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Preface

The natural framework of high-energy physics is relativistic quantum field
theory. This is a complex subject, and it is difficult to illustrate it in all
its aspects within a normal undergraduate course in particle physics, while
devoting a sufficient attention to phenomenological aspects. However, in the
small-wavelength limit, the semi-classical approximation is, in many cases of
practical relevance, accurate enough to provide reliable predictions without
entering the technicalities connected with radiative corrections. In particular,
in the framework of the semi-classical approximation it is possible to obtain,
in a limited number of pages, the expressions for relativistic cross sections and
decay rates in a self-contained and rigorous presentation, starting from the
basic principles of Quantum Mechanics. Furthermore, even in the case of the
standard model of Electroweak Interactions, the construction of the theory
in the semi-classical approximation is exhausted by the study of the classical
Lagrangian; many difficult problems, such as those related to the unphysical
content of gauge theories, can be dealt with by means of simple prescriptions.

These are the reasons that have determined our choice to base these lecture
notes on the semi-classical approximation to relativistic quantum field theory.
We believe that this approach leads to a description of the most relevant phys-
ical processes in high-energy physics, which is adequate to an undergraduate
level course on fundamental interactions.

Of course, the lack of control on radiative corrections has some drawbacks:
for example, the role of anomalies, and the limitations to the Higgs mechanism,
cannot be discussed in this context. These issues, however, are beyond the
scope of the present text.

During the preparation of our manuscript we have benefited of the invalu-
able help and encouragement of Raymond Stora. We are also grateful to our
editor Marina Forlizzi for her continuous assistance and frieldly advices.

Genova, Carlo M. Becchi

September 2005 Giovanni Ridolfi
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1

Introduction

The study of relativistic processes is based on collision phenomena at energies
much larger than the rest energies of the particles involved. In this regime,
a large number of new particles is typically produced, with large momenta,
or, equivalently, small wavelengths. For this reason, the scheme of ordinary
Quantum Mechanics, based on the Schrödinger equation for wave functions
that depend on a fixed number of variables, is no longer applicable. A suitable
framework is rather provided by electromagnetism, that describes radiation
phenomena, and therefore the production and absorption of photons. This
analogy leads in a natural way to field theory, in which the dynamical variables
that describe a given physical system are fields, i.e. variables labelled by the
space coordinates, and independent of each other.

These lecture notes aim at presenting a self-contained introduction to the
theory of electroweak interactions based on the semi-classical approach to
relativistic quantum field theory. This allows a rather detailed discussion of
the most relevant aspects of this field.

The main drawbacks of the use of this approximation essentially amount to
the lack of any reference to the problem of anomalies, and the corresponding
constraints, and of any access to processes that appear at the level of radiative
corrections, such as the Higgs decay into two photons, and the whole sector of
flavour mixing through neutral currents. These subjects are widely illustrated
in the existing literature; see for example [1, 2, 3]. For the same reason, the
applications of Quantum Chromodynamics to problems of phenomenological
interest are only marginally discussed; a complete review can be found for
example in [4]. However, we consider a self-contained analysis of these subjects
very difficult to present in the framework of an undergraduate course.

These lectures are organized as follows. Chapter 2 is devoted to a review
of basic facts in field theory. We illustrate the simple case of spinless neutral
particles, described by a single scalar field. We build an action functional for
such a system, and derive the corresponding dynamical equations. These are
studied explicitly in the small-field regime, that corresponds to asymptotic
states in collision processes. Next, we illustrate the role of symmetries in field
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theories, and their relation with conservation laws. Finally, we illustrate the
interpretation of the physical states of a quantum scalar field theory as particle
states, and we introduce the concept of antiparticle.

In the following Chapter we discuss the calculation of transition ampli-
tudes for collision and decay processes in the semi-classical approximation;
we determine the asymptotic conditions to be imposed on the dynamical
variables in the remote past and in the far future, and we show how to com-
pute the transition amplitude in the semi-classical limit. We obtain a general
formula, which is applied to the case of elastic collisions of spinless particle; the
differential cross section for this process is computed in full detail. Chapter 4
is devoted to an introduction to the method of Feynman diagrams.

The results obtained for scalar particles are then extended to spinor par-
ticles in Chapter 5, starting from Weyl’s basic construction of spinor repre-
sentations of the Lorentz group. We discuss in some detail the construction
of a general class of free Lagrangian densities for spinor fields, including the
choices of mass terms that are relevant to neutrino physics.

Spinor fields find their natural application in Quantum Electrodynamics,
which is studied in Chapter 6. In this context, we introduce the concept of
gauge invariance, which is then extended to the case of non-commutative
charges. This allows us to present the Lagrangian density of QCD.

The standard model of electroweak interactions is introduced in Chapter 7.
The following Chapter is devoted to the description of the Higgs mechanism,
which is first illustrated in the simple case of an abelian symmetry, and then
extended to the standard model. We have not attempted an exhaustive review
of present literature on the experimental foundations of the standard model
and of the present status of its experimental tests. The foundations of the
standard model are described for example in [5], while for a review of precision
tests we refer the reader to [6]. In Chapter 9 we discuss fermion masses and
flavour-mixing phenomena. An exhaustive analysis of these subjects can be
found in [7]. Finally, in Chapter 10 we present the full Lagrangian density of
the standard model, in a form which allows a direct derivation of the Feynman
rules.

The full computation of a few decay rates and cross section is presented
in Chapter 11. The results obtained are useful, both for the purpose of illus-
tration of the standard computation techniques in field theory, and for their
phenomenological relevance.

Chapter 12 contains an elementary introduction to the important subject
of the extensions of the standard model that include neutrino masses. We
describe the see-saw mechanism, and we present a simple description of the
related phenomenon of lepton flavour oscillations (see [8] for a review on this
subject.)
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Relativistic field theory

2.1 Scalar fields

The dynamical variables that describe relativistic systems are fields, that is,
functions defined in each point of ordinary space. Important examples are the
electromagnetic fields, and Dirac and Yukawa fields. The field description of a
physical system allows a direct implementation of the principle of covariance,
that guarantees the invariance of the equations of motion under changes of
reference frame, and of the principle of causality, which is connected to the
principle of locality, namely, the independence of variables associated to dif-
ferent points in space at the same time.

The equations of motion for a field theory follow from the principle of
stationarity of the action functional, which is defined, on the basis of covari-
ance and locality, as an integral over the three-dimensional space and over the
relevant time interval, of a Lagrangian density:

S =

∫ t2

t1

dt

∫
drL(r, t). (2.1)

The Lagrangian density L is assumed to be a local function of the fields and
their first derivatives, so that the equations of motion contain at most second
derivatives.

Lorentz invariance of the action functional is achieved if L transforms
as a scalar field: going from a reference frame O to O′ through a Lorentz
transformation x′ = Λx, such as for example

⎛
⎜⎜⎝
ct′

x′

y′

z′

⎞
⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

1√
1−β2

0 0 β√
1−β2

0 cos θ sin θ 0
0 − sin θ cos θ 0
β√
1−β2

0 0 1√
1−β2

⎞
⎟⎟⎟⎟⎠
⎛
⎜⎜⎝
ct
x
y
z

⎞
⎟⎟⎠ (2.2)

the Lagrangian density must transform as
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L′(x) = L(Λ−1x). (2.3)

We begin by considering the simple case of a single real field φ, which is
assumed to transform as a scalar under Lorentz transformations. By analogy
with classical mechanics, the Lagrangian density has the form

L = 1

2c2
(∂tφ)

2 − 1

2
(∇φ)

2 − V (φ), (2.4)

where ∂t is the partial derivative with respect to t, and V (φ), the scalar
potential, is independent of the field derivatives, and bounded from below. We
recognize the typical structure of a Lagrangian, difference between a kinetic
term and a potential term. A fundamental constraint, called renormalizability,
requires that V (φ) be a polynomial in φ of degree not larger than four; this
point will be discussed in more detail in Section 4.4.

Equation (2.4) can be cast in a manifestly covariant form:

L = 1

2
∂μφ∂μφ− V (φ), (2.5)

where ∂μ is the four-vector formed with the partial derivatives with respect
to space-time coordinates.1

Let us now consider the variation of the action functional under a generic
infinitesimal variation δφ of φ, localized in space, with the conditions δφ(t1, r) =
δφ(t2, r) = 0. We find

δS =

∫ t2

t1

dt

∫
dr

[
∂L
∂φ
δφ+

∂L
∂∂μφ

δ∂μφ

]

=

∫ t2

t1

dt

∫
dr

[
∂L
∂φ

− ∂μ ∂L
∂∂μφ

]
δφ. (2.6)

Requiring stability of S under such field variations, and exploiting the arbi-
trariness of δφ, we get the field equations

∂L
∂φ

− ∂μ ∂L
∂∂μφ

= 0. (2.7)

In the case of the Lagrangian density eq. (2.5) we find

∂2φ+
dV (φ)

dφ
= 0. (2.8)

If the scalar potential V (φ) is a second-degree polynomial, eq. (2.8) becomes
linear, and can be made homogeneous by a field translation:

∂2φ+ aφ = 0 (2.9)

1 Throughout these lectures, we adopt the convention aμaμ = a20 − |a|
2.
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where a is a real constant. If a ≥ 0, eq. (2.9) is a harmonic equation, multidi-
mensional extension of the equation of the harmonic oscillator. As we shall see
in detail in Section 2.3, the quantization of this equation is straightforward;

it describes a system of non-interacting bosons of mass h̄
√

a
c . For this reason,

the quadratic part of the Lagrangian density will be called the free part, while
the rest will be called the interaction.

From the point of view of classical field theory we show in Appendix A that
a generic solution of eq. (2.9) vanishes, for large t, as t−3/2. As a consequence
of this behaviour, if V (φ) has it absolute minimum in φ = 0, one can show
that the large-time solutions of eq. (2.8) approach those of the corresponding
harmonic (free) equation for sufficiently small initial values of the field and its
derivatives. In other words, the asymptotically vanishing harmonic solutions
become attractors, since the non-linear terms in the field equation vanish
faster than the linear terms. Of course, if the minimum of the potential is
unique the set of fields with harmonic asymptotic behaviour widens.

In the context of high energy physics, one studies scattering processes of
relativistic particles, that involve asymptotically free particle behaviour. This
implies a selection of potentials leading to asymptotically free, and hence
asymptotically linear, field equations. Therefore in the case of scalar fields we
are led to require the potential to have its absolute minimum in φ = 0. The
simplest non-trivial example of such choice is

V (φ) =
1

2
μ2φ2 +

λ

4!
φ4 (2.10)

with λ positive. The corresponding free equation is

∂2φ+ μ2φ = 0. (2.11)

2.2 Symmetries in field theory

Let us consider an infinitesimal deformation of the field:

φ→ φ+ α δφ, (2.12)

where α is a constant infinitesimal parameter. We will call this a global sym-
metry transformation if it leaves unaltered the equations of motion, that is, if
under (2.12) the action S is unchanged, or equivalently if

L → L+ α∂μKμ, (2.13)

where Kμ is some function of x. In this case, we have

δL = ∂L
∂φ
αδφ +

∂L
∂∂μφ

α∂μδφ

= αδφ

[
∂L
∂φ

− ∂μ ∂L
∂∂μφ

]
+ α∂μ

[
∂L
∂∂μφ

δφ

]
= α∂μKμ. (2.14)
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Using the equations of motion eq. (2.7), we find that the vector current

Jμ =
∂L
∂∂μφ

δφ−Kμ (2.15)

obeys the continuity equation

∂μJμ = 0, (2.16)

or equivalently
∂

∂t
Q = 0; Q =

∫
dr J0 (2.17)

as a consequence of the symmetry property of the Lagrangian density eq. (2.13).
As an example, let us consider constant space-time translations:

xμ → xμ + aμ (2.18)

δφ = aμ∂μφ. (2.19)

If the Lagrangian density does not depend explicitly on x, L = L (φ(x), ∂φ(x)),
then

δL = ∂L
∂φ
aμ∂μφ+

∂L
∂∂νφ

aμ∂ν∂μφ = a
μ∂ν
[
∂L
∂∂νφ

∂μφ

]
(2.20)

by the equations of motion. On the other hand,

δL = aμ∂μL = aμ∂ν(gμνL), (2.21)

and therefore
∂μ Tμν = 0 (2.22)

where

Tμν =
∂L
∂∂μφ

∂νφ− gμνL (2.23)

is called the energy-momentum tensor, because the physical quantities that
are conserved as a consequence of space-time translation invariance are the
total energy and momentum. For example, the total energy of the system is
given by

E =

∫
dr T00 =

∫
dr

(
∂L
∂∂0φ

∂0φ− L
)
. (2.24)

In the case of the field theory defined by (2.10) this gives

U =
1

2c2
(∂tφ)

2
+
1

2

[
(∇φ)

2
+ μ2φ2

]
+
λ

4!
φ4. (2.25)

As a second example, let us consider a system described by two real scalar
fields φ1, φ2. The Lagrangian density is a function of the fields and their
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derivatives, L (φi, ∂φi), and the condition of stationarity of S leads to a system
of field equations:

∂μ
∂L
∂∂μφi

− ∂L
∂φi

= 0 , i = 1, 2. (2.26)

Let us assume that the Lagrangian density is invariant under the global trans-
formation (

φ′1(x)
φ′2(x)

)
=

(
cosα sinα
− sinα cosα

)(
φ1(x)
φ2(x)

)
. (2.27)

To first order in α, eq. (2.27) becomes

φ′i(x) − φi(x) = α
2∑

j=1

εijφj(x), (2.28)

where εij is the antisymmetric tensor in two dimensions:

ε12 = 1, ε21 = −1, ε11 = ε22 = 0. (2.29)

This transformation is a rotation in the two-dimensional space whose points
are identified by the ’coordinates’ φ1, φ2; this will be called the isotopic space,
and has obviously nothing to do with the physical space. The assumed invari-
ance of the Lagrangian density implies

2∑
i,j=1

[
∂μ (εijαφj(x))

∂L(x)
∂∂μφi(x)

+ εijαφj(x)
∂L(x)
∂φi(x)

]
= 0 (2.30)

(assuming Kμ = 0.) Since α is arbitrary and x-independent, this becomes

2∑
i,j=1

εij

[
∂μφj(x)

∂L(x)
∂∂μφi(x)

+ φj(x)
∂L(x)
∂φi(x)

]

=

2∑
i,j=1

εij

[
∂μφj(x)

∂L(x)
∂∂μφi(x)

+ φj(x)∂μ
∂L
∂∂μφi

]

= ∂μ

⎡
⎣ 2∑

i,j=1

εijφj(x)

⎤
⎦ = 0, (2.31)

where we have used eq. (2.26). Hence

∂μJ
μ(x) = 0; Jμ(x) =

2∑
i,j=1

εijφj(x)
∂L(x)
∂∂μφi(x)

. (2.32)

The most general renormalizable Lagrangian density invariant under the
transformation eq. (2.27) is
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L = 1

2

[
(∂φ1)

2
+ (∂φ2)

2 − μ2
(
φ21 + φ

2
2

)]
− λ
4

(
φ21 + φ

2
2

)2
, (2.33)

which gives
Jμ = φ2∂μφ1 − φ1∂μφ2. (2.34)

This example simplifies considerably if we introduce a complex scalar field

Φ(x) =
1√
2
[φ1(x) + iφ2(x)] . (2.35)

The transformation in eq. (2.27) becomes

Φ′(x) = eiαΦ(x), (2.36)

that is, it reduces to the multiplication of the complex field by a phase factor.
Furthermore, we find

L = ∂Φ∗ ∂Φ−m2Φ∗Φ− λ (Φ∗Φ)2 , (2.37)

and the conserved current takes the form

Jμ = i [Φ
∗∂μΦ− Φ∂μΦ∗] . (2.38)

The current eJ may be interpreted as the electromagnetic four-current asso-
ciated to the complex field Φ, which is therefore to be interpreted as a charged
scalar field.

The correspondence between conserved currents and invariance under con-
tinuous symmetries, that reduce to transformations like eq. (2.28) for infinites-
imal parameters, is guaranteed by a general theorem, originally proved by
E. Noether.

2.3 Particle interpretation

The scalar field theory outlined in Section 2.1 leads naturally to a particle
interpretation. To show this, we consider the energy density in the free limit:

U0 =
1

2c2
(∂tφ)

2
+
1

2

[
(∇φ)

2
+ μ2φ2

]
. (2.39)

We restrict the system to a finite volume V of the three-dimensional space,
imposing suitable boundary conditions of the field, and we compute the total
energy E =

∫
V dr U0 in terms of the Fourier modes of the field:

φ(r, t) =
1√
V

∑
k

φ̃k(t) e
ik·r. (2.40)

We obtain
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E =
1

2c2

∑
k

[
|∂tφ̃k|2 + ω2|φ̃k|2

]
, (2.41)

where
ω2

c2
= k2 + μ2. (2.42)

Equation (2.41) has the same form as the energy of a system of simple har-
monic oscillators, one for each value of k. Quantization is therefore straight-
forward: we define creation and annihilation operators in term of φ̃k and ∂tφ̃k,
now interpreted as operators in the Schrödinger picture, as

φ̃k = c

√
h̄

2ω

(
Ak +A

†
−k
)
, ∂tφ̃k = −ic

√
h̄ω

2

(
Ak −A†−k

)
. (2.43)

and we impose the commutation rules[
Ak, A

†
q

]
= δk,q. (2.44)

The quantum states of the system are obtained operating withA†k on a vacuum
state |0〉. From the expression of the total energy we obtain the Hamiltonian

H =
∑
k

h̄ωkA
†
kAk + constant. (2.45)

The constant term must be set to zero, in order that the vacuum state be
Lorentz-invariant. Using the results of Section 2.2, one can compute the total
momentum components

Pi =

∫
dr T0i (2.46)

in terms of creation and annihilation operators. The result is

P =
∑
k

h̄kA†kAk. (2.47)

Clearly, the states A†k|0〉 are eigenvectors of both H and P with eigenvalues

h̄ωk =

√
c2h̄2(k2 + μ2) (2.48)

and
h̄k (2.49)

respectively. It is therefore natural to interpret them as states of free particles
with momentum h̄k and mass m = h̄μ

c . This is the reason why the quadratic
part of the Lagrangian density is called the free part. The non-quadratic
interaction terms will be collectively denoted by LI .

We denote with |{Nq}〉 the state with Nq particles with momentum h̄q
for each value of q. Then, the commutation rules (2.44) give
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Ak|{Nq}〉 =
√
Nq |{Nq − δk,q}〉 (2.50)

A†k|{Nq}〉 =
√
Nq + 1 |{Nq + δk,q}〉. (2.51)

Notice that the particles described by the real scalar field obey Bose statistics:
each state can be occupied by an arbitrary number of particles, and the wave
functions are symmetric under coordinate permutations. Fermi statistics will
appear in Section 5.1, where fields describing spin-1/2 particles are introduced.

The expression of the field in the Heisenberg picture evolved at time t is
immediately obtained from eq. (2.40):

φ(r, t) = c

√
h̄

V

∑
k

eik·r√
2ωk

(
Ake

−iωkt +A†−ke
iωkt
)
. (2.52)

In the infinite-volume limit the discrete variable k takes values in the
continuum, and sums over k must be replaced by three-dimensional integrals:

∑
k

→ V

(2π)3

∫
dk. (2.53)

Correspondingly,

δk,q →
(2π)3

V
δ(k − q). (2.54)

We now define operators A(k), functions of the continuum variable k, as

A(k) =

√
V

(2π)3
Ak, (2.55)

so that [
A(k), A†(q)

]
= δ(k − q). (2.56)

Hence,

φ(r, t) = c

√
h̄

V

∑
k

eik·r√
2ωk

(
Ake

−iωkt +A†−ke
iωkt
)

= c

√
h̄

V

V

(2π)3

∫
dk

√
(2π)3

V

eik·r√
2ωk

[
A(k)e−iωkt +A†(−k)eiωkt

]

=
c
√
h̄

(2π)3/2

∫
dk
eik·r√
2ωk

[
A(k) e−iωkt + A†(−k) eiωkt

]
. (2.57)

Using the four-vector notation

k · x = ωkt− k · r, (2.58)

we finally obtain
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φ(r, t) =
c
√
h̄

(2π)3/2

∫
dk

1√
2ωk

[
A(k) e−ik·x +A†(k) eik·x

]
. (2.59)

In the second-quantized formalism, the transition between an initial state with
n particles and a final state with m particles, both corresponding to well dis-
tinguished and orthogonal wave functions, is induced by a linear combination
of operators that annihilate n particles and create m. Correspondingly, the
transition operator matrix element is the sum of n!m! terms; in each term,
the contribution of one of the annihilation operators is given by one of the
initial-particle momentum wave functions, and the contribution of one cre-
ation operator is given by a complex conjugate final-particle wave function.
Therefore, the transition amplitude is a sum of terms proportional to the
symmetric product of the initial wave functions and of the complex conjugate
final wave functions. The situation with overlapping wave functions is differ-
ent because of the square root factors appearing in eqs. (2.50,2.51). In high
energy physics this situation only arises in heavy ion interactions.

2.4 Antiparticles

The quantization of the charged scalar field Φ introduced at the end of Sec-
tion 2.2 proceeds along the same lines. Since the equation of motion for the
free field is the same as for the real scalar field, the corresponding free-field
solution is also of the same kind, with the only difference that in this case the
coefficients of the plane waves with positive and negative frequency are not
hermitian conjugates of each others, since the field is complex:

Φ(r, t) =
c
√
h̄

(2π)3/2

∫
dk

1√
2ωk

[
A(k) e−ik·x +B†(k) eik·x

]
. (2.60)

Thus, we have now particles of two different species, created by the operators
A†(k) and B†(k), with equal masses.

The values of the electric charge of the two species of particles can be
obtained by computing the total electric charge

Q = e

∫
dr J0 = ie

∫
dr
[
Φ∗∂0Φ− Φ∂0Φ∗

]
(2.61)

in terms of creation and annihilation operators. A straightforward calculation
yields

Q = e

∫
dk
[
A†(k)A(k)−B†(k)B(k)

]
. (2.62)

We conclude that, for each charged particle, the theory predicts the existence
of another charged particle with equal mass and opposite charge, which is
usually called the antiparticle. This is part of a very general result, called
the CPT theorem, that establishes the correspondence between matter and
antimatter.



3

Scattering theory

3.1 Cross sections and decay rates

Before discussing scattering processes in field theory, we briefly recall a few
general results in scattering theory in the traditional Lippman-Schwinger for-
mulation.

The purpose of scattering theory is the description of asymptotic-time
transitions between different states of a system of particles that undergo short-
range interactions; in other words, the typical situation is the transition from
a state in the remote past composed of particles largely separated in space,
and therefore non-interacting, to another state with similar features in the
far future. It is natural to think of the full Hamiltonian H , that describes the
evolution of the system at all times, as the sum of an asymptotic Hamilto-
nian H0, that describes the asymptotic evolution of non-interacting particles,
and an interaction term V . Both H and H0 are assumed to have the same
spectrum, which, for simplicity, is assumed to be purely continuum.

In the Lippman-Schwinger formulation, an asymptotic state is in corre-
spondence to a generic state φk of n non-interacting particles with definite
momenta ki, i = 1, . . . , n. For simplicity, we shall use the short-hand nota-
tions dk, δ(k − k′), Ek for

∏
i dki,

∏
i δ(ki − k′i),

∑
i Eki

, respectively. The
states φk are assumed to form a generalized orthonormal basis in the space of
free-particle states, that is, of generalized eigenstates of H0. Next, one builds
two distinct bases of generalized eigenstates of H by

Ψ
(±)
k = φk +

1

Ek −H0 ± iε
V Ψ

(±)
k , (3.1)

where ε is a positive infinitesimal. These are incoming (+) and outgoing (−)
states of our system. Indeed, considering incoming and outgoing wave packets

Ψ
(±)
f =

∫
dk f(k)Ψ

(±)
k (3.2)

and using the identity between distributions



14 3 Scattering theory ∫ 0
∓∞
dτ e−ixτ =

i

x± iε , (3.3)

eq. (3.1) gives

Ψ
(±)
f =

∫
dk f(k)

(
φk − i

∫ 0
∓∞
dτe−i(Ek−H0)τV Ψ

(±)
k

)
. (3.4)

The time evolution of these wave packets is therefore

Ψ
(±)
f (t) =

∫
dk f(k) e−iEkt Ψ

(±)
k

=

∫
dk f(k) e−iH0t

(
φk − i

∫ t

∓∞
dτ e−i(Ek−H0)τ V Ψ

(±)
k

)
. (3.5)

Clearly, as t → ∓∞ the wave packets Ψ
(±)
f (t) approach the analogous wave

packets built with the non-interacting states φk, therefore explaining the

correspondence of incoming states with Ψ
(+)
f (t) and of outgoing states with

Ψ
(−)
f (t).
The scalar product between a free-evolution state

φp(t) = e
−iH0t φp (3.6)

and Ψ
(+)
f (t) is given by

(
φp(t), Ψ

(+)
f (t)

)
= f(p)− i

∫
dk f(k)

∫ t

−∞
dτ e−i(Ek−Ep)τ

(
φp, V Ψ

(+)
k

)

→
t→∞

f(p)− 2πi
∫
dk f(k) δ (Ek − Ep)

(
φp, V Ψ

(+)
k

)
. (3.7)

This is the main result of the Lippman-Schwinger formulation of scattering

theory: at large times, the wave packet Ψ
(+)
f (t) is decomposed as the sum of

the initial packet and a scattered packet, with amplitude

−2πi δ (Ek − Ep)
(
φp, V Ψ

(+)
k

)
= −2πi δ (Ek − Ep)

(
Ψ (−)p , V φk

)
≡ −2πi δ (Ek − Ep) Fp,k, (3.8)

where the first identity is a direct consequence of eq. (3.1). The quantity

A = −2πi
∫
dk f(k) δ (Ek − Ep) Fp,k (3.9)

is the scattering amplitude.

The two different bases of the Hilbert space Ψ
(−)
k , Ψ

(+)
k are related by

a unitary transformation; one can define a unitary matrix that relates the
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coefficients of the decomposition of any state vector in the two bases. This
matrix is called the scattering matrix, or simply S matrix, and its elements
are given by

Sk,p = (Ψ (−)k , Ψ (+)p ). (3.10)

For any state vector Ψ one has

(Ψ
(−)
k , Ψ) =

∑
p

Sk,p(Ψ (+)p , Ψ). (3.11)

Using eqs. (3.1) and (3.8) one can check that

Sk,p = δ(k − p)− 2πiδ(Ek − Ep)Fk,p . (3.12)

The unitarity of S, that follows from the completeness of both bases (asymp-
totic completeness), is expressed by the equation∫

dq Sk,q S∗p,q = δ(k − p). (3.13)

Using eq. (3.12), we obtain the unitarity condition

δ(Ek − Ep)[Fk,p −F∗p,k] = 2πiδ(Ek − Ep)

∫
dq δ(Ek − Eq)Fk,qF∗p,q. (3.14)

In the cases of interest, invariance under space translations implies mo-
mentum conservation, and we may write

Fp,k = δ(p− k)T (p,k). (3.15)

Therefore,

A = −2πi
∫
dk f(k) δ (Ek − Ep) δ(p− k)T (p,k). (3.16)

In explicit calculations, the scattering amplitude from an initial state i of
two non-interacting particles with average momenta p1,p2 to a final state f
of n non-interacting particles with average momenta k1, . . . ,kn is given by

Ai→f =

∫
dq1 . . . dqn dQ1 dQ2 (3.17)

ψ∗k1(q1) . . . ψ
∗
kn
(qn) T (q1, . . . , qn;Q1,Q2)ψp1(Q1)ψp2(Q2),

where, enforcing energy-momentum conservation as in eqs. (3.9,3.15),

T (q1, . . . , qn;Q1,Q2) = −2πi T (q1, . . . , qn;Q1,Q2) (3.18)

×δ
(∑

i

qi −Q1 −Q2

)
δ

(∑
i

Eqi − EQ1 − EQ2

)
.
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For simplicity, we shall assume a Gaussian shape for the wave packets:

ψp0(p) =
1

(
√
πσ)3/2

e−
(p−p0)

2

2σ2 ;

∫
dp |ψp0(p)|2 = 1, (3.19)

where the momentum spread of the packets σ (and hence their space dimen-
sion 1/σ) is taken to be the same for all particles. A further simplification is
achieved by taking the limit σ → 0 in eq. (3.19); we get

ψp0(p) →
σ→0

(
√
2πσ)3

(
√
πσ)3/2

δ(p− p0) =
(√
4πσ
)3/2

δ(p− p0), (3.20)

that corresponds to the plane-wave representation.
In the typical scattering experiment, two colliding beams, described by

initial wave packets, are prepared by means of suitable acceleration and colli-
mation devices. The final state is then analyzed by a system of detectors. In
many (but not all) physically relevant cases one of the two initial beams is at
rest in the laboratory reference frame; we will however discuss the scattering
process in full generality. The initial-state wave packets are determined by
the momentum and energy resolutions of the accelerator, and by the geomet-
ric parameters that define its luminosity. On the other hand, the final state
selection is limited to a certain domain in the space of final momenta, cor-
responding to the acceptance of the detectors. Therefore, what one is really
interested in is the production probability of a given number of final particles
in a given region of their momentum space. This is obtained from the produc-
tion probability density in the generic point k1, ...,kn of the n final particle
momentum space originated by a certain two-particle initial state, given by

W (k1, . . . ,kn) =

∣∣∣∣
∫
dQ1dQ2T (k1, . . . ,kn;Q1,Q2)ψp1(Q1)ψp2(Q2)

∣∣∣∣
2

.

(3.21)
In order to relate W (k1, ...,kn) to |Ai→f |2, one has to shrink the final-state
packets to momentum-space delta functions, while keeping the width of the
initial-state packets fixed. Taking into account the normalization factor in
eq. (3.20), we find

|Ai→f |2

(
√
4πσf )3n

→
σf→0

W, (3.22)

where σf is the width of the final-state packets. Equation (3.22) gives the
mathematical definition of the momentum-space probability density. For prac-
tical purposes, it is sufficient to assume that the momentum spread of the final
packets is much smaller than h̄ over the space resolution of particle counters.
We are going to see in a moment that an analogous condition must be satis-
fied by the incoming wave packets; thus, putting apart the mathematical form
of (3.22), we can keep the prescription of a common spread for all the wave
packets.
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In all cases of practical interest, the initial-state wave packets do not spread
significantly; hence, the time evolution of the corresponding probability den-
sities is simply a rigid translation:

ρi(r, t) = ρi(r − vit), i = 1, 2 (3.23)

where
vi =

pi

Epi

=
pi√

|pi|2 +m2i
. (3.24)

We define the integrated luminosity L of the prepared system as

L = lim
d→0

P (d12 < d)

πd2
, (3.25)

where P (d12 < d) is the probability that, in the absence of interactions, the
two colliding particles come to a relative distance less than d.1

��

��

��

��

�
��

�
��v1 v2

ρ1 ρ2
�

��
�

��

�

v1 − v2

r

The integrated luminosity is easily computed in terms of the probability
densities ρ1, ρ2 of the initial state particles. Consider the above picture: the
probability that a particle of beam 1, initially at r, come closer than d to
one of the particles of beam 2 is given, in the small-d limit, by πd2 times the
integral of ρ2 along the dashed line:

πd2
∫ +∞
−∞

dt |v1 − v2| ρ2(r + (v1 − v2)t). (3.26)

Then, the probability P (d12 < d) is obtained by integrating this quantity over
all possible choices of r with weight ρ1(r, t). Hence

L = |v1 − v2|
∫
dr dt ρ1(r) ρ2(r + (v1 − v2)t)

= |v1 − v2|
∫
dr dt ρ1(r − v1t) ρ2(r − v2t)

= |v1 − v2|
∫
dr dt ρ1(r, t) ρ2(r, t). (3.27)

1 This definition of integrated luminosity is the same as the one currently adopted
in experimental particle physics, referred to the case of a single collision.
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In terms of initial-state wave functions, we have

L =
|v1 − v2|
(2π)6

∫
dr dt dQ1 dQ

′
1 dQ2 dQ

′
2 ψ

∗
p1
(Q′1)ψp1(Q1)ψ

∗
p2
(Q′2)ψp2(Q2)

ei(Q1+Q2−Q′1−Q′2)·r e
−i(EQ1+EQ2−EQ′

1
−EQ′

2
)t

=
|v1 − v2|
(2π)2

∫
dQ1 dQ

′
1 dQ2 dQ

′
2 ψ

∗
p1
(Q′1)ψp1(Q1)ψ

∗
p2
(Q′2)ψp2(Q2)

δ(Q1 +Q2 −Q′1 −Q′2) δ(EQ1 + EQ2 − EQ′1
− EQ′2

). (3.28)

It is interesting to compute as an example the integrated luminosity for two
Gaussian packets, eq. (3.19), centered around the momenta pi, i = 1, 2, in the
limit σ → 0. Defining qi ≡ Qi − pi e q

′
i ≡ Q′i − pi, we have, in this limit,

EQi
= Epi

+ vi · qi +O(|qi|2); EQ′
i
= Epi

+ vi · q′i +O(|q′i|
2
). (3.29)

Equation (3.28) then gives

L =
|v1 − v2|
4π5σ6

∫
dq1 dq2 dq

′
1 dq

′
2 exp

(
−|q1|

2 + |q′2|
2
+ |q1|2 + |q′2|

2

2σ2

)

δ(q1 + q2 − q′1 − q′2)δ(v1 · (q1 − q′1)− v2 · (q2 − q′2)). (3.30)

We now define q± = q1 ± q′1; after some algebra, we get

L =
|v1 − v2|
32π5σ6

∫
dq+ dq2 dq− δ((v1 − v2) · q−) e−

q2
+
+q2
−
+2q2

2
+2(q2+q−)

2

4σ2

=
1

32π5σ6

∫
dq+ dq2 dq

T
− e

−
q2
+
+3qT2
−

+4q2
2
+4q2·q

T
−

4σ2 =
σ2

2π
, (3.31)

where the suffix T is for the transverse projection with respect to v1 − v2.
We now go back to the transition probability density eq. (3.18). Taking

eq. (3.21) into account, we obtain

W (k1, . . . ,kn) = (2π)
2

∫
dQ1dQ

′
1dQ2dQ

′
2 ψ

∗
p1
(Q′1)ψp1(Q1)ψ

∗
p2
(Q′2)ψp2(Q2)

δ
(
EQ1 + EQ2 − EQ′1

− EQ′2

)
δ(Q1 +Q2 −Q′1 −Q′2)

δ (Ef − EQ1 − EQ2) δ (kf −Q1 −Q2)

T (k1, . . . ,kn;Q1,Q2) T
∗(k1, . . . ,kn;Q

′
1,Q

′
2), (3.32)

where
Ef =

∑
j

Ekj
; kf =

∑
j

kj . (3.33)

This expression will eventually be integrated over the final-state momenta
k1, . . . ,kn selected by the detectors. The energy and momentum resolutions
of the analysis process must necessarily be worse than those of the preparation
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process; equivalently, the parameter σ for the incoming packets is assumed to
be infinitesimal. In this limit, we may replace

δ (Ef − EQ1 − EQ2) → δ (Ef − Ei) (3.34)

and
δ (kf −Q1 −Q2) → δ (kf − pi) , (3.35)

where
Ei = Ep1 + Ep2 ; pi = p1 + p2. (3.36)

Furthermore, we must assume that the scattering amplitude T is a slowly
varying function of the initial state momenta; in this case, we may replace

T (k1, . . . ,kn;Q1,Q2)T
∗(k1, . . . ,kn;Q

′
1,Q

′
2) → |T (k1, . . . ,kn;p1,p2)|2.

(3.37)
With these assumptions, we find that the probability density W is propor-
tional to the integrated luminosity:

W (k1, . . . ,kn) = L
(2π)4

|v1 − v2|
|T (k1, . . . ,kn;p1,p2)|2δ (Ef − Ei) δ (ki − pi) .

(3.38)
The proportionality coefficient is called the cross section. More precisely, we
define the differential cross section dσ through

W (k1, . . . ,kn) dk1 . . . dkn = Ldσ, (3.39)

or

dσ =
(2π)4

|v1 − v2|
|T |2 δ(4)(Pf − Pi) dk1 . . . .dkn, (3.40)

where we have defined the initial and final four-momenta

Pi ≡ p1 + p2; Pf ≡
n∑

j=1

kj . (3.41)

A remarkable amount of information on the standard model comes from
the study of the decay properties of unstable particles. The best known exam-
ple is the width of the Z boson, that gives information on the number of light
neutrinos. In field theory, unstable particles play a delicate role since, strictly
speaking, they are not true particles, in the sense that they do not appear in
the space of scattering asymptotic states. The reason for this is that radiative
corrections introduce a complex correction to the mass of an unstable parti-
cle, whose imaginary part is related to the particle decay probability per unit
time. In most cases of interest, the interaction that induces the particle decay
can be considered as weak, and hence the decay process has a perturbative
origin. Under these circumstances, one can use the well-known Fermi golden
rule to obtain the decay probability per unit time from an initial state of wave
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function Ψi to a final scattering state Ψ
(−)
f due to the interaction Hamiltonian

HW :
dPf (t)

dt
= 2π

∣∣∣(Ψ (−)f , HWΨi

)∣∣∣2 ρ(Ei), (3.42)

where ρ(E) is the density of final states with energy E. This formula is a
direct consequence of first order, time dependent perturbation theory.

In the case of a relativistic theory, the initial state corresponds to a par-
ticle state

∫
dp f (p)Ψp, which would be stable in the absence of the small

perturbation HW . The final state is a scattering state, eq. (3.1), of n particles
with momenta k1, . . . ,kn. Due to translation invariance one has

(
Ψ
(−)
k1,...,kn

, HWΨp

)
≡ δ
(
p−

n∑
i=1

ki

)
T (k1, . . . ,kn;p) . (3.43)

If the final states are selected in a region Ω of the momentum space, eq. (3.42)
becomes

dPΩ(t)

dt
= 2π

∫
Ω

dk1 . . . dkn dp |f(p)|2 |T (k1, . . . ,kn;p)|2

δ

(
p−

n∑
i=1

ki

)
δ

(
Ep −

n∑
i=1

Eki

)
, (3.44)

where Ep is the energy of the initial particle with momentum p and Eki
those

of the n particles in the final state. Under the same assumptions that lead to
eq. (3.40) for the differential cross section, we can define a differential decay
probability per unit time as

dΓ = 2π dk1 . . . dkn |T |2 δ(4)
(
p−

n∑
i=1

ki

)
. (3.45)

Equation (3.44) is completely analogous to the expression eq. (3.40) for the
differential cross section in the case of two-particle scattering.

3.2 Semi-classical approximation and asymptotic

conditions

We have seen in the previous Section that the computation of cross sections
and decay rates requires, according to eqs. (3.40) and (3.45), the evaluation
of the amplitude T . In this Section, we will perform this calculation in the
semi-classical approximation.

It is well known from ordinary quantum mechanics that wave functions
in the semi-classical limit h̄ → 0 are proportional to ψ ∼ e iS

h̄ , where S is
the Hamilton-Jacobi function. Similarly, the probability amplitude for the
transition from an initial state i to a final state f is approximately given by
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Ψi→f = e
i
h̄
Si→f , (3.46)

where Si→f is the action computed on the trajectory (path) that describes the
transition in the classical limit. A well-known example is provided by a single
free, non-relativistic particle going from ri to rf in the time interval tf − ti;
the classical motion takes place with velocity v =

rf−ri
tf−ti

, and the action is

Si→f =
1

2
mv2 (tf − ti) =

m(rf − ri)
2

2(tf − ti)
. (3.47)

The corresponding amplitude in the semi-classical limit is therefore

Ψi→f ∼ exp
(
i

h̄

m(rf − ri)
2

2(tf − ti)

)
, (3.48)

that gives rise to the well-known interference phenomenon.
We now consider the case of a scattering process characterized by rela-

tivistic energies E. The duration of the full process, from the preparation of
the initial state to the detection of final state particles, is essentially infinite
with respect to the characteristic time scale of the interaction, of order h̄

E .
Hence, the amplitude must be computed by evaluating the action integral
for a solution of the field equation (2.8) that interpolates between an initial
field configuration at t → −∞ and a final configuration at t → +∞. These,
in turn, are solutions of the free-field equation, eq. (2.9), consistently with
the formulation of scattering theory. The relationship between the asymp-
totic field configurations and the wave functions of initial and final states is
fixed by the decomposition of the asymptotic field in terms of creation and
annihilation operator, eq. (2.52), that are in correspondence with the wave
functions as explained in the previous Chapter.

In order to complete this program, for a given process we determine a field
configuration φi(r) at a large negative time −T , another field configuration
φf (r) at time +T , and we take the limit T → +∞. This procedure is not
entirely straightforward, as we now show in the simple case of free fields. It
will be convenient to take the three-dimensional Fourier transform of the field:

φ̃(k, t) =
1

(2π)3

∫
dr e−ik·rφ(r, t). (3.49)

To simplify notations, we choose the so-called natural units, where h̄ = c = 1.
In these units, we have

m = μ; Ek =
√
|k|2 +m2. (3.50)

The boundary conditions for the Fourier-transformed field are then

φ̃(k,+T ) = φ̃f (k), φ̃(k,−T ) = φ̃i(k). (3.51)

On the other hand, the generic solution of eq. (2.9) has the form
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φ̃(k, t) = φ̃+(k) e
iEkt + φ̃−(k) e−iEkt. (3.52)

The free-field trajectory is determined by the two functions φ̃+(k) and φ̃−(k),
related to initial and final field configurations through(

φ̃f (k)

φ̃i(k)

)
=

(
eiEkT e−iEkT

e−iEkT eiEkT

)(
φ̃+(k)
φ̃−(k)

)
. (3.53)

One should therefore solve the system eq. (3.53) for φ̃+ and φ̃−, evaluate the
action functional over the time interval (−T, T ), and take the limit T → +∞.
This is however not possible: the matrix of coefficients in eq. (3.53) is man-
ifestly not uniformly invertible as a function of T . The boundary conditions
must therefore be imposed in a different way.

For this purpose, let us recall two points that we have stressed in the
previous Section. The first is that annihilation (creation) operators contribute
to a second-quantized matrix element through the (complex conjugate) wave
functions of initial (final) particles. The second point is that in scattering
theory the initial state corresponds to asymptotic times in the past, while the
final state corresponds to the far future. In both cases, the field operator has
a free limit in which it decomposes into creation and annihilation operators
according to eq. (2.59).

The above remarks imply that the annihilation (negative frequency) part
of the field should tend, as t → −∞, to the wave function of some particle
in the initial state, and that the creation (positive frequency) part should
tend, as t → ∞, to the complex conjugate wave function of a particle in the
final state. Since initial and final states state are multi-particle states, and the
particles are identical, the asymptotic limit at t → −∞ of the annihilation
part must be the sum of the initial particle wave functions, and the creation
part at t → ∞ must tend to the sum of the final particle complex-conjugate
wave functions.

The point which remains to be clarified is how positive and negative fre-
quency parts are selected in the asymptotic limit. We note that eq. (3.52)
implies

e±iEktφ̃(k, t) →
|t|→+∞

φ̃∓(k), (3.54)

where the limits must be understood in the weak sense, i.e. up to oscillating
factors that vanish if one replaces e±iEktφ̃(k, t) by its average over a small
volume in momentum space. More precisely, we introduce the averaged field

φ̃f,±(t) ≡
∫
dk f(k) e∓iEktφ̃(k, t),

where f is a suitable regular function rapidly vanishing outside a small volume
in momentum space. From the result given in Appendix A, eq. (A.7) for f
Gaussian, one sees that

φ̃f,±(t) →
|t|→+∞

∫
dk f(k) φ̃±(k), (3.55)
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which is a rigorous definition of the limit in eq. (3.54). Therefore we impose
the following weak boundary conditions for the field:

e+iEktφ̃(k, t) →
t→−∞

φ̃i(k) (3.56)

e−iEktφ̃(k, t) →
t→+∞

φ̃f (k), (3.57)

where

φ̃i(k) =
1√

(2π)32Ek

2∑
i=1

ψpi
(k) (3.58)

φ̃f (k) =
1√

(2π)32Ek

n∑
j=1

ψ∗kj
(k). (3.59)

Here, pi and kj are the average momenta of initial and final state particles,
respectively.

The two asymptotic conditions can be summarized in a single one; indeed,
the free-field solution

φ̃(as)(k, t) =
1√

(2π)32Ek

⎡
⎣ 2∑

i=1

ψpi
(k) e−iEkt +

n∑
j=1

ψ∗kj
(k) eiEkt

⎤
⎦ (3.60)

obeys both eqs. (3.56,3.57). Thus, we will require that the interacting field
evolve, in the weak sense, toward the asymptotic field eq. (3.60). The inverse
Fourier transform of eq. (3.60) is

φ(as)(x, t) =
1√
(2π)3

∫
dk

1√
2Ek

⎡
⎣ 2∑

i=1

ψpi
(k) e−ik·x +

n∑
j=1

ψ∗kj
(k) eik·x

⎤
⎦ .

(3.61)
Using Gaussian wave packets in the limit σ → 0 the asymptotic conditions
become

eiEktφ̃(k, t) →
t→−∞

(
√
4πσ)3/2

(2π)
3
2

2∑
i=1

δ (k − pi)√
2Epi

(3.62)

e−iEktφ̃(k, t) →
t→+∞

(
√
4πσ)3/2

(2π)
3
2

n∑
j=1

δ (k + kj)√
2Ekj

, (3.63)

and eq. (3.61) becomes

φ(as)(x, t) =
(
√
4πσ)3/2√
(2π)3

⎡
⎣ 2∑

i=1

e−ipi·x√
2Epi

+

n∑
j=1

eikj ·x√
2Ekj

⎤
⎦ . (3.64)

This method is employed in Appendix B in a simple case, where the particles
interact with an external time-dependent potential.
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3.3 Solution of the field equation

The next step toward the computation of the scattering amplitude in the
semi-classical approximation is the calculation of a solution of the field equa-
tion (2.8) with the asymptotic conditions eq. (3.64). With the scalar potential
in eq. (2.10), eq. (2.8) takes the form

(
∂2 +m2

)
φ = − λ

3!
φ3 ≡ J, (3.65)

or, in terms of Fourier transforms,(
∂2t + k2 +m2

)
φ̃(k, t) =

(
∂2t + E

2
k

)
φ̃(k, t) = J̃(k, t). (3.66)

We shall find the requested solution by the method of Green’s functions.
We define the Green function Δ̃(k, t) as the solution of the inhomogeneous
equation (

∂2t + E
2
k

)
Δ̃(k, t) = δ(t) (3.67)

with the conditions

Δ̃(k, t) ∼ eiEkt for t < 0 (3.68)

Δ̃(k, t) ∼ e−iEkt for t > 0. (3.69)

One can check that

Δ̃(k, t) =
i

2Ek

[
θ(t)e−iEkt + θ(−t)eiEkt

]
(3.70)

by an explicit calculation. It is easy to see that

φ̃(k, t) = φ̃(as)(k, t) +

∫ +∞
−∞

dt′ Δ̃ (k, t− t′) J̃ (k, t′) (3.71)

= φ̃(as)(k, t)

+
i

2Ek

[
e−iEkt

∫ t

−∞
dt′ eiEkt

′

J̃(k, t′) + eiEkt

∫ ∞
t

dt′ e−iEkt
′

J̃(k, t′)
]

is a solution of eq. (3.66), and approaches eq. (3.64) asymptotically: for ex-
ample, for t → −∞ the first term in the squared bracket vanishes, and the
second one tends to the time Fourier transform of J̃ times a rapidly oscillating
phase factor eiEkt, that does not contribute in the weak limit. Similarly, the
squared bracket vanishes as t→ +∞, and in both cases the asymptotic limit
is φ̃(as).

It will be useful to write the solution eq. (3.71) in an explicitly covariant
form. To this purpose, we take its inverse Fourier transform:

φ(r, t) = φ(as)(r, t) +

∫
dt′
∫
dk e−ik·rΔ̃(k, t− t′) 1

(2π)3

∫
dr′ eik·r

′

J(r′, t′)

= φ(as)(x) +

∫
d4x′ J(x′)

1

(2π)3

∫
dk e−ik·(r−r′)Δ̃(k, t− t′), (3.72)
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where x = (t, r) and x′ = (t′, r′). Using the explicit expression of the Green
function Δ̃(k, t), eq. (3.70), and the integral representation of the step function

θ(t) = − 1

2πi

∫ +∞
−∞

dω
e−iωt

ω + iε
, (3.73)

we find

1

(2π)3

∫
dk e−ik·rΔ̃(k, t)

= −
∫
dk

(2π)4
e−ik·r 1

2Ek

∫ +∞
−∞

dω

[
e−i(Ek+ω)t

ω + iε
+
ei(Ek+ω)t

ω + iε

]

=

∫
d4k

(2π)4
eik·x

1

2Ek

[
1

Ek + ω − iε
+

1

Ek − ω − iε

]
, (3.74)

where we have shifted ω → −Ek − ω in the first term, and ω → −Ek + ω in
the second one, and we have defined k = (ω,k). This gives

1

(2π)3

∫
dk e−ik·rΔ̃(k, t) =

1

(2π)4

∫
d4k eik·x

1

m2 − k2 − iε ≡ Δ(x) (3.75)

(the positive infinitesimal ε can be redefined at each step, provided its sign is
kept unchanged.) The function Δ(x) is a Lorentz scalar; hence, the covariant
form of eq. (3.71) is

φ(x) = φ(as)(x) +

∫
d4y Δ(x− y) J(y) ≡

(
φ(as) +Δ ◦ J

)
(x), (3.76)

with φ(as) given in eq. (3.61). Equation (3.76) is an implicit solution of the
field equation, since J depends on φ; the explicit solution can be found using
eq. (3.76) recursively. In practice, we have transformed the differential equa-
tion (2.8) into an integral equation, that embodies the boundary conditions.

Finally, we note that

(∂2 +m2)Δ(x) = δ(x). (3.77)

This relation will be useful in the computation of the Green function for fields
with different transformation properties with respect to Lorentz transforma-
tions.

Our next step will be the computation of the action, and hence of the
transition amplitude.

3.4 Calculation of the scattering amplitude

The calculation of the scattering amplitude involves, as already mentioned,
the evaluation of the action integral over an infinite time interval:
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−∞

dt

∫
drL (r, t) . (3.78)

In view of the oscillating behaviour of the asymptotic solution, the integral in
not necessarily convergent; we therefore regularize the integrand by replacing
φ(as)(x) with

φ(as,η)(x) ≡ e−η|t|φ(as)(x), (3.79)

and we take the limit η → 0+ at the end of the calculation. Clearly, φ(as,η) is
no longer a solution of the free-field equation; correspondingly,

φ = φ(as,η) +Δ ◦ J (3.80)

is not a stationary field configuration for the original action, but for the mod-
ified action obtained from the modified Lagrangian density

L → L+ φ (∂2 +m2)φ(as,η). (3.81)

The added term vanishes as η → 0, but its integral is not necessarily zero in
the same limit.

Taking eq. (3.81) into account, we should evaluate

S
(η)
i→f = −

∫ +∞
−∞

dt

∫
dr

[
1

2
φ
(
∂2 +m2

) (
φ− 2φ(as,η)

)
+
λ

4!
φ4
]
. (3.82)

We obtain

S
(η)
i→f = −

∫ +∞
−∞

dt

∫
dr

[
1

2

(
φ(as,η) +Δ ◦ J

) (
∂2 +m2

) (
Δ ◦ J − φ(as,η)

)

+
λ

4!

(
φ(as,η) +Δ ◦ J

)4 ]

=

∫ +∞
−∞

dt

∫
dr

[
1

2
φ(as,η)

(
∂2 +m2

)
φ(as,η) − 1

2
(Δ ◦ J)

(
∂2 +m2

)
Δ ◦ J

− λ
4!

(
φ(as,η) +Δ ◦ J

)4 ]

=

∫ +∞
−∞

dt

∫
dr

[
1

2
φ(as,η)

(
∂2 +m2

)
φ(as,η) − 1

2
J Δ ◦ J

− λ
4!

(
φ(as,η) +Δ ◦ J

)4 ]
, (3.83)

where we have performed a partial integration in the second step, and we have
used

(
∂2 +m2

)
Δ ◦ J = J in the last one. The contribution of the first term

in brackets,
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1

2

∫ +∞
−∞

dt

∫
dr φ(as,η)

(
∂2 +m2

)
φ(as,η)

=
(2π)

3

2

∫ +∞
−∞

dt

∫
dk φ̃(as,η)(−k, t)

(
∂2t + E

2
k

)
φ̃(as,η)(k, t) (3.84)

vanishes as η → 0. Indeed, using

φ̃(as,η)(k, t) = e−η|t| [φ+(k)eiEkt + φ−(k)e−iEkt
]
, (3.85)

we find(
∂2t + E

2
k

)
φ̃(as,η)(k, t) =

(
η2 − 2ηδ(t)

)
φ̃(as,η)(k, t) (3.86)

−2iη sign(t)Eke
−η|t| (φ+(k)eiEkt − φ−(k)e−iEkt

)
.

The term proportional to η2 does not contribute to eq. (3.84) as η → 0,
because the time integration is proportional to 1/η, and the term proportional
to ηδ(t) vanishes, because the delta functions makes the integral convergent.
The remaining term is

−iη(2π)3
∫ +∞
−∞

dt sign(t) e−2η|t|
∫
dkEk

[
φ+(−k)eiEkt + φ−(−k)e−iEkt

]
×
[
φ+(k)e

iEkt − φ−(k)e−iEkt
]
+O(η)

= −iη (2π)3
∫
dkEk

∫ +∞
−∞

dt sign(t) e−2η|t|[
e2iEktφ+(−k)φ+(k)− e−2iEktφ−(−k)φ−(k)

]
+O(η). (3.87)

The time integral can be performed, with the result

2η (2π)
3
∫
dk

E2k
η2 + E2k

[φ+(−k)φ+(k) + φ−(−k)φ−(k)] +O(η), (3.88)

which is also vanishing for η → 0. Hence, we obtain in this limit

Si→f = −
∫ +∞
−∞

dt

∫
dr

[
1

2
J Δ ◦ J + λ

4!

(
φ(as) +Δ ◦ J

)4]
, (3.89)

where, taking eqs. (3.65) and (3.80) into account,

J = − λ
3!

(
φ(as) +Δ ◦ J

)3
, (3.90)

and φ(as) is given by

φ(as)(x) =
(
√
4πσ)3/2

(2π)3/2

⎡
⎣ 2∑

i=1

e−ipi·x√
2Epi

+

n∑
j=1

eikj ·x√
2Ekj

⎤
⎦ . (3.91)
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It can be shown that in this case the result eq. (3.89) is a sum of terms
proportional to λk(φ(as))2k+2, k = 1, 2, . . ..2

Once the semi-classical action Si→f has been computed, one has immedi-
ately

Ψi→f � exp(iSi→f ). (3.92)

In the framework of the Lippman-Schwinger formulation presented in Sec-
tion 3.1, eq. (3.92) is identified with

lim
t→∞

∫
dq g∗ (q)

(
φq(t), Ψ

(+)
k (t)

)
(3.93)

where g is a packet function for the final state. In the same framework, eq. (3.7)
can be rewritten as

−2πiδ (Ek − Ep) δ (k − p) T (p,k)

= lim
t→∞

[(
φp(t), Ψ

(+)
k (t)

)
−
(
φp(t), Ψ

(+)
k (t)

)∣∣∣
V=0

]
(3.94)

It is clear from eqs. (3.89,3.90) and (3.92) that the second term in the r.h.s.
of eq. (3.94) is equal to 1 in the semi-classical approximation, since Si→f

vanishes with λ.
Comparing this result with eqs. (3.17,3.18), we get

Ai→f = Ψi→f − Ψi→f |V=0 = Ψi→f − 1 = iSi→f +
1

2
(iSi→f )(iSi→f ) + . . . .

(3.95)
The first term is simply proportional to the action, given by eqs. (3.89,3.90)
and (3.91).

The amplitude for a process with n particles in the final state arises from
terms of degree n+2 in φ(as) in the expansion of the semi-classical amplitude,
eq. (3.92), since it must be linear (or anti-linear) in each particle wave function.
Such terms are selected in the expansion of Ai→f , eq. (3.95), by means of the
following mechanism. Terms of lower degree are excluded because energy-
momentum conservation cannot be simultaneously satisfied in a transition
2 → n and in a transition involving a subset of the n+ 2 particles. Terms of
higher degree can only be of the form (φ(as))(n+2)m, again because of energy
and momentum conservation, and arise both in the expansion of Si→f and
in contributions to Ai→f of higher order in Si→f . As shown in Section 3.1,
differential cross sections are determined by taking the limit σ → 0 of perfect
resolution in the wave packets. It can also be shown that terms of degree
(n + 2)m in φ(as) in Si→f vanish

3 as σ(
3
2n+1)m−2. Hence, terms with m > 1

2 Expanding the r.h.s. of eq. (3.90) one can show that J is a sum of terms propor-
tional to λk(φ(as))2k+1; replacing this expansion in eq. (3.89) yields the announced
result.

3 The degree of homogeneity in σ is obtained by rescaling all momentum differences
p−p0 (see eq. (3.19)) by σ. Each wave packet contributes a factor of σ

3/2, while
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vanish more rapidly than those with m = 1. Similarly, contributions to Ai→f

of higher degree in Si→f are higher-order infinitesimal with respect to those
of first degree. For this reason, as σ → 0 we find

Ai→f � iSi→f . (3.96)

The leading contribution to Ai→f is therefore proportional to σ
3
2n−1. The

calculations performed in Section 3.1 show how this leads to a σ-independent
differential cross section. In the following, we will omit the wave packets in
explicit calculations, and simply neglect terms that are not linear or anti-linear
in each wave function.

We conclude this Section by giving a generalized version of eq. (3.89).
Indeed, using eq. (3.76), it can be written as

Si→f = −
∫
d4x

λ

4!
φ4(x)− 1

2

∫
d4x d4y J(x)Δ(x − y)J(y). (3.97)

This expression readily generalizes to any theory, in the form

Si→f =

∫
d4xLI −

1

2

∫
d4x d4y J(x)Δ(x − y)J(y). (3.98)

When more fields are involved, φi, i = 1, . . . , N (not necessarily scalar fields),
there will be a source Ji for each of them, given by

Ji =
∂

∂φi
LI − ∂μ

∂

∂(∂μφi)
LI ; i = 1, . . . , N, (3.99)

as one can see by inspection of the Euler-Lagrange equations. Equation (3.89)
can now be rewritten by defining the functional

S
[
φ(as)
]
= −
∫ +∞
−∞

dt

∫
dr

[
1

2
Ji Δij ◦ Jj − LI

]
φi=φ

(as)
i
+(Δ◦J)i

, (3.100)

where we have taken into account the fact that, in the general case, the prop-
agator Δ is a N × N matrix. This formula is immediately applicable to all
cases of physical interest.

This concludes our construction of field theory scattering amplitudes in
the semi-classical approximation. It is convenient at this point to state how
our results are related to those of the general relativistic scattering theory. [1]
This starts from the assumption of some basic properties of the Hilbert space
of asymptotic states, which is identified with a free-particle Fock space, and
of the interacting field operators. Among these assumptions, locality plays
a crucial role. Using these properties, R. Haag has shown that interacting

the global four-momentum conservation delta function carries a factor of σ−4.
Furthermore, one must take into account 2(m− 1) mass-shell singularities, each
carrying a factor 1/σ.



30 3 Scattering theory

field operators tend, for asymptotic times and in a suitable weak topology,
to asymptotic free fields, which are built with the creation and annihilation
operators of the particles in the asymptotic states. This result justifies the
construction of relativistic scattering amplitudes in terms of Fourier trans-
forms of suitable Green functions through the LSZ reduction formulae. In the
most common approach, Green functions are identified with vacuum expec-
tation values of time-ordered products of interacting fields. The collection of
all Green functions can be cast into a functional generator that, in principle,
can be computed using the Feynman functional integral formula. Our results
are recovered by computing the Feynman functional integral in the saddle-
point approximation. Here one finds again the result that characterizes the
semi-classical approximation in path integral formulations of Quantum Me-
chanics. Radiative corrections correspond to corrections to the saddle point
approximation.
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Feynman diagrams

4.1 The method of Feynman diagrams

The calculation of the scattering amplitude for a given process is greatly
simplified by a graphical technique, originally introduced by R. Feynman in
the context of quantum electrodynamics. We define the following symbols:

φ(as)(x) ≡ J(x) ≡ � Δ(x− y) ≡ (4.1)

Equation (3.89) is represented as

Si→f = −1
2

� �

− λ
4!

⎡
⎣ + 4 � + 6

�
�

+ 4 �
�
�

+ � �
�
�

⎤
⎦ ,(4.2)

while the graphical form of eq. (3.90) is

� = − λ
3!

⎡
⎢⎣ �

�
+ 3 �

�
�+ 3 �

�
�

� + �
�

��
�

⎤
⎥⎦ . (4.3)

It is understood that each internal vertex corresponds to a space-time inte-
gration.

Equation (4.3) can be solved iteratively:

� = − λ
3!

�
�

+
λ2

12
�
�

�
�

− λ
3

72
�
�

�

�
�

− λ
3

24
�
�

�
�

�
�

+ · · · . (4.4)
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Using the iterative solution of eq. (4.3) in eq. (4.2) we find

Si→f = − λ
4!

+
λ2

72
− λ3

144
+ · · · (4.5)

The crossing points of the lines in each diagram of this expansion are called
vertices; lines connecting two vertices are called internal lines, and correspond
to a factor of Δ (usually called the propagator) in the amplitude. The remain-
ing lines are external lines; each of them corresponds to a factor φ(as). The
numerical coefficients in eq. (4.5) are combinatorial factors, that can be writ-
ten as

1

k
∏

v nv!
, (4.6)

where v is a generic vertex in the diagram, nv is the number of external lines
of the vertex v, and k is the symmetry class of the diagram, i.e. the number
of rigid transformations that leave the diagram unchanged: we find k = 1 for
the first diagram, and k = 2 for the others. Finally, each diagram carries one
power of −λ for each vertex.

We now proceed to the computation of the amplitude. It will be useful to
introduce four-dimensional Fourier transforms, defined as

F̂ (k) ≡ 1

(2π)4

∫
d4x eik·x F (x) F (x) =

∫
d4k e−ik·x F̂ (k) (4.7)

for a generic F (x). We find

φ̂(q) = φ̂(as)(q) +
1

m2 − q2 − iε Ĵ(q) (4.8)

and therefore

Si→f = −1
2

∫
d4k d4k′ (2π)4 δ(4) (k + k′) Ĵ(k)

1

m2 − k2 − iε Ĵ(k
′) (4.9)

− λ
4!

∫ 4∏
l=1

d4ql

[
φ̂(as)(ql) +

1

m2 − q2l − iε
Ĵ(ql)

]
(2π)4 δ(4)

(
4∑

l=1

ql

)
.

Similarly, eq. (3.90) becomes

Ĵ(k) = − λ
3!

∫
d4x

(2π)
4 e

ik·x
3∏

l=1

∫
d4ql e

−iql·x
[
φ̂(as) (ql) +

Ĵ (ql)

m2 − q2l − iε

]

= − λ
3!

∫ 3∏
l=1

d4ql

[
φ̂(as) (ql) +

Ĵ (ql)

m2 − q2l − iε

]
δ(4)

(
k −

3∑
l=1

ql

)
.(4.10)

Finally, the Fourier-transformed asymptotic field is given by

φ̂(as)(k) =
1

(2π)
3
2

⎡
⎣ 2∑

i=1

δ(4) (k − pi)√
2Epi

+

n∑
j=1

δ(4) (k + kj)√
2Ekj

⎤
⎦ . (4.11)
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The iterative expression of eq. (4.5) in terms of Fourier transforms of the
various quantities then reads

Si→f = − λ
4!

∫ [ 4∏
l=1

d4ql φ̂
(as)(ql)

]
(2π)4 δ(4)

(
4∑

l=1

ql

)
(4.12)

+
λ2

72

∫ [ 6∏
l=1

d4ql φ̂
(as) (ql)

]
(2π)

4
δ(4)

(
6∑

l=1

ql

)
1

m2 −
(∑3

l=1 ql

)2
− iε

+ . . . .

By comparing eq. (4.12) with its graphical form, eq. (4.5), and taking eq. (4.11)
into account, we note that each line in the diagrams corresponds to a four-
momentum integration variable; these momenta flow from initial to final ex-
ternal lines, and are constrained by momentum conservation at each vertex.
The momenta carried by external lines are identified with the momenta of
asymptotic initial (pi) and final (kj) state particles, while momentum conser-
vation fixes the momenta of internal lines. The contribution of a given diagram
to the amplitude is therefore the product of factors

1

m2 − q2l − iε
(4.13)

corresponding to internal lines, of a factor −λ for each vertex, and a factor

1√
(2π)

3
2E

(4.14)

for each external line. Finally, the amplitude is proportional to the factor

(2π)
4
δ(4)

⎛
⎝ n∑

j=1

kj −
2∑

i=1

pi

⎞
⎠ (4.15)

that appears explicitly in eq. (4.12). Summing over all possible assignments
of asymptotic particles to external lines, one can check that every diagram
appears with a multiplicity which is given by the number of permutations
of the nv asymptotic particles entering a given vertex v, multiplied by the
number k of symmetry transformations of the diagram into itself. This gives
a factor k

∏
v nv!, that compensates exactly the denominator that appears

explicitly in each term of eq. (4.5).
Let us consider, as an example, the case of two particles in the final state,

usually called elastic scattering:

φ(p1) + φ(p2)→ φ(k1) + φ(k2). (4.16)

The relevant term is the first one in eq. (4.12). We get
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A2→2 = −i λ
4!

∫ [ 4∏
l=1

d4ql φ̂
(as)(ql)

]
(2π)

4
δ(4)

(
4∑

l=1

ql

)

= −i λ
4!

4!(2π)4δ(4) (p1 + p2 − k1 − k2)√∏2
i=1 [(2π)

32Epi
]
∏2

j=1

[
(2π)32Ekj

] . (4.17)

The factor 4! accounts for the number of ways one can extract terms linear in
each plane wave from φ̂(as)(q1) . . . φ̂

(as)(q4).
The function T , defined in eq. (3.18), that appears in the general expression

for the cross section, is now easily identified: since

A2→2 = −2πi T (k1, k2; p1, p2) δ(4)(k1 + k2 − p1 − p2), (4.18)

comparing with eq. (4.17) we find

T (k1, k2; p1, p2) =
λ√

4Ep1Ep2

1√
(2π)32Ek2

√
(2π)32Ek2

. (4.19)

The differential cross section in given by

dσ2 =
|λ|2

4Ep1Ep2

1

|v1 − v2|
(2π)4 δ(4)(k1 + k2 − p1 − p2)

dk1
(2π)32Ek1

dk2
(2π)32Ek2

=
|λ|2

4|p1Ep2 − p2Ep1 |
(2π)4 δ(4)(k1 + k2 − p1 − p2)

dk1
(2π)32Ek1

dk2
(2π)32Ek2

.

(4.20)

The integration measure

dφ2 = (2π)
4 δ(4)(k1 + k2 − p1 − p2)

dk1
(2π)32Ek1

dk2
(2π)32Ek2

(4.21)

is usually called the invariant phase space; it appears in the expression of the
differential cross section for any process with two particles in the final state.
Thanks to its transformation properties under Lorentz transformations, the
invariant phase space can be computed in any reference frame. In many cases,
a convenient choice is the rest frame of the center of mass of the particles in
the initial state, where p1 + p2 = 0. In this frame,

dφ2 =
1

(2π)2
δ(3)(k1 + k2) δ(

√
s− Ek1 − Ek2)

dk1
2Ek1

dk2
2Ek2

=
1

(2π)2
δ(
√
s− Ek1 − Ek2)

dk1
4Ek1Ek2

, (4.22)

where we have defined s = (p1 + p2)
2 = (Ep1 + Ep2)

2. In the second step we
have used the spatial momentum conservation factor δ(3)(k1+k2) to perform
the integral over k2, therefore implicitly setting k2 = −k1 in the integrand. We
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may further simplify this expression using polar coordinates k1 = (|k1|, θ, φ)
and orienting the z axis in the direction of the momenta of incoming particles.
Because of the symmetry of the whole process under rotations around the z
axis, the squared amplitude cannot depend on the azimuthal angle φ. Hence,

dφ2 =
1

2π
δ(
√
s− Ek1 − Ek2 )

|k1|2 d |k1|
4Ek1Ek2

d cos θ. (4.23)

The integral over |k1| can now be performed using the delta function

δ(
√
s− Ek1 − Ek2) =

Ek1Ek2√
s |k1|

δ

(
|k1| −

√
s

2

√
1− 4m2

s

)
. (4.24)

We get

dφ2 =
1

8π

|k1|√
s
d cos θ, (4.25)

where

|k1| =
√
s

2

√
1− 4m2

s
. (4.26)

The angular differential cross section is therefore given by

dσ2 =
|λ|2
32πs

√
1− 4m2

s
d cos θ. (4.27)

The total cross section is obtained by integrating dσ2 in cos θ, recalling that
in this case only one half of the total solid angle contributes, because of the
identity of the particles in the final state.

4.2 The invariant amplitude

The calculations of the previous Section can be immediately generalized to
the case of a generic process with n particles in the final state. It is convenient
to define the invariant amplitudeMfi through

Ai→f = i (2π)
4 δ(4)

⎛
⎝ n∑

j=1

kj −
2∑

i=1

pi

⎞
⎠ Mfi√∏2

i=1 [(2π)
32Epi

]
∏n

j=1

[
(2π)32Ekj

] .
(4.28)

In the case of elastic scattering, the explicit calculation givesM2→2 = −λ.
The function T is related to the invariant amplitude by comparison with

its definition:

Ai→f = −2πi T (k1, . . . , kn; p1, p2) δ(4)(p1 + p2 − k1 − . . .− kn). (4.29)

We find
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T (k1, . . . , kn; p1, p2) = − Mfi√
4Ep1Ep2

1∏n
j=1

√
(2π)32Ekj

. (4.30)

The differential cross section is therefore given by

dσn =
|Mfi|2

4|p1Ep2 − p2Ep1 |
dφn(p1, p2; kj), (4.31)

where

dφn(p1, p2; kj) = (2π)
4 δ(4)(

n∑
j=1

kj −
2∑

i=1

pi)
n∏

j=1

dkj

(2π)32Ekj

(4.32)

is the invariant phase space for n particles in the final state. Finally, we observe
that in all reference frames in which p1 and p2 have the same direction, we
have

|p1Ep2 − p2Ep1 | =
√
(p1 · p2)2 −m21m22 when p1 ‖ p2, (4.33)

where m1 and m2 are the masses of initial state particles.
The same reduction to an invariant amplitude can be performed in the

case of particle decays. Notice, first of all, that the matrix element eq. (3.43)
corresponds, up to a factor −2πiδ(Ef − Ei), to the linear part in HW of the
transition amplitude from a single-particle initial state to an n−particle final
state. This amplitude can be computed in the semi-classical approximation
using the method of Feynman diagrams.

Therefore, the general result has the form

T (k1, . . . , kn; p) = −
√
(2π)3

Mfi√
2Ep

1∏n
j=1

√
(2π)32Ekj

. (4.34)

where Mfi corresponds to the sum of Feynman diagrams with n particles
in the final state and a single heavy particle in the initial state. Inserting
eq. (4.34) into eq. (3.45) yields

dΓ =
|Mfi|2
2Ep

dφn(p; k1, . . . , kn). (4.35)

Needless to say, Ep equals the mass of the decaying particle in its rest frame,
which is usually the most convenient choice for the computation of decay
rates.

4.3 Feynman rules for the scalar theory

The results obtained so far can be summarized as follows. In the context of
the scalar theory defined by the interaction Lagrangian
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LI = − λ
4!
φ4 (4.36)

the invariant amplitude Mfi for a generic process with two particles in the
initial state and 2n particles in the final state is obtained, in the semi-classical
approximation, by

1. selecting all connected diagrams with 2n + 2 external lines that can be
built with four-line vertices (note that LI in eq. (4.36) is proportional to
the fourth power of φ);

2. assigning the asymptotic particles to the external lines of each diagram in
all possible ways, and determining the momentum flux by means of four-
momentum conservation at each vertex;

3. summing over all diagrams and over all possible assignments the product
of −λ to the power nv, which is the number of vertices (equal to n in
the present case), times a factor 1

m2−q2
l
−iε

for each internal line, where

the four-momenta ql are fixed by four-momentum conservation at each
vertex.

We see that the essential ingredients of the calculation are propagators and
vertex factors; these are characteristic of the particular theory one is consid-
ering. In particular, the propagators are the Green function of the free field
equations, while the vertex factors can be extracted from the interaction La-
grangian (eq. (4.36) in our example) by computing the amplitude for a virtual
process in which the lines entering a given vertex are considered as external
lines. It is easy to see that this general rule gives the correct result in the
case of eq. (4.36): each vertex has four lines, and the corresponding virtual
amplitude is given by −λ/4! times the number of possible assignments of ex-
ternal lines, 4!. This gives the correct factor of −λ. In the following, we will
encounter more complicated cases, where the vertex factor may depend on
particle momenta.

In order to illustrate the above procedure, let us compute the invariant am-
plitude for the process with two particles in the initial state and four particles
in the final state (n = 2), that corresponds to the second term in eq. (4.5).

Inequivalent assignments of asymptotic particles to external lines are usu-
ally expressed by oriented diagrams, with the external lines corresponding to
the initial particles (labelled by a and b) incoming from below (or from the
left), and final state particles (labelled by 1, 2, 3 and 4) outgoing above (or to
the right). In the case at hand, we have two diagrams:

a b a b
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In the case of scalar particles, the orientation of internal lines is irrelevant.
The diagram on the left corresponds to four inequivalent contributions, one
for each choice j = 1, . . . , 4 of the final state particle outgoing from the lower
vertex; the momentum carried by the internal line is in this case p1+ p2− kj .
The diagram on the right corresponds to six inequivalent contributions, that
correspond to the six ways of choosing the two particles outgoing from the
left vertex (i < j = 1, . . . , 4); the momentum of the internal line is in this case
p1 − ki − kj . Summing all contributions according to the rules given above,
we find

M2→4 = λ2

⎡
⎣ 4∑

j=1

1

m2 − (p1 + p2 − kj)2
+

4∑
j=2

j−1∑
i=1

1

m2 − (p1 − ki − kj)2

⎤
⎦ .
(4.37)

Note that we have not included the iε terms in the internal line propagators;
this is because for this particular amplitude the denominators never vanish
for physical values of external particle four-momenta. For example, it is easy
to show that four- momentum conservation implies (p1 + p2 − kj)2 > 9m2.
In general, this is always the case for theories that do not involve unstable
particles.

In order to provide a sample calculation of a differential decay rate, we
should consider a theory that describes particles with different masses. To
this purpose, we extend our simple scalar model to include a second scalar
field Φ, associated with particles of mass M 
 m, coupled to φ through an
interaction term of the form

LI = −gM
2
Φφ2, (4.38)

where g is a new coupling constant (assumed small) and the factor of M was
introduced to keep g dimensionless. To first order in g, the invariant amplitude
for the two-body decay

Φ(p)→ φ(k1) + φ(k2) (4.39)

is simply given by
M1→2 = −gM (4.40)

while the invariant amplitude for

Φ(p)→ φ(k1) + φ(k2) + φ(k3) + φ(k4) (4.41)

gets contributions from diagrams with one internal line, and has therefore a
non-trivial dependence on external particle momenta:

M1→4 = gλM
4∑

j=1

1

m2 − (p− kj)2 − iε
. (4.42)
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4.4 Unitarity, radiative corrections and renormalizability

The constraint in eq. (3.14), that follows from unitarity of the scattering
matrix, can be formulated in terms of invariant amplitudes, defined as in
eq. (4.30). We find

Mij −M∗
ji = −i

∑
f

∫
dφnf

(Pi; k
f
1 , . . . , k

f
nf
)MifM∗

jf , (4.43)

with dφnf
given in eq. (4.32). The above constraint is relevant to our analysis,

because it is systematically violated is the semi-classical approximation, thus
indicating that corrections to this approximation are needed. In the semi-
classical approximation the amplitudes are real and symmetric under the
exchange of initial and final states;1 hence, the left-hand side of eq. (4.43)
vanishes, while the right-hand side does not. This can be seen explicitly in the
simple case of two-particle elastic scattering in the context of the real scalar
field theory. We have shown in Section 4.1 that the invariant amplitude in
this case is

M2→2 = −λ. (4.44)

The left-hand side of the unitarity constraint eq. (4.43) vanishes in the semi-
classical approximation, sinceM2→2 is real. The right-hand side of eq. (4.43) is
easily computed if we further choose the center-of-mass energy to be smaller
than 4m, so that the production of more than two scalars is kinematically
forbidden. We get

−iλ2
∫
dφ2(Pi; k1, k2) = − iλ

2 |k1|
16πEk1

, (4.45)

where we have used eq. (4.25) for the invariant two-particle phase space, and
the integral has been restricted to one half of the total solid angle due to
the identity of scalar particles. Equation (4.45) is manifestly nonzero, and the
unitarity constraint is therefore violated.

Unitarity is recursively restored taking radiative corrections into account.
In particular, the one-loop contribution corresponds to the diagram with two
internal lines and two vertices, and hence one loop:

1 Because of time-reversal invariance.
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The amplitudes corresponding to loop diagrams can be computed using the
rules given in the previous Section, with two further instructions: first, the
integral over the loop momentum q, which is not fixed by momentum conser-
vation at the vertices, must be performed with the measure

i
d4q

(2π)4
, (4.46)

and second, the amplitude carries a combinatorial factor, given by the inverse
of the number of symmetry transformation of the diagram. In the present case
this factor is 1/2, because the diagram is symmetric under permutation of the
internal lines. The contribution to the invariant amplitude is therefore given
by

M1loop
2→2 = i

3∑
j=1

λ2

2

∫
d4q

(2π)4

[
1

m2 − q2 − iε
1

m2 − (Pj − q)2 − iε

− 1

M2 − q2 − iε
1

M2 − (Pj − q)2 − iε

]
− C, (4.47)

where P1 = p1+p2, P2 = p1−k1, P3 = p1−k2. Note that we have introduced
in the integrand of eq. (4.47) a term that depends on a large mass parameter
M in order to regularize the loop integral, otherwise divergent in the large-
momentum region. This procedure is called Pauli-Villars regularization; the
parameter M is eventually taken to infinity. It is apparent that, for any finite
value of M , the integral of the difference of the two terms in eq. (4.47) is
convergent, while that of each single term diverges. The introduction of the
regularizing term must be compensated by the real constant C, whose con-
tribution to the scattering amplitude appears as a correction (counter-term)
to λ. The constant C must be tuned in such a way that the invariant scat-
tering amplitude is equal to −λ for some fixed value of the external momenta
(for example, at the scattering threshold.) This is called a renormalization
prescription.

Let us first compute the term with j = 1. Choosing the center-of-mass
frame of the particles in the initial state, we find

M1loop
2→2 = i

λ2

2(2π)4

∫
dq

∫
dq0

[
1

Eq − q0 − iε
1

Eq + q0 − iε

× 1

Eq + 2Ek1 − q0 − iε
1

Eq − 2Ek1 + q
0 − iε) − PV

]
, (4.48)

where Eq =
√
m2 + q2 and PV stands for an analogous fraction with Er

replaced by
√
M2 + q2. Integrating with respect to q0 we get

M1loop
2→2 =

λ2

16(2π)3Ek1

∫
dq

Eq

[
1

Eq + Ek1

− 1

Eq − Ek1 − iε
− PV

]
. (4.49)



4.4 Unitarity, radiative corrections and renormalizability 41

The iε term is immaterial in the Pauli-Villars term, provided that M is large
enough (M > 2Ek1); hence,

M1loop
2→2 −M

∗1loop
2→2 = − iλ

2 |k1|
16πEk1

. (4.50)

It is apparent that this contribution to the left-hand side of eq. (4.43) equals
exactly eq. (4.45). The remaining two terms of the sum in eq. (4.47) contribute
only to the real part of the amplitude. This can be checked by rotating the
q0 integration path from the real to the imaginary axis of the complex plane,
which is allowed since the rotating path does not cross any singularity of the
integrand. Thus, we have seen that the semi-classical approximation violates
S-matrix unitarity, which however is recursively recovered by taking into
account the contributions of radiative corrections, i.e. of Feynman diagrams
with closed loops.

As we have seen explicitly in the example of elastic scattering, the four-
momentum integration variables of loop diagrams are no longer completely
determined by four- momentum conservation, and therefore the amplitudes
contain integrations over undetermined momenta. Such integrals are in gen-
eral divergent in the region of large integration four-momenta (the so-called
ultraviolet region.) As shown in the example, divergent integrals must be made
convergent by a regularization procedure, which must be accompanied by the
introduction of counter-terms. These are physically acceptable if, as in the
example, they can be considered as corrections to physical parameters. If this
is not the case, the introduction of counter-terms automatically implies the
appearance of further physical parameters. If this process does not come to an
end, the theory fails to be predictive, because the number of input parameters
diverges. Such theories are called non-renormalizable.

There is a strict connection between the properties of the interaction terms
in the Lagrangian density and the strength of divergences of loop integrals.
This can be seen using pure dimensional analysis. In natural units, there is
only one independent scale, say the scale of energies or masses. Since the
Lagrangian density scales as the fourth power of mass, bosonic fields have
the dimensionality of a mass, so that (∂φ)2 has the correct dimensionality.
For the same reason, an interaction term of degree D in the fields and field
derivatives is proportional to a coefficient with the dimension of a mass to
the power 4 − D. Thus, for example, an interaction term proportional φ6

appears in the Lagrangian density with a coefficient of dimension (mass)−2.
For a given amplitude, diagrams with loops must have the same dimensionality
as diagrams in the semi-classical approximation; the presence of coefficients
with the dimension of negative powers of an energy must be compensated by
positive powers of integration four-momenta, therefore making the ultraviolet
behaviour of the integral worse. It is possible to show that a field theory whose
Lagrangian density is a generic linear combination of all possible monomials
in the fields and their derivatives of dimensionality D ≤ 4 is renormalizable in
the sense that the problem of divergent integrals in the ultraviolet region can
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be solved by suitable redefinitions of the parameters in the action. This result
is sufficient to guarantee the physical predictivity of field theories involving
scalars fields, and it is immediately extended to fermions. When vector fields
are present, further difficulties arise, as we shall see in Chapter 8.
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Spinor fields

5.1 Spinor representations of the Lorentz group

We have discussed in Section 2.1 the importance of relativistic invariance in
the formulation of theories of fundamental interactions. We have studied in
detail the case of scalar fields, transforming as

φ′(x) = φ(Λ−1x) (5.1)

under a Lorentz transformation Λ. A second well-known example (which will
be discussed at length in Chapters 7 and 8) is provided by vector fields:

A′μ(x) = Λμ
ν A

ν(Λ−1x). (5.2)

In the general case, we have a system of complex fields φα, α = 1, . . . , n, with
the transformation law

φ′α(x) =
n∑

β=1

S(Λ)βαφβ(Λ
−1x), (5.3)

where the matrix S(Λ) obeys the condition

S(ΛΛ′) = S(Λ)S(Λ′) (5.4)

for any two Lorentz transformations Λ,Λ′. The vector field is an obvious
example; in that case, we have simply S(Λ) ≡ Λ.

In this Section, we shall discuss a less trivial example of a realization of
eq. (5.3). We observe that 2 × 2 hermitian matrices are in one-to-one corre-
spondence with four vectors. Indeed, a generic 2× 2 hermitian matrix x can
be parametrized as

x =

(
x0 + x3 x1 − ix2
x1 + ix2 x0 − x3

)
≡ xμσμ (5.5)
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where

σ0 =

(
1 0
0 1

)
σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)
.

(5.6)
We have

detx =
(
x0
)2 − (x1)2 − (x2)2 − (x3)2 ≡ xμgμνx

ν = xμxμ. (5.7)

Let us consider a generic 2 × 2 complex matrix L with unit determinant
(L ∈ SL(2C)):

L =

(
a b
c d

)
; detL = ad− bc = 1. (5.8)

Such a matrix is completely specified by six real parameters, the same number
as the parameters in Λ. The linear transformation

x→ x′ = LxL† (5.9)

leaves both detx and the sign of x0 unchanged. Furthermore, x′ is also her-
mitian. Thus, this transformation defines a Lorentz transformation

xμ → x′μ = Λμ
ν (L)x

ν . (5.10)

In order to compute the matrix Λ that corresponds to a given L, we observe
that

LxL† = LσνL†xν = σμx′μ = σμΛμ
ν (L)x

ν (5.11)

or
LσνL

† = σμΛμ
ν . (5.12)

It will be convenient to introduce matrices σ̄μ defined as

σ̄0 = σ0; σ̄i = −σi. (5.13)

It is easy to check that
Tr (σ̄μσν) = 2gμν. (5.14)

Therefore
1

2
Tr
(
σ̄μLσνL

†) = gμρΛ
ρ
ν , (5.15)

or equivalently
1

2
Tr
(
σ̄μLσνL

†) = Λμ
ν . (5.16)

Consider as an example the matrix

L =

(
e

χ+iθ

2 0
0 e−

χ+iθ
2

)
. (5.17)

By explicit calculation, we find that the corresponding Λ(L) is given by
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Λ(L) =

⎛
⎜⎝
coshχ 0 0 sinhχ
0 cos θ sin θ 0
0 − sin θ cos θ 0

sinhχ 0 0 coshχ

⎞
⎟⎠ , (5.18)

which represents a rotation by an angle θ about the z axis, and a boost with
velocity β = tanhχ along the z axis.

The reader has certainly recognized in eq. (5.17) with χ = 0 the matrix
that represents a rotation by an angle θ around the z axis for an ordinary
spinor, the vector representing the quantum states of a spin-1/2 particle in
ordinary quantum mechanics.

In a natural way, one would invert the relation eq. (5.16) between Λ and
L, and introduce a new kind of fields, called the spinor fields, transforming as

ξ′α(x) =
2∑

β=1

L(Λ)βα ξβ(Λ
−1x). (5.19)

The relation eq. (5.16), however, is not invertible, since

Λ(L) = Λ(−L), (5.20)

and eq. (5.19) is ill defined. There is an obvious physical reason behind this
situation, that arises from the fact that spin rotation matrices are two-valued
functions of the rotation angle. There is also a mathematical reason, that pro-
vides a deeper understanding of this phenomenon. We will limit our discussion
to rotations, since they are responsible for the double-valuedness of L(Λ). The
crucial point is that the Lorentz group and the rotation group are continuous
groups, which means that the action of a rotation on a physical system or
reference frame is a continuous operation, resulting from the combination of
a sequence of infinitesimal transformations. On general grounds, we should
therefore expect that L(Λ) depends on the particular sequence that takes the
space-time coordinate x to Λx:

Λ(t), 0 ≤ t ≤ 1; Λ(0) = I, Λ(1) = Λ. (5.21)

This correspondence between L and Λ has an obvious limitation: the family
of sequences Λ(t) with fixed boundary values depends on an infinity of param-
eters, while L, as observed above, has the same number of parameters as the
boundary value Λ. As a consequence, L cannot vary for small deformations of
the path Λ(t) with fixed boundary values. If all possible paths that take from
I to Λ are equivalent in the sense that they can be continuously deformed
into each other, then L depends only on the boundary value Λ.

There is however the possibility that different inequivalent paths with the
same boundary values exist; in this case, each subset of equivalent paths can
lead to a different dependence of L on the boundary value Λ. As a matter
of facts, this is the case for rotations: consider e.g. a rotation by an angle π
around the z axis performed in two different ways:
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Λ±(t) = Λ(θ±(t)); θ±(t) = ±πt, (5.22)

with Λ(θ) as in eq. (5.18). The two paths are manifestly inequivalent. We con-
clude that in the most general formulation of the symmetry action L(Λ+(t))
can differ from L(Λ−(t)), and indeed L(Λ+(t)) = −L(Λ−(t)). This discussion
shows that the very existence of particles with half-integer spin requires the
use of the most general interpretation of the symmetry action on quantum
systems corresponding to the dependence of the space-time symmetry trans-
formation, not only on the new and old coordinate systems, but also on the
equivalence class of the path leading from the old to the new system. There-
fore, the space-time transformation symmetry does not correspond to the
Lorentz group, but rather to the group of the L matrices, SL(2C). Finally, we
note that the above considerations do not affect the theory of bosonic fields,
since in those cases the action of the Lorentz group and of SL(2C) coincide.

Let us therefore introduce a complex two-component spinor field ξR(x)
that under a change of reference frame transforms into

ξR(x)→ ξ′R(x) = L ξR
(
Λ−1(L)x

)
, (5.23)

(the meaning of the suffix R will be clear soon), and let us build Lorentz-
invariant Lagrangian densities out of the new fields and their derivatives.
These must contain even powers of the spinor fields, otherwise they would
change sign under a rotation by an angle 2π around any axis. We observe
that

LT ε L = ε, (5.24)

where ε is the antisymmetric matrix

ε =

(
0 1
−1 0

)
, (5.25)

and T denotes the usual operation of matrix transposition. Indeed,(
a c
b d

)(
0 1
−1 0

)(
a b
c d

)
= (ad− bc)

(
0 1
−1 0

)
(5.26)

and ad− bc = detL = 1. Using eqs. (5.12) and (5.24), one can prove that

ξ†R σ̄μ ξR (5.27)

has the same transformation properties as a covariant four-vector:

ξ†R L
† σ̄μ LξR = −ξ†R L† ε σTμ ε LξR

= −ξ†R ε (L−1)∗ σTμ (L−1)T ε ξR
= −
(
Λ−1
)ν
μ
ξ†R ε σ

T
ν ε ξR

=
(
Λ−1
)ν
μ
ξ†R σ̄ν ξR. (5.28)
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where we have used
εσμε = −σ̄Tμ . (5.29)

Therefore, the bilinear form
ξ†R σ̄μ ∂

μξR (5.30)

transforms as a scalar under Lorentz transformations. This result allows us to
build a Lagrangian density for ξR:

L(R)Weyl = i ξ
†
Rσ̄μ ∂

μξR. (5.31)

It is easy to check that L(R) is hermitian, up to a total derivative, and that it
transforms as a scalar field. The corresponding equation of motion for ξR is

σ̄μ∂
μ ξR = 0. (5.32)

This equation has negative-frequency plane-wave solutions

ξ
(−)
R =

u(p)

(2π)
3
2

e−i(|p|t−p·r), (5.33)

and positive-frequency solutions

ξ
(+)
R =

v(p)

(2π)
3
2

ei(|p|t−p·r), (5.34)

where u(p) e v(p) are such that

σ · pu(p) = |p|u(p) (5.35)

σ · p v(p) = |p| v(p). (5.36)

The free theory can be quantized in analogy with the case of the scalar field,
with one important difference: the total energy in this case is found to be
unbounded from below, because states with negative frequency correspond to
negative energy. The system would therefore be intrinsically unstable, unless
one assumes that negative-energy states are all occupied and inaccessible be-
cause of the Pauli exclusion principle. For this reason, in the semi-classical
limit spinor fields acquire an anti-commutativity property, so that any ex-
change operation on a given amplitude induces a sign flip. As a consequence,
amplitudes are antisymmetric functions of momenta and spins of identical
spinor particles.

The particles associated to L(R)Weyl, corresponding to negative-frequency
solutions (5.33), have therefore zero mass and helicity (the projection of spin
along the direction of motion) equal to +12 , as one can read off eq. (5.35).

We have seen in Section 2.4 that positive-frequency solutions correspond to
antiparticles in the final state. Recalling eq. (3.59) and the related comments,
the spinor v is to be considered as a complex conjugate spinor. From eq. (5.36)
we get
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σ∗ · p v∗ = σT · p v∗ = |p| v∗. (5.37)

In order to obtain the effect of the helicity operator, we multiply eq. (5.37)
on the left by the antisymmetric matrix ε. We obtain

σ · p (εv∗) = − |p| (εv∗), (5.38)

where we have taken into account that

εσT = −σ ε (5.39)

as a consequence of eq. (5.29). This shows that the antiparticles associated to
ξR have helicity − 12 . We conclude that particles associated to ξR have helicity
+ 12 , and are therefore polarized according to the right-hand rule; this explains
the use of the suffix R. The corresponding antiparticles have opposite helicity.

It follows that the Lagrangian density L(R)Weyl is not invariant under the effect
of space inversion.

Finally, we observe that the Lagrangian density eq. (5.31) is manifestly
invariant under phase transformations of the fields, similar to eq. (2.36):

ξR(x)→ ξ′R(x) = eiϕξR(x). (5.40)

According to eq. (2.32), the corresponding conserved current is given by

Jμ
R = −ξ†Rσ̄μξR. (5.41)

We have studied the properties of the spinor field ξR under the action
of Lorentz transformations. We now discuss its behaviour under the effect
of parity inversion, that is, the change of axis orientation in ordinary three-
dimensional space. This operation is usually denoted by P. Let us consider the
matrix in eq. (5.17); under parity inversion, the parameter χ, which is related
to the relative velocity of the two reference frames, changes sign, while the
angle θ is unchanged. It is easy to see that such a transformation is achieved
by transforming L as follows:

L→ LP = ε L
∗ εT . (5.42)

It is also easy to show that LP is not equivalent to L, in the sense that it
cannot be reduced to L by a transformation

L→ L′ = z L z−1 (5.43)

with z independent of θ and χ. Hence, the P-reflected image of ξR is a new
spinor field ξL:

P : ξR(x)→ ξL(xP ); x0P = x
0, xP = −x. (5.44)

that transforms as



5.1 Spinor representations of the Lorentz group 49

ξL(x)→ ξ′L(x) = ε L∗ εT ξL(Λ−1(L)x). (5.45)

Note that ξL transforms as ε ξ
∗
R:

ε ξ∗R → ε L∗ ξ∗R = ε L∗ εT (ε ξ∗R). (5.46)

It is easy to check that ξ†L σμ ξL transforms as a covariant four-vector; there-
fore,

L(L)Weyl = iξ
†
L σμ ∂

μξL (5.47)

is a good Lagrangian density for ξL. By the same argument employed for ξR,
one can show that the particles associated to ξL have negative helicity.

The sum
LWeyl = L(R)Weyl + L

(L)
Weyl (5.48)

is invariant under parity inversion:

P : i ξ†Rσ̄μ ∂
μξR ↔ i ξ†Lσμ ∂μξL. (5.49)

A further transformation that leaves eq. (5.48) unchanged is

ξL(x)→ ε ξ∗R(x), ξR(x)→ ε ξ∗L(x). (5.50)

Indeed, under the transformations eq. (5.50) LWeyl transforms as

i ξTL ε
T σ̄μ ε ∂

μ ξ∗L + i ξ
T
R ε

T σμ ε ∂
μ ξ∗R

= −i ∂μ ξ†L εT σ̄Tμ ε ξL − i ∂μ ξ
†
R ε

T σTμ ε ξR

= −i ξ†L ε σ̄Tμ ε ∂μ ξL − i ξ
†
R ε σ

T
μ ε ∂

μ ξR, (5.51)

where we have omitted total derivatives and we have taken into account the
anti-commuting character of the spinor fields. Using eq. (5.29) we get

LWeyl → i(ξ†L σ̄μ ∂μ ξL + ξ
†
R σμ ∂

μ ξR) = LWeyl (5.52)

as announced. Note that, much in the same way as the transformation in
eq. (5.44), eq. (5.50) is defined up to two arbitrary phase factors. This is
obvious since the Weyl theory is left invariant by independent phase transfor-
mations of the spinor fields. Adding further terms to the Lagrangian density,
e.g. a mass term, this phase freedom will be reduced together with the invari-
ance of the Lagrangian.

Now, considering the physical content of the transformations eq. (5.50),
we notice that a transformation of a field into a Hermitian conjugate one
corresponds to a particle-antiparticle transformation. In the present case the
left-handed particle transforms into the anti-right-handed particle, which is
left-handed, as it should, since eq. (5.50) does not act on space-time. Thus we
can call the action of transformation (5.50) particle-antiparticle conjugation,
or charge conjugation, usually denoted by C. It is left as an exercise to the
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reader to verify that the conserved current −(ξ†Lσ̄μξL+ ξ
†
RσμξR) changes sign

under C conjugation. One can also check that both L(R)Weyl and L(L)Weyl are
individually invariant under the combined action of P and C conjugations.

A third discrete transformation of great importance in particle physics is
time reversal T. This reflection is anti-linear, and exchanges final and initial
states of any given process. Its action on spinor fields is

ξL/R(t, r)→ ξ†L/R(−t, r) ε. (5.53)

Hence, spinor bilinear forms transform as

ξ†R σ̄
μ ηR(t, r)→ η†R σ̄μ ξR(−t, r) (5.54)

ξ†L σ
μ ηL(t, r)→ η†L σμ ξL(−t, r) (5.55)

ξTR/L ε ηR/L(t, r)→ η†R/L ε ξR/L(−t, r). (5.56)

The invariance under T conjugation is often considered as equivalent to the
symmetry under CP, since a general theorem of Quantum Field Theory asserts
that any covariant, dynamically stable and local theory is invariant under the
combined action of P, C, and T conjugations.

5.2 Mass terms and coupling to scalars

In this Section we study the possibility of building mass terms (i.e., bilinears
in the fields without derivatives) for spinor fields. A straightforward extension
is the formation of interaction terms among spinor and scalar fields.

First of all, we note that the conventional scalar product between two
spinors

ξ†RηR =
2∑

α=1

(ξ∗R)α(ηR)α (5.57)

is not Lorentz-invariant, because the transformation matrix L is not unitary.
Instead, the quantity ξTR ε ηR is invariant: using eq. (5.24) we find

ξTR ε ηR → ξTR LT εL ηR = ξ
T
R ε ηR. (5.58)

Similarly, one can check that ξTL εηL is also invariant. Consider now a right-
handed spinor ξR and a left-handed one, ξL. Since ξL transforms as εξ∗R, it
can be written as ξL = εη

∗
R for some right-handed spinor ηR. Thus,

ξ†L ξR = −ηTR ε ξR (5.59)

is also invariant.
In a generic theory, built out of the spinor and scalar fields
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ξ
(r)
R , r = 1, . . . , nr (5.60)

ξ
(l)
L , l = 1, . . . , nl (5.61)

φ(s), s = 1, . . . , ns (5.62)

the following terms can be included in the Lagrangian density:

LM = −
∑
rl

[
mrl ξ

(r)†
R ξ

(l)
L +m∗rl ξ

(l)†
L ξ

(r)
R

]

−1
2

∑
rr′

[
M
(R)
rr′ ξ

(r)T
R ε ξ

(r′)
R −M (R)∗

rr′ ξ
(r′)†
R ε ξ

(r)∗
R

]

−1
2

∑
ll′

[
M
(L)
ll′ ξ

(l)T
L ε ξ

(l′)
L −M (L)∗

ll′ ξ
(l′)†
L ε ξ

(l)∗
L

]
(5.63)

LYukawa = −
∑
rls

[
grlsφ

(s)ξ
(r)†
R ξ

(l)
L + g∗rlsφ

(s)†ξ(l)†L ξ
(r)
R

]

−
∑
rr′s

[
G
(R)
rr′sφ

(s)ξ
(r)T
R ε ξ

(r′)
R −G(R)∗rr′s φ

(s)†ξ(r
′)†

R ε ξ
(r)∗
R

]

−
∑
ll′

[
G
(L)
ll′sφ

(s)ξ
(l)
L

T
ε ξ
(l′)
L −G(L)∗ll′s φ

(s)†ξ(l
′)†

L ε ξ
(l)∗
L

]
. (5.64)

Spinor fields have the dimension of an energy to the power 3/2, while scalar
fields have the dimension of energy. Hence, since the Lagrangian density has
the dimension of an energy to the fourth power, the constants M (R), M (L),
m have the dimension of an energy, and G(R), G(L), g are dimensionless.

The term LM contains mass terms for the spinor fields. The first one is
invariant under multiplication of all spinor fields by a common phase factor,
and is usually called a Dirac mass term. The remaining two terms do not
share the same property, and are called Majorana mass terms. The mass ma-
tricesM (R) andM (L) are symmetric, as one can check taking into account the
anti-commutation relations of spinor fields mentioned in Section 5.1 (which is
related to Fermi-Dirac statistics) and the antisymmetry of ε. Similar consid-
erations hold for LYukawa; spinor-spinor-scalar interaction terms are usually
referred to as Yukawa couplings.

Let us concentrate on mass terms. To simplify notations, we collect all

left-handed spinors ξ
(l)
L and εξ

(r)∗
R in an (nl+nr)-component spinor Ξ. Then,

we may write eq. (5.63) in the form

LM = −1
2

∑
α,β

[
MαβΞ

T
α ε Ξβ −M∗

βαΞ
†
α ε Ξ

∗
β

]
, (5.65)

whereM is a complex symmetric matrix, with

Mll′ =M
(L)
ll′ Mrr′ = −M (R)∗

rr′ Mlr = mlr. (5.66)
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A complex symmetric matrix can always be written in the form

M = UTM̂U , (5.67)

with U unitary and M̂ real and diagonal (the number of real parameters that
determine an N × N matrix is N(N + 1) if the matrix is symmetric, N2

if it is unitary, N if it is real and diagonal.) On the other hand, a unitary
transformation on Ξ,

Ξ → U Ξ; U†U = I (5.68)

does not affect kinetic terms in the canonical form, and brings LM in diagonal
form:

LM = −1
2

∑
α

M̂αα

(
ΞT

α ε Ξα −Ξ†α ε Ξ∗α
)
. (5.69)

We have shown that LM can always be written as a sum of Majorana mass
terms, with real and positive coefficients, without any Dirac mass terms. At
first sight, this is a surprising result, since we know that only Dirac mass terms
are compatible with invariance under phase rotations. However, it is easy to
show that each Dirac mass term in the original Lagrangian corresponds to a
pair of degenerate eigenvalues in LM written in the canonical Majorana form,
eq. (5.69); a phase transformation then appears as a rotation in the subspace
of the two degenerate spinor fields.

Let us consider the case when Ξ has only two components ξL, εξ
∗
R. The

mass matrix is given by

M =

(
a b
b c

)
(5.70)

with a, b, c complex. The squared masses are given by the eigenvalues of

M†M =

(
a∗ b∗

b∗ c∗

)(
a b
b c

)
=

(
|a|2 + |b|2 a∗b+ b∗c
ab∗ + bc∗ |b|2 + |c|2

)
, (5.71)

that is,

m2± =
1

2

[
|a|2 + |c|2 + 2|b|2

±
√
(|a|2 − |c|2)2 + 4 [|b|2 (|a|2 + |c|2) + 2Re (a∗c∗b2)]

]
. (5.72)

An interesting limit of eq. (5.72) is the case c = 0, |b| � |a|. In this case we
find

m2± =
1

2

[
|a|2 + 2|b|2 ±

√
|a|4 + 4|b|2|a|2

]
. (5.73)

and therefore, to first order in |b/a|2,

m2+ � |a|2; m2− � |b|2
∣∣∣∣ ba
∣∣∣∣
2

. (5.74)
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This is the so called see-saw mechanism, which is employed to explain the
small values of neutrino masses, as we shall see in Chapter 12.

Under CP conjugation,

Ξα(x)→ iε Ξ∗α(xP ). (5.75)

This leaves eqs. (5.69) and (5.48) invariant (up to total derivatives). Coupling
terms are left invariant provided a transformation as in eq. (5.68) exists, such
that all parameters are made real. Parity invariance, on the other hand, re-
quires the presence of a pair of spinors with opposite chiralities and equal
masses for each fermion species.
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Gauge symmetries

6.1 Electrodynamics

The simplest example of a phenomenological application of the theory of
spinor fields is electrodynamics, originally formulated by P.A.M. Dirac to
provide a relativistic description of electrons and photons. The theory is based
on a pair of spinor fields of opposite chiralities, ξR and ξL; invariance under
phase multiplication of the spinor fields is assumed, and the corresponding
conserved current is identified with the electromagnetic current. No scalar
field is present. Under these assumptions, the free-field Lagrangian is given by

L0 = iξ†R σ̄μ ∂μ ξR + iξ
†
L σμ ∂

μ ξL −m
(
ξ†R ξL + ξ

†
L ξR

)
. (6.1)

L0 is manifestly invariant under the phase transformations

ξR(x)→ eieΛ ξR(x) (6.2)

ξL(x)→ eieΛ ξL(x), (6.3)

where e, Λ are real constants. Notice that we have inserted a Dirac mass term,
which is allowed by the assumed invariance properties, while Majorana mass
terms are not, as mentioned in Section 5.2. The conserved current is given by

Jμ = −e
(
ξ†R σ̄μ ξR + ξ

†
L σμ ξL

)
; ∂μJμ = 0, (6.4)

and the constant e plays the role of elementary charge.
It is known from classical physics that electromagnetic fields interact with

matter through the electric current density eJ and the charge density eρ; the
interaction energy has the form

HI =
e

c

∫
dr (ρΦem − J ·A) , (6.5)

where e is the elementary charge, Φem the electrostatic potential, A the vector
potential, ρ the position density of charged particles, or the charge density
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divided by the elementary charge, and J the current density. In the covariant
formalism, one recognizes that e(cρ,J) form a current four-vector Jμ, and(
Φem

c ,A
)
a potential four-vector Aμ; hence, in our units,

HI =

∫
drAμJμ. (6.6)

We will therefore take

LI = −AμJμ = eA
μ
(
ξ†R σ̄μ ξR + ξ

†
L σμ ξL

)
(6.7)

as the Lagrangian density for the electromagnetic interactions. Thus,

LQED = iξ†R σ̄μ(∂μ − ieAμ)ξR + iξ
†
L σμ(∂

μ − ieAμ)ξL −m
(
ξ†R ξL + ξ

†
L ξR

)
.

(6.8)
The theory is invariant with respect to both parity inversion P and charge
conjugation C, assuming that the vector field Aμ changes sign under charge
conjugation. Note that the condition of parity invariance requires that the
hidden phases in eq. (5.44) be the same for both ξR and ξL, while C invariance
is achieved if the two phases differ by π.

Notations are remarkably simplified by the following, universally adopted
definitions. The two spinors are paired into a single four-component spinor

ψ(x) ≡
(
ξR(x)
ξL(x)

)
≡

⎛
⎜⎝
ξR1(x)
ξR2(x)
ξL1(x)
ξL2(x)

⎞
⎟⎠ . (6.9)

Next, one defines the 4× 4 matrices

γμ ≡
(
0 σμ
σ̄μ 0

)
, γ5 ≡

(
I 0
0 −I

)
= −iγ0γ1γ2γ3 (6.10)

and the Dirac-conjugate spinor

ψ̄(x) ≡
(
ξ†L(x) ξ†R(x)

)
= ψ†γ0. (6.11)

Through the matrix γ5, it is possible to define projection operators, that
project the left and right components out of the four-spinor ψ:

1 + γ5
2
ψ =

(
ξR
0

)
;

1− γ5
2
ψ =

(
0
ξL

)
. (6.12)

The notation
q/ ≡ γμ qμ (6.13)

is often used. With these definitions, the Lagrangian density of electrodynam-
ics becomes
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LQED = iψ̄ γμ (∂μ − ieAμ) ψ −mψ̄ψ. (6.14)

An even simpler expression is obtained introducing the covariant derivative
of the field ψ as

Dμψ(x) ≡ ∂μψ(x) − ieAμ(x)ψ(x). (6.15)

The new, important fact that arises after introduction of the interaction with
the electromagnetic field is that the Lagrangian density

LQED = iψ̄ γμDμ ψ −mψ̄ψ (6.16)

is now invariant with respect to the transformations

ψ(x)→ e+ieΛ(x)ψ(x) (6.17)

ψ̄(x)→ e−ieΛ(x)ψ̄(x) (6.18)

Aμ(x)→ Aμ(x) + ∂μΛ(x), (6.19)

that are a generalization of the transformations in eq. (2.36) to the case Λ =
Λ(x). For historical reasons, the transformations (6.17-6.19) are called gauge
transformations.

It is now clear why Dμ is called a covariant derivative: from eq. (6.17) we
see that the transformation of the ordinary partial derivative of ψ,

∂μψ(x)→ ∂μ
(
eieΛ(x)ψ(x)

)
= eieΛ(x)∂μψ(x) + ie∂μΛ(x)e

ieΛ(x)ψ(x) (6.20)

is not just a multiplication by a phase factor. This is instead true for Dμψ,
since the second term in eq. (6.15) transforms as

−ieAμ(x)ψ(x)→ −ieAμ(x)e
ieΛ(x)ψ(x) − ie∂μΛ(x)eieΛ(x)ψ(x), (6.21)

thus compensating the term proportional to ∂μΛ in eq. (6.20). We have there-
fore established that

Dμψ(x)→ eieΛ(x)Dμψ(x). (6.22)

It is immediate to show that the same result extends to multiple covariant
derivatives:

Dμ1 . . .Dμn
ψ(x)→ eieΛ(x)Dμ1 . . .Dμn

ψ(x) (6.23)

for any value of n.
The above construction is the simplest application of the principle of gauge

invariance. It can be shown on general grounds that any field theory that
involves four-vector fields must possess a gauge invariance under transfor-
mations analogous to eqs. (6.17-6.19). Gauge invariance is needed in order
to eliminate the effect of those components of the vector field that do not
correspond to physical degrees of freedom. Such components are necessarily
present, since the vector field has four components, while the associated spin-1
particles have at most three degrees of freedom. An explicit example of this
cancellation will be shown in Chapter 8 in the context of the Higgs model.
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In order to complete the Lagrangian density of electrodynamics, we should
add a term for the electromagnetic field. The energy density of electric and

magnetic fields is given by E2+B2

2 ; the term proportional to E2 can be inter-
preted as a ’kinetic’ term, because the electric field E is linear in the time
derivative of the vector potential A, while the magnetic field B is given by
spatial derivatives (the curl of A). Hence, we conclude that the electromag-
netic Lagrangian density is

Lem =
E2 −B2

2
. (6.24)

This can be written in an explicitly covariant form by means of the field tensor

Fμν = ∂μAν − ∂νAμ. (6.25)

We find

Lem = −1
4
FμνFμν . (6.26)

The tensor Fμν is invariant under gauge transformations, as one can verify
directly using eq. (6.19). Alternatively, one may observe that

Fμν(x)ψ(x) = − i
e
(DμDν −DνDμ)ψ(x) ≡ − i

e
[Dμ, Dν ]ψ(x), (6.27)

from which it is immediately clear that Fμν , and therefore Lem, are gauge-
invariant. We should stress that Lem is the only possible term that depends on
Aμ and its first derivatives, compatible with gauge and Lorentz invariance, C
and P invariance, and renormalizability. In particular, gauge invariance in the
form of eqs. (6.17), (6.18) and (6.19) excludes the possibility of introducing
a term μ2AμA

μ, that would correspond to a non-zero value for the photon
mass.1

The electromagnetic Lagrangian density is therefore

LQED = iψ̄ γμDμ ψ −mψ̄ψ −
1

4
FμνFμν . (6.28)

The equations of motion are immediately derived. We find

iγμ∂μψ −mψ = −e γμAμ ψ (6.29)

∂2Aμ − ∂μ∂A = −Jμ. (6.30)

Next, we must determine the Green functions for both equations. The Green
function S(x) for the spinor field is defined by

1 As a matter of fact, there is an alternative formulation of gauge invariance, as-
sociated with the Higgs mechanism, which we shall describe in Section 8.2. As
remarked at the end of this Section, in a particular limit, which is only allowed in
an abelian gauge theory, such as QED, the Higgs mechanism corresponds to the
introduction of a mass term for the photon. The resulting theory is Stueckelberg’s
massive QED.
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(iγμ∂μ −m)S(x) = δ(x). (6.31)

The calculation of S(x) is greatly simplified by the algebraic properties of the
γ matrices,

{γμ, γν} = 2Igμν , Tr(γμγν) = 4gμν . (6.32)

We multiply both sides of eq. (6.31) with iγμ∂μ +m on the left:

(iγμ∂μ +m) (iγ
ν∂ν −m)S(x) = (iγμ∂μ +m) δ(x), (6.33)

and we observe that, because of eq. (6.32),

(iγμ∂μ +m) (iγ
ν∂ν −m) = −

(
∂2 +m2

)
. (6.34)

Hence,
−
(
∂2 +m2

)
S(x) = (iγμ∂μ +m) δ(x), (6.35)

and comparing with eqs. (3.75,3.77) we find

S(x) = − (iγμ∂μ +m)Δ(x) =
∫
d4k

(2π)
4

γμk
μ +m

k2 −m2 + iεe
−ik·x, (6.36)

where Δ(x) is the Green function for the scalar field, eq. (3.75).
The natural definition for the Green function for Aμ would be

∂2Δμν(x) − ∂μ∂λΔλν(x) = −gμνδ4(x). (6.37)

This equation, however, does not have a unique solution:Δμν(x) = ∂μXν(x) is
a solution of the homogeneous equation associated with (6.37) for any choice of
the four-vector functionXν . This difficulty is related to the fact that Maxwell’s
equations do not determine the vector potential: they must therefore be solved
with a supplementary prescription. The choice of this prescription has been
one of the central problems in theoretical physics during the last century; it
is connected with the axioms of quantum mechanics, and in particular with
the conservation of probability. However, in the semi-classical approximation
of electrodynamics this problem has a simple solution, that will be presented
here in a further simplified version. We introduce an extra (gauge fixing) term
in the Lagrangian density, namely

Lgf = −1
2
(∂μA

μ)
2
. (6.38)

The Lagrangian density becomes

LQED = iψ̄ γμDμ ψ−mψ̄ψ−
1

2
∂μAν∂

μAν+
1

2
∂μAν∂

νAμ− 1
2
(∂μA

μ)
2
. (6.39)

The last two terms can be rewritten as

1

2
∂μAν∂

νAμ − 1

2
(∂μA

μ)
2
=
1

2
∂μ (Aν∂

νAμ −Aμ∂νA
ν) , (6.40)
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which is a four-divergence. By the Gauss-Green theorem, this contributes to
the action functional only through surface terms, and therefore has no effect
on the equations of motion. We may therefore omit it altogether, and write
the QED Lagrangian in its final form,

LQED = iψ̄ γμDμ ψ −mψ̄ψ −
1

2
∂μAν∂

μAν . (6.41)

The equations of motion for the vector field Aμ are now

∂2Aμ = −Jμ. (6.42)

This implies that ∂A is a free field, whenever the current Jμ is conserved. The
Green function corresponding to eq. (6.42) is the solution of

∂2Δμν(x) = −gμν δ(x), (6.43)

and is immediately computed using eq. (3.75) with m = 0; we find

Δμν(x) = gμν

∫
d4k

(2π)
4

e−ik·x

k2 + iε
. (6.44)

The presence of gμν in the photon propagator implies that the sign of the
propagator of the time-like component is opposite to that of the space-like
components, which is the same as for a massless scalar field. This corresponds
to the fact that time-like polarization states have negative norm, as we shall
see in Section 8.3. This is physically relevant, since the norm of states has a
probabilistic interpretation: the presence of negative norms violates the con-
servation of probability, or equivalently the unitarity of the S-matrix. We are
going to see in a moment that time-like polarization states do not participate
in the scattering process in the semi-classical approximation.

We are now able to work out the Feynman rules for electrodynamics. The
Dirac field ψ is a charged field, and the corresponding lines have an orientation.
The propagator S(x− y), eq. (6.36), is a matrix in the space of Dirac indices;
the line index corresponds to the field ψ(x), and the column index to ψ̄(y). The
photon propagator is given in eq. (6.44). Finally, there is only one interaction
term in the Lagrangian density (6.41), namely

eAμψ̄γ
μψ. (6.45)

The commonly adopted graphical symbols are

α β ↔
(γμqμ +m)

α
β

q2 −m2 + iε (6.46)

for the spinor propagator, with the momentum q flowing in the direction of
the arrow;
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μ ν ↔ gμν

k2 + iε
(6.47)

for the photon propagator, and

α

μ

β ↔ e (γμ)αβ (6.48)

for the vertex factor. Note that each endpoint of a fermion line carries a spinor
index (α and β in the figure), and that each endpoint of a photon line carries
a space-time index (μ and ν in the figure.)

Finally, we need the expressions of the asymptotic vector and spinor fields
for given initial and final states of a transition. The asymptotic vector field
can be obtained from the asymptotic expression for the scalar field, eq. (3.91),
modified in order to account for the polarization states of vector particles. For
each plane wave with momentum pμ we introduce a complex polarization four-
vector εμ, that depends on the helicity state λ of the asymptotic particle. The
asymptotic vector field turns out to be

A(as)μ (x) =
(
√
4πσ)3/2

(2π)3/2

⎡
⎣∑

i

ε(i)μ (pi, λi)
e−ipi·x√
2Epi

+
∑
f

ε(f)∗μ (kf , λf )
eikf ·x√
2Ekf

⎤
⎦ .

(6.49)
A generic polarization vector εμ(p, λ) can be decomposed as

εμ = εμT + ap
μ + bp̄μ, (6.50)

where
p̄ = (p0,−p); εT = (0, εT ); p · εT = 0. (6.51)

The asymptotic value of ∂A is therefore proportional to b. Since, as shown
above, ∂A is a free field, and hence is does not participate in the scattering
process, one can choose b = 0 without loss of generality. The longitudinal po-
larization component apμ, on the other hand, may be eliminated by a suitable
gauge transformation: this is possible, because even after the introduction of
the gauge fixing term Lgf the Lagrangian density has a residual gauge in-
variance with respect to transformations Aμ → Aμ + ∂μΛ with ∂2Λ = 0.
We conclude that the particles associated with the field Aμ can only have
transverse polarization states.

The transverse polarization vectors must be normalized as

εT
∗
μ(p, λ) ε

μ
T (p, λ) = −1, (6.52)

and it is easy to show that the sum over physical photon polarization can be
performed using
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∑
λ

εμ(p, λ) ε
∗
ν(p, λ) = −gμν +

pμp̄ν + p̄μpν
p · p̄ . (6.53)

Similarly, the asymptotic spinor field is written in terms of coefficients that
describe the spin state of particle in the initial and final states:

ψ(as)(x) =
(
√
4πσ)3/2

(2π)3/2

⎡
⎣∑

i

u(pi, λi)√
2Epi

e−ipi·x +
∑
f

v(k′f , λ
′
f )√

2Ek′
f

eik
′
f ·x

⎤
⎦(6.54)

ψ̄(as)(x) =
(
√
4πσ)3/2

(2π)3/2

⎡
⎣∑

i

v̄(p′i, λ
′
i)√

2Ep′
i

e−ip′i·x +
∑
f

ū(kf , λf )√
2Ekf

eikf ·x

⎤
⎦(6.55)

where

– pi, λi are momenta and helicities of particles in the initial state
– k′f , λ

′
f are momenta and helicities of antiparticles in the final state

– p′i, λ
′
i are momenta and helicities of antiparticles in the initial state

– kf , λf are momenta and helicities of particles in the final state.

Note that ψ̄(as) is not the Dirac conjugate of ψ(as), because the weak limit
defined in Section 3.2 does not preserve the hermiticity properties of the fields.
The spinors u and v obey the constraints

(γμp
μ −m)u(p, λ) = 0 (6.56)

(γμp
μ +m) v(p, λ) = 0 (6.57)

as a consequence of the equations of motion for the free Dirac field.
Due to the factor 1/

√
2Ep in eqs. (6.54,6.55), u and v are normalized as

u†(p, λ)u(p, λ′) = v†(p, λ) v(p, λ′) = 2Ep δλλ′ ; v†(p̄, λ)u(p, λ′) = 0,
(6.58)

where p̄ = (p0,−p). In the case m �= 0, the above normalization can be
translated into the invariant form

ū(p, λ)u(p, λ′) = 2mδλλ′ (6.59)

v̄(p, λ) v(p, λ′) = −2mδλλ′ (6.60)

v̄(p, λ)u(p, λ′) = 0. (6.61)

These relations imply ∑
λ

u(p, λ)ū(p, λ) = γμp
μ +m (6.62)

∑
λ

v(p, λ)v̄(p, λ) = γμp
μ −m. (6.63)
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6.2 A sample calculation: Compton scattering

As an example, we compute the cross section for the process

e−(p) + γ(q, ε)→ e−(p′) + γ(q′, ε′), (6.64)

usually called Compton scattering (the four-momenta of the particles involved
are indicated in brackets.) The invariant amplitude is obtained from the dia-
grams

(6.65)

We find

M =Mαβ ε
α ε′∗β (6.66)

Mαβ = e
2ū(p′)

[
γα

p/′ − q/+m
(q − p′)2 −m2 γβ + γβ

p/′ + q/′ +m
(q′ + p′)2 −m2 γα

]
u(p),

where ε e ε′ are the polarization vectors of the photons in the initial and final
states:

ε · q = ε′ · q′ = 0. (6.67)

The second term in the amplitude is obtained from the first one by crossing,
that is, by replacing q → −q′ and ε→ ε′∗. Observe that

qαMαβ = q
′β Mαβ = 0 (6.68)

as a consequence of the equations of motion for u(p) and u(p′). The relations
in eq. (6.68) are particular cases of a class of identities obeyed by physical
amplitudes as a consequence of gauge invariance.

The complex conjugate amplitude is easily computed with the help of the
results of Appendix C; we find

M∗
αβ = e

2ū(p)

[
γβ

p/′ − q/+m
(q − p′)2 −m2 γα + γα

p/′ + q/′ +m
(q′ + p′)2 −m2 γβ

]
u(p′). (6.69)

The calculation simplifies considerably in the high-energy limit, in which the
electron mass can be neglected. In this limit, we find

∑
polγ

M∗M = e4ū(p′)

[
γα

p/′ − q/
(q − p′)2 γβ + γβ

p/′ + q/′

(q′ + p′)2
γα

]
u(p)

×ū(p)
[
γβ

p/′ − q/
(q − p′)2 γ

α + γα
p/′ + q/′

(q′ + p′)2
γβ

]
u(p′), (6.70)
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where we have used eq. (6.53) for the sum over photon helicity states, and
eq. (6.68). Equation (6.70) can be written in the form of a trace over spinor
indices by means of eqs. (6.62,6.63):

∑
polγ ,pole

M∗M = e4Tr

[
γα

p/′ − q/
(q − p′)2 γβ + γβ

p/′ + q/′

(q′ + p′)2
γα

]
p/

[
γβ

p/′ − q/
(q − p′)2 γ

α + γα
p/′ + q/′

(q′ + p′)2
γβ

]
p/′. (6.71)

The trace can be computed by means of the results of Appendix C, eqs. (C.3-
C.5) and (C.8). For example,

Tr γα (p/
′ − q/) γβ p/ γβ (p/′ − q/) γα p/′ = 4 (p′ − q)μ pρ (p′ − q)ν p′σTr γμ γρ γν γσ

= 32 p · q′ (p · p′ + p · q′), (6.72)

where we have repeatedly used the mass-shell conditions and the momentum
conservation relation. A straightforward calculation leads to

∑
pol

M∗M = −8e4
(
t

s
+
s

t

)
, (6.73)

where we have defined

s = (p+ q)2; t = (p− q′)2. (6.74)

In the center-of-mass frame we have

t = −s
2
(1− cos θ), (6.75)

where θ is the photon scattering angle. The unpolarized differential cross
section, averaged over the four initial-state polarizations, is now immediately
obtained:

dσ =
1

4

1

2s

∑
pol

M∗M dφ2(p+ q; p
′, q′)

=
e4

16πs

1 + 2 sin4 θ
2

sin2 θ
2

d cos θ, (6.76)

where we have used the expression eq. (4.25) for the two-body invariant phase
space.

6.3 Non-commutative charges: the Yang-Mills theory

As an obvious generalization of the symmetry transformations that charac-
terize quantum electrodynamics, we may consider a group of transformations
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that act on fields in a multi-dimensional isotopic space φi, i = 1, . . . , N . For
definiteness, we consider the transformations

φi → Uij(α)φj , (6.77)

where U is anN×N unitary matrix with unit determinant. The matrices U do
not commute with one another; this is why eq. (6.77) is called a non-abelian set
of transformations, as opposed to the case of multiplication by phase factors,
which is an abelian (or commutative) operation. The set of matrices U is a
particular representation (called the fundamental representation) of the group
SU(N). Any such matrix can be written as

U = U(α) = exp(igαAtA), (6.78)

where the tA, A = 1, . . . , N2 − 1 are a basis in the linear space of hermitian
traceless matrices, the generators, and αA are real constants. The generators
can always be chosen so that

Tr tAtB = TF δ
AB, (6.79)

with TF a constant. Then

[tA, tB] = ifABCtC ; A,B,C = 1, . . . , N2 − 1, (6.80)

where fABC is a set of constants (the structure constants of the group) com-
pletely antisymmetric in the three indices. We have inserted in eq. (6.78) a
coupling constant g in analogy with the phase transformations in electrody-
namics. Let us assume that the Lagrangian density is invariant under the
transformations (6.77), or, in infinitesimal form,

δφi = igα
AtAij φj , (6.81)

where summation on both indices A and j is understood. As we have seen in
Section 2.2, the invariance of the Lagrangian density under the transforma-
tions (6.81) implies the existence of a set of conserved currents,

Jμ
A = ig

∂L
∂∂μφi(x)

tAij φj(x). (6.82)

Symmetry under local transformations, αA = αA(x), is achieved by re-
placing ordinary derivatives by covariant derivatives, defined as

Dμ = ∂μI − igAμ, (6.83)

where I is the unity matrix in the representation space, and the vector field
Aμ is now a traceless hermitian matrix

Aμ = Aμ
At

A. (6.84)
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It is easy to show, in analogy with the abelian case, that the transformation
law

Aμ → A′μ = UAμU−1 +
i

g
U∂μU−1 (6.85)

ensures that
Dμ → UDμU−1. (6.86)

To first order in the parameters αA, eq. (6.85) becomes

A′μ = Aμ + ig[αAtA, Aμ]− i
g
ig∂μαAtA

= Aμ
Ct

C − gαAAμ
Bf

ABCtC + ∂μαCtC , (6.87)

or
A′μC = A

μ
C − gαAAμ

Bf
ABC + ∂μαC . (6.88)

A Lagrangian density for the vector fields Aμ
A can be built in analogy with

the abelian case. Recalling eq. (6.27), we define a field tensor Fμν through

(DμDν −DνDμ)φ = −igFμνφ, (6.89)

where φ is a multiplet of some SU(N) representation, and Fμν = Fμν
A t

A. We
find

Fμν = ∂μAν − ∂νAμ − ig[Aμ, Aν ],

Fμν
A = ∂μAν

A − ∂νA
μ
A + gf

ABCAμ
BA

ν
C . (6.90)

The Lagrangian density for the vector fields is then given by

LYM = −1
4
Fμν

A F
A
μν , (6.91)

where the suffix YM stands for Yang and Mills. Since Fμν
A contains terms

quadratic in the vector fields, LYM contains self-interaction terms. This is
related to the fact that, contrary to the abelian case, the field strength Fμν

transforms non-trivially under a gauge transformation:

Fμν → F ′μν
= UFμνU−1. (6.92)

To first order in the parameters αA,

F ′μν
A = Fμν

A − gfABCαBFμν
C , (6.93)

which means that the components Fμν
A form a multiplet in the adjoint repre-

sentation of the gauge group, whose generators are

TA
BC = −ifABC. (6.94)

A simple calculation gives



6.3 Non-commutative charges: the Yang-Mills theory 67

LYM = −1
4
(∂μAν

A − ∂νA
μ
A) (∂μAνA − ∂νAμA)

−gfABC∂μAνAA
μ
BA

ν
C

−1
4
g2fABCfADEAμ

BA
ν
CAμDAνE . (6.95)

The Feynman rules are easily obtained; with a gauge-fixing term similar to
the one we have chosen for electrodynamics, namely

Lgf = −1
2

(
∂AA
) (
∂AA
)
, (6.96)

we find the vector boson propagator

μ,A ν,B ↔ gμν

q2 + iε
δAB. (6.97)

The interaction vertex with three vector bosons involves field derivatives. Fol-
lowing the usual procedure, we determine the corresponding vertex factor by
evaluating the virtual amplitude that corresponds to the asymptotic field

AA
μ

(as) ∼ e−ipa·x, (6.98)

which corresponds to assuming that momenta are incoming into the vertex.
We obtain

μ,A, pa

ν,B, pb

ρ, C, pc

igfABC [gμρ(pνa − pνc ) + gμν(pρb − pρa) + gνρ(pμc − p
μ
b )].

(6.99)
Finally, the four vector boson vertex is given by:

μ,A

ν,B

ρ,C

σ,D

−g2fJABfJCD (gμρgνσ − gμσgνρ)

−g2fJACfJBD (gμνgρσ − gμσgνρ)

−g2fJADfJBC (gμνgρσ − gμρgνσ)

(6.100)
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Strong interactions are now known to be described by a field theory that
possesses a non-abelian gauge invariance under the group SU(3). The as-
sociated non-commutative charges are called colour charges. This theory is
obtained by coupling a pure SU(3) Yang-Mills theory, whose vector bosons
are usually called gluons, to a system of fermions, called quarks, that are
assumed to transform according to the fundamental (dimension 3) represen-
tation of the invariance group. The Lagrangian density is built in analogy
with electrodynamics:

LQCD =
∑
f

q̄f (iD/−mf) qf + LYM + Lgf , (6.101)

where the index f labels different quark species (usually called flavours), and
the covariant derivative D is defined as

(Dμ qf )i =
[
∂μ δji − igsA

μ
A

(
tA
)j
i

]
(qf )i , (6.102)

where i, j are colour indices. The generators tA of SU(3) in the fundamental
representation are usually chosen as one half the familiar Gell-Mann matrices
λA; in this case, TF = 1/2 (see [4].) It is clear from eq. (6.101) that strong
interactions do not make distinctions among the different flavours. The nature
of the flavour quantum number, and the origin of mass terms, is related to
the fact that quarks also participate in the electroweak interactions, and will
be described in Chapters 7 and 9.

The above theory of strong interactions is usually called Quantum Chro-
modynamics (QCD), due to its close analogy with QED. The analogy extends
to the invariance with respect to the T,C and P discrete transformations.

For completeness, we mention that non-abelian vector bosons have the
same unphysical components as photons. However, here there is the further
difficulty that, contrary to what happens in QED, ∂μA

μ is not a free field. Thus
the quantization of non-abelian gauge theories requires the introduction of a
further set of unphysical fields, called Faddeev-Popov ghosts, with the role of
compensating the effects of unphysical gluon components in the computation
of probabilities.
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The standard model

7.1 A gauge theory of weak interactions

Weak interaction processes such as nucleon β decay, or μ decay, are correctly
described by an effective theory, usually referred to as the Fermi theory of
weak interactions. The Fermi Lagrangian density for β and μ decays is given
by 1

L = −G
(β)

√
2
pγα(1− aγ5)n eγα(1− γ5)νe −

G(μ)√
2
νμγ

α(1− γ5)μ eγα(1− γ5)νe.
(7.1)

From the measured values of muon and neutron lifetimes,

τ(N) = 885.7± 0.8 s τ(μ) = 2.19703± 0.00004 s, (7.2)

one obtains

G(μ) � 1.16637(1)× 10−5 GeV−2; G(β) � G(μ) ≡ GF , (7.3)

while the value
a = 1.2695± 0.0029 (7.4)

can be extracted from the measurement of baryon semi-leptonic decay rates.
The most striking feature of weak interactions, correctly taken into account
by the Fermi theory, is the violation of parity invariance, that arises from the
measurement of neutrino helicities in weak decay processes. [5] Note also that
the Fermi constant sets a natural mass scale for weak interactions:

Λ ∼ 1√
GF

∼ 300 GeV. (7.5)

We note that the field theory defined by the interaction in eq. (7.1) is non-
renormalizable, since it contains operators with mass dimension 6; it is an

1 Particle fields will be denoted by the symbols usually adopted for the correspond-
ing particles: e for the electron, νe for the electron neutrino, and so on.
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effective theory, in the sense that it can only be used to compute amplitudes in
the semi-classical approximation. Furthermore, we expect the results obtained
by this effective theory to be accurate only when the energies of the particles
involved are smaller that Λ. This condition is manifestly fulfilled by β and μ
decays.

It can be shown (see Appendix D) that some 2→ 2 amplitudes computed
with eq. (7.1) grow quadratically with the total energy, and therefore eventu-
ally violate the unitarity bound. This confirms that the Fermi theory is only
reliable a sufficiently low energies. This is a typical example of a general phe-
nomenon. The presence of coefficients with negative mass dimension in the
interaction induces, for dimensional reasons, the dominant terms in the am-
plitudes at large energies. This in turn originates a violation of the unitarity
constraint eq. (4.43). In the case of 2 → 2 particle amplitudes, if these grow
as a positive power α of the energy E, the right-hand side of eq. (4.43) grows
as E2α, since the two-body phase space is asymptotically constant in energy,
while the left-hand side grows at most as Eα.

Note that this source of violation of unitarity is not related to the semi-
classical approximation: if one tries to recover unitarity by means of radiative
corrections, as in the example of elastic scattering of scalar particles presented
in Section 4.4, a series of terms is generated, that grow as a power of the energy
which increases with the iterative order. At the same time, the divergence
of Feynman diagram integrals grows order by order, and the theory is not
renormalizable.

For these reasons, it is clear that a renormalizable and unitary theory of
weak interactions is needed in order to perform precision calculations, to be
compared with accurate measurements performed at large energies. We shall
see that the Fermi theory contains the physical information needed to build
such a theory.

The idea is that of building a theory with local invariance under the action
of some group of transformations, a gauge theory, in analogy with quantum
electrodynamics. The local four-fermion interaction of the Fermi Lagrangian
will be interpreted as the interaction vertex that arises from the exchange of a
massive vector boson with momentum much smaller than its mass. In this way,
both problems of renormalizability and unitarity will be solved, since gauge
theories are known to be renormalizable, and the mass of the intermediate
vector boson will act as a cut-off that stops the growth of cross sections with
energy, thus ensuring unitarity of the scattering matrix.

In order to complete this program, we must choose the group of local
invariance, and then assign particle fields to representations of the chosen
group. Both steps can be performed with the help of the information contained
in the Fermi Lagrangian. Let us first consider the electron and the electron
neutrino. They participate in the weak interaction via the current

Jμ = νe γμ
1

2
(1− γ5) e. (7.6)
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We would like to rewrite Jμ in the form of a Noether current,

ψi γμ T
A
ij ψj , (7.7)

where ψi are the components of a multiplet in some representation of the (as
yet unknown) gauge group, and TA

ij are the corresponding generators. This
can be done in the following way. We observe that the current Jμ can be
written as

Jμ = �Lγμτ
+�L, (7.8)

where

�L =

(
1
2 (1− γ5) νe
1
2 (1− γ5) e

)
≡
(
νeL
eL

)
; τ+ =

1

2
(τ1 + iτ2) =

(
0 1
0 0

)
, (7.9)

and τi are the usual Pauli matrices,

τ1 =

(
0 1
1 0

)
, τ2 =

(
0 −i
i 0

)
, τ3 =

(
1 0
0 −1

)
. (7.10)

The hermitian conjugate current

J†μ = �Lγμτ
−�L; τ− =

1

2
(τ1 − iτ2) (7.11)

will also participate in the interaction. As we have seen in Section 6.3, the
currents are in one-to-one correspondence with the generators of the symmetry
group, which, in turn, form a closed set with respect to the commutation
operation. Therefore, the current

Jμ
3 = �L γ

μ [τ+, τ−] �L = �L γμ τ3 �L (7.12)

will also be present. No other current must be introduced, since

[τ3, τ
±] = 2τ±. (7.13)

We have thus interpreted the current Jμ as one of the three conserved currents
that arise from invariance under transformations of SU(2) (it is known from
ordinary quantum mechanics that the Pauli matrices are the generators of
SU(2) in the fundamental representation.) Furthermore, we have assigned the
left-handed neutrino and electron fields to the fundamental representation of
SU(2), a doublet: (

νeL
eL

)
→ exp

(
igαi

τi
2

)(νeL
eL

)
. (7.14)

The right-handed neutrino and electron components, νeR and eR, do not take
part in the weak-interaction phenomena described by the Fermi Lagrangian,
so they must be assigned to the singlet (or scalar) representation of SU(2).
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For this reason, the invariance group SU(2) relevant for weak interactions is
sometimes referred to as SU(2)L. Of course, this is not the only possible choice,
but it is the simplest possibility since it does not require the introduction of
fermion fields other than the observed ones.

The current Jμ
3 is a neutral current: it is bilinear in creation and anni-

hilation operators of particles with the same charge (actually, of the same
particle.) Neutral currents do not appear in the Fermi Lagrangian, because
no neutral current weak interaction phenomena were observed at the time of
its formulation. As we shall see, the experimental observation of phenomena
induced by weak neutral currents is a crucial test of the validity of the stan-
dard model. Notice also that the neutral current Jμ

3 cannot be identified with
the only other neutral current we know of, the electromagnetic current. There
are two reasons for this: first, the electromagnetic current involves both left-
handed and right-handed fermion fields with the same weight; and second, the
electromagnetic current does not contain a neutrino term, the neutrino being
chargeless. We will come back later to the problem of neutral currents, that
will end up with the inclusion of the electromagnetic current in the theory.
For the moment, we go on with the construction of our gauge theory based on
SU(2) invariance. We must introduce vector meson fields Wμ

i , one for each
of the three SU(2) generators, and build a covariant derivative

Dμ = ∂μ − igWμ
i Ti, (7.15)

where we have introduced a coupling constant g. The matrices Ti are genera-
tors of SU(2) in the representation of the multiplet the covariant derivative is
acting on. For example, when Dμ acts on the doublet �L, we have Ti ≡ τi/2,
and when it acts on the SU(2) singlet eR we have Ti ≡ 0. We are now ready to
write the gauge-invariant Lagrangian for the fermion fields (which we assume
massless for the time being):

L = i�LD/ �+ iνeRD/ νeR + ieRD/ eR
= L0 + Lc + Ln, (7.16)

whereD/ = γμD
μ. The Lagrangian L contains free terms for massless fermions,

L0 = i�L ∂/ �L + iνeR ∂/ νeR + ieR ∂/ eR, (7.17)

and an interaction term Lc + Ln, where

Lc = gW
μ
1 �Lγμ

τ1
2
�L + gW

μ
2 �Lγμ

τ2
2
�L (7.18)

corresponds to charged-current interactions, and

Ln = gW
μ
3 �Lγμ

τ3
2
�L =

g

2
Wμ
3 (νeLγμνeL − eLγμeL) (7.19)

to neutral-current interactions. The charged-current term Lc is usually ex-
pressed in terms of the complex vector fields
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W±
μ =

1√
2
(W 1

μ ∓ iW 2
μ). (7.20)

We find
Lc =

g√
2
�Lγ

μτ+�LW
+
μ +

g√
2
�Lγ

μτ−�LW−
μ . (7.21)

We have already observed that the neutral current Jμ
3 = �Lγ

μτ3�L cannot
be identified with the electromagnetic current, and correspondingly that the
gauge vector boson Wμ

3 cannot be interpreted as the photon field. The con-
struction of the model can therefore proceed in two different directions: either
we modify the multiplet structure of the theory, in order to make Jμ

3 equal
to the electromagnetic current; or we admit the possibility of the existence of
weak neutral currents, and we extend the gauge group in order to accommo-
date also the electromagnetic current in addition to Jμ

3 . In the next Section
we proceed to describe the second possibility, which turns out to be the cor-
rect one, after the discovery of weak processes induced by neutral currents.
Nevertheless, it should be kept in mind that this was not at all obvious to
physicists before the observation of weak neutral-current effects.

7.2 Electroweak unification

The simplest way of extending the gauge group SU(2) to include a second
neutral generator is to include an abelian factor U(1):

SU(2)→ SU(2)× U(1). (7.22)

We will require that the Lagrangian density be invariant also under the U(1)
gauge transformations

ψ → ψ′ = exp
(
ig′α

Y (ψ)

2

)
ψ, (7.23)

where ψ is a generic field in the theory, g′ is the coupling constant associated
to the U(1) factor of the gauge group, and Y (ψ) is a quantum number, usu-
ally called the weak hypercharge, to be specified for each field ψ. Since the
SU(2) factor of the gauge group acts in a different way on left-handed and
right-handed fermions (it is a chiral group), it is natural to allow for the pos-
sibility of assigning different hypercharge quantum numbers to left and right
components of the same fermion field.

A new gauge vector field Bμ must be introduced, and the covariant deriva-
tive becomes

Dμ = ∂μ − igWμ
i Ti − ig′

Y

2
Bμ, (7.24)

where Y is a diagonal matrix with the hypercharges in its diagonal entries.
Since Y is diagonal, the introduction of theBμ term in the covariant derivative
only affects the neutral-current interaction Ln. We have now
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Ln =
g

2
Wμ
3 (νeLγμνeL − eLγμeL) (7.25)

+
g′

2
Bμ [Y (�L) (νeLγμνeL + eLγμeL) + Y (νeR)νeRγμνeR + Y (eR)eRγμeR] .

This can be written as

Ln = Ψγμ

[
g T3W

μ
3 + g

′ Y
2
Bμ

]
Ψ, (7.26)

where Ψ is a column vector formed with all left-handed and right-handed
fermion fields in the theory, and T3 = ±1/2 for νeL and eL respectively, and
T3 = 0 for νeR and eR.

We can now assign the quantum numbers Y in such a way that the elec-
tromagnetic interaction term appear in eq. (7.26). To do this, we perform a
rotation by an angle θW in the space of the two neutral gauge fields Wμ

3 , B
μ:

Bμ = Aμ cos θW − Zμ sin θW (7.27)

Wμ
3 = A

μ sin θW + Zμ cos θW . (7.28)

In terms of the new vector fields Aμ, Zμ, eq. (7.26) takes the form

Ln = Ψγμ

(
g sin θWT3 +

Y

2
g′ cos θW

)
Ψ Aμ

+ Ψγμ

(
g cos θWT3 −

Y

2
g′ sin θW

)
Ψ Zμ. (7.29)

In order to identify one of the two neutral vector fields, say Aμ, with the
photon field, we must choose Y (�L), Y (νeR) and Y (eR) so that A

μ couples to
the electromagnetic current

Jμ
em = −e (eRγμeR + eLγμeL) ≡ e Ψ γμQΨ, (7.30)

where Q is the diagonal matrix of electromagnetic charges in units of the
positron charge e. In other words, we require that

T3 g sin θW +
Y

2
g′ cos θW = eQ . (7.31)

The weak hypercharges Y appear in eq. (7.31) only through the combination
Y g′: thus, we have the freedom of rescaling the hypercharges by a common
factor K, provided we rescale g′ by 1/K. This freedom can be used to fix
arbitrarily the value of one of the three hypercharges Y (�L), Y (νeR), Y (eR).
The conventionally adopted choice is

Y (�L) = −1. (7.32)

With this choice, eq. (7.31) restricted to the doublet of left-handed leptons
reads
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+
1

2
g sin θW − 1

2
g′ cos θW = 0 (7.33)

−1
2
g sin θW − 1

2
g′ cos θW = −e, (7.34)

which gives
g sin θW = g′ cos θW = e. (7.35)

(For a generic doublet of fields with charges Q1 and Q2, the r.h.s. of eq. (7.35)
becomes e(Q1 − Q2), but charge conservation requires Q1 − Q2 = 1.) Equa-
tion (7.31) then reduces to

T3 +
Y

2
= Q. (7.36)

Therefore, we find
Y (νeR) = 0; Y (eR) = −2. (7.37)

This completes the assignments of weak hypercharges to all fermion fields.
Note that the right-handed neutrino is an SU(2) singlet with zero hyper-
charge: it does not take part in electroweak interactions, and can be omitted
altogether. We shall consider the possible effects of right-handed neutrinos in
Chapter 12.

The second term in eq. (7.29) defines the weak neutral current coupled to
the weak neutral vector boson Zμ. It can be written as

e ΨγμQZ Ψ Z
μ , (7.38)

where

QZ =
1

cos θW sin θW

(
T3 −Q sin2 θW

)
. (7.39)

This structure can be replicated for an arbitrary numbers of lepton families,
assigned to the same representations of SU(2) × U(1) as the electron and
the electron neutrino. At present, the existence of two more lepton families
is experimentally established: the lepton μ− with its neutrino νμ, and lepton
τ− with its neutrino ντ .

7.3 Hadrons

We must now include hadrons in the theory. We will do this in terms of quark
fields, taking as a starting point the hadronic current responsible for β decay
and strange particle decays:

Jμ
hadr = cos θc uγ

μ 1

2
(1− γ5)d+ sin θc uγμ

1

2
(1− γ5)s, (7.40)

where θc is the Cabibbo angle (θc ∼ 13◦) and u, d, s are the up, down and
strange quark fields respectively (for simplicity, we have not displayed the
colour indices carried by quarks.) As noted in Section 6.3, different quark
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flavours are not distinguished by strong interactions. The corresponding par-
ticles have however different masses, which are of the Dirac type because
of different symmetry reasons, the simplest of them being parity invariance
of strong interactions. In eq. (7.40), the fields u, d, s represent definite mass
eigenfields. Lepton and quark masses will be discussed in detail in Chapter 9.

We are tempted to proceed as in the case of leptons: we define

qL =
1

2
(1− γ5)

⎡
⎣ud
s

⎤
⎦ ≡
⎡
⎣uLdL
sL

⎤
⎦ (7.41)

and

T+ =

⎡
⎣0 cos θc sin θc0 0 0
0 0 0

⎤
⎦ , (7.42)

so that
Jμ
hadr = qL γ

μ T+ qL. (7.43)

This procedure would lead to a system of currents which is in contrast with
experimental observations. Indeed, we find

T3 = [T
+, T−] =

⎡
⎣ 1 0 0
0 − cos2 θc − cos θc sin θc
0 − cos θc sin θc − sin2 θc

⎤
⎦ . (7.44)

The corresponding neutral current contains flavour-changing terms, such as
for example dLγ

μsL, with a weight of the same order of magnitude of flavour-
conserving ones. These terms induce processes at a rate which is not compat-
ible with data. For example, the ratio of the decay rates for the processes

K+ → π0e+νe (7.45)

K+ → π+e+e− (7.46)

would be approximately

r =

[
sin θc

sin θc cos θc

]2
=

1

cos2 θc
� 1.1, (7.47)

while observations give
rexp � 1.3× 105, (7.48)

that is, the charged-current process (s→ u) is enhanced by five orders of mag-
nitude with respect to the neutral-current process (s→ d). Our theory should
therefore be modified in order to avoid the introduction of flavour-changing
neutral currents. The solution to this puzzle was found by S. Glashow, J. Il-
iopoulos and L. Maiani. They suggested to introduce a fourth quark c (for
charm) with charge 2/3 like the up quark, and to assume that its couplings
to down and strange quarks are given by
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Jμ
hadr = cos θc uγ

μ 1

2
(1 − γ5)d+ sin θc uγμ

1

2
(1 − γ5)s

− sin θc cγ
μ 1

2
(1 − γ5)d+ cos θc cγμ

1

2
(1− γ5)s. (7.49)

The c quark being not observed at the time, they had to assume that its mass
was much larger than those of u, d and s quarks, and therefore outside the
energy range of available experimental devices. The current Jμ

hadr can still be
cast in the form of eq. (7.43), where now

qL =

⎡
⎢⎢⎣
uL
cL
dL
sL

⎤
⎥⎥⎦ ; T+ =

⎡
⎢⎢⎣
0 0 cos θc sin θc
0 0 − sin θc cos θc
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ . (7.50)

No flavour-changing neutral current is now present, since

[T+, T−] =

⎡
⎢⎢⎣
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

⎤
⎥⎥⎦ , (7.51)

as a consequence of the fact that the upper right 2 × 2 block of T+ was
cleverly chosen to be an orthogonal matrix. The existence of the quark c was
later confirmed by the discovery of the J/ψ particle. The current Jμ

hadr is
usually written in the following form, analogous to the corresponding leptonic
current:

Jμ
hadr = (uLd

′
L)γ

μτ+
(
uL
d′L

)
+ (cLs

′
L)γ

μτ+
(
cL
s′L

)
, (7.52)

where (
d′L
s′L

)
= V

(
dL
sL

)
, V =

(
cos θc sin θc
− sin θc cos θc

)
. (7.53)

The pairs (u, d), (c, s) are called quark families. The structure outlined above
can be extended to an arbitrary number of quark families. With n families, V
becomes an n×nmatrix, and it must be unitary in order to ensure the absence
of flavour-changing neutral currents. One more quark family, in addition to
(u, d) and (c, s), has been detected, namely the one formed by the top and
the bottom quarks (t, b). In the following, quark families will be denoted by
(uf , df ), with the index f running over the families.

The final form of the standard model Lagrangian with n families of leptons
and quarks is then

L = L0 + Lc + Ln (7.54)

L0 = i�
f

L ∂/ �
f
L + iν

f
R ∂/ ν

f
R + ie

f
R ∂/ e

f
R

+ iqfL ∂/ q
f
L + iu

f
R ∂/ u

f
R + id

f

R ∂/ d
f
R (7.55)
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Ln = e ΨγμQΨ A
μ + e ΨγμQZ Ψ Z

μ (7.56)

Lc =
g√
2

n∑
f=1

(
�
f

Lγ
μτ+�fL + q

f
Lγ

μτ+qfL

)
W+

μ + h.c., (7.57)

where

�fL =

(
νeL
eL

)
,

(
νμL
μL

)
,

(
ντL

τL

)
, . . . (7.58)

qfL =

(
uL
d′L

)
,

(
cL
s′L

)
,

(
tL
b′L

)
, . . . . (7.59)

The vector Ψ now also includes left-handed and right-handed quark fields.
Right-handed quark fields are assigned to SU(2) singlets, with hypercharges
given by eq. (7.36) (we recall that Q = 2/3 for u, c, t, . . . and Q = −1/3 for
d, s, b, . . ..) and QZ is given by the same expression eq. (7.39), with T3 = +1/2
for uL, T3 = −1/2 for dL, T3 = 0 for right-handed quarks.

An equivalent (and often more useful) form of eq. (7.57) is

Lc =
g√
2

⎛
⎝ n∑

f=1

ν̄fL γ
μ efL +

n∑
f,g=1

ūfL γ
μ Vfg d

g
L

⎞
⎠W+

μ + h.c. (7.60)

To conclude the construction of the standard model, we must include the
vector boson Lagrangian density

LYM = −1
4
BμνB

μν − 1

4
W i

μνW
μν
i , (7.61)

where

Bμν = ∂μBν − ∂νBμ

Wμν
i = ∂μW ν

i − ∂νW
μ
i + gεijkW

μ
j W

ν
k . (7.62)

The corresponding expressions in terms of W±
μ , Zμ and Aμ can be easily

worked out with the help of eqs. (7.20), (7.27) and (7.28), which we repeat
here:

W 1
μ =

1√
2
(W+

μ +W−
μ ) (7.63)

W 2
μ =

i√
2
(W+

μ −W−
μ ) (7.64)

W 3
μ = Aμ sin θW + Zμ cos θW (7.65)

Bμ = Aμ cos θW − Zμ sin θW . (7.66)

We get
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W 1
μν =

1√
2

[
W+

μν + ig sin θW (W
+
μ Aν −W+

ν Aμ)

+ ig cos θW (W
+
μ Zν −W+

ν Zμ)
]
+ h.c.

W 2
μν =

i√
2

[
W+

μν + ig sin θW (W
+
μ Aν −W+

ν Aμ)

+ ig cos θW (W
+
μ Zν −W+

ν Zμ)
]
+ h.c.

W 3
μν = Fμν sin θW + Zμν cos θW − ig(W+

μ W
−
ν −W−

μ W
+
ν )

Bμν = Fμν cos θW − Zμν sin θW , (7.67)

where

Fμν = ∂μAν − ∂νAμ (7.68)

Zμν = ∂μZν − ∂νZμ (7.69)

Wμν
± = ∂μW ν

± − ∂νW
μ
±. (7.70)

It follows that

LYM = −1
4
FμνF

μν − 1

4
ZμνZ

μν − 1

2
W+

μνW
μν
− (7.71)

+ig sin θW (W
+
μνW

μ
−A

ν −W−
μνW

μ
+A

ν + FμνW
μ
+W

ν
−)

+ig cos θW (W
+
μνW

μ
−Z

ν −W−
μνW

μ
+Z

ν + ZμνW
μ
+W

ν
−)

+
g2

2
(2gμνgρσ − gμρgνσ − gμσgνρ)

[
1

2
W+

μ W
+
ν W

−
ρ W

−
σ

−W+
μ W

−
ν (AρAσ sin

2 θW + ZρZσ cos
2 θW + 2AρZσ sin θW cos θW )

]
.
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Spontaneous breaking of the gauge symmetry

8.1 Masses for vector bosons

We have seen in Chapter 7 that the neutral vector boson fields coupled to the
SU(2) and U(1) charges appear as linear combinations of the massless photon
field and of the Z0 field; similarly, left-handed quarks with charge −1/3 enter
the weak interaction term as linear combinations of the corresponding mass
eigenfields. We show here that these mixing phenomena are consequences of
the mechanism of mass generation in the model.

We first show that, in order to make contact with the Fermi theory, which
is known to describe correctly weak interactions at low energies, the gauge
vector bosons of weak interactions must have non-vanishing masses. On the
same basis, we will also be able to set a lower bound to the mass of the W
boson. Let us consider the amplitude for down-quark β decay. In the Fermi
theory, it is simply given by

M = −GF√
2
uγμ(1− γ5)d eγμ(1− γ5)νe. (8.1)

In the context of the standard model, the same process is induced by the
exchange of a W boson, with amplitude

MSM =

(
g√
2
uLγ

μdL

)
1

q2 −m2
W

(
g√
2
eLγμνeL

)
, (8.2)

(we are neglecting the Cabibbo angle for simplicity). The virtuality q2 of the
exchanged vector boson is bounded from above by the square of the neutron-
proton mass difference, q2 ≤ (mN − mP)

2 ∼ (1.3 MeV)2. Equation (8.2)
reduces to the Fermi amplitude provided m2

W

 q2, and

GF√
2
=

(
g

2
√
2

)2
1

m2
W

. (8.3)

Recalling that g = e/ sin θW , eq. (8.3) gives the lower bound
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mW ≥ 37.3 GeV, (8.4)

which is quite a large value, compared to the nucleon mass, and an enormous
number, compared to the present upper bound on the photon mass,

mγ ≤ 2 · 10−16 eV. (8.5)

We conclude that if weak interactions are to be mediated by vector bosons,
these must be very heavy. On the other hand, we also know that gauge theories
are incompatible with mass terms for the vector bosons.

One possible way out is breaking gauge invariance explicitly; this, however,
as already observed in Section 6.1, leads to a non-renormalizable and non-
unitary theory. Let us investigate this point in more detail. One may formulate
a theory for a massive gauge boson with the propagator

Δμν(k) =
1

k2 − μ2

(
gμν − k

μkν

μ2

)
, (8.6)

so that non-physical components of the vector field do not contribute. For large
values of the momentum k, the term proportional to kμkν in the propagator
eq. (8.6) dominates; it is therefore clear that the behaviour of this propagator
at large k is much worse than that of the scalar propagator, that vanishes
at infinity as 1/k2. This suggests that the propagator eq. (8.6) leads to a
non-renormalizable theory.

A related problem of a massive vector boson theory without gauge invari-
ance is unitarity of the scattering matrix. The amplitude for a generic physical
process which involves the emission or the absorption of a vector boson with
four-momentum k and polarization vector ε(k) has the form

M =Mμεμ(k). (8.7)

A massive vector (contrary to a massless one) may be polarized longitudinally.
In this case, choosing the z axis along the direction of the 3-momentum of the
vector boson, the polarization is given by

εL = (|k| /μ, 0, 0, E/μ) = k/μ+O(μ2/E2), (8.8)

where we have imposed the transversity condition k ·ε = 0 and the normaliza-
tion condition ε2 = −1. Clearly, the amplitudeM will grow indefinitely with
the energy E, thus eventually violating the unitarity bound.

Both sources of power-counting violation are rendered harmless if the vec-
tor particles are coupled to conserved currents, thus confirming the need of
gauge invariance.

8.2 Scalar electrodynamics and the abelian Higgs model

In order to see how one can introduce a mass term for a gauge vector boson
without spoiling renormalizability and unitarity, we first consider a simple ex-
ample, and then we generalize our considerations to the standard model. The
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simple theory we consider is scalar electrodynamics, that is, a U(1) gauge the-
ory for one complex scalar field Φ with charge e. The requirement of invariance
under the gauge transformations

Φ(x)→ eieΛ(x)Φ(x) (8.9)

Φ∗(x)→ e−ieΛ(x)Φ∗(x) (8.10)

Aμ(x)→ Aμ(x) + ∂μΛ(x) (8.11)

and the gauge choice eq. (6.38) lead uniquely to the Lagrangian density

L = DμΦ
∗ DμΦ−m2Φ∗Φ− λ (Φ∗Φ)2 − 1

2
∂μAν∂

μAν , (8.12)

where
DμΦ(x) = ∂μΦ(x) − ieAμ(x)Φ(x). (8.13)

Observe that scalar QED involves one more coupling constant (λ) than spin-
1/2 QED.

The field equations are given by(
∂2 +m2

)
Φ = ieAμ∂μΦ+ ie∂μ (A

μΦ) + e2A2Φ− 2λΦ∗Φ2 ≡ JΦ (8.14)
∂2Aμ = −ie (Φ∗DμΦ− ΦDμΦ∗) ≡ −Jμ

A. (8.15)

The Green function for the scalar field is Δ(x), eq. (3.75), while the Green
function for the vector field Aμ is the same as in Section 6.1.

The gauge transformations eqs. (8.9,8.10) have the property that they leave
the origin of the isotopic space unchanged. There is however the possibility of
defining gauge transformations on scalar fields that do not have this feature;
let us explore this possibility. We require invariance under the transformations

Φ(x) → eieΛ(x)
(
Φ(x) +

v√
2

)
− v√

2
(8.16)

Φ∗(x) → e−ieΛ(x)

(
Φ∗(x) +

v√
2

)
− v√

2
(8.17)

Aμ(x) → Aμ(x) + ∂μΛ(x), (8.18)

where v is a real constant. The covariant derivative term must be consistently
modified. We observe that the quantity

Dμ

(
Φ(x) +

v√
2

)
≡ ∂μΦ(x)− ieAμ(x)

(
Φ(x) +

v√
2

)
(8.19)

has the same transformation property as Φ + v√
2
; thus, it can be taken as

the definition of the covariant derivative when the gauge transformation is
defined as in eqs. (8.16-8.18). The self-interaction of the field Φ is entirely
determined by the requirements of renormalizability and invariance under the
gauge transformations eqs. (8.16-8.18). The further condition, discussed in
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Section 2.1, that the scalar potential have a minimum at the origin of the
isotopic space, fixes the form of the scalar potential up to an overall constant:

V (Φ) = λ

[(
Φ(x) +

v√
2

)(
Φ∗(x) +

v√
2

)
− v

2

2

]2
. (8.20)

In this context, it is convenient to replace the gauge-fixing term Lgf of
eq. (6.38) with

Lgfh = −1
2

(
∂μA

μ − ie v√
2
(Φ− Φ∗)

)2
, (8.21)

first introduced by G. ’t Hooft. We recall that the gauge-fixing term provides
a gauge condition as a consequence of the field equations; the choice of one
particular gauge condition is not related to physical considerations. The gauge-
fixing term completes the formulation of a generalization of scalar QED, which
is called the abelian Higgs model. The Lagrangian density is

LH =

[
Dμ

(
Φ+

v√
2

)]∗
Dμ

(
Φ+

v√
2

)
− V (Φ)

−1
4
FμνF

μν − 1

2

(
∂μA

μ − ie v√
2
(Φ− Φ∗)

)2
. (8.22)

The particle content of the theory is immediately determined by inspection
of the free Lagrangian density

L0 = ∂μΦ∗∂μΦ+ ie
v√
2
Aμ∂μ(Φ− Φ∗) +

e2v2

2
A2 − λ

2
v2(Φ+ Φ∗)2 (8.23)

−1
2
∂μAν∂

μAν +
1

2
∂μAν∂

νAμ − 1

2
(∂A)2 +

e2v2

4
(Φ− Φ∗)2

+ie
v√
2
∂μA

μ(Φ − Φ∗)

= ∂μΦ
∗∂μΦ− λ

2
v2(Φ+ Φ∗)2 +

e2v2

4
(Φ− Φ∗)2 − 1

2
∂μAν∂

μAν +
e2v2

2
A2.

In the second step we have performed a partial integration on the last term; we
see that the gauge-fixing term was chosen so that bilinear terms proportional
to Aμ∂μ(Φ−Φ∗) cancel. We have also omitted a term proportional to a four-
divergence, in analogy with ordinary electrodynamics (see eq. (6.40)). It is
convenient to decompose the field Φ into its real and imaginary parts:

Φ(x) =
H(x) + iG(x)√

2
. (8.24)

The real scalar field H is usually called the Higgs field, while G is a Goldstone
field. We find
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L0 =
1

2

[
(∂H)

2 − 2λv2H2 + (∂G)2 − e2v2G2 − ∂μAν∂
μAν + e2v2A2

]
.

(8.25)
We see that the model contains spin 1 and spin 0 bosons with mass ev, associ-
ated with the field A, and two different kinds of scalars: the Goldstone boson,
with the same mass, and the Higgs boson, with mass

√
2λv.

The phenomenon we have just described is usually called Higgs mecha-
nism for the spontaneous breaking of the gauge symmetry, even though the
symmetry is not actually broken. In fact, the Lagrangian density is still gauge
invariant, up to the gauge-fixing term, which however does not influence phys-
ical quantities. Hence, all physical properties connected with gauge invariance
(such as, for example, current conservation) are still there. It is important to
stress this point, because at the quantum level this is essentially what guar-
antees the renormalizability of the theory, which would instead be lost in the
case of an explicit breaking of the gauge symmetry.

The interaction term is given by

LI = −eAμ (H∂μG−G∂μH) + e2vA2H − λvH
(
H2 +G2

)
+
e2

2
A2H2 +

e2

2
A2G2 − λ

4

(
H4 +G4 + 2H2G2

)
. (8.26)

The field equations for Aμ, H and G can be written in full analogy with
eqs. (3.65,8.15): (

∂2 + 2λv2
)
H = JH (8.27)(

∂2 + e2v2
)
G = JG (8.28)(

∂2 + e2v2
)
Aμ = −Jμ, (8.29)

where the r.h.s. can be directly computed from the interaction Lagrangian.
The Feynman rules for the abelian Higgs model can be worked out by

the same procedure adopted in the case of the scalar theory. The propagators
for scalar fields are obtained from eq. (3.75) replacing the appropriate values
of the masses; that of the vector field is obtained from eq. (6.44) inserting
the mass squared e2v2 in the denominator. The correspondence between line
factors and symbols is therefore:

↔ 1

2λv2 − q2 − iε for the field H (8.30)

↔ 1

e2v2 − q2 − iε for the field G (8.31)

↔ gμν

q2 − e2v2 + iε for the field Aμ. (8.32)

Using the same symbols for lines, the interaction vertices induced by the
interaction terms eq. (8.26) are given by
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(a) (b) (c) (d)

(e) (f) (g) (h) (j)

The vertex (a) is originated by the first term in eq. (8.26); it corresponds to
an interaction term that involves derivative of the fields. Following the usual
procedure, we obtain

ie (pμG − p
μ
H) , (8.33)

where the four-momenta pH of H and pG of G are taken to be incoming in the
vertex. Their sum is zero, according to the energy-momentum conservation
constraint at each vertex. All other interaction vertex factors are simply given
by the corresponding coefficient in the interaction Lagrangian, multiplied with
the combinatorial factor

∏
c nc!, where nc is the power of the field of species

c in the vertex. The vertex factors are listed in table 8.1.

(a) (b) (c) (d) (e) (f) (g) (h) (j)

ie (pμG − pμH) 2e
2vgμν −6λv −2λv 2e2gμν 2e2gμν −6λ −6λ −2λ

Table 8.1. Feynman rules for the interaction vertices in the abelian Higgs model.

Notice that in the limit e → 0, λ → 0 and v → ∞ with λv2 ≡ M2 and
ev ≡ m fixed the abelian Higgs model becomes a free theory involving two
scalar and one vector field, all of them massive. The vector field can now be
coupled to some other matter fields, such as e.g. fermions as in the case of
spinor QED, through a charge ê which is kept fixed in the above limit; the
resulting theory is a massive version of QED, which was originally discovered
by Stueckelberg. Both scalar fields remain free and can be omitted. This
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shows that, in practice, one can simply add a mass term to the Lagrangian of
QED, without actually spoiling the internal consistency of the theory.

However, the same procedure cannot be applied to non-abelian gauge the-
ories (based e.g. on SU(N) invariance.) In that case, the gauge fields are cou-
pled to matter fields through a coupling constant g, which is the same that
appears in self-interaction terms. Therefore, non-abelian gauge-invariance is
lost in the limit g → 0.

8.3 Physical content of the abelian Higgs model

It is interesting to study the physical content of the abelian Higgs model
described in the previous Section, since many of its features are shared by its
extension to cases of practical interest, to be discussed later in this Chapter.

The spin of the particles involved is related to the transformation proper-
ties of the corresponding fields under spatial rotations: invariants correspond
to spin 0, three-vectors to spin 1. Thus, the Higgs and Goldstone fields cor-
respond to spinless particles. The four-vector field contains four degrees of
freedom, three of which correspond to a spin-1 particle, and one to spin 0. To
see this, we observe that from the free-field Lagrangian eq. (8.25) one obtains
an expression of the free field in terms of creation and annihilation operators,
that allows quantization by analogy with the simple harmonic oscillator:

Aμ(x) =
1

(2π)3/2

∫
d3k√
2Ek

3∑
λ=0

[
a
(λ)
k ε

(λ)
μ (k) e−ikx + a

†(λ)
k ε(λ)∗μ (k) eikx

]
,

(8.34)
where

Ek =
√
|k|2 + e2v2. (8.35)

For each value of k, the four-vectors ε(λ)(k) can be defined in the rest frame,
where k = (ev, 0), as the unit vectors in the four space-time directions:

ε(0)(k) =

⎛
⎜⎜⎝
1
0
0
0

⎞
⎟⎟⎠ ε(1)(k) =

⎛
⎜⎜⎝
0
1
0
0

⎞
⎟⎟⎠ ε(2)(k) =

⎛
⎜⎜⎝
0
0
1
0

⎞
⎟⎟⎠ ε(3)(k) =

⎛
⎜⎜⎝
0
0
0
1

⎞
⎟⎟⎠ .
(8.36)

The corresponding expressions in a generic frame are obtained by suitable

Lorentz transformations. In particular, we find ε
(0)
μ (k) = kμ/(ev); for this

reason, the vector field component that corresponds to λ = 0 is proportional
to the four-divergence of a scalar field, and therefore describes a spin-0 degree
of freedom.

It should be noted, however, that the Lagrangian density for A0 has the
opposite sign of those of the scalar fieldsH and G and of the space components
Ai, i = 1, 2, 3. This is reflected in the sign of the propagator eq. (8.32) for
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μ = ν = 0. This means that the spin-0 component of A does not correspond to
physical quantum states, because it induces negative transition probabilities.
Indeed, it can be shown that the creation and annihilation operators obey the
commutation rules [

a
(λ)
k , a

†(λ′)
q

]
= −gλλ′ δ(3)(k − q) (8.37)[

a
(λ)
k , a

(λ′)
q

]
=
[
a
†(λ)
k , a†(λ

′)
q

]
= 0. (8.38)

Note that the commutation rules for a
(λ)
k ;λ = 1, 2, 3 are the same as in the

case of the real scalar field, while for λ = 0 the sign of the commutator is
reversed, as a consequence of the fact that the Lagrangian density for A0 has
the opposite sign of the Lagrangian for Ai, i = 1, 2, 3. This is easy to under-
stand by analogy with the simple harmonic oscillator in ordinary quantum
mechanics. In that case, the Hamiltonian is given by

H =
p2

2m
+
1

2
mω2q2, (8.39)

and the creation and annihilation operators are related to p, q by

a =

√
mω

2

(
q + i

1

mω
p

)
; a† =

√
mω

2

(
q − i 1

mω
p

)
. (8.40)

If the sign of the Lagrangian is reversed, L → −L, then p = dL/dq̇ → −p,
and a and a† are interchanged.

Let us now consider a one-particle state with polarization λ = 0:

|k〉 =
∫
d3p fk(p) a

†(0)
p |0〉, (8.41)

where |0〉 is the vacuum state, and fk(p) is a packet function, centered around
p = k. Using eq. (8.37), we find

〈k|k〉 =
∫
d3pd3p′ fk(p)f∗k (p

′) 〈0|a(0)p′ a
†(0)
p |0〉

= −〈0|0〉
∫
d3p |fk(p)|2 . (8.42)

We see that the states generated by a
†(0)
p have negative norm, and must there-

fore be removed from the physical spectrum. This can be achieved requiring

ε(i)(k) · k = 0; ε(i)(k) · ε(i)∗(k) = −1 (8.43)

for physical states. These conditions identify, for each value of the momentum,
three independent polarization states, that correspond to the three different
helicities of a spin-1 particle. In the rest frame of the vector boson, only the
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time component of k is non-zero, and ε must be a purely spatial vector, by
eqs. (8.43). This excludes ε(0) from the physical spectrum. In practice, one is
often interested in unpolarized cross sections , that are proportional to the
tensor

Pμν(k) =

3∑
i=1

ε(i)μ (k) ε
(i)∗
ν (k). (8.44)

It is easy to compute Pμν in the rest frame of the vector boson: from eq. (8.36)
we get

Pμν =

{
1 μ = ν �= 0
0 otherwise

, (8.45)

or equivalently

Pμν(k) = −gμν +
kμkν
e2v2

, (8.46)

since k = (ev,0) in the rest frame. Equation (8.46) is in covariant form, and
therefore holds in any reference frame.

The problem of the internal quantum-mechanical consistency of the theory
is not completely solved by imposing the constraints eq. (8.43) on asymptotic
states, because the scalar component of Aμ may still contribute to physical
amplitudes as an intermediate state through the propagator, eq. (8.32). How-
ever, it can be shown that such contributions are exactly cancelled by the
intermediate states that correspond to the Goldstone field G, provided that
one only considers processes in which the asymptotic states are either Higgs
bosons, or spin-1 bosons. We will not prove this statement in full generality:
we will illustrate how this cancellation takes place in a simple example. We
consider the scattering process

H + γ → H + γ. (8.47)

The invariant amplitude can be computed by identifying the relevant Feyn-
man diagrams, with two H and two A external lines. Recalling the Feynman
rules given in the previous Section, it is immediate to recognize that the rel-
evant diagrams are

(A) (B) (C) (D)
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Furthermore, one should include the diagrams obtained from (A) and (B) by
permutation of the two external H lines:

(A’) (B’)

Diagrams (A) and (A’) contain a four-vector internal line, while diagrams (B)
and (B’) have a Goldstone internal line.

We now proceed to compute the amplitude. We assign momenta p and p′

to initial and final H lines respectively, and momenta q and q′ to initial and
final state vector bosons. We denote by ε and ε′ the corresponding polarization
vectors, with the conditions

ε · q = ε′ · q′ = 0. (8.48)

The invariant amplitude for diagrams (A) and (B) are given by

MA =
4e4v2ε · ε′

(p+ q)
2 − e2v2

(8.49)

MB =
e2ε · (2p+ q) ε′ · (p+ q + p′)

e2v2 − (p+ q)2
. (8.50)

Using eq. (8.48) and four-momentum conservation p + q = p′ + q′, we may
replace ε · (2p+ q)→ 2ε · (p+ q) and ε′ · p′ → ε′ · (p+ q). Thus,

MA+B =
4e4v2

(p+ q)2 − e2v2

[
ε · ε′ − ε · (p+ q) ε

′ · (p+ q)
e2v2

]
. (8.51)

The amplitudes for diagrams (A’) and (B’) are obtained fromMA+B by the
replacement p↔ −p′:

MA′+B′ =
4e4v2

(p′ − q)2 − e2v2

[
ε · ε′ − ε · (p

′ − q) ε′ · (p′ − q)
e2v2

]
, (8.52)

The expressions forMA+B andMA′+B′ , eqs. (8.51,8.52), are what we would
obtain from diagrams (A) and (A’) with the vector boson propagator replaced
as follows:

gμν

q2 − e2v2 + iε →
gμν − qμqν

e2v2

q2 − e2v2 + iε . (8.53)
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This corresponds to replacing gμν with the projection operator

gμν − q
μqν

e2v2
, (8.54)

that projects a generic polarization vector on the physical subspace, defined
by eq. (8.43).

Finally, the amplitudes for diagrams (C) e (D) are given by

MC = − 12λe2v2 ε · ε′
2λv2 − (p− p′)2 ; MD = 2 e2ε · ε′. (8.55)

We observe that in this example the contributions of the scalar component
of A and of the Goldstone degree of freedom G as intermediate states cancel
exactly. It can be shown that this is a general feature of the theory: the
abelian Higgs model is internally consistent, provided the asymptotic particles
are either Higgs scalars, or spin-1 vectors. This result generalizes to more
complicated Higgs models of relevance in the study of weak interactions.

This example shows that gauge invariance is needed in order to decouple
non-physical from physical degrees of freedom, thus preserving unitarity. It is
therefore necessary to prove that the counter-terms needed to make the theory
finite when loop corrections are included do not violate gauge-invariance. It
turns out that this is indeed the case, the only exception being the presence
of the anomaly of the axial current.

In the semi-classical limit, non-physical degrees of freedom can be elimi-
nated from the very beginning. We consider the first three terms of the La-
grangian density eq. (8.22), that are invariant under gauge transformations,
and we parametrize the scalar field as

Φ(x) +
v√
2
= eieΘ(x)

H(x) + v√
2

. (8.56)

(instead of eq. (8.24)). The field Θ(x) can be eliminated by a suitable gauge
transformation:

Aμ(x) = Aμ(x)− ∂μΘ(x). (8.57)

In this way, we obtain an expression of the Lagrangian density that depends
only on H e A:

L′H =
1

2
∂μH∂

μH +
e2

2
A2 (H + v)2 − λ

4

[
(H + v)2 − v2

]2
−1
2
∂μAν (∂

μAν − ∂νAμ) . (8.58)

The free Lagrangian density is now

L0 =
1

2

[
(∂H)2 − 2λv2H2 − ∂μAν (∂

μAν − ∂νAμ) + e2v2A2
]
, (8.59)
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and the field equations become(
∂2 + 2λv2

)
H = JH (8.60)(

∂2 + e2v2
)
Aμ − ∂μ∂νAν = −Jμ. (8.61)

It is easy to show that the Green function for eq. (8.61) corresponds to the
propagator in the r.h.s. of eq. (8.53).

8.4 The Higgs mechanism in the standard model

The procedure described in Section 8.3 can be extended to the standard model,
with few modifications. To this purpose, we introduce a scalar field that trans-
forms non-trivially under that subset of gauge transformations that we want
to undergo spontaneous breaking. We should keep in mind that the subgroup
U(1)em of the gauge group, that corresponds to electrodynamics, should not
be spontaneously broken. In other words, we should perform the spontaneous
breaking of the gauge symmetry in such a way that a mass term for the pho-
ton is not generated. This means that spontaneous symmetry breaking must
take place in three of the four “directions” of the SU(2)×U(1) gauge group,
the fourth one being that corresponding to electric charge. The simplest way
to do this is to assign the scalar field φ to a doublet representation of SU(2):

φ =

(
φ1
φ2

)
(8.62)

with the SU(2) transformation property

φ→ eigαiτi/2

(
φ+

v√
2

)
− v√

2
, (8.63)

where

v =
1√
2

(
v1
v2

)
(8.64)

is a constant SU(2) doublet. The value of the hypercharge of the scalar
doublet φ is fixed by the requirement that the zero-field configuration is left
unchanged by electromagnetic gauge transformations that correspond to the
subgroup U(1)em, or equivalently that it be electrically neutral. This amounts
to requiring that

eieαQ 1√
2

(
v1
v2

)
=

1√
2

(
v1
v2

)
, (8.65)

or equivalently(
Q1 0
0 Q2

)(
v1
v2

)
=

(
1/2 + Y/2 0

0 −1/2 + Y/2

)(
v1
v2

)
=

(
0
0

)
, (8.66)
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where Q1, Q2 are the electric charges of φ1, φ2, and we have used eq. (7.36).
The non-trivial solutions of eq. (8.66) are

1) v1 = 0, |v2| = v, Y = +1 (8.67)

2) v2 = 0, |v1| = v, Y = −1. (8.68)

Without loss of generality, we will adopt the first choice, with Y = +1 and
therefore Q1 = 1, Q2 = 0. We shall further assume that v2 is real and positive.

The Higgs mechanism takes place in analogy with scalar electrodynam-
ics. The most general scalar potential consistent with gauge invariance and
renormalizability which is minimum at the origin of the isotopic space is

V (φ) = λ

[(
φ+

v√
2

)†(
φ+

v√
2

)
− v

2

2

]2
. (8.69)

We can reparametrize φ in the following way:

φ+
v√
2
=

1√
2
eiτ

iθi(x)/v

(
0

v +H(x)

)
, (8.70)

with θi(x) and H(x) real. With this parametrization it is apparent that the
fields θi can be transformed away by an SU(2) gauge transformation. as in
the case of the abelian Higgs model. This choice is perfectly adequate for
calculation in the semi-classical limit. We will set θi = 0 henceforth; this
choice is called the unitary gauge.

The scalar potential takes the form

V =
1

2
(2λv2)H2 + λvH3 +

1

4
λH4; (8.71)

we see that the Higgs scalarH has a squared massm2
H
= 2λv2. Using eq. (8.70)

with θi = 0 we get

Dμ

(
φ+

v√
2

)
=

(
∂μ − i g

2
τ iW i

μ − i
g′

2
Bμ

)
1√
2

(
0

H(x) + v

)
(8.72)

=
1√
2

(
0
∂μH

)
− i
2
(H + v)

1√
2

(
g(Wμ

1 − iW
μ
2 )

−gWμ
3 + g

′Bμ

)

=
1√
2

(
0
∂μH

)
− i
2
(H + v)

(
gWμ+

−
√
(g2 + g′2)/2Zμ

)
,

where in the last step we have used eqs. (7.20), (7.27), (7.28) and (7.35). We
have therefore[

Dμ

(
φ+

v√
2

)]†
Dμ

(
φ+

v√
2

)
(8.73)

=
1

2
∂μH∂μH +

[
1

4
g2Wμ+W−

μ +
1

8
(g2 + g′2)ZμZμ

]
(H + v)2.
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We see that the W and Z bosons have acquired masses

m2
W
=
1

4
g2v2 (8.74)

m2
Z
=
1

4
(g2 + g′2)v2. (8.75)

Note that the photon remains massless. With the scalar field φ transforming
as a doublet of SU(2), there is always a linear combination of Bμ and Wμ

3

that does not receive a mass term, but only if Y (φ) = 1 (or −1) does this
linear combination coincide with the one in eq. (7.27).

The value of v, the vacuum expectation value of the neutral component of
the Higgs doublet, can be obtained combining eqs. (8.3) and (8.74), and using
the measured valued of the Fermi constant. We get

v =

√
1

GF

√
2
� 246.22 GeV. (8.76)

The value of the Higgs quartic coupling λ (or equivalently the Higgs mass) is
not fixed by our present knowledge.
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Breaking of accidental symmetries

9.1 Quark masses and flavour-mixing

Fermion mass terms are forbidden by the gauge symmetry of the standard
model. Indeed, a Dirac mass term for a fermion field ψ

−mψψ = −m (ψLψR + ψRψL) (9.1)

is not invariant under a chiral transformation, i.e. a transformation that acts
differently on left-handed and right-handed components. The gauge transfor-
mations of the standard model are precisely of this kind. Again, this difficulty
can be circumvented by means of the Higgs mechanism.

We first consider the hadronic sector. We have seen in Section 7.3 that the
interaction Lagrangian is not diagonal in terms of quark fields with definite
flavours. Let u′f and d′f be the fields that bring the interaction terms in
diagonal form (the index f runs over the n fermion generations); in principle,
there is no reason why only down-type quark fields should be rotated. We also
define

q′fL =

(
u′fL
d′fL

)
. (9.2)

A Yukawa interaction term can be added to the Lagrangian density:

LhadrY = −
[
q̄′L

(
φ+

v√
2

)
h′D d

′
R + d̄

′
R

(
φ+

v√
2

)†
h′†D q

′
L

]

−
[
q̄′L ε
(
φ+

v√
2

)∗
h′
U
u′R − ū′R

(
φ+

v√
2

)T

ε h′†
U
q′L

]
, (9.3)

where h′
U
and h′

D
are generic n× n constant complex matrices in the genera-

tion space. It easy to check that LhadrY is Lorentz-invariant, gauge-invariant1

1 If φ transforms as an SU(2) doublet, so does φc = εφ∗, where ε is the antisym-
metric tensor in two dimension.
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and renormalizable, and therefore it can be included in the Lagrangian. The
matrices h′U and h

′
D can be diagonalized by means of bi-unitary transforma-

tions:

hU ≡ V U

L

†
h′
U
V U

R
(9.4)

hD ≡ V D

L

†
h′
D
V D

R
, (9.5)

where V U,D
L,R

are unitary matrices, chosen so that hU and hD are diagonal with
real, non-negative entries. Now, we define new quark fields u and d by

u′L = V
U

L
uL, u′R = V

U

R
uR (9.6)

d′L = V
D

L dL, d′R = V
D

R dR, (9.7)

In the unitary gauge, eq. (9.3) becomes

LhadrY = − 1√
2
(v +H)

n∑
f=1

(hfD d̄
fdf + hfU ū

fuf ), (9.8)

where hfU,D are the diagonal entries of the matrices hU,D. We can now identify
the quark masses with

mf
U
=
vhfU√
2
, mf

D
=
vhfD√
2
. (9.9)

Since the matrices V U,D
L,R

are constant in space-time, eqs. (9.6,9.7) obviously
define global symmetry transformations of the free quark Lagrangian. They
also leave unchanged the neutral-current interaction term, because of the
universality of the couplings of fermions of different families to the photon
and the Z. The only term in the Lagrangian which is affected by the trans-
formations in eqs. (9.6,9.7) is the charged-current interaction, because the up
and down components of the same left-handed doublet are transformed in
different ways. Indeed, we find

Lhadrc =
g√
2
W+

μ

n∑
f=1

q̄′fL γ
μ τ+ q′fL + h.c. =

g√
2
W+

μ

n∑
f,g=1

ūfL γ
μ Vfg d

g
L + h.c.,

(9.10)
where

V = V U

L

†
V D

L
. (9.11)

The matrix V is usually called the Cabibbo-Kobayashi-Maskawa (CKM) ma-
trix. It is a unitary matrix, and its unitarity guarantees the suppression of
flavour-changing neutral currents, as we already discussed in Section 7.1 in the
case of two fermion families. The elements of V are fundamental parameters
of the standard model Lagrangian, on the same footing as masses and gauge
couplings, and must be extracted from experiments.
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To conclude this Section, we determine the number of independent pa-
rameters in the CKM matrix. A generic n× n unitary matrix depends on n2
independent real parameters. Some (nA) of them can be thought of as rota-
tion angles in the n-dimensional space of generations, and they are as many
as the coordinate planes in n dimensions:

nA =

(
n
2

)
=
1

2
n(n− 1). (9.12)

The remaining

n̂P = n
2 − nA =

1

2
n(n+ 1) (9.13)

parameters are complex phases. Some of them can be eliminated from the
Lagrangian density by redefining the left-handed quark fields as

ufL → eiαf ufL; dgL → eiβg dgL, (9.14)

with αf , βg real constants. Indeed, the transformations eq. (9.14) are symme-
try transformations for the whole standard model Lagrangian except Lhadrc ,
and therefore amount to a redefinition of the CKM matrix:

Vfg → ei(βg−αf ) Vfg. (9.15)

The 2n constants αf , βg can be chosen so that 2n− 1 phases are eliminated
from the matrix V , since there are 2n − 1 independent differences βg − αf .
The number of really independent complex phases in V is therefore

nP = n̂P − (2n− 1) =
1

2
(n− 1)(n− 2). (9.16)

Observe that, with one or two fermion families, the CKM matrix can be made
real. The first case with non-trivial phases is n = 3, which corresponds to nP =
1. In the standard model with three fermion families, the CKM matrix has
four independent parameters: three rotation angles and one complex phase.
In the general case, the total number of independent parameters in the CKM
matrix is

nA + nP = (n− 1)2. (9.17)

The presence of complex coupling constants implies violation of the CP
symmetry. CP violation phenomena in weak interactions were first observed

around 1964 in the K0 −K0 system (see [5] and [7]); the existence of a third
quark generation may therefore be considered as a prediction of the standard
model, confirmed by the discovery of the b and t quarks.

9.2 Lepton masses

The same procedure can be applied to the leptonic sector. Everything is for-
mally unchanged: up-quarks are replaced by neutrinos and down-quarks are
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replaced by charged leptons (e−, μ− and τ−.) There is however an important
difference, which leads to considerable simplifications: as we have seen, right-
handed neutrinos have no interactions, and hence can be omitted. Therefore,
there is no Yukawa coupling involving the conjugate scalar field φc:

LleptY = −
[
�
′
L

(
φ+

v√
2

)
h′
E
eR + ēR

(
φ+

v√
2

)†
h′†

E
�′L

]
. (9.18)

The matrix of Yukawa couplings h′
E
can be diagonalized by means of a bi-

unitary transformation
hE = V

E

L

†
h′
E
V E

R
. (9.19)

The difference with respect to the case of quarks is that now we have the
freedom of redefining the left-handed neutrino fields using the same matrix
V E
L
that rotates charged leptons:

ν′L = V
E

L
νL (9.20)

e′L = V
E

L eL, e
′
R = V

E

R eR. (9.21)

This brings the lepton Yukawa interaction in diagonal form,

LleptY = −
n∑

f=1

hfE

[
�
f

L

(
φ+

v√
2

)
efR + ē

f
R

(
φ+

v√
2

)†
�fL

]
, (9.22)

but, contrary to what happens in the quark sector, leaves the charged-current
interaction term unchanged:

Lleptc =
g√
2
W+

μ

n∑
f=1

�̄′fL γ
μ τ+ �′fL + h.c. =

g√
2
W+

μ

n∑
f=1

�̄fL γ
μ τ+ �fL + h.c. .

(9.23)
In other words, in the leptonic sector there is no mixing among different
generations, because the Yukawa coupling matrix can be diagonalized by
a global transformation under which the full Lagrangian is invariant. As a
consequence, not only the overall leptonic number, but also individual leptonic
flavours are conserved. This is due to the absence of right-handed neutrinos.

The values of the Yukawa couplings hfE are determined by the values of
the observed lepton masses. In fact, using eq. (8.70), we find

LleptY = −
n∑

f=1

hfE√
2
(v +H) ēf ef , (9.24)

thus allowing the identifications

mf
E
=
vhfE√
2
. (9.25)
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9.3 Accidental symmetries

The need for Yukawa interaction terms of fermion fields with scalar fields can
be motivated in a different way. Consider the standard model with only one
generation of quarks and leptons, and no scalar fields. The Lagrangian for
fermion fields can be written in the following compact form:

L =
5∑

k=1

ψ̄k iD/ψk, (9.26)

where the sum runs over the five different irreducible representations of
SU(2)× U(1) of fermions within a generation:

ψ1 = eR ∼ (1,−2)
ψ2 = �L ∼ (2,−1)
ψ3 = uR ∼ (1, 4/3)
ψ4 = dR ∼ (1,−2/3)
ψ5 = qL ∼ (2, 1/3).

Here, the symbol ∼ means “transforms as”, and the two numbers in brackets
stand for the SU(2) representation (2 for the doublet, 1 for the scalar) and
for the hypercharge quantum number, respectively. Mass terms are forbidden
by the gauge symmetry.

In addition to the assumed gauge symmetry, the Lagrangian in eq. (9.26)
is manifestly invariant under a large class of global transformations: namely,
the fermion fields within each representation can be multiplied by an arbitrary
constant phase

ψk → eiφkψk (9.27)

without affecting L. This [U(1)]5 global symmetry was not imposed at the
beginning: it is just a consequence of the assumed gauge symmetry and of the
renormalizability condition. It is therefore called an accidental symmetry.

Let us take a closer look at the accidental symmetry. The five conserved
currents corresponding to the global transformations (9.27) are

Jμ
1 = ēRγ

μeR

Jμ
2 = ν̄Lγ

μνL + ēLγ
μeL

Jμ
3 = ūRγ

μuR

Jμ
4 = d̄Rγ

μdR

Jμ
5 = ūLγ

μuL + d̄Lγ
μdL.

A deeper insight in the meaning of these conserved currents is achieved by re-
placing Jμ

1 , . . . , J
μ
5 by the following independent linear combinations of them:
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Jμ
Y =

5∑
k=1

Yk
2
Jμ
k

Jμ
� = J

μ
1 + J

μ
2 = ν̄γ

μν + ēγμe

Jμ
�5 = J

μ
1 − J

μ
2 = ν̄γ

μγ5ν + ēγ
μγ5e

Jμ
b =

1

3
(Jμ
3 + J

μ
4 + J

μ
5 ) =

1

3
(ūγμu+ d̄γμd)

Jμ
b5 = J

μ
3 + J

μ
4 − J

μ
5 = ūγ

μγ5u+ d̄γ
μγ5d.

The current JY is the hypercharge current, which corresponds to a local in-
variance of the theory. The true accidental symmetry is therefore [U(1)]4,
rather than [U(1)]5.

The currents J� and Jb are immediately recognized to be the leptonic and
baryonic number currents, respectively. The invariance of the Lagrangian un-
der the corresponding global symmetries is certainly good news, since bary-
onic and leptonic number are known to be conserved to an extremely high
accuracy. On the other hand, experiments show no sign of the conservation
of J�5 and Jb5; in a realistic theory, the corresponding symmetries should be
broken. In fact, they are incompatible with mass terms, and they are broken
by the Yukawa interaction terms that generate fermion masses via the Higgs
mechanism. When the theory is extended to include more fermion generations,
the accidental symmetry gets much larger, since also mixing among different
generations is allowed. The Yukawa interaction terms of the previous Sections
break this larger accidental symmetry too, leaving however baryonic and
leptonic numbers conserved. Individual leptonic numbers are separately con-
served, while only the total baryonic number is conserved, because of flavour
mixing in the quark sector.

It should be noted that, because of accidental symmetries, Yukawa inter-
actions cannot be generated by radiative corrections. This is the mechanism
that keeps neutrinos massless, and that protects fermion masses from receiving
large radiative corrections.

We conclude this Section by reviewing the most important experimental
evidences of baryon and lepton number conservation. The most obvious test
of baryon number conservation is proton stability. The experimental lower
bound on the proton lifetime is at present

τp > 2.1 · 1029 y. (9.28)

The most accurate tests of lepton number conservation are provided by the
following observables:

B(μ→ eγ) ≤ 1.2 · 10−11; B(τ → μγ) ≤ 2.7 · 10−6 (9.29)

B(μ→ 3e) ≤ 1 · 10−12 (9.30)

Γ (μ Ti→ e Ti)
Γ (μ Ti→ all)

≤ 4 · 10−12. (9.31)
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Summary

We present here the full Lagrangian density of the standard model with one
Higgs doublet. We have

LSM = L0 + Lem + Lc + Ln + LV + LHiggs (10.1)

where

• L0 is the quadratic part of the Lagrangian density:

L0 =
n∑

f=1

[
ν̄f i∂/ νf + ēf (i∂/−mf

E) e
f + ūf (i∂/−mf

U)u
f + d̄f (i∂/−mf

D) d
f
]

−1
4
ZμνZ

μν +
1

2
m2

Z
ZμZμ −

1

2
W+

μνW
μν
− +m2

W
Wμ+W−

μ

−1
2
∂μAν ∂

μAν +
1

2
∂μH ∂μH − 1

2
m2H H

2, (10.2)

where
Zμν = ∂μZν − ∂νZμ; Wμν

± = ∂μW ν
± − ∂νW

μ
±. (10.3)

The index f labels the n fermion families.
We have adopted the gauge fixing eq. (6.38) for electrodynamics, so that
the photon propagator is

Δμν
γ (k) =

gμν

k2 + iε
, (10.4)

and the unitary gauge for weak interactions, so that the W and Z boson
propagators are

Δμν
V (k) =

1

k2 −m2
V

(
gμν − k

μkν

m2
V

)
; V =W,Z. (10.5)
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• Lem is the electromagnetic coupling:

Lem = e
n∑

f=1

(
−ēf γμ ef +

2

3
ūf γμ u

f − 1

3
d̄f γμ d

f

)
Aμ. (10.6)

• Lc is the charged-current interaction term:

Lc =
g

2
√
2

⎡
⎣ n∑

f=1

ν̄f γμ(1 − γ5) ef +
n∑

f,g=1

ūf γμ(1− γ5)Vfg d
g

⎤
⎦W+

μ

+
g

2
√
2

⎡
⎣ n∑

f=1

ēf γμ(1− γ5) νf +
n∑

f,g=1

d̄g γμ(1− γ5)V ∗fg u
f

⎤
⎦W−

μ . (10.7)

• Ln is the neutral-current interaction term:

Ln =
e

4 cos θW sin θW

n∑
f=1

[
ν̄f γμ(1− γ5) νf + ēf γμ

(
−1 + 4 sin2 θW + γ5

)
ef

+ūf γμ

(
1− 8

3
sin2 θW − γ5

)
uf + d̄f γμ

(
−1 + 4

3
sin2 θW + γ5

)
df

]
Zμ.

(10.8)

• LV contains vector boson interactions among themselves:

LYM = +ig sin θW (W
+
μνW

μ
−A

ν −W−
μνW

μ
+A

ν + FμνW
μ
+W

ν
−)

+ig cos θW (W
+
μνW

μ
−Z

ν −W−
μνW

μ
+Z

ν + ZμνW
μ
+W

ν
−)

+
g2

2
(2gμνgρσ − gμρgνσ − gμσgνρ)

[
1

2
W+

μ W
+
ν W

−
ρ W

−
σ

−W+
μ W

−
ν (AρAσ sin

2 θW + ZρZσ cos
2 θW + 2AρZσ sin θW cos θW )

]
,

where
Fμν = ∂μAν − ∂νAμ. (10.9)

• The Higgs interaction Lagrangian is given by

LHiggs =
(
m2

W
Wμ+W−

μ +
1

2
m2

Z
ZμZμ

)(
H2

v2
+
2H

v

)

−H
v

n∑
f=1

(mf
D
d̄fdf +mf

U
ūfuf +mf

E
ēfef )

−λvH3 − 1

4
λH4. (10.10)
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The parameters appearing in LSM are not all independent. The gauge-Higgs
sector is entirely specified by the four parameters

g, g′, v, mH , (10.11)

since

m2
W
=
1

4
g2v2, m2

Z
=
1

4
(g2 + g′2)v2, λ =

m2H
2v2
, tan θW =

g′

g
(10.12)

and g sin θW = g′ cos θW = e. However, v, g, g′ are often eliminated in favour
of the Fermi constant GF , the electromagnetic coupling αem and the Z

0 mass
mZ, which are measured with high accuracy. We have

GF =
1√
2v2
, αem =

g2g′2

4π(g2 + g′2)
, m2

Z
=
1

4
(g2 + g′2)v2, (10.13)

and therefore

v2 =
1√
2GF

(10.14)

g2 = 2
√
2m2

Z
GF

(
1 +

√
1− 4παem√

2m2
Z
GF

)
(10.15)

g′2 = 2
√
2m2

Z
GF

(
1−
√
1− 4παem√

2m2
Z
GF

)
(10.16)

since tan θW < 1. The free parameters in the fermionic sector are the 3n
masses mf

U,m
f
D,m

f
E, and the (n−1)2 independent parameters in the Cabibbo-

Kobayashi-Maskawa matrix V . Including the QCD coupling constant gs, this
gives a total of 4 + 3n + (n − 1)2 + 1 = 18 free parameters for the standard
model with three fermion generations.
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Applications

11.1 Muon decay

The μ− decays predominantly into an electron, a muon neutrino and an elec-
tron anti-neutrino:

μ−(p)→ e−(k) + ν̄e(k1) + νμ(k2). (11.1)

This is a process of great phenomenological importance, since the measure-
ment of the muon lifetime provides the most precise determination of the
Fermi constant GF , and one of the most precise measurements in the whole
field of elementary particle physics. In this Section, we describe the calculation
of the corresponding decay rate in some detail.

The invariant amplitude arises, in the semi-classical approximation, from
the single diagram

μ−

νμ e−

νe

W

The amplitude is easily computed:

M =
g

2
√
2
ū(k2) γ

μ (1−γ5)u(p)
gμν − qμqν

m2
W

q2 −m2
W

g

2
√
2
ū(k) γν (1−γ5) v(k1). (11.2)

The squared momentum q2 = (p− k2)2 = (k+ k1)2 flowing in the internal W
line can be safely neglected with respect to the W mass. This is an excellent
approximation, since q2 ≤ m2μ � (105.6 MeV)2, while mW � 80.4 GeV.
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Furthermore, the term qμqν/m
2
W
in the numerator of the W propagator gives

zero contribution in the limit me = mν = 0, since

(k + k1)
μ ū(k) γμ (1− γ5) v(k1) = ū(k) k/ (1− γ5) v(k1)

+ ū(k) (1 + γ5) k/1 v(k1) = 0 (11.3)

by the Dirac equation. Hence, using eq. (8.3) to relate the constant g to the
Fermi constant GF ,

M� −GF√
2
ū(k2) γ

μ (1− γ5)u(p) ū(k) γμ (1− γ5) v(k1). (11.4)

The squared amplitude, summed over all spin states of the particles involved,
can be computed by reducing spinor products to traces over spinor indices,
as we have seen in Section 6.2 in the case of the Compton scattering cross
section, and using eqs. (6.62,6.63) for the sum over fermion spin states. We
find ∑

pol

|M|2 = GF

2
Tr [γμ (1− γ5) (p/+mμ) γ

ν (1− γ5) k/2]

× Tr [γμ (1− γ5) k/1 γν (1− γ5) k/] . (11.5)

The term proportional to mμ vanishes, because (1 + γ5)(1− γ5) = 0, and we
are left with∑

pol

|M|2 = 2GF Tr [γ
μ p/ γν k/2 (1 + γ5)] Tr [γμ k/1 γν k/ (1 + γ5)] . (11.6)

The traces over spinor indices are computed with the help of eqs. (C.8,C.9);
we find

Tr [γμ p/ γν k/2 (1 + γ5)] = 4
(
pμkν2 − gμνp · k2 + pνkμ2 + iεμανβ pαk2β

)
,
(11.7)

and a similar expression for Tr [γμ k/1 γ
ν k/ (1 + γ5)]. The calculation then pro-

ceeds in a tedious but straightforward way. The result is remarkably simple:

|M|2 = 128G2F p · k1 k · k2, (11.8)

where we have used the identity

εμναβ εμνγδ = −2
(
δαγ δ

β
δ − δαδ δβγ

)
. (11.9)

The differential decay width is given by eq. (4.35):

dΓ =
1

2mμ

1

2

∑
pol

|M|2 dφ3(p; k, k1, k2), (11.10)

where we have averaged over the two spin states of the decaying muon, and
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dφ3(p; k, k1, k2) =
dk

(2π)32k0
dk1

(2π)32k01

dk2
(2π)32k02

(2π)4δ(4)(p− k − k1 − k2).

(11.11)
An interesting quantity from the phenomenological point of view is the

electron energy spectrum dΓ/dE. This can be computed by integrating
eq. (11.10) over neutrino momenta. Recalling the expression eq. (11.8) of
the squared amplitude, we see that in order to obtain the electron energy
spectrum we must compute

Iαβ(K) =

∫
dk1
k01

dk2
k02
kα1 k

β
2 δ

(4)(K − k1 − k2), (11.12)

where we have defined K = p− k = k1+ k2. Because the integration measure
is Lorentz invariant, Iαβ(K) is a tensor, and it only depends on the four-
momentum K. Hence, it has necessarily the form

Iαβ(K) = AKαKβ +BK2 gαβ. (11.13)

The constants A and B can be determined as follows. We observe that, for
massless neutrinos,

k1 · k2 =
1

2
(k1 + k2)

2 =
K2

2
; K · k1K · k2 = (k1 · k2)2 =

K4

4
(11.14)

and we multiply eq. (11.13) by gαβ and KαKβ/K
2. We obtain the system of

equations

A+ 4B =
I

2
(11.15)

A+B =
I

4
(11.16)

where

I =

∫
dk1
k01

dk2
k02
δ(4)(K − k1 − k2) =

∫
dk1

|k1|2
δ(K0 − 2 |k1|) = 2π, (11.17)

and therefore
A =

π

3
; B =

π

6
. (11.18)

Replacing this result in eq. (11.13), and then in eq. (11.10), we find

dΓ =
G2F
12π3

(3m2μ − 4mμE)E
2 dE, (11.19)

where E is the energy of the emitted electron in the rest frame of the decaying
muon.

The total rate is now easily computed. The maximum value ofE is achieved
when the two neutrinos are emitted in the same direction; in this case, E =
Emax = mμ/2. Hence,

Γ =
G2F
12π3

∫ mμ/2

0

dE E2 (3m2μ − 4mμE) =
G2Fm

5
μ

192π3
. (11.20)
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11.2 Width of the W boson

A simple and interesting application of what we have learned about relativistic
processes and the standard model is the computation of the decay rate of the
W boson into a quark-antiquark pair:

W+(p, ε)→ uf(k1) + d̄g(k2), (11.21)

where f, g are generation indices, and particle four-momenta are displayed in
brackets. In the semi-classical approximation, the only relevant diagram is

W+

uf

dg

that corresponds to the invariant amplitude

M =
g

2
√
2
Vfg ū(k1) γ

μ (1 − γ5) v(k2) εμ(p), (11.22)

where ε is the polarization vector of the W , and p = k1 + k2. We get

∑
pol

|M|2 = 3g2 |Vfg|2

4
Tr [γμ (p/2 −md) γ

ν (1− γ5) (p/1 +mu)]

(
−gμν +

pμpν
m2

W

)
,

(11.23)
where we have summed over the three polarization states of the W boson
using eq. (8.46), and we have inserted a factor of 3 that accounts for the
three different colour states of the quark-antiquark pair. The term propor-
tional to γ5 gives zero contribution, because of the symmetry of the sum over
W polarization. Thus, dropping terms proportional to an odd number of γ
matrices,

∑
pol

|M|2 = 3g2

4
|Vfg|2 Tr [γμ p/2 γν p/1 −mumd γ

μ γν ]

(
−gμν +

pμpν
m2

W

)
.

(11.24)
The calculation is now straightforward; using the formulae obtained in Ap-
pendix C for the trace of products of two and four γ matrices we obtain

∑
pol

|M|2 = 3g2 |Vfg|2
[
k1 · k2 + 3mumd +

2p · k1p · k2
m2

W

]
. (11.25)
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The values of the scalar products can be obtained by taking the square of the
momentum conservation relation, and using the mass-shell conditions p2 =
m2

W
, k21 = m

2
u, k

2
2 = m

2
d. We find

k1 · k2 =
m2

W
−m2u −m2d
2

(11.26)

p · k1 =
m2

W
+m2u −m2d
2

(11.27)

p · k2 =
m2

W
−m2u +m2d
2

. (11.28)

The kinematically-allowed channels for W decay into a quark-antiquark pair
include all combinations uf d̄g, except those containing the top quark, whose
mass is around 175 GeV, more than twice the W mass. All other quark
masses are much smaller than mW , the largest of them being mb � 5 GeV.
We may therefore neglect fermion masses in eq. (11.25) to an excellent degree
of accuracy. In this limit,

k1 · k2 � p · k1 � p · k2 �
m2

W

2
, (11.29)

and we find ∑
pol

|M|2 � 3g2m2
W
|Vfg|2 . (11.30)

The differential decay rate is now immediately computed using eq. (4.35)
and the expression eq. (4.25) for the two-body phase space. After averaging
eq. (11.30) over the three polarization states of the W boson, we get

dΓ (W → uf d̄g) =
3g2mW |Vfg|2

96π
d cos θ =

3GFm
3
W
|Vfg|2

12
√
2π

d cos θ, (11.31)

where θ is the angle formed by the direction of the decay products and the z
axis in the rest frame of the decaying W .

The total decay rate of theW boson is obtained by performing the (trivial)
angular integration, summing over the allowed quark-antiquark channels, and
adding the contributions of the three leptonic channels, given by eq. (11.31)

with the replacement 3 |Vfg|2 → 1. The final result is

ΓW =
GFm

3
W

6
√
2π

⎡
⎣3 ∑

f=u,c

∑
g=d,s,b

|Vfg|2 + 3

⎤
⎦ . (11.32)

Neglecting, to a first approximation, the mixing of the third generation, we
have∑

f=u,c

∑
g=d,s,b

|Vfg|2 �
∑

f=u,c

∑
g=d,s

|Vfg|2 � 2(cos2 θc + sin2 θc) = 2, (11.33)
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and therefore

ΓW =
3GFm

3
W

2
√
2π

� 2.05 GeV, (11.34)

in good agreement with the measured value

Γ expW = 2.124± 0.041 GeV. (11.35)

11.3 Higgs decay into a vector boson pair

In this Section, we consider the decay of a Higgs boson into a W+W− pair:

H(p)→W+(k1, ε1) +W
−(k2, ε2). (11.36)

The invariant amplitude is given by the single diagram

H

W+

W−

and from eq. (10.10) we obtain

M =
2m2

W

v
ε∗1 · ε∗2. (11.37)

Observe that the coupling of the Higgs boson to W bosons is proportional to
the W mass, which is a general feature of Higgs couplings.

In a reference frame in which the decaying Higgs is at rest, the two W
bosons are emitted with three-momenta ±k, in the same direction:

p = (mH ,0); k1 =
(mH

2
,k
)
; k2 =

(mH

2
,−k
)

(11.38)

with

|k| = mH

2

√
1− 4m2

W

m2H
. (11.39)

Since the Higgs boson is a spin-0 particle, the amplitude is invariant under
rotations, and we may choose to orient the z axis in the direction of the three-
momenta of the decay products. The polarization vectors ε1, ε2 in the rest
frame of each of the W bosons are given in eq. (8.36). After a Lorentz boost
to the Higgs rest frame, ε(1) and ε(2) are unchanged, while
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ε(3)(k1) =
1

mW

⎛
⎜⎜⎝
− |k|
0
0

mH/2

⎞
⎟⎟⎠ ; ε(3)(k2) =

1

mW

⎛
⎜⎜⎝

|k|
0
0

mH/2

⎞
⎟⎟⎠ . (11.40)

It follows that the amplitude M is nonzero only when ε1 = ε
(i)(k1), ε2 =

ε(i)(k2), i = 1, 2, 3. The corresponding amplitudes are

M(11) =M(22) = −2m
2
W

v
(11.41)

M(33) = −2m
2
W

v

1

m2
W

(
|k|2 + m

2
H

4

)
= −1

v

(
m2H − 2m2

W

)
. (11.42)

It is interesting to observe that M(11) and M(22) vanish for mW → 0 with
v fixed (or equivalently in the limit g → 0, in which gauge interactions are
switched off), as one would expect on the basis that the HWW coupling is
proportional to mW , whileM(33) is nonzero.

The calculation of the decay rate proceeds in the usual way; we find

dΓ (i) =
1

2mH

∣∣∣M(ii)
∣∣∣2
√
1− 4m2

W

m2H

1

16π
d cos θ (11.43)

and

Γ (H →WW ) =
∫ 3∑

i=1

dΓ (i)

=
GFm

3
H

8
√
2π

√
1− 4m2

W

m2H

[
1 +

12m4
W

m4H
− 4m2

W

m2H

]
, (11.44)

where we have used GF =
1√
2v2
, eq. (10.13).

We would have obtained exactly the same result, up to a factor 1/2 due to
the identity of final particles, if we had computed the decay rate Γ (H → γγ)
of the scalar H into a pair of massive photons in the context of the abelian
Higgs model of Section 8.2. One can check that, in the limit mγ = ev → 0
with v fixed, Γ (H → γγ) is equal to the decay rate Γ (H → GG) of the scalar
H into a pair of Goldstone bosons. This is a particular case of a general result,
sometimes called the equivalence theorem: at energies much larger than the
vector boson mass, the couplings of the longitudinal components of vector
bosons are the same as those of the corresponding Goldstone scalars (recall
that the decay rate into pairs of transversally polarizedW ’s vanishes asmW →
0.)

11.4 Weak neutral currents

The first experimental confirmation of the standard model was the observation
of the effects of weak neutral currents, that allowed a measurement of sin θW
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and therefore an estimate of the masses of the intermediate vector bosons
W and Z. The relevant process is inclusive neutrino scattering off nucleon
targets,

NC : νμ(p1) +H(p)→ νμ(k1) +X (11.45)

CC : νμ(p1) +H(p)→ μ−(k1) +X, (11.46)

where H is a nuclear target with the same number of protons and neutrons
and X any hadronic final state. In the parton model, the cross section for a
process with a hadron H of momentum p in the initial state is given by

σ(p) =
∑
q

∫ 1
0

dz fHq (z)σq(zp), (11.47)

where q is a generic parton, σq(zp) is the cross section for the same process
with parton q with momentum zp in the initial state, and fHq (z) are universal

functions, that characterize the structure of the hadron H : fHq (z) dz is the
probability that parton q carries a fraction of the hadron momentum between
z and z + dz. The cross section for the process eq. (11.45) is therefore given
by

σ(NC)ν (p) =
1

2

[
σ
(NC)
νP (p) + σ

(NC)
νN (p)

]

=

∫ 1
0

dz

[
fPu (z) + f

N
u (z)

2
σ(NC)νu (zp) +

fPd (z) + f
N
d (z)

2
σ
(NC)
νd (zp)

]

=

∫ 1
0

dz
fu(z) + fd(z)

2

[
σ(NC)νu (zp) + σ

(NC)
νd (zp)

]
, (11.48)

where fu,d(z) = f
P
u,d(z) = f

N
d,u(z). A similar expression is found for σ

(CC)
ν (p).

In the case of the processes in eqs. (11.45,11.46), the relevant parton sub-
processes are

NC : νμ(p1) + q(p2)→ νμ(k1) + q(k2); q = u, d (11.49)

CC : νμ(p1) + d(p2)→ μ−(k1) + u(k2) (11.50)

The relevant lowest-order diagrams are

νμ

νμ u, d

u, d

Z

νμ

μ u

d

W
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and the relevant Feynman rules are read off the following terms of the standard
model Lagrangian:

L = g

4 cos θW

[
ν̄μ γμ(1− γ5) νμ + ū γμ (Vu −Auγ5) u+ d̄ γμ (Vd −Adγ5) d

]
Zμ

+
g

2
√
2
[ν̄μ γ

μ(1− γ5) e+ ū γμ(1 − γ5)Vud d]W
+
μ

+
g

2
√
2

[
ē γμ(1− γ5) νμ + d̄ γμ(1− γ5)V ∗ud u

]
W−

μ , (11.51)

where

Vu = 1−
8

3
sin2 θW ; Au = 1. (11.52)

Vd = −1 + 4

3
sin2 θW ; Ad = −1. (11.53)

Neglecting all fermion masses we find

M(νq → νq) = g2

16 cos2 θW

1

s−m2
Z

ū(k1)γ
μ(1− γ5)u(p1) ū(k2)γμ(Vq −Aqγ5)u(p2),(11.54)

where s = 2p1 · p2, and therefore

∑
pol

|M(νq → νq)|2 =
(

g2

16 cos2 θW

)2
1

(s−m2
Z
)2

(11.55)

2Tr [γμp/1γ
νk/1(1 + γ5)] Tr

[
γμp/2γνk/2(V

2
q +A

2
q + 2VqAqγ5)

]
.

The amplitude for the conjugated process is given by

M(ν̄q → ν̄q) = g2

16 cos2 θW

1

s−m2
Z

v̄(p1)γ
μ(1 − γ5)v(k1) ū(k2)γμ(Vq −Aqγ5)u(p2),(11.56)

whose modulus squared is obtained from eq. (11.55) by the replacement p1 ↔
k1, that amounts to reversing the sign of γ5 in the first trace:

∑
pol

|M(ν̄q → ν̄q)|2 =
(

g2

16 cos2 θW

)2
1

(s−m2
Z
)2

(11.57)

2Tr [γμp/1γ
νk/1(1 − γ5)] Tr

[
γμp/2γνk/2(V

2
q +A

2
q + 2VqAqγ5)

]
.

An analogous calculation yields the result

∑
pol

|M(νd→ μu)|2 =
(
g2 |Vud|
8

)2
1

(s−m2
W
)2

(11.58)
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4Tr [γμp/1γ
νk/1(1 + γ5)] Tr [γμp/2γνk/2(1 + γ5)] .∑

pol

|M(ν̄u→ μd)|2 =
(
g2 |Vud|
8

)2
1

(s−m2
W
)2

(11.59)

4Tr [γμp/1γ
νk/1(1 − γ5)] Tr [γμp/2γνk/2(1 + γ5)] .

The parton cross sections are given by the general formula eq. (4.31); in our
cases,

σ =
1

8s

∫
dφ2(p1 + p2; k1, k2) |M|2 , (11.60)

where we have inserted a factor of 1/4 to average over initial spin states, and
we have assumed fermions to be massless. When s � m2

Z
,m2

W
, the squared

matrix elements are linear in the initial parton momentum p2; since s is also
linear in p2, it follows that the parton cross sections are independent of the
momentum fraction z carried by the initial parton, p2 = zp. Thus, using
eq. (11.48) we find

σ
(NC)
ν̄ − σ(NC)ν =

∫ 1
0

dz
fu(z) + fd(z)

2

[
σ
(NC)
ν̄u − σ(NC)νu + σ

(NC)
ν̄d − σ(NC)νd

]

=

∫ 1
0

dz
fu(z) + fd(z)

2

1

S

(
g2

16m2
Z
cos2 θW

)2
(−VuAu − VdAd)

×
∫
dφ2 Tr [γ

μp/1γ
νk/1γ5] Tr [γμp/γνk/2γ5] (11.61)

where S = 2p1 · p, and similarly

σ
(CC)
ν̄ − σ(CC)ν =

∫ 1
0

dz
fu(z) + fd(z)

2

[
σ
(CC)
ν̄u − σ(CC)νd

]

=

∫ 1
0

dz
fu(z) + fd(z)

2

1

S

(
g2 |Vud|
8m2

W

)2

×
∫
dφ2Tr [γ

μp/1γ
νk/1γ5] Tr [γμp/γνk/2γ5] . (11.62)

Most factors, including those that depend on the parton distribution functions,
cancel in the ratio

R =
σ
(NC)
ν̄ − σ(NC)ν

σ
(CC)
ν̄ − σ(CC)ν

, (11.63)

which therefore provides a direct measure of sin θW . We find

R = −VuAu + VdAd

4 |Vud|2
=
1− 2 sin2 θW
2 |Vud|2

, (11.64)

which is the so-called Paschos-Wolfenstein relation.
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11.5 Higgs production in e+e− collisions

The present experimental lower bound on the mass of the standard model
Higgs boson, about 115 GeV, is obtained from non-observation of Higgs bosons
in electron-positron collisions in a range of center-of-mass energies between
about 90 and 210 GeV. In this kind of experiments, Higgs bosons are produced
in the process

e−(p1) + e+(p2)→ H(k1) + Z0(k2, ε), (11.65)

that takes place in the semi-classical approximation through the diagram

e−

e+ H

Z

Z

The relevant terms in the interaction Lagrangian are the weak neutral-current
coupling of the electron with the Z boson, and the HZZ coupling, which we
rewrite here:

L = g

4 cos θW
ē γμ
(
−1 + 4 sin2 θW + γ5

)
e Zμ +

m2
Z

v
H ZμZμ. (11.66)

This gives an invariant amplitude

M =
g

cos θW

m2
Z

2v
ε∗μ(k2)

gμν − qμqν
m2

Z

q2 −m2
Z

v̄(p2) γ
ν (V −Aγ5)u(p1), (11.67)

where q = p1 + p2 and

V = −1 + 4 sin2 θW ; A = −1. (11.68)

It will be convenient to express the amplitude in terms of the Fermi constant
GF ; to this purpose, we observe that

g

cos θW

mZ

2v
=
√
2GF m

2
Z
. (11.69)

Neglecting the electron mass, which is perfectly adequate in this energy
regime, we can ignore the qμqν term in the internal propagator, and com-
pute the unpolarized squared amplitude in the usual way:

∑
pol

|M|2 = 2G2F m
6
Z

(s−m2
Z
)2

(
−gμν +

kμ2 k
ν
2

m2
Z

)
Tr [γμ (V −Aγ5) p/1 γν (V −Aγ5) p/2]

(11.70)
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where s = (p1 + p2)
2. Terms proportional to γ5 are proportional to the prod-

uct of an antisymmetric ε tensor with the sum over Z polarization, which is
symmetric; hence, they do not contribute to the unpolarized cross section,
and eq. (11.70) becomes

∑
pol

|M|2 = 2G2F m
6
Z
(V 2 +A2)

(s−m2
Z
)2

(
−gμν +

kμ2 k
ν
2

m2
Z

)
Tr [γμ p/1 γν p/2]

=
4G2F m

6
Z
(V 2 +A2)

(s−m2
Z
)2

[
s+

(t−m2
Z
)(u−m2

Z
)

m2
Z

]
, (11.71)

where we have used eq. (C.8) and we have defined

t = (p1 − k2)2; u = (p2 − k2)2. (11.72)

The invariants s, t, u are related by

s+ t+ u = m2
Z
+m2H (11.73)

through energy-momentum conservation.
In the center-of-mass frame of the colliding leptons we have

t = m2
Z
−
√
s (Ek2 − |k2| cos θ) (11.74)

u = m2
Z
−
√
s (Ek2 + |k2| cos θ) , (11.75)

where θ is the scattering angle of the Z boson in the final state, and the value
of |k2| is found by solving the energy conservation constraint

√
s =

√
|k2|2 +m2Z +

√
|k2|2 +m2H ; (11.76)

we find

|k2|2 =
λ(s,m2

Z
,m2H)

4s
; λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz

Ek2 =
s+m2

Z
−m2H

2
√
s

. (11.77)

Thus,

∑
pol

|M|2 = 4G2F m
4
Z
(V 2 +A2) s

(s−m2
Z
)2

(
m2

Z
+ E2k2 − |k2|

2 cos2 θ
)
. (11.78)

In terms of center-of-mass quantities, the two body phase-space measure is
given by

dφ2(p1 + p2; k1, k2) =
1

8π

|k2|√
s
d cos θ. (11.79)

The differential cross section is therefore given by
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dσ =
G2F m

4
Z
(V 2 +A2)

16π

|k2|√
s

m2
Z
+ E2k2 − |k2|

2 cos2 θ

(s−m2
Z
)2

d cos θ (11.80)

and the total cross section by

σ(e+e− → HZ) = G
2
F m

4
Z
(V 2 +A2)

12π

|k2|√
s

3m2
Z
+ |k2|2

(s−m2
Z
)2
. (11.81)
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Neutrino masses and mixing

In the original formulation of the standard model, presented in Chapters 7,
8 and 9, neutrinos are massless particles. This feature is well motivated by
direct experimental upper bounds on neutrino masses:

mνe ≤ 3 eV; mνμ ≤ 0.19 MeV; mντ ≤ 18.2 MeV, (12.1)

and even if observations indicate that neutrino masses are in fact non-zero,
the approximation mν � mf , where f is any fermion in the standard model
spectrum, is extremely good for most applications. In view of experimental
results, however, it is interesting to study the possible ways neutrino mass
terms can be consistently introduced.

The absence of neutrino mass terms in the standard model is related to
the absence of right-handed components for the neutrino fields; these would
be assigned (as any other right-handed fermion) to the singlet representation
of SU(2), and would have zero charge and hypercharge. Therefore, the corre-
sponding particles do not participate in electroweak interactions, and can be
simply omitted in the context of the standard model.

One may nevertheless assume that right-handed neutrinos do exist, pos-
sibly participating in interactions that are not observed at the energies of
present-time experiments. This assumption brings us outside the standard
model, and has far-reaching consequences. Assuming for the moment the ex-
istence of only one lepton generation, we introduce a covariant derivative term

ν̄R iD/ νR ≡ ν̄R i∂/ νR. (12.2)

In the presence of a right-handed neutrino field, a Dirac mass term is gener-
ated through the Higgs mechanism by a Yukawa coupling similar to that of
up-type quarks:

−hN

[
�̄L ε

(
φ+

v√
2

)∗
νR − ν̄R

(
φ+

v√
2

)T

ε �L

]
, (12.3)
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that contains a term

−m (ν̄L νR + ν̄R νL) ; m =
hNv√
2

(12.4)

in full analogy with the case of quarks. As observed in Section 9.3, the Yukawa
coupling in eq. (12.3) cannot be generated by radiative corrections, because
it breaks explicitly the global accidental symmetry

νR → eiφ νR (12.5)

of the kinetic term eq. (12.2), which is the only other place in the Lagrangian
density where νR appears.

If eq. (12.4) were the only possible neutrino mass term, then the constant
hN should be smaller than the corresponding constants for charged leptons by
several order of magnitudes, in order to obey the severe bounds eq. (12.1); for
example,

hN
he

=
m

me

<∼ 10−6. (12.6)

In general, however, this is not the case. Because of its transformation proper-
ties with respect to gauge transformations, right-handed neutrinos also admit
a Majorana mass term:

−1
2
M (ν̄cR νR + ν̄R ν

c
R) (12.7)

where νcR is the charge-conjugated spinor.
1 As already observed in Section 5.2,

this interesting feature is not shared by any other fermion field in the standard
model, because of the limitations imposed by gauge invariance. In particular,
it is not possible to build a Majorana mass term for left-handed neutrinos
by means of renormalizable terms in the Lagrangian density. The Majorana
mass parameter M , contrary to the Dirac mass m, can assume arbitrarily
large values, since no extra symmetry is recovered in the limit M = 0. Fur-
thermore, Majorana mass terms violate lepton number conservation; thus, we
must assume that M is large enough, in order that lepton number violation
effects, typically suppressed by inverse powers of M , are compatible with ob-
servations. It is natural to assume that M is of the order of the energy scale
characteristic of the unknown phenomena (e.g. the effects of grand unification)
experienced by right-handed neutrinos.

The most general neutrino mass term can therefore be written in the form

Lνmass = −1
2
(ν̄cL ν̄R)

(
0 m
m M

)(
νL
νcR

)
+ h.c., (12.8)

1 It is easy to check that, with the definitions given in eqs. (6.9-6.11), the effect
of charge-conjugation as defined in eq. (5.50) on a Dirac spinor ψ is ψ → ψc =
γ1γ3ψ̄

T . If the arbitrary phases are constrained as in electrodynamics, then one
has ψ → ψc = γ0γ2ψ̄

T .



12 Neutrino masses and mixing 121

where we have used ν̄cL ν
c
R = ν̄R νL. We have seen in Section 5.2 that the mass

matrix that appears in eq. (12.8) can be diagonalized by a linear transforma-
tion (

0 m
m M

)
= UT

(
m1 0
0 m2

)
U (12.9)

with U unitary, and m1,m2 real and positive. In our case, we find

U =
(
i cos θ −i sin θ
sin θ cos θ

)
; tan 2θ =

2m

M
(12.10)

and

m1 =
1

2

(
M +

√
M2 + 4m2

)
; m2 =

1

2

(
M −

√
M2 + 4m2

)
. (12.11)

For m�M , θ � m/M , and

m1 �M ; m2 �
m2

M
. (12.12)

This mechanism, usually called the see-saw mechanism, provides a natural
explanation of the observed smallness of neutrino masses: one of the two mass
eigenstates in the neutrino sector is extremely heavy, and has no observable
effects on physics at the weak scale, while the other has a mass which is
suppressed with respect to typical fermion masses m by a factor m/M . In
this way, light neutrinos arise without the need of assuming unnaturally small
values of the Yukawa couplings.

The mass term eq. (12.8) takes the form

Lνmass = −1
2
m1 (ν̄

c
1 ν1 + ν̄1 ν

c
1)−

1

2
m2 (ν̄

c
2 ν2 + ν̄2 ν

c
2) , (12.13)

where

ν1 = νL sin θ + ν
c
R cos θ (12.14)

ν2 = −iνL cos θ + iνcR sin θ. (12.15)

For m � M , the heavy eigenvector ν1 is predominantly ν
c
R, while the light

eigenvector ν2 approximately coincides with the ordinary left-handed neu-
trino.

In the general case, there are n different species of left-handed neutrinos,
with n = 3 according to present knowledge, and an undetermined number k
of right-handed neutrinos; correspondingly, m is in general a k × n matrix,
and M a k × k matrix. After diagonalization in the generation space, the
phenomenon of flavour mixing takes place in a similar way as in the quark
sector. For simplicity, we will consider the case k = n, when there are as
many right-handed as left-handed neutrinos. In this case, the Yukawa inter-
action eq. (12.3) should be modified to account for the generation structure.
Specifically, we replace eq. (9.18) by
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LleptY = −
[
�
′
L

(
φ+

v√
2

)
h′E e

′
R + e

′
R

(
φ+

v√
2

)†
h′†E �

′
L

]

−
[
�̄′L ε
(
φ+

v√
2

)∗
h′N ν

′
R − ν̄′R

(
φ+

v√
2

)T

ε h′†N �
′
L

]
,(12.16)

where we have introduced an array ν′fR ; f = 1, . . . , n of right-handed neutrinos,
and h′N is a generic complex constant matrix. Similarly, the Majorana mass
terms for right-handed neutrinos take the form

−1
2

(
ν̄′cRM ν

′
R + ν̄

′
RM

† ν′cR
)
, (12.17)

where M is a matrix in lepton flavour space. Lepton flavour mixing (and,
possibly, CP violation) therefore originates both from the diagonalization of
the Yukawa coupling h′

N
, which gives rise to the leptonic analogous of the

CKM matrix, and from the diagonalization of the Majorana mass M .
In general, single-particle neutrino quantum states with definite lepton

flavour are linear combinations of mass eigenstates. Neutrinos are produced
in weak-interaction processes with a definite flavour: for example, β decays
of nuclei in the Sun produce electron neutrinos. Consider a neutrino beam
of definite flavour, produced at some initial time t = 0; denoting flavour
eigenstates by Greek indices, and mass eigenstates by Latin indices, we have

|να〉 =
n∑

i=1

U∗αi |νi〉, (12.18)

with U a unitary matrix. Each definite-mass component of such neutrino
states has a time evolution, which in the rest frame is described by

|νi(τ)〉 = e−imiτ |νi(0)〉, (12.19)

or, in the laboratory frame,

|νi(t)〉 = e−i(Eit−piL) |νi(0)〉, (12.20)

where L is the distance travelled in the time interval t. We now exploit the
fact that neutrinos are almost massless. This gives

L � t; Ei =
√
p2i +m

2
i � pi +

m2i
2E
, (12.21)

where E � pi � pj . Hence,

|να(L)〉 �
n∑

i=1

U∗αi exp

(
−im

2
i

2E
L

)
|νi(0)〉. (12.22)



12 Neutrino masses and mixing 123

The probability amplitude of observing the flavour β at distance L is given
by

〈νβ |να(L)〉 =
n∑

i=1

U∗αi exp

(
−im

2
i

2E
L

) n∑
j=1

Uβj 〈νj |νi〉

=
n∑

i=1

ξαβ
i exp (−iεiL) , (12.23)

where we have used the unitarity of U , and we have defined

ξαβ
i = U∗αi Uβi; εi =

m2i
2E
. (12.24)

The corresponding probability is given by

Pαβ(L) = |〈νβ |να(L)〉|2 = δαβ − 4
n∑

i=1

n∑
j=i+1

Re
(
ξαβ
i ξ∗αβ

j

)
sin2

1

2
(εj − εi)L

−2
n∑

i=1

n∑
j=i+1

Im
(
ξαβ
i ξ∗αβ

j

)
sin(εj − εi)L. (12.25)

Observe that Pαβ is unchanged if one replaces U → U∗ and α↔ β:

P (να → νβ;U∗) = P (νβ → να;U). (12.26)

On the other hand, CPT invariance implies

P (νβ → να;U) = P (ν̄α → ν̄β;U). (12.27)

Hence,
P (να → νβ;U∗) = P (ν̄α → ν̄β;U), (12.28)

or in other words neutrino oscillation probabilities can only differ from anti-
neutrino oscillation probabilities if U �= U∗, which is also a condition for CP
violation.

The above computation of Pαβ is unsatisfactory on many respects. Quan-
tum states with definite momentum have an infinite uncertainty in position,
and therefore it makes no sense to talk about observation at distance L. A
rigorous treatment requires defining neutrino states as wave packets, which is
equivalent to studying neutrino beams with a finite energy spread. The ini-
tial neutrino wave packet decomposes into mass-eigenstate wave packets, each
travelling with a different velocity, given by the average over the packet of the
ratio of pi/E, and the oscillations due to interference among the different
components is lost at a distance at which the wave packets cease to overlap.
As long as this is not the case, the oscillation probability is correctly given by
eq. (12.25).
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Equation (12.25) takes a simple form if one assumes CP invariance in the
leptonic sector, and that only two flavours are involved. In this case, the last
term in eq. (12.25) vanishes, and the matrix U is a real orthogonal matrix,
depending on a single mixing angle θ12. We have

ξ121 = ξ211 = − cos θ12 sin θ12 (12.29)

ξ122 = ξ212 = +cos θ12 sin θ12. (12.30)

and therefore

P12(L) = P21(L) = sin
2 2θ12 sin

2 LΔm
2
12

4E
. (12.31)

The results of neutrino oscillation experiments are usually displayed in the
form of allowed regions in the (Δm212, θ12) plane. The following units are
often adopted:

LΔm2

4E
� 1.27 Δm

2(eV2)L(km)

4E(GeV)
. (12.32)



A

Large-time evolution of the free field

Let us consider a negative-frequency free-field solution of the equation of mo-
tion for a real scalar field:

F (r, t) =
1

(2π)
3
2

∫
dp
φ(p)√
2Ep

ei(p·r−Ept) ≡
∫
dpψ(p) ei(p·r−Ept), (A.1)

where φ(p) is a linear combination of wave packets, assumed to be sufficiently
regular (typically, of gaussian shape.) For t → ±∞ and fixed r, the integral
vanishes faster than any power of t, because the integral over momenta of
the phase factor averages to zero. If however the position r is not held fixed,
there is in general a region in the space of momenta where the phase factor is
stationary; this region gives the dominant contribution to the integral in the
large-time limit. Thus, we take r = vt and we consider the limit of eq. (A.1)
for large t at constant v:

lim
t→∞

∫
dpψ(p) ei(p·v−Ep)t. (A.2)

The condition of stationary phase

∂

∂p
(p · v − Ep) = 0 → v =

∂

∂p
Ep =

p

Ep
(A.3)

gives

p =
mv√
1− v2

, E =
m√
1− v2

. (A.4)

and expanding the phase in powers of q ≡ p− mv√
1−v2

up to second order we
get

p · v − Ep = −
√
1− v2

[
m− 1

2m
(q2 − (q · v)2)

]
+O(q3). (A.5)

The asymptotic limit of the integral is therefore
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dpψ(p) ei(p·v−Ep)t ∼

t→∞
e−im

√
1−v2tψ

(
mv√
1− v2

)∫
dq e−i

√
1−v2

q2−(q·v)2

2m t

= e−im
√
1−v2tψ

(
mv√
1− v2

)(
2πm

it

) 3
2 1

(1− v2) 54
.

(A.6)

With the same technique, we can obtain the following interesting result:

∫
dp e−

(p−k)2

σ2 e±iEpt ∼
t→∞

e±imt− k2

2σ2

(
±2πim
t

) 3
2

. (A.7)
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Scattering from an external density

A simple and interesting application of our formulae eqs. (3.89,3.100) is the
computation of scattering amplitudes in a model with interaction given by

LI =
g(x)

2
φ2(x). (B.1)

In this model, the field equations are linear, and the function g(x) plays a
role which is similar to that of a potential in the Schrödinger equation. The
solution of eq. (3.100) is

S
[
φ(as)
]
= −1

2

∞∑
n=0

(−1)n
∫
d4x g(x)φ(as)(x)

(
(Δ ∗ g)n φ(as)

)
(x)

≡ −1
2

∞∑
n=0

(−1)n
∫
d4x

n∏
i=1

dyiφ
(as)(x)g(x)Δ(x − y1)g(y1)

Δ(y1 − y2)g(y2) · · ·Δ(yn−1 − yn)g(yn)φ(as)(yn). (B.2)

Thus, S is quadratic in φ(as)(x), and describes three possible processes: two-
particle annihilation, pair production, and single-particle scattering. To first
order in g, one has

S
[
φ(as)
]
= −1

2

∫
dx g(x)

(
φ(as)(x)

)2
, (B.3)

and therefore the scattering amplitude

Sp→k[g] = −
∫
dx g(x)

ei(k−p)·x

2(2π)3
√
EpEk

≡ −π g̃(p− k)√
EpEk

(B.4)

while the annihilation amplitude for a pair of particles with momenta p1 and
p2 is

Sp1,p2→0[g] = −π g̃(p1 + p2)√
E(p1)E(p2)

, (B.5)
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and finally the pair production amplitude is

S0→k1,k2 [g] = −π g̃(−k1 − k2)√
Ek1Ek2

. (B.6)

We now consider the case when

g(x) = g1(x) + g2(x), (B.7)

with
θ(x02 − x01)g1(x1)g2(x2) = g1(x1)g2(x2), (B.8)

that is, g1 acts before g2. Selecting in the scattering amplitude due to g(x)
the first order terms in g1 and g2, one has

S1,2 =

∫
d4x g1(x)φ

(as)(x)
(
Δ ◦ g2φ(as)

)
(x)

=

∫
dx1dx2 g1(x1)φ

(as)(x1)Δ(x1 − x2)g2(x2)φ(as)(x2). (B.9)

Replacing

φ(as)(x) =
eik·x√
2Ek(2π)3

+
e−ip·x√
2Ep(2π)3

, (B.10)

and recalling eqs. (B.8) and (3.70), we find

S1,2 =
π2√
EpEk

∫
dq

Eq
[g̃1(p− q)g̃2(q − k) + g̃1(−k − q)g̃2(q + p)]

=

∫
dq [Sp→q[g1]Sq→k[g2] + S0→q,k[g1]Sp,q→0[g2]] . (B.11)

This shows that the scattering amplitude appears as the sum of two terms. The
first describes the scattering due to g1 from p to q, followed by the scattering
due to g2 from q to k. The second term describes creation from the vacuum
of a pair with momenta k and q, followed by the annihilation of the initial
particle with momentum p with that with momentum q. Thus, the scattering
process factorizes into the contributions due to g1 and g2 consistently with
the causal order.



C

Dirac matrices

Most calculations involving Dirac matrices can be performed using only their
general properties,

{γμ, γν} = 2Igμν ; γ5 = −iγ0γ1γ2γ3 = − i
4!
εμνρσ γμγνγργσ,

γ†μ = γ0 γμ γ0, (C.1)

without making reference to a specific representation. Some immediate con-
sequences of eq. (C.1) are

Tr γμγν = 4 gμν; {γμ, γ5} = 0; γ25 = I, (C.2)

and the identities

γμ γα γμ = −2γα (C.3)

γμ γα γβ γμ = 4γ
αβ (C.4)

γμ γα γβ γγ γμ = −2γγ γβ γα. (C.5)

The trace of the product of an odd number of γ vanishes. Indeed,

γμ = −γ5 γμ γ5, (C.6)

and therefore

Tr γμ1 . . . γμ2n+1 = (−1)2n+1Tr (γ5γμ1γ5) . . .
(
γ5γμ2n+1γ5

)
= −Tr γμ1 . . . γμ2n+1 , (C.7)

where we have used the circular property of the trace. It is easy to prove that

Tr γμγνγργσ = 4(gμνgρσ − gμρgνσ + gμσgνρ) (C.8)

Tr γμγνγργσγ5 = 4iε
μνρσ. (C.9)

In Section 6.1 we have introduced a particular representation of the Dirac
matrices:
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γμ ≡
(
0 σμ
σ̄μ 0

)
. (C.10)

Different representations of the γ matrices are related by similarity transfor-
mations on spinor fields. A representation which is often used (especially in
application that involve the non-relativistic limit) is the so-called standard
representation:

γ0 =

(
I 0
0 −I

)
, γi =

(
0 −σi
σi 0

)
, γ5 =

(
0 I
I 0

)
. (C.11)
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Violation of unitarity in the Fermi theory

In this Appendix, we show that unitarity of the S matrix is violated in
the Fermi theory of weak interactions. We rewrite the unitarity constraint,
eq. (4.43), for i = j:

∑
f

∫
dφnf

(Pi; k
f
1 , . . . , k

f
nf
) |Mif |2 = −2 ImMii, (D.1)

which is the so-called optical theorem: the total cross section for the process
i→ f , summed over all possible final states f , is proportional to the imaginary
part of the forward invariant amplitudeMii.

Let us now assume that i is a state of two massless particles with momenta
p1, p2; furthermore, let us assume that only 2→ 2 processes are allowed. Un-
der these conditions, the states f are also two-particle states, and the ampli-
tudesMif depend on the initial and final states through the two independent
Mandelstam variables s, t:

Mif ≡M(s, t), (D.2)

where
s = (p1 + p2)

2, t = (p1 − k1)2. (D.3)

In the center-of-mass frame,

t = −s
2
(1 − cos θ) → cos θ = 1 +

2t

s
, (D.4)

where θ is the scattering angle. Thus, for a given value of the center-of mass
squared energy s, the amplitude M(s, t) is a function of cos θ only, and can
be expanded on the basis of the Legendre polynomials

PJ(z) =
1

J !2J
dJ

dzJ
(z2 − 1)J . (D.5)

The Legendre polynomials obey the orthogonality conditions
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−1
dz PJ(z)PK(z) =

2

2J + 1
δJK (D.6)

and the normalization conditions

PJ (1) = 1. (D.7)

We find
M(s, t) = 16π

∑
J

(2J + 1) aJ(s)PJ (cos θ), (D.8)

where the partial-wave amplitudes aJ are given by

aJ(s) =
1

32π

∫ 1
−1
d cos θ PJ (cos θ)M(s, t). (D.9)

Replacing eq. (D.8) in the l.h.s. of eq. (D.1) we get∫
dk1

(2π)3 2Ek1

dk2
(2π)3 2Ek2

(2π)4δ(4)(p1 + p2 − k1 − k2) |M(s, t)|2

=
1

16π

∫ 1
−1
d cos θ[

16π
∑
J

(2J + 1) aJ(s)PJ (cos θ)

][
16π
∑
K

(2K + 1) a∗K(s)PK(cos θ)

]

= 32π
∑
J

(2J + 1) |aJ(s)|2 , (D.10)

while the r.h.s. is given by

−2 ImM(s, 0) = −32π
∑
J

(2J + 1) Im aJ(s), (D.11)

where we have set t = 0, or equivalently cos θ = 1, as appropriate for a forward
amplitude, and we have used the normalization condition (D.7). Therefore,
the unitarity constraint eq. (D.1) requires

|aJ (s)|2 = −Im aJ(s) (D.12)

for all partial amplitudes. Equation (D.12) provides the unitarity bound

|aJ (s)| ≤ 1. (D.13)

Let us now consider a specific process, namely

e−(p1) + νμ(p2)→ μ−(k1) + νe(k2) (D.14)

within the Fermi theory. The relevant amplitude is
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M(s, t) = −GF√
2
ū(k2) γ

α(1− γ5)u(p1) ū(k1) γα(1− γ5)u(p2), (D.15)

where all lepton masses have been neglected. This gives∑
pol

|M(s, t)|2 = 2G2F Tr
[
γα p/1 γ

β(1− γ5) k/2
]
Tr [γα p/2 γβ(1 − γ5) k/1 ]

= 32G2F s
2. (D.16)

We see that only the partial amplitude a0(s) is nonzero, since there is no t
dependence at all. Using the definition eq. (D.9) we obtain

|a0(s)| =
GF s

2
√
2π
. (D.17)

The unitarity bound eq. (D.13) is therefore violated at

√
s =

√
2
√
2π

GF
� 875GeV. (D.18)

The total cross section obtained from eq. (D.16),

σ =
G2F s

2π
, (D.19)

grows linearly with the squared center-of-mass energy s.
In the standard model, the same amplitude involves the exchange of

a virtual W boson with mass mW and coupling g/(2
√
2) to left-handed

fermions. The standard model squared amplitude is obtained from the result
in eq. (D.16) by the replacement

−GF√
2
→ g2

8

1

t−m2
W

=
GF√
2

m2
W

t−m2
W

. (D.20)

We get ∑
pol

∣∣MSM(s, t)
∣∣2 = 64G2F s2

(
m2

W

t−m2
W

)2
. (D.21)

The total cross section is now given by

σSM =
G2F s

2π

m2
W

s+m2W
, (D.22)

that reduces to the result obtained in the Fermi theory, eq. (D.19), for s �
m2

W
. In this case, however, the linear growth of the cross section with s is cut

off at s ∼ m2
W
. At very large energy,

σSM → G2Fm
2
W

2π
. (D.23)
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The value of mW is related to the size of the coupling g through gF /
√
2 =

g2/(8m2
W
). If mW were close to the energy at which the Fermi theory breaks

down, about 900 GeV, then g would take a value close to 10, far from the
perturbative domain. The fact that the measured value mW is instead much
smaller,mW � 80 GeV, is a signal of the fact that a theory of weak interactions
with an intermediate vector boson can be treated perturbatively: indeed, in
this case we get g ∼ 0.7.
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