the cone of influence is the surface of discontinuity for the distribution 
function.  This surface divides the molecules into two groups with 
distribution functions 1f  and 2f  ( 2f  describes the molecules for which 

r rv v  where 0cosrv v , and 1f  describes the remaining molecules).  
The free-molecular distribution function in the full velocity space may be 
expressed as [8]: 

1 1
1 2 2 12 2 sign .r rf f f f f v v  (7-5) 

This relationship is a generalization of expression previously proposed for 
the planar geometry [9,10]. 

On the particle surface, 0rv , and the distribution functions of the 
reflected and incident molecules may be written as: 

2

1

, ; 0 ,
,

, ; 0 ,
r

r

f R f v
f R

f R f v

v n
v n

v n

where n is a unit vector normal to the surface element and pointing into the 
gas.  These distribution functions are connected by the boundary condition 
given in Eq. (6-4).  Having derived the distribution function one may 
calculate the flux of any molecular property across the particle surface.  For 
example, the force, F , on the particle is given by integrating the net 
momentum transferred to the particle by the gas molecules over the particle 
surface, S , per unit time: 

, ,SdS m f dF v v n v r v  (7-6) 
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where dS  is the area of the surface element, f  and f  indicate the 
distribution functions at the particle surface for both incident 0v n  and 
reflected 0v n  molecules, respectively, and Sr  is the position vector of 
an arbitrary point on the surface. 

For evaporation (condensation) problems one should know the flux of the 
number of molecules across the particle surface, S , per unit time.  This flux 
may be given by: 

, ,SN dS f dv n v r v  (7-7) 

where N  is positive or negative depending on whether the process is 
connected with evaporating or condensing particles. 

Figure 7-2. The geometry of the sphere drag problem. 
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2. THE FORCE ON A PARTICLE IN A UNIFORM 
GAS FLOW. 

Consider a small spherical particle R  in a uniform gas flow for 
which the velocity at infinity is a constant value, u  (Fig. 7-2).  A coordinate 
system is introduced in which the polar axis has the same direction as the 
vector, u .  Then, r ru uu e e  where cosru u  and sinu u .
From the symmetry of this problem, it is clear that the force has only one 
component in the direction of the vector u .  This component may be given 
by: 

2

0

2 sin cos sin ,u r rF R m v v v f d dv  (7-8) 

where the integration over all values of the azimuthal angle has been 
performed. 

Suppose that 1 22kT mu .  In this case of low velocity of the 
undisturbed flow, the following approximation for the distribution function 
of the incident molecules may be used: 

0 01 2 1 2 cos sin ,rf f f u c cu c  (7-9) 

where: 

1 2 1 2 3 2
0 2

0, , exp .
2 2 2
m m mf n c
kT kT kT

u u c v

For the distribution function of the reflected molecules, one can use the 
Maxwellian model of the boundary conditions given by Eq. (6-4) in which 
the density of molecules reflected diffusely may be written as: 

0 1 ,r S Sn nr r

where Sr  is proportional to the small parameter u  which is a 
linearization parameter.  The linearized boundary condition may be 
expressed in the form: 



Chapter 7.  The Free-Molecular Regime 97

      

3 2
2

0

, 1 , , ,

exp 1 .
2

S r S

S

f f c c c

mn c
kT

v r r

r
 (7-10) 

The unknown function Sr  may be found from the condition that there 
is no evaporation or condensation of molecules at the surface element 
surrounding the point, Sr  (i.e. the particle surface is impenetrable for the gas 
molecules).  This condition may be written as: 

0 .f d f dn c v n c v  (7-11) 

Having performed the integration in Eq. (7-11), one obtains: 

.Sr u n  (7-12) 

Substituting Eqs. (7-9), (7-10), and (7-12) into Eq. (7-8), the following 
expression may be written: 

2
3 2

0

2 2 2 2 2

2 2

2 2

22 sin

2 1 cos sin exp

cos sin cos exp

2 cos sin exp .

u

r r

r r

r r

kTF R u
m

c c c c d

c c c c d

c c c c d d

c

c

c

After some straightforward integrations, one obtains: 

1 228 1
03 82 1 .R n mkTF u  (7-13) 

The same expression for the free-molecular force has been obtained by 
Waldmann [11]. 
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3. CALCULATION OF MACROSCOPIC VALUES IN 
THE FREE-MOLECULAR REGIME. 

Each macroscopic quantity may be expressed as the mean value of a 
molecular property, ,v r , by the relation: 

.n fdv  (7-14) 

For the free-molecular regime, this integral contains the discontinuous 
distribution function given by Eq. (7-5).  Substituting Eq. (7-5) into Eq. (7-
14), one obtains: 

1 2 1
1 2 2

.n f d f f dv v  (7-15) 

where, in the first integral, the integration extends over all values of the 
molecular velocity while, in the second integral, the integration extends only 
over that part of the velocity range for which r rv v  (region 2 in the 
velocity space).  For spherical geometries it is convenient to use spherical 
coordinates in the velocity space to perform the integration over region 2.  
These coordinates are given by: 

cos , sin sin , sin cos .rc c c c c c

The integration over region 2 may be represented as: 

2
2

2 0 0 0

sin ,
w

d c dc d dc  (7-16) 

where arcsin 1w r  and Rr r .
The main subtleties here are connected with the integration of the 

diffusely and specularly reflected parts of the distribution function.  These 
parts always contain the scalar product of S Sn n r  and the typical flow 
vector, u .  To complete the integration over region 2 one must find the 
connection between the unit vector Sn  and the molecular velocity vector 
represented by the characteristic PM  (see Fig. 7-1).  The vector Sn  can be 
expressed as: 
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.S R c R
PMr cn

The value PM  may be found from the triangle OPM  (see Fig. 7-1) by 
solution of the quadratic equation: 

2 2 22 cos 0 ,PM r PM r R

that may be written as: 

2
2

2cos 1 sin .rPM r R
R

In this formula, only the minus sign may be used in order that, as r  and 
0 , then PM r R .  Then, the expression for ,S Sn n r c  may be 

written as: 

2
2

2, cos 1 sin .S
r r

R c R R
r cn r c  (7-17) 

Now, as an example, the integration required for the problem of free-
molecular flow past a sphere that was discussed in Section 7.2 will be 
considered in order to calculate the number density of the flow.  The 
distribution function may be written as: 

0
1

0
2

0

1 2 2 ; ,

1 1 2

,1 ;

r r r r

r rS

f f c u c u c c

f ff

c cf

c u

n u

 (7-18) 

where 2 S Sc c n n c  and for integration of the reflected distribution 
function one should use Eq. (7-17) for Sn .  To simplify what would 
otherwise be a very complicated set of integrations the conclusion of this 
calculation will be shown for the particular case when molecules are 
assumed to undergo only diffuse reflection at the surface ( 1 ).  Then, the 
number density is expressed by: 
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1 2 1
1 2 2

,n f d f f dv v  (7-19) 

where the integrand of the second term has the form: 

0
2 1 , 2 2 .S r rf f f c u c un r c u

After integration of the first term in Eq. (7-19) one obtains: 

1 1 0
1 2

.i f d nv

The second integral may be written as: 

2
2 20

2 3 2
0 0 0

2 2 2

exp sin

sin cos 1 sin

2 cos .

w

r

r

ni c c dc d

u r r

u c d

 (7-20) 

Basic integration gives: 

2 0 ,ri n u F r  (7-21) 

where: 

3 2 11 1 1
2 3 31 1 2 ,F r r a r a r

and 21a r .  The vanishing integrals have been eliminated from Eq. (7-
20).  Now, the number density may be expressed in the form: 

0 .1 cosn r n u F r  (7-22) 

For the limiting case when r  the number density 0n r n  which is 
equivalent to an undisturbed flow. 
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4. THERMOPHORESIS OF PARTICLES IN THE 
FREE-MOLECULAR REGIME. 

It has been observed that a temperature gradient in a gas causes small 
particles suspended in the gas to migrate in direction of decreasing 
temperature.  The force arising from the temperature gradient causing the 
migration of the particles is commonly termed the thermal force and the 
phenomenon is usually known as thermophoresis. 

Previously, several theoretical descriptions of the thermophoresis of 
particles in the free-molecular regime, Kn , have been given [11-16].  
In these papers, calculations are made of the thermal force from the net 
momentum transferred by gas molecules striking and reflecting from the 
particle surface. 

The physical model that is used is a single spherical particle of radius, R ,
in an infinite gas with a temperature gradient, T , which is constant at large 
distances from the particle.  It is assumed that the gas as a whole is in 
mechanical equilibrium so that at large distances from the particle there is no 
pressure gradient.  Introduce a spherical coordinate system , ,r  with its 
origin at the center of the stationary spherical particle and a polar axis, x , in 
the direction of the vector, T  (see Fig. 7-3). 

Then, the temperature distribution at large distances from the particle has 
the form: 

0 0cos 1 ,xT T T T r Tr q r  (7-23) 

where 0( )T Tq .
The condition, ln 1T , is assumed to be satisfied at large 

distances from the particle.  Then, the distribution function is the Chapman-
Enskog distribution, that is given by: 

11 2
1 3 21 ,eqf f a S cq c  (7-24) 

where 1 15
1 16a  for rigid-sphere molecules and eqf  is the local 

Maxwellian distribution that may be written as: 

3 2 2

exp .
2 2eq

m mvf n
kT kT

r
r r

 (7-25) 
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From the condition, 0 0n kT n kTr r , n r  in Eq. (7-25) may be 
represented as: 

0 0 0 .
1

n T nn
T

r
r q r

For ~r  the term 1q r  and Eq. (7-25) may be represented as a power 
series in q r .  Considering only the linear term in this expansion, Eq. (7-
25) may be written as: 

0 2 5
21 ,eqf f c q r  (7-26) 

where: 

Figure 7-3. The geometry of the thermal force problem. 
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3 2 2
0

0
0 0

exp .
2 2

m mvf n
kT kT

From the symmetry of the problem under consideration, it is clear that 
the thermal force has only one component in the direction of the vector, q .
This component may be given by: 

2

0

2 sin

cos sin ,

q

r r

F R m d

v v v f dv
 (7-27) 

where f  are the distribution functions of the reflected and incident 
molecules, at the surface of the particle, respectively. 

Using Eqs. (7-24) and (7-26), and the boundary condition given by Eq. 
(6-4), one can obtain the following expression for the distribution function at 
the surface of the particle: 

10 12 25
1 3 22

0 2 5
2

11 2
1 3 2

0 2 3
2

1

1 1

cos sin

1 .

r

r S r S

f f c R a S c

f f c R
f

a g c c S c

f c

q n q c

q n

r r

 (7-28) 

The unknown functions, r Sr  and r Sr , are determined from the two 
boundary conditions given by: 

0 ,f d f dn v v v v  (7-29) 

and: 

2 21 1
2 2 ,p

p
r R

T
mv f d mv f d

r
n v v v v  (7-30) 
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where pT  is the temperature of the particle and p  is the thermal 
conductivity coefficient of the particle.  The distribution of temperature 
inside the particle, in spherical coordinates, may be expressed in the form: 

0
1

cos .n
p n n

n
T T C r P  (7-31) 

Here, nC  are the coefficients of the Legendre polynomials, cosnP .
The left-hand-side of Eq. (7-30) contains the terms that are proportional only 
to cos , and therefore there is only one term in this sum and the 
temperature distribution inside the particle may be written as: 

1
0 0

0

cos
1 1 ,p p

C r
T T T

T
r  (7-32) 

where 1C  is an unknown constant. 
Before using the boundary conditions, one can transform the distribution 

function given by Eq. (7-28).  Small terms of O R  may be neglected in 
this regime.  Eliminating these small terms, the following expression for the 
distribution function at the surface of the particle is obtained: 

10 1 2
1 3 2

0

11 2
1 3 2

0 2 3
2

1 ,

1

1 cos sin

1 .

r

r S r S

f f a S c

f f
f

a g c c S c

f c

q c

r r

 (7-33) 

The parameters of diffusely reflected molecules are assumed to deviate only 
slightly from the equilibrium state. 

The boundary condition, Eq. (7-29), gives: 

1
2 0 .r r  (7-34) 

Eq. (7-29) is not altered in the case when the gas molecules are reflected 
from the surface of the particle under equilibrium conditions r p .  In 
this case one has: 
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1
2 0 .p p  (7-35) 

After performing the integrations in Eq. (7-30), one obtains: 

113 5
12 8 cos cos ,p

r r
C

a q  (7-36) 

where: 

3 2
3 2 01

02
2 .kTn m

m

Using the definition of T  in Eq. (7-30) yields: 

113 5
12 8 cos cos ,p

T p p
C

a q  (7-37) 

where: 

1

0
cos .p

C R
T

From Eqs. (7-34)-(7-37) it follows that: 

15
18

11 ,
1r S Tar q n  (7-38) 

where: 

,
75

T g

p

R

and g  is the thermal conductivity coefficient for the gas.  Molecules are 
assumed to be rigid spheres.  In the free-molecular regime the quantity 
may be neglected.  Then the following expressions specify the boundary 
parameters, r Sr  and r Sr :
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15
116 1 ,r S T ar q n  (7-39) 

and: 

15
18 1 .r S T ar q n  (7-40) 

Using these relations, one may transform Eq. (7-27) into the form: 

12
0 0 1

0

12 2 2 2 2 2
3 2

0

25
16

2 2 2 2 23
2

0 0

12 2 2 2 2 2
3 2

0

4 sin

1 cos sin exp

1 cos

exp 2 exp

cos sin exp .

q

r r

T

r r

r r

n kT R a qF d

c c c S c c d

c c d c c c d

c c c S c c d

c

c c

c

 (7-41) 

Having performed the necessary integrations, the expression for the thermal 
force may be written as: 

25 5
04 321 1 .TR n k TF  (7-42) 

This expression contains a new term, namely 5
321 T , as compared 

with the well known results [11-13].  This term for the particular case when 
1  has been obtained by Ivchenko and Yalamov [13] and later by Talbot 

et al. [14]. 

5. CONDENSATION ON A SPHERICAL DROPLET. 

Consider the growth of a single droplet in an infinite expanse of gas that 
consists only of the gas phase of the liquid which forms the droplet.  At large 
distances from the droplet the gas is assumed to have a constant temperature 
and to be supersaturated.  The distribution function for these conditions has 
the form: 
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0
01 ,f f  (7-43) 

where: 

3 2 2
0

0 0
0 0

exp ,
2 2

m mvf n T
kT kT

0 0n T  is the number density of the saturated vapor at temperature, 0T , and 
0  is the supersaturation.  The distribution function on the surface of the 

droplet is assumed to be the Maxwellian function for the reflected molecules 
with the unknown number density and temperature.  Let these parameters be 
deviated only slightly from the equilibrium state, and therefore one may use 
the linearized form of the distribution function.  The distribution functions of 
incident and reflected molecules at the droplet may be expressed in the form: 

0
0

0

0 2 3
2

0 2 3
2

1 ,

1 ,

1

1 1 .

S

m S S

m r r

f f

f f
f

f c

f c

c r
 (7-44) 

where S  is the correction to the saturated vapor density at the temperature, 
0 1S ST T .  The unknown parameters, r  and r , in the reflected 

distribution function may be found from the energy accommodation and 
impenetrability conditions which have sense only for those molecules 
reflected from the particle surface without a phase transition.  The perfect 
representation of the reflected distribution function was obtained previously 
from Problem 6.6 and is expressible in the form: 

2 3
2

2 2 1 1

,

2 21 2 1 ,

S m S S

m T S T

c

c

c r

 (7-45) 

where: 

1
1 02  and 2 0  (7-46) 
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The correction to the equilibrium number density may be represented by: 

1 0

2 ,S S
m a

kT R
 (7-47) 

where  is the surface tension coefficient, 1  is the density of the drop, R
is the drop radius, 1a , 0fgh kT , and fgh  is the latent heat of 
condensation per molecule.  This equation is the sum of the linearized 
Kelvin and Clausius-Clapeyron terms [17,18].  The temperature, S , may be 
found from the equation of energy conservation, which may be written as: 

,r fg rQ h N  (7-48) 

or: 

, , .T r S fg m r SQ h N  (7-49) 

Eq. (7-48) expresses the fact that, for stationary conditions, the heat of 
condensation must be transferred to the ambient gas by thermal conductivity.  
It also shows that the growth rate of the particle is controlled by the rate at 
which the liberated heat of condensation can be dissipated into the 
environment.  Eq. (7-49) gives: 

0 3 1
2 2

2 ,
2 2 1S m

m m T ma a
 (7-50) 

where: 

0 0
1 0

2 .m
kT R

The total flux of the number of molecules across the droplet surface may 
be written as: 

2 2
,

1 2
2 0 0 1

0 2

4 4

24 .
2

r m r S

m S

N R N R N

n kTR a
m

 (7-51) 
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Substituting S  in Eq. (7-51), one obtains: 

1 2
20

0 0
8 , , ,m T

kTN R n
m

 (7-52) 

where: 

2

1
, , 4 .

2 3 2 4 1
m T m

m T m
m T m

The growth rate of the drop is determined by the equation: 

2
1

.
4

dR mN
dt R

 (7-53) 

Integration of this equation gives the dependence, R R t , that has the 
form: 

1 2
01

0
0 0 0 0 0 0

2 ln ,R bbt R R
n mkT R b

 (7-54) 

where: 

1 0

2 .mb
kT

6. NON-STATIONARY GAS FLOWS. 

The properties of non-stationary flows of a rarefied gas may be described 
by solving the Cauchy problem for Boltzmann’s equation that may be 
written in the form: 

0 .x y z
f f f fv v v
t x y z

 (7-55) 

The initial condition for this problem is given by: 
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, ,0 , .if fv r v r  (7-56) 

The solution of this mathematical formulation begins with the construction 
of a general solution of Lagrange’s auxiliary system of ordinary differential 
equations which may be expressed in the form: 

.
1 0x y z

dt dx dy dz df
v v v

 (7-57) 

The general solution of Eq. (7-57) is: 

const ,f  (7-58) 

0 const .tr v r  (7-59) 

By virtue of Eqs. (7-58) and (7-59), the distribution function may be shown 
to be expressible in the following general form: 

0, , ,f tv r r

where  is an arbitrary function.  The initial condition then yields: 

0 0, ,0 , .if fv r r v r  (7-60) 

Allowing for this relation, one can obtain the following solution of the 
Cauchy problem for the distribution function: 

, , , .if t f tv r v r v  (7-61) 

The knowledge of the distribution function allows one to calculate any 
macroscopic quantity characteristic of the gas flow.  It is, however, very 
important to note that the calculation technique is very different from that 
described in Section 7.3.  For a non-stationary flow, there is no cone of 
influence in the velocity space since the molecular trajectories passing 
through a fixed point, M r , at various moments of time, t , must start from 
different initial points, 0r .  The moments of the distribution function may be 
found by means of direct integration of Eq. (7-61) over all velocity space.  
The mean value of any molecular property, v , is given by: 
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1 , .in f t dv v r v v  (7-62) 

To calculate this integral, it is convenient to change the variable of 
integration from v  to a new variable, r , which is related to v  by: 

.tr r v  (7-63) 

The volume elements of this transformation are connected through the 
Jacobian in the following manner: 

3
, ,

.
, ,

x y zv v v
d d t d

x y z
v r r  (7-64) 

Finally, the mean value of v  may be expressed by [6]: 

3 , ,in t f d
t t

r r r r r r  (7-65) 

where integration is extended over the domain occupied by the gas at 0t .

PROBLEMS 

7.1.  Determine the temperature of a sphere located in an infinite stream of a 
monatomic gas the velocity of which, at large distances from the body, is 
given by a vector, u .  Consider the case of arbitrary values of the ratio, 

1 22u kT m , if the particle is assumed to be a perfect heat conductor and 
molecules of a gas are considered to be reflected by the sphere surface with 
equilibrium conditions. 

Solution:  The distribution function at the surface of the particle can be 
expressed in the form: 

3 2 2

0
0 0

exp ,
2 2

mmf n
kT kT

v u
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3 2 2

exp 1 , , , ,
2 2S r S

S S

m mvf n f c c c
kT kT

r r

where Sn r  denotes the density of a fictitious gas at the point, Sr , and ST
is the constant temperature of the particle.  The unknown function, Sn r ,
and the quantity, ST , can be specified from two conditions expressing the 
impenetrability of the surface for gas molecules and the heat balance: 

0 ,S fdn v v

21
2 0 .

S

d mv fdS v v

From the first condition, one can obtain: 

1 2
20

0 exp 1 erf ,S r r r
S

Tn n u u u
T

r

where cosr Su uu n .  The direction of the vector, u , is assumed 
to be along the polar axis.  Taking into account both conditions, one can 
obtain: 

2 351 1
2 2 2

0

1
,

1
S

u u u u
T T

u u

where: 

1

0
1

2 2

0

erf
,

exp

t u t dt
u

u t dt
 and 

1 2
02

.
kT
m

u u

A more detailed analysis is contained in [3,19]. 

7.2.  Using the same conditions as in Problem 7.1, determine the drag force 
on the sphere.  
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Solution:  Substituting the distribution function described in Problem 7.1 
in Eq. (7-8), one obtains: 

1 2
1 228 1

0 0 1 23 8
0

2 ,S
D

TR n mkT u u
T

F u

where u  is the dimensionless velocity of the gas,  is the tangential 
momentum accommodation coefficient and the following notations have 
been introduced: 

1
2 2 2 33 1

1 2 2
0

exp 2 erf ,tu t u t u t u t dt
u

1
2 2 23 1

2 2 2
0

31 1
2 2

exp

2 erf .

u t u t

t u t u t u t dt
u

The temperature of the sphere, ST , was determined in Problem 7.1. 

7.3.  Determine the mean velocity distribution (both components) for a 
linearized uniform flow of a gas past a sphere if the mean gas velocity far 
from the sphere is u .  Consider the specific case when 1  and 

1 22kT mu .
Solution:  For this problem the distribution function given in Eq. (7-18) is 

employed.  The component of the mean velocity vector may be calculated 
from Eq. (7-15).  For example, the radial component may be determined in 
the following manner: 

2
3 2

1
0 1 2 0

3 2

0 0

1 22 2 2

1,

exp cos sin

sin cos 1 sin 2 cos ,

r r r

w

u r c f d u d
n

c c

r r c dcd

v
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where arcsin 1w r  and cosru u .  An analogous relationship 
exists for the other component, ,u r .  Having performed the indicated 
integrations, one obtains: 

, 1 cosru r u g r , and , 1 sin .u r u h r

Here, the functions, g r  and h r , may be written as: 

1
3 3 1 2 4 31 1 1 1 1

4 4 8 8 2
1ln 1 ,rg r r r r r a a a

a
 and: 

1
1 2 31 1 1

2 2 2 2
1ln 1 ,rh r g r r r a a

a

where 
1 221a r .  More detailed analyses may be found in [7,20]. 

7.4.  Prove that the velocity field, as defined in Problem 7.3, is not the 
potential field.  

Solution:  For the potential flow field, the following equation must be 
satisfied:  0u r .  This quantity, for the free-molecular velocity field 
described in Problem 7.3, may be expressed in the form: 

2 sinsin

,

, , 0

sin 0

r

r

r rr

r
r

u r ru r

h r g r dhu
r dr

eee

u

e

From this one can see that the velocity field has no potential. 

7.5.  In Problem 7.3, determine the pressure and temperature distribution.  
Check the validity of the relationship:  .p nkT
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Solution:  The same distribution function and calculational techniques as 
in Problem 7.3 yield: 

1
0 1 221 ,rp p u r r

31
1 31 1 ,r r a a

2 11
2 3 1 8 ,r r  and: 

1 2 21
0 3, 1 ,rT r T u r

where 
1 221a r  and cosru u .  It is easy to see that the equation 

of state is not altered for this free-molecular flow. 

7.6.  A sphere suspended in a gas has radius, R , and temperature, 
0 0T T T T .  Determine the heat flux and the temperature 

distribution of a gas if its number density and temperature far from the 
sphere are 0n  and 0T , respectively.  Solve this problem for the free-
molecular regime. 

Solution:  A distribution function should be sought in the form: 

0
1 ,f f

0 0 2 3
2 21 1 ,r rf f f c

where: 

3 2 2
0

0
0 0

exp ,
2 2

m mvf n
kT kT

is the distribution function at large distances from the heated sphere.  The 
quantities, r  and r , may be determined from the boundary relationships 
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0rN , 0r eqN , and r T r eqQ Q .  Performing some simple integrations 
and algebraic transformations, one can obtain: 

1 2
2 1 2 0

0 0
0

24 ,T
kT TQ R n kT
m T

where Q  is the heat flux through the sphere surface.  The temperature 
distribution can be expressed in the form: 

1 223
0 4

0
1 1 1 .T

TT r T r
T

7.7.  Calculate the force on a round disk the surface of which is 
perpendicular to the velocity vector of a uniform gas flow at infinity.  The 
radius of the disk, R , is assumed to be much less than the mean free path 
and 1 22kT mu  where u  and T  are the mean gas velocity and 
temperature, respectively.  Use the geometry in Fig. 7-4. 

Solution:  The force on the left and right sides of the disk may be 
expressed as: 

2
1,2 1,2 1,2 ,R m f dF v vn v v  (P-1) 

where in  is the external (pointing into the gas) normal vector to the disk 
surface.  The reflected distribution functions are given by: 

3 2
2

1 1 1exp 1 , , ,
2 x y z

mf n c f c c c
kT

v

Figure 7-4. The geometry to be used for Problem 7.7 in determining the force on a round disk 
perpendicular to a uniform gas flow.in determining the force on a round disk perpendicular to 
a uniform gas flow
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3 2
2

2 2 2exp 1 , , ,
2 x y z

mf n c f c c c
kT

v

where the notation (±) refers to those regions in the velocity space in which 
0xc  and 0xc , respectively.  The incident distribution function may be 

written as: 

3 2
2

1 2 exp 1 2 .
2 x

mf f n c c u
kT

v v

The number density, 1i in n , may be found from the impenetrability 
condition of the disk surface which yields:  1,2 u .  Then, after some 
simple integration, the expression for the force becomes: 

1 22 1 1
8 24 2 1 .R n kTmF u

7.8.  A plate of area, S , is situated in a steady gas flow and is oriented 
parallel to the velocity vector, u , as shown in Fig. 7-5.  In the free-
molecular regime, determine the drag on the plate for arbitrary values of the 
speed ratio, 1 22kT mu , and of the tangential momentum 
accommodation coefficient. 

Solution:  In this problem, the drag is given by: 

2 .xS m v f dF v v v

The incident and reflected distribution functions associated with the upper 
side of the plate are specified by: 

Figure 7-5. The geometry to be used for Problem 7.8 in determining the drag on a plate 
parallel to a steady, free-molecular gas flow.
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23 2

exp ,
2 2

mmf n
kT kT

v u
v  and: 

3 2 2

3 2
22 2

exp
2 2

1 exp .
2 2 x y z

m mvf n
kT kT

m mn v v u v
kT kT

v

Using these, the drag is found to be:  

1 22 .mpS
kT

F u

7.9.  A plate of area, S , is situated in a steady gas flow and is oriented such 
that the gas stream is incident on the plate at an angle  as shown in Fig. 7-
6.  In the free-molecular regime, determine the drag on the plate for arbitrary 
values of the speed ratio, 1 22kT mu , and of the tangential momentum 
accommodation coefficient. 

Solution:  The net drag component in direction of the flow vector, u , is 
given by: 

1 2cos sin ,u x y xF S m v v v f f d v

Figure 7-6. The geometry to be used for Problem 7.9 in determining the drag on a plate 
oriented at an angle to a steady, free-molecular gas flow.
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where the indices 1 and 2 refer to the upstream and downstream sides of the 
plate, respectively.  The distribution functions of incident and reflected 
molecules may be expressed in the form: 

3 2
2

1 2 exp ,
2 2

m mf f n
kT kT

v v v u

3 2 3 2
2

1 1

22 2

exp 1
2 2 2

exp cos sin ,
2 x y z

m m mf n n
kT kT kT
m v u v u v
kT

v v

and: 

3 2 3 2
2

2 2

22 2

exp 1
2 2 2

exp cos sin .
2 x y z

m m mf n n
kT kT kT
m v u v u v
kT

v v

The values, 1n  and 2n , are specified by the impenetrability condition.  The 
drag is found to be:  

1 2
2 2

2 2 21 1
2 2

2 2 2

2 2 cos cos exp cos

cos erf cos cos

sin exp cos cos erf cos ,

mpS u
kT

u u
u

u u u

F u

where 1 22u m kT u .

7.10.  Determine the force on a round disk located in a rarefied gas if the 
surfaces of the disk have different temperatures, 1T  and 2T .  The disk has a 
radius of R  which is assumed to be much less than the mean free path and 

1 2 0T T T  where 0T  is the gas temperature.  Use the geometry in Fig. 7-7. 
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Solution:  Using the same technique as in Problem 6.5, one can obtain: 

2 1 0
1 1 1

0
2 ; ,T w w

T Tc
T

2 2 0
2 2 2

0
2 ; ,T w w

T Tc
T

where 1  and 2  are the corrections to the reflected distribution functions 
associated with the left- and right-hand surfaces of the disk, respectively, 
and 1 2 0 .  The force on the disk may be calculated from the 
equation given in the solution to Problem 7.7 [Eq. (P-1)].  This gives: 

2 1 21
04

0
.x T

T TF R p
T

7.11.  Determine the thermophoretic force on a thin absolutely thermal 
conductive disk located in a rarefied gas with a constant temperature 
gradient, T .  The radius of the disk is R  and is assumed to be much less 
than the mean free path.  Use the geometry in Fig. 7-8. 

Solution:  The corrections to the reflected distribution functions may be 
written as (Problem 6.5): 

Figure 7-7. The geometry to be used for Problem 7.10 in determining the force on a round 
disk in a rarefied gas when the two sides of the disk have different temperatures. 

Figure 7-8. The geometry to be used for Problem 7.11 in determining the thermophoretic 
force on a thin disk located in a rarefied gas having a constant temperature gradient.
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1 1

1 1 1
2 2 1 1

,0 1 , , ,0

2 22 1 ,

x y z

T

c c c

c

c

and: 

2 2

2 2 2
2 2 1 1

,0 1 , , ,0

2 22 1 .

x y z

T

c c c

c

c

Here, 1 ,0c , 2 ,0c , 1
i , and 2

i , are defined by: 

11 1 1 12 3 25
1 1 1 2 13 2 8,0 , 0 , ,xa qc S c a qc  and: 

11 2 2 12 3 25
2 1 1 2 13 2 8,0 , 0 , ,xa qc S c a qc

with: 

1
0 ,Tq T

x

where the indices 1 and 2 are associated with the left- and right-hand 
surfaces of the disk, respectively.  Substituting these into the force equation 
from Problem 7.7 [Eq. (P-1)], one can obtain: 

215 51
08 2 321 1 .TR n k TF

7.12.  Determine the number density of a gas at a point, A , located behind a 
round disk of radius, R , which is much less than the mean free path, i.e. 
R .  The mean gas velocity, u , is assumed to be much less than the 
thermal molecular velocity.  Use the geometry in Fig. 7-9. 

Solution:  Since constSn  for all molecular trajectories beginning at the 
disk surface, , ,x y zv v vv .  Therefore, the distribution function has a 
very simple form for arbitrary values of the tangential accommodation 
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coefficient.  The distribution function outside and inside of the cone of 
influence is expressed as: 

0
1 1 2 ,xf f c u

0 0
2 1 1 1 2 .xf f u f c u

The number density is then given by: 

0
2 2

0
0 0

1 2

0 2 2
0

2

2 2

21 exp sin

2 2 cos

1 1
2 2

12 .

n x n c c dc d

u u c

m xn u
kT R x

R
R x

7.13.  A gas with a number density, 0n , is flowing into vacuum across a 
round hole of radius, R .  Determine the number density at a point, A .
Use the geometry in Fig. 7-10. 

Figure 7-9. The geometry to be used for Problem 7.12 in determining the number density
behind a round disk perpendicular to a free-molecular gas flow in which the mean gas 
velocity is much less than the thermal molecular velocity.
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Solution:  The distribution function outside and inside of the cone of 
influence may be expressed in the form: 

1 0 ,f

3 2
2

2 0 exp .
2

mf n c
kT

From this, the number density at A  is determined to be: 

1
02 2 2

1 .xn x n
R x

7.14.  A gas with number density, 0n , passes outward through a small slot 
by means of effusion (pressure driven motion of a gas from a vessel to a 
vacuum through a small hole).  Determine the gas number density at a large 
distance, r , from the slot ( 0r S , where 0S  is the slot area ).  Use the 
geometry in Fig. 7-11. 

Solution:  The distribution functions outside (1) and inside (2) of the 
cone of influence are given by: 

1 0f  and 
3 2

2
2 0 exp

2
mf n c
kT

, respectively. 

Figure 7-10. The geometry to be used for Problem 7.13 in determining the number density of
a free-molecular flow exiting through a round hole.
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Taking into account the condition, r R , after integration one can obtain: 

2
0 00 0

2 2 2

cos
.

4 4 4
n Sn n SRn r

r r r

7.15.  Determine the number density of a gas at a point, A , behind a round 
disk of radius, R .  The mean gas velocity, u , is assumed to be 
arbitrary.  The flow geometry is given in Problem 7.12 (see Fig. 7-9).  
Consider the particular case for which: 

1 2
02u kT m  and 1 2 1

0 0cos 2kT m u .

Solution:  The distribution functions outside and inside of the cone of 
influence are given by: 

3 2
2

1 0
0

exp ,
2

mf n
kT

c u

Figure 7-11. The geometry to be used for Problem 7.14 in determining the number density of
an effusing gas at large distances from a small slot.
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3 2

2
0

22 2 2
0

2

exp 1 exp .r x y z

mf
kT

n c n c u c c

The number density, rn , of reflected molecules may be specified from the 
impenetrability condition which yields: 

2
0 exp 1 erf .rn n u u u

Having employed standard integration techniques (see Section 7.3), one can 
obtain: 

1 1
0 02 2

2

2 21
0 02

1
0 02

2 2
0

2 1 cos

exp 1 erf

cos exp sin

2 cos erf cos

exp sin erf ,

n x n

u u u

u

u

u u

where: 

0 2 2
cos .x

R x

In the particular case when 0cos 1u , this expression reduces to: 

2 2
0 0 0cos exp sin .n x n u

7.16.  Determine the frictional force on the lower plate in a system where the 
upper of two parallel plates is moving horizontally.  Use the geometry in 
Fig. 7-12 and assume that 1 22kT mu .
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Solution:  The distribution function for 0xv  and 0xv  may be 
expressed as 0 1 yf f a c  where consta .  Using the Maxwellian 
boundary condition for each plate, one can obtain: 

1 22 1 2, , .
2 2 2

ma u a u u u
kT

The force of friction per unit surface area is given by: 

1 2

,
2 2y x y

mF mv v f d pu
kT

v

where p  is the hydrostatic pressure. 

7.17.  Assume that a gas is flowing in the y -direction between two infinite 
planes separated in the x -direction by a distance, d , where d  and  is 
the mean free path of the gas molecules.  Assume that the number density of 
the gas is maintained at different steady values at two different locations 
along the y -axis and that the temperature of this system is uniform.  
Determine the number of molecules per unit area per second flowing in y -
direction. 

Solution:  The distribution function may be chosen in the form: 

0 1 , ,nf f yg xc  where 01ng n dn dy

The correction to the distribution function, , xc , which describes the gas-
surface interactions may be specified from the Boltzmann equation such 
that: 

Figure 7-12. The geometry to be used for Problem 7.16 in determining the frictional force on 
a plate due to the horizontal  motion of a second, parallel plate.
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0 .x y nc c g
x

The correction, , xc , may be expressed in the form: 

1 1
2 2, signy y xx a x a x c a x a x c cc

The half-range moment equations are obtained by multiplying the 
Boltzmann equation by 21 sign expy xc c c dc  and integrating over all 
velocities.  These equations are found to be: 

.n
da x

g
dx

The boundary conditions are given by 2 1 2a d a d .  After 
simple calculations one finds: 

1 2 1 2
1 1

0 02 8
22 8 .y y

kT kT nJ n u n a a d
m m y

7.18.  Two vessels having volumes, V  and V , are joined by a long 
capillary where R  and L are the capillary radius and length, respectively, 
L R , and R  where  is the mean free path of the gas molecules.  
The two vessels are maintained at different temperatures, T and T  with 
T T .  At the beginning 0t  the vessels are filled with different gases 
to the same pressure.  When the capillary is opened a pressure difference, 

p p p , will arise.  Determine the time dependence of this pressure 
difference. 

Solution:  To describe this transport problem one should start with the 
basic equations of balance for the number of molecules of each of the two 
gases which are given by: 

,i
zi

dnV J
dt

 (P-2) 

,i
zi

dnV J
dt

 (P-3) 
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where ziJ  is the i -th constituent molecular number flux across the tube 
cross section per second.  For the free-molecular regime, ziJ , may be 
expressed in the form [21-23]: 

32
3

2 8 ,i
zi i

i i

k dJ R n T
m dz

where i  is the tangential momentum accommodation coefficient of the i -
th constituent.  This flux may be approximately represented by: 

,zi i i iJ a n T n T  where: 

32 2 8 .
3

i
i

i i

R ka
L m

Then, the basic equations describing kinetics of this system take the form: 

,i i i
i i

dn a T a Tn n
dt V V

 (P-4) 

.i i i
i i

dn a T a Tn n
dt V V

 (P-5) 

The necessary initial conditions are given by: 

1 0 0n , 1
0p

n
kT

, 2
0

0
p

n
kT

, and 2 0 .n

This formulation then yields: 
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1 2 1 2

0

2 1

0
1

exp exp ,

p t k T n n T n n

p V T T T
V T T T

V T T t t
V T T

where: 

0
T V
T V

 and i i
T Ta

V V
.

7.19.  Two vessels having volumes, V  and V , are joined by a long 
capillary where R  and L are the capillary radius and length, respectively, 
L R , and R  where  is the mean free path of the gas molecules.  
The two vessels are maintained at different temperatures, T and T  with 
T T .  At the beginning 0t  both vessels are filled with a simple gas 
to the same pressure.  When the capillary is opened a pressure difference, 

p t p p , will arise.  Determine the time dependence of this pressure 
difference and the steady-state pressure difference that develops. 

Solution:  The pressure difference may be obtained from solution of 
Problem 7.18. in which one should substitute 1 2 .  This yields: 

0

0
1 1 exp ,

p T V Tp t t
T V T

 where: 

1/ 232 2 8 1 1 .
3

R kT T
L m V V T

The steady-state (or stationary) pressure difference is then given by: 

0

0
1 ,stat

p T V Tp p
T V T

 where: 

0 .T V
T V
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7.20.  Two vessels having volumes, V  and V , are joined by a long 
capillary where R  and L are the capillary radius and length, respectively, 
L R , and R  where  is the mean free path of the gas molecules.  
The two vessels are maintained at the same constant 
temperature, T T T  and are filled at the beginning 0t  with a 
simple gas to different initial pressures, 0p p  and 0p p p .
When the capillary is opened the pressure difference, p t p p , will 
change as a function of time.  Determine the time dependence of this 
pressure difference.  Derive a formula for the tangential momentum 
accommodation coefficient if the pressure difference, p t , is known at a 
particular time, t .

Solution:  Using the following initial conditions: 

0 pn
kT

 and 0 p pn
kT

in Eqs. (P-4) and (P-5) (Problem 7.18), one can obtain: 

expp t p t  where: 

2
d ,

1 232 8
3d

R kT
LV m

 and V VV
V V

.

The expression for p  yields: 

1

12 1 ln
d

p
t p t

.

7.21.  Two vessels having volumes, V  and V , are joined by a long 
capillary where R  and L are the capillary radius and length, respectively, 
L R , and R  where  is the mean free path of the gas molecules.  
The two vessels are maintained at the same constant 
temperature, T T T  and are filled at the beginning 0t  with 
different gases to the same initial pressure.  When the capillary is opened a 
pressure difference, p p p , will develop as a function of time.  
Determine the time dependence of this pressure difference and the maximum 
value of the pressure difference that develops. 
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Solution:  The time dependence of the number densities in the two 
vessels is described by Eqs. (P-4) and (P-5) (Problem 7.18).  The initial 
conditions are given by: 

1 0 0n , 1
0

0
p

n
kT

, 2
0

0
p

n
kT

, and 2 0 0n

This formulation yields a pressure difference of: 

1 20 exp expp t p t t  where: 

1 232 2 8
3

i
i

i i

R kT
LV m

 and V VV
V V

.

The subtraction of the two decreasing exponential terms results in the 
existence of a pressure difference maximum, max| |p p .  This 
phenomenon is usually called the diffusion-pressure effect.  The value, p ,
is found to be: 

11 exp
0
p f u

p
.

The time at which the maximum pressure difference, p , occurs is given by 
2t u .  Here, the following notations have been introduced: 

2 1 2

1 2 1

2
2

m
m

 and 
ln

1
u .

7.22.  For the free-molecular regime, determine the gas temperature between 
two parallel plates having temperatures 1T  and 2T .  Molecules are assumed 
to be reflected diffusely with arbitrary accommodation of energy at each 
surface.  Use the geometry in Fig. 7-13: 

Solution:  The distribution functions for the sets of molecules having 
positive ( 0xv ) and negative ( 0xv ) motions are expressible as: 

3 2 2

1
1 1

exp
2 2r r

m mvf n
kT kT

 and: 
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3 2 2

2
2 2

exp
2 2r r

m mvf n
kT kT

.

The number densities, 1n , and 2n  , may be found from the relations: 

0x x xN v f d v f dv v  and 1 2n n n ,

where n  is the gas number density.  These yield: 

1 1
an n

a
 and 2

1
1

n n
a

 where 
1 2

2

1

r

r

Ta
T

.

The quantities, 1rT , and 2rT , are specified by the boundary conditions: 

1 2

x x
T

x xeq eq

Q Q
Q Q

 where: 

2 21
1 2x x eq xeq

Q m v v f d v v f dv v  and: 

2 21
2 2x x x eqeq

Q m v v f d v v f dv v .

Figure 7-13. The geometry to be used in Problem 7.22 in determining the gas temperature 
between two parallel plates in the free-molecular regime.
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The additional unknown parameters, 1[ ]eqn  and 2[ ]eqn , which are included in 
eqf  and eqf  can be expressed in terms of 1rT , and 2rT  using the 

impenetrability conditions 1[ ] 0x eqN  and 2[ ] 0x eqN .  The gas 
temperature is found to be: 

1 2
2 1 2

1 21
1 2 2 1

3

2 1 1 .

r r

T T T

mT v fd T T
nk

T T T T

v

7.23.  Determine the free-molecular heat flux in a monatomic gas between 
two coaxial cylinders the radii and temperatures of which are 1 0,R T T ,
and 2 0,R T  respectively, and where 1 2R R .  Assume that 0T T  and that 
the number density of the gas is 0n  at 1r R .  The tangential momentum and 
energy accommodation coefficients are assumed to be different for the inner 
and outer cylinders. 

Solution:  The zone of influence around a cylindrical body is analogous 
to the cone of influence found around a spherical body or associated with a 
circular orifice.  It is formed by the intersection of two planes that lie tangent 
to the cylinder in question.  The distribution functions outside and inside the 
zone of influence of the inner cylinder may be chosen in the form: 

0 2 3
1 1 121f f c  and 0 2 3

2 2 221 .f f c

The boundary conditions are given by: 

1
1

1 1
r

T
r r eq

Q

Q Q
, 2

r
T

r r eq

Q z

Q z Q z

1 0rN , 01n n , 0rN z ,

1 1 0r r eq
N N , and 0r r eq

N z N z ,

where 2 1z R R .  In calculating the fluxes using this formulation, one has to 
allow for the discontinuity of the distribution functions.  For example, the 
heat flux, if the reflected molecules have the same temperature as the surface 
of the outer cylinder, may be calculated in the following way: 
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1 2
0 0

23 2

2 2 2 2 2

0

1 2
0

1

2

exp exp

, sin , sin

, sin ,

r r eq

eq z z z

p kTQ z Q z
m

c c dc c c c dc

z d z d

z d

c c

c

where 2 2 3
2,i i z iz c cc  and 1arccos z .  The heat flux 

per unit length of the cylinders is found to be:  

1 1 2

0
1 1 1 2 2 2 0

1 1 1 1 21 .
2 2FM

T T

kQ p T
R R mT

7.24.  Determine the free-molecular heat flux in a monatomic gas between 
two concentric spheres the radii and temperatures of which are 1 0,R T T ,
and 2 0,R T , respectively, and where 1 2R R .  Assume 0T T  and that the 
number density of the gas is 0n  at 1 .r R   The tangential momentum and 
energy accommodation coefficients are assumed to be different for the inner 
and outer spheres. 

Solution:  The distribution functions outside and inside the cone of 
influence of the inner sphere may be chosen in the form: 

0 2 3
1 1 121f f c  and 0 2 3

2 2 221f f c .

The same boundary conditions are used as were used in Problem 7.23, but 
the integration technique is necessarily different from that used with the 
cylindrical geometry.  An example of this integration is given by: 
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1 2
0 0

23 2

5 2
2

0 0

2

1

2

2 exp , sin cos

, sin cos ,

r r eq

w

eq

w

p kTQ z Q z
m

c c dc z d

z d

c

c

where 2 3
2,i i iz cc  and 2arcsinw z .  The heat flux is then 

found to be:  

1 1 2

02 2
1 1 2 2 01 2

1 1 1 1 21 .
4 4FM

T T

kQ p T
mTR R

7.25.  A flat disk of radius, R , revolves in a rarefied gas with a constant 
angular speed, , where 1 22R kT m .  Determine the torque on the 
disk, K .  Use the geometry in Fig. 7-14. 

Solution:  The torque, K , in this geometry has only one component, xK ,
which may be expressed as: 

Figure 7-14. The geometry to be used for Problem 7.25 in determining the torque on a flat, 
rotating disk in the free-molecular regime.
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2

0 0

2 4 ,
R R

x xK rdF r dr mv v f dv v

where the (±) notation refers to 0xv  and 0xv , respectively, and dF  is 
the force component acting on one side of the disk only.  The distribution 
function of reflected and incident molecules may be written as: 

1 20 01 2 1 , , ,r xf f m kT c r f c c cc

0 .f fc

Substituting these functions into the above expression, one can obtain: 

1 241
2 2 .xK R n mkT

7.26.  An infinite cylinder of radius, R , revolves in a rarefied gas with a 
constant angular speed, , where 1 22R kT m .  Determine the torque 
per unit length of the cylinder, K .

Solution:  The x -component of the torque is specified by: 

22 ,x rK R mv v f dv v

where: 

1 20 01 2 1 , , ,r xf f m kT c R f c c c

0 .f f

and the direction of the x -axis is the same as the direction of .  Simple 
integrations then yield: 

1 23 2 .xK R n mkT



Chapter 7.  The Free-Molecular Regime 137

      

7.27.  A sphere of radius, R , revolves in a rarefied gas with a constant 
angular speed, , where 1 22R kT m .  Determine the torque, K , on 
the sphere if the polar axis, x , is in the same direction as .

Solution:  The vector, K , has one component, xK , which may be found 
from: 

3 2

0

2 sin ,x rK R d mv v f dv v  where: 

1 20 01 2 sin 1 , , ,rf f m kT c R f c c c

0 .f f

After integration, one obtains: 

1 244
3 2 .xK R n mkT

7.28.  An equilibrium gas occupies a semi-infinite expanse, 0x  and is 
contained by an infinite planar surface at 0x .  Determine the number 
density of the gas as a function of time in the neighborhood of the surface 
( x ) if the gas is expanding into a vacuum (the region of 0x ) after the 
sudden removal of the surface (which disappears at 0t ).

Solution:  If x , molecular encounters may be neglected.  Therefore, 
the Boltzmann equation is given by: 

0 .x
f fv
t x

The Lagrange auxiliary system is then: 

.
1 0x

dt dx df
v

The two independent solutions of this system may be written as 0xx v t x ,
and f , where 0x  and  are arbitrary constants.  The general solution 
of the Boltzmann equation is then expressed as 0 , 0x  where 

0 ,x  is an arbitrary function.  This yields: 
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0 .xf x x v t

Taking into account the initial condition, one can represent the distribution 
function in the form: 

0
0

0

0 ,;
0 ,;0

x

x

v x t xff
v x t x

where: 

3 2 2
0

0
0 0

exp .
2 2

m mvf v n
kT kT

Now, the number density may be calculated according to the following: 

0

3 2
2

0
0

20 0

0

2

, exp
2

exp 1 erf .
2 2

y z x
x t

x x

x m
t kT

mn x t n c dv dv dv
kT

n n x mc dc
t kT

7.29.  A sphere of radius, R  contains a gas with a constant density, 0n ,
and constant temperature, 0T .  At some initial time, 0t , the sphere 
vanishes releasing the gas into an infinite vacuum.  Determine the number 
density, ,n r t .

Solution:  Given Eq. (7-65) in the text, the number density may be 
expressed as: 

3, , ,in t t f d
t

r rr r r

where: 

3 2 2

0
0 0

exp ,
2 2i

m mf n
kT kT t

r rr
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0
0

; ,
0 ; .
n r R

n
r R

r

This integration may be performed easily in spherical coordinates when the 
polar angle is taken as the angle between r  and r .  Having integrated over 
all of the angular variables, one obtains: 

1 2
0

2
0 0

2 2
2 2

0 0

,
2

exp exp .
2 2

Rn mn r t r
r kT t

m mr r r r dr
kT t kT t

Further integration with respect to r  yields: 

1
02

2 22 2

, erf erf

1 exp exp ,

n r t n r R r R

r R r R
r

where 
1 22

02m kT t .
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Chapter 8 

METHODS OF SOLUTION OF PLANAR 
PROBLEMS 

1. MAXWELL’S METHOD. 

For the last thirty years, the most progress in investigating transport 
problems has been achieved for one-dimensional, stationary transport 
problems.  In this context, several analytical methods have been developed 
which have been applied to the classical slip problems.  This has resulted in 
several analytical expressions for the slip coefficients.  The recent 
development of direct numerical solutions for these same problems allows 
one to estimate the accuracies of the various analytical methods. 

For simplicity, only planar transport problems are described in this 
chapter and all molecules are assumed to act as rigid spheres.  Although the 
methods that are discussed in this chapter may be generalized for arbitrary 
intermolecular potential models, this chapter does not include the specific 
details necessary for such generalizations.  However, some generalization 
details for certain selected methods are included in Chapter 9.  The reason 
that the details of the generalization process have been limited in this book 
to selected methods is that the details necessary for the generalization of 
each method will typically be specific to that method and some of these 
generalizations can be very complex and difficult to achieve.  The half-range 
moment method is a case in point and no attempt has been made in this book 
to generalize it although the basic method is described in Section 8.3. 

In the case of planar transport problems there exist some simple 
approximate methods based on the use of conservation laws as exact 
moment solutions of the Boltzmann equation.  First, consider the 
approximate method proposed by Maxwell to solve some boundary transport 
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problems [1].  The main features of this method will be analyzed by the 
solving of the slip boundary problems.  First of all, the velocity-slip and 
thermal-creep problems will be examined. 

One considers a semi-infinite expanse of a gas bounded by a flat plate 
located at 0x , and lying in the y z  plane.  Far from the plate the gas is 
maintained at a constant velocity gradient u x , normal to the plate and 
at a constant temperature gradient T y , tangential to the wall.  The 
geometry of these slip-flow problems is illustrated in Fig. 8-1.  These 
gradients are assumed to be small such that the relations 1u u  and 

ln 1T  are satisfied.  Then, at large distances from the wall, the gas 
is described by the Chapman-Enskog distribution function. 

The distribution function near the wall is a discontinuous function in the 
velocity space.  Maxwell was the first to notice this feature of the 
distribution function and to show that by a simple consideration of the 
constancy of the stress and heat flux, some meaningful results for the slip 
terms could be obtained. 

The influence of the wall near its surface may be taken into account by 
the introduction of the discontinuous term, ,v r , in the distribution 
function.  This distribution function, for all planar and linearized transport 
problems, may be written as: 

1 , , ,eqf f v r v r  (8-1) 

where eqf  is the local Maxwellian distribution function given by Eq. (5-8) 
and ,v r  is the Chapman-Enskog correction to the distribution function. 

For the slip-flow and thermal-creep problems the distribution functions 
eqf  and ,v r  may be written as: 

0 2 5
21 2 ,eq y yf f c yq c u x  (8-2) 

where: 

Figure 8-1. The geometry of slip problems. 
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3 2
0 2

0
0

exp
2

mf n c
kT

and: 

1 2, , , ,y T y x y uc c q c c c hc r c r c r  (8-3) 

where 1
0yq T T y , 0T  is the temperature in the plane 0y , and 

h u x .  The remaining quantities are given by: 

1 2

0
,

2
mu x u x
kT

,T c A c

and: 

1 222 .u
kTc B c
m

The first approximations to the functions, A c  and B c , have been found 
in Chapter 5 to be: 

1 215
3 216 ,A c S c

and: 

1 2
5
8 .

2
mB c
kT

where molecules are assumed to be rigid spheres. 
The Navier-Stokes equations are used in the Maxwellian analysis to 

obtain the dependence of the gas velocity on the normal coordinate.  These 
equations are the moment equations which for the current problem may be 
written as: 
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0 ,xv fd
x

v  (8-4a) 

2 0 ,xv fd
x

v  (8-4b) 

0 .x yv v fd
x

v  (8-4c) 

If the influence of the wall could be neglected ( 0  in Eq. (8-1)), then 
from Eq. (8-4c) one would have a linear dependence of the mean velocity of 
the gas on the x -coordinate.  Then, allowing for the velocity of the wall 
equal to zero, one would obtain: 

const , const , .xyP u x u x x u x  (8-5) 

Now, the equation for the correction to the distribution function, 
, xc , may be derived.  Substituting Eq. (8-1) into the Boltzmann 

equation, one obtains: 

2 5
1 22 2 .y y x y xc c q c c h c

x
J  (8-6) 

Moreover, one has the following equations for the functions, T c  and 
u c :

2 5
2 ,y y Tc c c cJ  (8-7) 

2 ,x y x y uc c c c cJ  (8-8) 

where: 

1 22
0
0

,
2

n m I
kTf

J
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and I  is the standard collision operator given by Eq. (5-13). 
Allowing for these equations, one may derive the basic equation for the 

correction, , xc :

.xc
x

J  (8-9) 

Now, consider the boundary condition for this equation.  From the 
general form of the boundary conditions given by Eq. (6-4) one obtains for 
these slip problems: 

1 2,0 2 1 ,0 ,c c  (8-10) 

where , , .x y zc c cc   It is useful here to introduce a Hilbert space 
defined by the scalar product: 

2
1 2 1 2, , , , exp , .x x x c x dc c c c c  (8-11) 

The Maxwellian analysis takes into account the influence of the wall by 
the choice of a definite form for the distribution function.  Maxwell used the 
following approach for the distribution function of incident molecules: 

0,0 ,ya cc

0, , ,ya cc c

where 0 consta .  This says that the incident distribution function at the 
wall is identical to the distribution function far from the wall which implies 
that, in the Knudsen layer, collisions between the incident and reflected 
molecules have been neglected. 

Now, to find an approximate solution for 0a , one proceeds in the 
following way.  Taking the scalar product of Eq. (8-9) with yc  (in the 
manner of Eq. (8-11)) gives: 

, , 0 ,x yc c x
x

c

i.e.: 
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, , const .x yc c xc  (8-12) 

This constant can be evaluated by the use of the asymptotic values, 0 ya c , for 
,c  and thus, the relationship expressing conservation of tangential 

momentum may be written as: 

, ,0 , , 0 .x y x yc c c cc c  (8-13) 

The constant 0a  may be found by the use of the boundary condition, Eq. 
(8-10), in the scalar product, Eq. (8-13).  It is the main supposition of the 
Maxwellian analysis that the discontinuity of the distribution function is 
allowed for only by using the boundary distribution function for reflected 
molecules.  The Maxwellian distribution function does not, itself, satisfy the 
boundary condition exactly, but rather, the boundary condition is satisfied 
only in an integral sense. 

Having performed the integration in Eq. (8-13), one obtains: 

15 15
0 08 32

2 .u Ta T
x y

 (8-14) 

This expression results in relations for the slip-flow and thermal-creep 
coefficients.  In accordance with the definitions of these coefficients, the 
mean velocity of the gas at large distances from the wall may be presented in 
the form: 

1
0 ,m Tsl

u Tu c x c T
x y

 (8-15) 

where  and  is the kinematic viscosity.  Here, two other 
representations of the mean free path have been introduced; specifically 
and .  Later, it will be useful to have the following expressions for these: 

1 2
18

5
2 ,kT
mp

 (8-16a) 

and: 
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1 2
164

75 ,
2
mT

kp
 (8-16b) 

where 1  and 1  are the viscosity and thermal conductivity coefficients 
obtained from the first-order approximation in the Chapman-Enskog theory.  
This choice for the Maxwellian analysis provides independence of the slip-
flow coefficients on the order of the Chapman-Enskog solution.  Since only 
the first-order Chapman-Enskog solution is employed in this section 
( ), the slip factors in Eq. (8-15) are given by: 

5
16

2 ,mc  (8-17a) 

and: 

3
4 ,Tslc  (8-17b) 

Next, consider the temperature-jump problem.  One may use the 
Maxwell method to solve this problem.  Consider a semi-infinite expanse of 
gas bounded by a plate oriented in the y z  plane and located at 0x .
Assume that, far from the plate, the temperature of the gas depends only on 
the x -coordinate and that the temperature gradient is small such that the 
relationship ln 1T  is satisfied.  If this condition holds one may use 
the Chapman-Enskog distribution function at large distances from the wall 
and ln T x  may be expressed as 1

0xq T T x , where 0T  is the 
equilibrium temperature.  The temperature is assumed to deviate only 
slightly from the equilibrium value. 

To write the correct form of the distribution function far from the wall 
one should take into account the conservation law obtained from the 
Boltzmann equation which, for this problem, is given by: 

2 0 ,xv v fd
x

v  (8-18) 

This implies that: 

2 const .xv v fdv  (8-19) 
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From this equation, if x  such that 1eq x T xf f c qc , then 
( / ) constT x .  The distribution function for this problem may be 
written as: 

0 2 25 5
12 21 ,x x T xf f c xq c q c a xc  (8-20) 

where 1a x  is a correction to the distribution function which takes into 
account the influence of the wall. 

The following approach has been used in the Maxwellian analysis: 

1 1 1 1, 0 .a a a a  (8-21) 

The distribution function of the molecules incident on the wall is assumed to 
be the same as that far from the wall.  The distribution function of the 
reflected molecules on the wall may be found by the use of a boundary 
condition, which may be written as: 

0 2 3
2

,0 1 , , ,0

1 ,

x y z

r r

f f v v v

f c

v
 (8-22) 

where r  and r  are unknown functions which may be determined by using 
the impenetrability condition and introducing the thermal accommodation 
coefficient.  For the equilibrium conditions at the wall, 0w , but 0w .
This correction to the equilibrium distribution function may be found from 
the condition: 

0,0 ,0 1 0 .x x x wv f d v f d v f dv v v v v  (8-23) 

From Eq. (8-23) one may obtain: 

1
12 .w a  (8-24) 

The conservation law given by Eq. (8-19) may be written as: 

2 2,0 , ,x xv v f d v v f dv v v v
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and, using the boundary conditions, one can transform this relation to the 
form: 

02 2

2

,0 1

, .

T x x w

x

v v f d v v f d

v v f d

v v v

v v

 (8-25) 

Performing the integrations in Eq. (8-25), one can obtain: 

75
1 0 128

2 .T

T

TT a T
x

 (8-26) 

Thus, the Maxwellian method may be used successfully to obtain 
expressions for the slip coefficients.  Within the framework of the moment 
theory, this method may be classified as a one-moment approach because 
only one moment has been used.  The distribution function for the incident 
molecules at the wall is the same as that in the ambient gas at large distances 
from the wall and, therefore, the distribution function is independent of the 
normal coordinate.  This does not permit one to obtain spatial distributions 
of macroscopic values for the gas in the Knudsen layer near the wall; a 
serious situation which comprises the main deficiency of the Maxwellian 
method. 

2. LOYALKA'S METHOD. 

The Maxwellian method for determining the distribution function of 
incident molecules at the wall may be generalized by a simple modification 
suggested by Loyalka [2].  Consider the details of this generalization in the 
solutions of the slip-flow and temperature-jump problems.  To obtain simple 
solutions for the slip coefficients, one considers a gas flow bounded by a flat 
wall for the conditions described in Section 8.1. 

The distribution function for these slip problems has the form: 

0 2 5
21 2

, ,

y y y T y

x y u

f f c yq c xh c c q

c c c h xc
 (8-27) 
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where 1
0yq T T y , h u x , and y T yc c q  and x y uc c c h

are the Chapman-Enskog corrections to the distribution function for thermal 
conductivity and viscosity, respectively.  The correction that allows for the 
influence of the wall may be found from the equation: 

.xc
x

J  (8-28) 

For x , the functions , xc  have the form: 

0lim , ,yx
x a cc

where 0a  is a constant.  If the two-moment approach is used, then the 
correction, , xc , may be expressed as: 

0, .yx a x cc  (8-29) 

The Maxwellian analysis is constructed on the assumption that 
0 0 00a a a .  Loyalka has proposed a simple generalization of 

Maxwell’s method which assumes that the distribution function of incident 
molecules has the following form at the wall: 

0,0 0 ,y w ya c a cc  (8-30) 

where wa  is an unknown constant.  From a physical viewpoint, the relation 
0wa a  implies that the incident stream has a mass velocity different from 

that of the hydrodynamic solution at the wall. 
The unknown constants, 0a  and wa , may be found by the consideration 

of some scalar products of Eq. (8-28).  First, the scalar product given by Eq. 
(8-13) is used.  Next, the scalar product of Eq. (8-28) with x y uc c c  gives: 

2 , , , ,

, , 2 , , 0 ,

x y u x y u

x y u x y

c c c x c c c x
x

c c c x c c x

c c

c c

J

J

and, therefore: 

2 , , const .x y uc c c xc  (8-31) 
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To obtain this expression, Eq. (8-8) and the commutative property of the 
standard bracket integrals (which is due to the self-adjointness of the 
collision operator) have been used.  Now there are two equations that may be 
represented as: 

, ,0 0 ,x yc c c  (8-32) 

and: 

2 2, ,0 , , .x y u x y uc c c c c cc c  (8-33) 

Using the boundary condition given by Eq. (8-10) with Eqs. (8-32) and 
(8-33), one can obtain: 

15 5
32 8

2 ,w ya q h  (8-34) 

and: 

15 51
0 2 32 8

2 41 1 .
2ya q h  (8-35) 

Taking into account Eq. (8-15), the following expressions for the slip 
coefficients may be written: 

5
16

2 41 ,
2mc  (8-36) 

3 1
4 21 .Tslc  (8-37) 

In particular, for the very important case when 1 , the slip velocities are 
given by: 

1.116 ,uu
x

 (8-38) 
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19
08 .sl

Tu T
y

 (8-39) 

The analytical expressions for the slip coefficients are not altered for 
arbitrary models of the intermolecular potential.  This assumption is correct 
within the framework of this method if one uses the first-order Chapman-
Enskog solutions for thermal conductivity and viscosity to derive these 
formulas. 

Next, consider the solution of the temperature-jump problem by 
Loyalka’s method.  The same conditions are used for the gas at large 
distances from the wall as were used in the Maxwellian analysis.  Therefore, 
the distribution function may be written as: 

0 2 5
21 , ,x x T xf f c xq c c q xc  (8-40) 

where 1
0xq T T x  and , xc  is the correction that allows for the 

influence of the wall.  This correction is assumed to have the form: 

2 5
1 2, ,x a x cc  (8-41) 

where: 

2 5
2lim , const .

x
x cc

The following approach has been used in the Loyalka analysis: 

1 1 1 1 1 1, 0 , ,w wa a a a a a

such that there are now two independent constants, 1a  and 1wa , instead of 
the single constant, 1a , in the Maxwellian analysis.  This generalization 
gives a more correct form for the incident molecular distribution function at 
the wall than that used by Maxwell. 

The unknown constants, 1a  and 1wa , may be obtained by the use of two 
scalar products of the Boltzmann equation, Eq. (8-28), and the boundary 
conditions for the correction to the distribution function.  First, the scalar 
product given by Eq. (8-18) results in one equation for the two unknown 
constants: 
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2 2, ,0 , , 0 .x xc c c cc c  (8-42) 

Next, the scalar product of Eq. (8-28) with x Tc c  yields: 

2

2 5
2

2

, , , ,

, ,

, ,

, , 0 .

x T x T

x T

x

x

c c x c c x
x

x c c

x c c

c c x

c c

c

c

c

J

J

This implies that: 

2 , , const .x Tc c xc  (8-43) 

Thus, the second equation for the unknown functions, 1a  and 1wa , may be 
written as: 

2 2, ,0 , , .x T x Tc c c cc c  (8-44) 

The corrections to the distribution function of the reflected molecules at 
the wall may be found by using the Maxwellian model of the boundary 
conditions which, for this problem, may be expressed in the form: 

2 3
2

,0 2 1 ,0

,

x T x

r r

c c q

c

c c
 (8-45) 

where , ,x y zc c cc , and r  and r  are corrections to the number density 
and temperature for the diffusely reflected molecules.  The corrections, r
and r , may be obtained from the three additional conditions: 

,0 ,0 0 ,x xv f d v f dv v v v  (8-46) 
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,0 ,0 0 ,x x wv f d v f dv v v v  (8-47) 

.x
T

xw

Q
Q

 (8-48) 

In these expressions, one must use the general form of the boundary 
condition (Eq. (8-22)).  Then, using Eq. (8-41), after integration, one 
obtains: 

75 1
1256 21 2 ,r T x T wq a  (8-49) 

75
1128 1 1 .r T x T wq a  (8-50) 

Now, Eqs. (8-42) and (8-44) may be employed to derive the relations for 1a
and 1wa .  Substituting Eqs. (8-49) and (8-50) into Eq. (8-45), and performing 
the integrations indicated by Eqs. (8-42) and (8-44), one can obtain: 

75
1 128

2 ,T
w x

T
a q  (8-51) 

152 1
1 1 25 2

2
1 .

2
T

w
T

a a  (8-52) 

Taking into account these expressions, one can obtain the following formula 
for the temperature-jump: 

.T
TT c
x

 (8-53) 

Here, Tc  is the temperature-jump coefficient given by: 

175 52 1
128 25 2

22 1 .
2

TT
T

T T
c  (8-54) 
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This expression for the temperature-jump coefficient given in Eq. (8-54) is 
more general than that reported in [2].  For the specific case when 1T ,
however, both expressions are identical.  Eq. (8-54) is applicable for 
arbitrary models of the intermolecular potential if one uses the first-order 
Chapman-Enskog solution.  A more complete description of the 
temperature-jump phenomenon may be obtained by solving Problem 8.6. 

The preceding analysis of the slip-flow transport problems shows that 
Loyalka’s method may be classified as a two-moment approximation.  
Although this method eliminates the main deficiency of the Maxwellian 
analysis, it does not permit one to obtain the dependence of macroscopic 
values on the normal coordinate in the Knudsen layer.  Nevertheless, it is 
very important to note that the conservation laws used in Loyalka’s analysis 
are the exact moment solutions of the Boltzmann equation.  Each exact 
solution for the correction to the distribution function must satisfy these 
moment relationships which are the most general properties of the 
Boltzmann equation.  The use of exact moment solutions allows one to 
anticipate highly accurate results based on what is a reasonably simple 
analytical analysis.  Moreover, for this method there would appear to be no 
difficulties in generalizing the analysis for arbitrary models of the 
intermolecular potential.  To this end, it is necessary only that Chapman-
Enskog solutions of sufficiently high-order be employed. 

3. THE HALF-RANGE MOMENT METHOD. 

Another approximate method was first proposed by Wang-Chang and 
Uhlenbeck [3] and was then further developed by Gross and Ziering, among 
others, to solve planar boundary transport problems [4-13].  Known initially 
as the half-range moment method it is also now commonly referred to as the 
Gross-Ziering method after those principally responsible for its further 
development.  To demonstrate the various features of this method as 
described in [13], the velocity-slip problem is examined.  The conditions for 
the gas are assumed to be the same as described in Section 8.1.  For the 
linearized problem the distribution function may be given by: 

0 1 2 , ,y x y u
u uf f c x c c c x
x x

c  (8-55) 

where , xc  is the correction to the distribution function which accounts 
for the influence of the wall and u c  is specified by Eq. (8-3).  The 
correction, , xc , may be found from the linearized Boltzmann equation: 



156 Analytical Methods for Problems of Molecular Transport

      

,xc
x

J  (8-56) 

where: 

0
1 1 1 1 1 .bdbd f dc c vJ

In the half-range moment method, the distribution function is 
approximated by half-range polynomials in velocity space and the space-
dependent coefficients are determined by solving half-range moment 
equations.  It might appear that the most natural systematic scheme for 
construction of half-range moment equations is to introduce a complete 
orthonormal set of polynomials, defined over the half-range in velocity 
space, such that the distribution function may then be expanded in terms of 
these polynomials and characterized by the space-time dependent expansion 
coefficients. 

Unfortunately, this scheme requires the use of a large number of 
expansion terms which results in great mathematical difficulty.  The 
complexity of the calculations increases rapidly with the number of terms 
and, therefore, this calculation scheme is not always practical for use in 
transport problems.  However, the distribution function can sometimes 
satisfy the boundary conditions exactly such that very accurate results can be 
obtained by low-order approximations employing only a few terms in the 
expansion.  Such approximations can give the exponential variation of the 
macroscopic values in the Knudsen layer near the wall.  When the boundary 
conditions are not satisfied exactly, it is necessary to use the integral forms 
of the boundary conditions. 

For the current slip-flow problem, assume that the correction, , xc ,
may be represented in the half-range velocity space as: 

0 1, .y x yx a x c a x c cc  (8-57) 

If the following function is introduced: 

 1 ; 0 ,
sign

1 ; 0 ,
x

x
x

c
c

c

the correction to the distribution function, , xc , is conveniently 
expressed for the full velocity space by: 
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0 0 0 0 1 1

1 1

1 sign 1 sign
,

2 2

sign
2 2 2

sign .
2

x x

y y x x y

x y x

c c
x

a a a a a ac c c c c

a a c c c

c

 (8-58) 

Substituting this correction to the distribution function into Eq. (8-56), 
multiplying both sides alternately by: 

21 sign exp ,y xc c c dc

and: 

21 sign exp ,x y xc c c c dc

and, finally, integrating over all velocities, one obtains the following system 
of half-range moment equations: 

0
0 1 0 1 1 2 1 3 ,da a A a A a A a A

dx
 (8-59a) 

0
0 1 0 1 1 3 1 2 ,da a A a A a A a A

dx
 (8-59b) 

1
0 1 0 1 1 2 1 3 ,da a B a B a B a B

dx
 (8-59c) 

1
0 1 0 1 1 3 1 2 ,da a B a B a B a B

dx
 (8-59d) 

where the coefficients, iA  and iB , may be expressed as linear combinations 
of some of the moments of the collision integral: 
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1
1 1 22 ,A b I I

1
2 2 3 42 ,A b I I I

1
3 2 3 42 ,A b I I I

1
1 2 12 ,B b I I

1
2 3 4 22 ,B b I I I

1
3 3 4 22 ,B b I I I

where: 

4 .
4

b

Introducing the following notation: 

2, exp .c dv v v v cJ

the bracket integrals, jI , may be written as: 

1 sign , sign ,y x y xI c c c c

2 sign , ,y x x yI c c c c
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3 , ,x y x yI c c c c

4 sign , sign .x y x x y xI c c c c c c

The following additional bracket integrals that one might expect to 
encounter are identically zero and do not appear in this moment system: 

, sign sign , sign 0 .x y x y x y x x y xc c c c c c c c c c

The bracket integrals, jI , correspond to the original notation used by Gross 
and Ziering [5] and are different from the Chapman-Enskog bracket integrals 
usually encountered in kinetic theory.  The relationship between these two 
kinds of bracket integrals is: 

1 2
3 2, , ,

2
mn
kT

 (8-60) 

where ,  is the standard bracket integral. 
The values of the integrals, jI , are dependent on the intermolecular 

interaction potentials.  A method of calculation of these integrals, for rigid-
sphere molecules, is given in Appendix A and is substantially simpler than 
previous methods [14, 15].  For rigid-sphere molecules, this method results 
in the following bracket integrals: 

1 2

2
3 45

1 8 2 3 8 2, ,
12 32

46 17 2, .
120

I I

I I

The value for the integral, 4I , originally reported by Gross and Ziering [5] is 
in error.  The absolute value of the Gross-Ziering integral is about 9.3 times 
greater than that reported here.  The same analytical expressions being used 
in this analysis were previously reported by Porodnov and Suetin [9]. 

Now, the solution of the moment system, Eqs. (8-59a)-(8-59d), takes the 
form: 
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0 0 ,expa x A B x  (8-61a) 

0 ,expa x A B x  (8-61b) 

1 1 ,expa x B x  (8-61c) 

1 1 ,expa x B x  (8-61d) 

where: 

0 1

1
1

4.19294 , 4.12697 ,

0.52413 , 2.20153 .

The constants of integration, A  and B , may be found from the boundary 
conditions (Eq. (8-10)) which may be written as: 

0 0

1 1

0 1 0 ,

0 2 1 0 .u

a a

ua c a
x

 (8-62) 

From these boundary conditions one then obtains: 

05
4

1 1

12
,

1
uA
x

5
4

1 1

2
,

1
uB
x

The solution of the moment system, Eqs. (8-61a)-(8-61d), can now be 
employed in the following expression for the mean velocity of the gas: 
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1

1 2
1

0 0 1 14

,

2 1 .

yu x n v f x d

kT ux a a a a
m x

v v

 (8-63) 

which, at large distances from the wall, has the linear profile: 

1 2
1

0 04
2 .

x

u kTu x x a a
x m

 (8-64) 

The solution of the Navier-Stokes equations, if one uses the slip 
boundary conditions, has the following form: 

.m
uu x c x
x

 (8-65) 

A comparison of Eqs. (8-64) and (8-65) indicates that: 

5
8

3.1932 .
3.603 0.524mc  (8-66) 

For the particular case when 1 , one has 1.125mc .  Additionally, for 
this case, the mean velocity of the gas may be expressed as: 

2.202
1.125 0.345 exp .

x uu x x
x

 (8-67) 

In summary, the four-moment approximation to the half-range moment 
method described in this section satisfies the boundary conditions exactly 
and results in an exponential profile for the mean velocity of the gas in the 
Knudsen layer (near the wall).  This equates to substantially more 
information about the state of the gas near the wall than is obtained from the 
methods of Maxwell and Loyalka described in Sections 8.1 and 8.2. 
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4. FEATURES OF THE BOUNDARY CONDITIONS 
FOR THE MOMENT EQUATIONS. 

In Sec. 8.3, the boundary slip-flow problem was solved by using the 
Maxwellian boundary conditions for the distribution function.  
Unfortunately, these boundary conditions have an essential deficiency 
connected with the execution of the conservation laws for the Boltzmann 
equation.  It was stated in Section 8.2 that a correction to the distribution 
function is needed to satisfy the two conservation laws expressed by Eqs. (8-
32) and (8-33).  The satisfaction of these conditions is a general requirement 
of the Boltzmann equation in planar boundary transport problems.  If the 
exact form of the boundary conditions is used, the conservation law 
expressed in Eq. (8-33) is not satisfied.  Therefore, one must use another 
form of the boundary conditions.  To explore this problem in more detail, 
consider a microscopic boundary condition with the following form: 

.f fA  (8-68) 

The Boltzmann equation near the flat wall may be represented by [11]: 

,x x x x x
f fv x v v f v v f
x t

A  (8-69) 

where x  is the Dirac delta function and: 

1 ; 0 ,
0 ; 0 .

x
x

x

v
v

v

Introducing the boundary condition into the right-hand-side of Eq. (8-69) 
and performing the integration of this equation over x  from 0 to 0
gives: 

0
0

; 0 ,
lim

; 0 .
x x

x x
x x

v f vfv dx v f
x v f v

A
 (8-70) 

From this relation one may conclude that to obtain the boundary conditions 
to the moment equations one should use the following form: 
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,x i x iv f d v f dv v v vA  (8-71) 

where i  are molecular properties which are used to construct the moment 
system. 

It would appear that there is now a complete set of boundary conditions 
for the moment equations.  Unfortunately, these boundary conditions do not 
simultaneously satisfy both conservation laws which are expressed as Eqs. 
(8-32), (8-33) and (8-42), (8-44), for the slip-flow and thermal transport 
problems, respectively.  These conservation equations are general properties 
of the Boltzmann equation and, therefore, to obtain the correct results, the 
two conservation laws must be taken into account.  One possible solution to 
this problem is to use these conservation laws as integral expressions of the 
boundary conditions. 

To examine this idea, consider the slip-flow problem for which there 
exists a solution by the half-range moment method.  Instead of the boundary 
conditions expressed by Eq. (8-62) there are two integral relations that may 
be written as: 

, ,0 0 ,x yc c c  (8-72) 

2 2, ,0 , , .x y u x y uc c c c c cc c  (8-73) 

The correction to the reflected distribution function at the wall surface has 
the following form: 

0 1

,0 2

1 0 0 ,

x y u

y x y

uc c c
x

a c a c c

c
 (8-74) 

where 1 22 2u c kT m B c  and the function, B c , corresponds to 
the second-order Chapman-Enskog solution.  The second-order terms in this 
quantity improve the accuracy of the analysis.  This function, for rigid-
sphere molecules, may be written as [17]: 

12 25
2 5 24 1 ,u c b S c  (8-75) 
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where 2
2 0.05854b , and 205

202 .
The correction to the distribution function has been obtained in Section 

8.4 and is given by Eqs. (8-61a)-(8-61d).  The use of the new boundary 
conditions, however, results in new values for the constants, A  and B .  By 
using the new boundary model of Eqs. (8-72)-(8-73), one obtains: 

1 25 5
4 4

2 , ,A h B h  (8-76) 

where 1 , 2 , and  may be represented for rigid-sphere molecules by the 
following expressions: 

1 0.6690 0.1775 ,  (8-77a) 

2 0.3413 0.1706 ,  (8-77b) 

0.7549 0.09714 .  (8-77c) 

The mean velocity of the gas is expressed by Eq. (8-63).  Using Eqs. (8-
77), the relation for the mean velocity may be given by: 

,m d
uu x c x u x
x

 (8-78) 

where mc  is the isothermal-creep coefficient and du x  is the dimensionless 
velocity defect that describes the deflection of the mean velocity from the 
linear profile in the Knudsen layer.  The expressions for these quantities, 
with an arbitrary tangential momentum accommodation coefficient, may be 
written as: 

15
8

2 ,mc  (8-79) 

2 2.2015
1.4229 exp .d

x
u x  (8-80) 



Chapter 8.  Methods of Solution of Planar Problems 165

      

Table 8-1 contains the comparison of results which are obtained by the use 
of the various methods for several values of the coefficient, .  Results 
obtained by Loyalka’s analysis take into account the correction of the 
second-order to the Chapman-Enskog distribution function, and therefore the 
expression for the slip coefficient differs from that represented by Eq. (8-
35).  For this case, Loyalka’s formula has the form: 

22 21 5 17
1 2 216 4

2 41 ; 1 .
2mc b b  (8-81) 

The Gross-Ziering analysis does not permit the use of the second-order 
Chapman-Enskog solution owing to the form of the boundary conditions. 

The comparison of these results shows a good agreement between the 
values of mc  calculated by the use of Eq. (8-79) and by Loyalka’s formula.  
Equation (8-66), which was obtained using the common forms of the 
boundary conditions, yields results that do not agree so well with Loyalka’s 
formula.  However, this comparison does not allow one to draw any rigorous 
conclusions regarding the accuracy of any these models because the exact 
analytical solutions are not known.  It should be possible, however, to draw 
conclusions regarding the accuracy of the different methods by comparing 
their results to reasonably exact direct numerical solutions of this slip-flow 
problem.  This will be considered in Section 9.3, where a complete analysis 
of the accuracy of the various methods and boundary models will be made. 

5. SOLUTION OF THE THERMAL-CREEP 
PROBLEM BY THE HALF-RANGE MOMENT 
METHOD. 

The flow of a gas in the y -direction, over a plane surface lying at 0x ,
is considered for the conditions described in Section 8.1.  Far from the plate 

Table 8-1. Values of the slip-flow coefficient, mc .

mc
Eq. (8-79) 

mc
Eq. (8-81) 

†
mc

Eq. (8-66) 

†

0.2 9.0710 9.0277 0.48 9.1235 0.80 
0.4 4.1310 4.0976 0.81 4.1759 1.51 
0.6 2.4650 2.4400 1.01 2.5027 2.14 
0.8 1.6185 1.6006 1.11 1.6496 2.71 
1.0 1.1006 1.0884 1.11 1.1254 3.22 

† % 100 ; ma a a a c  (from Eq. (8-79). 
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the gas is maintained at a constant temperature gradient, T y .  For 
these conditions, the thermal-creep problem is described by the following 
distribution function: 

0 2 5
21 , ,y y yf f c yq c A c q xc  (8-82) 

where A c  may be written as [17]: 

1 22 22 2
1 23 2 3 2 ,A c a S c a S c

where 2
2 0.08889a , 2 15

1 16a , and 45
44 .  In this formula 

molecules are assumed to be rigid spheres. 
The integral form of the boundary conditions allows one to employ the 

same correction to the distribution function for the thermal-creep problem as 
in the slip-flow problem.  This form of the distribution function takes into 
account the viscosity effects in a sufficiently correct form.  Let the 
correction to the distribution function be assigned by the relation: 

0 1, ,y x yx a x c a x c cc  (8-83) 

where the functions, ia  may be written as: 

0 1 0 2 exp ,a x C C x  (8-84a) 

0 1 2 exp ,a x C C x  (8-84b) 

1 1 2 exp ,a x C x  (8-84c) 

1 1 2 exp .a x C x  (8-84d) 

The values, ,i , for rigid spheres are given by: 

0 1

1
1

4.19294 , 4.12697 ,

0.52413 , 2.20153 .
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The constants 1C  and 2C  may be obtained from boundary conditions which 
have the following form: 

, ,0 0 ,x yc c c  (8-85a) 

2 2, ,0 , , .x y u x y uc c c c c cc c  (8-85b) 

where ,0c  is represented by: 

1 22 22 2
1 23 2 3 2

0 1

,0

1 0 0 ,

y y

y x y

a q c S c a S c

a c a c c

c
 (8-86) 

and the standard notation for the scalar product from Eq. (8-11) has been 
used.  In the case of u c , Eq. (8-75) is used.  This integral form of the 
boundary conditions makes allowance for the features of the Boltzmann 
equation near a flat wall. 

Having performed integration in Eqs. (8-85) one obtains: 

1 2
1 2, ,C C

where 1 , 2 , and  may be written as: 

2
1 1 0.4354 0.2179 ,ya q

2
2 10.3022 ,ya q

0.8518 0.1096 .

For this problem it is convenient to represent the mean velocity of the gas in 
the form: 
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21
0 1 12

1

11 1 exp ,

Tsl yu x c q

x
 (8-87) 

where Tslc  is given by: 

3
2

0.4354 0.2179
.

0.8518 0.1096Tslc  (8-88) 

The dimensionless velocity defect may be defined as: 

.d
y

u u x
u x

q
 (8-89) 

This quantity may then be expressed by: 

0.5822 2.2015
exp .

0.8518 0.1096d
x

u x  (8-90) 

For the particular case when 1 , one obtains 1.0193Tslc .  The 
full analysis of results obtained here will be described later.  It is of 
considerable interest to investigate the influence of the various forms of the 
boundary conditions on the thermal-creep coefficient and the velocity defect.  
This analysis will be described in the next section. 

6. INFLUENCE OF THE BOUNDARY MODELS ON 
THE THERMAL-CREEP COEFFICIENT. 

Here, expressions are derived for the thermal-creep coefficient and the 
velocity defect for the case when one uses the ordinary moment form of the 
boundary conditions that may be represented by: 

2 2,0 exp ,0 exp ,x y x yc c c d c c c dc c c cA  (8-91a) 
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2 2 2 2,0 exp ,0 exp ,x y x yc c c d c c c dc c c cA  (8-91b) 

where: 

1 22 22 2
1 23 2 3 2

0 1

,0

1 0 0 .

y

y x y

a q S c a S c

a c a c c

cA
 (8-92) 

Substituting the functions given by Eqs. (8-84a)-(8-84d) into Eqs. (8-91a) 
and (8-91b), one obtains the constants 1C  and 2C  which determine the 
correction to the distribution function.  This analysis yields: 

3
2

1.5464 1.1741
,

3.0927 0.4499Tslc  (8-93) 

3.4149 2.2015
exp .

3.0927 0.4499d
x

u x  (8-94) 

For example, if 1 , then 1.1519Tslc .  This value is about 15% 
greater than that given by Eq. (8-96).  But a reliable analysis of the accuracy 
of the model considered here, as was indicated previously, may only be 
performed by making a comparison with the numerical solution for this 
boundary transport problem.  The accuracy of the various methods and 
boundary models for the thermal-creep problem will be investigated in 
Section 9.5. 

PROBLEMS 

8.1.  Determine the mean velocity profile, u x , and the pressure tensor 
component, xyP , for Couette flow by means of the Maxwell method.  Derive 
an expression for the apparent viscosity coefficient, , that is determined 
by: 

.wu u
d x
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Use the flow geometry in Fig. 8-2. 
Solution:  For this analysis the distribution function should be chosen in 

the form: 

0 1 2 ,x y u yf f c c c A Axc

which provides a linear profile for the mean velocity of the gas.  
Conservation of tangential momentum at the wall may be written as: 

1
2, , 0 .x yc c dc

Using the Maxwellian boundary condition for the rebounded distribution 
function, one can obtain: 

,wuu x x Kn
d

1
5
8

2
1 ,Kn

d

,w
xy

uP
d

and Kn .

Figure 8-2. The geometry to be used in Problem 8.1 in determining the mean velocity profile, 
the pressure tensor component, and the apparent viscosity for Couette flow.



Chapter 8.  Methods of Solution of Planar Problems 171

      

8.2.  Determine the mean velocity profile, u x , and the pressure tensor 
component, xyP , for Couette flow by means of Loyalka’s method.  Derive an 
expression for the apparent viscosity coefficient, , that is determined by: 

.wu u
d x

Use the same flow geometry as in Problem 8.1 (see Fig. 8-2).
Solution:  One should use a distribution function of the form: 

0 1 , ,f f xc

where 1 1
0 0 0 02 2, signy y xx a x a x c a x a x c cc .  As a 

result of this choice, the boundary conditions are satisfied exactly.  The 
conservation laws may then be expressed in the form 1, ,x yc c x Ac
and 2

1 2, , 2x y uc c c x A x Ac  where 1A  and 2A  are constants 
which may be found from the two boundary conditions.  From the 
conservation laws, one obtains: 

5
8

0
5
8

2
,21

w

x
d da x u

d

and: 

5
8

0
5
8

2
.21

w

x
d da x u

d

Using these expressions, one can obtain the same relations for u x  and xyP
as in Problem 8.1.  However, the distribution function obtained here 
describes the Knudsen limit regime better than that obtained in Problem 8.1. 

8.3.  Determine the mean velocity profile, u x , and the pressure tensor 
component, xyP , for Couette flow by means of the Gross-Ziering method for 
the two-moment approach.  Take the correction to the distribution function 
in the form 0, yx a x cc .  Derive an expression for the apparent 
viscosity coefficient, , that is determined by: 
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.w
xy

u P
d

Use the same flow geometry as in Problem 8.1 (see Fig. 8-2). 
Solution:  For this two-moment approach, the half-range moment system 

is obtained by multiplying the Boltzmann equation, Eq. (8-56), by 
21 sign expy xc c c dc  and integrating over all velocities.  The 

solution of this moment system yields: 

,wuu x x Kn
d

1

1

21 ,Kn
I d

1 2

1
,

2
w

xy
up mP Kn

I kT d

1
1 8 2 ,

12
I

and Kn  where 0.2909 v .

8.4.  Using the full-range moment equations given by: 

,x
d v Q fd n Q
dx

v v v

where xQ vv  and x yv v , determine the mean velocity, u x , and the 
pressure tensor component, xyP , for the Couette flow.  Solve this problem 
for the two-moment approach using the following form of the correction to 
the distribution function 0, yx a x cc .  Derive an expression for the 
apparent viscosity coefficient, , that is determined by: 

.w
xy

u P
d
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Use the same flow geometry as in Problem 8.1 (see Fig. 8-2). 
Solution:  The moment equations are obtained by multiplying the 

Boltzmann equation, Eq. (8-56), by the terms, yc  and x yc c , and integrating 
over all velocities.  The solution of the moment system then yields: 

,wuu x x Kn
d

13 2

2

21 ,
2

Kn
I d

1 2
1
2

2
,

2
w

xy
up mP Kn

I kT d

2
3 8 2 ,

32
I

and Kn  where 0.5100 v .  In this solution, molecules 
have been assumed to be rigid spheres. 

8.5.  Determine the temperature distribution between parallel plates by the 
Maxwell method.  Derive an expression for the apparent thermal 
conductivity coefficient  , that is given by: 

2 .T T
d x

Use the flow geometry in Fig. 8-3.  The correction, T , to the temperature, 
0T , is assumed to be small such that the relationship 0T T  is satisfied. 

Solution:  A distribution function should be sought in the form: 

10 2 215 5
3 2 16 21 .xf f c S c A c Ax

Using the boundary conditions obtained in Problem 6.5 and conservation of 
the heat flux as given by: 
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2 1
2, , 0 ,xc c dc

one can obtain Tx qx Kn ,

0

2 ,Tq
T d

1
75
64

21 ,T
T

T d

and T Kn  where x  is a correction to the temperature. 

8.6.  Derive analytical formulas for the boundary temperature and pressure 
jumps for a planar surface in a monatomic non-condensable gas using 
Loyalka’s method.  Use the second-order Chapman-Enskog solution for 
rigid-sphere molecules.  Assume that molecules reflect diffusely at the 
surface. 

Solution:  The following distribution function should be used to describe 
this boundary problem: 

0 2 5
21 , .x x xf f c xq c A c q xc

The correction, , xc , should be taken in the form: 

Figure 8-3. The geometry to be used in Problem 8.5 in determining the temperature 
distribution and apparent thermal conductivity coefficient between parallel plates having 
different temperatures.
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2 5
2, .x a x c b xc

The limiting values of the functions introduced here are given by: 

lim ,
x

a x a lim ,
x

b x b

0 ,wa a  and 0 .wb b

These limiting values are specified by the boundary-jump effects.  The 
unknown constants, a , b , wa , and wb , may be determined from the 
conservation laws of Eq. (8-9) which are given by: 

, ,0 0 ,xc c 2 , ,0 , 0 ,xc c c

2 , ,0 0 ,xc c c  and 2 , ,0 , 0 .xc A c c c

The distribution function of reflected molecules (see Problem 6.5) is given 
by: 

2 2 1 12 2,0 1 2 ,x x Tc A c q cc

where: 

1 1
1 2 2 ,w wa b  and 25 1

2 18 2 .x w wa q a b

This formulation yields: 

0

0

0
,asy

T x
T T

c q
T

 and 0

0

0
.asy

p x
p p

c q
p

The jump coefficients are then given by: 
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75 52 1
128 25 2

2 1 ,
2

T T T
T

T T
c

and: 

175 8 1
256 5 2

2 1 ,
2

T T
p

T T
c

where 
22 223 433

2 226 2081T a a , 21
1 241 a , and 2

2 0.08889a
for rigid-sphere molecules. 

8.7.  Derive analytical expressions for the boundary temperature and 
pressure jumps in a monatomic vapor over a planar, liquid surface using 
Loyalka’s method.  Use the second-order Chapman-Enskog solution for 
rigid-sphere molecules.  Consider the case of an arbitrary evaporation 
coefficient. 

Solution:  The distribution function used should be: 

0 2 5
21 2 , ,x x x xf f c xq c u c A c q xc

where 1 2
02 xu m kT u .  The correction, , xc , should be taken in the 

form 2 5
2, .x a x c b xc   The limiting values of the 

functions introduced here are given by: 

lim ,
x

a x a lim ,
x

b x b

0 ,wa a  and 0 .wb b

These limiting values are specified by the boundary-jump effects.  The 
unknown constants, a , b , wa , and wb , may be determined from the 
conservation laws of Eq. (8-9) which are given by: 

, ,0 0 ,xc c 2 , ,0 , 0 ,xc c c

2 , ,0 0 ,xc c c  and 2 , ,0 , 0 .xc A c c c
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The boundary conditions (see Problem 6.6) for the reflected distribution 
function may be expressed as: 

2 2 1 1

,0 1

2 22 1 ,

x x m

T

c A c q

c

c

where: 

1 1
1 2 2w wa b u

and: 

25 51
2 18 2 4 .x w wa q a b

This formulation yields: 

0

0

0
,asy T u

T m x T m
T T

c q c u
T

and: 

0

0

0
,asy T u

p m x p m
p p

c q c u
p

where the jump coefficients are given by: 

75 52 1
128 25 2

2 1 ,
2

T T
T mc

1161
8 5

4 3 ,u
T mc
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175 8 1
256 5 2

2 1 ,
2

T
p mc

and: 

1 1
2 8

4 3 4 3 .u m
p m

m
c

Here, 1m T m ,
22 223 433

2 226 2081T a a , 21
1 241 a ,

and 2
2 0.08889a  for rigid-sphere molecules. 
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Chapter 9 

THE VARIATIONAL METHOD FOR THE 
PLANAR GEOMETRY 

1. ANOTHER FORM OF THE BOLTZMANN 
EQUATION. 

In the previous chapter the basic analytical methods for the planar 
boundary transport problems were considered.  All of these schemes are 
considered to be moment methods.  It is very important to note that the 
simple analysis of some general properties of the Boltzmann equation related 
to the conservation of moments results in sufficiently accurate expressions 
for the velocity-slip and temperature-jump coefficients. 

The Maxwell method and its generalization proposed by Loyalka allow 
one to analyze some integral properties of a gas, for which one can expect 
reliable results.  The physical basis of these methods is not questionable.  
But within the framework of these methods, as has already been noted, it is 
impossible to describe the gas behavior in the Knudsen layer.  Nevertheless, 
Loyalka’s method of taking into account two conserving moments may be 
used to calculate the gas parameters both at large distances from the wall and 
directly on its surface. 

In this chapter a simple and accurate method for dealing with planar 
boundary transport problems will be described by applying a variational 
technique to the linearized Boltzmann equation.  The analysis will be 
confined to a consideration of the slip and thermal-creep problems which are 
the classical problems used to analyze the main features and accuracy of this 
approach.  Since the main interest is in linearized transport problems, the 
distribution function can be written as: 
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0 1 , , ,f f xc r c  (9-1) 

where ,c r  is the Chapman-Enskog correction for the appropriate 
problems and x  is the normal coordinate.  The correction to the distribution 
function, , xc , taking into account the influence of the wall, may be 
specified from the linearized Boltzmann equation that is given by Eq. (8-9). 

The specific features of the variational method are related to the integral 
form of Boltzmann’s equation.  To derive the integral equation for the 
distribution function it is convenient to introduce another form of 
Boltzmann’s equation that, for stationary problems, is defined by: 

1 2 ,f J Jv
r

 (9-2) 

where the collision operator is presented as a sum of two separate terms 
which are given by: 

1
1 1 ,J bdbd gf f dv  (9-3) 

2
1 1 .J f bdbd gf dv  (9-4) 

For molecules of infinite range of interaction these integrals diverge, since 
they include among the colliding molecules some which interact at 
arbitrarily large distance with infinitely small changes of state [1].  These 
integrals converge for the rigid-sphere molecules, and, therefore, can be 
calculated separately.  If the interaction potential falls off rapidly enough, 
distant collisions may be neglected by means of the use of the definite model 
for a ‘truncated’ potential having a finite interaction range. 

For planar, stationary, linearized transport problems, Eq. (9-2) may be 
expressed in the form: 

, , , .xc x c x H x
x

c c c  (9-5) 

Here, c  is a function depending only on the magnitude of a molecular 
velocity vector and ,H H c c  is an operator defined by the relation: 

2, exp , , ,H x d c K xc c c c c  (9-6) 
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in which ,K c c  is a symmetric kernel.  The parameter  is defined as: 

1 1 .
2

 (9-7) 

It is very important to emphasize that both the function, c , and the 
kernel, ,K c c , can be defined by analytical expressions if molecules are 
assumed to be rigid spheres.  A very simple integration in Eq. (9-4) gives: 

2 1
2

1 1exp 2 erf .
2

c c c c c
c

 (9-8) 

One can find an analytical expression for ,K c c  in [2, 3].  This expression 
for the kernel, ,K c c , is not utilized in the variational analysis and, thus, it 
is sufficient to know only the general definition for the operator, H .

2. THE VARIATIONAL TECHNIQUE FOR THE 
SLIP-FLOW PROBLEM. 

In this section the classical slip-flow problem will be analyzed by means 
of a variational technique that was described by a consideration of the planar 
boundary transport problems in Loyalka’s works [4-7].  The statement of 
this problem is given in Sec. 8.1 and hence, here, the main focus will be on 
investigating the features and the accuracy of the variational technique. 

Let the distribution function be described by: 

0 1 2 , .y x y uf f c xh c c c h xc  (9-9) 

where 1 22 2u c kT m B c .  The correction, , xc , to the 
distribution function, which takes into account the perturbation of a gas flow 
by the wall, has the following asymptotic behavior: 

0lim , 2 ,yx
x c uc  (9-10) 

where 0u  is a dimensionless constant.  Then, one uses the Maxwellian 
boundary model for a description of the gas-surface interaction.  This 
boundary model is given by: 
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,0 2 1 , , ,0 .x y u x y zc c c h c c cc  (9-11) 

Now, one can use the form of the Boltzmann equation given in Eq. (9-5) 
to derive the integral equation for , xc .  Taking into account Eqs. (9-
10) and (9-11) and performing a formal integration of this linear non-
homogeneous differential equation of the first-order, one obtains the 
following integral equation: 

, , , ,ux L x p xc c c  (9-12a) 

where L  is an integral operator and: 

, 2 exp ,u x x y u
x

c
p x c c c c h x

c
c  (9-12b) 

1 ; 0 ,
0 ; 0 .

x
x

x

The operator, L , is defined by the relation: 

0

0

1, , exp

11 , exp

1 , exp ,

x

x
x x

x x

x
x xx

c
L x c H x x x dx

c c

c
x x x dx

c c

c
c H x x x dx

c c

c c

c

c

H  (9-13) 

where , , , ,x y zRH H c c cc c cH  and R  is the reflection operator.  If 
the operator, H , is applied to the function, , xc , one obtains another 
function, , xcH , that is given by: 

2, exp , , ,x d c xc c c c cH K  (9-14) 

where the following notation is introduced in this integrand: 
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, , .RKc c c cK

Since ,K c c  is a symmetric function of ,c c  one can conclude that: 

, , .c c c cK K  (9-15) 

From both the symmetry of this kernel and Eq. (9-14), it is shown [8] that 
the operator, H , is self-adjoint, i.e. H H , in the spaces defined by the 
scalar products: 

2
1 2 1 2, , , exp ,x x d cc c c  (9-16) 

1 2 1 2
0

, , , , .x x dxc c  (9-17) 

Now, in order to construct a variational principle, one must first express 
0u  as an integral of , xc .  For this purpose one employs the conservation 

of moments of the Boltzmann equation as was done in the previous analysis.  
These properties of the Boltzmann equation can be expressed as: 

, , 0 ,x yc c xc  (9-18) 

2 2, ,0 , , .x y u x y uc c c h c c c hc c  (9-19) 

Using the asymptotic solution and Eq. (9-19) one can obtain: 

0 2

3 2 2 2

1
2 ,

2 , , , , .

x y u y

x y u x u

u
c c c h c

c c c h c x p xc cH

 (9-20) 

To obtain an integral relation for the dimensionless velocity, the first-order 
Chapman-Enskog solution for u c  is used.  This simplifies the algebraic 
calculations in Eq. (9-20) and results in the following integral relation: 
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25
0 8 2

0

82 exp
5

, , ,u

u h c d
h

x p x dx

c

c c
 (9-21) 

where , ,x xc cH .
Now, one may construct the functional: 

, 2 , .uI L p F

As is shown in Appendix D, this functional is stationary for , where 
 is a solution of Eq. (9-12a).  If the stationary value of I  is 

introduced in Eq. (9-21) one can obtain: 

5
0 8 2

82 .
5 st mu h I c h

h
 (9-22) 

Consider this functional in detail.  It does not involve the real function, 
, xc , and, therefore, the variational principle can be immediately 

employed to determine the best value of a given trial function.  Since the 
main purpose is to obtain a solution for the mean velocity, 0u , which is 
directly related to the stationary value taken by I , one may expect that a 
sufficiently accurate approximation for 0u  can be determined by considering 
even some simple trial functions.  One simple trial function that takes into 
account the asymptotic behavior of , xc  is: 

, ,yx cc  (9-23) 

, ,yx c cc  (9-24) 

where  is a ‘so-called’ variational parameter.  Eq. (9-24) can be obtained 
directly when the trial function, yc , is substituted into Eq. (9-5).  Having 
inserted this trial function into the functional and performed a very simple 
integration, one can obtain the following expression: 

2 51
4 42 .I h  (9-25) 
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The stationary value for I  occurs if 0dI d , so that: 

5
8

2 .h  (9-26) 

From Eq. (9-22) one can obtain the expression for the slip coefficient that 
may be written as: 

5
16

2 41 .
2mc  (9-27) 

It is very important to note that this formula is exactly the same as the 
expression derived by Loyalka’s method. 

Now, consider how one might describe the gas flow in the Knudsen 
layer.  It should be emphasized that the variational method, even employed 
in its simplest form, permits one to perform this analysis.  The main interest 
here is to investigate the velocity defect expression that is derived by taking 
a moment of the distribution function.  The correction to the distribution 
function, , xc , obtained from Eq. (9-12) has the following form for a 
given trial function: 

, 2 exp

1 exp .

x x y u
x

y x y
x

c
x c c c c h x

c

c
c x c c

c

c

 (9-28) 

To obtain the right asymptotic form for this correction, insert 02u  into 
Eq. (9-28) instead of the value of  given by Eq. (9-26).  This gives: 

0

5
04

, 2 exp

2 2 .

y x
x

x y y

c
x u c c x

c

c c h u c

c
 (9-29) 

Allowing for Eq. (9-29), one can obtain the following expressions for both 
the mean velocity and the velocity defect of a gas: 
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1 23 2
2 5J 2 J ,

4
m

m
cu xu x c x x

x
 (9-30) 

15
1 243 2

2 J 2 J .m
d

cuu x x x
x

 (9-31) 

Here, the functions, 1J x  and 2J x , are defined by: 

4 2
1 2 4

0

J exp ,
c c

x c c E x E x dc
c c

 (9-32) 

5 2
2 3 5

0

J exp ,
c c

x c c E x E x dc
c c

 (9-33) 

where the functions, nE z , are the exponential integrals that can be 
expressed in the form: 

1
2

0

exp .n
n

zE z t dt
t

 (9-34) 

As can be easily seen, the variational method allows one to investigate the 
Knudsen layer.  The accuracies of this method and the other methods 
described previously will be considered in the next section. 

3. DISCUSSION OF THE SLIP-FLOW RESULTS. 

There are several expressions for the mean velocity and slip coefficient 
that have been obtained here by employing various methods and using 
various boundary models.  To establish the accuracy of these methods it is 
necessary to compare the approximate analytical results with direct 
numerical results.  For this purpose, we have found it convenient to use the 
numerical results of Loyalka and Hickey [9].  The analytical results that we 
are comparing are those that take into account the second-order corrections 
to the Chapman-Enskog distribution functions and, moreover, the molecules 
are assumed in the analysis to be rigid spheres. 
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It is easy to see that both Loyalka’s method and the variational method 
give the same results for the slip coefficient if the trial function given by Eq. 
(9-23) is employed in the variational analysis.  These methods result in the 
following relation: 

5
16

2 1 0.1086 .mc  (9-35) 

The velocity defect cannot be obtained by Loyalka’s method with the 
exception of one point for which 0x .  Since the expression for wa  given 
by Eq. (8-34) is not altered, if the second-order Chapman-Enskog solution is 
used, one can obtain the velocity defect at the wall given by: 

215 1
232 2

4 20 2 1 0.2759 2 .du b  (9-36) 

where 
22 217

1 2 241 b b .
The half-range moment method (four-moment approach) gives different 

results for various boundary models.  The boundary model proposed by 
Ivchenko, Loyalka, and Tompson [10] (the ILT boundary model) results in 
the following expressions for mc  and du x :

5
8

0.6690 0.17752 ,
0.7549 0.09714mc  (9-37) 

0.3413 0.1706
1.4229 exp 2.2015 .

0.7549 0.09714d
xu x  (9-38) 

The same method for the Maxwellian boundary model gives: 

5
8

3.19292 ,
3.6028 0.5241mc  (9-39) 

21.4229 exp 2.2015 .
3.6028 0.5241d

xu x  (9-40) 
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To compare the accuracy of the various expressions for the slip 
coefficient the analytical and numerical results are presented together in 
Tables 9-1 and 9-2.  It can be seen that a very good agreement exists 
between analytical and numerical values of mc  for the ILT boundary model.  
The discrepancy of these results is less than 0.6% for all .  The maximum 
deviation of the other analytical data amounts to 0.56% and 2.87% for the 
variational method and the Maxwellian boundary model, respectively, and, 
therefore, Eqs. (9-35) and (9-37) are the most accurate analytical formulas 
for the slip coefficient. 

Another macroscopic parameter which has a significant influence on the 
description of the gas flow in the Knudsen layer is the velocity defect at the 
wall.  The values of this parameter are presented in Tables 9-3 and 9.4.  For 
this parameter the best agreement with numerical values in the full region of 

 is obtained from the ILT boundary model.  The maximum difference for 
this model, for all , is about 5.5%, while the discrepancies associated with 
the Loyalka and variational methods are 8.4% and 18.5% respectively for 

1.0 , and range up to 16.9% and 42.2% respectively for 0.2 .  The 
numerical and analytical data for the dimensionless velocity defect are 
presented in Table 9-5. 

Table 9-1. The slip-flow coefficient, mc .
  Four-Moment Approach
 Numerical 

Values [9]
ILT

Boundary Model [10] 
Maxwellian 

Boundary Model [10] 
mc mc mc †

0.2 9.0458 9.0710 0.28 9.1235 0.86 
0.4 4.1147 4.1310 0.40 4.1759 1.49 
0.6 2.4531 2.4650 0.49 2.5027 2.02 
0.8 1.6096 1.6185 0.55 1.6496 2.48 
1.0 1.0940 1.1006 0.60 1.1254 2.87 

† % 100 ;num num ma a a a c

Table 9-2. The slip-flow coefficient, mc .
 Numerical 

Values [9]
Loyalka Method & 

Variational Results, Eq. (9-35) 
mc mc †

0.2 9.0458 9.0277 0.20 
0.4 4.1147 4.0976 0.42 
0.6 2.4531 2.4400 0.53 
0.8 1.6096 1.6006 0.56 
1.0 1.0940 1.0884 0.51 

† % 100 ;num num ma a a a c
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An analysis of Table 9-5 shows that for the ILT boundary model a 
satisfactory agreement with the numerical results occurs if 0 0.5x .  The 
maximum deviation from the numerical values for this domain of x  is 
about 11.5%.  When 0.5x  the velocity defect decreases more rapidly than 
the corresponding numerical value.  In this region the discrepancy of the 
results is very large.  This occurs because the asymptotic velocity defect 
behavior for this approach is described by one exponential term which does 
not characterize a real dependence on the normal coordinate [11].  This 
dependence is more complicated than a simple exponential drop, as one can 
see from Eq. (9-12).  Moreover, when 0.5x , the velocity defect values 
become extremely small so that the moment approach employed does not 
have a sufficient accuracy to describe this very subtle quantity.  The 
variational method does not accurately describe the velocity defect because a 
very simple trial function has been used. 

The results for the mean velocity profile are shown in Table 9-6.  For the 
ILT model the maximum deviation is 2.92%.  For the Maxwellian boundary 
model this difference is 3.77%. 

Table 9-3. The velocity defect at the wall, 0du .
  Four-Moment Approach
 Numerical 

Values [9]
ILT

Boundary Model [10] 
Maxwellian 

Boundary Model [10] 
0du † 0du 0du

0.2 0.5976 0.5645 5.5 0.6908 15.6 
0.4 0.5180 0.4895 5.5 0.5972 15.3 
0.6 0.4422 0.4181 5.5 0.5085 15.0 
0.8 0.3701 0.3500 5.4 0.4245 14.7 
1.0 0.3013 0.2851 5.4 0.3448 14.5 

† % 100 ; 0num num da a a a u

Table 9-4. The velocity defect at the wall, 0du .
Numerical 
Values [9]

Loyalka Method 
Eq. (9-36) 

Variational Method 
Eq. (9-31) 

0du † 0du 0du
0.2 0.5976 0.4967 16.9 0.3452 42.2 
0.4 0.5180 0.4414 14.8 0.3283 36.6 
0.6 0.4422 0.3863 12.6 0.3061 30.8 
0.8 0.3701 0.3311 10.5 0.2784 24.8 
1.0 0.3013 0.2759 8.4 0.2455 18.5 

† % 100 ; 0num num da a a a u
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4. THE VARIATIONAL SOLUTION FOR THE 
THERMAL-CREEP PROBLEM. 

The thermal-creep problem has been stated in detail in the previous 
chapter, and therefore, only a brief outline will be given here.  Let the 
distribution function be described by: 

0 2 5
21 , .y y T yf f c yq c c q xc  (9-41a) 

Here, T c A c  and may be written as: 

Table 9-5. The dimensionless velocity defect, du x , ( 1 ).
  Four-Moment Approach

Dimensionless 
Normal Coordinate 

Numerical 
Values [9] 

ILT 
Boundary Model [10] 

Maxwellian 
Boundary Model [10] 

x †
du x du x du x

0.0 0.3013 0.2851 0.3448 
0.1 0.1997 0.2226 0.2692 
0.2 0.1560 0.1738 0.2102 
0.5 0.0888 0.0827 0.1000 
1.0 0.0430 0.0240 0.0290 
1.5 0.0233 0.0070 0.0084 
2.0 0.0133 0.0020 0.0024 

† 5
8 1.12423x x x

Table 9-6. The mean velocity, u x , ( 1 ).
  Four-Moment Approach
 Numerical 

Values [9]
ILT

Boundary Model [10] 
Maxwellian 

Boundary Model [10] 
x † u x u x # u x
0.0 0.7924 0.8155 2.92 0.7806 1.49 
0.1 1.0049 0.9888 1.60 0.9670 3.77 
0.2 1.1594 1.1484 0.95 1.1368 1.95 
0.5 1.5589 1.5718 0.83 1.5793 1.31 
1.0 2.1586 2.1844 2.58 2.2042 2.11 
1.5 2.7322 2.7553 2.31 2.7787 1.70 
2.0 3.2961 3.3142 0.55 3.3386 1.29 

† 5
8 1.12423x x x

# % 100 ;num numa a a a u x
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1 222 215
23 2 3 216 ,T c A c S c a S c  (9-41b) 

where 45
44  and 2

2 0.08889a .
The correction, ,0c , to the distribution function can be specified 

from Eq. (9-5) and its boundary conditions which can be expressed as: 

,0 1 , , ,0 ,y T y x y zc c q c c cc  (9-42) 

0lim , 2 .yx
x c uc  (9-43) 

As it is shown in Section 9.2, one can obtain the following integral 
equation for ,0c :

, , , .Tx L x p xc c c  (9-44) 

Here the integral operator, ,L xc , is given by Eq. (9-13) and ,Tp xc  is 
defined by the relation: 

, exp .T x y T y
x

c
p x c c c q x

c
c  (9-45) 

This function represents the external non-uniformity of a gas in Eq. (9-44). 
Now, taking into account the conservation of moments of the Boltzmann 

equation given by Eqs. (9-18) and (9-19) one can derive the following 
integral equation for the mean velocity: 

2 2

0 2

,
,

2 ,
y x y u T x

y x y u

q h c c c c c I
u

h c c c c
 (9-46) 

where , , ,uI x p xc cH  and ,up xc  is the known function 
given by Eq. (9-12a) that is proportional to the non-uniformity of a gas for 
the slip-flow problem.  The standard notations given by Eqs. (9-16), (9-17), 
and (9-14) are used in this expression. 

The functional contained in Eq. (9-46) is a linear form with respect to the 
trial function , xc  and, therefore, it cannot be immediately used for 
solution of a variational problem.  A new functional must be constructed on 
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the basis of the square form of the trial functions and which has a stationary 
value equal to I .  Let this new functional be the sum of two functionals, the 
first of which is equal to [( , ( , ))]up xc .  Since up  is proportional to h
and ~ ( ) ~y yc q q , the integrand of the second functional must be 
proportional to yq h , and moreover this term is equal to zero if the trial 
function coincides with the real correction, , xc .  This indicates that the 
integrand of the second functional has to contain the factor TL p ,
which is proportional to yq .  Only the unique square form for this 
integrand, which is the product of u , where u  is a trial function for the 
slip-flow problem, and TL p , can be constructed so that it should be 
proportional to 2

yc hq .  This very simple dimensional analysis shows 
that the following form can be used for this variational problem: 

, , , .u u u TF p L p  (9-47) 

The stationary value of this functional is equal to I .  Now, the asymptotic 
solutions of Eqs. (9-12) and (9-44) can be chosen as the trial functions for 

,uF  which can be expressed in the form: 

1 1, ,y yc c c  (9-48a) 

2 2, .u y u yc c c  (9-48b) 

It is very important to note that different constants, 1  and 2 , are used for 
these trial functions as they are asymptotic solutions of different equations.  
The first-order Chapman-Enskog solutions for u c  and T c  are 
assumed to be employed in a later analysis and one can use unity instead of 

u c  as it is easy to see from Eq. (9-46).  In accordance with this 
suggestion one can obtain the following relationship: 

1 2 1 1 2 1 2 3 2, .F A A A  (9-49) 

Here, the following notations are introduced: 

3 2 3 2151 1
1 2 38 4 1282 , , .yA A A q  (9-50) 

The desired values of 1  and 2  for which this functional is stationary can 
be defined from the following equations: 
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1 2
0 , 0 .F F

The stationary value of the functional can be expressed in the form: 

215
254, 2 .st u yF q  (9-51) 

Using Eq. (9-51) in Eq. (9-46), one can obtain: 

0 .Tsl yu c q  (9-52) 

The thermal-creep coefficient in this formula is given by: 

3 1
4 21 .Tslc  (9-53) 

This expression coincides exactly with the one obtained by Loyalka’s 
method. 

Substituting the asymptotic value of the mean velocity 02 yu c  instead of 
1 yc  into an expression of the distribution function, one can obtain the 

relation for the velocity defect defined by: 

1 33 2 3 2
2 3J J .d Tsl

d
y

u x cu x x x
q

 (9-54) 

Here, 1J x  is given by Eq. (9-32) and 3J x  is defined by: 

4 2 25
3 2

0

2 4

J exp

,

x c c c

c c
E x E x dc

c c

 (9-55) 

where the notations in Eq. (9-55) are the same as in Eqs. (9-32) and (9-33). 
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5. DISCUSSION OF THE THERMAL-CREEP 
RESULTS. 

The accuracy of the thermal-creep problem results obtained by various 
approximate methods will be discussed here.  This analysis can be 
performed by means of a comparison of analytical values with the numerical 
results obtained by Loyalka [12].  First, the accuracy of the various 
expressions of the thermal-creep coefficient will be examined.  All of the 
analytical expressions for this coefficient and the velocity defect will be 
given here in the most convenient form for this analysis. 

Loyalka’s method and the variational solution give the same results for 
the thermal-creep coefficient.  If the second-order Chapman-Enskog solution 
is used, these methods both yield: 

3 1
1 2 14 2 ,Tslc  (9-56) 

where 21
1 241 a  and 2 2 27 7

2 2 2 22 21 b a b .  The variational 
velocity defect obtained by means of the simplest trial functions is given by 
Eq. (9-54).  The velocity defect at the wall obtained by Loyalka’s method 
can be written in the form: 

3
240 .du  (9-57) 

In the previous chapter the various solutions of the thermal-creep 
problem were obtained within the framework of the half-range moment 
method for the different boundary models.  The boundary model proposed 
by Ivchenko, Loyalka, and Tompson [13, 14] results in the following 
expressions for Tslc  and du x :

3
2

0.4354 0.2179
,

0.8518 0.1096Tslc  (9-58) 

0.5822
exp 2.2015 .

0.8518 0.1096d
xu x  (9-59) 

For the integral boundary model that is usually employed in transport 
problems, these relations can be written as: 
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3
2

1.5464 1.1741
,

3.0927 0.4499Tslc  (9-60) 

3.4149
exp 2.2015 .

3.0927 0.4499d
xu x  (9-61) 

Now, consider the accuracy of the various analytical results for this 
problem.  The numerical and analytical data for the thermal-creep coefficient 
versus the accommodation coefficient, , are presented in Tables 9-7 and 
9-8.  It is easy to see that the most accurate values of Tslc  are predicted by 
the moment method for the ILT boundary model.  In this case, the maximum 
discrepancy between the numerical and analytical results is about 1.0%, 
while Loyalka’s method and the variational method give results that differ 
from the numerical results by 1.4% for 0.2  up to 2.0% when 0.6 .

Table 9-7. The thermal-creep coefficient, Tslc .
Four-Moment Approach

Numerical 
Values [12] #

ILT
Boundary Model [13] 

Eq. (9-58) 

Integral 
Boundary Model [13] 

Eq. (9-60) 
Tslc Tslc % †

Tslc %
0.2 0.8234 0.8223 0.1 0.8395 1.7 
0.4 0.8733 0.8752 0.2 0.9240 5.8 
0.6 0.9207 0.9255 0.5 1.0041 9.1 
0.8 0.9657 0.9735 0.8 1.0799 11.8 
1.0 1.0089 1.0193 1.0 1.1519 14.2 

† % 100 ;num num Tsla a a a c
# These additional numerical values have been obtained by Loyalka. 

Table 9-8. The thermal-creep coefficient, Tslc .
 Numerical 

Values [12] #
Loyalka Method & 

Variational Results, Eq. (9-56) 
Tslc Tslc % †

0.2 0.8234 0.8120 1.4 
0.4 0.8733 0.8573 1.8 
0.6 0.9207 0.9027 2.0 
0.8 0.9657 0.9480 1.8 
1.0 1.0089 0.9933 1.5 

† % 100 ;num num Tsla a a a c
# These additional numerical values have been obtained by Loyalka. 
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The integral boundary model values deviate greatly from the numerical 
results (from 1.7% when 0.2  up to 14.2% when 1.0 ). 

In Tables 9-9 and 9-10 values of the velocity defect at the wall are 
presented.  A comparison of these velocity defect values shows that the 
discrepancy between the analytical and numerical results is noteworthy for 
all of the analytical methods discussed.  Loyalka’s method and the ILT 
boundary model have the best agreement with the numerical values.  The 
maximum deviations of these values are 23.6% and 16.5%, respectively, 
when 0.2  and are seen to decrease to only 12.8% and 13.0%, 
respectively, when 1.0  . 

Values of the velocity defect versus the normal coordinate for 1.0
are presented in Table 9-11.  It can be seen that the relative deviations of all 
of the analytical values from the corresponding numerical values are very 
large for 0.5x .  The velocity defect behavior inside the Knudsen layer 
seems to be more complicated [15] than the behavior predicted by these 
analytical formulae and, moreover, the accuracy of these methods appears 
insufficient overall to describe this extremely subtle quantity. 

Table 9-9. The velocity defect at the wall, 0du .
  Four-Moment Approach

Numerical 
Values [12] #

ILT
Boundary Model [13] 

Eq. (9-59) 

Integral 
Boundary Model [13] 

Eq. (9-61) 
0du 0du % † 0du %

0.2 0.1596 0.1333 16.5 0.2146 34.5 
0.4 0.3078 0.2600 15.5 0.4174 35.6 
0.6 0.4458 0.3807 14.6 0.6093 36.7 
0.8 0.5748 0.4958 13.7 0.7913 37.7 
1.0 0.6960 0.6056 13.0 0.9640 38.5 

† % 100 ; 0num num da a a a u
# These additional numerical values have been obtained by Loyalka. 

Table 9-10. The velocity defect at the wall, 0du .
 Numerical 

Values [12] #
Loyalka Method 

Eq. (9-57) 
Variational Method 

Eq. (9-54) 
0du 0du % † 0du %

0.2 0.1596 0.1220 23.6 0.0825 48.3 
0.4 0.3078 0.2440 20.7 0.1800 41.5 
0.6 0.4458 0.3660 17.9 0.2925 34.4 
0.8 0.5748 0.4880 15.1 0.4200 26.9 
1.0 0.6960 0.6100 12.8 0.5625 19.2 

† % 100 ; 0num num da a a a u
# These additional numerical values have been obtained by Loyalka. 
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The results for the mean velocity profile are shown in Fig. 9-1.  For the 
ILT model the maximum deviation of the mean velocity is approximately 
13% which occurs when 0x , while for the integral model this 
discrepancy is 40%.  It is clearly necessary to use even more exact 
approaches if one is to succeed in obtaining a good overall agreement 
between the analytical and numerical results for the mean velocity profile. 

In Table 9-12 the numerical results for the velocity defect are presented.  
These data have been obtained by Loyalka by the use of the numerical 
technique reported in [12].  The accuracy of any approximate method can be 
examined by using these data. 

Table 9-11. The dimensionless velocity defect, du x , ( 1 ). 
  Four-Moment Approach 

Dimensionless 
Normal 

Coordinate

Numerical 
Values 

[12]

ILT Boundary 
Model [13] 
Eq. (9-59) 

Integral Boundary. 
Model [13] 
Eq. (9-61) 

x †
du x du x du x

0.00 0.6960 0.6056 0.9640 
0.25 0.3840 0.3052 0.3783 
0.50 0.2539 0.0933 0.1485 
0.75 0.1747 0.0366 0.0583 
1.00 0.1229 0.0143 0.0229 
1.50 0.0632 0.0022 0.0035 
2.00 0.0349 0.0003 0.0005 

† 15
16 1.69944x x x

Table 9-12. Numerical values of the velocity defect, du x .

Velocity Defect, du x
x † =0.2 =0.4 =0.6 =0.8 =1.0 
0.00 0.1596 0.3078 0.4458 0.5748 0.6960 
0.25 0.0840 0.1639 0.2400 0.3126 0.3840 
0.50 0.05499 0.1076 0.1579 0.2062 0.2539 
0.75 0.03768 0.0738 0.1085 0.1419 0.1747 
1.00 0.02645 0.05184 0.07629 0.09984 0.1229 
1.50 0.01355 0.02659 0.03915 0.05127 0.0632 
2.00 0.007017 0.01404 0.02069 0.02712 0.0349 

† 15
16 1.69944x x x
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6. SLIP-FLOW AND TEMPERATURE-JUMP 
COEFFICIENTS FOR THE LENNARD-JONES (6-
12) POTENTIAL MODEL. 

In the framework of the variational and generalized Maxwellian methods 
all the slip and temperature-jump coefficients depend upon a potential model 
if one uses the second- and higher-order Chapman-Enskog approximations 
to describe the gas state beyond the wall.  For the second-order Chapman-
Enskog approximation both these methods yield: 
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Figure 9-1. The dimensionless, mean velocity profile, ( ) ( )/u x u x q as a function of
the dimensionless normal coordinate, x , where (1.69944)x x .  Numerical values 
[12] are shown as black circles, ILT Boundary Model results [13] are shown as gray 
diamonds, and Integral Boundary Model results [13] are shown as open squares.  Curves are 
shown for continuity only in order to help the reader visualize the shape of the profile. 
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15
16

2 41 ,
2mc  (9-62) 

3 1
1 2 14 2 ,Tslc  (9-63) 

75 52 1
128 25 2

22 1
2

TT T
T

T T
c  (9-64) 

where the following notations have been introduced: 

22 217
1 2 241 ,b b  (9-65) 
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Figure 9-2. The dependence of the slip coefficients, mc  and Tslc , on the reduced
temperature, T , for the Lennard-Jones (6-12) potential model )(assuming that 1).
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21
1 241 ,a  (9-66) 

2 2 27 7
2 2 2 22 21 ,b a b  (9-67) 

22 223 433
2 226 2081 .T a a  (9-68) 

The slip and jump coefficients depend upon the reduced temperature (see 
Section 5.9), *T , through their dependence on 2

2a  and 2
2b .  Using the 

data given in Tab. 5-1, one can calculate the appropriate values of mc , Tslc ,
and Tc  for the Lennard-Jones (6-12) potential model. 
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Figure 9-3. The dependence of the temperature-jump coefficient, Tc , on the reduced
temperature, T , for the Lennard-Jones (6-12) potential model (assuming that 

1T ). 
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The variation of mc , Tslc , and Tc with the reduced temperature, *T , is 
illustrated in Figs. 9-2 and 9-3.  All the curves have a maximum when *T  is 
about unity.  The relative deviations of the maximum values from those, 
when *T  is large, are about 10%, 3% and 2% for Tslc , Tc , and mc ,
respectively.  This analysis shows that the thermal-creep coefficient which is 
dependent on the cross effects (viscosity and thermal conductivity) is quite 
sensitive to the parameters of the Lennard-Jones (6-12) potential. 

Now, examine dependence of the slip and jump coefficients on the 
intermolecular potential model.  The analysis is restricted to consideration of 
the rigid-sphere and Lennard-Jones (6-12) models.  For rigid-sphere 
molecules the potential well depth, kT T , is equal to zero and, 
therefore, all results depending on intermolecular interactions are very close 
to those for the Lennard-Jones (6-12) model in which T .  This shows 
that only the thermal-creep coefficient is fairly sensitive to the potential 
model.  The maximum relative discrepancy between Tslc  for these two 
models is about 12% if 1 and T  is about unity.  It is very important to 
note that Tslc  is independent of the temperature, T , for the rigid-sphere 
model. 

PROBLEMS 

9.1.  Determine the slip and thermal-creep coefficients using the Maxwellian 
method for the second-order Chapman-Enskog solution. 

Solution:  The distribution function may be written as: 

1 , ,eq x y u y T yf f c c c h c c q xc

where 0,0 , ya cc c  and the functions u c  and T c  are 
given by Eqs. (8-75) and (9-41b), respectively.  The constant, 0a , may be 
found from the relation , ,0 ,0 0 .x y x xc c c A cc c
Having performed some simple integrations, one can obtain: 

5
16

2 ,mc

and 3
14Tslc , where 21

1 241 1.02222a .  Thus, for a Maxwellian 
analysis, the usage of the second-order Chapman-Enskog solution results in 
an increase of the thermal-creep coefficient by 2.2% while the slip-flow 
coefficient is not altered. 



204 Analytical Methods for Problems of Molecular Transport

      

9.2.  Determine the temperature-jump at the wall using the Maxwellian 
method for the second-order Chapman-Enskog solution.  Consider the case 
when 1 .

Solution:  The distribution function is given by: 

0 2 5
21 , ,x x T xf f xq c c c q xc

where 1 222 215
23 2 3 216T c S c a S c  and: 

2 5
1 2, ,0 .a cc c

The temperature-jump may be calculated by employing the general moment 
solution of the Boltzmann equation given by 2 , ,0 0xc c c .  Since: 

2 2 2 2
3 2 exp 0 ; 2 ,k

xc c S c c d kc

the temperature-jump is not altered for arbitrary orders of the Chapman-
Enskog solution and may be expressed in the form: 

75 45
128 44

2 ; .T

T

TT
x

9.3.  Determine the temperature-jump coefficient using the Maxwellian 
method and the general form of the boundary conditions given by Eqs. (6-
12) and (6-15).  Use the second-order Chapman-Enskog solution. 

Solution:  Following the solution of Problem 9.2, one obtains: 

75
128

2 .T
T

T
c

9.4.  Derive expressions for the velocity defect at the wall for both the slip-
flow and thermal-creep problems by using the Maxwellian method. 

Solution:  The velocity defect at the wall for these problems is given by: 

0 0
,d

m
u u

c
u x u x
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and: 

0 0
; .d

Tsl
y y

u u
c

q q

Using Maxwellian boundary conditions to calculate the mean velocity at the 
wall, 0u , one can obtain for the slip and thermal-creep problems: 

25 1
232 2

0 22 1 1 ,du
b

u x

and: 

3
18

0
,d

y

u
q

respectively, where: 

21
1 241 a

9.5.  Determine an expression for the temperature defect at the wall by using 
the Maxwellian method for the first- and second-order Chapman-Enskog 
solutions.  Obtain the result for 1  and compare with the values from 
[12]. 

Solution:  The temperature defect at the wall is given by: 

00 0 0 0 ,d asy T
TT T T c T
x

where 3 2 2 232
3 20 ,0 expc c dc c .  Having performed the 

necessary integrations and algebraic transformations, one obtains: 

2175 28 13
2256 15 28

0
0 2 1 1 .d

d
T

T a
T x

If 1  in this expression, then 0 0.3509dT , while the value reported 
in [12] is [12] 0 0.6374dT .  The temperature defect for the first-order 
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Chapman-Enskog approximation may be formally obtained from the general 
expression if 2

2 0a .  This then results in 0 0.3735dT  which is an 
improvement in agreement with the value reported in [12]. 

9.6.  Derive a formula for the temperature-jump coefficient by Loyalka’s 
method for the second-order Chapman-Enskog solution and using the 
general form of the boundary conditions given by Eqs. (6-12) and (6-15). 

Solution:  The correction to the distribution function is given by: 

2 5
1 2, ,a cc  and 2 5

2,0 ,wa cc

where 1 wa a .  The two constants, 1a  and wa , may be found from the two 
conservation laws given by Eqs. (8-42) and (8-43).  Boundary conditions are 
described by Eqs. (6-12) and (6-15).  Integration yields the following 
expression: 

175 52 1
128 25 2

22 1 ,
2

TT
T T

T T
c

where 
22 223 433

2 226 2081 0.9378T a a  for rigid-sphere molecules. 

9.7.  Generalize Loyalka’s expression for the temperature defect at the wall 
using two accommodation coefficients and the second-order Chapman-
Enskog solution.  Compare your analytical results with the numerical results 
[12] for the first- and second-order Chapman-Enskog approximations when 

1 .
Solution:  Employing the same techniques as in Problem 9.5, one can 

obtain: 

21 175 104 28 13
2256 25 15 280 2 1 ,d TT a

where 0.9378T .  If 1 , then the values obtained for the first- and 
second-order Chapman-Enskog approximations are 0 0.6719dT  and 

0 0.5734dT , respectively.  These values represent deviations from the 
numerical value reported in [12] of 5.4% and 10%, respectively. 
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9.8.  Using the integral representation of the distribution function given by 
Eq. (9-12a), derive an expression for the velocity defect at the wall for the 
slip-flow problem if a trial function containing two independent constants is 
chosen in the form: 

exp .x y x y y xc c c c c x c

For different values of , compare these results with those obtained in [9].  
Use the second-order Chapman-Enskog solution. 

Solution:  To obtain an approximate solution for the distribution function 
one can employ the approximate method described in [16,17].  Having 
substituted the trial function into Eq. (9-12a), one can obtain: 

, 2 exp

1 exp 1 exp

exp .

x x y u x

y x y x

x y y x

x c c c c h x c

c x c c x c

c c c x c

c

The velocity defect at the wall may then be written as: 

5 1
18 2

0
2 ,du

u x

where: 

22 217
1 2 241 0.95602 .b b

For various values of , the velocity defect data are shown in Table 9-13. 

Table 9-13. Velocity defect data obtained during the solution of Problem 9.8. 
 1 0.8 0.6 0.4 0.2 

9 0du  0.3013 0.3701 0.4422 0.5180 0.5976 

0du  0.2850 0.3420 0.3990 0.4560 0.5130 
deviation, % 5.4 7.6 9.8 12.0 14.2 
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9.9.  For Problem 9.8, derive an expression for the velocity defect. 
Solution:  The mean velocity is given by: 

1 2
3 2 22 , exp .y

kTu x c x c d
m

c c

After integration of the distribution function presented in Problem 9.8, one 
can obtain: 

1 25
14 3 2

J J
2 2 ,du x x x

u x

where 1 0.95602  and the functions, 1J x  and 2J x , are given by 
Eqs. (9-32) and (9-33), respectively. 

9.10.  Using the same trial function as in Problem 9.8, derive an expression 
for the velocity defect for the thermal-creep problem.  In particular, 
determine the velocity defect at the wall. 

Solution:  Integration of the distribution function given in Problem 9.8 
results in: 

3 1
23 2 3 2

J J
3 ,d

d
u x x x

u x
q

where the functions, 1J x  and 3J x , are given by Eqs. (9-32) and (9-55), 
respectively.  The velocity defect at the wall may then be written as 

3
240du  where 2 2 27 7

2 2 2 22 21 0.81332b a b .  This 
expression is exactly the same as that obtained via Loyalka’s method. 
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Chapter 10 

THE SLIP-FLOW REGIME 

1. BASIC EQUATIONS. 

In this chapter, the description of a particle in a rarefied gas is considered 
under conditions where the Knudsen number is small.  The analysis is 
restricted to the usual conditions assumed for aerosol particle motion in non-
uniform gases.  These conditions will be discussed later in detail.  The 
classical sphere drag and thermal force problems are solved as important 
practical applications of the theory and techniques described here. 

In this regime, an aerosol particle disturbs the surrounding gas out to a 
distance on the order of the particle radius.  The behavior of this particle can 
be described using the Navier-Stokes continuum equations except for the 
thin Knudsen layer in the neighborhood of the particle where the disturbance 
is greatest.  Since, in the slip-flow regime, the typical dimension of the 
system is much greater than the mean free path, the continuum equations are 
assumed to be suitable for all distances.  The local features of the gas in the 
Knudsen layer are then taken into account in the boundary conditions which 
have a special form discussed in Section 6.4. 

The closed system of continuum equations derived in Chapters 2 and 5 
may be written as: 

0 ,i

i

uDn n
Dt x

 (10-1) 
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0 ,ij i
i

j

P DuF
x Dt

 (10-2) 

2 ,i i
ij

j i

u qDT P
Dt Nk n x x

 (10-3) 

2
3 ,ji k

ij ij ij
j i k

uu uP p
x x x

 (10-4) 

,i
i

TQ
x

 (10-5) 

where  and  are the viscosity and thermal conductivity coefficients that 
are given by Eqs. (5-53) and (5-52), respectively, D Dt  is a time-derivative 
following the motion, as in hydrodynamics, and N  is the number of degrees 
of freedom of a molecule.  For monatomic gases, 3N , while for other 
gases, 3N .

Each of these equations is a non-linear partial differential equation, and 
therefore, there are many difficulties in solving this system in the most 
general form.  Thus, one considers possible methods that might be used to 
linearize the equations.  In this analysis, the non-linear and linear terms are 
estimated using the technique described in [1].  The force on a stationary 
particle is proportional to the external parameters of the surrounding non-
uniform gas flow.  Such parameters are the mean gas velocity for the sphere 
drag problem and the temperature gradient for the thermal force problem  
The following conditions are assumed to be satisfied in the statement of the 
above mentioned problems: 
1. the gas mean velocity is much less than the heat velocity of a molecule; 
2. the relative alteration of the temperature is much less than unity for a 

distance of the same order as the mean free path; 
3. the relative temperature variation is small for a typical dimension 

distance, R .
These conditions governing the external parameters can be expressed 
mathematically as: 
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1 , 1 , 1 .
T R TU

V T T
 (10-6) 

As mentioned above, to evaluate the order of the partial derivatives 
contained in Eqs. (10-1)-(10-3) the technique described in [1] is used.  It is 
necessary to note that the typical distance of a variation of all the disturbed 
parameters is the characteristic dimension of the suspended particle, R .  The 
disturbance of the pressure in the sphere drag problem, and that of the local 
thermal flow velocity in the thermal force problem, can be evaluated by 
dimensional analysis which gives: 

2~ , ~ .thp U U T
T

 (10-7) 

The ratio of the terms in the continuity equation for each problem can be 
expressed as: 

2

2~ ~ 1 ,i i

i i

u n x U p R U
n u x kTR nU V

and: 

0
2

0
~ ~ 1 ,thi i

i i th

U p T R Tu n x kTR
n u x p U TkT

where the pressure in the thermal force problem is assumed to be constant.  
By analogy, one obtains the following for the appropriate ratio in Eq. (10-2): 

2 2

2
~ ~ 1 ,i i i

i

u u x U R UR Re
R Uu

where  is the kinematic viscosity and Re  is the Reynolds number. 
For the thermal force problem, one needs to use the third moment 

equation which contains two non-linear terms.  The first ratio of the non-
linear to linear terms can be evaluated by the relation: 

2

2
~ ~ ~ 1 ,i i th th

R Tn ku T x nkTU U RR
R T V TT
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where ~ ~vV c nkV  and ~thU V T T .
For the other non-linear term the appropriate evaluation is given by: 

2

2
~ ~ 1 .

ij i j th
P u x R TnkTU R

R nkV T TT

As one can see, if the basic assumptions defined by Eq. (10-6) are satisfied, 
the ratio of the non-linear to the linear terms is much less than unity for all 
the moment equations and, therefore, this system can be linearized by the 
simple expedient of neglecting the non-linear terms.  The stationary 
linearized form of this system can be expressed as: 

0 ,u  (10-8) 

2 ,pu  (10-9) 

2 0 ,T  (10-10) 

where the external force, iF , is assumed to be equal to zero.  Having 
obtained the basic equations describing the gas flow over the particle, one is 
now ready to consider, in detail, the various transfer problems of the slip-
flow regime. 

2. THE SPHERICAL DRAG PROBLEM. 

An understanding of translational motion of small single particles in a 
gas is required in disciplines as diverse as nano-phase materials synthesis, 
environmental physics, clean-room technology, cloud physics, and nuclear 
reactor safety [2,3].  While these particles, excepting liquid drops, are 
generally non-spherical, studies of spherical particles are necessary for the 
intrinsic fundamentals involved as well as for applied reasons.  The drag 
problem is of great significance and, since the work of Millikan [4], there 
has been a substantial body of related experimental [5] and theoretical work 
[6-9] generated. 

Consider the short statement of the spherical drag problem.  The origin of 
a spherical coordinate system is assumed to be at the center of a stationary 
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spherical particle and the direction of the polar axis is the same as that of the 
mean velocity of the uniform flow at large distances from the particle, U
(Fig. 7-2).  The gas state can be described by Eqs. (10-8) and (10-9) which, 
for the spherical geometry and azimuthally symmetric problems, are given 
by [1]: 

2 2

2 2 2 2 2

2

cot 21 1

2 cot ,

r r r rrv v v v
r r r r r

v R pv
rr

 (10-11) 

2 2

2 2 2 2

2 2 2

cot1 1

2 1 ,
sin

r

r v v v
r r r r

vv R p
rr r

 (10-12) 

2 1 cot 0 .r r v vv v
r r r r

 (10-13) 

The special features of the problem associated with the slip-flow regime 
are accounted for in the boundary conditions specified at the particle surface.  
For large distances from the particle, the radial and tangential components of 
the mean velocity of the gas are given by: 

cosru U  and sin .u U  (10-14) 

At the sphere surface, however, the tangential component of the mean 
velocity is not equal to zero as it is for the continuum regime.  This implies 
that the gas is slipping along the surface.  Since this slipping is the 
consequence of momentum conservation at the surface, the slip boundary 
conditions take the form: 

,m rv c P  (10-15) 

0 ,rv  (10-16) 



216 Analytical Methods for Problems of Molecular Transport

      

where mc  is the isothermal-slip coefficient.  This coefficient, from a 
physical point of view, is the relative rate of communication of the tangential 
momentum, per unit area of the particle surface, to the surrounding gas. 

For this regime the force on the particle is given by: 

cos sin ; ,u rr r r
S

F P P n dS r R  (10-17) 

where rn  is a unit normal vector at the surface of the sphere which points 
into the gas.  The pressure tensor components, rrP  and rP , are defined by 
[1]: 

0 2 ,r
rr

vP p
r

 (10-18a) 

1 .r
r

v vvP
r r r

 (10-18b) 

Again, the standard method involving separation of variables [1] is used 
to obtain the following solution for the system of Eqs. (10-11)-(10-13): 

3 cos ,r
A Bv U

rr
 (10-19) 

3 sin ,
22

A Bv U
rr

 (10-20) 

0 2 cos ,Bp p
r

 (10-21) 

where the two constants, A  and B , may be found from boundary conditions 
given by Eqs. (10-15) and (10-16).  Simple calculations result in the 
following expression for the force on the particle: 

1 26 ,
1 3

m
u

m

c KnF R U
c Kn

 (10-22) 

where Kn R  and  is given by Eq. (8-16a). 
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The most reliable analytical expression for the slip coefficient is given by 
Eq. (8-79) that can be presented in the form: 

5
8

0.6690 0.17752 .
0.7549 0.09714mc  (10-23) 

Table 10.1 gives the slip coefficient, mc , for a number of values of the 
tangential momentum accommodation coefficient, .

Compare the analytical expression given by Eq. (10-22) with the 
Millikan experimental data for this regime.  It is convenient to use the ‘so-
called’ drag ratio value, D , which is given by: 

,u

fm

F Kn
D

F

where fmF  is the drag force in the free-molecular regime that is defined by 
Eq. (7-13).  From Eq. (10-22) one can obtain: 

45
8

1 2 .
8 1 3

m
th

m

c KnKnD
c Kn

 (10-24) 

The Millikan data for the full range of Kn  can be described by means of 
the use of the Cunningham slip correction factor the most exact form of 
which has been proposed by Buckley and Loyalka [8].  The use of this factor 
gives: 

exp
1.617

,
C

Kn
D

C Kn
 (10-25) 

where CC Kn  is defined by [8]: 

0.425
1 1.099 0.518 exp .CC Kn Kn

Kn
 (10-26) 

Table 10-1. The isothermal-slip coefficient, mc , for different values of .
 1.00 0.95 0.90 0.85 0.80 

mc  1.1006 1.2106 1.3321 1.4673 1.6185 



218 Analytical Methods for Problems of Molecular Transport

      

The Millikan experimental data and analytical results are presented in Table 
10-2.  A comparison of experimental results with the theory for the slip-flow 
regime is illustrated by Fig. 10-1.  It can be easily seen that the best 
agreement between the theoretical and experimental data for this regime is 
reached when 0.95 .  For this case the discrepancy of results is less than 
0.5% for 0.1Kn .  This excellent agreement of data is an additional 
confirmation of the sufficiently high accuracy of Eq. (10-23). 

3. THE THERMAL FORCE PROBLEM. 

In Section 7.4 the problem of thermal forces (thermophoresis) on aerosol 
particles in the free-molecular regime was considered.  Here, this problem 
will be examined in the slip-flow regime.  A quantitative knowledge of 
thermophoresis is of great importance in many areas such as optical fiber 
fabrication, nuclear reactor safety, micro-contamination control, etc. 

Thermophoresis has been studied extensively, both experimentally [10-
18] and theoretically [19-29].  In spite of the numerous articles associated 
with this problem, both the experimental data and the theory remain 
controversial.  The former due to the difficulties in measuring the relatively 
small effect because of competing phenomena, and the latter because of the 
approximations employed in the theoretical efforts.  None of the previous 
work, with the exception of Loyalka [29], has attempted to solve this 
problem in its general form.  Loyalka’s work contains the most general 
numerical analysis that may be used to obtain results for all Knudsen 
numbers. 

Table 10-2. Comparison of experimental and theoretical values of drag on a sphere. 
thD

1Kn expD =1.00 =0.95 =0.90 =0.85 =0.80 
1 0.6633 1.1803 1.1883 1.1970 1.2063 1.2163 
2 0.4870 0.6284 0.6315 0.6348 0.6383 0.6420 
4 0.3113 0.3368 0.3384 0.3401 0.3417 0.3434 
6 0.2265 0.2331 0.2344 0.2358 0.2371 0.2384 
8 0.1774 0.1790 0.1802 0.1814 0.1825 0.1837 

10 0.1456 0.1455 0.1466 0.1477 0.1487 0.1498 
12 0.1234 0.1227 0.1237 0.1247 0.1257 0.1266 
14 0.1071 0.1061 0.1070 0.1079 0.1089 0.1098 
16 0.0946 0.0935 0.0943 0.0952 0.0961 0.0969 
18 0.0847 0.0836 0.0844 0.0852 0.0860 0.0868 
20 0.0766 0.0756 0.0763 0.0771 0.0778 0.0786 
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Consider the various aspects of this problem within the slip-flow 
framework.  Let a single spherical particle of radius, R , be located in an 
infinite gas with a temperature gradient T , which is constant at large 
distances from the particle.  All the other conditions have been specified in 
Section 7.4.  For the slip-flow regime, it is shown here that the Navier-
Stokes equations may be applied, with boundary conditions appropriate for 

1Kn , to the quantitative description of the thermal force.  The 
momentum and continuity equations are given by Eqs. (10-11)-(10-13).  The 
temperature distribution, both inside and outside of the particle, is described 
by the thermal conductivity equation which may be written as: 

2
2 2

1 1 sin 0 .
sin

T Tr
r rr r

 (10-27) 

The proper slip-flow boundary conditions for the motion of the gas at the 
particle surface are defined by the relations: 
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Figure 10-1. Comparison of the experimental and theoretical values of the drag on a sphere.
Theoretical values are given by the solid line.  Experimental points are obtained from the 
interpolation formula of Buckley and Loyalka [8] for 0.95 .
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0 ; ,rv r R  (10-28) 

0

1 1 ; ,r
m Tsl

v v Tv c r c r R
r r r RT

 (10-29) 

where Tslc  is the thermal-creep coefficient.  The most exact analytical 
expression for Tslc  is given by Eq. (8-88).  At large distances from the 
particle we have: 

0 .rv v  (10-30) 

The appropriate boundary conditions for the thermal conductivity equation 
have the form: 

; ,g p
g p

T T
r R

r r
 (10-31) 

; ,g
g p T

T
T T c r R

r
 (10-32) 

cos ; ,gT T r r  (10-33) 

where Tc  is the temperature-jump coefficient.  The most exact expression 
for Tc  is given by Loyalka’s formula, Eq. (8-50).  The solutions of Eqs. (10-
11)-(10-13) and (10-27) can be presented in the form: 

3 cos ,r
A Bv

rr

3 sin ,
22

A Bv
rr
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0 2 cos ,Bp p
r

1
0 2cos cos ,g

CT T T r
r

0 2 cos ,pT T C r

where the constants A , B , 1C , and 2C  can be found from boundary 
conditions.  By means of Eq. (10-17), the following expression is obtained 
for the thermal force: 

2

0
12 ,Tsl m T

R T
c

T
F  (10-34) 

where the quantities m  and T  are defined by: 

1 ,
1 3m

mc Kn

.
1 2 2

g p T
T

g p T

c Kn

c Kn

The trustworthiness of the results obtained here may be analyzed by 
comparing the thermal force values given by Eq. (10-34) with Loyalka’s 
numerical values [29].  For this comparison, the thermal force expression of 
Eq. (10-34) must be transformed into the form used by Loyalka.  It is 
convenient to introduce a dimensionless thermal force, TF , by means of the 
relation: 

2
0

0
,T

T
p R F

T
F  (10-35) 

where, TF , may be written as: 

275
32 ,T Tsl m TF Knc  (10-36) 



222 Analytical Methods for Problems of Molecular Transport

      

and molecules are assumed to be rigid spheres.  It is important to note that 
TF  depends on the nature of the aerosol particle through the accommodation 

coefficients, the Knudsen number, and the ratio of the thermal conductivity 
coefficients of the gas and the particle.  Let the accommodation coefficients, 

1T .  For this case, the slip and jump coefficients are specified by: 

1.0193 , 1.1006 , 2.0633 .Tsl m Tc c c

A comparison of the results obtained from Eq. (10-36) with Loyalka’s 
numerical results [29] is given in Table 10-3.  It should be noted that the 
results reported here as Loyalka’s were transformed in a simple fashion to 
conform to the current notation.  One can see that the discrepancy between 
these results is very small. 

One may further compare the theoretical results with the experimental 
values for TF  that have been reported by Jacobsen and Brock [15].  The 
experimental results for sodium chloride aerosols in argon can be fitted, for 

10 4Kn , by the expression: 

5
4exp

exp ,TF
Kn

 (10-37) 

where the constant 0.48 .  The theoretical and experimental results are 
presented in Table 10-4.  A graphical comparison of these values is shown in 

Table 10-3. The reduced thermal force, TF .

TF
10.0p g 100.0p g

1Kn  Eq. (10-36) Loyalka [29] Eq. (10-36) Loyalka [29] 
1.2463 2.0175 2.2056 1.9936 2.1378 
1.6617 1.7303 1.7965 1.6972 1.7099 

Table 10-4. The reduced thermal force on NaCl aerosol particles. 

TF TF

1Kn
experimental 

[15]
theoretical 
Eq. (10-36) 1Kn

experimental 
[15]

theoretical 
Eq. (10-36) 

1.00 2.4300 2.2059 2.50 1.1828 1.2654 
1.25 2.1552 1.9879 2.75 1.0490 1.1690 
1.50 1.9115 1.8006 3.00 0.9304 1.0832 
1.75 1.6935 1.6387 3.25 0.8252 1.0066 
2.00 1.5036 1.4977 3.50 0.7319 0.9378 
2.25 1.3336 1.3742 3.75 0.6491 0.8759 
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Fig. 10-2.  One can easily see that the agreement of the theory with the 
experiment is within 10% for the very narrow region of inverse Knudsen 
number, 10 3Kn .  A substantial discrepancy occurs outside this region, 
however, and further experimental and theoretical work is clearly necessary 
before an acceptable understanding of the whole slip-flow region is possible. 

One contributing factor to the discrepancy between theory and 
experiment is that the theory does not take into account all of the first-order 
boundary effects.  A strict theory must account for corrections that are 
proportional to Kn  for the thermal-creep.  These additional terms occur due 
to surface curvature and to Barnett’s thermal stresses [30].  The influence of 
all the corrections that are proportional to Kn  on the thermophoresis of 
aerosol particles has been analyzed in [30].  Unfortunately, the accuracy of 
the additional terms was not sufficiently discussed and, moreover, a kinetic 
theory analysis of these phenomena leads to very complicated calculations 
that are of the same order of difficulty as an appropriate solution for all 
Knudsen numbers.  Consequently, it stands to reason that the most reliable 
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Figure 10-2. A comparison of experimental and theoretical reduced thermal forces for NaCl. 
Theoretical values from Eq. (10-36) are shown as a solid line and experimental values 
reported in [15] are shown as solid circles.
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theory must ultimately be based on the direct solution of the Boltzmann 
equation by use of different moment methods. 

PROBLEMS 

10.1.  A sphere suspended in a gas has radius, R , and temperature, 
0 0T T T T .  Determine the heat flux and the temperature 

distribution for the surrounding gas if its number density and temperature far 
from the sphere are 0n  and 0T , respectively.  Solve this problem for the slip-
flow regime. 

Solution:  The temperature distribution can be determined from the 
Laplace equation: 

2
2

1 0 .Tr
r rr

The boundary conditions are: 

0 T
r R

TT T T c
r

 and 0 ; .T T r

The solution of this boundary problem may then be expressed as: 

1

0 ; 1 .T
RT r T T c
r R

The heat flux then takes the form: 

24 4 .
r R

TQ R R T
r

10.2.  To maintain the constant surface temperature, 0T T 0T T , of 
a sphere (radius R ), there is a heat source of power, Q , located at the center 
of the sphere.  Determine the thermal conductivity coefficient of the 
surrounding gas if its number density and temperature far from the sphere 
are 0n  and 0T , respectively.  Solve this problem for the slip-flow regime. 

Solution:  Using the expression for the heat flux obtained in Problem 
10.1, one has that: 
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1

; 1 .
4 T

Q c
R T R

10.3.  One method of measuring the thermal conductivity of a gas is to 
determine the loss of heat through the gas from a hot sphere of radius, R .
For the same conditions used in Problem 10.2, determine a calculation error 
for the thermal conductivity coefficient of the gas if the temperature-jump at 
the surface of the sphere is not taken into account. 

Solution:  In the continuum regime, the thermal conductivity coefficient 
is given by: 

0 .
4

Q
R T

Using the result of Problem 10.2, one can obtain: 

0 11 .Tc
R

10.4.  Determine the heat flux and temperature distribution of a gas between 
two concentric spheres the radii and temperatures of which are 1 0,R T T
and 2 0,R T T , respectively.  Assume 0T T .  The equilibrium number 
density of the gas is 0n .  Solve this problem for the slip-flow regime. 

Solution:  The temperature distribution is given by: 

.AT r B
r

The two constants, A  and B , are determined from the boundary conditions: 

1 0 ,T
TT R T T c
r

 and: 

2 0 .T
TT R T T c
r

The temperature distribution and the thermal flux may be expressed as: 

1 1
0

0 1 2 2

21 1 1 ,T T
R RTT r T c c

T r R R R
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18 ,Q R T

1

1

1 2 2

1 1 .T T
Rc c

R R R

10.5.  Determine the heat flux and temperature distribution of a gas between 
two coaxial cylinders the radii and temperatures of which are 1 0,R T T
and 2 0,R T  for the inside and outside cylinders, respectively.  Assume 

0T T .  Solve this problem for the slip-flow regime. 
Solution:  The temperature distribution may be found from the following 

boundary problem: 

1 0 ,Tr
r r r

1 0 ,T
TT R T T c
r

2 0 .T
TT R T c
r

After some calculations, one can obtain: 

2 2
0

0 2 1 1 2

ln
1 ,

ln 1 1
T

T

r R c RTT r T
T R R c R R

 and: 

1

2

1 1 2

1 12 ln .T
RQ T c
R R R

10.6.  One method of measuring the thermal conductivity of a gas is to 
determine the loss of heat through the gas from a long hot wire enclosed by a 
cylinder having a radius much greater than that of the wire.  If the thermal 
power generated per unit length of the wire, Q , and the temperature 
difference, T , are measured during the experiment, determine the thermal 
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conductivity coefficient of the ambient gas.  Assume that the temperature of 
the external cylinder is 0T  and that slip-flow conditions are satisfied during 
this experiment. 

Solution:  Using the expression for the heat flux from Problem 10.5 and 
allowing for R r , one can obtain: 

ln .
2 T

Q R c
T r r

10.7.  For the conditions given in Problem 10.6, determine the relative error 
of the predicted values of the thermal conductivity coefficient of the ambient 
gas if the temperature-jump at the surface of the wire is neglected. 

Solution:  In the continuum regime, the thermal conductivity coefficient 
is given by: 

0 ln .
2

Q R
T r

From this one may generate the following relative error: 

0 .
ln

T

T

c r
R r c r

10.8.  Two flat parallel round disks of equal radius, R , are separated by a 
small distance, h R .  While the lower disk is stationary, the upper disk 
moves toward it with a velocity, u .  Determine the resistance force on the 
upper disk for the slip-flow regime.  Use the geometry in Fig. 10-3. 
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Solution:  The motion of the gas in this problem is axially symmetric 
such that 0u  and, therefore, the Navier-Stokes system of equations in 
cylindrical coordinates may be written as [1]: 

1 0 ,z
r

uru
r r z

2 ,r
r

u pu
rr

,z
pu
z

 where: 

2

2
1 .f ff r
r r r z

It may readily be shown that ~zu u  and ~ru R h u  and, therefore, that 
r zu u .  For the partial derivatives, one can obtain the following estimates: 

~ ,ru Ru u
r Rh h

2~ ,ru Ru R u
z hh h

Figure 10-3. The geometry to be used in Problem 10.8 in determining the resistance force on 
a flat, round disk in the slip-flow regime due to its approach to an identical, parallel, 
stationary disk.
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2~ ,z
uu V
h

2

~ ~ .p kT V
z mh h

Consequently: 

~ 1zu u
p z V h

, and ~ 1 .r

r

u r h
u z R

Taking into consideration these estimates, one can reduce the Navier-Stokes 
system to the form: 

1 0 ,z
r

uru
r r z

 (P-1) 

2

2 ,ru p
rz

 (P-2) 

0 .p
z

 (P-3) 

The boundary conditions may be expressed as: 

0 , 0 , ,r
z r m rz m

uz u u c P c
z

, , ,r
z r m rz m

uz h u u u c P c
z

0, .r R p p

From Eqs. (P-2) and (P-3) and the boundary conditions, one can obtain: 
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1
2

.r m
dpu z z h c h
dr

Integration of Eq. (P-1) yields: 

3

0

1 1 6 .
12

h

r m
h d dpu ru dz r c

r r r dr dr h

From this relation, the pressure may be expressed in the form: 

2 2
0 3

3 .
1 6 m

up p R r
h c h

The resistance force on the upper disk is then given by: 

4
3
2 3z

R uF
h

 where 
1

1 6 .mc
h

10.9.  Determine the velocity distribution and the net mass transport of a gas 
flowing along a cylindrical tube owing to a pressure gradient, dp dx .  The 
tube radius is R .

Solution:  The gas velocity has only an x -component which depends 
only on the radial coordinate, r .  The Navier-Stokes system may be written 
as: 

1 1 ,d du pr
r dr dr x

0 .p
r

The slip-flow boundary condition is given by: 

.m
uu R c
r

The solution of this boundary problem can be written as: 
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2 21 1 2 ,
4 m

dpu r R c r
dx R

 with const .dp
dx

The net mass transfer is given by: 

4

0

2 1 4 .
8

R

m
R dpM rudr c

dx R
 (P-4) 

10.10.  Determine the pressure difference at the ends of a cylindrical tube of 
radius, R , and length, L , if the net mass transfer through the tube is M .
The gas flow is assumed to be isothermal. 

Solution:  The pressure gradient may be expressed in the form (see 
Problem 10.9): 

4
1 1

8 ,
4 m

dp kTM
dx mR p c p R

where 1p  and 1  are the pressure and mean free path at the entrance of the 
tube.  Integrating this expression, one can obtain: 

1 2

1 2 1 1 24 2
1 1

161 4 1 1 .
1 4

m
m

kTMLp p p c R
mR p c R

10.11.  Two vessels containing the same gas at the different temperatures, 1T
and 2T , are connected by a long cylindrical tube of radius, R .  There exists a 
pressure difference between the vessels owing to the phenomenon of 
thermal-creep.  Determine this pressure difference and the velocity 
distribution of the gas in the tube. 

Solution:  The net mass transfer per unit time, ignoring transfer in the 
Knudsen layer, may be written as (see Problem 10.9): 

4
21

8
11 4 .m Tsl

R dp dTM c c R
R dx T dx

The mechanical equilibrium condition, 0M , gives the following relation: 

2

2
81 4 .Tsl

m
k cdp dTp c

R dx dxmR
 (P-5) 
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If one takes into consideration that ~ 1 p  and ~ T , this equation may 
be transformed to: 

2
11

1 2
1

84 .Tsl
m

k cdp dTp c p T
R dx dxmR T

Integrating this expression, one obtains: 

1 2 2
2 1 1 2 11 1p p p A T T  where: 

1
11 4 mc

R
 and 

2 2
1

2 2
1 1

8 .Tslk cA
mT p R

The velocity distribution is then given by: 

2 21 11 2 .
4 m Tsl

dp dTu R c r c
R dx T dx

Substituting dp dx  into this relation from Eq. (P-4), one obtains: 

2

2
2 11 .Tsl

r dTu r c
T dxR

For 0r  and r R , the gas velocity has opposite signs. 

10.12.  For the same conditions used in Problem 10.11, determine the 
pressure difference if the variation in the mean velocity due to thermal-creep 
in the Knudsen layer is taken into account. 

Solution:  The mean velocity due to the temperature gradient is given by 
Eq. (8-87) and may be expressed in the form: 

11 expth Tsl
dTu r c R r

T dx
 where: 

0.3882
,

0.4354 0.2179
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and 12.2015 .  Taking into account the mass transport in the 
Knudsen layer, Eq. (P-5) from Problem 10.11 may be cast in the form: 

1 2

2
821 4 1 .Tsl

m
k cdp dTp c

R R dx dxmR

The pressure difference is given by: 

1 2 2
2 1 1 1 1 2 11 1p p p A T T  where: 

1
1

1
21 4 mc

R
 and 

2 2
1 1

1 2 2
1 1

8 .Tslk cA
mT p R

10.13.  Two capillary tubes having an equal length, L , but different radii, 
1R  and 2R  where 1 2R R , are connected at each end to form a closed loop 

(see the figure).  The ends of the capillary tubes are maintained at the 
temperatures, 0T  and 0T T  where 0T T , as shown in Fig. 10-4.  
Determine the net mass transfer through any cross section of either tube that 
is due to a circular motion of the gas.  The gas parameters,  and , are 
assumed to be constant and the isothermal end connections are assumed to 
make no contribution to the flow. 

Solution:  The solution for the net mass transfer from Problem 10.9 may 
be presented in the form: 

4 2
0

1
8

i Tsl i

i i

M cdp dT
dx T dxR R

 where: 

Figure 10-4. The geometry to be used for Problem 10.13 in determining the net mass transfer 
in a closed capillary loop with different radii and end temperatures.
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1

1 4 .i m
i

c
R

Integrating over all values of x  along a closed path, one can obtain: 

2 2 2 2
1 2 1 2 2 1

4 4
0 1 2 2 1

.Tsl
R R R RTM c

T L R R

10.14.  A sphere of radius, R , is rotating with an angular velocity, , such 
that 1 22R kT m .  Determine the torque, K , on the sphere in the slip-
flow regime.  Use the geometry in Fig. 10-5. 

Solution:  Owing to the axial symmetry of this problem, the mean 
velocity of the gas has only one component, , ,u r u r .
Additionally, one also has that constp .  The Navier-Stokes system of 
equations thus reduces to a single equation given by [1]: 

Figure 10-5. The geometry to be used in Problem 10.14 in determining the torque on a 
rotating sphere in the slip-flow regime.
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2
2 2 2 2

1 1 sin 0 .
sin sin

u u ur
r rr r r

The boundary conditions may be expressed as: 

sin m ru R R c P R  and 0u  where: 

.r
r R

u uP R
r r

Let ,u r  be expressed in the following form , sinu r f r .
Then, the function, f r , may be determined from the equation: 

2 2 0 .d dfr f
dr dr

The solution of the above boundary problem is then: 

3

2, sin ,Ru r
r

3 sin ,rP R

2 23 sin ,dF R d d

where 11 3 mc R .  The net torque, xK , is then: 

2
3

0 0

sin 8 .xK R d dF d R

10.15.  An infinite cylinder of radius, R , is rotating with an angular velocity, 
, such that 1 22R kT m .  Determine the torque per unit length in the 

slip-flow regime. 
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 Solution:  The mean velocity of the gas possesses only one component, 
u u r .  Additionally, constp .  The velocity distribution may be found 
from the following boundary problem: 

2
1 0 ,u ur
r r r r

m ru R R c P R  and 0 ,u  where: 

.r
u uP R
r r

The solution of this problem may be expressed as: 

2Ru
r

 and 2rP R  where 1 2 .mc
R

The torque is then given by 24xK R  where the direction of the 
angular velocity vector, , is in the direction of the x -axis. 

10.16.  In the steady flow of a gas between two parallel planar surfaces, if 
1d  (the slip-flow regime) determine the average gas speed, u , owing 

to a constant pressure gradient, constdp dy , where the velocity is 
assumed 1-dimensional in the y -direction. Use the geometry in Fig. 10-6. 

Solution:  The gas flow may be described by Eqs. (10-8) and (10-9) 
which, for this particular case, take the form: 

0yu
y

,
2

2
u p

yx
, 0p x ,  and yu u x .

Figure 10-6. The geometry to be used for Problem 10.16 in determining the average speed of
a steady gas flow between two, parallel, planar surfaces in the slip-flow regime.
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The boundary conditions are given by 2 mu d c u x  and 
2 mu d c u x .  This statement of the problem then yields: 

2 2
1 1

12
2

1 6 .
d

m
d

d dpu d u x dx c
d dy
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Chapter 11 

BOUNDARY VALUE PROBLEMS FOR ALL 
KNUDSEN NUMBERS 

1. THE MOMENT EQUATIONS IN ARBITRARY 
CURVILINEAR COORDINATES. 

The most advanced analysis possible for boundary value transport 
problems involving arbitrary Knudsen number and for various molecular 
interaction laws must be founded on the solution of the Boltzmann equation.  
In the transition regime, the effects of intermolecular collisions become 
dominant and their influence on the gas behavior is accurately described 
only by the full Boltzmann form of the collision operator found in the 
Boltzmann equation.  For this reason, different model forms of the collision 
integral and model equations will not be considered here. 

There are two kinds of difficulties associated with the solution of the 
Boltzmann integro-differential equation [1].  The first difficulty is connected 
with the direct solution of this equation in which the distribution function 
depends, in the general case, on seven independent variables.  It is well 
known that the difficulty in solving differential equations increases very 
rapidly with the number of independent variables.  The second difficulty is 
associated with the very complicated non-linear structure of the collision 
term in the Boltzmann equation. 

The first difficulty may be overcome by replacing the Boltzmann 
equation with a system of equations for macroscopic values (moments).  
Such a moment system involves, in general, functions of only four 
independent variables and, thus, the difficulty of solution does not increase 
to the same level as it would with the Boltzmann equation due to this lesser 
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number of independent variables.  Additionally, for specific transport 
problems involving stationary or symmetry conditions, the number of 
independent variables may even be less than four.  The second difficulty 
may be overcome, for some applied transport problems, through the process 
of linearization.  This may be done, however, only if the appropriate 
linearization conditions are physically satisfied. 

In order to investigate boundary value transport problems for all Knudsen 
numbers a moment method is considered.  Instead of seeking exact solutions 
of the Boltzmann equation, this equation may be satisfied in a certain 
average sense.  For boundary value transport problems, one is often not 
particularly interested in the distribution function itself since only certain 
lower moments of this function have the practical significance of being 
connected with the macroscopic values that describe the gas.  Since one is 
mainly interested in mean flow quantities rather than the distribution 
function itself, the Maxwell integral transport equations, or moment 
equations, will be taken as the basis of the theory of transport phenomena for 
arbitrary Knudsen number. 

The general moment equation can be obtained by multiplying the 
Boltzmann equation by the function, Q v , of the components of the 
molecular velocity and integrating over the velocity space.  The general form 
of this equation was derived in [2].  The transport moment equation of the 
molecular property, Q v , in arbitrary, orthogonal, curvilinear coordinates, 
has the following form: 

3

11 2 3

3 3
2

1 1

2

1

1

1 ,

j k i
i i

ji i
j i j

i ii i j i j

k i
k i k

i k i k i

fQ d h h fv Q d
t h h h

hF hf Q d f v v v
m v h h

h hv v v Q d n Q
h h v

v v v v

v v

v v v

 (11-1) 

where 1 2 3, ,  are the curvilinear coordinates, 1 2 3, ,ih  denotes the 
metric coefficient such that i i idl h d , iF  is the component of the external 
force acting on a molecule, and the moment of the collision operator has 
been expressed in standard notation as ( )n Q v .  For the spherical and 
cylindrical geometries these metric coefficients can be written as: 

1 2 3

1 2 3

,
1 sin ,
r

h h r h r
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and: 

1 2 3

1 2 3

,
1 1 .
r z

h h r h

For the stationary problem with radial symmetry, in the absence of 
external forces, the general moment equation, Eq. (11-1), takes the following 
form [2,3]: 

2 2

2

1 1 1

1 cot

1 cot ,

j
rj

r

r

r

d r fv Q d f v j v Q
dr r vr

j v v v Q
v

j v v v v Q d Rn Q
v

v v v

v

v v v

 (11-2) 

where, for the cylindrical problem, 1j , for the spherical problem, 2j ,
Rr r  is a dimensionless radial vector and R  is the radius of the sphere or 

cylinder. 
If Q v  is successively selected to be the collisional invariants, m , rmv ,

and 21
2 mv , for which ( ) 0n Q v , one can obtain the ordinary continuity 

equation, and the radial momentum and energy transport equations.  These 
moment equations are usually employed in all boundary value transport 
problems.  Other equations can be obtained by using the arbitrary functions, 
Q v .  It is necessary to note, however, that such a system of moment 
equations will never be closed as the number of the unknown moments is 
always greater than the number of moment equations.  A common feature of 
all moment methods is their inclusion of some technique for closing the 
moment system.  Typically, the technique for closing the moment system 
consists of making a special choice of the distribution functions so that they 
contain a certain number of unknown quantities that depend upon the 
various coordinates and time.  The number of these unknown quantities must 
be equal to the number of moment equations and thus is a characteristic of 
the order of a given moment approximation. 

Two ways may be distinguished by which to close the moment system.  
The first is based on the use of polynomial expansions in velocity space for 
the distribution function.  The coefficients in this expansion are unknown 
functions of time and space but may be determined from the moment system 
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if one employs a final number of expansion terms and uses an equal number 
of moment equations [4-7]. 

The second method of closing the system of moment equations involves 
making a special choice for the distribution function that is pertinent to the 
specific transport problem under consideration [2,3,8-12].  Simple 
approximate functions may be chosen if one takes into account conditions 
specific to the problem.  However, one must insure that the distribution 
function chosen has the features normally characteristic of both the free-
molecular and continuum regimes. 

Mott-Smith [13], to describe planar shock waves, was the first to suggest 
the use of the discontinuous Maxwellian distribution function.  This idea was 
then generalized by Lees and Liu [2,3] for arbitrary curvilinear geometries.  
At present, the distribution functions proposed by Mott-Smith and Lees are 
considered to be the most suitable for the solution of boundary value 
transport problems.  The Lees method will be discussed in the next section. 

2. THE TWO-SIDED MAXWELLIAN 
DISTRIBUTION FUNCTIONS. 

As mentioned above, for arbitrary Knudsen number it is most convenient 
to use a moment method.  Any moment method is an integral method.  Just 
as in any other integral method, the distribution function that is employed is 
not necessarily an exact solution of the original Boltzmann equation.  
Nevertheless, this function must have features common to both the free-
molecular and continuum distributions.  It is also desirable that the 
distribution function be adaptable in such a fashion as to satisfy the 
boundary conditions.  The best distribution function satisfying these 
conditions for the Maxwellian boundary model is that proposed by Lees and 
Liu [2,3].  In the Lees method the distribution function is assumed to be two-
sided Maxwellians which are discontinuous on the surface of the ‘so-called’ 
‘cone of influence’ in the velocity space.  Consider the arbitrary point, 
M r , where r  is a dimensionless position vector.  For each specified point 
there exists a cone of influence the surface of which is formed by tangents to 
the particle surface passing through the point, M r .  At this point it is 
necessary to distinguish two regions in the molecular velocity space.  In the 
body coordinates all the outwardly directed molecular velocity vectors lying 
within the cone of influence are considered to belong to the second region in 
the velocity space.  All other molecules belong to the first velocity set, 
denoted as region 1.  For these velocity regions, the simplest distribution 
function having a discontinuous structure and being capable of exhibiting a 
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smooth transition between the free-molecular and continuum regimes is the 
two-sided Maxwellian distribution given by: 

23 2
1

1 1
1 1

,
, exp ,

2 , 2 ,
m tmf n t

kT t kT t
v u r

r
r r

 (11-3a) 

and: 
23 2

2
2 2

2 2

,
, exp ,

2 , 2 ,
m tmf n t

kT t kT t
v u r

r
r r

 (11-3b) 

where ,in tr , ,iT tr , and ,i tu r  are ten unknown functions of position 
and time.  These ‘so-called’ characteristic densities, temperatures, and mean 
velocities form the basic set of parameters over which all of the moments of 
the distribution function and, therefore, all of the macroscopic quantities for 
a gas, may be calculated.  As one can see, the two-sided Maxwellian 
distribution function is a straightforward generalization of the distribution 
function for free-molecular flow. 

Such a choice for the distribution function gives a chance to close the 
moment system but, unfortunately, it limits the number of moment equations 
and consequently the accuracy of this analysis.  An improvement in the 
accuracy can be achieved by the use of the ‘so-called’ modified two-stream 
Maxwellians proposed by Krook [14] and described in detail by Kogan [15].  
For various regions of the velocity space these modified two-stream 
Maxwellians can be represented by: 

3 2 2

exp 1 ,
2 2

i ii
i i k k kl k l

i i

mmf n A v A v v
kT kT

v u
(11-4) 

where, 1i  for the first region and 2i  for the second.  The functions in ,
iu , iT , i

kA , and i
klA  depend on r  and t  in the general case. 

To facilitate the employment of the discontinuous distribution functions 
given by Eqs. (11-3a), (11-3b), and (11-4), one should attempt to represent 
these functions by analytical formulas that might be suitable for the entire 
velocity space [16].  For two specific geometries of interest, this type of 
representation will be discussed in detail. 

For the spherical geometry, at each space point, M r , there exists a 
cone of influence, the surface of which is described by the equation 0 ,

0 arcsin R r , where R  is the radius of the particle, Rr r , and  is 



244 Analytical Methods for Problems of Molecular Transport

      

the angle between vectors v  and r  (Fig. 7.1).  In velocity space, the cone of 
influence divides the molecules into two groups with distribution functions 

1f  and 2f  ( 2f  describes the molecules for which 0, cosr r rv v v v ; 1f
describes all other molecules).  In the full velocity space the distribution 
function may be expressed as [16]: 

1 1
1 2 2 12 2 sign .r rf f f f f v v  (11-5) 

This is a representation of the distribution function that is very convenient to 
use in a moment system. 

Figure 11-1. The cone of influence in cylindrical coordinates. 
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Now, consider the corresponding representation for the cylindrical 
geometry shown in Fig 11-1.  While still traditionally termed a ‘cone of 
influence,’ the region is actually tent-shaped and is bounded by the two 
planes passing through the point M r  and lying tangent to the surface of 
the cylinder.  The cylinder, which nominally has a dimensional radius of R ,
is shown in Fig. 11-1 in dimensionless form where Rr r  and thus the 
cylinder has a dimensionless radius of unity.  Let , ,r zv v v  and , , zv v  be 
Cartesian and cylindrical coordinates in velocity space, respectively.  Now 
consider an arbitrary velocity, r zv v v v .  From Fig. 11-1 one can see 
that rv v v  with sinrv v  and cosv v .  The velocity 
component, zv , which is the same in both coordinate systems, is not shown 
in Fig. 11-1 which is only a two-dimensional representation, but it may be 
envisioned as projecting normally upward from the plane of the page 
perpendicular to the components, v  and rv .  If one defines sinrv v
for the special case when v  and v  both lie on the surface of the cone of 
influence, i.e. when arccos 1 r , then from Fig. 11-1 one can 
conclude that all molecules for which r rv v  belong to the second region of 
the velocity space in which the angle, , varies over the domain 

.  For all of the remaining molecules, r rv v  and the 
molecules belong to the first region for which 2 .
Eliminating the angular dependence, rv  is given in terms of v  and r  by: 

1 221 .rv v r  (11-6) 

This analysis allows one to write an expression for the distribution function 
in the full velocity space in the same form as that given by Eq. (11-5) which 
is a form of the distribution function that allows one to find all of the 
moments necessary to construct the moment system.  The next section 
contains an analytical method for the calculation of these moments for both 
the spherical and cylindrical geometries. 

3. MOMENTS OF DISCONTINUOUS 
DISTRIBUTION FUNCTIONS. 

Let value Q v  be any function of the molecular velocity, v .  Then, the 
mean value of Q v , being a moment of the distribution function, can be 
calculated by the formula: 
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1 2
1 2

1 2 1
1 2 2 2

,

nQ Q f d Q f d

Q f d Q f d Q f d

v v v v v

v v v v v v
 (11-7) 

where i  and 1 2  are interpreted to mean integration over the specified 
region of the velocity space and the entire velocity space, respectively.  For 
the spherical geometry, integration over velocities lying within the cone of 
influence proceeds according to the formula: 

02
2

2 0 0 0

sin ,d v dv d dv  (11-8) 

where 0 arcsin 1 r  and r  is the dimensionless radial coordinate of the 
point, M r .  The relationships between spherical and Cartesian 
coordinates in velocity space are: 

cos , sin sin , sin cos .rv v v v v v

Thus, the same integration for the cylindrical geometry proceeds according 
to the formula: 

2 0

,zd v dv dv dv  (11-9) 

where arccos 1 r  and sinrv v , cosv v , and z zv v .
For example, one may calculate the gas number density in the four-

moment approach for which the Lees distribution function is given by: 

3 2 2

, exp ; 1; 2 ,
2 , 2 ,i i
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kT t kT t
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 (11-10) 

Using Eq. (11-7) with 1Q v , one obtains for the spherical geometry: 
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where 
1 221x r  and 1 22i im kTc v .  The appropriate expression for 

the cylindrical geometry is then given by: 

1 1
1 2 2 12 2

2 ,n n n n n  (11-12) 

where arccos 1 r .  Other moments can be calculated in the same way. 

4. ANALYTICAL EXPRESSIONS FOR THE 
BRACKET INTEGRALS. 

Let this analysis be confined to a description of linearized transport 
problems in which the four-moment approach is used.  The characteristic 
densities and temperatures in Eqs. (11-3a) and (11-3b), for these linearized 
problems, may be written as: 

0, 1 , ,i in t n tr r  (11-13a) 

0, 1 , .i iT t T tr r  (11-13b) 

The corrections, i  and i , are assumed to satisfy the following conditions 
1i  and 1i .  The two-sided Maxwellian distribution function takes 

the form: 

0 2 3
21 , , ,i i if f t c tr r  (11-14) 

where: 
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0 2
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exp .
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In the full velocity space, for the spherical and cylindrical geometries, this 
distribution function may be expressed, according to Eq. (11-5), as: 

0 2 31 1
2 2 2

2 31 1
2 2 2

1

sign ,r r

f f c

c c c
 (11-15) 

where 2 1  and 2 1 .
If the specific molecular properties, 2 21, , ,r rc c c c , are substituted into 

Eq. (11-2) instead of Q v , then four-moment equations will be produced.  
The right-hand-side of the fourth equation will contain the following bracket 
integrals: 

2 2 2sign , , sign , .r r r r r rc c c c c c c c c

Consider the first of the above bracket integrals when molecules are 
assumed to act as rigid spheres.  For the spherical geometry, this integral has 
the following analytical form: 
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Here, the relations given in Appendix A are used to specify the components 
of the relative velocity vector, g , before and after a collision. 

From Eq. (11-16) one can see that this integral depends only on the radial 
coordinate, r .  Two limiting values of this integral may easily be found.  On 
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the particle surface, when 1r , the integrand has the usual form 
encountered in planar transport problems.  This integral may be expressed as 
[16]: 

1 2
2 2 202

31

2sign , sign , .r r r r r
r

kTc c c c c c c
m

In the other limit, when r , sign 1r rG g G g  and, therefore, 
the integrand is an odd function with respect to the components of the 
molecular velocity, , ,rG G G .  Consequently, in this limit one has: 

2lim sign , 0 .r r rr
c c c c

For arbitrary values of r , these multiple integrations result in very 
cumbersome algebraic calculations.  After integration with respect to the 
variables , , and g , and after introducing the new variables rG xg ,
G yg , G zg , and cos t , this integral becomes: 

1 22
12 0

12

96sign , ,
2r r r

kTc c c c I r
m

 (11-17) 

where: 

0

1 2
1

1
1 0

, , , , ,
x

I r dt d dy dz F t y z x dx

2 2 21
3

52 2 2

1 cos 1 sin
, , , , ,

1

x t yt t zt t
F t y z x

x y z

and: 

2 2 2 2
0

1 2 1 22 2

1 2 1 cos

2 1 sin 1 .

x t t y z y t

z t r
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For the cylindrical geometry the integrand is the same, but it is 
convenient to perform the first integration over all values of z  as the lower 
limit of the integral with respect to x  does not depend on z .  In this case, 
the bracket integral may be written as: 

1 22
12 0

22

96sign , ,
2r r r

kTc c c c I r
m

 (11-18) 

with: 

0

1 2
1

2
1 0

, , , , ,
x

I r dt d dy dx F t y z x dz

and: 

1 22 2
0 1 cos 1 .x t y t r

In the same way, analogous expressions may be obtained for the second 
bracket integral that is contained in the right-hand-side of the heat flow 
transport equation.  For the spherical geometry this integral may be 
represented as: 

1 22
22 2 0

12

240sign , ,
2r r r

kTc c c c c I r
m

 (11-19) 

with: 

0

1 2
2

1
1 0

, , , , , , , , ,
x

I r dt d dy dz F t y z x t y z x dx

and: 

2 2 2 2 2

2 2 2

, , , ,

1 2 2 1 cos 2 1 sin
.

1

t y z x

x y z xt y t z t

x y z
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For the cylindrical geometry, the appropriate integral is given by: 

1 22
22 2 0

22

240sign , ,
2r r r

kTc c c c c I r
m

 (11-20) 

with: 

0

1 2
2

2
1 0

, , , , , , , , ,
x

I r dt d dy dx F t y z x t y z x dz

The numerical values of the functions, j
iI r , are necessary to obtain 

results of practical interest for arbitrary Knudsen numbers.  The application 
of these functions will be more convenient if one introduces some special 
functions depending only on a radial coordinate by some normalization 
procedure.  Using the values of the bracket integrals for the planar geometry 
[16], one can introduce the following notation for these functions: 

1 2
12 202

3
2sign , ,r r r i

kTc c c c I r
m

 (11-21) 

1 2
22 2 202 1

3 4
2sign , ,r r r i

kTc c c c c I r
m

 (11-22) 

where the normalized functions, j
iI r , may be written as: 

1 1
2

72 ,i iI r I r

and: 

2 2
2
1440 ,
8 3i iI r I r

and in which the index, i , assumes the value of 1i  for the spherical 
geometry and assumes the value 2i  for the cylindrical geometry.  Now, 
the functions, j

iI r , have the common range, [1,0], for values of r  from 
1 to .  These special functions allow one to represent the solutions to 
many boundary value transport problems in analytical forms. 
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As one can see, the calculational procedure for the bracket integrals 
presents the main difficulty in the application of Lees’s method.  The 
aforementioned difficulty typically results in the use of various approximate 
methods which will be considered later in Sections 11.7 and 11.8.  Another 
method for simplifying the analysis is based on a specific form of the 
moment system which has been generated using some general properties of 
the Chapman-Enskog solution (see Section 11.10).  One method that may be 
used to alleviate the need for numerical values of the special functions 
described above has been discussed for cylindrical and spherical geometries 
in [17,18] and in Appendix B.  Since it is impossible to obtain these integrals 
in analytical forms, numerical values of the special functions, j

iI r ,
would be very useful for many boundary value transport problems.  Some of 
these numerical values have been given in Tables B-1 and B-2. 

5. BOUNDARY CONDITIONS FOR MOMENT 
EQUATIONS. 

In a general case the microscopic boundary conditions on the body 
surface can be formulated for reflected molecular distribution function by 
means of the dispersion operator, A , that may be expressed by the relation: 

, , ,S Sf fv r v rA  (11-23) 

where Sr  is the position radius vector for a given point on the particle 
surface.  For the arbitrary boundary model the approximating functions 
given by Eqs. (11-3a), (11-3b) and (11-4) do not coincide with the 
distribution function of reflected molecules, expressed by Eq. (11-23), for 
any values of the characteristic parameters that are contained in them.  In 
that case the boundary condition may, on the average, be satisfied only 
approximately if one uses the integral boundary model which may be written 
as: 

0 0

,Q f d Q f d
v n v n

v n v v v n v vA  (11-24) 

where n  is a unit normal vector to the surface directed into the gas and 
Q v  usually represents the molecular properties used in the moment 
equations.  For various Q v , this relation yields the necessary number of 
boundary conditions for the moments. 
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A question arises concerning what molecular properties must be used for 
a given problem on each of the sections of the boundary.  There are some 
uncertainties connected with this choice.  Nevertheless, a general 
recommendation might be useful to facilitate this choice.  Both on inner and 
outer surfaces it is convenient to use the integral form of the boundary 
conditions constructed on the integral definition of the accommodation 
coefficients.  For heat and tangential momentum transport problems, the 
following integral boundary conditions should be used: 

,n S T n S n S eq
Q Q Qr r r  (11-25a) 

.S S S eq
P P Pr r r  (11-25b) 

The second relation is the generalized form of Eq. (6-7) in which ( ( ))S eqP r
is the tangential momentum that would be carried away by reflected 
molecules if the tangential momentum accommodation coefficient were 
equal to unity.  Note that, for stationary surfaces, ( ( )) 0S eqP r .

Another way of constructing boundary conditions [4] may be used for 
transport problems for which the approximating distribution function given 
by Eqs. (11-3a), (11-3b) and (11-4) is adapted to the Maxwellian boundary 
model (for example, the single-sphere heat transport, drag and torque 
problems).  If the two-sided Maxwellian distribution function is adapted to 
the boundary model, the boundary conditions may be satisfied exactly by 
choosing certain characteristic parameters.  To simplify this analysis, one 
can use the general expression for the reflected distribution function 
(Problem 6.5) which can be written in the form: 

2 2 1 1

, 1 ,

2 22 1 ,

S S

T w Tc

c r c r
 (11-26a) 

where  is a measure of the perturbation in the distribution function from 
an absolute Maxwellian, 2c c n c n , w  is a correction to the 
temperature at the surface point, Sr , and 1  and 2  are given by: 

2
1

0

, exp ,S c d
c n

c r c n c  (11-26b) 
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2 2
2

0

, exp .S c c d
c n

c r c n c  (11-26c) 

Now, equating terms in Eq. (11-26a) with the same molecular velocity 
factors, one can obtain the boundary conditions necessary to determine the 
parameters in the two-sided Maxwellian distribution function associated 
with a given boundary value problem. 

6. THERMAL CONDUCTION FROM A HEATED 
SPHERE. 

In this section, the main features of the transition between gas-kinetics 
and gas-dynamics are analyzed by means of the four-moment approach, 
utilizing the two-sided Maxwellian distribution function to close the moment 
system.  This approach is illustrated by considering, for arbitrary Knudsen 
number, the steady heat conduction problem from a heated sphere. 

Consider the following brief statement of this problem [18].  Let a sphere 
of radius, R , be located in an infinite expanse of a gas which, far from the 
sphere, has a temperature, 0T , and a number density, 0n .  The temperature, 

0T T , of the sphere surface is supposed to be slightly different from that 
of the surrounding gas 0T T .  For this assumption the gas is near to the 
equilibrium state, and, therefore, this problem may be linearized be means of 
using the small parameters that are proportional to 0T T .

The problem being considered possesses radial symmetry, and, therefore, 
the moment equation for transport of any molecular property, Q v , is: 

2
2

2 2 2

1

1 cot

cot .

r

r
r

r

r fv Q d
rr

Q Q
v v v v v

r v v

Q
v v v v fd Rn Q

v

v v

v v

v
v v

 (11-27) 

Alternately selecting Q v  to be the collisional invariants, 1, rv , and 2v ,
for which 0Q v , one obtains the ordinary continuity, radial 
momentum, and energy equations.  Since the primary interest is in the radial 
heat flux, one also takes 2

rQ v vv  which yields a fourth moment 
equation involving this heat flux [2]. 
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For the four-moment approach the linearized distribution function may 
be used in the form given by Eq. (11-15).  From Eq. (11-27), the following 
system of moment equations may be derived: 

2 0 ,rr nu
r

 (11-28a) 

1 2 0 ,rr rrP P P P
r r

 (11-28b) 

2 0 ,rr Q
r

 (11-28c) 

2 2 2 2 2 2 2
2

1 1 .r rr v v fd v v v fd Rn v v
r rr

v v  (11-28d) 

All moments of this system can be calculated by means of the method 
described in Section 11.3.  These moments are given by the relations: 

1 1
0 2 21 ,n r n x

1 2
0 1

22

21 ,
2r

kTu r
mr

3 31 1 1 1
0 2 2 2 21 ,r rP p x x

1 1 1 1
0 2 2 2 21 ,p r p x x

1 2
0 0 3

22

2 ,r
p kTQ r

mr
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2 2 3 35 1 1
0 4 2 21 ,rc c fd n x xv

and: 
2 2 2 3 35 3 31 1 1

0 2 2 4 2 4 21 ,c c c f d n x x x xv

where 
1 221x r .

The moment system given by Eqs. (11-28) for the parameters of the 
distribution function can be expressed as: 

1
2 0 ,d

dr
 (11-29a) 

0 ,d
dr

 (11-29b) 

3
2 0 ,d

dr
 (11-29c) 

1 2
28

5
0 0

2 ,
2 r

d R m n c c
dr n kT

 (11-29d) 

where the moment of the collision operator, 2
rn c c , is determined by: 

2 2 231
0 2 2

2 21
2

sign ,

sign , .

r r r r

r r r

n c c n c c c c

c c c c c

Now, consider the boundary conditions for these moment equations.  
Since the distribution function that has been employed is well suited to the 
Maxwellian boundary model, the ordinary microscopic boundary condition 
on the sphere surface can be used to yield: 

2 3
2 22

2 23 3
1 12 2

1 1

1 1 1 .r r

c

c c
 (11-30a) 
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This expression contains two unknown quantities, r  and r , that may be 
found from the two additional conditions: 

0 0 ,r rN n u  (11-30b) 

,r r
T

rw r

Q Q
Q Q

 (11-30c) 

where the first relationship expresses the fact that the sphere is impenetrable 
to the gas molecules and the second one is the thermal accommodation 
condition.  At large distances from the sphere the number density and the 
temperature tend to the equilibrium values that can be written as: 

0 ,  (11-30d) 

0 .  (11-30e) 

After the integration of Eqs. (11-29a)-(11-29d), one can obtain: 

1
32 ,A  (11-31a) 

3 ,A  (11-31b) 

3 2 42 ,A r A A  (11-31c) 

3 4 2 ,A r A A  (11-31d) 

where 2A , 3A , and 4A 1 0A  are the arbitrary constants of integration and 
a function, r , may be expressed as: 

1 21
1 1 2 1

1 1

.
r r

r Kn I r dr I r dr  (11-31e) 



258 Analytical Methods for Problems of Molecular Transport

      

In this expression, the following notations were introduced: 

1 2
8 3 28 2 , ,

15 30

and the functions 1
1I r  and 2

1I r  are determined by Eqs. (11-21) and 
(11-22). 

Using the boundary conditions given by Eqs. (11-30a)-(11-30e) and (11-
31a)-(11-31e) and performing some simple transformations, one obtains the 
following expression for the heat flux through the sphere surface: 

1
1 ,

1fm

Q
Q Kn

 (11-32a) 

where: 

1 2
2 0 0 0

0

24 ,fm T
n kT kT TQ R

m T
 (11-32b) 

is the free-molecular heat flux and the quantity, , is given by: 

1 21
1 1 2 12

1 1

,T I r dr I r dr  (11-33) 

in which  and T  are the accommodation coefficients. 
This analytical expression gives the exact result for the free-molecular 

regime when Kn .  For another limiting regime, when 0Kn , Eq. 
(11-32a) may be written as: 

4 ,Q R T

where  is the thermal conductivity coefficient that, for the given approach, 
can be expressed in the form: 

11 2
1 20

0 1 1 2 1
1 1

22 .kT n k I r dr I r dr
m
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If 0Kn , this expression for the thermal conductivity coefficient must 
tend to that obtained by the same approach for the planar geometry [16].  
Using results from [16], one obtains: 

1 2
1 1 2 1 1 2

1 1

.I r dr I r dr

This relationship may be considered a general property of the special 
functions.  Having employed this property, one can express Eq. (11-33) in 
the form: 

1
1 22 0.2508 .T T  (11-34) 

The results obtained here will be discussed later in detail together with other 
results that will be derived by the use of the various approximate methods. 

7. METHOD OF THE ‘SMOOTHED’ 
DISTRIBUTION FUNCTION. 

The absence of analytical expressions for the bracket integrals containing 
discontinuous Lees’ distribution functions prevents one from obtaining 
solutions for boundary value transport problems, with the exception of cases 
involving the planar geometry and Maxwellian molecules.  Some 
approximate results can be obtained by utilizing a new procedure proposed 
in [19] that allows one to overcome these difficulties.  A continuous 
distribution function of the Chapman-Enskog type is assumed to be 
employed in the collision integral instead of the actual discontinuous 
function.  This auxiliary function may be called a ‘smoothed’ distribution 
function.  The unknown parameters of the ‘smoothed’ distribution function 
may be determined by equating its basic moments with those obtained from 
the actual distribution function. 

Employing this method to solve the problem investigated in Sec. 11.6, 
one assumes that the ‘smoothed’ distribution function used in the collision 
operator has the following form: 

10 2 23
3 221 2 ,r r rf f r c r c u r A r c S c (11-35) 

where r  and r  are corrections to the number density and the 
temperature.  The quantity, A r , is determined by: 
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2 2 ,r rc c fd c c f dc c  (11-36) 

where, f , is given by Eq. (11-15).  All unknown parameters in Eq. (11-35) 
may be expressed through the basic functions r  and r .  This 
‘smoothed’ function allows one to obtain analytical results for arbitrary 
molecular potential interactions.  The standard bracket integrals, which are 
tabulated for many molecular potential models, may be utilized for these 
analyses.  For example, the expression, 2

rn c c , from the moment system, 
Eqs. (11-29d), may be written as: 

1 12 2 2 2
0 3 2 3 2, .r r rn c c n A r c S c c S c

Using this relation in the right-hand-side of Eq. (11-29d), one can obtain 
(for rigid-sphere molecules) the following final formula for the heat flux: 

1
1 ,

1fm

Q
Q Kn

 (11-37) 

where 164
75 .T

As one can see, this formula gives the exact expression for the heat flux 
in a continuum regime when 0Kn .  This method allows one to simplify 
the calculation of the bracket integrals.  Moreover, there are no difficulties in 
generalizing this analysis for arbitrary models of the intermolecular 
potential. 

8. THE POLYNOMIAL EXPANSION METHOD. 

The above mentioned difficulties of calculating the bracket integrals in 
the analytical form can be overcome by means of the use of a special 
representation for the function, sign r rc c .  In this section a method will 
be presented to calculate the bracket integrals in the analytical form that 
consists of an expansion of the discontinuous function, sign r rc c , in 
velocity space polynomials.  First, consider the problem in a spherical 
geometry.  In Cartesian coordinates, this function can be written as: 

1 22 2 2 2
0sign cos sign 1 .r r rc c c c c c r  (11-38) 

It is easy to see that this function depends upon the three velocity 
coordinates and on the radial coordinate of the position of a molecule.  
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Owing to this notation, one must utilize a three-dimensional expansion of the 
velocity components in Hermite polynomials.  This expansion was first 
proposed by Ivchenko [16].  But it is necessary to note that the expansion 
given in [16] is very difficult to be realized for practical calculations as there 
are many difficulties connected with the use of general schemes for the 
three-dimensional expansions. 

Since the function given by Eq. (11-38) depends only on the sum of the 
squares of the independent variables, c  and c , one could hope to find a 
more simple scheme in which the sum, 2 2 2c c , is considered as a new 
independent variable.  As 0 , Hermite polynomials cannot be 
employed for this expansion.  Therefore, Sonine polynomials are used 
instead.  A polar coordinate system is introduced for the above velocity 
components by means of the relations cosc , sinc , and 
dc dc d d .  Integration with respect to these variables is determined 
by: 

2 2 2 2 2

0

0

exp 2 exp

exp ,

c c F dc dc F d

F x x dx

and therefore the integrand contains the weight function, 1mx .  This 
means that 0m and the Sonine polynomials, 2

0
pS , must used in the 

expansion. 
The orthonormal conditions for this kind of the Sonine polynomials can 

be expressed as: 

0 0
0

exp .p q
pqx S x S x dx  (11-39) 

This polynomial can be defined by the expression: 

0 2
0

,
pn

n

p

x n
S x

p n p
 (11-40) 

where: 

0
0 1 ,S x 1

0 1 ,S x x 2 21
0 21 2 ,S x x x  and: 
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3 2 33 1
0 2 61 3 .S x x x x

Taking into account this analysis, one can use the following two-
dimensional expansion: 

1 22 2 2 2

2 2
0

sign 1

.

r r

n
kn k r

k n

c c c c r

A r H c S c c
 (11-41) 

Since this expansion contains only the odd Hermite polynomials, the 
coefficients, knA r , are given by: 

0

2 2

0
1

2 2
0

4 exp
2

1 ,

kn k

n
k

t

A r c c dc
k

H c t S c t dt
 (11-42) 

where 
1 22

0 1t r .
Now, consider the features of this expansion for the cylindrical geometry.  

As one can see from Eq. (11-6), for this case, the quantity, rc , depends only 
on the two molecular velocity components, rc  and c , and, therefore, the 
appropriate expansion is defined by: 

1 22 2 2sign 1 ,r r ij i r j
i j

c c c r A r H c H c  (11-43) 

where the coefficients, ijA r , in this expansion can be expressed as: 

2

0

2

0

1 exp
2

2 ,

ij i j

i r j i r j

A r c c dc
i j

H c H c d H c H c d

where cosc c  and sinrc c .
In the planar geometry, one has a simple one-dimensional expansion 

given by: 
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0
sign ,x i i x

i
c A H c  (11-44) 

where the constant coefficients can be determined by: 

21 exp sign .
2i x i x x xiA c H c c dc

i

This expansion was first proposed by Savkov in [20]. 
Now, consider some of the features of this method associated with the 

spherical geometry.  If the expansion given by Eq. (11-41) is used in the 
bracket integrals presented by Eqs. (11-21) and (11-22), one can obtain the 
following analytical expressions for the special functions, 1

iI r :

1 113
1 2 ,kn kn

k n
I r A r  (11-45) 

2 21
1

12 .
8 3 kn kn

k n
I r A r  (11-46) 

Here, the constants 1
kn  and 2

kn  are the common bracket integrals: 

1 2 2 2
0 , ,n

kn k r rH c S c c c c  (11-47a) 

2 2 2 2 2
0 , .n

kn k r rH c c S c c c c  (11-47b) 

Instead of the infinite sums in Eqs. (11-45) and (11-46) one assumes that 
finite sums can be employed.  It is not difficult to determine that the 
convergence of these series is very rapid.  Indeed, if three terms 

0 ; 1,3,5n k  are used, one will find that 1
1 1 1.0102I  and 

2
1 1 1.1198I .  The relative errors of such an approach are about 1% 

and 12% 1r  for the first and second functions respectively.  When 
0 ; 1 7n k , the relative errors are less than 1% 1r  for both 

functions.  All of the bracket integrals necessary for this analysis can be 
found in Table 11-1. 

For arbitrary r , the other terms for which 0n  must be considered.  To 
obtain some appropriate expressions for the special functions, 1

iI r , the 
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following finite sums, for which 0 ; 1,3,5,7n k  and 1; 1,2,3k n ,
are employed.  Moreover, to obtain the more accurate expressions for 

2
1I r , an additional term 3 ; 1k n  has been included in the 

expansion given by Eq. (11-46).  For both expansions, the exact values of 
the bracket integrals are given in Appendix C and the expression 

2 92
31 5 2  has been employed.  Having substituted the bracket 

integrals into Eqs. (11-45) and (11-46), one can obtain: 

1 6 4 253 53 163
1 105 84 2802 ,I r r r r  (11-48) 

2 6 4 219 95 17
1 21 84 21

12 2 .
8 3

I r r r r  (11-49) 

These analytical expressions can be readily integrated, after which, one 
obtains: 

1 2
1 1

1 1

0.9779 , 0.9793 .I r dr I r dr  (11-50) 

It is necessary to note, however, that the accuracy of the approach proposed 
here may only be specified by a comparison of these analytical results with 
those obtained numerically.  The deviations of the integrals given in Eq. (11-
50) from the corresponding numerical values are approximately 2% for both 
of these integrals.  This very close agreement with the numerical results 
indicates a rapid convergence of the expansions being used.  Therefore, one 
can see that the approach proposed here is a reasonable approximate method 
for solving boundary value transport problems. 

For the problem of thermal conduction from a heated sphere, the method 
of polynomial expansion yields: 

1
1 ,

1fm

Q
Q Kn

 (11-51a) 

Table 11-1. Expressions for some bracket integrals. 
2, 2i

r rc c c a † 2 2, 2i
r rc c c c a

i 3 5 7 1 3 5 7 
a 4

5
30
7

287
12

4
3  6 123

4
741
4

† 1 22 2kT m
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where, for rigid-sphere molecules: 

0.2455 .T  (11-51b) 

The reduced heat flux given by Eqs. (11-51a) and (11-51b) deviates only 
slightly from the solution given by Eq. (11-34).  Table 11-2 gives values of 
the reduced heat flux ratio for 1T  and Fig. 11-2 illustrates these 
values for the various methods employed here. 

9. SOLUTION OF ONE CLASSIC TRANSPORT 
PROBLEM. 

In this section the accuracy of the various methods previously proposed 
will be analyzed.  A comparison is made between the various approximate 
analyses and the exact moment solution for a classical problem of heat 
transport between two parallel plates with the temperature difference being 
2 T .

Let the temperature of the lower plate 2x L  be 0T T T  and 
that of the upper one 2x L  be 0T T T , where 0T  is the temperature 

Table 11-2. Values of the reduced heat flux ratio, fmQ Q 1T .

fmQ Q

1Kn

Exact Moment 
Solution 

0.2508

Smoothed Distribution 
Function Method 

0.2716

Method of Polynomial 
Expansion

0.2455
0.00 1.0000 1.0000 1.0000 
0.25 0.9410 0.9364 0.9422 
0.50 0.8886 0.8804 0.8907 
0.75 0.8417 0.8308 0.8445 
1.00 0.7995 0.7864 0.8029 
2.00 0.6660 0.6480 0.6707 
3.00 0.5706 0.5510 0.5759 
4.00 0.4992 0.4793 0.5045 
5.00 0.4437 0.4241 0.4489 
6.00 0.3992 0.3803 0.4044 
8.00 0.3326 0.3152 0.3374 
10.0 0.2851 0.2691 0.2894 
12.0 0.2494 0.2348 0.2534 
14.0 0.2217 0.2082 0.2254 
16.0 0.1995 0.1871 0.2029 
18.0 0.1813 0.1698 0.1845 
20.0 0.1662 0.1555 0.1692 
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at 0x .  The temperature difference is assumed to be small compared with 
0T , and therefore, the linearized theory is used in this problem. 

This problem has been previously formulated and studied by Wang-
Chang and Uhlenbeck [21], Jackson [22], Gross and Ziering [23], Bassanini, 
Cercignani and Pagani [24], Loyalka [25], and Ivchenko [16].  Moreover, 
the heat conduction characteristics and density distribution were 
experimentally determined by Teagan and Springer [26]. 

The solution of this planar problem may be based on the Maxwellian 
integral transport equations which can be directly derived from the 
Boltzmann equation by means of the relation: 

,x
fv Q fd Q d

x t
v v v v  (11-52) 
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Figure 11-2. A comparison of reduced heat flux values, fmQ Q , obtained from various 
approximate methods assuming ( 1)T  with the Exact Moment Solution given in 
Table 11-2.  The Exact Moment Solution is represented as a solid line while values obtained
using the Smoothed Distribution Function method are shown as crosses and values obtained
using the Polynomial Expansion Method are shown as open circles. 
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where x  is the normal coordinate to the plate.  The corresponding moment 
equations can be obtained by setting Q v  equal to 1, xv , 2v , and 2

xv v  in 
Eq. (11-52).  These equations can be written as: 

0 ,d nu
dx

 (11-53a) 

0 ,xx
d P
dx

 (11-53b) 

0 ,x
d Q
dx

 (11-53c) 

2 2 2 .x x
d v v fd n v v
dx

v  (11-53d) 

In order to close this system of moment equations, the distribution function 
is chosen to be of the form: 

0 2 31
2 2

2 31
2 2

1

sign .x

f f x c x

x c x c
 (11-54) 

All the moments of the distribution function in Eqs. (11-53a)-(11-53d) may 
be calculated from the expressions given in Sec. 11.6 by setting 1r .  The 
solution of the moment system then contains four arbitrary constants of 
integration which can be specified by boundary conditions.  For this problem 
the Maxwellian boundary model is employed in which the tangential 
accommodation coefficient is assumed to be equal to unity. 

Utilizing the values of the bracket integrals which are given in Table 11-
1, one obtains the exact analytical solution via a four-moment approach.  
The heat flux may then be written as [16]: 

1
11 , 0.2508 ,

2
T

fm
T

Q Q Kn  (11-55) 
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1 2
0

0
0

22 ,
2

T
fm

T

kT TQ p
m T

where fmQ  is the free-molecular heat flux and Kn L .  Molecules are 
assumed to be rigid spheres.  Having obtained the exact moment solution, 
one can compare this solution with the results of other approaches.  Through 
such comparisons the accuracy of different approaches can be characterized. 

If the approximate distribution function given by Eq. (11-35) is used, the 
‘smoothed’ distribution function method gives: 

1
11 , 0.2716 .

2
T

fm S S
T

Q Q Kn  (11-56) 

The accuracy of the polynomial expansion method depends on the 
number of terms used in this series.  The method proposed here makes it 
possible to calculate the bracket integrals for arbitrary models of 
intermolecular potentials to an arbitrary degree of accuracy.  Consider the 
results of this method for the following two finite polynomial sums: 

5

0
sign ,x i i x

i
c A H c  (11-57) 

7

0
sign .x i i x

i
c A H c  (11-58) 

The first expansion gives 1 0.2677 .  For the second, this quantity is 
found to be 2 0.2523 .  The necessary bracket integrals for this 
calculation are given in Table 11-1.  As one can see, the second approach 
yields results quite similar to the exact moment solution.  Indeed, in the first 
approach, the maximum difference between the exact results and this 
approximation is about 7%, while for the second approach, the discrepancy 
is less than 1%.  This indicates that the expansion that has been employed 
has a rapid convergence to the exact solution.  For this reason, there is no 
significant difference between the exact solution and the second 
approximation. 

It is of interest to compare the results of the analysis described here with 
those obtained by the half-range moment method.  The analysis by Gross 
and Ziering [23] gives the following expression for the heat flux as obtained 
via the four-moment approach: 
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1
11 , 0.5509 .

2
T

fm G G
T

Q Q Kn  (11-59) 

Table 11-3 gives the results obtained by the various analytical methods.  
The tabulated results show that the ‘exact’ and ‘smoothed’ solutions are very 
close for all Knudsen numbers.  The maximum relative difference with 
respect to the ‘exact’ solution is about 8% for 0Kn .  But, it is necessary 
to note, the ‘smoothed’ solution describes a continuum regime much better 
and gives a correct expression for the heat conductivity coefficient.  Analysis 
of the four-moment Gross-Ziering solution indicates that the thermal 
conductivity coefficient is approximately one half that predicted by the 
Chapman-Enskog theory.  A failure to include the heat flux moment in the 
Gross-Ziering technique results in this difference.  Thus, it is advisable that 
this moment be employed in higher-order approaches in order to obtain a 
better description of the continuum regime. 

In Fig. 11-3 a comparison between experimental data [26] and the 
various analytical results is shown.  Both the ‘exact’ and ‘smoothed’ 
solutions describe the experimental data very well. 

Table 11-3. Values of the reduced heat flux ratio, fmQ Q 0.826T .

fmQ Q

1Kn

Exact Moment 
Solution 

0.2508

Smoothed Distribution 
Function Method 

0.2716S

Four-Moment 
Gross-Ziering Method 

0.5509G

0.25 0.9577 0.9544 0.9117 
0.50 0.9189 0.9128 0.8377 
0.75 0.8831 0.8746 0.7748 
1.00 0.8500 0.8396 0.7207 
2.00 0.7391 0.7235 0.5633 
3.00 0.6538 0.6356 0.4624 
4.00 0.5862 0.5668 0.3921 
5.00 0.5313 0.5114 0.3404 
6.00 0.4857 0.4659 0.3007 
8.00 0.4146 0.3954 0.2439 
10.0 0.3617 0.3435 0.2051 
12.0 0.3208 0.3037 0.1770 
14.0 0.2881 0.2721 0.1556 
16.0 0.2616 0.2464 0.1389 
18.0 0.2394 0.2252 0.1254 
20.0 0.2208 0.2074 0.1143 
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10. A SIMPLIFICATION OF MOMENT SYSTEMS 
FOR CURVILINEAR PROBLEMS. 

The Maxwell method (see Section 8.1) using the tangential momentum 
conservation law yields a very simple scheme to obtain approximate 
solutions to planar slip-flow problems.  The generalization of the Maxwell 
method proposed by Loyalka (see Section 8.2) is founded on the integral 
properties of the Chapman-Enskog solutions for viscosity and thermal 
conductivity which may be expressed by the relations: 

02 21
3, ,ik i k ikB n f c c c dc c v  (11-60) 

02 2 5
2, ,n f c dc A c v v  (11-61) 
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4-Moment Gross-Ziering Method
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Exact Moment Solution

Experimental Data for Argon

Figure 11-3. A comparison between reduced heat flux data for Argon 0.826T and
analytical results given in Table 11-3. 
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where c  is, in general, a discontinuous function of the molecular 
velocity. 

Loyalka’s method is a moment method in which two conservation laws 
are used to solve planar slip-flow problems.  The conservation laws used are 
exact solutions of the moment system in the two-moment approach.  To 
construct this moment system, one uses the Chapman-Enskog solution as a 
molecular property of the appropriate transport equation.  For planar 
transport problems, using the conservation laws as exact solutions of the 
two-moment system results in acceptable accuracy for the slip factors. 

For curvilinear geometries, there are no simple general integrals of the 
moment system such as are found in planar problems.  Nevertheless, many 
difficulties associated with calculation of the bracket integrals may be 
overcome by using the Chapman-Enskog solutions, A  and i kB , as the 
molecular property, Q v , to construct one of the moment equations from 
Eq. (11-1).  Then, the moment equations for the linearized problems contain 
the bracket integrals expressed by Eqs. (11-60) and (11-61).  Therefore, 
there are no difficulties connected with the calculation procedures.  Such 
bracket integrals may be calculated as ordinary moments of the distribution 
function.  This is a result of considerable importance to the simplification of 
the analysis.  Moreover, it is very important to note that these bracket 
integrals are independent of the model used for the interaction potential.  
The only dependence on the intermolecular potential is contained in the left-
hand-side of the moment equation that is obtained by use of the Chapman-
Enskog solution as a molecular property.  Therefore, for any arbitrary 
intermolecular potential model, standard analytical and numerical data for 
the Chapman-Enskog coefficients may be used. 

Application of this technique to the classical linearized transport problem 
described in Section 11.6 is considered in this section.  The molecular 
properties, 21, , ,r rQ v v Av , are chosen to construct the moment system.  
The moment relations given by Eqs. (11-29a)-(11-29c) are not altered, but 
the fourth relation associated with the molecular property, rA , becomes: 

1 2 2 1 2 28 31 1
5 4 2 2

1
,d R r r

dr a
 (11-62) 

where 1a  is the first coefficient of the Chapman-Enskog expansion of rA .
After integrating this equation, one can obtain the following expression for 
the basic function, r , which was introduced in Section 11.6: 

1 2 18
5

1
r 1 .R r

a
 (11-63) 
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It is very important to note that this function contains the first coefficient, 
1a , only and, moreover, holds the same form for arbitrary models of the 

intermolecular potential.  Using the analytical solution of the moment 
system given in Section 11.6 together with Eq. (11-63), one can obtain the 
reduced thermal flux in the form given by Eqs. (11-32a) and (11-32b).  The 
quantity, , in Eq. (11-32a) may be expressed in the form: 

4
5

1

.T a
 (11-64) 

For rigid-sphere molecules and the first-order Chapman-Enskog solution, 
1

1 1a a , one can obtain: 

164
75 .T  (11-65) 

The method described here makes it possible to overcome the 
calculational difficulties connected with the bracket integrals and results in 
analytical solutions of problems involving arbitrary models of the 
intermolecular potential provided that the summational invariants and the 
Chapman-Enskog solution are used to construct the moment systems.  If one 
uses a higher-moment approach than that described here, additional bracket 
integrals must be calculated.  This may be done by employing the numerical 
and analytical techniques described in this chapter. 

It is of interest to compare the various analytical results for the reduced 
heat flux obtained here and previously using the four-moment approach.  
The maximum relative deviation of the reduced heat flux obtained here (with 
respect to the values given by Eq. (11-34)) takes place as 0Kn  and is 
about 7%.  The solution presented here, however, describes the continuum 
regime much better than that obtained by numerically evaluating the bracket 
integrals in the four-moment approach because it yields the correct value for 
the heat conduction coefficient which could not be obtained from the 
previous solution. 

11. THE TORQUE PROBLEM. 

Kinetic theory formulations of the torque problem have been given by 
Halbritter [27] and Smirnov and Chekalov [28].  In both of these cases it was 
found to be convenient to replace the problem of a rotating body in a gas by 
a problem involving a stationary body around which the gas is slowly 
rotating.  Generally, the problems are not equivalent as, in rotating reference 
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frames, fictitious inertial forces must be considered.  This aspect has been 
discussed in the literature [29-31].  Such forces are, however, of the second-
order in the rotational speed and, for small speeds of rotation, may 
reasonably be neglected making the two problems equivalent. 

A numerical solution of the linearized problem, for rigid-sphere 
molecules and the Boltzmann form of the collision operator, has been 
obtained by Loyalka [32].  This numerical analysis may be used to evaluate 
the accuracy of the analytical method discussed below.  Consider a sphere of 
radius, R , that is slowly rotating with an angular speed, , such that 

1 22R kT m .  In contrast to the work cited above, this development 
deals directly with the situation where the sphere itself is rotating.  As the 
mean velocity of the gas has only one component, ,u u r , the two-
sided Maxwellian distribution function may be chosen in the form: 

0
1 11 2 , ,f f c G r  (11-66) 

0
2 21 2 , .f f c G r  (11-67) 

Since only two characteristic mean velocities need to be determined, one 
may try to employ the two-moment approach in this problem.  The problem 
exhibits azimuthal symmetry in which all quantities depend only on the 
radial and polar coordinates.  For this symmetry condition, the general 
moment relation given by Eq. (11-1) may be written as: 

2
2

2 2 2

1 1 sin
sin

1 1 cot

1 cot .

r

r
r

r

r nv Q nv Q
r rr

Q Q
v v fd v v v fd

r v r v
Q

v v v v fd Rn Q
r v

v v

v v
v v

v
v v

 (11-68) 

where r r R .
The moment system in this approach may be obtained from Eq. (11-68) if 

one employs Q cv  and 2
r rQ B c c B cv  where rB  is the 

Chapman-Enskog solution for viscosity.  The function, 2B c , is well 
known to be: 

12 2
1 15 2

1
; .p

p
p

B c b b S c b
nkT

 (11-69) 
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This choice yields: 

2
2

1 1 0 ,r rr nc c nc c
r rr

 (11-70) 

2 2 2 2 2
2

1 2
2 2 2

1 1

2 , ,
2

r

r r

r nc c B c nc c B c
r rr

mnc c B c n R B
r kT

 (11-71) 

where  is the correction to the distribution function.  The term involving 
the partial derivative with respect to  vanishes as 0nv Q v .  The 
moment of the collision integral associated with this system may be easily 
calculated for arbitrary intermolecular potentials if one takes into account the 
feature of the Chapman-Enskog solution expressed by Eq. (11-60). 

As discussed in Section 11.5, the common Maxwellian boundary model 
for the reflected distribution function may be used since the distribution 
function given by Eqs. (11-66) and (11-67) is suited to this model.  This 
boundary model yields: 

1 2
0

2

1

2,1, 1 sin

1 , , ,1, ,r

mf f c R
kT

f c c c

c
 (11-72) 

lim 0 .
r

nc  (11-73) 

The boundary condition expressed by Eq. (11-72) suggests that the 
distribution function is of the form: 

0 1 2 sin .i if f c G r  (11-74) 

which allows one to separate the radial and polar variables.  Using Eq. (11-
74) and employing the standard technique (see Section 11.3), one can obtain: 

4

1sin ,
2rnc c n G r

r
 (11-75) 
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2 2 5 31 1
14 8sin 3 5 ,rnc c B c n G r x x G r b  (11-76) 

2 2 35 5
14 8sin 3 ,nc c B c n G r x x G r b  (11-77) 

where 
1 221x r  and 2 1G r G r G r .

After substituting these relations into Eqs. (11-70) and (11-71), the 
moment system takes the form: 

1 0 ,d G r G r
dr r

 (11-78) 

3 2
1 4 16 ,

2
d x G r
dr r r r r

 (11-79) 

where the following notations have been introduced: 

1 2

1
,

2
R m
b kT

 (11-80) 

3 .G r x G r  (11-81) 

A general analytical solution of this system is found to be: 

12 ,G r rA  (11-82) 

34
2 1 3 1 ,G r r A A r  (11-83) 

where 1A  and 2A  are arbitrary constants of integration.  The boundary 
conditions expressed in Eqs. (11-72) and (11-73) yield the following for 
these constants: 

11 2
1 1

1 4 3
2 1 ,R mA
kT

 (11-84) 

4
2 1 3 2 .A A  (11-85) 
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The torque on the surface element of a sphere, 2 sindS R d d , is 
given by 

1i ikl k l rdK Rr dF  where: 

,1, ,l r ldF dS mv v f dv v

i k l  is the anti-symmetric unit tensor defined by: 

1 ; 123, 231, 312 ,
1 ; 321, 132, 213 ,

0 ; , , .
ikl

ikl
ikl

i k i l k l

For the particular conditions formulated above, one can obtain: 

2 213 ,1, ,rdK RdF RdS mv v f dv v

and: 

2 sin ,xdK dK

where x  indicates the polar axis in the direction of .  The net torque on 
the sphere is given by: 

3 2

0

38
3

2 sin ,1,

1 .

x rK R mv v f d d

R nkTG

v v
 (11-86) 

Substituting 1A  given by Eq. (11-84) into Eq. (11-86), one can obtain: 

11 18
151 ,x xK K Kn  (11-87) 

where: 

42
3 ,xK VR  (11-88) 

and 1 28V kT m  is the mean speed of the gas molecules which have 
been assumed to be rigid spheres.  Eq. (11-87) gives the exact expressions of 
the torque for both the free-molecular and continuum regimes. 
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The analytical and numerical values [32] of the torque are given in Table 
11-4.  Note that, for the purpose of comparison, the analytical values were 
recalculated using the notations of [32] where the mean free path is given as: 

5
8 .p

Comparison of the analytical and numerical results shows that the analytical 
solution obtained here provides reasonable accuracy in the near free-
molecular regime 10 0.25Kn .  In the transition regime 1 ~ 1Kn  the 
data differ by up to 8.6 % when 1  and by 2.4 %  when 0.25 .  For 
the slip-flow regime, the results differ by 15.2 % and 5.8 %, respectively.  
This increasing disagreement as one approaches the slip-flow regime is 
principally due to the lack of accuracy inherent in use of the relatively low-
order two-moment approach. 

PROBLEMS

11.1.  Determine the heat flux in a gas between two concentric spheres the 
radii and temperatures of which are 1 0,R T  and 2 0,R T T  for the inner and 
outer spheres, respectively.  Assume 0T T .  The number density of the 
gas is 0n  at 1r R .  Obtain a general solution for all Knudsen number using 
the four-moment approach. 

Table 11-4. Analytical and numerical values of reduced torque on a rotating sphere. 

x xK K
=1.0 =0.75

1Kn  Numerical [32] Eq. (11-87) Numerical [32] Eq. (11-87) 
0.00 1.0    1.0    1.0    1.0    
0.10 0.9901 0.9815 0.9928 0.9861 
0.25 0.9803 0.9551 0.9856 0.9659 
0.50 0.9601 0.9140 0.9697 0.9341 
0.75 0.9427 0.8764 0.9549 0.9043 
1.00 0.9206 0.8417 0.9391 0.8764 
5.00 0.6080 0.5154 0.6739 0.5864 

=0.5 =0.25
 Numerical [32] Eq. (11-87) Numerical [32] Eq. (11-87) 

0.00 1.0    1.0    1.0    1.0    
0.10 0.9952 0.9907 0.9976 0.9953 
0.25 0.9902 0.9770 0.9948 0.9884 
0.50 0.9802 0.9551 0.9896 0.9770 
0.75 0.9694 0.9341 0.9844 0.9659 
1.00 0.9584 0.9141 0.9788 0.9551 
5.00 0.7558 0.6802 0.8600 0.8097 
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Solution:  The general solution of the moment system given in Eqs. (11-
31a)-(11-31d) may be employed.  The parameters 0n , 0T  and 1R  are 
assumed to be the characteristic number density, temperature and length, 
respectively.  This yields 01n n .  Two other boundary conditions may be 
formulated by means of the energy accommodation coefficient defined by: 

r T r eq rQ Q Q  for 1r  and 2

1
.Rr

R

The equilibrium number densities associated with r eqQ  may be specified 
from the impenetrability condition.  The procedure outlined above yields: 

1 2
2 0
1 0 2 1

0

24 ,
1 1

T

T

kT TQ R p
m T z Kn z

where: 

1 21
1 1 2 12

1 1

z z

Tz I r dr I r dr  and 2

1
.Rz

R

11.2.  Obtain a solution to Problem 11.1 using the ‘smoothed’ distribution 
function method.  Molecules are assumed to be rigid spheres. 

Solution:  The smoothed distribution function method for rigid-sphere 
molecules yields: 

1 1 1128
75 1 .r Kn r

Using the same boundary conditions as in Problem 11.1, one can obtain: 

1 2
2 0
1 0 2 1

0

24 ,
1 1

T

T

kT TQ R p
m T z Kn z

where: 

164
75

1
T

zz
z

 and 2

1
.Rz

R
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11.3.  Determine the heat flux in a gas between two coaxial cylinders the 
radii and temperatures of which are 1 0,R T  and 2 0,R T T  for the inner and 
outer cylinders, respectively.  Assume 0T T .  The number density of the 
gas is 0n  at 1r R .  Obtain a general analytical solution for the four-
moment approach by means of the use of the special functions, 2

iI r .
Solution:  The moment system for this cylindrical boundary value 

problem may be written as: 

0 ,r
d rnu
dr

1 0 ,rr rr
d P P P
dr r

0 ,r
d rQ
dr

1 2
2 2 2 2 2

1
0

1 1 .
2r r

d mr fc c d fc c d R n c c
r dr r kT

v v

For the distribution function given in Eq. (11-5), the moments connected 
with this system may be calculated by means of the technique described in 
Section 11.3.  For example, the number density, mean velocity, and heat flux 
are given by: 

1 1
0 2 2

21 ,n r n

1 2
01 1

2 2
21 ,r

kTu
mr

1 2
0 0 3

2
2 ,r

p kTQ
mr
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where 1arccos r .  After some transformations, the moment system 
takes the same form as that given by Eqs. (11-29a)-(11-29d).  Therefore, one 
can use the general solution described by Eqs. (11-31a)-(11-31d).  The 
function, r , is given by: 

1 21
1 2 2 2

1 1

.
r r

r Kn I r dr I r dr

The boundary conditions may be written as 01n n  and: 

r T r eq rQ Q Q  for 1r  and 2

1
.Rr z

R

The equilibrium number densities associated with r eqQ  may be found from 
the impenetrability condition.  This statement gives: 

1 2
0

1 0 1 1
0

22 ,
1 1

T

T

kT TQ R p
m T z Kn z

1 21
1 2 2 22

1 1

,
z z

Tz I r dr I r dr

where Q  is the heat flux per unit length of the inner cylinder. 

11.4.  Using the Chapman-Enskog solution, rA , as a molecular property in 
the moment system, determine the heat flux between two coaxial cylinders 
the radii and temperatures of which are 1 0,R T  and 2 0,R T T  for the inner 
and outer cylinders, respectively.  Assume 0T T .  The number density of 
the gas is 0n  at 1r R .

Solution:  The moment system for this problem is: 

1
2 0 ,d

dr

0 ,d
dr
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3
2 0 ,d

dr

1 2
1 08

5
1 0

, ,
2 r

R nd m A
dr a kT

where rA  is the Chapman-Enskog solution for thermal conductivity and 
is the correction to the distribution function.  The basic function, r , is 
discussed in Section 11.6 and, in this case, may be written as: 

1 218
5

1
ln .Rr r

a

It is very important to note that this relation is applicable for arbitrary 
models of the intermolecular potential.  For rigid-sphere molecules this 
expression becomes 1 1128

75 lnr Kn r .  The heat flux per unit 
length of the inner cylinder is then given by: 

1 2
0

1 0 1 1
0

22 ,
1 1

T

T

kT TQ R p
m T z Kn z

where: 

164
75 lnTz z  and 2

1
.Rz

R

11.5.  Determine the general expression for the torque on one of two 
concentric spheres if the inner sphere of radius, 1R , is slowly rotating with 
an angular speed, , such that 1 2

1 (2 )R kT m  and the outer sphere of 
radius, 2R , is stationary.  Assume that molecules are rigid spheres.  From 
this general expression, derive the torque for the specific limiting case when 

2 1 1h R R R .
Solution:  To solve this problem, one can use the same distribution 

function as was obtained in Section 11.11.  The corrections, G r , are 
given by: 

34
2 1 3 1G r r A A r  and 12 .G r A r
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The constants of integration, 1A  and 2A , may be specified from two 
boundary conditions at the sphere surfaces.  It is convenient to use the 
integral form of the boundary conditions that are expressed by: 

; 1, .r r r eq
P P P r z

These relations yield: 

1 2
1

12
21 1 1 ,mG R G G
kT

4 41
2 .z G z G z G z z G z

The torque on the inner sphere is found to be: 

13
1 18

15 4

1
1

1x x

z z
K K Kn

z
 where: 

4
42
13 4 ,

1x
zK VR

z

1 28V kT m  is the mean speed of the gas molecules, 1
1Kn R ,

2 1z R R , and the x -axis is in the direction of the vector, .  In the 
limiting case when 2 1 1h R R R , the torque is given by: 

1
18

1 51
2x x

hK K  with: 

42
1 13 .

2xK VR
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11.6.  Determine the general expression for the torque on one of two coaxial 
cylinders if the inner cylinder of radius, 1R , is slowly rotating with an 
angular speed, , such that 1 2

1 (2 )R kT m  and the outer cylinder of 
radius, 2R , is stationary.  Assume that molecules are rigid spheres.  From 
this general expression, derive the torque for the specific limiting case when 

2 1 1h R R R .
Solution:  Using Q cv  and 2

rQ c c B cv  as the molecular 
properties in Eq. (11-2), one can obtain: 

1 1 0 ,r r
d rnc c nc c

r dr r

2 2 3 2 2 2

1 2
2

1

1 1 1

.
2

r r

r

d rnc c B c nc B c nc c B c
r dr r r

mR n c c B c
kT

where 1r r R .  For closing this moment system the two-sided Maxwellian 
distribution function may be chosen in the form 0 1 2i if f c G r .
This choice yields: 

3
,

2r
nnc c G r

r

2 2 1 1 21 1 1
1 4 2 2 2 1 ,r

xnc c B c nb G r G r G r r
r

3 2 1 23 3 1
1 4 2 2 2 3 ,xnc B c nb G r G r G r r

r

where 1arccos r  and 
1 221x r .  The solution of the moment 

system is found to be: 

12 ,G r A r  and: 

2
2 1 2 1 ,G r A r A r r  where: 
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1 2
1

1
.

2
R m
b kT

The constants, 1A  and 2A , may be specified from the boundary conditions 
which are given by: 

1 1r r r eq
P P P  and r r r eq

P z P z P .

The torque per unit length of the inner cylinder may be expressed as: 

12
1 14

5 3

1
1 ,

1x x

z z
K K Kn

z
 where: 

3
31
12 3 ,

1x
zK VR

z

1 28V kT m  is the mean speed of the gas molecules, 1
1Kn R ,

2 1z R R , and the x -axis is in the direction of the vector, .  In the 
limiting case when 2 1 1h R R R , the torque is given by: 

1
18

1 51 ,
2x x

hK K

31
1 12 .

2xK VR

11.7.  Generalize the sphere torque problem described in Section 11.11 for 
arbitrary models of the intermolecular potential.  Derive the reduced torque 
for the Lennard-Jones (6-12) potential.  Consider two different gases (N2 and 
CO2) when 293T  K. 

Solution:  The quantity, , depending upon the model of the 
intermolecular potential, may be expressed in the form: 

2 2,2 ,RS Tå
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where the first-order Chapman-Enskog approximation for 1b  is utilized, 
RS , and T kT  is the reduced temperature (  and k  are 

parameters of the potential function).  In terms of the -integral, the torque 
on the sphere is given by: 

11 2 2,28
151 ,x x

KnK K Tå

42
3 ,xK vR

where the Knudsen number is calculated for rigid-sphere molecules.  For the 
specific condition of 293T  K, the reduced temperatures and -integrals 
of the gases under consideration are: 

2,2293
2 91.5 3.2022 ; 3.2022 1.0218 ,NT å

2,2293
2 190 1.5491 ; 1.5491 1.2988 .COT å

The reduced torque for the Lennard-Jones (6-12) potential can be expressed 
in the form: 

111 ,x

x

K Kn
K

where 2 0.1672N  and 2 0.1642CO .  For comparison, it should be 
noted that 0.1698RS  for rigid-sphere molecules. 

11.8.  Determine the domains of applicability of the free-molecular and 
continuum formulas for the heat flux between two coaxial cylinders.  
Assume that the limiting formulas have to be correct to within about 5%.  
Consider the case when 1 .T

Solution:  The heat flux expression derived in Problem 11.4 and the 
limiting expressions derived from it should be combined in the following 
manner for the free-molecular and continuum regimes: 

1
1

1fm

Q
Q Kn z

 and 1
1 .

1c

Q
Q Kn z
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For 164
75 lnTz z , these free-molecular and continuum formulas 

are valid to within about 5% if the following inequalities are satisfied: 

5.43249 lnKn z  and 0.01358 lnKn z

where 1Kn R  and 2 1z R R .

11.9.  Determine the domains of applicability of the free-molecular and 
continuum formulas for the heat flux between two concentric spheres.  
Assume that the limiting formulas have to be correct to within about 5%.  
Consider the case when 1 .T

Solution:  The heat flux expression derived in Problem 11.2 and the 
limiting expressions derived from it should be combined in the following 
manner for the free-molecular and continuum regimes: 

1
1

1fm

Q
Q Kn z

 and 1
1 .

1c

Q
Q Kn z

For 164
75 1Tz z z , these free-molecular and continuum 

formulas are valid to within about 5% if the following inequalities are 
satisfied: 

15.43249 1Kn z  and 10.01358 1Kn z

where 1Kn R  and 2 1 .z R R
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Chapter 12 

BOUNDARY SLIP PHENOMENA IN A BINARY 
GAS MIXTURE 

1. THE FIRST-ORDER CHAPMAN-ENSKOG 
APPROXIMATION FOR A BINARY GAS 
MIXTURE. 

The non-uniform state of a binary gas mixture is described by the 
distribution functions: 

0 1, 1 , , ; 1,2 ,i i i if f t t ir C r  (12-1) 

where 1 22i i im kTC V and 0 ,if tr is given by: 

23 2
0 ,

, , exp .
2 , 2 ,

i ii
i i

m tmf t n t
kT t kT t

v u r
r r

r r
 (12-2) 

The corrections, 1 , ,i i tC r , may be expressed in terms of the first-order 
Chapman-Enskog solutions [1], iA , iD , and iB , in the following manner: 

1 1 1 1
12

ln
, , 2 : ,i i i i i

T
t uC r A D d B

r r
 (12-3) 

1 2 2 1
12 1 ln ,

n n m m
x p

n
d  (12-4) 
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where in  is the number density of the i -th constituent, im  is the molecular 
mass, 1 2p p p is the hydrostatic pressure, i ix n n , 1 2n n n , and 

1 1 2 2n m n m .  In Eq. (12-4), an external force field is assumed to be 
absent. 

The first-order Chapman-Enskog solutions for the thermal conductivity, 
1

1A  and 1
2A , are given by [1]: 

1

1 2
11 2 12 1 2

1 1 1 13 2
1

2 ,
2

Tk D m ma S
x kT m

A C C C  (12-5) 

1 2
11 2 12 2 1

2 1 2 2 23 2
2

2 ,
2

Tk D m ma S
x kT m

A C C C  (12-6) 

where 1a  and 1a  are the transport coefficients, 12T Tk D D  is the thermal 
diffusion ratio, 12D  is the diffusion coefficient, and 1 1 2 2m x m x m .  In the 
same manner, the first-order Chapman-Enskog solutions for diffusion, 1

1D
and 1

2D , are given by [1]: 

1 2
1 12 1 2

1 1
1

2 ,
2

D m m
x kT m

D C  (12-7) 

1 2
1 12 2 1

2 2
2

2 .
2

D m m
x kT m

D C  (12-8) 

and the first-order Chapman-Enskog solutions for viscosity, 1
1B  and 1

2B ,
are given in terms of their respective components by [1]: 

1 21
1 1 1 1 13 ,ij i j ijB b C C C  (12-9) 

1 21
2 1 2 2 23 .ij i j ijB b C C C  (12-10) 
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2. THE TRANSPORT COEFFICIENTS FOR A 
BINARY GAS MIXTURE. 

The first-order Chapman-Enskog solutions for the unknown transport 
coefficients 1a , 1a , 0d , 1b , and 1b , are derived from the following 
algebraic systems of equations [1]: 

1 2
215

1 1 1 1 1 1 1 4 2
2

2 ,n kTa a a a
mn

 (12-11) 

1 2
115

11 1 11 1 1 4 2
1

2 ,n kTa a a a
mn

 (12-12) 

1 2
13

00 0 0 2
0

2 ,kTa d n
m

 (12-13) 

25
1 1 1 1 1 1 1 2 2 ,nb b b b

n
 (12-14) 

15
11 1 11 1 1 2 2 ,nb b b b

n
 (12-15) 

The thermal conductivity, diffusion, and viscosity coefficients are then 
found to be [1]: 

1 2 1 2
5

1 1 2 14
1 2

2 2 ,kT kTnk x a x a
m m

 (12-16) 

1 2
1

12 1 2 02
0

2 ,kTD x x d
m

 (12-17) 

and: 

1 1 2 1 ; .p x b x b p nkT  (12-18) 
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If one introduces the following standard notations of Chapman and Cowling 
[1]: 

2,2
121

5 1,1
12

A ,
1,3

1,2 121
12 5 1,1

12

5B ,

1,2
122

5 1,1
12

1C , and 1
8 1,1

1 2 12

kTE
M M

,

then the known algebraic coefficients in Eqs. (12-11)-(12-15), 1 1a , 1 1a ,
11a , 11a , 00a , 1 1b , 1 1b , 11b , and 11b , may be expressed in the following 

manner: 

00 1 2 ,kTa x x
E

 (12-19) 

2 15
11 1 1 2 12

1 1

2 2 21
1 2 2 1 24

5

6 5 2 ,

kT kTa x x x M
E

M M M B M M A
 (12-20a) 

2 15
1 1 2 1 2 22

2 1

2 2 21
2 1 1 1 24

5

6 5 2 ,

kT kTa x x x M
E

M M M B M M A
 (12-20b) 

1 2
11

1 1 11 1 2 1 2 45 2 ,kTa a x x M M B A
E

 (12-21) 

2 15 2
11 1 1 2 1 1 22 3

1 1

5 ,kT kTb x x x M M M A
E

 (12-22a) 
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2 15 2
1 1 2 1 2 2 2 12 3

2 1

5 ,kT kTb x x x M M M A
E

 (12-22b) 

2
1 1 11 1 2 35 .kTb b x x A

E
 (12-23) 

where 1 1
 is given by Eq. (5-62) with the substitutions 1m m  and 

1 .  The coefficients 1 1a  and 1 1b  have been derived from the 
coefficients 11a  and 11b  by changing the indices associated with the gas 
constituents; 1 21 1

, 1 2x x , 2 1x x , 1 2M M , and 2 1M M .
Then, the transport coefficients may be presented in the form: 

1 2
11 12

1 5
1 1

1 1 2 1 1 2 1 2

2

11 4 8 2 ,

a

m kTa
k m p

x Q x PM M B A P P

 (12-24) 

1 2
22 12

1 5
2 1

2 2 1 2 1 2 1 2

2

11 4 8 2 ,

a

m kTa
k m p

x Q x P M M B A P P

 (12-25) 

1 2
13

0 1 22
0

2 ,kT Ed nx x
m kT

 (12-26) 

11 2
1 1 1 2 22 31

1

1 ,
b

b x R x E A
p

 (12-27) 

11 2
1 2 2 1 12 31

1

1 .
b

b x R x E A
p

 (12-28) 

Here, the following notations have been incorporated: 
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2 2
1 1 2 2 1 2 121

,a x Q x Q x x Q  (12-29) 

1 12 2
1 1 1 2 2 2 1 2 121 11

,b x R x R x x R  (12-30) 

2 2 2
1 1 2 1 1 1 26 5 4 8 ,Q P M M M B M M A  (12-31) 

2 2 2
2 2 1 2 2 1 26 5 4 8 ,Q P M M M B M M A  (12-32) 

2
12 1 2 1 2 1 23 5 4 4 11 4 2 ,Q M M B M M A B P P  (12-33) 

1
1 1 1 1P M E , 1

2 2 2 1P M E , (12-34) 

2
1 1 23 ,R M M A  (12-35) 

2
2 2 13 ,R M M A  (12-36) 

1 1 11 4
12 1 2 1 22 31 1 .R E A EM M  (12-37) 

3. THE SECOND-ORDER CHAPMAN-ENSKOG 
APPROXIMATION FOR A BINARY GAS 
MIXTURE. 

The second-order Chapman-Enskog solutions for the functions, iA , iD ,
and iB , can be expressed as: 

1 22 2
1 23 2 3 2 ,i i i i T ia S C a S C kA C D  (12-38) 
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1 2
1 1 212

3 2
0

1 2 ,
2

i ji
i i i i

i

mmD z S C
x kT m

D C  (12-39) 

and: 

12 * 2
1 2 5 21 ,i i i i i i i iB C b b S CB C C C C  (12-40) 

where *
2 2 1a a a , *

2 2 1b b b , 1 2
1 122i i iz x kT m d D , the upper 

and lower signs, , refer to the first  and second  constituents of 
the gas mixture, respectively, and i j .  The transport coefficients of the 
thermal conductivity, diffusion and viscosity, 1a , 2a , 1d , 0d , 1b , and 

2b  for the second-order Chapman-Enskog approximation can be calculated 
from the three linear algebraic systems of equations given by: 

2

2
; , 0 ,p pq q

p
a a p q  (12-41) 

2

2
; , 0 ,p pq q

p
b b p q  (12-42) 

and: 
1

1
,p pq q

p
d a  (12-43) 

where 1 , 1 , and 0  are given by Eqs. (12-11)-(12-15) in Section 12-2 
while the remaining coefficients, 2 2 1 0 .

The coefficient, 00a , of the algebraic system for diffusion, Eq. (12-43), is 
specified by Eq. (12-19) while the other coefficients in this system, 01 10a a
and 0 1 10a a , are expressible in the form: 

1 25
01 1 2 2 12 ,kTa x x CM M

E
 (12-44) 

and: 

1 25
0 1 1 2 1 22 .kTa x x CM M

E
 (12-45) 
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All three of the systems given in Eqs. (12-41)-(12-43) involve the 
coefficients, 11a , 1 1a , 11b , and 1 1b  which are given by Eqs. (12-20)-(12-
23).  For 1,2p  and 2q , explicit analytical expressions for pqa  and 

pqb  may be found if one uses the analytical representations of the 
appropriate bracket integrals given in [2,3].  These coefficients, pqa  and 

pqb , are then found to be [2,3]: 

2,3
2 15

12 1 8 2,2
1 1 1

1,2
2 2 2 22 1235 21

1 2 1 2 1 216 8 1,1
1 12

1,3 1,4 2,2 2,3
2 12 12 12 1219 1
2 1 24 21,1 1,1 1,1 1,1

12 12 12 12

7 2

12 5 4 5

7 2 ,

kTa x

M kTx x M M M M
M E

M M M

 (12-46a) 

2,3
2 25

1 2 2 8 2,2
2 1 2

1,2
2 2 2 21 1235 21

1 2 2 1 2 116 8 1,1
2 12

1,3 1,4 2,2 2,3
2 12 12 12 1219 1
1 1 24 21,1 1,1 1,1 1,1

12 12 12 12

7 2

12 5 4 5

7 2 ,

kTa x

M kTx x M M M M
M E

M M M

 (12-46b) 

1,2 (1,3)
3 2 1 2 12 12595 189 19

1 2 1 2 1 2 16 8 41,1 1,1
12 12

1,4 2,2 2,3
12 12 121

2 1,1 1,1 1,1
12 12 12

7 2 ,

kTa x x M M
E

 (12-47a) 

1,2 (1,3)
3 2 1 2 12 12595 189 19

12 1 2 2 1 16 8 41,1 1,1
12 12

1,4 2,2 2,3
12 12 121

2 1,1 1,1 1,1
12 12 12

7 2 ,

kTa x x M M
E

 (12-47b) 
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2,3 2,4
2 1 15 77

22 1 8 4 2,2 2,2
1 1 1 1

4 2 2 435
1 2 1 1 2 264

1

1,2
2 2 2 127
2 1 28 1,1

12

1,3
2 2 2 121
2 1 28 1,1

12

1,4 1,5
4 4 2 212 12 17 71
2 2 1 2 1 22 4 21,1 1,1

12 12

7

40 168 35

84 35

108 133

4 7

kTa x

kTx x M M M M
M E

M M M

M M M

M M M M M M
2,2
2
1,1

12

2,3 2,4 3,3
3 3 2 212 12 12

1 2 1 2 1 21,1 1,1 1,1
12 12 12

14 2 2 ,M M M M M M

 (12-48a) 

2,3 2,4
2 2 25 77

2 2 2 8 4 2,2 2,2
2 1 2 2

4 2 2 435
1 2 2 1 2 164

2

1,2
2 2 2 127
1 2 18 1,1

12

1,3
2 2 2 121
1 2 18 1,1

12

1,4 1,5
4 4 2 212 127 71
1 1 1 2 2 12 4 21,1 1,1

12 12

7

40 168 35

84 35

108 133

4 7

kTa x

kTx x M M M M
M E

M M M

M M M

M M M M M M
2,2

12
1,1

12

2,3 2,4 3,3
3 3 2 212 12 12

2 1 2 1 1 21,1 1,1 1,1
12 12 12

14 2 2 ,M M M M M M

 (12-48b) 
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1,2
3 2 3 2 128505 833

2 2 1 2 1 2 64 8 1,1
12

1,3 1,4 1,5 2,2
12 12 12 127 77241 1

8 2 4 21,1 1,1 1,1 1,1
12 12 12 12

2,3 1,1 2,4 3,3
12 12 12

1,1 1,1 1,1
12 12 12

14 2 2 ,

kTa x x M M
E

 (12-49) 

2,3
2 1 25 2

12 1 1 28 32,2
1 11 1

(1,2) (2,2) (2,3)
12 12 1235 321

1 1 2 22 4 21,1 1,1 1,1
12 12 12

7 2

7 ,

MkT kTb x x x
E M

M M M M

 (12-50a) 

2,3
2 2 15 2

1 2 2 1 28 32,2
2 21 2

(1,2) (2,2) (2,3)
12 12 1235 321

2 2 1 12 4 21,1 1,1 1,1
12 12 12

7 2

7 ,

MkT kTb x x x
E M

M M M M

 (12-50b) 

1,2 2,2 2,3
12 12 1235 32 21

1 2 1 2 23 2 4 21,1 1,1 1,1
12 12 12

7 ,kTb x x M
E

 (12-51a) 

1,2 2,2 2,3
12 12 1235 32 21

12 1 2 13 2 4 21,1 1,1 1,1
12 12 12

7 ,kTb x x M
E

 (12-51b) 
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2,3 2,4
2 1 15 301

22 1 8 12 2,2 2,2
1 1 1 1

2 22 1
1 2 1 1 23 4

1

1,2 1,3
2 12 12

1 2 1,1 1,1
12 12

2,2
2 2 121

2 1 28 1,1
12

2,3 2,4
3 3 212 12321
2 2 1 22 21,1 1,1

12 12

7

140 245

49 8

154 147

3

kTb x

kTx x M M M
M E

M M

M M M

M M M M
3,3

12
1,1

12

,

 (12-52a) 

2,3 2,4
2 2 25 301

2 2 2 8 12 2,2 2,2
2 1 2 2

2 22 1
1 2 2 2 13 4

2

1,2 1,3
2 12 12

2 1 1,1 1,1
12 12

2,2
2 2 121

1 2 18 1,1
12

2,3 2,4
3 312 12321
1 1 2 12 21,1 1,1

12 12

7

140 245

49 8

154 147

3

kTb x

kTx x M M M
M E

M M

M M M

M M M M
3,3

2 12
1,1

12

,

 (12-52b) 

1,2 1,3
12 123852

2 2 1 2 1 23 4 1,1 1,1
12 12

2,2 2,3 2,4 3,3
12 12 12 12301 321

8 2 21,1 1,1 1,1 1,1
12 12 12 12

49 8

3 .

kTb x x M M
E

 (12-53) 
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The coefficients, pqa  and pqb , when , 0p q , have been specified from 
the expressions for when , 0p q  by changing the indices connected with 
the gas constituents in the manner shown previously, i.e. 1 21 1

,
1 2x x , 2 1x x , 1 2M M , and 2 1M M .  The same procedure applied 

to the expressions for 1 2a  and 1 2b  yield expressions for 12a  and 12b .
The remaining coefficients, pqa  and pqb , can be found from the symmetry 
conditions, pq qpa a  and pq qpb b .

All of the coefficients described above depend upon the -integrals, 
many of which have been previously tabulated in [2].  In Appendix F, a full 
set of these -integrals, sufficient for use with the second-order 
approximation, have been included.  Among these are values for the 
previously unreported, 1,4 , 1,5 , and 3,3 .  All of the -integral 
values included in Appendix F have been fully recomputed and an annotated 
Mathematica® program for use in further calculations has been provided. 

4. ANALYTICAL METHODS OF SOLUTION FOR 
PLANAR BOUNDARY VALUE PROBLEMS 
INVOLVING BINARY GAS MIXTURES. 

A semi-infinite expanse of a binary gas mixture is considered which is 
bounded by a planar surface lying in the y z  plane and located at 0x .
Far from the surface, the gas mixture is maintained at a constant mean-mass 
velocity gradient normal to the surface, h u x , and constant 
tangential gradients of the partial concentrations, 12 1d x y , and 
temperature (in the y -direction), lng T y .  The total pressure is 
assumed to be constant.  For these conditions in a binary gas mixture, the 
mean-mass velocity far from the surface is expressible in the following 
asymptotic form: 

0 ,u x xh u  (12-54) 

where 0u  is a constant velocity that arises owing to the influence of the 
surface on the gas mixture. 

The asymptotic behavior of a binary gas mixture may only be found via 
solution of the Boltzmann equations with appropriate boundary conditions at 
the wall.  For this geometry, the distribution function for the i -th constituent 
may be expressed as: 

0 1 , , ,i
i i iy i i i i

mf f xhv x
kT

c r c  (12-55) 
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where 1 22i i im kTc v  is the dimensionless velocity, ,i ic r  is the 
Chapman-Enskog solution, ,i i xc  is a function that allows for the 
influence of the wall, and the signs,  and , refer to the reflected and 
incident molecules, respectively. 

The functions, ,i i xc , can be found from the following linearized 
Boltzmann equations: 

0 2 ,i
ix i i i i i j ij i jv f n I n n I

x
 (12-56) 

where 1,2i  with i j , and iI  and ijI  are the standard notations [1].  
These linearized collision integrals are given by  

0 02

, ,

i i i i i i i i i

i i i i i i

n I f f

g g d d

v v v v

v v v
 (12-57) 

0 0

, .

i j ij i j i j i j

i j ij ij ij j

n n I f f

g g d dv
 (12-58) 

Using the Maxwellian boundary model, Eq. (6-4), the boundary conditions 
for the functions, ,i i xc , can be written in the form: 

12,0 2 2

1 , , ,0 .

i i i iy iy i ixy

i i ix iy iz

A g D d B h

c c c

c
 (12-59) 

Let the scalar product be introduced by: 

2
0

1 2 1 2
1

, , , .i i i i
i

x x f dc c v  (12-60) 

Then, using both the commutative property of the standard bracket integrals 
and the conservation of momentum present during molecular encounters, the 
scalar product of Eqs. (12-56) with i iym v  gives: 
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2 2

2
1 1 1 1 1 2 1 2 1 1 2 21 12

2
2 2 2 2 2

, , , ,

, ,

, 0 .

i ix iy i i i iy i i i iy

y y y

y

m v v x n m v n m v
x

n m v n n m v m v

n m v

c

 (12-61) 

where the bracket integral notations of Eq. (12-61) are defined in [1] as: 

2 2 2
1 1 1 1 2 1 2 1 2 2 2 21 12 2, , , , ,n F G n F G n n F F G G n F G

, ,i i i i i ii
F G G I F dv

1 2 1 2 1 12 1 2 1 2 21 1 2 212, ,F G H K F I H K d G I H K dv v

with F , G , iF , iG , iH , and iK  representing arbitrary functions of the 
molecular velocities of the subscripted constituents, and iI  and ijI  having 
been previously defined in Eqs. (12-57) and (12-58), respectively.  In the 
dimensionless variables, ic , this moment solution may be written in the 
form: 

, , const .ix iy i ic c xc  (12-62) 

If one takes into account the asymptotic behaviors of the functions, 
1 2

0, 2 2i i i iyx m kT u cc , then this function in the two-moment 
approach may be chosen in the form: 

1 2, .i i i iyx M a x cc  (12-63) 

This form of the correction to the distribution function means that Eq. (12-
62) may be expressed in the form: 

, , 0 ,ix iy i ic c xc  (12-64) 

which is the exact analytical solution of Eq. (12-56). 
The Maxwellian method [4] involves the use of the analytical solution 

expressed by Eq. (12-64) at the surface where 0x , i.e.: 
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, ,0 0 ,ix iy i ic c c  (12-65) 

where ,0 ,0 ,0i i ix i i ix i ic cc c c  and ixc  is the 
Heaviside step function that is defined as: 

1 ; 0,
0 ; 0.

x
x

x

For this method, the boundary conditions are satisfied only in an integral 
sense and not in an explicit sense.  To get some useful results using this 
method, additional assumptions must be made.  The Maxwellian analysis is 
constructed around the assumption that, in Eq. (12-63), 0a a a .
Then, the constant, a , may be calculated if one uses the analytical solution 
given by Eq. (12-65).  The Maxwellian method may be classified as a one-
moment approach. 

Another analytical method, first proposed by Loyalka [5], involves using 
the two general moment solutions of the Boltzmann equations, Eq. (12-56).  
The first of these moment solutions, given by Eq. (12-65), is the same as that 
used in the Maxwellian method.  The second moment solution may be 
derived from Eqs. (12-56) if one uses a property of the Chapman-Enskog 
solution for viscosity.  For the particular planar geometry being considered 
here, the Chapman-Enskog corrections may be found from the following 
expressions: 

0 2
1 1 1 1 1 1 1 2 12 1 2 ,x y xy xy xyf c c n I B n n I B B  (12-66) 

0 2
2 2 2 2 2 2 1 2 21 1 2 .x y xy xy xyf c c n I B n n I B B  (12-67) 

Now, the scalar product of Eq. (12-56) with ixyB , taken in accordance 
with Eq. (12-60), yields: 

2 2

2
1 1 1 1 1 1 2 12 1 2 1

2
2 2 2 2 2 1 2 21 1 2 2

, , , , , ,

,

, .

ix ixy i i ixy i i i i ixy

xy xy xy

xy xy xy

v B x n B x n x B
x

x n I B n n I B B d

x n I B n n I B B d

c c c

c v

c v
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Here, the commutative property of the bracket integrals has been used.  
From this, taking into account Eqs. (12-64), (12-66) and (12-67), one 
obtains: 

, , , , 0 ,ix ixy i i i i ix iyv B x x c c
x

c c

which yields: 

1 2 2 2 , , const .i ix iy i i i iM c c B c xc  (12-68) 

The Loyalka method is a generalization of the Maxwellian method and 
may be classified as a two-moment approach because two-moment solutions 
to the Boltzmann equations are used in its formulation.  Specifically, for the 
Loyalka method, the two solutions used are the following exact moment 
solutions: 

, , 0 ,ix iy i ic c xc  (12-69) 

1 2 2 2 , ,0 , 0 .i ix iy i i i i i iM c c B c c c  (12-70) 

These two analytical solutions give useful results if one takes into account 
two assumptions concerning the corrections to the distribution functions.  
Specifically, one must introduce two constants, a a  and 0 wa a ,
where wa a , which may be calculated from the two analytical solutions 
given in Eqs. (12-69) and (12-70). 

5. THE SLIP COEFFICIENTS FOR A BINARY GAS 
MIXTURE. 

The slip phenomena in gas mixtures are of fundamental significance 
when it comes to the specification of appropriate boundary conditions for 
flows in the slip-flow regime.  In this regime, the boundary condition for the 
mean mass velocity component tangential to a body surface may be 
presented in the form [6-13]: 

* *
12 12

ln
,S m n Tsl Dsl

T
u c P c c D dr

r
 (12-71) 
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where Sr  is the radius vector of a given point on the body surface, n
indicates a direction normal to the surface and points into the gas at Sr  while 

 indicates a direction tangential to the body surface at the point Sr .  Also, 
mc , *

Tslc , and Dslc  are the velocity-slip, thermal-creep, and diffusion-slip 
coefficients, respectively and the following notations have been used: 

1 2
8
5

2 ,kT
mp

* ,

1 2
64
75 ,

2
m T
kTp

in which  and  are the mean free paths calculated from the viscosity 
and thermal conductivity coefficients,  and , respectively, and nP  is the 
pressure tensor component.  The first term in Eq. (12-71) yields a correction 
to continuum expressions which is proportional to the Knudsen number, 
Kn , and which, when 0Kn , may be neglected.  However, the other 
terms in Eq. (12-71), which are associated with the thermal-creep and 
diffusion-slip phenomena, may be significant even if 0Kn  because the 
influence of these phenomena depends only upon the value of the tangential 
component of the external non-uniformities in the gas mixture. 

In the slip-flow regime, for the bulk flow of the gas mixture, the Navier-
Stokes equations can be used to develop the same description as the 
Boltzmann equations if one introduces the appropriate slip boundary 
condition given by Eq. (12-71).  For this regime, the use of the Navier-
Stokes equations together with the slip boundary condition is preferable to 
the use of the full Boltzmann equations because it allows one to reduce the 
number of independent variables from ten (for the Boltzmann equations for a 
binary gas mixture) to four (in the general case with the Navier-Stokes 
equations).  For stationary boundary value problems and for some specific 
geometries the number of these independent variables may be additionally 
reduced.  It should be noted that the slip conditions themselves must be 
determined by a solution of the planar boundary value problem involving the 
Boltzmann equations.  These slip coefficients can then be used with suitable 
accuracy to formulate transport problems for arbitrary geometries. 
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The slip-flow phenomena are basic to understanding cross-effects in gas 
mixtures (where they can be the most important factors), the motions of 
aerosol particles suspended in non-uniform media, and the flow of gas 
mixtures through capillary tubes, all of which have numerous technological 
applications.  The slip effects are also of importance in studies of many 
natural phenomena such as aerosol mechanics and flow in porous media, 
which also play a significant role in numerous other technological 
applications such as chemical and physical vapor deposition, nano-
fabrication, and most low-pressure applications.  In some cases, such as 
physical vapor transport experiments under micro-gravity conditions, for 
example, these phenomena may become the dominant transport factors due 
to the production of side-wall gas creep which may suppress natural 
convection [14-20].  In spite of considerable work in this field [21-63], there 
is no completely accurate analysis employing realistic models of the 
intermolecular interactions that would have reliable accuracy in all 
applications. 

The half-range moment method [34,35,51] described in Chapter 8, was 
previously believed to be able to yield accurate results for slip problems.  
Unfortunately, this method involves a very complicated analysis (even in 
low-moment approaches) and the accuracy of the method is not predictable. 

The relatively simple Loyalka’s method described in this chapter results 
in a simpler analysis and good accuracy [5].  To calculate the slip 
coefficients for binary gas mixtures, Loyalka’s method is among the most 
useful.  First, it yields relatively simple expressions and, second, it has no 
difficulties associated with the use of general intermolecular and gas-surface 
interaction laws.  Moreover, the use of the two general conservation laws as 
exact moment solutions provides a suitable accuracy to the results.  Next in 
this section, Loyalka’s method is used to derive analytical expressions for 
the slip coefficients of a binary gas mixture.  This analysis employs the 
second-order Chapman-Enskog solutions for the transport parameters.  One 
uses the same statement of the planar boundary value problem as was 
described in Section 12.4.  The velocity, 0u , given by Eq. (12-54) is 
presented in the form: 

*
0 12 12 .m Dsl Tslu c h c D d c g  (12-72) 

Additionally, this asymptotic velocity may be calculated by simple 
integration, i.e.: 

1 2
0 , ,i iy i iyu m v M a c
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where consta a .  This integration yields: 

1 2
1

0 2
0

2 .kTu a
m

 (12-73) 

Within the framework of the Loyalka method, one has two unknown 
constants, a a  and 0 wa a , which can be found from the two 
exact moment solutions given in Eqs. (12-69) and (12-70).  Substitution of 
the boundary condition given by Eq. (12-59) into Eqs. (12-69) and (12-70) 
yields the analytical expressions for the constants, a  and wa .  Then, Eqs. 
(12-72) and (12-73) yield the following expressions for the slip coefficients: 

1 2 2
15

1 1 2 18 1 2
1

42 ,m i i i
i i

bpMc x b K K
M

 (12-74) 

2 11 2 1
1 4

1

1 1
1 2 22

2 1

1 ,

i j
Dsl i i i

i

i j
i i

m
c M K z

m

m
b K z

m

 (12-75) 
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2
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 (12-76) 

where: 

1 1 2 2M x M x M , * 1 2 1 2
1 1 1 2 1 2a x a M x a M ,

2* *17
1 2 241i b b , *7

2 221i b ,

*1
1 241i a , and * * *7 7

2 2 2 22 21i b a b .



308 Analytical Methods for Problems of Molecular Transport

      

Here, also, the following notations have been used: 

1 1 1 2 2 1
1 21 2 1 2

1 1 1 2 2 2

2 2
,

x b x b
K K

x M x M
 (12-77) 

11
2 1 1 2 14 .K x b x b  (12-78) 

Equations (12-74)-(12-78) are suitable for the computation of results 
corresponding to arbitrary models of the intermolecular interaction provided 
that appropriate values of the transport coefficients, 1a , 1b , etc, are 
available.

Now, consider the limiting case of a simple gas.  The limiting formulas 
may be derived from Eqs. (12-74)-(12-78) if one makes the substitutions:  

1 1x , 1 2m m m , 1 2 , and 1 2 .  The factors 1K  and 
2K  are then given by: 

11
1 4 2 2K  and 11

2 14K b . (12-79) 

The limiting expressions for the slip coefficients are the same as those given 
by Eqs. (9-62) and (9-63) and the diffusion-slip coefficient is found to 
be 0Dslc .

6. DISCUSSION OF THE SLIP COEFFICIENT 
RESULTS. 

The expressions for the slip coefficients that have been obtained in the 
preceding sections of this chapter are in simple algebraic forms readily 
usable in computations.  Such computations are straightforward provided 
that values of the coefficients, 1a , 1b , etc., are available.  These values 
depend upon the intermolecular interaction (potential) model that is used to 
compute the -integrals.  While many of the necessary -integrals are 
tabulated in the classical texts [2,3], there are several additional -integrals 
that have been newly computed for inclusion in this text.  The various -
integrals, both old and new, are given in Appendix F. 

Tables 12-1 and 12-2 contain values of the transport coefficients, , ,
and 12D , and of the slip coefficients, mc , Dslc , Tslc , and Tslc , that have been 
computed for a selection of binary gas mixtures using different 
intermolecular potential models.  In Table 12-1 the rigid-sphere potential 
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model was used while in Table 12-2 the Lennard-Jones (6-12) potential 
model was used.  For all mixtures and models the results obtained using the 
first-order Chapman-Enskog approximation are compared with those 
obtained using the second-order Chapman-Enskog approximation.  In all of 
the cases shown in Tables 12-1 and 12-2 molecules have been assumed to be 
diffusely reflected at the relevant surfaces such that 1 2 1.  Table 12-
3 summarizes values of the parameters that are associated with each of the 
intermolecular potential models used. 

A variety of additional models are also available in the literature for 
which results have not been computed here but which may also be of interest 
to the reader [64].  This source contains tabulated values of the transport 
collision integrals for a variety of modern potential models and provides 
substantial information about the various intermolecular collision parameters 
included in these models.  Some approximate methods using the various 
alternative potential models described in this reference, and which may be 
used to calculate the various transport coefficients for the second- and third-
order Chapman-Enskog approximations, may be found in the literature [65-
69] but, since these analyses generally are not complete, they tend to be of 
limited use.

It is clear from Tables 12-1 and 12-2 that there exists a significant 
dependence of the slip coefficients upon the intermolecular potential (within 
the context of the Loyalka method) even when the calculations are limited to 

Table 12-1. Values of the transport coefficients ( , , and 12D ) and of the slip coefficients 
( mc , Dslc , Tslc , and Tslc ) for a selection of binary gas mixtures obtained using the rigid-
sphere potential model and the first- and second-order Chapman-Enskog approximations 
( p =1 atm, 0T =293 K).  The units of the viscosity, , are gm cm 1 sec 1, the units of the 
thermal conductivity, , are cal cm 1 sec 1 K 1, and the units of the diffusion coefficient, 

12D , are cm2 sec 1.  The slip coefficients are all dimensionless.  The thermal conductivity 
coefficients have been calculated under the assumption that the molecules are effectively 
monatomic.  For all of these calculated values, the assumption has been made that the 
tangential momentum accommodation coefficient for each gas species is equal to unity, i.e. 

1 = 2 =1.  The column labeled ‘Order’ refers to the order of the Chapman-Enskog 
approximation that was used in calculations. 

Mixture Order ( 104) ( 105) 12D mc Dslc Tslc Tslc
N2-H2 1 1.6874 4.5642 0.6379 1.1189 -0.1775 1.1102 1.1200 
1x =0.99 2 1.7125 4.6736 0.6857 1.0914 -0.1920 0.9786 0.9961 

N2-Ar 1 1.9262 4.1837 0.1659 1.1206 0.1170 1.1120 1.1029 
1x =0.5 2 1.9545 4.2788 0.1690 1.0936 0.1265 0.9825 0.9822 

N2-O2 1 1.8202 4.5041 0.1752 1.1167 0.0363 1.1235 1.1211 
1x =0.5 2 1.8471 4.6063 0.1783 1.0893 0.0395 0.9924 0.9979 

N2-CO2 1 1.5254 3.1895 0.1269 1.1253 0.2211 1.0976 1.1106 
1x =0.5 2 1.5493 3.2666 0.1296 1.0982 0.2374 0.9625 0.9821 
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the first-order Chapman-Enskog solutions whereas, in a simple gas, such a 
dependence is observed only for calculations employing the second- or 
higher-order Chapman-Enskog solutions.  As is evident from Eqs. (12-74)-
(12-76), the thermal-creep and diffusion-slip coefficients are significantly 
more sensitive to the order of the Chapman-Enskog approximation than the 
velocity-slip coefficient.  This is undoubtedly due to the dependence of the 
thermal-creep and diffusion-slip coefficients on cross-effects; a supposition 
that is confirmed by direct calculation of the slip coefficients for a selection 
of gas mixtures.  For example, with the rigid-sphere model for a mixture of 
N2 and O2, the relative differences between the first-order Chapman-Enskog 
derived values with respect to the second-order Chapman-Enskog derived 
values are 13.5 % for *

T slc  and 8.1 % for D slc .  For the same mixture and the 
rigid-sphere model the relative difference observed for mc  is only 2.5 %.  
The same situation occurs in a simple gas as well where the relative 
differences observed for *

T slc  and mc  are 13 % and 2.5 %, respectively.  Of 
course, for a simple gas, one must remember that there is no diffusion-slip 
effect to observe. 

The relative differences of the slip coefficients that one observes when 
using the generally more realistic Lennard-Jones (6-12) potential model are 
somewhat less than those observed for the rigid-sphere model but the same 

Table 12-2. Values of the transport coefficients ( , , and 12D ) and of the slip 
coefficients ( mc , Dslc , Tslc , and Tslc ) for a selection of binary gas mixtures obtained using 
the Lennard-Jones (6-12) potential model and the first- and second-order Chapman-Enskog 
approximations ( p =1 atm, 0T =293 K).  The units of the viscosity, , are gm cm 1 sec 1,
the units of the thermal conductivity, , are cal cm 1 sec 1 K 1, and the units of the diffusion 
coefficient, 12D , are cm2 sec 1.  The thermal conductivity coefficients have been calculated 
under the assumption that the molecules are effectively monatomic.  The slip coefficients are 
all dimensionless.  For all of these calculated values, the assumption has been made that the 
tangential momentum accommodation coefficient for each gas species is equal to unity, i.e. 

1 = 2 =1.  The column labeled ‘Order’ refers to the order of the Chapman-Enskog 
approximation that was used in calculations.  All of the necessary -integrals have been 
calculated numerically using the appropriate reduced temperatures and without using the 
typical interpolation procedure. 

Mixture Order ( 104) ( 105) 12D mc Dslc Tslc Tslc
N2-H2 1 1.7375 4.7246 0.7361 1.1189 -0.1896 1.1072 1.1228 
1x =0.99 2 1.7446 4.7576 0.7564 1.1021 -0.1959 1.0342 1.0518 

N2-Ar 1 1.9872 4.3334 0.1870 1.1208 0.1307 1.1138 1.1091 
1x =0.5 2 1.9932 4.3543 0.1877 1.1064 0.1331 1.0514 1.0489 

N2-O2 1 1.8825 4.6598 0.1982 1.1168 0.0380 1.1238 1.1216 
1x =0.5 2 1.8893 4.6858 0.1990 1.1009 0.0390 1.0548 1.0549 

N2-CO2 1 1.6006 3.3829 0.1477 1.1252 0.2589 1.1051 1.1303 
1x =0.5 2 1.6037 3.3940 0.1481 1.1141 0.2621 1.0560 1.0815 
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trend with respect to the sensitivity is observed.  In a mixture of N2 and H2,
the relative differences determined for *

Tslc  and Dslc  (with respect to the 
second-order approximation values) are 6.7 % and 3.2 %, respectively while 
the relative difference determined for mc  is only 1.5 %; again indicating that 
the velocity-slip coefficient is not as sensitive to the order of the 
approximation used. 

Further, if one compares the relative differences between the values of 
these coefficients using the different potential models with the same order 
approximation for the same mixture of N2 and CO2 one finds that *

Tslc  and 
Dslc  vary from the Lennard-Jones (6-12) model to the rigid-sphere model by 

9.1 % and 9.4 %, respectively; clearly showing that the more realistic model 
likely produces substantially more realistic results.  From this discussion it is 
clear that whenever possible it is desirable to use the higher-order 
approximations and most realistic potential models as significant 
improvements in the theory of the slip phenomena may be realized under 
these circumstances. 

One slip phenomenon of interest is the thermal transpiration effect which 
is observed in capillary tubes.  Table 12-4 compares the experimental and 
theoretical values of the slip factor, 12sl Tsl Dsl Tc c c k D , which 
governs this effect [48].  The experimental values given in Table 12-4 are 
slightly different from those reported in [48] owing to the use of the second-
order Chapman-Enskog approximations in determining the viscosity and 
velocity-slip coefficients which are used to calculate the slip factor for 
experimentally obtained pressure difference data.  The statement of the 
problem for the thermal transpiration effect and the method solution are 
given in Problem 12.5.  The specific values of the tangential momentum 
accommodation coefficients, 1  and 2 , shown in Table 12-4 were 
chosen so as to produce the best possible agreement between the measured 
and theoretical slip factors for the selected binary gas mixtures.  Table 12-4 
shows that excellent agreement between theory and experiment is obtained if 
these values are assumed.  This further demonstrates the substantial 
improvement in the accuracy of theoretically calculated slip phenomena 

Table 12-3. Relevant parameters for two of the most commonly used intermolecular potential 
models; the rigid-sphere model [1] and the Lennard-Jones (6-12) potential model [2]. 

Rigid-sphere model Lennard-Jones (6-12) potential model 
Gas  (Å)  (Å) k  (K) 
He 2.193 2.576 10.22 
H2 2.745 2.94 35.65 
N2 3.784 3.72 85.65 
Ar 3.659 3.418 124.0 
O2 3.636 3.487 100.5 

CO2 4.643 3.95 201.5 
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values that can be obtained when using higher-order Chapman-Enskog 
approximations; in this case the second-order approximation. 

The above discussion has shown that there are strong dependencies of 
*
Tslc  and Dslc  on the potential model used and on the order of the Chapman-

Enskog approximation used.  However, mc  does not show the same degree 
of sensitivity as the other slip coefficients.  There exists a direct way to 
assess the accuracy of the analysis reported here by comparing the values of 
the slip coefficients that it predicts with the very accurate numerical values 
reported by Takata and Aoki in [62].  The relative deviation of the values 
calculated from Eqs. (12-75) and (12-76) from the values reported in [62] is 
less than 2 % over a wide range of the molecular mass ratio.  From this, one 
may conclude that the overall degree of accuracy of the slip coefficients 
reported here is, almost certainly, less than 2 % as well. 

PROBLEMS 

12.1.  Using the first-order Chapman-Enskog approximation, determine the 
diffusion-slip coefficient for a binary gas mixture by means of the Maxwell 
method.  Use a planar geometry in which the pressure and temperature are 
assumed to be constant. 

Solution:  The distribution function for the i -th constituent may be 
expressed in the form: 

1 2
10 1 212

121 1 2 ,
2

i ji
i i iy i iy

i

mmDf f c d M a x c
x kT m

Table 12-4. The tangential momentum accommodation coefficients, i , in a binary gas 
mixture chosen for calculation of the slip coefficients and slip factors.  These specific i
were chosen so as to produce the best agreement between the measured and theoretical slip 
factors for the selected binary gas mixtures. 

Gas mixture 1 2 expslc sl th
c  Error (%) †

He:Ar (4:1) 0.8 0.8 1.1863 1.1708 1.3 
He:Ar (2:1) 0.8 0.8 1.1874 1.1559 2.7 
He:Ar (1:1) 0.8 0.8 1.1043 1.1146 0.9 
He:Ar (1:2) 0.8 0.8 1.0903 1.0714 1.7 

He:CO2 (2:1) 0.8 0.8 1.3846 1.3141 5.1 
He:CO2 (1:1) 0.8 0.8 1.2997 1.2720 2.1 
Ar:CO2 (2:1) 0.8 0.8 0.9593 1.0098 5.3 
Ar:CO2 (1:1) 0.8 0.8 0.9573 1.0143 6.0 

† Relative error has been calculated with respect to the experimental values of the slip, 
i.e.

exp exp
100%sl sl slth

c c c .
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where 12 1d x y , and x , and y  are the coordinates normal and 
tangential to the planar surface, respectively.  The Maxwell method is 
constructed on the assumptions that a a  and 0a a a .
The constant, a , is found from the moment solution given by Eq. (12-65): 

, ,0 0 .ix iy i ic c c

The boundary conditions (one for each constituent) are given by: 

1 2
1 1 212

12,0 2 1 1 ,
2

i j i
i i i iy i i iy

i

m mDd c M ac
m x kT

c

where i  is the tangential momentum accommodation coefficient for the i -
th constituent.  The constant, a , can then be found by simple integration.  
Thus, Eq. (12-73) yields: 

1 2 2 1 0 ,Dslc m m K

where: 

1 2
0

1 1 1 2 2 2

.
m m

K
m x m x m

12.2.  For a non-uniform binary gas mixture, determine the mean velocities 
of the constituent gases and the mean mass velocity of the mixture.  
Consider the specific case in which there is no net number flow (transport) 
of molecules and in which the pressure and temperature of the gas mixture 
are assumed to be uniform. 

Solution:  The distribution function of the i -th constituent is given by: 

0
121 ,i

i i i i
mf f
kT

u v D d

where u  is the mean mass velocity of the mixture and in which iD  and 12d
are expressed as: 

1 2
1 1 212

3 2
0

1 2
2

i ji
i i i i

i

mmD z S C
x kT m

D C  and 1
12 1n nd .
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The mean mass velocity of the i -th constituent can be calculated by 
integrating in the following manner: 

01 1
12

1 12
12

1

1 .

i
i i i i i i i i i i i

i j

i

mv n v f d n f u v D d v d
kT

m Du d
m x

v v

This yields: 

2 12
1 12

1
,m D

m x
v u d  (P-1) 

and: 

1 12
2 12

2
.m D

m x
v u d  (P-2) 

For the specific case under consideration in which there is no net number 
flow of molecules, the velocities, 1v  and 2v , may be found from the 
equations: 

1 2 12 1 2 1 ,D n n n nv v  (P-3) 

1 1 2 2 0 ,n nv v  (P-4) 

which yield: 

1
1 12 1 1D n nv   and  1

2 12 2 1D n nv .

From these, the mean mass velocity is then determined to be: 

1 1 2 2 2 1
12 1

1 2
.m m D nv vu  (P-5) 

12.3.  For a non-uniform binary gas mixture, determine the number flux 
vector (current) of the first constituent assuming that the first constituent is 
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diffusing through the second and that there is no net number flow (current) 
of the second constituent.  Assume the pressure and temperature of the gas 
mixture to be uniform. 

Solution:  From the statement of the problem, one has that 2 0v .  Since 
the gas mixture conditions in this problem are similar to those in Problem 
12.2, one then has, from Eq. (P-2), that: 

1 12
12

2
.m D

m x
u d

Using this in Eq. (P-1) yields: 

1 1 2 12 1 .n n n D nv

12.4.  For a non-uniform binary gas mixture, determine the mean velocities 
of the constituent gases.  In this more general problem, assume that the 
partial densities of the constituents, and the pressure and temperature of the 
gas mixture are all non-uniform. 

Solution:  The distribution function of the i -th constituent is given by: 

0
121 ln 2 : ,i

i i i i i i
mf f T
kT

uu v A D d B
r

 (P-6) 

where 12d  is specified by Eq. (12-4).  The same integration as in Problem 
12.2 yields: 

2 12
1 12

1
ln ,T

m D k T
m x

v u d  (P-7) 

and: 

1 12
2 12

2
ln ,T

m D k T
m x

v u d  (P-8) 

where Tk  is the thermal diffusion ratio and u  is the mean mass velocity 
which is unknown until the exact conditions governing the diffusion are 
specified.  Note:  Terms containing Sonine polynomials which occur in the 
functions, iA  and iD , should vanish after the integration procedure and 
integrations over the function iB  should be identically zero. 
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12.5.  For a non-uniform binary gas mixture, determine the relationship 
between the mean velocity of the gas mixture and its mean mass velocity. 

Solution:  Let iv  be the mean velocity of the i -th constituent of the gas 
mixture in the laboratory frame of reference.  This velocity may be 
expressed in the form: 

,i i iv w W u U  (P-9) 

where w  and u  are the mean and mean mass velocities of the gas mixture, 
respectively, and iW  and iU  are the diffusion velocities of the i -th
constituent relative to two different frames of reference moving with the 
velocities, w  and u , respectively.  If one takes into account Eqs. (P-7) and 
(P-8), the relative diffusion velocities, iW  and iU , may be found from the 
two following algebraic systems of equations: 

12
1 2 1 2 12

1 2

1 1 2 2

ln ,

0 ,

T
D k T
x x

n n

W W v v d

W W

12
1 2 1 2 12

1 2

1 1 2 2

ln ,

0 .

T
D k T
x x

U U v v d

U U

Upon solving these systems for iW  and iU , the results may be substituted 
into Eq. (P-9) to yield: 

1 2
12 12 ln .T

m m D k T
m

u w d  (P-10) 

12.6.  Calculate the diffusion coefficient for a H2-N2 binary gas mixture at 
293T  K and 1p  atm.  Use the first-order Chapman-Enskog 

approximation.  Assume that the molecules act as rigid spheres. 
Solution:  Using Eqs. (12-13), (12-17) and (12-19) one obtains: 

1 3
12 16 1,1

1 2 0 12

.kTD
M M nm

The -integral for rigid-sphere molecules is given by [3]: 
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1 2
, 2 1 1

12 12 2 2*

1 1
1 1 ,

12

l
l r kT r

lm
 (P-11) 

where *
1 2 1 2m m m m m .  Then, one can obtain the following analytical 

expression for the diffusion coefficient. 

1 2
1 3

12 8 2 *
12

.
2

kT kTD
p m

 (P-12) 

For the specific mixture under consideration, one may use 
8

12 3.2645 10  cm from [1] and, from [70], 61.01325 10p  dyne 
cm 2, 1.00794Hm  gm mol 1, 14.00674Nm  gm mol 1, and 

161.38066 10k  erg K 1 and 236.02214 10AN  mol 1 for Boltzmann’s 
constant and Avogadro’s number, respectively.  Then, Eq. (P-12) yields 

1
12 0.6379D  cm2 sec 1.

12.7.  For the second-order Chapman-Enskog approximation, obtain an 
analytical expression for the diffusion coefficient that relates it to the 
expression for the diffusion coefficient obtained in Problem 12.6 using the 
first-order Chapman-Enskog approximation. 

Solution:  The transport coefficient, 0d , is calculated from the following 
algebraic system of equations: 

1 1 1 0 0 1 1 1 1 0 ,d a d a d a

1 2
13

1 10 0 00 1 10 2
0

2 ,kTd a d a d a n
m

1 11 0 01 1 11 0 ,d a d a d a

where the coefficients, 00a , 11a , 1 1a , and 1 1 11a a  are given in Section 
12.2 while the coefficients, 01 10a a  and 0 1 10a a , are given by Eqs. (12-
44) and (12-45), respectively.  Then, taking into account Eqs. (12-13) and 
(12-17), one can represent the diffusion coefficient obtained using the 
second-order approximation in the form: 

2 1
12 12

1 ,
1

D D
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where the following notation has been introduced: 

1 1 1 110 10
0 1 01 2 2

10 1011 11 01 1 1 0 1 11 0 1 10 11
2

1 1 1 1 00 1 1 11 1 1
00

11 11

2 .

a aa a
a a

a aa a a a a a a a a
a a a a a aa
a a

12.8.  For the first-order Chapman-Enskog approximation, derive an 
analytical expression for the viscosity coefficient for a binary gas mixture. 

Solution:  The viscosity coefficient is given by 1 1 2 1( )p x b x b .  The 
transport coefficients, 1b  and 1b , are specified from the following algebraic 
system of equations found in Section 12.2 (Eqs. (12-14) and (12-15)): 

25
1 1 1 1 1 1 1 2 2 ,nb b b b

n
  and  15

11 1 11 1 1 2 2 ,nb b b b
n

The solution of these equations yields: 

2 2
1 1 1 1 2 1 1 2 115

2 21
1 1 11 1 1

2 .x b x x b x bkT
b b b

12.9.  For the first-order Chapman-Enskog approximation, derive an 
analytical expression for the thermal conductivity coefficient for a binary gas 
mixture. 

Solution:  The thermal conductivity coefficient is given by Eq. (12-16): 

1 2 1 2
5

1 1 2 14
1 2

2 2 ,kT kTnk x a x a
m m

The transport coefficients, 1a  and 1a , are specified from the algebraic 
system of equations found in Section 12.2 (Eqs. (12-11) and (12-12)): 

1 2
215

1 1 1 1 1 1 1 4 2
2

2 ,n kTa a a a
mn

 and: 



Chapter 12.  Boundary Slip Phenomena in a Binary Gas Mixture 319

      

1 2
115

11 1 11 1 1 4 2
1

2 ,n kTa a a a
mn

The solution of these equations yields: 

1 22 1 2 1
1 1 1 1 1 2 1 2 1 1 2 2 11275

8 21
1 1 11 1 1

2
.

x m a x x m m a x m a
k T

a a a

12.10.  For the second-order Chapman-Enskog approximation, derive an 
analytical expression for the viscosity coefficient for a binary gas mixture. 

Solution:  The viscosity coefficient is given by 1 1 2 1( )p x b x b .  The 
transport coefficients, 1b  and 1b , are specified from the following algebraic 
system of equations: 

2 2 2 1 2 1 1 2 1 2 2 2 0 ,b b b b b b b b

25
2 1 2 1 1 1 1 1 1 2 1 2 2 2 ,nb b b b b b b b

n

15
21 2 11 1 11 1 21 2 2 2 ,nb b b b b b b b

n

22 2 12 1 12 1 22 2 0 .b b b b b b b b

The solution of this system of equations is given by: 

1
1

2

b

b

b   and  1
1

2

b

b

b ,

where the following notations have been introduced: 

2 2 1 2 1 2 2 2

2 1 1 1 1 1 2 1
2

21 11 11 21

22 12 12 22

,b

b b b b
b b b b
b b b b
b b b b
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1 1 1

1 25 5
2 22 2 ,b b b

n n
n n

1 1 1

1 25 5
2 22 2 ,b b b

n n
n n

1

2 2 1 2 2 2

2 1 1 1 2 1

22 12 22

,b

b b b
b b b
b b b

1

2 2 1 2 2 2

21 11 21

22 12 22

,b

b b b
b b b
b b b

1

2 2 1 2 2 2

2 1 1 1 2 1

22 12 22

,b

b b b
b b b
b b b

  and 
1

2 2 1 2 2 2

21 11 21

22 12 22

.b

b b b
b b b
b b b

Using these notations, the viscosity coefficient is found to be: 

1 1 1 1

2 2
1 1 2 25

22
2

.b b b b

b

x x x x
kT

12.11.  For the second-order Chapman-Enskog approximation, derive an 
analytical expression for the thermal conductivity coefficient for a binary gas 
mixture. 

Solution:  The thermal conductivity coefficient is given by Eq. (12-16): 

1 2 1 2
5

1 1 2 14
1 2

2 2 ,kT kTnk x a x a
m m

 (12-16) 

The transport coefficients, 1a  and 1a , are specified from the following 
algebraic system of equations: 

2 2 2 1 2 1 1 2 1 2 2 2 0 ,a a a a a a a a

1 2
215

2 1 2 1 1 1 1 1 1 2 1 2 4 2
2

2 ,n kTa a a a a a a a
mn
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1 2
115

21 2 11 1 11 1 21 2 4 2
1

2 ,n kTa a a a a a a a
mn

22 2 12 1 12 1 22 2 0 .a a a a a a a a

The solution of this system of equations is given by: 

1
1

2

a

a
a   and  1

1
2

a

a
a ,

where the following notations have been introduced: 

2 2 1 2 1 2 2 2

2 1 1 1 1 1 2 1
2

21 11 11 21

22 12 12 22

,a

a a a a
a a a a
a a a a
a a a a

1 1 1

1 2 1 2
1 215 15

4 42 2
1 2

2 2 ,a a a
n nkT kT

m mn n

1 1 1

1 2 1 2
1 215 15

4 42 2
1 2

2 2 ,a a a
n nkT kT

m mn n

1

2 2 1 2 2 2

2 1 1 1 2 1

22 12 22

,a

a a a
a a a
a a a

1

2 2 1 2 2 2

21 11 21

22 12 22

,a

a a a
a a a
a a a

1

2 2 1 2 2 2

2 1 1 1 2 1

22 12 22

,a

a a a
a a a
a a a

  and 
1

2 2 1 2 2 2

21 11 21

22 12 22

.a

a a a
a a a
a a a



322 Analytical Methods for Problems of Molecular Transport

      

Using these notations, the thermal conductivity coefficient is found to be: 

1 1 1 1

1 22 1 2 1
1 1 1 2 1 2 2 2275

82
2

.a a a a

a

x m x x m m x m
k T

12.12.  Evaluate the accuracy of the Maxwell method for determining the 
diffusion-slip coefficient by comparing it with the numerical results [62] for 
different values of the mass ratio, 2 1m m ,  Consider the specific case 
when 1 2 1 and 1

1 2 2x x .
Solution:  For the specific case under consideration, the diffusion-slip 

coefficient given in Problem 12.1 may be expressed in the form: 

2

4 1
.

1 1
Dslc  (P-13) 

The numerical values and values computed from Eq. (P-13) can then be 
assembled in tabular form for ease of comparison.  This has been done and is 
given in Table 12-5.  As one can see from Table 12-5, with relative errors on 
the order of 100%, the Maxwell method does not appear, at least for the 
specific case under consideration in this problem, to be an effective 
technique for determination of the diffusion-slip coefficient.  However, the 
current case is quite limited and one should not make the mistake of 
inferring that the accuracy of the Maxwell method overall is represented by 
the current problem.  Rather, one should understand from the current 
problem only that the Maxwell method can lead to unacceptably inaccurate 
results in some circumstances. 

12.13.  Using the first-order Chapman-Enskog approximation and the 
Maxwell method, determine the slip-flow coefficient for a binary gas 
mixture.  Consider the case in which the temperature and partial pressures of 
the gas constituents are uniform. 

Table 12-5. A comparison of diffusion-slip coefficient values.  Values determined 
numerically [62] are compared with corresponding values determined using the Maxwell 
method for selected values of the mass ratio, , for the specific case when 1 2 1
and 1

1 2 2x x .

2 1m m  2 4 5 10 

Dslc , Eq. (P-13) 0.3235 0.5333 0.5694 0.5974 

Dslc , numerical 0.1637 0.2514 0.2634 0.2619 
(%)  97.6 112 116 128 

, , ,(%) = 100 .Dsl num Dsl Max Dsl numc c c
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Solution:  The distribution function of the i -th constituent in the gas 
mixture is given by: 

0
11 2 , ,i

i i iy ix iy i i
mf f xhv c c b h x
kT

c

where one should use 1b  if 1i  and 1b  if 2i .  The Maxwellian boundary 
model yields: 

1,0 2 2 1 , , ,0 .i i i ix iy i i ix iy izc c b h c c cc

The correction to the distribution function, ,i i xc , can be chosen in the 
form 1 2, .i i i iyx M a x cc   The Maxwell method is constructed on the 
assumption that 0a a a .  Then this constant can be calculated 
from the exact analytical solution to the Boltzmann equations given by: 

, ,0 0 .ix iy i ic c c

Taking into account Eqs. (12-72) and (12-73), one can then obtain: 

1 2
1 1 1 2 2 15

8 1 2 1 2
1 1 1 2 2 2

2 2
.m

x b x bpMc
x M x M

12.14.  Two vessels having volumes, V  and V , are joined by a long 
capillary where R  and L are the capillary radius and length, respectively, 
L R , and R  where  is the mean free path of the gas molecules.  
The two vessels are maintained at the same constant temperature, 
T T T , and are filled at the beginning 0t  with a binary gas 

mixture having slightly different mixture fractions in each vessel such that 
1 10 0x x  and 2 20 0x x  in the first vessel while in the second 

vessel 1 1 10 0 0x x x  and 2 2 10 0 0x x x .  When the 
capillary is opened a pressure difference, p p p , will develop as a 
function of time.  Determine the time dependence of the relative density 
difference 1 1 1x t x t x t  and the time dependence of the pressure 
difference, p t .  Also, determine the maximum value of the pressure 
difference that develops. 

Solution:  The basic equations of balance for the number of molecules of 
each constituent gas are given by: 
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i
iz

dnV J
dt

 and ,i
iz

dnV J
dt

where 2
iz i izJ R n v  is the net molecular current (referred to as the 

molecular number flux in some texts) of the i -th constituent through the 
capillary.  If one takes into account Eq. (P-9) from Problem 12.5, the basic 
equations can be written in the form: 

2 ,i
i z iz

dnV R n w W
dt

 (P-14) 

2 ,i
i z iz

dnV R n w W
dt

 (P-15) 

where zw  is the mean velocity of the gas mixture and izW  is the diffusion 
velocity of the i -th constituent relative to a frame of reference moving with 
velocity, w .  For the number density difference, i i in t n t n t , one 
can obtain: 

2

,i i z iz
d Rn n w W
dt V

 (P-16) 

where V V V V V .  The number density difference may then be 
expressed in the form: 

.i i
i i

px xn p x n
kT p

 (P-17) 

Then, Eq. (P-16) yields: 

2
1

1 1 1 ,z z
xd Rp x x w W

dt p V
 (P-18) 

2
2

1 2 2 .z z
xd Rp x x w W

dt p V
 (P-19) 

The average values introduced here are slightly different from those that 
would exist in the equilibrium state because the pressure difference that 
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develops is much less than the initial pressure.  The mean molecular 
velocity, w , is related to the mean mass velocity, u , by (see Problem 12.5): 

2 1
12 12 ,m m D

m
w u d  (P-20) 

and the diffusion velocities are then defined by: 

1 1 2 2 12 12 ,n n nDW W d  (P-21) 

where the vector, 12d , is specified in Eq. (12-4).  In the particular case under 
consideration in this problem, the z -component of this vector can be 
expressed in the form: 

1 2 1
12 1 1 2 .z

m m pd L x x x
m p

 (P-22) 

Note that in the slip-flow regime, the mean mass velocity in the capillary 
may be specified from the boundary value problem of: 

0u  and 2 pu  with: 

12 12
z

z m Dsl z

uu R c c D d
r

 and , ,0p r L p r p .

The solution of this boundary value problem is found to be: 

2 2
12 12

1 1 4 .
4z m Dsl z

pu r R c Kn r c D d
z

from which one can obtain: 

2

12 122
0

1 42 .
8

R
m

z z Dsl z

R c Kn
u u r rdr p c D d

LR
 (P-23) 

Now, taking into account Eqs. (P-20)-(P-23), Eqs. (P-18) and (P-19) can be 
written in the form: 
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1 1 1 1 ,x p
d x x p
dt

 (P-24) 

1 ,x p
d p x p
dt

 (P-25) 

where the following notations have been employed: 

1 12x aD , 2 1 12
1 1 2p

m m Dax x
m p

,
2Ra

VL

12 12x apc D , 2 1
12 Dsl

m mc c
m

, and 

2
2 1

12 1 2 12
1 4

.
8

m
p

pR c Kn m ma c x x D
m

The characteristic equation for this homogeneous linear system of 
differential equations is the quadratic equation: 

1 1 0 ,x p

x p

s
s

which has the following roots: 

2
111

1,2 12 2

4
1 .x px

p x p
p p

s

For the different terms in this expression one can make the following 
determinations regarding the orders of various quantities, specifically: 

V , 12D V ,
1 22kTV

m
, and: 
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2 2
2

2 2 2
1

1 .p

x

R nkT R Kn
V

The last of these implies that: 

1 1x

p

, 1x

p

, and 1 1p

p
.

Now, taking into account these determinations of order, it follows that 
1 1xs  and 2 ps .  Thus, since both of the roots of the characteristic 

equation have been shown to be negative, it further follows that each term in 
the complete solution to the homogeneous system of equations will decay 
exponentially to zero as t .  The solution of the system is found to be: 

1 1 10 exp xx t x t  and: 

1exp expx pp t K t t  where: 

1

112 12
1 2

80 1 .
1 4

x

pm

c DK x
R c Kn

The maximum pressure difference is found to be: 

112 12
1 2max

1

80 1 ln .
1 4

px

p xm

c Dp x
R c Kn

where 12 2 1( )/Dslc c m m m .

12.15.  Two vessels having volumes, V  and V , are joined by a long 
capillary where R  and L are the capillary radius and length, respectively, 
L R , and R  (which corresponds to the slip-flow regime) where 
is the mean free path of the gas molecules.  The two vessels are maintained 
at different temperatures, T  and T  with T T .  Assume that the two 
vessels initially 0t  contain identical gas mixtures, each with the same 
pressure and mole ratios, i.e. 1 1(0) (0) (1 )x x q q  and 
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2 2(0) (0) (1 )x x q q , where q  is the initial pressure ratio of the gas 
constituents.  When the capillary is opened a pressure difference, 

p t p p , will develop as a function of time.  Determine the steady-
state pressure difference that will develop in this system, stp p .

Solution:  For this problem one can use the same basic system of 
differential equations that was employed in Problem 12.14 in which the 
mean velocity, zw , and the diffusion velocities, izW , must be modified by 
the inclusion of additional terms to account for the non-uniformity of the 
temperature in the system.  This basic system of differential equations is 
given by: 

2
1

1 1 1 ,z z
xd Rp x x w W

dt p V

2
2

1 2 2 .z z
xd Rp x x w W

dt p V

where p t p p  and 1 1 1x x x .  The diffusion velocities, izW , are 
given by: 

1 1 2 2 12 12 ,z z Tz
Tn W n W nD d k

TL
 where: 

1 2 1
12 1 1 2 ,z

m m pd L x x x
m p

and in which Tk  is the thermal diffusion ratio.  The mean velocity, zw , can 
be expressed in the form: 

2

12 12

* * 2 1
12 12

1 4
8

,

m
z Dsl z

Tsl Tz

R c Kn
w p c D d

L
m mT Tc D d k

TL m TL

 (P-26) 

where mc , *
Tslc , and Dslc are the velocity-slip, thermal-creep, and diffusion-

slip coefficients, respectively.  Then, the basic system of equations can be 
written in the form: 
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1 1 1 1 1 ,x p T
d x x p T
dt

 (P-27) 

1 ,x p T
d p x p T
dt

 (P-28) 

where the following notations have been employed: 

1 12x aD , 2 1 12
1 1 2p

m m Dax x
m p

,
2Ra

VL

12
1

T
T

ak D
T

, 12 12x apc D , 2 1
12 Dsl

m mc c
m

,

2
2 1

12 1 2 12
1 4

,
8

m
p

pR c Kn m ma c x x D
m

*
12

T
T

ap c
T

, and * 2 1 12
12 *

T T
Tsl

m m k Dc c
m

The last terms of Eqs. (P-27) and (P-28) can be regarded as the driving 
forces which will determine the ultimate steady-state (or stationary state) of 
this process.  The characteristic equation of the homogeneous system has 
two negative roots as was shown in Problem 12.14.  This again indicates that 
the solutions to the homogeneous system decay exponentially to zero as 
t .  However, the steady-state solution for the non-homogeneous 
system, where the contribution of the particular solutions dominates the 
behavior of the system, can be specified from the following equations: 

1 1 1 1 ,x p Tx p T

1 .x p Tx p T
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The steady-state pressure difference, stp p , is then found to be: 

1
11

1 1

1 1 .x px TT
st

p x T x p

p T

An evaluation of the two terms found in the expression for p  shows that 
the first term is the dominant term, i.e.: 

12 2 2 2
2 1

2 2 2
12 12 1 2 12

1 ,
8

m mR p R nkT R nkT R
c D x x m D mnV

where the following estimations of order have been used: 

mnV , 12D V , and 
1 22kTV

m
.

This means that: 

2 1 4
.

8
m

p
R c Kn

ap

Further, the order of the ratio, 1 1x p x p , is determined to be: 

2 2 2
1 12

2 2 2
1

1 .x p

x p

D V nm
pR nkTR R

Now, neglecting the small terms, one can obtain: 

*

2
8 ,
1 4

sl
st

m

cTp
T R c Kn

where the following notation has been introduced: 

*12 12
12 12 * * .T T T

sl Tsl Dsl
k D k Dc c c c c
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Appendix A 

BRACKET INTEGRALS FOR THE PLANAR 
GEOMETRY 

1. BRACKET INTEGRALS INVOLVING TWO 
SONINE POLYNOMIALS. 

In this section, bracket integrals of the form: 

2 2
3 2 3 2, ,r s

rsa S c S cc c

are discussed.  Consider, for example, the bracket integral 11a  that is 
contained in the first-order Chapman-Enskog solution for thermal 
conductivity.  This integral can be written as: 

1 1 1 12 2 2 2
11 3 2 3 2 3 2 3 2

1 0 102 2 2
13 2 3 2

1 1 12 2 2
1 1 1 1 13 2 3 2 3 2

, 3 ,

3 ,

.

x x

x x

x x x

a S c S c c S c c S c

n c S c g d gf f c S c

c S c c S c c S c d d

c c

v v

 (A-1) 

Using the momentum conservation equation, one obtains: 

2 2
11 3 , .x xa c c c c  (A-2) 
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The differential scattering cross section for rigid-sphere molecules can be 
expressed in the form: 

21
4, sin ,dbg d bdbd b d d d d

d
 (A-3) 

where  is the diameter of a molecule. 
Let the variables of integration be changed from v  and 1v  to G  and 

1g v v  (the center of mass and relative molecular velocities, 
respectively) by the relations: 

1
2 ,v G g  (A-4a) 

1
1 2 ,v G g  (A-4b) 

2 2 2 21 1
12 4 ,m v v m G g  (A-4c) 

and: 

1 ,d d d dv v G g  (A-4d) 

where G  and g  are dimensional variables. 
After changing the variables of integration, one can make the following 

substitutions: 

1 2

,m
kT

G G  (A-5a) 

1 2
1
2 ,m

kT
g g  (A-5b) 

1 ,
2

c G g  (A-5c) 
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1
1 ,
2

c G g  (A-5d) 

3 2

,kTd d
m

G G  (A-5e) 

and: 
3 2

8 .kTd d
m

g g  (A-5f) 

It is convenient to introduce the spherical coordinates , ,g  for g .
The relationships between these spherical coordinates and the coordinates in 
Cartesian velocity space, , ,x y zg g g , are given by: 

cos , sin cos , sin sin .x y zg g g g g g

Substituting the dimensionless variables into 11a , and neglecting all 
vanishing integrals, one can obtain: 

1 2 2
2 3 23

11 4
0 0

2 2 3 2

0
2

0 0

4 2 2 2 2 2 2 2 2 2 2

2 2

sin exp

exp exp exp

sin

2

2 2 ,

x x

y y z z

x x y x z x x x x x

y x y x y x y z x z x z x z

kTa d d G dG
m

G dG G dG g g dg

d d

G G G G G G g G g g g

G g g g g g g G g g g g g g

 (A-6) 

where xg , yg , and zg  are given by: 

cos cos sin sin cos ,xg g  (A-7a) 

sin cos cos cos cos sin cos

sin sin sin ,
yg g

 (A-7b) 



338 Analytical Methods for Problems of Molecular Transport

      

sin sin cos cos sin sin cos .

cos sin sin
zg g

 (A-7c) 

After integration over all values of G  and neglecting vanishing integrals 
one can express the bracket integral, 11a , in the following form: 

1 2
2 3 2 3 23

11 4
0 0

2 2
2 45 1

4 2
0 0 0

2 2 2 2 2

4 2 2

1 2 1 2
2 7 2 28

3
0

exp sin

sin

  cos sin sin sin cos

cos sin

exp 8 .

kTa g g dg d
m

d d d g g

g

kT kTg g dg
m m

 (A-8) 

Finally, in summary, the bracket integral, 11a , is given by: 

1 2
1 12 2 2

11 3 2 3 2, 8 ,kTa S c S c
m

c c  (A-9) 

where one must remember that molecules have been assumed to be rigid 
spheres. 

2. BRACKET INTEGRALS CONTAINING 
SEVERAL COMPONENTS OF MOLECULAR 
VELOCITY. 

In this section, the bracket integral associated with the first-order 
Chapman-Enskog solution for viscosity: 

11 , ,x y x yb c c c c

is considered.  Using the dimensionless variables from Section A.1 and 
omitting vanishing integrals, one can obtain the following expression for this 
bracket integral: 
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1 2
2 31

11 4

2
3 2

0 0 0 0
2

2 2

0

2

,

sin exp sin

exp exp

exp .

x y x y

x x y y

z z x y x y x y

kTb c c c c
m

d d g g dg d

d G dG G dG

G dG g g g g g g

 (A-10) 

After integration over the components of G , and using the relations for xg
and yg  given by Eqs. (A-7a) and (A-7b), one can obtain: 

1 2 2
2 3 21

11 4
0 0

2
3 2 4

0 0 0

2 2 2 2

sin

exp sin

sin cos cos sin 1 cos .

kTb d d
m

g g dg d d g  (A-11) 

The remaining simple integrations then yield: 

1 2
24

11 5, .x y x y
kTb c c c c
m

 (A-12) 

Molecules have been assumed to be rigid spheres.  Analytical expressions 
for other bracket integrals contained in higher-order Chapman-Enskog 
solutions and a more general calculation scheme for arbitrary intermolecular 
potentials may be found in [1-3]. 

3. BRACKET INTEGRALS CONTAINING TWO 
DISCONTINUOUS FUNCTIONS. 

In this section a method of calculating bracket integrals that contain the 
discontinuous sign functions is considered.  As an example, the following 
bracket integral will be evaluated for the case of rigid-sphere molecules: 
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002
1 1

1 1

1 1

sign , sign

sign ,

sign sign

sign sign .

y x y x

y x

y x y x

y x y x

c c c c

n c c g d gf f d

c c c c

c c c c d

v

v

 (A-13) 

This integral may be represented as the sum of four terms: 

1 2 3 4 .I I I I I  (A-14) 

The first term does not contain the discontinuous functions and, therefore, 
may be calculated by the standard method described in Section A.1. 

Consider the second integral in detail.  The integrand does not contain 
any collision parameters and, therefore, , g d  can be calculated 
independently of the other integrations yielding: 

2, .g d

Now, let the variables of integration be changed from 1,v v  to 
1,G g v v .  Then, after introducing the dimensionless variables G  and 

g , this integral becomes: 

1 2
2 2 2 3 2

0 0
2

2 2

0

2 2 2 2 2

exp sin

exp exp

exp sin cos

sign cos cos .

x x y y

z z y

x x

kTI g g dg d
m

d G dG G dG

G dG G g

G g G g

 (A-15) 

After integration over all values of yG , zG , and  this expression becomes: 
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1 2
2 2 3 2

0 0

2 2 2

exp sin

exp 1 sin

sign cos cos .

x x

x x

kTI g g dg d
m

G dG g

G g G g

 (A-16) 

Note that the method of calculation used in these integrations has been 
previously described in [4,5].  Here, this method has been generalized by the 
introduction of appropriate recurrence relations. 

Using the new variables of integration, cosx  and xz G g , one 
can reduce Eq. (A-16) to the form: 

1 2 1
2 2 4 2 2

1 0

2 2

1 2 1
2

1

5 2 7 22 2 23 5
8 2

exp 1

1 1 sign

sign

1 1 1 .

kTI dx dz g g z dg
m

g x z x z x

kT dx dz z x z x
m

z x z

 (A-17) 

It is convenient to use the following notations: 

1
1

1 2 1 220

sign
2 ,

1
m m

z x z x
J dx dz

z
 (A-18a) 

1
2 2

1 2 1 220

sign
2 1 .

1
m m

z x z x
J x dx dz

z
 (A-18b) 

After transformation, these integrals may be written as: 

1 1 2 1 21 2 2
1 2

0

2 1 2 1 ,
xm m

m
x

J dx z dz z dz  (A-19a) 
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1
2 2

1 2
0

1 2 1 22 2

2 1

1 2 1 .

m

xm m

x

J x dx

z dz z dz
 (A-19b) 

Then, using the following relationship [6]: 

1 2 1 2 1 22 2 2

2 2 ,
2 11 2 1 1 1

m m m
dz z m dz

mz m z z
 (A-20) 

recurrence formulas for 2m  may be obtained: 

1 1
1 2 1 23 2

8 1 2 21 ,
2 1 2 3 2 12m mm

mJ J
m m m

 (A-21a) 

5 2 5 2
2 2

1 2 1 2
8 2 2 2 1 2 2 .

2 1 2 3 2 5 2 1

m m

m m
mJ J

m m m m
 (A-21b) 

Table A-1 gives the expressions for these integrals for several values of m .
Using the integrals from Table A-1, one obtains: 

1 2
1 22 23 5

5 2 7 28 2

1 2
2 1

6 3 2 2 .

kTI J J
m

kT
m

 (A-22) 

Table A-1. Values of the integrals, 1
1 2mJ  and 2

1 2mJ .

m 1
1 2mJ 2

1 2mJ

1 1
3 2 4 3 2 2J 2 16

3 2 3 3 2 2J

2 1 4
5 2 3 4 3 2J 2 8

5 2 9 3 2 2J

3 1 2
7 2 15 28 23 2J 2 8

7 2 45 15 11 2J

4 1 13
9 2 35 8 7 2J 2 4

9 2 105 58 45 2J
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Now, consider the third integral, 3I , which may be written as: 

1 2
3 2 3 3 21

4
0 0

2
2 2

0
2

2

0 0

exp sin

exp exp

exp sin

sin cos sin cos cos

cos cos sin cos

sin sin sin cos

sign co

x x y y

z z

y y

x

x

kTI g g dg d
m

d G dG G dG

G dG d d

G g G g

sign G g

G g s cos sin sin cos .

 (A-23) 

First, the variable of integration should be changed from  to .  Then, 
after integration with respect to , yG , and zG , the integrand may be 
written as: 

2 2 21 sin cos sin cos sin cos

sign cos

sign cos cos sin sin cos .

x

x

g

G g

G g

Here, it is convenient to introduce new collision angles to simplify 
integration over the collision parameters.  Let the variables of integration be 
changed from , ,g  to , ,g .  The relationships between these 
variables are shown in Fig. A-1.  From the spherical triangle, the following 
expressions may be obtained: 

cos cos cos sin sin cos ,  (A-24a) 

cos cos cos sin sin cos .  (A-24b) 

Neglecting vanishing integrals, one obtains: 



344 Analytical Methods for Problems of Molecular Transport

      

1 2
3 2 1 3 21

4
0 0

2

0 0

exp sin

exp sin

sign cos cos .

x x

x x

kTI g g dg d
m

G dG d d

G g G g

 (A-25) 

At this point, changing the variables of integration to ( xz G g ,
cos( )x , cos( )y ) and then performing the integrations with respect 

to g  and , Eq. (A-25) becomes: 

1 2 1 1
3 23

16
1 1

5 221 sign .

kTI dx dy
m

dz z z x z y

 (A-26) 

For other bracket integrals in planar boundary value transport problems 
the integrand may contain the following expressions: 

Figure A-1. The relationship between various collision angles. 
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1 221 sign ,
m

z z x z y

and: 
1 22 21 1 sign .

m
x z z x z y

For these terms, let the following notations be introduced: 

1 1
1

1 2 1 221 1

sign
,

1
m m

z x z y
I dx dy dz

z
 (A-27a) 

1 1
2 2

1 2 1 221 1

sign
1 .

1
m m

z x z y
I x dx dy dz

z
 (A-27b) 

To facilitate calculations of these integrals it is convenient to obtain 
recurrence formulas that may be derived by using the relation given by Eq. 
(A-20). 

First, consider the integral, 1
1 2mI , which may be represented in the form: 

1
1

1 2 1 221 1

1

1 22

sign

1

sign
.

1

x

m m

m
x

z x z y
I dx dy dz

z

z x z y
dy dz

z

 (A-28) 

In the first term y x  and therefore: 

1 ; , ,
sign

1 ; .
z y x z

z x z y
y z x

In the second term y x  and therefore: 

1 ; , ,
sign

1 ; .
z x y z

z x z y
x z y
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Using these representations for sign z x z y , the integral 1
1 2mI  may 

be expressed in the following form: 

1 1
1

1 2 1 2 1 22 21 1 1

1

1 22

2
1 1

2 .
1

x x

m m m
y

y

m
x x

dz dzI dx dy dy
z z

dzdy
z

 (A-29) 

Now, by means of Eq. (A-20), the following recurrence formula may be 
obtained: 

11 2
1 1

1 2 1 2

1

3 221

2 2 2
2 1 2 1 2 3

8 ; 2 .
2 1 2 3 1

m

m m

m

mI I
m m m

dx m
m m x

 (A-30) 

From this general expression the basic integral, 1
3 2I , becomes: 

1
1

3 2 1 221

8 1 2 4 .
1

dxI
x

 (A-31) 

In the same way, the following recurrence formula may be obtained for 
2

1 2mI :

11 2
2 2

1 2 1 2

21

3 221

21

1 221

2 2 2
2 1 3 2 1 2 3

14 2 2
2 1 2 3 1

14 ; 2 ,
2 1 1

m

m m

m

m

mI I
m m m

x dxm
m m x

x dx
m

m x

 (A-32) 

with the basic integral: 
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21
2 16

3 2 3 1 221

1
1 2 4 .

1

x dx
I

x
 (A-33) 

Expressions for several of these integrals are given in Table A-2.  Using 
these table integrals yields: 

1 2 1 2
13 2 23 1

5 216 2 2 2 .kT kTI I
m m

 (A-34) 

The integral given by Eq. (A-23) does not alter if the variable of 
integration, , is changed from  to .  This integral then becomes 
equal to 4I , and: 

3 4 .I I

The integral, 1I , after simple integration may be written as: 

1 2
1 27

3 .kTI
m

 (A-35) 

Thus, for sign , signy x y xc c c c , the final expression is given by: 

1 2
1 2 3 21

62 1 8 2 .kTI I I I
m

 (A-36) 

It is necessary to note that this bracket integral is different from that used 
in the Gross-Ziering theory.  The relationship between these integrals is: 

1 2
3 2, , ,

2
mn
kT

 (A-37) 

where ,  is the Gross-Ziering notation.  Using this notation, one 
obtains: 

11
12sign , sign 1 8 2 .y x y xc c c c  (A-38) 

This expression is identical to that obtained previously in [7]. 
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4. BRACKET INTEGRALS CONTAINING ONE 
DISCONTINUOUS FUNCTION. 

In the case of the planar geometry for stationary transport problems, a 
moment system can be obtained by means of the Maxwellian integral 
equation given by Eq. (11.52).  For these problems it is convenient to 
employ the discontinuous distribution functions which might satisfy the 
boundary conditions at the wall surface.  In the full velocity space these 
distribution functions for the linearized transport problems can be presented 
by the following general expression: 

0 1
2 12

1
2 12

1 , ,

, , sign ,x

f f x x

x x c

c c

c c
 (A-39) 

where 2 , xc  and 1 , xc  are the corrections to the distribution function 
for which 0xc  and 0xc , respectively, and x  is a normal coordinate to 
the wall.  If this distribution function is employed for closing the full 
velocity space moment system, the right-hand-sides of moment equations 
contain both ordinary bracket integrals and others which can be expressed in 
the form: 

sign , ,xc Qc c  (A-40) 

Table A-2. Values of the integrals, 1
1 2mI  and 2

1 2mI .

m 1
1 2mI 2

1 2mI

1

1
3 2

1 21 2
1

8 1 2

4 1

I

x dx

2 16
3 2 3

1 21 2 2
1

1 2

4 1 1

I

x x dx

2 1 8
5 2 3 2 2I

2 8
5 2 9

3 21 2 24
3 1

4 3 2

1 1

I

x x dx

3 1 4
7 2 15 16 9 2I 2 4

7 2 45 32 17 2I

4 1 2
9 2 105 192 115 2I 2 2

9 2 105 128 73 2I
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where c  and Q c  are functions of the molecular velocity components. 
Consider, as an example, evaluation of the bracket integral defined by: 

2sign , .x xI c c c  (A-41) 

This integral occurs in the planar heat transport problem (see Section 11.9) 
and can be obtained from Eq. (11.16) by substitution of 1r  and 0rc .

Integrating with respect to the variables, , , and g , and introducing 
new variables of integration via the following relationships: 

, , , cos ,x y zG xg G yg G zg t

one can obtain: 

1 2 1
2 1 0

1

296 , , , ,
t

kTI dt dx dy F t x y z dz
m

 (A-42) 

where: 
52 2 2 21

3 1 ,F x t x y z

and molecules have been assumed to be rigid spheres.  In order to facilitate 
the integration procedure in Eq. (A-42) with respect to variables y  and z , it 
is convenient to introduce polar coordinates by means of the relationships: 

cos , sin .y z  (A-43) 

Then, after integrations with respect to  and , this integral becomes: 

1 2 1 42 2 20 1
3

1

224 1 .
t

kTI t dt x xdx
m

 (A-44) 

The integrations with respect to x  and t  offer no difficulty.  On integrating 
over all values of these variables one can obtain: 

1 2
202

3
2 .kTI

m
 (A-45) 

The same value of this integral has been obtained in [8]. 
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Appendix B 

BRACKET INTEGRALS FOR CURVILINEAR 
GEOMETRIES 

1. THE SPECIAL FUNCTION OF THE FIRST KIND 
FOR THE SPHERICAL GEOMETRY. 

Here, the special functions introduced in Section 11.4 will be 
investigated in detail.  For spherical transport problems, the function 1

1I r
is determined by Eq. (11-21) and, taking into account Eqs. (11-17) and (11-
18), the following expression may be written: 

0

1 2
1 2

1
1 0

72 , , , , ,
x

I r dt d dy dz F t y z x dx  (B-1) 

where the notations introduced in Eq. (11-17) have been used. 
It is very difficult to use Eq. (B-1) to obtain numerical values for 

1
1I r , however some analytical simplification is readily achievable.  The 

integration with respect to x  offers no difficulty if the following recurrence 
formula is used [1]: 

12 2 2

2 221

1 2 1
2 2

2 1 1 .
2 44 2

m m m

m

r mm r
r

dx x m dx
ma maa x a x a x

m r rx dx
a a xm aa r a x

 (B-2) 
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To integrate with respect to y  and z , the variables of integration are 
changed from y  and z  to y  and z  which are defined by: 

1 221 cos ,y y t  (B-3a) 

1 221 sin .z z t  (B-3b) 

After this substitution it is convenient to introduce the following polar 
coordinates: 

cos , sin .y z

Then, the substitution, , permits one to integrate over all values of 
.  Having performed this transformation and integration, one obtains the 

following analytical expression: 

1 2
1 1 1 1 1 1 1

1 1,1 1,1 1,2 1,2 1,3 1,3
1 0 0

144 .I r dt d f f f d  (B-4) 

Here, the quantities 1
1,if  and 1

1,i  may be written as: 

1 2 1
1,1 3 ,f t  (B-5a) 

1 2 1 21 2 2 2 2
1,2

1 22 2 2

1 cos 1 1

1 1 cos ,

f t t t t r

t t t
 (B-5b) 

1 21 2 2
1,3 1 cos 1 ,f t t t t  (B-5c) 

41 21
1,1 08 ,a x  (B-5d) 
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1 21 4 2 3 235 35
1,2 0 0128 192

3 42 2 1 27 1
0 048 8 ,

a a x a a x

a a x a a x
 (B-5e) 

1 9 2 1 235 1
1,3 0128 2 arctan ,a x a  (B-5f) 

1 22 2 22 1 cos 2 ,a t t  (B-5g) 

1 22
0 1 .x t r  (B-5h) 

The numerical values of the functions, 1
1I r  and 2

1I r  (which will 
be discussed in Section B.2), are given in Table B-1 and the dependence of 

1
iI r  on the radial coordinate is shown in Fig. B-1.  A numerical analysis 

shows that the special functions, 1
iI r , are essentially equal to each other 

for 1,2i  with the relative deviations of the numerical values being less 
than 1% although equality has not been definitively established. 

2. THE SPECIAL FUNCTION OF THE SECOND 
KIND FOR THE SPHERICAL GEOMETRY. 

The second special function related to spherical boundary value transport 
problems can be expressed in the form: 

0

1 2
12 2

1
1 0

1440 8 3 ,
x

I r dt d dy dz F dx  (B-6) 

Table B-1. Numerical values of the functions, 1
iI r .  Note that for 1,2i , the apparent 

values of these functions (evaluated numerically) appear to be the same although the 
analytical formulations of these functions appear to be different.  As of this time these 
functions have not been proven to be identical. 

r iI r r iI r r iI r
1.00 9.982E 1 1.50 4.440E 1 3.50 8.143E 2
1.10 8.267E 1 1.75 3.261E 1 4.00 6.052E 2
1.20 6.944E 1 2.00 2.489E 1 5.00 3.982E 2
1.30 5.917E 1 2.50 1.591E 1 6.00 2.791E 2
1.40 5.093E 1 3.00 1.116E 1 10.0 1.049E 2
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where the notations of Section 11.4 are used.  By means of the 
transformations employed in Section B.1, this integral can be expressed in 
the form: 

1 12 1 1
1 1

1 2
2 2 2 2 2 2

1,1 1,1 1,2 1,2 1,3 1,3
1 0 0

20 8 3 2880 8 3

,

I r I r

dt d d f f f
 (B-7) 

where the quantities 2
1,if  and 2

1,i  may be written as: 

1 2 1 22 2 2 21 1
1,1 5 3 ,1 2 1 cosf t t t  (B-8a) 

2 2 2 191 1
1,2 5 3 5

1 22 2 2 2

1

1 cos 2 1 cos ,

f t t t t a

t t
 (B-8b) 
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Figure B-1. Dependence of 1
iI r  on the radial coordinate, r .
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1 22 4 2 2 213 5 4
1,3 3 3 3

2 2 2 2 1
3

2 2 4 1 2 cos

2 1 cos ,

f t t t t t t

t t t
 (B-8c) 

52 2
1,1 0 ,a x  (B-8d) 

2 1 1
1,2 0 1,2 1,3 ,x  (B-8e) 

52 1 21
1,3 0 010 .x a a x  (B-8f) 

Here, the quantities a  and 0x  are the same as those given in Eqs. (B-5g) and 
(B-5h), respectively.  Numerical values of this special function are given in 
Table B-1. 

3. THE SPECIAL FUNCTION OF THE FIRST KIND 
FOR THE CYLINDRICAL GEOMETRY. 

This function is defined by Eqs. (11-18) and (11-21).  Since the lower 
limit of integration with respect to x  is independent of the variable, z , it is 
convenient to perform the first integration over all values of z  and then to 
integrate with respect to x .  Having performed these integrations, one can 
obtain a triple integral which can be numerically evaluated. 

To integrate over all values of y , first change the variable of integration 
to 2 1 2(1 ) cosy y t  and then break this integral into two parts by 
means of the relationship: 

0

0

.dy dy dy

After these very simple transformations, one can obtain: 

1 2
1 1315

2 16
1 0 0

1 1 1 1 1 1 1 1
2,1 2,1 2,2 2,2 2,1 2,1 2,2 2,2 ,

I r dt d dy

f f g g
 (B-9) 
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where the following notations are introduced: 

1 1 21 1
2,1 2,1 7 3 ,f g t  (B-10a) 

1 2 1 21 2 2
2,2 1 cos 1 cos ,f t t t y  (B-10b) 

1 2 1 21 2 2
2,2 1 cos 1 cos ,g t t t y  (B-10c) 

7 21 2
2,1 0 ,c x  (B-10d) 

1 2 11 2 4 3 21
2,2 0 0 035

2 32 2 1 2
0 0

16 8

6 5 .

x c x c c c x

c c x c c x
 (B-10e) 

7 21 2
2,1 0 ,d x  (B-10f) 

1 2 11 2 4 3 21
2,2 0 0 035

2 32 2 1 2
0 0

16 8

6 5 .

x d x d d d x

d d x d d x
 (B-10g) 
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In Eqs. (B-10a)-(B-10g) the quantities 0x , c , and d  are defined as: 

1 22
0 1 ,x t y r  (B-11a) 

21 221 1 cos ,c y t  (B-11b) 

and: 

21 221 1 cos .d t y  (B-11c) 

Numerical values of the functions, 1
2I r  and 2

2I r , are given in 
Table B-2 and the dependence of 1

2I r  on the radial coordinate is shown 
in Fig. B-2.  Moreover, the numerical values of 1

21

z
I r dr  for various 

values of z  are given in Table B-3. 

Table B-2. Numerical values of the functions, 2
iI r .  Note that again, as in Table B-1, the 

values of these functions appear to be the same but that analytical equality has not been 
proven.  Here, the values for the different functions have been given separately in order to 
demonstrate their similarity. 

r 1
2I r 2

2I r r 1
2I r 2

2I r
1.00 0.9999 1.0000 8.00 0.1249 0.1250 
1.10 0.9091 0.9090 9.00 0.1111 0.1110 
1.20 0.8333 0.8333 10.00 0.1000 0.0999 
1.30 0.7692 0.7691 12.00 0.0833 0.0833 
1.40 0.7142 0.7142 15.00 0.0665 0.0667 
1.50 0.6666 0.6666 17.00 0.0588 0.0588 
1.75 0.5714 0.5714 20.00 0.0500 0.0499 
2.00 0.4999 0.5000 25.00 0.0399 0.0400 
2.50 0.3999 0.4000 30.00 0.0334 0.0332 
3.00 0.3333 0.3333 50.00 0.0200 0.0199 
3.50 0.2857 0.2857 60.00 0.0165 0.0167 
4.00 0.2499 0.2500 70.00 0.0151 0.0132 
5.00 0.2000 0.1999 80.00 0.0123 0.0123 
6.00 0.1666 0.1666 90.00 0.0112 0.0110 
7.00 0.1426 0.1430 100.00 0.0110 0.0090 
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4. THE SPECIAL FUNCTION OF THE SECOND 
KIND FOR THE CYLINDRICAL GEOMETRY. 

The special function, 2
2I r , is determined by Eqs. (11-19) and (11.22).  

Performing the same transformations as in Section B.3, one can obtain: 

1 12 1 1315
2 2 4

1 2

1 0 0

2 2 2 2 2 2 2 2
2,1 2,1 2,2 2,2 2,1 2,1 2,2 2,2

20 8 3 8 3

,

I r I r

dt d dy

f f g g

 (B-12) 

where the following functions are employed: 
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Figure B-2. Dependence of 1
2I r  on the radial coordinate, r .
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2 2 2 21
2,1 3

21 21 2 2

1 sin

8 1 cos cos ,

f t t t

c t y
 (B-13a) 

1 2 1 22 2 2 21
2,2 3

21 21 2 2 2
0

2 1
0 3

1 2 1 cos cos

1 1 cos cos

,

f t t t y

x c t t t y

x t t

 (B-13b) 

2 2 2 21
2,1 3

21 21 2 2

1 sin

8 1 cos cos ,

g t t t

d t y
 (B-13c) 

1 2 1 22 2 2 21
2,2 3

21 21 2 2 2
0

2 1
0 3

1 2 1 cos cos

1 1 cos cos

,

g t t t y

x d t t t y

x t t

 (B-13d) 

Table B-3. Numerical values of the integrals, 21

z i
i z I r dr .

z 1 2 z 1 2

1.00 0.0000 0.0000 1.75 0.5596 0.5596 
1.05 0.0488 0.0488 2.00 0.6931 0.6931 
1.10 0.0935 0.0935 3.00 1.0984 1.0983 
1.20 0.1823 0.1823 4.00 1.3860 1.3860 
1.30 0.2624 0.2624 5.00 1.6090 1.6090 
1.40 0.3365 0.3365 7.00 1.9453 1.9454 
1.50 0.4055 0.4055 10.00 2.3019 2.3021 
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2 1
2,1 2,2 ,  (B-13e) 

1 9 22 12 2
2,2 0 2,1 0 ,c x c x  (B-13f) 

2 1
2,1 2,2 ,  (B-13g) 

1 9 22 12 2
2,2 0 2,1 0 .d x d x  (B-13h) 

The quantities shown in these formulas are identical to those given in Eqs. 
(B-10a)-(B-11c).  Numerical values of 2

2I r  are given in Table B-2 and 
numerical values of 2

21

z
I r dr  are given in Table B-3.

5. APPROXIMATE EXPRESSIONS FOR THE 
SPECIAL FUNCTIONS. 

Using the general properties of the Boltzmann equation [2], one can 
obtain very simple approximate expressions for the bracket integrals 
considered in Sections B.1-B.4.  These approximate expressions will be 
derived in this section by employing the first-order approximation to the 
Chapman-Enskog solution given in Eq. (5-39).  In order to use the first-order 
approximation of the Chapman-Enskog solution, the bracket integrals must 
be transformed into the more convenient form: 

12 2
3 2

1 2
3 2

sign , sign ,

sign , 0,2 .

k k
r r r r r r

k
r r r

c c c c c c c c c S c

c c c I c S c d kv
 (B-14) 

Now, using Eq. (5-39), these bracket integrals can be approximated by: 

2

1 02
3 212

1

sign ,

1 sign ,

k
r r r

k
r r r

c c c c c

v S c f c c c d
n a

v
 (B-15) 

where 1
1a  is given by Eq. (5-40). 
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It is very important to note that the integrals in the right-hand-side of Eq. 
(B-15) are ordinary integrals in the velocity space.  The values of these 
integrals depends on the problem geometry.  For the spherical geometry, 
after integration, one can obtain the following expressions: 

1 24
1 5 2 ,I r r  (B-16) 

12 264
1 5 2 8 3 .I r r  (B-17) 

The appropriate expressions for the cylindrical geometry can be written as: 

1 14
2 5 2 ,I r r  (B-18) 

12 164
2 5 2 8 3 .I r r  (B-19) 

The accuracy of this analysis can be easily determined by means of a 
comparison with the appropriate numerical values.  The relative errors for 

1
iI r  and 2

iI r , for 1r , are 13% and 4%, respectively.
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Appendix C 

BRACKET INTEGRALS FOR POLYNOMIAL 
EXPANSION METHOD 

1. CALCULATION OF THE BRACKET 
INTEGRALS OF THE FIRST KIND. 

To complete the calculations of the polynomial expansion method in the 
four-moment approach for the spherical geometry, one must know values of 
the following bracket integrals: 

1 2 2 2
0 , ,n

k n k r rH c S c c c c

2 2 2 2 2
0 , ,n

k n k r rc H c S c c c c

where k rH c  and 2 2
0

nS c c  are, respectively, Hermite and Sonine 
polynomials of the molecular velocity components.  First, consider the 
method of calculating the bracket integrals, 1

k n , when molecules are 
assumed to be rigid spheres. 

To obtain general analytical expressions for these integrals, one must use 
the generating functions for the Hermite and Sonine polynomials, ,H x t
and 0 ,S x s , which are given by: 

2, exp 2 , ,rH x t t xt x c  (C-1) 

and: 
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2 2
0

1, exp , .
1 1

xsS x s x c c
s s

 (C-2) 

Then, the Hermite and Sonine polynomials may be expressed as: 

0

, ,
k

k k
t

H x H x t
t

 (C-3) 

and: 

0 0
0

1 , .
n

n
n

s

S x S x s
n s

 (C-4) 

Having used Eqs. (C-3) and (C-4), one can obtain: 

2

, 0

exp1 , ,
1

k n
i i

kn k n

t s

t
t s

n st s
 (C-5) 

where: 

2 1 2 2 2, exp 2 , .
1

i i
r r

st s c c t c c c c
s

 (C-6) 

The bracket integral of Eq. (C-6) can be calculated in the same manner as 
the original one but it has some special properties that can be taken into 
account to facilitate the calculations.  The analysis is simplified if the 
following new variables of integration are introduced: 

,
2r r
tG G  (C-7) 

sin cos ,
2

sG G g
s

 (C-8) 

and: 

sin sin ,
2

sG G g
s

 (C-9) 
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where , ,rG G G  are the Cartesian coordinates of the dimensionless 
velocity, G , and , ,g  are the spherical coordinates of the 
dimensionless velocity, g .  Then, having performed six integrations with 
respect to the variables, , , , rG , G , and G , and having employed 
Leibnitz’ formula [1] for the k -th derivative with respect to t , one can 
obtain: 

1 2
11 1 2 216

3
0

3 2 2

0

1

0

2 1 2 sin

exp 1 sin
2

, , ,

n

kn n

k
s

kT s d
m n s

sg g
s

s g dg

 (C-10) 

where: 

1 33
22

1 2
1

, , 0,
2

1 0, ,
2

k
k

k

ss g g g f
s

k g g f

21
2, exp 2 cos ,t g t gt

23 1
1 2 2cos ,f

and: 

2
2 sin cos .f

To calculate the k -th derivative, 0,k g , one should use the recurrence 
relation that is given by: 

1

1

0, 2 cos 0,

0, ; 0 ,

k k

k

g g g

k g k
 (C-11) 
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with: 

0 0, 1 .g  (C-12) 

For the particular case when the index, 1k , the bracket integrals, 1
1n ,

may be expressed in the form: 

1 2 1
1 1216

1 3
0

2 12 ,n n
kT x dx
m n

 (C-13) 

where: 

1 1 223 1
3 3 32 2

1 22 2
4 4

3
4

4 4 1

9 1 4 4 1

1 2 .

n n n
n

n n

n

x x n n n

x x n n n

n n n

Here, the following notations are introduced: 

2
3 3

3 4 5 3 1
; 1 ,

2
m m

m

m
x m  (C-14) 

2
4 4

4 5 6 4 1
; 1 .

2
m m

m

m
x m  (C-15) 

Specific values of 1
1n  are given in Table C-1. 

Table C-1. Analytical values of the bracket integral, 1
1n , for the polynomial expansion 

method. 
1 21 2

1 2 2n na kT m

n

na
1
16
15

2
16
105

3
4

315

4
8

3465
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2. ANALYTICAL EXPRESSIONS FOR THE 
BRACKET INTEGRALS OF THE SECOND KIND. 

The method described in the preceding section may be used to calculate 
the integrals, 2

k n , as well.  After some fairly complicated algebraic 
transformations, one can obtain: 

1 2
12 28

3
0

23 2 2

0 0

12 2 sin

exp 1 sin , , ,
2

n

kn n

k
s

kT s d
m n s

sg g s g dg
s

 (C-16) 

where: 

2 3
1

2 2
5 2 33 3

2 2 42 2

2
1 2 4 21

12 2

24
2

, , 0, cos

3 4 13 22 81 sin
2 2 2

1 10 7 3 40, 1 sin
22 2

3 cos 1 0,
2

k
k

k

k

s g g f g

s s s s sf g g
s s s

s s sk g g g f
s s

s g f k k g
s

3 33
1 24

321
12

cos
2

1 1 2 0, ,
2

k

sg f g f
s

k k k g g f

23 1
1 2 2cos ,f  and 2

2 sin cos .f

Here, for the specific case of 1k , the integrals, 2
1n , may be expressed 

in the form: 
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1 2 1
2 224

1 3
0

2 12 ,n n
kT x dx
m n

where: 

2 12 2 23 1
4 42 2

22
4

32
4

12 2 2
5 5

22
5

32
5

42
5

88 96 168 116

1 110 36

1 2 24

3 1 96 552 48

1 816 12

1 2 474 72

1 2 3 96 27 ,

n n
n

n

n

n n

n

n

n

x x x n x

n n x

n n n x

x x n x

n n x

n n n x

n n n n x

and: 

2
5 5

5 6 7 5 1
; 1 .

2
m m

m

m
x m

Some values of 2
1n  are given in Table C-2. 
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Table C-2. Analytical values of the bracket integral, 2
1n , for the polynomial expansion 

method. 
1 22 2

1 2 2n nb kT m

n

nb
1
16
3

2
46
15

3
38

105

4
19
630



     

      

Appendix D 

THE VARIATIONAL PRINCIPLE FOR PLANAR 
PROBLEMS 

1. SOME DEFINITIONS AND PROPERTIES FOR 
INTEGRAL OPERATORS. 

In the Kinetic Theory of Gases, the following form of an integral 
operator, Q , is frequently used: 

, , , ,Q K dc r c c c r c  (D-1) 

where the integration extends over all values of the molecular velocity.  For 
planar transport problems, the appropriate operator is defined by: 

, , , .Q x K x dc c c c c  (D-2) 

To begin with, a fundamental definition for this integral operator is 
introduced.  The adjoint operator, Q , in the space defined by the scalar 
product given by Eqs. (9-16) and (9-17) is specified by: 

, , .Q Q  (D-3) 

The operator, Q , is termed a self-adjoint operator if: 

.Q Q  (D-4) 
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For a self-adjoint operator, Eq. (D-3) becomes: 

, , .Q Q  (D-5) 

It has been proven in [1,2] that the condition for the operator, Q , to be self-
adjoint is that: 

, , .K Kc c c c  (D-6) 

Another way of stating Eq. (D-6) is to say that the function, ,K c c , in 
Eqs. (D-1) and (D-2) is symmetric in the variables, c  and c .  From the 
symmetry of the kernel, ,c cK , in Eq. (9-14), one can easily conclude that 
the operator, H , is self-adjoint.  In the formulation of the variational 
principle, the adjoint operator, LH , where L  is defined by Eq. (9-13), is 
employed to facilitate certain transformations.  The adjoint operator, LH ,
may be derived from the following relationships: 

, ,

, , ,

L L

L L

H H

H H
 (D-7) 

which yield: 

.L L LH H H  (D-8) 

2. THE VARIATIONAL PRINCIPLE. 

In the linearized planar transport problems studied to date, it has 
generally been the case that the main quantity of physical interest can be 
expressed as: 

, , ,I p p  (D-9) 

where the following notation has been introduced: 

.H  (D-10) 
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and  is the correction to the distribution function which satisfies the 
following integral form of the Boltzmann equation: 

, , , .x L x p xc c c  (D-11) 

Applying the operator, H , to Eq. (D-11), one obtains: 

, , , , , ,x L x p x L x p xc c c c cH  (D-12) 

where 1L LH H  and 1H  is the inverse of H .
Now, a functional may be constructed of the form: 

, , , ,F p L p  (D-13) 

where  is a trial function.  If this trial function is equal to the real 
correction to the distribution function, , then the integral, I , is found 
from: 

, .I F  (D-14) 

Now, consider a trial function of the form: 

.  (D-15) 

For this trial function, the functional of Eq. (D-13) becomes: 

2

,

, ,

, ,

F

p L p

p O

 (D-16) 

which implies that: 

2 .F O  (D-17) 

Since the first variation is equal to zero, the functional is stationary when 
, ,x xc c  and , ,x xc c .  Now, the basic integral of 
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interest, I , can be expressed in terms of the stationary value of the 
functional by the following simple expression: 

, , ,stI F F  (D-18) 

and, hence, to find an approximate value for I , one need only employ a 
simple trial function satisfying the stationary condition [3-10].  It should be 
noted in this context that a non-self-adjoint operator such as the Boltzmann 
operator cannot lead to an extremum (minimum) but, rather, must yield a 
saddle point because it has been proven in [4] that the second variation, 

2F , may have either sign. 
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Appendix E 

SOME DEFINITE INTEGRALS 

1. SOME FREQUENTLY ENCOUNTERED 
INTEGRALS. 

One commonly encountered integral is of the form (see Table E-1): 

2

0

exp .n
ni x x dx

For even and odd values of n , respectively, this may be rewritten as: 

2 2

0

1 2 1

exp

2 1 2 3 5 3 1
; 1 ,

2

n

n n

x x dx

n n
n

 (E-1) 

2 1 2 1
2 1

0

exp ; 0 .n
n
nx x dx n  (E-2) 
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2. SOME INTEGRALS ENCOUNTERED IN 
BOUNDARY PROBLEMS. 

2 1
2exp ,xc c dc  (E-3) 

2 2exp ,xc c c dc  (E-4) 

2 2 3 21
4exp ,xc c dc  (E-5) 

2 2 1
4exp ,x yc c c dc  (E-6) 

2 2 2 3 21
8exp ,x yc c c dc  (E-7) 

2 2 2 3 25
8exp ,xc c c dc  (E-8) 

2 23 1
2 4exp ,xc c c dc  (E-9) 

Table E-1. Values of the commonly encountered ni  integrals. 
n

ni
0

1
2

1
1
2

2
1
4

3
1
2

4
3
8

n

ni
5

1
6

15
16

7

3
8

105
32

9

12
n

ni
10

945
64

11 

60
12

10395
128

13

360
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2 2 23 3
2 2exp ,xc c c c dc  (E-10) 

2 2 2 3 23 1
2 4exp ,xc c c dc  (E-11) 

2 25 1
2 4exp ,xc c c dc  (E-12) 

2 2 25 1
2 2exp ,xc c c c dc  (E-13) 

2 2 25
2 exp 0 ,xc c c dc  (E-14) 

12 2 2 1
3 2 8exp ,x yc c S c c dc  (E-15) 

12 2 2 2 3 21
3 2 8exp ,x yc c S c c dc  (E-16) 

12 2 2 2 3 25
3 2 8exp ,xc c S c c dc  (E-17) 

13 2 2 1
3 2 4exp ,xc S c c dc  (E-18) 

212 2 2 3 25
3 2 8exp ,xc S c c dc  (E-19) 

213 2 2 13
3 2 8exp ,xc S c c dc  (E-20) 
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23 2 2 1
3 2 16exp ,xc S c c dc  (E-21) 

1 23 2 2 2 23
3 2 3 2 32exp ,xc S c S c c dc  (E-22) 

2 2 2 3 21
82 exp ,xc c c dc  (E-23) 

2 2 22 exp ,xc c c c dc  (E-24) 

12 2 2 2 3 25
3 2 82 exp ,xc c S c c dc  (E-25) 

22 2 2 2
3 22 exp 0 .xc c S c c dc  (E-26) 

Here, the following notation has been used: 

0

.x y zd dc dc dcc

3. SOME INTEGRALS CONNECTED WITH THE 
SECOND-ORDER CHAPMAN-ENSKOG 
SOLUTION. 

1 22 22 2 2 31
2 23 2 3 2 4 4exp 1 ,xc S c a S c c d ac  (E-27) 
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1 222 2 2 23
23 2 3 22

27 13
28 28

exp

1 ,

xc c S c a S c c d

a

c
 (E-28) 

1 222 2 2 2
23 2 3 2

21 1
22 4

exp

1 ,

xc c S c a S c c d

a

c
 (E-29) 

1 222 2 2 2
23 2 3 2

21 1
28 4

exp

1 ,

x yc c S c a S c c d

a

c
 (E-30) 

1 222 2 2 2 2 3 25
23 2 3 2 8exp ,xc c S c a S c c dc  (E-31) 

21 223 2 2 2
23 2 3 2

22 213 23 433
2 28 26 208

exp

1 ,

xc S c a S c c d

a a

c
 (E-32) 

1 2 12 22 2 2 2 2 2
2 23 2 3 2 5 2

2 2 23 2 7 71
2 2 28 2 2

1 exp

1 ,

x yc c S c a S c b S c c d

b a b

c
 (E-33) 

2123 2 2 2
2 5 2

22 2171
2 24 4

1 exp

1 ,

x yc c b S c c d

b b

c
 (E-34) 
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12 23 2 2 2 1 1
2 25 2 4 21 exp 1 .x yc c b S c c d bc  (E-35) 

4. SOME INTEGRALS CONNECTED WITH NON-
LINEAR TRANSPORT PROBLEMS. 

2 1 21
2exp 1 erf ,

x

x x x
u

c dc u  (E-36) 

2 21
2exp exp ,

x

x x x x
u

c c dc u  (E-37) 

2 2 2 1 21 1
2 2exp exp 1 erf ,

x

x x x x x x
u

c c dc u u u  (E-38) 

3 2 2 21
2exp exp 1 ,

x

x x x x x
u

c c dc u u  (E-39) 

where: 

2
1 2

0

2erf exp ,
x

x t dt

is the error function. 



     

      

Appendix F 

OMEGA-INTEGRALS FOR SECOND-ORDER 
APPROXIMATION 

All of the coefficients associated with the Chapman-Enskog algebraic 
systems of equations given in Eqs. (12-11)-(12-13) for the first-order 
Chapman-Enskog approximation and given in Eqs. (12-41)-(12-43) for the 
second-order Chapman-Enskog approximation are expressible in terms of 
the -integrals which are dependent upon the specific model of the 
intermolecular potential that one is using.  For a simple gas, these integrals 
have been described in Section 5.9.  For gas mixtures, however, the -
integrals must be slightly generalized.  In this case, the -integrals are 
defined by: 

, , ,
12 12

. .
,l r l r l r

r s

å

where ( , )
12 . .[ ]l r

r s  is the -integral for rigid-sphere molecules which is 
defined in [1] as: 

1 2
, 2

12 12*. . 12

1 1 1
1 ,

2 2 12

l
l r

r s

rkT
lm

where: 

* 1 2
12

1 2

m mm
m m

 and 1
12 1 22 .
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The functions, ,l r å , are known as the reduced -integrals (called the 
reduced collision integrals in some texts) and are given in terms of the 
reduced temperature, *T , by [2]: 

1 *2 1, * * * * *
*

0

1 exp ,
r rl r l ET r T Q E E dE

T
å å

in which the following notations have been used: 

1

* * *

0

1 1
2 1 1 cos ,

2 1

l
l lQ E b db

l
å

*
0

1 2* **2 *
*

*2 * *22 1 ,
r

rb drb
r E r

where *
12r r  is the reduced intermolecular distance, *

12b b  is the 
reduced impact parameter, *  is the reduced intermolecular potential 
energy, *T kT  is the reduced temperature, * * 21

122E m g  is the 
reduced relative kinetic energy,  is the energy parameter of the potential 
model being used, and *

0r  is determined from the largest, positive, real root 
of the expression: 

* **2
0

*2 *
0

1 0 .
rb

r E

In Table F-1 below, we have presented values of the å -integrals 
computed for selected values of the reduced temperature, *T , using the 
Lennard-Jones (6-12) potential model.  The values tabulated here are those 
needed for the first- and second-order Chapman-Enskog approximations.  
All listed values have been independently recalculated from those tabulated 
in [3] using a program developed by Maitland. [2] and subsequently revised 
by us to include increased numerical quadratures in the variables, *b  and 

*E .
Additionally, we note that a simple, concise, and very transparent 

program can be constructed in Mathematica® which will also permit good 
graphical display of the results at several stages in the calculations including 
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plots of the scattering angle, * *( , )b E , the functions, *( )lQ E , and the 
resulting -integrals, , *( )l r T .  We have constructed this 
Mathematica® program and have included it below as Table F-2 for the 
convenience of the reader.  Given with this program is relevant output which 
includes a complete alternate set of -integral values calculated using the 
Lennard-Jones (6-12) potential model which are needed for the first- and 
second-order Chapman-Enskog approximations.  These values are analogous 
to those given in Table F-1, which were calculated with a modified version 
of an earlier Fortran program, and are shown computed for the same set of 
values of the reduced temperature, *T , that were specified in the earlier 
Fortran program.  We note that while much of the nomenclature in the 
Mathematica® program is self-explanatory, the program has been annotated 
with a number of comments to assist the reader. 

We are suggesting that the reader may use this Mathematica® program 
to explore results for different intermolecular potential models.  The reader 
may also wish to explore ways in which the program may be improved with 
respect to its accuracy and speed.  The major time-consuming parts of this 
program are the computation of the scattering angle, * *( , )b E , and, in 
particular, the determination of * * *

0 ( , )r b E .  For potential functions where 
non-polynomial equations are involved, one might wish to explore the use of 
the Mathematica® command ‘FindRoot’ (with a suitable starting value 

* *
0r b ). 
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Table F-1(a). Values of some -integrals computed for selected values of the reduced 
temperature, *T , using the Lennard-Jones (6-12) potential model.  The values tabulated here 
are the complete set of -integrals needed for the first- and second-order Chapman-
Enskog approximations.  All listed values have been independently recalculated from those 
tabulated in [3] using a Fortran program developed by [2] and subsequently modified by us to 
give improved accuracy.  Note that the last column of the table on page 541 of [2] appears to 
be mislabeled.  Instead of being labeled 2,5  it should be labeled 3,3 .

*T 1,1 1,2 1,3 1,4 1,5 2,2

0.30 2.6505 2.2586 1.9674 1.7426 1.5692 2.8438 
0.35 2.4699 2.0816 1.7998 1.5908 1.4363 2.6796 
0.40 2.3157 1.9345 1.6659 1.4740 1.3372 2.5337 
0.45 2.1826 1.8113 1.5578 1.3828 1.2614 2.4029 
0.50 2.0671 1.7077 1.4697 1.3103 1.2021 2.2854 
0.55 1.9661 1.6198 1.3971 1.2516 1.1546 2.1798 
0.60 1.8775 1.5448 1.3365 1.2034 1.1157 2.0849 
0.65 1.7992 1.4803 1.2855 1.1632 1.0834 1.9995 
0.70 1.7298 1.4244 1.2419 1.1292 1.0560 1.9226 
0.75 1.6679 1.3756 1.2045 1.1001 1.0325 1.8533 
0.80 1.6126 1.3328 1.1720 1.0749 1.0121 1.7907 
0.85 1.5628 1.2949 1.1435 1.0528 0.9942 1.7341 
0.90 1.5178 1.2613 1.1184 1.0333 0.9784 1.6826 
0.95 1.4771 1.2312 1.0961 1.0160 0.9642 1.6358 
1.00 1.4400 1.2042 1.0761 1.0005 0.9514 1.5932 
1.05 1.4062 1.1799 1.0582 0.9865 0.9398 1.5542 
1.10 1.3752 1.1578 1.0419 0.9737 0.9292 1.5184 
1.15 1.3468 1.1376 1.0271 0.9621 0.9195 1.4856 
1.20 1.3206 1.1192 1.0136 0.9515 0.9105 1.4553 
1.25 1.2964 1.1024 1.0012 0.9416 0.9022 1.4274 
1.30 1.2740 1.0868 0.9897 0.9325 0.8945 1.4015 
1.35 1.2531 1.0724 0.9791 0.9240 0.8873 1.3776 
1.40 1.2337 1.0591 0.9693 0.9161 0.8805 1.3553 
1.45 1.2157 1.0467 0.9601 0.9087 0.8741 1.3346 
1.50 1.1988 1.0352 0.9516 0.9018 0.8681 1.3152 
1.55 1.1829 1.0244 0.9435 0.8952 0.8624 1.2971 
1.60 1.1681 1.0143 0.9360 0.8891 0.8570 1.2802 
1.65 1.1541 1.0048 0.9288 0.8832 0.8519 1.2643 
1.70 1.1409 0.9959 0.9221 0.8777 0.8470 1.2494 
1.75 1.1285 0.9874 0.9158 0.8724 0.8424 1.2353 
1.80 1.1167 0.9795 0.9097 0.8674 0.8380 1.2221 
1.85 1.1056 0.9719 0.9040 0.8626 0.8337 1.2095 
1.90 1.0950 0.9648 0.8985 0.8580 0.8296 1.1977 
1.95 1.0850 0.9580 0.8933 0.8536 0.8257 1.1865 
2.00 1.0755 0.9515 0.8883 0.8494 0.8219 1.1758 
2.10 1.0577 0.9394 0.8790 0.8415 0.8148 1.1561 
2.20 1.0416 0.9284 0.8704 0.8341 0.8082 1.1383 
2.30 1.0268 0.9183 0.8625 0.8273 0.8019 1.1220 
2.40 1.0132 0.9090 0.8551 0.8209 0.7961 1.1071 
2.50 1.0007 0.9003 0.8482 0.8149 0.7906 1.0934 
2.60 0.9891 0.8923 0.8418 0.8092 0.7854 1.0809 
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*T 1,1 1,2 1,3 1,4 1,5 2,2

2.70 0.9783 0.8848 0.8357 0.8039 0.7804 1.0692 
2.80 0.9683 0.8777 0.8300 0.7988 0.7757 1.0584 
2.90 0.9589 0.8711 0.8245 0.7940 0.7713 1.0483 
3.00 0.9501 0.8649 0.8194 0.7894 0.7670 1.0389 
3.10 0.9418 0.8590 0.8145 0.7850 0.7629 1.0301 
3.20 0.9340 0.8534 0.8099 0.7808 0.7590 1.0218 
3.30 0.9267 0.8481 0.8054 0.7768 0.7552 1.0141 
3.40 0.9197 0.8430 0.8012 0.7730 0.7516 1.0067 
3.50 0.9131 0.8382 0.7971 0.7693 0.7481 0.9998 
3.60 0.9069 0.8336 0.7932 0.7657 0.7448 0.9932 
3.70 0.9009 0.8292 0.7895 0.7623 0.7416 0.9870 
3.80 0.8953 0.8250 0.7859 0.7590 0.7384 0.9810 
3.90 0.8898 0.8210 0.7824 0.7558 0.7354 0.9754 
4.00 0.8847 0.8171 0.7791 0.7527 0.7325 0.9700 
4.10 0.8797 0.8134 0.7758 0.7497 0.7296 0.9649 
4.20 0.8749 0.8098 0.7727 0.7468 0.7269 0.9599 
4.30 0.8704 0.8063 0.7697 0.7440 0.7242 0.9552 
4.40 0.8660 0.8030 0.7667 0.7413 0.7216 0.9507 
4.50 0.8618 0.7997 0.7639 0.7386 0.7191 0.9463 
4.60 0.8577 0.7966 0.7611 0.7361 0.7166 0.9422 
4.70 0.8538 0.7936 0.7584 0.7336 0.7142 0.9381 
4.80 0.8500 0.7906 0.7558 0.7311 0.7119 0.9343 
4.90 0.8464 0.7878 0.7533 0.7288 0.7096 0.9305 
5.00 0.8429 0.7850 0.7508 0.7264 0.7074 0.9269 
6.00 0.8129 0.7610 0.7292 0.7060 0.6877 0.8963 
7.00 0.7898 0.7419 0.7117 0.6894 0.6716 0.8728 
8.00 0.7712 0.7261 0.6970 0.6753 0.6580 0.8539 
9.00 0.7556 0.7126 0.6844 0.6632 0.6462 0.8381 
10.0 0.7423 0.7008 0.6733 0.6526 0.6359 0.8245 
20.0 0.6641 0.6295 0.6052 0.5865 0.5714 0.7437 
30.0 0.6235 0.5913 0.5684 0.5507 0.5364 0.7008 
40.0 0.5963 0.5655 0.5435 0.5265 0.5127 0.6717 
50.0 0.5760 0.5461 0.5248 0.5083 0.4949 0.6498 
60.0 0.5599 0.5308 0.5099 0.4938 0.4808 0.6323 
70.0 0.5465 0.5181 0.4977 0.4819 0.4691 0.6178 
80.0 0.5352 0.5073 0.4872 0.4718 0.4592 0.6055 
90.0 0.5254 0.4979 0.4782 0.4630 0.4506 0.5947 
100 0.5168 0.4897 0.4702 0.4552 0.4431 0.5852 
200 0.4630 0.4383 0.4207 0.4071 0.3962 0.5256 
300 0.4339 0.4106 0.3940 0.3812 0.3710 0.4931 
400 0.4142 0.3919 0.3761 0.3641 0.3545 0.4710 
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Table F-1(b).

*T 2,3 2,4 2,5 2,6 3,3 4,4

0.30 2.5812 2.3626 2.1704 2.0009 2.3989 2.5712 
0.35 2.4096 2.1835 1.9898 1.8256 2.2249 2.3939 
0.40 2.2577 2.0298 1.8407 1.6868 2.0799 2.2395 
0.45 2.1241 1.8990 1.7185 1.5764 1.9572 2.1052 
0.50 2.0070 1.7881 1.6181 1.4880 1.8523 1.9885 
0.55 1.9046 1.6940 1.5350 1.4162 1.7618 1.8871 
0.60 1.8150 1.6138 1.4658 1.3572 1.6833 1.7987 
0.65 1.7364 1.5452 1.4075 1.3081 1.6147 1.7214 
0.70 1.6674 1.4861 1.3581 1.2667 1.5544 1.6537 
0.75 1.6065 1.4349 1.3157 1.2314 1.5011 1.5940 
0.80 1.5526 1.3903 1.2791 1.2011 1.4538 1.5412 
0.85 1.5048 1.3512 1.2471 1.1747 1.4115 1.4943 
0.90 1.4620 1.3166 1.2191 1.1515 1.3737 1.4525 
0.95 1.4238 1.2860 1.1944 1.1310 1.3396 1.4150 
1.00 1.3893 1.2586 1.1723 1.1128 1.3089 1.3814 
1.05 1.3582 1.2340 1.1526 1.0964 1.2809 1.3510 
1.10 1.3301 1.2119 1.1348 1.0816 1.2555 1.3234 
1.15 1.3044 1.1919 1.1186 1.0682 1.2323 1.2984 
1.20 1.2810 1.1736 1.1040 1.0560 1.2110 1.2755 
1.25 1.2596 1.1570 1.0906 1.0447 1.1914 1.2546 
1.30 1.2399 1.1417 1.0783 1.0344 1.1733 1.2354 
1.35 1.2218 1.1276 1.0669 1.0248 1.1567 1.2176 
1.40 1.2050 1.1147 1.0564 1.0159 1.1412 1.2013 
1.45 1.1895 1.1026 1.0466 1.0077 1.1268 1.1861 
1.50 1.1750 1.0915 1.0376 0.9999 1.1134 1.1721 
1.55 1.1616 1.0810 1.0291 0.9927 1.1008 1.1589 
1.60 1.1490 1.0713 1.0211 0.9858 1.0891 1.1467 
1.65 1.1373 1.0622 1.0136 0.9794 1.0781 1.1353 
1.70 1.1262 1.0536 1.0066 0.9733 1.0678 1.1245 
1.75 1.1159 1.0456 0.9999 0.9675 1.0580 1.1145 
1.80 1.1061 1.0380 0.9936 0.9621 1.0488 1.1050 
1.85 1.0969 1.0308 0.9876 0.9569 1.0401 1.0960 
1.90 1.0882 1.0240 0.9820 0.9519 1.0319 1.0876 
1.95 1.0800 1.0175 0.9765 0.9471 1.0241 1.0796 
2.00 1.0722 1.0114 0.9714 0.9426 1.0167 1.0720 
2.10 1.0577 0.9999 0.9618 0.9341 1.0029 1.0579 
2.20 1.0446 0.9895 0.9529 0.9262 0.9904 1.0452 
2.30 1.0326 0.9799 0.9447 0.9189 0.9790 1.0335 
2.40 1.0216 0.9711 0.9372 0.9121 0.9684 1.0229 
2.50 1.0115 0.9629 0.9301 0.9057 0.9587 1.0131 
2.60 1.0022 0.9553 0.9235 0.8997 0.9497 1.0040 
2.70 0.9935 0.9482 0.9173 0.8941 0.9414 0.9956 
2.80 0.9854 0.9416 0.9114 0.8887 0.9336 0.9877 
2.90 0.9778 0.9353 0.9059 0.8837 0.9263 0.9804 
3.00 0.9707 0.9294 0.9007 0.8788 0.9194 0.9735 
3.10 0.9640 0.9238 0.8957 0.8742 0.9130 0.9670 
3.20 0.9577 0.9185 0.8910 0.8699 0.9069 0.9609 
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*T 2,3 2,4 2,5 2,6 3,3 4,4

3.30 0.9518 0.9135 0.8865 0.8657 0.9011 0.9551 
3.40 0.9461 0.9087 0.8821 0.8616 0.8956 0.9496 
3.50 0.9407 0.9041 0.8780 0.8578 0.8904 0.9444 
3.60 0.9356 0.8997 0.8740 0.8540 0.8855 0.9395 
3.70 0.9308 0.8955 0.8702 0.8505 0.8808 0.9348 
3.80 0.9261 0.8915 0.8666 0.8470 0.8763 0.9302 
3.90 0.9216 0.8876 0.8630 0.8437 0.8720 0.9259 
4.00 0.9174 0.8839 0.8596 0.8404 0.8678 0.9218 
4.10 0.9133 0.8803 0.8563 0.8373 0.8639 0.9178 
4.20 0.9093 0.8769 0.8531 0.8343 0.8600 0.9140 
4.30 0.9056 0.8736 0.8500 0.8314 0.8564 0.9103 
4.40 0.9019 0.8703 0.8470 0.8285 0.8528 0.9068 
4.50 0.8984 0.8672 0.8441 0.8258 0.8494 0.9033 
4.60 0.8950 0.8642 0.8413 0.8231 0.8461 0.9000 
4.70 0.8917 0.8612 0.8386 0.8205 0.8429 0.8968 
4.80 0.8885 0.8584 0.8359 0.8179 0.8398 0.8937 
4.90 0.8854 0.8556 0.8333 0.8154 0.8368 0.8907 
5.00 0.8824 0.8529 0.8308 0.8130 0.8339 0.8878 
6.00 0.8566 0.8295 0.8086 0.7916 0.8090 0.8627 
7.00 0.8363 0.8106 0.7906 0.7742 0.7893 0.8428 
8.00 0.8195 0.7948 0.7754 0.7594 0.7731 0.8264 
9.00 0.8052 0.7813 0.7623 0.7465 0.7593 0.8124 
10.0 0.7927 0.7694 0.7508 0.7353 0.7474 0.8001 
20.0 0.7165 0.6956 0.6786 0.6643 0.6743 0.7247 
30.0 0.6751 0.6552 0.6389 0.6253 0.6349 0.6834 
40.0 0.6469 0.6276 0.6118 0.5986 0.6081 0.6551 
50.0 0.6256 0.6068 0.5914 0.5785 0.5879 0.6338 
60.0 0.6086 0.5901 0.5751 0.5625 0.5718 0.6167 
70.0 0.5945 0.5764 0.5616 0.5492 0.5585 0.6025 
80.0 0.5825 0.5646 0.5501 0.5379 0.5471 0.5904 
90.0 0.5720 0.5544 0.5401 0.5280 0.5372 0.5799 
100 0.5628 0.5454 0.5312 0.5194 0.5285 0.5706 
200 0.5050 0.4891 0.4761 0.4653 0.4740 0.5122 
300 0.4735 0.4584 0.4461 0.4357 0.4444 0.4804 
400 0.4521 0.4373 0.4250 0.4144 0.4245 0.4585 
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Table F-2. A Mathematica® program that may be used to compute values of the -
integrals for selected values of the reduced temperature, *T .  This program is currently 
configured to use the Lennard-Jones (6-12) potential model and the same set of reduced 
temperatures reported in Table F-1, but can be readily adapted to other potential models and 
alternative sets of reduced temperatures. 

Evaluating Omega-Integrals: 

INI, SKL, RVT 2005-2006 

We have used the Lennard-Jones (6-12) potential model as an example.  
The results of this program compare well with those in:   

1.  Hirschfelder, J.O., Curtiss, C.F. and Bird, R.B., Molecular Theory of 
Gases and Liquids (John Wiley and Sons, New York, 1954).  In the program 
we refer to this reference as HCB.  Take special note of pages 557, 558, and 
1132 in this text. 

2.  Maitland, G.C., Rigby, M., Smith, E.B. and Wakeham, W.A., 
Intermolecular Forces (Oxford University Press, Oxford, 1981).  In the 
program we refer to this reference as MRSW.  Take special note of pages 
538-541 in this text. 

The program consists of three parts: 

1.  Calculation of the scattering angle, chi ( ), and construction of an 
interpolation approximation to it. 

2.  Calculation of the Q-integrals using chi, and again interpolation 
approximations to these. 

3.  Calculation of the omega-integrals. 

In the following, we have not focused on high accuracy.  Our purpose has 
been to indicate how a simple program for calculating the omega-integrals 
can be constructed.  We encourage the reader to explore the program.  We 
have not included several comparative tests that were carried out during 
construction of the program. 

We thank our students Ryan M. Meyer, Zebadiah Smith, and Earl Lynn 
Tipton for reviewing and helping us with improvements in parts of the 
program. 

Needs["Graphics`Graphics`"]; 
Needs["Graphics`MultipleListPlot`"]; 
Needs["Graphics`Legend`"];  
Off[NIntegrate::ncvb]; 
Off[NIntegrate::slwcon]; 
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Off[General::spell]; 
Off[General::spell1]; 

(* Define the potential: In the following we have chosen 
the Lennard-Jones (6-12) potential. *) 

Clear[ustar, rstar]; 
ustar[rstar_]:=4(rstar^-12 - rstar^-6); 

(* Construct the chi function, specialized form for the 
Lennard-Jones (6-12) potential.  In the calculation of 
chi we have used a standard transformation, 
pstar=1/(rstar*2), which reduces the order of the 
polynomial in the integrand, and also changes the 
interval of integration to a finite interval.  For 
calculating pstar0 we have use the Matrix Eigenvalue 
method of finding zeros of a polynomial.  One can also 
use the NSolve or FindRoot functions depending upon the 
potential.  We have not accounted for the orbiting 
condition in the scattering angle chi explicitly; we 
have smoothed over it through the choice of a coarse 
computational grid on bstar and estar.  A more careful 
computation would be needed for precise work.  For using 
the NSolve function, one can have a construct of the 
type:  

pstar0[bstar_,estar_]:=Min[Select[pstar/.NSolve[(1 –  
  bstar^2 * pstar - 4(pstar^6 *  
  pstar^3)/estar) 0,pstar]//N, (Im[#] 0&&Re[#]>0) &]]; 

*)

Clear[pstar0, bstar, estar, chi, pstar00]; 
pstar0[bstar_,estar_]:=Min[Select[Eigenvalues[{{0, 0,  
  0, 0, 0, estar/4}, {1, 0, 0, 0, 0, -estar/4 *  
  bstar^2}, {0, 1, 0, 0, 0, 0}, {0, 0, 1, 0, 0, 1}, {0,  
  0, 0, 1, 0, 0}, {0, 0, 0, 0, 1, 0}}]//N,  
  (Im[#] 0&&Re[#]>0) &]]; 
chi[bstar_,estar_]:=Re[Pi – bstar *  
  With[{pstar00=pstar0[bstar,estar]},  
  NIntegrate[Evaluate[1/Sqrt[pstar(1 - bstar^2 * pstar 
  - 4(pstar^6 - pstar^3)/estar)]], {pstar, 0, pstar00},  
  MaxRecursion 30, AccuracyGoal 8,  
  SingularityDepth 10]]]; 

(* We avoid the almost 0 imaginary part that drifts in 
because of numerics. *) 

(* Construct and test chiapprox which is based on 
interpolation.  For higher precision or higher range on 
tstar, the reduced temperature, the limits and the grids 
below would need to be modified. *) 
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Clear[bstarlowlim, bstaruplim, estarlowlim, estaruplim,  
  bstarlist, estarlist, reschi, chiapprox]; 
bstarlowlim=10^-5; 
bstaruplim=5; 
estarlowlim=10^-5; 
estaruplim=1200; 
bstarlist=bstarlowlim + Range[0.0,bstaruplim,0.025]; 
estarlist=estarlowlim + Range[0.0,estaruplim,0.025]; 
reschi=Outer[chi,bstarlist,estarlist]; 

(* The above evaluates chi on bstar, estar grid. *) 

chiapprox=ListInterpolation[reschi,{{First[bstarlist],  
  Last[bstarlist]}, {First[estarlist],  
  Last[estarlist]}}]; 

(* The above constructs the interpolation function for 
chi. *) 

Print[chiapprox]; 
InterpolatingFunction[{{0.00001,5.00001},{0.00001,1200.}},<>] 

(* Plot (1-Cos[chi[bstar,estar]]), compare with HCB see 
page 557. *) 

Clear[chiapproxplotsHCB]; 
chiapproxplotsHCB=Map[Plot[1.0 - 
  Cos[Re[chiapprox[Sqrt[bstarsq], #]]], {bstarsq,  
  10^-10, 6}, PlotPoints 1000, PlotRange {{10^-10, 6}, 
  {0, 2}}, Ticks {{0, 1, 2, 3, 4, 5, 6}, {0, 0.5, 1.0,  
  1.5, 2.0}}, Frame True, RotateLabel True,  
  FrameLabel {"b*2", "1-Cos "},   
  DisplayFunction Identity] &, {0.4, 0.8, 1.0, 10.0}]; 
Print["Plots of 1-Cos approx vs b*2 for E*={0.4,0.8,1.0  
  and 10.0}", "\n "]; 
Show[GraphicsArray[Partition[chiapproxplotsHCB, 4]],  
  DisplayFunction $DisplayFunction];
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(* For the construction of qstar[[L]][estar], we first 
evaluate the integrals on estar grid for given L (  in 
the textbook notation), and then construct an 
interpolation function for each L.  We call the 
interpolation functions qstarapprox2 which are elements 
of the list qstarapproxlist.  Lhigh is the user assigned 
integer, dictated by the orders of omega-integrals 
needed. *) 

Clear[qstarapprox1, qstarapprox2, qstarapproxlist,
  Lhigh]; 
qstarapprox1[L_,estar_]:=2(1-((1+(-1)^L)/(2(1+L))))^-1
  * NIntegrate[(1 - Cos[chiapprox[bstar,estar]]^L) * 
  bstar, {bstar, First[bstarlist], Last[bstarlist]},
  MaxRecursion 5, AccuracyGoal 4];
qstarapprox2[L_]:=Interpolation[Map[{#,
  qstarapprox1[L,#]} &,estarlist]]; 
Lhigh=4;
qstarapproxlist=Map[qstarapprox2[#] &,Range[1,Lhigh]]; 
Print[qstarapproxlist];

{InterpolatingFunction[{{0.00001,1200.}},<>],InterpolatingFunc
tion[{{0.00001,1200.}},<>],InterpolatingFunction[{{0.00001,120
0.}},<>],InterpolatingFunction[{{0.00001,1200.}},<>]}

(* Tabulate and Plot qstar (L, estar).  Compare with HCB 
page 558. *) 

Print[TableForm[Table[Map[(Flatten[{N[#],
  Table[qstarapproxlist[[L]][#], {L, Lhigh}]}]) &,
  {10^-4, 10^-3, 10^-2, 10^-1, 1, 2, 3, 4, 5, 10, 100,
  1000}]], TableHeadings {None, {" E* ", " Q*(1, E*)",

"Q*(2, E*)", "Q*(3, E*)", " Q*(4, E*)"}}]];
Clear[qstarplot1];
qstarplot1=Plot[Evaluate[Chop[Table[
  qstarapproxlist[[L]][estar], {L, 1, Lhigh}], 10^-8]],
  {estar, 0.1, 4}, PlotPoints 1000, PlotRange All,
  Ticks {{0, 1, 2, 3, 4}, Automatic}, Frame True,
  RotateLabel True, FrameLabel {" E* ", " Q*( , E*)"},
  AxesOrigin {0, 0}, PlotStyle Map[AbsoluteDashing[{5,
  #^2.5}] &,{1, 2, 3, 4}], PlotLegend Map[ToString,
  N[{1, 2, 3, 4}]], LegendPosition {1, -0.3},
  LegendSize {0.8, 0.8}, LegendShadow None,
  LegendLabel StyleForm[" ", FontSize 14]];
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E Q 1,E Q 2,E Q 3,E Q 4,E
0.0001 34.8393 27.3578 29.8057 26.2607
0.001 33.1847 26.2679 28.5725 25.2987
0.01 19.8657 17.4243 18.5817 17.4597
0.1 5.38281 6.12706 6.23423 6.57795
1. 2.40659 2.80343 2.81556 3.02483
2. 1.46589 2.14097 1.94271 2.37249
3. 1.18881 1.61842 1.52617 1.84504
4. 1.06699 1.37593 1.30831 1.54584
5. 0.997701 1.24426 1.18465 1.37286
10. 0.855383 1.01136 0.95951 1.06798
100. 0.594234 0.7044 0.662703 0.73363
1000. 0.41265 0.495646 0.465145 0.519093
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(* Compare again with HCB page 558, who have given a 
LogLinear Plot of Q*(1,E*), Q*(2,E*), and Q*(4,E*). *) 

Clear[qstarplot2];
qstarplot2=LogLinearPlot[Evaluate[Chop[Map[
  qstarapproxlist[[#]][estar] &, {1, 2, 4}], 10^-8]],
  {estar, 0.1, estaruplim}, PlotPoints 5000,
  PlotRange All, Frame True, RotateLabel True,
  FrameLabel {" E* ", " Q*( , E*)"}, AxesOrigin {0.1, 0},
  AspectRatio 1.2, PlotStyle Map[AbsoluteDashing[{5,
  #}] &,{1, 5, 15}], Epilog {Text[" Q*( , E*) for =
  1,2,4", {1.0, 5.0}], Text[" = 1", {0.1, 2.0}],
  Text[" = 2", {0.5, 1.5}], Text[" = 4", {1.5,  
  1.0}]}]; 
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(* Evaluate the omega-integrals using 
qstarapprox2[[L]][estar].  Compare with HCB pages 1126-
1127 and MRSW page 541. We have set AccuracyGoal high to 
get reasonably accurate results for small Tstar.  We 
have also evaluated the tail part of the integral 
approximately as per MRSW. *) 

Clear[omegastar];
Off[NIntegrate::ploss];
omegastar[L_,s_,tstar_]:=(NIntegrate[Chop[
  qstarapproxlist[[L]][estar]] * Exp[-estar/tstar] *
  estar^(s+1), {estar, First[estarlist],
  Last[estarlist]}, MinRecursion 10, MaxRecursion 30,
  AccuracyGoal 8]/(Factorial[(s+1)] * tstar^(s+2)) +
  Chop[qstarapproxlist[[L]][Last[estarlist]]] *
  NIntegrate[Exp[-estar/tstar] * estar^(s+1), {estar,
  Last[estarlist], Infinity}]/(Factorial[(s+1)] *
  tstar^(s+2))); 
Print["Table of Omega Integrals ", "\n "]; 
Do[Print["  = ", L]; 
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  Print[TableForm[Chop[Map[{#, omegastar[L, 1, #],
  omegastar[L, 2, #], omegastar[L, 3, #], omegastar[L,
  4, #], omegastar[L, 5, #], omegastar[L, 6, #]} &,
  {0.1, 0.2, 0.3, 0.5, 0.7, 1.0, 2.0, 3.0, 4.0, 5.0,
  6.0, 7.0, 8.0, 9.0, 10.0, 50.0, 100.0}]],
  TableHeadings {None, {"T* ", "r=1 ", "r=2 ",

"r=3 ", "r=4 ", "r=5 ", "r=6 "}}]], {L, 1, Lhigh}]; 

Table of Omega Integrals

 =  1 

 =  2 

T r 1 r 2 r 3 r 4 r 5 r 6
0.1 4.03052 3.57351 3.25852 3.01939 2.82695 2.6648
0.2 3.14477 2.74038 2.44475 2.20647 2.00606 1.83615
0.3 2.6577 2.26061 1.96826 1.74315 1.5696 1.43693
0.5 2.06944 1.70836 1.47 1.31043 1.20216 1.12668
0.7 1.73095 1.42466 1.24203 1.12922 1.05596 1.0054
1. 1.44051 1.20433 1.07614 1.00046 0.951348 0.916617
2. 1.07552 0.951483 0.888318 0.849385 0.821901 0.800763
3. 0.950098 0.864833 0.819374 0.78935 0.766952 0.749051
4. 0.884639 0.817083 0.779017 0.752666 0.732417 0.715933
5. 0.842821 0.78494 0.75077 0.726388 0.70733 0.691661
6. 0.812858 0.760923 0.729126 0.705976 0.687689 0.672565
7. 0.789791 0.741824 0.711621 0.689324 0.67159 0.656868
8. 0.771157 0.726007 0.696951 0.675289 0.657978 0.643571
9. 0.755583 0.712527 0.684343 0.663177 0.646207 0.632057
10. 0.742235 0.700797 0.673301 0.65254 0.635852 0.621921
50. 0.575969 0.546111 0.524777 0.50829 0.494927 0.483736
100. 0.516794 0.48969 0.470324 0.455435 0.443509 0.433762

T r 1 r 2 r 3 r 4 r 5 r 6
0.1 4.56849 4.05719 3.719 3.47506 3.2892 3.14222
0.2 3.63283 3.24077 2.98294 2.78939 2.62689 2.47914
0.3 3.1838 2.83 2.57354 2.35902 2.16912 2.00066
0.5 2.64092 2.2811 2.00572 1.78801 1.61841 1.48839
0.7 2.27737 1.92119 1.66732 1.48643 1.35839 1.26698
1. 1.91273 1.59293 1.38953 1.2588 1.17244 1.11283
2. 1.37254 1.1759 1.07222 1.01133 0.971338 0.942531
3. 1.17317 1.0389 0.97065 0.929309 0.900594 0.878744
4. 1.07194 0.969964 0.917304 0.883842 0.859519 0.840357
5. 1.01019 0.926819 0.882326 0.852839 0.830714 0.812914
6. 0.967913 0.896217 0.85655 0.829375 0.808538 0.791551
7. 0.936631 0.872757 0.836199 0.810506 0.79051 0.774064
8. 0.912183 0.853822 0.819399 0.79473 0.775326 0.759271
9. 0.892297 0.837976 0.805097 0.781177 0.762215 0.746461
10. 0.875624 0.82437 0.79265 0.769302 0.750686 0.735172
50. 0.683549 0.649791 0.625553 0.606706 0.591349 0.578434
100. 0.616226 0.585166 0.562809 0.545531 0.531643 0.520264
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thermophoresis; 101, 218 

corrections to; 223 
time duration of an encounter; 35 
torque problem; 272 

torque,
on a rotating body, 

flat disk; 135 
infinite cylinder; 136 
sphere; 137 

on a sphere; 234, 273 
arbitrary potential model; 284 
in CO2; 284 
in N2; 284 
Lennard-Jones (6-12) potential; 

284
Maxwellian boundary model; 274 
moment system; 274 
net; 276 

on an infinite cylinder; 235 
on two coaxial cylinders; 283 
on two concentric spheres; 281 
per unit length; 136 

coaxial cylinders; 284 
slip-flow regime; 235 

transport coefficients; 70 
functions for calculating second-order; 

70
functions for Lennard-Jones (6-12) 

potential; 70 
monatomic gas; 68 

transport equation; 17 
trial function; 371 
two vessels connected by a slot, 

gas mixture density ratio; 47 
kinetic equilibrium; 47 

two vessels connected by a tube, 
pressure difference due to thermal-

creep; 231, 232 
velocity distribution in the tube; 231 
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