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Foreword

Triggered by a discussion on the nature of future electricity supplies, wind en-
ergy utilisation has boomed dramatically, first in the United States of America and
Denmark and later in Germany and Spain. Thanks to state subsidies, it has within
15 years overtaken the volume of the classic renewable hydro-power, and today it
accounts for about 5% of electricity generation.

Two factors set off this development: an awareness of the limited availability of
fossil fuels and the recognition that in the 19th and 20th centuries the massive release
of fossil CO2 had kicked off a gigantic climate experiment whose results remain
unpredictable. The discussion on the side effects of the wind energy boom, such
as occupation of land and the challenges presented by integration into conventional
electricity generation systems, frequently distract attention from the real goals and
benefits of this technology. These are establishing an energy sector that will, in the
short term, reduce CO2 emissions and the exploitation of finite resources and, in the
long term, create an unlimited sustainable energy supply.

Because fossil reserves are relatively easy to exploit, a system developed that
could hardly be more convenient. It makes electric power available in large quanti-
ties at moderate prices and in a way that is easy to plan. The task of the power utility
is essentially limited to “uncritically” adjusting the supply from central power sta-
tions to the demand from consumers. A low-CO2 sustainable energy sector demands
different standards. Wind and solar power have a high potential, but they are subject
to high natural fluctuations and, in general, are connected to the electricity grid in a
decentral way. The share of future storage technologies such as hydrogen technology
will be as small as possible for reasons of efficiency and cost.

So, future-compatible electricity generation will comprise many different, partly
innovative components, which also demands a considerable research and develop-
ment effort. On the one hand, there is the fluctuating input from renewable sources,
and on the other, electricity consumption that must to a certain extent be adjusted
to supply by means of intelligent solutions. In between, to a declining extent,
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modern conventional energy producers, such as coal and natural gas power stations,
are all brought together with a great deal of technical ingenuity in the form of control
strategies and information flows.

This book focusses on the interface between modern renewable energy sources
and classic conventional power generation. Any control of such a complex system
must be based on knowledge of the current and anticipated input from the fluctuating
sources; in this case, wind energy. Regulation of the conventional power station out-
put and, in future, also increasing control of consumption must perform the feat of
matching currently available power and demand. Today, forecasts of the anticipated
output from wind energy, or energy weather forecasts, already play a significant role
in controlling conventional power stations to minimise losses (and the associated
CO2 emissions) for providing regulating power. If a forecast can be made for a pe-
riod of a few hours or days in advance, it is then possible to apply it together with a
load forecast to adjust and optimise conventional power station scheduling to the ex-
pected wind power. This minimises fuel consumption, harmful emissions and costs.

The present book aims to review the current state of technology and the latest
methods of wind power forecasting, sometimes also to lay out a vision for a coherent
framework supporting the fundamental comprehension of the complexity involved.
It takes us into a brand-new field of science called energy meteorology which draws
on meteorology, physics, energy technology and energy economics. Especially, due
to the challenges raised by the increasing share of renewable energy sources in elec-
tric power generation, this research field has grown significantly in importance and
will become even more important in future. Wherever possible, the authors describe
meteorological processes in a meteorological and physical way rather than limiting
themselves to purely statistical input/output models. Apart from its practical advan-
tages, this approach also has the huge benefit of quantitatively revising and improv-
ing our understanding of the basic processes involved, such as the development of
atmospheric flows in the surface layer of the atmosphere.

Yet this work does not stop at theoretical considerations but also includes an ex-
tensive verification of the models developed so that the emerging processes can have
direct practical effects. In that sense, the book represents one piece in the puzzle of
one of the greatest challenges we face in the coming decades—the complete switch-
over from a conventional to a sustainable energy supply. Due to its high share in
current electricity generation and the challenges it has created, wind energy helped
to trigger and accelerate this development. It is clear that, approaching a sustainable
electricity supply, wind energy is definitely not part of the problem, but part of the
solution.

Oldenburg Hans-Peter Waldl
July 2004 Jürgen Parisi



Preface

The combination of a scientifically challenging subject and the need to solve practical
problems on the way to achieve a clean energy supply is our motivation to work
in the field of wind energy. The market already demands for feasible solutions to
efficiently integrate fluctuating wind power into the electrical supply system. Hence,
in our view, wind power forecasting is a good example of how scientific methods can
lead to innovations for the energy of tomorrow.

Wind energy is exciting for researchers as it is based on atmospheric physics,
with a number of open questions. The non-linear nature of the atmosphere provides
a rich variety of phenomena from small-scale turbulence to the formation of large-
scale weather systems but typically prevents simple analytic solutions. Wind power
predictions require knowledge in boundary-layer meteorology, flow simulation, time
series analysis and modelling of the behaviour of wind farms to calculate the antici-
pated wind power production.

The physical approach to wind power predictions is the topic of our disserta-
tions, in particular the description of thermal effects and of prediction uncertainty.
As textbooks on wind energy typically contain little information concerning wind
power prediction, we were asked to write this book based on our two theses. Though
this origin is still noticeable, we intend to provide an overview of existing prediction
methods in general and the physical approaches in particular. Since the field of wind
power forecasting has developed impressively and dynamically in recent years and
will continue to do so, this book is a first introduction and does not claim to give a
complete review of all systems and methods that are available.

Our research is strongly embedded into the vivid wind power forecasting com-
munity in Europe. On various conferences and meetings over the years, we benefitted
from the inspiring creativity and momentum of the people who work in this field. We
are grateful that we had the opportunity to take part in European research projects
on wind power prediction and we thank the European Commission for funding our
work.
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We would further like to thank the German Foundation for the Environment
(DBU) for providing a grant to one of us (M.L.). Moreover, we thank Prof. Jürgen
Parisi for his advice and support in writing the book, and Dr. Hans-Peter “Igor” Waldl
who introduced us to the field of wind energy and supplied valuable comments on
the manuscript. We thank the German Weather Service (DWD) for providing the pre-
diction data and the Institut für Solare Energieversorgungstechnik (ISET) for making
available the measurements data.

A big thank you goes to our wives for their solicitous support and their unlimited
patience.

Oldenburg Matthias Lange
June 2005 Ulrich Focken
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1

Introduction

Wind energy is an important cornerstone of a non-polluting and sustainable electric-
ity supply. Due to favourable regulatory frameworks this renewable energy source
has experienced a tremendous growth in recent years, resulting in substantial shares
of electricity produced by wind farms in the national energy mix of a number of
countries. For example, during the last four years (1999–2003) the installed wind
power capacity in Germany has risen from about 4.4 GW to more than 12.8 GW [3]
and now covers approximately 4.7% of the total electricity consumption. And this is
just the beginning, as from a global perspective wind energy has the potential to pro-
vide electric energy on an industrial scale. The European Wind Energy Association
(EWEA) and Greenpeace estimate that by the year 2020 about 12% of the world’s
electricity production can be supplied with wind energy [75].

However, in practice, the integration of wind energy into the existing electricity
supply system is a real challenge. A number of technical and economical objections
against the large-scale utilisation of this renewable energy source have been brought
forward, in particular by traditional energy suppliers and grid operators. In their view
one major disadvantage of wind energy is that its availability mainly depends on
meteorological conditions; hence, the power output of wind farms is determined by
the prevailing wind speed and cannot be adjusted as conveniently as the electricity
production of conventional power plants. As it is expensive to level out unforeseen
fluctuations in the wind power production, grid operators and energy suppliers point
out increasing costs due to wind energy.

Fortunately, wind power prediction systems which improve the technical and
economical integration of wind energy into the electricity supply system are already
available. They provide the information on how much wind power can be expected
at a point in time in the next few days. Thus, they announce the variations in the
electricity production of wind farms in advance and largely reduce the degree of
randomness attributed to wind energy.



2 1 Introduction

1.1 Purpose of This Book

This book is concerned with the short-term prediction of the power output of wind
farms. It describes why wind power predictions are needed, how they are made and
how forecast errors can be evaluated. A brief introduction to the broad field of wind
power forecasting is provided giving an overview of the basic concepts behind dif-
ferent forecasting systems. The main focus of this book lies upon the properties of
the so-called physical prediction models which are based on describing the physics
of the atmospheric boundary layer. In particular, the influence of the thermal strat-
ification of the atmosphere and the assessment of situation-dependent uncertainties
of the prediction are discussed and quantitative models to describe these effects are
presented.

This book is suitable as a textbook for scientists and students in the field of wind
energy. It is also addressed to the entire wind energy community, in particular energy
traders, energy dispatchers and consultants, as a beneficial reference book.

1.2 Structure of the Book

The book is organised as follows.
In Chap. 2 an overview of existing wind power prediction systems illustrates

the different concepts of wind power forecasting. In particular, the two main ap-
proaches, namely statistical systems on the one hand and physical systems on the
other, are described and their advantages and disadvantages are discussed. As most
wind power prediction systems use large-scale numerical weather predictions (NWP)
as input data, typical NWP models operated by different weather services are briefly
described.

Chapter 3 provides the physical foundations of wind power predictions. Starting
from the very fundamental equations of motion of the atmosphere, the basic concepts
of boundary layer flow are derived in a concise manner. The logarithmic wind profile
and its thermal corrections due to Monin–Obukov theory are discussed in detail.

The main part of this book is focused on physical prediction systems. In Chap. 4
the wind power prediction system Previento, which was developed at the University
of Oldenburg, is used as an example to describe the transformation of the wind speed
prediction of a numerical weather model into a forecast of the power output of wind
farms. This includes the local refinement of the wind speed to the site-specific flow
conditions considering a detailed roughness description and orographic effects as
well as the modelling of the shadowing effects inside a wind farm.

The data basis used in the investigations of this book consists of measurements
on the one hand and numerical predictions on the other. The origin and preprocessing
of the two types of data are explained in Chap. 5.
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The evaluation of the prediction error is an important aspect that is an essential
part of this book. In Chap. 6 methods to assess the prediction accuracy are intro-
duced and the relevance of understanding the statistical behaviour of the forecast
error is shown. The forecast results for a number of test cases in northern Germany
are discussed.

The thermal stratification of the lower atmosphere has a major influence on cal-
culating the wind speed at hub height. Chapter 7 introduces a scheme to correct the
logarithmic wind profile according to Monin–Obukhov theory. The benefits of the
thermal correction are illustrated for two test cases.

In Chap. 8 the statistical properties of the forecast error are described in detail, in-
troducing the idea of a situation-dependent assessment of the prediction uncertainty.
In a first step the wind speed is considered, in particular the question whether the
forecast accuracy depends on the magnitude of the wind speed. The important role
of the non-linear power curve in amplifying initial errors in the wind speed fore-
cast according to its local derivative is quantified, and a simple model to predict the
specific forecast uncertainty is developed.

Moreover, in Chap. 9 a quantitative relation between the type of weather condi-
tions and the corresponding accuracy of the wind speed prediction is derived. Meth-
ods from synoptic climatology are used to automatically classify weather situations
based on a suitable set of meteorological variables. The typical prediction errors in
each weather class are determined in order to find out whether dynamic low-pressure
situations are really harder to predict than stable high-pressure types.

For practical purposes the combined power output of many spatially dispersed
wind farms is of greater interest than that of a single one. Chapter 10 deals with re-
gional smoothing effects and is an important step beyond the single-site perspective.

1.3 Motivation for Wind Power Prediction

In contrast to conventional power plants, the electricity production of wind farms
almost entirely depends meteorological conditions, particularly the magnitude of the
wind speed, which cannot directly be influenced by human intervention. Though this
is a rather trivial fact, it makes a profound difference, technically as well as econom-
ically, in the way large amounts of wind energy can be integrated into electrical grids
compared with the conventional sources. The so-called fluctuating or intermittent
nature of the wind power production due to unforeseen variations of the wind condi-
tions constitutes a new challenge for the players on the production and distribution
side of the electricity supply system and is often used as an argument against the
utilisation of wind power. Hence, the reputation and the value of wind energy would
considerably increase if fluctuations in the production of wind power were known in
advance. It is exactly the purpose of wind power prediction systems to provide this
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information. They are designed to produce a reliable forecast of the power output of
wind farms in the near future so that wind energy can be efficiently integrated into
the overall electricity supply.

Despite having rather different tasks and aims, the players on the liberalised en-
ergy market need to know about the anticipated consumption and production of elec-
tricity over a period of about 3 days in advance. Hence, energy traders, transmission
system operators and power plant operators depend on forecasts of load as well as
production, e.g., to make bids on the energy exchange or to schedule conventional
power plants. Consequently, for them reliable wind power predictions are one im-
portant piece of information that leads to a cost-efficient energy supply with a large
share of renewable energies.

In order to assess the benefits of wind power predictions in more detail and derive
the boundary conditions for their operational use, some aspects of the electricity
supply system will now be further explained from the point of view of a transmission
system operator (TSO).

A secure electricity supply requires that at each point of time the electricity pro-
duction match the demand as exactly as possible. It is the task of the TSO to carefully
keep this balance. The load, i.e. the total consumption of electric power of households
and industry, and its variations over the day are rather well known from experience
and are expressed by the so-called load profiles. These daily load patterns are used
to estimate the electricity demand of the next day with a relatively high accuracy.

In a world without wind energy the load profiles are sufficient for the TSO to
work out a rather precise plan of how to satisfy the demand on a day-ahead basis. In
a liberalised market environment the TSO basically has two options: produce elec-
tricity using its own power plants or buy electricity on the market. In the case of own
production a schedule for the conventional power plants is made today that defines
the number and type of power plants to be in operation tomorrow. Hence, the time
horizon for the scheduling is about 48 h. This timetable considers the special char-
acteristics of the different kinds of power plants, such as time constants to come into
operation or fuel costs. If electricity is bought or sold on a day-to-day basis on the
energy market, bids also have to be made about 48 h in advance. How the two options
are combined depends on technical as well as economical considerations, e.g. those
described by Poll et al. [94].

However, large shares of wind energy spoil this nicely established scheme to a
certain degree, especially if wind power is unexpectedly fed into the system. From
the point of view of the TSO, wind power acts as a negative load because the de-
mand of electricity that has to be met by conventional power plants is reduced by the
proportion of wind power available in the grid. This can be quite substantial in areas
with high grid penetration of wind energy where the installed wind power is of the
order of magnitude of the minimum load, which is, e.g., the case for certain areas in
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Fig. 1.1. Electrical load with and without wind power for a TSO with high grid penetration of
wind energy for a period of 1 week. If no wind power is fed into the grid, the daily load pattern
is very regular, reflecting the electricity demand of consumers and industry. In contrast to this,
the contribution of wind power as a negative load leads to a rather fluctuating behaviour. In
situations with high wind speeds the combined power output of wind farms can exceed the
demand for a certain period of time (day 25)

northern Germany or Denmark. Figure 1.1 illustrates the effect of large amounts of
wind power being fed into the electrical grid.

In Germany TSOs mainly deal with this situation by using additional balancing
power (e.g. described by Tauber [109] and Dany [15]). Balancing power is generally
applied to compensate for sudden deviations between load and production and can
also be used to balance the fluctuating behaviour of wind power in the electrical grid.
Keeping balancing power aims at being prepared for surprising situations, e.g. due to
an unexpected drop in the power output of wind farms, which can be rather dramatic
if many wind farms in a supply area switch themselves off for security reasons during
a storm and the production decreases considerably. As surprises are not the kind of
thing that are highly appreciated by TSOs, the amount of balancing power related
to wind energy is relatively high and, therefore, expensive—a fact that is constantly
pointed out by the TSOs; see e.g., [109]. Moreover, balancing power diminishes the
environmental benefits of wind energy as it is technically realised by either making
power plants operate with a reduced degree of efficiency or activating additional
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fossil fuel driven plants, as discussed by Leonhard et al. [64] and Dany [15]. Hence,
the energy corresponding to balancing power that is additionally used to compensate
for fluctuations in wind power has to be subtracted from the energy fed into the
grid by wind farms, and this, unfortunately, reduces the amount of avoided CO2

emissions.
As decisions regarding the scheduling of conventional power plants and placing

bids on the electricity market are typically made in the morning for 1 day ahead, the
wind power predictions have to cover a forecast horizon of at least 48 h. A sufficiently
accurate prediction provides the decisive information concerning the availability of
wind power over the next 1–2 days and, hence, allows for TSOs to efficiently inte-
grate substantial shares of wind power into the existing electricity supply system.

The benefits are obvious because the amount of balancing power can be de-
creased if the prediction is reliable enough. Dany [15] found a quasi-linear rela-
tion between the forecast error and the need for balancing power caused by wind
energy; thus, an improved prediction accuracy directly leads to a reduction in bal-
ancing power. The operational use of a reliable wind power prediction system not
only enables TSOs to save money by using less balancing power, but the informa-
tion on how much wind power will be available allows to trade wind power on the
electricity market. It has already been illustrated for the Scandinavian situation by
Mordhorst [78] that wind energy can be profitably traded on a liberalised market,
in particular on the spot market, and Holttinen et al. [45] found that today’s wind
power prediction systems can already improve the income achieved by selling wind
power under short-term market conditions. Hence, wind power forecasts increase the
economic value of wind energy and help to make this renewable energy source com-
petitive with conventional sources. In addition, the environmental advantage of wind
energy is further increased as unnecessary CO2 emissions due to balancing power
are reduced.



2

Overview of Wind Power Prediction Systems

Abstract. This chapter provides an overview of existing wind power prediction systems and
illustrates the different concepts of wind power forecasting. The two main approaches, statisti-
cal systems on the one hand and physical systems on the other, are described. Their advantages
and disadvantages are briefly discussed. In addition, typical large-scale numerical weather
prediction systems (NWP) which are mainly used as input for wind power predictions are
introduced.

2.1 Introduction

In recent years a number of systems to predict the power output of wind farms have
been developed. This chapter gives an overview of approaches to wind power pre-
diction; the intention is to point out the different methods and concepts rather than
providing a complete list of prediction models that are currently available. A recent
overview can be found in [36].

The time horizon covered by the forecasts is given by the scheduling scheme
of the conventional power plants and the bidding conditions on electricity markets
which are typically of the order of one to two days ahead. Hence, prediction systems
are required to provide the expected power output from 6 to at least 48 h, preferably
in an hourly resolution.

The required time horizon is very important, as from a modelling point of view
there is a fundamental difference between the so-called short-term predictions on
time scales of a few days that are considered here and very short-term predictions in
the range 0–3 h. While the longer time period is rather well described by numerical
weather prediction systems which explicitly model the dynamics of the atmosphere,
the very short range is typically dominated by persisting meteorological conditions
where purely statistical approaches lead to better forecast results, e.g. [11, 79].

Most of the existing power prediction systems are based on the results of numer-
ical weather prediction (NWP) systems. Hence, all the information about the future,
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in particular the expected evolution of the wind field, is provided by NWP systems.
As NWP systems extrapolate the actual state of the atmosphere using the laws of
physics, the accuracy of the numerical predictions over the desired time horizon is
typically far better than any type of statistical or climatological approach which rep-
resent the average statistical behaviour.

The wind velocity vector, i.e. wind speed and wind direction, is, of course, the
most important variable in terms of wind power prediction. It is the task of the wind
power prediction system to convert this “raw information” typically given with a
rather coarse spatial resolution by NWP systems into an adequate prediction of the
power output of a wind farm. There are basically two approaches to transform the
wind prediction into a power prediction. On the one hand, physical systems carry
out the necessary refinement of the NWP wind to the on-site conditions by meth-
ods that are based on the physics of the lower atmospheric boundary layer. Using
parametrisations of the wind profile or flow simulations, the wind speed at the hub
height of the wind turbines is calculated. This wind speed is then plugged into the
corresponding power curve to determine the power output. On the other hand, statis-
tical systems in one or the other way approximate the relation between wind speed
prediction and measured power output and generally do not use a pre-defined power
curve. Hence, in contrast to physical systems the statistical systems need training
input from measured data.

2.2 Numerical Weather Prediction

NWP systems simulate the development of the atmosphere by numerically integrat-
ing the non-linear equations of motions starting from the current atmospheric state.
For this purpose the continuous real world has to be mapped on a discrete three-
dimensional computational grid. This is not a spectacular step, but it is helpful to
briefly reflect on the consequences.

Due to limited computer capacity the resolution of the numerical grid is finite, so
that NWP systems cannot directly simulate processes on a sub-grid scale. This holds,
in particular, for the influence of orographic structures of the terrain and localized
thermal processes such as sea breezes. Where the sub-grid processes have an influ-
ence on the evolution on a larger scale, e.g. turbulence or the formation of clouds,
these phenomena have to be parametrised, which means that their macroscopic effect
is modeled without considering the microscopic details. Thus, the NWP models ac-
count for the atmospheric behaviour from a large scale, i.e. synoptic weather systems
with about 1000-km extension, down to a scale of the order of 10 km.

In addition, the finite resolution means that the variables calculated at each grid
point represent averages over the corresponding grid cell. Hence, the predicted value
might not be optimal for all locations inside one grid cell. Hence, care has to be
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Fig. 2.1. Numerical grid of the global model (GME) of the German Weather Service with a
spatial resolution of 60 × 60 km2

taken if predictions and point measurements are compared. The measurement values
normally have to be time-averaged to be comparable with the forecast.

For both types of wind power prediction systems, NWP provides the necessary
input. Due to their complexity and the large amount of data collection that is re-
quired to run these models, they are typically operated by national weather services.
In general, the weather services use one global model with a horizontal resolution
ranging from 100 × 100 km2 down to about 50 × 50 km2 to capture the worldwide
development of the weather systems. Figure 2.1 shows for example the grid of the
global model (GME) of the German Weather Service (DWD). Such a global model
then drives a local model with a higher spatial resolution from 50 × 50 km2 down
to 7 × 7 km2 (e.g. the Lokalmodell) but with a smaller domain which is typically
centred around the home country of the weather service (see Fig. 2.2).

Setting the initial state for a prediction run requires a large amount of data col-
lection. The atmospheric state is measured on a regular basis by a large number of
synoptic stations, buoys, radio sondes, ships, satellites and planes all over the world.
As data formats and measuring cycles are standardized by the World Meteorologi-
cal Organisation (WMO), the global meteorological data is available to the weather
services to set the initial conditions for their NWP models.

Table 2.1 gives an overview of operational NWP systems operated by the Euro-
pean weather services.
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Fig. 2.2. Domain of the Lokalmodell (LM) of the German Weather Service with a spatial
resolution of 7 × 7 km2

Table 2.1. Overview of operational NWP systems in Europe

Model name Weather service Horizontal resolution (km)

Globalmodell (GME) German Weather Service (DWD) 60
Lokalmodell (LM) [17, 18] 7
Arpege Meteo France 19–250
Aladin [73] 9.5
Hirlam [56, 99] Sweden, Denmark, Norway,

Spain, Iceland, Ireland, 10–50
Finland, the Netherlands

ECMWF [32] European Center for Medium 40
Range Forecasts

Unified Model [74] MetOffice, UK 60/11

2.3 Statistical Systems

The focus of this book lies on physical systems for wind power prediction. However,
in the following, a selection of statistical systems and their properties are briefly
described to point out how different this approach is.
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2.3.1 Wind Power Prediction Tool WPPT

A statistical system that has been used operationally in Denmark since 1997 was de-
veloped in co-operation between the Institute of Informatics and Mathematical Mod-
elling (IMM) at the Technical University of Denmark, the Danish power production
utility Elsam and Eltra, the transmission system operator TSO in the western part
of Denmark. The system, called WPPT, derives the relation between predicted wind
speed and measured power output without an explicit local refinement. The optimal
weights between the online measurements and the meteorological forecast are con-
tinuously re-calculated. This has the advantage that the parameters are automatically
adapted to long-term changes in the conditions, e.g. variations in roughness due to
seasonal effects or model changes in the NWP system.

WPPT consists of several advanced mathematical models which are combined
to generate the prediction of the aggregated power output of wind farms in a certain
area. It is beyond the scope of this book to cover all these models in detail. Further
descriptions of the system can be found in [67] and [82, 83, 85].

Recursive Least Squares Method

Mathematically, WPPT is based on an ARX (Auto-Regressive with eXogeneous in-
put) type model. Under this approach the power production is described as a non-
linear and time-varying (and, hence, non-stationary) stochastic process which, there-
fore, reflects basic properties of the underlying dynamics of the atmosphere. Models
describing this kind of stochastic processes cannot be handled successfully using or-
dinary least squares estimation techniques. In order to cover the non-linear and non-
stationary behaviour, adaptive estimation techniques are required which are based
on recursive least squares (RLS) estimation. This method makes the system self-
calibrating and allows WPPT to compensate for slow changes.

In the following, the statistical method behind WPPT (Fig. 2.3) is briefly de-
scribed outlining first the general mathematical approach and then the specific model
that is used to predict wind power.

In general, the regression method requires a stochastic model that is linear in the
parameters such that the expected value of the current observation yt at time t is
given by

E(yt) = �xT
t · �Θ (2.1)

where E(.) denotes the expectation value, �Θ is the parameter vector to be determined
and �xt is the vector of independent variables fed into the system.

To actually obtain the parameters in terms of an RLS method, a criterion that
allows to determine the parameters is necessary. In ordinary linear regression this
typically involves all data points that are available, i.e. the measurements and pre-
dictions that have been recorded so far enter the estimation procedure with the same
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Fig. 2.3. General scheme of the wind power prediction tool WPPT by IMM. The system
considers the characteristics of a large number of wind farms or stand-alone wind turbines.
The power curves are derived from measured data of the power production. These data are
either obtained online for several representative sites or offline from a large number of wind
turbines. Picture provided by IMM

weight and in this case the parameters �Θ are chosen such that the mean squared dif-
ference between observations ys(s = 1, . . . , t) and prediction �xT

s · �Θ is minimised;
hence,

t∑

s=1

(
�xT

s · �Θ − ys

)2

→ min . (2.2)

As shown in [65], the solution of (2.2) is given by
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�̂Θ = (XT X)−1XT �y , (2.3)

where the matrix XT is defined by

XT = [�x1 · · · �xt] (2.4)

and the vector �y is given by
�y = [y1 · · · yt]

T
. (2.5)

The algorithm is formulated recursively to avoid, in online operation, the update of
the parameters involving all data points of the past. The aim is to find a new estimate
�̂Θt at time t based on the new values and the previous estimate �̂Θt−1.

With the abbreviations

Rt =
t∑

s=1

�xs �xs
T and �ft =

t∑

s=1

�xsys (2.6)

(note that �xs �xs
T is a dyadic product) the RLS algorithm can be summarised as

Rt = Rt−1 + �xt �xt
T ,

�̂Θt = �̂Θt−1 + R−1
t �xt ,

[
yt − �xt · �̂Θt−1

]
(2.7)

and describes the update of the parameters �̂Θ from time t − 1 to t. Traditionally, the
initial parameter setting is �Θ = 0 and R = 0.

However, in order to make the system account for variations in the parameters,
the influence of data points from the past has to be dampened using a forgetting
factor. Hence, the minimisation criterion for RLS is formulated as

t∑

s=1

λt−s
(
�xT

s · �Θ − ys

)2

→ min , (2.8)

where λ is the forgetting factor, with 0 < λ ≤ 1. Hence, the adaptivity of the para-
meters is obtained by multiplying the older values with an exponentially decreasing
weight function.

The choice of the forgetting factor λ is a compromise between the ability to track
time-varying parameters and the noise sensitivity of the estimate, i.e. the memory of
the algorithm must be long enough to provide a number of data points for a reliable
statistic but still sufficiently short to follow variations. Typically, λ is in the range
0.95 < λ < 0.999. If λ is close to 1 the number of effective data points that are used
is given as

Neff =
1

1 − λ
. (2.9)
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The forgetting factor can easiliy be included into the RLS procedure in (2.7) and,
finally, the adaptive least squares algorithm is given by

Rt = λRt−1 + �xt �xt
T ,

�̂Θt = �̂Θt−1 + R−1
t �xt

[
yt − �xt · �̂Θt−1

]
. (2.10)

If the prediction step is 1, the estimate of Θ̂ at time t − 1 is used to construct the
prediction value ŷt|t−1 that is valid for time t based on the state of the system of time
t − 1, i.e.

ŷt|t−1 = �xT
t · �̂Θt−1 , (2.11)

involving the 1-step prediction errors
[
yt − �xt · �̂Θt−1

]
.

For a k-step prediction, pseudo prediction errors are used:

ỹpseudo
t|t−k = yt − �xT

t−k
�̂Θt−1 , (2.12)

which involves the variables known at time t − k (i.e. �xt−k) and the most recent

parameter estimate �̂Θt−1.
The true k-step prediction from time t to t+k is then calculated using the pseudo-

error given by (2.12) together with the iteration (2.10), and one obtains

ŷt+k|t = �xT
t

�̂Θt . (2.13)

Power Prediction

The model described above is now used to predict the power output of a wind farm
based on measurements of wind speed as well as power output and meteorological
forecasts of wind speed.

In general, a wide variety of different models is possible due to the many combi-
nations of variables. One rather successful model is called WPPT2 and is formulated
as

√
pt+k = a1

√
pt + a2

√
pt−1 ,

+ b0
1

√
wt + b0

2wt + bm
1

√
wm

t+k|t + bm
2 wm

t+k|t ,

3∑

j=1

[
cc
j cos

(
j2πh2

t+k4
24

)
+ cs

j sin
(

j2πh2
t+k4

24

)]
+ m + et+k , (2.14)

where pt+k is the desired predicted power at time t + k, pt is the observed power at
time t, wt is the observed wind speed at time t, wm

t+k|t is the predicted wind speed at
t+k available at time t, h24

t+k is the time of day at time t+k, et+k is a noise term, and
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a1, a2, b
0
1, b

0
2, b

m
1 , bm

2 , cc
j , c

s
j (j = 1, . . . , 3) and m are the time-varying parameters to

be estimated. An applicable choice of the forgetting factor is λ = 0.999.
The square root terms, e.g.

√
pt+k, are introduced to account for the non-

Gaussian distribution of the power, while the sine–cosine terms model the diurnal
variation over the day.

Nielsen et al. [84] thoroughly investigated different models of the ARX type.
They found that meteorological wind speeds are necessary for an adequate perfor-
mance for all prediction times. Moreover, for shorter prediction horizons the models
rely on observed values of power and to a smaller extent on wind speed, but as the
prediction time increases the terms describing diurnal variation become more impor-
tant. For forecast horizons larger than 18 h, the impact of observations is negligible.

WPPT is an example of a statistical power prediction system and, hence, from a
different class than the systems that are based on a physical approach, which are the
main topic of this book. The statistical systems are based on a “learning” algorithm,
which means that they are designed to implicitly model the relation between mete-
orological variables and measured power output. Hence, physical parameterisations
are in general not included (an exception would be the diurnal variation in (2.14)).

Clearly, the advantage of statistical systems is that they are mostly self-calibrating
to inherent changes in the system and that they incorporate site-specific conditions
automatically. On the other hand, one disadvantage lies in the requirement for on-
line measurement data for a large number of wind farms. In addition, expertise con-
cerning the physics of the atmosphere is still necessary to select the meteorological
variables that are used in the learning process, e.g. thermal stratification of the at-
mosphere.

For use in complex terrain in Spain, WPPT has been modified by Marti et al. [70]
using the Spanish version of HIRLAM as input. However, as both the type of terrain
and the climate of the Iberian peninsula are rather challenging, a new model chain,
called LocalPred [68,69], is being developed that intends to combine statistical time
series forecasting and high-resolution physical modelling based on meso-scale mod-
els.

2.3.2 Artificial Neural Networks

A system for online monitoring and prediction of wind power that is in operational
use at several German TSOs has been developed by the Institut für Solare Energiev-
ersorgungstechnik (ISET) in Kassel and is called WPMS [21, 98]. The system pro-
vides an online estimation of the wind power that is currently fed into the electrical
grid based on extrapolating measurements at representative wind farms. In addition,
WPMS contains a wind power prediction tool that uses artificial neural networks
(ANNs) to represent the relation between meteorological prediction and power out-
put.
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The prediction system is designed to provide forecasts of the aggregated power
output of many wind farms in a region with a time horizon of 0–72 h. First, for a
number of representative wind farms the numerical predictions of wind speed and
further meteorological variables of the German weather service are transformed into
a wind power forecast by an ANN which has been trained with historical data of
that site. Then the predicted power outputs of the representative sites is scaled up
and accumulated to obtain the aggregated power of the desired region. In addition,
online measurement data of the representative sites are used to improve the forecast
for the short forecast range of 1–8 h.

The concept of ANNs is originally derived from biological nerve cells, the so-
called neurons, which are interconnected to a high degree and able to generate a
specific response depending on the activity level of neighbouring cells. ANNs are a
wide class of mathematical models which partly emulate the behaviour of these bio-
logical systems. The activity level of an artificial neuron is determined by integrating
incoming signals from other neurons. Hence, in mathematical terms its activity is
described by a weighted sum. Let si(t) be the activity of the ith neuron at time t;
then the activity of a neuron j which is connected to N neurons, si, is described by

sj(t) =
N∑

i=1

wijsi(t) (2.15)

where wij are pairwise weighting factors between the neurons. Note that the wij

are real numbers which can, in particular, be negative if the neuron i is inhibiting
the activity of neuron j. The weighting factors are important parameters of an ANN.
They are modified according to certain rules during the training period and determine
the behaviour of the ANN.

Figure 2.4 shows the basic scheme of the ANN that is used in WPMS. It consists
of different layers which are responsible for the perception of input, the processing
according to the previous training and the output of the power prediction. Hence, the
basic idea behind the system is to relate the meteorological forecasts to the corre-
sponding measured power output in order to create a multi-dimensional power curve
for each representative site. The advantage of this over using certified power curves
is clearly that the individually trained power curves partly compensate for system-
atic errors. One strength of ANN is that it is able to deal with new input, e.g. forecast
situations that have not been trained, or erroneous input, e.g. due to incomplete data.

Details regarding neural networks in general can be found, e.g., in [125]. The
layout of the ANN used in the framework of this prediction tool and the methods to
train the weighting factors are fully described by Ernst [20] and Rohrig [97].
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2.3.3 Fuzzy Logic

A different statistical approach involving prediction models based on fuzzy logics
has been developed by Ecole de Mines (ARMINES), France, to provide a short-
term prediction of wind power. The training is based on NWP data on the one hand
and online SCADA measurements on the other. An earlier version of the system is
called MORE-CARE and is operationally used in Ireland, Crete and Madeira (Pinson
et al. [93] and Kariniotakis et al. [54]).

2.4 Physical Systems

Physical systems use the concepts of atmospheric dynamics and boundary-layer me-
teorology to carry out the spatial refinement of the coarse output of NWP systems
to the specific on-site conditions as well as the transformation of the predicted wind
speed to the hub height of the wind turbines. Two basic classes of physical predic-
tion systems can be distinguished: first, models which are based on operational fluid
dynamical simulations similar to those of NWP systems, and, second, the diagnostic
models which mainly use parametrisations of the boundary layer.

Fig. 2.4. Basic scheme of the ANN used in WPMS. The different layers are responsible for
the perception of input, the processing according to the previous training and the output of the
power prediction. The lines indicate the connections between the neurons (large dots) and the
weighting factors. Picture provided by ISET
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Fig. 2.5. Typical orders of magnitude in time and space for atmospheric phenomena [86]

2.4.1 Numerical Simulations

As discussed in Sect. 2.2 NWP systems do not explicitly simulate the complete range
of atmospheric phenomena ranging from large-scale weather systems to energy dissi-
pation in micro-scale turbulence. Modelling all effects would consume too much cal-
culation time in operational service and would produce more details than necessary
for a specific application. Hence, the numerical models that describe the dynamics
of the atmosphere typically focus on certain effects and can, therefore, be classified
according to their spatial and temporal scale. This is illustrated in Fig. 2.5, where the
length and time scales of typical atmospheric phenomena are shown. It is important
to note that the numerical models do not differ only in their spatial resolution but
also in the set of equations of motions which is also adapted to the kind of physical
effects that have to be described on the specific scale.

Basically, the numerical models are divided into three classes:

• NWP models: 1000 km down to 10 km
• Meso-scale models: 10 km down to 1 km
• Micro-scale models: several 100 m down to 0.01 m
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NWP models are described in more detail in Sect. 2.2.

Meso-scale Models

The meso-scale models are driven by large-scale NWP models, i.e. the NWP models
provide the boundary conditions. This process is called nesting, where the idea is
to use a high-resolution model only in areas of special interest to cover atmospheric
effects on a smaller scale that cannot be resolved by the coarser model. Mostly, meso-
scale models are used for three to four nesting operations, because the nested grid
domain should be at least one third the size of the bigger domain.

In contrast to large-scale NWP models the meso-scale models are typically non-
hydrostatic, which means that they can directly model vertical motions, e.g. due
to buoyancy. In addition, the parameterisation of the planetary boundary layer is
adopted to the higher spatial resolution and the turbulence-closure schemes are mod-
ified. In particular, the advantage of meso-scale models lies in a more detailed
consideration of thermal effects, which is very beneficial in terrain with high so-
lar irradiation and near the coast to capture sea breezes. Meso-scale models are
also important for complex terrain, e.g. in Spain or Norway, where wind speed and
wind direction are locally inhomogeneous. An overview of meso-scale modelling
can be found in [89]. For wind energy applications the well-documented meso-scale
model MM5 [38] is widely used, so are the models GESIMA [53,71], KLIMM [22],
RAMS [90, 123], Fitnah [39, 40], and the Eta Model [72].

Micro-scale Models

In order to account for flow effects in the direct vicinity of a wind farm, micro-scale
models with different degrees of complexity are used.

The rather popular class of mass-consistent models (e.g. AIOLOS [29], WIEN
[104], NOABL [111], MesoMap [4], Winds [33]) is only based on the principle of
conservation of mass, which is equivalent to a divergence-free wind field. Hence,
frictional and thermal effects are typically ignored or added afterwards as a correc-
tion. A well-known model of this type is the Wind Atlas Analysis and Application
Program (WAsP) model that is described in more detail in Sect. 4.5. Mass-consistent
models are able to model the effect of slightly complex terrain but tend to overesti-
mate horizontal wind speed gradients if the slope of the terrain is too large. The flow
solutions typically have certain symmetries such that they can be computed very time
efficiently. As the initial flow field has a large impact on the results, the influence of
direction-dependent roughness can easily be implemented (c.f. [29]).

More advanced models are based on the Navier–Stokes equations, e.g. Phoen-
ics [41]. They consider the full flow problem but disregard thermal effects. Most of
these models are not developed for the atmospheric boundary layer, but, e.g., for
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pipe flow or the aerodynamics of rotor blades. Therefore, specific parameterisations
for the boundary layer must be added. An overview of these models can be found
in [25]. These models can be applied in a stationary mode or as prognostic models
like meso-scale models. But they are currently not operationally used for prognostic
wind power prediction due to limited computer resources.

Applications

In terms of wind power predictions, numerical models are used in two different
modes: first, the dynamical mode where each operational prediction is calculated
by solving the equations of motion for the actual flow situation, and second, the of-
fline mode where the numerical models are used to generate a look-up table for a
number of standard flow situations which e.g. can be determined by a cluster analy-
sis (see Chap. 9); in this mode the dynamical calculations are carried out only once
and the results are later used to correct the flow.

A prediction system in dynamical mode is eWind, which has been introduced by
Bailey et al. [4]. It is a prediction system that is physical in terms of local refinement
of the wind conditions but statistical in terms of determining the power output. It uses
the meso-scale atmospheric model MASS 6, which is similar to MM5. It is driven
by a regional NWP with a coarser resolution. Hence, eWind actually simulates the
local flow instead of using a parametrisation of the wind profile. However, adaptive
statistical methods which require on-site measurement data are used in the last step to
translate wind speed into power and to correct for systematic errors in the prediction.
Another operational forecasting system based on MM5 is implemented at CENER in
Spain. It runs with a four-nested domain driven by the American AVN model [69].

Instead of using the NWP wind speed forecast as given input and modify it after-
wards for wind power applications, Jørgensen et al. [50] follow a more general ap-
proach by implementing wind power forecasts directly into the large-scale weather
prediction system HIRLAM. Again, nesting is used to increase the spatial resolution
of the NWP in order to optimise the system with regard to accurate wind speed fore-
casts. As it is directly related to the NWP the power prediction system can take full
advantage of the complete set of meteorological variables provided by the weather
model in its internal temporal resolution which is typically much higher than the
usual time steps of 1 h provided to customers.

One example for the look-up table approach is considering the flow over com-
plex terrain in the WAsP model (Sect. 4.5), where the effect of a hill on the unper-
turbed flow is calculated with a mass-consistent model for several directions and
wind speeds. The speed-up effects are expressed as factors in a look-up table and
used to correct the actual flow situation. The look-up table approach is also applied
in combination with statistical models, e.g. an early version of the system WPMS by
ISET (Sect. 2.3.2) used the meso-scale model KLIMM [22] in that way.
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2.4.2 Diagnostic Models

Diagnostic models are based on parameterisations of the boundary layer flow with-
out further dynamical situations. The parameterisations used in the context of wind
power prediction are derived from basic physical principles in combination with ex-
perimental observations (details can be found in Chap. 3).

One of the first physical power prediction systems with a prediction horizon up
to 72 h was developed by Landberg [58, 59] at the National Laboratory in Risø in
1993. The procedure is based on a local refinement of the wind speed prediction of
the NWP system HIRLAM [99] operated by the Danish Meteorological Institute.
The refinement method to adapt the NWP output to the local conditions at the site
was derived from techniques that had been used before for wind potential assess-
ment in the framework of the European Wind Atlas [115]. Local surface roughness,
orography describing the hilliness of the terrain, obstacles, and thermal stratification
of the atmosphere are taken into consideration, leading to forecast results that were
significantly better than persistence, i.e. the assumption that the current value will
also be valid in the future. The prediction system has been commercialised under the
name Prediktor for operational use.

The power prediction system Previento has been developed at the University of
Oldenburg [7,77] and is in operational use in Germany. It is based on the same princi-
ple as Prediktor in terms of refining the prediction of wind speed and wind direction
taken from the NWP system. The local conditions are derived by considering the
effects of the direction-dependent surface roughness, orographic effects and, in par-
ticular, atmospheric stability [27, 28] on the wind profile. Moreover, the shadowing
effects occurring in wind farms are taken into account. If measurement data from
the wind farms are available, a systematic statistical correction of forecast errors is
applied. As in practice the combined power output of many spatially dispersed wind
farms in a region is of greater interest than that of a single wind farm, Previento con-
tains an advanced up-scaling algorithm that determines the expected power output of
all wind farms in a certain area based on a number of representative sites selected in
an appropriate manner [30]. In addition to the power prediction itself, Previento also
provides an estimate of the uncertainty of the specific forecast value [31] to allow
users an assessment of the risk of relying on the prediction. For regional up-scaling
and uncertainty estimates, a part of the results of this work has been implemented
into Previento and will be described in more detail in Chaps. 9 and 10.

In general, the development of physical systems requires expert knowledge
of meteorology and boundary layer physics. The complex phenomena of the at-
mosphere can either be dynamically simulated or described by parametrisations.
Hence, the physical approach to wind power prediction is like open-heart surgery,
where a number of detailed models have to be developed and put together in the end
to obtain a useful model to transfer meteorological predictions into expected power
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output. Thus, in contrast to statistical systems, which are black boxes with regard
to meteorology, the physical systems clearly have the advantage that individual at-
mospheric processes can be systematically investigated to optimise the models to
describe them.

However, physical prediction systems are sensitive to systematic errors due to er-
roneous initial information. For example, if the local surface roughness is too large,
the refined wind forecast underestimates the real situation; or if the power curve of a
specific wind turbine does not correspond to the certified power curve implemented
in the prediction model, the power prediction is systematically wrong. Consequently,
though physical systems can in principle work without measurement data, the pre-
diction accuracy is generally improved if measured wind speed and power output are
available to calibrate the forecast.



3

Foundations of Physical Prediction Models

Abstract. This chapter provides the physical foundations of describing atmospheric wind
fields in the framework of physical wind power prediction models. The equations of motion
are introduced and the dominating physical effects in different regimes of the atmosphere
are discussed, leading to the definitions of surface layer, Ekman layer and geostrophic wind.
The physical parametrisation of the vertical wind profile is derived from basic concepts of
boundary-layer meteorology. To include the effects of thermal stratification on the wind profile
the basic concepts of Monin–Obukhov theory are shown.

3.1 Introduction

The physics of the atmosphere is rather complex as it is a nonlinear system with an
infinite number of degrees of freedom. The dynamics can be described in mathemat-
ical terms by equations of motion that are derived from the principles of conserva-
tion of mass, momentum and heat. But the non-linear structure of these fundamental
equations does in general not allow for analytic solutions such that approximate so-
lutions for realistic states of the atmosphere can in most cases only be obtained under
simplifying assumptions.

In the context of wind energy applications, two different approaches of describ-
ing the atmosphere are important. First, a forecast of the dynamical behaviour of
the atmosphere and, in particular, the wind fields has to be obtained by numerically
solving the equations of motion. These numerical weather predictions (NWP) pro-
vide the input for the power prediction system in a rather coarse spatial resolution.
Hence, secondly, simpler models to describe the local wind conditions at a site of
interest are needed to adapt the NWP forecast to the local flow conditions.

Before the details of the two approaches are explained in the following sections,
the general ideas of dealing with the complex behaviour of the atmospheric flow
are briefly shown. To circumvent the difficulties of solving the full set of equations,
the atmosphere is divided into several horizontal layers to separate different flow
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Fig. 3.1. Schematic illustration of the horizontal layers in the troposphere which comprises
the lower part of the atmosphere that is important for wind energy. In the top layer above
approximately 1 km, there is little influence of the ground and the wind is geostrophic, driving
the flow in the lower layers. The wind field in the surface layer (up to about 100 m) is mainly
dominated by friction exerted by the ground and turbulent mixing. Under certain assumptions
a logarithmic profile can be derived for the wind speed

regimes. These layers are defined by the dominating physical effects that influence
the dynamics. For wind energy use, the troposphere which spans the first five to ten
kilometres above the ground has to be considered as it contains the relevant wind
field regimes as illustrated in Fig. 3.1.

Heights greater than approximately 1 km are the domain of large-scale synoptic
pressure systems, i.e. the well-known highs and lows. Their wind field is largely
dominated by the horizontal gradients of pressure and temperature as well as the
Coriolis force, caused by the rotation of the earth. As the influence of the ground is
rather weak, Coriolis force and pressure gradient force can typically be considered
as balanced, leading to the geostrophic wind that blows parallel to the isobars.

The geostrophic wind field is regarded as the main driving force of the flow in
the underlying atmospheric layer denoted as planetary boundary layer (PBL). The
wind in the PBL is dominated by the influence of the friction exerted by the earth’s
surface. Typically, the flow near the surface is turbulent, which provides a highly
effective coupling mechanism between wind speeds at different heights, leading, in
particular, to vertical transport of horizontal momentum that is directed towards the
ground where the wind speed has to vanish. This momentum flux based on turbulent
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mixing is by far larger than it would be when based on molecular viscosity alone,
so that the change of the surface wind with height strongly depends on the degree of
turbulence in the atmosphere.

Considering in mind the qualitative picture of large-scale geostrophic wind fields
that drive the surface winds by an effective turbulent coupling mechanism, the fol-
lowing sections provide a more quantitative understanding of the general proper-
ties of atmospheric dynamics. The fundamental mathematical description needed for
wind power predictions is concisely presented, concentrating on the air flow in the
different layers of the lower atmosphere. At first only pure flow effects are described
leading to an approximate analytic expression for the vertical wind profile. Then
the important thermal effects are included as corrections to this profile. For further
reading a comprehensive and detailed discussion of the theoretical concepts of the
atmosphere can be found, e.g., in Arya [2] and Stull [107]. Basic fluid dynamics is
given, e.g., in Tritton [112].

3.2 Equations of Motion of the Atmosphere

3.2.1 The Navier–Stokes Equations

A fluid element in the atmosphere is exposed to external forces on the one hand
and internal forces on the other hand. The external forces are the pressure gradient
force, the Coriolis force and gravity while internal forces are caused by molecular
friction between fluid elements. The difference between high and low pressure with
the corresponding force directed from high to low constitutes the pressure gradient.
Gravity is, of course, directed towards the centre of the earth and independent of
the state of the flow while the Coriolis force which is due to the rotation of the
earth is proportional to the speed of the fluid element and acts perpendicular to the
direction of motion. As air is a Newtonian fluid the molecular friction is assumed to
be proportional to the local velocity gradient, so that the molecular viscosity, η, is
solely a property of the fluid and does not depend on the state of the flow.

With the basic principle of the conservation of momentum the dynamics of the
flow field can be derived by equating the rate of change of momentum to the forces
that are exerted on a fluid particle. This leads to the Navier–Stokes equation of the
atmosphere given as

ρ (∂t�u + (�u·∇) �u)︸ ︷︷ ︸
change of momentum

= −∇p︸ ︷︷ ︸
pressure gradient

+ 2ρ (�u × �Ω)︸ ︷︷ ︸
Coriolis force

+ η∇2�u︸ ︷︷ ︸
molecular friction

− fg︸︷︷︸
gravity

, (3.1)

where �Ω is the rotational speed of the earth, ρ the air density and η the dynamic vis-
cosity. The variables are the three-dimensional velocity vector �u and the atmospheric
pressure p.
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Hence, there are three equations for four variables. The necessary fourth equation
is derived from the conservation of mass and the approximation that the density of
air is constant. It is called continuity equation and is given by

∇ · �u = 0 . (3.2)

This incompressibility condition is well justified for atmospheric flow [2]. The two
equations cover all flow situations except for thermal effects and completely describe
flow regimes on all scales.

The nonlinearity, (�u · ∇)�u, in the Navier–Stokes equation (3.1) allows for a very
rich and interesting variety of possible flow states and is, in particular, responsible
for the existence of chaotic behaviour under certain flow conditions. Unfortunately,
this non-linear structure does not permit to find general analytic solutions. Hence,
one dilemma in describing the dynamics of the atmosphere is that though the exact
equations of motions are known, it is in most cases not possible to solve them. In
addition, real atmospheric flow states are mostly turbulent, which means that the
fluid motion is very irregular and the variables are highly fluctuating; this makes it
even more difficult to calculate the flow.

In order to focus on the mean flow and eliminate the details of the fluctuating
motion of the fluid particles, the equations of motion are simplified. This approach
is called Reynolds averaging and will be presented in the next section.

Reynolds-averaged equations are the basis for both analytic studies and numeri-
cal modelling of atmospheric flow. With the advent of powerful computers, numer-
ical simulations are broadly used to describe and understand the behaviour of the
atmosphere. This sounds easier, as it actually is, as the discretisation of the equations
of motion and the finite accuracy of the numerical representation put some con-
straints on finding physically reasonable solutions. Nevertheless, computational fluid
dynamics provides powerful tools that allow for new insights into the general behav-
iour of atmospheric flows and, of course, is the foundation of numerical weather
prediction systems. For a general introduction to computational fluid dynamics, see,
e.g., Ferziger et al. [25] and Fletcher [26]; the numerical modelling of meteorological
phenomena is, e.g., described in [89].

Of course, notwithstanding the possibility of numerical simulation, Reynolds av-
eraging allows for an analytic study of atmospheric flow problems leading to the
concepts of boundary-layer meteorology, as shown in the following sections.

3.2.2 Reynolds-Averaged Equations

The variables in the Navier–Stokes equation (3.1) together with the continuity (3.2)
describe the dynamics of the instantaneous variables which are fluctuating in a tur-
bulent atmospheric flow. The exact details of the fluctuations are in most cases not
relevant. What is important is the “macroscopic” effect of these fluctuations on the
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average behaviour of the flow. Hence, following an approach by Reynolds, the
Navier–Stokes equation is rewritten to describe mean variables instead of instanta-
neous variables but at the same time covering the properties of the turbulent motion
of the flow.

The mean variables are supposed to describe the average flow situation, i.e. the
mean over all possible realisations of the turbulent flow. Thus, strictly speaking, this
averaging process is an ensemble average. However, for practical purposes the av-
erage has to be taken either as time or space average which can only approximately
represent the ensemble average.

Here, the temporal average is used and all variables in (3.1) and (3.2) are decom-
posed in a mean value averaged over a certain time interval and a fluctuating part,
e.g. a wind speed component is written as

ui(t) = Ui(t) + u′
i(t) with Ui(t) = ui(t) , (3.3)

where the overbar denotes the temporal running average over an interval of length
T :

ui(t) =
1
T

∫ t+T

t

ui(t′) dt′. (3.4)

The length of the time interval is arbitrary but fixed. It has to be chosen such that the
time scale of turbulent fluctuations is separated from the time scale of the mean fluid
motion. For practical purposes T is often set to 10 min.

With the definition (3.4) the average over the fluctuating part vanishes, i.e.

u′
i(t) = 0 . (3.5)

Now the variables �u and p in (3.1) and (3.2) are substituted by their decompositions
analogue to (3.3) and are then averaged. The result is that the Reynold-averaged
equations for the mean value are almost identical to the original equations but with
one additional term in the Navier–Stokes equation which describes an additional
force on the mean flow due to turbulence. The Reynolds-averaged equations are
given by

ρ
(
∂t

�U + (�U · ∇) �U
)

= −∇p + 2 ρ(�U × �ω) + ν∇2�U − fg − ∇τt︸︷︷︸
turbulent momentum flux

.

(3.6)
The essential new term is the tensor τt, which is in analogy to the viscous stress

called turbulent stress tensor. It contains contributions

τt,ij = ρ u′
iu

′
j , (3.7)

which are due to the non-linearity in the Navier–Stokes equation and describe the a
priori unknown correlations between the fluctuations of wind components. Note that



28 3 Foundations of Physical Prediction Models

τt represents the influence of turbulent fluctuations on the average flow. Hence, in
contrast to the viscous stress, which is basically a fluid property, the turbulent stress
is a pure flow property.

Now what is the advantage of the Reynolds-averaged equations? At first sight
the problem has not become simpler, in particular because the additional unknown
contribution τt is introduced. The important point is that the averaged equations refer
to a well-behaved mean flow without irregular fluctuations that seriously disturb the
discussion of the various terms in the Navier–Stokes equation (3.1). Hence, the
Reynolds-averaged (3.6) enables the identification of different flow regimes in the
atmosphere according to the dominating physical effects. Of course, in order to find
solutions for the averaged equations the effect of turbulence has to be described.
There is no rigorous way to find a so-called turbulence closure, i.e. an additional
equation for τt. Thus, a reasonable parameterisation which relates τt to the mean
flow field has to be introduced. This will be discussed in Sect. 3.3.1.

3.3 Physical Concepts of Boundary-Layer Flow

3.3.1 Eddy Viscosity and Mixing Length

As already pointed out in Sect. 3.2.2, the turbulent stress tensor τt that describes
the influence of turbulence on the mean velocity field has to be specified in order to
find solutions of the Reynolds-averaged equations (3.6). The aim is to find additional
equations for the unknown velocity fluctuations τt,ij = ρ u′

iu
′
j such that the problem

is mathematically well defined.
There are different ways of finding such a turbulence closure which vary in their

basic assumptions and their degree of complexity. In this book the focus will be on
one particular approach based on the concepts of eddy viscosity and mixing length
theory which relate the turbulent fluctuations to the mean flow. This process will be
called parametrisation. A discussion of other closure schemes is beyond the scope of
this book and can be found, e.g., in [2].

A straightforward way to relate the turbulent stress tensor to the flow is by assum-
ing that the turbulent fluctuations are proportional to the shear of the mean velocity
field. Thus,

τt,ij = ρK ∂jUi , (3.8)

where K is the exchange coefficient of momentum. K is called eddy viscosity as
this approach is analogous to the concept of parameterising molecular viscosity in a
Newtonian fluid where K corresponds to the kinematic viscosity ν. The term “eddy”
refers to the very qualitative idea that turbulent fluctuations can be imagined as vor-
tices on different scales imposed on the mean flow motion. However, the difference
between the two is that the eddy viscosity is related to the flow, while the kinematic
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viscosity is a property of the fluid only. Hence, K is not necessarily constant and can
vary in different parts of the flow field.

In free turbulent flows such as free stream jets where boundaries can be neglected,
the eddy viscosity K can successfully be considered as constant. This is no longer
the case in the boundary layer of the lower atmosphere, where the presence of the
ground has to be taken into consideration. Consequently, K has to be parametrised
as well.

For this purpose Prandtl [96] suggested that fluid elements in turbulent flow can
travel a certain distance before mixing with the surrounding flow. Hence, they can
carry momentum (or other physical properties such as temperature or density) over
a distance l, called the mixing length, without being perturbed. The interaction of
these fluid elements with the new flow environment leads to fluctuations in the flow
properties at this point.

This is illustrated for the vertical fluctuations of horizontal momentum in a sta-
tionary, horizontally homogeneous boundary flow where the velocity of the flow in-
creases with height, as shown in Fig. 3.2. The assumption is that velocity fluctuations
occur due to the vertical movements of fluid elements. For the sake of simplification
the components of the velocity vector are �U = (U, V,W ) (analogous for the fluc-
tuations) and the coordinate system is chosen such that V = 0. Moreover, the only
relevant element of the turbulent stress tensor will be τt,xz .

Consider the level z in Fig. 3.2 which has a mean speed of U(z). If a fluid element
moves downwards from a level z+l with higher speed, it causes a velocity fluctuation

u′ = U(z + l) − U(z) ≈ l ∂zU(z) , (3.9)

where the mixing length l is sufficiently small to Taylor-expand the velocity profile.
Since U(z + l) ≥ U(z), the gradient ∂zU(z) is positive. As a downward motion is
related to a negative vertical velocity fluctuation w′, one obtains

u′w′ < 0 . (3.10)

Because fluid elements arriving from z − l lead to negative velocity fluctuations
u′, with w′ being positive, (3.10) generally holds for velocity profiles with positive
vertical gradient. Hence, to put it the other way round, if the flow velocity decreases
towards the boundary, there is a net transport of horizontal momentum, i.e. ρ u′w′ <

0, towards the boundary due to turbulence.
Equation (3.9) gives an estimation of the velocity fluctuations u′ in terms of a yet

unknown parameter l, the mixing length, which will be determined shortly. In order
to estimate the vertical fluctuations w′, Prandtl suggested to assume that they are of
the same order of magnitude as u′ but with an inverse sign because of the above
considerations leading to (3.10); hence, w′ ≈ −u′. With (3.9) and the definition of
the turbulent stress tensor in (3.7), this leads to
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Fig. 3.2. Schematic illustration of the mixing length concept in terms of a wind profile.
Fluctuations u′ in horizontal velocity occur due to fluctuations w′ of the vertical velocity
of fluid elements over distance l. If the gradient of the mean wind speed U decreases with
height, the product u′w′ is negative, which is equivalent to a net downward transport of hori-
zontal momentum

τt,xz = ρ u′w′ = −ρ l2(∂zU)2 . (3.11)

Note that all quantities except ρ can generally depend on the height z. Obviously,
this equation is a strong simplification as the fluctuations of the different velocity
components are treated separately in a very qualitative way without referring to any
details of the turbulent statistics that might be behind the product u′w′. However, the
approach is justified as it leads to reasonable analytic results.

The above relation contains the important message that in contrast to the original
assumption in (3.8), τt,xy depends on the square of the vertical velocity gradient or,
in order to stay in the formalism, the eddy viscosity is given by

K = l2 |∂zU | . (3.12)

As a last step, the unknown mixing length l has to be parameterised. For this
purpose it is helpful to understand l as a length scale that puts a constraint on the
typical eddy sizes. Hence, it is rather straightforward to assume that the size of l is
directly related to the distance to the ground and, therefore, depends linearly on the
height z. Hence,
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l = κ z , (3.13)

where κ is the von Karman constant, with κ = 0.4, which was determined empiri-
cally.

Finally, one obtains the parameterisation

τt,xz = −ρ (κz)2(∂zU)2 . (3.14)

This equation relates the relevant elements of the turbulent stress tensor, which re-
fer to the transport of horizontal momentum in vertical direction, to the gradient of
the mean velocity field and the geometry of the boundary flow. This relation is one
way to describe the contribution of shear-generated turbulence within the planetary
boundary layer. If plugged into the Reynolds-averaged equations (3.6), it can be used
to derive analytic expressions for the vertical wind profiles in both the Ekman layer
and the Prandtl layer.

3.3.2 Logarithmic Wind Speed Profile

With the considerations of the last section, the vertical wind profile in the surface
layer can be derived. Again the flow field is stationary and horizontally homoge-
neous. Moreover, only neutral situations are considered, i.e. thermal effects, in par-
ticular, buoyancy, are not included so that wind shear is the main source of turbu-
lence.

The basic assumption for the flow in the surface layer is that the turbulent mo-
mentum flux, τt,xz , is independent of height. Though τt,xz is rather large in absolute
values, because of the vicinity of the ground, it is supposed to vary only little within
about the first 100 m above the surface. Thus, re-arranging (3.14) gives

∂zU =
√

−τt,xz

ρ

1
κz

=
u∗
κz

, (3.15)

where u∗ =
√

−τt,xz/ρ at z = 0 is the so-called friction velocity which is constant
with height. Hence, u∗ contains information about the turbulent momentum transport
near the ground for a certain flow situation.

The integration of (3.15) leads to the well-known logarithmic wind speed profile

U(z) =
u∗
κ

ln
(

z

z0

)
. (3.16)

The integration constant z0 is called roughness length as it is related to the surface
roughness and varies over several orders of magnitude depending on the terrain type.
Note that according to the above derivation, z0 does not have to be the same for
different u∗.
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The logarithmic profile does not describe the instantaneous vertical wind speed
at any time but a time-averaged wind profile not resolving the details of turbulent
fluctuations in the flow. Hence, in order to compare (3.16) to measurements, the data
have to be averaged over suitable time intervals of the order of 10 min. The log profile
has been confirmed by many observations of wind speeds in near-neutral conditions.
However, in situations where the atmospheric stratification is not neutral, the vertical
wind profile has to be modified. This will be discussed in the next section.

3.4 Influence of Thermal Stratification on the Wind Profile

In the neutral logarithmic wind profile, thermal effects are not considered. However,
in real situations, thermal effects play an important role and can strongly influence
the wind profile.

During the course of the day the sun heats the ground, which in turn starts heat-
ing the air from below, and warmer air might rise due to buoyancy. If the upward
movement of an air parcel is enhanced after it left its equilibrium position, the state
of the atmosphere is called unstable. In contrast to this, the atmosphere is stable if the
upward movement is dampened and the air parcel is driven back to the equilibrium
position. This is primarily the case if the ground cools during clear nights. Onshore,
the relatively small heat capacity of the ground allows for rather fast changes in the
atmospheric stability, being strongly dependent on the irradiation of the sun, which,
for example, leads to a considerable variation in the mean wind speeds at differ-
ent heights over the day. This so-called diurnal cycle is due to changes in the thermal
stratification of the atmosphere and is less pronounced over the ocean compared with
land as the heat capacity of water is by far larger than that of soil.

Thermal stratification refers to the vertical temperature distribution in the at-
mosphere. Temperature gradients have a strong impact on the wind profile as they
are the driving force of buoyancy, which is an additional source of turbulence in the
flow. In contrast to mechanical turbulence generated by shear, the thermal turbulence
is not inherently given by the current state of the flow.

In order to take the thermal stratification of the atmosphere into account, the log-
arithmic wind profile has to be modified. For this purpose Monin and Obukhov [76]
suggested general correction functions Φm generalising the gradient approach that
was used in (3.15) to derive the neutral profile. Hence,

∂zU =
u∗
κz

Φm(H,u∗, z) , (3.17)

where Φm is a dimensionless function depending on the heat flux H , the friction
velocity u∗ and the height z. For the neutral case Φm(H,u∗, z) is clearly 1, while
for other types of thermal stratification adequate functions have to be derived. In the
following, Φm will be determined in the framework of the Monin–Obukhov theory.
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3.4.1 Description of Thermal Stratification

When air parcels rise adiabatically, they expand due to the decreasing atmospheric
pressure. As the work for the expansion is taken from the inner energy of the fluid
element, its temperature decreases in this process. In neutral conditions the tempera-
ture of the new environment corresponds to that of the air parcel after it has moved,
and there are no forces driving it further upwards or downwards. As these situations
should be related to a vanishing temperature gradient, the potential temperature is
used, which compensates for the cooling due to adiabatic expansion. In a simplified
version, when the pressure is assumed to decrease linearly with height, the potential
temperature, Θ, at a height z can be written as

Θ(z) = T (z) + Γ z , (3.18)

where T is the absolute temperature and Γ the so-called dry adiabatic temperature
gradient given as

−∂zT = Γ � 0.01
K

m
. (3.19)

The vertical gradient of the potential temperature can now be used to distinguish
different types of thermal stratification:

• ∂zΘ = 0: neutral stratification. The vertical temperature stratification does not
influence the vertical momentum flux.

• ∂zΘ < 0: unstable stratification. The vertical temperature stratification enhances
the vertical momentum transport due to buoyancy, e.g. on sunny days with high
irradiation.

• ∂zΘ > 0: stable stratification. The vertical temperature stratification dampens
the vertical momentum transport. This situtation mainly occurs during nights
with clear sky.

The sign of the gradient only determines whether vertical movements of air
parcels are enhanced or dampened. To quantitatively assess the degree of the at-
mospheric stability, the strength of the two different sources of atmospheric turbu-
lence are compared. Therefore, the ratio between the power density of thermally
driven turbulence, εA, and that of mechanical turbulence, εS , is considered and de-
fines the Richardson number

Ri = −εA

εS
. (3.20)

The two contributions εA and εS cannot be measured directly. Hence, to take
advantage of the Richardson number, several steps are necessary to estimate εA and
εS by known quantities derived from thermodynamical and fluid dynamical consid-
erations of the atmospheric flow. This will lead to the introduction of the Monin–
Obukhov length as a typical scale to describe the influence of thermal stratification
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on the wind profile. Moreover, a robust method to extract the required quantities from
measurement has to be given.

Thermally driven turbulence is supposed to be caused by buoyancy due to tem-
perature fluctuations. Thus, the power density, εA, is given by

εA =
g ρ Θ′w′

Θ
. (3.21)

Under the assumption that analogous to u′w′, the turbulent transport Θ′w′ is also
constant in the lower part of the atmosphere, this can be rewritten by introducing the
vertical heat flux at the surface

H = cpρΘ′w′ at z = 0 , (3.22)

and one obtains

εA =
g H

cp Θ
, (3.23)

where cp is the heat capacity of the air.
On the other hand, the power density of the turbulence generated by shear is

again estimated by the vertical velocity gradient

εS = ρ u2
∗ ∂zU . (3.24)

Using the generalised gradient approach in (3.17) εS is given by

εS =
ρ u3

∗
κ z

Φm(H,u∗, z) . (3.25)

Note that the power density of the buoyancy-related turbulence εA is independent of
height, while its shear-generated counterpart decreases with increasing height.

Finally, with (3.23) and (3.25) the Richardson number is expressed as

Ri = −εA

εS
= − κ g H

u3
∗ Θ cp ρ

z

Φm(H,u∗, z)
. (3.26)

In terms of extracting Ri from atmospheric measurements, this expression is still not
very helpful, as the heat flux and the yet unknown functions Φm cannot directly be
measured. However, the combination of variables in (3.26) contains the important
length scale

L = −u3
∗ Θ cp ρ

κ g H
, (3.27)

known as the Monin–Obukhov length. According to (3.26) the Richardson number
Ri and L are, of course, closely related and can both serve as stability parameters to
estimate the thermal stratification of the atmosphere.

The range of possible values of L is obviously −∞ to ∞. The sign of L is
determined by the sign of the heat flux H . Hence, L is positive in situations where the
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surface cools the air from below and negative if the surface heats the air. Concerning
the physical meaning of the Monin–Obukhov length, Arya [2] points out that “in
magnitude |L| represents the thickness of the layer of dynamic influence near the
surface in which shear or friction effects are always important”. Hence, shear effects
dominate for z 
 |L| and buoyancy effects dominate for z � |L|. Thus, the scaled
height z/L determines the relative importance of the two effects. Of course, one has
to keep in mind that the theory only applies to the surface layer which extends only
a few hundred metres from the ground.

3.4.2 Corrections to the Logarithmic Profile

With the newly introduced Monin–Obukhov length, it is clear that L summarizes
the shear and buoyancy effects represented by u∗ and H in an appropriate length
scale. Thus, the thermal correction functions of the logarithmic profile are functions
of z/L, i.e.

Φm(H,u∗, z) = Φm

( z

L

)
. (3.28)

The function Φm can only be determined empirically from experiments. The first
formulations of Φm(z/L) were found independently by Businger [14] in 1966 and
Dyer [19] in 1974. They have been confirmed by Webb [119], Hicks [42] and others.
The functions are

Φm

( z

L

)
=






1

(1−16 z
L ) for unstable stratification, z

L < 0

1 for neutral stratification, z
L = 0

(
1 + 5 z

L

)
for stable stratification, z

L > 0 .

(3.29)

Poulsen [95] and Panofsky [88] integrated the general velocity gradient in (3.17)
using Φm from (3.29) and found

u(z) =
u∗
κ

(
ln
(

z

z0

)
− ψm

( z

L

))
, (3.30)

where

ψm

( z

L

)
=






2 ln
(

1+x
2

)
+ ln

(
1+x2

2

)
− 2 tan−1(x) + π

2 for z
L < 0

0 for z
L = 0

− 5 z
L for z

L > 0 ,

(3.31)

with

x =
(
1 − 16

z

L

)1/4

. (3.32)
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It was shown by Holtslag [44] and Högström [43] that the functions ψm for
stable situations are only valid in the range 0 < z/L < 0.5. Therefore, Beljaars and
Holtslag suggested a modified function for this case that is valid for larger heights
up to z/L ≈ 7. This approach is generally accepted and given by

ψm

( z

L

)
=

a z

L
+ b
( z

L
− c

d

)
exp
(
−d z

L

)
+

b c

d
, (3.33)

with a = 1, b = 2/3, c = 5 and d = 0.35.
Now the wind profile in the surface layer is given analytically for neutral and

non-neutral stratification of the atmosphere. The following section comes back to
the geostrophic wind, which is the driving force of the wind in the surface layer. The
geostrophic wind is quantitatively related to the synoptic pressure systems, and the
coupling between the geostrophic wind and the surface wind given by the friction
velocity is described.

Finally, the vertical profile of the potential temperature can be derived analogous
to the wind speed profile by using a dimensionless gradient Φh.

Θ(z) = 0.74
Θ∗
κ

(
ln
(

z

z0

)
− ψh

( z

L

))
+ Θ0, Θ0 = Θ(z0) , (3.34)

where

ψh

( z

L

)
=






2 ln
(

1+y
2

)
; y = 0.74

Φh( z
L ) for z

L < 0

0 for z
L = 0

− 6.4 z
L for z

L > 0

(3.35)

and

Φh

( z

L

)
= 0.74

(
1 − 9 z

L

)−1/2

for
z

L
< 0 . (3.36)

Θ∗ is a scaling factor similar to the friction velocity u∗.

3.4.3 Geostrophic Wind as Driving Force

In the mid-latitudes of the earth the wind fields are driven by large synoptic pressure
systems, where the wind at higher altitudes that is not influenced by the friction of
the ground is called geostrophic wind. It is characterised by a balance between pres-
sured gradient force and Coriolis force such that the wind direction is parallel to the
isobars. Hence, for a stationary and horizontal flow under the assumption that grav-
ity, molecular friction and turbulent effects can be neglected in (3.6), the geostrophic
wind, �G = (ug, vg, 0), is given by

∇p = 2 ρ(�G × �ω) . (3.37)
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The vertical component of the Coriolis force is commonly ignored, so that the
horizontal components of the geostrophic wind are described by

ug =
1

2 ρω sinϕ

∂p

∂y
and vg = − 1

2 ρω sinϕ

∂p

∂x
, (3.38)

where ω sin ϕ is the local component of the rotational speed of the earth. Introducing
the Coriolis parameter f = 2ω sinϕ (for Germany, f � 10−4s−1), which depends
on the latitude, the geostrophic wind, �G, can finally be written as

�G =
1
fρ

(∇p × �k) , (3.39)

with �k = (0, 0, 1).
The coupling between geostrophic wind and the surface wind in the Prandtl

layer is described by the geostrophic drag law, which was mathematically derived
by Blackadar and Tennekes [10] based on “singular perturbation method”.

The geostrophic drag law connects the geostrophic forcing, �G, by the undisturbed
wind field in higher altitudes to the characteristic quantities in the surface layer
defined by the friction velocity u∗ and the roughness length z0, while u∗ describes
the downward transport of horizontal momentum due to turbulent effects:

|G| =
u∗
κ

√(
ln
(

u∗
f z0

)
− A

)2

+ B2 (3.40)

where κ is the von Karman constant, which is empirically determined and has a
value of around 0.4. The parameter f covers the influence of the Coriolis force. The
empirical constants A and B depend on the thermal stratification. For the neutral
case the European Wind Atlas [115] states that A = 1.8 and B = 4.5.

The angle between geostrophic wind and surface wind due to the Coriolis force
and the decreasing influence of friction with height is given by

sin α =
−B u∗
κ |G| . (3.41)

3.5 Conclusion

What has now been achieved? Starting from general considerations concerning the
dominating physical effects influencing the flow in different layers, the full equa-
tions of motion of the atmosphere have been simplified to derive analytic expressions
which quantitatively describe the vertical wind profile in the surface layer. The main
idea is that the geostrophic wind in heights of around 1000 m drives the wind field
in the lower layers by a downward transport of horizontal momentum.
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In this process, turbulent mixing sustained by velocity and temperature fluctu-
ations constitutes a coupling mechanism that is far more effective than molecular
viscosity. The two main sources of turbulence in the flow are shear on the one hand
and buoyancy on the other. While shear is an inherent flow property that can be de-
scribed using the local velocity gradient, buoyancy is generated by thermal effects
imposed by external sources, such as the heating of the ground by the sun.

The derivation of the neutral wind profile involves the concepts of eddy viscos-
ity and mixing length, leading to a parametrisation of the shear-generated turbu-
lent momentum flux. Thermal effects are covered by correcting the neutral profile
with general non-dimensional functions that are determined empirically. However,
the considerable achievement in this context is the identification of the parameters
Richardson number Ri and Monin–Obukhov length L, which allow for a quantitative
assessment of the thermal stratification of the lower atmosphere.

The derivation of the analytic wind profile requires a number of assumptions that
might not be fulfilled in real atmospheric flows. Nevertheless, measurements confirm
the usefulness of these profiles in many cases. However, it has to pointed out that the
vertical profiles should be regarded as approximations, and the involved constants
as quasi-constants. Hence, detailed measurements can in certain cases show a very
different behaviour—naturally, in situations that are not covered by the assumptions.
This will be further discussed in Chap. 7.



4

Physical Wind Power Prediction Systems

4.1 Introduction

This chapter describes in detail how a prediction system based on a physical approach
calculates the expected power output using the wind speed forecast of a numerical
weather prediction (NWP) system. The description focusses on the system Previento,
which has been developed at the University of Oldenburg.

4.2 Basic Scheme

Physical prediction systems, in contrast to statistical systems, explicitly model the
phenomena of the boundary layer that influence the power output of a wind farm.
Figure 4.1 shows the basic scheme of the prediction system Previento. The numerical
wind speed prediction is typically given by the NWP system with a rather coarse
spatial resolution, e.g. 7×7 km2 in case of the Lokalmodell provided by the German
Weather Service. Thus, the NWP output has to be refined taking into account the
local conditions at the specific site, in particular orography and direction-dependent
surface roughness. To calculate the wind speed at hub height the thermal stratification
of the atmosphere is modelled in detail. Then the wind speed is transferred to power
output by the power curve, where either the certified curve or a site-specific curve
which has been determined at the location can be used. In a wind farm the shadowing
effects among the wind turbines can lead to reductions in power output up to 20%
such that these farm effects are also considered. As a result Previento provides the
predicted power output of a single wind farm. If measurement data from the wind
farms are available, a statistical correction of systematic forecast errors is applied
using linear regression techniques.

In practical use, energy traders and TSOs require the combined power output of
many spatially dispersed wind farms in a region instead of that of a single wind farm.
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Numerical Weather Prediction
Wind Vector, Atmospheric Pressure,

Temperature

Wind Farm

Wake Effects

Power Curve

Local Roughness, Orography,

Atmospheric Stability

Transformation to Hub Height
Spatial Refinement

Prediction of Power Output
Single Wind Farm

Spatial Smoothing Effects

Regional Upscaling

Regional Prediction
Aggregated Power Output

Fig. 4.1. Basic scheme of the wind power prediction system Previento, which is based on
a physical approach. The input from the numerical weather prediction is locally refined and
the wind speed at hub height is obtained with a physical model. The power prediction of a
single wind farm is calculated by using the power curves of the wind turbines and considering
the wake effects. The forecasts of representative wind farms in a region are scaled up under
consideration of the spatial smoothing effects. The result is a prediction of the aggregated
power output of all wind farms in a certain area

Consequently, Previento contains an advanced upscaling algorithm that determines
the expected power output of all wind farms in a certain area based on a number
of representative sites selected in an appropriate manner such that spatial smoothing
effects are properly taken into account.

The most important modules of Previento are now described.

4.3 Detailed Roughness

The derivation of the logarithmic wind profile (Chap 3) suggests the concept of a
typical length z0 that describes the surface roughness. For onshore sites it is assumed
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to be independent of the wind field. Based on empirical data, different surface types
have been classified and associated with a characteristic roughness length. While
z0 is relatively small, i.e. in the order of magnitude of 10−3 m, for smooth surfaces
such as sand or water, it increases for grassland (z0 ≈ 10−2 m) and urban areas (z0 ≈
1 m). A detailed description can be found, e.g. in the European Wind Atlas [113,115].

The predicted wind speed refers to the roughness length of the numerical predic-
tion model, which will be denoted as z0,NWP and represents the average roughness
of the corresponding grid cell. Obviously, z0,NWP might not be the optimal choice
for the location of the wind farm. It is the task of the spatial refinement to replace the
given roughness length z0,NWP by a more adequate value z0,local which reflects the
on-site conditions.

In order to transform the wind speed uNWP given with respect to a certain rough-
ness length z0,NWP to the local roughness length z0,local, the geostrophic drag law
(3.40) is used twice. First, it is used “upwards” to calculate the geostrophic wind
G based on u∗,NWP and z0,NWP. This geostrophic wind does not depend on sur-
face effects and, therefore, can directly be used “downwards” to calculate to obtain
ulocal—a step that, unfortunately, requires to solve for u∗,local in (3.40). As a result
the vertical wind profile that refers to the local roughness conditions can be calcu-
lated using the logarithmic wind profile (3.16).

In addition, as the structure of the surface typically varies around the site, the
roughness length has to be described depending on the distance from the site and
the direction of the wind. For this purpose the area around the site is divided into
12 sectors having 30◦ each, and roughness changes in radial direction along the
sectors are taken into consideration.

Downstream of a roughness change an internal boundary layer (IBL) develops
due to the discontinuity of the surface. This is illustrated in Fig. 4.2 for a situation
with two roughness changes. If the wind approaches from the left-hand side, the
roughness change at distance x1 generates an IBL. This leads to a vertical wind
profile which is dominated by z01 above the IBL and by z02 below. Close to the site,
another roughness change at x2 causes a second IBL to develop such that the wind
profile at the location of the wind turbine consists of three different parts which have
to be calculated iteratively.

According to Panofsky [88], the height h of the IBL at a distance xn downstream
of a roughness change is given by

h

z0 max

(
ln
(

h

z0 max

)
− 1
)

= 0.9
xn

z0 max
, (4.1)

where
z0 max = max(z0n, z0(n+1)) . (4.2)

z0n and z0(n+1) refer to the roughness lengths upstream and downstream, respec-
tively, of the roughness change.
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Fig. 4.2. Development of internal boundary layers (IBL) at two roughness changes x1 and x2.
The characteristic quantities within the IBL are the friction velocity u∗,i and the roughness
length z0,i

This model has been developed for short distances from the roughness change.
For larger distances, Sempreviva et al. [102] suggested an empirical correction based
on measurement data. This approach introduces additional heights at 9% and 30% of
h. In case of two discontinuities in the surface roughness the wind profile at the site
is then described by

u(z) =






u∗1
κ ln( z

z01
) for 0.3 · h1 ≤ z

u′′ + (u′′′ − u′′)
ln( z

0.3·h2
)

ln(
0.3·h1
0.3·h2

)
for 0.3 · h2 ≤ z < 0.3 · h1

u′ + (u′′ − u′)
ln( z

0.09·h2
)

ln(
0.3·h2
0.09·h2

)
for 0.09 · h2 ≤ z < 0.3 · h2

u∗2
κ ln( z

z03
) for z < 0.09 · h2

(4.3)

with

u′ =
u∗3
κ

ln
(

0.09 · h2

z03

)
, (4.4)

u′′ =
u∗2
κ

ln
(

0.3 · h2

z02

)
, (4.5)

u′′′ =
u∗1
κ

ln
(

0.3 · h1

z01

)
. (4.6)
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h1, h2 and h3 refer to the heights of the corresponding IBLs at the site. As the wind
profile consists of different parts, the friction velocities u∗n cannot be determined by
the geostrophic drag law such that they are approximated (see [115]) by the matching
relation

u∗2 = u∗1
ln( h1

z01
)

ln( h2
z02

)
. (4.7)

The friction velocities are then calculated iteratively starting with the IBL farthest
from the site.

With growing distance from the roughness change, the clear structure of the IBL
decays. Due to this mixing, the influence of discontinuities of the surface roughness
that are far away from the site is less pronounced compared with those close to the
site. This is considered by an exponentially decreasing weight factor

ln(z02) = ln(z03) + Wn ln
(

z02

z03

)
, (4.8)

with
Wn = e(

xn
10000m

) . (4.9)

Hence, the influence of roughness changes at a distance xn is dampened such
that the surface structure of the terrain which is more than 10 km away from the site
does not contribute to the wind profile.

The procedure described above eliminates the influence of the original mesoscale
roughness given by the NWP system and re-calculates the wind speed in terms of the
local direction-dependent roughness.

4.4 Thermal Stratification

As discussed from a theoretical point of view in Chap. 3, the thermal stratification of
the lower atmosphere strongly influences the coupling between flow layers at differ-
ent heights and, therefore, alters the vertical wind speed profile. In Central Europe the
atmosphere is on average slightly stable, leading to increased wind speeds at heights
above 50 m compared to the logarithmic wind profile. For resource assessments,
where annual averages of the wind conditions are described, a general correction of
the logarithmic wind profile based on climatological means of the heat flux at the
surface (see [113, 115]) is sufficient to account for thermal stratification. In contrast
to this, for short-term predictions it is required that the wind profiles be individually
corrected according to the thermal stratification of the prevailing situation.

The coupling between different flow layers due to turbulent mixing can vary sig-
nificantly within hours. Figure 4.3 shows time series of measured wind speeds at
10 m and 80 m height together with the corresponding temperature difference be-
tween the two heights indicating thermal stratification. It can clearly be seen that in
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Fig. 4.3. Example time series of wind speeds at 10 m and 80 m. The difference between the
wind speeds varies from 0.5 m/s in daytime to 5 m/s during the night. These pronounced vari-
ations are due to thermal stratification, which is indicated here by the temperature difference
(T80 − T10) between the two heights

the daytime, when the temperature near the ground (10 m) is greater than at 80 m, the
difference between the wind speeds is small. This is due to solar irradiation, which
heats the ground and causes buoyancy such that turbulent mixing leads to an effective
coupling between the wind fields in the surface layer. During nighttime the temper-
ature distribution changes sign because of the cooling of the ground. This inversion
dampens turbulent mixing and, hence, decouples the wind speed at different heights,
leading to pronounced differences between wind speeds.

As a result of this effect the mean values of the wind speed show a pronounced
diurnal cycle, which is shown in Fig. 4.4. At 10 m-height the mean wind speed has
a maximum at noon and a minimum around midnight. This behaviour changes with
increasing height, so that at 200 m the diurnal cycle is inverse, with a broad mini-
mum in daytime and maximum wind speeds at night. Hence, the better the coupling
between the atmospheric layers during the day, the more horizontal momentum is
transferred downwards from flow layers at large heights to those near the ground.

4.4.1 Parametrisation of the Monin–Obukhov Length

In order to obtain a thermally corrected wind profile in each situation, NWP systems
typically offer the heat flux H at ground level, and this would be convenient with
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Fig. 4.4. Mean measured wind speeds at different heights dependent on the time of the day

regard to calculating the Monin–Obukhov length L according to (3.27). However,
sonic anemometers which are needed to measure the heat flux directly are seldom
available. Hence, for use in Previento an alternative way of parametrising L to de-
termine the thermal stratification has been chosen which is based on temperature
differences and wind speed differences between different heights. Among a number
of analytic approaches the gradient method by deBruin [16] is the only one which
does not require that wind speeds and temperatures be given at the same heights.

The main idea of the deBruins approach is to find an analytic approximation of
the Monin–Obukhov length L in terms of measured bulk Richardson numbers. In
Sect. 3.4 L has been introduced as a stability parameter expressing the ratio between
mechanical turbulence generated by wind shear and thermally induced turbulence
due to buoyancy. Alternatively, (3.27) L can also be written as

L =
T

gκ

u2
∗

Θ∗
, (4.10)

where the sensible heat flux at ground level is given by H = −ρcpu∗Θ∗ (c.f. (3.22)
and (3.34)).

Let h1T, h2T be the pair of heights to determine the temperature difference, ∆Θ,
and h1u, h2u be the pair to determine the wind speed difference, ∆u. According to
the vertical profiles of wind speed and temperature, these differences are given by
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∆u =
u∗
κ

(
ln
(

h2U

h1U

)
− ψm

(
h2U

L

)
+ ψm

(
h1U

L

))
(4.11)

and

∆Θ = 0.74
Θ∗
κ

(
ln
(

h2T

h1T

)
− ψh

(
h2T

L

)
+ ψh

(
h1T

L

))
. (4.12)

The task now is to determine L based on ∆u and ∆Θ, which are either given by
measurement or prediction. Solving (4.11) and (4.12) for u∗ and Θ∗, respectively,
and inserting the result in (4.10) leads to

L = aL0
fh

f2
m

, (4.13)

with the abbreviations

L0 :=
T

g

∆u2

∆Θ
(4.14)

and

a :=
ln
(

h1T
h2T

)

[
ln
(

h1U
h2U

)]2 . (4.15)

The functions fh and fm are defined by

fh :=

[
1 −

ψh

(
h1T
L

)
− ψh

(
h2T
L

)

ln(h1T) − ln(h2T)

]
and fm :=

[
1 −

ψm

(
h1U
L

)
− ψm

(
h2U
L

)

ln(h1U) − ln(h2U)

]
.

(4.16)
The two functions fh and fm still contain the unknown parameter L. In order

to replace L by quantities that are readily available, bulk Richardson numbers are
introduced. Due to the fact that wind speeds and temperatures are given on arbitrary
heights, two different bulk Richardson numbers are defined:

RibT =
h1T − h2T

L0
and RibU =

h1U − h2U

L0
. (4.17)

Inspired by the correction functions by Dyer as well as Beljaars and Holtslag (c.f.
Sect. 3.4) used to correct the logarithmic profiles , fh and fm are approximated as

fh = (1 − ahu RibT)−1/2 and fm = (1 − amu RibU)−1/4 (4.18)

for unstable conditions, i.e. where ∆Θ < 0. For stable situations the approximation
is given by

fh = (1 + ahs Ri0.5
bT) and f2

m = (1 + ahs Ri1.5
bU) . (4.19)

The four coefficients ahu, amu,ahs and ahs have to be determined only once from
measurements which will be explained later.
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Finally, the analytic approximations derived in (4.18) and (4.19) are inserted into
the definition of L in (4.13). For the unstable case this leads to

L = aL0

√
1 − amu RibU

1 − ahu RibT
, (4.20)

and for stable situations one obtains

L = aL0
1 + ahs Ri0.5

bt

1 + ams Ri1.5
bU

. (4.21)

To calculate the constants ahu, amu, ahs, and ahs, one combination of heat flux H

and friction velocity u∗ obtained from previous experience is sufficient (as discussed
by deBruin et al. [16]). For the unstable case a suitable choice of these two parameters
is H = 100 W/m2 and u∗ = 0.2 m/s. Using the annual mean temperature and (4.10),
L can be determined, so also can be the exact values of fh and fm according to (4.16).
Comparing them with the approximations (4.18) gives the coefficients ahu and amu.
For stable situations the relation L =

√
h1Uh1T is used together with (4.16) and the

approximations (4.19) to determine ahs and ams.
In Fig. 4.5 the wind profiles for different thermal stratifications are illustrated,

where the wind speed at 10 m is always 5 m/s. Comparing a neutral profile, an un-
stable profile with a temperature difference ∆Θ = −2 K and a stable profile with a
difference of ∆Θ = 4 K shows that it is necessary to consider thermal stratification
in the extrapolation of the 10-m wind speed to greater heights.

4.5 Orography

Complex topographic structures of the Earth’s surface such as hills or valleys pro-
foundly change the flow and affect wind speed and direction. At the crest of hills
the wind speed can be significantly increased due to a compression of streamlines.
These speed-up effects are, of course, one of the reasons to erect wind turbines on
top of hills. The presence of valleys typically lead to channeling effects, where the
wind direction deviates considerably from the unperturbed air flow.

Turbulent flow in complex terrain is a broad subject where a lot of progress has
been made over the last 50 years in terms of theoretical concepts as well as numerical
modelling as described, e.g., by Wood [122]. It is beyond the scope of this book
to give a comprehensive introduction to the description of flow in complex terrain.
Interested readers are referred to text books on boundary-layer meteorology, e.g.
Stull [107], Arya [2] or Lalas and Ratto [57].

There are several numerical models which simulate these effects based on the
equations of motion (Chap. 5). However, comparison of results from mesoscale mod-
els, e.g. Gesima [106], MM5 [24] or Fitnah [39], with measured data revealed rather
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Fig. 4.5. Wind profiles for different types of thermal stratification having a wind speed of 5 m/s
at 10-m height. The comparison shows the neutral profile (solid line) as well as a profile for an
unstable situation with a temperature difference ∆Θ = −2 K between 10-m and 80-m height
(dashed line) and a profile for a stable situation corresponding to a temperature difference of
∆Θ = 4 K (dotted line)

large deviations, showing that either approximations within the models or the input
data used as initial conditions are not sufficient. In addition, the amount of data col-
lection and handling that is necessary to operate the numerical models is relatively
large and costly.

Previento accounts for effects of non-homogeneous terrain with the orographic
model of the European Wind Atlas (EWA). This methodology is called BZ model
(Bessel expansion on a zooming grid), a full description of which is given by Troen
in [115] and [113]. The BZ model is a modification of a simple flow model suggested
by Jackson and Hunt [47] (cf. [114]). It accounts for effects due to the undulations
of the terrain on the scale of 10 km. The main advantage of the EWA model over the
original Jackson and Hunt approach is its formulation in polar coordinates, which
inherently leads to a high resolution at the origin where the site of the wind turbine
is placed.

The Jackson and Hunt approach describes the flow in complex terrain as a small
perturbation to the logarithmic profile of the unperturbed flow. Hence, the wind vec-
tor is given by

�u = �u0 + �u′ = �u0 + (u′, v′, w′) , (4.22)



4.5 Orography 49

where �u0 is the unperturbed velocity field and �u′ = (u′, v′, w′) a perturbation. This
approach is used to linearise the equations of motion (Chap. 3) around the flow state
�u0.

The orographic effects of terrain elevations on the unperturbed wind flow are
calculated in two steps. First, frictional effects are neglected and the flow perturbation
is determined with a potential flow. Second, the potential flow is corrected to include
surface friction and turbulent momentum transport.

4.5.1 Potential Flow

The perturbation �u′ = (u′, v′, w′) is assumed to be related to a potential field Φ such
that

�u′ = ∇Φ . (4.23)

Note that potential flow is by definition irrotational and does not account for the
viscosity or turbulence of the fluid. Due to the incompressibility of air the potential
Φ yields the Laplace equation

∇2Φ = 0 . (4.24)

The geometry of the flow problem is that the perturbation is to be described
from the point of view of a wind turbine which has a single point as horizontal
coordinate and a vertical extension. This quite naturally suggests one to find solutions
in cylindrical polar coordinates. It is shown in standard mathematical textbooks that
the Laplace equation (4.24) is generally solved by a linear combination of the form

Φ(r, φ, z) =
∑

n

∑

j

KnjΦnj(r, φ, z) =
∑

n

∑

j

Knj Jn(αjr) einφe−αjz , (4.25)

where Knj and αj are coefficients to be determined by the boundary conditions. Jn

is the nth order Bessel function, r the distance from the site, φ the polar angle and z

the height above ground level.
The perturbation is assumed to vanish at a distance R from the site where the

flow is not perturbed by the terrain elevation. Hence, the radial part of the solutions
in (4.25) R must have a zero for r = R and, hence,

αj =
cn
j

R
, (4.26)

where cn
j is the jth zero of Jn. Note that this also provides each solution with a

specific vertical length scale Lj = R/c1
j , which is the characteristic extension of the

perturbation.
Obtaining Knj requires some more effort, but these coefficients will contain all

the information concerning the terrain. The boundary condition at the surface height
(z = 0) is given by the vertical speed w0 that is induced by the terrain elevation
h(r, φ) for an unperturbed wind field �u0. Hence,
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w0(r, φ) =
∂Φ
∂z

∣∣∣∣
z=0

= �u0 · ∇h(r, φ) . (4.27)

In terms of the solution (4.25) and the condition (4.26), this leads to

w0(r, φ) =
∑

n

∑

j

(
−

cn
j

R

)
Knj Jn

(
cn
j

r

R

)
einφ , (4.28)

which is a Bessel series in r and a Fourier series in φ. Using the fact that the Bessel
functions form an orthogonal basis of the radial function space while the Fourier
modes provide an orthogonal basis of the angular functions, the coefficients Knj

are, as usual, determined by integration, and one obtains

Knj = − 1
cn
j R

2

π
[
Jn+1(cn

j )
]2
∫ R

0

∫ 2π

0

w0(r, φ)Jn

(
cn
j

r

R

)
e−inφ r dr dφ . (4.29)

Thus, for a specific wind field �u0 the influence of the terrain elevation ∇h(r, φ)
is expressed by a perturbation of the form (4.25), where the orographic information
is implicitly given by coefficients Knj according to (4.29).

In the Wind Atlas model the final result of the first model step is a series of
coefficients K1j for n = 1, which are determined numerically by integrating over
a digitized topographical map. The site of interest is, of course, placed at the origin
(i.e. r = 0), where the numerical grid has the highest resolution.

In a second step the effect of turbulent momentum transport is regarded by cor-
recting the inviscid solution (4.25) at the location of the site (r = 0) with a loga-
rithmic approach. The correction is important up to a height lj 
 Lj , given by the
length scale of the solution. In this model the value of lj is calculated according to

lj = 0.3z0j

(
Lj

z0j

)0.67

, (4.30)

where z0j is the roughness length that is relevant for the range of the vertical profile
given by lj (c.f. Sect. 4.3) with z0j = z0, for homogeneous terrain with no roughness
changes in upwind direction.

The actual correction ∆ �uj to the potential flow for heights z ≤ lj is then given
by

∆ �uj(z)
|∆ �u0(z)| =

|∆ �u0(Lj)|2
|∆ �u0(z)|2 ∇Φj . (4.31)

The result is a two-dimensional look-up table that provides a correction factor
for each wind speed and each sector.

4.6 Farm Effects

Wind farms can typically comprise a considerable number of single wind turbines.
Due to the short distances between the machines, shadowing effects occur where
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Fig. 4.6. Shadowing effect in a wind farm with three turbines in a row for different wind
directions. For wind directions from the west (top), two machines are fully exposed to the
wakes of the upstream machines, leading to a reduced farm efficiency. For north-westerly
directions (bottom) the wake effect vanishes

turbines that are upstream may profoundly reduce the wind power that is available for
the turbines downstream. In an area behind the rotor disc the wind speed is decreased
due to the momentum that has been extracted from the flow to turn the rotor. This
area is called wake and is illustrated in Fig. 4.6.

Waldl [118] has investigated wakes and their influence on the power production
of wind farms in detail. He used wake models formulated by Ainslie [1], which are
based on the dynamics of a axisymmetric flow field, and the simpler Risø model [48,
55], which showed a rather good performance [9]. Figure 4.7 shows the simulation of
a wake by the Ainslie model compared to corresponding measurements of the wind

measured

simulated

logarithmic
windprofile

u[m/s]

Fig. 4.7. Vertical wind profile of the measured and simulated wake effect at a distance of three
rotor diameters downstream of a turbine. For comparison the unperturbed logarithmic profile
is shown (from [118])
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speed. For the prediction system Previento the farm layout programme Flap, which
has been developed by Waldl [117], is used to take the wake effects inside a wind
farm into account. This programme has currently been enhanced by Lange et al. [62]
to include also wake effects for offshore wind farms by considering the effects of the
marine boundary layer.

The reduction of wind speed behind the rotor compared to the free wind speed is
quite profound and leads to a reduced performance of the wind farm for certain wind
directions. This is quantitatively described by a direction-dependent farm efficiency
factor defined by

ηfarm =
∑

wec Pwec,farm∑
wec Pwec,free

, (4.32)

which is the ratio between the sum of the maximum power output of the turbines in
a wind farm under consideration of the wake effects and the aggregated power of the
free turbines.

Figure 4.8 illustrates ηfarm according to (4.32) for a small wind farm which con-
sists of two rows of turbines. The considerable decrease of the farm efficiency at

Fig. 4.8. Direction-dependent farm efficiency factor of a small wind farm which consists of
two rows of turbines. “1” refers to situations where the power output of the wind farm is equal
to the power output of the same number of unperturbed turbines. The farm efficiency decreases
considerably if the rows are parallel to the wind vector (100◦ and 280◦)
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100◦ and 280◦ is due to the farm geometry, as in these cases the wind vector is paral-
lel to the rows of turbines, leading to a maximum shadowing effect. For small wind
farms the average farm efficiency is around 90%, while for large wind farms it can
drop to 80%.
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Data

Abstract. The data used for the investigations in this book is described in detail. Due to the
fact that measurement data is provided as time-series of point-measurements while numerical
weather prediction are based on computational grids this chapter depicts how the data have to
be carefully pre-processed in order to compare and evaluate them.

5.1 Introduction

The data that are used in the investigations of the next chapters fall in two cate-
gories: prediction and measurement. Though it is quite straightforward to verify pre-
dictions at a certain site with the corresponding measured data, the origin and the
way in which both data types are calculated or collected, respectively, deserve some
discussion.

Predictions, on the one hand, are the result of a numerical integration of the
equations of motions of the atmosphere discretised on a computational grid with a
rather coarse resolution of the order of 10 × 10 km2. Hence, the predicted variables
represent a spatial average over the grid cell rather than a point value. This has to be
kept in mind, in particular, with respect to the wind vector which is sensitive to the
local conditions, while scalar quantities are not that much affected.

To evaluate the accuracy of these predictions it is desirable to compare them to
the “real” values of the meteorological variables. As usual in physics, measurements,
which are not arbitrarily accurate, are used to approximately assess reality. In con-
trast to the predictions, the measurements are taken at points. For example, the cup
anemometers that are usually used to measure wind speeds have a typical diameter
of the order of 0.1 m, and their rather short response time due to inertia enables a
very localised measurement in space and time.

The common approach to compare both data types at a given location is time
averaging the measured time series over a suitable time interval. This primarily aims
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at eliminating the high frequent fluctuations due to turbulence on the time scale below
10 min as these small scales cannot at all be resolved by numerical weather prediction
(NWP). Experience shows that a reasonable averaging period is around half an hour
to one hour. This time interval captures the temporal variations of the meteorological
parameters at a synoptic scale and is, therefore, believed to correspond to the spatial
average provided by the prediction values of the NWP systems.

5.2 Numerical Weather Predictions

All prediction data used in this work are provided by the NWP of the German
Weather Service (DWD). The investigations are based on the results of the Deutsch-
landmodell (DM) and the Lokalmodell (LM). The DM version 4 [100] has a spatial
resolution of 14 × 14 km2 horizontally, and the LM 7 × 7 km2 . In the vertical di-
mension the model comprises 30 levels extending up to 25 km height, where the two
lowest of these levels are approximately at 34 m and 111 m height. The domain of
the DM completely covers Central Europe and the British Isles. The boundary values
of the DM are set by the European model EM with a resolution of about 55×55 km2,
which is itself nested into the global model GM that spans the whole earth. The DM
data are received as points on the computational grid. To determine the forecast val-
ues at arbitrary locations the values at the four nearest grid points are interpolated
using inverse distance weights.

From the two main runs of the DM and LM started every day at 00 UTC,
(= GMT) and 12 UTC, only data from the earlier run are available at the predic-
tion times +6, +12, +18, +24, +36 and +48 h. These times are counted relative to
the starting time, 00 UTC, of the forecast run and, hence, directly correspond to the
actual time of day in UTC.

Previous investigations, e.g. [77], showed that in the context of wind power pre-
dictions the use of the predicted wind vector from the diagnostic level at 10 m height
leads to better results than input from the genuine model levels at 33 m or 110 m.
This is surprising at first glance because the wind field at a diagnostic level is derived
from higher levels by a parametrisation of the wind profile rather than a solution of
the equations of motion. However, this parametrisation includes the logarithmic wind
profile and stability corrections and seems to lead to a more suitable input for the pro-
cedures that are used afterwards to transform wind speed to the power output of wind
farms.

The DM predictions used here are from the years 1996, 1997 and 1999, where
the focus is on 1996 due to the highest data availability in this year. The data of
the year 1999 differ from those of the other years as the predictions are provided as
point predictions that are already interpolated to the location of the wind farm by
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the weather service. Moreover, the wind speed prediction is given in a resolution of
1 knot (approximately 0.5 m/s) compared with 0.1 m/s in 1996–1997.

5.3 Measurements

5.3.1 Wind Data and Power Output of Wind Farms

In the framework of the WMEP programme (Scientific Measurement and Evaluation
Programme) funded by the German federal government, the electrical power output
of wind turbines has been recorded on a regular basis since 1990. In addition, wind
speed and wind direction are measured at either 10 m or 30 m height on a nearby
meteorological mast. The time series are sampled in 5-min intervals, which is more
than sufficient for the investigations in this work. As discussed above the time series
of all involved quantities are averaged over 1 h to make them comparable to those
of the NWP. This means that the power output is effectively integrated over 1 h, so
that it corresponds to the amount of electrical energy produced in this time period.
Moreover, the averaged values of wind speed and direction are also used to assess
the local meteorological conditions (Chap. 9).

In the remaining chapters, measurements from about 30 WMEP sites are used.
The map in Fig. 5.1 shows the locations of the sites, mainly from the northern half
of Germany, considered in this work. As availability and quality of the data varies
significantly from site to site and among different years, most of the following inves-
tigations will be restricted to a subset of the total set of stations.

5.3.2 Meteorological Mast in Cabouw

For detailed investigations of the applicability of the Monin–Obukhov theory for
wind power predictions in Chap. 7, measurements from a met-mast in Cabouw, the
Netherlands, are used. The measurements are provided by the Royal Netherlands
Meteorological Institute (KNMI). The following data have been used:

• wind speed and direction at 10, 20, 40, 80, 140 and 200 m height
• temperature at 2, 10, 20, 40, 80, 140 and 200 m height

The measurement data are available from January 1993 to December 1996 with
a temporal resolution of 30 min and from May 2000 to March 2002 as 5-min values.
The concrete mast has a diameter of 2 m and a total height of 213 m. At each mea-
surement height, three sensor-carrying booms with a length of 10.5 m are mounted
pointing in different directions. Thus, according to wind direction and availability,
different time series can be used and shadowing effects of the mast can be reduced.
A detailed description can be found in [6].
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To ensure a homogenuous roughness, only the wind directions from the 180◦

sector (165–195◦) are considered. Wessels [120] recommended this sector because
the flow distortion of the mast is rather low for these wind directions. The roughness
length in this sector is set to 0.01 m. Situations with very strong wind speed gradi-
ents (>0.7 m/s within 30 min) or temperature gradients (>0.5 K within 30 min) are
neglected. In addition, situations with wind speeds lower than 2.5 m/s, which are not
relevant for wind energy applications, are not considered.
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Fig. 5.1. Set of 30 WMEP sites in Germany with measurements of wind speed, wind direction
and power output of wind turbines that are used to verify the predictions and to assess the
local meteorological conditions. The underlined stations are used for detailed investigations
in Chaps. 6 and 9
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5.3.3 Atmospheric Pressure

Measurements of atmospheric pressure will be considered in the assessment of the
meteorological conditions at a site. However, as the WMEP sites are not equipped
with readings of surface pressure, the measurements from the nearest synoptic station
of the German Weather Service (DWD) are used. The distance between the sites and
the synoptic stations are in the range 5–30 km, but this is regarded as uncritical
because horizontal gradients of the pressure vary only little on this scale. In contrast
to the WMEP data the pressure time series are recorded on an hourly basis which is
appropriate to account for changes on a synoptic scale.

To normalise all sites to a common pressure level the surface pressure, psurface,
at ground level is corrected to the pressure at mean sea level (pmsl) using the baro-
metric height formula

pmsl = psurface e
gh
RT , (5.1)

where g is the gravitational constant, h is the height of the synoptic station above
mean sea level, R is the dry gas constant and T is the surface temperature which is
also measured at the synoptic station.
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Assessment of the Prediction Accuracy

Abstract. This chapter gives an overview of different aspects of the prediction accuracy. The
accuracy of the predictions is assessed by comparing predicted wind speeds and power outputs
with corresponding measurements from a selection of six out of 30 sites in Germany. Starting
from a visual inspection of the time series the statistical behaviour of the forecast error is in-
vestigated showing strong evidence that the differences between predicted and measured wind
speed are normally distributed at most sites, while the distribution of the power differences is
far from Gaussian. To quantitatively assess the average forecast error the root mean square er-
ror (rmse) is decomposed into different parts which allow to distinguish amplitude errors from
phase errors. The analysis shows that amplitude errors can mainly be attributed to local prop-
erties at individual sites, while phase errors affect all sites in a similar way. The relative rmse
of the power prediction is typically larger than that of the wind speed prediction by a factor
of 2 to 2.5. It turns out that this is mainly caused by the increased relative amplitude varia-
tions of the power time series compared to the wind time series due to the nonlinear power
curve. In addition, the cross-correlation is virtually not affected by transforming wind speed
predictions to power output predictions. Hence, phase errors of the wind speed prediction are
directly transfered to the power prediction. Moreover, the investigation indicates that there is
little space for correction schemes that are based on linear transformations of the complete
time series to substantially improve the prediction accuracy.

6.1 Introduction

Predictions of the future development of meteorological variables are not perfect,
and this is continuously confirmed by everyday experience and scientific investiga-
tions. Hence, in order to use and to improve forecasting systems the quality of the
predictions has to be evaluated, where “quality” refers to a judgement of how good
or bad the prediction is. For this purpose the predicted values are typically compared
with the corresponding measurements. In the case of continuous variables such as
wind speed the easiest way to get an idea of the quality of the forecast is by plotting
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the two time series and visually assessing the deviations between them, which is used
in this chapter to illustrate typical errors that can occur.

In general, the quantitative assessment of the relationship between forecast and
prediction involves the use of standard statistical methods that will be referred to as
“error measures”. These error measures are based on calculating a suitable average
over the deviations between predicted and measured values over a certain time pe-
riod either by using the straightforward difference between the two or by taking the
squared difference to eliminate the signs. Hence, in this work the term “error” refers
to the numerical value found by applying one of the error measures to the predicted
and measured time series. However, note that the difference between prediction and
measurement is denoted as pointwise error.

Of course, using the error measures requires that the data have already been
recorded, i.e. the error is always a historical value representing the forecast quality
of the past. The uncertainty, on the other hand, is understood as the expected error of
future predictions which is unknown a priori. Under the assumption that the statistics
of the errors are stationary, the historical error is used as an estimate of uncertainty.

In order to interpret error and uncertainty as confidence intervals, i.e. as a certain
range around the predicted value in which the measured value lies with a well-defined
probability, the underlying distribution of the differences between prediction and
measurement has to be known. Therefore, the statistical distributions of the pointwise
prediction errors are investigated for wind speed and power predictions.

6.2 Basic Visual Assessment

A graphical representation of the predicted and measured data conveys a first im-
pression of the forecast accuracy. In Figs. 6.1 and 6.2 the time series of the power
prediction of a single wind turbine in the North German coastal region over an inter-
val of 6 days are compared with the corresponding WMEP measurement data with
an hourly resolution. The overall agreement between the two time series is rather
good in the period of time shown in Fig. 6.1, while the sample in Fig. 6.2 illustrates
a poor forecast accuracy.

This example highlights two characteristic sources of error occurring in the fore-
casting business: deviations in amplitude, i.e. overestimation or underestimation by
the forecast but with a correct temporal evolution (as on day 254 in Fig. 6.2), and
phase errors, i.e. the forecast would match the real situation if it were not shifted in
time (day 257). The following statistical investigation has to account for these ef-
fects and must, therefore, be based on error measures that quantitatively assess the
amplitude and phase errors.



6.2 Basic Visual Assessment 63

0

0.2

0.4

0.6

0.8

1

322 323 324 325 326 327 328

po
w

er
  [

%
 in

st
al

le
d 

po
w

er
]

day of year [d]

measurement
prediction

Fig. 6.1. Comparison of the time series of measured and predicted (6–24 h) power output
normalised to rated power at one site. The agreement between the two time series is rather
good over the period shown. In particular, the increase in wind speeds on days 323 and 325 is
correctly predicted. However, the amplitudes, especially on day 326, do not completely fit
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Fig. 6.2. Comparison of the time series of measured and predicted power output normalised to
rated power at one site but for a period of time with a rather poor agreement. Two characteristic
errors can be observed. On day 254 a typical amplitude error occurs, where the prediction is
in phase with the measurement but strongly overestimates the real situation. In contrast to
this, on day 257 the amplitude of the prediction is right but the maximum wind speed appears
several hours earlier and decays faster than predicted. Hence, this situation is an example for
a phase error
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6.3 Distribution of Prediction Errors

The underlying probability density function (pdf) of the forecast error determines
the interpretation of confidence intervals and further statistical properties in the re-
maining chapters. Hence, prior to assessing the error of the prediction in terms of
statistical measures, it is important to analyse how the prediction errors are distrib-
uted. In particular, the question whether the error follows a Gaussian distribution has
to be tested carefully. In this section the error is understood as the difference between
prediction and measurement. Let xpred,i be the predicted and xmeas,i the measured
value; then the deviation between the two at time i is given by

εi := xpred,i − xmeas,i . (6.1)

This is the definition of the pointwise error, which is the basic element in the error
assessment.

6.3.1 Wind Speed Prediction

The wind speed supplied by the numerical weather prediction (NWP) model of the
German Weather Service (DWD) is the main input into the power prediction system
and has a major impact on the accuracy. As forecast errors are expected to change
systematically with increasing forecast horizon, each prediction time tpred is treated
separately. Dividing the differences, {εi}, between prediction and measurement into
bins and counting the relative frequency within the bins leads to the an empirical
probability density function pdf(ε). For wind speed predictions of the years 1996,
1997 and 1999, pdf(ε) is calculated based on predictions from the DM model of the
DWD and the corresponding WMEP measurement data from the same period of time
(Chap. 5). Results are graphically shown for selected sites in Fig. 6.3.

The visual inspection of these figures suggests that most sites seem to have a nor-
mal distribution of the wind speed prediction error (Fig. 6.3 (top)), while the type of
distribution for other sites is not clear (Fig. 6.3 (bottom)). A close to Gaussian distri-
bution has also been inferred from graphical representations of the wind speed pre-
diction error by Giebel [35] and Landberg [58] for the Danish NWP model HIRLAM.

As pointed out earlier it is very helpful to know the type of error distribution to
interpret the standard deviations of these distributions in terms of confidence inter-
vals. This calls for a more detailed analysis of the characteristics of the many sites
and prediction times. Consequently, the error distributions are checked for normality
by using standard statistical tests. All distributions are run through a parametrical
χ2 test and a non-parametrical Lilliefors test with the hypothesis “pdf(ε) is normally
distributed” at a typical significance level of 0.01. This means that with a probability
of 1% the hypothesis is falsely rejected although it is correct. Details on both testing
methods are given in Appendix B.
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Fig. 6.3. Probability density of the deviations between predicted and measured wind speeds at
10 m height with 12 h lead time in the year 1996. A normal distribution with the same mean
and standard deviation is given by the solid line. The error bars illustrate the 68% confidence
levels. For the site Fehmarn (top) the distribution seems to be close to Gaussian, while the
errors of prediction in Altenbeken (bottom) deviate from normality

The test results for the years 1996 and 1997 show that a majority of the pre-
dictions have normally distributed errors. A total of 120 tests, i.e. 20 sites with 6
prediction times each, are performed for each year. A summary is given in Table 6.1.
In 1996 about 82% of these tests do not reject the hypothesis of a normal distribu-
tion; in 1997 the rate is even higher at 93%. The consistency of the results between
the two testing methods is rather good. In 1996 nine out of 20 tested stations pass
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Table 6.1. Results of testing error distributions of wind speed for normality using the χ2 test
and the Lilliefors test

Year Number Not rejected
of tests χ2 test (%) Lilliefors test (%) simult.all prediction times (%)

1996 120 82 81 45
1997 120 92 93 65
1999 256 69 63 13
Total 496 77 74 43

both tests simultaneously for each of the six prediction times. The same holds for 14
out of 20 sites in 1997. For all lead times in the two years in a row seven sites still
have close to normal distributions. Nevertheless, the number of failures in the tests
is higher than expected for the given significance level. A closer look at the distrib-
utions that do not pass the test reveals that their pdfs are systematically different (as
in Fig. 6.3 (bottom)) from those of a normal distribution for all prediction times. The
reason for this, although, not clear, might be systematic effects in the measurement
procedure or local flow distortion.

In contrast to the previous years the 1999 data do not pass the tests that easily:
69% of the 256 χ2 tested error distributions and only 61% of the Lilliefors tested
distributions were not rejected. There are just two sites being simultaneously tested
positive by both methods at all prediction times. The main difference between the
years 1996 and 1997 on the one hand and 1999 on the other are the prediction data.
In 1999 the predictions are provided as point predictions already interpolated to the
location of the wind farm by the weather service. Moreover, the wind speed predic-
tion is given with a resolution of 1 knot compared with 0.1 m/s in 1996–1997. This
has an impact on the statistical behaviour of the time series because 1 knot is about
0.5 m/s, which of the order of magnitude of the observed effect.

Hence, for 1996 and 1997 a majority of pdfs of the wind speed prediction er-
ror can be reasonably well described by a normal distribution. Primarily, this is a
convenient property as the standard deviations can be interpreted as 68% confidence
intervals. Moreover, as the auto-correlation function of the time series of deviations
between prediction and measurement of a specific lead time decays very rapidly, the
prediction errors at the same prediction times on succeeding days can be regarded as
statistically independent. This means that in the following statistical investigations
the time series data can be considered as a set of independent samples which, e.g.,
simplifies the calculation of errorbars.
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Fig. 6.4. Probability density function of the forecast error of the power prediction in the year
1996 for the same sites and prediction times as in Fig. 6.3. The error εp is normalised to the
rated power of the wind turbine. For both sites the distributions are far from being normal

6.3.2 Error in Power Prediction

In contrast to errors in the wind speed prediction, the statistical distributions of the
power prediction error are completely different. Figure 6.4 indicates that the error
pdfs are unsymmetric and non-Gaussian with, in particular, higher contributions to
small values, especially near zero. This is related to the fact that wind speeds below
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the cut-in speed of the wind turbine, i.e. the minimum wind speed (typically around
4 m/s) that leads to a power output, are mapped to zero by the power curve such
that this event occurs more frequently than before. Moreover, the distributions are
unsymmetric in most cases. Hence, it is not surprising that none of the 496 tested
distributions at different sites and prediction times passes the hypothesis of being
normal.

To determine the proportion of events inside the confidence interval, the pdf of
the power prediction error was integrated over the σ interval around the bias. For
the majority of sites the probability to find the error in this interval is 77%. This is
profoundly larger than the 68% that would be expected if the pdf were normal.

So by converting predictions of wind speed to wind power the statistical proper-
ties in terms of the distribution of the deviations between forecast and measurement
are fundamentally changed. This is obviously related to the impact of the non-linear
power curve as the key element in translating wind speed to power output. In Chap. 8
the mechanism that transforms the pdfs is described and used to model the effect of
the power curve.

6.4 Statistical Error Measures

Each meteorological prediction system has to prove its quality according to standard
statistical methods. It is important that the evaluation procedure of the prediction
accuracy provide a rather precise impression of the average error that has to be ex-
pected. Most of the statistical error measures inevitably produce numbers that some-
how assess the deviations between prediction and measurement. But it is, of course,
crucial that these results can be interpreted in a reasonable manner. It is desirable to
come up with a statement such as “At a site XY 68% of the wind speed predictions
deviate less than 1 m/s from the mean error”, which requires the choice of the right
error measure and some clue concerning the type of distribution. In this section the
statistical error measures that are used in this work are defined and motivated fo-
cusing only on those statistical parameters that provide some insight into the error
characteristics rather than trying out all measures that are available. As the assess-
ment of the error plays an important role throughout the remainder of this work, the
statistical error measures are discussed here in greater detail instead of being exiled
into the appendix.

A further useful quality check is, of course, whether the prediction system per-
forms better than any trivial type of forecasting technique such as persistence, or the
climatological mean or forecasts provided by The Old Farmer’s Almanac [110]. To
put it differently, the prediction system has to be evaluated against a simple refer-
ence system. For this purpose various skill scores have been developed [116]. In this
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work the predictions are compared to persistence as a reference system, but this is
not pursued in detail.

In what follows, statistical error measures describe the average deviations be-
tween predicted and measured values. The average is normally taken over one year
to include all seasons with a chance of covering most of the typical meteorologi-
cal situations. The error measures commonly used to assess the degree of similarity
between two time series are based on the difference between prediction and mea-
surement according to (6.1), i.e. εi := xpred,i − xmeas,i.

6.4.1 Decomposition of the Root Mean Square Error

The root mean square error (rmse) is rather popular among the many measures that
exist to quantify the accuracy of a prediction. Despite being considered as a rather
rough instrument, it is shown in this section how the rmse can be split into meaning-
ful parts which shed some light on the different error sources. With the definition in
(6.1) the rmse between the two time series xpred and xmeas is defined by

rmse :=
√

ε2 , (6.2)

where the overbar denotes the temporal mean.
The rmse can easily be expressed in terms of the bias and the variance of the error

(see Appendix A for detailed definitions). Using simple algebraic manipulations the
error variance can further be separated into two parts, where one is more related to
amplitude errors and the other more to phase errors. This decomposition has been
beneficially used in previous investigations, e.g. by Hou et al. [46] or Takacs [108].
Hence, with the notation from Hou et al. [46], the decomposition of the rmse is given
by

rmse2 = bias2 + sde2

= bias2 + sdbias2 + disp2 , (6.3)

where

bias = ε ,

sde = σ(ε) , (6.4)

sdbias = σ(xpred) − σ(xmeas) , (6.5)

disp =
√

2σ(xpred)σ(xmeas)(1 − r(xpred, xmeas)) , (6.6)

with r(xpred, xmeas) denoting the cross-correlation coefficient between the two time
series and σ(xpred) or σ(xmeas), respectively, denoting their standard deviations.
Detailed definitions of the statistical quantities are given in Appendix A.
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Equation (6.3) connects the important statistical quantities of the two time series.
It shows that three different terms contribute to the rmse originating from different
effects. The bias accounts for the difference between the mean values of prediction
and measurement. The standard deviation, sde, measures the fluctuations of the er-
ror around its mean. As seen in Sect. 6.3, sde is very useful as it directly provides
68% confidence interval if the errors are normally distributed. In the context of com-
paring prediction and measurement, sde has two contributions, First, sdbias, i.e. the
difference between the standard deviations of xpred and xmeas, evaluates errors due
to wrongly predicted variability. This is together with the bias, an indicator for am-
plitude errors. Second, the dispersion, disp, involves the cross-correlation coefficient
weighted with the standard deviations of both time series (6.6). Thus, disp accounts
for the contribution of phase errors to the rmse.

Takacs [108] used the decomposition (6.3) in the context of numerical simula-
tions of the advection equation with a finite-difference scheme. The rmse between the
numerical solution on a grid and the true analytical solution was split into two parts.
On the one hand bias2+sdbias2 is related to numerical dissipation, which means
that energy is lost due to the finite-difference formulation of the equation of motion.
In the context of this work, dissipation refers to the more general phenomenon that
the amplitudes of the predicted and observed time series are systematically differ-
ent. On the other hand Takacs used disp2, which “increases due to the poor phase
properties” [108].

6.4.2 Limits of Linear Correction Schemes

The prediction accuracy can in many cases be substantially improved by eliminating
systematic errors as much as possible. It is, of course, desirable, to know the rea-
sons for these errors and correct them using physical modelling, but often the cause
for systematic errors cannot be pinned down exactly. This is where statistical meth-
ods which describe the overall characteristics of the errors come in and allow for
global corrections of the time series. Such a post-processing is often referred to as
model output statistics (MOS). A straightforward approach in this direction is a lin-
ear transformation of the predicted values such that they on average match amplitude
and offset of the measured time series better than before.

However, any linear correction applied to the time series leaves the cross-
correlation coefficient r(xpred, xmeas) unaffected. Therefore, the cross-correlation
is regarded as the “king of all scores” [49] in weather and climate forecasting. Due
to this invariance the dispersion, disp, cannot easily be reduced by linear manipu-
lations of the time series, this limits, of course, the space for improvements in the
prediction accuracy with statistical corrections such as MOS that are based on linear
transformations.
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The bias and sdbias are sensitive to linear manipulations of the time series.
Hence, if an improvement of the forecast method leads to a better performance in
terms of these error measures, it can be concluded that systematic errors mainly
related to the amplitude of the prediction have been removed. In contrast to this,
changes to the prediction method that positively affect disp can be seen as substan-
tial improvement in the forecast quality of the temporal evolution.

In the following, two slightly different ways of finding a correction are described
that provide some benefit in terms of the overall accuracy and the understanding
of the error. Both approaches are based on a linear transformation of the original
prediction to obtain an improved forecast. Hence,

x̃pred := αxpred + β , (6.7)

where xpred is the prediction, while α and β are real numbers. The influence of this
transformation on the statistical error measures introduced in the previous section
will be discussed and the maximum decrease in rmse that can be obtained will be
calculated.

Linear Regression

A popular and successfully applied type of post-processing is based on linear re-
gression of the data. This method aims at minimising the rmse between the linearly
transformed prediction (6.7) and the measurement, i.e.

√∑
(αxpred + β − xmeas)2 → min . (6.8)

This condition gives non-ambiguous solutions for α and β [12]:

α =
σ(xmeas)
σ(xpred)

r(xpred, xmeas) ,

β = xmeas − αxpred . (6.9)

All quantities on the right-hand side of (6.9) that are needed to calculate the para-
meters can be estimated from the two time series xpred and xmeas. Naturally, a certain
number of data points has to be considered to ensure statistically significant parame-
ters.

The implications of this transformation for the statistics of the corrected predic-
tion are easy to see by calculating the standard statistical measures:

biasLR = 0 ,

rmseLR = σ(xmeas)
√

(1 − r2(xpred, xmeas)) . (6.10)
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As linear regression by definition minimises the rmse, the expression in (6.10) is the
lower boundary of the error that can be achieved by linear transformation of the time
series.

If the transformation (6.7) is applied to the same set of data points that were used
to estimate α and β, the maximum reduction of the rmse is obtained. Of course, the
idea is to use the parameters of historical data to correct future predictions. Then the
improvement of the forecast error strongly depends on the stationarity of α and β.

Double Bias Correction (DBC)

The decomposition of the rmse in (6.3) suggests a linear correction of the predic-
tion that simultaneously eliminates bias and stdbias from the rmse. In this work this
transformation will be denoted as double bias correction (DBC). The conditions

biasDBC = 0 ,

sdbiasDBC = 0 (6.11)

lead to the transformation parameters

α = σ(xmeas)/σ(xpred) ,

β = xmeas − αxpred , (6.12)

which, in contrast to the linear regression parameters in (6.9), do not involve the
correlation coefficient between the two data sets.

With the conditions in (6.11) the rmse of the corrected prediction is then obvi-
ously identical to the dispersion

rmseDBC = dispDBC

= σ(xmeas)
√

2(1 − r(xpred, xmeas)) . (6.13)

Comparison of Both Methods

The linear regression method provides the lowest possible forecast error that is
achievable with linear manipulations of the global time series as it is based on linear
regression, which by construction minimises the rmse.

Linear regression uses the variability and the cross-correlation of the two time se-
ries to rescale the prediction, i.e. this method exploits their statistical dependence. In
contrast to this, DBC only refers to the variabilities which are statistically indepen-
dent. In fact it rescales the prediction to the statistical properties of the observations.
Thus, apart from a factor σ(xmeas), DBC is equivalent to normalising both time se-
ries separately with their respective means and standard deviations. Note that both
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Fig. 6.5. Root mean square error (rmse) normalised by σ(xmeas) for the correction based on
linear regression (LR) and the double bias correction (DBC) versus cross-correlation coeffi-
cient, r(xpred, xmeas), between prediction and measurement. The difference between the two
methods is small for r close to 1

types of correction leave the cross-correlation unchanged as it is invariant under lin-
ear transformations.

The rmse normalised by σ(xmeas) for the two corrections is shown in Fig. 6.5.
It only depends on the cross-correlation. The difference between both methods de-
creases with increasing correlation. For r > 0.8, rmseDBC and, thus, dispDBC are
less than 5% larger than rmseLR. This means that the dispersion already provides a
good estimate of the lower boundary of the rmse in terms of linear corrections.

The results provided here are derived for an a posteriori correction of data, i.e.
the data of one year are corrected with the parameters of the same year. The idea of
any correction is, of course, to apply parameters that were estimated from historical
data to future predictions. This inherently assumes that these statistical parameters
are quasi stationary and do not change much in time. In practice this condition is not
perfectly fulfilled, so that the improvements of the rmse given in (6.10) and (6.13),
respectively, are lower bounds to what can be expected for future predictions.

As a consequence of these considerations the verification of the predictions given
in this work will involve the rmse divided into the three parts given in (6.3). The
prediction accuracy of wind speed and power output will be analysed separately
focusing on their typical statistical behaviour at different locations.
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6.5 Wind Speed Prediction Error for Single Sites

For the assessment of the prediction accuracy at individual sites the time series of
predicted and measured wind speeds as described in Chap. 5 taken over one year
are used to calculate the error measures discussed above. The results shown in this
section are mainly from the year 1996, as in this year data quality and availability of
both measurement and prediction are higher for a majority of stations than in 1997
and 1999. Nevertheless, the effects described here have been investigated using data
from all three years.

From the 30 sites available in 1996, six with a rather high data quality and avail-
ability have been selected as test cases to illustrate the typical statistical behaviour
at different locations. Three sites are situated in flat terrain in the north of Germany:
Fehmarn on an island in the Baltic Sea, Schuelp at the North Sea Coast and Hilken-
brook about 70 km away from the coast. Three more sites can be found in more
complex terrain: Altenbeken and Soellmnitz in a slightly mountainous terrain, and
Rapshagen with less but still noticeable orography. These test cases are underlined
in Fig. 5.1, where the site Syke will be used in a later investigation.

The following analysis focusses on the general properties of the prediction error
of the wind speed at the selected stations. The aim is to identify statistical charac-
teristics that are global, i.e. similar for different sites, and local, i.e. originating from
on-site conditions. Therefore, the error measures will be normalised to the mean
measured wind speed. In Table 6.2 these mean values are given together with the
standard deviation of the measured wind speed. As the ratio between both the quan-
tities is in a rather narrow range between 0.50 and 0.60, the standard deviation is
roughly proportional to the annual average of the wind speed.

The standard deviation of the wind speed will be considered in the following as it
plays an important role with regard to the error measures, in particular in the sdbias

Table 6.2. Annual mean values of measured wind speeds for the selected sites and correspond-
ing standard deviations of the wind speeda

Mean measured Standard deviation of Relative standard
wind speed, measured wind speed, deviation

Site name umeas (m/s) σ(umeas) (m/s) σ(umeas)/umeas

Altenbeken 4.4 2.5 0.57
Fehmarn 5.6 3.0 0.54
Hilkenbrook 3.5 2.1 0.60
Rapshagen 4.2 2.1 0.50
Schuelp 4.9 2.6 0.53
Soelmnitz 3.6 1.9 0.53

aThe ratio between the two is between 0.50 and 0.60, i.e. mean wind speed and standard
deviation are roughly proportional.
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(6.5) and disp (6.6). However, note that the wind speed follows a Weibull distribution
and, hence, the standard deviations of the wind speed cannot be interpreted as 68%
confidence intervals. They are used here as a measure of the fluctuations of the time
series.

The rmse of the wind speed prediction and the different contributions to it ac-
cording to the decomposition in (6.3) are shown in Fig. 6.6–6.10. All values are nor-
malised to the mean measured wind speed given in Table 6.2. In the lower left corner
of each plot the estimated error bar related to the calculation of the corresponding
statistical quantity (rmse, bias, sde, sdbias, dispersion and correlation) based on a
finite time series is shown. To avoid overloaded plots they were not drawn around
each data point. The error bars are estimated by randomly dividing the time series
in M equally sized subsets. The statistical error measures are then calculated for
each subset separately and the standard deviation of the M results is determined. For
different M this standard deviation is divided by

√
M assuming that the M subsets

are uncorrelated. This allows for an extrapolation to M = 1, which is an estimation
of the error bar for the complete time series. In most cases the estimated values are
rather consistent. For this investigation the error bars were chosen to represent the
largest estimation found with this procedure.

0 6 12 18 24 30 36 42 48
0

0.1

0.2

0.3

0.4

0.5

0.6

 tpred [h]

 r
el

. r
m

se
 o

f w
in

d 
sp

ee
d 

pr
ed

ic
tio

n

Fehmarn
Hilkenbrook
Schuelp
Altenbeken
Rapshagen
Soellmnitz

Fig. 6.6. Root mean square error (rmse) between predicted and measured wind speed at 10 m
height for the selected sites in 1996 normalised to annual mean wind speed according to Ta-
ble 6.2. The rmse is calculated separately for the different prediction times and seems to in-
crease with increasing forecast horizon. There is no apparent coherent behaviour among the
different sites. The error bar in the lower left corner is valid for all data points
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Fig. 6.7. Relative bias of the mean values of predicted and measured wind speed for the same
sites as in Fig. 6.6. Most sites show “W”-shaped diurnal variations with a comparable ampli-
tude. One exception is the island site Fehmarn with only weak differences between daytime
and nighttime bias. Sites located in flat terrain (solid symbols) have positive bias (Fehmarn,
Schuelp, Hilkenbrook), while sites in complex terrain (open symbols) tend to have negative
bias (Altenbeken, Rapshagen, Soellmnitz)
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Fig. 6.8. Relative standard deviation of the error, sde, for the selected sites. Increase of sde
with prediction time with diurnal effects is still noticeable. These values directly provide the
68% confidence interval if the underlying error distributions are normal



6.5 Wind Speed Prediction Error for Single Sites 77

0 6 12 18 24 30 36 42 48
−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

 tpred [h]

 r
el

. s
db

ia
s 

of
 w

in
d 

sp
ee

d 
pr

ed
ic

tio
n

Fehmarn
Hilkenbrook
Schuelp
Altenbeken
Rapshagen
Soellmnitz

Fig. 6.9. Difference between standard deviations of predicted and measured time series (sd-
bias) normalised with the mean wind speed for the selected sites. As in Fig. 6.7, the three flat
terrain sites (solid symbols) group together in the range of small sdbias unlike the behaviour
of Altenbeken with a strongly negative sdbias
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Fig. 6.10. Relative dispersion of the wind speed error versus prediction horizon. The relative
dispersion is in a rather narrow range for the selected sites. It increases with prediction time
with a similar rate at all sites indicating a systematic error that affects different sites in the
same way
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Starting with the rmse in Fig. 6.6, one can observe a general increase of the
relative rmse with the prediction horizon tpred, which is expected due to a growing
mismatch between predicted and “real” situations. Diurnal variations are noticeable
but they are not systematic for all sites; e.g. some sites have relatively larger rmse at
noon, i.e. prediction times 12 h and 36 h, than at other times, while it is vice versa for
others. The relative rmse of the different sites are rather similar, being in the range
0.25–0.37 for the 6-h prediction and 0.34–0.55 for the 48-h prediction.

The behaviour of the relative bias, i.e. the difference between the mean values
of prediction and measurement, as shown in Fig. 6.7, is consistent for the majority
of sites. Most of the sites have strong diurnal variations indicating that on average
the relative bias at noon is smaller than at other times. The differences between night
and day (12 h and 24 h) are of the order of 10–20% of the mean wind speed, which
corresponds to 0.4–0.7 m/s. All investigated inland sites have this typical “W” shape
of the bias, while for the island site Fehmarn the diurnal variations are relatively
weak. Sites located in flat terrain have bias with positive values for all prediction
times, while all sites that can be attributed to complex terrain come up with negative
bias at almost all tpred. Therefore, in contrast to the relative rmse, sites in different
terrain type are clearly separated with regard to the relative bias. This is due to the
fact that the sign of the bias, which is neglected in the rmse (see (6.3)), is important.

The diurnal variations in the bias have already been described by Focken [27]
and Mönnich [77] and will be further investigated in Chap. 7. Differences between
daytime and nighttime bias clearly suggest a systematic error in describing stability
effects of the lower boundary layer by the NWP model. This phenomenon is related
to the coupling between surface wind and wind in higher altitudes. During the night
the land surface cools the air from below, leading on average to a stable atmospheric
stratification that is characterised by a low degree of vertical turbulent transport of
momentum. In this case the surface wind is only weakly coupled to its driving force,
which is the wind in higher altitudes. After sunrise the situation changes as the land
surface heats the air and vertical momentum transport is enhanced due to buoyancy.
Therefore, during daytime the wind speeds near the surface are on average higher
than at night. So the “W” shape in the bias might be caused by imperfect modelling
of this effect by the NWP model.

However, for offshore sites or islands the atmospheric stability is typically differ-
ent from onshore as the large heat capacity of the sea dampens temperature changes
of the air due to solar irradiation. Hence, diurnal variations at sea are expected to be
weaker compared with those over land but can be noticeable if, e.g. the continental
coast is not too far away and the wind comes from that direction carrying properties
of the land mass, as described by Lange [61]. This seems to be the case for Fehmarn,
which is an island but still close to the German coast. For this site the variation be-
tween night and day values of the mean annual wind speed of both predicted and
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measured wind is less pronounced compared with that for inland sites. As Fig. 6.7
suggests this behaviour is covered with higher accuracy by the NWP model.

The “level” of the bias, i.e. the average bias over tpred, and the sign are expected
to depend on the local conditions. The results for the majority of sites in this inves-
tigation seem to indicate that the overall bias is mainly related to the terrain type.
In flat terrain the bias is positive, which is equivalent to a general overestimation by
the prediction, while in complex terrain an underestimation leads to mainly negative
bias. This can be caused by the fact that the roughness length z0 in the NWP model
represents an average over a grid cell of the size 14× 14 km2. Thus, it might deviate
from the optimal roughness length at the position of the site. An adequate choice
of z0 plays a vital role in the refinement procedure of the power prediction system
as z0 directly influences the logarithmic wind profile (3.16). Moreover, in complex
terrain the wind turbines are systematically erected at “optimal” locations, i.e. on top
of hills rather than in valleys. This might lead to the underestimation of these sites
by the prediction because the NWP model includes the average orography over the
grid cell into the roughness length z0. Hence, the NWP model uses a meso-scale
roughness length representing an area rather than a local roughness length.

The average fluctuations of the error around its mean are described by sde = σ(ε)
normalised by the mean wind speed in Fig. 6.8. Here the increase in the error with
increasing prediction time occurs again with almost the same slope for all sites. Note
that the curves for the different sites are closer together compared to the rmse in
Fig. 6.6. These values directly provide the 68% confidence interval as the underlying
error distributions of the wind speed prediction are normal, which was shown in
Sect. 6.3. Hence, e.g. for the 6-h prediction at Rapshagen the sde allows for the
statement: “With a probability of 68% the deviations of the relative forecast errors
from the bias are less than 24% of the mean wind speed.” This type of information
is contained in Fig. 6.8 for the selected sites and all lead times.

Now sde is decomposed in sdbias, which is the difference between the standard
deviations of predicted and measured time series, and disp, which is the contribution
of the phase error to the rmse. It can be seen in Fig. 6.9 that the different sites have a
rather different relative sdbias. While sites in flat terrain show a very small difference
between the standard deviations of the prediction and the measurement, complex
terrain sites provide a more substantial deficit in that respect ranging up to −20% of
the mean wind speed at Altenbeken. There is no evident overall increase with tpred.
Similar to the bias of the mean values, the bias of the standard deviations does not
scale with the mean wind speed.

Finally, the relative dispersion is presented in Fig. 6.10. For the different sites
the relative dispersion is in a rather narrow range 0.23–0.27 for the 6-h prediction
and 0.34–0.43 for the 48-h prediction. Again the increase with tpred is obvious and
closely similar to the behaviour of the relative sde in Fig. 6.8. From 6 to 48 h, the
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relative dispersion grows by about 0.13, which is of the order of 0.5 m/s for a site
with 4 m/s average wind speed at 10-m height.

According to (6.3), disp is proportional to
√

σ(upred), σ(umeas), which together
with the ratios in Table 6.2 explain the rather universal behaviour of the relative
dispersion for the different locations in Fig. 6.10. The differences that still remain are
mainly due to different cross-correlation coefficients r(upred, umeas). So, on the one
hand the dispersion is universal for all sites in the sense that the influence of phase
errors grows with prediction time at almost the same rate. Thus, all sites experience
phase errors in a similar way. On the other hand disp has a local component as it
is proportional to the amplitude variations of the prediction and measurement. The
larger the amplitude variations, the larger the deviations that occur on average.

In Fig. 6.11 the complete decomposition of the rmse according to (6.3) is pre-
sented for one site (Hilkenbrook). At this site the bias is relatively prominent and in-
troduces strong diurnal variations to the overall forecast error. If the bias is removed
from the rmse the resulting standard deviation of error, sde, reveals the systematic
increase in the phase error with the prediction horizon. As the sdbias is practically
not relevant, the dispersion equals the sde. Hence, though the bias, i.e. the average
amplitude errors, is considerable, the rmse is mainly dominated, by the phase errors.
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Fig. 6.11. Summary of the decomposition of the relative rmse of the wind speed prediction ac-
cording to (6.3) versus forecast horizon for one site (Hilkenbrook). The dashed lines illustrate
the rmse that can be expected if linear corrections are applied. rmseDBC refers to the DBC
correction (6.13), while rmseLR (6.10) denotes the minimum rmse that can be expected by
using a correction based on linear regression
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The results of the two different linear correction schemes discussed in Sect. 6.4.2
are also illustrated in Fig. 6.11. The minimum rmse that can be achieved by linear
regression (6.8) is shown by rmseLR. It is, as expected, only slightly lower than the
forecast error based on the DBC correction (6.11). In both cases the correction of the
prediction leads to rather substantial improvements, in particular for the largest fore-
cast horizon of 48 h. The relative improvement due to the LR correction expressed
by the ratio (rmse–rmseLR)/rmse is about 0.2 at this site. Compared to the sites in the
present and previous investigations, e.g. by Giebel [35], this is around the maximum
improvement that can typically be achieved for the wind speed prediction.

One advantage of the decomposition of the rmse as it is used here is that it indi-
cates the expected benefits of linear correction schemes. The degree of error reduc-
tion that can be achieved by these methods strongly depends on the structure of the
forecast error due to the different contributions of amplitude and phase errors which
are separately shown by bias and dispersion. If the bias is considerable, say around
±0.2 of the average wind speed, there is a good chance to eliminate this contribution
to the overall error by linear transformations of the time series. However, if the bias
and the sdbias are small, the forecast error is dominated by phase errors which resist
simple correction efforts and have to be addressed in a situation-dependent approach.

6.6 Power Prediction Error for Single Sites

After the overall prediction accuracy of the wind speed prediction has been assessed
in the previous section, the prediction of the power output is evaluated in the follow-
ing. In order to compare different sites the assessment of the power prediction error
also requires some kind of normalisation. In this investigation the annual mean of
the measured power output is taken as reference value because it inherently consid-
ers both the machine type with its rated power and the typical wind speeds at the
location. Table 6.3 shows details concerning the turbines that are installed at the six
selected sites. The given mean values refer to the year 1996.

The relative standard deviation, σ(Pmeas)/Pmeas, of the measured power output
in Table 6.3 is larger than the relative standard deviation, σ(umeas)/umeas, of the time
series of the wind speed measurement by a factor 1.8–2.6. This factor is due to the
power curve and can be regarded as the effective non-linearity factor that describes
the scaling of variations in the wind speed due to the local slope of the power curve
as already mentioned in Chap. 4. If P (u) was proportional to u3 and the variations in
u were small compared with the mean value, the ratio between the relative standard
deviations of power output and wind speed would be around 3, corresponding to the
average relative derivative.

The power predictions used in this chapter were obtained by using the logarith-
mic wind profile (3.16) to transform the wind speed from the height given by the
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Table 6.3. Rated power and annual mean values of measured power output of the wind turbines
at the selected sites with corresponding standard deviationa

Mean measured Standard deviation of Relative standard
Rated power power output measured power output, deviation,

Site name (kW) Pmeas (kW) σ(Pmeas) (kW) σ(Pmeas)/Pmeas

Altenbeken 150 30.2 37.9 1.25
Fehmarn 200 59.8 59.5 0.99
Hilkenbrook 80 12.0 16.7 1.39
Rapshagen 300 48.8 58.8 1.20
Schuelp 250 46.0 59.6 1.30
Soelmnitz 200 25.4 35.6 1.40

a The relative standard deviation is between 0.99 and 1.40, i.e. it is larger than the
corresponding wind speed result by a factor 1.8–2.6.

NWP model of the German Weather Service to the hub height of the wind turbines.
This wind speed was inserted into the corresponding power curve. The local refine-
ment and the correction for thermal stratification as described in Chap. 4 were not
included in the prediction model at this stage in order to concentrate on the major
effect of the power curve.

Analogous to the statistical analysis of the wind speed, Figs. 6.12–6.16 show the
different relative error measures versus prediction time.

The relative rmse of the power prediction (Fig. 6.12) is in the range 0.5–1.1 for
6 h and 0.8–1.45 for 48 h. Hence, its overall level is about two times larger than the
relative rmse of the wind speed.

In Fig. 6.13 the relative bias shows a rather large discrepancy between the differ-
ent sites, from 0.8 to −0.5, being considerably more pronounced compared to wind
speed (Fig. 6.7). The diurnal variations are still of the order of 0.1–0.2 but mostly
inverse with maximum bias at noon rather than midnight. Thus, the characteristic
“W” shape of the wind speed bias is lost (cf.Fig. 6.7).

The inversion of the diurnal variations compared to wind speed indicates that the
difference between mean values at daytime and nighttime is overestimated by the
power prediction system. This is mainly due to the fact that stability effects are not
included in the transformation to hub height (3.16). As shown in Chap. 7, this can
lead to an overestimation of the wind speed prediction, and hence the power pre-
diction, in situations of unstable thermal stratification which typically occur during
daytime. Another influence on the bias of the power prediction is expected by the
non-linearity of the power curve as the difference between the mean values of pre-
diction and measurement at noon grows larger than at midnight because the midday
means have larger absolute values.

As before, the sign of the bias seems to be connected to the terrain type. While
flat terrain sites have positive bias, those in more complex terrain provide negative
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Fig. 6.12. Relative root mean square error (rmse) between predicted and measured power
output versus prediction time for the selected sites in the year 1996. The rmse seems to increase
with increasing forecast horizon. There is no apparent coherent behaviour among the different
sites

0 6 12 18 24 30 36 42 48
−1

−0.5

0

0.5

1

 tpred [h]

 r
el

. b
ia

s 
of

 p
ow

er
 p

re
di

ct
io

n

Fehmarn
Hilkenbrook
Schuelp
Altenbeken
Rapshagen
Soellmnitz

Fig. 6.13. Relative bias of the mean values of predicted and measured power output for the
same sites as in Fig. 6.6. The diurnal variations are inverse compared with the wind speed
bias in Fig. 6.7. Sites located in flat terrain have positive bias (solid symbols) while sites in
complex terrain tend to have negative bias (open symbols)



84 6 Assessment of the Prediction Accuracy

0 6 12 18 24 30 36 42 48
0

0.5

1

1.5

2

 tpred [h]

 r
el

. s
de

 o
f p

ow
er

 p
re

di
ct

io
n

Fehmarn
Hilkenbrook
Schuelp
Altenbeken
Rapshagen
Soellmnitz

Fig. 6.14. Relative sde of the power prediction for the selected sites. Again the increase of sde
with prediction time can be observed. The differences between rmse (Fig. 6.12) and sde of the
power prediction is rather small for most sites. Hence, in contrast to the wind speed prediction
(Figs. 6.6 and 6.8) the sde dominates the rmse with a smaller contribution of the bias
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Fig. 6.15. Difference between standard deviations of predicted and measured power output
(sdbias) normalised with mean power output for the selected sites versus prediction time. Like
the sdbias of the wind speed in Fig. 6.9, the three flat terrain sites group together in the range
of small sdbias



6.6 Power Prediction Error for Single Sites 85

0 6 12 18 24 30 36 42 48
0

0.5

1

1.5

2

 tpred [h]

 r
el

. d
is

p 
of

 p
ow

er
 p

re
di

ct
io

n
Fehmarn
Hilkenbrook
Schuelp
Altenbeken
Rapshagen
Soellmnitz

Fig. 6.16. The relative dispersion of the power prediction versus the forecast horizon is in a
rather narrow range for the selected sites. It increases with prediction time with a similar rate
at all sites indicating a systematic phase error that affects different sites in the same way
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Fig. 6.17. Summary of the decomposition of the rmse of power prediction according to (6.3)
versus prediction time for one site (Hilkenbrook). The dashed lines illustrate the rmse that can
be expected if linear corrections are applied. rmseDBC refers to the DBC correction (6.13)
while rmseLR (6.10) denotes the minimum rmse that can be expected by using linear regres-
sion
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Fig. 6.18. Cross-correlation coefficients for the different prediction times of wind speed and
power prediction at two different sites. Altenbeken has a comparatively low cross-correlation,
while Hilkenbrook is among the sites with the highest values. At both sites there are only small
differences between the two prediction types. This holds for all sites in this investigation. The
cross-correlation suffers only minor changes by converting wind speed to power output using
the Previento system

values. Thus, the general underestimation or overestimation, respectively, of sites
according to the terrain is still present and enhanced by converting wind speed to
power.

It can be seen in Fig. 6.14 that the relative sde, i.e. the standard deviation of
the power prediction error, does not differ much from the relative rmse in Fig. 6.12.
So in contrast to the wind speed prediction, sde dominates the rmse with a smaller
contribution of the bias.

The relative sdbias of the power prediction (Fig. 6.15) is similar to the wind speed
prediction concerning the behaviour of the individual sites. Again, being in complex
terrain (Altenbeken, Soellmnitz and Rapshagen) leads to a general underestimation
of the fluctuations of the measured power signal, while it is vice versa for flat ter-
rain (Fehmarn, Schuelp and Hilkenbrook). Here the overestimation for Schuelp and
Hilkenbrook is considerably larger compared with the wind speed results in Fig. 6.9.

Finally, regarding relative disp in Fig. 6.16, the different sites are rather similar.
The overall level is larger than that of the wind speed by a factor of about? The differ-
ences among the sites are smaller compared with their rmse (Fig. 6.12), suggesting
that the relative dispersion reveals some common statistical property.

A summary of the decomposition of the relative rmse of the power prediction at
the site Hilkenbrook is shown in Fig. 6.17. Again, the minimum rmse that can be
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achieved by linear regression (6.8) and by the DBC correction (6.11) is illustrated
by rmseLR and rmseDBC, respectively. In both cases the correction of the prediction
would lead to rather substantial improvements for all forecast horizons. However, the
overall error level that is not accessible with the linear correction methods remains
larger than 0.5, which is still rather high.

It was said before that dispersion refers to phase errors by considering the cross-
correlation between prediction and measurement and the individual amplitude vari-
ations of both time series. As Fig. 6.18 illustrates, for two different sites the cross-
correlation coefficient has almost exactly the same values for wind speed and the
power predictions. This holds for all sites that were investigated. Hence, the cross-
correlation of the underlying wind speed prediction does not change much when it is
converted to power output.

With the definition of the dispersion in (6.3) the doubling of the relative disper-
sion is caused by the standard deviations σ(Ppred) and σ(Pmeas), which are relatively
2 to 2.5 times larger than σ(upred) and σ(umeas) (cf. Tables 6.2 and 6.3). This fac-
tor can be considered as the effective non-linearity factor of the power curve. If the
power curve followed u3, this factor would be around 3.

The large standard deviations of the measured power time series, at a site are, of
course, determined by the specific turbine and the local wind conditions. The pre-
diction system is designed to match the measured time series as exactly as possible.
Hence, it should provide the same mean and standard deviation as the “real” time
series, together with a correlation close to 1. In this case the dispersion provides a
lower boundary to the rmse for a given cross-correlation. This threshold is rather
high in the case of the power prediction that already ranges up to 100% of the mean
power output for the 48-h forecast. It is important to note that this level can only be
reduced by improving the cross-correlation. Changes in bias and sdbias can optimise
the power prediction only in a limited range.

In addition, Fig. 6.18 shows that the cross-correlation coefficients decay almost
linearly with the forecast horizon. Note that each of these coefficients has been cal-
culated separately with data points of one prediction time only. The decreasing cross-
correlation coefficients indicate that as expected the mismatch between the prediction
of the NWP model and local measurement grows systematically with the prediction
horizon.

6.6.1 Comparison with Persistence

The DM prediction of wind speed is tested against persistence to compare the ac-
curacy to a very simple reference system in order to get an impression about the
different behaviour of the two. A persistence prediction is made by using the mea-
surement value at 00 UTC as forecast value for the whole prediction horizon. Thus,
the current value is assumed not to change in the near future, i.e. to persist over the
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Fig. 6.19. Comparison between the relative dispersion of the persistence prediction of the wind
speed, where the current measurement value is assumed not to change over the prediction
horizon, and the NWP wind speed prediction for different prediction times. For lead times
above about 6 h, the prediction generated by the NWP model performs significantly better
than persistence

forecast interval. Persistence was chosen as reference because it inherently contains
information about the actual meteorological situation at the site shortly before the
prediction horizon begins.

It can be concluded from the relative dispersion in Fig. 6.19 that the prediction of
a NWP model has a better performance than persistence for prediction times above
6 h. This is a well-known fact for numerical prediction systems, e.g. Landberg [58]
and Giebel [35] showed that below 6 h, persistence is in fact better. The reason for
this behaviour might be related to a relaxation process with decaying transients in
the NWP model after the initial conditions are set and the run is started. The results
for the power forecast are comparable.

Note that for forecast horizons larger than about 15 h, the climatological mean of
the wind speed is a more suitable reference system than persistence. This is due to
the fact that the error of the persistence forecast is by construction determined by the
auto-correlation function of the wind speed, which decays approximately exponen-
tially with a time constant of about 15 h, and, therefore, the persistence forecast is
rather uncorrelated after this time period. Hence, a new reference model based on the
superposition of persistence for short forecast horizons and the climatological mean
for longer forecast horizons has been proposed by Nielsen et al. [81]. Though the use
of this new reference model would reduce the difference between the errors of NWP
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forecast and the reference forecast by a few percent, the wind speed prediction of the
NWP model is still significantly better.

6.7 Conclusion

The decomposition of the root mean square error (rmse) into different components
provides considerable insight into the different origins of deviations between predic-
tion and measurement. The contributions of the difference of the mean values (bias),
the difference of the standard deviations (sdbias) and the dispersion (disp) to the
rmse reveal some general statistical features of the errors that allow to distinguish
local effects from global properties.

Concerning local effects, the results strongly suggest that the terrain type has a
systematic influence on the bias and sdbias. For wind speed as well as power pre-
diction, sites in flat terrain tend to have positive bias and small sdbias while sites
in complex terrain are more inclined towards negative bias and sdbias. The reason
for this is thought to originate from the fact that the NWP model uses a meso-scale
roughness length which represents the typical surface roughness including orography
within the grid cell and not the local situation at the position of the wind farm. In par-
ticular, in complex terrain the wind turbines are systematically erected at “optimal”
locations, i.e. on top of hills rather than in valleys. This might lead to the general
underestimation of these sites by the prediction. Hence, a general overestimation or
underestimation, respectively, by the prediction can be attributed to the on-site con-
ditions. However, in this investigation the terrain type was classified very roughly
without quantitatively relating the behaviour of the bias and sdbias to orography.

Diurnal variations occur mainly in the bias indicating imperfect modelling of
atmospheric stratification by the NWP model. With regard to the bias of the wind
speed, most of the inland sites show a typical “W” shape where at midnight the
relative bias is about 10–20% larger than at noon. At the island site this effect is
weak. The bias of the power prediction is still of the order of 10% of the average
annual power output but does not reproduce the “W” shape as the diurnal variations
are reversed; this is mainly caused by neglecting the effects of thermal stratification
in calculating the wind speed at hub height.

Regarding relative dispersion, in particular for the wind speed prediction, differ-
ent sites show a very consistent behaviour indicating a general property that affects
all locations in the same way. The linear increase of the dispersion with prediction
horizon has comparable slopes for the majority of sites and describes the system-
atic growth of the average phase errors between prediction and measurement with
increasing lead time.

The contribution of dispersion to the forecast error plays an important role. In
contrast to the bias and the sdbias, it cannot simply be calibrated out by linear
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transformations of the complete time series as the dispersion involves the cross-
correlation which is invariant under transformations of that kind. In this sense the
dispersion provides an estimate of the lower boundary of the prediction error and
limits the space for “simple” improvements.

Compared with the wind speed prediction, the relative dispersion of the power
prediction is larger by a factor of 1.8–2.6. As the cross-correlation does not change
by converting the wind speed prediction to power, this increase in dispersion is
mainly caused by increased fluctuations, of the predicted and measured power time
series, σ(Ppred) and σ(Pmeas). Hence, the factor mainly represents the effective non-
linearity of the power curve that unavoidably amplifies the wind speed fluctuations.
Because larger amplitude variations are punished by a higher dispersion, the predic-
tion error of the power prediction automatically increases compared with the wind
speed prediction. Thus, the relatively large error of the power prediction system is
not mainly caused by the additional errors associated with the modelling used in the
power prediction system, e.g. local refinement. Of course, the procedure that calcu-
lates the predicted power has to be as precise as possible, but the crucial point is that
the high error level of the power prediction more or less directly reflects the accu-
racy of the underlying wind speed prediction in combination with the influence of
the non-linear power curve.

The lesson learned from this chapter is that converting a wind speed prediction to
a power prediction fundamentally changes the statistical properties of the prediction
error. Most of these changes can be blamed on the non-linearity of the power curve.
The error of the power predictions has a non-Gaussian distribution, while the under-
lying wind speed errors are distributed normally in most cases. The prediction of the
power output naturally has a larger error compared with the wind speed. Hence, the
power prediction system primarily has to avoid additional errors to prevent things
going from bad to worse. Correction schemes based on linear regression techniques
that are applied globally to the time series are expected to be of little use to dramat-
ically decrease the forecast error. One way out of this situation seems to focus on
situation-based improvements of the wind speed prediction. This would require to
work directly on the NWP model and enhance its performance with respect to an
accurate modelling of the wind speed.



7

Correction of Wind Profiles Due
to Thermal Stratification

Abstract. In this chapter the influence of thermal stratification on the wind profile is investi-
gated in detail. The statistical distribution reveals that non-neutral situations occur rather often
and on average the stratification is slightly stable. Classifying measured vertical wind profiles
into different stability classes shows that absolute wind speeds and, in particular, the gradients
strongly depend on the degree of stability of the lower boundary layer. Moreover, the Monin–
Obukhov length L determined from atmospheric data according to the deBruin method proves
to be robust enough to serve as a stability parameter in general situations despite the rather
restrictive assumptions under which L is theoretically derived. Hence, using L together with
empirical functions to correct the well-known logarithmic profile due to thermal stratification
leads to major improvements in transferring the wind speed to hub height for heights up to
80 m. Though the prediction of the degree of thermal stratification by the numerical weather
prediction system Lokalmodell of the German Weather Service has a rather low accuracy, the
investigations for two wind farms show that taking thermal stratification into account signifi-
cantly improves the wind power forecast.

7.1 Occurrence of Non-neutral Conditions

In order to estimate the influence of thermal stratification it is important to know how
often different stability types occur in real atmospheric states. Figure 7.1 illustrates
the frequency distribution of the Monin–Obukhov length L for a typical onshore site
in flat terrain over 2 years. The stability parameter L was calculated according to the
parametrisation scheme of deBruin et al. [16] based on measurements of wind speed
and temperature at 2-m and 40-m height. Situations with stable stratification of the
lower atmosphere are obviously more frequent than unstable situations. The maxi-
mum of the distribution indicates that most of the time the stratification is slightly
stable.

Comparing the vertical wind profiles according to different stability classes il-
lustrates the strong impact of thermal stratification on the profile that is theoretically
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Fig. 7.1. Frequency distribution of thermal stratification determined by the stability parameter
L. The maximum of the distribution is clearly in the range of stable stratification. Hence, at
this onshore site most of the situations are slightly stable

derived in Chap. 3. Instead of the Monin–Obukhov length, which is estimated using
the velocity gradient, the stability classes are now defined according to the gradient
of potential temperature. In Table 7.1 the frequency of different stability classes de-
fined by differences in potential temperature, ∆Θ (3.18), at two heights (2 and 40 m)
is shown.

The mean wind profiles corresponding to the stability classes in Table 7.1 are
shown in Fig. 7.2 for unstable situations and in Fig. 7.3 for stable situations. Each
of the mean profiles has been calculated by averaging over individual profiles of the
same stability class.

Compared with the near-neutral case (class 0), the mean wind speeds in unstable
situations are much smaller with smaller gradients. Hence, in the 30–200-m range the
wind speed increases only little on average. This is due to the turbulent mixing in the
lower part of the atmosphere evoked by buoyancy. As the difference between wind
speeds at different heights is small, there is a strong coupling between them, and

Table 7.1. Frequency distribution of stability classes at Cabouw. The classification is based
on the gradient of the potential temperature at the heights 2 and 40 m and ranges from “very
unstable” (class −3) via “neutral” (class 0) to “very stable”

Class −3 −2 −1 0 1 2 3 4

∆Θ < − 1.4 [−1.4,−0.8] [−0.8,−0.3] [−0.3, 0.3] [0.3,1.2] [1.2,3] [3,7.2] >7.2
Frequency (%) 0.05 3.14 8.80 19.68 42.10 17.68 7.84 0.71
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Fig. 7.2. Mean measured wind profiles for unstable stratification. The difference in the poten-
tial temperature at 2-m and 40-m height determines the stability class
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Fig. 7.3. Mean measured wind profiles for stable stratification. The difference in the potential
temperature at 2-m and 40-m height determines the stability class

thus an effective downward transport of horizontal momentum. However, situations
with unstable stratification do not occur very often. For the example site, only 12%
(Table 7.1) of the atmospheric states are considered to be unstable, which agrees with
other investigations, e.g. [105].

In contrast to this, the majority (approximately 68%) of situations are stable. It
is important to note that these states are typically related to higher wind speeds at
heights that are relevant for wind energy use as the gradients are typically consider-
ably steeper compared with the near-neutral profile, in particular, for heights up to
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Fig. 7.4. Mean profiles for all stability classes normalised to the wind speed at 10-m height.
The wind speed gradients up to a height of approximately 150 m strongly depend on thermal
stratification

150 m (Fig. 7.3). The physical reason for this phenomenon is the suppression of tur-
bulent, mixing in stable situations, which is theoretically discussed in Chap. 3. The
flow is still turbulent, but the coupling between flow at different heights is reduced so
that the momentum transport from the geostrophic wind to the surface layer becomes
less effective. Hence, the wind speeds near the ground are relatively small compared
with the wind speed in the free atmosphere.

The mean wind profiles of the different stability classes are easier to compare if
they are normalised to the wind speed at a fixed height, e.g. 10 m (Fig. 7.4). In this
representation it can be clearly seen that the slopes continuously decrease from stable
to unstable situations. The unstable profiles with their flat gradients can clearly be
separated from the stable profiles which are characterised by a pronounced increase
of wind speed within the first 100 m from the ground.

For very stable stratification (class 4) the height of the surface layer is expected
to be below 100 m (see e.g. [44]). This would be indicated by a decrease in wind
speed above this height, which is clearly not detectable in the profiles in Fig. 7.4.

The mean wind profiles of the various stability classes are strongly different
showing that thermal stratification has a significant impact on the shape of the pro-
files. At the site of Cabouw, which is comparable to typical flat-terrain sites in the
north of Germany, about 80% of the situations are non-neutral. Hence, for wind
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power application the stratification of the atmosphere has to be considered, in partic-
ular, to determine the correct wind speed at the hub height of the wind turbines.

Finally, Fig. 7.5 shows the statistical distributions of the wind speed at 80 m for
unstable, neutral and stable stratification. Wind speeds greater than 10 m/s primar-
ily occur in neutral situations. It can also be seen that stable situations which have
rather low wind speeds at 10 m can have considerable wind speeds at 80 m. This
is, of course, important to know for wind power predictions. If low wind speeds are
predicted at 10 m the relevant wind speed at hub height (e.g. about 80 m) might
nevertheless be very significant in stable stratifications.

7.2 Application of Monin–Obukhov Theory

The Monin–Obukhov theory is strictly valid only for a very limited range of real
atmospheric conditions, in particular for stationary situations. In this section the in-
vestigation focus on the applicability of the Monin–Obukhov approach in situations
where the assumptions under which it is derived are not valid. Moreover, the influ-
ence of typical variables such as the magnitude of wind speeds and temperatures or
the roughness length on the thermal correction is evaluated. The aim is to assess the
benefits of using the correction scheme for practical purposes.
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7.2.1 Correction of the Wind Profile up to 40 m

In the lower part of the wind profile up to around 40 m the gradients are generally
large and strongly depend on the thermal stratification, this can be clearly seen in
Fig. 7.4. Hence, at these heights a correction of the profile according to the ther-
mal stratification is expected to significantly improve the transformation of the wind
speed from one height to another. Hence, the thermal correction of the wind speed at
40-m height based on the wind speed at 10-m height is calculated using the neutral
profile on the one hand and the corrected profile on the other.

As discussed in Sect. 3.4, thermal stratification is implemented as a correction
function ψ(z/L) to the neutral logarithmic profile. To obtain the thermally corrected
wind speed uz2 at height z2 based on the wind speed uz1 at z1, the equation

uz2 = uz1

ln
(

z2
z0

)
− ψ

(
z2
L

)

ln
(

z1
z0

)
− ψ

(
z1
L

) (7.1)

is used. The stability parameter L is determined according to the scheme by de-
Bruin [16] using the temperature differences at 2-m and 40-m height. To exclude
roughness effects, only data of one homogeneous sector (180◦) are considered.

Figure 7.6 shows the ratio between calculated wind speed at 40 m and measured
wind speed at the same height. The ratio is plotted against the thermal stratifica-
tion of the atmosphere expressed by z1/L, where, as before, z1/L = 0 refers to a
neutral stratification, z1/L < 0 to an unstable situation and z1/L > 0 to a stable
state. If only a neutral profile is used (Fig. 7.6 (left)), i.e. ψ = 0, the wind speed is
clearly overestimated in unstable situations while it is underestimated in stable con-
ditions. This is perfectly understandable from the considerations in Sect. 7.1, where
the thermally induced deviations from the neutral profile are discussed. Thus, the
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Fig. 7.6. Ratio of calculated and measured wind speed at 40-m height versus stability para-
meter 10/L. The wind speed is calculated at 10 m height using the neutral profile (left) and
the thermally corrected profile according to (7.1) (right). L is determined by the temperature
difference at 2-m and 40 m height
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data in this case show that applying the neutral profile in every situation leads to
considerable errors (around 20%) in calculating the wind speed at different heights.
Fortunately, the right thermal correction according to (7.1) significantly improves
the results, as shown in Fig. 7.6 (right). The systematic deviations from the optimal
value are mostly eliminated, leaving only a slight overestimation of the wind speed
for 10/L > 0.3.

The thermal correction is carried out for each situation individually according to
the specific value of L. Hence, not only general trends due to systematic over- or
underestimations are corrected, but the scatter around the desired value is reduced.
In Fig. 7.7 the scatter plots are shown, where the calculated wind speed at 40-m
height is plotted against the corresponding measurement. It is clearly visible that the
variations around the diagonal are considerably larger if the neutral profile is used
(Fig. 7.7 (left)) compared with the thermally corrected profile (Fig. 7.7 (right)).

The general improvement by using the thermal correction can be expressed in
terms of statistical error measures (c.f.Chap. 6).

Table 7.2 reveals that the bias changes sign and is slightly positive after the cor-
rection. But as the absolute value of the bias is rather small, this is only a minor
change. What is more important is the increase in the cross-correlation from 0.97 to
0.99, as this improvement indicates the benefitial use of a situation-based correction

Table 7.2. Comparison of statistical errors in calculating the wind speed at 40 m height based
on the wind speed at 10 m using the neutral profile and the thermally corrected profile

biasucalc,umeas rucalc,umeas σ(ucalc − umeas)

Neutral −0.272 ± 0.004 0.974 0.662 ± 0.007
Corrected 0.229 ± 0.003 0.992 0.348 ± 0.003
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scheme. The cross-correlation is invariant under linear transformations of the com-
plete time series. Therefore, a significant increase in rucalc,umeas due to individual
corrections according to the current stability parameter L shows that the correction
scheme indeed has a physical meaning. The increased cross-correlation leads to a
significantly decreased standard deviation of the error between calculated and mea-
sured wind speed.

Hence, the use of thermally corrected profiles according to the Monin–Obukhov
theory instead of the neutral logarithmic profile considerably improves the accuracy
of determining the wind speed at 40-m height based on the 10-m speed. Though
the Monin–Obukhov approach is strictly valid only in stationary situations, the
scheme used here, including the stability parameter L calculated according to de-
Bruin et al. [16] together with the standard empirical correction functions, appears
to be robust enough to produce reasonable results under various meteorological
conditions.

7.2.2 Correction of Wind Profile Above 40 m

Having shown that including the effect of thermal stratification into the calculation
of the wind speed at 40-m height leads to a better accordance with measurements,
our focus is now on the greater heights which are more relevant for wind power
applications. Naturally, the uncertainty of correcting the wind profile increases with
height, and hence the accuracy of the correction scheme is evaluated for these cases.

In the following, the scheme that has been successfully used in the last section is
applied to calculate the wind speed at 80 m and 140 m. The 80-m wind is determined
based on the wind at 10-m and 40-m height, respectively, while the 140-m wind is
based on the 40-m wind only. The Monin–Obukhov length L is again generated from
the temperature at 2 m and 40 m.

Figure 7.8 shows, analogous to Fig. 7.6, the ratio between calculated and mea-
sured wind speeds for the different heights. As before, the wind speeds are overesti-
mated in unstable situations and underestimated in stable stratification if the neutral
profile is used to transfer the wind speed from one height to another. In particular,
for the large height differences 10–80 m and 40–140 m, the underestimation in sta-
ble conditions is rather pronounced and reaches up to 40%. If thermal stratification
is included the systematic deviations are strongly reduced and the distribution of the
speed ratio is around 1 indicating that the correction scheme is also applicable for
greater heights.

However, in statistical terms the achieved improvements differ for different
heights. Figure 7.9 shows the error measures of various combinations of heights
together with the 10–40-m results from the last section for comparison. Using ther-
mally corrected profiles instead of the logarithmic profile reduces the bias consid-
erably, in particular for large height differences; this is mainly due to eliminating
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the general underestimation of the wind speed in stable cases. Moreover, the cross-
correlation increases for heights up to 80 m. In particular, for the 10–80-m extrapo-
lation of the wind speed the cross-correlation rises dramatically from 0.93 to 0.98.
Thus, if thermal stratification is considered the wind at 10 m contains as much in-
formation about the wind speed at 80-m height as the wind at 40 m does, and both
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Fig. 7.9. Statistical error measures of neutral and thermally corrected calculation of wind speed
at 40, 80 and 140 m based on the 10-m or 40-m wind speed, respectively

starting heights lead to the same cross-correlation. The mean square error σ also has
the same level in both cases, so that starting from 10 m or 40 m does not make a big
difference as long as thermal effects are included.

In contrast to this, the correction scheme is not successful for the wind at 140-m
height. The improvement in the bias cannot compensate for the decrease in cross-
correlation, so that the standard deviation of the error slightly increases. The results
suggest that 140 m is beyond the surface layer, so that the logarithmic profile is no
longer valid at this height (see Chap. 3) and, hence, the thermal correction of this
profile also fails.
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Generally, the correction scheme works well to find the wind speed up to heights
of about 80 m under consideration of the thermal stratification where, surprisingly,
the accuracy of the calculated wind speed does not depend on the starting height. As
expected, the validity of the logarithmic profile and the Monin–Obukhov theory is
limited and no longer applicable to heights around 140 m.

7.2.3 Influence of Roughness on Stability Correction

Commonly, the local roughness length z0 is a subjectively determined external pa-
rameter. In order to estimate the influence of z0 on the thermal correction the calcu-
lations of Sect. 7.2.1, i.e. from 10 to 40 m, are carried out with various roughness
lengths. A recalculation is necessary because the influence of the roughness length
on the thermal correction cannot easily be concluded from (7.1) as z0 is also used to
determine L. The range of z0 at the investigated site would be 0.001–0.03 m. Note
that z0 is determined per sector.

The results for the pure logarithmic and the corrected profiles are shown in
Fig. 7.10 in terms of the well-known error measures, where z0 has been varied over
three orders of magnitude from 0.0001 to 0.1 m. The bias strongly depends on the
roughness length in both cases. This is because the choice of z0 determines the verti-
cal profile and influences how much the calculated wind speed systematically differs
from the measured wind speed. Nevertheless, the difference between both methods is
not much, so that the benefit of using the stability correction is virtually independent.

The same holds for the cross-correlation, which is only marginally influenced
by the roughness length. If the neutral profile is used the cross-correlation does not
change at all, as according to (7.1) the calculated wind speed is effectively multi-
plied by a roughness-dependent constant, i.e. ucalc = a(z0)u10, which does not
affect the correlation. The standard deviation of error, σ, depends on z0 and pro-
foundly increases for z0 > 0.01 for the neutral and the corrected profile, but again
the difference changes only slightly.

Hence, though the roughness length has a major impact on the magnitude of
the calculated wind speed at a certain height, the advantage of using the thermally
corrected profile instead of the neutral one remains basically the same.

7.2.4 Dependence of Stability Correction on Temperature Differences

The Monin–Obukhov length L depends on the temperature gradient of the lower
boundary layer. However, to determine the value of L a good choice of the involved
parameters is necessary, and therefore the following question arises: which part of the
temperature profile is most adequate to describe the influence of thermal stratification
on the vertical wind profile? In order to find the optimal parameters the investigation
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determined from the 2–10-m (abscissa) and 2–80-m (ordinate) temperature difference

in Sect. 7.2.1 is repeated using temperature differences from various combinations
of heights.

The determination of L from different parts of the temperature profile is expected
to lead to different results because the temperature difference that is used can be
considered as a bulk gradient that contains information concerning the stability of
the atmosphere over the chosen height difference.

In Fig. 7.11 two ways of calculating the Monin–Obukhov length based on rather
extreme cases, namely the temperature difference at 2 m and 10 m, i.e. close to the
surface, and the temperature difference at 2 m and 80 m, i.e. covering the complete
lower boundary layer, are compared. For stable situations where both values of L are
positive, the stability parameter originating from the 2–80-m gradient gives a smaller
L and, hence, a larger z/L. In terms of the wind profile this means a larger correc-
tion. For unstable stratification, where L according to the difference between 2 m and
10 m is negative, it is vice versa and the 2–80-m temperature gradient leads to larger
L. Moreover, a small set of situations is classified differently by both methods with
L based on the 2–10-m differences being negative and that based on the 2–80-m dif-
ferences being positive. These situations can typically be found in the early morning
hours where the air near the surface is already heated from the ground and is locally
unstable, while the stratification of the layers above is still stable.

Hence, the choice of the heights which are used to actually determine the tem-
perature gradient has an impact on the value of the Monin–Obukhov length L. How-
ever, these slight differences do not have a major impact on the accuracy of the sta-
bility correction. The resulting error between calculated and measured wind speed
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Fig. 7.12. Influence of different pairs of heights to determine the temperature difference on
the calculated wind speed at 40 m. The notation 2–10 means that temperature measurements
at 2-m and 10-m height are used to obtain L; similar notation is used for other combinations.
For comparison the results for the neutral profile are given. The error measures used are bias
(top), cross-correlation (middle) and standard deviation of error (bottom)

virtually does not depend on the choice of the temperature gradient. In Fig. 7.12 the
usual error measures of the corrected wind speed at 40-m height are shown, where
L has been calculated based on eight pairs of temperature differences. It can be con-
cluded that all thermal corrections significantly improve the result compared with
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the neutral profile. Moreover, temperature gradients that involve the height of 80 m
lead to a slightly better cross-correlation and lower standard deviation of error than
gradients built from lower heights only.

Thus, a parametrisation of the thermal stratification can successfully be carried
out based on different parts of the temperature gradient. To obtain best results the
temperature gradient between around 20 m and 80 m seems to be most appropriate.

7.3 Prediction of Thermal Stratification

In order to use the stability correction of the wind profile for wind power fore-
casts, the predictability of thermal stratification by the numerical weather prediction
(NWP) system has to be checked. For this purpose the accuracy of the NWP system
in predicting temperature differences is assessed.

The NWP data used here comes from the Lokalmodell (LM) of the German
Weather Service. Being a non-hydrostatic model the LM is in principle capable of
describing local thermal effects. The predicted temperature difference between 2 m
and 33 m provided by LM is compared with the measured difference between 2 m
and 20 m. The comparison is helpful despite the deviating upper heights because
large temperature gradients occur in the lower part of the profile between 2 m and
10 m.

Whether a situation is stable or unstable is quite accurately predicted by the NWP
system. This is illustrated in Fig. 7.13, where the frequency of corresponding signs
between the predicted and the measured temperature differences is shown. The aver-
age quality of the prediction varies over the day. During nights 95% of the situations
are correctly classified. In this time interval, unstable stratification is very seldom,
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Fig. 7.13. Frequency of correspondence between the signs of predicted and measured thermal
stratification
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Fig. 7.14. Scatter plot of predicted versus measured temperature differences

and this simplifies the forecast. The rate of correspondance drops to around 80%
during daytime, indicating that unstable conditions are harder to predict.

However, a more detailed assessment reveals that the prediction accuracy of the
temperature differences is not satisfying in all cases. The scatter plot in Fig. 7.14
directly compares predicted and measured temperature differences and shows a good
agreement only in the range Θ = −0.3 K to θ = 1 K. For larger gradients profound
deviations occur; in particular, the measured positive differences are considerably
larger than the predicted ones. The maximum predicted difference is 2.5 K, while the
maximum measured difference is larger than 4 K. In contrast to this, strong negative
gradients are predicted that have not been measured in this magnitude.
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The frequency of these profound deviations can be evaluated by considering the
statistical distributions of measured and predicted temperature differences. In the
middle of the night, e.g. 1:00 CET, the majority of the situations are stable, and
this is basically reflected by the prediction system (Fig. 7.15 (left)) except for the
large temperature gradients. This changes completely after sunrise, so that at noon,
i.e. 13:00 CET, the stratification is unstable in most cases (Fig. 7.15 (right)). Again
the measured and predicted distributions do not match for large gradients. But at
7:00 CET and 16:00 CET both distributions are very similar (not shown), indicating
that the difficulty in predicting large gradients are limited to rather extreme condi-
tions, either stable or unstable.

The error measures bias, cross-correlation and standard deviation of error, sde,
are used to quantitatively assess the prediction accuracy of the temperature differ-
ence forecast. The results are shown in Fig. 7.16. In particular, the cross-correlation
varies dramatically over the day. While it is on an acceptable level of 0.75 during the
daytime hours, it drops down to 0.5 during the night. This reflects the fact that the
prediction fails for very stable situations with large positive temperature gradients,
as already indicated by the scatter plot in Fig. 7.14. Consequently, the sde of the
temperature prediction also rises for the nighttime hours.

Hence, using the predicted temperature differences of the NWP model rather
accurately provides the stratification type in terms of the sign of the gradient, but
the prediction of the absolute value of the temperature differences to determine the
degree of stability appears to be rather inaccurate. In particular, a situation with large
temperature gradients poses a problem to the NWP forecast. This might be due to
the coarse vertical resolution of the NWP model.

7.4 Verification of the Stability Correction Scheme

In the following, the correction scheme to account for the effects of thermal strati-
fication is applied to produce a wind power prediction for two wind farms and the
results are compared with the real power output. For this purpose the scheme that
has been discussed in the previous sections is implemented into the prediction sys-
tem Previento (see Chap. 4). Naturally, the error of the wind power prediction for
the test sites is accumulated over all effects in the model chain, particularly due to
the initial uncertainty in the wind speed prediction of the NWP model, the transfor-
mation to hub height, the effect of the power curve and the shadowing effect within
the wind farm. Hence, the question is whether the stability correction leads to an
improvement in the final power prediction or is covered by the other various sources
of error.

The wind power prediction is based on the wind speed prediction at 10-m height
of the Lokalmodell. The wind speed at hub height is calculated under consideration



108 7 Correction of Wind Profiles Due to Thermal Stratification

−0.4

−0.3

−0.2

−0.1

 0

 0.1

B
ia

s d
T

pr
ed

, d
T

m
ea

s [K
]

 0.4

 0.5

 0.6

 0.7

 0.8

r d
T

pr
ed

, d
T

m
ea

s

 0

 0.2

 0.4

 0.6

 0.8

6 12 18 24

σ d
T

pr
ed

 −
 d

T
m

ea
s [K

]

day time [h]

Fig. 7.16. Accuracy of temperature difference prediction by Lokalmodell over the day. The
bias (top), cross-correlation (middle) and standard deviation of the error (bottom) are shown.
The error bars illustrate the uncertainty of determining the error values

of a direction-dependent roughness description (see Sect. 4.3). To determine the
Monin–Obukhov length L the predicted difference between the temperatures at
2 m and 33 m is used. The two test sites Neuenkirchen and Hengsterholz are lo-
cated in northern Germany in flat terrain, so that orographic effects are not relevant.
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Fig. 7.17. Ratio between measured and predicted power output versus z/L for wind farm
Neuenkirchen using neutral profile (left) and with stability correction (right)

Neuenkirchen is nearer to the coast, while Hengsterholz is a typical inland site. Cer-
tified power curves are used to transfer wind speed into power output. More than 1
year of data ranging from March 2001 to May 2002 are available for the investiga-
tion.

7.4.1 Neuenkirchen

The wind farm Neuenkirchen has six wind turbines with a hub height of 70 m and a
rated power of 1 MW, each located about 16 km south-east of the town of Cuxhaven.

The wind power predictions are calculated with and without the stability correc-
tion. First, the ratio between predicted and measured power output versus the inverse
stability parameter z/L shows the effect of using the corrected wind profile com-
pared with the neutral one. The predicted power considerably underestimates the
measured power in stable situations if the neutral profile is used (Fig. 7.17 (left)).
Therefore, the influence of thermal stratification on the power output is clearly visi-
ble and not covered by other sources of error. In contrast to the wind speed, there is no
systematic overestimation in unstable conditions. The thermal correction eliminates
the systematic deviation for unstable stratification (Fig. 7.17 (right)). The scatter is
still profound but rather symmetric around the optimal value 1.

Stable stratification mainly occurs at nighttime when the ground cools down and
the decreased turbulent momentum transport leads to a weaker coupling of the sur-
face layer to the geostrophic driving force as discussed in Chap. 3. In these situations
the predicted wind speed is typically too high if the neutral wind profile is used to
transfer the wind speed given by the NWP model at 10 m to hub height, so that
the power output is on average overestimated as well. In unstable situations which
are commonly encountered at daytime the neutral profile tends to underestimate the
wind speed and, hence, the mean predicted power output is generally too low. This
characteristic property of the neutral profile leads to a diurnal cycle of the bias of the
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the difference between both methods

power prediction in Fig. 7.18 (top). During the night the relative bias is negative; it
increases after sunrise with a maximum around noon and decreases again during the
afternoon. If the thermal correction is applied the bias is increased at nighttime and
decreased at daytime and almost completely levels out the diurnal variations.
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Fig. 7.19. Ratio between measured and predicted power output versus z/L for wind farm
Hengsterholz using neutral profile (left) and with stability correction (right)

In addition, the average cross-correlation between predicted and measured power
improves from 0.76 to 0.79. As Fig. 7.18 (middle) shows, this is mainly due to an
increase during the day and seems to correspond to the fact that the LM prediction of
the temperature differences and, thus, the stability parameter is significantly better in
this period of time (see Fig. 7.16 (middle)). The same holds for the relative standard
deviation of error, which slightly decreases from 67% to 64% (Fig. 7.18 (bottom)).

7.4.2 Hengsterholz

The wind farm Hengsterholz consists of six Vestas V47 with hub height of 65 m and
an installed power of 660 kW each. The power prediction is carried out in the same
way as for Neuenkirchen.

As before, considering thermal stratification also leads to a correction of the sys-
tematic deviations in stable situations (Fig. 7.19). The relative bias of the power
forecast shown in Fig. 7.20 (top) has a far more pronounced diurnal cycle at this site
compared with Neuenkirchen and varies about 90% of the measured power. Large
variations in the bias over the day are typical for inland sites in flat terrain if the neu-
tral profile is used. This is basically for two reasons. First, the neutral profile does
not reflect thermal stratification in calculating the wind speed at hub height based on
the predicted wind speed given by the NWP model at 10-m height. Second, the NWP
model does not accurately predict the diurnal cycle of the wind speed at 10 m. This
systematic error leads to a diurnal variation in the bias of the wind speed prediction
which is quite considerable for inland sites, as described in Chap. 6. Hence, at this
site the stability correction can only reduce the diurnal cycle of the bias that is due
the extrapolation to hub height but cannot level it out completely as the influence of
the initial NWP wind prediction is still prominent.

However, the benefits of applying the correction are still considerable. The cross-
correlation averaged over the prediction times of 1 day increases from 0.74 to 0.78
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Fig. 7.20. Comparison of error of power prediction using the neutral profile and the thermally
corrected profile for wind farm Hengsterholz. As usual the bias (top), cross-correlation (mid-
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shows the difference between both methods
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(Fig. 7.20 (middle)). Moreover, the relative sde drops from 81% to 73% (Fig. 7.20
(bottom)). Compared to Neuenkirchen, improvements are not restricted to a particu-
lar time of day.

7.5 Conclusion

This chapter deals with an essential problem of wind power forecasting, namely
transfering the wind speed at a given height, typically in the range 10–40 m, to the
hub height of a wind turbine. The investigation shows that the thermal stratifica-
tion of the atmosphere in the surface layer has to be considered. Applying stability
corrections to the commonly used logarithmic wind profile leads to significant im-
provements in the calculation of the wind speed at hub height and, hence, can be
benefitially implemented into physical power prediction systems.

The thermal corrections are based on the Monin–Obukhov theory, which proves
to be successfully applicable not only in special stationary meteorological situations
but also in general. The error which occurs by extrapolating the wind speed to hub
height can be significantly reduced, in certain cases by 50%. For the investigated
hub height of 80 m the error reduction does not depend on the height of the given
wind speed. Of course, this result has to be confirmed for other sites with different
local conditions. Moreover, the choice of the roughness length, which is subjective
in many cases, does not have a large impact on the improvement achieved by the sta-
bility correction. The correction scheme is, as expected, limited to the surface layer
comprising about the first 100 m of the atmosphere where the logarithmic profile is
valid. At the investigated site a successful correction is possible for heights up to
80 m.

To determine the Monin–Obukhov length L, temperature differences between
different heights are required. It is shown that taking into account the difference from
the upper part of the surface layer between 20 m and 80 m leads to better results than
estimating the temperature gradient based on low heights.

A crucial point regarding the implementation of the stability correction into a
power prediction system is the predictability of the temperature differences by the
NWP system Lokalmodell (LM) of the German Weather Service. Though the LM
is able to predict the type of thermal stratification, i.e. whether the situation is sta-
ble or unstable, it does not accurately determine the degree of stability. In particular,
extremely stable conditions are underestimated by too small temperature gradients,
while extremely unstable situations are overestimated. Hence, the prediction of ther-
mal stratification by the NWP model is not optimal and works relatively better for
daytime forecasts than during the night.

Nevertheless, the thermal corrections of the wind profile, including the predicted
temperature differences of LM are implemented into Previento and tested at two
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sites. The benefits of the correction are clearly visible in the power prediction de-
spite other sources of error that might overcast the effect. The diurnal cycle of the
bias can largely be reduced, particularly for sites with a weaker amplitude of the di-
urnal variations. Improvements in the forecast accuracy are observed for mainly the
daytime hours, and this seems to be due to the fact that the LM prediction of thermal
stability performes better in this period of time.

The strong reduction in the error in calculating the wind speed at hub height
because of the consideration of thermal stratification leads to an overall improvement
of about 5% in the error of the power prediction.



8

Assessment of Wind Speed
Dependent Prediction Error

Abstract. The investigations in this chapter follow the idea that the prediction error quanti-
tatively depends on the meteorological situation that has to be predicted. As a first approach
the wind speed as a main indicator of the forecast situation is considered in greater detail. The
probability density functions (pdf) of the measured wind speed conditioned on the predicted
one are found to be Gaussian in the range of wind speeds that is relevant for wind energy appli-
cations. An analysis of the standard deviations of these conditional pdfs reveals no systematic
dependence of the accuracy of the wind speed prediction on the magnitude of the wind speed.
With the pdfs of the wind speed as basic elements, the strongly non-Gaussian distribution of
the power prediction error is explained underlining the central role of the non linear power
curve. Moreover, the power error distribution can easily be estimated based on the statistics
of the wind speed, the wind speed forecast error and the power curve of the turbine. Thus, it
can be reconstructed without knowing the actual measured power output, which is interesting
for future sites or sites where no data are available. In addition, a simple formula based on lin-
earising the standard deviation of error is derived. This model illustrates the dominating effect
of small relative errors in the wind speed prediction being amplified by the local derivative of
the non-linear power curve.

8.1 Idea Behind Detailed Error Assessment

The standard error measures that are used in the previous chapter are based on an-
nual averages of the data and provide only one constant value for each forecast time.
However, there is reason to believe that the magnitude of the error quantitatively de-
pends on the meteorological situation to be predicted. Thus, a more detailed view on
the prediction error is required, where the main parameters that characterise typical
wind conditions have to be identified and related to the corresponding forecast error.

The first parameter that can serve as an indicator of the forecast situation is the
wind speed itself. It is a continuous parameter closely related to the forecast situation
and the main input into the power prediction system. In this chapter the role of the
predicted wind speed and its prediction error are investigated more deeply.
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As outlined in Chap. 4 the chain of events seems rather straightforward: the ini-
tial uncertainty introduced by the error of the wind speed prediction is propagated
through the power prediction system where it is mainly subject to changes by the
power curve. Due to its non-linearity the power curve is expected to amplify or damp
initial errors in the wind speed according to its local derivative. And this derivative is
a function of the wind speed. So, clearly, the power curve is expected to be the key el-
ement that connects the errors of the wind speed prediction and the power prediction.
Thus, the major aim here is to derive a quantitative relation between the two.

The practical use of this relation and its implementation into a wind power pre-
diction system is to provide the user with additional information to estimate the risk
of trusting in the prediction. Hence, the prediction system has to supply the prediction
itself and a useful indication concerning the reliability of the individual prediction.
As financial losses might be proportional to the magnitude of the prediction error,
the inherent risk of faulty predictions must be known for each forecast situation.

8.2 Introduction of Conditional Probability Density Functions

It was seen in Sect. 6.3 that the probability density function of wind speed error,
pdf(εu), is Gaussian in most cases. As mentioned above, a more detailed information
concerning the error to be expected in special conditions is desirable. Thus, a first
approach is to refine the pdfs and look at the statistical properties of the measured
wind when the predicted wind speed is confined to a certain value which, from a
mathematical point of view, leads to conditional pdfs. In this section the deviations
of the measured wind speed from one is investigated in terms of these conditional
pdfs.

Predicted and measured values of a meteorological variable at the same point
of time and space are naturally not independent. In fact, they are supposed to be
highly correlated as this is a major prerequisite for an accurate prediction. The pairs
(xpred, xmeas) are drawn simultaneously from a joint distribution, pdf(xpred, xmeas),
that characterises the statistical properties of the prediction and its error. This means
that for arbitrary but fixed predicted values xpred, the occurrences of the correspond-
ing measured values xmeas are expected to be mainly concentrated in an interval
around xpred rather than being spread over the whole range of all possible values.

In the following investigation the “prediction perspective” is taken, which means
that the predicted values are used as condition to the measurements. This aims at
formulating the equations so that they can directly be used for prediction purposes.

Formally the conditional pdf of the wind speed is given by

pdf(umeas|upred) =
pdf(upred, umeas)

pdf(upred)
, (8.1)
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where pdf(upred, umeas) is the joint distribution and pdf(upred) is the unconditional,
so-called marginal, wind speed distribution.

For practical purposes the time series are given by a finite number of data points
with a certain accuracy. So the probability function of the measured wind speed
umeas under the condition upred is approximately calculated by confining the pre-
diction values to an interval around upred and bin-counting the corresponding values
for umeas.

The conditional pdfs can, of course, be used to obtain the unconditional distribu-
tion by

pdf(umeas) =
∫ ∞

0

pdf(umeas|upred) pdf(upred) dupred . (8.2)

These conditional pdfs of the wind speed can be used to reconstruct the error
distribution, pdf(εu), of the wind speed prediction that was found in Chap. 6. The
conditional pdfs defined in (8.1) already contain all the information needed for this
as they describe the deviations between predicted and measured values. With the
transformation

umeas 
→ εu, where εu = upred − umeas , (8.3)

the pdf(umeas|upred) are merely mirrored and shifted along the abscissa and trans-
ferred to pdf(εu|upred). The original, unconditional error distribution can then be
recovered by

pdf(εu) =
∫ ∞

0

pdf(εu|upred) pdf(upred) dupred . (8.4)

Note that if the conditional pdfs are approximately equal to each other and do not
vary much with upred, one obtains pdf(εu) ≈ pdf(εu|upred). In this case the overall
pdfs of the error can directly serve as conditional pdf.

8.2.1 Reconstructing the Distribution of the Power Prediction Error

Knowing the statistical properties of the wind speed is very helpful with regard to the
prediction of the power output as the wind speed is the main input variable fed into
the power prediction system. However, as seen in Chap. 6, the error distributions of
the power prediction differ qualitatively from those of the wind speed in that they are
neither Gaussian nor approximately Gaussian, which is mainly due to the non-linear
power curve of the wind turbines. The following investigation focusses on the role
of the power curve in transforming the distributions of the wind speed and its error
into those of the power output.

In Fig. 8.1 a typical power curve, P (u), is shown with cut-in speed around 4 m/s,
followed by a sharp increase of power over the interval 5–10 m/s and a saturation at
the level of rated power for higher wind speeds. Let ∆u be a small interval around
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Fig. 8.1. Power curve of a pitch regulated wind turbine (solid line). For three different wind
speeds, conditional pdfs, pdf(umeas|upred,i), which have mean = upred,i and standard devia-
tion 1, are illustrated on the x-axis. The corresponding pdf(P (umeas)|P (upred,i)) constructed
from (8.5) are plotted on the y-axis. The pdfs are not normalised for better visualisation. For
small and large wind speeds the Gaussian wind speed distributions are strongly deformed and
no longer symmetric. For medium wind speeds the pdf of the power is significantly flatter and
broader than the pdf of the wind speeds

the wind speed u and ∆P = P (u + ∆u) − P (u) be the resulting difference in
the power output. For small ∆u the corresponding ∆P is then given by a Taylor
expansion around u:

∆P =
dP

du
(u)∆u . (8.5)

This equation generally describes how wind speed intervals are mapped to power
intervals. If ∆u is regarded as a small deviation between predicted and measured
wind speed, (8.5) illustrates that the power curve scales errors in the wind speed
according to its local derivative. Thus, whether deviations in the wind speed are
amplified or damped depends on the magnitude of the wind speed.

Using (8.1) the probability to find a measurement value u in the interval [umeas,

umeas + ∆u] with upred confined to [upred, upred + ∆u] is

w := pdf(umeas|upred) pdf(upred) (∆u)2 . (8.6)

If the area (∆u)2 around (umeas, upred) is mapped to (∆P )2 around (P (umeas),
P (upred)) according to (8.5), the probability w is preserved because all events that
are recorded in the wind speed intervals also occur in the power output intervals.
Hence,
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w = pdf(umeas|upred) pdf(upred) (∆u)2

!= pdf(P (umeas)|P (upred)) pdf(P (upred)) (∆P )2

= pdf(P (umeas)|P (upred)) pdf(P (upred))

×
(

dP

du
(umeas)∆u

)(
dP

du
(upred)∆u

)
. (8.7)

If (8.7) is solved for the desired pdfs of the power output one obtains

pdf(P (umeas)|P (upred)) pdf(P (upred))

= pdf(umeas|upred) pdf(upred)
(

dP

du
(umeas)

)−1(dP

du
(upred)

)−1

. (8.8)

This equation provides the essential relation between the distributions of wind
speed on the one hand and power on the other. As expected, the power curve plays
a crucial role in connecting the statistical properties of both quantities. Note that the
divergence in (8.8) for (dP/du)−1 → ∞ is compensated by ∆P → 0 according to
(8.5) so that the probability w is always well defined.

Figure 8.1 illustrates the effect of (8.5) for three different Gaussian wind speed
distributions with same standard deviations. For small and large wind speeds the
Gaussian wind speed distributions are strongly deformed and no longer symmetric.
For medium wind speeds the pdf of the power is significantly flatter and broader than
the pdf of the wind speeds.

The next steps towards a full description of the statistics of the power prediction
error in terms of the wind speed distributions are now right ahead: Equation (8.8) is
used to create the functions pdf(P (umeas)|P (upred)) for each P (upred). Then these
functions are weighted according to the frequency distribution of P (upred) and their
variables are shifted analogous to transformation (8.3). Finally, these shifted func-
tions are added and the unconditional pdf of the power prediction error is recon-
structed.

Equations (8.7) and (8.8) suggest that the basic elements in this reconstruction
procedure can be defined by

F (P (umeas), P (upred)) := pdf(umeas|upred) pdf(upred)

×
(

dP

du
(umeas)

)−1(dP

du
(upred)

)−1

. (8.9)

Note that this definition is an intermediate step that conveniently summarises all
mathematical terms involved. The functions F contain the information how the con-
ditional pdf of the wind speed has to be transformed to the corresponding power pdf
and which weight this pdf has. Once the right-hand side of (8.9) has been used, F is
defined in the power domain, i.e. the independent variables are P̃meas := P (umeas)
and Ppred := P (upred).
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The notation P̃meas denotes the measured power obtained by plugging the mea-
sured wind speed at hub height into the theoretical power curve. Generally, P̃meas

slightly differs from the direct measurement of the power output, Pmeas, because the
power curve of the local wind turbine might deviate from the theoretical curve or
additional errors that are not covered by the power curve come in.

Analogous to the transformation of the conditional wind speed distribution
in (8.3), the first variable in each of the functions F is shifted according to

Pmeas 
→ εP , where εP = Ppred − P̃meas . (8.10)

In the final step the unconditional distribution of the power prediction error is ob-
tained by the integration

pdfrec(εP ) =
∫ ∞

0

F (εP , Ppred) dPpred . (8.11)

Despite having a slight touch of looking complicated, this method has some ben-
efits. It exclusively provides the error statistics of the power prediction based on three
ingredients: the conditional distributions of the wind speed prediction, the derivative
of the power curve and the distribution of the predicted wind speeds. For practical
purposes these three components are either given or can be estimated. The power
curve is typically known numerically so that the derivative can easily be obtained.
The distribution of the predicted wind speed is normally provided by the NWP out-
put, but if not, it can be estimated from prediction data of nearby sites or from Weibull
distributions of the measurement data. If the conditional pdfs of the wind speed are
not known for the site in question, it can be assumed that they are Gaussian with
mean values and standard deviations obtained by a qualified guess.

The concepts developed in this section are now applied to data from real sites
to check if the relations between the wind speed and the power distributions can be
confirmed with finite sets of data points.

8.3 Conditional Probability Density Functions
of Wind Speed Data

The conditional pdfs of the wind speed are calculated as described by (8.1), i.e. the
distribution of the measured values is determined with the corresponding predicted
value confined to a certain interval. The range of the occurring upred is divided into
equidistant bins with width ∆u which is typically set to 1 m/s. The boundaries of
the bins are given by [upred,i − ∆u/2, upred,i + ∆u/2]. Hence, upred,i denotes the
middle of the bins.

In Figs. 8.2 and 8.3 the conditional pdfs of the wind speed at two sites with
different average wind speeds are shown based on measured and predicted data for
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the year 1996. In these examples the 36-h values of prediction and measurement are
used, but the qualitative behaviour of the other prediction times is comparable.

The distributions for small wind speeds are unsymmetric and far from being nor-
mal. This is due to the fact that the wind speed is always positive and deviations
from upred,i are limited towards lower wind speeds but not towards larger ones. With
increasing upred,i the pdfs become rather symmetric.

Compared to a normal distribution with same mean and standard deviation, these
pdfs can be considered as being approximately Gaussian although the number of
data points available per pdf is relatively small. Again the two statistical tests from
Chap. 6 are used to systematically check the normality of the conditional pdfs. As
expected the hypothesis that the pdf is Gaussian is rejected by the χ2 test and the
Lilliefors test for distribution functions with small upred,i. For larger prediction val-
ues both tests indicate normality: in Fig. 8.2 for the pdfs with 2.5 m/s ≤ upred,i ≤
6.5 m/s, and in Fig. 8.3 for those with 2.5 m/s ≤ upred,i ≤ 8.5 m/s.

It is apparent from Figs. 8.2 and 8.3 that in most cases the mean of the conditional
pdfs does not correspond to upred,i, which is related to the systematic errors in the
data that already occurred in Sect. 6.3. This is further illustrated in Fig. 8.4, where
the means of pdf(umeas|upred,i) are plotted against upred,i. For Rapshagen (Fig. 8.4
(top)) the mean values are mostly above the diagonal, i.e. the predictions are on
average smaller than the measurements, leading to a negative bias (c.f. Fig. 6.7). In
contrast to this the majority of mean values for Fehmarn (Fig. 8.4 (bottom)) are below
the diagonal, and this corresponds to an overall positive bias.

For upred,i > 2 m/s the mean values increase linearly with upred,i but with slopes
different from unity, indicating that the predictions systematically underestimate or
overestimate the measurements. Within their error bars the mean values follow a
line given by linear regression of all data points except for large upred,i where only
few data points are available. Thus, the mean values of the conditional pdfs behave
as expected, in that they reflect, on a bin-wise level, the systematic errors of the
complete time series.

The pdfs in Figs. 8.2 and 8.3 seem to become wider for increasing upred,i, sug-
gesting that the deviations of umeas from upred,i, i.e. the prediction errors, grow on
average; this is equivalent to a decreasing forecast accuracy. This directly leads to
the question whether the accuracy of the wind speed prediction depends on the mag-
nitude of the wind speed. In this investigation no final answer can be given as the
behaviour for different sites and prediction times is rather inconsistent.

Consider the two examples for Rapshagen (Fig. 8.5 (top)) and Fehmarn (Fig. 8.5
(bottom)). While at Rapshagen (top) the relative standard deviation of pdf(umeas|
upred,i) has no apparent trend and oscillates around the corresponding relative sde
(see Sect. 6.5), the pdf of Fehmarn (bottom) seems to have an increasing standard
deviation. But such a clear trend cannot be detected for other prediction times at this
site.
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Fig. 8.2. Conditional pdfs of 36-h wind speed values for a site with low average wind speed
(Rapshagen). The different pdf(umeas|upred,i) (shaded areas) are stacked, where upred,i has
been varied in steps of 1 m/s, i.e. ∆u = 1 m/s. The vertical line in each plot indicates the corre-
sponding upred,i. For comparison a normal distribution having the same mean and standard de-
viation as pdf(umeas|upred,i) is shown (solid lines). For pdfs with 2.5 m/s ≤ upred,i ≤ 6.5 m/s,
the statistical tests indicate a Gaussian distribution. Note that conditional pdfs for large upred,i

containing very few data points have been omitted
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Fig. 8.3. Conditional pdfs of 36-h wind speed values for a high wind speed site (Fehmarn).
Again the pdfs tend to become similar to normal distributions with increasing upred,i, which
is confirmed by the tests for pdfs with 2.5 m/s ≤ upred,i ≤ 8.5 m/s. Note that the number of
data points decreases for larger upred,i and conditional pdfs containing very few data points
have been omitted
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Fig. 8.4. The mean of pdf(umeas|upred,i) versus upred,i together with the actual data points
(upred, umeas) for the 36-h prediction: top, Rapshagen (cf. Fig. 8.2); bottom, Fehmarn (cf.
Fig. 8.3). In both cases the mean values are located on the linear regression line based on the
data points for upred > 2 m/s. Their deviation from the diagonal (dashed line) reflects the
systematic errors
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Fig. 8.5. The standard deviations of pdf(umeas|upred,i) normalised by the mean measured
wind speed versus upred,i for Rapshagen (top) and Fehmarn (bottom). The prediction time is
again 36 h. The solid line illustrates the unconditional relative standard deviation of error (cf.
Fig. 6.8). The error bars provide the confidence intervals in calculating the standard deviation
of the conditional pdfs. While for Rapshagen no clear trend is detectable there seems to be
an increase of the relative standard deviations of the conditional pdfs with the predicted wind
speed for Fehmarn. However, this is not systematic for neither this prediction time at other
sites nor the other lead times at Fehmarn
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Generally, most sites show some variation of the standard deviation of
pdf (umeas|upred,i) over upred,i with relative standard deviations that deviate by the
order of 0.1 from the unconditional sde. The pdfs for upred,i ≤ 2 m/s are typically un-
symmetric, so that their standard deviation cannot be interpreted as 68% confidence
interval. Due to the limitation of these pdfs at the lower boundary, their standard
deviation is expected to be smaller compared with that of the symmetric pdfs.

These considerations lead to the result that there is only a weak, if any, systematic
dependence of the accuracy of the wind speed prediction on the wind speed.

8.4 Estimating the Distribution of the Power Prediction Error

In this section it is shown that the distribution of the power output can indeed be
derived from the conditional pdfs of the wind speed together with the power curve.
Based on the empirical pdfs of the wind speed found in the Sect. 8.3 the uncondi-
tional distribution of the power prediction error can be reconstructed.

First of all, the quality of the reconstruction procedure is tested against a synthetic
error distribution, denoted as pdftest(εP ), generated by using εP := P (upred) −
P (umeas), i.e. using the theoretical power curve only. As Fig. 8.6 illustrates for the
case of Rapshagen, the reconstruction of the error distribution that was calculated
with (8.9) and (8.11) and the conditional pdfs of the wind speed obtained in the pre-
vious section (Figs. 8.2 and 8.3) almost exactly recovers pdftest(εP )). Thus, though
the procedure for first decomposing the wind speed data into conditional distribu-
tions, scaling them with the reciprocal derivative of the power curve and reassem-
bling everything again leaves some space for numerical artefacts and inaccuracies
due to small data sets, it is robust enough to produce the expected results.

To be of practical use the more interesting test of the reconstruction is against
the “real” distribution, pdfreal(εP ), of the prediction error. Figure 8.7 shows the es-
timated pdfrec(εP ) for Rapshagen (top) compared with the distribution, pdfreal(εP ),
of the forecast error based on measurements of the actual power output. The over-
all agreement between the two distributions is rather good except for small εP . The
reconstructed pdf covers the typical features of the original distribution in that it is
unsymmetric in the same way and has the typical peak for small deviations.

As the error bars of pdfreal(εP ) indicate, the reconstructed distribution does not
perfectly match the real one in all of the bins, in particular for Fehmarn (Fig. 8.7
(bottom)). This deviation indicates additional sources of error that are not covered
by considering the power curve effect only.

The results obtained so far explain how the power prediction errors are statis-
tically distributed and why the distribution has this special shape. If measured and
predicted data of the power output are available, there is no point in putting any ef-
fort in calculating the reconstructed pdfrec(εP ), as the error distribution is already
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Fig. 8.6. Consistency check of the reconstruction procedure according to (8.9) and (8.11) for
the 36-h prediction at Rapshagen. εP is normalised to the rated power. The reconstructed
pdfrec(εP ) is compared to pdftest(εP ), which is based on evaluating εP := P (upred) −
P (umeas). These two pdfs should be identical. However, they show small deviations for the
bins around εP = 0

available. However, if no data or only wind speed data are at hand, the reconstruction
can be used to get an idea about how the error distribution of the power might look
like. The minimum requirements to calculate this estimated distribution comprise
four important aspects:

(1) the reasonable assumption that the conditional pdfs of the wind speed are all
Gaussian (as discussed in Sect. 8.3) with the same standard deviation, σ(εu);
second,

(2) a qualified guess concerning the value of σ(εu), e.g. from the weather service,
as in [101], or nearby sites;

(3) the distribution of the wind speeds at the desired site; and
(4) availability of the power curve of the wind turbine.

With the considerations of this section the conditional pdfs, pdf(εP |Ppred), can
in principle be constructed and, hence, for each prediction value Ppred an individ-
ual estimate of the error distribution around this value could be supplied. However,
the data sets that are used do not allow for a proper verification of the individual
pdf(εP |Ppred) with measured data because, in particular, for medium and high power
outputs the number of data points is rather small. Hence, the difficulties in using



128 8 Assessment of Wind Speed Dependent Prediction Error

−0.5 −0.25 0 0.25 0.5
0

1

2

3

4

5

6

7

εP / rated power

 p
df

(ε
P
)

pdf
real

pdf
rec

−0.5 −0.25 0 0.25 0.5
0

1

2

3

4

5

6

7

ε
P
 / rated power

 p
df

(ε
P
)

pdf
real

pdf
rec

Fig. 8.7. Comparison of reconstructed pdfrec(εP ) according to (8.11) with the distribution of
the actual measured power output pdfreal(εP ) as it was recorded for the 36-h prediction at
Rapshagen (top) and Fehmarn (bottom). εP is normalised to the rated power. As the error bars
of the real distribution indicate, the agreement between the two pdfs for Rapshagen is rather
good, with pdfrec covering the typical features of pdfreal except the large peak for very small
εP . The two pdfs at Fehmarn show differences for small positive εP , which indicate that the
reconstruction model based on the power curve effect does not cover all error sources
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statistical tests that already occurred for high wind speeds in Sect. 8.3 are more se-
vere with regard to power. Thus, in this investigation, only the unconditional distrib-
ution of the power prediction error is reconstructed and compared to measurements
because in this case all available data points at a site for a specific prediction time
can be used.

In the next section it is shown that under simplifying assumptions a good estima-
tion of the individual error bars for a specific wind power prediction can be derived.

8.5 Simple Modelling of the Power Prediction Error

Under the assumption that the prediction error of the underlying wind speed predic-
tion does not change much over the range of typical wind speeds, as discussed in
Sect. 8.3, the accuracy of the power forecast at a particular wind speed expressed as
the standard deviation of error, sde, can be described rather well with a very simple
approach.

For small deviations between predicted and measured wind speed, the sde of the
power prediction is linearised using a Taylor expansion at the predicted wind speed
upred, which leads to a “conditional” wind speed dependent error estimate given by

σ(εP )|upred =
∣∣∣∣
dP

du

∣∣∣∣
upred

σ(εu) . (8.12)

This equation is rather basic in the sense that it takes only the effect of the local
derivative dP/du(upred) of the power curve into account and uses the average sde,
σ(εu), obtained from pdf(umeas|upred,i) as accuracy for all wind speeds. The ap-
proach neglects the fact that deviations between the certified, i.e. theoretical, power
curve and the real power curve might occur which can have a significant influence on
the prediction error. But this source of error can only be eliminated by using the cor-
responding measurement data to correct for these systematic deviations, while (8.12)
generally models the error amplification effect of the power curve.

In Fig. 8.8 the error of the power prediction, where the corresponding predicted
wind speed is confined to intervals of width 1 m/s for the two sites Rapshagen and
Fehmarn, is plotted against the predicted wind speed. The bars denote the bin-wise
standard deviation of the power prediction error, sde(εP ) = σ(εP )|upred , at a par-
ticular wind speed. Again, 1 year of WMEP data (see Chap. 5) have been used. Ob-
viously, the accuracy of the power prediction depends on the predicted wind speed.
This is mainly due to the power curve effect, as the solid line calculated from (8.12)
indicates.

At Rapshagen this simple model describes rather precisely the behaviour of the
actual power prediction error, as illustrated in Fig. 8.8 (top). However, at Fehmarn
(Fig. 8.8 (bottom)) this modelling approach does not lead to an accurate description
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Fig. 8.8. Standard deviation of bin-wise power prediction error versus wind speed for the 36-h
prediction at Rapshagen (top) and Fehmarn (bottom). The bars denote the sde between pre-
dicted and measured power output conditioned on wind speed intervals of width 1 m/s. For
wind speeds up to 12 m/s the forecast error increases. At Rapshagen this behaviour is well ap-
proximated by the product of the derivative of the power curve and the wind speed error (solid
line) according to (8.12), while at Fehmarn the simple modelling approach underestimates the
power prediction error for larger wind speeds because of effects not covered by this model
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Fig. 8.9. Time series of prediction (◦) and measurement (solid line) over a period of 18 days.
Toy indicates the time of year in days. The shaded area is the uncertainty estimate given
by (8.12). Typically, the uncertainty interval around the predicted value is small for low pre-
dictions, i.e. flat slope of the power curve, and large for predictions between 20% to 80% of
the rated power where the power curve is steep. Of course, for power outputs near the rated
power (not shown here) the uncertainty again decreases

of the prediction uncertainty. At this site the deviations between predicted and mea-
sured power output are not completely explained by the linear amplification of small
wind speed errors according to (8.12) due to differences between the certified and
the real power curve. But for many sites the model provides a rather good estimation
of the wind speed dependent power prediction error.

The amplification of the error caused by the local slope of the power curve is
clearly detectable in the sde of the power forecast and can be used to model the pre-
diction error depending on the wind speed. Figure 8.9 demonstrates how this can
be implemented in a power prediction system such as Previento. The specific uncer-
tainty of each prediction given by (8.12) is illustrated by the shaded area around the
predicted value. It is calculated by using the derivative of the certified power curve
and the σ(εu) corresponding to each prediction time. Thus, to use (8.12) for predic-
tion purposes, historical data are needed to determine the statistical error, σ(εu), of
the underlying wind speed prediction.

This uncertainty interval provides additional information to users and enables
them to assess the risk of a wrong prediction. Of course, this procedure has to be
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refined in the future by taking the unsymmetric pdfs of the power error into account
(see Sect. 8.4).

8.6 Conclusion

This chapter contains a first approach towards a situation-dependent assessment of
the prediction error where wind speed is the indicator that characterises the forecast
situation.

Using wind speed as an additional parameter, a detailed analysis of the statistical
properties of the prediction error shows that the conditional probability distribution
functions (pdfs) of the wind speed error are mainly Gaussian in the range of wind
speeds that is important for wind power applications. The mean values of these pdfs
are, as expected, on the line given by linear regression of the scatter plot reflecting
the systematic error in the prediction. The more interesting question as to whether
the prediction error expressed as standard deviation around these mean values in-
creases with increasing wind speed cannot finally be answered here as the data for
the different sites and prediction times do not show a consistent behaviour. However,
the results of this chapter suggest that there is only a weak, if any, systematic depen-
dence of the prediction error measured as the standard deviation of the differences
between prediction and measurement on the magnitude of the wind speed.

A main result of this chapter is that the non-Gaussian distribution of the power
prediction error can be modelled. Understanding the mechanism that transforms ini-
tially Gaussian wind speed error distributions into strongly non-Gaussian power error
distributions allows us to easily estimate the pdf of the power prediction error for any
wind farm without knowing the actual predictions and measurements of the power
output.

The approximated reconstruction of the pdf of the power forecast is based on
three ingredients: the pdf of the measured wind speed conditioned on the predicted
wind speed, the frequency distribution of the wind speed prediction and the power
curve of the wind turbine. However, if for practical purposes the conditional pdf of
the wind speed at a site is not available, it can be estimated by assuming that the
distribution is Gaussian with a standard deviation of the wind speed error taken from
a nearby site or from the publications of the local weather service (e.g. [101]). The
exact frequency distribution of the predicted wind speed could be replaced by either
the distribution of the measurements or distributions from nearby synoptic stations.
This means that an estimate of the statistical distribution of the power prediction
error at a site can be obtained using information that is readily available for existing
wind farms and can even be obtained prior to the erection of the wind farm at the
desired location. This is, for example, convenient to assess the prediction error for
future offshore wind farms.
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Of course, the “real” distributions of the power prediction errors given by com-
paring predicted and measured power output might look different. The method de-
rived here does only consider the effect of the power curve, neglecting other sources
of error. In particular, the power output is modelled by plugging wind speeds into
the certified power curve representing the average behaviour of the wind turbine un-
der standard conditions. However, experience shows that the output of individual
turbines can well deviate significantly from their certified power curves for various
reasons [77]. Thus, for practical use the limitation of this reconstruction is, clearly,
that it is oblivious to these additional error sources beyond wind speed. Neverthe-
less, it sheds some light on the mechanism that produces the typical non-Gaussian
distributions of the power prediction error.

A relatively simple model that describes the dependence of the power prediction
error on the wind speed with a linearised approach is used. It shows that most of the
error can be explained by the influence of the power curve that amplifies the rather
constant prediction error of the wind speed according to its local derivative. This
procedure can directly be implemented into previento to provide situation-dependent
uncertainty estimates for each prediction time.

These uncertainty intervals are symmetric, which is a major shortcoming of this
simple model because it is already clear that the distributions of the power prediction
error are non-Gaussian and unsymmetric. However, to provide good estimations of
the conditional power distributions around each prediction value, a lot of information
concerning the statistics of the specific site has to be recorded. Therefore, the simple
model suggested here is only the first step towards a comprehensive description of
the situation-based error statistics.



9

Relating the Forecast Error
to Meteorological Situations

Abstract. The investigation in this chapter focusses on the quantitative relation between the
error of the wind speed prediction and the corresponding specific meteorological situation.
With methods from synoptic climatology an automatic classification scheme is established
using measurements of wind speed, wind direction and pressure at mean sea level to charac-
terise the local weather conditions at a site. The classification procedure involves principal
component analysis to efficiently reduce the data to the most relevant modes. Cluster analysis
is used to group days with similar meteorological conditions into common classes. A compar-
ison of these clusters with large-scale weather maps shows that typical weather situations are
successfully captured by the classification scheme. The mean forecast error of the wind speed
prediction of the German Weather Service is calculated for each of the clusters. It is found
that different meteorological situations have indeed significant differences in the prediction
error measured by a daily rmse, where the maximum rmse can be larger than the minimum
rmse by a factor of 1.5 to 1.7 . As expected, high uncertainties in the forecast are found in
situations where rather dynamic low-pressure systems with fronts cross the area of interest,
while stationary high-pressure situations have significantly smaller prediction errors.

9.1 Introduction

The investigation in this chapter continues to follow the idea of evaluating the fore-
cast error for specific weather situations. But in contrast to the previous chapter, the
meteorological conditions will now be described by a far larger set of variables than
only wind speed to include more details of the atmospheric state and its temporal
evolution over 1 day. The aim is to really distinguish different weather classes and
relate them quantitatively to their typical prediction errors.

It is a well-known fact that the performance of numerical weather prediction
(NWP) systems is not equally well for every meteorological situation and that their
accuracy depends on the situation that is to be forecast. In an overview of the predic-
tion uncertainty of weather and climate forecasts, Palmer [87] points out that “certain
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types of atmospheric flow are known to be rather stable and hence predictable, oth-
ers to be unstable and unpredictable”. Thus, the challenge is to know in advance how
predictable the current meteorological situation is.

There are already different approaches on how to include information about the
changing reliability of the numerical forecast into the prediction. A very popular one
is the use of ensemble predictions, where the chaotic properties of the non-linear
equations of motion of the meteorological variables are exploited, e.g. described
in [46,87]. Lorenz [66] demonstrated that low dimensional non-linear weather mod-
els are sensitive to small changes in the initial conditions, and this is the typical
indication of deterministic chaos. Hence, to get an overview of the possible range of
weather situations that can evolve from a given situation, the initial condition of the
NWP system is perturbed. Then the NWP system calculates separate predictions for
each initial condition, leading to an ensemble of possible outcomes. Thus, ensemble
forecasts provide a range of possible weather situations that can occur with a cer-
tain probability. The difficult part is to generate suitable ensembles allowing for a
statistical interpretation of the results which might differ profoundly.

Ensemble forecasts are computationally expensive and, therefore, for operational
use mainly generated by large meteorological institutes such as the European Cen-
tre for Medium Range Weather Forecasts (ECMWF). However, Landberg et al. [60]
used a simpler version of ensemble predictions in connection with wind power ap-
plication, which they denoted as “poor man’s ensemble forecast”. The idea is to take
the spread between different prediction runs, e.g. at 00 UTC and 12 UTC, calculated
for the same points of time in the future. The larger the deviation between the pre-
diction runs, the greater the uncertainty of the prediction. This concept has recently
been enhanced by Pinson and Kariniotakis [91, 92]. They established a continuous
risk index from the spread of several forecast runs of the wind speed prediction to
derive the corresponding degree of uncertainty connected to the power prediction.

The technique used in this chapter to assess the uncertainty of a specific predic-
tion is different from the ensemble approach, as it is based on a classification scheme
of the weather situation which is not directly related to the prediction system. The
approach here is to describe the situation of each day by a suitable set of local me-
teorological variables, then sort it into a certain category and associate each of the
categories with a typical prediction error derived from historical data.

Intuitively, at least two types of meteorological situations over Northern Europe
are expected to show considerable differences in terms of the accuracy of the wind
speed prediction. Weather situations with strong low-pressure systems coming in
from the Atlantic Ocean are supposed to be of the unstable type that is hard to pre-
dict. These situations can be very dynamic as the advection speed of the low-pressure
systems is typically rather large and, in addition, its frontal zones may cause strong
winds. In dynamic cases the real situation can evolve quite differently from the one
that had been predicted. In contrast to this, high-pressure systems with typically
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moderate wind speeds are rather stationary and can persist for several days, which
should make it easier these to provide a reliable prediction.

It is the purpose of this chapter to establish a method that automatically generates
useful weather classes and, hence, implicitly defines what “strong low” or “stationary
high” means in terms of the local conditions at different sites. Moreover, the inves-
tigation here aims to answer the question how large the various prediction errors are
and whether they differ significantly for different meteorological conditions.

9.2 Methods from Synoptic Climatology

The techniques that are applied in this investigation are well established in synoptic
climatology. In a concise overview of the subject, Yarnal [124] points out that “syn-
optic climatology relates the atmospheric circulation to the surface environment”.
Hence, this branch of climatology explicitly aims at linking meteorological condi-
tions to external variables, such as concentration of air pollutants, which is exactly
the type of problem that is addressed in this work.

Quite a variety of powerful methods have been developed in this field and tested
in numerous applications [5,103,124]. The main principles are very similar. The first
step is to identify typical structures or patterns of the atmospheric circulation in or-
der to develop a classification scheme that is only based on meteorological variables.
After the classification is established the statistical or deterministic relationship be-
tween these structures and a surface variable of interest is investigated. Normally,
this variable is non-meteorological in the sense that it does not describe the state of
the atmospheric flow.

As regards the classification scheme, there are two main approaches: on the one
hand, manual methods where a meteorologist evaluates the synoptic situation within
a certain framework according to his or her experience; and on the other hand, au-
tomatic schemes which use computer-based algorithms to sort meteorological data
into different classes. A well-known manual classification scheme for Central Europe
is the catalogue of “Grosswetterlagen” by Hess and Brezsowski [34]. It comprises
29 large-scale weather situations which are distinguished by their different spatial
arrangement of the pressure systems. One disadvantage in using this catalogue is
that the large number of pre-defined weather classes requires times series with many
data points in order to obtain statistically relevant results [63].

In contrast to this, automatic schemes typically exploit correlations between pat-
terns or use eigenvector techniques such as principal component analysis (PCA) to
extract synoptic weather classes from numerical data. Yarnal [124] points out that
both the manual and the automatic methods contain a certain degree of human sub-
jectivity because someone has to decide, e.g., on the set of variables and the number
of classes.
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The method chosen in this work to analyse how the forecast error is related to
the weather type relies on computer-based classification techniques and follows in
principle an investigation carried out by Shahgedanova et al. [103]. They used PCA
in combination with cluster analysis of surface and upper air meteorological data to
derive a classification scheme of the synoptic situation in Moscow; PCA was used for
data reduction and cluster analysis to sort similar days into common groups. These
weather types were then connected to typical concentrations of air pollutants such as
CO and NO2. It was found that certain weather patterns result in significantly high
levels of urban air pollution.

In contrast to the method of Shahgedanova et al., the set of meteorological vari-
ables used here will be smaller with no upper air data involved. The role of the
pollutant will be played by the forecast error. In the following, the use of PCA and
cluster analysis is explained.

9.2.1 Principal Component Analysis

Principal component analysis (PCA) is used to extract the relevant eigenmodes from
the meteorological data. This technique produces eigenmodes which can be ordered
according to the degree of variance they explain in the data. Hence, the modes that
contribute most to the time series can be selected for the further analysis which al-
lows to effectively reduce the amount of data. The weather situation of each day can
then be approximately expressed as a linear combination of these eigenmodes.

The variables used here are the horizontal wind vector �u = (u, v) and the at-
mospheric pressure at mean sea level (pmsl). These are the natural candidates to start
with as they are closely related to the wind field. To account for temporal variations
over 1 day the variables are taken at 0, 6, 12, 18, 24 UTC. Several values of the wind
vector per day resolve changes in wind direction and speed, e.g. during the passage
of a frontal system. This provides the possibility of separating dynamic from static
weather situations. The record of the temporal variations of pmsl can partly compen-
sate for the fact that spatial pressure gradients which are the main driving force of
the wind are not available in this investigation.

The temperature that is often included to find synoptic indices is not considered
here. This is done because absolute temperature is mainly used to determine the type
of air mass, e.g. by Shahgedanova et al. [103], but it is not directly related to the
wind field. Moreover, temperature tends to be a dominating variable that requires the
data sets to be split into winter and summer part. But doing so would leave only half
the data points for the analysis, which makes it difficult to have significant results in
the end. However, for further investigations it would be desirable to include tempera-
ture and humidity to be able to detect fronts with more parameters than changes in the
wind vector. Of particular interest for further investigations are, of course, tempera-
ture differences at different heights to assess atmospheric stratification (c.f. [27]).
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The measured data are written into a matrix M where the columns contain the
different variables and each row corresponds to 1 day. The measurements at the vari-
ous day times are considered as separate variables. As wind vector and surface pres-
sure have very different orders of magnitude, both are normalised with their standard
deviation and pmsl is additionally centralised by subtracting the mean value. Hence,
M is given by:

M =




u1,0 · · · u1,24 v1,0 · · · v1,24 pmsl1,0 · · · pmsl1,24

...
...

u365,0 · · · u365,24 v365,0 · · · v365,24 pmsl365,0 · · · pmsl365,24



 , (9.1)

where the subscripts denote the day of the year and the time of day. M is the so-
called data matrix with dimension 365 × 15 having one row for each day of the year
with 15 measurements per day for the three variables at times 0, 6, 12, 18 and 24
UTC.

The PCA of matrix M is carried out numerically by diagonalising the so-called
covariance matrix C = M tM . The 15 eigenvectors, �pi, of C are the desired prin-
cipal components (PC) of M , while the eigenvalues, λi, of C are the weights of the
different components that express the degree of variance a particular PC contains. A
full description of this procedure can be found in [13].

The set of principal components {�pi} with i = 1, . . . , 15 constitutes a new ortho-
normal basis of the phase space of the full set of data points. The ordering of the PC
according to the eigenvalues, λi, allows to select only the first few PC spanning the
subspace where most of the relevant dynamics takes place. The number of relevant
modes, N , to be considered for further analysis is not precisely defined and has to be
inferred from the spectrum of eigenvalues and the corresponding PC. In this inves-
tigation the visual inspection of these quantities and the cumulative variance

∑
λi

of the first N eigenvalues will be used as criteria to decide on the number of modes
to be used. Hence, by transforming to new coordinates and reducing the degrees of
freedom, PCA efficiently codes the information contained in the meteorological raw
data and in that sense acts as a data reduction technique.

The use of PCA as a data reduction technique means that the eigenvalue spec-
trum is mainly used to account for the degree of variance contained in each of the
corresponding eigenmodes. This is a statistical or climatological interpretation of
the eigenspectrum and not a non-linear systems approach. In the context of dynamic
systems a similar technique, time-delay embedding, is also applied as a tool to de-
compose phase space dynamics in different modes with the aim of extracting the
degrees of freedom of the non-linear system, e.g. described in detail by Broomhead
and King [13] or Kantz and Schreiber [52]. However, the approach used in this work
and in particular the construction of the data matrix M does not aim at providing a
delay embedding of the time series as the sampling intervals are not adapted for this
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purpose and the number of data points is far too low. Hence, the number of eigen-
modes provided in this context cannot contribute to the question how many degrees
of freedom the weather or climate system has, as discussed, e.g., by Grassberger [37]
and Nicholis and Nicholis [80].

After a choice concerning the number of relevant PC is made, the data in M

is transformed to the reduced basis, so that each day can be represented as a linear
combination of the selected PC. Let {�qi}, i = 1, . . . , N , be the basis chosen from
the first N PC of the full eigenvector basis, {�pi}, of M . Then

Q := (�q1 . . . �qN ) (9.2)

is the transformation matrix that can be used to easily project the data in M on the
new basis by a multiplication from the right:

X := MQ . (9.3)

The entries in X are the scalar products xij = �mi · �qj , where �mi is the ith row of
M . In other words xij is the contribution of the jth PC to the ith day. Consequently,
each day �mi can be approximately (because only an N -dimensional subspace is
considered) expressed by

�mi ≈
N∑

j=1

xij�qj . (9.4)

Thus, the 365 by N matrix X is the reduced data matrix that is thought to contain
most of the relevant meteorological information of 1 year of data. However, so far
nothing really happened in terms of the classification scheme because the data have
merely been recoded. The next step applied to the reduced data set will be cluster
analysis.

9.2.2 Cluster Analysis

Cluster analysis is a standard method used to group objects with similar properties
together. As described in a concise overview by Everitt [23], it has a wide range of
techniques and is often applied in climatological investigations [51, 103, 124].

In this work the aim is to obtain a rather small number of clusters which con-
tain days with similar meteorological conditions being different from the days in the
other clusters. Of course, the clusters found are required to represent typical weather
classes.

The type of cluster analysis used here is called hierarchical or agglomerative. It
acts iteratively on the phase space by computing the distances between each pair of
objects in the phase space and then joining the closest two objects to a new cluster.
After the new cluster is formed the procedure is repeated. Starting point is a situation
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where all points in the phase space are considered as separate clusters. As the final
iteration merges all clusters into one group, the process has to be stopped when a
certain number of clusters is reached. The criterion to stop the iterations is derived
from observing the growing distances between the clusters.

Though the basic concept is rather straightforward there are profound differences
in the results of various clustering procedures because the key point of this technique
is how distances between clusters are defined and under which rule new clusters are
formed. First of all, a metric has to be chosen that evaluates distances between single
points in the phase space. Here the Euclidean metric (9.5) is applied as there is no
apparent reason for a different one. A more crucial point is the definition of distances
between clusters. As the type of distance measured implies which two clusters will
be joined next, it is referred to as “linkage method”. Three typical linkage methods
are briefly introduced using the following notations.

Let �xi := (xi,1, . . . , xi,N ), with i = 1, . . . , 365, denote the coordinate vector
describing a point in the N -dimensional reduced phase space. The distance d(�xi, �xj)
between two states is given by the Euclidean measure

d(�xi, �xj) =

√√√√ 1
N

N∑

q=1

(xi,q − xj,q)2 . (9.5)

After a number of NA phase states has been joined into one cluster, CA, the members
of this cluster will be denoted as �xA

r , where r = 1, . . . , NA is the new index within
CA.

Complete Linkage Method

To evaluate the distance between two clusters CA and CB in the complete linkage
method, all pairs of Euclidian distances between the members of CA and CB are
computed. Then the maximum distance that is found between the individual mem-
bers is used as the distance between the two clusters. Hence,

dcomplete(CA, CB) := max
(
d(�xA

r , �xB
p )
)
, where (�xA

r , �xB
p ) ∈ CA×CB . (9.6)

Average Linkage Method

Average linkage is a combination of complete linkage as described above and its
complementary definition, called single linkage, where the minimum of the distance
between cluster members is taken. In average linkage the mean value of the individ-
ual distances is used to define the cluster distance between two clusters CA and CB ,
i.e.

daverage(CA, CB) :=
1

NANB

NA∑

r=1

NB∑

p=1

d(�xA
r , �xB

p ) , (9.7)

where NA and NB are the respective numbers of elements in CA and CB .
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Ward’s Linkage Method

Ward’s method is also referred to as minimum variance method [51] as it evaluates
the change of within-cluster variance if two clusters are merged.

d2
ward(CA, CB) :=

NA NB

NA + NB
d
(
�xA, �xB

)2

, (9.8)

where �xA =
∑NA

r=1 �xA
r is the centre of mass of cluster CA and �xB is that of CB .

Kalkstein et al. [51] thoroughly investigated average linkage, Ward’s linkage
and a third technique, centroid linkage, which is not used here. They found that
for weather classification purposes, average linkage produced the “most realistic
synoptic groupings” as it provides rather homogeneous groups of days with simi-
lar meteorological conditions and sorts extreme events into separate clusters instead
of combining them into a common class. In contrast to the other techniques, aver-
age linkage minimises the within-cluster variance, i.e. the mean variance among the
days within one cluster, and maximises the between-cluster variance, i.e. the mean
variance between the centres of mass of different clusters. Shahgedanova et al. [103]
also confirmed the usefulness of average linkage in their investigation.

Ward’s linkage on the other hand tends to produce clusters of equal size and,
therefore, sorts days with extreme weather conditions together with less extreme
days, which “blurs distinctions between the types” [51]. Thus, this method was
considered inferior compared with average linkage to produce meaningful synop-
tic classes. However, Yarnal [124] provides classification problems which are quite
comparable to those provided by Kalkstein et al. [51] and Shahgedanova et al. [103]
but where Ward’s method is superior to average linkage, which leads to the conclu-
sion that both methods should be tested.

In this work, average and Ward’s linkage are used as they have been successfully
applied in previous investigations. Additionally, complete linkage is also applied.

9.2.3 Daily Forecast Error of Wind Speed

For the analysis of the forecast error a new error measure is introduced that evaluates
the performance of the prediction system over 1 day:

rmseday =
√

1
4

∑

tpred

(
upred,tpred − umeas,tpred

)2
, with

tpred = 6 h, 12 h, 18 h, 24 h (9.9)

where upred,t and umeas,t are predicted and measured wind speed.
It is, of course, desirable to also include predictions with horizons beyond 24 h

into the error measure. However, higher lead times have not been included so far



9.3 Results 143

because only two larger prediction times, 36 h and 48 h, are available in the investi-
gated data set which is only half the number of data points for the analysis compared
with the period 6 to 24 h. Hence, this first approach is restricted to the earlier lead
times.

This “daily error” assigns one single value to each day in a cluster which is analo-
gous to using the daily concentration of a pollutant by Shahgedanova et al. [103]. The
characteristic property of this definition is that the point of time at which a deviation
between prediction and measurement occurs is not relevant. Moreover, with the defi-
nition in (9.9) errors caused by coherent structures such as a wrongly predicted front
are summarised in one error value, i.e. the correlation between succeeding deviations
is implicitly taken into account.

The idea behind choosing rmseday can be illustrated by an example. Imagine
that a low-pressure system approaches the domain of interest. It brings a rise in wind
speeds that is predicted for the late afternoon, say 18 h, but actually arrives a few
hours earlier, say 12 h. In this case the difference between predicted and measured
values is rather large and negative at 12 h (because the prediction did not foresee the
low) and small and negative at 18 h (because the prediction expected the wind speed
to start increasing). Moreover, at 24 h the low has passed and the wind speed actually
decreases while the prediction still suggests high wind speeds leading to a positive
deviation. Now these situations can typically produce phase errors where the devia-
tions at a number of lead times in a row are coherently affected. Another important
point is that in terms of the daily error measure, it should not matter whether the low
is too fast, as in this example, or is behind schedule, i.e. arrives later than predicted.

9.2.4 Tests of Statistical Significance

Resolving individual situations reduces the amount of data points available per clus-
ter by a factor of about 10 and, thus, statistical significance becomes an important
issue. Therefore, care has to be taken not to be fooled by statistical artefacts, so that
in this chapter and the next, tests for statistical relevance will again be applied. To
check if the differences in the statistical values of different clusters are not obtained
by chance an F test together with Scheffe’s multiple comparisons is applied which
is based on relating the within-cluster variance of the error values to the variance of
the error values in the remaining clusters. The details of the tests are described in
Appendix B.

9.3 Results

The methods described above are applied to the data described in Chap. 5. To de-
velop a climatological classification scheme, measured data from 1 year are used.
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The horizontal wind vector �u at a site is calculated by sine–cosine transformation of
the measured wind speed and direction at, preferably, 30 m to avoid artefacts from
obstacles that might occur for lower heights. However, if the 30-m measurement is
not available, 10-m data are also used. The corresponding surface pressure is taken
from the nearest synoptic station of the German Weather Service. It is converted to
mean sea level using the barometric height formula.

To avoid complications due to missing data points, only sites with a high data
availability in wind speed, wind direction and surface pressure are chosen. This re-
quirement limits the number of suitable sites compared with the error evaluation in
Chap. 6. Hence, the investigation here will focus on four locations (see Fig. 5.1):
Fehmarn and Hilkenbrook with 30-m wind data and Syke and Rapshagen with 10-m
wind data. Fehmarn is an island in the Baltic Sea close to the German coast. The site
that is investigated is near the island’s shore line and, hence, exposed to rather in-
homogeneous conditions. Northerly and north-westerly winds approach the site over
the sea, while easterly to south-westerly winds arrive over land. In contrast to this,
Hilkenbrook is in the north-western part of Germany about 70 km south of the coast
of the North Sea. The terrain is rather homogenous in terms of the surface roughness
and no orographic effects are to be expected. Syke is also located about 50 km east
of Hilkenbrook in a slightly hilly terrain. This also holds for Rapshagen, which is
situated in the east of Germany about 100 km south of the Baltic Sea. The results are
presented in the following way. First the modes extracted from the meteorological
variables with PCA are presented. Then cluster analysis is applied to the reduced
data matrix, and the typical weather classes that are obtained by a straightforward
approach are shown for complete as well as Ward’s linkage and compared to large-
scale weather maps. The average forecast error of the wind speed for each cluster is
provided and discussed for the different linkage techniques.

9.3.1 Extraction of Climatological Modes

The PCA as described in Sect. 9.2.1 is carried out numerically using routines from
the standard software MATLAB. In Fig. 9.1 the eigenvalues, λi, of the PCA for
Fehmarn, Hilkenbrook and Rapshagen are shown. The eigenvalues are normalised
with the total variance, i.e. the sum of all eigenvalues. It can be clearly seen in Fig. 9.1
that the eigenvalues decay rapidly with the first six eigenvalues already explaining
about 90% of the variance.

The spectra are surprisingly similar though the stations are in regions with dis-
tinct weather regimes and different local conditions around the site. There are only
minor deviations for the first and most important eigenvalues, i.e. the distribution of
variance among the corresponding PC is rather consistent. The eigenvalues for Syke
are not shown as they are as expected to be almost identical to those of the rather
adjacent site Hilkenbrook.
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Fig. 9.1. PCA eigenvalue spectrum normalised with the sum of the eigenvalues, i.e. the to-
tal variance, for three sites (Fehmarn, Hilkenbrook and Rapshagen). Though the sites have
different local wind characteristics, the spectra are similar

The first six principal components (PC) in the �u space of Fehmarn and Hilken-
brook are shown in Fig. 9.2. The temporal evolution of �u(t) = (ut, vt) at times
t = 0, 6, 12, 18 and 24 h is indicated by connecting the end points (ut, vt) with
lines. Note that the wind vector, i.e. the direction in which the wind blows, is shown,
while the description of wind directions will refer to the direction from which the
wind comes. Hence, e.g., southerly winds refer to wind vectors pointing to the north.

The corresponding PC of pmsl are illustrated in Fig. 9.3. Note that the PC do
not necessarily correspond to actual meteorological conditions at the location on a
specific day. They constitute the set of vectors whose linear combination can approx-
imately reconstruct the current situation (cf. (9.4)).

Typically, the first two PC are rather stationary in that they show little diurnal
variation in terms of wind direction and pressure. For all investigated sites the first
PC describes moderate wind speeds from east or north-east, with slightly higher
wind speeds at noon and virtually no change in wind direction over the day (see
Figs. 9.2 and 9.3). In addition, the pmsl is at a constantly high level. PC 2 is also
quite consistent for different locations. It refers to north-westerly wind directions
with increasing wind speeds at midday. The corresponding pmsl is slightly rising at
a high level. In terms of �u these first two PC can roughly be associated with the two
most frequent flow directions at the site.
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Fig. 9.2. First six principal components (PC) of �u space for Fehmarn (top) and Hilkenbrook
(bottom). The symbols denote the points (ut, vt) at times t = 0, 6, 12, 18, 24 h, where (u0, v0)

(t = 0 h) is marked by “+”. The first three PC are stationary, with slight wind speed variations
over the day. The higher PC describe changes in the meteorological situation

The third PC is again similar for all sites although it occurs with different signs.
As the sign of the PC is arbitrary, those PC which only differ in their sign are regarded
as identical climatological modes. In half of the cases PC 3 refers to wind from the
north, with pmsl increasing from low to medium level, while for the other half it
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Fig. 9.3. First six PC of pmsl space for Fehmarn (top) and Hilkenbrook (bottom). The first two
PC refer to rather constant high pressure, while the higher PC describe changes in pmsl which
can be rather dramatic, e.g. PC 6

describes wind from the south in connection with pmsl falling from high to medium
level.

Higher principal components are much more dynamic for all sites than the first
three PC. As can be seen in Figs. 9.2 and 9.3 the diurnal variations in all variables
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are profound. PC 4–6 typically refer to changes in wind direction of about 180◦ up
to 300◦ with rapidly changing wind speeds and pmsl. Hence, these PC are needed to
account for changing meteorological conditions over 1 day.

For adjacent stations the PC are almost identical. However, even for sites that
are supposed to be located in different climatological conditions like Fehmarn and
Hilkenbrook the sets of relevant PC are surprisingly similar. This suggests that PCA
extracts fundamental modes of the climatology that are quite universal for the inves-
tigated area of northern Germany.

The inspection of the eigenvalue spectra in Fig. 9.1 reveals that the first four PC
on average contribute most to the meteorological signal. However, the structure of the
PC as discussed above showed that, in particular, the PC 4–6 describe the dynamic
changes of the weather condition occurring within 24 h. Hence, these higher modes
are expected to represent more extreme meteorological situations which do not occur
often but are supposed to account for larger forecast errors than more stationary
modes. Consequently, the first six PC are chosen, i.e. N = 6, as the orthogonal basis
{�qi}, i = 1, . . . , 6, spanning the reduced state space.

Hence, the number of modes chosen here is slightly larger compared with what
the eigenspectrum suggests. Yarnal [124] points out that the use of too many eigen-
modes does not necessarily enhance the performance of the following cluster analy-
sis, which is quite understandable as the additional variation introduced by including
more modes might not contain useful information but mainly noise. However, in the
course of this investigation it will turn out that in particular the PC which describe
changes in the meteorological variables over 1 day are important. The use of less
than six PC has so far not been investigated.

According to (9.2) and (9.3), the data matrix M is projected onto the new basis
and the day-score matrix X is obtained that contains the contributions of the six PC
to the meteorological situation of a specific day.

9.3.2 Meteorological Situations and Their Forecast Error

The 365 by 6 day-score matrix X is the basic element of the cluster analysis as its
rows constitute the phase space points that are to be grouped together. The three
linkage techniques average, complete and Ward’s linkage have been used in this in-
vestigation to define clusters. In contrast to the linkage provided by Shagedanova
et al. [103] and Kalkstein et al. [51], average linkage as defined in (9.7) failed in
producing meaningful synoptic classes as it sorted two thirds of the days into one
common group and divided the remaining days into a number of small groups. Com-
plete linkage (9.6) and Ward’s linkage (9.8) produce clusters that can be associated
with typical weather situations, and, hence, the classification schemes based on these
linkage types appear to be reasonable. In the following the results of complete and
Ward’s linkage are presented for the two sites Fehmarn and Hilkenbrook.
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Complete Linkage

The first step of the cluster analysis is to successively join the objects in the phase
space starting from 365 separate days up to one single cluster and record the dis-
tances, according to (9.6), of the two clusters that have been formed in each step.
The larger the distance, the greater the difference between the clusters in terms of
the chosen linkage method. Hence, the clustering process should be interrupted if
the distances between the clusters become too large, which is often indicated by a
“jump” in the series of distances.

Figures 9.4 and 9.5 show the distances of the final 15 clustering steps using com-
plete linkage at the two sites. In both cases there are several jumps in the distances
that suggest the unification of two clusters that are quite distinct. For Fehmarn, two
crucial points can be identified at the transition from seven to six and from five to
four clusters. At Hilkenbrook, detectable steps in the cluster distances occur at the
transition from eight to seven and also five to four clusters.

In this investigation it turns out that the classification scheme is quite robust in the
sense that useful classification results can be obtained for different cluster numbers.
The behaviour of the cluster distances suggests a range of possible cluster numbers
that should be considered for further investigations rather than providing just one op-
timal number. Which number of clusters is selected depends on the detailed purpose
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Fig. 9.4. Distance between clusters versus number of clusters using complete linkage at
Fehmarn. As the clusters are successively joined, “jumps” in the distances start to occur at
the transitions from seven to six and five to four clusters. This defines the range of cluster
numbers considered for further analysis
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Fig. 9.5. Distance between clusters versus number of clusters using complete linkage at
Hilkenbrook. Note the discontinuities at the transitions from eight to seven and five to four

of the investigation. In order to interpret clusters in terms of weather classes and to
compare clusters found at different sites, it is useful to choose six to eight clusters
because the synoptic situations are more homogeneous. However, using more clus-
ters means that a smaller proportion of the 365 days per year are grouped together in
a common cluster. This can lead to less significant results with regard to the average
forecast error. As a consequence, it seems advisable to vary the number of clusters
in the range indicated by the discontinuities in the cluster distances and to carefully
consider the results in terms of the corresponding weather class on the one hand
and the forecast error on the other. As the clustering technique has the convenient
property that only two clusters are joined at each step without affecting the remain-
ing groups, it is easy two follow what actually happens if the number of clusters is
varied.

Complete Linkage at Fehmarn

Following this approach six clusters are used for Fehmarn to see how they can be
connected to the overall weather situation. After the clusters are defined the corre-
sponding meteorological situation is considered in terms of the mean values of “real”
�u and pmsl for each cluster. Fig. 9.6 shows the mean values of the meteorological
variables of Fehmarn’s six clusters. Note that �u denotes the wind vector and points
in the direction in which the wind blows, whereas wind directions, as usual in mete-
orology, refer to the direction from which the wind blows. In terms of pmsl (Fig. 9.6
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Fig. 9.6. Means of �u (top) and pmsl (bottom) for different forecast horizons for six clusters at
Fehmarn constructed with complete linkage. For �u the symbols denote the points (ut, vt) at
times t = 0, 6, 12, 18, 24 h, where (u0, v0) (t = 0 h) is marked by “+”. The corresponding
weather situations are shown in Figs. 9.7, 9.8 and 9.9

(bottom)) the clusters show three different regimes: low pressure (clusters 1, 2 and 5),
moderately high pmsl (clusters 3 and 6) and very high pmsl (cluster 4).

The low-pressure situations differ considerably with respect to wind speed and
direction (Fig. 9.6 (top)). Typically, cluster 1 has moderate winds from south-west
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Fig. 9.7. Large-scale weather maps of days inside a specific cluster representing typical
weather classes derived by complete linkage at Fehmarn located at 54◦ N, 12◦ E. Top: Low
pressure approaching from north-west (cluster 1). Bottom: Strong low passes north of Ger-
many (cluster 2)

and slightly decreasing pressure caused by a low-pressure system approaching from
the west or north-west together with a high south of the site. The large-scale weather
map of a typical day of cluster 1 is shown in Fig. 9.7 (top). Cluster 2 refers to a strong
low that passes north of the site, as illustrated in Fig. 9.7 (bottom). The pmsl drops
on average to a low level around 1000 mbar and recovers again at the end of the day.
The wind speeds are very high with wind direction changing from south-west to west,
north-west and then back to south-west. Cluster 5 is related to a situation where the
low passes west of the site, e.g. over Britain and France, with high pressure gradients
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Fig. 9.8. Large-scale weather maps of days inside a specific cluster representing weather
classes different from those in Fig 9.7 derived by complete linkage at Fehmarn located at
54◦ N, 12◦ E. Top: Low passing west of Fehmarn over Britain and France (cluster 5). Bottom:
Stationary high-pressure over western Russia (cluster 3)

over the Baltic Sea (Fig. 9.8 (top)). Wind speeds are quite considerable turning from
south-east to north-east.

Cluster 3 is related to moderate wind speeds from easterly directions. This typi-
cally occurs if a stable high-pressure area persists over western Russia and a rather
strong low is located west of the site, leading to considerable pressure gradients over
Fehmarn (Fig. 9.8 (bottom)).

Days in cluster 6 are characterised by almost the same mean pressure as in clus-
ter 3 but with north-westerly wind directions. In this case Central Europe is influ-
enced by a high or ridge located west or north-west of the site (Fig. 9.9 (top)).
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Fig. 9.9. Large-scale weather maps of days inside a specific cluster representing weather
classes different from those in Fig. 9.7 derived by complete linkage at Fehmarn located at
54◦ N, 12◦ E. Top: High-pressure area north-west of Germany, with low over western Russia
(cluster 6). Bottom: Strong high-pressure system over Scandinavia, with low influencing west
of Europe (cluster 4)

Cluster 4 summarises mainly days from the winter period with very high pmsl around
1030 mbar and easterly winds. The corresponding weather situation is typically asso-
ciated with high-pressure over Scandinavia extending over Central Europe as shown
in Fig. 9.9 (bottom).

Comparing the large-scale weather maps of days within one cluster shows that
the overall weather situation for most of the days is rather coherent. Hence, the clas-
sification scheme that is based on local data at the site can be related to the overall
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weather situation. This is not totally surprising as the local meteorological situation
described by wind speed, direction and pressure is caused by the atmospheric cir-
culation on a larger scale. Of course, for some days the weather situations are not
very precisely described by the mean values of the cluster. If more classes are used,
clusters typically split into new clusters which are in itself more homogeneous than
before. But with regard to the investigation in this work a small number of clusters is
desired and sufficient even though the division might be too rough for other purposes.
On the whole, the synoptic classification using six clusters with complete linkage for
Fehmarn appears to be reasonable.

Complete Linkage at Hilkenbrook

Hilkenbrook is about 250 km west of Fehmarn and, therefore, expected to be
exposed to different wind conditions, in particular, less influenced by continental
high-pressure systems over Scandinavia and Russia but more affected by lows ap-
proaching from the Atlantic Ocean. However, there should be a number of weather
situations which are comparable to Fehmarn as the size of the overall circulation
patters is much larger than the distance between the sites. This is confirmed by con-
sidering the means of the meteorological variables in the seven clusters created by
complete linkage for Hilkenbrook in Fig. 9.10. Again the clusters are roughly or-
dered according to low pressure (clusters 5 and 6), moderate pmsl (clusters 3 and 4),
and high pmsl (clusters 1, 2 and 7).

The two low-pressure classes both refer to rather dynamic situations, with pmsl
varying over the day (Fig. 9.10). Cluster 5 has high wind speeds from the south,
with pmsl dropping from about 1005 mbar to 995 mbar due to a low-pressure system
approaching from the north or north-west. Cluster 6 is related to a strong low passing
north of the site. The wind blows rather strongly and turns from south-west to west
and back to south-west indicating the passage of a front.

Moderate pmsl of around 1010 mbar occurs at Hilkenbrook mainly in two dif-
ferent weather regimes. Cluster 3 shows rather high wind speeds from the east and
slightly increasing pressure typically related to a high-pressure system east or north-
east of the site, e.g. over western Russia, and low-pressure in the west or south-west.
Cluster 4 contains quite a number of days which have pmsl of around 1010 mbar and
very low wind speeds. The weather class is not as clear as in all the other clusters but
mainly characterised by the fact that the centres of the pressure areas are far away,
with small pressure gradients at the location of the site.

The three high-pressure clusters at Hilkenbrook show quite pronounced differ-
ences concerning their mean wind directions. Cluster 1 has on average the highest
pmsl of about 1023 mbar. Note that this is more than 5 mbar lower compared with
the highest pmsl at Fehmarn. The wind directions are from the east with moderate
speeds. The overall weather situation is typically dominated by a stationary high-
pressure system over Scandinavia and, hence, north-east of the site. In contrast to
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Fig. 9.10. Means of �u (top) and pmsl (bottom) at different prediction times for seven clusters
found for Hilkenbrook with complete linkage. For �u the symbols denote the points (ut, vt) at
times t = 0, 6, 12, 18, 24 h, where (u0, v0) (t = 0 h) is marked by “+”

this, cluster 2 refers to a weather situation where the high-pressure area is located in
the west of the site, leading to northerly wind directions. Finally, cluster 7 is related
to south-westerly winds caused by high-pressure south-west or south of the site and
at the same time low-pressure in the north.
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Hence, Hilkenbrook also, for the classification of meteorological situations based
on complete linkage appears to be useful.

The typical weather classes found for the two sites seem to be rather similar in
terms of the general description of the meteorological situations. In order to further
test the consistency of the classification scheme the days that simultaneously ap-
pear in clusters from Fehmarn and Hilkenbrook are counted. The result is shown in
Table 9.1, where the rows refer to Fehmarn’s clusters and the columns to those from
Hilkenbrook.

Table 9.1. Comparison of equal days in clusters for Fehmarn and Hilkenbrook

Hilkenbrook
Cluster 1 Cluster 2 Cluster 3 Cluster 4 Cluster 5 Cluster 6 Cluster 7

∑

Fehmarn
Cluster 1 0 0 0 29 12 6 3 50
Cluster 2 0 0 0 0 0 15 2 17
Cluster 3 30 16 15 51 2 0 7 121
Cluster 4 35 0 0 0 0 0 0 35
Cluster 5 0 0 3 16 1 1 0 21
Cluster 6 4 43 0 38 0 0 36 121

∑
69 59 18 134 15 22 48 365

Some clusters share a rather profound number of days. For example, cluster 2
of Fehmarn is, except for 2 days, completely contained in Hilkenbrook’s cluster 6.
Hence, on these 15 days the classification at both sites records a weather situation
dominated by a strong low-pressure system that is centred north of Germany and
moves quickly to the north-east. However, the exact path and the advection time of
the low decides whether both sites are affected simultaneously or only one of them.
If the low takes a more southern route, only Hilkenbrook classifies this situation as
cluster 6 while Fehmarn has a smaller pressure drop and lower wind speeds as it is
located further in the east and, hence, might not be affected by the fronts. Fehmarn
labels this situation as cluster 1.

Another example is cluster 4 of Fehmarn, which is totally absorbed by cluster 1
of Hilkenbrook. These 35 days are typically related to a high-pressure system over
Scandinavia or western Russia, with extremely high pmsl over north-eastern Ger-
many. However, Hilkenbrook’s cluster 1 contains more days than that which over-
laps with cluster 3 of Fehmarn. At these days the high-pressure system is located fur-
ther in the east, leading to similar wind directions from the east and pmsl of around
1020 mbar at both sites.
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On the other hand, certain weather situations lead to different classification re-
sults at both stations, e.g. cluster 3 of Fehmarn is distributed over six different clus-
ters of Hilkenbrook. This occurs if the two sites are influenced by distinct weather
regimes. In this case Fehmarn is dominated by a rather high-pressure located over
western Russia, while at the same time Hilkenbrook can experience a variety of high-
or lower pressure situations.

The result of this comparison is that the consistency between the classifications
at the two sites seems to be rather high. For the majority of cases, common days in
clusters can be plausibly explained by the overall weather situation that either shows
that the two sites are affected in the same way or why they simultaneously record
different local conditions.

Relation to Forecast Error Using Complete Linkage

For each of the clusters the mean forecast error is determined by averaging the rmse
values calculated for each day with (9.9). As described in Chap. 5 the wind speed
prediction at 10 m is provided by the “Deutschlandmodell” of the German Weather
Service, while the corresponding wind speed measurements are from the WMEP
programme. Thus, the errors are determined based on the same data that have been
used in Chap. 6 to evaluate the overall performance of the wind speed forecast.

The means of the daily rmse values per cluster normalised to the annual average
of the wind speed are shown in Fig. 9.11 for Fehmarn and Fig. 9.12 for Hilkenbrook
found with complete linkage. In both cases there are considerable differences be-
tween the forecast errors of the different clusters. The error bars illustrate the 95%
confidence intervals of the mean values suggesting that the clusters with minimum
and maximum rmse are indeed significantly separated (detailed results of the statis-
tical tests on this matter can be found in Appendix B).

In particular, Fehmarn’s clusters 1, 2 and 5 are related to large relative rmse
values of around 0.38 corresponding to about 2.1 m/s absolute rmse. As described
before (Fig. 9.6), these three clusters are related to different low-pressure situations.
Cluster 2 corresponds to situations where a strong low passes north of the site and
has on average the highest forecast error. In contrast to this, cluster 4 representing
the weather type with the largest pressure has the smallest rmse of about 0.23 relative
and 1.3 m/s absolute. A statistical F test (with confidence level 0.05) confirms that
this is significantly lower compared with the above-mentioned classes 1, 2 and 5 (see
Table B.2). The ratio between the largest and the smallest rmse is 1.7, which is very
profound.

At Hilkenbrook cluster 6 has the highest rmse with 1.8 m/s absolute and 0.51
relative. The corresponding weather situation is related to a low-pressure system
passing north of the site. The cluster with the smallest average forecast error is clus-
ter 1 related to a rather stationary high-pressure situation where the rmse is 1.0 m/s
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Fig. 9.11. Means of daily rmse of wind speed prediction normalised with annual mean of wind
speed for the six clusters found with complete linkage at the site Fehmarn. The error bars
illustrate the 95% confidence intervals of the mean. Clusters 1, 2 and 5 show the largest error.
In both cases the corresponding weather situation is dominated by a low-pressure system. All
three clusters have significantly larger forecast errors than cluster 4 which typically refers to a
stationary high-pressure situation and has a significantly lower rmse compared with clusters 1,
2 and 5 (see Table B.2)

absolute and 0.29 relative to the mean wind speed. The ratio between the maximum
and minimum rmse is 1.8. It is also interesting to note that the forecast error in clus-
ter 4 is on a medium level of 0.39 relative rmse (1.4 m/s), which is roughly halfway
between the smallest and largest error values and significantly different from both
of them. The days in this cluster are related to medium pmsl with small pressure
gradients and, hence, low wind speeds.

Again the average forecast errors found for the typical weather situations at the
two sites show a good consistency. For Fehmarn as well as for Hilkenbrook, large
rmse values occur for the clusters that are related to a rather fast-moving low-pressure
system that passes north of the site (cluster 2 for Fehmarn, 6 for Hilkenbrook). The
local meteorological conditions are characterised by pmsl on a relatively low level
decreasing further around midday but recovering at the end of the day. Wind speeds
are fairly high with wind directions turning from south-west to west and back to
south-west, indicating the passage of a front. Depending on the path of the low, this
situation simultaneously occurs at both sites or only at Hilkenbrook (see Table 9.1).

In addition, for Fehmarn the passage of low-pressure areas in the west or south-
west of the site with strong easterly winds (cluster 5) is also related to large forecast
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Fig. 9.12. Means of daily rmse of wind speed prediction normalised with annual mean of
wind speed for the seven clusters found with complete linkage at Hilkenbrook. Cluster 6 has
the maximum forecast error, which is significantly different from clusters 1, 2, 4 and 7. Clus-
ter 6 is related to a low-pressure system passing north of the site. Cluster 1 with the smallest
rmse corresponds to a situation where a stationary high pressure dominates the local weather
conditions. Its error is significantly lower compared with clusters 4 and 6 (see Table B.4)

errors. At Hilkenbrook these days are recorded in cluster 4, which additionally con-
tains more situations with smaller wind speeds on average and slightly higher pmsl
compared with Fehmarn. The corresponding forecast error is the second largest at
Hilkenbrook but significantly lower than the largest one. Thus, at Fehmarn there are
higher wind speeds caused by larger pressure gradients, while at the same time at
Hilkenbrook more moderate conditions prevail.

In contrast to this, both sites have the smallest forecast error in situations where
a high-pressure area lies rather stationary over Scandinavia or the Baltic Sea, with
relatively high wind speeds from the east. For Fehmarn the mean rmse in this case
is 17% to 39% smaller than that of the other weather classes. For Hilkenbrook the
minimum rmse is 13% to 42% smaller than in the other clusters.

Hence, using complete linkage leads to a reasonable synoptic classification of the
meteorological data (30-m wind data and pmsl of nearby synop station) at these two
sites in the sense that the clusters can be associated with typical large-scale weather
classes. The number of classes found by considering the interval of clustering steps
given by “jumps” in the distances between the clusters as criterion to stop the cluster-
ing process already provides a good choice. Moreover, the mean forecast errors re-
lated to the clusters show significant differences where the maximum and minimum
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rmse are, as expected, related to dynamic low-pressure and stationary high-pressure,
respectively.

Ward’s Linkage

For most of the investigated sites Ward’s linkage produced clusters which are in
principle comparable to those found by complete linkage. But the alterations between
the groups of days generated by the two methods can make important differences
in terms of the grouping of days and, thus, the related forecast errors. This is now
illustrated for Fehmarn, where typical differences between the methods occur.

As Fig. 9.13 shows, the distances between the clusters at the final 15 steps of the
clustering procedure behave rather similar to complete linkage. There are discontinu-
ities at the transitions from eight to seven and five to four clusters. Again, choosing a
number of clusters from this interval leads to a classification that allows to relate the
clusters to large-scale weather situations and to find significant differences between
the average forecast errors per cluster.

The results of the classification based on six clusters with Ward’s linkage for
Fehmarn are shown in Fig. 9.14. With regard to these mean values of �u and pmsl, the
classes are generally comparable to those found by complete linkage in Fig. 9.6. But
it is obvious by comparing the means of the pressure that there are differences in par-
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Fig. 9.13. Distance between clusters versus number of clusters using Ward’s linkage at
Fehmarn. “Jumps” in the distances occur at the transitions from eight to seven and five to
four clusters. This is similar to complete linkage (Fig. 9.4)
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Fig. 9.14. Means of �u (top) and pmsl (bottom) at different forecast horizons for six clusters
found by Ward’s linkage at Fehmarn. For �u the symbols denote the points (ut, vt) at times
t = 0, 6, 12, 18, 24 h, where (u0, v0) (t = 0 h) is marked by “+”. Some of the clusters are
comparable with those provided by complete linkage (Fig. 9.6), in particular cluster 5 with
cluster 2 by complete linkage

ticular for the low to medium range, with pmsl between 1005 mbar and 1015 mbar.
Moreover, in terms of the mean wind vectors, Ward’s cluster 1 appears to constitute
a new class which does not appear under complete linkage.

A more detailed comparison of the overlaps between the clusters reveals that
some days are grouped rather differently by the two methods. Table 9.2 shows that
the only two clusters that are nearly identical are number 2 of complete and 5 of
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Table 9.2. Comparison of equal days in clusters using complete and Ward’s linkage for
Fehmarna

Ward
Cluster 1 Cluster 2 Cluster 3 Cluster 4 Cluster 5 Cluster 6

∑

Complete
Cluster 1 0 0 30 0 4 16 50
Cluster 2 0 0 1 0 16 0 17
Cluster 3 10 24 32 0 0 55 121
Cluster 4 0 33 0 2 0 0 35
Cluster 5 0 0 0 0 1 20 21
Cluster 6 22 0 41 55 3 0 121

∑
32 57 104 57 24 91 365

aThough the means of the clusters are rather similar to complete linkage, there are
differences in the actual grouping

Ward’s, which share 16 common days related to the well-known weather situation
of the passing low in the north. Hence, these seldom but rather extreme days are
consistently classified by both methods.

Another interesting weather class is the high over Scandinavia or the Baltic Sea
detected by complete linkage as cluster 4. Under Ward’s linkage these 33 days with
very high-pressure are almost totally contained in cluster 2. But this cluster con-
tains additional days from situations with slightly lower pmsl and lower wind speeds.
Hence, Ward’s cluster 2 joins days into one class that are separately classified under
complete linkage, i.e. clusters 3 (pmsl of around 1020 mbar) and 4 (very high pmsl ≈
1030 mbar). This tendency of Ward’s linkage to group extreme together with less
extreme situations though they should remain distinct has already been described
in earlier investigations, e.g. by Kalkstein et al. [51]. Another typical feature of
Ward’s method is to create rather equally sized groups, which can also be observed in
Table 9.2. The distribution of days on the clusters is more balanced compared with
complete linkage.

Relation to Forecast Error Using Ward’s Linkage

The mean daily forecast error per cluster for Ward’s linkage is shown in Fig. 9.15.
Compared with the rmse of the complete linkage clusters in Fig. 9.11 the differences
between the classes are less pronounced. The statistical F test reveals that cluster 2
with the lowest rmse is significantly different from clusters 3 and 6 with the highest
rmse (cf. Table B.3). But in contrast to this, complete linkage results in a higher
number of significantly different clusters; in particular the cluster with the smallest
prediction error has a significantly lower rmse than three of the other clusters. Thus,
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Fig. 9.15. Means of daily rmse for the six clusters found with Ward’s linkage at Fehmarn.
The differences between the forecast errors are not as pronounced as for complete linkage
(Fig. 9.11 and Table B.3).

at this site Ward’s clusters have rather equalised error levels with smaller differences
between the clusters. This is considered as a disadvantage compared with complete
linkage as the classification scheme that provides a better distinction between the
forecast errors is more useful—of course, under the condition that it produces rather
homogeneous clusters which can be associated with certain weather types.

For the sites in this investigation the clusters constructed by Ward’s linkage pro-
vided a classification scheme that appears to correspond to typical weather situa-
tions. But compared with complete linkage the grouping of days can be different,
with a slight trend to join distinct meteorological situations into common classes
and to form equally sized groups. However, in contrast to the findings by Kalkstein
et al. [51], Ward’s linkage does not appear “to blur distinctions between types”. In
terms of the related prediction error, complete linkage performs better than Ward’s
linkage at Fehmarn and Hilkenbrook as it provides sharper distinctions between the
clusters.

Results for Other Sites

The site Syke is about 50 km west of Hilkenbrook still in the north-western part of
Germany. The results based on complete linkage using of measurements of wind data
at 10-m height instead of 30 m as before are rather similar to those for Hilkenbrook.
Here the passage of the low centred in the north is also related to the maximum
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forecast error. The minimum rmse also occurs for a high-pressure situation, but in
contrast to the two sites, the high is west of the site. The Scandinavian high that
leads to the minimum forecast errors for the sites still has a relatively small rmse. At
Syke the performance of Ward’s technique is comparable to the complete method.
The behaviour of the forecast error for the different weather classes, particularly,
the systematically larger rmse for dynamic low-pressure situations, is also confirmed
under Ward’s linkage.

At Rapshagen complete linkage (also 10-m wind data) provides clusters whose
interpretation in terms of large-scale weather classes is not as clear as for the other
sites. At this site Ward’s linkage seems to be superior and leads to a classification
that is easier to relate to weather patterns. The forecast errors per cluster again show
that the well-known low-pressure passage has a rather high rmse, which certain high-
pressure conditions also have. However, this site should be treated with care as local
effects seem to strongly influence the flow conditions locally though the orography
is only slightly complex. In terms of the relation between meteorological conditions
and the forecast error, this leads to an overlap between the overall predictability of
the weather situation by the NWP model and local effects on the wind field due to
the specific on-site conditions.

As regards local effects, e.g. due to orography causing speed-up effects over hills
and channelling effects in valleys, it has to be pointed out that the classification
method works with on-site information and is, therefore, unable to tell local flow
distortion from global circulation. Hence, local effects are implicitly taken into ac-
count and there might be an overlap between the two effects. Among the investigated
sites, only one site (Rapshagen) obviously shows this phenomenom and makes it dif-
ficult to draw definite conclusions, while the other sites do not show strong signs of
local effects in the course of the analysis.

In summary the results for all investigated sites are given in Table 9.3, where the
relative rmse for the three weather classes “low passes in the north”, “Scandinavian
high” and “high centred in north-west” having the most distinct differences in terms
of the forecast error are shown. The rather dynamic passage of the low leads to large
prediction errors at all sites with the relative rmse ranging from 0.31 to 0.51. Com-
pared with this the two high-pressure situations are related to significantly smaller
forecast errors. The high over Scandinavia causes an average rmse ranging from 0.23
to 0.29 with the exception of the unusual error value of 0.43 at Rapshagen presum-
ably related to orographic effects. A high-pressure area centred north-west or west
of the sites has also rather small relative rmse of between 0.22 and 0.36. To express
the difference between the weather classes in terms of the forecast error, the ratio
between the maximum rmse of the low-pressure situation and minimum rmse of the
high-pressure is used. It ranges from 1.5 to 1.7, where again Rapshagen is not con-
sidered. Hence, the differences are rather profound and the weather type appears to
be an important criterion to distinguish different error regimes.
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Table 9.3. Overview of the relation between the average forecast error and the meteorological
situation for the investigated sites using complete linkage for Fehmarn, Hilkenbrook and Syke
and Ward’s linkage for Rapshagena

Relative rmse
Number of “Low passes “Scandinavian “High centred in rmse ratio

clusters north of site” high” north-west” max./min
Fehmarn 6 0.39 0.23 0.29 1.7
Hilkenbrook 7 0.51 0.29 0.36 1.8
Rapshagen 7 0.31 0.43∗ 0.22 2.0∗

Syke 7 0.36 0.29 0.24 1.5
aThe number of clusters is determined by inspection of cluster distances. The relative rmse
of those weather classes are shown that typically have high (“low passes in the north”) or
low (“Scandinavian high”, “High-pressure north-west”) forecast errors. At Rapshagen the
flow situation corresponding to high pressure with easterly winds seems to be influenced
by local effects and produces a very unusual, large forecast error marked by ∗.

9.4 Conclusion

In this chapter the quantitative relation between the actual weather situation and the
error of the corresponding wind speed prediction has been investigated with methods
from synoptic climatology using local measurements of meteorological variables.
The main result is that in this framework significant differences in the forecast error
for distinct weather situations can be observed. In particular, the expectation can be
confirmed that dynamic low-pressure situations with fronts are related to consider-
ably larger prediction errors than weather types that are mainly influenced by rather
stationary high-pressure systems. The ratio between the maximum and the minimum
error in terms of the average rmse for these situations is between 1.5 and 1.7, which
is quite profound.

A classification scheme based on principal component analysis and cluster analy-
sis is successfully applied to automatically divide meteorological situations into
different classes. Although the classification procedure uses local information of
wind speed, wind direction and atmospheric pressure, the derived classes can be
associated with the overall weather situation in most cases by comparing typical
days from the clusters with large-scale weather maps. It is important to include in-
formation about changing weather conditions by using several measurements of the
variables per day. The classification results for the different sites that have been in-
vestigated are very consistent.

However, care has to be taken if local effects at the site have a strong influ-
ence on the flow, e.g. due to orography causing speed-up effects over hills and chan-
nelling effects in valleys. As the classification method works with on-site informa-
tion, it is unable to tell local flow distortion from global circulation. Hence, local
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effects are implicitly taken into account and the results may reflect an overlap be-
tween the two effects. In this investigation the classification procedure seems to be
robust enough to deal with the degree of local inhomogeneity that occurs for sites
in northern Germany, including an island site. To exclude local effects it is advis-
able to prefer wind data measured at 30-m height or higher to 10-m data. For further
use of this type of classification scheme it is necessary to systematically evaluate the
performance for sites in more complex terrain.

Moreover, it is important to note that this investigation only confirms that there
is a relation between the prevailing weather situation and the forecast error of the
wind speed for historical data of 1 year. So far, only the 00 UTC prediction run with
the lead times 6, 12, 18 and 24 h has been used to assess the daily forecast error
because of the limited availability of high-quality data in all variables at all times.
Hence, it is desirable for future investigations to shed some light on the behaviour of
the prediction horizons beyond 24 h and to confirm the results found here with data
from longer periods of time.

With regard to practical applications the advantage of this method is clearly that
it works on a rather small set of standard meteorological variables, so that online
measurements can be obtained quite easily and cost effectively. This is, together
with the fact that the classification scheme is automatic rather than manual, a major
prerequisite for a possible operational use of the classification scheme.

So far, measurements of the meteorological variables have been used to deter-
mine the weather class. In order to exploit these findings for an estimation of the
uncertainty of a wind power prediction, basically two steps are necessary. First of
all the predictability of the weather classes themselves has to be evaluated. For pre-
diction purposes it is required to determine the weather type in advance in terms of
the predicted wind speed, wind direction and atmospheric pressure. As the forecast
quality of pressure and wind direction (e.g. shown by Mönnich [77]) is considerably
better than that of wind speed, the prospects of accurately predicting the meteoro-
logical class are quite good. This step is non-trivial because the uncertainty of the
wind speed prediction which should be provided depending on the weather class is
also involved in predicting this weather class. Hence, it must be shown that there
is still some advantage in doing so. In a second step the uncertainty of the wind
speed forecast has to be transferred to the power forecast. The simplest approach in
this direction is to consider the error propagation as applied in Sect. 8.5, where it
was shown that the power uncertainty can be estimated rather well by the product of
wind speed uncertainty and the derivative of the power curve. The innovative step in
terms of the results of this chapter would then be to replace the constant wind speed
uncertainties with by weather-type-dependent ones.
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Smoothing Effects in Regional Power Prediction

Abstract. The investigation in this chapter focusses on the statistical analysis of the power
prediction error of an ensemble of wind farms compared with single sites. Due to spatial
smoothing effects the relative prediction error decreases considerably. Measurements of the
power output of 30 wind farms in Germany show that, as expected, this reduction depends on
the size of the region. To generalise these findings an analytical model based on the spatial
correlation function of the prediction error is derived to describe the statistical characteristics
of arbitrary configurations of wind farms. This analysis reveals that the magnitude of the error
reduction depends only weakly on the number of sites and is mainly determined by the size of
the region; e.g. for the size of a typical large utility (approximately 730 km in diameter), less
than 100 sites are sufficient to have an error reduction of about 50%.

10.1 Introduction

In the previous chapter the typical forecast errors in terms of wind speed and power
output are evaluated for single sites. However, in practical use, transmission sys-
tem operators or electricity traders are mainly interested in the total amount of wind
energy to be expected in their supply area for the days to come. Therefore, a pre-
diction of the combined power output of many wind farms distributed over a large
region is required. By integrating over an extended area, the errors and fluctuations
underlying the measurement and the forecast at single sites cancel out partly. These
statistical smoothing effects lead to a reduced prediction error for a region com-
pared with a local forecast. In this chapter the smoothing effects are investigated in
greater detail. The analysis of measured data clearly shows a reduction of the error
but is constrained to a fixed ensemble of sites. This restriction is overcome by us-
ing model ensembles of ficticious sites together with an analytical description of the
spatial correlation of the forecast error. Thus, the main parameters that determine the
magnitude of the error reduction, namely the size of the region and the number of
sites it contains, can easily be varied. The aim is to quantitatively describe the error



170 10 Smoothing Effects in Regional Power Prediction

reduction by spatial smoothing effects for typical wind farm configurations and re-
gion sizes. For this purpose the error reduction will mainly be described by the ratio
between the forecast error of the regional prediction and the typical forecast error of
a single site.

10.2 Ensembles of Measurement Sites

The first approach is to investigate the spatial smoothing effects using measured data
from an ensemble of 30 wind farms in the northern part of Germany. The sites are
divided into regions of two different types according to typical areas covered by a
medium and a large utility. The smaller regions with a diameter of approximately 140
km (see Fig. 10.1) contain three to five measurement sites each. The larger regions
are about 350 km in diameter with five to seven sites each. For comparison a very
large region containing all sites which has a diameter of about 730 km is formed.

The predicted and measured power output of a region are calculated by summing
up the time series for every wind farm located in the region and dividing them by the

Fig. 10.1. Regions in northern Germany with 140-km diameter. The points denote the mea-
surement sites
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Fig. 10.2. Ratio between standard deviations of error for ensemble and single prediction
(σensemble/σsingle) for various region sizes and forecast horizons for the ensemble of measure-
ment sites. σensemble/σsingle decreases with increasing region size. In all cases the reduction
in the regional prediction error is less pronounced for larger prediction times

number of wind farms. Similar to the verification analysis of single sites the standard
deviation, σensemble, of the difference between these two ensemble time series, i.e.
the sde as defined in (6.1) and (6.4), gives the regional prediction error. Figure 10.2
shows the results for the different region sizes and various prediction times. The
standard deviation of the ensemble, σensemble, i.e. the regional prediction error, is
normalised to the mean standard deviation of the single sites, σsingle, according to
Chap. 6 and averaged over all regions of the same size. For the given ensemble this
ratio decreases with increasing region size, e.g. the 6-h prediction gives an average
ratio of 0.79 for the 140-km region, 0.68 for the 350-km region and 0.50 for the 730-
km region (Fig. 10.2). In all cases the reduction of the regional prediction error is
less pronounced for larger prediction times.

10.3 Model Ensembles

The analysis for a specific set of measurement sites shows a significant decrease in
the prediction error compared with a single site. In order to draw general conclusions
about other configurations of wind farms, random ensembles of fictitious sites are
used. Thus, the size of the regions and the number of wind farms can be varied over
large ranges to see how the reduction of the error depends on these parameters. For
this purpose it is necessary to establish a proper statistical description of the regional
prediction error.
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Fig. 10.3. Spatial cross-correlation of prediction error for various prediction times. The cross-
correlation coefficients have been averaged over 25 km bins. The values do not go through 1
for d = 0 because the distances of wind turbines belonging to the same wind farm are not
resolved. For comparison the cross-correlation function of the prediction alone is also shown
which decays significantly slower than the error

The key elements connecting the spatial distribution of sites with the regional
prediction error are the cross-correlation coefficients rxy of the time series of the
pointwise error, i.e. εP(t) := Ppred(t) − Pmeas(t), between pairs of single sites. If
rxy are known for all pairs of sites, the regional forecast error, σensemble, can easily
be calculated using σ of the individual sites by

σ2
ensemble =

1
N2

∑

x

∑

y

σxσyrxy , (10.1)

where N is the number of sites in the region and σx is the standard deviation of the
single sites.

To obtain an analytic function describing the dependence of rxy on the site dis-
tance, the following procedure is applied. For each pair of the 30 wind farms, the
cross-correlation coefficient between pointwise prediction errors is calculated and
ordered according to the distance between the two sites x and y. Figure 10.3 shows
cross-correlation coefficients versus distance for various forecast horizons, where the
data points have been averaged over 25-km bins. For small prediction times (6 and
12 h) the cross-correlation decreases rather rapidly within 150 km, while for longer
times (36 and 48 h) the decrease is much slower. This might be due to the growing
systematic errors for increasing forecast horizon which give rise to higher spatial
correlations.
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Note that the spatial cross-correlation coefficients of the measured power alone
decay considerably slower with increasing distance than the cross-correlation of the
deviations. As shown by Beyer et al. [8], the cross-correlation of the power output of
wind turbines is about 0.7 at 130 km, while at the same distance rxy drops to approx-
imately. 0.2 for the 6-h prediction (Fig. 10.3). Hence, due to the large-scale weather
patterns which simultaneously affect many wind farms the spatial correlation of the
power output is considerably higher than that of the power prediction error.

The cross-correlation of the regional prediction error is approximated by fitting
analytic functions of the form rxy = a · e−d/b (a and b are fitparameters and d

is the distance between the two sites) to the cross-correlation coefficients derived
from the measured data. It turns out that piecewise exponentials lead to a suitable fit
to the data points. Now the correlation function rxy based on the fitted data together
with (10.1) allows for calculating the prediction error, σensemble, of the model regions
with fictitious wind farms. The individual forecast errors σx of the fictitious wind
farms are assumed to be equal, which means that they all have the same weight. The
geographical coordinates of the model ensembles are chosen randomly. Each result
given in the following represents an average value over 10 realisations of ensembles
with fixed size and number of sites.

Figure 10.4 shows the ratio between the regional error and the mean of single
sites, σensemble/σsingle , for two regions with different sizes versus the number of
sites in the region. The cross-correlation function rxy based on the 36-h forecast
was used. Obviously, σensemble/σsingle approaches a saturation level for increasing
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Fig. 10.4. Ratio σensemble/σsingle versus number of sites for the model ensembles. Each data
point represents an average over 10 ensembles. The fitted cross-correlation function for the
36-h forecast was used. A saturation level is reached for a relatively small number of sites
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number of wind farms. This limit is already reached for a rather small number of
wind farms. Beyond that point the error reduction does practically not depend on the
number of sites, e.g. for the size of a typical large utility (approximately. 730 km)
about 100 sites are sufficient to have a constant level of 0.49.

For uncorrelated sources, one would expect σensemble/σsingle = N− 1
2 showing

no saturation for large N . Let the limit value for a model region be σsat; then the
number of uncorrelated sources with at least the same signal-to-noise ratio is simply
given by

N = int
(
σ−2

sat

)
+ 1 ,

where the operator int truncates the digits. As illustrated in Fig. 10.5, the limit value
of the largest region, which is 730 km in diameter, corresponds to about 5 (exactly
4.15) uncorrelated sources, and that of one of the smaller regions to 3 (2.51). Thus,
due to the finite correlations of the prediction error between distant sites the regional
error reduction is far less pronounced than for uncorrelated sites.

The experimental data in Sect. 10.2 agree well with these calculations. Compar-
ing the 36-h data in Fig. 10.2 with the values corresponding to the same number of
sites, i.e. 30, in Fig. 10.4 gives σensemble/σsingle = 0.71 for the 360-km region for
both ensembles. For the 730-km region this ratio is 0.53 for the ensemble of mea-
surement sites and 0.52 for the model ensembles.
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Fig. 10.6. Saturation values of σensemble/σsingle (4000 sites) for the 36-h forecast. Each
data point represents an average over 10 ensembles. The dashed line illustrates the ratio
σensemble/σsingle determined for the ensemble of all wind farms in Germany

As expected, the saturation level decreases with increasing size of the region.
This is illustrated in Fig. 10.6, where the limit values for regions with different ex-
tensions containing 4000 sites are shown. There is a rapid decay for extensions below
500 km.

The distribution of distances within the ensemble of wind farms plays a crucial
role in explaining the saturation level. Figure 10.7 shows typical frequency distrib-
utions of the distances in a 360-km region for different numbers of randomly dis-
tributed wind farms. The distributions correspond to specific ensembles, i.e. another
realisation has a different distribution. Figure 10.7 clearly indicates that the distrib-
ution functions converge for an increasing number of wind farms. Beyond a certain
number of wind farms in the region, the characteristic distribution of distances ap-
proaches a limit distribution so that the regional error given by (10.1) does no longer
change. If the region has a certain “population density” of wind farms, it contains
enough pairs to represent all possible correlations which contribute to σensemble.
Therefore, adding more sites to the region does not reduce the regional error, as
would be expected for uncorrelated sites, and a saturation is reached.

The limit distribution has a mean value which is typically about half the diameter
of the region. As the distribution is concentrated around the mean, most contribu-
tions to σensemble come from this interval. For increasing region size this leads to
a decreasing saturation level due to the exponential decay of the cross-correlation
function (Fig. 10.3).



176 10 Smoothing Effects in Regional Power Prediction

0

0.02

0.04

0.06

0.08

0.1

0 100 200 300 400

fr
eq

ue
nc

y

distance [km]

20 wec
100 wec
500 wec

Fig. 10.7. Frequency distribution of distances in the region with a diameter of 360 km. The
curves represent randomly chosen coordinates of 20, 100 and 500 wind farms

Fig. 10.8. Distribution of wind turbines in Germany in 1999. The crosses denote ZIP-code
areas of the site locations

10.3.1 Distribution of German Wind Farms

Finally, the real distribution of wind farms in Germany in the year 1999 is con-
sidered as a special model ensemble (Fig. 10.8) and the regional forecast error is
compared with that of a single site as above. For the 36-h prediction this gives
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σensemble/σsingle = 0.43. This ratio is illustrated by a dashed line in Fig. 10.6, giv-
ing a corresponding region size of 930 km which rather exactly matches the north
to south extension of Germany. Hence, this ratio agrees well with the theoretically
found value.

Note that the imbalance in the distribution of sites in the north and south
(Fig. 10.8) does not affect the resulting error reduction factor σensemble/σsingle as
the critical number of around 100 for a region of that size is, of course, exceeded.

10.4 Conclusion

The statistical smoothing effects of the prediction uncertainty that arise if a wind
power forecast is made for a region with spatially distributed wind farms lead to a
reduction in the error of the aggregated power prediction compared with a single
site. For an ensemble of wind farms where the analysis is based on measured data,
the improvement of the prediction is noticeable even for small regions and only a
few sites. Using model ensembles with randomly chosen locations permits to gener-
alise the results in order to identify the impact of the two main parameters, namely
the spatial extension of the region and the number of sites it contains, together with
their distribution. The magnitude of the reduction does strongly depend on the size of
the region; i.e. the larger the region, the larger the reduction. As regards the number
of sites contained in the area, a saturation level is already reached for a compara-
tively small number of wind farms. This means that only a few sites are sufficient to
determine the magnitude of the improvement in the power prediction.

The results of the analysis show that for regions with a sufficient number of
preferably equally distributed wind farms, it is now possible to estimate the regional
smoothing effect of the wind power prediction error by just considering the size of
the region in question. As the error reduction is due to statistical effects, the power
prediction for a region improves on average. However, single events such as an in-
correctly predicted storm front crossing the entire area lead to a coherent behaviour
of the wind turbines. In this case the correlation of the prediction error between the
sites is, of course, higher than on average and spatial smoothing is less pronounced.

This investigation was carried out with measured data for northern Germany
and output of the NWP model of the German Weather Service. The regions are
characterised by mainly flat terrain with no mountains separating the area in dif-
ferent weather regimes. The parameters, especially the decay length of the spatial
cross-correlation of the deviations, are supposed to depend on the typical length
scales of the weather patterns crossing the region and on the NWP model which
may have special characteristics. In the mid-latitudes, where the weather condi-
tions are driven by high-and low-pressure systems, the general patterns of circu-
lation types are comparable to our situation. Thus, the general behaviour of the
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cross-correlation function between the sites which determines the degree of statis-
tical smoothing and the saturation values should be universal so that the qualitative
results found in this investigation are applicable to other areas in the mid-latitudes as
well.
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Outlook

The field of wind power prediction is developing quite dynamical, so that the state
of the art is continously moving forward and each documentation about the current
status is merely a snapshot. The challenges of the future require further research and
development as wind energy is claiming a growing share in the electricity supply
of many countries. With regard to wind power predictions, the fields of future work
are already on the agenda covering a number of interesting topics such as upscaling
of representative sites, offshore application, uncertainty estimation and meso-scale
modelling in complex terrain. Each of these topics deserves some further explana-
tion.

Wind power predictions are usually applied to obtain forecasts of the aggregated
power production of a number of wind farms in an area, e.g. by a transmission sys-
tem operator who is interested in keeping the grid balanced. Calculating a regional
power prediction based on each wind farm contained in the area would be a straight-
forward way, but it has some technical limitations, e.g. regarding the availability of
measurement data or the finite computer ressources. Consequently, it has become a
well-established strategy to select a number of representative sites where predictions
are made and then scale these predictions up to the anticipated regional production.
The challenge here is, of course, to carefully select the representative sites and find
the optimal weight for each of them. As already pointed out in Chap. 10 this requires
a firm statistical foundation in the superposition of dependent time series and a quan-
titative description of the error reduction by spatial smoothing effects. The properties
of the region have to be covered by taking the climatology of the wind regime into ac-
count. Hence, developping advanced upscaling algorithms requires an understanding
of the temporal and spatial structure of wind fields in order to estimate the variations
of wind power over an area. In addition, the technical details, e.g. coordinates, hub
height and installed power, of the wind turbines in the region have to be available
and embedded properly into the upscaling procedure.
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Going offshore is a challenge in virtually every respect. The installed power of
the planned wind farms at sea will be of the order of magnitude of that of nuclear
power plants. So there is no doubt that accurate forecasts of their power produc-
tion are beneficial. As the meteorological conditions of the marine boundary layer
are only partly understood, the concepts developed for onshore wind energy appli-
cations, as discussed in Chaps. 3 and 7, have to be modified. In particular, the vari-
able surface roughness of the ocean and the large heat capacity of the water have
a significant impact on the vertical wind speed profile. Thus, with regard to wind
power predictions, new models to describe the vertical profile are required which
consider the characteristic transfer of momentum and heat between sea surface and
atmosphere. First investigations show that the accuracy of the wind speed forecast
is rather promising. However, in contrast to the onshore case, wind power predic-
tions offshore will typically be made for single wind farms and, thus, cannot take
advantage of spatial smoothing effects. Therefore, improving the prediction quality
offshore is an important issue. In addition, the considerable spatial dimensions of off-
shore wind farms might strongly influence the wind field within the wind farms and
in their vicinity. Hence, the presence of the wind farm is expected to have a macro-
scopic impact, e.g. due to wake effects or the formation of internal boundary layers.
These phenomena have to be investigated and included into wind power prediction
systems.

The uncertainty of wind power predictions is a major issue in this book (Chaps. 6,
8 and 9) and also for the future. Analysing the uncertainty of a wind power prediction
provides considerable insight into the basic properties of the prediction system, such
as the effect of the non-linear power curve. Moreover, if the uncertainty information
is tailor-made for the individual forecast situation, it is a useful additional informa-
tion for the end user who can then better estimate the risk of trusting in the prediction.
The uncertainty of the power prediction is the cumulated effect of the errors intro-
duced by input variables (e.g. wind speed) that are propagated through the prediction
system and of errors in the model parameters (e.g. certified power curve). In order
to quantitatively describe the resulting error both error sources have to be kept apart.
It has already become clear that the uncertainty of the wind speed prediction plays
an important role in the final power prediction error. Therefore, approaches to assess
the wind speed uncertainty in terms of the prevailing forecast situation are promis-
ing. The question is, of course, what exactly constitutes the forecast situation? In
order to find a feasible answer a wide range of approaches are being tested involving
weather classification schemes, methods from synoptic climatology and ensemble
predictions. The latter approach is a rather elegant way to include the inherent dy-
namic properties of the numerical weather prediction (NWP) system, which are in
fact partly responsible for the prediction errors, into the assessment of the forecast
uncertainty. However, further research and development will reveal the benefits of
either of these methods.



11 Outlook 181

For certain wind farm sites the rather coarse numerical grid of the operational
NWP systems does not sufficiently cover the local wind conditions. This can be due
to the complexity of the terrain with orographic structures that significantly change
the wind field on a rather small scale. If on top of that the solar radiation is high,
the traditional NWP systems have difficulties to accurately describe the situation.
One important example is the situation in Spain where quite a number of wind farms
are erected in areas that are very challenging to predict. For these applications the
operational use of meso-scale atmospheric models appears reasonable. The resolu-
tion of these models can be decreased to a few hundred metres, but what is more
important is that they are designed to include small-scale effects such as thermally
driven convection in valleys. As mentioned in Chap. 2, meso-scale models are readily
available but they have to be adapted and implemented into wind power prediction
systems. Of course, the effort to run meso-scale models in an operational setup is
high not only due to computational costs but also due to the large amount of in-
put data required, e.g. digitized surface maps. However, this effort might be small
compared with the benefits from an accurate prediction.

In conclusion, the field of wind power prediction will develop along the lines
defined by the challenges that are brought up by the large-scale utilisation of wind
energy in different areas of the world. It is up to both researchers and industry to
exploit the considerable potential of wind power predictions and take advantage of
the information about the energy of tomorrow.



A

Definition of Statistical Quantities

A.1 General Statistical Quantities

Let {xi}, with i = 1, . . . , N , be a given discrete time series of length N . {xi} is
regarded as a finite sample from a continuous, infinite and stationary time series
x(t).

Mean

The true mean µ of x(t) is estimated by the mean value x of {xi}, which is defined
by

x =
1
N

N∑

i=1

xi . (A.1)

Standard Deviation

The standard deviation σ(x) of x(t) is estimated by the standard deviation σx of the
sample; hence,

σx =

√√√√ 1
N − 1

N∑

i=1

(xi − x)2 , (A.2)

where x denotes the mean according to (A.1). σ2
x will be referred to as variance.

Cross-correlation Coefficient

The cross-correlation measures the degree of linear dependence between two times
series x(t) and y(t). It is defined by
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rxy =
1

σx σy

1
N

N∑

i=1

(xi − x) (yi − y) . (A.3)

A.2 Error Measures

Error measures describe the average behaviour of deviations between predicted and
measured values. The time series to be analysed is the difference between prediction,
xpred, and measurement, xmeas, i.e. the pointwise error at time i defined by

εi = xpred,i − xmeas,i . (A.4)

Root Mean Square Error (rmse)

The root mean square error evaluates the squared difference between xpred and
xmeas; hence,

rmse =

√√√√ 1
N

N∑

i=1

(xpred,i − xmeas,i)
2 =

√
ε2 . (A.5)

Bias

The bias is the difference between the mean values of xpred and xmeas, i.e.

bias = xpred − xmeas = ε . (A.6)

Standard Deviation of Error (sde) and its Decomposition

The standard deviation of error is given by

sde = σ(ε) =
√

ε2 − ε2 . (A.7)

By using simple algebra the variance of error, i.e. sde2, can be split into two parts,
namely the sdbias defined by the difference between the standard deviations of xpred

and xmeas and the dispersion, disp:
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sde2 = σ2(ε)

= (ε − ε)2

= (xpred − xpred − (xmeas − xmeas))
2

= (xpred − xpred)2 + (xmeas − xmeas)
2 − 2(xpred − xpred) (xmeas − xmeas)

= σ2(xpred) + σ2(xmeas) − 2σ(xpred)σ(xmeas) r(xpred, xmeas)

=
(
σ2(xpred) + σ2(xmeas) − 2σ(xpred)σ(xmeas)

)

+ 2σ(xpred)σ(xmeas) − 2σ(xpred)σ(xmeas) r(xpred, xmeas)

= (σ(xpred) − σ(xmeas))
2

︸ ︷︷ ︸
sdbias2

+ 2σ(xpred)σ(xmeas)(1 − r(xpred, xmeas))︸ ︷︷ ︸
disp2

(A.8)

Using (A.5), (A.6), (A.7) and (A.8), the rmse can be written as

rmse =
√

bias2 + sdbias2 + disp2 . (A.9)
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Statistical Testing

The type of probability distribution of the variables plays an important role in the
interpretation of the results, in particular in connection with confidence intervals.
In some cases an assumption concerning the distribution of the variable in question
can be made, e.g. the deviations between prediction and measurement are commonly
expected to be normally distributed. Hypotheses of this kind can be tested with sta-
tistical methods. The idea is to formulate a hypothesis H0, such as “H0 = A given
sample {xi} is drawn from a distribution of type Y”. Then a confidence level 1 − α

is set, where α is the probability of rejecting the hypothesis although it is true. The
outcome of the test is either that H0 is rejected or it is not rejected at the given confi-
dence level. So the crucial point is that a statistical test cannot prove the hypothesis;
i.e. even if the hypothesis is not falsified by the test, it can still be wrong. The value
of these tests is to add some more confidence to the statement of the hypothesis.

B.1 The χ2 Test

The χ2 test is a popular form of hypothesis testing and is described in standard books
on statistics, e.g. [121]. The test is used in this work as a so-called goodness-of-fit
test to check whether a sample could have been drawn from a normal distribution.
Hence, the null hypothesis is “H0 = The given random sample {xi} is drawn from a
normal distribution with mean x and variance σ2”. The basic idea of the χ2 test is to
compare observed frequencies, hj , with the theoretically expected probabilities, pj ,
and provide criteria to decide if they show significant differences.

First of all, the N sample values {xi} are divided into k bins of equal width ∆e.
Let ej be the upper boundary of bin j; then the theoretical probability, assuming that
the distribution was Gaussian, is given by pj = F (ej) − F (ej−1), where F (ej) =
Φ ((ej − x)/σ)) is the cumulated distribution function of a Gaussian distribution.
Then the random variable
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χ2
s =

k∑

j

(hj − N pj)2

N pj
(B.1)

is defined which compares the empirically found frequencies, hj , with the expected
Gaussian probabilities, pj . The variable χ2

s is approximately χ2 distributed with k −
1 degrees of freedom. A prerequisite for this approximation is Npj ≥ 5. The χ2

distribution is defined as the distribution of the sum of the squares of independent
standard normal variables and its values are usually tabulated, e.g. in [121].

The probability of wrong rejection α is selected. It implicitly defines the interval
in which realisations of χ2

s according to (B.1) are rejected. Hence, the condition

Fχ2(χ2 ≥ χ2
α,k−1) = α , (B.2)

where Fχ2 is the cumulated χ2 distribution, gives a critical point, χ2
α,k−1, and the

probability to find values beyond this point is α. Typically, α is set to 0.10, 0.05
or 0.01 and is called the significance level. The corresponding values of χ2

α,k−1 are
tabulated.

After χ2
α,k−1 is determined, the last step is to check whether the realisation of χ2

s

is smaller than this critical point; i.e. if

χ2
s ≤ χ2

α,k−1 , (B.3)

there is no objection to the assumption that the sample stems from a Gaussian
distribution.

B.2 The Lilliefors Test

The Lilliefors test is also a goodness-of-fit test used to test a given distribution for
normality. The test compares the empirical cumulative distribution of the sample
{xi} with a normal cumulative distribution having the same mean and variance as
{xi}. Compared to the χ2-test it has the advantage that the sample size is allowed to
be relatively small.

The test statistics of the Lilliefors test is defined as

D = max
j

|Pj − Hj | (B.4)

where Pj = Φ((xj − x)/σ)) is the cumulative distribution of the normal standard
distribution and Hj the empirical frequency of events with x ≤ xj . D according
to (B.4) is tested against a critical value Dα at the desired confidence level α ob-
tained from a table. If D > Dα the hypothesis that the distribution is normal will be
rejected.

The known limitations of the Lilliefors test (which is similar to a test called
Kolmogorov-Smirnov test) is that it tends to be more sensitive near the centre of the
distribution than at the tails.
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B.3 The F Test

In order to test whether several sample means show statistically significant differ-
ences the so-called F test is used (described, e.g., in [121]). The idea of this test is
to compare the within variance among the members of one sample to the in-between
variance among the means of the different samples. The variance between the sample
means is “explained” by the fact that the samples might come from different popu-
lations, while the variance within one sample is “unexplained” in the sense that it is
due to random fluctuations around the mean. Hence, the F test is based on evaluating
the ratio

F =
explained variance

unexplained variance
. (B.5)

Typically, the hypothesis to be tested is formulated as “H0 = The sample means
belong to the same distribution.”

To compare r different means derived from samples of unequal size the following
notation is used: let {xj

i}, with i = 1, . . . , Nj and j = 1, . . . , r, denote the jth
sample, e.g. in Sect. 9.3 the daily error values of one cluster; then xj is the sample
mean.

The average variance of the different samples from their respective mean values
is called pooled variance and is defined by

σ2
p =

∑r
j=1

∑Nj

i=1(x
j
i − xj)2

∑r
j=1(Nj − 1)

. (B.6)

The variance between the sample means is defined by

σ2
m =

∑r
j=1 Nj(xj − x)2

r − 1
, (B.7)

where x denotes the mean of all xj
i , i.e.

x =

∑r
j=1 Njx

j

∑r
j=1 Nj

. (B.8)

Now the average within-variance of the individual samples is compared to the vari-
ance of the sample means defining the F ratio in (B.5) by

F =
σ2

m

σ2
p

. (B.9)

The F ratio is determined for the given samples. If H0 is true and the sample means
are the same, then F is around 1. If the mean values are from different distributions
and, hence, H0 is not true, the variance among the mean values, σ2

m, will be larger
compared with the within-sample variance, σ2

p, and F in (B.9) is expected to be
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greater than 1. The F distribution determines how large F is allowed to be under
the assumption that H0 is true. Hence, for a pre-defined significance level α, i.e. the
probability that H0 is rejected though it is true, the critical value Fα can be inferred
from a tabulated F distribution with the suitable degree of freedom. If the condition

F ≤ Fα (B.10)

holds, H0 is not rejected.
Note that the hypothesis H0 is “the means are equal” and, thus, if H0 is rejected

the alternative hypothesis H1: “the means are NOT equal” is confirmed. However,
this is only the first step because this test does not tell which pairs of mean values
are different. This has to be tested by constructing simultaneous confidence inter-
vals around each of the mean values. Using Scheffe’s multiple comparisons [121]
the differences between all pairs of sample means can be evaluated, and with 95%
confidence the following statement is true for all sample pairs (k, j) simultaneously:

µk − µj = (xk − xj) ±
√

(r − 1)F0.05 σp

√
1

Nk
+

1
Nj

, (B.11)

where µk − µj is the difference between the true means of the two underlying pop-
ulations, xk − xj is the difference between the sample means, r is the number of
different samples, F0.05 is the value of the F distribution at the significance level
0.05, σ2

p is the pooled variance (B.6) and Nk,Nj are the sample sizes.
Thus, if the difference xk −xj exceeds the confidence range given by (B.11), the

two samples {xk
i } and {xj

i} are believed to originate from two different distributions
and the mean values xk and xj are regarded as significantly different.

B.4 F Test Results from Sect. 9.3

Table B.1. F ratios (B.9) of investigated stations (see Sect. 9.3)

Number of clusters Linkage type F ratio

Fehmarn 6 Complete 7.73
6 Ward’s 5.65

Hilkenbrook 7 Complete 6.23
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Table B.2. Results of Scheffe’s multiple comparison for daily rmse for Fehmarn clustering
with complete linkagea

Clusteri Clusterj Difference of meansij Significance Lower boundary Upper boundary

1 2 −0.0709 1.000 −0.7788 0.6371
3 0.4120 0.063 −0.0119 0.8360
4 0.7619(∗) 0.001 0.2061 1.3176
5 −0.0875 0.999 −0.7433 0.5682
6 0.4930(∗) 0.011 0.0690 0.9169

2 1 0.0709 1.000 −0.6371 0.7788
3 0.4829 0.297 −0.1702 1.1360
4 0.8327(∗) 0.017 0.0873 1.5782
5 −0.0167 1.000 −0.8394 0.8060
6 0.5638 0.141 −0.0893 1.2170

3 1 −0.4120 0.063 −0.8360 0.0119
2 −0.4829 0.297 −1.1360 0.1702
4 0.3498 0.323 −0.1341 0.8338
5 −0.4996 0.167 −1.0957 0.0965
6 0.0809 0.983 −0.2433 0.4051

4 1 −0.7619(∗) 0.001 −1.3176 −0.2061
2 −0.8327(∗) 0.017 −1.5782 −0.0873
3 −0.3498 0.323 −0.8338 0.1341
5 −0.8494(∗) 0.006 −1.5455 −0.1534
6 −0.2689 0.630 −0.7529 0.2151

5 1 0.0875 0.999 −0.5682 0.7433
2 0.0167 1.000 −0.8060 0.8394
3 0.4996 0.167 −0.0965 1.0957
4 0.8494(∗) 0.006 0.1534 1.5455
6 0.5805 0.062 −0.0156 1.1766

6 1 −0.4930(∗) 0.011 −0.9169 −0.0690
2 −0.5638 0.141 −1.2170 0.0893
3 −0.0809 0.983 −0.4051 0.2433
4 0.2689 0.630 −0.2151 0.7529
5 −0.5805 0.062 −1.1766 0.0156

aThe standard software SPSS has been used. “∗” denotes that the difference between the
means is significant at the level α = 0.05. Clusteri and clusterj refer to the cluster numbers
used in Sect. 9.3. If “significance” is smaller than α = 0.05, the mean values of the two
clusters i and j are regarded as significantly different. Lower boundary and upper boundary
refer to the boundaries of the 95% confidence interval given by B.11. This interval does
not contain the origin if the clusters are significantly different.
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Table B.3. Results of Scheffe’s multiple comparison for daily rmse, for Fehmarn with Ward’s
linkagea

Clusteri Clusterj Difference of meansij Significance Lower boundary Upper boundary

1 2 0.1725 0.959 −0.3920 0.7369
3 −0.2504 0.757 −0.7669 0.2662
4 −0.0253 1.000 −0.5898 0.5391
5 −0.3974 0.592 −1.087 0.2926
6 −0.4223 0.206 −0.9474 0.1029

2 1 −0.1725 0.959 −0.7369 0.3920
3 −0.4228(∗) 0.048 −0.8439 −0.0017
4 −0.1978 0.861 −0.6764 0.2809
5 −0.5699 0.097 −1.191 0.0519
6 −0.5947(∗) 0.001 −1.026 −0.1631

3 1 0.2504 0.757 −0.2662 0.7669
2 0.4228(∗) 0.048 0.0017 0.8439
4 0.2250 0.670 −0.1961 0.6462
5 −0.1471 0.982 −0.7258 0.4316
6 −0.1719 0.782 −0.5387 0.1949

4 1 0.0253 1.000 −0.5391 0.5898
2 0.1978 0.861 −0.2809 0.6764
3 −0.2250 0.670 −0.6462 0.1961
5 −0.3721 0.549 −0.9939 0.2497
6 −0.3969 0.095 −0.8286 0.0347

5 1 0.3974 0.592 −0.2926 1.0875
2 0.5699 0.097 −0.0519 1.1917
3 0.1471 0.982 −0.4316 0.7258
4 0.3721 0.549 −0.2497 0.9939
6 −0.0248 1.000 −0.6112 0.5616

6 1 0.4223 0.206 −0.1029 0.9474
2 0.5947(∗) 0.001 0.1631 1.0264
3 0.1719 0.782 −0.1949 0.5387
4 0.3969 0.095 −0.0347 0.8286
5 0.0248 1.000 −0.5616 0.6112

aThe standard software SPSS has been used. “∗” denotes that the difference between the
means is significant at the level α = 0.05. Clusteri and clusterj refer to the cluster numbers
used in Sect. 9.3. If “significance” is smaller than α = 0.05, the mean values of the two
clusters i and j are regarded as significantly different. Lower boundary and upper boundary
refer to the boundaries of the 95% confidence interval given by B.11. This interval does
not contain the origin if the clusters are significantly different.
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Table B.4. Results of Scheffe’s multiple comparison for daily rmse for Hilkenbrook with
complete linkagea

Clusteri Clusterj Difference of meansij Significance Lower boundary Upper boundary

1 2 −0.2309 0.372 −0.5544 0.0925
3 −0.1616 0.964 −0.6443 0.3212
4 −0.2806(∗) 0.035 −0.5509 −0.0104
5 −0.2365 0.852 −0.7561 0.2831
6 −0.7372(∗) 0.000 −1.1838 −0.2906
7 −0.2088 0.580 −0.5516 0.1341

2 1 0.2309 0.372 −0.0925 0.5544
3 0.0694 1.000 −0.4218 0.5605
4 −0.0497 0.999 −0.3347 0.2353
5 −0.0055 1.000 −0.5330 0.5219
6 −0.5063(∗) 0.017 −0.9619 −0.0506
7 0.0222 1.000 −0.3324 0.3767

3 1 0.1616 0.964 −0.3212 0.6443
2 −0.0694 1.000 −0.5605 0.4218
4 −0.1191 0.990 −0.5769 0.3388
5 −0.0749 1.000 −0.7126 0.5628
6 −0.5756 0.053 −1.1553 0.0041
7 −0.0472 1.000 −0.5513 0.4569

4 1 0.2806(∗) 0.035 0.0104 0.5509
2 0.0497 0.999 −0.2353 0.3347
3 0.1191 0.990 −0.3388 0.5769
5 0.0442 1.000 −0.4525 0.5408
6 −0.4566(∗) 0.021 −0.8761 −0.0370
7 0.0719 0.994 −0.2349 0.3787

5 1 0.2365 0.852 −0.2831 0.7561
2 0.0055 1.000 −0.5219 0.5330
3 0.0749 1.000 −0.5628 0.7126
4 −0.0442 1.000 −0.5408 0.4525
6 −0.5007 0.203 −1.1115 0.1100
7 0.0277 1.000 −0.5118 0.5672

6 1 0.7372(∗) 0.000 0.2906 1.1838
2 0.5063(∗) 0.017 0.0506 0.9619
3 0.5756 0.053 −0.0041 1.1553
4 0.4566(∗) 0.021 0.0370 0.8761
5 0.5007 0.203 −0.1100 1.1115
7 0.5284(∗) 0.014 0.0588 0.9980

(cont.)
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Table B.4. Contd.

Clusteri Clusterj Difference of meansij Significance Lower boundary Upper boundary

7 1 0.2088 0.580 −0.1341 0.5516
2 −0.0222 1.000 −0.3767 0.3324
3 0.0472 1.000 −0.4569 0.5513
4 −0.0719 0.994 −0.3787 0.2349
5 −0.0277 1.000 −0.5672 0.5118
6 −0.5284(∗) 0.014 −0.9980 −0.0588

aThe standard software SPSS has been used. “∗” denotes that the difference between the
means is significant at the level α = 0.05. Clusteri and clusterj refer to the cluster numbers
used in Sect. 9.3. If “significance” is smaller than α = 0.05, the mean values of the two
clusters i and j are regarded as significantly different. Lower boundary and upper boundary
refer to the boundaries of the 95% confidence interval given by B.11. This interval does not
contain the origin if the clusters are significantly different
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