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Preface

This book is a monograph of a text that originated from lectures given by
the author at the Technical University of Vienna. The aim of this work is to
give a concise overview concerning the phase-space description of interference
phenomena of both interferometry using photons and neutron interferometry.
The material presented in the book originates to some extent from a num-
ber of publications written during the last 10 years by the author and his
colleagues, but contains new work as well.

Since the beginning of the 1990s a lot of effort has been undertaken to
transfer the well-known quantum-optical phase-space formalism to matter
wave optics. In particular, neutron interferometry has been described us-
ing the above-mentioned formalism, taking into account quantum-mechanical
distribution functions like Wigner functions, Q-functions and P-functions.
Thereby the investigation of the interrelations between quantum optics using
photons and neutron optics leads to interesting and novel results. The present
book attempts to combine both fields of research.

Coherence properties play an important role in any kind of interferometry.
In this book we intend, in some sense, to summarize known results and add
some new ones obtained with photons and neutrons, and analyze them in
terms of general quantum optics, which can be applied to photon and matter
waves as well.

The aim of this book was to write a monograph on the essentials of
quantum optical light and matter wave interferometry for first- or second-
year graduate students interested in eventually pursuing research in this area
and for people interested in this field of research. A precondition is solely
some basic knowledge of quantum mechanics and some knowledge of solid
state physics.

Part I is devoted to the theory of quantum mechanical distribution func-
tions, which are currently used to describe and graphically display wave
functions in phase-space. After some basics about expectation values for-
mulated in quantum mechanics, the Wigner function, the P-function and the
Q-function are defined and their properties are worked out in detail. A sys-
tematic approach to these quasi-distribution functions is elaborated by using
coherent states.



VIII Preface

In Part II optical interferometry in quantum networks is investigated.
Based on the wave packet formalism, the intensity as well as the momentum
and the position distribution functions in various network structures are con-
sidered. Thereby network elements such as the fiber glass, beam splitter, the
absorber and the phase shifter play a central role. The Mach–Zehnder inter-
ferometer, a combination of three Mach–Zehnder interferometers, double-loop
systems and Mach–Zehnder interferometers with two inputs are examined in
detail.

Part III is devoted to neutron interferometry. First the dynamical theory
of diffraction in a perfect crystal is worked out rather precisely. Using these
results the so-called Laue interferometer can be described comprehensively.
Subsequently, the phase-space formalism is applied to three and four plate
neutron interferometry, including the graphical presentation of the quantum
mechanical distribution functions mentioned above. Thereby a special squeez-
ing effect is identified. Further issues are decoherence in neutron interferom-
etry, correlations and novel aspects about the intensity and the visibility in
double-loop systems.

Finally, in Part IV spin interferometry is considered. The spin-echo system
is formulated and the Wigner function description of spin interference of
neutrons in magnetic fields is executed. The influence of inhomogeneities of
magnetic fields on the fragile interference pattern is discussed. The zero-field
spin-echo system is a further topic of Part IV. Starting from the description of
the interaction of neutrons with a rotating magnetic field, the wave functions
in a dynamical spin flipper can be investigated. The procedure of a spin flip
in a time-dependent magnetic field yields interesting energy characteristics
in a spin flipper and a particular quantum state in the subsequent field-free
region as well.

I wish to express my sincere gratitude to my revered teacher and friend
Helmut Rauch, who inspired me with most of the ideas presented in this
book. Without his encouragement and promotion this work would not have
been accomplished. I would like to thank him for constant discussions and
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agement. In particular: Gerald Badurek, Matthias Baron, Winfried Boxleit-
ner, Paolo Facchi, Norman Finger, Matthias Jakob, Thomas Länger, Othmar
Lasser, Thomas Lorünser, Michael Nölle, Christoph Pacher, Saverio Pascazio,
Momtchil Peev, Bernhard Ömer, Dieter Petrascheck, Andreas Poppe and Jo-
hann Summhammer.
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Part I

Theory
of Quantum Mechanical Distribution Functions



1 Some Basics

In this chapter we review some basics that are of importance in the rest of
the book. On the one hand, we consider the construction of classical mean
values, and on the other, the quantum mechanical concept of expectation
values.

In particular, the difference between the approach of the classical mean
value and of the classical probability density function in comparison with the
quantum mechanical concept of formation of a “mean”, called expectation
value, and quantum mechanical distribution functions defined in Chap. 2
should be clearly recognized. To this end, a glimpse is thrown on the quantum
mechanical harmonic oscillator and on the concept of the density operator.

1.1 Classical Mean Value

1.1.1 One Variable q

The classical mean value 〈A〉cl of a quantity A(q) can be expressed as

〈A〉cl =
∫ b

a

A(q)Pcl(q)dq, (1.1)

where Pcl(q) is a probability density function.
A first simple example is given by the rectangular probability density

function P r
cl(q) = 1/(b− a). P r

cl(q) is constant (�= 0) between a and b (b > a)
and outside this interval the function is zero. P r

cl(q) is normalized to 1. If
A(q) = q we get the arithmetic mean value 〈q〉 = (a+ b)/2. The mean square

deviation (or variance) is ∆q =
√
〈q2〉 − 〈q〉2 = (b − a)/

√
12.

A second, very important example is the normalized Gaussian distribution
function

PG
cl (q) =

1√
2π(∆q)

exp
[
− (q − q0)2

2(∆q)2

]
, (1.2)

where 〈q〉 = q0 and 〈q2〉 = q2
0 + (∆q)2. The full width at half maximum

(FWHM) is (∆q)
√

8 ln 2.
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1.1.2 Two Variables q1 and q2

The corresponding two-dimensional classical distribution function Pcl(q1, q2)
is defined by the mean value

〈A〉cl =
∫∫

A(q1, q2)Pcl(q1, q2)dq1dq2 . (1.3)

Example 1: In the case when the variables q1 and q2 are independent, a prod-
uct of two Gaussian distribution functions can be used instead of Pcl(q1, q2).
The total mean square deviation ∆q is in this case ∆q =

√
(∆q1)2 + (∆q2)2,

where ∆q1 and ∆q2 are the mean square deviations of the single Gaussian
functions, respectively.

Example 2: If the two values q1 and q2 are not independent of each other,
a two-dimensional Gaussian distribution function PG2

cl (q1, q2) is frequently
used:

PG2
cl (q1, q2) =

exp{− 1
2(1−ρ2) [(

q1−q01
∆q1

)2 − 2ρ( q1−q01
∆q1

)( q2−q02
∆q2

) + ( q2−q02
∆q2

)2]}
2π(∆q1)(∆q2)

√
1 − ρ2

.

(1.4)
In this formula q01 and q02 are mean values and ρ is called the correlation
coefficient (−1 ≤ ρ ≤ 1). Using this distribution function, the expressions
〈q1〉, 〈q2〉 and 〈q1q2〉 can be determined. The quantity σ12 = 〈q1q2〉− 〈q1〉〈q2〉
is called covariance. It turns out that σ12 = ρ(∆q1)(∆q2). The total variance
∆q =

√
(∆q1)2 + (∆q2)2 + 2σ12. If σ12 = 0, the result is the same as in the

first example. Two-dimensional Gaussian probability density functions are
used in Part IV to describe the influence of space-dependent inhomogeneities
of magnetic fields on the coherent superposition of wave functions in spin
interferometry.

1.2 Expectation Value

Some important results in quantum mechanics are briefly summarized in
this section. Because of the importance of the quantum mechanical harmonic
oscillator in quantum optics, its basics are introduced, and a formula for
expectation values is developed, which represents an analogue to that of the
classical mean value of a quantity. In the process, the concept of the density
operator is introduced.

1.2.1 Quantum Mechanical Harmonic Oscillator

The Schrödinger equation

ı�
d

dt
|ψ〉 = Ĥ|ψ〉 (1.5)
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characterizes the time-dependent evolution of the wave function |ψ〉 under
the action of the Hamilton operator Ĥ. For the one-dimensional quantum
mechanical oscillator the Hamiltonian reads as follows

Ĥ = p̂2/(2M) + U(x̂), (1.6)

where the potential
U(x̂) = MΩ2x̂2/2 (1.7)

is proportional to the square of the position operator x̂. Here Ω is the fre-
quency of a particle of mass M . p̂ is the momentum operator. Eigenstates of
the Hamiltonian are the energy eigenstates |m〉, which belong to the eigen-
values Em:

Ĥ|m〉 = Em|m〉. (1.8)

If um(x) ≡ 〈x|m〉 are the energy eigenfunctions in position representation,
this equation can be written as

d2um(x)
dx2

+
2M

�2

(
Em − 1

2
MΩ2x2

)
um(x) = 0. (1.9)

The solutions of this equation are known (see, e.g., [1]) as

um(x) = NmHm(α′x) exp{−(α′x)2/2}, (1.10)

where Nm = (α′2/π)1/4/
√

2mm! and α′ =
√

MΩ/�. Hm(z) are Hermite
polynomials: H0 = 1, H1 = 2z, H2 = 4z2 − 2, ... . The energy eigenvalues are
Em = �Ω(m + 1/2).

1.2.2 Density Operator and Expectation Value

In this section, we introduce the concept of the density operator and use it
to construct the expectation value.

The state vector contains the entire information about a quantum system.
However, in many cases we do not know every detail of the system because it
has too many degrees of freedom. For example, if it is coupled to a reservoir,
one cannot predict exactly the movement of the components of the system.
An atom that is subjected to spontaneous emission is another example. In
these cases, the system cannot be specified entirely by a single state vector.
The concept of the density operator is required (see, e.g., [1] or [2]) .

|〈x|m〉|2 = |um(x)|2, the probability density of an energy eigenstate in
position representation, describes the probability of a quantum mechanical
pure state. However, we want to specify mixed states where a superposition of
|m〉-states, namely |ψ〉 =

∑∞
m=0 cm|m〉, has to be considered. cm are complex

coefficients depending on the properties of the reservoir, for example. Pm =
|cm|2 is the probability of the single energy state |m〉. Alternatively, cm can
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be expressed by Pm and an arbitrary phase Φm: cm =
√

Pm exp{ıΦm}. In
this case, the wave function

ψ(x) ≡ 〈x|ψ〉 =
∞∑

m=0

cmum(x) (1.11)

is a superposition of energy eigenfunctions with probability density

|ψ(x)|2 =
∞∑

m,n=0

c∗mcnu∗
m(x)un(x) =

∞∑
m=0

Pm|um(x)|2 +
∑
m�=n

c∗mcnu∗
m(x)un(x).

(1.12)
The first term specifies the probability of finding a particle that is in the
m-th-energy eigenstate at position x. In addition, a second term gives rise to
interactions between the different wave functions. The major difference be-
tween classical and quantum mechanics becomes apparent here and is caused
by this second term.

In order to arrive at the concept of the density operator ρ̂, we rewrite
|ψ(x)|2 as follows:

|ψ(x)|2 = 〈x|ψ〉〈ψ|x〉 = 〈x|ρ̂|x〉, (1.13)

where

ρ̂ = |ψ〉〈ψ| =
∞∑

m=0

Pm|m〉〈m|+
∑
m�=n

√
PmPn exp{ı(Φm−Φn)}|m〉〈n|. (1.14)

Since the phases are completely unknown we have to average. Because of∫ π

−π
exp{ıΦ}dΦ = 0 the density operator finally reads

ρ̂ = |ψ〉〈ψ| =
∞∑

m=0

P|ψm〉|ψm〉〈ψm|, (1.15)

where we have generalized to an orthogonal and normalized system of wave
vectors |ψm〉 instead of |m〉. The trace of ρ̂ is 1:

Tr(ρ̂) =
∞∑

m=0

〈ψm|	̂|ψm〉 =
∞∑

m=0

P|ψm〉 = 1. (1.16)

The expectation value 〈Ô〉 of an operator Ô can now be written as Tr(Ôρ̂):

Tr(Ôρ̂) =
∞∑

l,m=0

〈ψl|Ô|ψm〉P|ψm〉〈ψm|ψl〉 =
∞∑

m=0

P|ψm〉〈ψm|Ô|ψm〉 = 〈Ô〉.

(1.17)
We shall see afterwards that the density operator is a very useful concept for
phase-space representations of the wave function. Two examples of expecta-
tion values are given subsequently.
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Example 1: The expectation value of ρ̂ is ≤ 1:

〈ρ̂〉 = Tr(ρ̂2) =
∞∑

l=0

〈ψl|ρ̂2|ψl〉 =
∞∑

l=0

P 2
|ψl〉 ≤

∞∑
l=0

P|ψl〉 = 1. (1.18)

Example 2: The thermal state (see, e.g., [2, 3])

We denote by |ψn〉 ≡ |n〉 the energy eigenstates of the quantum harmonic
oscillator (e.g., number states or photons). In a thermal state the probability
Pn of finding a quantum system (e.g., an electromagnetic radiation field) in
its n-th energy state is given by Boltzmann’s law Pn = N exp{−nβ}, where
β = �Ω/(kBT ). kB is Boltzmann’s constant, Ω is the frequency of the os-
cillators, T is the temperature of the ensemble, and N is a normalization
constant. According to (1.15) the density operator of a thermal state is given
by

ρ̂th = N

∞∑
n=0

exp{−nβ}|n〉〈n|. (1.19)

It can be seen that 〈n|ρ̂th|n〉 = Pn. N can be determined from Tr(ρ̂th) = 1
and is shown to be N = 1 − exp{−β}. The temperature T is defined via the
mean energy 〈Ĥ〉, where Ĥ is the Hamiltonian of the quantum mechanical
oscillator. We get

〈Ĥ〉 = Tr(Ĥρ̂th) = �Ω
∞∑

n=0

〈n|(n + 1/2)ρ̂th|n〉 = �Ω(nth + 1/2), (1.20)

where nth =
∑∞

n=0 nPn ≡ 〈n〉 is the mean number of photons in the thermal
state. Moreover,

〈n〉 = N

∞∑
n=0

n exp{−nβ} = −N
∂

∂β

∞∑
n=0

exp{−nβ} =
1

exp{β} − 1
. (1.21)

Immediately we have exp{β} = (〈n〉 + 1)/〈n〉. The density operator for the
thermal state now reads

ρ̂th =
1

〈n〉 + 1

∞∑
n=0

( 〈n〉
〈n〉 + 1

)n

|n〉〈n|. (1.22)

Likewise, the energy distribution Pn can be expressed as a function of 〈n〉:
Pn = 1

〈n〉+1 ( 〈n〉
〈n〉+1 )n. Moreover, Planck’s law for the black-body spectrum at

temperature T can be expressed as a function of β by the formula

〈WT (Ω)〉 (π�)2c3

(kBT )3
= β3〈n〉, (1.23)

where the radiative energy density 〈WT (Ω)〉 is the energy per unit volume
per unit angular frequency range in the black-body spectrum and its units
are Jsm−3.



2 Quantum Mechanical Distribution Functions

It is well-known that quantum states of the electromagnetic field lead to an
interesting representation, which is also particularly useful for the treatment
of optical coherence. This coherent-state representation leads to a close corre-
spondence between the quantum and classical correlation functions. Coherent
states turn out to be particularly appropriate for the description of electro-
magnetic fields generated by coherent sources like lasers. Coherent states
were first discovered in connection with the quantum harmonic oscillator by
E. Schrödinger (1926), who referred to them as states of minimum uncertainty
product. Their properties were further investigated by J.R. Klauder (1960),
who introduced a functional representation of quantum states. Shortly af-
terwards, R.J. Glauber [4] pointed out that coherent states are particularly
important and appropriate for the quantum treatment of optical coherence
and their adoption in quantum optics. In the course of the following chapters,
it will become apparent that coherence and interference properties are closely
connected in the phase-space formulation of quantum mechanics, which has
its roots in the classical work of E.P. Wigner (1932). The main tool of that
formalism is the introduction of phase-space “quasi-probability” distribution
functions, from which the Wigner distribution function is the best known
one. Various kinds of phase-space distribution functions (the Wigner func-
tion, the P-function, the Q-function) can provide useful physical insights pro-
viding practical advantages. A general review, including dynamical features
of quantum distribution functions, demonstrates this advantage [5].

In this chapter we shall treat some important quantum mechanical distri-
bution functions. Among them the Wigner function, the Q-function and the
P-function are the most relevant. Of particular interest in interferometry is
the Wigner function. Due to this fact we, therefore, attach special importance
to the Wigner formalism in the following sections.

2.1 Wigner Function

As we have seen in (1.13) the probability ρ(x) of finding a particle at posi-
tion x is expressed by the density operator ρ̂ as follows: ρ(x) = |ψ(x)|2 =
〈x|ψ〉〈ψ|x〉 = 〈x|ρ̂|x〉. The density matrix ρ(x, x′) = 〈x|ρ̂|x′〉 of two distinct



10 2 Quantum Mechanical Distribution Functions

positions x and x′ is the starting point for the definition of the Wigner func-
tion. That is to say, the Fourier transformation of ρ(x − y/2, x + y/2) for
displaced position coordinates provides the Wigner function W (x, p) [5]:

W (x, p) =
1

2π�

∫ ∞

−∞

〈
x − y

2
|ρ̂|x +

y

2

〉
exp{ıyp/�}dy, (2.1)

where p = �k and k are the momentum coordinate and the wave number,
respectively . The derivation of the Wigner function is carried out below.

2.1.1 Wigner Function of a Wave Packet

First of all we write the Wigner function for a pure state ρ̂ = |ψ〉〈ψ|:

W (x, p) =
1

2π�

∫ ∞

−∞
ψ∗
(
x +

y

2

)
ψ
(
x − y

2

)
exp{ıyp/�}dy. (2.2)

As a next step the concept of the wave packet is presented. A Gaussian wave
packet

α(k) = [2π(δk)2]−1/4 exp
{
− (k − k0)2

4(δk)2

}
(2.3)

describes a wave number distribution with mean wave number k0 and mean
square deviation (δk)2, where the normalization condition

∫∞
−∞ α2(k)dk = 1

holds. The time-dependent wave function ψ(x, t) is defined via the Fourier
transformation

ψ(x, t) =
1√
2π

∫ ∞

−∞
α(k) exp{ı(kx − Ωt)}dk, (2.4)

where the dispersion relation for massive particles of mass M reads Ω =
�k2/(2M). The calculation yields [1]

ψ(x, t) = [2(δk)2/π]1/4 1√
1 + ıγt

exp
{
− [x(δk)]2 − ık0(x − v0t/2)

1 + ıγt

}
, (2.5)

where γ = 2�(δk)2/M and the mean particle velocity v0 = �k0/M . The
squared absolute value specifies the position distribution

|ψ(x, t)|2 =
1√

2π[∆x(t)]
exp

{
− (x − v0t)2

2[∆x(t)]2

}
. (2.6)

Because ∆x(t) =
√

1 + (γt)2/[2(δk)] this formula describes the time-
broadening of the wave packet in time. In the case of t = 0, we get the
minimum Heisenberg uncertainty relation ∆x(0) ≡ δx = 1/[2(δk)]. In addi-
tion we have

∫∞
−∞ |ψ(x, t)|2dx = 1.

ψ(x, t) of (2.5) is inserted into (2.2) and we get the Wigner function of a
wave packet
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Fig. 2.1. Wigner function of a wave packet (2.7), δk/k0 = 1%

WWP (x, k, t) =
1
π

exp
{
− (k − k0)2

2(δk)2
− 2(δk)2(x − vt)2

}
, (2.7)

where v = �k/M is the particle velocity. This is the two-fold Gaussian func-
tion drawn in Fig. 2.1 for t = 0, where δk/k0 = 1%.

2.1.2 Properties of the Wigner Function

Some important properties of Wigner functions are derived in order to under-
stand the features of their graphical representations shown throughout the
book. In the following, the time-dependence is omitted and the boundaries of
the integrals are −∞ to +∞. Likewise, we derive these properties using the
pure quantum state for the density operator ρ̂. In the case of mixed states,
only a summation over the corresponding probability has to be carried out.
It is anticipated that the Wigner function is a real function.

1.

∫
W (x, p)dp = |ψ(x)|2 (2.8)

Proof:
∫

W (x, p)dp =[1/(π�)]
∫∫ 〈x−y|ρ̂|x+y〉 exp{2ıpy/�}dydp =

∫ 〈x− y|ρ̂|
×x + y〉δ(y)dy = 〈x|ρ̂|x〉 = |ψ(x)|2 �

2.

∫
W (x, p)dx = |ϕ(p)|2 (2.9)
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Proof:
∫

W (x, p)dx = [1/(π�)]
∫

exp{2ıpy/�}[∫ 〈x − y|ρ̂|x + y〉dx]dy

= [1/(π�)]
∫

exp{2ıpy/�}[∫ 〈x′|ρ̂|x′ + 2y〉dx′]dy

= [1/(2π�)]
∫ ∫

exp{ıp(x′′ − x′)/�}[〈x′|ρ̂|x′′〉dx′]dx′′

= [1/
√

2π�]
∫

exp{−ıpx′/�}〈x′|dx′ ρ̂ [1/
√

2π�]
∫

exp{ıpx′′/�}|x′′〉dx′′

= 〈p|ρ̂|p〉 = |ϕ(p)|2, where we have used the Fourier transform

[1/
√

2π�]
∫

exp{ıpx/�}|x〉dx = |p〉 and ϕ(p) = 〈p|ψ〉 �

3.

∫ ∫
W (x, p)dxdp = 1 (2.10)

4. W (x, p) =
1

2π�

∫
ϕ∗(p + p′/2)ϕ(p − p′/2)exp{−ıxp′/�}dp′ (2.11)

Proof: In the following derivation the Fourier transforms

ϕ(p) = [1/
√

2π�]
∫

ψ(x) exp{−ıpx/�}dx and

ψ(x) = [1/
√

2π�]
∫

ϕ(p) exp{ıpx/�}dp are applied:

W (x, p) = [1/(π�)]
∫

exp{2ıpy/�}dy[1/(2π�)]

× ∫
ϕ∗(p′) exp{−ıp′(x + y)/�}dp′

∫
ϕ(p′′) exp{ıp′′(x − y)/�}dp′′

= [1/(π�2π�)]
∫

ϕ∗(p′) exp{−ıp′x/�}dp′

× ∫
ϕ(p′′) exp{ıp′′x/�}dp′′2π�δ(2p − p′ − p′′)

= [1/(π�)]
∫

ϕ∗(p′) exp{−ıp′x/�}dp′ϕ(2p − p′) exp{ıx(2p − p′)/�}
= [1/(π�)]

∫
ϕ∗(p + p′)ϕ(p − p′)exp{−2ıxp′/�}dp′ �

Equation (2.11) is very valuable, because it is often much easier to calcu-
late the Wigner function using ϕ(p) instead of (2.2) applying ψ(x).

5. 2π�

∫∫
Wψ1(x, p)Wψ2(x, p)dxdp =

∣∣∣∣∫ ψ∗
1(q)ψ2(q)dq

∣∣∣∣2 ≥ 0 (2.12)

Proof: 2π�
∫ ∫ {[1/(π�)]

∫
dyψ∗

1(x + y)ψ1(x − y) exp{2ıpy/�}}
× {[1/(π�)]

∫
dzψ∗

2(x + z)ψ2(x − z) exp{2ıpz/�}}dxdp

= 2π�
∫

[1/(π�)2]
∫

dyψ∗
1(x+y)ψ1(x−y)

∫
dzψ∗

2(x+z)ψ2(x−z)π�δ(y +z)dx

= −2
∫ ∫

ψ∗
1(x + y)ψ1(x − y)ψ∗

2(x − y)ψ2(x + y)dxdy

=
∫

ψ∗
1(u)ψ2(u)du

∫
ψ1(v)ψ∗

2(v)dv = | ∫ ψ∗
1(u)ψ2(u)du|2 �

For ψ1(q) = ψ2(q) the right-hand side of (2.12) is 1.



2.1 Wigner Function 13

One important implication can be drawn from (2.12): the right-hand side
is ≥ 0. However, the two functions ψ1(q) and ψ2(q) can be orthogonal. This
means that the equal sign is valid, which implies that the Wigner function
cannot be positive everywhere. This is an important distinction to classical
distribution functions, which are ≥ 0 everywhere.

2.1.3 Derivation of the Wigner Function

If the Wigner function is the desired quantum mechanical distribution func-
tion, the expectation value of an operator Â can be expressed with it:

〈Â〉 = 〈ψ|Â|ψ〉 = Tr[ρ̂Â] =
∫∫

A(x, p)W (x, p)dxdp, (2.13)

which is the quantum mechanical equivalent to the classical expression (1.3)
in two dimensions.

Proof: It is assumed that a Fourier transform α(σ, τ) of A(x, p), namely
A(x, p) =

∫∫
α(σ, τ) exp{ı(σx + τp)/�}dσdτ , exists. Moreover, an operator

Â(x̂, p̂) is associated to the Fourier transform via the expression Â(x̂, p̂) =∫∫
α(σ, τ) exp{ı(σx̂ + τ p̂)/�}dσdτ . The expectation value of Â is thus

〈Â〉 = 〈ψ|Â|ψ〉 =
∫∫

α(σ, τ)〈ψ| exp{ı(σx̂ + τ p̂)/�}|ψ〉dσdτ. (2.14)

If the matrix element

〈ψ| exp{ı(σx̂ + τ p̂)/�}|ψ〉 =
∫∫

W (x, p) exp{ı(σx + τp)/�}dxdp = C(σ, τ)

(2.15)
is the Fourier transform of the Wigner function, where C(σ, τ) is the charac-
teristic function (or Weyl function), then 〈Â〉 is exactly (2.13). So (2.15) has
to be proved. Consider the following: the right-hand side gives

C(σ, τ)

=
1

2π�

∫∫∫
ψ∗
(
x +

y

2

)
ψ
(
x − y

2

)
exp{ıp(y + τ)/�} exp{ıσx/�}dydxdp

=
∫∫

ψ∗
(
x +

y

2

)
ψ
(
x − y

2

)
exp{ıσx/�}δ(y + τ)dydx

=
∫

ψ∗
(
x − τ

2

)
ψ
(
x +

τ

2

)
exp{ıσx/�}dx.

In order to calculate the left-hand side of (2.15), the matrix has to be
determined using the Baker–Campbell–Hausdorff theorem (see, e.g., [2]):
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exp{Â + B̂} = exp{Â} exp{B̂} exp{−[Â, B̂]/2}. Due to Heisenberg’s uncer-
tainty relation [x̂, p̂] = ı�, the matrix element reads

〈ψ| exp{ı(σx̂ + τ p̂)/�}|ψ〉 = exp{ıστ/(2�)}〈ψ| exp{ıσx̂/�} exp{ıτ p̂/�}|ψ〉

=
∫

dx exp{ıστ/(2�)}〈ψ| exp{ıσx̂/�}|x〉〈x| exp{ıτ p̂/�}|ψ〉

=
∫

dx exp{ıστ/(2�)}〈ψ| exp{ıσx/�}|x〉〈x + τ ||ψ〉

=
∫

dx exp{ı(σx + στ/2)/�}ψ∗(x)ψ(x + τ)

=
∫

dx′ exp{ıσx′/�}ψ∗(x′ − τ/2)ψ(x′ + τ/2) = C(σ, τ),

where the translation operation exp{−ıτ p̂/�}|x〉 = |x + τ〉 has been used.
The matrix element is exactly the characteristic function. Thus (2.15) has
been proved. Inserting (2.15) into (2.14), we get

〈Â〉 =
∫∫

α(σ, τ)
∫∫

W (x, p) exp{ı(σx + τp)/�}dxdpdσdτ

=
∫∫

W (x, p)
∫∫

α(σ, τ) exp{ı(σx + τp)/�}dσdτdxdp

=
∫∫

A(x, p)W (x, p)dxdp �

2.1.4 Wigner Function of the Harmonic Oscillator

The wave functions un(x) of (1.10) for the quantum mechanical harmonic
oscillator (QMHO) are inserted according to (2.2) in order to construct the
Wigner distribution WHO(x, p, n). We obtain (see, e.g., [2, p.105])

WHO(x, p, n) =
1
π�

∫
u∗

n(x + y)un(x − y) exp{2ıpy/�}dy

=
1
π�

α′

2nn!
√

n
exp{−(α′x)2}

∫
e2ıpy/�−(α′y)2

×Hn[α′(x + y)]Hn[α′(x − y)]dy.

We introduce a new quantity z = α′y − β′, where α′ =
√

MΩ/� and β′ =
ıp/(α′

�). The associated integral becomes
∫

exp{−z2}Hn(z+β′+α′x)Hn(z+
β′ − α′x)dz = 2nn!

√
nLn[2(α′2x2 − β′2)]. Ln(x) are Laguerre polynomials.

Finally, we get

πWHO(x, k, n) = (−1)n exp{−2h(x, k)}Ln[4h(x, k)], (2.16)

where the Hamiltonian

h(x, k) =
1

�Ω

[
p2

2M
+

1
2
MΩ2x2

]
=

1
2

(
k2

α′2 + x2α′2
)

(2.17)
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is defined and the wave number k = p/� is introduced. The Laguerre
polynomials are: L0(x) = 1, L1(x) = 1 − x, L2(x) = 1 − 2x + x2/2,
L3(x) = 1 − 3x + 3x2/2 − x3/6, .... The Wigner functions of (2.16) for
n = 0, 1, 2, 3 and α′ = 1 are shown in Figs. 2.2 to 2.5. The related states
are called Fock states. For higher orders, the negative parts of the Wigner
function are clearly seen.

Fig. 2.2. Wigner function of QMHO (2.16): ground state n = 0 (α′ = 1)

Fig. 2.3. Wigner function of QMHO: first state n = 1
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Fig. 2.4. Wigner function of QMHO: second state n = 2

Fig. 2.5. Wigner function of QMHO: third state n = 3

2.2 Q-Function

A general distribution function Pg(x, p) evolves from smearing (by convo-
lution) the Wigner function using a function g(x − x′, p − p′): Pg(x, p) =∫∫

g(x − x′, p − p′)W (x′, p′)dx′dp′. The Q-function Q(x, p) (or Husimi
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function) applies a Gaussian distribution

G(x − x′, p − p′, γ) =
1
π�

exp
{
− (x − x′)2

γ
− γ(p − p′)2

�2

}
, (2.18)

such that

Q(x, p) =
∫∫

G(x − x′, p − p′, γ)W (x′, p′)dx′dp′. (2.19)

According to property 5 of Sect. 2.1.2, the Q-function is always positive
because the Gaussian distribution function of two variables can be consid-
ered as a special Wigner function. For example, the Wigner function of the
ground state of the QMHO (see (2.16)), that is to say πWHO(x, k, n =
0) = exp{−2h(x, k)}, is a double Gaussian function in x and k. If we put
α′2 = 1/γ, the relation WHO(x − x′, k − k′, n = 0) = G(x − x′, k − k′, γ) is
valid. We shall see below that the mean square deviation of the QMHO-Q-
function of the ground state is twice as large as for the Wigner distribution.
So πQHO(x, k, n = 0) = exp{−h(x, k)}. This can also be directly verified by
insertion in (2.19).

2.3 A Systematic Approach
of Quasi-Distribution Functions

In the following, we shall introduce two new operators: the creation opera-
tor â+ and the annihilation operator â. The application of these operators
has been a very successful concept in the quantum theory of the electromag-
netic field. Thereby the QMHO is described by â+ and â (see, e.g., [1]). On
the other hand, the formalism of creation and annihilation operators pro-
vides the possibility for a systematic approach in order to develop the theory
of quantum mechanical distribution functions (also called quasi-distribution
functions). The Wigner function and the Q-function are examples of the
quasi-distributions discussed above. Hence, we make use of these two opera-
tors in the following.

We start with the Hamiltonian of the QMHO (1.6):

Ĥ =
p̂2

2M
+

MΩ2x̂2

2
= �Ω

[
p̂2

2�λ2
+

λ2x̂2

2�

]
, (2.20)

where λ =
√

MΩ (=
√

�α′ as before). If we define â+ and â as

â+ =
1√
2�

(
λx̂ − ı

λ
p̂
)

, â =
1√
2�

(
λx̂ +

ı

λ
p̂
)

, (2.21)

the Hamiltonian can be written as

Ĥ =
�Ω

2
(ââ+ + â+â) = �Ω

(
N̂ +

1
2
Î

)
, (2.22)
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where N̂ = â+â is called the number operator. In (2.22) Heisenberg’s uncer-
tainty relation [x̂, p̂] = ı�Î or [â, â+] = Î has been used. Now the energy eigen-
values of Ĥ are En = �Ω(n + 1/2). Hence N̂ has eigenvalues n = 0, 1, 2, ....
The corresponding eigenvalue equation reads as follows:

N̂ |n〉 = n|n〉, (2.23)

where |n〉 are the normalized basis vectors (likewise called Fock states, or
number states or energy states of the QMHO). The following properties of
Fock states are very important:

â+|n〉 =
√

n + 1|n + 1〉, â|n〉 =
√

n|n − 1〉, 〈n|m〉 = δnm. (2.24)

Some other relations are frequently used below:

â|0〉 = 0,
∑

n

|n〉〈n| = Î , [â, (â+)n] = n(â+)n−1, (2.25)

where |0〉 is called vacuum state of the QMHO where no photons exist. There
are no fluctuations for any single photon state |n〉, because 〈n|(∆N̂)2|n〉 =
〈n|(N̂)2|n〉−(〈n|N̂ |n〉)2 = n2−n2 = 0. This is not the case with the coherent
states discussed subsequently.

2.3.1 Coherent States

In this context the characteristic operator

Ĉ(σ, τ) = exp{ı(σx̂ + τ p̂)/�} (2.26)

in (2.15) plays an important role. The quantities σ and τ are real. We define
a complex value α in such a way that σ = −ıλ

√
�/2(α − α∗) and τ =

−(1/λ)
√

�/2(α + α∗). Using (2.21) the characteristic operator Ĉ(σ, τ) can
then be transformed to the displacement operator D̂(α) and we get the result:

Ĉ(σ, τ) ≡ exp{αâ+ − α∗â} = D̂(α). (2.27)

The properties of D̂(α) are described in the following lines. Using the Baker–
Campbell–Hausdorff theorem we get the relations below: [4–10]

D̂(α) = e−|α|2/2eαâ+
e−α∗â = e|α|2/2e−α∗âeαâ+

,

D̂(α) = D̂(−α)−1, D̂(α)+ = D̂(−α) = D̂(α)−1, D̂(α)+D̂(α) = Î .

(2.28)

It is interesting to note that D̂(α) �= D̂(α)+. D̂(α) is not Hermitian. After
some algebra we get

∂

∂α∗ D̂(α) = D̂(α)
[
−α

2
− â

]
, D̂(α)

[α

2
+ â

]
=
[
â − α

2

]
D̂(α)
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and the following operator equations:

D̂(α)−1âD̂(α) = â + α, D̂(α)−1â+D̂(α) = â+ + α∗. (2.29)

Because of these two transformation properties D̂(α) is called a displacement
operator. The eigenstates of â are called coherent states |α〉. In order to
identify these states we apply D̂(α) on the vacuum state |0〉:

|α〉 = D̂(α)|0〉 = e−|α|2/2eαâ+ |0〉 = e−|α|2/2
∞∑

n=0

αn

n!
(â+)n|0〉

= e−|α|2/2
∞∑

n=0

αn

√
n!
|n〉, (2.30)

where (2.25) has been used. Furthermore, it is easy to show that the equa-
tions â|α〉 = α|α〉 and 〈α|â+ = 〈α|α∗ are satisfied. The normalization of the
coherent states yields

〈α|α〉 =
∞∑

n=0

|〈n|α〉|2 =
∞∑

n=0

e−|α|2 |α|2n

n!
=

∞∑
n=0

Pn = 1. (2.31)

The photons in a coherent state are distributed according to a Poissonian
distribution Pn = exp{−|α|2}|α|2n/(n!). The expectation value of photons
(the mean photon number) in a coherent state is

〈n〉 = 〈α|n|α〉 =
∞∑

n=0

nPn =
∞∑

n=1

e−|α|2 |α|2n

(n − 1)!

=
∞∑

n=0

e−|α|2 |α|2(n+1)

(n)!
= |α|2. (2.32)

In an analogous manner we can calculate 〈n2〉 = |α|4 + |α|2. The mean
square deviation σn = 〈n2〉 − 〈n〉2 = |α|2 = 〈n〉. This is characteristic for
a Poissonian distribution. In Fig. 2.6 Pn is drawn for 〈n〉 = 3. For α =
0 −→ P0 = 1. In the limit of large α, the Poissonian distribution passes into
a Gaussian distribution:

lim
α→∞Pn =

1√
2πα

exp
{
−n + 1/2 − α2

2α2

}
. (2.33)

Using the definition of the coherent states (2.30) it can easily be shown
that two different coherent states |α〉 and |β〉 are not orthogonal: 〈β|α〉 =
exp{−|α|2/2− |β|2/2+αβ∗}. Moreover, |〈β|α〉|2 = exp{−|α−β|2}. Only for
highly distinguishable states, that is to say if |α − β| 
 1, is the product
nearly orthogonal: 〈β|α〉 � 0. One important property of coherent states
should be mentioned yet:

Î =
1
π

∫
|α〉〈α|d2α, (2.34)
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Fig. 2.6. Poissonian distribution Pn = e−|α|2 |α|2n

n!
for 〈n〉 = |α|2 = 3

where d2α = d(�α)d(
α) = |α|d|α|dθ. Coherent states are complete. That
means that a trace of an operator can be written as the trace over coher-
ent states: Tr(Â) = (1/π)

∫ 〈α|Â|α〉d2α. In the following two examples, the
position wave functions of coherent states are determined.

Example 1: We would like to calculate the position wave function of the
coherent state for α = 0. Equations (2.25) and (2.21) yield

〈x|â|0〉 = 0 = 〈x| 1√
2π

[
λx̂ +

ı

λ
p̂
]
|0〉 =

1√
2π

[
λx +

�

λ

∂

∂x

]
ψ0(x), (2.35)

where the wave function ψ0(x) = 〈x|0〉 has been defined. We get the differ-
ential equation and the appropriate solution:

1
ψ0(x)

∂

∂x
ψ0(x) = −λ2

�
x −→ ψ0(x) =

[
λ2

π�

]1/4

exp

{
−
[

λx√
2�

]2
}

. (2.36)

The position distribution reads

ψ2
0(x) =

1√
2π(δx)

exp
{
− x2

2(δx)2

}
, (2.37)

where (δx)2 = �/(2λ2) is the mean square deviation of the Gaussian distri-
bution. Because λ =

√
�α′ =

√
MΩ, this equation is in agreement with the

eigenfunctions in position representation u2
0(x) of the QMHO of the ground
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state (see (1.10)). The related Wigner function has been discussed in Fig. 2.2.
Because of Heisenberg’s minimum uncertainty relation (δp)(δx) = �/2, we
achieve (δp) = λ2(δx).

We can calculate the Wigner function Wα=0(x, k) using the wave function
ψ0(x) (2.36):

Wα=0(x, k) =
1
2π

∫
ψ0

(
x − y

2

)
ψ∗

0

(
x +

y

2

)
eıkydy =

1
π

e−α′2x2−k2/α′2
.

If this result is compared to (2.16), the following relation can be written
instantaneously:

Wα=0(x, k) = WHO(x, k, n = 0).

In other words, the Wigner function of the coherent state for α = 0 is
identical to the Wigner function of the ground state of the quantum me-
chanical harmonic oscillator. A coherent state |α〉 is the closest analogue to
a classical light field and exhibits a Poisson photon number distribution with
an average photon number |α|2. Coherent states have minimal fluctuations
permitted by the Heisenberg uncertainty principle. On the contrary, a Fock
state |n〉 is strictly quantum mechanical and contains a precisely defined
number n of quanta of field excitation. Coherent states and Fock states meet
exactly at α = 0 and n = 0, respectively. The transition from quantum to
classical states has been studied using single-photon-added coherent states of
light [11].

Example 2: The position wave function of the coherent state for α �= 0 is
determined from the eigenvalue equation â|α〉 = α|α〉:

〈x|â|α〉 =
〈

x

∣∣∣∣ 1√
2�

[
λx̂ +

ı

λ
p̂
]∣∣∣∣α〉 = α〈x|α〉. (2.38)

The wave function is denoted by ψα(x) = 〈x|α〉. The result is:

ψα(x) =
[

λ2

π�

]1/4

exp

{
−
[

λx√
2�

− α

]2
}

. (2.39)

This is a similar Gaussian function to that in (2.36) but displaced by α. The
position distribution reads

ψ2
α(x) =

1√
2π(δx)

exp
{
− [x − 2(δx)α]2

2(δx)2

}
. (2.40)

Because of the constant displacement of x by 2(δx)α and the same mean
square deviation (δx)2, the coherent states ψα(x) are only shifted Gaussian
functions of the distribution function ψ0(x) of the QMHO ground state. The
Wigner function of ψα(x) looks like that in Fig. 2.2, only the coordinate
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system has been shifted by a corresponding α-value. Furthermore, the Pois-
sonian distribution Pn can be expressed by ψα(x):

Pn = |〈n|α〉|2 = |
〈

n|
(∫

|x〉dx〈x|
)
|α
〉
|2 =

∣∣∣∣∫ un(x)ψα(x)dx

∣∣∣∣2 . (2.41)

In the following sections we shall concentrate on three important arrange-
ments of the operators â and â+:

1. The normal ordering (â+)mân, which entails the P-function.
2. The symmetric ordering {â+â} ≡ (â+â + ââ+)/2 or {â+â2} ≡ (â+â2 +

ââ+â + â2â+)/3, etc., which gives the Wigner function.
3. The anti-normal ordering âm(â+)n, which gives rise to the Q-function.

2.3.2 Normal Ordering of Operators (P-Function)

When we are dealing with the normal operator ordering, the creation operator
â+ has to be arranged to left of the annihilation operator â in an operator
product. Therefore, we write for an operator Â:

Â =
∞∑

m,n=0

cm,n(â+)mân. (2.42)

Now the P-function P (α) is introduced according to the density operator
concept in (1.15) using the completeness of the coherent states |α〉:

ρ̂ =
∫

P (α)|α〉〈α|d2α, (2.43)

where the normalization condition Tr(ρ̂) =
∫

P (α)d2α = 1 is fulfilled. Inter-
estingly, besides a Gaussian function, a Delta-function is also able to meet
this condition.

As a special case for normal operator ordering ÂN , we now consider the
expression

ÂN = exp{ξâ+} exp{−ξ∗â}. (2.44)

The expectation value 〈ÂN 〉 can be written as a Fourier integral

〈ÂN 〉 = Tr[	̂ÂN ] =
∫

P (α)〈α|ÂN |α〉d2α =
∫

P (α)eξα∗−ξ∗αd2α = χN (ξ),

(2.45)
where χN (ξ) is the characteristic function of normal ordered operators ÂN .
The P-function can be expressed by the inverse Fourier transformation (note
that ξα∗ − ξ∗α is purely imaginary):

P (α) =
1
π2

∫
χN (ξ)eξ∗α−ξα∗

d2ξ. (2.46)
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We can evaluate |χN (ξ)| using the Baker–Campbell–Hausdorff theorem:

|χN (ξ)| = e|ξ|
2/2|Tr[ρ̂eξâ+−ξ∗â]| ≤ e|ξ|

2/2. (2.47)

If |ξ| −→ ∞, the P-function is singular.
A simple example is the number operator N̂ = â+â. The expectation

value yields the mean photon number according to (2.32) and the result is
〈N̂〉 = Tr[ρ̂N̂ ] =

∫
P (α′)|α′|2d2α′ = |α|2 ≡ 〈n〉, where we conclude that the

P-function has to be P (α) = δ2(α − α′). We shall see later that the thermal
state of a radiation field (see Sect. 1.2.2) yields a Gaussian distribution for
the P-function.

2.3.3 Symmetric Ordering of Operators (Wigner Function)

If the operator ordering is symmetric, we consider the following operator
polynomial:

Â =
∞∑

m,n=0

bm,n{(â+)mân}, (2.48)

where the curly braces mean “symmetrically ordered” as defined before (e.g.,
{â+â} ≡ (â+â + ââ+)/2). Let us examine the displacement operator D̂(ξ)
defined in (2.27):

D̂(ξ) = exp{ξâ+ − ξ∗â}. (2.49)

Because

D̂(ξ) =
∞∑

m=0

(ξâ+ − ξ∗â)m/(m!),

(ξâ+ − ξ∗â)m =
m∑

l=0

(−1)lξm−l(ξ∗)l m!
l!(m − l)!

{(â+)m−lâl},

the displacement operator is symmetric. Using the Baker–Campbell–Hausdorff
theorem (see (2.28)) and (2.45), the expectation value of D̂ reads as

〈D̂〉 = Tr[	̂D̂(ξ)] =
∫

P (α)〈α|D̂(ξ)|α〉d2α = e−|ξ|2/2χN (ξ) = χS(ξ), (2.50)

where 〈α|D̂(ξ)|α〉 = eξα∗−ξ∗α−|ξ|2/2 has been used. χS(ξ) is the characteristic
function of symmetric ordered operators. Comparing to (2.27) and (2.15), we
recognize that the Wigner function is the Fourier transform of χS(ξ):

W (α) =
1
π2

∫
χS(ξ)eαξ∗−α∗ξd2ξ. (2.51)
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If χS(ξ) of (2.50) is inserted into (2.51), after some algebra we achieve the
following relation:

W (α) =
2
π

∫
P (β)e−2|α−β|2d2β. (2.52)

Considering (2.50) and (2.47), we draw the following conclusion:

|χS(ξ)| = e−|ξ|2/2|χN (ξ)| ≤ 1, (2.53)

which means that symmetric characteristic functions are bounded contrary to
χN (ξ). For example, if ρ̂ = |α〉〈α| is the density operator of coherent states,
P (α) becomes a Delta-function δ2(α − α′) (because of (2.43)). According to
(2.45) we then have the relation |χS(ξ)| = e−|ξ|2/2|eξα′∗−ξ∗α′ | = e−|ξ|2/2 ≤ 1
for all ξ.

2.3.4 Anti-Normal Ordering of Operators (Q-Function)

Anti-normal ordered operators look like

Â =
∞∑

m,n=0

dm,nâm(â+)n. (2.54)

We consider the particular operator

ÂA = exp{−ξ∗â} exp{ξâ+}. (2.55)

The expectation value is calculated according to

〈ÂA〉 = Tr[	̂ÂA] =
∫

P (α)〈α|ÂA|α〉d2α = χA(ξ). (2.56)

Characteristic functions are expectation values of the corresponding opera-
tors under consideration. We determine directly χA(ξ) using the completeness
of coherent states (2.34):

χA(ξ) = Tr[ρ̂e−ξ∗âÎeξâ+
] = Tr

[
ρ̂e−ξ∗â

(
1
π

∫
|α〉〈α|d2α

)
eξâ+

]
=

1
π

∫
eξα∗−ξ∗α〈α|ρ̂|α〉d2α =

∫
eξα∗−ξ∗αQ(α)d2α, (2.57)

where the Q-function

Q(α) =
1
π
〈α|ρ̂|α〉 (2.58)

has been defined. If we insert ρ̂ = |ψ〉〈ψ| according to (1.15) the Q-function
is Q(α) = |〈ψ|α〉|2/π ≥ 0 in any case. This is an important result and corre-
sponds with Sect. 2.2.
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Similar to (2.46) and (2.51), the Q-function is expressed as a Fourier
transform of the corresponding characteristic function:

Q(α) =
1
π2

∫
χA(ξ)eξ∗α−ξα∗

d2ξ. (2.59)

If χA(ξ) of (2.56) is inserted into (2.59) and if (2.28) is used, we get, after
some manipulation, a correlation between Q(α) and P (α):

Q(α) =
1
π

∫
P (β)e−|α−β|2d2β. (2.60)

Using (2.28), χA(ξ) can be expressed by χN (ξ) and we get

χA(ξ) = Tr[ρ̂e−ξ∗âeξâ+
] = e−|ξ|2Tr[ρ̂eξâ+

e−ξ∗â] = e−|ξ|2χN (ξ). (2.61)

For ρ̂ = |α〉〈α| ⇒ |χA(ξ)| = e−|ξ|2 ≤ 1. If we merge (2.50) and (2.61), we get
a relation between the three characteristic functions:

χN (ξ)e−|ξ|2 = χS(ξ)e−|ξ|2/2 = χA(ξ). (2.62)

2.3.5 Quasi-Distribution Functions of Coherent States

The density operator of a coherent state reads ρ̂ = |β〉〈β|. The Q-function is
therefore Q(α) = |〈α|β〉|2/π = e−|α−β|2/π (compare to Sect. 2.3.1).

From (2.43) it follows directly that P (α) is a Delta-function: P (α) =
δ2(α − β) ≡ δ[�(α − β)]δ[
(α − β)].

The Wigner function W (α) is directly identified from (2.52): W (α) =
(2/π)e−2|α−β|2 . We recognize that the mean square deviation of the Q-
function is twice as big as that of the Wigner function.

2.3.6 Q-Function of the Harmonic Oscillator

The density operator of a QMHO is ρ̂ = |n〉〈n|. According to (2.58) and
(2.31) the Q-function reads as

Q(α) =
1
π
|〈n|α〉|2 =

1
π

|α|2n

n!
e−|α|2 =

1
π

Pn. (2.63)

The eigenvalue of â with regard to coherent states |α〉 is α, or briefly: â|α〉 =
α|α〉. According to (2.21) we have α = (λx + ıp/λ)/

√
2� with λ =

√
MΩ.

Using (2.17) |α|2 can be expressed through (p = �k)

|α|2 = h(x, k) =
1
2

(
k2

α′2 + x2α′2
)

, (2.64)
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where α′ = λ/
√

�. Finally we get for the Q-function

πQ(α) ≡ πQ(x, k, n) =
1
n!

[h(x, k)]ne−h(x,k). (2.65)

This function is plotted in Figs. 2.7 to 2.10. As can be seen from these draw-
ings, the Q-function is positive everywhere and no oscillations appear as in
the Wigner function (Figs. 2.3 to 2.5). The ground state of the Q-function

Fig. 2.7. Q-function of QMHO (2.65): ground state n = 0 (α′ = 1)

Fig. 2.8. Q-function of QMHO: first state n = 1
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Fig. 2.9. Q-function of QMHO: second state n = 2

Fig. 2.10. Q-function of QMHO: third state n = 3

(Fig. 2.7) is twice as broad as the ground state of the Wigner function
(Fig. 2.2).

2.3.7 Distribution Functions of a Radiation Field

In this section we are dealing with quantum mechanical distribution functions
of a radiation field of temperature T [4]. The radiation field is in thermal
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equilibrium with its environment. Physically it can be described by a canoni-
cal ensemble of harmonic oscillators, where the mean photon number of these
oscillators, is nth = (eβ − 1)−1 and β = �Ω/(kBT ) (compare to Sect. 1.2.2
and (1.21)). If T → 0 (which means β → ∞), then nth → 0 and no photons
are excited. If T → ∞ (which means β → 0), then the mean number of
excited photons goes to ∞.

We envisage a radiation field built up by a large amount of single radiation
sources. The single sources are made up of an incoherent superposition of
coherent states. Looking at the density operator ρ̂ of (2.43), we recognize
that ρ̂ is exactly an incoherent mixture of coherent states, where P (α) is the
corresponding distribution function. At first, we consider two sources 1 and
2. Each single source consists of coherent states like

|α1〉 = D̂(α1)|0〉 , |α2〉 = D̂(α2)|0〉, (2.66)

where (2.30) has been used. For later purposes, we try to find the common
state of these two coherent states. To this end, we build up (using (2.28))

D̂(α1)D̂(α2) = D̂(α1 + α2)e(α1α∗
2+α∗

1α2)/2, (2.67)

where the exponent is a pure phase factor. The new coherent state can be
written as

|α1 + α2〉 = D̂(α1 + α2)|0〉. (2.68)

Remark: A superposition of two coherent states like |α1〉+ |α2〉 (Schrödinger-
cat-like state) can be established, e.g., in an interferometer where phase re-
lations are taken into account via an interference term. This is not realized
in a thermal radiation field.

We have already mentioned that each single source can be described by
an incoherent superposition of coherent states. For the first source, we can
therefore write an appropriate density operator

ρ̂1 =
∫

P1(α1)|α1〉〈α1|d2α1. (2.69)

Acting on its own, the second source would produce the field

ρ̂2 =
∫

P2(α2)|α2〉〈α2|d2α2 =
∫

P2(α2)D̂(α2)|0〉〈0|D̂−1(α2)d2α2. (2.70)

The second source acting after the first field generates the field

ρ̂ =
∫

P2(α2)D̂(α2)ρ̂1D̂
−1(α2)d2α2

=
∫∫

P2(α2)P1(α1)|α1 + α2〉〈α1 + α2|d2α1d
2α2

=
∫∫∫

δ2(α − α1 − α2)|α〉〈α|d2αP1(α1)P2(α2)d2α1d
2α2

=
∫

P (α)|α〉〈α|d2α, (2.71)
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where the joint distribution function P (α) is defined by

P (α) =
∫∫

δ2(α − α1 − α2)P1(α1)P2(α2)d2α1d
2α2

=
∫

P1(α − α′)P2(α′)d2α′ = P1 ∗ P2. (2.72)

We see that the distribution function for the superposition of two fields is
the convolution of the distribution functions for each field. If we have three
sources, the distribution function is P (α) = P1 ∗ [P2 ∗ P3] and so on. If there
are N statistically independent sources, we have

P (α) =
∫

...

∫
δ2(α −

N∑
j=1

αj)
N∏

j=1

p(αj)d2αj . (2.73)

Here, N identical P-functions p(αj) have been used. In (2.45) we became
acquainted with the characteristic function of normal ordered operators. We
establish a characteristic function χ(λ) of an P-function p(α) by the following
expression

χ(λ) =
∫

eıλαp(α)d2α, (2.74)

where λ = λr + ıλi, α = αr + ıαi and λα ≡ (λα∗ + λ∗α)/2 = λrαr + λiαi

is defined as a real quantity. If P (α) is inserted in (2.74) instead of p(α), the
convolution theorem can be used and we get the characteristic function of N
incoherent superimposed sources:

X(λ) =
∫

eıλαP (α)d2α = [χ(λ)]N . (2.75)

Let us consider χ(λ) more precisely. We expand eıλα into a series and obtain

χ(λ) =
∫ [

1 + ıλα +
(ıλα)2

2
+ ...

]
p(α)d2α. (2.76)

If the individual sources are stationary, their weight function p(α) depends
only on |α|. We assume that the radiation field should be “unphased” which
means that for mean values the relation 〈α〉 =

∫
αp(α)d2α = 0 is valid.

Assuming an “unphased” field, we calculate 〈(λα)2〉 = 〈(λrαr)2〉+〈(λiαi)2〉 ≈
|λ|2〈|α|2〉/2. The mean value

〈|α|2〉 =
∫

|α|2p(α)d2α = 〈n〉 (2.77)
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is the mean photon number of one source. The transform χ(λ) may then be
approximated for small values of |λ| by

χ(λ) ≈ 1 − 1
4
|λ|2〈n〉. (2.78)

The transform for the superposed field may be approximated by

X(λ) ≈ exp
{
−1

4
|λ|2nth

}
, (2.79)

where
nth = N〈n〉 
 1 (2.80)

is just the average of the total number of quanta present in the mode. The
inverse Fourier transform becomes (see (2.46) and the definition of the ex-
pression λα)

P (α) ≈ 1
(2π)2

∫
e−ıλαX(λ)d2λ =

1
πnth

exp
{
−|α|2

nth

}
, (2.81)

where the integration has to be performed over real and imaginary parts
separately. This is the P-function of the thermal radiation field. P (α) can
only be accurately interpreted as a probability distribution for nth 
 1. The
Gaussian distribution P (α) for the excitation of a mode has extremely wide
applicability. The random or chaotic sort of excitation it describes is presum-
ably characteristic of most of the familiar types of non-coherent macroscopic
light sources.

If nth = (eβ − 1)−1 is used, P (α) takes the form

P (α) =
1
π

(eβ − 1) exp{−(eβ − 1)|α|2}. (2.82)

To reach the classical analogue (|α|2 
 1) of this distribution, namely

Pcl(α) =
1
π

β exp{−β|α|2}, (2.83)

only for β � 1 in (2.82) (low frequency modes) the modes are sufficiently
excited, to be accurately described by classical theory. For higher frequencies,
the two distributions differ greatly in nature even though both are Gaussian.
For higher frequencies (or β) P (α) approaches zero much faster than Pcl(α).
This difference epitomizes the ultraviolet catastrophe of the classical radiation
theory.

The density operator of the system is (see (2.43))

ρ̂th =
1

πnth

∫
e−|α|2/nth |α〉〈α|d2α. (2.84)
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After integration, using the definition of coherent states (2.30) and inserting
nth = (eβ − 1)−1, we finally get

ρ̂th = (1 − e−β)
∞∑

n=0

e−nβ |n〉〈n| (2.85)

and this equation corresponds exactly to (1.19).
The Q-function is determined from (2.58) and gives

Q(α) =
1
π
〈α|	̂th|α〉 =

1
π

(1 − e−β) exp{−(1 − e−β)|α|2}. (2.86)

If T → 0 ⇒ Q(α) = e−|α|2/π = P0/π. If T → ∞ ⇒ Q(α) → 0.
To obtain the Wigner function, we find at first the characteristic function

χA(ξ) of anti-normal ordered operators identified, e.g., in (2.57) using Q(α)
of (2.86). The result is χA(ξ) = exp{−|ξ|2/(1 − e−β)}. From (2.62) we have
the relation χS(ξ) = e|ξ|

2/2χA(ξ) = exp{−|ξ|2[(eβ − 1)−1 + 1/2]}. Inserting
into (2.51) we achieve

W (α) =
2
π

tanh
(

β

2

)
exp

{
−2|α|2 tanh

(
β

2

)}
. (2.87)

W (α) as well as Q(α) and P (α) are Gaussian functions. If we consider the
case T → 0 ⇒ W (α) = (2/π)e−2|α|2 = (2/π)P 2

0 we find that the mean square
deviation of the Wigner function is one half of that of the Q-function.

2.4 Uncertainty Relations and Squeezed States

In this section, we investigate some uncertainty relations of the coherent
and squeezed states and in this regard encounter the time-dependent wave
function.

2.4.1 Uncertainty of the Coherent States

So far we have not focussed on time-dependent effects of coherent states.
According to (2.30), coherent states are composed of Fock states. Solving the
time-dependent Schrödinger equation (1.5) and using the potential (1.6), we
obtain a wave function

ψ(x, t) =
∞∑

n=0

cnun(x) exp{−ıEnt/�}, (2.88)

where un(x) is given in (1.10) and En = �Ω(n+1/2) are the energy eigenval-
ues of the QMHO. Treating coherent states, the coefficients cn can be ruled
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out via the condition
∑∞

n=0 cnun(x) = ψα(x), where ψα(x) is taken from
(2.39).

It is by far much easier to maintain the formalism of creation and annihi-
lation operators taking time-dependence into account. An extension to (2.21)
is given by [1]

x̂(t) =
1
λ

√
�

2
[âeıΩt + â+e−ıΩt], p̂(t) =

λ

ı

√
�

2
[âeıΩt − â+e−ıΩt]. (2.89)

It is now easy to carry out expectation values xαα and pαα of the operators
x̂(t) and p̂(t) in terms of coherent states:

xαα = 〈α|x̂(t)|α〉 = x0 cos(Ωt), x0 =
α

λ

√
2� (2.90)

and
pαα = 〈α|p̂(t)|α〉 = p0 sin(Ωt), p0 = αλ

√
2� (2.91)

where α has been taken to be real. These equations resemble the solutions of
the classical harmonic oscillator. Similarly, the expectation values x2

αα and
p2

αα can be calculated and we get

x2
αα = 〈α|x̂2(t)|α〉 =

�

2λ2
[1 + 4α2 cos2(Ωt)] (2.92)

and

p2
αα = 〈α|p̂2(t)|α〉 =

λ2
�

2
[1 + 4α2 sin2(Ωt)]. (2.93)

The mean square deviations can be evaluated directly and are not time-
dependent:

(δx)2 = x2
αα − (xαα)2 =

�

2λ2
, (δp)2 = p2

αα − (pαα)2 =
λ2

�

2
. (2.94)

These relations have already been obtained in (2.37) and (2.40). This is a
typical result for coherent states. Heisenberg’s uncertainty relation reads

(δx)(δp) = �/2. (2.95)

It should be mentioned that in quantum electrodynamics, the momentum
operator p̂(t) and the position operator x̂(t) are associated with the electric
and the magnetic field operator, respectively.

The relative uncertainty of position and of momentum is equal:

(δx/x0)2 = (δp/p0)2 =
1

4|α|2 =
1

4〈n〉 , (2.96)

where (2.32) has been inserted. The larger the mean photon number 〈n〉, the
smaller the relative uncertainties.
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Because of the time-dependence of the mean value xαα of the position op-
erator in (2.90), a time-dependent wave function ψα(x, t) can be constructed
similarly to (2.39):

ψα(x) =
[

λ2

π�

]1/4

exp
{
−λ2

2�
[x − x0]2

}

⇒ ψα(x, t) =
[

λ2

π�

]1/4

exp
{
−λ2

2�
[x − x0 cos(Ωt)]2

}
. (2.97)

2.4.2 Uncertainty of Squeezed States

In the preceding sections we created a coherent state of a mechanical, har-
monic oscillator from its ground state by displacing the quadratic potential.
The width of the wave packet was identical to the ground state wave packet of
the oscillator. Coherent states are minimum-uncertainty states (see (2.95))
with equal noise in both quadratures x̂(t) and p̂(t) (see (2.96)). A general
class of minimum-uncertainty states is known as squeezed states. In general,
a squeezed state may have less noise in one quadrature than a coherent state.
To satisfy the requirements of a minimum-uncertainty state, the noise in the
other quadrature is greater than that of a coherent state.

We may define squeezed states by the following considerations. The anni-
hilation operator â and the creation operator â+ meet the eigenvalue equa-
tions â|α〉 = α|α〉 and 〈α|â+ = α∗〈α|, respectively. Now examine the operator

b̂ = µâ + νâ+, b̂+ = µ∗â+ + ν∗â, b̂|β〉 = β|β〉, 〈β|b̂+ = β∗〈β| , (2.98)

where β is the eigenvalue of the operator b̂ with regard to the eigenvectors |β〉,
which are called squeezed states. Alternatively, b̂ can be obtained by a uni-
tary transformation using Ŝ(ε) (called squeezing operator): b̂ = Ŝ(ε)âŜ+(ε) ,
where Ŝ(ε) = exp{[ε∗â2 − ε(â+)2]/2}, ε = re2ıΦ, µ = cosh r, ν = e2ıΦ sinh r
and r = |ε| is called the “squeeze factor”. Regarding a detailed discus-
sion about squeezed states, we would like to refer to the appropriate lit-
erature [2, 3, 6–10, 12]. In Parts III and IV a somewhat analogous squeezing
effect in neutron interferometry is discussed.

From the commutation relation [b̂, b̂+] = Î a connection between µ and ν
can be established:

|µ|2 − |ν|2 = 1. (2.99)

Moreover, we can immediately determine the following relations:

â = µ∗b̂ − νb̂+, â+ = µb̂+ − ν∗b̂. (2.100)
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Because µ, ν and β are in general complex values, we express them by
µ = |µ| exp{ıΦµ}, ν = |ν| exp{ıΦν} and β = |β| exp{ıΦβ}. Taking (2.89) and
(2.100) into account, squeezed-state mean values can be specified:

xββ = 〈β|x̂(t)|β〉 =
√

2π

λ
|β|[|µ| cos(Ωt + Φµ − Φβ) − |ν| cos(Ωt − Φν + Φβ)] ,

pββ = 〈β|p̂(t)|β〉 = λ
√

2π|β|[|µ| sin(Ωt + Φµ − Φβ) − |ν| sin(Ωt − Φν + Φβ)].

If ν = 0 → µ = 1, β = α. For a real α (2.90) and (2.91) follow and this is the
case of coherent states. The corresponding uncertainties are

(δx)2β =
1
λ2

�

2
[|µ|2 + |ν|2 − 2|µ||ν| cos(Ωt + Φµ − Φν)],

(δp)2β = λ2 �

2
[|µ|2 + |ν|2 + 2|µ||ν| cos(Ωt + Φµ − Φν)]. (2.101)

Compared to coherent states (2.94), the noise of squeezed states is time-
dependent. Let us assume real values for µ, ν and β. Then

(δx)β(δp)β =
�

2

√
(µ2 + ν2)2 − 4µ2ν2 cos2(Ωt) ≥ �

2
(2.102)

taking (2.99) into account. The equals sign is valid for cos(Ωt) = 1. In this
case

(δx)β,min =
√

�/(2λ2)(µ − ν),

(δp)β,max =
√

λ2�/2(µ + ν). (2.103)

Finally, we would like to compute the mean photon number in the squeezed
state. The photon number operator is N̂ = â+â and using (2.100) we obtain

〈β|N̂ |β〉 = −µ∗ν∗β2 − µν(β∗)2 + |β|2(|µ|2 + |ν|2) + |ν|2. (2.104)

The photon number, even in the vacuum (β = 0), for squeezed states is equal
to |ν|2, whereas for coherent states no photons are present in the vacuum.
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Optical Interferometry



3 Interferometry Using Wave Packets

In this chapter, we investigate single-photon interference based on a wave
packet description of the incoming beam. This is equivalent to quantum in-
terference with individual photons, as shown below. The interference pattern
is observed by sending particles, one by one, through an interferometer. Many
particles are then collected at the detector. In the simplest of such experi-
ments, the light intensity can be dimmed down far enough, so that only one
photon at a time is inside the interferometer.

A single-photon interference experiment was performed by Grangier and
co-workers [13]. Here a Mach–Zehnder interferometer is employed to observe
real single-photon interferences [14, 15], where the photon source is a para-
metric down-conversion source. Thereby the intensities are very low. Never-
theless, the interference pattern of accumulated photons shows perfect inter-
ference fringes. This confirms that the quantum state is not just a statistical
property of an ensemble of particles.

It must be emphasized that the conceptual questions arising for photon
interference are the same as those arising for interference of massive particles
like neutrons. In Parts III and IV neutron interferometry and spin interfer-
ometry using neutrons is discussed extensively.

In this second part of the book, we investigate optical interferometry. This
technique relies heavily on one or many beam splitters (BS). So we have to
understand how quantum states transform at a beam splitter, i.e., how the
states of the incident fields transform into the states of the outgoing fields.

The description presented here is rigorously equivalent to a full quantum
mechanical description of the electromagnetic field in the case where single
photon states are considered. Simultaneously, this description also holds in
the case of classical electrodynamics [2].

This chapter is organized as follows. We use wave functions (Gaussian
wave packets in position and momentum space) for the beam description.
Subsequently, a description of the action of a beam splitter is presented. Then
the Mach–Zehnder interferometer (MZ) with one input beam is discussed,
where we calculate space and momentum spectra, as well as intensities and
visibility functions behind the interferometer. Then a combination of three
MZs is analyzed. Afterwards the double-loop device is studied. Finally an
MZ with two input and two output fields is examined.
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3.1 Beam Splitter

The beam splitter (BS) and its quantum features is described in detail in
the literature (see, e.g., [2, 8, 12]). Thereby both the classical treatment and
the quantum mechanical description is carried out. In principle, this means
a transition from wave amplitudes to operators. Another, but equivalent,
approach rests on quantum states. Since the beam splitter combines two
input modes into linear combinations, we can expect the output modes to be
entangled. The beam splitter transforms two wave functions of the two input
modes to two wave functions of the output mode. In Fig. 3.1 a BS together
with incoming and outgoing beam paths is shown.

3.1.1 Wave Packet

As mentioned above, we use the concept of a Gaussian wave packet in order
to describe the wave function.

On the one hand, the formalism presented below can be seen as a
pure classical wave packet description of dynamic electromagnetic fields.
On the other hand, the full-scale quantum mechanical description of a
multi mode electromagnetic field involves a linear Hilbert space H, which
is a tensor product of the Fock spaces corresponding to the single modes.
This linear space H is a product space of subspaces Hi of frequencies Ωi

(i = 1, ...n) of the following form: H = H1⊗H2⊗ ...⊗Hn. The corresponding

a

b

c

d

BS

Fig. 3.1. Schematic sketch of a beam splitter (BS): a and b denote incoming beams,
c and d are outgoing beams
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state vector in H reads |m1〉|m2〉 ... |mn〉, where |mi〉 means mi photons of
frequency Ωi.

However, a well-defined subspace HI of the full space H, is formed by a
vector |ψI〉, which is a linear combination of vectors |ψi〉 of the form

|ψI〉 =
n∑

i=1

pi|ψi〉

corresponding to one photon (index I) in a chosen mode and vacuum in the
rest. Thus HI contains convex combinations of vectors like |ψ1〉 = |1〉|0〉 ... |0〉,
|ψ2〉 = |0〉|1〉|0〉 ... |0〉, ... , |ψn〉 = |0〉|0〉 ... |1〉 and hence is built up of one-
photon state vectors in each frequency Ωi. So we have H ⊃ HI . The set of
normalized vectors |ψi〉 (norm equal to 1) in the subspace HI is all states
corresponding to a “one-photon electromagnetic field” in H. The coefficients
pi in the above-mentioned linear combinations can be seen as energy wave
functions, since the squared moduli |pi|2 of these coefficients are energy dis-
tributions of the corresponding wave functions.

If the input modes are denoted by a and b and the output modes by c and
d (see Fig. 3.1), the corresponding full Hilbert spaces are Ha ⊗Hb and, after
the beam splitter transformation, Hc ⊗ Hd, respectively. The appropriate
one-photon subspaces are given by the following expressions:

Ha ⊗Hb ⊃ (HI,a ⊗H0,b) ⊕ (H0,a ⊗HI,b),
Hc ⊗Hd ⊃ (HI,c ⊗H0,d) ⊕ (H0,c ⊗HI,d) ,

where, for example, H0,b is the vacuum space in mode b and HI,a is the one-
photon Hilbert space in mode a. Since a vector in the space (HI,a ⊗H0,b) ∼=
HI,a can be described by the wave function pi ∼ αa(k) in the continuous case
(see (3.1) below), an arbitrary vector in (HI,a ⊗H0,b)⊕ (H0,a ⊗HI,b) can be
represented as (

αa(k)
αb(k)

)
.

An analogous expression can be written for the output modes c and d.
To begin with, we are investigating one incoming beam, let us say a beam

in path a. So we omit the beam in path b for the moment. Because of the
considerations above, the basic approach for the momentum wave packet of
this incoming beam in path a is given according to Sect. 2.1.1, (2.3) by

αa(k) = [2π(δk)2]−1/4 exp
{
− (k − k0)2

4(δk)2

}
, (3.1)

where the normalization condition for the intensity Ia =
∫

α2
a(k)dk = 1

holds. The wave number k = Ω/c is associated with the wave length λ via
the equation k = 2π/λ. The relation p = �k connects the momentum p and
wave number k. A mean wave number k0 > 0 is important for describing
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an experimental wave length distribution. The corresponding wave function
ψa(x) is given by Fourier transformation and reads as

ψa(x) =
[
2(δk)2

π

]1/4

exp{−(δk)2x2 + ık0x}, (3.2)

where (δk)2 is the mean square deviation of wave numbers. The suitable
momentum and position spectra are calculated as

α2
a(k) =

√
1

2π(δk)2
exp

{
− (k − k0)2

2(δk)2

}
(3.3)

and

|ψa(x)|2 =

√
2(δk)2

π
exp{−2(δk)2x2}, (3.4)

respectively. Again, the normalization condition for intensity can be written
as Ia =

∫ |ψa(x)|2dx = 1. The momentum spectrum α2
a(k) is an experimental

quantity. A Gaussian spectrum is definitely an idealization, but a very rea-
sonable and even realistic one. The advantage of Gaussian shaped momentum
and position spectra is mainly given by the mathematical simplicity of the
formalism and by the easy interpretation of the results.

Let us make one more remark on time-dependence. So far, we have omitted
time in our formalism. Because of the linear dispersion relation Ω = ck
between the frequency Ω and the speed of light c in vacuum (or in glass fiber
or whatsoever), x has to be replaced appropriately by (x−ct) when the wave
function eıkx is substituted for eıkx−ıΩt.

3.1.2 Action of a Beam Splitter

We restrict ourselves to 50 : 50 beam splitters, which means that 50% of the
intensity is transmitted and 50% is reflected. Then the action of a beam
splitter can be described by the so-called Hadamard transformation (see,
e.g., [2,9,12,16,17]) usually denoted by Ĥ (this should not be confused with
the Hamiltonian):

Ĥ =
1√
2

(
1 1
1 −1

)
. (3.5)

This is a particular but traditional beam splitter. It can be shown that when
we restrict our considerations to single-photon wave functions, whereby a
single photon, not only in each beam splitter input but in both modes, is
required, the full-scale quantum-mechanical description of the beam splitter
reduces to the following matrix equation:(

ψd(x)
ψc(x)

)
= Ĥ

(
ψa(x)
ψb(x)

)
. (3.6)
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Here the functions ψa,b,c,d(x) are single-photon wave functions as introduced
above. It is also well-known [2] that (3.6) holds also when the functions
ψa,b,c,d(x) are seen as classical electromagnetic amplitudes.

In the case where we restrict our discussion to a beam splitter with only
one input, i.e., if we set, e.g., ψb(x) = 0, the result is:

ψc(x) = ψd(x) =
ψa(x)√

2
, αc(k) = αd(k) =

αa(k)√
2

. (3.7)

Directly, the following relations can be established: |ψc(x)|2 = |ψd(x)|2 =
|ψa(x)|2/2, α2

c(k) = α2
d(k) = α2

a(k)/2 and Ic = Id = Ia/2 = 1/2.

3.2 Mach–Zehnder Interferometer (MZ)

In Fig. 3.2 a MZ is shown. One input a and two output beams g and h are
considered. The MZ is made from glass fibers. The path length inside the MZ
is li and acts like a phase shifter e−ıkli , where i = c, d. A particular phase
shifter Pi = e−ık∆i is applied, where ∆i is the specific phase shift inside path
i. Because absorption is always existent, transmission Ti = e−2ai (ai is the

a

c

d

h

g

BS1 BS2

lc

ld

Td

Tc

Pc

P
d

Fig. 3.2. Mach–Zehnder interferometer (MZ) made of glass fibers: a denotes the
incoming beam, c and d are pathways inside the MZ, h and g are outgoing beams.
BS1 and BS2 are two beam splitters. li is the length, Pi = e−ık∆i is the phase shift,
Ti = e−2ai is the transmission (ai is the absorption coefficient) in the i-th(= c, d)
pathway
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absorption coefficient) is included as a separate element. If we denote the
total phase shift by

Li = li + ∆i, i = c, d, (3.8)

a total phase shifter e−ıkLi in path i can be specified.

Remark: In principle, pulse propagation in a dispersive medium (glass fiber)
has to be taken into account [18, p. 182]. A dispersive medium is character-
ized by a frequency-dependent refractive index n(ν), absorption coefficient
a(ν) ≈ constant and phase velocity v(ν), so that monochromatic waves of
different frequencies ν = (c/2π)k travel in the medium at different veloci-
ties. Since a pulse of light is the sum of many monochromatic waves, each of
which is modified differently, the pulse is delayed and broadened (dispersed
in time) and its shape is altered. The pulse delay is caused by the group ve-
locity vg of the wave packet in the medium and is characterized by the time
τd = li/vg, and the dispersion coefficient Dν = (λ3

0/c2)[d2n(λ0)/dλ2
0] (di-

mension [s/(m.Hz)]) is responsible for pulse-broadening. These effects can
therefore be taken into account essentially by replacing the exponent of the
expression exp (−ıkli) with (−ıkτdc) and by adding a quadratic term in k,
namely (−ıDνc2k2li/4π), to the exponent. However, to simplify matters, we
concentrate in the following on the calculation of momentum and position
spectra as a matter of principle, and therefore do not consider these effects
in detail.

3.2.1 Wave Functions of the MZ

Now the wave functions inside and behind the interferometer have to be
determined. Directly before BS2, the wave functions have the full information
of absorption and phase shift of the different paths inside the MZ. From (3.7),
(3.2) and (3.1) we therefore conclude:

ψc,d(x) =
1√
2

√
Tc,d

[
2(δk)2

π

]1/4

exp{−(δk)2(x−Lc,d)2+ık0(x−Lc,d)} (3.9)

and

αc,d(k) =
1√
2

√
Tc,dαa(k) exp{−ıkLc,d}. (3.10)

Behind the interferometer the Hadamard transformation (3.5) has to be ap-
plied: (

ψh(x)
ψg(x)

)
= Ĥ

(
ψd(x)
ψc(x)

)
. (3.11)

We get

ψh,g(x) =
1√
2
[ψd(x) ± ψc(x)], αh,g(k) =

1√
2
[αd(k) ± αc(k)]. (3.12)
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3.2.2 Spectra, Intensities and Visibility of the MZ

Now we can identify the momentum and position spectra behind the MZ
defined via the Wigner function in (2.9) and (2.8), respectively. The Wigner
functions Wh,g(x, k) themselves can be determined using (3.12) and (2.2).
We postpone the related calculations to Part III (neutron interferometry)
and Sect. 7.2.

In any case, especially the momentum spectrum can be determined exper-
imentally, measuring the energy-dependence of the beam in both directions h
and g (Fig. 3.2). Because of (3.12) and (3.10), the momentum wave function
is a complex quantity. Therefore, |αh,g(k)|2 has to be set up. The result of
the calculation is

|αh,g(k)|2 =
1
4
α2

a(k){Td + Tc ± 2
√

TdTc cos[k(Ld − Lc)]}, (3.13)

where the “+” sign belongs to the h beam and the “−” sign belongs to the g
beam. The momentum spectra |αh,g(k)|2 are proportional to the incoming en-
ergy distribution α2

a(k), however, they are modulated through a cos-term and
thus depend on the phase difference [k(Ld−Lc)]. The transmissions Tc and Td

are additional attenuators. Figures 3.3 and 3.4 show these spectra for a cer-
tain parameter set, specified in the drawings. For large phase shifts (Fig. 3.3)
an oscillatory spectrum appears. Small phase shifts exhibit a Gaussian
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Fig. 3.3. Momentum spectra |αh,g(k)|2 of (3.13). Because of the transmission co-
efficient Td = 0.5 there are no zero points in the region around k/k0 = 1. Due to
the large phase shift (k/k0)(Ldk0 −Lck0), the spectra exhibit a distinct oscillatory
pattern. σ = (δk)/k0. Further parameters: k0 = 1 and lc = ld
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Fig. 3.4. Momentum spectra |αh,g(k)|2 of (3.13). Due to a relatively small phase
shift (k/k0)(Ldk0 − Lck0) the h-spectrum exhibits an almost Gaussian pattern.
Further parameters: k0 = 1 and lc = ld

pattern of |αh(k)|2 (Fig. 3.4). If there is no absorption, the transmission
terms are equal to 1 and we get

|αh,g(k)|2 =
1
2
α2

a(k){1 ± cos[k(Ld − Lc)]}. (3.14)

The position spectra |ψh,g(x)|2 result from (3.12) and (3.9):

|ψh,g(x)|2 =
1
4

√
2(δk)2

π
{Tde

−2(δk)2(x−Ld)2 + Tce
−2(δk)2(x−Lc)

2

±2
√

TdTce
−(δk)2[(x−Ld)2+(x−Lc)

2] cos[k0(Ld − Lc)]}.(3.15)

These spectra consist of two Gaussian functions displaced by Ld and Lc,
respectively. The cos-term is damped by an additional exponential factor that
depends strongly on the distance between these two Gaussian functions. If the
two wave packets are separated, the cos-term is practically zero (Fig. 3.5).
If, on the other hand, the wave packets are close together, the interfering
part of the position spectrum possibly causes dramatic modifications of the
spectrum as depicted in Fig. 3.6.

The intensities Ih,g are defined via
∫ |αh,g(k)|2dk or

∫ |ψh,g(x)|2dx:

Ih,g =
1
4
{Td + Tc ± 2

√
TdTce

−(δk)2(Ld−Lc)
2/2 cos[k0(Ld − Lc)]}. (3.16)

In Fig. 3.7 this equation is drawn for the parameter set specified previously.
The transmission coefficient Td = 0.5 causes attenuation of the interference
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Fig. 3.5. Position spectra |ψh,g(x)|2 of (3.15). The two spectra cannot be distin-
guished from each other. They exhibit a double Gaussian peak separated by the
related phase shift. Due to absorption (Td = 0.5) the right peak is smaller than the
left one

−200 0 200 400 600 800
0

1

2

3

4

5

6
x 10

−3

T
c
=1.00

T
d
=0.50

k
0
∆

c
=0.00

k
0
∆

d
=50.00

k
0
l
c
=k

0
l
d
=200.00

σ=0.01

x*k
0

|ψ
h
(x)|2

|ψ
g
(x)|2

Fig. 3.6. Position spectra |ψh,g(x)|2 of (3.15). Because of the small phase shift the
interference term, which has little attenuation, causes a strong change between the
spectra



46 3 Interferometry Using Wave Packets

0 50 100 150 200
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

y = k
0
(L

d
 − L

c
)

T
c
 = 1.00

T
d
 = 0.50

σ = 0.01

I
h
(y)

I
g
(y)

Fig. 3.7. Intensities Ih,g (see (3.16)): Ih and Ig have opposite phase, and for large
values of y we obtain Ih = Ig ≈ (Td + Tc)/4 = 3/8 = 0.375

pattern and, therefore, causes maxima smaller than 1 and minima larger than
0. If, for example, Td = Tc = 1 and Ld = Lc, we obtain Ih = 1 and Ig = 0.
The total intensity is available in the outgoing beam h.

Now we consider the visibility V . It is defined as

V =
Imax − Imin

Imax + Imin
. (3.17)

It is enough to treat only beam h, for example. The cosine is 1 for k0(Ld −
Lc) = 2nπ and this is a maximum; it is −1 for k0(Ld − Lc) = (2n + 1)π and
this is a minimum. The result is

V =
2
√

TdTc{e−(2nπσ)2/2 + e−[(2n+1)πσ]2/2}
2(Td + Tc) + 2

√
TdTc{e−(2nπσ)2/2 − e−[(2n+1)πσ]2/2} , (3.18)

where σ = (δk)/k0. Usually the visibility is taken for σ � 1 and low inter-
ference order, and then V can be simplified to

V =
2
√

TdTc

Td + Tc
. (3.19)

In the case of no absorption we get V = 1, as expected. On the other hand,
absorption brings about a visibility smaller than 1 (see Fig. 3.8).
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3.3 Three Mach–Zehnder Interferometers

In Fig. 3.9 three MZs are drawn that form a network and are arranged like
branches of a tree. Similarly to in (3.8) a total phase shift for each pathway
can be defined:

Lκ = lκ + ∆κ, κ = c, d, h, g, i, j,m, n. (3.20)

3.3.1 Wave Functions of Three MZs

Here, only a short description of the calculation procedure is sketched and
the results of the spectra are presented at the end of the next section. Using
(3.9) and (3.10), the results from (3.12) can be used for the first MZ. There-
fore, the wave functions αh,g(k) and ψh,g(x) are fixed. The wave functions
αi,j(k) and αm,n(k) can be determined directly, using an MZ with only one
input αh(k) and αg(k), respectively. As a matter of course, the corresponding
transmissions and phase shifts have to be included:

αi,j(k) =
1√
2

√
Ti,jαh(k)e−ıkLi,j , αm,n(k) =

1√
2

√
Tm,nαg(k)e−ıkLm,n .

(3.21)
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Fig. 3.9. Three Mach–Zehnder interferometers: a denotes the incoming beam,
c, d, h, g, i, j, m, n are interior pathways, k, l, o, p are four outgoing beams. BS1 to
BS6 are six beam splitters. In each pathway a phase shifter and an absorber is
inserted. lκ is the length, Pκ = e−ık∆κ is the phase shift, Tκ = e−2aκ is the trans-
mission (aκ is the absorption coefficient) in the k-th(= c, d, h, g, i, j, m, n) pathway
(compare to Fig. 3.2)

By means of Fourier transformation we get:

ψi,j(x) =
1√
2π

∫
αi,j(k)eıkxdk, ψm,n(x) =

1√
2π

∫
αm,n(k)eıkxdk. (3.22)

The last step is the Hadamard transformation at BS5 and BS6 and for the
wave functions, with respect to the four outputs k, l, o, p, we get the following
relations:(

ψk(x)
ψl(x)

)
= Ĥ

(
ψi(x)
ψj(x)

)
,

(
ψo(x)
ψp(x)

)
= Ĥ

(
ψm(x)
ψn(x)

)
, (3.23)

and (
αk(k)
αl(k)

)
= Ĥ

(
αi(k)
αj(k)

)
,

(
αo(k)
αp(k)

)
= Ĥ

(
αm(k)
αn(k)

)
. (3.24)

3.3.2 Spectra, Intensities and Visibility of Three MZs

Using these formulas, the position spectra |ψk,l(x)|2 and |ψo,p(x)|2, as well as
the momentum spectra |αk,l(k)|2 and |αo,p(k)|2 of the four output beams can
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be computed. Integration over dx on the one hand, and over dk on the other
hand, entails the intensities Ik,l and Io,p. Thereby, the following abbreviations
have been introduced:

κh =
1
8
Th

√
2(δk)2

π
, κg =

1
8
Tg

√
2(δk)2

π

α = k0(Lj − Li), β = k0(Ld − Lc), α′ = k0(Ln − Lm),

di,j = k0(x − Ld − Lh − Li,j), dm,n = k0(x − Ld − Lg − Lm,n),

ci,j = k0(x − Lc − Lh − Li,j), cm,n = k0(x − Lc − Lg − Lm,n). (3.25)

The results are as follows:

|ψk,l(x)|2

=
1
2
κh

{
Ti

[
Tde

−2σ2d2
i + Tce

−2σ2c2
i + 2

√
TdTc cos(β)e−σ2(c2

i +d2
i )
]

+Tj

[
Tde

−2σ2d2
j + Tce

−2σ2c2
j + 2

√
TdTc cos(β)e−σ2(c2

j+d2
j )
]

±2
√

TiTj [cos(α)(Tde
−σ2(d2

i +d2
j ) + Tce

−σ2(c2
i +c2

j ))

+
√

TdTc(cos(α − β)e−σ2(d2
i +c2

j ) + cos(α + β)e−σ2(c2
i +d2

j ))]
}

,

(3.26)

|ψo,p(x)|2

=
1
2
κg

{
Tm

[
Tde

−2σ2d2
m + Tce

−2σ2c2
m − 2

√
TdTc cos(β)e−σ2(c2

m+d2
m)
]

+Tn

[
Tde

−2σ2d2
n + Tce

−2σ2c2
n − 2

√
TdTc cos(β)e−σ2(c2

n+d2
n)
]

±2
√

TmTn[cos(α′)(Tde
−σ2(d2

m+d2
n) + Tce

−σ2(c2
m+c2

n))

−
√

TdTc(cos(α′ − β)e−σ2(d2
m+c2

n) + cos(α′ + β)e−σ2(c2
m+d2

n))]
}

,

(3.27)

Ik,l =
1
16

Th

{
(Td + Tc)

[
Ti + Tj ± 2

√
TiTje

−σ2α2/2 cos(α)
]

+2
√

TdTc

[
(Ti + Tj)e−σ2β2/2 cos(β)

±√TiTj(e−σ2(α−β)2/2 cos(α − β) + e−σ2(α+β)2/2 cos(α + β))
]}

,

(3.28)
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Io,p =
1
16

Tg

{
(Td + Tc)

[
Tm + Tn ± 2

√
TmTne−σ2α′2/2 cos(α′)

]
−2
√

TdTc

[
(Tm + Tn)e−σ2β2/2 cos(β)

±
√

TmTn(e−σ2(α′−β)2/2 cos(α′ − β) + e−σ2(α′+β)2/2 cos(α′ + β))
]}

.

(3.29)

A special case appears if α = α′ = β = 0 and if no absorption occurs.
Then, Ik = 1 and Il = Io = Ip = 0. That is to say, we have the possibility
of directing direct the intensity into a chosen output beam (here selecting
between four output beams) by manipulating phase shifters.

The momentum spectra read as follows:

|αk,l(k)|2 = |αh(k)|2 1
4
Th{Ti + Tj ± 2

√
TiTj cos[k(Li − Lj)]} (3.30)

and

|αo,p(k)|2 = |αg(k)|2 1
4
Tg{Tm + Tn ± 2

√
TmTn cos[k(Lm − Ln)]}, (3.31)

where |αh,g(k)|2 is taken from (3.13).
Corollary: The momentum spectrum of a chain of MZs is the product of the
corresponding momentum spectra of the individual MZs.

Figures 3.10 to 3.13 show the momentum spectra according to (3.30) and
(3.31) with respect to the three Mach–Zehnder interferometer system (see
Fig. 3.9) for output ports k/l and o/p, respectively. Looking at Fig. 3.10 we
observe that the solid line is similar to the solid line of Fig. 3.3. This is not
surprising, because both parameter sets of the corresponding interferometers
d/c and i/j are similar. However, the transmissions Td and Ti cause some
absorption and, therefore, the absolute values of the relevant spectra are
different. The dashed line in Fig. 3.11 shows analogue resemblance with that
of Fig. 3.3. Because of the symmetry, the l-output of Fig. 3.10 and the o-
output of Fig. 3.11 are equal. Simulation just provides a lot of insight to
interferometric procedures that cannot be understood easily otherwise.

Looking at Figs. 3.12 and 3.13, we recognize the similarity to Fig. 3.4 for
the same reasons as discussed before.

The position spectra |ψk,l(x)|2 and |ψo,p(x)|2 of (3.26) and (3.27), respec-
tively are drawn in Figs. 3.14 to 3.17. In Fig. 3.14 three peaks can be realized
for |ψk(x)|2 and only two peaks for |ψl(x)|2. The large peak in |ψk(x)|2 arises
from superposition of two peaks at the same position k0x = 1000, whereas for
|ψl(x)|2, the two peaks annihilate each other at that position. In beams o and
p it is the opposite way around, as can be seen from Fig. 3.15. The right and
left side wings are the same in both figures and, therefore, the four functions
|ψk,l,o,p(x)|2 are identical here. The position coordinates of these peaks are
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Fig. 3.10. Momentum spectra |αk,l(k)|2 of (3.30). The parameters of the first
interferometer (pathways d and c) are the same as in Fig. 3.3
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Fig. 3.11. Momentum spectra |αo,p(k)|2 of (3.31). The parameters of the first
interferometer (pathways d and c) are the same as in Fig. 3.3
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Fig. 3.12. Momentum spectra |αk,l(k)|2 of (3.30). The parameters of the first
interferometer (pathways d and c) are the same as in Fig. 3.4
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Fig. 3.13. Momentum spectra |αo,p(k)|2 of (3.31). The parameters of the first
interferometer (pathways d and c) are the same as in Fig. 3.4
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Fig. 3.14. Position spectra |ψk,l(x)|2 of (3.26). The parameters of the first inter-
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Fig. 3.15. Position spectra |ψo,p(x)|2 of (3.27). The parameters of the first inter-
ferometer (pathways d and c) are the same as in Fig. 3.5
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Fig. 3.16. Position spectra |ψk,l(x)|2 of (3.26). The parameters of the first inter-
ferometer (pathways d and c) are the same as in Fig. 3.6
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Fig. 3.17. Position spectra |ψo,p(x)|2 of (3.27). The parameters of the first inter-
ferometer (pathways d and c) are the same as in Fig. 3.6
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k0x = 600 and k0x = 1400, respectively, because of the lengths of the fiber
segments on the one hand and of the maximum possible phase shifts on the
other hand. For small phase shifts k0∆i = k0∆m = 50.00 Figs. 3.16 and 3.17
exhibit peaks at position k0x = 600. Almost all the intensity is concentrated
in |ψk(x)|2 (notice the different scales in the figures). Small contributions
are caused by interference between the corresponding wave functions. The
spectra can be compared to those of Figs. 3.12 and 3.13. Basically one large
Gaussian function |αk(k)|2 appears in Fig. 3.12.

To simplify matters, for the three MZ interferometer systems Fig. 3.9,
the intensities Ik,l and Io,p (see (3.28) and (3.29)) are drawn in Figs. 3.18
and 3.19, respectively, using transmission T = 1 everywhere and using a
parameter σ = 0.1, which is 10 times larger than in the previous pictures.
As a consequence, the sum of the four intensities has to be one for any fixed
value β: Ik + Il + Io + Ip = 1. As can be seen from the figures, the quantities
Ik (Io) and Il (Ip) have opposite phase if β takes values around the fixed
parameters k0∆i = 50 and k0∆m = 50, respectively.

Finally, we consider the visibility in the k beam for σ � 1 and α = 0. β
is varied and we get Ik max

min
= 1

16Th(Ti + Tj + 2
√

TiTj)(Td + Tc ± 2
√

TdTc).

The visibility is V = 2
√

TdTc

Td+Tc
(as in (3.19)).
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Fig. 3.18. Intensities Ik,l for the three MZ interferometer systems (Fig. 3.9) ac-
cording to (3.28) as a function of the relative phase shift β = k0(Ld − Lc) in the
first MZ: σ = 0.1, transmission T = 1 everywhere, k0∆i = 50. For β = 50, the
intensities increase again and have opposite phase
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Fig. 3.19. Intensities Io,p for the three MZ interferometer systems (Fig. 3.9) ac-
cording to (3.29) as a function of the relative phase shift β = k0(Ld − Lc) in the
first MZ: σ = 0.1, transmission T = 1 everywhere, k0∆m = 50. For β = 50, the
intensities increase again and have opposite phase

Comments on Phase Coding in Quantum Cryptography:
Two unbalanced Mach–Zehnder interferometers (one for Alice and one for
Bob, the two communication parties) connected in series by a single optical
fiber can be used to exchange a quantum key by the method of phase coding
(an excellent overview on quantum cryptography, or quantum key distribu-
tion, can be found in [19]). The two Mach–Zehnder interferometers (input a,
paths (c-d), h, (i-j), outputs (k, l)) as seen in Fig. 3.9 constitute such a sys-
tem. When monitoring counts as a function of time, Bob obtains three peaks
(an example is given by the position spectra |ψk,l(x)|2 in Fig. 3.14). The left
one corresponds to the cases where the photons chose the short paths both
in Alice’s and in Bob’s interferometers, while the right one corresponds to
photons taking the long paths in both interferometers. Finally, the central
peak corresponds to photons choosing the short path in Alice’s interferometer
and the long one in Bob’s, or vice versa. If these two processes are indistin-
guishable, they produce interference. A quantum key can be established by
choosing the related phase shifts at Alice’s and Bob’s sides.

3.4 Double-Loop

In Fig. 3.20 a double-loop interferometer is depicted. Loop 1 consists of beam
paths c, d and f , whereas loop 2 is built up of beam paths f , i and j. The
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Fig. 3.20. Double loop interferometer: one input beam a, three output beams h, k, l
and four beam splitters BS1-BS4. Beam path f belongs to both loops 1 and 2.
The small white rectangles are phase shifters and the black ones are absorbers

outgoing beam h is only influenced by loop 1, while the output beams k and
l are governed by both loops. So beam path f occupies a central position.

3.4.1 Wave Functions in a Double-Loop

The construction of the wave functions is carried out as in the preceding
sections and for the suitable wave packets we get the following expressions:

αd(k) =
1√
2
αa(k)

√
Tde

−ıkLd , αc(k) =
1√
2
αa(k)

√
Tce

−ıkLc ,

αf (k) =
1√
2
αc(k)

√
Tfe−ıkLf , αj(k) =

1√
2
αc(k)

√
Tje

−ıkLj ,

αh,i(k) =
1√
2
[αd(k) ± αf (k)],

αk,l(k) =
1√
2
[
√

Tie
−ıkLiαi(k) ± αj(k)]. (3.32)

In the last two equations, the Hadamard transformation at the beam splitters
BS2 and BS4 has been applied, respectively.

3.4.2 Spectra and Intensities in a Double-Loop

Equation (3.32) contains a chain of equations that have to be inserted and
determined. A detailed discussion of the results presented in this section is
given in the next section by means of a simple, but instructive, example.
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We first consider beam h of Fig. 3.20. The results of the calculations are
the following:

|αh(k)|2 =
1
4
α2

a(k)
{

Td +
1
2
TcTf +

√
2TdTcTf cos[k(Ld − Lc − Lf )]

}
.

(3.33)
This spectrum depends only on parameters of the first loop, of course. The
appropriate intensity is given by Ih =

∫ |αh(k)|2dk and we obtain

Ih =
1
4

{
Td +

1
2
TcTf +

√
2TdTcTfe−(δk)2(Ld−Lc−Lf )2/2

× cos[k0(Ld − Lc − Lf )]
}

. (3.34)

The position wave function ψh(x) of beam h is defined via the Fourier trans-
formation of αh(k) and the result for the spectrum |ψh(x)|2 is

|ψh(x)|2 =

√
2(δk)2

π

{
1
4
Tde

−2(δk)2(x−Ld)2 +
1
8
TcTfe−2(δk)2(x−Lc−Lf )2

+
1
4

√
2TdTcTfe−(δk)2[(x−Ld)2+(x−Lc−Lf )2]

× cos[k0(Ld − Lc − Lf )]
}

. (3.35)

The spectra and intensities in the outgoing beams k and l are the following.
Momentum spectra:

|αk,l(k)|2 =
1
8
α2

a(k){TdTi +
1
2
TfTiTc + TjTc

∓Tc

√
2TfTjTi cos[k(Lf + Li − Lj)]

−
√

2TdTcTi[
√

TfTi cos[k(Ld − Lc − Lf )]

∓√2Tj cos[k(Ld + Li − Lc − Lj)]]}. (3.36)

Intensities:

Ik,l =
1
8

{
TdTi +

1
2
TfTiTc + TjTc

∓Tc

√
2TfTjTie

−(δk)2(Lf +Li−Lj)
2/2 cos[k0(Lf + Li − Lj)]

−
√

2TdTcTi[
√

TfTie
−(δk)2(Ld−Lc−Lf )2/2 cos[k0(Ld − Lc − Lf )]

∓√2Tje
−(δk)2(Ld+Li−Lc−Lj)

2/2 cos[k0(Ld + Li − Lc − Lj)]]
}

. (3.37)
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Position spectra:

|ψk,l(x)|2 =
1
8

√
2(δk)2

π
{TdTie

−2(δk)2(x−Ld−Li)
2

+
1
2
TcTfTie

−2(δk)2(x−Lc−Lf−Li)
2
+ TjTce

−2(δk)2(x−Lc−Lj)
2

∓Tc

√
2TfTjTie

−(δk)2[(x−Lc−Lf−Li)
2+(x−Lc−Lj)

2]

× cos[k0(Lf + Li − Lj)]

−
√

2TdTcTi[
√

TfTie
−(δk)2[(x−Lc−Lf−Li)

2+(x−Ld−Li)
2]

× cos[k0(Ld − Lc − Lf )]

∓√2Tje
−(δk)2[(x−Ld−Li)

2+(x−Lc−Lj)
2]

× cos[k0(Ld + Li − Lc − Lj)]]}.

An instructive example of a balanced double loop interferometer is presented
in Figs. 3.21 and 3.22 where the spectra |αh,k,l(k)|2 of (3.33) and (3.36) are
drawn, using a simple parameter set. In Fig. 3.21 all phase shifts are chosen
to be zero. All spectra have a Gaussian shape. As can be immediately verified
from (3.34) and (3.37), the intensities are as follows: Ih = (6

√
2+8)/(16

√
2) =

0.72855, Ik = (9
√

2 − 8)/(16
√

2) = 0.20895 and Il =
√

2/(16
√

2) = 0.06250,
where Ih + Ik + Il = 1. The areas below the curves in Fig. 3.21 correspond to
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Fig. 3.21. Momentum spectra |αh,k,l(k)|2 according to (3.33) and (3.36) of a bal-
anced double loop interferometer (compare to Fig. 3.23). All transmission coef-
ficients Tκ = 1, fiber lengths li = lf = lc = l̄, ld = lj = 2l̄ and phase shifts
∆i = ∆j = ∆d = ∆c = ∆f = 0, σ = 1/100, k0 = 1
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Fig. 3.22. Same functions and parameters as in Fig. 3.21, but k0∆f = 400

the intensities given above. More than 70% of the intensity escapes through
the output port h. If the phase shift k0∆f = 400, the spectra |αh(k)|2 and
|αk(k)|2 have an oscillatory appearance, as can be seen from Fig. 3.22 and
most of the intensity is found in output port k.

3.4.3 Simple Example of Visibility in a Double-Loop

We apply (3.37) to a simple double loop example (see Fig. 3.23). In order
to find an interesting formula of the visibility in beam k we permit only
one transmission coefficient Tf = e−2af to be ≤ 1 (all other transmissions T
should be = 1). A definite phase shifter Pj = e−ık∆j is taken and Pf = e−ık∆f

is varied. All other phase shifts ∆ should be = 0. The lengths of the arms of
the interferometer are as follows: lc = lf = li = l̄ and ld = lj = 2l̄. So the
interferometer in Fig. 3.23 is balanced. If again σ � 1, the intensity in beam
k reads (see (3.37))

Ik =
1
8

{
1
2
Tf −√

2Tf [cos[k0(∆f − ∆j)] + cos(k0∆f )] + 4 cos2
(

k0∆j

2

)}
.

(3.38)
This intensity has maxima at (k0∆f ) = (k0∆j)/2+ (2n+1)π and minima at
(k0∆f ) = (k0∆j)/2 + 2nπ. Then we have

Ik max
min

=
1
16

{
Tf ± 4 cos

(
k0∆j

2

)[√
2Tf ± 2 cos

(
k0∆j

2

)]}
. (3.39)
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Fig. 3.23. A balanced double loop interferometer: one input beam a, three output
beams h, k, l and four beam splitters BS1-BS4. Beam path f belongs to both
loops 1 and 2. The two small white rectangles are phase shifters Pf = e−ık∆f and
Pj = e−ık∆j , respectively, and the black rectangle is an absorber Tf = e−2af

According to the definition of the visibility in (3.17) we get

V =
4 cos(k0∆j

2 )
√

2Tf

Tf + 8 cos2(k0∆j

2 )
. (3.40)

We have the interesting result:

V = 1 → Tf = 8 cos2
(

k0∆j

2

)
. (3.41)

If, for example, the transmission Tf in beam f is given, one can obtain
V = 1 in the output beam k by appropriately adjusting the phase shift ∆j in
beam path j via (3.41). We will see later in Part III that a similar effect can
be achieved in a double loop neutron interferometer. We refer, therefore, to
Sect. 8.3.2 for a discussion of visibility aspects in a double loop interferometer.

3.5 Mach–Zehnder with Two Inputs

We discuss an MZ with two input ports a and b (see Fig. 3.24). Assuming
two different Gaussian momentum distributions

αa,b(k) =
[

1
2(δk)2a,bπ

]1/4

exp
{
− (k − k0)2

4(δk)2a,b

}
, (3.42)
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Fig. 3.24. Mach–Zehnder with two inputs beams a, b, two output beams h, g and
two beam splitters BS1, BS2. The small white rectangles are the phase shifters
Pb = e−ık∆b and Pd = e−ık∆d

the normalization condition∫
[c2

aα2
a(k) + c2

bα
2
b(k)]dk = 1, → c2

a + c2
b = 1 (3.43)

should be valid. (δk)2a and (δk)2b are the mean square deviations of the
Gaussian distributions. The phase shift ∆b in beam b is varied. ∆d is an
arbitrary, but fixed value.

3.5.1 Wave Functions, Spectra and Intensities

Directly in front of the beam splitter BS1 the wave functions are:
beam a:

αa(k), ψa(x) =
[
2(δk)2a

π

]1/4

e−(δk)2ax2+ık0x. (3.44)

beam b:

αb(k)e−ık∆b , ψb(x) =
[
2(δk)2b

π

]1/4

e−(δk)2b(x−∆b)
2+ık0(x−∆b). (3.45)

Applying the Hadamard transformation, the momentum wave functions di-
rectly in front of the beam splitter BS2 are

αd(k) =
1√
2
e−ık∆d [caαa(k) + cbαb(k)e−ık∆b ],

αc(k) =
1√
2
[caαa(k) − cbαb(k)e−ık∆b ]. (3.46)
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Behind the beam splitter BS2 the wave packets are:(
αh(k)
αg(k)

)
= Ĥ

(
αd(k)
αc(k)

)
. (3.47)

Adding everything together, the spectra and intensities at the output read
as follows.
Momentum spectra:

|αh,g(k)|2 =
1
2
{c2

aα2
a(k)[1 ± cos(k∆d)] + c2

bα
2
b(k)[1 ∓ cos(k∆d)]

∓cacbαa(k)αb(k)[cos[k(∆d − ∆b)] − cos[k(∆d + ∆b)]]}.(3.48)

Position spectra:

|ψh,g(x)|2 =
1
4

{√
2(δk)2a

π
c2
a[e−2(δk)2a(x−∆d)2 + e−2(δk)2ax2

±2 cos(k0∆d)e−(δk)2a[(x−∆d)2+x2]]

+

√
2(δk)2b

π
c2
b [e

−2(δk)2b(x−∆b−∆d)2 + e−2(δk)2b(x−∆b)
2

∓2 cos(k0∆d)e−(δk)2b [(x−∆b−∆d)2+(x−∆b)
2]]

+2cacb

√
2(δk)a(δk)b

π

[
cos(k0∆b)(e−(δk)2a(x−∆d)2−(δk)2b(x−∆b−∆d)2

−e−(δk)2ax2−(δk)2b(x−∆b)
2
)

± cos[k0(∆b + ∆d)]e−(δk)2ax2−(δk)2b(x−∆b−∆d)2

∓ cos[k0(∆b − ∆d)]e−(δk)2a(x−∆d)2−(δk)2b(x−∆b)
2
]}

.

(3.49)

Intensities:

Ih,g =
1
2

{
c2
a[1 ± e−(δk)2a∆2

d/2 cos(k0∆d)] + c2
b [1 ∓ e−(δk)2b∆2

d/2 cos(k0∆d)]

∓cacb

√
2(δk)a(δk)b

(δk)2a + (δk)2b

[
e
− (δk)2a(δk)2b

(δk)2a+(δk)2
b

(∆d−∆b)
2

cos[k0(∆d − ∆b)]

−e
− (δk)2a(δk)2b

(δk)2a+(δk)2
b

(∆d+∆b)
2

cos[k0(∆d + ∆b)]

]}
.

(3.50)

Figure 3.25 presents six examples (a to f) of the momentum spectra |αh,g(k)|2
of (3.48), and Fig. 3.26 six examples of the corresponding position spectra
|ψh,g(x)|2 of (3.49). In Fig. 3.25a, the special case ca = 1 (i.e., cb = 0), is
shown
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Fig. 3.25. Momentum spectra |αh,g(k)|2 of (3.48) for the Mach–Zehnder interfer-
ometer with two inputs (see Fig. 3.24). The subdiagrams a) to f) are explained in
the text
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which corresponds to an MZ interferometer with only one input, and no phase
shift is included. Consequently, |αh(k)|2 is strictly a Gaussian function and
|αg(k)|2 is zero. The corresponding position spectra |ψh,g(x)|2 are given in
Fig. 3.26a. If ca = 0.5, the spectrum |αh(k)|2 has a statistical weight of 1/4
and |αg(k)|2 a weight of 3/4. This case is graphically displayed in Figs. 3.25b
and 3.26b, respectively. In Figs. 3.25c and 3.26c the phase shift k0∆d = π pro-
vokes an interchange between the spectra discussed before. A phase shift of
k0∆d = 100π entails explicit oscillations in the momentum spectra |αh,g(k)|2
as seen in Fig. 3.25d. However, the position spectra |ψh,g(x)|2 of Fig. 3.26d
are practically the same because of the almost complete attenuation of inter-
ference terms. Two peaks of largely different heights emerge. In Fig. 3.25e an
additional phase shift k0∆b = π/2 has been included. This action changes the
momentum spectra |αh,g(k)|2 dramatically and the two peaks of the position
spectra |ψh,g(x)|2 become almost equal in height. Finally, the mean square
deviation of αb(k) has been changed from σb = 0.01 to σb = 0.02. This has
effect of broadening on the momentum spectra and a narrowing effect on the
position spectra, as can be observed in Figs. 3.25f and 3.26f.

3.5.2 Discussion of MZ with Two Inputs

Since there is no absorption included in the model in Fig. 3.24, the intensities
Ih and Ig sum up to 1. We discuss the visibility in beam h. Taking σa and
σb to be � 1, the intensity Ih reads

Ih =
1
2
{1 + (c2

a − c2
b) cos(k0∆d) − 2cacb sin(k0∆b) sin(k0∆d)}, (3.51)

where k0∆d is a fixed parameter and k0∆b is a variable. The maxima and
minima of this function are

(Ih)max
min

=
1
2
{1 + (c2

a − c2
b) cos(k0∆d) ± 2cacb sin(k0∆d)}, (3.52)

and the visibility is

V =
2cacb sin(k0∆d)

1 + (c2
a − c2

b) cos(k0∆d)
, c2

a + c2
b = 1. (3.53)

The visibility is equal to 1 under the following conditions:

V = 1 → ca = sin(k0∆d/2), cb = cos(k0∆d/2). (3.54)

Hence the phase shift ∆d can be adjusted according to the amplitudes ca

and cb of the incoming spectra in such a way that the visibility becomes 1 in
beam h. If we take V = 1 into consideration, the intensity Ih becomes

V = 1 → Ih = 2c2
ac2

b [1 − sin(k0∆b)]. (3.55)

In the case where one input signal is very weak, the output signal Ih is
proportional to this weak input signal if V = 1. This is an interferometric
method for measuring weak signals.
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Fig. 3.26. Position spectra |ψh,g(x)|2 of (3.49) for the Mach–Zehnder interferom-
eter with two inputs (see Fig. 3.24). The subdiagrams a) to f) are explained in the
text
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3.6 Comment on Two-Photon Interference

The considerations above apply to the input of single-photon states. However,
a lot of literature is dedicated to interferometry using entangled states or two-
photon interferometry (see, e.g., [9,15,16,20–22]). In this case, pairs of signal
and idler photons are produced by spontaneous parametric down-conversion
and are sent into the two beams a and b mentioned above. “Postponed com-
pensation” experiments suggest that the observed two-photon entangled state
interference cannot be pictured in terms of the overlap of the two individual
photon wave packets on a beam splitter. If the two photons do not arrive
simultaneously, each has a 50% chance of going either way after the beam
splitter, independently of the other photon. This results in coincidences. How-
ever, if the photons arrive simultaneously, they become indistinguishable and
end up together randomly in either beam. In the experiment, the rate of co-
incident photon detections at the beam splitter outputs can be monitored.
The resulting coincidence rate is called Hong–Ou–Mandel coincidence [8,21].
An analytical treatment of time-resolved two-photon quantum interference is
also presented in the literature [23]. Different aspects of the phenomenon are
elaborated using different representations of the single-photon wave packets,
like the decomposition into single-frequency field modes or spatio-temporal
modes matching the photonic wave packets. Both representations lead to
equivalent results.

Here we do not discuss such interferometers, but refer only to the litera-
ture.
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Neutron Interferometry



4 Introductory Remarks

Neutron interferometry is a part of neutron optics. Among the various ar-
eas of neutron optical research, neutron interferometry has provided some
of the most challenging and spectacular developments [24]. In most cases,
separated coherent beams, which are produced either by wavefront division
(Young’s type) or by amplitude division (Mach–Zehnder type), are used.
These beams are subsequently coherently superposed, after passing through
regions of space where the neutron wave function is modified in phase and
amplitude by various interactions: nuclear, magnetic, electromagnetic, gravi-
tational, or by geometry and topology. Here we are dealing with the coherence
properties of neutron interferometry. Thereby the perfect crystal neutron in-
terferometer plays a central role in our considerations.

The perfect crystal interferometer [24], which is considered here, provides
widely separated coherent beams and has become a standard method for
advanced optical investigations. The superposition of spin-up and spin-down
states in the longitudinal direction provides the basis for Larmor and Ramsey
interferometry. The well-known spin-echo systems [25] and zero-field spin-
echo systems [26] are examples of such interferometers and are discussed in
Part IV.

The operation of silicon perfect crystal neutron interferometers is based on
division of amplitudes by dynamical Bragg diffraction for perfect crystals (see
Chap. 5). In the standard version, a monolithic triple-plate system in the Laue
transmission geometry is used (see Fig. 6.1). Its geometry is analogous to the
well-known Mach–Zehnder interferometer of light optics. The most essential
feature is that the reflecting planes are exactly arranged throughout the whole
crystal with a precision comparable to the lattice parameter. The perfect
silicon crystal interferometer is extremely useful for fundamental neutron
physics studies and for studies of the basic quantum mechanical principles of
nature.

This part of the book is organized as follows. After some preliminary
remarks about the coherence length and neutron wave packets, we firstly
focus on the dynamical theory of diffraction, which provides us with the
basic principles of neutron diffraction in single crystals. Subsequently, the
application of the theory to the Laue-type interferometer is carried out. In a
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third step, the superposition of wave packets in the three-plate interferometer
is discussed, where the Wigner function and the Q-function play an important
role. Dephasing and decoherence are further issues to be considered. Fourthly,
the four-plate neutron interferometer is treated, including a discussion about
double-loop interferometry and correlation functions.

4.1 Coherence Length

Heisenberg’s minimum uncertainty relation, as discussed briefly in Sect. 2.1.1,
is given by

(δk)(δx) =
1
2
. (4.1)

This relation defines the coherence length lc ≡ (δx), which can be expressed
alternatively by using k = 2π/λ, where λ is the wave length:

lc ≡ (δx) =
1

2(δk)
=

1
4π

λ2

(δλ)
. (4.2)

The smaller the uncertainty (δk) of a wave packet, the larger the coher-
ence length lc. Because of the finite spectral width (δk) of a Gaussian
wave number distribution α(k) (2.3), a free neutron wave packet is local-
ized in space (see (2.6)). This is in contrast to a plane wave eıkx−ıΩt with
Ω = �k2/(2M) = E/�, which has a fixed wave number k, but is infinitely
expanded in space (infinite coherence length for plane waves). In the follow-
ing sections, we investigate interference phenomena. We shall see that the
separation of wave packets is due to a finite coherence length.

4.2 Wigner Function, Wave Packets
and Shannon Entropy

The time-dependent wave function ψ(x, t) of a wave packet and the corre-
sponding Gaussian wave-number function α(k) are derived in (2.5) and (2.3),
respectively. The appropriate Wigner function WWP (x, k, t) was evaluated in
(2.7). In the phase-space picture, a general expression for W (x, k, t) can be
given according to (2.2) and (2.11) in a two-fold manner:

W (x, k, t) =
1
2π

∫
ψ∗
(

x +
x′

2
, t

)
ψ

(
x − x′

2
, t

)
eıkx′

dx′

=
1
2π

∫
α∗
(

k +
k′

2

)
α

(
k − k′

2

)
e−ık′(x−vt)dk′ . (4.3)
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Here v = �k/M is the group velocity of the wave packet. α(k) is time-
independent, whereas ψ(x, t) depends on time. Now some important proper-
ties of the Wigner function (see Sect. 2.1.2) are recalled:∫

W (x, k, t)dx = |α(k)|2 ,

∫
W (x, k, t)dk = |ψ(x, t)|2,∫∫

W (x, k, t)dkdx = 1. (4.4)

Because of the normalization of the position distribution |ψ(x, t)|2 and the
momentum distribution |α(k)|2, that is to say

∫ |ψ(x, t)|2dx =
∫ |α(k)|2dk =

1, expectation values

〈xi〉 =
∫

|ψ(x, t)|2xidx , 〈ki〉 =
∫

|α(k)|2kidk (4.5)

can be evaluated. Taking wave packets ((2.6) and (2.3)) into account, the
expectation values for i = 1, 2 are:

〈x〉 = v0t , 〈x2〉 = (v0t)2 + [∆x(t)]2 , 〈k〉 = k0 , 〈k2〉 = k2
0 + (δk)2 . (4.6)

It is interesting to assess the mean square deviations using these results. We
get:

〈[∆x(t)]2〉 ≡ 〈x2〉 − 〈x〉2 = [∆x(t)]2 ,

〈(∆k)2〉 ≡ 〈k2〉 − 〈k〉2 = (δk)2 , (4.7)

where [∆x(t)]2 = [1+(γt)2]/[4(δk)2]. Hence Heisenberg’s uncertainty relation
reads as follows:

〈[∆x(t)]2〉〈(∆k)2〉 =
1
4
[1 + (γt)2] ≥ 1

4
. (4.8)

Here γ = 2�(δk)2/M . If t = 0, Heisenberg’s minimum uncertainty relation
(4.1) is obtained.

Another uncertainty measure is sometimes taken into account. This is
called the Shannon entropy [27]. However, for any probability distribution,
we define a quantity called the Shannon entropy, which has many properties
that agree with the intuitive notion of what a measure of information should
be. Entropy then becomes the self-information of a random variable. Here we
focus on continuous random variables, and the differential entropy H(X) of
a continuous random variable X with a probability density function f(x) is
defined as

H(X) = −
∫

S

f(x) ln f(x)dx, (4.9)

where S is the support set of the random variable.
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Using the distribution functions mentioned above, we can define two types
of Shannon entropy:

Hx = −
∫

|ψ(x, t)|2 ln[|ψ(x, t)|2]dx, Hk = −
∫

|α(k)|2 ln[|α(k)|2]dk.

(4.10)
For wave packets we derive

(Hx)WP = ln

{√
1 + (γt)2

2(δk)

√
2πe

}
, (Hk)WP = ln{(δk)

√
2πe}. (4.11)

If H → −∞, full information is available from the respective value, H → +∞
means the opposite. The sum of the two entropies yields

(Hx)WP + (Hk)WP = ln{
√

〈[∆x(t)]2〉〈(∆k)2〉2πe}. (4.12)

If t = 0, the right-hand side of this equation is the constant ln(πe) � 2, 15.



5 The Dynamical Theory of Diffraction

Before discussing the neutron perfect silicon crystal interferometer, it is help-
ful to go into more details about the dynamical theory of diffraction of neu-
trons in single crystals, [24, 28]. Therefore, the main features of this theory
are exhibited here.

Compared to the geometrical theory, the dynamical theory of diffraction
accounts for the spatial periodicity of the interaction potential in perfect
single crystals. Thereby the Schrödinger equation has to be solved taking
this potential into account.

When neutron radiation is brought into a perfect crystal under near-Bragg
orientation conditions, the dynamical theory of diffraction predicts a coher-
ent splitting of the incident wave into four components, with two travelling
wave components passing within the crystal in the Bragg direction and two
components in the forward, or incident, direction. Each of these four com-
ponents represents a permitted solution of the excitation dynamics of the
three-dimensional lattice for the orientation of the incident ray. In general,
each of the four components is to be described by different wave vectors,
differing in both magnitude and direction. Ewald has shown in his historic
investigation of the dynamical theory of x-ray diffraction (which characterizes
neutron diffraction as well), that this splitting will result in a periodic beat-
ing of radiation density travelling in either the Bragg or forward direction at
different depths in the crystal, this feature being described as a Pendellösung
structure. Excellent reviews of the dynamical theory of x-ray diffraction have
been given by James [29] and Batterman and Cole [30], where both the theory
and experimental verification are treated in detail. Goldberger and Seiz [31]
have discussed the applicability of the dynamical theory to the neutron case,
and Sippel, Kleinstück and Schulze [32] have demonstrated in a neutron ex-
periment the presence of a periodic modulation of integrated Bragg intensity
from thin crystal slices, as predicted by the dynamical theory. The present
Chap. 5 deals with the dynamical theory of diffraction for neutrons and the
next Chap. 6 deals with the implications for the three-plate interferometer.
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5.1 Interaction Potential

The stationary Schrödinger equation for neutrons in a single crystal reads[
− �

2

2M
∆ + V (−→r )

]
ψ(−→r ) = Eψ(−→r ). (5.1)

In terms of the Fermi pseudo-potential of the assembly of nuclei in the crystal,
we have the expression

V (−→r ) =
2π�

2bc

M

∑
i,j

δ(−→r −−→ri,j). (5.2)

The following quantities are defined here:
M ... Neutron mass
bc ... Coherent scattering length
−→ri,j =

−→
Rj + −→ρi ... Vector of lattice position−→

Rj ... Vector from origin to elementary cell j−→	i ... Vector from origin of elementary cell j to position of atom i in cell j−→	i = mi
−→a1 + ni

−→a2 + pi
−→a3−→ai ... Lattice vectors of an elementary cell

mi, ni, pi ... Rational numbers between 0 and 1
Now the Fourier transformation of the potential V (−→r ) is carried out:

V (−→κ ) =
1
V

∫
V (−→r )e−ı−→κ −→r d−→r =

2π�
2bc

MV

∑
i,j

e−ı−→κ −−→ri,j

=
2π�

2bc

MV

∑
−→
Rj

e−ı−→κ −→
Rj

∑
−→ρi

e−ı−→κ −→ρi =
2π�

2bc

MV
(LF )(SF ). (5.3)

V ... Volume of the crystal (V = NcVc)
Nc ... Number of elementary cells
Vc ... Volume of elementary cell
Vc = −→a1(−→a2 ×−→a3) = −→a2(−→a3 ×−→a1) = −→a3(−→a1 ×−→a2)
LF ... Lattice factor
SF ... Structure factor

We will now discuss the lattice factor LF and the structure factor SF .

5.1.1 Lattice Factor LF

The lattice factor LF is

LF =
∑
−→
Rj

e−ı−→κ −→
Rj =

{
Nc for −→κ =

−→
G

0 otherwise
. (5.4)
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Proof: We consider the geometrical theory of diffraction.
−→
k0 is the incoming

beam and
−→
k the diffracted beam. The Bragg angle is denoted by ΘB . The

Bragg equation reads (see Fig. 5.1) −→κ =
−→
G , where

−→
k −−→

k0 = −→κ and
−→
G is the

reciprocal lattice vector.
−→
G is perpendicular to the lattice plains, which have

a distance d from each other. The absolute values of
−→
k and

−→
k0 are equal:

|−→k | = |−→k0| = k. We determine |−→G | (see Fig. 5.1):

G = |−→G | = |−→k −−→
k0| =

√
(
−→
k −−→

k0)2

= k

√
2 − 2 cos(

−→
k ,

−→
k0) = 2k sin(ΘB). (5.5)

This is Bragg’s equation in reciprocal space. Likewise, we obtain the Bragg
equation (for first diffraction order) in real space: 2d sin(ΘB) = λ, where λ
is the optical retardation caused by two parallel lattice planes of distance d.
Because k = 2π/λ, we obtain G = 2π/d.

Now the reciprocal lattice vector
−→
G is investigated in more detail, using

the Miller indices h′, k′ and l′, which are integers [33]:

−→
G = h′−→g1 + k′−→g2 + l′−→g3 , (5.6)

where

−→g1 =
2π

Vc
(−→a1 ×−→a2), −→g2 =

2π

Vc
(−→a2 ×−→a3), −→g3 =

2π

Vc
(−→a3 ×−→a1). (5.7)

For ortho-rhombical systems, e.g., we obtain 1/d2 = (h′/a3)2 + (k′/a1)2 +
(l′/a2)2. The vectors −→gi and −→ai form a reciprocal system, that is to say we

 G

 d

k k0

 ΘB

Fig. 5.1. Visualization of the Bragg equation 2d sin(ΘB) = nλ
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have (−→g1
−→a3)/(2π) = 1, (−→g2

−→a1)/(2π) = 1 and (−→g3
−→a2)/(2π) = 1. The other

scalar products are zero. The volume of an elementary cell of the reciprocal
lattice can be calculated using (5.7) and we obtain: −→g1(−→g2 ×−→g3) = (2π)3/Vc.

Now the lattice factor LF can be evaluated for −→κ =
−→
G : If

−→
Rj = m′−→a1 +

n′−→a2 + p′−→a3, where m′, n′, p′ are integers, the exponent in LF reads
−→
Rj

−→
G =

2π(h′p′ + k′m′ + l′p′) = 2πn. Because n is an integer as well, we obtain
e−ı2πn = 1 and LF = Nc.

In the case where −→κ �= −→
G , e.g., −→κ = z−→g1 , where z is real but not integer,

the lattice factor LF becomes

LF =
∑

m′,n′,p′
e−ı(m′−→a1+n′−→a2+p′−→a3)z

−→g1 =
Nc
1∑
p′=0

e−ı2πzp′ → 0. �

5.1.2 Structure Factor SF

The second summation in (5.3) is easily evaluated. Because the definition of
−→ρi = mi

−→a1 + ni
−→a2 + pi

−→a3, (5.6) and −→κ =
−→
G , the result is

SF =
∑
−→ρi

e−ı−→κ −→ρi =
∑

(mi,ni,pi)

e−ı2π(mik
′+nil

′+pih
′). (5.8)

As a simple example, we consider a body-centered cubic crystal system, where−→ρ1 = (0, 0, 0) and −→ρ2 = (1/2, 1/2, 1/2). The structure factor reads

SF =
2∑

i=1

e−ı
−→
G−→ρi = 1 + e−ıπ(k′+l′+h′) =

{
0 for (h′ + k′ + l′) odd
2 for (h′ + k′ + l′) even .

In the following, we consider, for example, the (2, 2, 0)-reflexion of the face-
centered cubic lattice of a silicon single crystal (diamond lattice). Then the
structure factor yields a value of SF = 8.

We return to (5.3), taking (5.4) into account:

V (−→κ ) = V (
−→
G) = V (h′, k′, l′) =

2π�
2bc

MVc
SF. (5.9)

If NS is the number of scattering centers (or atoms) per elementary cell, then
N = NS/Vc is the number of scattering centers per unit volume. Calculating
V (0), the structure factor is always equal to NS and we obtain

V (0) =
2π�

2bc

M
N,

V (
−→
G)

V (0)
=

SF

VcN
. (5.10)

Example: silicon, (2, 2, 0)-reflexion → a = 5, 43.10−8cm, Vc = a3, N =
5, 04.1022cm−3, bc = 0, 415.10−12cm, M = 1, 675.10−27kg, SF = 8,
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→ V (
−→
G)/V (0) = 1 and 1/a3 = N/8 → V (2, 2, 0) = V (0) = 16π�

2bc/(a3M) =
5, 395.10−8eV . If thermal neutrons are considered, the energy is about
E ≈ 0, 025eV , and the ratio between the potential and the energy can be
calculated. The outcome is

V (
−→
G)

E
=

V (0)
E

≈ 2.10−6 � 1. (5.11)

This result is important for the dynamical theory of diffraction in connection
with the so-called two-beam approximation (see below). The inverse Fourier
transformation of (5.3) yields

V (−→r ) =
∑
−→
G

V (
−→
G)ei

−→
G−→r , (5.12)

and this equation describes the periodicity of the potential in the crystal
lattice.

In deriving the dynamical theory of diffraction (see below), we neglect the
absorption of neutrons, because absorption is very small in silicon.

5.2 Basic Equations

The solution of the stationary Schrödinger equation (5.1) is given by the
so-called Bloch-ansatz

ψ(−→r ) = eı
−→
K−→r u(−→r ), (5.13)

where the exponential factor comprises the vector
−→
K , which is a wave vector

inside the crystal, and u(−→r ) is the amplitude of this wave. Analogously to
the potential equation (5.12) an ansatz is made for u(−→r ):

u(−→r ) =
∑
−→
G

u(
−→
G)ei

−→
G−→r . (5.14)

The amplitude u(
−→
G), which is defined in the reciprocal space, has to be

identified. The wave function ψ(−→r ) now reads

ψ(−→r ) =
∑
−→
G

u(
−→
G)eı(

−→
G+

−→
K)−→r . (5.15)

If (5.15) and (5.12) are inserted into (5.1), we obtain the basic equations of
the dynamical theory of diffraction:[

�
2

2M
(
−→
K +

−→
G)2 − E

]
u(
−→
G) = −

∑
−→
G′

V (
−→
G −−→

G′)u(
−→
G′). (5.16)
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There is a finite number of equivalent waves in the crystal whose wave vectors
differ by

−→
G , respectively. This system of equations cannot be solved generally.

However, we expect the respective amplitudes u(
−→
G) to be especially large, if

the wave vector (
−→
K +

−→
G) of the reflected beam is near a reciprocal lattice

point.

5.3 One-Beam Approximation

If only a single lattice vector
−→
G = 0 is effective, one speaks of one-beam

approximation or beam refraction (Fig. 5.2). The appropriate wave vector in
the crystal is denoted by

−→
K0. From (5.16) we obtain

[
�

2

2M
K2

0 − E

]
u(0) = −V (0)u(0) → K2

0 = k2

[
1 − V (0)

E

]
, (5.17)

where the energy of the incoming neutrons is E = �
2k2/(2M). Because of

(5.11) K0 can be written approximately

K0 ≈ k

[
1 − V (0)

2E

]
. (5.18)

k

k

k

Z
ei

ch
en

Z
ei

ch
en

Zeichen

Zeichen

Zeichen

K0

K0 K0

n

  exp { i  k   r  }

exp { i  K0  r  }
k  V(0)  n

2 cos ( γ ) E

γ

Fig. 5.2. Beam refraction (see text). A plane wave of wave number k impinges on
a surface of a single crystal and the refracted wave has wave number K0 inside the
crystal
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V (0) can be understood as a mean potential of the crystal. Using (5.10) the
index of refraction n reads

n =
K0

k
≈ 1 − λ2 Nbc

2π
. (5.19)

The index of refraction of neutrons in silicon is only a little bit smaller than 1
(refraction from the perpendicular). In Fig. 5.2 the incoming plane wave eı

−→
k −→r

has a wave vector
−→
k . The wave vector

−→
K0 of the refracted plane wave eı

−→
K0

−→r

has changed both in direction and in magnitude. Thereby the continuity of
the tangential components k‖ = K0‖ has to be taken into account. The unit
vector −→n is perpendicular to the crystal surface. γ is the angle between −→n
and

−→
k and we have cos(γ) = k⊥/k. From the geometrical proportions and

(5.17) we identify:

K2
0 = K2

0⊥ + K2
0‖ = K2

0⊥ + k2
‖ = k2

⊥ + k2
‖ − k2 V (0)

E

→ K0⊥=

√
k2
⊥ − k2

V (0)
E

≈ k⊥

[
1 − 1

2 cos2(γ)
V (0)
E

]
→−→

K0 =
−−→
K0⊥+

−−→
K0‖

= −→n k⊥

[
1 − 1

2 cos2(γ)
V (0)
E

]
+
−→
k‖ =

−→
k − kV (0)

2 cos(γ)E
−→n .

(5.20)

This equation is visualized in Fig. 5.2. Hence, the one-beam approximation
describes the transition of a beam from vacuum into the crystal (refraction).

5.4 Two-Beam Approximation

In this case, two lattice points (
−→
G = 0 and one single

−→
G �= 0) have to be

regarded. This approximation is justified only if all the other lattice points
are far away from Bragg refraction. We shall see that the refracted intensity
decreases very quickly in the neighborhood of a lattice point. Hence, from
the basic relations (5.16) it can be concluded that two equations have to be
solved simultaneously:

−→
G = 0 :

[
�

2

2M
(
−→
K)2 − E

]
u(0) = −V (0)u(0) − V (−−→

G)u(
−→
G),

−→
G �= 0 :

[
�

2

2M
(
−→
K +

−→
G)2 − E

]
u(
−→
G) = −V (

−→
G)u(0) − V (0)u(

−→
G). (5.21)

If we consider the one-beam approximation (5.17), the squared value (
−→
K0)2 ≡

K2
0 of the wave vector

−→
K0 in the mean crystal potential V (0) is, because of
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(5.11), almost equal to k2. It can be expected that (
−→
K)2 and (

−→
K +

−→
G)2 are

very close to k2 as well. Therefore, the following ansatz is made:

(
−→
K)2 ≈ k2(1 + 2ε), (

−→
K +

−→
G)2 ≈ k2(1 + 2εG). (5.22)

ε and εG are called excitation errors of
−→
K and

−→
K +

−→
G , respectively. |ε| and

|εG| are, therefore, in the range of V (0)/E � 1. The vectors themselves can
be written according to (5.20) as

−→
K =

−→
k +

k

cos(γ)
ε−→n (5.23)

for the forward beam (
−→
k −→n = k cos(γ) = k⊥) and

−→
KG =

−→
K +

−→
G =

−→
k +

−→
G +

k

cos(γ)
ε−→n (5.24)

for the diffracted beam. In both expressions only ε can be found and ε and
εG are not independent of each other. Because of (5.22) we get

(
−→
K +

−→
G)2 = (

−→
K)2 + (

−→
G)2 + 2

−→
K
−→
G → 2εG = 2ε +

(
−→
G)2

k2
+

2
−→
K
−→
G

k2
.

Using (5.23), we finally obtain

2εG = 2ε
1
b

+ α,
1
b

=

[
1 +

−→
G−→n

k cos(γ)

]
, α =

1
k2

[(
−→
G)2 + 2

−→
k
−→
G ]. (5.25)

b characterizes geometrical proportions (Laue diffraction or Bragg diffraction)
and α describes the deviation from the exact Bragg angle ΘB (see below).

Two cases can be distinguished (see Fig. 5.3):
Laue case: In this case, the beam

−→
kG is diffracted behind the crystal. We

consider henceforth symmetrical diffraction. In the Laue case, the reflection
planes are perpendicular to the crystal surface (γ = ΘB).

−→
G−→n = 0 is valid

and b = 1 according to (5.25). In the dynamical theory of diffraction, the
exact Bragg equation reads (see (5.24))

−→
KG −−→

K =
−→
G, (5.26)

where all these vectors belong to the interior of the crystal. Because
−→
k and−→

kG are outside beams, ≈ −→
G has been written in Fig. 5.3. Note that (5.5) has

been derived using the geometrical theory of diffraction.
Bragg case: The reflection planes are parallel to the crystal surface (γ =

π/2 − ΘB). We have:
−→
G−→n = −G = −2k cos(γ) → b = −1, taking (5.5) into

account.



5.4 Two-Beam Approximation 83

nk

kG

k
k

k
kG

n

G

G

LAUE BRAGG

~

~

~

~

ΘB

ΘB

γγ

Fig. 5.3. Left: symmetrical Laue diffraction (b = 1). Right: symmetrical Bragg
diffraction (b = −1). The horizontal line illustrates the crystal. The k-vectors are
outside the crystal. The reflection planes are normal to the crystal surface in the
Laue case, and parallel to the crystal surface in the Bragg case (see text)

The quantity α in (5.25) describes the deviation from the exact Bragg
angle ΘB . This can be shown as follows: let Θ = ΘB + δΘB , where δΘB is a
very small angle. That means that

−→
k should fulfill Bragg’s equation almost

exactly. Then the expression
−→
k
−→
G in (5.25) reads:

−→
k
−→
G = kG cos(π/2+Θ) =

−kG sin(Θ) ≈ −kG[sin(ΘB) + cos(ΘB)δΘB ]. Using (5.5), α can be written
as α = (G2 + 2

−→
k
−→
G)/k2 ≈ − 2 sin(2ΘB)δΘB . If α = 0, the exact Bragg

condition is fulfilled.
Later in this book we consider the Laue-type neutron interferometer.

Hence our main attention is directed to the Laue case of diffraction. Set-
ting b = 1, the excitation errors are

εG = ε + α/2. (5.27)

Returning to the basic equations of the two-beam approximation, we insert
(5.22) into (5.21) and obtain the homogenous equation system

[
2ε +

V (0)
E

]
u(0) +

V (−−→
G)

E
u(
−→
G) = 0,

V (
−→
G)

E
u(0) +

[
2εG +

V (0)
E

]
u(
−→
G) = 0, (5.28)
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which has only non-trivial solutions if the determinant is equal to zero. Be-
cause V (−−→

G)V (
−→
G) = |V (

−→
G)|2 and using (5.27), we have[

2ε +
V (0)
E

] [
2ε + α +

V (0)
E

]
− |V (

−→
G)|2

E2
= 0, (5.29)

and the two solutions are:

ε1,2 =
1
4

⎡⎣−α − 2
V (0)
E

±
√

α2 + 4
|V (

−→
G)|2

E2

⎤⎦ . (5.30)

Note that V (
−→
G) = V (0) for the silicon-(2, 2, 0) reflection. Because of the two

values ε1,2, two wave fields in the forward direction u1,2(0) and two wave
fields in the diffracted direction u1,2(

−→
G) appear in the crystal:

u1,2(
−→
G)

u1,2(0)
= X1,2 = −2ε1,2 + V (0)/E

V (−−→
G)/E

. (5.31)

From (5.23) two wave vectors

−−→
K1,2 =

−→
k +

k

cos(γ)
ε1,2

−→n (5.32)

appear in the crystal and, therefore, two wave functions ψ1,2(−→r ) arise, which
are superpositions of the forward and diffracted directions themselves (see
(5.15)). These wave functions are solutions of the Schrödinger equation.

The most interesting are the wave functions that are outside in the forward
(0) and diffracted (

−→
G) directions, respectively. These are superpositions of

two wave fields:

ψ0(−→r ) = u1(0)eı
−→
K1

−→r + u2(0)eı
−→
K2

−→r ,

ψG(−→r ) = u1(
−→
G)eı(

−→
K1+

−→
G)−→r + u2(

−→
G)eı(

−→
K2+

−→
G)−→r . (5.33)

In the next section we determine these wave functions for the coplanar crystal
plate including the Laue-case.

5.5 Solutions for Plane Plate in Laue Position

Now we have to bear in mind boundary conditions. Combining (5.33) and
(5.32), we recognize that the scalar product (−→n−→r ) defines these conditions.
Putting the coordinate origin on the crystal surface (see also Fig. 5.5) and
the z-axis parallel to −→n = −→ez , (−→n−→r ) = 0 provides the boundary condition of
the front side of the plate and (−→n−→r ) = D yields the boundary condition on
the back side. Here D denotes the thickness of the crystal plate.
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The incoming plane wave is written as

ψe = u0e
ı
−→
k −→r . (5.34)

The continuity condition of the wave function ψe and the wave function
ψ0(−→r ) at the front side (−→n−→r ) = 0 of the crystal yields

u0 = u1(0) + u2(0). (5.35)

Because there is no reflected wave at the front side in the Laue case, the
second equation of (5.33) together with (5.31) provides

0 = X1u1(0) + X2u2(0). (5.36)

These equations give

u1(0) =
X2

X2 − X1
u0, u2(0) = − X1

X2 − X1
u0. (5.37)

The forward and diffracted beam behind the crystal can be calculated easily
from (5.33) using (−→n−→r ) = D:

ψ0(D)
ψe

=
X2e

ıkε1D/ cos(γ) − X1e
ıkε2D/ cos(γ)

X2 − X1
= v0,

ψG(D)
ψe

=
X1X2[eıkε1D/ cos(γ) − eıkε2D/ cos(γ)]

X2 − X1
eı

−→
G−→r = vG eı

−→
G−→r . (5.38)

v0 and vG are complex crystal functions and important quantities for obtain-
ing proper amplitudes for the plane waves behind the crystals of an interfer-
ometer (see below).

5.5.1 Intensities of Laue Position

The squared absolute values |ψ0(D)/ψe|2 and |ψG(D)/ψe|2 are of interest
because they are the ratios of intensity, which are diffracted behind the crys-
tal. Before these quantities are identified, two new parameters A and y are
introduced:

A =
k

2 cos(γ)
|V (

−→
G)|

E
D, y =

1
2

E

|V (
−→
G)|

α. (5.39)

The parameter A is proportional to the crystal thickness D and y depends
on α, the deviation from the exact Bragg angle ΘB . The exponents in (5.38)
become

kε1,2D

cos(γ)
= A(−y ±

√
y2 + 1) − kD

2 cos(γ)
V (0)
E

. (5.40)
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The quantities X1,2 are defined via (5.31) and the expressions for the inten-
sities are as follows:∣∣∣∣ψG(D)

ψe

∣∣∣∣2 =
sin2(A

√
1 + y2)

1 + y2
,

∣∣∣∣ψ0(D)
ψe

∣∣∣∣2 = 1 − sin2(A
√

1 + y2)
1 + y2

. (5.41)

In Fig. 5.4 the function sin2(A
√

1 + y2)/(1 + y2) is drawn for the parameter
A = 7π/2. The sum of the intensities in (5.41) yields one. This equation
is the most important outcome of the dynamical theory of diffraction. It is
called “pendular solution” or “Pendellösung”, simply because the intensity
oscillates between the forward and diffracted directions, depending on the
crystal thickness D, respectively A. Therefore, the “Pendellösung period” δ0

is defined by

δ0 =
πD

A
. (5.42)

For the silicon (2, 2, 0)-reflection and a wave length of λ = 2Å, the “Pen-
delllösung period” becomes δ0 = 0, 614.10−2cm. On the other hand, the in-
tensity oscillates as a function of the deviation y from the Bragg angle and
these oscillations become narrower the thicker the crystal. y can be expressed
using δ0 by

y =
kδ0

4π cos(γ)
α. (5.43)
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5.5.2 Wave Functions for Different Incident Directions

In this section we calculate wave functions and phase relations, taking into ac-
count different incident directions of the incoming beam. Such considerations
are important in specifying waves, which appear in the neutron interferometer
described below.

We emanate from (5.23) and (5.24), writing an analogue equation for
−→
KG,

namely
−→
KG =

−→
K +

−→
G =

−→
kG +

k

cos(γ)
εG

−→n , (5.44)

where the direction
−→
kG of the diffracted beam behind the crystal appears

(provided that symmetric diffraction takes place). Using (5.27) and (5.43),−→
kG −−→

k reads as −→
kG −−→

k =
−→
G − p−→n , p = 2π

y

δ0
. (5.45)

This equation sheds light on the difference between the geometrical and dy-
namical theory of diffraction. We refer to Sect. 5.1.1 and Fig. 5.1, where the
geometrical theory of diffraction leads to the relation

−→
kG − −→

k ≈ −→
G , which

turns out to be only an approximation (we apply our notation here). The
vectors

−→
kG and

−→
k belong to the outside region, whereas

−→
G is the reciprocal

lattice vector of the crystal. According to the exact Bragg equation (5.26),−→
G is the difference of the quantities

−→
KG and

−→
K , which belong to the inside

of the crystal. Therefore, the geometrical theory has been corrected and im-
proved by the dynamical theory of diffraction by the correction term p−→n .
Only if p = 0, or equivalently y = 0, are both Bragg equations identical.
Nevertheless, the geometrical theory of diffraction does not take into account
the thickness of a crystal and hence the “Pendellösung” according to (5.41)
is in any case a characteristic of the dynamical theory.

Henceforth, we simplify our calculations taking into account the special
silicon (2, 2, 0)-reflection, where V (

−→
G) = V (0) (see Sect. 5.1.2). In addition,

we introduce the quantity

P (y) = −p

2
− k

2 cos(γ)
V (0)
E

= − π

δ0
(1 + y), (5.46)

which will be used below. Particularly with regard to the description of the
Laue-type interferometer, we introduce general distances (−→n−→r ). We remem-
ber that this quantity was equal to the crystal thickness D specifying the
back of the crystal plate. Going back to (5.33) and (5.38) and taking into
account (5.45), the wave functions ψ0 and ψG are written in the following
generalized manner:

ψe = u0e
ı
−→
k −→r ,

ψ0 = v0(y)ψe,

(5.47)
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ψG = vG(y)eı
−→
G−→r ψe = vG(y)u0e

ı(
−→
k +

−→
G)−→r = vG(y)u0e

ı(
−→
kG+p−→n )−→r

= vG(y)u0e
ıpzbeı

−→
kG

−→r ≡ vG(y)eı
−→
G−→r −ıp(−→n−→r −zb)ψe, (5.48)

where in a first step (−→n−→r ) = zb (see Fig. 5.5) has been inserted. On the
back of the crystal, zb is exactly equal to the crystal thickness D. Introduc-
ing zb permits us to define any position of a crystal plate, which will be
of importance in the interferometer discussed below. In the last step of the
above equation, we have rewritten the exponent in order to include arbi-
trary distances (−→n−→r ). The amplitudes v0(y) and vG(y) now depend on the
parameter y:

v0(y) = eıP (y)D{cos(A
√

1 + y2) +
ı y√

1 + y2
sin(A

√
1 + y2)},

vG(y) = −eıP (y)D ı√
1 + y2

sin(A
√

1 + y2), (5.49)

In (5.48) the phase factor eıpzb defines the position of the crystal plate, and
this is important for a focusing requirement of the interferometer (see below).

k

kGk

kkG

D
zb

z

0

kG

ψe

ψG ψ0
ψ0�

ψG�

ψe�

Fig. 5.5. Diffraction in Laue-position. Left picture: incoming wave function ψe

impinges from the left side. Right picture: incoming wave function ψe′ arrives from
the right side. This means that the reciprocal lattice vector points to the opposite
direction (see text). D denotes the thickness of the crystal. The coordinate origin
on the crystal surface is marked by the level 0. The quantity zb denotes the back
of the crystal
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The wave function ψe in (5.34) describes the incoming plane wave of
a Laue-type diffraction (see Fig. 5.5, left picture), whereas the wave ψe′ =
u0e

ı
−→
kG

−→r characterizes an incoming wave in the diffracted direction. This wave
can be used as an incoming wave for a second crystal plate (see Fig. 5.5,
right side). Indeed, we have to keep in mind that, because of the reversed
diffraction process, the reciprocal lattice vector (

−→
G) has to be replaced by

(−−→
G). Basically, (y) has to be replaced by (−y). Altogether we obtain:

ψe′ = u0e
ı
−→
kG

−→r ,

ψ0′ = v0(−y)ψe′ ,

ψG′ = vG(−y)e−ıpzbu0e
ı
−→
k −→r ≡ vG(−y)e−ı

−→
G−→r +ıp(−→n−→r −zb)ψe′ . (5.50)



6 Laue Interferometer

The wave functions defined in (5.47) to (5.50) are in an appropriate shape
to be applied to a Mach–Zehnder-like neutron interferometer (Fig. 6.1). The
silicon perfect crystal interferometer [24] provides widely separated coherent
beams and has become a standard method for advanced neutron optical in-
vestigations. Its operation is based on division of amplitudes by dynamical
Bragg reflection from perfect crystals. In the standard version, a monolithic
triple-plate system in the Laue transmission geometry is used, which provides
a wide beam separation (≥ 5 cm) and a non-dispersive response to the in-
cident neutron beam. The perfect silicon crystal interferometer is extremely
useful for fundamental neutron physics studies.

For most applications, the standard triple Laue case interferometer is
generally the best configuration (Fig. 6.1). It follows from symmetry con-
siderations that the amplitude and the phase of the wave function in the
forward (0) direction behind the empty interferometer is composed of equal
parts coming from both beams traversing paths I and II. The wave on path I
arrives in the ψ0-beam after having made a transmission (t) in the first crys-
tal (splitter S), a reflection (r) in the second crystal (mirror M) and another
reflection (r) in the third crystal (analyzer A). On path II the sequence is
(rrt). From symmetry, it follows that these two waves are equal in phase and
amplitude, as will be shown below. However, if a phase shifter is put into one
of the arms of the interferometer, phase differences between the two paths
can be generated, as will be discussed in the next section.

6.1 Wave Functions and Focusing Condition

A full analysis of the perfect silicon crystal neutron interferometer requires
a detailed description of the coherent wave fields that propagate through
the device. The starting point for this analysis is the plane wave dynamical
diffraction theory for a symmetric Laue geometry crystal slab, as developed
in the previous section. Repeated sequential application of the transmission
and reflection functions (5.49) for each of the crystals of the interferometer
leads to formulas describing the 0-beam and G-beam wave fields and the
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S

M

A

DP

III

a b

ψ0

ψe

ψG

Fig. 6.1. Laue neutron interferometer: beam splitter S, mirror M , analyzer A,
thickness of the phase shifter DP , incident wave ψe. In the forward and diffracted
directions, the waves ψ0 and ψG are superpositions of the two beam paths I and
II (see text). Beams a and b leave the interferometer behind the mirror. The small
circles illustrate wave packets that are shifted against each other if a phase shifter
is put into one arm of the interferometer

intensities leaving the interferometer. Taking into account (5.47) to (5.50)
the calculation is as follows.

Beam path I:

Behind beam splitter S: ψI,S
0 = v0(y)ψe

Behind beam mirror M : ψI,M
G = vG(y)eı

−→
G−→r −ıp(−→n−→r −zM

b )ψI,S
0

Behind beam analyzer A: ψI
0 = vG(−y)e−ı

−→
G−→r +ıp(−→n−→r −zA

b )ψI,M
G

ψI
G = v0(−y)ψI,M

G

Putting them all together, the wave functions of beam path I read:

ψI
0 = v0(y)vG(y)vG(−y)e−ıp(zA

b −zM
b )ψe

ψI
G = v0(y)vG(y)v0(−y)eıpzM

b ψe′
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Beam path II:

Behind beam splitter S: ψII,S
G = vG(y)eı

−→
G−→r −ıp(−→n−→r −zS

b )ψe

Behind beam mirror M : ψII,M
0 = vG(−y)e−ı

−→
G−→r +ıp(−→n−→r −zM

b )ψII,S
G

Behind beam analyzer A: ψII
0 = v0(y)ψII,M

0

ψII
G = vG(y)eı

−→
G−→r −ıp(−→n−→r −zA

b )ψII,M
0

Putting them all together, the wave functions of beam path II read:

ψII
0 = vG(y)vG(−y)v0(y)e−ıp(zM

b −zS
b )ψe

ψII
G = vG(y)vG(−y)vG(y)e−ıp(−zA

b +zM
b −zS

b )ψe′

Hence, the focusing condition for an ideally perfect interferometer reads as
follows:

zA
b − zM

b = zM
b − zS

b . (6.1)

The three plates of the interferometer have to be equal and they have to
be equispaced. Hence, in the forward direction, the two wave functions are
equal:

ψI
0 = ψII

0 . (6.2)

Both wave functions are reflected twice and transmitted once (rrt). They
have equal amplitudes and phases. This is the most important result con-
cerning the perfect Laue interferometer. The total wave function ψ0 is a
superposition

ψ0 = ψI
0 + ψII

0 = 2ψI
0 = 2v0(y)vG(y)vG(−y)e−ıp(zA

b −zM
b )ψe. (6.3)

Because of the different amplitudes of the diffracted beams ψI
G and ψII

G, their
phases disagree as well. The superposition reads

ψG = ψI
G + ψII

G = [v0(y)vG(y)v0(−y) + vG(y)vG(−y)vG(y)]eıpzM
b ψe′ . (6.4)

If the equations (5.49) are inserted, we obtain

ψI
G

ψII
G

= −
1 − sin2(A

√
1+y2)

1+y2

sin2(A
√

1+y2)

1+y2

= −1 − |vG(y)|2
|vG(y)|2 , (6.5)

where a phase difference of π between the two beams can be observed
(−1 = eıπ).
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6.2 Intensities and Phase Shift

Finally, the intensities should be computed. Because |vG(y)vG(−y)|2 =
|vG(y)|4 and |v0(y)v0(−y)|2 = |v0(y)|4, the intensities in the forward beam
|ψ0/ψe|2 and in the diffracted beam |ψG/ψe|2 are∣∣∣∣ψ0

ψe

∣∣∣∣2 = 4[|vG(y)|2]2[1 − |vG(y)|2] (6.6)

and ∣∣∣∣ψG

ψe

∣∣∣∣2 = |vG(y)|2[1 − 2|vG(y)|2]2. (6.7)

The sum is ∣∣∣∣ψ0

ψe

∣∣∣∣2 +
∣∣∣∣ψG

ψe

∣∣∣∣2 = |vG(y)|2. (6.8)

Now we take into account the wave functions a and b, leaving the interfer-
ometer behind the mirror crystal (M) (Fig. 6.1). They can be calculated
following the considerations about reflection (r) and transmission (t). Beam
a is reflected once and transmitted once, and beam b is transmitted twice.
Hence, ∣∣∣∣ a

ψe

∣∣∣∣2 = |vG(y)|2[1 − |vG(y)|2],
∣∣∣∣ b

ψe

∣∣∣∣2 = [1 − |vG(y)|2]2,∣∣∣∣ a

ψe

∣∣∣∣2 +
∣∣∣∣ b

ψe

∣∣∣∣2 = 1 − |vG(y)|2. (6.9)

|ψ0|2 + |ψG|2 + |a|2 + |b|2 = |ψe|2. (6.10)

Hence, all outgoing intensities sum up to the ingoing intensity |ψe|2.
Because of ψI

0 = ψII
0 , in an empty interferometer the forward beam (0) is

particularly suitable for investigation when a phase shifter is put into one arm
of the device. The coherent superposition of the two wave functions, taking
a phase shift into account, is considered in the following sections. From the
point of view of using the change of wave vector due to the optical potential
provided by the collection of nuclei in a slab of matter (phase shifter) of
thickness DP in one of the sub-beams of the interferometer, we find that the
phase shift is [24]

χ = (n − 1)kDP = −λNbcDP , (6.11)

where we have used (5.19) for the index of refraction n. Thus, the intensity
I0(χ) in the 0-beam is given by

I0(χ) =
∣∣ψI

0e
−ıχ + ψII

0

∣∣2 =
1
2
|ψ0|2[1 + cos(χ)]. (6.12)
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The intensity oscillates as a function of phase shift χ, where maximum in-
tensity and complete extinction alternate. However, in the following sections,
we shall consider wave number packets, where the cosine in the intensity
formula above is damped, due to the broadness of the packet.

It should be mentioned that

I0(χ) + IG(χ) = |ψ0|2 + |ψG|2 (6.13)

is a constant and, therefore, IG(χ) is oscillating in opposite phase to I0(χ).
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For many years it has been known from classical optics that the coherence
properties manifest themselves in a spatial intensity variation for phase shifts
smaller than the coherence length and in a spectral variation for large phase
shifts [9]. These phenomena become more apparent for less monochromatic
beams and can even cause squeezing effects [34].

It is generally known that coupling in phase-space is very effectively de-
scribed in terms of the Wigner function [5, 35], which represents a quasi-
probability distribution routinely used in quantum optics [2,6]. The formalism
of Wigner function representation was introduced to visualize the behavior of
various quantum systems that exhibit typical quantum optical phenomena.
Although it cannot be interpreted as a probability function because of its
partially negative values (see Part I), it is useful for the interpretation of var-
ious quantum effects. Neutron optics deals with massive particles, but can be
formulated in quantum-optical terms also including the Wigner function for-
malism [24]. When the spatial phase shift, applied inside the interferometer
to one coherent beam, becomes larger than the coherence length, spatially
separated coherent Schrödinger-cat-like states are produced, which exhibit
typical non-classical features and are notoriously fragile against any dissipa-
tions and fluctuations existing in any experimental arrangement, as will be
discussed in later sections.

7.1 Superposition of Wave Packets

In Sect. 2.1, the Wigner function has been defined and its properties have been
discussed. An especially simple expression of the Wigner function is derived
for the wave packet in Sect. 2.1.1 and is specified in (2.7). Here we apply the
Wigner formalism to neutron interferometry. The interference pattern behind
the interferometer is given by the coherent superposition of wave functions,
representing paths in arms I and II of the interferometer (Fig. 6.1). We have
a phase shifter in path I as displayed in (6.12). Its action introduces a phase
factor

e−ıχ ≡ eık0∆0 , ∆0 =
2π

k0

DP

Dλ0

, Dλ0 =
k0

Nbc
, (7.1)



98 7 Three Plate Interferometry in Phase-Space

where, instead of λ, the mean wave length λ0 = 2π/k0 of the wave packet has
been inserted. ∆0 denotes the order of the oscillations of intensity caused by
the phase shifter of thickness DP . The parameter Dλ0 is called λ0-thickness.
Behind the third plate of the interferometer, it is sufficient to consider only
the outgoing neutron beam that is parallel to the incident beam in front
of the apparatus (forward beam). The other (diffracted) beam exhibits a
complementary intensity pattern and does not require separate examination.
The superposition (s) of the wave functions in the forward direction reads

ψs(x, t,∆0) = ψ(x, t) + ψ(x + ∆0, t). (7.2)

ψ(x, t) is the wave function of the wave packet defined in (2.5).
The difference to the former considerations are apparent: for the super-

position in (6.12) the plane wave theory has been applied, where the incident
beam ψe = u0e

ı
−→
k −→r (see (5.34)) entails a superposition of plane waves of

certain amplitudes behind the interferometer. Hence, the modulation in in-
tensity as a function of phase shift χ is complete. However, in (7.2) wave
packets are used and an appropriate damped intensity behavior can be ex-
pected, as shown below. Instead of ψe, a wave packet such as (2.5) impinges
on the interferometer, giving rise to a superposition of wave packets behind
the interferometer. The absolute power is determined primarily by the crystal
functions v0(y) and vG(y) of (5.49) and integration over y, taking a certain
beam divergence into account. Here we do not attach great importance to
absolute intensities. Therefore the relation (7.2) is sufficient to describe the
interference phenomena that we are interested in.

Fourier transformation of ψs(x, t,∆0) leads to a superposition of Gaussian
wave packets in k-space:

αs(k,∆0) =
1√
2π

∫
ψs(x, t,∆0)e−ı(kx−Ωt)dx = α(k)[1 + eık∆0 ]. (7.3)

Here Ω = �k2/(2M) and α(k) is given in (2.3).

7.2 Wigner Function of Superposition

According to (4.3), the Wigner function of the superposition state (7.2) reads

Ws(x, k, t,∆0) =
1
2π

∫
ψ∗

s

(
x +

x′

2
, t,∆0

)
ψs

(
x − x′

2
, t,∆0

)
eıkx′

dx′.

(7.4)
The calculation leads to the following expression [36,37]:

Ws(x, k, t,∆0) = WWP (x, k, t) + WWP (x + ∆0, k, t)

+2 cos(k∆0)WWP (x +
∆0

2
, k, t). (7.5)
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This formula is described in detail and graphically displayed in the fig-
ures below. First of all, WWP (x, k, t) is identical to the Wigner function
of the wave packet defined in (2.7). The Wigner function of superposition
is simply the sum of the Wigner functions of two wave packets shifted
against each other by the phase shift ∆0 plus an oscillating part (inter-
ference term). Time t simply “distorts” the function WWP (x, k, t), depend-
ing on the velocity of the single plane waves in the wave packet. It does
not alter the phase shift and phase relations, and we shall omit the time
parameter subsequently. However, we bear in mind that a matter wave
packet spreads as it propagates. The explicit expression of Ws(x, k,∆0) now
reads

Ws(x, k,∆0) =
1
π

e−
(k/k0−1)2

2σ2 {e−2σ2(xk0)
2
+ e−2σ2(xk0+∆0k0)

2

+2 cos(k∆0)e−2σ2(xk0+∆0k0/2)2}, (7.6)

where σ = δk/k0. The variables k/k0 and xk0 are dimensionless. Figures 7.1
to 7.4 display this function. Thus, the Wigner function of the coherent
Schrödinger-cat-like states (7.2) becomes the sum of the Wigner function

Fig. 7.1. Wigner function Ws(x, k, ∆0) (7.6) for superposition of two wave packets:
σ = 1/100, interference order m0 = ∆0k0/(2π) = 0
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Fig. 7.2. Wigner function Ws(x, k, ∆0) (7.6) for superposition of two wave packets:
σ = 1/100, interference order m0 = ∆0k0/(2π) = 25

Fig. 7.3. Wigner function Ws(x, k, ∆0) (7.6) for superposition of two wave packets:
σ = 1/100, interference order m0 = ∆0k0/(2π) = 50
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Fig. 7.4. Wigner function Ws(x, k, ∆0) (7.6) for superposition of two wave packets:
σ = 1/100, interference order m0 = ∆0k0/(2π) = 100

of the two spatially shifted wave packets and a cross term oscillating more
rapidly in the case of increasing phase shifts ∆0k0. Schrödinger-cat-like
neutron states not only exist in split beam interference experiments, but
in spin-echo systems as well (see below). Both situations can be described
properly by the Wigner function formalism. It is important to note that inte-
gration over the momentum variable gives the spatial distribution
|ψs(x,∆0)|2, and integration over the spatial variable gives the momentum
distribution |αs(k,∆0)|2 (see Sect. 2.1 and the next section). This opens
the possibility of quantum state tomography, because both quantities can be
measured. It permits an interferometric measurement of the Wigner function,
which is equivalent to knowledge of the state wave function [38,39].

Coming back to the figures above, for higher interference order m0 =
∆0k0/(2π), the negative parts of the Wigner function are clearly identified.
One can observe how the wave packets become separated with increasing
interference order, and the oscillating part in between becomes more and more
pronounced. Attention should be paid to Fig. 7.2, where m0 = 25 is applied.
The wave packets begin to separate, and it can be seen that the mean square
deviation of momentum is considerably smaller (squeezed Wigner function)
than in the case m0 = 0 (Fig. 7.1). We shall come back to this later.
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7.3 Momentum and Position Spectra

As mentioned above, the momentum spectrum |αs(k,∆0)|2 is an integral of
the Wigner function over the spatial variable and we get:

|αs(k,∆0)|2 =
∫

Ws(x, k,∆0)dx = 2α2(k)
{

1 + cos
[

k

k0
(∆0k0)

]}
, (7.7)

where
α2(k) =

1√
2πσ2k2

0

e−
(k/k0−1)2

2σ2 . (7.8)

The detailed structure of the wave packets in momentum space is presented
in Figs. 7.5 to 7.8. Figure 7.5 displays the momentum spectrum as a function
of interference order m0 between 0 ≤ m0 = ∆0k0/(2π) ≤ 1. For m0 = 0,
the original Gaussian spectrum α2(k) is visible (k0 = 1 has been inserted).
For m0 = 1/2 (or ∆0k0 = π), the spectrum |αs(k,∆0)|2 is almost zero.
As mentioned before, we consider the forward beam of Fig. 6.1. Hence, (for
m0 = 1/2) the intensity can be found in the diffracted beam (not shown here).
This is a result of the dynamical theory of diffraction in a single crystal neu-
tron interferometer (see (6.5) and (6.13)), where the forward and diffracted
beams have opposite phase. Figure 7.6 exhibits a considerably smaller mean
square deviation of momentum in comparison with Fig. 7.5. The momentum

Fig. 7.5. Momentum spectrum |αs(k, ∆0)|2 (7.7) for superposition of two wave
packets: σ = 1/100, interference order 0 ≤ m0 = ∆0k0/(2π) ≤ 1
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Fig. 7.6. Momentum spectrum |αs(k, ∆0)|2 (7.7) for superposition of two wave
packets: σ = 1/100, interference order 25 ≤ m0 = ∆0k0/(2π) ≤ 26

Fig. 7.7. Momentum spectrum |αs(k, ∆0)|2 (7.7) for superposition of two wave
packets: σ = 1/100, interference order 50 ≤ m0 = ∆0k0/(2π) ≤ 51
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Fig. 7.8. Momentum spectrum |αs(k, ∆0)|2 (7.7) for superposition of two wave
packets: σ = 1/100, interference order 100 ≤ m0 = ∆0k0/(2π) ≤ 101

spectrum has been squeezed for m0 = 25. Figures 7.7 and 7.8 reveal more
and more the cosine-structure because of the higher interference order.

The position spectrum can be evaluated as mentioned before:

|ψs(x,∆0)|2 =
∫

Ws(x, k,∆0)dk =

√
2σ2k2

0

π

{
e−2σ2(xk0)

2
+ e−2σ2(xk0+∆0k0)

2

+2 cos(∆0k0)e−2σ2(xk0+∆0k0/2)2e−σ2(∆0k0)
2/2
}

. (7.9)

This function is drawn in Figs. 7.9 to 7.12. The space distribution of the non-
shifted wave packets is reflected in Fig. 7.9 (m0 = 0). In the case of m0 = 1/2,
the intensity is turned to the diffracted beam, as already discussed in Fig. 7.5.
For higher interference order (Figs. 7.11 and 7.12), the wave packets have
been completely separated, as can be seen very clearly. Even though the wave
packets have been entirely disconnected in space, their momentum spectra
exhibit a pronounced structure, as can be seen in Figs. 7.7 and 7.8. The
Wigner functions Figs. 7.3 and 7.4 accentuate both properties simultaneously.

7.4 Squeezing of Momentum Spectrum

Having figured out the momentum spectrum |αs(k,∆0)|2 and the position
spectrum |ψs(x,∆0)|2 of the superposition state behind the interferometer in
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Fig. 7.9. Position spectrum |ψs(x, ∆0)|2 (7.9) for superposition of two wave pack-
ets: σ = 1/100, interference order 0 ≤ m0 = ∆0k0/(2π) ≤ 1

Fig. 7.10. Position spectrum |ψs(x, ∆0)|2 (7.9) for superposition of two wave pack-
ets: σ = 1/100, interference order 25 ≤ m0 = ∆0k0/(2π) ≤ 26
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Fig. 7.11. Position spectrum |ψs(x, ∆0)|2 (7.9) for superposition of two wave pack-
ets: σ = 1/100, interference order 50 ≤ m0 = ∆0k0/(2π) ≤ 51

Fig. 7.12. Position spectrum |ψs(x, ∆0)|2 (7.9) for superposition of two wave pack-
ets: σ = 1/100, interference order 100 ≤ m0 = ∆0k0/(2π) ≤ 101
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(7.7) and (7.9), the intensity can be determined by

Is(X) =
∫

|ψs(x,∆0)|2dx =
∫

|αs(k,∆0)|2dk

= 2[1 + e−X2/2 cos(X/σ)]. (7.10)

The new variable X = (∆0k0)σ has been introduced, and Is(X) is drawn
in Fig. 7.13, top. As has already been mentioned in Sect. 6.2, the intensity
oscillations are damped due to the broadness σ = δk/k0 of the wave packet.
The exponential factor V = e−X2/2 is exactly the visibility function defined
in (3.17). For σ = 1/100 and X ≥ 3, the intensity oscillations are almost
completely damped out. This region is equivalent to (∆0k0) ≥ 300, and
Fig. 7.11 exhibits already complete separation of the wave packets. However,
the momentum spectrum (7.7) reveals a pronounced cosine-structure. This
proves again that the two beams are coherently interconnected in phase space
although they are completely disconnected in position space.

The new quantum states, created behind the interferometer, can be an-
alyzed with regard to their uncertainty properties. In the case of X = 0,
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Fig. 7.13. Top: intensity Is(X) (7.10). Mid: position uncertainty 〈(∆x)2〉s/(δx)2

(7.11). Bottom: momentum uncertainty 〈(∆k)2〉s/(δk)2 (7.12); σ = 1/100. For X =
π/2 (or ∆0k0 = π/(2σ) = 100π/2 or m0 = 1/(4σ) = 25) the momentum uncertainty
has a minimum and the momentum spectrum is squeezed (see Fig. 7.6)
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the dynamical conjugate variables x and k minimize the uncertainty product
with identical uncertainties (δx)2 = (δk)2 = 1/2 (in dimensionless units).
Using |ψs(x,∆0)|2 and |αs(k,∆0)|2 as distribution functions, we obtain for
Gaussian packets (for σ � 1) according to (4.5) and (4.7):

〈(∆x)2〉s
(δx)2

= 1 +
X2

[Is(X)/2]
(7.11)

and
〈(∆k)2〉s

(δk)2
= 1 − X2 e−X2

+ [Is(X)/2] − 1
{[Is(X)]2/4]} . (7.12)

These relations are shown in Fig. 7.13, indicating that for 〈(∆k)2〉s a value
below the coherent state value (δk)2 can be achieved, which in quantum optics
terminology means state squeezing [2, 6, 40]. One emphasizes that a single
coherent state does not exhibit squeezing, but a state created by superposition
of two coherent states can exhibit a considerable amount of squeezing. Thus,
highly non-classical states are made by the power of the quantum mechanical
superposition principle. The degree of squeezing can be further enhanced by
multi-plate interferometry (see the next sections). Properly formed squeezed
input states can be used in a Mach–Zehnder interferometer to produce optical
entangled states [41]. It should be mentioned that the general uncertainty
relation 〈(∆x)〉s〈(∆k)〉s ≥ 1/2 remains valid for squeezed states as well.

7.5 Q-Function

In Sects. 2.2, 2.3.4 and 2.3.6 we examined the Q-function from a theoretical
point of view. We have discussed the Q-function of various quantum states
(Fock states, coherent states, harmonic oscillator). Unlike the Wigner func-
tion, the Q-function has the nice property of being positive everywhere in
phase-space. Hence we are led to the question: why not use the Q-function
rather than the Wigner function? We recall that the Wigner function empha-
sizes the interference nature and hence the Wigner function is useful when
we want to study interference phenomena. However, it is instructive to inves-
tigate and introduce the Q-function in neutron interferometry, by comparing
it with the Wigner function.

7.5.1 Q-Function of a Wave Packet

First we study the Q-function of a wave packet. Going back to (2.19), the
Q-function is a Wigner function washed out by two Gaussian functions

f(k) =
1√

2π(δk)2
exp

{
− k2

2(δk)2

}
, g(x) =

√
2(δk)2

π
exp{−2(δk)2x2}.

(7.13)
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g(x), e.g., is exactly the ground-state position distribution ψ2
0(x) of a coherent

state, where (δk)(δx) = 1/2 (see 2.37). The Q-function then reads

Q(x, k) =
∫∫

f(k − k′)g(x − x′)W (x′, k′)dk′dx′. (7.14)

Using the Wigner function of a wave packet (2.7) (setting t = 0), we obtain

QWP (x, k) =
1
2π

exp
{
− (k − k0)2

4(δk)2
− (δk)2x2

}
=

√
WWP (x, k)

4π
. (7.15)

The appropriate distribution functions of momentum ϕ(k) and of position
γ(x) are:

ϕ(k) =
∫

QWP (x, k)dx =
1
2π

√
π

(δk)2
exp

{
− (k − k0)2

4(δk)2

}
,

γ(x) =
∫

QWP (x, k)dk =
1
2π

√
4π(δk)2 exp

{−(δk)2x2
}

. (7.16)

The Q-function is normalized to 1:∫∫
QWP (x, k)dkdx =

∫
ϕ(k)dk =

∫
γ(x)dx = 1. (7.17)

Using ϕ(k) and γ(x), the mean values are: 〈k〉 = k0, 〈k2〉 = k2
0 + 2(δk)2,

〈x〉 = 0 and 〈x2〉 = 1/[2(δk)2]. The uncertainties and the uncertainty relation
are:

〈(∆k)2〉Q = (δk)2, 〈(∆x)2〉Q =
1

(δk)2
, 〈(∆k)2〉Q〈(∆x)2〉Q = 1. (7.18)

This relation is noteworthy, because the minimum uncertainty relation of
a wave packet regarding the Wigner function (4.8) exhibits a value of 1/4
instead of 1 here. This is traced back precisely to the fact that the Q-function
is washed out by Gaussian functions, as seen in (7.14).

The Shannon entropy can be established according to (4.9) and (4.10)
using ϕ(k) and γ(x), and we get

(Hx + Hk)WP,Q − (Hx + Hk)WP,Wigner = ln(2) > 0, (7.19)

indicating that the Q-function has less information content with respect to
the Shannon entropy than the Wigner function.

7.5.2 Q-Function of Superposition

In analogy to (7.14), the Q-function of superposition reads

Qs(x, k,∆0) =
∫∫

f(k − k′)g(x − x′)Ws(x′, k′,∆0)dk′dx′. (7.20)
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Inserting (7.6), we achieve

Qs(x, k,∆0) =
1
2π

e−
(k/k0−1)2

4σ2

{
e−σ2(xk0)

2
+ e−σ2(xk0+∆0k0)

2

+2 cos
[
∆0

2
(k + k0)

]
e−σ2(xk0+∆0k0/2)2e−σ2(∆0k0/2)2

}
.

(7.21)

This function is drawn in Figs. 7.14 and 7.15. In comparison to Figs. 7.1 and
7.4, where the Wigner function is plotted, the Q-function is firstly two times
broader and two times lower, and secondly there are no oscillations in between
the cat-states. In addition, the Q-function is positive everywhere, of course.
The momentum and position spectra of the Q-function can be obtained by
integrating Qs(x, k,∆0) over the position and momentum variables, respec-
tively, and it turns out that these spectra are different from |αs(k,∆0)|2 and
|ψs(x,∆0)|2, which are derived from the Wigner function ((7.7) and (7.9)).
It is left to the reader to determine out these relations. Finally, it should be
mentioned that the normalization∫∫

Qs(x, k,∆0)dkdx = Is(X) (7.22)

is valid (see (7.10)).

Fig. 7.14. Q-function Qs(x, k, ∆0) (7.21) for superposition of two wave packets:
σ = 1/100, interference order m0 = ∆0k0/(2π) = 0
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Fig. 7.15. Q-function Qs(x, k, ∆0) (7.21) for superposition of two wave packets:
σ = 1/100, interference order m0 = ∆0k0/(2π) = 100

Comment: The Wigner functions Figs. 7.1 to 7.4 are more sensitive to the
quantum nature of these states than the Q-functions Figs. 7.14 and 7.15, as
we have seen already for the number states in Sects. 2.1.4 and 2.3.6. More
importantly, the Wigner function can display the “totality” of interference
effects associated with a quantum state [42].

7.6 Dephasing in Wigner Formalism

Dephasing or decoherence is an interesting phenomenon, related to the long-
standing issues of irreversibility. There is a widespread consensus about the
meaning of decoherence, viewed as a loss of quantum mechanical coherence
of a physical system in interaction with other systems (“environment”). How-
ever, a quantitative definition of dephasing or decoherence is subtle [43–45].

We have shown that coupling in phase-space persists even in cases where
the spatial wave functions originating from both coherent beam paths of
an interferometer do no longer overlap. In this case, the interference fringes
disappear, but an intensity modulation in the momentum distribution can
be observed (Figs. 7.8, 7.12 and 7.13, top picture). The Wigner function is
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especially suitable for demonstrating the appropriate interrelations in phase-
space, as shown in Fig. 7.4, where the region of interference demonstrates the
non-classical features of this quasi-distribution. However, exactly this region
is fragile against any dissipations and fluctuations. This fragility increases
with increasing spatial separation of the wave packets and is caused by un-
avoidable imperfections and uncertainties down to the atomic level and to
zero-point fluctuations.

Here, we will describe the influence of several dissipative and uncertainty
effects and their influence on dephasing, which is an inherent step towards a
measuring process [46,47]. The dissipative and uncertainty effects describe a
stochastic disturbance of the system due to a coupling of the quantum system
to the environment. Here we are dealing with stationary situations that exist
in the case of a stationary neutron source and a time-independent phase shift.

7.6.1 Influence of Inhomogeneities of the Phase Shifter

Any physical system has intrinsic fluctuations and inhomogeneities around
certain mean values. The roughness of the surfaces causes variations of
the thickness. Density fluctuations inside a phase shifter arise due to ther-
modynamical reasons and residual stresses. Thus, imperfections exist even
at zero temperature, and even a magnetic field used as phase shifter ex-
hibits intrinsic photon numbers and, therefore, fluctuations (see Part IV).
Here, we are dealing with fluctuations and inhomogeneities with dimensions
larger than the coherence lengths of the neutron beam. In this case, aver-
aging the different beam paths through the phase shifter accounts for these
effects.

The phase shifter may have variations of its thickness δDP around its
mean value DP0, and may have density variations δN around N0, which
influences the phase shift ∆0 = 2πDP Nbc/(k2

0) (7.1). In the case of Gaussian
distribution functions

G(DP − DP0) =
1√

2π(δDP )
exp

{
− (DP − DP0)2

2(δDP )2

}
, (7.23)

G(N − N0) =
1√

2π(δN)
exp

{
− (N − N0)2

2(δN)2

}
, (7.24)

and the constraints δDP /DP0 � 1 and δN/N0 � 1, one obtains for the
averaged Wigner function Ws(x, k,∆0) the expression

Ws(x, k,∆0) =
∫∫

G(DP − DP0)G(N − N0)Ws(x, k,∆0)dDP dN, (7.25)
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which means that a mixed state Wigner function is settled up (see (2.1) and
(1.15)). Inserting (7.6), the result is:

Ws(x, k,∆0) =
1
π

e−
(k/k0−1)2

2σ2

{
e−2σ2(xk0)

2
+

1√
1 + ε

e−2σ2(xk0+∆0k0)
2/(1+ε)

+2 cos
[
(k/k0)(xk0ε/2 − ∆0k0)

1 + ε/4

]
× 1√

1 + ε/4
e−2σ2(xk0+∆0k0/2)2/(1+ε/4)

× exp
[
− (k/k0)2ε/4

2σ2(1 + ε/4)

]}
, (7.26)

whereas the quantities ε and ∆0 have the following meanings:

ε = 4(σ∆0k0)2
[(

δDP

DP0

)2

+
(

δN

N0

)2
]

, ∆0 = 2πDP0N0bc/(k2
0). (7.27)

Figures 7.16, 7.17 and 7.18 can be compared to Figs. 7.1, 7.3 and 7.4. One
notices that the cross term of the Wigner function is much more strongly
influenced by the damping factor (last exponential factor in (7.26)) than the
Wigner functions of the individual separated packets. This behavior can be

Fig. 7.16. Wigner function Ws(x, k, ∆0) (7.26) for superposition of two wave pack-
ets: σ = 1/100, δN/N0 = 0.003, interference order m0 = ∆0k0/(2π) = 0
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Fig. 7.17. Wigner function Ws(x, k, ∆0) (7.26) for superposition of two wave pack-
ets: σ = 1/100, δN/N0 = 0.003, interference order m0 = ∆0k0/(2π) = 50

Fig. 7.18. Wigner function Ws(x, k, ∆0) (7.26) for superposition of two wave pack-
ets: σ = 1/100, δN/N0 = 0.003, interference order m0 = ∆0k0/(2π) = 100
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seen in the figures for the density fluctuation δN/N0 = 0.003. The damping
factor of the interference pattern shows that the dephasing effect depends
quadratically on the mean spatial displacement ∆0 of the packets (parame-
ter ε). According to (4.2), the coherence length is lc = 1/(2σk0) = 50Å (the
mean wave number k0 has been assumed to be k0 = 1Å−1 and σ = 1/100).
In Figs. 7.17 and 7.18 ∆0 = 100πÅ > lc and 200πÅ > lc, respectively.
This demonstrates the sensitivity of the interference region on fluctua-
tions for the spatial displacement parameter ∆0 larger than the coherence
length lc.

It can be seen that fluctuations wash out the cross term in any case, which
demonstrates that the coherent separation of Schrödinger-cat-like states be-
comes progressively more difficult with increasing separation, because even
small fluctuations have to be avoided.

7.6.2 Fluctuations of the Beam Parameter

The beam is described by a wave packet, and the characteristic parameters
k0 and δk have to be considered as fluctuating quantities as well. Such fluc-
tuations originate from unavoidable variations of the experimental setup due
to temperature variations, vibrations, etc. Assuming Gaussian fluctuations
of k0 around a mean value k0 with a variance δk0, it can be shown that this
is equivalent to a Gaussian increase of the momentum width δk:

(δk′)2 = (δk)2 + (δk0)2, (7.28)

and, therefore, (7.26) can still be used. Fluctuations of the spectral width
δk, which we denote by ∆(δk), may be caused by fluctuations of the colli-
mation width or vibrations of the monochromator, etc. Computer calcula-
tions [47] show that this effect on the Wigner function is rather small, be-
cause such fluctuations compensate, to a large extent, the usual beam fluctua-
tions δk.

7.6.3 Decoherence in Neutron Interferometry

A quantum-mechanical process such as a beam superposition in a neutron
interferometer is not an isolated process. The system interacts with its envi-
ronment. The results show that the off-diagonal terms of the density matrix,
which are related to the interference terms, become rapidly dephased at a
rate governed by the separation of the coherent states. It has been shown in
the last section that the influence of particle density inhomogeneities and of
a phase shifter’s surface in an interferometer result in a coherence loss of the
beams’ superposition. Now we are going to demonstrate that this loss of co-
herence can more generally be interpreted by a diffusion process in ordinary
space [48].
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To gain some insight into the physics described by dephasing, the one-
dimensional Fokker–Planck equation for the distribution function P (x, t) is
a useful starting point [49]:

∂

∂t
P (x, t) =

[
− ∂

∂x
A(x) +

1
2

∂2

∂x2
D(x)

]
P (x, t). (7.29)

The motion of the mean is governed by A(x). This term is called “drift term”.
D(x) acts as a “source of fluctuations”. If A = 0 and D is constant (diffusion
constant), the diffusion equation results:

∂

∂t
P (x, t) =

1
2
D

∂2

∂x2
P (x, t). (7.30)

The solution to this equation is well-known:

P (x, t) =
∫

P1(x, t|x0, 0)P (x0, 0)dx0. (7.31)

Here P1(x, t|x0, 0) is the conditional probability (Green’s function)

P1(x, t|x0, 0) =
1√

2πDt
exp

{
− (x − x0)2

2Dt

}
, (7.32)

which is a function of the space variable x and time t (Brownian motion).
In (7.31) P (x0, 0) denotes the initial condition. Both functions P1 and P are
solutions of the diffusion equation (7.30).

In the case of neutron interferometry, the superposition of wave packets
ψs is produced by means of a phase shift ∆0 in one of the arms of the
interferometer, as shown in (7.1) and (7.2). The Wigner function Ws(x, k,∆0)
of superposition is given in (7.6). If this function is used as an initial condition
P (x0, 0) (see (7.31)), the following expression can be established:

Ws(x, k,∆0) =
∫

P1(∆0, t|∆0, 0)Ws(x, k,∆0)d∆0, (7.33)

with the resulting conditional probability in this case being:

P1(∆0, t|∆0, 0) =
1√

2πDt
exp

{
− (∆0 − ∆0)2

2Dt

}
. (7.34)

Ws(x, k,∆0) is the mean of Ws(x, k,∆0) related to a mean phase shifting
value ∆0, as given in (7.26). However, here the parameter ε contains the
diffusion constant D and time t, which is the mean transmission time of the
beam through the phase shifter:

ε = 4(δk)2Dt. (7.35)
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Considering (7.34) the exponent contains the mean phase shifting ∆0, and
this quantity comprises, according to (7.27), parameters like the mean par-
ticle number N0 or the mean thickness DP0 of the phase shifter. Hence, the
exponent in (7.34) can be identified, e.g., with density fluctuations δN/N0,
and we obtain an equivalence such as

(∆0/∆0 − 1)2

2Dt/∆0
2 ≡ (N/N0 − 1)2

2(δN/N0)2
. (7.36)

Changing integration in (7.33) from ∆0 to N , the denominators in (7.36)
have to be equal and one reaches

ε = 4(δk)2Dt = 4(δk)2∆0
2
(δN/N0)2. (7.37)

If we compare this to (7.27), we recognize the correspondence with the second
part of the expression with respect to the parameter ε. The same considera-
tions can be made with the fluctuations of the thickness of the phase shifter.
Therefore we are led to the following differential equation of decoherence:

∂

∂t
Ws(x, k,∆0, t) =

1
2

∂2

∂∆0
2 Ws(x, k,∆0, t), (7.38)

where the parameter t has additionally been disclosed for clarity. This equa-
tion can immediately be proved by insertion. Equation (7.38) is a diffusion
equation of the Wigner function [43], and in this case “diffusion” appears as a
process in ordinary space. The damping of oscillations in the Wigner function
Ws of (7.26) is a general consequence of the non-unitary dynamics, caused in
this case by density inhomogeneities and surface roughness of a phase shifter
in an interferometer.

It can be concluded that decoherence in neutron interferometry can be
formally interpreted very simply by a “diffusion” process. However, it must
be emphasized that an interpretation of these dynamics as a result of ran-
dom kicks (as in classical theory) would mistakenly intermingle classical and
quantum concepts.



8 Four-Plate Interferometry in Phase-Space

We now discuss the case where an additional interferometer loop is used to
revive coherence properties, which appear to be hidden behind the first in-
terferometer loop. Such systems engender some interest, because there exist
coupled interferometer loops that are partly fed with coherent beams, in-
stead of incoherent beams as in the case of standard interferometers. The
wave functions and the intensities can be calculated by extending the meth-
ods applied to the triple-plate interferometer to a multi-plate system [50]. In
certain cases, the total interfering intensity can be higher than in the stan-
dard triple-Laue case interferometer. Multi-plate interferometers have again
demonstrated the linear superposition principle of quantum mechanics and
have stimulated discussion about coherent beam mixing and non-sharp par-
ticle or wave property determination [24].

Here we concentrate on double-loop systems. The system is described and
the coherence properties are expressed via Wigner and distribution functions.
Squeezing effects are discussed and correlations, as well as visibility aspects,
are investigated.

8.1 Double-Loop System

In Fig. 8.1 a double-loop system is shown, which is an extension of a standard
three-plate neutron interferometer (Fig. 6.1), and where a second loop is
added and separate phase shifters ∆ (see (7.1)) can be inserted in each loop.
Three path ways I, II and III can be distinguished and, therefore, three total
phase shifts:

∆I = ∆1A + ∆1B + ∆2B ,

∆II = ∆1A + ∆2AB + ∆3B ,

∆III = ∆2A + ∆3A + ∆3B . (8.1)

χA and χB are total phase shifts in loops A and loop B, respectively, and we
obtain:

χA = k0(∆II − ∆III),
χB = k0(∆I − ∆II),

χAB = k0(∆I − ∆III) = χA + χB. (8.2)



120 8 Four-Plate Interferometry in Phase-Space

KG K0

∆
2B

∆
3B

∆3A
∆2AB

∆2A ∆1A

∆1B

S

M1

A

M2

IIIIII

(Loop A)

(Loop B)

c
A

c
B

Fig. 8.1. Double-loop interferometer. Two loops A and B, beam splitter S, two
mirrors M1 and M2, analyzer A; K0 and KG denote intensities in the forward
and diffracted directions, respectively; χA is the total phase shift of loop A,
χB of loop B; three beam paths I, II and III; ∆ indicates a phase shifter (see
text)

The appropriate interference order parameters are mI = k0∆I/(2π), mII =
k0∆II/(2π) and mIII = k0∆III/(2π).

8.1.1 Superposition of Three Waves

Behind the interferometer, only the intensity K0 shows a maximum theo-
retical contrast of 100% because three wave functions of equal amplitude
superimpose [50]. These three wave functions are transmitted twice and re-
fracted twice each, as can be seen immediately from Fig. 8.1. Hence, behind
the interferometer in the forward direction the wave function can be written
as:

ψ0(x,∆I,∆II,∆III) = ψ(x + ∆I) + ψ(x + ∆II) + ψ(x + ∆III). (8.3)
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The wave packet in k-space is (compare to (7.3))

α0(k) = α(k)[eık∆I + eık∆II + eık∆III ]. (8.4)

α(k) is given in (2.3).

8.1.2 Wigner Function of the Double-Loop System

Now it is convenient to determine the Wigner function by means of (4.3),
where (8.4) is inserted. We obtain [51]

W0(x, k, t,∆I,∆II,∆III) = WI + WII + WIII + 2
{

WI,II cos
[(

k

k0
χB

)]
+WI,III cos

[(
k

k0
χAB

)]
+WII,III cos

[(
k

k0
χA

)]}
, (8.5)

with the following abbreviations:

Wi = WWP (x + ∆i, k, t),

Wi,j = WWP

(
x +

∆i + ∆j

2
, k, t

)
, i, j = I, II, III. (8.6)

WWP (x, k, t) is the Wigner function of a wave packet (2.7).
Figures 8.2 and 8.3 present the Wigner function of superposition (8.5) (for

t = 0) of three wave packets. It consists of three single Wigner functions due
to the three partial beams and of three interference terms. As can be seen, the
Wigner function of Fig. 8.2 exhibits a property of maximum squeezing, which
will be demonstrated explicitly in the next section. The spectral width of wave
numbers (k/k0-axis) is minimal, using the specified parameters. Figure 8.2
can be compared with Fig. 7.2. It can be observed that the Wigner function
in a double-loop arrangement is more squeezed than in a single-loop system.

8.1.3 Momentum Distribution and Squeezing

The momentum distribution function and the intensity can be expressed
through the Wigner function. The calculation of the momentum distribu-
tion |α0(k,∆I,∆II,∆III)|2 is easily performed by integrating W0 (8.5) over
the space coordinate x. One obtains:

|α0(k,∆I,∆II,∆III)|2 =
∫

W0(x, k, t,∆I,∆II,∆III)dx

= α2(k)
{

3 + 2
[
cos

(
k

k0
χB

)
+ cos

(
k

k0
χAB

)
+ cos

(
k

k0
χA

)]}
. (8.7)
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Fig. 8.2. Wigner function W0 in a double-loop interferometer according to (8.5).
Maximum squeezing appears for χ ≡ χA = χB = 50π or χ = π/(2σ), where
σ = 1/100 (see text); mI = 0, mII = 25, mIII = 50

Fig. 8.3. Wigner function W0 in a double-loop interferometer according to (8.5).
χA = χB = 100π, mI = 0, mII = 50, mIII = 100
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Fig. 8.4. Momentum distribution |α0(k, ∆I, ∆II, ∆III)|2 in a double-loop interfer-
ometer according to (8.7). Maximum squeezing appears for χ ≡ χA = χB = 50π
or χ = π/(2σ), where σ = 1/100; ∆IIk0 = 50π, ∆IIIk0 = 100π (or mII = 25,
mIII = 50)

This function is drawn in Fig. 8.4. This figure should be compared to Fig. 7.6,
where the squeezed spectrum for the three-plate interferometer has been vi-
sualized. In Fig. 8.4 the mean square deviation of momentum is considerably
smaller than that in Fig. 7.6.

The intensity is obtained by

I0(∆I,∆II,∆III) =
∫

|α0(k,∆I,∆II,∆III)|2dk

= 3 + 2[e−(σχB)2/2 cos(χB) + e−(σχAB)2/2 cos(χAB)

+e−(σχA)2/2 cos(χA)]. (8.8)

This function is displayed in Fig. 8.5, top, for parameters χ ≡ χA = χB and
thus, according to (8.2), χAB = 2χ . The scale is X = σχ. The momen-
tum uncertainty is determined according to (4.5) and (4.7) and we finally
obtain:

〈(∆k)2〉0
(δk)2

= 1 − 4
I2
0

(
I0

2
A + B + 2C

)
, (8.9)
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Fig. 8.5. Top: intensity I0(X) (8.8); bottom: momentum uncertainty
〈(∆k)2〉0/(δk)2 (8.9); σ = 1/100. For X = σχ = π/2 (χ = χA = χB) the mo-
mentum uncertainty has a minimum and the momentum spectrum is squeezed (see
Fig. 8.4)

where

A = EACA + EABCAB + EBCB ,

B = (EASA)2 + (EABSAB)2 + (EBSB)2,

C = EAEABSASAB + EAEBSASB + EABEBSABSB,

EA = e−(σχA)2/2, EAB = e−(σχAB)2/2, EB = e−(σχB)2/2,

CA = (σχA)2 cos(χA), CAB = (σχAB)2 cos(χAB), CB = (σχB)2 cos(χB),

SA = (σχA) sin(χA), SAB = (σχAB) sin(χAB), SB = (σχB) sin(χB).

(8.10)

The squeezing of the Wigner function in Fig. 8.2 or of the momentum distri-
bution in Fig. 8.4 above manifests itself in the mean square deviation expres-
sion of (8.9). In Fig. 8.5, bottom, this expression is visualized for the special
case χ = χA = χB = X/σ and σ = 1/100. A minimum of about 0.28 at
X = π/2 can be observed, which is actually further below the coherent state
value of a single minimum wave packet (value 1.00) than that of a three-plate
interferometer (minimum = 0.48, Fig. 7.13, bottom).
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8.2 Correlations in a Double-Loop Interferometer

In a double-loop neutron interferometer two and three beams are superposed
behind the first and second loops, respectively. Various correlations between
the wave functions, therefore, can be defined. While the momentum distrib-
ution can be measured by means of post-selection [24], the space distribution
is directly accessible via the visibility, which is expressed by an appropri-
ate correlation function. It is shown that the space distribution behind the
first loop can be represented by the visibility, which can be determined by
measuring intensities behind the second loop [52].

8.2.1 First Loop

In the forward direction behind the first loop, the wave function ψ1 is a super-
position of two beams of equal amplitudes, which have both been transmitted
once and reflected twice by Bragg reflection on the silicon single-crystal plates
of the interferometer (Fig. 8.6). Behind the second loop (after the fourth plate
in the forward direction), three beams of equal amplitude are combined (see
Sect. 8.1.1), each of which has been transmitted twice and reflected twice.
The resulting wave function is denoted by ψ2. A phase shift ∆1 is introduced
in one arm of the first loop. The superposition

ψ1(x) = c1[ψ(x) + ψ(x + ∆1)] (8.11)

∆2

∆1ψ

ψ1

ψ2

loop 1

loop 2

Fig. 8.6. The double-loop neutron interferometer: ∆1 and ∆2 are two phase
shifters, ψ denotes the incoming wave function, ψ1 and ψ2 are superpositions of
two and three beams, respectively
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of the two individual wave packets of equal amplitude behind the first loop
(c1 is a real constant and is defined by the dynamical theory of diffraction
(see Chap. 5)) leads to the intensity (7.10)

I1 =
∫

|ψ1(x)|2dx ∝ 2{1 + e−[σ(∆1k0)]
2/2 cos(∆1k0)}. (8.12)

The visibility is defined by (3.17) and leads to

V1(∆1) = e−[σ(∆1k0)]
2/2. (8.13)

Alternatively, the correlation Γ1(∆1) between the two beams leads to

Γ1(∆1) =
∫

ψ∗(x)ψ(x + ∆1)dx =
∫

α(k)2 exp(ik∆1)dk

= V1(∆1) exp(i∆1k0), (8.14)

where |Γ1(∆1)| = V1(∆1). Γ1(∆1) is an auto-correlation function, which is the
Fourier-transform of the momentum distribution α(k)2. From the definition
of the wave packet, one obtains the space distribution (see (2.6)) |ψ(x)|2 =
c. exp{−2[σ(xk0)]2}, where c = (σ)

√
2/πk0. From (8.13) it follows that the

space distribution is proportional to the visibility: |ψ(∆1/2)|2∝V1(∆1) when
x is substituted with ∆1/2. One can infer the space distribution of an indi-
vidual wave packet from the visibility, which can be measured by means of
intensities behind the first loop of the interferometer. It will be shown in the
next section that, to a certain degree, an analogous relation is valid behind
the second loop.

Both the momentum distribution |α1(k)|2 and the space distribution
|ψ1(x)|2 can directly be determined from the definition of the correspond-
ing wave packets ((7.7) and (7.9)):

|α1(k)|2 = 2c2
1α(k)2

{
1 + cos

[
k

k0
(∆1k0)

]}
, (8.15)

|ψ1(x)|2 = c.c2
1{ exp[−2σ2(xk0)2] + exp[−2σ2(xk0 − ∆1k0)2]

+2 cos(∆1k0) exp[−2σ2(xk0)2] exp[−2σ2(xk0 − ∆1k0)2]}. (8.16)

8.2.2 Second Loop

The superposition ψ2(x) = c2[ψ(x) + ψ(x + ∆1) + ψ(x + ∆2)] of three wave
packets of equal amplitude (c2 is a real constant) behind the second loop
entails the intensity (8.8)

I2 ∝ A1 + 2{exp[−σ2(∆2k0)2/2] cos(∆2k0)
+ exp[−σ2(∆2k0 − ∆1k0)2/2] cos[(∆2 − ∆1)k0]}, (8.17)
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where a second phase shift ∆2 and A1 = 3 + 2 exp[−σ2(∆1k0)2/2] cos(∆1k0)
have been defined. If the wave packets are separated, i.e., if σ(∆1k0) > 5 or
A1≈3, the visibility can be written as

V2(∆1,∆2)
= (2/A1){exp[−σ2(∆2k0)2/2] + exp[−σ2(∆2k0 − ∆1k0)2/2]}. (8.18)

Now a cross-correlation, which combines the superposition state behind the
first loop with the corresponding state including ∆2 in the second loop (see
Fig. 8.6) has to be set up:

Γ2(∆1,∆2) =
1
c1

∫
ψ∗

1(x)ψ(x + ∆2)dx = Γ1(∆2) + Γ1(∆2 − ∆1). (8.19)

The modulus of this cross-correlation is given by

|Γ2(∆1,∆2)|
=
√

e−X2
2 + e−(X2−X1)2 + 2 cos(X1/σ)e−X2

2/2−(X2−X1)2/2, (8.20)

where X1 = σ(∆1k0) and X2 = σ(∆2k0) and σ = (δk)/k0. The function
|Γ2(∆1,∆2)| is shown in Fig. 8.7. For small values of X1 and X2, the in-
terference behavior in space between the two beams ψ1(x) and ψ(x + ∆2)

Fig. 8.7. The correlation |Γ2(∆1, ∆2)|: σ = 0.2, X1 = σ(∆1k0), X2 = σ(∆2k0).
For X1 > 5 the wave packets are separated and |Γ2(∆1, ∆2)| becomes proportional
to the space distribution function |ψ1|2 behind the first loop
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is visible. If X1 > 5 is achieved, the oscillations are damped out and it can
be observed clearly that the function is split up into two parts. This split is
interpreted as separation of the wave packets due to a large phase shift ∆1.
In this region, the relation |Γ2(∆1,∆2)|∝V2(∆1,∆2) is valid. If, similarly to
in Sect. 8.2.1, the variable x is replaced by ∆2/2 and ∆1 by ∆1/2, the space
distribution for separated wave packets behind the first loop can be seen
to be proportional to the visibility: |ψ1(x→∆2/2,∆1→∆1/2)|2∝V2(∆1,∆2).
The important message of these considerations is that one can deduce the
space distribution behind the first loop of the interferometer (two-wave su-
perposition) from the measured visibility behind the second loop (three-wave
superposition).

8.3 Intensity and Visibility in a Double-Loop System

We are now able to determine the mean intensity levels of the forward and
diffracted beams behind an empty four-plate interferometer of this type. Var-
ious phase shifters and absorbers can be put into the arms of a double-loop
neutron interferometer. Below, it is shown that the intensities in the forward
and diffracted direction can be made equal, using certain absorbers. In this
case, the interferometer can be regarded as a 50/50 beam splitter. Further-
more, in this section, the visibilities of single and double-loop interferometers
are compared to each other, by varying the transmission in the first loop
using different absorbers. It will be shown that the visibility becomes exactly
1, using a phase shifter in the second loop. In this case, the phase shifter in
the second loop must be strongly correlated to the transmission coefficient of
the absorber in the first loop [53].

Here, again, we concentrate on coherence effects in a double-loop inter-
ferometer [24,50]. Figure 8.8 describes an extension of a standard three-plate
neutron interferometer, where a second loop is added by using a second mir-
ror crystal M2, and where various phase shifters ∆ and absorbers α can be
inserted in each loop. Both loops are coupled via beam (d) and, therefore,
most attention will be given to the action of an absorbing phase shift in
this beam. We focus on two phase shifters ∆d and ∆f and two absorbers
αd and αf in beams (d) and (f), respectively, because phase shifters or ab-
sorbers in beam (b) are of no additional significance. The main aim is to
find an interaction where small signals transmitted through phase shifter
∆d can be detected with high precision. In this respect, it is a search for
homodyne-like detection of weak neutron signals by the constraint that a
symmetric beam splitter does not exist in the case of diffraction from a
crystal. The new system consists of a coupled double-loop perfect crystal
system and provides a symmetric beam splitting or can serve as a basis of
homodyne neutron detection in a sense similar to that known for photon
beams [12].
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Fig. 8.8. Double-loop neutron interferometer similar to Fig. 8.1, but here we ac-
count additionally for two absorbers: ∆d and ∆f are two phase shifters, αd and
αf are two absorbers with transmissions Td = e−2αd and Tf = e−2αf , respectively.
K0 and KG denote the intensity in the forward and diffracted direction. There are
three beam paths: (acf) (path I), (adg) (path II) and (beg) (path III). The first
loop (A) is formed by the beams (adeb), the second loop (B) by the beams (cfgd).
Beam (g) is a superposition of beam (ad) and beam (be)

8.3.1 Intensity Aspects

From the dynamical theory of diffraction (Chap. 5), the wave function behind
the analyzer crystal in the forward direction, which is a superposition of three
waves due to the three pathways (see Fig. 8.8), reads as (see Sect. 5.5.2 and
(5.49))

ψ
(acf)+(adg)+(beg)
0 = ψee

iγv2
0(y)vG(y)vG(−y)[eik∆f−αf + eik∆d−αd + 1].

(8.21)

eiγ is a phase factor that is of no relevance in the following. The three terms
in (8.21) form a superposition of three wave functions that belong to the
three pathways (acf), (adg) and (beg). They have different phase shifts and
absorptions. The crystal functions defined above are equal for each of the
three wave functions, because each beam is transmitted (function v2

0(y)) and
diffracted (functions vG(y) and vG(−y)) twice, respectively.

The wave function in the diffracted direction behind the analyzer crystal
reads

ψ
(acf)+(adg)+(beg)
G = ψe′eiδv0(y)vG(y)[v0(y)v0(−y)eik∆f−αf

+vGvG(−y)(eik∆d−αd + 1)]. (8.22)

eiδ is again a phase factor of no relevance. From the last two equations, it
can be recognized that the three wave functions that are superimposed in the
forward direction (0) have the same number of reflections and transmissions,
but those in the diffracted direction G do not. Therefore, an unsymmetrical
intensity behavior can be expected in the diffracted direction, as shown below.

In order to compute the intensities K0 and KG behind the analyzer crys-
tal, the squared moduli of the wave functions, i.e., |ψ(acf)+(adg)+(beg)

0 |2 and
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|ψ(acf)+(adg)+(beg)
G |2, have to be taken into account. Because of the thickness

of about 0.5 cm of the crystal plates in Fig. 8.8, the quantity A = πD/∆0 
 1
in (5.39) causes very rapid oscillations of the terms sin2n(x) that appear in
these expressions. Therefore, the mean values of these trigonometric func-
tions can be used. One gets: sin2(x) = 1/2, sin4(x) = 3/8, sin6(x) = 5/16
and sin8(x) = 35/128 [28,50]. Moreover, integration over the variable y must
be performed because of the beam divergence, which has to be taken into
account. Finally a normalized Gaussian spectral distribution α2(k) (7.8) of
incoming wave numbers k is assumed. The intensities can now be calculated
(setting u0 = 1, see (5.47) to (5.50)) as follows (the limits of integration are
always −∞ and +∞):

K0 =
∫

α2(k)
[∫

|ψ(acf)+(adg)+(beg)
0 |2dy

]
dk =

79π

2048

{
1 + e−2αd + e−2αf

+ 2e−αde−(δk)2(∆d)2/2 cos(∆dk0) + 2e−αf e−(δk)2(∆f )2/2 cos(∆fk0)

+ 2e−(αd+αf )e−(δk)2(∆d−∆f )2/2 cos[(∆d − ∆f )k0]
}

,

(8.23)

KG =
∫

α2(k)
[∫

|ψ(acf)+(adg)+(beg)
G |2dy

]
dk =

π

2048

{
65(1 + e−2αd)

+ 417e−2αf + 130e−αde−(δk)2(∆d)2/2 cos(∆dk0)

−158e−αf e−(δk)2(∆f )2/2 cos(∆fk0)

−158e−(αd+αf )e−(δk)2(∆d−∆f )2/2 cos[(∆d − ∆f )k0]
}

.

(8.24)

Figure 8.9 plots K0 and KG for ∆d = 0 and αd = αf = 0 as a function of
∆f . If ∆f = 0, K0 = 711π/2048 and KG = 361π/2048. These results can
be found elsewhere [50]. One can recognize that the mean intensities of the
two beams are, in general, different (just like in single-loop interferometry,
(6.13)). The question arises as to whether these intensity levels can be made
equal by using special parameter values. The answer is yes. If one takes the
mean values of K0 and KG to be equal, i.e., [K0 − KG]∆f

= 0, one gets a
condition for αf :

αf = −1
2

ln
{

7
169

[ 1 + e−2αd + 2 e−αde−(δk)2(∆d)2 cos(∆dk0)]
}

≥ 0. (8.25)

Any absorption α has to be ≥ 0, because the transmission T = e−2α of a
beam obeys the relation 0 ≤ T ≤ 1. In the case of αd = 0 and ∆d = 0, the ab-
sorption αf becomes −(1/2) ln(28/169) = 0.8988. Figure 8.10 demonstrates
this example. In this case, the double loop interferometer may be regarded
as a 50/50 beam splitter by using an absorption element in a suitable arm of
the device. This is not possible using a single-loop interferometer.
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Fig. 8.9. Intensities K0 and KG of (8.23) and (8.24) behind the double-loop inter-
ferometer (see Fig. 8.8) for αd = αf = 0, ∆d = 0 and (δk)/k0 = 1/100. The level
of oscillations of K0 is below that of KG

8.3.2 Visibility Aspects of Single and Double-Loops

The visibility is defined as (3.17)

V =
Imax − Imin

Imax + Imin
. (8.26)

We distinguish two kinds of absorption processes: stochastic (sto) and de-
terministic (det) absorption [54]. In an interferometer, stochastic absorption
is realized by inserting an absorbing material in one arm of a beam (Fig. 8.8).
Deterministic absorption can be achieved by a chopper, which blocks the
beam path periodically or by partial reduction of the beam cross-section. In
the following, we investigate the visibility in a single and double-loop inter-
ferometer at low interference order (the coherence function is approximately
one).

a) Single-Loop Interferometer (Index 1) : If one phase shifter ∆d and one
absorber αd are put in beam path (d), the intensity Ig of beam g in the
forward direction behind the first loop A (Fig. 8.8) can be written as

Ig∝ | 1 + eik0∆d−αd |2 = 1 + Td + 2
√

Td cos(∆dk0), (8.27)
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Fig. 8.10. Calculated intensity oscillations of K0 and KG of (8.23) and (8.24)
considering the following parameters: αd = 0, αf = −(1/2) ln(28/169) = 0.8988,
∆d = 0 and (δk)/k0 = 1/100. The intensity levels are equal due to αf

where Td = e−2αd is the transmission probability of beam (d) and ∆dk0 is
the phase difference between the two beam paths. The visibility is, therefore,

Vsto1 =
2
√

Td

1 + Td
. (8.28)

For deterministic absorption we get

Ig ∝ | 1 + eik0∆d |2Td + ( 1 − Td) = 1 + Td + 2Td cos(∆dk0), (8.29)

Vdet1 =
2Td

1 + Td
. (8.30)

The difference between stochastic and deterministic absorption in a single-
loop neutron interferometer is drawn in Fig. 8.11 and has been discussed
in [54].

b) Double-Loop Interferometer (Index 2) : If ∆d and αd are placed in path
(d) and no phase shifter or absorber in beam path (f) (see Fig. 8.8), the
intensity is given as (see (8.23)):

K0 ∝ | 2 + eik0∆d−αd |2 = Td + 4 [ 1 +
√

Td cos(∆dk0)], (8.31)
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Fig. 8.11. Visibilities of single and double-loop interferometers. The visibilities
Vsto1 for stochastic (8.28) absorption and Vdet1 for deterministic (8.30) absorption
in a single-loop interferometer are shown as a function of transmission probability
Td in beam path (d). In the double-loop interferometer no phase shifter ∆f and no
absorber αf in beam path (f). In this case, the visibilities Vsto2 and Vdet2 of (8.32)
and (8.34) are smaller than in a single-loop device

Vsto2 =
4
√

Td

4 + Td
< 1. (8.32)

The deterministic case may be expressed as

K0 ∝ | 2 + eik0∆d |2Td + 4 ( 1 − Td) = Td + 4 [ 1 + Td cos(∆dk0)], (8.33)

Vdet2 =
4Td

4 + Td
< 1. (8.34)

In general, Vsto1 > Vsto2 and Vdet1 > Vdet2 for 0 ≤ Td ≤ 1 (Fig. 8.11).
An interesting case arises, if a phase shifter ∆f (and no absorption αf )

is inserted in beam path (f). The intensity then becomes

K0 ∝ | eik0∆d−αd + 1 + eik0∆f |2
= Td + 2

√
Td [cos(∆dk0) + cos(∆dk0 − ∆fk0)] + 4 cos2(∆fk0/2). (8.35)

If ∆f = 0, then (8.35) reduces to (8.31). If ∆fk0 = (2n + 1)π, then ei∆f k0 =
−1 and K0 ∝ Td. If 2nπ ≤ ∆fk0 ≤ (2n + 1)π, maxima of K0 are at ∆dk0 =
∆fk0/2 + 2nπ and minima at ∆dk0 = ∆fk0/2 + (2n + 1)π. These maxima
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and minima are interchanged in the range (2n + 1)π ≤ ∆fk0 ≤ (2n + 2)π,
and it is not necessary to consider this case separately. One gets:

K0, max
min

∝ Td ± 4 cos(∆fk0/2)
[√

Td ± cos(∆fk0/2)
]
, (8.36)

where the upper sign belongs to the maximum and the lower sign to the
minimum intensity. The visibility is

Vsto2∆f
=

4
√

Td cos(∆fk0/2)
4 cos2(∆fk0/2) + Td

. (8.37)

If ∆fk0 = 0, then Vsto2∆f
= Vsto2. If ∆fk0 = 2π/3, then Vsto2∆f

= Vsto1.
In particular, we emphasize the fact that the maximum of the function
Vsto2∆f

is at Td = 4 cos2(∆fk0/2), where Vsto2∆f
= 1. For a given trans-

mission Td in beam path (d), a phase shift ∆fk0 = 2arccos(
√

Td/2) in path
(f) should be chosen in order to achieve a visibility of one (Figs. 8.12 and
8.13)! Setting Td = 1, the relation Vsto2∆f

of (8.37) reduces to a formula that
has already been discussed in [55] (see Fig. 8.13).

An analogous equation can be derived for the deterministic case, which
reads

Vdet2∆f
=

4Td cos(∆fk0/2)
4 cos2(∆fk0/2) + Td

< 1, for Td < 1. (8.38)
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Fig. 8.12. Visibility Vsto2∆f (8.37) in a double-loop interferometer as a function
of transmission probability Td in beam path (d). A phase shift ∆fk0 is applied in
beam path (f). The visibility attains the value 1 for Td = 4 cos2(∆fk0/2)
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Fig. 8.13. Visibility Vsto2∆f (8.37) in a double-loop interferometer as a function
of phase shift ∆fk0 in beam path (f). A transmission probability Td is applied in
beam path (d). The visibility attains the value 1 for Td = 4 cos2(∆fk0/2), where
the four parameters Td correspond to the four parameters ∆fk0 in Fig. 8.12 via
this equation

In the case of deterministic visibility, the value of 1 cannot be achieved for
Td < 1.

In order to compare intensities and to assess possibilities for measure-
ments, Fig. 8.14 a,b,c presents values of K0 and KG as functions of the phase
shift ∆dk0 in beam path (d). From these figures it can be concluded that
in spite of strong absorption, small signals can be measured with visibility 1
and with sufficient intensity by adequately adjusting the phase shifter in the
second loop of the interferometer. However, as shown below, the procedure
described specifies an ideal situation and there is a limit for measuring weak
signals using such a technique.

It should be noted that, to describe real experimental situations, an addi-
tive term Iincoh must be introduced in (8.35) to represent the incoherent part
of the intensity (background intensity). The main reason for the incoherent
effects is non-interference because of crystal imperfection (the crystal lattice
planes are not absolutely parallel throughout the interferometer), as well as
lattice vibrations and small temperature gradients. The term Iincoh leads to
a new visibility V

′
sto2∆f

:

V
′
sto2∆f

=
4
√

Td cos(∆fk0/2)
4 cos2(∆fk0/2) + Td + Iincoh

. (8.39)
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Fig. 8.14. Intensities K0 and KG behind the double-loop interferometer (see
Fig. 8.8) as a function of the phase shift ∆dk0 in beam path (d). a) No absorption
in beam (d) (Td = 1) and no phase shift in beam (f) (∆fk0 = 0). Figure 8.14a
can be compared to Fig. 8.9. Note that in Fig. 8.14a the intensities K0 and KG are
plotted as a function of ∆dk0. b) Absorption in beam (d) (transmission Td = 0.1)
and no phase shift in beam (f). The intensities have been attenuated accordingly.
c) ∆fk0 = 2.824 has been chosen. This value corresponds to Td = 0.1 (see Figs. 8.12
and 8.13). K0 shows a visibility of 1 because of Imin = 0

This expression is always less than one for Iincoh > 0. In order to measure
weak signals (see Fig. 8.14c), the background intensity has to be as small as
possible. This could be a serious constraint for considering real experimen-
tal conditions using neutrons. It should be mentioned that the background
intensity has no influence on (8.25) concerning the 50/50 beam splitter sys-
tem. Note also that an additional empty phase, which is a signature of an
interferometer, does not affect the aforementioned considerations about the
intensity and visibility.

Finally, as shown in Chap. 3, Sect. 3.4 (Part II), we would like to point out
that similar results have been attained in double Mach–Zehnder interferom-
etry where photonic beams in fiber glass are used. Because a visibility near 1
is of great advantage for measuring largely attenuated beams, our approach
outlines a general method for investigating weak signals in double-loop inter-
ferometric devices.
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Two Comments on the Two-Loop System:

1. By a simultaneous measurement of the correlation function (see Sect. 8.2)
and of the modulated momentum distribution behind the interferometer,
the Wigner function of various quantum states can be reconstructed. A first
attempt of neutron quantum state reconstruction has been realized else-
where [56].

2. It should be mentioned that by using a two-loop neutron interferometer,
so-called geometrical phases can be investigated. Since Pancharatnam’s [57]
discovery in the fifties, a large amount of research work has been put into
the exploration of geometrical phases. In particular, Berry [58] showed that
a geometrical phase arises for the adiabatic evolution of a quantum me-
chanical state. In addition, neutron interferometry has been established as a
particularly suitable tool for studying basic principles of quantum mechan-
ics [24,59,60], providing explicit demonstrations [61] and facilitating further
studies [62, 63] of geometric phenomena in double-loop systems where phase
shifters and absorbers are applied.
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Spin Interferometry



9 Spin-Echo System

The neutron spin-echo technique has become a standard tool for condensed
matter research [25, 64]. In most cases the semi-classical description by Lar-
mor precession using the well-known Bloch equation is sufficient [65]. In this
case, the rotation angle depends on the time t = l/v that the neutron spends
in a perpendicular precession field of length l and, therefore, on the velocity
v of the neutron.

In this chapter we will show how beam polarization and its rotation within
a region of a constant magnetic field results from the interference of spin-
up and spin-down states. It is known that Larmor precession exists due to
the coherent superposition of a spin-up and a spin-down state with slightly
different momenta (see (9.10) below),

∆k =
|µ|BM

�2k
, (9.1)

caused by the Zeeman energy splitting (see (9.11))

∆E = �ωL = 2|µ|B, (9.2)

where µ = −1, 913µN denotes the magnetic moment of the neutron, µN =
5, 051.10−27J/T the nuclear magneton and B the strength of the precession
field. M denotes the mass of the neutron and ωL the Larmor frequency. This
Zeeman shift is orders of magnitudes smaller than the momentum width of
the beam and can, therefore, be neglected in most cases. A description based
on the Bloch equation can be used, which relates the precession angle

ϕ = ωLt =
2|µ|Bl

�v
(9.3)

to the velocity v of the neutron and the distance l the neutron travelling
inside the precession field.

More generally, the Larmor precession has to be seen as an interference
phenomenon in the longitudinal direction of the spin-up and the spin-down
components of the initial wave packet [66–68]. This leads to a spatial sepa-
ration of the wave packets and to non-classical states in neutron precession
experiments [69]. A quantum optical description will show how wave packets,
separated in ordinary space, become coupled in momentum space. The close
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connection to split beam interference experiments is striking and should be
mentioned [24]. The quantum optical description is even more appropriate
for the description of resonance spin-echo systems [26]. Neutron-photon in-
teraction within the resonance spin-rotator will be treated in the last chapter
of this book.

9.1 Basic Description and Formulation

The procedure of a spin-echo interferometer is sketched in Fig. 9.1.

a) π/2-Flip : The neutron beam, initially polarized parallel to the magnetic
guide field direction (say z), which stretches over the whole interferometer,
impinges on a flat flipper coil placed perpendicular to the beam. Inside this
coil (of magnetic field strength Bf ), the spin of each neutron will be turned
to 90◦ with respect to the guide field. This π/2-flip thus initiates Larmor
precessions, which act as clocks keeping track of the time elapsed since the
neutron hit the π/2-flipper.

b) Larmor Precessions : Inside a first magnetic field of strength B, the Lar-
mor precession angle ϕ of (9.3) is proportional to the time the neutron spends
traversing the field, i.e., it is a record of the individual neutron velocity v. The
quantity l is the length of the first magnetic field B between the π/2-flipper
and the π-flipper (= the field reversal in Fig. 9.1).

c) π-Flip (Field Reversal) : One of the two components of the neutron spin
in the plane of the precession (say the (x-y) plane) is inverted, the other
one is left unchanged, by a 180◦ turn around a properly chosen axis. This
has the effect that the spin angle ϕ is transformed into −ϕ with respect to
this axis.

Bf BfBB

Field reversal

Polarized incident beam

π/2 flip π/2 flip

Fig. 9.1. Sketch of the spin-echo interferometer (spectrometer) [25], see text



9.1 Basic Description and Formulation 143

d) Larmor Precession : Larmor precession in a second field region (B′ of
length l′) will add another angle ϕ′ to the apparent precession angle −ϕ up
to the second π/2-flipper. At a possible sample between the field reversal and
the second magnetic field B′ (the sample is not shown here) the velocity of
the neutron could have changed from v to v′. Therefore, we can write:

−ϕ + ϕ′ = −2|µ|
�

(
Bl

v
− B′l′

v′

)
. (9.4)

If B′ = B, l′ = l and v′ = v (no sample) (this case is drawn in Fig. 9.1), the
difference of angles −ϕ + ϕ′ = 0.
e) π/2-Flip : The 90◦ flip turns one (say x) component of the precessing
polarization parallel to the guide field direction (say z). Hence, the initial
state has been recovered (spin-echo).

The basic idea of spin-echo is that in a static magnetic field, the Larmor
precession of the neutron polarization results from the beating of two waves
of different k vectors (Zeeman splitting) and equal frequencies (constant total
energy). The beat pattern is static, i.e., the spin direction at a fixed point in
the magnetic field does not change with time. At high precession numbers,
the polarization becomes equally distributed in the plane perpendicular to
the magnetic field due to the velocity distribution of the neutrons. This effect
can be retrieved by reversing the spin rotation in a second magnetic field (Fig.
9.1). We describe the process of spin rotation in the magnetic field quantum-
mechanically using wave packets. The results will be discussed below under
the aspect of the Wigner function taking into account intrinsic fluctuations
of the magnetic field. This point of view is relevant, because coherence effects
are strongly influenced thereby.

9.1.1 Wave Functions and Polarization

First we consider a monochromatic beam of particles. The beam is polar-
ized in the positive x-direction and can be described by the following wave
vector [1]:

|ψi〉 = f |+〉x = f
1√
2
(|+〉z + |−〉z), f = eıkx−ıωt, (9.5)

where we have used the z-direction as the quantization axis. The spin states
are

|+〉z =
(

1
0

)
, |−〉z =

(
0
1

)
. (9.6)

We recall that

|±〉x =
1√
2
(|+〉z ± |−〉z), |±〉y =

1√
2
(|+〉z ± ı|−〉z),

−→σ = (σ̂x, σ̂y, σ̂z), σ̂x|±〉x = ±|±〉x, σ̂y|±〉y = ±|±〉y, σ̂z|±〉z = ±|±〉z,
σ̂x =

(
0 1
1 0

)
, σ̂y =

(
0 −ı
ı 0

)
, σ̂z =

(
1 0
0 −1

)
. (9.7)
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σ̂x, σ̂y, σ̂z are the Pauli matrices. The amplitude factor f describes a plane
wave. E = �ω is the constant total energy.

The beam now enters a first static magnetic field of strength B that points
to the z-direction. Inside this field, the single spin components of |ψi〉 are now
influenced by Zeeman splitting, and the wave vector is a superposition of spin
components with different amplitude factors

|ψ〉 =
1√
2
(f+|+〉z + f−|−〉z), f± = eık±x1−ıωt. (9.8)

x1 denotes a certain position of the particle in the first magnetic field B. The
wave numbers k± are derived from the equation

E = �ω =
�

2k2

2M
=

�
2k2

±
2M

± |µ|B = E± ± |µ|B. (9.9)

Because (see (9.1))

�
2

2M
(k + k±)(k − k±) = ±|µ|B → k± = k ∓ ∆k,

∆k ≈ M |µ|B
�2k

=
ωL

2v
,

∆k

k
≈ |µ|B

2E
� 1, (9.10)

where v = �k/M is the velocity of the neutron. The kinetic energies E± =
E ∓ |µ|B of the spin components differ from E by a very small amount:

∆E = E− − E+ = 2|µ|B. (9.11)

The components of the polarization vector
−→
P = (Px, Py, Pz) can be deter-

mined by using the Pauli matrices and |ψ〉:

Px = 〈ψ|σ̂x|ψ〉 =
1
2
(f+f∗

− + f∗
+f−) = cos[2(∆k)x1],

Py = 〈ψ|σ̂y|ψ〉 = ı
1
2
(f+f∗

− − f∗
+f−) = sin[2(∆k)x1],

Pz = 〈ψ|σ̂z|ψ〉 = 0. (9.12)

The polarization vector
−→
P rotates in the magnetic field as a function of the

position coordinate x1 and lies in the x-y plane. If x1 ≡ l, we get (9.3)

2(∆k)x1 ≡ ωL
l

v
= ϕ. (9.13)

9.1.2 Mean Intensity of the Wave Packet

In order to measure the intensities J±i(k) of i-polarized particles (i = x, y, z),
the corresponding spin operator Â±i has to be applied:
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Â±i = |±〉i i〈±| =
1
2
(1̂ ± σ̂i), (9.14)

where the Pauli matrices (9.7) have been inserted. According to the concept
of the expectation value (1.17), the mean value J+x(k) of particles polarized,
e.g., in the (+x)-direction is given by (	̂ = |ψ〉〈ψ|)

J±x(k) = 〈Â±x〉 = Tr(	̂Â±x) = 〈ψ
∣∣∣∣12(1̂ ± σ̂x)

∣∣∣∣ψ〉
=

1
2
(1 ± Px) =

∣∣∣∣12(f+ ± f−)
∣∣∣∣2 =

1
2
{1 ± cos[2(∆k)x1]}. (9.15)

In a similar manner we get

J±i(k) =
1
2
(1 ± Pi), i = x, y, z. (9.16)

The y-components can be constructed as follows:

J±y(k) =
1
2
(1 ± Py) =

∣∣∣∣12(f+ ∓ ıf−)
∣∣∣∣2 =

1
2
{1 ± sin[2(∆k)x1]}.

The z-components are constant, and we obtain

J±z(k) =
1
2
.

J±i(k) depends on k via ∆k (9.1). Instead of a monochromatic beam, we
introduce the concept of a wave packet in order to take into account a slightly
polychromatic beam, bearing in mind a Gaussian distribution α2(k) of wave
numbers k (7.8). Multiplying this distribution with J±i(k), we are led to the
related spectral intensity distribution

|α±i(k)|2 = α2(k)J±i(k). (9.17)

We define the parameter τ as

τ =
∆k0

k0
≈ ∆k

k
� 1, ∆k0 =

|µ|BM

�2k0
, (9.18)

assuming σ = δk/k0 � 1. We consider the (+x)− direction of spins and
hence, we obtain

|α+x(k)|2 = α2(k)
1
2

{
1 + cos

[
2τ

k

k0
(x1k0)

]}
. (9.19)

The integrated intensity reads

I+x =
∫

|α+x(k)|2dk =
1
2
{1 + cos[2τ(x1k0)]e−2(στ)2(x1k0)

2}. (9.20)

Let m1 be the number of spin rotations in the first magnetic field. Then m1

can be obtained via the relation 2τ(x1k0) = 2πm1 or m1 = τ(x1k0)/π and
the above formulas can be expressed by this parameter.
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9.1.3 Wigner Function and Spectra

In order to obtain the Wigner function W+x of, say, (+x)-polarized neutrons
we consider (4.3). What we need is an expression for α+x(k). This is best
achieved by inferring from (9.17) and (9.15):

α+x(k) =
1
2
α(k)[f+ + f−]∗. (9.21)

These considerations lead to the following Wigner function [70]:

W+x(x, k, x1, σ, τ) =
1
4π

e−
(k/k0−1)2

2σ2

{
e−2σ2[xk0−(1−τ)x1k0]

2

+e−2σ2[xk0−(1+τ)x1k0]
2

+2 cos
(

2τ
k

k0
x1k0

)
e−2σ2(xk0−x1k0)

2
}

. (9.22)

Here x1 means, as mentioned, a definite position of the particle in the first
magnetic field B (Fig. 9.1). Figures 9.2 to 9.4 display three Wigner functions
for a parameter τ = 1.10−4 and for three different “positions” x1k0 of the

Fig. 9.2. Wigner function (9.22) at the beginning of the first magnetic field B
(Fig. 9.1)
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Fig. 9.3. Wigner function (9.22) in the first magnetic field B (Fig. 9.1). Number
of rotations m1 = τ(x1k0)/π = 200/π = 63, 662. “Distance” of Schrödinger-cat-like
states ∆ = 2τ(x1k0) = 400

neutron in the first magnetic field B. If x1k0 increases, the Schrödinger-cat-
like states begin to separate from each other. The difference ∆ between these
states is given by

∆ = 2τ(x1k0). (9.23)

The position spectrum is obtained by means of

|ψ+x(x)|2 =
∫

W+x(x, k, x1, σ, τ)dk =
1
4

√
2σ2k2

0

π
{e−2σ2[xk0−(1−τ)x1k0]

2

+e−2σ2[xk0−(1+τ)x1k0]
2

+2 cos(2τx1k0)e−2σ2[xk0−x1k0]
2−2(στx1k0)

2}, (9.24)

and the momentum spectrum |α+x(k)|2 is given by (9.19):

|α+x(k)|2 =
∫

W+x(x, k, x1, σ, τ)dx. (9.25)

This function is plotted in Fig. 9.5 using the same parameters as for the
Wigner function above.
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Fig. 9.4. Wigner function (9.22) in the first magnetic field B (Fig. 9.1). The number
of rotations m1 = τ(x1k0)/π = 400/π = 127, 324. The “Distance” of Schrödinger-
cat-like states ∆ = 2τ(x1k0) = 800

So far we have considered (+x)-polarized neutrons in (9.21). On the other
hand, (−x)- and (±y)-polarized neutrons can be accounted for as well, and
we get for the corresponding distribution functions

α−x(k) =
1
2
α(k)[f+ − f−]∗, α±y(k) =

1
2
α(k)[f+ ∓ ıf−]∗.

The results are similar and easily obtained and, therefore, we omit a detailed
presentation of the calculation procedure.

9.1.4 Squeezing of Spectra

Similarly as in Sect. 7.4, we can evaluate, e.g., the momentum uncertainty

〈(∆K)2〉
(δk)2

= 1 − X2 e−X2
+ 2I+x − 1
4I2

+x

, (9.26)

where I+x = [1 + exp(−X2/2) cos(X/σ)]/2 has been taken from (9.20) and
X = 2στx1k0. Equations (9.26) and (7.12) are comparable except for the
different normalization of the intensities I+x and Is(X) (7.10), respectively.
Therefore, Fig. 7.13 (bottom) can be used for visualization as well. This
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Fig. 9.5. |α+x(k)|2 from (9.19) for τ = 10−4 and σ = 10−2. The quantities x1k0

correspond to those of Figs. 9.2 to 9.4

proves that for X = π/2, or rather for a position coordinate x1 = π/(4στk0),
a squeezed momentum spectrum exists in the first magnetic field.

9.2 Dephasing and Spin-Echo
After Two Magnetic Fields

We already pointed out in Sect. 7.6 that any physical system has intrinsic
fluctuations and inhomogeneous properties around certain values. There we
discussed density fluctuations and the surface roughness of a phase shifter in
neutron interferometry. Here we take into account fluctuations κ = δB/B0

of the magnetic field, which are also assumed to be Gaussian:

G(B − B0) =
1√

2π(δB)
exp

{
− (B − B0)2

2(δB)2

}
, (9.27)

where B0 is the mean value of B. Below, we shall average the Wigner function,
as well as the intensity and the spectra, using this Gaussian function with
respect to the fluctuations of the magnetic fields.

According to the spin-echo method, the beam enters a second magnetic
field of the same strength but pointing to the opposite direction in comparison
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to the first field (see Fig. 9.1). If, in addition, the second magnetic field also
has the same length, all rotations of the individual particles can be turned
back completely and the beam is again polarized in the x-direction upon exit
form the second field. In order to calculate the related functions, we define
the number of spin rotations m1 = τx1k0/π and m2 = τx2k0/π in the two
magnetic fields, respectively. We notice that m2 has to be set = 0 in the first
magnetic field (0 ≤ m1 ≤ m1,max) and m1 = m1,max in the second magnetic
field (0 ≤ m2 ≤ m2,max).

The following abbreviations are used in the formulas below, where fluc-
tuations κ are included:

γ′ = |m1 − m2|, β = 2σκπ(m1 + m2), β1 =
√

1 + β2, κ = δB/B0. (9.28)

The averaged intensity I+x, the averaged momentum distribution |α+x(k)|2
and the averaged Wigner function W+x(x, k, x1, σ, τ, κ) are finally obtained:

I+x =
1
2

{
1 +

1
β1

cos
(

2πγ′

β2
1

)
exp

[
− 1

β2
1

(
2π2σ2γ′2 +

β2

2σ2

)]}
, (9.29)

|α+x(k)|2 =
1√

2πσ2k2
0

1
2

exp

[
− 1

2σ2

(
k

k0
− 1

)2
]

×
{

1 + cos
(

2π
k

k0
γ′
)

exp
[
−β2 (k/k0)2

2σ2

]}
, (9.30)

W+x(x, k, γ′, β, σ, τ) =
1
4π

exp

[
− 1

2σ2

(
k

k0
− 1

)2
]

×
{

A+ + A− + 2A0 cos
(

2π
k

k0
γ′
)}

, (9.31)

A± =
1
β1

exp
{
−2σ2

β2
1

(π

τ

)2

[m − γ′(1 ± τ)]2
}

,

A0 = exp
{
−2σ2

(π

τ

)2

[m − γ′]2 − β2 (k/k0)2

2σ2

}
, (9.32)

where m = τxk0/π is connected to the position coordinate x. Equation (9.29)
describes intensity oscillations of x-polarized neutrons. They are damped by
an exponential factor that is proportional to the square of the number of ro-
tations. For zero fluctuations of B (β = 0, β1 = 1), the initial intensity (9.20)
can be restored if m1 = m2 (or γ′ = 0). The momentum distribution (9.30)
is proportional to the original Gaussian k-spectrum, which is modulated by a
damped cosine term whose frequency depends on γ′ = |m1−m2|. The Wigner



Fig. 9.6. Behavior of the Wigner function (9.31) without (κ = 0, left row) and
with field fluctuations (κ = 0.002, right row), see text. τ = 10−4, σ = 10−2
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function (9.31) is depicted in Figs. 9.6 and 9.7. If m1 = m2 = 0, (or γ′ = 0), a
double Gaussian peak in space (variable m = τxk0/π) and momentum (vari-
able k/k0) appears. If, for example, m1 = 127.324 and m2 = 0, i.e., at the end
of the first magnetic field (we choose m1,max = m2,max = 127.324), a typical
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Fig. 9.7. Continuation of Fig. 9.6

Schrödinger-cat-like state is achieved (identical to Fig. 9.4). The oscillating
term between the cat states is clearly visible. However, if κ = 0.002, these
oscillations are considerably attenuated, as can be seen on the right-hand side
of the picture. The initial state can again be obtained in a second magnetic
field (Fig. 9.7). At the end of this second magnetic field, which has the same
length and strength (Fig. 9.1), we have m1 = m2 = 127.324. If κ = 0.002, the
cosine-term has been damped out completely and the initial double Gaussian
peak has almost been halved. This demonstrates that the coherent separation
of a Schrödinger-cat-like state becomes progressively more difficult with in-
creasing spatial separation, which will result in an upper limit for separation
when zero-point fluctuations are considered. The vanishing of the oscillating
structure of the Wigner function indicates the transition from a superposed
coherent state to a mixed state. This is equivalent to the disappearance of
the off-diagonal terms of the density matrix (1.15).

The decoherence approach has many appealing aspects. It starts with the
observation that quantum mechanical predictions are different for closed and
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open systems. There are always influences from the environment that destroy
the phase relations between the superposed states of a real quantum state.
Therefore, this dephasing washes out the interference terms and results in a
statistical mixture that describes the probabilities for the specific outcomes
of an experiment [43–45]. The decoherence approach is seen as a rather prag-
matic one and it cannot exactly discern between micro and macro-systems.
Various calculations show that the influence of fluctuation is minimized for
Gaussian (coherent) states, but increases strongly for non-classical states, like
Schrödinger-cat-like states, as shown above [6,34]. The decoherence approach
gives a realistic interpretation of the measurement process and provides a
theory of dissipation (see also Sect. 7.6). The paper by W.H. Zurek [71] ex-
cellently reviews progress in the field, focusing on decoherence and the emer-
gence of classicality and offering a preview of the future of this fundamental
area.

9.3 Influence of Space-Dependent Inhomogeneities
of Magnetic Fields

The process of averaging as a consequence of unknown fluctuations by us-
ing single Gaussian functions like (9.29) for a magnetic field, or (7.23) and
(7.24) for thickness or density of a phase shifter, respectively, is definitely
a relatively coarse, albeit simple, mathematical trick for describing mixed
states in interferometry. In doing so, one is pretending that, e.g., every point
in the magnetic field is totally correlated with every other point with re-
spect to fluctuations, because no distinction has been made about the spatial
distribution of the fluctuations. One can expect that this type of averag-
ing yields the strongest possible damping of the interference term discussed
above.

One step towards an improvement of the situation would be to take into
account the two-dimensional Gaussian distribution functions G2(B,B′) of
magnetic field fluctuations. Two-dimensional Gaussian functions have already
been defined in Chap. 1, (1.4). Therefore, we write

G2(B,B′) =
1

2π(δB)2
√

1 − ρ2
exp

{
− 1

2(δB)2(1 − ρ2)
[(B − B0)2

−2ρ(B − B0)(B′ − B0) + (B′ − B0)2]
}

, (9.33)

correlating a magnetic field strength B (say at position x) with another
(slightly different) value B′ (say at position x′). The mean value B0 and
the mean deviation (δB) of B and B′ should be the same. −1 ≤ ρ ≤ 1
is the correlation coefficient. ρ = 1 means “correlated”, ρ = 0 means “not
correlated”, ρ = −1 means “anti-correlated”.
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Some properties of G2(B,B′) are:

a)
∫∫

G2(B,B′)dBdB′ = 1 ... normalization

b)
∫

G2(B,B′)dB′ = G(B − B0) ... marginal distribution

c)
∫

G2(B,B′)dB = G(B′ − B0) ... marginal distribution

d) G2(B,B′, ρ = 0) = G(B − B0)G(B′ − B0) ... independent variables

e) σ12 =
∫∫

(B − B0)(B′ − B0)G2(B,B′)dBdB′ = (δB)2ρ ... covariance

f) G2(B,B′) = G(B − B0) 1
ε
√

π
exp

{− 1
ε2 [ρ(B − B0) − (B′ − B0)]2

}
,

ε =
√

2(δB)
√

1 − ρ2, lim
ε→0

1
ε
√

π
exp

{
−x2

ε2

}
= δ(x), lim

ρ→1
G2(B,B′)

= G(B−B0)δ(B−B′), lim
ρ→−1

G2(B,B′) = G(B−B0)δ[−(B +B′)+2B0].

The next step is to average the Wigner function W+x (9.22) using
G2(B,B′). The outcome is denoted by W̃+x:

W̃+x =
∫∫

G2(B,B′)W+xdBdB′. (9.34)

If we consider property f) above, it is obvious that B (which is contained in
the parameter τ , (9.18)) in (9.22) should be with (B + B′)/2. In doing so,
both B and B′ are kept in mind for the process of averaging. After inserting
W+x, the integral can be carried out and we obtain after a somewhat longer,
but elementary, calculation the following result:

W̃+x = W+x

[
β2 ⇒ β2

2
(1 + ρ)

]
. (9.35)

Here W+x is the Wigner function (9.31), which is a result of averaging W+x

over a single Gaussian function G(B − B0). Thus, we can use W+x simply
by replacing β2 with β2(1 + ρ)/2 in order to obtain W̃+x.

Some special cases can be distinguished:

1. W̃+x(ρ = 1) = W+x ... maximum damping (correlated).
2. W̃+x(ρ = −1) = W+x ... no damping (anti-correlated), equivalent to

β = 0.
3. W̃+x(ρ = 0) = W+x[β2 ⇒ β2/2] =

∫∫
G(B − B0)G(B′ − B0)W+xdBdB′

... mean damping (not correlated).
This case is probably the most reasonable one, because uncorrelated field

fluctuations are supposed to be realistic.
It should be mentioned that time-dependent fluctuations of the magnetic

field can also be considered as giving rise to a particular characteristic damp-
ing behavior [72].
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9.4 Experimental Verification

In an experiment described in [69], the generation of non-classical quantum
states was investigated with a single homogeneous precession field with suf-
ficiently low strength to resolve the wiggles by medium resolution time-of-
flight spectroscopy. A polarized polychromatic neutron beam (δλ/λ0 = 0.27)
with a mean wavelength λ0 = 0.37 nm non-adiabatically enters and leaves a
magnetic field of mean strength B = 0.28 Tm, which is orientated perpendic-
ular to the polarization direction of the particles. The length of the field is
L = 0.57m. This field causes a Zeeman splitting of the wave packet into two
components with different momenta, which finally also leads to a separation
in real space. According to (9.19), the momentum distribution of the neu-
trons that enter and leave the precession field with their polarization aligned
along the (+x)-axis is given by (x1 ≡ L)

|Φ+x(k)|2 ∝ |Φ0(k)|2{1 + cos[2L(∆k)]},

where |Φ0(k)|2 is the incident momentum spectrum and τ = 1.4 × 10−6

according to (9.18) and the parameters given above. Treating the incident
wavelength spectrum for reasons of simplicity as Gaussian, one obtains
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Fig. 9.8. Comparison of experimentally measured (full circles) and theoret-
ically calculated ((9.36), full line) wavelength spectra [69]. The transmission
spectrum |Φ0(λ)|2 (open circles) measured without any precession field is also
shown
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|Φ+x(λ)|2 ∝ exp
[
− (λ − λ0)2

2(δλ)2

]{
1 + cos

[
γMBL

�
λ

]}
. (9.36)

Here γ = 2µ/� is the gyromagnetic ratio. It becomes apparent from
Fig. 9.8 that, in spite of this simplifying assumption, there is a reasonably
good agreement between the theoretically calculated and the measured wave-
length spectra. In particular, the respective positions of the intensity maxima
coincide. However, it is conclusive that their relative heights cannot be re-
produced with similar accuracy. The spectrum measured without precession
field is also indicated in Fig. 9.8. Notice that the plotted curve is not just
a least-squares fit to the experimental data (except, of course, of the back-
ground intensity), but is calculated analytically according to (9.36) using the
specific experimental parameters for λ0, (δλ), B and L.
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10.1 Dynamical Spin-Flip

The crucial requirement of strong and homogeneous magnetic fields in spin-
echo spectrometers can be circumvented by the so-called zero-field spin-echo
method [26,73]. In this case, the spin rotation is achieved by a neutron mag-
netic resonance system (Fig. 10.1). A rotating field B1 (frequency ω) is su-
perposed to a static guide field B0, such that the resulting magnetic field−→
B (t) can be written as

−→
B (t) =

⎛⎝B1 cos(ωt)
B1 sin(ωt)

B0

⎞⎠ . (10.1)

The Pauli equation (see below) can be solved exactly for this potential using
plane waves. For a beam initially polarized in the z-direction, the wave func-
tion behind the resonance system (dynamical π/2- spin-flip) can be calculated
and conditions for a complete spin-reversal can be obtained.

Such a neutron magnetic resonance system (Rabi flipper) represents a
time-dependent interaction, so that in addition to the spin rotation an energy
exchange occurs according to the Zeeman energy (9.2) ∆E0 = �ωL = 2|µ|B0

as shown in the next section. In a zero-field spin-echo system, a π/2 spin
rotation is applied at the beginning, a π-rotation at the middle and an ad-
ditional π/2-spin rotation at the end. The phases of the flipper fields are
synchronized. Thus a spin-up | ↑ 〉 ≡ |+〉z and a spin-down state | ↓ 〉 ≡ |−〉z
with a slightly different energy interfere with each other, which results in a
Larmor rotation in the x/y-plane even in a zero magnetic field. The neutrons
also accumulate a velocity-dependent phase (because t = l/v) in the field-free
region between the first π/2 and the π-flipper (length L1) and the π-flipper
and the second π/2-flipper (length L2). When the phases accumulated in the
guide fields B0 are matching, the spin-echo condition is

ωr(t1 − t2) =
2|µ|B0

�v
(L1 − L2) = 0 → L1 = L2, (10.2)

where ω ≡ ωr = ωL is the resonance frequency of the rotating field B1. Below
it is shown that, using wave packets, a Schrödinger-cat-like state is obtained
in the field-free region.
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Polarized incident beam
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z

Fig. 10.1. Sketch of a zero-field spin-echo system: between three dynamical spin-
flippers two field-free regions are seen, where spin rotation in the x/y-plane appears
(see text)

In the following section, a detailed description of the interaction of neu-
trons with a rotating magnetic field is given and conditions for frequencies
and amplitudes are derived for a dynamical spin-flip device (magnetic reso-
nance) [1, 74].

10.1.1 Interaction of Neutrons with a Rotating Magnetic Field

Let us consider the Pauli matrices σ̂x, σ̂y and σ̂z (9.7), which are components
of the Pauli vector −→σ = (σ̂x, σ̂y, σ̂z). They have the following properties: σ̂2

x =
σ̂2

y = σ̂2
z = 1̂. The components Pi of the polarization vector

−→
P = (Px, Py, Pz)

of a free particle are defined via the Pauli matrices:

Pi = 〈σ̂i〉 = 〈χ|σ̂i|χ〉/〈χ|χ〉, , i = x, y, z. (10.3)

The appropriate spin state |χ〉 can be written as [1]

|χ〉 ≡ |θ, φ〉 = cos
(

θ

2

)
| ↑〉 + eıφ sin

(
θ

2

)
| ↓〉, (10.4)

where we have used the polar angles θ and φ. The polarization vector can
immediately be identified:

−→
P =

⎛⎝Px

Py

Pz

⎞⎠ =

⎛⎝ sin(θ) cos(φ)
sin(θ) sin(φ)

cos(θ)

⎞⎠ ,
−→
P 2 = 1. (10.5)

The initial polarization of the particle (in front of the first π/2-flip in
Fig. 10.1) is given by θ = 0 and

−→
P = (0, 0, 1).
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Now, the time-dependent Schrödinger equation (Pauli equation) of neu-
trons in a space and time-dependent magnetic field

−→
B (−→r , t) is considered

(region of π/2-flip). Because of interaction of the spin-operators Ŝi = (�/2)σ̂i

of the particles (with magnetic moment µ
−→
S ) with the magnetic field, this

equation reads

Ĥψ(−→r , t) ≡
[
− �

2

2M
∆ − µ−→σ −→

B (−→r , t)
]

ψ(−→r , t) = ı�
∂

∂t
ψ(−→r , t). (10.6)

We solve this equation firstly for a purely time-dependent field
−→
B (t) (as

shown in (10.1), which is switched on at time t = 0 and switched off at time
t = T . The space-dependence is taken into account in a later section below.
In the case of time-dependence of the magnetic field, one can expect that the
process is inelastic (the total energy is no longer constant).

The particles move in the x-direction. Therefore, the Pauli equation can
be written as follows:

ı�
∂

∂t
ψ(x, t) =

[
− �

2

2M

∂2

∂x2
− µσ̂xB1 cos(ωt)

−µσ̂yB1 sin(ωt) − µσ̂zB0

]
ψ(x, t). (10.7)

As always, a separation ansatz is made:

ψ(x, t) = Φ(x)χ(t) = Φ(x)
(

χ1(t)
χ2(t)

)
. (10.8)

Because of the Pauli matrices, the wave function ψ(x, t) is a spinor. After
inserting (10.8) into (10.7), we have

ı�
1

χ(t)
∂

∂t
χ(t) + {µB1[σ̂x cos(ωt) + σ̂y sin(ωt)] + µB0σ̂z}

= − �
2

2M

1
Φ(x)

∂2

∂x2
Φ(x) = C, (10.9)

where C is a constant. Solving the x-dependent part of the differential equa-
tion, we obtain[

∂2

∂x2
+

2M

�2
C

]
Φ(x) = 0 → Φ(x) = A exp

[
ı

√
2MC

�2
x

]

+B exp

[
−ı

√
2MC

�2
x

]
.

Because of the space-independent magnetic field, no reflections appear and
B can be chosen to be equal to zero. We have plane waves with A = 1/

√
2π

and C ≡ (�2k2)/(2M) = E:
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Φ(x) =
1√
2π

exp(ıkx) ≡ 〈k|x〉. (10.10)

The orthogonality of plane waves is given as

〈x′|x〉 =
∫

Φ∗(x′)Φ(x)dk =
1
2π

∫
exp[ık(x − x′)]dk = δ(x − x′),

and 〈x|x〉 = δ(0) is not finite. The normalization is not finite until wave
packets are used.

The time-dependent part of the differential equation (10.9) reads

ı�
1

χ(t)
∂

∂t
χ(t) + {µB1[σ̂x cos(ωt) + σ̂y sin(ωt)] + µB0σ̂z} = E. (10.11)

In order to obtain a homogeneous differential equation, we substitute χ(t) =
ξ(t) exp{−ıEt/�}:

ı�
∂

∂t
ξ(t) + {µB1[σ̂x cos(ωt) + σ̂y sin(ωt)] + µB0σ̂z}ξ(t) = 0. (10.12)

Now the following quantities are introduced: σ̂+ = σ̂x+ıσ̂y and σ̂− = σ̂x−ıσ̂y.
The result is

ı�
∂

∂t
ξ(t) +

[
µB1

2
(σ̂+e−ıωt + σ̂−eıωt) + µB0σ̂z

]
ξ(t) = 0. (10.13)

A unitary transformation

Û(t) = exp{−ıωtσ̂z/2} (10.14)

transforms ξ(t) = Û(t)ξr(t) to a rotating coordinate system, and the result
is ξr(t). If we denote ε = ωt/2, the unitary operator Û(t) can be calculated
as follows:

Û(t) = e−ıεσ̂z = 1̂ − ıεσ̂z + [(ıε)2/(2!)]σ̂2
z − [(ıε)3/(3!)]σ̂3

z + −...

= 1̂ − ıεσ̂z + [(ıε)2/(2!)]1̂ − [(ıε)3/(3!)]σ̂z + −...

=
(

exp{−ıε} 0
0 exp{ıε}

)
(10.15)

using (9.7). The differential equation temporarily becomes a bit more com-
plicated:

�ω

2
σ̂zÛ(t)ξr(t) + ı�Û(t)

∂

∂t
ξr(t) +

{
µB1

2
[σ̂+e−ıωtÛ(t) + σ̂−eıωtÛ(t)]

+µB0σ̂zÛ(t)
}

ξr(t) = 0.
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This equation is multiplied from the left-hand side with Û(t)+, where
Û(t)+Û(t) = 1̂. Thereby attention should be paid to

Û(t)+σ̂zÛ(t) = σ̂z, Û(t)+σ̂±Û(t) = e±ıωtσ̂±. (10.16)

Finally, we get

ı�
∂

∂t
ξr(t) = −

[
�ω

2
σ̂z + µB1σ̂x + µB0σ̂z

]
ξr(t), (10.17)

where (σ̂+ + σ̂−) = 2σ̂x has been inserted. The following abbreviations are
now used:

ω0 = −γB0, ω1 = −γB1, γ =
2µ

�
= −2|µ|

�
. (10.18)

The quantity γ is called “gyromagnetic ratio”. The differential equation be-
comes

1
ξr(t)

∂

∂t
ξr(t) = − ı

2
[(ω0 − ω)σ̂z + ω1σ̂x], (10.19)

and the solution is

ln ξr(t) − ln ξr(0) = − ı

2
[(ω0 − ω)σ̂z + ω1σ̂x]t. (10.20)

We notice that ξr(0) = ξ(0), where ξ(0) signifies the initial spinor for t = 0.

For example, ξ(0) = | ↑ 〉 =
(

1
0

)
indicates an initial polarization in the

z-direction. We, therefore, obtain

ξr(t) = ξ(0) exp
{
− ı

2
[(ω0 − ω)σ̂z + ω1σ̂x]t

}
and after back-transformation

ξ(t) = ξ(0) exp
{
− ı

ωt

2
σ̂z

}
exp

{
− ı

2
[(ω0 − ω)σ̂z + ω1σ̂x]t

}
. (10.21)

Defining a vector −→α (t) = [ω1t, 0, (ω0 − ω)t], the solution can be written as

ξ(t) = ξ(0) exp
{
− ı

ωt

2
σ̂z

}
exp

{
− ı−→σ

−→α (t)
2

}
. (10.22)

For the time being, the problem has been solved theoretically. The point is
to discuss the results. For this purpose, the second exponential has to be
examined more precisely:

exp
{
− ı−→σ

−→α (t)
2

}
= 1̂ − ı−→σ

−→α (t)
2

+
1
2!

[
ı−→σ

−→α (t)
2

]2

− 1
3!

[
ı−→σ

−→α (t)
2

]3

+ −....
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Discussing the single expressions sequentially, we obtain

−→σ
−→α (t)

2
=

1
2
[σ̂xω1t + σ̂z(ω0 − ω)t],

and, because σ̂xσ̂z + σ̂zσ̂x = 0,[
−→σ

−→α (t)
2

]2

=
[
ω1t

2

]2

1̂ +
[
(ω0 − ω)t

2

]2

1̂ =
[−→α (t)

2

]2

1̂ .

Altogether we obtain

exp
{
− ı−→σ

−→α (t)
2

}
=1̂ − ı−→σ

−→α (t)
2

− 1
2!

[−→α (t)
2

]2

1̂ +
1
3!

ı−→σ
−→α (t)

2

[−→α (t)
2

]2

+ −...

=1̂ cos
[
α(t)
2

]
− ı−→σ −→α 0 sin

[
α(t)
2

]
.

Here, the time-independent unit-vector −→α 0 can be computed (see (10.18)) as
follows:

α(t) = t
√

ω2
1 + (ω0 − ω)2 = γt

√
B2

1 + (B0 +
ω

γ
)2 = γtBeff ,

−→α 0 =
−→α (t)
α(t)

= − 1
Beff

⎛⎝ B1

0
B0 + ω/γ

⎞⎠ = −
−→
B eff

Beff
. (10.23)

In the rotating system, the neutron perceives the effective magnetic field−→
B eff . If the rotating magnetic field has a resonance frequency ω ≡ ωr =
ω0 = −γB0, the action of the static field B0 has been compensated and

−→
B eff

has an x-component only. This case leads to spin-flip and will be discussed
below.

In summary, the total wave function ψ(x, t) of (10.8) can be expressed as
((10.10) and (10.22))

ψ(x, t) = Φ(x)χ(t) =
1√
2π

exp
{

ıkx − ı
ωt

2
σ̂z − ı

�k2

2M
t

}
×
{

1̂ cos
[
α(t)
2

]
− ı−→σ −→α 0 sin

[
α(t)
2

]}
ξ(0). (10.24)

The unitary operator Û(t) = exp{−ıωtσ̂z/2} has already been evaluated in
(10.15). According to (10.23), the quantity −→σ −→α 0 reads as follows:

−→σ −→α 0 = −−→σ −→
B eff/Beff = −[σ̂xB1 + σ̂z(B0 + ω/γ)]/Beff .

Moreover, we assume the incident beam to be polarized in the z-direction as

indicated in Fig. 10.1, thus writing ξ(0) =
(

1
0

)
. Putting everything together
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and applying the Pauli matrices σ̂x and σ̂z (see (9.7)) and the identity matrix
1̂, we finally get

ψ(x, t) =
1√
2π

exp
{

ı

[
kx − E

�
t

]}

×
⎛⎝ e−ıωt/2{cos[α(t)

2 ] + ı (B0+ω/γ)
Beff

sin[α(t)
2 ]}

ıeıωt/2 B1
Beff

sin[α(t)
2 ]

⎞⎠ . (10.25)

α(t) and Beff are defined in (10.23). Putting B0 = B1 = 0, we obtain

ψ(x, t) = [1/(
√

2π)] exp{ıkx − ıE
�
t}
(

1
0

)
, as required for a free particle of

energy E = �
2k2/(2M) polarized in the z-direction. Equation (10.25) is our

final result and the solution of the Pauli equation (10.7). It describes the wave
function of a neutron with a wave number k that moves in the x-direction
interacting with a time-dependent magnetic field

−→
B (t) given in (10.1).

In the next sections we discuss the consequences arising from these results.

10.1.2 Time-Dependent Polarization

We would like to consider the z-component of the polarization. From (10.3),
as well as accounting for normalization and using (10.25), the time-dependent
polarization Pz(t) reads

Pz(t) =
〈ψ|σ̂z|ψ〉
〈ψ|ψ〉 = cos2

[
α(t)
2

]
+

(B0 + ω/γ)2 − B2
1

(B0 + ω/γ)2 + B2
1

sin2

[
α(t)
2

]
. (10.26)

As has already been mentioned, resonance frequency (index rf) appears, if
B0 = −ω/γ and Pz,rf (t) becomes

Pz,rf (t) = cos2
[
α(t)
2

]
− sin2

[
α(t)
2

]
= cos(ω1t) (10.27)

using (10.23) and (10.18). For t = 0, the initial polarization in the z-direction
Pz,rf (0) = 1 arises. Furthermore, Pz,rf [t = π/(2ω1)] = 0, which means that
the polarization vector lies in the x/y-plane (π/2-flip). For Pz,rf [t ≡ T =
π/ω1] = −1 a π-flip occurs. The particle is polarized in the (−z)-direction.

10.1.3 Probability for π-Flip

The probability Wπ-flip(T ) to have neutrons polarized in the (−z)-direction
can be expressed by

Wπ-flip(T ) =
1
2
[1 − Pz(T )] =

sin2

[
γB1T

2

√
1 + (B0+ω/γ

B1
)2
]

1 +
(

B0+ω/γ
B1

)2 . (10.28)
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For a complete π-flip, two conditions have to be fulfilled.

1) Condition for resonance frequency (as has already been mentioned):
ω ≡ ωr = −γB0

⇒ Wπ-flip,rf (T ) = sin2

[
γTB1

2

]
.

2) Condition for amplitude resonance (index ar); from (10.23) we obtain for
t = T : α(t) = γTB1 = −π

⇒ Wπ-flip,rf,ar(T ) = 1, T =
π

ω1
.

T = L/v is the transmission time through the dynamical spin flipper, which
can be converted into a flipper length L, depending on the velocity v of the
particle.

The two conditions above have to be fulfilled in order to achieve a π-
flip. Resonance frequency is generally necessary for a spin-flip process and
amplitude resonance is sufficient to obtain a π-flip.

10.1.4 Energy States of the System for Spin-Flip

In this section, we describe the energy states of the system undergoing a
π-flip and a π/2-flip.

In the external region, the neutron is supposed to be initially polarized in
the z-direction having an energy E. At time t = 0, a purely time-dependent
magnetic field

−→
B (t) (10.1) is switched on. The z-component of this field is

constant and equal to B0. B0 is sometimes called guiding field. A second,
but time-dependent magnetic field

−→
B 1 of amplitude B1, which rotates in the

x/y-plane with frequency ω, is superimposed to B0. Spin-flippers generally
have B1 � B0.

We analyze the process of spin-flip theoretically as follows. At the very
beginning only B0 should be switched on and immediately afterwards the
field

−→
B 1. If initially only B0 is active, B1 = 0 and, from (10.23), Beff =

(B0 + ω/γ) = α(t)/(γt). The wave function (10.25) becomes

ψ0(x, t) =
1√
2π

exp
{

ı

[
kx − E

�
t

]}(
e−ıωt/2eıα(t)/2

0

)

=
1√
2π

exp
{

ı

[
kx − E

�
t

]}(
eıγtB0/2

0

)

=
1√
2π

exp
{

ı

[
kx − (E + |µ|B0)

�
t

]}(
1
0

)
. (10.29)
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In the last calculation step, the total energy E0 can be introduced as
follows:

E0 =
ψ∗

0(x, t)ı� ∂
∂tψ0(x, t)

|ψ0(x, t)|2 = E + |µ|B0 > E. (10.30)

Initially, the system has, therefore, gained an energy amount of (E0 − E) =
|µ|B0 > 0. The kinetic energy of the neutron has not changed and amounts
to

E =
ψ∗

0(x, t)(− �
2

2M ) ∂2

∂x2 ψ0(x, t)
|ψ0|2 =

�
2k2

2M
.

The components of the polarization vector are:

P0,i = 〈ψ0|σ̂i|ψ0〉/〈ψ0|ψ0〉,

and we obtain
−→
P 0 = (0, 0, 1).

Now let us calculate the final energy after the π-flip at time t = T . The
condition for resonance frequency gives ω = −γB0 ≡ ωr, as well as Beff = B1

and from the condition for amplitude resonance α(t) = γTB1 = −π follows.
Equation (10.25) yields

ψπ-flip(x, t) =
1√
2π

exp
{

ı

[
kx − E

�
t

]}(
0

−ıe−ıγB0t/2

)

= −ı
1√
2π

exp
{

ı

[
kx − (E − |µ|B0)

�
t

]}(
0
1

)
. (10.31)

The total energy Eπ-flip of the system after a π-flip reads as follows:

Eπ-flip = E − |µ|B0 = E0 − 2|µ|B0 = E0 − ∆E0. (10.32)

As was already indicated at the beginning of this chapter, an energy ex-
change between the neutron and the magnetic field takes place (inelastic
process). When undergoing a π-spin flip, the particle removes an energy
amount of ∆E0 = 2|µ|B0 from the magnetic field. The process just de-
scribed is called neutron-photon interaction. It should be noted that for
usual spin flippers B0 ≈ 10kG and, therefore, ∆E0 ≈ 0, 12.10−6eV , which is
more than 5 orders of magnitude smaller than the energy E of thermal neu-
trons. For pure spin-flip applications, such a small energy exchange is of no
consequence.

The components of the polarization vector are:

Pπ-flip,i = 〈ψπ-flip|σ̂i|ψπ-flip〉/〈ψπ-flip|ψπ-flip〉,

and we obtain
−→
P π-flip = (0, 0,−1).
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Finally, we would like to describe a π/2-spin flip. The condition for reso-
nance frequency again reads ω = −γB0 = ωL and Beff = B1. The condition
for amplitude resonance reads t = T/2 and α(t) = γ(T/2)B1 = −π/2. The
wave function (10.25) reads:

ψπ/2-flip(x, t) =
1

2
√

π
exp

{
ı

[
kx − E

�
t

]}(
e−ıt|µ|B0/�

−ıeıt|µ|B0/�

)
=

1√
2
[ψ0(x, t) + ψπ-flip(x, t)]. (10.33)

The energy Eπ/2-flip that the system carries after a π/2-flip can immediately
be identified:

Eπ/2-flip =
ψ∗

π/2-flip(x, t)ı� ∂
∂tψπ/2-flip(x, t)

|ψπ/2-flip(x, t)|2

= E = E0 − |µ|B0 = E0 − ∆E0

2
. (10.34)

As expected, the energy loss (∆E0/2) of a π/2-flip is half the energy loss
(∆E0) of a π-flip. It should be pointed out that spin-flips from the (−z)-
direction to (+z)-direction entail energy gains of the same size, of course.

The components of the polarization vector are:

Pπ/2-flip,i = 〈ψπ/2-flip|σ̂i|ψπ/2-flip〉/〈ψπ/2-flip|ψπ/2-flip〉,

and we obtain for t = T/2

−→
P π/2-flip =

⎛⎝ sin(ωLT/2)
− cos(ωLT/2)

0

⎞⎠ , (10.35)

where ωL = 2|µ|B0/� is the Larmor frequency. If the field
−→
B (t) is switched off

after a π/2-flip (see Fig. 10.1), the polarization vector has a certain position
in the x/y− given by this equation (see also below).

10.1.5 Energy Characteristics of a Dynamical Spin-Flipper

We would like to determine the time-dependent energy characteristics Etot(t)
of the total energy during a complete π-flip. This is carried out by calculating
the following expression:

Etot(t) =
ψ∗(x, t)ı� ∂

∂tψ(x, t)
|ψ(x, t)|2 . (10.36)

Here ψ(x, t) has to be taken from (10.25). Taking into account the condition
of frequency resonance ω = −γB0 and, therefore, α(t) = γtB1 = γtBeff , the
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wave function ψ(x, t) reads as follows:

ψ(x, t) =
1√
2π

eikx

{
e−ı(E+|µ|B0)t/� cos

( |µ|B1t

�

)
| ↑〉

−ıe−ı(E−|µ|B0)t/� sin
( |µ|B1t

�

)
| ↓〉

}
, (10.37)

and the result is (ω1 = −γB1)

Etot(t) = E0 − ∆E0 sin2

(
ω1t

2

)
. (10.38)

For t = 0, we obtain Etot(0) = E0 (see (10.30)), Etot(t = T/2 = π/(2ω1)) =
E0−∆E0/2 = Eπ/2-flip (see (10.34)) and Etot(t = T = π/ω1) = E0−∆E0 =
Eπ-flip (see (10.32)).

Expressed independently of absolute values, the equation above can be
written as:

Etot(t) − Etot(0)
∆E0

= − sin2

(
ω1t

2

)
. (10.39)

This nonlinear energy characteristic during spin-flip is represented in
Fig. 10.2.
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Fig. 10.2. Illustration of (10.39) in which the decrease of the total energy Etot(t)
during spin-flip causes the decline of the curve. The π/2-flip is characterized by
t = T/2, where T = π/ω1, and a π-flip appears for t = T
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10.2 Wave Functions in the Case
of Zero-Field Spin-Echo

We are now in a position to physically and mathematically describe the
process of a dynamical spin-flip as indicated in Fig. 10.1 (first π/2-spin flip).
To this end, we divide the area of the spin flipper into five regions as shown
in Fig. 10.3. We shall treat each region separately.

BField-free
region

Field-free
region

Polarized
incident beam

0 B0

B1

π/2 flip

B0

x

y

z

ψVψIVψIIIψIIψI

E=Etot

E+

E

E++

E+=Etot

X

X∆E0/2=|µ|B0

E−∆E0sin2(ω1t/2)

t=0 t=T/2

Fig. 10.3. Systematic illustration of conditions for a dynamical π/2-spin-flip.
Five regions are shown. The corresponding wave functions ψI to ψV are cal-
culated below. Region I is an external region without any magnetic field. In
Region II a constant magnetic field B0, is active. In Region III, in addition
to B0, a rotating magnetic field B1 is superposed. Region IV is again char-
acterized by B0 alone and Region V is the field-free region behind the spin-
flipper. The energy levels are drawn at the bottom (for an explanation see
text)
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Region I :
In this field-free region, a plane wave with spin-up orientation and total en-
ergy Etot = E = �

2k2/(2M) impinges in the x-direction:

ψI(x, t) =
1√
2π

exp
{

ıkx − ı
E

�
t

}(
1
0

)
(10.40)

Region II :

Here the neutron with spin-up state | ↑ 〉 =
(

1
0

)
enters a constant magnetic

field B0, which is oriented towards the same (+z)-direction. This is a purely
space-dependent problem. We have to solve the Schrödinger equation[

− �
2

2M

∂2

∂x2
+ |µ|B0

]
ψII(x, t) = ı�

∂

∂t
ψII(x, t), (10.41)

using the separation ansatz ψII(x, t) = Φ(x)χ(t)| ↑ 〉 and we get

1
Φ(x)

[
− �

2

2M

∂2

∂x2

]
Φ(x) + |µ|B0 = ı�

∂

∂t
χ(t) = E. (10.42)

In fact, in spin-echo devices, the relation E 
 |µ|B0 is valid [26, 66, 67] and
we can neglect reflected waves. The solutions are, therefore, (compare to (9.9)
to (9.11)):

Φ(x) =
1√
2π

exp{ık+x}, k+ =

√
2M

�2
(E − |µ|B0) = k − ∆k,

∆k =
M |µ|B0

�2k
, E+ =

�
2k2

+

2M
= E − ∆E0/2, χ(t) = exp

{
− ı

E

�
t

}
.

(10.43)

The total energy Etot = E of the system remains constant. The kinetic energy
of the neutron has been reduced from E to E+ (see Fig. 10.3). Hence, the
wave function ψII(x, t) reads as follows:

ψII(x, t) =
1√
2π

exp
{

ık+x − ı
E

�
t

}(
1
0

)
. (10.44)

Region III :
In this region, a time-dependent magnetic field

−→
B 1(t) rotating in the x/y-

plane is superposed to B0, as indicated in (10.1) and Fig. 10.3. The neutron
should enter this field at time t = 0. Because B1 � B0 for usual time-
dependent spin flippers, reflected waves can be neglected. Moreover, it is
assumed that the frequency resonance condition ω = −γB0 = 2|µ|B0/� is
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fulfilled (otherwise no spin flip is possible). At the beginning (index i), the
wave function reads

ψIII,i(x, t) =
1√
2π

exp
{

ık+x − ı
E+

�
t

}(
exp{−ıωt/2}

0

)
= ψII(x, t).

(10.45)
This expression can also be obtained from (10.29), simply by replacing k
and E by k+ and E+, respectively. Furthermore, we neglect slightly differing
transmission times for both spin states during the π/2-flip. During spin-flip
(between t = 0 and t = T/2) the wave function has the form (compare to
(10.37))

ψIII(x, t) =
1√
2π

eik+x−ıE+t/�

{
e−ı|µ|B0t/� cos

( |µ|B1t

�

)
| ↑ 〉

−ıeı|µ|B0t/� sin
( |µ|B1t

�

)
| ↓ 〉

}
. (10.46)

The condition for amplitude resonance of a π/2-flip is t = T/2 = π/(2ω1),
with ω1 = −γB1 = 2|µ|B1/�. Each of the trigonometric functions becomes
equal to 1/

√
2. At the end (index f) of the π/2-flip we have

ψIII,f (x, t) =
1√
2π

exp
{

ık+x − ı
E+

�
t

}
1√
2
(e−ıωLT/4| ↑ 〉 − ıeıωLT/4| ↓ 〉).

(10.47)
If the polarization is calculated we obtain

−→
P III,f =

1
〈ψIII,f |ψIII,f 〉

⎛⎜⎝ 〈ψIII,f |σ̂x|ψIII,f 〉
〈ψIII,f |σ̂y|ψIII,f 〉
〈ψIII,f |σ̂z|ψIII,f 〉

⎞⎟⎠ =

⎛⎜⎝ sin(ωLT/2)

− cos(ωLT/2)

0

⎞⎟⎠ ,

(10.48)

and this result has already been obtained (10.35). The polarization vector
lies in the x/y-plane and has a fixed rotation angle (ωLT/2) = πB0/(2B1).
The total energy can be determined directly and amounts to Etot = E+ and
it has so been reduced by a value of |µ|B0, as seen in Fig. 10.3.

Region IV :
The wave function here is ψIV(x, t) = ψIII,f (x, t).

Region V :
Because of Zeeman-splitting, on exit from Region IV into Region V, the
spin-up component | ↑ 〉 of the wave function ψIV(x, t) receives a phase
factor eı(∆k)xV and the spin-down component | ↓ 〉 receives a phase fac-
tor e−ı(∆k)xV . (From now on by xV we denote a definite position in the
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zero-field Region V.) This proves to be exactly the opposite procedure, com-
pared to a wave function entering a constant magnetic field that is oriented
perpendicular to the spin direction of the wave function as described in
Sect. 9.1.1 and (9.8). If a new wave number k++ and an energy E++ is
defined by

k++ = k − 2(∆k), E++ =
�

2k2
++

2M
, (10.49)

and if we remember that k+ = k − ∆k (see (9.10)), the wave function in
Region V reads

ψV(xV, t) =
1√
2π

e−ı
E+

�
t 1√

2
(e−ıωLT/4+ıkxV | ↑ 〉 − ıeıωLT/4+ık++xV | ↓ 〉).

(10.50)

The kinetic energy of the spin components are, therefore, E and E++, re-
spectively. However, the total energy remains constant and amounts to E+.
From these considerations it can be concluded that a spin rotation in the
field-free Region V behind the π/2-spin flipper, as a function of the distance
xV in this region, can be anticipated. In Fig. 10.3 this process is indicated by
rotating arrows.

10.3 Polarization and the Wigner Function

In order to determine the polarization vector in Region V, we have to build
up

−→
P V =

1
〈ψV|ψV〉

⎛⎜⎝ 〈ψV|σ̂x|ψV〉
〈ψV|σ̂y|ψV〉
〈ψV|σ̂z|ψV〉

⎞⎟⎠ =

⎛⎜⎝ sin[ωLT/2 − 2(∆k)xV]

− cos[ωLT/2 − 2(∆k)xV]

0

⎞⎟⎠ , (10.51)

where xV denotes a certain position in the free-field Region V. The polariza-
tion vector rotates in the x/y-plane as a function of the distance from the
spin-flipper. Here we have a somewhat similar effect of spin rotation as in the
problem of spin rotation in a constant magnetic field described in Sect. 9.1.1.
However, here the rotation occurs in a region without any magnetic field
due to the dynamical (inelastic) spin-flip from the z-axes down to the x/y-
plane, where the spin components gain different Zeeman shifts on exit in the
field-free Region V.

In order to compute the Wigner function in the field-free region, it is of
advantage to reshape the corresponding wave ψV(xV, t) (see (10.50)):

ψV(xV, t) =
1√
2π

1√
2
(g+| ↑ 〉 + g−| ↓ 〉), (10.52)
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and

g+ = exp
{
−ı

E+

�
t + ıkxV − ıωLT/4

}
,

g− = exp
{
−ı

E+

�
t + ıkxV + ı[ωLT/4 − π/2 − 2(∆k)xV]

}
. (10.53)

Equation (10.52) formally looks like (9.8). The calculation procedure in
Sect. 9.1 can, therefore, be applied here without changes. Especially, the wave
number distribution α(k) (see (2.3)) is included in our concept, in order to
take into account wave packets. For example, the spectral function

αzf,+x(k) =
1
2
α(k)[g+ + g−]∗ (10.54)

can be constructed in accordance with (9.21). The index (zf) means “zero-
field” and (+x) indicates that only the polarization in that direction is con-
sidered. Other polarization directions can be modelled in a similar manner
as indicated in Sect. 9.1.

The time-independent Wigner function Wzf,+x(x, k) is built up in com-
pliance with (4.3) and we get

Wzf,+x(x, k) =
1
2π

∫
e−ık′xα∗

zf,+x

(
k +

k′

2

)
αzf,+x

(
k − k′

2

)
dk′. (10.55)

10.4 Spectra of Zero-Field Spin-Echo

From (10.54) the momentum spectrum |αzf,+x(k)|2 can be determined, keep-
ing in mind that in (10.53) the expression 2(∆k)xV = 2(∆k/k)kxV ≈ 2τkxV,
where τ = ∆k0/k0 and ∆k0 = |µ|B0M/(�2k0) (compare to (9.18)). Taken all
together, we obtain

|αzf,+x(k)|2 =
1
2

1√
2π(σk0)

e−
(k/k0−1)2

2σ2

{
1 + cos

[
2πT̄ − 2τ

k

k0
(xVk0)

]}
.

(10.56)

Here the parameter T̄ = (ωLT/2 − π/2)/(2π) contains the flip-time T and
the Larmor frequency ωL. The intensity reads as

Izf,+x =
∫

|αzf,+x(k)|2dk

=
1
2
{1 + cos[2πT̄ − 2τ(xVk0)]e−2σ2τ2(xVk0)

2}. (10.57)

These formulas are very similar to (9.19) and (9.20), except for the quantity
2πT̄ , which denotes a constant phase in the cosine-term (and except for the
different position coordinates x1 and xV, of course). T̄ signifies a constant
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phase shift due to the dynamical π/2-spin-flipper. This is immediately self-
explanatory, because the rotating field of spin flipper causes spin rotation
and, therefore, a phase shift. The Wigner function looks like

Wzf,+x(x, k) =
1
4π

e−
(k/k0−1)2

2σ2

{
e−2σ2[xk0−(1−τ)xVk0]

2
+ e−2σ2[xk0−(1+τ)xVk0]

2

+2 cos
[
2πT̄ − 2τ

k

k0
(xVk0)

]
e−2σ2(xk0−xVk0)

2
}

. (10.58)

This formula is similar to (9.22) as well, except for the constant phase shift
2πT̄ present in the cosine-term. Thus, basically, there is no fundamental
difference between these functions and Figs. 9.2 to 9.5 can be interpreted
accordingly. If T̄ = n, and n = 0, 1, 2, ..., there is even no difference between
the formulas. We express the parameter T̄ as follows:

T̄ =
1
2π

(
ωLT

2
− π

2

)
=

1
4

(
B0

B1
− 1

)
=

1
4
(p − 1), (10.59)

where the parameter p = B0/B1 specifies the ratio between the guiding
magnetic field B0 and the amplitude B1 of the rotating magnetic field of the
dynamical spin-flipper. Usually this ratio is much larger than 1 and hence
p 
 1. In Figs. 10.4 and 10.5, two Wigner functions are drawn using the

Fig. 10.4. The Wigner function (10.58) in the field-free region (Fig. 10.1) for
T̄ = (p − 1)/4 = 25
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Fig. 10.5. The Wigner function (10.58) in the field-free region (Fig. 10.1) for
T̄ = (p − 1)/4=25.5

parameters τ = (∆k0)/k0 = 1.10−4 (9.18), σ = (δk)/k0 = 1.10−2 and the
(dimensionless) position coordinate in the free-field region (xVk0) = 2.106.
Furthermore, the above-mentioned parameter p is 101 and 103, respectively.
Because T̄ = 25 is an integer, Fig. 10.4 looks like Fig. 9.3, but here the Wigner
function exists in a field-free region, whereas Fig. 9.3 illustrates a Wigner
function in a constant magnetic field. Figure 10.5 demonstrates the case where
p = 103 and T̄ = 25.5. As can be clearly seen, the oscillations between the
Schrödinger-cat-states have opposite phase compared to Fig. 10.4. The other
polarization directions can be obtained by using

αzf,−x(k) =
1
2
α(k)[g+ − g−]∗, αzf,±y(k) =

1
2
α(k)[g+ ∓ ıg−]∗,

and, because of the strong similarity, we do not carry out the calculations.



11 Summary

Quantum interferometry is an area of quantum optics. In this book, an at-
tempt has been made to describe quantum interferometric processes in phase
space using quantum mechanical distribution functions of both light waves
and matter waves.

After an introductory chapter of basic quantum theoretical concepts, we
have discussed in Part I quantum mechanical distribution functions such as
the Wigner function, the Q-function and the P-function based on a systematic
approach using both wave packets and coherent states. Properties of those
“quasi-distributions” are derived and examples presented. Squeezed states
and uncertainty relations are mentioned at the end of Part I.

The outcome of these considerations is a phase-space formalism, which has
been applied to optical interferometry in Part II. The concept of wave packets
has been used in this case. Thereby, the beam splitter, the Mach–Zehnder
interferometer, a system of three Mach–Zehnders, double loop systems and a
Mach–Zehnder interferometer with two inputs have been discussed in detail.
There the momentum and the position distribution functions play an im-
portant role in obtaining appropriate representations of the wave functions
under consideration.

Part III is entirely devoted to neutron interferometry. After a chapter
about the dynamical theory of diffraction of neutrons in single crystals, the
Laue-type interferometer is introduced. The three and four-plate neutron in-
terferometer has been analyzed using the phase-space formalism. The investi-
gation of squeezing phenomena, as well as decoherence and visibility aspects,
are further important items in Part III.

The last part, IV, deals with spin interferometry. Both the spin-echo and
the zero-field spin echo system have been examined. The spin-echo system
investigates the spin rotation of particles in constant magnetic fields where
coherent superposition of spin-up and spin-down states with slightly different
momenta entails a quantum state that can be visualized using the Wigner
function. Fluctuations of the magnetic field lead to dephasing processes, de-
pending on the distance the particle travelled in the field. The interaction
of neutrons with a rotating magnetic field is discussed and the energy ex-
change between the particle and the field has been described. The quantum
state in a successive field-free region has been determined by using quantum
mechanical distribution functions.
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