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Preface to the Fourth Edition 

This fourth edition of selecta of my work on the stability of matter contains recent 
work on two topics that continue to fascinate me: Quantum electrodynamics (QED) 
and the Bose gas. 

Three papers have been added to Part VII on QED. As I mentioned in the preface 
to the third edition, there must be a way to formulate a non-perturbative QED, 
presumably with an ultraviolet cutoff, that correctly describes low energy physics, 
i.e., ordinary matter and its interaction with the electromagnetic field. The new 
paper VII.5, which “quantizes” the results in V.9, shows that the elementary ‘no-pair’ 
version of relativistic QED (using the Dirac operator) is unstable when many-body 
effects are taken into account. Stability can be restored, however, if the Dirac operator 
with the field, instead of the bare Dirac operator, is used to define an electron. Thus, 
the notion of a “bare” electron without its self-field is physically questionable. 

One of the truly basic quantum-mechanical phenomena is the existence of a ground 
state, but to define this one must have a Hamiltonian and a variational principle. This 
is not easy to formulate in a truly relativistic theory using the Dirac operator, but 
work has been done trying to make the ground state clear for the non-relativistic 
Schro¨dinger operator coupled to the relativistic electromagnetic field. Paper VII.3 
completes the work started in VII.2 by showing that the “binding condition” of VII.2 
is satisfied and hence that atoms and molecules have true ground states in this theory, 
despite the possibility of an “infrared problem”. 

Paper VII.4 is a first, primitive attempt to quantify the mass renormalization 
problem non-perturbatively. 

Part VIII on the Bose gas has four new papers. Paper VIII.7 carries forward what 
was begun in VIII.6 on the one-component gas (‘jellium’)by proving that Dyson’s 
1967 conjecture on the ground state of a two-component gas of high density charged 
bosons is exactly describable, asymptotically, by a mean-field equation. 

The theory of the low density gas, is quite a different matter and its ground state is 
shown to have 100% Bose-Einstein condensation (in VIII.8) and 100% superfluidity 
(in VIII.9) for gases in traps (in the Gross-Pitaevskii limit). These long-conjectured 
results are now proved, but the ‘holy grail’ of proving Bose-Einstein condensation 
for an interacting gas in the usual thermodynamic limit remains as a challenge. 

Other interesting facts, experimental and theoretical, about dilute gases in traps 
continue to emerge. Recent experiments show that gases in elongated traps behave 
like one-dimensional systems, and the mathematical proof is announced in VIII.10. 
A more detailed discussion of these papers is in VIII.1. 

Three other selecta have also been published: Inequalities, edited by Michael 
Loss and Mary Beth Ruskai; Statistical Mechanics and Condensed Matter Physics 
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and Exactly Soluble Models, both edited by Bruno Nachtergaele, Jan Philip Solovej 
and Jakob Yngvason. Section VIII of the Condensed Matter Physics selecta contains 
other papers on the Bose gas, including a recent review article. 

It is a pleasure to thank Wolf Beiglbo¨ck and Walter Thirring for their support and 
encouragement and Sabine Lehr and Brigitte Reichel-Mayer for their patient help 
with the production through four editions. 

Princeton, August 2004 Elliott Lieb 
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Preface to the Third Edition 

The second edition of this "selecta" of my work on the stability of matter was sold 
out and this presented an opportunity to add some newer work on the quantum-
mechanical many-body problem. In order to do so, and still keep the volume 
within manageable limits, it was necessary to delete a few papers that appeared in 
the previous editions. This was done without sacrificing content, however, since 
the material contained in the deleted papers still appears, in abbreviated form, at 
least, in other papers reprinted here. 

Sections VII and VIII are new. The former is on quantum electrodynamics 
(QED), to which I was led by consideration of stability of the non-relativistic 
many-body Coulomb problem, as contained in the first and second editions. In 
particular, the fragility of stability of matter with classical magnetic fields, which 
requires a bound on the fine-structure constant even in the non-relativistic case 
(item V.4), leads to the question of stability in a theory with quantized fields. 
There are many unresolved problems of QED if one attempts to develop a non-
perturbative theory - as everyone knows. A non-perturbative theory is essential, 
however, if one is going to understand the stability of the many-body problem, 
which is the stability of ordinary matter. Some physicists will say that a non-
perturbative QED does not exist - and this might be true in the absence of cutoffs 
- but an effective theory with cutoffs of a few Mev must exist since matter exists. 

At the present time physicists believe fully in the non-relativistic Schrodinger 
equation and even write philosophical tracts about it. This equation is the basis 
of condensed matter physics and, while it is understood that relativistic effects 
exist, they are not large and can be treated as mild perturbations. The original 
Schrodinger picture is alive and well as a very good approximation to reality, and 
shows no signs of internal inconsistency. For this reason, the 'stability of matter' 
question, which takes the equation literally and seriously without approximation, 
is accepted as a legitimate question about physical reality. 

The radiation field, on the other hand, especially the quantized radiation field, 
is almost always treated perturbatively in one way or another. The Schrodinger 
equation, including coupling to the quantized radiation field treated perturba­
tively, describes ordinary matter with great accuracy, for it is the basis of chem­
istry and solid state physics. 

One can ask if there is a theory, analogous to the Schrodinger theory, that 
incorporates particles and electromagnetic fields together without having to resort 
to perturbation theory. If it were really impossible to have a self-consistent, non-
perturbative theory of matter and the low frequency radiation field it would not be 
unreasonable to call this a crisis in physical theory. It has always been assumed 
that at each level of physical reality there is a self consistent theory that describes 
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phenomena well at that level. For example, we have chemistry, which is well 
described at the level of molecules, phase transitions and thermodynamics, which 
is presumably well described by statistical mechanics, etc. At the present time 
we have the beginnings of a consistent theory of matter and radiation at the non-
relativistic level, but a corresponding relativistic theory, is less developed. 

Section VII describe some primitive attempts to address some of the questions 
that have to be resolved. One problem concerns renormalization. Starting from a 
relativistic Dirac theory, one finds that the radiation field forces a renormaliza­
tion of the electron mass. This is well known, but what is not so well known is 
that the nonrelativistic theory forces an even bigger renormalization. Thus, if one 
starts from a relativistic theory, performs the renormalization, and then asks for 
the nonrelativistic limit of such a theory, it appears that one has to make fiarther 
renormalizations - which it should not be necessary to do. 

The new Section VIII is devoted to a subject that was a favorite of mine from 
the beginning of my career: many-boson systems. Some of the papers reprinted in 
the first and second editions on the stability of charged boson systems have been 
moved to this section. A very brief summary of all this material, as well as a list of 
my earliest work on this topic is given in an introduction VIII. 1. Three new papers 
(VIII.2, 3, 4) are about the solution to a very old problem, namely the calculation 
of the ground state energy of a system of Bose particles with short-range forces 
at low density. The stability question is trivial, but the calculation of physical 
quantities in this intensely quantum-mechanical regime requires another sort of 
physical insight that goes back half a century but which was never rigorously 
validated. 

Currently, the study of low density, low temperature Bose gases in "traps" is 
an active area of experimental physics. The extension of the homogeneous gas 
results to inhomogeneous gases in traps is in VIII.3. Similar subtleties arise for 
charged bosons in a neutralizing background ("jellium"), and this was resolved 
recently in VIII.7. The new material is summarized in VIII.4. 

Certainly, much more remains to be understood about the ground states of 
bosonic systems. The two-component charged Bose gas, which is related to the 
jellium problem (see VIII.6) should be better understood, quantitatively. And, of 
course, there is the ancient quest for a proof of the existence of Bose condensation 
in interacting systems. 

Princeton, March 2001 Elliott Lieb 
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Preface to the Second Edition 

The first edition of "The StabiHty of Matter: From Atoms to Stars" was sold 
out after a time unusually short for a selecta collection and we thought it ap­
propriate not just to make a reprinting but to include eight new contributions. 
They demonstrate that this field is still lively and keeps revealing unexpected 
features. Of course, we restricted ourselves to developments in which Elliott 
Lieb participated and thus the heroic struggle in Thomas-Fermi theory where 
the accuracy has been pushed from Ẑ ^̂  to Ẑ ^̂  is not included. A rich landscape 
opened up after Jakob Yngvason's observation that atoms in magnetic fields also 
are described in suitable limits by a Thomas-Fermi-type theory. Together with 
Elliott Lieb and Jan Philip Solovej it was eventually worked out that one has to 
distinguish 5 regions. If one takes as a dimensionless measure of the magnetic 
field strength B the ratio Larmor radius/Bohr radius one can compare it with 
N ^ Z and for each of the domains 

(i) 
(ii) 
(iii) 
(iv) 
(V) 

B « N'^'\ 
B ~ N^'\ 
N^l^ « B «.N\ 
B-- N\ 
B »iV3 

a different version of magnetic Thomas-Fermi theory becomes exact in the limit 
Â  —>• oo. In two dimensions and a confining potential ("quantum dots") the 
situation is somewhat simpler, one has to distinguish only 

(i) fi « TV, 
(ii) fi ~ /V, 
(iii) 5 » i V 

and thus there are three semiclassical theories asymptotically exact. These fine 
distinctions make it clear how careful one has to be when people claim to 
have derived results valid for high magnetic fields. There is plenty of room for 
confusion if they pertain to different regions. 

The question of stability of matter in in a magnetic field B has also been 
further cleaned up. Already the partial results in V.3 and V.4 of the first edition 
showed where the problem resides. Whereas diamagnetism poses no problem to 
stability since there a magnetic field pushes the energy up, the paramagnetism 
of the electron's spin magnetic moment can lower the energy arbitrarily much 
with increasing B. Only if one includes the field energy +-^ f B^ one gets a 
bound uniform in B. This has now been shown to be true for arbitrarily many 
electrons and nuclei provided a and Za^ are small enough. Though the sharp 
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constants have not been determined, for a = 1/137 and Z < 1050 (nonrelativis-
tic) stability is guaranteed. Two recent works pertaining to this question have 
now been included: 

1. A transparent and relatively simple proof of stability for Coulomb systems 
with relativistic kinetic energy is now available. 

2. The problem has been studied with the Dirac Hamiltonians for the individual 
electrons in an external magnetic field. Here the question of how to fill the 
Dirac sea arises and it turns out that the correct way is to use the Hamiltonian 
including the magnetic field. Once this is done the Coulomb interaction does 
not introduce an instability provided the charges are below certain limits. On 
the contrary if one fills the Dirac sea of the free electrons and then introduces 
the magnetic field then one gets instability. Amusingly the relativistic theory 
also allows the above nonrelativistic limit on Z to be improved to Z < 2265. 

Unfortunately QED has not yet matured mathematically to a state where these 
questions can be answered in a full-fledged relativistic quantum field theory and 
only in patchworks of relativistic corrections some answers are obtained. Thus 
this field is by no means exhausted and will keep challenging future generations. 

Vienna, November 1996 Walter Thirring 
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Preface to the First Edition 

With this book, ElHott Lieb joins his peers Hermann Weyl and Chen Ning 
Yang. Weyl's Selecta was pubhshed in 1956, Yang's Selected Papers in 1983. 
Lieb's "Selecta", hke its predecessors, gives us the essence of a great mathema­
tical physicist concentrated into one convenient volume. Weyl, Yang and Lieb 
have much more in common than the accident of this manner of publication. 
They have in common a style and a tradition. Each of them is master of a for­
midable mathematical technique. Each of them uses hard mathematical ana­
lysis to reach an understanding of physical laws. Each of them enriches both 
physics and mathematics by finding new mathematical depths in the description 
of famihar physical processes. 

The central theme of Weyl's work in mathematical physics was the idea of 
symmetry, linking physical invariance-principles with the mathematics of 
group-theory. One of Yang's central themes is the idea of a gauge field, Hnking 
physical interactions with the mathematics of fibre-bundles. The central theme 
of Lieb's papers collected in this book is the classical Thomas-Fermi model of 
an atom, hnking the physical stabiHty of matter with the mathematics of func­
tional analysis. In all three cases, a rather simple physical idea provided the 
starting-point for building a grand and beautiful mathematical structure. Weyl, 
Yang and Lieb were not content with merely solving a problem. Each of them 
was concerned with understanding the deep mathematical roots out of which 
physical phenomena grow. 

The historical development of Lieb's thinking is explained in the review 
articles in this volume, items 65, 92 and 136 in Lieb's publication list. I do not 
need to add explanatory remarks to Lieb's lucid narrative. I suppose the reason 
I was asked to write this preface is^because Lenard and I found a proof of the 
stability of matter in 1967. Our proof was so complicated and so unihuminating 
that it stimulated Lieb and Thirring to find the first decent proof, included here 
(paper 85 in the pubhcation hst). Why was our proof so bad and why was theirs 
so good? The reason is simple. Lenard and I began with mathematical tricks 
and hacked our way through a forest of inequalities without any physical under­
standing. Lieb and Thirring began with physical understanding and went on to 
find the appropriate mathematical language to make their understanding rigo­
rous. Our proof was a dead end. Theirs was a gateway to the new world of ideas 
collected in this book. 

Pfinceton, March 1990 Freeman Dyson 
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Introduction 

"Once we have the fundamental equation (Urgleichung^) we have the theory of every­
thing" is the creed of some physicists. They go on to say that "then physics is complete 
and we have to seek other employment". Fortunately, other scientists do not subscribe 
to this credo, for they believe that it is not the few Greek letters of the Urgleichung that 
are the essential physics but rather that physics consists of aU the consequences of the 
basic laws that have to be unearthed by hard analysis. In fact, sometimes it is the case 
that physics is not so much determined by the specific form of the fundamental laws 
but rather by more general mathematical relations. For instance, the KAM-theorem 
that determines the stability of planetary orbits does not depend on the exact 1/r 
law of the gravitational potential but it has a number theoretic origin. Thus a proper 
understanding of physics requires following several different roads: One analyzes the 
general structure of equations and the new concepts emerging from them; one solves 
simplified models which one hopes render typical features; one tries to prove general 
theorems which bring some systematics into the gross features of classes of systems and 
so on. Elliott Lieb has followed these roads and made landmark contributions to all of 
them. Thus it was a difficult assignment when Professor Beiglbock of Springer-Verlag 
asked me to prepare selecta on one subject from Lieb's rich publication list^ .̂ When 1 
finally chose the papers around the theme "stability of matter" I not only followed my 
own preference but I also wanted to bring the following points to the fore: 

(a) It is sometimes felt that mathematical physics deals with epsilontics irrelevant 
to physics. Quite on the contrary, here one sees the dominant features of real 
matter emerging from deeper mathematical analysis. 

(b) The Urgleichung seems to be an ever receding mirage which leaves in its wake 
laws which describe certain more or less broad classes of phenomena. Perhaps the 
widest class is that associated with the Schrodinger equation with 1/r-potentials, 
which appears to be relevant from atoms and molecules to bulk matter and even 
cosmic bodies. Thus the papers reproduced here do not deal with mathematical 
games but with the very physics necessary for our life. 

(c) In mathematics we see a never ending struggle for predominance between ge­
ometry and analysis, the fashions swinging between extremes. Not too long ago 
the intuitive geometrical way in which most physicists think was scorned by 

^ Urgleichung (which is a word coined by Heisenberg) has now been replaced by the TOE (theory 
of everything) of the advocates of superstring theory. 
^Henceforth quoted as [Lieb, ...]. 



mathematicians and only results from abstract analysis were accepted. Today 
the pendulum has swung the other way and the admired heroes are people with 
geometric vision, whereas great analysts like J. von Neumann tend to be thought 
of as degenerate logicians. As a physicist one should remain neutral with regard 
to internal affairs of mathematics, but it is always worthwhile to steer against 
the trend. Stability of matter illustrates beautifully that the great masters have 
forged for us the very analytical tools which we need to extract the physics from 
the fundamental equations. 

In the selected papers the deeper results are carefuUy derived and what is presup­
posed on the reader's part are standard mathematical relations like convexity inequal­
ities. Thus, it is to be hoped that this volume is not only of historical interest but also 
a useful source for workers in quantum mechanics. 

2 Extensivity 

We all take for granted that two liters of gasoline contain twice as much energy as 
one liter. In thermodynamics this fact has been dogmatized by the statement that 
the energy is an extensive quantity. This means that if E(N) is the energy of the 
TV-particle system then lim;v-^oo E{N)/N is supposed to exist, or that the energy 
per particle approaches a limit in the many-body problem. This is what is meant by 
"stability of matter" and it was tacitly assumed by people working in this field even 
though at first sight it seems rather improbable for a system of particles interacting 
via two-body potentials. The Hamiltonian 

contains a double sum and one might expect E{N) ~ iV^ rather than E(N) ~ N. His­
torically the existence of limjv-^oo -^E{N) was first seriously studied in the framework 
of classical statistical mechanics by Van Hove [1] where he had to assume a potential 
with a hard core. However, real matter, which consists of electrons and nuclei, obeys 
the laws of quantum mechanics and the dominant interactions are electrostatic or, for 
cosmic bodies, gravitational. In the latter case the iV-dependence of the quantum me­
chanical ground state energy E^ was first established by Levy-Leblond [2] who proved 
that in the gravitational case, v{xi — Xj) = —Kmimj/\xi — Xj|, Ejsf ~ N^ for bosons 
and EN ~ 7V /̂̂  for fermions. Consequently, as was pointed out by Fisher and Ruelle 
[3], the situation for purely electrostatic interactions, v{xi — Xj) = eiej/\xi — Xj\, was 
not so clear. A new chapter in science was opened up when this question was finally 
settled by Dyson and Lenard [4] who derived in a seminal paper the fundamental result 
that in this case actually Ejs^ ~ TV if all particles of one sign of charge are fermions. 
If this is not the case and there are bosons of both signs of charge then they could 
show that EN is somewhere between N^^^ and N'^^^. It is fairly obvious that there 
is no chance for stability if the potential is all attractive, but it was rather shocking 
that electrostatics with its screening property might lead to instability. One might be 
inclined to consider this as a pathology of the Coulomb potential 1/r with its long 



range and its singularity and that things would be stable once these troublemakers are 
removed. That this is not the case is illustrated by the following [5]. 

Proposit ion (2) 
For the Hamiltonian 

N 2 

the quantum mechanical ground state energy EN satisfies 

(i) EN ~ N for fermions, EN ~ 7V /̂̂  for bosons if 

v{r) = ~, 
r 

(ii) EN ~ N for fermions and bosons if 

v(r) = 

(iii) EN ~ N'^ for fermions and bosons if 

1 - e-^"-

v(r) = re' jir 

Thus it becomes clear that EN ~ N happens only under exceptional circumstances 
and one has to inquire what goes wrong in the case that EN ^ iV^, 7 > 1. It is 
sometimes said that in this case the thermodynamic limit does not exist and therefore 
thermodynamics no longer applies. Though there is some truth in this statement, the 
argument is somewhat superficial and a more detailed analysis is warranted. One might 
object that in reality one deals with finite systems and the existence of lim^v^oo is only 
of mathematical interest. This is not quite true because the existence of the limit simply 
says that for a large but finite system the corresponding quantities are already close to 
their limiting value and the system can be described by the idealized situation TV —> 00. 
But for this to be true the kind of limit that is taken is irrelevant. For instance, in 
the gravitational case one can show the existence of limAr-H.00 N~'^^^EN for fermions 
(or lim;v-^oo N~^EN for bosons). For stars (N ~ 10^^) one is certainly close to the 
limit, and their energy is predicted equally well by this kind of TV"̂ /̂  limit as in the 
stable situation. However I shall now discuss three dominating features which set the 
case EN ~ N apart from EN ~ N^, 7 > 1? înd justify the terminology "stability of 
matter". 

2.1 Re la t iv i s t i c Col lapse 

The relativistic expression for the kinetic energy y/p^ + m^ weakens the zero point 
pressure to the extent that the "relativistic" quantum mechanical Hamiltonian 

/̂v = E\/p'+"*i + EH^'-^i) (3) 



might cease to be bounded from below if N is sufficiently big. Although this fact was 
recognized at the beginning of quantum mechanics [6], its dramatic consequence that 
a star of more than about twice the solar mass will collapse was doubted by lead­
ing astrophysicists. Only the experimental discovery of pulsars in the sixties provided 
overwhelming evidence for this prediction of quantum mechanics and therefore its rel­
evance for cosmic bodies. Thus, there seems to be an essential difference between the 
relativistic and the nonrelativistic Hamiltonian. Whereas (1) with 1/r-potentials is al­
ways bounded from below - and instability only implies that its lower bound Ej^^ is 
not proportional to iV - relativistically EN niay be — oo for all N > Nc = some critical 
particle number ("relativistic collapse"). Related to this is the fact that nonrelativisti-
cally the size of the ground state may shrink with N but it always stays finite, whereas 
relativistically for N > Nc the system keeps contracting until effects not contained in 
(3) take over. The two phenomena are related by the following fact which illustrates 
why instability is catastrophic [7]. 

Proposit ion (4) 
If in (1) v(x) scales like v{Xx) = \~^v{x) then nonrelativistic instability implies rela­
tivistic collapse. 

The converse statement is false since nonrelativistically matter is stable for arbi­
trary values of e, whereas relativistically the two-body Hamiltonian already becomes 
unbounded from below for a > 7r/2 = ac(2). Once it was found by Daubechies and 
Lieb [Lieb, 150] that these stability limits for a become more severe in the many-body 
situation, the question of stability of Coulomb matter with relativistic kinetic energy 
appeared more serious because limjv-^oo « c ( ^ ) could conceivably be zero. That this is 
not so for fermions was first shown by Conlon [8] who proved for nuclear charge Z = 1 
ac{N) > 10"^^^ for all iV, a value which was subsequently improved by Fefferman and 
de la Llave [9]. Finally, Lieb and Yau [Lieb, 186] obtained the optimal result which is 
stability if aZ < 2/7r and a < 1/94. By Proposition (4) in the other cases (Coulomb 
matter with positive and negative bosons or with gravitation) the relativistic collapse 
is unavoidable. 

2.2 Thermodynamic Stability 

Shortly after H^ > —N - const was established, Lieb and Lebowitz showed the exis­
tence of the thermodynamic functions in the Hmit TV —)> oo for Coulomb matter [Lieb, 
43]. This does not follow automatically from stabifity because the long range of the 
Coulomb potential poses additional problems. They had to demonstrate that this is 
sufficiently screened so that separated portions of matter are sufficiently isolated. They 
not only generalized the work of Van Hove et al. [1,3] to the reafistic situation but also 
considered the microcanonical ensemble and showed that the specific heat was positive. 
Van Hove had shown that classically the limiting system had positive compressibility 
which Lieb and Lebowitz also verified for the quantum Coulomb case. These conditions 
for thermodynamic stability are concisely expressed by a convexity property. Denote 
by H^y the TV-particle Hamiltonian (1) in a volume F , by Hs an e*^-dimensional 
subspace of the Hilbertspace in which H^y acts, and Tr^^^ the trace in this subspace. 
Then for a finite system the energy as function of particle number, entropy and volume 



E{N,S,V) = MTTnsHN,v. (5) 

In the thermodynamic limit one considers 

e(N,S,V)= lim X-'^H{\N,XS,XV) (6) 
A—*oo 

and thermodynamic stability requires that € is jointly convex in its arguments. Lest 
the reader might think that one gets thermodynamic stability for free one has to 
note that it WCLS shown by Hertel and Thirring [10] that in the gravitational case the 
temperature-dependent Thomas-Fermi theory becomes exact in a certain limit such 
that in this case e(N^SyV) not only exists but is calculable. Since this system is not 
stable, e has to be defined by 

e{N,S,V)= lim A-^/^^(AJV,A^,A'V). (7) 
A-^oo 

It turned out that this system was also thermodynamically unstable; it showed a region 
of negative specific heat [11,12,13]. Such a phenomenon had been previously discovered 
in some models [14,15,16] and was always suspected by astrophysicists. That it was no 
accident that it occurred for the nonextensive Hamiltonian was clarified by Landsberg 
[17] by means of the following. 

Theorem fg\ 

Let X -^ f{x) be a map from a convex set of R^ into R. Then any two of the conditions 

Homogeneity: H : f(Xx) = Xf{x), A € R+ 
Subadditivity: S : f{xi -f- X2) < f{xi) + f{x2) 
Convexity: C : f{Xxi -f (1 - A)x2) < A/(a;i) + (1 - A)/(a:2) 

imply the third. 
If we take for / the function e{N^ 5, V) then H is obviously satisfied in the stable 

situation (6) but not in the unstable case (7). Thus iT is a condition for stability against 
implosion. On the other hand, the subadditivity S means a stability against explosion; 
one gains energy by putting two parts together. Finally, C is thermodynamic stability. 
The theorem says that any two of these stability notions imply the third or, if one fails 
to hold, the others cannot both be true. In the cases we considered, S holds. This is clear 
for attractive interactions like gravity whereas for repulsive potentials (e.g. aU charges 
having the same sign) the system would be explosive and S is violated. However, for 
electrically neutral systems there is always a van der Waals attraction [Lieb, 166] so 
that S is satisfied, which means that H and C become equivalent. Thus it turns out 
that our stability condition in terms of extensitivity is equivalent to thermodynamic 
stability provided the system is not explosive. 

2.3 T h e E x i s t e n c e of Q u a n t u m Fie ld T h e o r y 

Systems with negative specific heat cannot coexist with other systems. They heat up 
and give off energy until they reach a state of positive specific heat. This is what 
thermodynamic considerations tell us [15] but it was doubted [18] that in these cases 



thermodynamics is applicable and reflects the dynamics of the system. However, recent 
computer studies [19,20] of the dynamics of unstable systems have revealed that they 
behave exactly the way one expected by determining the dominant feature in phase 
space. In these studies one solved the classical equations of motion for 400 particles on 
a torus with 

v(xi — Xj) = — exp[—|a:,- — Xj\^/b^] 

or 
v(xi - Xj) = eiej{xi — XjY exp[-|a:,- - Xj\'^/b'^]. 

It turned out that irrespective of the initial state, if the total energy is sufficiently small 
a hot cluster of size b with Nc, say 150 particles, developed, the rest being a homo­
geneous atmosphere. The temperature increased proportional to Nc. Thus there is no 
hope for a limiting dynamics for iV ^^ oo. In particular in quantum field theory, where 
N is not restricted, one cannot expect that a Hamiltonian H with a smooth poten­
tial that, however, leads to an unstable system leads to a dynamics in the Heisenberg 
representation via the usual formula 

a{t) = e'^^ae-'"K 

Since states with unlimited N will lead to unlimited temperatures and thus unlimited 
velocities there cannot be a state independent dynamics. These ideas about the rele­
vance of stability for the existence of quantum field theory were brought forward first 
by Dyson [21] and have been substantiated by proofs only in the converse direction. 
If one achieves stability by a momentum cut-oflf then there exists a dynamics in the 
Heisenberg representation for the quantum field theory [22]. 

Thus, if one wants a many-body system to behave in the way we are used to, the 
first question to be answered is its stability. Instability seems to be the rule rather than 
the exception and actually we owe our lives to the gravitational instability. Not only 
did Boltzmann's heat death not take place but, on the contrary, the universe, which 
originally is supposed to have been in an equilibrium state, developed hot clusters, the 
stars. Thus we can enjoy the sunshine which is rich in energy and lean in entropy, the 
kind of diet we need. 

We have seen how a seemingly inconspicuous inequality turned into a key notion for 
understanding many-body physics. One of the great contributors to this development 
was Elliott Lieb. He usually did not say the first word on any of these issues but, with 
various collaborators, the last. His work (with B. Simon) [Lieb, 97] which put Thomas-
Fermi (T.F.) theory on a firm basis opened the way for a better understanding of 
stability of matter. Since they proved that there is no chemical binding in T.F. theory, 
stability of matter becomes obvious once one knows that the T.F. energies are lower 
bounds for the corresponding quantum problem. That this is so is still a conjecture but 
it was shown by E. Lieb (with W. Thirring) [Lieb, 85] that this is true if one changes 
the T.F.-energies by some (TV-independent) numerical factor. 

If the electrons were bosons there remained the question whether the lower bound 
^ -N^l^ or the upper bound ^ -N'^/^ given by Dyson and Lenard [4] reflects the 



true behavior. This question was settled in an unexpected way. Lieb showed that if 
the masses of the nuclei are oo then —N^f^ is correct [Lieb, 118] whereas if they are 
finite he supplied (with J. Conlon and H.-T. Yau) [Lieb, 188] a lower bound ~ —iV^/^, 
thereby showing the essential difference between these two cases. This is all the more 
surprising since in the justification of the Born-Oppenheimer approximation, which 
says that there is not much diflference between big and infinite nuclear mass, usually 
no reference is made to the fermionic nature of the electrons. 

Once one has established the gross features of Coulombic matter reflected by T.F. 
theory one can worry about finer details not described by it. Of these I will single out 
two to which Lieb has significantly contributed. One is the question of negative ions 
(which do not exist in pure T.F. theory but exist if the von Weizsacker correction to 
the kinetic energy is added [Lieb, 130]). Ruskai [24] was the first to show that N{Z), 
the maximal number of electrons bound by a nucleus (in the real quantum theory), 
is finite. Lieb gave an elegant proof that N{Z) < 2Z -\- 1 [Lieb, 157]. Furthermore he 
showed (with I. Sigal, B. Simon and W. Thirring) [Lieb, 185] that if the electrons are 
fermions then lim^_,oo N(Z)/Z = 1. (If the electrons were bosons this limit would be 
1.21 [Lieb, 160], [23].) The latter result on real electrons has recently been improved 
by Feflferman and Seco but the proof of the conjecture N(Z) < 2-{- Z is still a challenge 
for the future. 

A typical feature of quantum mechanics which is not included in T.F. theory or any 
single electron theory (or density functional theory for that matter) is the attraction 
between neutral objects. There Lieb (with W. Thirring) [Lieb, 166] showed that the 
Schrodinger equation predicts a potential which is below —c/(R-{-Ro)^ where R is the 
distance between their centers and RQ a length related to their size. 

From Proposition (4) it follows that the relativistic Hamiltonian with gravitation 
becomes unbounded from below if iV > Nc = some critical particle number. It remained 
to be demonstrated that it stays bounded for N < Nc and to determine Nc. Lieb (with 
W. Thirring) [Lieb, 158] showed that this was actually the case and gave some bounds 
for Nc which show the expected behavior K"^/^ for fermions and K~^ for bosons (K = 
gravitational constants in units h = c = m = 1). Later he sharpened (with H.-T. Yau) 
[Lieb, 177] these results and showed that, for K —> 0, iVc for fermions is exactly the 
Chandrasekhar limit. 

The papers selected here show how powerful modern functional analysis is in deter­
mining the gross features of real matter from the basic quantum mechanical equations. 
Whereas a century's effort of the greatest mathematicians on the classical iV-body 
problem with 1/r potentials only produced results for the simplest special cases, in 
quantum mechanics the contours of the general picture have emerged with much greater 
clarity. 

The papers are grouped in various subheadings, the first paper being a recent 
review which will serve as a convenient introduction. 

Vienna, November 1990 Walter Thirring 
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THE STABILITY OF MATTER: 
FROM ATOMS TO STARS 

ELLIOTT H. LIEB 

Why is ordinary matter (e.g., atoms, molecules, people, planets, 
stars) as stable as it is? Why is it the case, if an atom is thought to 
be a miniature solar system, that bringing very large numbers of 
atoms together (say 10^^) does not produce a violent explosion? 
Sometimes explosions do occur, as when stars collapse to form 
supernovae, but normally matter is well behaved. In short, what is 
the peculiar mechanics of the elementary particles (electrons and 
nuclei) that constitute ordinary matter so that the material world 
can have both rich variety and stability? 

The law of motion that governs these particles is the quantum 
(or wave) mechanics discovered by Schrodinger [SE] in 1926 (with 
precursors by Bohr, Heisenberg, Sommerfeld and others). Every­
thing we can sense in the material world is governed by this theory 
and some of its consequences are quite dramatic, e.g., lasers, tran­
sistors, computer chips, DNA. (DNA may not appear to be very 
quantum mechanical, but notice that it consists of a very long, 
thin, complex structure whose overall length scale is huge com­
pared to the only available characteristic length, namely the size 
of an atom, and yet it is stable.) But we also see the effects of 
quantum mechanics, without realizing it, in such mundane facts 
about stability as that a stone is solid and has a volume which 
is proportional to its mass, and that bringing two stones together 
produces nothing more exciting than a bigger stone. 

The mathematical proof that quantum mechanics gives rise to 
the observed stability is not easy because of the strong electric 
forces among the elementary constituents (electrons and nuclei) of 
matter. The big breakthrough came in the mid sixties when Dyson 
and Lenard [DL] showed, by a complicated proof, that stability 
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is, indeed, a consequence of quantum mechanics. (Part of their 
motivation came from earlier work by Van Hove, Lee and Yang, 
van Kampen, Wils, Mazur, van der Linden, Griffiths, Dobrushin, 
and especially Fisher and Ruelle who formulated the problem and 
showed how to handle certain well chosen, but unrealistic forces.) 
This was a milestone but there was room left for improvement 
since their results had certain drawbacks and did not cover all 
possible cases; for instance, it turns out that quantum mechanics, 
which was originally conceived to understand atoms, is also crucial 
for understanding why stars do not collapse. Another problem 
was that they proved what is called here stability of the second 
kind while the existence of the thermodynamic limit (Theorem 3 
below), which is also essential for stability, required further work 
[LL], The full story has now, two decades later, mostly been sorted 
out, and that is the subject of this lecture. The answer contains 
a few surprises, some of which are not even discussed in today's 
physics textbooks. 

No physics background will be assumed of the reader, so Part I 
reviews some basic facts. Part II contains a synopsis of the aspects 
of quantum mechanics needed here. Part III treats the simplest 
system—the hydrogen atom, and Part IV introduces the strange 
Pauli exclusion principle for many electrons and extends the dis­
cussion to large atoms. Part V deals with the basic issue of the 
stability of matter (without relativistic effects) while Part VI treats 
hypothetical, but interesting, matter composed of bosons. Part VII 
treats the problems introduced by the special theory of relativity. 
Finally, Part VIII applies the results of Part VII to the structure 
of stars. 

PART L THE PHYSICAL FACTS AND THEIR 
PREQUANTUM INTERPRETATION 

While it is certainly possible to present the whole story in a 
purely mathematical setting, it is helpful to begin with a brief dis­
cussion of the physical situation. 

The first elementary constituent of matter to be discovered was 
the electron (J.J. Thomson, 1897). This particle has a negative elec­
tric charge (denoted by -e ) and a mass, m . It is easy to produce 
a beam of electrons (e.g., in a television tube) and use it to mea­
sure the ratio ejm quite accurately. The measurement of e alone 
is much trickier (Millikan 1913). The electron can be considered 
to be a point, i.e., it has no presently discernible geometric struc­
ture. Since matter is normally electrically neutral (otherwise we 
would feel electric fields everywhere), there must also be another 
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constituent with positive charge. One of the early ideas about this 
positive object was that it is a positively charged ball of a radius 
about equal to the radius of an atom, which is approximately 10 "^ 
cm. (This atomic radius is known, e.g., by dividing the volume of 
a solid, which is the most highly compressed form of matter, by 
the number of atoms in the solid.) The electrons were thought to 
be stuck in this charged ball like raisins in a cake; such a struc­
ture would have the virtue of being quite stable, almost by fiat. 
This nice picture was destroyed, however, by Rutherford's classic 
1903 experiment which showed that the positive entities were also 
essentially points. (He did this by scattering positively charged 
helium nuclei through thin metal foils and by showing that the 
distribution of scattering angles was the same as for the Kepler 
problem in which the trajectories are hyperbolas; in other words, 
the scatterers were effectively points—not extended objects.) 

The picture that finally emerged was the following. Ordinary 
matter is composed of two kinds of particles: the point electrons 
and positively charged nuclei. There are many kinds of nuclei, each 
of which is composed of positively charged protons and chargeless 
neutrons. While each nucleus has a positive radius, this radius 
(about 10 ~ cm) is so small compared to any length we shall 
be considering that it can be taken to be zero for our purposes. 
The simplest nucleus is the single proton (the nucleus of hydro­
gen) and it has charge +e. The number of protons in a nucleus 
is denoted by z and the values z = 1, 2, ... , 92, except for 
z = 43, 61, 85, are found in nature. Some of these nuclei, e.g., 
all 84 < z < 92, are unstable (i.e., they eventually break apart 
spontaneously) and we see this instability as naturally occurring 
radioactivity, e.g., radium. Nuclei with the missing z values 43, 
61, 85, as well as those with 92 < z < 109 have all been produced 
artificially, but they decay more or less quickly [AM]. Thus, the 
charge of a naturally occurring nucleus can be -\-e up to +92^ 
(except for 43, 61, 85), but, as mathematicians often do, it is in­
teresting to ask questions about "the asymptotics as z ^ oo " of 
some problems. Moreover, in almost all cases we shall consider 
here, the physical constraint that z is an integer need not and will 
not be imposed. The other constituent—the neutrons—will be of 
no importance to us until we come to stars. They merely add to 
the mass of the nucleus, for they are electrically neutral. For each 
given z several possible neutron numbers actually occur in nature; 
these different nuclei with a common z are called isotopes of each 
other. For example, when z = 1 we have the hydrogen nucleus 
(1 proton) and the deuterium nucleus (1 proton and 1 neutron) 
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which occur naturally, and the tritium nucleus (1 proton and 2 
neutrons) which is artificial and decays spontaneously in about 12 
years into a helium nucleus and an electron, but which is important 
for hydrogen bombs. Isolated neutrons are also not seen naturally, 
for they decay in about 13 minutes into a proton and an electron. 

Finally, the nuclear mass, M, has to be mentioned. It satisfies 
zM^ < M < 3zM^ where M^ = 1837m is the mass of a proton. 
Since the nuclear mass is huge compared to the electron mass, 
m , it can be considered to be infinite for most purposes, i.e., the 
nuclei can be regarded as fixed points in R^, although the location 
of these points will eventually be determined by the requirement 
that the total energy of the electron-nucleus system is minimized. 
A similar approximation is usually made when one considers the 
solar system; to calculate the motion of the planets the sun can be 
regarded as fixed. 

The forces between these constituents of matter (electrons and 
nuclei) is given by Coulomb's inverse square law of electrostatics: 
If two particles have charges q^ and q2 and locations x^ and X2 
in R then F^—the force on the first due to the second—is minus 
F2—the force on the second due to the first—and is given by 

(1.1) -F2 = F,=q,q2r^3' 

(Later on, when stars are discussed, the gravitational force will 
have to be introduced.) If q^q2 < ^ then the force is attractive; 
otherwise it is repulsive. This force can also be written as minus 
the gradient (denoted by V ) of a potential energy function 

(1.2) ^(-^1^-^2) = ^1^2IT TT' 

that is 

(1.3) F i = - V j f F and ^2 = - V 2 ^ . 

If there are Â  electrons located at X_ - (Xj, ... , x^) with 
X. G R , and k nuclei with positive charges Ẑ  = (Zj, ... , z^) 
and located at ^ = (/^,, ... , /^^) with R. e R ,̂ the total-potential 
energy function is then 

(1.4) W{X_) = -A{X) + B{X) + U 
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2^ 

- 1 

with 

(1.5) AiX) = e'J2^i^i) 
i=\ 

k 

(1.6) V{x) = Y.^M-^j 
7=1 

(1.7) B{X) = e^ Yl K-^v-r' 
l<i<j<N 

(1.8) u=e' Yl ^,^;i^,-^,r'-
^<i<j<k 

The A term is the electron-nucleus attractive potential energy, 
with eV{x) being the electric potential of the nuclei. B is the 
electron-electron repulsive energy and U is the repulsive energy 
of the nuclei. A,B,U and V depend on R and Z_, which are 
fixed and therefore do not appear explicitly in the notation. It is 
then the case that the force on the / th particle is 

(1.9) F. = -VW, 

In the case of an atom, /c = 1 by definition. The case k > 1 will 
be called the molecular case, but it includes not only the molecules 
of the chemist but also solids, which are really only huge molecules. 

So far this is just classical electrostatics and we turn next to 
classical dynamics. Newton's law of motion is (with a dot denoting 
jj, where / is the time) 

(1.10) mx. = F.. 

This law of motion, which is a system of second order differential 
equations, is equivalent to the following system of first order equa­
tions. Introduce the Hamiltonian function which is the function on 
the phase space R̂ "̂  = (R^ x R^)^ given by 

(1.11) H{P,X) = l^Y.p] + W{X). 

The notation Z = (/7j, . . . , Pj^) with p. in R is used, and the 
quantity 

(1-12) ''=^tp-
i=\ 
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is called the kinetic energy. The equations of motion (1.10) are 
equivalent to the following first order system in R 

dH 

(^•^^) 3H 
Pi dX; 

The velocity of the / th electron is v. and /?. is called its momen­
tum: p^ = mv. by the first equation in (1.13). 

From (1.13) it will be seen that H{P_, X) is constant throughout 
the motion, i.e., dH{P_{t), K.{t))ldt = 0 . This fixed number is 
called the energy and is denoted by E; it depends, of course, on 
the trajectory, and it is important to note that it can take all values 
in (—oo, oo). 

Another interesting fact about the flow defined by (1.13), but 
one which will not be important for us, is that it preserves Lebesgue 
measure dx^ • • dXj^dp^ • • dp^ on R ; this is Liouville's theo­
rem and it follows from the fact that the vector field that defines the 
flow, {dH/dp^ , ... , dH/dp^ , -dH/dx^, ... , -dH/dx^), is di­
vergence free. This theorem is one important reason for introduc­
ing the Hamiltonian formalism, for it permits a geometric inter­
pretation of classical mechanics and is crucial for ergodic theory 
and statistical mechanics. The analogue in quantum mechanics 
turns out to be that quantum mechanical time evolution is given 
by a one parameter unitary group in Hilbert space (see (2.18))— 
but time evolution will not concern us here. 

Consider the simplest possible case, neutral hydrogen, with z = 
1 (a proton) and one electron (A^ = 1 and k = 1 ). With 
the proton fixed at the origin (i.e., R^ = 0) the Hamiltonian is 

p^/2m - Ze'^\x\~^ and classical bound orbits (i.e., orbits which 
do not escape to infinity) of the electron are well known to be the 
ellipses of Kepler with the origin as a focus. These can pass as 
close as we please to the proton. Indeed, in the degenerate case 
the orbit is a radial line segment and in such an orbit the electron 
passes through the nucleus. One measure of average closeness of 
the electron to the nucleus in an orbit is the energy E, which is 
always negative for a bound orbit. Moreover E can be arbitrarily 
negative because the electron can be arbitrarily close to the nucleus 
and also have arbitrarily small kinetic energy T. A consequence 
of this fact is that the hydrogen atom would be physically unstable; 
in a gas of many atoms another particle or atom could collide with 
our atom and absorb energy from it. After many such collisions 
our electron could find itself in a tiny orbit around the nucleus 
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and our atom would no longer be recognizable as an object whose 
radius is supposed to be 10 cm. Each atom would be an infinite 
source of energy which could be transmitted to other atoms or to 
radiation of electromagnetic waves. 

The problem was nicely summarized by Jeans [J] in his 1915 
textbook. 

"There would be a very real difficulty in supposing that the 
(force) law 1/r held down to zero values of r. For the 
force between two charges at zero distance would be infinite; 
we should have charges of opposite sign continually rushing 
together and, when once together, no force would be ade­
quate to separate them... Thus the matter in the universe 
would tend to shrink into nothing or to diminish indefinitely 
in size." 
The inability to account for stable atoms in terms of classical 

trajectories of pointlike charged particles was the major problem of 
prequantum physics. Since the existence of atoms and molecules 
was largely inferential in those days (nowadays we can actually 
"see" atoms with the tunneling electron microscope), the inability 
to account for their structure even led some serious people to ques­
tion their existence—or at least to question the nice pictures drawn 
by chemists. The main contribution of quantum mechanics was 
to provide a quantitative theory that "explains" why the electron 
cannot fall into the nucleus. In brief, when the electron is close to 
the nucleus its kinetic energy—which could be zero classically—is 
forced to increase in such a way that the total energy (1.11) goes 
to +0C as the average distance \x\ goes to zero. This property is 
known as the uncertainty principle. 

PART II. QUANTUM MECHANICS IN A NUTSHELL 

Schrodinger's answer to the problem of classical mechanics was 
the following. While an electron is truly a point particle, its state 
at any given time cannot be described by a point x € R and a 
momentum p eR (or velocity t̂  = ^;?) as in the classical view. 
Instead the state of an electron is a (complex valued) function y/ 

2 3 

in L (R ). Any y/ will do provided it satisfies the normalization 
condition 
(2.1) 11̂11̂= f Mxfdx=\. 

(Actually, this statement is not accurate; an electron has a prop­
erty called spin, and the mathematical expression of this fact is 
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that ^ is really in L^(R^; C ), i.e., ^/{x) is a two-component 
spinor, ^(x) = ( î(->^), ^2(-^)) ^^^^ ^^^^ ^/ ^ ^ (R )̂ • This 
complication—which does not aifect the present discussion very 
much—will frequently be ignored here.) Thus, the state of an elec­
tron is a point ^ in an infinite dimensional Hilbert space instead 
of a point (/?, x) in R̂  . 

The interpretation of \iJ , due to M. Born [BM] (Jammer's book 
[JM] can be consulted for historical details) is that 

(2.2) p^{x) = \xi,{xf 

is the probability density for finding the electron at x . The expected 
value of the potential energy W{x) in the state y/ of one electron 
is then 

(2.3) W^= lp^{x)W{x)dx. 
J R 

To localize an electron at a point Xr. would require |^| = (̂ ^ , 
where 6^ is Dirac's delta measure, but this is obviously not the 

square of an L (R ) function. Thus, it no longer makes sense to 
speak of an electron unambiguously located at a single point x^ . 

What about the kinetic energy T = p /Im ? To define T we 
first consider the Fourier transform of y/ scaled by the number h 
and defined by 

(2.4) y}{p) = h~'^' [ ^(x)exp 2ni. ' 
dx. 

Usually h is taken to be 1 or In in textbooks but any h can 
be used. Although y/ depends on the choice of h , Plancherel's 
formula is always the following: 

(2.5) f \iP{p)fdp=\. 

The constant h relevant for quantum mechanics is Planck's con­
stant; it is not arbitrary and has to be determined experimentally 
in order to satisfy the following physical interpretation of \y/{p)\ . 
In view of (2.5), \y/{p)f' can be regarded as a probability density 
- it is the probability density of the electron having a momentum 
p . With this interpretation, the kinetic energy of the electron in 
the state y/ is 
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where, in a customary notation, h = h/ln. The role of h in 
the definition (2.4) is brought into focus by the right side of (2.6). 
Numerically h- 1.05 x 10~ erg seconds. 

Another way to formulate (2.3) to (2.6) is to think of L^(R^) 
as a Hilbert space with inner product ( ^ , </>) = jlj7{x)(f){x) dx so 
that 

(2.7) ^^ = (^, ^ ^ ) . 

The momentum p is replaced by the self adjoint operator 
2 2 

p = -ihV and /? = - ^ A 
2 2 2 2 2 2 

with A being the Laplacian d jdx -^d jdy ^-d jdz . Then the 
kinetic energy is (after integrating by parts) 

(2.8) ImT^ = {pi//, py/) = h'\\Vy/\\l - ( ^ , p'y/) 

These concepts can be generalized to the many-body case of N 
electrons by replacing R by R . Then y/{x) is replaced by 
WiK) = W{x^, . . . , x ^ ) in (8)^L^(R^) ^ L^(R^^). (If spin is 

included then we use 0 ^ L\R^ , C^) ^ L\R^^ ; C^'').) A differ­
ent generalization that might leap to the reader's mind would be 
to replace y/{x) by an A^-tuple of functions on R^; that would 
lead to a nonlinear theory and would be wrong. The normalization 
condition is 

(2.9) f MX)\dx,---dx^ = l 

and 1^(^)1^ is the joint probability density for finding the elec­
trons at Xj, . . . , Xŷ  . The potential and kinetic energies are given 
by 

(2.10) W^= [^W{X)W{X)\'dx,---dx^ 
J R 

Â -

The energy of x// is then 

(2.12) E^ = T^ + W^. 

The problem that will concern us here is to find a lower bound to 
the ground state energy 

(2.13) E = E{N, k,Z,R) = infE^ , 
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because the boundedness of E precludes the kind of collapse that 
Jeans was worried about. (Recall that E depends on N, k, Z_ 
and R since W{)C) does.) In (2.13) y/ is required to satisfy the 
normalization condition (2.9). It will also be required to satisfy 
another condition—the Pauli exclusion principle—which will be 
explained later. 

The absolute ground state energy is 

(2.14) E{N, k,Z_) = infE{N,k,^, R) 

and it is the ground state energy when the nuclei are placed in the 
most favorable locations. 

There are two notions of stability 
(A) STABILITY OF THE FIRST KIND. E{N,k,Z, R) is 

finite for every N, k , Z_ and R . 
(B) STABILITY OF THE SECOND KIND. There is a nonneg-

ative function z \-^ A{z) such that for all Â  and k 

(2.15) - E{N,k,Z_) > -A[z){N^k) 

provided each z^ < z. Recall that z < 92 in nature. The 
significance of the linear law (2.15) will be discussed later in Part 
V. 

The infimum in (2.13) may or may not be attained by some ij/ . 
If it is, a minimizing i//, which may not be unique, is called a 
ground state. It satisfies the linear Euler-Lagrange equation (also 
known as the time independent Schrodinger equation) 

(2.16) Hi// = Ey/ 

where H is the Schrodinger Hamiltonian, namely the selfadjoint 
second order elliptic differential operator 

(2.17) H=-±^h'^A^+WiX}. 

In the previous Hilbert space notation, E = {i// , Hy/). 
Quantum mechanics is the study of the eigenvalues of H, i.e., 

solutions of Hy/ = Xy/ with ^ in L , and also the associated 
(time dependent) Schrodinger equation of the time evolution 

(2.18) Hy/ = -ih^ 

which is important in several contexts, especially in the subject of 
scattering theory. The eigenvalues A are called energy levels and 
differences between any two, X. - A , is the energy carried away or 
absorbed by a photon when the system makes a "quantum jump" 

20 
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from eigenstate y/^ to eigenstate y/^. The fact that the system 
"jumps" from one eigenstate to another is a mysterious axiom of 
quantum mechanics (more precisely, quantum measurement the­
ory) that need not concern us here, but it has the following impor­
tant physical implication. According to Einstein, the frequency 
z/ of a photon of energy e is always v = e/h. Thus, by en­
ergy conservation the photon emitted or absorbed has frequency 
i/ =r (A. - Aj)/h . Since the A. 's are discrete, the frequencies (or 
spectral lines) are also discrete. With classical mechanics we would 
expect to find all frequencies, and the experimental existence of 
discrete spectral lines is regarded in many textbooks as being the 
crucial problem that classical physics could not explain. However, 
Jeans's question about the existence of stable atoms capable of 
emitting these discrete spectral lines can evidently be regarded as 
a question of higher priority. 

In this lecture we shall be interested only in the lowest eigenvalue 
of / / , which is E. Equation (2.18) is therefore irrelevant here. 
Also (2.16) will not be invoked because we shall deal directly with 
the minimization problem (2.13) which, incidentally, avoids the 
technically difficult question of the selfadjointness of H. 

PART III. THE HYDROGENIC ATOM 
AND SOBOLEV'S INEQUALITY 

2 2 2 

In Parts III-VI we shall use units in which h /2m = h /8n m = 
1 and e = \ . This can always be done by changing the length scale 
X -^ [h^I2me^)x'. The original energy E is related to the new 
energy E' (which will henceforth be denoted simply as E) hy 
E = {2me^/h^)E'. 

The problem for hydrogen is to minimize 

(3.1) E^ = T^ + W^ = 1^^ \Vy^{x)\'dx - z j^^ W{xf\x\-'dx 

with /1^1 = 1 . We can take y/ to be real, as is true in all the 
problems considered here, because the real and imaginary parts of 
y/ appear independently in (3.1) and (2.1). Of course z = \ for 
hydrogen but it will be useful later to consider (3.1) with arbitrary 
z > 0 . 

The fact that T controls W , thereby making E finite, is 
most clearly seen with the Sobolev inequality 

(3.2) T^ = \\Vw\^-,>S\Wt, = S^j^^p^{xfdx'^ =S\\p^\\, 
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for any ^ G L (R )̂ (not necessarily normalized). Here S -
2>{nl2f^ ^ 5.5 and we recall (2.2). The important point about 
(3.2) is that it bounds T^ in terms of p^ ; the derivatives have 
been eliminated. The ground state energy can be bounded from 
below using (3.2), and only the fact that / /?^ = 1, by 

(3.3) E > inf |5||/>||3 -zj^^ \x\-'p{x)dx'^ 

where the infimum is over all nonnegative p with f p = \ . This 
minimization problem is an easy exercise and the answer is 

(3.4) ^^-l''' 

This is a remarkably good bound since the correct answer, which 
is obtained by solving (2.16), is £" = -z^ /4 . 

Before moving on, it is important to understand heuristically 
why (3.1) leads to £" ^ - z . If ^ is some nice function with 
11̂112 = 1 and whose width is about L (for example, the Gaussian 
y/[x) = (const.) exp[-Jv:/L ]), then T is roughly L~ . On the 
other hand, W^ is roughly -zL~^ . Therefore, the problem of 
minimizing E^ is roughly the same as 

(3.5) £«mm{i,-i} 
The minimizing L is L = 2/z and the minimum in (3.5) is 
- z^ /4 , which is the right answer. Indeed, the minimizing y/ for 
(3.1) is 

(3.6) (pix) = (const.)^"''^''/^ 

which shows that the width of y/ is, in fact, about z~^ . From this 
calculation, and recalling that |^(x)| is the probability density 
for the electron, we learn that the size of a one-electron atom with 
nuclear charge z decreases with z like z~ . 

There is another version of (3.2) that is technically weaker, but 
more transparent and eventually more useful. Since / /?^ = 1, a 
simple application of Holder's inequality to the right side of (3.2) 
yields 

(3.7) T^>K' lp^{xf'dx. 
J R 

with K^ =S. The constant K^ can be improved from 5 to 9.57, 
but that is conceptually unimportant. Instead of (3.3) we then 
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have 

(3.8) E > inf I f [K^p{xf^ - \x\~^p{x)]dx\ 

and this yields a result only slightly worse than (3.4), namely 
-0.35z^ with K^ = 9.57 . The important point is that (3.7) (with 
K^ or with S) is just as good for our purposes as (3.3) because it 
yields the ẑ  law, but the important advantage of (3.7) over (3.3) 
is that the integral comes with the exponent 1 in (3.7) instead of 
the exponent 1/3 in (3.2). This gives (3.7) the form of the integral 
of an energy density p^{x)^'^. Independent "bumps" in p^ give 
additive contributions to the right side of (3.7); in (3.2), by con­
trast, we have to take the cube root—which spoils the additivity. 

The inequality (3.7) can be stated poetically as follows. An 
electron is like a rubber ball or a fluid, with an energy density 
proportional to p^^^. It costs energy to squeeze it and this accounts 
for the stability of atoms. 

PART IV. LARGE ATOMS AND THE 
PAULI EXCLUSION PRINCIPLE 

Suppose that N = z and z is large, say z = 50. Since A'̂  > 1, 
W has two terms which come from -A and B in (1.4). The 
constant U is zero since there is only one nucleus. The B term is 
positive but it turns out to be small compared to the A term and, 
for a preliminary orientation, can be neglected. We would then try 
to minimize 

(4.1) E^ = Y^ f {|V^ yy{X)f - z\xf'\{w{X)\'}dx,---dx^ 

The minimum with ||^||2 = 1 is then achieved by 

N 

(4.2) W{X) = '[[<t>{x.), 

where 0(x) is the minimizer for (3.1) and is given in (3.6). This 
leads to 

(4.3) E = infE^ = -Nz^/4 = -z^/4, 

From this calculation we would be led to two conclusions: (1) 
The energy of an atom is finite (stability of the first kind) but it 
grows like z^. (ii) Because the scale of (/> is z~\ the size of a 
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large atom decreases with z like z~ , Conclusion (ii) is especially 
troublesome: large atoms are smaller than small atoms. 

Both conclusions are false because of an additional axiom in­
troduced by Pauli [P] in 1925 (and interpreted in the context of 
Schrodinger's wave mechanics by Dirac and Heisenberg in (1926)), 
namely the exclusion principle. This states that the allowed ij/ 's in 
the minimization problem (2.13) are the anUsymmetric functions 
in L (̂R^ )̂ ^ (g)^L^(R^). (The reason for the word exclusion 
will be explained shortly.) In other words y/ e f\^ L^{R^), the 
antisymmetric tensor product of L (R ). More explicitly 

y/[X^, . . . , x ^ , . . . , Xj, . . . , Xj^j = 

-y/{x^, ... ,x^., ... , x . , ... ,x^) 

for every i ^^ j . If spin is taken into account then the condition 
is ^ € /\^ L^iR^ \C ) . (Equivalently, y/ is an antisymmetric 

2 3 2'^ 

function in L (R , C ).) The physical significance of this pecu­
liar antisymmetry restriction will not be discussed here, but it is 
related to the fact that electrons are indistinguishable. 

A function in /\^ L^(R^; C )̂ may be hard to think about—in 
which case the reader should ignore the complication of spin and 
think instead about A ^ ^ (^ ) without any essential loss. The 
following remarks may be useful, however. Elementary manipu­
lations with the symmetric (or permutation) group Sj^ show that 
our minimization problem (2.13) (or even the Schrodinger equa­
tion (2.16) or (2.18)) in /\^ L^{R^; &) is equivalent to solving 
the problem in a subset of the more familiar space L\R^^). This 
is the subset consisting all function y/ = y/{x^, ... , x^) with the 
property that there is some integer \ < J < N such that y/ is an­
tisymmetric in the variables x^, ... , Xj and also antisymmetric 
in the variables x^^j , ... , x^ if J < N. No assertion is made 
about permuting variables x- and x- when i < J < j . Thus, it is 
as though there are two species of spinless particles ( / of one kind 
and N - J of the other kind), each of which satisfies the Pauli 
exclusion principle for spinless particles. The terminology that is 
employed to describe these "two kinds" of electrons is "electrons 
with spin up" and "electrons with spin down". 

Particles such as electrons, protons and neutrons (and some, but 
not all nuclei) that satisfy the Pauli exclusion principle are called 
fermions. They always have spin. There is another kind of particle 
in nature—bosons. These have the restriction that y/ is symmetric 
(there is only L^(R^) this time, not L^(R^; C^)). Every elemen­
tary particle is either a bbson or a fermion. Fortunately, there are 
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no negatively charged bosons which do not decay rapidly, for mat­
ter composed of negative bosons and positive bosons is not stable 
of the second kind—as will be seen later in Part VI. 

It is a very general fact that the infimum in (2.13) over the full 
tensor product (g) L (R ) is the infimum over symmetric y/ 's, 
i.e., bosons. To prove this fact, first replace i// (which is real 
and normalized) by \y/\, which does not increase E^ because 
1̂ 1̂  and |V^|^ remain the same. Next, for any function 4>(X) 
we can construct a symmetric function ^^{K) by summing over 
permutations, i.e., 

One easily checks that O^ is automatically orthogonal in ^^L\R^) 
to the function Ô^ = O - O^ . For the same reason (symmetrizing 
the integrand in (2.10), (2.11)) E^ splits as E^ = E^ + ^ 0 • 
Applying this construction to our y/ we easily conclude that 

111(̂.1112 = ( ^ T ' E (ki(/^-),ki(^-)) 

Let E be the unrestricted infimum and let E^ denote the infimum 
restricted to symmetric functions. Then E^ - E >0 and 

(4.4) 

yinfiimjlE+lMjlE"} 

= inf{(l - \mjl)E + lllv/IJI^^"} >E + {my'lE" - £]. 

Hence E = E^ as claimed. 
In brief, the imposition of the Pauli exclusion principle raises 

E. The miracle is that it raises E enough so that stability of the 
second kind holds. While it is easy to state that y/ must be anti­
symmetric (here we return to /\^L^(R^) for simplicity) it is not 
easy to quantify the effect of antisymmetry. Even the experts have 
difficulty, for it is not easy to think of an antisymmetric function 
of a large number of variables. 

The most dramatic effect of antisymmetry concerns T . In 
Part III we used the Sobolev inequality to bound T in terms of 
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p (x) — |^(x)|^ and we would like now to find a similar bound in 

the A^-particle case. It is not useful to define p^{K) = \w{K)\ be­
cause this is a function of Â  variables and is quite unmanageable. 
A more useful definition is the one-particle density /?^ : R —̂  R^ 
given by 

(4.5) /? (x) = N \y/{x,x^,... , x^fdx^ ...dx^, 

from which it follows that /ĵ 3 p^ = N and p^{x) is the density of 

electrons at x G R . (Note that, since y/ is antisymmetric, \i//\ 
is symmetric and therefore it is immaterial which variable is set 
equal to x in (4.5).) 

It is an easy exercise using Minkowski's inequality to deduce 
from (3.2) that 

(4.6) T^>S\\pJ, 
in the A^-particle case, but this inequality is not very useful; it 
does nbt distinguish the fact that y/ is antisymmetric instead of 
symmetric. The right side of (4.6) has the following property. 
Suppose /? is a smooth nonnegative function on R with f p = \ 
and suppose also that p for an N particle y/ is Np . Then the 
right side of (4.6) is proportional to A .̂ Without the imposition of 
antisymmetry nothing more can be asserted, but with it T^ grows 

like A^̂ ^̂ , as Theorem 1 below shows. 
Let us return to (3.7), the weakened form of Sobolev's inequality 

for one variable. Again, Minkowski's inequality can be used to 
translate (3.7) into an inequality for Â  variables: 

(4.7) T^>N-'I'K' j^^p^ixf'dx. 

The right side of (4.7) also shows a linear dependence on Â  when 
p - Np . But antisymmetry comes to the rescue in the form of 
the following inequality of Lieb and Thirring [LTl, LT2, LI, L2]. 

Theorem 1 (The 5/3 law for the kinetic energy of fermi-
ons). There is a universal constant K such that for all N and 
all antisymmetric {complex) y/eL^{R^^) with ||^||2 = 1 

(4.8) T^>2"'K j^^p^[xf"dx. 

If yj is an antisymmetric function in L (R ; C^ ) then 

(4.9) T^>Kl^^p^{xf'dx. 

K = (2.7709)2"'/^ = 1.7455 will do. 
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Contrast (4.9) with (4.7); the Â ~ ' is gone. The poetic remark 
at the end of Part III is still correct for many fermions, but p^ 
is now the total density which, very heuristically, is Â  times the 
density of one particle. 

Remarks. (1) The sharp K is not known; it is conjectured [LT2] 
to be K' = 3(37:^)^/^5 = 5.7425. This number is the "classical" 
value of K and it arises in the following way. Take a cube F^ c R 
of length L and then compute T{n , L), the minimum of T over 

all antisymmtric /7-particle ^ ' s with support in (F^)^ • The best 
ij/ has the form (4.10) below in which each (j)^ satisfies -A(/)^ = 
X^cj)^ in r^ and (j)- = 0 on the boundary of T^ . One finds, for 

large n, that T(A2, L ) ^ 2^'^K' (resp. Â "") times n^'^IL^ and 
pAx) ^ n/L^ for ^ G F^ and /?^(x) = 0 for x ^ F^ . These 
values of T = T{n, L) , p and K^ then give equality in (4.8) 
and (4.9). 

(2) Theorem 1 is stated above for the case in which n (the 
dimension of each variable) is 3. A similar theorem holds for all 
n > 1 (unlike Sobolev's inequality which holds only when n > 3) 
if 5/3 is replaced by 1 + 2/n and if K is replaced by a constant 
K^ depending on n (but not on N ). See [LT2 and L2]. 

To explore the significance of Theorem 1, and also the sig­
nificance of the word "exclusion", let us examine the simplest 
kind of antisymmetric y/, namely a determinantal function. Let 
(/)j , . . . , 0^ be any set of N orthonormal functions in L (R ) 
and let 

(4.10) y/{X) = (^!)-^/'det{(/>,(x^.)}f!,=r 

This y/ is antisymmetric and has ||^||2 = 1 . The word "exclu­
sion" comes from the fact that the (f)^ 's have to be distinct—in fact 
orthogonal to each other. The right side of (4.10) is the closest 
we can come to thinking in terms of "one L (R ) function for 
each electron". When a physicist or chemist uses a determinan­
tal I// in calculations the (j). 's are called orbitals, and one says 
that "only one electron can be in each orbital". (In the case of 
L^(R^; C^) one says that it is possible to have "at most two elec­
trons in each orbital".) In fact it was on the basis of this simple 
heuristic applied to Bohr's "old quantum mechanics" that Pauli [P] 
was able to explain the periodic table of the elements in 1925— 
before Schrodinger invented his equation and hence before the 
relation between antisymmetry and "exclusion" was understood. 
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For the ^ given by (4.10), the p in (4.5) and T are easily 
computed to be 

(4-11) ' ; ' " ' 

/=i ^^ /=i 

For each 0., (3.7) says that 

(4.12) / \^c\>,{x)Ux > K' [ \ct>^{x)r'dx. 

As an illustration of Theorem 1, consider the case that |(/>y(x)|̂  = 
p{x) for each /, where p is a given nonnegative function with 
J p = \ , We could take </>j(x) = p{x) ' , but then the remaining 
(j) 's would have to be </> (x) = p{xy exp[/0^(x)], with the dj 's 
real and chosen to insure orthogonality. As N increases, the 6j 's 
have to "wiggle" more and more to insure this orthogonality, so 
that T. increases with j . How fast? According to Theorem 1, 
with p = Np in this case, 

(4.13) T >KN^'^ [ p{xf'^dx 
^ JR^ 

and this shows that T. increases with j like j ' , on the average. 
Armed with Theorem 1, let us return to the question of finding 

a lower bound to E; this time the B term will not be ignored. 
Using (4.9) we have for any admissible ij/ , 

(4.14)£^ >K j p^ixf'dx + I W{X)MXfdx, •dx^ 

(4.15) =K [ p^ixf'dx - z / \x\-'p^{x)dx 
t/ R */ R 

+ j B{X)W{X)Ux,---dx^. 

Note that the A term of (1.4) is simply expressible in terms of 
p , as in (4.15). The B term is more complicated. One would 
guess by analogy with a fluid of density p that roughly 
(4.16) 

lB{X)MX)fdx^---dx^^^-I^J^^p^{x)p^{y)\x-y\-'dxdy. 
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This is not exactly correct, of course, but it can be proved [LO] that 
for every normalized if/ (with or without the Pauli exclusion prin­
ciple), the left side minus the right side of (4.16) is bounded below 
by—(1.68)//?^^^(x)(ix. This error term is small; in any case it 
can be bounded using the Schwarz inequality by N^^'^iJp^j^)^^'^ 
and this can easily be controlled by the kinetic energy term / p^J^. 
Therefore, up to controllable errors 

>^'''ipj, 
where 

(4.17) 
g'^^{p) = K [ p{xf^dx-z [ \x\ ^p{x)dx 

- p{x)p{y)\x-y\~^dxdy. 
^ JR^ JR^ 

+ 
^ ^R' ^R 

This functional, ^^^ , which is defined for all nonnegative p in 
L /̂̂ (R^) n L\R^) , is called the Thomas-Fermi energy functional. 
It was introduced independently by Thomas [T] and Fermi [FE] 
shortly after Schrodinger's discovery, but with the constant K re­
placed by K^ = 3(37r̂ )̂ ^ /̂5 which, as remarked above, is conjec­
tured to be the sharp constant in Theorem 1. They were, of course, 
unaware of Theorem 1 which was proved only in 1975, but they 
proposed that the Thomas-Fermi ground state energy 

(4.18) E^^ = E^^{N,z) = inf I ̂ ^^{p): f p = N\ 

should be a good approximation to E. We have seen that, apart 
from minor errors, E^^ < E when K is used instead of K^. 

The minimization problem (4.18) is an interesting problem in 
itself and has been analyzed in great detail [LS, L3]. Note that it 
is defined for all N > 0, not just integral A .̂ A simple scaling 
p{x) -^ z^p{z^'\) replaces z by 1, TV by N/z and E^^{N, z) 
= z'^^^E^^{N/z, 1). It turns out that the absolute minimum of 
^^^{p) without regard to the value of Â  always occurs when 
N = z, i.e., for the neutral atom. There is a unique minimizing 
p^^ for (4.18) if Â  < z and there is no minimizer if N > z. In 
either case 
(4.19) E^^{N, z) > E^^{z, z) = -(const.)z^/^ 

with (const.) =-£"^^(1, 1 ) > 0 . 
The remarks in the preceding paragraph apply only to the TF 

T F 

energy and not to the Schrodinger energy but, since E > E 
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(with K ) to within small errors, we have that the energy of a large 
atom is bounded below by -(const.)^^ . That this is indeed the 
correct power law was shown by Lieb and Simon [LS]. See also 
[L3], where a simpler proof is given. 

Theorem 2 (TF Theory is asymptotically exact). Fix any 0 < A < 1 
and let z^ = N/X for N = 1 , 2 , 3 , . . . . Let E{N, z^) be the 
Schrodinger ground state energy (2.13) for an atom with nuclear 
charge z^ and N electrons and let Pj^{x) in (4.5) be the density 
for any ground state y/j^. Let E'^^{N, Z^) and p/ be the corre­
sponding Thomas-Fermi energy and density with K = K^ {not the 
smaller K of Theorem 1). Then 

Jim E[N,z^)IE^'{N,z^) 
(4.20) " ^ " ^ ^^ 

= Jim E{N,Z^)I[Z"E^'{X, 1 ) ] = 1 . 

In the sense of weak L\W) convergence on compact sets, 

(4.21) Jim z~^pj^{z~^'\) = lim z~^p^{z~^'\) = p{x) 

where p is the TF minimizer for z = 1 and N = X. 
If X> \ is fixed and z^ = N/X then (4.20) and (4.21) hold 

with the following replacements'. 

E^'{X,\)-^E'''{\,\), PV ^PI' 

and p is the minimizer for z = \ and X = \. In other words, 
the Schrodinger quantities for an atom with net negative charge 
converge to the corresponding TF quantitites for a neutral atom. 

From these considerations we can conclude 
(1) The energy of a large, neutral atom grows with z like z'^' . 

This is significantly different from the earlier result (4.3) without 
the Pauli exclusion principle because it means that the average 
energy of each electron is - z ^ instead of - z . 

(2) For large z almost all of the electrons are located at a dis­
tance z~^^^ from the nucleus. The average electron density in this 
ball of radius z~'̂ ^ is z^. Without the Pauli exclusion principle 
we found the distance to be z~^ and the electron density to be 

4 
Z . 

Conclusion (2) is that even with the Pauli exlcusion principle 
a large z atom is smaller than a small z atom. This seems to 
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contradict the experimental fact that "The large range of atomic 
masses is not accompanied by a correspondingly large or system-
atic variation in size. Atomic radii all lie between 0.5 x 10 cm 

— 8 

and 2.5 X 10 cm, with no marked increase from the lightest to 
the heaviest [FR]." While it is not possible to give an unambigu­
ous definition of the radius of something as fuzzy as an atom, it 
appears [AI] that the largest atom is cesium (z = 55) and not 
uranium (z = 92). 

The paradox can be resolved by a closer examination of the 
meaning of "atomic size". If we define the radius to be the ra­
dius of the ball in which most of the electrons reside then z~̂ ^̂  
is, indeed, the correct answer. But that is not the radius that the 
chemist sees or the distance between atoms in a solid. This "chem­
ical radius" can be defined, for example, as the radius R such that 

(4.22) j p^{x)dx = \ 
\x\>R 

for a ground state y/. In Thomas-Fermi theory this radius is 
independent of z for large z (because for large \x\, p^^[x) = 
C\x\~^ when z = N, with C independent of z). Theorem 2 
(4.21) tells us what /?^ looks like on distance scales of order z~^̂  
where Pj^ is of the order z , but it says nothing about distance 
scales of order one where /?^ is presumably of order one. Noth­
ing is known rigorously about this latter distance scale (and even 
numerical calculations are uncertain here), but it is surely the case 
that the true density p^ in an atom with z = N and with z large 
looks like that shown very schematically in Figure 1. Also shown 
in Figure 1 is the innermost region of radius z~^ . Thomas-Fermi 
theory states that p {x) = (const.) z when |:̂ | = z and 

T F 

p (0) = oo. It is unproved, but undoubtedly true, that when 
z is large p{x) = Cz^[\ - 0{z\x\)] for 0 < |x| < z~^ , and there 
is even a conjecture about the precise value of C. The investiga­
tion of the inner and outer parts of large atoms is now a subject 
of active research. 

Using poetic license again, we can say: 
A large atom is like a galaxy. It has a small, high density, ener­

getic core in which most of the electrons are to be found and whose 
size decreases with z like z~ ' . The electron-electron electrostatic 
repulsion always manages to push a few electrons out to a distance 
of order one which is roughly independent of z; this is the radius 
one observes if one tries to "touch" an atom. 
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FIGURE 1. 

The electron density p{x) for a large z atom is crudely plotted 
as a function of |JC| , the distance from the nucleus. The graph 
is intended to show three regimes, (i) At distances of order 
z~'^^ , p{x) is of order z and most of the electrons are to 
be found here, (ii) At the very short distance z~ , p{x) is 
of order z^ . (iii) At distances of order 1, p{x) is of order 1 
and chemistry takes place. These last two assertions have not 
yet been established rigorously. 

PART V. BULK MATTER: MANY ELECTRONS 
AND MANY NUCLEI 

The analysis given in Part IV can be applied to the general case 
of Â  electrons, k nuclei with charges Z and locations R, and 
with the full potential energy IV{X_) in (1.4). The goal is to prove 
stability of the second kind: E{N, k, Z_) > -A{z){N + k) for 
a suitable z-dependent constant A{z), cf. (2.14). This is the 
theorem first proved by Dyson and Lenard [DL, LE], but with 
A{z) unrealistically large—of the order 10 z . 

Before giving the proof let us discuss the crucial importance of 
this linear law. For simplicity, assume that all the Zj 's have the 
same value z and that N = kz, i.e., that the system is neutral. 
First of all, by a suitable choice of a comparison function ^ in 
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(2.13) on the one hand, and using the linear lower bound plus 
Newton's theorem on the other hand, Lebowitz and Lieb proved 
the following [LL]. 

Theorem 3 (The existence of the thermodynamic limit). 
There is a a number A'{Z) such that 

lim N~^E{N, k = N/z,Z) = -A\Z). 
N—*oo 

The linear law is not just a lower bound it is, indeed, the cor­
rect asymptotic law. This fact is crucial for the following argu­
ment. (There are historical and physical reasons that the words 
thermodynamic limit instead of asymptotic law are used to de­
scribe Theorem 3.) 

Suppose now that we have two large collections of N electrons 
and k = N/z nuclei which are far apart from each other. This 
means that the nuclear coordinates R = {R^, ... , R^j^) satisfy 
\R. - Rf^^jl > d for all i, j e {1, ... , Â } and where d is 
some very large number. Think of two well separated stones. The 
ground state energy would then be nearly 2E{N) where E{N) = 
E{N, k, Z). If the two stones are allowed to come together, the 
ground state energy becomes E{2N) and the energy released is 
SE = 2E{N) - E{2N). With the linear law in the form of Theo­
rem 3, SE = o{N); in fact it turns out that SE ~ N^^^, which is 
the attractive surface energy that makes the two stones eventually 
adhere to each other. If, on the other hand, E{N) is proportional 
to -A^^ with p > 1 then SE = -{2^-2)E{N). Thus, the released 
energy would be of the order of the energy in each stone which, 
using the actual physical value of E{N), is more than 1000 times 
larger than the energy released in an explosion of TNT of the same 
mass. As we shall see in Part VI, hypothetical matter composed 
solely of bosons would have E{N) ^ -N'^^^ . Using this value of 
E{N) instead of the energy in a physical stone enhances the en­
ergy by a factor Â '̂̂ ;̂ the energy in a smallish stone, Â  = 10^^, 
would then be that of a hydrogen bomb [D]. Such "matter" would 
be very unpleasant stuff to have lying around the house. 

A somewhat less dramatic, but more profound way to state the 
importance of the thermodynamic limit. Theorem 3, is that it is 
part of the foundation of thermodynamics [LL]. If this N -^ oo 
limit did not exist the argument in the preceding paragraph shows 
that matter would not behave the way we expect it to behave—even 
if stability of the second kind is assumed to hold. 

Returning to the problem of proving stability of the second kind, 
we can use Theorem 1 together with the replacement (4.16) (which 
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yields a controllable error) to deduce that E[N,k,Z_,R) > 
E^^{N, k,7^,R) when E^^ is given by (4.18) but now 

r^^(/?) = K j pixf^dx - [ V{x)p{x)dx 

I I p{x)p{y)\x-y\~^dxdy-^U. 
JR^ JR^ 

(5.1) J 

^ 2 

The Thomas-Fermi functional in (5.1) is like that in (4.17) except 
that zljcf^ is replaced by V{x) and U is added (cf. (1.4)-( 1.8)). 
These depend on Z and R. 

A lower bound for E^^ can be obtained by omitting the con­
dition that f p = N. The absolute minimum occurs [LS, L3] for 
the neutral case 

k 

(5.2) ^ = E^7' 

as it did for the atom in (4.17). One can struggle with minimizing 
(5.1) or, preferably, one can use a theorem of Teller (see [LS, 
L3]) which states that atoms do not bind in Thomas-Fermi theory. 
For arbitrary A ,̂ this means that there are k positive numbers 
Âj , ... , Â^ with E^^i^y = ^ such that 

(5.3) E^'{N,k,Z,R)>^EZj^^,z^), 
y=i 

where E^^^^ is the solution to the atomic TF minimization prob­
lem (4.18). In particular, under the assumption of neutrality (5.2), 
the optimum choice is N^ = z. and thus 

(5.4) E''\T^z^,k,Z,R\>Y^Ell„{z^,z;). 

The right side of (5.4) was already computed in (4.19) and there­
fore, assuming (4.16), 

k 

(5.5) E[N,k,Z)> -(const.) ^ z ] / ' . 

This is our desired goal of stability of the second kind with A{z) ̂  
(const.)z^/^. However, errors were made when (4.16) was used. If 
these are included and bounded in a straightforward way, it turns 
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out that 

(5.6) E{N,k,Z_)> -(const.) < Â  + XI ' 
[ 7=1 

which also implies stability of the second kind. The constant in 
(5.6) turns out to be about 5 instead of 10 as in [DL]. 

Incidentally, it should not be inferred that instability of the sec­
ond kind is necessarily associated with singularities and/or slow 
fall-off of the potential at infinity - as is the case with the elec­
trostatic potential \x\~^ . In other words, seemingly "nice" po­
tentials can fail to produce stability of the second kind. Indeed, 
Thirring [TW, p. 258] shows that if the function \x\~^ is re­
placed everywhere in (1.4)-(1.8) by the seemingly harmless func­
tion (1+2|x | )exp[- |x | ] then stability of the second kind does not 
hold for the modified system. 

Having proved stability of the second kind with electrostatic 
forces, we are left with another question which was stated by 
Ehrenfest in a 1931 address to Pauli (quoted in [D]): 

"We take a piece of metal. Or a stone. When we think 
about it, we are astonished that this quantity of matter should 
occupy so large a volume. Admittedly, the molecules are 
packed tightly together, and likewise the atoms within each 
molecule. But why are the atoms themselves so big? 

Consider for example the Bohr model of an atom of lead. 
Why do so few of the 82 electrons run in the orbits close to 
the nucleus? The attraction of the 82 positive charges in the 
nucleus is so strong. Many more of the 82 electrons could 
be concentrated into the inner orbits, before their mutual 
repulsion would become too large. What prevents the atom 
from collapsing in this way? Answer: only the Pauli principle, 
'No two electrons in the same state.' That is why atoms are 
so unnecessarily big, and why metal and stone are so bulky. 

You must admit, Pauli, that if you would only partially 
repeal your prohibitions, you could relieve many of our prac­
tical worries, for example the traffic problem on our streets." 
One simple measure of the "size" of our many-body system in 

a state i// is the average radius R^iw) defined by 
p^ 

(5.7) 
= l^lE\x,fMX)fdx,---dx 
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Here, p is any convenient fixed, positive number. According to 
our experience with ordinary matter, we should expect Rp{w) to 

grow with Â  like Â  ' , i.e., the volume grows like A ,̂ when ^ 
is taken to be a ground state for Â  electrons. Indeed this surmise 
is correct—in fact it is correct, as will now be proved, even for 
some ^ 's which are quite far from being ground states [LI] (see 
also [LT2]). 

Assume that the locations of the nuclei and a normalized n/ 
satisfy only the condition 

(5.8) ^ ^ < 0 , 

which certainly includes the absolute ground states because 
E{N ,k, Z_) <0 always. Then 

(5.9) E^ = \T^^E'^ 

where E' is the energy in (2.12) but with T replaced by ^T 
(which amounts to doubling the electron mass). It is easy to see, 
by a simple scaling \i/{X_) -> 2^^^^ii/(2X) and R- -^ \R- that 

^'(A^, /:, Z , 2R) = 2E{N,k,7^,R) and therefore E\N, k, Z) 
= 2E{N, k,Z_). By (5.8) and (5.9) and stability of the second 
kind 

(5.10) T^ < 4\E{N,k,Z)\ < 4A{z){N + k). 

An easy general inequality is the existence of a positive constant 
C such that 

(5.11) 

i^l^^p{xf'dx'^y^^\xfp{x)dx^ ' >C^i^l^^p{x)dx^ 

for all nonnegative p. Using the basic kinetic energy inequality 
(4.9) together with (5.10) and the fact that J p^ = N ,V^Q conclude 
that 

(5.12) 4A{z){N + k)>T^> KC^N"'R^{W)-\ 

We do not want to impose neutrality (5.2) but let us assume 
Â  < 2Y^.z.; one can show [L4] that this is the only case that 
needs to be treated. Then (5.12) implies that for each p > 0 

(5.13) Rp{il^)>Cy' 

as required. Here C^ depends on p and on z , the maximum of 
the nuclear charges. 
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In summary, bulk matter is stable, and has a volume proportional 
to the number of particles, because of the Pauli exclusion principle 
forfermions (i.e., the electrons). Effectively the electrons behave like 
a fluid with energy density p^^^, and this limits the compression 
caused by the attractive electrostatic forces. 

PART VI. BOSONS IN BULK 

The previous paragraph states inter alia that the Pauli exclusion 
principle is essential for stability of the second kind. The verifi­
cation of this assertion and the dependence of the energy on TV 
without the Pauli principle is itself an interesting mathematical 
problem. As explained in Part IV, omitting the Pauli principle is 
equivalent to studying the minimization problem (2.13) for sym­
metric functions, i.e., bosons. 

THE 7V̂ /̂  LAW FOR BOSONS. First, let us see what happens 
if we try to use the Thomas-Fermi energy as a lower bound—as 
was done in Part V. Theorem 1 is not available for bosons and 
(4.7) must be used in place of (4.9). The difference between K 
and K is not important, but the factor N~ ' is crucial. For 
fixed N, the substitution K -> N'^'^K^ in (5.1) is mathemat­
ically equivalent to replacing the electron mass (which is 1 in 
our units) by m' = N'^'^K/K^ . By the scaling R -^ R/m' and 
¥{K) -^ {m'f^'^\i/{m'X_) for the Schrodinger theory or p{x) -> 
m'p[m'x) in TF theory one easily finds, in both theories, that 
E{N,k,Z_)-^ m'E[N, kZ_). Thus, using (5.6), 

(6.1) E{N,k,Z) > -(const.)7V^/^ \^-^J2^T 

for bosons. 
This certainly violates stability of the second kind. If we take 

z. = z and Nk = z as before then E{N) > -(const.)A^ '̂̂ ^. Is this 
result correct or is it simply a bad lower bound? The answer is that 
the N^^^ law for bosons with fixed nuclei is correct. It can easily 
be proved by the following simple choice [L5] of a comparison 
function ^ for (2.13) and nuclear coordinates R^, ... , Rj^. 

Let / : R̂  -^ R be given by f{x) = x/372[l - kl] if M < 1 
and f{x) = 0 otherwise. For each X> 0 define 0^ : R̂  —̂  R by 

(6.2) (t>Ax', x', x') = x"^f{Xx)f{Xx^)f{Xx') 
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with X = {x^, X\ X ) , SO that for all X 

(6.3) Il</'jl2=l and T^^ = 9X\ 

The support of (/)̂  is the cube r^ = >l~^-[-l, 1]^ of volume 8A~^. 
Our comparison function will be 

N 

(6.4) V',(Z) = n < ^ , K ) , 

so that 

(6.5) p^{x)^N4>,{xf and T^^ = ^NX\ 

For this x^/^ , (4.16) turns out to be nearly exact. 

I B{X)y/,{xfdx,---dx^ 

(^•^) 1 A ^ 

and the last integral is proportional to N^/X. Now assume for 
simplicity that N/z is an integer and take k = N/z nuclei of 
charge z . It is possible [L5] to place these nuclei in F (roughly 
in a periodic arrangement) so that the total potential energy, W = 
-A -\-B-\-U , is equal to -Cz ' N ' X, where C is some positive 
constant. (To understand this, note that in a volume which is 
roughly d = 1 /kX there is one nucleus and z units of negative 
charge. The total potential energy is then roughly -kz /d.) With 
these favorable locations of the nuclei, 

(6.7) E^ = 9NX^ - Cz^'^N^'h. 

When this is minimized with respect to X, one finds 1 = j^z ' N^' 
and therefore the upper bound 

(6.8) E{N, k,Z_)< -^z^'^N^'\ 
36 

Thus bosonic matter is not only unstable of the second kind but 
also its radius, X~^ , decreases with Â  like N"^' . We see here 
an example of the fact that lack of stability is intimately connected 
with collapse in the geometric sense. 

THE N^'^ LAW FOR BOSONS. The Â ^̂ ^ law, which was 
derived above, is not the end of the story. Observe that it was 
crucially important that the nuclei were fixed points that could be 
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located at will in space. Suppose we dispense with that approxima­
tion and treat the nuclei also as dynamical quantum mechanical 
particles. Of course they will also be assumed to be bosons, for if 
they are fermions then we would merely have a charge reversal of 
the situation described in Part V, i.e., stability of the second kind 
would hold. 

For simplicity we take z = 1 and assume that these positive 
bosons also have unit mass. The Hamiltonian is then, with x. 
denoting the coordinates of the negative bosons and R^ denoting 
the coordinate of the positive bosons, 

(6.9) H, , = -J2\-E\ + (̂̂ ' )̂-

The potential function IV{2C, R) is that given in (1.4)-( 1.8) with 
e = \ ; there it was denoted simply by W{2Q • The operator 
H^ J, acts on functions y/{2L, R) = wi^i , • • • , ->̂yv ' ^ i ' • • • ' ^^) 
in 0 0 L (R ) . The ground state energy is given by (2.13), 
as usual, with E = {y/, H^ j^y/). As explained in Part IV, the 
optimum choice for ij/ , neglecting symmetry considerations, is al­
ways a function that is symmetric in the x. 's and symmetric in 
the R^ 's. But this is precisely the statement that both kinds of 
particles are bosons. 

It is much more difficult to estimate the ground state energy for 
/ /^ I, in (6.9) than for our previous problem which uses the H in 
(2.17). The first person to do this rigorously was Dyson [D] who 
proved the following in 1967. 

Theorem 4 (Upper bound for the energy of bosons). 
Without loss of generality assume that N < k . Then the ground 
state energy, E{N, k), for bosons with the Hamiltonian H^ j^ sat­
isfies 

(6.10) E{N, k) < -1.32 X 10~̂ 7V^̂ ^ 

for large N. {It is asserted [D] that this constant can be improved 
substantially.) 

An extended comment is in order here. While the A'' ' law 
(6.10) may seem superficially to be only a small improvement over 
the Â ^̂  law, the conceptual difference is enormous. The proof 
in Part IV of stability of the second kind for fermions (electrons) 
and fixed positive particles (nuclei) could be understood solely in 
terms of what is called semi-classical considerations, i.e., Thomas-
Fermi theory. In (5.1) we see that the last three terms on the right 

39 



Bull. Amer. Math. Soc. 22, 1-49 (1990) 

30 E. H. LIEB 

side are simply the classical electrostatic energy of a charged fluid 
of density p{x) interacting with the fixed nuclei. Once we accept 
the input from quantum mechanics that the kinetic energy is like 
that of a fluid with energy density p[x) ' , the whole energy has 
a simple classical interpretation—in other words the one-particle 
density p{x) determines the energy with reasonable accuracy. 

On the contrary, Theorem 4 cannot be understood this way. In 
order to achieve an energy as low as -A^^^^, intricate correlations 
between the positive and negative particles have to be built into 
a comparison y/{2L^ R), and then the potential energy cannot be 
expressed solely in terms of p^ . A delicate balance between poten­
tial and kinetic energies is needed and, in the end, it is impossible 
to think of (6.10) in a simple way—although Dyson [D] does try 
to give a heuristic explanation of (6.10). Dyson's comparison ^ 
that leads to (6.10) is very complicated and five pages are needed 
just to compute E . This i// was suggested by work of Bogolubov 
in 1947 on the superfluidity of liquid helium and it is similar in 
many ways to the y/ used by Bardeen, Cooper and Schrieffer in 
their 1957 Nobel prize winning work on superconductivity. There­
fore, if the Â  ^ law is really correct, and not just an upper bound, 
this kind of highly correlated i// will be validated in some weak 
sense as a good approximation to the true ground state. 

Two decades later the requisite lower bound was proved by Con-
Ion, Lieb and H-T. Yau [CLY]. The proof is too involved to explain 
here, even heuristically, but the main result is the following. 

Theorem 5 (Lower bound for the energy of bosons). 
Without loss of generality assume that N < k. Then the ground 
state energy E{N, k) for bosons with the Hamiltonian H^ ^ sat­
isfies 

(6.11) E{N,k) >-AN^'^ 

for some universal constant A. If N = k (neutrality) and N is 
large then A can be taken to be 0.79 in (6.11). 

PART VII. RELATIVISTIC MATTER 

According to Einstein's 1905 special theory of relativity, the 
lativistic 

should be 
relativistic kinetic energy as a function of the momentum j ^ G R 

(7.1) r(/?) = \ / ^ V T m V - m c ^ 
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2 

instead of p /2m as in (1.11). Here c is the speed of light. The 
quantity mc is called the rest energy and it has been substracted 

2 2 2 

off in (7.1). If /7 < mc then T{p) ^ p /2m as before. Using 
the first part of (1.13) the relation between p and the velocity v 
is 
rn -i\ 2 . 2 2 , 2 4 . - 1 / 2 

(7.2) v=pc(pc+mc) . 
2 2 2 

When p < mc this gives v ^ p/m as before, but if /? —> oc 
then V -^ c . Thus no particle can move faster than the speed of 
light, and a measure of the importance of relativistic effects is the 
ratio \v\/c. 

To gain an understanding of the possible effect of relativistic 
mechanics on atoms it is convenient to introduce the number 
(7.3) a = e /he. 

This is a dimensionless constant whose numerical value is 1/137 
and it is called the fine structure constant. (The reason for this 
appelation is that a also governs certain small effects in atoms 
that are connected with the electron spin and magnetism, and that 
have not been discussed here; these effects cause a small splitting of 
each spectral line into several nearby lines—that experimentalists 
call the fine structure of the line.) 

What is the value of \v\/c for an electron in a hydrogenic atom? 
We can take v in a state ^ to be (2/m) times the kinetic energy 
T (which is p /2m classically). Using the ground state y/ given 

by (3.6), and restoring all units (recall that we took h^/2m = 1 
and e = I), one easily finds from the definition (2.6) that 

(7.4) \v\/c = az. 

For hydrogen (z = 1), |i;|/c = 1/137 so relativistic effects are 
unimportant. But when z is large (7.4) correctly gives \v\/c for 
the "innermost" electrons, and we see that it is not small. 

The problem of combining relativistic mechanics with quantum 
mechanics is an old and extremely difficult one. It is not even easy 
at the classical mechanics level. At that level one could do the 
following. Return to the classical Hamiltonian function in (1.11) 
and simply replace p. /2m by T{p.) and then use the equations 
of motion (1.13). While such a dynamical theory makes sense 
mathematically, it is not a relativistic theory. The reason is that it 
is not invariant under Lorentz transformations of space-time un­
less W = 0. To remedy this defect it is necessary to give up the 
idea of particles interacting instantaneously by a force (1.9) which 
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depends only on their locations in R^. Instead, it is necessary to 
invoke the intervention of the full electromagnetic field, to intro­
duce a piece of the Hamiltonian for this field (whose equations of 
motion in the spirit of (1.13) turn out to be Maxwell's equations), 
and to introduce another piece of the Hamiltonian which gives the 
interaction of the particles with the field. All this is very compli­
cated and the final equations of motion do not even make strict 
mathematical sense for point particles. 

The situation is even worse when quantum mechanics is intro­
duced because then the electromagnetic field also has to be "quan­
tized." This is the enormous subject of quantum electrodynamics 
(Q.E.D) which, in turn, is part of an even larger subject—quantum 
gauge field theory. (Then there is superstring theory which is still 
more complicated.) 

When r̂  = 0 (equivalently ^ = 0) Q.E.D. is trivial because 
then the electromagnetic field is decoupled from the particles and 
there are no interactions. This suggests that one can solve prob­
lems in Q.E.D. by making a power series expansion in OL since a is 
small. Indeed, such a "perturbation theory" has been investigated 
in great detail and many of its predictions are confirmed incredibly 
well by experiments. At present, however, nobody knows in what 
sense this power series converges, if at all, or how to find any ex­
cept the first few terms in the series, or what a "nonperturbative" 
theory would predict. In particular, what happens when there is a 
very large number of electrons and nuclei, in which case a pertur-
bative treatment is inadequate? Does Q.E.D. predict the stability 
of matter? 

It should be stated that the particle aspect of Q.E.D. is not built 
on the Schrodinger p^ = -h^A, which is a second order elliptic op­
erator, but instead on the Dirac operator which is a quartet of first 
order operators which acts on four-component spinors. The Dirac 
operator is relativistic (i.e., it is invariant under Lorentz transfor­
mations), but if we simply add the potential energy term W{X_) 
to it the theory will still not be relativistic for the same reason as 
before (i.e., instantaneous interactions are not Lorentz invariant). 
Nevertheless, this kind of "mixed" theory is often used instead of 
the Schrodinger Hamiltonian because it presumably takes account 
of most of the relativistic corrections. However, from our point 
of view the Dirac Hamiltonian has a much more serious defect: 
the ground state energy is not given by a minimization problem as 
in (2.13). In fact the spectrum of the Dirac Hamiltonian is not 
bounded below and Dirac had to introduce an extra axiom in order 
to decide which of the many eigenvalues should be considered as 
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the ground state energy. (This axiom is known as "filling the nega­
tive energy sea;" unfortunately, it is ambiguous in ̂ he many-body 
case. The axiom also led to the prediction of certain kinds of ele­
mentary particles called antimatter, the first one to be discovered 
was the positron (antielectron) by Anderson in 1932.) 

In order to investigate the stability of matter with relativistic ki­
netic energy, T{p), in a mathematically rigorous way, we are led to 
study the following theory which uses a "relativistic" modification 
of the Schrodinger energy. This theory is a caricature of the proper 
theory, but it will have the advantage of being a well-posed min­
imization problem as before, and one which is tractable—unlike 
Q.E.D. At present it is the best that can be done to analyze the 
stability of matter question rigorously. 

With y/ as before, replace the kinetic energy of (2.11) by 

(7.5) T^ = T.^W,TJp.)w) 
l=\ 

where T^ [p) is given by (7.1), but with p. = -ihV^ as before. 
In other words, T^^ is the operator 

(7.6) T^^ = yJ-h^c^A + m^c"^ - mc^ 

which is perfectly respectable although, unlike the operator 
-h^A/2m, it is not local, i.e., {T^^y/){x) is not determined by 
y/ in an infinitesimally small neighborhood of x . In terms of the 
Fourier transform ip given by (2.4) for one particle, 

(7.7) T^ = 1^^ |\//7V + m V - m c ' | \ip{p)fdp 

replaces (2.6). The definitions (2.12)-(2.14) for the energy are 
unaltered. 

For the purpose of investigating stability, a simplification can 
be made, and will be made in this part but not in the next. Since 

(7.8) c\p\ - mc^ < T{p) < c\p\ 

the difference of the operators T and ch\/^^ is a bounded 
operator. Therefore, for both stability of the first and second kind 
it suffices to replace T^^ by the operator chy/^, i.e., we can set 
m = 0. Then T becomes, for one particle, 

(7.8) T^ = cj^^\pmp)fdp. 
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The advantage of this replacement is a scaling invariance that 
will become apparent in (7.14) and (7.15). It also brings into focus 
the essential feature of any theory of relativistic quantum mechan­
ics (Q.E.D. or the Dirac equation or the Klein-Gordon equation or 
whatever) which can be stated as follows. The central fact about 
quantum mechanics is that p becomes the operator - / i A and 
this can be thought of heuristically (as in (3.5)) as the reciprocal 
of a length squared—the length being essentially the width of a 
function ^ . In nonrelativistic quantum mechanics this operator 
is also the kinetic energy and it handily controls the potential en­
ergy which is proportional to the reciprocal of the same length. 
In relativistic quantum mechanics, on the other hand, the kinetic 
energy is essentially cxZ-Zi^A and.this is only the reciprocal of 
the length—not the length squared. Thus, both the potential and 
kinetic energies are on the same footing in a relativistic quantum 
theory, and we therefore have what would usually be termed "the 
critical case". 

A word about constants is required here. In the nonrelativistic 
case we used scaling, as stated at the beginning of Part III, to 
eliminate all constants except for the nuclear charge numbers z.. 
This cannot be done now because T^ and W^ scale in the same 
way. We can, however, use units in which he — \ . Then the 
energy becomes 

(7.9) £^ = r ^ + a f F ^ 

where W is given by (2.10) and (1.4) with e^ set equal to one 
there. T^ is given by 
(7.10) 

Â  . N 

with (// being the R^^ Fourier transform. The Hamiltonian that 
replaces (2.17) is 

( 7 . 1 1 ) H = ^^f^^^aW{X), 
i=\ 

Thus there are now two constants in the problem: the fine structure 
constant a and z , the maximum nuclear charge. 
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Let US begin by analyzing the hydrogenic atom. In this case only 
the combination za enters because U = Q. Heuristic considera­
tions, like those in Part III, would lead us to investigate (cf. (3.5)) 

^i^jz-x} (7.12) min 
L 

as an approximation to E. This quantity is zero if za < 1 and 
-oo if za > 1 . Indeed this conclusion is qualitatively correct 
becuase of an inequality of Kato [K] and Herbst [H] (see also 
[LYl]) 

(7.13) / \p\W[pfdp >lj \X\-'MX)UX 

in which 2/n is the sharp constant. Consequently, the hydrogenic 
atom has the following ground state energy 

(7.14) ^ = '' '' ' ^ ^ i 
= -OO i f za> z 

and stability of the first kind holds if and only if za < l/n , i.e., 
z < 87 with a = 1/137. 

Relativistic quantum mechanics stabilizes an atom only if za is 
small enough. 

It is to be noted that a similar catastrophe occurs with the Dirac 
Hamiltonian for an atom [KS]. Again, only za enters and there is 
a critical value za = 1 , instead of l/n . For za < \ /3/2 this op­
erator is essentially selfadjoint on C^ , the infinitely differentiable 
functions of compact support. When za > \/3/2 the deficiency 
indices are ( + 1 , +1) and so there is a selfadjoint extension, but 
only for V^/2 < za < 1 is there a distinguished, physical selfad­
joint extension. It is distinguished either by analytic continuation 
from the za < v^ /2 case or by finiteness of the potential energy; 
in other words, when za > 1 the kinetic and potential energies 
cannot be defined separately. When za = 1 the hydrogenic ground 
state energy "falls into the negative energy sea" and the Dirac op­
erator then ceases to make good physical sense. The underlying 
reason for the catastrophe is the same in both cases: the kinetic 
energy is \/L instead of 1/L^. 

The next step is to investigate large atoms, as in Part VI. Clearly, 
stability of the first kind holds here if and only if za <2/7i because, 
as a simple comparison function y/{20 demonstrates, the positive 
electron-electron repulsion B{2Q of (1.7) cannot overcome the 
-oo energy to be gained by letting one electron "fall into the nu­
cleus" when za > 2/n . 
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In fact conclusion (7.14) holds in the large atom case as well. 
This is where the nice scaling property of \ / ^ and |x|~ come 
in. To jump ahead for the moment, we can always say, when 
m = 0, that in the general case of many electrons and many nuclei 
there are precisely two alternatives: 

(7.15) either E{N,k,Z_) = Q or E{N, k, Z_) =-oo, 

which tells us that stability of the first kind is equivalent to stability 
of the second kind for relativistic matter. The proof of (7.15) is 
a simple one: If £" < 0 for some y/ then, by setting y/j^{20 = 

X~^^I'^{I/[XX) , we have that E^ = XE^ , and this can be driven to 
-cxD by letting 2 -^ oc. If, on the other hand, E^^ > 0 then we 
can drive £*,, to 0 by letting A —̂  0 . 

Apart from the stability question we can also ask about the struc­
ture of large atoms—as in Part IV. Is there an appropriate Thomas-
Fermi theory in this case? The answer is No and it is instructive 
to understand why. 

We can start by asking for an analogue of Theorem 1, which 
is the basic kinetic energy estimate for fermions. There is one— 
as discovered by Daubechies [DA]: Theorem 1 holds for the \ / ^ 
kinetic energy if 5/3 is replaced everywhere by 4/3, if 2 ' is 
replaced by 2^' in (4.8) and if K is changed. (K = 1.26 will 
do.) 

So far, so good. Next we form the Thomas-Fermi functional as 
in (4.17): 

g'^^{p) = K [ p{xf^dx-za[ \x\ ^p{x)dx 

a p{x)p{y)\x-y\~^dxdy. 
JR^ JR^ 

(7.16) J 

This, unfortunately, is unbounded below for any choice of TV = 
/ p . (The reader can easily verify that / p ' cannot control the 
|x|~' singularity, and the last term in (7.16) does not save the 
situation.) The conclusion is that Thomas-Fermi theory is useless 
for large atoms (and hence also for the case of many electrons 
and many nuclei), but in Part VIII we shall see that it is useful for 
describing the relativistic matter interacting by gravitational forces 
in a star. 

Finally, we turn to bulk matter as in Part V. Now, however, even 
stability of the first kind is problematic for one electron and many 
nuclei; it already is problematic even for one electron (Â  = 1) 
and one nucleus {k — \). The following additional concern now 
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presents itself. Suppose there are two nuclei with za — Ijln , lo­
cated at jRj and R^^ in R^, and suppose there is but one electron. 
If the two points are coincident, say JRJ = 7̂ 2 ^ ^ ' ^^ \v2iyt a 
"bomb." While each nucleus is subcritical the combined nucleus 
is supercritical, za = 3/7r, and the electron can fall into it, releas­
ing an infinite energy (7.15). What prevents this from happening? 
Answer: the nucleus-nucleus repulsive energy 

(7.17) v ^oiz^\R^ -R'S'^ = ^ ^ 1 ^ 1 - ^ 2 ^ ^ 

which goes to +oo as î j -^ î 2 ^^^ which is one part of 
E{\ ,2, 7^, K). There are now genuinely two parameters in the 
problem, which can conveniently be taken to be za and a . By 
length scaling, all the energies are proportional to \R^- R^\~ , so 

constant \/a in (7.16) large enough so that the repulsion U wins, 
i.e., so that C > 0? 

This exercise with Â  = 1 and /: = 2 tells us that stability will 
require not only an upper bound on z^a of 2/n for each nucleus 
but also an upper bound, a^, for a . This is clarified in Theorem 
6 below. Furthermore, we might fear that this a^ goes to zero as 
za -> 2/n . Here, z = max {z } as before. It might also happen 
that a^ depends on Â  and/or k . Fortunately, neither of these 
two fears materializes. 

The first result on this problem was by Daubechies and Lieb 
[DAL] who proved stability for one electron and arbitrarily many 
nuclei, namely, 

(7.18) ^ ( l , / c , Z ) = 0 

provided z a < 2/n for each j and provided a < \/3n . 
The big breakthrough was by Conlon [CO] who proved for all 

N and k that 

(7.19) E{N,k,Z) = 0 

provided z = 1 for all j and provided a < 10" [sic] and 
provided that spin is omitted, i.e., ^ G A ^ {R ) instead of y/ 6 
A ^ L ^ ( R ^ C ^ ) . This was vastly improved by Feff'erman and de la 
Llave [FD] to a < 1/2.0671 with the other conditions remaining 
the same. 

The results of Conlon, Fefferman and de la Llave fall short of the 
critical case za = 2/n . They also do not include all y/ 's because 
the inclusion of spin is not as easy as it was in the nonrelativistic 
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case. The matter was finally settled by Lieb and H-T. Yau [LYl] 
who treated a slightly more general problem. The method of proof 
in [LYl] is very different from that in [C] and [FD]. 

Theorem 6 (Stability of relativistic matter up to za = l/n). Let 
N and k be arbitrary and let z.a < 2/n for each j = \, ... , k . 
Let E (N, k, Z_) be the infimum of the energy (7.9) as in (2.11) 

and (2.14), but with y/ e /\^ L^{R^', C^). {q = 1 is the simple 
antisymmetric case, q = 2 is the physical case and q > 2 is for 
fun.) Then E^{N, k, Z_) = 0 if qa < 1/47. In particular, stability 
holds in the physical case: a— 1/137. 

Is this limitation on a (especially the Xjq dependence) merely 
an artifact of the proof in [LYl]? What about the stability of 
relativistic bosonic matter? These questions are answered in the 
following two theorems [LYl]. Roughly, the proof of Theorem 7 
uses the same elementary ideas as in the proof of (6.7) and (6.8). 

Theorem 7 (Instability of bulk matter for large a). With the defi­
nition of E as in Theorem 6, assume there are N electrons and 
k nuclei, each with the same charge z > 0. 

(1) ^ and z independent bound. If a> 128/15;:, if N >\ and 
if k> 1 + 1/z then there is collapse for all q, i.e., E^{N, k, Z_) = 
—oo. 

(2) q and z dependent bound. If a > 36q~ ' z ' , if N > q 
and if k> qjz then E^{N, k, Z_) = - o o . 

Thus, if a is large one electron can cause collapse no matter 
how small z is, provided enough nuclei are used in order to make 
the system approximately neutral. When q is large the critical a 
decreases with q at least as fast as q~^' . This contrasts with 
the q"^ dependence of Theorem 6; the exact dependence of the 
critical a on ^ is not known. 

One reason for mentioning the q dependence is that the choice 
q = N is equivalent to omitting the Pauli exclusion principle alto­
gether. The interested reader can easily deduce this from the dis­
cussion of symmetry in Part IV. This means that the case q = N 
includes the boson case, and as a corollary of Theorem 7 we have 

Theorem 8 (Instability of relativistic bosons with fixed nuclei). Let 
a > 0 and assume that all nuclei have a common charge z > 0. 
/ / the dynamic, negative particles are bosons instead offermions, 
and if the nuclei are fixed as before, then collapse always occurs for 
sufficiently large N and k, i.e., E{N, k, Z_) = - o o . The choice 
N > {36fz^a~^ and k > (36)^za~^ suffices. 
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PART VIII. THE STABILITY AND INSTABILITY 
OF COLD STARS 

Stars shine because they are a vast, continuous nuclear explo­
sion. Nevertheless, the effect of attractive gravitational forces in 
such a huge body is not negligible—a fact that can easily be appre­
ciated by noting that the sun maintains a spherical shape despite 
the nuclear violence. The byproducts of the nuclear reactions are 
light, heat and various kinds of particles, all of which produce an 
internal pressure that keeps the star expanded before these byprod­
ucts can leak out through the surface. 

After the nuclear reactions are finished, in what can be called 
the post-twinkle phase, the star eventually cools, and it might be 
supposed that it would then collapse because of the gravitational 
attraction. Sometimes this does happen with great rapidity—for 
that is what a supernova is; the enormous gravitational energy is 
then converted into the production of a vast amount of light and 
numerous particles, mostly neutrinos. But sometimes the cold star, 
or the remnant of a supernova explosion, which is also a cold star, 
merely attains a new, much smaller radius and is quite stable— 
although lightless. (Another conceivable final state of a supernova 
is a black hole, in which case the collapse might be silent because 
black holes do not permit light to escape; I thank F. Dyson for this 
observation.) 

The determining factor for total collapse or stability is the stellar 
mass; the dividing line is several solar masses. What mechanism 
is available, in the stable case, to provide the internal pressure that 
prevents the gravitational attraction from crushing the cold star? 
Answer: The quantum mechanical kinetic energy offermions. 

Actually there are two kinds of cold stars: neutron stars and 
white dwarfs. The latter kind will be discussed at the end. The 
former kind, which are remnants of supernovae, are composed 
mostly of chargeless neutrons. (In Part I it was stated that a free 
neutron decays into a proton and an electron in about 13 min­
utes, but in the very dense interior of such a star the decay ceases 
for several reasons.) With X_ = {x^, ... , x^) denoting the coor­
dinates of A'̂  neutrons, the classical potential energy is given by 
Newton's gravitational formula (cf. (1.2) and (1.9)) 

(8.1) W{X) = -K J2 , - 1 

X^-Xj\ . 

\<i<j<N 

Here, K = GM^ , with G being Newton's gravitational constant 
and M being the neutron mass (which is just a little bigger than 
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the proton mass, M ). There is no electrostatic potential energy 
since the neutron has no electric charge. 

Neutron stars were mentioned as a possibility by Landau in 
1932, after the discovery of the neutron by Chadwick in the same 
year [B, ST]. In 1934 Baade and Zwicky proposed their connec­
tion with supernovae. Their actual existence was "established" 
by the 1968 discovery of pulsars (which mostly emit accurately 
timed pulses of radio waves) and Gold's identification of them as 
rotating neutron stars. The supposed facts about these stars are 
amazing [B, ST]. Their mass is a few solar masses (about 10^^ 
neutrons) but their radius is only about 10 km. Thus the gravi­
tational force at their surface is about 10 times that on Earth. 
The internal structure of such an object is hard to guess, because 
at these densities—especially the central density—neutrons will 
cease to look like individual particles and might become some sort 
of quark soup. Moreover, this large mass in such a small volume 
will cause space to be "curved" in accordance with the principles 
of Einstein's general theory of relativity. These complications will 
be ignored here and we shall suppose that a neutron star is just 
a collection of Â  particles with the gravitational potential energy 
function of (8.1). 

The model to be discussed here is standard and it is built along 
the lines of Part VII. With an abuse of history we shall call it 
the Chandrasekhar model, for a reason that will become clear at 
the end. Since the neutron star is cold we can suppose that it is 
in its quantum mechanical ground state. The energy of a wave 
function ^ is given, as usual, by £* = T + W with T^ defined 
in (7.5) with m = M^ and W^ defined in (2.10) with W{r) 
given by (8.1). Adopting henceforth units in which ^ = c = 1 , the 
Hamiltonian is 

\x^-x^\ \ (8-2) f^N-HW-^^^'-^}-^ E 

with K = GM^ and m =^ M^. The problem is to compute 

(8.3) ^(A^) = infF = i n f ( ^ , / / ^ ^ ) 

and to delineate the properties of the density p^ for a minimizing 

Two things are to be noticed. One is that the neutrons are 

being treated (special) relativistically with T{p) = yp^c^ + m^c"^-

mc^. This is obviously important to do since \v\/c will turn out 
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to be quite large at these densities. As in Part VII, the question 
of collapse or no collapse can be decided by the simpler choice 
T{p) = c\p\, but if we want to compute the density p in the 
stable phase it is essential to keep the full expression (8.2). 

The second point is that W{2r) has the same form as the 
electron-electron repulsion term B{X_) in (1.7) except for one 
thing—the minus sign. For the repulsive case we were able to 
approximate this energy in terms of p as in (4.16), because, 
as discussed there, the left side of (4.16) minus the right side is 
bounded below [LO] by— (1.68) / pj . But because of the minus 
sign in IV{2[_) we now require an upper bound for the diiference 
in (4.16) in order to achieve a lower bound to E . Unfortunately 
the only upper bound is -f OD . Therefore, controlling W^ by T^ 
is not at all a simple matter in this case. 

Nevertheless, there is a simple, well-defined Thomas-Fermi ap­
proximation to this problem, as in Part IV, that is obtained us­
ing (4.16). Whether it is correct or not remains to be seen. Its 
construction requires approximating the relativistic kinetic energy 
(7.5) in terms of p in analogy with Theorem 1 or Theorem 2. 
Imitating the discussion in Remark 1 after (4.9), we place n par­
ticles in a cube of size L and compute the minimum of T^ . With 

'1 2 1/3 

p = n/L and rj = {6n p/q) ' it turns out to be (for large n ) 
equal to the volume L 

(8.4) j{p) --

(Recall that q = 1 

_ J_ 
In' 

for \ 

times the quantity 

r u 2 . 2.1/2 

'//e/\^ L\R^) and q 

m}p dp. 

2 for the physical 

case I// e ^^ L\R^',&)•) This j{p) reduces to [l/qf^K^p^'^ 
when p is small (corresponding to the nonrelativistic kinetic en­
ergy) and to (3(671 )̂̂ ^ /̂4(7^^ )̂/?'̂ ^^ when p is large (correspond­
ing to the relativistic case). It should be remarked that Daubechies 
[DA], who extended Theorem 1 to V ^ ^ , as noted before (7.16), 
also extended it to v - A -\- m - m . 

We can now form the Thomas-Fermi functional for a neutron 
star. 

(8.5) ^^'{p)= [ j{p{x))dx-^ f j p{x)p{y)\x-y\-'dxdy 

and the Thomas-Fermi energy is 

(8.6) E^^{N) = mflg'{p): f p = N\ . 
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This problem can also be conveniently reformulated by setting 

(8.7) ^(x) = p{N^'^x) => / p{x)dx = 1 

SO that, with 
(8.8) 

^ ^ ^ ( / ' ) = / Jip{x)dx-^KN^" f f p(x)p{y)\x-y\-'dxdy, 

the energy becomes 

(8.9) l£^^(yV) = inf | f^^/ ,): Jp = l^ ^ e^'iKN^''). 

The advantage of (8.7)-(8.9) is that it makes clear that the relevant 
parameter in the problem is r = KN'^^^ . Numerically, K = Gm^^ 

is about 10~^^ in our units and N ^ 10^^, so that T ?̂  1 . This 
suggests that it is an excellent approximation, indeed, to consider 
the limit K -^ 0 , N -^ oo but with KN^^^ = T held fixed. 

The first attempt [LT3] relate E{N) to E'^^{N) succeeded to 
within a factor of 4. The following theorem of Lieb and H-T. Yau 
[LY2] finally settled the question. 

Theorem 9 (Thomas-Fermi theory is asymptotically exact for cold 
stars). Fix T = KN ' and let K: -^ 0 and N -^ oo. Then 

(8.10) lim E(N)/N = e^''{T). 

{The error, for finite N, can be bounded.) Furthermore, there is 
a critical number, x^, such that the Thomas-Fermi minimization 
problem (8.8), (8.9) satisfies 

(1) / / T < T̂  then e^^ {T) is finite and there is a unique mini-
TF 

mizing p^ . 
(2) / / 0 < T < T̂  and if y/j^ is a minimizer for the quantum 

mechanical problem with density p then, weakly in L'^^^(R^) n 

L ' ( R ^ ) , 

( 8 . 1 1 ) lim p {N"'X) = P''/{X). 
/ c—>0,JV—^oo ^/v 

(3) The function N \-^ E^^{N), for fixed K , is concave and 
decreasing. 

(4) If T > T^ then e (r) = - o o , while e (r^) is finite. 

Thus, a neutron star is stable if KN ' < T^ and it collapses if 

KN'^^^ > T^. It is not hard to see from (8.5) that such a collapse 
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occurs and, indeed, to infer the value of r^. For large p (which 

is relevant here) 
sharp inequality 

AIJ p{x)dx\ fpixf^dx 

- 2 / 3 / 3 PMP(y)\^ - yf^dxdy 

is well known, with A = 1.092. Therefore 

(8.13) T^ = C/A. 

The Euler-Lagrange equation for the problem (8.8), (8.9) is 

(8.14) /{p{x)) = [rjixf + m'f' -m = {T\X\-' ^p-n}^. 

where r]{x) = {6n'^p{x)/q)^^^, * denotes convolution, // > 0 is 
a Lagrange multiplier (which has to be adjusted so that f p = I) 
and {A}_^ = max(^, 0) . The optimum solution p is spherically 
symmetric, decreasing and has compact support in a ball Bj^ of 
radius R. The Euler-Lagrange equation can be converted into a 
differential equation by applying the Laplacian, A, to (8.14). 

(8.15) - A 0 = 47r[e^ + 26]^/^ in B^ 

with 6 = /c|x|~^ * p and S{x) = 0 when \x\ = R. 
The existence ofa solution to (8.14), (8.15) was proved by Auch-

muty and Beals [AB]. The analysis of this equation is, in itself, an 
interesting mathematical problem. The following has been proved 
[LY2]. 

Theorem 10 (Properties of the Thomas-Fermi density). 
There is exactly one nonnegative radial solution to (8.14) for each 
p > 0 and 0 < T < T^. // has compact support. For T > r^ there 

T F 

is no solution {even though e (r^) is finite). If x < x^ there is 
exactly one p so that f p = I. Both p and p are continuous 
functions of T and p{0) is an increasing function of T, while the 
radius R is a decreasing function with R ^ 0 as T ^ T^ and 
R -^ 00 as T —̂  0. T/' Tj < T2 < T̂  then the solutions p^ and /?2 
satisfy p^(x) = Pji^) for exactly one value of \x\. 

These properties show that the star has a unique shape that 
evolves continuously with r , i.e., there are no jumps. 

What would happen if the neutrons, which are fermions, are 
replaced by bosons? Elementary particles that are bosons, and 
that are stable have never been seen, as stated earlier, but they 
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are posited to exist in certain theories in order to account for the 
"missing mass" in the universe. They are called axions and are 
not expected to condense into stars because they cannot get rid of 
their gravitational energy easily, but it is amusing to consider the 
possibility anyway. See [RB]. 

For bosons we might imagine that a simple product function 
^(Z) = n(/)(x^) with (/) G l}i^), as in (4.2), would adequately 
describe the ground state. Then p^{x) = N\(\){x)\ and with 
(/)(x) > 0 (which is the optimum choice), 

(8.16) r^ = A^(^,T;/) = ( y ^ ; , 7 ; , ^ ) 

Adding these (and supposing Â  to be large) we obtain a Hartree 
type functional 
(8.18) 

^"{P) = (v^, T^^^) - \ \ ^ f^p(x)p{y)\x-y\''dxdy 
*/ R */ R 

for nonnegative p with J p = N. This differs from the Thomas-
Fermi functional in the replacement of f j{p) by (8.16). As usual, 
we define the Hartree energy to be 

(8.19) E""(N) = inf h""(p) : f P = ^]-

The scaling p{x) -^ Np{x) reduced the problem to one in 
which f p = 1 , K ^ KN = CO and E -> NE. From this we 
learn that the parameter co = KN is the crucial one for bosons, 
not T = KN^'^ . 

The minmization of (8.18) leads now to a genuine differential 
equation for / = ^ 

(8.20) {T^^-oj\x\-'^f]f=-pf 

on all of R̂  and with p chosen so that / / = A .̂ It is proved 
in [LY2] that again there is a critical value w^ such that when 
CO < CD^ di minimizer exists and it is spherically symmetric and 
decreasing (although not with compact support). \i w > o)^ then 
E^{N) = -00. If we fix CO and let /c ^ oo and N -^ oo with 
CO = KN then, as in the previous fermionic case, the solution 
to the quantum problem converges to the solution to the Hartree 
problem, i.e., E{N)/E''{N) ^ 1 and ^p^ - ^ ^ ^ ^ 0. 
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Thus, bosonic stars can collapse as well, but whereas in the 
fermionic case the critical number Â^ is proportional \o K~ ' ^ 

\0^^, for bosons TV. is proportional to K~^ ^ 10^^. The former 
defines an object which is the size of a star, while the latter defines 
only an object as massive as a mountain (assuming that the same 
value is used for the mass of the constituent particles.) 

It is possible to understand this K~ behavior in a simple way— 
which also explains the central difficulty in proving Theorem 9. In 
(7.14) we saw that the kinetic energy of a particle ceases to control 
a -C/\x\ singularity whenever Cyl/n. In our bosonic star case 
we have many particles with the tiny constant C = K between each 
pair. Suppose now that (Â  - l)/c exceeds l/n and that Â  - 1 
particles come together at a common point. Then the Â^ particle 
feels an over-critical attraction and "falls in the hole." But then 
every particle is trapped and none can escape. Something like this 
artificial scenario is what happens in the bosonic case and leads 
to collapse if a; = NK is big enough. (It is not claimed that 
w^ = l/n ; in fact it is known only that Ajn < co^ < 2.7.) The 
interesting fact about fermions is that the Pauli exclusion principle 
prevents this scenario from happening. Since N ^ K ' in this 
case, it would require the coalescence of only a tiny fraction of 
the particles (namely N ' /N) m order to form a "trap" for the 
remaining particles—but such a "fluctuation" does not occur with 
any significant probability. 

Now let us return to the second kind of cold star—the white 
dwarf. In 1914 Adams discovered that while the companion star 
of Sirius has a mass about equal to that of the sun (which was 
known from its perturbation of Sirius) its radius had to be very 
small [ST]. He inferred this from the fact that the star is hot (in 
fact its light is whiter than that of most stars—hence the name) 
but it has a very small total luminosity. Many such stars are now 
known and they are thought to be burned out stars consisting of 
ordinary electrons and nuclei such as we discussed in Part VII. 
Their radius is bigger than that of a neutron star—about 5000 
km—for a reason that will soon be apparent, and this means that 
general relativistic eff'ects are not important here. The ones we can 
see optically shine because they have not yet rid themselves of all 
the energy of gravitational collapse. 

For some time it was a real puzzle to explain why this dead 
star did not collapse entirely. We have seen that the quantum me­
chanical kinetic energy provides the requisite "internal pressure", 
and the person who modelled this correctly was Chandrasekhar in 
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1931 [C]. There is, however, a slight twist from the neutron star 
model, which requires some explanation. 

The main force among electrons and nuclei is electrostatic—not 
gravitational. But with a grain of faith we can suppose that the 
electric potential is cancelled locally, i.e., local neutrality is strongly 
enforced. This leaves only the gravitational potential, which is ad­
ditive because there are no ± signs. Ideally we would like to 
incorporate both forces, but we shall retain only the gravitational 
force. The nuclei, as before, can be considered to be almost mo­
tionless but the electrons move with high speeds (because of the 
high density) and therefore have to be treated relativistically. 

With this information we can, with another grain of faith, sup­
pose that the Hamiltonian //^ in. (8.2) is relevant, but with the 
following identifications. The number of electrons is N and the 
mass m that appears in the kinetic energy, 7^^, is the electron 
mass. On the other hand, the gravitational force comes mostly 
from the nuclei (because of their large mass), and therefore K = 
GM with M now being the mass in the star per electron, i.e., 
^ = ^nucleus/^nucleus' ^hich is much bigger than the electron's 
mass and which is typically about twice M^ . It is the presence 
of the very small m in the kinetic energy which make the radius 
bigger for the solution of (8.5), (8.6); by scaling, the radius is pro­
portional to 1/m for a fixed A .̂ The critical r does not change 
(except insofar as M ^ M^), 

The proper model to analyze, of course, would be one with two 
kinds of particles (electrons and nuclei) and with two kinds of 
forces (electrostatic and gravitational), but this remains an open 
problem. There are some remarks about this problem in [LT3]. 
Another thing one would like to analyze is the effect of positive 
temperature. For nonrelativistic particles, both kinds of modifica­
tions have been achieved, in a certain limit, by Hertel, Narnhofer 
and Thirring [HT, HNT, TW]. See also Messer's book [M]. The 
relativistic case with both kinds of forces is still an open problem. 

Chandrasekhar, of course, did not analyze the Hamiltonian H^ 
as we did here. He started instead with the Euler-Lagrange equa­
tion of the Thomas-Fermi approximation, (8.14) or (8.15). In 
fact, it was the following physical interpretation of (8.14) that mo­
tivated Chandrasekhar: If we take the gradient of both sides and 
then multiply by -p{x), the right side becomes the gravitational 
force at a point x in the star. The left side can be interpreted as 
the gradient of the pressure, P , of a "quantum mechanical fluid." 
This fluid has an "equation of state" (i.e., the pressure, P as a 
function of the density, p ) given by the following formula that is 
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valid for all fluids. 

(8.21) P(p)^pj\p)-j^p) = p'^M. 

This balancing of forces, i.e., the "gravitational-hydrostatic equi­
librium," was Chandrasekhar's starting point. 

From this point of view there is an interesting contrast between 
the bosonic case (well approximated by the Hartree theory (8.18)) 
and the fermionic case (well approximated by the Thomas-Fermi 
theory (8.5)). The latter energy can be thought of as that of a 
simple fluid which has an "equation of state." This is how physi­
cists think of the matter, even though it is quantum mechanics 
that produces the pressure. The bosonic energy (8.18) has no such 
interpretation. Quantum mechanics shows itself to the bitter end 
because the Hartree energy still has gradients in it. The concept 
of an "equation of state" cannot be used for high density bosonic 
matter in its ground state. 

This brings us to the end of the stability of matter story. If one 
more hyperbolic remark be permitted, it can be said that 

Quantum mechanics is a bizarre theory, invented to explain 
atoms. As far as we know today it is capable of explaining ev­
erything about ordinary matter {chemistry, biology, superconduc­
tivity), sometimes with stunning numerical accuracy. But it also 
says something about the occurrence of the most spectacular event 
in the cosmos—the supernova. The range is 57 orders of magnitude! 
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There are methods available for calculating rather 
precise lower bounds for the energy of simple atoms or 
molecules. ^ K complex atoms or molecules are to be 
investigated, these methods become inapplicable, or im­
practicable. Here we propose a new method which, for 
the above cases, promises to become as accurate as the 
Hartree-Fock procedure for the upper bound. Although 
applicable to a wider class of problems, we shall dem­
onstrate it for an atom with Â  electrons. 

Our aim is to find a lower bound to the Coulomb repul­
sion energy 

v^lZ 
1 l ^ a -

of the form 

(1) 

(2) 

where A is a constant. To achieve this we replace the 
Coulomb potential l / lxl by a subsidiary potential v with 
the following properties: 

1 I ^ f d% 
{2ijf 

"• V (k) with I;(k) ̂  0 . (3) 

I;, the Fourier transform of v, is assumed to be integra-
ble so that v is continuous everywhere. The repulsion 
potential $ should be the Fourier transform of a real in­
t e g r a t e function: 

7;r-^^^'"l>(k) With $ ( k ) - $ ( - k ) = l>*(k) . 

From (3) we deduce 

y^\ll ^^(x,-x,)-iiV^;(0). 
^ a,6=1 

With Jensen's or Schwarz's inequality 

/ . . w t / w r . i i M ^ 

(jLt a measure) we deduce with (3) 

(4) 

(5) 

(6) 

a,6=1 J \^^) la = l 

J ( 2 ^ i)(k) I t l ^ *(k) | 
(7) 

a=l ^ K^TT) a=l 

f d'k i>(k)^ 

(8) 

(9) {2ny ~v{k) 

Note that U is Hermitian and c real. 

By subtracting the nonnegative operator {l/c){U -cf 
from the rhs of (7) we finally arrive at the desired 
bound: 

-^i;*(x.)-|/<S|| Kk)l + NvOa)} . (10) 

There are two functions to play with: a repulsion poten­
tial $ (essentially arbitrary) and a subsidiary potential 
V [restricted by (3)] which enters the constant only. 

A special choice for the subsidiary potential is 

"^"^- ixl 

Defining n by 

<l>(x)= j d\' 

we can write 

n(x') 
i x - x ' l 

A= ||/^^x<l>(x)n(x) + 47rM-̂  / d\n{^f •Nil 

(11) 

(12) 

(13) 

for the constant in the rhs of (10). For fixed n (or *) the 
optimal subsidiary potential of type (11) is obtained for 

= =|/.V„(x)^ (14) 

To check whether (10) can give good lower bounds we 
have tried the Tietz approximation^ to the Thomas-
Fermi potential for neutral atoms: 

$^(x)=(Ar-i) r+2{9/2N)^' 
ir=\x\). (15) 

The factor N -1 (instead of N) in (15) has been chosen in 
order to make the potential of the lower bound Hamilto-
nian to go as - l / r for large r. Equation (15) with (14) 
gives 

(16) 

It remains to solve for the energy levels of the one-particle 
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Schrodinger equation with spherically symmetric poten­
tial -7^/1x1 +$ j.(x) and to fill the N electrons into the 
lowest levels in accordance with the exclusion principle. 
The lower bound J&LB foi" the nonrelativistic ground state 
energy of neutral atoms as calculated from (10) with (11), 
(14), and (15) is compared with an upper bound^ £UB for 
a few neutral atoms in the following table: 

Atom iV -N •nn I -1^ -7/3 

Ne 
Ca 
Zr 
Nd 
Hg 

10 
20 
40 
60 
80 

0.755 
0.726 
0.714 
0.711 
0.711 

0.594 
0.620 
0.646 
0.648 
0.656 

Energies are in units of me'^/h^=21. 21 eV. The uncor­
rected Thomas-Fermi value (which becomes exact* in 
the limit N--°°)is N ' ^ ^ ^ £ T F = - 0 . 769. The trivial lower 
bound (by neglecting F altogether) is - (3/2)^^^^^'^^^ for 

large N. Note that the lower and upper bounds are still 
far away from the Thomas-Fermi value. 

The increase with N of the lower bounds is due to the 
fact that the potential (15) is tailored for large atoms. 
By adjusting some parameters the lower bounds for light 
atoms can be improved so that they decrease with N. 

*On leave from the Departments of Mathematics and Physics, 
M . I . T . , Cambridge, MA 02139. Work partially supported 
by National Science Foundation Grant GP-31674X. 

'For a summary see A. Weinstein and W. Stenger, Methods of 
Intermediate Problems for Eigenvalues (Academic, New 
York, 1972). 

^T. Tietz, J. Chem. Phys. 25, 787 (1956). See S. FlUgge, 
Practical Quantum Mechanics II (Springer, Berlin, 1971), 
p. 128, for the choice of the coefficient (9/2) ^^^ 

^From R. O. Mueller, A. R. P. Rau, and L. Spruch, Phys. 
Rev. A 8, 1186 (1973), Table II. 

^E. H. Lieb and B. Simon, Phys. Rev. Lett. 31, 681 (1973). 
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Abstract 

For a Coulomb system of particles of charge e, it has previously been shown that the indirect part of 
the repulsive Coulomb energy (exchange plus correlation energy) has a lower bound of the form 
-Ce'^^^i pix)"^^^ dx, where p is the single particle charge density. Here we lower the constant C from 
the 8.52 previously given to 1.68. We also show that the best possible C is greater than 1.23. 

1. Introduction 

In the study of quantum Coulomb systems of charged particles (atoms, 
molecules, and solids), it is frequently desirable to estimate various energies in 
terms of the (diagonal) single particle charge density p^{x) belonging to a given 
state if/ of N particles. We will be concerned with the repulsive Coulomb energy 

/^ = (*A|Z^/^/k-XyrVX (1) 
' • < ; • 

where e/>0 are the particle charges (by a trivial change we could assume all 
ei<0). ij/ is any normalized state, not necessarily an eigenstate of any given 
Hamiltonian; it could also be a density matrix. Our goal is to find a lower bound to 
/^. [See note added in proof.] 

We define 

D^=D{p^,p^) (2) 

to be the direct part of /^, where, in general, we have 

D{f,g) = '2^j f{x)g{y)\x - y V' dx dy. (3) 

The density p^ is the sum Z«=i of the N individual single particle charge densities 
defined by 

Uix) = ,̂- I l^ixu • . . , Xi-u X, X/+1, . . . , XÂ , a i , . . . , ofiv)!̂  dxi, 
ct^ atKi J 

(4) 

* Work partially supported by U.S. National Science Foundation Grant No. PHY-7825390 AOl. 
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Here the aj are any quantum numbers (e.g., spin) and dxi means integration over 
all variables except jc,. The indirect part E^ of I^, is defined by 

E^-\-D^ = I^. (5) 

E^ includes all "exchange" and "correlation" effects. 
It was shown by one of us [1], that for all if/ and C = 8.52, we have 

E^^-Ce^^'^p^{xf'dx, (6) 

A more complicated bound was given when the /̂ are not identical. 
The main result of this paper is given in Section 2. We show that 

r r / TV v 4 / 3 - l l / 2 r ^ - . 1 / 2 

F ^ ^ - C [ J ( I e^pUx)) dx^ [J p^ixf^'dx^ , (7) 

even in the case that the et may be distinct, with C = 1.68. With this improved 
value of C, the bound for E^ may have computational value as well as theoretical 
value. 

Inequality (7) reduces to the form of Eq. (6) when all ei = e. Our proof differs 
from that in Ref. 1 chiefly in avoiding the use of the Hardy-Littlewood maximal 
function. We also show in Section 3 that the best (i.e., smallest) possible C, in Eq. 
(6), must be greater than 1.23 by explicitly calculating E for a two-particle wave 
function if/. 

It should be noted that Eq. (6) is a special case of the lower bound for 
A^-particle states t̂ , 

E.^-Qe'"'-'^'''''''^^ pj)''*'"" V'"-^'/""-'', (8) 

which is a consequence of Thomas-Fermi theory for p>2 (see Refs. 1-3). 
Holder's inequality applied to Eq. (6) gives Eq. (8) for all p > f with the same C as 
in Eq. (6). However, the best Cp in Eq. (8) will in general be smaller than this C 
and it would be interesting to have an estimate for it. [In Ref. 1 it was incorrectly 
stated that Thomas-Fermi theory gives Eq. (8) for p > | . This is wrong because 
Thomas-Fermi theory is bounded below only for p > §. Equation (8), for p = f, 
was first given in Ref. 3, where it was used to prove the stability of matter.] 

The bound, equations (6) or (7), can be examined in a number of ways. One 
might try to find a constant C in Eq. (6) only for ip symmetric or antisymmetric, or 
only for i// with a particular spin value. However any such restriction 
on (A cannot improve the constant in Eq. (6). Let all e, = e. Suppose we take an 
arbitrary il/{xu . . ., JC/̂ ; « i , . . . , ct/^), where ai,. . . ,aM are arbitrary quantum 
numbers. Let 

f^ixu . . . ,XM)= I k U i , . . ., A:^/,ai, . . . , aM) 
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and let the symmetrized version of /^ be given as 

F{xi,. . ., Xs) = —— X f,j,{xpi,. . ., XPM)' 

We can define a symmetric ij/^ such that E^s = E^, I^s = /^, and p,/,«(x) = p^{x). We 
merely take il/^{xu • • •, Xyv) = F ( j c i , . . . , XM)^^^- This shows that C cannot be 
improved by excluding bosonic ij/. In a similar way, we define an antisym­
metric i//'', 

il/'' =F{xu . . . , XMY^^Oixu . . . , XM), 

where 6 is any antisymmetric function which takes on the values ± 1 except on a set 
of measure zero. We see that we cannot improve the constant by excluding if/ 
with Fermi statistics. A similar construction shows that restrictions on the spin 
quantum number cannot improve C. 

It will be noted that the right-hand side of Eq. (6) is of the form given by Dirac 
[4] to approximate the exchange energy. There is, however, a difference between 
the two if spin is taken into account. The Dirac approximation is 

E^=--Cq-'^'^ p^{x)^^'dx, (9) 

with C = 0.93 and q is the number of spin states iq = 2 for electrons). Dirac 
computed Eq. (9) using a plane wave determinant for i/r. This determinant 
depends upon q. In view of Eq. (9) one might infer that a good lower bound to E^, 
should have a q~^^^ factor. This, as we have just noted above, is not the case. 
Another way to say this is the following: a "diagonal" operator, such as the 
Coulomb repulsion cannot distinguish the spin of a particle. To "see" the spin it is 
necessary to examine an off-diagonal operator such as the kinetic energy T^. A 
lower bound for T^ does exist [3] and it does have a factor q~^^^. In order to have a 
lower bound for E^i, that measures q it would be necessary to use an expectation 
value such as T^ that is "off-diagonal." A useful bound of this kind might exist, but 
a bound such as ours that involves only the "diagonal" quantity p^ has no q 
dependence. 

It is true however, that the constant in Eq. (6) or (7) can be improved if we 
specify the number of particles. Consider the case of equal charges. Define CM to 
be the best constant for Eq. (6) when we consider only TV-particle states i//, i.e., 

CM = sup ( - p^ix)"^^^ dx) E^. 
N particle <// \ J / 

In Appendix A we compute Ci = 1.092, following a treatment by Gadre, 
Bartolotti, and Handy [5]. One notes that Ci is less than the constant 1.23 
computed for the variational two-particle wave function of Section 3, which is 
itself less than C2. In Appendix B, we show that this is a general phenomenon, i.e., 
CM ^ CM+1' Presumably, one might take advantage of this if on^ were only dealing 
with a fixed low number of particles. However, we have no method available for 
computing an upper bound for CM, N^2, except 1.68, which holds for all N. 
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Inequality (7) might be improved upon in another way in the case of unequal 
charges. One might try to prove that a universal constant C existed such that the 
following is true (for fixed 0 < a < 1): 

It is an open question whether a bound exists when a = 1 in Eq. (10), called the 
symmetric form. Holder's inequality impUes that for Eq. (10), (right-hand side, 
a = 1)> (right-hand side, a ^ 1); thus the symmetric form gives the best lower 
bound. In Ref. 1 a bound with constant 8.52 was proved for a = | and in this paper 
we sacrifice even more "symmetry" in the bound to show that Eq. (10) holds for 
a =1 with the improved constant 1.68. 

In Ref. 5, the comment was made that no one has yet produced any upper 
bound for E^. The following simple remark is relevant. There certainly cannot be 
any upper bound of form C | p(jc)'̂ ^̂  dx. The reason is that E"^/! p(jc)'̂ ^^ dx can be 
made arbitrarily positive simply by taking a i// for two particles of the form 

ip = A[k ' {xi-X2)]exp {-\xi\^-\x2\^-\\xi-X2\^, 

where k is some fixed vector. As A tends to infinity, E^j, will tend to +oo while 
j p^^ dx will remain bounded. This i// is antisymmetric. 

2. A Lower Bound for E^ 

We will use an argument similar to that given in Ref. 1 to derive Eq. (7) for 
C = 1.68. 

We first fix charges ^i > 0 , . . . , ê v >0 . Let U{xu - • - y XM) be the particle 
density associated with an TV-particle wave function i{/, as given in Section 1. Let p^ 
be the associated single-particle charge density, equation (4), and let jc i , . . . , jĉ v 
be distinct but otherwise arbitrary points in R^. We take ^t(y) to be some function 
satisfying the following: (i) fx is non-negative; (ii) fx is spherically symmetric about 
the origin and /JL{X) = 0 if | J C | > 1 ; and (iii) \ fji{y) dy = 1. Let A be a positive 
constant to be determined later. 

We now define a function 

Mx(-): Mx(y)^A'p^(x)M(Ap^(A:)'/'(y-x)), (11) 

if p^(jc) > 0, and />Cx(y) = 0 if p^(jc) = 0. We see that /JLJ^ is a non-negative function 
which satisfies (i) its integral (with respect to y) is 1 if p^(x) > 0; (ii) it is spherically 
symmetric about x; (iii) /Ux(y) = 0 if \y -x\>\~^p^{x)~^ .̂ 

We observe that Lemma 1 of Ref. 1 may be applied to this choice of p,. Namely, 
we prove 

Lemma 1: 
N N 

X eiej\xi-Xj\~^>-Dip^,p^,)-\-2 Z D{p^, eifji:^)- Z D{eipL^,,eip.^,). 

(12) 

file:////xi-
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Proof. It is a well-known fact [1] that the potential (f) generated by a 
non-negative spherically symmetric charge distribution of total charge 1 satisfies 
(^(jc)<l/|jc|. In particular, taking jc, to be the origin, \^Xi{y)\x -y\~^ dy ^ 
\x-Xi\~^. Hence 

^(^/Mx„^/Mx,) = W 7 j /t^x,(y)k-y| ^fJL^Ciix) dxdy 

(13) 
^hiej \ \x-Xi\/jL:,.{x) dx < jeiejlxi -Xj\~\ 

We now observe that 

^ ( p ^ - Z eifjL:,.,p^- I eifi^]^0 (14) 
\ 1=1 1=1 / 

by the positive definiteness of the Coulomb kernel. Expanding the left-hand side 
of Eq. (14) and rearranging, one has that 

N N 

/ = i / = i 
2Y,D{ei/jLx,yejfXx.)>-D{p^,p^) + 2Y. ^(P.A» /̂Mx.)- I Dietfju^,, eifjLxi). (15) 

The lemma follows by applying Eq. (13) to the left-hand side of Eq. (15). • 
Now let 8xi be a point charge distribution of charge one centered at jc,. Adding 

and subtracting terms on the right-hand side of inequality (12), we get 

Z eiej\xi-Xj\~^^-D{p^,p^) + 2 I Dip^^etS^.) 
i<j / = i 

(16) 
/ A T N \ 

- ( 2 1 D{p^,ei8x.-ei/ji^.)+ Z D{eifjL^., ei/n^,)), 

We now integrate Eq. (16) against Uixi,..., XM), whence 

/^>D(/9^,p^)-( I J 2Dip^, 8^,-fXx.)p'^{xi) dxi 
+ 1 \ D{fXx,,fjLx.)eip'^(xi)dXi]. (17) 

We wish to find an upper bound of the appropriate kind to the expression in 
large parentheses in Eq. (17). Let us denote the first sum in large parentheses as (*) 
and the second as (**). We rewrite (*) as follows: 

(*) = I p^(x)2D{p^, 8,-fi,) dx = ^^ p^{y)F^{p^{x\ \x -y\) dxdy, (18) 

where we define 

F,{a, r) = [ar^ - ka^"'^,(Aa'^V)], (19) 

and 4) is the potential generated by our fixed /x. Hereafter we require that p. be 
bounded. In this case, Fx (a, r), considered as a function of a on (0, 00), satisfies the 
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following for r > 0 ; (/) it is continuously differentiable; (ii) FA(0, r) = 0 and 
Fxla,/') = 0 if Afl^^^r>l. These properties follow from the continuity and 
differentiability of 0 and the relation 0(JC) = 1/|JC| for | x | > l . For a > 0 , let 
Xa{x) = e[p^{x)-a\ where (9(0 = 0 if r<0 , and e{t) = \ if / > 0 . Xa is the 
characteristic function of the set p^(jc)>a. By Fubini's theorem and the 
fundamental theorem of calculus, one has that 

J da\ Xa{x) — F),{a,r)dx=^\ dx\ —-F^(fl, r) Ja = J dxF^ip(x), r), 

(20) 
and thus 

(^ f°^ C d 
(*)= dadb dxdyxa{x)xt{y) — F;,ia,\x-y\) 

Jo Jo J da 

where we have used the representation p{y) = i^ dbxbiy)-
We bound (*) as follows: Let {y)+ = y if y ^ 0, and (y)+ = 0 if y < 0. Then 

(* )<! j dadb^ dxdyxaix)xtiy)(-^FAa,\x-y\)) 

< | dadb^dxdyxaix){^F,{a,\x-y\)) (21) 

-fj dadbl dxdyxb{y)y—F;,(a,\x-y\)j . 

By scaling properties of (d/da)Fx{a, |JC -y | ) , one has that 

^ (^-^F,{aAx-y\)) Jx = ̂  (J^FAaAx-y\)) Jy =\-'Ka-^^\ (22) 

where K =\ [(a/aa)Fi(l, \z\)]+ dz and K only depends on the original choice of yi. 
We, therefore, have that 

.b 

(23) 

(*)<A"'A:f Jjc(j daxa{x)a~^^^^ db+^ Xb{x)db^ a-^^^ daj 

= 4\-^K{ dxl xa{x)a'^^ da =3\~^K j pt/^(x) dx, 

where we have used the representation p^^ (x) = (4/3)JQ a^^^Xaix) da. 
The second sum (**) in the large parentheses of (17) can be written 

^ f ( * * ) = ! \ D{p.^, pi^)eip'^{x) dx 
i = \ J 

= AD(M, IJL) I f eipUx)p^{xy^' dx (24) 

r r / ^ x4/3 ^ 3 / 4 p - -1 /4 
<AZ)(M,/^)[J ( I ^/PU^)) dx\ [J p (̂jc)'/'t/;cj . (25) 
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Equation (24) follows from simple scaling and Eq. (25) is the Holder inequality. 
Optimizing Eqs. (24) and (25) with respect to A yields 

(*) + (**)<|[6i^D(M,At)']'/'[J (.1 /̂P'U)) dx\ y pix)'^'dx\ . 

(26) 

A variational argument shows that the optimum choice of /x would be the uniform 
ball // [{d/da )Fx {a, r)]+ were replaced by (d/da )Fx (a, r) [in which case the constant 
in Eq. (26) would be 1.45]. However, trial and error indicates this choice is also 
approximately best with the cutoff. We find that [5Fi(l, r)/da]+ = 5Fi(l, r)/da if 
and only if r < 7? with i? = (5 '^^-l) /2. Then AT = 0.6489 and D(/a, M) = | . The 
constant in Eq. (26) is then 1.68. 

Thus we reach the conclusion that 
r r / iV v4/3 l l / 2 r p -.1/2 

F^^-1.68[J ( I eip'^{x)j dx^ y p^ixf'dx^ . (27) 

3. A Lower Bound for C2 

We now exhibit a lower bound to C2 [and thus to the best possible C in Eq. (6)] 
which is greater than Ci. 

We choose a singular ip{x, y), and take 1̂ = 2̂ = 1. Let ^ — |JC| and 5 = |y| for 
X, y e R ,̂ and let h and e be unit vectors e = x/\x\ and h = y/|y|. We define 

\iP\\{t,e)As,h)]^ f^(15/477^)8(1-t-s)8{e'h+ 1)6(1-t)6{l-s). 

We check the following: 

{ f[(t,e)As,h)ydsdh=^ [ S(l-t-s)s^dx 
J 477 Jo 

x | I 8 (cos il/ + l)smil/dip d(f) 6 (1-t) 
Jo Jo 

LIT 

We have used spherical coordinates to evaluate the above integral with the 
north pole in the (fixed) "^" direction. Similarly, the s marginal is p^(s) = p^(s). 
One checks that Jp = 1 and hence / is properly normalized. We have that 
p(t) = 2p^(t). Trivially, 1^ = 1 since the particles are always one unit apart. We 
have that 

j pix)'"' dx= 4^(^)''' f (l-tf't' dt = 2.084. 

By Newton's theorem 

Dip, p) = (477)' f p{t)t f p{s)s^ = 3.572. 
Jo Jo 
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The result is that 

C > C 2 ^ - ^ ^ / | p^ixf' dx = 1.234. 

Appendix A: Evaluation of Ci 

For one particle I^ = 0. Therefore Ci is the maximum of H{p) given in Eq. 
(28). We prove the following theorem and then compute Ci. This was done in Ref. 
5. The purpose of this appendix is only to give a rigorous justification of the 
calculation done in Ref. 5. 

Theorem. There exists a symmetric decreasing function p which maximizes 
the functional 

H{p) = (^p{xf'dx) D{p,p) (28) 

over the set A={p(x)\p{x)^0, p eL^'^^RW p{x) dx = 1}. 

Proof. For any p > 0 and p e L̂ ^̂ (R̂ ) fl L (̂R )̂, let (/9)A be a scaled version of 
p, i.e.Xp)\(x) = \^p{\x). It is simple to check that 

J (p)xix)dx=\ pix)dx, 

^ipUx)'''dx=\^p{xf'dx, 

and 

H[{p),] = H{p). (29) 

LetpyG A, / = 1, 2 , . . . be such that limy//(py) = suppeA/^(p). This supremum 
may a priori be infinite, but we will see that it is finite. By scaling py and using Eq. 
(29), we may assume henceforth that J py(jc)'*̂ ^ dx = l.By the Riesz inequality for 
symmetric decreasing rearrangements [6],t we have H{p'^)>H{p), where p* is 
the symmetric decreasing rearrangement of p. One also has that Jp*(jc)^jc = 
Jp(jc) dx, Jp*(jc)'̂ ^^ dx =\p{x)^^^ dx; therefore, by replacing pj by p* if neces­
sary, we may also assume that the py are symmetrically decreasing. 

We now use an idea used in Ref. 7. By the symmetric decreasing property of pj, 
we have [writing PyU) = Py(|^|)] 

R'pjiR)^ f py(jc) dx < f py(jc) ds = 1. 
J\x\^R J 

477 

3 J\x\ 

t The 3-dimensional proof can be found in Brascamp, Lieb, and Luttinger, J. Funct. Anal. 17,227 
(1974). 
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ft(i?)<fcl/i^^all/. (30) 

'R'pr{R)^\pj{xr"dx=i, 477 

T 
p,{R)^k2/R'^\Mj. (31) 

We define f{R) = min {ki/R^, k2/R^^'^). Since the py are symmetric decreasing 
and uniformly bounded by / (which is finite except at 0), by a variant of Helley's 
theorem [8], some subsequence of the pj (which we continue to denote by Pj) 
converges pointwise almost everywhere to some symmetric decreasing p{x) and 
p{x)^f{x). We will see that p(jc)?^0. 

We now show that the p we have found satisfies the conditions of the theorem. 
By calculation D(/ , / )<oo. We therefore apply the dominated convergence 
theorem to conclude that 

\imD{pj,pj) = D{p,p)<oo, (32) 
y 

In particular, 

0 < sup H{p) = lim D{pj, pj) < oo and thus p T̂  0. (33) 
A 

Furthermore, by Fatou's lemma we have that 

[ p(jc)^/' Jjc <lim I Piixf^ dx = 1, (34) 

p{x)dx^\\m pj{x)dx = l. (35) 

Therefore by Eqs. (32)-(34), H{p) > supp^A H{p). By Eq. (35) we can multiply p 
by a scalar A > 1 so that \ Xpix) dx = 1. By definition of A,\peA and 

H{\p) = \^^^H(p)^H{p)^supH{p). (36) 
peA 

It must be that the inequalities in Eq. (36) are actually equalities and thus that 
A = 1. We therefore have that p belongs to A and maximizes / / ( • ) on that 
set. • 

We shall now show that the constant Ci can be calculated. By usual variational 
arguments [7], one knows that the optimizing p satisfies the following variational 
equations: 

(t){x)-3Cip(x) +A -r / N n r^o\ 

l < 0 ifp{x) = 0, (38) 
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where < (̂JC) is the potential generated by p, 

cf>{x) = ^ p(y)\x-y\-'dy, (39) 

and where A is a real-valued Lagrange multiplier. 
We first note that Eqs. (37) and (38) imply that p is compactly supported. If 

not, then one must have that p{x)>0 for all x by the symmetric decreasing 
property of p. By letting |jc| ^ oo one has that A = 0, since p and'c^ tend to zero in 
Eq. (37). We then would have by Eq. (37), p(jc) = (constant)<^(jc)^, where the 
constant is positive. For sufficiently large \x\, we see that p(jc)>:|(constant)|jc|~^. 
This implies that p is not integrable, contradicting the fact that \ p{x) dx = 1. Let ro 
be the distance at which p first vanishes. 

We now apply the Laplacian to Eq. (39) and use Eq. (37), 

-{l/47T)^ct>{x) = p{x) = ^ ^ ^ - — - - ' j - | ' - (40) 
to, \x\>ro. 

r{ |c r ' [0(x) + A]f, |x|<ro, 
)a(p{X) = pKX) = < 

Let/(r) = {37T/Cif^\(t>{x) + \]/47r. We rewrite Eq. (40) in spherical coordinates 

r-'^rf{r) = -f{r)\ r<ro. (41) 
dr 

Equations (40) and (41) hold in the distributional sense. 
We now argue that f{r) is continuously differentiable and that /'(O) = 0. This 

will also imply that Eq. (41) is supplemented by/(ro) = 0. In spherical coordinates, 
one can write 

p{s)s^ ds-\-ATr\ p{s)sds, r^r^, 
•'r (42) 

We apply Holder's inequality to the first integral and use the fact that p e L'*̂ ,̂ 

I p{s)s^ds^({ p{s)^^^s^ds) ( I 5'^^) <(constant)r'/^ 

This and a similar inequality satisfied by the second integral imply that (/>(r) = 
0(r~^^^) near the origin. By Eq. (37) one has that p(r) = 0(/'"^^^) near r = 0. This 
in turn implies that (f) is bounded at the origin, and therefore by Eq. (37), p is also 
bounded at the origin. Since (f> is the potential of a bounded, compactly supported 
charge distribution, it is also continuous, hence p is continuous by Eqs. (37) 
and (38). 

One now can see that 0 (hence /) is C^ by examining Eq. (42). Since p is 
continuous and bounded, the first term of Eq. (42) is of the form r~^g{r), where 
g{r) is continuously differentiable for r > 0, g(r) = 0{r^) and g'{r) = 0{r^) near the 
origin. Hence the first term is continuously differentiable for r > 0 , and has 
vanishing derivative at r = 0. The preceding statement is true of the second term in 
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Eq. (42) by inspection. Thus (^(r) is continuously differentiable for r > 0 and 
<;6'(0) = 0. Equation (41) holds in the strong sense because its right-hand side is C \ 

As first noted by Gadre, Bartolotti, and Handy [5], Eq. (41) is the Emden 
equation of order 3. One may rescale p{x)-^a^p{ax) to ensure that/(0) = 1. The 
two conditions /(O) = 1 and /'(O) = 0 uniquely determine the solution of the 
ordinary differential equation (41). 

If ro is the first zero of the solution, we have that p(r) = 0 if r>ro and 
p{r) = (37r)~^^^CV^f{rf if /•<ro. In Ref. 5 it was noted that this equation 
determines the constant Ci. Namely, we have that 

1 =477 Cpiry dr = A- ^-"^^-"^CV^ \'° r'f{rf dr 
Jo Jo 

= - 4 • ^-^'^Tr-"^C\'^ \ ° r[rf{r)y dr 
Jo 

= -4 • 3-'^^n-'^^Crrlf'iro). (43) 

Emden functions are tabulated [9]. We find that ro = 6.89684, f{ro) = 
-0.04243. Equation (43) then gives Ci = 1.092. 

Appendix B: Monotonicity of CN 

We show that CN ^ CV+i, where Cs is defined in Section 1 as the best constant 
in Eq. (6) for an N-particle state. We consider the case ei = e. 

Let E > 0 be arbitrary but fixed. We let/iv(A:i,..., XM) be an TV-particle density 
which vanishes for |JCJ|>L for l< /<Ar , where L is some finite number, and 
furthermore, let f^ have the property that 

-(e'^'\ Pfjxf dx) Ef^^CN-s, (44) 

A simple approximation argument using dominated convergence shows that L 
and /N can be found satisfying Eq. (44). 

Let jco^R^ be chosen such that |jco|^L + 2i?, where R will be determined 
later. We define a one-particle density/i(jc) = {i7rR^)~^6iR — \x-x^ and we also 
define the (N + l)-particle density /A^+I(JCI, . . . , jĉ v+i) =fN{xu . . •, XN)f\{xN+\)' 
One sees that Pfj^^^{x) = Pfj^{x) + efi{x). Since p^ and /i are never simultaneously 
nonzero, we have 

e'" I Pf.Mf" dx = e^'W p,M" dx + e'"\h(xr' dx) 

(45) 
2/3 f I ,4/3 . , e\2IA7rY'^ 

= ^ J PfsM dx+ ^ 
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We also have that 

^ f 
/̂iv + i = ^/N+^^ I \ fN{XU' " ,XM)f\{XN + \)\Xi-XM+\\ dXu . . , , dx^ + l 

i = l J 
(46) 

by the definition of/i. The evident inequality Df^^^>Dfj^ together with Eq. (46) 
implies that Ef^^^ < Ef^ + e^N/R. 

This and Eq. (45) imply that 

CN+I ^ - ye^^^ j pf^^.ix)^^^ dxj Ef^^^ 

We now choose R so large that the right-most term in Eq. (47) is greater or equal 
to 

-[e'^'\ PfJ.xt^'dx) E,^-

Recalling Eq. (44), we have the result that CN+\ ^ Gv - 2 e . Since e was arbitrary, 
C/V + l — C/V-

In the case of distinct e/'s, one may define (for some fixed a, 0 < a < 1) 

CN(ei,. . . ,eiv)= sup - ( I ^?''^>LU)) dx\ 

A similar argument shows that these constants also increase, i.e., 
Civ(^i,.. . , îv) ^ CN+ACX, . . . , ^M es+i), where CM+I ^ 0 is arbitrary. Of course 
Section 2 shows that C^ieu . . . , ê )̂ ̂  1.68 for all N and ei when a = i 

Note added in proof: 
In the text we proved the inequalities, Eqs. (6) and (7), when <A is a wave 

function (pure state), and remarked that the inequalities also hold for a density 
matrix. To prove this, note that any density matrix, /JL, can be written as 
t̂ = X^ (A'̂  > < (Â . In the definition, Eq. (4), simply regard p as just one more 

quantum number to sum over—on the same footing as the a's. The rest of the 
proof is then the same as in the pure state case. 
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Abstract. Let e{Ri,..., Rk) be the electronic contribution to the ground-state energy of 
a molecule consisting of one electron and k nuclei located at i ? i , . . . , 7? .̂ It is shown that 
e{R'i,..., R'k)^e{Ru . . . , i?fc) if \R'i -R'j\^\Ri-Rj\ for all pairs /,/. 

Consider the non-relativistic Schrodinger ground-state energy, E, of a molecule 
consisting of N electrons and k fixed nuclei with positive charges Z i , . . . , z^ located 
at distinct points Ri,. . ., Rk^U^. (The approximation that the nuclei are fixed is 
sometimes called the Born-Oppenheimer approximation.) Since we shall be interested 
in the dependence of E on the JR„ with the z, fixed, we use the notation R = {Ri,..., Rk) 
to indicate the relevant variables. Further, we assume h^/2m = 1 and e =-I where 
m and e are the electron mass and charge. 

E{R) = e{R)+U{R) (1) 

U{R)= I ZiZj\Ri-R^\-\ (2) 

U{R) is the nuclear-nuclear potential energy while ^ (^) is the electronic contribution 
to the energy and is the ground-state energy (inf spectrum) of the Hamiltonian 

H{R) = - t (A, + VU,^) )+ I \xi-xj\-' (3) 

with 

V{x.R)=t Zj\x-Rj\-' (4) 

being the negative of the electron-nuclear interaction. 
An old conjecture is that when the Rt are moved apart, in some sense that has to 

be made precise, and if N is not too large, e{R) increases. (UiR) obviously decreases.) 
In other words eiR) is attractive. Thus, binding (i.e. a minimum for E{R)) could be 
viewed as a competition between the electronic attraction and the nuclear-nuclear 
repulsion. 

t Work partially supported by US National Science Foundation Grant PHY-7825390 A02. 
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Three years ago, Lieb and Simon (1978) provedt that e{R) is indeed attractive 
when N = \ (and for any choice of the positive charges z,) in the following sense: 

Theorem 1. Let R and R' be two sets of nuclear coordinates such that for some A > 1 
and all /, R'i = \Ri (i.e. uniform dilation). Then e(R)^e{R'). 

The reader is referred to Lieb and Simon (1978) for a discussion of the problems 
that arise in trying to extend this theorem to N > 1, and for a proof of the fact that 
for allNy e{R) achieves its minimum value when Ri = R2= ... = Rk-

The main point of the present letter is theorem 2. For 7V = 1, e{R) is attractive 
for a more general class of deformations of R than simple dilation. This larger class 
is quite natural, for it is more nearly the class of deformations for which U{R) is 
repulsive (i.e. UiR) decreases). 

Definition 1. Let R and R' be two sets of k coordinates in R .̂ 5 ' is said to be bigger 
than R, {R'>R) if \R'i-R'i\^\Ri-Rj\ for every pair (/,/) of coordinates. (Note: It 
is not necessary that there be a continuous deformation of R into R' such that the 
pairwise distances \Ri-Rj\ increase during the deformation. The stated inequality is 
the only condition.) 

Clearly, 

^ ' > ^ => UiR')^U{R). (5) 

Theorem 2. Let N = 1 and let the z, > 0 be arbitrary but fixed. If ^ ' is bigger than 
R thene(R')^e{R). 

Remark. Obviously the electron-electron repulsion |JC,-JC/|~^ plays no role in these 
theorems since N = 1. The only relevant function is the elementary electron-nuclear 
potential, w(x), which in our case is w{x) = \x\~^. Theorem 1 holds if \x\~^ in equation 
(4) is replaced by any w satisfying the following condition: 

(CI). For every real number 5, the set 5^ ={JC|W(JC)>5} is convex and balanced 
(i.e. X eBs ^ -X eBs). In particular, theorem 1 holds under the following condition. 

(C2). The function w{x) is spherically symmetric and is a decreasing function of 
r = \x\. 

While it is plausible that theorem 2 holds under condition (C2) we are unable to 
prove it by the methods given here. The sort of problems that arises in following the 
'log concavity' proof of theorem 1 in Lieb and Simon (1978) is similar to the problem 
of proving the Klee (1979) conjecture about the intersection of spheres. 

The proof of theorem 2 given here does show that theorem 2 holds if |A:|"^ is 
replaced by any w satisfying both of the following more stringent conditions: 

(C3). The function w is spherically symmetric. 
(C4). If u{r) = w{r^^^) then u{r) is completely monotone (see definition 2). For 

the Coulomb case, u{r) = r~^^^ and this is completely montone. More generally, each 
of the k potentials in equation (4) can be replaced by a different w satisfying (C3) 
and (C4). 

t A different proof for the case of two nuclei was later given in Hoflfmann-Ostenhof T 1980 /. Phys. A: Math. 
Gen. 13 417-24. 
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Definition 2. A function w(r), defined for 0 < r < o o , is completely monotone if u is 
infinitely differentiable and {-\yu^'\r)^^ for all r and all / = 0, 1 ,2 , . . . (with ŵ '̂  
denoting the yth derivative). 

The following lemma due to Bernstein (1928) (see also Donoghue 1974) is required 
for the proof of theorem 2. 

Lemma 3. The function u{r) is completely monotone if and only if u{r) is the 
(one-sided) Laplace transform of a positive measure, i.e. 

M(r) = J exp(-rr)d/x(0 (6) 

where t̂ is a (positive) measure supported on [0, oo). 

Clearly, if u{r) is completely monotone then so is exp(^w(r)) for every ^ ^ 0 . 
Lemma 3 thus yields the following representation for all Z> ^ 0 

5xp(̂ U - i?r ' ) = [ exp(-r|jc -i?|^) d^(r; b). (7) 

A similar representation holds if \x-R\~^ is replaced by w(jc - i ? ) on the left side of 
equation (7). The reader may wish to have an explicit formula for /LI in equation (7). 
This is provided by the formulae (12.2.1) on p72 and (29) on p 171 in Roberts and 
Kaufman (1966) 

dM(r; b) = [t-^'\b/7rY'^ j u'-hilb^'^u) exp(-wV40 du+8{t)\ dt 

where 8{t) dt is the Dirac delta measure. 
The second tool that will be needed is the following simple lemma. 

Lemma 4. Let A = {A,/} be a positive-semidefinite real symmetric TV-square matrix 
satisfying (i) Sfl i A/y = 0 and (ii) A,y ^ 0 when / ^j. Let M > 0 be an integer and let 
Rijii = 1 , . . . , N a n d / = 1 , . . . , M) be NM vectors in R̂  (the choice of three dimensions 
is made for simplicity). Denote these collectively by R. Let A,y ^ 0 be a collection of 
NM real numbers satisfying A, = S J l i A/y > 0 . Let j c i , . . . , jĉ v e R̂  be N three-
dimensional variables. Let 

Z{R)^\dxi...dxMQxp(- Y. xrXfAij-Y. 1 ^ijlxi-Run. (8) 

liR'>R {:i.Q.\R'ij-R'u\^\Rij-Rki\iox2^\i,j,kJ)XhcnZ{R')^Z{R). 

Proof. The integral for Z is Gaussian and easily evaluated. Let A denote the diagonal 
matrix with the values A.. By (i), S^^i (A + A);;^A; = 1 (since ly (A + A),y = A,). Using 
this fact, a little algebra shows that 

/ N M V 

Z{R) = 7r''"^txA-\ E I (A + A),v\.fcA,v|J?*-i?,7| '-ilnDet(A+A)). 
\ ,, y==i k,l = \ J 

The lemma will be proved if (A + A),7^^0 for all /,/. But (ii) states that A + A has 
negative off-diagonal matrix elements. The inverse of a positive definite matrix P 
with this property has P^j^ ^ 0 (Ostrowski 1937). QED. 
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With this preparation we can now prove theorem 2. In fact, something stronger 
will be proved, 

Theorem 5. For r > 0 let G(jc, y, T,R) = txp{-TH{R)){x,y) be the kernel of the 
operator Qxp{-TH{R). Let {R^ x, y) denote the /c +2 vectors i? i , . . . , Rk, x, y. Sup­
pose that {R\ x\ y') is bigger than [R, X, y). Then Gix' y', T,R')^ G{x, y, T, R). 

Proof. First, regularise w(jc) = |jcr^ by w^ix) = w{{x^-{-e)^^^) = [x^ + e)~^^^ for e > 0 . 
This amounts to replacing d/jL{t\ b) by exp(-eO d^{t\ b) in equation (7). Second, use 
the Trotter product formula (see Lieb and Simon 1978) 

G{x, y, r , R) = lim[exp(rA/n) txp{TV{R)ln)T{x, y) 

«-»oo 

where V{R) is given in equation (4) (with w^). 

exp(rA/n)(x, y) = {ATrT/nY'''^ exp[-n(jc - yf/AT^ 
is a Gaussian with negative off-diagonal matrix elements (i.e. n/4T). The total 
Gaussian has the exponent a + /8 with 

a = -{n/4T)"fixi^,-xf 
i = i 

l3 = -{n/4T)[{x,-x)^^{xn-i-yf] 

where the jc, are the intermediate integration variables. The first term, a, should be 
regarded as the 'A' term in equation (8). The second term, (3, should be regarded as 
part of the second term in equation (8). Use the representation, equation (7), nk 
times. The theorem (for w^) then follows from lemma 4. Finally, we let e ^ 0. 
(Remark: G{x, y, T, R) is monotone decreasing in e since ŵ  is decreasing.) QED. 

Corollary 6. For the simple hydrogen atom (with V(x) = |xr^), G{x', y\ T)^ 
G(;c,y, r ) i f | j c ' | ^ | ^ | , | y ' | ^ | y | a n d | x ' - y ' > | A : - y | . 

Proof of theorem 2. Take y = A:, y' = x' and choose these such that \x' - R\\^\x - Ri\, 
/ = ! , . . . , / : . Since e{R) = —limT^ooT"" lnG(jc, x, 7", R) (for any x), theorem 5 implies 
theorem 2. QED. 
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It is well known that ionized atoms cannot be both very negative and stable. The maxi­
mum negative ionization is only one or two electrons, even for the largest atoms. The 
reason for this phenomenon is examined critically and it is shown that electrostatic con­
siderations and the uncertainty principle cannot account for it. The exclusion principle 
plays a crucial role. This is shown by proving that when Fermi statistics is ignored, 
then the degree of negative ionization is at least of order z, the nuclear charge, when z 
is large. 

PACS numbers: 31.10.+ Z, 03.65.Ge 

One of the interesting and important facts about 
atoms is that they cannot be very negatively ion­
ized (in a stable state, as distinguished from 
metastable state). For a nucleus of charge z, let 
N^ {z) denote the maximum number of electrons 
that can be bound to this nucleus {in vacuo^ not 
in water or other matter). Experiments indicate 
thatAT^ {z)-z is one, or possibly two, as z varies 
over the periodic table. It is often said that this 
striking fact, which begs for an explanation, is 
a consequence of electrostatics; namely, if an 
atom has a net negative charge then an additional 
electron will not bind because the electron can 
lower its energy by escaping to infinity. The 
purpose of this note is to examine this simple, 
but important physical problem in a critical way 
and to show that the correct explanation does not 
lie with electrostatics alone—the Pauli exclusion 
principle plays a central role in the correct ex­
planation. We are not able to offer an explanation 
of the phenomenon, but we thought it worthwhile 
at least to expose the fallacy in the "simple elec­
trostatic" explanation and thereby show that the 
phenomenon is really a deep consequence of quan­
tum mechanics. 

To prove that the Pauli principle is essential 
we shall consider an atom in which the electrons 
are spinless bosons. (Since the ground state of 
a many-body system is nodeless, it is automat­
ically symmetric; therefore "bosons" and "ignor­
ing statistics" are synonymous.) We shall prove 
that in this model, N^ {z)^z ^yz when z is large, 
and where y > 0 is some fixed constant. We do not 
know the numerical value of y, except that 0<y 
< 1. It can be found by solving an equation [ name­
ly (11) with jLL=0] on a computer, if there is suffi­

cient interest in doing so. The exact numerical 
value of y is not as important as the fact that 
"bosonic" atoms would not obey the N^{z)-z~l 
rule for sufficiently large z. Just how large z 
has to be in order to violate the rule substantial­
ly, we do not know. Equation (11) has to be 
solved to answer the question. 

One can adopt different points of view about 
this. It is possible that the rule is not really a 
rule at all for fermions, and thatN^^ {z)-z grows 
at least as fast as z for large z. In this case the 
fact that N^{z)-z~l within the periodic table is 
fortuitous, and in reality bosons and fermions 
are qualitatively similar as far as the phenom­
enon goes. Another possibility is thatN^ {z)/z 
- 1 -* 0 as 2 -*<» [thereby allowing the possibility 
that AT̂  (2) - 2 ~ z^^, for example], in which case 
the Pauli principle is crucial. We, of course, 
do not know which point of view will ultimately 
prevail. It is to be hoped that if it is the second 
one then someone will find a simple, but rigorous 
explanation. In any case, the phenomenon should 
not be left merely as a numerical statement 
about the periodic table but should be understood 
on a deeper level. 

While we use the nonrelativistic Schroedinger 
equation and we regard the nucleus as fixed, it 
will be clear, at least intuitively, that our con­
clusions are not limited by these approximations. 
The lack of the Pauli principle is , however, 
crucial. 

Before turning to the mathematical proof, let 
us consider the problem from a heuristic view­
point. Suppose N electrons are bound to the 
nucleus. With neglect of many-body effects, the 
effective potential that an 0V̂+ l)th electron feels 
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is approximately 

V\ -'piY)d'y , (1) 

where F(5c) = —2/1x1, and units in which the elec­
tron charge is unity are used. p(x) is the density 
of the N electrons, Jp = N, The effective Hamil-
tonianfor the 0\r+l)th electron is approximately 

h^ff=^m'^£i + (Ppix)^ (2) 

where m is the electron mass and H^=2, 
As N increases from zero, (Pp increases in 

some average sense. When N>Zf cpp(^) is posi­
tive for large 1x1 [by Newton's theorem, (pp{x) 
^{N -z)/\x\ for large Ix l ] . However, (fpix) is 
still very large and negative for x near zero, 
namely, -z/\x\, The uncertainty principle is 
crucial here; it prevents p0c) from being a delta 
function and thereby screening the nucleus for 
small Ixl. Thus, even if N > z , /?eff might have 
a genuine bound state and the {N + l)th electron 
might be bound. Eventually, of course, the 
region of negative (p p will be too small and bind­
ing will cease. Implicit in this discussion is the 
fact that the {N + l)th electron is allowed to go 
into any available bound state of h^^f. In other 
words, the argument works if statistics is 
ignored, which is the same thing as saying that 
we are dealing with bosons. If, on the other 
hand, the electrons are fermions then, for bind­
ing, /Zgff must have something like N + 1 bound 
states in order that the (isr+ l)th electron can go 
into an orbital that is orthogonal to the previous­
ly occupied orbitals. It is a remarkable fact 
about Fermi statistics that the (N+ l)th bound 
state of /leff disappears whenN~2, Lf the N^ {z) 
- 2 « 1 rule is obeyed. 

The above argument is not completely convinc­
ing, even on the heuristic level, because it is 
not obvious that/Zgff indeed has a bound state 
when N = {l+y)z, 

A proper proof, starting from the correct 
Schroedinger equation, and without any approxi­
mations, will now be given. Let 

H{N)= T^[-m-'A, + V{%)h 

(3) 

be the Hamiltonian for N bosonic electrons [V{x) 
= -2/1XI ] . Let E{N) be the ground-state energy . 

of H{N). We shall find two bounding functions, 
E^{N)y withE_{N)^E{N)^E^{N) and 

E^{N) = '-mz^e{N/z), 

EAN) = -mz^[e{N/zy/'' +bz'^^^^^^]\ 

(4a) 

(4b) 

Here, 6 = 0.36 and e{t) is a monotone nondecreas-
ing, concave function {e^O, *̂ ^ 0), defined for 
all real t ^ 0, with e(0) = 0. E+{N) is essentially 
the Hartree energy. The crucial point about e{t) 
is that it is strictly increasing in t up to some 
/g = 1 + y and 0 < y < 1. We do not know the nu­
merical value of y, but that is unimportant. [It 
can be found by solving Eq. (11), as explained 
below.] From Eq. (4) we see that il N<N, where 

E^{N)=EMc) (5) 

(which means that N is not necessarily an inte­
ger), then the energy can be lowered by adding 
some number of electrons because E{N) ^E_{N) 
>E. (N)=£ : j2^J=£ ;^ ( [2 / J )^£( [2^J ) . Here, 
[x\ denotes the smallest integer ^x, [Note that 
Eq. (5) has a unique solution; E^{N) is monotone 
in N since e{N/z) is monotone in N.] In other 
words 

^c(^)^[^l- (6) 

As2^«o, N-*2(1+y) because (5) reads (withTs/"/ 
2 = 0 

e{t) 1/2, bz -2/3/5/6_ eitj ,1/2 (7) 

Since the solution to Eq. (7) satisfies t<t^<2 and 
since e{t) is continuous, we have that t^t^ as 2 
•*°o. Thus, our main point is proved, namely, 
asymptotically 

N^{z)-z ^yz , large 2 . (8) 

An upper bound for N^ {z) was first given by 
Ruskai in the form N^{z)^ (const)z^ for bosons.^ 
Sigal^ proved for fermions thatAT^ {z)'^cz for 2 
sufficiently large, with c> 2 being some constant. 
For fermions Ruskai^ proved that N^ (2) < (const) 
X z^\ Sigal^ improved his result for fermions 
to N̂^ (2) ̂ a(2)2, with a(2)^12 and a{z)^2 as 2 

Now we turn to the proof of Eq. (4). 
Upper bound for E(N).—^We take a product trial 

function ?/) = n ^ , J ( X i ) , with jf^ = l and with/(x) 
real and nonnegative, and use the variational 
principle: 

Em^(i\Hm\ip)^I{nr'\Vp{x)^^\^-^V{x)p{x)}d'x^\jjp{x)p{n^-y\-'d'x^^^ (S) 
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where p(x)= N/" ̂ Y, [We could insert a factor 
{N- 1)/N before the last integral, but choose not 
to do so because we want L(p) to be independent 
of iV̂ .] Next we define 

satisfies 

£ (̂iy )̂ = inf{L(p)|Jp = N,p(x)>0}. (10) 

Equation (10) means that we try to minimize L{p) 
under the stated conditions. The minimum may 
not be achieved by any p (it is achieved if and 
only if N^l+y as stated below), but in any case 
E+ cannot exceed the "greatest lower bound" or 
"infimum** of L(p). The problem posed by Eq. 
(10) is a special case of the generalized Thomas-
Fermi-von Weizsaecker problem analyzed ear­
lier.^ ^ In our case, by the simple scaling p(x) 
— mh'^pimzx) the problem can be reduced to the 
case in which m = 1, 2 = 1, and Jp = N/z, Equa­
tion (4a) is thus seen to hold. Moreover, the m 
dependence of e is e{N/z,m) = me{N/z^m-1) as 
in Eq. (4a). (Incidentally, this scaling shows 
that the radius of bosonic atoms shrinks as z~^, 
whereas it shrinks as z"^^^ for fermions.) There 
is a minimizing p for Lip) (and it is unique) if 
and only if N/z ̂  t^ for some definite number t^ 
> 1. (Note that t^ is independent of m.) This p i 

[-m''A+cp.^)]p{x)^' = -Hpm'' (11) 

with M^O, and ii=0 when N = tcZ. The proof that 
/^> 1 is given in Ref. 5, lemma 13, and Ref. 6, 
theorem 7.16 (note: in these proofs take/) =-| 
and y = 0). The proof that /^ < 2 is given in Ref. 6, 
theorem 7.23. [The reason that fg> 1 is that when 
N = z then (pp0t)<O and one can prove that this 
potential has a bound state; thus /i cannot be 
zero. To prove that tc<2, set M =0, multiply Eq. 
(11) by I x| p&^^ and integrate. One can show, 
by partial integration, that f\x\p(^V^^Ap&^^ 
^ 0 . Obviously, fV{x)\x\p(^) = -zN. Finally,/ 
^ / / ix |p(x)p(y) |x-y | -^=^/ /p(x)p(y) |x-y | -H|x | 
+ | y | ) . But ( |x |+ |y | ) | x - y | - ^ ^ l , sothat /^T^V 
2. Since I^zN, ^ ^ 2^.] That e{t) is concave 
(and strictly concave when ^ < /^) is a consequence 
of the fact that when fp is increased the addition­
al density can be placed, if need be, at infinity 
where its energy contribution is zero (see Refs. 
5 and 6). 

Lower hound for E{N).—Let ipi^^,... ,%) be 
any normalized function. We want to show that 

F{il))={il)\H{N)\ ip) aright side of (4b). (12) 

Let 

P^^)= S / |2/ 'Si, . . . ,Xi.i ,x,x,+i, . . . ,x^) |2rf 'xi««-rfX_i^'^< + i-*-rf% (13) 

be the single-particle density associated with ip; Jp^ =N. We shall use several known inequalities. 
The first is the kinetic energy inequality of Hoffmann-Ostenhof'' (see also Ref. 8 for a further discus­
sion of kinetic energy inequalities): 

< * ! - £ A,U>^ n V p , ® i « | W . (14) 
i =1 

This follows by talcing the gradient in (13) and then using the Schwarz inequality. The second is the 
"exchange and correlation" inequality®'^^ : 

<̂ l T, \^i'Xj\''\ip)^^JJp^mp,{y)\x-yrd'xd'y~{1.66)lp,&^'d'x. (15) 

Inserting Eqs. (14) and (15) in (12) we have, for any ip, 

F{ip)^L{p^)- (1.68)/p^ m"'' d'x . (16) 

To bound the right side of (16) from below, let us first explicitly denote the m dependence of L(p) by 
Hp,m). Choose e>0 and let We = (l+€)w. Then Eq. (16) reads 

FiiP)^L{p^,m,)+Pip^,m^), (17) 

P{p,,m,) = €mr' f I ^P,(^V^'\'d'x - (1.68) fp, &^' d\ . (18) 

We have already seen that [ see Eq. (10) and the following remark about scaling] 

L{p,,me>inuME^{N)={\ + e)E^{N). (19) 
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To bound P, we use the Sobolev inequality ̂ '̂ ^ 

j\Vg{x)\U'x ^3{ir/2rHl\^m'd'xY^' (20) 

for anyg. Thus 

P(p^ ,m,) ^ 3{ir/2r^^€m,-'{jp^{xrd^xy^' - (1.68) Jp^D^'^U^x. (21) 

By Hoelder's inequality, jp^^^^x{!p}^^^ withX={!p^Y^\ Inserting this in (21), and then minimizing 
the right side with respect to the unknown X, we have 

P{p^,m,)^^h^m,N^^V€, (22) 

6 = (1.68)2-1/33-1/2^-2/3^0.36. (23) 

Inserting Eqs. (19) and (22) in (17) we have, for any €> 0, and any normalized 2/), 

<^\H{N)\ i/̂ > ^ (1 + e)£^(N)- (1 + \/e)mh^N^^\ (24) 

Maximizing this with respect to e yields Eq. (4b). 
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An upper bound is given for the maximum number, N^, of negative particles (fermions 
or bosons or a mixture of both) of charge -e that can be bound to an atomic nucleus of 
charge + ze. If z is integral then N^^2z. In particular, this is the first proof that H"' 
is not stable. For a molecule, Ng'^2Z + K -1, where K is the number of atoms in the 
molecule and Z is the total nuclear charge. 

PACS numbers: 03.65.Ge, Sl.lO.+ z 

One of the striking, nonperiodic facts about the 
periodic table is that the maximum number of 
electrons, N^, that can be bound to a nucleus of 
charge z is never more than z + 1. Recently, sev­
eral authorŝ "^ have attempted to find bounds on 
N^; one of the strongest results so far® (for fer­
mions) is that lim ,̂oo /̂c A= !• For bosons,^ how­
ever, Nc> 1.22 for larger. Thus, the value of 
Nc is very dependent on the statistics of the bound 
particles. 

The purpose of this note is to announce a theo­
rem about Ncf the full details of which will appear 
elsewhere.^ The theorem applies to any mixture 
of bound particles, with possibly different statis­
tics, masses, and charges (as long as they are 
all negative), and even with possibly different 
magnetic fields acting on the various particles. 
(Naturally, symmetry requires that particles of 
the same type have the same mass, etc.) The 
theorem also applies to a molecule. The usual 
approximation that the nuclei be fixed (or infinite­
ly massive) is important, but if they are not fixed 
a weaker theorem holds. The same theorems 
hold in the Hartree-Fock (restricted or unre­
stricted) and Hartree approximations to the 
ground-state energy.® 

Suppose that we have a molecule with K nuclei 
of charges 2 i , . . . ,2^ >0 (units are used in which 
the electron charge is unity) located at fixed, dis­

tinct positions Ri,. 
of these nuclei is 

F ( x ) = S 2 i l x - R j ' 

, R;f. The electric potential 

(1) 

Let there be N negative particles with masses 
Wi,. . .yYTiN and charges - ^ 1 , . ..,-qs< 0 (inthe 
usual case each q^ - 1) and let each be subject to 
(possibly different) magnetic fields Ai(x), . . . , 
J^(x). (The generality of allowing nonintegral 
nuclear and negative particle charges may have 
some physical relevance because, as pointed out 
to me by W. Thirring, particles in solids such 
as semiconductors may have nonintegral effective 
charges due to dielectric effects.) The Hamilto-
nian is 

(2) 

Here, T, is the kinetic energy operator for the 
jth particle and it is one of the following (possi­
bly different for different j) two types (nonrela-
tivistic or relativistic): 

T, = [p,-^,A,(x)/c]V2m,, (3) 

T, = {Lp,c-^,A/x)f + m/c''}^=^-m,.c^ (4) 
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Let q denote the maximum of the c/j, let Q=TJJ^-IQJ 
be the total negative charge, and let Z =Sf=i^j 
be the total nuclear charge. Let Ef^ denote the 
ground-state energy of //^ [= inf spec(//^)J. 

Theorem i.—If the above system is bound 
(meaning that Ej^ is an eigenvalue of H„) then, 
necessarily, 

Q<2Z +qK. (5) 

In the atomic case {K = l) this can be strengthened 
to 

^<lZ^Tjqf/Q. (6) 
j = i 

The strict inequality in Eqs. (5) and (6) is im­
portant; in the atomic case with ^ = 1 and z inte­
gral, Eq. (5) implies 

N,^2z. (7) 

For a hydrogen atom (2 = 1), Eq. (7) implies 
that iVg = 2 (since it is known that two electrons 
can, in fact, be bound). H"" is not stable. This 
result had not been proved before, although there 
exist partial results in this direction.® 

Although Eq. (7) is far from optimal when z is 
large [in view of the N^z +0(1) conjecture], it 
is the strongest explicit estimate obtained so far 
and it is of the right order of magnitude for bo­
sons (recalling the N^> 1.2z result^). 

The theorem holds even if the nuclei are not 
points, but are spherical charge distributions, 
i.e., | X - R | " M S replaced by /rfM(y)|y-x-Rr^ 
in Eq. (1), where fi is any positive, spherical 
measure of unit total charge. 

If the nuclear coordinates, R ,̂ are dynamical 
instead of fixed, a weaker theorem holds. Let 
H^ = Hf, + Tf^uci +U{R)j where Tnuci is the nuclear 
kinetic energy [consisting of terms of the form 
in Eqs. (3) and (4)] and U{R) is a potential de­
pending on the nuclear coordinates. Let Ej^ be 
the ground-state energy of H^ and let Ej^j'^ be 
the ground-state energy when the nuclear masses 
are infinite (i.e., T^ud is omitted) and the nega­
tive particle j is removed. If E^^j is the ground-
state energy when particle j is removed, but 
Tnuci is retained, it is easy to see that Ê  ^ ^ E^ 
and Effj ^ Ef^j ". The theorem for dynamical nu­
clei, which assumes an additional inequality, is 
the following. 

Theorem 2.—If the A^-particle system is bound 
and if, in addition, Ej^^ Effj°° for all ; = 1 , . . . ,N, 
then Eq. (5) [respectively Eq. (6) for K = l] holds. 

The proof of the theorems is simple enough to 
be given in an elementary quantum mechanics 

course—at least in the atomic case with fixed 
nucleus and with T_,-= />//2m, (all ;'). The proof 
(ignoring some technical fine points) in this atom­
ic case is the following: Take n^/2m = 1 and R 
= 0. Pick some ; and write H^f =Hffj + h j , where 
Hff J is the Hamiltonian for the remaining AT- 1 
particles and 

hj=Tj-q,z\Xj\-'-^J^ \Xj-x,\''qjq,. (8) 

Assume that the system is bound and let ip be the 
ground state (which is real). Multiply the Schro-
dinger equation, Hjfip=Ejfi{)f by \xj\il) and inte­
grate over all N variables. Let Xj denote all the 
JV- 1 variables other than x^. For the Hff j term, 
do the d^^^'^^Xj integration first; by the varia­
tional principle, the Xj integral is , for each fixed 
Xjf not less than ĵ̂ ^^ (=the ground-state energy 
of Hff J) times the same integral without Hff j . This 
inequality is preserved after the x_̂  integration 
since \xj | is a positive weight. Thus 

(\xj\ip\HffJip)^Ejfj(\xj\ip\ip). 

Recalling the easily proved fact that Ef, ^ Ef^ 
we have 

(9) 

(10) {\xj\ip\hj\ip)^0. 

The claim is that Eq. (10) cannot hold for al l ; if 
condition (6) is violated. 

First, the term tj= {\xj\ ip\p/\ip) is positive. 
To see this, do the x_̂  integration first and note 
that it then suffices to prove the following for any 
function, / , of one variable: 

t=' f\x\f{x)v'md'x>o. (11) 
Write ^^) = I x I / (x) and integrate by parts : 

^ = /v^(^).{|x|-^V^^)-f^(x)v|x|-n^';^ 

= /{|v^(x)nxr^-i^(x)^V^|x|-^}rf^;.>0 

since V^|x|"^^ 0. (The fact thatgVg^Vg V2, to­
gether with another integration by parts, was 
used for the second term.) 

The second term in hj is easy: 

Ai^q^{\x^\ip\V^^)\iP)=q^z{il)\il)=q^z, 

with the assumption that ip is normalized. 
The third term is 

R,^ f^(X)2|x,lS^/^Jx,-xJ-^rf^^X, 
ft " J 

where X denotes all the N variables. 
If there is binding then Eq. (10) holds for all 

j and hence, summing over; and using ^_,>0, we 
h2ivei\i2ii A = Yjj^i>Tj j^j-^' On the one hand, 
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A= zJ^jQj^zQ. On the other hand, 

R = ifil,{Xr^^qjq,\Xj-x,\-H\xj\ + \x,\)d'^X. 

But |Xj| + |x;̂ | ^ |x_,-X; |̂ (triangle inequality), so 
that 

Hence, binding implies that 

which is precisely Eq. (6). Q.E.D. 
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It is proved that Ng, the number of negative particles that can be bound to an atom of nuclear 
charge z, satisfies Â ,̂ <2z +1. For a molecule of K atoms, Nc<2Z-\-K where Z is the total nuclear 
charge. As an example, for hydrogen Nc=2, and thus H~~ is not stable, which is a result not 
proved before. The bound particles can be a mixture of different species, e.g., electrons and ir 
mesons; statistics plays no role. The theorem is proved in the static-nucleus approximation, but if 
the nuclei are dynamical, a related, weaker result is obtained. The kinetic energy operator for the 
particles can be either [p—eA{x)/cY/2m (nonrelativistic with magnetic field) or 
[[pc—eA{x)]^+m^c*y^^—mc^ (relativistic with magnetic field). This result is not only stronger 
than that obtained before, but the proof (at least in the atomic case) is simple enough to be given in 
an elementary quantum-mechanics course. 

I. INTRODUCTION 

One of the nonperiodic facts about the Periodic Table is 
that the number of electrons that can be bound to an 
atomic nucleus of charge ze is at most z + 1, at least as far 
as present confirmed experimental data go. The theoreti­
cal proof of this fact, starting with the Schrodinger equa­
tion, is a challenge that has drawn the attention of several 
authors in recent years.*~*^ 

The problem can obviously be extended in two ways: (i) 
The electrons, which are fermions, can be replaced by bo­
sons or, more generally, by a mixture of particles of dif­
ferent species. (Because of spin, the two-electron problem 
is well known to be the same as the two-boson problem.) 
(ii) Instead of a single atom, a molecule can be considered. 
That these problems are difficult is shown by the fact that 
it was only recently proved by Ruskai' (for bosons) and 
later Sigal^ and Ruskai"̂  (for fermions) that the number of 
bound particles is not infinite. 

The following is a summary of rigorous results to date. 
Our notation for the maximum particle number is Nc. 

(1) Ruskai* proved that Nc <(const)z^ for bosons. Re­
cently, Sigal^ proved for bosons that for every e > 0 there 
is a constant Q such that Nc < C^z * "''*. 

(2) For fermions, Sigal^ proved that Nc < cz with c being 
some constant. Ruskai'* proved that Â ,. <(const)z^^^. Si-
gal̂  improved his result to Nc <aiz)z with a{z)< 12 and 
a(z)—^2 asz—>oo. 

(3) For bosons, Benguria and Lieb^ proved that 
Nc>P{z)z with ^(z)—•I + 7 as z—•oo. Here, y is some 
number satisfying 0 < y < 1 and is obtained by solving a 
Hartree equation. This equation was subsequently solved 
numerically by Baumgartner^''' with the result y=0.21. 
Thus, bosons strongly violate the z + 1 rule; the Pauli ex­
clusion principle plays a key role in the electron problem. 

(4) In a related development, Benguria and Lieb' 
studied the Thomas—Fermi—von Weizsacker (TFW) 
equation—a well-known density-functional equation 
which is supposed to imitate the Schrodinger equation for 
fermions. They proved that Nc<z + 0.13 in the TFW 
model of an atom. (In TFW theory, the electronic charge 

is not quantized.) Thus, on the one hand, TFW theory 
really imitates the Schrodinger equation and, on the other 
hand, the TFW result supports the conjecture that 
Â^ <z -t- const for the Schrodinger equation for arbitrarily 
large z. Earlier,*'̂  it had been shown that Z <Nc<2Z\n 
TFW theory, even for a molecule. Here Ze is the total nu­
clear charge, 

K 

7 = 1 

(1.1) 

for a molecule of K atoms with nuclear charges eZj. Note 
that in Thomas—Fermi (TF) theory one always has Nc=Z 
for any molecule.** 

(5) Lieb, Sigal, Simon, and Thirring,^ using SigaPs 
method,^ have proved that Nc/z-^\ as z-^oo in the fer-
mion case. 

(6) For z = 1 (hydrogen), Hill^ proved that three elec­
trons cannot be bound in a quartet (5 = y ) state. There 
does not seem to be any proof of nonbinding for the doub­
let (5 = y ) state with N= 3. 

All of the above results are for a single atom. The 
Ruskai and Sigal methods can be extended to the molecu­
lar case; this was explicitly done for bosons.* The 
Benguria-Lieb result' in (4) extends to a molecule: 
iV<. < Z + 0.73 K. Furthermore, all the results apply to 
the fixed-nucleus (sometimes called Bom-Oppenheimer) 
approximation. 

(7) Zhislin*° proved that Nc>z for an arbitrary mixture 
of particles (with any statistics) and including nuclear 
motion. This result extends to a molecule, Â^ > Z. 

In this paper it will be proved (Theorem 1) that 

Ar,<2z + 1 (1.2) 

for a fixed-nucleus atom and with any mixture of bound 
particles (with possibly different masses and statistics). 
Equation (1.2) holds if all the charges are —e, but a simi­
lar result holds with nonconstant but negative charges [see 
Eq. (2.11)]. If z is an integer, as in the physical case, (1.2) 
implies 

Ar,<2z. (1.3) 
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This completes the story for hydrogen, i.e., Nc=2, since it 
is well known that two electrons can indeed be bound [see 
(6) above]. H~~ is not stable. (Incidentally, I am not 
aware of any proof of the obvious assertion that if Â  elec­
trons cannot be bound then M >N electrons cannot be 
bound. Thus, even if the 5 = y case in (6) above were set­
tled, it would not immediately follow from this that 
Nc=2.) Equation (1.3) also states that two TT" mesons 
and a muon cannot be bound with z = l . Equation (1.2) 
implies that the critical z to bind two particles is at least 
0.5. The exact value'^ is 0,9112. 

For large z, Eq. (1.3) is hardly optimal in view of the 
conjecture that iV<. — z is of order unity. For bosons, how­
ever, Eq. (1.3) gives the right order of magnitude since 
Nc>i.2z for large z [see (3) above]. 

In the case of a molecule of K atoms it will be proved 
that 

N,<2Z-\-K (1.4) 

for fixed nuclei. Thus, for example, the hydrogen mole­
cule cannot bind more than five particles. Again, this 
holds for arbitrary negative particles with common charge 
—e. For nonconstant charges see Eq. (2.10). A summary 
of the results of this paper is in Ref. 13. 

As stated above. Theorem 1 does not require that the 
nuclear or the negative particle charges be integral. This 
generality may be relevant physically because, as pointed 
out to me by W. Thirring (private communication), parti­
cles in solids such as semiconductors may have nonin-
tegral effective charges because of dielectric effects. 

A remark should be made about the meaning of "fixed 
nuclei" in the molecular case. There are two possible in­
terpretations. 

Case A: The nuclei, of charges Z i , . . . ,z^ >0, have 
coordinates Ri,... ,Rfc which are arbitrary but which 
are fixed once and for all, independent of the particle 
number N. 

Case B: For each particle number, the nuclear coordi­
nates Rj are adjusted to minimize the total energy, name­
ly, 

EN=m{EN{R)-\-U{R), 
& 

(1.5) 

where R denotes {RI,...,RK] and E^iR) is the elec­
tronic ground-state energy depending on R, and U{R) is 
the intemuclear interaction. Usually U(R) is the 
Coulomb energy 

e' 2 z,Zj\Ri-Rj\-\ 

but for our purposes U{R) can be anything. 
The result in Eq. (1.4), and more generally in Theorem 

1, holds for both Case A and Case B. Case B is, of course, 
more physical. However, Theorem 1 in Case A implies 
Theorem 1 in Case B; this is obvious since if binding does 
not occur for every choice of R it certainly does not occur 
for the minimizing R. It is Case A (fixed nuclei) that we 
shall actually consider henceforth. 

The case of truly dynamical nuclei cannot be treated as 
definitively by the method presented here. Nevertheless, 
some information about this system is contained in Sec. 

VI. Section VI also contains the extension of the previ­
ously cited results to the case of smeared, but spherical, 
nuclear charge densities. These results are also shown to 
hold in the Hartree-Fock theory. 

Finally, it will also be proved that Eqs. (1.2) and (1.4) 
hold if the particle kinetic energy operator, which is 

p V 2 m = - ( ^ / 2 m ) A (1.6) 

in the usual Schrodinger equation, is replaced by the rela-
tivistic expression 

(1.7) 

Another variation for which (1.2) and (1.4) hold is the in­
clusion of a magnetic field in either Eq. (1.6) or (1.7): 

p^^[3-eMx)/cY (1.8) 

where A is a bounded vector potential. One can even have 
different A's for different particles. Other generalizations 
of the kinetic energy are also possible, as well as generali­
zations to potentials other than the Coulomb potential (see 
the remark in Appendix A). 

Not only are the results proved here stronger than that 
obtained previously [except for (5) above], but the proof it­
self is much simpler. For the atomic case with one species 
of fermions or bosons the proof is so short that it can be 
given in an elementary quantum-mechanics course. In or­
der to display the basic idea as clearly as possible, this 
atomic case will be treated first in Sec. IV. The method of 
proof borrows heavily from the proof in Ref. 14, Theorem 
7.23 of N, < IZ for the TFW theory. (In Ref. 14, Â , was 
called A,<..) As mentioned there, the basic idea for the 
TFW proof in the atomic case is due to Benguria. 

II. PRELIMINARIES AND NOTATION 

The Hamiltonian for N particles is 

1=1 l<i<j^N 

where 

V{x)= ^Zj\x-Rj\-^ 
; = i 

(2.1) 

(2.2) 

is the electric potential produced by K fixed nuclei of 
charges 

Z = ( Z i , . . . , Z j ^ ) 

located at R = {Ri,... ,Rfc] with i ? , E R l Units are 
used in which the electron charge e is unity, and ^ = 1 . 
We assume z,- > 0, all / = 1 , . . . , K. The number — ̂ , is 
the charge of the /th particle, and we assume ,̂ > 0 for 
/ = ! , . . . , i V . 

The operator T, is the kinetic energy operator for the 
/th particle and it is assumed to have one of the following 
three forms: 

(2.3) 
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r;^' = [/V,-+A,U)]V2m,- , (2.4) 

Here, m, > 0 is the mass of the ith particle, cA,(x)/g, is 
the vector potential applied to the ith particle, and c is the 
speed of light. A,(x) is assumed to be bounded and to go 
to zero as | x | —• oo. Equation (2.3) is obviously a special 
case of (2.4) but, for simplicity, it is treated separately. It 
must be noted, however, that if the form r--'Ms used even 
for just one particle (for example, /), then every nuclear 
charge Zj must satisfy aqiZj-cl/n, where a=e^/'hc is the 
fme-structure constant. The reason is that the single-
particle operator T^^^—e^qVix) is bounded below (as a 
quadratic form) if and only if e Vy < ^/ir for every ;. The 
situation is not changed by the addition of the third term 
inEq. (2.1). (See Ref. 15.) 

The ith particle can have any one of the three forms of 
r,, independently. The m,, ^,, and A, need not be related 
for different /. There is one proviso, however. If several 
particles are of the same type (bosons or fermions) then 
that group must, of course, have the same m,, ^/, and T,. 
Spin can be included in the usual way. i /^ is spin in­
dependent. The easiest way to treat spin is to think of the 
spin coordinate as merely labeling a particle type. Thus, 
for spin-y electrons, there are two kinds of fermions: 
those with spin up and those with spin down. 

The ground-state energy, is defined by 

infSpec(/fAr) 

<V'I^Ar|V'> 
= inf 

<V'IV'> 

(2.6) 

(2.7) 

the latter being the variational principle. The admissible 
if; in Eq. (2.7) must, of course, satisfy the required statis­
tics for the various groups of particles. Ef^ need not be an 
eigenvalue, and it will not be if the system is not bound. 
When a particle is added to the system it can always be 
placed at infinity (i.e., arbitrarily far away and with arbi­
trarily small kinetic and potential energy), and we thus 
have the relation 

EN,J>EN, ; = I , . - ,A^, (2.8) 

where NJ denotes the (A'̂  — l)-particle system with theyth 
particle removed. 

Definition: The A -̂particle system is said to be bound if 
and only if Ef^ is an eigenvalue, i.e., 

HN^=EN^ (2.9) 

for some VeL^(E^^). 
In this definition it is not required that Ej^j be an 

eigenvalue for any j or that Ef^ < E^^j for any j . If 
Ep) < Esj for some j then Ej^ is automatically an eigen­
value. The word "bound" is not applicable to a system 
that merely has an eigenvalue in the continuum (i.e., Efj is 
not an eigenvalue but Hj^ has an eigenvalue greater than 
E{^j for some jY, such a system would only be metastable. 
Our main result is the following. 

Theorem 1: Let Z = 2 f = i ^j ^^ before. Let 
Q = 2J^^ J qi be the negative of the total particle charge 
and let q be the maximum of the q,. Then, if binding 

occurs, the following must be satisfied: 

Q<2Z+qK . (2.10) 

In the atomic case {K=\), Eq. (2.10) can be replaced by 
the slightly stronger requirement 

Q<2Z^^qf/Q. 
1 = 1 

(2.11) 

III. STRATEGY OF THE PROOF 

Given Eq. (2.9) select one variable, for example, y, and a 
positive function of one variable, denoted by l/^(x), to be 
determined appropriately. Multiply Eq. (2.9) by 

rix, yXl^)/(f>{Xj) 

and integrate over all the variables, and then take the real 
part. On the left-hand side there will be four terms: 

hj = {[tl;/<f>{xj)]\H^j\<f>), 

tj=Re{[rP/<f,{xj)]\Tj\rl;} , 

-aj = -qj{[tf;/<f>ixj)]\V{xj)\tf;) . 

rj = M/<f>ixj)] ^qiqj\Xi-Xj\-

(3.1) 

(3.2) 

(3.3) 

(3.4) 

[The right-hand sides of Eqs. (3.1), (3.3), and (3.4) are au­
tomatically real.] On the right-hand side there will be 
E^Ij with 

/ , = ( [V/0(Xy)] |^) . (3.5) 

Let us assume, provisionally, that all these terms are fin­
ite. 

Because of Eq. (2.8) 

ENljKhj. (3.6) 

To see this, let Xj denote the variables x i , . . . , x^ with Xj 
excluded. Consider 

PjiXjXj )= f tpixj,Xj)[tP*{xj,X; )/(f>{xj)]d^Xj , (3.7) 

so that 

rj(Xj,x;)=Pj{Xj,x;)/ij 

is a properly normalized density matrix. (The positivity 
of (f> is crucial here.) Moreover, Tj satisfies the correct 
statistics in the Xj variables (since V' does) and thus, by the 
variational principle, 

hN,j/Ij=Tx{HN,jTj)>ENJ . (3.8) 

This, together with Eq. (2.8), proves (3.6). Thus, binding 
cannot occur if 

tj-aj-hrj>0. (3.9) 

Let (f>{x) be any function of the form 

(f,ix)= f \x-y\-^dfi{y)-\-C , (3.10) 

where dii is a (positive) measure with 0 < J d^<oo and 
C > 0 is a constant. In our application we shall choose <f> 
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to be of the same form as V but with different coefficients 
fij>0: 

k 
0 U ) = J,tij\x-Rj\-^ . (3.11) 

t = Re f f*{x)[{Tf)ix)/<t>ix)]d^x > 0 . 

3021 

(3.15) 

It will be proved that for every j 

tj>0 (3.12) 

for any xp and <f> and choice of Tj [see Eqs. (2.3)—(2.5)]. 
Consequently, binding cannot occur if, for any 
;•= 1 , . . . , iV, 

rj>aj . (3.13) 

Actually, we shall not prove Eq. (3.13) for any particular 
7, but shall prove instead that when Eq. (2.10) or (2.11) is 
violated then 

Â  N 

(3.14) 

[In fact, we shall actually prove that R>A and, therefore, 
that strict inequality is not really needed in Eq. (3.12). 
The reason that R >A'is given in the second part of Ap­
pendix A.] Clearly, Eq. (3.14) implies that Eq. (3.13) 
holds for some j , and thus Theorem 1 will be proved. 

To prove (3.12) we note that the Xj integration in (3.2) 
can be done after the Xj integration. Therefore, (3.12) will 
be true if it holds for each Xj, i.e., if it holds for any func­
tion of the one variable Xj. Thus, \i f{x)E.LHR^) we 
want to prove that 

When T=p^/2m, (3.15) was first proved for / spheri­
cally symmetric and real by Benguria, and then for / real 
by Lieb. This was given in Ref. 14, Lemma 7.21. 
Baumgartner'* found a more direct proof and also extend­
ed (3.15) to complex / . Baumgartner's proof easily ex­
tends to T^^\ but the proof for T̂ *̂ is very different and is 
given in Appendix A. 

In Appendix A a proof of (3.15) under carefully stated 
conditions on / is given. The following technical point, 
which is also discussed in Appendix A, has to be con­
sidered: We assumed that all the quantities in Eqs. 
(3.1)—(3.5) are finite. By the condition stated after Eq. 
(3.10), Kj and QJ are automatically finite. Conceivably, hj, 
tj, and Ij could be infinite. If so, this can be remedied by 
replacing <f>{x) by (f>{x) + C and then letting C—J-O at the 
end. This procedure is also discussed in Appendix A. 

Since one of our stated goals is to present a proof of 
Theorem 1 in the atomic case that is simple enough to be 
given in an elementary quantum-mechanics course, let us 
temporarily suspend any reservations about technicalities 
and give the following proof of (3.15), following 
Baumgartner's method,'^ when T=p^/2m. 

The key fact is that A0<O. Given / and <f>, define 
gix)=f{x)/(f>ix). We then require that 

2mt = - R e / g*{x)i!i[g{x)<f>{x)]d^x > 0 . (3.16) 

By partial integration, 

2mt=Kef Vg*ix)'V[(f>{x)g{x)]d^x 

= Re / 7g*ixH(f>{x)Vgix)-\-gix)^(l>{x)]d^x 

= f <f>{x) I Vgix) I ^d^x-^i f V<f>{xHgix)Vg*{x)-^g*ix)Vg{x)]d^x 

= / <f^(x) I Vgix) I ^dh + 1 / V(f>ix)' V[ Ig(;c) I ^]d^x 

= / (f>{x) I Vgix) I ^d^x-i f \g{x) I ^A<f>{x)d\ > 0 . (3.17) 

[Note that we have greater than 0 instead of greater than 
or equal to 0 because J <̂  | Vg | ̂  > 0 since (f>ix) > 0 for all 
x; ifVg{x)=0 then/=(const)^, but (j^gL^ a n d / E L l ] 

In the rest of this paper (except Appendix A) we shall 
assume that (3.15) holds and shall concentrate on proving 
that Eq. (3.14) holds. As mentioned before, all ry and QJ 
are necessarily real and finite. 

IV. ATOMS WITH IDENTICAL PARTICLES 

Take the nuclear coordinate Ri=0, Zi=z and let 
(f>ix)=l/\x | . Assume that the particles are identical 
(bosons or fermions) so that qj =q, rj=r, and QJ =a are in­
dependent of j . (Note: If the particles are fermions they 
are allowed to have spin, in which case J dx in the fol­
lowing should be understood as ^ a J ^̂ » where a is the 
spin variable.) 

We denote [x^,... ,Xff] by A!" and assume that tfj is 
normalized. Taking y = 1 we have 

(4.1) 

(4.2) 

a=zqf[\rp{X)\'\x,\/\x,\]d''^X=zq, 

r=g'2 / IV'mi^lxil ix.-Xjl-'d'^'x 

=qHN-l) f \tp{X)\^\x,\ \x,-X2\-^d^'^X . (4.3) 

In going from Eq. (4.2) to (4.3) the fact that | V' I ^ is sym­
metric was used. This symmetry also implies that the in­
tegral in Eq. (4.3) is not changed if |:>Ci | is replaced by 
I ^21. Thus, 

r = ±gHN-\)f \tPiX)\'[\x,\^\x2\] 

X \xi-X2\-^d^^X>YqHN-\) 

:e 

1̂ 1 l + | ^ 2 | > 1^1-^21 

(4.4) 

94 



Bound on the Maximum Negative Ionization of Atoms and Molecules 

3022 ELLIOTT H. LIEB 

Pjix)= f \rlf{x,Xj)\^d^'^-% 

29 

(5.5) by the triangle inequality. 
Therefore, 

, 2 be the one-particle density for^ particle j . Let 
f—^'^J^ ^^ — D—zg (4.5) g j ( x ) , . . . jgffix) be any given functions of one variable 

and, by Eq. (3.13), binding will not occur if Q>2z-^q such thatg,(x,)^(jr) is inL2(R^^'') and define 

with Q =Nq. This proves Theorem 1 in this special case. <g > = f p{x)g{x)d''x 

V. GENERAL CASE 

(2.10) (molecular case) is violated. In the atomic case 
without particle symmetry, we cannot use symmetry to go 
from Eq. (4.2) to (4.3). In the molecular case, even if par­
ticle symmetry exists, the obvious choice (f>{x)= Vix) will 
not work and we shall have to use (f> as given in Eq. (3.11). 

In the atomic case 

(f>{x)=\/\x I =V{x)/z 

does work. Assume V' to be normalized. For each ;, Eqs. 
(4.1) and (4.2) become 

aj=zqj , (5.1) 

0 = 2 9iqj f I V'(̂ ) I ' I ŷ I i ^/ -^j I - 'd'^X . (5.2) 

Now sum these over; to obtain [recaUing Eq. (3.14)] 

R-A = i:^q,qjJ \xl;{X)\H\x,\ + \xj\) 
U 

XlXi-Xjl-'d'^^X-Qz (5.3) 

ij i 

Again, the triangle inequality | x | + | >> | > | x —j; | has 
been used. Clearly, if Eq. (2.11) is violated then R>A and 
this proves Theorem 1 in the atomic case. 

In the molecular case the following is needed. It does 
not depend on the dimension d being 3. 

Lemma 1: Let (̂A!") be any normalized function in 
LHR^'') (without any particular symmetry). For 
y = l , . . . , A ^ l e t 

= / \i;{X)\^gj{xj)d'"^X . 

Our goal here is to prove (3.14) if (2.11) (atomic case) or Then 

Re / I VC )̂ I' 2 g!Ui )gj{xj )d^'^X 

|2 V N 

-T2<\gj\'> 

(5.6) 

(5.7) 

This is proved simply by noting that 

iJ \ i \ i 
i<J 

and then using the Schwarz inequality on the first term. 
To apply Lemma 1 to the general case, let 

p{x)= 2 qjpM) (5.8) 

be the negative of the single particle charge density for ^ 
[see Eq. (5.5)]. Let <̂ (x) be the potential in Eq. (3.11). We 
then have 

N K 

y = l 5 = 1 

with 

r,=: Jp{x)\x-R,\-^<f>(x)-^d^x . 

^ = i o = 2 q,qjf\tl^{X)\'\x^-Xj\-

(5.9) 

(5.10) 

X[(l>iXi)-^-\-(f>{xj)-^]d^^X . 

(5.11) 

Let us write [following an idea in Ref. ID] 

<f>{x)-'-\-(f>{y)-' = [<f>{x)<l>{y)]-'[<f>ix)+(f,{y)]= 2 fij[(f>ix) \ x -Rj \ ]-'[<f>{y) \y -Rj \ ]-H\x-Rj \ + \y-Rj \ ) . 
y = i 

(5.12) 

Again, noting that 

\x-Rj\-\-\y-Rj\>\x-y\ 

we have, upon inserting Eq. (5.12) in (5.11), 

^ > 1 M. / I V'(̂ ) I ' 2 SiiXi)gjixj)d'''X , 
5 = 1 i^i<j<N 

(5.13) 

g!{x)=qi[<f,{x)\x-Rs\]-' . 

Using Lemma 1 for each 5 we have 

with 

^ > T 2 M 5 
5 = 1 

However, 

N 

2 
1 = 1 

r'- 2qi f Piix)<f>ix)-^ 

X \x-Rs\-^d^x 

(5.14) 

(5.15) 
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fis/[\x-R,\4>{x)]<\, 

and qi < q (by definition). Hence, 

s = l 

We shall have/?>/4 if 
K 

2 75 1/̂ 5 7 5 - 9 - 2 2 , 1 > 0 , 

(5.16) 

(5.17) 

and our aim is to choose the j/x, j so that Eq. (5.17) is sa­
tisfied when condition (2.10) is violated. (Note that y^ de­
pends on (^j).) To this end, let 

^=f^srs/Q, (5.18) 

Ps = i2Zs-\-q)/i2Z-[-qK) . 

Note that [see Eqs. (5.8) and (5.10)] 

i §5= 1 ) 3 5 = 1 • (5.19) 
5 = 1 5 = 1 

Suppose we can choose j/i, j such that 

ds=Ps. s = \,...,K . (5.20) 

Then the left-hand side of Eq. (5.17) becomes 

^rs^[Q-i2Z-[-qK)], 
5 = 1 

and this is non-negative if condition (2.10) is violated. 
Thus, showing that the K equations (5.20) in K un­

knowns have a solution proves Theorem 1. This is done 
in Appendix B. 

VI. THREE GENERALIZATIONS OF THEOREM 1 

A. Smeared nuclei 

Suppose that the nuclear charge densities, instead of be­
ing points, are smeared into spherically symmetric distri­
butions about Rj, namely, Zj\x —Rj\~^ in Eq. (2.2) is re­
placed by 

Vj{x)= f \x-y-Rj I -'dfijiy) , (6.1) 

where djij is a spherically symmetric (positive) measure 
with J dfj,j{y)=Zj. Then Theorem 1 continues to hold 
without modification. The proof is as before—with the 
same(^(x). One merely has to note that 

Vi{x)<zj\x-Rj\-^ (6.2) 

for all X and, hence, Oj, defined by Eq. (3.3), is not greater 
than it would be for the point nucleus. 

B. Dynamical nuclei 

Suppose that the K nuclear coordinates JR i , . . . , i?^ are 
dynamical variables and the Hamiltonian is 

HN=HS^T^^, + U{R), (6.3) 

and 

where Hf^ is given by Eq. (2.1) and each T, is one of the 
operators given in Eqs. (2.3)—(2.5). U{R) is a potential 
that depends on the nuclear coordinates, as explained after 
Eq. (1.5). If U{R) is translation invariant, the eigenvalue 
equation 

HN^=EN^ , (6.5) 

with ^^=infSpec {H^) and \p = \l){X,R), would not gen­
erally be expected to have a solution in LHR^^^^^)] if 
there are no magnetic fields present then it certainly 
would not. With magnetic fields present one cannot sim­
ply remove the center of mass motion, and the situation is 
complicated. To avoid technical complications it will be 
assumed that U{R) also contains one-body terms which 
serve to contain the nuclei, and therefore that Eq. (6.5) 
indeed has an L^ solution. Physically, this is no real re­
striction because the confining potential could, for exam­
ple, be an infinitely high walled box of arbitrarily large 
size. Because the negative particles are not confined it is 
still true that E^ <Ei^j. 

In this case a weakened form of Theorem 1 holds. Let 
us define Ef^j to be the inf Spec (Hffj), with negative par­
ticle j removed as before, but with all the nuclear masses 
set equal to infinity. Alternatively, 

E^j= infEj^j{R)-\-U{R) , (6.6) 

where Ej^jiR) is the ground-state energy of Hpfj as de­
fined in Eq. (2.7). Clearly, 

ENJ < EN,J = inf SpeciHNj) • (6.7) 

K 

i = l 
(6.4) 

Theorem 2: Suppose that the system is bound [i.e., Eq. 
(6.5) holds] and the binding energy satisfies 

EN — ENJ < ENJ—EN J (6.8) 

for all ; = 1 , . . . , N. Then Eq. (2.10) holds in the molecu­
lar case A^>1 and Eq. (2.11) holds in the atomic case 
K=\. 

In the physical situation, the right-hand side of Eq. 
(6.9) is numerically small, but it is a challenge to eliminate 
this condition. 

To prove Theorem 2 we multiply Eq. (6.5) by 

f{X,R)/^{Xj,R) 

and integrate over all the variables. Here 0(x,^) is as in 
the proof of Theorem 1, namely, Eq. (3.11) v/'xih fixed con­
stants fij. [It is important that the /i^ do not depend on R, 
otherwise the dependence of 0 on each Rj would not have 
the form of Eq. (3.10), and thus the positivity of the in­
tegrated Tnuc term might be lost.] 

Let us write (for any fixed j , \<j <N) 

HN=HN,j-\-T^^,-^Tj-qjV(xj,R)-^ 2 \Xi-Xj\-'. 

(6.9) 

The first term, HN,j=HNjiXj,R)y satisfies (as an opera­
tor) HN,J>EN,J- Therefore, moving this term to the 
right-hand side of Eq. (6.5) we obtain less than or equal to 
0 as before [using Eq. (6.8)]. 
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The term involving Tj is positive as before. The T^MC 
tenn is positive since <f>{Xj,R), with all variables except Ri 
fixed, has the correct form [as given by Eq. (3.10)] as a 
function of /?,. The third term is (after summing ony) the 
same as in Eq. (5.9) but with 

Xd'^Xd'^R (6.10) 

In the atomic case, <t>{x,R)= |x - / ? | "̂  and the proof 
proceeds exactly as before. In the molecular case, Eq. 
(5.16) holds with y^ given by Eq. (6.10). [An obvious 
modification of Lemma 1 and Eqs. (5.11)—(5.15) is needed 
to include the R dependence; the basic observation is that 
the Schwarz inequality used in Lemma 1 is still applic­
able.] 

To complete the proof in the molecular case, we require 
that Eq. (5.20) have a solution with the new definition of 
7J, Eq. (6.10). The proof in Appendix B is easily modi­
fied in terms of the appropriate matrix M [which has 
strictly positive elements and satisfies Eq. (B8)]: 

Msj = Q-' f f \rPiX,R)\' 

k = \ 
'\xk-Rj\ 

X^{Xk,R)-V^Xd^^R . 

C. Hartree and Hartree-Fock theories 

(6.11) 

Theorem 1 applies to the Schrodinger equation, but the 
conclusion remains true in both the Hartree and Hartree-
Fock (HF) (either restricted or unrestricted) approxima­
tions. Here, the proof for unrestricted HF theory will be 
given; the proof for the Hartree theory is very similar. It 
will also be assumed that all the Â  charges, masses, and 
kinetic energy operators are identical. We take ,̂ = 1. 

In the HF theory, the ground-state energy is defined as 
in Eq. (2.7), but with ^ restricted to the class of deter-
minantal functions: 

,/,=(Ar!)-i/2detw,(x;,CTy) (6.12) 

and the w, are orthonormal. As in the earlier definition, 
the iV-particle system is said to be bound if and only if 
there is a V' that actually minimizes the energy expression 
(2.7). As before, £̂ ^ < ÂTJ. The reader is referred to Ref. 
16 for details; in particular, for the proof that binding 
occurs \iN < Z 4 - 1 (when r = r<^'). 

If there is a minimum, the u, (after possibly an NxN 
unitary transformation) satisfy the N coupled HF equa­
tions: 

hUi=€iUi , 

where h is the single-particle operator 

h=T-V{x)-\-U-K . 

(6.13) 

(6.14) 

Here, T is one of the operators in Eqs. (2.3)—(2.5), U is the 
direct part of the Coulomb repulsion, and K is the ex­

change part. 
Since iff minimizes the energy, each e, < 0 in Eq. (6.13). 

The reason is that the dependence of the numerator in Eq. 
(2.7) on any one M, is constant plus quadratic, and the 
latter term is just e,. If e^ > 0, for example, then it is easy 
to see that theiN — l)-particle iff composed of U2»• • •» "^ 
would have an energy strictly below Ejsfy and this contra­
dicts £ ^ i>E;v 

Let i>{x) be as in Eq. (3.11), multiply Eq. (6.13) by 
u*{x)/<f>{x), integrate over x, and sum over spins. Then 
sum over /. The right-hand side is nonpositive. On the 
left-hand side, the terms involving T are positive, as be­
fore. The V{x) term is 

A=N f \xl;{X)\''V{xO/<f>UOd'''X . 

The repulsion term, U —K/is 

R=iN{N-\)f \xlf{X)\^\xi-X2\-^ 

X[<l>ixO-^-\-<f>{x2)-V^X . 

(A summation on spins is understood in these two in­
tegrals.) The rest of the analysis proceeds as before. 
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APPENDIX A: KINETIC-ENERGY INEQUALITY 

1. Proof of Eq. (3.15) 

Our first goal is to prove Eq. (3.15) when T is one of the 
three forms in Eqs. (2.3)—(2.5). The potential <f> is defined 
by 

(f>{x)= J \x-y\-'dfj,(y)-\-C , (Al) 

with dfi a positive measure, 0 < J f//i < oo, and C > 0. 
The function / satisfies 

/ and TfEL\R^) . (A2) 

Note that if C > 0 then \/(f>{x) is a bounded function and 
f{x)/<f){x) is automatically in L^. 

The following Lemma 2 validates the assertions used in 
Sec. Ill provided 

i;{X)/(f>ixj)GLHR^^) . 

Subsection II below shows how to deal with the case 
tlf/<f)^L^ by taking C > 0 and then letting C^O. [Techni­
cal remark: In the nonrelativistic case a solution to Eq. 
(2.9) automatically satisfies TjipGLHR^^) and hence 
T/E-LHR^). The analogous statement is known to hold 
in the relativistic case if ê ŷz, < y (for all /), which is less 
than the critical value l/ir. Thus, there is possibly a 
minor technical gap in the relativistic case.] Lemma 2 in 
the relativistic case was originally proved only for 
A(^)=0. The extension to A(x):7tO follows from Lemma 
3, which is a joint work with Michael Loss. Lemma 3 
shows that Lemma 2 (relativistic) follows automatically 
from Lemma 2 (nonrelativistic). Nevertheless, the origi­
nal proof of Lemma 2 for 7̂ ^̂  with A(x)=0 is not 
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without interest and is therefore given below. 
Lemma 2: Assume Eqs. (Al), (A2), and 

/ ( ; C ) / < ^ U ) G L 2 ( R 3 ) . 

Let T be any one of the operators in Eqs. (2.3)—(2.5), with 
A(x) bounded in Eqs. (2.4) and (2.5). Then 

h{x)=f*U){Tf){x)/<t>{x) (A3) 

is in L ^ and 

t=Rtfh{x)dh>0. (A4) 

Proof: At first assume C > 0 so that 1/0 is bounded. 
By a simple density argument, we can suppose/EC* (in­
finitely differentiable functions of compact support). We 
can also assume [by replacing dfi by exp{—ex^)*dfj,y for 
example, and then using dominated convergence] that (f> 
and l / < ^ e C * n L * . Unfortunately, the limiting argu­
ment just cited will only allow us to conclude that / > 0. 
The proof that r > 0 is given at the very end. 

r^*^= - A: The proof given in Eqs. (3.16) and (3.17) is 
completely rigorous for such functions. Another proof is 
given below in connection with T^^\A{X)=0]. 

r<2)=[/V+A(x)]2: We set g{x)=f{x)/<l>ix) as before 
and follow the same manipulation as in Eq. (3.17), but re­
placing V by V—/A(;c). The only essential difference is 
that we get an extra term 

i f V(f>ix)'Mx)\g{x)\^dh , 

but this vanishes when the real part is taken. Strict posi-
tivity follows from the fact that (/V—A)g cannot vanish 
identically. 

7'^3^=(-A-l-l)i/2_i. Here we have to work in 
momentum space. T^^^f is defined to be the function 
whose Fourier transform (T^^^f) is 

with 

fik)= f exp{ik'x)f{x)d^x . 

Again, let g=f/<f>- Since {ab)=a*b, and since 
{\x |-M^=47^/A:^wehave 

iTT^t = R e / d^iiy) f i*{k) \k-q\ -^'y^^^-^^ 

Xm{q)i{q)d^kd^q 

+ ( C / 4 i r ) / \g{k)\^m{k)d^k , (A5) 

with m{q)=={q^ -\- 1)̂ ^^—1. Clearly, the second term on 
the right-hand side of Eq. (A5) is positive. As for the first 
term, it is sufficient to prove strict positivity for each y 
but, since 

exp[/v(/: —q)] 

is a product function, it suffices to prove that the kernel 

K{Kq)= \k-q\ -\m {k)-^m {q)] (A6) 

is positive definite. 
Let us temporarily return to r^^^=—A. In this case 

m (/c) in Eq. (A6) is replaced by k^. However, 

k^+q^=\k-q\'' + lk-q (A7) 

and thus 

K{k,q)=\-^2k'q \ k - q \ - \ (A8) 

The kernel 1 in Eq. (A8) is clearly positive semidefinite. 
For the second term, note that \k —q\~'^ is positive de­
finite and k-q is a. product function; thus, K is positive de­
finite and we have a second proof for the T^ ̂  ̂  case. 

Returning to T^'^\ let us write 

K{k,q) = [n{k)-\-n{q)]-'\k-q\-^[n{k)-^n{q)] 

X[mik)-\-m{q)] , (A9) 

with n{k) = {k^ + D'^l The last two factors in Eq. (A9) 
are 

B{k,q) = k^W-^^[nik)-\][n{q)-\] . (AlO) 

Now the first factor can be written as an integral over 
product functions, namely, 

f dsexp{—s[n{k)-\-n{q)]] , 

and this does not affect the positive definiteness. As for 
the rest we have two terms, namely, 

\k-q\-Hk''-\-q^), 

which is positive definite as we just proved for r*^\ and 

\k-q\-^[n{k)-\][n{q)-\]. 

But this last term is a positive definite kernel times a 
product function, so it too is positive definite. This con­
cludes the proof that r > 0 if C> 0 and A(x)=0 for P^K 

Thus far we have proved that r>0 when (i) /SCQ, 
(f)GC'^ and (ii) C>0. In all cases we found that 
t =Q{g,g) with Q being a positive definite quadratic form 
and g =f/(f>. Let us first remove condition (i). There ex­
ist sequences / " and dfi" such that <f>''-^<f> pointwise al­
most everywhere and / " - > / , T/"—^r/, and 

i n L l Then 

t= lim /"= lim Qig",g'')>Qig,g)>0 . 

Finally, we want to let C-*0 (if that is the case at 
hand). With / and (f> fixed, let (f>c=<f> + C, gc =fA<f>-\-C). 
With Yc=<f>A(f>-i-C), we have that 0<Yc<l, and Yc-*l 
pointwise almost everywhere. Then tc—*t by dominated 
convergence. Also, gc^'S=f/4' ^^^ Sc-^g in L^. 
Again, 

t = lim tc = lim Q igcgc) > Q (g,g) > 0 • 
C-»0 C—0 

This completes the proof for 7"̂ ^̂  T^^\ and T^^^ 
[Mx) = Ol The general case T^^^ [A(;c)^0] follows 
from the T̂ '̂ case and Lemma 3, in which C is the multi­
plication operator \/<f>{x) and B is the operator T^'^\ and 
the integral representation 
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(All) 

Q.E.D. 
Lemma 3 (in collaboration with M. Loss): Let jFf be a 

Hilbert space with an inner product (•,•) and let B and C 
be non-negative, self-adjoint linear operators with domain 
DiB)J){C). Suppose that 

(i) iB-\-x)-^: D{C)^D{C), all x > 0 

(ii) Re(5<^,C0)>O (respectively, >0) , 

all 0^(^EZ>(5)n2)(C) 

(iii) g{k)= ^ d^{y){sX + t){X^y)-^ (A12) 

with 5,r > 0, 5 + r > 0, and /x ^ 0 a non-negative Borel mea­
sure on R with /x j (— oo, 0] j = 0 and 

j dii{y){\+y)-^<cx, . 

Then 

Re(g(5)0, C0)>O (respectively, >0) , 

all 0 e Z ) ( g ( 5 ) ) n D ( C ) . (A13) 

Proof: First, consider the special case 

ga)=g^{k)={sk+t){x+xr^ 

for some fixed ;c>0. Then Gx =gx^^^ is bounded and we 
want to prove that I =iGx<f>,C<p) satisfies R e / > 0 (respec­
tively, >0) for all 0^(f>SD{C). Let i;=(B-j-x)-^(f>, 
whence 

0^rpSD{B)nD{C) . 

Since {B -\-x)tpGD{C) then if; andBrl/GDiC). Thus, 

I=iisB-\-t)ip, C{B-\-x)^)=s{B^, CBtfj)-j-sx{Bxf;, C^) 

-\-t{\p, CBip)-\-tx{xlf, Ct(f) . 

Since (V', CBtlf) = {Cip, Bip) = {Bip, Crp)*, we have 

Re/>(5x +r)Re(5^, Ci/')>0 (respectively, >0) . 

Now let I = {g{B)<f>, C<f>) with 

(^Gi)(g(5))ni>(C) 

and, for 0 < e < 1, 

I, = {g'{B)(f>, C<f>) 

with 

gHl)= f d^i'{y)isX-\-t)/a+y) 

and where ^^ is/J, restricted to the interval (e, 1/e). Clear­
ly, g^(5) is bounded and 

I,= f dv{(f>,C(f>;X,) f dfiHy){sX-\-t)/{k-\-y) , 

where v{(f>,<f>';-) is the spectral measure of B associated 
with (ff,(f>'. We want to show that 

/ , = / dfi'iy) f dv{<t>,C<f>'Msk-\-t)/a+y) . 

Fubini's Theorem cannot be used since v is not positive. 
However, by the polarization identity, 

dv{<l>,C<f>;X) = jdv{a,a;X)-idvib,b;k) 

+ Tidvic,c;X)-iidvid,d;l) , 

where a=<l> + C<f>, b=<f> — C^, c =(l>—iC(f>, and 
d =<f>-\-iC<f>. Each of these four measures is non-negative 
and, since g^{B) is bounded, each integral is finite. Thus, 
we can exchange the order of integration and 

I,= f diiHx)M{x) 

with 

M{x) = {Gx(f>,C<f>) 

and ReM(:x:)>0 (respectively, >0). Therefore, 
limg_^oRe/e > 0 (respectively, > 0). On the other hand, 

I-Ie = i[giB)-gHB)](f>, C(f>) . 

Since (f>GD{g{B)), it is easy to see that [g{B) 
-geiB)]<f>^0. Thus, 

/ = l i m / , . 

Q.E.D. 
Remark: Suppose that g{X) is another function with 

the same kind of representation as in Eq. (A 12). Then, 
starting with Eq. (A 13) and with the pair g{B),C instead 
of ByC, one can apply Lemma 3 to giC) and deduce that 

Reig{B)<f>, g{C)if>)>0 (respectively, >0) , 

all <f>GD{g{B))nD{g{C)) . (A14) 

It is merely necessary to verify that for all x>0, 

( C + x ) - ' : Dig{B))^D{g{B)) . 

This implies the following generalization of the results of 
this paper: 

(i) The relativistic kinetic energy (with magnetic field) 
can be generalized to any function g of [p—Mx)f that 
has the form of Eq. (A12). 

(ii) The Coulomb potential \/\x \ can be replaced 
(everywhere) in Eq. (2.1) by v{x)=\/w{\x \) for any 
function w with the representation 

w{\x \)= fd^liy){s\x \){\x | + > ' ) - ^ (A15) 

With s>0 and fi>0. For example, l/\x \-^\X\-P, 
0<p<\ is allowed. It is easy to check that C=w{ \x \ ) 
satisfies 

(C+A)- ' : D{P'^)-^D{T^% / = 1,2,3 

for X>0. It is also necessary to check that the "triangle 
inequality" 

w{ \x I ) + w{ \z I )>w^\x-z | ) 

holds, and this is easily seen to be the case from Eq. 
(A 15). [It is the requirement of the triangle inequality 
that dictates 5 | x | , instead of 5 | JC | + / , in Eq. (A 15).] 
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2. Eliminating infinity 

After Eq. (3.5) we made the assumption that all quanti-
tites in Eqs. (3.1)—(3.5) were finite. Conceivably, this need 
not be true with (f> given by Eq. (3.11). To remedy this de­
fect replace 0 in Eq. (3.11) by 

cU) = >(;c) + C, C > 0 . 

Then all quantities are finite. Denote R (respectively, A) 
with (f>c by Re (respectively, Ac)- Binding cannot occur if 
Re >Ac for any C (here, the fact that / > 0 is ignored). 

As C—>0, Re and Ac have finite limits R and A which, 
by dominated convergence, are the R and A given in Eq. 
(3.14). Thus, it suffices to show that R >A when condi­
tion (2.10) or (2.11) is violated. In the earlier proof in 
Sees. IV and V it was shown that R>A by using the tri­
angle inequality 

I Xi -Xj I < I ,̂- I + I ^y I . 

This inequality will now be investigated more closely to 
show that, in fact, R >A. 

If we look at Eq. (5.11), for example, we have, after in­
tegrating over the variables other than Xi=x and Xj=yy 
an expression of the form 

L= ff{x,y){ \x\-^\y\)\x-y\ -^dhd^y , (A16) 

and we wish to show that 

L>M= f f{x,y)d^xd^y>0. (A17) 

Note that fix,y) is a non-negative/wrtcf/o/i in L ' , and not 
a distribution. The function 

gix,y) = i\x\-\-\y\)\x-y\-'-l 

satisfies g > 0 and g = 0 if and only if y = —bx with b>0. 
The set on which this occurs has six-dimensional Lebes-
gue measure zero. Thus, g > 0 almost everywhere. Since 
/ > 0 on a set of positive measure, J / g > 0 and hence Eq. 
(A 17) holds. 

APPENDIX B: SOLUTION OF EQ. (5.20) 

Let fi denote ( / u i , . . . , /Uĵ ) and consider the function 

F{ii)= 2 [Mf^)-M^ (Bl) 
5 = 1 

defined on the positive orthant D: fii > 0, but excluding 
the origin ^ = 0 . The P^ are fixed, strictly positive con­
stants satisfying 2 s ^s ~ -̂ ^s ^^ °^ ^̂ ® °̂̂ ™ 

6 ,= fp{x)[fi,\x-Rs I -^/(l>{x)]d\ , (B2) 

with J p=l, and 

(f>ix)=2l^s\x-R,\-' . 
s 

Equation (B2) implies 2 ^̂  = ^ • 
Now Ssifi) is continuous on D (in particular, 5j(/x) = 0 if 

fis=0) and homogeneous of degree zero, i.e., 
5sikfj,)=8sifi). Therefore, Fifi) has a minimum on D. 
We want to show that this minimum is zero, whence 
bs{ji)=Ps for all 5. Let /x be a minimum point and sup­

pose (without loss of generality) that / Z j , . . . , ^ , >0 , 
/i, + i , . . . , /XA:=0. (Not all the Hs can vanish since 0 is 
not in D.) For \<s<t, bsifi) is differentiate in 
fii,...,IJ,t and for t -\- \<s <K, dsifi) = 0 in a {t-
dimensional) neighborhood of this point. Therefore, at 
the minimum, 

0 = ^ = 2-^^l^sKji^j-Pj-^+Ps) (B3) 
"/^y s = 1 

for l<j <t, where Mis the r-square matrix 

Msj= f p{x)\x-R,\-^\x-Rj\-^(f>{xr"d^x . (B4) 

Clearly, M is symmetric and positive semidefinite and, 
most importantly, M has positive matrix elements. 

Eq. (B3) can be rewritten in the following way (recalling 
tha t / i j>0 for l<s <t): 

Nv=v, (B5) 

where iV is a matrix and y is a vector given by 

Vs=i6s-Ps)^y\ (B6) 

N,j=M,jfi,fij{6sbjr'^\ (B7) 

The fact that 

^^s^ijM,j = bj (B8) 

(B9) 

(BIO) 

has been used which, in terms of N, reads 

Nw =w , 

with 

Now A'̂  is symmetric and has strictly positive matrix 
elements. By the Perron-Frobenius theorem, Â  has a 
unique eigenvalue of largest modulus X. Moreover, this 
eigenvalue is positive and has only one eigenvector u, 
which (up to a phase) has strictly positive components. 
Equation (B9) implies that k= 1 and u =w for, otherwise, 
taking the inner product of Eq. (B9) with u we would ob­
tain {X—\){u,w)=Oy which is impossible since {u,w)>0. 
Thus, the solution to Eq. (B5) is 

v=cw, (BID 

where c is a constant. This means that 

for 

l<s<t. (B12) 

Summing this on s we obtain (since 5̂  = 0 for 5 > r) 

1 - I,(3s=ct . 
5 = 1 

(B13) 

If t =K, the left-hand side of Eq. (B13) is zero and we 
are finished. If t <K, then c > 0 . In the latter case, re­
place /Li^=0 by /Uj=6 for t <s <K and with 6>0 . It is 
easy to see that 5̂  decreases for l<s <t and 5̂  becomes 
strictly positive for r < 5 < Â . If £ is small enough, 
{8s—Ps)^ will decrease for all l<s <K. Thus, Fiii) will 
decrease; as this is a contradiction, / =K and the proof is 
complete. 
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Abstract. Let N{Z) denote the number of electrons which a nucleus of charge 
Z can bind in non-relativistic quantum mechanics (assuming that electrons are 
fermions). We prove that N{Z)/Z-^1 as Z-^ oo. 

1. Introduction 

This paper is a contribution to the exact study of Coulombic binding energies in 
quantum mechanics. Let H{N, Z) denote the Hamiltonian 

H{N,Z)=ti-A-Z\x,\-')+Y.\^i-^jr'^ 
1 = 1 i<j 

and let E{N, Z) denote its minimum over all fermion states (we suppose there are 
two spin states allowed, although any fixed number could be accommodated). For 
comparison purpose, we let E^{N, Z) denote the same minimum, but over all states 
(taken on a totally symmetric wave function, hence h for boson). 

It is a fundamental result of Ruskai [9] for bosons, and Sigal [11] for fermions 
(see also Ruskai [10]) that there exists N{Z\ N^{Z) so that, for all ; = 0,1, . . . , 

E[N{Z\ Z) = E{N(Z) + j , Z); E,{N,(Z\ Z) = E,{N,(Z) + ;, Z). 

We let N{Z) (respectively Ni,{Z)) denote the smallest number for which the first 
(respectively second) equahty holds for all j . Sigal [12] showed that 

hm[N(Z)/Z] ^ 2, lim[lnAr,(Z)/lnZ] ^ 1, (1.1) 

and then Lieb [6,7] proved the bounds 

iV(Z)<2Z+l, Ar,(Z)<2Z+l (1.2) 

which implies, in particular, that a doubly ionized hydrogen atom is unstable. 

* Research partially supported by the NSERC under Grant NA7901 and by the USNSF under Grants 
DMS-8416049 and PHY 85-15288-AOl 
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Zhislin [15] proved that N{Z) ^ Z and Nj,{Z) ^ Z. A more detailed review of the 
history and status of this and related problems is given in [7]. 

Our main goal in this paper is to show that 

Theorem 1.1. lim [iV(Z)/Z] = 1. 

That is, asymptotically, the excess charge in negative ions is a small fraction of 
the total charge. While this is physically reasonable, and partially captures the 
observed fact that in nature there are no highly negative ions, it is not as "obvious" 
as it might appear at first. For Benguria and Lieb [1] have shown that 

limiVfe(Z)/Z>l. 

(They actually prove that lim is at least the critical charge for the Hartree equation 
which is rigorously known to lie between 1 and 2, and numerically [16] is about 
1.2.) Thus, the Pauli principle will enter into our proof of Theorem 1.1. 

Part of our argument closely follows that in Sigal [12] (see also Cycon et al. 
[13]). We differ from Sigal in one critical aspect. He gets a factor of 2 in (1.1) by 
using the obvious fact that if one has 2Z + 1 electrons surrounding a nucleus of 
charge Z, one can always gain classical energy by taking the electron farthest from 
the nucleus to infinity. We will exploit the fact that if you have Z(l + e) electrons 
and Z is large, classical energy can be gained by taking some electron to infinity. 
We will prove precisely this fact in Sect. 3. Actually, for technical reasons, we will 
need a shghtly stronger result, also proven there. Unfortunately, our proof of this 
key classical fact is by contradiction, using a compactness result. Hence our proof 
is non-constructive, which means that we have no estimates on how large Z has 
to be for N(Z)/Z to be bounded by 1 + e for any given s. 

The theorem we prove in Sect. 3 says that, with N = Z(l + s) point electrons, 
one gains classical energy by taking some electron to infinity. We prove this by 
appealing to an analogous result for a "fluid" of negative charge: if j^p(x) ^ Z(l + e), 
then for some XQ in suppp one has ZIXQI"^ — ^\XQ — y\~^dp(y)'^0. This fact is 
proven in Sect. 2. It is interesting that our results in quantum potential theory 
require various results in classical potential theory. 

In Sect. 4, we construct a partition of unity in R^^-the result of Sect. 3 is needed 
only to assure that certain sets over IR^̂ . Given this partition, the actual proof of 
Theorem 1.1. in Sect. 5 follows Sigal [12]. Section 6 provides some additional 
remarks. 

2. Classical Continuum Theorem 

Theorem 2.1. Let p be a nonzero finite (positive) measure on U^ which is not a point 
mass at 0, and let (j)p he its potential, i.e., 

(^,ix) = i\x-y\-'dp(y), (2.1) 

Then, for any e > 0, the set of points x^O such that 

(l>p(x)^(l-s)\x\-'p{U') (2.2) 

has positive p measure. 
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Proof. Let T, denote the set of points in U^\{0} such that (2.2) holds. Our goal 
is to show that p{T^) > 0. First, let us eliminate any possible small point mass at 
0 by defining p = p — cd{x). For some 0 ̂  c < 1, p({0}) = 0. Additionally, defining 
s = Ep{U^)lp{U^\ one sees that proving the theorem for 8 and p is equivalent to 
proving it for £ and p with (1 — e)p([R )̂ > c. It suffices to assume, therefore, that 
8 = 8,p = p and p({0}) = 0, and we shall do so henceforth. 

Let B denote the set of x ?̂  0 for which 0p(x) = oo. If p(5) > 0 we are trivially 
done, so assume p{B) = 0. Since p({0}) = 0, this means that (/>p is finite p-a.e. and 
we can apply Baxter's Theorem 2 [17]. If we define the measure ju = (l—e) 
{^dp}S{x\ this theorem asserts the existence of a (positive) measure y such that 

(a) 7 ̂  p and y{U^) ^ p{U^) - /x([R )̂ = e^dp > 0, 
(b) 0^(x) = (/)y(x) + 0^(x) y.a.e.. 

(In Baxter's notation, p = v,p-y = A and p, = p.) Thus, p(TJ^y{T,) = y{U^)>0. 

n 
Remark. One can also prove this theorem by appeahng to Choquet's theorem [2,5]. 

3. Classical-Discrete Theorem 

Theorem 3.1. For any e, there exists NQ SO that, for all sets {x^ }̂ = ^ ofN ^ NQ points, 
we have 

max< X -——=— —-— y ^ 0. 
b lafb\x^-^Xt,\ \Xt,\ J 

Remarks. This is clearly a classical analog of the quantum theorem that we are 
seeking. It says that if the electron excess over the nuclear charge above Z is more 
than e(l — 8)~^Z, then one gains energy by moving at least one of the electrons 
off to infinity. 

2. Unfortunately, our proof is by contradiction, and therefore non-constructive. 
The fact that we cannot make our estimates expUcit, even in principle, comes from 
this fact. 

Proof. Suppose not. Then, there is 8Q>0 and sequences points {xi"̂ }^=i with 
Ar„ -> 00 and 

y ' < ( i - ^ o ) ^ . (31) 

for all n and all 1 ^ /? g N„. 
Equation (3.1) is invariant under rotations and scaling of the x's as well as 

relabelling. Thus, without loss we can suppose that 

x<"> = (1,0,0) = Xo, 
|xi"' |<l all l<a< iV„ . 

The measures 

p<"> = iV„-i I.5(x-x<"') 
a=l 
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are probability measures on the unit ball. Thus, by passing to a subsequence if 
necessary, we can suppose that p„ converges in the C(IR^)-weak topology to a 
probabihty measure dp. We will show that dp violates Theorem 2.1. If 3; is a limit 
point of x|"^ and g[z) = (|z|^ + M^)~ /̂̂ , then since g is C^ with bounded derivatives 

lim j ^ (x - xf)dp^{x) = \g{x- y)dp{x). 

Thus, by (3.1): 

jg{x-y)dp{x)^{l-8o)\y\-K 

By the monotone convergence theorem, we can take M to zero to obtain 

i\x-y\-'dpix)^ii-e)\y\-K (3.2) 

We have just proven (3.2) for any y in the limit set of the {x^"^}. Any yesuppp 
is such a limit point so (3.2) holds for all y esupp p. Thus we will have a contradiction 
with Theorem 2.1 if we show that P^'SQ. But since X^I^ = XQ, we have (3.2) for 
y = Xo, i.e., 

i\x-Xo\-'dp{x)^{l-s). (3.3) 

Since, for dp = SQ, the left side is 1, we can conclude that dp^Sg. D 

We will actually need an extension of Theorem 3.1 to potentials cut off at short 
distances, but in a way that may seem unnatural at first. Define 

r^ , U^-y\~' if \x-y\^oi\x\ 
^^^"'^) = l a - | x | - | x - , | ^ a | x | . ( '• ') 

For a set of points {Xa}a = i in IR ,̂ define \x\^ = sup|Xo|. 
a 

Theorem 3.2. Let a^^^O as N-^00. Then, for any e, there exists NQ and S>0 so 
that, for any N'^NQ and any set of points {x^ }̂ = 1, there is a point x^ with \Xa\^S\x\^ 
and 

lG.,{^a,Xj)^ • (3.5) 
jfa l-^al 

Proof G is defined to be invariant under scaling (which is why we took the cutoff 
to be a |x | , not just a) and rotations. Also, the condition |x^| ̂  ^|x|oo has the same 
invariance. Thus, if the result is false, we can find SQ > 0, Sj^^O and a sequence 
with |x|oo = 1; x̂ i"̂  = (1,0,0) so that (3.5) fails. Taking the limit, we get the same 
contradiction as in the proof of Theorem 3.1. D 

4. A Partition of Unity 

As noted in Sect. 1, the key element in the proof of Sigal, which we will mimic, is 
the construction of a partition of unity. Here we will construct such a partition 
which we will use in the next section. The preliminaries in the last section will be 
relevant precisely in order to be sure that certain sets cover IR^ .̂ 

Theorem 4.1. For all e > 0, there exists NQ and d>0, and for each N^NQ and each 
R>0, a family {Ja}a = o of C^ functions on U^^ so that: 
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(1) Jo 5̂ totally symmetric, {Ja}afo ^^ symmetric in {Xb}^^ .̂ 

a 

(3) suppJo<={{x„}||xL<i?}. 
(4) suppJ„c={x| |xL^(l -£) /? , | x J ^ ( l - 2 e ) 5 | x L and Y^lx.-xJ-'^ 

(l-2e)N\xJ-'}. 
(5) For a constant C, depending only on 8, E|VJJ^gCJV''^(lnJV)^|x|;;'i?"^ 

(4.1) 

Proof. Without loss, we can take R = 1 since the result for R = 1 implies the result 
for all R by scaling. Moreover, we can prove (4.1) with |x|;; ' replaced by |x|^^. 
For the left-hand side of (4.1) (when R = l) is supported in the region where 
|xL ^(1 -£) , and in that region |x|-^ ^(1 - e ) - ' \ x \ - \ 

Next, we note that instead of finding J^'s obeying (l)-(5), it suffices to find F^'s 
obeying (l'),(2'),(3),(4) and (5'): 

i2')Y^FUi 
a 

(5 ' ) (Z(VFJ^)^(If .^)^CJVl '^( lnAr)^ |x | ;^ 

and for any permutation n: 

For if Ja = f̂l / ( Z^fl ) > ^^^^ -̂ a ^^s the same symmetry and support properties 

as F has, and 
I ( V y j ^ g I ( V F J 2 / X i ^ ^ (4.2) 
a a 

To understand (4.2), think of F = (FQ, ..., F^) as a function from U^^ to U^^\ in 
which case J is the "angular" part of F, and (4.2) is a standard inequahty on the 
gradient of the angular part. 

Now we concentrate on constructing the F^'s. Let i/̂  be a C* function on [0, oo) 
with 

il/(y) = 0 y^l-2e 
= 1 y^l-s 
e [ 0 , l ] ally 

and define (p = ij/^. Let (Xf^ = {\nNy^ and choose iVo,(5 as given by Theorem 3.2. 
As a preliminary, take Fo,F^ as follows. These functions are not C°°, but are 
continuous and are C^ off the set {x| Ix l̂ = 1x̂ ,1 for some a 7̂  ^} u {x| |x^ - x^ | = 
â vl̂ al some a,b} with discontinuities of the gradients allowed on that set: 

Fo(x)=l-^A(|xU), 

^a(x) = < p ( | x L ) ( ^ ( | x J / ^ | x , | ) ( p ( ' N - M x J X ^ G , ^ ( x „ X , ) Y 
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where G^ is given by (3.3). The symmetry condition (1) is obvious, and (3) holds 
since 9(3^)= 1 if y ^ 1. 

F^ 7^0 implies that | x | ^ ^ l - 2 8 , |x j ^(1-e)(5|x|^, and 

1 : G J X „ X , ) ^ ( 1 - 2 8 ) N | X J - \ 
hfa 

since (p(y)^0 implies \y\^\—2&. Since \x —y\~^^GJ^x,y\ we have proven (4). 
That leaves the key conditions (5') and (2'). 

For (2'), we use Theorem 3.2. This guarantees us that there is an a where the 
last two factors in F^ are 1, and so there is an a with F^(x) = (p{\x\^). Since 

for all e, for this a,Fo{xf + F^{xf^\, proving (2'). 
As a preliminary to (5'), we want to note that, for some constant C and all y: 

\cp'\^^y + Cy-'\cp\\ (4.3) 
For 

proving (4.3) with C = 4||iA'lli. 

Away from points where |x^| = Ix l̂ for some ai^h, 

V(p(|xL) = (p'(|xL)V|xU. 

Since \x\^ is some |x^| and 

we see that 
|V(^(|xL)| = (p'(|xL). (4.4) 

Similarly, 

V(p(|xJ/(5|xU) = (^'(|xJ/^|xL) 

Finally, if 

.^V\x\^ + 5-'\x\l'V\xA (4.5) 

ria = (piN ^\x„\ X G^^{x^,Xt)), 
bfa 

then, for b^a 

bfa 

since 
V5G, = [G ,2 ] (x , -x J / | x , -x J or 0. 

Recall that G^{x,y)^(x~'^\x\~^, so since â ^ = InN, 

^ \V,rjJ's\cp{N-'\xJ ^ G,^(x„x,))TAr-^|xJ^(lniV)^|xJ-^ Y. GJx„x , ) . 
bfa L \ bfa " / J bfa ^ 

However, supp(p'cz [1 -2e , 1 -e ] , so on suppcp'l N'^lx^l ^ G„̂ (x ,̂Xf,) j , we 
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have that 
Y.G(x,,x,)^\xJ-'N. 

bfa 

Thus 

bfa ]_ \ bfa " / J 

As a final gradient estimate, 

\^atla\^(p'(N-'\xJ^^G,^ix,,X,)\ N-'^L GAx,,x,) 
bfa 

+ N-'l^\xJGJx,,x,f 
bfa 

since IValx l̂ t= 1 and 

|VaG„(x ,̂Xft)| = G„(x^,xj2 or aG„(x^,xj2 

and a ^ 1. Thus, since Ix l̂ ^ G„ (x ĵX )̂ ^ iV when (;9'(-) ^ 0, 

641 

(4.6) 

|V,f/J^(pYiV-MxJX^G„^(x,,xAl+(lniV))|xJ (4.7) 

Since Ix l̂ ^(1 — 2s) S\x\^ on suppF^, we see that, for a^O. 

Y,\W,FJ'Sc,iy^C2y-'F'MnNr\x\-\ 
b 

by using (4.3)-(4.7). Thus 

^ |V ,FJ^^cY7iV + C27-^lF,^ViV)^|x|-^ + C3|xU^ 

Since X^a = 2> we can take y = N~'^'^ and obtain: 

X|V,FJ^^c,iV^/2(lniV)2|x|-^X^a, 
a,b a 

as required. 
The J's constructed in this way are continuous but are only piecewise C^ By 

convoluting with a smooth, totally symmetric function of very small support, we 
can arrange for C°° J's which still obey the required properties. D 

Remark, By using q) = \j/'^'m the above construction for m suitable, we can reduce 
N^'^ to any desired positive power of TV. 

5. The Main Theorem 

Here we will prove Theorem 1.1. Given the construction in the last section, this 
follows Sigal [12] fairly closely. Pick e > 0. We shall prove lim Ar(Z)/Z ^ (1 - 3e)" ̂  
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Let {Ja] be as in Theorem 4.1, and let 

a = 0 

By the IMS localization formula (see Chap. 3 of [3]), 

H=t JaHJa -L=t JaiH " L)J,. (5.1) 
a = 0 a=0 

By condition (5) of Theorem 4.1, 

L^CN^i^{\nNf\x\^'^R-\ 

For a > 0 , suppJ^c: {x||x^| ^(1 —2&)d\x\^}, and thus: 

Since usupp(VJJ c: {x| |xL ^ (1 - 2s)R}: 

JoLJo^C2N'/H\nNfR-^ {C2 = {1-2e)-'C) (5.3) 

Let Ha{N — 1,Z) be the (N — 1) electron Hamiltonian obtained by removing 
from H(N,Z) all terms involving x^, so: 

bfa 

Since H^iN- 1,Z)^E(N- 1,Z) and -A^^O, taking into account (5.2) and the 
support property of J^, we have that 

JaiH{N, Z) - L)J, ^ J,IE{N - 1, Z) + Ixj - ^d{Z, N, R^ J „ (5.4a) 

where 

d{Z,N,R)= -Z-c^N'/^{\nNfR-'+{l-2s)N. (5.4b) 

Rf^ has not been introduced up to now. 
By solving for a Bohr atom (and this is where the Pauli principle enters): 

ti-A,-Z\x,\-')^-c,Z'N'f\ 

SO since Ix̂  — x l̂ ^ 2i? on supp Jo• 

^ ( / / (A^ ,Z) -L)^ ^ Jo[-^3^^A^'^^-^2A^'^^(lnN)^/?"^+ii?"^A^(A^-l)]Jo-
(5.5) 

Choose R = N-^^\ Then, for AT ^ (1 - 3e)-^Z and large Z, d{Z,N,R) > 0 since 
i + f < l . Moreover, Jo{H{N,Z)-L)Jo^O^JoE(N-lZ)Jo since AT̂ /̂s 
dominats N"^ and N'^"''(lnNy and E{N-lZ)^0, 

Thus, 

H{H,Z)^E(N-IZ) 

if N^{l — 3s)~^Z and Z is large, i.e., for Z large 

N(Z)^ ( l -3e ) -^Z . 
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Since e is arbitrary: 

i imN(Z)/Z^l. 

It is well known (see [15,13]) that H{Z,Z) has bound states, i.e., that 
N{Z) ^ Z. D 

Remark. Without the PauH principle, Z^N^'^ becomes Ẑ AT, so one must take 
R^ = cN~'^, in which case the localization term N^'^{lnN)^R^^ in (5.4b) becomes 
uncontrollable. Our proof must, of course, fail without the PauH principle because 
of the result in [1]. 

6. Extensions 

Our result extends easily to accommodate arbitrary magnetic fields (the same for 
all electrons) and/or a finite nuclear mass. 

The exact form of the electron kinetic energy entered only in two places: in the 
IMS localization formula and in the positivity of — A, both of which hold in an 
arbitrary magnetic field. We also used the Bohr atom binding energy, but that 
only decreases in a magnetic field (i.e., — c^N^Z^^^ is a lower bound for all fields). 
Thus, we obtain a magnetic field independent bound N{Z) with 

iV(Z)/Z-^l as Z-^oo. 

As for finite nuclear mass, let XQ be the nuclear coordinate, and use J^ixj, — XQ) 
in place ofJaixi,). With this change, the nuclear coordinates pass through all proofs 
with essentially no change at all. 
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The nonrelativistic Schrodinger equation is supposed to yield a pairwise R~^ attractive interaction 
among atoms or molecules for large separation, R. Up to now this attraction has been investigated 
only in perturbation theory or else by invoking various assumptions and approximations. We show 
rigorously that the attraction is at least as strong as /? ~̂  for any shapes of the molecules, indepen­
dent of other features such as statistics or sign of charge of the particles. More precisely, we prove 
that two neutral molecules can always be oriented such that the ground-state energy of the combined 
system is less than the sum of the ground-state energies of the isolated molecules by a term —cR~^ 
provided R is larger than the sum of the diameters of the molecules. When several molecules are 
present, a pairwise bound of this kind is. derived. In short, we prove that in the quantum mechanics 
of Coulomb systems everything binds to everything else if the nuclear motion is neglected. 

I. INTRODUCTION 

Our purpose is to explore and to answer some elementa­
ry but fundamental questions about the binding of neutral 
atoms and molecules. To simplify matters, we shall use 
the infinite nuclear-mass approximation in which the nu­
clei are held fixed, but many of our mathematical con­
structions can, with additional work and appropriate 
changes, be carried over to the more realistic case of 
dynamic nuclei. In our fixed-nuclei approximation we do 
not assume that the nuclei are necessarily in the configu­
ration that minimizes the energy of the molecule. 

Consider two neutral molecules (or atoms) labeled a 
and 13, with respective diameters 2r" and 2r^, and whose 
centers are separated by a distance R^^>r^+r^. (The 
precise definition of r°, r^, and i?"^ will be given in Sec. 
III.) Let the ground-state energies of the isolated mole­
cules and of the combined system be e", e^, and eiR"^), 
respectively. The question we shall address is this: Is it 
possible to orient the nuclear coordinates at the two neu­
tral molecules with respect to each other (with R "^ fixed) 
so that after an appropriate readjustment of the electronic 
wave function 

eiR"^)< 

In particular, is there an upper bound of the van der 
Waals form 

eiR"^)<e''-\-e^-CiR''h-^ (1.2) 

for a constant C > 0 which depends on the intrinsic prop­
erties of the two molecules, but not on R "^ 

We shall prove, using a variational argument, that Eq. 
(1.2) is true; in other words, we prove that "everything 
binds to everything else" when the nuclear kinetic energy 
is neglected. First, several remarks are in order. 

(1) Equation (1.2), or even Eq. (1.1), implies binding in 
the fixed-nuclei approximation. When the nuclear kinetic 
energy is added, the uncertainty principle may destroy the 
binding, as is probably the case for He2. Thus we can 
only say that sufficiently heavy isotopes will always bind. 

(2) Density-functional theories (at least the ones known 
to us) fail to predict Eq. (1.2). Although a density func­
tional that predicts Eq. (1.2) exists in principle,''^ no one 
has actually constructed one. In Thomas-Fermi theory 
even Eq. (1.1) fails because Teller's theorem^ states that in 
Thomas-Fermi theory e{R"h>e"-\-e^ always. When 
gradient corrections are added, as in Thomas—Fermi—von 
Weizsacker theory, Eq. (1.1) holds^ when R"^^r"-{-r^ 
but Eq. (1.2) fails when i?"^»/'"4-r^. The reason for 
this failure of (local) density-functional theory (as ex­
plained in Refs. 2 and 3) is the following. 

The R~^ attraction comes from a dipole-dipole interac­
tion but (in the combined system) there is almost no static 
dipole moment in each molecule (if both molecules were 
free of static dipole moments in their ground states). The 
interaction energy of dipole moments d" and d^ on the 
respective molecules is proportional to —d"d^{R"h~^. 
Density-functional theory, since it deals only with single-
particle densities, can produce these only as static mo-

(1.1) ments and at an energy cost of yc"(f/")2+yc^(cf^)l 
Thus, when i?"^>(c"c^)^^^ the optimum choice is 
d"=d^=0 and there is no attraction. 

The true source of the R ~^ term in Eq. (1.2) is a corre­
lation effect between the electrons in molecule a and those 
in molecule (3. It is essential to think of electrons as parti­
cles and not as a simple fluid. In the language of quan­
tum mechanics the molecules make a virtual transition 
(simultaneously and not separately) to an excited state. 
The energy to create d" and d^ is then (from second-
order perturbation theory) proportional to {d^d^9. The 
minimum with respect to d°^ and d^ for fixed R^^ of 
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(c^«c?^)2-G^"J^(iJ«^)-3 is the required -{R"^)-\ Apart 
from the fact that quantum mechanics is needed in order 
to give meaning to the concept of the ground state, the ef­
fect is classical insofar as no interference effect is in­
volved. There is simply a coherence in the motion of the 
electrons in each molecule so that the (time) average 
dipole-dipole interaction is not zero even though the aver­
age dipole moment of each molecule is essentially zero. 

(3) When one studies the question of the additivity of 
the van der Waals forces between pairs of molecules the 
correlation effect appears even more strikingly. The 
Coulomb interaction correlates the dipole moments 
d" and d^ with the displacement R°^ between them 
in such a way as to give the directional factor 
_3(d«.R«^)(d^.R«^) + (d«-d^)|R«^|2 as function of 
direction its minimal value, - 2 | d " | | d^ | | R " ^ | ^ 
simultaneously -for all pairs. Thus the nonstatic dipole 
moments d" do not depend on the single molecules, but 
only on the pairs of molecules which interact with each 
other. As a consequence, our bounds on the effective in­
teraction potentials will add together like scalar potentials 
and not like dipole potentials. This does not, of course, 
imply that the true effective interaction potential has this 
property. 

(4) The analysis in remark (2) was based on the 
Coulomb potential, but presumably this is not essential. 
If the electron-electron interaction were r~^ instead of 
r~\we should expect the appropriate modification of Eq. 
(1.2) would have R '^P'"^ in place of R " ^ We shall not 
pursue this aspect of the problem, however, and will con­
fine our attention to the Coulomb potential. 

(5) It is not at all essential that the dynamic particles 
are electrons. They could be any mixture of bosons and 
fermions. Also, for example, matter and antimatter will 
bind in the infinite nuclear-mass approximation—which 
carries the physical implication that there is no quantum-
mechanical Coulomb barrier to the annihilation process. 
There are several variational calculations of the depen­
dence of the energy on the nuclear separation, but with 
different conclusions.'*"^ 

(6) No assumption is made about the spherical symme­
try of the two molecules and they could have permanent 
electric dipole or higher-pole moments in their ground 
states (but not monopole moments). Parity conservation 
does not preclude this since the nuclear coordinates are 
fixed. A feature of Eq. (1.2) is that it is independent of 
any assumption about the permanent moments; if any ex­
ist then the binding could be stronger, but not weaker 
than R " ^ 

(7) There is, of course, an enormous amount of litera­
ture about van der Waals forces (see, e.g., Refs. 7—9). In 
a certain sense our results are thus not new, but from 
another point of view they are new. The drawback to the 
usual theories is that they are always based on perturba­
tion theory in two ways: (i) One assumes that R is suffi­
ciently large so that the \/r Coulomb interaction can be 
expanded up to the dipole-dipole order, and all higher 
terms ignored. Although it can be shown that this expan­
sion is asymptotically exact,^^ we are usually not told how 
large this R has to be. (ii) One uses second-order quan­
tum perturbation theory—and this is usually calculated 

with some unverified assumptions about the excited-state 
molecular or atomic wave functions. Our point is that 
none of this is necessary. While we make no pretense to 
getting the correct constant C in Eq. (1.2), we do get a 
lower bound to the binding energy of the correct form 
(when R > r^ + r^) by a fairly simple and direct variation­
al argument. 

(8) Another point about the standard theory that needs 
to be addressed is the well-known effect of retardation 
discovered by Casimir and Polder'' and elaborated by 
Lifshitz.'^ The R "^ term in Eq. (1.2) is replaced by R "^ 
when R is "large." However, large means (Bohr 
radius)/(fme-structure constant) and this is huge com­
pared to r^-\-r^ (for molecules that are not too large). 
Thus, for distances of major interest for binding, it is 
physically correct to use the Schrodinger equation without 
retardation, and hence Eq. (1.2) is meaningful. For small 
Ry nuclear recoil effects may play a role (see Ref. 13). 

The calculation and notation in this paper will seem to 
the reader to be complex. Actually, the complexity is 
more apparent than real, and a few words about the stra­
tegy of our proof may be helpful. The implementation of 
the strategy will be given in detail later. 

We start with several small units (molecules) which we 
call clusters. There are ^ clusters and a=\,l, . . . ,'ia 
designates the cluster. The ground-state energy and wave 
function of each cluster is e° and ^o- A conveniently 
chosen point in each cluster, called the "center," is denot­
ed by R". The problem is to construct a variational trial 
function ^ (of all the variables in the system) whose ener­
gy is lower than 2 ^" by an amount constX 2 (^"^)~^-

Step 1: Apply a cutoff to each ^Q î ^ ^ large ball cen­
tered at R", in such a way that the balls are disjoint. By 
the variational principle the energy must increase, but 
since (f>o decays exponentially, this increase of the energy 
will only be by an amount proportional to ^expi—Ra), 
where /?« is the radius of the cutoff. The cutoff function 
is denoted by (f>". 

Step 2: Let ip^ = m- 2/"=! ^i^" where «" is the num­
ber of electrons in cluster a and | m | = 1. The trial func­
tion is given by 

H' - 2 > n (1.3) 
r ^^a,p) 

The kap are adjustable constants and the m^^ and n^^ are 
adjustable vectors. Since (V'm„ I0")=O, the normaliza­
tion {ip\ip) will be of the form 

1+ 2 >.a/3X const . 

However, (V* | H^) will have a cross term proportional to 
the Xap coming from the interc\\x?Xtv Coulomb potential. 
We should like (flHtf^) tobeof the form 

[ 2 a ^ " ] < V ' l V ' ) + 2 ^ a / 3 X C O n s t 

+ 2 W ^ ' ' ^ ) " ^ X c o n s t . 

Minimizing the ratio {tp\H\l))/{r^}\-^) with respect to 
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each Xap would then lead (more or less) to Xa^—iR"^) ^ 
and hence to 

^ < 2 e " - c o n s t X 2 ( ^ " ^ ) " ^ 
a a,P 

Step 3: Unfortunately, the intercluster Coulomb in­
teraction is not simply Xa^R^h~^. Its calculation is 
complicated by the fact that each cluster is not spherically 
symmetric. To avoid this difficulty and to get a rigorous 
bound to the k^^ term, we consider all spatial orientations 
of the clusters and orientations of the Ta^p and n^^ (which 
enters in the definition of tfj). By averaging over the 
orientations of the clusters and also averaging over certain 
selected orientations of the m^^ and iiap, a bound of the 
desired form is obtained. This implies that there exists 
some orientation of the clusters and the m's and n's so 
that (V' I Hxff) < (average over orientations) < ( 2 ^ " + van 
der Waals term) (^ | ^ ) . 

In any particular case, the wave function ^ which we 
construct is not the best possible one within the frame­
work of functions of the type (1.3). We use it because we 
are striving for simplicity and generality—not for good 
constants in the energy bound. 

II. THE GENERAL PROCEDURE 

First, some more notation is needed. There are ^ clus­
ters indexed by a, a=\,2,. . . ,^ and R"GK^ denotes 
the center of the cluster a. Xf, / = 1,2,. . . , M " are the 
coordinates of the nuclei in a relative to R". This is also 
denoted collectively by X". Similariy, Z"GN and Z " 
denote the charges of these nuclei. We suppose that all 
the nuclear coordinates X" are contained in a ball, B", of 
radius Ra>0, centered at R" and that the ^ balls are 
disjoint. In fact, we can define -Ra by 

Rr, = ' mm |R«^ | (2.1) 

with R"^=R" —R^. Later on we shall specify how large 
Ra must be in order that our bounds have a simple form. 

If only cluster a were present, it would have 
n " = 2 / ^ j " electrons to be neutral. The coordinates of 
these n" electrons (relative to R") are denoted by xf 
and collectively by x° . The wave functions we shall use 
will be sums of functions of the form 
^=f{x^)<f>Hx^) • •' (A^(x^) with 0«(x«) = O if any xj" is 
outside of B". Each <f>" satisfies the Pauli principle but 0 
does not. (The electron spins should be included but, 
since they play no essential role, we omit explicit reference 

to the spins for simplicity of notation.) However, if 0 is 
antisymmetrized no cross terms appear in (O | H^) or in 
(<I>|<E>> (because the B" are disjoint) which means that 
we can simply ignore the antisymmetrization of O. 
Therefore it makes sense in the full problem to continue 
to speak of n° electrons being associated with cluster a. 

Because of translation invariance, R" will not appear in 
the Hamiltonian H" of cluster a but only in the combina­
tion R"^=R° —R^ in the interaction between cluster a 
and cluster (3. In atomic units, jt=e =2me = l, and, in 
the above notation, H'^ is written as 

^"=2-A/,a+ 2 ixr-x?|-i 
/ = 1 i,k 

( l < i < J t < « « ) 

( = 1 ; = 1 

+ 2 z°znx°-x?|-
i,k 

(\<i<k<M°) 

(2.2) 

The interaction between two clusters again involves an 
electron-electron, an electron-nucleus, and a nucleus-
nucleus interaction, 

K « ^ = 2 | x « - x f + R « ^ i - ' - 2 | x r - X f + R ° ^ | - > Z f 
' . ; • ' . ; 

- 2 |xf-Xf+R«^|-^Z,?' 
' . ; • 

+ 2 I Xf -Xf+R«^ I - ^Ztzf . (2.3) 
U 

The total Hamiltonian consists of H^, the sum of the 
cluster Hamiltonians, and the interaction V between them 

if(X«,5"^)=i^°+F= 2 ^ ° + 2 ^"^- (2.4) 
a=l a,0 • 

( l < a < i 3 < < ^ ) 

To formalize the averaging procedure denote by .^°X^ 
a rotation of the coordinate X" around the center R° and 
by d3f°^ the normalized volume element (Haar measure) 
of the rotations. We denote H a ^ - ^ " ^y ^^' ^ ^ a t we 
shall show is that for some trial functions ip{X",m), 
which in addition to the nuclear coordinates also depend 
on some collection of polarization vectors, m, we have for 
sufficiently large | R°^ | , 

/^^2 (V'(^"I'",m) i if (^«Z°,5«^) I t/'(^«X«,m)> - "X",m) 
"€ 

2^°-
a = l 

- 2MI^"^I) 
a,^ 

a>P J 

< 0 , (2.5) 

where y„^(l?) = C,/( /?^+C2). We shall use the symbol 
2 m for an average over the polarization directions, whose 
precise nature will be given in Sec. VI. Since the average 

in (2.5) is negative, we reach the conclusion that there are 
some orientations such that the clusters attract each other 
at least as much as the van der Waals energy. 
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III. THE TRIAL FUNCTION 

For our results we require the clusters to be clearly 
separated. By this we mean that the wave functions 
should not overlap. This, of course, is not true for the 
ground-state wave functions which decay only exponen­
tially, but may be achieved by a slight adjustment of the 
wave function which will not cost too much energy. If <̂o 
is the (real-valued) ground-state wave function of H^, 

H-<t,^=ey^, (3.1) 

we shall use a function 

<^°(x«,X«)=(^g:(x«,X«)/(x«) , (3.2) 

where 

"a 

where Xis) is a smooth function which is 1 for 5 </?„ — 1 
and 0 for s >/?„, and such that \X'{s) \, \X"{s) \ < 4 for 
Ra — l<s <Ra and zero otherwise. For (f>" we have 

k = l 

(3.4) 

and, by some partial integrations, 

(0« | / /«<A")=^"+ 2 / ^ ^ " l ^ o l ' | V ^ / | ^ (3.5) 
k = l 

where we assumed (0° 10") = 1. 
The radius Ra was defined in (2.1) and it increases with 

increasing separation of the clusters. It will turn out that 
the error in the energy caused by replacing <f)o by (f>" de­
pends only on the single-particle electron density p"(x), 
defined in the usual way [see (5.2) but omit the spherical 
average J d^]. It is known that p"(x) decays exponen­
tially, which means that for some r" and c > 0 , 

p « ( x ) < e x p [ c ( r ° - | x | ) ] for l x | > r ° . 

We take r" as the definition of the cluster radius. The ad­
ditional terms in (3.4) and (3.5), which involve only the re­
gion Ra — l< \x I <Ra, will thus be exponentially small 
(as a function of /?„) when /{„ > r " + 1 . 

Next, we need a wave function that describes a polar­
ized cluster and there are many choices possible. We 
found the most convenient form to be 

V'm = m- 2 V^0°, m G R ^ | m | = l , 
k = \ 

(3.6) 

It is easily seen to be orthogonal to (f>", 

<^ml0">=O, (3.7) 

and its norm is the expectation value of the square of the 
total momentum of all electrons in cluster a in the direc­
tion of m, 

a |2 

{r^irj^Jdx" • 2 nr 
k = \ 

This quantity still depends on the direction m. However, 
in our results only the scalar product averaged over 
rotations of the nuclear coordinates will appear and 

is independent of m. At the end of the paper we shall col­
lect simple estimates for the various constants such as T^ 
which will enter our result. For now we go on to exhibit 
the trial function iff for the total system (the products are 
always in the sense of tensor products) 

a=\ a,P 
{\<a<P<,'^) 

K0f>'• - - r-'r..r 

xv^„/ ,15+1. 

^^+ 2 \ 
a,p 

(a<p) 

apW (3.9) 

(3.8) 

Here ^a^GR and map,nap^S^ are variational parameters 
to be chosen later. Notice that the polarization vectors m 
and n of the clusters depend on the pair of clusters a and 
p. Because of the orthogonality (3.7) there are no terms 
linear in the )Cs in the norm of ^, 

< l̂tA) = l+ 2 >ip\\rn.J?\\^nJ\^- (3.10) 
(a<P) 

IV. THE EXPECTATION VALUE OF H^ 

In calculating (^ | H'^if)) we first note that the term in­
dependent of X is almost e" except for the exponentially 
decreasing contribution in (3.5), 

k = \ 

(4.1) 

where the boundary term 6° will be less than 
c exp( —Ra)- The orthogonality (3.7) makes the contribu­
tions which are linear in k vanish, 

= {r\H^rn.J{<f>^\^nJ=0. (4.2) 

The terms quadratic in k require some rearrangement be­
cause we want to compare {^\H | ^ ) with | |V'll^2o^" 
and not just with 2 a ̂ "' which we get from (4.1). To 
achieve this we use the following identity, where we 
momentarily abbreviate 2 / [ l i ™'^* ^V ^^— — (^")*> 

= - | < < ^ « | [ P ° , [ f f V ] ] + / f V ) 2 + (P«)2^«|0°> 

X | | < , | P . (4.3) 

Using (3.4), - ^ ° (P° )2 - (P« )2 / f« indeed yields e"||V'"^||^ 

116 



Universal Nature of van der Waals Forces for Coulomb Systems 

44 ELLIOTT H. LIEB AND WALTER E. THIRRING 34 

and some boundary terms, which we call b", and which A further simplification of the expectation value of this 
are also exponentially decreasing. As regards the double expression results if we carry out the integrations 
commutator, we first see from (2.2) that the only term in / d^" f d^^. The integration / d^^ makes | |^f 11̂  
H" that is not invariant under a common displacement of independent of n^p and f d^"" makes the expectation 
all electrons is the electron-nucleus attraction value of (4.5) independent of m„^. The reason is that 

after rotating the nuclei there is no distinguished direction 
rpa jja-i = _ y m • v"Z" I x° — X" I ~^ (4 4) ^̂ ^̂* ^̂ "̂ ^ ̂ ^̂  result is independent of m^ ,̂ we may free-

^. °P >" J ^ J ' ' ly average over three orthogonal directions of m^^ and 
thus replace — (m-V")^ by — yA^ which just gives 

[P",[P",H'']] = - 2 (m«^-V°)^Z/ I xt-Xj I -^ . (4.5) (47r/3)8(x?-Xp in (4.5). Upon collecting the contribu-
kj tions we end up with 

f d^"" J d^Hr^\H"\r^)=e"\\r^\\^+ ̂?+^2<^"|z;5(x?-xj)|(^«> 7^ 

= e«| |r^| |2 + (6? + e«)T^ (4.6) 

where Q" is 2ir/3 times the sum of the electron densities at the nuclei in cluster a. 

V. THE EXPECTATION VALUE OF V 

For the evaluation of {\f;\V \tp} v^e shall heavily use Newton's theorem according to which the potential of a spheri­
cally symmetric charge distribution with net charge zero vanishes outside the support of this charge distribution. This 
theorem makes the < 0 | F | 4>) term vanish upon rotation of the nuclei because it becomes the electrostatic interaction 
between two nonoverlapping spherical charge distributions of net charge zero. To demonstrate this formally we note 
that 

/ d^{^{x,^X) I V{x,^X) I <i>{x,^X)} 
is a sum of terms 

/ ^ ^ ° / tf^^<(^°(x«,^«^«)(^^(^^,^^X^) I F«^(x«,x^,^'^Z°,^^^^,R«^) I <^°(x°,^«X°)(^^(^^,^^X^)> . (5.1) 

They involve only the one-electron density which upon integrating over ^ becomes spherically symmetric (around the 
center R") since 0«(x«,.^°X«) = (^"((.^")-'^«,Z°). The one-electron density is 

/o«(x?) = «" / c?^° f dx^" f dx^a I «^"(x?,x?,. . . ,x«„,^°X«) I 2 . (5.2) 

For I X I < / ? ° - l , we havep"(x) = [ H - C e x p ( - i ? „ ) K ( x ) for some C>0, where pg:(x) is the "true" electron density cal­
culated with (f>o. 

With the averaged nuclear charge 

««( I X I )= / d^"" 2 5(x-.^°xy) , (5.3) 
; = i 

and similar definitions for cluster p, (5.1) becomes 

/ r f x / j y [ p « ( x ) - « ° ( x ) ] [ p ^ ( y ) - n ^ ( y ) ] | x - y + R ° ^ | - ' = 0 . (5.4) 

In the terms proportional to k we have the factor (^"P"(^"=yP°(0")2. After partial integration, the gradient acts on 
the potential, and thus we obtain the dipole-dipole interaction directly: 

/ rf^" / d^^{<f>'''<f>^ I F°^ I V".^^) 

= f d^'' f d^^ f dx'' f dx^i 2 ^ap-^^f I <^"(^«,^"X«) 12 2 n„p-Vf I (f>^{x^,^^X^) I ^V{x",x^^"X^^^X^R"^) 

= i fdxf c?yp«(x)/(y)(m^.p-V,)(n„^-Vy) | x - y + R°^ | "' 

= |«°«^[3(m„^-R°^)(n„^-R°^)-(m,^-n„^) i R°^| Ĵ | R°^| "^ . (5.5) 
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Newton's theorem has been used again in order to per­
form the dx and dy integrations. The contribution 
(^^ap I yap | ̂ a^) jg analogous to the term <(̂  | F«^ | 0 ) ex­
cept that the one-electron density is now calculated with 
t/'°=m- 2^=1 ;̂<^" instead of (̂ ". If we call this density 
/Om(x). it will not be spherically symmetric, but 
p^in(^x)=pm(x). Since it is quadratic in m it must be of 
the form | m 12/,( | x | ) + (m-x)V2( I x | ). Adding in the 
averaged charge of the nuclei will give a charge distribu­
tion Q{x) with no net charge, and no dipole moment 
since Q{x) = Q{—x). However, it may have a quadrupole 
moment and we may pick up a term 

of unknown sign. 

VI. CHOICE OF THE POLARIZATION 
DIRECTIONS 

(5.6) 

two directions completing the orthogonal basis. Then 
average the polarizations over the following nine pairs of 
vectors: ^ 

1 
0 
0 

, 
1 

0 
0 

; 
1 
0 
0 

, 
0 

- 1 
0 

; 
1 
0 

O j 

, 
0 
0 

- 1 

0 
1 
0 

1 
0 
0 

0 
1 
0 

0 
- 1 
0 

0 
1 
0 

0 
0 

- 1 

0 
0 

1 
, 

1 
0 
0 

; 
0 
0 

1 
, 

0 

- 1 
0 

; 
0 
0 
1 

, 
0 
0 

- 1 

Our goal is to make the term proportional to X, which 
will be negative for a suitable choice of X, as big as possi­
ble while the term proportional to X^ should be kept 
small. Only (5.5) contributes linearly in X and its maxi­
mal value 2n"n^|R"^| ~^ is reached if we choose m^^ 
and Hap in the direction of R" .̂ However, this leaves us 
with the quadrupole term (5.6). We can get rid of the 
latter if we average over viap and HQ^ in the following 
way. Let 

0 

0 

be the unit vector in the direction of R"^ and 

0 
1 
0 

0 
0 
1 

In this way the quadrupole term (5.6) vanishes since Q{x) 
becomes spherically symmetric. On the other hand (5.5) 
averages to \n^n^\ R°^ | ~ l Since X will be proportional 
to R~^ the quadrupole term (5.6) will contribute to the 
order R~^^ and the first choice (i.e., no averaging) will 
give a better estimate for large R. On the other hand, for 
smaller distances averaging may be better, as (5.6) is not 
easy to estimate accurately. 

VIL CHOICE OF THE >.„p 

So far we have evaluated expressions such as 
<V'«^|F°'^|V""^'> where all three index pairs (a^S), 
(a'/S'), and {a"l3") are equal. The orthogonality (3.7) in­
sures that terms in which they are not equal vanish. Simi­
larly (tl;''^\m\jf;'''^) is not zero only if {al3) = {a'/3') and 
y is either a or (3. Thus collecting our results we arrive at 

^fd^{tfj\H\il;)=^fd^ 2 Kim'+^bU^T 2 X,pn-n^\K-^\-' 
a=l ^ > a,p 

( l < a < ^ < ' i ? ) 

+ 2 ^a/3[(^2+e")T^+(^? + e )̂T"] 

( l < a < i S < ' ^ ) 

(7.1) 

To get an upper bound for the energy we have to extract a factor | |^ | |^=1+ 2a<^^a^a'''/3 ^oni the term in large 
square brackets. The minimization with respect to the .̂̂ '̂s then leads to a coupled system of cubic equations which 
cannot be solved analytically. For our purpose, however, it is sufficient to minimize the last two terms by putting 

Xap=-i^n^n^\R''^\-\{Q"-\-b^)7^-^{Q^-\-bi)T"]-' . 

By extracting 

I \tl;\ |2= 1 + - 1 - 2 (7l«n^)VT^ I R„^ I -6[(g« + 6° )T^+(Q^+6f )T«]-2 , 

(18) 

we obtain 

(7.2) 
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^fd^{rl,\H\xl;)='2fdmm' 
a=l 

- 2 (««n^)2 

(l<a</S<^) 

|R«^|'+ 2 
(«^n^)VrP 

(.l<ar<p<'if) 

{W'-[iQ''-{-b^)'r^-hiQP+bp2)7^] 

(7.3) 

Taking nia^ and n^^ in the direction of R"^ would change 
the factor (18)^ into 4^ and add c " ^ | R " ^ | - 5 to 

VIIL SOME ESTIMATES 

Our result (7.3) contains two parameters, the squared 
center-of-mass momentum r, and Q, the density of the 
electrons at the nuclei. For the former we have the trivial 
estimate (where T" is the kinetic energy in the ground 
state) I a I 

T " < / i « ( r - 2 A d ( ^ « \ = « « r ° . (8.1) 

From the stability of matter one knows that for states of 
negative energy the kinetic energy is bounded by n",^'^ so 
that r"<c(n")^. We conjecture that actually T " < r ° . 
Similarly, for the Q" the bound from Ref. 15 for the 
atomic case can be extended to the molecular case to give 

Q''<jl^(r\zr\x^-xn-'\<i ̂ > (8.2) 

Using the fact that | x | ~^< - 4 A , the right side of (8.2) 
can be bounded by the kinetic energy. Again, keeping 
maXayjZ"! fixed, we get a bound proportional to (n°)^, 
whereas we conjecture it should be proportional to «°. 
From the proven bounds the coefficient in front of the 
large parentheses in (7.3) becomes independent of the «". 
For the conjectured bounds it would be proportional to 
n"«^, thereby indicating a linearity of the van der Waals 
forces with respect to the electron number in each cluster. 

If one calculates our constants r and Q for a hydrogen 

atom one gets a constant in front of R~^ which is about 
an order of magnitude below the known constant for the 
van der Waals force between two hydrogen atoms. The 
reason is that our way of generating polarization by a rig­
id shift is a rather brutal act. In particular, shifting the 
electrons near the nucleus is energetically costly; it is 
much better to adjust only the outer parts of the electron 
cloud. The best way to do this will depend on the exact 
shape of the cluster, and a simple, general bound which is 
numerically good in all cases seems to be beyond reach. 
Our result shows that irrespective of these details one can 
always get some R~^ attraction by a rigid shift. 

It will be noted that the factor in large parentheses in 
(7.3) contains a constant term, 2 * iri addition to | R"^ | .̂ 
While this term is asymptotically negligible for large 
I R"^ I, it unfortunately grows with ^ . Our result is 

therefore useless if ^ is very large, e.g., in a crystal where 
'i^~10^^. To circumvent this difficulty a better trial 
function ^ is needed. We believe that the following 
choice is adequate, but we have not actually pursued the 
matter: Define the "operator" D"^ by D"^(f>"(f)^ 
= V'«/,Z)«^<^«i/'^=Z)«^t/'«<^^=i)«^t/'«V^=0. Then a 
natural generalization of (3.9) is 

^= n (i+A«^"^)n<^"(^",x«). 
a,p a=l 
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The density of electrons on a distance scale 1/Z near the nucleus of a large atom with nuclear charge Ze is 
given (asymptotically as Z—•<») by the sum of the squares of all the hydrogenic bound-state functions (with 
nuclear charge Ze). This density function, which is an important limiting function in quantum chemistry, is 
investigated here in detail. Several analytic results are found: In particular, the asymptotic expansion for large 
r is derived and it is shown that the function falls off as r~^'^ for large r; this behavior coincides with the 
Thomas-Fermi density for small r. "Shell structure" is visible, but barely so. 

PACS number(s): 31.10.+Z, 31.15.An, 31.15.Ew 

L INTRODUCTION AND BASIC DEFINITIONS 

In attempting to understand the ground state of an atom 
(for the nonrelativistic Schrodinger equation with an infi­
nitely massive fixed nucleus) it is useful to explore the prop­
erties of this ground state as the nuclear charge Ze tends to 
infinity. In this study a function of fundamental importance 
arises, and it is our purpose here to explore its properties. 
That function is the sum of the squares of all the bound-state 
eigenfunctions of the hydrogen atom. 

The Schrodinger Hamiltonian for an atom with Â  elec­
trons is 

2 N N 

H,,z=-j-I.^-Ze'I.M-' 

+ ê  
l^i<j^N 

(1.1) 

Here - e and m are, respectively, the charge and mass of an 
electron; the J:,'S are the electron coordinates and A is the 
three-dimensional Laplacian. The first operator in (1.1) is the 
kinetic energy, the second is the attraction of the electrons to 
the nucleus (located at the origin in R^), and the third term is 
the electron-electron repulsion. 

The ground-state energy Ei^z is defined to be 

^Ar.z=inf<^I^A^.zl^)> (1.2) 

where the infimum is taken over all functions 
(//(xi, . . . ,jc„ ;o"i, . . . ,(rf^) of N space and spin variables 
(A:,,cr,) that are normalized, i.e., 

r 
C7j = l ^ A ^ = l J 

Xdhi---d^x„=\, 

1050-2947/95/52(5)/3628(16)/$06.00 

(1.3) 

52 

and that are antisymmetric [i.e., i// changes sign if (Xj ,(Ti) is 
interchanged with (Xj,o'j) for any ii'j]. For any normalized 
ij/ (not necessarily a ground state ^) , there is the single par­
ticle density p^ defined by 

P^{x) = N^ • • • 2 \ \ilf{x,X2, ...,Xfj',ai (Tf^)\^ 

Xd^X2---d^XN, (1.4) 

which satisfies 

I P4x)d\ 'x=N. (1.5) 

Note that because of the antisymmetry of i// it does not mat­
ter which Xj is set equal to x in (1.4). 

If N^Z, then [1] there is at least one square integrable 
t// that actually minimizes the right-hand side of (1.2). Such a 
^̂  is a ground state and satisfies Schrodinger's equation 

HN,z^=Ef^^z^. (1.6) 

Of course a ground state might exist when N>Z (i.e., for a 
negative ion), but it is not known how large Â  can be (see [2] 
for a review). In particular it is known [2] that Â  must satisfy 
N<2Z+ 1 and [3] that as Z—>oo the maximum Â  satisfies 
A^/Z-^1. In fact [4], |A^/Z-l|<Z-^'^. 

Our goal here is to study p^{x) for a ground state ij/ when 
Z is large. To be precise, fix some number \ with 
0 < X ^ 1, let Â  take the values A =̂ 1,2,3, . . . , and for each 
Â  let Z;v be defined by XZf^=N. For each integer Â  let 
^;v,z be ^ ground state and let pi^z be given by (1.4) with 
i// replaced by ^yv.z. Of course i/zi^z (and hence pf^z) ^^V 
not be unique, but nevertheless the following is true [5,6], for 
any choice of the 11/^^5: As Â  and Z tend to infinity, with 
N=\Zf^ and with \ fixed 

Z]^^p^,ziZ^'''x)^pY{x) (1.7) 

3628 © 1995 The American Physical Society 
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Here pY is the Thomas-Fermi (TF) density. It is the unique 
non-negative function that minimizes the TF energy func­
tional for a unit nuclear charge, 

+ r / / pMp(.y) 
\x-y\ 

under the condition that 

p{x)dh = \. 

d\ d^y, (1.8) 

(1.9) 

The unique minimizing pY(x) is the unique solution to the 
TF equation 

EN,z=Z''^^E'^M + Z^/4 + i\oweroTdcTtenns). (1.15) 

The second term Z^/4 is the correction predicted by Scott 
[7], which has been proved to be correct by Siedentop and 
Weikard [8,9] and Hughes [10]. It is important to note that 
this second term is independent of\ and is therefore consis­
tent with the view that as long as Â  is of the order Z (i.e., 
\ > 0 ) the innermost shells are always totally filled and the 
contributions of these shells (of radius of order Z~^) to the 
energy and density are not affected by the bulk of the elec­
trons, which are much farther out at a radius of order 

How many electrons are in the inner shells? Thomas-
Fermi theory would predict [from (1.7) and (1.10)] that when 
|A:|<^Z~^^3andA^=\Z 

2m {^^')^\pYi^)f 

-\\^\9Yiy)d^y-^\ (1.10) 

where [r]+ equals t if t>0 and 0 if /^O. In (1.10), fx is the 
chemical potential [given by —dE^{\)ld\] and E^{\) is 
the TF energy given by 

E^W^^-^ip^). (1.11) 

The convergence as Â —»-oo in (1.7) occurs in several 
senses. First, there is the energy convergence 

Z-'"^Ef^^2-^E'^{\) as A -̂ (1.12) 

where N/\ = Z as before. This means that TF theory exactly 
gives the leading term in the ground-state energy. Second, 
ZN^PN,Z(^~^'^X) converges to PYM in the following sense 
as N-^oo: 

jjLZ^^PN,z(Z-'"x)-pYix)]d'x-^0 (1.13) 

for any measurable set A in R .̂ Note that for each Â  

I z;Vz(Z;;;''Mci^^=£=x=|pr '^ix)dh (1.14) 

which means that the TF density correctly accounts for all of 
the electrons. Equation (1.13) implies that "most of the elec­
trons" in a large atom are at a distance of order Z~ ^'^ (or 
N~ ^'^) from the nucleus. Thus, in one sense at least, a large 
atom has a smaller radius than a small atom. This radius 
Z" ̂ '•^ answers the question, where are most of the electrons, 
but it is not the chemical radius, which can be defined as the 
radius beyond which there is one electron. This chemical 
radius is presumably of the order unity (i.e., independent of 
Â ), but no one has succeeded in proving this so far. 

There is, however, another important radius, namely, 
Z" *. This is the radius of the innermost, or /T-shell, elec­
trons. Quantum effects at this inner radius give rise to the 
next correction to the ground-state energy, i.e., 

P;,.z(^)-(2mM2)3/2(3^2)-i(2:/|;c|)3^. (1.16) 

Note that this form, (1.16), depends only on Z and not on N 
and therefore is consistent with the remark in the preceding 
paragraph. When |A: |««Z~\ then (1.16) predicts that 
Pf^zM^Z^, which is reasonable, but as \x\-^0 the right-
hand side of (1.16) tends to infinity and this cannot be a 
correct conclusion. In other words, the TF prediction (1.16) 
has to be modified for |;c| of the order Z"' or smaller and it 
is this modification that ultimately leads to the Scott correc­
tion to the energy Z^/4. 

There was a conjecture [6] about the appropriate correc­
tions to (1.16) when |J:| is small. This is the strengthened 
form of the Scott correction and recendy it has been proved 
[11]. The purpose of this paper is to try to elucidate the 
consequences of the strengthened form of the Scott correc­
tion, which is the following. For distances that are small 
compared to the Thomas-Fermi scale Z~^'^, the density 
PN(X) is given for large Â  and Z by 

pN,zix)'^Pzix), (1.17) 

where p | is the density in an infinite "Bohr atom" of nuclear 
charge Z, which depends on Z, but not on Â . By this we 
mean the density in an atom with infinitely many electrons in 
which the electron-electron repulsion [i.e., the third term in 
(1.1) is omitted]. The precise statement of (1.17) is given in 
(1.21) below. This density pf can be calculated explicitly 
and we do so in the following. While the formal definition of 
Pz is easy to obtain, the actual elucidation of the properties 
of this function, which is the purpose of this paper, turns out 
to be surprisingly difficult. 

A. Definition of the hydrogenic density 

Let tJ/nimMf with X in R ,̂ denote the normalized bound-
state Bohr orbitals of a hydrogen atom (with unit nuclear 
charge) and in atomic units in which h^/m= 1 and e=l, i.e., 
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- 2 ^ ' W . 
(1.18) ^:u)=2(„_.)jr(-)^-

Here n is the principal quantum number, / is the angular j h e summation on m in (1.19) can be done easily: 
momentum, and m is the azimuthal quantum number. The 
energy is el = - 1 / ( 2 " ' ) - T h e n 

p " ( ; c ) = E S S \l/fn,n:{x)\ 

S \Yije,<f>)\'=:^i2i+\) ; 

1 / = 0 m = -l 
(1.19) 

therefore 

is the sum of the square of all these bound-state eigenfunc-
tions. This sum, as will be seen later, is finite for all x. Note p"(/-)=T-:2 S {2l+l)[R„,{rfl 

ATT „ = I i = o 
also that, since we sum on m in (L19), p^{x) is a function 
only of the radius \x\ = r. We shall abuse notation by writing The simplest case of /?„/ is / = n - 1 , where 
p^{r) instead of p"(:«:). 

The relation between pf and p " is R,^„.,{r) = 2n-\{2n-\)\r"\2rlnY-'e-

(1.27) 

(1.28) 

(1.29) 

(1.30) 

in which the factor 2 arises from the two spin states of the 
electron. The precise statement of (1.17) is that as Â  and Z 
tend to infinity with NIZ-\, 

Ze^mY IZe^m \ which is easily seen to satisfy the normalization condition 
Pz(^) = 2 | - ^ 1 - | p " ( - p - - ^ ) , (1.20) (1.26) and the Schrodinger equation (1.18) with 

,= l/(2/i2). 

IL ANALYTIC PROPERTIES OF THE HYDROGENIC 
DENSITY p " 

A. Large distance asymptotics 

(1.21) 
The function p\x) is a fixed function, but the right-hand 

side of (1.20) defines a function that has a scale length Z~^ 
in two senses. One is the three-dimensional integral sense as and a typical amplitude Z^. The Thomas-Fermi prediction 
in (1.13). The second and stronger sense is pointwise (with (1.7), namely, Z^p^iZ^'^x), is a function with scale length 
respect to radius) on spheres: If S/? is a sphere of radius R>0 Z~^'^ and a typical amplitude Z^. Since the strong form of 
centered at the origin and if A is any (two-dimensional) mea- the Scott correction is correct these two functions must come 
surable subset of S^, then the (two-dimensional) integral together smoothly. This means that the large distance behav-
over A of the left-hand side of (1.21) converges to zero. This ior of p^(x) must coincide with the short distance behavior 

Z^re^m 
PNA-^—T-x\-2p''ix)-0 

Z^e^m ' 

is proved in [11]. 

B. Definition of i/r„,„ 

In polar coordinates x = r (sin^cos<^, sin^sin^, cos^), 

ilf„,Jx) = R„i{r)Yi^{e,cf>). (1.22) 

Here Yi,„ is a normalized spherical harmonic 

of p^(jc), which is given by (1.16) with h/m = Z=l. This is 
indeed true. 

Theorem 1 (large distance behavior of p"). As r-^^, 
p^{r) has the asymptotic expansion 

p'^ir)-
1 

W 
2 a,(8r)-^-sin(V327)2 b^rY 

. . . 
Jo Jo 

Yi„{e.<f))\'^ sine ded(i>=\. (1.23) 

The radial function is 

RM)=^N„i{2rlnye-'"'Ll 

.2 = ..-^(!lZL2A 

The normalization constant Â „/ is given by 

{N„iy = 4n-

and is chosen so that 

[ \ , ( r)VJr=l . 

(1.24) 

(1.25) 

(1.26) 

The function L'" is the Laguerre polynomial (see [12], Sec, 
10.12) 

-^cos(V327)2 Cj{Sr)-J-^'^ 

The first few coefficients are 

^ 0 = 2 / 3 , ai = - l / 1 2 , ^2 = 79/960, 

^1 = 3/2, ^?2=-140 589/11 200, 

c i = 141/40, C 2 = - 2 028 627/44 800. 

In particular, 

p"(r) = 2^/2(3^2)-l^-3/2+^(^-5/2)^ 

which is equivalent to 

Wmr^'^p^{r) = \im r^'^pYir) 

for eachO<\^\. 

(2.1) 

(2.2) 

(2.3) 
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Equation (2.3) is thus consistent with (1.16), (1.17), 
(1.20), and (1.21). The truth of Eq. (2.3) is motivated by the 
physical considerations at the beginning of this section. In 
Appendix F we derive the asymptotic expansion, the coeffi­
cients of which can, in principle, be calculated to arbitrarily 
high order. 

Two important facts should be noted about this theorem. 
The first is that the oscillations of p^(r) (which is often 
called the "shell structure") are quite small. They hardly 
leap to the eye in the graph of p^(r) (Fig. 1). The second 
fact is that the period of the oscillations (as a function of 
Vr, not r) is 27r/\/32= 1.11. This is what one would expect 
from the fact that the average potential energy - l/r for prin­
ciple quantum number n is2e„ = n~^. The fact that yr does 
not peak at n but rather at slightly larger value l.Un is 
consistent with Holder's inequality applied to expectation 
values ( )„ at the nth level; this inequality is, in general. 
( r ' ^ ) (r'^y^^^l. What is a bit unexpected is that the in­
crease (from 1 to 1.11) is independent of n (see Fig. 3). The 
following is needed for the proof of Theorem 1. 

Lemma 1 (first integral representation). 

p"(r) = 7r-2(2r)-3/2 f*;ce-^0(;c) \wix,e) 
Jo Jo 

XJ^i2(f>{x)[2r w{x,d)y'^)de dx, (2.4) 

where Jy is a Bessel function and 

(i>{x)^[xl{\-e-')f'^ (2.5) 

and 

w{x,e)=\+e~''-2e~^'^cose. (2.6) 

Part of the proof of Lemma 1, which is given in Appendix B, 
rests on the fact that we are able to do the sum on / in (1.29) 
in closed form as follows. 

Lemma 2 (the sum on a row). For all complex numbers 
z 

SM := S ( 2 / + l ) ^ ^ ^ ; ^ z ^ U ^ ^ ^ ^ ^ ^ ^ (2.7) 

p " ( 0 = - 2 n-'^e-^'''"S„{2r/n), (2.10) 

P " ( ' ' ) = - E n-'e-2'-/"[nLi_i(2r/n)2-h/iLi_2(2r/n)2 

+ 2 ( r /« -n )L i_ i (2 r /n )L i_2(2 r /n ) ] 

and 

— p"(r) = - - 2 n "e 
ar TT n=\ 

(2.11) 

(2.12) 

which shows that p^{r) is monotonically decreasing in r and 
hence that p\r) is finite for all r and achieves its maximum 
a t r = 0 : 

p " ( r ) ^ p " ( 0 ) = - 2 n-3=-0.383. (2.13) 

Lemma 2 will be proved in Appendix A. It will be useful for 
us to recast Lemma 1 in the following form, which will be 
proved in Appendix C. 

Lemma 3 (second integral representation). The density 
p^ can be written as 

T^ \2r) Jo Jtl>3iy) 

Hy'-<f>iixyr"\4>2ix)-y']-"^ X dx dy, 
(2.14) 

where 

<f>i{x) = [x tanhix/4)y^\ 

<f>2{x) = [x coth(x/4)y'^, 

Ux) = 

satisfies Uy)= 

2 sinh(jc/2)' 

0 if 0^y^2 

ilf2{y) if 2^y, 

(2.15) 

(2.16) 

(2.17) 

m = 0 

= n[Ll.,iz)]' + n[LUiz)? 

+ (2-2n)L;_i(z)Ljl_2(z). (2.8) 

and where tpi and ipi are the inverse functions of <^i and 
(f>2, e.g., tlfi(y)=x wheny = (f>i{x), /=1,2. 

The second integral representation brings us to the follow­
ing problem, which can be stated generally as follows. Find 
an asymptotic expansion, for large x, of integrals of Bessel 
functions of the form 

Moreover, 
JAxt)f{t)dt. (2.18) 

- e - 5 „ ( z ) = - e - ^ [ L i _ i ( z ) f , (2.9) 

which implies that e'^-Snil) is monotonically decreasing in z 
for real z. 

Using the definitions (1.24) and (1.29) we have 

We formulate our results as two lemmas, which are proved in 
Appendix D and E, respectively, and we emphasize that our 
proofs are an adaptation of Giver's general method [13]. 

Lemma 4 [asymptotics of (2.18) with a=0] . Let f(t) 
have the expansion 
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/(r)-»r'^-''-^2; « / . M>0 (2.19) 
; = 0 

in the limit t—^0 + , valid in the sense that (2.19) represents 
both fit) and all its derivatives /"-*(r) asymptotically cor­
rectly in the limit r—>0 + . Assume further that f(t) is con­
tinuously differentiable infinitely many times in the open in­
terval 0<t<b and that all the limits 

\imf"Kt)=: f"\b), n = 0,l,2, . . . (2.20) 

exist and are finite. Then we have the asymptotic expansion 
forx^ + ̂  

l'j.(xt)f{t)dt==^ ^;,v-M-;2M+;--i 

Jo 7 = 0 

xT({/j,+j)n)/T(v+i-i/jL+jy2) 

+ G+{\,b-,x), (2.21) 

where 

G.(X,M)= - S x-'-''-"''b-'-"^ 

Xcos xb-\v-\-s±k+: 
l \ IT 

2 2 

.^J{s-l+\) 
I 

ris-j+{)Tiv+i+^) 

^ Til+^)\T{v-l+^) 
(2.22) 

Lemma 5 [asymptotics of (2.18) with a>0]. Let f(t) 
have the expansion 

/ (0^2 aj{t-ay^^-\ \>0 (2.23) 
j = 0 

in the limit t-^a + , valid in the sense that (2.23) represents 
both f(t) and all its derivatives asymptotically correctly in 
the limit r—̂ a + . Assume further that f(t) is continuously 
differentiable infinitely many times in the open interval 
a<t<b and that all the limits 

\imf^"\t)=: f"\b), n = 0,l,2, . . . (2.24) 
tlb 

exists and are finite. Then we have the asymptotic expansion 
for x-^ + ^ 

J^,{xt)f{t)dt = G-{\,a + ,x) + G+{hb-,x), (2.25) 

where the functions G± are given by Eq. (2.22). 
If a and b are interchanged {i.e., b<a), then the condition 

in the limit t-^a— becomes 

fit)'^^ {-\yaj{a-ty^^-\ \ > 0 (2.26) 
7 = 0 

and the result becomes 

jJ^ixt)f{t)dt=GM,b + ,x) + GAKa-,x) (2.27) 

If we take the limit b—^^ in (2.25), we get the asymptotic 
expansion 

//•'' {xt)f{t)dt = G.{\,a + ,x) (2.28) 

/or J:—> + oo, provided f(t) is continuously differentiable in­
finitely many times in the open inten'al a<t<'^ and Eq. 
(2.23) still holds in the limit t^^a + , while the requirements 
in the limit t—* + ̂  are absolute integrability off(t) and 

\imt-^'Y"\t) = 0, n= 1,2, . . . . (2.29) 

We conclude with a heuristic derivation of the origin of the 
oscillatory terms in Theorem 2.1. 

B. Large n asymptotics of S„(r) 

According to (2.9) the function of interest is 

WM = e-''^Ll_,{z) (2.30) 

(but recall that we are interested in this for z — 2rln). Ac­
cording to Erdelyi et al. [12], there is an asymptotic formula 
due to Tricomi that is useful for numerical computations: 

W„{z) = n^'h-^'^^ AJz/4nr'^J„^,{>j4^), (2.31) 

/n = 0 

in which J^+i is a Bessel function and 

A o = l , Ai = 0, A2=1, 

A^=A^_2- (2 / i /m)A^_3 . m>2. (2.32) 

This series is vaHd for z< const Xn^'^. 
The Bessel functions J„+i(x) are oscillatory for large x 

with period 277 and it is this oscillation that gives rise to the 
oscillation shown in Theorem 1. For large n and fixed 
z>0, we have from (2.31) that [Fejer's formula, see [12], 
Eq. (10.15.1)] 

W„{z) = TT-^^h'^V^"^ cos[2inzy'^-37T/4] + Oin-^^"^). 
(2.33) 

By substituting z = 2r/n in (2.31) and then squaring W„ 
(which halves the period) we would £onclude that the cor­
rection term in p^ir) has period TT/V'S (in yfr), as given in 
Theorem 1. This argument requires additional justification, 
however, for the following reason. We require W„(2r/n) for 
n of the order yfr, which is much smaller than r when r is 
large. This means ihatz = 2r/n is not always small and there­
fore the asymptotic formula (2.31) is not necessarily valid in 
the region of interest. Nevertheless, the conclusion just stated 
is correct. The oscillation period in \'r is indeed as 
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FIG. 1. p^(r) as a function of r. Also shown (dashed curve) is 
the Thomas-Fermi asymptotic expression 2''^(3'7r^)~'r~^'^. 

(2.31) would seem to imply, but we do not assert that the 
amplitudes A ̂  are the correct ones. The correct formula is in 
Theorem 1. 

III. SUMMARY OF RESULTS 

We have analyzed the function p^ir), which is the sum of 
the squares of the hydrogenic bound-state functions. This 
function is the density that would be seen in a very large Z 
atom on a distance scale Z ~ ' from the nucleus. It is very 
nicely behaved, being finite everywhere and monotonically 
decreasing. We have derived integral representations for this 
function that are useful for analytical and numerical analysis. 
We have analyzed the large r behavior of this function in 
detail and discovered that, contrary to our expectation at 
least, there is very little oscillatory structure. In fact, it is 
necessary to take two derivatives with respect to r in order to 
make the oscillatory terms as large as the nonoscillatory 
ones. In short, shell structure is not a prominent property of 
this universal atomic function. 

In order to clarify the nature of p^(r) we give a graph of 
this function together with its asymptotic Thomas-Fermi 

• • l l l l l l l l lH l l l l l l l lM IMI t l l l lM l l l l l l l I l l l l l l i n l l l t l l l l l l l n l l l l i n ! 

ir Mil III i i i i i i i i i m i i [ i i i i i i i i i | i i III1111111111111111II m i i i i i i i i i i i i 

0 10 20 30 40 50 60 70 80 

n o . 2. Relative difference p"(r)/[2»'2(37r2)-»r-3^]-l as a 
function of r. 

FIG. 3. r^p^(r) as a function of r. Also shown (dashed curves) 
are r^S„(2r/n)n-'^e~'^'''V7r for n = 1 - 7. 

form 2^^(37r^)" V"^^^ in Fig. 1. The difference between the 
two functions, which is the part of the density that is not 
semiclassical, is also plotted in Fig. 2. The conventional 
function r^p^(r) is plotted in Fig. 3. 

Note: Appendices A-F, which contain the proofs 
of Lemmas 1-5 and Tlieorem 1, have been 
omitted in this reproduction. They can be found 
in the original publication. 
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1. Introduction 

A great deal is known about the ground states of large atoms in the framework of 
the non-relativistic Schrodinger equation, with fixed (i.e., infinitely massive) nuclei. The 
leading term, in powers of the nuclear charge Z, is given exactly by Thomas-Fermi theory, 
as was proved by Lieb and Simon [12]; see [11] for a review. This leading term in the 
energy is proportional to Z"̂ ^̂ , with the proportionahty constant depending on the ratio 
of NjZ, which is assumed to be held fixed as Z -> oc. Here, Â  is the electron number. 
Neutrality, i.e., N=ZAs not required, even though it is the case of primary physical interest. 
The characteristic length scale for the electron density (in the sense that all the electrons 
can be found on this scale in the limit Z -^ oc) is Z~^^^ The fact that the true quantum-
mechanical electron density, Q^, converges (after suitable scaUng) to the Thomas-Fermi 
density, Q^^, as Z -> GO with N/Z fixed was proved in [12]. The chemical radius, which is 
another length altogether, is believed, but not proved, to be order Z° as Z -• oo. 

The first correction to the Z'̂ -̂' law is not, as was formerly supposed, the Z^^^ 
corrections arising from exchange and correlation effects and kinetic energy corrections 
on the Z~^^^ scale. Instead it is Z^ = Z^^^ and arises from extreme quantum mechanical 
effects on the innermost electrons, which are at a distance Z~^ from the nucleus. Among 
these the most important are the K shell electrons. It was Scott [19] who pointed this out 
and he also gave a formula for the correction term to the energy, 

(1) £ S c o U ^ i ^ 2 ^ 
8 

where q is the number of spin states per electron (of course ^ = 2 in nature). It is noteworthy 
that ^scott ^Qgg ĵ Q|. (iepend on the fixed ratio N/Z, provided N/Z 4= 0. This fact agrees 
with the idea that ^s^^^" arises from the innermost electrons, whose energies, in leading 

)̂ Work partially supported by US National Science Foundation grant PHY90 19433 A04. 
)̂ Work partially supported by Norges forskningsrad, grant 412.92/008. 
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order, are independent of the presence of the electrons that are further from the nucleus. 
The truth of (1) (i.e., the statement that the energy is E'^^ + E^"""'' + o{Z^) for fixed NjZ 4= 0) 
was proved in [22], [23] (upper and lower bound) and by Hughes [9] (lower bound) in 
the atomic case and by Bach [1] in the ionic case. (For different proofs and extensions of 
this result see [24], Fefferman and Seco [6], [2], [3], [4], [5], [7], and Ivrii and Sigal [10].) 

The conjecture about the density, which we prove here, was made later by Lieb in 
[11], Equation (5.34). It concerns the electron density Q^ at distances of order Z~^ from 
the nucleus and states that in Hmit Z ->• oo a suitably scaled Q^ converges to the sum of 
the squares of all the hydrogenic bound states Q". Because of it's relation to the Scott 
correction we will use henceforth the term "strong Scott correction". 

The function Q^ is defined in Section 2 below and is extensively analyzed in [8]. 
(Previously, an upper bound for Q^ at the origin of the correct form, namely O(Z^), was 
derived in [20], [21].) We prove this convergence in several senses, one of which is a 
"pointwise" convergence on spheres. In fact we go further and show that the individual 
angular momentum densities converge to the hydrogenic values, thereby giving a somewhat 
more refined picture of the ground state. 

Our main proof strategy is the usual one. We add £ times a one-body test potential to 
our Hamiltonian and then differentiate the ground state energy with respect to £ at e = 0 
in order to find Q^. TO obtain pointwise convergence the test potential is a radial delta-
function. To control the energy we rely, in part, on the results and methods in [22], [23]. 

In the following we shall state and prove our theorems for the neutral case N ^Z. 
We do so to avoid the notational complexity and additional discussion required for NjZ ^ 1. 
It is straightforward, however, to generalize our results to NjZ =# 1. 

In the next section precise definitions, as well as our main theorems are given. Section 3 
contains two lemmata about the difference in energies with and without the test potential. 
Since there are infinitely many hydrogenic bound states, we need these estimates in order 
to be able to show that the sum of the derivatives (with respect to £) equals the derivative 
of the sum. The strong Scott conjecture for atoms is proved in Section 4. Section 5 contains 
the obvious extension to molecules. The Appendix contains a few needed facts about 
ground state energies. 

2. Dejfinitions and main results 

The Hamiltonian of an atom of TV electrons with q spin states each and a fixed nucleus 
of charge Z located at the origin is given by 

(2) 

in units in which h^/2m = l and k | = l. It is self-adjoint in the Hilbert space 
N 

SN == A (L^(^^) ® C^), i.e., antisymmetric functions of space and spin. A general ground 
v = l 

state density matrix, denoted by d, can be written as 
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M 

(3) rf= I HVlVvXVvl. 
v = l 

where the \p^ constitute an orthonormal basis for the ground state eigenspace and where 

the w\ are nonnegative weights such that ^ vv̂̂  = 1. It is well known that the ground state 
v = l 

can be degenerate, e.g., it is for the carbon atom. The corresponding one-electron density 
is the diagonal part of the one-electron density matrix and is, by definition, 

M q 

V = l < T i , . . . , < T , v = l I R 3 ( - ' V - 1 ) 

The density Q^ of angular momentum / electrons at radius r from the nucleus is given in 
terms of the normalized spherical harmonics Yi^{aj). 

(5) QuAr) = N i iw^ t I 
m=-l v = l ai tr,v = l R 3 ( . V - I ) 

I J ^ m M V ^ v ( ' * < ^ . ^ 2 - • • . f.v; ^ 1 . • • • , (TN)d(D\^dX2 . . . dx^ 

where we write x — rco and dco denotes the usual unnormalized surface measure on the 
two dimensional sphere §^ with (4;:)"^ J ^<^ = J I \m\^^^ — 1-

Throughout the paper we will write cpY {r) for the Thomas-Fermi potential of electron 
number N — Z and nuclear charge Z, i.e., 

<pFW = Z / r - | r | - i * e F , 

where QY is the nonnegative minimizer of the Thomas-Fermi functional 

J (\ {6n'lqYi'Q"\x) - ^ Q{x)\ dx + D{Q, Q) 

under the condition ^ Q = N = Z and with 

Both (pz and QY are spherically symmetric, i.e., they depend only on r = |r|. There is a 
scaling relation (pY(^) = Z'̂ ^^(p{^(Z^^^r), where cpY is the Thomas-Fermi potential for 
Z = 1 and "electron number" equal to 1. Similarly, QY(0 — Z'^QY{Z^^^r). This scaling 
shows that the "natural" length in an atom is Z~^'^. Note that the Thomas-Fermi functional 
has a unique minimizer [12]. 

The Scott conjecture, on the other hand, concerns the length scale Z ~ \ where we 
expect the density to be of order Z^ instead of Z^. In terms of the "true" density defined 
in (4), we now define 
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(6) Q^{X):^Z-'Q,{XIZ). 

Likewise, we define the angular momentum density 

(7) ^ , , ( r ) :=Z-^^, , ( /VZ). 

To formulate the strong Scott conjecture we consider the angular momentum / states 
of a hydrogen atom (Z = 1) with radial Hamiltonian 

(8) , « = = _ ^ , ^ _ 1 
dr r r 

with normalized eigenfunctions \pf^ (that vanish at 0 and oo) corresponding to negative 
eigenvalues e^,^. (The superscript //denotes "Hydrogen" and distinguishes /if from other 

00 

radial Hamiltonians to be considered later.) The normalization is j lv^„,/(^)|^<//'= 1. We 
define the corresponding density in the channel / to be o 

(9) ^ f ( r ) :=^(2 /+ l ) f |tpf„(r)lV(47rr^); 
n = 0 

the total density is then 

(10) Q^{r)=f^Qf{r). 
/ = o 

Although we shall not be interested in detailed properties of Q^, we note the following 
proved in [8]: The sum over / and n defining Q^{r) is pointwise convergent for all r. It is 
monotone decreasing and it decays asymptotically for large r as \l{6Ti^r^'^). This large r 

asymptotics meshes nicely with the small r behavior of-^{^(r). 

Note: In [8] the operator h^ is defined using atomic units fi^jm = 1, i.e., with 

-{-d^ldr^ + l{l+\)lr^) instead of -d^/dr^ + l{l + \)/r^. Note also that we have in­

cluded the factor q in the definition of Q which was not done in [8]. Thus some care is 

needed in comparing formulae there with formulae here. 

Various notions for the convergence of the rescaled density are possible. Our precise 
statements are Theorems 1 and 2 below and Theorem 3 in Section 5. 

Theorem 1 (Convergence in angular momentum channels). Fix the angular momen­
tum IQ. 

1. For positive r 

(11) lim e.o.zW = efoW 
Z-*ao 

(pointwise convergence). 
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2. Let V be an integrable function on the positive real line. Then we have the weak 
convergence 

(12) lim ] rV{r)Q,^_^{r)dr = ] rV{r)Ql(r)dr. 
2-*x 0 0 

Theorem 2 (Convergence of the total density). 1. Let Wbe a bounded {not necessarily 
constant) function on the unit sphere and r positive. Then, as Z -^ co, 

(13) j W{oS)Q2{r(^)dco -^ Q^ir) j W{oj)dco 

(pointwise convergence of spherical averages). 

2. Let V be a locally bounded, integrable function on U^. Then, as Z -^ oo, 

(14) J |r| Vix)Q,(T)dx ^ j I r| V(x)g"(\x\)dx. 

Remarks. 1. It is not really necessary to take a sequence of ground state density 
matrices. We could take just a sequence of states, d^^f ^^ ̂ ^^^ is an approximate ground state 
in the sense that 

as Z -> 00. Here E^^ 2 is the bottom of the spectrum of//^v.z- ^̂  might not be an eigenvalue, 
and it certainly will not be one if N/Z is larger than 2. 

2. It is important to note that W and V in (13) and (14) need not be spherically 
symmetric. It might appear that only the spherical averages of W and V are relevant, but 
this would miss the point. Theorem 2 says, that in the limit Z -> oc there is no way to 
construct a ground state or approximate ground state that is not spherically symmetric 
on a length scale Z~^. For example, in the case of carbon there are ground states that are 
not spherically symmetric and for which replacing W by its spherical average changes the 
left side of (13). 

3. A word about pointwise convergence. The one-body density matrix y(x, x') which 
is defined as in (4) but with |iPv("")i^ replaced by 

V;,(r, r2 , . . . , r^; ^ 1 , . . . , (j^)tp(r; r2 , . . . , r^; (7i,..., (T̂ v). 

is easily seen to be in the Sobolev space H^(U^) when y is considered as a function of each 
variable separately. The trace theorem in Sobolev spaces then implies that the function of 
w on the sphere S^, y{ra), r'co') is in L^(§^) for all q ^4. Thus, the integrals in (4) are 
well defined and Qd(rco) = y{rco, rco) is in L^{S^). It is also easy to see that \/QI^Z(^) is in 
H^(0, 00) and hence it is a continuous function of r. Since ^^(r) is in L^(S^) the integrals 
in (11) and (13) are well defined when WeL-{S^). 

U Q and y belong to a ground state of//^ ^ ^i^h N S Z then they are even continuous 
functions in all variables. This follows from the regularity theorem of Kato and Simon 
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(Reed and Simon [18], Theorem XIII.39) and the uniform exponential decay of ground 
state eigenfunctions. This decay is impHed as follows. By Zhislin's theorem the atomic 
Hamiltonian has infinitely many eigenvalues below the essential spectrum and the ground 
state eigenspace has finite dimension. This implies that the ground state energy is always 
a discrete eigenvalue which, in turn, imphes exponential decay of the ground state eigen­
functions according to Theorem XIII.42 of [18]. 

3. Eigenvalue differences of Schrodinger operators perturbed on the scale 1/Z 

It is well known, and will be seen more explicitly in Section 4, that the eigenvalues 
of H^ 2 ^^^ t>e controlled to within an accuracy of o(Z^) by considering a one-body 
Schrodinger operator with the spherically symmetric potential given by Thomas-Fermi 
theory. In the angular momentum / channel, this is 

05) Îz = - x 2 + -hr-^-^F0-) 
d^ . / ( / + ! ) 

(We suppress the dependence on N in /zĵ l since N = Z.) Closely related to h]^2. is the 
unscreened hydrogenic Hamiltonian 

(16) \ z = - ^ + - ^ X - - 7 -

In this section we want to study how the spectra of these operators are shifted by 
the addition of a perturbing potential of the form 

zU2{r) = EZ^U{Zr) 

where £ is a small parameter and where U is some fixed function. In particular, U will be 
a radial delta function, U{r) = 5{r — a) for some a > 0. 

Both cases, h^^ and h^, will be considered together and we write 

in which ^ ^ = - Zjr + l{l + \)lr^ or V^^ = - cpf (r) + 1(1-h l)/r\ 

Our first lemma estimates the difference in the spectra of /?/,o.z ^'^^ ^i,€.z t>y the 
difference in the trace (tr) of the negative parts (hi^z)- ^^^ (^i,o,z)- 0-̂ -» ^^^ sums of the 
negative eigenvalues). This lemma will later on allow us to interchange the hmits Z -• oo 
and £ -• 0 with the / summation. 

Lemma 1. Set U{r) = S{r - a\ U^ir) = Z^U{Zr) and assume |e| ^ nl{\6a). Then 

9aZ^ 
| t r (Vo .z ) - - t r ( / ^ , , . z ) - | g |£ | 

( / + 1 ) 2 ( 2 / + 1 ) ' 
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Proof. By the minimax principle we have for £ > 0 

(18) 0 ^ 5,,,^:= tr(/i,o.z)- - tr(/r,,,z)- ^ ^ir{U^d,^,^^). 

Inserting the identity twice in the right side of (10) we have 

(19) s,^,^^^Eiv{AoBoCoB*oA*)^E\\A\\l\\B\\livC 

with 

5 - ( ^ . . z + ^/.z)~'^'(^o./ + ^/.z)' ' ' , 

C:= (//o,/ + C,z)"^^' t/z(^0./ + C/.Z)~''' ^ 0 , 

where c, ^ is any positive number bigger than | info- (/i/̂ g,̂ ) |, where G (h) denotes the spectrum 
of h. We also define HQj --= — d^/dr^ + /(/ H-1)//*^ to be the free operator in the angular 
momentum channel /. Since (pY(f) ^ ^/f and since info-(/fo./ — 2"/^ = — Z^/[4(/+ 1)^] 
we can take Ci 2'-= 2Z^/(/H-1)^ provided e is not too large. 

We now estimate these norms individually: 

Because c, ^ is bigger than the modulus of the lowest spectral point of/?^ ^ ^ ^^^ ^i,e,z 
is the projection onto the negative spectral subspace of /ẑ  ^ ^ ^^ have 

(20) IMIU^V^-

For B we get 

(21) ll^(/>P=ll(^.,z + ^/.z)~'''(^o,/ + ^/.z)''' '^ll' 

1 
' \ — IV 

with 

We will then have 

(22) \\B\\^]/2 

if we can show that IVi^ 2 is bounded above by - . To this end we note that HQJ + C12 

invertible, so that we can write any normalized (/> e L^((R^) as 
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with \p in the domain of HQj. Thus, we have to show that 

which is equivalent to 

1 
(23) •^(Ho,i + c,^z)-^z-^Uz^O. 

Since cpYO') ̂  ^/^ ^^^ since 

(24) ixp,U,xp) = Z\xp{a/Z)\'^z) \y^\''{r)dr ^2Z^) ip{r)ip'(r)dr 
0 0 

ffl/Z •] 1/2 

^ I Z I I t p ' l l ^ l J xp(r)'dr^ 

L L 

we have that (tp, U^w) S {'^ci/n)\\xp'\\l. (Here we use the inequahty, j tp'̂  g (n/lLy j ip\ 
when v;(0) = 0.) Thus, (23) is impHed by o o 

The sum of the first two terms in (25) vanishes because of our choice of c, 2 ^^^ ^̂ t̂ term 
in (25) is zero when s ̂  7r/(16j). This is true by hypothesis, and the bound on the norm 
of B is proved. 

Finally the trace of C is computed easily, since it is of rank one. Since the kernel 
{HQ I + Ci z)~^{r, r'), is a positive, continuous function in both variables, 

A well known calculation yields 

(^0,/ + ^/,z)"U^ r) = frK,,^.{\/^^r^)I,^^_{\/^^r^)\^\ 

where r> = max{r, r'] and r< = min{r, r'}. Thus 

trc=«^,4 (̂ 1̂ ;; 1) 7,4 (̂ î ;; I j . 

The modified Bessel functions /j+i and Ki^l are both positive and the following uni­
form asymptotic expansions hold. (See Olver [14] for a proof of the estimates of the 
remainder terms, [15], p. 6 for the remainder in the form used here, [17], Chapter 10, 
Paragraph 7 for a review; see also Olver [16], section 9.7.) 

(26) K,{nx) = l / g e-"^[l + £o.2(«, 0] , 
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I„(nx) = 
2nn 1 — EQ^in, 0) [ l 4 - £ o . i ( « , 0 ] , 

/ : = ( 1 + . T 2 ) - 2 

|£o.i(«'OI 

185 

\so,2(n.t)\^ 

1 1 
with HQ := —-=r + — ^ - . Thus 

' 6 / 5 12 6 

K„{nx)IMx)^ 
2̂ 2 (1+ x2)i (̂  - ^^0) (« - «o) 4« ' 

where the last inequahty holds for « ^ - . Thus 

(28) t r C < 
9 a 

2 (2/+1) 

Putting (19), (20),.(22), and (28) together yields 

9aZ^ 
s . . . ^ s p ^ ^ . 

' ( 2 / + l ) = " ( / + l ) ' ( 2 / + l ) 

which is more than the desired result for e > 0. 

If 8 is negative we have, again by the minimax principle, 

(29) 0 ^ 5,.,^:= tr(/2,,o,z)- - tr(/?,.,.z)- ^ etr(C/z^,o.z)-

Similar to the previous analysis, we have 

(30) s,j,,^ BtT{D o E o C o E* o D*) ^ 8\\D\\i\\E\\iivC 

with /)==^/,o.z(^/.o.z + <̂ /,z)̂  and £ = (^/.o.z + < /̂.z)~^ W.o + ^/.z)^- As for A above, we 
have ||Z)||^ ^ ] / c ^ and | |£| | g ]/2. Putting this together with (28) gives 
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^EJ.Z 
> . ^ £ ^ > > £ -

(2/+1) - " ( / + 1)2(2/+1) 

which is the desired result for negative E. n 

The next result will later on allow us to interchange the Hmits Z -• oo and £ -» 0 
with the n summation for fixed /. 

Lemma 2. Set U{r) = S(r — a) and assume |e| ^ 7r/(4fl), a> 0. Let 

(31) / 7 , : = • 

d^ / ( /+1) 1 
+ 

•eU{r) 

with form domain //o(0, x ) . Let e„j ^ denote the n-th eigenvalue of hi^. Then 

1 \8\a 
(32) lenXO-^njJ ^ (n + iy n-A&a' 

Proof. For any xp in Hl{0, x ) we have 

\xp{a)\'^2-a\W\\l, 
n 

as proved in (24) of Lemma 1. Thus, for £ > 0, 

d^ l{l+\) 
(33) 

This implies 

-K-v)[- dr'^ 
+ • 

1 

-v) '^ 
4ea\ 

^„.u^ 1 - - — U\/.o 

where e^jQ is the /?-th eigenvalue of [ ] in (33), i.e., where the potential r ^ is replaced 
by (1 — 4ea/n)" ^ r " ̂  Thus, 

0 ^ ^ „ , / . o - ^ . . u ^ -
1 

4(n + iy 

which proves the claim when 0 < £ < nl{4a) 

If £ is negative we have 

4£fl 

1 + 1 
48a 1 

(n + iy n-4Ea' 

K. ^ I 1 
d' / ( / + ! ) 1 

4£a^ 
1 \r-

n 

which again proves the claim (by the same argument) when 0 > £ > — n/(4a). n 
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4. Proof of the strong Scott conjecture 

We are now able to give the proofs of our theorems. We begin with the proof of 
Theorem 1 and begin with the first statement: 

1. The proof of the convergence of the spherical averages. Set U(r) ••= S{r — a) for a>0 

and Uzir):= Z^U(Zr) = Zs(r-^Y Fix /Q and let 

(34) H^,,Z'-^H^^^-BY. u,(On(io) 
v = l 

where /7(/o) denotes the projection onto angular momentum IQ. We define X{Z) - which 
does not depend on £ - by 

. _ . 2 , , ^ , _ t r ( / / ^ , ^ ^ ) - t r ( / / ^ , ^ ^ ) 
(35) X(Z):=a'Q,^(a) = 

eZ' 

Let us define ^^/,y,z ^^^ ̂ n,i,y,z^ « = 1, 2 , . . . , se [R, to be the negative eigenvalues of the 
operators 

(36) < . z = - £ + ^-f -«t / ,5 , ,„ , 

(37) H,^,,:=--^, + '-^l±^-<pY-eU,5,,^ 

with zero Dirichlet boundary on (0, oo). To obtain an upper bound for i (Z) we pick e 
positive and estimate as follows: by (63) we have the upper bound 

(38) ir (H,,^d) 

g Z q{2l+l)Y.e^.i.o.z+ Z 9(2/+l)Z^„,,,o,z--D(eTF.eTF) +cons tz t5 
1 = 0 n l = L n 

where L = [Z^'^l 

To obtain a lower bound on ir(H^ z^) 
we first use the lower bound (^133, Ĉ -̂ 3) ^^ 

the correlations, namely — const[iVj^|^^]^^^, to reduce it to a radial problem. Using the 
fact that Z/r ^ (pYi^) for r > 0 it follows from this that 

(39) tr(//^,^^) 

L - l c» 

^ X ^ ( 2 / + l ) K u . z + Z ^(2/+l)Z^„,/.e.z-^toTF.^TF) "Cons tZl . 
/ = 0 n l = L n 

Note that (39) arises from a relatively simple lower bound calculation. Part of the proof 
of the Scott conjecture amounts to proving that the right hand of (39) is accurate to o{Z}). 
This proof was carried out in [23] (see also [9], [24]). We are not rederiving the Scott 
correction for the energy, and it is not necessary for us to do so here. 
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Define 

Since the eigenvalues of the perturbed problem (e #= 0) are equal to the unperturbed one 
{E = 0) except for / = /Q, we get the inequality 

(40) limsup;.(Z) 
Z-*oo 

g lim inf lim sup \qdk + 1) ^ ^ « o . z ) - - t r « , . z ) - ^^^ _ ̂ ^̂  
c \ 0 2-00 [_ EZ 

^ ^̂  v^^/o.o.z;- ^^- V--/O..Z.- Q^j^ _ ^) ^ c o n s t Z - A g - i 1 . tr(//^o.o.z)--tr(i/;,.,,z)-

Because L eventually becomes larger than the fixed /Q, 

(41) lim sup ;.(Z) ^ ^(2/o + 1) Hm inf lim sup . 
Z - o c CS.0 Z -oo £ Z 

= ^(2/o + l)liminf 
t\0 8 

t r « o . 2 ) - - t r « , ^ ) _ 

t r « . o a ) - - t r « , , , ) , 

where the last equation holds since because of the scahng of Z?̂  o.z ^^^ ^iccz- Therefore 

(42) lim sup / (Z) g ^ (2/o -fl) lim inf ^ "̂̂ ô.o.i - ^njo.e.i 
£ 

,H _ H 
nJo.O.l *^w.io.£.l (43) =9(2/o + l ) I l i m i n f 

(44) =a'Q»(a). 

To exchange the limit e \ 0 with the summation in (42) we use Lemma 2, which provides 
a summable majorant for the series that is uniform in £ and thus allows us to fulfil 
WeierstraB' criterion for uniform convergence. Finally, to deduce (44) from (43) we use 
the fact that the one-dimensional delta potential is a relatively form bounded perturbation, 
i.e., defines an analytic family in the sense of Kato. 

To obtain a lower bound for X(Z) we pick £ negative instead of positive and take 
the limit lim sup and lim inf instead of lim inf and lim sup. Repeating the same steps gives 

£/"0 Z-»oo e\0 Z-»oo 

the same result except for reversing the inequalities, thereby yielding the same bound (44) 
from below. This establishes the first claim of the theorem. 

2. Proof of the weak convergence. Because of the linear dependence of the right and 
left hand side of (12), it suffices to prove the claim for the positive and negative parts of 
V separately. Thus we may - and shall - assume that V is positive. We can now roll the 
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proof back to the previous case as follows: First we pick Z large enough so that IQ < L. 
It is convenient now, to replace g by eja in order that the right side of (32) in Lemma 2 
is uniformly bounded in a and £ for all a e (0, oo) and for |e| ^ 7c/8. Then we integrate the 
inequality 

(45) a^Q,M) g '^^^^'^'^l^^^/^f^--^-^^- e{L-l)^const/((£/.)Z^), 

(46) a , J . ) ^ ^ ^ « o , z ) - - t r « , , , ) . ^^^ _ ^̂  _̂  const/(£zA) 
£Z^ 

against V{a) from 0 to oo. Thanks to Lemma 1 the right side of (46) is bounded by const 
a and hence the integral is finite. Next we write out the traces appearing in (44) in terms 
of the eigenvalues and then use Lemma 2 to provide a bound that is summable (over the 
eigenvalues) and integrable (from 0 to oo), if |e| < TT/S. This bound is uniformly bounded 
in £, and so, by dominated convergence, we can take the Hmit £ \ 0 term by term. Using 
the result (11), which we established above. Equation (12) is now verified, n 

Proof of Theorem 2. As was the case in the proof of Theorem 2 we shall assume 
that W and V are nonnegative. For Part 1 we proceed as for Theorem 2 and define i/̂ ^ ̂  
as in (34), but with /7(/o) replaced by W{oS). First we treat the case W{co) = 1. We follow 
the proof of Theorem 1 up to equations (36) and (37) (with di^^ replaced by W). Then we 
obtain analogously 

(47) limsup;.(Z) 
Z-»x 

(48) g lim inf lim sup 
z\0 Z-*oo 

f , ( 2 / + 1) l £ i ^ ^ ^ - k z i ! ^ ^ L L ^ 0(Z. _ / ) 
./ = 0 ^^ 

(49) + J g (2 /+ l ) t r (^ ' - ° .^ ) - - t^W. ' . ^ ) - e ( / - L ) + c o n s t Z - ^ s - ' 
1 = 0 ^^ 

(50) = J q{ll + 1) lim inf lim sup ^^^^'^o.z)--_irj^".z)-
/ = 0 c \ 0 Z—00 £ Z 

(51) = J q{2l + 1) lim inf tr(/^,"o..)-- t r ( / / , l , ) -

(52) = « ' i liminf^f(«) 
/=o ^^0 

(53) ^a^'^ia). 

To obtain (49) we use inequalities (38) and (39). To obtain (50) we use the fact that Lemma 1 
provides a majorant uniform in £ and Z that is absolutely summable with respect to 

00 

Y^ g(2l -{-1), i.e., fulfills the WeierstraB criterion for uniform convergence (or the hypothesis 
1 = 0 

of Lebesgue's dominated convergence theorem-), and therefore allows the interchange of 
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the Hmit and the / summation, and that the second sum tends term by term to zero. To 
obtain (51) we use the fact that the eigenvalues of the bare problem scale hke Z^. Finally, 
the convergence result of Theorem 2 was used to obtain (52). 

To obtain a lower bound we pick s negative instead of positive and take the limit 
lim sup and lim inf instead of lim inf and lim sup. Repeating the same steps gives the same 

£ ^ 0 Z—00 £ \ 0 Z-*00 

result except for reversing the inequalities thereby yielding the bound from below. 

Let W now be a general bounded, measurable function on the unit sphere which we 
may - according to the remarks in the beginning- assume to be positive. We take || W\\^ = 1. 

Let us try to imitate the steps (47) to (53). As before we are faced with estimating 
the eigenvalues of the one-body operators 

(54) H^^^:=-^-Z|\^\-^ZW^^ and H]^^^ - ^-^Y - ^^^^^ 

but unlike the previous case they cannot be simply indexed by the angular momentum / 
when £ =# 0; indeed the one-body operators cannot be reduced to a direct sum of radial 
Schrodinger operators as in (36) and (37). However, the eigenvalues are real analytic 
functions of z and we can label the eigenvalues by the /-value they have when z tends to 
zero. In short, the only change needed in (47) to (53) is to replace (2/-h l)^^/,£,z ^y ^^e 
sum of the eigenvalues in the multiplet of H^^ ^^^^ converge to e"i Q ^ as E tends to zero. 
Since Wis bounded by 1, all our previous bounds for eigenvalue differences (Lemmata 1 
and 2) continue to hold and we are finally led to the lim inf in (51). 

The crucial point is this: Even if W is not spherical symmetric, the sum of the 
eigenvalues in any multiplet is rotationally invariant to first order in £ in the follow­
ing sense. The only property of W that matters - to first order - is the average 
Average-=(471)-^ J W^(C0)^a;. 

Reversing the sign of £ again gives the lower bound. 

2. Proof of the weak convergence. The proof can be rolled back to the previous case 
as follows: First we assume that V is spherically symmetric and integrate the inequaUty 

a'Q^iam) g \ t q{2l+l) ••-•'•-•-^- ••^••'.^.-^' e(L - I) 
Li=o 

tr(/y,"o.z)--tr«.^)_ 

/ = 0 ^ ^ J 

against aV{a) from 0 to oo. Observe that because of Lemma 1 the summand of the sum 
on the right side of this integrated inequahty is uniformly bounded by 

^ J V{a)a^da 
(/-M)^(2/+l)i 
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which, when multiplied by (2/+ 1), is summable. Again, the same argument holds when 
expressing the traces as sum over eigenvalues. Thus we are allowed to take the Hmits term 
by term for the differences of the eigenvalues giving the desired result as above. 

The extension to the non-spherical case is as in Part 1. D 

5. Extensions to molecules 

The ground state energy of a neutral molecule with nuclear charges 
Zi = Xz^, ",^K — ^^K ^^^ positions of the nuclei at 9?^,..., 9?^ is given as 

(55) E(N, Z) = inf {inf(T(//^,2,^) | R e U^^} 

where 

N / ^ Z^ \ ^ 1 Z^Z^, 

V = l \ K = l I ^ V ~ * ^ K ! / fi,V = l \ ^ H ~ ^ v \ K . K ' = 1 I * ^ K ~ * ^ K ' I 

self-adjointly realized in §^. Here Z denotes the A -̂tuple (Z^,. . . , Ẑ )̂ and R the 3^-tuple 
(9^1,..., 9t^). We also set f := (z^,..., Zf^). Solovej [25] showed recently that for arbitrary 
but fixed f and N = Z^ + -•• -\-Zj^ 

(57) £(iv,z)= X £(z,,zj + ^(;i) 
K = l 

holds as X tends to infinity and that the minimizing inter-nuclear distances are of order 
X~^''^^ or bigger. These results imply among other things not only that the atomic Scott 
correction and Schwinger correction implies the molecular one but allows us to generalize 
Theorem 2 as well: The molecular density in the vicinity of each nucleus converges in the 
sense of Theorem 1 to the hydrogen density at each of the centers. Our precise result is: 

Theorem 3. Assume that E{N, Z) as defined in (55) is equal to 

(58) mr{mr(T(H,j^^)\ReU'^^,^,,,,^^\%-^J^R:=consiA'} 

with y>— 1/4. Assume N = Z^ + '•' -\-Z^^^Z^ — Xz^, ...,Zf^ = Xzj^ with given fixed 
z^, ...,Zj^, Furthermore fix /CQ e 1,. . . , K and pick a sequence of ground state density matrices 
d^ of Hj^2,R ^^^^ densities Q^^. Define QX,KO^'^)''-Qxii"^— ^K<)I^I^^' Finally assume 
WeL\S^).Thenforr>0 

(59) j W(co)Q,^,^(rco) ^ qg^ir) J W 

as X -^ oo. 

Proof First note that by suitable relabeling we can always assume that /CQ = 1. Set 
N 

H^ z R'— ^N z R~ Z ^ Â W where t/̂  is defined as in the atomic case, i.e.. 
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U,{x):=k^U{A{x-^,)), U{x):=W{w)5{r-a), 

and PF is a square integrable function on the unit sphere. Because of (57) it suffices that 

ir(dH^s.z.R) > ^r{HllJ_ -D(QZ elf) + Z ( t r « ^ z j - - D{QII QYJ) - constZ^"^ 

for some positive S and an approximate ground state d where Hj^ is defined as in (54), 

To this end we introduce the localizing functions 

v,(r):=cosiy,{\x-y\J/R)) 

where ^ ( 0 is some continuous, piecewise differentiable, monotone decreasing function 
which vanishes, if ? < 1/4, and which is n/l, if r > 1/2. Note that the supports of these 
functions have at most finitely many points in common because R is the minimal nuclear 
distance. We also define 

K = l 

Now pick the density Q(X)'= Y, ez«(|r —9? !̂) and denote the one-particle density 

matrix belonging to dhy d^. Note that trrfj = N. By the correlation inequality ([13], [11]) 
and the localization formula using the above decomposition of unity we have 

(60) 

> t r 

^Hm.z.Rd) 

d. 

-D{Q,Q)+ Z z.z. 
X. |9?,-5R,.| 

— const/. 3 

^tr Y.^. 
K = 0 

K 

•^- Z <i>Z{\.-^A)-^u, y«^i 

Z IgraduJ^ ^ - Z D{QZ,Qll)-consi?.i. 
CO K — \ 

To obtain (60) we used the spherical symmetry of ^ j , . . . , (pĵ  to show that 

Now pick any arbitrary pair of different indices K,K' €{\,..., K}. On the support of 
v^ we have 

2^3'* 71̂  
<p|^.(|r-5R,,|)g 

q\mr 
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where we use the fact that the Sommerfeld solution of the Thomas-Fermi equation is a 
pointwise upper bound of the Thomas-Fermi potential ([12], Section V.2). Thus on the 
support of û  we have 

IC'=1.IC'»K 'i ^ 

For the derivative of the v^, which governs the localization error, we have the following 
uniform estimate 

X |gradrJ^ = | v ' ( | r - 5 ? J ) | V i ? ' = 4;r^/i?^ 
K = 0 

where, for definiteness, we picked y) to be the linear function interpolating between 0 and 
7t/2 on the interval [1/4,1/2]. Note that outside the annuli of thickness i?/2 centered at 
the nuclei the derivatives vanish, in fact, whereas in these annuli the bound is actually an 
equality. 

Next we show that there is no relevant contribution to the energy stemming from 
regions which are not close to at least one of the nuclei, i.e., from the support of VQ. TO 
this end we first remark that the supports of t^ and i; are disjoint for A large enough. We 
set Y-= supp VQ n (supp v^^-'-u v^). Then, by the Lieb-Thirring inequality. 

tr J - A - X Vzl-Xr^jVo d. 

S - c o n s t ( j | t r ' V r + j rfr) ^ - const(/{"V/?^) ^ - const A'"'̂ . 
|tl>f 

This yields 

f>l'l>f 

t rW.z.R^) 

s i {tr[-A-<p5:-^ + ?^^ îfj^ZB.,o,-s<5.,.A^c/a-)rf,]-i)tei:,elD}-const;i 

^'^{ir{-^-<pZ-^5u.V,)--D{Qll,QZ)}-N[-^+ ^,^, ^j-constA? 

^ Ma{HZ) - D{QI\, eif) + i ^ [inf<T«^,J - D{eZ, QYJ} - const (~ + i?^ 

g MG{HI) - Dioll, QID + X [inf<T(//J - D{QII, QYJ] - const/^"^ 
K = l 

for some sufficiently small but positive &. Combining this with Solovej's upper bound 
reduces the convergence question to that of the one-center case. D 
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A. Appendix: Facts about the atomic ground state energy 

According to [22] we have 

(61) E2 2^Ejj:(Z, Z)+I Z^ +const Z^, 

and according to [23] (see also [24] and Hughes [9]) 

. (62) £^,^g X%(2/+l) t r ( / / , '^ ,z)-
; = o 

+ f 9(2/+l)tr(//,,o,z)---D(eTF.eTF)-constZ5 

^ Ejj:(Z, Z) + I Z^-const Z^ logZ 

o 

with L = [Z5]. Combining (61) and (62) gives 

(63) £z ,z= X 9(2'+l)tr( / / ,%.z)-

+ X g(2l+l)tT{H,_o.z)--D{QrF<QTF) + 0{Z24). 

References 

[1] K Bach, A proof of Scott's conjecture for ions, Rep. Math. Phys. 28 (2) (1989), 213-248. 
[2] C. Fefferman and L. Seco, Eigenfunctions and eigenvalues of ordinary differential operators, Adv. Math. 

95(2) (1992), 145-305. 
[3] C. Fefferman and L. Seco, The density of a one-dimensional potential, Adv. Math. 107(2) (1994), 187-364. 
[4] C. Fefferman and L. Seco, The eigenvalue sum of a one-dimensional potential. Adv. Math. 108(2) (1994), 

263-335. 
[5] C. Fefferman and L. Seco, On the Dirac and Schwinger corrections to the ground-state energy of an atom, 

Adv. Math. 107(1) (1994), 1-188. 
[6] C. Fefferman and L. Seco, The density in a three-dimensional radial potential. Adv. Math. I l l (1) (1995), 

88-161. 
[7] C.L. Fefferman and L.A. Seco, Aperiodicity of the Hamiltonian flow in the Thomas-Fermi potential, Rev. 

Math. Iberoamer. 9(3) (1993), 409-551. 
[8] O.J. Heilmann and E. H. Lieb, Electron density near the nucleus of a large atom, Phys. Rev. A 52 (5) (1995), 

3628-3643. 
[9] W. Hughes, An atomic lower bound that agrees with Scott's correction, Adv. Math. 79 (1990), 213-270. 

[10] V.J. Ivrii and /. M. Sigal, Asymptotics of the ground state energies of large Coulomb systems, Ann. Math. 
138(2) (1993), 243-335. 

[11] E.H.Lieb, Thomas-Fermi and related theories of atoms and molecules, Rev. Mod. Phys. 53(4) (1981), 
603-641. 

[12] E.H. Lieb and B. Simon, The Thomas-Fermi theory of atoms, molecules and solids. Adv. Math. 23 (1977), 
22-116. 

[13] E.H. Lieb and W.E. Thirring, Bound for the kinetic energy of Fermions which proves the stability of matter, 
Phys. Rev. Lett. 35(11) (1975), 687-689. 

144 



Proof of a Conjecture About Atomic and Molecular Cores Related to Scott's Correction 

lantchenko, Lieb and Siedentop, Atomic and molecular cores 195 

[14] F.W.J. Olver, Error bounds for the Lioville-Green (or WKB) approximation, Proc. Camb. Phil. Soc. 57 
(1961), 790-810. 

[15] F.W.J. Olver, Tables for Bessel Functions of Moderate or Large Orders, volume 6 of Mathematical Tables, 
Her Majesty's Stationary Ofilce, London, 1 edition, 1962. 

[16] F. W.J. Olver, Bessel functions of integer order, in: Milton Abramowitz and Irene A. Stegun, editors. Hand­
book of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, chapter 9, pages 
355-433, Dover Publications, New York, 5 edition, 1968. 

[17] F.W.J. Olver, Asymptotics and Special Functions, Academic Press, New York, 1 edition, 1974. 
[18] M. Reed and B. Simon, Methods of Modern Mathematical Physics, volume 4; Analysis of Operators, 

Academic Press, New York, 1 edition, 1978. 
[19] J.M.C. Scott, The binding energy of the Thomas-Fermi atom, Phil. Mag. 43 (1952), 859-867. 
[20] H. Siedentop, Ah upper bound for the atomic ground state density at the nucleus, Lett. Math. Phys. 32(3) 

(1994), 221-229. 
[21] H. Siedentop, Bound for the atomic ground state density at the nucleus, CRM Proc. Lect. Notes 8 (1995), 

271-275. 
[22] H. Siedentop and R. Weikard, On the leading energy correction for the statistical model of the atom: 

Interacting case, Comm. Math. Phys. 112 (1987), 471-490. 
[23] H. Siedentop and R. Weikard, On the leading correction of the Thomas-Fermi model: Lower bound - with 

an appendix by A.M.K.. Muller, Invent. Math. 97 (1989), 159-193. 
[24] H. Siedentop and R. Weikard, A new phase space localization technique with application to the sum of 

negative eigenvalues of Schrodinger operators, Ann. Sc. Ec. Norm. Sup. 24(2) (1991), 215-225. 
[25] Jan Philip Solovej, In preparation. 

Institut de Recherche Mathematique de Rennes, U.R.A. 305 - CNRS -Universite de Rennes I, 
F-35042 Rennes Cedex, France 

Departments of Mathematics and Physics, Princeton University, Princeton, NJ 08544-0708, USA 

Matematisk institutt, Universitetet i Oslo, Postboks 1053, N-0316 Oslo, Norway 

Eingegangen 7. Marz 1995, in revidierter Fassung 21. August 1995 

145 



E. H. Lieb, J. P. Solovej and J. Yngvason 

Asymptotics of Natural and Artificial Atoms 
in Strong Magnetic Fields* 

Elliott H. Lieb Jan Philip Solovej 
Princeton University Aarhus University 

Jakob Yngvason 
University of Iceland 

1 Introduction 

Magnetic fields in terrestrial experiments have only tiny effects on the ground-
-state properties of conventional atoms. The reason is that the natural atomic 
unit for magnetic field strength, BQ = m'^e^c/h^ = 2.35 x 10^ Tesla, is enormous 
compared with laboratory fields, which are seldom larger than 10 T. Here m 
denotes the electron mass, e the elementary charge, and h and c have their usual 
meaning. The unit ^o is the field strength B at which the magnetic length 
£^ z=z {ficj{eB)Y^'^ {^ cyclotron radius for an electron in the lowest Landau 
level) is equal to the Bohr radius ao = h^ j{me^\ Equivalently, at 5 = ^o 
the Landau energy ^cj^, with ^JB — eBj{mc) the cyclotron frequency, becomes 
equal to the Rydberg energy e^/ao. For B <^ BQ distortions of ground-state 
wave functions and energy level shifts due to the magnetic field will therefore 
be small, and their standard treatment by means of perturbation theory is 
completely adequate. 

Magnetic fields comparable to and even much larger than BQ, however, exist 
around cosmic bodies like white dwarfs and neutron stars [1]. In fields of such 
strength the magnetic forces are no longer a small perturbation of the Coulomb 
forces, and may drastically alter the structure of atoms and matter in bulk. 
The discovery of pulsars in 1967 spurred the interest of astrophysicists in the 
properties of atoms in high magnetic fields, and a considerable number of papers 
devoted to this subject have appeared since the early 1970's (see [2,3] for a 
history and a list of references.) 

*This is the text of a lecture given by J. Yngvason at the Xlth International Congress of 
Mathematical Physics, Paris 1994. It appeared originally in the proceedings of the congress, 
ed. by D. lagolnitzer, pp. 185-205, International Press 1995, but has been updated and shghtly 
expanded for the present publication. It summarizes the joint work [2], [3] and [5] of the three 
authors and is presented here in lieu of [2] and [3] which are too long to be included in this 
volume. 
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In recent years remarkably small two-dimensional structures, called quan­
tum dots, have been fabricated by semiconductor technology. In quantum dots 
electrons, ranging in number from zero to several thousand, are confined within 
regions of diameter ~ 10-1000 nm. Quantum dots have many properties in com­
mon with natural atoms and can justly be regarded as two-dimensional artificial 
atoms (see [4] for a review). Because the electrons interact with the semiconduc­
tor crystal their effective parameters can differ markedly from the free values. 
Thus the effective mass m* in GaAs is approximately 0.07 m and the effective 
charge e* = e/y/e « 0.3 e, where e « 13 is the dielectric constant. Correspond­
ing to these values there is an effective Bohr radius, a* = h^/{m^el) ^ 185 ao. 
The magnetic length £B becomes equal to a* for B = B^ — (ao/a*)^^o ~ 7 T, 
and hence effects that for natural atoms require magnetic fields of astronomical 
strength, can for artificial atoms be studied in any well-equipped laboratory. ^ 

In the papers [2,3,5] (see also [6-8]) we have studied the quantum mechanical 
ground states of natural and artificial atoms in homogeneous magnetic fields of 
arbitrary strength. Our main results are limit theorems for the ground-state 
energy and electronic density as the number of electrons, iV, and the strength 
of the attractive potential, measured by the nuclear charge Z (natural atoms) 
or a couphng constant K (quantum dots), tend to infinity with N/Z or N/K 
fixed. The ground states can in this limit be evaluated exactly by five nonlinear 
functional for natural atoms and three for quantum dots, corresponding to 
different physics at different scales of the magnetic field B as measured by powers 
of A .̂ The asymptotic theories are amenable to computer studies and results 
of numerical computations carried out by K. Johnsen and O. Rognvaldsson will 
be presented below. 

Owing to their higher dimensionality, natural atoms have a richer struc­
ture than quantum dots, and the larger part of this review is devoted to the 
former. Parts of the analysis are similar for both cases and after having dis­
cussed natural atoms one can be more brief about the dots. There are some 
marked differences between the two cases, however. In particular, the repulsive 
interaction of the electrons in a quantum dot is the three-dimensional Coulomb 
potential, but the motion of the electrons is two-dimensional. This gives rise to 
somewhat peculiar electrostatics, since Newton's law for the field produced by a 
spherically symmetric charge distribution no longer applies. Also, the estimate 
of the kinetic energy in terms of a functional of the density is harder in 2D than 
in 3D, and for strong fields the treatment of the indirect part of the Coulomb 
interaction requires different techniques in the two cases. 

^Natural atoms in highly excited states ("Rydberg atoms") can also be strongly affected 
by magnetic fields of just a few T, giving rise to various forms of "quantum chaos". This 
subject will not be discussed here since we deal exclusively with ground-state properties. 
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2 Heavy Atoms in High Magnetic Fields 

2.1 The Hamiltonian 

The starting point for the investigation of natural, three-dimensional atoms is 
the Hamiltonian for Â  electrons in the Coulomb field of a nucleus with charge 
Ze and a homogeneous magnetic field B = (0,0, B)\ 

N 

i=l l<i<j<N 

(1) 
Here A{x) = {l/2){—X2B,xiB,0) with x = (xi,0:2,2:3) G R^ is the vector 
potential, a = (0-1,^2,(73) is the vector of Pauli matrices, and the units are 
chosen such that h = e = 2me = 1, c = 1/a « 137. The Hamiltonian HN,B,Z 

operates on antisymmetric wave functions ^ G /\^ X^(R^;C^) of space and 
spin variables. The ground-state energy is 

E'^{N,B,Z)= inf ( * , ^ ^ , 5 , z ^ ) , (2) 

and the ground-state electron density 

P%B,zi^)=N E / | * o ( x , x ( 2 ) , . . . , x W ; 5 W , . . . , s W ) | ' d x ( 2 ) . . . d x W , 

(3) 
where ^0 is a ground-state wave function. We study the asymptotic behavior 
of the energy and density as A/", Z -> 00 with N/Z fixed. The magnetic field 
B is allowed to vary with N as well. If B = 0 the leading contribution is well 
known ([9,10]): It is given by Thomas-Fermi (TF) theory, which for Z > 20 is 
accurate within a few percent as far as the bulk of the electrons is concerned. 
The theories described here are the generalizations to the case that J9 —>- 00 as 
Â , Z -> 00. This case is important for the study of neutron star surfaces, which 
are believed to consist mostly of iron atoms {Z — 26) in magnetic fields as large 
as 10^ - 10^ T. 

Before discussing the asymptotics of (2) and (3) let us recall the basic facts 
about the one-particle "kinetic energy" operator (including the interaction of 
the electron magnetic moment with the field) 

iJA - [(P + A(x)) . cjf = (px + A(x))2 + BG^ +pi, (4) 

Here p_L and pz denote respectively the momentum perpendicular and parallel 
to the magnetic field. The spectrum of Hx decomposes into Landau bands 
z/ = 0 , 1 , . . . with energy range \2PB^ 00[, and we have 

n^iJAn^ = -dl -h 2vB (5) 
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where H^ is the projector on the eigenfunctions in the z/th band, and ds := 
d/dxs. The degeneracy of the Landau level with energy 2uB is, per unit area 
perpendicular to the field, do{B) — (TT^^)"^ = ^ / (^TT) for I/ = 0 and dt,{B) = 
2(7r£|)-i = B/iT for iy>l. 

2.2 The Five Asymptot ic Regions 

In the following the symbols < , ~ and > are meant to indicate the asymptotic 
behavior of A^-dependent quantities as N -^ oo. Thus B <^ Z^, B ^^ Z^, 
and B :^ ZP mean, respectively, that B/Z^ -^ 0, B/Z^ -> (const.) ^ 0 and 
B/Z^ -> oo as Â  ̂  00 with Z ^ N. As already noted in [11-14] the exponents 
p = 4/3 and p = 3 are of special importance for the asymptotic properties of 
the ground states of (1). The analysis in [2] and [3] distinguishes the following 
parameter regions and establishes their precise status: 

Region 1: B <^ Z^/^ Region 2: B ~ Z^/^ Region 3: Z^/^ < B < Z^ 
Region 4: B ^ Z^ Region 5: B :^ Z^ 

A first orientation about the diflFerent physics in the diflFerent regions may 
be obtained by the following heuristic reasoning. 

By the Pauli principle each electron can be thought of as occupying a "pri­
vate room". At 5 = 0 its spatial extension a is independent of direction and 
the kinetic energy is Skin ~ 1/a^. To minimize the Coulomb energy due to the 
attraction of the nucleus the electrons arrange themselves in a sphere around 
the nucleus. If R denotes the approximate radius of the sphere the potential en­
ergy of an electron is Spot ~ -Z/R ~ -Z/{N'^/^a) since Na^ r^ R^. Optimizing 
^ = ^kin + ^pot with respect to a gives 

a - Z-iiVV3 ^ Z-2/3 and i? - Z-^TV^/s ^ ^-1/3^ ^̂ ^ 

The energy per electron, e, and the ground-state energy, E = Ne, are 

e - - Z 2 i V - 2 / 3 ^ - Z ^ / ^ and E - - Z ^ i V ^ / ^ ^ - Z ^ / ^ (7) 

The repulsive energy, Srep ~ ^/R, has been ignored since it does not affect 
the rough estimates of energies and sizes presented here, although it is of course 
crucial for other questions, e.g., the maximal number of electrons that a nucleus 
can bind. 

Since the eff'ects of a magnetic field on the energy are of the order B, one 
expects only a small perturbation of the B = 0 picture as long as -B <^ \e\, i.e., 
B < Z^/3. The wave functions are little aflFected by the magnetic field, provided 
a <^ £B' Since a ~ Z"^/^ and IB ^ B~^/^, this leads to the same condition 
as before. On the other hand, for B ~ Z^/^ the distance between electrons is 
comparable with the magnetic length and the field will start to have effects to 
leading order. These contributions will involve all Landau levels. 

At ^ > Z^/3 energy differences between Landau levels are much larger than 
the Coulomb energy scale, and the electrons will essentially be confined to the 
lowest Landau band. The private room of an electron is now a cylinder with 
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radius ^ IB ^ B~^I'^ and length L^ HB- The kinetic energy is Skin ~ l/JO^. A 
spherically symmetric arrangement of the electrons around the nucleus is still 
optimal and possible, provided the condition L ^ R, with R the radius of the 
sphere, is compatible with NL£% ~ R^ and l/L^ — Z/i? = minimum. The last 
two conditions give 

R - Z-l/57V2/5^-2/5 _ ^1/5^-2/5 ^ ^-l/3(J5/^4/3)-2/5 (3) 

and hence 

L - z-^l'^N^I'^B-^l^ ~ {{BZ'^IN^Y^^)R - {B/Z^f^^R. (9) 

The condition for sphericity, L <^ R, thus becomes 5 <^ Z^. The energy is 

^ ^ _ ^ 6 / 5 ^ 3 / 5 ^ 2 / 5 ^ _ ^ 9 / 5 ^ 2 / 5 ^ _ ^ 7 / 3 ( ^ / ^ 4 / 3 ) 2 / 5 _ ( ^ Q ) 

At ^ ~ Z^ the atom begins to deviate from spherical shape because the condi­
tion L <^ R no longer holds for the optimal L. 

If JB > Z^ the extension of an atom along the field is the same as for one 
electron, i.e., the atom is approximately a cylinder of length L and radius 

R - (iV4)V2 ^ {N/B^/^ < L. (11) 

The Coulomb energy of an electron is now ^pot ~ — {Z/L) ln{L/R) and the 
optimum of e = 6kin + ^pot with ^kin ^ l/L'^ is obtained for 

L - Z-\\n{BI{Z^N))]-^ - Z-^[\n{BI{Z^))]-\ (12) 

We see that L/R - {B/{Z'^N)f''^ \n{B/{Z'^N)), so we indeed have L > iZ for 
^ > Z ^ The energy E = Ne is 

E - -Z^N\n[{B/{Z'^N)] - -ZHn{B/Z^). (13) 

To summarize, the heuristic considerations have disclosed the asymptotic 
regions B < Z^/^ Z^/^ < ^ < Z^ and J9 > Z ^ where the simple expressions 
(7), (10) and (13) for the ground-state energy are plausible, and the transition 
regions B ~ Z^/^ and B ^ Z^, where a more complex behavior is expected. 

It is a long way from the rough estimates given above to rigorous theorems 
about the ground-state asymptotics of (1). Clearly the cases B ~ Z^/^ and 
B ~ Z^ are the most challenging, and in fact the other three cases can be 
regarded as limits of these two. li B ^ Z^/^ the asymptotics turns out to be 
given by a ^-dependent density functional theory of the TF type, that was first 
introduced by Tomishima and Yonei [15]. Its limit for B/Z^/^ -»• 0 is the usual 
B = 0 TF theory, whereas for B/Z"^/^ -^ oo, but B/Z^ -^ 0, it passes into 
another TF-type theory first considered by Kadomtsev [11]. For B ~ Z^ a new 
type of functional, depending on density matrices rather than the density alone 
gives the correct limit. If B/Z^ —)• oo it simplifies to a one-dimensional theory 
that is solvable in closed form. 
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2.3 The Semiclassical Theories 

The density functional that correctly describes the ground state for B ~ Z^/^ 
is the magnetic Thomas-Fermi functional (MTF) 

e^^^[P] B,Z]= f TB{p{x))dx -Z I \x\-^p{x)dx + D(p, p). (14) 

Here p > 0 is the electron density, 

D{P,P) = \ j j P{x)p{y)\x-y\-^dxdy (15) 

is the Coulomb repulsion and TB is the kinetic energy density of a free-electron 
gas in magnetic field B. This function is the Legendre transform of the pressure 
PB and is most conveniently characterized by the fact that TB (0) = 0 and the 
derivative r^ is the inverse of the derivative of the pressure, i.e., 

PB{r'B{p)) = P (16) 

with 
P'B{W) = (27r2)-ijB[t/;i/2 + 2 ^ [ i / ; - 2Bvfl\ (17) 

The function rB{p) is for large p bounded above by (const.) p^/^, and for i5 -^ 0 
it tends to the kinetic energy density at JS = 0, ro(p) = (3/5)(37r^)^/^p^/^. 
Standard TF theory, where TB is replaced by TQ, is thus a limiting case of (14). 
In suflSciently strong fields only the contribution from the lowest Landau level 
in (17) is relevant, and TB is replaced by 

T%''{P) = {AT:^IZ)P'IB\ (18) 

The corresponding theory will be referred to as the STF theory; it was first 
studied in [11,14,16]. 

For each Â  there is a minimal energy E^^^{N,B,Z) and a unique mini­
mizing density P^^B,Z ^^^ ^^^ functional (14): 

E'^'^^iN, B, Z) = inf {S'^^^ip] \!P = N} = E^'^^[pf'lz]. (19) 

This is proved by the methods of [9] and [10]. Corresponding quantities for the 
TF and STF theories are denoted E'^^{N, Z), p]^z^ E^'^^{N, B, Z) and P^^^^z-
The following scaling laws for the energies hold with A = N/Z, (3 = B/Z^/'^: 

E^^iN,Z) = Z'/'E'^^iX,!) (20) 

E^'^P(N,B,Z) = Z''^E'^'^^{\p,\) (21) 

E^'^^{N,B,Z) = Z'/^p^/'>E^'^^{\,l,l) (22) 
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The corresponding relations for the densities are 

PX^^(X) = Z^PZ^^'"^) (23) 

P'^^lA^) = Z'pfZiZ'^'x) (24) 

P'Jlzix) = Z'/3'/'(iZiZ'/'0'^'^)- (25) 

Thus the TF theory has one nontrivial parameter, A, MTF has two parameters, 
A and P, and STF again only one, A. 

The basic quantum mechanical limit theorems for the three regions B <C 
Z4/3, B ~ Z^/s and Z*/^ <^ B <^ Z^ are 

Theorem 2.1 (Energy asymptotics in Regions 1—3) LetN, Z —> oo with 
N/Z fixed. If B/Z^ -^ 0, then 

E'^{N,B,Z)/E^"^^{N,B,Z)^1. (26) 

IfB/Z^/^^0, then 

E^{N,B,Z)IE^^{N,Z)-^\. (27) 

Finally, ifB/Z'^/^ -)• oo, hut B/Z^ ->• 0, then 

E^{N,B, Z)/E^'^^{N,B, Z) -)• 1. (28) 

Theorem 2.2 (Density asymptotics in Regions 1—3) LetN, Z —>• oo with 
A = NIZ and p = B/Z^/^ fixed. Then 

Z-^pQ{Z-'/^x)^pfJl{x). (29) 

/ /S /Z4 /3 ->0 , 
Z-^pQ{Z-'/'x)-^ pJlix). (30) 

IfB/Z*/^ -)• 00, but B/Z^ -^ 0, then 

^-2^-6/5pQ(^-l /3^-2/5^) ^ pST^^i^^), (31) 

T/ie limits are in the sense of weak convergence in L^^^ (R^)-

Theorems 2.1-2 are proved in [3]. A brief discussion of the ingredients for 
the proofs will be given in Sect. 2.6. See also [17] for a special case and [18], 
[19] for related results and partial generalizations. 

The theorems allow us to draw various conclusions about basic properties of 
heavy atoms in Regions 1-3, i.e., for B ^ Z^. First, the theorems confirm the 
heuristic arguments given in Sect. 2.2 that in these parameter regions atoms are 
spherical to leading order with radius ~ Z~-^/^(l + {B/Z^^^))~'^/^. Second, it is 
a general property of TF-type theories that the maximum number of electrons 
that can be bound is Â  = Z. In other words, negative ions do not exist in 
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200 

Figure 1: Plots of |a:p/9(x) in MTF theory for iron atoms in magnetic fields 
^ = 0, 10^ 10^ 10^ T. 

the limit considered. Third, molecules do not bind in TF-type theories [9,10] 
which in the present context means that in Regions 1-3 the quantum mechanical 
binding energies of molecules are of lower order than ground state energies of 
atoms, which are of the order Z^/^{1 + BjZ^I'^fl^. 

For further discussions of MTF theory and its astrophysical applications see 
[20,21] and references quoted therein. Figure 1, computed by O. Rognvaldsson, 
shows the density p^^^ for various values of B. 

2.4 The Density ]VIatrix Theory 

In Region 4, i.e., for B ^ Z^, atoms cease to be spherical and a new type 
of functional takes over from the semiclassical theories of the last subsection. 
The variable of this functional is not a density but a mapping x± -^ Tx^ from 
x± = (a:̂ i,a;2) G R^ into density matrices, i.e., nonnegative trace class operators 
on L^(R, dxs), satisfying the condition 

0 < F^^ < {B/{27r))I (32) 
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for all x±. Let rxj_ixs,y3) denote the integral kernel of Tx^ and put Pr{x) = 
^x^i^s^xs). The Density matrix functional (DM) is defined as follows: 

f ^ ^ [ r ; B , Z ] = j [-dlTxA^^^yz)]^^^y^dx^dx^ 

-Z I \x\-^PT{x)dx + D{PT,PT)^ (33) 

The corresponding energy E^^{N,B,Z) and minimizer T ^ ^ ^ = T^^ (which 
can be shown to exist and be unique) are defined by 

E^^{N,B,Z) = inf{5^^[r] : f Pr < N} = £^^[r^^], (34) 

To understand the motivations for (33) and the condition (32) recall first that for 
B ^ Z^/^ the electrons in an approximate ground state ^ of (1) are expected to 
be confined to the lowest Landau band. On may then, with small error, replace 
the kinetic energy operator (4) by YloHA^i^o = —^l; cf. (5). Also, one expects 
that for large N and Z the exchange-correlation part of the Coulomb repulsion 
is small compared with the direct part D{pxi,,p\if), where P^(x) denotes the 
density corresponding to ^ . Defining 

rtjx,,ys)=Nl^{x^,Xs;x(^),...,xW) 

x<i!{x^,y3]x^^\... ,:rW)^a;(2) .. .^^^W (35) 

(summation over spins is understood) we have p^(x) = F̂ ^̂  (2:3,0:3). Thus, 

( * , / f ; v , B , 2 * ) « f ^ ^ [ r * ; B , Z ] . (36) 

The condition (32) can be traced to the fact that the density of states per unit 
area in the lowest Landau level is do{B) = B/{27r). If ^ is composed of wave 
functions in the lowest Landau band it is easy to deduce from this that F^ must 
satisfy (32). 

The DM functional (33) treats the electrostatic interactions classically but 
the kinetic energy for the motion along the magnetic field quantum mechanically 
by the —d^ term. In directions perpendicular to the field the motion is restricted 
by the "hard core" condition (32). Note that without (32) the functional would 
not be bounded below. 

The DM theory has two parameters, A = N/Z and rj = B/Z^. This is 
manifested in the scaling relations 

E^^{N,B,Z) = Z^E^^(A,77,1) (37) 

and 
PN%,zi^) = Z*p^^^,iZx), (38) 

where p^^ is the density corresponding to the minimizer F ^ ^ . The 77 -^ 00 
limit will be considered in the next section. 

The main quantum mechanical limit theorems for strong fields are 
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Theorem 2.3 (Energy asymptotics in Regions 3-5) LetN, Z -> oo with 
N/Z fixed. IfB/Z^/^ ^ 00, then 

E^{N,B,Z)/E^^{N,B,Z) -^ 1. (39) 

Theorem 2.4 (Density asymptotics in Region 4) Let N, Z and B -^ oo 
with N/Z = A and B/Z^ = r] fixed. Then 

weakly in Lj^^. 

Note that Theorem 2.3 overlaps with Theorem 2.1 since Region 3 is covered 
by both. A hmit theorem for the density in Region 5 will be formulated in the 
next subsection. 

Because of Theorems 2.3-4, DM theory is relevant for heavy atoms such 
as iron {Z = 26) in fields of neutron star strength. (At B = 10^ T one has 
p ^ 14, ri ^ 0.06 if Z = 26.) Numerical studies of the DM theory have 
been carried out by K. Johnsen [22], and Fig. 2 shows contour plots of the 
density p^^ ioi N = Z = 26 and three values of B: 10^ 10^ and 10^^ T. As 
apparent from these figures, the atomic core is still approximately spherical at 
the weakest field but the atom shrinks and becomes increasingly elongated as 
the field goes up. This is in accord with the order of magnitude estimates (11) 
and (12). Another noteworthy point is that for the strongest field the shape 
of the atom is simpler than for the weaker field, where the atom is composed 
of several cylindrical shells. The reason for this is that minimizers for the DM 
functional are obtained by seeking at each x± the lowest eigenfunctions for a 
one-dimensional Schrodinger Hamiltonian —d^ + V^^{x3) where V ? ^ is the 
self-consistent potential generated by the nucleus and p^^. The number of the 
cylindrical shells reflects the number of eigenfunctions that contribute to r ^ ^ . 
At JB = 10^^ T this number has dropped to one, in which case r^^{xs,ys) = 
A / P ^ ^ (X) A / P ^ ^ (y) and the DM theory simplifies to a density functional theory. 
The corresponding functional, denoted by £^^ (SS stands for super-strong), is 

£^^[p; B,Z]= f [a3^/p]' dx-Z f \x\-^p{x)dx + D{p, p) (41) 

and condition (32) becomes 

p{x±,X3)dx3 <B/{27r) (42) 
/ ' 

for all x± G R^. We denote the ground-state energy of (41) by E^^{N,B,Z). 
The transition from DM to SS occurs at a certain critical value ryc(A) of the 
parameter r? = 5 / Z ^ i.e., E^^{N, B, Z) = E^^{N, B, Z) for r] > rjc. Numerical 
studies [22] give the value ijc = 0.148 at A = 1. This corresponds to ^ = 
2.44 X 10^ T for iron atoms. 
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Figure 2: Contour plots of iron atoms in DM theory in magnetic fields B = 10^, 
10^ and lO^o T. 

In contrast to the semiclassical theories of Sect. 2.3 negative ions and molec­
ular binding are possible in DM theory. In fact, in the extreme limit 77 —>• oo 
considered in the next section the maximum value of A is Ac = 2, and the 
binding energy of a diatomic molecule is six times as large as the ground-state 
energy of individual atoms! At 5 = 10^ T and Z = 26 the computations in 
[22] give Ac « 1.04 and a ratio of about 0.18 between the binding energy of a 
diatomic molecule and the ground-state energy of an atom. 

2.5 The Limit of Hyper-Strong Fields 

According to (11) and (12) the length of the atom is expected to scale as 
[Zln{B/Z^)]-^ and the diameter as (Z/B)-^/'^ when 77 = B/Z^ -^ 00. This 
suggests to change variables in the functional £^^ in accordance with these 
length scales and look for the 77 -> 00 limit of the resulting functional. Closer 
examination of £^^ [22] shows that convergence is more rapid if In rj is replaced 
by another function with the same asymptotic behavior, namely the solution 
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L{rj) of the equation 

{7,/2)i/2 = L(^)sinh(L(7,)/2). (43) 

The rescaled Coulomb potential becomes 

Vr,{x) = Lirj)-\T,-'Lirjfxl+xl)-'/' (44) 

and the rescaled SS functional is defined as 

f ss(p) = f [dsVp]^dx - f Vrj{x)p{x)dx + / Vr^ix - y)p{x)p{y) dxdy. (45) 

The energy 
Ef{\) = i n f{ f f (p)|/pdx < A, Jpdxs < 1} (46) 

is related to E^^ by 

E^^{N,B,Z) = Z^L{r)fEf{\). (47) 

Now Vr^{x) -^ S^x-i) in distributional sense as 77 -)• oo. Defining p{xz) = 
J p{x±,xs)dx± and the Hyper-strong density functional by 

£^^[p] = I [ds^^dxs - m + Ip{xs)^dxs (48) 

it follows that £^^[p] -> £^^[p] for all p. With a little more effort one shows 
that E^S(A) = E^^{X) + 0{L{r])-^), with ^^^(A) the ground-state energy of 
fHS^ and thus by (47) 

E^^{N,B,Z) = Z^L{r]fE^^{\) -f Z^O{L{r])). (49) 

Since L{'q) increases only logarithmically with r] the convergence of SS to 
HS is fairly slow. 

The hyper-strong functional is a rough approximation of the SS functional 
at all but extremely large r/, but it has the interesting property that it can be 
minimized in closed form. One finds 

E^^{X) = -\\-v\\'-l^X' (50) 

for A < 2 and ^"^(A) = E^^{2) = - 1 / 6 for A > 2. Writing the minimizer 
p^^{xs) as ip^^ixs)'^ one has 

i^^'^i^) = . . u r ^ ^ ' x ^ • T f o r A < 2 (51) 
^ ^ ^ 4sinh[^(2-A)|a;| -he] 
^P^^ix) = ^/2(2 + |x|)-l f o r A > 2 (52) 

where tanhc = (2 — A)/2. 
Combining Theorem 2.3 with (49) one obtains 
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Theorem 2.5 (Energy asymptotics in Region 5) Let N, Z ^ oo with 
NjZ =\ fixed. Ifr] = B/Z^ -> oo, then 

E^{N,B,Z)/{Z^L{rifE^^{X)) -^ 1 (53) 

where L{r)) and E^^{X) are given by (43) and (50). 

There is also a limit theorem for the density: 

Theorem 2.6 (Density asymptotics in Region 5) Let N, Z —^ oo with 
N/Z =\ fixed. Ifri = B/Z^ -^ oo then 

[Z'L{r])]-' Ip{xj_,[ZL{r])]-'xs)dx,. -^ p^'^ixs) (54) 

weakly in Ll^^(R,dxs). 

From these limit theorems and the exphcit solution (50)-(52) of the HS the­
ory one also obtains results about enhanched negative ionization and molecular 
binding of atoms in hyperstrong magnetic fields. 

Theorem 2.7 (Negative ionization) The maximal number, N^, of electrons 
that can be bound to an atom of nuclear charge Z, defined by 

N^ = m^x{N : E^{N,B,Z) < E^{N - l,B,Z)}, (55) 

satisfies 
Yimm{N^lZ>2 (56) 

as Z ^ oo and BjZ^ -^ oo. 

The result about molecular binding is based on the fact that the nuclei of 
molecules coalesce in the HS limit, despite the nuclear repulsion. The striking 
fact is that the binding energy is of the order of the atomic energy itself— 
contrary to the 'ordinary' situation in which it is only a tiny perturbation. To 
state this precisely, let E^{N,B,Zi,...,ZK) denote the quantum mechanical 
ground-state energy of a molecule of K nuclei with charges Z i , . . . , ZK and N 
electrons. This energy includes the nuclear repulsion energy ^k^£ZkZi\Rk — 
jR^I"^, where the Rk denote the positions of the nuclei (that are assumed to 
be infinitely heavy), and it is understood that the infimum over all nuclear 
positions has been taken. We have 

Theorem 2.8 (Bound atoms are isocentric for large B) Put Ztot = Zi-\-
. . . + ZK • If B/Zl^^ -)' oo as N, Ztot -> oo with N/Ztot fixed, then 

EQ( iV,^ ,Z i , . . . ,Z ,^ ) /£ ;Q( iV ,^ ,Z to t )^ l . (57) 

159 



E. H. Lieb, J. P. Solovej and J. Yngvason 

The molecular binding energy is defined by 

E^{N,B,ZU...,ZK) = 

min{£;Q(Ar{">,B,Z{°>) + £;Q(iV{''>,B,Z^'>"i) - E^{N,B,Zi,...,ZK)]. 

(58) 
The minimum is over decompositions of { 1 , . . . , K} into two clusters, {a} and 
{6}, and Z^^^ and Z^^^ stand for n-tuples of nuclear charges corresponding to 
each cluster, while N^°'^ + N^^^ = N. For neutral molecules of identical atoms 
we obtain as an immediate corollary of Theorems 2.5 and 2.8: 

Theorem 2.9 (Strong molecular binding) The binding energy of a neutral 
molecule of K nuclei with charge Z satisfies 

^^iror-W2i(if-ii^/2i) (59) 

as Z -^ oo and BjZ^ -^ oo. Eere [i^/2] denotes the integer "part of Kjl. 

2.6 Ingredients for the Proofs 
The chain of arguments leading to the proofs of the quantum mechanical limit 
theorems in Sects. 2.3-5 is rather long and it is not possible here to mention but 
the main links. A first remark is that it suffices to prove the theorems about 
the energy asymptotics, but with slightly more general potentials than —Zj\x\^ 
for the limit theorems for the density can then be obtained in a standard way 
by variation with respect to the potential [9]. To prove Theorems 2.1 and 2.3 
one must derive upper and lower bounds on the quantum mechanical energy 
in terms of ground-state energies of the relevant functionals with controlled 
errors. The upper bounds are easier than the lower bounds and are obtained 
using the variational principle of Lieb [23]. This principle implies that for any 
kernel /C(a:, s\ x', s') in the space and spin variables, satisfying 0 < /C < / as an 
operator on I/^(R^; C^) as well as Tr/C < A/', one has 

E'^iN.B.Z) < Tr[{HA - Z/\x\-')IC] + D{Pjc,P)c) (60) 

where Pjcix) — X^s/C(a;,5;a;,5). Suitable kernels /C are in the semiclassical 
Regions 1-3 constructed by means of coherent states^ which may be regarded as 
a rigorous version of the "private rooms" used in the heuristic arguments in Sect. 
2.2. Coherent states are usually understood as maps from the classical phase 
space of a system into wave functions, or rather into rank one projectors, having 
optimal localization around the classical values. The objects used here are 
slightly more general and are reminiscent of the coherent operators considered 
in [24]. They are defined by the integral kernels 
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Here i/ is a Landau level index, ii G R^, p G R, 'n.-^{x±,x'j_) is the integral 
kernel of the projector on the i/th Landau level in L^(R^,dx_L), and gr{x) = 
r~^/'^g{x/r) with J g^ — 1 is a localization function. These operators were 
first used in [17] to prove Theorem 2.1 for the special case of Regions 1 and 2. 
They are positive, although not projectors, and satisfy the coherent operator 
identities 

(27r)-i I ] / / n^,t.,p dudp = / and Tr (n^,n,p) = d^{B). (62) 

Moreover, they are approximate eigenoperators for both Hp^ and local potentials 
V in the sense that 

TV {Hpjl.^u^p) = d^{B)e^.^p + d,{B) r ' ^ f{Vg)\ (63) 

where Sj^^p = 2vB +p^ is a (generalized) eigenvalue of H^^ and 

Ti{VJl,^u.p)=d,{B)V^gl (64) 

The test kernel K is defined by 

]C{x,s]x',s') =5ss>^ / / n^,i/,p(a;,s;x',5')0 (r^ {p^^^ {u)) - ej,^p) dudp, 
V -^ -^ 

(65) 
where 0 is the Heaviside function, 0(t) = 1 for t > 0 and 0 for ̂  < 0. Using 
(58), (59) and the properties of p^^F ^̂  |g ^^^^ ^^ gj^^^ ^YIQX if the locahzation 
length r is chosen ~ (Z~^/^(H-/?)~^/^)^ with 0 < 7 < 1 the errors in the upper 
bound (55) are small compared to the main contribution E^^^{N,B,Z). 

For the upper bound in Regions 4 and 5 one cannot use the coherent states 
(56) because the localization error due to the function g becomes too large. 
Instead one makes use of the fact that the the wave functions in the lowest 
Landau level are themselves localized on a length scale ~ £B, which, by the 
heuristic arguments of Sect. 2.2, is small compared with the atomic dimensions 
perpendicular to the field. The kernel /C is here defined as 

^x,s;x',s') = Sss' do{B)-' IU^{x^,y^)r^^{xs,x',)U^{yj_,x'^^^^ (66) 

To prove that the error is of lower order than the ground-state energy one uses 
an independent simple upper bound for E^ in terms of the energy without 
electronic repulsion but with a reduced nuclear charge. 

The lower bounds on the quantum mechanical energy require more tools. In 
Regions 1-3 one uses coherent states in a similar way as in the upper bound and, 
as an essential new ingredient, a generalization of the Lieb-Thirring estimate 
on the sum of negative eigenvalues of Schrodinger Hamiltonians [25]. 
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Theorem 2.10 (Magnetic LT-inequality) Let\V\- G L^f'^{l^^)r\L^/'^{B?), 
where \V{x)\- = \V{x)\ forV < 0 andO otherwise, andletej{B,V), j = 1,2,... 
denote the negative eigenvalues of the operator H = HA + V{X). Then 

Y^\ejiB,V)\ < L,B j \V{x)\Tdx + L2 j \V{x)t^dx, (67) 

for certain constants Li and L^-

For generalizations to inhomogeneous field and a discussion of the constants in 
(62) see [26]. The Lieb-Thirring inequality (62) implies via Legendre transfor­
mation an estimate of the kinetic energy T^ = {^,^^Hp^'^) from below by 
(const.)/rB(p^). These estimates are needed both to control the localization 
error, when the Coulomb singularity is smeared as in (59) by gl, and the indi­
rect (i.e., exchange-correlation) part of the Coulomb repulsion, which, by the 
Lieb-Oxford inequality [27] is bounded below by — (const.)/p^^^. 

In Regions 4 and 5 there are two main ingredients for the lower bound. The 
first is a theorem on the confinement of the electrons in the lowest Landau band 
a&B/Z^/^-^oo. 

Theorem 2.11 (Confinement to lowest Landau band) Define 

El^,{N,Z,B)= mi^^J^,n^HN,B,z^^^) (68) 

where HQ is the projector on the lowest Landau hand for the N-electron system. 
Then 

E'^/E^onf -> 1 (69) 
as B/Z"^!^ -> 00 with N/Z fixed. 

The second ingredient is an estimate of the indirect part of the Coulomb repul­
sion for strong magnetic fields. The Lieb-Oxford inequality, although univer­
sally true, is not strong enough for B ̂  Z^ and larger. In fact, if p is essentially 
concentrated in a cylinder of radius ~ (Z/5)^/^ and length ~ [Zlnr^]"^, as p^ 
will eventually be according to the heuristics in Sect. 2.2, then Jp^^^ is of the 
order Z'^/^B^/^\[nriY/'^. Only for B <^ Z^ will this be smaller than the expected 
ground-state energy ~ Z^\\.nrjY. The indirect part of the Coulomb energy is es­
sentially N times the self-energy of a unit charge smeared over the private room 
of an electron and should accordingly be of the order Z^ln(^ /Z^) ln(5/Z^) . 
The estimate derived in [3] does not quite reach this ideal. The bound is ob­
tained by introducing two ultraviolet cut-offs in the Coulomb kernel, one for the 
directions perpendicular to the field and another in the direction of the field, 
and it involves the kinetic energy. The result is 

Theorem 2.12 (Bound on the indirect Coulomb energy) 

HN,B,Z > f^((l-Z-l/3)ifW+^DM(^(i)A_^(^DM^^DM) 
2 = 1 ^ ^ 

- CA(l + A^)(l + Z«/3)(l + [ln»,n 
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where V^^ is the potential generated by the nucleus and p^^, and C\ is a 
constant depending only on X = N/Z. 

In addition to Theorems 2.7-9 good control over the asymptotic MTF and 
DM theories is important for the proofs of the Umit theorems. In the MTF case 
the methods of [9] and [10] can be used, but the DM theory requires new ideas. 
In particular, establishing the existence and uniqueness of the minimizer F ^ ^ 
is not entirely straightforward. 

3 Quantum Dots 

3.1 The Hamiltonian 

A quantum dot is modeled as a two-dimensional system of N electrons with 
effective mass m* in a continuous potential V with V{x) -^ oo for \x\ -> oo. 
(For instance, V{x) — K\x\^.) The two-dimensional medium has dielectric 
constant e and the effective charge for the electronic Coulomb interactions is 
e* = e/y/e. A magnetic field of strength B points in the direction perpendicular 
to the two-dimensional plane. Units are chosen such that h = 2m* = e* = 1, 
and B is measured in units of 4^* with B^ = e\rnlc/{e^^'^Ti^). To simplify 
notation the electron spin will here be ignored. The Hamiltonian can then be 
written 

^ r 2 1 
^;v,B,v = ^ (p^'^+A(:c(^))) -B + V{x^^)\ -vY,\x^^ - x^^^\-^ (70) 

i=l i<j 

where p := -i{di,d2), x = (a;i,rr2) G R^ and A{x) = ^{-X2B,xiB) as before. 
The spectrum of the kinetic energy operator iJkin = (p-f A)^ — J5 consists of the 
Landau levels 2iyB, i/ = 0 , 1 , . . . , where B has been subtracted for convenience 
in order that the spectrum of iJkin starts at 0. We write the potential as 
V{x) = Kv{x) with a coupling constant K, and regard v as fixed, while K 
varies proportionally to N. The ground-state energy and electronic density for 
the Hamiltonian (65) are denoted respectively by E^{N,B,K) and p^ ^ xi^)-

3.2 The Asymptotic Theories 

The main features of the asymptotics of E^(^N,B,K) and Pj^ ^ K^"^) ^^^ ^^ 
made plausible by simple heuristic arguments in the spirit of Sect. 2.2. Here, 
however, it is necessary to include the Coulomb repulsion between the electrons 
to get the right picture of the size of the dot for strong B. The reason is twofold: 
First, the kinetic energy vanishes in the lowest Landau level since there is no 
degree of freedom along the field as in the three dimensional case. Second, the 
potential V is nonsingular by assumption and the repulsion is therefore not 
compensated by an attractive singularity as for natural atoms. 
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Starting at -B = 0, the kinetic energy of an electron is £kin ~ N/E?^ with R 
the radius of the dot, the potential energy from the confining V is Spot ~ Kv{R) 
and the repulsive energy Srep ~ N/R. If X -> oo with K/N = k fixed as 
A/" -> 00, all these terms are proportional to Â  and the optimal radius is thus 
to leading order independent of N. (It depends on k though, and tends to 
infinity if A: -)- 0.) The energy of an electron is '-̂  Â  and the total ground-state 
energy is thus E ~ N"^. The division line between weak and strong fields is 
clearly B ^ N: foTB<^N the energy differences between Landau levels are 
much smaller than the other energies, whereas for 5 > AT the electrons will 
essentially sit in the lowest Landau level and the kinetic energy will be close 
to zero. An interesting point is that the electronic repulsion and the absence 
of attractive singularities of V prevents the dot from shrinking indefinitely as 
B/N -^ oo, contrary to what happens if B/Z^ -> oo for natural, 3D atoms. In 
fact, dropping the kinetic term in (65) altogether leads to a model of Â  classical 
point particles interacting by Coulomb repulsion and with V. The radius of this 
system is approximately the value of R that minimizes kv{R) + 1/i?, and while it 
is slightly smaller than the B = 0 value, where the kinetic term 1/i?^ pushes the 
radius up, it is independent of B. Note also that the for B ^ N the electrons 
are localized on the scale IB ~ B~^^^ which is much smaller than the mean 
electronic distance ~ A^~^/^, while in the 3D case, with the potential —Z/\x\, 
the hard core bound R > N^/'^ts is saturated in the asymptotic ground state. 

The density functionals, that enable to turn the heuristic reasoning above 
into precise theorems about the N,K -^ oo limit, are defined as follows. For 
weak fields, B <^ N, a, standard two-dimensional Thomas-Fermi energy func­
tional applies, 

£^^[p;K] = 27r f p{x)^dx-\- f V{x)p{x)dx + D{p,p). (71) 

At moderate fields, B ^ N, the correct asymptotics is given by a two-dimensional 
magnetic TF functional 

S'^^^ip'.B^K] - j3B{p{x))dx + jv{x)p{x)dx + D{p,p) (72) 

where JB is a piece-wise linear function, defined by j ' ^ (p) = [27rp/B] where [t] 
denotes the integral part of t. This functional was first applied to quantum dots 
in [28] and is capable of modeling interesting details in the conductivity of large 
quantum dots in magnetic fields [29]. The last asymptotic density functional, 
the "classical continuum model", appUes to strong fields, B ^ N. It contains 
only classical interactions of the charge density and no kinetic energy term: 

5°[/9; K] = I V{x)p{x)dx + D{p, p). (73) 

In addition to the three density functionals the model of Â  point charges with 
energy 

i i<j 
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is also relevant. The ground-state energies of (66)-(68), i.e. the infima (in 
fact minima) of the functionals for densities with given J p = N, are denoted 
E^^{N, K), E^^^{N, B, K) and E^{N, K), and an analogous notation is used 
for the minimizing densities. The infimum of (69) for given N is denoted 
E^{N,K). The energies and densities scale as expected from the heuristic 
arguments, e.g., E^^{N,K) = N^E^^{1,K/N), E^{N,K) = N^E^{1,K/N), 
E^^^{N,B,K) = N'E^^^1,B/N,K/N), P^jA^) = Np^^^^^^^^{x) etc. 

The difference between E^{N,K) and E^{N,K) can be estimated, using 
an electrostatic lemma of Lieb and Yau [30], as 

E^{N, K) - aN'^l'^ > E^{N, K) > E^{N, K) - bN^^^, (75) 

where a, 6 > 0 depend only on A; = K/N. Note that the order iV^/^ = N x 
(A^~^/^)~^ is precisely what what is expected from the indirect part of the 
Coulomb interaction (which is absent in E^). 

In order to guarantee that the minimizer of (68) is an L^ function and 
not just a measure, V is taken to be in the class C^'^ of once differentiable 
functions whose derivatives are Lipschitz continuous of some order a > 0. For 
the important special case V{x) = Klx]"^ the minimizer P%j^ can be computed 
explicitly; it has the shape of a half-ellipsoid: 

PN V (^) = ^NR-^ x / l - i ? - 2 | x P (76) 

if \x\<R= {SnN/SKy/^ and 0 otherwise. 
The shape of the electronic density in the three asymptotic theories is shown 

in Fig. 3 for a quadratic potential V{x) = Klx]"^ and different values of B. The 
pictures were prepared by K. Johnsen. At JB = 0 we have the usual Thomas-
Fermi model, which may be regarded as a limit of the MTF model with infinitely 
many Landau levels occupied. As the field increases the number of occupied 
Landau levels decreases and the full levels show up as plateaus at integer values 
of 27rp/B. At -B = 2T three Landau levels are full and electrons in the central 
dome occupy the fourth level. At 5 = 4T most electrons are in the lowest 
level, but some are in the next highest level. At JB = ST, the density is a half 
ellipsoid, given by the minimizer (71) of the classical functional (68). Note that 
the diameter of the dot at B = 8 T is slightly smaller than at J5 = 0, but as soon 
as the region of the model (68) has been reached the density does not change 
further although B is increased. 

3.3 The Limit Theorem 

The analogue for quantum dots of the limit theorems in Sects. 2.3-5 is 

Theorem 3.1 (Limit theorem for the energy and density) Let V = Kv 
with V a fixed function in C^'^, 0 < a. Then, if N^K -^ oo with K/N = k 
fixed, 

E^{N,B,K)/E^^^{N,B,K) -^ 1 (77) 
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B = 2T 

B = 8T 

Figure 3: Quantum dots at various magnetic field strengths. The potential is 
V(x) = (l/2)m*^2|a:p, with m* = 0.67m, huj = 3.37 meV, and N = 50. The 
coordinate axes are displayed in units of 10"^ m and the density p in the units 
10-14 m - 2 . 

uniformly in B. Moreover, 

E^{N, B, K)/E^^{N, K)-^l if B/N -^ 0 

and 
E^{N,B,K)/E^{N,K) -> 1 if B/N -^ oo. 

The densities converge also: 

N PN,B,K ^ Pl,B/N,k 

uniformly in B, and 

J:JP%B,K^PZ ifB/N^O 

N 
PN,B,K-^P?,k if B/N ^oo. 

The convergence is in the weak L^ sense. 

(78) 

(79) 

(80) 

(81) 

(82) 
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The proof of this theorem proceeds partly along similar lines as in the 3D 
case. Thus the upper bound on the energy is obtained using coherent states 
as in (56) (without the expip{xs — x'^) factor, of course). For the lower bound 
one treats the cases B <^ N and B ^ N differently from B ^ N. For strong 
fields the Hamiltonian is estimated from below by the point charge functional 
(69), which in turn is bounded by the classical functional with a small error 
according to (70). For weak and moderate fields one uses coherent states, and 
the indirect Coulomb energy is estimated by — (const.)/p^/^. The following 
inequality is needed to control this term. 

Theorem 3.2 (2D magnetic Lieb—Thirring inequality) Let W he locally 
integrahle, and denote by ei{W),e2{W),... the negative eigenvalues (if any) of 
the operator H = {p + A)^ — B -\- W. Then for all 0 < X < 1 we have the 
estimate 

T.\ej(W)\<X-'^ f \W{x)\.dx-^lil-Xr' [ \W{x)\Ux. (83) 

The proof is slightly more complicated than in the 3D case because the quantum 
mechanical kinetic energy vanishes in the lowest Landau level. 

Acknowledgments. Thanks are due to K. Johnsen and 0 . Rognvaldsson for 
the pictures presented here, and to I. Fushiki, E. H. Gudmundsson, V. Gud-
mundsson, J. Kinaret, M. Loss and C. Pet hick for valuable discussions. This 
work was supported by US NSF grants Nos. PHY90-19433 (EHL) and DMS 
92-03829 (JPS), and by the Icelandic Science Foundation (JY). 

References 

[1] G. Chanmugam, Magnetic Fields of Degenerate Stars, Ann. Rev. Astron. 
Astrophys. 30, 143-184 (1992) 

[2] E.H. Lieb, J.P. Solovej and J. Yngvason, Asymptotics of Heavy Atoms in 
High Magnetic Fields: I. Lowest Landau Band Regions, Commun. Pure 
Appl. Math. 47, 513-591 (1994) 

[3] E.H. Lieb, J.P. Solovej and J. Yngvason, Asymptotics of Heavy Atoms in 
High Magnetic Fields: U. Semiclassical Regions, Commun. Math. Phys 
161, 77-124 (1994) 

[4] M.A. Kastner, Artificial atoms, Phys. Today 46, 24-31 (1993) 

[5] E.H. Lieb, J.P. Solovej and J. Yngvason, The Ground States of Large Quan­
tum Dots in Magnetic Fields, Phys. Rev. B 51, 10646-10665 (1995) 

[6] E.H. Lieb, J.P. Solovej and J. Yngvason, Heavy Atoms in the Strong Mag­
netic Field of a Neutron Star, Phys. Rev. Lett. 69, 749-752 (1992) 

167 



E. H. Lieb, J. P. Solovej and J. Yngvason 

7] E.H. Lieb and J.P. Solovej, Atoms in the Magnetic Field of a Neutron 
Star, in: Differential Equations with Applications to Mathematical Physics, 
W.F. Ames, J.V. Herod and E.M. Harrell II, eds., pp. 221-237, Academic 
Press 1993 

8] E.H. Lieb, J.P. Solovej and J. Yngvason, Quantum Dots, in: Proceed­
ings of the Conference on Partial Differential Equations and Mathematical 
Physics, University of Alabama, Birmingham, 1994, I. Knowles, ed., pp. 
157-172, International Press 1995 

9] E.H. Lieb and B. Simon, The Thomas-Fermi Theory of Atoms, Molecules 
and Solids, Adv. in Math. 23, 22-116 (1977) 

10] E.H. Lieb, Thomas-Fermi and related theories of atoms and molecules, 
Rev. Mod. Phys. 53, 603-641 (1981); Erratum, Rev. Mod. Phys. 54, 311 
(1982) 

11] B.B. Kadomtsev, Heavy Atoms in an Ultrastrong Magnetic Field, Soviet 
Phys. JETP 31, 945-947 (1970) 

12] B.B. Kadomtsev and V.S. Kudryavtsev, Atoms in a superstrong magnetic 
field, JETP Lett. 13, 42-44 (1971) 

13] M. Ruderman, Matter in Superstrong Magnetic Fields: The Surface of a 
Neutron Star, Phys. Rev. Lett. 27, 1306-1308 (1971). 

14] R.O. Mueller, A.R.P. Rau and L. Spruch, Statistical Model of Atoms in 
Intense Magnetic Fields, Phys. Rev. Lett. 26, 1136-1139 (1971) 

15] Y. Tomishima and K. Yonei, Thomas-Fermi Theory for Atoms in a Strong 
Magnetic Field, Progr. Theor. Phys. 59, 683-696 (1978) 

16] B. Banerjee, D..H. Constantinescu, and P. Rehak, Thomas-Fermi and 
Thomas-Fermi-Dirac calculations for atoms in a very strong magnetic 
field, Phys. Rev. D 10, 2384-2395 (1974) 

17] J. Yngvason, Thomas-Fermi Theory for Matter in a Magnetic Field as a 
Limit of Quantum Mechanics, Lett. Math. Phys. 22, 107-117 (1991) 

18] V. Ivrii, Semiclassical Microlocal Analysis and Spectral Asymptotics, 
Springer (to be published) 

19] A. Sobolev, The quasi-classical asymptotics of local Riesz means for the 
Schrodinger operator in a strong homogeneous magnetic field, Duke Math. 
J. 74, 319-429 (1994) 

20] I. Fushiki, E.H. Gudmundsson, C.J. Pethick, and J. Yngvason, Matter in 
a Magnetic Field in the Thomas-Fermi and Related Theories, Ann. Phys. 
216, 29-72 (1992) 

168 



Asymptotics of Natural and Artificial Atoms in Strong Magnetic Fields 

[21] 6.E. R5gnvaldsson, I. Fushiki, C.J. Pethick, E.H. Gudmundsson and J. 
Yngvason, Thomas-Fermi Calculations of Atoms and Matter in Magnetic 
Neutron Stars: Effects of Higher Landau Bands, Astrophys. J. 216, 276-
290 (1993) 

[22] K. Johnsen, MS thesis, Univ. of Iceland, 1994. See also: K. Johnsen and 
J. Yngvason, Density Matrix Functional Calculations for Matter in Strong 
Magnetic Fields: Ground States of Heavy Atoms, Phys. Rev. A, in press 
(1996) 

[23] E.H. Lieb, A Variational Principle for Many-Fermion Systems, Phys. Rev. 
Lett. 46, 457-459; Erratum 47, 69 (1981) 

[24] E.H. Lieb, J.P. Solovej, Quantum coherent operators: A generalization of 
coherent states, Lett. Math. Phys. 22, 145-154 (1991) 

[25] E.H. Lieb and W.E. Thirring, Bound for the Kinetic Energy of Fermions 
Which Proves the Stability of Matter, Phys. Rev. Lett. 35, 687-689 (1975) 

[26] L. Erdos, Magnetic Lieb-Thirring inequalities, Comm. Math. Phys. 170, 
629-669 (1995) 

[27] E.H. Lieb and S. Oxford, An Improved Lower Bound on the Indirect 
Coulomb Energy, Int. J. Quant. Chem. 19, 427-439 (1981) 

[28] P.L. McEuen, E.B. Foxman, J. Kinaret, U. Meirav, M.A. Kastner, N.S. 
Wingreen and S.J. Wind, Self consistent addition spectrum of a Coulomb 
island in the quantum Hall regime, Phys. Rev. B 45, 11419-11422 (1992) 

[29] N.C. van der Vaart, M.P. de Ruyter van Steveninck, L.P. Kouwenhoven, 
A.T. Johnson, Y.V. Nazarov, and C.J.P.M. Harmans, Time-Resolved Tun­
neling of Single Electrons between Landau Levels in a Quantum Dot, Phys. 
Rev. Lett. 73, 320-323 (1994) 

[30] E.H. Lieb and H.-T. Yau, The stability and instability of relativistic matter, 
Commun. Math. Phys. 118, 177-213 (1988) 

169 



With J.P. Solovej and J. Yngvason in Phys. Rev. B 57, 10646-10665 (1995) 

PHYSICAL REVIEW B VOLUME 51, NUMBER 16 15 APRIL 1995-11 

Ground states of large quantum dots in magnetic fields 

Elliott H. Lieb and Jan Philip Solovej 
Department of Mathematics, Fine Hall, Princeton University, Princeton, New Jersey 08544 

Jakob Yngvason 
Science Institute, University of Iceland, Dunhaga 3, IS-107 Reykjavik, Iceland 

(Received 1 December 1994) 

The quantum-mechanical ground state of a two-dimensional (2D) iV-electron system in a confining po­
tential V{x)=Kv{x) {K is a coupling constant) and a homogeneous magnetic field B is studied in the 
high-density limit N-*oo, K—*-co with K/Nfixed. It is proved that the ground-state energy and elec­
tronic density can be computed exactly in this limit by minimizing simple functional of the density. 
There are three such functionals depending on the way B /N varies as N-^ oo: A 2D Thomas-Fermi 
(TF) theory appHes in the case B/N-*0; if J5/A^—»>const#0 the correct limit theory is a modified B-
dependent TF model, and the case B/N—*- oo is described by a classical continuum electrostatic theory. 
For homogeneous potentials this last model describes also the weak-coupling limit K/N^*-0 for arbi­
trary B. Important steps in the proof are the derivation of a Lieb-Thirring inequality for the sum of ei­
genvalues of single-particle Hamiltonians in 2D with magnetic fields, and an estimation of the exchange-
correlation energy. For this last estimate we study a model of classical point charges with electrostatic 
interactions that provides a lower bound for the true quantum-mechanical energy. 

L INTRODUCnON 

In the past few years considerable experimental and 
theoretical work has been devoted to the study of quan­
tum dots, which are atomiclike two-dimensional systems, 
confined within semiconductor heterostructures. The 
number of articles on this subject is by now quite large. 
See, e.g., Refs. 1 and 2 for reviews, Refs. 3 -7 for recent 
measurements of conductivity and capacity of quantum 
dots, and Refs. 8-18 for various theoretical aspects and 
further references. The parameters of such artificial 
atoms may diflfer appreciably from their natural counter­
parts because of the interactions of the electrons with the 
crystal where they reside. In a quantum dot the natural 
atomic unit of length is a^=eii^/{m^e^), where e is the 
dielectric constant and m , is the effective electron mass. 
Compared with the usual Bohr radius aQ^H^/ime^), the 
length a^ is typically large, e.g., a , «185^0 in GaAs. 
The corresponding natural unit B^ with which we mea­
sure the magnetic field B is the field at which the magnet­
ic length Ig^iie/iB^^^c) equals fl», i.e., 
B^=iao/a^)^Bo, where 5o=e^m^c7^1^=2.35X10^ T is 
the value corresponding to free electrons. If OQ/G^ is 
small, B^ can be much smaller than BQ. Thus 5^ « 7 T 
in GaAs. This makes it possible to study in the laborato­
ry effects which, for natural atoms, require the magnetic 
fields of white dwarfs or even neutron stars. 

The ground-state properties of natural atoms in high 
magnetic fields have recently been analyzed rigorously in 
the asymptotic limit where the number of electrons and 
the nuclear charge are large.^^~^' For artificial atoms one 
may expect asymptotic analysis to be even more useful 
because the accuracy increases with the number of elec­
trons, and a quantum dot can easily accommodate several 
hundred or even a thousand electrons. In the present pa­

per we carry out such an analysis of the ground state of a 
quantum dot in a magnetic field. One of our conclusions 
is that the self-consistent model introduced by McEuen 
et al?'^^ is a rigorous limit of quantum mechanics. This 
model has recently been applied to explain interesting 
features of the addition spectra of large quantum dots in 
strong magnetic fields.'^'^ 

Before discussing our results for dots we summarize, 
for comparison, the main findings about atoms in Refs. 
19-21. The quantum-mechanical ground-state energy 
and electronic density of a natural atom or ion with elec­
tron number N and nuclear charge Z in a homogeneous 
magnetic field B can, in the limit A^-^oo, Z-^oo with 
Z/N fixed, be described exactly by functionals of the den­
sity, or, in one case, of density matrices. There are five 
different functionals, depending on the way B varies with 
N as N-^ 00. In each of the cases B «N^^^ (with B mea­
sured in the natural unit BQ), B-N^^^, and Â^̂^̂  
«B «N^ the correct asymptotics is given by an ap­
propriate functional of the semiclassical Thomas-Fermi 
type. For J5~iV^ a modified functional, depending on 
density matrices, is required, whereas the case B»N^ is 
described by a density functional that can be minimized 
in closed form. 

A review of our results about quantum dots was given 
in Ref. 22. Due to the reduced dimensionality of the elec­
tronic motion, there are only three different asymptotic 
theories for quantum dots instead of five for natural 
atoms. These three theories are given by simple function­
als of the density and correspond, respectively, to the 
cases B «N, B'^N, and B »N {B measured in units of 
B^) SiS N—*-(x> with V/N fixedy where F i s the attractive 
exterior potential that restricts the two-dimensional 
motion of the electrons. This potential, which plays the 
same role as the nuclear attraction in a natural atom, is 
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generated in a quantum dot by exterior gates, and thus is 
adjustable to a certain extent. In the course of proving 
the asymptotic Hmits we shall also consider, in addition 
to the density functional, a model of classical point 
charges in two dimensions that gives a lower bound to 
the quantum-mechanical energy. 

Some of the methods and results of the present paper 
contrast markedly with those of our earlier work.'^~^' 
From a mathematical point of view the most interesting 
feature of quantum dots compared to natural atoms is the 
somewhat peculiar electrostatics that appear because the 
interaction between the electrons is given by the three-
dimensional Coulomb potential although the motion is 
two dimensional. Also, the fact that the kinetic energy 
vanishes in the lowest Landau level requires additional 
mathematical effort in order to bound the kinetic energy 
from below by a functional of the density. We now de­
scribe in more detail the limit theorems to be proved in 
the sequel. A quantum dot with N electrons in a 
confining potential V and a homogeneous magnetic field 
B is modeled by the following Hamiltonian: 

^ A ^ = 2 ^ i ' ^ + — 2 \Xi-Xj\-\ (1.1) 
y = l ^ l<i<j<N 

with X/ ER^ and where Hi is the one-body Hamiltonian 

^,= 2m ^ 
/ V - - ^ A 

He +g. Imc 
S B 

He 
Imc 

B + V{x) . (1.2) 

As before, e and m denote the charge and mass of a (free) 
electron, e is the dielectric constant, m^ is the effective 
mass, and g* is the effective g factor. The magnetic vec­
tor potential is Mx)==\{-Bx'^,Bx^) [with x={x\x'^) 
GR^], B = (0,0,5) , and S is the vector of electron spin 
operators. The potential F(jc) is supposed to be continu­
ous and confining, which is to say that K(x)—>oo as 
|;jc|—>-oo. It is not assumed to be circularly symmetric. 
The constant term in (1.2), —[fie/{2mc)][{m/m^) 
~\s* l/2]-B, is included in order that the kinetic-energy 
operator H^.^J^=Hl — V{x) has a spectrum starting at 
zero. The Hilbert space is that appropriate for fermions 
with spin, the antisymmetric tensor product spin 

R 2 ; ( 
We define an effective charge by ê , —e/V^ and choose 

units such that ^ = m ^ = e ^ = l. The unit of length is 
then the effective Bohr radius a^=^^/(m^ej) and the 
unit of energy is E^=el/a^ —e\m^/f^. Moreover, the 
unit B^ for the magnetic field is determined by 
fieB^/{m^c)^E^,%QB^^e\m\c/{e^^^fi\ The values 
for GaAs are a^ =9 .8 nm, E^ = 12 meV, and B^ =6 .7 T. 

The true quantum-mechanical ground-state energy of 
Hjf is denoted \iy E^{N^B,V) and the true ground-state 
electron density by /OJ?,B,K(^)- The density functional 
that describe the asymptotics oi E^ and p^ are of three 
types. The first is a standard two-dimensional Thomas-
Fermi energy functional 

+ fV{x)p{x)dx-\-Dip,p) (1.3) 

with 

^^P'P^=^nf^''.dy. (1.4) 

Here p is a non-negative density on R^ and all integrals 
are over R^ unless otherwise stated. The second func­
tional is a two-dimensional magnetic Thomas-Fermi 
functional 

S^'^^[p;B, V]=fjs[pix)]dx + / V{x)p{x)dx 

+D{p,p) , (1.5) 

where jg is a piecewise linear function that will be 
defined precisely in the next section. This functional is 
the two-dimensional analog of the three-dimensional 
magnetic Thomas-Fermi functional that was introduced 
in Ref. 23 and further studied in Refs. 24, 25, and 21. 
The present two-dimensional version was first stated in 
Ref. 3; these authors call it the self-consistent (SO model. 
The repulsion term considered in Ref. 3 is slightly 
different from D{p,p), since it has cutoffs at long and 
short distances. It is still positive definite as a kernel and 
our methods can easily be adapted to prove Theorems 1.1 
and 1.2 with such cutoff" Coulomb kernels. 

The last asymptotic functional will be called the classi­
cal functional, since the kinetic-energy term is absent and 
only classical interactions remain: 

^^[p;V]= f V{x)p{x)dx+D{p,p) . (1.6) 

The functional (1.3) and (1.6) are in fact limiting cases 
of (1.5) for B-^0 and 5—> co, respectively. As discussed 
in detail later, for each functional there is a unique densi­
ty that minimizes it under the constraint Jp=N. We 
denote these densities, respectively, by p^^v^x), P^JB,V^X), 
p^ v^x), and the corresponding minimal energies by 
E'^^iN, F), £^TP(iV,5, F), and E^{N, V). 

In order to relate E^ Xo these other energies we take a 
high-density limit. This is achieved by letting Â  tend to 
infinity (which is a reasonable thing to do physically, 
since N can be several hundred) and we let V tend to 
infinity. The latter statement means that we fix a poten­
tial V and set V=Nv. With this understanding of 
A'̂ , V-^ 00 our main results are summarized in the follow­
ing two theorems. [In order to prove these theorems we 
need to assume that V is sufficiently regular. The techni­
cal requirement is that V belongs to the class C/^° (see 
Theorem 3.2 for the definition of Cj^)]. 

LI THEOREM (limit theorem for the energy). Let 
V=Nv with V a fixed function in Cl^f. Then 

lim EQ{N,B,V)/E^'^^{N,B,V)==1 (1.7) 

u n iform ly in B. Moreover, 

lim EQ{N,B,V)/E'^^{N,V)=\ ifB/N-^0 (1.8) 

and 
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lim EQ{N,B,V)/E^{N,V)=\ ifB/N-^<X> . (1.9) 
A T — 0 0 

1.2 THEOREM (limit theorem for the density). Let 
V=Nv with V a fixed function in C/^. Then 

Um E^{N,B,Kv)/E^{N,B)=l (1.17) 

uniformly in B, and 

J^PUV-^PZ ifB/N-.0, 

jjpiB,y^ptv ifB/N-^cc . 

(1.10) 

(1.11) 

(1.12) 

The convergence is in the weak L ^ sense. [By definition, a 
sequence of functions / „ converges to a function / in 
weak L ' sense if / / „ g - > / / g for all bounded (measur­
able) functions g.] 

Let us add a few comments on these results. As dis­
cussed in the Sec. II, the energy E^'^^ has the scaling 
property 

E^'^^{N,B,V)-=N^E^'^^{UB/N,V/N) . (1.13) 

Thus (1.7) is equivalent to 

E^{N,V,B)=N^E^'^^{l,B/N,V/N)-^o{N^) , 

where the error term is uniformly bounded in B for V/N 
fixed. One expects the error to be 0{N^^^), which is the 
order of the exchange contribution to the Coulomb in­
teraction, but our methods do not quite allow us to prove 
this. We do, however, show that for B /N larger than a 
critical value (depending on V/N) one has 
E^'^^{N,B,V)=E^{N,V) and 

uniformly in B. 
One can also prove a limit theorem for the density in 

the case of homogeneous potentials. Since the formula­
tion of such a theorem becomes somewhat complicated 
we refrain from doing this, but refer to Eqs. (2.14)-(2.16) 
below for the scaHng of the MTF functional with 
k =K /N and to (3.24) for the weak-coupHng limit of the 
MTF density. 

The proof of the limit theorems involves the following 
steps. In Sees. II and III we discuss the basic properties 
of the functional (1.3)-(1.6). In Sec. IV we consider the 
energy of a system of classical point charged particles in 
R^ in the exterior potential F as a function of the posi­
tions of the charges. This energy has a minimum, denot­
ed by E^iNyV) (with P denoting "particle"). A 
significant remark is that the charge configuration, for 
which the minimum is obtained, is confined within a ra­
dius independent of the total charge N for fixed V/N. 
This finite-radius lemma, which also holds for the charge 
densities minimizing the functional (1.3)-(1.6), is proved 
in the Appendix. Using this and an electrostatics lemma 
of Lieb and Yau^^ we derive the bounds 

(1.14) E^{N,V)-aN^^^>E^iN,V)>E^{N,V)-bN^^^ , (1.18) 

E^{N,V,B)>N^E^{\,V/N)-bN^^^ , (1.15) 

where the coefficient b depends only on V/N. 
The condition that V/N is fixed as A^-^ oo guarantees 

that the diameter of the electronic density distribution 
stays bounded as iV—•oo; thus the limit we are consider­
ing is really a high-density limit rather than simply a 
large-iV limit. On the other hand, for a homogeneous po­
tential V (e.g., quadratic, as is often assumed) one obtains 
also a nontrivial N-^co limit for V fixed, if the lengths 
are suitably scaled. In fact, this limit is given by the clas­
sical functional (1.6). Intuitively this is easy to under­
stand, for if an increase in N is not compensated by an in­
crease in V the charge density spreads out and the 
kinetic-energy terms in (1.5) and (1.3) become neghgible 
compared with the other terms. (The result again re­
quires Fto be in Cf^.) 

1.3 THEOREM (energy limit with a homogeneous po­
tential). Assume that v is homogeneous of degree s>\, 

v{kx) = X'v{x) . 

Then 

lim E<^{N,B,Kv)/E^'^^{N,B,Kv)=\ 11.16) 

uniformly in B and in K as long as K /N is bounded above. 
Moreover, ifK /N-*0 as N-^co, then 

where a and b depend only on V/N. These bounds are of 
independent interest apart from their role in the proof of 
the limit theorems where, in fact, only the latter inequali­
ty is needed. Upper and lower bounds to the quantum-
mechanical energy E^{N,B,V) in terms of 
E^^^{N,B,V) with controlled errors are derived in Sec. 
V. The upper bound is a straightforward variational cal­
culation using magnetic coherent states in the same way 
as in Ref. 21. For the lower bound one treats the cases of 
large B and small B separately. The estimate for large B 
is obtained by first noting that obviously 
E^{N,B,V)>E^{N,V), because the kinetic energy is 
non-negative, and then using (1.18). For small B two 
auxihary results are required: a generalization of the 
magnetic Lieb-Thirring equality considered in Ref. 21, 
and an estimate of the correlation energy. Once these 
have been established the proof of Theorem 1.1 is com­
pleted by a coherent state analysis. The limit theorem for 
the density follows easily from the limit theorem for the 
energy by perturbing Fwith bounded functions. 

II. THE MTF THEORY: ITS DEFINITION 
AND PROPERTIES 

By employing the natural units defined in the Introduc­
tion, the kinetic-energy operator can be written 

Hy,i^ = \iiV- A)^+rS-B-\{\-\y\)B (2.1) 

with y=g^m^/{2m). The spectrum ofH^,^J^ is 

s„,a = (n-{-ra + \\r\)B (2.2) 

with n = 0 , 1 , . . . ,c7 = ±y . We write the energy levels 
(2.2) in strictly increasing order as EyiB), v = 0 , 1 , . . . . 
The degeneracy of each level per unit area is 
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dyiB)=B/{2'ir)t except if, by coincidence, y happens to 
be an integer; in that case dy{B)—B/{2ir) for 
v = 0 , . . . , |y| —1, while d^iB) is twice as large for the 
higher levels. It is worth recalling that if Vix)—K\x\^y 
the spectrum of the one-body Hamiltonian H^ in (1.2) is 
solvable. The spectrum of Hi was determined by Fock̂ ^ 
in 1928, two years before Landau*s paper on the spec­
trum of (/V— A) .̂ For the, Hamiltonian without spin, 
namely, y(/V— A)^+K\x |^ the spectrum is given by 

with n i ,n2=0 , l , 2 , , It is remarkable that this simple 
spectrum gives a qualitatively good fit to some of the 
data.̂  

For a gas of noninteracting fermions with the energy 
spectrum (2.2) the energy density j ^ as a function of the 
particle density p is given by 

j^ip)=eyiB) i{DyiB)<p<Dy+i{B\ v = 0 , l , . . . , 

where j ^ =djg /dp and 

Dy(B)= 2 d^{B) . 
v'=0 

More explicitly, 

v = o ™" """ 

where v^3^=Vn,aJp,5) is defined by 

Dy {B)<p<Dy + , ( 5 ) . 
• m » x ' "̂ friar * * 

(2.3) 

Hm^;5(p)=/o(p)=yp^ 

Thus jg is a convex, piecewise Hnear function with 
;5(p)=0 for 0<p<c?i(5). It has the scaling property 

Js{p)=B^Ji{p/B) . (2.4) 

As 5 —>-0, js becomes a quadratic function of the density: 

(2.5) 

Moreover, 

JB(p)^Jo^p) (2.6) 

for all p and B (see Fig. 1). 
Given an exterior potential V the MTF functional is 

defined by (1.5). We assume that V is continuous {V 
measurable and locally bounded would suffice) and tends 
to 00 as UI —> 00. In particular, V is bounded below and, 
by adding a constant if necessary, we may assume that 
Vix) > 0 everywhere. Because of (2.6) the functional (1.5) 
is defined for all non-negative functions p such that 
fpV< CO, /p^<oo, and D{p,p)< oo. Since V>0 the 
functional is non-negative. If N is some positive number 
we denote 

p : p>0,fpV< CO, fp^< oo,Dip,p)< CO, J.p=N 

4' 

4-
Bl. 
n 

Jo{p)/ 

/ / 

/ / 

___yC^ 

/ JXC) 

p 

Bit 2B/TI: 3B/ir 4B/Tr 

FIG. 1. The kinetic-energy densities jgip) and JQ(p) in the 
special case where y=0 . 

and define the MTF energy by 

E^'^^{N,B,V)= inf ^[p;B,V]. 
pGGj, 

{2.1) 

Because of (2.4) the energy satisfies the scaling relation 

E'^'^{N,B,V)=N^E^^^{\,B/N,V/N) . (2.8) 

In the limit B —J-O the kinetic-energy density (2.3) con­
verges to JQ{p)={Tr/2)p^ and (1.5) converges to the ener­
gy functional (1.3) of two-dimensional TF theory at 
5 = 0 . It is easy to see that also \\ms_^QE^'^^{N,B,V) 
=E^^{N,V), where E^^ is defined in the same way as 
M̂TF ĵ̂ ĵ  Q 3j replacing (1.5). We can thus consider the 

TF theory as a special case of MTF theory. In the oppo­
site limit, JB —• 00, the kinetic-energy term vanishes alto­
gether and one obtains a classical electrostatic model (1.6) 
that we shall study in Sec. III. Note also that since 
Js<Jo for all B it follows that E^'^^{N,B,V) 
<E'^^{N,V) for all B. In particular E^'^^{l,p,v) is uni­
formly bounded in the parameter P=B/N for fixed 
y = K/iV. 

For fixed B and V, E^'^^{N,B, K) is a convex, continu­
ously differentiable function of N and, since V>0, it is 
monotonically increasing. By the methods of Refs. 28, 
29, and 21 (see also Ref. 30) it is straightforward to prove 
the existence and uniqueness of a minimizer for the varia­
tional problem (2.7). 

2.1 THEOREM (minimizer). There is a unique density 
PN^.v^^n such that 

E^'^^{N,B,V) = ^^'^^{p^J^y) . 

Note that the existence of a minimizing density with 
Jp=N is guaranteed for all N because F(̂ )— -̂oo as 
|x|—•«. This condition on V also implies that PS,B,V 
vanishes outside a ball of finite radius, cf. Lemma Al in 
the Appendix. The scaHng relation for the minimizing 
density is 
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PN,B,V^^^~^Pl,B/N,V/N^^'^ • (2.9) 

Theorem 2.1 includes the TF theory as a special case. In 
the same way as in Prop. 4.14 in Ref. 21 one shows that 
PNJB,V-*PV,V weakly in L U s 5 - > 0 . 

The shape of the electronic density (computed by Kris-
tinn Johnsen) in the case of a quadratic potential 
F ( x ) = ^ | j c | ^ and y = 0 is shown in Fig. 2 for different 
values of B. At the highest value of B (8 T), the density is 
everywhere below d^iB) and given by the minimizer 
(3.15) of the classical functional (1.6). At 5 = 7 T, all the 
electrons are still in the lowest Landau level, but that lev­
el is full around the middle of the dot where the density is 
anchored zX. CIQ^B). A S the field gets weaker it becomes 
energetically favorable for electrons at the boundary of 
the dot, where the potential is high, to move into the next 
Landau level close to the minimum of the potential. A 
dome-shaped region then arises above the plateau at 
p=dQ{B)=DQ{B), but eventually the density hits the 
next plateau at p—D^iB). This gradual filling of levels 
continues as the field strength goes down. At J5=2 T 
three Landau levels are full and electrons in the central 
dome are beginning to occupy the fourth level. Finally, 
at J5 = 0 , we have the usual Thomas-Fermi model, which 
may be regarded as a limiting case with infinitely many 
Landau levels occupied. 

In order to state the variational equation for the 
minimization problem it is convenient to define the 
derivative Js—^js/dp of the kinetic-energy density 
everywhere, including points of discontinuity, as a set 
valued function (cf. Ref. 30), namely, 

\[tJ<B)] foTD^iB)<p<D^+i{B), v = 0 , l , . . . 

JB^P^=\[E,{BU,+ I{B)] for P=D^+^{B), V = 0 , 1 , . . . . 

(2.10) 

With this notation the Thomas-Fermi equation for the 
functional (1.5) may be written as follows. 

FIG. 2. Quantum dots at various magnetic field strengths. 
The potential is F(j:) = ym*a)^|xP, with w#=0.67m, 
^ = 3 . 3 7 meV, and N=50. The coordinate axes are displayed 
in units of 10~^ m and the density p in the units lO"'** m~^. 

2.2 THEOREM (Thomas-Fermi equation). There is a 
non-negative number p,=fiiN,B, V) such that the minim­
izer p=p^j^y satisfies 

p,-V{x)-p*\x\-
^Jeipix)] i f p ( x ) > 0 

< 0 i f p ( x ) = 0 . 
(2.11) 

The quantity /x appearing in the TF equation is the physi­
cal chemical potential, i.e., 

li = dE{N,B,V)/dN . (2.12) 

Since E is convex as a function of Ny p, is monotonically 
increasing with N for fixed B and V. It satisfies 

p{N,B,V)=Np{l,B/N,V/N) . (2.13) 

The derivation of the TF equation is analogous to that 
in Ref. 29. It is also true that if ip,p) is any solution pair 
for (2.11), then p is the minimizer of < 3 ^ ^ for some A'̂  
and p=p,{NyByV). The proof of this is a bit trickier 
than in the standard case,^^ because jg is not continuous­
ly differentiable. It has been carried out by Lieb and 
Loss.3« 

Finally we discuss the relationship between the MTF 
theory and the classical theory defined by the functional 
(1.6). We of course have that 

S'^''''[p;ByV]= f hipix^dx-^^^^ip-yV] . 

From the definition of jg one expects that the kinetic-
energy term above can be neglected for large B and hence 
that limB^^E^'^^=E^. The rigorous proof of this fact 
rehes on a careful study of the classical problem. This 
analysis is far from trivial and is postponed to the next 
section. 

There is another case where the MTF energy can be re­
lated to the classical energy. Namely, for a homogeneous 
exterior potential, i.e., 

V{lx) = k'V{x) 

for all ^ > 0 with some 5 > 0. We consider the potentials 
kVix) with k>0 and are interested in the dependence of 
the MTF energy and density on the coupling constant k. 

Writing 

p{x) = k^ ''pik' '^x) (2.14) 

we have the scaling 

k'"'^''jh 

+e'^[^,v] 

(p) 

' (2.15) 

(2.16) 

where 

Changing k is thus equivalent to changing the kinetic en­
ergy by a multiplicative factor and rescaling the magnetic 
field, keeping the potential fixed. We shall show in the 
next section that for k small £" ̂  is a good approximation 
t o E ^ ^ ^ . 
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III. THE CLASSICAL CONTINUOUS MODEL: 
A LIMIT OF MTF THEORY 

For densities p small enough [p{x)<dx(B) for all x] 
the kinetic energy y^Cp) vanishes. It is therefore natural 
to consider the resulting classical energy functional 
defined by (1.6), i.e., 

^^[p\V]= ^ p{x)V{x)dx 

-^\^P^x)\x-y\-^p{y)dxdy . (3.1) 

The corresponding classical energy is 

E^{N,V)=\nf (?^[p;F] :p>0 , / p = (3.2) 

In this section we analyze this functional and prove that 
it is, indeed, the large-5 Hmit of MTF theory. 

As before we assume that the confining potential V is 
positive and that F'(;c)^oo as |jc|—>oo. Moreover, we 
shall here assume that V is continuous (in fact, we shall 
make an even more stringent regularity assumption in 
Theorem 3.2 below). 

We begin by showing the existence of a minimizer for 
(3.2). For general continuous V (without further assump­
tions) we must take into account the possibiHty that the 
minimizing p may be a measure. In (3.2) we therefore 
minimize over all positive measures p with fp=N. It 
follows from the finite radius lemma given in the Appen­
dix that 

E^iN,V)=inf ^^[p,V] : supportpC(;c:|;c|</?J, p>0, fp=N (3.3) 

Here R„ depends only on v = V/N. Later on we shall 
show that the minimizer is, indeed, a function, and hence 
that (3.2) does give us the large-5 limit of MTF theory 
for suitable V. 

3.1 PROPOSITION (existence and uniqueness of a 
minimizing measure). Let V be continuous. Then there is 
a unique positive measure p^y with Jp^ y=N such that 
E^iN,V) = ^%^y,V]. 

Proof. [Note: we write measures as p{x)dx, even if 
they are not absolutely continuous with respect to Lebes-
gue measure.] By (3.3) we can choose a sequence of posi­

tive measures, Pi,p2» • • •» supported in [x:\x I ^i^i,) with 
/p„=Ar, such that lim„_^<?^[p„;F]=£^(iV, F). The 
bounded measures are the dual of the continuous func­
tions, and so, by the Banach-Alaoglu Theorem, we may 
assume (by possibly passing to a subsequence) that p„ 
converges weakly to a positive measure p still supported 
in [x:\x | ^i^i, j . In particular it follows that fp=N and 
fpn^-^ J P^- Moreover, the product measures 
Pn ^Pn ~^P ̂ P weakly. Hence 

J fp{x)piy)\x-y\-^dx dy = \im f f p{x)p{y){\x-y\+br^dx dy 

= lim lim f fp„ix)p„{y){\x-y\-^-\-dr^dxdy 

<\im inf f fp„ix)p„{y)\x—y\ ^dxdy (3.4) 

The first equaHty follows by the Lebesgue's monotone 
convergence theorem. The last inequality is an immedi­
ate consequence of the pointwise bound {\x—y\-\-b)~^ 

We conclude from (3.4) that 

E^{N,V)<^^[p',V]<Y\m mi^^[p„',V]-=E^{N,V) , 

(3.5) 

and hence that p is a minimizer. 
The uniqueness of p follows from strict convexity of 

D{p,p). Q.E.D. 
The next theorem gives conditions which are perfectly 

adequate for the physical applications under which the 
minimizer is a function and not just a measure. More­

over, that function has certain nice integrability proper­
ties. 

3.2 THEOREM (the minimizer is a function). Assume 
that the potential V is in the class C/̂ ? for some 0 < a < 1 
(i.e., V is once continuously differentiable and for each 
R>0 its derivative satisfies 

\VV{x)-VV{y)\<CR\x-y\'' (3.6) 

inside the ball of radius R centered at the origin for some 
constant Cji >0). Then the minimizing measure p^ y of 
Proposition 3.1 is a function. It has the properties (with ^ 
being the Fourier transform ofp) 

f\^,v(p)\'\p\'dp<C,, -\<r<a (3.7) 
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P%v \x\ Ms continuous , (3.8) 

(3.9) 

where C^ and C^ are constants (implicitly computed 
below) that depend only on the constants Cj^, q, r, a and on 
N. 

Proof. We write PN,V~P- We know that fp=N and 
that p has compact support. From the former fact we 
conclude that ̂  is well defined, continuous, and bounded. 

Let ga be the function with Fourier transform 

ga(p)=fga(x)e'P^dx=\ 
1, \p\<a 
0, \p\>a (3.10) 

Then ĝ  is continuous, fg^ = 1, and fygaiy)dy —0. 
Let Pa be the convolution p*go» so that Jp^ =N. 
Since p is a minimizer, <?̂ [p; V] < ^^[pa',V]. Explicit­

ly this inequality is 

f{pa-p)V-\-D{p,,pJ-D{p,p)>0 . (3.11) 

Since / Vp^ — fiV*gg)pv/c can write the first term as 

f f[V{x-y)-V{x)]pix)gJy)dxdy . 

By integrating VK along the Hne from x —y to x, and us­
ing (3.6), we have 

\V{x-y)-V{x)-\-y'7Vix)\<c\y\''^^ . 

(Note that by the finite radius Lemma Al all integrals are 
restricted to a finite ball.) Using the fact that fygaiy)—0 
we can estimate the first term in (3.11) as follows: 

f{p,-p)V<cf\yK'\g,{y)\dy=consta-''-'. 

The last two terms in (3.11) are 

const f\pip)\'\p\-\\^a(p)\^-^]dp 
=const f \^p)\^\p\-'dp . 

''\p\>a 

(Recall that-the Fourier transform of \x\~^ is equal to 
const 1/71"̂  in two dimensions.) The inequahty (3.11) 
thus implies 

f \^p)\^\p\-^dp <const a-""-^ . 
'IPI 

(3.12) 

Using (3.12) and ̂ p) £ fp=N we can now prove (3.7) 
as follows: 

f\^p)Wdp=f ^^W)Wcip+-2 f j^p)Wdp 

<N'f ,^ IplWp+const i 2<'+"'"^"; \^pmp\-'dp 
'\p\ 

<( const )iV^+const 2 2' 
n=0 

(r+l)(n + l ) -« (a+ l )^ 

if r <a. 
To prove that p*\x\~^ is continuous is now easy. We simply prove that its Fourier transform is integrable. The 

Fourier transform ofp*\x\~^is (const)^p)\p\~^ and 

Finally, we prove (3.9). For 1 <9 <2 there is no prob­
lem because we know that //o^=/^^- Hence p is a 
square integrable function and, since fp=N, we con­
clude by Holder's inequality that (3.9) holds for 1 <^ <2. 
For ^ > 2 we will prove that 

fw< with ——- < r = — 
a + 2 q- 1 

-<2 . 

This will prove (3.9) by the Hausdorff-Young inequality, 
which states that ( / |^h^/'> (/p^)'^^ when 1 < r <2. 

We write \^p)\'=l\^p)\'il-^\p\rjlil + \p\r'"] and 
then use Holder's inequality with a '+6 ^ = 1 to con­
clude that 

/i^r< ^f\^p)r{\-h\p\r''dp 

X ^fi\-\-\p\)-"^'dp 

Thus J 1̂ 1'< 00 if we can satisfy ra=2, ma<a, and 
mb>2, in addition to a~^-\-b~^ = \. This requires 
a/a>m>2/b, or l < a < l + ya. Thus, we require 
f = 2/a >4/(a + 2) which, since q=t/{t — l)y means 
q<4A2-a). Q.E.D. 

Corresponding to the minimization (3.2) there is a vari­
ational equation satisfied by the minimizer p. In the gen­
eral case in which p might be a measure, the variational 
equation exists but is slightly complicated to state. 

In physically interesting cases Fis certainly in C*'°, in 
which case Theorem 3.2 tells us that p is a function and 
that p* |x I "Ms continuous. Hence the total potential 

F^=F+p*ur (3.13) 

is continuous. It is then easy to derive by standard argu­
ments, as in Sec. I, thatp is the unique non-negative solu­
tion to the variational equation 
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V{x)-\-p*\x\-^^fi ifp(jc)#0, 

Vix)+p*\x\-^>fj, i fpU)=0 , 
(3.14) 

for a unique /i > 0. As usual the chemical potential ju is a 
monotone function of the particle number N= fp. In 
the special case of a parabolic confining potential the 
solution to (3.14) can be given in closed form. 

3.3 PROPOSITION (minimizer for the parabolic exteri­
or potential). If V{x)=^K \x \^ then the minimizer of ̂ ^ y 
is 

PN,VM = 

lo ii\x\>X-^ , 
(3.15) 

where X=(8A'/3irA^)^ l̂ In fact, p^ y is the solution to 
(3.14) with fi={37r/4)Nk^^\ 

Proof. This solution (3.15) was certainly known before; 
see, e.g., Ref. 10. We give the proof here for the conveni­
ence of the reader. We only have to show that p~p%y 
is the solution to (3.14). It is enough to consider 
the case X=l and ^'=l. Then F(x)=(37r/8)|;cp 
and u=37r/4. We may compute p*\x\~^ 
^Z/ITT^V\ — \x—y\'^\y\~^dy by writing ;; in polar 
coordinates (bl,^) and performing the \y\ integration 
first: 

P*|x|-^ = y - / / [ ( l - b | - | ; c | c o s 0 ) 2 

-\x\hm^e]''^^ddd\y\ 

^ /(l-|x|2sin20)'/2 
ITT 

x / (\y\-\x\cosd? 
\-\x\hm^d 

d\y\de , 

the integrations are over the intervals in 6 and \y\ for 
which the integrands are real. Introducing the variable 
t = (\y\-\x |cos^)( 1 - \x psin^^)-'/^ we obtain 

P*l^l"* = -^/_Y'l/l-|^l'sin20W/_|(l-^')'^'^^ 

= f/_:j./l-UPsin^^W^> (3.16) 

where 

e^(x)= 

Thus 

and 

ir/2 i f | x | < l 

sin-^jiy i f | x | > l . 

-^-^\x? i f | x | < l 

[The last inequality comes from the fact that the integral 

from d„ to IT/I in (3.16) is negative.] Q.E.D. 
The energy function E^{NyV) has the simple scaling: 

E^{N,V)=N^E^ • i (3.17) 

The minimizing density p^ y for (3.2) scales as 

PN,v^x)=Npfjx) 

where v = V/N. 
We shall now make precise in what sense the classical 

energy E^ is a. Hmit of the MTF energy. In fact, in two 
different limits (the large-5 limit and the low coupling 
limit) the MTF energy will converge to the classical ener­
gy. We first treat the large-5 limit. 

3.4 THEOREM (large-B limit of MTF). If the exterior 
potential Vis in the class Cj;" we have, asB^foo, 

(3.18) ^{N,B,V)-^E^iN,V) 

and 

PN,B,V^X)—*pffy , (3.19) 

in the weak L ^ sense. 
Proof. If we use P^JB,V ^S a trial density in <5 ̂  and re­

call that 75^0 we immediately obtain E^{N,V) 
<E^^^{N,B,V). 

For the bound in the opposite direction we use p%^ y as 
a trial density for S^"^^. In order to do this it is, howev­
er, important that we know (from Theorem 3.2) that p^y 
is a function. Hence JB(PN,V^ is well defined. Moreover, 
from the definition of y ,̂ JB^P%,V^-^^ almost everywhere 
as 5-•00 and JB^P^V^-JO^P^V"^- Since joip) 
= (7r/2)(p)^ we know from (3.9) that JoipN,v^ is integra-
ble. The limit in (3.18) is therefore an immediate conse­
quence of Lebesgue's dominated convergence theorem. 

The convergence of the densities in (3.19) follows in a 
standard way by replacing Kby V+ef with / a bounded 
(measurable) function and differentiating with respect to 
£, see e.g., Ref. 29. Q.E.D. 

We point out that if p^ yisa. bounded function, as it is, 
e.g., for F=A"UP, then ' 

E^'^^{N,B, V)=E^{N, V) , (3.20) 

for B large enough, because in that case JB^PN,V^ ^̂ "" 
ishes for B large. 

Finally, we now discuss the weak-coupling limit in the 
case of homogeneous exterior potentials. Suppose K is a 
homogeneous function of JC, ViXx )'=k^V{x), 5 > 0. If we 
consider the exterior potentials kVix) with /: > 0 the clas­
sical energy and density obey the scalings 

E^{N,kV)^k^^^'-^^^E^{N,V) 

and 

P^N,kyix)^k'''''''rN,vik''''^''x). 

(3.21) 

(3.22) 

If k is small we see from (3.22) that the minimizing 
density for the MTF functional will spread out and its 
kinetic energy will be negligible compared with the classi-
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cal terms. We prove this rigorously now. 
3.5 THEOREM (weak-coupling limit of MTF with 

homogeneous potentials). Let V be C}^ and homogeneous 
of degrees. Ifk-^Qthen 

E^'^^iNyB,kV) 

E^{N,kV) 
• 1 (3.23) 

and 

^-2/(.-M)^Mj^^(^-i/(. + i)^)_^^c ^(^) > (3.24) 

in weak L ^ sense. Both limits are uniform in B. 
Proof. As above we may use p^Yv ^s a trial density in 

<^^to conclude that E^{N, V)<E^^^{N,B, V). 
To prove the bound in the opposite direction we again 

use p^^ p as a trial density for <5 ̂ ^^. We then obtain from 
(2.15) and the scaUng (3.22) that 

E^"^^{N,B,kV)<k^^^'^^^fjoip^,v)+E^{N,kV), 

(3.25) 

where we used that ji, <JQ. If we compare this with the 
scaling in (3.21) we see that ^^^^/^^-^ l as k^O since 
JoipN, K)=(^/2)(pS, V)^ is integrable. 

The convergence of the densities follows again by re­
placing Fby V+ef and differentiating with respect to e. 
Q.E.D. 

In the same way as for the large-5 limit (3.23) becomes 
an identity for small k if pj^ ̂  is a bounded function. 

We may of course also introduce the scaling V=Nv 
when V is homogeneous of degree s. Then kV—Kv, 
where K=kN, and the limit in (3.23) is uniform in N. 
The Hmit in (3.24) is unifonn if we formulate it as 

^ - l ^ - 2 / U + l ) ^ M T F ^ ^ ( ^ - l / ( . + l ) ^ ) . -PIM) . (3.26) 

We remark that if a potential W is asymptotically 
homogeneous in the sense that there is a homogeneous 
potential Fwithlim|j , |_«Pr(jc)/K(x)=l, then 

\imE{N,B,kW)/k^^^^-^'^-
k-*0 

=E^(N,V) (3.27) 

uniformly in B, where s is the degree of homogeneity of 
V. 

IV. THE CLASSICAL POINT CHARGE MODEL: 
A LIMIT OF QUANTUM MECHANICS 

Another model that sheds some light on the physics of 
our problem—and that will also be important for bound­
ing the difference between the TF theory and the original 
quantum theory in Sec. V—is the classical particle mod­
el. In this model the kinetic energy is simply omitted al­
together, but the pointHke nature of the electrons is re­
tained. 

4.1 DEFINITION (classical particle energy). With 
V{x) being the confining potential the classical particle 
energy for N points in R^ is defined by 

/ = 1 l<i<j<N 

(4.1) 

The minimum classical particle energy for Â  point parti­
cles in R^ is 

£^(iV,K)=inf(<?''(x„...,JC^;F) : x.GR^) . (4.2) 

We shall estimate the particle energy E^{N,V) in 
terms of the classical continuum energy E^{N,V). We 
first show that E^{NyV) gives an exact upper bound on 
E^{N,V). 

4.2 LEMMA (upper bound for E^). For all N we have 

E^{N,V)<E^{N,V)-N^^^A%RJ , (4.3) 

where R„ is the maximal radius given in Lemma AL 
Proof. First, let us give a very simple argument that 

yields an error term proportional to N instead of N^^"^. 
The energy J?̂ (A ,̂ F) is bounded above by 

f S^ixi,... yXj^;V)<P{xi,... ,Xff)dx^ ' •' dxff , 

for any non-negative function 4> with j * ^ = l . We take 
4>(x i , . . . ,AC;v)=nr=iP[i](^i^' where for simplicity we 
have introduced the notation p^i] for the minimizer 
Phv/N for ^^[p\V/N] with /pi;K/iv = l- Note that p^^ 
depends only on u = V /N. We obtain 

E^{N,V)<fS^{x^,... ,Xj^;V)ll P[,](x,)t/jci - • • dxj, 
j = i 

=N J V{x)p[i^{x)dx 

. N{N-\) r r / M 1-1 

Xp[i]iy)dx dy . 

Recalling that the minimizer of (p^ is p^^y{x)=Np^^-^ix), 
we get an error term —aNy with 
o = jf fp[i]ix)p[i]iy)\x-y\-^dxdy. 

Now we turn to a proof of (4.3) which, obviously, has 
to be more complicated than the previous discussion. By 
Lemma Al there is a fixed square Q centered at the ori­
gin, whose width fF equals 2R^, such that the minimizer 
P~PN,V for_^^ is supported in Q. For simpHcity we sup­
pose that y^N is an integer; if this is not so the following 
proof can be modified in an obvious way. 

First, cut Q into V ^ vertical, disjoint strips, 
5 , , 5 2 , . . . ,S^ such that f s.P=^ for all ;. Let tj 
denote the width of Sy, so that ^^itj = W. Next, make 
VN — 1 horizontal cuts in each S^so that the resulting 
rectangles Rj^ for fc = l , . . . ," /AT satisfy J ^^^p^l. 
Denote the height of these rectangles by /ly ,̂ so that 
'2j^ihjk ~ ^ for each j . Having done this we note, by 
convexity, that for each j 

N-
VN 

''L(tj+hj,r'> 
k=i 

VN 

k=\ 

Again, using the same convexity argument for the j sum­
mation, we have that 

VN VN 

2 I C y + V 
; = 1 * = 1 

N2^ 
IW 

(4.4) 
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Let pjj^ be the minimizing density p restricted to the 
rectangle Rjf^, i.e., pj^{x)=\ {{ xE-R^^^ and =0 other­
wise. Thus, j*py;t ~ 1- We denote these N functions by p\ 
i = \y...,N. Define <l>Ui,... ,jcjv):=n/^=ip'(jc,) and, 
as in the previous proof, a simple computation yields 

£ (̂iV,K)</<?^<I> = <?^[p;F]-2^(pV) , 
1=1 

with D{f,g)=^fff{x)g{y)\x-y\-^dxdy. 
To complete our proof we note that as long as x and y 

are in Rji, we have that \x-y\~^>{tj-\-hjk)~K Thus, 
^jk^ipjkypjk)^N^^'^/^^ by (4.4) and the fact that 
/^ . , = 1. Q.E.D. 

4.3 LEMMA (lower bound for E^). Assume that V is a 
potential in Cj;". Then for all N we have 

E^{N,V)>E^{N,V)-bN^^^ . 

with 

(4.5) 

-P 

\/p 

i2R^)-i+n/p) [I^PI)' 
1/9 

(4.6) 

and where q is any number satisfying 2<q <^/{2—a), R„ 
is the maximal radius given in Lemma Al and 
p=q/{q — \)<l. As we explained in Theorem 3.2, our 
hypothesis that VGCJ^ implies that for q<4/{2-a), 
[f^Phv )']'''* is less than some constant that depends only 
on q, a, and v = V/N. In particular, b depends only on v. 

We see from (4.3) and (4.5) that when VGC]^ the 
power I in the error term is optimal. 

In order to prove (4.5) we need the following electro­

statics lemma of Lieb and Yau.̂ ^ The original version 
was for R̂ ; we state it here for R̂  solely for the conveni­
ence of our present application. 

4.4 LEMMA (the interaction of points and densities). 
Given points x i , . . . , jc^ in K\ we define Voronoi cells 
r,,...,r^cKHy 

rj = {yBK^:\y-Xj\<\y-x,\ for aU k¥^j} . 

These Tj have disjoint interiors and their union covers R^ 
We also define Rj to be the distance from Xj to the bound­
ary ofTj, i.e., Rj is half the distance ofxj to its nearest 
neighbor. Let p be any (not necessarily positive) function 
on ¥?. (In general, p can be replaced by a measure, but it 
is not necessary for us to do so.) Then [with 
Difg)=={f ffix)g{y)\x-y\-'dxdyj 

2 \x,-Xj\-'>-D{p,p) 
l<i<j<N 

-^i L,P^y)\y-xj\~'dy 
y = l *^ 

N 

7 = 1 

- i Lp^y)\y-Xj\~'dy . (4.7) 
y = i ^ 

Proof of (4.5). We choose p in (4.7) to be the minimizer 
p%y for the functional <?̂  and we choose the JC,'S to be 
any (not necessarily minimizing) configuration for ^^. It 
is important for us that a minimizer exists for ^^, for 
then p satisfies the Euler-Lagrange equation (3.14). Since 
fp=N, we conclude from (3.14) that 

2 \ f p(y)\y-Xj\-'dy + ViXj)]=^ 2 V'={xj)>Nfi== f V^p=^2D{p,p)+ f Vp . 

Thus, if we add 2y ^(xj) to both sides of (4.7), we have that 

E^{N,V)>ERN,V)+2 \R-'- f^p{y)\y-Xj\-^dy . (4.8) 
y = i 

Our goal will be to control the rightmost term in (4.8) by the Rj ^ term. 
We spUt each region Tj into two disjoint subregions, Tj — AjUBj, where 

Aj'.= {x:\x-Xj\<Rj], Bj:=lxGrj:\x-Xj\>Rj\ . 

Then, by Holder's inequality 

2 fs\y-^j\~'p^y^^y^ 
1 = 1 j 

^u- ^h-^,,,,}y-->\-'<'y 

= 1/̂  27r^Rf 
J 

(4.9) 
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If we define X: = ^jR~^ we can rewrite (4.9) plus the 
X/S term in (4.8) as \X-i fp^^^)^^^X^^\ The minimum 
of this quantity, over all values X, is ^VT/lfp^^^, and 
thus we have accounted for the first error term in (4.6). 

To estimate the term I:^^f=if A.P^y^\y~Xj\~^dy 
some control is needed over the possible singularities of 
p. L e t p = g / ( ^ —l)be thedualof .̂ Then 

11/, 

:Lf,\y->'j\-''''y 

T^Vr 
\/p 

(4.10) 

We note that, since 1 <p < 2, 

[ ^ 1 
2 Rj-' 

[y = i J 

i/p 

< 
N 

2 « / 
| ; = i J 

]\/p-\/2 

N' 

by Holder's inequality. Now irRJ is the area of the disc 
Aj and thus TT^JRJ is the total area of all these disjoint 
discs. How large can this area be? To answer this we re­
call Lemma Al in the Appendix, which states that for the 
purpose of finding a set of points that minimizes the clas­
sical particle energy ^^ we can restrict attention to a disc 
of radius i?„, centered at the origin. We may therefore 
assume that our xfs satisfy \xj\<R,,. This we can do 
whether or not an energy minimizing configuration ex­
ists. Having done so and assuming that N^2 y^e have 
that Rj<R„ for all j , and hence all our discs are con­
tained in a disc of radius 2R^, centered at the origin. 
Thus ^jRj ^ i2R„ 9, and our second error term, (4.10), is 
bounded above by 

l i /p 
(2 i^J-^+2/p;^ ' /^ I/' 1/9 iTT 

1-p 

This yields (4.6). Q.E.D. 

V. MTF THEORY IS THE HIGH-DENSITY LIMIT 
OF QUANTUM MECHANICS 

In this section we prove that the quantum energy and 
the quantum density are given by the corresponding 
MTF quantities to leading order for large N. These are 
the statements of Theorems 1.1 and 1.2. We shall not 
prove Theorem 1.2 since it follows from Theorem 1.1 in a 
standard way by replacing Kby F + e / with / a function 
in C\;S and diflferentiating w.r.t. E, see, e.g., Ref. 29. 

We shall prove Theorem 1.1 by giving sharp upper and 
lower bounds to the quantum ground-state energy. The 
upper bound is obtained by a variational calculation us­
ing the magnetic coherent states introduced in Refs. 25 
and 21. The lower bound is more difficult. Besides the 
results of the previous sections several ingredients are 
needed. The first ingredient is a kinetic energy inequality 
of the Lieb-Thirring type.̂ '̂̂ '̂̂ *'" Such an inequality es­
timates the kinetic energy of a many-body wave function 
from below in terms of a functional of the density. The 
proof of this inequality in the two-dimensional case con­
sidered here is harder than the three-dimensional case 

treated in Ref. 21 and involves some new mathematical 
ideas. The second ingredient is a lower bound on the 
exchange-correlation energy. The proof of this inequality 
is similar to that given in Refs. 34 and 35 for the three-
dimensional case. 

Once the kinetic energy and exchange-correlation in­
equalities have been established the proof of the lower 
bound is completed by a coherent states analysis. 

We start by discussing the magnetic coherent states 
used in the proofs of both the upper and lower bounds. 
They are constructed from the kernels 

n, ZTT 

XL,{\x-y\''B/2)b,,.b, (5.1) 

of the projection operators onto the Landau levels 
a = 0 , 1 , 2 , . . . with z-component of spin cr = ± | . Here L ̂  
are Laguerre polynomials normalized by L„(0) = 1. In 
fact, all that matters are the projectors n^ on the states 
with energy tJ,B); these are given by a sum of at most 
two of the projections 11̂ ^̂ . More precisely, 

nv= 2 n , , . (5.2) 

a-\-\ + ra=tJ.B)/B 

We shall not need the explicit form (5.1). The three 
important properties of 11̂  that we use are the following: 

(5.3) '^\lj^xa\ya")=-b{x-y)b^ 

^YiJ<XG',xa')=d^{B) , 

if,:„n =eJ5)n, 

(5.4) 

(5.5) 

where Ĵ ĵn is given by (2.1). 
Let g be a real continuous function on R ,̂ with 

g(x)=Ofor k | > l , / g 2 = l , and / (Vg)^<oo. [The op­
timal choice that minimizes / (Vg)^ is the Bessel func­
tion JQ, suitably scaled and normalized.] Define 
g^(:x)=r~'g(x/r), with 0 < r < l to be specified later. 
For each u GR^, v=0 ,1 ,2 , we define the operator n^„ — 
the coherent "operator"—with kernel 

Yi^^{xcr\ya")=gr{x—u)l{J,x<j',y(j")gr^y—u) . (5.6) 

It easily follows from (5.3) and (5.4) and the properties of 
g that these kernels satisfy the coherent operator identi­
ties^^ 

2 jn^u^xc7\ya")du=h{x-y)b„.„: , (5.7) 

TrYl^^=^^\{^^{xG',xa')dx=d^{B) . (5.8) 

Moreover, a simple computation gives, using (5.5), 

Tr[^kinnv„]=^v(5) [ e v ( ^ ) + / ( V g , ) H , (5.9) 

Ti[Vn^^]=d^{B)V*g}{u) , (5.10) 

where F is a (continuous) potential and * denotes convo­
lution. Likewise, for all / with {f\f) — \ 
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</|i^kinl/> = 2 feyiB){f\U^ \f)du -fiVg,)^ , ^or all operators AT, with kernel K{xa,ya'), satisfying 

(5 11) 0 < < / | A : | / > < < / ! / ) (5.14) 

< / | K * g , 2 | / > = 2 ; / ^ ' ( « ) < / l n v « l / > ^ " . (5.12) 

Equations (5.9) and (5.10) will be used in proving the 
upper bound, while (5.11) and (5.12) are needed for the 
lower bound. 

A. The upper bound 

for all / , and 

TT[K] = ^ f ^K(x(7,XG)dx=N . (5.15) 

We shall choose K as follows. Let p^"^^ be the MTF den-
We use the variational principle of Ref. 37. According ^^}^l,}f'' ^^^ mimmizer of the functional (1.5) with 

to this principle Jp'^'''=N. Denote by v^Jx) the highest filled level. 
Then 

EQ{N,B,V)<TT[{Hi,i„ + V)K] 

+ 1 y r r K{xa,xa)K{ya\ycr') 0<p^TF(^) - 2 d,{B)<d, (,,+ , (5) 

Xdxdy 

Jx) 

(5.13) We introduce the fiUing factors 

I 

(5.16) 

/v(^) = 

1> v<v^3^(x) 

f^MTF(^)_ 2 d,{B)]/d ^,,^,{B\ v=v^Jx)+\ 
v<v ix) 

(5.17) 

and define 

Kixa,ya') = ^ ff^{u)n^^{xa,ya')du , (5.18) 

with n^u as in (5.6). It follows from (5.7) that K satisfies 
(5.14) and from (5.8), (5.16), and (5.17) that Tr[^] 
= fp^'^^{u)du=N. 

Note that (5.4) and (5.6) imply 

'2K{x(T,xa)==p^'^^*g^{x) . (5.19) 

Hence, the last term in (5.13) is D{p^'^^*g^, p^'^^*gr), 
where the functional D was defined in (1.4). By convexity 
of D we find that 

D{p^'^^*g},p^''^*g})<D{p'^''^,p'^'^^) . 

From (5.9), (5.10), and (5.13) we obtain 

EQ{N,B,V)<^^'^'^{p^'^^)^N ^{Vg,)^dx 

+ ^[V*g}{*)-V{x)]p^'^^x)dx 

<E^'^^{N,V,B)-\-Nr-^f[Vg{x)]^dx 

-hN^ sup [v*g^{x)-v{x)] , 
\x\<R 

(5.20) 

where R=Rv is the finite radius and we have written 
V=Nv. Since y is in C'-" 

sup |y*g^^(x) — u(:!c)| <(const)r . 
\x\<R 

We can choose r = rff such that r̂ y—'-O and r^^/N—*-Oas 
N—fco. This means that rjy should go to zero but still be 
large compared with the average spacing N~^^^ between 
electrons. The optimal choice is of the order 
r = (const )N ~ ̂  ̂ .̂ Thus the error 

[E^{N,B,V)-E^'^^{N,B,V)]N~^ 

is bounded above by a function ejJ(y)=c''"(i>)iV~'^^ (in­
dependent of B). This finishes the proof of the upper 
bound. 

5.1 THEOREM (Lieb-Thirring inequality in two di­
mensions). Let H^ = \{iV- K?-¥S'B. [This is the 
operator H^^^from (2.1) with y = l.] Let W be a locally 
integrable function and denote by CiiW), e2(W^),... the 
negative eigenvalues (if any) of the operator H=H p^ — W 
defined on L^(R^;C^), the space of wave functions of a sin­
gle spin-\ particle. Define \W\4x)=^\[\W{x)\ ^W{x)]. 
For allO<k<\ we then have the estimate 

'2\ejim\<k-'-^ fj}V\^U)dx 

•^\{l-k)-^f ^\W\\{x)dx . 

Proof For any self-adjoint operator A we denote by 
NaiA) the number of eigenvalues of A greater than or 
equal to a. 

Since replacing H^by its positive part \W\+ will only 
enhance the sum of the negative eigenvalues we shall 
henceforth assume that W is positive, i.e., F r = | f r | + . 
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We consider the Birman-Schwinger kernel 

According to the Birman-Schwinger principle (see, e.g., 
Ref. 38, p. 89) the number iV£( -H) of eigenvalues of H 
below —E is equal to the number N^iK^) of eigenvalues 
of A!̂ £ greater than or equal to 1. We find 

In order to estimate NiiK^) we decompose the 
Birman-Schwinger kernel into a part K^ coming from the 
lowest Landau level and a part K^ coming from the 
higher levels. If IIQ is the projection onto the lowest Lan­
dau band these two parts are defined by 

;^0 = ,^l/2n^(j^^4.£.)-lfI^j^l/2 = ^ -

(5.21) 

and 

Ki = w^^Hi-iio){H^-\-E)-Hi-no)w^^^. 

Since IIQ commutes with H ^V/Q have Kg = i ^ | ~^KE . 
Now we use Fan's theorem,^^ which states that if 

lJ,i{X)>(i2iX)- ••• denote the eigenvectors of a self-
adjoint compact operator X then /x„+^^.i(Ar+y) 
</i„ + i(Ar)+/i^ + i(y) for n,m >0 . From this we have 
Ni{X-\-Y)<N^{X)-^Ni.f^{Y) which, in our case, reads 
as follows: 

N^{KE)<N^{K^)-\-NI.^{K^) foTO<X<l, 

This inequality permits us to consider the two parts of 

KE separately. We first consider the contribution from 

the lowest level: N^{KI:)=NJ^E^W^^^^O^^^^)' We get 

/ "^N^iKl: )dE = r "iVx£( W^^^\loW^^^)dE 

= k-'rNE{W'UoW')dE 

= k~^fnQ{x,x)W{x)dx 

^k-^4- fw{x)dx . 

The second part is straightforward. We first notice that 
Hj^{I-no)>B{I-nQ). Hence H j,{I-no)>}{H j , 
+ l 5 ) ( / - n o ) > j ( / V - A ) 2 ( / - n o ) . [Note that 
iiV—A)^ commutes with FIQ.] Since the operator in-
equaUty 0<X<Y implies X ~' < 7 ~ ̂  we have that 

Ki < w^^Hi-no)[}uv- A)^-\-E]-\i-no)w^^^ 

<W^^^[\{iV-A)^+E]-'W^^\ 

We conclude that N^^^^iK^ )<NI{KE), where 

KE = [{\~kr^W]^^^[\{iV- A)^-^E]-^ 

is the Birman-Schwinger kernel for the operators 
H = \[{iV- A)^-3{l-k)-^W]. The Birman-
Schwinger principle implies that fQNi{KE)dE is the 
sum of the negative eigenvalues of H. An estimate on 
this quantity follows from the standard Lieb-Thirring in­
equality, i.e., 

rN,.^{Ki)dE<i0.24)\f 
il-l) 

Wix) dx 

<l{\-k)-^fwix)^dx 

The constant 0.24 can be found as Li 2 in Ref. 40, Eq. 
(51). It was improved slightly by Blanchard and 
Stubbe,̂ ^ see also Ref. 42. In these references only the 
case A = 0 was considered. It is, however, a simple 
consequence of the diamagnetic inequahty (see Ref. 43) 
that the constant is independent of A. Q.E.D. 

The Lieb-Thirring inequality in Theorem 5.1 implies 
an estimate on the kinetic energy 

=(^ I l̂iiJ, hf) 

in terms of the one-particle density 

a, = ±1/2 av = ± l /2 ^ 
' dxf. 

Here V' is a normalized A^-particle fermionic wave function. 
5.2 COROLLARY (kinetic-energy inequality in two dimensions). Let T^ and p^ be defined as above. Then for all 

0 < X < 1 we have 

B 
0 \fp^<'k-'-

\i\-K?S p^{x)-X dx ifp^>k-' 
(5.22) 

Proof. The inequality in Theorem 5.1 holds for the operator H^^^j^ — W if |y | > 1. If |y | < 1, however, one should 
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choose ITQ in the proof of Theorem 5.1 as the projection onto the levels v = 0 and v— 1 (not only onto v=0) . Equation 
(5.21) is then no longer an identity but a bound. In this way one concludes that the negative eigenvalues e^iW), 
e^iW),... for/fkin-FT satisfy 

'2,\ej{W)\<ajJW\4x)dx-^^^JW\\{x)dx , 

with a=X"'j5 /IT and y3=}( 1 - A . ) ~ l This bound is clearly valid for all y. 
The proof of (5.22) now follows by a standard Legendre transformation. In fact, if fT > 0 we have 

Since the Legendre transformation of the function W\-HxW+pw'^ is the function 

(5.23) 

0 i f p < a 

*^ wto^ [(4)S) \p—aY ifp>a, 

we see that (5.22) follows by making the optimal choice for Win (5.23). Q.E.D. 
5.3 LEMMA (exchange inequality in two dimensions). Let ^G®^L^(R^;C^) be any normalized N-particle wave func­

tion (not necessarily fermionic) and let 

2 LzJ^^^i ' • • • »^/-i»^»^?+i» • • • ,xjf;cri,.. .,(TN)\^dXi • • • t/x,._iJx,. + j -dxj^ 
/ = 1CTI = ± 1 / 2 ay = ±l/2 

be the corresponding one-particle density. Then 

a, a^ '̂ ^ \<i<j<N if^ Yf. K 

(5.24) 

Proof. The proof is essentially the same as in Ref. 34, where the three-dimensional equivalent of (1.1) was proved. 
Our presentation is inspired by Ref. 44. 

We use the representation (in three dimensions a similar representation was originally used by Feflfennan and de La 
Llave^ )̂ 

\x-y\-'=7r-' i j XR^x-z)XR{y-z)R-URdz . (5.25) 

where XR is the characteristic function of the ball of radius R centered at the origin. If we use (5.25) to represent 
2 / <71^/ ~^y I ~ ̂  we can estimate the integrand as follows: 

2 XR^Xi-z)XR'<Xj-z)=-\ 
\<i<j<N 

^XR(X,-2) -i2XRix,-z) 

= T \l,XR(Xi-z)- f p^{y)XRiy-z)dy 

•^2XR(x,-z)fpp)XRiy-z)dy-\\fpp)XRiy-z)dyY-\2XRix,~z) 

>^XRix^-z)fprpiy)XRiy-z)dy-i \fp^iy)XRiy-z)dyY-{2xRiXi-z) . 

If we integrate this inequality over the measure R ~*dR dz, the last term j^iXR^Xf—z) will give a divergent integral. 
For the purpose of a lower bound, however, we can restrict the integration in (5.25) to R> riz), where r (z )>0 is some 
specific function we shall choose below. Using the fact that 

2 • • • 2 f^,MlXR(xi-z)dx, • • • dx^F^f^^p/y)XRiy-z)dy , 
a, a^ i 

we obtain 
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oTj a ^ i<j 

>\7r-' f f p^ix)p^{y)\x-y\-'dx dy 

-\Tr~^{ , r R -^iTp*Az)dR dz . (5.26) 

Here we have introduced the Hardy-Littlewood maximal function 

p*^{z)-=su^{TTR^r^ jpP)XR{y-z)dy , 

which, viewed as a map from L^(R^) to L^(R^), is a bounded map for all p > 1 (see Ref. 46, pp. 54-58). The error 
terms in (5.26) can be computed as 

T^"^ f , f r TrYAz^dR^- { R-^7rp*Az)dR\dz^\7r-^ { \r{z)ii'pl{z)^ + r{z)-^Trp*Az)]dz . 

The optimal choice for r(z) is r(z) = [7rD*(z)] '^l This 
means that the error is 7r^^^fj^2p^iz)^dZy but this can 
be estimated by the maximal inequality to be less than 
\92{2TT)^^^j^2p{z?^^dz. Q.E.D. 

B. The lower bound 

Our goal here is to give a lower bound io E^{N,B,V) 
in terms of E^^^{N,ByV) with errors of lower order 
than Â ^ as N tends to infinity. It is important here that 
V=Nv, where v is fixed. To be more precise we shall 
prove that 

N-\EQ{N,B, V)-E^'^^{N,B, V)] > -e;^(u) , (5.27) 

where e^(y) is a non-negative function which tends to 0 
as Â —• 00 for fixed v. Note, however, that e^(u) does not 
depend on B. 

We shall treat the cases 'of large B and small B sepa­
rately. In the large-5 regime we prove (5.27) by a com­
parison with the classical models discussed in Sees. Ill 
and IV. In the small-5 regime we use magnetic coherent 
states. Theorem 5.1 and Lemma 5.3. 

The dividing line between large and small B is deter­
mined as follows. If the minimizer p^^, of <5̂ , with 
//?{;„ = 1 and confining potential u, is bounded [e.g., for 
u(x)= |;c 1̂ ], then we define small B to mean 

B/N<P^' = lTrs}M^pl,{x) . (5.28) 

As explained in (3.20) we have for P>Pc that 
E^'^^{\,^,v)=E^{hv). 

For the general class of v where we do not know the 
minimizer pî y is bounded we simply define 

By Theorem 3.4 we then have that the function 

5(iV,y)=sup \E^'^^{\,P,v)-E^{\,v)\ (5.29) 

tends to zero as A'̂  tends to infinity. 
Case 1, B/Ntp^: By simply ignoring the kinetic-

energy operator, which we had normahzed to be positive, 
we have the obvious inequality E^{N,B,V)>E^iN,V) 
where J?'* is the energy of the classical point problem. 

From Lemma 4.3 we can therefore conclude that 

EQ{N,B,V)>E^{N,V)>E^{N,V)-biv)N^ (5.30) 

Since E'^{N,V)=N^E'^{1,V) and E^'^^iN,B,V) 
=^2^MTF( j ^ ^ / ^ y ) ^ g jj^^g f.j.Qjĵ  (5 29) that 

EQ{N,B,V)>E^'^^{N,B,V)-S{N,v)N^-b{v)N^^^ . 

(5.31) 

Thus (5.27) holds with e];^{v)==d{N,v)-hb{v)N-^^^. 
We emphasize again that if p^^, is bounded (e.g., for 

y = A: |;c 1̂ ) then 6iN,v) is not needed. 
Case 2, B /N<Pc' I" this case we use inequaHty (5.24) 

to reduce the many-body problem to a one-body problem. 
Let tfj be the many-body ground state for Hf^. (Since 

the exterior potential V tends to infinity at infinity H^ 
will have a ground state.) The correlation estimate (5.24) 
gives 

EQ{N,B,V)={i(>\Hff\i;) 

^ i (t!^\H'A-^V{xj)\ip)-^D{p^,p^) 

-Cf^y/Hx)dx . (5.32) 

We first estimate the last term in (5.32) in terms of the 
kinetic energy 

T.^U 

of ^. According to (5.22) we have 
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i r l'/^ f r 21'/2 
+ (const) |Jp^J [J^^>(^^,,^/>^j 

<(const)('V/^JV^/2+V"7^iV'/2) . (5.33) 

Hence, for all 0 < e < 1 (we shall later choose e~A^~ '̂̂ )̂ 
we have 

EQ{N,B,V)> 2 {tf^\i\-t)H]ii, + V{xj)W 
7 = 1 

+Z>(p^,p^)-(const) iVJcN^^^+e'^N) , 

(5.34) 
where we have used the fact that 

ET^-constVXi;N^^^>-{const)z-^N . (5.35) 

To relate (5.34) to the MTF problem we use the in­
equality 

0<D(p^-p^^^p^-p^^^) 

E<^{N,B,V)>{\-e)lxff 2[H\&.-^V{xj) 

(5.38) 

Obviously 

j = i 

(5.39) 

where e j j g j , . . . , e^ are the iV lowest eigenvalues of the 
one-particle Hamiltonian 

i :rf^=i /kin + ^(^)+P * l ^ r =^kin + ^ (^) • 

(5.40) 

+2>(p^•^^p^T^), 

We shall estimate 27=i^; ^y ^ straightforward 
(5.36) coherent states analysis. 

Let / j , . . . , / ^ be the N lowest normalized eigenfunc-
which is a consequence of the positive definiteness of the tions of H^^^. For technical reasons we introduce a 
kernel \x-y\~\ Inserting this in (5.34) gives modified operator H^'^^ which is obtained from H^^ by 

N replacing V^^^ by the truncated potential 
EQ{N,B,V)> 2 {rp\{l-s)H\Ji,-^V{Xj) 

j = i 

pMTF(^) = 
F^TF(^), \x\<R„ 

CN , \x\>R„, 
-(const)('v/^Ar3/2+e-iisr) . (5.37) 

Since we have normalized the potential to be positive we where R, is the finite radius given in the Appendix and 
have that {l-£)-^V{x)>Vix) and also C=inf|,|>«^F^^^jc)/A^is independent of JVby the scal-

( l-e)-V^'^^*l^l~'-P*^^^*l^i~'- ing (2.9) of MTF theory. Note that F*^"^ > K'̂ ^ .̂ Then 
Hence from (5.11) and (5.12) we have 

^ I 

i ej=i <fj\Hr^\fj)>i </;i^r^i/;) 

V j = l 

; = i 

We first consider the last term. Writing '2,f=i\fj(x)\^—p^x) we have 

i </.|F^*TP-F^TP*g/(;c)|/,-> = /|^l^^ ^ J F ^ * T P ( ; C ) - F M T F ^ ^ 2 ( ^ ) J ^ ( ^ ) ^ ^ 

> /|^|^^ _^[F^*'rP(x)-F'^TP*g2(x)]p(;c)c?;c 

Since F^'^P=iVy^'^^and / p = i V w e h a v e 

(5.41) 

(5.42) 
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We can then write (5.41) as 

^ ej>'2 f[e^{B)+V^'^^{u)] 
; = 1 V 

X i {fj\n,Jfj)du-N^tj^{v) , (5.43) 
7 = 1 

where 

^^(i;)= sup \v^'^^{x)-v^'^^*g^{x)\ 
\x\<R^, 

4-f sup v^'^^{x)]Rh-N-^r^ fiVg)^ 
[|x|</(, + r J "̂  -̂  

<C{v)N-^^^ . (5.44) 

For the last step we made the choice r^N~^'^^. 
We focus next on the first term in (5.43). It has the 

form 

f[£^{B)-{-V^'^^{u)]p^iu)du , (5.45) 

where we have denoted X7=i^ / / lnv« l / / ) by p^iu). 
These functions satisfy 

0<p^iu)<TTn^=d^{B) 

and 

^ jpJ<u)du=N . 

(5.46) 

(5.47) 

We obtain a lower bound to (5.45) by minimizing over all 
functions p^ satisfying (5.46) and (5.47). 

Minimizers p^ can be constructed as follows. There is 
a /i > 0 such that 

d^{B) ifzJ,B)+V^'^^{u)<yL 

pj,u)=\0 if e^(5)+F^T^(«)>/i (5.48) 

<d^{B) if e^(5)+F^^^(w)=/x . 

All families p^ satisfying (5.48) and the constraint (5.47) 
are minimizers. Note that it is possible that 
ey(5)+F^^^(w)=jU on an open set of u values. The 
minimizers are therefore not necessarily unique. The 
chemical potential p, is uniquely determined by (5.48) and 
the condition (5.47). 

We shall now prove that p=p^^^. All we have to 
show is that we can find functions py satisfying (5.47) and 
(5.48) with/i=/i'^'^^. 

We know from the MTF equation, Theorem 2.2, that if 
^MTF(y)=Q tî gn K^T^(u)>/x^'^^ Since K^^^ differs 
from V^'^^ only on the set p'^'^^=0 we may in (5.48) 
when 11= p^'^^ replace V^"^^ by V^'^^. We then know 
from the MTF equation that there are unique functions 
Py satisfying (5.48) with p=p^'^^ and 2>/'v(«)=p'^^^(« )• 
In fact, in terms of the fiUing factors (5.17) we have 
pJ,u)=fy{u)dy{B). Since /p'^^^d/)rfw =A^ we have pro­
duced the functions p^ allowing us to conclude th^t p is 
indeed equal to /x^^^. If we insert these functions in 
(5.45) we obtain 

2 /e^(5)pj,u)du + / V^'^^{u)p^'^^{u)du 

(5.49) 

where the identity follows from (2.3). 
We can now combine (5.38), (5.39), (5.43), (5.44), and 

(5.49) to arrive at 

EQ(N,B,V)>{\-z)E^'^^{N,B,V)-zD{p^'^,p^'^^) 

-(const)('v/^iV^/2+e-'iV)-C(u)iV5/3 . 

(5.50) 

Hence, since D{p^'^^,p^'^^)<E^'^^{N,B, V) we have 

N-\E^{N,B, V)-E^'^^{N,B, V)] 

>-2eE^'^^{\,B/N,v) 

Note that E^'^^{\,B/N,v) is bounded by a constant de­
pending only on v. If we choose e-̂ -A "̂̂ ''̂  we find 

N~^[EQ{N,B, V)-E^'^^iN,B, V)] 

> - C - ( I ; ) [ A / ^ 7 V - ^ / 2 + ^ - I / 3 - | ^ 

This is equivalent to (5.27) with e^(u) 
=c~(u)[ \ / i3 ,Ar- ' /2+Ar-i /3j i^ î̂ g ,̂̂ gg ^YiQu p^ is 
bounded, 13^ is a constant, otherwise we chose it to be 
l3c=N^^^. In both cases e'^iv) will tend to zero as N 
tends to infinity. This finishes the proof of the lower 
bound. 

We have proved (1.7). The limits in (1.8) and (1.9) fol­
low immediately from the corresponding results for E^^^ 
proved in Sees. II and III. 

C. Homogeneous exterior potentials 

Finally, we shall show how to prove the stronger result 
Theorem 1.3 for homogeneous exterior potentials. 

In this case we do not have that the minimizing MTF 
density is supported within a fixed ball. In fact, the den­
sity will spread out as the coupling constant becomes 
small. 

We shall prove that given e > 0 and /CQ there is an N^ 
independent of B such that for N>N^ and K/N<kQ 

\E^{N,B,Kv)/E^'^^iN,B,Kv)-\\<e , (5.51) 

We consider large and small K in very much the same 
way as we did for B in the lower bound above. We shall 
see below that we can find a k^ (depending only on v and 
e) such that (5.51) holds for K/N<k^. 

In the case of large K, i.e., K/N>k, (but K/N<ko) 
the proof of (5.51) is then identical to the proof of 
Theorem 1.1 given above. 

For small K we again consider the upper and lower 
bounds separately. We begin with the upper bound. We 
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proceed as in Sec. V A. We define the trial operator as in 
(5.17) and (5.18) except that we replace p^^^ by PN,KV' 
The estimate (5.20) now becomes 

+Nr-^f[Vg{x)]'^dx 

-\-NK sup [vtg}{x)-vix)] . 
\x\<\ 

Here R^ is the radius of the ball containing the support 

of PN,KV for K = kN. According to (3.22) Rj, 
^j^-\hs + \)^^^ where R^ is the radius for ^ = 1, which 
depends only on u. 

Using the homogeneity of v we have 

v*g}(x)-v{x)=\xV j [v[{x-y)/\x\] 

-v{x/\x\)]g}{y)dy 

<C3(u)r | ; c |^ - ' . 

We obtain since 5 > 1 

E^{N,B,Kv)-^^'^^[p^\B,Kv]<c^{v)N[r-^+KrR'-^] 

<Csiv)N[r-^+Kr{K/N)-^'-^^^^' + ^^] 

<C5(i;)Ar2/3(/j:/Ar)4/[3U + i ) ] , 

with the choice r = (A'/iV)~^/^^<' + ̂ l̂ We also know from (3.25) that 

^'^''''[p'';B,Kv]<iK/N)^^^''^'^N^fjoipf,,)+E'={N,Kv), 

Hence, from (3.21) and (3.17) we obtain 

C(,{v)N^ 
E^{N,B,Kv)< 1 + -E^{N,Kv) 

[iV-'/3(/j:/7V)4/[3(. + l ) ] ^ . ( ^ / ^ ) 2 / ( s + l)-| EHN.KV) 

<{\^-c-,(v)[N-^^hK/N)^^^^^'-^'^^^ + (K/N)^^^'^^^])E^{N,Kv) 

It therefore follows from Theorem 3.5 that we can find k,. 
depending only on E (but not on B) such that 
EQ{N,B,Kv)/E^'^^{N,B,Kv)<\^zforK/N<k,. 

We turn next to the lower bound. As in Sec. V B (in 
the case B/Nt^^) we may ignore the kinetic-energy 
operator, which we had normalized to be positive. We 
then have the obvious inequality E^{N,B, V)>E^{N, V) 
where E^is the energy of the classical point problem. 

We shall use Lemma 4.3 to compare E^{N,Kv) to 
E^{N,Kv). We must, however, first discuss the scaHng 
of E^{N,Kv). It is clear that if v is homogeneous of de­
gree s then 

iS^{xi,...,Xff;Kv) 

i/(5 + i )^P(^i / ( i + i)^ ''xj,;v). 

Therefore, E^{N,kV) = k^^^'-^^^E^iN,V), i.e., 
E^{N,kV) has the same scaling as E^{N,Kv) [see (3.21)]. 

From Lemma 4.3 we thus find that 

E^{N,Kv)>EHN,Kv)-b{v){K/N)^^^'^^^N^^^ 

>E*^{N,Kv)[l-Ci{v)N-^^^] . (5.52) 

According to Theorem 3.5 we may thus assume that k^ 
is such that 

EQ{N,B,KV )/E^'^^iN,B,Kv) 

> ( l - e / 2 ) [ l - C 8 ( y ) i V - ^ / 2 j (553) 

I 

for K/N < k^. We can therefore clearly find N^ such that 
the right-hand side of (5.53) is greater than 1 —e for 
N>N^. 

VI. CONCLUSION 

We have analyzed the ground state of a two-
dimensional gas of N electrons interacting with each oth­
er via the (three-dimensional) Coulomb potential and sub­
ject to a confining exterior potential V{x)=Kv{x) where 
K is an adjustable coupHng constant. The electrons are 
also subject to a uniform magnetic field B perpendicular 
to the two-dimensional plane. 

We have found the exact energy and electron density 
function p{x) to leading order in \/N, i.e., in the high-
density limit. This limit is achieved by letting K be pro­
portional to Â  as N—*-oo, thus effectively confining the 
electrons to a fixed region of space, independent of Â . 

It turns out that the answer to the problem depends 
critically on the behavior of 5 as A'̂ —*- 00. There are three 
regimes. 

(i) U B/N^^-O, i.e., N»B in appropriate units, then 
normal (two-dimensional) Thomas-Fermi theory gives the 
exact description. Correlations can be ignored to leading 
order in this high-density situation. 

(ii) If 5 / iV=const , a modified TF theory in which the 
"kinetic-energy density" is changed from (const)p^ to a 
certain J?-dependent function of p [called Jsip)] is exact. 

(iii) If 5/AT—•00 then the kinetic-energy term can be 
omitted entirely and a classical continuum electrostatics 
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theory emerges as the exact theory. This electrostatics 
problem is mathematically interesting in its own right 
and can be solved in closed form for the customary 
choice vix)=\x\^. 

Related to the continuum problem is an electrostatics 
problem for point charged particles. Apart from its 
mathematical interest, it provides a crucial lower bound 
to the energy in case (iii). Another technical point of 
some interest is the extension of the Lieb-Thirring in­
equality to two-dimensional particles in a magnetic field 
which involves dealing with a continuum of zero energy 
modes (i.e., the lowest Landau level). 
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APPENDIX 

Here we prove that the minimizers for our three semi-
classical problems can be sought among densities that 
vanish outside some finite radius—for which we give an 
upper bound. This lemma is in an appendix because it 
pertains to several sections of the paper. 

A.l LEMMA (finite radius of minimizers). Consider 
the three cases: (a) The classical energy; (b) the classical 
particle energy; (c) the MTF energy. Let V(x) be the 
confining potential. We assume that K(x)—^ + oo as 
|x |->oo in the sense that the number W{R) 
: = inf(F(x) : |;c|>ii j tends to oo as R-*co. 

Then there is a radius R„, depending only on v — V/N 
such that 

E^{N,V)=inf{^^{xi,...,x^) : M<R„ for a l l / ) 

E^(iV,F)=inf ^^[fi;V] : support fiC{x:\x\<R^], f dfi=N 

E^'^^iN,B,V)=mf\^^'^^[p;B,V] : p{x)=0 for \x\>R„fp=N (Al) 

Furthermore, any minimizing particle distribution measure or density satisfies the conditions given in braces in (Al). 
A choice for R^, which is far from optimal, is any R satisfying the inequality 

j^W{R)>{l^TT-^) + j^{V)^ , (A2) 

with {V)^ being the average of V in the unit disk: 

<F>i = - r V{x)dx . 

Proof: Particle case. Suppose that \xi\>R„. Then we move particle 1 inside D, the unit disc centered at the origin. 
The point y to which we move particle 1 is not known, so we average the energy over all choices of 3; GD. If we show 
that this average energy is less than the original energy then we know that there is some point yE.D such that the ener­
gy is lowered. Thus, we have to show that 

F U , ) + 2 \xx-Xj\-'>{V), + - ^ f \y-xj\-'dy 
; = 2 

Noting that f j,\y~x\~^dy < f j^\y\~^dy=2iT, by a simple rearrangement inequality, we see that it suffices to have 
WiR„)> < F>i+2A^, which agrees with (A2). 

The classical case. If/x is any measure with JdiJ,=N, we define jj,'^ lobe fi restricted to the complement of the closed 
disc of radius R^, centered at the origin. Thus ix'^i A )=/i( Anlx:\x\>R^]). Similarly, fi~ is /z Restricted to the disc, 
so that IJL—^^ + ^ ~ . Assuming that ^^¥=0, we replace fxhy ii^: = {\—z)ix^-\rpi~ +5v, where v is Lebesgue measure re­
stricted to the unit disc Z>, and where 7r5=eJ*J/i'^. Thus jd^^—N. The change in energy, to 0 (e ) as eiO, is easily 
seen to be 

h {V{x)dx-z j V{x)pi^{dxnb^ f Jx-y\-^dxfi{dy) 

-ef f\x-y\-^li-^{dx)ii{dy)<Tr5{V)i-zW{R,)fdfi+-^2TrbN , 

which is negative by (Al). 
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The MTF case. This is similar to the classical case, but with two differences: (i) The measure /i is replaced by a func­
tion p with fp{x)dx=N and (ii) a "kinetic-energy" term fJB[p^x)]dx is added to the energy. Point (i) only simplifies 
matters. For point (ii) we note the simple fact that j^ip) is bounded above by irp^/2 and its derivative, yi(p), is bound­
ed above by irp; this is true for all B. Let us assume that dp,'^:= p"^ix )dx is not zero, with p'^(jc)=p(jc) for |x| >i?y 
and p^{x)=0 otherwise. The argument is as before, but now we must take into account the change in kinetic energy 
which, to leading order in e, is 

5 / JB[pU)]dx-t^p^{x)JB[p^{x)]dx KhTT^ p{x)dx<bN=-£fp-^U)dx . 

The total energy change is then negative by (Al). Q.E.D. 
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K I N E T I C E N E R G Y B O U N D S A N D T H E I R A P P L I C A T I O N 

T O T H E S T A B I L I T Y O F M A T T E R 

Elliott H. Lieb 

Departments of Mathematics and Physics, Princeton University 

P.O. Box 708, Princeton, NJ 08544 

The Sobolev inequality on R " , n > 3 is very important because it gives a lower 

bound for the kinetic energy / | V / p in terms of an L^ norm of / . It is the following. 

/̂ ^ |V/|̂  > 5, y^^ |/|2n/("-2)y" '^'" = 5„||/||̂ „/(„_2̂ . (1) 

Applying Holder's inequality to the right side we obtain the following modification of 

/̂ ^ iv/î  > i^i{/^y<"+^'^"}/{/pp=i^iibii;::^;;:iHir'" (2) 

with p{x) = | / (x ) | ^ . The superscript 1 on K^ indicates that in (2) we are considering 

only one function, / . Holder's inequality implies tha t K\ > Sn but, in fact, the sharp 

value of K^^ (which can be obtcdned by solving a nonlinear PDE) is larger than Sn- In 

particular, K^^ > 0 for a// n > 1, even though 5„ = 0 for n < 3. 

Inequality (2), unlike (1) has the following important property: The non-linear 

term / ^("+2)/n gĵ ^erg with the power 1 (and not (n —2)/n) and is therefore "extensive." 

The price we have to pay for this is the factor II/II2 = IIPIII i^ *^^ denominator, 

but since we shall apply (2) to cases in which | |/ | |2 = 1 {L^ normalization condition) 

this is not serious. 

Inequality (2) is equivcdent to the following: Consider the Schrodinger operator on 

R^ 

H=-A- V{x) (3) 

and let ei = inf spec(if) . (We assume H is self-adjoint.) Let V^{x) = max{y(x ) ,0} . 

Then 

ei > -Ll„IV.ix^^^y-dx = -Lljm^^^ll]'; (4) 

with 

The reason for the subscript 1 in Lj ^ will be clarified in eq. (8). 
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Here is the proof of the equivalence. We have 

e i > i n f | y | V / | 2 - | p F + | | | / | | 2 = l a n d ^ = | / | 2 | . 

Use (2) and Holder to obtain (with X = ||p||(n+2)/n) 

ei > inf { i ^ iX("+2) / " - \\V+kr.+2)/2X} (6) 

Minimizing (6) with respect to X yields (4). To go from (4) to (2), take V = V+ = 

a | / | 4 / " = ap2 / " in (3). Then 

-L l , „a ( "+^ ' / 2 /'p(n+2)/n < ei < {f,Hf) = I |V/ |2 - a /"p("+2)/". 

Optimizing this with respect to a yields (2). 

So far this is trivial, but now we turn to a more interesting question. Let e\ < 

62 < . . . < 0 be the negative spectrum of H (which may be empty). Is there a bound 

of the form 

$ 3 e , > - I i , „ y y + ( x ) ( " + 2 ) / 2 ^ x (7) 

for some universal, V independent, constant Li,„ > 0 (which, of course, is > L\ ^)? 

The point is tha t the right side of (7) has the same form as the right side of (4). More 

generally, given 7 > 0, does 

Y,\ei\''<L„r,Jv+{x)''+f (8) 

hold for suitable L^^n^ When 7 = 0, X) k t ^ ^̂  interpreted as the number of ê  < 0. 

The answer to these questions is yes in the following cases: 

n = I: All 7 > | . The case 7 = 1/2 is unsettled. For 7 < | , examples show there can 

be no bound of the form (8). 

n = 2: All 7 > 0. There can be no bound when 7 = 0. 

71 > 3: AU 7 > 0. 

The cases 7 > 0 were first done in [10], [11]. The 7 = 0 case for n > 3 was done in [3], 

[6], [14], with [6] giving the best estimate for Lo,n- For a review of what is currently 

known about these constants and conjectures about the sharp values of L^^n^ see [8]. 

The proof of (8) is involved (especially when 7 = 0) and will not be given here. It uses 

the Birman-Schwinger kernel, V'^/^(-A + A ) - i V ^ / ^ 
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There is a natural "guess" for L^^n in terms of a semi classical approximation (and 

which is not unrelated to the theory of pseudodifferential operators): 

JK^XK^,P^<V(X) 
dpdx (9) 

- L ^ , „ | F + ( x ) ^ + " / 2 d x . (10) 

From (9), 

L ; , „ = (47r)-"/2r(7 + l ) / r ( l + y + n/2). (11) 

It is easy to prove that 

L,,n > i ^ , „ . (12) 

The evaluation of the sharp L^^n is an interesting open problem - especially Li^n-

In particular, for which 7,71 is L^^ri = -^7,n^ ^̂  is known [1] that for each fixed n, 

L^^n/L^^^ is nonincreasing in 7. Thus, if L^^^n = ^^o,n ^^^ some 70, then L^^n = ^^,n 

for all 7 > 7o. In particular, i^3/2,i = L"^,^ ^ [11], so L^^i = L"" ^ ioi y > 3/2. No other 

sharp values of L^^n are known. It is also known [11] that L^^i > L^ ^ for 7 < 3/2 and 

L^^n > -^^,n ^^^ n = 2, 3 and small 7. 

Just as (4) is related to (2), inequality (7) is related to a generalization of (2). (The 

proof is basically the same.) Let (/>!,..., (pjsi be any set of L^ orthonormal functions on 

R^(n > 1) and define 
N 

i=l 

N 

T = 

1=1 

Then we have T h e Main Inequal i ty 

pix)=^\M^)\\ (13) 
1 = 1 

= E / | V 0 ^ I ' (14) 

T > K„ f pix)'+^^"dx (15) 

with Kn related to Xi,„ as in (5), i.e. 

/ n Y'"^ f n v - ( n + 2 ) / 2 

The best current value of Kn^ for n = 1,2,3 is in [8]; in particular K^ > 2.7709. We 

might call (15) a Soholev type inequality for orthonormal functions. The point is that 

if the (/)i are merely normalized, but not orthogonal, then the best one could say is 
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The orthogonality eliminates the factor A^""^/", but replaces K\ by the slightly smaller 

value Kn-

One should notice, especially, the N dependence in (15). The right side, loosely 

speaking, is proportional to ]\[i^+^)/^^ whereas the right side of (17) appears, falsely, 

to be proportional to N^, which is the best one could hope for without orthogonality. 

The difference is crucial for applications. In fact, if one is willing to settle for N^ one 

can proceed directly from (1) (for n > 3). One then has (with p = n/[n — 2)) 

T>Sn<fp{xfdx\ , (n>3). (17a) 

This follows from ^ \\<t>% > | | E \<i>i\X^ 

Eq. (11) gives a "classical guess" for Li^n- Using that , together with (16), we have 

a "classical guess" for iT^, namely 

i,:^ = 4;rnr ( ^ ) " / ( 2 + n) 

= ^(STT^)^^* = 9.1156 f o r n = 3. (18) 
0 

Since Li^n > -^i n' ^ ^ ^^^^ ^^ - ^n- ^ conjecture in [11] is that K3 = K^^ and it 

would be important to settle this. 

Inequality (15) can be easily extended to the following: Let ^ ( x i , . . . ,XAr) E 

L^[{K'^)^),Xi e R"^. Suppose \\il^\\2 = 1 and ip is antisymmetric in the N variables, 

i.e., V'(xi,. ..,Xi,. ..,Xj,.. .,XAr) = -ip{xi,. ..Xj,..., x ^ , . . . , XAT). Define 

. . W = / W . . . . . . . , _ . , x . . „ . „ ) | = . , . . . . £ . . . ^ . „ (19, 

Ti{x) = I IViiPl^dxi ...dxN (20) 

N N 

p{x) = Y^Pi{x) r = E ^ - (21) 
1 = 1 i=l 

(Note that p{x) = Npi{x) and T = NTi since ip is antisymmetric, but the general form 

(19)-(21) will be used in the next paragraph.) T h e n (15) holds w i th p and T g iven 

by (19) - (21) (with the same Kn as in (15)). This is a generalization of (13)-(15) since 

we can take 

V ( a : i , . . . , x;v) = (iV!)-i/2 det {M^i)}'^j=v 

which leads to (13) and (14). 
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A variant of (15) is given in (52) below. It is a consequence of the fact that (17) 

and (17a) also hold with, the definitions (19)-(21). Antisymmetry of ip is not required. 

The proof of (17a) just uses (1) as before plus Minkowski's inequality, namely for j> > 1 

j i^l \F{x,y)\''dy'^ dx>y{j\F{x,y)\dxydy\ \ 

We turn now to some applications of these inequalities. 

Appl ica t ion 1. Inequality (15) can be used to bound L^ norms of Riesz and 

Besse l potent ia l s of orthonormal functions [7]. Again, (/>!,..., (/)jv are L^ or-

thonormal and let 

tXi = ( - A + 7n2.)-^/Vi (22) 

N 

p(x) = ^ |« , (x ) r . (23) 

Then there are constants L^Bp^An (independent of m) such that 

n = l: 

n = 2 : 

n > 3 : 

IIPIIOO < L/m, 

WPWP < Bpm-^I^N^I^, 

\\ph < AnN"^, 

m > 0 

1 < p < oc,m > 0 

p = n/{n — 2),m > 0. 

(24) 

(25) 

(26) 

If the orthogonality condition is dropped then the right sides of (24)-(26) have to be 

multiplied by AT, iV^~^/P,7V^~^/P respectively. Possibly the absence of N in (24) is 

the most striking. Similar results can be derived [7] for ( - A -f m^)~"/^ in place of 

( - A + m^)"^ /^ , with a < n when m = 0. 

Inequality (15) also has applications in mathematical physics. 

Appl icat ion 2. (Navier-Stokes equat ion. ) Suppose Q C R " is an open set 

with finite volume \Q\ and consider 

i J - - A - F ( x ) 

on Q, with Dirichlet boundary conditions. Let Ai < A2 < . . . be the eigenvalues of H. 

Let N be the smallest integer, AT, such that 

N 

EN = Y.Xi>0. (27) 
1 = 1 

We want to find an upper bound for N. 
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If (/>!, (/)2,... are the normalized eigenfunctions then, from (13)-(15) with (^i , . . . ,(/>Ar, 

EN=T- jpV>Knlp'+"'^ - jv+p> G(p), (28) 

where (with p = 1 + n / 2 and q = \ -\- 2 /n) 

G{p) = Kr.\\p\\l-\\V^Up\\p- (29) 

Thus, for all A'', 

EN > mi{G{p)\ \\p\U - N, p{x) > 0}. (30) 

But | |p | |p |f t | i / ' > \\p\U = N so, with X = \\p\\„ 

EN > in f{J(X) | X > iV |n | - i /«} (31) 

where 

J{X) = Kr,X^-\\V^\\,X, (32) 

Now J{X) > 0 ioT X > Xo = {||V^-||q/iir„}l/(P-l^ whence we have the foUowing 

implication: 

N > IQl^miV+iyK^Y'^"-'^ ^EN>0. (33) 

Therefore 

NKlQl'fmiV+iyKnV'^^-'^ (34) 

The bound (34) can be applied [8] (following an idea of Ruelle) to the Navier-stokes 

equation. There, N is interpreted as the Hausdorff dimension of an attracting set for 

the N-S equation, while V{x) = z/~^/^s(x), where e{x) = u\Vv{x)\^ is the average 

energy dissipation per unit mass in a flow v. i/ is the viscosity. 

Appl icat ion 3. (Stabi l i ty of mat ter . ) This is the original application [10,11]. 

In the quantum mechanics of Coulomb systems (electrons and nuclei) one wants a lower 

bound for the Hamiltonian operator: 

i= l 1=1 j = i l<i<j<N 

+ Y. ^i^j\Ri - Ri\-' (35) 
l<i<j<K 

on the L^ space of antisymmetric functions 2p{xi,.. .^XN)^Xi G R^. Here, N is the 

number of electrons (with coordinates Xj) and Ri,... ,RK G R ^ are fixed vectors 
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representing the locations of fixed nuclei of charges zi^.. ., ZK > 0. The desired bound 

is linear: 

H > -A{N + K) (36) 

for some A independent of A ,̂ iiT, j R i , . . . , RK (assuming all Zi < some z). 

The main point is that antisymmetry of ip is crucial for (36) and this is reflected 

in the fact that (15) holds with antisymmetry, but only (17) holds without it. Without 

the antisymmetry condition, H would grow as —{N + K)^^^. This is discussed in 

Application 6 below. By using (15) one can eliminate the differential operators A^. 

The functional ip -^ {ip^Hip), with [ip^ip) = 1 can be bounded below using (15) by 

a functional (called the Thomas-Fermi functional) involving only p{x) defined in (21). 

The minimization of this latter functional with respect to p is tractable and leads to 

(36). 

Appl ica t ion 4. (Stel lar s tructure . ) Going from atoms to stars, we now con­

sider N neutrons which attract each other gravitationally with a coupling constant 

K, = Gm? ^ where G is the gravitational constant and m is the neutron mass. There axe 

no Coulomb forces. Moreover, a "relativistic" form is assumed for the kinetic energy, 

which means that —A is replaced by (—A)^/^. Thus (35) is replaced by 

N 

HN = Y.{-^if'^-i^ Y, ki-^il"' (37) 
i-\ l<i<j<N 

(again on antisymmetric functions). One finds asymptotically for large iV, that 

infspec(^Ar) = 0 if K<CN-'^I^ 

= - o o if K> CN-'^I^ (38) 

for some constant, C. Without antisymmetry, iV~^/^ must be replaced by iV~^. Equa­

tion (38) is proved in [12]. An important role is played by Daubechies's generalization 

[4] of (15) to the operator ( -A)^ /^ on L ^ ( R ^ ) , namely (for antisymmetric tl) with 

11̂ -112 = 1) 

U, Y.{-^ifl^A >B„jp(x)i+i/" (39) 

with p given by (19), (21). In general, one has 

'^dx. (40) V^,P-A)^^J >C,,nJp{xY^''^-C 
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Recently [13] there has been considerable progress in this problem beyond that in 

[12]. Among other results there is an evaluation of the sharp asymptotic C in (38), i.e. 

if we first define n^[N) to be the precise value of K at which inf spec(if;v) = —oc, we 

then define 

C= lim Ar2/3^^(iV). (41) 
JY—>oo 

Let B^ be the "classical guess' in (39). This can be calculated from the analogue of 

(9) (using \p\ instead oi p^^ and which leads to ^ \ei\ ^ L JV}_'^^)^ and then from the 

analogue of (16), namely L = CnB-"". One finds Bl = (3/4)(67r2)i/3 (cf. (18)). Using 

B^^ we introduce the functional 

£{p) = Bljp^l' - \K j j p{x)p{y)\x - y\-Uxdy (42) 

for p G i:^(R^) n L^/^(R^) and define the energy 

E^{N)=mi{S[p)\j p = N}. (43) 

One finds there is a finite a^ > 0 such that E''[N) = 0 if KN'^/^ < a^ and E^(iV) > -cx) 

if tiN'^l'^ > a^. (This a^ is found by solving a Lane-Emden equation.) 

Now (42) and (43) constitute the semiclassical approximation to HN in the fol­

lowing sense. We expect that if we set K = aN~'^l^ in (37), with a fixed, then if 

a < a^ 

lim inf spec(if;v) = 0 (44) 
iV—+00 

while if a > a^ there is an Â o such that 

inf spec(FAr) =-cxD if N > NQ. (45) 

Indeed, (44) and (45) are true [13], and thus a^ is the sharp asymptotic value of C in 

(38). 

An interesting point to note is that Daubechies's B^ in (39) is about half of B^. 

The sharp value of ^ 3 is unknown. Nevertheless, with some additional tricks one can 

get from (37) to (42) with B^ and not B^. Inequality (39) plays a role in [13], but it is 

not sufficient. 

Appl ica t ion 5. (Stabi l i ty of a toms in magnet i c fields.) This is given in 

[9]. Here ip{xi^... ,XN) becomes a spinor-valued function, i.e. ip is an antisymmet-
N 

ric function in AL^(R^ ;C^) . The operator H of interest is as in (35) but with the 

replacement 

-A-^{a'{iV-A{x))}^ (46) 
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where cri,cr2,cr3 are the 2 x 2 Pauli matrices (i.e. generators of SU{2)) and A{x) is a 

given vector field (called the magnetic vector potential). Let 

Eo{A) = mispec{H) (47) 

after the replacement of (46) in (35). As A ^ CXD (in a suitable sense), Eo{A) can go 

to — oo. The problem is this: Is 

E{A) = EoiA) + ^ y"(curl Af (48) 

bounded below for all A? In [9] the problem is resolved for iiT == 1, all TV and N = 1^ 

all K. It turns out that E{A) is bounded below in these cases if and only if all the Zi 

satisfy Zi < z^ where z^ is some fixed constant independent of N and K. The problem 

is still open for all N and ail K. 

One of the main problems in bounding E{A) is to find a lower bound for the kinetic 

energy (the first term in (35) after the replacement given in (46)) for an antisymmetric 

ip. First, there is the identity 

L,Y,{a • (iV - A{xi)}^A =TirP,A)- U,f]<^-S(xi)V'j (49) 

with B — curl A being the magnetic field and 

T{i,,A) = U , f ^ NV - A(x) |^Vj • (50) 

The last term on the right side of (49) can be controlled, so it will be ignored here. The 

important term is T{ip^A). Since Pauli matrices do not appear in (50) we can now let 

7p be an ordinary complex valued (instead of spinor valued) function. 

It turns out that (8), and hence (15), hold with some L^^„ which is independent 

of A. The T in (15) is replaced, of course, by the T{'ip,A) of (50). To be more precise, 

the sharp constants L^^n ^.nd L^^n are unknown (except for 7 > 3/2, n = 1 in the case 

of L^^n) 3.nd conceivably L^^ri > -^7,n- However, all the current bounds for L^^ri (see 

[8]) also hold for L^^n- Thus, for n = 3 we have 

T{^,A)>K^ j p'l' (51) 

with K2, being the value given in [8], namely 2.7709. 
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However, in [9] another inequality is needed 

T ( V , ^ ) > c | y p 2 | . (52) 

It seems surprising that we can go from an L^'^ estimate to an L^ estimate, but the 

surprise is diminished if (17a) with its L^ estimate is recalled. First note that (1) holds 

(with the same Sn) if | V / p is replaced by |[zV - A{x)]f\^. (By writing / = \f\e'^ one 

finds that | V | / | p < \[iV - A{x)]f\'^,) Then (17a) holds since only convexity was used. 

Thus, using the mean of (15) and (17a), 

T{rP,A)>(S„Kr.y/'\\p\\f\\p\\l'^l. (53) 

An application of Holders inequality yields (52) with C^ = SnKn-

Appl ica t ion 6. (Instabi l i ty of bosonic mat ter . ) As remarked in Application 

3, dropping the antisymmetry requirement on tp (the particles are now bosons) makes 

inf spec(if) diverge as —{N-\- K)^/^. The extra power 2 /3 , relative to (36) can be 

traced directly to the factor iV"^/^ in (17). 

An interesting problem is to allow the positive particles also to be movable and to 

have charge zi = \. This should raise inf specif, but by how much? For 2N particles 

the new H is 
27V 

^ = - ^ A i - f ^ eiej\xi-Xj\-^ (54) 
i-\ l<i<j<2N 

with ei - + 1 for 1 < i < iV and ei - - 1 for iV -h 1 < i < 2iV. H acts on ^ ^ ( R ^ ^ ) 

without any symmetry requirements. 

Twenty years ago Dyson [5] proved, by a variational calculation, that inf spec(^) < 

—AN'^f^ for some A > 0. Thus, stability (i.e. a linear law (36)) is not restored, but 

the question of whether the correct exponent is 7/5 or 5 /3 , or something in between, 

remained open. It has now been proved [2] that iV^/^ is correct, inf spec(if) > —BN'^'^. 

The proof is much harder than for (36) because no simple semiclassical theory (like 

Thomas-Fermi theory) is a good approximation to H. Correlations are crucial. 

Appl icat ion 7. (Stabi l i ty of relativist ic mat ter . ) Let us return to Coulomb 

systems (electrons and nuclei) as in application 3, but with (35) replaced by 

N 

H = Y, {{-^^ + ^ ' ) ' ^ ' - m } + aVc{xu . . . , x^y; i^i, • • •, RK) (55) 

with Of = e^ = electron charge squared (and h = c = 1) and where 

N K 

i=\ j=l l<i<j<N l<i<J<K 
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is the Coulomb potential. The electron charge, a^/^, is explicitly displayed in (55) for a 

reason to be discussed presently. Also (55) differs from (35) in that the kinetic energy 

operator - A is replaced by the relativistic form ( - A + m^)^/^ - m, where m is the 

electron mass. Since - A - m < ( - A + m^)^/^ - m < - A , the difference of these 

two operators is a bounded operator and therefore, as far as the stability question is 

concerned, we may as well use the simplest operator ( -A)^ /^ in (55), which will be 

done henceforth. This, in fact, was already done in (37). We define 

EN,K ( i ? i , . . . , it:^) = inf s p e c F (57) 

Eiv, i^= inf ENK{RU^--.RK) (58) 

E=miENK (59) 

Under scaling (dilation of coordinates in R ^ ^ ^ ^ ^ ) the operators ( —A)^/^ and \x\~^ 

behave the same (proportional to length)"^ and hence we conclude that 

EN,K = 0 or - oo. (60) 

The system is said to be s table if E = 0. For simplicity of exposition let us take all Zj 

to be some common value, z. 

For the hydrogenic atom N = K = 1 the only constant that appears is the com­

bination za. It is known that Ei^i = 0 if and only if za < 2/n, In the many-body 

case there are two constants (which can be taken to be za and a) and the question is 

whether the system is stable all the way up to za = Ij-K for a less than some small, 

but fixed a^ > 0. The answer will depend on g, the number of spin states allowed 

for the fermionic electrons. (Note: in application 3 we implicitly took q = 1. In fact 

g = 2 in nature. To say that there are q spin states means that under permutations 

ip{xi^..., XN) belongs to a Young's tableaux of q or fewer columns.) 

This problem is resolved in [15] where it is shown that stability occurs if 

qa < 1/47. (61) 

The kinetic energy bound (39) plays a crucial role in the proof (but, of course, many 

other inequalities are also needed). It is also shown in [15] that stability definitely fails 

to occur if 

a > 36g-^/^z2/3 (62) 

or if 

a > 128/157r. (63) 

If (63) holds then instability occurs for every 2 > 0, no matter how small. 
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INEQUALITIES FOR THE MOMENTS OF THE EIGENVALUES 
OF THE SCHRODINGER HAMILTONIAN AND THEIR RELATION 

TO SOBOLEV INEQUALITIES 

Elliott H. Lieb* 
Walter E. Thirring 

1. Introduction 

Estimates for the number of bound s ta tes and their energies, e- < 0, 

are of obvious importance for the investigation of quantum mechanical 

Hamiltonians. If the latter are of the single particle form H = —A + V(x) 

in R^, we shall use available methods to derive the bounds 

5 ^ | e j | > ^ < L ^ ^ ^ rd^xlV(x) |>: -^^/^ y > m a x ( 0 , l - n / 2 ) . ( L I ) 

Here, |V(x) |_ = - V(x) if V(x) < 0 and is zero otherwise. 

Of course, in many-body theory, one is more interested in Hamiltonians 

of the form — S A- + S v(x- — X:). It turns out, however, that the 
i ^ i > j ^ ^ 

energy bounds for the single particle Hamiltonian yield a lower bound for 

the kinetic energy, T, of N fermions in terms of integrals over the 

single particle density defined by 

p(x) ^ N M ^ ( x , X 2 , - - , x ^ ) | 2 d % . . . d % , (L2) 

where i// is an antisymmetric, normalized function of the N variables 

X. € R^. Our main resul ts , in addition to (1.1), will be of the form 

Work supported by U. S. National Science Foundation Grant MPS 71-03375-A03. 
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T - 2 1 |Vi^(xi-Xj,)|2d% .•.(!% 
i = l ^ 

r /. - |2(p-l) /n 
> Kp J J d"xp(x)P/(P-l) (1.3) 

when max{n/2, l ! < p < 1 + n /2 . 

For N = 1, p = n /2 , (1.3) reduces to the well-known Sobolev inequali­

t i es . (1.3) is therefore a partial generalization of these inequali t ies, and 

we shall expand on this in Section. 3. 

Our constants K are not always the best possible ones, but never­

the less , they may be useful for many purposes. In particular, in ref. [1], 

a specia l c a se of (1.3) was used to give a simple proof of the stabili ty of 

matter, with a constant of the right order of magnitude. The result for q 

spec ies of fermions (2m = e = n = 1) moving in the field of M nuclei with 

positive charges Z | is 

H > - 1 . 3 1 q 2 / ^ N 1 + ( i zj/3/Ny / 2 (1.4) 

In particular, if q = 2 (spin 1/2 electrons), we have a bound ^ N, and 

if we set q = N, we get a bound -^ N ^̂ ^ if no symmetry requirement is 

imposed on the wave function; a fortiori this is a bound for bosons. Our 

bound implies stabili ty of matter in i ts intuitive meaning such that the 

volume occupied by N particles will be '-̂  N (Bohr radius) . To give a 

formal demonstration of this fact, one might use a method which gives 

lower bounds for the radii of complex atoms (compare Equation (3.6, 38) 

of ref. [20]). As a first observation, one calculates the ground s ta te energy 

of N electrons (with spin) in a harmonic potential. Fil l ing the oscillator 

levels , one finds 

I 2 i-A. + 0)2 5?) > <o N4/3 3 ^ (1 + 0(N-l/3)) . (1.5) 
1 = 1 
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Next, take the expectation value of this operator inequality with the ground 

s ta te of H, set 

• : -yAi>- J -34/2 N' 4/3 
(1.6) 

and use the virial theorem 

< - ^ A . > = - E Q < 2.08N i J ^ Z7/3/NJ 
1/2" ,-i2 

(1.7) 

Altogether we find 

N 

< m > > (3Ny ,8/3 38/3j^5/3 

i = l 16<_ 2 ^i> 16 • 2.08 \l + / 2 Zj/3/N 1/2 n5 (1.8) 

Thus we have proved that 

< x ? > l / 2 > c N l / ^ c = 
.75 

I W ^ Z J / V N 
T7T- (1.9) 

Therefore, if the system is not compressed by other forces, so that the 

virial theorem is valid, it will not collapse, but will adjust i ts volume to 

a s ize proportional to the number of part icles . Regarding the Z-dependence, 

we see that with Z = Z'= N/M we have (for large Z) 

^^2v.l/2 <x^> M 1/3 y - 1 / 3 

That i s , the mean atomic radius is predicted to be > Z~^^^. A better 

result can hardly be expected s ince for M = 1̂  this is the correct 

Z-dependence for large Z. 

Although we have no results on the best possible constants , K ^, 

except in a few special c a se s , experience drawn from computer calcula­

tions suggests that there is a critical value y^^^ above which the c lass i ­

cal value gives a bound: 
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. L C r|v(x)i>:+"/2d"x, 

Y > Yen ' (1-10) 

and where L~̂  ^, given by the above integral, is 

Ly,n = 2 - " 7 7 - " / 2 r ( y + l ) / r ( y + l + n / 2 ) . (1.11) 

We conjecture y^i = 3 /2 , y^ ^ — -^^^ and Y^ ^= ^f all n > 8. If 

this conjecture were to be true, the constants in (1.3, 1.4) could be further 

improved. 

In the next section we shall deduce bounds for 2 | e [ ^ and use them 
j ^ 

in Section 3 to derive (1.3). In Section 4 we shall d i scuss our conjectures 

and support them for n = 1 with results from the Korteweg-de Vries equa­

tion. Section 5 contains new results added in proof. In Appendix A, 

generously contributed by J. F . Barnes, further evidence from computer 

studies is presented. We are extremely grateful to Dr. Barnes for taking 

an interest in this problem, for without his results we would have been 

hesitant to put forth our conjectures. 

2. Bounds for Moments of the Eigenvalues 

In this section we shall deduce bounds of the form (1.1), and we shall 

compare our L with the c lass ica l values which one gets by replacing 

; 2 | e j | y by (2,7)-" r d " x d " p | p 2 + V(x)|>l . 

For n '^ 3 and y '^ 1, the latter are smaller by about an order of 

magnitude. 
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Our inequalit ies are based on the Birman-Schwinger [2, 3] method for 

estimating N ^ , the number of bound s ta tes of H = — A + V(x) having an 

energy < E. Since 

dE 
^N^=;^a(E-ep 

we have 

2 | e j | y = y r d a a y - l N , ^ . (2.1) 

j ^ 0 

Now, according to Birman-Schwinger [2, 3], for all a > 0, m > 1 and 

t € [0, 1], 

N_^ < T r ( l V + ( l - t ) a l i / 2 ( - A + t a r ^ l V + ( l - t ) a | y 2 r • (2.2) 

REMARKS ABOUT (2.2): 

1. We are only interested in potentials such that V_ € L>'^"/^(R") 

for y > min(0, 1 —n/2). For such potentials (2.2) is justified, and a com­

plete discussion is given in Simon [4, 5]. Moreover, it is sufficient to 

consider V € C^(R^) in (2.2), and in the rest of this paper, and then to 

use a limiting argument. Such potentials have the advantage that they 

have only a finite number of bound s ta tes [5]. 

2. Since we are interested in maximizing S | e | | ^ / / |V | ^ "^^^^ , we may 

as well assume that V(x) < 0, i .e. V = --|V|__. This follows from the 

max-min principle [4] which asser t s that e:(V) > e:(—|V|_), all j , includ­

ing multiplicity. 

To evaluate the trace in (2.2), we use the inequality 

T r ( B l / 2 ABl /2 )m ^ T,Bm/2 j^m^m/2 (2.3) 

when A, B are positive operators and m > 1. When m is integral and 

A, B is of our special form, (2.3) is a consequence of Holder's inequality. 

For completeness, we shall give a more general derivation of (2.3) in 

Appendix B. 
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To calculate 

T r | V + ( l - t ) a | ! ^ ( - A + t a r " ' , (2.4) 

we shall use an x-representation where (—A + ta)"""^ is the kernel 

G(^)(x-y) = (277)-" I d"p(p2 + t a ) " ^ e i p ( ^ - y ) (2.5) 

if m > n /2 . Using 

ro 
we easily compute 

n/2) Jo d"P = k ^ dp P " - ' . (2.6) 

^" r(n/2) J^ 

(4^) -n /2 r ( m - n / 2 ) (^^)~m+n/2 (2.7) 
r (m) 

if m > n /2 . Thus, 

N_ < (4r7)-"/2 r ( n i i W 2 ) ( t^) -m+n/2 f d^x |V(x)+( l - t ) a | ! ^ . (2.8) 
^ r (m) J 

Next, we subst i tute (2.8) into (2.1). If we impose the condition that 

t < 1, it is easy to prove that one can interchange the a and the x inte­

gration. Changing variables a ^ ( l - t ) ~ ^ lV(x)| j 3 , leads to 

V le.iy < y(4;7)-"/2 t - m + n / 2 ( i ^ t ) m - y - n / 2 r ( y ~ m + n / 2 ) r ( m ~ n / 2 ) ^ T^n^ 
^ ' j ' - ^ ^ ^ r ( y + l + n/2) j 

X |V(x)l):+"/2 (2.9) 

provided n /2 < m < n /2 + y, m > l and 0 < t < 1. The optimal t is 

t = (m-n /2 ) /y . 

If we put our results together, we obtain the following (see note added 

in proof. Section 5). 
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T H E O R E M 1. Let V_ e LX+"/2(Rn)^ y > max(0, 1 - n / 2 ) . Let H = - A 

+ V(x), and let e- < 0 6e the negative energy bound states of H. Then 

2 l e j l > ' < L y n r |V(x) |>:+n/2 (2.10) 

where 

Ly,n < ^y,n = "^^^ r ( y + | + l ) \ 2J \ 2 J 

and where F(x) = r ( x ) x ~ ^ , maxU, n / 2 ! < m < n /2 + y. 

R E M A R K S : 

1. When y = 0, 2 | e J ^ means the number of bound s t a t e s , including 

zero energy s t a t e s . For n > 2, our LQ n ^ °̂ * ^^ Section 4, we shall dis­

cuss the y = 0 case further. See also Section 5. 

2. In (2.11), L is the bound we have obtained using the Birman-

Schwinger principle. We shall henceforth reserve the symbol L ^ for 

the quantity n 

Ly,n""^PSl« j i^ /J IVir-"/'- (2.12) 

Optimization with respect to m in (2.11) can be done either numeri­

cally or analytically in the region where Stirling's formula 

F(x) - e - ^ V W 5 (2-13) 

can be applied. In [1], for n = 3, y = 1, we used the value 2 for m. A 

marginal improvement can be obtained with m = 1.9. 

If (2.13) were exact, the best m would be 

m = n(y + n/2) / (n + y) . (2.14) 

Note that as y-^ oo, in is bounded by n. Using in, together with (2.13), 

which is valid when yn(y+n)~ is large, 
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y-" ^ ^ r(y+n/2)LFrS72J " ^^ ^ 

Finally, we want to compare our bounds with their c lass ica l values, 

L ^. From the results of Martin [6] and Tamura [7], one has the following 

THEOREM 2. / / V(x) < 0 and V € C^(R") , then 

lim 2 |e j (^V) |y / flAViy-^^/^ = L^^^ . (2.16) 

'- , 

C O R O L L A R Y . 

Ly,n > L^,n • (2.17) 

Our L sat is f ies (2.17), in particular in the asymptotic region 

(2.15), we find 
Ly,n /Ly,n ^ [47 rn (y+n /2 ) ] l / 2y - l / 2 . (2.18) 

We conjecture in Section 4 that for y sufficiently large, the best 

possible L should be L^^ , a result which does not follow from the y,n y )^ 

Birman-Schwinger method employed here. For small y, we know that 

L ^ ^ is not a bound. 

We conclude this section with a theorem about L ^ which will be 

useful in the discussion of the one-dimensional case in Section 4. 

T H E O R E M 3. Let y > 1 + max(0, l - n / 2 ) . Then 

L y , n < Vl ,n t>^ / (>^-^" /2 ) ] . (2.19) 

P R O O F . Choose e > 0. We can find a V e C^(R") , with V < 0, such 

that 
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Let g € C^(R^) be such that 0 < g(x) < 1, Vx, and V(x) ^ 0 implies 

g ( x ) = l . Let V;^(x) = V(x) - \g (x) , A < 0 . The functions |ej(V;^)| are 

continuous and monotone increasing in X. Furthermore, there are a finite 

number of values -oo < A^ < A,2 < *•• < A|̂  < 0 with Xj being the value of 

X at which ^\(y\) first appears. \^ is finite because V^ is non-

negative for \ sufficiently negative. ©-(V^) is continuously differentiable 

on A = }X|0>X > X p X ?^X., i = l , - - - , k | and 

dej(V;^)/dX = - M(Aj(x;V;^)|2g(x)d^x 

by the Feynman-Hellman theorem. It is easy to prove that if f, geL^CR^), 

p > 1, then 

h(X) ^ I |f(x)-Xg(x)|Pd^x 

is differentiable, VX and 

dh/dX|;^^0 = p r | f ( x ) | P - l g ( x ) d ^ X . 

Thus L ^{V^) is piecewise C^ on A and its derivative, L^ j ^ , is 

given by 

Ly ,„=r | ' lV; , | y+«/2 l | y 2 l e j ( V A ) l ^ ' ' J g « ' A j ( ' ' ; V ^ ) | 2 d « x - ( y + n / 2 ) L y „ ( V ; , ) 

By the stated properties of L y ^ , there exis ts a Xe (Xj ,0 ] such that 

(i) S , n ( V A ) > 0 ; 

(") S.n(V>Ly,n-2e. 
Thus, using the properties of g, 

0< ySl^J^^x)!"-' - Lŷ „(V;,)(y+n/2) JlV;,|n«/2-^ . (2.20) 
J 

Since £ was arbitrary, (2.20) implies the theorem. 
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If we use (2.17) together with the fact that L ^ ^ = ^ y - i n^y/(y+^/'2.)], 

we have 

C O R O L L A R Y . / / for some y > max(0, l - n / 2 ) , L = L^ then 

^y+j,n = ^y+hn' j = 0, 1, 2, 3,--- . 

R E M A R K . By the same proof 

Ly.n < L 1 _ , „ [y / (y + n/2)] (2.21) 

(see (3.1) for the definition of L3 , ^). 

3. Bounds for the Kinetic Energy 

In this section, we shall use Theorem 1 to derive inequalities of the 

type (1.3). We recall the definition (2.14) and we further define 

L j ^ ^ . s u p l e j y / J l V i r " / ^ (3.1) 

Clearly, 

L ; , n < Ly.n " ^''^^ 

li if/ € }{^ „ n = t^^ N-fold antisymmetric tensor product of L^(R^;C^), 

we can write ifj pointwise as y(f(Xj,---, Xj^; a j , - -* , CTĴ ) with X: £ R^, 

C7j £ U , 2 , - " , q ! and ijj-^-{fj if (x . , a | ) i s permuted with (Xj,c7j). q = 2 

for spin 1/2 fermions. We can extend the definition (1.2) to 

p^(x) = N ^ ••• ^ I | ^ (x ,X2 , • • • , x^ ; a ,CT2 , • • • , c7^ ) | ^dS2• • •^%• 

^ 2 = l ^N = l (3.3) 

We also define 
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'T^-S i - i /lVj'A(x;£)Pd-̂ x , (3.4) 
j = l (7̂  = 1 a^ = i 

q q 
2 _ V ... V I !./,/„. ^M2jnN 

q q, ^ 

•A-AJ ^ - X - y l'A(x;£)l̂ d"^x . (3.5) 
^1 = 1 ( 7 ^ = 1 

Our result is 

T H E O R E M 4. Let p satisfy max i n / 2 , l ! < p < 1 + n /2 and suppose 

that Lp_n/2 n "̂  "*• ^̂  H l̂̂ a " ^' then, except for the case n = 2, p = 1, 

there exists a positive constant K sue A that 
y ,ii 

_,2(p-l)/n 

(3.6) ^̂  ^ S, _ , ) P / ( P - l ) d « x | 

ancf 

- 2 / n T̂  ^ 1 nr^-2p/n/^ n/9^-l+2p/n/T 1 /T N-l+2p/nLl 
K p n > 2 ' ^ P ( p - n / ^ ) ^ ^ ^ p - n / 2 , n / ^ p - n / 2 , n ^ ^ p - n / 2 , n 

(3.7) 

Before giving the proof of Theorem 4, we discuss its relation to the 

well-known Sobolev inequalit ies [9, 10]: 

T H E O R E M 5 (Sobolev-Talenti-Aubin). Let Vi/r ^ L^(R") with 1 < r < n. 

Let t = n r / (n - r ) . Then 

for some C .̂ ^̂  > 0. 

Talenti [11] and Aubin [21] have given the best possible C .̂ ^̂  (for 

n = 3, r = 2, t = 6, C2 ^ is also given in [8] and [12]): 

215 



With W. Thirring in Studies in Mathematical Physics, Princeton University Press, 269-303 (1976) 

280 E. H. LIEB AND W. E. THIRRING 

C^ ^ = n.^/2 ( l ^ y - 7 r ( U n ^ n / r ) r ( n / r ) y / " (39^ 
' ' " V n - r y I r ( n ) r ( U n / 2 ) j ^ ^ 

Our inequality (3.6) relates only to the x = 2 case in (3.8), in which 

case t = 2 n / ( n - 2 ) . Consider (3.8) with r = 2 and \\ifj\\^=l. Using 

Holder's inequality on the right s ide of (3.8), one gets 

JlV^l' > C2,nrj!^l'P'^P-^^l'''"'''"[Jl^l^ 
- 2 ( p - n / 2 ) / n 

(3.10) 

whenever n > 2 and p > n /2 . However, C2 j , is not necessari ly the 

best constant in (3.10) when p ^ n /2 (p = n /2 corresponds to r = 2 in 

(3.8)). Indeed, Theorem 4 says something about this question. 

In the case that N = 1 and q = 1, Theorem 4 is of the same form as 

(3.10) (since p = |iAl^ ^^^ \\^\\2 = ^)- ^ ^ ^^^^ ^^^ things: 

1. For n > 2 and p = n /2 , (3.6) agrees with (3.8) except, possibly, 

for a different constant. We have, therefore, an alternative proof of the 

usual Sobolev inequality (for the r = 2 case) . As we shall a lso show 

K /o « = Co «, so we also have the best possible constant for this case . n / 2 , n 2 ,n ' ^ 

2. If max {n/2, l ! < p < 1 + n /2 . Theorem 4 gives an improved version 

of (3.10), even i7 n = 1 or 2 (in which cases ^2,n = ^' ^^^ ^p,n-^ ^^• 

For p > 1 + n /2 , one can always use Holder 's inequality on the p = l + n /2 

result to get a nontrivial bound of the form (3.10). However, in Theorem 4, 

the restriction p < 1 + n /2 is really necessary. This has to do with the 

dependence of T / on N rather than on n, as we shall explain shortly. 

Next we turn to the case N > 1. To i l lustrate the nature of (3.6), we 

may as well suppose q = 1. To fix ideas , we take a special , but important 

form for ij/, namely 

(A(x, , . . . ,x^) = (N! ) - l / 2De t l<^kx j ) ! f . ^ l (3.11) 

and where the cf>^ are orthonormal functions in L'^(R"). Then, suppressing 

the subscript o because q = 1, 
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p(x) = 2 p'Kx) , 
i = l 

p\x) = l0Hx)|2 ^ 

N 

V = S''. 
i = l 

t̂= fw ' • (3.12) 

Theorem 4 says that 

s^'^s.n|/rs^^« 
p / ( p _ l ) . 2 ( p - l ) / n 

d"x ' (3.13) 

If we did not use the orthogonality of the 0^, all we would be able to 

conclude, using (3.6) with N = 1, N times, would be 

2ti>Kp„2rp(x)P/<P-l>d"x] 
i ' i L*̂  J 

2 ( p - l ) / n 

(3.14) 

If p = n / 2 , then (3.14) is better than (3.13), by convexity. In the opposite 

ca se , p = 1 + n /2 , (3.13) is superior. For in between ca se s , (3.13) is 

decidedly better if N is large and if the p^ are c lose to each other (in 

the L P / ^ P - ^ > ( R ^ ) sense) . Suppose p\x) = p(x)/^, i = l , - - . , N . Then 

the right s ide of (3.13) is proportional to N^P^^ while the right s ide of 

(3.14) grows only as N. This difference is caused by the orthogonality of 

the 0^, or the Pauli principle. 

In fact, the last remark shows why p < 1 + n /2 is important in Theorem 

4. If p^ = p /N , all i, then the best bound, insofar as the N dependence 

is concerned, occurs when p is as large as possible . It is easy to see 
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by example, however, that the largest growth for T^ due to the orthogo­

nality condition can only be N^""^^^/". 

PROOF OF T H E O R E M 4. Let V(x) < 0 be a potential in R^ with at 

least one bound s ta te . If e^ = min {e-i, then, for y e [0 ,1] , 

Si^f ^ I - I I ' " ' 2 N • 
J j 

Using the definition (2.14) and (3.2), we have that 

2l«jl<\,njJ|V|>'^"/'| (3.15) 

\,n = S.n^Ly.n)-'^'/^ (3.16) 

when 1 > y > max(0 ,1 — n/2) . (3.15) holds even if V has no bound s ta te . 

Let 77 , c r= l ,* - - ,q , be the projection onto the s ta te o, i .e. for 

i/f € L^(R"; C^), (77 i//)(x,a) = if/(x,v) if a = 1/ and zero otherwise. Choose 

y = p - n /2 . Let i p ^ i ^ ^ i be given by (3.3) and, for a^ > 0, a = l , - - - , q , 

define 

h = - A - ^ a ^ p , ( x ) l / ( y + " / 2 - l ) . ^ (3.17) 

c r = l 

to be an operator on L'^(R";C^) in the usual way. Define 

N 

i = i 

where h- means h acting on the i-th component of Kj^^n,q* ^i^^^^V^ 

let E = inf spec H^^. 

Now, by the Rayleigh-Ritz variational principle 
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E < (^,H„^) = T^ - 2 «a fpl^^^~'^- (3-19) 
< 7 = 1 *̂  

On the other hand, E > the sum of all the negative eigenvalues of h 

-VS^'^rj/r'"^! (3.20) 

by (3.15). Combining (3.19) and (3.20) with 

2 ( y - l ) / n 
y 1 \2y/n 

the theorem is proved. 

Note that when p = 1 + n/2 (corresponding to y = 1 in the proof), 

L^ does not appear in (3.7). In this case, the right side of (3.7) is the 
I,n 

best possible value of K̂  ^2 n' ^^ ^^ ^^^ show. 

LEMMA 6. From (3.7), define 

Then L * n = L i „ . 

P R O O F . By (3.7), we only have to prove that L* ĵ  > Lj ^. Let V < 0, 

V ( CQ (R") and let H = - A + V. Let {4>^, e^\^_ ^ be the bound state 

eigenfunctions and eigenvalues of H. Let ij/ and p be as defined in 

(3.11), (3.12). Then 

2;iei| = - J v p - T ^ < l|V||p||Hlp/(p_i)-T^ 

with p = 1 + n/2. Using Theorem 4 for T / , one has that 
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2 l e i l < m a x t | l V | | p y - V „ / 2 , n y ' P ' " ! = ^t,nMp^ • 
i y > o 

We conclude with an evaluation of ^^/2 n ^^^ n > 2 as promised. By 

a simple limiting argument 

^ n / 2 , n ^ ^^^ ("Sht s ide of (3.7)) . (3.21) 
P i n / 2 

Our bound (2.11) on ^^_r^/2 n shows that 

""> (L / 2 , n r ' ^ ' P ^ " = 1 • (3.22) 
P i n / 2 

Hence 

K„/2,n > ( L j , „ ) - 2 / " . (3.23) 

On the other hand, by the method of Lemma 6 applied to the N = 1 case , 

^ n / 2 n ^ (^0 n)'"^'^"- ^^^ ^^^^^ ^^ ^ 0 n ^^ ^^^^^ ^" ('^•2'*)- '^^ ^^ 
honest, i ts evaluation requires the solution of the same variational problem 

as given in [8, 11, 12]. Substitution of (4.24) into (3.23) yields the required 

result 
Kn/2,n = C2,n = ^ n ( n - 2 ) [ r ( n / 2 ) / r ( n ) ] 2 / ^ . (3.24) 

If we examine (3.23) when n = 2, one gets K^ ^ > ^ since LQ 2 = "̂ * 

This reflects the known fact [5] that an arbitrarily small V < 0 always 

has a bound s ta te in two dimensions. This observation can be used to 

show that 
K^ 2 = 0 • (3-25) 

When n = 1, the smallest allowed p is p = 1. In this case , (3.6) 

reads 

Using (3.7) and (4.20), 
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If one accepts the conjecture of Section 4 that L j / 2 i = ^ 1 / 2 i "̂  ^ / ^ ' 

then 
Kj J = 1 . (3.28) 

The reason for the equality in (3.28) is that K^ ^ = 1 is well known to 

be the best possible constant in (3.26) when q = 1 and N = 1. 

4. Conjecture About L., „ 
^ , 1 1 

We have shown that for the bound s ta te energies {e-! of a potential 

V in n dimensions and with 

then 

^y,n - ^^P Ly,n(V) (4-2) 
VeLy+"/2 

is finite whenever y + n /2 > 1 and y > 0. The ' 'boundary poin ts ' ' are 

y = 1/2 n = 1 
(4.3) 

y = 0 n > 2 . 

We showed that for n = 1, ^ 1 / 2 1 < ^- ^^^ Y "^ 1/2, n = 1, there 

cannot be a bound of this kind, for consider Vj^(x) = — 1/L for |x| < L 

and zero otherwise. For L -̂  0, this converges towards — 2S(x) and 

thus has a bound s ta te of finite energy (which is - 1 for - 2S(x)). On 

the other hand, 

lim ( d x | V L I ^ ^ ^ ^ > ' = 0 for y < 1/2 . 
L^O J 

For n = 2, y = 0 is a ' 'double boundary poin t" and L^ 2 = "̂ ^ ^•^- there 

is no upper bound on the number of bound s ta tes in two dimensions. (Cf. [5].) 
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For n > 3, LQ ̂ ^ is conjectured to be finite (see note added in proof, 

Section 5); for n = 3, this is the well-known f\V\l/^ conjecture on the 

number, NQ(V), of bound states (cf. [5]). The best that is known at 

present is that 

No(v)<crj -.4/3 

|V| 3/2 (4.4) 

but for spherically symmetric V, a stronger result is known [8]: 

NQCV) < I ^1 + i In I^ , 

I = 4(3772 31/2) - ! r | v l i / 2 . (4.5) 

In (1.4) and (3.1), we introduced L^ and L and showed that 

L y , „ > ' " a x ( L ^ ^ „ , L C „ ) . (4.6) 

A parallel result is Simon's [22] for n > 3: 

No(V) < D„,,( | |V_|| ,^„/2 + llV_||_,^„/2)«/2 

with D„ , -* oo as e -̂  0. 
n,6 

In our previous paper [4], we conjectured that L^ ^ = ^ f 3̂  ®^̂  we 

also pointed out that L][ ^ > L^ ^. A remark of Peter Lax (private com­

munication), which will be explained presently, led us to the following: 

CONJECTURE. For each n, there is a critical value of y,y^ ^, such 

that 

S n = ?̂,n y>yc 

Ly,n = ^ , n y<yc 
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y^ is defined to be that y for which L^' „ = W, ', the uniqueness of 

this y^ is part of the conjecture. Furthermore, y^ i = 3 /2 , Yn 2 ^ ^'^' 

y^ 2 '^ -^^ ^^^ ^^^ smallest n such that YQ ^= 0 is n = 8. 

(A) Remarks on Lr, „ 
y fii 

We want to maximize 

r[i.Ai^v+iv^i2]d"x /rivi)'+"/2 (47) 

with respect to V, and where j \i/f\ = 1 and (—A + V)i/f = e.i/r. By the 

variational principle, we can first maximize (4.7) with respect to V, hold­

ing i// fixed. Holder 's inequality immediately yields 

V(x) = - a | t / r ( x ) | 2 / ( n ^ / 2 - l ) 

with (7 > 0. The kinetic energy, /lVi/r |^, is not increased if i/f(x) is 

replaced by \il/(x)\ and, by the rearrangement inequality [13], this is not 

increased if \i//\ is replaced by its symmetric decreasing rearrangement. 

Thus, we may assume that |V| and \if/\ are spherically symmetric, non-

increasing functions. 

By the methods of [8] or [11], (4.7) can be shown to have a maximum 

when y -1- n /2 > 1. The variational equation is 

-A./r(x) - a.A(x)(>'+"/2+i)/(y+n/2-l) ^ e^^(^) ( 4 3 ) 

with 
^ N l / (y+n /2 - l ) 

l(y+n/2)L;„j 
(4.9) 

Equation (4.8) determines i// up to a constant and up to a change of 

sca le in x. The former can be used to make fi//=l and the latter 

leaves (4.7) invariant. 
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Equation (4.8) can be solved analytically in two cases , to which we 

shal l return later: 

(i) n = 1, all y > 1/2 

(ii) n > 3, y = 0. 

(B) The One-Dimensional Case 

Lax ' s remark was about a result of Gardner, Greene, Kruskal and 

Miura [14] to the effect that 

^3 /2 ,1 = L ? / 2 , i = 3/16 . (4.10) 

To see this , we may assume V e. C^(R), and use the theory of the 

Korteweg-de Vries (KdV) equation [14]: 

Wt = 6WW^-Wxxx • (4.11) 

There are two remarkable properties of (4.11): 

(i) As W evolves in time, t, the eigenvalues of — d'^/dx^ + W 

remain invariant. 

(ii) JW-̂  dx is constant in time. 

Let W(x,t) be given by (4.11) with the initial data 

W(x,0) = V(x) . 

Then L , / ^ i(W(* , t ) ) is independent of t, and may therefore be evaluated 

by studying its behavior as t -> ©o. 

There exist traveling wave solutions to (4.11), called soli tons, of the 

form 
W(x,t) = f ( x - c t ) . 

Equation (4.11) becomes 

- - f x = - W + 6ff^. (4.12) 

The solutions to (4.12) which vanish at oo are 

fa(x) = - 2 a 2 c o s h - 2 ( a x ) 

c = 4a2 . (4.13) 
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Any solution (4.13), regarded as a potential in the Schrodinger equation 

has , as we shall s ee shortly, exactly one negative energy bound s ta te with 

energy and wave function 
e = - a 2 

(/r(x) = c o s h - 1 (ax) . (4.14) 

Now the theory of the KdV equation says that as t ^ oo, W evolves 

into a sum of solitons (4.13) plus a part that goes to zero in L~(R) norm 

(but not necessari ly in L'^(R) norm). The soli tons are well separated 

s ince they have different velocit ies. Because the number of bound s ta tes 

is finite, the non-soliton part of W can be ignored as t ^ oo. Hence, for 

the initial V, 

2lej l ' / '= 2 â  (4.15) 
solitons 

while 

J V(x)2 dx > ^ I f^(x)2 dx . (4.16) 

solitons 

Since 4 f cosh- '^(x)dx = 16 /3 , we conclude that 

^3 /2 ,1 = L C / 2 _ ^ = 3/16 (4.17) 

with equality if and only if W(x, t) is composed purely of solitons as 

t ^ oo. For the same reason, 

^ 3 / 2 , 1 = ^3 /2 ,1 (4.18) 

(cf. (4.21)). 

Not only do we have an evaluation of L^^2 i^ (4.17), but we learn 

something more. When y = 3 /2 , there is an infinite family of potentials 

for which L^^2 i(V) ^ ^ 3 / 2 1̂  ^"^ these may have any number of bound 

s ta tes = number of sol i tons. 

What we believe to be the case is that when y < 3 /2, the optimizing 

potential for L ^ has only one bound s ta te , and sat isf ies (4.8). When 
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y > 3 /2 , the optimizing potential i s , loosely speaking, infinitely deep and 

has infinitely many bound states; thus L = L!r ^, 

An additional indication that the conjecture is correct is furnished by 

the solution to (4.8). When y = 3 /2 , this agrees with (4.14). In general, 

one finds that, apart from scaling, the nodeless solution to (4.8) is 

'A/x) = r ( y ) l / 2 ; , - l / 4 r ( y - l / 2 r l / 2 ^ 0 s h - n l / 2 ( ^ ) 

V^(x) = - ( y 2 - l / 4 ) c o s h - 2 ( x ) 

e j = - ( y - 1 / 2 ) ^ . (4.19) 

Thus, 

20) Tl , - 1 / 2 1 r ( y ^ l ) /y^l/2\>-+^/^ 

V , l = ^ y - l / 2 r ( y + l / 2 ) V y + l / 2 ; • ^" 

When L}^ ̂  is compared with L9: J , one finds that 

L ; , I > L^^ y < 3 /2 

L j . i < Ly,i y > 3 /2 . (4.21) 

This confirms at least part of the conjecture. 

However, more is true. For y = 3 /2 , V has a zero energy single 

node bound state , , . ^ . . . 
0 (x) = tanh(x) . 

Since V is monotone in y, it follows that V has only one bound 

state for y < 3 /2 and at least two bound states for y > 3 /2 . The (un-

normalized) second bound state can be computed to be 

0(x) = sinh(x)cosh""y+^/2(x) 

e^ = - ( y - 3 / 2 ) 2 , (4.22) 

In like manner, one can find more bound states as y increases even further. 

226 



Inequalities for Moments of Eigenvalues of the Schrodinger Hamiltonian 

THE EIGENVALUES OF THE SCHRODINGER HAMILTON 291 

Thus we see that the potential that optimizes the ratio lejI^^/JIVl^"^^/-^ 

automatically has a second bound state when y > y . 

Finally, we remark that Theorem 3, together with (4.10), shows that 

T H E O R E M 7. 

L^ 1 = L^ 1 for y = 3 /2 , 5 /2 , 7 /2 , e^c. 

An application of Theorem 7 to scattering theory will be made in 

Section 4(D). 

(C) Higher Dimensions 

We have exhibited the solution to the variational equation (4.8) for L^ -. 

When n > 2 and y = 0, we clearly want to take e. = 0 in order to 

maximize L^ j^(V). (4.8) has the zero energy solution 

< (̂x) = ( l + | x | 2 ) l - " / 2 

V(x) = a<^(x)2/(y+n/2-l) ^ n(n_2)(l+ | x | 2 ) ( 2 - n ) / ( n / 2 - l ) (4 33) 

(note: </> e L2(Rn) if and only if n > 4, but V e L^^^(J{^) always). This 

leads to 
^0,n = k n ( n - 2 ) ] - " / 2 p ( j , y p ( j , / 2 ) . (4.24) 

The smallest dimension for which Li „ < L 9 „ is n = 8. 
0,n - o,n 

If we suppose that the ratio L J^/LT^ ^ is monotone decreasing in y 

(as it is when n = 1 and as it is when n = 3 on the basis of the numeri­

cal solution of (4.10) by J. F. Barnes, given in Appendix A), and if our 

conjecture is correct, then Ly ^ = Ly ^ ôr n > 8. The value of y^ 

obtained numerically is 

y^= 1.165 n = 2 

y_ = .863 n = 3 . (4.26) 
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The other bit of evidence, apart from the monotonicity of L3, ^ / ^ V n' 

for the correctness of our conjecture is a numerical study of the energy 

levels of the potential 

V;^(x) = X e - | ^ l , \ > 0 , 

in three dimensions. This is given in Appendix A. The energy levels of 

the square well potential are given in [15, 16]. In both ca ses , one finds 

that 
li"^ L , 3(V;,) = L f 3 

A ^oo 

and the limit is approached from below. Unfortunately, it is not true, as 

one might have hoped, that L^ o(^\) is monotone increasing in \ . 

(D) Bounds on One-Dimensional Scattering Cross-Sections 

In their study of the KdV equation, (4.11), Zakharov and Fadeev [17] 

showed how to relate the solution W(x, t) to the scattering reflection 

coefficient R(k) and the bound s ta te eigenvalues lejl of the initial 

potential V(x). There are infinitely many invariants of (4.11) besides 

JW"̂  and these have simple expressions in terms of R(k), i e | ! . 

Thus, for any potential V, 

I V2 = (16/3) 2 l̂ jl̂ ^^ ~ 4 j k2 T(k)dk (4.27) 

JV^ + 5" V2 = -(32/5) ]£ |ej|5/2_ 8 J ^4 T(k)dk (4.28) 

J v n 2 V V | + l - V 2 ^ = ( 2 5 6 / 3 5 ) ^ | e . r / 2 _ ( 5 4 / 5 ) J k^T(k)dk (4.29) 

where 

T(k) = 77-1 ln( l - |R(k) |2) < 0 . (4.30) 
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These are only the first three invariants; a recursion relation for the others 

can be found in [17]. 

Notice that 3/16, 5/32, 35/256 are, respectively 1-3/2,1. ^ f / 2 , 1 ' 

L^ /2 ,1 - Since / V ^ > / | V j 2 , (4.27) es tabl ishes that L^^^.^ = Lf^2^^, 

as mentioned earlier. For the higher invariants, the signs in (4.28) and 

(4.29) are not as fortunately disposed and we cannot use these equations 

to prove Theorem 7. But, given that Theorem 7 has already been proved, 

we can conclude that 

T H E O R E M 8. For any nonpositive potential V(x), 

k^ T(k)dk . (4.31) I^i'-'^L 
For any potential V(x), 

2 f v V ^ + (1/5) fvl^ < - ( 6 4 / 5 ) j k^ T(k)dk . (4.32) 

The first inequality, (4.31), is especially transparent: If V(x) is very 

smooth, it cannot scat ter very much. 

5. Note Added in Proof 

After this paper was written, M. Cwikel and Lieb, simultaneously and 

by completely different methods, showed that the number of bound s t a t e s , 

N Q ( V ) for a potential, V, can be bounded (when n > 3) by 

No(V)< A^ f \W(x)\'^^^ d^'x . (5.1) 

Cwikel exploits the weak trace ideal method of Simon [22]; his method is 

more general than L ieb ' s , but for the particular problem at hand, (5.1), his 
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A^ does not seem to be as good. L ieb ' s method uses Wiener integrals 

and the general result is the following: 

N _ a W < I d"x I d t t - ^ e - « ^ ( 4 7 7 t r ^ / 2 £ ( t | y ( x ) | j (5 

for any non-negative, convex function f: [0, 00) -̂  [0, <x>) satisfying 

2) 

= I t-^f(t)e"^dt (5.3) 

For a = 0, one can choose f(t) = c ( t - b ) , t > b, f(t) = 0 , t < b. This 

leads to (5.1), and optimizing with respect to b, one finds that 

A3 = 0.116, A^ = 0.0191 (5.4) 

and, as n -> ©o, 

V L o , n = ( n 7 7 ) ^ / 2 ^ 0 ( n - l / 2 ) . (5.5) 

Note that A3/LJ 3 = 1.49, i .e. A3 exceeds L Q 3 by at most 49%. 

Since N_^(V) < NQ(~|V + a L ) , one can use (5.1) and (2.1) to deduce 

that for y > 0 and n > 3, 

Ly,n < L^,n(A„/L?,n) • (5.6) 

This is better than (2.11), (2.18). In particular, for n = 3, y = 1, the im­

provement of (5.6) over (2.11) with m = 2 is a factor of 1.83. The factor 

1.31 in Equation (1.4) can therefore be replaced by 1.31 (1 .83)"^ /^ = 0.87. 
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APPENDIX A. NUMERICAL STUDIES 

John F . Barnes 
Theoretical Division 

Los Alamos Scientific Laboratory 
Los Alamos, New Mexico 87545 

I. Evaluation of ^y ^, n = 1, 2, 3 
1 C^ 

The figure shows the numerical evaluation of L as well as Lr" 

The latter is given in ( L l l ) 

Ly,„ = 2 - % - " / 2 r ( y + l ) / r X y + l + n/2) . 

The former is obtained by solving the differential equation (4.8) in polar 

coordinates and choosing a such that i//(x) -^ 0 as |x| ^ oo. Note that 

by scaling, one can take ê ^ = —1, whence 

( L 1 ^ ) - 1 = a^y+n/2) j | ^ (x) | (2y+n) / (y- l+n/2)dn^ ^ 

In one dimension, L^ . is known analytically and is given in (4.20). 

Another exact result , (4.24), is 

^0 ,3 = 477-23-3/2 ^ 0.077997 . 

The crit ical values of y, at which L = L^^ ^ are: 

X c l = 3/2 

yc.2 = 1-165 

yc.3 = 0-8627 . 

231 



With W. Thirring in Studies in Mathematical Physics, Princeton University Press, 269-303 (1976) 

296 E. H. LIEB AND W. E. THIRRING 

1.0 

0.1 

0.01 h 

0.001 

hi 

rv 

LA 

[- ^ 

h 

i-

1 1 1 1 1 1 1 1 

L'r.. 

--J^r/V.^ 

\ " ' 

^^<Nv 

V.3 

1 1 1 1 1 1 1 

1 1 1 1 1 -1 

J 

H 

H 

-̂......̂ ^̂ ^̂ ^ A 

H 

1 1 1 1 1 
0 .2 .4 .6 .8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2B 

r 

232 



Inequalities for Moments of Eigenvalues of the Schrodinger Hamiltonian 

THE EIGENVALUES OF THE SCHRODINGER HAMILTON 297 

II. The Exponential Potential 

To tes t the conjecture that L^ ^ = L^ ^, the eigenvalues of the 

potential V\ = — A. exp(—|x|) in three dimensions were evaluated for 

A = 5, 10, 20, 30, 40, 50, and 100. These are listed in the table according 

to angular momentum and radial nodes. These numbers have been corrobo­

rated by H. Grosse, and they can be used to calculate L ^0^\) for any 

y. The final column gives L j 3 ( V ^ ) , s ince f\W^\^^^ = X^^^(647T)/12S. 

It is to be noted that the c lass ica l value L ^ 3 = 0.006755, is approached 

from below, in agreement with the conjecture, but not monotonically. 

\ = -^^-' 

nodes s ta tes x 5 / 2 6477 
125 

\=S 0.55032 r slui '-'''''' 

A = 10 0.06963 

2.18241 

0.33405 

1 

0 

0 

2.2520 

1.0022 
3.2542 

0.006398 

\ = 20 0.00869 

1.42562 

6.62410 

0.16327 

2.71482 

0.43136 

2 

1 

0 

1 

0 

0 

8.0584 

6 

5 
14 

8.6342 

2.1568 
18.8494 

0.006551 
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\ = 30 

V\ = — Ae ^ (continued) 

|el 

0.58894 
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11.84999 
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6.12302 

0.00593 

2.36912 
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nodes 

2 

1 

0 

1 

0 

1 

0 

0 

states 

3 

6 

10 

_7 

Si-i 

16.270 

22.553 

11.875 
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x5/2 64/7 
^ 175 

0.006461 
26 51.230 

\ = 40 0.07676 

1.86961 

6.88198 

17.53345 

0.41991 

3.35027 

10.13596 

0.93459 

5.03378 

1.54738 

3 

2 

1 

0 

2 

1 

0 

1 

0 

0 

10 

_7 
30 

26.362 

41.718 

29.842 

10.832 
108.754 

0.006682 
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V\ = — Xe ^ (continued) 

A = 50 

lei 
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5.81695 
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V^ = — \ e ^ (continued) 

|e| 

56.28824 

1.10170 

4.76748 

11.62740 

22.79910 

40.45495 

0.02748 

2.04022 

6.85633 

15.22147 

28.46495 

0.22692 

3.14743 

9.13429 

19.04073 

0.52962 

4.37856 

11.56470 

nodes 

0 

4 

3 

2 

1 

0 

4 

3 

2 

1 

0 

3 

2 

1 

0 

2 

1 

0 

states 

6 

15 

25 

28 

27 

21̂1 

117.41 

242.25 

263.05 

220.85 

148.26 

x5/2 64/7 
125 
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V;̂  = — Ae"~^ (continued) 

i 

5 

6 

|e| 

0.88997 

5.69707 

1.26789 

nodes 

1 

0 

0 

states 

22 

13 
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72.46 

16.48 
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x 5 / 2 6477 
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0.006719 

APPENDIX B: PROOF OF (2.3) 

T H E O R E M 9. Let }{ he a separable Hilbert space and let A, B be 

positive operators on K. Then, for m > 1, 

Tr (B^ /2AB^ /2 )m < j^5111/2 ^ m g m / 2 ^ (g i ) 

REMARK. When K = L^(R") and A is a kernel a ( x - y ) and B is a 

multiplication operator b(x) (as in our usage (2.2)), Seller and Simon [19] 

have given a proof of (B . l ) using interpolation techniques. Simon (private 

communication) has extended this method to the general case . Our proof 

is different and shows a l i t t le more than just (B. l ) . 

P R O O F . For simplicity, we shall only give the proof when A and B are 

matrices; for the general ca se , one can appeal to a'limiting argument. For 

m = 1, the theorem is trivial, so assume m > 1. Let C = A"^ and f(C) = 

g ( C ) - h ( C ) , where g(C) = T r ( B l / 2 c l / m B l / 2 ) m ^^^ h(C) = TrB"^/2cB"^/2 

Let M"̂  be the positive matrices. Clearly M"̂  ^ C ^ h(C) is linear. 

Epstein [18] has shown that M"̂  9 C -> g(C) is concave (actually, he showed 

this for m integral, but his proof is valid generally for m > 1). Write 

C = C^ + C^ where C^ is the diagonal part of C in a bas is in which B 

is diagonal. C^ ^ C^ -h X C^ = A C + ( 1 - A ) C ^ is in M^ for A e [0 ,1] , 
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because C^ £ M"̂ . Then A -. i(C^) = R(A) is concave on [0, 1]. Our goal 

is to show that R(l) < 0. Since [C^ , B] = 0, R(0) = 0 and, by concavity, 

it is sufficient to show that R(A) < 0 for A > 0 and A small. h(C;^) = 

h(C^) for A € [0, 1]. Since f(C) is continuous in C, we can assume 

that C^ is nondegenerate and strictly positive, and that C^ is positive 

when A > — 6 for some e > 0. Then R(A) is defined and concave on 

[—6, 1]. A ^ C\ is differentiable at A = 0 and its derivative at A = 0 

has zero diagonal elements. (To see th is , use the representation C '̂ "̂  = 

K / ' ^ d x x - ^ + ^ / " ^ - C ( C + x i r ^ ) Likewise, the derivative of ( B 1 / 2 ( D ^ 

A0)Bl /2)m at A = 0 has zero diagonal elements when O has and when 

D is diagonal. Thus 
dR(A)/dA|;^^o = 0 • 
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Our principal result is that if the semiclassical estimate is a bound for some moment of the negative eigenvalues (as is 
known in some cases in one-dimension), then the semiclassical estimates are also bounds for all higher moments. 

Bounds on the moments of energy levels of 
Schrodinger operators have been the object of several 
studies [1,2, 5—8] .In [1] such bounds were used to 
obtain a lower bound for the kinetic energy of fermions 
in terms of their one particle density and thereby 
prove the stability of matter. 

In the notation of [2], 

El 
/ • 

/̂(ni? <L. ,^„JA"x\V(x)\'^"l^ (1) 

where e,(F) are the eigenvalues of —A + V{x) defined 
inL-^(R")and \y\_=m2i\{-y,0).L^^ denotes the 
smallest number for which (1) holds independently 
of V. The case 7 = 1 is the one needed for the kinetic 
energy bound. It was shown in [2] that L^ „ < «= for 
7 > max(0, 1 — njl). Eq. (1) also holds for 7 = 0, 
n>3 but the proof is quite different (see refs. [5, 6, 
8]). 

For 7 > 0 we use the notation 

H{x,p) = p^ ^V{x) 

i?„(7, V)=T,\e^{V)\ljj&^z\H{x,p)\l (2) 

i?„(7)=sup{/?„(7,K)}, (3) 
V 

'^ Work partly supported by U.S. National Science Foundation 
grant MCS 75-21684 A02. 

and d"z = 6^x d"p (27r)-". i?„(7, V) is the ratio of 
the moments of the binding energies of a quantum 
mechanical hamiltonian to the moments of its classical 
analog. The integral in (1) comes from doing the d"p 
integration in (2). In the notation of [2] 

Rniy)=KnlL',,n- (4) 

•For 7 < 0 , FGC^(R«)itisknown [3,4,9] that 

R^{y,\V)^\ (5) 

as X -̂  00, which is the semiclassical Hmit. Thus 

/?„(7)>1 (6) 

In [2] it was conjectured thati?„(7) = 1 for certain 
7 and n, in particular for 7 = 1, « = 3 which is the case 
of primary physical interest. /^3(1) = 1 would imply 
that the Thomas—Fermi theory of atoms and molecules 
(together with a modified treatment of the electron-
electron repulsion) gives a lower bound to the true 
Schrodinger ground state energy (see [1]). The only 
cases where the value oiR^{y) is known are « = 1, 
7 = 3/2, 5/2, 7/2,..., where i?i(7) = 1. Part (a) of the 
following theorem, together with (6), settles the 
question for « = 1, 7 > 3/2. 

Theorem: 
(a) For any «, i?„(7) is a monotone nonincreasing 

function of 7. 
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(b) If, for some 7 > max(0, 1 - «/2), the supremum 
in (3) is attained, i.e. R^(y)=R^(y, V) for some V 
with \V\_ eiy^'^l^, theni?„(0 is strictly decreasing 
from the left at 7. In fact 

liminf [ i ? „ ( 7 - 5 ) - i ? „ ( 7 ) ] / 5 > 0 . 

Proof: 
(a) Fix V. For 7 > 0, 5 > 0, let 

1 
/(7, 5) = / dX \-^^^ 11 _ X|2 < 00 . (7) 

0 

By scaling, for any eER 

\e\l^^ =7(7,5)"^ / dXX-l""^ \e + \\Z . (8) 
0 

Thus, for any Schrodinger potential V, 

Sky(K)ir^ 
7 

= 7(7,5)-^ / dXX-l-'^ Ek^.(K) + X|l . (9) 

However, eAV) + X are the eigenvalues of the poten­
tial V(x) + X. Therefore, by definition (3), 

S k / F ) + XII < /?„(7) /d"z \H(^,p) + Xl̂  (10) 

and, by substitution in (9) and using (8), 

(11) 
f 0 

X / d " z \H{x,p) + \\l =7?„(7)/d"z \H(x,p)\l^' 

Hence 

/?„(7 + 5 ,F)<i?„(7) 

and therefore 

/?„(7 + 6)<i?„(7) . (12) 

(b) Let 7 > max(0, 1 — «/2) and assume that for 
some V with \V\_ G Z ^ + « / 2 ( R « ) 
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R„(y,V)=R^(y). (13) 

In particular (13) implies that 

0 > ^0 = inf spec(-A + V)> ess in/ {V{x)} . (14) 

We shall prove that R^(') is strictly decreasing from the 
left at 7 by showing that 

liminf [ i?„(T-6)- i?„(7)] /5 
(15) 

where 

^̂ û o/̂  

fd"z\H(x,p)\Z 
> 0 , 

M / 0 = / d X ( l -X)^/X>(1 - r ) l -^ / ( l + 7 ) . (16) 
t 

The key fact which will be used is that the integral in 
(9) can be cut off from above at I^QI . 

For any 5 > 0 

E | e / F ) | l =7 (7 -5 , 6)-l 

1̂ 01 

X / dXX-l+^ S k / n + Xir^ 
0 / 

<i?„(7-5)7(7-5,5)-! 

X j d"z j dX X"!""̂  \H(x, p) + Xir^ 
0 

= i?„ (7-5) /d"z |77(x ,p) l l 

- i ? „ ( 7 - 5 ) 7 ( 7 - 5 , 5 ) - l 

X / d " z / dXX-l-'^ \H(x,p) + \\l-^ . (17) 

Therefore, using (2), (13) and R^{y - 5) > R^{y) , 
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X / d''z\H(x,p)\Z 
H<eQ 

1 (18) 

Xj dW-^'-'il -xy-'Ifd^z\H{x,p)\l. 
\eo/H\ 

Using limg.̂ o'̂  6/(7 - 5 , 5) = 1 and Fatou's lemma, 
we obtain (15). • 

In view of (16) the theorem implies 

Corollary 1: If for some 7, R„(y) = 1 then ^^(7) 

= 1 for all 7 > 7. Moreover, for 7 > 7 the supremum 
in (3) is not attained by any potential. 

This proves part of a conjecture made in [2] 
(another part of the conjecture was disproved, for 
« > 7 , i n [7]). 

In one dimension we can say even more since it is 
known, [2], that i?i (3/2) = 1 (i?i(7) > 1 for 7 < 3/2). 

Corollary 2: For 7>3/2, i? i (7) = 1. 

One may also study bounds like (3) for some re­

stricted classes of potentials, V, as was done in [7] 
for the spherically symmetric ones (the constants thus 
obtained are no larger than R^iy) but it is not known 
whether any of them are strictly smaller). The theorem 
and its proof extend to such bounds as long as the class 
of potentials is closed under the addition of constants. 
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THE NUMBER OF BOUND STATES OF ONE-BODY 

SCHROEDINGER OPERATORS AND THE WEYL PROBLEM 

Elliott H. Lieb-*-

ABSTRACT. If !i(Q,X) is the number of eigenvalues of -A in a 

domain Q in a suitable Riemannian manifold of dimension n, we 

derive bounds of the form SI(Q,X)< D X'̂ ' |Q| for all Q, > , n , 

Likewise, if N (V) is the number of nonpositive eigenvalues 

of -A + V(x) which are < a < 0, then N^(V)< L L [V - af 
— ~ Cx — n' M -

for all a and V and n > 3. 

I. INTRODUCTION AND BACKGROUND. 

Two closely related problems will concern us here t One is to bound the 

nonpositive eigenvalues of the one-body Schroedinger operator 

H « -A + V(x). (1.1) 

The other is to find an upper bound for 

!J(Ĵ ,X) = number of eigenvalues of -A < X (1.2) 

in a domain 9, with Diiichlet boundary conditions. 

In both cases the setting is a Riemannian manifold, M,and A is the 

Laplace-Beltrami operator. The only way in which the properties of the mani­

fold will appear in our results will be through the fundamental solution of 

the heat equation 

G(x, y; t) « [ e X p(t A)] (x, y) (1.3) 

1980 Mathematics Subject Classification 35P15. 
-̂  Work supported by U.S.National Foundation grants PHYS-
7825390 and INT 78-01160. 
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evaluated on the diagonal x = y , or e l s e through the Green function 

- 1 / X r°° j ^ - e t (-A + e) (1.4) (x, y) = j dt e G(x, y; t) 

for e > 0. (Note: G is defined for the whole manifold, not the subdomain 

Q. in the case of (1.2). One could of course, use G defined for the domain 

Q in all the formulas, but then the dependence of the result on 0 will be 

complicated. It is precisely to avoid this complication that we use the G for 

the whole of M). 

Let us begin with the problem defined by (1.2), which we may term the 

Wyt problem. Weyl [1] proved the asymptotic formula (for suitable domains) : 

!I(Q,X) ^ C X"^^|Q| (1.5) 

where IQ] is the Riemannian volume of Q, n is the dimension of M and 

C (47r)"*"/̂  r( 1 + n/2 )"•'• (1.6) 

(211)"^ T 

where T is the volume of the unit ball in H . The constant C is called n n 

the classical constant for reasons which will become clear later. This result 

(1.5) is discussed in [2] and [3], §X1I.15, vol.4. The proof uses Dirichlet-

Neumann bracketing, 

Polya^s conjecture is that (1.5) holds in IR for all X and Q, not just 

asymptotically. Here we will prove 

THEOREM 1. For all X and 9. there exist constants D and E (depending 

on the manifold M) such that 

if 

i}(Q,X) < D^ X'^^^lQl 

G(x, x; t) < A t"^'^, ¥x € M, ¥t > 0 

for some A < ^ , while 

n/2 S(Q,X) < (D X"'"- + E ) Q 
' n n ' ' 

if G(x, x; t) < A t~^^^ + B , ¥x G M, ¥t > 0, 

J ' ' ' n n' 

D and E are proportional to A and B respectively. 

In particular (1.8) and (1.7) hold f or H^ (with A = (4TT)" 

(1.7) 

(1.8) 

(1.9) 

(1.10) 

•n/2, 
) and for 

many noncompact M, e.g. homogeneous spaces with curvature < 0. (1.10) and 

(1.9) hold for compact M. 

Next we turn to the Schroedinger problem (1.1). Let E^(V) < E^iV) <...< 0 

be the nonpositive eigenvalues of H on L (M). If we write 

V = V. - V (1.11) 

with V^ (x) = |V(x) when V(x) < 0 

0, otherwise (1.12) 

246 



Number of Bound States of One-Body Schroedinger Operators 

BOUND STATES OP SCHROEDINGER OPERATORS AND THE WEYL PROBLEM 243 

.nil 
then the negative spectrum of H is discrete if V_e L 

DEFINITION 

Our main result is 

THEOREM 2. Suppose. (1.8) holds and suppose n > 3. Then 

, for example. 

N (¥) is the nwnhev of eigenvalues of H which are < a < 0. 

«0̂ >̂ ̂  \ hi ̂ -<̂ > 
n/2 

dx (1.13) 

for some constant L depending on M. 

There are many remarks to be made about Theorem 2 and its connection with 

Theorem 1. First, the history of (1.13). Rosenbljum [4] first announced 

Theorem 2 in 1972. Unaware of this, Simon [5] proved an inequality of the form 

in/2 
«0<̂ > < \ J +̂11 nfl^J -11 n/2+e 

with S ** °° as e + 0. Also unaware of [4], Cwikel and myself [6,7] simul­

taneously found a proof of Theorem 2. Reed and Simon f3] call Theorem 2 the 

Cwikel - Lieb - Rosenbljum bound. Cwikel*s method exploits some ideas in [5]. 

All three methods are different, Cwikel*s and Rosenbljum*s are applicable to 

a wider class of operators than the Schroedinger operator, but my method 

[7], based on Wiener integrals, which is the one presented here, gives the 

best constant by far. This result was announced in [7] and the proof was 

written up in [3], Theorem X1I.12 and in [8], Because all the technical de­

tails can easily be found in [8], the presentation given here will ignore tech­

nicalities . Not only am I indebted to B.Simon for his help with the tech­

nical details, as just mentioned, but I also wish to acknowledge his role in 

stimulating my interest in the problem, and for his constant encouragement 

while the ideas were taking shape. 

The connection between the two theorems is 

PROPOSITION 3. Let a < 0. Then for all M 

f5(a,X) ^ N^( (a-X) X Q ) (1.14) 

where Xn '^^ ^^^ aharaeteristia function of Q. 

PROOF. Let ^. be the j th eigenfunction of -A in Q and let $., defined 

on all of M, be il'. in 0 and zero outside. (1.14) is obtained by using the 

$. as variational functions for -A + (a - X) X Q in the Rayleigh - Ritz varia­

tional principle. QED. 

Similarly, we have 

PROPOSITION 4. if 0 < B < -a., then for all M 

\W^\+B^~^'^''^^-^- (1.15) 

PROOF, Same as for proposition 3. Alternatively, one can remark that 

V(x) >~[V + B] (x) - B, and adding a positive operator can never decrease 

any eigenvalue. QED. 
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In p a r t i c u l a r , N (V) £ N (-[V - a]_) and N (V) ^ N (-V_), whenc- we 

have 

COROLLARY 5. If n ^ 3 and (1.13) hotds^ then 

,n/2 
(1.16) N^(V) < L^ !^ [V - a]_(x)''^^ dx. 

Moreover to prove (1.13) %t is sufficient to consider V satisfying 

V(X) < 0, ¥x. 

Proposition 3 will be used to derive Theorem 1 from Theorem 2 (actually 

from a generalization of Theorem 2, namely Theorem 8 and (4.3), which holds 

for all n). However, at this point we can, under the assumption that (1.8) 

holds, deduce (1.7) of Theorem 2 from proposition 3 and Theorem 2. 

Choosing a - 0, we have 

.n/2 
15(0,X) ̂  L A 

r 
= L X^/2|0| 

(1.17) 

for n > 3. 

It is to be emphasized that Theorem 2 is more delicate than Theorem 1, 

For one thing Theorem 1 holds for all n, whereas Theorem 2 holds only for 

n > 3. The analogue of Theorem 2 is definitely false for n = 1 and 2. In 

H , at least,an arbitrarily small, nonpositive potential always has a nega­

tive eigenvalue when n < 3 ; cf. [3], Theorem XIII.ll. For another thing, the 

best constant in (1.7) is , according to the Polya conjecture, the classical 

constant C (in H at least). However, the best constant L is bigger than 

C in general. It is easy to prove [9] (by considering a very "large" V and 

using Dirichlet-Neumann bracketing) that L ^ C . In 19] it was shown that 

L > C for 3 < n < 7 and recently [16J it was shown that L > C for 

n > 7; in both cases explicit examples were constructed. 

It is somewhat ironic that although Theorem 2 starts to hold only for 

n = 3, Theorem 1 is easiest to prove for ]R with n = 1. In that case the 

only domain that need be considered is a finite interval, and there the 

eigenvalues of -A can be computed explicitly. The Polya conjecture is easily 

seen to be true. 

The intuition behind Theorem 2, and thereby the reason for calling C the 

classical constant is important. In the semiclassical picture of quantum me­

chanics in IR , which is similar to WKBJ theory, one has the mystical postulate 

that "each nice set in phase space r = { ( p , x ) | p e ] R , x e l l } of volume 

(2IT) can accomodate one eigenstate of H". This postulate can be made more 

precise by mean of the Dirichlet-Neumann bracketing method mentioned before. 

In any event, since the "eigenvalues" of -A are p and the "eigenvalues" 

of V are V(x), the postulate implies that 
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N^(V) :=: (21T)"" /^r^^n dpdx 0(a -(p^+V(x)) (1.18) 

with 9(a) = 1, for a > 0 and = 0 for a < 0. The p integration In (1.18) for 

fixed X, is easy to do, namely 

/ dp = T [V - a]_(x) n/2 (1.19) 

p < a-V(x) 

Thus, (1.18) yields 

N^(V) ~ C^ / [V - a].(x)''''^ dx . (1.20) 

While the chief purpose of this paper is to prove Theorems 1 and 2, quan­

tities of no less interest are the moments of the nonpositive eigenvalues of 

H. 

DEFINITION. Foi' Y > 0 

|Y I (V) = E|Ei(V)| 

= Y 1° Ictl̂ '*̂  N da 

I (V) is defined to he N (V). 

For n > 3 we can use Corollary 5 and Fubinl*s theorem to obtain 

'0 . lY-lr 

(1.21) 

\ W < Y L„ /„ dx J |a| [V a 3-(x)''^^ da 

|Y-1. Y L / dx J da |aP""-̂ (V (x) + a) 
-V_(x) 

n/2 

= S,n k --Cx)^^/^ dx (1.22) 

with 

S,n " \ ^(y+^) Til+n/2) r(l+Y4ti/2)" (1.23) 

There are several things to be said about (1.22). Although it was derived 

from Corollary 5 under the assumptions (1.13) and n > 3, it holds much more 

generally. For example it holds in H^for n - 2, Y > 0 and for n = 1, Y > 1/2 

provided a > 0. This was first given in [9]. In [9] it was stated that it 

holds for n = 1 and Y = 1/2. That was an error ; it is not known if (1.22) 

holds for n = 1, Y = 1/2 but it is known [9] that (1.22) does not hold for 

n = 1, Y < 1/2. In section H we shall briefly mention how to deduce (1.22). 

The best constant L in (1.22) is not given by (1.23), as the foregoing 
Y »n 

remark already indicates. If we use C in place of L in (1.23) we have the 
n y,n 

classical value of L, namely, 
Y,n -̂  

^?,n " <̂ >̂'''̂ ^ r(Y+l) r(l+Y-hi/2)""̂  

it is easy to prove that L > L 
^ ^ Y,n - Y,n 

(1.24) 

The classi-As in the case of L , 
C "̂  

cal constant L can also be "derived" from the semiclassical assumption as Y»n 
in (1.18), (1.19), namely 
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Y»n 
If the p integration is done in (1.25), the result is (1.22) with L 

An important question is : 

Wten is h = iP ? 
Y,n Y.n 

C 
It seems to be true that L « L for y large enough, depending on n, 

T»*» Y»^ 
This is known to be true [9, 10] for n - 1 and y > 3/2. In fact [10], if 

(1.25) 

* c for some YA* then equality holds for all Y ^ YA 
u u 

The case of primary physical interest is Y = 1» ti « 3, where it is con­

jectured [9] that equality holds. If this were so, it would have important 

consequences for physics and it is hoped that someone will be motivated to 

solve the problem. 

We now turn to the proof of Theorems 1 and 2 in the next three sections. 

H. THE BIRmN-SCHWINGER KERNEL 

As stated in Corollary 5 we can assume V(x) < 0. Therefore write 

V(x) « -U(x), U > 0. 

A useful device for studying the nonpositive eigenvalues of -d-U was 

discovered by Birman [11] and Schwinger [12]. If (-A-u)i|̂  = EiJ;, E < 0, then 

i|i « (-4 + |E|)"^ U ^ . 

Defining U ' tf/ « <f) , and multiplying (2.1) by U^^^ , we have 

d) « Kf 

(2.1) 

(2.2) |E|(U)4* 

where K (U), for e > 0, is the positive Bimian-Sehwinger Kernel given explici­

tly by 

KgCx, y; U) « Vixy^^^i-L + e)""^(x, y)U^^^(y) . (2.3) 

What (2.2) says is that for every nonpositive eigenvalue, E, of -A-U, 

K{gj(U) has an eigenvalue 1. The converse is also easily seen to hold ( see 

[3,8] for more details). K (U) is to be thought of as an operator on L ; we 

will see that it is compact, when e > 0 at least, and U is in a suitable L^ 

space. 

In addition to the advantage that the study of the E*s reduces to the 

study of a compact operator, there is the following important fact: Since 

(-A + e) is operator monotone decreasing as a function of e, so is K . 

Hence (with ¥ « -U), 

N (V) = kj j(U) = nimher of eigenvalues of KiiOl) t 1. (2.4) 

(2.4) will be exploited in the following way 

PROP( 

for X > 1 

PROPOSITION 6. Let ¥ iM^ -^TBi* be any function such that F(x) > 1 
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Then 

Tr F(K (U)) ? F(Z^ (U)) 
i e 

> k (U) = N ̂ (V) e -e (2.5) 

where Tr means trace and the t^ (U) are the eigenvalues of K (U). 
n 9 ^ 

For example, consider IR , n < 3, and F(x) = x . Then 

Tr K (U)^ = // U(x) U(y) [(-A + e)"^(x - y)]^ dxdy 

^ U (-A + e)-̂ (x)||2 (2.6) 

by Young's inequality. The last factor is of the form 

IK-A-f e)-l(x)||2 = h^e-2-^/2 ^^.7) 

This shows that K (U) is Hilbert-Schmidt when U e L^ and e > 0. When n > 3, e ' 

h = 00 tut one can show that K (U) is compact by considering the trace of a 

higher power of K (U), cf. [9]. 

At this point we can derive the aforementioned bound, (1.22), on I (V). 

If we use (2.5) and (2.6) and insert the latter in (1.21), the a integration 

will diverge. The trick [9] is to use Proposition 4 with 26 = e = -a. Thus 
N (V) < Tr K , ([V + e/2] ) -e e/z -

[U - e/2]^|| ĥ j:e/2) -2+n/2 (2.8) 

Inserting (2.8) into (1.21), and doing the a integration first, we obtain 

I (V) < 2̂ -̂ /2 ^^j^^ jO ̂ ^ |^|Y-3+n/2jy^^^ ̂  ^^^^2 

^ -2U(x) 

/u(x)Y^/2 = L 
Y,ti dx (2.9) 

if Y > 2 - n/2 and n < 3. 

(2.9) can be extended to other values of n and y (but with Y > 1/2 for n = 1), 

cf. [9] . 

There is no way, however, to make this method work with F(x) = x^ when 

Y == 0 and n > 3. Quiet reflection shows that if theorem 2 is to be provable 

by this method then we need x~"' F(x) ->- 0 as x -̂  0 but x~ F(x) remains bound­

ed as X ̂  00. The tool we will use to bound TrF(K (U)) for such F's is the 
e 

Wiener integral. That is the subject of the next section, which is really the 

main point of this paper. 

m . THE WIENER INTEGRAL REPRESENTATION OF F(K (U)) 
e 

Let dy ^ be conditional Wiener measure on paths w(t) with w(0) = x 
Xjy;t ^ 

and a)(t) = y. This measure gives a representation for G (cf. (3)) by 

tA fdy ^ (w) •' '̂ x,y;t G(x,y;t) 

G itself has the semigroup property 

e (x, y). (3.1) 
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/j^G(x, y; t ) G(y, z; s) dy = G(x, z; t + s ) . (3.2) 

The well known Feynman-Kac formula [13] is 

jd^ .̂ Cw) exp [-A/^ U(a)(s))ds] = e"*'^"^ "*" ̂ ^ ^ x , y). (3.3) 
x,y,c u 

(Note the signs in (3.3).). Take e ^ 0, X ^ 0, and U > 0, multiply (3.3) by 

exp (-et) 

1/2 , ,1/2. 

1/2 1/2 
UCx) U(y) exp (-et) and integrate with respect to t. The result is 

Now 

A = U(x)^^^U(y)-^^^/^dt e"^ /dli^^y.t.<w) exp [-X/Q U(u)(s))ds] 

= {U-^^^(-A + XU + e)"-"- U^/^ } (x, y). (3.4) 

(-A + e)""*" = (-A + XU + e)"""'* + X(-A + XU + e)""-^ U(-A + e)""^ (3.5) 

1/2 
Multiplying (3.5) on both sides by U we obtain 

A - {K^(U) [1 + XK^(U)]"^}(x, y). (3.6) 

(3.6) can be cast in a more general form. If g(x) = exp(-Xx) and 

F(x) = x(l + Xx)""*" then 

F(x) = X/Q dy e"^ g(xy) (3.7) 

and 

U(x)^'^^U(y)^^^ J^dt e"^^ /<iWx,y;t ^^^ ^^^0 U(w(s))ds) 

= F(K^(U)) (x, y). (3.8) 

Next we want to take the trace of both sides of (3.8). This is obtained 

by setting y == x and integrating. (To be precise, one must first take 

U e C and then use a limiting argument.) The point to notice is that the x 

dependence occurs through 

/ dx U(x) du ^.^ (w) = r dx du ^.^ (o)) U(a)(0)). (3.9) 

By the semigroup property of exp[-t(-A + XU)], however, the same result is 

obtained (after the dy integration) if U(a)(0)) in (3.9) is replaced by 

U(a)(s)) for any 0 < s < t. Thus, 

/~ dt t"^ e"^*' / dx /dy ^,^ (u)) f(/^ U(a)(s))ds) = Tr F(K (U)). (3.10) 
u " x,x,t u e 

with 

f(x) = xg(x), (3.11) 

F(x) - /^ dy y"^ e"^ f(xy) ^ (3.12) 

Now the relations between F, f and g are linear, as are the relations 

(3.8) and (3.10). The latter therefore extend to a large class of f*s. Since 

we are here not particularly interested in the operator version, (3.8), we will 
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concentrate on the trace version (3.10). The g's of the form exp(-Xx) are 

norm dense in the continuous functions which vanish at infinity. Furthermore, 

using the semigroup property of exp [-t(-A + U)], one can see explicitly that 
k 

(3.8) and (3.10) hold for f*s of the form x exp(-Xx), with k a positive 

integer. By a monotone convergence arguement one arrives at 

THEOREM 7. Let f be a nonnegative lower semioontinuous function on 

[0, <») satisfying: 

(i) f(0) = 0 

(ii) f(x)-> 0 as X ->• oo for some p < <», 

Let U > 0 and U e L^ + L^ with p = n/2 (n > 3), p > 1 (n =* 2), p = 1 

(n = 1) and p < q < <» Then (3.10) holds, with F given by (3.12), in the 

sense that both sides may be + «> 

The reader is referred to [8] for details. Obviously the class of f's 

in Theorem 7 is not the largest possible, but it is more than adequate for our 

intended application. 

The remark that allows us to bound the left side of (3.10) is the follow­

ing. 

THEOREM 8. Suppose that f satisfies the conditions of Theorem 1 and 

that f is also convex. Then 

-1 -et l^ dx G(x, x; t) f(tU(x)). Tr F(K^(U)) < /Q dt 

PROOF. By Jensen*s inequality, for any fixed path t -̂  a)(t), 
ft , ^ - 1 , V . „, , .sv . ft , - 1 , 

(3.13) 

f(/o U(w(s)) ds) = fill (t ds) t U(w(s))) < JQ (t"-̂ ds) f(tU(a)(s))) . 

By the same remark as that preceding (3.10), /^ dx /dp , (w) h(a)(s)) is 

independent of s for any fixed function h. Inserting this in (3.10) gives 

(3.11). QED. 

IV. APPLICATIONS OF THEOREM 8 

PROOF OF THEOREM 1: We use Proposition 3 and Proposition 6. f is cho­

sen to be of the following form for some 0 < a < b 

f(x) =0, 0 < X < a 

= b(x - a), a < X. (4.1) 

F given by (3.12) is monotone, and the condition that F(x) = 1 is that 

a and b are related by 

1 = h(a, b) = b/^ dy(l - a/y)e"^ = be"^ - abE^(a) (4.2) 

where E is the exponential integral. Assuming (1.10), (1.9) will be proved; 

(1.7) follows from the special assumption B == 0 in what follows. 
n 
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In Proposition 3 write a = -e so that N(J2, X) < (3.13) with 

U = (e + X)XQ» The x integration can be done last in (3.13) in which case 

f(tU(x)) = 0 if X ^ Q. For x C Q we change variables to t 

Thus, 

n/2 -n/2 

t/(e + X). 

blQl r dt(l - a/t)(A (e + X)'''̂ '̂ t"'''̂ ^ + B )exp[-et/(e + X) ] 
' ' ''a n n 

> &(Q, X) . (4.3) 

The simplest choice for e, which is arbitrary, is e = 0. This will work only 

when n > 3 and B = 0 . But for all cases we can choose e = cX, c > 0 and 
~ n 

thereby prove Theorem 1. QED. 

PROOF OF THEOREM 2: Proposition 6 is used again and the proof parallels 

that of Theorem 1. (4.1) and (4.2) are assumed. We change variables in (3.B) 

to t -̂  tU(x)"'^ if U(x) ?̂  0. If e = 0 the result is (1.13) with 

= A /"dt^-l-"/2 
n •'0 

4A ba 
n 

t 

l-n/2 En(n-2)] 

f(t) 

-1 
QED. (4.4) 

REMARKS: (i) If a = -e ?̂  0 then the only estimate we have for N (V) 

is contained in Corollary 5, which is valid only for n > 3. Alternatively, 

one could try to estimate (3.13) directly with e ^ 0, but this is messy. As 

stated earlier, no inequality of the form (1.16) holds for all a, V when 

n = 1 or 2. But recently Ito [14] has bounded (3.13) when e ?̂  0 and n = 2. 

He uses the fact that f(x) < bx for x > a and obtains a complicated upper 

bound for N^(V) in terms of ||vj|2 and ||v_ |lnV^ l̂'-'̂ l̂l̂. 

(ii) If n > 3 and B = 0 we can choose e = 0 in (4.3). 

This estimate for D is, of course, the same as L given by (4.4). 

As an illustration of how good our bound is let us consider the case of 

m , where A = (47r) . We choose a = 0.25 in (4.1) and find that 

E^(.25) 1.0443 and b = 1.9315 according to (4.2). Using (4.4), 

D^ = L^ = 0.1156 . (4.5) 

This value of D„ can be used in (1.7). When compared with C = 0.0169, which 

is supposed to be the sharp constant, it is not very good. 

J) can be improved by using (4.3) with e - cX, c > 0. 

The estimate for 

If, however, the same number, L^, is used in (1.13) the result is quite 

good. As already stated, the best L^ > C . In fact, by an explicit example, 

L3 ^ (3TT) 
-3/2 

r(3)/r(3/2) = 0.0780, (4.6) 
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cf. [ 9 ] , eqn. (4 .24) . I t i s conjectured tha t the r i gh t s ide of (4.6) i s , in 
3 

f ac t , the sharp constant in (1.13) for JR . In any case our r e s u l t , ( 4 . 5 ) , i s 

off by a t most 49%. 

As stated in Section 1, a quantity of physical interest is I-, the sum of 
3 

the absolute values of the eigenvalues, in H . Using the bound (1.22), 
(1.23), together with (4.5), we have 

h 3 - ̂ 2^^^S " -0^624 (4.7) 

This result was announced in [15]. 
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If ^ is a determinantal variational trial function for the 7V-fermion Hamiltonian, if, 
with one- and two-body terms, then e^ ̂  {^^H^^) = E{K), where e^ is the ground-state 
energy, K is the one-body reduced density matrix of i/̂ , and E{K) is the well-known 
expression in terms of direct and exchange energies. If an arbitrary one-body K is 
given, which does not come from a determinantal !/>, then EiK) ^e^ does not necessarily 
hold. It is shown, however, that if the two-body part of H is positive, then in fact e^ 
^eY^^E{K)^ where ^HF is the Hartree-Fock ground-state energy. 

PACS numbers: 05.30.Fk, 21.60.Jz, 31.15.+ q 

The variational principle is useful for obtaining 
accurate upper bounds to the ground-state energy 
^0 of an N^-particle fermion Hamiltonian, H^f. A 
normalized wave function i/̂ ^ (or density matr ix 
Pif) which satisfies the Pauli principle is re ­
quired; t h e n ^ o ^ e ( p J = T r p ^ H ^ (with p^ = I i/̂ v̂) 
x<i//^| being a pure state in the wave-function 
case) . In prac t ice , however, it is often possible 
to make a good guess for p^^^ the reduced single-
par t ic le density mat r ix , but the evaluation of 
e iPfi) is complicated by the reconstruction prob­
lem for pf^: To evaluate e (pf^) we first have to 
know pj^. In the simplest case p/ is an A^-dimen-
sional projection and p^ is a pure s ta te , with ip^ 
being a determinantal , or Har t ree-Fock (HF) 
function. Otherwise, p^ is a very complicated 
(and, in general , a nonunique) function otp/, 
and the calculation of e (p^) can be extremely dif­
ficult because of the "orthogonality problem." 
For this reason most variational calculations do 
not depart very far from a HF calculation. 

It is the purpose of this note to show that under 
a positivity condition on the two-body par t of H^ 
(which, fortunately, holds for one case of major 
interest—the Coulomb potential) it is possible to 
obtain an upper bound to e^ which involves only 
Pff^; the reconstruction problem is eliminated. 
In the HF case , this bound agrees with g(p^). 
Moreover , our bound, J?, satisfies £ ^ eHF> 

where e HF is the lowest HF energy. While our 
bound is thus not superior to the best HF bound, 
it may be superior in pract ice because the exact 
HF orbitals a r e unknown in general . A possible 
application might occur in the theory of i t inerant 
fer romagnet ism. 

Let us make some definitions. Let z =i^ ̂ u) de­
note a s ingle-part ic le space-spin variable and 
Idz =Yja^dx, A sm^Ze-particle operator K{z\z') 
i s called admissible if it is positive semidef inite 
and 

Tr/r=A^, K^I, i .e . , 

{ll),Kll))^{lp,l^)iOT2i\\4). (1) 

Given p r̂ satisfying the Pauli pr inicple , 

PN^{Z\Z') ^NJPJ,{Z ,Z^, . . . yZ^;z',z^,... ,z^) 

X dz^'"'dz^. (2) 

Any such Pyv̂  i s admiss ible . Conversely, given 
an admissible K there is always at least one p^ 
with p/ =K. In the HF case pf^ = I /̂̂ ^X^ATI and 

iP, = {Nir'^'detlMzj)], 
(3) 

p/(^ ;^ ' )=E/y(2) / ,*(2 ' ) , 
j = 1 

w i t h / i , . . . ,/Ar being any N orthonormal functions. 

© 1981 The American Physical Society 457 
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Consider now Hamiltonians of the form 

Htf=Tj hj + 
i = i 1 

E (4) 

where h and v a re self-adjoint opera tors , v i s 
the two-body par t and h is the one-body par t 
[usually - (^V2m)A +Uiz)]. Our method has ob­
vious extensions to higher than two-body in te rac­
t ions , but for brevity only (4) will be considered. 
Normally v is diagonal [a local potential, such 
thatvij =v{ZiyZj)], but this i s not necessa ry . If 
pff i s of the HF type, thenp^^^, defined analogous­
ly to (2), satisfies p/ =A"2, where 

=K{z;z')K{w',w')'K{z;w')K{w;z'), (5) 

w i t h A ' = p / . In this HF case^03Ar)=^(^), where 

E(j{)=Tr(Kh)+^Tr(^^) (6) 

and 

Tr(^2^) = fjv {z ,w)K2{z fW ;z ,w)dz dw (7) 

in the diagonal case . This formula i s well known. 
For any admissible K, (5) and (6) define E(K). 

The problem addressed here i s the following: 
Given an a rb i t r a ry , admissible K, does a p^ 
exist such that p/ =K 2Lnde{p^)^E(Ji)? liv^O, 
the answer i s y e s ! Note, however, that Trpj^^ 
=N{N - 1) but that TrK^ = {TrK)^ - Tr/T^, and this 
i s N{N - 1) if and only if K is an AT-dimensional 
projection as in (3). Otherwise, Tr/C2>A^(Ar-1). 
Therefore the Pjv which I wish to construct cannot 
simply satisfy p/ ^K^, The solution must be 
more complicated than that. 

Our main resu l t i s stated a s follows: 
Theorem.—Lety be positive semidefinite [ i .e . , 

in the diagonal case , v(^fW)^0 for all 2 , M ; ] , and 
let K be any admissible s ingle-part ic le operator . 
Then (i) there exis ts a density matr ix Pj^ satisfy­
ing the Pauli principle such that p^^^ =K and 

e,^e(pj,)^EiK); (8) 

(ii) there exis ts a normalized determinantal func­

tion ipN such that 

^o^<^^, H^ip^}^e(p^)^EiK)- (9) 

Note that in (ii) it is not claimed that if p^ 
= \4>N){4'N\ ^^^^PN' =^" However, (9) does say 

that , among all admissible K, an HF-type K [N-

dimensional projection (3)] gives the lowest val­
ue oi E(fC), The proof requ i res the following: 

Lemma.—Let c^^ c^^*** be an infinite sequence 
with 0 ^ Cj < 1 and Z/ f^ j =N, where N is an inte­
ger . Then there exist N or thonormal vectors K^, . . 
7^ in /^, the Hilbert space of square-summable 
sequences indexed by the positive integers ( i .e . , 

K e / ' m e a n s E r = i l V ^ i l ' < H such that Ei"!11 t^ / l ' 
= c , . 

Proof: Induction on Â  i s used. For /V = 1, 
choose Vj ^ -Cj ^''^. Assume that the lemma holds 
for AT =« - 1; the lemma will f i rs t be proved for 
n under the assumption that c^ =0 for > ^ 2n. De-
f i n e d ^ = l - c ^ ( 1 < ; < 2 « ) , andd, .=0 ( ; ^ 2 n ) . The 
dj satisfy the hypothesis for n - 1, so that there 
exist orthonormal W^S.. . ,W^" with E j l l lw^ i ' l ' =rf,. 
Let f \ . . . ,f" be w orthonormal , (2n - l ) -d imen-
sional vec tors which a r e orthogonal to H^\ . . . , 
W^'^ [thought of a s (2n - 1)-dimensional vec tors ] . 
Then the n vectors V^' = t ; / (1 ^7 < 2w) [7,- ' =0 (j 
^ 2w)] satisfy the lemma. Next, suppose c^ =0 
for j ^ J. I use induction on J s tart ing with J = 2/2. 
Note that c , . i + c , ^ 1 w h e n / ^ 2«. For J + 1, ap­
ply the lemma (with n and J) to the sequence bj 
= Cj ( l ^ j < J - l ) , bj.^ = Cj., + Cj, and 6^=0 
{j^J). This sequence may not be decreas ing, 
but that is i r re levant . Let W\... ,W"be the 
orthonormal vec tors . The required vec tors , F * , 
for J + 1, a r e given by 7 / = W ^ / ( 1 < ; < J - 1 ) , 

bj.iY'^, K / =0 ( j > J ) . Finally, if c,.>0 for aU 
; , choose L so that 6 ,̂ ^Z/Tci^i ^ 1- Then apply 
the lemma to the finite sequence of length L: bj 
= Cj ( 1 < ; < L ) , b^. EW\..,,W" a r e the or tho-
normal vec to r s , let Vj' = t 7 / (1 ^ ; < L ) , Vj' 
= Wi^Ucj/bLy^^ for j^L. Q.E.D. 

Proof of Theorem: Write K{z;z') =TJ°^=ICjfj{z) 
^fj{z')*, where the fj a re the orthonormal eigen-
functions of K ("natural orbitals") and the eigen­
values of K, cJ, satisfy the hypothesis of the 
lemma. Let V\ ^.., V^ be the vec tors of 
the lemma and let ^ = {^1, 0^,...} be any infinite 
sequence of r ea l s . The N functions F^ ^{z) 
= 72j=ie*^^V/fj{z) are orthonormal for any 0, 
hei p/=\ip^^){ip^^\, where ip^%,,... ,z^) 
= {Nl)-'^^detlF^%Zj)]. Let <•• .>e denote the 
average {over [O, 2 i r )M with respect to all the 
9J. (Formally, this r equ i res infinitely many 
integrations l^^dB^/2'Ti, but one can easily make 
sense of this by taking suitable limits.) It is 
easy to check, with use of the property of the V\ 
that p;^ = ( p / ) e satisfies p/={p/'^)e =K. Now 
p/i^K^, a s stated before, but p / = <p^®'^)e =7̂ 2 
- L 2 , with 

2L,{z,w;z\w')= E H;J/ , (2)A(i iO-A(2)/ , ( t^Ol[A*(^ ' )A*(^^ ' ' ) -A*(^0/ ,*(^*; ' ) l 
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and H^,,= I E ^ = , V ^ a ' ^ . ' * l ' ^ 0 . Thus, e{p^)=E{K) 
- Dy with 2Z) = Tr(L2t'). But clearly L^ is positive 
semidefinite, so that Z) ̂  0. This proves (i). To 
prove (ii), note that B{K) ^e{p^) = {G^)Q, where 
<^^=(^^^JHJ^lp^^) is real for each B. Hence, for 
some 9, G^ ^eip^,). Q.E.D. 

A very useful discussion with Professor J. K. 
Pe rcus is gratefully acknowledged. This work 
was partially supported by the National Science 
Foundation under Grant No. PHY-78-25390-A01. 

Note added.—After reading this manuscript , 
Professor M. B. Ruskai kindly pointed out that 
the lemma is essential ly a consequence of Horn's 
theorem^: Let y^ ^y^ ^ • • '^y^ and x^ ^x^ ^ . . . 
^x w be two sets of r e a l s . Then there exis ts an 

MxM hermitean matr ix B with eigenvalues j x j ] 
and diagonal elements B^ =yi if and only if 
S L i ( ^ < -yi)^0 for all 1 ^ / ^ M , and with equality 
for t = M. The existence of B is equivalent to y j 
= Z]T=i I ̂ ij l^^i for some unitary U. To apply this 
to the lemma, suppose that Cj = 0 for j>M^N and 
take y J =c j (for j ^M) and Xj =^2= • • •=Ar^ = 1, and 
Xj = 0 for j>N, The required orthonormal vectors 
V' a re then V/^ U^, for j ^M and K/ = 0 for j>M. 
Finally, if Cj>0 for all j , then an argument such 
as that given at the end of the proof of the lemma, 
or something s imi lar , must be used. 

' A . Horn, Am. J. Math. 76, 620 (1954). 

This paper is most properly cited as 

Elliott H. Lieb, Phys. Rev. Lett. 46, 457 (1981), and 47, 69(E) (1981). 

All corrections in the Erratum have been incorporated in this version of the reprints. 

459 

259 



Phys. Rev. Lett. 47, 69 (1981) 

VOLUME 47, NUMBER 1 P H Y S I C A L R E V I E W L E T T E R S 6 JULY 1981 

ERRATUM 

VARIATIONAL PRINCIPLE FOR MANY-FERMI-
ON SYSTEMS. Elliott H. Lieb [Phys. Rev. Lett. 
46, 457(1981)] . 

The name of the author was misspelled in the 
printed version. The cor rec t spelling is as given 
above. 

Since the meaning of the abs t rac t was adversely 
affected by editorial processing, the ent ire ab­
s t rac t is reproduced below for clarification: 

If i/* is a determinantal variational trial function for the N-fermion Hamiltonian, / / , 
with one- and two-body terms, then e^^ {^tHip) = E{K), where e^ is the ground-state 
energy, K is the one-body reduced density matrix of ip, and E(K) is the well-known 
expression in terms of direct and exchange energies. If an arbitrary one-body K is 
given, which does not come from a determinantal Jp, then E{K) ^e^ does not necessarily 
hold. It is shown, however, that if the two-body part of H is positive, then in fact e^ 
^gf-jp ^E{K)^ where ^HF is the Hartree-Fock ground-state energy. 

Considerable distort ions of the cor rec t forms 
in the original manuscript have necessi tated the 
following changes in the printed version: 

On page 457, f i rs t column, line 5 should read 
" . . . which satisfies the Pauli principle is r e ­
quired. " 

On page 458, second column, lines 5 and 6 
should read " . . . N orthonormal vectors 7 \ . . . , 
V^ in P, the Hilbert space of square-summable 
sequences indexed by the positive integers ( i .e . , 
7 G I' means ^7= 11 ^i I ' < °°)» such that J^f^, | v/1' 

On page 458, second column, lines 5 and 6 in 
the proof of the theorem should read "Let F \ . . . , 
V^ be the vectors of the l e m m a . . . . " 

On page 458, second column, line 11 in the 
proof of the theorem should read " . . . over 
[0, 27r)^+ " 

In addition, the following correct ion should be 
noted: 

On page 457, the Cj on the right-hand side of 
Eq. (3) should be deleted. 
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Thomas-fermi and related theories of atoms and 
molecules* 

Elliott H. Lieb 

Departments of Mathematics and Physics, Princeton University, POB 708, Princeton, New Jersey 08544 

This article is a summary of what is know rigorously about Thomas-Fermi (TF) theory with and without the 
Dirac and von Weizsacker corrections. It is also shown that TF theory agrees asymptotically, in a certain 
sense, with nonrelativistic quantum theory as the nuclear charge z tends to infinity. The von Weizsacker 
correction is shown to correct certain undesirable features of TF theory and to yield a theory in much better 
agreement with what is believed (but as yet unproved) to be the structure of real atoms. Many open problems 
in the theory are presented. 
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*This article appears in the Proceedings of the NATO Ad­
vanced Study Institute on Rigorous Atomic and Molecular 
Physics held atErice in June, 1980, editedby G. Veloand A. S. 
Wightman, and published by Plenum Corporation. The pres ­
ent Rev. Mod. Phys. version contains corrections of some 
e r rors in the Plenum version. 

I. INTRODUCTION 

In recent years some of the properties of the Thomas-
Fermi (TF) and related theories for the ground states 
of nonrelativistic atoms and molecules with fixed nuclei 
have been established in a mathematically rigorous way. 
The aim of these notes is to summarize that work to 
date—at least as far as the author's knowledge of the 
subject goes. In addition, some open problems in the 
subject will be stated. 

TF theory was invented independently by Thomas 
(1927) and Fermi (1927). The exchange correction was 
introduced by Dirac (1930), and the gradient correction 
to the kinetic energy by von Weizsacker (1935). 

No attempt will be made to summarize the voluminous 
subject of TF theory. Such a summary would have to in­
clude many varied applications, many formulations of 
related theories (e.g., relativistic corrections to TF 
theory, nonzero temperature TF theory) and reams of 
data and computations. Some reviews exist (March, 
1957; Gombds, 1949; Torrens, 1972), but they are 
either not complete or not up to date. 

We shall concentrate on nonrelativistic TF and re­
lated theories for the ground state with the following 
goals in mind: 

(1) The definition of TF and related theories (i.e., the 
von Weizsacker and Dirac corrections). The main 
question here is whether the theories are well defined 
mathematically and whether the equations to which they 
give rise have (unique) solutions. 

(2) Properties of TF and related theories. It turns 
out that, unlike the correct Schrbdinger, quantum (Q) 
theory, the TF and related theories have many inter­
esting physical properties that can be deduced without 
computation. Some of these properties are physically 
realistic and some are not, e.g.. Teller's no-binding 
theorem. As will be seen, however, the no-binding re­
sult is natural and correct if TF theory is placed in its 
correct physical context as a large-Z (= nuclear-charge) 
theory. 

(3) The relation of TF theory to Q theory. The main 
result will be that TF theory is exact in the large-Z 
(nuclear-charge) limit. For this reason, TF theory 
should be taken seriously as one of the cornerstones of 
atomic physics. The only other regime in which it is 
possible to make simple, exact statements is the one-
electron hydrogenic atom. The natural open question is 
to find the leading correction, in Z, beyond TF theory. 
This will lead to a discussion of the Scott correction 
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(Scott, 1952) which, while it is very plausible, has not 
yet been proved. It turns out that Thomas-Fermi-von 
Weizsacker (TFW) theory has precisely the properties 
that Scott predicts for Q theory. Moreover, TFW 
theory remedies some defects of TF theory: It displays 
atomic binding, it gives exponential falloff of the density 
at large distances, it yields a finite density at the nu­
cleus, and negative ions are stable (i.e., bound). 

The work reported here originated in articles by Lieb 
and Simon, 1973 and 1977 (hereafter LS). Subsequently, 
the ideas were developed by, and in collaboration with, 
Benguria and Brezis. I am deeply indebted to these co­
workers. 

Since many unsolved problems remain, these notes 
are more in the nature of a progress report than a text­
book. The proofs of many theorems are sketchy, or 
even absent, but it is hoped that the interested reader 
can fill in the details with the help of the references. 
Unless clearly stated otherwise, however, everything 
presented here is meant to be rigorous. 

II. THOMAS-FERMI THEORY 

The theories will be stated in this section purely as 
mathematical problems. Their physical motivation from 
Q theory will be explained in Sec. V. In order to present 
the basic ideas as clearly as possible, only TF theory 
will be treated in this section; the variants will be treated 
in Sees. VI, VII and VIII. However, the basic definitions 
of all the theories will be given in Sec. II.A, and there 
will be some mention of Thomas-Fermi-Dirac (TFD) 
theory in Sec. II.B and Sec. III. 

A. The definitions of Thomas-Fermi and related theories 

All the theories we shall be concerned with start with 
some energy Junctional S{p), where p is a non-negative 
function on three-space, R .̂ p is called a density and 
physically is supposed to be the electron density in an 
atom or molecule. 

The functionals will involve the following function V 
and constant U: 

made: 

v{x)=; 

u= E 

x-R, (2.1) 

(2.2) 

V{x) is the electrostatic potential of k nuclei of charges 
(in units in which the electron charge e = - I) z^,.. .z^ 
> 0, and located a.t R^,... ,R^'E R^ The /?,- are distinct, 
The positivity of the Zf is important for many of the 
theorems; while TF theory makes mathematical sense 
when some 2,- <0, it has not been investigated very much 
in that case. U is the repulsive electrostatic energy of 
the nuclei. 

TF-type theories can, of course, be defined for poten­
tials that are not Coulombic, but many of the interesting 
properties presented here rely on potential theory and 
hence will not hold for non-Coulombic potentials. This 
is discussed in Sec. III. There is, however, one gen­
eralization of Eqs. (2.1) and (2.2) that can be made with­
out spoiling the theory, namely, that the nuclei can be 
"smeared out," i.e., the following replacements can be 

Zj\x-Rj\-^-J dmj{y)\x-Rj+y\'^, (2.3) 

ZiZj\Ri- Rj\~^^ J dmi{y)dmj(w)\y-w- Ri-\-Rj\~^, 

(2.4) 
where m^ is a positive measure (not necessarily 
spherically symmetric) of mass £,. 

The functional for TF theory is 

S(p)=iyj p{x)^/^dx-j p{x)V{x)dx + D{p,p) + U, 

(2.5) 

where 

D{gJ)=h ffg{x)f{y)\x-y\-'dxdy. 

All integrals are three dimensional. 
•y is an arbitrary positive constant, but to establish 

contact with Q theory we must choose 

y^ = (67r2)2/3^ 2(2^^2/3)-!^ (2.6) 

where H-h/2'n, /? = Planck's constant, and m is the elec­
tron mass, q is the number of spin states (=2 for elec­
trons). 

U appears in <5 as a constant, p-independent term. It 
is unimportant for the problem of minimizing S with re­
spect to p. Nevertheless U will be very important when 
we consider how the minimum depends on the i?,, e.g., 
in the no-binding theorem (Sec. III.C). 

For the Thomas-Fermi-Dirac (TFD) theory 

(?T'̂ D (p) = ̂  (p) _ 3 c^ y p{xY/Hx , (2.7) 

with Cg a positive constant. In the original theory 
(Dirac, 1930), the value C^ = {<o/'!rq)^/^ was used for rea­
sons which will be explained in Sec. VI. This value is 
not sacrosanct, however, and it is best to leave Ĉ  as 
an adjustable constant. 

The Thomas-Fermi-von Weizsacker theory (TFW) is 
given by (von Weizsacker, 1935) 

' * (p) = <§(p) + 6/[(Vpl/2)(; ,)]2rfx, (2.8) 

with b=AH'^/2m, and A an adjustable constant. Original­
ly, A was taken to be unity, but in Sec. VII.D it will be 
seen that 4̂ = 0.186 is optimum from one point of view. 

The most complicated, and least analyzed, case is the 
combination of all three (SeCo VIII): 

(§T'^^^(p) = <§(p) - |C , /p (A ' )^ /3r fA-

+ 5 / [(Vpl/2)(;c)]Vx. (2.9) 

The first question to face is the following. 

B. Domain of definition of the energy functional 

Since p is supposed to be the electron density we re­
quire p{x)^Q and 

j p{x)dx = X= electron number (2.10) 
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is finite. In addition we require p e L^/^n order that 
the first term in S{p) (called the kinetic energy term) 
be finite. X is not necessarily an integer. 

Definition. A function / is said to be in L^ if 
[J\f{x)\'dx]'^'^\\f\\^isnmte, l^p<^. \\f\L 
= ess sup|/(x) I (see Theorem 3.12). 

I f /eL^HL^ w i t h ^ < ^ t h e n / E L * for ^11 p<t<q. 

I l / l l .^ l l / l l ' , l l / i r ; \ where X/>-^+(l-X)^"^ = / - \ 

Proposition 2.1. If p <E L^/^n L^ then all the terms in S 
and S^^'^ are finite. If jp^X then S{p) and 5'^^^ (p) are 
bounded below by some constant C{X). Furthermore, 
for all X^ S{p)> C > - ^ for some fixed C. 

Proof. The first part is an easy application of Young's 
and Holder's inequalities. The second part requires a 
slightly more refined estimate of the Coulomb energies 
(cf. LS). • 

Remark. Although 5^^'^ will be seen to be also bounded 
below by a constant independent of X, neither S^^^ nor 
T̂FDw ĵ g gQ bounded. This fact leads to an amusing un-

physical consequence of the D theories which will be 
mentioned later. 

A very important fact (which, incidentally, is not 
true for Hartree-Fock theory) is the following. 

Proposition 2.2. p-^ 8{p) is strictly convex, i.e., 
c§(Xpi+(l-X)p2)<X(§(Pt) + (l-X)5(P2)/or 0 < X < 1 
and p^i: p2. 

Proof, p^ is strictly convex for p> 1. j Vp is linear in 
p and hence convex. D{p^p) is strictly convex since the 
Coulomb kernel | x - }̂  | '^ is positive definite. • 

Remark. 6'^^^ is also strictly convex, but the func-
tionals &^^^ and ^̂ f'Dw ^^^ ^QJ. convex because of the 
-/p^'^^ term. However, &^^^ can be ''convexified" in a 
manner to be described in Sec. VI. 

C. Minimization of the energy functional 

The central problem is to compute 

E{X) = inf \s{p) \p e L^/^ (^L\ j p^x\ 

and 

e{X):=-E{X)' U. 

(2.11) 

(2.12) 

E{X) is the TF energy for a given electron number, X, 
and (̂X) is the electronic contribution to the energy. 
The "inf" in Eq. (2.11) is important because, as we 
shall see, the minimum is not always achieved, al-
t hough the inf always exists by Prop. 2.1. 

Theorem 2.3. (̂X) is convex, negative if X>0, nonin-
creasing and bounded below. Furthermore, 

E(X) = inf |(?(p)|peL5^3p^i^ J p ^ x i . (2.13) 

Proof. The first part follows from Prop. 2.2 together 
with the observation that V{x)-^Q as |j^|—QO. This 
means that if X increases we can add some 6p arbitrar­
ily far from the origin so that (?(p + 6p)- 8{p) <L for 

any c > 0. Equation (2.13) is a simple consequence of 
the monotonicity of (̂X) and E{X). (cf. LS). • 

Equation (2.13) has an important advantage over (2.11), 
as Theorem 2.4 shows. 

Theorem 2.4. There exists a unique p that minimizes 
S{p) on the set Jp ^ X. 

Note. Uniqueness means, of course, that p is deter­
mined only almost everywhere (a.e.). 

Proof. (See LS.) Since S{p) is strictly convex, a mini­
mum, if there is one, must be unique. Let p^""^ be a 
minimizing sequence for S, namely (§(p^"^)-*£(X) and 
/p^"^ ^ X. It is easy to see that /(p^''^)^/^^ c, where c 
is some constant; this in fact comes out of the simple 
estimates used in the proof of Prop. 2.1. We should like 
to extract a convergent subsequence from the given p^'^K 
This cannot be done a priori in the strong topology, but 
the Banach-Alaoglu theorem tells us that a L^^"^ weakly 
convergent subsequence can be found; this will be de­
noted by p ̂ "\ We should like to prove 

liminf<§(p^"^)^(§(p). (2.14) 

Since p^""^ — p weakly in L^^^ we have (by the Hahn-
Banach theorem, for example) that 

lim inf / [ p ( ^ > ] 5 / 3 ^ | ^ 

lim infZ)(p ^"\ p̂ ^̂ ) ^ D{p^ p). 

(2.15) 

(2.16) 

The term - j Vp requires slightly more delicate treat­
ment. Write \x- R\^^^f{x)^g{x), where/(;c) = | x - i ? |"^ 
for | x - i ? | ^ 1 and/(;c) = 0 otherwise, / e L^/^ and//p^''^ 
— jfp by weak convergence. On the other hand, ^ e L^^' 
for all c> 0. p ̂ ""^ is bounded in L^^^ and in L^ (by X), so 
it is bounded in all L ̂  with 1 ̂  (̂  ^ |. and therefore p ̂ " ^ 
— p weakly in L^ as well as in L^^^. Fix °o >E >0 and 
let q be dual to 3 + 8. Then Jgp ^"^^-^ Jgp. This proves 
Eq. (2.14) which, since £:(X) = lim inf(S(p "̂̂ ) and E{X) 
^S (p), implies that pis minimizingprovided we can show 
Jp^ X. This follows from the fact that if f p>X then 
there is a bounded set A such that fj^P>^' If Oi is the 
characteristic function of A then a^L^^^ and X^ J ap^"^^ 
— J Q?p by weak L^^^ convergence. • 

Remark. The proof of Theorem 2.4 can be considerably 
shortened by using Mazur's (1933) theorem. p-^S{p) is 
obviously norm continuous and hence norm lower semi-
continuous. Mazur's theorem says that the convexity of 
S{p) then automatically implies weak lower semicon-
tinuity since norm closed convex sets are automatically 
weakly closed. The proof given above has the virtue of 
an explicit demonstration of the weak lower semicon-
tinuity. 
Remark. The analogous proof in TFD theory will be 
harder, since p^^'^-p^''^ is not conv 
positive; hence we cannot say that 

lim inf / [ p " " : 5/3_ [p^'^jVS^ ,4 /3 

However, in TFW theory a different strategy, using 
Fatou's lemma, will be employed to deal with these 
terms. The strategy also works for TFDW theory. 
Thus the introduction of the P^term (2.8) makes part of 
the proof easier. It would be desirable to know how to 
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use Fatou's lemma (which does not require convexity) in 
the TF and TFD proofs. 

Since E{X) is nonincreasing, bounded, and convex (and 
hence continuous) we can make the following definition in 
TF theory. 

Definition. X^, the critical X, is the largest X with the 
property that for all X' <X, E{y)>E{X). Equivalently, 
if E{oo)^lim^_,„E{X) then \^= inf{x|jE;(X) = £(<«)}. In prin­
ciple X̂  could be + °°, but this will not be the case. In 
TFD and TFDW theories E{X) is not bounded and the 
above definition has to be generalized. X̂  is the largest 
X with the property that 2E{X)<E{X-c)+E{X+c) for all 
0<E<X. In other words, E(X) = £(X )̂ +(const)(X - X̂ ) for 
X> X̂ . The j model in TFD theory is bounded, so the 
first definition is applicable to that model. X̂  will be 
shown to be Z = T/Zj in TF and TFD theory. Theorem 
3.18. In TFW theory, X^>Z (Theorem 7.19). 

Theorems 2.3, 2.4, and Proposition 2.2 yield the fol­
lowing picture of the minimization problem in TF theory. 

Theorem 2.5. For X< X̂  there exists a unique mini­
mizing p with Jp=X. On the set [0, X^], E{X) is strictly 
convex and monotone decreasing. For X > X̂  there is no 
minimizing p with Jp — X, and E{X) = E{Xg); the mini­
mizing p in Theorem 2.4 is the p for X^. 

Proof. For X< X̂  use the p given by Theorem 2.4 and 
note that if X ' = / p < X then E{X') = S{p) = E{X). The 
strict convexity is trivial: if X = «Xi + (1 - «)A2 use ap^ 
+ (1 - a)p2 as a trial function for X. On the other hand, 
for X> X̂  the p given by Theorem 2.4 will have Jp = X^ 
because if a minimum existed with J p = x' > X^ then p 
= (P +Pc)/2 (with p^ being the p for X̂ ) would satisfy X̂  
< Jp = |(X' + X̂ ) <X' but, by strict convexity, 

S{p)<[S{p)+S{p,)]/2 = E{X,), 

which is a contradiction. • 

The general situation is shown in Fig. 1. There Z 
is shown as less than X̂ ; while that is the case for 
TFW theory, in TF and TFD theory X^=Z. The 
straight portion to the right of X^ is horizontal for TF 
and TFW, but has a negative slope for TFD and TFDW. 
The slope at the origin is infinite for TF and TFD but 
finite for TFW and TFDW. 

D. The Thomas-Fermi equation and properties of the 
density 

The variational derivative of S{p) is 6S/5p = yp'^/^{x) 
- 0p(-̂ ) where 

FIG. 1. ''The electronic part" of the TF energy, E-U, is shown 
schematically as a function of the "electron number"', \- j p. 
For X ^X^ there is a unique p that minimizes the TF energy 
S{p). For X >Xc there is no such p. In TF theory X^ = Z=Yjjl^Zj 
= total nuclear charge. E-U is constant for X^X^. These 
features are different for TF, TFD, and TFDW theories (see 
text). 

cf>,{x) = V{x)- f p{y)\x-y\-^dy. (2.17) 

A Lagrange multiplier JLL should be added to 5S/&p to in­
sure that Jp = X. It is then expected that 68/6p + JLL = 0 
if p(;c)> 0, but 5S/6p -f /i ̂  0 if p(x) = 0 because negative 
variations of p{x) are not allowed. The two situations 
can be written as 

yp2/3(x) = max[(/),(x)-M,0]^[(/),M-iul + . (2.18) 

This is the TF equation. (Note that the [ ]^_is very im­
portant.) This formal manipulation is, indeed, correct. 

Theorem 2.6. If p minimizes S{p) with Jp = x^ x^ then 
p satisfies Eq. (2,18) for some {unique) ii{X). Converse­
ly if p^ 11 satisfy Eq. (2.18) and peL^Pl L^^^ then p mini­
mizes 8{p) for X = Jp. Hence (2.18) can have at most 
one solution p, JLL with jp — \. If x—x^ then JLL = 0. 

Proof. The first part is standard in the calculus of 
variations. Now let p,-, JLL̂ , z = 1, 2, satisfy Eq. (2.18) 
with the same X. Let î ,.(/z) = (3y/5)//z^/^~/0,./z. It is 
easy to check that F^ih) has a unique minimum, F^^ on 
the set Jh = Xy /z^ 0; the minimizing h^ is p^. However, 
^i(P2) + ̂ 2(Pi) = ^i + ̂ 2 - ^(Pi-P2.Pi-P2)- This is a 
contradiction unless Pi = P2 (and hence JLL| = JLL2). The last 
part (i.e., JLL^O) follows by considering the absolute 
minimum of S{p), in which case no JLL is necessary. But 
this is equivalent to setting JLL = 0 . This minimum occurs 
for X^ X^ but as we have shown, only at X^ is there a 
minimizing p (cf. LS). • 

Remarks. In Sec. Ill a proof of the uniqueness part of 
Theorem 2.6 which uses only potential theory will be 
given. It should be noted that we arrived at the existence 
of a solution to Eq. (2.18) by first considering the mini­
mization problem. A direct attack on (2.18) is rather 
difficult. Such a direct approach was carried out by 
Hille (1969) in the atomic case, but even in that case he 
did not prove that the spherically symmetric solution is 
the only one; our uniqueness result guarantees that. 

Theorem 2.7. E{X) is continuously^differentiahle and 
dE/dX^- \i{X) if X^ X^. dE/dX = 0 if X^X^. Thus - JLL(x) 
is the chemical potential. 

Proof. The convexity and boundedness of S{p) is used. 
(See LS, Theorem n.lO and Lemma n.27.) • 

It will be noted that we have not used the fact that V 
is Coulombic, only that it vanishes at ô̂  Likewise, the 
only property of the kernel | ^ - 3̂  | "^ that was used was 
its positive definiteness. In Sec. Ill we shall exploit the 
fact that | x - 3; 1"̂  is Coulombic and, to a lesser extent, 
the fact that V is superharmonic. Also, it will be shown 
that x^ = Z = T)iZj. 

Definition. A function/(x) defined on an open set fie R̂  
is superharmonic on fi if, for almost all A: E fi and for 
almost all spheres centered at x, but contained in fi, 
f{x)^ (the average of/ on the sphere), i.e., f{x)^ (47r)"̂  
X J\y\=.j^f{x-\-y)dy. This is the same as A / ^ 0 (in the 
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sense of distributions) in fi. / i s subharmonic if - / is 
superharmonic. / is harmonic if it is both subharmonic 
and superharmonic. 

In Sec. Ill potential theory will shed considerable light 
on the solution to Eq. (2.18). Here we shall concentrate 
on some other aspects of (2.18). 

Let us assume that Vix)=I^Zj \x- Rj\~\ (p denotes 
(pp for the solution to Eq. (2.18). In Sec. Ill we show 
(p{x) > 0. As a distribution, 

-A0(x)/47r = ^ Zj5{x-Rj)-pix) 

= J2zj6(x-Rj)-r-'/H4>{x)-n)^^K 

(2.19) 

This is the TF differential equation and is equivalent to 
Eq. (2.18). It involves (p alone. Since p e L^/^fi L \ 0 is 
continuous away from the i?y (Lemma 3.1) and goes to 
zero as |A:|-*°O. The fact that ^ goes to zero at infinity 
is understood as a boundary condition in Eq. (2.19). 

Theorem 2.8 (LS Theorem IV.5). 
{a) Near each Rj 

p{x)={zj/rf/'\x-Rj\-'/' + 0{\x-R,\-'^') 

(b) p{x)-0 as lx|-*<». 
(c) p and (f) are real analytic on A—{x\x + Rj all j , 

P(x)>0}. 
{d) In the neutral case (^ = 0) p(x)>0, all x. 
(e) In the ionic case (X <Z, ji > 0) p has compact sup­

port and p and <p are C* away from the Rj. 

Proof, (a) and (b) follow directly from Eq. (2.18). 0 
continuous => p continuous away from the Rj =* 0 is 
C^ everywhere. Then p is C^ away from the Rj. [Note 
{(p - lif "^ is cHt (p is C^]. By a bootstrap argument p 
is C" on A. By Theorem 5.8.6 in Morrey (1966), (p is 
real analytic away from the Rj and where <P> li, namely 
A. Finally, since 0(x)-O as |A- | - °O, p has compact 
support when p. > 0. The positivity of 0 is established 
in Sec. Ill, so p > 0 in the neutral case. • 

In the ionic case {X<Z) the set a = {x\p{x)>0} is 
bounded. What can be said about its boundary, dO,? In 
the atomic case BO, is, of course, a sphere. In the gen­
eral case, the TF equation (2.19) is a "free boundary 
problem" about which Caffarelli and Friedman (1979) 
have proved the following result among others. 

Theorem 2.9. Consider the generalized TF problem 
with I replaced by p and | <p <2. There are at most 
a finite number of open C* curves F j , . . . , F, such that 
8 r i \ { u [ , i r , } is a Ĉ *"" manifold with Q = {2- p)/{p- 1). 

The next question to consider is the asymptotics of p, 
in the neutral case ()i=0), as |x|—°o. This involves 
finding universal bounds on p. The function ip{x) =y^(3/ 
TT)'1̂ 1"̂  satisfies Eq. (2.19) for \x\>Oandx*Rj. It is the 
only "power law" that does so. This was noted by Sommer-
feld, who concluded that ip(x) is the asymptotic form of 
0. Hille (1969), who was possibly the first to make a 
serious mathematical study of the TF equation, proved 
this asymptotic law in the atomic case. It is remarkable 
that ip, the asymptotic form of 0, is independent of z, 
and it is just as remarkable that the same form holds 

even in the molecular case. 

Theorem 2.10 (LS Sec. V.2). Suppose p.=0 and \RJ | 
<R, for all j and some R. For r=\x\> Rlet (p^(r) 
{resp. 0_(r)) be the max (resp. min) of ^{x) on \x\ = r 
and q (r) = 0^{r)/Hr) with ^r) = y^{d/nr^)\ Then C^(r) 
— 1 as r— oo. Furthermore, if R < r then 

(i) C,(i?)^l=*C,(r)<C,(R), 
(ii) C,(i?)<l=^ C. ( r )<l , 
iiii)C_{R)^l=> C_{r)^C_{R), 
(iv) C_{R)^1=^ C_(r )>l . 

Proof. If/,^ are continuous, positive functions on \x\ 
» R which go to zero as |A: | — °o, and if y^^^Af^ Airf^^^, 
y3/2^^» 4 ^ / 2 for \x\>R, andif fix) ^g{x) for \x\ = R, 
then fix) ^gix) for all \x\> R. This is easily proved by 
a "maximum argument" as in Sec. HI. 0 is of this type 
with y^''^A0 = 47703/2̂  IfC^(i?)^l, compare 0(x) with 
C,iR)ipix). Then C,ir)^C,iR), all r >R. This proves (i) 
and similarly (iii). To prove (ii) and (iv) compare 0 
with ip. It remains to show that C^(r)-* 1. C+ is con­
tinuous. We shall show that'limsupC^(r)< 1; by a simi­
lar argument lim infC_(r)> 1. This will complete the 
proof. IfC^(i2)>l, let/Jo =sup{rIC^(r)> 1} whence 
C^ir) ^ 1 for i? < r $ i?o and C^ir) < 1 for r > R^. It is then 
only necessary to consider Ro = °°. Then, since C^ir) 
is decreasing, C(°o) = limC^(r) exists. Assume C(°o)> 1. 
P i c k o O and choose /2, so that C^iR{) <C'(oo)+c. Con­
sider 

/ix)^r3(3/7r)2(l + 26/3)2(\x\- bR^)-' 

for \x\^R^2ind b<l. y'^'^ Af^ A-nf^'^. Choose 6 < 1 such 
that (1+25/3)2 = C,(i?i)(l-6)4. T h e n / > 0 f o r \x\>R^ 
s i n c e / » 0 w h e n |x | = /?i. But this means C(oo)< (1+26/ 
3)2 = [C(°o)+c] (1-6)4. sij^pg 6 > B > 0 satisfying (1 + 2 5 / 
3)2 = C(oo)(l-B)4, and e is arbitrary, C(oo)<l. For the 
C_ problem use ^(x) = 7 (̂3/77)2(1 - 26/3)^(1^1+ 6i?i)-''. • 

There are some interesting facts about the possible 
singularities of TF-type differential equations in a ball. 
These are related to and complement Theorem 2.10. 

Theorem 2.11. Let B ^{x\^ <\x\ <R] and suppose 0 
satisfies A0(x) = G(0(x)) in the sense of distributions on 
B, and G is C\ Then 

ia) If (p<E LĴ (, iB) and G satisfies Git) > ct^ as 1-*°°, 
G(0 <c^^ «s / — - =0, c > 0, there exists a C^ function on 
0 < |x I < i? which agrees with 0 a.e. in B. Any singu­
larity is thus removable. In particular - A0 + 0^ = 6(x) 
has no solution in B' —{X\Q^ x < /?} . 

ib) If (peC^iB), 0>O, and Git) = 1", l<q<Z, one of 
the following is true: 

(i) 0 has a C^ extension on B'. 
iii)(pix)~C\x\~^ as | A : | - 0 , C > ^i arbitrary 
(iii) 0Cr)--/|.Y|-''as \x\-Q with a = 2/iq-I), l"'^ 

= a (a - 1). This is called the "strong singularity." 
(c) Let q> 1 and B' ={X\Q ^ \x\ <R]. Let cp^LZdB') 

satisfy A0= |0 I'" ̂  in B' in the sense of distributions. 
There is a universal constant C^<°o such that |0(O)| 
< C^/2~2/('i-i)_ 'piiis implies that if (p <E L'^odB) satisfies 
this equation in B, then |0(x) | ^ C j x 1"^/^'"^Vo^ 2 |x | 
<R. A stronger bound than this is given by Veron (1979) 
and Brezis and Veron (1980) for \ <q <Z. 

Proof, (a) is given in Brezis and Veron, 1980, and (b) 
and (c) are given in Veron, 1979. (c) was given earlier 
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for g = | in Brezis and Lieb, 1979. • 
There are other theorems of this type in Veron, 1979 

and Brezis and Lieb, 1979. 
See Sec. IV.C for an application of the strong singu­

larity. 
There is another property of p which can be derived 

directly from the variational principle, namely, 

Theorem 2.12. In the atomic case p(x) is a symmetric, 
decreasing function. 

Proof. Assume the nucleus is at the origin and let p* 
be the symmetric, decreasing rearrangement of p (for 
a definition see Lieb, 1977). We claim that if p^t p* 
then S{p*) <S{p), thereby proving the theorem. J{p*f 
= jpf, all p. For the Coulomb terms note that when 
jp^z then/(x)=^: | ;c |"^- I x|"^* (p*) is a symmetric, 
decreasing function; hence Jfp^Jfp*. Thus P{p) 
^D(p,p)- fVp = D{p-p*,p-p*)-Jpf-D{p*,p*)sin(i 
thus P{p)>P{p*) if p 9t p*. • 

Notation. / *^ denotes convolution, nSLmely {f*g){x) 
= jfix - y)g{ y)dy. 

Remarks, (i) The same theorem (and proof) holds for 
the TFD, TFW, and TFDW theories provided X = Jp^z. 
The only additional fact needed for the W theories is 
that/(V0)^>/(V!/i*)2 (see Lieb, 1977, appendix). In 
fact, Theorem 2.12 holds for all X in TFW theory 
(Theorem 7.26). 

(ii) The spherically symmetric (but not the decreasing) 
property of p also follows from the uniqueness of p 
which, in turn, follows from the strict convexity of S. 
The decreasing property also follows from Eq. (2.18) 
since (p is decreasing by Newton's theorem. 

E. The virial and related theorems 

Let us generalize the TF functional S by multiplying 
the term D{p,p) in Eq. (2.5) by a parameter /3>0. e{X) 
= E{X)- U in Eq. (2.12) is then a function of y, {zj}, and 
fi. Define 

K = lyjp'^\ R=^D{p,p), A=f^ VP, (2.20) 

with p being the minimizing p for Jp = X with X < X^. [By 
scaling, A,(/3) = A,(/3=:1)/^.] 

Theorem 2.13. e(X,y,{zj}, /3) is a C^ function of its 
k + 3 arguments (assuming all are > 0, except for /3 
which is ^ 0 , and X^ X^), e is convex in X and jointly 
concave in {y,{zj} , ^). Moreover, de/dy = K/y,de/d 13 
= R/l3,de/dX = - 11 de/dzj = - Jp{x)\x- Rj\-^dx. This 
implies 

(2.21) dE/dZj=lim{(p{x)-Zj\x-Rj\-^} . 

Proof. See LS. The proof uses the convexity of p — S{p). 
The concavity in the parameters is a trivial consequence 
of the variational principle and the linearity of S in the 
parameters. • 

Now we return to /3 = L 

Theorem 2.14. (a) 5K/3=A-2R - n),, 
{b)for an atom {k=l), 2K=A-R. 

Proof, (a) Simply multiply the TF equation (2.18) by p 

and integrate. Alternatively, note that p minimizes 
G{p) = 8{p) + iijp on all of L^/^C\L\ Therefore/(O 
= G{Pi), with Pt(jc) = ^p(x), has its minimum at ^ = 1 . But 
df/dt = Q gives (a). 

(b) Here, scaling is essential. Consider p^{x) — t'^p{tx), 
so that Jpt = X. Then /(O = S{Pt) has its minimum at 
t = l and df/dt = 0 gives (b). • 

Remark, (b) is called the Virial theorem. A priori 
there is an analog of (b) for a molecule. Suppose that, 
with X fixed, e is stationary with respect to all Rj, i.e., 
^Rje = Q. Then, by the same scaling argument together 
with i?y -* tRj, one would conclude that 2K=A- R- U, 
equivalently K + E = 0. See Fock, 1932 and Jensen, 1933. 
The difficulty with this is that there are no stationary 
points for k'^2. The no-binding Theorem 3.23 shows 
that there are no global minima, and the positivity of 
the pressure proved in Sec. IV. B shows that there are 
no local minima (at least for neutral molecules). There 
it will be shown that for k^ 2, the pressure P satisfies 

3P = /C + £ > 0 for neutral molecules . (2.22) 

For non-neutral molecules, a sharpening of Theorem 
4.7 into a strict inequality for the derivative would 
suffice to show the absence of local minima. 

For a neutral atom, (a) and (b) combine to give the 
following simple ratios: 

R-.K-.-e-.A^l-.Z-.Z:"!. (2.23) 

The energy of a neutral atom is 

e = £=-3.678 74£''/Vr. 

I thank D. Liberman for this numerical value. 

Scaling. Suppose the nuclear coordinates i?, are re­
placed by iRi with / > 0. If £ , ^ denote the nuclear 
charges and coordinates, and if E{z^,X,lR), - ii{z^,X,lR), 
p{z^, X,lR;x), and (p{z, X,lR;x) denote the TF energy, 
chemical potential, density, and potential with Jp = X, 
then 

E{z,X,lR)=l-^E{lh,l\R), 

liiz,X,lR) = l-^li{l%l\R), 

piz^,X,lR;x)=l-^p{l%l%R;l-^x), 

(p{z,X,lR;x) = l-'^(t>{l%l\R;l-^x). 

This is a trivial consequence of the scaling properties 
of S{p). 

F. The Thomas-Fermi theory of soHds 

A solid is viewed as a large molecule with the nuclei 
arranged periodically. For simplicity, but not neces­
sity, let us suppose that there is one nucleus of charge 
z per unit cell located on the points of Z^c R'. (2 ' con­
sists of the points with integer coordinates.) If .V is a 
finite subset of Ẑ  we want to know if, as A ^ •» in a 
suitable sense, the energy/unit volume | A | " ^ £ ^ has a 
limit E, and p^ has a limit p, which is a periodic func­
tion. Here, | A | is the volume of A. If so, the equation 
for p and an expression for E in terms of p is required. 
Naturally, it is necessary to consider only neutral sys­
tems, for otherwise \A\~^EJ^-* oo. Everything works out 
as expected except for one mildly surprising thing; a 

(2.24) 
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quantity ip^ appears in the equation for p which, while it 
looks like a chemical potential, and is often assumed to 
be one, is not a chemical potential, ip^^ is the average 
electric potential in the solid. All of this is proved in 
LS, Sec. VI. 

Definition. A sequence of domains {A^} in Z^ is said to 
tend to infinity (denoted by A —«) if 

(i) U7^iAi=z\ (ii) A i .pA, - , (iii) A^CzMsthe 
set of points not in A ,̂ but whose distance to A,- is less 
than^. Then | A ? | / | A i | - 0 for each/z>0. r = {x^R^\\x*\ 
< 1} is the elementary cube centered at the origin. 

Theorem 2,15. As A-*°o the following limits exist and 
are independent of the sequence A,-: 

(i) <p{x)=\\m(t)^{x). 

0 is periodic, yp{x)^^^ = (l){x), and the convergence is 
uniform on compacts in R̂ . 

iu)(l>{x)=lim\A\-'Yu <^A(^+y), 

(iii) limcpix)- z \x 

z6{x)-p{x). Therefore if 

= l im IAI ~ ̂  5 3 ^^^ ^A (^) - -2 
A-^" y € A * " ^ 

x\x-y\-^, 

(iv) iv) J p = lim f P^=z , 
r A-« Jr 

/ ^ p S / 3 = l i m | A | - ^ | ; p i / 3 (v) 

(vi)£ = lim \A\-^E^. 

Definition. G{x) is the periodic Coulomb potential. It 
is defined up to an unimportant additive constant in r 
by - AG/47r= 6{x)- 1. A specific choice is 

G{x) = n-^ 23 \k\-^exp[2mk'x] . 

Theorem 2,16. </), p and E satisfy 

{i)E={y/lO) f p'/' + {z/2nim{cp{x)-z\x\-'} 

(ii) 4>{x) = zG{x)- f G{x-y)p{y) + ipQ 

for some ip„. Alternatively, 

-A4){X)/A'IT= XJ z5{x-y) -pix), 
y € Z 3 

(2.25) 

(2.26a) 

(2.26b) 

(iii) 4> and p are real analytic on R^\Z^. 
(iv) There is a unique pair p, Jpo that satisfies Eq. 

(2.26) with yp^^^=(f) and Jp = z {cf. Theorem 2.6). 

Formula (2.25) may appear strange but it is obtained 
simply from the TF equation; an analogous formula also 
holds for a finite molecule. 

Equation (2.26), together with yp^/3 = <̂ , is \.he periodic 
TF equation, ipo is not a chemical potential. The chemi­
cal potential, - /i, is zero because /i^ is zero for every 
finite system. If (2.26) is integrated over r we find, 
since Jp = z, that ip^ = J^((> = 2Lvera.ge electric potential. 
It might be thought that ip^ could be calculated in the 
same way that the Madelung potential is calculated: In 
each cubic cell there is (in the limit) a charge density 

0(̂ )= E,^o [x-y), 

with 

gix)=z\x\-^- j p{y)\x-y\-^dy , 

it might be expected that 0 = 0. The correct statement 
is that (l){x) = 4>{x) + d and di^O in general. One can show 
that J^4> = 2TT jj.x^p(x)dx (see LS). The fact that c?#0, 
precludes having a simple expression for ^^. Why is 
di^Q, i.e., why is 0? t0? The reason is that the charge 
density in the cell centered 2it y (^ z"^ is z^{x - y) - p{x - y) 
only in the limit A ^ «. For any finite A there are cells 
near the surface of A that do not yet have this charge 
distribution. Thus di^Q essentially because of a neutral 
double layer of charge on the surface. 

In LS asymptotic formulas as 2 — 0 and <» are given 
for the various quantities. 

Theorems 2.15 and 2.16 will not be proved here. 
Teller's lemma, which implies that (t>t^{x) is monotone 
increasing in A, is used repeatedly. Apart from this, 
the analysis is reasonably straightforward. 

G. The Thomas-Fermi theory of screening 

Another interesting solid-state problem is to calculate 
the potential generated by one impurity nucleus, the 
other nuclei being smeared out into a uniform positive 
background (jellium model). If A is any bounded, mea­
surable set in R^ and if PQ= (const) > 0 is the charge 
density of the positive background in A, and if the im­
purity nucleus has charge £ > 0 and is located at 0, then 
the potential is 

V^{x) = z\x\-^ + Ps\ \x-y\-%. (2.27) 

The TF energy functional, without the nuclear repul­
sion, and with 7 = 1 , is 

SAP)-- y*p5/3_j v^p+D{p,p). (2.28) 

The integrals are over R ,̂ not A. Let p^{x) be the neu­
tral minimizing p (so that Jpj^=z - I -PB |A | ) . 

Definition. A sequence of domains A in R^issaidtoi^nrf^o 
infinity weakly if every bounded subset of R"̂  is even­
tually contained in A. 

Remark. This is an extremely weak notion of A — <»o 

It is intuitively clear that if A — <» weakly and 2 = 0 
then p^{x) — Pfl. For zi^O, p^{x)- Pg is expected to ap­
proach some function which looks like a Yukawa poten­
tial for large \x\. This is stated in many textbooks and 
is correct except for one thing: The coefficient of the 
Yukawa potential is not z but is some smaller number. 
In TF theory there is over-screening because of the 
nonlinearities. 

Theorem 2.17. Let A — <» weakly and z=0. Then 4>^{x) 
-*py^ uniformly on compacts in R̂ . 

The theorem is another example of the effects of "sur­
face charge." Since PA"*Pa and 0A. = PA''̂ > the result is 
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natural. But it means that the average potential is not 
zero. If, on the other hand, the integrals in Eq. (2.28) 
are restricted to A then p^{x)=Pg for all A and ;*:G A, 
and (})^{x) = 0. 

Theorem 2.18. Let A -* <» weakly and z> 0. Let 

f{x) = \im(l>^{x)-py^ 

and 

g{x) = \imp^{x)-PB. 

(i) these limits exist uniformly on compacts, 
{ii)g&L^nL^^\ 
(iii)O</(^)<0'' '°"(x), 
(iv) / and g are strictly positive and real analytic 

away from. x = 0, 
(v) f(x) is monotone increasing in z, 
(vi) These limits satisfy the TF equation 

f{x) = z\x\-^- j \x-y\-'g{y)dy, (2.29) 

[py'+f{x)Y^''-p^=g{x), (2.30) 

J g = z, (2.31) 

(vii) Assuming only thatg&L^f) L^/^ andf{x)^ - py^ 
there is only one solution to Eqs. (2.29) and (2.30) [with­
out assuming (2.31)]. 

There is a scaling relation: 

f{x;z) = py'F{py^\x\;p-^'/h) 

g{x;z) = p^G{py'\x\',pl'/h). 

Let us write F{r-^z) = q{r-^z)Y{r) where Y{r) = {l/r) 
X exp{- (67r)*/V} is the Yukawa potential. 

Theorem 2.19. (i) q{y;z) is monotone decreasing in r 
and increasing in z; 

(ii) q{Q;z)=z', 
(iii) Q{z) = \im^^^q{r-,z) exists. 0 <Q{z) <z and Q is 

monotone increasing. limsup^_^„Q(2)(&2)"^''^ < i with b 
= 1.039. 

LS contains graphical plots of Q{z) and q{r-^ 53.7). An 
asymptotic formula for Q{z) has not been given. In the 
linearized approximations found in textbooks, Q{z) = z, 
but we see that this is false. 

H. The Firsov variational principle 

The problem of minimizing §{p) is a convex minimiza­
tion problem. It has a dual which we now explore. The 
advantage of the dual problem is that it gives a lower 
hound to E. The principle was first given and applied 
in (Firsov, 1957) in the neutral case (M = 0) and was 
first rigorously justified in that case by Benguria (1979). 
Here we shall also state and prove the principle for 
non-neutral systems; furthermore, in the neutral case 
our (and Benguria's) principle will contain a slight im­
provement over Firsov's. 

The dual functional to be considered is 

3^^(/) = - (8vr ) -^ / \Vf{x)\^dx 

-ly-^^^j[V{x)-f{x)-\iYJ^dx+U, (2.32) 

where /i is a real parameter. The domain of 3̂ ,̂ is B 
= { / | v / eL2 , | / (x) | <c|;c|"* for some c <oo and for \x\ 
> R for some R}. F is assumed to go to zero at °o and 
is such that the TF problem has a minimum for that V, 
and the minimizing p (with fp < X) satisfies the TF 
equation (2.18) (for all X). We define 

E^{n) = snp{^,{f)\feB} (2.33) 

Remark. When |Lt=0, Firsov imposed the additional 
constraint V^f. This, as we shall see, is unnecessary 
provided [ f/^ is used as in Eq. (2.32). 
Theorem 2.20. If ^i <0 then E^{^.) = -°o. If ^^0 then 
there is a unique maximizing f for JF .̂ This f is f^ 
= \x\~^*p^ where p^ is the unique solution to Eq. (2.18). 
If\ = jp^ then [see remark below) 

E^{li)=E{X) + ii\. (2.34) 

Proof. Suppose /i <0. Since F and a n y / e B —0 as |A:| 
-* <»,_the second term in (2.32) is - <». Suppose ii^O. 
Let i ^ = right side of (2.34). Clearly 3^^{f^) = E^ by the 
TF equation (2.18). /-*9'n(/) is strictly concave because 
J(yf)^ is strictly convex. Thus there can be at most 
one maximizing / , and we therefore must show that if 
/^t/j,then &^^^if) ^E^. By Minkowski's inequality {\ab | 
< 2 | a h / 2 / 5 + 3|6 |5/V5)we have 

( f ) ( F - / - / L L ) ^ / 2 ^ - ( | ) ( F - / , - ^ ) ' ' / 2 

+ {V-f-n) iV-f,-ii)'/K 

But {V-f- p.),^ V-f- p., so 5-^(/)<i^+;z(/) where 

h{f) = •{8^)-'ji^f)' + ffp^-D{p^ , P j . 

By standard methods (e.g., Fourier transforms), h{f) 
^ 0 . Furthermore, /z(/) = 0 only f o r 7 = / ^ , which shows 
once again that the maximizing/ is uniquely/^. • 

It should be noted that E^{p) is the Legendre transform 
of E(\). Namely X-* E{x) is convex and 

E''{p) = inf[E{X).+ Xp], al l /Lie R. (2.35) 

This shows that E^{p) is concave in p. On the other 
hand, Theorem 2.20 displays E^{p) as the supremum 
(not infimum) of a family of concave functions. Further­
more, since E{x) is convex and bounded it is its own 
double Legendre transform, viz. 

E(X) = svip[E^{p)- pX] . (2.36) 

Theorem 2.21. Fix X^O. Then [by Eq. (2.36)] 

sup{4F^( / ) - fxx | / eB ,^eR}=£(X) . (2.37) 

Remark. In Theorem 2.20 we refer to the unique p^^ 
satisfying Eq. (2.18) for jis^O. This requires some ex­
planation. If V{x) is unbounded (e.g., point nuclei), then 
as p goes from <» to 0, X goes from 0 to X̂  and p^(X) 
minimizes Son Jp = X. If esssupF(Ar) = t; <«>, then p^ 
= 0 [sind E^{p) = 0] for<=o>/i>t>. In this range X(/i) = 0. 
Then, as p goes from v to 0, X goes from 0 to X̂ , and 
p^^^, minimizes § on / p = X. (ess sup is defined in 
Theorem 3.12). 
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I I I . THE "NO-BINDING" AND RELATED 
POTENTIAL-THEORETIC THEOREMS 

The no-binding theorem was discovered by Teller 
(1962) and is one of the most important facts about the 
TF and TFD theories of atoms and molecules. It "ex­
plained" the absence of binding found numerically by 
Sheldon (1955). That this crucial theorem was not 
proved until 1962—after 35 years of intensive study of 
TF theory—is remarkable. It can be considered to be 
a prime example of the fact that pure analysis can some­
times be superior to numerical studies. 

While Teller's ideas were correct, his proof was 
questioned on grounds of rigor. Balazs (1967) found a 
different proof for the special case of the symmetric 
diatomic molecule. A rigorous transcription of Teller's 
ideas was given in LS. In any case, all proofs of the 
theorem rely heavily on the fact that the potential is 
Coulombic. 

There are really two kinds of theorems. An example 
of the first kind is "Teller's lemma," which states that 
the potential increases when nuclear charge is added. 
The second, "Teller's theorem" is the no-binding 
Theorem 3.23. The second, but not the first, requires 
the nuclear repulsion U. If f/ is dropped then the theo­
rem goes the other way. The proof of Teller's theorem 
given in LS is complicated in the non-neutral case, but 
recently Baxter (1980) found a much nicer proof—one 
which actually produces a variational p that lowers the 
energy for separated molecules. Baxter's proposition 
(proposition 3.24) will appear again in Lemma 7.22. 

In this section we shall consider general V and as­
sume that 

S{p)^j j{p{x))dx- f V{x)pix)dx + D{ P,P), (3.1) 

where j is a C* convex function with j(0) =7'(0) = 0o Note 
that in this section (only) 8{p) does not contain U. This 
is done partly for convenience, but mainly for the rea­
son that since V is not necessarily Coulombic the defini­
tion of U would have no clear meaning. 

The Euler-Lagrange equation for (3.1) and p(x)> 0 is 
( w i t h 0 , - F - | . r | -Up) : 

(ppix)- \i =j'(p{x)) a.e. when p{x)>0 , 

<0 a.e. when p(;ic-) = 0 . 
(3.2) 

Any solution to (3.2) is determined only almost every­
where (a.e.). 

We could, in fact, allow more general j ' s of the form 
j{p,x) [and Jj(p{x),x)dx in S] with;(-,x) having the 
above properties for all x, but we shall not do so. An 
annoying case we must consider, however, is j ' (p ) = 0 
for 0 <p <po andj ' (p)>0 for p > p^. This is discussed 
in some detail in Sec. III.C and is needed for TFD theory 
(Sec. VI). If j'ip) > 0, all p > 0, as it is in TF theory 
with j ' ( p )=yp^ /^ then Eq. (3.2) can be written as 

{(ppix)- ju), =max[0,(x)- M, 0]=; '(p(x)), (3.2') 

but otherwise (3.2) is stronger than (3.2'). 
One aim of this section is to study solutions of Eq. 

(3.2) without considering whether or not (3.2) truly 
comes from minimizing (3.1) or assuming uniqueness. 

Definition. e={p\p{x)^0, peL\ and fpiy)\x-y\~^dy 

is a bounded, continuous function which goes to zero as 

We shall be concerned only with solutions to (3.2) in 
e. 

The following lemma (LS, n.25) is useful, in the 
cases of interest, to guarantee that p e e . 

Lemma 3.1. If fiaL" ,g^V', l/p+ l/p'= 1, p,p'>\ 
then f*g is a bounded^ continuous function which goes 
to zero as x goes to infinity. In particular, if pe. L^^"^ *' 
^LUhenp&L'^^'^'^f^L^^'^-\ Since \x\''^&L^*^ + L^-\ 
pee. 

It will always be assumed that V{x) -* 0 as |;c: | ^ «> 
(this always means uniformly with respect to direction). 
Hence \x cannot be negative in Eq. (3.2), for otherwise 
pdL\ 

A. Some variational principles and Teller's lemma 

At first it will not be assumed that V is Coulombic. 

Theorem 3.2. Fix X>0 and suppose that p^, 11^ satisfy 
Eq. (3.2) with jp^ — X. Let 0,̂  = 0 and assume that p^ 
e e . Then, for all .x, 
(a) (p^ix) - Mx = supJ (ppix) - 111(ppiy) - 11 

^j'ipiy))2i.e. y, j p<X, p e e > , 

(b) (p^ix) -11^ = inf hpix) - 111 (ppiy) - p. 

^J'iPiy)) a.e. 3;'when 

Piy)>0, j p> X, p e e 

ic) (p^ix) = s\ip{(ppix)\(ppiy)- ti^^j'ipiy)), a.e. >-, p e e } 

(d) (p^ix) := in{{(ppix) \(ppiy)- P-x^j'ipiy)). a.e. y when 

p(y)>0, p e e } . 

Furthermore, in (a) [resp. (b)] there is no psatisfying 
the conditions on the right when p- <ii^ [resp. p > p^]. 
Note that in (a) and (b) p is arbitrary (including P <0) 
and p is constrained, while in (c) and (d) the opposite is 
true [except,-of course, p(x)>0]. 

In the following, a statement such as A(p/4Tr = p is al­
ways meant in the distributional sense. We shall need 
Lemma 11.26 from LS. 

Lemma 3.3. Let p^, p2<E L^ with p^{x) ^ Qand^^= \x\'^ *pj. 
// }p^ix) ^ ip^ix), all X, then Jp^ ̂  jp^. 

Proof. Suppose Jpg - Pj = 4e > 0. There exists a ball, 
B, of radius iJ, such that / p i ( l - e)<E and /p2(l - 6) 
<E, where 0(x) = l for x^R and zero otherwise. Com­
pute the spherical average of ^^ - ^y on the sphere of 
radius R; it cannot be positive. The contribution from 
inside B is, by Newton's theorem, R~^ jip^-Pi)Q>2z/R. 
The contribution from outside B is at least -R~^ f Pi(l 
-Q)>-z/R. Adding these gives a contradiction, • 

Remark. Even if ip^ix) >ip2ix) for all x, we cannot con­
clude that jpy> j P2. 

Proof of Theorem 3.2. (a) will be proved here; (b), (c), 
and (d) follow similarly. Since p^ gives equality, 0^ 
- Px^ sup{ }. We have to show that if (0p- p)*^j'ip) 
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a.e. and if / p < X then 

(i) 0xW-Mx></>pW-M, 
(ii) M ^ Mx-
First suppose IJ-^ iJ-x ^^^ l^t ip{x) = ^pW - 0x(^) + Mx~ M« 
Let B={x\ ip{x) > 0 }. JB is open since ip is continuous. 
As a distribution - (47r)"̂ Ai/)(A:) =p^(:v) - pix) < 0 a.e. on 
B since ; ' (p)> 0 p - /i, j'{p^) = (p^- jiĵ  when p;̂ > 0 and 
j ' is nondecreasing. Hence ip is subharmonic on B and 
takes its maximum on BB, the boundary of B, or at •». 
j/' = OonaB. At «, i/'=jLix-M< 0. Hence B is empty and 
(i) is proved. Suppose now that ju^- /i = 6 > 0. Then 
j'(p) ^ (pp- ii> (pp- 11^ and, by the previous proof (applied 
to /i = )LxJ, 0xU)^0pU). By Lemma 3.3, jp^ j Px=^-
Hence fp = ^. At this point there are two possible 
strategies. 

(i) If we assume that S{p) has a minimum that satis­
fies Eq. (3.2) for all /i ^ 0, then we can use the fact 
[which follows from the strict convexity of S{p)] that 
jLip̂  is a continuous decreasing function of X. Then there 
exists y> X with Mx> My> M. Since j ' ( p ) > 0^-/j.^, Jp 
= y by what we just proved. But this is a contradiction. 

(ii) There is a purely potential theoretic argument 
without invoking Eq. (3.1). There is a (not necessarily 
unique)/ which satisfies 7'(/(x)) = [0p(x)- ii/2- iJ.x/2]. 
and/(A;) = 0 when [ ] =0 . Hence/(AT) <p{x) a.e. when 
P(A:)>0, and/(jt) = 0 when P(A:)=^0. T h u s / e e . Since 
fp = X>0, Jf <X. Let g = (1 - E)P + cf, 0<E<1 . Since 
];t:|"^*p (and hence |x |"**/) are bounded, (pgix)^ (pp{x) 
+ EC for some constant C. Choose c> 0 so that eC < 6/2. 
Then j'ig)^j'if ) ^ <pg - MX- Since Jg<X, g satisfies the 
condition in (a) with 1^ = (i^ but, as we have seen, this 
implies Jg=K • 

Teller's lemma (Theorem 3.4) is closely related to 
Theorem 3.2. 

Definition, We say 7 e D if Vi^O and F is superhar-
monic, vanishing at <» (and hence V> 0). Moreover, 
the set [x \ v{x) = °o}=Sy (called the singularities of V) 
is closed, V is continuous on the complement of Sy, and 
Vix)^^ as x^Sy. 

Theorem 3.4. Suppose V is replaced by V'= V+ PTwith 
PTe D. (In the case of interest W=z \x- R\~\ which 
means that we add, or increase, a nuclear charge.) 
Suppose that for some common ji there are solutions to 
Eq. (3.2) O^p, p ' e e with V and with V\ Then (p'{x) 
> (p{x) all X and, if j ' is strictly monotone or if (p - (p' 
E-H"^ (i.e., (p- (p' and its first two derivatives are in L^) 
away from S^, then p'{x)^ p{x), a.e. 

Proof. Lei ^=(p'- (p 2ca^B={x\^x) <^]. Clearly 
B n S„,=0 so B is open. As a distribution, Aip/^ir^ p' 
- p < 0, so e/) is superharmonic on B. Thus B is empty 
and (p'^(p. The proof that p' > p is trickier. U j ' is 
strictly monotone it is obvious. Otherwise it can be 
shown (see Benguria, 1979) that for suitable V, W, and 
j ' , ip^H^ away from S^. Assuming ip^H^, if p'{x) <p{x) 
then x&C={x\ip{x) = 0}. On C, A!/i = 0, a.e. (see 
Benguria, 1979, Theorems 2.19 and 3.3). Let D 
= Cn{x\p'{x) <p{x)}. On D, 0 = Ai/)/47T<p'-p<0 a.e., 
so D has zero measure. • 

Remark. U j^{s) is strictly monotone and Wi^O then 
(p'ix)>(pix) for all AT ^S^ . 

A similar proof yields 

Theorem 3.5. If Vesy then (px{x)^0. Consequently if 
V{x) = JdM{y)\x-y\-\ dM^O, andjdM=Z, then there 
is no solution if X> Z because then (p^ix) <0 for some 
large x. Cf. Theorem 6.7. 

There are many easy, but important corollaries of 
Theorem 3.2. We stress that Fneed not be Coulombic; 
the important ingredient is that the electron-electron 
repulsion is Coulombic. 

Definition, j ' is said to be subadditive if ^'(Pi + pg) 
<;''(Pi) +/(P2). y is subadditive in the TF case. 

Corollary 3.6, Suppose v=Vi+V2 and \i is fixed. Let 
(p, (p^, (p2 be solutions to Eq. (3.2) for this p, with V, V^, Fg, 
respectively. Suppose (p^^O {e.g., ViE.T>) and suppose 
j ' is subadditive. Then (p{x) < (pi{x) + (p2{x), all x. 

Proof. Use Theorem 3.2 (d) with P1 + P2 on the right 
side. • 

Corollary 3.7. Let X> 0. There can be at most one 
pair p, p satisfying Eq. (3.2) with p <s e (in partictdar 
for p^L^^^nL^) and Jp = X. 

Proof. If Pi, P2 are two solutions, use Theorem 3.2(a) 
twice with Pi and P2 to deduce <Pi- Pi = (P2- Pz' This im­
plies Pi= P2 ^^^ hence 0i=<^2« But then 0 = A((^j- ^g) 
= 477(p2-Pi). • 

This uniqueness result was proved earlier, Theorem 
2.6, using the strict convexity of S{p). 

Corollary 3.8. IfO<y<X then 
(i) (P^. > 0 , 
(ii) py ^ Mx 
(iii) (Py- py^(p^- /i,. 

Proof. For (iii) use Theorem 3.2(b) with p^, p^ as trial 
function for the X' problem, (iii) => (ii). For (i) use (c) 
with Px as variational function for the X' problem. • 

Corollary 3.9. Suppose pj, p and pg, p {same p) are two 
solutions to Eq. (3.2) with Jp^, Jp2'^ 0. Then (p^ = (p2 and 
Pi = P2 a.e. Therefore, by Corollary 3.8, whenever Xg 
> X̂  then P2< Pi {i.e., ji2= /̂ i cannot occur). 

Proof. Using Theorem 3.2(d), (pi = (p2. Then 

0 = A(0i-02)A7'' = Pi-P2 a.e. • 

Corollary 3.10. Suppose j[{p) ^J2{p), all p. Lei pi, /j,J 
and PI, PI be corresponding solutions to Eq. (3.2) with 
fixed X, and p^,P^ solutions with fixed p. (P(\){x) are the 
corresponding potentials. Then 

i"^) ^i-PI^ <Pl-A 
(ii) Mx^Mx, 
(iii) (p^^(p\ 

Proof. For (i) use Theorem 3.2(a) with pi, pi as trial 
function for the 2 problem. (i)=!'(ii). For (iii) use (d) 
with p2 as trial function for the 1 problem. • 

Lemma 3.11. When p^ 0, p has compact support. 

Remark. As will be seen in Sec. VI, p has compact 
support in TFD theory even when p. = 0. See Theorem 
6.6. 

Among the most important consequences of Theorem 
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3.2 are the variational principles for the chemical po­
tential [LS]. 

Theorem 3.12. Define the functionals 

T{p) =esssup{(p^{x)-j'ip(pc))}, 

Sip) = essJ.nf(l>^ix)-j'ip(x))}. 
(3.3) 

(ess sup means supremum modulo sets of measure zero). 
Then, whenever there is a solution to (3.2) tdth Jp 
= A>0, 

Mx = inf| 

Mx = sup|: 

T (p ) | pee : 

S{p)\pee , / P ^ A } . 

(3.4) 

(3.5) 

Corollary 3.13. If j'{p) is concave {as in TF theory 
with j ' =p^/^) then /î ^ and p.^^- <pj^{x), for each x, are 
jointly convex functions of V and X. 

Corollary 3.14. If X is fixed and V^{x)^ V^ix), all x, 
then M3,(l)^Mx(2). 

By Corollaries 3.9 and 3.14 we know that increasing 
V increases p. while increasing X decreases p. What 
happens if V and X are both increased, in particular if 
we scale up the size of a molecule by F— aV, X— aX? 
A partial answer is given by the following two corol­
laries. 

Corollary 3.15. Let V^, FgeSD and V= Vi+ V^. Assume 
j ' is subadditive and suppose Eq, (3.2) has solutions to 
the three problems (F^, Xi), (Fj, Xg), (F, X) with X= Xj + X2. 
Then p^m.ix\{p^,p.^. 

Proof. In general, if PFeD and p is a solution to (3.2) 
with W t̂hen <i>p{x)-j'{p{x)) = p a.e. if p(Ar)>0 and ^ 0 
a.e. if p(x) = 0 (Theorem 3.5). From this remark it fol­
lows that Sy{p^+p2)^min{p^,p2). [Here, Sy{p) refers 
to Eq. (3.3) with F.] • 

Corollary 3.16. Let a > 1 and suppose Eq. (3.2) has 
solutions with (F, X, p) and (aF, aX, p{oi)). Assume j ' 
satisfies j'{at)^ otj'{t), all t {this holds in TF theory). 
Then p{a)^ ap. 

Proof. If p is the solution to (F, X, p) then Sy{p) = p. 
But S^y{ap)^ oiSy{p). m 

Corollary 3.17. Suppose there is a solution to Eq. (3.2) 
for all X^{a,b) with a <b. Then p^ is continuous on this 
interval, 

Proof. LetX2 = Xi + e. By Corollary 3.9, Px> Pi. Let 
P = Pi + ex w i t h / x = l , 0<x(^)<& for some 6, x(^) = 0 
if p^{x) = 0, and x{x) = 0 if p^{x)>a for some a. Then 
x e e . Since j ' i s continuous, S(p)^ jij-Q(e) where 
Q(e)*Oasc lO. • 

Theorem 3.18. Let V&'S^, V{x) = jdM{y)\y-x\-^, dM 
3^0, JdM = Z>0. Suppose that for large t, j'{t) 
> ct^^^^^* '̂ , with c,e > 0. By a simple modification of 
the method of Theorems 2.4, 2.5, and 2.6, S{p) has a 
unique minimum on the set e with jp < X. This p satis­
fies Eq. (3.2) and Jp = XifX^ X̂ , whereas Jp = X̂  if X 
> Xg. Now assume, in addition, that j'{t) Kdf^*^^^, e > 0 , 
for small t {this is true in all cases of interest). Then 

Proof, li X> Z there is no solution by Theorem 3.5. 
Now suppose M = 0; we claim X> Z, and hence that X = Z. 
If so, we are done because S{p) has an absolute mini­
mum. This minimum corresponds to ji = 0 and has X 
= X^; but M = 0 implies X = Z. Now, to prove that X^ Z, 
let (j) be the solution. If X = Z - 36, let x be the charac­
teristic function of a ball centered at the origin such 
t h a t / x c ? M > Z - 6 . Then 

<p{x)>ip{x)=j [x{y)dM{y)-p{y)dy] \x-y\-^. 

For |A;|>somei?, ^{x) <2z\x\-K Also [ i/̂ (AT)] = (spheri­
cal average of il>)>26\x\~^ for x> R. For a given \x\ 
= r> Rlet n+(r) be the proportion of the sphere of radius 
r such that 2Z>rip{x)> 6, and let S2_(r) be the comple­
ment. Then 26 <r[ ip{x)] < 2Z9., + 6J2_ = 5 + (2Z- 6)n^. 
Thus a.(r)> 6/(2Z- 6) for all r. On J2,, p^*/3)+c ^ 5 |^ | - i 
for large \x\, and therefore p ^L^ if 6>0 . • 

Brezis and Benilan (Brezis, 1978, 1980) have gen­
eralized this. Even if j(p)~p^''/^*' "̂  for large p there is 
a solution to Eq. (3.2) if X< Z, and no solution other­
wise. This is noteworthy, since if j(p)~p<' for large p 
with a^\ then <§(p) has no lower bound for point nuclei. 
There are similar results for other potentials, F, in 
LS, Theorem n . l8 . 

There is also an "energetic," as distinct from poten­
tial theoretic, reason that there is no solution if X> Z. 
A solution to Eq. (3.2) implies a minimum for the func­
tional S{p), by strict convexity. If X = Jp>Z then (f)^ is 
negative in some set A of positive measure. Then it is 
easy to see that if p is decreased slightly in A to p, then 
S{p) <S{p). But / p < X and E{X) is nonincreasing. 

In the variational principle. Theorem 3.12, p^ gives 
equality, i.e., T{p^) = S{p^) = p^. Is this the only p with 
this property? If X> Z there are many p's with T{p) 
= 0 and no p with S(p) = 0 (cf. LS). In Brezis, 1980, Sec. 
4, it is shown that if j ' is concave (as in TF theory) and 
F has suitable properties (satisfied for FeD) then when 
X < Z only p^ satisfies either T{p) = ;̂̂  or S{p) = p,^. If 
X = Z this uniqueness is lost in general! 

Asymptotics of the chemical potential. 
Theorem 3,12 can be used to obtain bounds on p^. In 

the TF case with point nuclei, the asymptotic formula 

p,~y-Hir'T;z'j/4X)'^' (3.6) 

holds for X small (LS, Theorem 11.31). For X near Z 
LS (Theorems IV.ll , 12) find upper and lower bounds 
for Pj^ of the form a J Z - X)̂ /̂  with Z = T^Zj. Brezis and 
Benilan (unpublished) have shown that 

(3.7) Q = lim p^{Z- X)-^^^ exists 
XtZ 

and is given by solving some differential equation, a 
is independent of the number of nuclei and their in­
dividual coordinates and charges! 

Equation (3.7) implies that there is a well defined 
ionization potential / in TF theory (although it probably 
has nothing to do with the true Schrodinger ionization 
energy). First observe that if we start with T/Zj = 1 
and then replace Zj by Zzj, Rj by Z'^^^Rj, and X by 
ZX, then by scaling Eq. (2.24), 

Mzx = -^ ' ' 'Vx. (3.8) 
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Therefore, by Eq. (3.7), if we let X = Z - c with £ > 0 
fixed, and let Z^°°, then 

limii^., = az^'\ (3.9) 

The ionization potential is defined to be 

I=E{x = Z-l)-E{x = Z). (3.10) 

By integrating (3.9), and appealing to dominated con­
vergence, 

/ -3ck/7 as Z - « . (3.11) 

Another implication of Eq. (3.7) is that an ionized 
atom has a well defined radius as Z —<». This question 
was raised by Dyson. Suppose V{x) = z\x\~^ and X = Z 
- e. The density p will have support in a ball of radius 
R{Z,z). At |x| = /?, (f){x) = ii. But since p is spherically 
symmetric, R(l){x) = Z- X = € by Newton's theorem. 
Thus the atomic radius satisfies 

R = z/\i for all atoms 

and, by Eq. (3.9), 

l im/?(Z,8)=(aei/3)-^ 

(3.12) 

(3.13) 

There are other ways in which TF theory yields a well 
defined atomic radius. See Sec. V.C (6). 

B. The case of flat/' (TFD) 

In TFD theory, as will be seen in Sec. VI, we have to 
consider 

j ' (p ) = 0, 0<p<Po = (5C,/8y)^ 

= r p ' / ' - C , p i / 3 + 15Cj/4V, Po^P. (3.14) 

j ' satisfies all necessary conditions. It is neither con­
cave nor subadditive, however. Let us consider F of 
the form 

V{x) = f dm{y)\x-y\-\ (3.15) 

with m being a measure that is not necessarily positive. 
In the primary case of interest, dm{x)=YjZjb{x- Rj). 

The question we address here (and which will be im­
portant in Sec. VI) is this: Does pix) [the solution to 
Eq. (3.2)] take values in (0,Po)? It may or may not, 
depending on m and X. 

Example. Suppose dm{x) =g{x)dx with g{x) e (0, Pg) and 
Jg=Z < °°. Then p{x)=g{x) satisfies Eq. (3.2) with X 
= Z, and thus p(x) e (0,Po). This p also clearly mini­
mizes S{p) in Eq. (3.1). 

Nevertheless, in some circumstances p€ (0,Po). 

Theorem 3.19. Suppose j'{p) = oi = constant for pE.F 
= {PI,PQ] with 0^ P^^ PQ<'X>, andj'{p)>cp^^^^^*''for 
large p. Let V be given by Eq. (3.15) and let Abe a 
bounded open set such that as distributions on A either 
p^dx <dm < (PQ +const)dx or dm <P]dx. Let p e e satisfy 
Eq. (3.2). Then p{x) ^ F a.e. {with respect to Lebesgue 
measure) on A. 

Proof. Cf Benguria, 1979, Lemmas 2.19, 3.2. First, 
it can be shown that (p^eH^iA) (Sobolev space). Let B 
= {x\p{x)<EF}r]A. OnB, (p^- ii = a 3.nd since (pf,eH^(A), 

A(pp=Q a..e. on B. But A(pp/ATT = p-dm/dx. • 

Remark. Since a solution to Eq. (3.2) is determined only 
a.e., p{x) can be chosen ^ Ffor all x&A. 

Corollary 3.20. Consider the TFD problem (3.14) with 
V{x) =T/Zj \x- Rj\~K Then any solution to (3.2) can be 
modified on a set of measure zero so that p{x) ^(0,Po] 
for all X. 

C. No-binding theorems 

Henceforth it will be assumed, as in Theorem 3.18, 
that ;• is such that Eq. (3.1) has a minimum for X< X̂  
which satisfies Eq. (3.2), We shall be interested in 
comparing three (nonzero) potentials, V^, V^, and V^2 
= Fj + F2 with F,- G D. At first we shall consider what 
happens when the repulsion U is absent. As usual we 
define e^{x) = ini8a{p) with X = / p and 4 having F^, There 
is no C/term in 4 , Eq. (3.1). Define 

Ae(X) = e i2W- "^i" ^1(^1)+ ^2(̂ 2) • (3.16) 

Definition. If Ae <0 (resp. > 0) we say that in the ab­
sence of the repulsion U there is binding (resp. no 
binding). 

Theorem 3.21. Suppose j satisfies 

j{a+b)^j{a)+j{b)+aj'{b)+bj'{a), a,b^O. (3.17) 

[Ifj' is subadditive then Eq. (3.17) is satisfied. j{t) 
= t^/^ satisfies (3.17).] Then Ae <0. 

Proof. For z = 1, 2 let X< minimize in Eq (3.16) and let 
Pi be the minimizing p for <?,• with /p,- < X̂ . Recall ̂ (̂X) 
is monotone nonincreasing. Let p =Pi -f Pj be a trial func­
tion for Cto in <§{2 and use the variational equations (3.2) 
for Pi and the fact that (piix) > 0. • 

Remark. The condition (3.17) is satisfied in TF theory 
but not in TFD theory. 

Theorem 3.21 says we can [and do, if; satisfies Eq. 
(3.17)] have binding if the repulsion U is absent. The 
no-binding theorem, which we turn to now, relies on the 
addition of U which, by itself without S, obviously has 
the no-binding property. 

Proposition 3.22. If j is convex and j{0) = 0, then j has 
the superadditivity property: j{a + b)^j (a) +j (b). Ifj' 
is strictly monotone, then the foregoing inequality is 
strict when a,b i^O. 

Note. We assumed that j is convex in all cases. There­
fore Theorem 3.23 holds in all cases. 

Definition. Let 

Vi=n—r • mi {mi a measure) 

be in D. Then 

Z)(mj,m2)=|J dmi{x)dm2{y)\x-y\~K 

Theorem 3.23 (no binding). Let mi, i = l,2 be non-
negative measures of finite mass 2,. > 0 and F,- eD . Then 

AE{X)=Ae{X) + 2D{m^,m^>0 . 

If j is strictly superadditive then > 0 holds. 

(3.18) 
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Remarks. Obviously A£(x) is the energy difference when 
the repulsion U is included. Binding never occurs. In 
particular, if e^^/da = - j ̂iPi2. 

=Z ^ik-^iL Vo- Z ^ik-^il" Thus 

In TFD theory 7 is not strictly superadditivei. As we 
shall see in Sec. IV.C, it is possible to have a neutral 
diatomic molecule for which equality holds in Eq. (3.18). 

Proof. We give two proofs. The LS proof in the neutral 
case \ = Z'^ + Z2 is the following: Clearly Xi = 2j, Ag 
= 22> P-i=\^2— i^n — ^' Consider mJ—am 1, \^-* az^y 
0 < a < 1. By Theorem 2.13 we have 

de^da- •I ViPi 

S(e 12- ei + 2D{oimi,m2))/da = j dmi{x)[(p^^ix)- (})i{x)] „ 

But (pi2(x)^ (t>i{x), all X (Theorem 3.4 and following re­
mark). When a = 0, A£ = 0, so this proves the theorem. 
In the non-neutral case the 11^*0 and it is necessary to 
take into account the change of ii^ with a. This is com­
plicated (see LS). 

The second proof is due to Baxter (1980)., For any Pi2 
with/pi2 = Awe can, by Prop. 3.24, find ^, 0^g{x) 
^Pi2{x), and h{x)^Pi2{x)-g{x) such that ipei^) = ip„^ix) 
= Vi(x) a.e. when h(x) > 0, and ipg{x) < V^ix) a.e. when 
h{x) = 0. 

Let a = Jg, b= Jh. Then 

:2ih) min{e ^{X^) + e2iX2)\Xi + X2=X} ^ e^ia) + e2{b)^ S^ig) -

< <5i2(Pi2) + 2I)(mi, m2)+J h{Vi-ipg)dx - J (V^-Jpg)dm2 

< ej2(>-) + 2D{m^,m2). (3.19) 

The third inequality uses the superadditivity of;. If;' 
is strictly monotone this superadditivity is strict (and 
so is the final inequality) provided ^:^ Pi2. If ^ = Pi2 a.e. 
then ^pi2^ ^1 ^^^ hence X<^l must hold. Choose Xi = X, 
X2 = 0 and note that e^{X) <<§i(Pi2) because Pi2 does not 
satisfy Eq. (3.2) since ^2^0. Equation (3.19) then gives 
strict inequality. • 

Proposition 3.24 (Baxter, 1980). Let V(E^ and let p{x) 
^ 0 be a given function with \x\~^ * p = ippE.S}. Assume 
piEL" for some /> > | and D{p, p) <°o. Then there exists 
g with 0^g{x)^p{x) such that ipg= \x\-^*g satisfies ipgix) 
= V{x) a.e. when p{x)-g{x)> 0 and ipg{x) -: V{x) a.e. 

Proof. Baxter proves this when p and g are measures. 
We give a simpler proof for functions. Consider S{g) 
= D{g,g) - JVg Rnd E ^int{S{g)\0 ^ g{x) ^ p{x)}. Let 
^ " be a minimizing sequence. There exists a subsequence 
that converges weakly in L" to some g and, by Mazur's 
theorem (1933), there exists a sequence h" of convex 
combinations of the g" that converges strongly to g in 
L^. Then a subsequence of the h" converges a.e. to g, 
Clearly, 0^ h"{x) ^ p{x). Since Si') is convex (this is 
crucial) S{h")-* E but, by dominated convergence, S{h) 
-* S{g). So g minimizes and satisfies (a.e.): V{x) = ipg{x) 
when 0 <gix) <p{x); Jpgix) « V{x) when g{x) ~^p{x) and p{x) 
> 0; ipgix)» V{x) when g{x) = 0 and p{x) > 0. We have to 
eliminate the possibility ipgix) - V{x) = f{x) > 0 when g{x) 
= 0. We claim (p^eD and hence/ is continuous and goes 
to zero at °o. Since ^ « p , i/̂ <̂ i/̂^ so i/̂ ^—0 at infinity. To 
examine the continuity at A- = 0, write ipg = h + {ipg- h) 
with h= \x\~^*{xs) and x is the characteristic function 
of the ball |A' | < 1. Clearly i'^- h is continuous at x = 0. 
Moreover, x ^ e L''fi L^ so /zeD by Lemma 3.1. (It is 

I 

here that/>> I is used.) Now, s i n c e / e D , B—{x\f[x) 
>0} is open and, since A;GJB=> ^(x) = 0, / is subhar-
monic on B. But / vanishes on the boundary of B and at 
infinity, so B is empty. • 

IV. DEPENDENCE OF THE THOMAS-FERMI ENERGY 
ON THE NUCLEAR COORDINATES 

In the previous sections TF theory was analyzed when 
the nuclear coordinates {RJ} are held fixed. The one 
exception was Teller's theorem (Theorem 3.23) which 
states that the TF energy is greater than the TF energy 
for isolated atoms (which is the same as the energy 
when the Rj are infinitely far apart). Here, more de­
tailed information about the dependence of E on the Rj 
is reviewed. 

Note that in this section (and henceforth) E refers to 
the total energy, [ Eq. (2.11)], including the repulsion 
U. This is crucial. 

Although several unsolved problems remain, a fairly 
complete picture will emerge. The principal open 
problem is to prove the positivity of the pressure (Sec. 
IV.B) for subneutral molecules, and to prove it for de­
formations more general than uniform dilation. The 
results of this section have been proved only for TF 
theory, and it is not known which ones extend to the 
variants (see the discussion of TFD theory in Sec. IV.C). 

A. The many-body potentials 

The results here are from Benguria and Lieb, 1978a. 
As usual, the two-body atomic energy is defined to be 
the difference between the energy of a diatomic mole­
cule (with nuclear separation R) and the energy of iso-

275 



Rev. Mod. Phys. 53, 603-641 (1981) 

616 Elliott Lieb: Thomas-Fermi and related theories 

lated atoms. Teller's theorem states that this is al­
ways positive. We shall now investigate the fe-body en­
ergy which can be defined similarly. The three-body 
energy will be shown to be negative, the four-body posi­
tive, etc. In all cases, only neutral systems will be 
considered; in this case there is a unique way to appor­
tion the electron charge among the isolated atoms, 
namely, make them all neutral. An interesting problem 
is to treat the /j-body energy for subneutral systems. 

Definitions. When ^ ={ci, Cg, . . . , c^} is a finite subset 
of the positive integers with | c | = fe elements, E{c) 
denotes the TF energy for a neutral molecule consisting 
of nuclear charges 2c,- > 0 located /?cj. 0(^,^) denotes 
the TF potential for this molecule. The z's can all be 
different. 

6Cc 
(4.1) 

is the \c I body energy for this molecule. Thus, if c 
= {l>2}, | c | = 2 and the two-body energy is e(l,2) 
= E{1,2)-E{1)-E{2) as explained above. If c = { l , 2 , 3 } , 
| c | = 3 and the three-body energy is 

8(1,2, 3) =£(1 ,2 , 3 ) - [£ (1 ,2 )+£(1 ,3 )+£(2 , 3)] 

+ £ ( l )+£ (2 )+£ (3 ) . 

E{1),E{2),E{3) are atomic energies, of course. From 
Eq. (4.1) 

£(c)="£ c(6). (4.2) 

It is worth remarking that the many-body energies 
(4.1) are defined in terms of the total energy E, It is 
equally possible to use e =E- Uon the right side of Eq. 
(4.1). e is the electronic contribution to E, so the cor­
responding c's would be the electronic contribution to 
the many-body potential. However, note that U contains 
only two-body pieces, 2,2^ |/?f - R^ | "^ Therefore the 
two sets of e's agree whenever |c |>- 3, i.e., the three-
and higher-body c's are entirely electronic. As far as 
the two-body energy is concerned, e(l,2),ot >0 (Teller) 
but 

e( l ,2)eiec=c(l ,2) ,ot -^( l ,2)<0 

(Theorem 3.21). 
In the following bQc means 6 is a subset of c and 

bi^ c. 

Theorem 4.1 (Sign of the many-body potential). If c is 
not empty 

( - l ) '< ' ic (c )>0 . 

More generally, if bCc and either \c\b\^2 or else 
|6 | = 0 and | c | > 0 

E{b,c)^ Y, (-1)'^'^ ""£(«)> 0. 
tCaCc 

Theorem 4.2 (Remainder Theorem). If 2 ^ ^^ \c\ then 
the sign of 

E{c)- g e(6) 
I6K B 

is {-If. In other words, if, in Eq. (4.2), we sum only 

over the terms smaller than fi-body, the sign of the 
error is the sign of the first omitted terms. 

Theorem 4.3 (Monotonicity of the many-body potential). 

Suppose that bCc and \b\^2. Then 

(-l) '^'e(6)> (-!)'<''£(c). 

Theorems 4.1 and 4.3 imply, for example, 

0>G( l ,2 ,3 )>-min[e ( l ,2 ) , e ( l ,3 ) , e (2 ,3 ) ] . 

Theorem 4.4. Ifbcc and c is not empty 

4>{b,c,x)^ S (-1)' ' ' '""0(«,^)<O. 
ftCaCc 

Partial Proof. Basically Theorems 4.1, 4.2, and 4.3 
are corollaries of Theorem 4.4 through the relation, for 

dE{c) 
dZf 

= lim [^{C,X)-ZJ\X-RA~^} , (Theorem 2.13). 

As an illustration we shall prove here that e(l ,2,3) 
<0; surprisingly, the proof is much more compli­
cated when [c|>3. The proof for | c |=3 only uses 
that the function (j ' )" ' is convex [cf. Eq. (3.1)]. The 
proof for |c I > 3 requires that j{p)=p^ with | < k ^ 2. 

First note that e(l ,2,3) = 0 when 23 = 0. Thus it suffices 
to prove that ae(l, 2,3)7323 = £(7^3) <0, where 

F{x)^(p{l,2,Z,x)-(p{l,'i,x)-<p{2,Z,x) + (\){Z,x). 

A£=47r[p(l,2,3,A')-p(l,3,;c)-p(2,3,Jc)+p(3,x)] 

andp=(0/r)^^^ 'LeiB={x\F{x)>0]. £ is continuous, so 
B is open. We claim F is subharmonic on B, which im­
plies B is empty. What is needed is the fact that a-b 
-c+rf^0=>a3/2_^3/2_c3/2 + ̂ 3/2^Q ^^^^^ ^^^ condi­
tions that a^b^d^Q and a^c^d^Q (Theorem 3.4). 
But this is an elementary exercise in convex analysis. 
Finally, as in the strong form of Theorem 3.4, one can 
prove that F is strictly negative. • 

It is noteworthy that all the many-body potentials fall 
off at the same rate, i?~^ This will be shown in Sec. 
IV.C. 

B. The positivity of the pressure 

Teller's theorem (Theorem 3.23) suggests that the 
nuclear repulsion dominates the electronic attraction 
and therefore a molecule in TF theory should be un­
stable under local as well as global dilations. 

Let us fix the nuclear charges 2 ={24 , . . . ,2^^} and 
move the it!,- keeping X fixed. Under which deformations 
does E decrease ? We can also ask when e=.E- U, the 
electronic contribution to the energy, decreases. A 
natural conjecture is the following: Suppose /?,• — R\ 
with \R\- R'j\^ \R^ - Rj | for every pair i,j. Then 

(i) E decreases and e increases. 
(ii) Furthermore, if Xj <X2 then the decrease (in­

crease) in E{e) is smaller (larger) for Xg than for Xj. 
There is one case in which this conjecture can be 
proved; it is given in Theorem 4.7 due to Benguria 
(1981). 

One interesting case is that of uniform dilation in 
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which each i?,- -* Zi?,-. For this case we define the pres­
sure and reciprocal compressihilily to be 

P{l) = -{3lY^dE(l)/dl (4.3) 

K-^ = -{l/3)dP{l)/dl, (4.4) 

where E{1) is the energy. This definition comes from 
thinking of the "volume" as proportional to l^. If K{1) 
is the kinetic energy [Eq. (2.20)] then 

3l^Pil) = E{l)+Kil). 

To see this, define E{y,l) to be the energy with the pa­
rameter y thought of as a variable (but with X fixed). 
Then, by setting p{x,l) = l~'^p{x/l,l), one easily sees that 
E{y,l)=l-^E{y/l,l) and K{y,l)=l-^K{y/l,\). Equation 
(4.4) follows from this and Theorem 2.13. 

Note that Eq. (4.4) is true (for the same reason) in 
Q theory and also in TFD, TFW, and TFDW theories 
provided K is interpreted as Eq. (2.20) in TFD and as 
(2.20) + 6/[Vpi/2]2in TFDW and TFW. 

That e = E- U increases under dilation has also been 
conjectured to hold in Q theory when X< Z. It is known 
to hold for one electron, but an arbitrary number of nu­
clei (Lieb and Simon, 1978). There is one simple state­
ment that can be made (in all theories): The (unique) 
minimum of e occurs when / = 0 (for any X> 0), i.e., all 
the nuclei are at one point. To prove this, assume 
/ ? , , . . . , /?^ are not all identical and let p be the mini­
mizing solution. Let ip=\x\~^* p. ip has a maximum at 
some point R^^. Now place all the nuclei at RQ and use 
the same p as a variational p for this problem. Then, 
trivially, e{R^,... ,RQ) <e{R^,..., R^), with the strict 
inequality being implied by the fact that this p does not 
satisfy the variational equation for R^,..., R^. 

It is useful to have a formula for the variation of e 
with Ri. A natural extension of Theorem 2.13 (a 
"Feynman-Hellman"-type theorem) would be the follow­
ing: Suppose F j , . . . , 7ft GO with 

=/ Vi{x)= I dmi{y)\y-

and with m,- a positive measure of mass 2,-. Take 

Vix)=i^ Viix-R,). 
« • = 1 

Then e is a. C^ function of the Ri and 

(4.5) 

^Rie = f ^Vi{x-Ri)p{x)dx = - j dmi{y)Vip{y+Ri), 

(4.6) 

with 4>= \x\~'^*p. Equation (4.6) is clearly true, and 
easy to prove if the m,- are suitably bounded. Benguria 
(unpublished) proved (4.6) when Vi{x) = Zi\x\~^ for \x\ 
5̂  a and Vi(x)=zfa'^ for |Ar|<a, w i tha>0 , i.e., dmi{y) 
= 2,(const)6(J3; | - a). In this case, the last equality in 
Eq. (4.6) follows from LS, I^emma IV.4. 

For point nuclei, on the other hand, (4.6) has not been 
proved; indeed, the quantities in (4.6) are not even well 
defined. We conjecture that the following is true when 
Vi{x) = Zi \x\~'^: e is a C^ function of the Ri on the set 
where Rii^Rj, for all ii^j, and 

V^e = -2,.l im / {x-Ri)\x-Ri\-^pix)dx (4.7a) 
' a*o •^ix-Ri\>a 

= -nmV^{iP{x) + {zi/y)^/\l6TT/3)\x-Ri\^/^} . 

(4.7b) 

Equation (4.7a) makes sense because, by Theorem 2.8, 

Pix) = {Zi/y)'^''\x-Ri\-'/' + Oi\x-Ri\-'^') 

near /?<; the angular integration over the first term 
vanishes. This leading term in p implies that near Ri, 
J^(x)«(const)- (2f7y)3/2(16V3)|^-i2.|^/l The nondif-
ferentiable, but spherically symmetric term in ^ is sub­
tracted in Eq. (4.7b). 

The following theorems have been proved so far. 
(Theorems 4.5 and 4.6 are in Benguria and Lieb, 1978b; 
Theorem 4.7 is in Benguria, 1981.) 

Theorem 4.5 (Uniform dilation). Replace each Ri by 
IRi and call the energy E{x,l). If X = Z then E{\,1) is 
strictly monotone decreasing and convex in I. In par­
ticular, the pressure and compressibility are positive, 

Remarks, (i) K X = 0 the conclusion is obviously also 
true. In Benguria and Lieb (1978b) it is conjectured 
that this theorem holds for all X. That e=E-U is 
monotone increasing is also conjectured there. 

(ii) In Benguria and Lieb (1978b) several interesting 
subadditivity and convexity properties of the energy and 
potential are also proved. 

Theorem 4.6 (Molecule with planar symmetry). Suppose 
the molecule is symmetric with respect to the plane P 
= {{x^,x'^,x^)\x^ = 0} and suppose no nucleus lies in the 
plane. Neutrality is not assumed. Let R \ denote the 1 
coordinate of nucleus i and, for all i, replace R \ by Rj 
±1, with ± if Rj § 0, and I > 0. Then for all fixed X < Z, 
E is decreasing in I. 

Remark. For a homopolar diatomic molecule the dila­
tions in Theorems 4.5 and 4.6 are the same. Balazs 
(1967) first proved Theorem 4.6 in this case. For a 
general diatomic molecule, Benguria's Theorem 4.7 is 
the strongest theorem. 

Theorem 4.7. Suppose there exists a plane P containing 
Ri,...,R„ and such that all the other Rj (with j = m+l, 
... ,k) are on one (open) side of P {call this side P*), 
Assume the nuclei at R^,... ,R^ are point nuclei, but 
the nuclei at R^^ i,... ,R^ are anything in D and given by 
Eq. (4.5) with the supports of nii e P* {this includes point 
nuclei). Let n be the normal to P pointing away from 
P*. Let h,... ,l„^0 be given and let Ri-*Ri+ ĵn for 
i = l,... ,m. Let E{x,l) denote the energy for fixed x < Z 
and let ^E{X, l)=E{X, I) - E{X, 0) denote the change in en­
ergy. Likewise define Ae(X,I) = A£(X,I)- ^U, Then 

(i) Ae(X,Z)>0, 
(«) A£(X,Z)^0, 
(Hi) A£(Xi, /) < A£(X2,1) if Xi < Xg, 
(iv) Ae{Xi,l)^Ae{X2,l) if Xi< Xj. 

To prove Theorem 4.7 the following Lemma 4.8, which 
is of independent interest, is needed. 

Lemma 4.8. Assume the plane P, with R^,...,R^inP 
and R^^ ^,...,R^ in P* as in Theorem 4.7. However, 
point nuclei are not assumed. Instead, assume each Fj 
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e D and given by Eq. (4.5), with m,- required to he spher­
ically symmetric for i = l,... ,m. This includes point 
nuclei. Assume also that the support of m^iC P* for i 
= m-M, . . . , f e . If X<EP* then x* is defined to be the re­
flection of X through P. Let <p he the potential. For 
x^P\ let(p_{x) = (\){x*)andf{x) = (t){x)-<t>_{x). Then 

(i) fix)>Oforx&P\ 
(ii) For each xeP*, f{x) strictly decreases when X 

increases. 
{Hi) p{x)- p{x*)^^ for X G P*. 

Question. Is it true that p{x)~ p{x*) is a monotone in­
creasing function of A ? 

Proof, (i) Clearly/(x)==0 on aP* = P and at °o. Let B 
= {x<E.P*\f{x) <Q] . Since each F,(x) is symmetric de­
creasing the singularities of V are not in B. Thus B is 
open. On J5, - i^f{x)/An^ - p{x)+p{x*)>Q. T h u s / is 
superharmonic on B so £ is empty. By the strong maxi­
mum principle/(x)> 0, in fact, for^rGP"*^. 

(ii) Let A' < X with corresponding / ' and / . We want to 
Tprove B={xE.P*\f{x)-f'{x)>Q} is empty. 5 is open 
a n d / - / ' = 0 on P and at oo. A(/- / ' ) /47r = ay2_ ^3/2 
-cl^"^ -\-dl^ = h, where a = (f) - \i,h — (p'- /Lt',c = 0 _ - \x, 
d—(f)i-ii\ By (i) and Corollary 3.8, a^b>da.n6a>c 
^dforallx&P*. lnB,a+d>h+c. T h u s / i ^ O i n B , 
w h e n c e / - / ' is subharmonic on B and hence B is empty. 
Again, one can prove the stronger result t h a t / - / ' <0 
for xeP*. Trivially, (i)=> (iii) through the TF equa­
tion. • 

Proof of Theorem 4.7. We may assume all the Ẑ  are 
equal to some common /, for otherwise if Zj^/g^* * * ^^m 
we could first move all the m nuclei by Zj, then move 
R2,...,R„hyl2-lu etc. Next, replace all the point 
nuclei at i ? i , . . . , i?„ by smeared potentials given by Eqo 
(4.5) with dmi{x) = Zig^"^{x)dxwhereg^"^ix)eC; and^^"^ 
is symmetric decreasing and with sufficiently small 
support such that the supports of rfm^ (z = 1 , . . . , m) are 
pairwise disjoint and also disjoint from the supports of 
dm^ (i = m+ 1,... ,k). Under these conditions, ^ is C' 
in i^i, . . . , / ? „ in some neighborhood of the original 
Ri,...,R„ with derivatives given by Eq. (4.6). We shall 
prove 

(ay n.v^.E^o, 
and that (Hi) and (iv) hold for these derivatives. Then the 
theorem is proved because the original point potentials 
2 J x I "̂  can be approximated in L^^^ norm by these 
smeared potentials Zi\x\~^*g^''\ and the energies e*"' 
and E^"^ converge to e and E by LS, Theorem n . l 5 . If 
{iy holds for e <">, then {d/dl)e ^"\x, Z) > 0 with Ri - R^ 
+ Zn, i = l , . . . , m , and, by integration, {i) holds for e ^ \ 
Then, when n-' =0, {i) holds for e. The same applies to 
{ii)- {iv). Henceforth the superscript (n) will be sup­
pressed. 

Assume n = (1,0,0), P = {x\x^ = 0], and thus (ijj)' = 0 
for i = l,... ,m. Since g is symmetric decreasing, 

{Bg/dx'){x\x',x') = -x'h{x\x:',x') 

with h{x)^0 and 

h{x',x',x') = h{-x\x\x'). 

Likewise, 

{dVi/dx'){x\x',x')=-Zix'p{x',x^,x'), 

and p has the same properties as h. To prove (z)' use 
Eq. (4.6) whence 

^'^Ri^/zi = - J x^p{x- Ri)p{x)dx 

= -J P{x-Ri)[p{x)-p{x'')]x'dx^O 

by Lemma 4.8 To prove («)' use the second integral 
in Eq. (4.6), whence 

Bi = n'V^,E= j dmi{y)n'V(p{y+R^ 

where (p is the potential. [Note: Vi{x- Ri) is sym­
metric in X about Ri, so the term VF,(x- Ri) does not 
contribute to this integral.] Since 7,- is C°° it is easy to 
see that 0 is also C" near /?,-. Now integrate by parts: 

Bi=- j ri-Vg{y)(j){y+R^)dy 

= jy'h{y)(P{y+Ri)dy 

= f y'h{y)[(l>{y+Ri)-({>Ay+Ri)]^0 

by Lemma 4.8. To prove {Hi) note that the last quantity 
[ ] decreases when A increases by Lemma 4.8. Clearly 
{Hi) is equivalent to {iv). • 

Proof of Theorem 4.6. Let p{x) be the density when Z = 0, 
For Z > 0 use the variational p given by p{x\x^,x^) 
= p{x^^l,x^,x^) if x^^l and p{x) = 0 otherwise. Then all 
terms in the energy §{p) remain the same except for the 
Coulomb interaction of the two charge distributions on 
either side of the plane P. This term is of the form 

W{l) = f^ ,, ^'^^'y/(^)/(3') 
' " ^\[{x'+y' + 2l)' + {x'-y')' + {x'-y')']-'/', 

where f{x) = - p{x) +Z) Zj6{x- R^) and the C is over 
those Ri with /?,• > 0. Since the Coulomb potential is re­
flection positive (Benguria and Lieb, 1978, Lemma B.2), 
W{1) is a decreasing, log convex function of Z. • 
Proof of Theorem 4.5. Let £ = (2 j , . . . , z^) and write 
E{z), K{z), A{z), and il(£) for the energy and its com­
ponents (cf. Sec. lI.E) of a neutral molecule. These 
functions are defined on R*. For an atom 3P = E+K=0 
(Theorem 2.14). By Theorem 3.23, £>E*£''°'"(2y) and, 
by Theorem 4.10, K^T^\K^^°"'{zj). This shows P> 0. 
Likewise, by Theorem 4.12, /c"^^ 0 and E{z,l) is convex 
in Z (equivalently l^P is decreasing in I). • 

Definition. Let f be a real valued function on R* and 
£i,£2,£3£R?. Then/ is 

(i) weakly superadditive (WSA)*=^/(£i+£2)^/(£i) 
+/(£2) whenever {z^i{z^i = Q, all z, 

(ii) superadditive {SA)^ f{zi+z2)^f{zi)+f{z2), 
{Hi) strongly superadditive (SSA)<=*/(2i + £2 + £3) 

+/(£i )^ / (£i+£2)+/(£i+£3) . 
Theorems 4.9-4.12 are for neutral molecules. 

Theorem 4,9. As a function of z & R?, for each fixed 
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(i) - ^{z_,x) is SSA, convex, and decreasing {the 
latter is Teller's lemma), 

(ii) (l){z,x)eC\R\) and£C2(R»\0), 
(iii) (pi{z^,x) is decreasing in z and > 0, 

(A subscript i denotes ^/^z^.) 
(iv) 0jy (£,%)« 0 {all ij) and is negative semidefinite 

as a kxk matrix. 

Remark. It is easy to prove that when / e C (̂R5) then 
SSA is equivalent to f^j^ 0 for all i,j. See Benguria and 
Lieb, 1978b, for this and similar equivalences. 

Theorem 4.10. K{z)eC^{Rl) and eC2(R*\o) 

(i) K,{z) = 3lim\(t>{z,x)-J2 zj(pj{z,x)\, 
*-«.• ( - i = 1 - ) 

k 
(ii) K,j{z) = - 3 ^ z,(Pij{z,R,), 

p = 1 

(iii) K{z), R{z), and A{z) are SSA and SA and convex, 
(iv) E{z) is WSA {Teller's theorem). 

Definition. X{z) = ZK{z) - Z)?= i 2,• /C {̂z). 

Theorem 4.11. X{z) is SA and SSA and ray convex. 
I.e., X(A£,+ (l-X)£2)<XA:(£i) + (l-X)X(£2), 0<-X<l, 
when £i,£2e R? and either £ j - £2 or £3 - £}£ R?. 

Theorem 4.12. {i) 3l^P = E+K, 
{ii) 9lh-^ = 6l^P + 2E + ZX, 
{Hi) P and K~^ are WSA and non-negative, 
{iv) l^P is decreasing in I. Equivalently, E is convex 

in I. Equivalently, 2E+3X^0 
[note: d{l^P)/dl = 2lP-31K-^ = ~ {^){2E + 3X)]. 

Proof of {iv). 2E + 3X=0 for an atom. By Theorem 
4.10, 2E + 3X^0. m 

The proofs of Theorems 4.9-4.12 are complicated. 
However, if all necessary derivatives are assumed to 
exist, then an easy heuristic proof can be given (see 
Benguria and Lieb, 1978b). We illustrate this for K 
being SSA, which is equivalent to K^J^ 0, all i,j. This 
will then prove P^O, since A'(0) = 0. First we show 0,-̂  
^ 0 and then Theorem 4.10 (ii). 

Differentiate the TF differential equation [A0/47r 
= -T/Zj6{x- Rj) + (0/y)^^^ which holds for any neutral 
system] with respect to 2,- and then z^: 

£(Pi = 5{x-Ri), (4.8) 

£(Pij = -{3/4y'^')<p-'^'4>i4>j, (4.9) 

with £ = -A/47r-i-(3y-3/V2)0(x)i/2. The kernel for £-^ 
is a positive function, so (/),• 5̂  0. Likewise 0jy < 0 and 
(pij is a negative semidefinite matrix. 

Next, /C=(3r-3/y5)/05/2^ so 

/^,,= (3y= ' /y2) | /03 /2^^ .^ .+ | | ^ i /2^^ .^^ | . 

Using Eq. (4.9) and integrating by parts, 

^U- = 3/0 , , [A0/47r-( (^ /y)3/2] 

k 

= - 3 L Zp^uiRp)^^' 

C. The long-range interaction of atoms 

In Sec. IV. B it was shown that the energy of a mole­
cule decreases monotonically under dilation (at least for 
neutral molecules). If the R^^lRi then, for small I, E 
is dominated by U, so £ » /"^ To complete the picture 
it is necessary to know what happens for large I. We 
define 

C^E^E"" '•-E^' (4.10) 

For large I it is reasonable to consider only neutral 
molecules, for otherwise AJEK Z"* because of the un­
screened Coulomb interaction. In the neutral case A£ 
«Z"^ as proved by Brezis and Lieb (1979). This result 
(/" )̂ is not easy to ascertain numerically (Lee, Long-
mire, and Rosenbluth, 1974), so once again the impor­
tance of pure analysis in the field is demonstrated. 
Some heuristic remarks about the result are given at 
the end of this section. 

A surprising result is that all the many-body poten­
tials are * l'"^. Thus in TF theory it is not true that the 
interaction of atoms may be approximated purely by 
pair potentials at large distances. 

An interesting open problem is to find the long- range 
interaction of polyatomic molecules of fixed shape. Pre­
sumably this is also -l'"^. 

Theorem 4.13. Eor a neutral molecule, let the nuclear 
coordinates he IRi with {Ri,Zi}={R,z) fixed and z^ > 0. 
Then 

AE{l,z,R)=l-''C{l,z,R), 

where C is increasing in I and has a finite limit, r{R) 
> 0 as / — 00. r is independent of z^. Furthermore, if 
A denotes a subset of the nuclei {with coordinates R^, 
and z{A) is the many-body potential of Eq. (4.1), then, 
by (4.1), for \A\^ 2 

ih{A)^ Xi (-i) '^'" '^'r(^3) 
BQA 

(4.11) 

and the right side of Eq. (4.11) is strictly positive {nega­
tive) if \A\ is even {odd). 

Proof of first part. By scaling, Eq. (2.24), we find that 

^E(l,^,R)=l-^{E{lh,R)- E £ '̂°"(Z32_,)} „ 
i 

Therefore, C increasing is equivalent to /=£" ' ° ' 
- S £:'*°"' increasing in £. But df/dz^ = lim,,^^^"'"' {x) 
- 0^'°"'(x), and this is positive by Teller's lemma. All 
that has to be checked is that C is bounded above. This 
is done by means of a variational p for E^°^. Let JB̂  be 
a ball of radius Zr, centered at //?,-; the r,. are chosen so 
that the J5,- are disjoint. Let p,(%) =P*'° '"(A:- //?,) be the 
TF atomic densities for Zi, and let p{x) — Pi{x) in B,- and 
p{x) = 0 otherwise. Of course Jp <T/Zj but this is im­
material for a variational calculation, since the mini­
mum molecular energy occurs when jp=YjZj. It is 
easy to check t h a t / < (const)/"''. Finally, s ince / is 
monotone in each 2,-, l i m , . „ / must be independent of 
the z,. • 
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Remarks, (i) The variational calculation shows clearly 
why r is independent of the Zj. The long-range interac­
tion comes, in some sense, from the tails of the atomic 
p 's , but these tails are independent of z, namely p{x) 
^{2y/Trf\x\'^. (See Theorem 2.10.) 

(ii) At first sight it might appear counterintuitive that 
the interaction is -f Z""̂  and not - 1 " ^ , as would be obtained 
from a dipole-dipole interaction. The following heuristic 
remark might be useful in this respect. Consider two 
neutral atoms separated by a large distance R. In the 
quantum theory, as in all the theories discussed in this 
paper, there is almost no static polarization of the atoms; 
i.e., there is no polarization of the single-particle density 
p. TF theory is therefore correct as far as the density 
is concerned. The reason there is no polarization is 
that the formation of a dipole moment d increases the 
atomic energy by + a<i ̂  with a > 0. The dipole-dipole 
energy gain is - {const)d^R'^. Hence, if R is large 
enough, the formation of dipoles does not decrease the 
energy. In quantum theory there is, in fact, a - R'^ 
dipolar energy, but this effect is a correlation, and not 
a static effect. There are two ways to view it̂  In 
second-order perturbation theory there are virtual tran­
sitions to excited, polarized states. Alternatively, the 
electrons in each atom are correlated so that they go 
around their respective atoms in phase, but spherically 
symmetrically. This correlated motion increases the 
internal atomic energy only by ad"^^ not d'^. In short, the 
- R'^ interaction arises from the fact that the density p 
is not that of a structureless ''fluid'' but is the average 
density of many separate particles which can be corre­
lated. This fact poses a serious problem for any ''den­
sity functional approach." It is necessary to predict a 
-R"^ dipolar interaction, yet predict essentially zero 
static polarization. 

An explicit formula for r{R) does not seem to be easy 
to obtain. Two not very explicit formulas are given in 
Brezis and Lieb, 1979. One is simply to integrate the 
formula for df/dl =3l'^T^Zjdf/dzj given in the above proof. 
Another is obtained by noting that F is related to 0 in the 
limit z -^ ^. This limiting (p can be defined, and satisfies 
the TF differential equation, but with a strong singu­
larity at Ri instead of the usual z \x- R^ 1"̂  singularity. 
As we saw in Theorem 2.11, the only other singularity 
allowed for the TF equation is (p{x) ^Y'{2/'ny'^\x - R^ |"^ 
Therefore that peculiar solution to the TF equation does 
have physical interest; it is related to the asymptotic 
behavior of the interatomic interaction. 

TFD theory. Here the interaction for large / is pre­
cisely zero and not l'\ To be precise, AE = 0 when the 
spacing between each pair [R^ - Rj \ exceeds a critical 
length, L{Zi) -^-Lizj). The same is a fortiori true for 
the many-body potentials 8. 

The reason is the following. In TFD theory an atomic 
p has compact support, namely a ball of radius L{z). 
See Theorem 6.6. When \Ri-Rj\> L{Zi) +L{zj), then 
p{x)=T/jP{x- RjiZj) where p(- ;• ) is the TFD atomic p. 
Since each atom is neutral, there is then no residual 
interaction, by Newton's theorem. One may question 
whether the p just defined is correct. It is trivial to 
check that it satisfies the TFD equation and, since the 
solution is unique, this must be the correct p. 

V. THOMAS-FERMI THEORY AS THE Z ^ cx> LIMIT 
OF QUANTUM THEORY 

Our goal in this section is to show that TF theory is 
the Z -" °o limit of Q theory and that it correctly de­
scribes the cores of heavy atoms. This is the perspec­
tive from which to view TF theory, and in this light it 
is seen to be a cornerstone of many-body theory, just 
as the theory of the hydrogen atom is an opposite corner­
stone useful for thinking about light atoms. We shall not 
review the stability of matter question here (see Lieb, 
1976). 

In units in which H V2m = 1 and | ^ | = 1 the Hamiltonian 
for N electrons is 

H^=J^ {-.A,-f 7(̂ ,)}+ E ^ + U. (5.1) 

^N^ PNM, î̂ d /i will denote the TF energy, p and /i 
corresponding to this problem with X = N electrons if 

k 

J = 1 

Of course, y is taken to be yp [see Eq. (2.6)], li N> Z 
then these quantities are defined to be the correspon­
ding TF quantities for N=Z. E^ denotes the ground-
state energy of H^ {defined to be inf specHff) on the 
physical Hilbert space 3C;̂ r= AfL^(R ;̂ C ") (antisymmetric 
tensor product), q is the number of spin states (= 2 for 
electrons), but it is convenient to have it arbitrary, but 
fixed. The TF quantities also depend on q through yp. 

A. The Z -> oo limit for the energy and density 

Let us first concentrate on the energy; later on we 
shall investigate the meaning of p{x). For simplicity 
the number of nuclei is fixed to be /J; it is possible to 
derive theorems similar to the following if fe -* <» in a 
suitable way (e.g., a solid with periodically arranged 
nuclei), but we shall not do so here. In TF theory the 
relevant scale length is Z~^^^ and therefore we shall 
consider the following limit. 

Fix {z\ R'^} = {z],R^j}% i and X>0.. For each iV 
= 1 ,2 , . . . , define a^ by Aâ f̂ = isr, and in H^, replace Zj 
by aj,z°j and Rj by a-^^^R^^. Thus X= Z°N/Z, and a^ is 
the scale parameter. The TF quantities scale as [Eq. 
(2.24)]: 

(5.2) 
P^ai^-^^h',az\a-^/^R')=a^p^{x,z\R'). 

In this limit the nuclear spacing decreases as aj,^/^ 
~iV"^/3~Z"^/^ This should be viewed as a refinement 
rather than as a necessity. If instead the Rj are fixed 
= i?5, then in the limit one has isolated atoms. All that 
really matters are the limits N^''^\Ri - Rj\. 

Theorem 5.1 (LS Sec. HI). With N=\ai^ as above 

lima;7/3£O(a^£'',a-i/3^0)=£,(£0,^<'). 

The proof is via upper and lower bounds for E'^. The 
upper bound is greater than the Hartree-Fock energy, 
which therefore proves that Hartree- Fock theory is 
correct to the order we are considering, namely N ̂ Ẑ . 
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1. Upper bound for E^ 

The original LS proof used a variational calculation 
with a determinantal wave function; this is cumbersome. 
Baumgartner (1976) gave a simpler proof (both upper 
and lower bounds) which intrinsically relied on the same 
Dirichlet-Neumann bracketing ideas as in LS. Here, we 
give a new upper bound (Lieb, 1981a) that uses coherent 
states; these will also be very useful for obtaining a 
lower bound. 

Let y= {XyO) denote a single space-spin pair and 
jdy= Z/ff= i/rf^c Let K{y,y') be any admissible single-
particle density matrix for N fermions, namely O^K^ I 
[as an operator on L^( R ;̂ C')] and T:rK = N. Let h be the 
single-particle operator - A + V{x). Then (Lieb, 1981a) 

E'^^EH'^EiK), (5.3) 

E{K) = TrKh+'2 j j dydy'\x-x'\-^ 

x{K{y,y)K{y',y')- \K{y,y')\^] . 

(5.4) 

In Eq. (5.3), E^^ is the Hartree-Fock energy. Since 
IAT-X'I"^ is positive we can drop the "exchange term," 
- JA"!̂ , in Eq. (5.4) for the purposes of an upper bound. 

First, suppose N^ Z. To construct K, let g{x) by any 
function on R'' such that J l ^ l ^ ^ i and let M{p,r) be any 
function on R^x R̂  such that 0<M(/J,r)< 1 and (27r)-3 
X / Mdpdr = N/q. Then the coherent states in L^{ R̂ ) 
which we shall use are 

fprix) =g{x - r) exp[ ip • x] (5.5) 

and 

K(y,y') = I^i2Tr)-^ J dpdrg(x-r)g{x'-r)*M{p,r) 

xexp[ip'{x-x')]. (5.6) 

/„ is the identity operator in spin space. It is easy to 
check that TrK=N and that for any normalized 0 in 
L^, {(t>,K(l>)^ 1 by using Parseval's theorem and the 
properties of g and M. Thus K is admissible. 

We choose [with p = pmin,Ar,z) in Eqs. (5.7)-(5.26)] 

M{p,r)=e(y,p(r)'/^-p^) , (5.7) 

where e{t) = l if t^O and 9(t) = 0 otherwise, yp is given 
in Eq. (2.6). One easily computes 

Kiy,y) = q-%Pg{x), (5.8) 

Tr ( - A)K= (3y^/5) / p{x)^/^dx+Nj \'7g{x) | ^dx , 

TrVK ^h. .{x)pix)dx, 

(5.9) 

(5.10) 

where pg= \g\^ *p and Vg= V*\g\^. 
For g{x) we choose 

g{x)={2nR)-'^^^\x\-^sin{7r\x\/R) (5.11) 

for l^rl^i?, and ^ = 0 otherwise, and with i? = isr2/^Z"\ 
Then 

The electron-electron interaction term in Eq. (5.4) is 
less than D{p,p) because, as an operator (and function), 

[\g\'*\x\''*\g\']{x-xn<\x-x'\-K 

To see this, use Fourier transforms. Thus 

E^^E{K)^Ef, + Tr^N^/^Z^ 

V j [V{x)-Vg{x)]p{x)dx. (5.12) 

To bound the last term in Eq. (5.12) note that, by New­
ton's theorem, \x\~^-\g\'^*\x\~'^ = Oior x^R. Fur­
thermore, with the scaling we have employed, |i?,- - R^ \ 
> 2R for all ii^j and N large enough. Since ypp^^'^ix) 
<Vix), then for sufficiently large AT and for |A:-i?f |<J?we 
have ypP{x)^^^ < 2zi \x- Ri | ~\ Thus the last integral in 
Eq. (5.12) is bounded above for large N by 

A= J \x\-^/^dx = SirR^^^=SiTN^/^Z-^^\ 

li N^ Z, we have established an adequate upper bound, 
namely, 

E^-E^^{const)N^^^Z\ (5.13) 

Since Z~N, this error is «N^^^^, and this is small com­
pared to E, which is »N''^^. 

H N> Z v/e use K=K^ + K°° where K^ is given above 
(with N = Z) and K°° is a density matrix (really, a se­
quence of density matrices) whose trace is N- Z and 
whose support is a distance d arbitrarily far away from 
the origin. /C" does not contribute to E{K) in the limit 

2. Lower bound for E^ 

In LS a lower bound was constructed by decomposing 
R̂  into boxes and using Neumann boundary conditions on 
these boxes. However, control of the singularities of V 
caused unpleasant problems. Here we use coherent 
states again (cf. Thirring, 1981). 

Let ^{xi,...,Xff;ai,...,a^f) be any normalized function 
in K,y and let 

P « W = ^ 2 J \^(x^X2y' " yXfflCi, . . . ,af^)\^dx2' " dx!f 

(5.14) 

Et=i^,Hf,ip) (5.15) 

T,=[4>,-^ ^iip). (5.16) 

It is known that (Lieb, 1979; Lieb and Oxford, 1981) 

^Dip„ p,) - (1.68) J p,(x)'^^dx. (5.17) 

Choose any p{x)^0 and i = V- \x\~^*p. Since D{p^ 
-p,p^-p)^ 0, we have for any 0 ^ e < 1 
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Therefore we can ignore this piece in gg • V -Vg is / J ^ \ _ _ r A /o Therefore we can ignore th 
E,^[t L, h,ifj + U-D{p,p)-{lM)j py' + €T,, ^^^^^3^ ^bove, as before, by 

h = - {l-z)A-(P{x) 

(5.18) 

(5.19) 

being a single-particle operator. 
We shall choose p to be the TF density for the problem 

with yp replaced by (1 - e)yp, and with the same X 
= miniN, Z). - ju and E are the corresponding chemical 
potential and energy. 

Let/^^ be the coherent states in L^(R^) given by Eq. 
(5o5) and 77̂ =̂ (projection onto/^^) ® /„. For any function 
ni{y) = m{x,a) in ^^(R^; C ") we easily compute: 

{m,m) = {2ir)~^ J dpdr{m,'np^m), 

/ | V m | Hz = {2TI)-^ f dpdrp^im, Tip^m) 

- {m,m) I \'^g{x)\Hx , 

J \mmg{x)dz = {2Tr)-^J dpdr4>{r){m,TTp^m), (5.20) 

w i t h 0 , - \g\^*4>. 

Write 4> = 4>g+i4>- 4>g) and /?' = - (1 - e )A - 4>g{x). Let 
us first concentrate on e^ = infe^{ip), where 

• i ( ^ ) ^ =(^,E ^'i^)' 

Since T/h^ is a. sum of single-particle operators we 
need only consider fs which are determinants of N 
orthonormal single-particle functions. If m j , . . . , m^ 
are such, then 

N 

i = 1 

has the property that 0 < M{p, r)^q and 

(27r)-3J dpdrM{p,r)=N, 

Therefore 

ei{ip) = {2Tr)-^ ff dpdr{{l-€)p^-}(r)}M{p,r) 

-N f \Vg\\ (5.21) 

The minimum of the right side of Eq. (5.21) over all 
Mwith the stated properties is given as follows: 

M{p,r)=qd(4>{r)- {l-c)p^- n) 

for some 11^ 0. 11 is the smallest /i such that (27r)"̂  
X JM{p,r) < N. Since <? is the TF potential [for (1 - £,)yp\ 
we see that M = /I and 

e^-D{p,p)+U^E-N^ \^g\ (5.22) 

Next, let us consider the missing piece «2 = ~ / ( 0 
- ^g)pi' The second piece of 0, nam_ely - î  = - \x\~'^ 
• p, has the property that Tp- |^ | ^ • ^ ̂  0 since ^ is 
superharmonic and |g"|Ms spherically symmetric. 

For large N, |i2, - 7?̂  |> 2R and, using Holder's in­
equality, 

The negative term e^ is controlled by the zT^ term 
through an inequality of Lieb and Thirring (1975 and 
1976; see also Lieb, 1976): 

(5.23) 

T,^L f p,(x)'^'dx, (5.24) 

with L = f (37r/2^)^''^ Furthermore, by the Schwarz in­
equality, Jpy^^{Njpy^}^/^. If we w r i t e / p J / ^ ^ X 
then e^^ - X^^^D, with D = { } in Eq. (5.23), and 

e2 + eT^-{lM) j py 

^ m in - DX^/s + ^j^-^_ {1,QS)N^/^X^/^= y. (5.25) 

Equation (5.22) contains E instead of E; we must bound 
the difference. Using p as a trial function for E, E 
^E + [c/{l-z)]K, where 

^ = [ 3 ( l - e ) / 5 ] r , / p 5 / 3 

Choose c =Z"^^^'' (this is not optimum). For large Z, 
z < k and it is easy to see that K < (const)Z^^^ for all 
N,Z. Thus 

0 > £ _ £ > _ (const)Z^/3z-^/3°. (5.26) 

Choose R^Z'^^"^, which is a different choice from 
the upper bound calculation. Then D* ^9/10 and 

r^-(const)Z^/3z-^/30. (5.27) 

[ It is easy to see that the term - {IM)N^^X^^'^ is 
negligible as long as N/Z is fixed.] 

Finally -N j\Vg\'^a-NR~'^KZ'^. Combining all these 
bounds, we find 

E^-E>- (const)Z^/3-i/30 

which is the desired result. • 

Clearly there is room for a great deal of improve­
ment, for it is believed that E ^ - £ > 0 as explained in 
Sec. V.B.. But first let us turn to the correlation func­
tions. 

3. Correlation functions 

In analogy with Eq. (5.14) we define 

xdXf^i'-'dXff. (5.28) 

We wish to obtain a limit theorem for pj when ip is a. 
ground state of H/f. But there may be no ground state 
(inf specHif may not be an eigenvalue) or there may be 
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several. In any case, it is intuitively clear that the 
limit of PI should not depend upon ip being exactly a 
ground state, but only upon 4> being "nearly" a ground 
state. 

Definition. Let ip^, i/̂ g,. . • be a sequence of normalized 
functions with ipj^GK^f for N particles. This sequence 
is called an approximate ground state if \^N^^N^N^ 
- £ j | a ~ ' ' ' ' ^ - 0 as N^°o. Hff always has k nuclei. 

Theorem 5.2. Let {^N} ^^ ^" approximate ground state 
with the scaling given before Eq, (5.2), and let p^^fix) be 
given by Eq. (5.28) with ipff, and 

Piv(^i,... , x^)^a]^^p^^{a-^^^Xi,..., a-'^'xj). 

Let p^x^,... ,Xj) =pixi)" • pixj) with p being the solu­
tion to the TFproblem for X and {Z],R]}. (Note that X 
= N/Z is now fixed.) Then 

(^^,Yl nxi)ip,y~^'^'-f pv, 

Moreover, PAr(̂ ) "^P^(^) i^ t^^ sense that if f2 is any 
bounded set in R'̂ -'* then 

f pU^)d''^-j p^{x)d^^ 

If X^Z=T^Zj, the restriction that Q be bounded can be 
dropped and p^j^-^p^ in the weak L^ sense. 

Proof. The reader is referred to LS, Theorem 111,5 for 
details. The basic idea is to consider a function 
U{x^,..., X,) e Co"(R ^n and add a jpWd^'x to the TF 
functional, S{p). On the other hand, the potential 

aal//3 X; . Uia^n ) 

is added to H^. By the aforementioned methods the en­
ergies are shown to converge on the scale of a^^ But 
dE/da\^:,^^ jp^U. By concavity of E{a) the derivatives 
and the limits ci^-^oo can be interchanged. Thus, for all 
such U, Jp^^U-^Jp^U. m 

One of the assertions of Theorem 5.2 is that, as N-^^^ 
correlations among any finite number of electrons dis­
appear. A posteriori this is the justification for re­
placing the electron-electron repulsion T/ \xi-Xj |~^ by 
D{p,p) in TF theory. 

B. The Scott conjecture for the leading correction 

We have seen that E'^^ = - Cz'^^'^ under the assumption 
that the nuclear coordinates R^ and charges Zj scale as 
Z'^'^R] and Zz], T^z]^l, and X^N/Z>^ is fixed. C 
depends on \,z^,R^. What is the next correction to the 
energy? While this question takes us to some extent 
outside TF theory, we should like to mention briefly the 
interesting conjecture of Scott (1952) and a generaliza­
tion of that conjecture. None of these conjectures have 
been proved. 

The basic idea of Scott is that in the Bohr atom (no 

electron repulsion) the electrons close to the nuclei each 
have an energy -- Z^. This should also be true in some 
sense even with electron repulsion. Since TF theory 
cannot yield exactly the right energy near the singulari­
ties of F, the leading correction should be O(Z^). 

The leading correction should have three properties. 
(i) It is the same with or without electron repulsion 

because the repulsive part of 0(A:), namely |;c:|"^*p, is 
0(Z^/^) for all X. 

(ii) It is independent of N/z, provided N/Z > 0 and 
fixed. This is so because the correction comes from the 
core electrons whose distance from the nucleus is 
OiZ'^). The number of electrons thus involved is small 
compared to Z. 

(iii) It should be additive over a molecule. If the cor­
rection is Dz^ for an atom then the total leading correc­
tion should be 

AE=:DY^ Z] (5.29) 

and 

£Q = £ T F + A £ + 0 ( Z ' ) . (5.30) 

Of course E'^^ depends on whether electron repulsion 
is present or not, but A£: supposedly does not change. 
To calculate D let us first calculate E'^^ for an atom 
without repulsion. The general theory goes through as 
before, but now the TF equation is yp^^^= ( 7 - M)^, V{X) 
— z/\x\, Jp = N, a n d / i > 0 , even when Â  = >2. It is found 
(Lieb, 1976, p. 560) that ii=z/R, it!-3y(4iV/7r2)2/3/5^^ 
and £j;^^ = - 3£lv^/3(7ry4)2/Vy. Using y„ 

The quantum energy is computed by adding up the Bohr 
levels. For each principal quantum number w, the en­
ergy is e^-m/lHhi^ and it is ^^n -̂fold degenerate. The 
result (Lieb, 1976) is 

(5.31) 

thus 

D^qz\/?> (5.32) 

in the Scott conjecture. Scott's (1952) derivation was 
slightly different from the above, but his basic idea 
was the same. 

The Scott conjecture about the energy can be supple­
mented by the following about the density. Let/„^^(£,x) 
be the normalized hound-state eigenfunctions for the 
hydrogenic atom with nuclear charge £, and define 

p''{z.x) = qY, \fnlmi^.x)\ (5.33) 

This sum converges and represents the quantum density 
for a Bohr atom with infinitely many electrons. It is 
being tabulated and studied by Heilmann and Lieb. It is 
monotone decreasing and a graphical plot of p" shows 
that it has almost no discernible shell structure. Clearly 
p"{z,x)—z'^p"{l,zx) and is spherically symmetric. By 
our previous analysis of the z -* ̂  limit (which strictly 
speaking is not applicable when N = ^, but which can be 
suitably modified) 

£-2p//(^^^-l/3^-)_^-2pTF^^(^^^-l/3^) (5^34) 

283 

file:///xi-Xj


Rev. Mod. Phys. 53, 603-641 (1981) 

624 Elliott Lieb: Thomas-Fermi and related theories 

as £ -* «>. But 

when jLi = 0, as we have just seen. Thus 

(5.35) 

as 3̂  — 00. Equation (5.35) is not obvious, but it can be 
directly proved from (5.33). 

Thus p"{z,x), whose scale length is 2~\ agrees nicely 
with p^^ {z,x), whose scale length is z~^^^, in the over­
lap region z~^« \x\«z~'^^^. This is true even when elec­
tron repulsion is included in pTF because of Theorem 
2.8(a). The common value is piz,x) = (z/yp \x \ f^"^. Be­
cause of this we are led to the following. 

Conjecture, Suppose the sequence {̂ /';̂ r} ^ 3C AT is an ap­
proximate ground state for a molecule (with repulsion) 
in the strong sense that 

\{^N,Hf,rl>^)-E'^^\a-/--Q asiV^oo. 

Let p'^ix) be given by Eq. (5.14). Recall that Rj^a-^^^'^R]. 
Fix X = N/Z > 0 and xi^R], all j . Then, as iV — <», 

a-M{<^'x)-p-^Hx), (5.36) 

where pTF is the TF density for \,z]yR]. On the other 
hand, for all fixed y, 

a-Mi<^'R]^as'y)-{z]?p"(X,^]y)> (5.37) 
Equation (5.36) has already been proved in Sec. V.A. 

TFW Theory. It is a remarkable fact that the TFW cor-
reaction, which has no strong a priori justification, has, 
as its chief effect, precisely the kind of correction (i), 
(ii), (iii) above predicted by Scott. If 6 is chosen cor­
rectly in Eq. (2.8), even the constant D in Eq. (5.32) can 
be duplicated. This will be elucidated in Sec. VII. TFW 
theory also taccidentally ?) improves TF theory in two 
other ways: negative ions can be supported and binding 
occurs. 

C. A picture of a heavy atom 

With the real and imagined information at our disposal 
we can view the energy and density profile of a heavy, 
neutral, nonrelativistic atom as being composed of 
seven regions. 

(1) The inner core. Distances are 0{z~^) and p is 
0{z^). For large a, the number of electrons out to R 
= o/z is ~CT /̂̂ , while the energy -^V^^^ If l«zr 
« 2 ^ / ^ p{r) is well approximated by {z/yprf^"^. p{r) is 
infinity on a scale of z^ which is the appropriate scale 
for the next, or TF region. The leading corrections, 
beyond TF theory, come from this region. None of this 
has been proved. 

(2) The core. Distances are 0(2"^/^) and p is 0(2^). 
TF theory is exact to leading order. The energy is 
£TF~_27/3 ^^^ almost all the electrons are in this re­
gion. This is proved. 

(3) The core mantle. Distances are of order az~^^^ 
with a » 1. p{r)= (3y /̂73-)V~ ,̂ the Sommerfeld asymp­
totic formula, p is still 0(2^). This is proved. 

(4) A transition region to the outer shell. This region 
may or may not exist. 

(5) The outer shell. In the Bohr theory, z^^^ shells 
are filled. The outer shell, if it can be defined, would 

presumably contain 0{z^^^) electrons and each electron 
iti the shell would "see" an effective nuclear charge of 
order z^^^. This picture would give a radius unity for 
the last shell and an average density -^2/3 -^^ j.ĵ g shell. 
On the same basis the average electron energy would be 
0{z^^^) and thus the energy in the shell would be 0(2*/^). 
All this is conjectural, for reliable estimates are diffi­
cult to obtain. 

(6) The surface. Here the potential is presumably 
0(1), and so is the energy of each electron. Chemistry 
takes place here. 

TF theory, which is unreliable in this region, never­
theless predicts a surface radius of 0(1). We thank J. 
Morgan for this remark. His idea is that if the surface 
radius R^ is defined to be such that outside R^ there is 
one unit of electron charge, then R^ = 0{1) because the 
TF density is p(r) = (3yp/7r)V^, independent of 2, for 
large r. Likewise, if R^ is defined such that between 
R^ and R^ there are z"^^^ electrons, then the average 
TF density in this "outer shell" is z^^^ in conformity 
with (5). Finally, the energy needed to remove one elec­
tron is 0(1) as Eq. (3.11) shows. The radius of this 
ionized atom is also 0(1) as Eq. (3.13) shows. 

In no sense is it being claimed that TF theory is reli­
able at the surface, or even that the existence of the 
surface, as described, is proved. We are only citing an 
amusing coincidence. It is quite likely that the surface 
radius of a large atom has a weak dependence on z. 

(7) The region of exponential falloff. p{r)~K 
xexp[-2{2me/fi^y^^r-R)], where e is the ionization po­
tential, K is the density at the surface, andi? is the sur­
face radius. An upper bound for p of this kind has been 
proved by many people, of whom the first was O'Connor 
(1973). See also Deift, Hunziker, Simon, and Vock, 1978, 
and M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, 
R. Ahlrichs, and J. Morgan, 1980, for recent develop­
ments and bibliographies of earlier work. 

The density profile of a heavy atom, as described 
above, is shown schematically in Fig. 2. 

not to scale 

core transition outer exponential 
^ core mantle region stiell falloff 

surface I 
chemistry / 

life / 

t L > I ' - r 

FIG. 2. Schematic plot of the electron density p{r) in a neutral 
heavy atom of charge z. The inner core extends to distances of 
order z-^\ the core to order z"^/^; the mantle to z'^^^ times a 
large number. The core and its mantle are correctly described 
by TF theory. The outer shell extends to distances of order 
z^ where p is near zero. Finally, there is the surface, and then 
the region of exponential falloff. The surface thickness is not 
shown. 
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VI. THOMAS-FERMI-DIRAC THEORY 

The previous sections contain most of the mathemati­
cal tools for the analysis of this model; the main new 
mathematical idea to be introduced here will be the ; 
model and its relation to TFD theory. 

The TFD functional is 

S'^^^{p)= J Jipix))dx- f Vp + D{p,p) + U, (6.1) 

p 5 / 3 _ i c n4/3^ (6.2) J{p)=frP'"'-i<~^eP''' 

The term - D = - (3C^/4)Jp^^^ was suggested by Dirac 
(1930) to account for the "exchange" energy. The true 
electron repulsion I in (5.17) is expected to be less than 
D{p,p) because the electrons are correlated. For an 
ideal Fermi gas at constant density, / is computed to be 
D{p,p)- Dwith Cg = (6/7r^)^/^ There is, however, no 
fundamental justification for the Dirac approximation; 
it can even lead to unphysical results, as will be seen 
shortly. In particular, / i s always positive but D{p,p) 
- D can be arbitrarily negative. As remarked in (5.17), 
there is a lower bound of this form D{p,p)- D (Lieb, 
1979; Lieb and Oxford, 1981) with 3C^/4 = 1.68 (indepen­
dent of ^). In any event, it should be remembered that 
D is part of the Coulomb energy even though it is mathe­
matically convenient to combine it with the kinetic ener­
gy as in Eq. (6.2). 

For simplicity we assume 

V{x)=Y. Viix-Ri), (6.3) 

(with m,- a non-negative mea-with 7,-Gl>: Vi=\x\-
sure) and |m,| = 2,-. 

Henceforth the superscript TFD will be omitted. All 
quantities in this section refer to TFD, and not TF, 
theory, unless otherwise stated. 

A, The TFD minimization problem 

The function space is the same as for TF theory, 
namely 

d={p\p^L^nL^^\pix)^0} . (6.4) 

The energy is 

E{X) = inUSip)\f p = X,pGd\. (6.5) 

Theorem 6.1. E{x) is finite, nonincreasing in X, and 

E{X)=mUS{p)\j p^X,p&d (6.6) 

Moreover, e{X) = E{x)-U<0 when X>0. 

Proof. Same as Proposition 2.1 and Theorem 2.3. The 
crucial fact to note is that J(0)=J'(0) = 0, which permits 
us to place "surplus charge density" at infinity. • 

It is not immediately obvious that E{x) is convex be­
cause J is not convex. The proof of convexity is com­
plicated and will be given later (Theorem 6.9). 

A second difficulty is that E{X) is not bounded below 
for all X. This is so because J is not positive. This 
latter difficulty can be dealt with in the following way. 
Introduce 

SJp) = Sip) + af p (6.7) 

with 

a = 15C2(64y)-i. (6.6) 

This amounts to replacing J by 

JJp)=Jip)+ap. (6.9) 

Note that J^{p)^0 and 

JJPo) = 0 = j;(Po) (6.10) 

for po = (5Cy8y)^. -a and p^ are the minimum value 
and the minimum point of the function J{p)/p. Corre­
spondingly, introduce 

£JX) = inf|<§«(p)| J p = X,p&d\. (6.11) 

Theorem 6.2. E„{X) is nonincreasing in X and has a 
lower hound, independent of X. Moreover, 

EJX)=E{X) + QX 

and 

ljX) = inUS^{p)\j p < X , p e ^ l . 

(6.12) 

(6.13) 

^«W='E^«W- U=e(X) + aX<0 when X>0, and ejx) 
^inf^eJX)=g^(<») as X^°o. 

Proof. Again the proof is the same as for Proposition 
2.1 and Theorem 2.3. Here, however, J^(0)>0; the 
fact that «/oi(Po) = «̂ a(Po) = 0 ^̂  *̂ ®̂̂  instead. The fact 
that J^^O is responsible for the lower bound. • 

Remark. One consequence of Theorem 6.2 is that dE{x)/ 
dx^ - a (if the derivative exists). Another is that when 
X is large enough so that e^{x) = e^{°o) then e{x) = ejoo) 
- aX. As will be seen, this happens when X> Xg = Z 
=Z/2y. Thus the graph of e^{x) is similar to that for 
^TF(x) in Fig. 1. e{x) then has a negative slope, - a, 
at X̂  and afterwards (̂X) has the same constant negative 
slope. This is a highly unphysical feature of TFD theory 
which arises from the fact that one can have spatially 
small "clumps" of density in which p = Po, arbitrarily 
far apart. These "clumps" have an energy approxi­
mately -apo ' (volume) and are physically nonsensical 
because the - p*^^ term, which causes this effect, is a 
gross underestimate of the positive electron repulsion 
which it is meant to represent. There is no minimizing 
p for these "clumps" because for no p is the energy ex­
actly -apQ • (volume). The "inf" in Eq. (6.5) is crucial. 

B. They model 

Now we must deal with the fact that J„ is not convex. 
To this end we follow Benguria (1979), who introduced 
the "convexified" j model. With its aid, Benguria was 
the first to place the TFD theory on a rigorous basis for 
a certain class of amenable potentials in Eq. (6.3), which 
is defined in Sec. VI.C. This class includes the point 
nuclei. It will turn out that the j model also permits us 
to analyze TFD theory for all potentials, not just the 
amenable class. However, for nonamenable potentials, 
the analysis is complicated and the final result has an 
unexpected feature, namely, that a minimizing p for E 
may not exist, even if X <Xg. Thej model is explored in 
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detail here because , as will be seen in Sec. VI.C, its 
energy is the same as E^{\) for the TFD model. More­
over , for amenable potentials the density p of the two 
models i s also the same . 

Definition. 

J{P) = JJP), P>Po = (5C,/8r)3 

= 0 , O ^ p ^ p o - (6.14) 

The derivative of this convex function is given in Eq. 
(3.14). Sjip) is given by Eq. (6.1) with J replaced by j . 
Ej{X) i s defined by Eq. (6.5) with S replaced by Sj. 

By the methods of Sees . II and III the j model has many 
of the same properties as T F theory. 

Theorem 6.3. / / V is given by Eq. (6.3) and if S is re­

placed by Sj, E by Ej, and e by ej = Ej- U, then the 

following restdts of TF theory hold for the j model 

{they also hold for TF theory, of course, with this V) 

{Ignore any mention o / T F D and TFDW theory in the 

cited theorems.): 

Propositions 2.1 and 2.2; Theorems 2.3 and 2.4; the 

definition of \ ; Theorem 2.5; Theorem 2.6 [with Eq. 

(2.18) replaced by (3.2)] ; Theorem 2.7; Theorem 2.12 

{for a point nucleus); Theorem 2.13 without the y de­

pendence {for point nuclei-^ the last two equations in this 

theorem have an obvious generalization for non-point 

nuclei.); Theorem 2.14 {for point nuclei) is changed to 

{a) 5K/3=A- 2R- jLiX- aX + 4 D / 3 , (&) 2K=A-R + D 

for an atom, with D- {ZC^/A)jp^^'^ {note that Theorem 

3.19 must be used in the proof); Equation (2.22); Theo­

rem 3.2; Theorems 3.4, 3.5 [Benguria (1979) has shown 

that if W is the potential of point nuclei then (()' - (pGH^ 

away from S^]; Corollaries 3.7, 3.8, 3.9, and 3.10 

{note, in particular, that (p^^ xp^ '"'"''' for fixed /n); 

Lemma 3.11; Theorem 3.12, Corollaries 3.14 and 3.17; 

Theorem 3.18 {i.e., X^=Z); Equation (3.6); Sec. III.B; 

Theorem 3.23 {but note that equality can occur. See 

remark at the end of Sec. IV.C). 

Remarks, (i) Theorem 2.8<a) holds in the s ense that 
p{x)'^{z,/y)'^'\x-R^-'^'ne2ivR,. 

(ii) There i s no s imple scaling for the j model, as in 
Eq. (2.24) for TF theory. 

(iii) We emphasize that a minimizing p ex i s t s if and 
only if X^Z. This p is unique and sat i s f ies the Thomas-
Fermi-Dirac equation (3.2). 

(iv) Question. Under what conditions do the conclu­
s ions of Corol lar ies 3.13, 3.15, and 3.16 and Theorem 
3.21 hold for the j model? Question. To what extent do 
the results of Sec. IV carry over to the j model ? 

(v) To prove the analogue of Eq. (2.15), Mazur's theo­

rem can be used, as in the proof of Proposition 3.24. 
There are some useful additional facts about the j 

model not mentioned in Theorem 6.3. 

Theorem 6.4. If C^ increases then {i) (}>{x)- ^i{X) de­

creases and 11 {X) increases, for fixed X; {it) (p{x) de­

creases for fixed 11. 

Proof. By Corollary 3.10, s ince ^'(p) d e c r e a s e s with C^ 

for fixed p. • 

Theorem 6.5. For all x, E^P{X)> Ej{X)> E{X) since 

J{p) <j{p) <3yp^ ' 'V5 . On the other hand, suppose Vis 

the potential of k point nuclei as in Eq. (2.1). Then for 

X^X^=Z, 

£Tr(x) < Ej{X) - a x + {3CJA)X^/^ {5ci/2y)Z^^^ ^^^ 

+ 27C2x/(10r), (6.15) 

where - Zi is the TF energy for a neutral atom with 

z=l [see Eq. (7.15)\. 

Remarks, (i) When X> Z then ( £ T F _ Ej){X)={E'^^ 

-Ej){Z). 

(ii) Clearly Eq. (6.15) can be improved. But it does 
show that the effect of the Dirac term is to decrease the 
energy by 0{Z^^^) for large Z. (Note: by Theorem 6.8, 
Ej- aX = E.) 

Proof. Let p be the minimizing density for Ej, and p^'' 
that for E'̂ f'. Use p as a trial function for £'^'\ Noting 
that p{x) f. (0,Po] a.e. (Theorem 3.19), we have £ " 
^S'^^{p) = Ej- Q X + ( 3 C y 4 ) / p * / l By Theorem 3.19, 
yp^/^ - Cg p^/^ + a = ^ - jj, when p > 0. But by Corollary 
3.10, • / L l < ( ^ T :y(pTr)A Thus p2/3<(pTr)2-

+ C/y)p^^^. Squar ing th i s and using J{p^^ Y^^'^p^^'^ ^ X 

(Holder ) , and Jp^''^ X{p^)-''\ and [{p-^^^^' 

< [A/(pT' ) '^'r^' , we obtain Eq. (6.15), but with 
5KTI /3r in place of { }. By Theorem 2.14(a), 2K^^ /3 
< -6^' , and by the remark preceding Eq. (4.5) , gi' 
>6'Ti (all nuclei at one p o i n t ) . • 

The next theorem states that p always has compact 
support, even when X = X .̂ When X<X^ this i s also true 
in T F theory (Lemma 3.11). The proof we give s e e m s 
unnecessari ly complicated; a s impler one must be pos­
s ible . 

Theorem 6.6. Suppose V= |jc j "̂  • m G D, with m a non-
negative measure of compact support and J dm = Z. Let 

pbe the minimizing j model density for X^X^=Z. Then p 

has compact support. Moreover, suppose supp(m) 

CBji, the ball of radius R centered at 0. Then supp(p) 

C Bf. for some r depending on R and Z, but independent 

of X. r ^2R + tZ{Pf^ R^)~^ for some universal constant t, 

independent of all parameters. 

Proof. The strategy is to construct a func t ion / such 
that supp(p)C supp( / ) . Let Sn=dBji be the sphere of 
radius R. There ex i s t s a function (surface charge d i s ­
tribution) a on S2^ such that Vg, the potential of c o\it-
side B2ji, i s V, i . e . , 

V{x) = V„{x) = 47r(2i?)2 J dQ<j{a) \x- 2Ra | "^ 

for \x \> 2R, where Q, denotes a point on S^ and Jd^=l. 
It i s easy to s e e that a i s a bounded, continuous function 
s ince supp(m)CB;j, and | a(J2) |<sZi2"^ for some uni­
versa l constant s . Let Ii{^) = -a{Q) + sZR'^^O, and 

let 

dM{x) = dm{x) + S {x/2R)H\X\- 2R)dx . 

If Vj^= \x\-^*M, we s e e that F^(A;)> V{X), all x, and 
Vj^(pc) = Q\x\-^for \x\> 2R, with 0 < Q < (1 + 16Trs)Z. 

V^f- Vis a. bounded function in ©. Now l e t / ( x ) = PQ for 
2i2< Ij«;|<r and/(AT) = 0 otherwise , w i t h / / = Q . het tp 
= \x\~^*p, g= 1 ^ : 1 " ^ / , 0 = 7 - ^ , h= Vff-gvfhere p 

sat i s f i es Eq. (3.2). We c la im u{x) = h{^)-(p{x) + ii^Q. If 
not, let B = {A: IM(:v) < 0 } . B i s open s ince h- <p is con-
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tinuous. - AM/47r>-/+p. But /< p on B since, for 
\x\^2R, f(;c) = 0; for \x\>2R, P(A;) is either 0 or >po 
a.e. by Theorem 3.19. If p{x) = 0 then 0 - M < 0 by (3.2) 
and/^(A;) is clearly >0 , so ATĵ -B; ifp(^)^Po, p - / > 0 . 
Thus u is super harmonic on B and, since u = 0 on dB 
and u= 11^0 at infinity, B is empty. Now consider A 
= {A:|r < l̂ r] }. In A, - AM = 47rp> 0 and M^ 0 on SA and 
at infinity. Therefore either (i) p = 0 a.e. in A or (ii) 
u> 0 everywhere in A, In case (ii), (p <ii in A because 
h = 0 in A. But then, by Eq. (3.2), p = 0 a.e. in A. The 
bound for r is obtained by 47r(r- 2R)i2Rf < {Air/Z)[r^ 
-{2Rf] = Q/p,. • 

Remark. For an atom with nucleus located at the origin, 
R can be chosen to be any positive number. If the in­
equality for r is minimized then we find p(x) = 0 for 

Theorem 6.7. Suppose FG3D and p e e are such that the 
second line of Eq, (3.2) holds with /i = 0, in the sense 
that (l)p{x)^0 a.e. when p{x) = 0 and p{x) = 0 a.e. when (p^{x) 
<0. Let A he the complement of the support of p. Then 
(p = 0 on A, the closure of A, 

Remark. Theorem 6.7 does not mention j . However, 
the theorem is meaningful only if supp(p) is not all of 
R'\ This does not happen in TF theory when jLt = 0, but 
it does happen for the j model if the hypothesis of 
Theorem 6.6 holds. The significance of Theorem 6.7 
is that there is total shielding in TFD theory. This is 
in contrast to TF theory, where there is under-screening 
in the neutral case in the sense that the potential falls 
off only with a power law. One consequence of Theorem 
6.7 is that two or more molecules, each of fixed shape, 
do not interact when their supports are disjoint. See the 
remark at the end of Sec. IV. 

Proof. Let B ={x\(p{x) <0}. Clearly the singularities 
of V are not in B, so B is open. On B, A0 < 0 since 
p = 0 a.e. in B. But 0 = 0 on 9B and at infinity so B is 
empty. Therefore 0 > 0 everywhere. Let D = {x\p{x) 
= 0}. 0 « O a . e . o n A Since ACZ) is open, and 0 is 
continuous on {x\(p{x) <1}, 0=0 on A, and hence on A. 

C. The relation of they model to TFD theory 

We shall show that the energy of the j model is exactly 
E^(X) = E{X) + aX for the TFD problem. Thus all the facts 
about the energy in Theorems 6.3 and 6.5 hold for TFD 
theory. However, the densities may be different! 

Let us start with the simplest case studied by Bengu-
ria (1979). 

Definition. A (non-negative) measure m is said to be 
amenable if 

dm (x) = 2,-6(A-- Ri)dx +g{x)dx 

necessary for Theorem 6.8. Technicalities aside, (iv) 
is the crucial point. 5 measures (corresponding to point 
nuclei) are strongly amenable. 

Theorem 6.8. Suppose that in Eq. (6.1) V= \x\'^*m 
and m is amenable. Then Eg^{X) = E{X) + aXfor the TFD 
problem equals Ej{X) for the j model. Moreover, there 
is a minimizing p for the TFD problem if and only if X 
< X^ = Z = Jdm. This p is unique and is the same as the 
p for the j model. It satisfies Eq. (3.2). 

Proof. Clearly E^^^Ej since Jo,{p)^j{p). First suppose 
X^X^ = Z and let p be the unique minimum for the j prob­
lem. By Theorem 3.19, p{x)^ (0,Po) so E^{X)^ S„{p) 
= Sj{p) = Ej{X). Thus EJX)=^EJ(X). Let p sa t i s fy /p = X 
and SJp) = EjX). Then since SJp)^ §j{p)^Ej{X) we 
conclude that p minimizes Sj{p). But there is only one 
such p. Next, suppose X>X^. Then Ej{X) = Ej{X^) = E^{Xj. 
But EJX)^EJX^) by Theorem 6.2, and EJX)^Ej{X). 
Eence Eg^{X)=Ej{X). By the above argument, any mini­
mizing p for Sg, would have to minimize Sj, but no such 
p exists. • 

Remark. By Theorem 3.19, P{X)9^{0,PQ) a.e. if m is 
amenable, and p{x)i^p^ a.e. if m is strongly amenable. 
If p is merely amenable, p{x) can be Pp with positive 
measure. An example is dm{x) •= p^B j^{x)dx, with B^ 
being the characteristic function of a ball of radius R 
centered at 0. Then p^(x) = p^Bf{x) with 47rpQrV3 =X for 
X ^ X̂  = 47rpQ R^/Z. This p^ is easily seen to satisfy Eq. 
(3.2). 

If w is not amenable the situation is much more com­
plicated, but more amusing mathematically. First let 
us consider the energy. 

Theorem 6.9. / / F = |;t | - U m e D , then EJX) = Ej{X) 
for all X. In particular, Xg = Z = Jdm and E^ is convex 
in X. If there is a minimizing p for E{X), it is unique 
and it is the p for the j model. 

A number of lemmas are needed for the proof. 

Lemma 6,10. Let ACR^ be a measurable set and let p 
be a function in L^ with 0 ̂  p(;c) < 1 for x EiA, and p{x) = 0 
for x^A. {This implies p&L", all p.) Then there exists 
a sequence of functions f" E. L^ such that (i) f"-* p weakly 
in every L^ with 1 <p <ooj {ii) f is the characteristic 
function of some measurable set i^"CA; {Hi) Jf'' = Jp. 

Proof: For 6> 0 and y E.Z^ let B{6,y) = {xER ^\- 6/2 
<x' - 5y* ^ 6/2} be the elementary cubes of side 6. Let 
C{6,y)=AnB{6,y). Partition C{6,y) into two disjoint 
measurable sets, C* and C", such that |C*(6,y)| 
= fB{5,y)p. Let F^={J^^^2C*{6,y), and let/<» be the 
characteristic function of F^. Clearly /^ € L" with norm 
{jp)^^\ and/** satisfies (ii) and (iii). Let l/p + l/q = l. 
Since CQ, the continuous functions of compact support, 
are dense in L", and 1|/^ IÎ  = constant, it suffices to 
prove that I{6,g) = Jg{f^ - p)-*0 as 6-*0for every 
^ e CQ. But g is uniformly continuous, so for any 
e>0, \g{x).-g{^y)\<€, (uniformly) for x^ B{6,y) when 6 
is small enough. Since 

with £ i>0 and ^ satisfies: ( i )^^O, ( i i )^eL;^, , (iii) If 
A = {A'|^(A:) = 0 } and ~A is its complement then R \ 
[ Interior (A) U Interior (~A)] has zero Lebesgue mea­
sure, {iv) g{x)^ pQ for x/ A. (v) 7= |;c-|"*»meD. m i s 
strongly amenable if g{x) ^ PQ for x </ A. 

Remark. This amenable class is more restrictive than Lemma 6.11. Suppose p^S and 

f ( / ° -p) = 0, |7(6,^)|<2c f p . l 
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A(f))={x\0<p{x)<PQ} (6.16) 

has positive measure. Then there exists pGd satisfying 
(i) S{p) <S{p); (ii) A{p) is empty; (Hi) p{x)=p{x) if x 
tA{p); (iv) Jp = Jp. 

Proof. Apply Lemma 6.10 to the function h{x) = p{x)/pQ 
if x^A{p), h{x) = 0 otherwise. Let p"ix) = pQf''{x) if 
x&A{p), p"{x) = p{x) otherwise. Then Jp'' = Jp and 
J'^aiP") ~ I'^a(P) = -K with K>Q and independent of n 
[since JJt)>0 for 0 <t<pQ, and 0 = J„(0)= J«(po)]. 
Now, as in the proof of Theorem 2.4, j Vp"-* Jvp. 
limD(p'', p") = D{p, p) (easy proof). Hence for any e > 0 
there is some n such that Jvp"> Jvp- e and D{p",p") 
<D{p,p)+c.m 

The following is a corollary of Lemma 6.11. 

Theorem 6.12. (a) If ped minimizesS{p) on Jp = X, 
then measure {A(p)} = 0. (b) Even if there is no mini­
mizing p, a minimizing sequence for E{x) with Jp = X 
can be chosen such that A(p") is empty for all n. 

Theorem 6.13. Let p minimize Sj for Jp = X. A{p) may 
not be empty, but for any c> 0 there exists a p such that 
Jp = X, A{p) is empty, and Sj{p) <Ej{X)+c. 

Proof. Again, use Lemma 6.10 and mimic the proof of 
Theorem 6.11. • 

Proof of Theorem 6.9. That EjX) = Ej{X) follows from 
Theorem 6.13 and an imitation of the argument in Theo­
rem 6.8. By Theorem 6.12 any minimizing p has A{p) 
empty and thus minimizes <§/p). There can be only one 
such p, since the minimizing p for Sj is unique. • 

In summary: E{X) = Ej{X)- aX always, but a mini­
mizing p may or may not exist for the TFD problem. It 
exists if and only if the minimizing p for the j model 
(which always exists when X< X^) satisfies p{x) f (0,PQ) 
a.e. A sufficient condition on Ffor this to occur is that 
7 be amenable; a necessary condition seems to be diffi­
cult to find. The example of Sec. III.B illustrates the 
nonexistence phenomenon: If dm{x) =g(x)dx with g(x) 
<E (0,Po) and g<E L \ then Pj{x)=g{x) in the neutral case, 
^ = \ = Jg. But ̂ (;c:) does not minimize S{p). A sequence 
of minimizing p's for S{p) are functions which on the 
average locally imitate g but which oscillate rapidly be­
tween the two values 0 and PQ. 

VII. THOMAS-FERMI-VON WEIZSACKER THEORY 

TFW theory was originally suggested by von Weiz-
sacker (1935) with 6 = 6i=^V2m in Eq. (2.8). There is 
no fundamental justification for TFW theory in the sense 
that there is for TF theory, i.e., there is no theorem 
that the correction to the energy or density caused by 
the Weizsacker term with 6 = 6j agrees with the real 
quantum problem. We shall see, however, that if 5 
= (0.186) 6j then the energy correction proposed by Scott 
(Sec. V.B), but not the density correction conjectured 
in Eq. (5.37), is realized in TFW theory. If Scott is 
correct then a posteriori TFW theory has some funda­
mental meaning for atoms and molecules. 

We were able to make a great deal of progress with 
TF and TFD theories essentially because of the point-

wise relation between ({){x) and p{x). In TFW theory this 
relation is lost, and therefore TFW theory is much 
more difficult mathematically. However, the physical 
consequences of TFW theory are much richer and quali­
tatively more nearly parallel the physics of real atoms 
and molecules. In addition to the above mentioned Z^ 
energy correction, TFW theory remedies three defects 
of TF (and TFD) theory: 

(i) p will be finite at the nuclei. 
(ii) binding of atoms occurs and negative ions are 

stable (i.e., X^> Z). These two facts are closely related. 
(iii) p has exponential falloff if X<X^, e.g., for neutral 

atoms and molecules. 
The theory presented here was begun by Benguria 

(1979) and then further developed by Benguria, Brezis, 
and Lieb (1981) (BBL), to which we shall refer for tech­
nical details. Some newer results will also be given, 
especially that Xg> Z for molecules, the Z^ correction 
to the energy (Sec. VILD), and the binding of equal 
atoms. Many interesting problems are still open, how­
ever. 

The TFW energy functional (see Note (iv) below) is 

S{p)=A f [Vpi/2(;c)] 'dx+ir/p) J pixfdx 

J V{x)p{x)dx + D{p,p) + U. (7.1) 

This agrees with Eq. (2.8) in units in which ^ y 2 m = l . 
A closely related functional, obtained by writing ^^ = p, 
is 

S'{iP)=AJ (yip)'+{r/p)J ip"" 

- J Vip^ + D{4)\ ip^) + U. (7.2) 

Note, (i) In this section all quantities refer to TFW 
theory unless otherwise stated. 

(ii) Equation (7.1) is defined for p{x)^0 while in Eq. 
(7.2) ipix) only has to be real. 

(iii) As in Sec. VI, we shall assume for simplicity that 
V is given by Eq. (6.3) et seq. Later on a slightly 
stronger hypothesis (7.12) will be used. 

(iv) /)> 1 is a parameter; it will not be indicated ex­
plicitly unless necessary. Recall that E'^^ was finite for 
point nuclei only if /) >|-. E is finite in TFW theory for 
all p> 0. We need p^ 1 for Theorems 7.1 and 7.2, among 
other reasons. Even though we are interested in /' = |> 
we allow p to be arbitrary because the dependence on p 
is interesting. It will turn out that P = l, the case of 
physical interest, is special—at least it is so for the 
proof that X^ > Z. 

A. The TFW minimization problem 

The function space is 

G;={ip\^ip&L\il)GL^nL^\D{ilj\ip^)<'^} . (7.3) 

We say p e Ĝ  if p{x) ̂  0 and p^^'^e G/. Ĝ  contains 

F; = G;n L^={ip\vipiEL\ip^L^n L^f'nL^}. (7.4) 
Even though we are interested in p e L^ (or ipGL^), the 
larger space Ĝ  is used for technical reasons in order 
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to prove that X̂  < °°; ^^ other words, we shall eventually 
find that all p's of interest are in Fp (defined analogously 
to Gf,). 

Remark. By Sobolev's inequality, |lVi^||2> -Lllî llG with 
L = 3 /̂2(7 /̂2)2/3 (cf. Lieb, 1976) when ipeL", l^q<<o. 
Thus when ip<E F;, the restrictions that ip&L^ and ipeL^" 
(if/>^ 3) are unnecessary. In short, î ^ =H'n L̂ **, where 
//^ = {i/ |̂Vi/.and ip&L^}. 

As usual, 

) = inf|(§ EiX) = inf{Sip)\p&F„ j p = A, 

(7.5) 

Theorem 7.1. S{p) is strictly convex in p. 

Proof. The only term that has to be checked is j (yp^^^)^. 
If ipi=py\ 2 = 1,2, and ip=(Ea}Piy^\ E a ? = l , then 

ipVip=J^ (a,i/),)(a,Vi/;,) 

and 

(ipvtp) '^{Z<^]r){j:^i^^i^')-
Assuming ^(x) > 0 everywhere, we are done. Otherwise, 
the result follows by approximation. • 

Remark. S'{ip) is not convex in Jp because of the - / Vip^ 
term. 

Theorem 7.2. For all finite X 

{i)E{X) = E'{X); 

iii)E{X) = in{ls{p)\peF„ jp^x\ 

and similarly for E'{X); 

(Hi) E{X) is convex and monotone nonincreasing in X. 

Proof, (i) Given p, we can always construct ip = p^/^, so 
E'{X)^E{X). Conversely, given !/) l e t / = |i|̂ I. But V/ 
= (ymsgniP) so J(yf)' = J(yip)\ Thus S'if) = S'{ip). 
Choosing p=/2 , £(X)<£'(X). (ii) As before, "excess 
charge" can be put at "infinity." Here p> 1 is essen­
tial. (iii) S(p) is convex so E(X) is convex. Monotonicity 
is implied by (ii). • 

Remark, (i) relates the two problems defined by Eqs. 
(7.1) and (7.2). To obtain the convexity (iii), 5 and 
Theorem 7.1 were used. We shall use S' to obtain the 
existence of a minimum, and then the TFW equation for 
this minimum. 

Lemma 7,3. Let V= \x\~'^*m, with m a measure and 
\m\ = Z < «. Let p{x)^ 0. Then there exists a constant 
C independent of m and p such that for every e > 0 

fvp^€Z\\p\\, + Z€-'^'CD{p,py 

Proof. By regarding R ^ as the union of balls of unit 
radius centered on the points of (|)Z^ it suffices to as­
sume supp(m)CBi, v/here Bif = {x\\x\'iR} and X/e is the 
characteristic function of Bjj. In the following, irrele­
vant constants will be suppressed. Write V= V_ + 7+ 

where V_= Vxz and similarly for p. First consider 
I- = J V_ p_. By Young's inequality (and writing |;c - y | "* 
= \x-y\~%{x-y) for x,yEB,) WV.W^^Z. Thus 

/_^Z| |pJ l2<-^l |p | | | /^ l |P- l lK^ 

^-^{lIPIU + IIP- l l i } . 

But 

Z)(p,p)>£>(p_,p.)>||pJ|2 

since U-3' |"^>i in Bg. Now, outside Bg, V{x) <2Z/ 
\x\= W{x). Let Q = QX2^^ the constant charge distribu­
tion such that |A:|~^» Q= W(x) outside Bg. Then /* 
^2£>(Q,pJ<2D(Q,Q)i/2i>(p^,pji/2^ But D{Q^Q) = Z\ 
Therefore (on the whole of R )̂ / ^ Zllpllg+ ZCZ>(p,p)^/l 
Now replace p{x) by c^p{zx) and dm{x) by €^dm{€x). Then 
€l=Ic ^Zc^\\p\\^ + ZC€^^^Dip,p). m 

From the Sobolev inequality, the following is obtained: 

Corollary 7.4. There are constants a and b>0 such 
that for every ip e G^ 

S'i^))^ a[\\Vip \\l+ \\p\\l + llpllg + £>(p,p)] + U-b, (7.6) 

with p = ip^. In particular, §' is bounded below on G'p 
and E{X) is bounded below. 

It is obvious that E{X)^E^^{X), with the same P. If 
/)>!•, E'^^iX) is finite for point nuclei. The following 
illustrates the sort of lower bound for E{X) that can be 
obtained with the Sobolev inequality. 

Theorem 7.5. Let p = l. Let E'^^{A, y, X) denote the 
TFW energy and E'^^ (y, X) denote the TF energy. Let 
L = 9.578. Then 

£Ti \v {^A, y, X) > E^r^^ +^^^-2/3^ ;̂ ) ^ (7.7) 

In particular, for an atom, with a point nucleus, E^^[y, X) 
~ y" * whence, for an atom, 

B̂ FW (̂ ^ ^̂  ;̂ ) ̂  y(y + A Z X - 2 / 3 ) - 1 £ T F (̂ ^ ^) ^ ^^ ĝ) 

Proof. 

\ -2/3 
/ | V ^ | 2 ^ L ( / | ^ | l O / 3 ) ( / | ^ | 2 y 

See Lieb, 1976. • 

Remark. The right side of Eq. (7.8) has two properties: 
(i) Its slope at X = 0 is finite, (ii) It is strictly monotone 
decreasing for all X. To some extent, E'^^'*' will be seen 
to mimic this: E'^^'^ has a finite slope at X = aand is 
strictly decreasing up to X̂  > Z. 

Theorem 7.6. (i) S'i^) has a minimum on the set ^^F'p 
and j ip^^X. 

{ii) S'{ip) has a minimum on G'p. 
{iii) The same is true for 8{p) on Fp{Jp^ X) and Gp, 

Furthermore p and ip are related by p(pc) = ip{x)^. The 
minimizing p is unique. 

Proof. The proof we give is different from the proof of 
Theorem 2.4 because Fatou's lemma will be used, as 
stated in the remark after Theorem 2.4. Let ip" be a 
minimizing sequence. By Corollary 7.4 all quantities in 
Eq. (7.6) are bounded. By passing to a subsequence we 
can demand, by the Banach-Alaoglu theorem, that Vi/)" 
-*/ weakly in L^ and p"^p weakly in L^ and in L** [where 

289 



Rev. Mod. Phys. 53, 603-641 (1981) 

630 Elliott Lieb: Thomas-Fermi and related theories 

P"= (4^)^]. Furthermore, for any bounded ball B, ip 
e 1/2(8) since ip&L^(B). Moreover, H^{B) is relatively 
(norm) compact in L^(fi). Thus, by passing to a further 
subsequence, we may assume ip"-—!}) strongly in L^(fi) 
for every B and pointwise a.e. Then it is clear that p 
= 4)^ and f='^i}). As before, liminf||Vj/)''||2>||Vj/;||2. From 
the pointwise convergence and Fatou's lemma, 
lim infDip", p") > D(p, p) and liminf \\p" \\p ^ \\p \\p. For 
the F term we write m = mj + m2 with m^ = mx„ and 
choose R large enough so that jm2|<6 (since ]m\ = Z 
< °o). If Fg^mg* \x\-^ then / Fgjp-p"! <6(const) by 
Lemma 7.3 (with 8 = 1). Next, write V^=V_+ V^ with 
V. = Vi Xr- K ̂  > 2-R, V, {x) < 2Z/ \x | . Let Q^ be the uni­
form charge distribution inside B^ so that Q,. • |x | "^ 
= 2Z/\x\ outsider,.. Then J V^\p- p''\^D{Q^,Q;)^^'^D{\p 
- p" I, |p - p" I )^''2. Choose r large enough so that 
D{Q^,Q^)<6\ F_GL3^2^ s o / F . ( P - P " ) - 0 . since 6 
was arbitrary, f V{p- p")-* 0. Combining all this, 
lim inf <§'(!^) ̂  S'{ip). Finally, if / p " < X then / p < X as in 
the proof of Theorem 2.4 (but using L^). As remarked 
in the proof of Theorem 7.2, we can choose i})"(x)^ 0 
everywhere; hence ipix)^ 0 and p{x) = ip{x)^ minimizes 
S{p). The uniqueness of p follows from the strict con­
vexity of S(p). m 

Definition, x^ can be defined as in Sec. 11, namely, X^ 
= sup{x\E{X) = lim^^^E{x)}. A simple variational cal­
culation, which exploits the fact that V{x)~- Z/\x\ for 
large \x\, shows that X^>0. 

Theorem 7.7. There is a minimizing p on Fp with jp 
= X if and only if X^ X^. The minimizing p in Theorem 
7.6 when X> X^ is the p for X^. E{X) is strictly convex 
on [0, A] . 

Proof, Same as for Theorem 2.5. • 

Theorem 7.8. (i) Any minimizing ip<EFl for S'(4>) on 
the set Jip^^ X satisfies the TFW equation {in the sense 
of distributions): 

[-A^+W,{x)]4>{x) = -liHx), 

where 

W^{x) = yHx)^^ • (P,{x) 

(7.9) 

(7.10) 

and 

(pp=V- \x\~'^'^p withp = Jp^. 

(ii) If i/) minimizes S'{ip) on Gp, then ip satisfies Eq. 
(7.9) with / i=0 . 

(Hi) E{X) is continuously differentiahle and - ii=dE/dX 
for X^X^, while 0=dE/dxfor X^ X^. In particular, /i 

(iv) If p<EGp satisfies Eq. (7.9) and Jp = X (possibly °o), 
then p minimizes §{•) on the set Jp < X. 

(v) Fix X. There can be at most one pair p, /j, \with 
p{x)^ 0] that satisfies Eq. (7.9) with Jp = X. 

Proof, (i) and (ii) are standard. Just consider J/) + e/ 
with/G C" and (/, 4)) = 0 and set dS/de=0. For the ab­
solute minimum we do not require (/, ip) = 0. The proof 
of (iii) is as in Theorem 2.7 (cf. LS Theorem n.lO and 
Lemma 11.27). The proof of (iv) and (v) imitates that of 
Theorem 2.6. • 

We shall eventually prove that the minimizing ip is 

unique (we already know that p, and hence ip^ is unique), 
but Theorem 7.9 is needed first. We also want to prove 
that X^ < oo, i.e., the ip that satisfies Eq. (7.9) with ii=0 
satisfies Jip^ < <». This will be done in Sec. vn.B. 

Theorem 7.9. If ip&GI, satisfies Eq. (7.9) {as a distrubu-
tion) and ip{x)^0 for all Xy then (i) ip is continuous. More 
precisely, ip&C^'°' for every a <1 [i.e., for every 
bounded ball B, \ip{x)-ip{y)\ <M\X-y]*" for some M 
and all x,y E.B]. {ii) If V is C" on some open set Q,, 
then tp is C" on Q,. For point nuclei, n=R^\{i?,-}. {Hi) 
Either ip = 0 or ip{x)> 0 everywhere, {iv) W^ EL]^^ for 
every e > 0. 

Proof. Clearly F e L];^^ (all e > 0) and, since ipE.L^. 
-A/^ip^f wi th / = Vip&L];^ (all c > 0). Choosing £ < f, 
we can apply a result of Stampacchia (1965, Theorem 
5.2) to conclude J/̂ e Lfoc and hence ip^" "̂  e L]-^ (all s > 0). 
Now, g= \x\~ ^*PEL^ [since A^ = - ^•np=>K\\g\\l^ J{Vg)^ 
= SITD{P,P)]. Therefore-Aj/^eL^j;^ (all 8 > 0 ) . Then 
(Adams, 1975, p. 98) J/^GC'**. (ii) follows by a bootstrap 
argument as in Theorem 2.8. For (iii) we note that - Aip 
= bip and b G L^^^, Q>\. The conclusion follows from 
Harnack's inequality (Gilbarg and Trudinger, 1977). • 

We know that p'^^> 0 satisfies Eq. (7.9), so p^^^ enjoys 
the above properties. Since p is unique we shall hence­
forth denote Eq. (7.10) simply by W. We shall also use 
the notation 

H= -A6. + W. (7.11) 

Theorem 7.10. The minimizing ip is unique up to a sign 
which is fixed by ip{x)=p{x)^^^> 0 everywhere. ip is also 
the unique ground-state eigenfunction of H=- A/^ + W{x) 
and /I is its ground-state eigenvalue. 

Proof. If i/) is minimizing then 4'^ = p and H are uniquely 
determined, f^p^'"^ satisfies Hf=-y.f. S ince/ is non-
negative, it is the ground state of H, and the ground 
state of H is unique up to sign (cf. Reed and Simon, 1978, 
Sec. Xin.l2). • 

Remarks, (i) It is not claimed that the TFW equation 
(7.9) and (7.10) has no solution other than the positive 
one. Infinitely many other solutions probably exist. 
They have been found for certain nonlinear equations 
which have some resemblance to the TFW equation 
(Berestycki and Lions, 1980), but the TFW equation 
itself has not been analyzed in this regard. These other 
solutions correspond, in some vague sense, to "excited 
states." 

(ii) The interplay between §'{ip) and S{p) should be 
noted. Apart from the somewhat pedantic question of the 
uniqueness of rp, § was used to get the uniqueness of p 
= rp^ and the convexity of E{x). §' was used to get the 
TFW equation in which it is not necessary to distinguish 
between p(Ar)> 0 and p{x) = 0 as in the TF equation (2.18). 
The 4 of interest automatically turns out to be positive. 
For purposes of comparison, the TF equation is {W+ p.)ip 
= 0 if 4>0, and {W+\i)^Q if i/j^O. The TFW equation is 
{W+ \i)ip=Ai^}p everywhere. 

(iii) Note that there is a solution even for /LX = 0. For 
this p, H-- A£^ + W has zero as its ground-state eigen­
value with an L^ eigenfunction, i/) (Theorem 7.12). This 
is unusual. Zero is also the bottom of the essential 
spectrum of H, 
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To complete the picture of E{X) we have to know how 
E{X) behaves for small X. Since jii, is a decreasing func­
tion of X (by convexity of E), ji has its maximum at X = 0. 

Theorem 7.11. ii{X = 0) = - e^ where e^<Q is the ground-
state energy of the Hamiltonian HQ=- AA - V{x). In par­
ticular, for a point nucleus ii{X = 0) = zV{^)' 

Proof. ii{0) = lim^^(,E(0)-E{X), E(0)=U. L e t / b e the 
normalized ground state of Ĵ QI H^f=e^f. Letp=X/^. 
Clearly, S{"p) = XeQ+U + o{X), s'mce p>l. On the other 
hand, for any p with Jp — X, 8{p) > Xe^ + Ĉ . • 

In Sec. vn.B we shall see that Z <Xg < °o. Therefore 
the behavior of E{X) can be summarized as follows; 

e{X) = E{X)- U in TFW theory looks like Fig. 1 with two 
important changes: (i) X^> Z (at least for />> | ) . e{X) is 
strictly convex for 0 < X < X̂o (ii) The slope at X = 0 is 
finite. [ In TF theory e{x) » X^^l ] 

B. Properties of the density and X^ 

Our main concern here will be to estimate X̂^ For 
energetic reasons, it is intuitively clear that X^> Z for 
large enough p because otherwise the energy could al­
ways be lowered by adding some additional charge far 
out. Benguria (1979) proved this for />> | . We shall 
also see that Xg> Z for / ) ^ | . 

What is far from obvious, however, is that X̂  is 
finite. There is no energetic reason why E{X) could not 
steadily decrease (and be bounded, of course). It is 
easy to construct a p{x) with Jp = °° so that all the terms 
in the energy and also (j){x), except at the nuclei, are 
finite. pix)= {1+x^)~^^^ is an example. That X̂  < <» is a 
subtle fact. The same question arises in quantum theory, 
and it has only recently been proved there that X̂  is 
finite. Ruskai (1981) proved this when the "electrons" 
are bosons. I. M. Sigal later found a proof (by a differ­
ent method) for fermions (paper in preparation). 

In the following, ip always means +p^^^. For simplicity 
we shall henceforth assume the following condition in ad­
dition to 7 ( E D : 

V{x)^C/\x\ (7.12) 

for some C < °o and for all |^ | > some R. The fact that 
V= \x\~^*ni a.nd |m |=Z does not guarantee Eq. (7.12). 
If, however, m has compact support, then (7.12) holds. 

Theorem 7.12. X^< °o for all p> 1. 

Proof. Let p give the absolute minimum of S{p) on G .̂ 
ip satisfies Eq. (7.9) with ii = 0. We shall prove that this 
p has X= Jp < °o, thereby proving that E{X) has an abso­
lute minimum at X, and hence that X^ = X. Assume X 
= °o. Then for \x\^ some R [which is bigger than the 
/J in Eq. (7.12)], \x\-^ * p'> 2C/\x\. Thus, for \x\ > R, 
- AA?/j < - C^/1X I. Now we use a comparison argument. 
Let 

f{x) = Mexp{-2[C\x\/A]'/'} 

withM>0. / satisfies - AA/>-C/ / l ^ r I, for |x|itO, so 
-A^{ip-f)^-C{4)-f)/\x\. Fix M by f (x) ^ 4>(x) for \x\ 
= R. If we knew that 4'{x) -* 0 as |x | — « we could con­
clude, from the maximum principle, that 4> < f for \x\ 
^ R. This implies that ip^L^. Unfortunately, we only 
know that ip{x)-*0 in a weak sense (namely, L^). This, it 

turns out, is good enough. See BBL for details. • 

Now that we know Jp < <», even for the absolute mini­
mum (/Lt = 0), we can prove 

Theorem 7.13. ip is bounded on R ^ and i}){x) — 0 as \x\ 
^00. Also, ip€.H^ {i.e., ip,Vip and Aip&L^). 

Proof. -AAip<V4>so i-AA + l)i]j^{V+l)ii). Since 
iV+l)4>^L\ ip^{-Ai\ + l)-^[{V+l)ip] and this is 
bounded and goes to zero as |:\;|^°o (Lemma 3.1). 
Finally, ip^'"^^dip for some d, and ̂ = l̂ r |~^*p 
eL^ together with ip&L^ imply gipe L^. Hence Aip&L^. 
• 
Theorem 7.14. If P^\ then, for all x, 

yp{x)'-Uv{x). (7.13) 

In particular, ifp = l, fix)<[V{x)/yY'^. 

Proof. The essential point is that since V is super-
harmonic, so is 7* for t^l. 'Letf=ip- (V/y)* with t 
= l/{2p-2). hetB={x\f{x)>0}. Since i/̂  and 7 are 
continuous on B, B is open. On B, W> 0 so - A/<0. 
/ = 0 at oo and on dB, so B is empty. • 

Remark. The bound in Eq. (7.13) also holds trivially in 
TF theory from Eq. (2.18). 

Theorem 7.15. If p^j then X^^ z. 

Proof. Suppose X̂  = Z - e. Since H = - AA + W has zero 
as its ground-state energy, {f ,Hf)^ 0 for any/eCp". 
Let/i(x)^0 be spherically symmetric with support in 
1 ^ |;t I« 2, /i(x) < 1, and f „{x) =f{x/n). Then / / „ V 
= / / n [ ^ ] J where [0 ] , is the spherical average of (p. 
It is easy to see that for \x |> some R, [ 0] 5̂  e/2 \x \ 
since Jp = Z-z. Therefore Jfl(p > {const)n^ for large 
n. J(yfJ^= (const)n. The crucial quantity is D^ 
= Jflpf-\ U p^ 2, D„^ (const) Jp. If/)< 2 use Holder's 
inequality: D„^ x^^'^Yn'", vfhere Xr, = Jf^p Sind Y„ 
= Jfl. Clearly j5£:„ — 0 as n — <» since p&L^. Y„ 
= (const)n^. Now let n^°o, whence (f „,Hf„)^- °o. • 

Remarks, (i) The basic reason that /> ^ | is needed 
in the proof of Theorem 7.15 is that we want to be able 
to ignore the p''~^ term in Wand thereby obtain a nega­
tive-energy bound state for ^ when X <Z. However, if 
p<E.L^ then (essentially) p{x)~ \x\~'^f{x), where f {x) can 
be slowly decreasing. Hence we can be certain that p'*"^ 
is small compared to |x|"* only if 3(/>- 1)> 1. 

(ii) In Theorems 7.16 and 7.19 we prove that X >̂ Z. 
The underlying idea is that to have a zero-energy L^ 
bound state, W{x) has to be positive for large \x\. Es­
sentially, W{x) has to be as big as |A:| ~ ;̂ this require­
ment is clear if we assume ^{x)~ \x\~'^ for large \x\. K 
X^ = Z, then 0 is (essentially) positive for large \x\, so 
the repulsion has to come from p'"K But if ^ - 1 > | 
then p^~^ cannot be sufficiently big since p G L^ The 
theorem that X̂  > Z when ^ > | was proved for an atom in 
BBL. We give that proof first in Theorem 7.16 in order 
to clarify the ideas. Then, after Lemma 7.18, we give a 
proof (which is not in BBL) of the general case in Theo­
rem 7.19. Some condition on p really is needed to have 
X^>Z. In BBL it is proved that if/) = I , y=l, 7 is 
given by Eq. (2.1), andA«l/ l67r, then X^=Z. 

Theorem 7,16. Suppose />> | and suppose V= \x\~^*m 
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where m is a non-negative measure that satisfies the 
following conditions', {i) m is spherically symmetric-^ 
{a) the support ofm is contained in some ball, B^ 
= {x\ \x\ <R}. Then X^>Z. 

Proof. Assume that \^ < Z. By Newton's theorem, 0(x) 
> 0 for |;c|>il. Then when X=Xp, - Ai/;> - yi/j^''-^ for 
|jc |> i?. e/) is spherically symmetric and ip(R) > 0. Let 

f{x) = C\x\-^^^, which satisfies -A^ip^ -yf-' for |;c | 
> R provided 0<C^D with D^f-^= i'iA/4y)R^''-K Let C 
= min[D,ip{R)]. Then !/)(X)^/(A:) for all |x |>/2, because 
-AA{ip-f)^-y{ip^f-^-f^''-^), Which would imply that 
il}-fis superharmonic on the set where ^ - / <0. Since 
ip and / go to zero at infinity, and ip-f^O at |x | = /2, 
this is impossible. Hence ip'^ L^, which contradicts 
\\n2^z. u 

In the foregoing we used a comparison argument which, 
in turn, relied on the fact that the positive part of W, 
namely p'*"^ was simply related to ip. In the proof of 
Theorem 7.19 we shall not have that luxury, and so the 
more powerful Lemma 7.18 is needed. 

Lemma 7.17. Let Sj^ denote the sphere{x\ \X\ = R} and 
let do, be the normalized, invariant, spherical measure 
on Sj. For any function h, let [h] {r) = Jh{r, Q,)dQ, be the 
spherical average of h. Now suppose ip{x) >0 is C^ in a 
neighborhood of S^. Let f (r) = exp{[ Inip] (r)}. Then, for 
all r in some neighborhood of R, 

[Aip/ip]{r)^{Af/f){r) 

= {d^f/dr^+ {2/r)df/dr}/f{r). 

Proof. 'Letg{x) = ln4)ix). Then ^ip/4> = ^g+{^gf. Clear­
ly [ Ag] = A[ ^ ] . Moreover, (V^)^^ { dg{r, ^)/dr} ^, and 
[{dg/dr)^] ^ {d[g]/dr)^ by the Schwarz inequality. Thus 
[A4>/4>]^A[g] + (y[g])'=^f/f.m 

Lemma 7.18. Suppose 4>{x)>0 is a C^ function in a 
neighborhood of the domain D = {x\\x \ > R} and ip satis­
fies {-AA+W{x)} tp{x) ^ 0 on D. Let [ W] be the spherical 
average of W and write [W]^[w]^ - [w]_ with [W]^{x) 
= max[[W]U),0]. Suppose[w],GL^'\D). Thenip^L^D). 
{Note: no hypothesis is made about [W]_.) See note 
added in proof below. 

Remarks. Simon (1981, Appendix 3) proves a similar 
theorem for Z)= K^ except that [Ŵ ] = [W ]̂̂  - [w]. is re­
placed by W=W* -W_withW^=max{W,0). Simon does not 
require the technical restrictions that ip{x) >0 and 4> is C .̂ 
Simon's theorem will be used in our proof. Lemma 7.18 
improves Simon's result in two ways: (i) It is sufficient 
to consider D and not all of R .̂ (ii) It is only necessary 
that [ Ŵ] + , and not W^, be in L^/^; the latter distinction 
is important. As an example, suppose that for large \x | 
the potential Wis that of a dipole, i.e., W{Xi,X2,X2) 
= Xi\x\-\ W^f-L^^^bnt, since [ t ^ ] , = 0 . Lemma 7.18 
says that this W cannot have a zero-energy L^ bound 
state. 

Proof. Let/=exp{[lni| ']} as in Lemma 7.17. Then 
-A^f/f+ [W]^ [-AAip/ip+ W]^0. By Jensen's inequality 
Jf^^Jip'^, so if f ^ L^ thenip / L^. Therefore it suffices 
to consider {- AA + [ PT] (A:)}/ ^ 0 and to prove / r L^ 
under the stated condition on [W]. First, suppose D 
= R ^ Then this is just Simon's (1981) theorem. (How­

ever, since we are now dealing with spherically sym­
metric [ W] and/ , it is likely that a direct, ordinary 
differential equation proof can be found to replace Simon's 
proof.) Next, suppose R>0. Let g{x)> 0 be any C^ func­
tion defined in R ^ such that g{x) =f{x) for |;c |> i?. Then 
{-AA-¥U{x)}g^O on R3 where U=[W] for \x\^R and 
U is bounded for \x\^R. Clearly [W]^&L^^\D) if and 
only if C^+eL^/2(R^). Apply Simon's theorem to U. • 

Note added in proof. H. Brezis (private communication) 
has found a direct ordinary differential equation proof. 
Moreover, under the hypotheses of Lemma 7.18, 0 
^L^-^ for all e>0. 

Theorem 7.19. Let the hypothesis be the same as in 
Theorem 7.16 except that {i) is omitted. {In other words, 
a molecule is now being considered.) Then \> Z. 

Proof. For |;c |> i2, V{x) is C" so ^(?c) > 0 and i/̂ e C^ by 
Theorem 7.9. Assume X^< Z. The hypotheses of Lemma 
7.18 are satisfied with [ - AA + W{x)\ ip = 0. To obtain a 
contradiction we have to show [ W]^<EL^^^. Consider 0. 
Even if (p is negative somewhere, [ 0] (r) > 0 in D by 
Newton's theorem. Therefore it suffices to show 
[p'"^]eL^/\ Up^l t hen / ) -1> I and [p^-^]{r) 
<C[p^^^] (r), since p is bounded. But [p^^^] (r) 
<{[p](>')}^/^ by Holder, a n d / [ p ] ^2/3X3/2) ̂ J ^ ^ <̂^ , 

We know that X̂  > Z in the physically interesting case 
P = ^. How large is \ - Z? In other words, how nega­
tive can ions be? This seems to be a very difficult 
question, even for an atom. To obtain qualitative agree­
ment with quantum theory, it would be desirable if X̂  
- Z ~ l , at least for Z up to 100, say. The only 
available bound, at present, is Theorem 7.23. First 
Lemmas 7.20, 7.21, and 7.22 are needed. The lemmas 
were inspired by the work of R. Benguria (private com­
munication), who proved the lemmas and Theorem 7.23 
in the spherically symmetric case (which corresponds 
to the atom in TFW theory). 

Lemma 7.20, Let ip and f be two real valued functions 
on R ' which satisfy - A;/; = / in the sense of distributions. 
Let r denote the function \x \. Suppose e/̂ e L^, / e L^, 
and ripf& L^. Then, for any constant d^O, 

/ {\x\^ + dy/^ip{x)f{x)dx^O. 

Proof. Using dominated convergence, it is sufficient 
to consider only rf>0. Let R= {r^ + dy/^^C°°. We have 
Ai? = 2R-^ + dR-^ and | {R/r)VR \^=1. Suppose 0 £ C^ 
(infinitely differentiate functions of compact support). 
We claim / = - jR^Acp ^ 0, To see this, integrate by 
parts: I=A+B ^Nith A = J {Vcp^R a.nd 

B = J (l)V(P)'VR= j {V(P'VR){R/r){r/R)<p. 

By Schwarz, and {(V0- VR){R/r)]'^^ {^(f))\ we have B^ 
< AC with 

2C = 2 / (ph^R-^^ f (p^AR. 

However, 

2B = j V02. vi2 = - j (p^AR, 
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and hence |B |«.4, which proves the lemma. Now, sup­
pose ip and ffC^ have compact support. Given e > 0 
there exists ^ e C ^ such that \\ip-g\\2<€, \\^ip-'^g\\2<^, 
and ||Ai/)-A^||2<E. (Note: since i/'and A;/)E L^, so is 
Vi/j.) Then gR(EC^ and 

/ gRf=- f gR^ip^- f ip^iRg) 

= - f g^{Rg)-M=- f Rg6.g-M, 

-with M = J (ip-g)^{Rg). It suffices to show that M—0 as 
e - 0 because JgRf- JW- But 

M: -- j {4>-g){g^R + 2Vg' VR + RAg} . 

We can assume supp(^) is in some fixed ball, indepen­
dent of E. Since g, V^, and A^ are uniformly L^ 
bounded, M^O. For the general case, let h^C^ satisfy 
l^h^O, (yh){0) = 0, h{Q) = l, h{x) = Ofor \x\>l. Let 
h„{x) = h{x/n) and ^„ = h„^. Then, as a distribution, 

-AJ/)„ = hj - 2Vh„ 'Vip- ipAh„ = K„ . 

By the previous result, T„= fRip„K„^0. But Jh^ip/R 
-^ JipfR by dominated convergence. Rh„Ah„ = n~^P„{x/n) 
with 

P„{x) = {\x\^ + dn-^y^Hh^h){x) <a, 

so JRip„i})£^h„-* 0, since ipeL^. Similarly, RVh^ = L„ is 
uniformly bounded and converges pointwise to zero. 
Since ip a,nd "^ipE-L^, Jip'7ipL„-^0 by dominated con­
vergence. • 

Remarks, (i) Lemma 7.20 is useful for L^ solutions to 
the Schrodinger equation [- A + W{x)] ^=- liip. Then 
Jip^iW + ^)r=iO under some mild conditions on Pr[e.g., 
W{x) <c/r for large r, W<EL\^^ and rip^^LHf ^li^ 0]. 

(ii) The essential properties of R that were used were 
i2> 0 and R^R^ 2(Vi?)2. Therefore Lemma 7.20 will 
hold for functions other than (r^ + d)^/^ having these 
properties. Formally, this means that if Rix) = l/v{x) 
then we require V> 0 and AF<0. We state this as 
Lemma 7.21, whose proof imitates the proof of Lemma 
7.20. 

Lemma 7.21. Suppose V= \x\~^*m, with m a nonnega-
tive measure, \m\ = Z < «>, and V satisfies Eg. (7.12). 
Then if ip and f satisfy the hypotheses of Lemma 7.20, 

f dxip{x)f{x)/V{x)^0. 

Lemma 7.22. Letp{x)^0, Jp = \<oo, and V=\x\~^*m 
where m is any non-negative measure with |m | = Z < «>. 
Then 

1= J p{x)p{y)\x-y\-^Vix)-^dxdy^xV2Z. 

Proof. Take Z = l and let 0 <e <1 . By Proposition 
3.24, p = pi + p2 withpi,p2>0, and ff,= I AT I "U Pi satis­
fies ifj^eXF and ffi=EXF when P2>0. Clearly, Jp^ 
< e \ by Lemma 3.3. Then/pj^^ (1-c)A. and 

I^fp2{Hi+H2)/v^c(l-z)x' + fp2H2/V. 

Repeat the argument with p^ [using / p 2 ^ (1 - e)^], and 

so on ad infinitum. Then 

I^xh{l-z)J^ {l-E)^ = X^l-€)/{2-c). 

Now let e-*0. • 

Remark. Benguria proved Lemma 7.22 when V=l/r. 
In this case one can simply use the fact that {\x \ 
+ \y\)\x-y\-'^i. 

Theorem 7.23. Assume V satisfies Eq. 7.12. Then 
X^<2Z, for all p>\. 

Proof. We know X̂  < <». Let ip be the minimizing solu­
tion of Eq. (7.9) with M = 0. Then, by Theorem 7.13, ^ 
a n d / = (yp*""'- (p)ip satisfy the hypotheses of Lemma 7.21. 
Thus 0 < / p 0 / F = X ^ - / w i t h / = / / f p / F a n d H=\x\~^*p. 
But /> Xl/2Z. m 

Remark. This bound does not involve the value of A in 
Eq. (7.1). It also does not utilize the yp^~^ term in W. 
There is considerable room for improvement. 

The next two theorems are about the asymptotics of ip. 

Theorem 7.24. Let ip be the positive solution to Eq. (7.9), 
for any p. 

{i) Let /i > 0. Then for every t < /i there exists a con­
stant M such that 

j/^(x)<Mexp[- {t/A)^^'^\x\] . 

{ii) Let /i = 0 {i.e., X = X )̂, and assume X^> Z, as is 
certainly the case when p^^. Assume also that m has 
compact support. Then for every t <X^- Z there is a 
constant M such that 

ip{x)^Mex^[-2{t\x\/A)^^'^] . 

Proof, (i) is standard. Since Ĵ  and V^O as |>;|-*<», we 
\i2i\e ip = - {- Ai^ + t)-\w+ \i- t)ip. For |;c|> some iJ, 
p r + / i - ^ > 0 . Therefore, since J / '>0, 

Hx) < / Y{x- y)[ W{y) + \i-t] ip{y)dy , 

where 

Y{x)={4irA\x\r'exp[- {t/Ay/'\x\] . 

The proof of (ii) is the same as the proof of Theorem 
7.12. It is only necessary to note that, since m has com­
pact support (in B ^, say), V{x)^Z/{\x\- R)for \x\>R, 
and this is < (Z+e)/|Ar| for \x\ large enough. • 

The next theorem is the well known cusp condition 
(Kato, 1957). 

Theorem 7.25. Let V{x) =Z) Zj\x- Rj\~He the potential 
of point nuclei. Then at each Rj 

Zj4>{Rj) = -2Alim f r-\x-Rj)'V^{x)da, 

where dO, is the normalized uniform measure on the 
sphere. This holds for any X. In particular, for an 
atom with nuclear charge z located at the origin, ip is 
spherically symmetric and 

zip{0) = -2A Jim {dip/dr){r). 

Proof. Recall that, by Theorem 7.9, ip is C^ away from 
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the Rj and ip is Holder continuous everywhere. The theo­
rem is proved by integrating Eq. (7.9) in a small ball 
B^ and then integrating by parts. The spherical sym­
metry in the atomic case is implied by uniqueness. • 

Theorem 7.26. Let V{x)=z/\x\ be the potential of an 
atom with a point nucleus. Then, for any X, ip{r) is a 
strictly decreasing function of r. 

Proof. In Theorem 2.12 and the remark following it we 
proved this for \^ z by using rearrangement inequali­
ties. Here we give a different proof for \^ z which ex­
tends to X>2. Recall that ip is continuous and positive 
and that ^ is C" for r > 0. Also, /LI>0. LetQ(r) = /xrP 
be the electronic charge inside the ball B^. By Newton's 
theorem, the potential 0 satisfies: 

( i ) 0 ( r ) « [ £ - Q ( r ) ] / r . 
(ii) 0 = [ Q(r) - 2]/r2 (dots denote d/dr). 
(iii) If X<2, 0(r)5^ 0 and 0(r) is decreasing. 
(iv) If X> 2 there is a unique JF?> 0 such that 0(r)> 0 

and decreasing for r^R, and 0(r) <0 for r>R. Q{R) 
<z. 

X^z: By Theorem 7.24 i'(r) <0 near r = 0. If i/̂  is not 
monotone, then since ip{r)-'0 as r — « , there are two 
points 0 <r^ Kr^ such that Wx)^ Wi)^ Wi)^ 0, ^'(rj) 
<0 , and j/)(ri) = ^(r2) = 0. Since ^ does not have compact 
support, Q{r)<z, all r . Hence W{r.^> W{r^). Since 

^>j) = [PF(r,) + ju]^(ri)>0, 

we have W{r^ + ju > 0. But then 

Q^kr2)^[W{r^) + ^]^r^) 

is impossible. 

X> z: There is an e > 0 such that W{r) > 0 for r> R-z. 
Let D^={A;eR^|Ui > r } . T a k e r > i ? - e . On £>„ - Ai/̂  
<0. Since {/)> 0 is subharmonic on D^, ip has its unique 
maximum on 9D ,̂ namely, |;c| = r . This proves the 
theorem on the domain {r\r> R-z]. To prove the 
theorem on the domain {r |0« r <R} the argument in the 
X^z case can be used, since Q(r) <z in this domain. • 

Conjecture. In the point nucleus, atomic case ip is con­
vex, possibly even log convex. 

C. Binding in TFW theory 

In TF theory binding never occurs when the repulsion 
U is included. In TFW theory binding is a common phe­
nomenon. We conjecture that every neutral system 
(molecule or atom) binds to every other neutral system. 
In the following, the occurrence of binding will be proved 
in enough cases to render the conjecture plausible. It 
will also be seen that binding in TFW theory is intimate­
ly connected with the existence of negative ions, i.e., X^ 
> Z. We shall assume here that Xg> Z for all the sys­
tems under consideration. />> | guarantees this, but no 
requirement on p other than X^> Z will be made. V 
= \x\~^*ni, with m a non-negative measure of compact 
support [so that Eq. (7.12) is satisfied], \m\=Z, and 
m spherically symmetric in the atomic case. 

First, let us define what binding means. Suppose we 
have two systems (not necessarily atoms) with potentials 
Vx and Fg and a combined system with V{x)= V^ix) 
+ V-2ix- R) for some vector R. The combined system is 

neutral, i.e., X = Z = Zi + Z2. Let £(/2) denote the energy 
of the combined system and -B,(X) denote the energies of 
the subsystems with arbitrary electron charge X and 
Ei = Ei{X=Zi) (note the difference in notation). Then 

(7.14) £(«)= min Ex{x)+E2iZ-X). 

Let 11 i be the chemical potentials of the subsystems 
when they are neutral, i.e., Xi=Zi. We know that /î  
>0 . If jLii = /Li2 then £:(<»)=£i+£2. Otherwise, £(°o) 
<Ex + E2. In general, X in Eq. (7.14) is determined by 
|L(.j(X) = pL2(Z- X) if this equation has a solution for 0<X 
< Z ; otherwise, X = 0 if /-ti(0) </J,2(-^) and X = Zif 
Ix^iQ) < \x^{Z). (Recall that \i^{X) is monotone.) 

If iiii'ii2 then the subsystems spontaneously ionize 
when they are infinitely far apart. This is not consid­
ered to be binding. For real atoms the phenomenon of 
spontaneous ionization apparently never occurs, because 
it seems to be the case that the lowest ionization poten­
tial among all atoms is less than the largest electron 
affinity. (I thank J. Morgan HI for pointing this out to 
me.) In real atoms, X and Z - X in Eq. (7.14) are re­
stricted to be integral, but no such restriction occurs 
in TFW theory. In TF theory the phenomenon never oc­
curs because ji,- is always zero. 

In TFW theory it is possible for X to be zero in Eq. 
(7.14), i.e., one subsystem is completely stripped of 
electrons. Let F; = 2 , / r with 22^>^i. If Mi(X = 0)«?/i2(''̂  
= 21+22), then X = 0 in Eq. (7.14). By Theorem 7„11, 
/ii(X)< jLti(0)=2i/4A. Since X^(2)>22 and ii2>0, the 
above inequality will hold for any fixed 22 if 21 is chosen 
small enough. This case was cited in BBL as an exam­
ple where binding occurs (see Theorem 7.27). 

Definition. Binding is said to occur if E{R) <£(«) for 
some R. 

Theorem 7,27, Suppose the chemical potentials of the 
neutral subsystems are unequal, i.e., 11^^=1X2. Then 
binding occurs. (This holds for all p>l, even if x^ — Z 
for one or more of the three systems.) 

Proof. Suppose X <Zi in Eq. (7.14). Then when i? = °o 
subsystem 1 is positively charged (with charge Q = Zi 
- X) and subsystem 2 has charge - Q. Let p,- be the TFW 
densities (with X and Z - X, respectively). By Theorem 
7.24, Pi has exponential falloff. For the combined sys­
tem (at R) consider the variational p defined by p{x) 
= Pi{x) +P2{x- R). The first term in Eq. (7.1) is sub­
additive (by convexity). For large R the total Coulomb 
energy decreases essentially by - QVR because of the 
exponential falloff of each p,-. The Jp'' term is super-
additive, but it increases only by a term of order 
e3qp[- (const)i2] for large R. We omit the easy proof of 
these last two assertions. Thus for large enough, but 
finite, R, E{R) <£(«). • 

The difficult case is 111= 112. Henceforth we confine 
our attention to atoms. 

Conjecture. If 2i <22 for two atoms with point nuclei, 
then Mi(^^=&2i)</i2(X=&22) for all &<1. In particular 
lii<li2. Moreover, X^(l)-2i <X^(2)-22-

If this conjecture is correct then only the homopolar 
case has to be considered for point nuclei. In Theorem 
7.28 we prove binding for the homopolar molecule, even 
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for ''smeared'' nuclei. However, we have already shown 
that binding occurs if z^«Z2y so it is likely that binding 
always occurs, even if the conjecture is wrong. 

Theorem 7.28. Binding occurs for two equal atoms for 
any nuclear charge z and for any p>l provided \> z 
for the atom. 

Proof. We shall construct a variational p for the com­
bined system, with jp = 2z, such that §{p) for the com­
bined system at some R is less than E{oo) — 2E^. First, 
consider the atom with the nucleus at the origin and with 
X — z-^z, where z <\ <\. Let p be the TFW density. 
Denote E^hy E and M̂  by \i. Center the nucleus at the 
point (-i?,0,0), where i2>0, depending on 8, is such 
that Jx^p=z, with X- being the characteristic functions 
of the half space, H = {{xi,X2yX2)\x^^O}. Assume, for 
the moment, that the nuclear m has support in 5/^/2, i.e., 
the displaced m has support in [x^^ - R/2}. Center the 
second atom at (J?, 0,0). Its corresponding density is p*, 
where the asterisk means reflection through the plane 
x^ = 0. Choose the variational p = p^-^pl with p^ = X-'P^ 
Clearly p is continuous across the plane x^^O, and Jp 
= 2z, so it is a valid variational function. In the follow­
ing bookkeeping of S{p) we use the terminology ''energy 
gain'' (resp. "loss'') to mean that the contribution to 
S{p) is negative (resp. positive) relative to 2E. Before 
the X- cutoff, we start with 2E^{X)^ 2 £ - {2c){^i/2) if c is 
small enough, so we have gained GJJ.. This linear term in 
G is the crucial point; it exists because X >̂ z. After the 
cutoff we gain the kinetic energy [first two terms in Eq. 
(7.1)] contributions from the missing pieces of p and p"^. 
Next, we lose on the - Jvpterm (for each atom sepa­
rately) because of the missing pieces. Each missing 
charge is c and its distance to its atomic origin is R. 
Since the atomic V{r) ̂  z/r^ the energy loss is at most 
2{EZ/R). Clearly we gain on the missing atomic repul­
sion, D(p,p) term. Finally, if dM{x)=dm{x-\'R) 
- P-.{x)dx is the total charge density in H, we lose the 
atom-atom interaction A = 2i)(M, M*). By reflection 
positivity, A ^ 0. (See Benguria and Lieb (1978b), Lem­
ma B.2.) On balance, the net energy gain is at least 
Z{II-2Z/R) - A . 

Now we claim two things: (i) As c — 0, R-^ ^. (ii) A 
<CZZ/R for some constant C. [Actually, it is possible 
to prove i^<o{z)z/R.] Using (i) and (ii) we are done, 
because for sufficiently small z the gain is positive and 
the assumption on supp(r^) is justified. 

Proof of {i). Let p„ be the atomic density for x = ^ +c^, 
with G„- 0. As in the proof of Theorem 7.6, we can find 
a weakly convergent subsequence, Pn^^Pj so that E 
= lim(5(p„)^ (§(p). But/p^>2:, so p must be p^, the 
atomic density with X = z. If R^ does not tend to ^ then, 
for large enough n, jx^p^<z by the weak convergence, 
which is a contradiction. 

Proof of {ii). This is messy. Let B^ be the ball of 
radius r centered at (- i?, 0,0) and let Xr be its charac­
teristic function. Write p=p''-fp'', where p^ = X3i2/2P* 
By elementary geometry, d fp^^ Jp^_^ with d < 1. Since 

J p ^ l - x J < c , f p'<z/{l-d). 

Let t = d/{l -6?). The contribution of p̂  to A is 

-42) (p i ,M*)-2D(pi ,p i*)^-4 i ) (p i ,M*)^4i ) (p l ,p ! ) 

^W{p\pl)^2zffp'yR, 

since the potential of p^ is everywhere less than (3i?/ 
2)"^/p^ Henceforth we can assume p^ = pi and z 
> / p i > z- tz. This assumption changes M to M^. Let 
dM{x)=dm{x+R)- p''{x)dx. [Note: supp(M) extends 
outside //, but is inside [x^ ^ R/2}.] (p= |^ | "̂  * M"̂ * is 
sub harmonic on supp(M) and harmonic on supp(m) so 

D{M^ M^*) ^(jdMj D(6, M^''), 

where 6 is a delta function at (- R, 0, 0). This is 

^ J dMlz/R^tzz/R , 

since the distance of supp(M '̂*') to (- i2, 0, 0) is R. Final­
ly, 

i)(M^ - M, M^*) = D{p^ - pl , M "̂") ^Dip""-- Pi, m*) 

= Z)(p^-pl,£6*)^28£/i? 

since Jp^ - p^^^z and the distance of supp(p^) to (i?, 0, 0) 
is R/2. m 

I thank J. Morgan III for valuable discussions about 
Theorem 7.28. Balazs (1967) gave a heuristic argument 
for the binding of two equal atoms with point nuclear 
charges. 

D. The Z^ correction and the behavior near the nuclei 

Here we consider point nuclei with potential given by 
Eq. (2.1). The question we address is what is the princi­
pal correction to the TF energy and density caused by 
the first term in Eq. (7.1)? This term, Aj{Vp^^^)\ will 
henceforth be denoted by T. For simplicity we confine 
our attention to ^ = | , the physical value of p. 

t r T F ^ ^ 7 / 3 In particular, for a neutral atom, 

= -3.678 74£^/yy (7.15) 

(I thank D. Liberman for this numerical value). At first 
sight, it might be thought that the leading energy correc­
tion is 0(^^/3). If p'̂ ^ {z,r)=z^p^^ (l.z^^^r) is inserted 
into T, then, by scaling, T{z)=z^^^T{z = l). ButT(£ = l) 
= oo Since p ^ for small r. Thus, for point nu­
clei, T cannot be regarded as a small perturbation. 

The actual correction is + 0{z^) and bounds of this 
form can easily be found. The following bounds are for 
an atom, and can obviously be generalized for mole­
cules. 

Upper bound: Use a variational p^^ for TFW of 
the form p{r) =p^^ {r) for r ^1/z and p{r) =p^' (I/2) for 
r<:l/z. 

Lower bound: Let &>0 and write F(r)= F(r) + -H'(r), 
where H{r) = z/r-z^/b for zr<b and H{r) = 0 other­
wise. For small enough b, -AA + H>0, since 
11^113/2'̂ 6. Now V= \x\'^ ^m, with w ^0 and \m\ =z. 
Let p minimize 5^' (F, p) with energy £ ' ' (F). Then 
E-'^^E^' {V). But E~'{V) ^ 6''{V,p) =E^'{V) - JpH, 
It is not hard to prove, from the TF equation with F, 
that this last integral is 0{z^). 

The foregoing calculations show that the main correc-
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tion in TFW theory comes from distances of order z~^ 
near the nuclei. The calculations, if carried out for 
arbitrary X, a lso show that the correction i s essential ly 
independent of X. We now show how this correction can 
be exactly computed to leading order in z, namely, 
Oiz'). 

Let us begin by considering the atom without e lectron-
electron repulsion. The TF theory of such an atom was 
presented in Sec. V.B following Eq. (5.30). The analogous 
TFW equation (with 6=AHV2m and nV2m = l) i s 

[-A^ + Wix)]4>=-iiil), (7.16) 

wi th W{x) = yp{x)^^^- z/\x\, and p = ip^. The absolute 

minimum, which corresponds to X = <», has /Lt=0, name­

ly, 

i-AA+y\ip\^^^-z\x\-^)ip = 0. (7.17) 

The first task i s to analyze Eq. (7.17). By s imple 
scal ing, any solution s c a l e s with A, y, and z as 

ip{z,y,A;x) = izVAy)^^^ip{l,l,l;zx/A). (7.18) 

Up to Eq. (7.28) we take z = y = A = l. Consider the func­
tional 

g:'(,/;)3=T(^)+P(i^), (7.19) 

T{ip)= J (yip)\ P{ip)= jk{ip{x),x)dx , (7.20) 

kiip,x) = 3M''-y5 + 2\x\-'^V5- W\x\-'. (7.21) 

Note that k^O and, for each x,k has a minimum at ip 
= \x\~^^'^. The function space for JF' i s 

G'={i/'|Vi/)GL2,P(j/j)<oo} . (7.22) 

G' is not convex s ince O^G'. Clearly, Eq. (7.17) i s the 
variational equation for JF'. We can also define G 
= { p | p ^ 0 , p ^ / 2 £ G / ] . and fF(p) = JF'(p^/^). G is convex 
and p-*'i9{p) i s convex. 

Theorem 7.29. ^'{^) has a minimum on G'. This mini­
mizing ip is unique, except for sign, and satisfies: (i) ip 
> 0. (ii) 4> is spherically symmetric. {Hi) ip satisfies 
Eq. (7.17). (iv) ip is the only non-negative solution to 
Eq. (7.17) in G'. (v) ip is C for \x\> 0. {vi) 4> satisfies 
the cusp condition 2{dip/dr){0) = - ip{0). (vii) for large r 
= \x\, ip has the asymptotic expansion [which can be 
formally deduced from Eq. (7.17)], 

^(^)^^-3 /4_ ^ ^ - 7 / 4 _ 1 ( 1 1 ) ^ " / " + 0(r-i5/4) ^ (7^23) 

p(r) = r - 3 / 2 _ ^ r - 5 / 2 - ( 6 2 l / 2 " ) r - ' ^ ^ + 0(r-^/^) . (7.24) 

{viii) Any solution f to Eq. (7.17) in G' satisfies \f{x)\ 
< \x\~^^^. (ix) By (viii), ip is superharmonic, and thus 
ip{r) is decreasing. 

The proof of Theorem 7.29 follows the methods of 
Sees . VILA and VILE, and i s given in Lieb, 1981b. The 
following numerical values , together with a tabulation 
of ip, are in Liberman and Lieb, 1981. p = ip^. 

^(0) = 0.970 133 0 , 

/j = j (VJ/))2 = 8.583 819 7 , 

r (7.25) 
I^=j { r - 5 / 2 _ p 5 / 3 } : ^ 4 2 . 9 2 , 

I^ = f [ r - 3 / 2 _ p ] / r = 3 4 . 3 4 . 

From Eq. (7.17) one has 1^ + 1^ = I2. By dilating ip{r) 
-*t^^^{tr) in Eq. (7.19), a "virial theorem" is obtained: 
5/1 + 3/2=5/3 . Thus 

/ i : / 2 : / 3 = l : 5 : 4 , (7.26) 

A £ = fF( i / ) )= / i -3 /2 /5 + /3 = 2 / i . (7.27) 

If the parameters are reintroduced 

I^{z,y,A) = AJ (Vi/))2 = 2Ui>'2y-3/2^^^ (7^28) 

Let us denote the p we have just obtained in Theorem 
7.29 [with the parameters reintroduced according to 
Eq. (7.18)] by p„. The sca le length of p^ i s z~^ and, for 
large r, p„{r) agrees to leading order with p^^ {r) for 
small r (on a s c a l e of z'^^"^), namely , {z/yr)'^^'^. We 
claim that p , can be spliced together with p^^ in the 
overlap region, r=0{z~'^^'^), and the result i s p^''^ to 
leading order in z. The splicing i s independent of X 
provided x/z > (const) >0 . The change in energy for an 
atom i s then, to leading order, AE of Eq. (7.27), and i s 
independent of X. An analogous situation holds for a 
molecule; near each nucleus p^^ i s spliced together with 
p« for the appropriate Zj. This i s formalized in the fol­
lowing theorem. 

Theorem 7.30. Let V{x) =T/Zj \x- Rj\~K Consider the 
Z^°o limit with the scaling given before Eq. (5.2), ex­
cept that the electron charge N is not restricted to be 
integral. X = N/Z>0 is fixed. Zj=az^f, Rj=a-^/^R^j, 
withaX = N. Then, asN^<=o, 

k 

(i) E"^^^{N) = E^^'{N) + DY,Z^ + 0{a^), (7.29) 
J = 1 

with D=2A^^^y-^/^L. 

{Hi) Fix X. Then 

a - V ™ ( i V , £ , ^ ; a - l / 3 x ) - ' p ' ' ' ^ ( X , £ ^ ^ ^ x ) , (7.31) 

with convergence in the sense of weakly in L^ if X ̂  Z 

and weakly in Lj^^ if X> Z. 

{iv) Fix y. For each j 

zfp'^''''{N,z,R;Rj+z;^y)-{Ay)-^/Y{yM), (7.32) 

where ip is the solution to Eq. (7.17) with A — z = y=l 
given by Theorem 7.29. The convergence is pointwise 
and in L\^^. A refinement of Eq. (7.32) is given in Theo­
rems 7.32-7.35. 

Before proving Theorem 7.30 let us comment on its 
significance. 

(i) Equation (7.29) s tates that the energy correction in 
TFW theory i s exactly of the form of the quantum cor­
rection conjectured by Scott [Eq. (5 .29)] . In particular, 
s ince y'^-'^-q"'^, the q dependence is the same . In order 
to obtain the conjectured coefficient i of Eq. (5.32), with 
y = yp, we must choose 

A = ^ V ? [ 1 6 / i ] " 2 ^ 0 . 1 8 5 9 0 9 1 9 . (7.33) 

This number was mentioned after Eq. (2.8). 
Yonei and Tomishima (1965) a l so realized that A = 1/5 

is a good choice. They analyzed the TFW atom without 
electron repulsion, namely Eq. (7.16), and compared the 
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TFW energy with the quantum Bohr energy, Eq. (5.31), 
for neutral atoms with z up to 100. They did not seem to 
notice that this choice foryl is valid even if \ = N/Z<1, 
Yonei (1971) analyzed TFDW theory with electron re­
pulsion and again advocated >1 = 1/5. This is not sur­
prising since Theorem 7.30 says that the electron re-
puls ion does not affect A£ to O (2 ̂ ) and Theorem 6.5 (suit­
ably modified) says that the Dirac correction changes 
the energy to 0{z^''^). Yonei (1971) claims that the dis­
sociation energy and the equilibrium intemuclear dis­
tance for the nitrogen molecule, calculated with this 
TFDW theory, are in good agreement with experiment. 

(11) The density, on a length scale Z~'^^^ agrees with 
quantum (and TF) theory, Theorem 5.2. 

(ill) On a length scale z~^ near each nucleus, Eq. 
(7.32) states that p^''^ converges to a universal func­
tion. This phenomenon is the same as we conjectured 
in Eq. (5.37) for quantum theory. The universal func­
tions are not exactly the same, but they are very close. 
For large values of the argument they agree, namely, 
{yp v)"^/^, independent of A. Since the convergence in 
Eq. (7.32) is pointwise, it makes sense to ask what 
happens at 3; =0 . Using ŷ  and A given by Eq. (7.33), the 
right side of (7.32) is obtained from (7.18) and (7.25) as 

q-^zjY^'^{x = Rj)-0.198 211^9. (7.34) 

On the other hand, p" in Eq. (5.33) can be evaluated at 
x = 0, since only S waves contribute. At ;c = 0, /noo(O)̂  
= (87rn^)-^ Thus Eq. (5,37), if correct, would state that 

-^zJ^p'=>{x = Rj)-ii3)/8n= 0.041 828 325. (7.35) 

To prove Theorem 7.30, Theorems 7.32-7.35, which 
are independently interesting, are needed. To prove 
them we need the following comparison theorem which 
was proved by Morgan (1978) in the spherically sym­
metric case and by T. Hoffmann-Ostenhof (1980) in the 
general case. 

Lemma 7.31. Let BC R^ be open, and let f and g be con­
tinuous functions on the closure of B that satisfy ^f and 
Lg(EL^{B) and f{x) andg{x)-*0 as \x\-*°o if B is un­
bounded. Assume Af^^Ff and Ag^ Gg as distributions 
on B, where F, G are functions satisfying F{x) <G{x) 
a.e. in B. Assume f{x) >0 in B and f{x) ^ g{x) for all 
xedB. Then f{x) >g{x) for all XGB. 

Theorem 7.32. Let V=z/\x\, and let 4>«> be the positive 
solution to Eq. (7.17) given in Theorem (7.29). Let ip 
be the positive solution to the TFW equation, (7.9), for 
some jLi > 0 and P = ̂ . Then, for all x, ^{x) < «/'„(%). 

Proof. Let B ={x\ip{x) - ip^ix) > 0}. Take / = ip„ and g 
= ip in Lemma 7.31. Since / and g are continuous and, 
by Theorem 7.24, g{x) <f{x) for large \x\, B is open 
and bounded. Hence A/and A^eL^(jB). On B, AAf 
= Ff, Ai^g> G^with F=- F+Z'^/Vand G = - V+g^^\. 
Since F<G \nB and f=g on dB, f^g in B. Therefore, 
B is empty. • 

For a molecule, an upper bound to ^, which is not as 
nice as Theorem 7.32 but which is sufficient for Theo­
rem 7.30, can also be obtained. We always assume p 

Theorem 7.33. Let Vbe as in Theorem 7.30 with the scal­
ing given there. Let ipbe the positive solution to the TFW 
equation for ju > 0 and let B be the ball [x \Z"^'^ >\x-Ry'^. 
Then, for sufficiently large a, 

Hx)^^^{x-Ri) forxGB (7.36) 

where ^^ is the positive solution to Eq. (7.17) with 

z=z,+dZ^/' 

and 

rf=l+2(Z°)-i/Vmin{|i2°-i2°(|; = 2 , . . . , i ^ } . 

Proof. By Theorem 7.14 and Eq. (7.24), we can choose 
a large enough so that ipjx - i?i) > ipix) when XE dB and so 
that R2,...,RhfB. The proof is then the same as for 
Theorem 7.32, wi th /= ^« and g=ip, provided we can 
verify that M{x)=z\x-R^l'^- Vix)>0 when XGB. But 
M, being superharmonic inB, has its minimum on dB. 
This minimum is positive for large enough a, • 

To obtain a lower bound to ip, the following is needed. 

Theorem 7,34. Assume the hypothesis of Theorem 7.30 
with A> 0 and let tp be the positive solution to the TFW 
equation. Then there is a constant d, independent of \, 
such that 

{i)h{x)=\x\-^'>- p<da^/\ 
(ii) ii<da^/\-^^K 

Proof. For (i) we use Theorem 7.14 together with the 
fact that Jp=ax. For any x, let B be the ball of radius 
a~^^^ centered at x. The contribution to h from XBP is 
bounded by (const){Z^f^'^a*^^. The contribution from 
( 1 - XB)P is bounded by a^^^ Jp. For (ii), since ii is de­
creasing in X, pt « - e{N)/N. However, e{N)> e'^^ (N). 
But - e'^^ (N) scales as a^/y(X) and/(X)< (const)X^/3 ^y 
Eq. (3.6). • 

Theorem 7.35. Assume the same hypothesis as in 
Theorem 7.33. Then, for sufficiently large a, 

Hx)^K{x- Ri)(j{x-Ri) for all x, (7.37) 

where ip„ is the positive solution to Eq. (7.17) with z 
= Zx- ^.ta'^l'^A and 

Q{x) = {\-a'^'H\xW exp(-a2/3; | ; , | ) , 

Here, At'^ = d{X +X"^/^) with d given in Theorem 7.34. 

Proof. Le t /=i^ and ^ = right side of Eq. (7.37). We 
have to verify (7.37) only in B={x\a'^^^t\x- R^\<1] be­
cause ^ < 0 otherwise. Since, by Theorem 7.29, both 
î „ and a are symmetric decreasing, A^> aA^„ +^«Aa. 
But 

(Aa)(x)=(a^/3^2_4^2/3^/ |^|)^^ 

and ipi/'^^g'^^^ since a< 1. Therefore, to imitate the 
proof of Theorem 7.32, it is only necessary to verify 
that a'^f^At^>h{x) + 11, but this is clearly true. • 

Proof of Theorem 7.30. (iv) is a trivial consequence of 
Theorems 7.33 and 7.35. (iii) is proved in the same way 
as Theorem 5.2 if we note that the energy can be con­
trolled to 0(2;'̂ /̂ ) by the variational upper bound given in 
the paragraph after Eq. (7.15). (ii) is proved by noting 
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that, by the proof of (iii) just given, 

^-7/3^TFw ^a^N:=aX)--E^'^{a=:l,X). 

The limit of the derivative of a sequence of convex (in X) 
functions is the derivative of the limit function. 

The proof of (i) is complicated. Upper and lower 
bounds to E of the desired accuracy, 0{z'^), are needed. 
First, let us make a remark. Consider £ as a function 
of A. By standard arguments used earlier, E{A) is 
monotone increasing, concave, and hence differentiate 
almost everywhere for A > 0. dE/dA = T/A a.e., and 
T̂Fw ^ E'^^ =J^^{T/A)dA. If we can find a lower and 

upper bound to T/A of the form 

T / A = A - ^ / V ^ ^ ^ A 1 ^ £? + aower order) 

then Eq. (7.29) will be proved. We can, indeed, find a 
lower bound of this form, and hence a lower bound to E. 
We cannot find an upper bound of this form and therefore 
must resort to a direct variational calculation to obtain 
an upper bound to E. 

Upper hound. By the monotonicity of E in N, it is only 
necessary that jp ^ Â . There are several ways to con­
struct a variational p, which we cal l / . The details of 
the calculation of 8{f) are left to the reader. One con­
struction is to define B-{x\p'^^ {%)> Z^^^]. For large 
a, JB is the union of k connected components which are 
approximately spheres centered at R^. Call these B^. 
Let ôoy be the solution to Eq. (7.17) centered at R^ and 
with£=£^-^a2/3. 'LetC^={x\^^^> Z^^^]. For large 
enough, but fixed t^ C^CB^ for large a. The variational 
/ is defined \^y f{x)^p^^ {%) for x(^B, f{x) = Z^^^for x 
^Bj\Cj, ^ndf{x) = ip^j{x)^for x^Cj. 

Lower bound. We construct a lower bound to T/A. 
Suppose P i , . . . , P^ are orthogonal, vector valued func­
tions. Then T/A^J^JL^/JP^, vjhere Lj = JVip^ Pj. We 
take Pj{x) = Vil)^j{x)xj{x), where xj is the characteristic 
function of Dy ={x I | x - i2 . | <^^7^^^}, and Ms some fixed 
constant. For large a, the Dj are disjoint so the Pj are 
orthogonal. Clearly, JPj = jViplj -{-o{Z^). Now multiply 
Eq. (7.17) for ip^j by ip and integrate over Dj. Then 

Lj = -A'' j W^jip^jipxj + / ^"^Kj • ̂ ds . 

By the bound (7.37), the first integral is {T^j/A)^o{Z^). 
It is not difficult to show that the second integral is 
o{Z^). This can be done by using Eq. (7.24), whence, 
for some ^ e [ | , l ] , dip^j/dr>- lOz^^r"'^^^ 3.t r = tzJ^/\ 

VIM. THOMAS-FERMI-DIRAC-VON WEIZSACKER 
THEORY 

This theory has not been as extensively studied as the 
other theories. The results presented here are from un­
published work by Benguria, Brezis, and Lieb done in 
connection with their 1981 paper. 

The energy functional is 

S'{iP)=Af (yip)'+f J{ilj') 

• / ' 
in units in which H "^/im = 1. 

') + C/ (8.1) 

«/(p)=(r/^)p- - (3C, /4)p4/3. (8.2) 

For convenience we assume P>\ (not p > 1). S{p) 
= S'ip^^^). The function space for ip is the same as for 
TFW theory, namely, G; of Eq. (7.3). Note that S{p) is 
not convex because of the - Jp^^^ term. 

As in TFD theory Eqs. (6.7)-(6.10), we introduce 

J„{p)=J{p) + ap, (8.3) 

and a is chosen so that J„ (p )^0 and j^{pQ) = 0 = J^{pf^) 
for some Pg, namely, 

Po = c,P[4r{p-i)]-

a={3p-i)[4{P-l)]-'py'C^. 

The necessity of p> ^ for this construction is obvious. 
S'g^ and S„ are defined by using J^ in Eq. (8.1). 

The energy for X> 0 is 

(8.4) 

E{X) --infm p)\ peGp, J p = A, (8.5) 

and similarly for EJX) and E'{X), E^{X) using <S'. If the 
condition jp = \ is omitted in (8.5) we obtain E, E^, E\ 

Theorem 8.1. {i) The four functions E{X), E^{X), E'{X), 

and E'^{X) are finite, continuous, and satisfy 

E{X) = E'{X) = EJX)- aX = E'^{X)- aX. (8.6) 

{ii) E^ is finite, 
(Hi) p minimizes 6{p) on Jp = X if and only if ip = p^/^ 

minimizes S'{ip) on Jip'^=x. This p and ip also obviously 
minimize S^ cmd S^' 

Proof. The same as for Theorems 2.1, 6.2, and 7.2. 
Note that [ /p^/^ ] ̂ -̂̂  < [ jp] ^f-ijp" (by Holder). • 

Theorem 8.2. Let ip minimize &'{ip) on the set Jip'^=x. 
Then ip satisfies the TFDW equation: 

[-A£^ + W{x)]ip = -p.ip, (8.7) 

in the sense of distributions, with 

W=rp''-'-C^p^/^-(l) + a, (8.8) 

(p=V- \x\~^f-p, and p = ip^. Apart from a sign, ip{x)>0 
for all X, and ip satisfies the conclusions of Theorem 
7.9. ip is the unique ground state of H=-^A + W{x) and 
p. is its ground-state eigenvalue. E is differentiable at 
Xand\i = -dEjdX = -dE/dX- a^ -a. p. = 0 if E ̂ {X) has an 
absolute minimum at this X. 

Proof. The proof is basically the same as for Theo­
rems 7.8-7.10. Although it is not known that p = ip^ is 
unique, this is not really necessary. By considering 
the variation of S'{ip), ip satisfies Eqs. (8.7) and (8.8). 
If ip is minimizing, then so is \ip\ (cf. Theorem 7.2). 
Hence \ip\ satisfies Eq. (8.7) with the same W. But, as 
in Theorem 7.10, the ground state of H= -AA+ W is 
unique and non-negative and therefore ip may be taken 
to be > 0 for all x. The rest follows by the methods of 
Theorem 7.9. (Note: P^/^!/)EL^ since j/^eL^ fi L^) • 

Remark. As in Sec. VH, the role of S', as distinct 
from S, is solely to prove Eq. (8.7), in which no ex­
plicit reference to p > 0 is made. 

Remark. Theorem 8.2 does not assert the existence of 
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a minimizing !̂  with j jp^=X. 

Now we turn to a difficult and serious problem. We 
do not know that E^{X) is monotone nonincreasing. 
Therefore, if we define 

EJX) = mflsjp)\p&Gp,Jp^X}, (8.9) 

we do not know that EJX) = E^(X), By definition, EJX) 
is monotone nonincreasing. The source of the difficulty 
is this: Although Jjp^)=j^{p^) = 0 (as in TFD theory), 
we cannot simply add small clumps of charge, of ampli­
tude po, at °Oo This is so because such a clump would 
then have /(Ve/')^ = <=o. Nevertheless, we can add clumps 
with Sg, energy strictly less than a Jp, as the following 
theorem shows. 

Theorem 8.3. Set 7 = 0 in 8'. There are C functions 
of compact support such that S'{ip) <0. 

Proof. L e t / b e any function in C^ and let i}){x)=b'^f{bx). 
For some sufficiently small, but positive b, S'{4))<0. 
To see this, note that J(^ip)^ scales as b^, Jp^^^ as 
&^i/3, D{p,p) as b\ while jp^^^ scales as 6^/^ • 

As a corollary we have the following. 

Theorem 8.4. E(x) is strictly monotone decreasing in 
X. Hence 

E{X) = inf<S{p)\p&Gf„f p^x\. (8.10) 

E = iniE{X) = -'=c. 

We conjecture that E{X) is convex. Unfortunately, the 
"convexification" trick of Sec. VI, in which J^ is re­
placed by ; , is not helpful. Because of the gradient 
term, any minimizing 4> will be continuous, and there­
fore ip cannot omit the values (0,Po), even for point nu­
clei. While the energy fo r ; is, indeed, convex, it is 
strictly smaller than E^{x) for all X. 

Theorem 8.5 states that E^ and E^ have absolute mini­
ma at some common, finite X. For all we know, there 
may be several such X, but all these X are bounded. 
Furthermore, for every X there is a minimizing p for 
E^{X). Unfortunately, for no X are we able to infer that 
Jp = X. 

Theorem 8.5. (i) There exists a minimizing p for 8^{p) 
on Gp, and ip = p^/^ minimizes Sa{4>). Every such p^L^, 
and jp « some constant which is independent of p. 

(ii) There exists a minimizing p for 8^{p) on the set 

Remark. It is not claimed (but it is conjectured) that 
the minimizing p is unique. 

Proof. The proofs of (i) and (ii) are the same, so we 
concentrate on (i). The proof merely imitates the proof 
of Theorem 7.6. The only new point is that p^L^. Each 
term in S{p) is finite and, in particular, 1= jj^ip) < °̂ . 
But J^{p)^kp when 0^ p ^ i3 for some fe, i3>0. If x is 
the characteristic function of [x\p{x)^ /3}, k jxP < ° .̂ 
On the other hand, ^^{l'-x)P^p\ s o ^ 2 / ( l - x ) P 
^ /p^ < ^ since p E L ^ It is easy to see from Eq. (7.6) 
that the bound on jp is independent of p. • 

Remark. It is surprising that the fact that X < °o for 

any absolute minimum is obtained so easily. Recall that 
in TFW theory the proof of this fact (Theorem 7.12) re­
quired analysis of the TFW equation. 

An important question is whether X, for an absolute 
minimum, always satisfies \^ Z. A few things can be 
said about the properties of any minimizing p on / p = X. 

Theorem 8o6. In the atomic case^ v{r) = z/r, any mini­
mizing ip is symmetric decreasing when X^z. {Con­
jecture: this also holds for all X.) 

Proof. The rearrangement inequality proof of Theorem 
2.12 is applicable. • 

Theorem 8.7. The conclusions of Theorem 7.13 hold 
for any minimizing ip. Moreover^ for every t <\i + ot 
there exists a constant M such that 

^x)^Mex^[-' {t/A)^/'^\x\] . 

Proof. Same as for Theorems 7.13 and 7.24. • 

Theorem 8.8. Every minimizing ip satisfies Theorem 7.25. 

Plainly, TFDW theory is not in a satisfactory state 
from the mathematical point of view. In TFD theory 
we were able to deal with the lack of convexity by means 
of the J^ trick. In TFW theory, the presence of the 
gradient term does not spoil the general theory because 
(§is convex. When taken together, however, the two diffi­
culties present an unsolved mathematical problem. 
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Erratum: Thomas-Fermi and related theories of atoms and 
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[Rev. Mod. Phys. 53,603-641 (1981)] 

Elliott H. Lieb 

Department of Mathematics and Physics, Princeton University, POB 708. Princeton. New Jersey Q8544 

Please note the following corrections: 
Page 604, line after Eq. (2.8): A an adjustable positive constant. 
Page 606: The last equality in Eq. (2.18) should read [<^p(^)—/i] + . 
Page 620: In Eq. (5.1) change + V{x) to - V{x). 
Page 621, line before Eq. (5.3): Change + F(x) to - V(x). 
Page 623, line 7: | IA^,//A'1/'«) should read Htl)n,Hf/ipfi}, 
Page 623: Eq. (5.32) should read D =q/i. 

In the line after Eq. (2.18), [ ] should read [ ] + . * ) 

*) To avoid further confusion this error has been corrected in this re-edition of the article on page 266 of 

this volume. 
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The Hartree-Fock Theory for Coulomb Systems 

Elliott H. Lieb* 
Departments of Mathematics and Physics, Princeton University, Princeton, New Jersey 08540, USA 

Barry Simon** 
Department of Physics, Yeshiva University, New York, New York 10033, USA 

Abstract. For neutral atoms and molecules and positive ions and radicals, we 
prove the existence of solutions of the Hartree-Fock equations which minimize 
the Hartree-Fock energy. We establish some properties of the solutions 
including exponential falloff. 

§1. Introduction 

In this paper we discuss the Hartree (H) and Hartree-Fock (HF) theories associated 
with the purely Coulombic Hamiltonian of electrons interacting with static nucleii. 
Our purpose will be to prove that these theories exist (in the sense that the equations 
have solutions which minimize the H or HF energy) whenever the system has an 
excess positive charge after the removal of one electron. An announcement of these 
results was given in [22] and an outline of the proof was given in [19]. 

The precise quantum system is described by the Hamiltonian 

i=l i=l i<j 

where 

Vix)=-izj\x-Rj\-' (2) 

acting on the Hilbert space je = Ll{]R.^^; C^^). We assume Zj > 0, allj. The subscript 
a on L^ indicates that we are to consider functions in L^ as W{x^, o-^;... ; x^, cr̂ ) with 
X^GR^, a^e ± 1/2 and only allow those W antisymmetric under interchanges of i and 
j . The particles have two spin states, but we could allow q spin states in our analysis 
below with only notational changes. The physically correct Fermi statistics 

* Research partially supported by U.S. National Science Foundation Grant MCS-75-21684 
** Research partially supported by U.S. National Science Foundation under Grants MPS-75-11864 
and MPS-75-20638. On leave from Departments of Mathematics and Physics, Princeton University, 
Princeton, NJ 08540, USA 
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(antisymmetric functions) which we impose turns out to be the most difficult; our 
method would apply equally well to any other kind of statistics. 

In (2), the Zj are the charges of the nucleii at positions Rj. By a famous theorem of 
Kato [16], H is essentially self-adjoint on CJ(lR^^;C2\ = ^phys' the C°" functions 
of compact support. 

We set: 

EQ{z,R,)^mf{iW,HW)\We^^^^^;\\W\\ = l} (3) 

which is defined to be the quantum ground state energy. 
In 1928, Hartree [14] introduced an approximate method for finding E% He 

apriori ignored the spin variables and the Pauli principle and considered product 
wave functions. 

n x i , . . . , x ^ ) = n ^ f W - (4a) 
i = l 

Minimization of the functional 

<^^{u,,...,u^) = {W,HW) (4b) 

with the constraint HuJI = 1 then leads to the Euler-Lagrange equation 

hiUi = £iUi, (5a) 

where the s- are Lagrange multipliers and 

(/z,w)(x) = (-zlw)(x)+ K(x)w(x) + Ri,(x)w(x) , (5b) 

RU^)=1 i\x-y\-'\uj{yrd'y. (5c) 

Note that in the H equations, (5), the h^ depend non-trivally on i. This is to be 
contrasted with the HF equations (7) where h.is independent of /. Of course, the 
equations (5) formally only correspond to stationary points of ̂ ^ so there should be 
solutions corresponding to w's that do not minimize S'^. Hartree attempted to take 
the Pauli principle into account by seeking solutions with u^=U2 and u^ 
"approximately orthogonal to w "̂, 1/3 = 1/4 etc. [We should also mention that 
Hartree's derivation of (5) did not go through a minimization in the variational 
principle-this is a refinement due to Slater [30] which led him to the HF equations.] 
A more systematic and satisfactory way to take the Pauli principle into account was 
discovered in 1930 independently by Fock [10] and Slater [30] yielding equations 
now called Hartree-Fock (HF) equations. One considers trial functions Wj(x̂ , cj.); i 
= 1,..., N with (Wj-, Uj) = S-j and the Slater determinant 

Wix,,(T,,...,x^,G^) = {N\y'''dQt{u,{xj,Gj)) (6a) 

and minimizes 

^HF(t^i,.-.,%) = ( ^ , H ^ ) (6b) 
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with the constraint (ŵ , Uj) = S^j. The corresponding Euler-Lagrange equations are: 

/iw. = £fWf , ( 7a ) 

(hw){x) = {-Aw)(x) + V{x)w{x) + U^{x)w{x)-{K^w){x) , (7b) 

U^ix)= X i\x-y\-'\uj{yrd'y, (7c) 
j = i 

N 
(K^w){x)= X uj{x) j \x-y\-'ujiy)w{y)d'y . (7d) 

U^ is the "direct" interaction and K^ is the "exchange" interaction. We will show 
that minimizing solutions of (7a) exist whenever N < Z + 1 where Z is the nuclear 
charge 

k 

We make the convention that when w's depending on spin are involved, as in (7 c) 
and (7d) the symbol j—d^y indicates also a sum over the spin variable attached to y. 
[We note that the naive Euler-Lagrange equations are more complicated than (7) 
but after a unitary change, u^^'^=Y,^ij^f^^ with a^j a unitary NxN matrix, (7) 
results. The Slater determinant (6a) is unaffected by the change so that (6b) is 
unaffected. This is proved in Lemma 2.3 and is further discussed in many texts, e.g. 
Bethe-Jackiw [6]; it plays an important role in § 2 below.] 

Irrespective of the physical content of the H and HF equations, (5), (7), it is far 
from evident that there exist any solutions of them, let alone minimizing solutions, 
for they are clearly complicated non-linear equations. Because the full N-body 
Schrodinger equation is, at present, virtually inaccessible to computer calculation 
while the HF equation, especially in the spherical approximation [6], is ideal for 
computer iterative solution, the HF equations are extensively used in quantum 
chemistry [27]. 

Before our work, the only existing theorems were for the Hartree equation (5) as 
follows: Reeken [26] considered the restricted Hartree equations for HeHum, i.e. he 
considered (5) with /c= 1, ẑ  =2 and the additional restriction u^ =U2. He found a 
solution for this case with u^^O pointwise; his method works for any z>l. 
Independently Gustafson and Sather [12] found solutions for the restricted two 
electron problems for sufficiently large z (they state their results for z = 2 but with 
||WjH sufficiently small rather than 1. Since we insist on the normalization condition 
||Wj.|| = 1, we scale coordinates to translate their result into a large z, ||w-|| = 1 result). 
These authors all use a bifurcation analysis further discussed in Stuart [32], and 
depend on the fact that they seek spherically symmetric solutions so that methods of 
ordinary differential equations are available. Properties of their solutions are 
further discussed in [3,4]. Relations between the restricted Hartree two electron 
problem and the unrestricted problem appear to present some interesting 
mathematical phenomena and we hope to return to them in a future publication. 

Using a Schauder-Tychonoff theorem, Wolkowisky [34] found ground state 
and excited solutions of the Hartree equation in the spherical approximation (see 
e.g. Bethe-Jackiw [6] for a discussion of the approximation). 
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All these authors attack the equations directly as fixed point equations in some 
sense. The reason we are able to go further is that we exploit the form of the 
equations as gradient maps, i.e. as Euler-Lagrange equations and directly attempt 
to find solutions by finding minimizing w's for ^^ and S'^^. (This method has already 
been used successfully in [23] to find solutions of another of the non-Hnear 
equations of atomic physics: the Thomas-Fermi [9,33] model.) 

These results for the H and HF equations, which we give in § 2 were announced 
in [22] and sketched in [19]; seemingly unaware of our work, Bader [2] has recently 
presented a similar method to obtain similar results for the H (but not HF) 
equations. We note that prior to our work, solutions of the HF equations for a class 
of potentials excluding Coulomb potentials were found by Fonte et al. [11]. 
Recently, several authors [7,8] have proved existence of the time-dependent HF 
equations. 

In § 3, we establish various "regularity" properties of any w's (not necessarily 
minimizing ones), which solve the H and HF equation. Among these is the 
exponential falloff of the w's announced in [22]; after our announcement, similar 
results for the H equations were obtained by [5]. 

In § 4, we repeat the remark already made in [23] that our proof that HF theory 
is "exact" in the Z^oo limit implies the same result for HF theory. 

§ 2. Solutions of the H and HF Equations 

While one could present the existence theory for the H and HF equations as two 
cases of one general result, we present the two theories in sequence to illustrate the 
extra difficulties in the HF case. The basic strategy is (cf. [23]) to introduce a weak 
topology on the trial functions in which the trial functions are precompact and then 
to prove that the functional one wishes to minimize is lower semicontinuous. This 
establishes that the functional is minimized at some point in the closure of the trial 
functions. In many cases, additional arguments are then available to prove that the 
minimizing point belongs to the original trial functions rather than merely to the 
closure. 
Theorem 2.1 (H Theory). Fix N,k; z^,...,z^, R^,...,R^. There exist functions 
Wi,...,W;yGL (̂IR ;̂(C )̂ with u^eQi — A), the quadratic form domain of— A, such that 
the U: minimize 

i = 1 

+ X I Hxr\u^{y)\-'\x-y\-H'xd'y (8) 

with the subsidiary conditions, U^EQ{ — A) and 

11̂-11 ^ 1 . 
The u-s satisfy (5a) with the additional condition, that for each /, either s^^Oor u^ = 0. 
In either event e. = infspec(/if) and if 8i<0, ||w,|| = 1. If moreover, N<Z-\-l, then all 
8f <0 and each ||wj| = 1. In all cases 

E^i = mm{i^{u^,...,Uj^)\\\Ui\\Sl,UieQ(-A)} 

is finite. 
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Remark. We have introduced the function i^ which agrees with ^^ only when all 
\\Ui\\ = 1. Theorem 2.1 says that J'H always has a minimum if we only impose ||w.|| ^ 1 . 
When the minimum of #„ occurs for ||wj| = 1, all U as we assert it does if Z + 1 > N, 
then, of course, these u^ also minimize ^^ subject to ||w.|| = 1. 

Proof. By a well-known result of Kato [18], for any 8>0, 

(w, Vu) S 8(w, — Jw) + C^{u, u) 

from which it follows that 

E^ = mf{i^{u,,...,uMMSlu,eQ{-A)} 

is finite and that for some K: 

i^{u,,...,u^)SEH + l;\\uj\\Sl=>\\Vu,\\SK. (9) 

Now pick sets t/|"\ l^i^N,n=l,....so that i^i^^"^) ̂  ^ H + V^- By (9), the w|"̂ 's 
lie in a fixed ball in the Sobolev space [1], H^ = {u\ |||w||| = (||w||^ + || Vu\\^Y'^ < oo}. 
Thus, by the Banach-Alaoglu theorem, there exists a subsequence such that 
ĵ (n)_̂ ĵ ôo) -j^ ^^^ weak-H^ topology. Clearly \\u^^^\\^\. We claim that Sy^iu^^^) 
^lim(fH(w|"^) = £:H, whence it follows that the u^^^ minimize S^. Positive definite 
quadratic forms are always non-increasing under weak-limits (see e.g. [23]) so that 

{u^^\ -Au^^^)^\mi{uf, -Auf) 

{u^^^uf\ |x, - x ^ r ' u^r^u^;^^) S hm(u^^uf\ |x, - x^.|"' u^/'^u^J'^) 

since wj^^wf-^wj°°^wj.°°^ in L^{R^). Finally, because [18,25] Fis relatively - zj form 
compact [i.e. (zl + l )"^/^F(-zJ +1)"^/^ is compact] {u^/'\Vu\"^)^{u\'^\ Vul"^^). It 
follows that \mi^{u^l'^)^i^iu\'^^). Henceforth, w- is used to denote this ul'^K 

To see that the u '̂s satisfy (5a), fix u^,...,Ui_^, w.+ i, . . . ,u^ and let 

/ ( U ) = (IH(MI,...,W,._I,W,M,.+ I,...,M;V) 

= const -\-(u,hiU) . 

Since f{u) is minimized by u = u^ subject to ||w|| ^ 1, we conclude that either /i,- ^ 0 , u^ 
= 0, or /ifM. = 8fMf with £. = infspec/ij-^0. 

Now suppose that i V < Z + 1. Let i; be a spherically symmetric function on IR .̂ 
Then (v, h^v) = (f, —Av) + {v,Kv\ where 

K{r)= - X z/max(r, |i^.|))- ^ + X I 1^/^)1'(inax(x, r))" Hx . 

Since ||wj ^ 1 , we have that 

K(r)^-\_Z-{N-V)\\r\-^ when r>max(|R^.|) . 

It is easy to see (use explicit hydrogenic wave functions, or a scaling argument [28]), 
that (i;,/i;i;)<0 for suitable z;'s. It follows that £j<0 so that \u^\ = 1 . D 

Remark. 1) In particular, in the neutral case X ^ j " ^ ^ ' ^ solution of the H equation 
exists. 

2) Notice that no assertion is made about uniqueness. 
3) In the above proof, we used |Xf —x,|"^ ^ 0 pointwise. In distinction, at the 
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analogous point in the TF theory we used the fact that Ixl"^ is positive 
definite. 

4) The above method fails fot the Hartree-like Choquard functional 
^(u,v)=\\Vu\\^-\- \\Vv\\^- j \u{x)\^\v{y)\^\x-y\~'^dxdy, because the last term is neg­
ative instead of positive. Nevertheless, alternate methods involving rearrangement 
inequalities can be used to prove that minimizing u and v exist, see Lieb [21]. 

5) Since the u^s are ground states of h^, they are pointwise positive [25]. 
To prove the existence of solutions of the HF equation, we must extend (f̂ F ^^ ^ 

manner analogous to (8); we define : 

^HF(t̂ i,...,%)= z (u,,(-zi+KK)+ z m2Axt-xjm,), (10) 
i = 1 l^Kj^N 

where 
{ij)2{Xi,Xj) = 2-^'^lUi{x^)u^{Xj)-w/x>i(x^.)] . 

For future reference we note that 

D,j=\\x-y\-^\u^r\u^{yrdxdy 

E,i=\\x-y\'''^)Q{y)dxdy (11) 

Q{x) = Ui{x)Uj{x) . 

The critical element in the extension will be to locate the weak closure of 
{{u^,...,Uj^)\{Ui,Uj) = Sij}: 

Lemma 2.2. Let wj"̂  -> u^ii = 1,..., N) weakly with (wS"̂  uf) = S^j. Then («,-, Uj) = M^j is 
an N X N matrix with O^M ^ 1 . More generally the conclusion remains true if the 
weaker hypothesis {u^"\ uf^) = M^ff with 0 ^ M^"^ ^ 1 is imposed. 

Remark. The point is that it is easy to see that every (wj,..., ŵ ) with M-̂ - obeying 0 
^ M ^ 1 arises as a weak limit of orthonormal N-tuples. Since we do not need this 
below, we do not give the easy proof of this converse which is based on 
diagonalizing M. 

Proof. Let ZE(£^. Then (z,Mz)= Z^iM.^-^. = (w(z),t/(z)) = (w-limw "̂Hz), w-\imu^"\z)) 
^Zl^il^ where u^"\z) = Y,zMi'^- The last inequality follows from the fact that balls 
are weakly closed and the calculation (u^"\z\ u^"\z))=Y,\Zi\^. Thus M ^ 1. M^O is 
trivial. D 

We will also need the elementary observation: 

Lemma 2.3. Let «,- = ^ <^ij^j ^here A = {ciij}i^ij^N ^^ ^ unitary N x N matrix then 
j 

^HF(ti.) = ^HFK)-

Proof Let K,j = iu,{-A+ V)ujl K,j = {u,{-A+ V)Ujl i^,,,,,,,-, = ((r 1^)2, 
\x-y\-'ijj2)2l etc. Then K = A*KA so ^ ^u = Tr(X) = Tr(X) = ^ ^u-
Similarly, by taking traces on the antisymmetric tensor product of (Ĉ  with itself 
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Theorem 2.4 (HP Theory). Fix N,k\z^,...,z^,R^,...,R^. There exist functions 
WI,...,W^GL'^(IR^;C'^) such that UIEQ{ — A\ the quadratic form domain of— A, and 
such that the w- minimize S'y^^ (given by (10)J with the subsidiary condition. 

Mij = {Ui,Uj) obeys O ^ M ^ l . 

Moreover, the u's obey (ŵ , ŵ ) = Â<5f̂- and satisfy the HP equations (7) with the 
additional condition that either ŝ  ̂  0 or w- = 0 for each i. 8 -̂,..., ŝ ^ are the N lowest 
points of the spectrum of h and if ê- <0, X^ = 1. / / moreover, N <Z-{-\, then all s^ <0 
and (Uj-, Uj) = S^j. 

Proof By mimicking the proof of Theorem 2.1, we find wj°°̂  obeying 0^M^°°^ ̂  1 
which minimize i^^. In this proof, we use Lemma 2.2 to be sure that 0^M^°°^^ 1 
and the fact that (ij)̂ "̂ (̂ij)̂ °°̂  if uj"^^wj°°\ 

Choose a unitary N x iV matrix A so that A*MA is diagonal and let 
Ui= Y, ^ij^^j^^' By Lemma 2.3, {w-} minimizes #HP also, and clearly (ŵ , Uj) = X^d--. 

j 

Now F(W) = #HP(MI, ...,Ui_i,M, Wf+i,..., i/N) = const + (u,/zw) so since w = Wj- mini­
mizes F(w) subject to (w, ŵ ) = 0(/=j=iX (̂ » w)^ 1, ^ must be a linear combination of 
the AT smallest eigenvectors of h with only eigenvalues ^ 0 allowed. Since each 
Ui has this property, by further unitary change, the w/s can be made to obey 
hu—e^u^. 

To complete the proof we need only show that if N - 1 <Z, then h has N points 
of its spectrum below zero, i.e. dimP^.^ o)(/i)^N. Now write /i =/IQ - i^^ with K^ 
given by (7d). By the positive definitness of |x|" ̂  Kyj, is a positive operator, so we 
need only show that h^ has N negative eigenvalues. This follows, as in the proof of 
Theorem 2.1 by considering spherically symmetric trial functions. D 

As already remarked in [22], the above method also yields solutions oimodified 
HP equations in which we restrict the w's to lie in certain sets with suitable 
properties. Because of the spin independence of the assumed Hamiltonian, H, we 
can obtain several solutions of the actual HP equation by taking each û- to be a 
product of a space and spin function, for example, and demanding a particular 
symmetry of the spinor functions. We emphasize that the "true" minimum of 
Theorem 2.4 is not known to come from a set of w's which are product functions. An 
additional restriction which is often made and for which our method appHes, is to 
demand the spatial functions be real. 

§ 3. Properties of Solutions 

Theorem 3.1. The solutions of the H equation (5) constructed in Theorem 2.1 obey: 
a) The u^ are globally Lipschitz and lie in D{hi) = D{ — A). 
b) Away from the points r = Rj, the u^ are infinitely differentiable. 
c) Exponential falloff: For any a<|8j|^''^ there exists a C^ so that 

|WfWI^C„exp(-a|x|). 

Proof hi=-A-{-Vi, with V. = V + Rip. Since UjEL^nQ{-AX by a Sobolov estimate 
[31] (for a simple discussion of this point, see [20]) it follows that uj e L^ r\L^^^~\ so 
by Young's inequality, R\f,eL^. Thus D{h^ = D{ — A). Since u^eDih^), we have u^ 
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continuous so that R^ is continuous, a) Now follows by a result of Kato [17] and c) 
by a result of Simon [29] (both specialized to the two-body case; see the original 
papers for other references including earlier results for the two body case), b) 
Follows by a bootstrap argument reminiscent of our argument in [23] : We exploit 
the following facts (see e.g. [24], Section IX.6): 

a) Let ^ be a bounded open set. If ueL^(Q); — Au= Wu and WeC^{Q\ then 
WueL^ for all multiindices a with |a|^/c + 2. 

b) If D''ueL\Q) for all a, then u is C^ on Q. 
The additional fact which we need is that if WGL^(IR^) and UD''ueL^{QX |a| ^m, 

then g{x) = ^ \n{y)\^\x — y\~^dy is C" on Q. This follows by writing \x\~'^ = cp^-i-cp2 
with (p2^C'^ with support outside a ball of radius e/2 and cp^ supported in a ball of 
radius £. Then g{x)=^\\u{y)\^(p^[x-y)dy-^\\u{y)\'^(P2{x-y)dy = g^+g2. The g^ 
term is C°° on all of IR .̂ The g^ term is easily seen to be C" on those x such that {y\ \x 
-y\<£}CQ. 

With a), b), and the above fact, u^ is C^ away from the R^ by an obvious inductive 
argument. D 

At first sight, the methods of Theorem 3.1 appear to be inapplicable to the HF 
case because of the non-local term. However, an elementary trick allows one to 
write the HF equations in local form; namely we consider the operator A on 

@L'-[R'"X^)g\yQnhy\ 

A,. = (5,/ -A + V{x) + R{x)- £,) + Q,/x) 

with 

Qij{x)^-\\x-y\-'^)Ui{y)dy . 

Then AW = 0 where W is the vector with *F;(X) = M,.(X). With this remark, the 
following can be proven by following the proof of Theorem 3.1: 

Theorem 3.2. The solutions of the HF equation (7) constructed in Theorem 2.4 obey: 
a) The u^ are globally Lipschitz and lie in ^{h) = D{ — A). 
b) Away from the points r = Rj, the u^ are C^. 

c) Let /cQ = min|£-|^^^. Then for any a</cQ; 

|w.(x)|^C^exp( —a|x|), alii. 

Remarks. 1) The common exponential rate of falloff which was obtained comes 
about because we have written the HF equation as a single multicomponent 
equation. However, it is evident that barring some miraculous cancellation, the w '̂s 
should have the same rate of falloff because in the HF equations [i—A-\-V)Ui']{x) is a 
sum of terms containing all the Uj(xys in them. After making this remark in [22], we 
learned that it had already been made in the chemical physics literature [13]. 

2) By following the method of Kato [17] (or an alternative of Jensen [15]) one 
can give the precise singularity in the first derivatives of the u^ at the points Rj. 

3) We believe that the u^s are real analytic away from the Rj's. 
4) In both Theorems 3.1 and 3.2, only the form of the equations and 

UieQ{—A)nL^ is used. Any solutions satisfying this Q{ — A) condition will obey 
the conclusions of the theorems. 
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§ 4. Connection with the Quantum Theory 

We make explicit a remark of ours in [23]: 

Theorem 4.1. Let £^(z,.,î f) be given by (3) and define 

£!J^(z.,i^.) = inf{('F,H'F)|^G^phys; 11̂11 = 1 ; ^ a Slater determinant} . 

Let Ri, z- be N dependent in the following manner: 
a) z./N-^X,. 
b) i^i=0; RjN'^'^^rj or to oo. 

Then 

lim£5J''(z,R,)/£e(z,,i?,)=l. 
iV->oo 

Proof E^^E^^<0 by the variational principle so clearly the lim i s ^ l . In our 
proof that TF theory is asymptotically correct (§111 of [23]) we constructed an 
explicit Slater determinant so that as N-^co, {W,HW)/EY^^ (where E^^ is the 
Thomas-Fermi energy). Since E^jEY^l by [23], and £jj^^(^,// ' / ') , the 
Hm^l . D 

Remarks. 1) As explained in [23], we expect E^^-E^ = o{N^'^) and E^ = aN^'^ 
-\-bN^ ^-cN^'^ + o{N^'^). The proof of these facts seems to us to be an important 
problem in understanding the bulk properties of large Z atoms and molecules. All 
we were able to obtain rigorously is the leading term aN'^'^. In [23], a conjecture, 
due to Scott, is made about the next term bN^ (see [20] for more details). 

2) We emphasize that Theorem 4.1 is only a limit theorem about total binding 
energy. It is physically more important to prove that HF theory gives asymptoti­
cally correct ionization energies. 
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We prove that in an exact, unrestricted Hartree-Fock calculation each energy level of the Hartree-
Fock equation is either completely filled or completely empty. The only assumption needed is that the 
two-body interaction is—like the Coulomb interaction—repulsive; it could, however, be more complicat­
ed than a simple potential; e.g., it could have tensor forces and velocity dependence. In particular, the 
Hartree-Fock energy levels of atoms and molecules, often called shells, are never partially filled. 

PACS numbers: 05.30.Fk, 3I.I0.+Z, 31.20.Lr 

The Hartree-Fock (HF) variational calculation pro-
ides an approximate determination of ground states and 
;round state energies of quantum mechanical systems 
uch as atoms, molecules, solids, superconductors, nuclei, 
;tc., and is widely used in physics and chemistry. Physi-
;ists often turn to it for qualitative, if not quantitative, 
guidance because particle correlations can sometimes be 
nimicked by a suitable one-body mean-field operator. 
sometimes HF theory is used as the beginning of a more 
iccurate calculational scheme, but our interest here is on 
qualitative features rather than numerics. The picture of 
quantum systems that HF theory yields is one of indepen-
lent particle levels which are the eigenvalues of the HF 
)perator; these levels are often called shells and, a priori, 
hey may or may not be completely filled. 

At the outset we should clarify our definition of HF 
heory. What we mean is the totally unrestricted theory 
n which one searches for the energetically very best 
ieterminantal wave function with no a priori assumption 
A'hatsoever on the orbitals (which are allowed to be gen­
eral functions of space and spin). The orbitals are neither 
•equired to have any symmetry properties (such as having 
i well-defined angular momentum) nor are they required 
:o be functions of space time functions of spin. In re­
stricted HF theory, in which, for example, rotational 
symmetry is preserved by requiring every orbital to have 
1 definite angular momentum, it is evident that there can 
DC unfilled shells. It is true that the unrestricted HF 
ground state may break the symmetry of the Hamiltoni-
dn. There are, however, several examples where this 
reflects the correct physics. One such example is the 
Hubbard model at half filling. Indeed, in this case, the 
HF ground state has Neel antiferromagnetic order which 
would be lost if one insisted on preserving translational 
inyariance [1], 

In addition, the unrestricted HF theory yields a better 
estimate for the ground state energy than the restricted 
theory, of course, and, if conservation of symmetry is con­
sidered desirable, there is the assurance that at least one 
of the projections of the HF wave function onto its sym­
metry irreducible components (which will not be HF 

functions in general) will have an equal or better energy 
than the unrestricted energy itself. This follows from the 
fact that if \if=Y,jWj, with (//•; being irreducible com­
ponents, then 

j 

A very simple proof, given here, shows that the orbitals 
of the unrestricted HF ground sVdit fully occupy every 
level of the HF operator up to the highest filled level; i.e., 
the degeneracy, if any, of the highest filled level of the 
HF operator is always exactly what is needed to accom­
modate the assumed number of particles. In brief, shells 
are always filled in HF theory. The idea of the proof is 
to assume that the level is not filled and then to use one of 
the remaining eigenfunctions of the HF-operator to con­
struct a new Slater determinant which has a strictly lower 
energy than the HF ground state. We also,obtain a crude 
lower bound on the size of the gap, and there is no indica­
tion that this is a small number in the atomic case when it 
is compared to atomic energy scales. 

The theorem and its proof given below obviously gen­
eralize to any system in which the two-body interaction V 
is repulsive, i.e., positive definite as an operator on the 
two-particle Hilbert space. In particular, V is allowed to 
be spin dependent, to contain projection operators, and to 
be velocity dependent. The electronic Coulomb repulsion, 
for example, satisfies this positivity condition. The one-
body part of the Hamiltonian can be arbitrary. For con­
venience and because of its familiarity, we use a molecu­
lar Hamiltonian with fixed nuclei as an illustration—but 
only as an illustration. No symmetry is assumed to be 
present. 

Thus, we consider a Hamiltonian 

- - ^ A / + t/(r,) 
2m 

+ TlKr/,r;) 

acting on /V-electron wave functions, i.e., wave functions 
^(ri ,(7i; . . . ;rA',cr/v) that are antisymmetric with respect 
to interchanging (r/,cT/) with (ry,cTy). In the example of 
a molecule with K nuclear charges Zje located at posi-
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lions Ry, V and V would be given by L (̂r) = —Hf^iZj 
x e ^ l r - R y l " ' and K(r , r ' ) - e^ lr -r ' l "'. In the general 
setting, y may also depend on spin coordinates as well, 
i.e., K"'K(r,<r,r',a'). Indeed, the operator K could even 
be allowed to be more general than a simple multiplica­
tion operator, but to keep our notation simple we shall 
not consider this case explicitly. 

To obtain an approximate value for the ground state 
energy, Ee-min(>I' | / / l^>/(^|^) , the HF calculation re­
stricts attention to Slater determinants, i.e., wave func­
tions of the form 

<l)(r,,cT,;...;r/v,a/v)-(iV!)"'^^Det{/,(ry,o-y)} (1) 

in which / i , . . . , / v are orthonormal functions of space 
and spin: (fi\fj)'^Sij. The approximate ground state en­
ergy is then given by the HF energy, which is defined to 
be 

EHF"min(<D|/y|<l>) [O has the form ( 1 ) ) . (2) 

Any minimizer, <1>HF. i-c, a determinantal function satis­
fying £HF-^<I>HF|/^I^HF)I is a HF ground state. It may 
not be unique. We remark that mathematical precision 
actually requires an "infimum" rather than "minimum'' 
in (2) because a HF ground state may not exist. This 
will be the case, e.g., for a molecule with N>2Z + K, 
i.e., a very negative ion [2]. For neutral or positively ion­
ized atoms and molecules, however, it was proved in [3] 
that a HF ground state does exist and, at least in this 
case, the word "minimum" in (2) is justified. 

If a HF ground state does exist, it necessarily obeys the 
HF (or self-consistent field) eigenfunction equations 

h^^k "Sk'Pk (3) 

for all \ <k <N, where h^ is the one-body operator 
defined by its action on an arbitrary function of one 
space-spin variable by 

(h<,f)iT,G)'- - - ^ A + f / ( r ) 4 - r Z Zky(r ' , r )PK(r , ( r , r ' , rVV 
2m ^̂  r - ± i ; - i J 

E Z^j(r,a)f^j(T\T)*f(T\r)V(T,(ry,T)dh', 

fir^a) 

(4) 
: i y - l 

and where V i , . . . ,V/v denote the special N orthonormal 
and functions comprising the energy minimizing Slater deter­

minant OHF- The eigenvalues, ek, o( h^ give us some in- ^ 
sight into the possible energy levels for binding an extra Vkj'^ Z J i kA(r,cT)«/'/(r',cT')-<^/(r,a)vit(r',o-')P 
electron, but that is not our concern here. "'*'" 

Theorem.—Assume that V is positive definite, i.e.. for x V{T,cr,r\a')d^rd'^r . 
every nonzero function if/ of two space-spin variables. 

Z riv'(r,a;r',cT')PK(r,cr,r',c7')(/V(yV>0. 
a.<T'-±l *̂  

Let V be an eigenfunction of h^ with eigenvalue e (i.e.. 
h^^ep) that is orthogonal to the minimizing set 
^U...,<PN. i.e., ( V | V A > = 0 /or all \^k<N. Then 
£>ekforall \<k<N. 

Before proving this theorem let us point out its main 
corollaries. First, it implies that the functions V i , . . . ,V/v 
comprising OHF occupy the N lowest energy levels of /i<t», 
which is a fact that was also noted in [3l and l4]; the 
reader may or may not find this surprising, but we point 
out that there is no proof of this assertion without the as­
sumption that K > 0 . Our main point, however, is the 
second implication, which is more surprising: <X>HF does 
not leave any degenerate level unfilled. There is a gap 
because £> Sk for all k ^'l,!,... ,N. 

Proof of the theorem—For notational convenience as­
sume e\<e2^ • •' ^e;v- We shall derive a contradic­
tion to the assumption that e<e/v . First, we introduce 
some more notation. Denote e by cyv + i and <p by *PN+\. 
Further for all \<k^N + \ and 1 < / < A ' + 1, we 
define 

hk''in\-'(hy2m)A-U(T)Wk) 

Notice that Vk.k'^O and V/^k " ^kj >0 \( k^l since K is 
positive definite. 

Now let 0 be the Slater determinant built from 
Vi , . . . ,^^-1,^^+1, as in (1). One easily checks that 

( O H F | / / | ^ H F > = * Z A*+T Z ^kj, 

( < t > | / / | o ) - Z A * + T Z ykj+hN+i+i:yi.N+i. 

and, for \<k<N-¥\, 

N 

/ - I 
(5) 

Notice that the term l — k in the sum in (5) does not con­
tribute since Vk,k ^0. 

Now 

(4>|//|6>-<<DHF|//iOHF) + A/V + |-/?A' 

+ Z (K,,;v + l-J^/./v) 
/ -I 

= <<1>HFI//l<I>HF> + «Â  +1 - e^ - '̂A'.Â  +1 

<{<t>HF\H\<t>HF)-'yN,N + \. 
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The last inequality uses the assumption £/v + i<e /v , but 
ve then have a contradiction since O has an energy which 
s below the Hartree-Fock energy by the amount K/v N+\ 
> 0 . QED. 

The proof does not give a rigorous numerical estimate 
>r the gap f/v + i — e/v, but it does show that the gap is at 
east K .̂/v + i, which is usually not a tiny quantity for 
mall systems. For such systems, even an "approximate" 
legeneracy is unlikely. 
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Many-body atomic potentials, e, are functions of the nuclear coordinates, and are defined 
by differences of ground state energies, E, e.g., €(1, 2) = ^(1 , 2) — £"(1) — E{2). We prove 
that in Thomas-Fermi theory the «-body potential always has the sign (—1)" for all co­
ordinates. We also prove that the remainder in the expansion of the total energy E in terms 
of the €'s, when truncated at the w-body terms, has the sign (—1)"+^ 

1. INTRODUCTION 

Many-body potentials are a useful concept to describe the interaction of atoms. 
These quantities, which we denote by €, are defined in terms of ground state energies, 
denoted by £", as follows: 

To each positive integer y we associate a fixed nucleus of charge ẑ  > 0 located at Rj. 
The z/s can all be different. E{j-^ y.-.Jrd denotes the ground state energy of an isolated 
molecule composed of « nuclei y'l ,...,y„ , the electron-electron and nuclear-nuclear 
Coulomb repulsion being included. The molecule is assumed to be neutral so that the 
number of electrons is the sum of the z^. Then the one-, two-, and three-body poten­
tials are defined to be 

one body: ^O) == E{j\ 

two body: cO; k) = E(j, k) - [E(j) + E(k)], 

three body: e{j, K I) = E(j\ k, I) - [E(j, k) + £(], /) + (k, /)] 

+ [E(j) + E(k) + £(/)], 

* On leave from the Department of Physics, Universidad de Chile, Santiago, Chile. 
t Work partially supported by U.S. National Science Foundation grant MCS 75-21684 AOl 
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and so forth. The inverse of (1.1a) is 

E(j, k) = [€(;) + e(k)] + 6(7, k\ (1.1b) 

E(j, Ar, /) = [e(j) + €(k) + €(/)] + Ua k) + 6(7, /) + €{K /)] + €(y, A:, /). 

The generalization of (1.1) is given in (1.8) and (1.9). Note that the n-hoAy potential 
^Oi y-'^Jn) depends only on the charges and coordinates of nucleiy'l ,..,,jn • Equation 
(1.1) should not be confused with a virial expansion. It will be our goal to show that 
in Thomas-Fermi (TF) theory, the sign of the w-body e is always (—1)"̂ ; moreover, if 
the series (1.1b) is truncated at the /z-body terms (usually only the two-body terms are 
retained in practice) then the remainder has the sign of the first omitted terms, namely 
( -1 ) - -^ 

It is, of course, very difficult to calculate the £"s in the Schrodinger theory, especially 
if non-Coulombic effects are taken into account. With only pure Coulomb forces, 
even the two-body energy £(1, 2) is difficult to estimate, except for small z. In fact the 
sign of the 6's is unknown. One of the few things that can be reliably stated is that the 
two-body 6(1, 2) goes to +oo like z-^Zz \ R^ — R21~^ as Ri -> R2; the other e's are 
bounded functions of the Rj. 

It is an interesting, and perhaps useful, fact that if the Schrodinger energies are 
replaced by Thomas-Fermi energies, then the sign of the e's and the sign of the 
remainder in the expansion of E in terms of 6 can be determined. These facts are 
Theorems 1 and 2 of this paper. The TF theory is an approximation to the Schrodinger 
theory and it is asymptotically exact [1] in the limit z -> 00; therefore these theorems 
may not be entirely irrelevant. TF theory also plays a role in a recent proof of the 
stability of matter [2]. See also note added in proof. 

Before proceeding we note that knowledge of the e's (or £"s) is, strictly speaking, 
insufficient to determine all quantities of physical interest. First, real nuclei are not 
static (i.e., infinitely massive) and the nuclear kinetic energy cannot be strictly separated 
from the electronic energy. Second, the electrons will not be in their ground state except 
at zero temperature. A refinement would be to use the free energy, F, in place of the 
ground state energy, E (either in Schrodinger or TF theory). The difficulty with this 
is that F = —00 unless the electrons are confined to a box (for the ground state 
no such confinement is necessary because the ground state neutral atoms are always 
bound states). Thus ^(1, 2), for example, would depend upon the size of the box (i.e., 
the density) and not merely upon nuclei 1 and 2. Third, one may wish to consider 
atoms that are not neutral, but then e(l ,2.3), for example, would not be defined by 
(1,1) until a prescription is given for apportioning the electrons among the subsystems 
(1.2), (1,3), and (2,3). These remarks notwithstanding, the many-body potentials, 
as we have defined them, are useful for a wide variety of applications. The above-
mentioned difficulties will not be considered further in this paper. 

The TF energy for nuclei of charges Zt > 0 (which need not be integral) located at 
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jRj, i = 1,..., n is defined as follows. In units in which h\%m)-^ (3177^^^ = \ (m = 
electron mass) and \ e \ = I, one introduces the energy functional 

(^(p) = f J pixf'^ d^x - J V{x) p{x) d\x 

+ \ ^^ p(x) p{y) \x-y |-i d'x d'y + X ^̂ '̂ i I ̂ i ' ^ . -1" ' - 0 -2) 

Here p(x) > 0 is the electron density, and 

V(x)= i z , U Y - / ? , l - ^ (1.3) 

The minimum of ^(p) over a// nonnegative functions p occurs for a unique p [1]. This 
p has the property 

fpCv)J'^v= t ' j ^ ^ (1-4) 

and satisfies 

p(x) = cf>(xyf\ (1.5a) 

0 ^ <f>(x) = V(x) - J /.(>•) I x - V i-^ d^ (1.5b) 

Equation (1.4) states that a minimum energy TF molecule is always neutral. Equation 
(1.5) is the TF equation; its solution is unique given that J/) and jp^'^ are finite, (^(p) 
does have a unique minimizing p under the additional restriction that jp =^ X and 
A < Z, but this p does not satisfy (1.5). There is no minimizing p under the condition 
A > Z, i.e., negative molecules do not exist in TF theory. Finally, the TF energy is 
given by 

£(1,. . . , n) = min <^(p) = 6{p) (1.6) 
p 

where p is the unique solution to (1.5). 
The energy of an isolated TF atom is 

E(\)= -Kzr (1.7) 

where K = 3.678 by numerical computation. 
Our theorems do not depend on the fact that the nuclei are point charges. They can 

be smeared out in any way provided the nuclear charge densities are nonnegative. This 
generalization requires an obvious redefinition of (1.2) and (1.3), but (1.4), (1.5), and 
Theorems 1, 2, 3, 4 still hold. 

To state the theorems we must introduce some set theoretic notation. \( b = (b^, 
^2, •» bjc) is a finite subset of the positive integers, E(b) denotes the TF energy (given 
by (1.2) and (1.6)) for the/: nuclei of charges z^,^,..., z^Jocated at R^ ,..., Rf, . \ b \ -=^ k 
is the cardinality of ^. 0 denotes the empty set, and we define E{0) -~^ 0. b C c means 
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that ^ is a proper subset of c, while bQc means that Z? is a subset of c and can be c 
itself. c\b is the set of points which are in c and not in b. The generalization of (1.1) is 

<c)= X (-1)'''^'^'^W (1.8) 
bCc 

from which it follows that 

E{c) = X <b) (1-9) 
bCc 

since, if ^ C <?, 

X (-0'̂ ' = {-\rn{a,c) (1.10) 
aCftCc 

with S being the Kronecker delta. 

THEOREM 1 (Sign of the many-body potentials). For all choices of the nuclear z's 
and R's and all sets, c, 

(-1)1^1 € (c )>0 . (1.11a) 

More generally, ifbCc then 

E{b, c) - X (-1) ' ' '^ '" ' E{a) ^ 0 (1.11b) 
hCaCc 

whenever \ c\b \ ̂  2 or b = 0 (this latter case is (\A la)). 

Remarks, (i) This can be extended to ( — 1)1 '̂ e(c) > 0, as in Ref. [I, Section V.2], 
when c is nonempty. 

(ii) The special case e(l, 2) > 0 is Teller's theorem (cf. Ref. [1]). 

THEOREM 2 (Remainder Theorem). For all nuclear z's and R's, all sets c, and 
all 2 ^ y ^ \ c \ , the sign of 

E(c)- X <b) 
bCc 

\b\<y 

is ( — 1)''. In other words, if in (1.9), we sum over all smaller than y-body terms, then the 
remainder has the same sign as the first omitted terms. 

THEOREM 3 (Monotonicity of the many-body potentials). Suppose that b C c and 
\ b \ ̂  2. Then for all nuclear z's and R^s 

(-iy'U(b)^(-iy^u(cy 

Remark. Again, the inequality can be shown to be strict. As an application of 
Theorems 1 and 3, the three-body potential satisfies 

0 > 6(1, 2, 3) > -min[6(l, 2), €(1, 3), e(2, 3)]. 
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A more general theorem which, as we shall see, implies the others, concerns the TF 
potential itself. 

DEFINITION. Let c be a nonempty subset of the positive integers. <̂ (c, x) denotes 
the TF potential, given by (1.5b), at the point x for the corresponding collection of 
nuclei. If c = 0, <f>(0, x) = 0. 

THEOREM 4. Suppose bC c. Then for all z's and R's and all x 

^(b,c,x)^ Y, (-1)N+I^!<^(a,x)<0. (1.12) 
bCaCc 

Remark, As in Ref [1, Section V.2], strict inequality can be proved here, when c 
is nonempty. 

Theorem 4 will be proved in the next section. The proof we give is patterned after 
the proof of Teller's lemma [1], but an additional combinatorial lemma is needed. All 
the necessary combinatorial facts are given in Section 3, and the required lemma is 
Lemma 13. It is important that the exponent/? in (1.5a), namely f, satisfies 1 < /? < 2. 
Lemma 13 holds for 1 </? < 2 [which would correspond to replacing Jp^/^ by 
J/>^ I < A: < 2 in <^(p)], but Lemma 13 is false for ;? < 1 or p > 2. It is amusing that 
p = 2 corresponds to /: = f, and TF theory does not exist for /: < f (because (f(p) is 
then not bounded below). 

We conclude this section with the mention of a basic fact [1] that relates the TF 
potential to the TF energy. Theorem 4 will follow from Lemmas 5 and 13. 

LEMMA 5. Let c be nonempty and j e c. Then the derivative of E(c) with respect to 
the nuclear charge Zj is given by 

dE{c)ldz, = lim {cf>(c, x)-zj\x- R, |-^}. 

This lemma is proved [1] by differentiating (1.2) with respect to Zj and using the 
fact that ^{p) is stationary with respect to the minimizing p. 

2. PROOFS OF THEOREMS 1, 2, 3, AND 4 

In this section we give the proof of the theorems stated in the Introduction. We 
begin with the general Theorem 4 about the TF potential. The other theorems are a 
consequence of this one. The proof of Theorem 4 is based on the proof of Teller's 
lemma (see Theorem V.5, Ref. [1]) and the combinatorial Lemma 13 proved in 
Section 3. Logically, Section 3 should be inserted at this point, but the only things 
needed are (i) the definition of the transform (3.1); (ii) the definition of an anticanon-
ical function, (iii) Lemma 13. 

Proof of Theorem 4. Insert (1.5b) into the right side of (1.12). Ify e c, it is easy to 
check, using (1.10), that all terms of the type Zj\x — Rj |-^ either cancel (if c ^ 
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b '^ 0*}) or have a coefficient —\(\fc=bKJ {j}). The (distributional) Laplacian of ^ 
therefore satisfies 

bCaCc 

= ^ ( f t , c,x). (2.1) 

Let 
D(b, c)={x\ f(b, c, x) > 0}. 

Suppose we can show that 

X e D(b, c) implies '^(b, c, x) > 0. (2.2) 

Then f(by c, •) is subharmonic on D(b, c) and therefore takes its maximum on the 
boundary of D(b, c) or at infinity. If \ c\b \ > U f is continuous on all of R ;̂ if 
c = bu {7}, f is continuous on U^\Rj and f(b, c, x) -^ — 00 as x -> Rj [1]. Hence f 
is zero on the boundary of D. Since ^ goes to zero as x -^ 00 [1], we conclude that D 
is empty. This potential theoretic argument is the main idea in the proof of Teller's 
lemma [1]. Thus, the problem is reduced to proving assertion (2.2). To do so we use 
induction on the cardinality ofc\b. Let P(n), for « ^ 1, be the proposition: Theorem 4 
is true when 1 < | c\^ | < 7̂, i,e., f(b, c, x) < 0 for all x. If n = I then f(b, c, x) = 
~<f)(c, x) + <f>(b, x), and (2.2) is trivially verified. Hence F(\) is true. (Note: This case 
is just Teller's original lemma.) P(n + 1) will be proved by showing that P(n) implies 
(2.2). D(b, c) is empty when b ^ 0, For x s D{0, c) fixed, consider d-> <f>(d, x) as a 
positive function on the power set 2\ In the terminology of Section 3, (f>(', x) is 
anticanonical. Then Lemma 13 is precisely (2.2). | 

Proof of Theorem I (sign of the many-body potentials). L^t J e c\b, and consider 
the dependence of E(b, c) on Zj. When Zj = 0, E(a) = E(a\{j}) if j e a, and it is 
then easy to check that 

E(b, c; Zj = 0) = 0. (2.3) 

By Lemma 5 

dE(b, c)/dzj = Urn X (-l)i ' '+i"' {<f>{a, x) - z, \ x - R^ | - ' } . (2.4) 
^'^^' bKj{j)CaCc 

Using (1.10) one sees that the terms on the right side of (2.4) proportional to Zj \ x — 
Rj |-i either cancel (if \ c\b \ '^ 2) or else have a coefficient +\ (if c = b u {/}) The 
terms involving (f)(a, x) are, by definition, —f(b u {7}, c, x). If \ c\b \ ^ 2, the right 
side of (2.4) is then —lim .̂̂ ;?. f(b u {7}, c, x) and this is nonnegative by Theorem 4. 
If ft ^ 0 and c = 0'}, the right side of (2.4) is lim^^^^ {z, \ x - Rj |-i - (p({j}, x)} and 
this is positive by (1.5b). In either case, therefore, 

dE(b, c)ldzj > 0. (2.5) 

I Equations (2.3) and (2.5) prove the theorem. 
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Proof of Theorem 3 {monotonicity of the many-body potentials). This is really a 
simple corollary of Theorem 1. Obviously it is sufficient to consider the case c = 
b u {j} andy ^ b. Let a ^ {j}, whence | c\fl | = | Z> | > 2. By Theorem 1, E{a, c) > 0. 
Inserting (1.9) into the definition of E{a, c), and interchanging the summation 
order, we have that 

0<5(^,c)== X ( Z (-l)i^i)(-l)i«l 
hCc \a\jhCdCc J 

hCc (2.6) 

c\aC7?Cc 

= (-1)1*1 € ( ^ ) - (-1)1^1 <C). I 

Proof of Theorem 2 {remainder theorem). For bQ c and y > 0 introduce 

l,{b,c) = {-\y^m X ^(/)- (2-7) 
bC/Cc 
!/\&l>v 

We want to show that 7^(0, c) > 0 for y > 2. First consider /» . In general, 

/o(6, c) = %\Z>, c) (2.8) 

by the calculation in (2.6) (which holds for all a C c). Since c\{c\b) = ^, we conclude 
(from Theorem 1) that /o(Z>, c) > 0 if either c = ^ or | Z? | > 2. Now it is easy to check 
that for y > 1 andy G c\3: 

aZ7, r) - /,(^, c\{y}) + /,_i(Z> u {7}, r). (2.9) 

When y ^ 1, /^(r, c) = 0 (all c) by (2.7). If y = 1 and b 7^ 0, a simple induction 
on I c\^ I using (2.9) and the fact that | b u {j}\ > 2, shows that /̂ (Z), c) > 0. Now 
suppose y > 2 (all b, c). Using (2.8) and induction on y followed by induction on 
I c\b I together with the fact that b u {/} 7̂  0 in (2.9), one has that /̂ (Z?, c) > 0 for all 
b, c when y 5̂  2. | 

3. FUNCTIONS DEFINED ON THE POWER SET OF A GIVEN SET 

In this section we present some general properties of positive real functions defined 
on the power set of a given set. 

DEFINITION. Consider a fixed, nonempty, finite set 5 and its power set 2", that is 
the set of all subsets of 5 (including the empty set O). To every function/from 2- to 
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the complex numbers C we associate the function ("transform o{ f")f: 2* x 2^ -> C, 
defined by 

/(a, 6)== X (-1)'«'^'^'/W (3.1) 
aCdCb 

when aQbQSAf a^ bfis defined to be zero. Note that/(a, a) =f(a). 
The following lemma provides a convolution formula for the ''transforms'' 

LEMMA 6. Letf, g be functions on 2\ Then 

T^{a,b)= X f{a.d)g{d,b\ (3.2) 
aCdCh 

Remark. Although the left side of (3.2) is invariant under the interchange of/and 
g, the right side is not manifestly invariant. 

Proof. Inserting definition (3.1) into the RHS of (3.2) and interchanging the sum 
orders we get 

RHS (3.2)== X ( Z (-1)'^'^'V(^)Y Z {-\r^^^^^ gih)] 
aCdCh \aCeCd /\dChCb / 

= I I ( Z (-l)l' 'l)(-l)i«l+l^l+i''i/(e)g(//) 
aCeCb eCfiQb \eCdCh I 

= Z Z (-l)l«l+l^iS(e,A)/(e)g(/;) 
aCeZb eChCb 

= Z (-l)l''l+i^i/(e)^(e)=7^(fl,Z>). 
aCeCb 

In the third equality we have used Eq. (1.10). 

DEFINITION. P(S) denotes the nonnegative functions / : 2' -> U+. I f / G P(S), note 
that f(a, a) > 0. We call fe P(S) normal \r f(a, b) ^ 0 for every aCbQS such that 
b\a ^ S. f IS canonic (resp. anticanonic) if / is normal and / ( 0 , 5") < 0 (resp. if 
/ ( 0 , 5) ^ 0). 

We will now prove some properties of these special functions. 

LEMMA 7. Suppose that fe P(S) and either (i) / is canonic and | 5 | > 1 or (ii) / 
is norma/ and \ S \ > 2. Then a C b C S implies that f(a) ^ f{b). 

Proof. It is sufficient to consider aC S and b = a KJ {.X] with x e S, x ^ a. Then, in 
both cases, 

0^f(a,b)=f(a)-f(b). I 

LEMMA 8. Iffe P(S) is normal (resp. canonic) thenf^l^ is normal {resp. canonic). 
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Proof, By hypothesis, f{a, fc) < 0 whenever aCbQS and \b\a\ <\S\. We 

want to show that under the same conditions/^z^^^, b) < 0. The proof is by induction 
on the cardinality of | b\a \ . Consider the proposition P{n) for « < | 5 |: 

pi\a, Z>) < 0 for aCbCS, \b\a\ <,n, 

P{\) is true by inspection. We will show P{n) implies P(/2 + 1) when (A? + 1) < | 5 | . 
The convolution formula (3.2) can be written as 

/(«, b)= Y P'\^^ ^) /^ ' (^^ b) + P'K^^ b)ip1'(^, a) + pi\b, b)l (3.3) 
aCkCh 

Assume | b\a \ ==« + !. The sum appearing in Eq. (3.3) is nonnegative by P{n). 

Moreover /(a, Z?) < 0 (if AZ + 1 < | 5 |). Therefore pi%a, b) ^0 if f(a) +f(b) > 0; 
otherwise let/(c) -^f(c) + x and use continuity in x. Finally, (3.3) implies P(\ S \) if 
/ i s canonic. | 

The following is an immediate consequence of Lemma 8. 

COROLLARY 9. Iff is normal (resp. canonic), then f^ with p = 2~^, k a positive 
integer, is normal (resp. canonic), 

Proof, By Lemma 8 and induction on k. | 

Remarks, (i) Note that i f / i s anticanonic the only thing we can say about/^/^ is 
that it is normal. 

(ii) Our goal is to extend Lemma 8 t o / ^ /? e [0, 1] and, indeed to any positive 
Pick function. This is Lemma 12. Lemma 8 is not needed for the proof of Lemma 12, 
but we presented it for two reasons: (a) the case/? = i is what is needed for TF theory: 
(b) the proof just given fovp = h (and hence p = 2-^) is simpler than the proof of 
Lemma 12. 

LEMMA 10. Iff is normal andf{a) > 0, all a C S then p^(a, b) > Ofor a Q b C S, 

and b\a ^ S. Iffis also canonic, then f~\a, b) > 0/or aQbQS. 

Proof. Again we use induction on the cardinality of b\a and the convolution 
Eq. (3.2). 

h{a, b) = T(fl, *) = I /(a, d)P\cK b) ^ f(a, a) p{a, b) + /(a, i ) / ~ ( 6 , b). 
aCdCb 

The proof is now a straightforward imitation of the proof of Lemma 8. | 

Consider /E P(5) and its transform / . If x e P(S) is a constant mapping (i.e., 
x(a) = ;c ^ 0, all fl C 5) then 

(7T^)(a, b) ^ f(a, b\ aCbCS (3.4) 
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as can be easily checked using (1.10) and the definition of the transform (3.1). There­
fore if / is respectively canonic, anticanonic, or normal, so i s / + x. 

LEMMA 11. Letfe P(S) be normal (resp, canonic). Let x>0. Then the function g 
given by g(a) =f(a)[f(a) + x]~^ is normal (resp, canonic), 

Proof, We have to show that g(a, b) ^0 for aCbQS (with the restriction 
b\a ^ S if/is only normal). 

| (a , b) = l(a, b) - xXfTx)-^ (a, b). 

The lemma is proved by using (3.4), Lemma 10, and l(a, b) = 8(a, b), | 

Finally we state the generalization of Lemma 8. 

LEMMA 12. Iff is canonic (resp. normal), thenf^ is canonic (resp, normal) for 0 < 

Proof Ifp = 0 or 1 the proof is trivial. For 0 <;? < 1, use the representation 

p = K^ r dx x^-^f(f + x)-^ (3.5) 
•'0 

(with Kj, = TT-i sin(/?7r), 0 </? < 1). Taking the transform on both sides of (3.6) the 
lemma follows from Lemma 11. | 

Remark. Lemma 12 obviously remains true if/^ is replaced by /r(/), where h: 
R+ -> (R+ has the representation 

h(x) ==a + bx+ r x(x + y)-^ dyi(y) 

with a, 6 > 0 and /x a positive Borel measure on [0, oo]. Such functions are Pick (or 
Herglotz) functions [3] on !R+. 

With the help of the previous lemmas we can now prove the following theorem 
which is needed in the previous section. 

LEMMA 13. Iff is anticanonic andO <;? < 1 thenP+p(0, S) > 0. 

Proof If I 5 I = 1 the proof is by inspection. lf\S\ ^ 2 let us define g by 

f(a)=g(a)+f(0), 

Then g G P(SX by Lemma 7 and, moreover, g(^) = 0. We call f((P) = x^ (XQ > 0). 
Define the function gx = g + x on 2*. By (3.4), g^ is anticanonic for all x^O, 
Consider h:U+-^U defined by 

h(x) = g i ^ ( * , S). (3.6) 
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Since f = gx ^or x = XQ , we want to show that h(x) > 0 for every nonnegative .v. 
From (3.6) 

h'(x)={\ + / ; ) i > ( 0 , 5 ) . (3.7) 

Again using the convolution Eq. (3.2) we have that 

hM = Z U^. a) i:^(d, s) + (\ + p)-^ h\x) gx<p, ^) + g.(<p, s) g7^(s.sy 
<I>CaCS 

(3.8) 

Note that gxi^, <P) and g^(Sy S) are nonnegative. Furthermore, the sum in (3.8) is non-
negative by Lemma 12. If/? =̂  1 then (1 -j-p)-^ h'(x) = gxi^.S) and the two last 
terms in (3.8) are g^{0, S)lg^(0, 0) + ̂ g^iS, S)] > 0 for all x. This proves the lemma 
when/7 = 1, and henceforth we assume/? < 1. Now 

m= Z gi0,a)^(a,S) + g(0,S)^v(S,S) 
(PCaCS 

which is positive because g is anticanonic (and therefore normal). As x -> oo, g^^ '̂ ' ^ 
xi+p + (1 ^p) x^'g + 0(1). Hence, for large x, 

h(x)^{\ + p) x^'g(0, S) ^ 0 

because g is anticanonic. h(x) is a continuously differentiable function of A* on (0, oo), 
h(0) > 0 and, as x -> oo, either h(x) -> 0 or h(x) -^ +oo. Therefore, either h(x) ^ 0 
for every positive x or there must exist v > 0 such that h{y) < 0 and h'(y) ^ 0. But 
h'(y) = 0 implies h(y) > 0 (by Eq. (3.8)j. | 

Remarks, (i) Up is outside the interval [0, 1] and | 5 | ^ 3 the statement given in 
Lemma 13 is definitely false. Consider the example 

^ = {1,2,3} 

/ ( I , 2, 3) = 1, / (<^ )=0 , 

/ ( l , 2 ) = / ( l , 3 ) = i / (2 ,3)== l , 

fO) = h fi2)=f{3) 1 
4-

Here/ is anticanonic but/^+^(^, 5) < 0 for every 6 > 0. 

(ii) If I 5 I = 2, a simple convexity argument shows that the statement made in 
Lemma 13 is valid for any p > 0. In the case S = {1, 2}/anticanonic is equivalent to 
/ ( l , 2 ) > / ( l ) > / ( 0 ) ; / ( l , 2 ) > / ( 2 ) > / ( $ ) ; / ( I , 2 ) + / ( 0 ) > / ( l ) + / ( 2 ) . We 
want to show that f(\,2y +/(<^)^ > fW + / ( 2 ) ^ when q = \ + / ? > ! . Now 
x-^ x"^ is convex and monotone increasing for x > 0. For any such function, g, 
w ^ X ^ y ^ z, and w + z ^ X + y imply g(w) + g(z) ^ g(x) + g(y). 
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Note added in proof. The dependence of E on the /?,, for fixed z,, is also an interesting question 
in TF theory. We have been able to prove [4] that the pressure and compressibility (defined by the 
change of E under uniform dilation) are positive, and that the kinetic energy is superadditive. This 
is true even for finite molecules. Thus, problems 6, 7, and 8 of Ref. [1, p. 33] and the problems posed 
in Ref [1, pp. 104-105] have been solved affirmatively. 
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^ Department of Physics and 
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Abstract. We prove the positivity of the pressure and compressibility for 
neutral systems in the Thomas-Fermi theory of molecules. Our results include 
some new properties of the Thomas-Fermi potential and a proof that the 
kinetic energy is superadditive. 

I. Introduction 

The Thomas-Fermi (TF) theory of atoms, molecules and solids has been given a 
firm mathematical foundation and many of the qualitative properties of the theory 
are understood and have been proven [1] (see also [ 2 ] ; properties of the many-
body TF potential are proved in [3]). There were, however, some open questions 
in [1], one of which we solve in this paper: the positivity of the pressure and 
compressibly for neutral systems. 

The TF theory is defined by the energy functional (in units in which 
h^(Sm)~ \3/n)^^^ = 1 and \e\ = l, where e and m are the electron charge and mass) 

aQ) = K{Q)-A{Q)^R{Q)-^U (1.1) 

K{Q) = llQ{xr^'dx 

AiQ)=iV{x)Q(x)dx 

V(x)= izj\x~Rj\-' 

RiQ) = ii^QMQ{y)\x-y\-'dxdy 

U= I z,Zj\R,-Rj\-K (1.2) 

Here z^,...,Zf^^O are the charges of k fixed nuclei located at R^,...,Rj^. ^dx is 
always a three-dimensional integral, ^(Q) is defined for electron densities ^(x)^0 
such that ^Q and j ^ ^ ^ ^ are finite. 

* Work partially supported by U.S. National Science Foundation grant MCS 75-21684 A02 
** On leave from Department of Physics, Universidad de Chile, Santiago, Chile 
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The TF energy for A (not necessarily integral) electrons is defined by 

e(X) = mf{aQ)\iQ = X} (1.3) 
k 

It is known [1] that for X^Z= ^ Zj there is a unique minimizing Q for (1.3). It is 

the unique solution to the TF equation 

Q{xf'^ = max[(/>(x) - ^0,0] (1.4a) 

for some ^o=^ ' ^^^ ^^^h 
(ly(x)=V{x)~j\x-y\-'Q{y)dy, (1.4b) 

— (pQ is the chemical potential [1], i.e. 

de{X) 
dX = -^0- (1.5) 

For A^Z, 0(x)>O, all x. (PQ = 0 if and only if/l = Z and hence, for the neutral case 
the TF equation is 

^2/3(x) = (/>(x). (1.4c) 

If /1>Z, there is no minimizing Q for (1.3), and e{X} = e{Z) in this case. 
There are various possible definitions of the pressure. The one we shall use is 

the ''change in energy under uniform dilation'' defined as follows: Replace each K. 
by IR^, I being a scale factor, and let e(X, I) be the TF energy for a given A and /. 
Then P= —de/dV which we interpret as 

P=-{3Py'de{ll)/dl. (1.6) 

dP 
The reciprocal compressibility, K \ should be — F^— which we interpret as 

K-' = -(l/3)dP/dL (1.7) 

We shall prove that in the neutral case P and K~^ are nonnegative (in the 
atomic case they are, of course, zero). In the process of doing so, we shall prove 
several interesting facts about the dependence of (/)(x), K, A and R on the z,-. (Note: 
here and in the sequel, (/)(x), X, A, R, etc. mean the respective quantities evaluated 
at the unique, minimizing TF density, Q.) We are not able to prove that P and K are 
non-negative in the ionic (i.e. subneutral) case but conjecture that they are. The 
only thing we shall have to say about the ionic case except for appendix B is to give 
a formula (1.14) for P in terms of e and K. We are led to make the further 
conjecture that P is a decreasing function of A and thus that the neutral case is the 
worst case. When /l = 0, F > 0 and K>0 because e = l~^ ^ z-Zj\R- — Rj\~'^. In other 

words, the pressure is positive because the nuclear repulsion dominates the 
attractive forces; this repulsion presumably grows stronger as electrons are 
removed from the system. 

The above definitions (1.6, 1.7) of P and K carry over, in the thermodynamic 
limit, to the ordinary definitions for a sohd (see [1], Sect. VI). There are, however, 
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two Other useful definitions which we will not touch upon in the main text (see 
Appendix B, however) except to conjecture that P and K are non-negative for these 
definitions as well. 

(i) Dilation in one direction: Let R--^(lRl, Rf, R,f\ instead of R^-^lRi. Since this 
is a one dimensional expansion it seems appropriate to define P= — de(X, 1)1 dl and 
K~^ = — IdP/dl As far as nonnegativity is concerned, this new definition changes K 
but not P. 

(ii) Separation relative to a plane: choose any plane which does not contain 
nuclei. For convenience it may be assumed to be the x — y plane {(x\ x^, 
x^)\x^ = 0}. IfRi = (Rl, Rf, Rfl replace Rf by Rf + / if Kf > 0 and by Rf -1 if Rf <0. 
Note that in this case we shift by / instead of dilate by /. Again, P = — de(X, 1)1 dl and 
K~^ — — IdP/dl In appendix B we will prove that P > 0 if the plane is a symmetry 
plane. This latter case was also proved by Balasz [4] but our proof is somewhat 
different; it uses reflection positivity. Balasz assumed there were only two nuclei, 
but his method works for any symmetric situation. One reason for being interested 
in this special case is that our (and Balasz') proofs are valid for the ionic case as 
well. 

The definitions we shall work with (1.6, 1.7) have one virtue, namely the 
dependence of e on / can be converted into a dependence of e on the z-. This is a 
consequence of the following scaling properties: 

Henceforth, R^, Rj, ...,Pfc are fixed (with Ri=¥Rj if i4=7*). We denote the /c-tuple 
Zj, ...,Z;t simply by z. Let e{z,XJ) be the energy with the uniform dilation /. Then, 
from (1.1), 

e{z,AJ) = l-''e(PzJ^X,l) (1.8) 

and the minimizing TF density satisfies 

Q{z,XJ;x) = l-^Q(PzJ^ll;x/l). (1.9) 

Substituting (1.8) in (1.6, 1.7) yields (assuming that all derivatives exist) 

3/iop = 7e -3P X z,e,-3l'Xe^ (1.10) 

9/1^-^=70^-42/^ X z,e.-42P;ie2 
i= 1 

k k 

+ 91' I z,Zje,j + 9l'X%, + WAY.z.e,.. (1.11) 

In (1.10, 1.11) the notation is the following: 

Ci = de(x, y, lydx^, 2̂ = M^^ y. l)/^y, etc. 

These quantities are evaluated at x = l^z and y = PX. A numerical error in the 
expression for K~^ was made in Ref [1], Eq. (145). 

A more convenient form for P is obtained by noting that e = K-A-\-R + U. 
Furthermore, if (1.4) is multiplied by Q(X) and integrated over the set on which 
^(x)^0, one obtains 

{5/3)K = A-2R-PX^^ (1.12) 
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moreover, ^2= — ^o i^^- i^-^))- Finally, 
k 

P Z Zie, = 2U-A = 2e-{i/3)K + l^2,^o (1.13) 

([1], Theorem 11.16 or Lemma V.7). Combining these facts and then using (1.8), 
yields, for all A, 

3PP(z,A,0 = e(z,A,/) + iC(z,A,/). (1.14) 

For an atom, 2K = A-R (Virial Theorem, [1], Theorem 11.22), U = 0 and 
e = K — A-\-R. Thus (1.14) gives P = 0 for all X, as it should in this case. 

The conjecture stated above, that the neutral case is the worst can be given a 
more transparent form: 
Conjecture 1. e-\-K is a. decreasing function of X for fixed z and R.. 

In this paper we will prove the positivity of P and K for the neutral case. In the 
next Section the list of theorems to be proved is given. These theorems have an 
easy heuristic proof and these are given in Sect. III. We do so because these 
heuristic proofs are a guide to the proper proofs given in Sect. IV, and because they 
may be a useful guide to future work. 

II. Theorems to Be Proved 

We will be concerned only with the neutral case and use the notation 0(z, x), Q{Z, X), 
e{zX K(z\ A(z\ R(z\ U(z) to denote the TF potential and density at the point xelR^, 
the total TF energy, the kinetic energy, the attractive energy, the electron repulsion 
and the nuclear repulsion, respectively, (cf. (1.1)), for the unique TF Q that satisfies 
the TF equation (1.4b, 1.4c). ZGIR'^ = {(zi, ...,zj|z,.^0}. The R, are fixed and 
distinct. 

Definitions, If/ is a real valued function on IR+ then: 
(i)/ is weakly superadditive(WSA)of(z^ + l2 )^ / te i ) + /U2X Vzj, Z2G1R'^, such 

that (Zi,Z2) = 0, i.e. (zi).(z2), = 0, Vi. 
(ii) / is superadditive {SA)<=>f{z^ H-l2) = /Ui) + /U2)' ^^i' ̂ 2^^^+-
(iii) / is strongly superadditive {SSA)of{z^-^Z2-\-z^)-f{z^-\-Z2)-fiz^-^z^) 

+ / U l ) ^ 0 , VZI,Z2,Z3G1RV 
(iv) / is ray convexof{Xz,-h{l-X)z2)SXf{z,) + {l-X)f{z2X VAG[0,1], Z,, 

Z2GIR'!^ and either ZJ—Z2GIR+ orz2 —ZIG1R+. 
(v) / is ray concave<=> — / is ray convex. 
(vi) / is increasingofiz^ +l2) = /UiX Vzj, Z2GIR+. 

Obviously, 

/ is SSA and /(0)^0=>/ is SA=>/ is WSA. (2.1) 

Further relations among these definitions are proved in Appendix A. These are 
the following (C^{]R!X) denotes the p-fold continuously differentiable functions and 
subscripts denote partial derivatives): 

Lemma 2.1. (i) IffeC^(]R\) then f is SSA^^fj^O, \/iJ. 
(ii) / / / G C ^ ( I R \ ) then f is SSA-^/ is increasing. 
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Lemma 2.2. (i) IffeC\]R.\), /(0) = 0, and / . .^O Vi+j, then f is WSA. 
(ii) ///6C^(1R+), /(0) = 0 and f^ is an increasing function ofz- forj^i, then f is 

WSA. 

Remark. The converse implieation is false as the WSA function f{z) = Zj^ sin^(z2) on 
1R+ shows. 

Lemma 2.3. / /5 SSA implies f is weakly ray-convex, i.e. f satisfies definition (iv) 
with 1=1/2. 

Remark. The converse implication is false, even if SSA is replaced by WSA. On IR^, 
/(z) = |zj — Z2I + Z1 +Z2 is convex (not merely ray-convex), increasing and /(0) = 0, 
bu t / ( l , l )< / ( l , 0 ) + /(0,l). 

Lemma 2.4. / / / is ray-convex and feC^(R\) then f. is increasing. 

Corollary 2.5. / / / is ray-convex and / G C ^ ( I R \ ) then 
k k 

I z'M)^fi2 + z')-f{z)^ X Z',f,(z + Z'). 
i=l i = l 

The theorems to be proved can now be stated. 

Properties of (/>(z, x) (neutral case) : 

Theorem 2.6. For each fixed XGIR^, different from R^, ...,i?^, zi->(/>(z,x) is in C^(IR^) 
and C^(IR^\0). ZH>(/).(Z, x) and z^->(t)^j{z,x) are equicontinuous in x. Furthermore, 

k 

(i) 4>ij{z,x)-^0, Vi,7, and is negative semidefinite as a matrix, i.e. ^ cf(j)^.(z,x) 

SO for allceCK 

(ii) (I)ij(z,Rp)= lim (t)ij{z,x) exists (z^O). 
x-*Rp 

(iii) zK>(/).(z,x)^0 and is ray-convex, Mi. 

(iv) lim {(l)^{z,x)-\x-Ri\-^} SO exists. (/>.(z,x)<|x-i^,.r^ 
x-^Ri 

(v) (j).(z,R)=^ lim (j):{z,x) exists for i-^j. Moreover, (t).{z,R.) = (l).{z,RX 
x-^Rj 

(vi) For every a<( l + ]/73)/2, there exist an R{a)<co and finite numbers M(a) 
and B{oc) such that (l).{z,x)SM{a)\x\~% -(/>.^.(z,x)^5(a)|xr", (l + O), hold when \x\ 
>R{a). 

Using Lemma 2.1, we have 

Corollary 2.7. For each fixed XGIR^, different from R^, R2, ...,Rk, 
(i) -(l){z,x) is SSA. 
(ii) </>(z,x) is concave (not merely ray-concave). 
(iii) — 0 .(z, x) and (</>(z, x) are strictly increasing. 

Remark. That (/>(z,x) is increasing is Teller's Lemma [5], [Theorem V.5, [1]]. 
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Properties of K, A, R and e (neutral case) : 

Theorem 2.8. K{z)eC\lR\) and CHWL\\Q) and: 

(i) X,(z) = 3 lim 
x-^Ri 

<f)(z,x)- Y, Zj<l>M,x) (2.2) 

( i i ) K , , ( z ) = - 3 Z z^(/>,,(z,i^,). (2.3) 
p = i 

Remark, The limit in (2.2) exists by Theorem 2.6, and by e;= lim {(/>(z,x) 

-Zi\x-Ri\-^} ([1], Theorem 11.16, Lemma V.7). 

Using Theorem 2.6 we have 

CDroUary 2.9. (i) X.^.(z)^0 and is positive semidefinite as a matrix, 
(ii) K{z) is convex (not merely ray-convex) and SSA on IR+, 
(iii) X(0) = 0, which implies K{z) is SA. 

Theorem 2.10. (i) R{z) and A(z) are convex (not merely ray convex) and SSA on IR'̂ . 
(ii) (̂z) 15 WSA on IRV 

Remark, (ii) is just Teller's Theorem [5], [1, Theorem V.l], e(z) is not SA. For /c = 1, 
(̂l)== -(const.)z'^/^, [1], and this is not SA. However we make the following. 

k 

Conjecture 2. Let e(z)= Y, ^""^^jX where e^'^z) is the TF energy of an isolated atom 

of charge z. Then eiz) — e{z) is SA. 

Remark, e — e'is, not SSA because 

{d^ldz^){e-e)= lim ((/),(z, x) - ( ^^^z ) (z,, x)), 

and this is negative if some ẑ  + O (/4=0 by Corollary 2.7 (iii). It is obvious that e - ^ 
is WSA since e and —e are both WSA. 

k 

Definition. X(z) = l>K(z)- ^ z,K,(z). (2.4) 
1 = 1 

Theorem 2,11,X{z) is SSA andX{0) = 0. HenceX is SA. MoreoverX{^) is ray convex 
(as follows fi-om Lemma 2.3 and Theorem 2.8/ 

These theorems can be combined to yield the desired results about the pressure 
and compressibility. 

Theorem 2.12. For the neutral molecule, the pressure and compressibility as given 
by (1.6), (1.7) exist and satisfy: 

(i) 3l'P(z) = e(z) + K(z), (2.5) 
(ii) 9l\-'(z) = 6PP(z) + 2e(z) + 3X(z) (cf. {2A)), (2.6) 

(iii) P and K ' are WSA and non-negative, 
(iv) l^P{z, I) is a decreasing function of I. Equivalently, e(z, /) is a convex function 

of I. 
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Proof. We can write (1.8) in the form e{zJ) = r'^e{l^zX where e(l^z) = e{Pz,l). 
k 

Hence 3l^^P = le-3P ^ ^A since z,.e,. exists [1]. (1.12), (1.13) are true [1], and so 
i = 1 

(2.5) is proved [cf (1.14)]. Since e and K are WSA, so is e-\-K and e + K^{sum of 
the e + K for isolated atoms) = 0. Using scaling again on the right side of (2.5) 
(X(z,0 = /~''X(/^z, 1) also), and Theorem 2.8(i), we can differentiate (2.5). Again 
using (1.13) and rescahng, (2.6) is obtained. By Theorem 2.11, (iii) is true. To prove 
(iv) note that for an atom, e= -(const.)z'^^^ and K= - ^ ; hence 2e + 3X = 0 in this 

dP 
case. Since e and Z are WSA, 2^ + 3X^0. Thus - /—- ^2P. If one writes P{zJ) 

01 
= r '^n{z,/), then dn/dl^O. D 

The following conjecture, if true, would show that I'^P is decreasing, for the 
right side of (2.6) is 12PP{z)-\-X{z). It would also show that K(z, I) is decreasing in /. 

Conjecture 3. X{z) = 3X{z)-2K{z) is WSA. 

Remark. X{z) = 0 for an atom. 

Let us define E{z) = e{z)—U{z). It has been proved ([1], Theorem V.3) that 
-E{z) is WSA. We conjecture that something stronger holds, namely 

Conjecture 4. E{z, I) is monotone increasing in /, for fixed z. 

Remark. It is easy to check that Conjecture 4 is implied by Conjecture 1. 
Conjecture 4 means that the pressure of a molecule in which the nuclear-nuclear 
repulsion is neglected is negative instead of positive. Some results in this direction 
for the Schrodinger theory are given in [11]. 

III. Heuristic Proofs 

In this section we give simple, but non-rigorous proofs that K{z) and X{z\ (2.4), are 
SSA and K{z) is convex. From this. Theorem 2.12 on the positivity of P and K 
follows, as mentioned in Sect. 11. We think it is important to provide these "proofs" 
because the main line of the argument may be obscure in the proper proofs given 
in the next section. These "proofs" assume that all necessary derivatives exist. Let 
us begin with some facts about the TF potential (/)(z, x). Hereafter we refer only to 
the neutral case. By (1.4) (/>(z, x) satisfies the TF equation 

-{4n)-'A(l>{z,x) + (f>{z,x)''^= X z,d{x-R.). (3.1) 

The kernel for [-(47r)"^zl4-(/)^^^]~^ is positive, and z-(5(x-K,.) are positive 
"functions". Therefore (/>(z,x)^0 all x. Differentiating (3.1) twice with respect to 
the z's we formally get 

[-(47r)-^J+(3/2)(/>(z,x)i/2](/>,(z,x) = ^(x-K,) (3.2a) 

and 

[ _ (4;,)-1J + (3/2)(/)(z, x)̂ /2](/>, .(z, x) = - (3/4)(/>(z, x)" "'ct>,{z, x)(t>j{z, x). (3.2b) 
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From Eq. (3.2a) we have 0.^0, since the kernel for [-(47r)-^z1 + (3/2)</>^/2]-i is 
positive. For the same reason, 0,j^O, all ij, and therefore —0 is SSA. Multiplying 
(3.2b) by c^^Cj, with CJEC, and summing over ij we get, 

l-{4ny'A^{3/2)ct>(z,xy":i X c,0,.c^.=-(3/4)(/>-^/^ 

k 

Z cA 
i = l 

2 

Therefore the quadratic form ^ c,.0î .(z, x)ĉ . is non-positive for all ce C .̂ Hence 0 

is concave in IR^ Finally differentiating (3.2b) with respect to z, we have, 

[_(4;,)-ij+(3/2)(/>i/2](/>,., 

= (3/8)0- 3/̂ (/>,(/>,(/>, - (3/4)(/>- ̂ /2[0,,(/>. + (/>,.(/>, + (/>,,</>,], (3.2c) 

which in turn implies (piji'^O all /,;,/. Indeed the following is formally true: 
(-1)"^ V,v-,.../,^0 for all ij and all n^l. 

Remark. If one assumes that the derivative 0,̂ ...,-̂  exists, then Theorem 4 of 
Ref. [3] shows that the sign is indeed (— 1)""̂  ^ To use Theorem 4 for this purpose 
it is necessary to choose Ri = Rj for some /=!=;, but this is allowed, as explained in 
[3] in the paragraph after (1.6). Theorem 4 of [3] directly gives the SSA of -</> 
without going through Lemma 2.1. Indeed, Theorem 4 is a generalization of SSA; 
for example (/>(zi+Z2 + Z3 + Z4,x)-(/)(zi+Z2 + Z3,x)-(/)(zi+23 + Z4,x)-0(zi+Z2 
+ Z4,x) + 0(z;i+Z2,x) + (/>(Zi+Z3,x) + 0^i+Z4,x)-0(zi ,x)^O. Howevcr, we are 
obliged to prove the existence of the first two derivatives of (/)(z, x) because we need 
them in our proof that K{z) and X{z) are SSA. 

From (t^iji^O follows the ray-convexity of 0; because the quadratic form 
k 

Y, ((t)i)jiZjZi is non-negative for all zelR+. 
j,i = i 

Now, let us formally show that K is SSA. We have to prove that X-^.^0 all iJ 
(see Lemma 2.1). For the neutral molecule the kinetic energy is given by 

K{z) = {3/5)i(j>{z,x)"'dx. (3.3) 

Differentiating (3.3) twice with respect to the z's we get, 

X,,(z) = (3/2)[J</,(z,x)''^</.,.(z,x)dx 

+ (3/2) J <P(z, xyi'4>iil. x)<j>.{z,x)dx]. (3.4) 

Introducing (3.2b) in (3.4), partial integration yields 

K,^ = 3\4>i,(m-'H-4>"')dx= -3 i z,<A,.,(i?,), 

where the last equahty is a consequence of (3.1). But (pij^O, all iJ and therefore 
Kij^O and K is SSA. Furthermore [0.^.] is negative semi-definite [recall the 
discussion after (3.2b)]; hence [X-^] is positive semi-definite and K is convex. 
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It remains to be shown that X^j^O, all ij, that is, X is SSA (Lemma 2.1). 
Differentiating X twice with respect to z,., Zj we have 

k 

/ = 1 

k 

where the last equality follows from (3.5). Therefore X^j^O, all ij because 
(t)ijjx)^0yxjj,m. 

IV. Proof of Theorems 2.6-2.11 

Here we give the rigorous proofs of the theorems enunciated in Sect. IL Only 
neutral systems are considered. Let us begin by recalling some of the known facts 
about the TF potential (/>(z, x) that we are going to need in our proofs: 

(P-1) (/>(z,x) satisfies, 

(P-2) (/)(z, x) is bounded and continuous on any open subset of IR̂  which is at 
non-zero distance from all the R- ([1], Theorem IV. 1). In fact, the TF potential is 
real analytic away from all the Rj, on all of IR̂  ([1], Theorem IV.6). 

^ - 1 \ 

0(^,^)— 2̂  z^lx — R^l is continuous for all xA 
(P-3) (t){z,x) is strictly positive for z 4=0 ([1], Theorem IV.3). 
(P-4) |x|'^(/)(z,x)^97:~^ as |x|->oo, uniformly with respect to direction. (This is 

Sommerfeld's formula, [1], Theorem IV. 10.) Moreover, for every 
c<37r"^3i^(c)< 00 such that (l){z,x)^c^\x\~'^ when \x\^R(c) ([1], Theorems IV.8, 
IV. 10). 

(P-5) Properties (P-1) and (P-2) imply that (t){z,x) = Zj\x-Rj\~^ -\-g{x) near Rj, 
where g is a continuous function. 

(P-6) By the foregoing (p{z,x)eL^ for every pG[l,3), and (l)(z,xy'^eU for 
every pe(3,12). 

(P-7) (t){z,x) is increasing in z for every xelR^. (This is Teller's lemma, [1], 
Theorem V.5.) 

(P-8) (/>(z,x) is strongly subadditive in z for every xelR^ ([3], Theorem 4). In 
particular </>(z, x) is subadditive. 

(P-9) (j){z, x) is concave in z. 

Proof of {F-9). Let t/;(x) = ((/)(z,x) —a(/>(Zi,x) —(1 — a)(/)(z2,x), with z = azi 
+ (1 —a)z2, O ^ a ^ 1. By (P-2) \p is continuous for all x and by (P-4) tp goes to zero 
at infinity, hence 5 = {xIt/;(x)<0} is open and \p = Oon 55u{oo}.On S, —(4n)~^A\p 
= -(/>(z, x)3/2 + a0(zi, x)2/2 ^ (1 - a)0(Z2, x)3/2 ^ - (/)(z, x)̂ /2 + (/>(z, x)̂ /2 = 0 because 
t^->t^'^ is convex. "Hence xp is superharmonic on S and thus xp takes its minimum 
on ^5u{oo} where it is zero. Then S is empty." D 
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Remark. Since the argument between the apostrophes in the last paragraph 
repeats several times throughout this paper we will denote it by MMP (maximum 
modulus principle) to abbreviate. 

If we call (/>,.(z, x) the derivative of (/>(z, x) with respect to z,., we have formally 

ct>,{z,x)=\x-Rr'-^U^-yr'<l>(^^yy"<l>iiz,y)dy. (4.2) 
Our first task will be to investigate the general properties of equations hke (4.2). 

IV.i. General Properties of an Integral Equation [Eq. (4.4)] 

We deal here with U spaces (IR̂  always being understood) and with the weak L^ 
spaces: 

Definition, feL^ {p>0) if and only if there is a constant c<oo such that 
Dj.(a) = fi{x\\f(x)\>a}^c^a~P, all a>0, where fx is Lebesgue measure. The in-
fimum of all such c is denoted by | |/ | |p^. 

Remarks. (1) L^^CL^ (for p^O). I f / E L ^ | | / | | , , ^ ^ | | / | | , . 
(2) WfWp^^ is not a norm since it fails to satisfy the triangle inequahty. 
(3) It can be easily checked from the definition that IXI '^GL^. 
We will need the following later. 

Lemma 4.1. If fgeL^ and L% respectively then f-geU^ and Wf-gW^^ 
S2"^\\fh,Jgh,., ^ith r-' =p-' +q-' and 0<p,q,r<cx>. 

Proof. Without loss we can assume ll/llp,^;^ ll^llg.w^l-

lx | |/(x)^(x)| > a} c {x | |/(x)| > â /̂ } u {x | |g(x)| > a^/^}. 

Therefore Z)^^(fl)^D/a''/^) + D (̂a''/̂ ). But Dj.{a'/P)^a-'-\\f\\P^and DJ^a'i'') 
^^"ni^ll^,w. whence D^^(a)^2a-^ D 

Notes, (i) The constant 2̂ '̂" is not the best possible. It is easy to find a better one, 
namely p^'Pq^^'Ir^i'. 

(ii) For more details about L^ spaces the reader can consult [6]. 
The main tool to show existence and uniqueness of solutions to equations like 

(4.2) in some function spaces is given by: 

Theorem 4.2. Let weL^(IR^), vv real, and let f < p < 3 . Then the map 

T^'g^^{y^)\\x-y\~^y^{y)g{y)dy. (4.3) 

is a hounded map from L (̂IR )̂->L (̂IR )̂. 

Note. Theorems of this kind have been proved by Paris [9] and Strichartz [10]. 

Proof By the previous lemma A^\g\->wg is a bounded map from U^-^U^ with 
r~'^ =p~'^ -\-1/3. Also A^ restricted to U is a bounded map by Remark (1). Now, 
B\h\-^\x\~^^h is a bounded map from U^-^V^ with l + r~^ =r~^+(1/3) (since 
\x\~^eL\, and the weak form of Young's inequality, [6]), when r > l , l< r<3 /2 . 
Therefore T^^A^BA^ is a bounded map from L^->L^ for all pe(3/2,3). Finally by 
the Marcinkiewicz-Zygmund interpolation theorem T^ extends to a bounded map 
from U-^U, 2>l2<p<2>. U 
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If we restrict the domain of T^ to L^, T^ is a bounded operator from the Hilbert 
space L^ into itself Moreover T^ is self-adjoint and positive since the kernel 
|x —y|~^ is positive definite. Hence we have, 

Corollary 4.3. The equation (T^+l)g = u with T^ defined by (4.3) and weL^, ueL^ 
has a unique L^ solution, g. 

We now obtain the main result of this section: 

Theorem 4.4. Let weLl, and wveL^. Then there is a unique f (defined a.e.) which 
satisfies the equation 

f(x)=v{x)- i\x-y\-Myrfiy)dy (4.4) 

a.e. and such that wfeL^. 

Proof, (i) Existence: Define 

f{x)^v(x)- j\x-y\-'w{y)g(y)dy, (4.5) 

where g is the unique L^ solution (by Corollary 4.3) to 

{T^-\-l)g = vw. (4.6) 

From (4.5) and (4.6) we have wf=g and therefore the/defined in this way satisfies 
(4.4) and also wfeL^. (ii) Uniqueness: Assume there are two solutions f^J2 ^^ 
Eq. (4.4) such that wf^ and wf2eL^. Both w/̂  and w/2 satisfy Eq. (4.6) which has a 
unique solution. Therefore w/j =w/2 a.e., and hence /j =/2 a.e. [using (4.4)]. Q 

Having shown the existence of a unique solution to (4.4) for some class of i; and 
w, we next specialize to the particular v of interest. 

Theorem 4.5. Let WGR^ and let f^ be the solution to the equation 

f^(x) = \x-u\-'- i\x-y\-'w{yrf^(y)dy, " (4.7) 

with weLl and h^{x) = w(x)\x-u\~'^eL^{]R.^)for all welR .̂ Then the integral in (4.7) 
15 finite for all xeJR? and thus fj^x) is defined by the right side of (4.7) for all x #= w. 
Furthermore, if w + telR^, fj<f)=f{u). 

Proof Since weL^^ and h^{x)eL^. Theorem 4.4 implies that there is a unique (a.e.) 
function solving (4.7) and satisfying wf^ = g^eL^. Since wf^eL^ and h^(y)GL^ for 
all X, the integrand in (4.7) is absolutely integrable for all x. Now, g^ satisfies 
(1 + TJg^ = /i„ and (g,, hj = (g,, (1 + TJgJ = ((1 + TJg,, gj = (/T„ gj since T^ [defined 
in (4.3)] is self-adjoint. Explicitly, this says 

iw(xnftM\x-u\-'-f^(x)\x-t\-':idx=o. 
Using (4.7) this implies 0=f^(t)-\t-u\-^-f{u) + \u-t\-K D 

Up to now the only assumption on w was weL^. We will now make a stronger 
assumption about w in order to obtain continuity of the solution to (4.7). First, a 
preliminary remark: 
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Lemma 4.6. If feLF and geL^ with p,q dual indices different from 1 and oo then 
/ * g is a bounded continuous function going to zero at infinity. 

Proof This result is standard. See [1], Lemma 11.25. D 

Lemma 4.7. Let weL^, and such that weL^'^nL^'^^ (for some e>0). Let v be such 
that vweL^ and let f denote the solution to (4.4). Then the integral in (4.4) (namely 
f—v) is a bounded continuous function going to zero at infinity. 

Proof. By Theorem 4.4 the solution / exists and satisfies g = wfeL^. Using 
Holder's inequality, wgeL^'nL^* with p+=2(6±8)(8±8)~^ We can always 
decompose Ix]"^ = |x| ;^+ |x|;^ with \x\~'^eL^~'^\ | x | ; ^GL^^ ' ' - (?/ + , positive). 
Choose r]±=s{4±ey^; then (3 + ?/+) is the dual of p+. But f—v = \x\~^*gw 
= |x|< ^ *^w4- |x|~ ̂  *gw, and hence this lemma follows from Lemma 4.6. D 

Remark. The w which will eventually be used is simply (f)^''^{z,x). This satisfies the 
conditions of Lemma 4.7 by (P-6). 

We now study the dependence of the solution / on f and w. 

Lemma 4.8. Let weL^, and such that weL^'^nL^'^^ (for some s>0). LetuelR.^ be 
a parameter, and let 

v,(x) = \x-ur' + V(x), (4.8) 

where V(x) is a continuous superharmonic function, bounded and going to zero at 
infinity such that wVeL^, then: 

(i) The solution /„ to (4.4) is non-negative for all x. 
(ii) / / i;̂  is fixed and if Wj(x)'̂ ^W2(x)'̂  all x, the corresponding solutions f^, 

(resp. f2) to (4.4) with w — w^ (resp. w = W2) are such that f^(x)^f2(x) all x. 
(iii) Now keep w fixed. Let v^^,V2^^ be of the form (4.8) with v^^ — V2u superhar­

monic, then the corresponding solutions f^^^,f2^ are such that f^^(x)^f2j,x) all x. 

Proof Since weL^-'nL^^' and Ix-ul'^eL^-"^^-^-L^-""^- with r]^=s{4±e)-\ 
using Holder's inequahty we have w{x)\x — u\~^EL^. Therefore v^^weL^ and, by 
Theorem 4.4, there is a unique solution /„ to Eq. (4.4), with this f̂ , satisfying 
wf^eL^. Moreover by Lemma 4.6 and the properties of v^,f^^ [defined by the right 
side of (4.4)] is continuous away from u and goes to zero at infinity, (i) Let 
5 = {x|/(x)<0}. Since /„->oo as x-^u, S is disjoint from u and open (since f^ is 
continuous away from u). On S, the distributional laplacian of f^ is given by 

-{4nr'Af,= -w%-{4nr'AV^-wX^0. 

Then (i) follows from MMP. (ii) Call W—f2~fv W is continuous everywhere and 
goes to zero at infinity. Let 5 = {x|t/;(x)<0}. Sis open and \p = Oon ^5u{oo}.On S, 
— (4ny^A\p = wlf^—wlf2^—wlxp>0 and (ii) follows using MMP. (iii) is a 
consequence of (i) and the linearity of /„ in v^. D 

Theorem 4.9. (Asymptotic Behavior of f(x)J. Consider i;(x) = |x|~^ and w as in 
Lemma 4.8 and, moreover, w(x)^^c|x|~^ for \x\>R and some oO. Then f{x) 
^M(c)\x\-^^'^ for \x\>R where a(c) = (l + | / l + 167cc)/2 and M(c) = a(c)-^R"^^>-^ 
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Proof, Take Wj defined by w^{x)^ = c\x\~^ for \x\>R and wl = 0 for |x|<R, the 
solution to (4.4) corresponding to this w is given by/i(x) = M(c)|xr"^^^ for |x|>jR 
and f,{x) = \x\-\l-\-a\x\) for |x|<i^ with M{c) = a{c)-'R^^'^-' and 
a = (l — a(c))/(a(c)K). We have w{xY^w^{x)^ all x and hence, by Lemma 4.8(ii)/(x) 
^/i(x). In particular/(x)^M(c)|xr"^^^ for |x|>i^. D 

To close this section we prove the following, 

Lemma 4.10. //t;(x) = |x|~ ^ and w as in Lemma 4.8, then Jw(x)^/(x)c/x^l, //, 
moreover, w(x)^^c|x|~'^ for \x\>R (for some c, R), then Jw(x)-^/(x)^x = L 

Proof Assume Jw^/>L Define the spherical average [/] (r) = (47i;)"̂  j f{rQ)dQ, 
Si 

From (4.4) we have U']ir) = r~'-iw{y)^f(y) l{4n)-' J dQlrQ-yr'^y. Using the 

well known formula {4n)~'^ j dQ\rQ — y\~^ = {m2ix{r,\y\)}~^ we get [/] (r) 
Sj 

^r~^(l— j ^{y)^f{y)dy). Therefore for r large enough [/](^)<0 which con-
tradicts Lemma 4.8(i). Hence Jw^/^L Let us now consider w such that w(x)̂  
^clxl"-^ for |x|>i^. [/](^')^'*~Hl—Jw^/) by the same arguments as above. If 
jw^ /< l , then lf^(r)^dr~^ for some positive d which contradicts Theorem 
4.9. D 

I V.2. Proof of Theorem 2.6: Properties of the TF Potential 

The strategy to prove that z->(/>(z,x)eC^ is the following: we first show that a 
unique solution to Eq. (4.2) exists (Lemma 4.11) and is continuous in z uniformly 
with respect to x (Lemma 4.13). We then show that (/>-(z,x) = £~^[0(z + ee,-,x) 
— (/)(z, x)], with f, = ((5J) a unit vector in IR'̂  along z-, converges to (/>,(z,x) as £->0 
uniformly in x. (Lemma 4.14). We then imitate the same argument to show that 
(l)eC\ 

In what follows we study the equation 

4>^iz,x) = \x-u\-'-{3/2)^dy\x-y\-'4>(z,yy"(t>^iz,y). (4.9) 

Note that w = {3/2y'^(p^^'^eLl (since w goes as |x|"^ at infinity) and weL^ for all 
PG(3,12) [(P-4), (P-6)]. In particular weL^''nL^^\ for some G > 0 , therefore 
\x — u\~^weL^ as discussed in the proof of Lemma 4.8. 

Lemma 4.11. (Existence of (f)^{z,x)). There is a unique (f)^iz,x) satisfying Eq. (4.9) 
with ^y^^ '̂̂ GL ,̂ and it has the following properties: 

(i) (/)y(z, x) —|x —w|~̂  is a bounded continuous function going to zero at infinity. 
(ii) z->(/)y(z, x) is non-negative and decreasing 
(iii) z-^cpjz^x) is ray-convex. 
(iv) For every a<( l 4-l/73)/2~4.77, there exists an R{oi)< co and a finite 

number M(a) such that </)y(z,x)^M(a)|xr"/or \x\^R{(x). 

Proof. Since weL^, and \x — u\~^weL^, Theorem 4.4 implies the existence of a 
unique (/>„(!,x) satisfying (4.9) with wcjy^eL^. (i) follows from Lemma 4.7, since 
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weL^~'nL^''\ As for (ii), Lemma 4.8(i) implies that Z K ^ 0 „ ( Z , X ) ^ O all x ; (P-7) 
together with Lemma 4.8(ii) imply that zi-></>„(z, x) is decreasing. To prove (iii), let 
2i, Z2eR\ with z^-z^eJ^^ and define z = / lzi+(1-A)z2 with O ^ A ^ L Define 
t/;(x) = A(/)„(zi,x) + (l—A)(/>„(z2,x) —(/>y(z,x). Because of (i) y)(x) is continuous every­
where and goes to zero at infinity. Then S = {x\y)(x) <0} is open and v; = 0 on 
dSKj{oo}. From (4.9) 

-(47r)-^zJip = f{-A(/>(z„x)^/2(/)„(z,,x)-(l-A)(/>(z2,x)^/^0„(z2,x) 

+ (/>(z,x)^/2(/>„(z,x)}. 

Because of (P-9), (P-7) and part (ii) (since Zj -Z2eIR\ ) we have -(4n)~^Axp^0. 
Hence (iii) follows using MMP. (iv) given a < ( l + )/73)/2 (i.e. c <(9/27i)) there exists 
R(c) <oo such that w(x)2 = (3/2)(/>(z,x)'/2^c|xr^ (P-4). Hence, by Theorem 4.9, 
(/>„(z,x)^M(a)|xr" for |x|^K(c). D 

Remark. In the atomic case, Hille [7] used methods of ordinary differential 
equations to prove that the asymptotic formula with a = ( l + ]/l3)/2 was exact 
[[7] , Eq. (4.5)]. 

We now prove a general theorem that we will later need: 

Theorem 4.12. Let f be a real (or complex) function on IR+. Suppose f satisfies the 
following condition: 

\f(z,)-f{z,)\<K\\z,-z,r2, (4.10) 

/or a//zi,Z2GlR+ such that z^ —Z2eE.\, for some cc>0 and some K>0, thenz\->f{z) 
is continuous in the whole of 1R+. 

Proof Assume first that zeInt(IR'!^). Let n = (l, 1,..., 1), and ZQ = z-Sn, with 
S^ min (z-) (i.e. ZoeIR+). Let z'eB(z,d\ the ball of radius d centered at z. 

Applyi'ng (4.10) twice we get \f{z')-f(z)\^[\\^-z^W^ + Wz-z^^)^^ because 
Z ' - Z O G 1 R + , Z - Z O G I R + . But, as (5->0, | |z-Zo||2-^0 and | |z '-Zo| |-^0 uniformly in 
B(z, b\ so / is continuous at z. Now, if z is in one face, F, of IR+ (of dimension 0 ^ / 
< k) the same argument can be repeated using n= projection of n on F. D 

Lemma 4.13. (Continuity of (j)J^,x) in z). (/>„(z,x) defined as the solution to (4.9) 
{Satisfying (p^'^^cp^eL-^) is continuous for all ze]R.\ uniformly with respect to x. 

Proof We divi(^e the proof into two steps. First we prove continuity at z=t=0, and 
then at z = 0. (i) z4=Q. There is a z*GlRi, z*=j=0 such that Z - Z * E 1 R V Let Zj, 
Z2G(Z* + 1R'^) with Zj -Z2GIRV From Eq. (4.9) we get, 

(/>„(z2,x)-0„(z,,x) = (3/2)J|x-3;r^(/>„(z,,);)[(/>(z,,);)^/^-(/>(z^^ 

+ (3/2)J|x-y|-i0(z2,y)^/^[(/>„(z„y)-(/),(z2,y)]. (4.11) 

Since Zi-Z2eIR+, (/)„(z2,x)-(/)„(zi,x)^0 because of Lemma 4.11(ii). Hence, (4.11) 
implies 

l0.(z2,x)-0„(Zi,x)|<(3/2)j|x-);|-^(/)„(z*,};)((/>(z„);)^/^-0(z2,}^) 1/2^ 
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Because of (P-8) we have, 

where the last inequality follows from Eq. (4.1). Hence 

\(t>uiZ2^x)-ct>,{z,,x)\<\\z,-z,\\l''g{x), (4.13a) 

where 

0W = (3/2) | |x-3'r ' _ i ( i p l p ) < ^ „ ( z * , y ) . (4.13b) 

By Young's inequality g{x)eL'^ because [xl'^eL'^-^-L^'^ and 
\y-Ri\~'^^^(l)J{z*,y)eL^ for any l ^ p < 2 , in particular for p = 4/3 and p = 5/3. 
[Lemma 4.1 l(i), (iv)]. Theorem 4.12 and Eq. (4.13) then imply that (j)J^,x) is 
continuous in z, uniformly with respect to x, for all ZG(z* + IR+). But \J (z* + IR̂ +) 

= 1R'!,\{0}. (ii) z = 0, Equation (4.9) and Lemma 4.11(ii) imply 

i^„fe^)-0u(Q.^)i^Mx)^Ii^->^r'</>u,y)'''i3^-t^r'^y- (4.14) 
Using Young's inequality we get, 

| | M x ) | L ^ | | c / > ( z , . ) ' ^ ^ l l 6 ( I I M < ' l l 4 2 / 1 7 l l < / > ' ^ 1 y - « r ' l l 7 / 3 

and thus ||M^)||^ ̂ c||^^/^^H6, with c<oo because (/>^/^|};-wr ^eL''for any (3/2)<p 
<(12/5) and \x\l'eU{p<?>\ \x\l^eU{p>3\ From (4.14) we finally get ||(/>„(z,x) 

-<i>Mx)\\^^cU'i^\\, = c{lQyi'> = cz'i\ where z= ^ z, D 

Let us define </).(z, x) to be (f)J^, x) with u = R^. Then the last step to prove that 
(/)(z,x)eC^(lR+), uniformly with respect to x, is the following: 

Lemma 4.14. (Convergence of 0-(z,x) to (/).(z,x)J. Let (/>-(z,x) = e~ [̂(/>(z + ee;, x) 
— (/>(z, x)] with e^ = ((5J) being a unit vector in IR+, along z• and s^— z,-. Then </)̂ (z, 
x)-̂ (/>,(z, x) as e-^0, uniformly with respect to x. 

Proo/ (i) Consider first £ > 0. We will prove the following, 

(/> (̂z,x)-(/>,(z + ef,,x)^0, (4.15a) 

(/>^(z,x)-(/),(z,x)^0. (4.15b) 

Consider t/;(x) = (/)f(z, x) — (/)-(z + ee,-, x). By Lemma 4.11 and (P-2), ip is continuous 
for all X and goes to zero at infinity. Then S = {x\\p<0} is open and xp = 0 on 
dSKj{oo}. On S, 

-(47r)-^z1tp = £-^[(/>(z,x)^/2-(/>(z + £e,,x)^/2] 

+ (3/2)(/>,(z + ee,, x) • (/)(z + 8f,, x)̂ /2 

^(2£)-V(i + e^f,^)'^'0fe^)[M'-3 + 2/i-^], 
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where /i^ = (/)(z + ee,-, x)/(/>(z, x ) ^ 1 [by (P-7)]. Hence ju^ -3 + 2/z~^ ^ 0 . MMP then 
impHes (4.15a). The proof of (4.15b) is analogous. From (4.15) and Lemma 4.13, 
||(/>^(z,x)-0,(z,x)||^->O as £iO. (ii) If - z , < e < 0 , (4.15a, b) imply 

<t>i(z. x) ^ <i>\(z, x) ^ (t>,{z + 8f,, X) (4.16) 

which in turn implies ||(/)^(z,x)-(^,-(z,x)||^-^0 as e|0. Q 
If we denote by (t).-(z,x) the derivative of (/>,.(z,x) with respect to ẑ ., we formally 

get (from (4.2)): 

- (3/2)j|x -y)-' ct>{z, yy'i - (i>,.(z, y))dy. (4.17) 

As we have already mentioned, the strategy to prove that (t>(z,x) is in C^(lR+\0), 
uniformly with respect to x, will be the same as before. Now there will be an 
additional difficulty, namely the control of (/>(z,y)~^^^. Let us start proving that a 
solution to (4.17) indeed exists. 

Lemma 4.15. (Existence o /0• (z, x)J. For z 4=0, there is a unique (j).j(z,x) satisfying 
Eq. (4.17) and such that (j)^-(l)^''^eL^. Moreover: 

(i) (/)-̂ .(z,x) is continuous for all x. It is bounded and goes to zero at infinity. 

(ii) - (/),.̂ .(z, x) is non-negative and so is ^ c.{ - (jy^fz, x))cj, and ce C^ 

(iii) — (/).j.(z, x) is a decreasing function of z. 

Proof Note first that, for z + 0, (/>(z, ^ " ^ ' ^ ( z , O^L^ for any 1^'<7<4. In fact, for 
z =# 0, (/> is strictly positive (P-3) and (/)(z, x) ^ c\x\ ~ "̂  for |x| > i^ = 2 max \R^\ and some 

positive constant c (P-4). Because of Lemma 4.11(iv), (/>,</>" ^^"^^Cjlxl^"" for |x| 
>R[(x) with 4 < a < 4 . 7 7 . Then if B(0,i^(a)) = {x| |x|^K(a)}, (/>•(/)-^/'^GL^(R3\5(0, 
R{oi))\ V p ^ l . Inside B(0, R{a)) and away from R- (j)~'^''^<j)^ is bounded since B is 
compact, (P-4) and Lemma 4.1 l(i). In a neighborhood of î .̂ (̂ ..(Z)"̂ /"̂  behaves like 
| x - K - r ^'^ hence (/>•(/>- ̂ ^^eL^ for any 1 ^q<A. Therefore, (t),<i)-^'^4)^(j)-^'^eU for 
1 ^ 5 < 2 and, since \x\-'eLl, u.̂ . = (3/4)|xr ^(( />,( />-^%(/)-I / '^)GL' for any 3 < r 
< 00 (by the generalized Young's inequality). Moreover, v-jCp^'^^eL-^ because 
(t)^''^eL^, 3<p<12. Finally, since (p^'^^eLl, Theorem 4.4 implies that there is a 
unique solution 0.^(z,x)(z =f= Q) to Eq. (4.17) satisfying (t)^'"^(p.jeL^. (i) By 
Lemma 4.7, (t)-j-\-v-j is a bounded continuous function going to zero at infinity. 
Lemma 4.6 shows that v^j is continuous, bounded and goes to zero at infinity 
because ((/>'̂ ''̂ (/>,•) ( ( />" '%)eL^ for any 1 ^ 5 < 2 and I x p ' G L ^ + L^^^ (ii) Follows 
from Lemma 4.8 because v^j is superharmonic and so is YJC^V^JCJ. Lemma 4.1 l(ii) 
and (P-7) imply that L\.J(ZI,X)-I;.^.(Z2,X) is superharmonic if ẑ  -Z2GIR+. Then (iii) 
follows from Lemma 4.8(ii) and (iii). • 

In order to prove the asymptotic behavior of (/),̂ (z, x) we will need the following 
comparison Lemma. See also [[1] , Theorem 4.7]. 

Lemma 4.16. Assume that / j , /2 are continuous positive functions on {x\\x\^R} with 
the following properties : 

(i) /i(-> )̂, fiM^^ «5 |x|->oo. 
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(ii) —(Any^Afi =Q^ —^ifv -("^^y^^fi ^Qi-^^ifi^ where the derivatives and 
equalities are in distributional sense, and Q^{X)^Q2{X\ 0 ^ W I ( X ) ^ W 2 ( X ) . 

(iii) / i (x )^ /2 (x ) /o r all x such that \x\ = R. Then f^{x)^f2{x) for all x such that 

\x\^R^ 

Proof. Define W^fi-fi- Let 5 = {x|v?(x)<0}, which is open. On S -{AnY^Axp 
= ( ^ i - ^ 2 ) ~ ^ i V ^ + ^ 2 ( ^ 2 - ^ 1 ) ^ 0 . The Lemma follows from MMP since, by (i) 
and (iii), i[/; = 0 at 00 and xp>^ on dS. D 

Lemma 4.17. (Asymptotic Behavior of 4>ij(z,x)). Let a < ( H - l/73)/2~4.77 and let 
(f)-j{z, x) be the solution to (4.17) satisfying ^^'"^(pijEL^. Then there exists an R((x)<co 
such that -(l)ij(z,x)^B((x)\x\~'' for some B{oc)>0, when |x|>K(a). 

Remark. The remark below Lemma 4.11 also applies to — </>,j. 

Proof. Consider the equation, 

-{4ny'Af = br^^'-'^-dr-^f, for r = \x\>R (4.18) 

where a{a-I) ==4nd, together with the boundary condition f{x) = N for |x| = K. 
The solution / (x) to (4.18), going to zero at infinity is, 

f{x) = N{R/rT + 4nb{3a-5)-'(a-4y'r-''R''-''(l-{R/rY-^). (4.19) 

Given any a(c)<(l + ]/l3)/2 there exists R(c)<oo such that w(x)^ = (3/2)(/)(z, xY'^ 
^ c | x r ^ (P-4) and (/>.(z,x)^M(a(c))|xr"^^> (Lemma 4.11(iv)) for \x\^R{c). Hence 
(3/4)(/)-^/2</),(/>.^(3/4)M(c)2c-^|x|^-2"^^^ for \x\^R{c). Using (4.17), (4.18) and the 
comparison Lemma we get: 

-(t)ij{z,x)^l3nM^c-\3a-5)-'{a-4)-'^r-^R''-%l-(R/rT-^)-^N{R/rY 

for |x |^ i^ , with N = max ( — (/). .(z, x)) which is finite because (/).• is bounded 
\x\=R 

(Lemma4.15(i)). D 
Lemma 4.18. (Continuity of (p^j{z,x)). (/)-j(z, x) is continuous in z for a / / Z G 1 R + \ { 0 } , 
uniformly in x. 

Proof Let Z*GIR'^\{0} such that Z - Z * G I R V Let z^, z^eiz''-\-]R\) with 
ill —12)^^+- Lemma 4.15(iii) and Eq. (4.17) imply 

0 ^ (P.jiz 1, x) - (/), .(Z2. ^) ̂  ^M + JM ^ (4-20a) 

with 

/(x) == (3/4)j|x - y\ -'{<Piz2, y)"' '''<t>iiz2. y)4>M2^ y) 
~cl>(z,^y)-"^Uvy)4>j(z,.}'))dy (4.20b) 

and 

J{x) = {3l2)\\x-y\-\-(t>,^(z\y))i(l>(z,,yy'^-(t>(z2.yy'^^^^ (4.20c) 

To estimate J(x) we use (4.12) to get. 

J{x)^\\z,-Z2\\y^g,[x), (4.21) 
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where g,(x) = {3/2)\\x-y\-\-(t),j(z\ y)) f \y-RJ-"^dy. Since for z=^0 0,. is 

bounded everywhere [Lemma 4.15(i)] and since it goes to zero at least as fast as 
r"^-^ at infinity (Lemma 4.17), \y\~^'^(l)ijeL^ for any l ^ p < 6 . In particular 
\y — R„\~^'^(l)ijeE'^'^nL^ and therefore, by Young's inequality g^eL"^ because 
\x\~^eL'^-{-Lr. I(x) is decomposed as, 

I(x) = I,(x)-hl2{x) + I,(x) (4.22) 

where 

iM)=iV'^)i\x-yr'{<t>(z2,yr'"-<P(sr,yy"^)<t>i(z2,y)4>M2,y)dy, (4.23a) 

/,(x) = (3/4)J|x-j;|-'(0i(22,J') 

~4>i(li,y))4>{z„yr"^<pj{z2,y)dy, (4.23b) 

I,(x) = {3/4)i\ix-y\-'{<Pj{z2,y} 

-(l>j(z^,yM(z„y)-"'(l).(z„y)dy. (4.23c) 

To find a bound for /[(x) we use Lemma 4.11(ii) and the following estimate: 

<l>(z2,yr"'-4>(ii,yr"' 

= \:4>(i,,y)-4>(i2,yMi2uyr'<Pii2,yy'^<Pi£i,yr'"+<l>ii2,yr"'r' 

^IUl-Z2ll2 Eix-K.r' (l/2)</.(z*,y)-3'^ 

which follows from Eq. (4.1) and (P-7). Hence we have 

I,(x)^U,-z,\\,g,{x), (4.24) 

with g^(x) = (V^)i\x-y\-'<l)(z*,yr^i^<j),{z*,y)<Pj{z*,y) ^ |x-K„r 'd) ; . Since 
r i = l 

k 

(i),(t>-^eU for any p^6 , ((/>,.(/>-̂ )((/>•(/>-̂ )GL^ p ^ 3 . Also, (/)̂ /2 ^ Ix - i ^ J ' ^eL^ 

l < g < 2 and therefore (/>~̂ ^̂ (/),.(/>̂ . J] |x-KJ~^GL^ 1^5<2. Since Ixl"^GL^ 

-^L^'^ g^eL"^ by Young's inequahty. Equations (4.12) and (4.23) and 
Lemma (4.13) imply 

I,{x)U'^IA)\\x-y\-'g{y)\\z,-z,r^mz\y)-'i^.{z\y)dy 

with 

g{x) = {3l2)\\x-y\-' ^ |y-i^r'^'^f(^*,)^)^)^^^" 
f = 1 

because of Lemma 4.13. Then 

/2W^IU.-22lll ' '53W (4.25) 

with 

g,(x)HVA)\\g\\J\x-y\-'<p{z*,y)-'i^fz*,y)dy. 
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Since (l)-^'^(i)^eU for any (3/2.5)^p<6 [Lemma 4.11(iv) and (P-4)] and Ixp ^eL^ 
+ L^ we have g^^L"^- Then the lemma follows from Eqs. (4.20aX (4.21), (4.24), 
(4.25) and Theorem 4.12. D 

We conclude with the proof that 0eC^(lR+\O) uniformly in x, with the 
following 

Lemma 4.19. (Convergence of (t)^-j{z,x) to (j)i-(z,x)) : Let 

(p'.jiz, x) = ^ -1 [0 .(z + sij, x) - (/>..(z, x)] 

with Cj = [(5j] unit vector in IR+ along Zj and e ^ — Zj. Then (j)\fz, x)->(/).̂ (z, x) as 6->0, 
uniformly in x. 

Proof (i) Consider first 8>0. As in Lemma 4.14 we prove first: 

(/>oU, X) S (i>\fz. X) ̂  (l>ij(z + £f,-, X). (4.26) 

Let tp(x) = (/>;̂ .(z, x) — (/).̂ .(z, x). By Lemmas 4.1 l(i) and 4.15(i), \p is continuous 
everywhere and goes to zero at infinity. Then 5 = {x|t/;<0} is open and i/; = 0 on 
5Su{oo}. Since e>0, using Lemma 4.11(ii) we get, 

-{Any^Axp-^ -(3/2)</>(z,x)^/V 

+ (3/2£)(/>,(z + Ee,, X) [0(z, xfi^ -(j>(z^ ze., x)'^^ + (£/2)(/)(z, x)" /̂̂ </> .(z, x)] . 

Moreover, (/)(z,x)^/^-0(z + £f̂ .,x)̂ /2 + (l/2)0(z,x)"^/^(/>^.(z,x)^O because (p^'^{z,x) 
is concave (P-9), and 0 is Ĉ (1R'!̂ ) for each x. Therefore, on S —{4n)~^Axp^0 and 
by the MMP the first inequality in (4.26) follows. The other one is proved in the 
same way. Lemma 4.18 and (4.26) then imply ||(/>^(z,x)-(/).^.(z,x)||^^0 as ejO for 
z + Q. 

(ii) If - ẑ . <8 <0, (4.26) is replaced by 0.̂ (z + scj, x) ̂  (/)̂ (z, x) ̂  (/).j.(z, x) and the 
lemma follows from that. D 

IV.3. Proof of Theorems 2.8-2.11: Properties of K, A, R, e, and X 

We begin by proving that K{z) is in C\]R\) and C^(IR'!,\0). 

Lemma 4.20. (Existence of KJ^z)). Let K(z) = (il5)\(l)(z,xf'^dx. Then 

K,(z)= lim8-i[X(z + 86,)-i^(^)] 

exists and is equal to (3/2) j(/)(z, x)̂ '''̂ (/)-(z, x)(ix, where e- = [(5|] is a unit vector along 

hi­

proof (i) Consider first the case £ ^ 0. Then 

£-'[X(z + £^,)-i<^U)]=(3/5)J£-^[(/>(z + £f,,x)^/^-(/>(z,x)^/2]^x. (4.27) 

Now, 

£-^[(/>(z + £e,,x)^/2-</>(z,x)^/2]=£-^P(/i)[(/>(z + £e , ,x) - ( />(z ,x)]0(z + £e,^^ 

(4.28) 
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where P(/z) = (l+//^^2)"^(l+ju + /i^ + ;i^ + / ) and /x = 0(z,x)(/)(zH-8e,.,x)"^ <1 by 
(P-7). Hence P(fi)^5/2. Moreover, because of (P-9) and Theorem 2.6, 

(/>(Z + £6,, X) - (t){z, X) ^ £(/>,(z, X) (4.29) 

Using (4.29), (4.27), and (4.28) we get: 

e-'l(t>{z + ee, x)''' - 0(z, x)^/^] ^ (5/2)(/>,(z, x)0(z + ee,, x)^/^ 

^(5/2)|x-i^,r^(/)(z + ^,,x)3/^ 

where the last inequality follows from (P-7) (assuming 6^1) and Lemma4.11(ii). 
Since (l)^^^(z,x)eL^nL^ at least, |x —i?J~^</>^^^(z+f,.,x)GL^ Hence the lemma 
follows by Theorem 2.6 and dominated convergence, (ii) In the case — z.^e^O, an 
analysis similar to the above yields 

£ - ^ [(/>(z + £f,, x)̂ /2 - (/>(z, x)^/2-| ^ 5/2^.(z -f £ .̂, x) 0(2, x)3/2 

M5/2)\x-Rr'4>iz,x)'''eL'. D 

Lemma 4.20 assures us that the derivatives of K{z) along the axis exist. The 
proof that K{z) is in fact in CHlR+) is provided by the following: 

Lemma 4.2L (Continuity of K^(z)). i<C,.(z) = (3/2) j(/)(z, x)̂ '̂̂ (/>.(z,x)(ix is continuous 
for all zeWt.\. 

Proof Let us prove continuity at z. Let z* = 2 rn^x (z.)(l, 1,..., 1). Let 

.4 = {Z'G1R+|Z* —z'elR'^}. Obviously zeA. Consider z'eA, z'-^z. By Corollary 
2.7(iii), 

(/)(z', x)3/'(/),(z', x) ̂  |x - R,\ -' (l){z*, x)3/2 EL'. 

Moreover, as z'-^z, (/)(z',x) /̂̂ (/>-(z',x)-^(/>(z,x) /̂̂ (/).(z,x) everywhere (Theorem 2.6). 
The lemma follows by dominated convergence. D 

The following is a useful alternative expression for K.(z). 

Lemma 4.22. 
k 

K,{z) = 3 jim^M(z,X)- X ^j<t>M,x)\. (4.30) 

Note. Because of (P-3) and Theorem 2.6(iv), the above limit exists. 

Proof From Eqs. (4.1) and (4.2) we have 

k 

F(z,x) = (/)(z,x)- ^ Zj(t)j{z,x) 

= (3/2) X ^\x-y\-'(l){z,yy"zj(t>jiz,y)dy-i\x-y\-'<t>{z,yr"dy, (4.31) 
j = i 
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The two integrals on the right side of (4.31) are bounded and continuous 
everywhere, therefore, 

F{z,R,) = (3/2)J:i\y-Rr'zjct>j(z,y)cP{z,yyf'dy-j\y-Rr'(p{z,yr^^^^ 

(4.32) 

Because of Eq. (4.2) and Theorem 2.6(v) we have 

Uy-Ri\-'ct)iz.yy''ct>M,y)dy=Uy-Rj\~'4>iz,yy''(t>iiz,y)dy (4.33) 

for all /,;. From Eqs. (4.32) and (4.33) we get, 

F{z,R,) = (3/2)\<t>(z,yy''ct>,iz,y)izj\y-Rj\-'dy-^\y-Rr'ct>{z,yr^^^^ 

Combining the last equation and Eqs. (4.1) and (4.2) we finally get 

F(z, R,) = (1/2) J 0(2, y)̂ /̂ (/>,(z, y)dy = K,{z)/3, 

which is Eq. (4.30). Note that to get the first equality we have used 

idyct>{z,yy"ct>,{z,y)lidw\w-y\-'ct>{z,w)'":i 

= I ti);(/>(z, # / 2 [ j Jw|w- y r V(^, w)i/2(/>,(z, w)] , 

which is true by Fubini's theorem, since 0(z,3;)^/^0.(z,y)eL^ (Lemma 4.10) and 
j^w|w-yrV(z,w)^/2^L«^ (Theorem IV.l, [1]). D 

The right side of (4.30) can be written in terms of the right sides of the integral 
Eqs. (4.1) and (4.2). Using the same kind of dominated convergence argument as in 
the proof of Lemmas 4.20 and 4.21, it is easy to check that K- is differentiable and 

1=1 

= -ij:z,ct>,j(z,R,), (4.34) 
/ = 1 

where the last equality follows by using Theorem 2.6. 

Proof of Theorem 2.8. KeC\ KeC\]^\0) follow from Lemmas 4.20, 4.21, 
Eq. (4.34) and Theorem 2.6. (i) is proved in Lemma 4.22 and (ii) is Eq. (4.34). D 

Proof of Theorem 2.10. (i) Let us start with the convexity of R(z). Define z = (xz^ 
+ (1—a)z2, ae[0,1]. Consider now the following identity: 

2\_R(z)-aR(z,)-{\-a)R(z^)-] 

= 2\dxdyl(t>(z,xfi^-a(t>(z,,xyi^-{\-oi)(f>(z^,xf'^^\x-y\-^ 

- a j dxdyl(l){z, x)3/2 - 0(2,, x)^/^] \x-y\-' [^(z, y)"' -^(z,, y^^^ 

- (1 - a) j dxdylci>(z^ xy>'-<t>(z,, xf'^l, \x-y\-' [(/)(z, yf'- ct>{z,, y^'^i. 

(4.35) 
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The last two terms of the left side of (4.35) are negative because Ixl"^ is a positive 
kernel. Moreover from Eq. (4.1) we get the following identity 

jdxdy\x-y\-'l(l){z,x)^f^-a(l)(z,,x)^'^-{l-a)(t){z2,x)''f^^(l){z,y)^^^ 

= -idxdyl(t>{z,x)-a(l>{z,,x)-{l-o^)(t>{z2,x)-](t)(z,y)'/'^0, (4.36) 

where the last inequahty follows from the concavity of (/>(z,x) (P-9). From (4.35) 
and (4.36) the convexity follows. The SSA is proved in a similar way. The Virial 
theorem (Theorem 11.23, [1]) yields 

A(z) = (5/3)X(z) + 2i^U), (4.37) 

and hence the convexity and SSA of A follow from those of K [Corollary 2.9(ii)] 
and R. (ii) That e{z) is WSA on IR+ is proven in [1], Theorem V.7. See also [3], 
Theorem 1. (This is in fact Teller's Theorem [5]). Q 

Proof of Theorem 2,11. Equation (2.4) and Theorem 2.8 imply 

Z,.(z) = 2K,(z)- i z.K^,(z), (4.38) 

Using now (2.2), (2.3), and (4.38) we get 

Z,(z)= lim6iV(z,x), (4.39) 

with 
k k 

N(z,x)==(t>{z,x)- Zz,.0.(z,x) + (i) E v A / f e x ) . (4.40) 

Note that in order to obtain (4.39) we have used (I)GC^ and also Theorem 2.6(v). 
Note also that the limit in (4.39) in fact exists because of (P-2), Theorem 2.6(iv) and 
(ii). Let us compute N{z-\-e,x) — N{z,x) for 8EIR+. Using (P-9) and (t)eC^ we have, 

k 

(1>{Z + e, x) - 0fe ^) ̂  E ^A-U + e, x). (4.41) 
i = i 

From (4.40) and (4.41), 

k 
N{z + £, x) - N{z, x) ̂  - X Zjl(t>M +^' ^) - "PM^ ^)] 

k k 

+ (1/2) Z (z + £),(z + £).(/>.,(z + 6,x)-(l/2) Z z,z.0.,(z,x). (4.42) 
j,i=i ' , j = i 

The ray-convexity of (/>• [Theorem 2.6(iii)] implies: 

k k 

Z ej<t>ijiz,x)^(t)i{z + s,x)-(t)i{z,x)S Z ^j(t>iM-^^,^)' 

We conclude that 
N(z + £,x)-N(z,x)^(l/2) Z s,Sj(Pjiiz-hs,x), (4.43) 

350 



The Positivity of the Pressure in Thomas-Fermi Theory 

The Positivity of the Pressure in Thomas Fermi Theory 215 

since </)̂ /(z + 8,x)̂ </)̂ .̂ (z» )̂ [Lemma 4.15(iii)]. Although the right side of (4.43) is 
negative, it is second order in e. The following Lemma 4.23 shows that under these 
conditions N{z, x) must in fact be increasing. Hence X .(z) is increasing and by 
Lemma 2.1 X is SS A. D 

Lemma 4.23. Suppose f:\_a,b^-^]R. is a real-valued function such that for every 
xe [a,b] there is a c{x) such that f(z) —f{x)^c(x)(z — xf for all ze[a,b'] with z^x. 
Suppose further that ceL^([a,b]). Then f is increasing, i.e. z>x=>f{z)^f(x). 

Proof Let N>1 be an integer and let Ip for j=l,...,n be the interval 
I. = (x-^(j-l){z-x)/n, X-i-jiz-x)/n). Then 

3^f{z)-f{x)= Y.ifiyj.i)-nyj)) 
7 = 0 

with ^0 = ^' >̂ n+1 =^ ^^^ yj^h' Without loss of generality we can assume c(x)^0, 
all X. Then 

^^\n-' ^^c(yj)U4{z-x)yn} 

n z b 

because yj+^-yj^2(z — x)/n. Let dj= ^ c{x)dx and d= ^ c / ^ = j c ^ J c > — o o . 
Ij j = l X a 

For each;, there exists ŷ -e/̂ - such that c{yj) j l^dp otherwise j c<dj. Using these 

y. we have 

d^\n-'c{xHn-' X J . ( ( z - x ) / n ) - 4 { 4 ( z - x ) » . 

Taking n->oo proves the lemma. D 

Appendix A 

Properties of Superadditive and Convex Functions on 1R\ 

The definition of superadditive and convex functions on 1R\, as well as many of 
their properties, were stated in Section IT Those properties, Lemmas 2.1 to 2.4 and 
Corollary 2.5, will be proved here. 

Proof of Lemma 2.1. (i) => is trivial because feC^i^^). To prove <=, define 
F(A,M)=/(l + Azi+/iZ2)-/(z + Az,)-/(z + A^Z2)+/(z). Then, {ox Z,,Z^EW.\, 

F,[K^)MdF{X,li)ldX)= i (z,),[/,(z + Azi4-/zz,)-y;.(z + Az,)], (A.l) 
i= 1 

and 

^A.(^,M)= Z (z,),(z2),^(z + Az,+Ml2)^0, (A.2) 
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where the last inequality follows from fij^O all ij. But FJ^A,0)^0, and hence 
F;i(A,/z)^0. Also, F{0,/i) = 0, and hence F(i,/i)^0. (ii) => follows immediately from 
the definition of an SSA function and the fact that /GC^(1R'!^). TO prove <= note 
that if/6CniR+) and/, is increasing we get, from (A.l), F;,(X,n)^0. But F(0,/i) = 0 
and therefore F{X,n)^0. Q 

Proof of Lemma 2.2. This is similar to the previous one, taking into account that 
fij^O all iJ, i^j, and Zj 22=0 imply 

i (z,Mz,)/,.^0. D 

Proof of Lemma 2.3. If / is SSA, taking z^ = Z2, in definition (iii) we have that 
/((l/2)z, +(l/2)(zi +2z2))^(/(z,)/2) + (/(zi +2z2)/2). D 

Lemma 2.4 is a well known fact for differentiate convex functions. See [8], for 
example. 

Proof of Corollary 2.5. 

fiz, + l2 ) - / ( ^ i )= } ^x^f(z,+Xz,))dX 

\ k k 

0 i = 1 i=l 

because f is increasing, by Lemma 2.4. The other inequality is proved in the same 
way. n 

Appendix B 

Positivity of the Pressure Under Separation Relative to a Plane 
(in the Symmetric Case) 

Consider 2/c nuclei with coordinates R^,...,Rf^ and R_^, ...,R_j^ and stricdy 
positive charges z^ ...,Z;̂ , z_ j , ...,z_^ satisfying (for i=l, ...,/c) 

Rj=R[_i,Rf = Ri,, -Ri. = Rf>0. 

Let e{l) denote the TF energy for this molecule when Rf is replaced by Rf + l,i>0 
and by Rf — I, i<0. The electron charge X is immaterial but is fixed at some value 

i= 1 

Theorem B.l. The pressure is strictly positive, i.e., 

e{l)<e{0) for l>0. (B.l) 

Proof. The proof consists of showing that if the charge distribution (electron and 
nuclear) is cut in two parts at the x^ = 0 plane, and then pulled apart by a distance 
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2/, the energy is lowered. Let Q(X) be the TF density when / = 0. Define QI{X) by 

Q,(x) = Q{x-h{OAl)Xx^^-l 

Ql{x) = 0, -1<X^<1. 

Clearly \QI = \Q = X, and we will use QI as a trial density for the / problem. We will 
show that Si{Q^<S{Q) = e{0\ where S^ (resp. S) is the energy functional for / 
(resp.O). Obviously, K{QI) = K{Q). 

Let DclR^ be the domain {(x^x^x^)|Jc^ ^0} . For any function/:/:Z)->C, let 
W,{f)^ \\dxdyf{x)f{y)Ux,y), 

(B.2) 

In other words, P^(/) is the Coulomb interaction energy between a charge 
distribution /, supported on the x^^O side of the xy plane, and its (complex 
conjugate) reflection through the plane x^ — —I It is easy to see that 

UQ,)-S{Q)=W,{^)-WM^ 

where fx is the charge density for x^^O for the / = 0 problem, namely for x^^O 

Mx) = - ^(x) + t z/(x - R). (B.3) 

Since fi^O, and WQ{/J) = \im Wii/j), the following Lemma B.2 completes the 

proof n 

Lemma B.2. (Reflection Positivity of the Coulomb Potential). Let f be a non-null 
function with support in D = {x|x^^O} and withfeL^(D). Then, for />0, H^(/)>0, 
and Wiif) is a finite, strictly decreasing function of I Moreover, H^(/) is a log convex 
function of I, vanishing at I =co. 

Proof Using the well-known representation for |x |~\ we have that 

K,{x,y) = (2n')-'^d'p\p\-'txp{ilp\x'-y') + pHx'-y') 

+ p^x^-hy^ + 2[)']} 

= {2nr' id'p\p\-'g^{x)g^{y)txp{-2\p\l) 

with ^^(x) = exp[zp^x^ +zp^x^ —|p|x^]. 
We have used the fact that 

? dp^lip^f + a^y' exp lip\x^ + y^ + 2/)] = (n/a) exp [ - a{x^ + y^ + 2/)] 
- 00 

when x^+}^^ + 2/>0, as it is here. For pelR^, let h{p)= ^f(x)gp{x)d^x. Since 
D 

feL\D), |/i(p)l^ 11/111, and h{p) is null if and only if / is null. For />0 Fubini's 
theorem yields 

W,{f) = {2nr'\d'p\p\-'\h{pr^xv{-2\p\l). (B.4) 

The representation (B.4) proves the lemma. D 
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Note Added in Proof 

In a recent related work [12], H. Brezis and E. H. Lieb have proved that the interaction among neutral 
atoms in Thomas-Fermi theory behaves, for large separation /, like T/"^. 
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Erratum 

The Positivity of the Pressure in Thomas-Fermi Theory 

R. Benguria and E. H. Lieb 

Commun. Math. Phys. 63, 193-218 (1978) 

The conclusion of Lemma 2.4 should read: 
k 

then YJ "^ifiiz-^^}^) is increasing in A for A^O and z^weWJ^ . 

In the proof of Corollary 2.5 ".../,• is increasing" should be replaced by 
".. .I(z2)ifi{Xz2 + li) is increasing ...". Lemma 2.4 was used only to prove Corollary 
2.5, and the latter was used in the equation following (4.42). 
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Abstract. We place the Thomas-Fermi-von Weizsacker model of atoms on a 
firm rnathematical footing. We prove existence and uniqueness of solutions of 
the Thomas-Fermi-von Weizsacker equation as well as the fact that they 
minimize the Thomas-Fermi-von Weizsacker energy functional. Moreover, 
we prove the existence of binding for two very dissimilar atoms in the frame of 
this model. 

Introduction 

The Thomas-Fermi theory of atoms [1] (TF), attractive because of its simplicity, is 
not satisfactory because it yields an electron density with incorrect behavior 
very close and very far from the nucleus. Moreover, it does not allow for the 
existence of molecules. In order to correct this, von Weizsacker [2] suggested the 
addition of an inhomogeneity correction 

^w(p) = Cw(Vp)Vp (1) 

to the kinetic energy density. Here c^ = h^/{32 n^m\ where m is the mass of the 
electron. This correction has also been obtained as the first order correction to 
the TF kinetic energy in a semi-classical approximation to the Hartree-Fock 
theory [3]. 

The Thomas-Fermi-von Weizsacker (henceforth TFW) energy. functional 
for nuclei of charges z. > 0 (which need not be integral) located at R., i = 1,..., /c 
is defined by 

ap) = OnT'" j(Vp^/^(x))^ Jx + lipixY'^dx 
- iV{x)p{x)dx + iJjp(x)p(3;)|x - y\-'dxdy, (2) 

in units in which h^{Sm)~H3/n)^'^ = 1 and \e\ = 1. Here p{x) ^ 0 is the electron 

* Research supported by U. S. National Science Foundation under Grants MCS78-20455 (R. B.), 
PHY-7825390 A 01 (H. B. and E. L.), and Army Research Grant DAH 29-78-6-0127 (H. B.) 

357 



With R. Benguria and H. Brezis in Commun. Math. Phys. 79, 167-180 (1981) 

168 R. Benguria, H. Brezis, E. H. Lieb 

density, and 

y{x)= Z z . | x - K . | - ^ (3) 
1 = 1 

While the pure TF problem has been placed on a rigorous mathematical 
footing [1], no parallel study has been made for the TFW problem. Such a study 
was undertaken in the Ph.D. thesis of one of us [4]; in this paper some of the 
results of [4] will be presented together with some newer results. 

In this article we will study a rather more general functional, which contains 
the TFW energy functional (2) as a particular case. In fact, for p(x) ^ 0 and V{x) 
given by (3), let us introduce the functional 

<̂ p(p) = jl Vp^/^WpJx + - Jp'^Wt/x - j V{x)p(^x)dx + D{p, p), (4) 

where 

m.Q)^h\W)9(y)V-y\-'dxdy. (5) 
for 1 < p < 00. 

We shall be concerned with the following problem 

Min{(^^(P)IPGL^ nL^ p(x) ^ 0, Slp^^^eU and \p(x)dx = X\ (I) 

where A is a given positive constant, which, physically, is the total electron number. 
Our main result is the following: 

Theorem 1. There is a critical value 0 < /l̂  < oo depending only on p and V such 
that 

(a) If A ^ Â , Problem (I) has a unique solution. 
(b) If X> X^, Problem (I) has no solution. In addition, 

k 

(c) When p ^ f, then /I, ̂  Z = ^ ^r 

(d) When p ^ f and /c = 1 (atomic case), then 2̂  > Z. 

Remark 1. Partial results were previously obtained by one of us. Namely in [4] 
it is proved that for the atomic case (/c = 1) and p = f, Problem (I) has a solution 
i f ^ ^ Z . 

Remark 2. Some of the open problems which are raised by our developments 
are the following: 

(i) Suppose /c ^ 2 (molecular case) and p = f. Is >1̂  > Z? 
(ii) Find estimates for Â . 
(iii) Is there binding for atoms ? 

With respect to the third problem, there is a non-rigorous argument of Balazs 
[5] that indicates the possibility of binding for homopolar diatomic molecule 
in the TFW theory. Also, Gombas [6] applied TFW (including exchange correc­
tions) to study the iV2-molecule (i.e., ẑ  = ẑ  = 7) and found numerically that 
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there is binding. He actually computed the distance between the two centers 
to be I.39A for the configuration of minimum energy. We do not give a proof of 
binding in the homopolar case, but we will prove that binding occurs for two 
very dissimilar atoms. 

Remark 3. Theorem 1 obviously holds if we replace ^^ by 

^p(P) = c,i\Vp"Hx)\'dx -f c, ip^{x)dx - j V{x)p(x)dx + Dip, p\ 

where c^ and c^ are positive constants. 
The proof of Theorem 1 is divided into several steps. In Sect. 1 we describe 

some basic properties of (̂ (̂p). In Sect. 2 we consider the problem 

Min{^^(p)|pe/)^} 

where D^ = {p|p(x) ^ 0, peL^nL^ Vp^^^GL^,D(p, p) < 00}, and we prove that 
the minimum is achieved at a unique p^. Note that D^ contains {p | p ^ 0, 
pel}nUr\L^, Vp^'^eV-}. We derive the Euler equation for p^. More precisely 
we set \jj = py^ and we show that 

-Aily-^il/^P-' = (pil/, (6) 

where 

(p(x)=V{x)-iriy)\x-y\-'dy. (7) 

In Sect. 3 we prove that ij/eL^ and we obtain some further properties of ij/ (ij/ is 
continuous, i/^(x)->0 as |x| ^ 00, etc.). In Sect. 4 we show that if p ^ f then 
iil/\x)dx ^ Z. In Sect. 5 we show that if p ^ f and /c = 1 then ^il/\x)dx > Z. In 
addition i/̂ (x) ^ Me" '̂""''̂ ^ for some appropriate constants M and ^ > 0. In Sect. 6 
we prove that for every A 

EW ^ Inf{^p)\^p(x)dx = 1} = lnf{^^{p)\^p{x)dx ^ X} 

and we conclude the proof of Theorem 1. We also show that E{X) is convex, mono­
tone non-increasing and that E{X) has a finite slope at X = 0. This slope is the 
ground state energy of the corresponding one electron Schrodinger Equation. 
Using this last fact, binding for dissimilar atoms is proved. 

I. Some Basic Properties of f̂  

In Lemma 2, 3,4 some properties which are useful in the study of Problem (I) 
are summarized. 

Lemma 2. For every s> 0, there is a constant C^, depending on V but independent 
of p, such that 

\V{x)p{x)dx ^ £ IIP II3 + C^D{p, pfi\ (8) 

for every p ^ 0. 

Proof Let ^ > 0 be a small constant and let CW be a smooth function such that 
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0 < C < 1 and 

m-{ 
1 onU5,(i^,) 

i = 1 
k 

0 outside (J ^^^(K.), 

where B^{R?) is the ball of radius b and centered at K^. b is chosen such that all 
these ball B^^ are disjoint. Let K = FC + 1̂ (1 - C) = ^i + 1̂ 2- Clearly V^el}^^ 
and by choosing b small enough we may assume that || V^ || ̂ ^^ < s. Thus 

iV,{x)p(x)dxS8\\p\\^. (9) 

On the other hand define the operator B to be 

iBp){x) = ip(y)\x-y\-'dy, (10) 

so that (in the sense of distributions) we have 

-A{Bp) = 4np, 

Thus, 

j|V(5p)|^^x = 87rZ)(p,p). (11) 

We deduce from (11) and Sobolev's inequahty that 

\\Bpl^CD{p,py^\ (12) 

Consequently, 

j V^{x)p{x)dx = ^ j( - ^ V,){x){Bp){x)dx 

^C\\AV,l^,D{p,py'' (13) 

(note that AV^eCQ). Combining(9) and (13) we obtain the conclusion. D 

Lemma 3. There exist positive constants a and C such that 

^^(p) ^ a( II p II3 + UP 11̂  + II Vp^/2 II ,2+ z ) ( p , p ) ) - c 

Proof. Use Lemma 2 and Sobolev's inequahty. D 

Lemma 4. ^^(p) is strictly convex. 

Proof. The only non-standard fact is that the function p ̂  j\Wp^'^\^dx 
is convex (or equivalently subadditive). Indeed let p^,p^eD and set i/̂ ^ = p^^ ,̂ 
ij/^ = p\'\ 1̂3 = (api + (1 - a)p2) /̂2 ^j^j^ 0 < a < 1. Thus, 

iA3ViA3 = #iViA,+(l-a)iA2ViA2 
= (a^/^iAi)(a^/^ViA,) + [(1 - ay^'i^J [(1 - aY'^WilyJ 

and by Cauchy-Schwarz inequality 

1A3 ViAa ̂  (aiA? + (1 - a)iA^)i/2( |̂ Vi/̂ j | ' + (1 - a)\ViP,\y/\ 
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and therefore, 

|ViA3|'^a|ViAi|' + ( l-a) |ViA2h D 

II. Minimization of ^pip) withpeDj,—The Euler Equation 

We start with 

Lemma 5. Min{<^p(p)|peD^} is achieved at some PQ^D^. 

Proof. Let p^ e D^ be a minimizing sequence. By Lemma 3 we have 

IIP„II3 ^ C, IIp„ 1^ ^ C, II Vp„"2 l ^ c , D{p„,p„) ^ C. 

Therefore, we may extract a subsequence, still denoted by p^, such that 

p^ -» pQ weakly in L̂  and in LF, (14) 

Vp V2 _^ y ^ l / 2 ^g^i^iy jj^ ̂ 2 (1^) 

((15) relies on the fact that if ̂  is a bounded smooth domain then H^ (Q) is relatively 
compact in L^{Q). (14) and (16) implies that {p^^} is bounded in H^{Q). Hence 
(p^-^} has a subsequence converging in L^{Q) and a.e.). Hence, 

liminfj|Vpy2p^x^j|Vp^/^P^x, 

liminf jp^(x)Jx ^ jp^(x)^x, 

lim inf D(p„, p„) ^ Dip^.p^) (by Fatou's Lemma). 
We now prove that 

\V{x)p^{x)dx-^ \V[x)p^{x)dx. 

As in the proof of Lemma 2, we write V = V^-j- V^. Clearly, 

J Vi {x)p^(x)dx -> J F^ (x)Po (x)6fx, 

since F^ eL^^ .̂ On the other hand 

iV^{x)p„{x)dx^ -^i{AV^){BpJdx. 

It follows from (12) that Bp^ -^ Bp^ weakly in L .̂ Thus, 

iV2Mp„Mdx -^ jV2{x)pQ{x)dx. 

Hence, 

^^(p,) ^ lim m,{p„) = M{i^(p)\peDj. D 

We now derive the Euler Equation satisfied by p^. Set i/̂  = p^'^. 

Lemma 6. The minimizing p^ satisfies 

-Ail/-hil/^P-' = (pil/, (17) 
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y^here 

(p=V-By\>^ (18) 

and (17) holds in the sense of distributions. 

Proof. So far, we know that ij/eL^nL^P,'^\l/eL^ and B^^eL^. Since y^L\^^, 
it follows that (p^L]^^ and thus q)\jjeL\^^. On the other hand XJJ^^'^EL]^^ (since 
II/GL^P). Therefore, (17) has a meaning in the sense of distributions. Consider 
the set D =]CGL^nL^P| VCeL^ and D(C, 0 < ^o}. (Note that we do not assume 
C ̂  0.) If CeZ), then p = C^eD^ and 

(^^(p)=j|vc|^^x+-jc^^^x-jn^+D(c,o^0(C). 
Indeed it suffices to recall that Vp̂ ^̂  = V|C| = VC(S^MC) (see [7]). Therefore, we 
findfor every CGD 

0W^^(C) 
Let/^eC J'; using the fact that 6?/̂ r(/)(i/̂  + f̂ )L=o = 0 we conclude easily that 

jVxI/'Vrjdx + ^il/^P-^rjdx = ^cpil/rjdx. D 

III. Proof that the Minimizing i/feL^ and Further Properties of ^ 

We first prove that the minimizing xj/ is continuous: 

Lenuna 7. ij/ is continuous on U^; more precisely xj/eC^''^ for every a < 1 (i.e.,/or 
every hounded set QczR^, there is a constant M such that \ il/(x) — il/(y) | ^ M | x — >; 1*̂  
yx.yeQ). 

Proof We already know that B\j/^eL^ and (clearly) VeL^'^^i^d > 0). Consequent­
ly, (/)GLfj^(V^>0). Since yj/eL^, it follows that (pil/GLl-\\fS>0). Therefore, 
we have 

-Ai^^f 

where/= (p\l/eL]~f{^S > 0) and in particular/eL^^^ for some q > 3/2. We may, 
therefore, apply a result of Stampacchia (see [7],Theoreme 5.2) to conclude that 
ij/eLf^^. Going back to (17) and using the fact that i/̂ eL*Ĵ ,̂ we now see that 
A\l/eLl~\yd > 0). The standard elliptic regularity theory [8] implies that il/eC^'" 
foreverya<l. D 

We now prove an important property of ij/, namely, ij/eL^. Note that such a 
fact cannot be deduced from the knowledge that PQGD^. It is easy to construct 
a function p ^ 0 such that peL^nU, Vp^'^eL^, D{p, p) < oo and ^p{x)dx = oo. 

Lenuna 8. il/eL^. 

Proof Suppose, by contradiction, that jil/^{x)dx = co. Choose r^> Max|i^.| 

such that 
j \l/\x)dx^Z + 16, 

\x\<rx 
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for some S>0. We, thus, have 

{Br){x)=ir{y)\x-y\-'dy^ j riy)i\x\-^\y\r'dy 
\y\<n 

Therefore, 

(P{X) = V{X) - {Br){x) ^ y^^- - i ^ i ^ , 

for IXI > r J. Consequently, there is some r^ > r^ such that 

(p{x)^ - (5|x|~\ 

for |x| > r2. It follows from (17) that 

-Ail/-{-S\x\-^il/SO, (19) 

for IXI > r2. We now use a comparison argument. Set 

where M > 0 is a constant. An easy computation shows that 

-Aij/ + S\x\-^ij/^0, (20) 

for X 7̂  0. Hence, by (19) and (20) we have 

- A{il/ - if) ^d\x\-H^ -h^O, (21) 

for IXI > r^. We fix M in such a way that 

(A(x)^(AW, (22) 

for IXI = r̂  (this is possible since i/^eL^J. It follows from (21), (22) and the maximum 
principle that 

^AW^iAW, (23) 

for I'x I > r2. Since we only know that ij/ix) -^ 0 as | x | ̂  oo in a weak sense (namely 
\jyeL% we must justify (23). We use a variant of Stampacchia's method. Fix C(x) e C^ 
with 0 ̂  C ^ 1 and 

1 f o r | x | < l 
^̂ ""̂  '^0 for |x |>2 . 

Set C„(x) = C(x/n). Multiplying (21) by ^xjj-^^ (here we set t+ = Max(t,0)) 
and integrating on [ | x | > r2 ], we find 

j V(iA-iA)[vUiA-'A)^+C„V((A-«A)^]^x+ J ^|(iA-iA)1'C„^x^o. 

In particular it follows that 

1 h(^-h'\Xdx^\ j \{^-h-YAi:jx. (24) 
\x\>r2 \^\ '^\x\>r2 
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But we have 

U | > r 2 ^ n<\x\<ln 

<c I r{x)dx 
. n < | x | < 2 « 

1/3 

by Holder's inequality. Since i/̂ eL ,̂ we conclude that the right side in (24) tends 
to zero as n -> 00. Consequently, 

\x\>r2 

and so lA ^ 'A for |x| > r^. In particular l\j/^{x)dx < oo, a contradiction with the 
initial assumption. D 

We now indicate some further properties oixjj. 

Lemma 9. ^ is bounded on IR̂ , \l/{x) ^ 0 ^5 | x | -^ oo and IIJEH^. 

Proof. By (17) we have, 

-Aijj^Vil/, (25) 

and so 

- ziiA + (A ^ (1^ + i)'A-

Clearly, {V + l)il/eL^ and so 

i A ^ ( - z l + / ) - ^ [ ( F + l)iA]. (26) 

As is well known, the right side in (26) is bound and tends to zero as |x| ̂  oo. 
Finally, note that iA^̂ ~̂  ^ Cij/ for some constant C and (B\I/^)II/GL^ (since ij/GLr' 
and Bij/^eL^). Therefore, we conclude that Axj/eL^ and so ij/eH^. D 

Lemma 10. ij/ >0 everywhere and xj/isC^ except atx = R^{l^i^ k). 

Proof. From (17) we have, 

-ziiA + # = o, 

where aeL\^^ and q > 3/2. It follows from Harnack's inequahty (see e.g. [9] 
Corollary 5.3) that either lA > 0 everywhere or lA = 0. We now prove that lA # ^ 
by checking that Min{(^^(p)|peDp} < 0. It clearly suffices to consider the case 
where K(x) = z j x | ~ ^ Take the trial function p^^^(x) = y exp[ - z Jx | /4 ] . 
The terms in p which are homogeneous of degree one are — y^z^/A. The remaining 
terms are proportional to y\ s>2. Hence for y sufficiently small, ^^(p) < 0. Finally, 
the fact that lA is C°̂  (except at R^) follows easily from (17) by a standard bootstrap 
argument. D 

Remark. When p ^ 3/2, there is a simple estimate for (A, namely 

il/^^p-'\x)^V{xX (27) 
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for every x. Indeed set u = \l/^^^~ ^\x) — V{x) so that for x 7̂  i .̂ we have 

Au = 2{p - l)il/^P-^Ail/) + (2p - 2){2p - 3)1/̂ 2̂ -̂ 1 V̂ AI' 

The function u achieves its maximum at some point XQ{=/=R^). At XQ we have 
{Au){x^) ^ 0 and so XJ/^^P' ^\XQ) ^ cpix^) ^ V{XQ). Thus uix^) ^ 0, and so M(X) ^ 0 
everywhere. 

IV. Proof that for the Minimizing ^, J i//^ (x) dx^Z (when p ^ 4/3) 

We start with the following remark: 

Lemma 11. For any C^C^ 

Proof. Integrate by parts and use the Cauchy-Schwarz inequality. D 
We now prove the main estimate. 

Lemma 12. When p ̂  4/3, JiA^W^x ^ Z. 

Proof. Let CQ^C^ be a spherically symmetric function such that CQ # 0? Co(̂ ) = ^ 
for |x| < 1 and for |x| > 2. Set C„(x) = C Q U M By (17) we have, 

- l ^C^x + l̂ '̂'-̂ C„̂ ^x = K ^ x . (28) 

Using Lemma 11, we find 

-i^Qdx^i\n„\'dx^Cn. (29) 

Next we claim that, if p ̂  4/3, then 

ir'-'C'„dx^ey, (30) 
where 8„ -* 0 as n -»• oo. Indeed we have 

/J<|x | < 2 n 

If 2p - 2 ̂  2, we use the fact that I/^^P- 2 ^ (;;̂ 2 jĵ  ^^.^gj. ^̂  î̂ ^̂ -̂ ^ 3̂0̂  if 2p _ 2 ̂  2, 
we use Holder's inequahty and we find 

j rdx J xj/^P-^dx^C 
\-n<\x\<2n 

in') 3\2-p 

Assuming p ̂  4/3, we deduce (30). On the other hand, since C„ is spherically 
symmetric, we have 
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where [(/>] denotes the spherical average of (/>, i.e., 

M W = r i ^ ^ (p{Q)dQ = j - j (p{\x\Q)dQ. 
^^1^1 \Q\ = \x\ ^^\Q\=i 

By a result of [1] (Eq. (35)) we know that 

[(p](x)^{Z - X^)/\x\Jov\x\> Max|i^.|, (31) 

where IQ = ^il/^{x)dx. Hence, for large n, we find 

icpC'Jx ^ (Z - ^o)iv^fMdx = a(Z - A,)^^ (32) 

for some positive constant a. Combining (28), (29), (30), and (32), we find 

a(Z - /lo)n^ ^ Cn + e„n .̂ 

As n -^ 00, we conclude that Z ^ /l^. D 

Remark. Lemma 12 can also be proved by a direct variational calculation using 
(4). This is given in Theorem 4.10 of reference [4]. 

V. j ^ ^ (x) dx>Z when p ^ 5/3 and A: = 1 (Atomic Case) 

We assume now that V{x) = Z|x|~ \ The main result is the following: 

Lemma 13. ([4], Theorem 4.13) Assume p ^ 5/3, then ^il/^{x)dx > Z. In addition 
il/{x) ^ Me'^^^^^^^'^^or some constants M andO <2S< iil/^{x)dx - Z. 

Proof. Since the solution of the problem Min{^^(p)|pGi) } is unique, it follows 
that PQ—and therefore i/̂ —is spherically symmetric. In particular cp = V - Bij/^ 
is also spherically symmetric. On the other hand by (31) we have, 

<̂ (x) = [(p](x)^(Z-A,) / |x | , (33) 

for x^O. We already know that ^il/^{x)dx ^ Z; suppose by contradiction that 
iil/\x)dx = Z. By (33) we have (p^O and consequently (from (17)) 

-Ail/-{-il/^p-^^0, (34) 

for x^O. We now use a comparison function. Set ij/{x) = C\x\~^'^. An easy 
computation shows that 

-zJiA + jA^^" ' '^0,for |x |>l , (35) 

provided 0 < C ^ C^ where C^^~ ̂  = 3/4. We fix the constant 0 < C ̂  C^ such that 

iA(x)^iA(:>c)for|x| = l, (36) 

(Recall that by Lemma 10, ij/ > 0). It follows from (34), p5), (36) and the (usual) 
maximum principle that iA(x) ̂  iA(x) for |x| > 1. Since ij/^L^{\x\> 1), we obtain 
a contradiction. Therefore, Ji/̂ ^(x)Jx > Z; finally we argue as in the proof of 
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Lemma 8 and we conclude that for some M, \l/{x) ^ M exp( — 2((5|x|)^^^) where 
23<iilj^(x)dx-Z. n 

Remark. If the assumptions of Lemma 13 are not satisfied, it may happen that 
^ij/^dx = Z. Consider for example the functional 

^p) = ci\Vp''\x)\^dx + 2/3^p'^\x)dx - iV{x)p{x)dx + D{p, p), 

where V{x) is given by (3). We claim that if c ^ l/167r, then we have jil/^{x)dx = Z. 
Indeed set w = î  — Icp. Recall that — cAij/ -\- if/^ = cpil/, and 

Acp = Anil/^ if x^ R.. 

Thus, 

An=-ir - <p^) - ^nr ̂  -ir - ^^) - ^ r = t^-
c c 2c 2c 

At a point XQ where u achieves its maximum we have {AU){XQ) ^ 0 and so U{XQ) ^ 0 
(note that w(x)->0 as |x|->oo). Consequently, w^O everywhere and so (p^O 
everywhere. Therefore, we must have Z ^ ^\l/^{x)dx. Since we already know that 
Z ^ jil/^{x)dx, it follows that jil/^{x)dx = Z. 

If c > 1/167r, one can still prove the weaker inequality 

cil/S—-(p-^{c-l/16n)V, (37) 

by the same type of arguments. Using (37) we have 

Z ^ ^il/^dx ^ Z(l + 87r(c - l/167r)), 

because cp -{- aV '^ 0(with a > 0) implies j(/^^(x)Jx ^ Z(l + a). 
Note that in the one center (atomic) case ^^^^ is scale invariant. In fact, 

£3^2 = ^ i ^ ^3/2 ^ ^^^ ^ ^ ^ 'A(^) "^ Z^\\i(Zx\ 

VI. Proof of Theorem 1 Concluded 

We need a final Lemma. 

Lemma 14. ([4], Theorem 4.2) For every /I > 0 we have Ini{^^{p)\pED^ and 
\p{x)dx = X] = ln{{^^{p)\peD^ and \p{x)dx ^ X). 

Proof. Let peD^ be such that \p{x)dx < X; the Lemma is an obvious consequence 
of the following claim: There exists a sequence P^^D^ such that jp^{x)dx = 1 
and lim inf^^ip^) ^ ^p{p). As p„, we choose 

k 
P,M = P{x) + -jQ(x) 

n- " 

where C„(x) = CoU/")(Co^^? is any function Co # 0) and k = lX- jp{x)dx']/ 
^Q{x)dx, so that ^p^(x)dx = X. We now check that lim inf ^ {pj ^ ^ (p). Using 
the subadditivity of the function ^\Vp^'^{x)\^dx and the convexity of p^, we find 
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where 

^„=;J^I|VC„(x)Nx 

We shall prove that A^,B^, C^ tend to zero. Indeed we have 

A„ = ^moM?dx^O. 

Next, by Holder's inequality 

But, 

Jp„^(x)rfx^Cilp-'ix) + {{k/n')i:'Jx)y-\dx^ C 

and so B„ -> 0. Finally, we have 

c„ g ^u{Bp)pdxr^a(Boc'„d^v"+^emxdx 
and 

Therefore, C^-^0. D 

Proof of Theorem 1 concluded: For every A > 0 we set E(X) = lnf{^p{p)\pEDp 
and ^p{x)dx ^ A}. It is clear that E(X} is non-increasing and that E(X) is convex. 
In addition, the same proof as in Lemma 5 shows that there is a unique P;^^^^ 
such that jp;i(x) ^ A and ^p{p^) = E{X). Set 1^ = ^\l/^{x)dx. It is clear that for A ^ Â  
the function £(A) is constant: E{X) = £(/lJ; while E{X) is strictly decreasing on the 
interval [0, AJ. It follows that for A ^ Â  we have ^p^{x)dx = X. Consequently, 
if 2 ^ Â  there is a unique solution for Problem (I). When A > Â , we deduce from 
Lemma 14 that Problem (I) has no solution. D 

By the same methods as used in Lemma 6, the unique minimizing ij/ for £(2), 
A ^ Â  satisfies 

-ZliA+L/^iA=-</>o^, (38) 
where, 

U^ = II/^P-^-V + B\IJ\ (39) 

It is also true (as shown in [1] for the TF problem) that E(X} is differentiable 
and 

- (/)o(A) = dE/dL (40) 
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Since ij/ satisfies (38) and i/̂ (x) > 0 (by Harnack's inequality as in Lemma 10), 
we can conclude that ij/ and 0^ are, in fact, the lowest eigenfunction and eigen­
value of — Zl + U^(x). 

To summarize what has been proved so far, the function E(X) has many features 
in common with the E(X) for TF theory [1]. It is convex, non-increasing and has 
an absolute minimum at some >̂^ < oo beyond which E{X) is constant. One import­
ant difference is that X^ > Z, at least for the atomic case and p ^ 5/3. There is 
another important difference: in TF theory, £(/l)'^ — cX^'^ for small /I, i.e., 
dE/dX\^^Q = — 00. In TFW theory, this is not so as the following shows. 

Lemma 15. Let e^ be the lowest eigenvalue {ground state energy) of the Schrodinger 
operator — A — V(x)with V given by (3). Then 

lim/l-^£(;i)/eo = l,i.e., 
uo 

-(^o(^) = dEW/dXl^, = e,. 
Proof. Let (p be the normaHzed eigenfunction of - A - V{x) belonging to e^ 
and let p^{x) = X(p{x)^. Then ^p{P;) ^ Xe^ + 0{X) since the terms in ^^ of degree 
higher than the first, while they are positive, are finite and 0(X). Conversely, 

£W^inf{J|Vp"^P-jKp||p = 2}, 
P 

but this is precisely the variational problem for the Schrodinger Equation. D 
Yet another important distinction with TF theory should be noted. \l/(x) is 

never zero and therefore p{x) = i/̂ (x)̂  does not have compact support. In TF 
theory, p has compact support [1] whenever X<X^. 

Binding of Atoms in TFW Theory 
Binding does not occur in TF theory [1]; that is Teller's Theorem. Binding can 
occur in TFW theory as we shall now prove in a special case. 

First it is necessary to have a clear definition of what binding means. Given 
the nuclear coordinates i? ̂ ,..., î ,̂ define 

E(X;{R,})^E{X;{R,})-^U({R,}) (41) 
where 

U{{R,})= Z z,z.\R,-R.\'K (42) 

Let us start with two neutral atoms infinitely far apart. The total energy is then 
A^2 = E^(z^) -\- E^(z2) where E. is the energy of an atom with nuclear charge z.. 
The next step is to distribute the total electron charge so as to minimize the total 
energy, namely 

5^2= min {E^{z^+z^-X)-^ E^W). (43) 

It may be, and usually is the case in TFW theory, that ^12 < ^i2> •̂̂ •' ^^^^ ^̂ ^ 
more stable than atoms. Finally, we bring the atoms together and define 

C,2= M Eiz^+z^^R^.R^y (44) 
RuR2 

If C J 2 < ^ 12' then binding occurs. 
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To show that binding is possible, suppose that z^ is sufficiently small compared 
to z J so that the following is satisfied 

(̂ ) i?.v f;^Jh±_^l idEJdX)(^'l±^^<-zl/4, 

(b) X^-z,^2z,, 

where 2.^ is the critical X for atom 1; then we claim that 
^12 = ^1(^1+^2)- (45) 

This follows from the following observation: {dE2/dX)^(dE2/dX)(0)= — zl/4 
by Lemma 15 and convexity. Then the equation {dE^/dX){z^-\- Z2 — X) = 
(dE^/dXjiX) cannot have a solution for 0 ^ A ^ ẑ  + Z2. 

For two such atoms the lowest total energy occurs when the smaller atom 
is completely stripped of its electrons which become attached to the larger atom. 
Now consider the first atom with R^=0 and with X = z^-\- z^^X^. The electric 
potential cp which is spherically symmetric, will be negative for large R. If the second 
nucleus Z2 is placed at a point r where (p{r) < 0, the total energy will be reduced 
by an amount Z2 (p{r). Thus, 

^ 1 2 < ^ 1 2 + ^2^('*) 

and binding occurs. 
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Analysis of the Thomas-Fermi-von Weizsacker Equation 
for an Infinite Atom Without Electron Repulsion 

Elliott H. Lieb* 

Departments of Mathematics and Physics, Princeton University, P.O.B. 708, Princeton, NJ 08544, USA 

Abstract. The equation 

{-A + \xp{xr^-'-\x\-'}xp{x) = 0 

in three dimensions is investigated. Uniqueness and other properties of the 
positive solution are proved for 3/2<p<2. There are two physical in­
terpretations of this equation for p = 5/3: (i) As the TFW equation for an 
infinite atom without electron repulsion; (ii) The positive solution, \p, suitably 
scaled, is asymptotically equal to the solution of the TFW equation for an 
atom or molecule with electron repulsion in the regime where the nuclear 
charges are large and x is close to one of the nuclei. 

I. Introduction 

The equation to be analyzed here of primary physical interest is 

{-A + \xp{xr'-\x\-'}xp{x) = 0 (1.1) 

in three dimensions and with xp real valued. (1.1) was introduced in [9], wherein it 
was asserted without proof that (1.1) has a unique, positive solution. The present 
paper contains that proof If z,y,A>0 and 

ip{z, 7, A, X) = (z'/Ayf^izx/A), (1.2) 

then 

{-AA-^y\ip{x)\''^^-z\x\-'}ip{x) = 0. (1.3) 

and conversely. Thus, (1.3) and (1.1) are equivalent problems. 
(1.3) is to be compared with the Thomas-Fermi-von Weizsacker (TFW) 

equation for a molecule [2-4, 9, 10, 13, 14]: 

{-AA + ymxr''-V{x) + {\x\-'*ip')(x)}xp{x)=-fixp{x), (1.4) 

Work partially supported by U.S. National Science Foundation grant PHY-7825390 A02 

371 



Commun. Math. Phys. 85, 15-25 (1982) 

16 . E. H. Lieb 
k 

with V{x) = YJ ̂ j\^ ~ ^j\ ~ ^ being the potential of k nuclei of charges Zj ̂  0 located 

at Rj. The term \x\ ^*t/?^ is called "the electron respulsion." (1.3) has a unique 
positive solution (denoted by ip) for all /i^O [2,3,9]. - / i is the "chemical 
potential." For all /z^O, xpeL\Wi^) [3, 9]. 

(1.3) is seen to be the TFW equation for an atom {k=l, z^=z, R^=0), but with 
the electron repulsion omitted. It will be shown here that (1.1), which is equivalent 
to (1.3), also has a unique positive solution, ip, and F{ip)<co [cf. (1.8)]. The fact 
that /z = 0 in (1.1) and (1.3) means that the electron number, X= jt/?'̂ , is maximal. 
We shall see that in this case [for (1.1) and (1.3) but not (1.4)], A=oo, which is 
physically reasonable since the maximum electron number for the quantum 
mechanical Bohr atom (without repulsion) is also infinity. 

If the foregoing were the only interpretation of (1.3) it would not be especially 
interesting. However, (1.3) has another interpretation as proved in [9]: Consider 
the full TFW equation, (1.4), with the scaling Zj = az], Rj = a~^'^R^ and ;i = aA° 
with /1^>0. If a-^00 (with A,y fixed), and if x is close to one of the Rj then 
ip{x)-^ip{x — Rj) (with z = Zj) in the following sense: Fix yeJR.^ then 

lim z;"^ip{Rj + z;'y)= lim z7^''{p{z;'y) = {Ayy''^tp{y/A), (1.5) 

where xp is the positive solution of (1.1) and with the convergence being pointwise 
and in Ll^^. [Note that the second expression in (1.5) is, in fact, independent of a. 
The right side of (1.5) is independent of 1 ] 

Not only does tp^ip as in (1.5) but also the difference between the TFW energy 
and the TF energy is given, to leading order in a, by tp: 

^TFw_£TF^^ X^2^o(a^), (1.6) 
i = i 

where the constant D is given by [9] 

D = A'^^y-^^^F{tp), (1.7) 

and where the functional F is defined generally for all real xp by 

F(ip)^^\Vxp\^-\-^k{xp{xXx)dx (1.8) 

with 

/c(tp,x)=fMi^/3-ixrv^+fixr^/2^o. (1.9) 

Note that k{xp,x)>0 and k{xp,x) = 0 if and only if xp = \x\~^^'^. 
The positive solution of (1.1) has been evaluated numerically [8] with the result 

that 

T/;(0) = 0.9701330 

F(tp) = 17.1676. 

Generalization. Equation (1.1) has the following obvious generalization 

Axp{x) = {\rp{xrP-'-\x\-'}xp{x) (1.10) 

372 



TFW Equation for an Atom Without Electron Repulsion 

Analysis of the TFW Equation 17 

with p>l. The physical case, (1.1), corresponds to p = 5/3. The TFW equation, 
(1.4) can be generalized in the same way; this was in fact done in [2, 3, 9]. In TF 
theory, p = 4/3 and 3/2 play a special role, while p = 4/3, 3/2, and 5/3 are special in 
TFW theory [9]. In the analysis here of (1.10), p = 3/2 and 2 are special 
(Theorems 3-5 and 7-9). Fortunately, the physical value 5/3 is in the range 
3/2 < p < 2 in which all theorems are applicable. 

The appropriate energy functional is (1.8), but with k{xp,x) replaced by 

k(xp,x)=-\xp\^P-\x\-'xp^+^^\x\-P'^P-'^^0. (1.11) 
P P 

The corresponding F will be denoted by Fp. However, as will be seen in Sect. Ill, 
Fp is useful only when 3/2 < p < 2. It is for this range of p that the existence of a 
positive solution will be proved. 

One of the more amusing technical exercises is in Sect. IV where an asymptotic 
expansion for xp is established. While the expansion is heuristically obvious, its 
proof is not, primarily because A in (1.10) is essentially a singular perturbation. 

II. Properties of Eq. (1.10) 

Initially, (1.10) will be interpreted as a distributional equation. Although our main 
interest is in positive solutions, we shall not restrict ourselves to such and will 
assume only that tp is a real valued function. It will turn out that the class of 
functions such that Fp{xp) < oo is the natural class to consider, when 3/2 < p < 2, but 
this will not be assumed initially. The only assumption to be understood in all the 
theorems is that p > 1 and 

xpeM = {xp\VxpeLl,,xpELlJ. (2.1) 

We begin with two "local" theorems. 

Theorem 1. Let Bbe a bounded open ball in R^. Let xp satisfy (1.10) in B in the sense 
of distributions with \peL^{B) and VxpeL^{B). Then 

(i) xp is continuous. More precisely^ xpEC^'^(B) for all 0<oc<l. Le. there is a 
constant, C, such that |tp(x) — tp(};)| ^ C|x — yl'' for all x.yeB. 

(ii) / / tp(x)^0, MxeB, then either tp(x) = 0 or else tp(x)>0, VxeJ5. 
(iii) IfO^BthenxpGC''"HB). 
(iv) If O^B and ip(x)^0, \fxeB, then xp is real analytic in B. 

Proof, (i) xpe W^'^. By the Sobolev imbedding theorem [1], 

ipeW^'^'^ = L^^^=>xpeW^'^'^==>xpeL^=>xpeW^'^=>xpeL^ 

= ^ / = | x ^ > G L ^ - ^ V e > 0 ; 

in particular feL^ for some q>3/2. 
If p<5/2 then xpeL^^M^^-'^eL^'^'^' for some e>0. Then xpeW^^'^^'^ and 

thus tpeC^'" for some a>0. Then the right side of (1.10) is in L^~\ all 8>0, so 
xpeW^^^~\ Then tpeC^'" for all a < l . This proves (i) for p<5/2. 
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If p^5/2 a different argument is needed. The fact that (1.10) holds as a 
distributional equation means that the right side [call it /z(x)] must be a 
distribution and hence must be in Ll^^. Since \x\~^y)EL^, \xp\^^~^eLl^^. Kato's 
inequality [7], A\\p\^(sgn\p)Axp as distributions (with s^nip = \xp\/ip if T/;=hO and 
sgnt/) = 0 if ip = 0), then implies that 

Therefore -A\\p\^ \x\~'^\xp\ = f. A result of Stampacchia [12, Theoreme 5.2] is that 
if feLf^^ with q>3/2 then \y)\GL^^. But our / satisfies this condition. Returning to 
(1.10), heLf^~\ e>0, and (i) is thus proved as before. 

(ii) We have A\p = gxp with geU and q>3/2. By the Harnack inequality (cf. 
[5]), v; = Oor v;(x)>0, Vx 

(iii) xp^AxpeL'^ and VxpeL^^ipEW^'^=^VxpeL^=>y)eW^^^=>xpeC^^^'^ (see 
[1]). 

(iv) Assume xp{x)>0, whence \ip\^^ ^ has as many derivatives as \p has. By a 
bootstrap argument xp is C°° (see [10, Theorem IV.5]). Since |x|~^ is real analytic 
for X 4=0, by [11, Theorem 5.8.6] xp is real analytic. D 

Theorem 2 (cusp condition [6]). Assume the hypotheses of Theorem 1 and also that 
OEB. Then 

xp(0) = - 2 lim j O • VxpirQ) dQ, (2.3) 
no 

where dQ is the normalized invariant measure on the unit sphere. In particular, if xp is 
spherically symmetric about zero, then 

xp{0)=-2\imdxp{r)/dr. (2.4) 
riO 

Proof. Simply integrate (1.10) by parts. Q 

Theorems. Assume that p^3/2. Suppose xp satisfies (1.10) in the sense of 
distributions on all of IR^ Then \xp{x)\<\x\~'^'^^P~^\ 

Remark. Some condition on p is needed and we believe p ̂  3/2 is the right one. If 
p<3/2 there cannot be any positive xp satisfying both (1.10) and xp{x)SM~^^^^~^^-
For then OSh=-AxpS\x\^^-^P^'^^P-^^ = f{x), where -his the right side of (1.10). 
Since ^ = 1x1"^*/is finite for |x|>0 and ^(x)-^O as |x|-^oo, xp = 4n\x\~'^*h. Since 
/i^O, this implies that xp{x)^c\x\~'^ for |x|>somei^ and c>0. This is a con-
tradictibn. Thus, p^3/2 is the right condition for positive xp. It is possible that 
(1.10) has no positive solution even when p = 3/2, for in that case xp(x) = \x\~'^ 
satisfies (1.10) everywhere except at the origin. 

Proof. By Theorem 1 we can assume that xp is continuous. Let 
b=-l/{2p-2)^-l (it is here that p^3/2 enters). zl|x|^^0. If ^(x) = |tp(x)|-|x|^ 
we have, by (2.2), that Ag>0 on the set A = {x|^(x)>0}. Since xp is continuous 
(Theorem 1) we have that (i) A is open; (ii) 0$A; (iii) /i(x) = max[^(x),0] is 
subharmonic on IR ,̂ i.e. Ah^O. If we knew that h{x)^0 as |x|->oo we could then 
conclude that h = 0 and thus that |t/;(x)| ^ |x|^ But this has to be proved. 
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We have, in fact, that on A 

Ah^M-'^'-\x\-'}\xp\. (2.5) 

Since \ip\ = h + \x\^ on A, and {a-\-pY>a'+ p' for a,i5^0, r ^ l , 

Ah^h^P-^ on IR^ (2.6) 

Now let /(x) = /(|x|) be the spherical average of h, i.e. /(r)= ^h{Qr)dQ with dQ 
being the normalized invariant measure on the unit sphere. By averaging (2.6), and 
using av{/2'} ^ {av/z}' for r^ 1, we have that Af^p^' \ With r = |x|, let rf{r) = u{r\ 
whence 

Assume that w(r)^0. Since O^A, there is a RQ>0 such that u(r) = 0 for 
0^r<RQ. Since w"^0 and w^O, w is continuous, convex and non-decreasing in r. 
Therefore for some R^ >0, u{R^)>() and u'{R^)>(). Thus u{r)>br for r> somei^2 
and with b>0. 

Let w^(x) = (jK(K-r)^^ be defined on Dj^ = {r\0<r<R} with a^^"^ 
= p(p - 1)" ̂ . On Z)̂ , w^ satisfies w^ ^ r ~ ̂ ^ "*" ̂ w^^" .̂ Since w(r) > br for large r, there 
is some Ĵ  such that Wj^{R/2)<u{R/2). Consider m(r) = u{r)-Wj^{r) on Dj^ and let 
E = {r\m{r)>0,0<r<R}. Clearly, (i)mis continuous andm">0 on £;(ii) Eis non­
empty and open; (iii) EcDj^ [since u{r) = 0 for r<RQ and w^(r)->oo as r-^-K]. 
Therefore m has its maximum on dE, but m = 0 on 5E. Therefore E is empty and we 
have a contradiction. 

Thus w = 0, which implies that / = 0=>/z = 0=>t/;(x)^ |jc|̂ . We have to prove that 
g{x) < 0 everywhere. The Harnack inequahty argument used in Theorem 1 implies 
that either ^ = 0 or ^(x)<0, all x. Since ^(x)<0 for x near zero, the result is 
proved. D 

The following complements Theorem 3. 

Theorem 4. Suppose xp{x)>0 satisfies (1.10) on IR̂  and xp is spherically symmetric. If 
p<2 then xp{x)^{A + \x\)-^^^P-^^ with A = l/{p-l). 

Remark. The hypothesis that xp is spherically symmetric is not really necessary but 
it simphfies the proof It is assumed here because Theorem 5 states that any 
positive solution is necessarily spherically symmetric when 3/2^p<2. 

Proof. Let f{r) = {A-^r)^ with b=-l/(2p-2). Then Af=Wf with 
W{r) = b{b-l){A + r)-^ + {2b/r){A^r)-\ W{r)>f{r)^P-^-r-K Let 
B = {r>0\ y){r) < /(r)}, which is open and which is assumed to be non-empty. Let D 
be a connected component of B. Thus D = {s,t) with OSs<t. Let h = f-y)>0 on 
D. On D, W[r)>\p{rYP-^-r~\ so 

{A-W)h{r)>0, all reD. (2.8) 

First, assume t is finite. Multiply (2.8) by / and integrate over the shell 
5 < |x| < t. An integration by parts gives 

K{t)-K{s)>^ (2.9) 
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with K{r) = r^f{rf{h/fy{r). (/z//y(t)^0 since h{t) = 0 and h{r)>0 for s<r<t. Thus 
K{t)^0. Likewise, if 5>0 K{s)^0 and therefore (2.8) is a contradiction. If 5 = 0 
then K{s) = 0 since xp' and / ' are bounded near r = 0. 

Now assume t= oo. Integrate (2.9) over 5< |x| < T. (2.8) holds as before (with T) 
and K(s)^0. Since p<2, r/(r)^-^0 as r->oo. 0<(/i//)(r)< 1 on D, so there is a 
sequence {TJ, with T„->oo, such that T„(/i//)'(rj-^0. Thus K(TJ->0 and (2.8) is 
again a contradiction. D 

Theorems. There is at most one tp^O that satisfies (1.10) on IR̂  m t/ze sense of 
distributions with the properties that v;(x)^0, all x and v^eL^(lR^). (By Theorem 3, 
the second property is automatic if 3/2'^p<2.) 

Remark. It is not at all clear whether or not p ^ 2 is special. If it is additionally 
assumed that VxpeL^{]R^) then by Theorems and a Sobolev inequality, xpeL^ 
when p^3/2. In Sect. Ill it will be shown that there is a positive solution to (1.10) 
for 3/2<p<2, and this solution indeed has V\peL^{lR^). However, the methods of 
Sect. Ill are not applicable for p ̂  2. 

Proof. Let xp satisfy (1.10) with the stated properties. By Theorem 1, tp is 

continuous and \p(x)>0, all x. If ^GC^, then - j — 1 ^ | ^ ^ j IF^p. (This fact, which 

was used in [3], follows by integrating by parts and using the Cauchy-Schwarz 
inequahty.) Thus, for any real ̂ eC^, 

^^(^)=Ilf^^P+j^.WI^WI'^^^O, (2.10) 

where W^^{x)= —\x\~^-^xp{x)^^~^. Let /„ be a sequence of spherically symmetric 
CQ functions with the properties: (i) 0 ̂  /„(x) ̂  1; (ii) /„(x) = 1 for 2/n < |x| < n; (iii) 
/„(x) = 0 for OS\x\^l/n and \x\^2n; (iv) ]\Vff^A for some fixed A. Such a 
sequence is easy to construct. Let g„(x) =/„(x)tp(x). Q^^CQ by Theorem 1. jlP^'J^ 
= - j / . V ^ t p + | v ^ ' l ^ / J ' . Thus, L^{g„)=iip'\Vff^T^. Let x„W = 0 if 2/n 
S\x\Sn and x„W = l otherwise. Then T„= ̂ XnW'im'^WXnWWlmnWl Since 
X„-̂ 0 pointwise and ipeL^, T^~^0 as n^co. 

Now let xp^ and xp2 be two different solutions to (1.10) with the stated 
properties. Denote the corresponding two functionals in (2.10) by L^ and L2 and 
the corresponding sequences by gl ^^f^Wi and gl=f,,\P2' Then ^^L^igD^L^igl) 
= L,{gl) + L2{gl)- \{W\'~^-Wl'-^){W\-Wl)fl Since L,{gl) and L^ig])^^. the 
right side of this inequahty is negative for large n if \p^^xp2- D 

Remark. If ip ̂ 0 is unique then xp is obviously spherically symmetric. Therefore the 
following theorem is applicable if 3/2^p<2. 

Theorem 6. If xp^O satisfies (1.10), the bound of Theorem 3, and if xp is spherically 
symmetric, then xp{r) is a strictly decreasing function of r. 

Proof. Axp^O so xp is superharmonic. Therefore the minimum of xp{x) in the set 
|x| ̂  R must occur at R. If xp{r) = xp{R), r<R, then xp{x) is a constant for r ̂  |x| ̂  R, 
but this does not satisfy (1.10). Q 
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III. Existence of a Positive Solution of Eq. (1.10) for 3/2<p<2 

In Sect. II it was shown that any positive distributional solution to (1.10) with 
xpeM has certain nice properties, especially when p ̂  3/2. If 3/2 ̂  p < 2 the solution 
is unique. In this section it will always be assumed that 3/2<p<2 (note the 
inequality p>3/2). A positive solution will be shown to exist on IR̂  under this 
condition. 

An interesting open question is whether (1.10) has solutions, positive or 
otherwise, when p^3/2 or p^2 . The method given here sheds no light on this 
question. 

Consider the functional Fp given by (1.8), (1.11) and the class of measurable 
functions 

G^={y,\VH,eL\F^{xp)<ca}. (3.1) 

Gp is not empty because 

/,(x) = (l + |x|2)-i/^^^-i) (3.2) 

is in Gp for 3/2 < p < 2. We also define 

Wpixp)=^kp{xp{x\x)dx^O, (3.3) 

Ep = mf{Fp{xp)\weGp}. (3.4) 

Remark. The condition 3/2<p<2 results from the requirement that Gp be non­
empty. Note that kp{xp,x) has the form \x\~P^^P~'^^hp{\y){\x\^'^^P~^^) and that 
hp(a) = 0 if and only if a = l . Suppose p^2 . If kp{\p{x),x) is to be integrable at 
infinity then xp{x)'^\x\~'^^^^P~^\ But then \V\p\^ is not integrable at infinity. If 
p^3/2 then, for a similar reason, xp(x)^\x\~'^^^^^~^^ near x = 0, but then \V\p\^ is 
not integrable. 

Theorem?. Let 3/2<p<2. There exists tpeG^ such that (i) Fp{y)) = Ep; (ii) 
\p{x)^0; (iii) \p satisfies (1.10) in the sense of distributions. 

Proof. Let xp^ be a minimizing sequence for Fp{\p). Wp{\xp\)=Wpiy)) and j\Vxp\^ 
^I(^lv^l)^» so we can assume v;„(x)^0, all x. Let b=-{2p-2)~^. For xp^O, 
kp{w,x)-^Cp\x\-'lxp-\x\''^^ with Cp>0. Therefore, if xpeGp then [x\-''^w 
-\x\^-'^^eL\ But \X\^-''^ELI^ SO \x\-"^xpeL^^^^w^Ll,=>xpeW''\B) for any 
bounded ball, B. Since Fp{xp„)-^Ep, Vxp^ is bounded in L (̂IR )̂ and ip^ is bounded in 
W^'^(B). By the Rellich-Kondrachov theorem [1], a bounded set in W^'^{B) is 
compactly imbedded in L^(B). By passing to a subsequence we can assume xp^ has 
a limit, xp, in L^(B). By taking a further subsequence, we can assume ip„-^\p 
point wise. This can be done for every B, so we can assume y)„-^\p point wise in IR .̂ 
By passing to a further subsequence we can assume, using the Banach-Alaoglu 
theorem, that Vxp^-^f weakly in L (̂IR )̂. Clearly, f = xp. Therefore liminf jIFtpJ^ 
^j|Pt/;|^ and, by Fatou's lemma, liminf^kp{\p„{x\x)^ jkp{\p{x),x). Thus 
Fp{ip) S Ep, so xp minimizes. 

Now kp(xp{x\x)eL^. By the above \x\~^xp^ELl^^=>\x\~^xpeLl^^. Since 
kp{xp{x),x)eL^, xp^PeL^^, and thus xp^^~'^eLl^^. Hence, the right side of (1.10) is a 
distribution. 
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Let rjeCQ and replace \p by xp^ = ̂ )-\-trJ. Let E{t) = Ep{xp^, whence dE/dt = 0 at 
t = 0. jll^tpj^ is differentiable with derivative l^Vxp-Vrj at t = 0. By dominated 
convergence, Wp{xp^) can be differentiated under the integral sign, whence 
0=^Vrj'Vip-\- ^rj{\\p\^P~^-\x\~^}xp. This is Eq. (LlO) in the sense of 
distributions. D 

The xp given by Theorem 7 is unique (Theorem 5). xp satisfies two sum rules, one 
of which arises from the fact that xp minimizes Fp. Let us define the following 
integrals: 

/ i = j|l^tp(x)p^x, (3.5) 

I,= i{\x\-P''^-'^-xp{x)'P}dx, (3.6) 

I^=j\x\-'{\x\-"^P-'^-xp{x)^}dx. (3.7) 

I^ is finite since xpeGp. 12 and /g are finite (and positive) since |xr^^^^^~^^>v^(x) 
>{A + \x\y^'^^P~^\ Theorems 3 and 4, and since \x\~P'^P-^^eLl^. Clearly, 

Fp{xp) = I,-p-'l2^I,- (3.8) 

The physical interpretation of these integrals is the following: /^ is the gradient 
contribution to the kinetic energy. I2/P is the decrease in the "fermionic" part of 
the kinetic energy relative to the TF value. I^is the increase in the electron-nucleus 
potential energy relative to the TF value. 

Theorem 8. Let xp be the minimizing xp of Theorem 7. Then 

I,:l2:h=2{2-p){p-l):p{3-p):p^-3p + 4. 

In particular, for p = 5/3, 

/ , : / , : / 3 = l : 5 : 4 . 

Proof. If (LlO) is multiplied by xp and integrated, we find /2 = / i + / 3 . Next, 
consider xp^{x) = t^'^^^~^^xp{tx) for r>0. Since g(t) = Fp{xp^) has its minimum at f= l , 
dg{t)/dt = 0 Sit t = L But I,ixp^) = t-'I,, l2{xPt) = t^''~^'^^^'~'^l2 and I^{xp^) 
^^(4-2p)/(p-i)j^ The rest is algebra. D 

Remark. When p = 5/3, Theorem 8 implies the virial theorem. The change in kinetic 
energy is ST = I^—p~^l2- The change in potential energy is dV=l2, Therefore 
-23T=3V,^s usual. 

IV. Asymptotic Expansion for Large r (3/2 < p < 2) 

We shall be concerned here with the unique, positive solution to (LlO) for 
3/2<p<2. By Theorems 3 and 4, xp{r) = r^-\-0{r^~'^) with r = \x\ and 
b= — l/(2p —2). This suggests an asymptotic expansion of the form 

xp{r) = r'\l+ Z a / - ^ | . (4.1) 
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The coefficients Uj are determined as follows. If (4.1) is inserted into the right 
side of (1.10) and then expanded, the coefficient of r^~ ^ is zero and the coefficient of 
r^~-'~^ij^l)is of the form 

Pj{Aj_,) + {2p-2)aj, (4.2) 

where Aj = (a^, ...,aj) and Pj is a polynomial (with P^=0). The coefficient of 
r^~^"^ on the left side is zero for 7 = 0 and is 

ib-j + 2)(b-j^l)aj_, (4.3) 

for 7 ^ 1 , with aQ = l. Equating (4.2) and (4.3), 

aj = i2p-2)-'l{b-j + 2)ib-j+l)aj_,-Pj{Aj_,):\. (4.4) 

Thus, a J is determined recursively by a^, ...,aj_-^. The first three terms of ip are thus 

ip{r) = r''{l-r-\2p-3){2p-2)-^-\r-^(2p-3)(2p-l)\2p-2)-^ -hO{r-^)}. 

(4.5) 

The correctness of (4.1), with the rule (4.4), will be proved here. The chief 
difficulty is that zl is a singular perturbation: The term af^'^ in \p generates a term 
r^~^~^ on the right side of (1.10), but it generates r^~^"^ on the left. While A\p thus 
appears to be relatively small, it is not really small because its coefficients (4.3) 
grow as 7^. For this reason the series (4.1) is probably not convergent. In the proof 
of Theorem 9, zlip is controlled by combining it with the leading term in (4.2), 
namely {2p — 2)r~^\p. 

Theorem 9. The asymptotic expansion (4.1) and (4.4) is correct, i.e. for any J, 

xp{r) = rN 1 + X « / " 4 + oir""-') (4.6) 

as r-^oo. 

Proof. The proof is by induction. Theorems 3 and 4 assert that (4.6) is true for 
J = 0. Assuming (4.6) holds for some J ^ O , we will prove that (4.6) holds for J + 1 . 

Write \p = (t)-\-g with (/)(r) = r̂  ̂  1 + X ^ / ~ f • ^^^ ^^^ ^ -̂  ̂  there is an R^ such that 

for all r>R,'. (i) (/>(r)>0, (ii) ^(r)/(/>(r)<£, (iii) [(/>(r) + ^(r)]^^- ' - (j){rf^-' ^ V{r)g{r) 
with \U{r)-{2p-\)r-^\<&r-\ 

Equation (1.10) reads 

VA-VW{r)-]g{r) = h{r), (4.7) 

with h = (j)^P~^-r~'^(j)-A(t) and W{r) = r~^-U(r). Let us examine (4.7) for r>R^. 
As r^cx), h{r) = Kr^~'^'~^ + o{r^~^~^) since a^,...,aj satisfy (4.4). Moreover, 
iC= - ( 2 p - 2 ) - [ r i g h t side of (4.4) with7 = J + 1 ] . We also know that g{r) = o{r^~^) 
by the induction hypothesis. Finally, \W{r)^-[2p-2)r~ ^\<er~ '^ by (iii) above. The 
point of writing (1.10) as (4.7) is that we now regard VF as a fixed function that is 
close to - ( 2 p - 2 ) r " ^ It is true that W "depends on g", but that information is 
suppressed. 
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Lemma 10 will imply that ^(r)= - K ( 2 p - 2 ) " V^"-^"^ +o(r^~'^"^), which is the 
desired result. To see this, let z>0 and define v^{r) = Qxpl — 2{zry^^. Let 
W^{r)=-z/r. Then {A-\-WJv^=-^z^'^y-^^h^. Without loss, assume K^O 
[otherwise replace ^ by — ^ in (4.7)]. Let ZQ = 2p —2. 

Lower Bound for g. Pick 0<S<ZQ and let z = ZQ — s. For r>R^, W{r)^ — z/r 
= W,{ry Pick d>0 and A^O and let f(r)=-Av^{r)-{K-\-3)z-'r^'-^-'<0. Then 

{A + W,)f{r) = ^Az"^r-^'h,{r) + {K + 3y-'-^ 

-{K-^S)z-'{b-J){b-J-l)r'-'-\ 

For any fixed £, ^ >0 we can choose A^O such that (i) {A + W^)f^h = {A + W)g for 
r>R„ (ii) g{R,)^f{R,). By Lemma 10 [with B = {r\r>R,}, g,=g, g, = f, W, = W, 
W2 = W^, and the facts that g{r) and /(r)-^O as r-^oo and /(r)<0], g{r)^f{r) for 
r>JRg. This implies liminfr"^^'^^^^(r)^ — (K + (5)/z. Since S and e are arbitrary, 

liminfr-^-'-'-'^^W^-K/zo. 
r^oo 

Upper Bound for g. This is similar to the preceding. For r>R^, — z/r ̂  W{r) 
^-q/r with q = ZQ-\-s and z = Zo-e. Let G{r) = g{r)- Av^{r)- Sr^'"^ ~ '^. Then 

(Zl + W) G{r) = h{r) + f Az"'-r-^'\{r)-A(W{r) + zr" i) i;,(r) 

Let F(r)= -Kg-V^"-^"i^O, whence 

{A + W^)F{r)<Kr^-'^-^. 

For any fixed 8,(5>0 we can choose A^O such that (i) {A-{-W)G'^{A-\- W^)F for 
r>R,, (ii) F(KJ^G(R,). By Lemma 10 {g,=F, g, = G, W,=--W^, W, = W), 
F{r)^G{r). As before this implies limsupr-^^'^' '^(r)^ - K / Z Q . 

These two bounds yield the desired result. D 

Lemma 10. Let BCR^ be an open set, let g^, / = 1,2, be two functions on IR̂  which 
are continuous on some neighborhood of B, the closure of B, and let W^ be two 
functions in Ll^^{B). Suppose that [zl + W^'jg^ ^ [zl + P^2]^2 ^^ distributions on B. In 
addition suppose that (i) g^^g2on the boundary of B, (ii) if B is unbounded, then for 
every e>0 there exists an R^ such that g^{x) — g2{x)^ —s on {x\xeB, |x |^i^J, (iii) 
0^W2{x)^W^{x), all XGB, (iv) ^^(x)^0 whenever gi{x)<g2{x). Then g^{x)^g2{x) 
for all xeB. 

Proof. Let </> = ^i —^2- Let D = {x\xeB, (/)(x)<0}, which is open. Then A(j)^ 2̂6̂ 2 
-W^g^, and thus /d(/)^0 on D by (iii) and (iv). Let U^ = {x\\x\<R^}. </> is 
superharmonic on DnU^, but </)=0 on 5D and (jy^—s on dU^. Thus ^'^—e on 
DnU^. Since e is arbitrary and R^ can be chosen to tend to infinity as 8^0, 0 ^ 0 on 
D, so D is empty. Q 
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Abstract. Let N^ denote the maximum number of electrons that can be bound to an atom 
of nuclear charge z, in the Thomas-Fermi-von Weizsacker theory. It is proved that N^ 
cannot exceed z by more than one, and thus this theory is in agreement with experimental 
facts about real atoms. A similar result is proved for molecules, i.e. N^ cannot exceed the 
total nuclear charge by more than the number of atoms in the molecule. 

1. Introduction 

The Thomas-Fermi-von Weizsacker (TFW) theory (von Weizsacker 1935, Benguria et 
al 1981, Lieb 1981) is defined by the energy functional (see Lieb 1981, § VII) (in units 
in which h^{2m)~^ = |e| = 1, where e and m are the electron charge and mass) 

where 

(Vp'/̂ (x))̂ dx+ir pixr^'d 

D{p,p)-

^pixY^'dx-^ V(x)p{x)dx + D{p,p) 

p{x)\x-y\ ^p{y)dxdy 

(1) 

(2) 

V ( x ) = I Zj\x-Rj\ (3) 

Here z,, Z j , . . . , ẑ ^ ̂  0 are the charges of K fixed nuclei located at JRJ, . . . , R^. The 
total nuclear charge is denoted by Z, Z = S^^, Zj. K = \ is the atomic case and here 
we shall simply write Z = Zi = z. dx is always a three-dimensional integral. f(p) is 
defined for electronic densities p(x)^0 such that each of the terms of f (p) in (1) is 
finite. In the physical situation, y = rphys = (37r̂ )̂ ^^ but, for generality, we shall allow 
y to be an arbitrary positive constant in what follows. The TFW energy for N (not 
necessarily an integer) electrons is defined by 

£(N) = inf(f(p)| jp = Ny (4) 

\ Work partially supported by Dpto Desarrollo Investigacion, Universidad de Chile. 
I Work partially supported by US National Science Foundation grant PHY-8116101-A02. 
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On energetic grounds, the value of A should be chosen to reproduce the Scott term 
in the expression of the atomic or molecular energy E{N) as a function of N and the 
nuclear charges, (see Lieb 1981, §§ V.B, VII.D). Numerically one finds (Lieb and 
Liberman 1982, Lieb 1982), A = 0.1859. However, we should retain A as an arbitrary 
positive constant. In the original TFW model (von Weizsacker 1935) the numerical 
value of A is 1. 

It is known (Benguria et al 1981, Lieb 1981) that there exists a critical value of N 
(depending on A, y and the Zj and Rj), which we denote by N^, such that for N ^ N^ 
the minimisation problem (4) has a unique solution, whereas for N> Nc there is no 
solution. In other words, N^ is the maximum number of 'electrons' that can be bound 
to the atom or molecule. The aim of this paper is to find an upper bound for Nc. The 
value of TVc is given by ^p, where p ^ O is the unique minimising function of f(p) 
without constraints. Let ij/^p^^^. Then ip is the unique positive solution of the TFW 
equation (for a saturated system), 

-A^l|;ix) + {yi|J{xr^'-ct>(x))iP{x) = 0 (5) 

where 

(f)(x)=V{x)-\x\-'*p withp = iÂ . (6) 

Note that (5) is the Euler equation corresponding to the functional ^(JA^)- The only 
previous rigorous results (Lieb 1981, Benguria et al 1981) for Nc were that Z < Nc< 2Z. 

Our main result is the following. 

Theorem I. For a TFW molecule of X ^ 1 atoms, 

0 < Nc - Z ^ 270.74( A/ yf^^K (7) 

for all choices of z , , . . . , z,̂  and R , , . . . , Rj^. In particular, for the value of A chosen 
in Lieb (1981) and Lieb and Liberman (1982) to reproduce the Scott term in the energy 
(i.e. A = 0.1859) and for the physical y = (37r^)^/\ 

0<Nc-Z<0.7335/<:. (8) 

In the TFW model the number of electrons is not generally an integer, but in a real 
atom N and z are required to be integral. How can theorem 1 be interpreted in the 
light of this additional requirement? One way is the energetic point of view: since 
E{N) is strictly decreasing for N< N^ and constant for N ^ Nc (Lieb 1981, § VILA), 
theorem 1 implies that E{z)> E(z+{) = E{z-^2). Thus, the (z+l ) th electron has a 
positive binding energy, while the (z-f2)th does not, and we can say that a singly 
ionised atom (but not a doubly ionised atom) is stable. This interpretation, however, 
suffers from the drawback that there is no solution to (5) when N = z+ 1. A second 
interpretation that leads to the same conclusion about atomic ionisation, but eliminates 
the problem that (5) has no solution for N = z + 1 , was kindly provided by John 
Morgan: introduce the Fermi-Amaldi correction (i.e. replace D{p, p) in (1) by ( 1 -
l /N)D(p , p)). Tliis has the effect of replacing z by z'(N) = N z / ( N - 1 ) . (It also 
effectively changes A and y, but not A/y.) Theorem 1 now states that a solution to 
(5) always exists if N^z'{N) while it never exists if N - 0 . 7 4 ^ z'(N). This implies 
that a solution exists (with N and z integral) if and only if N ^ z+ 1. However it is 
not clear that E{z-\-1) < E{z) in this Fermi-Amaldi model. 

The best previous upper bound on Nc is, as we said, Nc<2Z (Lieb 1981, theorem 
7.23), a result which is valid for both atoms and molecules. It turns out that such a 
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bound also holds for the Hartree (bosonic) atom. More recently one of us (Lieb 1984a, 
Lieb et al 1984) has proved a similar bound for the real Schrodinger equation namely, 
/Vc<2z + 1 for an atom and N^KlZ+K for a molecule of K atoms. This result (Lieb 
1984a, Lieb et al 1984) is valid regardless of the statistics of the bound particles. 
However, if the bound particles are fermions, as is the case for real matter, N^ should 
presumably not exceed z (for an atom) by more than one or two electrons. This is 
still a conjecture; however, it has been proved that NJz^ 1 as z^oo for fermions 
(Lieb et al 1984). On the other hand, we know that N^- z>0.2z for the Schrodinger 
equation of an atom with bosonic particles and for large z (Benguria and Lieb 1983, 
Baumgartner 1983, 1984). See (Lieb 1984b) for a review of the recent literature on the 
subject. 

In the Thomas-Fermi theory, defined by the energy functional (1) with A = 0, N^ 
is exactly Z even in the molecular case (Lieb 1981, theorem 3.18, Lieb and Simon 
1977). Equation (7) implies that for the TFW atom or molecule N^^Z as A^O. 
However, we do not expect NJ^A) to be analytic around A = 0 because the von 
Weizsacker correction is a singular perturbation to Thomas-Fermi theory. It is an 
open problem to derive an asymptotic expansion for NJ^A) around A = 0. 

Two other open problems arise from the results of this paper. The first is that while 
we prove an upper bound for N^-Z, we have no lower bound. We conjecture that 
Nc - Z ^ constant > 0 as Z-»oo. The second problem is related to the first: it is highly 
plausible that N^-Z is a monotonically increasing function of all the z, (for fixed 
/ ? ! , . . . , RK). IS this true? 

This article is organised as follows: in § 2 we give the proof of theorem 1; in § 3 
we determine the behaviour of N^ as Z goes to zero. Finally in § 4 we give a bound 
for the chemical potential of a neutral molecule. Such a bound is independent of the 
charge of the nuclei. 

We should like to emphasise that many of the results herein can be extended in 
two ways: (i) to spherically symmetric 'smeared out' nuclei; (ii) to the TFW theory in 
which the exponent f in (1) is replaced by some p9^j (cf Lieb 1981). For simplicity 
and clarity we confine ourselves here to point nuclei and /? = f. 

2. Proof of theorem 1 

The proof of theorem 1 will be divided into three steps. First, we estimate the excess 
charge Q = Nc - Z in terms of the electronic density p and the TFW potential cf) evaluated 
at an arbitrary, but fixed, distance r from all the nuclei. Then we find a local bound 
for p in terms of </>. These two estimates do not involve the z, explicitly. Therefore, 
if we can prove that at some distance of order one, (i.e. independent of the z,) the 
potential </> is bounded by a constant independent of the z,, then the two previous 
results will imply that Q is less than a constant independent of the Zj, which is basically 
what theorem 1 says. Proving this last fact about </> is our third step. We begin with 

Lemma 2. Let (/̂  ^ 0, </> be the unique solution pair for the TFW equation (5), (6) with 
V being the potential (3) for a molecule. Then, the function 

p{x) = {47rAiPixr-\-c^(xry^' (9) 

is subharmonic away from the nuclei, i.e. on ^^\U^=i Rj. 
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Proof. By direct computation 

Ap = p-'(477AiAA(A + </) A(/)) + /? (10) 

with 

h = 47rA/7" |̂(/)ViA - <AV</>Î  ̂  0. 

By (5), (6) the sum of the first two terms in (10) is (away from the nuclei so that 
AV = 0): ATTJ^^^^^^O. Thus, A/7^0, so p is subharmonic. D 

Remark. Let 

W{x)^y4>{xY"-,i>{x) (11) 

be the 'potential' in the TFW equation (5). Proceeding as in the proof of lemma 2, one 
can show that 

{ATTAilj{xY+W{xfy^^ (12) 

is subharmonic whenever W{x)^0. 
The next lemma gives a local bound for i/̂  in terms of (f). This bound is independent 

of the nuclear charges z,. 

Lemma 3. For all A G (0, 1) and all x G ̂ ^ 

rA^(x)^/^^(/>(x) + c ( A ) A V ' (13) 

with 

c (A)^(9 /4)7r 'A- ' ( l -A)- ' . (14) 

Proof. Define u{x) = ipixY^^. Then, from the TFW equation (5), 

-AM + (4/3A)(rM-(^)M + |Vw|V4M = 0 

and hence 

- A M + ( 4 / 3 A ) ( 7 W - < / > ) M ^ 0 . (15) 

Also, from (6) 

- A 0 = -47T(A^ = -47rM^/' X9^Rj,2i\\f (16) 

Let v{x) = yXu{x) - </)(x) - d, with d a positive constant. We shall show that v(x) ^ 0, 
all X, for appropriate d and A. From equations (15) and (16), 

- A D ^-(4yA/3A)(7M-(/))«+ 47rw^/l 

Let S = {x\vix)>0}. ip is continuous and goes to zero at infinity; </> is continuous 
away from the Rj and it also goes to zero at infinity (Benguria et al 1981, §111). 
Therefore v is continuous away from all the Rj and goes to -d at infinity. Hence S 
is open and bounded. Moreover, Rj ̂  S, ally since cf) = +oo at the Rj. On S, (f) < y\u - d 
so 

-Al) ^-(4yA/3A)(yM + ^ - yAM)w 4-477M /̂̂  

^M[47n/'/^-(4/3A)7^A(l-A)M-(4/3A)yAcf] 

^ 0 
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provided we choose A G (0, 1) and d =|(7rA/A)^7~^(l - A)~' in order that the quantity 
in brackets [ ] be non-negative for all possible (unknown) values of u(x). With that 
choice of A and d, v is subharmonic on 5. On dS v = 0, and therefore 5 is empty. D 

Corollary. For all X G ^ ^ 

(l>{x)^-3'2-''7r^A^y-'^-\50A^y-\ (17) 

If X is such that (/)(x)^0, then /7(x) = (47rAi/^(x)^ + </>(x)^)'/^ satisfies 

p(x)^{iy^^\67T^A^y-'^\96A^y-\ (18) 

Proof. By (13) and the fact that il/ix^^^^O, (f){x)^-c{X)A^y-^ for all A G ( 0 , 1). 
Minimising c(A) (at A=f) gives (17). To prove (18), take A = | (which minimises 
c(A)/A), let a = -IcA^y'^ and observe from (13) that 

p(xy^ max [47rA(3r/4)-'/ '((/)-a)'/ '+(/>']. (19) 

The right-hand side of (19) is convex in </>, so its maximum occurs either at 0 = 0 or 
(f) = a. </) = 0 prevails and gives (18). D 

In our next lemma, starting from p and </>, we introduce a smeared density p and 
potential </>. We find that p and ^ satisfy an inequality resembling the Thomas-Fermi 
equation for smeared nuclei. Then we use a comparison theorem to get an upper 
bound for the smeared potential ^ in terms of a universal function (independent of 
the Zj). Finally, noting that cf) is subharmonic away from the nuclei, we see that 
essentially the same bound applies to </>. In particular, this lemma says that at distances 
of order one from all the nuclei, in atomic units, </> is of order one and, in any case, 
independent of the z,. We note, however, that this bound is not satisfactory both very 
close and very far from the nuclei. Near the nuclei it diverges too fast. On the other 
hand, the bound is always positive, whereas </> is negative at large distances because 
Q = N^-Z is strictly positive. 

Lemma 4. Let il/^O, (f) be the solution of the TFW equation (5), (6) with V given by 
(3). Choose any R>0 and define 

6^257r - 'y ' = 2.53y' (20) 

which is independent of the Zj. Suppose X G ^ ^ is such that \x-Rj\>R for all 
7 = 1 , 2 , . . . , A : . Then 

(t>{x)^A7r'R-'^8 t {\x-Rj\-Rr\ (21) 
7 = 1 

Proof Let W= yp^'^ - 0^ p = i/̂ ^ and consider the Hamiltonian H = - A A + W. H is a 
non-negative operator, since its ground state, the TFW function e/̂ , has zero energy 
(chemical potential). Therefore for any function b^l} with V 6 G iJ we have 

j |V6(x )rdx + \y(x)6(x)'dx^0. (22) 

We shall choose h{x) to be a translate of the normalised ground state, e(x), of the 
Laplacian on a ball of radius R with Dirichlet boundary condition. That is, let 
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e{x) = {27TR)~^^^sm{Tr\x\R~^)/\x\Jor\x\^R and e(x) = 0 otherwise. Clearly, e{x) is 
spherically symmetric, decreasing and it has compact support. Let h^{y) = e{y-x) 
denote the translate of e and define g{x) = e{xY and gxiy) = g{y - ^)- Let B = 
^ I \^K{y)\^ dy- Clearly B does not depend on x. With this choice of b, B = (7r/i?)^A 
From equation (22) we have, 

J W{y)gAy)dy^-B all x (23) 

Note that j" W{y)g^{y) dy = {g* W){x), where an asterisk denotes convolution. Define 

^ = (t>*g-B. (24) 

Since 0 6 L^^'+1^'% e>0, (Benguria et al 1981, proof of lemma 7) and geU, all 
p ^ l , (f) is continuous and goes to -B at infinity (Lieb 1981, lemma 3.1). Using 
Holder's inequality, we have for all x 

(g * p'^'){x) ^ [(g * p)(x)]^/^( j g{y) dy^''' = [(g * p)(x)r' (25) 

where we have used J g{y) d>' = 1. Let us also define 

P^g*P- (26) 

From equations (23)-(26) we obtain for all x 

B^{(f>* g){x) - r(p^/^ * g)(x) ^ (A(x) + B - yp(xf^\ 

In other words 

<?^ rp ' / ' . (27) 

Notice that 0 is subharmonic away from the nuclei and that 0 = g * 0 - B with g 
being spherically symmetric, positive, of total mass one and having support in a ball 
of radius R. From this it follows easily that 

(t>{x)^${x) + B (28) 

for all X such that \x- Rj\> R (for all j). Thus, to prove (21) we need a bound on 0. 
From equations (6) and (24), using the bound (27) and the fact that the Laplacian 

commutes with convolution, we compute 

-(47r)-'A(^(x)= V ( x ) - p ( x ) ^ V(x)-y-'^\Mx)f^' (29) 

with 

Vix)=t Zjg(x-Rj) (30) 
7 = 1 

and with 0+(^) = max(<^(x), 0). 
Note that equation (29) resembles a Thomas-Fermi (TF) equation with smeared 

nuclei of spherical charge density Zjg{x-Rj). Indeed, let $ be the TF potential for 
this system (i.e. with equality in (29)): 

-(477)-' ^${x)=V(x)-y-'^'${xr^\ (31) 

It is known from general TF theory that (31) has a unique solution, <̂ , that goes to 
zero at infinity. 
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It is easy to see that 

^{x)^$ix) for all X (32) 

by observing that if the set M = {x|</)(x) - (/)(x) < 0}, then (̂  - (̂  is superharmonic on 
M and zero on the boundary of M and infinity, so M is empty. 

The next step is to bound cj). First consider an atom with V=z / r , r = |x|, and 
consider the function f{r) = 8{r- R)'"^ which satisfies 

(477)-' A / ^ y-'^Y^' for r > R. (33) 

Outside the ball of radius R (centred at the origin) $ satisfies 

{41Tr'^$ = y-'^'$'^\ (34) 

Again, by a comparison argument (and using the fact that / ( r ) - 0(r ) = oo when r = R) 

${r)^f{r) for r>R. (35) 

This, together with (28), proves (21) in the atomic case. 
For the molecular case, let ^j(x) be the solution to (31) for an atom of (smeared) 

nuclear charge z, located at Rj. By another comparison argument (Lieb and Simon 
1977, theorem V. 12 or Lieb 1981, corollary 3.6), 0 ( x ) ^ l ] i i $j{x). This, together with 
(35) and (28) proves (21). D 

We conclude this section with 

Proof of Theorem 1: atomic case. Let us start with the atomic case, V{x) = z/\x\, in 
order to expose the ideas most simply. The following facts have been established: 

p{x) = (47rA(A(x)H 0 (x ) ' ) ' / ' (36) 

is subharmonic for |x| > 0. 

p(x) ^(4/3)'/ '*167r'A'r"' (37) 

if <A(x)^0. 

</)(x) ̂  8{\x\ - Ry'^+TT^AR-^ (38) 

for all |x |> i ?>0 , with 8 = 257^7r"^ and with arbitrary R>0. 

y\Hxr^'^ct>{x) + c{\)A'y-' (39) 

for all | x | , 0 < A < l with c(A) = 977 ' [4A' (1 - A)]"'. 
The functions p, </>, if/ are functions only of |x| = r. As r->oo, (/^(r)-»0 faster than 

any power of r (Lieb 1981, theorem 7.24) and r<f)(r)-^ -Q. Thus, 

rp(r)-^Q as r^oo. (40) 

The subharmonicity and the fact that p(r) -̂  0 as r ^ oo imply that rp(r) is monotonically 
decreasing and convex. (This may be seen from the fact that Ap ^ 0 is equivalent, in 
polar coordinates, to d^(rp(r))/dr^^O.) Using (40) we conclude that 

Q^rpir) f o r a n y r > 0 . (41) 

The same conclusion, (41), can be reached from another viewpoint, which will be 
important for the molecular case: fix r > 0 and consider the domain D^ = {x||x|> r}. 
Let P be any harmonic function on D^ with P(x)-^0 as |x|-»oo and P ( x ) ^ p ( x ) on 

389 



With R. Benguria in J. Phys. B: At. Mol. Phys. 18, 1045-1059 (1985) 

1052 R Benguria and E H Lieb 

the boundary \x\ = r. Then P{x)^p{x) for all xeD^. (Proof: on the set E = 
{x\P{x)<p(x)}c: Dr, p- Pis positive, subharmonic and p- P vanishes on the boundary 
of E, so E is empty.) Now choose P{x) = rp{r)/\x\ for |x |>r . Then rp(r)^\x\p(x), 
for |x |>r . However, \x\p{x)-^Q as |x|^oo, and this establishes (41). 

To complete the proof, we make the following specific choices for r, /?, A: 

r = 0.9086 ( rV^) ' ' ' ^ i? = 0.4020 ( r V ^ ) ' ^ ' A =0.7825. (42) 

If 0(r) happens to be positive, we use the bound (38), followed by (39) and insert 
these in (36). (41) then implies that if 0 ( r )>O then 

Q ^270.74 ( A / r ) ' / ^ (43) 

(The numbers in (42) were chosen to minimise the coefficient in (43).) On the other 
hand, if (f){r)^0 we can use (37) and (41) to conclude that 

Q ^ 178.03 ( A / r ) ' / ^ (44) 

Clearly, (43) is the worst case, and this gives theorem 1. Note, however, that if it were 
to be shown that 0(r) =̂  0, then the bound (44) would be valid, and, using the physical 
values of A and y, one would obtain Q ^ 0.49. 

Molecular case. Equation (36) is still valid, except that p is subharmonic only on the 
set X9^ Rj (all 7 = 1 , . . . , X). Equations (37) and (39) are also valid. Equation (38) 
must be replaced by (21) on the set 

D^ = W |x - / ? ; !> /? for al l ; = 1 , . . . , A:}. (45) 

Now choose r, R and A as in (42) and consider the smaller domain 

Dr = {x\ \x - Rj\ > r for all ; = 1 , . . . , K}. (46) 

Consider the following function which is harmonic on D/. 

P(x) = Q, I \x-Rjr (47) 

where Qi is the right-hand side of (43), namely the value of the upper bound for rp(r) 
computed in the atomic case under the assumption <f){r)^0. As explained above, if 
we can show that P{x)^p{x) for all x on the boundary of D^, then P{x)^p(x) for 
all X 6 Dr. Taking the limit |x| -> 00 yields 

Q = l im |x |p (x )^ Vim \x\P(x) = KQI (48) 
|x|-»-oo |.x|^oo 

which is the desired result. 
Let X be on the boundary of D„ so that \x-Rj\ = r for some j (say j = m). If 

</>(x)^0, the bound (37) is valid and p(x)^Q2/r, where (?2<<?i is the right-hand 
side of (44). However, P{x) ^Qy\x-Rj~^ = QJr, so P{x) > p{x). On the other hand, 
suppose </>(x)^0, in which case we can use (21) and (39). Now use proposition 5 
below with the choices r = §, 5 = 2 and 

aj = 8i\x-Rj\-Ry^ bj = aj{A7TAfi^ I yk (oTJ9^m 

a^ = 6 ( | x - R ^ | - i ? ) - V A 7 r ' / ? - ^ 

b^ = {a^ + c(A)A^r-^)(47rA)^/VrA. 
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Recalling that \x- R^\ = r we have 

p{x)^pM+ S p{x-Rj) (49) 

where pi{r) is precisely the number we calculated before in the atomic case and 

p{x-Rj) = {by'+ajy'\ (50) 

By construction, P]{r) = Qi/r. Thus, p(x)^P(x) if we can show that p{x-Rj)^ 
Qi/\x-Rj\ for j9^ m. Let |x-Rj\ = u^r. We require that 

u\A7TA{y\)-^^^8-^\u-R)-''+8\u-R)-^]^Ql (51) 

However, the functions u^{u-R)~^ and u^{u-R)~^ are monotonically decreasing in 
M for M > R. Hence, the left-hand side of (51) is less than its value at u = r. But this 
is obviously less than r^p^irY which is Q]. D 

Proposition 5. Let 0^5=^2, 0=^^=^2 and let a , , . . . , aj<, fe,,..., /J^ be 2X non-negative 
numbers. Then 

^ Z ( a ; + / > j ) ' / ^ (52) [{I'^il'l 
Proof. It suffices to prove the proposition for X = 2 namely, for a, A,b,B^ 0, 

[(a + Ay + ib-\-Byf^^(a' + b'y^'-\-{A' + B'y^\ (53) 

If (53) holds then simply take a = a, ,A = S f O; (and similarly for b, B) and use 
induction. Now {a + Ay = (a-\- Af/ia + A)'"^ ^ (a ' + 2aA + A') /max(a '"^ A^'') ^ 
a ' + 2a'/^A'^^ + A'. A similar inequality holds for (6 + B)'. Squaring (53) and using 
these inequalities, it suffices to prove that 

This, however follows from the Cauchy-Schwarz inequality. D 

3. Behaviour of N^ for small Z or small y or large A 

Although theorem 1 gives an upper bound for all values of the ẑ , it is primarily useful 
for the large-Z behaviour of Q. In fact, the comparison function / we chose in the 
proof of lemma 4, (i.e. f{x) = 8(\x\-R)'"^ may be too big when we consider small z. 
Since the atomic </)(x) is bounded from above by V{x) = z|x|"' and the function g has 
support on a ball of radius R and total mass 1, <^(x) ^ z|x|~' for \x\ ̂  R. In particular 
^{R) ^ z | /? |" \ whereas the comparison function/goes to infinity at |x| = R. Therefore 
it is somewhat better to choose/(x) = 6 ( | x | - a / ? ) " ^ where a = a(z) = \ - (8/zR^y^"^ 
is such that f{R) = zR~\ Then, proceeding as in the proof of theorem 1, one gets a 
Zj-dependent bound for Q. Although we do not give any details here, we point out 
that as z goes to zero, for an atom, this upper bound goes to 3.057A^^^ with y = yp^ys. 
We know, however, that as Z goes to zero, Q vanishes because Q<Z (Lieb 1981, 
theorem 7.23). Thus, the previous bound is not good for small Z. Getting the behaviour 
of Q as a function of Z for small Z is the subject of this section. The main result for 
Q is contained in equation (63) below. 
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We begin with a normalisation convention. Choose z ? , . . . , z^ > 0 such that 

i 2 ; = i (54) 

and let / ? ? , . . . , R^K be fixed, distinct points in ^^. Let Z > 0 be the total nuclear charge 
in a molecule in which 

Zj^Zz', Rj = iA/Z)Rl. (55) 

In this molecule the length scale is A/Z. In TF theory, by comparison, it is Z~'^^. As 
Z ^ O the atoms move apart. One can also treat the case in which the Rj remain fixed 
as Z-^0; we do not do so explicitly here, but note that in the limit Z ^ O this is 
obviously the same as placing all the Rj at one common point. 

Let us write the solution to (5) as 

iP(x) = Z^A-'/^iii{{Z/A)x) (56) 

whence 

ilj{xfdx = Z ipixydx. (57) 

The TFW equation (5) then reads 

(-A+fiAW/^-0W)(A(x) = O (58) 

with 

y = yZ^^'/A (59) 

^ix)=V(x)-{\xr*p){x) (60) 

V{x)=tz^\x-Ry' (61) 

With this scaling there is only one non-trivial parameter in the problem, y. The potential 
V is that of a molecule with unit total nuclear charge and A = 1. Our goal is to elucidate 
the behaviour of (58) as y^O. From now on we shall omit the tilde on the various 
quantities in (58)-(61). 

Formally, at least, as y ^ O the solution ijjy to (58) approaches the solution ip^ to 
the Hartree equation 

( -A-( />(X))«AH = 0 (62) 

with (f) given by (61) and (60) with J/̂ H- This equation (which was also used in Benguria 
and Lieb 1983) has a unique positive solution, I/̂ H, because tfie proof in Benguria et 
al (1981), Lieb (1981), that (1) has a unique minimum and that this minimum is the 
unique solution to (5) only uses the fact that y^O. Assuming that JJA^^IJAH, (57) 
tells us that 

lim Q / Z = itjl,{x)dx-\. (63) 
z^o J 

Proving (63) is the goal of this section. 
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As stated earlier, 1 < J I / ^ H < 2 . For the atomic case K = \, z?= 1, (62) has been 
solved numerically (Baumgartner 1983) with the result that 

J iAH(^)'dx=1.21. (64) 

Thus, as Z-»0, Q=^0.21Z for an atom. The right-hand side of (63) is not known for 
a molecule, but we conjecture that 

J .AH(x)'dx^ 1+0.21 K. (65) 

The point y = 0 is not special. We shall prove the following general theorem which 
says that if y -» F ̂  0 then the solution if/y -»(/̂ p in a very strong sense. In particular 
there is strong L^ convergence so that (63) is justified. 

Theorem 6. Let tpy (and Py = ilf\) denote the unique positive solution to the TFW 
equation (5) for y ^ 0 , with A fixed and with V in equation (3) fixed. (Note: condition 
(54) is irrelevant here.) Let F^O be fixed. Then, as y-^F, xjjy^ijjy in the following 
senses: 

Vipy^Vipr strongly in L l (66) 

if/y -^ il/r and Py -> pr strongly in L^ (67) 

for all 1 ^ p ^ 00. 

Ixl"' * lAr-> l^r^ * «Ar strongly in L'' (68) 

for all 3 < / 7 ^ 00. 

Diil^lil^D-^Diiphil^l) (69) 

(cf(2)). 

Proof. Let y„ ^ 0 be any sequence with y„ ^ F and let il/„ = (/̂ ^ . Since if/r is unique, it 
suffices to show that some subsequence of il/„ converges to i/̂ r in the indicated senses. 
In the appendix it is proved that ||i/ry||oo< Coo = constant, independent of y. Since 
| |IAY||2<2, then for all 2^ /?^oo we have ||«A^||p< C^ = constant. With ^y given by (1) 
and with Ey being the minimum of f̂  we easily find, by considering ^yiipl) and iri^l), 
that 

lim Ey = Er (70) 

and also that ipi is a minimising sequence for ^r- By the proof in Lieb (1981) and 
Benguria etal {\9S\) of the existence of a minimum for ^r, and the lower semicontinuity 
of fr, we conclude that there is a subsequence (which we continue to denote by i//„) 
such that 

V(A„ -> Vi/̂ r strongly in L^ (71) 

Diil^lipD-^Diiljlilfl) (72) 

ij/n -» ipY almost everywhere (73) 

This proves (66) and (69). ((73) follows from the Rellich-Kondrachov theorem.) 
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Not only is ipnM ^ Coo for all x, but we also have the bound (with some constants 
M and a) 

ijj,{x)^Mtxp{-a\xy^') (74) 

for |r„ - r | small enough and for |x| > R for some fixed R. To prove (74) we note that 
for some Rx and some Q > 0 

(Ar (^ ) ' dx>Z+Q/2 
J B 

with B = {x\\x\<Rx}. Since H\B) is compactly imbedded in L^{B) (Rellich-
Kondrachov), there is a further subsequence such that ip^^ifj^ strongly in L^{B). 
Hence the entire sequence (see the remark at the beginning of the proof) converges 
strongly to ipr in L^{B). Thus, 

( / /„(x) 'dx>Z + Q/4 (75) 
f B 

for n large enough. (74) follows by the proof in Benguria et al (1981), lemma 8 or 
Lieb (1981), lemma 7.24(ii). Consequently, ip„(x)^ F(x) for all x and n large enough, 
where F{x) = Coo for |x| ^ R and F{x) is the right-hand side of (74) for |x| > R. Since 
FeU for 1 ^ /7^oo, (67) follows from (73) for 1 ^ p < o o by dominated convergence. 

The upper bound F and (73) also imply (by dominated convergence) that the 
convergence in (68) is pointwise almost everywhere and that g^ = |x|~' * \p\ is bounded 
by a function of the form G = min(5, t/\x\) for suitable s and t Again, by dominated 
convergence, we obtain strong convergence in (68) in U for 3 < p < o o . The L°° 
convergence in (68) follows easily from the L^ convergence of Py to pr together with 
the large |x| bound (74). 

To prove the L°° convergence in (67) note that in view of (74) it suffices to prove 
L°° convergence on bounded sets. But this follows from the fact (Benguria et al 1981, 
lemma 7, or Lieb 1981, theorem 7.9) that for any bounded set S and all x.yeS, 
\ipn{x)-ilJn{y)\<M\x-y\^^^ for some constant M which depends on S but (it is easy 
to see from the proof) not on n. D 

4. Lower bound for the chemical potential of a neutral atom or molecule 

Here, we prove a result which is somewhat related to the bound on N^. We shall show 
that the chemical potential of a neutral system {K not necessarily one) is bounded 
from below by a constant independent of the nuclear charge. We conjecture that a 
similar bound from above should hold. 

The chemical potential, -)Lt(N) = d £ / d N , as a function of N is nonpositive, 
continuous and monotonically increasing in N (for fixed nuclear charges) since E{N) 
is convex in N in TFW theory (Lieb 1981, theorem 7.2 and theorem 7.8(iii)). Therefore 
the binding energy AF (or affinity) satisfies |AE| </xoQ, where Q is the added charge 
((?= 1 for an electron). 

The fact that the chemical potential, -JJLQ^ -/JL(Z), for a neutral atom or molecule 
is bounded independent of the nuclear charges agrees with what is believed to be the 
case for the Schrodinger equation. 
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Consider the TFW equation for a neutral system (which is a generalisation of (5)), 
i.e. 

-AAilj + {yiP''^'-(l>)ip = -fjio^ (76) 

with (/> given by (6), (3), or equivalently, 

-A(/) =-47riA' X9^Ri,i-^\,2,...,K. (77) 

Here j j / /^ dx = Z = l / l , z,. Our bound is the following. 

Theorem 7. For a neutral system, i.e. for j ijj^ dx = Z, the chemical potential is bounded 
from below by, 

-fjLo^-llTT^A^y-' allZ (78) 

in the units chosen in the Introduction. In particular, for the value of A chosen in 
Lieb (1981) to fit the Scott term in the energy, i.e. A = 0.1859, and with r=rphys, 
/jLo^O.OlOS. 

Remark. Since Nc> Z (Lieb 1981, theorem 7.19), /JLO is strictly positive. 

Proof. First consider the TFW equation with arbitrary N = \ ijj^^ N^, in which case the 
right side of (76) is replaced by -fx{N)ilj. We know that fx{N) = -dE{N)/dN and 
that fJi{N) is continuous and monotonically decreasing (Lieb 1981, theorem 7.8(iii)). 
Therefore (78) will be proved if we can show that for every N> Z,IJL{N)< IITT^A^J'^. 
This, we shall now proceed to do. 

For every positive b and for all numbers (/^^O we have the algebraic inequality 

biP^^yil/'^'-^d{b)iP (79) 

with 

d(b) = 21 b^'y-'/256. (80) 

The TFW equation (with J i/̂ ^ = N > Z) implies 

-A^^|J + b^l/^-<f)l|/^{dib)-|Ji{N))^|/. 

Therefore, if )LA(N)^^(b) 

-A^^|/ + b^|/^-(f)^|/^0. (81) 

Now, as long as b is chosen so that 5>4(7rA)'/^ (77) and (81) imply that ip < P(f), all 
x e ^ ^ where P is the positive root of 6 = j8"' + 47r/3A To prove this, let S = 
{x\il/{x)>I3(l){x)}. Obviously Ri^S. Since ilz-pcf) is continuous in ^\{Ri}, S is 
open. On S, 

- A A(iA - j8(/)) ^-feiA^ +(/>iA + 47rAj8iA^ 

= p-\pcl>-l3{b-47TAl3)ip]iP 

where we have used the fact that b-47TAp = l3~\ Hence ip-ficf) is subharmonic on 
5. Moreover (/^-^(/> = 0 on a5u{oo}. Therefore S is empty and P(t>{x)^ ip{x) for all 
x G ^ ^ Since i/^^O, </> must be non-negative everywhere. On the other hand, </> = 
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V- |x | " ' * ijj^ and ji /^^>Z; consequently, </)(x)<0 for sufficiently large |x|. This is a 
contradiction, and we conclude that /jL{N)<d{b) whenever b = /3~' +47r/3A for some 
0</3<oo. Choosing /3 = (47rA)~'/^ yields the desired result, i.e. /JL{N) <277T^A^y~\ 

D 

Remark. From the asymptotics of the solution of equation (76) we see that /XQ'^^ 
somehow measures the range of the electronic density. If our conjecture is true, such 
a range would be independent of Z 
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Appendix 

Here, we give a bound for the L°° norm of the solution to the TFW equation. Such a 
bound is independent of y, the constant in front of the ip'^^^ term. This bound is used 
in §3. 

Lemma A. I. Let 4^ be the positive solution to the TFW equation for a molecule with 
V{x) given by (3). Then for all y>Q 

||^||oo^(27/167r)'/^(Z/A)^/^||(A||2 

with ||(A||2<(2Z)'/' (Lieb 1981, theorem 7.23). 

Proof. Because of lemma 9 in Benguria et al (1981), ipeL^. From equation (5), 
-A ^ipix)^ V{x){p{x). First, consider a single atom with V{x) = z\x\~\ In this case, 
therefore, 

z\ynx-y\-'iP{y)dy. (A.l) A(A(x)^(47r)~ 

Hence 

Srrz-'AiPix)^ | {\y\-'-^\x-y\-')ip{y) dy 

\yr\Hy) + ̂ ix-y))dy. (A.2) 

We decompose this last integral into two terms. One integral over .{|>'| < r} and the 
other over {\y\> r} for any fixed r>0. We have, 

\y\-\^{y) + Hx-y))dy^S7Tr\\iPU (A.3) 
| v | < r 

\y\~'my) + ̂ {x-y))dy^2M2{47T/ry^' (A.4) 
l>'l>r 
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by Holder's inequality. Thus, substituting (A.3) and (A.4) into (A.2), we have 

87rz"'A(A(x)^87rr||iA||ao + 2||iA||2(47r/r)'/' all r > 0 (A.5) 

and minimising the right-hand side with respect to r we get 

87rA(AU)^6z||(A||^/^||(A||2^'(27r)'/' all x. (A.6) 

In the molecular case 

A(A(x)^(47r)-' t \ Zj\y-Rj\-'\x-y\-'il^{y)dy. (A.7) 
7 = 1 J 

Using the same analysis (A.2)-(A.6) for each term on the right-hand side of (A.7) (but 
with {\y - Rj\^ r,} and with r, depending on j) we have that 

SnAHx)^6ZMm4'\\r{2^f''- (A.8) 

The lemma is proved by taking the supremum over x on the left-hand side of (A.8). 
D 

Remark. By making a similar decomposition, one can show that 

\\B^'\U^H^/2r'Mr\\4'r^'^Ml{Z/A)x9x2-''\ (A.9) 

where 

(x) = j | x (B(AO(x)= \x-yriPiyydy 

and ||(A||2<2Z (Lieb 1981, theorem 7.23). The second inequality in (A.9) comes from 
lemma A.l. Actually, the sharp constant in the middle term of (A.9) is 3(77/6)'^^ not 
3(77/2)^/^ One can show that the maximising p for ||Bp||eo/(||p|inip||^^') is P = 
characteristic function of a ball. 
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We first prove thatYj\e(y) |, the sum of the negative energies of a single particle in a 
potential V, is bounded above by {4:/15TT)f\Vr'^. This, in turn, implies a lower bound for 
the kinetic energy of AT fermions of the form -|(37r/4)'^/Vp^ , where p(x) is the one-parti­
cle density. From this, using the no-binding theorem of Thomas-Fermi theory, we p re ­
sent a short proof of the stability of matter with a reasonable constant for the bound. 

The basis of all theories of bulk matter is the stability theorem of the JV-electron Hamdltonian/ 

Hs^tpi'-h E2j*.-fij-'+z;k*-*/'+ s Iff"fs Î AN. (1) 
Equation (1) has been proved by Dyson and Lenard.^ Unfortunately, their analysis is complicated and 
their constantyi gigantic, about 10̂ "*. Despite subsequent improvements,^"^ a simple proof yielding a 
reasonable constant A has not yet been found. In this note we propose to fill this gap. 

We start with the observation that if Thomas-Fermi (TF) theory were valid, then the no-binding the­
orem^ would yield the desired result because the TF energy is proportional to the number of atoms. 
Our goal will be to show that the TF energy, with suitably modified constants, is a lower bound to F^ . 
To show this, we have to demonstrate two things: (i) The TF approximation for the iV-fermion kinetic 
energy, Kjp^^^, is a lower bound for some K>0; (ii) the TF approximation for the electron repulsion, 
!!p(^)p{y)\x -y\"'-d^xd^ , can be converted into a bound by a further change of constants. The follow­
ing is a sketch of our proof. Fine points of rigor, together with some variations of the inequalities giv­
en here, will be presented elsewhere. 

(i) Kinetic energy of N fermions.—Consider the Schrodinger equation for one particle in a potential 
V{;c), Schwinger"^ has derived an upper bound for N^(y), the number of energy levels with energies ^E. 
F o r a > 0 , and with l/(!c) L = - / ( J : ) f o r /<0 and 0 otherwise, 

/ / .„(F)<iy^. , / , ( |7+a/2|J^(47r)-2/^^xA'l^(^)+«/2Lk->^|-^exp[-(2ar/^ |x-3; | ] |V(:v)+a/2| . 

<(47r)"^(2a)-^^2/rf3^|y(^) + a/2|.2. (2) 

The last inequality is Young's. Consequently, the sum of the negative energy eigenvalues oip^ + V is 
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bounded by 

EUi(V')l =r^-a (^)< '««(8 ' ' ) - ' 2 ' " /< i^* / ; " ' ' ' ' * ' -daa-"nV(») + a / 2 ? = {i/m)jd'x\V(y)\J'' (?) 
J 

By comparison, the classical value is 

(2'irr'jd'xjd'p \p' + V(^t = (l^Ti^yjd'xlVixV^'. (4) 

We conjecture that (4) is actually a bound. In one dimension an analog of (3) holds with l\V\.^^, but 
we have a counterexample that shows that the classical value is not a bound. 

Now let ip be any iV-particle normalized antisymmetric wave function of space-spin. Define 

p,i?c)=Njd'x,' '*d^x^ E \4>(;c,x,,... ,x^; ±,a,,... ,a^)|% (5) 

T={ip\-j:^i\ip), (6) 
i = l 

K^T{Jp,'^'+Jpyr'>0, (7) 

and TTi are projections onto the single-particle spin states. Let hi^p^^- (5K/3)[p+^^(>;i)7r^++p.2^3(v^) 
XTTJ.] be a single-particle Hamiltonian and 

N 

H = Ehi, 
i = l 

VLEQ is the fermion ground-state energy oiH thenEQ^{^\H\^)^T - (5iC/3)(/p+^^^+/p.^'^). On the other 
hand, E^ is greater than or equal to the sum of all the negative eigenvalues otp^- {bK/Z)p^'^^ together. 
By (3), EQ^ - (4/157r)(5/C/3)^^2(/p^5/3^ jp^5/3)^ Combining these two inequalities^^ yields 

i f ^ f (377/2)2/3. (8) 

With 

P(^) = P.(^) + P.(^), (9) 

and using the convexity of Ip^'^y we obtain a weakened version of (8): 

T > f (37r/4)2/3/p(^)5/3^3^^ (10) 

If (4) were a bound, then the TF constant, 1(377 )̂2/3^ could be used in (10). 
(ii) Electron repulsion.—In this paper we shall use TF theory twice; the first use is to derive a the­

orem about electrostatics. The TF energy functional with r > 0 and positive charges Zf^ at locations /2,j 
is 

(S , (p)=(3 /5r ) /p^ '3-E/^^ ;^p(^)k-«J-^Z, + iJ jp(v)p(y)U->; |-^^3^d3>;4-E^,^Ji2;- i?J-^ (11) 

im o 
sly S( 

(Sy(p)>-3 .68rE V , (12) 

For any i? j , the minimum of S y{p) occurs when ip=T/j^j iJ = 1 to M), and this in turn has a minimum 
when thei^j are infinitely separated (no-binding theorem®). Thus 

i = i 
77/3 : since a neutral atom of charge Z has an energy - 3.68yZ''/3 ^^ TF theory. 

Consider (11) withi2_, being the electron coordinates, x^, Zj = l, M=N, and p given by (5) and (9). 
Multiply (11) by \ip\^ and integrate, and then use (12). Thus, for all r >0, 

{iP\E\x,-Xj\''\iP)^\jjp(;c)p(y)\x-yrd'xd'y-{Z/by)ld'xpf!cf'^3MN. (13) 

Therefore we have an electrostatic theorem that < — 
the TF estimate for the electron repulsion [the (iii) Stability of matter.—Combining (10) and 
first term on the right-hand side of (13)] is a low- (13), with y > (4/377)̂ /3 and H^ being the nuclear 
er bound provided one makes a kinetic energy coordinates, yields 
correction and subtracts an energy proportional 
to the electron number. {ip\Hff\il)}^S^{p) - ZM Ny, (14) 

688 

402 



Bound for the Kinetic Energy of Fermions 

VOLUME 35, NUMBER 11 P H Y S I C A L R E V I E W LETTERS 15 SEPTEMBER 1975 

with 1/6 = (377/4)2/3 _ 1/y and p given by (5) and (9). 
A lower bound is obtained by minimizing 6 5 over 
all p such that /p =N. For simplicity we shall on­
ly use the absolute minimum of S^. By (12) 

>\H^\ip)^, •3.68(i\ry + 6 E z / T . (15) 

(16) 

Optimizing (15) with respect to y yields 

[ fH Z 7/3\ l/2-| 2 

i+fE-JT-j J . 

Remarks.—(1) If the fermions are of q species 
(instead of 2 as in the electron case), then the 
right-hand side of (10) would acquire a factor (2/ 
qY'^ and the right-hand side of (16) a factor {q/ 
2)2/3^ 

(2) If all Z,. = Z, our result (16) gives a Z'^'^ de­
pendence instead of the known Z* bound.̂  If MZ 
< N then MZ'^'^/N < Z^^ ̂  which is an improvement 
over Refo 3. If MZ >N then we have to use the /p 
=N condition in (14). The TF no-binding theorem 
also holds in the subneutral case. By convexity 
of the TF energy in /p , the minimum occurs for 
M atoms with equal electron charge N/M. If MZ 
»N the energy per atom is proportional to (N/ 
Mf'^Z"". Then <?/'l̂ l̂?/'> is bounded below by -al^ 
_ 5^2^2/3^1/3^ While this has the correct Z de­
pendence, it has the wrong M dependence^; M^^ 
should be replaced by N /̂ŝ  r̂ ĵ ĝ difficulty is in­
herent in TF theory. What one needs is a simple 
proof that if MZ »Nf then one can remove most 
of the surplus nuclei without affecting the energy. 
Even for iV̂  = 1 this is not a simple problem. Nev­
ertheless, our present bound is proportional to 
the total particle number, and this is sufficient 
for proving the existence of the thermodynamic 

limit.^° 
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which is likely to be easily satisfied. 
If the decay D* ~*-E^^if is not enhanced, as is to 

be expected theoretically, the upper limits on all 
the remaining modes^ Jl^'^f'S'IT^JT" , mvlK'^K", 
lead to no constraints at all, because these modes 
are suppressed by tan̂ î̂ q relative to the dominant 
modes. 

Obviously, the nonobservation of charmed had™ 
rons at SPEAR does little to strengthen the case 
for the hidden-charm interpretation of the newly 
ciiscovered bosons. How much the case is wealt-
ened by the new data is a topic for subjective in­
terpretation of the bciuiicis we have quoted above. 
In oi.ir minds the m̂ Dst damaging result is that 
t̂ ?o~bod,y decays of D'-^ account for less than Wfv 
of its total width; While such a suppression is 
neither mithinkable nor unprecedented, we find it 
disturbing not only because it is so small but al­
so because, if 909i: of the nonleptoulc decays are 
to three or more particles, it will be difficult to 
understand the observed charged-particle multi­
plicity. We disagree with the conclusion of Boyar--
ski ei î L that their upper liinit on BiD'^~^K%^ or 
K°°i!*rf'^) violates the expectation of the convention­
al model by a factor of at least 3,-̂ ^ In fact, in 
the conventional model., with all of its pre-J/^/-
baggage of sextet enhancement and 10 suppres­
sion, both decays are expected to be absent (ive., 
not dominant). An incautious interpretation is 
that the nonobservation of these modes is good 
for the model,, but ŵ e do not wish to go so far. 
Indeed, it is our feeling that if some of the upper 
limits, such as those given in Eqs. (2), (9), and 
(13), were decreased by factors of 2 or 3, the 
conventional chaxm scheme^"'-' w ôuld require mod­

ification. 

* Alfred P, Sloan Foundation Fellow; also at Enrico 
Fermi Intjtitute, University of Chlcag'£3, Chicago, El, 
60637, 

fOpcrated by Universities Eeficarcb Association lac. 
under contract %vith the U, S» Energy Reaaarch and De­
velopment Administration* 

•̂ A. M. Boyarskiee cd.^ Phya. Rev. Lett* 35, 196 
(1915). «~ 

•^S, L, GlaBhpw, J, niopouloSj andL» Maiani, phys* 
Rev. D_2, 1285 a p O ) . 

%c» AMarcUi, N„ Cabibboj mkd L, Maiaul, Nuel, Phys, 
B8S, 285 (19-75), Tlie same result wm given indcpend-
"eSy by R, L. Kingsley, S, B. Treimaa, F. Wflczek, 
and A. Zee, Phys, Rev. D JJ., 1919 (1975)* 

•'̂ Kinis.'sley, Treiman,. Wilczak, and Zee, Ref* 3* 
'̂ M. B. Eiohorn and C» Quig-g^ Phys. Rev, 0 (to be 

published). 
^M. K, Gaillardj B. W» I'.ec, mid J* L, Rosner^ Rev. 

MCKJ, Phys. 47, 277 (1975). 
I j . -E, AwgTistin et d,, Phys. Rev, Lett. 34, 764 

(1975), " " " 
^V. Chaloupka^ (d., Phys. Lett. ^50B, 1 (1974)*. 
^Y, Dothaji and H/Hararl». Niiovo Ciraento, 8-uppl, No. 

3, 48 (1965). The statament in Re t 1 that the modes 
A'"?r+-iT+, J?'^/?%-'-;A''%'•??,. and ir%*tf̂ ' should occur in 
the ratios 4:4;S :1 is correct only If they are In the 
totally symfnetHc 1£. It Is not true in general. 

^%.'K.'Gaillard and B. W* Lee, Phys.'Rev. Lett. 33, 
108 (1974)* "~ 

^^G. Altarclli and L, Malani, Phys, Lett. 521B, 331 
(1974), . ' ' '" 

^''The discussion OTrroundlng Table IV of R e i 6, on 
which Boyarski ei al, apparently base their conclusion, 
clearly waj^ns that these modes may be strongly swp--
pressed. 

ERRATUM 

BOUND FOR THE KINETIC ENERGY OF F E R -
MIONS WHICH PROVES THE STABILITY OF 
MATTER. Ell iot t H. Lieb and Wal ter E. T h i r -
r ing [Phys . Rev. Lett . 35, 687 (1975)]. 
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N,^j^{-\V+a/2\.). 

Equation (13), r ep lace -3 .68 iVwi th -3.68;\^y. 
Equation (15), r ep l ace ( . . .Y with (. . . ) . 
On page 687, l ine 15, r ep l ace ^E by < £ . 
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Stability of Coulomb Systems with Magnetic Fields 
I. The One-Electron Atom 

Jiirg Frohlich^'*, Elliott H. Lieb^'**, and Michael Loss^'*** 
^ Theoretical Physics, ETH-Honggerberg, CH-8093 Zurich, Switzerland 
^ Departments of Mathematics and Physics, Princeton University, Jadwin Hall, P.O.B. 708, 
Princeton, NJ 08544 USA 

Abstract. The ground state energy of an atom in the presence of an external 
magnetic field B (with the electron spin-field interaction included) can be 
arbitrarily negative when B is arbitrarily large. We inquire whether stability 
can be restored by adding the self energy of the field, j B^. For a hydrogenic like 
atom we prove that there is a critical nuclear charge, ẑ , such that the atom is 
stable for ZKZ^ and unstable for z > ẑ . 

1. Introduction 

The problem of the stabihty of an atom (i.e. the fmiteness of its ground state energy) 
was solved by the introduction of the Schrodinger equation in 1926. While it is true 
that Schrodinger mechanics nicely takes care of the — ze'^lr Coulomb singularity 
at r = 0 (here z\e\ is the nuclear charge), a more subtle problem that has to be 
considered is the interaction of the atom with an external magnetic field B{x) with 
vector potential A{x) and B = curM. In this paper the problem of the one-electron 
atom in a magnetic field is studied; in a subsequent paper [6] some aspects of the 
many-electron and many-nucleus problem will be addressed. 

Units. Our unit of lehgth will be half the Bohr radius, namely / = li^/(2me^). The unit 
of energy will be 4 Rydbergs, namely 2me'^/h^ = 2mc^(x^, where a is the fine 
structure constant e^l{hc). The magnetic field B is in units of |e|/(/^a). The vector 
potential satisfies 5 = curM. The magnetic field energy (j B^/Sn) is, in these units, 

^jJB^ \/e = Sn(x\ (1.1) 

* Work partially supported by U.S. National Science Foundation grant DMS-8405264 during 
the author's stay at the Institute for Advanced Study, Princeton, NJ, USA 
** Work partially supported by U.S. National Science Foundation grant PHY-8116101-A03 
•• • Work partially supported by U.S. and Swiss National Science Foundation Cooperative 
Science Program INT-8503858. Current address: Institut f Mathematik, FU Berlin, Arnimallee 3, 
D-1000 Berlin 33 
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The first problem to be considered is one in which the electron spin is neglected. 
The Hamiltonian in this case is 

W = {p-Af-zl\x\ (1.2) 

(with p = iV). H' presents no interesting problem as far as stabihty is concerned 
because the effect of including A is always to raise the ground state energy. 
(Reason: For any t/?, {\p, (p- AJ-'xp) ̂  (\xpl p^\\p\)- This is essentially Kato's inequal­
ity [4] (see e.g. [13]). On the other hand {y),\x\~'^y)) = (\xp\,\x\~^\xp\), so we can 
lower the energy by replacing \p by \xp\ and setting A = 0.) 

The problem becomes interesting when the electron spin is included, and this 
problem is the subject of this paper. The wave function \p is a. two-component 
(complex valued) spinor: 

\p{x) = (\pi(x),y)2(x)). (1.3) 

The Hamiltonian is 

H = (p-Ay-(7'B{x)-z/\x\ (1.4) 

= Lcy(p-A)y-z/\x\ (1.5) 

where (71,(72,0-3 are the PauH matrices. The first term in (1.5) is the PauU kinetic 
energy and is the non-relativistic approximation to the Dirac operator. 

The ground state energy EQ(B, Z) of if is always finite but depends on B in such 
a way that EQ^ — 00 as B^oo (for a constant field), roughly as —(In^)^, see [1]. 
What prevents B from spontaneously growing large and driving £0 towards — oc ? 
(We do not inquire into the source of this B, but simply assume that nature will 
always contrive to lower the energy, if possible.) The answer, which we shall take as 
a hypothesis here, is that the price to be paid is the field energy J B^/Sn. Thus, we 
are led to consider (in our units) H + e^Bix^dx and ask whether 

E(B,z) = Eo(B,z) + e^B^ (1.6) 

is bounded below independent of B. This problem is important in the analysis of 
stabihty in non-relativistic quantum electrodynamics [we have omitted the term 
j£^ which makes (1.6) a lower bound and which makes the magnetic field 
classical]. We define 

£(z) = inf£(B,z). (1.7) 
B 

In the remainder of this introduction we shall first outline our results about 
£(z), then discuss their physical interpretation and finally formulate some 
preliminary mathematical facts and notation. 

We show that there is a critical value of z (called ẑ ) such that 

E(z) = — 00 for z>z^, 
(1.8) 

£(z) is finite for ZKZ^. 

The value of ẑ  is proportional to 1/â  (not 1/a as in the case of the Dirac equation 
or the "relativistic" Schrodinger equation [3]). Section II (in conjunction with [8]) 
contains the proof that ẑ  is finite. The fact that ẑ  =|= 00 is intimately connected with 
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the fact that the equation 
(7'(p-A)xp = 0 (1.9) 

has a non-zero solution with xpeH^ and AeL^. When we first worked on this 
problem we realized this connection and proved (Sect. II) that 

z, = mfsiB'/ixp,\x\~'w). (1.10) 

where the infimum is over all solutions to (1.9). (Clearly, any solution to (1.9) has 
zero kinetic energy so that if z exceeds the right side of (1.10) the total energy can be 
driven to — oo by the scaling xp(x)-^X^^^xp{yix), A(x)^?iA(Xx). The converse is the 
difficult part of Sect. II.) At first it was unknown whether or not (1.9) has a solution, 
but now several have been found [8]. 

Section III gives a lower bound to ẑ  (which we call z^): 

z, > zf = (24.0)/(87ra^) > 17,900. (1.11) 

This is far better than that needed for physics. For all z < z^ we also derive a lower 
bound for E{z): 

E(z)^ -iz'-z\32z^)-\\ -iz/z^y" . (1.12) 

[Note that E(z) is trivially less than —^z^, which is the ground state energy for 
5 = 0.] 

The B field that causes E(z) to diverge when z > ẑ  is highly inhomogeneous 
(both in magnitude and direction) near the nucleus. In astrophysical and other 
apphcations [9,11] one is interested in studying atoms and ions in very strong, 
external magnetic fields with the property that the direction of the magnetic field is 
constant over distance scales many times the scales of atomic physics, to a very 
good approximation. Theoretical astrophysicists have carried out large-scale 
numerical calculations of the spectra of atoms and ions in very strong magnetic 
fields and have tried to correlate theoretical predictions with experimental data. As 
a modest contribution to the mathematical foundations of this kind of work, we 
estabUsh stabiUty of one-electron atoms in arbitrarily strong magnetic fields whose 
direction (but not magnitude) is constant in a neighborhood of the atom. This is 
done in Sect. IV, where we prove that E(z) is always finite in this case. An open 
problem for further investigation is the analysis of EQ(B, Z) for magnetic fields that 
are curl free in a neighborhood of the atom. 

Before proceeding to the physical interpretation, we note in passing that the 
electron g factor was taken to be 2 in (1.4). If we replace the a- B term in (1.4) by 
^g(7 • B then two cases arise: 

g<2. Here we can write the kinetic energy as i^[cr(p —A)]^ 
+ (1 — 2^)(p —^)^- The first term is nonnegative and the second, when combined 
with —z/\x\ gives a Hamiltonian of type H' in (1.2). This is bounded below by 
—jz^/{2 — g), and hence E(z) is always finite. 

g>2. Here, E{z)= — oo for all z, including z = 0. To see this, let B be a field 
which is constant = 5(0,0,1) over a large cube of length L, with A=^B(x2, —x ,̂ 0) 
inside this cube. Let B drop to zero outside the cube so that / = j 5^ < oo. Take xp to 
be a ground state Landau orbital (cut off in the X3 direction so that xp e L^), i.e. 

\p(x) = (const) (1,0) exp [ —jB(xl + xf)'] cosinxJL) 
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and ip(x) = 0 for |x3|>L/2. With B fixed and with L big enough, we'can have 
{xp,lG'(p-A)'y'\p)^\{gl2-\)B and {\p,(j'Bxp)^\B. Also I^2B^L\ The total 
energy (with z = 0) is less than -l{g/2-l)B-\-2B^L^8. Now, let /i>0 and replace 
\p(x) by P^^ilx), A(x) by XA{Xx) and B{x) by X^B(lx). The energy is then less than 
—lX^(g/2—l)B + 22,B^L^s. (This scaling is exact and will be employed frequently 
in the sequel.) As >l-^oo, the energy tends to — oo, so stability never holds. 

Since physically g>2 because of Quantum Electrodynamics (QED) effects, it is 
clear that if we try to "improve" (1.4) by replacing a-Bby {ga • B we shall get an 
inconsistent theory. The only truly consistent procedure is to include all QED 
effects, and this is outside the scope of this paper. 

The foregoing aside about the ^-factor leads us to the question of the physical 
content of the results of this paper, (1.8)-(1.12). There are two ways to view them. 
The first is to observe that (1.8) and (1.11) show that atomic physics with the 
Hamiltonian (1.4) contains no seeds of instability for small z (small meaning 
z< 17,900) and that perturbation theory (in B) can be safely employed for very 
small B. (Of course one should also analyze the many-electron and many-nucleus 
problem to be certain about this conclusion. We are unable to do this fully, but in a 
subsequent paper [6] we do successfully analyze two problems: the one-electron, 
many-nucleus problem and the one-nucleus, many-electron problem, i.e. the full 
atom.) The fact that the theory is well behaved for small z is not entirely a trivial 
matter, especially when the situation is contrasted with that for spin-spin 
interactions (either electron-electron or electron-nucleus). Here, one adds a two-
body term (J''•a^|x^^-3((7''•x)(c^^•x)|x^^ where x is the vector between 
particles a and h. The |x|" ̂  singularity is not integrable and, in particular it cannot 
be controlled by the kinetic energy. Thus, a system with this interaction is always 
unstable in our sense. The treatment of the interaction by perturbation theory, is 
not really a consistent procedure. 

Of course, it is always possible to restore stability by cutting off the Coulomb or 
spin-spin interactions at the Compton wavelength of the electron, but then the 
theory would depend critically on this wavelength. StabiHty, in the sense we use it, 
implies that the Schrodinger equation for electrons and nuclei is independent of 
the electron's Compton wavelength-in conformity with what is always assumed to 
be the case. 

The second viewpoint is to emphasize the breakdown of (1.4) when z>z^ and to 
say that magnetic interactions impose an upper bound on za^. Here we are 
treading on shaky ground. If we specify \p and ask what B minimizes {\p, H\p) 
+ ejJB^, we easily find that Maxwell's equation takes the form 

2ecurlB(x)=;(^) = 2Re<tp,(/?-.4)i/;>(x) + curl<v;,^ip>(x). (1.13) 

[Notation, (tp, H\p) has been used to denote the usual expectation, including 
the x-integration. <i/;, atp) (x) denotes the inner product with respect to the spinor 
indices only, and hence it is a function of x. <ip,V^>(x) = |ip(x)|^ = |v;i(x)|^ 

The first term in; is the electron current (p — A is the velocity). The second term 
is the "spin" current; it is conserved. The B field in (1.13) cannot be viewed as 
external; it is, in fact, generated by the electron as (1.13) shows. It is this B field that 
causes the breakdown when z > ẑ . [Technical note. In Sect. II we choose a special 
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pair xp, A with a • (p — A)xp = 0, so that the right side of (1.13) is zero. For this xp, the 
B field we use is not exactly optimal [because (1.13) is not satisfied], but the error 
becomes inconsequential when we employ the A-scaling \p(x)^yi^^^\p(Ax) and A{x) 
-^^y4(2x).] 

The instabihty of (1.6) for z>z^ might indicate a quahtative change in the 
behaviour of non-relativistic quantum electrodynamics (QED), e.g. some kind of 
phase transition or an intrinsic instabihty, as z becomes large. For a compelling 
argument in this direction we would, however, have to include the term J E^ in the 
Hamiltonian, quantize the electromagnetic field and properly renormalize the 
theory. Our calculations can be viewed as a quasi-classical approximation to that 
theory. The fact that this approximation exhibits an instabihty, for large z, should, 
by experience, be seen as a warning that the full theory might also exhibit a drastic 
change in behaviour, for large z. 

Physically, our instabihty result for z>z, is, of course, quite irrelevant, because 
z^> 17,000. Nuclei with nuclear charge above -100 are not known to exist in 
nature, and even if nuclei with z—10,000 existed electrons moving in their field 
would be highly relativistic particles, so that our use of non-relativistic kinematics 
is not justified for values of z where the instabihty occurs. Nevertheless, we feel that 
it is an interesting mathematical problem to explore the consistency of this model 
even beyond the domain, where the approximation is justified. 

As remarked after (1.12), the interaction given in (1.4) lowers the energy. In 
contrast to this, the Lamb shift, which is obtained from a proper QED calculation 
(but only in perturbation theory), is a raising of the energy. Furthermore the Lamb 
shift is of order z'^oc^ (apart from logarithmic corrections) which contrasts with our 
lowering (1.12) which is of order z^a^. Our result is not directly comparable with 
the Lamb shift since the latter requires a fully quantized theory with 
renormalization. 

Now we turn to the mathematical preliminaries to the rest of this paper. Some 
notation will be introduced and, more importantly, a careful discussion of the class 
of functions (A, B, xp) will be given. 

First, consider the B field. In order that (1.1) make sense we obviously require 
B e L^(IR^). [Notation. For vector fields {A or B) 

M|| ,^ | | (^ .^)^ /^ | | , , (1.14) 

where A = {A^,A2,A^) and A-A = Y.\M^' For spinors \p 

\\wh=Kw.wy'X. (1.15) 

where <tp,tp>(x) = |v^i(x)p + |t/;2WP= |ZI<V^,^fV^>(^)l'V^'. For gradients 

with di = d/dXi, i=\, 2, 3. A similar formula holds for HFv̂ Hi-] The vector po­
tential, A, satisfies curlA = B, but A is determined only up to a gauge (i.e. A^A 
+ V0). Gauge transformations on xp (i.e. xp-^e^*^xp) can be nasty (e'^ can have very 
bad differentiabihty properties). This problem is avoided by fixing a gauge, namely 
the Coulomb gauge, divX = 0. Additionally, it will be convenient to have the 

E i M / V i =\i:UdiAfY'' (1.16) 
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formal identity (when div^ = 0) 

\\B\\l = \B^ = \\VA\\l. (L17) 

The danger is that A might conceivably have bad decay properties at infinity which 
would prevent the necessary integrations by parts in (1.17). This problem is 
resolved in Appendix A. Notice that if VA e L^ and if A(x)^0 as |x|->oo in a weak 
sense, see [2], then, by the Sobolev inequaUty 

IIP^II^^SMII^, (1.18) 

so A is automatically in L^. Theorem A.l in the appendix states that when BeL^ 
there is a unique A satisfying 

curM = B, divyl = O i n ^ ; and AeL^, (1.19) 

and this A also satisfies (1.17), which implies VAeL^, Here, ^' denotes the usual 
space of distributions. This is the A we shall use (except in Theorems 2.1 and A.2 
where only the assumption AeL^ is used). 

Next we turn to the spinor field xp which obviously must be in L^. To avoid 
operator domain questions we shall interpret the first term in (1.5) as a quadratic 
form Q=\\(T-(p-A)\p\\l. Theorem A.2 states that if a-(p-A)xpeL^, xpeL^, and 
A eL^, then automatically Vy)eL^. This, in turn, implies that (xp, \x\~'^xp)<co by 
(1.18), or by the well known uncertainty principle for the hydrogen atom, 

IIV^Il2ll^V^ll2^(tp,W"V). (1-20) 

Therefore, we introduce the class of function pairs 

^ = {ip,A\wsH\K%\\xp\\2 = lAeL\K^),diYA = 0,VAEL\R.^)}. (1.21) 

[xpeH^ means xpeL^ and Vxpel?. The set of functions / satisfying / G L ^ ( R ^ ) , 

Vfe L (̂IR )̂ is sometimes called £) '̂̂ (1R^); it is the completion oiH^(^\ not in the 
H^-norm {\\f\\l^\\Vf\\iyi\ but in the norm \\Vfh.-\ 

For functions in ̂  the following energy functional is a generalization of (tp, Hxp) 

S{xp,A)=\\a'(p-A)xp\\l + ^\\B\\l-z{xp^x\-'xp), (1.22) 

and each term in (1.22) is well defined. The ground state energy is 

E{z) = inf {(f (ip, A)\(xp, A)e^}. (1.23) 

Theorem 2.4 states that when E{z) is finite, the infimum in (1.23) is a minimum. 
Another class we shall need is 

#- = {ip, A\{xp, A) e ^ and (7 • (p - A)tp = 0}. (1.24) 

Notice that when {xp,A)E^, then each term pxp and Axp makes sense as L^ 
function. In Sect. II the formula 

z, = em{{\\B\\ll{xpAx\-'xp)\{xp,A)e^} (1.25) 

will be derived. Theorem 2.5 states that the infimum in (1.25) is actually a 
minimum. 
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11. A Basic Theorem and a Formula for z^ 

Heuristically, if ̂ (tp, A) is unbounded for a certain z, we expect tp and A to blow up 
in some sense. The following theorem is essential for understanding this blowup. It 
is stated in general terms, but its use for our problem will be clarified shortly; it will 
yield a formula for ẑ . 

Theorem 2.1. Let ip„ be a sequence of spinor valued functions on IR^ and A^ a 
sequence of vector fields on R^ satisfying (for some fixed 3<p<oo) 

(i) ^ 1 ^ ||t/;„||2^^2 fa^ 5<9me constants ^2^^ i>0-
(ii) II Ft/;„ II2-̂  00 as n ^ 00. 

3 
(iii) IIy4„|L^DII Vxp„||2 for some D>0, where s=\ . 

P 
(iv) ||o--(j? —^„)t/;„||2^C„||rt/;„||2 for some sequence {C„}^=i with C„^0 as 

n^co.Define !/>!„= ||^t/;„||2 (whence2.„^0asn-^co),(/)„(x) = X^^\„(X„x)anda„(x) 
= A„A„(^„x). Then 

(a) l iminf | |aj | ,^c>0. 
(b) There exists a subsequence (which we continue to denote by n) and functions 

(f) and a, and a sequence of points x„ e IR^ such that ^„(x) = ^„(x — x„)-^^(x) #= 0 
weakly in H^(SR^X a„(x) = a^(x — x„)-^a(x)4= 0 weakly in U(1R^). Moreover, 

G'(p-(x)(f} = 0. (2.1) 

(c) / / the original sequence has the property that (j)„ does not converge weakly to 
zero in //^(IR^), then the statement in part (b) holds with x„ = 0. 

Proof Clearly by (i) and the definition of (/>„ we have that ^„ is uniformly bounded 
in if HR^). By (iii) p - 3 

a„ , = X„p \\AJ<DXl-^~''^ = D, (2.2) •^nWp ' ^ n II-'•*•« II p = 

so a„ is uniformly bounded in L^(R^). By (iv) || cr • (p — a„)^„ || 2 ^ C„ -^0 as n-^ 00. By 
the triangle inequality and Holder's inequality with q = 2p/(p — 2) we have 

Q^| | (7-(p-aJ^Jl2^ | | r«^Jl2- | |aAi l2^1- | |aJ ip | |^J | , . (2.3) 

Note that ||(^-p)<^||2= Il̂ <;/̂ ll2 and that ||(o--a)^||2= ||a(;ẑ ||2. The latter uses the 
trivial identity (a • a)^ = a .̂ The former uses the same identity in Fourier space 
{o-pY=p^, and this is justified since (f)eH^. Also note that 2<q<6. Inequality 
(2.3) will be used in two ways. Since (/>„ is uniformly bounded in H^ we have, by 
Sobolev's inequality, that ||^„||^^^^, and hence ||a„||p^(l — C„)/^^, which proves 
(a). On the other hand using (2.2) together with (2.3) we find \\(/)Jq^{\- C„)/D, and 
hence liminf||^„||^^ 1/D>0. Since ||<^„||2^^2 and \\(/)J^^d^, Lemma 2.1 and 
Lemma 2.2 below prove the existence of a sequence x„ e R^ and a subsequence (/)„ 
such that (̂ „— (̂̂ 4=0 weakly in if^(R^). By passing, if necessary, to a further 
subsequence we can assume that a„— â weakly in L^(R^). Next we show that 
^„d„-^(/>a componentwise weakly in L^(R^). To show that / „ -^ / in L^(R^), it 
suffices to prove that /„—^/ in L^(K) for every compact XcR^. By the Rellich-
Kondrachov theorem, ^„-^^ strongly in U(K) (since 2<q<6), whence ^„a-^(/)(x 
in L^iK). Thus, we have proved that gn = <^'{p — ̂ t)$n~^^ '(p — o()(/> = g weakly in 
L^(R^; C^). But we already noted that ||^„||2^0, which implies (by the weak lower 
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semicontinuity of the norm) that ^ = 0. Obviously, a 4=0 because otherwise we 
should have (c7-p)^ = 0 with =̂1=0, which is impossible [recall that ||(cr-p)^||2 
= 11 ^^112]- This proves (b). 

To prove (c) we note a trivial generalization of the Banach-Alaoglu theorem: 
Since ^„^^0 we can find a subsequence such that ^„-^^ and ^ + 0. The rest of the 
proof is the same as in (b), except that Lemma 2.2 is not needed. D 

Lemma 2.L Let gbea measurable function on a measure space such that for p<q<r 
fixed and for some Cp, Cq, C^ all > 0, 

(i) M'p^C^, 
(ii) \\g¥r^c„ 

(iii) \\g\\l^C,>0. 
Then /(e) = meas {x\ \g(x)\ ̂  e} > C for some fixed e, C > 0 depending on p, q, r, 

Cp, Cq, C ,̂ but not on g. 

Proof From the fact that f(s) is monotone non-increasing and that 
00 R 

j / = p I f(s)s''-^d£,we have C^^p W~'f{e)de^R''fiR) or 

Similarly, 

Define S and T by 

From (2.4) 

m^e-'C^, all£>0. (2.4) 

fis)^s-'C,, alle>0. (2.5) 

qC,S->-''=iiq-p)C„ 

qU{£y'dsSqcJs'>-''-'ds=iC^. (2.6) 
0 0 

Similarly, from (2.5) 
00 

^ J / (£)£ ' - '^£^iC, , (2.7) 
T 

(2.6) and (2.7) imply that 5< T and that 

I^q]f(8)s^-'ds^iCq. 
s 

But 7^/(5)17^ — 5̂ 1 since / is monotone nonincreasing. This proves the lemma 
(with e = S) since S and T are explicitly given independent of/. D 

Lemma 2.2 [5]. Let 1 <p<ooand let {f„}^=i, be a uniformly bounded sequence of 
functions in W^'^(1R.^) with the property that the Lebesgue measure of 
{x\ \fn(x)\ >8}>C for some fixed constants C and s>0. Then there exists a sequence 
of translations {TJ^= ^ of W, T„y=y-\- x„, F„(y) =f„(T„y) =fniy + x„), such that, for 
some subsequence, F„-^F weakly in W^'^ and F=#0. 
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Remark. The proof in [5] was given for real valued functions. It is easy to see that 
the lemma holds for complex valued functions by considering separately real and 
imaginary parts. The same argument then carries over to complex spinors. We 
recall that P^^'^ consists of all functions in U whose first derivatives are in U. Note 
that W''^^ = H\ 

Let us now apply Theorem 2.1 to the proof of formula (1.10) for ẑ . Suppose 
that z is such that £ = — oo. This means there exists a sequence of pairs (t/;„, A^ e ^ 
such that as n-^oo, 

E„ = S{xp,, A,)=\\G'{p- ^>„III -z{xp,, jxj- V J + a j Bldx (2.8) 

tends to — 00. We verify the assumptions of Theorem 2.1 for the sequence (t/;„, A^. 
(The usage of ̂ „, a„ as in Theorem 2.1 will be continued.) (i) is trivial since || tp̂  |12 = 1. 

Observe that — z(t/;„, |x|~^!/;„) is the only negative term in (2.8) and hence 
(t/;„, | x r Vn)-^oo as /t-^00. (ii) follows from the inequality (i/;„, jxj" Vn) 

We can choose £„ < 0 (all n) and we find 

\\G{p-A:)xp^\l^^\Bl^z{xp,^x\-'xp:)^z\\V^p^\^. (2.9) 

(iv) holds with C, = z^'^\\Vxp^J^2'''^. 
From (2.9) we also obtain ||5J|^^(z/e)||rv^„||2. On the other hand, Sobolev's 

inequality gives 

\\B„\\l = i:\\VAa\l^S^A„\\l. (2.10) 

Thus, (iii) holds with p = 6 and 5=^. 
The conclusions (a) and (b) of Theorem 2.1 thus hold for the sequence (tp„, A^. 

It is easily seen that conclusion (c) also holds, for suppose „̂— 0̂ weakly in 
//\1R^, C^). This would imply that 6„ = {(j)^, \x\ ~ Vn)-^0 as n-> 00. [To prove this, let 
Bj^ be the ball of radius R centered at 0 and Xj^ its characteristic function. Note that, 
by Rellich-Kondrachov, (;/̂ „-̂ 0 strongly in L'̂ (-Bĵ ). Then, writing h^ = b^ 4- b~, with 
K =(^n^ M'^XR^nX we have that b~ -»0. However b;^ SR~^ since ||(^J|2 = 1. Then 
let R-^(X).~\ The energy can be written [using /i„ of Theorem 2XP„(x) = l^B„(X„x)'] 
as 

E„ = ^(ip,,A„) = X;'{X;'\\a-(p-a„)Ul + 4Pn\\l-zb,}. (2.11) 

If b„->0 then, since £„<0, i5„-^0 strongly in L^ By (2.10), a„-^0 strongly in L^, 
which contradicts conclusion (a) of Theorem 2.1. 

In the foregoing we did not actually use the fact that £ „ ^ —00, but only 
the facts that E„<0 and that the Coulomb energy diverges. The foregoing 
analysis was actually the proof of the following 

Theorem 2.2. Let (t/;„, A„) e^ be a sequence satisfying 

£„<0 and lim sup (!/;„, |x|~V„)= 00 . 

Then conclusions (a) and (c) of Theorem 2 J hold for this sequence. Moreover, for the 
subsequence given by Theorem 2.1 (c), 
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Remark. For any minimizing sequence (for any z) we can always assume £„<D, 
since one can always take the pair \p = ground state hydrogenic function and .4 = 0. 

Let us define 
z = miE\\B\\ll{xpM~\)- (2.12) 

Note that the set ^ (defined in Sect. I) is not empty (see [8]). 

Theorem 2.3. 
z = z,, (2.13) 

Proof. Assume that £„ ̂  — oo. We shall show that z^z, which implies ẑ  ^ z. By the 
remark above (and passing to a subsequence), we can assume that 

^^^^4:0 weakly in H^(^^), 

j9„--i5 weakly in L (̂1R3). 

From this, m^^MmmiWMi and ll^H^^liminfU^^H^^l. By (2.11) 

0^1iminfAA^^IIi^ll2-<^,M'V). 

Since (j) might not be normalized, define ^^(j)l\\<j)\\2' Then 

z^e\\mMAA-'(i>)^4m/{i\A-'mz. 
since (^, a) e ^. 

On the other hand, if ẑ  > z, then there exists (t/;, A)G^ such that the ratio on 
the right side of (2.12) is less than z = z4-i(z, —z). Define \pn{x) = rv''\{nx), AJ^x) 
= nA(nx). Then for the z just defined 

Av^„,AJ = n{-z-(v;, |xrV) + e||5|ll}, 

which tends to — oo as n^oo. This is a contradiction since ZKZ^^ D 

Remark. We have repeatedly used the facts that z<Zc => E>—co and 
z>Zc ^ £ = — 00. For the case z = Zc we do not know whether E is finite or 
E= —GO. This is an open question. 

Two natural questions arise. Is there a minimizing (A, \p)e^ for S when z<zp. 
Is there a minimizing {A, xp)e^ for the ratio in (2.12) defining ẑ  = z? The answer to 
both questions is yes. 

Theorem 2.4. When zKz^ there exists a pair (tp, A)e^ such that 

S'ixp, A) = E = inf {^(xp\ A') \ (xp\ A')e^). 

Theorem 2.5. There exists {xp,A)e^ = {{\p\A')e^\(j'{p — A')y)' = 0} such that 
s\\B\\l/{ip,\x\-'xp) = z, = z (given by (2.12);. 

Proof of Theorem 2.4. Let (y)„, A„) e ^ be a minimizing sequence. By Theorem 2.2, 
K = (Wn^ M~ Vn) is a bounded sequence (since z < z,). From (2.8) we see that \\B„\ 
and \\(T'(p — An)y)n\\2 are also bounded sequences (since £„<0). Now, 

2 
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However ||((7'A>„||2= MntPnlU^ MnllelltpJIe^'lltpJIi/'. By the Sobolev in­
equality (2.10) applied to A„ and y)„, (and with ||i/;J|2 = l), 

FtpJ|2^||(7.(p-^)V^Jl2 + 5-^/^||5JUI|rtpJli/^ (2.14) 

This implies that ||Ftp„||2 is also bounded and hence that ip„ is bounded in H^. 
By passing to a subsequence we have 

tPn-^y) weakly in H^, 

A„—^A weakly in L^, 

B„-^B weakly in L ^ (2.15) 

divy4 = 0 and cm\A = B, 

The proof of the last statement is as in Theorem 2.2. Furthermore, xp„A„-^xpA in L^ 
(as in the proof of Theorem 2.1). By lower semicontinuity of the norms we obtain 
E^^(xp,A). If we knew that ||t/;||2 = l [and hence that {xp,A)e^^ we would be 
done. However, ||tp||2^1 by lower semicontinuity. Suppose that y=\\xp\\~^>l. 
Define ip = y\p. Then 

S{ip,A) = y^{\\G-(p-A)xp\\l-z{xpAx\-'xp)}+E\\B\\l. 

The term in { } must be negative [since S{\p,A)'^E<^']. Therefore, E:^i{y),A) 
< ^(xp. A) ^ E. Hence 7 = 1 and the proof is complete. D 

Proof of Theorem 2.5. Let (ip„, A^ e J^ be a minimizing sequence. By scaling 

we can assume that ||BJ|2 = 1. Also ||ipj|2 = l and \\V\pJ^2^^~^ [by (2.14) and 
(T(p —AJtp„ = 0]. Thus xpn is bounded in H^. Again, (2.15) holds for some 
subsequence. By lower semicontinuity, || B || 2 ^ || 5„ || 2 and y=| |v; | |^^^l . Note that 
tp4:0 by the last line of (2.15). Replacing 1/; by t/) = ytp we have that 

zle = \im{\\BAil{WnAA~'Wn)}^\\B\\ll{^^^^ 

If we can show that c-{p — A)\p = 0, we can conclude from this that 7 = 1 and that 
{\p,A) is a minimizing pair. However, V\p„—^V\p and A„xp„-^Ay) weakly in L^, so 
0 = cr • (p — An)\pn-^(7 -(p — Ajxp weakly in L^. But the weak limit of 0 can only be 
0. D 

III. A Lower Bound for ẑ  

In the previous section z, was shown to be finite (since #" is not empty) and a 
formula for z^ was given. While we are unable to evaluate that formula, we shall 
show here that z^ is not too small. The methods of this section are completely 
different from those of the previous section. 
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Let (tp, ^) G ^ be given and let 

T(xp,A)^\\{p-A)xp\\l, (3.1) 

Q{xt>)=^J{{xp,xpy{x)Ydx, (3.2) 

T{xp,A)=\\(y{p-A)w\\l + t\\B\\l. (3.3) 
X{w,A)^\T{xp,A)IQ(xp). (3.4) 

Lemma 3.1. 

Proof. Let 0 ̂  t ̂  1 and observe that 

T{^p,A)^t\\G-(p-A)xp\\l^-^\\B\\l. 

Expanding the first term on the right we get 

T{xp,A)^tT{xp,A)-t\B{x)'ixp,Gxpy{x)dx^e\\B\\l. (3.6) 

Note that in obtaining this result we performed a partial integration in the second 
term which is easily justified. Minimizing the second and the third term with 
respect to B(B{x) = (t/ls) (ip, axp}{x)) we find for these two terms the lower bound 

-t^Qiw)' (3.7) 
We have used the identity 

{\p,G\py'{\p,axpy = i\p,\py^, a l lx . (3.8) 

The sum of the first term in (3.6) together with (3.7) has its maximum as a function 
of t at 0̂ = X{\p, A). If to ^ 1 we find 

T{xp,A)^\T{xp,A)X{xp,A), 

and a tQ>\ we set t=\ and get 

T{xp,A)^T{yp,A)-Q{xp). D 

Lemma 3.1 provides us with two alternatives. 

Alternative 1. X{\p,A)^ 1. In this case T{\p,A)^\T{\p,A), and thus 

S{xp,A)^\T{xp,A)-z{xpM~'w)^.-h^^ ^ (3.9) 

Here we have used the diamagnetic inequality [4] 

T(ip,^)^T(M,0)=| |P^| l i , with ^(x)^ = <v;,tp>(x), (3.10) 

together with the well-known hydrogenic ground state energy. We shall return to 
this alternative later. 

Alternative!. X{\p,A)<\. Then 

S{xp,A)^9{xp,A)^{T{xp,AYlQ{xp)-z{xpAx\-'xp). (3.11) 
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The two terms in ^(tp, A) scale (with x) in the same way, and hence the infimum of 
^ is either 0 or — oo. Let us define 

z, = sup{z\mf9(y),A) = 0}. (3.12) 

Clearly 

ZcSz,. (3.13) 

Another expression for z, [which uses the common x-scahng of the terms in ^ 
and (3.10)3 is 

z, = £inf||^| |^| |P^||lll^| |4"(^,M-V)-^ (3.14) 

Here (/> is an ordinary real valued function in H^(IR^), 
As an aside, it is worth mentioning that the fact that z^'^z, [given by (3.14)] -

but not Lemma 3.1 - can be derived directly from the formula (2.12). If 
a' (j>-A)xp = 0, then 0 = i W' (p-A)xp\^ = U(P-A)y)\^-iB' (xp.axp}. (A justiriQd 
integration by parts was used in the last term.) Using the Schwarz inequality on the 
last term, and (3.8), we have 

T(w,A)S\\B\\2Q(xpy^\4sy^'. (3.15) 

Equation (3.14) then follows from (3.15), (3.10) and formula (2.12). 
Our next goal is to find a lower bound to the right side of (3.14), which we shall 

call z^: 

z\^z,^z,. (3.16) 

(Of course one can try to compute the infimum in (3.14) directly - which leads to an 
interesting differential equation.) First note that 

ll^^ll2ll^ll2^(^,W"V), (3.17) 

which is the uncertainty principle and follows from the hydrogen ground state by 
scaling in x. Hence 

z,^z,^^8inf||P^||^||^IU-^||^||2. (3.18) 

The minimization problem in (3.18) is equivalent to the following. Let e < 0 be 
the ground state energy oi -A-F(x). In [7] it is proved that 

\e\'^'^Ll^\\V\\\. (3.19) 

Li 3 is obtained by solving an ordinary differential equation [7] and is found 
numerically (to 3 significant figures) to be 

Li,3 =0.0135. (3.20) 

By choosing V(x) = C(l>(xf one deduces from (3.19), that \V^\\ 
'^C\(i>\\-C\L\^^^U\\ when ||^||2 = 1. Optimizing with respect to C and 
inserting the result in (3.18) gives 

z,̂  = £(3/4)^/2{2Li, 3} - ^ ^ (24.0)8. (3.21) 
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This lower bound to ẑ  is surprisingly accurate. Inserting the function (̂ (x) 
= exp( —|x|) in (3.14) yields 

z,^^z,^87r£ = (25.1)£. (3.22) 

Recalling that 8 = {87ra^}~^ = 747.2, we have that 

2c ̂ ^c''^ 17,900. (3.23) 

In [8] a solution ioaip — A)\p = 0 is found which, when inserted into (2.12), yields 

z, S 9nh = (279)e = 208,000. (3.24) 

So far we have shown that if z ̂  ẑ  then alternative 2 above is irrelevant, for 
otherwise we should conclude that £ ^ 0, which is false. Our next goal is to find a 
lower bound for E, and we shall do so under the slightly stronger condition that 
z^z^. To this end, we need only consider {xp,A)e^ such that X(\p,A)^l. By 
Lemma 3.1, a lower bound, £, for E is given by 

E^E = mf{T(xp,A)-Q(ip)-z(xp,\x\-'xp)} (3.25) 

under the conditions {xp, A)e^ and T(xp, A) ^ 2Q(xp). 
The problem posed by (3.25) is too difficult (in particular it is not clear that 

^ = 0 is an optimal choice). Therefore we seek a lower bound to the right side of 
(3.25) as follows. Recall that T(xp,A) satisfies (for ||i/;||2 = l) 

T(xp,A)U^z^Qiy^)r\ (3.26) 

which follows from (3.18) and (3.10), 

T(xpM)^(W,\x\-'w)\ (3.27) 

T(xp,A)^2Qixp). (3.28) 

Define T(V?) by 

T(tp) = max {right sides of (3.26), (3.27), (3.28)}. 

Then, if we define E^ by 

£^=inf{T(tp)-e(tp)-z(tp,|xrV)} (3.29) 

(with II tp II 2 = 1), we have that 

E'^SE^E. (3.30) 

The problem posed by (3.29) is, in fact, algebraic. It is solved in Appendix B with 
the result that for all z-^z^ 

£"-= - i ( f ) ' (Zc¥[3r-2 + 2(l-y)3/^], (3.31) 

where y=|z/zf. 
When the right side of (3.31) is Taylor expanded for small z, the leading two 

terms are 

- - i z ^ - 3 ^ ^ ^ (3.32) 
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On the other hand using Taylor's theorem with remainder and taking the 
maximum of d^E^/dz^ in the interval [0,z], we can derive a lower bound to (3.31) 
for all z^zf, which agrees with (3.32) to the first two orders: 

E^-^z^-(32z^y'z\\-yy^^^. (3.33) 

A crude upper bound for E can be obtained with the trial function 

(3.34) 
A=\(x.''z'^{2l3fe-''i\-y, x, 0). 

(This choice does not satisfy div^ = 0, but that does not matter.) A computation 
with this (tp, A) gives 

E^ - i z 2 - i ( | ) V a ^ + 2^3-»zV. (3.35) 

Remark. We do not know whether E diverges as z-^z^. Of course, E is an upper 
semicontinuous, monotone decreasing function of z, so E{z^=\\m E(z). 

IV. A Single Electron Atom in a Magnetic Field of Constant Direction 

In the previous two sections we considered a single electron atom in an arbitrary 
magnetic field and showed that ẑ  is finite (but huge) and estimated the shift in the 
ground state energy for z < zf'. The magnetic field that causes the energy to diverge 
when z>Zc has to be highly contorted (which is consistent with the example given 
in [8]). If, on the other hand, certain constraints are placed on B near the nucleus, 
the divergence will not occur and ẑ  will be infinite. 

In this section we display one such condition-namely that B has a constant 
direction (but not necessarily constant magnitude) near the nucleus. This is one 
possible version of the external field problem and is relevant for astrophysics. We 
shall content ourselves with showing merely that ẑ  is infinite and will not bother to 
try to find a good estimate on the energy; in fact we shall obtain 
E^ — (const)(l+z^^) for all z. The crucial point, of course, is that the bound is 
independent of B (but it does depend on the size of the region in which the direction 
of B is constant). 

It should be noted that something a bit stronger is actually proved in the 
following. Namely for any B the energy will be bounded below if we replace the 
troublesome term a-Bby a^B^. Such a replacement is physically meaningful only 
when 51=^2 = 0. 

Let A be a fixed radius and assume that inside the ball X^ of radius R centered 
at the origin (which is also the location of the nucleus) 

B(x) = (0,0,b(x)). (4.1) 

(The choice of the 3 direction is arbitrary.) b(x) can be anything inside KR and B{x) 
can also be anything outside of Kj^. 

Let \p{x) be given on R^, and we want to localize it inside and outside Kj^. 
Define rj^, rj2 both C°° such that f]i(x) = 1 for x e X^/2 ^^d rji(x) = Oforx^Kg^ and 
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^i(x)^ + ^2W^ = l- Also define \pi{x) = Y]i{x)\p{x), i = l , 2 . Thus \p^ = xpj-\-ipj. It is 
easy to see that 

\W-(p-A)ip,\\l+\\a-(p-A)ip2\\l = (y^Jy^)+\\(^'(p-A)xp\\l, (4.2) 

where /=(P'^i)^ + (P'̂ 72)̂ - (The cross terms cancel.) We can easily choose rj^ such 
that f(x)^dR~^ for some constant, d. Hence we get for {\p,A)e^, 

nw.A)^\\G'{p-A)xpA\l-z{xp,,\x\-\,) + s\\B\\l-dlR^-2zlR. (4.3) 

Here we used the fact that (v̂ 2?l-̂ l ^Wi)=.'^l^-) since tp2(-^)~^ ^̂ ^ |x|<-R/2 and 
IIV^2ll2^1. 

From now on we drop the subscript 1 and denote xp^hy \p (with ||i/;||2^ 1). 
Define 

T^{xp.A)=\\{p^-A^)^p\\l^\\pM\\l^T^i^p). (4.4) 

TAw,A)=\\{p^-A^Ml^\\pM\\l^TAw). (4.5) 

where p^ = (puP2), etc. [The inequality (3.10) holds in any dimensions.] Since B(x) 
is given by (4.1) on the set where v;(x)=j=0, we have 

\\(^'(p-AMl = T^(ip,A)-^TAy),A)-ib{ip,<j^ip}, (4.6) 

which can be rewritten as 

T,(ip,A)-^UAxp,A), (4.7) 
where 

UAxp,A)=\Wi'(Pi-AJxp\\l (4.8) 

Consider E\ which is defined to be the infimum over {xp, A)G^ of 

nxp,A) = T,(xp)-^UAxp,A)-^8\\b\\l-z(xp,\x\^'xp), (4.9) 

where |x|^^ = |x|'"^ if \x\^R and zero otherwise. Here b is defined to be the 
3-component of 5 = curM, even if B does not point in the 3-direction (note that 
| |5| |2^ II6II2, and that (4.6)-(4.8) is still true, namely Uj^ = Tj^-]b{\p,G^xp}). It is 
obvious that 

E^E'-d/R^-2z/R. (4.10) 

To analyze E' we observe that each of the four terms in (4.9) involves a 
3-dimensional integral, and ^d^x = idx^i dx^. Think of tp. A, B, \X\R ̂  as functions 
of x^ parameterized by x^. Then 

#Xtp, A) = T,(y)) + J dx,r(xp, A), (4.11) 

rixp,A) = UxA(T^'(pj^-AJxp\'^eUx^b'-z j dx^(xp,tp}(xl + xl)-"\ 
Dixs) 

(4.12) 
where ^(xj) is the domain in Xĵ  given by 

x i ^ i ^ ^ - x t (4.13) 

To analyze (4.12) we utilize the t trick of Sect. III. For each value of X3, let t(x3) 
be chosen to satisfy 0 ̂  t(x^) ̂  1. Replace |o- • (p^ - AJxp\^ in (4.12) by t{x^) times 
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this quantity and use (3.10) to obtain the lower bound on this first term: 

t(x^)T.^(\p)- t(x^) j \b\ <!/;, \p}dxj^. 

[Here TL means i dx_i_(V_^\y)\)^.'] We used |<i/;, en/?)| = <i/;,i/;>. 
Now minimize with respect to b and then maximize with respect to t(x2,), as in 

Sect. III. For the first two terms on the right side of (4.12) we obtain the bound 

mm{{JJ'/4s,s(TJJJ'} (4.14) 

mthiJ^f = \dx^(ip,xpy. 
The last term in (4.12) can be bounded below as —zJ_^W{x2), and 

«-(.,)'. 1 (x;«r'^x.=}f'"™"'»;: ''iti (4.15) 
D(X3) (0 tor \x^\^K. 

To bound (4.14) below, the Sobolev inequality in R^ is used: 

T,^S(Jjyg{x,)\ (4.16) 
where 

g{x^y = Ux^<W,W}' (4.17) 
(The constant S can be found in [7].) 

Substituting (4.14)-(4.17) in (4.12), 
r(y). A) ̂  Jl min {(4e)"', Shgix^)" ^} - zJ^ W{x^). (4.18) 

Since J± = J±(x2) is unknown, we simply minimize (4.18) with respect to J^ and 

^^^^^^ r(xp,A)^ -iz^W(x^y -meix{4s,g(x^)''/Sh}. (4.19) 

According to (4.11), (4.19) must be integrated over X3. Since we do not know 
which term in the max{,} in (4.19) holds for any given X3, we shall simply take the 
sum of the two. The first yields 

-8z^ j dx^W(x^y=-4nez^R. (4.20) 
-R 

To control the second possibiHty we invoke the T^iy)) term in (4.11). An 
application of the Schwarz inequality [12] gives 

Uxp)^Ux,(dg(x,)/dx,y=\\gT2 • (4.21) 

It is also a fact that for all X3 and ^eL^(IR^) 

g(x,r^\\g\\l\\g'\\Un(w). (4.22) 
X 00 00 

This follows from g(x)^ = 2 \ gg' and g{xY = — 2 j gg\ Hence g{xY ^ j \gg\ 
— 00 

We recall also that ||^||2 = J <v^,tp>^^x= 1. 

obtain the following lower bound for the second possibiHty in (4.19). 

TAw) {1 -WS-h-'\ W'} = Uxp) {l-nRz'/Sh} . (4.23) 

Inserting (4.20)-(4.22) in (4.11), we 

While the value of T^iy)) is unknown, the term (4.23) can be eliminated by the 
following trick. Call RQ the original radius inside of which (4.1) holds. A fortiori, 
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(4.1) holds for any RKRQ. If { } in (4.23) is nonnegative, use RQ. Otherwise, use 

R = Sh/nz\ 

Then (4.23)^0 and can be ignored. 
Combining all the terms we obtain 

E^- d/R^ - 2z/R - 4nez^R (4.24) 
with 

R = min {RQ, S^s/nz^}. (4.25) 

Appendix A 

In the following, ^' is the space of distributions. 

Theorem A.l. Let B e L (̂R )̂ be a given vector field and let divB = 0 in Q)'. Define 
the vector field 

^(x)= — I \x-y\-\x-y) X B(y)dy. (A.l) 

Then: 
(a) ^6L^(IR3) and curU = JB, divA = 0 in ^\ 
(b) The distribution d^Aj is an L?"-function and we have the formula 

'Z\\VA,\H^x = \BHx. 
i 

(c) The A(x) given by (A.l) is the only vector field having the three properties in 
(a) above. 

Proof Let us write A=T(B). The kernel in (A.l) is bounded by \x — y\~^ and 
\x\~^eL^^. Let F be a vector field in L (̂IR )̂ with 1 < p < 3 . By the weak Young 
inequality, T(F)eL''where l/3 + l / r=l /p , and \\T(V)l^Cp\\V\\p for a suitable 
constant Cp. By Fubini's theorem 

(W,T(V)) = (T{WIV) (A.2) 

when WeU and VELP, with q = r\ l/q = 4/3-l/p. In (A.2), {W,U) means 

i:lWc)U,(x)dx, 
Now we apply (A.2) to V=B and W= Vf with fe C^(Wi\ 

r (W^)=-—cur l{ |x | - i* F / } = - i - c u r l g r a d { | x | - ^ * / } = 0 . 

(The first equahty, namely exchanging integration and differentiation, follows by 
dominated convergence.) Then {Vf A) = 0 for all feC^, and hence div A = 0 in ^\ 
A second application of (A.2) is to V=B and W=cur\G, with GECQ. 

r(PF)= --?-curlcurl{|xr ^ * G} = - G - P d i v - ^ d x r ^ * G} = - G - P ^ . 
4n 4n 

Then iW,A) = {-G-Vg,B) = (-G,B)-(Vg,B). We claim that (Vg,B) = 0, 
which will imply that curl .4 = 5 in ^\ While gEC^ it does not generally have 
compact support; otherwise we would have {Vg,B) = 0 since div5 = 0 in ^\ 

All 
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However B e L^, and therefore {Vg, B) = lim {V{gf^, B), where f^ix) =f(Rx) and 

f(x) is a CQ function satisfying f(x)=l for |x |<l , /(x) = 0 for |x|>2. Since 
(^(^/i?)?^)='^? we have the desired result, and (a) is proved. 

To prove (b) we define Tj{B) = idjT(B) = iT{djB) for B smooth and of compact 
support. It is a standard result about the Riesz transform that Tj(B) has a bounded 
extension to L^(]R^), see [10], so we can assume merely that B e L^. Furthermore 7} 
is selfadjoint. Now for any vector field V in L (̂IR )̂ we have 

Z(Tj(B), Tj(V)) = S (5, Tj'iV)) = (B, V). (A.3) 
j j 

Indeed, when V is smooth and of compact support T.T/'(V)(x) 

= V{x)-\ Pdiv{|x|~^ * F}(x). Using the previous approximation argument 
471 

(namely g-^gfRJ and the fact that div5 = 0 in S)' gives (A.3). Since 7} is bounded, 
(A.3) is true for all KEL^(IR^). Hence, by setting V=B, (b) is also proven. 

To prove (c), suppose there were another A with the properties in (a) and let 
oi = A — A. Then a e L^, curia = 0, diva = 0 in Si\ Let7,(x) be a CQ approximation to 
the identity and OL^=J^^OL. It is easy to see that a^eC"^, diva£ = 0, curlag = 0 and 
ag(x)^0 as |x|->oo. From this, zlag=—curlcurla^ + graddiva^ = 0. So each 
component of â  is harmonic, but since a -̂̂ O at oo, â  must be zero for all £ > 0. But 
as e^O, a^-^a (in L^ and in S)\ so a = 0. D 
Theorem A.2. For any ^GL^( IR^) and \peL^(K^), ||(7-(p-^)i/;||2<oo implies 

Proof. Observe that by assumption 

(j'pxp = a- Ay)-\-u, ueL^, and AxpeV''^ 

by Holder's inequality {A EL^,\pe L^). Since (a • p)" ̂  == a • p\p\ ~ ̂ , we find 

xp=—i\x-y\~^(7'(x-y)l{(7-Axp){y)-i-u(y)']dy. 

Again, by the weak Young inequality, \p = Vi+V2, v^eL^, VJEL^ which implies 
(since ip e L^) tp e L^r\L^. Hence A\p s L^ (again by Holder's inequality) and thus 
G'pxpeL^. 

Appendix B: Proof of Eq. (3.31) 

Given xp, define 
S{xp) = {xpAx\-'xp)-

As \p ranges over all functions satisfying ||tp||2 = 1, Q{w) ̂ ^^ ^(w) independently 
take on all values between 0 and oo. Therefore we are entitled to think of 5 and Q 
simply as an unknown pair of positive numbers. 

According to (3.29), then, we have to minimize e = T — Q — zS under the 
conditions T^2g, T^S^, X^KQ^'^ with K^'^=^Az^. There are two cases: 

case (a): IQ^^^^K or Q^2(z^)\ 
case (b): 2(2'/ '<X. 
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If case (a) holds, we set T = 2Q, 5^ = 2Q, and then T — Q — z5 ̂  0, since z^z^ and 
Q^l{z^y. If case (b) holds then, similarly, 

E^ = min{Xe^/3-2-zX^/^ei/3|Q^2(z,^)^}. 

Change the variable to Q = 2{z^Yx^. Then E^ is the minimum of 

-2{z^nx'-2x'+^yx-\ 

subject to O ^ x ^ 1 and y= |z /z^^ | . The minimum occurs at 

^ = | [ i - ( i - r ) " ' ] 

and yields (3.31) for the lower bound. 

Acknowledgement. It is a pleasure to acknowledge valuable discussions at the Aspen Center for 
Physics with David Boulware and Lowell Brown. 

References 

1. Avron, J., Herbst, I., Simon, B.: Schrodinger operators with magnetic fields: III. Atoms in 
homogeneous magnetic field. Commun. Math. Phys. 79, 529-572 (1981) 

2. Remark 3 in Brezis, H., Lieb, E.H.: Minimum action solution of some vector field equations. 
Commun. Math. Phys. 96, 97-113 (1984) 

3. Daubechies, I., Lieb, E.H.: One-electron relativistic molecules with Coulomb interaction. 
Commun. Math. Phys. 90, 497-510 (1983) 

4. Kato, T.: Schrodinger operators with singular potentials. Israel J. Math. 13, 135-148 (1972) 
5. Lieb, E.H.: On the lowest eigenvalue of the Laplacian for the intersection of two domains. 

Invent. Math. 74, 441-448 (1983) 
6. Lieb, E.H., Loss, M.: StabiUty of Coulomb systems with magnetic fields: II. The many-electron 

atom and the one-electron molecule. Commun. Math. Phys. 104, 271-282 (1986) 
7. Lieb, E.H., Thirring, W.: Inequalities for the moments of the eigenvalues of the Schrodinger 

Hamiltonian and their relation to Sobolev inequalities. In: Studies in mathematical physics, 
essays in honor of Valentine Bargmann. Lieb, E.H., Simon, B., Wightman, A.S. (eds.). 
Princeton, NJ: Princeton University Press 1976 

8. Loss, M., Yau, H.T.: Stabifity of Coulomb systems with magnetic fields: III. Zero energy 
bound states of the Pauli operator. Commun. Math. Phys. 104, 283-290 (1986) 

9. Michel, F.C.: Theory of pulsar magnetospheres. Rev. Mod. Phys. 54, 1-66 (1982) 
10. Stein, E.M.: Singular integrals and differentiabihty properties of functions. Princeton, NJ: 

Princeton University Press 1970 
11. Straumann, N.: General relativity and relativistic astrophysics. Berlin, Heidelberg,New York, 

Tokyo: Springer 1984 
12. Hoffmann-Ostenhof, M., Hoffmann-Ostenhof, T.: Schrodinger inequalities and asymptotic 

behavior of the electron density of atoms and molecules. Phys. Rev. A 16, 1782-1785 (1977) 
13. Avron, J., Herbst, I., Simon, B.: Schrodinger operators with magnetic fields: I. General 

Interactions. Duke Math. J. 45, 847-883 (1978) 

Communicated by A. Jaffe 

Received October 2, 1985; in revised form January 2, 1986 

424 



With M. Loss in Commun. Math. Phys. 104, 271-282 (1986) 

Stability of Coulomb Systems with Magnetic Fields 
II. The Many-Electron Atom and the One-Electron Molecule 
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Abstract. The analysis of the ground state energy of Coulomb systems 
interacting with magnetic fields, begun in Part I, is extended here to two cases. 
Case A: The many electron atom; Case B: One electron with arbitrarily many 
nuclei. As in Part I we prove that stability occurs if zâ ^̂ ^ <const (in case A) 
and za^< const (in case B), (z|e| = nuclear charge, a = fine structure constant), 
but a new feature enters in case B. There one also requires a < const, regardless 
of the value of z. 

I. Introduction 

In the first paper in this series [1] the question of the stability of atoms and 
molecules in the presence of magnetic fields was raised, and it was answered in the 
case of the one-electron atom of arbitrary nuclear charge z|e|. In the present paper 
the stability question will be answered in two other cases: 

(A) The many electron atom, 
(B) The one-electron molecule. 

Unfortunately, the stability of the many-electron, many-nucleus system is still an 
open question. 

The reader is referred to the introduction in [1] for the motivation and physical 
interpretation of this problem. The mathematical essence of the problem is that we 
want to decide whether or not the energy functional 

S{xp, ^ , K, z) = E I ki • iVj- A{x;))xp\^ dx + s\ B{xf dx 

-^(xp,V{X,R,z)xp) (1.1) 
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** Work partially supported by U.S. and Swiss National Science Foundation Cooperative 
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Current address: Institut fur Mathematik, FU Berlin, Arnimallee 3, D-1000 Berlin 33 
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is bounded below by a suitable constant. The three terms in (1.1) are the electronic 
kinetic energy, the magnetic field energy and the Coulomb energies respectively. 
The notation is the following: 

The energy unit is 4 Rydbergs =2mc^a^and l/e = 87râ , with a = ^V^c= 1/137 
being the fine structure constant. The charge unit is \e\. 

xp = tp(xi,..., X;v» -Si? • • • 5 -̂yv) is an arbitrary N particle, antisymmetric (electron) 
wave function. The particle spatial and spin coordinates are x, 5 with 5 = ± 1. 
X denotes the collection (xi,...,x^). The a/, 7=1,2, 3 denote the Pauli spin 
matrices, xp is assumed to be normalized 

1 = \W\\1 = (WM= E \d'''X\xp{X,s„...,s^)\\ (1.2) 
Si . . .Sjv 

A{x) is a vector potential and B = curM is the magnetic field which is assumed 
to be in L (̂IR )̂. As explained in [1], for any Bel}, A exists and is uniquely 
specified by 

curU = B,div/4 = 0,^eL^(lR^). (1.3) 

The first term in (1.1) is the electron kinetic energy. For particle; it is 

\\aj'{vj-A)xp\\l=\\{pj-A)xp\\l-{xp,Gj-Bxp). (1.4) 

The Coulomb term is 

- Z i:Ax,-Rj\-'. (1.5) 

Here we assume that there are K fixed nuclei of charges z-^\e\ and distinct locations 
RjelR^J=\,,..,K. The z's and R's will be denoted collectively by z and R. The 
first term in (1.5) is the electronic repulsion, the second is the nuclear repulsion and 
the third is the electron-nuclear attraction. 

It is useful to have the following notation 

T{xp,A)^ Z \Wj<Pj-A)xp\\l + s\\B\\l (1.6) 

T(w,A)^ E \\ipj-A)rp\\l (1.7) 
7 = 1 

W{xp,R,z}^ -(xp, ViX,R,z)xp). (1.8) 

We assume BeL^ and that (1.2) is satisfied. Then, as proved in [1] (with a slight 
modification to handle the AT-coordinate case), in order to make sense of T and Wit 
is necessary and sufficient to have xp e i/^(R^^), i.e. xp and all its first derivatives are 
in L .̂ The class of all pairs (xp, A) satisfying the above [and also with xp normalized 
as in (1.2)] is denoted by ^. 

The energy of our system is defined to be 

E = mf{^{xp,A,R,z)\ixp,A)E^, all R}. (1.9) 

This infimum includes an infimum over R. 
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From [1] we know that if any single ẑ  satisfies ẑ  > ẑ  (which is evaluated in [1] 
and which is proportional to a~^), then £=—oo, simply by moving N—\ 
electrons and the other K — 1 nuclei to infinity. Therefore ẑ  for the full problem 
(1.1) is finite. (When K> 1, ẑ  is defined to be the largest z such that E is finite 
whenever all the z^<z.) Our goal here is to show that z, is not too small for (1.1). 
Three cases have to be distinguished. 

(A) One nucleus (with Ri=0 and z^=z) and an arbitrary number, N, of 
electrons. In Sect. II we find some ẑ , which is independent of N, such that E is finite 
when z<z^. We also find some z^Kz^ for which we can give a lower bound to E 
(called E^) when z<z^. Both z^ and E^ are independent of N. The bound on ẑ  is 

z , > z , ^ ^ - i + (0.158)a-'2/^ (1.10) 

Note the exponent 12/7. Is it possible that this can be replaced by 2, as in the one-
electron case? We do not know. While our bound on ẑ  utilizes the electronic 
Coulomb repulsion in (1.5), we conjecture that the repulsion is not really necessary. 
This is an interesting open problem. 

(B) One electron and an arbitrary number, K, of nuclei. In Sect. Ill we find, as 
in case (A), z^<z^<z^ (with z^ and ẑ  independent of K and proportional to a~^) 
such that E is finite for z < ẑ . We also derive a lower bound E^<E when z < z .̂ 
However, an important new feature enters here: These results also require that 

(X<(X, (1.11) 

for some â  (which is shown to satisfy 0.32 <a^< 6.7). In other words, two 
conditions are required for stabiHty, 

ẑ â  small (all;) and a small. (1-12) 

This situation is reminiscent of the relativistic stability problem [2-4], except that 
there the requirement is ẑ a small and a small. It is interesting to note that there are 
other indications [5, 6] that the stability of field theory requires a bound on the 
coupling constant (apart from a bound on z). We shall also prove that the 
requirement (1.11) for stability is real; it is not an artifact of our proof 

(C) Many electrons and many nuclei. We are unable to solve this problem, but 
the goal would be to prove that E is finite provided ẑ â  is small (all;) and a is small, 
and that E is then bounded below by -(const) (N + X). 

II. Basic Strategy 

The following sections are full of technical details, but the common strategy 
(similar to that used in [1]) is simple. Let us outline it here. Note that the following 
steps can be carried out even for the full problem, (C), to give an N and K 
dependent bound on ẑ . It is only in cases A and B that we can eliminate this 
dependence. 

The quantities T{xp,A) and T{xp,A) were defined in (1.6), (1.7); the following 
quantity Q is also needed. Let ^(x) be the one-particle density associated with xp: 

Q^M^i: I Uy^ix,s„...,s^)\W^-'x^. (2.1) 
j = 1 Si,...,SN 

All 
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{X^ means all N variables except Xj.) Of course, for fermions we do not have to sum 
on;. Merely take; = 1 and then multiply by N. The general expression (2.1) is used 
because much of the following holds for any statistics (i.e. without symmetry). Then 
define Q by 

Q{xp) = {\/4s)iQ^(x)'dx = i\/4s) WQJI. (2.2) 

Another important quantity is the quantum ground state energy when the G • B 
and the eJB^ terms are eliminated: 

E\z) = inf{T(xp,A)-W(y),R,z)\{xp,A)^'^, all R}. (2.3) 

Of course £^ < 0. It is well known that E^ is always finite and that the Lieb-Thirring 
[7] proof of stability carries through for this case [8]. 

Given ip. A, and R, consider the following scaling (with /l>0): 

A(x)-^M(XX), 

Bix)-^X^B(Xx), 

R-^(l/2)R. 

The various quantities scale as 

W{xp,R,z)-^XW(xp,R,z), 

T(xp, A)-^X^Tiip, A), T(ip, A)-^lH(xp, A), (2.5) 

Q(xp)-^PQ(xp). 

(2.4) 

If we define 

then W scales as 

Note that 

W(y), z) = sup W(xp, R, z), (2.6) 
R 

W{xp,z)-^XW{xp,z). (2.7) 

E\z) = mfT(xp, A) - W(ip, z), 

E{z)='m{T{xp,A)-W{xp,z). 
(2.8) 

From (2.5)-(2.7) we deduce (as in the case of the one-electron atom) that 

4\E\z)\ T(ip, A) ^ W(xp, zf ^ W{\p, R, zY. (2.9) 

The strategy has 7 steps. 

Step 1. In [1, Lemma 3.1] a bound for T in terms T and Q was derived (which 
trivially extends to N-particles). There are two cases (depending on \p and A). 
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CaseL T{\p,A)^2Q{\p).T]\Qn 

X{xp,A)^T{xp,A)-Q{xp). (2.10) 

Case 2. T{\p, A) ^ 2Q{\p)' Then 

T{xp,A)^\T{xp,AflQ{xp), (2.11) 

As will be seen, Case 1 is relevant for determining E^ while Case 2 is relevant for 
determining ẑ . 

Step 2. (This step is trivial for K = 1.) Pick some ZQ = (ZQ, ..., ZQ) and consider the 
rectangle z^Zo (which means O^z^'^zf), all 7). For each fixed \p and R, the 
minimum of W{\p, R, z) in this rectangle occurs at one of the 2^ vertices. This is 
proved in [2] Lemma 2.3 et. seq. From this it follows that W{\p,z), —E\z) and 
— £(z) are monotone nondecreasing functions of z (with the above order relation). 
Hence if stability holds for z = (z, ...,z) then it holds when all z^^z. 

Step 3 (Definition of zj. Define 

S{xp, A,z) = i T{xp, Ay/Q(xp) - W(xp, z). (2.12) 

The two terms of (2.12) scale the same way [see (2.5) and (2.7)], so that the infimum 
of d{\p, A,z) (over \p and A) is either zero or — 00. We define [with z = {z, ...,z)'] 

z, = sup{z 1^(1/;,^,1)^0 for all {xp,A)e^}. (2.13) 

Step 4. Suppose that Z^KZ^ for all; and let {ip,A)e^ be given. If case 1, (2.10), 
holds then 

S'ixp, A,R,z)^^ T(ip, A)- Wixp,R,z)^2£:^(z), (2.14) 

by scaling. If case 2 holds then d{\p. A, z) ̂  0. In either case E{z) is finite and thus 

Zc^z,. (2.15) 

Step 5. We want to find a lower bound (which we call z )̂ to ẑ . A lower bound on 
T{\p, A) is needed and this is provided by the Lieb-Thirring estimate [9] 

T{xp,Afi^^GQ{xp)l^\ (2.16) 

for a universal constant G= 1.28, explicated in (3.8). This leads to the bound 

^{W.A,z)^\{Goi-^)T{xp,Ayi^-W{xp,z), {111) 

Combining this with the bound (2.9) [and the trivial fact that we need only 
consider W{\p,z)^Q'] we see that (5(t/;,^,z)^0 if 

\E\z)\^{GI%^y. (2.18) 

By (2.13) 

z, ̂  z^ ̂  sup {z I \E\z)\ ^ {GIU^} , (2.19) 

[z means (z, .. . ,z)]. The monotonicity given in Step 2 has been used. 
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Step 6 (Bound on the energy). Suppose that ẑ  ̂  z^ for allj. Let (tp, ^) e ^ be given. 
Case 2 is irrelevant since d{\p,A,z)^^ by definition. Therefore a lower bound, 
E\z\ to E{z) can be obtained by the following minimization problem: 

E\z) = mm{T-Q-W), (2.20) 

under the conditions 

T^2e,T^(Ge/ay/^T^W^V4|£^(z) | . (2.21) 

This algebraic problem is solved in Appendix B of [1] and the result is 

E{z)^E\z) = E\z)f{y), (2.22) 

/ (y )^ fy -2{3r -2 + 2( l -y)^ /n , (2.23) 

y = 6\E\z)\^'^a^lG. (2.24) 

Equation (2.22) gives E^ as the exact £^ times a correction factor, / , which 
depends on y, where y is proportional to \E'^\^'^. Two things should be noted: By the 
definition (2.19), 

7^3/4, (2.25) 

when z^<z^ (all;). Second, the function / is monotone increasing in 7 on [0,1]. 

Step 7. To utilize (2.19) and (2.22) we require a bound on E\z). Let 

£i(z)^£^(z)<0, (2.26) 

be any lower bound to £^. Inserting E^z) in (2.19) will give a lower bound to 
z^^z,. Inserting El{z) in (2.24) and then inserting this y in (2.23) and (2.22) will 
(assuming that 7 ^ 1) give a lower bound to E^. In cases A and B we can get an 
effective E]J(z) which is independent of iV and K. The former uses the Lieb-Thirring 
technique [7] together with a novel bound on the Coulomb energy. This is done in 
Sect. III. Case B is controlled by relating it to a relativistic problem solved in [2]; 
this is done in Sect. IV. 

Remark. In case B we deal with only one electron. Given this restriction on N, 
(2.16) holds with a larger value of G, namely G = 3.83. This larger G can be used in 
Steps 5-7. 

III. The Many-Electron Atom 

Our first task is to prove the kinetic energy estimate (2.16). Consider the single-
particle Schrodinger operator h = {p — AY — V{x), where F(x)^0 and consider 
also the iV-particle operator ^ = Z ^y The q spin state fermionic ground state 

j 

energy of if, E, satisfies E^qY^^i, where the e^ are the negative eigenvalues of/i. 
i 

(g = 2 in our case.) We have that 

E e i ^ - K I " ^ S H l ' ^ (3.1) 
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where e^ is the ground state energy. In [1,(3.19)] we quoted a result of [9] that 

\e,\"'^Ll,\\V\\l, (3.2) 

where Ll/2,3 = 0.0135 to three significant figures. 
In [9] it is also shown that 

E k - r ' ^ L . , 3 | | K | | i . (3.3) 
i 

Strictly speaking, (3.3) was shown only for A = 0 in [9] and it is not known whether 
the (unknown) sharp constant L in (3.3) occurs for A = 0. However, as pointed out 
in [8, 11], the L actually obtained in [9] holds for all A. The L obtained by using 
the method of [12] also holds for all A (see [11] for a discussion of the Ito-Nelson 
integral). The latter method gives a better value for L and the numerical 
computation is most clearly explained in [10, Eqs. (46)-(51)]. In the notation of 
[10], we take a = 0.61 exactly and 6 = 3.6807. Then (3.3) holds with 

U, = b(4nr''^rma--'=0M002\, (3.4) 

to 5 figures. Thus, 

i ;N^n3L. ,3 | |F | |^^(0 .000810) | |F | | l . (3.5) 

i 

Now take V(X) = CQ^{X), where Q^ is given by (2.1). Then 

T{xp, A)-c\el = ixp,Hxp)^-qY: \e,\. (3.6) 
i 

Using (3.5) and (3.6), with c~^ = 4^Ll 3L^ 3 j^J , we obtain 

T(y^,A)^ii4qLl,U,r'/^iQiyi'^{4m){iQl}''\ (3.7) 

for q = 2. Thus, (2.16) holds [recalling (2.2)] with 
G = 8.07/27r=1.28. (3.8) 

Our second task is to find a lower bound for E%z\ given by (2.3). Again we use 
an inequality derived in [7, 9], but with a better constant derived in [10, Eq. (52)] : 

Ti^p,A)^(2J709)iQ^(xy^Ux. (3.9) 

The second term in V, (1.5), is absent since there is only one nucleus, located at 
R = 0. The third term contributes the following to W: 

W,(xp,z) = ziQ^{x)\x\-'dx. (3.10) 

The first term in V (call its contribution W^) requires some elaboration. For 
x,yelSl^ and R>0, 

\x-y\-'^{\x\ + \y\}-'^^Rf{x)f(y), (3.11) 

/ (x)=l / |x | if \x\^R, 

= 0 if |x|<i^. 
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Using (3.11) and the positivity of |tp|̂  and | x , - x ^ r S we have, for any 0<o-^ l , 

W^{w,z)^-{Ra\y>, Z/(x , )^ tp 
1 = 1 

^-kR<y{VhjV-lQj^}, (3.13) 

since < ( E / ) ' > ^ < E / > ' . 
Combining (3.9), (3.10U3.13), 

-{ROIQJ'. (3.14) 
Therefore, 

E\z)^ sup supinf^;j,^fez). (3.15) 

We could, of course, impose the extra condition J ̂  = 7V in (3.15) but, as we desire 
an iV-independent bound for £^, we forego this. 

First minimize (3.14) with respect to Q{X) for |x| ^ R. Only the first two terms are 
relevant in this region. Define F = (5/3) (2.7709). Then FQ^'^X) = z/|x|. The first two 
terms contribute (for |x|<i^) 

-z'i^F-^i\\6nl5)R'i\ (3.16) 

Next we consider the contributions for |x|>K. Here we merely omit the Q^'^ 
term and we use R\x\ ~ ̂  ^ Ixp Mn the last term. Let 7 = J Q{X) \X\ ~ ^ dx. Then 

\x\>R 

the sum of the last three terms is not less than the minimum (with respect to Y) of 
— {z-\-^o)Y+\RaY^. This minimum is 

-{z + ^aflRG. (3.17) 

The maximum of this with respect to cr e [0,1] is 

-M{z)IR, (3.18) 

M{z) = z if z ^ l / 4 , 

= (z + i)2 if z ^ l / 4 . (3.19) 

Adding (3.16) and (3.18) and then maximizing with respect to i^>0 gives 

E\z)^ -3z'l^F-\%nl5Y'^M{zyi^ 
= -(1.9062)z'/^M(z)i/^. (3.20) 

As we shall be primarily interested in z>l /4 , the Httle exercise with a is 
academic; it was done merely to demonstrate a ẑ  (instead of ẑ ^̂ ) bound when 
z^ l /4 . 

With these results we can now bound ẑ , see (2.19) and E^, see (2.22). Since ẑ  will 
be large, let us use the bound z^'^MizY'^ ^ (z + ^y^ for all z > 0. Then, from (2.19) 

z ,^z ,^z ,^^ -H(0 .158)a -^^ / ' ^720 . (3.21) 
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This bound (720) is about 25 times smaller than the z^ obtained in [1] for the one-
electron atom. It is about 290 times less than the upper bound on ẑ  obtained in 
[13], see also [1, (3.24)]. This upper bound (Zc^208,000) also holds, of course, for 
the full problem with K nuclei and N electrons. 

The lower bound (2.22) on the energy is 

E'^ = E%z)f(y) (3.22) 

and, using (3.20), 

yS6oc\1.9062y'^z-^iy'yG 

^(6.47)a2(z + i)^/^ 

^ (0.000345) (z + i )^ /^ (3.23) 

As an illustration, take z= 100. By (2.23) the fractional change in the energy, 
/(y)— 1, is less than 0.013, which is about 1^%. 

IV. The One-Electron Molecule 

Our first task is to find a lower bound to E^ in (2.3) with 

V(x,R,z)=- Z z^\x-Rj\-'+ J:Z'Z^\R,-RJ\-'. (4.1) 

Since N = l , we can use the diamagnetic inequality (see [1]): T(\p,A)^T{\\plO) 
= T(\p)=\\V\xp\\\l, and hence can assume that xp is real and positive and 
^ = 0. Define 

V(x,R)= -{2/n) E \x-Rjr'+(12/71) Z \Ri-Rj\-'• (4.2) 

It is proved in [2, Proposition 2.2] that for all \pel},{ — AY'^^xp e 1} and all R, 

{xp,{-Ayi^xp)^-{xp,Vxp). (4.3) 

We also have the fact (Schwarz inequality) that 

\\Vxp\\lUw.{-^y'^W)\ (4.4) 

when ||t/;||2 = l. 
Given z, define 

Z = max(z\...,z^) and Z = {Z,...,Z). (4.5) 

As shown in Step 2, 

E%z)^E%Z). (4.6) 

Suppose that Z ^ 6 . Then 

(7rZ/2) F(x, R) ^ V(x, R, Z). (4.7) 
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Combining (4.3), (4.4), (4.7) and with t = {\p,{-Ayi^\p) 

E%z)^ inf{t^ -(nZ/l)t} = -{nZjAf . (4.8) 
t 

[Note: When K=\, the exact result is -(Z/2)^.] 
By monotonicity (4.6), when Z < 6 

E\Z) ^ E\6) ^ - Onllf . (4.9) 

Combining (4.6), (4.8), (4.9) we obtain for all z 

|£«(z)|^/2^(7c/4)max{6,z\...,z^}. (4.10) 

Turning now to (2.19) and using (4.10) we have that 

zf ^ sup {z ^max(6,z)^G/8a^!>. (4.11) 
|4 

As remarked at the end of Sect. II, since AT = 1 we are entitled to replace Li 3 by 
Ll,3 in (3.7), (3.8), and (2.16). Thus, 

G = 3.83, (4.12) 
in our case. 

Suppose that 

a^^a,^ = G/(127r) = 0.102. (4.13) 

Then, from (4.11) 

z,^^ G/(27ra )̂ = 0.609a-^ > 11,400. (4.14) 

(This number, 11,400, compares favorably with 17,900 obtained in [1] for X = 1.) 
In the opposite case [(4.13) is violated], the set of z's in (4.13) is empty and our 
method gives no bound at all on E(z) for z=}=0. Thus, our method requires two 
conditions for stability 

(i) aV^0.609 for all 7, (4.15) 

(ii) a^a , = (0.102)^/^ = 0.319. (4.16) 

One can question whether the condition (4.16) on a is an artifact of our method 
or whether there really is an â  (which will, of course, be greater than 0.319 - but 
finite). The second alternative is correct as we now prove. 

Lemma. Suppose that 

a > 6.67, (4.17) 

then for every z = (z, ...,z) with z>0 there is a K such that E(z) = — 00. 

Remark. The right side of (4.17) is not the best bound that can be obtained by the 
following method. 

Proof. In [1] we showed that E= -co when K = 1 if 

za^>mf{^B^} {Sn(xp,\x\-'xp}-' =P, (4.18) 
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where (ip,/I) runs OVQY ^ = {{\p,A)E^\(7'(p — A)xp = 0}. ^ is not empty [13]. By 
taking a particular example, one finds P ̂  97rV8 = 11.10. Therefore, if â  > P, we 
can take K = 1 and achieve instabihty for all z ̂  1. Using the above bound, this is 
also achieved for z ^ 1 if a>3.34. 

Next, to investigate z< 1, take any (tp,.4)e J*̂ , whence 

^(ip,^K,z) = £JB2+j^^(x)]/(x,P,z)^x, (4.19) 

with ^^(x) = <t/;, !/;> (x). We want to show that for suitable a and K, S is negative 
for some R. [If it is negative then, by the scahng (2.4), & can be made arbitrarily 
negative.] To show this, it suffices to average S with some probability density 
P ( P S . . . , R ^ ) , \¥d^R=\, and to show that <^>= j ^ F ^ ^ P < 0 . Take 
P = ^^(KO...^^(/^'^). The result is 

iS^ = ̂ \B^-\zK\l-z(K-\)-\l{Q^), (4.20) 

m=\\Q(AQ{y)\^-yV' ^^dy • (4.2i) 

Choose K to be the smallest integer closest to | + 1/z. Then zK = {z/2) + 1 + /x 
with N ^ i z and zX[2-z (K-1) ] = [1+(z/2)]2-/i2^ 1+z> 1. Therefore, if 

a^>(47r)-MnflBV/(^), (4.22) 

instability occurs for all 0 < z < 1. 

For the particular example in [13] quoted above, one has 

|B(x)| = 12(l+|x|^)-^^(x) = [7r( l+ |xp)]-^ 

and one computes 

JB^ = 187r^/(^)=l/7c. (4.23) 

Therefore, if a > 3 • 2~ ^̂ T̂T = 6.67, instability also occurs for all z < 1. D 
Acknowledgements. It is a pleasure to thank J. Frohlich and H.-T. Yau for helpful discussions. 
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In the presence of arbitrarily large magnetic fields, matter composed of electrons and nuclei was 

known to be unstable if a or Z is too large. Here we prove that matter is stable if a < 0.06 and 
Za^ < 0.04. 

PACS numbers: 03.65.-w, ILlO.-z, 12.20.Ds, 31.10.+Z 

One of the remaining unsolved problems connected 
with the stability of matter is the inclusion of arbitrary 
magnetic fields. The model is a caricature of QED, which 
invites speculations about stability of QED for large fine 
structure constant a, but that is not our focus here and we 
refer to [1] for a discussion of these and related matters. 
The Hamiltonian for N electrons and K fixed nuclei 
of charge Ze with magnetic field B(x) = V X A{x), 
including the field energy, e / B^, is 

^"fi + Vc + e f B{xf ^^ H 'd'x, (1) 

where T' = [a - {p + A)f = {p + AY + a - B is 
the Pauli operator. The Coulomb energy is 

1 = 1 y = l l^i<j^N 

+ z \Ri - Rj\~ (2) 

with Rj being the coordinates of the nuclei and Xi 
the electron coordinates. The energy unit is 4 Ry = 
Imc^a^, a = e^/Hc, length unit = fO-jlme^, and e = 
i^TTo^Y^. Notice that a appears in (1) only through e. 

The negative particles are necessarily spin 1/2 fermions 
which, for mathematical generality, we assume to exist in 
qll flavors (e.g., q = 6, corresponding to three leptons). 
The ground state energy is denoted by E. 

Starting with the 1967 pioneering work of Dyson 
and Lenard we now understand stability, for arbitrarily 
many electrons and nuclei, with B = 0, in the context 

of the nonrelativistic Schrodinger equation. Later it was 
extended to the "relativistic" Schrodinger equation in 
which p^/2m is replaced by {c^p^ + rr?-c^)^''^ (see [2] 
for a review). These proofs also hold with the inclusion 
of a magnetic field coupled to the orbital motion of the 
electrons, i.e., p —^ p + A,but no Zeeman a- • B term. 

Stability of matter has two meanings: (i) E is finite 
for arbitrary Â  and K; (ii) E > -C\{N + K) for some 
constant Ci independent of Â , K, and Rj. (ii) obviously 
implies (i), and it holds in the nonrelativistic case. In 
the relativistic case, (i) actually implies (ii) (see [3]) but 
(i) requires two conditions: Za ^ C2 and a ^ C3 with 
C2 and C3 being universal constants, the best available 
values being in [3], Theorems 1 and 2. The inclusion of 
B changes £, but the point is that while Ci, C2, C3 depend 
on q, they can be chosen to be independent of B. 

The situation changes drainatically when the magnetic 
moments of the electrons are allowed to interact with the 
magnetic field via the cr - B term, as in (1). The reason 
for this is simple: The Pauli operator T' is non-negative, 
but it is much weaker than {p + A)^. Indeed, it can 
even have square integrable zero modes [4], 0"^ = 0, for 
suitable A{x), which cause instability for large Za^. 

It is known [5] that without the field energy term 
e /fi^ in (1) arbitrarily large B fields can cause arbitrarily 
negative energies E even for hydrogen. The field energy, 
hopefully, stabilizes the situation, and our goal is to show 
that E is finite for (1), even after minimizing over all 
possible B fields and all possible Rj. 

One of our results on magnetic stability is as follows. 
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Theorem 1: The ground state energy ofH satisfies 

E > -2.6^2/^ max{Q(Z)^ Q{5.1q)-}N^^^K^^\ (3) 

with Q{t) ^ t + y/Tt + 2.2, provided that 

qZa^ < 0.082 and qa < 0.12. (4) 

In (2) all the nuclear charges are set equal to Z. As far 
as stability is concerned this is no restriction [6], since the 
energy is concave in each charge Zj and hence stability 
holds in the "cube" {0 < Zj < Z}jLi if it holds when all 
Zj = Z. It also follows from this that £ is a decreasing 
function of Z. Moreover, since e « a~^, it follows 
that E is a decreasing function of a, a fact that will be 
important later. The form of (3) is the best possible for 
Z ^ 1, as we know from other studies [2]. 

Our actual condition for stability given after (18) is 
rather complicated, but very much more general than 
(4)—which is only representative. The results after (18) 
show, e.g., that when a = 1/137 and ^ = 2, Z can be as 
large as 1050. The large values of Z and a are important 
because the comfortable distance of the critical values 
from the physical values Z ^ 92, a = 1/137 implies 
that the effect studied here is merely a small perturbation 
of the usual 5 = 0 case. 

Our proof of Theorem 1 will require a new technique— 
a running energy-scale renormalization of 'J'. A byprod­
uct of this is a Lieb-Thirring type inequality for T': 

Theorem 2:Ifei^e2,..'<0 are the negative eigen­
values ofT — Uyfor a potential —Uix) ^ 0 then 

Y^lsil^ayj U{x)'/^d'x 

+ by(^j B{xf d'x^ ( J U{x)^ d'x^ (5) 

for all 0< y < \, where ay = (2^^-/5){\ - y)~^L3 
and by = 3'/^2-^/^7ry-3/8(l - yJ-^/^L^. We can take 
L3, defined below, to be 0.1156. 

More generally, the second term in (5) can be replaced 
by (/53'?/2)i/^(/f//')i/p, where p - i + q-\ = 1. 

The investigation of this problem started in [1,7] where 
type (ii) stability was proved (for suitable Z, a and q = 
2) forK = \ and arbitrary Â  [if (Z + l/4)a^2/7 < Q 15J 
or N = 1 and arbitrary K (if Za^ < 0.6 and a < 0.3). 
The problem for general N and K was open for nine years, 
and we present a surprisingly simple solution here. 

The bounds in (4) on Za^ and a are not artifacts. 
It is shown in [1] and [4] that the zero modes cause 
£ = —00 when Za^ > 11.11 for the "hydrogenic" atom, 
i.e., a single spin 1/2 particle and one nucleus. If the 
number of nuclei is arbitrary, it is shown in [7] that 
there is collapse if a > 6.67, no matter how small Z is. 
Magnetic stability, like relativistic stability, implies a (Z-
independent) bound on a. 

986 

Prior to our work a proof of type (ii) stability for (1) 
with Z = 1, ^ = 2, and some sufficiently small a was 
announced (unpublished) by C. Fefferman and sketched 
to one of us. Our proof is unrelated to his, considerably 
simpler and, more importantly, gives physically realistic 
constants. 

We begin our analysis with the observation that length 
scaling considerations suggest that the key to understand­
ing the stability problem is somehow to replace T, on 
each energy scale e, by ix't je, where /i is a fixed energy 
but e is variable. On energy scales e > /i we can use the 
fact that T' > 0 to replace I' by fJi'T/e without spoiling 
lower bounds. It might seem odd to replace T' by some­
thing smaller, but what is really happening is that a • B \s 
being partially controlled by [1 - tJie~^'\{p + A)^. The 
idea of replacing T' by a fraction of "T was also used in 
[1], but no energy dependence was used there. 

We shall illustrate this concept by three calculations. 
The first, (A), will establish magnetic stability by relating 
it to the stability of relativistic matter (see [3,6,8,9]). The 
second, (B), will be the proof of Theorem 2. The third, 
(C), will use essential parts of the second calculation and 
an electrostatic inequality proved in [3] to prove magnetic 
stability without resorting to relativistic stability. 

(A) Magnetic stability from relativistic stability.—We 
use stability of relativistic matter in the form proved in 
[3]. From the corollary of Theorem 1 in [3] with {B = 0.5 
we have, for any (i < qK < 0.032 and ZK — \lTT, 

X \Pi + A,| + /cVc^O. (6) 

(Although Theorem 1 in [3] was stated only for \p\, 
it holds for |j7 + A\ because it relies only on the 
magnitude of the resolvent, which only gets smaller when 
A is not zero. Thatis, |I/7 + A\-'{x,y)\ < | I/^TMA-,}')! 
for each 5 > 0 and jc,y in B?. This follows at once 
from a similar bound on the heat kernel {exp[-r(/? + 
A)^]}(ji:,>') which, in turn, follows from its representation 
as a path integral. This was pointed out in [5,10]. 
Only the resolvent powers \p + A\~^ enter the proof of 
Theorem 1 in [3].) 

Using (6), H is bounded below by // = X/^i /̂ / + 
ejB^, where h is the one-body operator h = T -
K~^p + A\. Thus E is bounded below by e JB- + 
'EN, where E/̂  = q^fJ\ ey and ei < £2 ^ . . . are the 
eigenvalues of h. For ^ > 0, let N-dh) be the number of 
eigenvalues of h less than or equal to - e . Choose p, > 0 
and note that 

EN S: -N/JL q f N-e(h)de. (7) 

The crucial step in our proof is noting that the positivity 
of the operator T' implies that T' > piT je when e > 
At. Thus T > Ate-'T' > p.e-\p + Af - p^e'^Bix) 
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when e ^ jJL. By Schwarz's inequality, K~^\p + A\ ^ 
{\/3)e~^K~^{p + A)- + 3e/4 and hence if we set JJL = 
(4/3)/c~^ we obtain 

h > e~^K-^{p + Ay je-^K-^B{x) - 3e/4 = he. 

Thus N-e{h) ^ N-e{he), and this can be estimated 
by the Cwikel-Lieb-Rozenblum (CLR) bound [11], 
i.e., N-eiip + A)2 - Uix)] < 13 IlUix) - efr-d^x, 
where [a]+ = max(«,0) and L3 =0.1156. In our case 

21^2-13/2 

d'x. (8) 
3 4 

Inserting this bound in (7), a simple calculation yields 

IN ^ -A^M - {27r/3)qK~^Li j B{xfd^x. 

We choose K SO that the field energy terms are non-
negative, i.e., K ^ (167r^/3)L3a^^ = 6Aa^q. We con­
clude, by (6), that magnetic stability holds if 

qa < 0.071 and qZa^ < 0.052. (9) 

It is easy to see that for any 0 < 7 < 1 the integrand in 
(10) is bounded above by 

y/2i[B{x) - ye^jj^ff + [U{x) - (1 - y )^] f ) . 

Treating the integrand in (11) in a similar fashion and 
combining the inequalities we find 

Xk/I ^ ^f2L,fl^j\B{x)-ye'/fif/'de 

+ rWix) - (1 - y)ef/^de 
Jo 

+ j [{e/fi)U{x) - (1 - y)e^/,^ffde^d'x. 

After extending the last two integrals to f^, a straight­
forward computation yields 

Ski ^ ^L.JIJJ^UM^'^ + '-^BUf 
15(1 - r) 
+ u 

16yl/2 
•3 /2 . (1 - y)-^/^U{x)'^\d\. 

For <7 = 2, the first condition is a ^ 1/28. For q = 2 
and a = 1/137, stability occurs if Z ^ 490. 

Assuming (9) holds, we then use (6) and choose 
K = min{0.0315^"^(7^Z)"'}. Our lower bound on the 
ground state energy per electron, by this method, is then 
-fi = -{4/3)K-- = -max{1345^2 13.2Z2}. 

Remark: We used the CLR bound in (8). Since the 
derivation of this bound is not elementary, the reader 
might wish to use an easier to derive bound—at the cost 
of worsening the final constants. A useful substitute is 

N-e ^ 0.1054e -1/4 
/ WM e/2]Td'x 

(plus an increased /x), which is in (2.8) of [12] and which 
can be derived by means originally employed for the Lieb-
Thirring inequality. This same remark also applies to our 
other calculations below. 

(B) The Lieb-Thirring inequality.—As before we 
note that ^.^i =" - fo ^-ei^ - ^)de. We write 
/o = / ^ + /^ . The parameter JJL will be optimized be­
low. Noting that T' > (/? + A)- - B{x) and applying 
the CLR bound in the same fashion as before to /Q yields 

L3 ['' f[B{x) + Uix) - effd^xde. (10) 

In 
. - 1 

f^ we replace CT by the lower bound 
/jLe"^[ip + A)2 - B{x)] and obtain N-eCT - U) < 
N-e{iJie~\{p + Ay- - B]- U). A further application 
of the CLR inequality yields the bound on / ^ 

-s:i [B{x) + {e//j,)U{x) - e^/ixfl^dxde. (11) 

Optimizing over JJL yields (5). 
To prove the more general form of (5), replace /xe~' 

by ijie'^y, where s = 2p/3 - 5/3. 
(C) Proof of Theorem 1.—We turn now to our third 

illustration of the concept of running energy scale and 
prove the stability directly, not relating it to the relativistic 
problem. By this method we get the correct dependence -
of the ground state energy on Z and also somewhat better 
critical constants than in (9). 

Following [3] we first replace the Coulomb potential 
by a single particle potential in (12) below. We break 
up R^ into Voronoi cells defined by the nuclear locations, 
i.e., Tj = {x : \x - Rj\ < \x - Rk\ for all k} is the ;th 
Voronoi cell. Each Tj contains a ball centered at Rj with 
radius Dj = min{|/?y - R^l : j i" k}/2. 

The following bound on Vc is proved in [3]: Choose 
some 0 < A < 1. Then 

(12) 

where W{x) = Z\x - Rj\-^ + Fj{x) for x G Tj with 
Fj{x) defined by 

(2Djr' (1 - D]-^\x - RjlY' for \x - Rj\ < ADj, 

(̂ /2Z + 1/2) \x - Rj\~^ for \x - Rj\ > XDj. 

The point about this inequality is that the potential W has 
the same singularity near each nucleus as Vc, and that 
the rightmost term in (12) is repulsive. This term will be 
responsible for stabilizing the system. 
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The problem is thus reduced to obtaining a lower bound 
on qY!^j^ where Z'^y is the sum of the first [N/q] 
negative eigenvalues of 7̂  - W. Note that Theorem 2 
cannot be applied directly to this problem, since W is 
neither integrable to the power 5/2 nor to the power 4. 
Instead we have to do the calculations directly. 

For J/ > 0 (a number that is chosen later) set W^ix) = 
[W{x) - v]^ and note that W{x) - v < W^{x). Then, 
as in (7), qHSj > -Nv - q f^N-e{T - W^)de. 
Again, 

/ N-ei'T - W^) de< \ N-ei'T - WJ de 
Jo Jo 

+ 1 N-eifJLe'^7' -W)de, (13) 
J ti 

where we have replaced W^ix) by W{x) in the second 
term. Applying the CLR bound to the first expression 
on the right side we obtain L3 / /Q {B{X) + Wy{x) -
e]+ de d^x, which can be bounded, as in part (B), by 

+ \{\-y)-'WAx?"]^d'x. (14) 

for any 0 < 7 < 1. 
The difficulty in dominating the second term in (13) 

comes from the Coulomb singularity of W(jc), which is not 
fourth power integrable. The singularity can be controlled 
using the following operator inequality, which follows 
from the diamagnetic inequality j\{p + A)\l/\^d^x ^ 
/ \PWV d^x and Lemma 2a on p. 708 of [13]. 

(„ + ^ ) 2 _ 2 _ ^ _ | z 2 / 4 + |-Zi?-», i f U | < / ? , 
^̂  ""̂  \x\- \z\x\-\ ifM^R. 

Choose R = XDj and write (p + A)^ = I3{p + A)^ + 
(1 - i3){p + A)- for some 0 < /3 < I. Then, by scal­
ing, 

{fjL/e)r - W > (/x/e)i\ - I3){p + Af 

- {iJi/e)B - iy, 

where Wix.e) = Gj{x,e) + Fj{x) for jc G Ty with 
Gj{x,e) defined by 

Z^e/4/3fjL + 3Z/2XDj for |jc - Rj\ < XDj, 

Z\x - Rj\-^ for \x - Rj\ > XDj. 

Note that W depends on e. 
Again, as in part (B), we can use the CLR bound on the 

second term in (13) to obtain (when 1 - y > Z^/APfi) 

V2Z.3(1 - l3)-^"'j\f[B(x) - yeVufl^de 

M-5/2 rieW(x,e)-(\ -y)e^ti. 
Jo d'x. 

(15) 

First we compute the last integral in (15), which is 

X / / [eGj{x,e) + eFjix) 
y=i J^j Jo 

- ( 1 - y)e^ffded^x. 

Now split the Tj integral into an inner integral |JC — 
Rj\ < XDj and an outer integral \x - Rj\ > XDj. The 
inner integral yields, using the definitions of Gj and Fy, 

377^ 

32 (•- 4/3fi) Jo [2(1 - r2) 

sr-'-^ 
(16) 

To bound the outer integral from above we replace Tj by 
R^ and get 

(37rV32)(l - r)~'/'(N/Z + ^2f{XDj)-K (17) 

Combining (14)-(17) we find that the sum of the negative 
eigenvalues of I ' - W„ is bounded below by 

-a I W^ixf'^d^x - b f B{xfd\ - cY^DJ 
J J y=i 

Here a = ^(2V2/5)L3(1 - y)"', 
(18) 

c = q ^^ Lsil 

^r'^Hfj^/yy^ 

32 

A(i - rP/2 

PT'f^iJL-''^ 

('- y 

+ 15 
2) 2A r 

4/3 fi J 

r^dr 

-5/2 

To simplify the stability condition we have artificially in­
creased the bounds by recalling that q ^ 2 and twice re­
placing 1/2 by q/4 in the definition of c. We choose /3 = 
1/8, y = 1/2, A = 8/9, and JJL SO that b = (87ra2)-i. 
The stability condition c ^ Z^/S [see (12)] now depends 
only on the two parameters X = qZa^ and Y = qa. A 
straightforward but lengthy calculation shows that the sta­
bility condition holds if X = XQ = 0.082 and Y = YQ = 
0.12. The condition is monotone in Y, so it holds for 
X = Xo,Y ^ Yo. Although our condition does not hold 
for all X ^ XQ, Y ^ Yo, we can use the Z monotonicity 
of E to conclude stability in this range; this proves (4). 
With the same values of ̂ , y, and A and with ^ = 2 the 
values Z = 1050, a = 1/137 also give stability. 
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To derive (3), note that W{x) < Q\x - Rjl'^ for x e 
Tj. Using this bound and replacing Tj by R^, one easily 
obtains --JlTr'^LiqKQ^v'^^'^ - NP as SL lower bound 
on the - a / W^^'^ term in (18). Optimizing over j^ yields 
(3) when X = Xo,Y < YQ. In this case, Z > ZQ = 5.7^. 
If X < Xo, Y ^ Yo and Z > ZQ, we get a lower bound 
on E by increasing a until X = Xo,Y ^ YQ; this yields 
(3) with Q = Q{Z). Otherwise, with Z < ZQ, we use the 
Z monotonicity of £ to conclude (3) with Q = Q{5.1q). 
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The Chandrasekhar Theory of Stellar Collapse 
as the Limit of Quantum Mechanics 

Elliott H. Lieb* and Horng-Tzer Yau** 
Departments of Mathematics and Physics, Princeton University, P.O.B. 708, Princeton, 
NJ 08544, USA 

Dedicated to Walter Thirring on his 60^^ birthday 

Abstract. Starting with a "relativistic" Schrodinger Hamiltonian for neutral 
gravitating particles, we prove that as the particle number N^cc and the 
gravitation constant G->0 we obtain the well known semiclassical theory for the 
ground state of stars. For fermions; the correct limit is to fix GN'^'^ and the 
Chandrasekhar formula is obtained. For bosons the correct limit is to fix GN 
and a Hartree type equation is obtained. In the fermion case we also prove that 
the semiclassical equation has a unique solution - a fact which had not been 
established previously. 

Historical Remarks and Background 

There are two principal elementary models of stellar collapse: neutron stars and 
white dwarfs. In the former there is only one kind of particle which, since it is 
electrically neutral, interacts only gravitationally. The typical neutron kinetic 
energy is high, however, so it must be treated relativistically. Unfortunatly, the mass 
and density are also large enough that general relativistic effects are important. For 
white dwarfs, on the other hand, there are two kinds of nonneutral particles: 
electrons and nuclei. Because the density is not too large, it is a reasonable 
approximation to ignore general relativistic effects (although these effects might be 
important for stability considerations [29]); the nuclei (because of their large mass) 
can be treated nonrelativistically but the electrons must be treated relativistically. 
The Coulomb interaction is usually accounted for by the simple assumption that 
local neutrality requires the nuclear charge density to be equal to the electron charge 
density, in which case the problem reduces to calculating the electron density. 
(There are, in fact, electrostatic exchange and correlation effects [28,29], but these 
are small by a factor a = 1/137.) 

* Work partially supported by U.S. National Science Foundation grant PHY 85-15288-AOl 
** Work supported by Alfred Sloan Foundation dissertation Fellowship 
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Under the assumption of local neutrality (and no significant exchange and 
electron-nuclei correlation effects) and neglecting the nuclear kinetic energy, the 
white dwarf problem is mathematically the same as the neutron star problem - but 
without general relativistic effects. This problem was formulated by Chandrasekhar 
in 1931 [2] (and also in [7,11 ]) and leads to an equation for the density which we here 
call the Chandrasekhar equation (1.16,1.18). The neutron star problem leads to the 
much more complicated Tolman-Oppenheimer-Volkoff equation which will not 
concern us. Both are reviewed in [24,27]. Both equations predict collapse at some 
critical mass which, in the white dwarf case, is called the Chandrasekhar mass. 
Clearly, near this mass the elementary theory is not totally adequate. 

Quantum mechanics is essential for the stability in both cases. "The black-dwarf 
material is best likened to a single gigantic molecule in its lowest quantum state" [7]. 
In all treatments up to now, quantum mechanics enters only through the use of a 
local equation of state P{Q), ( P = pressure, ^ = density) which is that of a degenerate 
Fermi gas (electrons or neutrons). See [30] for example. 

Two years ago Lieb and Thirring [19] decided to investigate whether, starting 
from the Schrodinger equation for fermions one would, indeed, recover the 
semiclassical Chandrasekhar equation (1.16, 1.18) in the limit Â ( = particle 
number)-• oo and G ( = gravitational constant)-•0. More precisely, for fermions the 
relevant stability parameter should be GN^'^, and not GN. Numerically, the critical 
Â  is about 10^^, so the limit N^oo is a very reasonable one to consider. The 
Chandrasekhar value of the critical mass (with the correct 2/3 exponent) was proved 
in [19], but only up to a factor of 4. For bosons, on the other hand, which have not 
been considered for astrophysics, Ruffmi and Bonazzola [30], Thirring [25], and 
Messer [21] realized that the relevant parameter should be GN, thus leading to 
collapse of objects only the size of a mountain. In [19] it was conjectured that, for 
bosons, (1.18) should be replaced by a Hartree type equation when N^oo. In a 
sense this would mean there is no semiclassical limit for bosons (although we shall 
continue to employ that word) because the Hartree energy involves density 
gradients, and not just an equation of state. In [19] the Hartree value of the collapse 
constant was proved to be correct up to a factor of 2. 

In this paper we shall prove that the Chandrasekhar (respectively Hartree) 
equations are exactly correct as N-> oo, G->0, for all values of GN^'^ (respectively 
GN), not just the critical value. In view of Walter Thirring's contributions to, and 
interest in quantum mechanical stability questions - in particular the stellar collapse 
problem - it is a great pleasure for us to dedicate this work to him on the occasion of 
his 60'^ birthday. 

At first it seemed to us that reducing the quantum problem to a semiclassical 
problem would end the story. But then we realized that a thorough mathematical 
study of (1.18), e.g. uniqueness of the solution, has not been done. This, it turnout, 
is in many ways more complicated than the quantum problem, and therefore a large 
part of this paper is devoted to an analysis of the semiclassical equations. 

In Sect. I we state these problems precisely and summarize the main results. 
Section II contains proofs of the convergence of the quantum energies to the 
semiclassical energies. The analysis of the semiclassical equations (existence and 
uniqueness of solutions and qualitative properties) is in Sect. Ill and IV. The 
convergence of the quantum density (for fermions) to the semiclassical density is 
given in Sect. V. 
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I. Formulation of the Problem and Main Results 

Our starting point is the "relativistic" Schrodinger Hamiltonian for N gravitating 
particles of mass m (in units h=^c = \) 

Here /?^= — A and X.GIR^. / /^N can describe a "neutron star" without general 
relativistic effects if we take m = neutron mass and K = Gnr^. White dwarfs cannot be 
described by (1.1) (unless exchange and correlation effects are ignored). A more 
complicated Hamiltonian is needed in that case and we refer to [19, Sect. 4] for a 
discussion. Our methods can be extended to the case of several kinds of particles 
with different masses, but without electrostatic interaction. If electrostatic inter­
actions are present, as in white dwarfs, genuinely new ideas are needed. However, if 
the positive nuclei are also fermions, then one can use the inequahties in [19, Sect. 4] 
to give a lower bound to the energy; unfortunately, this bound will not be the sharp 
one. It is believed that the semiclassical equation for white dwarfs is nearly the same 
as for (1.1) as N-^co, G->0 provided we take K — G{m-\-Mlzf with M = nuclear 
mass, m = electron mass and z = nuclear charge. 

For fermions (e.g. neutrons or electrons) H^f^ acts on antisymmetric functions 
of space and spin. For generality we assume q spin states/particle; ^ = 2 in nature, 
but q = \ would correspond to spin-polarized matter. We also consider //^^ without 
any symmetry restriction. Since the absolute ground state is always symmetric, this 
is the same as bosons (axion stars?). Technically, H^j^i is considered as the Friedrich 
extension of the operator (1.1) with domain {i/^6L^(lR^^)|i/^ satisfies fermi statistics 
(or no statistics in boson case) and (—A,)^ '̂̂ )/^eL^(lR^^) for / = 1. . .A^}. 

The difficulty in going from H^f^ to the semiclassical Chandrasekhar or Hartree 
theories as N^oo and G->0 is this: For one particle, the operator h = \p\—Z/\x\ 
becomes unbounded below [5, 8-10, 26] when Z>2/7r. Suppose that, by some 
fluctuation, 3(7CK:)"^ particles get very close together. Then they form a trap into 
which the other particles can fall. Hence we might expect important correlation 
effects or even collapse for /f̂ ^ when N=0(K~^), in which case the semiclassical 
point of view wherein the gravitational interaction is treated as a smooth per­
turbation would be wrong. Something like this does happen for bosons and that is 
why the Hartree equation is the appropriate limiting description. But the interesting 
(and difficult to prove) fact is that the Pauli principle prevents this from happening 
for fermions. There is a collapse in that case, but only when N = 0{K~^''^). The "local 
equation of state" point of view is valid for fermions. 

The quantum energy is defined by 

EHN) = MsvtcH,^ (1.2) 

in the appropriate space according to the statistics. Later on we shall define the 
quantum density. 

The semiclassical energy functionals, S from O (R^) to IR are defined as follows. 

445 



With H.-T. Yau in Commun. Math. Phys. 772, 147-174 (1987) 

150 E. H. Liebund H.-T. Yau 

Fermions: For relR^, let r]=^(6n^tlqy'^ and 

j(t) = q(2n'r' ]p'{p'+myi'-m}dp 
0 

Then 

^^(Q)^iJ{Q(x))dx-KDiQ,Q) , (1.4) 

where D is the classical gravitational energy 

D{Q,Q) = k ^i Q(x)Q(y)\x-y\-'dxdy . (1.5) 

J{Q) is the ground state kinetic energy density of ^-state fermions at density Q. 

Bosons: 

^:fiQ) = iQ''\ {ip' + m'y''-m}Q'^')-KD(Q,Q) . (1.6) 

The superscript C is for Chandrasekhar while H is for Hartree. 
Corresponding to these functionals are the minimum energies: 

E^(N) = M{^^{Q)\Q^O,QeL'^H^') and ^ Q = N} , (1.7) 

E!^(N) = mr{^!^{Q)\Q^O,\p\''^Q"^GL\JR^) and J ^ = 7V}. (1.8) 

Later, we shall omit the subscript K when it is not necessary. 
Recall (see [1, 19] and Lemma 3 for more details) that there is a critical con­

stant Nf(K) which has the properties that E^{N)= - o o iff N>Nf{K). Nf{K) 
can be calculated explicitly. Define y=^{(y'n?'lqyi^ and Xc = ylGf, where 
Gf^sup {D{Q,Q)I\Q'"^\Q'^^, QGL^I^ and 1^ = 1};^ 1.092 (see Appendix A). Then 

A^^(K) = T 3 / 2 K : - 3 / 2 ^ 4 . 3 8 ^ - ^ / 2 / C - ^ / 2 . (1.9) 

For bosons, there also exists a critical number N^{K) which has the properties 
EKW= - 0 0 iff N>Nh(K) (see [19] and Lemma 4). Nb(K) can be related to 
a, = sup {D{Q,Q)I{Q'^\ \P\Q''^)\Q^O, \P\'I'-Q"^SL" and j ^ = l} by the formula 

N^{K)=G^^K-^=(D,K-^ . (1.10) 

Gt is known to satisfy n/4>Gi,> 1/2.7 (Appendix A). 
There are scalings 

E^(N) = t'/'Ef,(t-'''N) , E^{N) = tE!l(t-'N) , (1.11) 

which are easy consequences of the transformation Q(x)-^Q{t~'^^^x) (respectively 
Q(x)-^Q(t ~^'^x)). It is convenient to introduce some normalized quantities. For any 
T>0, let 

^'AQ) = h'(Q)-^D{Q,Q) , (1.12) 

ê (T) = inf{£j(^)|J^ = l , ^ ^ 0 and J ^ ^ ^ ^ ^ o o } . (1.13) 

It is easy to see that [with Qix) = Q(N^'^x)] 

^^{Q) = N8',{Q) and E^{N) = Ne'(T) , (1.14) 
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where X^N'^'^K. Similarly, we have (with CD — KN) 

S^{Q) = m^{Q) and E^{N)^Ne''(w) , (1.15) 

where e^ and e^{(o) are defined analogously to (1.12, 1.13). 
Obviously, if we expect to have a nice limit as N-^ oo and G-»0 we should {\\ the 

quantities 

T = KN'^'^ (fermions) , co = KN (bosons) . 

Numerically, K:^ 10"^^ for neutrons or nuclei and A îs about 10^^ for a neutron star 
or white dwarf, so this limit is quite justified physically. 

Our main theorems can now be stated. 

Theorem 1 (fermions). Fix T = KN^'^ and q with T<T<,. Then 

lim EQ{N)IE^(N) = 1 . 

If T>Tc ihen lim E^(N) = - oo. 
N-oo 

Theorem 2 (bosons). Fix (JO = KN with CO<(DC. Then 

lim E^{N)IE^{N) = \ . 
N-oo 

If (D>(Dc then lim E^{N) = —oo. 
N-*oo 

CoroUary 1. Let NJ{K) [respectively N^{K)] be the critical particle number 
for the stability of (1-1) '̂̂  ^^^ fermion (respectively boson) case, i.e. N^(K) 
== sup {N\E^{N)> - o o } . Then 

1 =lim Nf{K)/Nf(K) = \im N^{K)/Nt,{K) 
K-^O K-+0 

if q is fixed in the fermion case. 

Remarks, (a) In fact, the errors between E^(N) and E^(N) [respectively E"(N)] 
can be estimated (see Sect. II). The difference between the quantum and 
semiclassical critical particle numbers can be bounded for large TV as follows 

{\+3q^^^Nj-{Ky^^^)Nj-{K)^Nf{K)^il -2^q'i^Nf{Ky"^)Nj{K) , 

(1 ^-2N,{K)-')N,(K)^N^{K)U\ -\ON,{Kr"^)N,{K) . 

(b) It was proved in [19] that lim Nf{K)/Nf(K) is between 1 and 1/4 (roughly). 
Likewise, lim N^{K)INi,{K) is between 1 and 1/2. 

Theorems 1 and 2 show that we can study H^j^ by means of its semiclassical 
approximations, (1.4) and (1.6), and therefore it behooves us to study the latter. 
Auchmuty and Beals [1] showed that there is a minimizing Q for (1.4) for each 
N<Nf and that this Q has compact support. They did not prove uniqueness. 
Later, Lions [20, Theorem II.2] proved that any minimizing sequence of ^'s 
for (1.4) has (after translation Q{X)-^Q{X -\-y)) a strongly convergent subsequence in 
L^/^(IR3)nLHlR^). 
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The next two theorems summarize some properties of^ E^{N) and E"{N) which 
were not previously known, but which are physically important. For them, we need 
the notion of symmetric decreasing functions and rearrangements. For the 
convenience of the reader, we collect some basic definitions and facts about this 
subject in Appendix A. Since the functions we are interested in are all symmetric 
decreasing, we shall abuse notation by writing, say, Q{r), Q(r) = dQ/dr, etc. with r = \x\ 
for a function ^: ]R^->1R. 

Theorem 3 (fermions). (a) For each N<Nf, there exists a symmetric decreasing 
minimizer QN{X) for E^{N). It satisfies the Euler-Lagrange equation for some 
Lagrange multiplier fx: 

J'{Q{x))=[r]\^)-^m^]'l^-m = {K\x\-'^Q-li]^ , (1.16) 

where {/(X)}H. =max (/(x),0) and rj{x) = (6n^Q(x)/qy'\ 
(b) Any minimizing Q for E^{N) is symmetric decreasing after translation and 

satisfies (1.16)/or some fi. 
(c) There is no minimizing Q for E^(Nf) even though E^(Nf) is finite. 
(d) E^{N) is a strictly concave, monotone decreasing function which is continuous 

at the end point, Nj, and E^{Nf)= —mNf. 
(e) Let fij^ be the Lagrange multiplier associated to some minimizer Q^for N <Nf. 

Then the right and left derivatives of E^{N) satisfy {dE^jdN)^ ^fi^S(dE^/dN). : 
(f) /iyv-*oo as N-^Nf. 

Remarks, (a) The Euler-Lagrange equation (1.16) is in fact equivalent to the 
Newtonian limit of the Tolman-Oppenheimer-Volkoff equation ((11.1.13) and 
(11.3.4) of [27], see also [24]). By differentiating (1.16) with respect to r we have 

Qf\Q) = [n\f)-\-m^r''^r}ir)-'Q{r)=^ -KM{r)/r^ , 

^ (1.17) 
r 

M{r) = 4n j s^Q{s)ds . 
0 

a " '̂•̂  
Let P(r) = - ^ J k^'ik^+m^y^^dk be the pressure ((11.3.43) of [27]). Then (1.17) 

can be rewritten as an equation of gravitational-hydrostatic equilibrium: 

-r^P{r) = KM{r)Q{r) . (1.18) 

Equation (1.18) is the Newtonian limit of the TOV equation. For historical reasons, 
we call (1.16), and its equivalent (1.18), the Chandrasekhar equation. 

(b) The Euler-Lagrange equation for (1.4) is really 7 ' (^ ) - ' ^kT^ * ^ - / ^ = 0 
when ^(x) > 0 and ^ 0 when Q{X) = 0. But, since/(0) = 0, this is equivalent to (1.16). 

(c) (1.16) is equivalent to a second order partial differential equation. See (4.7) 
and Lemma 8. 

(d) Theorem 5(b) improves Theorem 3(e). 

Theorem 4 (bosons), (a) For each N<Ni,, there exists a symmetric decreasing 
minimizer QN(x)for E^(N). It satisfies the Euler-Lagrange equation with Lagrange 
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| E ^ ( N ) or E^(N) 
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Fig. 

Nf or Nb 

multiplier v in the distributional sense (with p^ = —A) : 

(1.19) 

(b), (c), (d), (e), (0 Same as in Theorem 3 mutatis mutandis. 
Figure 1, which is schematic, summarizes parts of Theorems 3 and 4. 
The fact that ^^io) has a local kinetic energy enables us to study E^(N) in more 

detail. In the next theorem, we show that E^{N) has a unique minimizer up to 
translation (or N<Nf. We also show that the central density is strictly increasing to 
infinity while the radius is strictly decreasing to zero as N-^Nf. 

The next two theorems are stated only for fermions. While we do not expect that 
their analogues fail for bosons, to prove them would require a great deal more work. 
It will be time enough to undertake this work when boson stars are seen in the sky. 

Theorem 5 (fermions). (a) For each N<Nf the minimizer QJ^ is unique up to 
translations Q(X)->Q{X+y) for yeJR^. 

(b) E^{N) is differentiable in N and thus dE^{N)/dN= -^j,. 
(c) Each Qj^ has compact support. Let Rj^ denote the radius of its support. Q^ir) is 

real analytic for r <Rfsj. Rj^ is a strictly decreasing function of~N. R^^^O as N-^Nf 
and Rs-^oo as N-^0. 

(d) Let a^ = ^;v(0) be the central density of Q^. Then OLJ^ is a strictly increasing 
function of N tending to oo as N->Nf. 

(e) Every radial solution o/(1.16) is a minimizer for N = ^Q. 
(f) Any two Q^'S intersect at exactly one value of r. 
(g) IfN,<N2 then M^{r)<M2(r) for all r>0 [Mir) is defined in (1.17)]. 
Some of these results are displayed schematically in Fig. 2. 

Remarks, (a) We can relate Theorem 5 to the stability theorem given in e. g. [24,27]. 
Since the Euler-Lagrange equation is equivalent to the Chandrasekhar equation, 
Theorem 5 asserts that any solution of the Chandrasekhar equation with given 
central density is an absolute (global) minimizer for some E^{N) or, in other words, 
is stable. However, our result is stronger than the standard result in [24, 27] where 
only local stability is discussed. 
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Fig. 2 

(b) The normalized semiclassical functional E,\ has properties similar to S^. In 
particular, e\x) has a unique solution Q^ (say). It is easy to check from the scaling that 

(c) As will become clear, the uniqueness (up to translations) of the solution 
amounts to the fact that the radius and central density of the star is a continuous 
function of the particle number. There are no '*phase transitions". While it is clear 
that the radius is a continuous function of the central density a, it is not obvious that 
there are some a's which do not correspond to some minimizer. If that were to 
happen (and we shall show that it does not) then a (and hence the radius) would not 
be continuous in TV. 

Equation (1.16) is equivalent to a PDE as shown in (4.7). [Actually, the fact that 
every solution to (4.7) is a solution to (1.16) is not obvious; in Lemma 8 we prove 
this for radial solutions.] Theorem 5 translates into statements about the ODE 
arising from (4.7) in the radial case. This kind of ODE was investigated in an 
important paper of Ni [23]. He proves that R{OL) is a decreasing function of the 
central density, a, [cf. Theorem 5(c) and (d)] but his uniqueness problem is different 
from ours since he fixes R while we fix TV. It is possible to use Ni's result to prove 
Theorem 5 [except for (g)]. We originally followed that route and found the proof to 
be quite complicated. The proof we actually present here is, in our opinion, much 
more direct. It uses the variational principle in an essential and, we believe, novel 
way. Admittedly the class of ODE's that can be treated by our method is more 
restricted than Ni's. 

We turn now to the connection between the ground state of//^^v and the unique 
semiclassical density ;̂v that minimizes S^. Recall that QJ^{X) = Q^(N ~ ^^^x), where g^ 
minimizes £̂  and is independent of TV, and i = KN-^'^. Given a normalized TV particle 
function, ip, of space-spin we define the one-particle density as 

Q^{X) = NY, j \^I/{X,X2,. . .,XN; (Ti,. . .,(Tff)\^dX2. - dXj^ . (1.20) 
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(A similar definition holds for bosons without J^.) In some sense, ifif/j^ is a "ground 

state" of H^N, and if ^^ is the density defined by (1.20) with i/̂ v̂, we expect that 
QN(N^^^X) should converge to Q^{X) as N-^oo. There are several conceptual 
difficulties with this expectation as we now explain. 

For one thing 7/^^ is translation invariant so it has no L^ eigenfunction. For this 
reason, and also because it isphysically sensible to consider only functions \l/ which 
are ' 'near" the ground state when the particle number is huge, we first have to 
introduce the concept of an approximate ground state as in [18]. 

Definition 1. Fix T. A sequence of normalized wave functions \fjj^ is said to be an 
approximate ground state if, as N-^co, 

N-'\(ik^,H,j,il/^)-E^\^0 . (1.21) 

Even with this definition there is another problem. In quantum mechanics the 
fact that \l/j^ has a low energy does not imply that the system is localized. To see this, 
let ^(x) be any nonnegative function with j ^ = 1, and define the density matrix F by 
r{X,a\X'<T') = ̂ g{y)il/!^{Xi+y,a)il/j^{x'i+y,(T')dy. One finds easily that the energy 
of r , Tr r//^;v, equals (J/^/V^^KN'A/V), but F has a one-particle density given by 
Qf = Q^>^^g. Thus the single-particle density can be smeared out as much as we 
please without affecting the energy. 

The usual way out of this difficulty is to fix a certain relatively small number of 
particles and then to discuss the density of the rest. But it is clear that the number 
that have to be fixed is huge. Thus, this approach is difficult to implement. 

What we do instead is to use a localizing potential. We take advantage of the fact 
that Q^{x) has support in a ball of some radius d^. Let Xx t>e the characteristic function 
of this ball and let A > 0. If we add —^^XxQ to Sr, then the minimum energy would be 
exactly e%T) —A and the minimizer would be uniquely Q^ [formerly all Q^ix-]-y), JF G IR, 
were minimizers]. Let us do the same to (1.1) 

/ / K N A = / / « N - A i : Xr{N-"'xd . (1.22) 
i = l 

Theorem 6. Fix X>0 and T^KN-^'^. Let ij/^x be a sequence of approximate ground 
states for //̂ yvA as in (1.21) and let Q^;^{x) be the densities as in (1.20). Then, for allX>0 
and N-^co, 

Q^,,iN'"x)-^Q,{x) (1.23) 
weakly in L^'^^nL'i'R^). 

Remark. The specific choice of Xr as a localizing potential is arbitrary. Any other 
potential for which it is possible to prove the uniqueness of the minimum for ef^x 
would suffice. 

IL Convergence of the Quantum Energy to the Semiclassical Energy 

The easy part is the upper bound to E^(N) and we shall dispose of that first. Our 
proof is basically the same as that in [19, pp. 503-508] which uses the variational 
principle with coherent states for fermions and a product state for bosons. Only the 
main points need be given here. 
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A.I. Upper Bound to the Quantum Energy (Fermions) 

To imitate the proof of [19, Theorem 2] it is only necessary to verify the analogue of 
[19, Eqs. (45), (46)] for our kinetic energy, namely for all k.peWi^ 

[k^+m'fi''--m^\k+p\-¥\p^+m^Yi^-m . (2.1) 

[This follows from the triangle inequality by thinking of {k,m), (/?, -m) as two 
vectors in IR"̂  with the Euclidean norm.] Then we deduce [19, Eq. (51)] that for every 
nonnegative Q{X) with \Q = N and every (̂  > 0, 

EQ{N)^S^{Q)^{\M)K j t'^ + im'i^^-r'Kl Q' . (2.2) 

Choosing ^ to be a minimizer, Q, for ^^ and optimizing ^ we obtain 

[Recall T = KN""^ and Q(X) =f{N~"^x).] Since E'^iN) = A^^^(T) a n d / e L^ n L°° for a 
minimizer (cf. Sect. IV) when r < T^, we see that (2.3) can be bounded for all T < i, as 

EHN)SE'^(N)(\ - C I ( T , ^ ) A ^ - 2 / 9 ) (2.4) 

for some function C I ( T , ^ ) . Theorem 2 of [19] states that E^(N)= - o o when 
T>T,(1+C27V-'/'). 

A.2. Upper Bound to the Quantum Energy (Bosons) 

Again, we follow [19, p. 505]. Given Q(X) ^ 0 with j ^ = Â , we define the normalized 
variational function 

ily(x,,,..,x,)^N-''" U Qi^jY^' • (2.5) 

Then, adding and subtracting the self interaction, we get 

iil^,Hr,ily) = ̂ "iQ) + '2^N-'D{Q,Q) . (2.6) 

Choosing ^ to be a minimizer, Q, for S'" and recalling that oj = KN, Q(X) =f{N ~ ^ x), 
we obtain the analogue of (2.4) for all oxco^: 

E<^(N)SE''iN){\ -C^{(D)N~') . (2.7) 

When (D>[N/(N-\)]aj,, E%N)= - o o . 
Now we present the lower bound to E^{N) which, apart from the analysis of the 

semiclassical equation, is the main mathematical point o{ this paper. 

B.l. Lower Bound to the Quantum Energy (Fermions) 

As in [19, Eq. (4)] we write Hf^ as a sum of operators, but here the operators will be 
more complicated than in [19]. Let P be a partition of {l,. . . , Â } into two disjoint 

sets Til and 712 of sizes L and M respectively, with L-\-M = N. There are ( j such 

partitions. X= {x^,. . . , Xf^} denotes the Â  variables in R^. ^ ^ 
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The hp and //̂ ^^ are given in terms of three positive parameters e, K\ e with £ < 1 as 

j<ken2 ieni j^i^i 

(2.9) 

^<2) = £ Y^ {{p^i+myi''-m}-K'e[\+eMIL] f <5.(Z) . (2.10) 
i = 1 1 = 1 

In order that (2.8) be an identity we require 

[2eLM-e^M{M-\)]K'=-L{N-\)K . (2.11) 

The N functions ^,: 1R^ -̂>1R are defined to be 

d,{X) = m2ix{\x^-x,\-'\j^i} . (2.12) 

According to Corollary B.2 in the Appendix, //^^^^ —emN if the following 
condition among the parameters, which we shall assume, is satisfied. 

s^{nl2)N'^''K'e[l-heM/L] . (2.13) 

Concerning the hp we note that they are all unitarily equivalent, so it suffices to 
study one of them. Call the first L variables Z = { z i , . .. ^Zi] and the last M variables 
Y=[y^,. . . , y^}. Since there is no kinetic energy in hp associated with Y, the yi can 
be fixed. Furthermore, for /= 1,. . . , L 

3,(X)^S(zi\Y)^max{\z,-yjr'\\^j^M] (2.14) 

and, for / = L+7 with 1 ^ ' ^ M , (5,(^^)^(5^(7) (sinceXjL+;=7j by definition). Thus, if 
we define h^ on q spin-state fermionic functions of L variables by 

/l^ = ( l - £ ) 

U'^ 

we have that for all P 

Lemma 1. If 

then for all Y, and with 

1 = 1 

/ 2 
K e 

1 = 1 

M 

_ l ^ i < J ^ M j = l 
' 

M 

VHz)^Y \z-yj\-'~d{z\Y) , 
J - 1 

Ap^inf {inf spec(/z^)} . 

i>8^1.7q"^Kf/^L"' , 

K:" = ( 1 - 2 £ ) - ^ K ' . 

/z^^(l-2£)£';^»(L)-£mL . 

(2.15) 

(2.16) 

(2.17) 

(2,18) 

(2.19) 

(2.20) 
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Proof. Let Bj be the ball centered at yj of radius rj=[2dj(Y)]~^. These are 
pairwise disjoint. Let fij be the uniform normalized (5-measure on dBj, i.e. 

M 
fij(x) = {4nrj)~^S{\x —yj] —Vj). Let / i= ^ Hj. Let \j/ be any normalized fermionic L 

particle function and Q{X) its density [by (1.20) with L in place of A'̂ ]. 
Since i)(^ -e / i , Q -e^ij^O, one easily derives [using 2D{Hj, /x,) = r / \ 2D(fij, n^ 

= \yj-y^\-' and {\x\-'^iij){x) = \x-~yj\-' for |x->;, . |^o] 

K'i)(^,^)^;c'^ J^ (z )F^ (z )^z - l / ^ . (2.21) 

Hence, h^ can be bounded by 

(iA,//V)^(i-2£);i:2(,/,)-K:'Z)(^,^)+£A:2(,/.) , (2.22) 

\ u = i 

By Lemma B.3 (Appendix) mthg{x) = i^''^ exp (-7r(^x2/2) and (^, |/7|^) = 2(̂ /̂2̂  
we have 

^ (1 -2£)ef.^,(^*^2)^(^ -2E)EUL) . (2.24) 

The remainder terms which we have to bound below are 

R= - 2 ( 1 -2e)i^i^L^eK^{xlj)-^ K' j Q{x)w{x-y)Q{y)dxdy (2.25) 

with w{x) = \x\~^ —{9^^\A~^^9^){^)- The integral in (2.25) can be bounded using 
Young's inequality by ||w||2||^||4/3- Clearly, ||vv||2 = C{~^^''' with C a. constant; one 
easily finds C^ ̂  32/(3 TT^̂ '̂ ). Optimizing the first and last terms in (2.25) with respect 
to i (and replacing 1 —2£ by 1) we get 

R^ -{3/2)C"HKr'L"'\\Q\\Vjl + sKH^) . (2.26) 

But by (B.IO), K^(il/)^ 1.6q~^'^ WQU'JI -ml since {p^^my^ ^ \p\ . Thus, condition 
(2.19) implies R^ -emL. D 

Let us now put our results together to prove Theorem 1. There are fivQ 
parameters L, M (with L-hM = N),e, e, K\ These must satisfy (2.11), (2.13), (2.19). 
We set e = L/M and determine K' from (2.11), whence K' <KN/L. Then we take 

£ = 1 . 7 ^ ^ / ^ K 2 / 3 7 V 2 / 3 ^ - 1 / 3 _ ^ 7^1/3^2/3^2/9^-1/3 (2.27) 

so that (2.19) is satisfied (as N-*oo, L/N-^\, so £< 1/2), The right side of (2.13) is 
less than nxN^'^jM, so (2.13) will be satisfied [with (2.27)] if we choose 

M = 1.9^-^/3^^/3 y^7/9 (2.28) 

Finally, L = N-M = N(1 -0(N-^'^)) and 8 = 0{N-^'^). 
Our lower bound (2.8, 2.20) is thus 

E^(N)^(N/L)(\ -2£)E^>>(L)-2smN (2.29) 
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with (1 -2&)K" = K'<KNIL. Since N^E^{N) is concave and £'^(0) = 0 (Sect. Ill), 
{N/L)E''{L)^E^iN\ and thus 

E^(N)^N{e'{x") -Ism} (2.30) 

with T'' = (l-2sy^TN/L = x + 0(N-^'y This agrees with Ne'ix) to O(N^f^) 
provided T < T .̂ D 

B.2. Lower Bound to the Quantum Energy (Bosons) 

The proof of Theorem 2 closely follows that of Theorem 1 just given, and only the 
differences will be mentioned below. Everything from (2.8) to (2.18) is the same. 
Condition (2.19) is not needed and the replacement for Lemma 1 is 

Lemma 2. Let K" = (1 — £)~ ^ K'. Acting on L^(R^^) without statistics, h^ satisfies (for 
all Y) 

h'U\-e)E^.{L) . (2.31) 

The proof is the same as for Lemma 1 up to (2.22), but now we do not split K%\jj) 
into two pieces. We merely use Lemma B.5 which immediately yields (2.31). 

Our only conditions are (2.11) and (2.13). As before, we set e = L/M and 
determine K' from (2.11), giving K'KKNJL. TO satisfy (2.13) we take 

e = nN'^^^KlM==nN^^^o)/M . (2.32) 

(Recall NK = (D for besons.) We take M=N^^^ so that 8 = cN'^'^ and L/N 
^\-N-"\ Then [again using {N/L)E"{L)^E''{N)] 

E^(N)^N{e"(co")-em} (2.33) 

with oy' = (l -ey^coN/L. This agrees with Ne"(w) to 0(N^'^) when oxco^-

i n . Properties of Semiclassical Energies 

We begin with some a priori bounds on the components of the energy. 

Lemma 3 (fermions). Eor any Q^O with j Q = NSNf we have the following a priori 
estimates: 

ij(Q)dx + mN^{\ ~{N/Nff'^}-' [^^(Q) + mN] , (3.1) 

O^E''{N)-\-mN^CN[\ -{N/Nff'^Y'^ , (3.2) 

with C = jm{^ (QFT'^ J (QFY'^Y'^\\QF||I~S ^^here Qp is any minimizerfor E{Q) in (A.4). 

In particular, (3.2) implies that E^(N) is left continuous at Nf and E^{Nf) = —mNf. 
When N>Nf, E^{N)= - o o . 

Proof LQijo{Q)=j{Q) + mQ. By definition [and recalling y=l {67t^/gY^^] 

mN+^^Q) = {N/N,y" [Jjoto) -{N./Nf"KD{Q, Q)] + (1 -{NINff'^) Ihio) • 
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Since ^Q = N and K = G]^yNj'^'^ we have from the inequaHty \Jo{Q)^y IQ^'^ that 

^(\-{NINjfi'\jo{.Q) . 

The last inequahty follows from the definition of Of in (A.5) and ^ Q = N. 
Let QX{X) = PQ(XX), where ^ ^ 0 is a fixed minimizer for F(Q) in (A.4) with 

J^ = l. By considering QX{N~^'^X), we have from the variational principle that 
mN-\-E'^{N)SNijo{QK) -N^'^KD{QX, Q;,). Since (/72 + ^2y/2 ^ |p| + ^2^2|/7|, we find 
7oto)^7^^^' + ^ w^y-V'^'. Using this, 

By definition, D(Q,Q) = (7f ^ Q"^^^ and K — aJ^yNj'^'^, whence 

mN+E''{N)^N{[\ -{NINff'^]Xy \ Q""!^ + 9m^{\6yXy^ \ Q^i''} . 

Optimizing this with respect to X yields (3.2) and it also yields E^(N)= — oo when 

Lemma 4 (bosons). For any Q^O and J Q = N^Nb, we have the following a priori 
estimates 

(Q"\(p''^myf''Q'l^)^il-NIN,)-'(^"(Q)'^mN) , (3.3) 

OSE"(N)-^mN^CN[l-NINi,y'^ , (3.4) 

where C = 2m(^y^, \p\QB^y^{Qy^, Ipl'^'^Qy^Y'^ lkB||i~^ andQ^^ is any minimizer for 
B(il/) in (A.6). Corollary A.2 implies that C<co. In particular, E"{N) is left 
continuous at Nf, and E"{Nh)= -mN^. When N>Ni,, E"{N)= - o o . 

Proof Similar to Lemma 3, one uses (p^-\-m^Y^'^^\p\-i-m^'-^\p\~"^'-^. D 

In order to prove the concavity o(E^{N) and E"{N), a technical lemma, whose 
proof is elementary, is needed. 

Lemma 5. Suppose f: [a, ^] -> R is a strictly decreasing concave fund ion. Then for any 
constant s>0 the functions g{t) = tf{st^'^) and h(t) = tf(st) are strictly concave or 
[(a/s)^'-^,{b/sy'^] and [a/s,b/s] respectively. 

Now we can begin the proofs of Theorems 3 and 4. 

Proof of Theorems 3(d) and 4(d). e\x) in (1.13) is a strictly decreasing concave 
function because e''(T) = inf {non-constant linear functions of i} . The strict con­
cavity of E^(N) and E"{N) follows from the scaling relations (1.14, 1.15) and 
Lemma 5. The continuity of E^{N) and E"(N) at Nf and Â ,̂ is in Lemmas 3 
and 4. D 

Proof of Theorems 3 (a), (b), (c), (e). The existence ofa minimizer was first proved 
by Auchmuty and Beals [1]. The fact that a minimizing Q is necessarily sym­
metric decreasing follows from the strong rearrangement inequality in [13] (see 
Appendix A.l). 

Part (b) is a standard result in the calculus of variations. 
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To prove (c) we use the a-priori estimate (3.2) which reads (under the 
assumption of a minimizing Q when N=Nf) —mNf = E^(Nf) = ^^(Q). Since 
(p^ -\-m^y''^ —m>\p\—m, we have generally (with j Q = N) 

j{Q)>yQ"^-mN . (3.5) 

Thus, in our case, -mNf> A{Q)—mNf with A{Q) = y ^Q"^'^ —KD{Q,Q). But when 
Â  = A/̂^ = 13/2^-3/2^ ^ ( ^ ) ^ 0 [see (1.9) and (A.5)]. This is a contradiction. 

As for (e), the concavity of E^(N) impHes the existence of left-hand and right-
hand derivations for all Â , and they are equal a.e. Part (e) follows by considering tg^ 
as a variational function, differentiating S^itQfi) at / = 1 + and 1 - , and using the 
Euler-Lagrange equation (1.16). D 

Proof of Theorem 4(a), (b), (c), (e). The proof is essentially the same as that for 
Theorem 3 except for the existence part (a). Here the proof is virtually the same as 
that for Choquard's equation in [13]. Note that Lemma 4 places an a-priori bound 
on the kinetic energy which permits us to use a weak compactness argument. The 
key fact is in (A.2) [and also (A.l)] which permits us to restrict a minimizing 
sequence to symmetric decreasing functions. Note that the weak compactness 
argument leads to the existence of a function ;̂v satisfying J^^^A^ and (^"{QS) 
^E"{N). Since E"{N) is strictly monotone decreasing in Â , we must have equality 
in both cases. D 

To prove Theorems 3(f) and 4(f), Lemmas 6 and 7 (which are intrinsically 
different in the two cases) are needed. 

Lemma 6 (fermions). Let Q and /i > 0 satisfy (1.16) with j Q = N. We do not assume Q is 
a minimizer for N, but we do assume Q is radial, i.e. Q{x) — Q{r), r = \x\. Then 

^''{Q) = \{^AQ)-^QJ\Q)}dx , (3.6) 

K{Q)^^j{Q)dx = '2 ̂ ^{Q) + l ^N . (3.7) 
00 

Proof Multiply (1.17) by r^Q{r) and integrate. Then —4n J r'j"{Q)QQdr 
0 

00 

= AnK \ M{r)Q{r)rdr. But the second integrals is KD{Q, Q) (by Newton's theorem). 
0 

The first integrals is —An\r^ — (QJ'{Q)-j{Q))dr. After integrating by parts [and 

using {QJ' - 7 ) ( 0 ) = 0] it becomes 3 J {QJ\Q) -j{Q)]dx. This proves (3.6) since S^{Q) 
= K{Q)-KD{Q,Q). TO prove (3.7), multiply (1.16) by Q{X) and integrate. Then 
^ Qj"{Q)dx = 2KD(Q,Q)—fiN. Combining this with (3.6) yields (3.7). D 

Remark. (3.6) is a virial theorem. It can also be proved for minimizing ^'s by 
replacing Q(X) by Q;^(X) = PQ{XX) and differentiating S'^(QX) with respect to X at 
X=l. 

Lemma 7 (bosons). Suppose Q{X) ^ 0 , Q^^^ eL^(IR^), (Q^^^, \P\Q^^^) < oo and Q satisfies 
(1.19)/or some v (in the sense of distributions). Let \ Q = N. Then 

K{Q)={Q"'',{{p^-Vmy'-m}Q'i'') = lS''{Q) + vN . (3.8) 
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Proof. Since {Q^'^, \P\Q^'^)<OO and Q^'^EL^, we have J ^( |x |"^*^)<(const) WQWI/S 
< 00 by Young's and Sobolev's inequalities. Multiply (1.19) by Q^'^ and integrate. 
This yields (3.8). Note that although (1.19) holds only in ^ ' , this integration is 
justified since all the terms are separately finite. D 

Proof of Theorems 3(f), 4 (f). We prove the boson case using Lemma 7. The fermion 
proof is the same using Lemma 6. Assume, on the contrary, that there is a sequence 
N-^Ni, with minimizers ;̂v satisfying (1.19) with v̂ v- Suppose that v^-/>oo. Then 
since S'"(QJ^) = E"(N)-^E"(NI,)= —mN^ [Theorem 4(d)], we see from Lemma 7 
that K(QS) is bounded. Recall in the proof of Theorem 4(a) that the proof of the 
existence of a minimizer for any N needed a bound on K(Q) for a minimizing 
sequence. Formerly we used Lemma 4 to achieve this when AT < Â .̂ But now, by our 
assumption on v̂ v, we also have uniform boundedness of A'(^^). By the proof of 
Theorem 4(a) we have a function Q (weak limit of QJ^) with J Q^Nj, and S'"{Q) = 
—mNi,. As in Theorem 4(a), this implies that ^ is a minimizer for N=N^ and this 
contradicts Theorem 4(c). D 

IV. Properties of the Semiclassical Density (Fermions) 

Our main goal here is to prove the uniqueness of the minimizer of the semiclassical 
functional for tach N<Nf. This will enable us to prove Theorem 5. The main facts 
about the density ^^ are summarized in Fig. 2, which will be explained later. We 
shall explore all radial [i.e. Q(X) = Q(\X\)] solutions to (1.16); this class includes all 
minimizers by Theorem 3. Henceforth Q will be assumed to be radial without further 
mention. We shall also suppress irrelevant constants [by replacing Q(X) by aQ{bx)] 
so that (1.16) becomes 

J'iQM)=[(\x\-'^Q)(x)-fiU (4.1) 

wiihj"(t) = (t^'^ + ̂ y'^-^^ The side condition is ^Q = N<Nf = (3/4afy'^ in these 
units [see (A.5) and Lemma 3]. We also have defined 

r 

M(r) = 4n ^ Q(S)S^CIS (4.2) 
0 

so that 
00 

V, = \x\-UQ = r-'M{r) + 4n J tQ(t)dt . (4.3) 
r 

Equation (4.1) implies 

aJ"(Q) = '3 {Q^''^Q"'y"'Q= -r-'M(r) . (4.4) 

A. Regularity Properties 

Since Vg(r)^N/r as r-^oo we see, first of all, that / i>0, for otherwise for large 
r,Q^{Nlr)^''^^L^. By Newton's theorem, (4.1) implies that Q has compact support 
in a ball of radius 

R = N/fi (4.5) 
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and, since Vg{r) is continuous in r andy'(^) is continuous in Q mihj'(0) = 0, we have 
that Q{r)-*Q as r-^R. Since dVJdr<Q, in the domain BR=^{r\r<R] we can write 
(4.1) as 

j\Q{x))=V,{x)-ii , in Bj, (4.6) 

with Q{R) = (). We also see [sincey'(^) is monotone] that Q is necessarily monotone 
decreasing. Since Kp(r) < Njr we can easily iterate (4.6), starting withy'(^) < N/r—fi, 
to conclude that Q is C* in BR. (Here we have to use the fact that (/') HO 
= (/'-h20^^' isC«^ fo r />0 ) . 

By applying A to (4.6) we get 

- z 1 0 = 47i( / ' )" ' (^) = 4 ^ [ ^ ' + 2 6 ) p (4.7) 

with <9=Fg—/i^O. Equation (4.7) holds on BR with the boundary condition 
0{R) = O. Notice that in this version of the problem TV is not mentioned. By [22, 
Theorem 5.8.6] we can go one step further and assert that G (and hence g) is real 
analytic in BR. 

Since Q is radial, (4.7) is an ODE. We are looking for a strong solution to (4.7), 
with G{0) = p<oo and 0(O) = O. Starting with these initial conditions (with P 
arbitrary) we can easily (using Picard's method for example) prove that (4.7) has a 
unique positive solution for each p up to some R = R(P) at which G{R) vanishes 
(which conceivably could be R = oo). 

It is clear that every strong solution to (4.7) with the property that R{p)<oo 
gives a solution to (4.6). Conversely, a solution to (4.6) gives a solution to (4.7) with 
P =y'te(0))- However, it is conceivable that for some ^ > 0, the solution to (4.7) has 
R(p) = co. Later on, by an indirect argument, we will show that this does not 
happen, but it seems worthwhile to give a direct proof now. 

Lemma 8. Let G be the radial solution to (4.7) obtained by integrating outwards 
from r = 0 with the initial conditions G(0) = P and 0(O) = O. Then there is some 
0<R(P)<oo such that G(R{p)) = 0. Forr<R(p), ^ ( r ) < 0 . 

Proof. Integrating (4.7) twice we get, for r^R(p), 

Gir) = p-4n j ( r ^ -r-')t^Q{t)dt (4.8) 
0 

with Q = {G^-\-2Gy'^. From (4.8) it is clear that 0( r )<O. Suppose R(p) = oo. We 
r 

first claim. g{t) = tQ(t)GL\[0, oD\dr). This follows from J {t~^-r~^)tg{t)dt 
r/2 r/2 0 

^ j ( r ^ -r~^)tg{t)dt^^ J g{t)dt; thus, if g{t)^L^ we would have from (4.8) 
0 0 r 

that G(r)<0 for large r. Next, by Proposition 9 below, r~^ j tg(t)-^0 as r-^oo. 
00 0 

Then, from (4.8), as r-^oo, G{r)-^p-C with C = 47r j g{t)dt. Since 6>(r)^0, 
r 0 

P^C. Hence G{r)^Anr~^ j tg{t)dt^C'lr for large r. But, since Q^{2Gf'^, we 
0 oo 

have that Q>C"r~^'^ for large r and hence j g(t)dt= oo, which is a 
contradiction. D ^ 
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00 r 

Proposition 9. Suppose f\ [0, 00)^^"" and ^ f{t)dt = C< 00. Then r'^ J tf(t)dt-^0 
as r->oo. ^ ^ 

r re r 

Proof. Let I(r) = ^ tf{t)dt. Choose 1 > £ > 0 and write /(r) = | (/'(0^/ + J //(O^^-
0 rt 0 re 

The first integral is bounded by VE \f{t)dt'^reC. The second is bounded by rK^{r) 

with K,{r) = \f{t)dt. Since fEL\ K,^0 as r->oo. Thus hm sup r~^/(r) 
re 

^£C-f Hm A £̂(r) = £C. This holds for all £, and thus proves the Proposition. D 
Let us pause to summarize the situation. For each choice of the central density 

^(0), which we henceforth call a {a = {p'^ + 2^)^''^) there is (by Lemma 8) a unique 
radial solution that satisfies (4.1) for some unique /i = /i(a) > 0. This Q is real analytic 
up to R = N(oc)/f^(a), where N((x) = ^ Q. The qualitative nature of this Q is shown 
in Fig. 2. 

Suppose that A (̂a) were a strictly monotone increasing function of a. Then, since 
a minimizing Q satisfies (4.1) and is radial we would conclude: (i) All radial solutions 
of (4.1) are minimizers; (ii) for each Â  the minimizing Q is unique. But we do not yet 
know that A (̂a) is strictly monotone increasing, and that is the problem we now 
address. Up to this point the arguments were fairly standard (with the possible 
exception of Lemma 8) and that is why we were brief. 

B. Uniqueness and Comparison Properties of Minimizers 

Our strategy will be to first focus on solutions to (4.1) which are minimizers for S'^. 
Then we will show that all solutions to (4.1) are minimizers. 

Lemma 10. Suppose Q^ and Q2 are minimizers for S^ with \QI=NI, J ^2 ^ ^ 2 
respectively. Let R^ and R2 be the radii of their supports and let R = max {R^, R2). 
Suppose that Q\{^)>Q2{^)- WQ\{^)='Q2{^) then QI=Q2 and this is uninteresting.] 
Then for all 0<r<R we have Mi(r)>M2(r) [see (4.2)]. 

Proof Suppose on the contrary, there is an ro such that Mi(ro)^M2(ro). Since 
Mi{r)> M2(r) for r sufficiently small, there exists (by continuity) an r, 0<r^ro, 
such that Mi{f) = M2(r) = Q{say). We first note that Qi(r)^Q2{r). Otherwise from 
(4.4) we would have Qi{r) = Q2(r) which together with Qi(P) = Q2{r) would imply 
0i(r) = 6>2(0 and 0i{r) = 02(f^- By the uniqueness theorem of ODE. 0^ = 02 which 
is a contradiction. r 

Now define the set (for N^^Q^^, J=\,2)S^Q{NJ) = \Q^0\ j Q = Q and 

J Q^]\[. — Q\ which is subset o{ J^{NJ) = {Q^O\\ Q = NJ}. From the variational 

prmciple, E (Ni)-^ inf S^{Q) = EQ{NI). But since ^1 e^^^^(Ni) by assumption, 
we have in fact E^{N^) = EQ{N^). Similarly E^(N2) = EQ{N2). Now define the 
following sets (with /, o denoting inside and outside) 

J^' = {Q'^0\Q\X) = 0 if \x\>r and j ^ ' = Q } , 

^f = {Q"^0\Q%x) = 0 if \x\^r and ^ Q' = NJ-Q} . 
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It is easy to check that S:s^'y<s^j^s^Q{Nj) defined by S{Q\Q°) = Q'-{-Q'' is a 
bijection. Define a new functional on j / / 

Let S'Q{Q') = i^{Q'). Then, for any QES/Q(NJ) it is easy to check that [with 
S~\Q) = Q\Q'']^^iQ) = S''Q{Q')-^(^Q{Q''X where we have used Newton's theorem 
and the definition of Q = J Q. 

Let Ei2 = '\nf{^l^iQ')\Q'e^'} and E^j==M{^^iQ")\Q''E^f}. Then by the varia­
tional principle, we have EQ(NJ) = E'Q + EQJ. Then, since QJ is a minimizer for 
E'^iNjl 4 t e j ) + ^^to;) = ^^to,.) = 4 +£§..•• Since ^^^^^ t e j ) and E^Q{QJ)^^^(Q]) 
by the variational principle, we obtain E'Q = ^Q(QJ) and EQJ = SQ{Q^). NOW let ̂ =^ i 
H-^2- It is easy to check that Q is also a minimizer for N2 by using ^2(^2) = ^2(^1)-
But Q is not continuous at r, which violates the regularity of the minimizer proved 
above. Another way to reach a contradiction is to note that § = ^2 + ^1 is a minimizer 
for A î. One of the two functions, ^ and ^ must be increasing at f, and this contradicts 
the symmetric decreasing property of minimizers. n 

Remarks, (a) The same method and conclusion apply to minimizers for some other 
functional S{Q) which can be written as S{Q) = \j{Q{x))dx—D{Q,Q). 

(b) Lemma 10 does not say Mi{R) > M2{R). In fact, we shall later see that this is 
true, but we do not yet know it. If we knew in advance that Mi{R)>M2(R) the 
proof of the following Lemma 11 would be trivial. 

Lemma 11. There exist at most one minimizing gfor E^{N) when N<Nf. 

Proof. Suppose, on the contrary, that we have two minimizers Q^ and Q2 with 
Qi(0)>Q2(^)- Let Ri and JR2 t)e the radii of their supports. By Lemma 10, 
Mi(r) > M2(r) for all 0 < r < max {R^, R2). Then R^ ̂  A2, for otherwise A^= M2(i?2) 
<Mi(R2)<N. Let J{z) = 4j{z) —3j'(z)z, whence J{z) is concave since J'{z)= —1 
+ (7 /̂3 + 1)' '^" is decreasing. From (3.6), 0 = <^''{Qi)-^''{Q2) = i[J{Q,)-JiQ2)]dx 

= 4n y [J(Q,{r)) -J{Q2(r))ydrS4n J r^(Q,(r) ~Q2(r))J'(Q2(r))dr. The last 
0 0 

inequality is a consequence of the concavity of J. Integrating the last integral by 

parts and using the definition of M(r), we have 0 ^ — J (Mi(r) 
0 

-M2(r))J"{Q2(r))Q2(r)dr. Since 7"(^)<0, ^2 (0^0 and Mi(r)>M2(r), this last 
integral is-negative, which is a contradiction. D 

Remark. Note that the only property of̂ Xz) used in the above proof is the concavity 
of J(z). Since the concavity of J{z) is equivalent to the convexity of z^j'{z^), 
Lemma 11 holds for all functionals withy'(^^) convex. 

Lemma 10 says that if ^i(0)>^2(0) then A^i^A^2- But Lemma 11 say that 
Ni =7V2 is impossible if QI is not identical to ^2- Therefore we have 

Corollary 2. Ifg^ andQ2 are minimizers for N^ andN2 respectively andifQi(0) > Q2(0) 
then TVi > Â2 • 
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Lemma 12. Let Q^ be the unique bounded nonnegative solution o/(4.1) with central 
density (X = Q(0). Then Q is the unique minimizer for E^(N) with N — ^Q''. In other 
words, all the solutions of (4.1) parametrized by their central density are in fact minima 
of E^(N) for some N. 

Proof Let G = {0,Nf) and let Z) = {a|^" is a minimizer for some NeG}. For each 
NeG there is a unique minimizing Q^, and hence a unique central density â v- We let 
r:G-^D denote this map from NeG to â v-

(i) r is 1:1 by the aforementioned uniqueness of the ODE (4.7) with given initial 
condition a. 

(ii) r " M s continuous on D and D is closed in IR"*̂ . To prove this we suppose 
a^-^ae IR^ monotonically. By Corollary 2, Nj = r~^{oLj) is monotone and bounded, 
so Nj has a limit Â . It is clear that N<Nf for otherwise ;zy->oo [Theorem 3(f)] but 
Vj{r) is uniformly bounded [since Qj{r)<(Xj and j ^ j < N y ] ; these facts would 
contradict (4.1) when r is small. By continuity of the solution of the ODE with 
respect to a (this follows e.g. from the contraction mapping principle) Qj(r)-*Q{r) 
pointwise and Q(r) satisfies (4.7) with ^(0) = a. We have to prove that ^ is a 
minimizer for Â , which will imply aeD (whence D is closed) and T ~ Ms continuous. 
By (3.1) Qj is uniformly bounded in L^^^ so (by passing to a subsequence) QJ-^Q 
weakly in L^'\ Then ^^(Q) ^ lim ^^(QJ) = lim E^iNj) = E^{N). [The lower semicon-
tinuity, namely ^^{Q)^\im S^{QJ), follows as in [13], for example. Clearly \J{Q) 
^lim jX^j) since QJ-^Q. On the other hand D{QJ,QJ)-^D{Q,Q) since Q is symmetric 
decreasing and QJ^Q pointwise.] Thus, ^ is a minimizer for Â  because j ^^A^ while 
E^{N) is strictly decreasing; therefore \ Q = N. 

(iii) r ~ Ms 1:1 and continuous from D onto G and also D is closed in IR "̂ . Hence 
r ~ ̂  is a homeomorphism from D to G. Since G is connected, so is Z), and therefore 
Z) is a closed interval in IR^. Since the only closed interval in IR^ homeomorphic to 
{0,Nf) is IR^ itself, we conclude that Z) = 1R^. D 

Finally we want to make a qualitative comparison of solutions with different A'̂ . 
First a technical lemma is needed. 

Lemma 13. Suppose 0^ and €>2 ^^^ i^o nonnegative solutions of (4.7) with radii Ri 
and R2 with Ri<R2. Then there exists an r<Ri such that 6)1 ( r ) ^ 6)2(0-

Proof This is a standard Sturm comparison argument. Assuming, on the contrary, 
that 02(r) > 0\{r) for all r<R^, let u{r) = 6>i(r)/6>2(r). Then, from (4.7), u satisfies 
02Au + 2Vu'V02-^(F{0i)-F{02))02U==OmihE{t) = 4n{t^+2ty/^(t-h2).^ow 
u{Ri) = 0 and 0^u{r) < 1 for r </?i. Hence g = F{0^) -F{02) < 0. At a maximum, 
Aw^O, Vw = 0, but this contradicts ^ < 0 . D 

Lemma 14. Let Q^ and Q2 be two solutions to (4.1) with central densities OLI>OL2. Then 
R^ < R2 and there is precisely one point r in (0, Ri)at which Qi{r) = Q2{r) (as in Fig. 2). 

Proof We know Mi(r)>M2(r) when 0 < r ^ 7 ? = max (7?i, 7?2)- Suppose Ri^R2-
Then integrate (4.4) from r<7?2 to R2 for both ^1 and Q2. One has/(^ , ( r ) ) 

-f(Qi(R2))=-( s-^M,{s)ds for / = 1 , 2 . Since /(^1(7^2))^0=7(^2(^2)) and 

M^{s)>M2{s) for 0<5<7?2, we easily conclude/ (^ i ( r ) )>/ (^2W) and hence 
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Qi{^)>Q2if) for 0^ r< /?2 - If^ Ri>R2, then this contradicts Lemma 13, so sup­
pose Ri=R2 = R. Then, similar to Lemma 13, define u — Oil^i % Gauss's 
theorem 0jiR) = NjR^, since J^j = A ;̂. Then u{R) = N2/Ni=S<\. As in Lem­
ma 13 (using ^1 ^Q2), w can have no maximum for r<R. Thus wg^.However, N2 

which is a contradiction. Thus, 7?i </?2-
Since ai > cc2 the function f=Qi —Q2 which is C°° for t<Ri must have at least 

one zero in (0, R^). Suppose there is more than one zero. At each zero we have, by 
(4.4) that dfjdr < 0 (since M^ > M2). But it is easy to see that a C* function cannot 
have a negative derivative at all its zeros. D 

C. Summary 

Let us summarize the results of A. and B., for this is Theorem 5. 
(i) All radial solutions of the Euler-Lagrange equation (4.1) are in L^ and are 

minimizers. 
(ii) They are real analytic up to the cut off radius i?. For r^R, 0(r)^R—r so 

Q{r)^(R-rf^^ as in Fig. 2. 
(iii) They are parametrized by the central density a which goes from 0 to 00. /i(a) 

and N{a) are strictly monotone increasing while R{a) is strictly monotone 
decreasing. As a->oo, /i(a)->oo, N{a)->Nf,R{a)-^0. As a->0, A^(a)->0, R{a)-*oo 
[to be proved in (vii) below], and hence 11(a) = N(a)/R(a)-^0. N, fi, R are continuous 
in a. 

(iv) Any two solutions always have exactly one intersection as in Fig. 2. 
(v) For each r, the mass M(r) is an increasing function of a. 
(vi) Proof of Theorem 5(b). In the notation of Theorem 3(e), suppose that 

(dE^/dN)^ + (dE^/dN)- for some N<Nf.ln this case it is easy to see that j2f^ must 
be discontinuous at Â . However, by (4.5) fij^ is continuous since TV-̂ â v is continuous 
(by Lemma 12) and a->i?(a) is continuous [by continuity of the solution of (4.7) 
with respect to the "initial data" at r = 0]. 

(vii) Proof of Theorem 5(c). The only fact yet to be proved is that Rj^-^00 as 
V-^0 [or equivalently, /?(«)->00 as a-^0]. Suppose on the contrary, R{a)<Ro for 
all a. Choose a solution 0^ of the Lane-Emden equation 

A0-^47i{20y'^ = O (4.9) 

with 6̂ 1 (/?i) = 0 for some Ri>2Ro and 6>i (0) < 1. Such a 0^ always exists since there is 
a scaling 0(x)->X'^0{Xx). LQI p = ̂ 0^{Ro) and let 0^ be the solution of (4.7) with 
0p{O) = p.Then0p{r)<'^0,{r)?ind(0j + 20py'\0p + 2)<(20,y/^roTO^r^Ro 
[since 0^ and 0^ are monotone decreasing and 6>i(J?o) = 86>^(0)]. But this is 
impossible as can be seen by the argument given in Lemma 13. D 

V. Convergence of the Quantum Density to the Semiclassical Density (Fermions) 

Here we prove Theorem 6 for fermions. As explained in Sect. I, we first add a fixed 
single-particle potential Xxr{N~'^'^x) to H^^. (Recall that Xx is the characteristic 
function of the support of Q,.) Following the method in [18] we next add an 
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additional one parameter single-particle potential 3W(N~^^^x) and differentiate 
with respect to 3 at 3 = 0. Two facts have to be established: (i) an extension of 
Theorem 1 to include the potential A^ + ^ ^ i 00 the differentiability of the 
corresponding semiclassical energy with respect to 3. We shall call (i) Theorem 1' 
and (ii) Lemma 15. 

For any WeC^{]Sl^) and ^elR, define [with H^^x defined in (1.22)] 

H,Nu^H,Nx + 3 X W{N-'f'xd , 
i = l 

Efs(N) = 'mr spec H^j^xs , 
(5.1) 

e'u{r) = 'mr {8U6(Q)\Q^0, ^ Q = \} . (52) 

Theorem I' (fermions). Fix q,X and T = KN^'^ with T<T^ . Then lim N~^Ef^(N) 

Proof, (a) Upper Bound. Let Q = Q-^g^ with g{x) = ̂ '^''^ exp (-71(^x^/2). Then we 
have generally G = |J (^(x)-^(x)) H^(A^-^/3x)J.x|^ j ^ IIPT*^^ - Halloo, where ^(x) 
= (p̂ '̂  exp (-71(^x^/2) with ^=N^^^i. By the same method as in the proof of Theo­
rem 1, we only have to show that A ~̂̂  [1.68K: J ^ ^ / ^ 2 A^(^^/2+_^"^K J ^2+G]->0 as 
N-^00. Note that the minimizing ^ for (2.2) is ^ = K^'^, whence ^=N^'V^-^oo. This 
implies A^~^G= || H^*^^ - H^||^-^0 as A^->oo. 

(b) Lower Bound. We only have to show that [cf. (2.25)] N~^R'= N~^[R-^G] 
^N-^[~-2i"^L + eK^{il/)-CKT'^^\\Q\\i/3-G]--^0 as 7V->oo (with |/ |_ 
= min (0,/)) . Let (̂  = max {L-'^^WQWI'IUKT'^N-^'^}. Then TV^/s^^^^^i/a 
whence, as in the proof of part (a), G/N^O as N->oo. We take £ and K' exactly the 
same as in the proof of Theorem 1. For the first three terms, we can use the same 
estimate as in Lemma 1 if <̂  = L"^^^ H^H^JKKO'^^^ If C^-A^"^'^ we have that ||^||4/3 
^ (const)A^̂ "̂ ^̂ "̂ , and then the result is immediate. D 

Lemma 15. Fix X and T < T .̂ Then e\^{x) is differentiable at 3 = 0 and de\^{x)ld3\^ = Q 

Proof. For each ^ > 0 choose a function Q^ satisfying 3~^\E\xd{Qd)—^\d{'^)\^^ 
as 3-^0, By the variational principle, 3\Q^W^e\^{x)—e\{x)'^3lQ^W-\-e\^{T) 
-£u<5fe)- To prove the lemma we only have to show that IQ^W^^Q^W diS 3^0. 
Clearly, e\^{x) is continuous in 3 and therefore, by the assumption about Q^, we see 
that Q^ is a minimizing sequence, as ^->0, for e\{x) = e\T) —X. Since eu(^^)^£5(^5) 
— A, we have that Q^ is also a minimizing sequence for e'{x) and j ^ ^ / ^ - ^ l . We also 
know that the minimizer, Q^, for ^^(T) is unique if we center it 
at the origin (Theorem 5). By Lion's result [20] there exists a sequence j^elR^ 
such that Q5{x-^yb)-^Qx{^) strongly in L^'^nLK But since \xzQd^^ we must 
have j^5->0. D 

Proof of Theorem 6. For any approximate ground state ip^^x we have, from the 
variational principle, that 

3\Q'^,{N'i^x)W{x)dx^N-'{EUN)-EUN) + E^{N)-{xlj^,,H^,ijj^,)} . 
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By taking the limit N->oo and then 3-^0 (using Theorem T and Lemma 15), 
lim i Q^;,(N"^x)W{x)dx = ^ Q,ix)W{x) for any WeC^(R^y Hence Q^x(N^'^x) 

-^Q,(x) in weak L^^^{JR.^). The fact that QNx{N^^^x)--Qr{x) also in weak L^IR^) 
follows form Lemma IIL4 of [18]. D 

Appendix A: Some Definitions and Basic Facts 

A.L Symmetric Decreasing Rearrangements 

Given a function i/^:IR^->>C, the symmetric decreasing rearrangement xjj* of xj/ 
satisfies i/̂ * : IR^->IR'*', i//*(x) depends only on |x| and Lebesgue meas {x\\l/'^{x)>a] 
= Lebesgue meas {x\ \\lj{x)\>a] for all a>0. i/̂  is symmetric decreasing if \l/ = \j/*. 
It follows that if y:lR"'->lR"' and ^ (x )^0 then Jy(^*)Jx = Jy(^)Jx. Also 
((//*)2 = (̂ 2>|* ^ particular case of the Riesz inequahty states that 

\\ Q{x)Q{y)\x-y\-'dxdy^\\ Q*(x)Q*{y)\x-y\-'dxdy , (A.l) 

and the strict rearrangement inequality in [13] states that (A.l) is a strict inequality 
unless Q{x) = Q'^{x—y) for some>^GlR^. 

We also have that 

(^,|/?|^)^((A*,b|iA*) , (A.2) 

{il/,TiJ/)^{il/*,Til/*) , (A.3) 

with T=(p-^-^m^y^ —m = (—A-\-m^y''^ —m. This follows from the proof in [13] 
and the fact that the kernels e~^^^^(x,y) and e~^^{x,y) are symmetric decreasing 
functions of x —y, as shown in [4]. 

A.2. Minimizers for the Gravitational Energy 

In the fermion case we are concerned with the ratio (for Q£ L^'^nL}) 

/^te)=^(e,^)||e||4/3"lkllr"' (A.4) 
which is homogeneous in Q and dilation invariant. We set 

(7ŷ  = sup F(^) = 1.092 . (A.5) 

It is a known fact (proved in [17]) that there is a minimizing Q = QF for F{Q). It is 
unique up to scaling, dilation and translation: QF{x)-*aQFibx-\-y). It satisfies 
Emden's equation. The value 1.092 in (A.5) is numerical. 

For bosons we consider the ratio 

B(i^) = D{W\\iP\'){iPApm-'\U42' , (A.6) 

<7t, = sup {B{IPMGL\{IP,\P\I^)<OO} . (A.l) 

By (B.IO) with iV=l, (i/̂ , |/7|i/^)^C||j//||i/3 [actually, there is a Sobolev ineqality 
((//, |;?|i//)^C||(/^||3]. This, together with the Hardy-Littlewood-Sobolev inequality, 
D{Q,Q)^C\\Q\\IJ5, shows that B{Q) is bounded. In fact, the rearrangement 
inequalities (A.l), (A.2) permit us to imitate the proof in [17] and show that there 
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is a minimizing if/ for B(il/) with I/^GL^ and (ij/, \p\il/) < co. See also the proof of 
Theorem 4(a). We have no precise numerical value for Ob. However, Theorem 2 
states that oj^ = 1 /(Tb and, using the results in [19, pp. 503, 504] we have that 7r/4 > cr̂  
> 1/2.7. 

Another fact we shall need is 

Lemma A.l. Let ip be any minimizer for B{^). Then \1/EI?'^^\ all £>0. 

Proof. Note that il/ = \l/* and satisfies 

\p\ily = {W{x)-v}il; (A.8) 

with fi^= (const) |xr^*|i/^p and v>0. Equation (A.8) is just the Euler-Lagrange 
equation. Since \\p\^ = \il/^\* and \il/\^eL\ W{x)-^0 as |A:|->OO. Thus, writing 
/ = {lV{x) -v}il/ and using ip(x) ^ 0, we have that/+ has compact support in a ball 
of some radius R. Since 

^ = \p\~'{\pm = (2n')-'\x\-'^^f^(2n'y'\x\-'>,f, 

we see that (/^(x)<c|xr^ for |x|>/?. D 

Corollary A.2. Ifil/ is a minimizer for Biij/) then (ip, \p\~^''^^)< oo. 

Proof \p\~'^'^ is convolution with |x|~^/^. By the Hardy-Littlewood-Sobolev 
inequality ip eL^'^''^ =>{\l/,\p\~^'•^ij/) < oo. D 

Appendix B: Some Inequalities 

B.l. Domination of the Nearest Neighbor Coulomb Potential by \p\ 

Let Y={yi,. . . .y^} be A^arbitrary, but fixed points in IR̂  and let Z = { z i , . . . ,Z;v} 
with ZJGIR, Zj^O be given. Define 

2=lkll3 = { Z ^ | } ' " • (B.l) 
For XGIR-^, the function 

<̂ ŷz(-̂ ) = iTiax \x—yj\~^Zj (B.2) 
j 

can be called the nearest neighbor Coulomb potential. Let 

Q=^{f\f€LHm,\\f{p)?\p\dp<co} , (B.3) 

where j'{j>) = \ f{x) exp {ip •x)dx denotes Fourier transform. 

Lemma B.l. For all Y and Z and / e Q 

(27i)-3 J \f(p)\Mdp^{f, l ; ' l / ) ^ - ( z ) - ' ( / , 0 Jyz / ) . (B.4) 
n 

Proof. If A = l the lemma is known [8-10,26] and we shall reduce (B.4) to 
that case. Let / * denote the symmetric decreasing rearrangement of / . By (A.2) 
( / , b l / ) ^ ( / M / ? l / * ) . On the other hand (/ ,coyz/)^(/*,co?z/*). We claim that 
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<^*zW= ^kl ^ from which (B.4) follows by applying the N= 1 lemma to / * . To 
prove this it is only necessary to note that for all Z? > 0 (with fi = Lebesgue measure) 

N 

j = l 

= (471/3)^^-3 X ^J = M{x|z>r^>Z>}. D (B.5) 

Corollary B.2. Let ip : IR^^-^C be an N particle function (without any particular 
statistics) in Q^. Let (5 , : IR3^-*IR denote the N functions defined in (2.12), i.e. 
di {X) = max {\Xi —Xj\~^ \j 4= /}. Then for each i 

{^,\p,\iP)^(2ln)(N-ir"H^,S,iP) . (B.6) 

Inequality (B.6) holds without regard to statistics. If, on the other hand, ij/ is 
restricted to be a ^-state fermionic function, it is possible to prove that 

i (^, b .# )^ (cons t ) ^-^/^X (^^^i^) • (B-7) 
i = l i = 1 

Since (B.7) is not needed here we defer its proof to a forthcoming paper of ours. 
Fefferman and de la Llave [6] have proved (B.7) for ^ = 1 but their method does not 
appear to be easily generalizable to q>l. 

B.2. Semiclassical Lower Bounds to the Kinetic Energy 

The single particle kinetic energy operator is r = (jP" + m^Y''^ —m with/?^ = — A. Let 
(// be a normalized wave function for Â  fermions with q spin states each and let 

be the total kinetic energy. The semiclassical approximation to K^iij/) is 

K<^(^)^K{Q^)^^j(Q^(x))dx (B.9) 

with Q^i, being the single particle density defined by (1.20) and with y(/) given 
by (1.3). 

It is conjectured that K(Q^) is, in fact, a lower bound to K^iij/) but no one has 
proved this. Daubechies [4], using the method in [12], has found two lower bounds 
of the right form for fermions, the first of which we use here. 

^' [Z \Pi\\ A^^-^^~"' I QA^r^'dx , (B.IO) 

K<^{il;)ZC\j{C-'g^(x))dx (B.ll) 

with C = 9.6. 
Although (B.IO) is important for us, we also need a bound similar to (B.9). This 

is provided by 
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Lemma B.3 (fermions). Let geQ [cf. (B.3)] with || ^ II2 = 1 • Then, for all normalized \jj, 

KHyl^)^\J{{Q.,^\g\^))dx-N{gAp\g) . (B.12) 

Proof. This is the same as that given in [15,Eqs. (5.14)-(5.22)]. Introduce the 
coherent states gp^eI}{]^^) by gpq{x) = g{x—q) exp {ip • x). Herep.qeWc'. Let %pq 
be the projection onto gp^. Then for /eL^(IR^) 

(/,/) = (27t)-3 n {f,n,J)dpdq , (B.13) 

(fAV*\g\^)f) = (2n)-' JJ V{q){f,n,J)dpdq , (B.14) 

{f,Tf)^{2n)-' JJ Tip)if,n,J)dpdq-\\f\\Ug,\p\g) • (B.15) 

Here, T{p) = {p^ -\-m'^y'^ —m is a function, not an operator. Equations (B.13) and 
(B.14) are obvious. Inequahty (B.15) is easily proved by writing / as a Fourier 
integral and then using (2.1) with /:->/?, p-^r—p. Thus, if h is the operator 
r —(K* \g\^){x) and 7 is a positive semidefinite operator with Tr7 = yl we have (by 
making an eigenvector expansion of y) that 

Tryh^iln)-' \^ dpdq[T{p)-V{g)]Mip,q)-X(gAp\g) (B.16) 

with M{p,q) = TvyUpq ̂  0. If, in addition, 0 ̂  y ̂  ^ / then 0 ̂  M(p, q)^q and hence 

Tvyh^ -{2n)-\ jj dpdq[V{q)-f{p)U -KgAp\g) 

= -{qien"-) \ {V^ + 2mVfi^V-^\ j{{ql6n^){V^ + 2mVy"-)-X{gAp\g) . (B.17) 

Recall that j {t) depends on q. 
Let Q{x) = y{x,x) and take {V^+ 2mVf'^ = {6K^lq)Q^\g\^. Noting that 

Try(K*|^P) = J K(^*|^P), (B.17.) becomes 

TxyT^\j{Q^\g\^)-X{gAp\g) . (B.18) 

To apply this to our case, let y be given by the kernel 

y{x,y) = N Y, I ^(x,X2,. . ..x^^cJi,.- ., â v) 

• lA(V, ^2, . . ., x̂ v, cTj,. . ., G^)dx2 • . • dx^ . (B. 19) 

Then y^O, X = TTy = N. The fact that y^ql is standard [16]. Inequality (B.18) 
becomes (B.12). Q 

Lemma B.3 can trivially be generalized to operators other than Tand to « 4= 3 in 
the following way. 

Lemma B.4. L^/ f: 1R"->IR"' satisfy T{p)^0 andjor allp, ^GIR", T{p)^T{p -q) 
-\-S{q) for a suitable nonnegative function iSilR^^IR^. Let T and S be the 
corresponding multiplication operators in momentum space. Let ^:IR"->C with 
||^||2 = 1. Then 

{^i^,Y.Ti^)^lJ{{Q^*\g?){x))dx-N{g,Sg) . (B.20) 
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Here, / : IR'̂  ->]R"'̂  is defined as follows. Let 

H(t) = q{2ny meas {p\T(p)^t} 

m = q(27t)-" J f(p)dp . 

Then ' ^ > ^ ' 

JU) = Piix-'(t)) , (B.21) 

where fi~^ is the inverse function. (It is not always uniquely defined everywhere, but 
pofi~^ is.) 

On the other hand, for bosons (or, more generally, particles without any 
statistics) (B.9) is not a good approximation to K^iij/). The following is a good 
approximation and also a bound. 

Lemma B.5 (bosons). 

KQ(il^)UQy\TQl'') . (B.22) 

The proof of this is that given by Conlon for Lemma 4.2 in [3]. One only has to 
verify that ^"^^ has a positive kernel, but this is proved in [4, Remark 1]. 

Acknowledgements. The authors are grateful to Christopher King and Michael Loss for helpful 
discussions about this work. 
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One-Electron Relativistic Molecules with 
Coulomb Interaction 
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Abstract. As an approximation to a relativistic one-electron molecule, 
K 

we study the operator H =(- A -hm^Y'^ -e^ ^ Zj\x-Rj\~^ with Ẑ . ^ 0 , 

e~^ = 137.04. H is bounded below if and only if e^Z.^ l/n, all j . Assuming 
this condition, the system is unstable when e^^Z^>2/7i in the sense that 
£Q=inf spec(H)->-oo as the R^->0, all j . We prove that the nuclear 
Coulomb repulsion more than restores stability; namely 
£o +0.069e^ X Z.Z.\R.-Rj\'~'^ ^ 0 . We also show that E^ is an increasing 

function of the internuclear distances \R. — Rj\. 

Introduction 

The problem of "stability of matter" consists in proving that a system of charged 
particles (electrons and nuclei), interacting electromagnetically, does not collapse. In 
the framework of nonrelativistic Schrodinger quantum mechanics, with Coulomb 
interactions between the particles, a first proof of this was given by F. Dyson and A. 
Lenard [1]. A shorter proof, leading to a much better lower bound on the binding 
energy per electron, was later given by E. Lieb and W. Thirring [2]. The strategy 
these proofs followed was first to consider the nuclei fixed (i.e. with infinite mass); the 
general case (nuclei with finite mass) then follows easily. With the K nuclei at fixed 
positions R^,...,Rj^, the problem then consists in proving that 1) the Hamiltonian 
describing N electrons and K nuclei (including also the repulsion terms between the 
electrons, and between the nuclei) is bounded below by a constant independent of 
the Rj; 2) the energy per particle, i.e. the ground state energy of the system of N 

^ Work partially supported by U.S. National Science Foundation grant PHY-8116101-AOl 
* On leave from Vrije Universiteit Brussel, Belgium, and from Interuniversitair Instituut voor 
Kernwetenschappen, Belgium 
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electrons and K nuclei, divided by (N 4- K), is bounded below by some constant. 
If electrons were bosons, it is known [3] that matter would not be stable: 

statement 1) above still holds for bosons, but 2) does not. 
As a first approximation to a relativistic approach to the problem of stability of 

matter, we shall study stabihty for the Hamiltonian 

ZC-^Vzl. + mV)^/^- X j:Z,e'\Xj-R,\-'+ X e'\x,-Xjr' 

+ X Z,Z,e'\R,-R,\-'=H^Jm,Z,R\ (1.1) 
k,l=l 

k<l 

where m is the electron mass, and where again the K nuclei are fixed at the distinct 
positions / ^ j , . . . , i?^. We shall use the shorthand notation Z, R for the sets {Zj}f^ j , 

To simplify our expressions, we rescale the Xj and Rf^ in units of the Compton 
wave length of the electron h/mc. We also rescale the Hamiltonian by mc^. In terms 
of the variables iĉ . = {mc/h)xj, and with R,^={mc/h)Rf^, Hj^ j^ = (mc^)~^Hj^ j^ becomes 

+ Z oi\x,-Xj\-'+ Z Z,Z,a\R,-R,\-\ 
ij=l k,l=l 

i<j k<l 

where a = ^V^c - (137.04)-^ 
It is obvious from the definition (1.1) that Hj^ f^{m,Z,R) is bounded below 

by Hj^ j^(0, Z, R). This will turn out to be very useful in some of our proofs below. We 
therefore introduce also a rescaled version of//^j^(0,Z, R), with a different scaling, 
since the Compton wave length is infinity if m = 0. We rescale //(O, Z, R) in units 
HC/RQ, where R^ is an arbitrary length, and scale x and the R. by i^^. This yields 

Vx(?'^)= Z i-^jY"- Z Z Z,a\xj-R,\-' 
j = l j = l / c = l 

+ Z oc\x,-Xj\-'+ Z Z,Z,a\R,-R,\-\ 
ij=i kj = i 

i<j k<l 

where again the tildes indicate the scaled variables. We shall henceforth always work 
with these two scaled Hamiltonians, and omit the tildes. 

It turns out that, unlike the Schrodinger case, even statement 1) above (i.e. the 
existence of an ^-independent lower bound for the ground state energy of H^^) is 
not straightforward for H^ ^̂  even if we restrict ourselves to the case N = l 
(1 electron). First of all, there exists only a limited range of the Zj for which 
Hj^ j^ is bounded below at all. This can already be seen for the simplest case 
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X = 1 ,N=1 , 

H,,(Z) = {-A + iy^^-Za\x\-'. (1.2) 

This operator was studied independently by R. Weder [4] and I. Herbst [5]. A 
first important fact (which can be found in Kato [6]) is the existence of a critical 
charge Z^ for the operator Hj j , exactly as for the Klein-Gordon or Dirac theories. 
To be explicit, let 

HQ={-A + iyf\ Z, = 2/(a7r)-87.2. 

Then a) for Z ^ Z^: Hj j ̂  0 as a form on Q{HQ). 

b) for Z > Z^:Hi I, is unbounded below as a form on Q(HQ). 

Here Q{HQ) is the form domain of HQ, which consists of all the functions / in L̂ (IR̂ ) 
for which |pp^^/(p) is square integrable, where/denotes the Fourier transform of/. 

If Z is strictly subcritical (i.e. Z < Z^), more information concerning the spectrum 
of Hj i(Z) is known [4, 5]. The eigenvalues of Hj i(Z) all lie between 0 and 1; as a 
matter of fact, they are even separated from 0 by a gap which increases with Z^ — Z. 

<Tdisc(//i,i)<=[Ci-(z/z/]"M). (1.3) 

Since (1 — AY^-^ ^ 1 — ZJ/2, and since — A/2 — Ze^\x\~^ has infinitely many negative 
eigenvalues, it follows that Hii(Z) has infinitely many eigenvalues smaller than 1. It 
turns out, from an argument we give in Sect. 3, that the lowest eigenvalue is 
nondegenerate, and that the associated ground state is strictly positive. 

On the other hand the essential spectrum always starts at 1, and it consists of 
only an absolutely continuous spectrum: cr^si^i^i) = ^abscomC î.i) = Ĉ* ^ ) -

The operator/iii(Z) = ( — zJ)̂ ^̂  — Za|x|"^ has the same critical Z as H^ ^i it is 
bounded below by 0 on Q(\p\) if Z^Z^, and unbounded below if Z>Z^. Its 
spectrum is much simpler however: (T(h^^) = o'abscont(̂ i,i) — C '̂ ^)-

One can easily extend the proofs in [4, 5] to show that Hj^ j^ is bounded below if 
and only if Z^a ^ 2/71: for all; (we assume that all the Rj are distinct). From now on we 
shall only consider this case. Even under this condition, however, it is not obvious 
that an R-independent lower bound for Hj^ j^ exists. 

Let us consider the case N = 1: 

HUK = »IK+ I Z,Zfi\R,-R,\-\ (1.4) 
k,l=l 

k<l 

where 

H%={-A + iyi'- X Z,a\x-R,\-' (1.5) 

is the 1-electron Hamiltonian without nuclear repulsion. Suppose that 
K 

^ Z^a > 2/71 (this is possible when K ̂  2). It is a simple consequence of the 

unboundedness below of Hj^j^(Z) for Za > 2/n that the ground state energy for H i ^ 
will tend to — 00 if the internuclear distances shrink to zero: 

K 

lim infspecH? ^(Z, AR) = - 00, ^ f̂ĉ  > ^Z -̂
A-O ' k=l 
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Under the same conditions however, the nuclear repulsion term in (1.4) tends to 
4- 00, and this may "cancel" the behavior of E^ = infspecH^ ;̂ . The existence of an 
^-independent lower bound for H^ j^{Z,R) is therefore only possible if the nuclear 
repulsion is strong enough to overcome the "collapsing tendency" present in H^j^. 
The fact that this is the case is the main content of the following theorem: 

Theorem 1. Let hQ = {- AY'^. Suppose z^ ̂  l/nfor all /c, and R,^ i- RJor all k^^L 
K 

Then h^— ^ z^\x — R^\~^, considered as a form on Qih^), is bounded below by 

-371 X 2,^t\K~R,\"-
k,l=l 

k<l 

Since ( — A -\- 1)̂ ^̂  ̂  ( - A)^'^, the theorem obviously also holds if we replace h^ 
byH,^(-A + iy'\ 

In terms of the fine-structure constant a and the nuclear charges Z,^ = zja, 
Theorem 1 can be rewritten as 

K K 

Eo+ Z Z,Z,a\R,-R,\-'^{l~b) ^ Z,Z,a\R,~ R,\-\ (1.6) 
k,l=l k,l=l 

k<l k<l 

where b = 3na ̂  6.88 x 10"^. The fact that b is strictly smaller than 1 implies that 
the total energy (including the nuclear repulsion) increases to + oo if any two nuclei 
coincide. Thus the nuclear repulsion is not only strong enough to prevent collapse, it 
even pushes the nuclei apart! 

For 

h,JZ,R) = hl^{Z,R)+ X Z,Z^a\R,-R,\-\ (1.7) 
k,l= 1 

k<l 

with 

hl^{Z,R) = {-Ay"- X Z,a\x-R,\-\ (1.8) 
k= 1 

we can say even more. By scaling one sees that h^ j^{Z,R) and 2.h^ f^{Z,XR) are 
unitarily equivalent. Theorem 1 implies therefore that in this case the total energy is 
minimal if the nuclei are infinitely far apart. 

Incidentally, note that the exact numerical value of a plays a decisive role. 
This can be understood by the scaling behavior of / / j ^ . By simple scahng one 
sees that H^j^{Z,R) is unitarily equivalent to XH^ j^{X~^\Z,XR), where we define 

K K 

//,.^0x;Z,R) = ( - z l + / . ^ ) " 2 - X Z*«l^- -RJ" '+ ^ Z,Z,a\R,-R,\-K 
k=l k,l=l 

(The same ijs true for //^^.) This means essentially that we can scale the mass away : 
the existence of any g-independent bound for H^ j^{l;Z,R) implies that the zero-
mass Hamiltonian H^ j^{0;Z,R) = hi f^{Z,R) is bounded below by zero, inde­
pendently of R. (Since H^ j^^h^ j ^ , the converse statement is trivial.) 

This, in turn, implies that the value of a is decisive. Let us illustrate this for the 
special case iC = 2, Z^oc = Z2OC = l/n. On the one hand, if H^ ji^^R) is bounded 
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below by an ^^-independent constant, then h^ 2(2, S) is bounded below by zero. 
Thus, for all i/̂  in ^[(-zl) '^^], 

(il;,hl,(Z,R)i^y+{4/n'a)\R,-R2\-'\\iPf^0 

(/ij 2 is^i 2 without the nuclear repulsion; see (1.8)). On the other hand, by a scaHng 
argument, 

inf spec [/i? 2(2.B)] = - < ^ l ^ 1 - ^ 2 ! " ' 

for some positive constant C, which is completely independent of a. It is here that the 
numerical value of a comes into play: if a is such that 4/(a7î ) ^ C, then the required 
bound will hold (for K = 2); if 4/{an^) < C, the one-electron-two-nucleus system is 
definitely unstable in this model. By the argument above, this conclusion will hold as 
well for / / j ^ , i.e. for any positive mass, as for / i j^ , which has zero mass. 

We prove Theorem 1 in Sect. 2. 
In Sect. 3 we show that, for one electron, £ 1 ^ =infspecHi^(Z, g), and 

^̂  ^ =infspec/i^ j^(Z, K) are monotone increasing functions of the internuclear 
distances: 

Theorem 2. Keep the Z^ fixed, where Z^d^ljn for all k. If for all k,l: 
\R,-R,\^\Ri-Rl\, then El^{Z,R)^El^{Z,R') and 4^(Z,f i )^4^(Z,S ' ) . 

Our proof borrows its basic ideas from [7] and [8], where the analogous statement 
K 

for the Schrodinger operator — A — Y, ^k^'^l^ — ^k\~^ ^^^ proved (first for 
k= 1 

dilations, i.e. R^ = XR^^ with A ^ 1, in [7]; this proof was extended to the general 
situation \R'^-R[\^\R^-Ri\m [8]). 

If all the Z;̂  are strictly subcritical, i.e. Z^a < 2/71 for all /c, one can 
extend a result of [4, 5] and show that G^^^{H\J^) = \_\,O::)) and analogously 
f̂ esŝ î K) = [̂ > ^)' ^^^ ^"y 2 (provided all the Z^ are not zero) one can find a 
variational function (e.g. a suitable exponential) such that (^\jj,H\j^\l/y<\. 
This shows that for Ẑ^ < Z ,̂ all KE^^j^ is an isolated eigenvalue of H j ^ . (Actually, 
by the same argument as for //j j , one sees that H^^ ^ has infinitely many eigen-

K 

values smaller than 1.) For /?^^, matters are slightly different. If ^ Z^^Z^, 
k=i 

one can easily extend arguments of [4, 5] to show that /i^^ ^ 0 , in which case 
A: 

^^^.=0, and /zj^ has no eigenvalues. If ^ Z^>Z^, one can again find a 
/ c = l 

variational function ^ for which (^\\/,h\ j^ip} < 0, which implies that in that casee^̂  j^ 
is also an isolated eigenvalue. 

We prove in Sect. 3 that, if Z^ < Z^ for all /c, JE^^ is a nondegenerate eigenvalue of 
Hj ^, and that the corresponding ground state is strictly positive. The same is true 

K 

for ^̂  ^ under the additional assumption ^ Z;̂  > Z .̂ 
k= 1 

We have no results in this paper concerning /f̂  ^ for N > 1. The same scaling 
argument as for H^ j^ applies, and the existence of an fi-independent lower 
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bound for H^ .̂A: would therefore imply that hj^ j^ (i.e. the same Hamiltonian with 
(— AY'^ instead of (— zj + 1)̂ ^̂ ) is bounded below by zero. We do not know, 
however, whether such a lower bound exists for general N, K. 

Regardless of the statistics, and neglecting the electron repulsion, we 
know that if X = 1 (one nucleus only) //^ j ^ 0 (because Hj j ^0) . On the other 
hand, the lower bound (1.6) shows that for AT^ 14 and arbitrary X, we also have 
/ / ^ ^ ^ O (because 1 — 146^0, where /? = 37ra). For general values of N,K it is 
obvious that the Fermi statistics and the electron repulsion will have to play a role. 

It is clear that the strategy of [2], which used a density functional lower 
bound on the kinetic energy, and then applied results of Thomas Fermi theory, 
will not work here. The lower bound on the kinetic energy for the operator 
{-A + \yi^ has the form [9] <i/^,(-zl + 1)^/^) ^ ^j^^^^d'AWI^X where 

a 

F{a)=^ \du{u^'^ -V ly^. One sees that for small a, F{a) behaves like ca^'^-{-a, 
0 

which is similar to the pj^^ bound one obtains for <i/̂ ,( — )̂<A> [2], and which is 
caused by the fact that for small p, (p^ + 1)̂ ^̂  behaves like 1 + p^/2. For large 
p, however, (p^ + 1)̂ ^̂  behaves linearly in p, which is reflected in the a"^'^ 
behavior of F{a) for large a. Hence the lower bound on the kinetic energy is of 
the form ]d^xp^{xf'^ in the region where p^ is large; the corresponding Thomas-
Fermi functional (including the other contributions to the energy) is not bounded 
below, and therefore does not lead to a useful lower bound on the ground state 
energy of Hj^ j^. 

Heuristically, one can argue that Thomas-Fermi theories are "large Z theories" 
(i.e. they give the correct asymptotic behavior for Z -• oo; this is rigorously true for 
the Schrodinger case [10].) Hence it is only natural that the Thomas-Fermi theory 
corresponding to Hj^ j^ is unbounded below, since H^^ itself is unbounded below 
whenever one Z^ becomes supercritical. 

Throughout this paper we consider only the three-dimensional case, i.e. the 
Hilbert space we use is L^(U^). For functions on IR̂ , the symbol || || will be used to 
denote the L (̂(R )̂-norm only; for operators, this symbol will always mean the norm 
as a bounded operator from L̂ ({R̂ ) to itself. 

2. The Nuclear Repulsion Restores Stability 

We shall prove Theorem 1 in two steps: first we shall prove it in the case 
Zj^ = Z ,̂ all k. Then we shall apply a concavity argument to conclude the desired 
result for all Z^. In the proof of the first step we shall need the following lemma, 
which can be considered as a refinement of the result |||x|"^^^|p|"^/^ || = 
{n/iy^. This norm was evaluated in [5], and by a different method also in [11]; the 
critical value Z^e^ = l/n actually has its origin in this number. 

Notation. B{a, R) = {x\\x - a\-^ R]. 

Lemma 2.1. Let ^ he an L^-function with supp i/̂  cz J5(0, î ). We denote by K the 
bounded operator K = In'^\x\-^^^\p\-^\x\-^^^. Then 

(il,,Kil/y^(i^,i^y-n-'R-^id'x\x\-'f'm\ (2.1) 
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Proof. Note first that since il/ has compact support, the integral 
J^-'x|x I" ^̂ ^ I \l/{x) I converges. By simple scahng, we can obviously assume that /̂  = 1, 
which we shall do henceforth in this proof. 

We denote the symmetric decreasing rearrangement of ij/ by ij/*. Since |x|~ ^'^ 
is symmetric and decreasing, we have Ji/^*|x|~//^ ^ J|i/^||x|~^/^. Analogously, 
using the fact that \p\~^ is the same as convolution with (27c^)~^|x|"^, one 
sees that <(/̂ *,X(/̂ *> ^ <i/̂ ,X(/̂ > (this follows from the generalized rearrangement 
inequalities proved in [12].) Hence we can restrict our attention to \l/ which are 
symmetric decreasing, i.e. ij/ = \l/*. 

For any such {//(r), defined for O ^ r ^ l , we define, for r^\,[p(r) = 
r~^\l/{r~^). Consider the function f{r) = ^{r), r^l,f(r) = il/{r), r^ l . One 
easily checks that / is in L^(U% with \\f\\^ = 2\\il/f. Straightforward 
calculation also leads to </, X/> =2< 1/̂ ,̂ 1/̂ > +2<i/^,Li/^>, where L has 
the integral kernel L{x,y) = n-^\x\-^'\l + x^y^-2x'y)~^\y\-^'^. Since 
\\\x\-'"\p\-"'\\={n/2y'\ we have \\K^ = \, hence if,Kfy^(fjy, which 
implies 

<,A,^^>^II^P-<'A,^'A>. (2.2) 

By computing the spherical average of the kernel L{x, y), we obtain 
1 1 

<(A,L(//>= (8/71) j ^ r J Jsr^/^Ws'^V(5)ln[(l +rs)/(l - r s ) ] 
0 0 

^(7t-V2)[Jci^x|x|-">(x)]^ min/(M), (2.3) 
"6[0,1] 

where f{u) = W Mn[(l + w)/(l - w)]. 
One can easily check that / attains its minimum at u = 0, with /(O) = 2. 

Expression (2.1) now follows immediately from (2.2) and (2.3). • 

Remark. The constant TT"^ is probably not optimal in (2.1). We suspect that the 
optimal constant is given by functions behaving like r~^'^. This is also the typical 
behavior of functions optimising the expectation value of |x|~^^^|/?|~ ^ |x|"^^^ (see 
[11], [13]). 

If we define i/̂ „(r) = 0 for r < ẑ \ xjjj^r) = r '̂'̂  for n ^ < r ̂  1, it turns out that 

Hni[<iA,>„>-<^„,X^„>]/[ j^^x |x | -^^VnW]'-«^" ' , 

00 

with a= Y, (2/c+l)-^=(7/8)C(3)-1.05. We think an-^ is probably the best 
/c = 0 

constant for (2.1); in any event the sharp constant lies in the interval [n~^, 1.057i~^]. 
With the help of Lemma 2.1, we can now prove Theorem 1 for the case where all 

the Z- are critical. 

Proposition 2.2. For all \l/^Q{\p\\ || (̂  II = 1: 
K K 

<^Jp|^>-(2/7i) Z < i A , | x - K , | - V > ^ - ( 1 2 / 7 r ) X 1 ^ , - ^ . r ^ (2.4) 

j<k 
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Proof. Note first that since |x|~ Ms relatively form-bounded with respect to \p\ (see 
[4-6]), the left hand side of (2.4) makes sense for all ij/ in Q{\p\). 

Let us rewrite the desired result (2.4) as 

; = i 

\x-Rj\-'-A^\R,-Rj\-' 

(2.5) 

For the time being, we shall not fix A. We shall determine below a value AQ such that 
(2.5) holds for all A ^ AQ. li will turn out that AQ = 3, which then implies (2.4). 

For r real, we shall use the notation r + = max (0, r). For K arbitrary real numbers 
r i , . . . , r^ , we have 

Hence (2.5) will certainly be satisfied if 

Zo^(zo)^^i:(o).^(i(o)v^J-

ViA€e(|p|):<.A,IP|iA>s(i/'/i f^yWj'/'). (2-6) 

where W^(x) = [{2M{\x - Rj\-' - A ^ |i?. - ^,1"') J ' " -
ktJ 

For any /I, W has support in a ball with center Rj and radius tj, where 

kfj 

Provided A is large enough, all the balls B{Rj, tj) are disjoint: by (2.7), we have tj 
^A''\Rj^-Rj\ (or all k i=j. Therefore 

\R,-Rj\-{tj + h)^{\-2/A)\R,-Rj\. (2.8) 

which shows that B{Rj,tj)nB{R^,t^) = 0, for all 7 7 /̂c, if A > 2. From now on we 
shall assume A>2. 

For any ;, let fj be the characteristic function of B{Rj,tjX Since 
Wj= Wjfj, and Wj{x) ̂  {2/71^'^\x - Rj]'^^^, we have 

X Wjix) = X ^jMfM) ^ iVny^' Z |x - R,r'"fj{x) ^ W{x). (2.9) 
j j J 

Since \x - Rjl'^'^fj ^.\x - Rj\~^'\ and \x\-^^^\p\'^'^ is bounded, one easily 
sees that W\ pl"^^^ is bounded. We shall prove now that as an operator from L^ to 
^^. II H^lpr^'^ll ^ 1, provided A is larger than some constant which we shall 
evaluate below. 

Let (// be any function in CJ, so that WiJ/eL^. Then 

\\\p\-'^'wi^f={WipApr'^^) 

= {2/n) X {\x-Rjr'^'fjil^Apr'\x-R)\-'^'fjiP) 
j=l 

+{2/n) x ifM-Rj\-"'^Apr'A\x-R,r'^'ipy (2.10) 
j,k = l 

jfk 
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The "diagonal" terms in (2.10) can be bounded above by applying Lemma 2.1: 

{2/n)i {fjil^Ax-Rj\-'''\p\-'\x-Rj\-'''fjiP) 

K K 

^ Z \\fjiPf-n-' X tr'm]^ (2.11) 

where 

mj = id'x\x-Rj\-'''fj\ikl (2.12) 

To find an upper bound for the "non-diagonal" terms in (2.10) we use (2.8) and 
the fact that \p\~^ is the same as convolution with (27r^)"^|x|~'^. We obtain 

(2/n){fj\x- Rjr'"iPAp\-'A\x- R,r'"^) 

^n-'l\-2/Ar'\R,-Rj\-^mjm,, (2.13) 

where nij is defined by (2.12). 
Combining (2.11) and (2.13) we obtain 

- f7 i -^ [ l -2M]-2 Z rnjm,\Rj-R,\-\ 

jfk 

Using mjm^ ^ (mj + m^)/2 we can rewrite this as 

\\\p\-''"Wi^f^Uf- Z ^ , % 
j = l 

where bj = n-'t7'- n-'ll-l/Ay' ^ [R.-Rjl'^- By the definition (2.7) of r., 
kfj 

we have 

kfj 

This shows that all the bj will be positive, and hence || Ipp^/^H^i//1| ^ || i//1|, if 
A^^{l-2/Ar\or 

A^A^ = 3. (2.14) 

Thus, provided (2.14) is satisfied, we have \\\p\'^'^W\p\\ ^ ||iAI| for all ij/ in 
Cĝ , hence || W\p\-''' \\ = || I P P '^'^II = 1- This implies \p\ - W^ = \p\'/^ 

\_\-(w\p\-"'nw\p\-'^'n\p\"'^o. 
Since ( Z ̂ j ) = ̂ ^ ^^ (̂ •̂ '̂ ̂ ^ ^^^^ therefore proved (2.6) and a fortiori (2.5) 

for all/I ^ X = 3. • 
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Remarks 

1. In terms of Z^ and e^, we can rewrite (2.4) as VI/^GQ(|P|), || i/̂  || = 1: 

'^il,J\p\~Z,a i^\x-RJ\-'^^^^-bZ^a (2.15) 

where b = naAQ^6.SS x 1 0 ' ^ 
K 

2. Note that (2.15) implies that ^ ZjOc\x-Rj\~^ is relatively form-

bounded with respect to \p\, with relative bound (maxZ^.)/Z^. This means that 
/ i j ^ and H j ^ can be defined as form sums, with form domain Q(\p\) if Z <Z^ 
for all;; if Ẑ  = Z^ for some;, we define H^ j^, h^ j^ to be the Friedrichs extensions of 
the quadratic forms on Q(|p|). 

With Proposition 2.2 ends our first step in the proof of Theorem 1 which is now 
established if Zj = Z^ for all;. From this result we shall derive Theorem 1 for all 
possible values of Zj by a concavity argument. First we prove another technical 
lemma: 

Lemma 2.3. Let f be a real function on the n-dimensional unit cube [0,1]", convex in 
each variable separately. Let h be the smallest concave function on [0,1]" (jointly 
concave in all the variables) agreeing with f on all the vertices of the cube, i.e. 

VP, vertex of [0,1]" (/c = 1,..., M, with M = 2"): /i(FJ =/(P,). 

T / I ^ « V ( X , , . . . , X „ ) G [ 0 , 1 ] " : M X I , . . . , X „ ) ^ / ( X „ . . . , X J . 

Remarks 

1. Weshallapplythis lemma to the function/(xi, . . . ,xj= ^ â x̂̂ Xj. Ifwekeepall 

the variables but one fixed, / is affme in the remaining variable. The requirement 
that / be convex in each variable separately is therefore obviously satisfied. 

2. By changing signs, one immediately sees that the lemma is still true if we 
exchange "concave" and "convex," if we make h the "largest convex function..." 
instead of the "smallest concave function...," and if we reverse the inequality sign in 
the conclusion. 

3. Since h is the smallest concave function agreeing with / on the vertices, the 
conclusion h^f automatically implies that h is the concave envelope of / . The 
lemma tells us therefore that to construct the concave envelope on a cube of a 
function which is convex in each variable separately, one only has to consider the 
values of / at the vertices of the cube. 

4. At any point (xj , . . . , x„) in the cube, h can be explicitly constructed as follows : 
for any decomposition of (xi,...,x„) into a convex combination 

M M 

of the vertices: x^ = J] ^̂  (^jL » ̂  = 1'•••'"' ^i^h A^.^0 and X!^j = ^' 
M 

we define F(yl)= X ^jfi^j)'^ ^ ^^ given by the maximum of F(X), taken over all 

possible convex decompositions of (xj,...,x„). 
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Proof of Lemma 2.3. Fix y2,'--,y„ so that each is either 0 or 1. Considered as a 
function of Xj only, ( / i - / ) (x i ,y2>->y„) = M^i. 3^2--'>^n)-/(^i^J^z^-'^n) is con­
cave (h is jointly concave, and —/ is concave in each variable separately.) 

Since h and / agree on the vertices, we have {h—f){0,y2y.-.,y„)^0, 
(h—f){^,y2^'"^yn) = ^' ^y ^he concavity of h-f in x^, this implies 
(h - / ) ( ^ i , y 2 ' - > y n ) = ^ for all XiG[0, l] . Now fix Xj, and note that/i and/sa t i s fy 
the stated hypotheses in the variables >̂ 2' --^yn- ^he complete result follows by 
iterating the argument n times. • 

With the help of this lemma and Proposition 2.2, we can now prove Theorem 1: 

Proof of Theorem 1. For (ZI , . . . ,Z ;^ )G[0 , 1]^, we define 

F (z i , . . . , z^ )= mf l<iPAp\ipy-(2/n) X z,<iA, |x - R J " V > ] -
</'eG(|p|)J</r|| = l k=l 

As the infimum of linear functions, F is concave. Define 

/ ( z , , . . . , z j = - ( 1 2 / 7 1 ) X \R,-R,\-'z,z,. (2.16) 

k<l 

Proposition 2.2 tells us that 

F(P,)^f{P,) / c = l , . . . , 2 ^ 

v/here the P^, / c = l , . . . , 2 ^ are the vertices of the cube [0,1]^. (When all the 
components of the vertices are 1, i.e. P^ = ( 1 , . . . , 1), (2.16) follows from Proposition 
2.2. When some of the components of P^ are zero, (2.16) still follows from 
Proposition 2.2, but now with a smaller value for K.) Since F is concave, (2.16) 
implies that F is larger than /i, the smallest concave function agreeing with / at the 
cornerpoints P^ of the cube. But h is larger than / by Lemma 2.3; by combining these 
two inequalities we obtain P ^ / , or for all z^^e[0, l],/c = l,...,i<C: 

inf [<^AJpl^>-(2/7r)Z 2 , < i A , | x - P , | - V > ] 
'/'6G(IPl)Ji«/'ll = l k=l 

^-(12/71) X 2,z,\R,-R,\-'. m (2.17) 
/(,/ = ! 
k<l 

Remark. In terms of the fine-structure constant a and of the nuclear charges Z;,, with 
Z^^Z^ = llian) for all /c, (2.17) can be rewritten as 

K K 

\p\- J^Z,a\x-R,r'^-b X Z,Z,a\R,-R,\-\ 
k=l k,l = l 

k<l 

where 6 < 6.88 x 10 • 2 

3. Monotonicity of the Ground State Energy in the Nuclear Coordinates 

We prove Theorem 2 by essentially the same method as used by one of us [8] in 
the proof of the analogous statement for the Schrodinger Hamiltonian 
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K 

— A — YJ ^k\^~ ^k\~^' The strategy followed there was the following (modulo 
/ c = l 

some epsilons): 

1) £o(® = in^specH(g)= - lim r" Mn G(x, x, t, K) (3.1) 
f-»oo 

for all X, where G{x,y,t,R) is the kernel exp[— tH{R)~\{x,y\ 
2) By the Trotter product formula, G(x,y,t,R) can be approximated by 

multiple integrals involving exp [ - (r/«)( - zl)](x, y) and exp [(t/n)Z^\x -
^fcT^]- (Here one of the epsilons mentioned above comes into play: in order to 
ensure convergence of the integrals, one writes G{x,y,\t,R) as hm Glx,y\t,R\ 

z-*0 

K 

where Ĝ  is the kernel of the semigroup corresponding to —A— ^ Zf^(\x — 
k=l 

^k\^ H- &^)~^'^. The whole argument is then carried out for Ĝ  rather than for G and 
the limit £-)>0 is taken at the end.) 

3) Since exp[a5"^/^] is completely monotone, it can be written as the Laplace 
transform of a positive measure; this can be used to write exp [(t/«)Z|x - î  | ~ ^] as 
an integral, over a positive measure, of exp [ — s|x — /̂  |^]. 

4) Since all the kernels in the Trotter product approximation for G have been 
reduced to positive superpositions of Gaussian kernels (the kernel of exp[(r/M)z1] 
was already Gaussian in the Schrodinger case [8]), a lemma involving only 
Gaussian functions (Lemma 4 in [8]) can be applied, leading to the conclusion: 

5) If R,R' are given with |K. - R.\ ^ \R[ - Rj\^iJ, and if x,y,x\y' are such 
that | x - J ^ . | ^ | x ' - i ? ; | , | 3 ; - / ^ . | ^ | / - i ^ ; | for all /, and | x - y l ^ | x ' - y'l, then 

G(x,y,t,R)^G{x',y\t,R'). 

Combined with 1) this proves the theorem. One uses the fact that given R, R' and x, 
one can always find x' satisfying | x' - K; | ̂  | x - R. | by choosing x' far enough away 
from the R'-. 

The same argument can be used to prove Theorem 2 in Qur case. Some 
modifications are needed, however. We shall only describe these in detail, and not 
repeat the whole proof as given in [8]. 

The first modification concerns the kernels exp[(r/n)( — zj + 1) '̂̂ ] and 
exp[ — (r/n)( — zl)^^^]. These are not Gaussian kernels, but they can again 
be written as positive superpositions of Gaussian kernels. Indeed, exp[ —65 '̂̂ ] 
is again a completely monotone function, and can therefore again, by Bernstein's 
theorem, be written as a Laplace transform of a positive measure: 

exp [ - 65 /̂2] = Je-^V^(v,6); 

an explicit formula for ^ can be found in any table of Laplace transforms: 
dfi(v,b) = {bn-'^^/2)v-^f^Qxpl-b^/4v^]d^;. It follows now that 

exp[-( t /n)(-zJ + l)^/2](x,);)=J(2v)-^/2exp[-|x-3;|V4v]e-^^/i(v,rM 

exp [ - (t/n)( - zl)^^2](x,y) = j(2v)-^^^exp [ - |x - y\'/4v:\d^{v,t/nl (3.2) 

which are indeed positive superpositions of Gaussians. 
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The second modification is more a set of comments on step 1) than a real 
modification. 

First of all, note that it is enough to prove Theorem 2 for the case Z^ < Z^ for 
all k. As the infima of decreasing linear functions of the Zf^,E^ j^{Z) and 
e^ i^(Z) are decreasing, upper semicontinuous functions of the Z,̂ , which ensures that 

£?.^(2:) = lim£» „ ( Z ^ ) , e O ^ ( Z ) = lim e ? , ; , ( Z ^ ) , 
E - 0 e->0 

where we use the notation Z —8.for the set {Zj — e}. This implies that if Theorem 2 
holds for the case where Z^ < Z^ for all /c, it also holds in the case where some of the 
Z^ are equal to Z^. 

We can therefore restrict ourselves to the case Z^ < Z^, all k. In this case 
£ j ^ is an isolated eigenvalue (one can easily show £? ^ < 1 by a variational 
argument, and since Z^<Z^ for all /c, we know that (T^^^iH^iJ^) = 11,OD)). For 

K 

e ? ^ , matters are slightly different. If ^ Zj^^Z,, we know that ^?^(Z,g) = 0, 
k = i 

independently of R, in which case the monotonicity in R is trivial. We shall 
K 

therefore not consider this case in the discussion below. Whenever ^ Z;̂  > Z^, 
/ c = l 

however, one has again e^^ f^<0 by a variational argument, and since (T^ssi^^i,K)^ 
[0, oo), this shows that then ê  ̂  too is an isolated eigenvalue. We shall there­
fore assume in the following that Ej j^,e^ j^ are isolated eigenvalues. We 
know then that (3.1) will be true, for all x, if there exist ground states for 
^i.K'^i./c which are strictly positive. The argument in the next paragraph 
shows that this is indeed the case: we show that the ground states for H^ ^,/ii ^ 

K 

(where ^ Zf^> Z^ in the last case, and Zf^ < Z^ for all k for both Hamiltonians) are 
k= 1 

nondegenerate and strictly positive, which is an interesting result in its own right. 
Since / / ? ^ = ^ o - HS, x), /z?^ = /ẑ  - V(R, x), where Ho = ( - zl + \y'\ 

/IQ = ( — Zl)̂ ^ ,̂ and where V is positive, the kernels exp[ —r/ / i^](x ,y) , 
exp[—r/2i^](x, v) will be pointwise larger than exp [—r//o](x,3;) and 
exp[—r/2o](x,j'), respectively. By (3.2) one sees immediately that 
exp[—fHo](x,}'), exp[—r/iQ](x,3;) are strictly positive for all x, y, which 
implies therefore exp [ - r/:/i^](x,>') > 0, exp [—r/ii^](x,}^) > 0 for all 
X, y. By the extension o{ the Perron-Frobenius theorem to operators (see e.g. 
[14], Theorem XIII.43), this implies that the ground states of H i ^ , / i^^ (which 
correspond to the largest eigenvalues of exp [ — r/fj ^ ] , exp [ — f/ij ^]) are nonde­
generate, and the corresponding eigenvectors strictly positive. 

Taking into account all the remarks made above, the proof given in [8] can now 
be completely transcribed to our case; this completes our proof of Theorem 2. 
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Abstract. We consider the quantum mechanical many-body problem of 
electrons and fixed nuclei interacting via Coulomb forces, but with a relativistic 
form for the kinetic energy, namely p^jlm is replaced by {p^c^ + rn^c'^Y'^ — mc^. 
The electrons are allowed to have q spin states {q = 2 in nature). For one 
electron and one nucleus instability occurs if za > Ijn, where z is the nuclear 
charge and a is the fine structure constant. We prove that stability occurs in the 
many-body case if za^2/7r and a < l/(47(5f). For small z, a better bound on a is 
also given. In the other direction we show that there is a critical â  (no greater 
than 128/15%) such that if a > â  then instabihty always occurs for all positive z 
(not necessarily integral) when the number of nuclei is large enough. Several 
other results of a technical nature are also given such as localization estimates 
and bounds for the relativistic kinetic energy. 

I. Introduction 

One of the early important successes of quantum mechanics was the interpretation 
of the stability of the hydrogen atom. The ground state energy of the hydrogen 
Hamiltonian is finite and thus the hydrogen atom is stable quantum mechanically, 
even though it is unstable classically. The Coulomb singularity —ze^/r is 
controlled by a new feature of Schrodinger mechanics, the uncertainty principle. 
While the stability of the hydrogen atom is clear and simple, a more subtle question 
arises when many particles are taken into account. It is convenient to distinguish 
two notions of stability. 

Stability of the first kind: The ground state energy is finite. 
Stability of the second kind: The ground state energy is bounded below by a 

constant times the number of particles. 

* Work partially supported by U.S. National Science Foundation grant PHY-85-15288-A02 
** The author thanks the Institute for Advanced Study for its hospitality and the U.S. National 
Science Foundation for support under grant DMS-8601978 
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The second kind of stability, now commonly known as the stability of matter, 
was proved in 1967 by Dyson and Lenard [10] - four decades after the invention of 
Schrodinger mechanics. The Dyson-Lenard analysis clearly showed that the 
stability of matter depends crucially on the Pauli exclusion principle. The ground 
state energy (call if Ej) of N fermions interacting with K infinitely massive nuclei 
via the Coulomb potential is bounded below by a constant time the total particle 
number, i.e. Ef^—C^{N-\-K). On the other hand, if all the particles considered 
are bosons, Dyson and Lenard [10] showed that the ground state energy (call it E )̂ 
satisfies E^^ -C2iN-\-K)^'^. Lieb [20] showed that this 5/3 bound is indeed the 
correct law for infinitely massive nuclei. If the nuclei have finite mass, and are also 
bosons, Dyson [9] showed by a variational calculation, that the ground state 
energy of bosons is bounded above by E^ ^ — C^iN + Ky^^. This clearly shows that 
bosons are stable in the first sense, but never in the second. Dyson [9] also 
conjectured a lower bound E^^— C^iN + Ky^^ and this was finally proved 20 
years later by Conlon, Lieb, and Yau [4]. They also proved a related bound for 
bosonic jellium. 

The Dyson-Lenard proof for fermions involved a sequence of inequaUties such 
that the final bound for Ci is 10̂ "̂  Rydberg. New proofs were given by Federbush 
[12] and Lieb-Thirring [25] in the seventies. The Lieb-Thirring proof gave a much 
better bound on Cj (23 Rydbergs) and related the stabihty problem to the 
semiclassical picture of Thomas-Fermi theory. These matters are reviewed in [19]. 

The aforementioned considerations are all based on the nonrelativistic 
Schrodinger equation. The kinetic energy operator is the standard p^/2m = — A/2m 
(when ^ = 1). One might wonder whether stability still prevails in the relativistic 
case since the kinetic energy then decreases from p^/2m to {p^ + m^Y'^ 
— m{h = c = \). Historically, Chandrasekhar [2] was one of the first to ask this 
question, but in the context of gravitational interaction instead of Coulomb 
interaction. The famous Chandrasekhar model for neutron stars or white dwarfs 
consists of a semiclassical relativistic kinetic energy and classical gravitational 
potential energy. This simple model remarkably predicted collapse (i.e. insta­
bility of the first kind) and gave a critical mass which is correct, at least 
approximately. Despite the success of the simple semi-relativistic Chandrasekhar 
theory, the kinetic energy operator, 

r = ( p 2 + m2)i/2_m, 

which it employs is nonlocal and therefore violates a basic physical principle. 
Nevertheless it is worthwhile studying this operator for several reasons. When 
m = 0, T = IPI and it has the correct inverse length scaling (like the Dirac operator). 
Unlike the Dirac operator it allows one to formulate a variational principle for the 
ground state energy and thereby to give a rigorous definition of stability without 
the necessity of filling the Dirac sea or invoking quantum electrodynamics. In any 
event, there does not exist a truly relativistic many-body quantum theory at the 
present time and it is our belief that the study of Schrodinger operators based on T 
will capture some of the essential features of "the correct theory" when it is 
eventually formulated. 
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Let us start with the Hydrogen atom by considering the one particle 
Hamiltonian H defined by 

H,=(p^-^m^y/^-m-az/\x\, (1.1) 

where a = e^ is the fine structure constant {h = c=\). This operator was studied 
independently by Weder [29] and Herbst [16]. See also Daubechies' paper [7]. 
Since the difference between the operator (p-^ + m^)^/^ — m and |p| is bounded (more 
precisely |/?|^(p^4-m^)^/^ —m^|p| —m), the stability of (1.1) is the same as the 
stability of 

W , = | p | - - i 8 / W , (1.2) 

71 

where 

p = n(xz/2. (1.3) 
Note that (1.2) is homogeneous under length scaling and therefore E^=inf specH^ 
is either 0 or — oo by the scaHng \p(x)-^P'^xp{Xx), 

A first important fact about (1.2) is the existence of a critical j5^= 1, similar to 
that of the Klein-Gorden or Dirac theories. Kato [17] stated that j ^^^ l and 
Herbst [16] showed that Pc=^- The ground state energy for the Hamiltonian (1.2) 
is £ i = - 00 if ^ > 1 and £ i = 0 if j5^ 1. (In the Dirac theory j5, = 7r/2.) 

Returning to the many-body case, suppose we have N electrons with 
coordinates Xj, . . . ,x^ in IR-̂  and K nuclei with coordinates Ri,...,Rf^ in R^ and 
with positive charges Zi,...,z^. We shall consider the following relativistic 
Schrodinger Hamiltonian, //^j^^, for fermions with q spin states {q = 2 for real 
electrons). It is the analogue of (1.2): 

HsK= I N + aK(xi, . . . ,x^;/^i , . . . ,K^), (1.4) 
i= 1 

VXx„...,x^;Ri,...,R^)= I \xi-xj\-'-^ ^ Zj\x,-Rjr' 

+ I z,Zj\R,-Rj\-'. (1.5) 

Note that charge neutrality is not assumed in (1.4), or anywhere else in this paper. 
Mathematically, the Hamiltonian H^j^ is a quadratic form on the ^-state 

physical subspace Jf^ of L^(R^^). More precisely, \p e J^^ if and only if there exists 
a partition P = {7ri, ...,7rJ of {1, ...,iV} such that t/;(xi, ...,x^) is an antisymmetric 
function of the variables in each Up for all 1 ^j ^ q. When q = N, there is no 
restriction and the ground state energy for Hj^j^ is just the ground state energy for 
bosons. 

Physically, the nuclear kinetic energies should be included in (1.4) since the 
Born-Oppenheimer approximation (i.e. the neglect of the nuclear kinetic energies) 
is inadequate in the extreme relativistic regime. For simplicity, we shall confine 
ourselves to the Born-Oppenheimer approximation. 

In reality, our goal is to discuss stability of the second kind for ff^j^(m), which is 
given by (1.4) but with \p\ replaced by {p^ + m^y^ — m there. For this purpose, 
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however, it suffices to study only stability of the first kind for Hf^^^ in (1.4). The 
reason is the following. Let Ef^f^iR^, ...,Rf^) denote the ground state energy 
(= inf spec) of //^vx and let Ej^j^ be the infimum of Ej^f^{R ̂ ,..., Kĵ ) over all choices of 
the K's. By simple scahng {ipix^,..., Xj^)^P^^^y){/lx^,..., Ax^) and R^^R^jX), we see 
that £yvA: is either zero or — oo. On the other hand, '\{Ej^j^(m) is defined analogously, 
then, since |p| —m<(p^ + m )̂̂ ^^ —m<|p|, we have that Ej^f^^Ej,if^(m)^Ej^f^ — mN. 
Thus stability of the first kind for Hj^f^ (in the sense that Ej^j^ is bounded below 
independent of the Rj) is equivalent to stability of the second kind for Hj^f^{m). Our 
goal then - and that is the purpose of this paper - is to find necessary conditions 
and sufficient conditions on z and a so that E^fr{R^, ...,R,^)^0{ov all N and all K 
and all R^, --.RK-

If everything is held fixed except for q, then Ej^f^(R^, •••^^K) is a monotone 
decreasing function of q. The reason is that specifying q is the same thing as 
requiring that the admissable wave functions xpix^, ...,x^) are antisymmetric in 
each of ^ sets of variables. The number of variables in each set is unimportant, zero 
being an allowed number. Thus, a valid function for q is trivially a valid function 
fovq + \. 

A further remark about (1.4) can be made. Using a convexity argument, 
Daubechies and Lieb [8] proved that the stability of /f̂ VA: for Z^ = Z2 = ... = ZĴ . = Z 
implies the stabihty of//̂ ^^ when all the nuclear charges are no greater than z, i.e. 
O^Zj^z for all;. With this remark, we shall assume from now on ẑ  = ... = Z;, = z. 

Let £^^(a,z) denote the dependence of Ê VA: c>n a and z. We shall use the 
following terminology: H{a,z) is stable means that £^|^(a,z) = 0 for all N and K. 
Otherwise we say that H{a, z) is unstable. 

The coupling constant of the electrons to the nuclei is za = l^jn and, from the 
hydrogen atom result, it is clearly necessary to have P^\ for stability. It is 
frequently convenient, therefore, to adopt a and ^ as the independent variables 
instead of a and z. When doing so we shall refer to the stability or instability of 
//(a, p) - hopefully without confusion. Indeed a and P are the natural variables 
from the following point of view. The electron-nuclear coupling is l^jn while the 
nuclear-nuclear repulsion constant is z^(x = {2/n)^P^/(x. Suppose that K>\ and 
P<\, but Kp>\. Then, if the nuclear-nuclear repulsion is ignored, the K nuclei can 
come to one common point and the system will collapse - even with only one 
electron. What discourages this from happening is the repulsion which is 
proportional to j?^/a. With ^ fixed, we see that a is required to be small in order that 
this repulsion prevents collapse. It is a striking fact, and it is the main theme of this 
paper, that for every fixed P^\ and q there is a critical a (call it OLXP)) SO that 
H(a,p) is stable when a<a^(j5). There is another critical a (call it ot^p)) so that 
//(a, P) is unstable when a > dXP)- These facts are the reason behind the contention 
above that a and P are natural. We do not know whether or not CLXP) = OLXP)- Note 
that by the above monotonicity in z remark, stability for some (a,j5i) implies 
stability for all (a,)5) with P<Pi. 

There is an additional piece of information. Suppose that stability occurs for a 
pair ai,z. Then stability occurs for a pair a, z if a^a^. The reason for the 
monotonicity in a is that inf spec(^|/?,| + aFc)^(l — a/a^) inf spec(^|p,|)-f (a /a j 
infspec(I |pi | + aiKJ^O. 
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Before stating our main results in detail, let us review some recent progress with 
this and related problems that also have the feature of critical coupling constants. 

(1) The Chandrasekhar critical mass was established up to a factor of 4 in the 
framework of the relativistic Schrodinger equation by Lieb-Thirring [26]. Later, 
Lieb-Yau [27] proved that not only is the Chandrasekhar critical mass exactly 
correct, but the Chandrasekhar semiclassical equation can be derived rigorously 
from the relativistic Schrodinger equation in the limit that the gravitational 
constant G-^0. In particular, in the physically interesting case, the discrepancy 
between the Chandrasekhar semiclassical critical mass and the quantum mechan­
ical critical mass was shown in [27] to be less than 0.01%. 

(2) For the non-relativistic Schrodinger equation, but with magnetic fields 
present that couple to both the electronic orbital motion and electronic spin, the 
existence of a critical nuclear charge for the stability of the hydrogen atom was 
proved by Frohlich, Lieb, Loss, and Yau [15, 28]. The results were extended to the 
one-electron molecule and many-electron atom by Lieb and Loss [23]. The 
stability criteria are very similar to that of the relativistic stability considered in 
this paper. For stability, one should keep both a}z and a small. The general case for 
this model (many electrons and nuclei) remains an interesting open problem. 

(3) The relativistic stabihty of matter itself For iV = l and K arbitrary, 
Daubechies and Lieb [8] were the first to note the existence of a critical a and P 
fixed. They proved that H j^ is stable in the critical case P = n(xz/2 = 1 if a ^ l/37r. 
The first person to solve a general case for all N and K was Conlon [3], who proved 
that the Hamiltonian H((x,z) is stable when z = l provided a^10"-^^^ and q = l. 
Using a different method, Fefferman and de la Llave [14] improved Conlon's 
result for z = l to a ^1/2.0671, and again q = \. The Fefferman-de la Llave proof 
used computer assisted proofs extensively. Without using a computer, their bound 
would be worse by a factor 2.5, thereby reducing a to \/5n. Recently, Fefferman 
[13] announced a result for the critical case j5 = l provided some numerical 
computer calculations can be made rigorous. The stability criterion announced in 
[13] is that stability occurs in the critical case j5 = 1 if a ^ 1/20 and ^ = 1. A complete 
proof, however, was not available when the present paper was written. Since 
H{a, P) collapses for j5 > 1 no matter how small the difference j5 — 1 may be, the 
application of computer assisted proofs to the j^ = 1 case is delicate and difficult. 
Fefferman [13] states that "arbitrarily small roundoff errors are apparently fatal." 

All the results mentioned above address the situation <7=1. The methods 
employed are not, in our opinion, easily generalized to treat arbitrary q, as is done 
here. The ability to treat arbitrary q without increasing the complexity of the proof 
as q increases is, in our opinion, one of the main advantages of our method. 
Another is that we have no intrinsic need to invoke the computer. The essence of 
our method is that for all q the many-body problem is reduced to a tractable one-body 
problem (see e.g. Theorems 6 and 11). This method also makes it possible to prove, 
for the first time, that stability occurs up to and including the critical value j5 = 1. 

We should point out that the main tool in proving the nonrelativistic stabihty 
of matter, the Thomas-Fermi theory, fails to predict stability in the relativistic case. 
The semiclassical kinetic energy decreases in the high momentum region from 
(const) j ^̂ ^̂  in the nonrelativistic case to (const) j" ̂ "̂ ^̂  in the relativistic case. This 
semiclassical kinetic energy, J Q"^'^, cannot control the Coulomb singularity za/r for 
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any a > 0. The fact that stability occurs only for some finite a > 0 and z > 0 is not a 
trivial matter (see Conlon [3]). A good estimate for a, especially when ^ is set 
equal to its critical value 1, is very difficult to achieve and should resolve the 
following subtle points: 

(i) The delicate balance of charge neutrality. If, for example, the attractive term 
in V^ is changed from ZOLY^YJ \^i~^j\~^ to za(l 4-e)XZ \^i~^j\~^ ^^^ some £>0, 
then stability will not occur for any positive OL and z. Physically, an attractive 
gravitational interaction is present and it does alter the Hamiltonian in precisely 
this manner - collapse does indeed occur. But the gravitational constant is small, 
and this collapse happens only when N and K are extremely large - the order of a 
solar mass [26, 27]. Indeed, the problem of determining the critical mass when 
Coulomb and gravitational interactions are both taken into account is a difficult 
open problem. 2 

(ii) An improved version of the basic inequality \p\ |x|" ^ ^ 0 is needed. This 
71 

is apparently crucial since each electron in general feels attractions from more than 
one nucleus. One may argue that, by virtue of screening, each electron feels only 
one attraction from its nearest nucleus, but it is difficult to find a simple, precise 
mathematical statement about screening. Indeed, some corrections (e.g. van der 
Waals force) are obviously unavoidable and can only be controlled by the kinetic 
energy. 

(iii) The nonlocahty of the operator |p|. The technical problems caused by this 
non-locahty are serious, especially since the Coulomb potential is long-ranged. 

Our main results are the following four theorems about stability and 
instability. 

Theorem 1 (Simple Stabihty Criterion). For any z > 0 and q, the Hamiltonian //(a, z) 
is stable if 

a ^ sup^^(z'), (1.6) 

where 

A^iz) = {2/n)z-'l\-^q"'z-'^'C{zr'^'r\ (1.7) 

C(z) = 3.0844{[1.6617 + 1.7258z-^+0.9533z-i/2]^ + (4/7r)3[l+(2z)-^/2]«}-^ 

Corollary. Fix p = za7r/2 < 1. Then stability occurs if 

^|0.062980(l-j5)3iS-2 if j5^0.49910 

(1.8) 

^^-[0.031774 if PS0A99\0. ^^'^^ 

Remark. There is a number z^, which is roughly 0.6, such that if z^z^ then the 
supremum in (1.6) occurs for z' = z, while if z^Zj the supremum occurs for z' = Zi. 

Theorem 2 (Stabihty criterion for j5^ 1). Fix P^l. Then the Hamiltonian H{(x,p) is 
stable if 

^a^l/47. 

Theorem 3 (Instabihty for all z and q). There is a critical value a^ such that if ocxx^ 
then if (a, z) is unstable for every q^\ and every nuclear charge z > 0 (not necessarily 
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integral), no matter how small z may he. This means that if axx^, one can always 
choose N and K so that Efff^{oL,z)= -co. In order to achieve this collapse, it is only 
necessary to use one electron, i.e. N=\. One can take a^ = 128/157r. 

Theorem 4 (Instability dependence on q). Let P = naz/l as in (1.3). There is a critical 
value (X2 such that if 

(X>a2q-T\ (1.10) 

then H(oi, P) is always unstable. To achieve this collapse, only N = q electrons are 
needed. One can take a2 = 115, 120. Alternatively, (x>36q~^'^z'^'^. 

Corollary. / / the electrons are bosons then //(a,z) is unstable for all (x>0 and all 
fixed z>0. The number of electrons necessary to achieve this collapse satisfies 

Remarks. In view of Theorem 3, the number 115,120 should not be taken seriously. 
Its large value merely demonstrates how difficult it is to find simple, rigorous 
bounds - even variational upper bounds - for the relativistic Coulomb problem. 

These theorems, taken together, give a clear picture about the stability of 
relativistic matter. The relevant parameters for stability are aq (if P is fixed) and 
aq^'^ (if z is fixed). An upper bound for a which is independent of z and q is given in 
Theorem 3. P is never larger than 1. Theorem 1 clearly fails to predict stabihty for 
the critical case az = 2/n, but its proof is considerably simpler than that of 
Theorem 2. It also gives the correct q dependence (when z is fixed), and its bound 
on a for small z is better than that of Theorem 2. 

To gain perspective on how good these bounds are, we specialize our results to 
the following two cases. First, in the critical case, our upper bound (Theorem 2) 
and lower bound (Theorem 3) differ by a factor of 128 for (7 = 1. Second, for z = 1 
and q = l, Theorem 1 predicts stability for a^l/3.237r, which is not appreciably 
worse than the computer assisted proof bound l/2.067r in [14]. Our bounds in 
Theorem 1 and Theorem 2 can certainly be improved, as will become clear in the 
proofs given below. We refrain from the temptation to optimize our results by 
complicating the technicalities. Our goal is to give a simple conceptual proof which 
has the correct q dependence and reasonable estimates. 

Our proofs for Theorem 3 and 4 follow the same idea used in [23, 20]. 
Theorems 1 and 2 are much more difficult. Our basic strategy is first to reduce the 
Coulomb potential to a one-body potential, W. Then, by localizing the kinetic 
energy \p\, we can control the short distance Coulomb singularity of W, leaving a 
bounded potential W* as remainder. The last task is to bound the sum of the 
negative eigenvalues of \p\ + W*, but this is standard and can be done by using 
semiclassical bounds ([6]). 

The following Theorem 5 is a consequence of our localization for \p\ and 
combinatorial ideas in [26]. Theorem 5 was announced in [27, Appendix B], 
where it was proved for the special case q = N. Earlier, Fefferman and de la Llave 
[14] proved it for ^ = 1. This theorem is not needed in the present work, but it is 
independently interesting. (Note that the definition of (5, below is the reciprocal of 
that in [27].) 
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Theorem 5 (Domination of the nearest neighbor attraction by kinetic energy). Let 
Si = (5,(xi,..., Xj^) be the nearest neighbor distance for particle i relative toN — \ other 
particles, i.e. 

di^min{\Xi-x^\\j^i}. (1.11) 

Let \p G L (̂1R^ )̂ be an N particle fermionic function of space-spin with q spin states. 
Then 

X {rp,\PiM^C,q-"' i (V,.5r'v), (1-12) 
i=l i = 1 

E {xp,pfw)^C,q-"' i {v,dr'rp), (1.13) 
i = 1 i = 1 

where 

Ci =0.129, C2 = 0.0209. (1.14) 

The organization of the rest of this paper is as follows: 
In Sects. II and III, we prove Theorems 1 and 2 assuming an electrostatic 

inequahty for the Coulomb potential and localization estimates for \p\. The 
theorems used in Sects. II and III are then proved in Sects. IV-VII. The 
presentation has been broken up this way in order to stress the conceptual 
underpinnings of Theorems 1 and 2. 

Theorem 5 is proved in Sect. V. Some details of our numerical calculations are 
explained in Sect. VIII. In the final Sect. IX we prove Theorems 3 and 4. 

II. Proof of Theorem 1 (zaKlIn) 

The proofs of Theorems 1 and 2 are conceptually much simpler than the following 
detailed calculations and technicalities would suggest. There are three main steps 
for Theorem 1 and fi\Q steps for Theorem 2. Step A is the same for both theorems. 

Step A. Reduction of the many-body Coulomb potential to a sum of one-body 
N 

potentials plus a positive constant, namely - X ^(^i) + C. This reduces the 

problem to that of showing that q times the sum of the negative eigenvalues of the 
operator |p| — W is not less than - C. 

In the next step we decompose R^ into regions BQ,B^,...,BJ^ where the Bi are 
disjoint balls centered at the R^ and BQ is everything else. 

Step B. We write \p\ = p\p\-\-(l -p) \p\ with j9 = za7r/2 < 1. In the balls B^, /= 1,..., K 
we use p\p\ to control the Coulomb singularity of W and prove the operator 
inequality 

l]\p\-ocW(x)^-Uix), (2.1) 

where U=W in BQ and U is a. continuous function inside each ball.Thus \p\ — ccW 
^{1-P)\p\-U. 

Step C. The sum of the negative eigenvalues of (1 — j5) \p\ — U is bounded by using 
the semiclassical bound due to Daubechies [6]. 

Steps B, C, D, and E for Theorem 2 will be explained in Sect. III. 
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In this section we shall state the basic theorems for steps A and B. These will be 
proved later in Sects. IV and V. These theorems will be combined here in step C, 
thus completing the proof of Theorem 1. 

Step A. Reduction of the Coulomb Potential to a One-Body Potential 

This step has nothing to do with quantum mechanics or the nature of the kinetic 
energy operator. It has to do with screening in classical potential theory. The total 
Coulomb potential, V^, is given in (1.5). There are K nuclei located at distinct points 
i?i, ...,R^ in IR^ and having the same charge, z. There are N electrons. 

Introduce the nearest neighbor, or Voronoi, cells {Pj}f=i defined by 

rj = {x\\x-Rj\^\x-R,\ for all k + ; } . (2.2) 

The boundary of / ] , dPp consists of a finite number of planes. Another important 
quantity is the distance 

Dj = distiRj,drj} = ^mm{\R,-Rj\\j=\=k}. (2.3) 

The following theorem will be proved in Sect. IV. Recall (1.5). 

Theorem 6 (Reduction of the Coulomb potential). For any 0 < A < 1 

F , ( x i , . . . , x ^ ; R i , . . . , R ^ ) ^ - J W\x,)+lz' i DJ' (2.4) 

and, for x in the cell /}, W\x)=Wl(x)=Gj{x) + Fjix) with 

G/x) = z |x-7?, . | - ' (2.5) 

P>.t,.\-2Di\i-D7^\x-Rj\r' for \x-Rj\^XD, 

'^' k]/2-z + i)\x-Rjr' for \x-Rj\>XD,. ^ '̂̂ ^ 

Theorem 6 says that when the electron-electron and nucleus-nucleus Coulomb 
repulsion is taken into account, V^ is bounded below by a positive term [the last 
term in (2.4)] consisting of a residue of the nucleus-nucleus repulsion (in fact one 
quarter of the nearest neighbor repulsion) and an attractive single particle part W^. 
In each cell /}, Wf- is essentially the attraction to the nearest nucleus (this is the Gj 
part of W/); there is also a small attractive error Fj. 

There are two essential points in (2.4). One is that the charge z appearing in Gj is 
the same as in the original potential V^. The other is the existence of the positive 
term. The error term Fj can certainly be improved, especially the long-range part 
\x — Ri\>Wj; we have not tried to optimize Fj . 

It is interesting to compare our Theorem 6 with Baxter's Proposition 1 [1] 
which says that 

l / ^ - ( l + 2 z ) i Six^r' (2.7) 

with 

Six) = min{\x-Rj\\j=\,...,K} = \x-Rj\ when XEFJ. (2.8) 

Fefferman and de la Llave [14] later improved this when z = 1 from 1 +2z = 3 to 
8/3. Our proof is completely different from both proofs of (2.7), as is Theorem 6 
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itself. To reiterate the essential points, our bound has the correct singularity near 
the nucleus (namely z and not 1 + 2z) and it also has a positive repulsive term. 

Step B. Control of the Coulomb Singularity in Balls 

The following formula is well known. For feL^ with Fourier transform f, 

(/, |p|/) = (27r)-^J|/(p)|^|p|^p = (27r^) - i JJ | / (x) - / (>; )p |x-yr^Jx^3; . (2.9) 

One way to derive this formula is to write 

( / , | p | / ) = l i m t - ^ { ( / , / ) - ( / , . - l ^ l / ) } . (2.10) 
tiO 

The convergence is a simple consequence of dominated convergence in Fourier 
space. The kernel of exp( —t|p|) can easily be calculated to be 

e-'\p\x,y) = n-^tUx-y\^-^t^r\ (2.11) 

Inserting (2.11) in (2.10) yields (2.9). 
A formula similar to (2.9) can be derived this way for (p^ + m^Y'^ in place of |p|. 

(/,(p^ + m2)^/V) = i7r-2m^JJ | / (x)- / (^)P |x-y | -2K2(m|x-) ; | )^x^y,(2.12) 

where K2 is a Bessel function. This follows from [11] 

exp[-r(p2H-m2)i/2](x,);) = |7r-^m^t( |x-y|^ + P)-^A:2(m(|x-y|2 + r^)^/2). 
(2 13) 

Starting with formula (2.9) we have 

Theorem 7 (Kinetic energy in balls). Let B be a ball of radius D centered at zelR.^ 
and let feL^iB). Define 

{fAp\f)B^ A 11 \fix)-f{yr\x-y\-Uxdy (2.14) 

zn B B 

and assume this is finite. Then 

ifAp\f)B^D-' i Q{\x~z\/D)\fixrdx, (2.15) 
B 

where Q{r) is defined for 0 < r ̂  1 by 

Qir) = 2/{nr)-Y,{r), 
2 l+3 r^ 1—r̂  4r 

Y,(r)= —--—- -f — —\n{\-^r)- — ^ - ^ r - l n ( l -r)- j - Inr 
71(1+r) n{\-\-r^)r n(\-hr^)r ^ ^ 71(1+^^) 

^1.56712. (2.16) 

The maximum of Y^ir) occurs at r;:^0.225975 and was computed by S. Knabe. 
Note that ^idxl) is continuous for all | x | ^ l . 

Using (2.9) we have 

Corollary. If B^,..., Bj^ are disjoint balls in IR-' centered at Ri,...,R,^ and with radii 

\p\^- X \x-Rj\-'Blx)- Z D7^Y,i\x-Rj\/Dj)Bj{x), (2.17) 
7 1 ^ = 1 j=i 

where Bj{x) is the characteristic function of Bj, 
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Theorem 7 is proved in Sect. V. Theorem 12, which is the analogue of 
Theorem 7 with p^ in place of |p|, is stated and proved in Sect. V. 

Step C. Semiclassical Bounds and the Conclusion of the Proof of Theorem 1 

The problem of showing that / / = ^ |p,| + aF^^O has been reduced to the 

following. In step A we showed that / / ^ Ĵ  /T, + C, where 
1 

n, = \p,\-aW\x,), (2.18) 

C=\z\iDj'. (2.19) 

If we write |p| = j8|p| +(1 —P)\p\, with )?=za7r/2, then step B shows that it suffices to 
replace ^( in H by /i, where 

''.• = ( l - ) 8 ) I P . | - [ / W . (2.20) 

U{x) = a.F](x) + pDJ' yj(|x - Rj[/Dj)Bj{x) + zix\x\-\l- Bj(x)) when x e / } . 

(2.21) 

Proving that ^ r̂ + C ̂  0 for all numbers, AT, of ^-state fermions amounts to the 
1 

following inequality in terms of density matrices satisfying 0 ̂  y ^ ^. [A density 
matrix is a positive definite trace class operator on L^(IR^).] 

Tryh^-C for al ly, (2.22) 

with /i = (l - j 5 ) | p | - [/(x). {Tryh is shorthand for ^ ifk^¥k)yh where ( ^ y j are the 
k 

eigenfunctions and eigenvalues of y.) For more details see [21]. 
The tool we shall use to prove (2.22) is Daubechies' extension of the Lieb-

Thirring semiclassical bound from p^ to \p\. 

Theorem 8 (Daubechies). Let ybea density matrix satisfying O^y ^q.(q need not be 
an integer.) Let U{x) be any positive function in L'̂ (R-^). Then for )U>0, 

Try(fi\p\-U)^ -Om5Sqfi-^iU(x)''dx. (2.23) 

To complete the proof we merely insert (2.21) into (2.23). A simple bound is 
obtained by extending the integral over each /] to an integral over all of IR .̂ This 
will give K terms on the right side of (2.23) (each of which scales like D^ )̂ to be 
compared with the K terms in C (2.19). Our condition is then (recalling that 
p = z(xn/2) 

\\x\<l 
Om5Sq{\-p)-'l j laF\\x\) + pY,{\x\)rdx 

+ j laF\\x\) + z(x\x\-'Tdx\S^z^oc (2.24) 
| x | > l 

for some choice of 0 < A < 1 and where 

^^''"W+i) . - ' for X^r. ^'-''^ 
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The second integral ( |x |>l) in (2.24) (call it /+) is easy to evaluate. It is 
independent of A, 

/,=(4/7r)3i?^[l-f(2z)-^/2]«. (2.26) 

Next, the integral of Y^ over |x| < 1 has been done numerically by S. Knabe. The 
following is actually an upper bound. 

I Y^{xfdx=^1.62A5 = I,. {121) 
\x\<\ 

We shall take A =10/11. Then 

1 F\xfdx = {A%l\0) 
k<\x\<\ 

j F\xfdx<{nlA)X\{\ 
\x\<X 0 

= M/24)[(1 -x^)-'-\-] 

4 

= h, 

h = 22.645. 

(2.28) 

(2.29) 

To bound the first integral ( |x |<l) in (2.24) one can use the triangle inequality 
j ( / + g_^/i)4^|-(jy'4)i/4_^(|g4)i/4^y;j4)i/4-|4 j ^ ^ ^ ^ ^ j . condition for stability is 

satisfied if 

0.0258^(1-j5)-3{[1.6617j5+1.0588a(i+(2z)i/2) + 2.1815a]^ 

+ {Alnf^^i\+{2z)-'i^f]^{2lnf^^l%oi. (2.30) 

Let us rewrite the stability condition (2.30) as 

q-'zC[z)^^\\-^)-' (2.31) 

with C{z) given by (1.8), namely 

l/C(z) = (0.0258)47r{[1.6617 + 1.7258z-^+0.9533z-^/^]V(4/7r)3[l+(2z)-^/'] '}. 

(2.32) 

By taking the cube root in (2.31) we have that (2.31) is equivalent to the 
assertion that stability occurs if 

a^Aj^z) = {2ln)z-'{\+q'i^z-'i'^C{z)-'i''}-'. (2.33) 

Using the monotonicity in z for fixed a [8] mentioned in Sect. I, (2.33) can be 
improved to the statement that stability occurs if 

a^sup{A,(z ' ) |z '^z}, (2.34) 

and this is precisely Theorem 1. D 

Next, we address the question of finding a bound on a that depends only on j5 
and not on z. For this purpose return to (2.31) and solve the equation q~^zC{z) 
= P^(\ —py^. Since z-^C{z) is monotone increasing, this equation has a unique 
solution. Call it Z (̂j9). Then stability occurs for any given P if 

a^a*W)M2/n)snp{p'/Z^{n\P'^P} • (2.35) 
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Again we have used the aforementioned fact that stability for (a, P') implies stability 

Formula (2.35) is correct but lacks transparency. We shall now present a way to 
find a function a**(j5) which is less than or equal to a*(j9) but which has the same 
general features as a*(j9). It is this function, a**(j9) that is given in the corollary. 

Choose an arbitrary ZQ. Let OCQ = A^{ZQ) and let PQ = {2/n)(XQZQ. Define 

l{2/nq)C(zo)ii-^?r' if ^Po ^̂  36) 
''•' ^"^ \(2/nq)Cizoni-liorPo' if I^^Po- ^ ' 

We claim that a ^ a**(j5) implies stability. First, suppose that p ^ PQ. Then we have 

z^{2/K)oi-'P^{2/K)[<*(ra-'Po^{2/n)la**{Po)r'Po (since P^h) = ^o^ 

By the monotonicity of C, we have C{z) ^ C{ZQ). Therefore 

z = {2ln)a-'PZ{2ln)[_^**m~'P^qC{z)-'P\\-P)-^{sx^^^ 

This is (2.31). 
Second, suppose that P^Po- To prove the stability, we only have to verify 

2 
(2.35). For this purpose, it suffices to show that a ^ - PQ/ZJ^PQ) with ZJ^PQ) solving 

q-^zC{z) = Pl{\-PQy^. Since by definition q-^ZQC{ZQ) = PI{\-PQ)-^, we have 
from the uniqueness of the solution of the above equations that ZJ^PQ) = ZQ and 

a^,m = {2lM)C{z^)(^-Po?Po^=-PolZ,{Poy Hence a^a**(i9) is the same as 
2 ^ 

(x^-Po/ZjPo) and thus stability occurs for {a,P) with a^a**(j5) and P^Po-
n 
Let us choose Zo = 10. Then (2/7c)C(10) = 0.062980 and po = 0A99\0. This 

together with (2.36) proves the Corollary of Theorem 1. D 

m . Proof of Theorem 2 (zix^lln) 

In the proof of Theorem 1 we first reduced the many-body Coulomb potential to a 
one-body potential in Step A. Then we split the kinetic energy |p| into two pieces. 
One of them was used to control the Coulomb singularity and the other was used 
to control the long range part of the potential. If the method of Theorem 1 is used 
when z(x = 2/7r, all of \p\ must be used for the singularities and nothing remains to 
control the long-range potential. In this section both parts of the potential will be 
controlled without splitting |p|, but this requires inventing a suitable localization 
formula for \p\. We shall henceforth take za = 2/n; by the monotonicity in z, this 
case will cover all the cases za ^ 2/7r. 

There are five steps. 

Step A is the same as before. The Coulomb potential V^ is replaced by a one-body 
potential W^ plus a positive constant. Henceforth we shall take 2 = 0.97 and omit 
the superscript on W. 

Step B. Here we show that if xM is a C^ function which is approximately the 
characteristic function of a ball, and if 7 is a density matrix with O^y^q and if X2W 
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is defined by liixf ^-l2{^f' = ̂ ^ then 

Try(|p|—W^)^Tr;^ 17/i(|p| —potential energy correction —W) 

+ Trx2yZ2(lpl~ potential energy correction —^) —^const. (3.1) 

The important aspect of this inequality is this: It might have been thought that 
since \p\ is not a local operator, the potential energy corrections would have to be 
very long range. In fact they have support only inside a ball which is only slightly 
larger than the original ball. The long range nature of |p| manifests itself in the term 
^-constant which depends on ||y|| but not on N = Try. 

Step C. The ball referred to in step B is taken to be B̂  centered at R^ (see Sect. II). 
To control the first term on the right side of (3.1) we have to bound q times the sum 
of the negative eigenvalues of |p| - potential energy correction - W în a ball, where 
W is the one-body potential defined in step A. 

Step D. For the second term on the right side of (3.1), the localization process in 
steps B and C are repeated K — \ times for nuclei, 2, ...,K. This finally leaves us 
with a term Tr/oyZodPl" Potential energy corrections) where Xo is essentially the 
characteristic function of the complement of the K balls. To estimate this term, 
Daubechies' semiclassical bound, Theorem 8, is used. 

Step E. The above process leads to a lower bound on inf spec(//) in terms of 
certain integrals which depend on certain parameters that remain to be specified. 
These numerical facts are presented in this step. The details of the computation are 
given in Sect. VIII. 

Step B. Localization of the Kinetic Energy 

By way of comparison we begin by reminding the reader of the IMS localization 
formula (see [5, Theorem 3.2]) for p^= —A instead of |p|. Let XO^XI^--'^XK t>e real 
valued functions on IR̂  satisfying 

X Xj{xf = l for all X. (3.2) 
j = o 

Then an elementary calculation yields the following operator identity. 

- ^ = Z Xj{x){-A)Xj{x)- i \Vxj{xr. (3.3) 
j=0 j=0 

This is a localization of — Zl. If we assume additionally that Xj has support in some 
set Aj (which are not pairwise disjoint, of course) then for any fe L (̂IR )̂ and any 
arbitrary potential K 

(/, [-zl + F(x)] f)= i ixjf [-zl + V{x)- U{x)-]xjf) (3.4) 
7 = 0 

with 
K 

Uix)= Z IVxjixf. (3.5) 
j = o 
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The advantage of (3.4) is that in t h e / ^ term of (3.4) only [K(x)-L/(x)]l^.(x) 
appears [where 1 ^(x) = \ifxeA and 1 ̂ (x) = Oifx^A^ and one can utilize different 
bounds on V—U according to the region Aj under consideration. Furthermore, 
since Xjf has support in Aj one can replace — zl by the larger operator — A with 
Dirichlet boundary conditions on dAj. The price one has to pay for all this is the 
negative potential operator — (7(x). 

For the operator \p\ the following analogue of (3.3) is much more complicated 
because |p| is not a local operator. We also state its generalization to {p^ + m^Y'^. 
The proof is immediate starting with (2.9) and (2.12). 

Theorem 9 (Localization of kinetic energy-general form). Let XO^-^XK ^^ Lipschitz 
continuous functions satisfying (3.2). Then for any /eL^(lR^), 

ifAp\f)= I iXjfAp\Xjf)-if,Lf), (3.6) 
7 = 0 

where L is a bounded operator with the kernel 

L{x,y)= ^ \x-y\-^ I [.Xj{x)-Xjiy)f • (3.7) 

More generally, 

{f{p'^m'y"f)=^ i (Xjf{p'^m')xjf)-{fn"'V). (3.8) 
7 = 0 

where L̂"*̂  is a bounded operator with the kernel 

n'^\x,y) = (2n)-'m'\x-y\-'K2(m\x-y\) f lXj{x)-Xj{y)y (3-9) 
j=o 

and K2 is a Bessel function. 

Formula (3.6) was proposed to us by M. Loss, to whom we are grateful. 
A simple, but important corollary of Theorem 9 concerns ^-state, density 

matrices. As defined in Sect. II, this is any bounded operator on L^(R^) which 
satisfies the operator inequality O^y^q and for which Try < 00. 

Corollary. For any density matrix, y, 

Try|p|= i Tvyjlpl-TryL, (3.10) 

where y^ = XjJXp ^^^h Xj being thought of as a multiplication operator. 

To exploit (3.10) we now impose a condition on XO^-^XK- Let R^, -^RK be 
distinct points in R^ (namely the nuclear coordinates) and let Dj be given by (2.3). 
The K disjoint balls Bj={x\x — Rj\<Dj} were defined in Sect. II. Choose some 
0 < (7 < 1 and consider the smaller balls 

Bf^=^{x\\x-Rj\M^-cT)Dj}. (3.11) 

Let XO^-'-^XK satisfy (3.2) with Xj supported in Bf^ for j=l,...,K. The explicit 
choice for Xj will be made in step D. 
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First, consider the case K = \. We decompose the L of (3.7) into a long-range 
part, LP, and a short-range part, Lf, with L = LP-\-L\. Furthermore, L\{x,y) 
vanishes if x or j ; is not in B^ or if |x —ylxr, namely 

,*. ,_\^~'\^-y\~^U-U^)io{y)-iMiAy)'\B,{x)B,{y) if \x-y\^G 
^^^""'^^"[O if \x-y\>G, 

(3.12) 

where Bi(x)=l if XEBJ and Bi(x) = 0 otherwise. Recall that ;i(o(x)'̂  + Xi(x)'̂  = l in 
the K = 1 case. With these conventions, we have the following theorem which will 
be proved in Sect. VI. 

Theorem 10 (Localization of kinetic energy-explicit bound in the one-center case). 
For K = \Jet L\ be given by {3A2) and lP = L-L\, with L given by (3.1). For any 
positive function, /zj, defined on the ball Bj, let 

e,{x) = h,{xr' m{x,y)h,{y)dy. (3.13) 

LetQ,=^DlTr{LY,i.e. 

Q, = ^DiilL{x,y)-L*(x,y)Tdxdy = I^'^^I^^\ (3.14) 

; ( i )^^^-4^2 1̂  \x-y\-'l\-Xo{x)Xoiy)-xMx,iy)ydxdy,{3A5) 

\\x\-\y\\^aD, 

/<2) = ;,-4^2 j j \x-y\-\\-x^(x)\Hxdy. (3.16) 

\y\-\x\^oD, 

Then, for any density matrix y with \\y\\ ^q, and any £>0, 

TTy\p\^Tvx,yxM-UUx))^TrXoyXo{\p\-UUx))-q{sD,)-'Q,, (3.17) 

where Uf{x) = 0 for x^B^ and, for xeB^, 

U*{x)^is/D,)B[^\x)-he,ix). (3.18) 

Inequality (3.17) looks complicated, but it is not vastly different from (3.3). The 
first two terms in (3.17) are the localized kinetic energies (inside and outside the ball 
B^y The U* term is a potential energy correction like the U in (3.4), but this 
potential has support only in the ball B^. The last term is novel; it involves only the 
norm of y and not a trace over y. One might expect that the non-local nature of |p| 
would give rise to a long range contribution to U, but these long range effects can 
be bounded by the norm of 7 - as is done in the last term of (3.17). 

Step C. Bound on Negative Eigenvalues in a Ball 

Our goal is to give a lower bound to Tr/iyxi(lpl~ W{x)—UX{x)). The following is 
our main tool. It will be proved in Sect. VII. 

Theorem 11 (Lower bound to the short-range energy in a ball). Let C > 0 and R>0 
and let 

Hc^ = \p\--\x\-'-C/R (3.19) 
K 
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be defined on L^(R^) as a quadratic form. Let O^y^qbe a density matrix as before 
and let x be cLny function with support in Bji = {x\\x\^R]. Then 

TrxyxHcR^-4AS21C^R-'q{{3/4nR')j\x{xrdx}. (3.20) 

Remark. When x=^ in B^ then the factor in braces { } in (3.20) is 1. 

To apply Theorem 11 to our case we take R in Theorem 11 to be (1 — (7)D^ and 
we take C to be an upper bound for {\-G)D^{ocW{x)+Ut{x)-{2/7i)\x\~^} 
= {\ -(T)Dy {aFi(x)-f C/f(x)} in the ball |x |^ ( l -(j)D^. This computation will be 
done in Step E. 

Step D. The Negative Eigenvalues for the Long Range Potential 

Associated with each ball Bj of radius Dj centered at Rj will be a cutoff function Xj 
defined by 

Xj{x) = x(\x-Rj\/Dj), (3.21) 

where the universal x is given by 

r 1 for r ^ l - 3 ( 7 

X{r) = I cos [7r(r - 1 + 3(T)/4(J] for 1 - 3(7 ^ r ^ 1 - (T (3.22) 

[ o for l-a^r. 

Here, it is important that cr<l/3. We also choose a function hj{x) for XEBJ, 

hJ,x) = h{\x-Rj\/Dj), (3.23) 

, .x fl for r ^ l - 3 ( 7 and l - ( T ^ r ^ l , , ^ , , 
^ ' ^ ^ ^ = = l 2 - . - | r - l - f 2 . | for l - 3 . < r < l - . . ^^'^'^ 

Starting with Theorem 10, Eq. (3.17), we choose some e and compute Q^, 0^[x\ 
U'lix) using (3.13)-(3.16). We also compute some bound 

C ^ (1 - (j)Z) 1 {aFi(x) + UX{x)] (3.25) 

in B^^\ By scaHng, C does not depend onD^. Then, using Theorem 11, Eq. (3.20), 
we have that 

E=^Mi:Ty{\p\-(xW)Z-qAID,+ 'm{Jr{\-x\Y'''y{\-x\y"-{\p\-^W-UX). 
y y 

(3.26) 

The first term, qA/D^, is a sum of two pieces. One is the qieD^y^Q^ in (3.17); the 
other is the right side of (3.20) (call it ^^2)- The sum is written as qA/D^ because the 
various quantities that have been introduced scale in just the right way - so that A 
really is independent of Dj and q. 

For the second term on the right side of (3.26) we note the identity 

(l-Zi(x)')[oc^(x)+L/*(x)]=(l-Xi(x)^)[air(x)i9i(x)4-t/?(x)i5i(x)],(3.27) 

where p^{x)=\ if \X — R^\^\—3(JDI and p^{x) = 0 otherwise. Since 
(1 — xiY'^yi^ — xiY'^ is a ^-state density matrix whenever y is, the last term in (3.26) 
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can be bounded below by 

MTvy{\p\-oiW{x)P,{x)-Ur{x)P,{x)). (3.28) 
y 

Now we can apply Theorems 10 and 11 to (3.28), using the ball B2 in place of B,. 
Since U1[(x) = 0(orx^B^weseQihat{(xW(x)-\-UUx))Pi(x) = aW(x)forx^B^.This 
process can be repeated until all the balls B^,...,Bj^ have been used. Our final result 
(with VJ defined as in (3.18) with /?,, D, replaced by Rj, Dj) is 

K 

E^-A y Dr^ + infTry \P\ -(^oiW+ _X Ufix)^ _n H^)\. (3.29) 

To bound the last term in (3.29) we use Theorem 8. This will result in a sum of X 
integrals, one for each cell / ] . As in the proof of Theorem 1, a further bound is 
obtained by pretending that each /] extends to all of IR-̂ . Thus 

E^-q{A-^J)i or', (3.30) 
j= 1 

where 

J = 0.0258 J [(2/7r)|xr^+aF(|x|)+L/*(|x|)]^^x, (3.31) 
| j c |> 1 -3<T 

and where F{r) is given in (2.25) with A = 0.97, and U*(x) is given by (3.18) with 
Di = l there. 

From (3.30) and (2.4), stability holds if 

q{A + J)^iz''a = {2nY'oi~'- (3.32) 

Step E. Numerical Results 

We take (7 = 0.3 and e = 0.2077 (recall that A was previously chosen to be 0.97). 
Since all quantities have the correct length scaling, we shall refer everything to a 
standard ball of unit radius 0^ = 1. The following are the results of the 
computations given in Sect. VIII. 

Starting with x{r) in (3.22) we compute r2i = 0 in (3.13)-{3.16), 

/̂ >̂ = 0.05529, /̂ 2> = 0.06042, 

O = /^i) + /<2) = 0.1157, £-^(2 = 0.5571. (3.33) 

From the definition (3.13) and (3.24) we find that ^i(x) = ^(|x|) satisfies 
^(r)^^*(r)and 

. * . , ^ | ( 3 ^ / 3 2 ) ( 2 - l / 2 ) a - ^ =0.5751 for r^l-a 

^^ l (7r /64)a-^( l+2(7-r)( l - r )3 for l - ( 7 < r ^ l . ^^ ^ 

Using this we have, from (3.18), that 

U*ir)^8B^''\r)-\-6*{r) (3.35) 

with B^''\r) = l for r < l - a = 0.7 and B<%) = 0 otherwise. 
Next, we want to find some C satisfying (3.25). Since A = 0.97 > 1 -(7 = 0.7, we 

need only concern ourselves with the first line of (2.25). Note that a appears in (3.25) 
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in the form aFi(x) and, since F^ix) does not depend on z in the region r</l , the 
quantity aFi(x) is proportional to a when za is fixed. Our goal is to prove stability 
when a < 1/47^^ 1/47, and therefore we can replace aFi(x) by Fi(x)/47 in (3.25). 
Then 

C = 0.7 {0.02086 + 0.2077 + 0.5751} = 0.5629 (3.36) 

satisfies (3.25) for r < l - ( T = 0.7. 

The right side of (3.20) (with jR = 1 - or = 0.7) can now be easily calculated. It is 

qA2 = 0A66\q. (3.37) 

Adding E~^Q and 4̂2 we have 

A = 0.1232. (3.38) 
Finally, the integral in (3.31) must be computed. To bound aF(r) we can use 

(1 /47)F(r) for r < A, while for r > >̂  we write z = 2/na in (2.25). When r>X this results 
in two terms in aF, one of which is proportional to â ^̂  and the other to a. In both 
terms we can take a =1/47. Thus, we bound aF(r) by 0.1753/r for r>X and by 
(1/94)(1 -rY' for r < l We then find that 

0.7 

(0.0258)-^471)-^;^ \ [2/7rr + ( l /94) ( l - r2) - i - f 0.2077 + 0.5751]^rVr 
0.1 

+ ] [(2/7rr + ( l /94)( l - r2) - i+20.20(1 .6- r ) ( l - r )3]^r2^r 
0.7 

+ J [2/7cr + 0.1753/r + 20.20(1.6-r)(l-r)3]^r2^r 
0.97 

+ j [2/7rr + 0.1753r-^]V2^r. (3.39) 
1 

The first integral, J^, can be bounded by replacing (1 -r^)~ ^ by (1 -(0.7)^)" ^ and 
then doing the integral analytically. The second integral, J2, was done on a 
computer. In the third integral, J3, 1.6-r was replaced by 1.6 — 0.97 and (1 — r^) 
was replaced by (1 -0.97)^; it was then done analytically. The fourth integral, J4, 
can be done analytically. We find J, ^ 4.435, J2 ^0.17, J3 ^ 0.0135, and J4 ^0.435. 
Thus 

J ^1.64 (3.40) 

and, from (3.32), stability occurs if a^<l /47 . This completes the proof of 
Theorem 2. D 

IV. An Electrostatic Inequality 

Our goal here is to prove Theorem 6 about the Coulomb potential V^ given in (1.5). 
A similar theorem can be derived for the Yukawa potential |x|- ^ exp(-/z|x|), but 
we shall not do so here. We recall the definition (2.2) of the K Voronoi cells 
Fi,..., F^ for K nuclei located at K^,..., R^ G R ^ , and also the radii Dj in (2.3) which 
is the distance of Rj to dfj. Since Theorem 6 is trivial when X = 1, we shall assume 
henceforth that X > 1 . We set 

V(x)= i \x-Rj\-\ (4.1) 
j= 1 
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which is the potential of K nuclei of unit charge located at the Rp and 

(5(x) = min{ |x -R , . | | 1^7^K}, (4.2) 

which is the distance of a particle at x to the set of K nuclei. We set 

^{x)=V{x)-d{x)-\ (4.3) 

which is the potential of all the nuclei except for the nucleus in the cell /} in which x 
is located. ^ is continuous but not differentiable. 

Let V be any Borel measure (possibly signed) on R^. We say that v is a bounded 
measure if |v|(IR^) < oo. In this case j <P(x)dv(x) is well defined since <P is continuous 
and bounded. We define 

S^,Xv)=\\\\x-y\-'dv{x)dv{^-z\^{x)dv{x) + z' I |K,-K,^^(4.4) 

The first term on the right side of (4.4) is well defined (in the sense that it is either 
finite or + oo) since |x — yl ~ ^ is a positive definite kernel. The following is basic to 
our analysis. 

Lemma L Let v be any bounded measure, let z>0 and let <P be given by (4.3). Then 

^oJv)^lz' i DJ\ (4.5) 

Proof. There is a (positive) measure /x that satisfies the equation 

\x\-'*ii = z^ (4.6) 

K 

and /i has support on ^ r = (J dFy In fact, /z can be computed explicitly as 

/ i= - (z /47r ) J^ . (4.7) 

More precisely, dF consists of pieces of 2 dimensional planes separating some F^ 
from some /}; on dF^ 

d^{x)=-{zl2n)xi'V\x-Ry^d^x, (4.8) 

where d^x is two-dimensional Lebesgue measure on dFp and n is the unit normal 
pointing out of / ] . Let 

A=-\z\d{x)-'dii{x). (4.9) 
Then 

^-\^\x-y\-'dii{x)dii{y)=^-\^{x)d^{x)='-lj^^ 

= T i ^{Rj) + A^z^ X \R,-Ry'-VA. (4.10) 

On the other hand, if each part of dF is counted twice we obtain 

/4 = (zV87r) X I \x-Rj\-'n'V\x-Rj\-'d^x. (4.11) 
i = i drj 
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Let Ij denote the integral in (4.11). The integrand is ̂ n'V\x-Rj\~^. With Aj 
denoting the complement of /} in R^ (so that dAj^^df) we have 

/.= ! J n-V\x-RyH^x=-\ j A\x-RfHx^- j \x-RfUx. 

For convenience in evaluating (4.12) we can take i?j = 0 and assume that A^ 
contains the half-space {(x, j , z)|x ̂  D^}; the reason for this is that (assuming D^ 
4= oo) there is another nucleus at some R^ such that the midplane between R^ and R^ 
is given (after rotation of coordinates) by {(x,y,z)\x-=D^. Thus 

00 00 00 

h^- I I dWz j ix(x2 + y' + z2)-^=-7r/D^-, (4.13) 
— cx) — cX) Dj 

and therefore 

A^-\z^ Z ^]'' (4.14) 

Using (4.6) and (4.10) we have that 

<̂ ,̂.(v) = iJj |x-yr^^(v-/z)(x)^(v-/i)(^)-A. (4.15) 

The integral in (4.15) is nonnegative (since |x —yp^ is positive definite), and the 
lemma follows from (4.14). D 

Proof of Theorem 6. There are N points x^,...,Xj^.l{Xi is in some cell /} we shall 
replace the unit point charge at x^ by a unit charge distributed on a sphere S, but, in 
general, the center of S^ will not be x' and the charge distribution on S, will not be 
uniform. Also, S^ is not always contained entirely in /}. (If x, is in more than one f) 
then an arbitrary choice can be made.) The definition of S^ and the charge 
distribution v, on S; is the following: 

(i) If \Xi - Rj\ ̂  ADj, then S^ is the sphere dB^ = {x| |x - R̂ .| = D^]. The charge v,- is 
determined so that its (continuous) potential I< = |x|"^ * v,- satisfies 

^• '̂'' \\x-xf\-'\x,-R,\-'Dj for |X-7?^ . |^DI , '̂̂ •̂ '̂ 

where xf is the image of Xj with respect to Sp namely 

xf-R^ = D]\x,-Ry\x,-R;). (4.17) 

The potential F;(X) is harmonic inside and outside Bp and Vj can be computed from 
the formula ~AVi = 4nVi, but we shall not need this. It is important to note that v̂  is 
nonnegative. 

(ii) If |x,- — Rj\ > XDj and x̂  G /}, then 5, is a sphere centered at x̂  and of radius t, 
given by 

t, = \x,-Rj\i\+\/2^)-'. (4.18) 

The charge distribution v̂  on Sj is the uniform one with unit total charge. 
Now we apply Lemma 1 with 

v= Z V,. (4.19) 
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In order to utilize inequality (4.5) it is necessary to relate S^Jiv) to V^. The last term 
in (4.4) is, of course, exactly the nuclear repulsion. The first term on the right side of 
(4.4) (call it /) satisfies 

i= Z \\\^-yr'dvix)dv,{y)A i \\\x-y\''dvix)dviy). (4.20) 

Each v,V;j integral in (4.20) is less than or equal to |x, —x l̂" ^ This is so because, by 
construction 

( | x r ^ * v , ) ( x ) ^ | x - x r \ allx, (4.21) 

and hence 

j (|x| - U V,) [x)dv,{x) ̂  (|x| - ^ * V,) (X,) ̂  |x, - x,| - ' . (4.22) 

The v,v, integral in (4.20) is just the self energy of v,. Call it ^j. There are two cases. 
(i) \Xi-R}^XDy Then, from (4.16) 

ei=\\\x-y\-' dv,{x)dv,{y) = J |x - x,|'' dv^x) = V^x^) 

^\x,-xf\-'\x,-Ry'Dj = Dj\\-DJ^\x,-^')-'. (4.23) 

(ii) |x,- — R-{ > Wj and x,- e /]•. Here ,̂- = 1/r,- since v,- is uniformly distributed on a 
sphere of radius r,. 

To summarize, 

' s I i „ - , . r . + l £ { f , ^ < « ' > ' - » « l ,4,24, 
igKk^N 2 i=\ (l/tj mcase(n)J 

The second term on the right side of (4.4) is a sum of z j (P̂ v,-. Again, there are 
two cases. 

(i) \Xi-RI[^XDy From the definition of W and the fact that (Ixp^ * v,)(x) 
= |x — x,| ~ ^ when x ̂  /}, we have 

j0(x)^v,(x)= i \x.-R^\-^-\x,-R.\-'. (4.25) 
fc= 1 

(ii) |x,- — Rj\ > XDj and x̂- e Fy By the definition of (P 

J(|>(x)^v,(x)= i j |x-R,|-^Jv,(x)-j^(x)-^Jv,(x), (4.26) 
k= 1 

where ^(x) is the distance to the nearest nucleus. Since every Rj^ (including R) is 
A: 

outside Si, the first term in (4.26) is merely Y. \Xi — ̂ k\~^- The difficulty in 
k=\ 

estimating the second term in (4.4) stems from the fact that v, can have support in 
several cells - not just /]•. We have, however, that for |x —x,| = r,- and any k, 

|x-R, | + r, = |x-R, | + | x -x , | ^ |R , -x , | ^ |K , -x , | . (4.27) 

Hence ^(x)^|Rj —x,| —r̂-, and therefore in case (ii), 

|$(x)rfv,(x)^ i | ^ . _ / ? j - < _ p . _ ^ . | _ ( . ) - . . (4.28) 
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Using these inequalities and the definition (4.18) we find that 

^oJv)^K+ I M/̂ (x,), (4.29) 
i= 1 

with W\x) given in (2.5), (2.6). This, together with Lemma 1, proves 
Theorem 6. D 

V. Simple Localization of the Kinetic Energy 

Here we shall prove Theorem 7, but before doing so let us motivate Theorem 7 by 
stating the analogous Theorem 12 below for p^ instead of |p|. This latter theorem is 
simple to prove, but we have not seen it in the literature. 

Theorem 12 (The energy of p^ in balls). Let Bbea ball of radius R centered atze^^ 
and let feL\B) and VfeL\B). Define 

{fp^f)B=\Wfi^rdx. (5.1) 
B 

Then 

{fyf)e^R-^\H((x-z)IR)\f(xrdx, (5.2) 
B 

where H{x), for |x| < 1, is any function of the form H(x) = —h~ ^(x)Ah{x) and where 
h is a smooth, strictly positive function with vanishing normal derivative on the 
boundary |x| = l. In particular, by taking h{x) = {\x\^-\-ty^''^Qxpl^\x\^/(l-\-t)'], and 
then letting r-̂ O (using Fatou's lemma) we have that (5.2) holds with 

Hix) = i\x\-'-Y,(\x\), y , ( r )= l+ i r ^ (5.3) 

Remark. It is important to note that ^, the coefficient of the |x|"^ singularity, is 
precisely the sharp constant for the uncertainty principle in all of IR ,̂ (/, p^f) 
^ii\f\'\x\-'dx. 

Proof Write f{x) = g(x)h(x) so that Vf = hVg-hgVh. Then 

J |P/P= j h'\Vg\'^ J \g\'{Vhr^ j iVg')hVh. (5.4) 
B B B B 

Integrating the last integral by parts 

i\Vf\'^-ig'hAh=ipH. (5.5) 
B B B 

Equation (5.3) is merely a calculation. D 

We turn now to the problem of proving Theorem 7 which is the analogue of 
Theorem 12 for 

(/,IPI/)B = (2^')"' j I \f(x)-f(yr\x-y\-Uxdy. (5.6) 
B B 

If B is IR̂  then this is just (/, |p|/); see (2.9). 

Proof of Theorem 7. Without loss of generality we can take z = 0 and R = \. First, 
we regularize Ix-yl"^ to Lf(x,y) = (\x-y\^-\-t)~^. The theorem will follow by 
letting t-^0 and using dominated convergence and Fatou's lemma. 
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With Lj in place of |x —ĵ l""̂  we have 

( / | p | / k . = ^ " ' 1 \f{xrUx)dx-n-^ [jf(x)f(y)L,(x,y)dxdy, (5.7) 
B B B 

K,ix)=iL,ix,y)dy. (5.8) 
B 

The second integral in (5.7) can be bounded above using the Schwarz inequality as 
follows. Choose a real valued function h with h(x)>0 for all | x | ^ l . Then 

| / A , = J 1 [/(x)/,(3')"VMx)"^] [r(y)h{xy''/h{yy":\L,{x,y)dxdy 
B B 

^ I \f{x)W{x)dx (5.9) 
B 

with 

rj,{x) = hixy'mx,y)hiy)dy. (5.10) 
B 

We make the choice that h is radial, i.e. h{x) = h{r) with r = |x|. To compute K^ 
and //, we can do the angular y integration. With |>̂ | = 5 we have 

lins)^iL,{x,y)dw^ = ln/rs-]{l(r-sf^tr'-lir + sf + tr'}. (5.11) 

Combining (5.7)-(5.11) we have that 

{fAp\f)B,t^i\f{xrQ^{\x\)dx, (5.12) 
B 

with 

Qtir) = n-' \ l,{r,s)ll-h{s)/h(r)-]s'ds. (5.13) 
0 

Finally, we choose 

h{r) = (\+r^)/r. (5.14) 

(Note that dh/dr = 0 at r = 1.) The integrand in (5.13) is then 

7 r r - H l + r ' ) " ' ( 5 - r ) ( l - r s ) { [ ( r - 5 ) 2 + r ] - i - [ ( r -hs )2 + t ] - ^ } . (5.15) 

At this point we can let r->0 by recognizing that the integral in (5.13) becomes a 
principal value integral in the limit, i.e. Qt^Q with 

Q(r) = 4n-\l+r^)-'jis-r)-'{r-\-sy{s-rs^)ds. (5.16) 

To do this integral (call it /) we set 

/^ = J ( s - r ) - H r + 5)-2s^s = [2 r ( l - f r ) ] - ^ - (4 r ) -Mn[ (H- r ) / ( l - r ) ] . (5.17) 
0 

The remainder of / (namely the rs^ term) is 

- j r s ( r - f s ) - ' ^ s - r 2 / i = - r l n [ ( l + r ) / r ] + r ( r + l ) - ^ - r 2 / i . (5.18) 
0 

By combining (5J7), (5.18), Eq. (2.16) is derived. The maximum of Y^(r) was 
computed numerically by S. Knabe. D 
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With the help of Theorems 7 and 12, the proof of Theorem 5, which was stated 
in Sect. 1, can now be given. 

Proof of Theorem 5. Fix 0<L<N and M = N — L and consider any partition 
P = (711,712) of {!,..., iV} into two disjoint sets with L integers in 71 ̂  and M integers 

in 712- There are 1 such partitions. For each P we define 

Si{n2) = min{\Xi-Xj\\jen2 and j^i if /67r2}. (5.19) 

First the operator |p| will be considered. Define the N-particle operator 

hp= Z N - A I ^,(7r2)-^+a X S^in^y (5.20) 
ieni ieni ien2 

for some A, a > 0 to be determined later. Let the iV-particle operators H and H be 
given by 

N\-^ N 

H= i\Pt\-C,q-"' Y.Sr'. (5.22) 
i = 1 i = 1 

If H and H are compared we observe that the |p,| terms are identical. The 
potential energy terms are more complicated, but we wish to choose A and a so that 
H^H.To this end, fix Xj, ...,x^ and let Xj^^^ be a nearest neighbor of x„ that is 
|x (,) —x,| = min{|x;̂  —XJH/C=#/}. It is obvious that ^,(7:2)"^^ (5;" S so that the last 

N 

term in (5.20), when summed on P, is at most ai X î ^ where 

fN\-' N fN-\\ N-L ^^^^^ 

To bound the middle, or A, term in hp we note that for each / G (1,. . . , N} there will 

be ( I partitions in which ien^ and 7(06712- Therefore this middle sum in 
N 

hp, when summed on all partitions, is at least Av X ^^^ where 
1 

N\-^ N /N-2\ N-L 
(5.24) 

^Lj L\L-\J N-\ 

Consequently, H^H if 

C,q-"^^(N-L)mN-\)-'-(xL-'^. (5.25) 

Assuming (5.25), Theorem 5 will be proved if we show that {xp, hpxp)^0 for 
every P. Since permutation of the labels in n^ and 712 is irrelevant, it suffices to 
prove this for any one P. To this end we henceforth change notation so that 
Xj, ...,X£^GR^ are the variables in the n^ block and î ,̂ ...,K^elR^ are the 
variables in the 712 block. Obviously we can assume that the K,- are fixed and 
distinct and that \p is then a function of Xj,..., x^ with ^-state Fermi statistics. We 
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shall also drop the subscript P on hp. Thus, we want to show that /i ̂  0 for all 
choices of the R^. Since /i is a sum of one-body operators, we have to show that for 
any density matrix y with 0 ̂  7 ̂  g, 

M 

Trv ( | p | -F )^ - a E (20,.)-', (5.26) 

where V{x) and Dj are defined by 

V(x)=-Xd(x)-\ (5.27) 

2D~min{|/?^—i^J|/c = l,...,M but /c+j}, (5.28) 

(5(x) = min{|x-i^,-||; = l , . . . ,M}. (5.29) 

Under the assumption that X < Ijn, we write \p\ as the sum of two pieces \p\ 
= (A7r/2)|p| + (l-/l7r/2)|p|. We also introduce the Voronoi cells / ; = { X | | X - R J 
^\x-Rk\ for all k^y] and the balls 5,.C/] defined by B^={xer][\x-R^\'^Dj]. 
Obviously 

M 

(XIPI/)^ I (/,IPI/)B,, (5.30) 

where the right side is the sum of the kinetic energies in the balls B^ defined in 
Theorerii 7, (2.14). Using Theorem 7, we have that 

M 

{Xnl2){f,\p\f)UXnl2) X Dj' \ \f{xrQ{\x-R]^ID)dx, (5.31) 

with 2 given by (2.16). Hence 

Tr y(|p| -V)^Tvy [(1 - Xnll) |p| - AP^], (5.32) 

where W is given in each /] by 

^^ ^ \{n/2)D7'Y,{\x-Rj\/Dj) if \x-Rj\SDj ^^'''^ 

with Yj given in (2.16). 
Next, we use the Daubechies bound. Theorem 8, 

TTyl{l-Xn/2)\p\-XW^^-0m5Sq[_\-Xn/2yn''iW{x)''dx. (5.34) 

The integral in (5.34) is a sum of integrals over each /}. To obtain a bound we 
shall merely integrate each \x — Rj\ term in W [see (5.33)] over all \x — Rj\ > Dj and 
omit the restriction that x e Fy The integral outside each ball B^ is thus 

J Wf^^AnlD^. (5.35) 

The integral inside Bj is (see (2.27)) 

J W;'=:{nl2fDj' I y,(x)^^x = 46.418/D:. (5.36) 
Bj \x\ < 1 

Combining (5.34)-(5.36) we find that (5.26) is satisfied provided 

qAX\\-Xnl2)-^^\(t (5.37) 
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with 

A = 0.0258 [47r -h 46.418] = 1.522 (5.38) 

and provided A < l/n. We shall choose a so that (5.37) is an equality. We shall also 
write yi = Xq~^'^. Then (5.25) is satisfied if Cj satisfies the following for some 
0^X^2/7: and some 0<L<N: 

C,^iN-L)lX{N-l)-'-AX\\-X7i/2)-^L-'^. (5.39) 

(Here we have used the bound that Xn/2<Xn/2, which holds since ^^1.) 
Consider the case N^3.To utilize (5.39) we make the following choices 

X = l/5 and L={(B/Xy'''N}, (5.40) 

where B = AX\l-Xn/2)-^ = 0.00754^6 and where {a} denotes the smallest 
integer ^a. Write L=/ + £ with l = N(B/xy'^ and 0^£<1 . We claim that when 

(L-l)X/{N-l)-\-BN/L^lX/N-hBN/L (5.41) 

Assuming this for the moment, we would then have that (5.39) is satisfied with 

C I = ( A : I / 2 _ 5 1 / 2 ) 2 ^ Q ^ 2 9 , (5.42) 

which proves Theorem 5 when N ̂  3. If iV = 1 there is nothing to prove. If N = 2, 
Theorem 3 is trivial because it asserts that 

\p,\-^\P2\^0A29q-'''\x,-xr\ (5.43) 

but we already have the simple bound \pi\^(2/n)\xi—X2\~^ for all Xj. 
To prove (5.41), insert L=/ + £ in the left side and multiply by iV(N—1)L/ 

(recalling that l = N(B/xy'^). Then (5.41) is equivalent to 

Nl - l{l + 2e) + N8(l - e) ̂  0. (5.44) 

Since /<iV/5, (5.44) holds for AT ̂ 3 . 
The proof for p^ in place of \p\ follows the same route, but using Theorem 12 in 

place of Theorem 7 and using the Lieb-Thirring [25] bound in place of the 
Daubechies bound. This is 

Try{^p''-XW)^ -qa^i-^^H^^''^ Wixy^^'dx. 

The best bound for a is obtained in [22] and is a = 0.040305. We split the operator 
p^ into 4Ap̂  + (1 -4A)p^, and take the p, above to be (1 -4A). Using Theorem 12, W 
is given in each cell Fj by 

^̂ ^̂  \W7^Y,{\X-Rj\/Dj) if \x-Rj\<Dj. '̂-̂ '̂  

The analogue of (5.35), (5.36) using Y2(r)=\-\-r^/4, is 

w = Dj j P .̂(x)̂ /2^x = 27c + 1287r j ( l+rV4) ' /V^r . 
R3 0 

Using (1 +rV4)^/^^l +rV8 in the above integral we find w< 198.2. 
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Setting X = Xq~^'^, the analogue of (5.39) is 

C2^{N-L)lX(N-\)-'-AX'>i\\-AX)-'''^L-''] (5.46) 

with A = o-w = 7.988. For N ^ 3 we make the following choices: 

X = l/20 and L={(B/X)^/2^}, (5.47) 

with B = ^X^/2(l-4X)-^/2 = 0.006241. Again, setting L = / + e with/ = ( B / X ) ^ / 2 N , 
we have to verify (5.41), which is equivalent to (5.44). This inequality is true for 
iV^4 since / = 0.3533N. With (5.41) satisfied we have that 

C 2 ^ ( X ' / ' - 5 ^ / ^ ^ 0 . 0 2 0 9 . (5.48) 

This proves Theorem 3 for N ̂  4. When iV = 1 there is nothing to prove, while for 
N = 2 we require 

P? + p | ^ 0 . 0 2 0 9 ^ - ^ / ^ | x i - X 2 r ' . (5.49) 

Since p^ ̂ ^ | x i — ^21"^ for all X2, inequality (5.49) is satisfied. For N = 3 it suffices 
to have 

p?^0.0209^-2/3{|xi-X2r^ + | x i - X 3 r ^ } , (5.50) 

and this is clearly true by the inequality just mentioned, n 

Remarks. In the above proof, the inequality for p^ was proved in a fashion 
analogous to that for |p| by substituting Theorem 12 for Theorem 7. However, 
another proof for p^ can be given by using the IMS localization [see (3.3)] instead 
of Theorem 12. 

VI. Refined Localization of the Kinetic Energy 

Proof of Theorem 10 (Sect. III). Starting from the Corollary of Theorem 9, we see 
from (3.10) that our task is to find an upper bound to TryL with L=L^ + L^ and 
with 

L(x,y) = K-'\x-yni-Xoix)Xoiy)-Xiix)Xiiy)'] (6.1) 

and 

LT(x,,)=|f'-̂ ^ '̂*^^ '̂*^^ •; l^-f'^ (6.2) 
[0 if |x —3;|>a. 

Recall that B^ is a ball of radius Dj centered at the origin. By simple scaling we can, 
and shall take 0^ = 1; we shall also write B^=B. We have ;^j(x) = 0 unless 
| x | ^ ( l - ( j ) , i.e. unlessXGB^''\ 

We first bound TryL^. Notice that when |x| < \yl L V , y) = 0 unless |x[^(l -a). 
Using the symmetry of LQ we can write 

TryL^ = 2Re ^^^ y''\x,z)y''^{z,y)L''{x,y)B^^\x)dxdydz, (6.3) 
\x\<\y\ 
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where ŷ ^̂  is the operator square root of y. We do the y integration first and then 
apply Minkowski's inequahty to the x integration. For any £>0, 

+ £ ~ ' j j | j y"\z,y)L%x,y)dy\^B^''\x)dxdz. (6.4) 
||>'I>N I 

The first integral is just 
iy{x,x)B^''\x)dx. (6.5) 

In the second integral we do the z integration before the x integration and obtain 

11 y{y, y') ([ L'{X, y)L'{x, y')dx\ dydy', (6.6) 

where A is the region |x|^min((l —a), \yl \y'\). The factor in parentheses in (6.6) is 
the kernel of a positive definite operator, so we can bound (6.6) by 

\\y\\UL'{x,yfdxdy, (6.7) 
A 

where A is the region |x |^ ( l — a) and |y|^ |x| . In view of the fact that LP{x,y) is 
symmetric and L^{x,y) = 0 unless at least one of \x\ or \y\ is less than (1 —a), and 
given that llyll =<? by assumption, (6.7) is just jqTv{L^)^. Thus, 

TryL''^eiy{x,x)B^''\x)dx + q8-'Q, (6.8) 

with Q^ = JTY{L^)^. The verification of the two integrals for Q^ in (3.15), (3.16) is 
evident if one recognizes that %oW=^ ^^^ ZiW = 0 ^or |x|^(l—cr). 

Now we turn to TryL*. Since y is a positive operator, its kernel satisfies |y(x, y)\-^ 
^y{x,x)y{y,y). Hence, since mx,y)>0 and /ii(x)>0, 

TTyLf= ^^y{x,y)Ll(x,y)dxdy 

^ ii [y(^,^)/^i(y)/^iW]^/^[y(y,);)/i,(x)//zi(v)]^/2L*(x,);)rfx^); 
^ H ly{x,x)h,{y)/h,{x)-]LUx,y)dxdy 

= iy{x,x)e^{x)dx. (6.9) 

The second inequality in (6.9) is the Schwarz inequality, together with the 
symmetry in x and y. The idea of using the Schwarz inequality in this fashion goes 
back to Hardy and Littlewood; see [18] for another apphcation. 

When inequalities (6.8) and (6.9) are inserted into (3.10), the Corollary of 
Theorem 9, the result is Theorem 10. D 

VII. Estimates of Negative Eigenvalues 

Proof of Theorem il (Sect. III). It obviously suffices to consider the case q = \. Let 
the kernel of y be 

y(^,y)=It„/ ,(x)/ ,(3;) (7.1) 
a 

with O^T^^l and Y.^a<'^ ^^^ with the /„ being orthonormal. Let gj^x) 
= lix)fj^x). We want to prove that, with F(x) = 2/(7r|x|) + C/K, 

E^UgA\p\-y)g.)^ -4.4827(3/47rK^)C^/?-Mlxllt (7.2) 
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By scaHng it clearly suffices to prove the theorem for R = \, which we assume 
henceforth. 

It is convenient to use Fourier transforms. Let 

QiP,^) = 11 X{x)x{y)yi^,>^)exp(ip x-iq-y)dxdy. (7.3) 

Since xyx is positive semidefmite, so is g, and hence 

\Q{p, q)\ ^ Qip, pY'^Qiq, qY"^ fi(p)ii{q) (7.4) 

with iJi{p) = Q{p,pY'^' From (7.3) and the fact that O ^ y ^ l as an operator, 

/i(p)2 = (n , , yV^(n , , n , )= j \x{x)\'dx^M\ (7.5) 

where np{x) = xi^) exp( — ip • x) and M = || % || 2- Using the Fourier transform of |x|" ^ 
namely 

47r IPI " ̂  = j |x|" ^ exp(ip •x)dx, (7.6) 

E can be written as 

E = {2n)-'{\Q{p,p){\p\-C)dp-n-'\\Q{p,q)\p-q\-Hpdq}. {1.1) 

Using (7.5) we have that 

E ̂  {In)- 3 inf {%)|0 ^ /z(p) ^ M for all p], (7.8) 

where E{fi) is defined by 

m-^\li{p)\\p\-C)dp-n-'\\li{p)ii{q)\p-q\-^dpdq. (7.9) 

To bound the second integral in (7.9), let 

\A-' if \P\^A 

[\P\-' if \P\>A. 

where A is some constant to be determined later. Employing the same strategy as 
in (6.9) we have 

\\^{p)^i{q)\p-q\-^dpdq 

= i fi{p){h{q)/h{p))'''fi{q){h{p)/h{q))"'\p-q\-'dpdq^ ifi{p)h{p)dp, (7.11) 

with 

t{p} = h{py'i\p-q\-'h(q)dq 

= hip)-' {i\p-q\-'q-'dq-s(p)} = h{p)-' {n'\p\-' -s{p)}, (7.12) 

and with 

s{p)= 1 \p-q\-Hq-'-A-')dq. (7.13) 
\q\<A 

To calculate s{p) we use bipolar coordinates, i.e. for any functions / and g 

00 (\P\+P ) 

if{\p-q\)g{\q\)d'q = {2n/\p\)imP)\ 1 oig{a)da\ dp. (7.14) 
0 L\\p\-P\ J 

Mp)=i...-2 :. ; : ; r . ( .̂lo) 
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Thus, 

A (\P\+P ) 
s{p) = {27z/\p\)i{r'-pA-')\ j a-'da\dp 

0 1\\P\-P\ J 

= {2n/\p\) )\u-'-ue)\n(^^^du (7.15) 

with i = \p\/A. 
We claim that 

/ ^^^. X f(87r/3)A for \p\^A ,^,^, 
^ ( ^ ^ ^ ^ ( ^ ^ n 4 . | . | - [ ^ + ^ - 2 ^ + K ^ - f ^ n for \P\2A. ^'-''^ 

We shall prove (7.16) later. For now, let us insert (7.16) into (7.12), and then into 
(7.11) and (7.9), 

Eifi)^ 1 ^{pfl^Ai3n')-'-Qdp+ J Kpn\p\-A'\p\-' 
\p\>A \p\<A 

-{-n-^A^s{p)-C^dp. (7.17) 

We choose 
A = 3n^C/S (7.18) 

so that the first integral in (7.17) vanishes. Then, using (7.18) and performing the 
angular integration, 

E{fi) ̂  47c^^ j fi{Awf I w + 2wV37r̂  + 5wy9n'' 

w-'-32/{3n'')}w''dw. (7.19) 

As is easily seen, the factor { } in (7.19) has its maximum at w = 1 and it is negative 
there. Therefore the infimum of the right side of (7.19) over the set fi{Aw)^M 
occurs for fx{Aw) = M for all O^w^ 1. The right side of (7.19) with jU = M is 

-(598/13571) A^M^ (7.20) 

Returning to (7.8) and using (7.18) and (7.20) (with 598 replaced by 600) we have 
that 

E^-K^^Jc'M^ (7.21) 

Since M=\\x\\2^ (721) is the same as (7.2). 
To complete the proof we must bound (7.15) by (7.16). When w^ l/(̂ , the factor 

u~^-u^^^O. When ^^1 (i.e. |p|^A), i/^l and we have the bound 

ln[(l+w)/(l-«)]^2w. (7.22) 

Inserting (7.22) into (7.15) yields the first part of (7.16). 
If IPI^A, then ^<1. The integral in (7.15) from 0 to 1 can be done explicitly, 

\ {U-' -u^^)\nl{\-{-u)/{\-u)^du = ny4-e. (7.23) 
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To bound the integral from 1 to l/c ,̂ use the fact that for « > 1, 

ln[( l+w)/(w-l)]^2w-^ + f w - ^ (7.24) 

Then 

'\\u-'-ue)\nl{\^u)l{u-\)']du 
1 

^ ' f (w-^-t/(^2)(2w-^ + ^w-M^w = 20 /9 -4^ + 4(^V3 + 4^V9. (7.25) 

When (7.25) is combined with (7.23) (and the 4(^^/9 term is replaced by the smaller 
quantity 5^'^/\%) the result is the second part of (7.16). D 

VIII. Some Numerical Calculations 

Our goal here is to derive the bounds (3.33) for Q and (3.34) for 0[r). 

(A) Evaluation of Q. Q is defined as the sum of the two integrals in (3.15), (3.16). 
Recall that a = 0.3 and li{x) = i{\x\)\s given in (3.22) while XoM^ = l - Z i M ^ - We 
already set Dj = 1. 

To evaluate /̂ ^̂  we use the spherical symmetry of x and first do the angular 
integration on x and y. This integral is 

j \x-y\-^dojy = ln ] {x^^y^-lxycos^eysmOdO 
0 

={nm\A\y\r'm-\y\r'-{\AMy\-')]- (8.1) 
Thus, 

/<i) = 4(37r')-^ ' \ sds { tdt\_{t-sy'' 
0 s-^a 

-{t + sr''-\[_\-{\-x{sfyi\\-l{t)y-l{s)x{t)-]\ (8.2) 

(Note that we integrate over t>s + o and 5, t < 1 — cr, and then multiply by 2. Since 
s<t — o and ^ < 1 — a, we have that s < 1 — 2cr.) This integral is not elementary, but 
because it is an integral of a continuous, bounded function over a bounded domain 
in ]R^ it can be confidently evaluated on a computer. The result is (3.33). 

To evaluate I^^\ the angular integration over y is done first as before, with the 
result (8.1). Then /̂ ^̂  is the sum of three integrals according as |x| < 1 — 3(T, 1 — 3O-
^ | x | < l - 2 c 7 , l - 2 a ^ | x | ^ l - a . Thus, 

/(2)^(4/3;j2) J ^^^ I ?J r [ ( t -5 ) -^ - ( r + 5)-^] 
0 1 -o 

\ -2a 00 

+ (16/37r2) j 5^5 j r J r [ ( f -5 ) -^ - ( r + 5)"^]sin^ 
1 - 3 ( 7 

1 - <T 0 0 

+ (16/371 )̂ j 5^5 J r^^[(r-s)-^-(t-h5)-^]sin^ 
1 - 2fT s-^ a 

(8.3) 
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In each case the t integration can easily be done analytically. This transforms (8.3) 
into three integrals over the bounded intervals 0 ^ s < l — 3o-, 1 — 3c r^ s< l — 2cr 
and 1 — 2o-^5^1 — a. The integrands are again bounded and continuous so 
numerical integration can be used. The result is (3.33). 

(B) Bound on 9(r\ Eq. (3.34). The function ^ = ^̂  is defined in (3.13) with h defined 
in (3.24). Again we take D^ = 1. The kernel L\ is given in (3.12) with Xi = x given in 
(3.22) and x g ^ l - Z ^ 

We want to compute 

l{r)= \V{{x,yMy\)dy (8.4) 

with r = \x\. Since the angular integral of |x — >̂ | ~"̂  is less than 7r(r5)~ ̂  (r — s)" ,̂ with 
s = |3;|, we have that 

/(r)^(l/7rr) J {r-s)-'-h(s)m{r,s)sds, (8.5) 
0 

where m{r,s) = m{s,r) and, for r-^s, m{r,s) is given by 

[ 1 — cos [71(5 — T)/4(7] for 0 ^ r ^ T ^ s ^ r + (T 

1 — cos [7r(s — r)/4(T] for T ^ r ^ s ^ min (T + 2(J, r + a) 

l-cos[7r(2(T + T-r)/4(7] for s-a^r^T + la^s^l 

0 otherwise. 

mir, s) = (8.6) 

In (8.6), 1 = 1-3(7. 
The arguments of the cosines in (8.6) are all at most n/4 and one can use the 

inequality cos6^1 —b^/2 for \b\^n/4. If we use this inequality in (8.6) and then 
insert the result in (8.5), the integral (8.5) is seen to be elementary but tedious [recall 
(3.24)]. Finally, e{r) = I{r)/h{r). 

Let us verify (3.34) when r^\—a. Then rh{r) = \ and thus 

0(r) = {n/32a^) f sh{s)ir-s)-^{\-G-sfds. (8.7) 
r — <T 

The second line of (3.24) is appropriate for this region. In the region r — G^s^l—a 
the function (r —s)"^(l —cr —s)^ is monotone decreasing in s and so has its 
maximum at s = r —cr. Thus, 

^(r)^(7r/32(j^)(7-^(l-r)2 f {2-a{s-l-\-2G)}ds, (8.8) 
r — (7 

and this agrees with (3.34) for r ^ 1 — c. 
The verification of the r ^ 1 —(T case of (3.34) is elementary and we omit the 

details. 

IX. The Occurrence of Collapse for Large a 

In the previous sections it was shown that the Hamiltonian Hj^j^ (1.4) under 
consideration is stable if a is small enough. There are two parameters in the 
problem, zee and a. For stabihty of one electron and one nucleus it is necessary and 
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sufficient that zca ̂  2/n, but, assuming this condition, there is stabihty in the many-
body case if a < ajq with ao > 1/47. In this section we shall prove that this stability 
bound is not just an artifact of our proof but that instabihty definitely occurs if a is 
too large. Theorems 3 and 4 will be proved here. 

Proof of Theorem 3. The method of proof here is the same as the method employed 
in [23] to prove the instability of one-electron molecules in a magnetic field. Let 
(f) 6 L (̂IR )̂ be real with || 01| 2 = 1 and let i = (0, |p| </>) which is assumed to be finite. 
Then 

E = [cj>,H^^(t>) = x-zoi\(t)\x) i \x-Rj\-Ux + z'oi ^ \R,-Rj\-'.{9A) 

With (/) fixed let us try to position the R^ so as to minimize the right side of (9.1). 
This minimum (call it e) is less than any average of E over positions of the R^. In 

K 

particular, we use 1/? = f] 0(^;)^ ^s a probability density for such an average. Then 

AviE) = T-(Tlz(xK-z^aKiK-\)/2-] = T + ^cT{z^alK-\-z-'y-lz''oL-(x-z(x], 
(9.2) 

where 

a=l(l>(xf(t>{y)'\x-y\-'dxdy. (9.3) 

Now K can be chosen so that \K — j — z~'^\^^. Using this K, we have 

eSME)^T-^aa. (9.4) 

If we set a I =2x1 G, then when a>ai , e<0, and we can drive e to — 00 simply by 
dilation, i.e. 4>{^)^^^'^<i>{^^) and Rj-^XRjIX with X-^QO. 

To obtain a numerical value for a ,̂ choose 0(x) = 7r~^^^exp( —r) with r = \x\. 
The Fourier transforms of (j) and (j)^ are 

${p) = ^n'i\\+p')-\ ^(p) = 16(4 + p^)-^ (9.5) 

Then 

x = {2ii)-'\${pf\p\dp = ^l^n, (7 = (27r)-^J^(p)(47r/|pp)^p = 5/8, (9.6) 

and 21/(7=128/1571. D 

Proof of Theorem 4. The method of proof here is similar to that used in [20] to 
prove that the energy of N nonrelativistic bosons interacting with fixed nuclei via 
Coulomb forces diverges as -N^^^. Again, let 0 6 L (̂IR )̂ be real with || 01| 2 = 1 and 
T = ((/), IPI (j)). Since there are q spin states, we can put N = q electrons into the state 
0. The energy is then 

E = qT-zoiqi(t)'{x) f \x-Rj\-'dx + z^a ^ | K . - K . | - ^ + i ^ ( ^ -1 ) (T 
j=l l^Kj^K I 

(9.7) 

with o given in (9.3). Let us first prove the theorem under the condition ^/z ̂  1; at 
the end of the proof we shall show how to handle the case qlz<\. 
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To construct 0 we first define g e L^(IR^) by 

g{x,y,z) = f{x)f(y)f{z), (9.8) 

where feLH^') is given by /(x) = j/3/2(l - | x | ) for | x | ^ 1 and / (x) = 0 for | x | ^ 1. 
This / has || / 1 | 2 = ^. and thus ||g || 2 = 1 • Let h e L\1R^) be some other function with 
compact support and with (h,\p\h)<co and ||/i||2 = 1. Define the integers n and K 
and the positive number /i by 

X = n^z/q = Kz/q, 3 ._ . . ._ (9-9) 

where [6] means integral part of 6. Clearly, 1 ^ A ^ l / 8 . Finally, we construct a 
sequence of functions (/>̂ ^̂ (x), xelR-^, by 

0(̂ )(x)2 = 2g(x) + (l-/l)s-^/i(x/5 + (C,O,s'))^ (9.10) 

Now choose some fixed locations R^, ...,Rf^of K nuclei. Because of the scaling 
ofhbys'^ and translation by (0,0,5"^), we have that E converges to the following E' 
as s->oo: 

^ 1 
E' = qXx-z(xXq\g\x) ^ \x-Rj\-^dx^z^(x X \Ri-Rj\'^-^-zX^q{q-\)ooi, 

(9.11) 

where T now means (g, \p\g) and a is given in (9.3) with g in place of 0. 
We claim that it is possible to choose the locations / ^ j , . . . ,i^^ so that 

S \R,-Rj\-'-KigHx) f \x-Rj\-'dx+lK'a^-K^/'/6. (9.12) 

If (9.12) holds then, recalling (9.9), 

E^qXx-\z'^{Xqjzt^'^. (9.13) 

Recalling that A>l /8 we have that F < 0 whenever 

i52a^^8(6T)3(7i/2)^ (9.14) 

We also have that T = (g, |p|g)^(g,p^g)^^^ = 3 (by the Schwarz inequality). Thus, 
collapse occurs if a^a2(7" ^^"^ with a2 = (7r/2)^8(18)^ = 115,120, provided qjz^X. 

If, on the other hand, qlz<\ and if a>a2^~^j5~^ = a2^~^z~^a~^(2/7c)^, we 
have that {nl2y-{z(xf>OL2zlq>oi2- Since a2^(2/7r)^, we are in the situation that 
zcL > 2/n, which certainly entails collapse. Therefore, the theorem is proved for all 
ratios q/z with the a, given above. 

There remains to prove (9.12). Choose n — 1 numbers jS^,..., j5„ _ j satisfying — 1 
= ^o<P\<-"<Pn-i<Pn=^ such that 

'^'f(xfdx = \/n for all 7. 

Let Lj be the interval [jSj_ ^^Pj] in R^ and, with m denoting a triplet (/,;, /c), let r{m) 
CR^ be the rectangular parallelepiped L, x Lj x L .̂ Then, for each m, 

j g^{x)dx = \/n^ = \/K. (9.15) 
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There are rv' of these parallelepipeds. To prove (9.12) we shall place one of the R '̂s 
in each r(m) and average its location with respect to the density g^(x) restricted to 
r(m). If the average satisfies (9.12) then there is surely some choice of the K,'s that 
satisfies (9.12). Apart from a self energy contribution from each parallelepiped, the 
average of the left side of (9.12) is zero. Thus the average of the left side is given by 
the self energy terms 

W=-\n'Z\ f g{xfg[yf\x-y\-'dxdy. (9.16) 
^ m r(m) X r{m) 

Each integral is the self energy of a charge density g^ in r(m). However r{m) lies 
inside a ball B(m) of radius r(m) = (s^ + t̂  + w^)'/^, where 25, 2r, and 2u are the 
lengths of r{m\ namely (j5,- — j5, _,), {^j — Pj-i), {Pk — Pk-i)- The self energy is greater 
than the minimum self energy of a charge \/K distributed in B(m); the minimum 
occurs for a uniform charge distribution on the boundary of >B(m) and is r{m)~ ^/K^. 
Thus, 

y^S-l i l l (s' + t' + u')-'"- (9.17) 
^ i = 1 7 = I / c = l 

Now (s^-{-1^-\-u^y ^^^>{s +1-\-u)~ K Substituting this latter expression in (9.17) 
and then using the convexity of the function (s, t, u)-^{s + ^ + w) ~ ^ and recalling that 
K = n^, we have that 

W^-^K{a-{-b-}-c)-\ (9.18) 

where a, b, and c are the averages of s, t, and u. But a = b = c=l/n, and thus (9.12) is 
proved. D 
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1. Introduction 

The 'stability of relativistic matter' concerns the AT-body Hamiltonian (in units of he) 

N 

H = J2\Pi\ + ^Vc^ (1.1) 

where Vc is the Coulomb potential of K fixed nuclei with nuclear charge Ze, with locations 
Rj in R^, and with N electrons. The Coulomb potential is 

V^ = -V-\-R + U , (1.2) 

where 

V^:=^EEl^--R,r, (1-3) 

R:^ ^ \xi-xj\-\ (1.4) 
l<i<j<N 

U:=Z^ ^ \Ri-Rj\-'. (1.5) 
l<i<j<K 

As usual p = —zV and |p| = \/—A, and the Xj are the electron coordinates. The 
electrons are assumed to have q spin states each, g = 2 being the physical value. This 
means that the Hilbert space for the AT-electron functions is the A/'-fold antisymmetric 
tensor product of iy^(R^; C^). The constant a = e^/hc is called the fine structure constant. 

We can easily include a magnetic field, which means replacing \pi\ by |p^ + ^(a;i)|. The 
vector field, A^ is the vector potential (in suitable units) of a magnetic field, B = curl^, 
and can be arbitrary, as far as the present work is concerned. A mass can be included as 
well, i.e., |pi + vl(a;^)| can be replaced by y/\pi + A{xi)\'^ + m^ — m. The inclusion of a mass 
or magnetic field, while it changes the energy, does not aflPect stability. The reason for this 
and the requisite changes will be pointed out in the final section. It is for simplicity and 
clarity that we set m = 0 and ^ = 0. 

'Stability of matter' means that the operator, i7, is bounded below by a universal 
constant times N + K, independent of the Rj and A. In our case, because everything 
scales as an inverse length, the lower bound for H is either -cx) or 0. Thus, we have to 
find the conditions under which i f is a positive operator. 

Many people worked on various aspects of this problem, including J. Conlon (who 
gave the first proof [C84]), I. Daubechies, C. Fefferman, I. Herbst, T. Kato, E. Lieb, R. de 
la Llave, R. Weder, and H-T. Yau. A careful, and still current, review of the history is 
contained in the introduction to [LY88], to which we refer the reader. For present purposes 
it suffices to note the current state of affairs concerning the best available constants needed 
for stability, as derived in [LY88]. We can list these in a sequence of remarks as follows: 
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1. Stability for any given values, a* and Z*, implies stability for all 0 < a < a* and 
Z < Z^. In fact, we can allow the nuclei to have different charges Zi^ \ < i < K^ 
provided Zi < Z^ for all i. This follows from some simple concavity considerations 
and has nothing to do with the nature of the proof leading to a* and Z^. 

2. Theorem 2 of [LY88] has the strongest results, but it is limited to the case of zero 
magnetic field, ^ = 0. The result is that stability occurs if 

qa < 1/47 and Za. < 2/7r . (1.6) 

It is not clear to us how to incorporate a magnetic field in the proof of Theorem 2, 
and we leave this as an open problem. 

3. Theorem 1 of [LY88] has weaker results, but a simpler proof. That proof generalizes 
easily to the A^ 0 case, as pointed out in [LLS95]. The result is complicated to state 
in full generality, but a representative example is that stability holds if 

qa < 0.032 and Za < l/ir . (1.7) 

It is possible to let Za —> 2/7r at the expense of ^a -> 0. 

4. Instability definitely occurs if Za > 2/7r, or if Zia > 2/7r for any i. It also occurs if 

a > 128/(157r) ^ 2.72 (1.8) 

for any positive value of Z and any value of q. In other words, if a > 128/(157r) and 
if Z > 0 then one can produce collapse with only one electron, iV = 1, by utihzing 
sufficiently many nuclei, i.e., by choosing K sufficiently large. 

5. Instability also definitely occurs if ([LY88], Theorem 4) 

a > 36^-^/3^-2/3 , (1.9) 

which implies that bosonic matter (which can always be thought of as fermionic matter 
with q = N) is always unstable. (Note: there is a typographical error in Theorem 4 
of [LY88].) 

2. Main Results 

The proof of the stability of nonrelativistic matter in [LT75] uses a series of inequalities 
to relate the ground state energy of the Hamiltonian to the Thomas-Fermi energy of the 
electron density, p{x). The chief point is the kinetic energy inequality for an TV-electron 
state ^ , namely 

N 
' o5/3 ( ^ 1 ^ \pi\^ \^) > const, j P^ 
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The same approach will not work in the relativistic case because the corresponding in­
equality [D83] is, for dimensional reasons, 

N 

( ^ 1 ^ \pi\ \^) > const, f P^^K 

While Jp^ /^ can control the Coulomb attraction —Za Jp{x)/\x\, unfortunately f P^^^ 
cannot do so. For this reason no attempt seems to have been made to imitate the proof 
in [LT75] of stability in the relativistic case. 

However, the Coulomb singularity can be controlled by a Weizsacker type term, 
namely {y/p , \p\ A/P). The relativistic kinetic energy can, in turn, be bounded below 
by a term of this type plus a term of the f p^/^ type. This and other essential inequali­
ties will be explained more fully below. With the 'Coulomb tooth' now gone, TF theory 
with f p^l^ can deal adequately with the rest of the Coulomb energy (with the aid of the 
exchange-correlation energy inequality [L081], whose remainder term also has the form 

Before going into details, let us state our main results. First, we define Thomas-Fermi-
Weizsacker (TFW) theory as follows: The class of functions ('densities') to be considered, 
denoted by C, consists of those nonnegative functions p : R^ -> R"^ such that -y/p and 
\J\'p\P have finite I/^(R^) norms, i.e., 

C=lp : P{x)>0 and f{l + \p\)\7p{p)\'^dp < o o j , (2.1) 

where y/p{p) := (27r)~^/^/j^3 exp[—ip • x]^{x)dx denotes the Fourier transform of the 
function y/p{x). 

Next, we define the functional 

Tip) := / \p\\7p{p)?dp = {VP ,\p\ ^/P) . (2.2) 

The TFW functional, with arbitrarily given positive constants P and 7, is then 

S{p) := pT{p) + 7 7 / P^^^{x)dx -a I V[x)p{x)dx -f- aD{p ,p)^aU (2.3) 

with 

D{p,p) := (1/2) [ [ p{x)p{y)\x-y\-^dxdy. 

The quantity of principal interest is the energy 

E^^^ :=m{{S{p) : peC} . (2.4) 
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This quantity depends on the parameters a , ^ and 7 and on the nuclear coordinates, Rj. 
If, however, we try to minimize E over all choices of the nuclear coordinates then the result 
is either 0 or —00, as can be easily seen from the fact that all the terms in S scale, under 
dilation, as an inverse length. 

T H E O R E M 1. (Stability of T F W theory) . The TFW energy, E^^^, in (24) is 
nonnegative if 

p > | Z a , and 7 > 4.8158 Z^^^a (2.5) 

On the other hand, if /3 < {'K/2)Za then E = —cx) for every choice of the nuclear coordi­
nates. 

For the next theorem we have to define the density corresponding to an iV-body wave 
function. If ^ is an antisymmetric function of N space-spin coordinates, normalized to 
unity in the usual way, we define 

pii,{x)\=N V / \^{x,(Ti\X2,(72\'''\XN,(TN)\^dX2"'dXN ' (2.6) 
l<<Ti,...,crA^<q 

T H E O R E M 2. ( T F W theory bounds quantum mechanics) . Let ^ he any normal­
ized antisymmetric function, with p^ defined in (2.6). Choose 

p = ^Za and 7 = ^ [l ,63^-^/^ ( l - | Z a ) - 1.68 a] . (2.7) 

Assume that ^ is positive. Then, with this definition of the TFW functional (2.3), 

(^1 H \^) > e{p^) . (2.8) 

A corollary of these two theorems is that our Hamiltonian, H, in (1.1) is stable if 

( | ) Z + 2.2159 g^/^Z^/^ + 1.0307 q^^^ < 1/a . (2.9) 

(Cf. (1.9)) In particular, with q = 2 for electrons, relativistic matter is stable if a < 0.11 
and if Z is not too large. When a = 1/137 the allowed Z is 59, which compares favorably 
with the best possible value 87 ^ 137(2/7r). 

We leave it as a challenge to improve our method so as to achieve the value 137(2/7r) 
(with a magnetic field present). As noted above, this value has been achieved in [LY88], 
but without a magnetic field. The most noteworthy point is the large value of the critical 
fine structure constant: c^critical > 0.11 when q = 2. 

The bound in (2.9) is, in some respects, similar to Theorem 1 in [LY88], but it is far 
simpler, clearer and gives the correct ^-dependence of a (note that (1.9) gives a similar 
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bound in the other direction). The chief methodological difference is that Theorem 6 is 
used in [LY88], which bounds the Coulomb potential below by a one-body potential. Here, 
we use the exchange-correlation inequality (3.9) instead. We repeat that the results above 
also hold with a magnetic field. 

It is to be emphasized that our stability result is really contained in Theorem 2. 
Theorem 1 only gives a condition for which S{p) > 0. A better estimate on the TFW 
functional will, via Theorem 2, yield a better stability bound. 

3. Some Essential Inequalities 

There are five known inequalities about Coulomb systems that will be needed in our proof 
of our main theorems. We begin by recalling them. 

KINETIC ENERGY LOCALIZATION, [LY88] pp. 186 and 188. 

Denote by Vj the Voronoi cell in R^ that contains Rj, i.e., the set 

r̂ - := {xeK^ : \x- Rj\ < \x - Rk\ for all k} , (3.1) 

and let Dj be half the distance of the j - th nucleus to its nearest neighbor. These Tj 
are disjoint, except for their boundaries and, being the intersection of half-spaces they are 
convex sets. The ball centered at Rj with radius Dj is denoted by Bj. Obviously, Bj C Tj. 

For any function / G I/^(R^) there is the inequality 

if,\p\f)>J2ljfix)\'[l\x-Rj\-'-l-Y(^-^^'^yx. (3.2) 

The function Y is given, for 0 < r < 1, by 

2 1-1- Sr^ ^ — r^ Ar 
7r(l + r) 7rr(l-f-r^) 7rr(H-r^) 7r(l-f-r^) 

Numerically it is found that [LY88] (2.27) 

47r / y(r)V2(ir < 7.6245 . (3.4) 

RELATIVISTIC KINETIC ENERGY BOUND FOR FERMIONS, [D83]. 

Let ^ and p^ be as in (2.6). Then 

N . 

(̂ 1 ^ \pi\ 1̂ ) > 1.63^-1/̂  / pT{x)dx . (3.5) 

528 



Stability of Relativistic Matter via Thomas-Fermi Theory 

980 

A generalization of this, of importance if we wish to include a mass, is 

N 

(*l E WPi + ^ ' - ^1 1̂ ) > l ^ ' ^ y 3 9 {{P^{^)/Cy/'rn-') dx , (3.6) 

with C = 0.163g (sic) and with 

g{t) : - i(l + ^2)1/2(1 ̂  2*2) - ^*3 _ In Ĵ  _̂  (1 + ^2)i/2j ^ (3 7) 

GENERAL KINETIC ENERGY BOUND, [C84], p.454, (and [H077] for the nonrelativistic 
case). The following bound follows from a judicious application of Schwarz's inequality. 

N 

{^\J2\Pi\\^)>{VP^,\p\VP^) • (3.8) 

This bound holds irrespective of the symmetry type of the wave function. 

EXCHANGE AND CORRELATION INEQUALITY, [L081]. If ^ is a normalized N-
particle wave function there is a lower bound on the interparticle Coulomb repulsion in 
terms of its density: 

{̂ 1 Yl \xi-Xj\-^\^)>D(p^,p^)-lM f P^f{x)dx. 
l<i<j<N '^^^ 

(3.9) 

(Once again, the antisymmetry of ^ plays no role in this inequality.) 

ELECTROSTATIC INEQUALITY, [LY88], p.l96. First, we define a function, ^ on R^ 
with the aid of the Voronoi cells mentioned above. In the cell Tj, ^ equals the electrostatic 
potential generated by all the nuclei except for the nucleus situated in P̂ - itself, i.e., for x 

K 

^x):=Z "^\x-Ri\-^ . (3.10) 
i = l 

If 1/ is any bounded Borel measure on R^ (not necessarily positive) then 

Iff \x-y\-Hv{x)dv{y)- f ^{x)dv{x)+ U >\z^J2^-K (3.11) 
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4. Proofs of Theorems 1 and 2 

To prove Theorem 1 we take P — 'KZa/2 (if fi > 7rZa/2 we simply throw away the excess 
positive quantity). Using (3.2) with / replaced by ^/p, we have that 

S{P)>Si{P)+a£2{p) , (4.1) 

where, by adding and subtracting a term J ^ P , with ^{x) as in (3.10), 

^liP) •= 7 7 / P'^^^ix)dx-a [ W{x)p{x)dx-\-a f ^{x)p{x)dx (4.2) 
4 JRS 7 R 3 J R S 

and 

^2(P) := D{p , P) - / ^{x)p{x)dx + U . (4.3) 
^R3 

The function W{x) is defined as follows: In the Voronoi cell Tj it is given by 

(Z\x-Rj\-'^, if\x-Rj\>Dj 
W{x) := ̂ x) + \ (4.4) 

[ {7rZ/2)D-'Y i\x - Rj\/Dj), if \x - Rj\ < Dj . 

Note that while the terms :t f ^p that appear in (4.2), (4.3) are merely 'strategic', the 
presence of the term ^(x) in (4.4) is properly part of the potential energy of the electron 
and is not arbitrary. Actually, this strategic decomposition of <f (p) is the one used in the 
easy part of Fenchel's duahty theorem (see [R70], p. 327). This duality principle was used 
in connection with Thomas-Fermi theory by Firsov [F57] (see also [L81]); the full blown 
duality theory is not needed for our purposes, so we omit it. 

We can now seek lower bounds for ^i(p) and S2{P) separately. Using Holder's inequal­
ity, for example, one easily concludes that the absolute minimum of Si{p) is 

/R3 

{aZl 

^JaZ) 

£iiP)>-^I^JW{x)~^x)]ldx 

^ ( f ) ' / ^^'^ (1̂ ^ - Rj\/Dj)'dx + [ \x- Rj\-*dx (4.5) 

{ (D* (4') [ Yirfr'dr + 3,1 f; Dj' (4.6) 

> - ( 2 ^ { 7 . 6 2 4 5 ( | ) % 3 . } p - . . (4.7) 

The last formula uses (3.4). The second integral in (4.5) is evaluated in (4.6) as Sn/Dj, 
and the explanation is the following: If we integrate \x — Rj]'"^ over the exterior of Bj 
we would obtain 47T/DJ as the result. However, we know that the Voronoi cell F^ lies on 
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one side of the mid-plane defined by the nearest neighbor nucleus. This means that the 
integral over Tj \ Bj is bounded above by the quantity 

The Si term can be bounded using (3.11) with dv(x) = p{x)dx. Thus, 

Combining (4.1), (4.7) and (4.8) we have proved Theorem 1. • 

Theorem 2 is proved by splitting the relativistic kinetic energy |p| into fi\p\ and (1 — 
P)\p\, with the choice p = 7rZa/2. The inequalities (3.5), (3.8) and (3.9) immediately give 
us Theorem 2. • 

5. Inclusion of Mass and Magnetic Fields 

INCLUSION OF MASS. We replace \p\ by ^/p^T^-m and, in the corresponding TFW 
theory, we replace the right side of (3.5) by the right side of (3.6). It is not easy to carry 
out the rest of the program in closed form with this more complicated function, however. 
Moreover, it unfortunately gives a slightly worse constant than before, even when we set 
m = 0] instead of 1.63^"-^/^ in (3.5) we now have C"-^/^ ^ 1.37^"^/^. The new energy 
will not be positive in the stability regime, as we had before. Instead, it will be a negative 
constant times N. This new value for the energy is in accord with stability of matter and 
represents the binding energy of the electron-nuclear system. 

Another way to deal with the mass is to observe, simply, that A/P^ + m^ — m > |p| — m, 
the effect of which is to add a term —Nm to the energy estimate. This term satisfies the 
criterion for stability, but it has the defect that is huge in real-world terms, for it equals 
the rest energy of the electron. 

INCLUSION OF MAGNETIC FIELD. Theorem 2, with a magnetic field included, is a 
consequence of the following two inequalities (proved below) which replace (3.6) and (3.8): 

(^1 V [^{p, + A{xi))^ + m^-m] 1^) > ^m^C / g ({P^{x)/C)^/'m-') dx , (5.1) 
^ 8 J R 3 \ / 

N 
and 

N 

i = l 
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As in (3.8), inequality (5.2) holds irrespective of the symmetry type of ^ . 

To define yJ\p-\-A\^ + m?, note that if A G ^^^^(R^R^) , then / v^ \\{p + A)f\\l 
is a closed quadratic form with Co°(R^) being a form core [K78], [S79-1],[LS81]. Thus 
it defines a self adjoint operator and it is then possible to define - ^ 1 ^ + A\'^ + w? via the 
spectral calculus. 

The diamagnetic inequality for the heat kernel [S79-2] is the pointwise inequality 

I exp [-t{p + Af] f{x) I < exp [-tp^] \f\{x) . (5.3) 

Using the formula 

which holds for any real number a (and hence for any selfadjoint operator), we obtain the 
diamagnetic inequality for the 'relativistic heat kernel' 

I exp \-tyJ{p + AY^rn^'\ f{x) | < exp [ - V p 2 + ^ 2 j |y«|(^) . (5.5) 

By using (5.5), and following the proof of (3.6) in [D83] step by step, we obtain (5.1). 
Likewise, (5.5) and the formula 

(/, ,/{p + A)^+m^ / ) = lim ^ { (/, / ) - (/, exp [-t^{p +A)^ + m^] f) } , (5.6) 

yield 
{f,\p+A\f)>{\f\,\p\\f\). (5.7) 

To prove (5.2) we apply (5.7) to the function | ^ | and then use (3.8). 
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The stabihty of matter composed of electrons and static nuclei is investigated for 
a relativistic dynamics for the electrons given by a suitably projected Dirac 
operator and with Coulomb interactions. In addition there is an arbitrary classical 
magnetic field of finite energy. Despite the previously known facts that ordinary 
nonrelativistic matter with magnetic fields, or relativistic matter without magnetic 
fields, is already unstable when a, the fine structure constant, is too large, it is 
noteworthy that the combination of the two is still stable provided the projection 
onto the positive energy states of the Dirac operator, which defines the electron, 
is chosen properly. A good choice is to include the magnetic field in the defini­
tion. A bad choice, which always leads to instability, is the usual one in which 
the positive energy states are defined by the free Dirac operator. Both assertions 
are proved here. 

KEY WORDS: Stability of matter; Schrodinger operators; magnetic fields; 
relativistic; Dirac operator; instability of matter. 

1. INTRODUCTION 

The stability of matter concerns the many-electron and many-nucleus 
quantum mechanical problem and the question whether the ground state 
energy is finite (stability of the first kind). If so, is it bounded below by a 
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constant (which is independent of the position of the nuclei) times the 
number of particles (stability of the second kind)? The linear lower bound 
is important for thermodynamics, which will not exist in the usual way 
without it. 

The first positive resolution of this problem for the nonrelativistic 
Schrodinger equation was given by Dyson and Lenard^^'^^ and approached 
differently by Federbush.^*^^ The constant, i.e., the energy per particle, was 
considerably improved by Lieb and Thirring in refs. 21 and 22. Following 
that, the stability of a relativistic version of the Schrodinger equation (in 
which p^ is replaced by y/p^ + m^) was proved by Conlon^^^ and later 
improved by Lieb and Yaû ^̂ ^ who showed that matter is stable in this 
model if and only if the fine structure constant a is small enough and if 
Zoi^2/n. (See ref. 23 for a historical account up to 1995.) A recent result 
of Lieb, Loss, and Siedentop that we shall use is in ref. 19 and is discussed 
in Section 3. 

In these works the nuclei are fixed in space because they are very 
massive and because we know that the nuclear motion is largely irrelevant 
for understanding matter. In other words, if nuclear motion were the only 
thing that prevented the instability of matter then the world would look 
very different from what it does. We continue this practice here. 

There is, however, a more important quantity that requires some 
attention, namely magnetic fields. It was noted that the action of such fields 
on the translational degrees of freedom of the electrons p->pH-eA, can 
lower the energy only by an inconsequential amount. This is a kind of 
diamagnetic inequality. On the other hand, spin-magnetic field interaction 
(in which (p + ^A)^ is replaced by the Pauli operator [<y(p + eA)]^ = 
(p + eA)^ + e<rB can cause instability. The energy is then unbounded 
below if arbitrarily large fields are allowed, but this is so only because the 
energy of the magnetic field has not been taken into account. Does the field 
energy, (STT)"^ \ B^, insure stability? This question was raised for the non­
relativistic case in ref. 13 and finally settled in a satisfactory manner in 
ref. 20 (see also Bugliaro et al}^^ and Fefferman^^'^). The upshot of this 
investigation is that stability (of both first and second kinds) requires a 
bound on both a and on Za^. 

Other related results are the stability of non-relativistic matter with a 
second quantized, ultra-violet cut-off photon field (Frohlich et al}^^''). 

Both the passage to relativistic kinematics (which, in quantum 
mechanics, means that both the kinetic energy and the Coulomb potential 
scale with length in the same way, namely like an inverse length) and the 
introduction of the nonrelativistic Pauli operator require a bound on a and 
on Z for stability. The combination of the two might be expected to lead 
to disaster. We find, however, that it does not necessarily do so! 
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Our main result is that matter is indeed stable with a suitably defined 
relativistic kinematics. This is shown in Section 3. 

The proper way to introduce relativistic kinematics for spin-1/2 par­
ticles is via the Dirac operator, but this is unbounded below. A resolution 
of this problem, due to Dirac, is to permit the electrons to live only in the 
positive energy subspace of the Dirac operator. This idea was further pursued 
by Brown and Ravenhall^^^ (see also Bethe and Salpeter in their Handbuch 
article^ ̂ 0 to give a quantitative description of real atoms. 

There are, however, other Dirac operators (which include electro­
magnetic potentials) whose positive subspace can be used to define the 
space in which the electrons can live. (To avoid confusion, let us note that 
the Hamiltonian is formally always the same and includes whatever fields 
happen to be present. The only point to be resolved is what part of the 
one-particle Hilbert space is allowed for electrons.) The review articles of 
Sucher̂ "̂̂ '̂ '̂̂ ^̂  can be consulted here. These choices have also been used 
in quantum chemistry and other practical calculations, see, e.g., refs. 14 
and 15. 

All of these choices have in common that there is no creation of elec­
tron-positron pairs explaining the name "no-pair Hamiltonian" for the 
resulting energy operator. (Note that we could also treat positrons or a 
combination of electrons and positrons interacting by Coulomb forces in a 
similar way.) 

There are three obvious choices to consider. One is the free Dirac 
operator. This always leads to instability of the first kind when a magnetic 
field is added unless the particle number is held to some small value (see 
Section 4). Note also that this choice leads to a non-gauge invariant model: 
multiplication of a state with the factor exp(/(^(r)) for a non-constant gauge 
is not allowed, since it leads out of the positive spectral subspace. 

Remarkably, the Dirac operator that includes the magnetic field 
always gives stability, if Z and a are not too large, as in the two cases 
(relativistic without magnetic field and nonrelativistic with magnetic field) 
mentioned above (see Section 3). This model is gauge invariant. 

The third choice which, indeed, is sometimes used, is to include both 
the one-body attractive electric potential of the nuclei and the magnetic 
field in the definition of the Dirac operator that defines the positive sub-
space. If this is done then the question of stability is immediately solved 
because the remaining terms in the Hamiltonian are positive, and hence the 
total energy is ipso facto positive. This choice, which is important but 
trivial in the context of this present inquiry, will not be mentioned further. 

Oddly, the instabihty proof given in Subsection 4.2 is much more 
complicated than the stability proof (Section 3). This reverses the usual 
situation. 
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A preliminary version of this paper appeared in ref. 27; the present 
version is to be regarded as the original one (as stated in ref. 27) and con­
tains several significant corrections to the preliminary text in ref 27. In par­
ticular, the proof of Theorem 2 and the first half of the proof of Theorem 1 
have been corrected and simplified. A summary of this work appears in 
ref 28. 

2. BASIC DEFINITIONS 

The energy of Â^ relativistic electrons in the field of K nuclei with 
atomic numbers Z^,..., Z ^ e IR+ located at R^,..., R ^ e (R̂  which are pair-
wise different in a magnetic field B = V x A in the state W is—following the 
ideas of Brown and Ravenhall^^^— 

^ , H ' ] : = ^ H ' , ^ X i).(A) + a F , ) ^ ) + ^ j^^5(r)^Jr. (1 

Here D,XA) : = a ( —/ V̂ , + eA(r„))-hmjff is the Dirac operator with vector 
potential A. Furthermore, 

Â  K 

' = 1 K=\ 1 ' V R. 
• + 

1 

r , - r . , 

K 

•+ z z.z, 
K-,/l=l.<A l ^ / c - R J (2) 

is the Coulomb interaction between the particles, and B{x) := |Vx A(r)| is 
the modulus of the magnetic field. Planck's constant divided by 2n and the 
velocity of light, are taken to be one in suitable units. The fine structure 
constant a equals e^, where — e is the electron charge. Experimentally, a is 
about 1/137.037. The mass of the electron is denoted by m. The 4 x 4 
matrices a and y9 are the four Dirac matrices in standard representation, 
namely 

a = 
0 (F 

G oy cr, = 
0 1 
1 oy (J 7 = 

0 -i 1 0 
0 l y 

and 

j f f = 

/ I 
0 

\^ 
\o 

0 
1 

0 
0 

0 
0 

- 1 
0 

0 
0 

0 
- 1 
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Finally, the state ^ should have finite kinetic energy, i.e., it should be 
in the Sobolev space H^^^[{U^ x {1, 2, 3, 4} )^] , and should also be in the 
electronic Hilbert space of antisymmetric spinors 

TV 

v = 1 

where J>f+ is the positive spectral subspace of the Dirac operator D{s/) and 
where ^ is some vector potential to be chosen later. The vector potential 
j ^ serves to define the positive subspace. The restriction of S' to J ^ ^ will 
be denoted <^ .̂ Two choices will be considered here. One is j / = 0, in 
which case we are talking about the free Dirac operator. This choice, or 
model, goes back to Brown and Ravenhall.^^^ As we shall see in Section 4, 
the resulting energy functional—apart from being not gauge invariant—is 
not bounded from below. A natural modification of the model, namely to 
take j / := A is not only gauge invariant, but will also turn out to be stable 
of the second kind (see Section 3). 

The quantity of interest is the lowest possible energy 

^7v,/^*=inf^^ 

where the infimum is taken over all allowed, normalized states Mf, all 
allowed vector potentials A, and over all pairwise different nuclear posi­
tions Ri,..., RK 

In the case of a single nucleus without a magnetic field, the energy 
form S'Q was shown in ref 9 to be bounded from below, if and only if 
aZ^aZ<^ := 2/(71/2 + 2/71 ) > 2/71, which corresponds to Z<̂  ;^ 124. We will 
not be able to reach this value in the general case of many nuclei and when 
the electron state space is not determined by the free Dirac operator. The 
reason is that special techniques were used in ref 9 to handle the one-
nucleus case; these techniques took advantage of the weakening of the 
Coulomb singularities caused by the fact that states in J^^ cannot be 
localized in space arbitrarily sharply. Unfortunately, we do not know how 
to implement this observation with magnetic fields and many nuclei. 

3. STABILITY WITH THE MODIFIED PROJECTOR 

Our proof of the stability of matter when the vector potential A is 
included in the definition of the positive energy electron states will depend 
essentially on three inequalities: 

BKS Inequality. For any self-adjoint operator X, the negative 
(positive) part, X^^ is defined to be {\X\ TX)/2. Given two non-negative 
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self-adjoint operators C and D such that {C^ — D^YJ^ is trace class, we 
have the trace inequality 

iv{C-D)_^ix{C^-Dy!'. (4) 

This is a special case of a more general inequality of Birman, Koplienko, 
and Solomyak;^^^ in particular, the number 2 in (4) can be replaced by any 
/? > 1. A proof for the special case of the inequality needed here is given in 
Appendix A. 

Stability of Relativistic Matter. On Af^^ {H"\U^)®C''\ the 
fermionic Hilbert space, we have 

X | - / V , - ^ | + a F , ^ 0 , (5) 

(where | • • • | means ^ ( • • • Y) for all vector fields s^\ U^ -> U^ with, e.g., 
square integrable gradients, if 

1/a ^ 1/a, := [nil) Z + 22\59q'^^Z^^^ + 1.0307^'/' (6) 

and Zj,..., Zj^^Z. 
We wish to use this inequality for 4-component spinors, i.e., q = A. 

However, we are interested in the subspace J ^ ^ in which the particles are 
restricted to the positive energy subspace of the Dirac operator, Z)(j/). 
Although q = 4, the "effective" q is really 2, and the analysis in Appendix B 
is our justification for this. The only thing that really counts in deriving (5) 
is the bound on the reduced one-body density matrix y mentioned in 
Appendix B. 

The stability of the relativistic Hamiltonian (5) was first shown by 
Conlon^^^ for j3/ = 0. The best currently available constants with J3/ = 0 are 
in ref 23 while (6), which is taken from ref 19, is the best known result for 
general s^. 

Semi-Classical Bound. Given a positive constant //, a real vector 
field s^ with, e.g., square integrable gradients, and a real-valued function 
(peL^{U?) the inequality 

t r [ ( - , > , V - ^ ) ^ - ^ ] ^ f ^ ^ f cp\ (7) 

holds, which is a special case of the Lieb-Thirring inequality (see refs. 22 
and 17]). It is known that L,/2,3 ^0.06003. The left side of (7) is simply 
Y,j \^j\^^~, where the Xj are the negative eigenvalues of the operator [ • • • ] . 
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As an illustration of the usefulness of the trace estimate (4), let us 
combine it with the Lieb-Thirring inequality (7) (or any other Lieb-Thirring 
inequality for that matter) to derive some previously known inequalities. 
The constants obtainable in this way are comparable with the best ones 
known so far: 

Daubechies Inequality. We begin with a "relativistic" inequality 
that was first proven by Daubechies/^^ By replacing (/? by ^^ in (7), we get 
using (4) 

ix{\-iV-s^\-cp)_^Ly^^A cp\. (8) 

The constant 0.06003 obtained here should be compared with the number 
0.0258 in ref. 6. 

Non-Relativistic Magnetic Stability. A non-relativistic analogue 
of our main problem is to bound the form 

which was treated in ref. 20. Here PX^) '= [^ • (—^ V ,̂+ ^A(r„))]^ is the 
Pauli operator with vector potential A. 

First, we note that x^^ -\-X \x\ —/i74 holds. A constant in the energy 
form, however, is irrelevant for checking on stability of the second kind. 
Using (5) it is then enough to show the positivity of 

-iv{XP{Xy^^-K\-iV + eK\)_+^\ B{xfdr (10) 
on ^u"' 

where we have set K : = a/a,. The trace in this and the next expression are 
over L^([R^)(x)C^. Using the BKS inequality gives the lower bound 

- t r [ ( A 2 - / c 2 ) | - / V + ^A|2)-e/l25(r)]L/' + ^ \ B{rYdr. 
on J[R3 

Applying the Lieb-Thirring inequality (7) yields the following suf­
ficient condition for stability (recall that a = ^̂  and that there are two spin 
states) 
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Optimizing in X gives 

16â  JL 

which gives for the physical values a ;:̂  1/137.037 and ^ = 2 a range of 
stabiUty up to Z < 1096, which is to be compared with Z ^ 1050 in ref 20. 

We turn now to our main result. 

Theorem 1. Let Zj,..., Zy^^Z<2/(7ra) and let a<a , . where â  is 
the unique solution of the equation 

(167rL,/2,3a,)'/' = l - a ^ / a ^ , 

with a, := [(7r/2) Z + 2.2159 ^I'^^Z^^^ + 1.0307 • 2^/^] "^ as in (6). Then S^ is 
non-negative. 

Numerically, this gives 

Z ^ 5 6 

when evaluated with the experimental value a ^ 1/137.037 for the fme struc­
ture constant. Alternatively, considering hydrogen only, i.e., Z = l , we 
obtain the upper bound 

a ^1/8.139 

for the fme structure constant. It is a challenge to improve this result so 
that it covers all physical nuclear charges and the physical value of the fme 
structure constant, as was done for K=N=\ and A = 0 in ref 9. 

It is easy to prove (we do not do so here) that, as expected, Sj^l{^, ^ ) ^ 
m — O(a^Z^) for small a and Z. 

Proof. The first step in our proof is to utilize (5) to replace F, by the 
one-body operator ( —l/ocJXiLi |—/V,, + eA|, where a,, is given by (6) 
with ^ = 2, as we explained just after (6). (The idea of using the relativistic 
stability result (5) to bound the Coulomb potential by a one-body operator 
first appears in ref 20.) Our energy S^ is now bounded below by 

S\^):={^, X (Z)„(A)- 'c | - /V„ + e A ( r „ ) | ) 1 ' ) + ^ j^^£(r)2Jr, (11) 

where K : = a/a,.. 
The first term on the right side of (11) is bounded below by the sum 

of the negative eigenvalues, — tr/?_, of the one-body operator 

h-=A^{D{K)-K | - / V + ^A(r)|)/f+, 

where A^ is the projector onto the positive spectral subspace of Z)(A). 
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Let us define 

S :=\D{A)\-K\-iW + e A{r)l 

whence h = A^SA^, because A + D{A) A^=A^ l^(A)| A +. We note that 
for any two self-adjoint operators X and p with X^O and O^p^l, 
ir X^tr pX. With p taken to be the projector onto the negative spectral 
subspace of h we then have that 

tTh_ = -it ph= -trpA^SA^ 

= tr pA^S_A^—trpA^S_^A^ 

^tvA^S_A_^. (12) 

We introduce the 4 x 4 unitary 

0 r 
^ - 1 0 

and note that U'' D{A) U= -D{A). Therefore, U~'A^U=A__. 
It follows from the spectral theorem that for any self-adjoint Z, 

unitary U, and function F 

F{U-'XU)=U-'F{X) U. 

With F{t) = \t\, we then have that U^' \D{A)\ U= |/)(A)|, and hence 
U~'SU=S. 

Therefore, since U~^A^U=A_, and with F{t) = {{\t\ -1) = t __, we 
have that U'^S^ U=S_ and 

tYA^S^A^=tYA_S_A__. 

Hence, using (12), 

ir h _ ^{tr{A ^S __A J + {ir A __ S __ A ^ = \tT S _. 

(Note: much of the preceding discussion was needed only to get the factor 
1/2 here. This factor improves our fmal constants for stability.) 

Next, we use the BKS inequahty (4) to bound tr5'„ as follows: 

tr h __ ^{tr S __ ^{tr[D{Af -K^ \-iV + eA(r)\']'!\ (13) 
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However, D{XY = {OY) with Y= P{A) + m^ and where 

P{A) = la'{-iV + eA)y=\-iV-\-eA{r)\^ + eG'B{T) 

is the PauU operator. 
Since X\-^trX^_/_^ is operator monotone decreasing, we see that our 

lower bound for the energy is monotone increasing in m, and thus it suffices 
to prove the positivity of J ^ ^ in the massless case. The key observation 
is that our lower bound involves only tr5 '_ in the entire one-body space, 
not the positive energy subspace. The energy would not be obviously 
monotone in m if we had to restrict functions to the positive subspace, 
since changing m would also entail changing the space. This problem does 
not arise in the absence of the positive subspace constraint. 

Because of the "diagonal" structure of the operator S, we can drop 
the factor 1/2 by replacing the trace on L^U^)®^^ by the trace on 
L\U^)®C^. This yields 

( r , [ ^ , T ] ^ - t r [ P ( A ) - / c ^ ( - / V + eA)̂ ]̂ _̂ 2 + - ^ f ^(r)^^r 
on JR^ 

^-2tr\_i\-K^){-iS/ + eA)^-eBy_[^ + j - f B{rf dr. (14) 
on -Ju^ 

We regard the operator in the second Hne as acting on functions (of one 
component only) instead of spinors, which accounts for the factor two (and 
not one). Finally we apply the Lieb-Thirring inequality (7) to the right 
hand side yielding (recall that e^ = 0L) 

^A[^ ,^ ]^[ -2L, /2 ,30c( l -a7a^) -^ /2+l / (87r ) ] f B^rf dr. 

Thus we need 

(167rL,/2,3a)^/ '^l-a7a7 (15) 

Since the right hand side of this inequality is monotone decreasing in a for 
positive a, while the left hand side is monotone increasing, there is a unique 
a, for which equality holds in (15). Inserting the value (6) with q = 2 for 
â  yields—together with the second requirement on Z^,..., Z^ in the 
relativistic bound—the claimed stability criterion. 
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4. INSTABILITY WITH THE FREE DIRAC OPERATOR 

In this section we shall discuss the Brown-Ravenhall model/^^ That 
is to say we consider the energy expression (1) with zero vector potential 
in the definition of the allowed electronic states (3), i.e., we take only 
^ G J ^ o = A ^ ' ^ + , where J^+ is the positive spectral subspace of the 
operator — a / V + myS. We shall prove that there is no stability is in this 
model by showing that for any (sufficiently large) particle number, TV, and 
any a > 0 the energy is unbounded below. In other words, "stability of the 
first kind" is violated. It is nevertheless true, however, that for any choice 
of particle numbers and nuclear charges there is always a sufficiently small, 
nonzero a such that the energy is bounded below by zero. 

Since the positive spectral subspace Ĵ _̂  for the free Dirac operator is 
not invariant under gauge transformations we see that this Brown-
Ravenhall model is not gauge invariant. (The previous, modified model 
discussed in Section 3 is not only stable, it is also gauge invariant.) More 
precisely, the energy spectrum depends not only on B but in fact on the full 
gauge potential A. The Brown-Ravenhall model is therefore physically 
meaningfully defined only if we make a fixed choice of gauge. The natural 
choice is the Coulomb gauge (radiation gauge), 

V. A = 0, 

since in quantum electro-dynamics this gauge implies that electrons inter­
act via the usual Coulomb potentials and the coupling to the transverse 
field is minimal, i.e., derivatives are replaced by covariant derivatives. 

The interesting qjaantity is the lowest energy that the system can have. 

Definition 1 (Energy). 

^ ; , , ^ : = i n f a ^ , ^ ] -

where the infimum is taken over all divergence free A fields, pairwise distinct 
nuclear locations Ri,..., R^ and normalized, antisymmetric states ^ e ^ , o-

4.1. Stability with Small a and Small Particle Number 

Since this result is not a main point of this paper we shall be brief— 
even sketchy. If a single particle T is in the positive spectral subspace of 
D(0) then the action of D{0) on T is the same as multiplication of each 
component by {p^ + m^)^^^ in Fourier space. For such functions we see that 
(^, D{0) T) exceeds (T, |V| ^ ) , so we may as well replace D{0) by |V| and 
also drop the condition that V belongs to the positive spectral subspace 
of/)(0). 
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The next step is to use the lower bound on F^ in (5) so that the energy 
is now bounded below by a sum of one-body operators, in a manner 
similar to that in Section 3 with â  as in Theorem 1: 

SrV,'V^^{'V,Y.{\-^^\V^^) + ^oi\ j - A + ^ f B\ (16) 

(Note again that the "effective spin" q is 2, as can be seen be repeating the 
above argument.) Here j(r) is the current in the state ^ and it is trivially 
bounded above pointwise by the density p{r) in the state ^ (defined in 
Appendix B). Therefore the integral involving A is bounded below by 

f j - A > - f pA>-\\A\UN"'\\p\\f,. 

Now \B^^\\yA\^ and this is not less than K'^ \\A\\l by Sobolev's 
inequality where K^ = A^^^{?>n)-^'^n-^'^ (see ref 16, p. 367). Similarly, the 
kinetic energy (H', Ef^ J V J T) is bounded below by \.62>q-'^^ p^'\ 
which was proved by Daubechies^^^ and which follows from (8). If we use 
these inequalities and then minimize the energy with respect to the 
unknown quantity MIU, we easily find that the energy is non-negative as 
long as 

1.63(1 - a / a , ) ^27rA^^/'i^^^^/3a 

with q = 2. 
We shall show in Subsection 4.2 that the condition that Â ^̂ â is small, 

which—as we just proved—ensures boundedness from below, is in fact also 
necessary for the energy to be bounded from below. 

4.2. Instability for All a and Large Particle Number 

The main result of this section is that there is no stability in this model 
for any fixed, positive a if Â  and K are allowed to be arbitrary. 

Theorem 2 (Instability). There exists a universal number C > 0 
such that for all values of the parameters a > 0, m ^ 0, A^= 1, 2, 3,..., and all 
values of 7V̂ = 1, 2, 3,..., and of Z^, Z2,..., Z^ satisfying 

K K 

X Z, ,>Cmax{a-^/^ l},A^>Cmax{a-^/^ 1}, ^ Z^.>2 
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we have 

EN,K= - 0 0 -

Proof. The theorem follows if, for all £ '>0, we show the existence of 
three quantities for which S^iy, ^ ] ^ —E, with ^ = i/̂ , A • • • A xj/J^: 

A. A vector potential A with V • A = 0. 

B. Orthonormal spinors i/̂ i,.-., ^N^-^^ • 

C. Nuclear coordinates Ri,..., Rj^. 

Our construction willed depend on four parameters (to be specified at 
the very end), ^ > 0 a momentum scale, which we shall let tend to infinity, 
9>0, which will be chosen sufficiently small (but independently of A )̂, 
and P, AQ>0 which will be chosen as functions of Â . Finally we denote by 
n,, 1I2, 03 the coordinate vectors (1, 0, 0), (0, 1, 0), (0, 0, 1) respectively. We 
shall use the notation that cô  = p/|p| is the unit vector in the direction 
pelRl 

A. The vector potential. We choose the vector potential A to have 
Fourier transform 

A(p) :=AoXBio, 5S){P){^2 ' tOp) n3 x Op, 

where XB(O,5S) denotes the characteristic function (in p-space) of the ball 
B{0, 53) centered at 0 with radius 53. Note first that A is real since A is 
real and A(p) = A(—p). Moreover, A is divergence free, i.e., it is in the 
Coulomb gauge, since — / V-A(p) = p-A(p) = 0. We easily estimate the 
self-energy of the magnetic field B = V x A corresponding to A 

f(VxA)2 = ^ [ \pxA{p)\'dj>^Al2-' r pUp = 2-'5Uld\ (17) 
STT 

Finally, we note for later use that 

A(p)-n, = -.4oX^(o,5.>-)(p)(n2 (^pf- (18) 

B. The orthonormal spinors. For Po e IR̂  define 

/^(O, 5r>~)(P"~PoJ «p„(p) = y3/(4;r)<5-^/^(-«'°-->- "'']. (19) 
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We then have a normahzed ij/p eJf+ given by 

^,^,f{E{p) + Emu^^ip) 
V P-<yWp/p) 

where E{p) = {p^+ m^y^^. Recall that this is the general form of a spinor 
in the positive spectral subspace J^^ for the free Dirac operator. 

For the sake of simplicity we shall henceforth assume that m = 0. We 
leave it to the interested reader to check the estimates for the general case 
m^O. We shall indeed consider spinors with momenta p such that we have 
p^{m^)~^ -^ 00 as (5-> 00, i.e., E{p)^p. It is therefore straightforward to 
estimate the expressions in the general case m 7̂  0 by the corresponding 
expressions for m = 0. 

In particular, we have, for m = 0, 

MP) = 2-̂ /̂  " P o ^ 

tOp-<FWp^(p)y' 

We shall choose Â  points Pi,..., PAT e IR̂  such that the following conditions 
are satisfied. 

1. min,^^, |p,-p^J>2(5 

2. P ^ ; 7 , < 2 P , for all v=l,..., Â  

3. cOp • HI ^ 1 - 0^ for all v = 1,..., Â  

Condition 1 ensures that the spinors i/̂ p ,..., ij/p are orthonormal. The 
importance of Conditions 2 and 3 will hopefully become clear below. 

In order that Conditions 1, 2 and 3 are consistent with having N 
points (for large N) we must ensure that N balls of radius S can be packed 
into the domain defined by Conditions 2 and 3. Since small enough balls 
can fill at least half the volume of the given region we simply choose F such 
that 

2A^^ 
V o l ( { p | P ^ / 7 ^ 2 P , l - ^ ^ ^ a ) p . n j ) _ 7 P^ 

{4n/3)d' 2 S'' 

Note that the assumption that Â  is larger than some universal number 
ensures that the balls are small, i.e., that d is small enough compared to P. 
Thus, we have the condition 

47V 1/3 

P>{^2] ^- (20) 
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In particular, since we shall choose 0 independently of Â  we may assume 
that N is large enough that the above condition imphes PO^ld. (Since 
we shall choose (5 -^ oo we see that the momenta of the spinors satisfy 
p^m^^-^ 00.) 

We are now prepared to calculate (^, X!Li ^v(A) H'), where ^ = 
\b„ A • • A \l/„ . We obtain 

(if, i /).{A)«P)= i (^r,. + j e J „ . A ) , (21) 

where 

j.,(r):=,Ap*(r)a.Ap,(r), (22) 

is the current of the v-th one-electron state ip^ , and 

T,.:={4',A-ia-V + M^,) = \E{p)\u,{p)\^dp^p,. + S, (23) 

since we have assumed that m = 0 and hence E{p) = p. 
We must evaluate the current integral 

j j . , -A = (27r)-3/2 29 l j j< (q -p ) (A(p ) - cT)K- (F ) t / p (q ) JpJq 

= {In) -"' 2^ \\ [ A(q - p) • co,t/*(p) t/̂  (q) 

+ /w*(p)(A(q - p) X Oq) • <TWp (q)] Jp <iq. 

We first observe that 

2^j | [ / t /*(p)(A(q-p)xco,) - (Tt /p(q)]JpJq 

= 29i Jj [/t/*(p)(A(q - p) X (Oq) • n.cr,Wp (q)] (ip dq = 0. 

The terms containing a, and a^ vanish as they are clearly imaginary. 
The term with a2 vanishes because of the choice (19) of t/p . 
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Note that Wp(p)Wp(q) = 0 unless |p —q|<2<5 and |q —Pv|^^. Thus 
^P„ -^q = /^rHPv-q)+<J^q/?v~H^-/?v) and we obtain for | p , -q |<2 (5 
that 

where we used that p^^P. Since cOp • n i > l — ^ ^ we have that 
|(0p — n, I ^ 0 and hence 

| A ( q - p ) - K - n i ) | ^ ( 2 ( 5 P - ^ + ^ ) ^ o ^ 2 ^ ^ o -

Hence, since |p —q| <2J we get from (18) that 

A ( q - p ) c o , ^ - ^ o [ K - p n 2 ) ' - 2 ^ ] . 

Thus, 

| j , . A = (27r)-^/2 29{j |A(q-p) . (0 , . /*p(p) t /p(q)Jq^p 

^lV^2^o^-'\\ [ ( co ,_p .n2 )^ -2^ ] JpJq 
{2.71) -̂ -̂ Iql, |p|<c>-

= 7^2^oS'\\ [(o>,_p.0^)^-2^] JpJq . 
{Inf^^ JJ|q|,|p|<, 

We now make the choice 

\\ l ^ p J q j - ' f f (C0q_p-n2)^^pjq 
^ 'J'^ \n\ Inl <̂  1 / -J-^ \n\ Inl ^ I 

and arrive at 

From (21) and (23) we therefore obtain 
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C. The nuclear coordinates. Finally, we show how to choose the 
nuclear coordinates following an idea in ref. 18. Consider the electronic 
density of the state ^ , ^ r ) = 2:f=.i \^pi^)\^ then 

Z.-p{r Z.Z, 

'•'•"••"'-Li t^^"-'"''''\Lw:^y 
K <A 

were we introduced D{p, p) :=^ jj/?(r) |r —r'|"^ p{r') dr dv'. 
Note now that \N~^p = \, i.e., N~^p can be considered a probability 

distribution. We may therefore average (H', V^^) considered as a function 
of Ri,..., R/̂  with respect to the probability measure 

We obtain 

R, , . . . ,R; ,h^^-V(R,)---Ar-V(Ri.)-

| { T , V,^)N-'p(Yi,)---N-'p(R^)dR, •••dR^ 

{\-(ZIN)f-N-^ X ZI\D(P,P). 

We shall prove that [...] <0. There are two cases. 

(1) N^Z. By moving electrons to infinity we may assume that 
Z^N<Z+\. Therefore 

{\-{ZIN)Y-N-' X Zl ^z (z+1)-^ Z zl 

^ Z - ^ - 2 ( Z + l ) - 2 < 0 . 

(2) N<Z: We may move nuclei to infinity and assume that 
N<Z<N + max..Z, . Therefore 

{1-{Z/N))'-N~' Z Zl ^{maxZ,fN~-^-N^^ X Zl^O. 

We can therefore find nuclear positions Rj,..., R^ such that 

Using these coordinates together with (17) and (25) we get 

a ^ , ^ ] ^ Z lp., + S-l{2n)-'/'Aoed'e]+2-'5UlS\ 
r - 1 
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We now choose P = {4N/ld^y^^S in accordance with (20). We than choose 
Ao such that ^In)-'^^ Aoed'e = 4P, i.e., 

Then, using Condition 2 we have j^^, —(87r/3) ^o ^^^^^ —2P. If we insert 
these values and estimates above we find 

It is now clear that the expression in [ ] will be negative for A'̂  sufficiently 
large. The energy can therefore be made arbitrarily negative by choosing d 
large. 

APPENDIX A. BKS INEQUALITIES 

As a convenience to the reader we give a proof of some cases of 
the inequalities due to Birman, Koplienko, and Solomyak.^^^ The case 
needed in Section 3 corresponds to ^̂  = 2 below. There we are interested in 
{B — A)_, but here we treat (B — A)^ to simplify keeping track of signs. 
The proof is the same. Recall that X^ :=i\X\ + X)/2. 

Theorem 3. Let p^l and suppose that A and B are two non-
negative, self-adjoint linear operators on a separable Hilbert space such 
that {B^' — A^Yl^ is trace class. Then {B — A)^ is also trace class and 

iv{B - A) ^ ^ix{BP - A^^yiP. 

Proof. Our proof will use essentially only two facts: X\-^X~^ is 
operator monotone decreasing on the set of nonnegative self-adjoint 
operators (i.e., X^ r ^ 0 = > Y~^^X~^) and Xv-^ X' is operator monotone 
increasing on the set of nonnegative self-adjoint operators for all 0 < r ^ 1. 
Consequently, X^-^X'' is operator monotone decreasing for 0 < r < 1. 

As a preliminary remark, we can suppose that 5 ^ ^ . To see this, write 
B^' = A'' + D. If we replace B by [^^ + i)^_]'/^ then {B^-An^=D^ 
is unchanged, while X:=B — A\-^IA^ + D^]^^^ — A can only get bigger 
because X\->X^^'^' is operator monotone on the set of positive operators. 
Since the trace is also operator monotone, we can therefore suppose that 
D = D^, i.e., B^-A^' + C^ with A, B, C^O. Our goal is to prove that 

tr[(^^^ + C O ' / ^ ^ - ^ ] ^ t r C , (26) 

under the assumption that C is trace class. 
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To prove (26) we consider the operator X:= [A^ -\- C^Y'^ — A, which 
is well defined on the domain of A. We assume, at first, that A^^s^ for 
some positive number e. Then, by the functional calculus, and with 

E:=IA^ + C^y'-^^^^' and P: = A'-^-E 

we have 

X=EIA^'+C^]-A'-^A^= -PA^ + EC^ (27) 

Clearly, P ^ 0 and 0 ^ P ^ £^"^. 
Let Y: = EC^. We claim that Fis trace class. This follows from F*F= 

C^E^CP ̂  CPC^-^PCP = C^. Thus, | r | < C, and hence tr Y= tr C^'^ECP'^ ^ 
t r C 

It is also true that P is trace class. To see this, use the integral 
representation, with suitable c > 0 , ^^~^' = c j ^ ( r + ^)~4^~^(ir . Use this 
twice and then use the resolvent formula. In this way we find that 

^'p dt. 
I* GO 

p = c (A^-^-t)"' c^iA^-^CP + t)-' t^'~P 

Since C is trace class, so is C^Vand the integral converges because of our 
assumed lower bound on A. Thus, P is trace class and hence there is a 
complete, orthonormal family of vectors f i, f2v, each of which is an eigen­
vector of P. 

Since X^O, the trace of X is well defined by Z / l i (̂ /> ^^j) for any 
complete, orthonormal family. The same remark apphes to EC^ since it is 
trace class. Thus, to complete the proof of (26) it suffices to prove that 
(Vj, PA''Vj) ^ 0 for each/ But this number is A/t^;, A^Vj) ^ 0, where Xj is the 
(nonnegative) eigenvalue of P, and the positivity follows from the positivity 
o{ A. 

We now turn Xo the case of general A^O. We can apply the above 
proof to the operator .4 + £ for some positive number e. Thus we have 

trll{A + sy + C^y^p -{A +8)]^tr a (28) 

Let (^j, (p2,... be an orthonormal basis chosen from the domain of ^^'. This 
basis then also belongs to the domain of A and the domain of 
[(^+e)^^ + C^ ]̂̂ /̂ f̂or all O O . We then have 

tvx=Y,{(p^.,X(pj). 
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Note that a-priori we do not know that the trace is finite, but since the 
operator is non-negative this definition of the trace is meaningful. Operator 
mono tonicity of X^^^ gives 

It therefore follows from (28), followed by Fatou's Lemma applied to sums 
that 

^ X l i m i n f ( ( ^ , , [ [ ( ^ + £)^+C^]^/^-(^+£)](?7.) 
./• ' ^ J ' - ' 

APPENDIX B. COUNTING SPIN STATES 

Our goal here is to prove that when ^ is in J^ , , / , the antisymmetric 
tensor product of the positive energy subspace of the Dirac operator (with 
or without a magnetic field, j / ) then the one-body density matrix is bounded 
by 2 and not merely by 4, as would be the case if there were no restriction 
to the positive energy subspace. This result will allow us to use 2 instead 
of 4 in inequalities (6) and (14). We thank Michael Loss for the idea of this 
proof 

The one-body density matrix is defined in terms of an A -̂body density 
matrix (or function) by the partial trace over TV— 1 variables. We illustrate 
this for functions, but the proof works generally. If H' is a function, then 

r(r , a; r', a') := N \ H'(r, a, z^, Z3,..., z^) ^(r ' , cr', Z2,..., ẑ v) dz^^ dzj^, 

where z denotes a pair r, a and dz denotes integration over [R̂  and summa­
tion over the q "spin" states of o. We are interested in ^ = 4, but that is 
immaterial for the definition. 

The kernel F is trace class; in fact its trace is qN. It is also obviously 
positive definite as an operator. The first remark is that T ^ 1 as an 
operator. To prove this easily, let y\f be any normalized function of 
one space-spin variable z and define the function of TV + 1 variables 
a>(zo,..., z^) -iA(^o) H'l^iv.., z^) + E , l , ( - 1 V (̂̂ ,;) ^(zo,..., f,-,..., 2^\ 
where Zy denotes the absence of z .̂ This function <I) is clearly antisymmetric 
and the integral over all variables of its square is surely nonnegative. 
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However, this integral is easily computed (using the normalization of ij/ 
and ^ ) to be (7V+ 1)-(7V+ 1)((A, yi^l 

The next step is to consider the reduced kernel (without spin) defined 
by 

y{T,r'):= J r(r , a; r', a), 
r T = 1 

which evidently satisfies the operator inequality O^y^q, since F^l. 
The electron density referred to in Section 4.1 is defined by 

pir):=y{r,Y\ 

but it will not be needed in this Appendix. Another quantity of interest is 
the current, defined by 

J ( r ) : = Z Ar, (j;r, T)a,, , . 

It follows from this that |j(r)| ^p{r) for every r e [R\ 
Our goal here is to prove the following fact about y: 
If the A -̂body T is in J ^ ^ then the correspondingly satisfies 0 ^ y ̂  2 

as an operator. 
To prove this we introduce the unitary matrix in spin-space (related to 

the charge conjugation operator) 

u=( ' ' 
\-l 0 

where 1 denotes the unit 2 x 2 unit matrix. With a slight abuse of notation, 
we shall also use U to denote the U®1 acting on the full one-particle 
space, i.e., {U){r,a') = J^^U{a\ a) f{r, a). The important point to note, 
which is easily verified from the Dirac equation, is that ij/ e Jf^ if and only 
if U\I/EJ^_, the negative spectral subspace of D{s/). 

Given/GL^([R^), we define F^ to be the spinor F^r,a) \ = f{i)8„^. 
Then evidently (/, yf) = J]^ (^^ FF^). However, since the matrix U merely 
permutes the spin indices and possibly changes the sign from + to —, we 
have that Er if\ ^F') = Zr {F\ FyF'l with F^:=U 'FU. (Actually, the 
proof only requires that U be unitary, nothing more.) 

We claim that F-\-Fy^\ in which case we have proved that 
( / 7 / ) ^ ^ / 2 = 2, as claimed. To see this, we note that T ^ 1 on Ĵ _̂  and 
F^j^ 1 on J^_. Since the two subspaces are orthogonal, F~\- Fy^X on the 
whole spinor space. 
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The stability of matter 
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A fundamental paradox of classical physics is why matter, which is held together by Coulomb forces, does 
not collapse. The resolution is given here in three steps. First, the stability of atom is demonstrated, in the 
framework of nonrelativistic quantum mechanics. Next the Pauli principle, together with some facts about 
Thomas-Fermi theory, is shown, to account for the stability (i.e., saturation) of bulk matter. 
Thomas-Fermi theory is developed in some detail because, as is also pointed out, it is the asymptotically 
correct picture of heavy atoms and molecules (in the Z—• oo limit). Finally, a rigorous version of screening 
is introduced to account for thermodynamic stability. 
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INTRODUCTION 

Some features of the physical world are so common­
place that they hardly seem to deserve comment. One 
of these is that ordinary matter, either in the form of 
atoms or in bulk, is held together with Coulomb forces 
and yet is stable. Nowadays we regard this truly re ­
markable phenomenon as a consequence of quantum me­
chanics, but it is far from obvious how the conclusion 
follows from the premise. It is not necessary to ponder 
the question very long before realizing that it is a subtle 
one and that the answer is not to be found in any text­
book. 

Although the SchrSdinger equation is half a century old, 
it was only in the last few years that the proof of stabil­
ity was completed. The aim of this paper is to present 
the full story in a simple and coherent way, highlighting 
only the main physical and mathematical ideas. 

The sense of profound unease about the problem just 
before the dawn of quanlum mechanics is exemplified 
by this quotation (Jeans, 1915): 

''. . . there would be a very real difficulty in sup­
posing that the law 1/r^ held down to zero values 
of r . For the force between two charges at zero 
distance would be infinite; we should have charges 
of opposite sign continually rushing together and, 
when once together, no force would be adequate to 
separate them. . . Thus the matter in the universe 
would tend to shrink into nothing or to diminish 
indefinitely in size. . . We should however prob­
ably be wrong in regarding a molecule as a clus­
ter of electrons and positive charges. A more 
likely suggestion, put forward by Larmor and 
others is that the molecule may consist, in part 
at least, of rings of electrons in rapid orbital 
motion.'' 

*Work partially supported by U. S. National Science Founda­
tion grant MCS 75-21684. 

Jeans' words strike a contemporary chord, especially 
since one aspect of the problem that worried him has not 
yet been fully resolved. This is that electrons and nu­
clei have a magnetic dipole-dipole interaction whose 
energy goes as r"^. Although the angular average of 
this interaction vanishes, the interaction can cause the 
collapse that Jeans feared, even with Schrodinger me­
chanics. A proper quantum electrodynamics is needed 
to describe the dipolar interaction at very small dis­
tances. For that reason spin dependent forces will be 
ignored in this paper; only nonrelativistic quantum me­
chanics will be considered. 

It is difficult to find a reliable textbook answer even to 
the question: How does quantum mechanics prevent the 
collapse of an atom? One possibility is to say that the 
Schrodinger equation for the hydrogen atom can be 
solved and the answer seen explicitly. This is hardly 
satisfactory for the many-electron atom or for the 
molecule. Another possible answer is the Heisenberg 
uncertainty principle. This, unfortunately, is a false 
argument, as shown in Sec. I. There is, however, a 
much better uncertainty principle, formulated by So-
bolev, which does adequately describe the intuitive fact 
that a particle's kinetic energy increases sufficiently 
fast, as the wave function is compressed, to prevent 
collapse. (See Kato, 1951). 

The next question to consider is well stated in this quo­
tation from Ehrenfest (in Dyson, 1967): 

''We take a piece of metal. Or a stone. When we 
think about it, we are astonished that this quantity 
of matter should occupy so large a volume. Ad­
mittedly, the molecules are packed tightly to­
gether, and likewise the atoms within each mole­
cule. But why are the atoms themselves so 
b ig? . . . Answer: only the Pauli principle, 'No 
two electrons in the same state.' That is why 
atoms are so unnecessarily big, and why metal 
and stone are so bulky.'* 

Dyson then goes on to say that without the Pauli prin­
ciple 

"We show that not only individual atoms but mat­
ter in bulk would collapse into a condensed high-
density phase. The assembly of any*two macro­
scopic objects would release energy comparable 
to that of an atomic bomb.'' 

Two distinct facts are involved here. One is that mat­
ter is stable (or saturates), meaning that the ground 
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state energy is bounded below by a constant times the 
first power, and not a higher power, of the particle 
number. This was proved for the first time by Dyson 
and Lenard (Dyson and Lenard, 1967, and Lenard and Dy­
son, 1968), in a beautiful series of papers. Their me­
thod is quite complicated, however, and a simpler proof 
is given in Sec. IV. In addition, they used sufficiently 
many inequalities that their estimate (for hydrogen 
atoms) is about -lO^'^ Ry/particle. We will obtain a 
bound of about -23 Ry/particle. The second fact is that 
matter would definitely not be stable if electrons were 
bosons (Dyson, 1967). The energy would increase at 
least as fast as -N^^^. 

Therefore, Ehrenfest^s surmise that the Pauli prin­
ciple plays a crucial role in preventing collapse is cor­
rect. The problem is to display the essence of the Pauli 
principle in a clear, succinct and mathematically pre­
cise way. Unless this is done the physics of stability 
will.remain unclear. 

The key fact is developed in Sec. II: If p{x) is the one-
particle density of any fermion wave function then the 
total kinetic energy is bounded below by (constant) 
jp{xy^^dx.^ This inequality may be termed the un­
certainty principle for fermions. It is simple yet pow­
erful enough to establish stability. 

Given this bound, it is then necessary to show how the 
kinetic energy eventually overcomes the r"^ Coulomb 
singularity. It turns out that Thomas-Fermi (TF) theory 
is exactly what is needed for this purpose because, as 
Teller discovered in 1962, atoms do not bind in TF the­
ory. Thus TF theory immediately implies saturation. 
The necessary facts about TF theory are developed in 
Sec. III. 

There is also another good reason for understanding 
TF theory in detail. The theory used to be regarded as 
an uncertain approximation in atomic physics, but it is 
now known that it is more than that. It happens to be an 
asymptotically correct theory of atoms and molecules 
as the nuclear charges tend to infinity. In short, TF 
theory and the theory of the hydrogen atom constitute 
two opposite, but rigorous foundations for the many 
electron problem. 

After putting together the results of Sec. II and III in 
Sec. IV, and thereby proving the stability of bulk matter, 
we address the third main topic of this paper in Sec. V. 
Does a sensible thermodynamic limit exist for matter? 
The problem here centers around the long range r"^ 
nature of the Coulomb potential, not the short range 
singularity. Put another way, the question is that if 
matter does not implode, how do we know that it does 
not explode? Normally systems with potentials that fall 
off less slowly than r"^"^ for some £ >0 cannot be ex­
pected to have a thermodynamic limit. The crucial 
physical fact was discovered by Newton in 1687: outside 
an isotropic distribution of charge, all the charge ap­
pears to be concentrated at the center. This fact is the 
basis for screening, but to use it a geometric fact about 
the packing of balls will be needed. Quantum mechanics 
as such plays almost no role in Sec. V. 

The content of this paper can be summarized as fol­
lows: 

(i) Atoms are stable because of an uncertainty prin­
ciple, 

(ii) Bulk matter is stable because of a stronger un­
certainty principle that holds only for fermions; 

(iii) Thermodynamics exists because of screening. 

My hope is that the necessary mathematics, which is 
presented as briefly as possible, will not obscure these 
simple physical ideas. 

This paper is based on research carried out over the 
past few years, and it was my good fortune to have had 
the benefit of collaboration with J. L. Lebowitz, B. 
Simon, and W. E. Thirring. Without their insights and 
stimulation probably none of this would have been car­
ried to fruition. Sees, n and IV come from Lieb and 
Thirring (1975), Sec. Ill from Lieb and Simon (1977), 
and Sec. V from Lieb and Lebowitz (1972). 

Lectures given in 1976 at the Centro Internazionale 
Matematico Estivo in Bressanone were the impetus for 
writing this paper. The bibliography is not intended to 
be scholarly, but I believe no theorem or idea has been 
quoted without proper credit. 

I am doubly grateful to S. B. Treiman. He kindly in­
vited me to submit this paper to Reviews of Modeyri 
Physics, and he also generously devoted much time 
to reading the manuscript and made many valuable sug­
gestions to improve its clarity. 

1. THE STABILITY OF ATOMS 

By the phrase ''stability of an atom'' is meant that the 
ground state energy of an atom is finite. This is a wea­
ker notion than the concept of H stability of matter, to 
be discussed in Sec. IV, which means that the ground 
state energy of a many-body system is not merely 
bounded below but is also bounded by a constant times 
the number of particles. This, in turn, is different 
from thermodynamic stability discussed in Sec. V. 

Consider the Hamiltonian for the hydrogenic atom: 

H = - A - Z | ; c | - (1) 

(using units in which ^V2 = 1, m = l, and |^ | = 1). / / ac t s 
on L^(R^), the square integrable functions on 3-space. 
Why is the ground state energy finite, i.e., why is 

(il),Hip)^E,{ilj,il)) (2) 

for some EQ> -oo? The obvious elementary quantum 
mechanics textbook answer is the Heisenberg uncer­
tainty principle (Heisenberg, 1927): If the kinetic en­
ergy is defined by 

^Jf{x)dXy or simply Jf, always denotes a three-dimensional 
integral. 

T^^J\Vip{x)\'dx, 

and if 

{\x\'),^f\x\'\m\'dx, 

then when 

{iP,U^)-\\il>\\l=J\^i^)\'dx = l, 

(3) 

(4) 
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The intuition behind applying the Heisenberg uncer­
tainty principle (4) to the ground state problem (2) is 
that if the electron tries to get within a distance R of the 
nucleus, the kinetic energy T̂  is at least as large as 
R'^. Consequently (ip, Hip) ^i?"^ - Z/R, and this has a 
minimum -Z^/A for R =2/Z. 

The above argument is false \ The Heisenberg uncer­
tainty principle says no such thing, despite the endless 
invocation of the argument. Consider a 0 consisting of 
two parts, ip = ipi+ip2' 01 is a narrow wave packet of 
radius R centered at the origin with J\ip^\^ = ^. ^2 ^^ 
spherically symmetric and has support in a narrow shell 
of mean radius L and /1 ^21^ =i- If ^ is large then, 
roughly J \xf\ip{x)\^dx-L^/2, whereas I \x\^'\ip{x)\^ dx 
'-1/2R. Thus, from (4) we can conclude only that 
T^> 9/2L^ and hence that (0, Hip) ^ 9/2L^ - Z/2R. With 
this wave function, and using only the Heisenberg un­
certainty principle, we can make E^ arbitrarily negative 
by letting i2 -0 . 

A more colorful way to put the situation is this: an 
electron cannot have both a sharply defined position and 
momentum. If one is willing to place the electron in 
two widely separated packets, however, say here and 
on the moon, then the Heisenberg uncertainty principle 
alone does not preclude each packet from having a sharp 
position and momentum. 

Thus, while Eq. (4) is correct it is a pale reflection 
of the power of the operator -A to prevent collapse. A 
better uncertainty principle (i.e., a lower bound for the 
kinetic energy in terms of some integral of ip which does 
not involve derivatives) is needed, one which reflects 
more accurately the fact that if one tries to compress a 
wave function anywhere then the kinetic energy will in­
crease. This principle was provided by Sobolev (1938) 
and for some unknown reason his inequality, which is 
simple and goes directly to the heart of the matter, 
has not made its way into the quantum mechanics text­
books where it belongs. Sobolev's inequality in three 
dimensions [unlike (4) its form is dimension dependent] 
is 

T^-j\^^{x)\^dx^K,<^ fp^{xfdxY'=K,\\p^\l , (5) 

where 

P^x)^\<p{x)\' (6) 

is the density and 

X, =3(71/2)^/^^5.478 

is known to be the best possible constant. Equation (5) 
is nonlinear in p, but that is unimportant. 

A rigorous derivation of (5) would take too long to 
present but it can be made plausible as follows (Rosen, 
1971): K^ is the minimum of 

^^ i\Vip{x)\'dx 
\i\^{x)\'dxY^^ 

Let us accept that a minimizing }p exists (this is the 
hard part) and that it satisfies the obvious variational 
equation 

-{i^ip){x)^aip{xf =0 

with a >0. Assuming also that there is a minimizing \p 

which is nonnegative and spherically symmetric (this 
can be proved by a rearrangement inequality), one finds 
by inspection that 

^(;c)=(3^)2/3(l + |;, |2)-l/2 ^ 

When this is inserted into the expression for K"^ the re ­
sult is K^ =3(7r/2)^ . The minimizing (p is not square 
integrable, but that is of no concern. 

Now let us make a simple calculation to show how 
good (5) really is. For any ip 

{ip, HiP)^K, ( ^p^ixYdx^ ' ' - zf\x\''p^{x)dx^h{p), 

and hence when {ip^ ip) = l 

{ip, Hip) ^ min < h{p): p{x) ^0, Jp = 1 

(7) 

(8) 

The latter calculation is trivial (for any potential) since 
gradients are not involved. One finds that the solution 
to the variational equation is p{x)=a[\x\''^-R^'^y^^ for 
|;c|^/? andp(x)=0 for \x\^R, with R =K^Tr'''^^^Z'\ 
Then 

h{p) = Z'{ir/2Y^'/K, = -±Z'Ry. 
(Recall that one Rydberg =Ry = ^ in these units.) Thus, 
Eq. (5) leads easily to the conclusion 

• I ^ ^ R y (9) 

and this is an excellent lower bound to the correct 
EQ =-Z^ Ry, especially since no differential equation 
had to be solved. 

In anticipation of later developments, a weaker, but 
also useful, form of Eq. (5) can be derived. By Hol­
der's inequality^ 

jpixf' dx ^ I jp{xf d^y \ jp{x)dx \ ' ' (10) 

and, since we always take j\ip\^ = l, 

(11) 

Note that there is now an exponent 1 outside the integral. 
Although Kg is the best constant in (5) it is not the best 
constant in (11). Call the latter K^. K^ is the minimum 
of 

ip{xf'^dx 

subject to \p{x)dx = \. This leads to a nonlinear Schro-
dinger equation whose numerical solution yields (J. F. 
Barnes, private communication) 

In any event 

ii:i>/i:"H(f)(67r2)2/3«9.116, 

^Holder's inequality states that 

J/(x)̂ (x)rfjc| <i j \f(x)\''dxy Ij\g(x)\''dxr 

when^"* +q~'^ = l and P^l. To obtain (10) taKe 
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and hence 

•dx^l. (12) 

K^ is much bigger thsniK^; it is the classical value and 
will be encountered again in Sec. II and in Sec. Ill, 
where its significance will be clarified. 

We can repeat the minimization calculation analogous 
to Eq. (8) using the bound (12) and the functional 

h'{p) = K' Jp{x)^^^dx-- Z f \x\''p{x)dx. 

(We could, of course, use the better constant/ir^.) This 
time 

(13) p{x) = [Uz/Kn{\x\'^^R''')Y -l\L3/2 

for jx| </?. R is determined by /p= 1 and one finds that 
R = {K'/Z){4/n^f^ and 

12/3 _ . Q l / S ? £;,^-(9ZV5i^^)(7rV4)^ -S^/^Z^ Ry. (14) 

The quantity 3̂ ^̂  is only 8.2% greater than f. 
The Sobolev inequality (5) or its variant (12) is, for 

our purposes, a much better uncertainty principle than 
Heisenberg^s—indeed it is also fairly accurate. We 
now want to extend (12) to the iV-particle case in order 
to establish the stability of bulk matter. The impor­
tant new fact that will be involved is that the N particles 
are fermions; that is to say the TV-particle wave func­
tion is an antisymmetric function of the A^-space, spin 
variables. 

II. EXTENSION OF THE UNCERTAINTY 
PRINCIPLE TO MANY FERMIONS 

A well known elementary calculation is that of the 
lowest kinetic energy, T^ of N fermions in a cubic box 
of volume V. For large N one finds that 

r^q' 
where p = N/V and q is the number of spin states avail­
able to each particle {q =2 for electrons). Equation 
(15) is obtained by merely adding up the N/q lowest 
eigenvalues of -A with Dirichlet (^=0) boundary condi­
tions on the walls of the box. The important feature of 
(15) is that it is proportional to N^^^ instead of N, as 
would be the case if the particles were not fermions. 
The extra factor N^^^ is essential for the stability of 
matter; if electrons were bosons, matter would not be 
stable. 

Equation (15) suggests that Eq. (12), with a factor 
"̂̂ ^̂  ought to extend to the A^-particle case if p{x) is in­

terpreted properly. The idea is old, going back to Lenz 
(1932), who got it from Thomas-Fermi theory. The 
proof that something like (12) is not only an approxima­
tion but is also a lower bound is new. 

To say that the N particles Rve fermions with q spin 
states means that the iV-particle wave function 
^Ui? . . . ,%;cri, . . • ,a;^) defined for;f,.eR^and 
a^GJl, 2 , . . . <7} is antisymme tricinthe ipsiirs {Xi^ a J . The 
norm is given by 

<̂ , >̂ =22 / l^Ui, .. . ,%;a„ . . .,o^)\'dx,. .dXfs 

Q 

(16) 

to be the usual kinetic energy of ip and define 

p^{x)^N ^ J \ip{x,X2,.. . ,Xf^;a^,. . . ,a^)|^^X2. ..dx^^ 

"'""' (17) 
to be the single particle density, i.e., the probability of 
finding a particle at x. The analog of (12) is the follow­
ing (Lieb and Thirring, 1975): 

Theorem 1. If <;/;, e/)> = 1 then 

T^^{^T^q)-'''j<'^p,{xYfUx. (18) 

Apart from the annoying factor (47r)"^/^~ 0.185, (18) says 
that the intuition behind considering (15) as a lower 
bound is correct. We believe that (47r)"^/^ does not be­
long in (18) and hope to eliminate it someday. Recent 
work (Lieb, 1976) has improved the constant by a factor 
(1.83)^/^= 1.496, so we are now off from the conjectured 
constant q-^^^K^ only by the factor 0.277. 

The proof of Theorem 1 is not long but it is slightly 
tricky. It is necessary first to investigate the negative 
eigenvalues of a one-particle Schrodinger equation when 
the potential is nonpositive. 

Theorem 2. Let V{x) < 0 be a potential for the one-
particle, three dimensional Schrodinger operator H=- A 
+ V{x) on L^(R^). For £ < 0 let N^iV) be the number of 
eigenstates of H with energies < E. Then 

N^iV)^ {4ir)-'{2\E\)-'/^ J I V{x)-E/2\l dx, (19) 

(15) where \f{x)\_ = \f{x)\ if/(jt) ^ 0 and |/(^)|_ = 0 otherwise. 

Corollary. If ê  < 2̂ < • • • < 0 are the negative eigen­
values of H (if any) then 

J:\'j\^-^^\\n-)\'''dx. (20) 

Proof. J2\ej\=f^N_JV)da. Insert (19) and do the a 
integration first and then the x integration. The result 
is (20). I 

We believe the factor {4TT) does not belong in (20). 

Proof of Theorem 2. From the Schrodinger equation 
Hip = e4) it is easy to deduce that N^{V) is equal to the 
number of eigenvalues which are ^ 1 of the positive de­
finite Birman-Schwinger operator (Birman, 1961; 
Schwinger, 1961) 

B^iV)-- ''{-A-E)-'\V\ 1 / 2 (21) 

Define 

Essentially Eq. (21) comes from the fact that M Hip^eip 
t\ven{-A-e)}p = \V\ip. If one defines \V\\^^^^(p, then 
Sg0 =^. Thus Bg has an eigenvalue 1 when e is an eigen­
value. However, B^ is a compact positive semidefinite 
operator on L (̂R )̂ for £ < 0 and, as an operator, BE is 
monotone increasing in E. Thus, if B^ has k eigenval­
ues > 1, there exist k numbers e^^ e2^ ef^^E such that 
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Bg. has eigenvalue 1. 
6onsequently N^iV) < TrB^iVf. On the other hand, 

N^{V)^ N^/zi- I V-E/2\_) by the variational principle 
(draw a graph of V{x)-E/2). Thus, since BE{V) has a 
kernel, Bs{x,y) = \V{x)\'/^exp{-\E\'^^\x-y\}[4TT\x-y\]-' 
x\V{y)\^^^, one has that 

N^{V)^TrB^/,{-\V-E/2\y 

= {4n)-' J J dxdy I FU) -E/2\_\ V{y) - E/2\_ 

xexp{-(2 |£ | )^/^ |x-y |} |x-3; | -^ (22) 

Equation (19) results from applying Young's inequality^ 
to Eq. (22). Alternatively, one can do the convolution 
integral by Fourier transforms and note that the Fourier 
transform of the last factor has a maximum at/? =0, 
where it is 47r(2|£|)-^/^ • 

Using (20), which is a statement about the energy lev­
els of a single particle Hamiltonian, we can, surprising­
ly, prove Theorem 1, which refers to the kinetic ener­
gy of ATfermions. 

Proof of Theorem i . i^ and hence pj^x) are given. 
Consider the non-positive single particle potential V{x) 
= - ap^ixf^ where a is given by (2/37r)^Q! /̂̂  = 1. Next 
consider the following iV-particle Hamiltonian: 

N 

^N=J2^i> hi=-^i+V{Xi) 
i = i 

on L (̂R ;̂ C)^. If EQ is the fermion ground state energy 
of Hff, we have that Eo^qJ^ej, where the Cj are the neg­
ative eigenvalues of the single particle Hamiltonian h. 
(We merely fill the lowest negative energy levels q 
times until the AT particles are accounted for; if there 
are k such levels and M N<kq then E^yq^je^. U N>kq, 
the surplus particles can be placed in wave packets far 
away from the origin with arbitrarily small kinetic ener­
gy.) On the other hand, EQ < {^, Hf^ip) = T^-a fp^{xf^^dx 
by the variational principle. If these two inequalities 
are combined together with (20), which says that 2^ ê ^̂  
- {A/\%Tj)a^/^ fp^ixf^^dx, then (18) is the result. • 

It might not be too much out of place to explain at this 
point why IC is called the classical constant. The name 
does not stem from its antiquity, as in the ideal gas 
kinetic energy (15), but rather from classical mechan­
ics—more precisely the semiclassical approximation to 
quantum mechanics. This intuitive idea is valuable. 

As the proof of Theorem 1 shows, the constant in (18) 
for T̂  is simply related to the constant in (20) for the 

sum of the eigenvalues. The point is that the semiclas­
sical approximation to this sum is 

^Young's inequality states that 

\ j j f{x)g(x -y)h{y)dxdy\^^n \f{x)\Uxi '^ 

U\g{x)\'^\"' 

\{\h(x)Vdx^' 

Ei^Xi50-^Ji^wi'^'^^> 
and this, in turn, would yield (18) without the (47r)"^/^ 
factor. The semiclassical approximation is obtained by 
saying that a region of volume (27r)̂  in the six-dimen­
sional phase space (/>, x) can accommodate one eigen-
state. Hence, integrating over the set B{H), in which 
il{p,x)=p^+ V{x) is negative, 

J2^j^{2ir)-'jjdxc^{p'+V{x)} 

= (27r)-'J dxA-n ^ p^dp [p^ + V{x)] 

= -(157r^)-iJ \V{x)\^^^dx. 

If a coupling constant g is introduced, and if F is re ­
placed by gV, then it is a theorem that the semiclassical 
approximation is asymptotically exact as ^—°o for any 
V in L'/ '(R'). 

Theorem 1 gives a lower bound to the kinetic energy of 
fermions which is crucial for the H stability of matter 
as developed in Sec. IV. To appreciate the significance 
of Theorem 1 it should be compared with the one-par­
ticle Sobolev bound (12). Suppose that p{x) = 0 outside 
some fixed domain Q, of volume V. Then since 

|̂ pW = /3rf,.jj^pW^-{j^ll . 2 / 3 
= JV5/3y-2/3 

when /)" '+9"^+r"*=2 a n d ^ , ^ , r > l . For (22) take p=r = 2 and 
q=l. 

by Holder's inequality, one sees that T^ grows at least 
as fast as N^^^. Using Eq. (12) alone, one would only be 
able to conclude that T^ grows as N. This distinction 
stems from the Pauli principle, i.e., the antisymmetric 
nature of the iV-particle wave function. As we shall see, 
this N^^^ growth is essential for the stability of matter 
because without it the ground state energy of N particles 
with Coulomb forces would grow at least as fast as 
- i V ' / ' instead of -N. 

The Fermi pressure is needed to prevent a collapse, 
but to learn how to exploit it we must first turn to an­
other chapter in the theory of Coulomb systems, namely 
Thomas-Fermi theory. 

III. THOMAS-FERMI THEORY 

The statistical theory of atoms and molecules was in­
vented independently by Thomas and Fermi (Thomas, 
1927; Fermi, 1927). For many years the TF theory 
was regarded as an uncertain approximation to the N-
particle Schrodinger equation and much effort was de­
voted to trying to determine its validity (e.g., Gtombis, 
1949). It was eventually noticed numerically (Sheldon, 
1955) that molecules did not appear to bind in this theo­
ry, and then Teller (1962) proved this to be a general 
theorem. 

It is now understood that TF theory is really a large Z 
theory (Lieb and Simon, 1977); to be precise it is exact 
in the limit Z-*°°. For finite Z, TF theory is qualita-
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tively correct in that it adequately describes the bulk of 
an atom or molecule. It is not precise enough to give 
binding. Indeed, it should not do so because binding in 
TF theory would imply that the cores of atoms bind, and 
this does not happen. Atomic binding is a fine quantum 
effect. Nevertheless, TF theory deserves to be well 
understood because it is exact in a limit; the TF theory 
is to the many-electron system as the hydrogen atom is 
to the few-electron system. For this reason the main 
features of the theory are presented here, mostly with­
out proof. 

A second reason for our interest in TF theory is this: 
in the next section the problem of the H stability of mat­
ter will be reduced to a TF problem. The knowledge 
that TF theory is H stable (this is a corollary of the no 
binding theorem) will enable us to conclude that the true 
quantum system is H stable. 

The Hamiltonian for N electrons with k static nuclei of 
charges z^>0 and locations R^ is 

+ E Ui -^ i l ' '+^({^P^i}y = i ) ' (23) 

where 
k 

V{x)- ^ 2 > - i ? , | - S (24a) 
i = i 

and 

U{{z,.R,]).^,)- E ZiZ^Ri-R^". (24b) 
1 « < < y «fe 

The nuclear-nuclear repulsion U is, of course, a con­
stant term in H^^ but it is included for two reasons: 

(i) We wish to consider the dependence on the R^ of 

E'i{{zj,R^Y ) = the ground state energy of Hj^. (25) 

(ii) Without U the energy will not be bounded by N. 
The nuclear kinetic energy is not included in H^. For 

the H- stability problem we are only interested in finding 
a lower bound to £ J, and the nuclear kinetic energy 
adds a positive term. In other words, 

for non-negative functions p{x). Then for X>0 

mf£:«{{^„i?,},\,) 

is smaller than the ground state energy of the true Ham­
iltonian [defined in Eq. (58)] in which the nuclear kinetic 
energy is included. Later on when we do the proper 
thermodynamics of the whole system we shall have to 
include the nuclear kinetic energy. 

The problem of estimating J5 J is as old as the Schro-
dinger equation. The TF theory, as interpreted by Lenz 
(1932), reads as follows: For fermions having q spin 
states ((7 = 2 for electrons) define the TF energy func­
tional : 

S{p)- ""'^K' j p{x?"- j V{x)p{i [x) 

^1 J J p{x)p{y)\x-y\-'dxdy^U{{z„R,])J 

El^^ird\s{p): f p{x)dx = ] (27) 

is the TF energy for X electrons (\ need not be an integ­
er, of course). When \=N, the minimizing p is sup­
posed to approximate the p^ given by (17), wherein 0 is the 
true ground state wave function, and£^^ is supposed to 
approximate E'^. 

The intuitive idea behind TF theory is this: If ip is any 
fermion wave function and T^ and p^ are given by Eqs. 
(16) and (17), then the first term in (26) is supposed to 
approximate T^. This is based on the box kinetic energy 
(15). The last three terms in (26) represent, respec­
tively, the electron-nuclear, electron-electron, and 
nuclear-nuclear Coulomb energy. E^^ in (27) is then 
the "ground state energy" of (26). 

The second and fourth terms on the right side of (26) 
are exact but the first and third are not. The first is to 
some extent justified by the kinetic energy inequality, 
Theorem 1; the third term will be discussed later. In 
any event, Eqs. (26) and (27) define TF theory. 

It would be too much to try to reproduce here the de­
tails of our analysis of TF theory. A short summary of 
some of the main theorems will have to suffice. 

The first question is whether or n o t E j ^ (which, by 
simple estimates using Young's and Holder's inequali­
ties, can be shown to be finite for all X) is a minimum 
as distinct from merely an infimum. The distinction is 
crucial because the TF equation [the Euler-Lagrange 
equation for (26) and (27)] 

\K'q-^'^p'''^{x) = m2ix{<p{x)- \i,Q] 

(t>{x) = V{x)- j p{y)\x-y\-'dy 

(28) 

(29) 

(26) 

has a solution with / p = X if and only if there is a min­
imizing p for E1^. The basic theorem is as follows. 

Theorem 3. If X<Z=Z]^, i2j then 
(i) S{p) has a minimum on the set f p(x)dx = \. 
(ii) This minimizing p (call it pj^) is unique and sat­

isfies (28) and (29). ii is non-negative, and -ju is the 
chemical potential, i.e., 

-U.=dEl^/d\. (30) 

(iii) There is no other solution to (28) and (29) (for 
any \i) with / p = X other than p " . 

(iv)WhenX = Z, /i = 0. Otherwise /Lt>0, i.e., Ej^ 
is strictly decreasing in X. 

(v) As X varies from 0 to Z, JLI varies continuously 
from +« to 0. 

(vi) jLL is a convex, decreasing function of X. 
(vii) (t>'^{x)>0 for all x and X. Hence when X = Z 

\K<=q-'"p?{x?" = <t>7ix). 

IiX>Z then E'^{X) is not a minimum and (28) and (29-) 
have no solution with J p = X. Negative ions do not exist 
in TF theory. Nevertheless, Ej^ exists and Ej^ =EY 
for X>Z. 

The proof of Theorem 3 is an exercise in functional 
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analysis. Basically, one first shows that S{p) is bound­
ed below so that E^ exists. The Banach-Alaoglu theo­
rem is used to find an L^^^ weakly convergent sequence 
of p's such that Sip) converges to Ej^. Then one notes 
that S{p) is weakly lower semicontinuous so that a mini­
mizing p exists under the subsidiary condition that 
/ p « X, The uniqueness comes from an important prop­
erty of S{p), namely that it is convex. This also im­
plies that the minimizing p satisfies Jp=^-

A major point to notice is that a solution of the TF 
equation is obtained as a by-product of minimizing S{p); 
a direct proof that the TF equation has a solution would 
be very complicated. 

Only in the case A«Z is pYix) positive for all x, 
when X<Z, /i>0 and, since (pYM goes to zero as |^ | 
goes to infinity, Eq. (28) implies that pYi^) vanishes 
outside some bounded set. 

Apart from the details presented in Theorem 3, the 
main point is that TF theory is well defined. In particu­
lar the density p̂ ^̂  is unique—a state of affairs in 
marked contrast to that of Hartree-Fock theory (Har-
tree, 1927-28; Fock, 1930; Slater, 1930; Lieb and 
Simon, 1973). 

The TF density p^^ has the following properties: 

Theorem 4. If X<Z then 

(i) {^)K'^q-'^'pr{xf^'~z,\x-R,\-' 

near each i2j. 

-Z-B:., 

(31) 

(ii) In the neutral case, X = 

\x\'pV{x)-{3/irniK<^q''^'\' (32) 

as \x\ -°< ,̂ irrespective of the distribution of the nuclei. 
(iii) 0j^(%) and pj^ix) are real analytic in x away 

from all the R^, on all of 3-space in the neutral case and 
on {x: (pl^ix) > /i} in the positive ionic case. 

Equation (32) is especially remarkable: at large dis­
tances one loses all Knowledge of the nuclear charges 
and configuration. Property (i) recalls the singularity 
found in the minimization of h^{p) [see Eq, (13)J. 

Equation (31) can be seen from (28) and (29) by inspec­
tion. Equation (32) is more subtle but it is consistent 
with the observation that (28) and (29) can be rewritten 
(when 11 = 0) as 

-(47r)-^A0^^(x)=-{(|)^^/^0r(;c)/i^^p/^ 

away from the R^. If it is assumed that (p^^^ix) goes to 
zero as a power of \x\ then (32) follows. This observa­
tion was first made by Sommerfeld (1932). The proof 
that a power law falloff actually occurs is somewhat 
subtle and involves potential theoretic ideas such as that 
used in the proof of Lemma 8. 

As pointed out earlier, the connection between TF 
theory and the Schrodinger equation is best seen in the 
limit Z —«>. Let the number, k, of nuclei be held fixed, 
but let AT— oo and ẑ  - ^ in such a v^y that the degree of 
ionization N/Z is constant, where 

To this end we make the following definition: Fix 
{zjjRjYj ^i 3.nd X. It is not necessary to assume that X 

< Z . For each ^ = 1 , 2 , . . . define a^ by Xâ  = i^. In i^^ 
(23) replace Zj by ZjU^ and Rj by R^a^f^'^ This means 
that the nuclei come together as iV-*- °o. If they stay at 
fixed positions then that is equivalent, in the limit, to 
isolated atoms, i.e., it is equivalent to starting with all 
the nuclei infinitely far from each other. Finally, for 
the nuclear configuration [ds^^CLN'^'^RJ])^^ let 0^ be the 
ground state wave function, E^ the ground state energy, 
and p^{x) be the single particle density as defined by 
Eq. (17).^ 

It is important to note that there is a simple and ob­
vious scaling relation for TF theory, namely 

Ei:{{az,,a^''R^)._,)-a'''^EY{{z^,R^])^,) (33) 

and the densities for the two systems are related by 

for any a > 0 . Hence, for the above sequence of systems 
parametrized by a^, 

a;i''EY{{a,z,,a,^f^R;i)._,)=Er{{z,,R,]]__,), (35) 

a^pY{a,"'x) = pr{x) (36) 

for all N. 
If, on the other hand, the nuclei are held fixed then 

one can prove that 

lim a^'^EY{{a,z,,R^) = | ] EY^{Z,) , (37) 

where E1^{Z) is the energy of an isolated atom of nuc­
lear charge z. The X̂  are determined by the condition 
t ha tS*^ i \ ^ = \ if X<Z (otherwise, Z^,iX^ = Z) and that 
the chemical potentials of the k atoms are all the same. 
Another way to say this is that the X̂  minimize the right 
side of Eq. (37). With the viwclei fixed, the analog of 
(36) is 

Urn a^pY{a'"{x-R,)) = plJ{x). (33) 

The right side of Eq. (38) is the p for a single atom of 
nuclear charge z and electron charge X .̂ Equations (37) 
and (38) are a precise statement of the fact that isolated 
atoms result from fixing the R^ 

The TF energy for an isolated, neutral atom of nuc­
lear charge Z is found numerically to be 

£ ^ F = _(2.21)^2/3(^C)-1^7/3_ (39) 

For future use, note t h a t E | ^ is proportional to 1/K^. 
Thus, if one considers a TF theory with K^ replaced by 
some other constant a >0, as will be necessary in Sec. 
IV, then Eq. (39) is correct if K'^ is replaced by a. 

Theorem 5. With a^=N/x and {zj,Rj}^j^i fixed 
(i) a-jJ/^E'i{{af,Zj,a-j^'^%Yj^J has a limit as N-°o. 
(ii) This limit is EY{{ZJ,RJ}'J ..,). 
(iii) a]J^^E'^{{affZj,RjYj^^) has a limit a.sN-*°o, This 

limit is the right side of (37). 
(iv) a'j^p'^ia'jj-^^x;{affZj,a'J-^^Rj]'j^j)als6 has a limit as 

''if E^ is degenerate, Jpjf can be any ground state wave function 
as far as Theorem 5 Is concerned. If E^ is not an eigenvalue, 
but merely inf spec Hj^, then it is possible to define an approx­
imating sequence tpff, with p ^ still given by Eq.. (17), in such a 
way that Theorem 5 holds. We omit the details of this con­
struction here. 
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AT-oo. If X<Z=Zy5,i>2:y, this limit is pl^{x) and the con­
vergence is in weak L^(R^). If X>Z, the limit is pYi^) 
in weak L\^SR?). 

(v) For fixed nuclei, a^p^{aj^'^{x-R^)\{a^z^,R^)^^ 
has a limit [in the same sense as (iv)J which is the right 
side of (38). 

The proof of Theorem 5 does not use anything intro­
duced so far. It is complicated, but elementary. One 
partitions 3-space into boxes with sides of order Z'^''^. 
In each box the potential is replaced by its maximum 
(respectively, mimimum) and one obtains an upper (re­
spectively, lower) bound to E^ by imposing Dirichlet 
(0 = 0) (respectively, Neumann (V?/) = 0)) boundary condi­
tions on the boxes. The upper bound is essentially a 
Hartree-Fock calculation. The -r"^ singularity near 
the nuclei poses a problem for the lower bound, and it 
is tamed by exploiting the concept of angular momentum 
barrier. 

What Theorem 5 says, first of all, is that the true 
quantum energy has a limit on the order of Z^''^ when 
the ratio of electron to nuclear charge is held fixed. 
Second, this limit is given correctly by TF theory as is 
shown in Eq. (35). The requirement that the nuclei 
move together as Z'^''^ should be regarded as a refine­
ment rather than as a drawback, for if the nuclei are 
fixed a limit also exists but it is an uninteresting one of 
isolated atoms. 

Theorem 5 also says that the density p^ is proportion­
al to Z^ and has a scale length proportional to Z'^^^ 
If X>Z, Theorem 5 states that the surplus charge moves 
off to infinity and the result is a neutral molecule. 
This means that large atoms or molecules cannot have 
a negative ionization proportional to the total nuclear 
charge; at best they can have a negative ionization which 
is a vanishingly small fraction of the total charge. This 
result is physically obvious for electrostatic reasons, 
but it is nice to have a proof of it. 

Theorem 5 also resolves certain ''anomalies'' of TF 
theory: 

(a) In real atoms or molecules the electron density 
falls off exponentially, while in TF theory (Theorem 4) 
the density falls off as |x|"^. 

(b) The TF atom shrinks in size as Z'^''^ [cf. Eq. (36)] 
while real large atoms have roughly constant size. 

(c) In TF theory there is no molecular binding, as we 
shall show next, but there is binding for real molecules. 

(d) In real moleucles the electron density is finite at 
the nuclei, but in TF theory it goes to infinity as 
^J;^-i?J-3/2 (Theorem 4). 

As Theorem 5 shows, TF theory is really a theory of 
heavy atoms or molecules. A large atom looks like a 
stellar galaxy, poetically speaking. It has a core which 
shrinks as Z "̂ ^̂  and which contains most of the elec­
trons. The density (on a scale of Z^) is not finite at the 
nucleus because, as the simplest Bohr theory shows, 
the S-wave electrons have a density proportional to Z^ 
which is infinite on a scale of Z^. Outside the core is a 
mantle in which the density is proportional to (cf. Theo­
rem 4) {Z/iif{{\)K'T''I^YZ^/{Z^l^\x\)\ which is inde­
pendent of Z! This density is correct to infinite dis­
tances on a length scale Z"^^^. The core and the man­

tle contain 100% of the electrons as Z - °o. xhe third 
region is a transition region to the outer shell, and 
while it may contain many electrons, it contains only a 
vanishingly small fraction of them. The fourth region 
is the outer shell in which chemistry and binding takes 
place. TF theory has nothing to say about this region. 
The fifth region is the one in which the density drops off 
exponentially. 

Thus, TF theory deals only with the core and the man­
tle in which the bulk of the energy and the electrons re­
side. There ought not to be binding in TF theory, and 
indeed there is none, because TF energies are propor­
tional to Z'̂ ^^ and binding energies are of order one. 
The binding occurs in the fourth layer. 

An important question is what is the next term in the 
energy beyond the Z'^''^ term of TF theory. Several cor­
rections have been proposed: (e.g., Dirac, 1930; Von 
Weizsacker, 1935; Kirzhnits, 1957; Kompaneets and 
PavlovsKii, 1956; Scott, 1952). With the exception of 
the last, all these corrections are of order Z^''^. Scott 
(as late as 1952!) said there should be a Z^^^ correction 
because TF theory is not able to treat correctly the in­
nermost core electrons. Let us give a heuristic argu­
ment. Recall that in Bohr theory each inner electron 
alone has an energy proportional to Z^. As these inner 
electrons are unscreeened, their energies should be 
independent of the presence or absence of the electron-
electron repulsion. In other words, the Z^ correction 
for a molecule should be precisely a sum of corrections, 
one for each atom. The atomic correction should be the 
difference between the Bohr energy and the Z'^''^ TF en­
ergy for an atom in which the electron-electron repul­
sion is neglected. We already calculated the TF energy 
for such an ''atom'' in Eq. (14) (put Z = l there and then 
use scaling; also replace K"^ by q^'^'^K'^). Thus, for a 
neutral atom without electron-electron repulsion 

iTF=^(3 l /3 /4 )^2 /3^7/3^ (40) 

For the Bohr atom, each shell of energy -Z^/4n^ has 
n^ states, so 

with 0 < 0 < 1 being the fraction of the (L + l)th shell that 
is filled. One finds L «{ZZ/qY /̂  _ i _ ^ + ̂ (l) and 

Thus, to the next order, the energy should be 

j = 1 

+ lower order , (41) 

since (7 = 2 for electrons. Note that Eĵ ^̂ -̂ ^̂ ^̂ ^ while 
the Scott correction is proportional to q. 

It is remarkable that Eq. (41) gives ^precise conjec­
ture about the next correction. It is simple to under­
stand physically, yet we do not have the means to prove 
it. 

The third main fact about TF theory is that there is 
no binding. This was proved by Teller in 1962. Consid­
ering the effort that went into the study of TF theory 
since its inception in 1927, it is remarkable that the no 
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binding phenomenon w a s not s e r i o u s l y not iced unti l the 
compute r study of Sheldon in 1955. T e l l e r ' s o r ig ina l 
proof involved some ques t ionable manipula t ion with 6 
functions and for that r e a s o n h i s r e s u l t was ques t ioned. 
His ideas w e r e bas ica l ly r igh t , however , and we have 
made them r i g o r o u s . 

Theorem 6 (no binding). If t h e r e a r e a t l e a s t two nuc ­
l e i , w r i t e the nuc l ea r a t t r a c t i on V{x)='T^^ ^^z ^\x - R^\'^ 
a s the sum of two p i e c e s , 7 = V^ + V^ w h e r e V^{x) 
= E 7 = i > ^ y k - i ? J " ' and 1 ^m<k. L e t £ j ^ ' ' be the T F 
energy for the nucle i 1,. . . ,m (with 
U^B^^i^j ^^Z.ZJIR^-'RJI'^ of course ) and l e t E ^ ^ ' ^ 
be the s a m e for the nuc le i m + 1 , . . . ,fe. Given \ , le t 
X̂  > 0 and X2 = X - X \ ^ 0 b e chosen to m i n i m i z e the sum 
of the e n e r g i e s of the s e p a r a t e m o l e c u l e s , i . e . , Ej^'^ 
+ £ ^ J ' ^ j I f X = Z=B^j^_,Zj then by T h e o r e m 3 , 
X^= Z/^. , i2y . ) Then 

(42) 

Since the r igh t s ide of Eq. (42) is the energy of two 
widely s e p a r a t e d m o l e c u l e s , with the r e l a t i ve nuc l ea r 
pos i t ions unchanged within each m o l e c u l e . T h e o r e m 6 
s a y s that the T F energy is uns tab le under every decom­
posi t ion of the big molecu le into s m a l l e r m o l e c u l e s . In 
p a r t i c u l a r , a molecu le i s uns tab le under decomposi t ion 
into i so la ted a t o m s , and T h e o r e m 9 is a s imp le c o n s e ­
quence of this fact . One would suppose that if X and the 
z- a r e fixed, but the R^ a r e r ep laced by aR. then 

^x^({^j9 ^ ^ j l i =i) ^^ monotone d e c r e a s i n g in a . 

In o the r w o r d s , the ' ' p r e s s u r e ' ' i s a lways pos i t ive . Th i s 
i s an unproved conjecture ^ but it has been proved 
(Ba lazs , 1967) in the c a s e k = 2 and z^=Z2^ 

An in t e r e s t i ng s ide r e m a r k i s the following. 

Theorem 7. If the T F ene rgy (26), (27) i s redef ined by 
excluding the repu l s ion t e r m U in (26), then the inequal­
ity in (42) is r e v e r s e d . 

T h u s , the n u c l e a r repu ls ion i s e s s e n t i a l for the no 
binding t h e o r e m 6. 

Another useful fact for some fu r the r deve lopments of 
the theory , e spec ia l ly the T F theory of so l ids and the 
T F theory of s c r e e n i n g (Lieb and Simon, 1977) i s the 
following l e m m a (also a t t r ibu ted to T e l l e r ) , which is 
u sed to p rove the ma in no binding t h e o r e m 6. 

Lemma 8. F ix [R^])^^ and fix JLL^O in the T F equa­
tion (28) but not {z?i)^^. (This m e a n s that a s the z/s 
a r e v a r i e d X wil l v a r y , but a lways 0 < X < Z = Z / ^ y . If 
M = 0 then X = Z a lways . ) If {zj . j j^i and {^JlJ^i a r e two 
s e t s of ^ ' s such that 

z)-z] a l l j , and z\<z\ 

and if X^ and X^ a r e the co r r e spond ing X's for the two 
s e t s , then for a l l x 

and hence 

T h e r e is s t r i c t inequali ty when M = 0 . In s h o r t , i n c r e a s ­
ing s o m e Zj i n c r e a s e s the dens i ty e v e r y w h e r e , not jus t 
on the a v e r a g e . 

The proof of L e m m a 8 involves a beautifully s imp le 
potent ia l t heo re t i c a r g u m e n t which we cannot r e s i s t giv­
ing. 

Proof of Lemma 8. We want to p r o v e ( p " {x) ^ (pj^ (x) 
for a l l X and will content o u r s e l v e s h e r e with p rov ing 
only < when M =0 . L e t B ={x: (pY {x)>(l)Y M}- JB is an 
open s e t and J5 does not contain any i?,. for which zl 
<zl by the T F equat ion (29). Let ip{x)=^Y (^) - (pY ix). 
lix^B then i/^(x)>0 and, by (28), PY {x)^(>Y {x). For 
x^B, -{^T!)-^^i\){x) =PY (X) -PY {X)^0, SO ip i s subhar-
monic onB [ i .e . , i\){x) < the a v e r a g e of ^ on any s p h e r e 
contained inB and c e n t e r e d a t x ] . Hence i\) has i t s m a x ­
imum on the boundary of B o r at °o, at a l l of which 
po in ts i/)=0. The re fo re B is the empty se t . • 

In the jLt = 0 c a s e it is easy to show how T h e o r e m 6 fol­
lows f rom L e m m a 8. 

Proof of Theorem 6 when X =Z/j= ^Zj. The proof when 
X<TjZj u s e s the s a m e ideas but is m o r e compl ica ted . 
Since X = Z/2j then X^=Z/J'=i'2y, X2=Z/^=„+i2j and | J . = 0 
for a l l t h r e e s y s t e m s . F o r a > 0 l e t / ( a ) 
=E'^^ {az^,..., oiZm,Zm^^, • • • ,z„;R^, • - • ,Rk) 
-E^^ {az„..., az„;R„ . . . ,RJ -E'^^ {Z^^„ ...,Z,; 
Rm+i,... ,Rk), w h e r e the t h r e e £^^ a r e defined for neu­
t r a l s y s t e m s ( i .e . , jix=0 for a l l a). The goal is to show 
t h a t / ( I ) > 0. S ince / (O) =0 , it is enough to show that 
df{a)/da^O. F r o m (26) and (27) it is t rue , and a l m o s t 
obvious, that 

dE 

dz 
- = - f P'''{y)\y-Ri\-'dy^T,^j\Ri-Rj\-' 

= l im (p'^ ix)-Zi\x-Ri\-\ 

This is the T F v e r s i o n of the F e y n m a n - H e l l m a n n t h e o ­
r e m ; not ice how the n u c l e a r - n u c l e a r r epu l s ion c o m e s 
in h e r e . Thus , 

— — = 2 ^ 1 i m Zi-n^ix), 

w h e r e ria{x) = <pY (x) • 
{az^, . . . , az„,z„^^^, . 
po tent ia l for {az ĵ 

(pY (x) and (pY is the potent ia l for 
. ,z^;R^,. . . ,R^ and (pY i s the 
az^;R„...,R^]. <PY {x) ^ <pY ix) 

for a l l X by L e m m a 8, and hence r\a{x) > 0. 

T h e o r e m 6 has a na tu ra l appl icat ion to the s tabi l i ty of 
m a t t e r p r o b l e m . As will be shown in the next sec t ion , 
the T F ene rgy (27) i s , with sui tably modified cons t an t s , 
a lower bound to the t r u e quantum energy £^^ for all Z. 
By T h e o r e m 3 (iv) and T h e o r e m 6 we have the following 
t h e o r e m . 

Theorem 9. Fix [z^,R^]]^ ^ and le t Z =TJ)= ^ZJ. Then 
for a l l A > 0 

EY ^EY ^ -{2.21)q^/^K')-'Jl^y''' {43) 

The l a t t e r constant , 2 .21 , is obtained by numer i ca l l y 
solving the T F equat ion for a s ingle , neu t r a l a tom (J. F . 
B a r n e s , p r i v a t e communica t ion) . By sca l ing , Eq. (43) 
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holds for an choice of K" in the definition (26) of 8{p). 
Theorem 9 is what will be needed for the H stability 

of matter because it says that the TF system is H sta­
ble, i.e., the energy is bounded below by a constant 
times the nuclear particle number (assuming that the z^ 
are bounded, of course). 

Another application of Theorem 6 that will be needed 
is the following strange inversion of the role of elec­
trons and nuclei in TF theory. It will enable us to give 
a lower bound to the true quantum-mechanical electron-
electron repulsion. This theorem has nothing to do with 
quantum mechanics per se; it is really a theorem pure­
ly about electpostatics even though it is derived from 
the TF no binding theorem. 

Theorem 10. Suppose that x^, .. . ,xf^ are any N dis­
tinct points in 3-space and define 

E'i^{4>,H„ip) (46) 

Vxiy) = J2\y-xj\-\ (44) 

Let 7>0 and let p{x) be any non-negative function such 
that Jp(x)dx <« and J p{x)^^^dx <<». Then 

2 \xi-xj\-'^-- f fp{x)\x-y\"p{y)dxdy 

+ jp{y)Vx{y)dy-{2.21)N/y 

-y j P{y?"dy. (45) 

Proof. Consider 8{p) (26) with^ =1, k=N,K'' re ­
placed by y,Zj = l 2indRj=Xj,j =1, . . . ,N. Let \ 
= J p{x)dx. Then S{p)^EY (by definition) and E ^ 
^ -{2.21)N/r by Theorem 9. The difference of the two 
sides in Eq. (45) is just S{p)+{2.21)N/y. U 

IV. THE STABILITY OF BULK MATTER 

The various results of the last two sections can now 
be assembled to prove that the ground state energy (or 
infimum of the spectrum, if this not an eigenvalue) of 
Hff is bounded below by an extensive quantity, namely 
the total number of particles, independent of the nu­
clear locations {RJ}. This is called the H stability of 
matter to distinguish it from thermodynamic stability 
introduced in the next section. As explained before, the 
inclusion of the nuclear kinetic energy, as will be done 
in the next section, can only raise the energy. 

The first proof of the N boundedness of the energy 
was given by Dyson and Lenard (Dyson and Lenard, 
1967, Lenard and Dyson, 1968). Their proof is a re­
markable analytic tour de force, but a chain of suffi­
ciently many inequalities was used that they ended up 
with an estimate of something like - 1 0 " Ry/particle. 
Using the results of the previous sections we will end 
up with -23 Ry/particle [see Eq. (55)]. 

We have in mind, of course, that the nuclear charges 
Zj, if they are not all the same, are bounded above by 
some fixed charge z. 

Take any fermion ip{x^, . . . ,X/f;Gj^,. .. ,aff) which is 
normalized and antisymmetric in the (A:,,or|). Define the 
kinetic energy T̂  and the single particle density p^ as 
in (16) and (17). We wish to compute a lower bound to 

with Hjf being the AT-particle Hamiltonian given in (23) 
a n d {il>,il>) =1. 

For the third term on the right side of (23) Theorem 
10 can be used with p taken to be p^. Then, for any 
y>0 

h, ^Yj^JXi-Xj\-'ip)^ ^f fp^{x)\x-y\-%{y)dxdy 

-{2.2l)Ny-'-yj p^{y)'/'dy. 

(47) 

Notice how the first and second terms on the right side 
of (45) combine to give +\ since 

l^, \fp^iy)Vx{y)dyU)=ffp^ix)\x-y\-%{y)dxdy. 

(48) 

To control the kinetic energy in (23) Theorem 1 is 
used; the total result is then 

E'i^aj'p^ {xy/'dx - J V{x)p^ ix) dx 

+ 2J Jpri,{x)\x-y\-%{y)dxdy 

+ U{{z,,Ri]%,)-{2.2l)Ny-' (49) 

with 

a = {^Tsq)-'"^K' -y. (50) 

Restrict y, which was arbitrary, so that a >0. Then, 
apart from the constant term -{2.21)Ny'^, Eq. (49) is 
just SaiPtp), the Thomas-Fermi energy functional S 
applied to p^ , but with q'^^^K" replaced by a. Since 
<Sa(P^)>£j%=inf{<§«(p): JP=N} (by definition), and 
since the neutral case always has the lowest TF ener­
gy, as shown in Theorem 9, we have that 

SaiP^)^-{2.21)a-'Y^^zy\ 

Thus we have proved the following: 

(51) 

Theorem 11. litl) is a normalized, antisymmetric 
function of space and spin of N variables, and if there 
are q spin states associated with each particle then, 
for any y>0 such that a defined by Eq. (50) is positive, 

{il>,H^i(>) > -{2.21)\Ny" + a-' E z'A- (52) 

The optimum choice for y is 
^7/3X1/2 

in which case ich case 

This is the desired result, but some additional remarks 
are in order. 

(1) S ince [ l+a ' /Y<2+2a , 
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E%^ -{AA2){ATiqr/'{KX'\N +12 z'A- (54) 

Thus, provided the nuclear charges Zj are bounded 
above by some fixed z, -E^ is indeed bounded below by a 
constant times the total particle number N + k. 

(2) Theorem 11 does not presuppose neutrality, 
(3) For electrons, q ^2 and the prefactor in Eq. (53) 

is -(2.08)7\^. As remarked after Theorem 1, the un­
wanted constant (ATT)^^^ has been improved to [47r/ 
(1.83)]^/^ Using this, the prefactor becomes -(1.39)iV. 
lizj=l (hydrogen atoms) andAT^fe (neutrality) then 

E%^-{5.56)N=-(22.24)NRy. (55) 

(4) The power law z'^^^ cannot be improved upon for 
large z because Theorem 5 asserts that the energy of 
an atom is indeed proportional to z"^^^ for large z. 

(5) It is also possible to show that matter is indeed 
bulky. This will be proved for any ip and any nuclear 
configuration (not just the minimum energy configura­
tion) for which E'^ < 0. The minimizing nuclear con­
figuration is, of course, included in this hypothesis. 
Then 

£^(bosons) > -(2.21)(47r)"^ 
-N'/'h + 

O^E''^=iT^+{ip,H'^if), 

where H'j^ is Eq. (23) but with a factor j multiplying 
Z/f=iA{. By Theorem 11, {ipyH'^if) ̂  2Ej^, where £ ^ is 
the right side of Eq. (53) (replace K" by K''/2 there). 
Therefore, the first important fact is that 

and this is bounded above by the total particle number. 
Next, for any p > 0, it is easy to check that there is a 

Cp>0 such that for any non-negative p{x), 

( Pixr^'dxy/^ j\x\^pix)dx 

It is easy to find a minimizing p for this and to calcu­
late C^: Pix^^^^l-W ior\x\^l; P{x)^0, otherwise. 

Since T̂  satisfies Eq. (18) we have that 

(^, E k r ^) = / \x\'p,{x)dx^C;N{N'/V\E^\r/\ 

with c ; =Cp{K'/Ay/'{ATiq)-''/\ 
If it is assumed thSLtYjzy^ /N is bounded, and hence 

that {N^^V\Eff\y'^^>AN''^^ for some A, we reach the con­
clusion that the radius of the system is at least of the 
order N^^^, as it should be. 

The above analysis did not use any specific property 
of the Coulomb potential, such as the virial theorem. 
It is also applicable to the more general Hamiltonian 
H„^k in Eq. (58). 

(6) The q dependence was purposely retained in Eq. 
(53) in order to say something about bosons. Uq =N, 
then it is easy to see that the requirement of antisym­
metry in ip is no restriction at all. In this case then, 
one has simply 

E% = inf spec Hjf 

over all of L^CRY- Therefore 

(56) 

It was shown by Dyson and Lenard (Dyson and Lenard, 
1967) that 

£^(bosons)^ -(const)iV'/^ 

and by Dyson (Dyson, 1967) that 

£:^(bosons) ^ -(const)iV'/ \ (57) 

Proving Eq. (57) was not easy. Dyson had to construct 
a rather complicated variational function related to the 
type used in the BCS theory of superconductivity. 
Therefore bosons are not stable under the action of 
Coulomb forces, but the exact power law is not yet 
known. Dyson has conjectured that it is \. 

In any event, the essential point has been made that 
Fermi statistics is essential for the stability of matter. 
The uncertainty principle for one particle, even in the 
strong form (5), together with intuitive notions that the 
electrostatic energy ought not to be very great, are in­
sufficient for stability. The additional physical fact that 
is needed is that the kinetic energy increases as the f 
power of the fermion density. 

V. THE THERMODYNAMIC LIMIT 

Having established that E% is bounded below by the 
total particle number, the next question to consider is 
whether, under appropriate conditions, E%/N has a 
limit as iV — °o, as expected. More generally, the same 
question can be asked about the free energy per particle 
when the temperature is not zero and the particles are 
confined to a box. 

It should be appreciated that the difficulty in obtaining 
the lower bound to E% came almost entirely from the 
r"^ short range singularity of the Coulomb potential. 
Other potentials, such as the Yukawa potential, with the 
same singularity would present the same difficulty 
which would be resolved in the same way. The singu­
larity was tamed by the p̂ ^̂  behavior of the fermion ki­
netic energy. 

The difficulty for the thermodynamic limit is differ­
ent. It is caused by the long range r"^ behavior of the 
Coulomb potential. In other words, we are faced with 
the problem of explosion rather than implosion. Nor­
mally, a potential that falls off with distance more 
slowly than r"̂ ""̂  for some e>0 does not have a ther­
modynamic limit. Because the charges have different 
signs, however, there is hope that a cancellation at 
large distances may occur. 

An additional physical hypothesis will be needed, 
namely neutrality. To appreciate the importance of 
neutrality consider the case that the electrons have 
positive, instead of negative charge. Then E%>Q be­
cause every term in Eq. (23) would be positive. While 
the i/-stability question is trivial in this case, the ther­
modynamic limit is not. If the particles are constrained 
to be in a domain fl whose volume |fi | is proportional to 
N, the particles will repel each other so strongly that 
they will all go to the boundary of ^ in order to mini-
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mize the electrostatic energy. The minimum electro­
static energy will be of the order +N^\Q\~^'^'-+N^'^. 
Hence no thermodynamic limit will exist. 

When the system is neutral, however, the energy can 
be expected to be extensive, i.e., 0(N). For this to be 
so, different parts of the system far from each other 
must be approximately independent, despite the long 
range nature of the Coulomb force. The fundamental 
physical, or rather electrostatic, fact that underlies 
this is screening; the distribution of the particles must 
be sufficiently neutral and isotropic locally so that ac­
cording to Newton's theorem (13 below) the electric po­
tential far away will be zero. The problem is to ex­
press this idea in precise mathematical form. 

We begin by defining the Hamiltoni^ for the entire 
system consisting of k nuclei, each of charge z and 
massM, and w electrons (^ V2 = 1, m = l , |e | = l): 

j = 1 ^^^ j Trx^ 1 i = 1 i = n + 1 

(58) 

The first and second terms in Eq. (58) are, respec­
tively, the kinetic energies of the electrons and the 
nuclei. The last three terms are, respectively, the 
electron-nuclear, electron-electron, and nuclear-
nuclear Coulomb interactions. The electron coordinates 
are x^ and the nuclear coordinates are y^. The elec­
trons are fermions with spin \\ the nuclei may be either 
bosons or fermions. 

The basic neutrality hypotheses is that n and k are 
related by 

n = kz . (59) 

It is assumed that z is rational. 
The thermodynamic limit to be discussed here can be 

proved under more general assumptions, i.e., we can 
have several kinds of negative particles (but they must 
all be fermions in order that the basic stability estimate 
of Sec. IV holds) and several kinds of nuclei with differ­
ent statistics, charges, and masses. Neutrality must 
always hold, however. Short range forces and hard 
cores, in addition to the Coulomb forces, can also be 
included with a considerable sacrifice in simplicity of 
the proof. See (Lieb and Lebowitz, 1972). 

H„f^ acts on square integrable functions oin + k vari­
ables (and spin as well). To complete the definition of 
H„^f^ we must specify boundary conditions: choose a 
domain ^ (an open set, which need not be connected) and 
require that i/)"=0 if x, or y^ are on the boundary of fi. 

For each non-negative integer j , choose ann^. and a 
corresponding k^ determined by Eq. (59), and choose a 
domain n^. The symbol/^^ will henceforth stand for the 
pair {nj, kj) and 

\Nj\^nj + kj. 

We require that the densities 

be such that 

(60) 

p is then the density in the thermodynamic limit. Here 
we shall choose the fi^ to be a sequence of balls of radii 
Rj and shall denote them by By 

It can be shown tha the same thermodynamic limit for 
the energy and free enrgy holds for any sequence Nj,^ij 
and depends only on the limiting p and /S , and not on the 
"shape" of the Uj, provided the ^j go to infinity in some 
reasonable way. 

The basic quantity of interest is the canonical parti­
tion function 

Z(N,fi,i3) = Trexp(-/3//„^,), (62) 

where the trace is on L^(fi)'^' and /3= 1 / T , T being the 
temperature in units in which Boltzmann's constant is 
unity. 

The free energy per unit volume is 

F(N,ft,/3) = -i3-MnZ(Ar,n,/3)/|u| (63) 

and the problem is to show that with 

F^ = F{N.,a„l3), (64) 

then 

liin Fj = F{p,(i) (65) 

exists. A similar problem is to show that 

£(iV, i2) = IJ2 |-Mnf {ij), H„^^4>)/{ip, if), (66) 

the ground state energy per unit .volume, has a limit 

e{p) = hraEj, (67) 

where 

The proof we will give for the limit F{p, j3) will hold 
equally well for e{p) because Ej can be substituted for 
Fj in all statements. 

The basic strategy consists of two parts. The easiest 
part is to show that Fj is bounded below. We already 
know this for Ej by the results of Sec. IV. The second 
step is to show that in some sense the sequence Fj is 
decreasing. This will then imply the existence of a 
limit. 

Theorem 12. GiveniST, Q,, and ^ there exists a con­
stant C depending only on p= |JV|/|fi| and /3 such that 

F(Ar,n,i3)>C. 

Proof. Write H„ 

(68) 

= HJ^ + HQ, where 

''-=-lj£^'^i^X 
is half the kinetic energy. Then H^^b\N\, with b de­
pending only on 2, by the results of Sec. IV (increasing 
the mass by a factor of 2 in H^ only changes the constant b). 
Hence Z(iV, fi, ^) < exp(-/36 \N \) Tr exp(-/3^^). However, 
Tr exp(-/3j^^) is the partition fimction of an ideal gas 
and it is known by explicit computation that it is 
bounded above by e' 
|ft| and /3. Thus 

M\N\ with d depending only on p= |JV|/ 

}iH Pj = (61) 

FQ4,^,^)^{b-d)p. U 

For the second step, two elementary but basic in-
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equalities used in the general theory of the thermody­
namic limit are needed and they will be described next. 

A. Domain partition inequality: Given a domain Q 
and the particle numbers N = {n, k), let TT be a partition 
of Q into I disjoint domains fi\ . ., ,fi ' . Likewise N is 
partitioned into I integral parts (some of which may be 
zero): 

N^N'i + N' 

(69) 

Then for any such partition, TT, of ^ and N 

Z(N, fi, /3) = Tr exp(-/3i/„^^) > Tr'̂  exp(-/3i/];,). 

Here Tr'^ means trace over 

3C" = L^(n^) '^ ' l^---^L^(f i ' ) '^ ' ' , 

and Hi is defined as in (58) but with Dirichlet {^=0) 
boundary conditions for the N^ particles on the boundary 
of J2'(for i = l,.. .,1). 

Simply stated, the first N^ particles are confined to 
Q,\ the second iV̂  to fi^, etc. The interaction among the 
particles in different domains is still present in H'If. 
Equation (69) can be proved by the Peierls-Bogoliubov 
variational principle for Tre^. Alternatively, (69) can 
be viewed simply as the statement that the insertion of 
a hard wall, infinite potential on the boundaries of the 
fi' only decreases Z; the further restriction of a defin­
ite particle number to each Q,* further reduces Z be­
cause it means that the trace is then over only the H^-
invariant subspace, X", of the full Hilbert space. 

B. Inequality for the interdomain interaction: The 
second inequality is another consequence of the con­
vexity of A - T r e ^ (Peierls-Bogoliubov inequality): 

Tre^^^^Tre^exp{B) , 

{B) = TrBe^/Tre^ 

(70) 

(71) 

H, = H' 

Some technical conditions are needed here, but Eqs. 
(70) and (71) will hold in our application. 

To exploit (70), first make the same partition TT as in 
inequality A and then write 

(72) 

(73) 

with W being that part of the total Hamiltonian (58) in­
volving only the iV' particles in U*, and W is defined 
with the stated Dirichlet boundary conditions on the 
boundary of ^K W{X), withX standing for all the co­
ordinates, is the interdomain Coulomb interaction. In 
other words, W{X) is that part of the last three terms 
on the right side of (58) which involves coordinates in 
different blocks of the partition TT. Technically, W is a, 
small perturbation of HQ. 

With 

-m (74) A = -mo and 5 = -

in (70), we must calculate {W). Since e^= e"^^o is a 
simple tensor product of operators on each L^(fi*)'^*', 
W is merely the average interdomain Coulomb energy 
in a canonical ensemble in which the Coulomb inter­
action is present in each subdomain but the / domains 
are independent of each other. In other words, let q^{x), 

x^Q.^ denote the average charge density in J2' for this 
ensemble of independent domains, namely 

q'ix) 
^S^Maill^^l-

ex^{-m'){X\X')dx^/Zi]^^ ,^\i^) 

(75) 

with the following notation: X* stands for the coordin­
ates of the |iV'| particles in ^l\ dXj means integration 
over all these coordinates (in i2*) with the exception of 
Xj, and Xj is set equal to x; QJ is the charge (-1 or ^-z) 
of the jth particle; exp(-i3//*)(X*, Y*) is a kernel {x-
space representation) for exp(-/3/f*). q^{x) vanishes if 

With the definitions (75) one has that 

(W)- YL f f (i*ix)q'{y)\x-y\-'dxdy. (76) 

Equation (70), together with (76) and (74), is the de­
sired inequality for the interdomain interaction. It is 
quite general in that an analogous inequality holds for 
arbitrary two-body potentials. Neither specific proper­
ties of the Coulomb potential nor neutrality was used. 

Now we come to the crucial point at which screening 
is brought in. The following venerable result from the 
Principia Mathematica is essential. 

Theorem 13 (Newton). Let p{x) be an integrable func­
tion on 3-space such that pix) = p{y) if U|= lyl (isotropy) 
and P(A;) = 0 if |;c|>i? for somei2>0. Let 

){x) = j p{y)\x-y\~^dy 

e Coulomb potential % 

(p{x)=\x\-'f p{y)dy. 

(77) 

be the Coulomb potential generated by p. Then if |x | 

(78) 

The important point is that an isotropic, neutral 
charge distribution generates zero potential outside its 
support, irrespective of how the charge is distributed 
radially. 

Suppose thatiV* is neutral, i.e., the electron number 
= z times the nucleon number for each subdomain in fi. 
Suppose also that the subdomain Q,* is a ball of radius 
R^ centered at a\ Then since W is rotation invariant, 
q^{x) = q*{y) ii \x -a^\ = \y-a'\, Jq'{x)dx=0 (by neutral­
ity) and q*{x) = 0 if \x-a*\>R\ Then, by Theorem 13, 
every term in Eq. (76) involving q^ vanishes, because 
whenj=!^i, <3̂ (>') = 0if \y-a^\<R* since J2Ms disjoint 
from fi^ Consequently the average interdomain inter­
action, {W), vanishes. 

In the decomposition, TT, of Q, into i2\ . , . , fi' and N 
intoiV\ . . . ,iV' we will arrange matters such that 

(i) a\...,^'-' are balls, 
(ii) N^,.. . ,N^ ~^ are neutral, 
(iii) iV' = 0 . 

Then {W) = 0 and, using Eqs. (69) and (70) 

Z(N,fi,/3)>Tr^exp(-/3//];,)> J J Z(^\^\^)e-

•u ZiJSl\^\(i). (79) 
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In addition to (i), (ii), (iii) it will also be necessary to 
arrange matters such that when fi is a ball B^ in the 
chosen sequence of domains, then the subdomains fi\ 
. . . ,fi' ' ^ in the partition of B^ are also smaller balls in 
the same sequence. With these requirements in mind 
the standard sequence, which depends on the limiting 
density p, is defined as follows: 

(1) Choose p>0. 
(2) Choose any NQ satisfying the neutrality condition 

(59). 
(3) Choose RQ such that 

28(47i/3)pi?^=|iVj 

(4) For j ^ 1 let 

iê . = (28)^i?o, 

N^ = (28)3̂ ' - Wo 

(80) 

(81) 

be the radius of the ball B^ and the particle number in 
that ball. 

It will be noted that the density in all the balls except 
the first is 

P, = P, i ^ l , (82) 

while the density in the smallest ball is much bigger: 

Po = 28p. (83) 

This has been done so that when a ball 5^ , K^l is packed 
with smaller balls in the manner to be described below, 
the density in each ball will come out right; the higher 
density in B^ compensates for the portion of -B^ not cov­
ered by smaller balls. The radii increase geometrically, 
namely by a factor of 28. 

The number 28 may be surprising until it is realized 
that the objective is to be able to pack B^ with balls of 
type 5/f_i,-B^.2, etc., in such a way that as much as pos­
sible of Bj^ is covered and also that very little of B^ is 
covered by very small balls. If the ratio of radii were 
too close to unity, then the packing of S^ would be in­
efficient from this point of view. In short, if the num­
ber 28 is replaced by a much smaller number the analog 
of the following basic geometric theorem will not be true. 

Theorem 14 (Cheese theorem). For j a positive in­
teger define the integer m .̂ = (27)^"^(28)^ .̂ Then for each 
positive integer /C > 1 it is possible to pack the ball Bj^ 
of radius Rj^ (given by 81) with 

U (w^.y balls of radius R^). 
3=0 

"Pack" means that all the balls in the union are disjoint. 

We will not give a proof of Theorem 14 here, but note 
that it entails showing that m^ balls of radius 7?̂ .̂ ^ can 
be packed in B^ in a cubic array, then that m^ balls of 
radius Rj^^^ can be packed in a cubic array in the inter­
stitial region, etc. 

Theorem 14 states that B^ can be packed with (28)^ 
balls of type B^.^, (27)(28)* balls of type Bj^.^, etc. If 
/ ^ . j . is the fraction of the volume of B^ occupied by all 
the balls of radius R^ in the packing, then 

(84) fr-^^^K-^/^Kf-hy' 

with 

r = i < i . (85) 

The packing is asymptotically complete in the sense that 

It is also "geometrically rapid'' because the fraction of 
\BJ^\ that is uncovered is 

X fr (87) 

The necessary ingredients having been assembled, we 
can now prove the following theorem. 

Theorem 15. Given p and i3>0, the thermodynamic 
limits F{p, j8) and e(p) (65, 67) exist for the sequence of 
balls and particle numbers specified by (80) and (81). 

Proof. Let Fj^ given by Eq. (64) be the free energy per 
unit volume for the ball B^ with N^^ particles in it. For 
K^l, partition B^ into disjoint domains fi\ . . . , fi', 
where the J2' for z = 1 , . . . , ? - 1 designate the smaller 
balls referred to in Theorem 14, and O' (which is the 
"cheese" after the holes have been removed) is the re­
mainder of Bj^. The smaller balls are copies of Bj, 
0 ^ j ^ K - 1; in each of these place Nj particles accord­
ing to (81). N^ = 0. The total particle number in JB^ is 
then 

f ! Njm^.j^ No {(27)^-^28)2^+ g {28YJ-i{21)^-^-'{28Y''-''} 

-N,{28r = N^ 

as it should be. 
Use the basic inequality (79); (Ŵ> = 0 since all the 

smaller balls are neutral and Q" contains no particles. 
Thus, taking logarithms and dividing by |J5^j, we have 
for iC^l that 

^K^J^^jfK-J (88) 

with f. = y^/21 and Y=U- This inequality can be rewrit­
ten as 

^ jr yK-j 
(89) 

with dj^ ^ 0. Equation (89) is a renewal equation which 
can be solved explicitly by inspection: 

FK = -yd, ^ 2 8 28 
(90) 

We now use the first step. Theorem 13, on the boun-
dedness of Fj^. Since Fj^^ C, T/J^^dj must be finite, for 
otherwise (90) would say that F^^-°°, The convergence 
of the sum implies that df^-^0 as K^°°. Hence the limit 
exists; specifically 

^-l^J.-tli-§l- (91) 

Theorem 15 is the desired goal, namely the existence 
of the thermodynamic limit for the free energy (or 
ground state energy) per unit volume. There are, how-

574 



The Stability of Matter 

Elliott H. Lieb: The stability of matter 567 

ever, some additional points that deserve comment. 

(A) For each given limiting density p, a particular 
sequence of domains, namely balls, and particle num­
bers was used. It can be shown that the same limit is 
reached for general domains, with some mild conditions 
on their shape including, of course, balls of different 
radii than that used here. The argument involves pack­
ing the given domains with balls of the standard se­
quence and vice versa. The proof is tedious, but stand­
ard, and can be found in (Lieb and Lebowitz, 1972). 

(B) Here we have considered the thermodynamic limit 
for real matter, in which all the particles are mobile. 
There are, however, other models of some physical in­
terest. One is jellium in which the positive nuclei are 
replaced by a fixedy ufiiform background of positive 
charge. With the aid of an additional trick the thermo­
dynamic limit can also be proved for this model (Lieb 
and Narnhofer, 1975). Another, more important model 
is one in which the nuclei are fixed point charges ar­
ranged periodically in a lattice. This is the model of 
solid state physics. Unfortunately, local rotation in-
variance is lost and Newton's Theorem 13 cannot be 
used. This problem is still open and its solution will 
require a deeper insight into screening. 

(C) An absolute physical requirement for pF{py ^), as 
a function of /3= I / T , is that it be concave. This is 
equivalent to the fact that the specific heat is non-nega­
tive since (specific heat) = - /3^9^/3F(p, /3)/9/3^ Fortu­
nately it is true. From the definitions (57), (58) we see 
that lnZ(iV, S7, /3) is convex in ^ for every finite system 
and hence pF{Ny fi, /3) is concave. Since the limit of a 
sequence of concave functions is always concave, the 
limit /3i^(p, /3) is concave in /3. 

(D) Another absolute requirement is that F(p, (3) be 
convex as a function of p. This is called thermodynamic 
stability as distinct from the lower bound H stability of 
the previous ejections. It is equivalent to the fact that 
the compressibility is non-negative, since (compressi­
bility)"^ = dP/bp = pd^F{py /3)/^p^ Frequently, in approxi­
mate theories (e.g., van der Waals' theory of the vapor-
liquid transition, some field theories, or some theories 
of magnetic systems in which the magnetization per unit 
volume plays the role of p), one introduces an F with a 
double bump. Such an F is nonphysical and never should 
arise in an exact theory. 

For a finite system, F is defined only for integral N, 
and hence not for all real p. It can be defined for all p 
by linear interpolation, for example, but even so it can 
neither be expected to be, nor is it generally, convex, 
except in the limit. The idea behind the following proof 
is standard. 

Theorem 16. The limit function F{py 0} is a convex 
function of p for each fixed /3. E{p) is also a convex 
function of p. 

Proof: This means that for p= Xp̂  + (1 - X) p% 0 ̂  X^ 1, 

F{p, /3)^ X F ( P S /3)4-(1 - X)F(p% /3) (92) 

and similarly for E{p). As F is bounded above on 
bounded p intervals (this can be proved by a simple 
variational calculation), it is sufficient to prove (92) 
when X = ^. To avoid technicalities (which can be sup­

plied) and concentrate on the main idea, we shall here 
prove (92) when p^ and p̂  are rationally related: ap^ 
= bp^y a and b positive integers. Choose any neutral 
particle number M and define a sequence of balls Bj 
with radii as given in (81) and with 28(47r/3)pi2^ = (a+ 6) |M |. 
For the p system take N^ = {a+b)M,Nj={28Y''^N^, j^l. 
For the p̂  (respectively, p )̂ system take N^^ = 2bMyN) 
= {28y'''N'^ [respectively, Nl = 2aM,N) = {28y'''Nl]. 
Consider the p system. In the canonical partition jr of 
B^ into smaller balls (Theorem 14) note that the number 
of balls Bj is m .̂̂ . and this number is even. In half of 
these balls place N) particles and in the other half place 
N] particles, O ^ j ^ i ^ - 1. Then in place of (88) we get 

FM- (93) 

in an obvious notation. Inserting (89) on the right side 
of (93), 

FAP) ^ -2 [FAP') + FAP')] -̂  i ( 4 + 4 ) . (94) 

Since lim^_^^6?^^ = 0, we can take the limit K-^^ in Eq. 
(94) and obtain (92). • 

(E) The convexity in p̂  and concavity in /3 of F(p, /3) 
has another important consequence. Since F is bounded 
below (Theorem 13) and bounded above (by a simple 
variational argument) on bounded sets in the (p, 0) plane, 
the convexity/concavity implies that it is jointly contin­
uous in (p, /3). This, together with the monotonicity in K 
of Fj^+ ydj^ (see (90)), implies by a standard argument 
using Dini's theorem that the thermodynamic limit is 
uniform on bounded (p, /3) sets. This uniformity is some­
times overlooked as a basic desideratum of the tHermo-
dynamic limit. Without it one would have to fix p and ^ 
precisely in taking the limit—an impossible task exper­
imentally. With it, it is sufficient to have merely an in­
creasing sequence of systems such that p^-^p and /3̂ . — /3. 
The same result holds for e{p). 

(F) An application of the imiformity of the limit for 
e{p) is the following. Instead of confining the particles 
to a box (Dirichlet boundary condition for H^^^ one could 
consider H^^^ defined on all of L^(R^)|iV|, i.e., no con­
finement at all. In this case 

E^^inf <^,i/„,,?/)>/<0,0> 

is just the ground state energy of a neutral molecule and 
it is expected that £^/|Ar| has a limit. Indeed, this lim­
it exists and it is simply 

limJ5;^/|iV| = lim p-'^(p). 

There is no analog of this for F{py /3) because removing 
the box would cause the partition function to be infinite 
even for a finite system. 

(G) The ensemble used here is the canonical ensem­
ble. It is possible to define and prove the existence of 
the thermodynamic limit for the micro canonical and 
grand canonical ensembles and to show that all three 
ensembles are equivalent (i.e., that they yield the same 
values for all thermodynamic quantities, such as the 
pressure). (See Lieb and Lebowitz, 1972.) 

(H) Charge neutrality was essentially for taming the 
long range Coulomb force. What happens if the system 
is not neutral? To answer this let iV̂ ., J2y be a sequence 
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of pairs of particle numbers and domains, but without 
(59) being satisfied. Let Qj = zkj - rij be the net charge, 
p. = \NJ\/\^J\ as before, and p_,. - p. One expects that if 

(i) Q J I ^ I ' ^ ^ ^ ^ O then the same limit F{p, 0) is achieved 
as if Qj = 0. 

On the other hand, if 
(ii) Qj|fij|"^^^-*°° then there is no limit for 

F{Nj, Qj, /3). More precisely F{Nj, fi_,., 0)^°° because the 
minimum electrostatic energy is too great. Both of these 
expectations can be proved to be correct. 

The interesting case is if 
(iii) limj_,„Qj\Q,j\'^^^ = (y exists. Then one expects a 

shape dependent liynit to exist as follows. Assume that 
the fij. are geometrically similar, i.e., J2j. = Â .J2o with | ^ | 
= 1 and |i^j|\"^= Pj with Pj-^p. Let C be the electrosta­
tic capacity of ^QJ it depends upon the shape of RQ. The 
capacity of Q,^ is then Cj = CXj. From elementary elec­
trostatics theory the expectation is that 

lim F{Nj, n,., 0) = F{p, 0) + a V2C . (95) 

Note that {Q^j/2Cj) \ Qj \-' - a V2C . 
Equation (95) can be proved for ellipsoids and balls. 

The proof is as complicated as the result is simple. 
With work, the proof could probably be pushed through 
for other domains QQ with smooth boundaries. 

The result (95) is amazing and shows how special the 
Coulomb force is. It says that the surplus charge Qj 
goes to a thin layer near the surface. There, only its 
electrostatic energy, which overwhelms its kinetic en­
ergy, is significant. The bulk of Q,j is neutral and un­
influenced by the surface layer because the latter gen­
erates a constant potential inside the bulk. It is seldom 
that one has two strongly interacting subsystems and 
that the final result has no cross terms, as in Eq. (95). 

(I) There might be a temptation, which should be 
avoided, to suppose that the thermodynamic limit de­
scribes a single phase system of imiform density. The 
temptation arises from the construction in the proof of 
Theorem 15 in which a large domain J5^ is partitioned 
into smaller domains having essentially constant den­
sity. Several phases can be present inside a large do­
main. Indeed, if /3 is very large a solid is expected to 
form, and if the average density, p, is smaller than the 
equilibrium density, p^, of the solid a dilute gas phase 
will also be present. The location of the solid inside the 
larger domain will be indeterminate. 

From this point of view, there is an amusing, al­
though expected, aspect to the theorem given inEq. (95). 
Suppose that ^ is very large and that p<pg. Suppose, 
also, that a surplus charge Q = crV^^^ is present, where 
V is the volume of the container. In equilibrium, the 
surplus charge will never be bound to the surface of the 
solid, for that would give rise to a larger free energy 
than in (95). 

(J) The inequality (53) of Sec. IV, together with known 
facts about the ideal gas, permit one to derive upper 
and lower bounds to the free energy and pressure for 
any neutral mixture of electrons and various nuclei. 
These bounds are absolutely rigorous and involve no 
approximation whatsoever (beyond the assumption of 
nonrelativistic Schrodinger mechanics with purely Cou­
lomb forces). 

If one has bounds on the free energy per unit volume 

F ^ ( p , ^ ) < F ( p , ^ ) < F ^ ( p , ^ ) , (96) 

then since the pressure P is equal to - F+ pdF/dp, and 
since F is convex in p, one has that 

P^-F+pmm€'^{F{p+€, ^)-F{p, ^)}, 
(97) 

P > - F + p max € - Hi^ (P,/3) --P'(P - €, ̂ )} • 
€ >0 

Inserting (96) into (97) yields bounds on P, 
Equation (96) comes from bounds on Z [see Eq. (63)], 

Using (70) and p = Pnuc + Pei 

i^^(P,^) = i^°el(Pel,^)+^Suc(P„uc,/3) + <W^>/|0|, 

(98) 

where F° is the ideal gas free energy, and <W)/|fi| is 
the average total Coulomb energy per unit volume in the 
ideal gas state. This can easily be computed in terms 
of exchange integrals. To obtain P ^ , choose 0 < r < l 
and write H„^^= (1 - y)T^.^+T^^^+h{y), where T is the 
kinetic energy operator, and h{y) = yT^i+W. h{y) is 
bounded below by A/y = [right side of Eq. (53)]/y. Thus 

Z < exp[- ^h{r)] Tr exp[-^ ((1 - Y)T,^+ r„„,)] 

and 

^^ = ^nuc(Pnuc,i3) + niax{(l - y ) P ° , ( p , „ ( l - y ) ^ ) 
o < y < i 

+ y - ^ A / | n | } . (99) 

A numerical evaluation of these bounds will be presented 
elsewhere. 

As a final remark, the existence of the thermodynamic 
limit (and hence the existence of intensive thermodynamic 
variables such as the pressure) does not establish the ex-
istance of aunique thermodynamic state. In other words, 
it has not been shown that correlation functions, which 
always exist for finite systems, have unique limits as 
the volume goes to infinity. Indeed, unique limits might 
not exist if several phases are present. For well be­
haved potentials there are techniques available for prov­
ing that a state exists when the density is small, but 
these techniques do not work for the long range Coulomb 
potential. Probably the next chapter to be written in 
this subject will consist of a proof that correlation 
functions are well defined in the thermodynamic limit 
when p or /3 is small. 
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It is shown that a system made up of nuclei and electrons, the constituents of ordinary 
matter, has a well-defined statistical-mechanically computed free energy per unit vol­
ume in the thermodynamic (bulk) limit. This proves that statistical mechanics, as de­
veloped by Gibbs, really leads to a proper thermodynamics for macroscopic systems. 

In this note we wish to repor t the solution to a 
c lass ic problem lying at the foundations of s t a t i s ­
t ical mechanics . 

Ever s ince the daring hypothesis of Gibbs and 
o thers that the equil ibrium p rope r t i e s of ma t t e r 
could be completely descr ibed in t e r m s of a 
phase - space average , or part i t ion function, Z 
= T r e ~ ^ ^ , it was real ized that there were grave 
difficulties in justifying this assumption in t e r m s 
of basic microscopic dynamics and that such de l ­
icate m a t t e r s as the ergodic conjecture stood in 
the way. These questions have st i l l not been s a t ­
isfactori ly resolved, but more recent ly st i l l an­
other problem about Z began to receive attention: 
Assuming the validity of the part i t ion function, is 
it t rue that the resul t ing p roper t i e s of ma t t e r 
will be extensive and otherwise the same as those 
postulated in the science of thermodynamics? In 
par t i cu la r , does the thermodynamic , or bulk, 
l imit exist for the free energy derived from the 

part i t ion function, and if so, does it have the a p ­
propr ia te convexity, i .e . , s tabil i ty p roper t ies? 

To be p r ec i s e , if Nx a r e an unbounded, i n c r e a s ­
ing sequence of par t ic le numbers , and fij a s e ­
quence of reasonable domains (or boxes) of vo l ­
ume Vj such that TVyv^-cons tan t = p, does the 
free energy per unit volume 

J 
•kT{V.)-nnZ{^,N.,^.) (1) 

approach a l imit [called/(/3, p)] a s 7*-°°, and is 
this l imit independent of the par t i cu la r sequence 
and shape of the domains? If so, i s / convex in 
the density p and concave in the t empera tu re /3~^? 
Convexity is the same as thermodynamic stabili ty 
(non-negative compress ib i l i ty and specific heat) . 

Various authors have evolved a technique for 
proving the above,^J^ but always with one severe 
drawback. It had to be assumed that the i n t e rpa r -
ticle potentials were shor t range (in a manner to 
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be descr ibed prec ise ly la ter) , thereby excluding 
the Coulomb potential which is the t rue potential 
relevant for rea l m a t t e r . In this note we will in­
dicate the l ines along which a proof for Coulomb 
forces can be and has been constructed. The 
proof itself, which is quite long, will be given 
elsewhere.^ We will also list here some addition­
al r e su l t s for charged sys tems that go beyond the 
existence and convexity of the limiting free energy. 

To begin with, a sine qua non for thermodynam­
ics is the stability c r i te r ion on the N-body Hamil-
tonian H-Ej^+ V. It is that there exis ts a con­
stant B ^0 such that for all N, 

V{> ',r)> -BN 
N 

(classical mechanics) , (2) 

EQ>-BN (quantum mechanics) , (3) 

where E^ is the ground-s ta te energy in infinite 
space . (Classical stability implies quantum-
mechanical stabili ty, but not conversely.) Heu-
r is t ical ly , stability insures against col lapse. 
From the mathemat ical point of view, it provides 
a lower bound to fj in (1). We wish to emphasize 
that stabili ty of the Hamiltonian {H stabili ty), 
while necessa ry , is insufficient for assur ing the 
existence of thermodynamics . For example, it 
is t r ivial to prove H stability for charged p a r t i ­
cles all of one sign, and it is equally obvious that 
the thermodynamic l imit does not exist in this 
case . 

It is not too difficult to prove c lass ica l and thus 
also quantum-mechanical H stabili ty for a wide 
var ie ty of shor t - range potentials or for charged 
par t i c les having a hard core.^?* But rea l charged 
par t i c les requi re quantum mechanics and the r e ­
cent proof of H stabili ty by Dyson and Lenard^ is 
as difficult as it is elegant. They show that s t a ­
bility will hold for any set of charges and m a s s e s 
provided that the negative par t i c les and /o r the 
positive ones a re fermions . 

The second requirement in the canonical proofs^ 
is that the potential be tempered, which is to say 
that there exist a fixed TQ and constants C ^ 0 and 
€ > 0 such that if two groups of N^ and Nfj p a r t i ­
cles a re separa ted by a distance r > r o , their in-
te rpar t i c le energy is bounded by 

ViN ®Nj-ViN ) - V ( N j 
a 0 a 0 

iCr 
-(3+e) 

a b 
(4) 

because the requ i rements that the forces a r e not 
too repulsive at infinity insures against "explo­
s ion ." Coulomb forces a r e obviously not t e m ­
pered and for this reason the canonical proofs 
have to be a l te red . Our proof, however, is valid 
for a mixture of Coulomb and tempered potentials 
and this will always be understood in the theo­
r e m s below. It is not altogether use l e s s to in­
clude tempered potentials along with the t rue 
Coulomb potentials because one might wish to 
consider model sys t ems in which ionized m o l e ­
cules a r e the e lementary pa r t i c l e s . 

P r i o r to explaining how to overcome the lack of 
tempering we l ist the main theorems we a r e able 
to prove. These a r e t rue c lass ica l ly as well as 
quantum mechanical ly. But f i rs t th ree definitions 
a re needed: 

(Dl) We consider s species of par t i c les with 
charges e^, par t ic le numbers NU). and densi t ies 
p^^K In the following N and p a re a shorthand no­
tation for s-fold mult iplets of numbers . The con­
ditions for H stabili ty (see above) a r e assumed to 
hold. 

(D2) A neutral system is one for which XJ-I^^ 
xei = 0, a l ternat ively E^'^p^^^^f = 0. 

(D3) The ordinary s - spec i e s grand canonical 
part i t ion function is 

z • E 
, , (1) . 0 1 

(5) 

Temper ing is roughly the anti thesis of stability 

The neutral grand canonical part i t ion function is 
the same as (5) except that only neutral sys t ems 
enter the sum. 

The theorems a r e the following: 
(Tl) The canonical, thermodynamic limiting 

free energy per unit volume/( /3 ,p) exis ts for a 
neutra l system and is independent of the shape of 
the domain for reasonable domains . F u r t h e r ­
more , A^,p^^\p^\ • • •) is concave in ^ -^ and 
jointly convex in the s var iab les (p(^^, • • • , p^^'). 

(T2) The thermodynamic limiting microcanoni-
caP entropy per unit volume exis ts for a neutral 
system and is a concave function of the energy 
per unit volume. It is a lso independent of domain 
shape for reasonable shapes and it is equal to the 
entropy computed from the canonical free e n e r ­
gy-

(T3) The thermodynamic limiting free energy 
per unit volume exis ts for both the ordinary and 
the neutral grand canonical ensembles and a r e 
independent of domain shape for reasonable do­
mains . Moreover , they a re equal to each other 
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and to the neutra l canonical free energy per unit 
volume. 

Theorem 3 s t a tes that s y s t e m s which a r e not 
charge neutra l make a vanishingly smal l con t r i ­
bution to the grand canonical free energy. While 
this is quite reasonable physically, it does r a i s e 
an interest ing point about nonuniform conver­
gence because the ordinary and neutra l par t i t ion 
functions a re definitely not equal if we switch off 
the charge before pass ing to the thermodynamic 
l imit , whereas they a re equal if the l imits a r e 
taken in the r e v e r s e o r d e r . 

An interest ing question is how much can charge 
neutral i ty be nonconserved before the free e n e r ­
gy per unit volume deviates appreciably from its 
neutra l value? The answer is in theorem 4. 

(T4) Consider the canonical free energy with a 
surplus ( i .e . , imbalance) of charge Q and take 
the thermodynamic limit in e i ther of th ree ways: 
(a) Qy-2/3- .O; (b) QF-^/^^oo; (c) ^ y - 2 / 3 ^ const. 
In case (a) the l imit is the same as for the neu­
t r a l sys tem while in case (b) the l imit does not 
exist , i .e . , / ^ ° o . In case (c) the free energy ap­
proaches a l imit equal to the neu t ra l - sys tem free 
energy plus the energy of a surface layer of 
charge Q a s given by e lementa ry e l ec t ro s t a t i c s . 

We turn now to a sketch of the method of proof 
and will r e s t r i c t ourse lves here to the neutra l 
canonical ensemble . As usual , one f i r s t p roves 
the exis tence of the l imit for a s tandard sequence 
of domains . The l imit for an a r b i t r a r y domain 
is then easi ly a r r ived at by packing that domain 
with the s tandard ones . The bas ic inequality that 
is needed is that if a domain Q, containing N p a r ­
t ic les is part i t ioned into D domains ^ i , ^ 2 J * * *» 
^2) containing Ni,N2, '' * , ^ z ) pa r t i c l e s , r e s p e c ­
tively, and if the interdomain interact ion be n e ­
glected, then 

1 '• ^ 

(6) 

If i2 is part i t ioned into subdomains, as above, 
plus " c o r r i d o r s " of thickness >rQ which a re d e ­
void of pa r t i c l e s , one can use (4) to obtain a u s e ­
ful bound on the t empered par t of the omitted in­
terdomain interact ion energy . We will re fe r to 
these energ ies as surface t e r m s . 

The normal choice^ for the s tandard domains 
a r e cubes Cj containing Nj pa r t i c l e s , with Cj + i 
being composed of eight copies of Cj together 
with c o r r i d o r s , and with ^j+i = ^^j- Neglecting 
surface t e r m s one would have from (6) and (1) 

Since fj is bounded below by H s tabil i ty, (7) im­
plies the existence of a l imit . To justify neglect 
of the surface t e r m s one makes the c o r r i d o r s in­
c r e a s e in thickness with increas ing j ; although 
Vf, the co r r i do r volume, approaches °° one 
makes V-^/V^-'O in o rder that the l imiting den­
sity not vanish. The positive e of (4) allows one 
to accomplish these des idera ta . 

Obviously, such a s t ra tegy will fail with Cou­
lomb forces , but fortunately there is another 
way to bound the interdomain energy. The e s s e n ­
tial point is that it is not neces sa ry to bound this 
energy for all possible s ta tes of the sys t ems in 
the subdomains; it is only necessa ry to bound the 
"ave rage" interact ion between domains, which is 
much e a s i e r . This is expressed mathemat ical ly 
by using the Peier ls-Bogol iubov inequality'' to 
show that 

1 ^ * 
(8) 

where U i s the average interdomain energy in an 
ensemble where each domain is independent. U 
consis ts of a Coulomb par t , UQ, and a tempered 
par t , U^, which can be readi ly bounded.^ 

We now make the observat ion, which is one of 
the crucia l s teps in our proof, that independently 
of charge symmet ry UQ will vanish if the subdo­
mains a r e sphe res and a r e overal l neut ra l . The 
rotation invariance of the Hamiltonian will p r o ­
duce a spher ica l ly symmet r i c charge distr ibution 
in each sphere and, as Newton^ observed, two 
such sphe res would then in terac t as though thei r 
total charges (which a re zero) were concentrated 
at their c e n t e r s . 

With this in mind we choose sphe res for our 
s tandard domains . Sphere Sj will have radius Rj 
=p^ with p an integer . The pr ice we pay for u s ­
ing sphe res instead of cubes is that a given one, 
S^, cannot be packed a rb i t r a r i l y full with sphe res 
Sf^_l only. We prove, however, that it can be 
packed a rb i t r a r i l y closely (as k -*°o) if we use aU 
the previous sphe res Sj^- i , S;^-2> * * '•^O- Indeed 
for the sequence of in tegers n-^,n2, * * *, «i 
= {p-lp~^p^^ we can show that we can s imul tane­
ously pack Hj sphe res Sf^_j into S^ for 1 ^j^k. 
The fractional volume of Sf^ occupied by the Si^_; 
sphe res is (Pj=p~^^nj, and from (8) we then have 

A ^V*-i"Vfe- "^k^o-

and 

E</^, = i . 

(9) 

(10) 
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[Note that the inequality (6) is co r r ec t as it 
s tands for pure Coulomb forces because UQ in 
(8) is identically ze ro . If shor t - r ange potentials 
a r e included there will a lso be surface t e r m s , 
as in the cube construction, but these present on­
ly a technical complication that can be handled in 
the same manner as before.^] While Eq. (9) is 
more complicated than (7), it is readily proven 
explicitly t h a t / ^ approaches a l imit as k^°o. 
[Indeed, it follows from the theory of the renew­
al equation^ that (9) will have a limit if Zi^-^Vj 
< °o,] 

The possibil i ty of packing spheres this way is 
provided by the following geometr ica l theorem 
which plays the key role in our analys is . We 
state it without proof, but we do so in d d imen­
sions general ly and use the following notation: 
a^= volume of a unit cf-dimensional sphere = JTT 
in three dimensions and a^-i2^-l)2d2, 

(T5) Let p ^ a^ + 2^0ci~^ be a posit ive integer . 
For all positive integers j , define radii rj=p~J 
and in tegers rij^ {p-lp-'^pJid-D. Then it is 
possible to place simultaneously UjC^j spheres of 
radius Vj) into a unit ^-dimensional sphere so 
that none of them over lap. 

The minimum value of p required by the theo­
rem in three dimensions is 27. 

Many of the ideas presented here had their gen­
es i s at the Symposium on Exact Resul ts in Sta t is ­
tical Mechanics at Irvine, California, in 1968, 
and we should like to thank our colleagues for 
their encouragement and stimulation: M. E. 

F i sher , R. Griffiths, O. Lanford, M. Mayer, 
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, E. 
, Ru-
New 

•Work supported by Air Force Office of Scientific Re 
search, U. 8. Air Force under Grant No. AFOSR 68-
1416. 

tWork supported by National Science Foundation 
Grant No. GP-9414. 

^These developments are clearly expounded in M 
Fisher, Arch. Rati. Mech. Anal. r7, 377 (1964); D 
elle, Statistical Mechanics (W. A. Benjamin, Inc., 
York, 1969). For a sjmopsis, see also J. L. Lebowitz, 
Ann. Rev. Phys. Chem, 1^, 389 (1968). 

2R. B. Griffiths, Phys. Rev. 176, 655 (1968), and foot­
note 6a in A. Lenard and F. J. Dyson [J. Math. Phys. ^ , 
698 (1968)1; O. Penrose, in Statistical Mechanics, 
Foundations and Applications, edited by T. Bak (W. A. 
Benjamin, Inc., New York, 1967), p, 98. 

^E. H. Lieb and J. L. Lebowitz, "The Constitution of 
Matter," to be published. 

^L. Onsager, J. Phys. Chem. 43, 189 (1939); M. E. 
Fisher and D. Ruelle, J . Math. Phys. 2 , 260 (1966). 

^F. J. Dyson and A. Lenard, J. Math. Phys. 8_, 423 
(1967); A. Lenard and F. J. Dyson, J. Math. Phys. 9, 
698 (1968); F. J . Dyson, J. Math. Phys ,^ , 1538 (19*67). 

^R. B.Griffiths, J. Math. Phys.^ , 1447 (1965). 
^K. Symanzik, J. Math. Phys .^ , 1155 (1965). 
^I. Newton, in Mathematical Principles, translated by 

A. Motte, revised by F. Cajori (University of California 
Press , Berkeley, Calif., 1934), Book 1, p, 193, prop­
ositions 71, 76. 

^W. Feller, An Introduction to Probability Theory and 
Its Applications (J. Wiley & Sons, New York, 1957), 
2nd ed. Vol. 1, p. 290, 

Note: This paper is the announcement of the existence of the thermodynamic limit for particles interacting 
via Coulomb forces. The full version of this work appears in item 58 of the list of publications: 

E.H. Lieb and J.L. Lebowitz, The Constitution of Matter: Existence of Thermodynamics for Systems Composed 
of Electrons and Nuclei, Adv. in Math. 9, 316-398 (1972). 

An abridged version (item 65 in the list of publications) appeared in the first and second editions of this Se-
lecta but is omitted in the third edition for space reasons. A different abridged version also appears in Section V 
of the paper, The Stability of Matter, Rev. Mod. Phys. 48, 553-569 (1976), which is included as item VI. 1 in this 
edition. 

634 

582 



With H. Namhofer in J. Stat. Phys. 72, 291-310 (1975) 

The Thermodynamic Limit 
for Jellium 
Elliott H. Lieb'" and Heide Namhofer'-* 
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The thermodynamic limit of the free energy, energy, pressure, and entropy 
is established for a neutral system of charged particles interacting with a 
fixed, uniformly charged background (jellium). 

KEY W O R D S : Thermodynamic limit; jellium; charged particles; uniform 
background; neutral system; free energy density; quantum mechanics; 
equilibrium statistical mechanics. 

1. INTRODUCTION 

In 1938 Wigner̂ ^̂  introduced a model for matter which is now called jellium. 
One supposes that the electrons in a solid provide a uniform, constant charge 
background in which the heavier nuclei move. The Hamiltonian for the 
system consisting of A'̂  particles with coordinates X = {xi,..., x̂ v} in a three-
dimensional domain A is 

TV 

H = (2m)-'- 2, Pi"" + e^UiX) 
i=i 

U{X) = 21''*- '̂ l̂"' - pivOii) + y f -PW ^̂  
i<j i = l •̂ A 

(1) 
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and where 

Mx) = P \ |x - y|-irfy 

is the Coulomb potential produced by the background of charge density p. 
Throughout the following we shall set m = e^ = 1, and ^ = 1 in the 

quantum case. Thus the Bohr radius is equal to unity and the energy unit, 
the Rydberg (Ry), is equal to one-half. The dimensionless length rs is equal 
to [3/(47rp)]̂ /̂ . Whenever the distinction is necessary, we shall assume p > 0 
and that the particles are negative. 

We shall show that for neutral systems, i.e., p\A\ = N, the thermo­
dynamic functions per unit volume (free energy, energy, entropy, pressure) 
exist as A-> oo. 

It is also possible to consider the one- and two-dimensional versions of 
this problem, where the Coulomb potential |x|"^ is replaced by — |x| and 
— ln|x|, respectively. In the one-dimensional, classical case, Baxter̂ ^̂  calcu­
lated the partition function exactly. For that case, Kunẑ ^̂  showed that the 
one-particle distribution function exists and that it has crystalline ordering, 
i.e., the Wigner lattice exists for all temperatures. Brascamp and Lieb̂ *̂  
showed the same to be true in the quantum mechanical case for one-com­
ponent fermions when ^ is large enough. Although we do not deal with the 
one-dimensional problem here, our methods would apply in that case. In 
two dimensions there are difficulties connected with the long-range nature 
of the — ln|x| potential, and we shall not discuss this here. 

The problem of jellium is closely related to the same problem for real 
matter treated by Lebowitz and Lieb^ '̂̂ '̂̂  and their methods will be employed 
here. The difficulty with jellium is that the background is held rigid by 
definition and one cannot freely constrain the particles to lie in balls without 
at the same time imparting an enormous electrostatic energy to the system. 
On the other hand, the fixed background considerably simphfies the in­
stability question. (Cf. Dyson and Lenard.̂ ^ )̂ The connection between the 
jellium and the real matter problems is discussed by Narnhofer and 
Thirring.̂ ^^ 

In Section 2 we use //-stability to get an upper bound on the partition 
function Z. The //-stability itself is proved in the appendix. 

Section 3 deals with the classical case. We first treat a distinguished 
sequence of domains, which are balls, and then we treat general domains. 
The usual results are obtained, except that since the free energy is not a 
convex function of the density for jellium, the compressibility can be negative 
and the grand canonical ensemble is not equivalent to the canonical ensemble. 

^ See also Penrose and Smith.̂ '̂ ^ 
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As in Ref. 5, we show that a system with an excess charge Q ^ \A\^'^ has an 
excess free energy — (2)S)"^g^/C, where C is the capacity of A. 

In Section 4 we outUne the proof when weakly tempered potentials are 
also present. Although the thermodynamic limit exists in this case, we lose 
continuity in p—at least by our methods. This is an open question. The 
inclusion of hard cores is also not covered by our method and this, too, is an 
open question. 

In Section 5 we explain the additional techniques needed for the quantum 
case. An open question here is to show the equivalence of different boundary 
conditions; we use Dirichlet conditions. A related problem is to show that 
the particle density and the electrostatic potential stay suitably bounded as 
N-^oo. 

2. /y-STABILITY 

The condition of //-stability is that the Hamiltonian is bounded below 
by a constant times N. It is sufficient to require that the potential energy 
alone has this property, since the kinetic energy operator is positive. For real 
matter one is obhged to consider the total Hamiltonian because the inter­
action energy of a positive and a negative particle has no lower bound. The 
proof of //-stability in this latter case is very difficult and was given by Dyson 
and Lenard^^'^^^ and recently a new proof was given by Federbush.^^^^ It is 
essential here that the electrons be fermions, thereby excluding classical 
particles. 

For jellium, on the other hand, one can easily find a lower bound on 
U, by using an idea due to Onsager.̂ ^^^ This is given in the appendix. A 
different proof and a different bound are also given in Ref. 10. Our bound is 

U > '-0.9Nlrs (2) 

and we emphasize that this result holds for all Â  and all domains, connected 
or not, and requires only that the background have charge density (3/477-)rs~̂  
or zero everywhere. This lower bound is surprisingly accurate. In Ref. 13 a 
numerical evaluation for the body-centered cubic lattice of particles in a 
uniform background gives 

Umin < -O.S96Nlrs (3) 

when the system is neutral. 
The significance of the lower bound, and the only place it will be used 

here, is to estabhsh an upper bound for the partition function Z, i.e., 

Z < Zi,eal^^^ (4) 

585 



With H. Namhofer in J. Stat. Phys. 72, 291-310 (1975) 

294 Elliott H. Lieb and Helde Narnhofer 

where i is some constant and Zî eai is the partition function of ideal, non-
interacting particles. Thus, defining 

g = F - M n Z (5) 

for a domain of volume V, one has that g is bounded above. 

3. CLASSICAL PARTICLES WITH PURELY 
COULOMB FORCES 

3.1. Canonical Ensemble (Spherical Domains) 

Fix the density p. Let {Bj^}^=o be a sequence of balls of radii R}, = 
Ro(\ + PY, where p = 26 and the volume of ^o = |^o| is p~^. Let Nf, = 
(1 + PY^ be the number of particles in Bj,, whence p̂  = NJ\B},\ = p. Let 
rij = p^~^(l + PT^. According to Ref. 5, Section III, one can pack BK with 
ufs^ {riK-j balls Bj) so that they do not overlap, and 

lim \B^\-^ 2 ^K-i\B,\ = 1 (6) 

The part of BK not covered by the above packing will be called Z)^. 
At this point the principal difference between the proof for the jellium 

model and the proof for a system of positive and negative particles appears. 
In the latter, the NK particles are constrained to be in the balls Bj, j < K, 
and the domain DK is left empty. For jelHum this cannot be done because the 
domain DK would then not be neutral and the electrostatic energy of the 
system would be too large. Even though \DK\I\BK\->0 2iS K-^oo, N£^ (the 
electrostatic energy of DK) would go to infinity. 

We proceed as follows: Let Z^, /: = 0, 1, 2,..., be the configurational 
partition function of the ball Bj^ with TV̂  particles and with a uniform back­
ground of density p: 

Z, = (N,l)-' f exp[-iSt/(xi,..., x^J] dx,... dx^^ (7) 

Let ZK^ be the configurational partition function of DK with MK particles, 
where 

MK = NK - 2 ^ i . - ^ - = NKP^I + pY'' (8) 

DK is understood to have a uniform background of density p. Clearly, 
pDy. = Mfc and MJNj, -> 0 exponentially fast. 

The fundamental inequahty, to be found in Ref. 5, Section HE, is that 

In Z^ ^ 2 ^K-j In Zj + In Z^^ (9) 
J = 0 
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This inequality exploits Newton's electrostatic theorem and the fact that all 
the subdomains, except DK, are both spherical and neutral; therefore the 
average interdomain interaction is zero. 

The next step is to estimate Z^^. Using Jensen's inequality, 

InZ^^ ^ Mj,\n\D^\ - ln(M^!) - iS<C/V 

where 

<C/>̂ ^ = WK{MK - l) | i)^ |-2jJ |x - y\-^dxdY 

+ i/>'ff |x-y|-^t/xrfy 
J JDK 

(10) 

Since MK = P \ dx, 
JDK 

iUyo^ = -y\D^\-'\{ |x-y|-irfxJy<0 (11) 

J JDK 

Thus, defining 

g^= l ^^ i -MnZ^ (12) 
and 

r=Ml +P)-^ < 1 (13) 

we have, for large K, 

gK ^ P-' Y 7""-% + yV(l - In P) (14) 

where Stirling's formula for M^! has been used. As shown in Ref. 5, Section 
IVD, this inequahty implies that gK has a limit, g{^, p), for this special, 
P'dependent sequence of domains B^. 

3.2. Canonical Ensemble (General Domains) 

Let p be fixed. We take a regular sequence of domains {Ay}?Li tending to 
infinity which satisfies conditions A (Van Hove hmit) and B (ball condition) 
given in Ref. 5, Section V, and which also satisfies the condition that p\Aj\ = 
/ To get a lower bound on Z(Ay), we pack Ay with balls B^^ of the standard 
sequence appropriate to p given above and distribute the j particles with 
constant density in the balls and in Z)j, which is the complement of the Bj, 
in Ay. As above, we have 

I Ay|gy = In Z(Ay) ^ ^ "^^^ ^^ ̂ ^ + ^^ ̂ ^̂ ^ ^̂  ̂ ^ 
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where nij^ is the number of balls B^ in the packing of Ay. Met M^ be the 
number of particles in Dj, i.e., 

k 

Then, as before, 

InZ,^ ^ Mjln\D,\ - ln(M,!) - iS<t/>x>, (16) 

and < U}DJ ^ 0. Following the proof in Ref. 5, Section V, 

limmfgj ^g(^,p) (17) 

where g(P, p) is the limit for the standard balls. 
An upper bound to Z(Aj) can be found by embedding Ay in a minimum 

standard ball BKU) and packing BKU)\AJ with balls Bj^. Let Dj be as before, 
i.e., ^^o)\(A, u Bj,) and M, = p\D,.\, Then 

InZ^o) > lnZ(A,.) + J^ m'^^ In Zj, + M,ln|Z),| - ln(M,\) 

- p(U(Dj, /),)> - KU(Dj, A,)> (18) 

In the last four terms we use Jensen's inequality for the integration over the 
coordinates of the particles in Dj'. {U(Dj, Dj)} is the average Coulomb 
energy in Dj in an ensemble in which the particles are free; iU{Dj, A^)) is 
the average interdomain interaction between Dj and Ay when the particles 
in Dj are free and the particles in Ay are fully interacting. The last term is 
zero because the average total charge distribution in Dj is zero. The term 
iU(Dj, Dj)} is negative as before. Thus we can use the argument of Ref. 5, 
Section V, to conclude that 

limsup^y ^ ^ ( ^ , p ) (19) 

The result of these inequahties is that for any regular sequence of 
domains {Ay} and particle numbers Ây = j such that Ay = />i Ay|, 

lim gj = g{p, p) (20) 
/ - •CO 

While this establishes the existence and shape independence of the thermo­
dynamic limit for each fixed />, we do not yet know anything about the 
dependence of g(/S, p) on p or whether the limit is uniform in p. We next 
discuss how such a relationship can be obtained. 

3.3. Scaling Relations 

Let {Ay}f=i be a regular sequence of domains for a given p, i.e., p| Ay| = j . 
Let T; > 0 be fixed and define the following: 

p' = pri\ ^' = h - \ A/ = ^ - i A , = {^-ix |xeA,} (21) 
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Thus/I A/I = / 
If one considers the integral defining Z(jS, p; Ay) and changes integration 

variables x to y = ŷ ~ ̂ x, then one derives 

IA,|g(^, p; A,) = {A/WrK prj'; A/) + 37 In rj (22) 

Since the thermodynamic limit is independent of the sequence of domains, 
one has that 

gW, P) = V-'g(h-\ PV') + 3plnrj (23) 

for all 77 > 0. Now let rj = p~^'^, whence 

g(P, P) = PgWp"\ 1) - /) In p = pgWp"') + p(l - In p) (24) 

where f ( ) = g(-, 1) - 1. 
From the basic definition ofg(p, p; Ay) one has that these functions, and 

hence their limits also, are convex functions of ^. Therefore the function 
t-^g{t) is convex in t, 

For finite 7, let {Ay'} be a regular sequence of domains with |Ay'| ;= 7, 
and define 

f(i8) = g ( i 8 , l ; A / ) - l (25) 

Then 

lim m) = f 08) (26) 
y-*oo 

3.4. Properties of the Thermodynamic Limit 

3.4.1. Uniformity of the Limit. Since g{t) is bounded on finite t intervals, 
its convexity implies that it is continuous. Furthermore, each gj{-) has the 
same properties from (25). Thus the sequence of functions gjiPp^'^) is con­
tinuous in p and has a continuous limit gi^p^'^) and the limit is essentially 
monotone as one sees from (14). Hence Dini's theorem tells us that the limit 
is uniform on compact p intervals. 

3.4.2. Pressure and Compressibility. For a normal thermodynamic sys­
tem, g(j8, p) is concave in p. This implies positive compressibility and, since 
the pressure is zero at zero density, it implies positive pressure. For jellium 
this is unfortunately not true. Using (24), and assuming differentiability, we 
obtain 

mp = 1 - ^h'Hih''') (27) 

where the dot denotes derivative, and 

'̂c-̂  = i8 ^ = 1 - ^ h"'mp'") - f p-^'^iW) (28) 
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Note that | > 0. This impHes that for t > 0, g{t) ^ |(0) = 0. These formulas 
show that P and K can have either sign. In fact, for fixed jS, they are both 
negative for sufficiently high density since, from (3), one sees that the potential 
energy will go as p"^^^ for large />, i.e., g{t) ^ t for large t. Since g{t) is mono­
tone, tg{t) is also monotone. This implies that there is always exactly one 
value, (Pp^'^)c, of pp^'^ at which the pressure is zero. Without any constraint 
on the volume, classical jellium would collapse to a density p^'^ = (Pp^'^)cP~^. 
This fact is not unrelated to the absence of /f-stability for real matter without 
Fermi statistics. 

3.5. Systems That Are Not Neutral 

We wish to consider a sequence of systems with fixed background 
density p, but where N ^ p\A\. Define Qj = -Nj + p\Aj] to be the net 
charge in Ay, and consider a sequence of domains Ay of fixed shape of 
capacitance Cy = c|Ayl̂ ^̂ . If Qj\Aj\-^'^ -> G, the result to be proved is that 

g0,p)->g(P,p)-^^'c (29) 

Note that a can have either sign. If \G\ = oo, then gy(j3, p) -> — oo. This last 
statement is easily proved by noting that |Ay|"^min{C/(x)|Xi G Ay}->+oo 
when |ey||Ay|-2/3-^+oo. 

In order to simplify matters we shall prove the theorem only for balls, 
in which case c = (47r/3)"^^ .̂ 

Let ^ be a ball of radius R and let B' be a concentric ball of radius 
R' > R. Note that a uniform charge density r placed in S = B'\B produces a 
constant potential T<I)(S) inside B. This same charge density in 21 has a self-
energy T^S(E). If R->oo and R'jR -> 1, then 

(D(E)|S|/S(S)->2 (30) 

Let Z(N, B') be the partition function for N particles in B' with back­
ground density p. A lower bound to Z{N, B') can be obtained as follows: 

1. Restrict the configurations to Â i particles in B and N2 = N — Ni 
particles in 21. 

2. Let C/i(Xi) [resp. U2(X2)] be the potential energy of the particles and 
background in B [resp. 21] and let t/i2(Xi,X2) be the interdomain energy, 
where Xj and X2 are the particle coordinates. Then 

Z{N, B') ^ {N^\ A^2!)-' f exp[-i8t/i(Xi)] 

x f exp{-iS[C/2(A^2)+ ^i2(Xi,X2)]} (31) 

590 



The Thermodynamic Limit for Jellium 

The Thermodynamic Limit for Jellium 299 

3. Use Jensen's inequality on the second integral together with the 
aforementioned constancy of the potential 0(2). Thus, 

lnZ(A^, B') ^ lnZ(7Vi, B) + ln{|S|^2/7^2!} 

¥ ^ (̂ 1 ^5(2)Up2+ 7 |S|-^-^,H2i 

- m^)[p - N^\n-'][p\B'\ - N,] (32) 

Now we consider a sequence of balls Bj of radii Rj with background 
density p and particle numbers Nj = j \ j = 1, 2,.... For Qj = —J + p\Bj\ 
negative we first use (32) with N = j \ B' = Bj, R = Rj - I, and N^ = p\B\. 
Then we use (32) with N = N^ = j \ B = Bj, and |^ ' | = jlp. When Qj > 0, 
we first use (32) with N = N^ = j \ B' = Bj, and \B\ = jjp. Then we use (32) 
with N^ =j\ B = Bj, R' = Rj + I, and Â  = \B'\p. Using the fact that 
Qj\Bj\ -2/3 _> a and (30), we obtain the desired result (29). 

3.6. Microcanonical Ensemble 

The existence of the thermodynamic limit for the microcanonical en­
semble can be demonstrated using the methods of Ref. 5, Section VIII. 
There, the energy as a function of entropy was given for the quantum case. 
The corresponding classical equation is as follows: Let r(N, A) = (A x R^)^ 
be the phase space (including momentum). For a real, let 

A(c7, N, A) = {Acz r{N, A)\p.(A) = ^^'^'} (33) 

where /x is Lebesgue measure. Let 

€(A, N,A)=\A\-^f H(X, P)e-^'^' (34) 

where 

7 f (X,P)= i7(X) + 2 P i ' / 2 m 

Then we define 

e((7, Â , A) = inf{€(.4. A, A)l^ G A((7, A, A)} (35) 

to be the energy per unit volume as a function of the entropy per unit volume, 
a. 

Obviously, when A^ and Ag are disjoint, 

A((7i + (72, Â i + A2, Ai u A2) =:> A((Ji, Ai , Ai) X A((72, A2, A2) (36) 

Hence 

|A|6(C71 + Or2,A î + A2, A i U A2) 

< lAii€(ai, Ai , A,) + |A2|€(a2, A2, A2) + <C/(Ai, A2)> (37) 
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where <C/> is the average over Ai and A2 of the interaction energy between 
Ai and A2. [This may require passing to a subsequence in (35) for A^ and A2.] 

Now we are in the same position as in (16); the existence and appropriate 
convexity properties of e(a) and cr(e) follow. See Ref. 5, Section VIII for 
details. 

The one essential difference from the systems studied in Ref. 5, Section 
VIII is that for jeUium we do not obtain convexity of e as a function of p, 
but only as a function of or. This lack does not alter the equivalence of the 
canonical and microcanonical ensembles. 

3.7. The Grand Canonical Ensemble 

If one considers the grand canonical ensemble (GCE) for fixed A, fixed 
background density p, and fixed chemical potential /x, then the GCE partition 
function S will exist. From the results of Section 3.5 the thermodynamic Hmit 
of K = I A| "Mn E will exist and K = p/x + g{p) as in Theorem 7.1 of Ref. 5, 
Section VII. If, on the other hand, one defines S for neutral jellium by re­
quiring that p = NI\A\ for each Â , then S will diverge, even for finite A. 
This is a consequence of (3) that g(N, A) '^ A^̂ '̂  for large N. In the quantum 
case with fermions, this divergence will not occur since the kinetic energy is 
proportional to N^'^. Although the thermodynamic limit of n for neutral 
jellium would then exist, it would not be equivalent to the canonical partition 
ensemble because of the lack of convexity of the free energy in p. 

4. ADDITIONAL POTENTIALS 

As was shown in Ref. 5, additional short-range forces among the particles 
can be included without any conceptual difficulty, but with a great deal of 
technical difficulty, provided they are tempered and provided that these forces 
are integrable. This means that hard cores are excluded. We do not say that 
the thermodynamic limit does not exist when hard cores are present—it 
probably does—but only that our method is not adequate. The difficulty 
arises in (11), where InZ^^ is estimated by Jensen's inequality in terms of 
<t/>. We made this estimate in order to show that the energy of the particles 
in DK was not too large. If some other method could be found to show this, 
then perhaps hard cores could be included, but in our estimate, <i7> = +00 
and In Z^^ ^ — 00 when hard cores are present. 

There is another serious difficulty when additional potentials, even nice 
ones, are present. The scaling relation of Section 3.3 does not hold, and hence 
the continuity with respect to p that was used in Section 3.4.1 cannot be 
established that way. 
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5. QUANTUM MECHANICAL PARTICLES 

We first remark that it is immaterial for our purposes whether the particles 
are bosons or fermions. In contrast to the situation for real particles, H-
stability (2) holds in the classical sense and therefore Fermi statistics is not 
required. We shall construct the proof for fermions and it will obviously be 
valid for bosons as well. Dirichlet boundary conditions will be employed, i.e., 
i/f = 0 on the boundary of A. 

5.1. Canonical Ensemble (Spherical Domains) 

By well-known arguments (see Ref. 5, Section II), a lower bound to Z^ 
can be obtained by constraining the particles to lie in various subdomains. 
In this way we arrive at precisely the same inequality (9) as for the classical 
case. The problem is to show that In Z^^ is not too small. For this purpose 
it would be sufficient to find one wave function 0 for the MK particles in D^ 
such that <//i^> = <iA, HK^^ < (positive constant)M^^, where HK is the total 
Hamiltonian of the MK particles in D^, including the background self-energy. 
Then, by the Peierls-Bogoliubov inequality, 

XVIZK^^-KHK) (38) 

A natural suggestion would be to take a determinantal wave function 
that vanishes on the boundary of Z)^, but this will not work for the reason 
that the single-particle density will not be a constant and consequently the 
estimate (U}DJ^ < 0 [Eq. (11)] will not hold. On the other hand, suppose one 
could find MK points Y = {yi,.--, YMK) ^^ ^K such that: 

(a) (7(Y) < (positive constant)M^. 
(b) IYI — yyl > 2A for some fixed h > 0. 
(c) The distance of ŷ  to the boundary of DK is >h for all /. 

Then one could construct a product wave function in which the single-particle 
wave functions have support in balls of radius h centered at the ŷ  and which 
are spherically symmetric about the y .̂ The kinetic energy would be propor­
tional to /z"^. Due to the peculiar shape of Z)^, we are unable to find such a 
Y. What Eq. (11) shows is that there certainly exists a Y satisfying condition 
(a) but we do not know if it satisfies (b) and (c). 

It is in fact possible to find a Y such that condition (a) is satisfied and 
condition (b) is effectively satisfied. To do this, define 

MK 

U\Y) = U(Y) + 2 LiYi - yy) (39) 

where U(Y) is the Coulomb potential as before and 

L(y) = 2(W|y|)^ for |y| ̂  1 

= 0 for |y| > 1 (40) 
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Using (11), we obtain 

<C/%. = <t/>z.. + (^^)|/)^|-^£ JL(x^y)dxdy 

^ (^""jl^^l'^S^' ^47rW^P (41) 

Therefore there exists a Y such that 

U'(Y) ^ ATT^MJ^P (42) 

Let ^i = i min{l, min^^ilyi — yy|}. Construct a product trial function j/f using 
single-particle functions { îlfl̂ i centered at y^ and having support in a ball 
of radius di of the form 

(P,(x) = {27Td,Y"^\x - y,|-^sin[7r|x - y,|M] (43) 

The kinetic energy of 9?̂  is {-TTJd^'^ll, The potential energy of 0 can be evaluated 
as follows: The particle-particle energy is the same as if the particles were 
located at y,, by Newton's theorem. The interaction of a smeared-out particle 
with the background is changed by the amount 

p{ dx\ J y | x - y | - i [ < p , ( x + yO^-S(x) ] 

= ip d,' ^ ^p (44) 

where f is a constant, assuming that the ball of radius di lies entirely in Z)^. 
Thus the total energy <0, HK^} is less than 

U'iY) + ipMj, + ITT^MK ^ (27r2)M^[l + 27TP + ^p(27r2)-i] (45) 

This result is exactly what conditions (a) and (b) would give. 
Condition (c) is more difficult, for it requires that the coordinates in Y 

are not too close to the boundary. If one tries to introduce 

£/'XY) = t/'(Y) + 2^(yi)- ' 
i 

where d(yi) is the distance to the boundary, one will find that iV'^i^^ = 00 
since d{x)~^ is not integrable. 

Since we are unable to deal with this problem directly, we shall modify 
our basic construction for the ball packing in such a way that the balls have 
a minimum spacing of some length independent of K. 

Let {B^}^^^ be a sequence of balls of radii R^ = RQ'{\ H- pf{\ - \e^) 
with ^ = (1 + /7 ) - \ p = 26, and RQ chosen so that p\Bo\ = 1. Let Nj, = 
p\Bj,\, whence Â^ is an integer. As shown in Ref. 5, Section IV, it is possible 
to pack BK with /2^_j balls Bj so that the distance of every ball to the boundary 
is not less than 4h and the distance between balls is not less than 8/z, where 
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h = Ro\l - 6)1?,. As in Section 3.1, the part of BK not covered by the 
packing will be called D^. 

Let us label the individual balls in the packing of B^ by a superscript /, 
namely B\ and let R^ be its radius. Around B^ we construct two concentric, 
spherical shells S' and T' of radii {R\ R' + h) and {R' -\- h, R' + 2A), respec­
tively. Inside B^ we also construct two concentric, spherical shells SK and 
TK of radii (RK — h, RK) and (RK — 2h, RK — h), respectively. All these shells 
are disjoint and lie in D^ and we denote by D^ ^ DK the complement of the 
shells in DK, and define D/ = D^ ^ V u TK. -

We wish to find a Y = {yi,..., y,;̂ }̂ with ŷ  e DK, and a corresponding 
product wave function I/J such that {HK} is not too large. To this end, let 

where 

/ ' 

/(y) = 1, 
= 0, 

= / ' , 

= fK> 

y e i ) / 
yiDi 
yeT' 
ye TV 

= 1 + [(/?' + hf - {F}f][{R' + 2hf -• (/?* + hy]-"- < 2 

A = 1 + [{RK - hf - (R^ - 2/!)3]-M/?/ - (RK - hf] < 3 

whence 

(46) 

(47) 

f ( / - 1 ) = f 1 

and similarly for TV, *S'̂ , a n d / / = \DKI 

Let 
ME 

FiY) = n/(yi) 
i = l 

and let 

{U'y, = J F(Y)U\Y)lJ F(Y) (48) 

The part involving L is [using (41)] 

^^^''^3,1-^ j jf{x)f(y)L(x - y) < 9-4n^M,p 

since/(x) < 3. The part involving C/(Y) is 

y^ r dx f Jy|x - y | -Hl - / ( x ) ] [ l - / ( y ) ] 

-y\D^\-^( dx( rfy|x-y|-y(x)/(y) (49) 
JDs ^Ds 
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The second term is negative. The first is the Coulomb energy of double shells, 
each pair of which is neutral and spherically symmetric. By Newton's theorem, 
this is just the sum of the self-energies of each pair. Let Ey, be the self-energy 
of the two shells S and T surrounding a ball B^ in the packing and let WK 
be the self-energy of the shells SK and 7^. Then 

K-l 

(U'yp < 367T^MKP -f 2 ^K-jEj + WK ^ const x MK (50) 

The latter inequality comes from an elementary calculation of Ej^ and WK . 
The conclusion is that there exists a Y with ŷ  e D"K such that U'{Y) is 

bounded by a constant times \DK\. NOW we construct a trial function «/» as 
before with cpi given by (43) except that 

di = ^ mm{lh, 1, minly^ - y,|} 

Then 

^ -p X const X \DK\\BK\-^ (51) 

and this goes to zero as Ar-> oo like y^ [Eq. (13)]. Thus the thermodynamic 
hmit is estabhshed as in the classical case. 

5.2. Canonical Ensemble (General Domains) 

Let p be fixed. We take a regular sequence of domains {Ay}f=i tending 
to infinity which satisfies conditions A and B of Ref. 5, Section V. Also, 
\Aj\p = j . In addition, we require some conditions on the sequence which 
are not required in the classical case. These are the following: 

(i) Let h > 0 and let A / and Af ̂  be the domains 

A / = {X G R^\x ^ A,, d(x; aA,) < h} 

A f = {x G i^3|x ^ A / u A,., ^(x; aA/ ) ^ A} 

where d('; •) is the Euclidean distance. We require that | A / | / | Af ̂ | be bounded 
in 7 for each fixed h. 

(ii) Consider the charge density 

C7/(x) = 1 , XG A / 

= - | A / | / | A f | , x G A f (53) 

Thus Gj^ is neutral. Let 9?/(x) be the Coulomb potential of GJ. We require 
that there exists a function C(h) < oo such that for all x G Aj^ u A / u A^ 

|9/(x) | < C(h) (54) 
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and that 

lim C{h) = 0 

(iii) Let El" be the Coulomb self-energy of the double layer al". We 
require that 

lim |A , . | - i ^ / = 0 (55) 
y=oo 

Conditions (i) and (ii) obviously imply (iii) since 

£ / < i[sup|aAx)||?>Ax)|][|Af I + | A / | ] 

X 

and 

[|Af| + | A / | ] / | A , | ^ 0 
by the Van Hove limit. 

(iv) Define A / , A^^, or/(x), and E-^ similarly to the above except x ^ Ay 
(resp. X ^ A / u Ay) is replaced by x G Ay (resp. x e Ay\ Ay^). That is, the double 
layer dj^ is now inside Ay. We require that 

lim|Ay|-iiE^y'^->0 (56) 

We do not require that the analogs of (i) and (ii) hold. 
It is clear that for any reasonable sequence of domains, such as cubes or 

ellipsoids, these conditions will be satisfied. We shall not attempt to deter­
mine geometric conditions on the Ay so that (i)-(iv) hold. 

Let Ay contain j particles. As in the classical case, we derive a lower 
bound for Z(Ay). The kinetic energy for Dj can be handled as in Section 5.1. 
The only essential difference from inequality (15) is that we have to add the 
self-energy of the double layer dj^ inside Ay and that of the double layers of 
the balls in the packing of Ay. Call this latter quantity W{j). Thus, on the 
right side of the inequality we must add —^E-^ — ^W{j). Using condition 
(iv), we have that 

liminfgy ^ g{^,p) (57) 

An upper bound for Z(Ay) is also obtained as in the classical case (18). 
For the domain Dj we choose a vector state ^ and have to compute 

E{4d = <H^y + <U(D,, Ay)> (58) 

The kinetic energy part of </f^> can be handled as in Section 5.1. If Mj is 
the number of particles in Dj, we have to find Mj- points in D'j = Dj — 
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{U S' ^ ^ / } iri such a way that £'(«/>) is not too large. The novel feature is 
that U{Dj, Ay) involves the additional term 

2 M;(XO where w(x) = pj(y)\x - y\-^dy 
t = 1 •^Af 

and py(y) is the average charge distribution (including the background) in 
Ay in the canonical distribution. Although Ay is neutral, w / 0 because Ay 
is not spherical. To find these My points we again average over all allowed 
configuration in i)y. 

The self-energy of the double layers S' and V is small for the same 
reason as in Section 5.1. The problem then reduces to computing Ej^ as 
defined in condition (iii), together with the energy of the charge distribution 
Gj^ in the potential w. Condition (iii) states that |Ay|~i£'y^-> 0, so we can 
ignore it. The latter contribution, Ay, can be bounded as follows: 

|Ay| = J H;(x)pay'^(x) I 

= dx I dy PJ(X)\X - y\-^pGj\x) 

= J r dx PXX)9/(X)| < pCih) ( dx \PJ(X)\ 
JAj 

pC{h) \ |p ,(x) | + |p_(x)| < IjpCQi) (59) 
^Aj 

where p+ = p is the background charge and p_(x) is the average particle 
charge distribution. 

Now we divide by | Ay| = j and le ty -^ oo. For each fixed h we obtain 

lim sup gy ^ g(iS, p) + ^pC{h) (60) 
y-..oo 

Since h is arbitrary, we can now let A -^ 0 and, recalhng condition (ii), obtain 

lim gy = g(^, p) (61) 

which is the desired result. 

5.3. Scaling Relations 

In Section 3.3 we showed that g{^, p) = p(l - In p) + pg(fip^'^). Such 
a simple relation will not hold quantum mechanically. To obtain a similar 
result quantum mechanically, we have to add another parameter; the simplest 
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is a, the square of the electric charge. Thus H = K -{- U-^ K + all, where 
K is the kinetic energy operator. 

We make a scale change which now involves «: 

p' = pr^\ ^' =prj-^ a' = arj, A / = ^ " ^ A , (62) 

Then, as in Section 3.3 [Eq. (22)], 

IA,|g(i9, p , a; A, ) = \A/\g(Prj-^ prj^ arj; A / ) (63) 

Again, choosing rj = p~^'^, and taking the limit7-> 00, we obtain 

gW,p,a) = pg(Pp^'M,ap-^'^) (64) 

This equation tells us nothing that we did not know before, i.e., a is an 
inessential parameter. But it does tell us something important about the 
continuity with respect to p. Define y = ^a. Then 

In Z = In Tr tx^{-^K - yU) (65) 

is a jointly convex function of (jS, y) for j3 > 0. Thus, when 7 > 0, the 
thermodynamic limit g(j3, p, yP~^) is convex, and hence continuous, in (/3, y). 
Hence the function g{x, 1, ĵ ) is continuous in (x, y) when x,y>0. Therefore 
g{^, p, a) is continuous in p for /> > 0. 

5.4. Properties of the Thermodynamic Limit and Related 
Questions 

The results given for the classical case in Sections 3.4-3.6 and 4 hold 
for the quantum case. The conclusions of Section 3.7 have to be modified. 
In summary one has: 

(i) Uniformity and continuity of the limit. 
(ii) Unusual behavior of the pressure and compressibility. 
(iii) Equivalence of canonical and microcanonical ensembles. The exis­

tence of the thermodynamic limit of the microcanonical ensemble includes as a 
special case the existence of the limiting ground state energy per unit volume. 
This is also true classically. 

(iv) Existence of the grand canonical pressure even for strictly neutral 
systems because for large p, the quantum kinetic energy, which behaves like 
p̂ ^̂ , will dominate the electrostatic — p '̂̂  term. We shall not prove this 
statement since the lack of convexity in p prevents the grand canonical 
ensemble from being equivalent to the canonical ensemble. 

(v) The possibility of adding tempered potentials, with the same caveat 
as in Section 4. 
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APPENDIX. A LOWER BOUND FOR THE CLASSICAL AND 
QUANTUM MECHANICAL GROUND-STATE 
ENERGY 

Consider a bounded, measurable set A with a uniform charge density 
p and Â  point particles of charge — 1. We do not assume that A is spherical, 
that the points are constrained to lie in A, or that the total charge is zero. 

To find a lower bound for the total electrostatic energy we use an idea 
of Onsager^^^^ to replace point charge distributions by charges smeared 
around the initial points. In fact one can show, by taking functional deriv­
atives, that the best smearing is a uniform charge distribution inside a ball 
of radius a. 

We define 

UBB the self-energy of the background; 
Ui the interaction energy of the particle / at position x̂  with the 

background; 
Uij the interaction of two particles at positions x̂  and x^; 
Uij(a) the interaction (or twice the self-energy when / = j) of balls of 

total charge — 1 with centers Xj and Xj; 
Ui{a) the interaction of such a ball with the background. 

Then, with X = {xi,..., x̂ }̂ 

U(X) = UsB+ 2 î + 2 î̂  
i = 1 i<j 

u(x) = UsB+2o, + \2 ^ii («) 

-\lo. 9 z^ - t t (r) 

Let us consider these terms individually: 
The (a) terms are evidently positive, being the total electrostatic energy 

of the background charge and the charged balls. 
In (8), a term Utj- — Uij is zero if the two balls do not overlap by Newton's 

theorem. For overlapping balls, a simple calculation shows that Ui^ — 0^ > 
0. Thus (8) is positive. 

For (P) we calculate 

Ui- Ui^ -(27rl5)pa^ (A.l) 

The above is an equality whenever the ball lies completely in A. 
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For (y) 

Uu = 6l(5a) (A.2) 

Our lower bound is (/S) + (y), and the best bound is obtained when a is 

m̂ax = p-"%3l47ry'' = r, (A.3) 

With this value we obtain 

(7(X) ^ -0.97Vr,-i = -0.9Np^'%47Tl3y'^ (A.4) 

for all X. 
For the quantum mechanical case, when the particles are spin--̂  fermions, 

we consider a sequence of domains {Ay} which tend to infinity in the sense of 
Van Hove and we constrain the particles to lie in Ay. We also suppose that 
p| Ay| = j , the number of particles, although this neutrality restriction is not 
essential in what follows. 

Let 

Ej = inf<^|i/|^>|Ay|-i ^ inf|Ay|-X^|^i^> + inf|Ay|-\^|t/i^> 
\i/ iif \if 

For m = I and j large 
inf<i/r, A:^> :^j>2/^(6/5)(37r2)2/3 =y^-2(6/5)(9^/4)2/3 

= 2.21y>-2 Ry (A.5) 

Therefore, to leading order in 7, 

j-^H ^ rr\2.2\ - 0.45O Ry (A.6) 

It makes sense here, unlike the situation for the classical or the Bose 
problem, to ask for the r̂  that gives the lowest ground-state energy per particle. 
We obtain 

r, = 9.82 (A.7) 

and 

j-^H^ -0.0229 Ry (A.8) 
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Erratum 

The Thermodynamic Limit 
for Jellium' 
Elliott H. Lieb^ and Heide Narnhofer^ 

Received September 22, 1975 

On p. 309, Eq. (A.5) should read 

inf<0, m ^ jp^'^-^ISX^TT^f' =;>-2(3/5X9^/4)2/3 

= 2.21y>-2Ry (A.5) 

Accordingly, the resulting expressions should read as follows: 

j-^H ^ r-\2.2\ - 1.80O Ry (A.6) 

rs = 2.46 (A.7) 

j-^H^ -0.367 Ry (A.8) 

^ This paper appeared in / . Stat. Phys. 12(4): 291 (1975). 
^ Department of Mathematics and Physics, Princeton University, Princeton, New Jersey. 
^ Institute for Theoretical Physics, University of Vienna, Vienna, Austria. 
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Abstrac t 

Various models of charged particles interacting with a quantized, ultraviolet 
cutoff radiation field (but not with each other) are investigated. Upper and 
lower bounds are found for the self- or ground state-energies without mass 
renormalization. For Â  fermions the bounds are proportional to iV, but for 
bosons they are sublinear, which implies 'binding', and hence tha t 'free' bosons 
are never free. Both 'relativistic' and non-relativistic kinematics are considered. 
Our bounds are non-perturbative and differ significantly from the predictions 
of perturbation theory. 

1 Introduction 

Quantum electrodynamics (QED), the theory of electrons interacting with photons 

(at least for small energies) is one of the great successes of physics. Among its major 

achievements is the explanation of the Lamb shift and the anomalous magnetic mo­

ment of the electron. Nevertheless, its computations, which are entirely based on per­

turbation theory, created some uneasiness among the practitioners. The occurrence of 
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infinities was and is especially vexing. Moreover, a truly nontrivial, 3+1-dimensional 
example of a relativistically invariant field theory has not yet been achieved. 

There are, however, unresolved issues at a much earlier stage of QED that hark 
back to black-body radiation, the simplest and historically first problem involving 
the interaction of matter with radiation. The conceptual problems stemming from 
black-body radiation were partly resolved by quantum mechanics, i.e., by the the non-
relativist ic Schrodinger equation, which is, undoubtedly, one of the most successful 
of theories, for it describes matter at low energies almost completely. It is mathema­
tically consistent and there are techniques available to compute relevant quantities. 
Moreover, it allows us to explain certain facts about bulk matter such as its stability, 
it extensivity, and the existence of thermodynamic functions. What has not been 
as successful, so far, is the incorporation of radiation phenomena, the very problem 
quantum mechanics set out to explain. 

It ought to be possible to find a mathematically consistent theory, free of infinities, 
that describes the interaction of non-relativistic matter with radiation at moderate 
energies, such as atomic binding energies. It should not be necessary, as some physi­
cists believe, to view QED as a low energy part of a consistent high energy theory. 

From such a theory one could learn a number of things that have not been ex­
plained rigorously, i) The decay of excited states in atoms. This problem has been 
investigated in some ultraviolet cutoff models in [BFS] and in a massive photon mo­
del in [OY]. See also the review of Hogreve [H]. ii) Non-relativistic QED could be a 
playground for truly non-perturbative calculations and it could shed hght on renor-
malization procedures. In fact, this was the route historically taken by Kramers that 
led to the renormalization program of Dyson, Feynman, Schwinger and Tomonaga. 
iii) Last but not least, one could formulate and answer the problems of stability of 
bulk matter interacting with the radiation field. 

It has been proved in [F],[LLS] that stability of non-relativistic matter (with the 
PauH Hamiltonian) interacting with classical magnetic fields holds provided that the 
fine-structure constant, a = e^/hc^ is small enough. It is certain, that the intricacies 
and difficulties of this classical field model will persist and presumably magnify in 
QED. 

The same may be expected from a relativistic QED since replacing the Pauli Ha­
miltonian by a Dirac operator leads to a similar requirement on a [LSS]. Indeed, 
stability of matter in this model (the Brown-Ravenhall model) requires that the elec­
tron (positron) be defined in terms of the positive (negative) spectral subspace of the 
Dirac operator with the magnetic vector potential A{x), instead of the free Dirac ope­
rator without A{x). This observation, that perturbation theory, if there is one, must 
start from the dressed electrons rather than the electrons unclothed by its magnetic 
field, might ultimately be important in a non-perturbative QED. 

The first, humble, step is to understand electrons that interact with the radiation 
field but which are free otherwise. In order for this model to make sense an ultraviolet 
cutoff has to be imposed that limits the energy of photon modes. The simplest 
question, which is the one we address in this paper, is the behavior of the self-energy 
of the electron as the cutoff tends to infinity (with the bare mass of the electron 
fixed). The self-energy of the electron diverges as the cutoff tends to infinity and it 
has to be subtracted for each electron in any interacting theory. The total energy 
will still depend strongly on the cutoff because of the interactions. This dependence 
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will, hopefully, enter through an effective mass which will be set equal to the physical 
mass (mass renormalization). The resulting theory should be essentially Schrodinger's 
mechanics, but slightly modified by so-called radiative corrections. 

Lest the reader think that the self-energy problem is just a mathematical exercise, 
consideration of the many-body problem will provide a counterexample. Imagine Â  
charged bosons interacting with the radiation field, but neglect any interaction among 
them such as the Coulomb repulsion. We say that these particles bind if the energy 
of the combined particles is less than the energy of infinitely separated particles. As 
we shall show, charged bosons indeed bind and they do it in such a massive way 
that it will be very likely that this cannot be overcome by the Coulomb repulsion. 
In particular, the energy of a charged many-boson system is not extensive, and from 
this perspective it is fortunate that stable, charged bosons do not exist in nature. 

The situation is very different for fermions. We are not able to show that they do 
not bind, but we can show — and this is one of the main results of our paper — that 
the self-energy is extensive, i.e., bounded above and below by a constant times N. 

We thus have strong evidence that there is no consistent description of a system 
of stable charged relativistic or non-relativistic bosons interacting with the radiation 
field, while the Pauli exclusion principle, on the other hand, is able to prevent the 
above mentioned pathology. 

In the remainder of the section we explain our notation and state the results. In 
the subsequent sections we sketch the proof of some of them but for details we refer 
the reader to [LL]. 

We measure the energy in units of mc^ where m is the bare mass of the electron, 
the length in units of the Compton wave length ic = h/mc of the bare electron. 
We further choose i'^^fhc as the unit for the vector potential A and it^y/Kc as the 
unit for the magnetic field B. As usual, a — e^/hc^ 1/137.04 is the fine structure 
constant. 

In the expression below, A{x) denotes an ultraviolet cutoff radiation field localized 
in a box L x L x L with volume V — L^, 

(̂̂ ) - i E E ^M^^ W(k)e'-^ + a\[k)e-'-^\ . (1.1) 
^^^ |fc|<AA=l,2 Vl'^l 

The index k — 2'Kn/L where n el?^ and the word cutoff refers to the restriction to 
all values of k with \k\ < A. 

The vectors e\{k) are the polarization vectors and are normalized in such a way 
that 

ex{k)' sx'ik) = (5A,A' , ex{k) • /c = 0 . (1.2) 

The operators ax{k) and a\{k) satisfy the commutation relation 

[ax{k),al,{k')]=6x,y8{k,k'), (1.3) 

while all others commute with each other. 
The energy of the radiation field can now be conveniently written as 

^ / = E E \l'\<ik)ax{k) . (1.4) 
|fc|<AA=l,2 
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These operators act on the Hilbert space generated by the polynomials in al{k) 
acting on the vacuum |0). 

The self energy of (one or more) particles is the ground state energy of the 
Hamiltonian 

H = kinetic energy -\- Hf , (1.5) 

where, as usual, the ground state energy of H is defined to be 

^o = i n f % ^ . (1.6) 
^ (^,^) ^ ^ 

Typically, in the inquiry about the self-energy problem, i.e., the problem of com­
puting the self-energy for fixed, albeit small, a and for large A, one proceeds via 
perturbation theory. First order perturbation theory will predict an energy of the 
order of aA^, and a higher order power counting argument confirms the asympto­
tically large A dependence of that calculation. Our theorems below show that the 
predictions of perturbation theory for the self-energy problem are wrong, if one is 
interested in the large A asymptotics of the energy. If perturbation theory works at 
all, then it works only for a range of a that vanishes as A increases. In fact we deduce 
from the upper bound in Theorem 1.1 that the size of this range shrinks at least as 
A-2/5. 

All the theorems below are asymptotic statements for large A and for fixed a, 
and all the constants are independent of the volume. For actual bounds we refer the 
reader to [LL]. The first result concerns the self energy of a nonrelativistic electron 
interacting with the radiation field. The Hamiltonian is given by 

H=~{p+^A{x))' + Hf, (1.7) 

where p = —zV and acts on L^(R^) 0 T, where ^ denotes the photon Fock space. 

Theorem 1.1 The ground state energy, EQ, of the operator (1.7) satisfies the asym­
ptotic hounds (with positive constants Ci, C2) 

Cia^/^A^/^ < ^0 < Csa^/^A^^/^ (1.8) 

We do not know how to get upper and lower bounds that are of the same order in 
A, but we suspect that A^̂ /"̂  is the right exponent. This is supported by the following 
theorem in which the p • A term is omitted. 

Theorem 1.2 The ground state energy EQ of the operator 

^^[p^ + aA{xf]+Hf (1.9) 

satisfies the asymptotic bounds (with positive constants Ci, C2) 

C^o?l'k^^l' <Eo< CW"t.^'"' • (1.10) 
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While these results are not of direct physical relevance (since EQ is not observable), 
the many-body problem is of importance since it reveals a dramatic difference between 
bosons and fermions. 

T h e o r e m 1.3 The ground state energy of N bosons, EQ^^^^{N), with Hamiltonian 

^ 1 

^ w = E ofe+v^M ĵ)?+Hf (1-11) 
satisfies the asymptotic bounds (with positive constants Ci, C2) 

Ci^/Ny/ah?/'^ < £;ô ^̂ ^̂ (iV) < CsTV^/^a'/^A^'/^ . (1.12) 

Thus, the energy EQ^^^^{N) is not extensive, i.e., it costs a huge energy to separate 
charged bosons (in the absence of their Coulomb repulsion). This has to be contrasted 
with the next theorem about fermions. The Hamiltonian is the same as before but it 
acts on the Hilbert space 

^0Af^ iL2(R3;C2) , (1.13) 

where the wedge product indicates that the antisymmetric tensor product is taken. 

T h e o r e m 1.4 The ground state energy, EQ^^^'^^^{N), of N charged fermions inter­
acting with the radiation field satisfies the asymptotic bounds (with positive constants 
Cu C2) 

The "relativistic" kinetic energy for an electron is 

r ^ i ^ 1̂  _̂  ^A{x)\ = ^J\p + Vc^A{x)]^ (1.15) 

wi thp = —zV. (Really, we should take y/\p + ^yaA{x)Y + 1, but since x < \Jx'^ + 1 < 
x + 1, the difference is bounded by A/".) 

Consider, first, the N = 1 body problem with the Hamiltonian 

H = T^^ + Hf. (1.16) 

By simple length scaling (with a simultaneous scaling of the volume V) we easily 
see that EQ = inf spec {H) = CA. Our goal here is to show that the constant, C, 
is strictly positive and to give an effective lower bound for it. But we would like to 
do more, namely investigate the dependence of this constant on a. We also want 
to show, later on, that for N fermions the energy is bounded below by a positive 
constant times A'A. Our proof will contain some novel — even bizarre — features. 
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Theorem 1.5 For the Hamiltonian in 1.16 there are positive constants, C^C'^C" 
and ceo ; independent of a and N, and such that 

EQ < Cy/aA 

EQ > C'y/aK for a < a^ 

Eo > C"k for a > Qfo . 

The generahzation of this to Â  fermions is similar to the nonrelativistic generah-
zation, except that the power of A is the same on both sides of the inequahties. 

Theorem 1.6 For N fermions with Hamiltonian 

N 

i=l 

there are positive constants C^C ^C" ^ and a^, independent of a and N, such that 

EQ < CNy/ocK 

Eo > C'N^K for a < a^ (1.17) 

^0 > C'NK for a>aQ. 

We close this introduction by mentioning one last result about the Pauli-operator. 
The kinetic energy expression is given by 

T^^-ii = [G'{P + ^/^A{x))f - (p + ^A{x)f + y S (7 . B{x) . (1.18) 

where a denotes the vector consisting of the Pauli matrices. Observe that this term 
automatically accounts for the spin-field interaction. Our result for the self energy 
of a Pauli electron is the following. 

Theorem 1.7 For the Hamiltonian with Pauli kinetic energy, 

\[a.{p+V^A{x))f + Hf, (1.19) 

there are positive constants C, C\ C"^ and a^, such that the ground state energy sa­
tisfies the asymptotic hounds 

Eo < Csv^A^/^ (1.20) 

^0 ^ CiaA for a < ao 

Eo > Csa^/^A for a>ao. 

For N fermions, the bounds above are multiplied by N (and the constants are chan­
ged). 
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For the details of the proof, we refer the reader to [LL]. We believe that the upper 
bound is closer to the truth since the main contributions to the self energy should 
come from the fluctuations of the J^ term. 

Theorem 1.7 has the following consequence for stability of matter interacting 
with quantized fields. It was shown in [LLS] that a system of electrons and nuclei 
interacting with Coulomb forces, with the Pauli kinetic energy for the electrons and 
with a classical magnetic field energy is stable (i.e., the ground state energy is bounded 
below by A )̂ if and only if a is small enough. In [BFG],[FFG] this result was extended 
to quantized, ultraviolet cutoff magnetic fields (as here). Among other things, it was 
shown in [FFG] that the ground state energy, £^0, of the electrons and nuclei problem 
is bounded below by —a^AN for small a. Theorem 1.7 implies, as a corollary, that for 
small a the total energy (including Coulomb energies) is bounded below by +aAA^. 
In other words, among the three components of energy (kinetic, field and Coulomb), 
the first two overwhelm the third — for small a, at least. 

All of these statements are true without mass renormalization and the situation 
could conceivably be more dramatic when the mass is renormalized. In any case, the 
true physical questions concern energy differences, and this question remains to be 
addressed. 

2 Non-Relativistic Energy Bounds 

Theorem 1.1: We sketch a proof of Theorem 1.1. It is clear by taking the state 
1/~V2 (g) |o) (where |0) denotes the photon vacuum) that the ground state energy is 
bounded above by (const)aA^, which is the same result one gets from perturbation 
theory. Since the field energy in this state vanishes, such a computation ignores the 
tradeoff between the kinetic energy of the electron and the field energy. Thus, it is 
important to quantify this tradeoff. The main idea is to estimate the field energy in 
terms of selected modes. 

Consider the operators (field modes), parametrized by y G R^, 

^(2/) = i E V^«A(/c)^A(fc)e*^ (2.1) 

with some arbitrary complex coefficients v\{k). The following lemma is elementary 

Lemma 2.1 

Hf> jw{y)L\y)L{y)dy (2.2) 

•provided that the functions v\{k) and w are chosen such that, as matrices, 

\k\6x',xSik',k) > ^^\vxik)-wik ~ k')vy{k')y/W\ , (2.3) 

or equivalently, that 

E ^ ^ E i,mMk'Mk-k') (2.4) 

for all fx{k), where w{k) = J e^^'^w{x)dx. 
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For the proof, one simply notes that both sides of (2.2) are quadratic forms in 
the creation and annihilation operators, and hence (2.3) and (2.4) are necessary and 
sufficient conditions for (2.2) to be true. • 

Corollary 2.2 Assuming (2.2), the following two inequalities hold. 

^^ \k\^K,\ -I 4 |_-/w(y)(L(2/)-L*(y))Mj/. 

(2.5) 

To prove this, note that 

L'L = LL*-^ J2 mvx{k)\\ (2.6) 
|fc|<A,A 

and, quite generally for operators, 

±{LL + L*L*) < L*L + LL* . (2.7) 

• 
Returning to the proof of Theorem 1.1 we start with the lower bound. Denote by 

n(^) = ^ E VW\ex{k){ax{k)e''--al{k)e-''-) . (2.8) 
^"^^ \k\<A,\ 

This operator is canonically conjugate to A{x) in the sense that we have the commu­
tation relations 

i[Ui{x),Aj{x)]=6,jj^^A\ (2.9) 

For our calculation, it is important to note that 

div U{x) = 0 . (2.10) 

Hence from (2.9) and (2.10) we get that 

3 

J2\PJ + V^Mx), Iljix)] = \ / 5 ^ A 3 . (2.11) 

The inequality 

1 ^ 
-{p + ^/o^A{x)Y + 2a'^U{xf > -aiJ2[pj + y/c^Aj{x),Uj{x)] , (2.12) 

614 



Self-Energy of Electrons in Non-Perturbative QED 

valid for all positive numbers a, yields 

l{p + y/^A{x)f + Hf> a^/^^^? + Hf- 2a^I[{xf . (2.13) 

We choose 

vx{k) = 37rA-3/2£A,,(fc) (2.14) 

(where j = 1, 2,3 indexes the polarization vector component) and 

w{y) = 12P6{x-y) . (2.15) 

Eqn. (2.3) is satisfied if and only if /? < 37r^A~^/2, in which case Corollary 2.2 yields 
an inequality which, after summing on j , is 

Hf>pU{xr-j£y^A'. (2.16) 

In eqn. (2.13) we choose 2a^ = f5 = 37r2A-3/2, i.e., a = (\/37r)/(2A3/2). ^his yields 
the lower bound 

H>^f^A'/'-h. (2.17) 
- 27r V 3 8 ^ ^ 

The idea of using a commutator, as in (2.12), (2.13) to estimate the ground state 
energy, goes back to the study of the polaron [LY]. 

For the upper bound we take a simple trial function of the form 

0(x)(8)^ (2.18) 

where ^ G ̂  is normahzed and (/)(x) is a real function normalized in L^(R^). An 
upper bound to the energy is thus given by 

^l\V4>{x)\'dx+^Jct>{xf{^,Aixf<i')dx + {^,Hf<if) . (2.19) 

It is not very difficult to see that the last two terms can be concatenated into the 
following expression. 

^ / (^, [U{xf + aA{x){-A + (t){xy)A{x)] ^ ) dx - ^ T r \ / P - A P . (2.20) 

Here, P is the projection onto the divergence free vector fields with ultraviolet cutoff 
A. This can be deduced by writing the field energy in terms of I[{x) and A{x). The 
first term in (2.20) is a sum of harmonic oscillators whose zero point energy is given 
by 

^ T r V P ( - A + a</.(cc)2)P (2.21) 
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and hence 

^ T r ^ / P F A + a0(x)2)P - ^Tv^P{-A)P , (2.22) 

is an exact expression for the ground state energy of (2.20) Using the operator mo-
notonicity of the square root we get as an upper bound on (2.20) 

2 

As a trial function we use 

^ J \V^{x)\'dx + ^V^ Tv^P^ixyP . (2.23) 

(t>{x) = const.i^-3/2 / (^ ~ ^ ) ^'^"^ "̂ ^ • ^̂ -̂ ^̂  

Optimizing the resulting expression over K yields the stated result. For details we 
refer the reader to [LL]. • 

It is natural to ask, how good this upper bound is. If we neglect the cross terms 
in (p + A)^, i.e., we replace the kinetic energy by p"^ + aA{x)^^ then we have Theorem 
1.2, which we prove next. 

Theorem 1.2: The upper bound was already given in Theorem 1.1 because < p • 
^ >= 0 in the state (2.18). Loosely speaking equation (2.9) expresses the Heisenberg 
uncertainty principle for the field operators. An uncertainty principle that is quite a 
bit more useful is the following. 

Lemma 2.3 The following inequality holds in the sense of quadratic forms 

For the proof note that [Aj{x)^Ak{y)] = 0 and compute 

^P(^)-^l=(3^^^ 
1 ,^(Mxy^ 

A{xY \A{x) 
(2.26) 

and summing over j we obtain that 

Our statement follows from the Schwarz inequality. • 

To prove Theorem 1.2 we return to Lemma 2.1 and choose v\{k) = ex{k) and 
w{x) any function < 1. Corollary 2.2 applied to each of the 3 components of 11 (x) 
then yields 

Hf>'^-Jwix- yMyfdy - A^^ J w{y)dy , (2.28) 
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for every x G R .̂ By Lemma 2.1 the right side is bounded below by 

Â  J w{x - y)j^dy - ^^ JAy)^y , (2.29) 

and hence 

(^,iJ^) > ]^[{V^{x),V^{x))dx + ^ I{^{x),A{x)H{x))dx 

+ A^ Jw{x-y){^{y),j^^{y))dydx 

- Â  Iw{y)dy f {^{x),^{x))dx . (2.30) 

By Schwarz's inequality the second and third term together are bounded below by 

. / f Â  fmx), * ( 2 / ) > ^ f c l L d x d 2 ; . (2.31) 

If we restate our bound in terms of Fourier space variables we get 

Choosing the function w{p) to be (27r)̂ A -̂ /̂̂  times the characteristic function of the 
ball of radius A /̂̂ , we have that w{x) < 1 and it remains to optimize (2.32) over all 
normahzed states ^(p). This is easily achieved by noting that the function 

is everywhere larger than A^ /̂̂ . Strictly speaking, the function w{x) should be po­
sitive in order for the argument that led to (2.31) to be valid. This can be achieved 
with a different choice of w{x)^ like the one in (2.24), that is more complicated but 
does not change the argument in an essential way. 

3 Non-Relativistic Many-Body Energies 

A problem that has to be addressed is the energy of Â  particles (bosons or fermions) 
interacting with the radiation field. If £"0 = ^o(l) is the energy of one particle (which 
we estimated in the preceding section) then, ideally, the energy, Eo{N)^ of N particles 
(which trivially satisfies EN < NE, since the Â  particles can be placed infinitely far 
apart) ought to be, exactly^ 

Eo{N) = NEo (3.1) 

in a correct QED. In other words, in the absence of nuclei and Coulomb potentials, 
there should be no binding caused by the field energy Hf. This is what we seem to 
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observe experimentally, but this important topic does not seem to have been discussed 
in the QED literature. 

Normally, one should expect binding, for the following mathematical reason: The 
first particle generates a field, A{x), and energy ^^o- The second particle can either 
try to generate a field A{x + y), located very far away at y or the second particle can 
try to take advantage of the field A{x), already generated by the first particle, and 
achieve an insertion energy lower than EQ. 

Indeed, this second phenomenon happens for bosons — as expected. For fermions, 
however, the Paul principle plays a crucial role (even in in the absence of Coulomb 
attractions). We show that Eo(N) > CNEQ for fermions, but we are unable to show 
that the universal constant C = 1. Even if C < 1, the situation could still be saved 
by mass renormalization, which drives the bare mass to zero as A increases, thereby 
pushing particles apart. 

3.1 Bosons 

Theorem 1.3; This theorem concerns the ground state energy of Â  charged bosons. 
the Hamiltonian is given by 1.11 acting on the Hilbert space of symmetric functions 
tensored with the photon Fock space J^. It states, basically, that CiVNy/aA^^'^ < 

The proof follows essentially that of the one particle case. The interesting fact is 
that it implies binding of charged bosons (in the absence of the Coulomb repulsion). 
The binding energy is defined by 

AE{N) = Eo{N) - NEo{l) 

and satisfies the bounds 

AE{N) < C2A^'/V/^A^2/7 _ ^ ^ ^ y ^ ^3/2 (3 2) 

which can be made negative for appropriately chosen Â  and A. There will be binding 
for all large enough A", irrespective of the cutoff A. It also has to be remarked that 
the Coulomb repulsion will, in all likelihood, not alter this result since it has an effect 
on energy scales of the order of A and not A^'^^'^ or A^/^. 

3.2 Fermions 

The real issue for physics is what happens with fermions. We cannot show that there 
is no binding but we can show that the energy is extensive as in Theorem 1.4. The 
Hamiltonian is the same as (1.11) but it acts on antisymmetric functions tensored 
with J^. (Spin can be ignored for present purposes.) 
Rough sketch of the proof of Theorem I.4. 
The difficulty in proving this theorem stems from the fact that the field energy is not 
extensive in any obvious way. 

Define X = (^1, •' * ? ^N) and define the function 

nj{K, R) = #{xi ^ Xj : \xi - Xj\ < R} . 
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This function counts the number of electrons that are within a distance R of the f^ 
electron. Note that this function is not smooth, so that all the following computations 
have to be modified. (See [LL].) We save half of the kinetic energy and write 

We apply the commutator estimate (2.11) and (2.13) to the pair 

and obtain the bound (with the caveat mentioned above), for all a > 0, 

- ^ 1 ^ 1 

The next two steps are somewhat nontrivial and we refer the reader to [LL]. First one 
notes that the modes F{xi) and F{xj) are essentially orthogonal (i.e., they commute) 
if \xi — Xj\ > A~^ . Ignoring the technical details of how this is implemented, the key 
observation is that the last two terms in (3.3) can be estimated from below by — Â A 
provided a = A~ /̂̂ . 

The next ingredient is a new Lieb-Thirring type estimate involving the function 
Nj{2L^ R)- It is here and only here that the Pauli exclusion principle is invoked. 

Theorem 3.1 On the space AjLiL'^R^^C'^) of antisymmetric functions 

^ ( p , + VaA{xj)r > 4 ^ EiV,(X,/J)V3 (3.4) 

with C > 0.00127. An analogous inequality holds for the relativistic case as well: 

3=1 ^ j=l 

By using the kinetic energy previously saved together with (3.3) and the previous 
discussion, we get 

H>yl Nj{^^ R?^"" + VaA^/^ , ^ 1 - Â A . 

By minimizing over Nj the desired lower bound in Theorem (1.4) is obtained. The 
upper bound is fairly elementary and is omitted. • 
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4 Relativistic Energy Bounds 
Theorem 1.5: Sketch of Proof. 

An upper bound for E^ is easy to obtain, but it is indirect. Note that 

\p + ^/aA{x)\ < e\p + ^A{x)f + (4^)-^ (4.1) 

for any e > 0. Take ^ = f{x) (g) |0) with |0) being the Fock space vacuum. Using 
(4.1) 

( * , i / * ) < e j {a{0\A{xfmf{x)\^ + \Vf{x)\^}d. Ix + £~^ 

= t ^ . / | V / P . i , (4.) 

since {{)\A{xf\ff) = (27r)-3 Jj^,^^ |A;|-M/c = A^ATT^ We can now let f{x) -^ V'^ and 

take e = (7r/a)^/^A~^, whence 

£̂ 0 < (a/47r)^/2A . (4.3) 

Now we turn to the lower bound for H. 
S t e p 1: Since x —> y/x is operator monotone, 

T>T, = \p, + ^/aA,{x)\ , (4.4) 

where the subscript 1 denotes the 1 component (i.e., the x-component) of a vector. By 
replacing T by Ti, we are now in a position to remove Ai by a gauge transformation 
- but it has to be an operator-valued gauge transformation. The use of such a gauge 
transformation is a novelty, as far as we are aware, in QED. 

To effect the gauge transformation, set 

with x^ = (0:2,X3). Then [Aj{x),(p{x)] = 0 , j = 1,2,3 and - z ^ e x p [i(fi{x)] = 
—Ai{x). The unitary U = exp [i(/:?(a;)] is a gauge transformation, but it is operator-
valued. We have 

U-'\pi+A^{x)\U = Ipil 

U-'ax{k)U = ax{k) + fx{k,x) 

U-'al{k)U = al{k) + Mk,x) 

Hf=U-'HfU = '^\k\[al{k) + Mk,x)]\a,{k) + h{k,x)] (4.6) 
k,X 

with 

M*-) = / ^ " E ^ 5 ^ — (") 
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Since p± does not appear in our new Hamiltonian, 

H= U-'HU = b i |+ Hf ^ (4.8) 

the variable x± appears only as a parameter, and thus we can set x± = constant = 
(0,0), by translation invariance, and replace R^ by R^ = R. 

From now on Xi = a; and, pi = p = —i d/dx. 

Step 2: The dependence on x now appears in Hf instead of in the kinetic energy, 

|p|. For each x we can try to put Hf into its ground state, which is that of a displaced 
harmonic oscillator. But, since this state depends on a;, to do so will require a great 
deal of kinetic energy, \pi \. 

Let ^ be a normalized wave-function, i.e., a function on L^(R) ^!F. We write it as 
il)x where -0̂  ^ •̂ - Thus, with (• , •) denoting the inner product on ^ , J^{il^x, il^x)dx = 
1. 

Decompose R as the disjoint union of intervals of length £/A, where ^ is a para­
meter to be determined later. Denote these intervals by T̂ -, j = 1,2,... .A simple 
Poincare type inequality gives, for g : L^(R) —> C, 

{9,\p\g)>C^JJ2[Mx)\'-\-9J\'}dx, 

where 9j = ^ Jj^ g(x)dx is the average of g in Ij. Then 

{^Avm > C A Y . I {(V'x.V'x) - hPj,i>i)}dx. (4.9) 

Step 3: Next, we analyze Hf- We think of this as an operator on ^ , parameterized 

by a; G R. We would like Hf to have a gap so we define 

"- = \ Y. E K ( f c ) + /A(fc,^)] • l/^-c] (4.10) 
e^<\k\<^ A 

Clearly, Hf> Hx and 

( ^ , F ^) > -y V / (V^x,̂ x) - {i^j^j) + {^x,Hxi^x)dx . (4.11) 

For each interval Ij we can minimize (4.11) subject to jj.{ipx,i^x)dx fixed. This leads 
to 

{hj IIJ)X = eiJx (4.12) 

with 

(hj ip)x = -^ ipx- J 'ipj + Hx ipx (4.13) 

Obviously, this eigenvalue problem (4.12, 4.13) is the same for all intervals Ĵ -, so we 
shall drop the subscript j and try to find the minimum e. 
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A lower bound to hj (and hence to e) can be found by replacing Hx by 

where U^ = \gx){gx\ is the projector onto the ground state, \gx), of Hx. 
If we substitute Hx into (4.13) the corresponding eigenvalue equation (4.12) be­

comes soluble. Multiply (4.12) on the left by (^ l̂, whence 

7 - e l (gx^'ipx) = -j{gx,^) 

Then, substitute (4.14) into (4.13) and integrate fjdx to find 

(4.14) 

2 
JUxdx\^i;=(^-e)(^-e]^. (4.15) 

We know that e < A/2 because we could take tpx = constant as a trial function, 

and then use Hx< A/2. Also, e < A/i, because we could take ^ = x̂ol̂ 'xo) • 
Step 4: Eq. (4.15) will give us a lower bound to e if we can find an upper bound 

to F = (A/i) Jj Uxdx . To do this note that 

y < TmceY^ = 

A 

/ / \{gx^gy)?dxdy 

jjlj^""^^'^ ^ ^|/A(^,x)-/A(^,t/)pd:z;dy} (4.16) 
eA<|A;|<A A 

Noting that Y.\=i^\{^)l = 1 - ^?/^^, the quantity { } in (4.16) becomes (as 
y ^ o o ) 

^ ^ = "(^/A/.<.,<A^^'^^'^"t^"-^^] /A/2<|fc|<A 1̂1 

After some algebra we find that 

(il7) 

G-x)G-x)4(^"'^"'""^sV«^ ("•'») 
where 

Ki{ 
Jo Jo 

exp -a^\x-y\ 
l^^-y^'f^ fsmtV 

dt dxdy . 

/.1/2 

/ expl-ax'^i'^/Sn] dx 
J-l/2 

(4.19) 
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We find that 

Ke{a) - l-af/967r, ^^a small (4.20) 
~ V27r{afY^^, £^a large 

If a is small we take i ~ a~^^^. If a is large we take i = 2. This establishes our 
theorem for Â  = 1. • 

Theorem 1.6: Sketch of Proof. 
For Â  > 1 we can decompose R^ into cubic boxes 5^, j = 1,2,3,... of size iA and 

"borrow" | |p + ^(2:)^ kinetic energy from each particle. That is, H^ = HJ + |T/v 
with T/v = ^i=i T{xi). The Pauh principle will then yield an energy for |T/v that is 
bounded below by (const.) (n^-i)^/^, where rij is the particle number in box Bj. 
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Abstract. The excited states of a charged particle interacting with the 
quantized electromagnetic field and an external potential all decay, but such 
a particle should have a true ground state - one that minimizes the energy and 
satisfies the Schrodinger equation. We prove quite generally that this state 
exists for all values of the fine-structure constant and the ultraviolet cutoff. 
We also show the same thing for a many-particle system under physically 
natural conditions. 

1 Introduction 

An established picture of an atom or molecule is that even in the presence of 
a quantized radiation field there is a ground state. The excited states that exist 
in the absence of coupling to the field are expected to melt into resonances, 
which means that they eventually decay with time into the ground state 
plus free photons. This picture has been established by Bach, Frohlich and 
Sigal in [8] for sufficiently small values of the various parameters that 
define the theory. Here we show that a ground state exists for all values of 
the parameters (including a variable g-factor) in the one particle case and, 
under a physically appropriate assumption, in the many-particle case. 

* Work partially supported by the Faculty Development Program of UAB. 
** Work partially supported by U.S. National Science Foundation grant PHY 98-20650-

AOl. 
*** Work partially supported by U.S. National Science Foundation grant DMS 00-70589. 
© copyright 2000 by the authors. Reproduction of this article, in its entirety, by any means, 
is permitted for non-commercial purposes. 

625 

http://gatech.edu


With M. Griesemer and M. Loss in Invent. Math. 745, 557-595 (2001) 

We know that the Hamiltonian for the system is bounded below, so 558 
a ground state energy always exists in the sense of being the infimum of 
the spectrum, but the existence of a genuine normalizable solution to the 
eigenvalue equation is a more dehcate matter that has received a great deal 
of attention, especially in recent years. A physically simple example where 
no ground state exists (as far as we believe now) is the free particle (i.e., 
particle plus field). In the presence of an external potential, however, like 
the Coulomb potential of a nucleus, a ground state should exist. 

The difficulty in establishing this ground state comes from the fact that 
the bottom of the spectrum lies in the continuum (i.e., essential spectrum), 
not below it, as is the case for the usual Schrodinger equation. We denote 
the bottom of spectrum of the free-particle Hamiltonian for Â  particles with 
appropriate statistics by E^(N). The "free-particle" Hamiltonian includes 
the interparticle interaction (e.g., the Coulomb repulsion of electrons) but 
it does not include the interaction with a fixed external potential, e.g., the 
interaction with nuclei. When the latter is included we denote the bottom of 
the spectrum by E^(N). It is not hard to see in many cases that E^(N) < 
E^{N), but despite this inequality E^(N) is, nevertheless, the bottom of 
the essential spectrum. The reason is that we can always add arbitrarily 
many, arbitrarily 'soft' photons that add arbitrarily little energy. It is the soft 
photon problem that is our primary concern here. 

The main point of this paper is to show how to overcome this infrared 
problem and to show, quite generally for a one-particle system, that a ground 
state exists for all values of the particle mass, the coupling to the field (fine-
structure constant a — e^/hc), the magnetic ^-factor, and the ultraviolet 
cutoff A of the electromagnetic field frequencies, provided a bound state 
exists when the field is turned off. This result implies, in particular, that for 
a fixed ultraviolet cutoff renormalization of the various physical quantities 
will not affect the existence of a ground state. Of course, nothing can be said 
about the limit as the cutoff tends to infinity. We also include a large class 
of interactions much more general than the usual Coulomb interaction. 

The model we discuss has been used quite frequently in field theory. 
In its classical version it was investigated by Kramers [12] who seems 
to have been the first to point out the possibility of renormalization. The 
quantized version was investigated by Pauli and Fierz [24] in connection 
with scattering theory. Most importantly, it was used by Bethe [9] to obtain 
a suprisingly good value for the Lamb shift. 

Various restricted versions of the problem have been attacked success­
fully. In the early seventies Frohlich investigated the infrared problem in 
translation invariant models of scalar electrons coupled to scalar bosons [13]. 
In [14] he proved that for an electron coupled to a massive field a unique 
ground state exists for fixed total momentum. External potentials were not 
considered in these papers. 

The first rigorous result on the bound state problem, to our knowledge, 
is due to Arai and concerns one particle confined by an x^-potential, the 
interaction with the photons being subject to the dipole-approximation. 
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559 For this model, which is expUcitly solvable, Arai proved existence and 
uniqueness of the ground state [2]. Later, Spohn showed by perturbation 
theory that this result extends to perturbed x^-potentials [26]. No bounds on 
the parameters were needed to obtain these results but the methods oviously 
do not admit extensions to more realistic models. 

Bach, Frohlich and Sigal [6,7] initiated the study of the full nonrela-
tivistic QED model (the same model as considered in the present paper) 
under various simplifying assumptions. In [8] the existence of a ground 
state in this model for particles subject to an external binding potential was 
proved for a A small enough. The main achievement of this paper is the 
elimination of the earlier simplifying assumptions, especially the infrared 
regularization. This is the first, and up to now the only paper where a 'first 
principles' QED model was successfully analyzed, but with a restricted pa­
rameter range. A weaker result for the same system but with simplifications 
such as infrared regularization were independently obtained by Hiroshima 
by entirely different methods; he also showed uniqueness of the ground 
state, assuming its existence [17]. 

In a parallel development Arai and Hirokawa [3,4], Spohn [28], and 
Gerard [15] investigated the ground-state problem for systems similar to 
the one of Bach et al in various degrees of mathematical generality. Arai 
and Hirokawa proved existence in what they called a "generalized spin-
boson model". If specialized to the case of a non-relativistic A^-particle 
system interacting with bosons, their result proves the existence of a ground 
state for confined particles and small a. This result was extended in a recent 
preprint [4] to account for non-confined particles and systems with the 
true infrared singularity of QED. Concrete results in the infrared-singular 
case concern only special models, however, such as the Wigner-Weisskopf 
Hamiltonian which describes a two-level atom. Hirokawa continued this 
work in a recent preprint [16]. Spohn and Gerard both proved existence of 
a ground state for a confined particle and arbitrary coupling constant, the 
result of Gerard being somewhat more general [28,15]. 

For the existence of a ground state in the case of massive bosons, which 
is a typical intermediate result in the cited works, a short and elegant proof 
was given by Derezinski and Gerard [11,15] for the case of linear coupling, 
in which the A^ term is omitted, and a confining potential. Some of their 
ideas are used in our paper. 

The Hamiltonian for N-particles has four parts which are described 
precisely in the next section, 

H^ = T-{-V-^I + Hf . (1) 

The dependence of H^ on N is not noted explicitly. The first term, 
T = J2^^i 7y, is the kinetic energy with "minimal couphng" in the Coulomb 
gauge (i.e., p is replaced by p + ^ A, where A is the magnetic vector 
potential satisfying divA = 0), V(X), with X = (xi, X2, •••,-^/v) is the 
external potential, typically a Coulomb attraction to one or more nuclei. In 
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any case, we assume that V is a sum of one-body potentials, i.e., 560 

V{X) = Y,v(xj). 

The particle-particle interaction, / , has the important feature that it is 
translation invariant and, of course, symmetric in the particle labels. Both / 
and V could be spin dependent, but we shall not burden the notation with 
this latter possibility. Typically / is a Coulomb repulsion, but we do not 
have to assume that / is merely a sum of two-body potentials. The only 
requirements are: (1) the negative part of v vanishes at infinity; (2) the 
negative part of / satisfies clustering, i.e., the intercluster part of /_ tends to 
0 when the spacing between any two clusters tends to infinity; (3) V_ + / -
are dominated by the kinetic energy as in (5). Another assumption we make 
(in the A^-particle case) is that there is binding, as described below. 

The natural choice for the kinetic energy is the 'Tauli operator" T = 
(p + y/a A(x))^ + ^/a a • B, but we can generalize this to include the case 
of the usual kinetic energy T = (p + ^ ^ (^))^ by introducing a 'g-factor', 
^ € M. Thus, we take 

r = (p + V^A(x))2 + | V ^ a B . (2) 

Note that 7 is a positive operator if 0 < ^ < 2 and may not be other­
wise. Nevertheless, the Hamiltonian is always bounded below because of 
the ultraviolet cutoff we shall impose on the A field, which implies that 
{g/2)^G ' B -\- Hf is always bounded below. 

We believe that the "relativistic" operator T = \p + ^A{x)\, presents 
no real difficulty either, but we do not want to overburden this paper with 
a lengthy proof. This problem is currently under investigation. 

A model that is frequently discussed is the "Pauli-Fierz" model, but it is 
not entirely clear how this is defined since several variants appear in [24]. 
One version uses 7 = (/? + ^A{x))^ -\- ̂ / a a • B, which is one of the 
models under consideration. Another variant uses a linearized version of 
this operator, T = p^ -{- l^p • A{x) -\- ^faa - B ovT = p^ -{- 2^p • A(x). 
These variants are not gauge invariant and, therefore, depend on the choice 
of gauge for A. Our method is applicable to these linearized models in some 
gauges, but not in others. We omit further discussion of this point since 
these variants are not the most relevant ones for quantum electrodynamics. 

There is one important point that as far as we know, has not been 
mentioned in the QED context. This is the binding condition. Our proof of 
the existence of a ground state uses, as input, the assumption that 

E^iN) < E'^(N') -f- E\N - N') for all N' < N. (3) 

Our work can be generalized (but we shall not do so here) to the case 
in which the external potential is that of attractive nuclei and these nuclei 
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561 are also dynamical particles. Then, of course, it is necessary to work in the 
center of mass system and then (3) must be replaced by the condition that 
E'^(N) is less than the lowest two-cluster threshold. While this condition, or 
(3) in the static case, are physically necessary for the existence of a ground 
state, the validity of these conditions cannot be taken for granted. 

We prove inequality (3) for one particle (Â  = 1) quite generally, using 
only the assumption that the ordinary Schrodinger operator p^ -\- v has 
a negative energy ground state. This certainly holds for the Coulomb po­
tential. Indeed, one could expect, on physical grounds, that there could be 
binding even if p^ -h v has no negative energy bound state, because the 
interaction with the field increases the effective mass of the particle - and 
hence the binding energy. The same argument shows that when there are 
Â  particles at least one them is necessarily bound, i.e., E^(N) < E^(N), 
When we consider more than one particle, we are not able to show (3) for 
all Â^ > 1, even if ^ /?y + / + V has a ground state. 

In the Coulomb case, it is possible to show (but we shall not do so 
here) that condition (3) is satisfied if the nuclear charge Z is large enough. 
The basic idea is that if breakup into two groups, one of them with Â^ 
particles close to the nucleus and the second consisting of N — N' particles 
far away occurs, then there will be an attractive Coulomb tail acting on 
the separated particles at a distance R away with net attractive potential 
(Z — N')/R. However, to localize one of these particles within a distance 
R of the nucleus will require a field energy localization error of the order 
of C/R, by dimensional analysis arguments. If (Z — N^) > C then the 
energy can be decreased by bringing one of the unbound particles close to 
the nucleus. 

Section 2 introduces the precise definition of our problem and the main 
result Theorem 2.1. 

In Sect. 3, we show how to prove that £"^(1) < £"^(1). More generally, 
E'^(N) < E^(N) if V < 0 . 

Our strategy to establish a ground state is the usual one of showing 
that a minimizing sequence of trial vectors for the energy actually has 
a weak limit that, in fact, is a minimizer. The problem here is that one 
can easily construct minimizing sequences that converge weakly to zero by 
choosing vectors with too many soft photons. To avoid this we take a special 
sequence. 

To define this sequence we first consider an artificial model in which the 
photons have a mass, i.e., co(k) = -Jk^ + m^. Here there is no soft photon 
problem and we show in Sect. 4 that this model has a ground state ^rn-

In Sect. 5 we show that as m -^ 0 the Ô ^ sequence is minimizing. 
Then in Sect. 6 we use the Schrodinger equation for 0,„ to deduce certain 
properties of 0,„ which we call infrared bounds. One of these was proved 
in [8] but we need one more, which is new. 

With these bounds we can show in Sect. 7 that Ô ^ has a strong limit as 
m —^ 0, which is a minimizer for / /^ . 
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2 Definitions and main theorem 

The Hamiltonian for N particles interacting with the quantized radiation 
field and with a given external potential V(X), with X = (x[, JC2, ..., x^) 
SLudxj € R^, is 

./• = ! 

+ V(X) + I(X) + Hf. (4) 

The unit of energy is Mc^/2, where M is the particle mass, the unit of 
length is Ic = 2h/Mc, twice the Compton wavelength of the particle, and 
a — e^/hc is the dimensionless "fine structure constant" (= 1/137 in 
nature). The electric charge of the particle is e. The unit of time is the time 
it takes a light wave to travel a Compton wavelength, i. e., the speed of light 
is c = 1. 

The operator p = - / V , while A is the (ultraviolet cutoff) magnetic 
vector potential (we use the Coulomb, or radiation gauge). The unit of 
A'^(x) is Mc^/llc The magnetic field is 5 = curl A and the unit of B is 
a^/^ times the quantity M^e^c/Ali?, which is the value of B for which the 
magnetic length {hc/eBY^'^ equals the Bohr radius 2h^/Me^. 

The reader might wonder why we use these units, which seem to be 
more appropriate for a relativistic theory than for the nonrelativistic theory 
we are considering. Why not use the Bohr radius as the unit of length, for 
example? Our reason is that we want to isolate the electric charge, which is 
the quantity that defines the interaction of matter with the electromagnetic 
field, in precisely one place, namely a. "Atomic units" have the charge built 
into the length, etc. and we find this difficult to disentangle. 

The Hilbert space is an appropriate subspace of 

where !F is the Fock space for the photon field. We have in mind Fermi 
statistics (the antisymmetric subspace of (8)^L^(M^; C^)) and the C^ is to 
accomodate the electron spin. We can also deal with "Boltzmann statistics", 
in which case we would set g = 0 and use ®^L^(IR^), or bose statistics, 
in which case we would set ^ = 0 and use the symmetric subspace of 
(8)^L^(IR^). These generalizations are mathematically trivial and we do not 
discuss them further. 
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563 For our purposes we assume that for every ^ > 0 there exists a constant 
a(£) such that the negative part of the potentials, V-(X) and I-{X), satisfy 

V.^I.<6Y^p]+ais) (5) 

as quadratic forms on J{. 
The vector potential is 

A(x) = T f 4 = [sx(k)a,(k) + s,(-k)al(-k)] e'^'^d^k (6) 

where the operators a^^, al satisfy the usual commutation relations 

[a^(k), al(q)] = S{k - q)h., , [a^{k)^ a,{q)] = 0, etc (7) 

and the vectors £x(k) are the two possible orthonormal polarization vectors 
perpendicular to k. They are chosen for convenience in (59,60). 

The number A is the ultraviolet cutoff on the wavenumbers k. Our results 
hold for all finite A. The details of the cutoff in (6) are quite unimportant, 
except for the requirement that rotation symmetry in /:-space is maintained. 
E.g., a gaussian cutoff can be used instead of our sharp cutoff. We avoid 
unnecessary generalisations. 

The field energy Hf, sometimes called dr((i>) is given by 

Hf = J2 I ^(k)cil(k)a^(k)d\ . (8) 

The energy of a photon is a)(k) and the physical value of interest to us is 

coik) = \kl (9) 

in our units. Indeed, any continuous function that is bounded below by 
const. |/:| for small \k\ is acceptable. In the process of proving the existence 
of a ground state for H we will first study the unphysical "massive photon" 
case, in which 

COr ,(/:) = y/k^ + m2 (10) 

for some m > 0, called the 'photon mass'. 
In the remainder of this paper, unless otherwise stated, we shall always 

assume that there is no restriction on a, A and g and that CL>(k) can be either 
as in (9) or as in (10). 

By Lemma A.5 we see easily that H^ is bounded below for all values 
of the parameters, including m = 0. Thus, H^ defines a closable quadratic 
form and hence a selfadjoint operator, the Friedrich's extension. We denote 
this extension again by / /^ . 

Our main theorem is 
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2.1. Theorem (Existence of a ground state). Assume that the binding 564 
condition (3) and the condition (5) hold. Then there is a vector O in the 
N-particle Hilbert space Ji such that 

H^^ = E^(N)^ . (11) 

3 Upper bound 

We shall prove the binding condition (3) for one particle and, with an 
additional assumption, for the Â  particle case as well. This is that if Â  
particles are present then at least one of them binds. 

As we mentioned before, our requirement that the system without the 
radiation field has a bound state is somewhat unnaturally restrictive, since 
one expects that the radiation field enhances binding, at least in the single 
particle case; this has been shown to be true in the "dipole", or Kramers 
approximation [19]. We are able to show in the one-particle case, that the 
photon field cannot decrease the binding energy. It is quite possible that there 
could be binding even when the operator p^ -{- v does not have a negative 
energy state, but we cannot shed any light on that question. 

For the one-particle case the situation is less delicate than the A^-particle 
case. 

3.1. Theorem (Binding of at least one particle). Assume that the one-
particle Hamiltonian p^ + v(x) has a negative energy bound state with 
eigenfunction ^{x) and energy —CQ. Then, 

E\\)<E\\)-e^, (12) 

i.e., binding continues to exist when the field is turned on. 
For the N-particle case we make the additional assumption that v{x) < 0 

for all X. Then, 

E^(N) <E\N)-eo, (13) 

i.e., at least one particle is bound. 

Proof It suffices to prove that E^(N) < E^(N) + £ - CQ for all ^ > 0. 
There is a normalized vector F e Ji such that ( F , H^F) < E^(N) + s. 
(F is antisymmetric according to the Pauli principle.) We use the notation 
(•, •) to denote the inner product in Fock space and spin space. Then we can 
write (F, H^F) =^ f G{X)d^^X with 

G{X) = 
N 

Y, {((-^*V/ + ^A{xj))F^ (-iVj + V^A(xj))F)(X) 

+V^(g /2 ) (F , aj . B(xj)F)(X)} + {F, (I + Hf)F)(X) . (14) 
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565 As a (unnormalized) variational trial vector we take the vector ij/ = 

J2j=\ 0(-^/)^ ^- Recall that (pix) > 0 since (p is the ground state of 

p^ + V. We also recall the Schwarz inequality 

|2 

EU 0(^./)V(/>(X,) 

[EU ^(^.i^ 
-11/2 <^ |V0(x^- ) | 

7 - 1 

(15) 

Using (15), integration by parts, and the fact that (j) satisfies the Schro-
dinger equation (p^ + i;)(/> = —eoc/), we easily find that 

{f,[H'' -(E\N) + s-eo)]if) 

r ^ 

< / {G(X)-(E\N)^s){F,F)(X)}Y,<t>(Xjfd''^X 

JY,^{x,)(l>{xj)'^{F, F)(X)d''^X . (16) 
+ 

jT^k 

When Â  = 1 the last term in (16) is not present so no assumption about 
the potential v is needed. When A/" > 1 we can omit the last term because it 
is negative by assumption. 

Now, by the R^-translation invariance of H^, for every y G R^ there is a 
"translated" vector Fv sothatG(X) -^ G(X+(y, ..., 3;))and(Fv, Fy)(X) = 
(F, F)(X + (3;, ..., y)). (This is accomphshed by the unitary operator on J{ 
that takes Xj -> Xj -{- y for every j and a^(k) -^ exp(ik • y)a^(k).) Thus, 
if we denote the quantity in {} in (16) by W(X), and if we define -ij/y by 
replacing F by Fy in the definition of V̂ , we have 

^(3;) = ( f , , / / ^ - ( F ^ + ^-^o)V^v) 

N r ^ 
< W{X + (y, ..., y)) Y, (piXjfd'^'X = / W(X) J^ <P(Xj - yfd'^^X . 

(17) 

Note that / Q(y)dy < N f W(X)d^^X. But / W(X)d^^X = (F, (H^ -
E^(N) — s) F) and this is strictly negative by assumption. Hence, for some 
y G R-̂  we have that Q(y) < 0 and thus if/y ̂  0, which proves the theorem. 

Remark: [Alternative theorem] 
It may be useful to note, briefly, a different proof of Theorem 3.1, for long 
range potentials v{x), such as the attractive Coulomb potential — Z/|x| , 
which shows that the bottom of the spectrum of H^ lies strictly below F^. 
Unfortunately, this proof does not show that the difference is at least eo. We 
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sketch it for the one-body case. Using the notation of the proof above, the first 566 
step is to replace F by FR = u(x\/R)F where w is a smooth function with 
support in a ball of radius 1. One easily finds that (F/?, H^ FR) / (FR, FR) = 
E^-{-s-\-c/ F} , where c is a constant that depends only on u and not on s and R. 
On the other hand {FR, V FR) / (FR, FR) < -Z/R, to use the Coulomb 
potential as an example. To complete the argument, choose R = 2c/Z and 
then choose s = c/R^. What we have used here is the fact that localization 
'costs' a kinetic energy R~^, while the potential energy falls off slower than 
this, e.g., R~K 

4 Ground state with massive photons 

As we emphasized in the introduction, not every minimizing sequence 
converges to the minimizer for our m = 0 problem, i.e., with (jL>(k) = \k\. 
The situation is much easier for the massive case (10). The Hamiltonian in 
this case is given by (4) and Hf is given by (8) with (10). To emphasize the 
dependence on m we denote this Hamiltonian and field energy by H^^ and 
Hf(m), respectively. Likewise, E^(m, N) and E^(m, N) denote the mass 
dependent energies, as defined before. 

We emphasize that the vector potential is still given by (6), but we could, 
if we wished, easily replace |/:|~^/^ in (6) by (k^ + m^)"^/"^. 

It will be shown in this section that H^^ has a ground state. More precisely 
we prove 

4.1. Theorem (Existence of ground state). Assume that for some fixed 
value of the ultraviolet cutoff A there is binding for the Hamiltonian H^^, 
that is, E^(m, N) < E^(m, Â ) where E^(m, Â ) = min{E^(m, N') + 
E^(m,N - N') : all Â ' < Â } is the ''lowest two-cluster threshold''. Then 
E^(m, N) is an eigenvalue, i.e., there exists a state 0,„ in M such that 
/ / ,> ,„-E^(m,A^)cD,„. 

Proof. Let us first show that it suffices to prove that for any normalized 
sequence ^ ^ 7 == 1, 2, ..., (not necessarily minimizing) tending weakly to 
zero 

liminf {^^, H^^^) > E^(m, N) . (18) 

To prove this let O^ be some minimizing sequence, i.e., assume that 

I I ^ M I ^ l , ( 1 9 ) 

and that 

(O^ / / , ^ 0 0 -^ E^(m, N) . (20) 
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567 By the Banach Alaoglu Theorem we can assume that this sequence, as well 
as the sequence H^^^ converge weakly in the sense that for any ^ e M 
with (^, //,)^^) < oc we have that 

(vj/, / f > 0 -^ (^ ' ^ > - ) ' (21) 

where 0„^ is the weak limit of OA Our goal is to show that (O^, //^O^^) = 
£^(m, yV) and that | | 0^ | | = 1. 

Write O^ = 0„, + ^K Obviously ^^ as well as //„^^^ go weakly to 
zero. Thus 

0 = lim ( O ^ (H^ - E^(m, N))^^) 
/'->oo 

= Ihn ((cj>„ + vl/.'), (H„^ _ £^(m, yV))(cI>„, + ^')) 

= lim (vl/', (//^ - £ ^ m , yV))^I") + (<!>„„ (//„^ - £ ^ m , yV))*^) 
/ •^ •oo 

where we used that the cross terms vanish. Since H^^ — E^(m, N) >0 this 
shows that 0„^ minimizes the energy, and, furthermore, that 

0 > lim ( ^ ^ (H^^ - E^(m, N)W) > ^liminf \\^-^f 
/->oo ./-^oo 

for some positive constant 8, The second inequality is trivial if 
liminfy_^oo II^MI^ = ^ and otherwise follows from our assumption (18). 
This proves that ^^ converges strongly to zero along a subsequence, which 
implies that | | 0^ | | = 1. Hence O,̂ ^ is a normalized ground state. Thus, it 
suffices to prove (18). 

The steps that lead to a proof of (18) are quite standard. The only 
difficulty is that one has to localize in Fock space, which we describe first. 
We follow [11] with some necessary modifications and some simplifications. 

Recall that, when the a^ operators are viewed in x-space 

a , ( / ) : ^ -> F , al(g) : ^ ^ ^ , (22) 

they obey the commutation relations 

K( / ) , al(g)] = f Jix)g(x)d\ =: (/, g) . (23) 

Consider now two smooth localization functions ji and J2 that satisfy 
j ^ -\- j ^ = \ and j[ is supported in a ball of radius P. The first derivatives 
of j \ and j2 are of order 1/P. 

The operators 

cl(g) = alUig) ® I + I ® al(J2g) (24) 
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act both on the space !F ® 3^. Note that 568 

[cx{f).cl{g)] = {f^g). (25) 

Thus, these new creation and anihilation operators create another Fock space 
3^^ that is a subspace of 5^ ® 5^ and is isomorphic to the old Fock space 3^. 
Hence, there exists a map 

U :r -^ !F^ (26) 

that is an invertible isometry between Fock spaces. It is uniquely specified 
by the properties 

a^ = Wc^U , (27) 

and the vacuum in !F is mapped to the vacuum in 5^ 0 ^ . 
The map V is defined on !F^ only, but we can extend it to all of 3^ ® 3^ 

by setting U*F = 0 whenever F € 5^ (g) ^ is perpendicular to 3^^. In other 
words f/* is a partial isometry between Fock spaces where U*U = I on 3^, 
and where UU* is the orthogonal projection onto 3^^. We continue to denote 
the extended map by (7*. 

Let (j) and 0 be smooth nonnegative functions, with 0^ + 0 = 1 , 
0 identically one on the unit ball, and vanishing outside the ball of radius 2. 
Set (PR(X) = (p(X/R). It is a standard calculation to show that for any ^ 
with finite energy 

(vi/, / / , » ={ct>j,^^ H^CPJ,^) + (0^x1/, Hij;^) 

- (vl/, (V0;,)2vi/) _ (vi/, (V0^)2vl/) . (28) 

The last two terms in (28) are bounded by const./R^, 
One goal will be to show that for any ^ with finite energy 

(vl/, 0;,t/* [Hl^X^-X® Hf] U(t)R^) + o{\) . (29) 

The error term o{\) vanishes as both R and P go to infinity and depends 
otherwise only on the energy of ^ . Notice that the invertible map U depends 
on the cutoff parameter P as well. (29) will be proved in Lemma A.l in the 
appendix. The intuition behind the estimate (29) is that localized electrons 
interact only weakly with far away photons. Those photons are described 
solely by their own field energy. 

An immediate consequence of (29) is the estimate 

(^,0;,//,);0;,Vl/)>(£^(^,A^)+^)||0^Vl/| |2 

- m(0/^vi/, ^ * i (g) P2^0/?^) + ^(1) , (30) 
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569 which is obtained by noting that the field energy in the second factor can be 
estimated from below by 

Hf >ml -mP2, (31) 

where P2 is the projection onto the vacuum of the second factor of ^ 0 ^ . 
In a further step we prove in Lemma A.3 that the sequence 

(0/?^^ f/*I ® PiU^R^^) -> 0 (32) 

as j -> 00. 
Returning to (28), using Corollary A.2 we have that 

(0^vl/, HITR"^) > S^(m, yV)||0^^f - o{\) , (33) 

with o{\) going to zero as /? ^- 00. Roughly speaking 0 forces some of the 
particles to be far away from the origin. Any such particle configuration can 
be described by two clusters with no interaction between them. In particular 
the interaction between these clusters via the radiation field is turned off. 
This means that each cluster carries its own field energy. To prove this the 
localization in Fock space is used. Moreover the cluster that is far away 
from the origin does not interact with the external potential although the 
repulsion among its particles is still present. 

To summarize, by combining (30), (32) and (33) we have proved that 

liminf (^I/^ H^^^) > (£^(m, N)-\-8)-\- o{\) (34) 

where 

S = min{m, I]^(m, N) - E^(m, N)} , (35) 

and (9(1) tends to zero as R ^ 00 and P ^ 00. n 

5 A minimizing sequence 

We consider the Hamiltonian H^^ defined in (4) with field energy Hf(m) 
defined using (i>,n(k) = V^^+~m^. Our main goal here is Theorem 5.3, 
which shows that the ground states of the m > 0 problem form a minimizing 
sequence for the m = 0 problem. 

5.1. Theorem (£^(m, Â ) converges to £^(0, A^)). As m-^ 0, 

E^(m, N) -^ E^(0, N) and E\m, N) -^ E\0, N) (36) 

Proof. First, note that H^^ > H^, > H^ if m > m' > 0, because a>̂  has 
this same monotonicity property. Therefore, for any sequence of m -> 0, 
E^(m, N) is monotonically decreasing and has a sequence-independent, 
finite limit,which we call £"*, and we note that £"* > £"^(0, A )̂. To prove the 
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opposite, namely £* < £^(0, A )̂, we shall prove that £* < ^^(0 , Â ) + 2£ SlQi 
for every ^ > 0. 

Let O G J^ be normalized and such that (O, H^ O) < E^(0, Â ) + s. 
We note that H^^ < HQ -i- mJ^, where J\f is the number operator 

^= } . al{k)a^{k)d'k. (37) 

Thus, if we use O as a variational function for H^^ we have E^(m, N) < 
£"^(0, N) -^ £ -\- m (O, J/ O), and our goal is accomplished provided that 
O can be chosen so that (O, JV O) < oo, in addition to (O, HQ O ) < 

E^(0, N) + 6:. If a way can be found to modify O to another vector O so 
that ( $ , JV $ ) < oo, in addition to (O, H^ $ ) < E^(0, N) + 2s the proof 
will be complete. ^ 

A suitable choice is O = H^O, with Yl,i being the projector onto the 
subspace of J{, with n or fewer photons, i.e., JC^ = <S)^L^(M?; C^) (g) ̂ <„, 
for an appropriately large n. It is easy to see, with the help of Lemma A.5 
that (n^O, [V + / ]n^O) -> (O, [V + / ] 0 ) , that (H^O, / / /H^O) ^ 
(O, / / / O ) , and (11,^0, /7yn;,0) ^ (O, /?yO) as n ^ oo. The following 
Lemma 5.2, shows that the other terms converge as well. The same proof 
works for E^(m, N). D 

5.2. Lemma (Finite photon number approximation). Let ^ e Mhe such 
that (O, Hf^) < oo. Denote by n„ the projection in M onto states with 
photon number less than or equal to n, i.e., n„ is the projection onto the 
subspace M^ = ^^L^(R^; C^)(8)F<„ C J^. Let^,, = n , ,0 . Then we have 
the following strong convergence as n -^ oo (in addition to 0„ —> Oj 

Bixj)(^n -^ Bixj)(t> . (38) 

Proof. Write A = D-\- D* where D contains the annihilation operators and 
D* contains the creation operators. We omit (xj) and we omit the vector 
index of A for simplicity. Since (O, / / / O) < oo we learn from Lemma A.4 
that D<t> and D*0 are in J{. Since n,,_i -^ I strongly, 

D^n = n,,_iDO -> DO . 

The same holds if D is replaced by D* and n — 1 by n + 1. This proves the 
statement for A. The statement for B is proved in the same way. n 

The following are two corollaries of Theorem 5.1. The first is the input for 
Sect. 6. The second is important for showing that it is only necessary to state 
the "binding" condition (3) once (for m = 0). It is a trivial consequence of 
Theorem 5.1. 
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571 5.3. Theorem (Minimizing sequence). Suppose that mi > mi > ... > 0 
is a sequence tending to zero and suppose that Oy, for j = 1, 2, ... is an 
approximate minimizer for H^^ in the sense that 

8j^{<^j,H^^.<^j)-E''(mj,N)^0 as 7 -> oo . (39) 

Then Oi, O2, ... is a minimizing sequence for HQ . 

Proof E^'imj, N) + 8j = (O,, //,̂ .̂ O,) > (O,, H^ O,) > E^(0, A )̂. 
D 

5.4. Lemma (Binding without mass impUes uniform binding with mass). 

Assume (3), i.e., assume that 

£^(0, N) < min{E^(0, N') + E^O, N - N') : N' < N}-2s . 

Then, for all sufficiently small m, 

E^im, N) < min{£:^(m, N') + E^m, Â  - ÂO : Â ' < Â } - ^ . 

Proof. Each of the various energies converges as m —> 0 by Theorem 5.1. 
D 

6 Two infrared bounds 

We have seen that any sequence of (approximate) minimizers for the H^ 
problem (m > 0) is a minimizing sequence for the HQ problem. A crucial 
point was the possibility of finding an approximate minimizer for the HQ 
problem that has a finite expectation value for the total photon number 
operator JV. 

We also know by Corollary 5.4 and Theorem 4.1 that the H^^ problem 
has a ground state, <^n^, and in this section we shall prove two theorems 
about the soft photon behavior of O^ .̂ The first, Theorem 6.1, is about 
the photon number al{k)a^(k) and is based on a method of [8]. The sec­
ond. Theorem 6.3, which has no antecedent we are aware of, is about the 
derivative of al(k)a^(k) with respect to k. 

6.1. Theorem (Photon number bound). Assume that there is binding, i.e., 
E"^ {m, N) < E^(m, A )̂. Assume that 0,̂ ^ is a normalized ground state for 
the many-body Hamiltonian H^^, m > 0. Then 

Pa 

| /c| 

where P is a finite constant independent of^,n, g, ot, and depends on m only 
via the binding energy T>^(m, N) — E^(m, N) > 0 and of course on A. 
The function XA(^) ^^ the characteristic fimction of the ball of radius A. 
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Remark: We have proved in Corollary 5.4 that the binding energy is a uni- 572 
formly positive function of m for small m, if the binding energy at m = 0 
is not zero. Therefore, Theorem 6.1 implies that the expectation value 
(0,„, J^<^m) of the number operator (37) in the ground state O^ is uni­
formly bounded for small m. 

The proof of Theorem 6.1 will be based on the following lemma about 
exponential decay of eigenfunctions, concerning which there is a vast liter­
ature (see [23,10,25,1]). We do not strive at all to get the best exponential 
decay constants. For us the only really relevant goal is a decay estimate that 
depends only on Yi^(m, N) — E^(m, N) > 0, but not otherwise on m. 

6.2. Lemma (Exponential decay). Let H^^ be the N-body Hamiltonian in 
(4) and let Ô^̂  be a groundstate wave function, which necessarily satisfies 
the Schrodinger equation 

Hl^„, =E''im, N)<i>,„ . (40) 

We assume that E^(m, Â ) — E^{m, N) > 0 and choose fi > 0 with 
fi^ < E^(m, N) - E'^im, N). Then 

I exp(^|X|)<D«ir < C ( 1 + I ) IIO,, 
Li^{m, N) — E^{m, N) — p^ 

where the constant C does not depend on m. 

(41) 

The strategy of the following proof is probably due to Agmon [1]. We 
learned it from [20]. 

Proof. Let G{X) any smooth, bounded function on IR-̂ ^ with bounded first 
derivative. We easily compute 

[ [Hi - E\m, N), G],G]^ -2\VG\\ (42) 

We use the Schrodinger equation (40) to compute 

(G<D,„, [Hi - E\m, N)\G^„,) = - ^ (cD„„ [[H^ -E(m), G] , G] CD„,) 

= {t>,n, |VG|2(D„) . (43) 

Now we choose G to be 

G(X) = xiX/R) exp[/(X)], where 

mi 
f(X) = l+s\X\ 

(44) 

and where 0 < x < 1 is a smooth cutoff function that is identically equal to 
1 outside the ball of radius 2, and identically zero inside the ball of radius 1. 
We let £ —> 0 at the end. 
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573 Next, we calculate 

|VGp = |Vx|V-^' + 2Vx . yfef'G + \Vf\'~G\ 

and note that the first and second terms are compactly supported in M^^ and 
each is bounded by a constant C that depends on ^ and R. 

Returning to (43), we obtain, after rearranging terms, 

(GO^, (//^ - E\m, N) - | V / p ) GO^) < C||cD^f. (45) 

Since | V / | < ^ we know by Corollary A.2 that 

x{H;^-E''im,N)-\Vf\')x 

> (E^(m, N) - E^(m, N) - p^ - o(l)) x^ (R-^ oo) , (46) 

In conjunction with (45) this shows that 

2C 

Ti^(m, N) — E^(m, N) — p^ 

for R large enough. After letting ^ -^ 0 by monotone convergence a similar 
bound with G replaced by x exp(^|X|) is obtained. 

Proof of Theorem 6.1. This proof is a slight modification of the one in [8]. 
The basic idea is to show that there is effectively no interaction between 
localized particles and low momentum photons. To make this idea explicit 
we write our Hamiltonian in a gauge different from the usual Coulomb 
gauge. 

To be precise, define 

A{x) = A{x)- A(0), (47) 

which is well defined owing to the ultraviolet cutoff. The unitary operator 
that accomplishes this i^U = exp[/ Xl/Li \/otXj'A{0)]. This is an "operator-
valued gauge transformation". It commutes with A{x) for all jc, but not with 
a^{k) or with Hf. 

Define 

bx{k, X) = Ua^{k)W = a^{k) - iwx(k, X), (48) 

v^ithwx(k, X) = XA(/C) | / : |~^/^^X(^)-I] /=I •^/•ThetransformedHamiltonian 

Hfj2 i s 

+ V + Hf(m) (49) 

Hf{m) =J2f (^m{k)bl{,k, X) bx(k, X)(Pk . (50) 
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To estimate ||a;^(/:)0^ ||, write 574 

a^(k)<^,, = Wa^{k)^,n - iwx{K X)^,, (51) 

where 0;„ = ^ ^ m , and note that 

\\wx{K X)^^\\ < V ^ ^ ^ | | | x | 0 ^ | | . (52) 
|/:|V2 

It remains to estimate ||a;^(/:)cl)^||. By the Schrodinger equation for O^ 

- a)^(k)bx(k, X)^,, . (53) 

While this equation is correct, the derivation is somewhat formal. This 
is rigorously justified in Appendix B. 

Now add a)m(k)a^(k)^ni on both sides. Since E^(m, N) is the ground 
state energy and co^ik) > 0 the operator //,„ - E^(m, N) + co,n(k) has 
a bounded inverse R(cOfn(k)) and hence 

(k) ^ 
a^(k)^nr=2V^R(a)^(k))^^8,(^^ 

+ iR(0J^(k))XA(k)^V^^ ^ 'J^^^ . J2^.i^~''"''^m (54) 

- R{a),n{k))(x)m{k)iwx{k, X)$;,,. 

For consistency, note^that for \k\ > A, Wxik, X) = 0. Hence a^(k)^,n=0, 
i.e, for these modes 0„^ is the vacuum as it should be for a minimizes Since 

norm of the last term is bounded by 

V^VyV^^III^I$ml|. (55) 
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575 To bound the norm of the first term we need to estimate 

N 

II Y, Rico,nik))s^{k) • (pj + V^Aixjmi - e -*^ ' ) $ , 
/ = ! 

N 

sup I ^ (£x(A:) • {pj + V^Aixj))Ri(o,„ik))rj, (1 - e-'^-^')$m) 
ll')ll<i ' j^i 

l / 2 r A . . „ ,.,,.., ^ ...Tl/2 <sup ry]ii(p,+v^Au,))/?(ft;„w)/7ii'l ry]ii(i-e-''^"o$,ji'l 
(56) 

Next estimate the square of the first factor to get 

N 

7 = 1 

< a (rj, R{co,n{k))HlR{co„,{k))ri) + b 
< a in, R{co^{k))vi) + ( a £ ^ m , N) + b) (rj, R(co^(k))^ri) 

^ < ^ ^ I l 2 ^ fo"" 1̂1 ^ ^ (57) 
\K\ 

where <3 and Z? are independent of m. Since sup^^^j E^(m, N) < oo the 
constant C is also independent of m. Finally the second factor in (56) is 
bounded by |/:||||X|O^J|. The term containing the Pauh matrices in (54) is 
estimated similarly. In conjuction with (54), (52), (56) and (57) this shows 
that 

\K(k)^,^\\ < CV^(A + 1 ) ^ / ^ ^ ^ | | | X | $ , , | | (58) 

This, together with Lemma 6.2, proves the theorem. n 

Next we differentiate (54) with respect to k. There is a slight problem with 
this calculation since the polarization vectors cannot be defined in a smooth 
fashion globally. We make the following choice for the polarization vectors. 

(k2,-k,,0) 
£i(k) = —-p (59) 

and 

£2(k) = —A8,(k). (60) 
\k\ 
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6.3. Theorem (Photon derivative bound). Assume that there is binding, 576 
i.e., E^(m, Â ) — E^(m, N) > 0. Assume that 0,„ is a normalized ground 
state for the many-body Hamiltonian H^, m > 0. Then for \k\ < A and 

\\'^kax(k)(i>m\\ < , (61) 
1^11/2/^2+^2 

where Q is a finite constant independent of^^y g> ^, A, and depends on m 
only through the binding energy Ti^(m, N) ~ E^(m, N) > 0 . 

Proof. We differentiate (54) with respect to k and obtain 

V^ia^ik))^,, = 

k x ^ '- (1 — e~^^'^J) -
2^R{a),n{k)f—£x{k) • V ( P ; + V^A(xy)) - — O,, + 

\k\ ^ •' W'^ 

2V^R(o)^(k))W,(s^(k)) . J](pi + ^A(xj))^^~^ '^$,n + 

2^R{cD,n{k))s^{k) . Y,{pj + V^A(x,))V, r ^̂ ^̂ ,̂ M O,, 

+ |V^V,(//?(.;..(^))^^^ . |]a,.-'^-^$,.) 

- V^ {R(co,n(k))a)^^(k)iwx(k, X)$,„) . 

The norms of the first and third terms can estimated precisely the same 
way as in (56) and (57), and yields a bound of the form 

^ | | ( 1 + | X | ) $ , J | . (62) 

For the second term, a straightforward calculation shows that 

const. 
\W,Si(k)\ < for i = \,2. (63) 

J k^ + kj 

The last term is dealt with in a similar fashion as the previous ones. Using 
the steps in (56) and (57), this leads to the bound 

| |V,(a,(^))$,J | < ^ ^ II (1 + |X|) 0,„.|| . (64) 
\k\^/2jk] + kl 
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577 xhe fourth term can be estimated in the same fashion to yield a similar 
result. _ 

Differentiating (51) leads to the same estimate with 0,„ replaced by 0;„. 
This, together with Lemma 6.2, proves the theorem. n 

As for the proof of Theorem 6.1, our somewhat formal calculations 
above are rigorously justified in Appendix B. 

7 Proof of Theorem 2.1 

The proof will be done in two steps. 

Proof. Step 1. The Hamiltonian H^^ has a normalized ground state O^, by 
Theorem 4.1. Pick a sequence m i > m2 > ... tending to zero and denote the 
corresponding eigenvectors by Oy. This sequence is a minimizing sequence 
for H^ by Theorem 5.3. Since || Oy || is bounded there is a subsequence (call 
it again O/) which has a weak limit O. Since H^ - £^(0, N) > 0 and 
by the lower semi-continuity of non-negative quadratic forms (in our case, 

0 < (O, (H^ - E^(0, yV))0) < liminf (Oy, {H^ - E^(0, N))^j) = 0 . 
/->oo 

Hence O will be a (normalized) ground state if we show that | |0 | | = 1 
(i.e. Oy ^ O strongly). It is important to note, however that if we write 
Oy = {^/,o. ^ / , b •••. ^j,n^ •••}. where Oy„ is the ^-photon component of 
Oy then it suffices to prove the L^ norm-convergence of each Oy,„. The 
reason is the uniform bound on the total average photon number; see the 
remark after Theorem 6.1 which implies 

^ | | O y , , f < const yV-̂  . 
n>N 

Likewise, it suffices to prove the strong L^ convergence in the bounded 
domain in which \X\ < R for each finite R. The reason for this is the 
exponential decay given in Lemma 6.2, which is uniform by Lemma 5.4. 
Finally, by Theorem 6.1, Oy „(X,/ci, . . . ,/:„) vanishes if |/c/| > A for 
some /. So it suffices to show L^ convergence for Oy ,̂  restricted to 

Q = {(X,ku... ,kn) : |X| < R; \ki\ < A, / = 1, . . . , n} c M̂ ^̂"*""̂^ 

for each R > 0. 

Step 2. For each p < 2 and /? > 0 we show that Oy ,j restricted to Q is 
a bounded sequence in W^'^^Q). The key to this bound is (61) and 

(a^(k)<t>j)n-i(X,ki,.., ,/:„_i) = VnOy,„(X,/c,/:i, . . . ,/:„_i) (65) 

where the arguments X, k\, ... , A,,_i and the spin indices have been su-
pressed. By the symmetry of Oy ,̂ , (65), Holder's inequality and (61) 
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f dX f dk,...dknT\^k^<^jAX,ku..^,knW' 

J BR J\kil...,\k,A<A .^j 

- n^-^'/2 f dxf dk,,.. dkn\V,, ( a , ( i t i ) O y ) , _ i ( X , )t2, . . . , knW' 
JBR J\k^\ |^J<A 

<C I dkJ [ dX f dk2...dkn 
J\ki\<A \JBR J\k2\,...,\k„\<A 

xP/2 

<C dki\\Wk,a^(ki)^j\y' < const (66) 

independent of j . The constant C depends on all the parameters, but is finite 
because \ki\ < A in the integration. Similarly, by Holder's inequality 

<C{<^J,J2P^^J) pa 

which is uniformly bounded by Lemma (A.5). 
Since the classical derivative of a-^{k)<^ni is not defined in all of Q one 

has to check that the weak derivative coincides with the classical derivative 
a.e.. Because of our definitions (59) and (60), the classical derivative is not 
defined along the 3-axis. 

One has to show that 

f dif^j,, = lim I dif^j,, = -lim f ilfdi^j,n / = ! , . . . , 3(N+n). 

for any test function ij/ e C^(Q). Here Qs is Q with an s cylinder around 
the 3-axis removed in each /:-ball. The first equality is trivial; it is the second 
equality that has to be checked. This amounts to showing that the boundary 
term, coming from the integration by parts vanishes in the limit as s tends 
to zero. But this follows immediately from Theorem 6.1. 

This shows that Oy^ as a function of all its 3(N -j- n) variables, is in 
the Sobolev space W^'^iQ) and that supy ||Oy „||vi/i./'(^) < oo. Since O,̂  y 
converges weakly in L^(Q) it converges weakly in L^\Q) and since the 
sequence is bounded in W^'^^(^), VO„ y converges weakly to VO^ .̂ 

The Rellich-Kondrachov theorem (see [22] Theorem 8.9) states that such 
a sequence converges strongly in L^(Q) if 1 < ^ < [ 3p(N + n)/3(N + n) 
— p]. The boundedness of Q is crucial here. For our purposes we need 
q = 2, and hence we have to pick p such that 

2^3(N + n) 
2 > p > (67) 

^ 2 + 3(yV + n) ^ ^ 
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579 which is possible for each Â  and n. We conclude that <t>jn -^ O,̂  strongly 
in L^(Q) as j -^ oo, for each n and R. This proves the theorem. n 

Remark: Theorem 6.3 essentially says that the derivative is almost, but not 
quite in L^. For high dimensions, 3(A^ + n), the required p is as close as 
we please to 2 if we require ^ = 2, but /? = 2 is not allowed. The way out 
of the difficulty was to prove a uniform bound on the number operator and 
use this to say that that it suffices to prove strong convergence for each n 
separately. With n then fixed, it is possible to find a. p < 2 that yields q = 2. 
It is, therefore, crucial to have the derivative in every L^ space with p < 2. 
The resolution of the problem of the infrared singularity is thus seen to be 
a delicate matter. 

A Appendix: Localization estimates 

In this appendix we collect a few facts which we use several times in this 
paper. Generally we worry about localizations of Hamiltonians in configu­
ration space. While this is standard for Schrodinger operators it is somewhat 
more complicated in the presence of the radiation field. This is chiefly due 
to the problem of localization of photons. 

We begin by stating a few well known facts about partitions of unity. 
Let ^ denote one of the 2^ subsets of the set of integers 1, 2, ..., Â .̂ Its 
complement is denoted by p^. As shown in [20] there exists a family of 
smooth functions y^ having the following four properties. 

(i) 

(ii) For ^ 7̂  {1, . . . , Â } (including the empty set) the y^'s are homoge­
neous of degree 0 and live outside the ball of radius R centered at the origin 
and 

s u p p 7 ^ C { X : min(\xi-Xj\,\xj\)>c\X\}, (69) 

where C is some positive constant. 
(iii) In the case where ^ = {1, . . . , N}, y^ is compactly supported. 
Corresponding to these electron localizations we define photon local­

izations. 
For given ^ j^ {\, ..., N} consider the function 

= n,,,(>-x(^)) g^iy; /5, X) = n,-,^.( 1 - Xi^'—^)] (70) 

where x is a smoothed characteristic function of the unit ball. Define 
giiy, ^, X) = I — g\(y, P, X). In the variable y, the function ^i is sup­
ported away from the particles in p^ while g2 fives close to the particles 
in P"". Next define, for / = 1, 2, 
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jiiy\ ^, X) = = = . (71) 

Certainly j ^ + j | = 1 and a simple computation shows that 

const. 
IVj-l < —^ . (72) 

In the case where ^ = {I, ..., N}tht construction of j[ and J2 is similar 
to the above one except that the function gi depends on y, is equal to one in 
a neighborhood of the origin and is compactly supported. 

With the help of ji and 72 the photons can now be localized as was 
done in Sect. 4. Let U^{X): ^ ^ 5^ (g) 5^ be the corresponding isometric 
transformation, i.e., the one that is defined via the relation 

Uf^{X)a\h)Ul{X) = a\jxh) 0 I + I 0 a\j2h) . (73) 

The tensor product indicated is a tensor product between Fock spaces. 
We denote by H^ the Hamiltonian of the form (4) with photon mass, 

but only for the particles in the set ^. More precisely this operator acts on 
L^(M '̂̂ I) (g) 5^. By H^' we denote the Hamiltonian of the form (4) with 
photon mass, but only for the particles in the set ^^ where the interaction 
with the nuclei has been dropped. This operator acts on L^(IR- '̂̂ '') (g) 3^. In 
particular we keep the interaction among those particles. In the case where 
^ = {1, . . . , A/̂} the Hamiltonian //^ ' = Hf(m). 

A.l. Lemma (Localization of the Hamiltonian). For every fi 

j^Hj^ = U;iX)j^ [//̂  ® I + I ® H^'] jfiUf^(X) + oil) . (74) 

For p 7̂  {1, ..., A }̂, o{\) -> 0 as first /? -> 00 and then P -> 00. If 
P = {I, ..., N} then o(l) -^ 0 as P -> 00 for every fixed R > 0. 

Proof Our immediate aim is to compare the field energy Hf with the 
locaUzed field energy U''^{X)[Hf (g) I + I ® ///]t /^(X). For simplicity the 
various indices are supressed and U^{X) is replaced by U^. The variable X 
plays no role here. Pick an orthonormal basis {g/}yli of L^(IR^) in //^/^(M^). 
States of the form 

f = const.al.^ igi^) • • • a*.̂  (g/J |0 > (75) 

where k is finite, form an orthonormal basis in the Fock space. The field 
energy acts on such states as 

k 

Hf^ = Y, < , (8n)'" <^. (^8ij)'' • <,, (gi^)\0 > . (76) 
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581 Thus, we have that 

k 

^ / f = ^ ; E < . (̂ M) • • • ^ I , (^8i,) • • • ^I , (8i,)Up\0 > (77) 
.7 = 1 

and 

Hf = Ul [Hf ® I + I (8) Hf] Ufi + £;• (78) 

where the error Ef is given by 

k 

^ / f = ^̂ * E < , (̂ M > • • - K , «^'l' ^1^0 ) ® ^ + ^ ® < . ([72, ^]^,,)) 

. . . c*Jg , , ) f / ^ |0> . (79) 

Thus Ef is given by the operator (the A.'s are omitted) 

^./ =^^* I ] [^*([7'i' ^]^^) ® ^ + ^ ^ ^*([J2, a;]g,)] 

X [« (jigk) ®X + X®a U2gk)]Ufi . (80) 

The expression for the operator Ef does not look hermitian but it is, re­
membering that L l̂ is a partial isometry. Standard estimates lead to 

l (^ , ^ / ^ ) l < (||[^, 7i]|| + UK Mil) (^, [ ^ + 1] ^ ) . (81) 

where JV is the number operator. 
Here ||[7i,<^]|| denotes the operator norm associated with the kernel 

[y'l, (JO\. This norm can be estimated using the formula 

(D I CO 
(82) 

Recalling the definition of j \ , the operator norm of the first term is easily 
seen to be bounded by a const./P. Likewise, the second term, using the 
formula 

dt 
(83) 

1 _ ^ f^ 1 
' + m^ 7t Jo t-\- p^~ yjp^ + m^ TT Jo ^ + /̂ ^ + m^ ^ ' 

can be estimated by const./P. The term ||[j2, (JO\\\ is estimated in a similar 
fashion. The estimate (81) immediately shows that for a general state O we 
have that 

const 
| ( 0 , [Hf - Ul[Hf ®X^X® Hf]U^]^)\ < — ^ ( O , J/<t>) . (84) 

Since the photons have a mass we can estimate the number operator in terms 
of the field energy. The field energy is relatively bounded with respect to 
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the Hamiltonian, i.e., Hf < aH^^ + h for some positive constants a and b, 
and thus we obtain 

COViSt 

|(<D, [Hf - U;[Hf ®I + X® Hf]Up]<t>)\ < - ^ - ( 4 ) , [aH„̂  + ]̂cl>) . Pm 
(85) 

Note that this estimate had nothing to do with the electron, in particular the 
x-space cutoff is not present in the calculation. 

Next we have to compare J2i=\(Pi + ^/ci A(xj))^ with 

uux)jp jpUniX). 

This time the X-space cutoff is important. We would hke to estimate the 
difference 

U Y. ['^P' + V^^(^'))' - u;{X){pi + ^A{xi)f ® iup{x)] jp 

+ h J2 i^P' + V^Mxi)f - u;ix)i ® (Pi + V^Aixi)fUpiX)] jp. 
(86) 

It suffices to treat the first term, the other is similar. It can be easily expressed 
as 

Jf^ 

where 

J2(Pi + V^Mxi))Qi + QiiPi -\-V^A(xi)) - Q] ]f^ (87) 

Qi = Pi + v ^ Afe) - U;(X){pi + v ^ Ate)) ® XUf,{X) . (88) 

Using the form boundedness of the kinetic energy with respect to the full 
Hamiltonian, we have 

U, Y,(PJ + V^A(xj)f^l^^ < a(vl/, //,);vl/) + Z7( ,̂ vl̂ ) (89) 

for positive constants a and b. Thus, using Schwarz' inequality it suffices 
to show that 

112,7^^11-^(1) for / G ^ , (90) 

as R (the localization radius for the electrons) tends to infinity. Denote by 

h^^(y) = (27r)-^/^ [ -L-s^(k)e^^<^'~'^U\ . (91) 

582 
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583 Explicitly, Qi is given by 

Pi-u;{X)pi®xUf,{X) 

+ u;{X) 
•- A 

+ VUX) ^^ 

A 

UpiX) 

UpiX) (92) 

and it suffices to estimate each of these terms separately. Each of the last 
two terms can be brought into the form 

where / is one of the functions 

[jiiy, p, X) - \]h\^,(y) or hiy, fi, X)h'Xy) J ^ P 

The terms (93) are estimated by 

sup {j^(X)||[y, - \]hl^ | y V ( * , ( ^ + l)*) 

respectively 

sup {jp(x)\\j2h'i^^^\\^y(^',i^ + i)^). 

(93) 

(94) 

(95) 

(96) 

In both formulas the index j is in ̂ . The function 7^ lives in the region where 
1-̂ / — ^i\ > cR for / E ^ and j e ^^. The function j \ — 1 (and likewise 72) 
is not zero only if \y — Xj\ < P for some j e ^^. Thus, j^(X)(ji — l)(y) 
and jfi(X)J2{y) are nonzero only if \y — Xj\ > cR — P. As cR — P gets 
large only the tail of the function h^ contributes to the integral which can be 
made as small as we please. The number operator is bounded by the field 
energy times 1 /m which in turn is bounded by the full energy. 

To estimate the first term in (92) we calculate 

Pi-u;(X)p^^iUf,(X) = 

k 

[a Uigk) ^X + I^a {J2gk)\ Up(X) . 

(97) 

Note that the tensor product in the first line is different from the second. 
In the first the identity acts on L^(M^'^'') (g) 5^ (g) 5^ while in the second 
(8) indicates the tensor product of the Fock spaces only. The functions g^ 
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indicates a basis of L^(M-^). The operators U^(X) and U^iX) have unit 584 
norm. Thus 

k 

[a Uigk) ®X^X®a {hg,)] U^{X)^\ ^^^^ 

<(\\[Piji]\\ + \\[Pij2W\\VWT^n, 

where || • || indicates that the operator norm has been taken. The norms of 
the commutators are of the order 1/P and hence vanish as P -^ oo. Since 
the photons have a mass we can estimate the number operator in terms of 
the field energy. 

Similar consideration apply to the ^ '̂ term in (86). The only difference 
is that instead of (95) and (96) we have 

sup{7^(X)||7i/zM| }y(vI/ , (^ + l)vI/) (99) 
X •' 

respectively 

sup {jfi{X)\\[h - m\^ U^/{^. ( ^ + 1)^) , (100) 

with j € P^. Again this terms tend to zero as P ^- oo. The proof for the 
case where ^ = {\, ... ,N} is similar but simpler since the operator /7^ 
does not depend on X. 

Finally, we have to compare the a • J5 term with its localized coun­
terparts. The estimates are similar to, but much easier than the estimates 
for {p + ^ A{x))^ and are omitted for the convenience of the reader and 
authors who, by now, are exhausted. n 

A simple consequence of Lemma A.l is the following. 

A.2. Corollary. Let (j) he a smooth function on R-̂ ^ such that jf^cj) = Ofor 
^ = {1, . . . , A }̂. Thus, (j) depends on R. Then, as operators, 

(t)H(p > (E^(m, N) + o(l)) (jp- . (101) 

Here, E^(m, Â ) = mmx<N'<N{E^{N') + E^{N - N')) ando{\) vanishes 
as R —> CO. 

Proof. By the IMS localization formula we have that 

where the second term goes to 0 as P -^ oo. With our assumption on (p 
only the sets p with ^^ ^ 0 contribute. From Lemma A.l we get that 
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585 0//(/> = J2 ^^*(^)^i^ [//̂  ® I + I 0 //^^j jp(t>Ufi(X) + 0(1) (103) 

as first R -^ oo then P ^ oo. Certainly //^ > E^(m, \p\) and //^' > 
E^(m, \p^'\) from which the statement immediately follows. 

A,3. Lemma. Let ^^ be a normalized sequence in 3i whose energy is 
uniformly hounded and such that for any O G J^ with finite energy, 

{^n. O) ^ 0 , and {^ri. H^) -^ 0 . (104) 

Then 

(0/,^!/,, (7*1 0 P2U(t>R%^) ^ 0 . (105) 

Here U is the Fock space localization Uf^ that corresponds to fi = {1, ..., A }̂. 

Proof Since the energy of ^n is uniformly bounded we also know that 

(^„/ /^m)vl /„) < C . (106) 

is uniformly bounded 
Let us describe the operator I (g) P2^ in more detail. Recall that 

Ua\hi,)- •.a*(/z/,)|0 > = c\hi,) • • • c*(/z/,)^|0 > (107) 

where |0 > denotes the vacuum vector in Fock space and (/|0 > = |0 > 
(8)|0 >. Hence, using the definition of c*(/z), we find that 

X ® P2Ua\hi,)- • •a*(/z/,)|0 > = a\hijx) • • •a*(/z,,,7i)|0 > ®|0 > . 
(108) 

The projection P2 annihilates the photons in the second factor. In other 
words, the operator I ® P2U when acting on a state 

^={^\^\yi).^Hyuy2).'"} (109) 

produces the localized state r ( 7 i ) ^ (g) |0 > where 

r ( y i ) ^ = {^^ ji(yi)^'(yi), ji(yi)ji(y2)'i^\yu 72), • • •} • (HO) 

It follows that 

(0/,Vl/„ U'l 0 P2U(l)R^„) = III 0 P2U(t>R^nf 

Next, we show that (106) implies that 

r (7i)0/^^. ^ 0 . ( I l l ) 
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To achieve that we note first that on account of the positive mass we 586 
have that (^,i, rAf^n) is uniformly bounded. Since ^„ is of the form 

we know that J2k>M (^fi' ^n) - const/M. It is therefore sufficient to prove 
(111) for each function 

From the lemma below we learn that 

J2{'i^n,p]'^n) (112) 
7 = 1 

is uniformly bounded. Thus, we can write (111) as 

-1/2 / ^ 1/2 

[13) 
./ = 1 ' ^ ./ = ! 

which vanishes as n ^ oo since ||(1 + Yli=i p] + ^fY^'^^nW is uniformly 
bounded and since 

^ ./=1 ^ 

-1/2 

is compact on every finite particle subspace. Compactness follows from the 
fact that for continuous functions / and g vanishing at infinity the operator 
f(iV)g(x) is compact. 

A.4. Lemma (Bound on A(x)^). For each x G R-̂  and ultraviolet cutoff A 
write A(x) = D(x) + D*(x) where D contains the annihilation operators in 
A{x) and D* the creation operators. Similarly, write B(x) = E(x) + E*(x). 
As operator bounds 

Hf > -^D*{x)D{x) 
8JTA 

Hf + ^>-^D(x)D*ix) 

2 A 1 
/ / . + — > A{x) 

3A 
fif + TT ^ ^;:^^7^B{xY . (114) 
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587 Proof. We write A{x) = D{x) + D*(%) with 

D{x) = J2 Ikr^^^sxik) txpUk . x]a^(k)d\ . 
^ J\k\<A 

There are thus four terms in A(x)^ . Using the Schwarz inequaUty, the (DD) 
term can be bounded above by (D*D)/2 + (DD*)/2. On the other hand, 
(DD*) = (D'^D) + r , where T is the commutator f2/\k\ = 4nA^; the 
factor 2 comes from the two polarizations A, = 1, 2. Altogether, we obtain 

Aixf < 4 D * W D ( x ) + 4 7 r A ^ 

Finally, we use the Schwarz inequality again to obtain 

J2 fh^al(k)d\ J2 ( h,(k)a,(k)d'k 

<Y, j \h^{k)\^/\k\d\Y, j \k\al{k)a^{k)d\. 

Inourcase,/z;^(/:)= .Sx(/:)exp[//:-x]/y[/:|, so Xl;̂  / \hx{k)\^/\k\d^k = %ixA. 
For B = curl A, replace F by 27rA'̂  and replace \hx(k)\ by vW- ^ 

As a corollary of Lemma A.4 we have the following. 

A.5. Lemma (Bound on (p + A(x))^). For any s > 0 there are constants 
8(£) > 0 and C(8) < oo such that 

N N 

J2 l^PJ + ^Mxj)f + |V^or ; . B(xj)^ + sHf > 8(£) J2 P] - C{s) , 

(115) 

The constants 8(s), C(e) depend on a, g, A, N. 

Proof. In addition to Lemma A.4, use the facts that for any 0 < /x, y < 1, 
(pj + Va A(xy))2 > (1 - l^)p^ + (1 - \/fM)aA(xj)- and 2crj - B(xj) > 
-vB{xjf -\/v. ' ' n 

B Appendix: Verification of infrared bounds 

The proofs of the infrared bounds in Sect. 6 are somewhat formal. In particu­
lar, we carried out the calculations tacitly assuming that ax{k)<^fj^ (which^is 
itself only defined for almost every ̂ ) is in the domain of the Operator //^. 
One can actually prove this when Hn^ is self-adjointly realized in terms of 
the Friedrichs' extension and thereby make all the formal computations in 
Sect. 6 rigorous. Instead of doing so, we give here alternative proofs of the 
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Theorems in Sect. 6 which avoid any reference to a domain of H,n. All the 588 
arguments can be £arried out on the level of quadratic forms. 

We recall that H^ is the Hamiltonian H^ after an "operator-valued gauge 
transformation". Our remarks here about quadratic forms in relation to H^^ 
could just as well be applied to H^ itself. 

In order to keep the notation simple, we give the proof of the infrared 
bounds for the case of a single charged particle (N = I) with no magnetic 
moment, i.e., g = 0. There is no difficulty in deriving these bounds for the 
general case. 

Denote by ^ the set of all finite linear combinations of vectors that 
are products of C^(IR-^)-functions and states in ^ that have only a finite 
number of photons. It is well known that this set is dense in J{, and that the 
quadratic form (^, vj/)^ := (^, (H„, - E^^im, 1) -f-1)^) is defined for all ^ 
in 4 and is bounded below by ||^||^. Hence this quadratic form is^losable 
and the closure of ^ in this inner product is a Hilbert space Q{Hm) with 
inner product (•, •)+ and normJ^||_^ = V ( ^ ' ^)+- _ 

An eigenfunction O;̂ ^ of //,„ in the weak sense is a vector in 2(//m) 
such that 

(^, $ , J + - K^ , 0„,) (116) 

for some real number e and for all ^ G Q(H,n). It is in this sense that 
we proved in Sect. 4 that a ground state exists for the model with massive 
photons. (This implies that 0,„ is in an eigenstate of the Friedrichs' extension 
of H,n). 

Define the smeared operators 

^ / 
ci(f)= > . a^(k)f(k,X)dk, (117) 

where f(k, X) is any function in L^(R^; C^). It is not difficult to show 
that a(f)<^fn is in the form domain of //^. To this end define a/?(/) = 
R[J\f -\- R]~^a(f). Here R is some large real number (which we eventually 
take towards infinity) and J^ is the number operator. 

It is straightforward to see that«/?(/) and a^ ( / ) are bounded operators 
on Q{H,n) for every /? > 0, i.e., 

\\an{f)n^<C{R)\\n^^ (118) 

and similarly for a]^{f). 
Generally, the constant C{R) tends to oo as /? tends to oo. For an 

eigenfunction of //^^, however, this is not the case. Simple but tedious 
commutator estimates reveal that for any eigenfunction 0,„ there exists 
a constant C independent of R such that 

^ ( / ) 0 , „ a ; , ( / ) $ , , ) + < C ( a / , ( / ) 0 , „ a / , ( / ) 0 , , ) . (119) 
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589 The point is that (<^/?(/)0^,, a/?(/)cD^,)+ = {al{f)aR{f)^rn. $m)+ plus 
terms that are uniformly bounded in R. By the previous statement we know 
that a*j^(f)aR(f)^fn is in Q(Hf,^) and hence 

= e{aR(f)^,n.aR(f)^,,). (120) 

The last expression, however, is bounded uniformly in R, since the condition 
0,„ e Q(Hm) implies that the expectation value of the field energy in O^ 
is finite which in turn bounds the last expression in (120). Here we use the 
fact that the photons have a mass. 

From this i^ follows easily that for a^subsequence of J?'s tending^to 
infinity, a/?(/)0,„ has a weak limit in 2 ( / / ^ ) . Since a/^(/)0,„ -^ a(f)^,n 
strongly this shows that a(/)0„^ e QiHfjt). 

Proof of Theorem 6.1. We shall use the abreviation 

"^ f ...dk = ^ ...dk. (121) 

For our special choice of gauge 

A'(x) = a{G') + a*(G'), / = 1, 2, 3 , (122) 

where we set 

G[(k,x) = s[(k)\k\-'^\e''-' - l)xAik) . (123) 

Next, pick any ^ in ^ and calculate (recalling the definition of w in Sect. 6 
equation (48)) 

(vl/, {H^ - E\m, l ) ) a ( / ) $ , , ) = - 2(vl/, (/, G)(p + A)0,„) (124) 

with a)(k) = V^^ -\- m'^. This extends, using an approximation argument, to 
all ^ e Q{Hm) and, in particular, to a(/)0„^. Here we note that, on account 
of Lemmaj\.4 and the assumption on the potential, ^ € Q{Hjn) implies 
that (/? + A)vl/ 6 J^. Hence 

0 < (a( /)$, , , {H,,-E\m^ \))a{f)^,,) 

= - 2 ( a ( / ) 0 , , , ( / , G ) ( ; 7 + A ) $ , , ) 

- ( ^ ( / ) 0 , „ a(a;/)$,„) + / ( « ( / ) $ , „ (/, a;u;)0,„) , (125) 

which yields the inequality 

( a ( / ) $„„ a(ft)/)$«) < - 2 (a ( / )$„„ (/, G){p + A)$„,) 

+ / (a ( / )$„„( / , a ;u ; )$„ , ) (126) 
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for all / in L^(R^', C^). Pick / of the form a)(k)-^/^q(k, X)gi(k, k) where 
gi is an orthonormal basis of L^(E^; C^) and q(k, X) a bounded functiorj. 
Summing over this basis, we get on the left side of (126) 

J2 {a{a)-'^^qgi)^,,, a{a)'^^qgi)^^) = j \q{K X)\'\a^{k)^,,fdk , 

(127) 

and on the right side 

-2{a{co-'\q\'G)^m. (p + A)^m) + i{a(\q\^w)$^, $,,) . (128) 

Hence 

j \q(k, X)\^a^(k)^4^dk < - 2{a(co-'\qf^G)^,n. (p + A)^m) 

+ / ( a ( | ^ | 2 u ; ) $ , , $ , , ) . (129) 

The right side can be written as 

_ 2 J k(k^^)\ (^^(^)$^^ G^(k)(p + A)^^)dk 
J cD(k) 

+ ij \q(k, A)|^(a,(it)$,,, w^^,,)dk , (130) 

and, applying Schwarz's inequality, this is bounded above by 

2[j \q(k,k)\^\\a^(k)^,,fdk]' 
lV2 

W co(kr^\q(k,X)\^\\G^(p + A)^,nfdk] 
L'-^i^i<A -• 

1/2 

+ 'J\k\<A 
\qik,X)\^w^a>„fdk 

1/2" 
. (131) 

Hence we obtain the bound 

.J\k\<h 
co(k)-^\q(k, XmG,(k) • (p + A)<^^fdk 

+ i \q(k^X)\^\\w,^,,fdk 
J\k\<A 

. (132) 
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591 Since, div^ G)^= Owe have that G), - (p -\- A)0,„ = (p-\- A) ^ Gx^m-
Moreover, (/? + A)^ is relatively form bounded with respect to //^^. But, as 
in the proof of exponential decay (Lemma 6.2), we have for each i = 1,2,3 

( G l $ , „ {H^ - E'^im, l ))GlO,,) = ( $ ^ , |V ,Gl | ' $ , , ) (133) 

and we arrive at the bound 

/ 
\q{KX)\^W{mJ^dk< 

c^ k(^.^)| 
lilSA M(ky-

\G^^j'+\\\V,Gx\^,nf + C0{kf\\wx^J^ dk, 

(134) 

where C is some constant independent of m. Since q{k, X.) is arbitrary we 
obtain for almost every k and each X that 

\\ax(k)^„ 

C(o(k)-^ \Gx^4^ +\\\^.Gx\^4^ + ay{kf\\w3mf]xK{k) . (135) 

The right side is bounded by 

^A\x\^mfxK{k), (136) 
\k\ 

which is finite on account of the exponential decay of <5„,. n 

Proof of Theorem 6.3. First some notation: For any function fik) define 

iAhf){k) = fik + h)-fik), (137) 

and 

A _ , a ( / ) = a ( A , / ) (138) 

Returning to (126) with / replaced by A/, / we have 

(A_ ,a ( / )$„„a ( f t>A/ , / )$„ )< (139) 

- 2(A_,,a(/)$„, , (Aft/, G)(p+A)$,„)+/(A_fta(/)$™, {Ahfcow)4>,n) 

which can be rewritten as 

(A_,,a(/)$„,A_/,a(cw/)$;„) < (A_, , a ( / )$„ , a((A,,ft;)/(-+/z))0„) 

- 2 ( A _ „ a ( / ) $ „ , (/, A_,G)(p + A)*„) 

+ i{A_ha(f)^m, (/, A-hicowm^) . (140) 
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Notice that without the first term on the right of the inequaUty sign, the 
structure of this inequaUty is the same as (126), except that, of course, 
A_/^a(/) plays the role of a( / ) , A_/̂ G plays the role of G and A^hiojw) 
plays the role of cow. Thus, without this term we would obtain immediately 
the estimate analogous to (134), 

592 

\q(k,X)\^\UA^,a^)(k)0j dk 

<C 
\q(k,X)\' 

(o{kY 
\A.hGx'^mf (141) 

+ | | |V,A_/,Gx|0,,f+ a;^||A_,(a;u;J$,,f]d^. 

The remaining term in equation (140), after summing over the functions 
qgil -^, turns into 

((A_,a,)(fc)0,„ ax{k - /z)$,,) J ^ % ^ ( A , a ; ) ( ^ - h)Ak (142) f 
which, by Schwarz's inequaUty, is bounded above by 

/ 
\q{KX)n{A_hax)ik)^m\ d^ 

\W{k - A)$„,f ^ % ^ | A „ a ; a - h)\'dk 
n i /2 

ojiky 
(143) 

This, together with (141), yields 

\q{k,k)\'\Ul^.Hax){k)<^m\\ dk i 
\qik,X)\' 

(joikY 

\ 2 | 

|A_,Gx$,„r+l | |V,A_,G, |0„ , f 

+ M{kY\\i\-h{(OWx)^mf\ 

\q{k,X)\^ 

dk (144) 

+ c/ 
coikY 

axik — h)^n\\ \AhCoik — h)\ dk 

Again, since q is arbitrary we obtain for every fixed X 

C 
\iA^i,ax)ik)^„ 

coiky-
A-/,G,$„f+| | |V,A_;,Gx|$„,f 

+ co{kf\\A_h{cowx)^mf+\\axik-h)^,„\\^\Ah(o(k-h)\^'^ . (145) 
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593 Combining this with (136) we get 

\\(A_hax)(k)0,nf 

C 

-co(k) 

+ ^^^^, _ II \x\^,n fxA(k - h)\A,Mk - h)\^ . (146) 

The polarization vectors defined in (59), (60), are differentiable away from 
the 3-axis. The same straightforward estimates as in Sect. 6 lead to 

\(A^i,ax)(k)^,nf 

< C + \k\{kj + kj) \k - h\ {(k, - h,y^ + {k2 - h2Y) 

(147) 

which hold for all |/:| < A and small \h \ with a constant C that is independent 
of m. 

Next, we observe that fork ^0 fixed, there exist a sequence of/z values, 
say hi, tending to zero, so that h~^{A^^^,.ax){k)<bfn converges weakly to 
some element Vj{k) which satisfies the estimate 

Here ej is the y-th canonical basis vector. Next we identify Vj{k) as the 
weak derivative of ax{k)<t>y,^. This weak derivative, by definition, can be 
computed via the expression 

-(vl/ ,aOy0)$,,) (149) 

where ^ is any state in J£ and (j) is any test function in C^(M^). Clearly the 
above expression equals 

hni j (^, {A_He,ax){k)^,n)(t>{k)dk . (150) 

But along the sequence hi 

^hm i (vl/, A_H,,.ax{k)^m)(p{k)dk = f (^, vj(k))(t)(k)dk , (151) 

which identifies Vj(k) as the (negative) weak derivative of ax(/c)0^^. D 
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1 Introduction 

The existence of atoms and molecules in the framework of the Schrodinger 
equation was proved by Zhislin [14] for fixed nuclei when N < Z -\- 1. That 
is to say, the bottom of the spectrum of the iV-electron Hamiltonian is a 
genuine iV-particle bound state that satisfies Schrodinger's equation with 
some energy E^ for each choice of the locations of the nuclei. (Here N is the 
number of electrons, each of charge — e, and Ze is the total charge of one 
or more fixed, positively charged nuclei.) The main physical result of the 
present paper is the proof of the same thing when account is taken of the 
ever-present quantized electromagnetic field. The interaction of this field 
with the electroiis (but not the field itself) necessarily has an ultraviolet 
cutoff |/b| < A (in order to have finite quantities), but we emphasize that no 
infrared cutoff is used here. 

If the fine structure constant a = e'^/hc and A are small enough, the 
result follows from [1], but our result Jiolds for all values of these parameters. 
In a recent paper Barbaroux, Chen and Vugalter [3] developed a new method 
that shows the existence of ground states for two-electron molecules with 
2 < Z + 1 (e.g., the Helium atom). Although they do not have to require 
that the perturbation is small when compared to the ionization energy as in 
[1], they have to impose restrictions on the various parameters since their 
works relies on the existence of the zero momentum ground state of the 
Hamiltonian of an electron interacting only with the radiation field. This 
has been established in [4] but only for sufficiently small coupling constants. 
The method of [3] is different from ours. 

Our work (and [3]) relies on earlier work with Griesemer [7] where it was 
shown that a ground state exists provided a "binding condition" is satisfied, 
and it is this condition that is proved in [3] for the restricted N = 2 case 
and for the general case here for N < Z -\- 1. If E^{N) denotes the bottom 
of the spectrum of the Hamiltonian H^ {N)^ which includes the Coulomb 
attraction of the electrons to the fixed nuclei of various positive charges 
Zie, . . . , Z^e with Z = ^Zj^ and if E^(N) denotes the bottom of the 
spectrum of H^{N) — the "free-electron" Hamiltonian in which there are 
no nuclei, but the electron-electron Coulomb repulsion is included — then 
the binding condition is 

E^{N) < inin{E^{N') + E^{N - N') : 0 < N' < N} . (1.1) 

This binding condition, incidentally, is the same condition that Zhislin de­
rived for the Schrodinger equation without the quantized electromagnetic 
field, and which he verified for N < Z + 1, 
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The inclusion of the quantized electromagnetic field presents two main 
difficulties- One is that if the bottom of the spectrum contains an eigenvalue 
it is not an isolated eigenvalue, as it was in [14]. Rather, the bot tom of the 
spectrum is always the bottom of the essential spectrum because one can 
create arbitrarily many, arbitrarily soft photons. It is not easy to find an 
eigenvalue when it lies in the continuum. This problem was solved in [7] 
under condition (1.1). 

The second main problem, which complicates the proof of (1.1), comes 
from the fact tha t each electron carries a virtual cloud of photons. This 
cloud may have substantial energy and when two electrons are near each 
other (whether bound or not) the interference of the photon clouds must be 
taken into accotint. In general, this is a highly non-perturbative effect. Our 
way around this difficulty is to prove that the photon clouds can be localized 
(i.e., effectively eliminated outside a ball of radius L surrounding the electron 
or the atom) in such a way that the error induced in the energy of the cloud 
is smaller than L~^^'^^\ and thus the direct Coulomb interaction, which goes 
as L~^^ is dominant — as it Was in the original paper [14]. A closely related 
effect is tha t even in the absence of an external potential electrons interact 
with each other. In such a case their dynamics is governed by H^^ which 
contains the electron-electron Coulomb repulsion. Nevertheless, it is not 
inconceivable that the quantized field, which interacts simultaneously with 
all the electrons, might cause binding among the "free" electrons. While this 
is unlikely it has never been disproved and we must not assume in our proof 
that E^{N) = NE^{1), 

We are grateful to the anonymous referee who made many valuable sug­
gestions and who helped us understand some conceptual matters about pho­
tons. 

2 Basic Definitions and Concepts 

The Hamiltonian under consideration, in appropriate units, is the Pauli-Fierz 
Hamiltonian and is given by 

j=l 
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Here, g is some constant (close to 2, physically) and the vector aj is the set 
of three Pauli spin matrices for electron j . (Owing to the ultraviolet cutoff 
there is no restriction to \g\ < 2, as there would be without a cutoff [12],) 
The operator pj denotes — iV acting on the coordinate of the j-th electron. 

The potential V is the potential oi K > 1 nuclei with positive charges 
Z i , . . . , ZK and locations -Ri,..., R^ ^ ^ • 

K 

V{x) = -Y,Zj\x-R^\-^ . (2.2) 

Remark: The truth of our main theorem (3.1) — and its proof — does 
not require that V{x) be given by (2.2). In addition to the general condition 
[7, eq. (5)], we need only the condition that there is some radius p such 
that {V{x)) < —Z/\x\ for |a:| > p, where ( • ) denotes spherical average. 
Similarly, the repulsion | X'l Xj I c a n be replaced by W{xi — Xj) provided 
{W{x)) < l/\x\ for all |x| > p. 

The free Hamiltonian H^{N) is similar to H^(N), but without the at­
traction to the nuclei, i.e., 

N ^ 

H'^iN) = V Upi -f V^A{xi)f + | v ^ a , . B{xi)\ - f a V . _ . + Hf . 
1=1 i<3 ' -̂ ' 

(2.3) 
Note that the Coulomb repulsion among the electrons is included. The 
reason for including the Coulomb repulsion is (as stated above) that we do 
not know whether the electrons bind to each other through the interaction 
with the electromagnetic field, i.e., the electrons may not separate in the 
lowest energy state (if there is one). 

The (ultraviolet cutoff) magnetic vector potential is defined by 

(̂̂ ) = h^J TM^^ ^^^ («A We''=" + al{k)e-'>'--) dk , (2.4) A = l ' 

where the function XA is a smooth, radial function in k space, that vanishes 
outside the ball whose radius is the ultraviolet cutoff A. We denoted the cre­
ation and destruction operators of photons of momentum k and polarization 
A by ^x{k) and ^\{k). This unusual notation is used since we shall later in­
troduce the creation and destruction operators in configuration space, ax{y) 
and a^(y), which act on the Fourier transformed functions in Fock space. 
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The magnetic field is B{x) — curM{a;). The operators 2;^,2^ satisfy the 
usual commutation relations 

\ioix{k),al{q)] = 6{k - q)6x,u , [ «A(^ )^SI / (^ ) ] = ^•> ^^^ (2-5) 

and the vectors ex{k) are the two possible orthonormal polarization vectors 
perpendicular to k and to each other. 

The vectors ex{k) have to be discontinuous functions of k on every sphere 
of fixed |A:|-value because it is not possible to "comb the hair on a sphere". 
However, the only physical quantity, 

Y2eiik)e^^ik)=6,j-'^, (2.6) 
A=l 

is discontinuous only at the point k = 0. For the rest of this paper we choose 
the polarizations vectors to be 

(fc2,-fcl,0) 

VfcfTfcf 

\k\ 

ei{k) = 

e2{k) - y ^ A £ i ( f c ) . (2.7) 

Let us emphasize here that some smoothness of the function XK ^^ essen­
tial for our arguments since this guarantees that the coupling functions 

^>^^y^ ^ h j ^^A(k)e-"'-''dk (2.8) 

has a suitable decay as |y| —> oo. If we did not have the discontinuous 
function e\{k) in (2.8) then h{y) would decay as \y\~^^'^ as \y\ -> oo. (Proof: 
|/cl~^/^ is the Fourier transform of |y|~^/^ in the sense of distributions [10, 
Theorem 5.9]. The Fourier transform of XA is real analytic and decays faster 
than any inverse power of \y\. Hence, the convolution of x with \y\'~^''^ 
decays like |yl~^/^. Wi th a sharp cutoff it would decay only like \y\~'^ which 
turns out to be insufficient for a good localization of the photon states. 

This analysis of h shows that we have to be circumspect about the choice 
of the polarization vectors. Their discontinuity will spoil the \y\~^^'^ decay, 
but it is important to get better decay than |y|~^. In Lemma B.l of Appendix 
B it is shown that with our choice (2.7) of the polarization vectors the 
coupling functions have sufficient decay in the sense that / \y\^^\h\{y)\^dy is 
finite for all 7 < 1. Thus, in an average sense, the coupling functions decay 
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almost as fast as \y\~^^'^- We made no attempt to optimize the choice of the 
polarization vectors. 

While polarization is physically measurable, the polarization vectors are 
not. They are merely a basis. It is odd, therefore, that their mathematical 
definition plays a role in the spatial localization of the photon field that we 
shall construct, and which is central to our proof of the binding condition. 
It would be better to start with a formalism that contains only "divergence-
free" vector fields as the dynamical variables instead of trying to define them 
with the aid of unphysical polarization vectors. In particular, the Fock space 
would be built over the Z/'̂ -space of divergence-free vector fields instead of 
Z/̂  (E)C?. We shall not explore this here, but we mention that the localization 
of a divergence-ftee vector field, which preserves the divergence-free property 
is also a subtle matter. 

The field energy, Hf^ sometimes called dr{uj)^ is given by 

Hf=y\ I \k\al{k)ax{k)dk (2.9) 
A=l,2 J^^ 

There is no cutoff in Hf. The energy of a photon is \k\. 

Another unbounded operator of interest is the number operator 

A/"- V / a\{k)ax{k)dk , (2.10) 

The physical Hilbert space for this system is given by 

n{N) = A^L2(R^;C2)(g)jr (2.11) 

where the wedge indicates that the electron wave functions are antisymmetric 
under the exchange of the particle labels. Thus, the functions in the space 
7i{N) obey the Pauli exclusion principle. The photon Fock space is JT. We 
denote the inner product of two states ^ and ^ in the space 1-L{N) or in 
Fock space alone by 

(^,^) and (^,^) , (2.12) 

respectively. If ^ and ^ are in H{N) then (^, ^) makes sense and defines 
a summable function of xi, 5i, . . . , XN'> SN-, where X •!, s q are the space-spin 
variables of the j'-th electron. 

It is desirable that the above Hamiltonians be selfadjoint on certain do­
mains and this has been worked out, e.g., in [9]. In this paper we will always 
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be talking about the Priedrichs extension of the symmetric operators H'^{N) 
(where # is 0 or 1/). The form domain will consist of all states for which 
each term in the operators has a finite expectation value. Accordingly, we 
define the ground state energy E'^{N) for the Hamiltonian H'^{N) by 

E*{N) = inf{(v[r , i J#(7V)^) : ^ e n{N) , | | ^ | | = l | . (2.13) 

The numbers E'^(N) are finite. This follows from Lemma A.4 in [7] together 
with the fact that the Coulomb potential is form bounded with respect to 
p2 = - A . 

A few remarks concerning the Fock space J^ are in order. It is built over 
the space L'^{'M^f')<SiC?; the second factor takes into account the polarizations. 
Let {fi}, i — 1, 2 , . . . , be an orthonormal basis for Z/^(M^)(g)C^. Then, vectors 
of the form 

| i i , m i ; . . . ; i , , m O = - F = ^ i — ^ a * ( / n r ^ - - - a * ( / z . r N O ) , (2-14) 

constitute an orthonormal basis for J^^ the occupation number basis. In 
(2.14) n is an arbitrary nonnegative integer (with n = 0 denoting the vac­
uum vector |0)) , the indices ^i, • • • , ̂ n ^re all different, the rrii are all positive 
integers, a*( / ) is an abbreviation for Y2x ^\{f\) ^^^ fx — fi^i ^) is a func­
tion in L^, Thus, any state ^ ^ T can be uniquely written as 

m „ ) , (2.15) 
n > 0 i i < Z 2 < ••• <in ' ^ i j ••• )"^n 

where the n — 0 term in (2.15) is just <;6o|0) with 0o ^ C The inner product 
is given by 

< * , * ) = ^ 5 3 Yi \4>iumu ... ^in^mS • (2.16) 
n > 0 Zi<Z2< ••• <in T^iii ••• ,"^in 

This representation has the advantage that the symmetry in the photon 
variables is automatically taken care of. It is particularly useful when dealing 
with product states. Consider a state ^ whose photons are all local ized in 
a closed region 3^ C M^. This means that all the fi{y^ A) appearing in (2.14) 
and in (2.15) vanish \i y ^ y. Likewise, consider a state ^ whose photons 
are all localized in a closed region ^ C R^ which is disjoint from y. Pick 
an orthonormal basis {fk} in ^^(3^) ^ ^ and an orthonormal basis {gf\ in 
L'^{Z) (8)C'^. Clearly, the two algebras of creation and annihilation operators 
generated by a'^{fk) and d^{g£) commute. If 

^ = X ^ X ^ X ^ <?̂ zi,Pi; ... ;in,Pn \h,Pi\ ••• ',in,Pn)y (2-17) 
n>0 ii<i2< ••' <in Pi5 ••• iPn 
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and 

^ = X I Yl X ^ '^JuQv. '•' -Jk.qk \3uqi'. '" \Jk.Qk)z (2.18) 
n > 0 ji<J2< •" <jn 9 1 , ••• ^Qn 

then we define the product state S by 

l,Pi; ••• ',im,P7nWji,qi:, •- ;Jk,Qk | i i ,Pi ; • • •,im,Pm)y'S> \ji,qi; • • •,jk,qk)z 

(2.19) 

where 

In,Pi; ••• ;̂ m,Pm)3; ^ |ii,^i; ••• 'Jk,Qk)z = 

(2.20) 

By a simple calculation we find tha t 

(H,S) = ( # , $ ) ( * , * ) . (2.21) 

Further, if / is a function supported in 3^, then 

(S, a * ( / ) a ( / ) E ) = (# , a * ( / ) a ( / ) * ) (*, * ) . (2.22) 

Likewise, if / is supported in y and g in ̂ , then 

(S,«*( / )a(^)H) = ( * , a * ( / ) $ ) ( * , a ( 5 ) * ) . (2.23) 

Quite generally, we have, for normal-ordered, bilinear expressions, the 
following formulas (in which /3, 7 denote linear forms in the annihilation 
operators a, and hence /3*, 7* are linear forms in the creation operators): 

(S,^7S) = { * , ;87* ) { * , * ) + ( * , * ) (*, /37*) 
+ <*,;9*) (# ,7 * ) + ( * , 7 * ) {^,0^} 

{S, r 7* 5) = (*, /?* 7* *> <*,*) + (*, * ) <*, r 7* * ) 
+ (*, p* * ) ($, 7* * ) + <*, 7* * ) <*, 0* * ) 

(5, r 7 2) = (*, r 7 * ) (*, * ) + (*, * ) (*, r 7 * ) 
+ (*, ^* * ) {* , 7 #) + (*, 7 * ) (#, /3* * ) (2.24) 
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A formula of the type (2.24) does not exist for anti-normal-ordered prod­
ucts y^T*. We shall have no need of such terms, however, because the only 
source of such terms is A{xi)'^ in the electron kinetic energy. If we denote 
the part of (2.4) coming from ax{k) by I3{x) and the remainder by /?*(x) (see 
(2.29)) then 

A{xf = p{xf + p*{xf + 2P''{x)/3{x) + C (2.25) 

where 

Thus, apart from a fixed, finite number aNC, which is strictly proportional 
to AT, (and which is, therefore, independent of any decomposition of the 
system into cliisters) we can (and henceforth shall) replace A{xi)^ by the 
normal-ordered 

: A{xif := 0ixif + /3*ixif + 2p*{xi)0{xi) . (2.27) 

Formulas (2.24) continue to hold for vectors ^ in the physical Hilbert 
space 1-L{N)^ with the replacement of ( , ) by ( , ). In this case, the coeffi­
cients, (pii.mi; ... •4n,mn-> ^^^ (antisymmetric) functions of the electron space-
spin coordinates, Xi, Si. 

It is convenient to introduce the operators given by 

ax{y) = —^ jax{k)e'^ydk . (2.28) 

Then the vector potential can be written as 

2 

A^x) = ^ax{h\ix - •))+alih'^{x - •)) • (2.29) 
A = l 

The action of the operators ax{h\(x — •)) is given by 

[ax{h\{x - •))^]n(2/i,Ai;--- ;yn,K) 

= Vn+1 I h\{x - y)['^]n-^-i{y, \;yu \i;' " ;yn.\n)dy . (2.30) 

A convenient expression for ax{h\{x — •)) is the formula 

axiKix - •)) = Ja),{y)h\{x - y)dy . (2.31) 
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The number operator and the field energy can be expressed in terms of 
the operators ax{x) by 

{^M^) = (27r)̂  Y. / \\^x{x)n^dx , (2.32) 

and 
2 

(^, Hf^) = {2nf Yl («A(-)^, ^ = ^ aA(-)^) (2.33) 

A = l 

which by eq. 7.12(4) in [10] can be rewritten as 

By the previous considerations we have for the product state S that 

A 

Y («A(^)^, ax{y)^) (^, >̂ ) + (^, ^) X] (aA(a:)^, ax{y)^) 
A 2 

+ ^(aA(x)^,^)(^,aA(y)^)4-5;](^,aA(2/)^)(aA(:^)^,^) , (2.35) 
A A 

and hence we obtain for the field energy of S the expression 

(S, HfE) = (^, Hf^) (^, ^) + (^, ^) (^, ^ / ^ ) 

- STT V ^ [ / (^A(x)^,^)(^,aA(y)^) + (^, aA(y)^) (aA(x)^, ^) 

k -y\ 
dxdy . 

(2.36) 

The X integration in the first term of the last integral runs over the set 
y while the y integration runs over the set Z and similarly in the second 
term the x integration runs over the set Z while the y integration runs over 
the set y. Hence the last expression is well defined as long as the distance 
between the sets y and Z is positive. This term expresses the fact that the 
field energy is a nonlocal operator and this nonlocality is one of the main 
obstacles to be overcome. 

In general, the states ^ and ^ will depend on the position and spin 
variables of the various electrons and hence the product state (2.19) has to 
be antisymmetrized over the electron labels. It is straightforward to check 
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that the expression (2.36) continues to hold also for such states. (When 
different groups of electrons are involved an antisymmetrization is required, 
however, as discussed in (3.8).) 

We need one more concept before stating our main theorem. It will 
be necessary to localize both the electrons and the photon field. As far 
as the electrons are concerned it is useful to define what we mean by a 
s y m m e t r i z e d product of n d o m a i n s in M^. If ^ i , . . . Bn are n domains 
(open sets) in M^ then the symmetrized product, ^2, is a domain in (R^)'^ 
given by 

^ ( ^ 1 , . . . ,Bn) - U B^i X B^2 X . . . X ^ ^ ^ , (2.37) 
7rG5n 

where Sn is the group of permutations of n labels. It might be useful to 
illustrate this when n = 2. Then we have Bi <Z^, B2 d M^ and ^^(^1,^2) = 
(^1 X B2) U (J52 X ^ 1 ) . This is different from {Bi UB2) x (B2 UBi) . Physically 
it means there is one particle in each domain Bi^ but the label of the particle 
is indeterminate. If the domains overlap there may be several particles in 
one domain, of course. 

3 The Main Theorem 

The following is our main theorem. The proof given in this section uses 
several inequalities derived later on in this paper, but we present the proof 
now in order to make the main ideas clear without too many technicalities. 

T H E O R E M 3.1 (B inding in A t o m s ) . The strict inequality (1.1) holds 
for all N < Z -\- 1, all g, all oc and all A. In particular this implies that 
there exists a normalized ground state ^(N) in 7i{N) for the Hamiltonian 
H'^(N), i.e., {^{N),H{N)^{N)) = E^{N), and it satisfies H^{N)^{N) = 
E^{N)^{N). 

See the remark after eq. (2.2). 

PROOF: Our proof has three main parts . The first is the construction 
of a good trial function for N — N^ (with 0 < N' < N) localized, 'free' 
electrons and localized photons accompanying these localized electrons. The 
second part is the construction of a good trial function for AT' localized 
electrons 'bound' to the given, fixed nuclei, together with localized photons. 
The third part consists in the construction of a trial function which is a 
product of these two functions and then showing that the energy is lowered 
(by a greater amount than the localization errors) because of a negative 
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Coulomb energy between the 'bound' system (consisting of electrons and 
nuclei) and the localized 'free' electrons. One difficulty in part 3 is that 
although the photons in the two regions are localized in separate regions, 
there is still a residual interaction between the two fields, given by the last 
term in (2.36), which has to be considered. This interaction comes from the 
fact that multiplication by |A;| in Fourier space is a nonlocal operation in 
position space. 

The general argument proceeds by induction. We know from [7] that one 
electron binds. Assuming that the binding condition holds for M electrons, 
all 1 < M < TV — 1, we have to show that it holds for iV electrons, i.e., 
E^{N) < min{£'^(7V') + E^{N - N') : 0 < N' < N}. Using [7, Theorem 
2.1] we may assume that the Hamiltonian H^(M) has a ground state for 
all 1 < M < iV — 1. By the second part of [7, Theorem 3.1] we know 
that E^{N) < E^{N) for all TV, since Z > 0 and the attractive Coulomb 
potential is strictly negative. 

Parti. I From now on we set 

n - TV - TV' . 

Given 0 < TV' < TV we shall construct a normalized state ^(n) for the 
free electron Hamiltonian H^{n) with the property that the n electrons are 
localized in a symmetrized product Vt of some balls of radius RQ while the 
field is localized in balls with the same center but with radius L > 2RQ. The 
construction of ^(n) is done in Theorem 4.3. It lies in the physical Hilbert 
space H{n) and has an energy given by 

{^{n),H\n)^{n)) ^ ^ , . Cn (R^\ ,, . ̂  , . „ ..^ , '^^'^n'^ 

^^''(-)^(Z^^(§)(^+i^«^(^^)i)-($(n),*(«)) - ^ ^^(L-2i?o)^ Vi^y' ' ^' '" Rl ' 
(3.1) 

for any 7 < 1, where C is some constant independent of L and RQ- (It does 
depend on 7 and on n, but n is bounded by TV). 

In (3.1) the term {Cnl{L - 2i?o)^) {Ro/L'^) (1 + I log(Ai^o)l) comes from 
the energy needed to localize the field in n balls of radius L. The last term 
comes from the kinetic energy needed to localize n electrons in the n balls 
of radius RQ (Lemma 4.1). 

I Part2. I According to the induction assumption at the beginning of this 
proof we may assume that 1 < TV' < TV —1 and that the Hamiltonian H^ {N') 
of the bound electrons has a normalized ground state r(TV'). By [7, Lemma 
6.2] we know that this ground state is exponentially localized in the electron 
variables, i.e., if we denote by |X| the quantity X)i=i \^i\ then 

\\ePWT{N')f < Cp (3.2) 

676 



Existence of Atoms and Molecules in Non-Relativistic Quantum Electrodynamics 

E.H. LIEB AND M. LOSS 679 

for any ^^ < min{£'^(iV' - m) + E^{m) : 0 < m < N'} - E^{N'). 

(Note: An error in the proof of this exponential localization in [7, Lemma 
6.2] was discovered by J-M. Barbaroux and the necessary correction was 
published in [6]. We are grateful to Prof. Barbaroux for pointing out this 
mistake to us.) 

Although it is not necessary to do so, we (strictly) localize T(N^) so 
that all the electrons are in a common ball of radius RQ. Following that , 
we localize the photon field in a larger ball of radius L > RQ. The field 
localization is essential. The electron localization is not since it would be 
possible to use only the exponential decay of r( iV') . The localization is done 
as follows. 

Let X ^ 1 be a smooth cutofi" function with support in the unit ball 
centered at the origin and xix) = 1 for \x\ < 1/2. Let 0 = Yli=i xi^i/Ro) 
and T{N') — &r{N'). Since r ( ^ ' ) is a ground state, and hence satisfies the 
Schrodinger equation, we can deduce that the increase in energy due to the 
cutoff is bounded as follows. 

(r{N'),H^{N')T{N')') < E^{N') ( f (iV'),r(Ar')) ^^'^l^^:P^i^ . 

(3.3) 

Inequality (3.3) follows from (3.2) and integration by parts as follows. 
With (, ) denoting inner product in Fock space and dX denoting integration 
over the space-spin variables, we have 

/ 

/ 

{ev{N'),Y^{yj + iA{xj)fev{N')) dx = 

5;]eA,,Gj {r{N'),r{N^)) dx 

+ f e2(r(iv'), Yli^j + iA{xj)fr{N'))dx . (3.4) 

Since (V + iA{x))'^ is a symmetric operator, the left side of (3.4) is real and, 
therefore, the right side must be real, too. The first term on the right side 
is real. The third term is also real because r(7V"') satisfies the Schrodinger 
equation, and hence {r{N'),J2ji'^j-^'^M^j)f^{^')) = {T{N'),{-E^{N')-\-
real potentials)F(TV')), which is real. The middle term must, therefore, be 
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real too (when summed over all particles), and we can replace the inte­
grand by its real part . This means that we can replace 2(r(iV') , (V^^ + 
iA{x^)),T{N')) by 23?(r(iV'),V^,r(iV')) = V, , ( r (7V') , r ( iV' ) ) since 
{r{N')^iA{xj)T{N')) is imaginary (because A{xj) is symmetric). 

Now, integrating by parts we can combine the second term with the 
first to yield - J{V:j,.e)'^{T{N'),V{N'))dxj, This is the error term (the last 

term leads to the principal term E^{N') f f (iV'),f (iV'))). This error term 
can be bounded by replacing Vxi^j/Ro) by C/RQ times the characteristic 
function of the annulus between RQ/2 and RQ^ for some constant C. But this 
characteristic function is bounded by exp(—^i?o/2) exp(-h^|x|). Inequality 
(3.3) then follows from,the exponential decay (3.2). 

Next one has to show that the error term in (3.3) is small when compared 
with ||r(A/^')||^. It follows from the exponential decay that 

||r(iVO||^ > 1 - N'C^e-^^ . (3.5) 

To see this note that xi^i/Ro)'^ > ^ - 9i^ where ^̂  = 1 if \xi\ > RQ/2 
and Qi — 0 otherwise. Then 9 > Hii^ - 9i) > 1 - JZidi- But gi < 
exp{-^i?o}exp{2^|a;i |} < exp{-/3i2o}exp{2/3|X|}. Therefore, 

||f(7vOf > fr(iv'), (i-^^,)r(ivOj 

> 1 - JV'exp{-^i?o} (r(iVO, exp{-2^ |X|}r (7V' ) ) . 

Together, (3.3) and (3.5) imply (for exp{ySi?o} > N' C^) 

(v{N%Hy{N^)f{N')) ^ , AT' C, 
\ /_ <̂  P^(N^\ -\- —̂  

(f(7V0, nN')) ~ Ro exp{y9i?o} - N' Cp 

< E'^iN') + ^ Cpe-^"^ , (3.6) 

where the last inequality holds provided that RQ is chosen such that /3Ro > 
log{2N^Cp). 

The next step is to localize the photons in the state r ( i V ) in a ball 
centered at the origin of radius L > RQ, This leads to a new state ^(iV') 
with 
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- ^ ^ i?2 exp{^i^o} -N^ Cp^ (L- 2Rop L^ ' ^ ^ 

for all 7 < 1 and for RQ and L — 2RQ large enough. 

The construction of this function ^ is precisely the same as the photon 
field localization that led to the state ^ ( n ) . It is carried out in Theorem 4.3. 

Thus, ^(AT') is a state in which all the electrons are localized in a ball of 
radius i?o and the photons are all localized in a ball of radius L. Moreover 
the localization errors are small and given in (3.7). 

I Parts, I Now we put the pieces from Part 1 and Part 2 together and 
construct a trial function S whose energy will be strictly below E^ {N') -f 
E^{n). 

As mentioned above, since H^{n) is translation invariant we can, by 
shifting, make sure that the photons in the state ^(iV') and the photons in 
the shifted state ^ ( n ) , live in disjoint sets. This will be the case when the 
smallest distance of the centers of the balls Bi,.. .Bn with the center of the 
ball in which ^(iV') lives is greater than 2L. 

Now we can form the product state H as indicated in (2.19). The 
state is symmetric in the photon variables by construction. It has to be 
antisymmetrized in the electron labels though, i.e., replace the products 
^iuPu-^im.Pmi^Juqu'-'Jk.qk '^^ (2-19) by 

ciN.N') J2 (-l) ' '^n,Pi;-;zm,Pm(^7r(l),---^7r(Ar-Aro) 
TTGSN 

where TT runs through all the permutations of TV elements, 

c(iV, N') = -̂  (3.9) 
y/N\{N ~ N^)IN^\ ^ ^ 

is the normalization and Zj = (xj.Sj), the position and spin of the j-th 
electron. The expression in (3.9) is calculated by noting first that 0 and -0 
are each antisymmetric in their electron coordinates and, second, that there 
is no overlap between 0 and V̂  because the x variables in the two functions 
have disjoint support. Informally speaking, the antisymmetrization in (3.8) 
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has no effect and could be dispensed with for all practical purposes since the 
operators V and the potentials that we consider here are local operators. If 
we the Hamiltonian contained nonlocal operators, such as the 'relativistic' 
V—-̂  then the antisymmetrization (3.8) would have a more profound effect 
— although (3.9) is still correct. 

Next, we calculate (with : : denoting normal ordering) 

{S,H(iV)S) 

= ( " ' Z ] [= ̂ i + V^A{xi))'^ : +^V^ai • B{xi) + V{xi)\ E J 

in terms of the normalized ^(n) and ^(iV'). The field energy term has been 
explained previously in equation (2.36) and yields 

+ STT V 5R /" («A(x)^(n),$(n))(^(iVO,aA(y)^(iVO) 

+ 8. E ^ / ^̂ "̂̂ ' ""'^'^^^1^ (̂ A(f ̂ (^0. ̂ (^0),,,, . (3.n) 
i J \x-y\'^ 

The Coulomb repulsion term is easily calculated to consist of three terms: 

*(") ' E T — ^ * W ) ( * ( i V ' ) , * ( A r ' ) ) + (3.12) 

* ( ^ ' ) ' E I ^ ,^(iVO|(^(n),^(n))+ (3.13) 
l<i<j<N' '^' ^J^ J 

y2 f \\'^iN')\\H^i,-,^N')\mn)\\HxN'+u..,xr,)^^^ ^3_ĵ ^ 

Here the norm signs indicate that the norm has been taken in Fock space 
and in the spin space. 

The electron kinetic energy involves the calculation of terms of the form 
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(H,a(/)2H) 

= (*(7V'),a(/)2*(iV')) ($(n),$(n))+ ($(n),a(/)2$(n)) {^{N'),^{N')) 

+ 2SR (*(iV'), a(/)*(A^')) (*(n), a{f)^{n)) . (3.15) 

Thus, we have that 

(E,Y^ [: (Pi + V^A{x,)f : +^V^ai • B(x,)j Hj = 

AT' 

^ ('^{iV'), [: {Pi + V^A{xi)f : +^V^ai • B{x^)] *(iV')) ($(n), #(n)) 

+ ^ (*(n), [: {pi + V^A{x,)f : + | VS a, • S(xO] *(«)) (*(iV'), *(iV')) 

i ^ N ' + l 

TV' 

+ aJ2 f (^(")' = ^(^i)^ = * W ) ll^C-^Of (a î, • • . ,x;v')(^a;i • • • dxN' 
(3.16) 

AT / • 

+ « 51 {^{N'),:A{xi)''•.<i!{N'))\\^{n)\\^{xN'+u..,XN)dxN'+i--dxN 
i=N' + \ •' 

(3.17) 

TV' 

+ ^aJ2f {^{n),A{xi)^in)) • (*(iV'),Pi*(Ar')) (a î, •. .,XN')dxi • • • dx^' 

(3.18) 

TV 

+ 2a ^ {nN'),Aixi)^ifiN')). 
i=N' + l •' 

(*(«),Pi*(n)) (a;Ar'+i,...,a;Ar)dxAr'+i •••dxN (3.19) 

AT 

+ 2a 5 3 / <*(^'), ^(a;i)*(Ar')) ($(n), ̂ (xi)*(n)) drci • • • da;;v (3.20) 
2 — 1 

+ 1 ^ E j {'^{N'),B{xi)^{N'))^ 
i=N' + l ^ 

(^(n),a^^(n)) (XAT' + I , . ..,a;Ar)c?XAr/+i -"dxj^ (3.21) 

TV' 

(*(Ar'),CTi*(Ar'))(a;i,...,XAr')^a;i---da;;v' • (3-22) 
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Finally, the last and most important term 

U,Y.V{xi)^ = U{N^),f2^{x^)^{N^)\ ($ (n) ,^(n) ) 

+ ( ^(n), Yl ^(^i)^(n)) (^(ArO,^(7V')) . (3.23) 

Lemma 5.6 allows us to show that the terms (3.16, 3.17) are of order 
L~'^^ for any 7 < 1. This follows from the fact that in our trial function the 
electrons are localized in balls of radius RQ^ and so the distance D in Lemma 
5.6 between any electron and the localized photon field of the subsystem to 
which the electron does not belong is at least L — RQ. Since we can easily 
choose L large and RQ to be an arbitrarily chosen small constant times L 
we conclude, from Lemma 5.6, that these terms are of order L~'^^ for any 
7 < 1. 

The terms (3.14, 3.23) taken together are the terms that will give us 
binding. We shall show that, after averaging over rotations, the two terms 
add to —{Z — iV')/3Z/, which is less than —pos. const./Z/ according to our 
hypothesis. 

^Averaging over rotations^ means the following. We fix the state ^(iV') 
of the electrons bound to the nuclei and their field, which extends out a 
distance L from the origin. On the other hand, the state of the n unbound 
electrons was called ^(n), but actually there axe infinitely many states we 
could use. That is, we start with one ^(n) and consider all rotations of 
it about the origin. The average Coulomb interaction (i.e., the average of 
(3.14) and (3.23)) is the same as if the bound electron state ^(7V'), including 
the nuclei, was rotated about the origin. However, the average potential 
generated by the latter average over rotations at a point x would be exactly 
(Z - N^)/\x\ provided \x\ > L. This is Newton's theorem [10, Theorem 9.7]. 
Therefore, there exists a rotation so that the Coulomb interactions (3.14) 
and (3.23) are as if the inner state were a point charge located at the origin 
and of strength Z — N'. 

We now choose ^(n) so that one of the balls of radius L in which the n 
electrons and the field reside is tangent to the ball of radius L in which the 
bound electrons and field reside. By averaging over rotations we may assume 
that the Coulomb potential seen by the n electrons is that of a point charge 
at the origin; since there is at least one of the outer balls that is a distance 
2L from the origin, and since that ball contains at least one electron, we 
can safely say that the Coulomb interaction of the outer electrons with the 
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nuclei, i.e., the sum of the term (3.14) and the last term in (3.23), is less 
than -{Z - N')/3L. (The reason we wrote Z - N' instead of n(Z - N') is 
that we do not know the positions of the other n — 1 electrons; they could 
be very far away.) 

To summarize the situation thus far, we have a negative Coulomb attrac­
tion of order CL~^^ where C is a fixed constant. We have various localiza­
tion errors of order L^^T^ i^-2 ^̂ d̂ also {RQ/L'^){L-2RQ)-^{\-^\\O^{ARQ)\). 
These latter terms can be made arbitrarily small compared to CL~^ if we 
choose 1 > 7 > 3/4 and 

L^^-^ » Ro » L̂ /2 . (3.24) 

Finally, there are the terms (3.11) and (3.18 - 3.22) which involve expectation 
values of linear operators a"^ in ^(n) and in ^(7V'). These are dangerous 
looking terms; on the face of it they appear to possibly be of order Z/~ ,̂ but 
we can make them all effectively vanish! 

To eliminate these terms we can make an anti-unitary transformation on 
^(7V') (or else on ^(n), but not on both) that will not alter the energy of 
each subunit or alter the Coulomb interaction. This anti-unitary is simply to 
replace a"^ by —a"^ and, simultaneously use complex conjugation to change 
^(iV) to its complex conjugate ^(iV). In addition we apply the unitary 
operator W = Y[i=i ^i •> where a^ is the second Pauli matrix in the usual 
basis in which cr̂  has purely imaginary elements and a^ and a^ are real. 

The effect of applying this anti-unitary is to replace (3.11) and (3.18 -
3.22) by their negatives, whereas all other energy terms remain unchanged. 
Note that the anti-unitary when applied to ^(AT') changes the sign of one of 
the factors in (3.18 - 3.22) only. It changes the sign of (^(iV'),pi^(Ar')) be­
cause of the complex conjugation and it changes the sign of (^(iV), ai'^{N^)) 
because of complex conjugation and W. The terms (^(iV'), A(xi)'^{N')) and 
{"^{N'), B{xi)"^{N^)) change their sign because of the change of sign of the 
a'^'s. Thus, each of this terms can be negated, and one choice or the other 
will make the sum (but perhaps not each individual term) of (3.11) and (3.18 
- 3.22) non-positive. D 

4 Localization Estimates for 'Free' Electrons and 
Photons 

The main result of this section is Theorem 4.3 which shows how to construct 
a state in which the 'free' electrons and the field are localized. This was used 
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in Part 1 of the proof of Theorem 3.1. Part 2 of the proof of Theorem 3.1 
also uses the part of Theorem 4.3 relating to the field localization. 

The proofs in this section rely, in part, on the commutator estimates of 
Sects. 5 and 6. The Hamiltonian for the n free electrons is given in (2.3). 

4.1 Localization of the Electrons, but not the Photons 

LEMMA 4.1 (localization of electrons). Fix a radius RQ > 0. Then 
there exist (not necessarily disjoint) balls Bi^.,.Bn in R^, each of radius 
RQ, and a normalized vector ^ in the physical Hilbert space l-i{n) such that 
the electronic part of ^ is supported in 0 ( ^ i , . . . , Bn) and with an energy 

{^,H^{n)^) < E^{n)-\-bn'^RQ^, (4.1) 

where b = 27r̂  is twice the lowest eigenvalue of the Dirichlet Laplacian in a 
ball of radius 1. 

Conjecture: The proof does not tell us the location of the n balls. If they 
happen to be distinct then we can replace n^ by n in (4.1). We conjecture 
that the theorem can be generally improved in this way, i.e., n^ —> n, with, 
perhaps, a different value for b. 

PROOF: Let e = bn^R^^^/2 and let ^ be a normalized approximate 
ground state with error at most e/2, i.e., ^ e H and (^, H^^) < E^{n)+e/2. 
Let B denote the ball of radius RQ centered at the origin in R̂  and let x be 
a normalized, nonnegative, infinitely differentiable function with support in 
B. Define the function G oi X = (xi, ...,Xn) and Y = (yi, ...,yn) by 

n 

G{X,Y) = Yl Ilxi^i - ym) , (4-2) 
TTGSn i=l 

where Sn is the symmetric group. Clearly G is a symmetric function of the 
X variables and of the Y variables and, therefore, G(X, Y)^ is a valid vector 
in the physical Hilbert space for each choice of Y. 

It is obvious that 

P{X):=f G{X,YfdY (4.3) 

is simply n\ times the permanent of the n x n hermitian, positive semidefinite 

matrix M^j := /ĵ a xi^i ~ y)x{^j — y)(^y' I* is a general fact that such a 
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permanent is not less than the product of its diagonal elements; in fact it is 
not less than the product of the permanent of any principal (n — m) x{n — m) 
submatrix and the permanent of its m x m complement [11], so P(X) > n\. 
In particular, a fact that we shall use later is that for each i, P{X) > 
nlMi^iMi^i — nlMi^i^ where Mi^i is the permanent cofactor of M^̂ ,̂ i.e., it 
is the permanent of the matrix in which the i^^ row and column is deleted 
from M. (In our case, the assertion is obvious since every matrix element 
M^^J > 0.) 

We define W{X,Y) = G{X,Y)P{X)-^/'^, and using this we define 

yJHy :=W{X,Y)^ . (4.4) 

Our ^ will be be ^y (up to normalization) for a choice of Y to be determined 
shortly. Since P{X) > n\ the multiplier W{X,Y) is C^. 

We proceed analogously to Theorem 3.1 of [7]. Consider 

e{Y) := {<^Y.H\n)^Y) - [E^(n)-^ e + bn'^R^^] {<^Y, ^y) . (4.5) 

Our goal is to show that J S{Y)dY < 0 for a suitable choice of x- This will 
prove that there is a set of y ' s of positive measure such that "^y ^ 0 and 
also ( ^ y , i : / ° ( n ) ^ y ) / ( ^y , ^ y ) < [E^{n) -h £ -f bn'^RQ% which is what we 
wish to prove. 

It is obvious, from (4.3) that JW{X,Y)'^dY = 1 and so 

(^y , ^ y ) d y = (^, ^ ) = 1. (4.6) 

In a similar fashion one sees that 

/ ' 

/ 
( $ y , [ a X ] k - a ; i r ' + / ^ / ] * y ) < i l ^ = ( $ , [ a ^ | a ; , - a ^ , r i + i y / ] $ ) . (4.7) 

i<j i<j 

Next, we compute 

+ \\W{V,, + iA{xi))n^ . (4.8) 

The middle term vanishes when we integrate over Y since / W{X, Y)'^dY = 1 
and hence JVxiW{X^Y)'^dY = 0. The last term gives us the required 
contribution of the kinetic energy to J{'^y,H^{n)'^y)dY in (4.5), again 
using the fact that fW{X,Y)'^dY = 1 . The first term is (^,Fi{X)^), 
where 

F,{X) = I \V,, {G(X,y)P(X)-i/2}|'dy . (4.9) 
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Our proof is complete if we can show that Fi{X) < 3e/2n, which we shall 
do next. We start with 

- ( l / 2 ) G ( X , F ) P { X ) - 3 / 2 v ^ , P ( X ) . (4.10) 

If we square this and integrate over Y we obtain (recalling that Vxi-P(-X') = 
2 j G{X,Y)V^iG{X,Y)dY a.nd j GiX^Y^dY = P{X) ) 

FiiX) = ̂ 1^ J lV,,G{X,Y)\-'dY - ^^1^ |V . ,P (X) |2 . (4.11) 

We shall ignore ihe last term since it is negative. 

In order to compute VxiG{X^Y) let us write 

n n 

G{X,Y) = 5 ^ x ( ^ z - % ) / i , ( X ' , n :=^aj{X,Y), (4.12) 

where 
t,j{X',Y')= Yl Hxixe-y^e) , (4.13) 

7reSn_i £^i 

and where Sn-i denotes the set of bijections of 1,. . , z,. . , n into 1,. . , j , . . , n. 
Then, 

/

7i n p n p 

\V^,G\^dY = Y.Y1 ^-^"^- • ^-i<^kdY <nJ2 \^x,aj\^dY 

3=1 k=l •' j = l •' 

= " ^ y" l(Vx)(^i - y,)? dyj J Mj(X', Y'fdY' = nCi,i J \Vx(x)fdx , 

(4.14) 

where 1"' = ( y i , . . . , 1/7,..., Vn) and where Ci^i = J / i ( ^ ' , Y')^dY^ equals 
(n — 1)! times Af̂ ^̂ , the cofactor of Mi^i in the permanent of M. However, 
P{X) > nlMi^iMii = nlMi^i[Ci^i/{n — 1)1], as explained before. There­
fore, P~^ J \S/xiG\ dY < ^ / | V x P ' The same inequality holds for any 
i = 1 , . . . , n which gives us a factor of n^ altogether. 

At this point we wish to choose x to be the lowest Dirichlet eigenfunc-
tion of —A in the ball B. Tha t function is not in C^{B), but it can be 
approximated by such a function so that the error in n^ J | V x P is less than 
e/2. D 
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4.2 Localization of P h o t o n s 

Our next task is to produce a state in which the photons are locahzed. A 
definition is needed first. We say that the electromagnetic field in a state 
^ is supported in a closed subset S C M̂  if each component ax of the 
field satisfies ||aA(a:)< |̂| = 0 for all a: ^ S. To construct a localized state 
from any given state ^ we use the representation (2.15) of Fock space. We 
suppress the space and spin variables of the electrons for the moment. For 
a smooth cutoff function 0 < j{y) < 1 define the localization operator J' 
on Fock space in the following manner. J'^ is still given by (2.15) but the 
vector |^l,r7^l; ••• ;in-,'mn) is changed to 

J\iumi; ••• ; z . , m n ) - ^ = = L = = a * ( j 7 , J - ^ . . . a * ( i / , J - - | 0 ) , (4.15) 

Clearly, ^ is a linear, self-adjoint operator and 

\\a^{y)jn = 0 (4.16) 

for all y that are outside the support of the function j{y). Note that JT is a 
i^rM-»+-rar«fir^Ti i o II 'T'cbll <^ l ld>ll ^VM- a l l cb contraction, i.e., \\J^\\ < ||^|| for all ^ . 

To work effectively with the operator J' the following commutation re­
lations will be useful later. Since the electron variables are not relevant for 
the calculation, we suppress them here. 

LEMMA 4.2 (Coininutation relations for J'). For any f in the single 
photon Hilhert space Z/̂ (M ;̂ C^) we have (with ax{f) = J cb\{y)f{y)dy, as 
before) that 

axif)J = JaxUf), JaKf) = a\{jf)J (4.17) 

[«A( / ) , J] = Jax{{j - 1)/), [«>(/), J] - - « A ( ( J - 1 ) / ) ^ • (4.18) 

PROOF: For any state ^ in the Fock space we have that 

[aA(/)J^*L(yi,Ai;.. 
^ r 

= \ / n - f - 1 Yi^iyk) / / ( y ) i ( 2 / ) W n + 1 ( 2 / ' ^ ; 2 / l ' ^ i ; - - - ; 2 / n : ^ n ) c ? y 
k=l ^ 

= [Jax{jf)^]r,{yuM;'--;yn.K) • (4.19) 

All the relations follow immediately from this. D 
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4.3 Localization of the Photons and the Electrons Together 

One would like to think that most of the photons ought to be localized near 
the electrons. This will be the case provided one replaces the state ^ of 
Lemma 4.1 by the ground state for the Hamiltonian H^{n) restricted to the 
states that vanish outside the set Vt. Moreover, this state will have an energy 
close to the energy E^{n). The following theorem makes this precise. 

THEOREM 4.3 (Localized photons and free electrons). Fix radii 
î o > 0 cbnd L > 2Ro. Then there exist (not necessarily disjoint) balls 
Bi^...Bn in M ,̂ each of radius RQ and a normalized vector ^{n) in the 
physical Hilhert space H{n) such that the electronic part of^{n) is supported 
in Q.{Bi,... ^Brt) and the electromagnetic field is supported in T, = Uf^iPi 
where Pi is a ball concentric with Bi but with radius L. 

The energy of ^(n) satisfies 

($(n), H^{n)^{n)) < E\n) + ^ ̂  + \L-"IR^V { ^ ) ^^ ̂  ' ̂ ^^^^^^^^l^' 

(4.20) 
for any 7 < 1 and where b = 27r̂  is twice the lowest eigenvalue of the 
Dirichlet Laplacian in a ball of radius 1. The constant c depends only on 7 
and is independent of RQ and L. 

PROOF: We start with the wave function ^ given by Lemma 4.1. This 
fixes the balls JBI, . . . B^ and hence the symmetrized product 0 ( 5 i , . . . Bn)-
The next step is to redefine the Hamiltonian H^{n) by restricting the Hilbert 
space to the balls, i.e., we replace the space AZ/̂ (R ;̂C'̂ ) by the subspace 
of L (̂Q;(g)]*C )̂ consisting of functions that are antisymmetric under the 
exchange of particle labels. (This makes sense because Q. is symmetric under 
exchange of particle coordinates.) The Laplacian is replaced by the Dirichlet 
Laplacian. 

A physical way to say this is that we add an infinite potential outside 
Q.. This is not a sum of single particle potentials, but that is immaterial. 
The point is that by the methods of [7] there is a bound state, i.e., there is 
a state ^oiri) with lowest energy E^{n) (the letter D stands for 'Dirichlet') 
that satisfies Schrodinger's equation. (In fact, the methods of [7] are not 
needed to establish the existence of a ground state in this case since all finite 
energy states are evidently localized: this was noted earlier in [5], [1] and [8]. 
However, [7] is needed for the photon localization in the next step.) 

This ground state will obviously have a lower energy than the ^ given by 
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Lemma 4.1 since that ^ autom^atically satisfies the Dirichlet boundary con­
ditions, that is {^D{n),H^{n)^D{n)) < {E^{n)-\-b'n?R^'^) {^D{n),^D{n)). 

Next, we locaHze the photons in the set E. A standard IMS locahzation 
yields two smooth functions ji{y)^J2{y) with 

h{y?-^ J2{yf = 1 (4.21) 

with support of ji (y) in S, We also require that ji (y) is identically equal to 
1 on the set W^^iQi where, for each z, Qi is a ball of radius Z//2, concentric 
with Pi. Moreover we can assume that \\^ji{y)\ < C/L for some constant 
C and i = 1, 2. We define J^^oi"^) by using ji in (4.15) and, with the help 
of (4.16)^ we use the localized state J'^D{n)^ appropriately normalized, as 
a trial ftmction. This function will be the required function ^ ( n ) of our 
theorem. 

The energy of the state J'^oin) can be compared with the energy of 
^]r,(n) by using the commutator formula 

{j^D(n),iH''(n) - E%in))J^D(n)) = ( j^^z)(n), [/T^n), ^]^Z)(n)) . 
(4.22) 

An important point about having a ground state $£>(n) is that one can 
derive infrared bounds for this state (see Sects. 5 and 6). All that is needed 
is tha t ^D is a ground state, i.e., it satisfies the Schrodinger equation in 
order to apply the 'pull through formula'. 

Lemma 5.2 shows that the norm ||j7'^z)|| is close to one and Lemma 5.5 
shows that the right side of (4.22) is bounded as 

C_ 
(L - 2Ro) < rr ^ o , w ( f ? ) (1 + I log(Ai^o)|) (J^Din). J^nin)) , (4.23) 

for any 7 < 1, where the constant C depends on 7 but not on RQ and L. 
This shows tha t ^ ( n ) = J^D{n)/\\J^D{n)\\ satisfies (4.20). D 

5 Commutator and Related Estimates 

In this section we prove various results stated in the previous sections, par­
ticularly Lemma 5.5 which is used in the proof of Theorem 4.3. We also 
prove Lemma 5.6, which is not a commutator estimate; it is simpler. It is 
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needed to bound the terms (3.16) and (3.17), as we stated just after eq. 
(3.23). 

We will deal mainly with the Dirichlet ground state associated with elec­
trons localized in the set Q>{B\,...Bn)' The bounds for the ground state 
describing electrons exponentially localized near the nuclei is easier and fol­
lows in the same fashion. 

In this section and the next we denote the Dirichlet ground state ^/>(n) 
simply by ^ in order to simplify the notation. 

Recall the definitions of ji,j2 in (4.21) and of the operator J' in (4.15) 
which is defined by substituting ji for j . An important operator in our 
analysis is the outer photon number, given by 

ATout = X^ / (iliyhxiy)dy (5.1) 
A=i J32{y)>o 

or, in terms of matrix elements, 

{^.^fonx^) := 5 ^ / \\ax{ym?dy (5.2) 

We start with the following bound, which is a consequence of the infrared 
bounds proved in Sect. 6. It is used in the proofs of Lemmas 5.2, 5.3 and 
5.4. 

LEMMA 5.1 (Photon number is small far aivay from the electrons). 
For the Dirichlet ground state $ of the free electrons localized in ^{B\,.,. En) 
we have the hound (with C independent of RQ and L) 

($,AA$) < C7(l + I log(Ai?o)|) , (5.3) 

and for o// 7 < 1, the bound 

(* ,Ar„„ t* )<c (^g j P f (5.4) 

where the constant C depends on n, A,7 hut not on RQ and L. Likewise, for 
the ground state ^ of the bound system given by the Hamiltonian H^ {N') 
we have that (with C independent of RQ and L) 

(^,Ar^) < C , (5.5) 

and for all j < 1 and L > 2RQ that 

(*,AAo„t*) < C ( ^ ^ ) | | * f , (5.6) 

where the constant C depends only on 7. 
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Our goal is to prove inequality (4.23), which is Lemma 5.5 of this section. 
To do so, we shall need the following three lemmas, in which J is defined 
with ji. Recall that 0 < j\{y) < 1 and j\{y) = 1 for y € Ur=i Qi (^^^ ^^^ 
proof of Theorem 4.3). 

L E M M A 5.2 . For the normalized ground state ^, we have for all 0 < j < 1 
that m 1 - Un^ <C[-^) (5.7) 

where C is a constant that depends on 7, n, A hut not on RQ and L. Moreover, 
for an arbitrary state ^, 

{J^.Afout J"^) < {^,^fout ^ ) . (5.8) 

PROOF: Formula (5.8) is immediate from 

00 n n 

(J'^^ATouiJ-^) =,^n\\ llj{yi)l[lxMm)>omnf • (5.9) 
n = l 1=1 1=1 

Next, note that 

1 - n3iiyk) = E n Jfiy>c)hHyi) (s.io) 
k=l 1=1 k=l 

(by definition the empty product equals 1). This is proved by inserting 
32 {Vn) — 1 ~ JiiVn) on the left side of (5.10) and then repeating the process 
inductively. In particular, we have that 

i-f[jUyk)<f2^2iyi), (5.11) 
k=l 1=1 

from which we obtain 

1 - WJn'' < i^,^fout^) < c (^g) (5.12) 

by Lemma 5.1. D 

L E M M A 5.3 . For the ground state ^ and for every L > 2RQ we have that 

J<b,Y^[(pi+A{xi)f,j]^\ 

< g '( j^_2Ho)-r ( § ) (1 + I log(Ai2o)l ) | |^* | | ' , (5.13) 
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for all J < 1. C is a constant that depends on 7, n, A but not on RQ and 
L. (Note that it makes no difference whether we use [pi + A{xi))'^ or use 
its normal ordering since the commutator of Ui and a* is proportional to the 
identity operator, which commutes with J.) 

PROOF: We first calculate the commutator of (p + A{x))'^ with J. 

=1 

n 
^ {2pi . {[ai, J] + [a*, J]) + [aiau J] -f [a*a*, J] + 2[a*a^, J]) , (5.14) 

i^l 

1=1 

where we abbreviated ax(hP^{xi — •)) by ai and likewise for a*.(Note that 
the index j G {1,2,3} of the coupling function is unimportant and will be 
suppressed from now on.) 

Step 1. The term X^iLi ( ^ ^ ' 2 p i * [a^, J^]$) is bounded, by Schwarz's 
inequality, by 

/ n \ 1/2 / n \ 1/2 

2 \Y.\\piJn^\ f 5:i|[a,,^]^||M . (5.15) 

The first factor can be estimated simply in terms of the energy while the 
second factor will deliver the necessary decay in L. Using Lemma 4.2 the 
problem is reduced to estimating, for each fixed X = ( x i , . . . ,Xn) € Q. and 
each i (with || • || denoting the norm in Fock space only) 

| | ^ a ( M a ^ , - - ) O i ( - ) - l ) ) * l l 

< \\a(h{xi - •){h{-) - 1))*|| < J(l-j^(y)) \\h{xi-y)a{y)ndy 

< f{l-ji(y)) \h{xi-y)\\\aiy)ndy 

< (y"(l -j?i{y)) \h{xi - y)\^dy^ (^J(1 - My))\\a{y)n^dy^ 

1/2 / /• \ 1/2 

(5.16) 

The first factor in (5.16) can be bounded, using Lemma B. l , by 

1/2 ^ 

( / ( I - My)) (^L_lji^y-y\^i - yf'M^i - 2/)l'^y) < {L - 2Rop 
(5.17) 
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since, whenever 1 — j\{y) ^ 0, the distance between Xi and y is at least 
d — {L/2) — RQ^ by construction. If we now square (5.16) and integrate over 
X we get the desired decay estimate for (5.15). 

For the second factor in (5.16) we note that 1 — ji{y) < J2{y)^- This, 
together with Lemma 5.1, yields 

for all 7 < 1. 

Next, (J-^, 2 X:r=i Pi • K*. J]^) = - 2 Er^i ([«i. J]J^.Pi^) and this can 
be estimated in the same fashion as before except that the estimate is in 
terms of 

instead of (^, ATout̂ )- On account of Lemma 5.2, this is bounded by 

Hence, we obtain the same kind of bound as in (5.18), i.e., for all 7 < 1, 

Step 2. Returning to (5.14) we concentrate on the term [â â , JT] which 
can be written as a^^ ,̂ J] -\- [â , J^]ai. Using Schwarz's inequality 

{J^,a^[auJ]^) = {alJ^,[auJ]^) < ||a*jr^|| ||[a,, J^]^|| . (5.19) 

The second factor is treated in precisely the same fashion as in Step 1. The 
first factor cannot be estimated directly in terms of the energy, since the 
function J'^ is not an eigenfunction. This will be dealt with below where 
we estimate the term ||a*j7'^^||. 

The term 

{J^,[a^,J]ai^) , (5.20) 

can be written, using Lemma 4.2, as 

{J^,Jaih{xi - OOiC-) - l))a{h{xi - •))*) 

= {j^C^,aih{xi - •))a{h{xi - -KM-) - 1))*) (5.21) 
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which, again using Schwarz's inequaHty, can be bounded by 

\\a*{h{xi - •))J^n \\<h{xi - •){h{-) - l))n • (5.22) 

As before, the first factor cannot be estimated in terms of the energy, since 
J^^^ is not an eigenstate. Note, however, that 

\\a*J^<^f = ||ojr2^||2 + WhfWJ^n'' • (5.23) 

and the first term on the right side can be estimated by 

\\hf {j'^^.J^fJ^^) < \\hf{^,M^) - (5.24) 

This follows from the formula 

oo 

^ = 1 1 «*(/.)«(/.) ^ (̂ -25) 

which is valid for any orthonormal basis {/j}, in which we pick /i(y) = 
h{x — y)/\\h{x — •)||, and from (5,9). (Here h is an abbreviation for the 
coupling functions.) Thus, using Lemma 5.1, 

I Y. {J^, [aim, J\^) I < <^(j,_2iep)7 ( § ) (1 + I lo6(^^o)|) . (5.26) 

Step 3. By taking adjoints the third term in (2), Y^^^iWlK^^] leads to 
the expression 

n 
-Y^{[aiai,J]J^,^) (5.27) 

and can be dealt with in the same fashion as in Step 2. It remains to analyze 
X3^ î[a*a ,̂ J] = Y17=l ^ii^i^ ̂ \ + [^i' J\0'i' The first term is estimated using 

{aiJ^A^i,J\^) < \\aiJn \\[cii.J]n , (5.28) 

while the second one can be written as 

-{[ai,J]J^,ai^) (5.29) 

which, once more by Schwarz's inequality, can be bounded by 

\\[ai,J]jn WaiH • (5.30) 

Both these terms have been estimated previously. D 
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We come now to the third lemma needed for the proof of Lemma 5.5. 
This lemma concerns only the real part of a commutator expectation value 
(5.31), but this is all we need for Lemma 5.5. The reason is that the total 
commutator in Lemma 5.5 is manifestly real, since $ (n ) is an eigenstate of 
H^{n) and J' is selfadjoint. On the other hand, the piece of the commutator 
considered in Lemma 5.3 is also manifestly real and the only other part of 
H^{n) to be considered is the potential energy terms, which commute with 
J^. Therefore, the commutator expectation value in (5.31) is, in fact, real. 
The proof of Lemma 5.4 is greatly simplified, however, by being able to 
ignore the (non-existent) imaginary part . 

L E M M A 5.4 ( C o m m u t a t o r of J w i t h t h e field energy ) . The ground 
state ^ satisfied the hound 

SR {J^,[Hf,J]^) < I ( ^ g ) (1 + |log(Ai?o)|)^/' (5.31) 

for any 7 < 1 . C is' a constant that depends on 7, n, A hut not on RQ and 
L. 

PROOF: It is convenient to write the field energy of a state ^ in the 
form 

{^,Hf^) = ( 2 7 r ) 3 ^ ( a A { - ) * , V = A aA(-)*) = 

A 

(see [10, Eq. 7.12(4)] ). Next, we note tha t the commutator expression 
(5.31) is given by 

y^ J \^ y\ 

First, we investigate the numerator of the sum of the two integrands, 
which is 

{ax{x)J^,ax{x)J^) - ^ {ax{x)J^^,axix)^) 

- ^ {ax{x)J^, ax{y)J^) + ^ {ax{x)J^^, ax{y)^) (5.34) 
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plus the same thing with y and x exchanged. For brevity's saJce we have 
omitted the sums over A here and in the following. We note that the x-x 
terms (and likewise the y-y terms) cancel. This follows from 

{ax(x)J^,ax{x)J^) - 3fi {ax{x)J^^,ax{x)^) = 

{ax{x)J^,ax{x)Jii) -m.{Jax{x)Ji^,ax{x)^) -^{[ax{x),J]J^,ax{x)^) 

= lk{ax{x)J^,[ax{x),J]^)-^{[ax{x),J]J^,ax{x)^) , (5.35) 

which, together with Lemma 4.2, yields 

ijiix) - l)diiaxix)J^,Jaxix)^) - (Mx) - l)U{Jax{x)J^,ax{x)^) 

= iJiix) - 1,) [dt iaxix)J^, Jaxix)^) - ^ {ax{x)J^, Jaxix)^)] = 0 . 
(5.36) 

Now we deal with last two terms in (5.34). 

m {axix)J^^,axiy)^) -^iaxix)J^,axiy)J^) 

= di {[axix), J] J^, ax{y)^) + 3* {ax{x)J^, Jaxiy)^) 

-R{axix)J^,axiy)J^) 

= ^{[axix),J]J^,ax{y)^) + ̂ iax{x)J^,[J,axiy)]^) • (5-37) 

Again, by Lemma 4.2, this equals 

iJiix) - l)R{ax{x)J^,Jax(ym - Uiiv) - l)^{ax{x)J^,Jax{ym . 
(5.38) 

Commuting the J' once more with the a's leads to 

{Mx)~l)Ui[axix),J]^,Jax{ym-iJi{y)-lW{[ax{x),J]^,Jax{y)^) 

+ {ji{x) - My)}^{Jax{x)^,Jax{y)^) . (5.39) 

We do not have to worry about the last term, since it is the product of a 
symmetric and an antisymmetric term in the variables x and y^ and thus its 
x-y integral with \x — y\~^ in (7) vanishes. The other term, using Lemma 
4.2, is of the form 

{(Mx) - 1)2 - Oi(y) - l)Ui{x) - l)}U{Jax{x)^.Jax{ym - (5.40) 

Taking into account the terms with x and y exchanged we find that (5.33) 
equals 

4. 5: / iMx)-My))y(Ja>.ix)^,Ja.iym^^,y (5.41) 
^ J \^ y\ 
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Now we use Lemma 5.1 to get an estimate on the size of (5.41). Recall 
that the function ji{x), which defines J and which is defined in (4.21), is 
identically equal to 1 on U^^iQi^ where Qi is the ball of radius L/2 equi-
centered with the ball Bi. Moreover ji{x) = 0 whenever the distance of x 
to the center of every Bi exceeds L. Write 1 = Xi + X2 + Xs where xi is 
the characteristic function of Uĵ -̂ Qz and X2 is the characteristic function of 
the shell between U^^iQi and E = uy^^Pi. Finally, xs is the characteristic 
function of the outside region (on which J2{x) = 1 and ji{x) = 0). We note, 
for later use, that / x i ^ CnL^ and / x 2 £ CnL^^ where C is a universal 
constant. 

Next, we analyze each of the terms 

{h{x) - 3i{y)f Xi{x)xi{y)^{Ja>.{x)^,Jax{ym Ti,j=A-K j dxdy . 
\x-y\^ 

(5.42) 
Clearly, Tî i = T^^z = 0. To bound the other T^j's we recall that 

{3i{x)-ji(y)f<^\x-y\''. (5.43) 

With this and Schwarz's inequality, Tij is bounded by 

rp ^ c f xi{x)\\jaxixm\ xj{ym<^x{y)n, , 
^''^ -i?j w^^ ^̂ ^̂  

^crMx)\MxmxAy)\Mm,^,^^ 
L^ J \x~ y\^ 

Denote ||aA(a;)^|| by f{x). Consider the terms 2 = 3 and j = 1,2. Using 
the Hardy-Littlewood-Sobolev inequality (see [10, Theorem 4.3] with 1/2 4-
5/6 + 2/3 = 2), we get the bound 

T3J <-^||X3/||2||Xi/||6/5 , i = l , 2 . (5.45) 

By Holder's inequality 

llx,7ll6/5 < Ilx,il3||/||2 < Cn'f^LWfh , (5.46) 

and hence, for j = 1,2, 

nj < ^ ^ ( $ , A r ^ ) V 2 ( $ , X ) u t ^ ) ' / ' . (5.47) 

Note that Hxs/lb is proportional to (^, A/'out̂ )̂ '̂ ^ while II/II2 is proportional 
to (^,A/'$)V2. 
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The next term to consider is i = 2 and j = 1, 2, 3. Again, H-L-S leads to 
the bound 

T2,j < ;^||Xi/||2|IX2/||6/5 ,3 = 1,2,3. (5.48) 

Applying Holder's inequality yields 

11X2/116/5 < IIX2||3 IIX2/II2 < Cni/^Lllxa/lb , (5.49) 

and hence the term with i = 2 and j = 1, 2, 3 is also bounded above by 

where we used (^, A/'out̂ )̂ ^^ > ||X2/||2- It is the term (^,A/'^) which yields 
the logarithmic term in formula (5.31). 

Finally, the term z = 1, 7 = 2 is the same as i = 2, j? = 1, and the term 
« = 1, J = 3 is the same as i = 3, j = 1, both of which have been already 
treated. 

Collecting the estimates we have shown that 

which, by Lemma 5.1, proves the lemma. D 

We are now ready to prove the estimate stated at the end of the proof 
of Theorem 4.3, i.e., 

LEMMA 5.5. For all L > 2RQ we have the estimate 

{JHn).JHn)) - {L - 2Ro)^ [L^J ^' ̂  ' ^-^(^^)l) (^-^^ 

for a// 7 < 1. The constant C depends on n, A,7 hut not on RQ and L. 

PROOF: The lemma is a direct consequence of Lemmas 5.2, 5.3 and 5.4. 
D 

LEMMA 5.6 (Bound on the error terms). For each fixed a; G M ,̂ 

( J^^ ,a ( / i (a : - . ) )V^)<C^-^max{(^ ,A/ '^ ) , 1}, (5.52) 

for any 7 < 1, where D is the distance of x to the support of ji. The same 
estimate holds for a'^{h{x — •))^ and for a*{h{x — '))a{h(x — •)) in place of 
a{h{x-')f. 
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PROOF: Using Lemma 4.2, 

{J^,a{h{x - ')fj^) = {J^,Ja{h{x - ')M-)f^) = 

{a%h{x - •)M'))J^^,a(hix - -hii-))^). (5.53) 

By Schwarz's inequality this is bounded above by 

Ua-'ihix - •)M-))J^n Mh{x - •)M-))m • (5.54) 

Similar to the proof of Lemma 5.3, the second factor in (5.54) can be bounded 
as follows. 

\\a{h{x - ')jii'))n < fhiy) \\H^ - y)a{y)ndy 

< J My) \h{x - y)\\\a{y)^\\dy 

< (^f n{y? \h{x - y) |2dy) (^J \\a{y)n''dy^ • 

(5.55) 

The second factor here is (^, AT^)^/^ while the first factor can be estimated, 
using the fact that the support of j i and the point x are a distance D apart , 
as 

^ (^f h{y? \x - y?''\h{x - y)\^dy^ < - ^ (5.56) 

by Lemma B. l . 

The first factor in (5.54) can be bounded as follows. 

\\{a^{h{x - ')h{'))J^m^ = {J^^,a{h{x - •)j{^))a%h{x - . ) i i ( - ) ) ^ ' ^ ) 
(5.57) 

= (J^2^, [a(/.(x - . ) j i (-)) ,^*(M^ - •)ji(-))]v7'^) -f \\a{h{x - ')h{'))J''^\? . 
(5.58) 

The first (commutator) term in (5.58) equals / \h{x — y)\^ji{y)^dy | | ^ ^ ^ | p , 
which is bounded by CjD^^, The second term was treated in (5.55) and is 
thus bounded by CjD'^^^^M^)' (Note that {^M^) > {J^->MJ^).) 

It is immediate that similar estimates hold when aa is replaced by a^a^ 
or by d^a. D 

6 Infrared Bounds 

In this section we prove Lemma 5.1. It will follow from infrared bounds 
similar to the ones proved in [1] and [7], which have been proved to hold for 
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the electrons bound to the Coulomb potential. Those infrared bounds are 
not sufficient, however, for the localized wave function of the 'free' electrons. 
The chief reason for this insufficiency is that we need to know the dependence 
of the constants in the infrared bounds on the parameter RQ. Ultimately, 
the trouble stems from the fact that we do not know the positions of the 
n localized electrons, not even remotely. Thus, a direct application of the 
estimates in [7] would lead to constants that can grow conceivably as R'Q or 
even faster for large RQ, This problem does not occur for the the bound 
electrons since, in that case, the electrons are localized by the Coulomb 
potential and the infrared bounds do not depend on the parameter RQ. The 
theorem below holds for the localized electrons, as well as for the bound 
electrons. The proof for bound electrons is easier and is omitted. 

As in Sect. 5 the Dirichlet ground state <^D(^) for the 'free' electrons 
localized in in ^(J5i, . . . ,-Bn) is denoted simply by ̂ . Its energy is E^{n). 
The ground state for the bound system with Hamiltonian H^ {N') is denoted 
by ̂ . 

LEMMA 6.1 (Infrared bounds). The following infrared hounds hold for 

\\ax{k)n < Jj^XAik) , (6.1) 

||SA(A:)^|| < ^XAik) . (6.2) 

The vector axik)^ is a sum of n terms of the form e~'^^'^^Tj^x{k) where 

Tj^x{k) is given by (6.25) and satisfies the estimates 

l l^^^--(^)l l ^ | ;^ |V2(g '^ , | ) i /2XA(fe) + I ^ V ^ X A C ^ ) (6.3) 

The vectors Yj are defined below. The constant C depends on n, on the 
ultraviolet cutoff K and it is a monotone decreasing function of RQ. Similar 
bounds but without the factor RQ hold for the bound electron ground state ̂ . 

PROOF: We prove first the bound (6.2) in detail. As a first step one per­
forms an operator valued gauge transformation (see [7, Eq. 47]) by applying 
the unitary operator (in which A is the vector potential (2.4)) 

m 

Uix) = eM-iV^^M^)i^ - yj) ' MYj)] (6.4) 

to the wave function in each of its variables, i.e., 

n 

^-^^ = Yl U{xi)^ =: U^ . (6.5) 
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Here, (t)j is a suitably chosen smooth function of compact support and the Yj 
are suitably chosen vectors. Note that the factors in the product commute 
since A{x) commutes with A{y) for all x and y. 

Next, we describe the functions (j)j. Consider the balls Bi{2RQ)^ which 
are concentric with the Bi but with twice the radius, and group them into 
clusters according to whether they overlap or not. We denote the number of 
these clusters by m. Such a cluster of balls Cj has a diameter that is bounded 
above by 4Ro times the number of balls in the cluster and hence bounded 
by 4nRo. Denote by Yj the center of the cluster Cj which is defined to be 
the center of the smallest ball that contains all the balls Bi{2Ro) belonging 
to that cluster. We choose functions (pj tha t are smooth , supported in 
the union of the balls Bi(2Ro) that belong to the cluster Cj and that are 
identically one on the union of the balls B^. In particular YVJ^i 4^j{^) — 1 
for X e Uf^^Bi. 

The gauge transformation U transforms the Hamiltonian H^ (n) into the 
Hamiltonian 

n 

H°{n) = UH°{n)W = ^ [(pi + y/^Aixi))"^ + | v ^ a i • B{xi)\ 
i=l 

i^j \^^ ^3\ 

where the new field A{x) = UA{x)W + oc~^^'^UpU* = A{x) + a'^^'^UpW' is 
given by 

771 m 

A{x) = A{x) - 5^c/>,(x)A(lS) -Yl^'t>j{x){x - Yj) . A{Yj) , (6.7) 
3 = 1 3=1 

in which A{x) is still given by (2.4). The transformed field energy Hj is 
given as in (2.9) but with 'axik) replaced by the transformed creation and 
destruction operators 

hx{k, X) = Uax{k)W = ax{k) - iy/^wx{k, X) (6.8) 

with 

.x;A(A:,X) = 5 ^ 5 ^ 0 , - ( x O ( x , - F , ) . g ^ e - ^ ^ ' ^ ^ X A W • (6.9) 
z=l j=l • 1̂ 1 

As before, the letter X denotes the vector ( x i , . . . ^Xn)- We note that 

ax{k)^ = W \ax{k)^ - iy/^wx{k, X ) $ j . (6.10) 
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Since ^ satisfies t h e Schrod inger e q u a t i o n we c a n a p p l y t h e s t a n d a r d 
p u l l - t h r o u g h formula [1, 7] a n d c o m p u t e 

n I 771 I 

i = l [j=l ) 

ex{k) n m 

+ 4xA{k)V^ ^ ^ ^ 7 # • E ^.e-^'-^^i - \k\bxiK X)^ . (6.11) 

T h e t e r m X ^ ^ i e ^^'^^(f)j(xi) s t e m s from t h e c o m m u t a t o r of ax{k) w i t h 

A{xi)^ wh ich yields a t e r m p r o p o r t i o n a l t o e~^^*^* w i t h o u t a n y s u m m a t i o n 

on j . Us ing , however, t h e r e l a t ion X ^ ^ i <t>j{^i) ~ 1? wh ich is val id for any 

Xi in U^^iBj , we get that e-^^'"^^ = jyjLi e~^^'^^(t>j{xi). N o t e that Xi has to 

b e in W^^-^Bj for, o the rwise , ^ van ishes . 

Likewise, t h e second t e r m in t h e above fo rmula a p p e a r s t o have b a d 
infrared behav io r , b u t in o rde r t h a t ^ does no t van i sh it is necessa ry t h a t Xi 
b e in one of t h e bal l s . B u t t h e n V4)j{xi) = 0 s ince (f>j is c o n s t a n t , a n d t h i s 
t e r m does no t c o n t r i b u t e . 

Since H^(n) — E^{n) is n o n n e g a t i v e t h e o p e r a t o r H^(n) — E^{n) -\- \k\ 
h a s a b o u n d e d inverse R{k). T h u s (6.11) leads t o t h e e q u a t i o n 

axik)^ = V^f2e-"'-^^2xA{k) \k\-'/^exik) • i?(fc) 
3 = 1 

+ iV^fZ |XA W^^^^=P • i?WcTie-''=-*$ + i^\k\R{k)wx(k, X)$ . 

(6.12) 
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As in [7], simple estimates, using Schwarz's inequality, lead to 

Ti 

( \ 1/2 n m \ 

+ ^XA(fc)^/S n\k\'/^\\Rikm + \k\\\Rik)\\\\w^ik,X)n • (6-13) 

Note that the index j in the first summand is determined by the ball to 
which the electron i belongs. Therefore, \xi — Yj\ < 2ni?o-

Lemma A.l states that 

^ f ^ a , - S ( x , ) + i 7 / + C > 0 
2 

(6.14) 

where 
C = ^9^cxN^ f XAikfdk . (6.15) 

Thus we also have tha t 
N 

^ X^cT,- • B{xj) + Hf + C>0, 
2 

(6.16) 

(note that the gauge transformation 14 commutes with B{x)) and hence 
n 

^ : = \\R{k) Y,iPi + V^A{xi)?R{k)\\ 

< \\R{k) Vfy^i + V^Mxi)? + I'^iBixi)] +Hf + Cj R{k)\\ 

= \\Rik) ( # ° ( n ) + C ) R{k)\\ . (6.17) 

Thus, by subtracting and adding E^ — |A;|, 

/3 < \\R{k) (H\n) - Elin) + \k\) R{k)\\ + {\E^r>{n) - \k\\ + C)\\R{kf\\ 

- \\R{k)\\ + {\EUn) ~\k\\+ C)\\R{kf\\ (6.18) 

where the constant C depends on A and n. For the last term in (6.13) we 
have that 

m 71 

| |^A(A:,X)i | | < X A ( / c ) | A : r V 2 ^ ^ | | | : ^ , _ F ^ . | ^ ^ . ( : ^ , ) $ | | . (6.19) 
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Since \\R{k)\\ = 1/|A:|, we have that \\R{k)^\\ < l/\k\. 

By combining these estimates with (6.13) and using \xi — Yj\(l)j{xi) < 
2nRo^ we obtain the bound 

||a;,(fc)*|| < CRo\k\-'^^mxx{k) , (6.20) 

where the constant C depends on A, n and the energy. This estimate carries 
over to the state ^ by (6.10) since wx{k^X) apphed to ^ satisfies the same 
estimate, as we see in (6.19). Note that the energy E^{n) does depend on RQ 
but it is monotone decreasing as a function of RQ (by the variational principle 
for Dirichlet boundary conditions) and it is uniformly bounded below. 

Next, we observe in (6.12) tha t 'ax{k)^ is a sum of m terms of the form 
e-'^^'^j Sj{k) where 

Sj^x{k) = V^2xA{k) \k\~'^^ex(k)-R{k) 

z = l 

n 

+ iV^XA{k)\k\'^^sx{k) ' R{k)Y2M^i)i^i -^j)^ ^ (6-21) 
i=l 

where we have used the identity 

n m n 

Y2 (Jie-'^""'^ - Yl ^~'^'^' Yl <^i<t>j{xi)e~'^-^'''~^^^^ . (6.22) 

i=l j=l i=l 

Since by (6.8) 

ax{k)^ = U* [ax{k) - ^^/^wx{k,X)] $ , (6.23) 
we obtain that 

axik)^ = f2 e-'^'^^fj,x{k) (6.24) 

where 
fj,xik) - U* [Sj,x{k)^ - iV^wxik, X)] $ . (6.25) 

Differentiating these expressions with respect to k and proceeding in the 
same fashion as in the proof of (6.2) yields the estimate (6.3). 
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Differentiating the polarization vectors (2.7) yields the factor ^ / ^ i~+^ f 
in the denominator of (6.3) . The details of the calculation are the same as 
the ones in [7] and are omitted. The bound (6.1 is considerable easier, since 
its proof does not require the gauge transformation. Otherwise the proof is 
word for word as the one above. Finally, the proof of the infrared bounds 
for ^ is a word for word translation of the one given in [7]. Note that the 
localization radius does not show up in this calculation since the electrons 
are exponentially localized in the vicinity of the origin. D 

Finally, we come to the main application of the infrared bounds proved 
in this section. 

PROOF OF LEMMA 5.1: Using (6.1) we can write 

{^,J\font^) = f \\a{x)n^dx = f II X^T,-A(:r - Yj)fdx (6.26) 

which, by Schwarz's inequality is bounded above by 

j=l Jh{x)>Q 

For X in the support of J2 we have tha t \x — Yj\ > L and hence 

/ \\Tj^x{x - Yj)fdx < y | r / \x\^^\\T^A^)fdx . (6.28) 
Jj2{x)>0 ^ ^ J 

This last term can be related to the derivative in k space of the function 
Tj^x{k) by the formula 

J \x\-''y\\Tj,^ix)fdx = C^J ^ 1̂  _ ^,p^+i ^-dkdk' (6.29) 

where the constant C^ is given by 

Indeed, writing Qj^x{x) = xTj^x{x) this formula follows from 

r , , , /•(%A(fc),4,A(A; ')) 

j \x\''^-^Qj,x{x)rdx = C^j ^ |fc_fcr|2-y+l ^ ^ ^ ^ (6-31) 

[10, Corollary 5.10] and the fact that 

(Qi,A(A:),Q,,A(A:0) = (v^T,-^(A:), V^f,-^(A:')) - (6.32) 
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Using the bound (6.3) a straightforward calculation shows that the func­
tion \\VkTj^x{k)\\ is in U" for all p < 2, (The relevant term in (6.3) is the 
first term on the right side.) Using Schwarz's inequality and the Hardy-
Littlewood-Sobolev inequality [10, Theorem 4.3] we can therefore bound 
(6.29) by 

Cp \j \\VkTj^x{kWdk\ 

with p = 6/(5 ~ 27), which is strictly less than 2 for 7 < 1. To prove (5.3) 
we write for some 0 < H 

i^.Af^) = y2 f \\ax{k)n''dk 4- V / \\ax{k)n''dk , (6.34) 

and, using (6.2) and (6.1) we get 

^ ^ / irrXA^^ + C / T^XAdk , (6.35) 

which, optimized over if, leads to (5.3). 

< CRl , (6.33) 

The proof for the state ^ is carried out in precisely the same fashion. D 

Appendix A 

L E M M A A . l . On A^L'^{m^;([:?) <^ T we have that 

i^f^^j' ^ ( ^ i ) -^ ^ / + i ^ ^ « ^ ' / X A i k f d k > 0 . (A.l) 

P R O O F : The magnetic field operator can be written in the form 
2 

where 

Y^ f[cl{k)ax{k) + cxik)al{k)]dk {A.2) 
\ 1 «' 

-A W = '-^XAik) Y: ^ ^ ^ ; | P • aje^"-^ • (A.3) 

With this notation we can write the Hamiltonian (A.l) as 

-Il/lly^AWcAWrffc (A.4) 
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Here, / denotes the identity operator on spin space. The first term is non-
negative and crude estimates on the second yield the lemma. D 

Appendix B 

In this section we prove the estimates on the coupling functions h\{y) which 
are defined by 

Kiv) = ̂  / -j=A{k)XA{k)e"'--dk . (B.l) 

It is impprtant to choose the polarization vectors carefully in order that their 
Fourier transforms (from A:-space to y-space) have nice decay properties as 
|y| tends to infinity. We shall express these decay properties in an integrated 
form. The reason for that is that the decay is not uniform with respect to 
the direction of the y. variable. Recall the definitions (2.7). 

LEMMA B.l (Decay of the coupling functions). For any 7 < 1 there 
is a finite constant C{j) such that 

3 2 

i=l A = l ^ 

PROOF: First we compute the gradient of h\ in A;-space. It is elementary 
that 

where C is some constant. Because XA is smooth, 

V^ex(k)xA{k)\Pdk < C(p) (B.4) 
3 2 . J 

EE/i 
2=1 A^l-' V 1̂1 

for any p < 2. We proceed as in (6.29), (6.30) and write 

^j: f \v\''\h\iy)\'dy = C,jzf:f^'^f}-J^^f'^dkdk' . (B.5) 
t—J. ^ i %—1 /\—J. 

Again, by the Hardy-Littlewood-Sobolev inequality [10, Theorem 4.3] this is 
bounded by 

n2/p 

< Cj,C{pff^ , (B.6) iZiZJ \'^^ex{k)xA{k)\^dk 

where p = 6/(5 - 27) < 2 if 7 < 1. D 
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We study three models of matter coupled to the ultraviolet cutoff, quantized 
radiation field and to the Coulomb potential of arbitrarily many nuclei. Two are 
nonrelativistic: the first uses the kinetic energy {p + eA{x))^ and the second uses 
the Pauli-Fierz energy (p + eA(x)y-}-eaB(x). The third, no-pair model, is rel-
ativistic and replaces the kinetic energy with the Dirac operator D(A), but 
restricted to its positive spectral subspace, which is the "electron subspace.** In 
each case we are able to give an upper bound to the binding energy-as distinct 
from the less difficult ground state energy. This impHes, for the first time we 
believe, an estimate, albeit a crude one, of the mass renormalization in these 
theories. 

KEY WORDS: Quantum electrodynamics; mass renormalization. 

1. INTRODUCTION 

There has been a great deal of recent work dedicated to the construction of 
a theory of ordinary bulk matter interacting with the quantized radiation 
field. In such theories the number of electrons, Â , is usually held fixed (i.e., 
pair production is not allowed) and these N particles interact with each 
other and with K fixed nuclei via the ordinary electrostatic Coulomb 
potential—^in the Coulomb gauge. (The nuclei are fixed because they are, 
relative to the electrons, infinitely massive.) The electrons also interact with 
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the magnetic vector potential A which is quantized and which has the well 
known quantized field energy. It is essential, however, to have an ultra­
violet cutoff A in the interaction of electrons and A field, for otherwise 
almost everything in the theory becomes infinite. This is not an enormous 
drawback since we are interested only in the low energy physics of atoms, 
molecules and photons. 

Attention has been paid mostly to the stability of matter, namely that 
the ground state energy is bounded below by C(N-\-K), where C is some 
universal constant (depending on the parameters of the theory but not on 
N and K).^^~^^ Almost no attention has been paid to the estimation of the 
atomic binding energy, i.e., to the difference between the ground state 
energies with and without the Coulomb potential. 

In this paper we shall consider two nonrelativistic theories and one 
relativistic theory. In the absence of quantized fields, the ground state 
energy (or "self energy") of a free electron (i.e., without other electrons and 
nuclei) is zero in the nonrelativistic case and equals mc^ in the relativistic 
case. (Here, m is the unrenormalized, or "bare" mass of the elctron.) When 
N electrons are present, but without nuclei, the energy is still zero (or 
Nmc^) because the electrons can move infinitely far apart. Therefore, in the 
presence of nuclei, the ground state energy is equal to the binding energy 
(or equals the binding energy plus Nmc^) when there is no quantization of 
the A field. 

The situation changes dramatically when the A field is quantized. The 
self-energy of a free electron (i.e., the ground state energy without Coulomb 
potentials but with the quantized A field) is large if A is not too small. If 
the fine structure constant a = e'^/Tic is not too large (e.g., 1/137) and if the 
nuclear charges are not too large then the change in the ground state 
energy is not very large. Thus, the binding energy is the difference of two 
large quantities and its calculation is like "looking for a needle in a 
haystack." 

All three models use "minimal coupling," i.e., p is replaced by /? + 
eA{x)/c in the kinetic energy. The first has no explicit spin interaction with 
the magnetic field while the second-the PauU-Fierz model-has a y/oLa-
B{x) term. The latter is much more delicate than the former (e.g., it 
requires bounds on a and Z, as well as the presence of a field energy, for 
stability, while the former needs no such restrictions), and our results in the 
second case are not as good as in the first. Still, they are meaningful. The 
third theory uses the Dirac operator and is relativistic (except for an 
ultraviolet cutoff in the A field). 

Clearly, it is essential to have a decent grasp of the binding energy, 
which is the truly physical quantity, in order to be able to proceed with a 
non-perturbative renormalization program. It is useful to recall that the 
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binding energy for one electron and one nucleus of charge Z should be 
I'Wphyŝ â̂ Ẑ , where mphŷ  is the physical, renormalized electron mass. In the 
case of hydrogen, Z = 1, this is a comparatively tiny energy. (There is no 
charge renormalization in a theory, without pair production, but there is 
one in a theory with pair production, in which case a here must be replaced 
by the renormalized a.) 

Our purpose here is to find an upper bound to the binding energy in 
the two non-relativistic QED theories that have been extensively studied in 
the literature and to the relativistic theory in ref. 3. We beUeve it is the first 
time that such a rigorous estimate has been made. Note that the binding 
energy (14) is always positive, by definition, and thus an upper bound cor­
responds to a lower bound on the energy of the fully interacting system 
relative to the energy of free electrons. 

If we equate the binding energy (which depends on the unrenor-
malized, or "bare" mass m) to the physical binding energy (which depends 
on AWphys) we obtain a bound to the amount of renormalization that is 
needed (see (23), (27), and (29-31) for the first model). We believe that 
these are the first rigorous renormaUzation estimates of their kind in a 
(admittedly simple-minded) quantized theory of electrons and photons. 

Let us note an interesting feature of our results about the mass. There 
are several ways to define the renormaUzed mass. The usual one is to look 
at the ground state energy of a free electron with fixed total momentum 
(electron-h field) and to define l/2mphys to be the coeefficient of ;7̂  in the 
energy at /? = 0. Another way is to set the binding energy equal to the 
physical binding energy, as is done here. 

• The latter definition has the property that for every value of A and 
of Wphys there is a value of m that gives equality. (Our bound is unique, but 
the true answer is, conceivably, not unique.) 

• The former, usual definition very likely yields a solution for m only 
if A and 1 /wphys are sufficiently small. (We always assume that m ̂  0 in 
order that the notion of a ground state makes sense for the unrenormaUzed 
theory.) 

We cannot prove this last statement but it agrees with the prediction 
of perturbation theory and with classical electromagnetism. It also agrees 
with Van Kampen's exact solution of ICramer's "dipole approximation" 
model, ̂ ^̂  which was the model that gave impetus to the renormalization 
program in QED. Instead of (p-i-Aix))^ as in our first model, one takes 
(p-\-A(0)y. In such a model the energy of N free electrons goes as 
CA^^^yN instead of CA^^^N, as in our model (see (21)), but this is not 
the most significant point. For Â  = 1 one can compute the energy as a 
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function of momentum p and finds that, with the first definition, m^^y^ = 
C'm + ocA. Consequently, there is no solution for m if A or l/mp^ys are 
large. 

The first Hamiltonian //^ we consider is given by 

^^H^ = ^ + aK + Hf, (1) 

where ^ is proportional to the kinetic energy of N electrons 

^=11 Tj (2) 
7 = 1 

with 

Tj = ̂ ^(Pj+V^Aixj))\ (3) 

with Pj = iV^., and where m is the (unrenormalized or bare) mass of the 
electron. The quantized, ultraviolet cutoff electromagnetic vector potential 
is 

Ax)=^i \ 4 = (̂ (̂̂ ) "̂"+̂ 1 w "̂̂ '0 dk, (4) 

where A is the ultraviolet cutoff on the wave-numbers \k\. The operators 
a;i, a* satisfy the usual commutation relations 

[.a,(k),a:(q)}=d(k-q)d,^,, ia,(k),a,(q)]=0, etc. (5) 

and the vectors e;^(k) are the two possible orthonormal polarization vectors 
perpendicular to k and to each other. The field energy is 

^ / = Z { ^co(k)aKk)a,(k)dk; (6) 

the physical choice of co is co(k) = |A:|, but our Theorems 2.1 and 3.1 are not 
restricted to this choice. No infrared cutoff is needed. 

Finally, there is the Coulomb potential. There are K nuclei with posi­
tive charges eZi,..., ^Z^ and with fixed locations Ri,...,Rj^ in R^. In this 
model the nuclei will preferentially locate themselves at those Rj that 
minimize the total energy, but these special locations are irrelevant for our 
theorem. 

N K i 1 I 

(7) 
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The Hilbert space is . ^ = Af=i L\R^; C^) ® J^, where A denotes the 
antisymmetric tensor product (Fermi statistics), ^ is the photon Fock 
space, q is the number of spin states for each electron (^ = 2 in nature). The 
Hamiltonian (1) is bounded below by C(N-\-K) (even without the aid 
of Hf); this was first stated in ref. 8, p. 857 and ref. 9, p. 2, who noted that 
the stabiUty proof in ref. 10 with A = 0 extends to the A=/^0 case by virtue 
of a diamagnetic inequality. In ref. 8 a remark of J. Frohlich is presented, 
that this applies equally well to the quantized A field (4) because 
lA(x),A(y)^ = 0 for all x,y. We use and discuss this fact again in (17) 
later. 

The Pauli-Fierz Hamiltonian, H^, which is treated in Section 3, is 

H^^ =H^+--^Y. ^j' ̂ (^j) with B(x) = curl A(x). (8) 
2m j ^ I 

The Pauli matrices GJ are the spin-| operators for particle j . 
The third model is the relativistic no-pair model treated in ref. 3, 

whose Hamiltonian is 

^/^^' = P+ I £ mA) + <x.K +fff]p^- (9) 

Here, D(A) is the Dirac operator 

DiA): = ai-iV + ̂ A(x)) + '^fi, (10) 

and F^ is the projector onto the positive spectral subspace of D{A) for all 
of the Â  electrons. Since the N Dirac operators commute with each other, 
this definition of P^ as a projector makes sense. In other words, we start 
with the usual Hilbert space « ^ and then replace it by the smaller physical 
Hilbert space J^^^^' =F^J^^, In J^^^^' it is impossible to separate the L^ 
spaces from the Fock space. 

While energy, being one component of a four-vector, is not a relativ-
istically invariant quantity, it is true, nevertheless, that positive and nega­
tive energies of D(A) are relativistic concepts since they are invariant under 
Lorentz transformations that do not change the direction of time. We 
thank J.-M. Graf for this remark and we thank J. Yngvason for noting that 
for this to be true it is essential that the joint spectrum of energy and 
momentum of D{A) lies in the light cone. We have not proved this, but it is 
plausibly true. 
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2. BINDING ENERGY BOUND (SIMPLE VERSION) 

In this section we analyze the binding energy for / /^ . 
We define Z = max{Zi,..., Z^:} ̂  0 and set 

/c = ^ Z + 2.2159^^/^Z2/^+1.0307^^/l (11) 

We also define the (positive) free-electron ground state energy 

E^{N) = inf spec if^(O) > 0 (12) 

(where ////(O) is the Hamiltonian (1) without the V^ term), the total ground 
state energy 

•̂(A )̂ = inf spec Hj^ ̂  ^o(A^), (13) 

and the (positive) binding energy 

AE(N) = EQ(N)-E(N), (14) 

Theorem 2.1 (Binding Energy for H^). Assume one of two cases: 

r ^ { (KaV mc^N, Case A 

l^j {KOLY mc^N, Case B. 

Then the binding energy per electron satisfies 

A^ ^ nr—. r^TTZ,^. ^ ^ (16) 
O 

AE(N) ( (KOL)^mc^ Case A 

N ^\KOL y/lmc^ ^E^{N)/N Case B. 

Proof. We use the known result for the stability of "relativistic" 
matter in the form given in ref. 11, Eqs. (2.9) and (5.2) (which improves 
some of the results in ref. 6). 

V.>-KY. \P,+^A{XJ)\ (17) 
7 = 1 

for any vector field A{x), (Note that although (17) was proved for ordi­
nary, non-quantized A fields, we are allowed to use it for our operator-
valued field (4) since the commutator \^A{x), A{y)'\=0 for all x,y, and 
hence there is a representation in which A{x) is an ordinary vector field. Of 
course, A{x) does not commute with Hf but that is immaterial.) 
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By Schwarz's inequality 

V,^ - K yjlmc I n ^N y ^ . (18) 

Since H^ ^ 0 and since the square root is operator monotone, 

^^r + Hf-KOL^lmc/n^^Sr + Hf . (19) 

The final step is to note that the function f{x) = X — KOL y/lmc/Ti y/N 
^x has its minimum at x = K^(x}mcN/2h, Therefore, when x ̂  K^(x}mcN/ 
2/z we can say that f{x) is not less than the minimum of / ( x ) , which is 
-\iKoiymcN/n, This is Case A of (15). Therefore AE^EQ{N) + \{KOLy 
mc^N ^{KCLY mc^N, which is Case A of (16). On the other hand, if 
X ̂  K^cf}mcN 12% we can say that / ( x ) is monotone increasing in x. Since 
x = ST-\-Hf^E^{N^I%c^K^(y}mcN 12%, the infimum of the spectrum of 
the right side of (19) is given by f{EQ{N)/%c), which is Case B of (16). | 

To apply this Theorem 2.1 we must have a decent estimate of EQ(N). 

Let us consider the physical case co(k) = \k\ and let us define (with 
Ac = Sc/mphys = physical Compton wavelength) 

^ = :y- = -^^AAc, (20) 
mc m 

which is the ratio of the cutoff photon energy to the self energy that an 
electron would have in a relativistic theory. A bound on EQ(N) in this case 
is provided in ref. 12 where a proof is announced and outUned that for 
fermions there are constants Q , Cj (depending on q) such that (for large A 
and fixed a) 

Q m^(x}l^0t^l^N < E^{N^ < C^ mc^a^^'M'^^'N (21) 

The exact exponent is still not known but we lean towards 12/7 . In any 
case, it differs from the perturbation theory value 2. Fermions are most 
important here because one can show^^^^ that C^ mc^(i}''^M^I'^N^''^ < Eo(N) < 
C4 wc^a^/^^^^/^A^^/^ for bosons, and this would be useless for our purposes. 
Unfortunately, the bounds in (21) do not imply that EQ(N) is strictly linear 
in N, as one would hope. We also note that (21) holds even if the Coulomb 
repulsion among the electrons is omitted. 
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If ^ is small then we are in Case A. This will surely be so if 
KW^^'^ ^ 2C2 ^^^^\ Let us note that K < 5.67Z for Z ^ 1 and q = 2. Then, 

• ^ ^ ( ^ ) ^ . . o . ^ . 2 ^ 2 . 

N 
< (32.2) a^Z^mc^ Case A, (22) 

which compares not unfavorably with the hydrogenic value ĥydrogemc('Ẑ ) 
= Z^a^WpiiysC /̂2, where Wp̂ ys is the physical electron mass. As A increases 
the bare mass m should decrease. If we set AE{N)/N = ĥydrogenic(2̂ )? 
inequality (22) tells us that the required bare mass cannot be too small, 
namely 

^ > '̂ phys /64.4 Case A. (23) 

We turn now to Case B, which surely holds if 

K^a'^^^2C,^'^\ (24) 

With the help of (21) we can conclude that 

^ ^ ^ < y 2 Q KOL'^'m'^'mc^ Case B. (25) 

To understand Case B further, let us use K ̂  5.67Z and note that (25) 
becomes 

AE(N) . ^ 5 ^ C ^ 2 - / i V « / ^ - ^ if 5.67Z^^, (26) 
- ^ ^hydrogenic ( ^ ) ^ ^ 1 m^ hydrogenic V ' ^ / ^ ^ 1 ''*phys 

with ju = a-'/^ y ^ o " m^^\ 
To satisfy the condition in (26) for all Z ^ 92 we can take ju = 

5.67.92 = 522 or ^ = (522)^/\2Ci)-'/ 'a = 30.7(2Ci)-'/' (with a = 1/137)). 
This means that we fix A in units of the bare Compton wavelength Hc/m. 
Assuming that we choose Cj to be not too large (which can always be done 
since Cj refers to a lower bound in (21)), this allows for a sizeable value of 
the cutoff A (see (20)). Now let us set the left side of (26) equal to 1, in 
order to make contact with experiment. We then find (since Z ^ 1) that 

m > Wphys Ct/^C^^/Vl3, 800 Both Cases. (27) 

Alternatively, we may measure A in terms of the physical Compton 
wavelength A .̂ That the bare mass cannot be too small can be seen as 
follows. Consider the following inequality, which is related to (24) 

(5.67 • 92)^ a ' / ' < 2Ci^'^\ (28) 
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If this inequality fails then we have the bound 

m^m^,,^,AAc(2C,y/' (5.67-92)"^/^ a"^ = 1.74- 10-^(2Ci)'/'^c'^phys 
(29) 

with a = 1/137. 
On the other hand if (28) holds then (24) holds for all Z < 92 (since 

K < 5.67Z). Then we are in Case B and if we express the right of (26) 
entirely in terms of AAc we find (for all Z ̂  92) 

m ^ (2. 5.67 y 2 Q ) - ^ a^(92)^ ( ^ c ) " ' '̂ phys (30) 

= 3.0 X 10-« C2-'/^(yUc)-'mp,y,. (31) 

3. BINDING ENERGY BOUND (PAULI-FIERZ VERSION) 

In this section we analyze the binding energy for H^ in (8). The 
ground state energy and binding energy are defined as before in (12), (13), 
and (14), but with H^, and we do not encumber the notation with a 
superscript PF. As far as constants are concerned, the following theorem 
is not the best possible one, but it is presented this way for simplicity. In 
particular, we do not have to assume that a is bounded—as we do in the 
hypothesis of Theorem 3.1. 

Some constants have to be defined. The maximum nuclear charge Z is 
defined as before and we then define i2 = max{Z, 20.6}. (Note, for later 
use, that 20.6 = 64.5/7r.) We also define (̂  = (0.060)(8;c)(3/4)-'/2 = 2.322 
and 

N r = 9.65 ( - ^ J A. (32) 

We also define the operator hc^' to be the total Pauli-Fierz kinetic energy, 
namely, 

^ ' = S T^f = ^ + x ^ N A i ^j • Bixj) > 0, (33) 

where 

= ^^''riPj+^^A<<^jW- (34) 
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Theorem 3.1 (Binding Energy for H^). Assume that 2nQ£,a} < 1 
and assvime one of two cases: 

E (ml ^ ^^^ -2nQicL'r' (nQocy mc^N, Case A 
1 ^ 2 ( 1 - InQ^a?) "^ {nQa.) ̂  mc'-N, Case B. 

Then the binding energy per electron satisfies 

AEjN) 
N 

r linQaCf (1 - InQ^a}^'^ (2 - InQ^a}) mc^ + InQartic Case A 

~" 12nQ^a^ Eo(N)/N + InQa ^2mc^ ^E^{N)/N+InQoTHc Case B. 
(36) 

Proof. The strategy is the same as in Theorem 2.1. An analogue of 
(17) is provided by ref. 3. 

K^Vc>-i. Wj • (Pj + v ^ A(xj))\ - ^<xHf -FN, 
2nQ j^i 

(37) 

The derivation of (37) from ref. 3 will be explained at the end of the 
proof. For the moment let us continue with the proof of the theorem. The 
analogue of (18) is then 

^V^^-^lmclhjNj^'-^^oiHf-^rN. (38) 

Consequently, since ^' ^ 0, 

Tic 

- InQoL ^2mc/n ^N JST'^H^ - InQoLFN. (39) 

The rest follows as in the proof of Theorem 2.1. 
It remains to show how (37) arises from ref. 3. We consider a Hamil-

tonian, Hj^, similar to H"^ in ref. 3, but with some auxiliary parameters. 

^ ; v = Z K-.(/7,+v^v4(x,)) | + a'F, + yjy^, (40) 
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with a', y > 0. Note that H^ has the dimension of length"^ and not an 
energy. Note also that the a appearing in /7y + ^ /a^(x^) is the true a and 
not a'. 

We shall prove the analogue of Theorem 2.2 of ref. 3 with H^ in place 
of H"^ and with an appropriate substitute for the lower bound stated in 
Theorem 2.2. Theorem 3.1 of ref. 3 is unchanged, and we turn to Section 4. 
We take e = 0 (it can be taken to be zero even if w 7̂  0). All the equations 
in this section remain true if we replace KOL by KOL' and K^cf? by A:^(a')^. 
Thus, in the lower bound for the operator H2 in Section 4 of ref. 3, there is 
a in the numerator and a' in the denominator. 

The next step is to use the inequality in Example 1 of Appendix B of 
ref. 3 to bound \ B^ appearing in the lower bound for H2, but we have to 
remember that we have yHf and not Hf, Thus, the analogous conditions 
on the parameters are K < nQ, KOL' < 1 and y ^ 87r(0.060) a(l —K\oL'y)~^^'^. 

We make the choices 

K = nQ, oi' = {2nQy\ y-=^oL. (41) 

The lower bound to Hj^ is as in ref. 3. We find that the corresponding 
number C2 is bounded by 

6 + (a72)(y2Z+2.3) 

(2V2n)y 

N 
Tfy (42) 

since i^2Z+2.3)'^/InQ < 1. 
The analogous lower bound for the operator H,^, is then 

with V = (C^/TT)'/^ (2/3)(39)^/^ = 9.65. 
This completes the derivation of (37) from ref. 3. | 

Using Theorem 3.1 we could proceed to derive more explicit bounds 
for the binding energy and Wp^ys-as in the discussion after 2.1, but we leave 
this task to the interested reader. The only needed information is the 
analogue of (21) for the Pauli-Fierz operator. As announced in ref. 12 

C,mc^ ^ MN ^ EQ{N) < C^mc^oL^'^M^^^N. (44) 
1 + a ' 
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4. BINDING ENERGY BOUND (RELATIVISTIC VERSION) 

We consider the Hamiltonian H""^ in (9). Our results here are very 
crude and we state them mainly to point out that realistic results on the 
binding energy could be obtained if one were able to improve the estimates 
of various constants. In the present situation we do not have any bounds 
on EQ(N) (other than the simple one EQ(N) > mc^N), but we expect some­
thing like EQ(N)/N ^ mc^-f (const.) fie A for not too small A. 

We set . r " = P+i ; r=i m(A)\P'-, With P^D{A)P^ in place of \G^-
{Pj-\-^^/oiA{xj))\, (37) is valid for P^V^P^—^in the same way that the 
inequalities of Theorems 2.1 and 2.2 of ref. 3 are valid with the same con­
stants. We find that 

J - if ^̂  ̂  - 2nQa3r" - InQ^a^Hr - InQarN -h 3r" -f Hr 
Tic J J 

= (1 - InQoi) ^ " -h (1 - InQ^oL^) Hf - InQoirN 

^ (1 -2nQ^(x}){^"^-Hf)-2nQoLrN (45) 

since ĉ a < 1. Therefore, 

^ < InQa ^+2nQarHc. (46) 

We note that—apart from the unnaturally large constant—the binding 
energy appears to be bounded by a times the self-energy. We also note that 
(45) and (46) can be improved a little by using the free parameter 0 ^ £ < 1 
that appears in Section 4 of ref. 3; we have taken e = 0 here, as we did in 
Section 3. 

ACKNOWLEDGMENTS 

E.H.L. was partially supported by U.S. National Science Foundation 
Grant PHY 98-20650-A02 and M.L. was partially supported by U.S. 
National Science Foundation Grant DMS 00-70589. 

REFERENCES 

1. L. Bugliaro, J. Frohlich, and G. M. Graf, Stability of quantum electrodynamics with 
nonrelativistic matter, Phys. Rev. Lett. 77:3494-3497 (1996). 

2. C. Fefferman, J. Frohlich, and G. M. Graf, Stability of ultraviolet cutoff quantum elec­
trodynamics with non-relativistic matter, Comm. Math. Phys. 190:309-330 (1997). 

720 



A Bound on Binding Energies and Mass Renormalization in Models of Quantum Electrodynamics 

Binding Energies and Mass Renormalization 1069 

3. E. H. Lieb and M. Loss, Stability of a model of relativistic quantum electrodynamics, 
Comm. Math. Phys. 228:561-588 (2002). 

4. E. H. Lieb, M. Loss, and J. P. Solovej, Stability of matter in magnetic fields, Phys, Rev. 
Lett. 75:985-989 (1995). 

5. E. H. Lieb, H. Siedentop, and J. P. Solovej, Stability and instability of relativistic elec­
trons in magnetic fields, / . Stat. Phys. 89:37-59 (1997). 

6. E. H. Lieb and H.-T. Yau, The stability and instability of relativistic matter, Comm. 
Math. Phys. 118:177-213 (1988). See also: many-body stability implies a bound on the fine 
structure constant, Phys. Rev. Lett. 61:1695-1697 (1988). 

7. M. Dresden, H. A. Kramers, Between Tradition and Revolution (Springer-Verlag, 1987). 
8. J. Avron, L Herbst, and B. Simon, Schrodinger operators with magnetic fields. L General 

interactions, Duke Math. J. 45:847-883 (1978). 
9. J. M. Combes, R. Schrader, and R. Seller, Classical bounds and limits for energy 

distributions of Hamilton operators in electromagnetic fields, Ann. Phys. 111:1-18 
(1978). 

10. E. H. Lieb and W. E. Thirring, Inequalities for the moments of the eigenvalues of the 
Schrodinger Hamiltonian and their relation to Sobolev inequaUties, in Studies in Mathe­
matical Physics: Essays in Honor of Valentine Bargmann, E. H. Lieb, B. Simon, and A. S. 
Wightman, eds. (Princeton University Press, Princeton, 1976). 

11. E. H. Lieb, M. Loss, and H. Siedentop, Stability of relativistic matter via Thomas-Fermi 
theory, Helv. Phys. Acta 69:974-984 (1996). (A few minor errors have been corrected in 
the version in the book: W. Thirring, ed. The Stability of Matter: From Atoms to Stars, 
Selecta ofE. H. Lieb, 3rd ed. (Springer, 2001)). 

12. E. H. Lieb and M. Loss, Self-energy of electrons in non-perturbative QED, in Differen­
tial Equations and Mathematical Physics, University of Alabama, Birmingham, 1999, 
R. Weikard and G. Weinstein, eds. (Amer. Math. Soc./Internat. Press, 2000), pp. 
255-269. arXiv math-ph/9908020, mp_arc 99-305. (A few errors have been corrected in 
the version in the book: W. Thirring, ed.. The Stability of Matter: From Atoms to Stars, 
Selecta ofE. H. Lieb, 3rd ed. (Springer, 2001)). 

13. E. H. Lieb and M. Loss, The ultraviolet problem in non-relativistic QED, in preparation. 

721 



With M. Loss in Commun. Math. Phys. 228, 561-588 (2002) 

commun. Math. Phys. 228,561 - 588 (2002) Communicat ions in 
Mathematical 

Physics 

stability of a Model of Relativistic Quantum 
Electrodynamics* 

Elliott H. Liebi **, Michael Loss^ *** 

^ Departments of Physics and Mathematics, Jadwin Hall, Princeton University, P.O. Box 708, Princeton, 
NJ 08544, USA 

2 School of Mathematics, Georgia Tech, Atlanta, GA 30332, USA 

Received: 8 September2001 /Accepted: 18 March 2002 

Abstract: The relativistic "no pair" model of quantum electrodynamics uses the Dirac 
operator, D{A) for the electron dynamics together with the usual self-energy of the 
quantized ultraviolet cutoff electromagnetic field A - in the Coulomb gauge. There are 
no positrons because the electron wave fiinctions are constrained to lie in the positive 
spectral subspace of some Dirac operator, £>, but the model is defined for any number, A'̂ , 
of electrons, and hence describes a true many-body system. In addition to the electrons 
there are a number, K, of fixed nuclei with charges < Z. If the fields are not quantized 
but are classical, it was shown earlier that such a model is always unstable (the ground 
state energy E — — oo) if one uses the customary D(0) to define the electron space, but 
is stable {E > —const.(AT + K)) if one uses D(A) itself (provided the fine structure 
constant or and Z are not too large). This result is extended to quantized fields here, and 
stability is proved for a = 1/137 and Z < 42. This formulation of QED is somewhat 
unusual because it means that the electron Hilbert space is inextricably linked to the 
photon Fock space. But such a linkage appears to better describe the real world of 
photons and electrons. 

1. Introduction 

The theory of the ground state of matter interacting with Coulomb forces and with the 
magnetic field is not yet in a completely satisfactory state. Open problems remain, such 
as the inclusion of relativistic mechanics into the many-body formalism and the inclusion 
of the self-energy effects of the radiation field, especially the quantized radiation field. 

One of the fiindamental attributes of quantum mechanics is the existence of a Hamil-
tonian with a lowest, or ground state energy, and not merely the existence of a critical 

© 2001 by the authors. This paper may be reproduced, in its entirety, for non-commercial purposes. 
Work partially supported by U.S. National Science Foundation grant PHY 98-20650-A02. 
Work partially supported by U.S. National Science Foundation grant DMS 00-70589. 
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point of a Lagrangian. The "stability" problem, which concerns us here, is to show that 
the ground state energy is bounded below by a constant times the total number of parti­
cles, N -{• K, where Â  is the number of electrons and K is the number of nuclei - whose 
locations, in this model, are fixed, but chosen to minimize the energy. We do not discuss 
the existence of a normalizable ground state eigenfunction, as in [8], but only the lower 
boundedness of the Hamiltonian. 

This problem has been resolved successfully in various models such as the usual 
nonrelativistic Schrodinger Hamiltonian with only electrostatic interactions. Further 
developments include extensions to relativistic kinetic energy y/p^ -\- m?- — m in place 
of the nonrelativistic p^/2m, and extensions to matter interacting with classical magnetic 
fields (including a spin-field interaction B), stabilized by the classical field energy 

- f STT J 
B(xfdx, (1) 

and then the quantization of the B field. Many people participated in this development 
and we refer the reader to [17] and the references therein for an account up to 1997. 

In this paper we take a fiirther step by addressing the problem of relativistic matter, 
using the Dirac operator (without pair production, i.e., the "no-pair" model) interacting 
with the quantized radiation field having an ultraviolet cutoff A. In [ 17] the corresponding 
problem was solved with a classical radiation field, in which the field energy is given 
by (1), and we shall use some of the ideas of that paper here. The idea for such a model 
goes back to [3] and [23]. With a classical B field no ultraviolet cutoff is needed, but it 
is needed with a quantized field, for otherwise the field energy diverges. 

Because of the ultraviolet cutoff our model, which in other respects is relativistic, 
is not truly relativistic at energies of the order of the cutoff. We have not attempted to 
renormalize the theory but, if this can be done consistently, the resulting theory will be 
relativistic at all energies. 

In [4] the problem of wowrelativistic electrons (with spin) interacting with the quan­
tized ultraviolet cutoff field was solved by using results in [16] but using only the part of 
the field energy within a distance 1 / A of the fixed nuclei. The constants and exponents in 
[4] were improved in [7]; in particular, the Hamiltonian is bounded below by —A A'. The 
relation of the classical field energy to the quantized field energy involves a commutator 
that, when integrated over the whole space M? yields an infinite constant, even with an 
ultraviolet cutoff. This is the reason for considering only a local field energy, since only 
a local field energy yields a finite commutator, and we do the same here. 

In Sect. 2 our model is defined and the main Theorem 2.1 is stated. With the fine 
structure constant a = 1/137, stability holds for Z < 42. The main idea of the "no-pair" 
model is that there are no positrons, and electronic wave functions are allowed to lie only 
in the positive spectral subspace of some Dirac operator D. While the Dirac operator 
D(A), which is contained in the Hamiltonian and which defines the electron dynamics, 
always contains the magnetic vector potential A(jc), the operator D that defines an 
electron could be D(0), the free Dirac operator. Indeed, this is the conventional choice, 
but it is not gauge invariant and always leads to instability as first shown in [17] for 
classical fields and here for quantized fields. 

The question of instability is complicated. There are two kinds (first and second) and 
two cases to consider (with and without Coulomb potentials). Instability of the first kind 
means that the ground state energy (bottom of the spectrum of the Hamiltonian) is — oo. 
Instability of the second kind means that the energy is finite but is not bounded below 
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by a constant times N -\- K. The occurrence of these instabilities may or may not depend 
on a and Z and whether or not a cutoff A is present. 

The physical nature of the instability, if it occurs, is different in the two cases. When 
it occurs in the absence of Coulomb potentials (meaning that the aVc term in (11) is 
omitted) it is due to the ,y/a A{x) term in D(A) blowing up. When it occurs because of 
the Coulomb potentials being present it is due to an electron falling into the Coulomb 
singularity of the nucleus. The various possibilities, all proved in this paper, are sum­
marized in detail in the following two tables and discussed in detail in Appendix E. For 
the proofs of the instabilities listed here, we rely heavily on [17] and [9]. 

Table 1. Electrons defined by projection onto the positive subspace of D(0), the iree Dirac operator 

Without Coulomb 
potential a Vc 

With Coulomb 
potential a Vc 

Classical or quantized field 
without cutoff A 

a > 0 but arbitrarily small 

Classical or quantized field 
with cutoff A 

a > 0 but arbitrarily small 

Instability of 
the first kind 

Instability of 
the first kind 

Instability of 
the second kind 

Instability of 
the second kind 

Table 2. Electrons defined by projection onto the positive subspace of /)(A), the Dirac operator with field 

Without Coulomb 
potential a Vc 

With Coulomb 
potential a Vc 

Classical field with or without cutoff A 
or quantized field with cutoff A 

The Hamiltonian is positive 

Instability of the first kind when either 
a or Za is too large 

Stability of the second kind when 
both a and Za are small enough 

The main point of this paper is the proof of the bottom row of the second table in the 
quantized case; the classical case was done in [17]. 

There are several ways in which one could hope to go further. One is that one should 
really prove stability for the binding energy, i.e., one should compute the energy differ­
ence between that of free particles and that of the interacting system. In a theory with 
quantized fields the self-energy, i.e., the energy of a free electron, is unknown and quite 
large. As we show in [13] and [14] the self-energy of a nonrelativistic particle with spin 
is bounded below by + A , and probably even -f-A^/^. Moreover, for Â  fermions (but not 
for bosons) this energy is proportional to C^NA with C' > 0. 

Another very important problem to consider is renormalization; our mass m is the 
unrenormalized one. An answer to this problem also has to address the question of the 
meaning of mass in an ultraviolet cut-off model, since several definitions are possible. Is 
it the coefficient of )5 in an effective Dirac operator that gives the renormalized dynamics, 
or is it the ground state energy of a "bound" electron? 

The results in this paper will be used in another paper of ours [15] to give upper 
bounds to the hydrogen atom binding energy (and hence to the mass renormalization 
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using the first definition) in this relativistic no-pair model and in some non-relativistic 
models with quantized fields. 

Finally, let us note that the inclusion of positrons into the model cannot change the 
fact that defining an electron by means of Z>(0) will still cause the instabilities listed in 
the tables above. The reason is simply that the existence of positrons does not prevent 
one from considering states consisting purely of electrons, and these alone can cause the 
listed instabilities. 

The use of £)(A) instead of £)(0) to define the electron requires a significant change 
in the Hilbert space structure of QED. It is no longer possible to separate the Hilbert 
space for the electron coordinates from the Hilbert space (Fock space) of the photons. 
The two are now linked in a manner that we describe in the next section. 

2. Basic Definitions 

We consider N relativistic electrons in the field of K nuclei, fixed at the positions 
R\, .., , RK € M^. (In the real world the fixed nuclei approximation is a good one since 
the masses of the nuclei are so large compared to the electron's mass.) We assume that 
their atomic numbers Z i , . . . , ZK are all less than some fixed number Z > 0. Since the 
energy is a concave function of each Zj separately, it suffices, for finding a lower bound, 
either to put Zj = 0, i.e., to remove the j ^ ^ nucleus, or to put Zj = Z (see [5]). Thus, 
without loss of generality, we may assume that all the nuclear charges are equal to Z. 

We use units in which h = I and c = 1. a = e^/hc is the dimensionless "fine 
structure constant" (=1/137 in nature). The electric charge of the electron in these units 
is ^ = V^-

We use the Coulomb, or radiation gauge so that the Coulomb potential is a function 
only of the coordinates of the Â  electrons, x i , JC2, . . . , x^ and equals aVc, where 

Â  K 

-zTT—^—+ T —!— + z2 Y — - (2) 

In this gauge, it is the vector potential that is quantized. A careful discussion of the field 
and its quantization is given in Appendix A. The (ultraviolet cutoff) magnetic vector 
potential is defined by 

A(x) -J2f - ^ ^ U(k)e^'"' + al(k)e-^''^) dk , (3) 

where A is the ultraviolet cutoff on the wave-numbers |A:|. The operators ax, a^ satisfy 
the usual commutation relations 

[ax(k). a^q)] = 8(k - q)8^,^, [«;,(/:), aAq)^ = 0, etc., (4) 

and the vectors sx (k) are the two possible orthonormal polarization vectors perpendicular 
to k and to each other. 

Our results hold for all finite A. The details of the cutoff in (3) are quite unimpor­
tant, except for the requirement that rotation symmetry in A:-space is maintained. E.g., a 
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Gaussian cutoff can be used instead of our sharp cutoff. We avoid unnecessary general­
izations. The cutoff resides in the A-field, not in the field energy, Hf, sometimes called 
dT{(o)y which is given by 

Hf=y] f (D{k)al{k)a^{k)dk. (5) 

The energy of a photon isco(k) and the physical value of interest to us, which will be 
used in the rest of this paper, is 

co(k) = \k\. (6) 

Again, generalizations are possible, but we omit them. 
An important fact for our construction of the physical Hilbert space of our model 

is that [A(jc), A(y)] = [B(x), B(y)] = [A(x), B(y)] = 0 for all jc, y. Here, B is the 
magnetic field given by 

2 

B(x) = curl Aix) = :^J2f ^ ^ ^ U ( ^ ) ^ ' ' " - at(k)e-^^'^) dk, (7) 

The kinetic energy of an electron is defined in terms of a Dirac operator with the 
vector potential A(x) (with x being the electron's coordinate) 

D(A) := a • ( - / V + V^A(x)) + m^, (8) 

with a and fi given in terms of the 2 x 2 Pauli matrices and 2 x 2 identity I as 

« = ( a o ) ' ^ = ( o - l ) ' ^^ = ( 1 o ) ' ""' ^ ( ^ " o ) ' ^^ = ( o - 1 ) • 

Note that 

D(Af = f^(A) + m^, (9) 

where f^(A) = (^ ^"^^ T^(A) ) ^^^ ^ ^ ( ^ ) ^̂  ^^^ ^^^^i operator on L^(R^; C^), 

T^(A) = [a . (p + V^A(x))f = (p-\- V^Aix)f + V ^ a • B(x). (10) 

As a step towards defining a physical Hamiltonian for our system of Â  electrons and 
K fixed nuclei, we first define a conventional, but fictitious Hamiltonian 

N 

H'^ = Y.Di{A)-^aVc-^Hf. (11) 
/ = l 

This H'^ acts on the usual Hilbert space HN = 0 ^ L^{M^\ C*) 0 T, where T is 
the Fock space for the A-field. A vector in 1-LN can be written 

oo 

\I/ = ^^j{x\, . . . ,XN\ Ti, . . . , XN\ ku... ,kj; ku . . . ,kj). (12) 

7=0 
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Here, the Xi take the two values 1, 2 and the T/ take the four values 1, 2, 3, 4. Each <I>y 
is symmetric in the pairs of variables ki, Xi and it is square integrable \nx,k. The sum 
of these integrals (summed over X's, r ' s , and j) is finite. The operators axik) and their 
adjoints act, as usual, by 

oo 

axik)^ = ^y/j + l<I>y-fi(xi, . . . ,XA ;̂ r i , . . . , TA^; k\, ... ,kj,k; Xi, . . . ,Xj,X). 

(13) 

As mentioned before, the physical Hilbert space is constructed using the positive 
spectral projections of the Dirac operators D/ (A). By Lemma C. 1 the N Dirac operators 
commute in the strong sense that their spectral projections commute with each other. 
Thus, the Hilbert space HN can be divided into 2^ subspaces according to the positive 
and negative spectral subspaces of each Dt (A). (Note that as long as m > 0 there is no 
zero spectral subspace.) We denote by P"*" the orthogonal projection onto the positive 
spectral subspace for all the Dirac operators. 

The space P'^Tijv is invariant (up to unitary equivalence) by the natural action of the 
permutation group SM consisting of permutations of the electron labels. In accordance 
with the Pauli principle we choose the antisymmetric component of P~^7iN, as the 
physical Hilbert space. Thus, our physical Hilbert space is given as 

n^^y' = AP+nN, ( i4 ) 

where A is the projector onto the antisymmetric component. 
Formally, i.e., without attention to domain questions, our physical Hamiltonian on 

yj^ ^^ is defined to be 

^ P h y s _ p + ^ ^ p + (15) 

Since we are interested in this operator as a quadratic form, it suffices to specify 
a domain QN which is dense in 7i^^ ̂ ^ and on which the expectation values of all the 
operators involved are finite. Since all the operators are symmetric, and since a stability 
estimate entails that the quadratic form is bounded below, its closure exists and defines a 
selfadjoint operator H^ ^^. Such a domain QN is constructed in Appendix D. Note that 
by definition QN consists of antisymmetric elements. 

We note that each of the Â  Dirac operators commute with P^. For i/r e QN we have 
Di(A)i/r = P^ Di{A)\l/. For the other two terms in (11) the role of the projector is not 
so trivial and that is why we have to write P^Hj^P^. 

This model has its origins in the work of Brown and Ravenhall [3] and Sucher [23]. 
The immediate antecedent is [17]. 

Let us note five things: 
(i) It is not entirely easy to think about Ti^^^ because the electronic L^-spaces and 

the Fock space are now linked together. In our choice of positive energy states, the 
electrons have their own photon cloud. We chose to apply the projector P^ first and 
then antisymmetrize. As explained in Appendix D, we can, of course, do it the other way 
around and obtain the same Hilbert space, since P + commutes with permutations. We 
also show in Appendix D that 7^^^^ is not trivial; in fact it is infinite dimensional. 

(ii) Usually, in quantum electrodynamics, one defines H^j^^^ by means of the positive 
spectral subspace of the free Dirac operator D(0) = —ia - V -\- mfi, instead of Z)(A). 
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This is easier to think about but, as demonstrated in [17] with a classical A field instead 
of a quantized field, the choice of D(0) always leads to instability, as listed in the tables 
in Sect. 1 and discussed in detail in Appendix E. 

(iii) Because of the restriction to the positive spectral subspace of D(A), the Dirac 
operator is never negative. The only negative terms in //J^ ^̂  come from the Coulomb 
potential. It should also be noted that the choice of the free Dirac operator to define 
an electronic wave function is not a gauge covariant notion. The D(A) choice is gauge 
covariant. 

(iv) nf^^ depends on a and m. 
(v) While energy, being one component of a four-vector, is not a relativistically 

invariant quantity, it is true, nevertheless, that positive and negative energies of D(A) 
are relativistic concepts since they are invariant under Lorentz transformations that do 
not change the direction of time. We thank J-M. Graf for this remark and we thank J. 
Yngvason for noting that for this to be true it is essential that the joint spectrum of energy 
and momentum ofD(A) lies in the light cone. We have not proved this, but it is plausibly 
true. 

Our main result, to be proved in Sect. 4, is 

Theorem 2.1 (Relativistic quantum electrodynamlc stability). Assume that Z and a 
are such that there is a solution K and s > 0 to the three inequalities (52), (53) and (54). 
Then H^ ^^ in (15) is bounded below by 

Hf"' > +^mN- — / i : c | , (16) 

where 

4 N 6^fT^=l + ( « / 2 ) ( V 2 Z + 2.3)^ 
*̂ 2 - -^ 2772;^ • ^'^^ 

In particular, Z < 42 is allowed when a = 1/137. 

Actually, our proof of Theorem 2.1 utilizes the absolute value of the Dirac operator 
|£)(A)| on the Hilbert space AI-CN- If we recall the connection between D(A) and the 
Pauli operator in (9) and (10), we can prove the following theorem as a byproduct of our 
proof of Theorem 2.1. Note C^ in place of C* here. 

Theorem 2.2 (Stability with the Pauli operator). Let Hj(^ = Ylf=\ y/f^~(A)T~m^ + 
aVc-i-Hf bea Hamiltonian on the space A ® ^ L^ {B?; C^) (g) JT. Then stability of the 
second kind holds under the conditions stated in Theorem 2.1, and with the same lower 
bound (16). 

3. Bounding the Coulomb Potential by a Localized Relativistic Kinetic Energy 

The following Theorem 3.1 contains the main technical estimate needed in this paper, but 
it is independently interesting. It deals with a model of relativistic electrons interacting 
with quantized fields, but without the spin-field interaction and without the field energy. 
While this model is different from the no-pair Hamiltonian (15), some of its properties 
will be useful later. We consider two such Hamiltonians: A usual one 

'cYl\Pi-^ ^A{xi)\ + Vc, (18) 
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(with /c > 0) and a related one with a locaHzed kinetic energy described below in (24), 
(25). In this section A{x) is some given classical field, not necessarily divergence free. 
There is no a in front of V in (18). The Hilbert space is A (g)^L2(R^; C^) for fermions 
with q "spin states". 

With the K nuclei positioned at distinct points Rj e R^, for 7 = 1, . . . , AT, we define 
the corresponding Voronoi cells by 

Tj = {xeB? :\x- Rj\ < \x - Rtli = \,..,, K, i ^ j). (19) 

These Voronoi cells are open convex sets. We choose some L > 0 and define the balls 
Bj c B? by 

Bj = [x :\x- Rj\< 3L}, (20) 

and denote by B the union of these K balls and by XB the characteristic function of 
B. Similarly, we define smaller balls, Sj — {x : \x — Rj\ -< 2L}, and define xs to be 
the characteristic fimction of the union of these K smaller balls. Choose some function 
g e W^'^(R^) with support in {x : \x\ < 1}, with g > 0 and with f g = I. Define 
SLM = L~^g(x/L). Clearly f gi^ = I and g^ has support in {jc : \x\ < L}. With * 
denoting convolution, set 

<Pl(x) = gL *X«s(^). (21) 

This fimction 01 is nonnegative and everywhere bounded by 1. We also define 02 = 1—01 
and set 

F=cl>i/y/cp^^+(t>l and G = 0 2 / ^ 0 ? + 0 | . (22) 

Note that 0f + 02 > 1/2 and F ( x ) = 1 if \x - Rj\ <^ L for some j . Note also that F 
and 01 are supported in B, i.e., / ^ 0 i = 0i and XBF = F. 

We find that 

|VF |2 + |VG|2 < 4 |V0i |2 < ± fj^ \Vg(ix)\dx^ , (23) 

and hence | V F | , |VG| < 2 | V 0 i | . 
The fijnction g that minimizes the integral in (23) is g(x) = 3/47t for |x| < 1 and 

zero otherwise. (Although this g is not in W^'^ (M^), it is a limit of W^'^ (R^) functions.) 
Then the integral equals 3 and | V F p + | V G p < 36L-^. 

The localized kinetic energy operator Q(A) is given by 

Q(A) = Fix) \p 4- V^A(x)\ F(x) = F{x)yjip + Va"A(jc))2 F(jc). (24) 

This operator is well defined as a quadratic form since the fianction F is smooth, and 
hence defines a self adjoint operator via Friedrich*s extension. 

The related relativistic Hamiltonian, with localized kinetic energy, is now defined by 

N 

/= i 

and has the following bound which, it is to be noted, does not depend on the details of 
gix). 
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Theorem 3.1 (Bound on Coulomb energy). For any vector field A{x) and for N 
fermions with q spin states, 

^ N \. r— ^ . ^^ l l O l N 
K ̂  Qi{A) + K: > - — max j ( V 2 Z + 1)2, 2Z + — ) > - — {^s/lZ + 2.3)^ , 

/=i 
(26) 

provided K > max{^/0.031, nZ). 

Proof. It was proved in [19] (Eqs. (2.4)-(2.6) with X = 10/11) that the Coulomb 
potential Vc is bounded below by a single-particle potential plus a constant, namely, for 
Xi, Rj e E ^ 

1 = 1 7 = 1 •' 

(27) 

where 2Dj = min/^y{|jc/ — Xj\} and, for x e Vj, 

( V Z + 1 / V 2 ) 2 ^ , ^ , ^ lODj 

Z 121 ^ lOD, 
for |x - / ? ^ | < ——^. (28) | x - / ? y | 42Z> -̂ • '' 11 

This estimate reduces our problem to finding a lower bound to 

N N N Z^ ^ \ 

K Yl Qi{A) - Yl FixifWixi) - Y^\ - F{Xif)W{xi) + — ^ — 
i = \ / = 1 i = \ ^ y = l ^J 

(29) 

Since F (x ) = 1 if \x — Rj\ < L for some y, the third term in (29) is bounded below by 

A^ J— 9 110 
- — m a x { ( V 2 Z + l ) ^ 2 Z + — } . (30) 

Estimating the first and second terms using the Pauli exclusion principle amounts to 
filling the lowest possible energy levels with q electrons each, and this energy is bounded 
below by q times the sum of the negative eigenvalues of the operator 

F{x){\p + ^A{x)\ - W(x))Fix). (31) 

According to the generalized min-max principle [12] Corollary 12.2, and the fact that 
IIFV ÎI < IIV ÎI, this is bounded below by q times the sum of the negative eigenvalues 
of the operator \(p -h ^A(x))\ — W{x). However, Theorem 1 of [19], shows that this 
sum is not less than (—Z^/S) YlJ:=\ l / ^ y under the stated condition on K, 

(Notes: We refer here to Theorem 1 of [19] because, as noted in [17], the proof of 
that theorem holds for |/? + ^A{x)\ in place of\p\. While Theorem 1 of [19] is stated 
in terms of V^ the proof in [19] actually replaces Vc by its lower bound (27). ) D 
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4. Proof of Theorem 2.1 

We employ a strategy similar to that in [17]. 
As a first step we use Theorem 3.1 with a suitable choice of L to control the Coulomb 

potential. 
The operators appearing in Theorem 3.1 do not involve spin, but the number of spin 

states, q, is important for determining the relevant value of/c. The correct choice is ^ = 2 , 
not ^ = 4, as explained in [17], p. 42 and Appendix B. The point is the following. The 
one-body density matrix F (jc, or; jc\ a ' ) coming from an antisymmetric Â  particle wave 
function ^ defines a reduced one body density matrix 

4 

y U , y ) = X ^ r ( j c , a ; y , a ) . (32) 

This reduced density matrix, in general, satisfies 0 < Try = J y{x,x)dx < 4. If, 
however, ^ is in the range of P"^, then 0 < Try < 2, as shown in [17]. In the proof 
of Theorem 3.1, the only relevant information about ^ enters via the reduced single 
particle matrix y . Thus, we require only K > max{64.5, nZ). 

In the definition of F we set L = C2/A, where C2 > 0 is some constant to 
be conveniently chosen later. We then have (recalling (9), (10), and P^Di{A)P^ — 

N 

L/=l 

p + > P + ^ \^f^^{A)-\-m^ - KaQiiAU P + 

- a A ^ - ^ ( V 2 Z 4- 2.3)2p+. (33) 
2C2 

(Here, Q{A) really denotes the 4 x 4 operator Q{A) (8) I4, where I4 is the identity in 
spin-space.) Consider the operator 

H2 := P^ J2 r>/^^(^) + ^^ -8m- KaQi(A) + C3AJ P+, (34) 

where the numbers 0 < 5 < 1 and C3 > 0 will be chosen later. 
If we denote by S"^ the projection onto the positive spectral subspace of Z>(A) acting 

on L^(M^; C^) 0 JF, then H2 is bounded below by 

Tr4 [H+5S+]_ , (35) 

where Tr„ with n = 1, 2, 4 denotes the trace on L^(R^; C"). The operator S is 

S := yJfP{A) + m'^ -8m-Ka Qt (A) + C3A . (36) 

It has the form 

/ v n \ 
(37) = (o?)-

Here, the entry F is a 2 x 2 matrix valued operator and [X]_ denotes the negative part of 
a self-adjoint operator X (and which is nonnegative by definition). The projection S"*" is 
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not explicitly given, but observing, as in [17], that the projection S~ onto the negative 
energy states is related to S"^ by 

S - = U-^ S + ^ = -UE-^U, (38) 

where U is the matrix 

we see that the operators S+SS"*" and S ~ 5 S ~ have the same spectrum. Thus, 

Tr4[S+5 'S+]_ < - T r 4 [ 5 ] _ = Tr2 [ v T ^ ( A ) T m 2 -8m- KaQ(A) + C3AI . 

"(40) 

Therefore, the infimum of the spectrum of H2 over states that satisfy the Pauli exclusion 
principle (with 4 spin states) is bounded below by 

- T r 2 ^VT^(A) + m^-8m- KaQ(A) + C3AI . (41) 

The BKS inequality [2] (see also [17]) states that for positive operators A and B, 
Tr2[A - B]- < Tr2[A^ - B^]!/^. Note that y/T^(A)-hm^ - ^m > 0 and, therefore. 

H2 > - T r 2 (JT^(A) -i-m^ -8m-{- C^A) -K^a^Q(Af^ 
1/2 

(42) 

which is greater than 

- T r 2 \(yTP(A)-hm^ - 8my + Cf A^ - K^a^ Q(Af\ . (43) 

1 /2 
(Here, and in the following, we use the fact that Tr[X]_ is monotone decreasing in X.) 

Next, we expand (• • • )^ in (43) and use the arithmetic-geometric mean inequality to 
bound (43) from below by 

- T r 2 [ ( r ^ ( A ) + m2)(l - s)-]-(I - l/e)m^8^ + C^A^ - K^a^QiAf'j^^^ . (44) 

We choose 8 so that the mass disappears, i.e., 8^ = e. 
The next step is to localize the Pauli term T^(A). A standard calculation shows that 

(with F , G as in Sect. 3) 

T^(A) = FT^(A)F + GT^(A)G - |VF |^ - \VG\^ 

> FT^(A)F - | V F | ^ - |VG|2 . (45) 

We insert the right side of (45) into (44) and, recalling (23), choose C3 to eliminate the 
A^ term, i.e., 

(46) ^"HFiL""'""")' Ci 
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Thus, using the fact that Q{A)'^ = F\p + y/aAix)\F'^\p + ^A{x)\F < F{p + 
V^A(jc))^F, which follows from F ^ < 1, we obtain the bound 

Hi > - T r 2 [(1 - e)FT^iA)F - / C V G C A ) ^ ] 

> - T r 2 [F ((1 - £ - K^a^Kp + V^Aix)f + (1 - 6)V^X3cr • B(jc)) F ] _ . 

(47) 

We have used the fact that XB^^ = F. 
Since FXF > —F[X]_ F for any X, the eigenvalues of FXF are bounded below by 

the eigenvalues o f - F [ X ] _ F , and hence we have that Tr [FXF]]!^ < Tr [FX-F]^^^, 
and hence 

Tr2 [ F | ( 1 - f - / c V ) ( p + V^A(x)f + (1 - £)V^XBcr • 5 ( j c ) | F ] _ 

< Tr2 I F [(1 - £ - Ac^a^Xp + V^A(x))2 + (1 - e)V^X;BO^ • B(jc)]_ F\ 

1/2 

1/2 

The expression [ ] _ between the two F ' s is, by definition, a positive-semidefinite 
self-adjoint operator and we denote it by Y. Now 

T r 2 ( F r F ) ^ / ^ = Tr2(FF^/^y^/^F)^/^ = Tr2(F^/^FFF^/^)^/^ (48) 

since, quite generally, X*X and XX* have the same spectrum (up to zero eigenvalues, 
which are not counted here). Finally, we note that since F ^ < 1, yV2/ r / ry i /2 < y, 
and hence TriiFYFy^^ = TriiY^^^FFY^^^y^^ < TriY^^^. Thus, it remains to find 

1/2 
an upper bound to [h]_ , where 

h = ( l - 6 - K^a^Xp + VciA(x)f + (1 - e)^XB<y ' B{x). (49) 

Denote the negative eigenvalues of/z by — ̂ i < —ei < • •. One way to bound the 
eigenvalues from below is to replace a • B{x) by —\B{x)\, but then each eigenvalue of 
h:={\-s- K^a^Xp + y/aA(x))^ - (1 - £)VO^XB\B(X)\ on L^(m^) would have to 
be counted twice (because Tr2 is over 

L 2 ( I R 3 . (^2) ĵ̂ î jjQ^ L 2 ( R ^ ) ) . A S shown in [20], 
however, the intuition that each negative eigenvalue of h should be counted only once 
is correct in that the Lieb-Thirring inequality [18] applies and we obtain the bound 

E V^ ^ n ^^~^^VL/2 f (̂̂ )'d '̂ (50) 

with i = 0.060 [20]. 
It is to be emphasized that (50) is an operator inequality. That is, the operator in (34), 

which is part of H^ ^^, satisfies 

{\ — s — K^a^yi^ Jj^ 

The right side of (51) can be controlled by the field energy through inequality (79) -
provided l/87r is not less than the constant in (50), (51). 
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4.1. Evaluation of Constants. We are now ready to list the conditions on the constants 
C2 and 6 that have been introduced and to use these to verify the results of Theorem 2.1, 

K > max{64.5, TrZ}, (52) 

Conditions : {Kaf- < 1 - e < 1, (53) 

{\-s)^a 1 
{ \ - E - /c2Qr2)3/2 - 87r(0 .060) ' 

(54) 

The first comes from Theorem 3.1 with q = 2. The second is the condition that the 
kinetic energy term in H2 is positive. The third is the requirement that the the field 
energy Hf dominates the sum of the negative eigenvalues in (50). 

Assuming these conditions are satisfied the total energy is then bounded below by 
the sum of the following four terms (recalling (46) and 8^ — s): 

(55) 

(56) 

-\-^ m h 

6V1 -

cT 
Of A / 

~ 2 C ^ V 

A^ C 

S7t^ Jj, 

8 
-AN. 

/ 2Z-1-2 .3 ) A ,̂ 

1 > — 
47r A 

" 3 " 8 ^ ^ 

Energy Lower Bounds : — ::;7T" ( v 2 Z -1- 2.3 ) A ,̂ (57) 

(3C2)^ K = -^ACJK. (58) 

The first comes from the —Sm term in (34). Similarly, the second comes from the -I-C3 A 
term in (34). The third term is the last term in (33) which, in turn, comes from Theorem 
3.1. The fourth term is the additive constant in (79) with w(y) = XB(y)- The volume of 
B is bounded by the number of nuclei times the volume of one ball of radius 3L around 
each nucleus. 

Obviously we choose 

^4 ^ 6Vr^^ + (a/2)(V2Z + 2.3)2 

^ 2 - ~K 2772^^ • ^^^^ 

The sum of the terms (55 — 58) then become our lower bound for the energy 

E r- 18A K 
— > -\-Je m 
N - 7T N which satisfies stability of the second kind. 

To find the largest possible Z for which stability holds we take ot — 1/137 and make 
the choice £: = 0. We then find, fi*om (54), that KCI < 0.97. Setting K = nZ we find 
stability up to Z = 42. 

The choice s = 0 makes the energy in (60) negative. Recall that if Z = 0 then 
E/N = m. To make contact with physics we would like the energy to be positive, 
i.e., only a little less than Nm. To fix ideas, let us consider the case nZ -< 64.5 and 
a = 1/137. Then K = 64.5, /cor = 0.471 and (/ca)^ = 0.222. From (54), we require 
that (with X = 1 - s > 0.222) 

x^ < 90.9(;c - 0.222)^/2, (61) 

which means that we can take I — s = .229 or ^ = 0.771. 
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Now let us consider the case of hydrogen, Z = 1 and N = K (neutrahty). From (59) 
we find that C2 = 0.908. Then (60) becomes 

— = 0.866m - 4.29A. (62) 

If A is less than one fifth of the electrons' self-energy, the total energy of arbitrarily 
many hydrogen atoms is positive. This bound could be significantly improved by more 
careful attention to our various inequalities. 

A. Appendix: A Note About Units 

The choice of units in electrodynamics is always confusing, especially when interactions 
with charged particles are involved. 

The interaction of the magnetic vector potential with a charged particle is eA(x). In 
cgs units the classical field energy is 

^classical = ^ j ^ [B(xf + E(xf]dx, (63) 

With B(x) = curl A (x), we use the Coulomb (or radiation gauge) so that divA(jc) = 0 
anddb/E(x) = 0. 

We define ax(k) and its complex-conjugate (classically) or adjoint (quantum-mecha-
nically), a^ik), in terms of the Fourier transform of (the real fields) A(x) and E(x) as 
follows. 

Aix) = ^ Y . ( ^ («x(/fc)e'*-^ + al{k)e-^>^A dk, (64) 

in tenns of which 

(65) 

The parameter -yjhcllix in (64-66) were chosen purely for convenience later on. The 
two unit vectors here, sx(k),X — 1,2, are perpendicular to each other and to k (which 
guarantees that divA = 0). They cannot be defined on the whole of M^ as smooth 
fiinctions of k (although they can be so defined with the use of "charts"), but that will 
be of no concern to us. 

Thus, when (64 - (^6) are substituted in (63) we obtain (using Parseval's theorem and 
/ exp(/^ . x)dx = (27r)^^(A:) and \k\^ex{k) -8x(^-k^ = - (k A sx(k)) - (-k A 6x(-k))), 

1 ^ f 
^classical = - HcY] \k\ {a*(A:)«x(« + axik)a*(k)} dk. (67) 

^ x=i -^^^ 

(Although al(k)a),(k) = ax(k)al(k) for functions, this will not be so when ax(k) is an 
operator. The form in (67) is that obtained after the substitution just mentioned.) 

736 



Stability of a Model of Relativistic Quantum Electrodynamics 

Stability of a Model of Relativistic Quantum Electrodynamics 575 

To complete the picture, we quantize the fields by making the ax(k) into operators 
with the following commutation relations: 

[ax(k), 4,(A:0] = ^A, v5(/ : - k') and [a^(k), ax'(k')] = 0. (68) 

The quantized field energy is obtained from (67, 68) and is given by the Hamiltonian 
operator 

Hf = hcy^\ \k\alik)axik)dk. (69) 

It agrees with (67) up to an additive "infinite constant". 
In the rest of this paper we omit he since we use units in which h = c = 1. 

B. Appendix: Field Energy Bound 

In this appendix we prove (79) which relates the localized classical field energy to the 
quantized field energy. A proof was given in [4]. The small generalization given here is 
a slightly modified version of that in [13,14]. 

Consider a collection of operators (field modes), parametrized by y € R^, and by j 
in some set of integers (J € {1, 2, 3} in our case of interest) given, formally, by 

Lj(y) = y i l yAk\'v^j(k)e^^'ya^(k)dk, (70) 

where 'v'xj is the Fourier transform of some arbitrary complex function vxj(x). Our 
convention for the Fourier transform of a general function g(x) is 

f(k) = (27r)-^/^ f g{x)e^'^'''dx and g{x) = ( I T T ) " ^ / ^ ( f(k)e-'^'''dk. 

(71) 

The following lemma is elementary. It involves vxj(x) and a summable function 
w(x), with a norm defined by 

IIu;III; := sup —^ , (72) 
Mx) I2).jR3\AMrdx 

where * is convolution. 

Lemma B.l (Lower bound on field energy). Assume that \\w\\y < 1. Then 

Hf^y^f w{y)L){y)Lj{y)dy. (73) 

Moreover, ifw(y) > O,for all y then 

^f^jJl^f ^(y)(Lj(y) ± L){y)fdy 
^ J JR^ 

2 

-^Htlf \k\r^xj(k)\^dk f w(y)dy, (74) 

for any choice of-\- or —for each j . (Note that — (L — L*)^ > 0.^ 
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Proof. The difference of the two sides in (73) is a quadratic form of the type Ylx,x' 
f f al(k)Q(k, k : k\k')a^,{k')dkdk\ In order to establish (73) it is necessary and 
sufficient to prove that the matrix Qik.X : k\ X^) is positive semidefinite. This is the 
condition that 

y" f \h{k)\^dk 

2 

>(27r)^/2V- y - f f hikrvxj{k)Tx'{k'rv^rj{k')w{k' - k)dkdk' (75) 
jxlJt.x'' J\kl\k'\^A 

for all L^ functions fxik). Condition (75) is just the condition that \\w\\^ < 1, since 
T^v{k) = (2n)^/^Tihrv{k). 

To obtain (74) from (73) we use the three facts that w{x) > 0, that 

2 n 
L){y)Lj{y) = Lj{y)L){y) - ^ / \k\\vxj{k)\^dk, (76) 

•i_i J\k\<A 

and that, quite generally for operators, 

± {LL -f L*L*) < L^'L + LL^. (11) 

D 

The following examples are important. First, we define the ultraviolet cutoff fields 
A^, J5^, E^ as in (64,66,65) except that the k integration is over |A:| < A instead of 
M^E.g., 

B^(x) = ^J2f ^ ^ ^ S r ^ (a,(k)e^'''' - a:(k)e-^''A dk , (78) 

recalling that h = c = I. 
This notation, A^, B^, E^, with the superscript A, will be used in this appendix 

only. 
For the first two examples we define ^xj{k) = ((A: A ex{k))j /(27t)^^^\k\, so that 

i{Lj{x)-L*{x)) = Bf{x)/V2nforj = 1,2,3. 

Example 1. Assume that 0 < u>(>̂ ) < 1 for all y. Then Lemma B.l implies 

(79) Hf>:^f B''(xfw(x)dx - - ^ f w(y)dy 

To verify the norm condition (75) we note first that in view of (72) it suffices to 
assume that w(y) = I. Then, w(k) = (27t)^^'^S(k). On the right side of (75) we may 
use the equality ^j^x.j(kyvyj(k) = (27r)~^<5x,x' (because ((k A 6x,(k)/\k\)j are the 
three components of two orthonormal vectors). Thus, (75) is not only satisfied, it is also 
an identity with this choice ofw. Finally, (74) is exactly (79) since /i;t|<A 1^1^^ = jr A"̂ . 
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Example 2. Take w(y^ = C8(x — y), with x some fixed point in M? and where C > 0 
is some constant. Then w(k) = C(27r)~^/^ exp(ik • x) and \w(k)\ = C(27t)~^^^. We 
take 'v'x, jiH) as in Example 1. The right side of condition (75) equals C Ylj \ I\k\<A 
X̂ A, / A ( ^ ) ^ ; I , J ( ^ ) exp(/A; • x)dk\^^ and a simple variational argument then says that we 
should choose fxih) = exp(—iA: • jc)irx (k)'V, where V is some fixed vector. By spherical 
symmetry we can take fxik) = ^x, i (k)^ and (75) becomes 

2 1 47r 

y|/:|<A ^ 

With C = 9;r2 A"^ , and with 

|A:|<A ^ 3 (27r)^ 3 
A ^ 

yZJlf 1̂ 1 \vxj(k)\^dk f w(y)dy = 2 • (27r)-^ • (47r/4)A^C, 
^ i 

(74) becomes Hf^^C- (2Tt)-^B^(x)^ - ( l / 8 ) j r - 2 • A^ • C, or 

(80) 

97r - 3 » A / i / / > ^ A - ^ B ^ ( x ) ^ - - A (81) 

This can also be used [13,14] with x being the electron coordinate (which is an 
operator, to be sure, but is one that commutes with the field operators). 

Example 3. If we replace {k A £x(k))j /\k\ in u;̂ , j(k) by iex{k))j then everything goes 
through as before and we obtain (79) and (81) with E^{x)^ in place of B^ix)^. 

Example 4. We now take ir;^,y(^) = (ex(A:))y(27r)-V2/|A:|, so that {Lj(x) + L*(jc)) = 

A^{x)/\/27z for j = 1, 2, 3. The analysis proceeds as in Example 2, except that the 

normalization condition (80) becomes 

\ > c ( Y\\vx \{k)\^dk = C - ' - r — ^ • 47rA 

which leads t o C = 37r^A~"^. We also have 

3 (27r)3 

V V /" 1̂ 1 \^xj(k)\^dk f w(y)dy = 2 • (27r)-^ • (47r/2)A2c , 
^ , J\k\<A JM} 

SO that (74) becomes 

37r 1 A o 3 
(82) 
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C. Appendix: Spectral Properties of the Dirac Operators 

In this appendix we sketch a proof of the fact that the operators Dt (A) commute in 
the sense that all their spectral projections commute. First we start with some remarks 
concerning the self-adjointness of 

A-(A) = cti ' {-iVi + v ^ A ( x / ) ) -h mfi. (83) 

The subscript after a is a reminder that the matrix acts on the spinor associated with the 
i^^ particle. It is not easy to characterize the domain for this operator, but it is certainly 
defined and symmetric on 1-L% := C^(M^) ( ^ ^finite? where ^finite denotes the vectors 
in Fock space with finitely many photons. This is a dense subset ofTiN- We shall show 
that Di(A) is essentially self-adjoint on 'H^. To prove this we resort to a version of 
Nelson's commutator theorem given in [22], Theorem X.37. 

Define the operator 

N 

V = 1 + ^(-Ai + m^) + AHf + A^. (84) 

Observe that Yli=\ (—A/ + m ^ ) acts as a multiplication operator on Fourier space and Hf 
acts on the n photon component ^ „ ( x i , . . . , x^; ^ i , . . . , TAT; ki, ... , kn, A,i, . . . , X„) 
by multiplication with Yl^=i ^ ( ^ / ) - The domain 1-C^ is a domain of essential self-
adjointness for V. Certainly, v > 1 as an operator. 

We shall show that there exists a constant c such that for all ^ e 'H^, 

IIA(A)vl/|| <c| |yvi/ | | . (85) 

Certainly, 

I I A ( A ) ^ | | < (^, ( - A / - h m ^ ) ^ ) +(vl/, A(jc/)2^)^/2, (86) 

and by Example 4 in Appendix B, 

A(xf < —AHf + - A ^ . (87) 

The estimate 

| |A(A)vI/| | <c| |vvi/ | | (88) 

follows easily from this. 
Next, we show that there exists a constant d such that for all ^ G ^%, 

I (Di(A)^, v ^ ) - (vvl/, A(A)vI/) I < dWv^/^^f. (89) 

Since —ictt • V/ + m^ commutes with v when applied to vectors in 7^^, the above 
estimate reduces to 

I (at ' A(xi)^, v ^ ) - (v^f.cci • A(x / )^) | < dWv^^^^f, (90) 
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where we have dropped the fine structure constant. Since v as well as A(jc) preserve 7i^ 
and are symmetric, we can rewrite the above inequality as 

I ( ^ , [at • A(x/), V] ^ ) I < dWv^^^^f. (91) 

The commutator is the sum of 

3 

[at . A(x), - A ] = i J2<^i ' {^jMx)dj + djdjA(x)) =: X, (92) 

and the operator 

-iAui ' E(xi) = [at • A(xi), AHf] , (93) 

where E(x) is the electric field (65). By Schwarz's inequality, 

I ( ^ , X^) I < (^, (VA)2xi/)^ 4- (vi/, -AVI/)) , (94) 

and 

A| (vl/, ^(x)vl/) I < A (||vl/||2 + (xi/, E(xf^)^ . (95) 

By Example 3 in Appendix B, it follows that as quadratic forms 

E(xf < ^A^Hf + 1 A 4 , (96) 

(VAXxf < ^A^Hf + l A l (97) 

The last inequality does not appear in Appendix B exactly as stated, but it can be derived 
in precisely the same fashion as the one for the magnetic field displayed there. The 
estimates (94)-(97) yield (provided A > 1) 

I (A(A)vI/, v^) - (vvj/, Di(A)^) I (98) 

< C (vl/, (A^Hf + A4)XI/) + (vi/, ( - A + A)^) (99) 

< CA^ (vj/, vxl/) , (100) 

for some constant C, which is the desired estimate. 
Thus, the operator Di(A) is essentially self-adjoint on y,%. This operator, being a 

sum of two self-adjoint operators, Ui := —/oc/ • V/ -f mfi and V/ : = oc/ • ^/aAixi), is 
naturally defined on P(C//)nl>(V;)and is symmetricthere. Since, 'H^ C T>(Ui)nT>lVi) 
we also know that Dt (A) is essentially self-adjoint on T>(Ui) nX>( V/). Thus, by Theorem 
VIII.31 in [21] the Trotter product formula is valid, i.e. 

^ / ^ A ( A ) ^ ^ _ lij^ TiitlmT. (101) 
m->oo 

where 

7)(f/m) : = '̂•(^/'«)f^.>^*(^/'")^«. (102) 

Certainly, the operator e^^^' commutes with e^^^i and e^^^i, and likewise e'^^ commutes 
with e'^^J and e*̂ >̂ for all j / /, and hence Ti{t/m)'^ commutes with Tjis/rif for all 
5, r, m andn . 

We shall use this to show the following 
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Lemma C.l . For any two real numbers s and t the unitary groups e^^^'^^^ and e^^^J^^^ 
commute. Moreover, this implies that the spectral projections associated with Di (A) and 
Dj(A) commute. 

Proof. For ^ GHN, 

^]^^itDi(,A)^isDjiA)^f _ ^/^D;(A)^ifD,(A) vj/|| (103) 

= lim;„-^oo \\Ti{t/m)'^e''^J^^^y^ - e''^J^'^^Ti(t/m)'"^\\ (104) 

= lim^^^oo lim„_oo WTiiit/mrTjds/nr^ - Tj(s/nrTi(t/mr^\\ = 0. (105) 

The statement about the spectral projections follows from Theorem VIIL13 in [21 ]. D 

D. Appendix: Projections and Symmetries 

The difficulty in defining the physical space 7{^ ^^ comes from the fact that the projection 
onto the positive energy subspace acts also on the Fock space. This is in contrast to [17] 
where no such problem arises. There the action of the permutation group obviously 
commuted with the projection onto the positive energy subspace. In our more general 
setting the commutation is still true but an explanation is needed, which we try to give 
with a minimal amount of formality. 

First, consider the one particle space H\ = L^{M?; C^)^J^. The Dirac operator, 
as shown in Appendix C, is a self-adjoint operator on Hi and we denote its projections 
onto the positive and negative energy subspace by P"*" and P~. Note that P"*" + P~ is 
the identity. As explained in Sect. 4, the two projections are unitarily equivalent via 

p- = U*P^U = -UP^U, (106) 

where, as in (39), 

-(»,i) (107) 

The projection onto the positive energy subspace associated with the Dirac operator 
Di (A) is defined in the following fashion. Consider the vector ^ as in (12) and fix Â  — 1 
X 's and r ' s , namely all those except xt and tt. For almost every such choice (with respect 
to Lebesgue measure) the vector ^ defines a vector in ?^i. We know how the P^ act on 
such a vector and the extension to 'H/sr we denote by P^^^- It was shown in Appendix 
C that these spectral projectors commute with each other. 

Other interesting operators on HN are the permutations. A permutation Per 1,2, for 
example, just exchanges the electron labels 1 and 2. From what has been explained above 
we have the formula 

Peri,2Pi^ = P^Pcria^ (108) 

An immediate consequence is that P"^ := Fl^^j P."^ commutes with permutations. 
From this it follows that (14) can be rewritten as 

nfy^ := AP^niv = P^AHN- (IO9) 

We now address the question whether Ti^ ^^ is trivial or not. Denote by K. the subspace 
ofTiN which consists of antisymmetric vectors ^ with the property that Uj vj/ = / \I/ for 
j = I, ... , N. The operators Uj are defined in(39). Certainly each Uj has eigenvalues 
/ and —/. The space /C is certainly infinite dimensional. It contains, e.g., determinantal 
vectors in L^(M?; C^) tensor the photon vacuum. 
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Lemma D.l (H^^^ is large). The space H^^^ is infinite dimensional. 

Proof. We shall show that 2^1'^P^ is an isometry from /C into V^^^^. Let / be a subset 
of the integers {1, . . . , A }̂ and let / be its complement. Let 

Pi^Tli^iP-Uj^jP^. (110) 

Note that ^j Pi = identity. Note also that 

PI = ( - ) ' ' ' c / / n , e / i ^ + r / / n , e y P / , ( H I ) 

which implies that || P/ ̂  || = || P+^i/1|. This shows in particular that 

WP^^f = 2-^\\yi/f, (112) 

which proves the isometry. D 

Since we always consider the symmetric operator H^ ^^ in the sense of quadratic 

forms, it is necessary to construct a domain, QN that is dense in 'H^^^ and on which 

every term in H^ ^^ has a finite expectation value. Once it is shown that the quadratic 

form associated with Hfj ^^ is bounded below, it is closable and its closure defines a 

self-adjoint operator, the Friedrichs extension of H^ ^^. 
We first start with a technical lemma that will allow us to approximate vectors in 

o/Phys 

Lemma D.2. For any f with 

/

oo 
1/(01(1 + k|)dr < oo (113) 

-OO 

and 

f(D(A)) = f e-'''^^^^T(t)dt, (114) 

we have that 

\y\ + Hff{D{A))^\\ < m a x i y i -h 9 A / 8 , y/^j9^A^^^]Cfy\ + Hf^^\\, (115) 

/oralis eTii. 

Proof. We shall assume that ^ is normalized. Since 

||yi+////(D(A))xI/|| < J | /(0| | |yi + ///̂ -^*^^^^> |̂|d^ (116) 

it suffices to prove the estimate 

K(t) := | |v ' l + i//^-^*^^(^>xl/|| < C ( l H- \t\)\\ymij^\\. (117) 
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A simple calculation yields 

= _ (e-^*^^Wvi/,a . E{x)e-''^^^^^^ . (118) 

Here ECx) is the electric field 

2 

E{x) = ^ y 2 f dke^{k)y/Mk) {e'^"'ax{k) - ^"'^ ^flj(fc)) . (119) 
^^~{J\k\<:A ^ ^ 

By Schwarz's inequality 

-K^it) < {e-'"'^^^^, Eixfe-'"'^^^^)'^^ . (120) 
dt \ ' 

By Example 3 in Sect. B 

E{xf < ^A^Hf + - A ^ , (121) 

and hence Ar^(r) satisfies the differential inequality 

^ A : ^ ( 0 < [AK^(t) + B^ ' , (122) 

where A = ^ A^ and B = ^ A^. This can be readily solved (using K(t) > 1) to yield 
the estimate 

K(t) < (1 + B/Ay^^K(0) + VAt. (123) 

Thus 

l iy i + H/^- ' ' ^^(^>^ | | < C( i + i f D i i / T T ^ ^ I I , (124) 

where C is the maximum of (1 + BjA^^l'^ and V A . • 

Next we consider a sequence of functions / „ € C ^ ( ( 0 , oo)) everywhere less than 
or equal to 1, such that / „ is identically equal to 1 on the interval [1 /n , n] . Clearly, as 
n -> o o , n ^ ^ i / „ ( A ( A ) ) -> P+strongly in HAT and hence ^ n ^ i / „ (A-(A)) -> AP"^ 
strongly in HN- We denote the range of ^ n ^ ^ i / „ ( A (A)) restricted to the subspace of 
1-i^ consisting of states Withfinitefield energy expectation by Q ^ . Finally we define the 
domain Q^ = U ^ j Q ^ . Together with Lemma D.2 we have the following corollary. 

Corollary D.3. The domain QN is dense in Ti^j^^^. Moreover for any vector ^ e QN 
the field energy Hf has finite expectation value. 

Proof. Simply note that the functions / „ have a rapidly decaying Fourier transform for 
each n. Therefore, by Lemma D.2 the field energy has a finite expectation value for any 
vector ^ G Q ^ . Note, as before, the antisymmetrization operator A commutes with 
n ^ ^ j / „ ( A ( A ) ) . Thus, the field energy has finite expectation value for any ^ e QN-
The density of QN in 7^^^^ was shown before, n 

744 



Stability of a Model of Relativistic Quantum Electrodynamics 

Stability of a Model of Relativistic Quantum Electrodynamics 583 

Now we are ready to state the main lemma of this section. 

Lemma D.4. For every ^ € QN, the Dirac operators Di (A), the Coulomb potential 

Vc and the field energy Hf have finite expectation values. Thus, H^ ^^ is defined as a 

quadratic fiyrm on QN which is dense in l-L^ ^^. 

Proof. The operators Di (A)^ have finite expectation values on QN . They are of the form 
f^(A) = [(/? + ^Aix))^ + ^ a ' B(x)] (8) h, where h is the 2 x 2 identity. By (81) 
the magnetic field is bounded by the field energy and hence has finite expectation value 
on the domain QN. Thus, (pt -\- y/aA(xi))^ O I2 also has finite expectation value on 
QN for / = 1, . . . , A ,̂ and hence the Coulomb potential Vc, which is relatively bounded 
with respect to Xl/=i (Pi + ^/aA(xi))^ has finite expectation values on QN- • 

£ . Appendix: Various Forms of Instability 

In the introduction we talked about the need of using the positive spectral subspace of 
the Dirac operator D(A), which includes the magnetic vector potential; this led to all 
sorts of complications in the analysis leading to our main stability Theorem 2.1. In this 
section we show that various models in which an electron is defined, instead, by the 
positive spectral subspace of t h e ^ e e Dirac operator D(0) are unstable. In the case of a 
classical magnetic field such an analysis was carried out in [17] and greatly simplified 
in [9]. Also, in [9] the stability analysis was carried out for a quantized radiation field 
without a cutoff. In what follows, we rely mostly on the work in [9]. We also show that 
the D(A) choice is unstable if Za or a is too large - as expected. 

All the results about stability and instability are summarized in the two tables in 
Sect. 1. We remind the reader that instability of the first kind means that the Hamiltonian 
is unbounded below, while instability of the second kind means that it is bounded below 
but not by a constant times N -\- K. 

E. 1. Instability without Coulomb potential (free Dirac operator). Already the free prob­
lem, i.e., without Coulomb interactions, shows signs of instability. The Hamiltonian is 
given by 

N 

^ ^ = Z^^7(^) + ^ / - (125) 
7 = 1 

If the field is classical, Hf has to be replaced by ( I / S T T ) J^^ \B{x)\^dx as in (1). 
We consider first the case where the magnetic vector potential is classical. In par­

ticular the Hilbert space 1-L^^^ is the antisymmetric tensor product of N copies of 
P + L 2 ( R ^ ; C ^ ) , i.e., the part of L^(E?\ C*) that is in the positive spectral subspace 
of the^re^ Dirac operator. Note that there is no Fock space in this case. In [9] Theorems 
1 and 3 the authors construct, for any N, a trial Slater determinant xjf in 7i^^, and a 
classical field A so that the energy is bounded above by 

(̂ i/r, //^l^^^i^^V) = : ^(V^, A) < ^iV^/^ - abN^, (126) 
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where a and b are constants independent of A .̂ The scaling 

\lr -> V ,̂x, and A -^ A^, (127) 

where 

V^^(xi, . . . ,XAr; r i , . . . , T/v) = fr'^^^xlrifxxu . . . ,M^iv; r i , . . . , TAT) (128) 

and 

A'^(jc) = ixAiixx) (129) 

can be used to get the upper bound 

^(t/r^, A'") < fJL (aN^/^ - abN^^ . (130) 

Thus, by choosing Â  > aa~^l^ jb^ the ground state energy is negative and can be driven 
to — oo by letting t̂ -> oo, i.e., stability of the first land is violated. 

Using coherent states, it was shown in [9] that this same result extends to the problem 
with a quantized magnetic vector potential without ultraviolet cutoff. 

If A(jc) carries an ultraviolet cutoff, the /x scaling argument cannot be applied. The 
energy, however, is not bounded below by const, x A ,̂ as we see from (126), and hence 
stability of the second kind is also violated - and this no matter how small a may be 
and whether the magnetic vector potential is quantized or not. The reader might wonder 
how to construct an A(x) that satisfies the conditions in [9] and, at the same time has an 
ultraviolet cutoff A. Remark 1 on p. 1782 of [9] explains that almost any cutoff A(x) 
will suffice for the purpose. 

Notice that when we use the positive spectral subspace of D(A) instead, the stability 
of the problem without Coulomb potential is completely trivial, since the Hamiltonian 
is positive, by definition. 

E.2. Instability with Coulomb potential (free Dirac operator). Adding the Coulomb 
potential complicates the analysis owing to the repulsion between the electrons which 
is present even if there are no nuclei. To some extent this positive energy is balanced by 
the electron-nuclei attraction if sufficiently many nuclei with sufficiently strong charges 
are present. It is shown in [17] that if 

K K 

^Zj > (const.)a-^/2 and ^z)>2, (131) 
7= 1 7 = 1 

then the positions of the nuclei can be chosen such that the total Coulomb energy is 
negative. Thus, if in addition, Na^^^ is sufficiently large, stability of the first kind does 
not hold for classical magnetic vector potentials as well as for a quantized magnetic 
vector potential (without ultraviolet cutoff) - no matter how small a may be. 

The situation is more complicated when the field carries an ultraviolet cutoff. The 
main reason is that the field variable is no longer an active participant for driving the 
energy towards minus infinity, but it is an active participant in destroying stability of the 
second kind. We have 
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Lemma E.l . Let a > 0 and assume that (131) holds. Then the system using the projec­
tion onto the positive subspace of the free Dirac operator D(0) is unstable of the second 
kind, even with an ultraviolet cutoff. 

Proof The lemma follows immediately from (130) and (131) together with the obser­
vation in [9] on how to use coherent states to carry these results over to the quantized 
field case, n 

Lemma E. 1 is the main reason that the restriction to the positive spectral subspace 
ofD(0) is inadequate for a model of matter interacting with radiation. 

The main result of this paper is the stability of the second kind for the system where 
the positive subspace of the Dirac operator D{A) is used. This result holds provided 
that maxy Zja and a is sufficiently small. Our final Lemma E.2 shows that that the two 
conditions maxy Zja small and a small are in fact necessary. It suffices to show this for 
the case of one electron interacting with K nuclei, each having charge Z. We have to 
assume that the electron mass is strictly positive, but we suspect that this assumption is 
technical and not needed. 

Lemma E.2. Assume that Za > 4/7r and m > 0. Then the one-electron Hamiltonian 

is unbounded below. Moreover, there is a number etc such that for any fixed a > etc and 
any fixed Z > 0, there exists K sufficiently large so that this Hamiltonian is unbounded 
below. 

For the classical instead of the quantized A field see [6,10,1,24,25]. 

Proof The idea is to reduce this problem to the relativistic one without spin and without 
radiation field. Set D^ = P+Z)(A) and Z)_ = -P-D{A), so that D{A) = D^ - D-
and |Z)(A)| = D^ + £>_. As a trial function we pick %// = g (^ |0), where g is a 
spinor that satisfies Ug = ig, recalling the definition off/ from Appendix D (106, 107), 
and where |0) is the photon vacuum. A straightforward calculation (which repeatedly 
uses Schwarz's inequality and the facts that P~ — U* P'^U = —UP^U, and hence 
p-xj/ = -i UP~^\/r) shows that 

= (p+t/f, D + - Z a y ^ - — ^ — r + Z ^ a V - ^ + Hf P+Vr| 

1 (^>' Z>4 Zaj: 
1 

j=i 
\x-Rj\ + z- p-^x/r 

1 (p-*., [«. - Z„ t j ^ + Ẑ„ g ^ ^ j P-*) 
4- (Vr, p-^HfP^xlf) 
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5 i PV P^f 

- Re I P+f, ^ Y, jTT^^"^ ) + ( '̂ P^HfP^^) 

1 
+ 2 

<-^\f Vr 

The lemma will be proved by showing that the first term in the last expression can be 
made as negative as we like while the field energy term is uniformly bounded. Note, as 
in (9), that \D{A)\ = Vf^(A) + m2. The operator inequality 

{p + v^A(jc))2 < (1 + E)p^ + (1 + -)aA{xf (133) 
s 

follows easily from Schwarz's inequality, for any ^ > 0. From (82) we have that 

and from (81) we have that 

A{xf < —AHf + - A ^ 

B(xf < —A^Hf + - A ^ . 
97T 7T 

Using the operator monotonicity of the square root it follows that 

V r ^ ( A ) + m^< ^ ( 1 + s)p^ + XsAHf + r , A 2 + m2, 

where Xg and Yg are constants that tend to infinity as e tends to zero. 
Thus, recalling that xj/ = g <Si\0), 

if, \D(AM) < (g, y/(\+e)p^ + YsA^ g\ , 

The remaining task is to analyze the quadratic form 

(134) 

(135) 

(136) 

(137) 

(138) 
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For any fixed s, A and m the terms F^ A^ + m^ can be scaled away, and this leads to the 
quadratic form 

p 

U(l+e)p2-
j ^ 

_Zay__l_ , y I 
2 f^,\^-Rj\ fy\Ri-Rj\ • ) 

(139) 

which has been analyzed in detail. Kato [11] showed that instability of the first kind 
occurs if Za /2Vl + ^ > 2/7r which yields our first stated condition for instability. 
Later on, it was shown in [5] that there exists ofc so that for a > ac and for any Z > 0 
there exists K so that an instability of the first kind occurs. See also [19], Theorem 3. 

Next we address the field energy term and it is here where the assumption about 
the positive mass comes in. The projection P~^ can be written as P^ = ( l /2) ( / + 
D(A)/\D{A)\) and, since i/r is proportional to the vacuum, 

= X^ycu( fc ) | | [«x(A: ) , i§ [^ ]v ' | | dk. (140) 

With the help of the expression 

D(A) 1 r ^ D(A) 1 
yr Jo \D(A)\ 7t Jo r 4-Z)(A)2 VF"^^ ' ^^^^^ 

and the fact that (t + D(A)2)-i = ^(D(A) - iVt)'^ + j(D(A) + iVt)~K the com­
mutator in the last expression of (140) can be written as 

[ D(A) 1 1 r^^ 1 1 1 

1 r ^ 1 1 1 
-:r- / F [cix(k), D(A)] F-7=dr. (142) 

and 

[«x(fc), £»(A)] = -Ep^e-^'-^XAik), 

where Xhik) denotes the characteristic function of the ball in k space that has radius A 
and is centered at the origin. Hence, 

II r D(A^ 1 II 1 1 r^^ 1 1 
IIL l ^ ( A ) | J II ^(jo{k) 7T Jo m^-ht^ 

IIV^IIXA(^), (143) 

and the estimate 

follows. D 

V^;7(^ 

47r A 
(ir, P+HfP+^lr) < -j^Uf (144) 
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Part VIII 

Bosonic Systems 



Bosonic Systems 

The theme of stability of matter, which is mainly about fermions (electrons) in­
teracting with each other through the electrostatic Coulomb potential, leads, in a 
natural way, to the study of such particles also interacting with the full, quantized 
electromagnetic field. This is contained in Part VII. 

A related, but different direction of study is the stability and macroscopic proper­
ties of matter composed of Bosonic particles (mainly atoms). When such particles 
interact with short-range forces they behave nicely, but when they interact via 
Coulomb forces they do not display thermodynamic stability, or, in the relativistic 
case, not even a finite ground state energy. 

Part VIII contains papers on the ground state energies of several kinds of many-
boson systems. A comprehensive review of much of the material in this section is 
The Quantum-Mechanical Many-Body Problem: The Bose Gas, #293 in the pub­
lication list, and which is reproduced in the Selecta on Condensed Matter Physics, 
edited by B. Nachtergaele, J.P. Solovej and J. Yngvason. That selecta also contains 
some of the earlier work mentioned below. The review #293 replaces #267, which 
appeared as VIII.4 in the third edition. 

Item VIII.2 Ground state energy of the low density Bose gas, with J. Yngvason, 
proves a conjecture that goes back to Bogolubov’s 1947 work: At low particle 
density ρ the ground state energy per particle, eQ (ρ), for a system of (3-dimensional) 
bosons with a short-range, two-body potential v of scattering length a is eo(ρ) 
4π(h /2m)ρa. Actually, the proof in VIII.2 is for nonnegative v (such as a hard 
core potential) and the question of what happens otherwise is still open. The new 
conjecture made in the paper is that the formula holds for any short-range v with 
the property that there are no many-body bound states. 

This work was extended in two directions. One direction is to two-dimensions. 
The relevant formula was proposed only as late as 1971, by Schick: eo(ρ) 
4 π(h /2m)ρ/| ln(ρa^)|. This is proved in The Ground State Energy of a Dilute 
Two-dimensional Bose Gas, with J. Yngvason, #258 in the publication list. 

The second direction concerns bosons in a trap, as in the experimental situation. 
To model the trap a one-body confining potential V(x) is added to the Hamiltonian. 
For low average density, the ground state energy is supposedly described by the 
Gross-Pitaevskii energy. This is proved in two papers (with J. Yngvason and 
R. Seiringer): Item VIII.3 Bosons in a Trap: A Rigorous Derivation of the Gross-
Pitaevskii Energy Functional, which is reproduced here, and A Rigorous Derivation 
of the Gross-Pitaevskii Energy Functional for a Two-dimensional Bose Gas, #263 
in the publication list. 
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Low density gases in traps display interesting features, which include 100% 
Bose-Einstein condensation and 100% superfluidity. These properties have been 
demonstrated (in the Gross-Pitaevskii limit) in #273 (with R. Seiringer) an #278 
(with R. Seiringer and J. Yngvason) and they are reproduced here as VIII.8 and 
VIII.9. While the question of Bose-Einstein condensation has now been fully 
resolved for traps, the existence of Bose-Einstein condensation in the usual thermo-
dynamic limit remains an open problem. 

A system of negatively charged bosons with fixed nuclei, as in the stability of 
matter problem, significantly fails the stability condition. The energy is proportional 
to -N5/3 instead of -N (the N5/3 law). This is in VIII.4. If on the other hand, the 
positive particles have a finite mass and are therefore dynamic,the situation improves 
somewhat, but not enough. The energy is proportional to -N7/5. F. Dyson proved 
an upper bound of this kind in 1967 and the lower bound was done in 1988 with 
J. Conlon and H-T. Yau and is in VIII.5. (With a ‘relativistic’ kinetic energy, on the 
other hand, even this form of stability fails, as shown in V.7. The energy is always 
-∞ for sufficiently many bosons.) 

For charged bosons in a neutralizing background (“jellium”), the “weak-coupling” 
situation corresponds to high density instead of low density. The asymptotic for­
mula was proposed by L. Foldy in 1961 on the basis of Bogolubov’s 1947 theory: 
eo(ρ) -̂  Cρ^/^, with C being a definite constant. This —ρ^/^ law was proved in 
VIII.5, but the correct ‘Foldy constant’ was proved only in 2001 (with J. P. Solovej) 
in Ground State Energy of the One-Component Charged Bose Gas, #265, which is 
reproduced here as item VIII.6. The importance of verifying the Foldy constant is 
that it helps justify part of Bogolubov’s approximate theory. 

Very recently, the exact constant for the —N"^/^ energy of two-component 
charged bosons was proved with J. P. Solovej in VIII.7. The constant is obtained 
by solving a mean-field equation (which, in turn, involves the ‘Foldy constant’) 
proposed by Dyson in 1967. Again, this aids our understanding of the Bogolubov 
theory. 

Earlier work on many-boson systems is in publication list #5, #12-16. These 
results, along with a survey of the state of the field in 1965, are contained in the 
review article The Bose fluid, #18. #12 and #13 Exact Analysis of an interacting 
Bose gas (with W. Liniger) contain an exact solution for one-dimensional bosons 
with a repulsive delta-function interaction. This is the only soluble model with 
short-range, two-body potentials (that satisfy the stability condition), and it verifies 
Bogolubov’s conjecture for the ground state energy in the weak-coupling limit. 
#14 and #15 (with W. Liniger and A. Sakakura) give a non-rigorous method for 
calculating the energy for the jellium and short-range models mentioned above, the 
significant point being that the calculations are done in configuration-space instead 
of momentum-space, as was, and continues to be, customary. 

The one-dimensional solution is now very relevant to experiments because its 
characteristic properties are seen in elongated traps. The rigorous derivation of 
one-dimensional behavior from the three-dimensional Schrodinger equation is in 
#285, 286. Other papers on bosons are discussed in the Condensed Matter selecta. 
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Ground State Energy of the Low Density Bose Gas 

Elliott H. Lieb' and Jakob Yngvason^ 
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Now that the properties of low temperature Bose gases at low density, p, can be examined 
experimentally it is appropriate to revisit some of the formulas deduced by many authors four to 
five decades ago. One of these is that the leading term in the energy/particle is iTrh^pa/m, where a is 
the scattering length. Owing to the delicate and peculiar nature of bosonic correlations, four decades of 
research have failed to establish this plausible formula rigorously. The only known lower bound for the 
energy was found by Dyson in 1957, but it was 14 times too small. The correct bound is proved here. 
[50031-9007(98)05619-1] 

PACS numbers: 03.75.Fi, 05.30.Jp, 67.40.-w 

With the renewed experimental interest in low density, 
low temperature Bose gases, some of the formulas posited 
four and five decades ago have been dusted off and re­
examined. One of these is the leading term in the ground 
state energy. In the limit of small particle density, p . 

eoip) ~ fi47rpa. (1) 

where eo(p) is the ground state energy (g.s.e.) per particle 
in the thermodynamic limit, a is the scattering length 
(assumed positive) of the two-body potential v for bosons 
of mass m, and /x = ff-jlm. 

Is Eq. (1) correct? In particular, is it true for the hard-
sphere gas? While there have been many attempts at a 
rigorous proof of (1) in the past 40 years, none has been 
found so far. Our aim here is to supply that proof for 
finite range, positive potentials. As remarked below, (1) 
cannot hold unrestrictedly; more than a > 0 is needed. 

An upper bound for e^ip) agreeing with (1) is not 
easy to derive, but it was achieved for hard spheres by 
a variational calculation [1], which can be extended to 
include general, positive potentials of finite range. What 
remained unknown was a good lower bound. The only 
one available is Dyson's [1], and that is about fourteen 
times smaller than (1). In this paper we shall provide 
a lower bound of the desired form, and thus prove (1). 
We can also give explicit error bounds for small enough 
values of the dimensionless parameter Y = 47rpa^/3: 

eoip) > p.47rpa{\ - C K ' ^ ' ^ ) (2) 

for some fixed C (which is not evaluated explicitly 
because C and the exponent 1/17 are only of academic 
interest). The bound (2) holds for all non-negative, 
finite range, spherical, two-body potentials. A typical 
experimental value [2] is K ~ 10"'^. Dyson's upper 
bound is At477-pa(l + 2r'/-^)(l - Y^^^y^. 

We conjecture that (1) requires only a positive scatter­
ing length and the absence of any many-body, negative 
energy bound state. If there are such bound states then 
(1) is certainly wrong, but this obvious caveat does not 
seem to have been clearly emphasized before. There is 

a "nice" potential with positive scattering length, no two-
body bound state, but with a three-body bound state [3]. 

Our method also obviously applies to the positive 
temperature free energy [because Neumann boundary 
conditions give an upper bound to the solution to the heat 
(or Bloch) equation]. 

We also give some explicit bounds for finite systems, 
which might be useful for experiments with traps, but we 
concentrate here on the thermodynamic limit for simplic­
ity. For traps with slowly varying confining potentials, 
Vext, our method will prove that the leading term in the 
energy is given by the well known local density approxi­
mation [4], which minimizes the gaseous energy (1) plus 
the confining energy, with respect to /?(x), namely, 

'^(p)- / , . . . (x)p(x) + iui47rap{x)^]d^\ 

is minimized subject to / p = N = number of particles. 
The fact that Dyson's lower bound was not improved 

for four decades, despite many attempts, attests to the fact 
that bosons are subtle quantum mechanical objects which 
can have peculiar correlations unknown to fermions. For 
example, there is the nonthermodynamic N'^^^ law for 
the charged Bose gas that was discovered by Dyson [5], 
confirmed only 20 years later [6], and which defies any 
simple physical interpretation. 

The first understanding of (1) goes back to Bogoliubov 
[7], who also introduced the notion of "pairing" in Helium 
(which resurfaced in the BCS theory for fermions). Later, 
there were several derivations of (1) (and higher order) 
[8,9]. The method of the pseudopotential, which is an old 
idea of Fermi's, was closest to the Bogoliubov analysis. 
The "exact" pseudopotential was constructed in [10], but 
it did not help to make this appealing idea more rigorous. 
Most of the derivations were in momentum space, the 
exception being [9], which works directly in physical 
space and which can handle both long and short range 
potentials. See [11] for a review. All these methods 
rely on special assumptions about the ground state (e.g., 
selecting special terms in a perturbation expansion, which 
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likely diverges) and it is important to derive a fundamental 
result like (1) without extra assumptions. 

In all of this earlier work one key fact was not 
understood, or at least not clearly stated in connection 
with the derivation of (1). It is that there are two different 
regimes, even at low density, with very different physics, 
even though the simple formula (1) seems to depend 
only on the scattering length. Recall that the (two-body) 
scattering length is defined, for a spherically symmetric 
potential, v, by 

/jiu'iir) + -vir)uo{r)-=0. (3) 

with M()(0) = 0, wo(^) > 0 (which is equivalent to the 
absence of negative energy bound states, and which is true 
for non-negative v). As r —̂  oo, u{r) "^ r — a. [Note 
the V-/2 and not v in (3) because of the reduced mass.] 
Thus, a depends on m in a nontrivial way, and there are 
two extremes: 

Potential energy dominated region. —The hard sphere 
[v{r) = 00 for r < a] , is the extreme case here; the 
scattering length is independent of m, and the energy is 
mostly (entirely) kinetic. We see this from (1) because 
— mdeo/dm is the kinetic energy (Hellmann-Feynman 
theorem). In this regime the potential is so dominant that 
it forces the energy to be mostly kinetic. The ground-state 
(g.s.) wave function is highly correlated. 

Kinetic energy dominated region.—The typical case is 
a very "soft" potential. Then a ~ (m/H^) /Q v{r)r^ dr, 
which implies, from (1), that CQ hardly depends on m. 
Thus, the energy is almost all potential. The g.s. wave 
function is essentially the noninteracting one in this limit. 

In other words, "scattering length" is not a property 
of V alone, and the low density gas, viewed from 
the perspective of the bosons, looks quite different in 
the two regimes. Nevertheless, as (1) says, the energy 
cannot distinguish the two cases. Whether Bose-Einstein 
condensation itself can notice the difference remains to be 
seen. Condensation will not be touched upon here, except 
to note that so far the only case with two-body interactions 
in which Bose-Einstein condensation has been rigorously 
established is hard core lattice bosons, but only at half 
filling [\2l 

Dyson [1] effectively converted region 1 into region 2. 
We shall make use of his important idea, which substitutes 
a very soft potential for the original one (even a hard core) 
at the price of sacrificing the kinetic energy. 

We assume that the Â  particles are in a L X L X L 
cubic box, Cl. The particle density is then p = NL~^. 
It is well known that the energy per particle in the 
thermodynamic limit, eoip), does not depend on the 
details of (reasonable) fl , so we are free to use a cube 
and take N —* ^ through any sequence we please, as far 
as eoip) is concerned. We set Â  = kM with k an integer 
and M the cube of an integer, because we shall want to 
divide up ft into M smaller cubes (called cells) of length 

e = {k/pY'^. We will take M -^ ^ with € and /t = p^"^ 
fixed, but large. 

The N-body Schrodinger operator is 
N 

// = - M X ^ ' + S ^(x,-x,). (4) 

For boundary conditions we impose Neumann (zero 
derivative) boundary conditions on H . It is well known 
that Neumann boundary conditions give the lowest pos­
sible g.s.e. for H, and hence its use is appropriate for 
a discussion of a lower bound for the g.s.e. Denote this 
Neumann g.s.e. by Eo{N,L). 

Now divide H into M cells and impose Neumann 
conditions on each cell, which, as stated before, lowers the 
energy further. We also neglect the interaction between 
particles in different cells; this, too, can only lower the 
energy because u > 0. 

A lower bound for Eo{N, L) is obtained by distributing 
the N particles in the M cells and then finding a lower 
bound for the energy in these cells, which are now 
independent. We then add these M energies. Finally, we 
minimize the total energy over all choices of the particle 
number in each cell (subject to the total number being A )̂. 
Despite the independence of the cells, the latter problem 
is not easy. In particular, something has to be invoked to 
make sure that we do not end up with some cells having 
too large a number of particles and some cells having 
too few. 

With L,N and M = N/{p€^) fixed, let Mc„, for n = 
0 ,1 ,2 , . . . denote the number of cells containing exactly 
n particles. Then the particle number and cell number 
constraints are 

Z ^̂"̂  = k = p€\ Z c„ 

and our energy bound is 

Eo(A ,̂ L) > A/ min ^ c„Eo{n, €), 

(5) 

(6) 

where the minimum is over all c„ > 0 satisfying (5). 
The minimization would be easy if we knew that 

Eoin, €) (or a good lower bound for it) is convex in n, for 
then the optimum would be c„ = S„^k. This convexity 
is very plausible, but we cannot prove it (except in the 
thermodynamic limit, where it amounts to thermodynamic 
stability). What we do know instead is superadditivity: 

Eoin + n'J) > Eoin J) + Eoin'J) (7) 

for all n,n', and this turns out to be an adequate substitute 
for controlling the large n terms in (6). 

Equation (7) is an immediate consequence of the posi-
tivity of the potential and it is used as follows. Suppose, 
provisionally, that we have a lower bound of the form 

Eoin J,) > KiOnin - 1), for 0 : 4^ , (8) 
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with K{€) independent of n for 0 < n < 4^. In fact, we 
shall later prove that for small enough p (and hence small 
enough k) and suitable ^, (8) holds with 

K{e) > iuL47rarH\ - C ' K ' / ' ^ ) , (9) 

with C some constant. [However, the analysis we give 
now, leading to (12), does not depend on this particular 
form of K{€).] 

Split the sum in (6) into two pieces: 0 < n < 4k 
and 4/c < «. Let r = Y.n<4k ^(^n — ^' so that k - t ^ 
Y.n>4kf^^'n- From (8) and Cauchy's inequality (and 
Z . < 4 A O , ^ 1) 

(convex suffices) with respect to 0. Then, for all functions 

(10) 

4k then, by (7), EoinJ) > 

X CnEoinJ) ^ Ki€)t{t - 1) 
n<4k 

On the other hand, if n 
{n/Sk)Eo{4kJ),so 

X c„Eo{nJ)^ ^^K{€){4k - 1). 

Upon adding (10) and (11) the factor t{t - \) + {k -
t){2k - 1/2) is obtained. Although the number t is 
unknown, we note that this factor is monotone decreasing 
in t in the interval 0 < r < /: [which is where t lies, by 
(5)]. Thus, we can set t = k and obtain the same bound 
as if we had convexity, i.e., 

Eo{N,L)^NK{e){pe' - 1). (12) 

In summary, if we can show (8) for a box of a fixed size 
£, for all particle numbers up to n = 4p€^, then we will 
have obtained our goal, (2), in the thermodynamic limit 
provided we can show that the K in (8) satisfies (9) with 
the constant C' when € is large compared to the mean 
particle spacing, i.e., pf^ > C"F~' / '^ . Then the C in 
(2) equals C + C". 

We now focus on a single cell and denote the n 
coordinates (xi,..., x„) collectively by X. The first step in 
proving (9) is to replace the total potential, X/<y ^(x/ -
\j), by a lesser quantity, IVy(X), the nearest-neighbor 
potential defined by 

X(X) i|:.(. xy(/)), (13) 

where j{i) is the nearest-neighbor to particle / in the 
configuration X; i.e., particle / "feels" only its nearest 
neighbor. Hence, we replace H by the smaller operator 

H ^ r + yV^ < H, (14) 

where T' = -yu-X Â / is the kinetic energy in (4). Since 

V >0, the g.s.e. of// satisfies £o (« ,0 ^ E(){nJ). 
To get into the kinetic energy dominated region, we 

wish to replace u in (13) by a gentler potential U. To 
this end we generalize Lemma 1 of [1] and simplify its 
proof. 

LEMMA l.—Let v{r) > 0 and v{r) = 0 for r > RQ. 
Let U{r) > 0 he any function satisfying f U{r)r^dr < 1 
and U{r) = 0 for r < RQ. Let 'B C R^ he star-shaped 

J^/x|V</>(x)P + ^^-v j\^{x)\'d'x (r) - p.aU{r)\\cf){x)Vd'x > 0 . 

(15) 

Proof—Actually, (15) holds with /x|V(/)(x)P replaced 
by the (smaller) radial kinetic energy, jii\d(f){\)/dr\^, and 
thus it suffices to prove the analog of (15) for the integral 
along each radial line, and to assume that </>(x) = u{r)/r 
along this line, with w(0) = 0. Let us first prove (15) 
when U IS a. delta function at some radius R > RQ, i.e., 
U{r) = R~^8{r — R). Then, it is enough to show, for 
all u, that 

/ ' 
Jo 

fi\u'{r) - u{r)/r\' + ^ v{r)\u{r)\'dr 

> pia\u{R)\^R~^. (16) 

If the length of the radial line is less than R then (16) 
is trivial. Otherwise, normalize u by u{R) = R — a, 
and ask for the minimum of the left side of (16) under 
the condition that M(0) ^ 0, u{R) ^ R - a. This is a 
simple problem in the calculus of variations and leads 
to the scattering length equation (3). If we substitute 
the solution into (16), integrate by parts, and note that 
«()(^) "^^ r — a for r > RQ, we find that (16) is true if 
a < R, which is true since UQ > 0. Finally, by linearity 
and the fact that U{r) = f r~^S{r - s)U{s)s^ds, the 
5-function case implies the general case. Q.E.D. 

We select our U by picking some R :i> RQ and setting 

U{r) = 3{R^ - /?^)~' for RQ < r < R (17) 

and U{r) = 0 otherwise. Later on we shall choose R, and 
we shall take 

RQ « R « p~'/-^ « e. (18) 

By further decomposing a cube into Voronoi cells 
(which are always convex), Dyson [1] deduces from 
Lemma 1 that H is bounded below by a nearest-neighbor 
potential, as in (13), i.e., 

H > H > /jialVuiX), (19) 

where ^u is as in (13), with v replaced by U. For the 
hard core case, Dyson estimates the minimum (over all 
X) of ly^ (X) , for a U similar to (17), and gets a lower 
bound for all p, but 14 times smaller than (1). We follow 
another route. An important quantity for us will be the 
average value of lV(/(X) in a cell, denoted by (IVy). 

To compute <L (̂xi - x^o))), for example, it is easiest 
to do the X2,. . . ,x„ integrations over the cell first and 
then the xi integration. Provided X] is in the smaller 
cube which is a distance R from the cell boundary [whose 
volume is (€ - 2Rf], the probability that RQ < |xy -
x\\ < R is 4TT{R^ - RQ)/3e\ Thus, performing the x, 
integration over the smaller cube, and then adding similar 
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contributions from L'(x2 - xy(2)), etc., and using (17), we 
get 

{R^ - R^))€' 

1: jn{n - \)[\ 
2R V 1 

€ J \ + Q{n - \)-

with 

Q = 47r{R^ - /?o')/3f' « 1 . 

(20) 

(21) 

(22) 

In (21) we used [1 - jc]"~' < [1 + {n - l )x]~ ' forO : 
.x: < 1. Note that (21) is of the form (8). 

By similar reasoning, we obtain the upper bound 

<^^>^ 
3/2 

477 

; [1 - ( 1 - Q ) " - ' ] 

n{n - 1). 

Since U{rf = 47r((2^^)"'^(r), we also obtain 

<X'>^47r/2(G^-^)- '< ly^) . 

(23) 

(24) 

(25) 

We can now use Lemma 1 and these averages to obtain 
(8) and (9). Instead of using (19) alone, we pick some 
0 < e « : 1 and, borrowing a bit of kinetic energy, define 

H ^ ET + {\ - e)/jLa'WuiX). (26) 

By Lemma 1 and i; > 0, we have 

H > H > H. (27) 

We shall derive (8) and (9) from a lower bound to H. 
Although e is small, we regard //Q = eT ' as our un­

perturbed Hamiltonian and V = (l - e)fjialVuW as 
a perturbation of HQ. The ground state wave func­
tion for Ho is ^o(X) = €--^"/2 ^^d / / o % = AQ^O ^ 0 
(Neumann conditions). The second eigenvalue of HQ is 
A] ^ E/ULTT/^-^. Note that the ground state expectation, 
<^ol'V(y|^o>, is precisely the average {'\Va) mentioned 
in (20)-(25). 

Temple's inequality [13] states that when a perturba­
tion V is non-negative (as here) and when A] - AQ > 
('^olVl'^o) then the g.s.e., Eo, of the perturbed Hamilton­
ian / / = //o + V satisfies 

Eo > Ao + <%|V|^() ) -
A, - Ao - (^olVl^o) 

(28) 

We apply this to our case with Ai - Ao = s/ji7r/€^ 
and V ^ (1 — e)/jLa^u. We neglect the (positive) term 
{%)\V\^of in (28) and we use (21), (24), and (25). We 

also use 1 — e < 1 in two appropriate places and find 

EoinJ) ^ „ J, ATTCUI 1 

Jia(y^u) 
(1 - e)[ 1 

Q£ £77- - ae(y\/u) 

(29) 

Apart from some higher order errors, (29) is just what 
we need in (8) and (9). Let us denote the order of 
the main error by Y"', and we would like to show that 
a = 1/17 suffices. The errors are the following: 

From the (1 - e) factor, we need e < 0{Y"). 
From the Q{n + 1) error in (21) we need Qp€^ ^ 

From the /?/€ error in (21) we need R/€ < 0{Y"). 
From (29) we need ae{l^^u)/e ^ 0{Y") and 

pe^a/R^e < O ( r ^ ) . 
All these desiderata can be met with e = y , 

R/€ = Y"", Q = 0{Y"), pR^ = r^"^, and a = \/\l — 
as claimed. 
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The ground-state properties of interacting Bose gases in external potentials, as considered in recent experi­
ments, are usually described by means of the Gross-Pitaevskii energy functional. We present here a rigorous 
proof of the asymptotic exactness of this approximation for the ground-state energy and particle density of a 
dilute Bose gas with a positive interaction. 

PACS number(s): 03.75.Fi, 05.30.Jp, 67.40.Db, 71.35.Lk 

L INTRODUCTION 

Recent experimental breakthroughs in the treatment of di­
lute Bpse gases have renewed interest in formulas for the 
ground state and its energy derived many decades ago. One 
of these is the Gross-Pitaevskii (GP) formula for the energy 
in a trap [1-3], such as is used in the actual experiments. We 
refer to [4] for an up-to-date review of this approximation 
and its applications. One of the inputs needed for its justifi­
cation is the ground-state energy per unit volume of a dilute, 
thermodynamically infinite, homogeneous gas. This latter 
quantity has been known for many years, but it was only 
very recently that it was derived rigorously [5] for suitable 
interparticle potentials. Consequently, it is appropriate now 
to use this result to go one step further and derive the GP 
formula rigorously. 

The starting point for our investigation is the Hamiltonian 
for N identical bosons 

f/(A/) = 2 [-V^+V(x,)] + 2 v{\x-Xj\) 
/=1 i<j 

(1.1) 

acting on totally symmetric, square integrable wave functions 
of (xi, . . . ,xyv) with X, G R^. Units have here been chosen 
so that h = 2m=\, where m is the mass. We consider exter­
nal potentials V that are measurable and locally bounded and 
tend to infinity for |x|^oo in the sense that inf|x|>/?V(x) 
-^00 for /?—>oo. The potential is then bounded below and for 
convenience we assume that its minimum value is zero. The 
ground state of - V^+ V'(x) provides a natural energy unit, 
h(i), and the corresponding length unit, \Jfi/moj, describes the 
extension of the potential. We shall measure all energies and 
lengths in these units. In the available experiments V is typi­
cally ~|x|^ and yjh/mo) of the order 10"^ m. 

The particle interaction v is assumed to be positive, 
spherically symmetric, and decay faster than |x| "^ at infinity. 
In particular, the scattering length, denoted by a, should be 
finite. We recall that the (two-body) scattering length is de­
fined by means of the solution u(r) of the zero-energy scat­
tering equation 

with M(0) = 0 ; by definition, a = \im^^J[r-u(r)/u'(r)]. 

Let Vi(r) be a fixed potential with scattering length a^. 
Then vir) = (ai/afvi(air/a) has scattering length a. In 
the following we regard v i as fixed, but vary a (in fact, we 
shall take a = ai/N). The ground-state energy E^^ of Eq. 
(1.1) depends on the potentials V and v, besides Â , but with 
V fixed and i;(r) = (a i /a)^ i ; i (a , r /a ) , the notation 
E^^(N,a) is justified. The corresponding eigenfunction will 
be denoted ^Q^^ . It is unique up to a phase that can be 
chosen such that the wave function is strictly positive where 
the interaction is finite [6]. The particle density is defined by 

P a ' ^ ) = ^/^3(^_ J ^ r ( x , x 2 , . . . ,x^)\^dxr --dx^. 

(1.3) 

The Gross-Pitaevskii (GP) energy functional is defined as 

^GP[<I)]= f [|V<I)(x)p-h V(x)|4>(x)|2 + 47ra|<l)(x)|'^]rfx 

(1.4) 

where <I> is a function on R^. For a given N the correspond­
ing GP energy, denoted E^^{N,a), is defined as the infimum 
of £[<!>] under the normalization condition 

U" {x)\^dx=N. (1.5) 

-u"ir) + \v{r)uir) = 0 (1.2) 

It has the simple scaling property 

E^^{N,a) = NE^^{l,Na). (1.6) 

What Eq. (1.6) shows is that the GP functional (1.4) together 
with the normalization condition (1.5) has one characteristic 
parameter, namely, Na. (Recall that lengths are measured in 
the unit ^fhJma) associated with V so a is dimensionless.) 
Thus, if we want to investigate the nontrivial aspects of GP 
theory we have to consider a limit in which N—y^o with Na 
fixed. This explains the seemingly peculiar limit in Theorems 
I.l and 1.2. As Na-^°° the GP energy functional simplifies, 
since the gradient term becomes small compared to the other 
terms, and the so called Thomas-Fermi limit described in 
Theorem II.2 results. In some typical experiments a is about 
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10"^, while Â  varies from 10̂  to 10̂  . Thus a^ in Theorems 
I.l and 1.2 varies from 1 to about lO'*. 

In the next section it will be shown that the infimum of 
the energy functional (1.4), under the subsidiary condition 
(1.5), is obtained for a unique, strictly positive function, de­
noted ^^^. The GP density is, by definition. 

It satisfies 

P^^,(X) = CI>GP(̂ )2 

p^';(x)=yvp?;,(x). 

(1.7) 

(1.8) 

The main result of this paper concerns the behavior of the 
quantum mechanical ground-state energy E^^{N,a) when Â  
is large, but a is small, so that Na is 0 ( 1). It is important to 
note that although the density tends to infinity for Â ^̂ oo [by 
Eq. (1.8)] we are still concerned with dilute systems in the 
sense that a^p<^ 1, where 

n- ^ ( n«P (xfdx (1.9) 

is the mean GP density. [Note the exponent 2 in Eq. (1.9).] 

In fact, since a ~ N ~ ^ a^p—N~^. 
The precise statement of the limit theorem for the energy 

is as follows. 
Theorem I.l (The GP energy is the dilute limit of the QM 

energy). For every fixed a i 

= E^''(haO (1.10) lim 
N 

and the convergence is uniform on bounded intervals of ax. 
While we do not prove anything about Bose-Einstein con­

densation, which necessarily involves the full one-body den­
sity matrix p^'^(x,x'), we can make an assertion about the 
diagonal part of the density matrix, p^^{\) = p^^\\,\): 

Theorem 1.2 (The GP density is the dilute limit of the QM 
density). For every fixed a i 

lim ^P^!lf, //v(x) = Pu , (^ ) (1.11) 

in the sense of weak convergence in L . 
For the proof of Theorem I.l we establish upper and 

lower bounds on E^^(N,a) in terms of E^^(N,a) with con­
trolled errors. Theorem 1.2 follows from Theorem I.l by 
variation of the external potential. The upper bound is ob­
tained in Sec. Ill by a variational calculation that generalizes 
the upper bound of Dyson [7] for a homogeneous gas of hard 
spheres. We also derive an upper bound on the chemical 
potential, i.e., the energy increase when one particle is added 
to the system. This upper bound is used in the proof of the 
lower bound of the energy in Sec. IV. The main ingredient 
for the lower bound, however, is the bound fpr the homoge­
neous case established in [5]. In addition, some basic prop­
erties of the minimizer of the GP functional are used in the 
proof and we consider them next. 

PHYSICAL REVIEW A 61 043602 

11. THE GROSS-PITAEVSKII ENERGY FUNCTIONAL 

The GP functional is defined by Eq. (1.4) for 4> e P with 

P={4):VcI)eL2(R3),V|cI)|2eL'(R^), 

OeL'*(R^)nL^(R3)}, (2.1) 

where/eL^(R' ') means/Rn|/(x)|^^x<oo. The correspond­
ing GP energy is given by 

E'^^iN.a) = inf{^^P[$]: ^ G V^} 

with 

Vi^=vn <i>:Jl^(x)| ̂ dx=N\. 

(2.2) 

(2.3) 

The basic facts about the GP functional are summarized 
in the following theorem. 

Theorem 11.1 (Existence and properties of a minimizer). 
The infimum in Eq. (2.2) is a minimum, i.e., there is a <E>̂ ^ 
ePyv such that E^^(N,a) = £:^\^'^^]. This ^^^ is unique 
up to a phase factor, which can be chosen so that <^^^ is 
strictly positive. <P^^ is at least once continuously differen-
tiable, and if V is C°° then also ^^^ is C°°. The energy 
E'^^(N,a) is continuously differentiable in a and hence [by 
Eq. (1.6)J also in N. The minimizer ^^^ solves the Gross-
Pitaevskii equation 

-V2<D-hV4)-h87rdz|4)|2(J) = ^(I) 

(in the sense of distributions) with 

/ijL = dE^^iN,a)/dN=E^^{N,a)/N+4'jrap. 

(2.4) 

(2.5) 

Here p is the mean density (1.9). 
The GP energy functional is mathematically quite similar 

to the energy functional of Thomas-Fermi-von Weizsacker 
theory and Theorem II. 1 can be proved by the methods of 
Sec. VII in [8]. For completeness, the proof is given in Ap­
pendix A. With additional properties of V one can draw fur­
ther conclusions about 4>*̂ '': 

Proposition II. 1 (Symmetry and monotonicity). If V is 
spherically symmetric and monotone increasing, then <t>̂ ^ is 
spherically symmetric and monotone decreasing. 

Proof. Let <I>* be the symmetric-decreasing rearrange­
ment of $^P (see [9]). Then^^P[<I)*]^6'<^P[4)^P]. D 

Proposition II.2 (Log concavity). If Kis convex, then <I>̂ ^ 
is log concave, i.e., S^^^{\f^^^{yf^-'^^^^^^{\x 
-F( l -X)y) , foral lx,yGR^ Xe(0,l). 

Proof Using the Trotter product formula it suffices to 
show that the solutions u{t,x) of the equations 

du _ 
0, 

du 

Tt + KM = 0, 
dt 

+ S7rau = /JLU 

are log concave, if M(0,X) is log concave. The first follows 
from the fact that the convolution of two log concave func­
tions is log concave, the second follows easily from convex­
ity of V, and the third is shown in [10]. Q 
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The GP theory has a well defined limit if Na-^^. It is 
sometimes referred to as the "Thomas-Fermi limit" of GP 
theory because the gradient term vanishes in this limit. For 
simplicity we restrict ourselves to homogeneous external po­
tentials V, i.e., 

V(\x) = \^Y(x) (2.6) 

for some s>0. 
Theorem 11.2 (Large Na limit). Let V be homogeneous of 

order s and let T he the functional 

H ^ P ] = lV{x)p{x) + 4'7Tap{xy]dx (2.7) 

with p (x )^0 , x e IR .̂ Let F(N,a) be the infimum of J^under 
the condition fp = N. By scaling, FiN,a) = NF(\,Na) and 
F(\J^a) = {Nay'^'^^^F(U\). In the limit Na-^^ we have 

lim 
, (Nar 

-FiUl). (2.8) 

The minimizing density of J^ under the condition jp=I and 
with a=] is given by 

pl,{x) = iS7r)-'[fji-V{x)]^ 

otherwise. Moreover, 

lim pZai^) = plM 

(2.9) 

(2.10) 

strongly in L^(R^). 
Proof Since S^^[y[p]^Hp] it is clear that E^^(l,Na) 

^F(l,Na). For the converse we write p in the form p(x) 
= iNa)-^'^'^^^p({Nar^'^'^^^x) and obtain 

+ 47rp-]Jx, 

^ p ] = (M 'ayns^^)j iVp + 4Trp^)dx. 

In particular, F(UNa) = {Nay'^''^^^F(\,\), and with p 
— p^i I we obtain 

£«P(l,yV«)^F(l,A^«) + (A^«)-2^(-^'^-')[|Vv^|2. 

(After a slight regularization, we may assume that 
/ | V V P U I ^ < ° ° - ) In the limit Na—^°o the gradient term van­
ishes, and thus the limit of the energies is proved. Now 

lim 
^PTNJ 

lim 

+(yva)-<-2>'(-3)J|vV^|^ 

Since F(I,1) is the minimum of T/{Nay'^'^^\ the second 
term vanishes for Na^oo^ and it follows that p^^^ is a mini­
mizing sequence for /(Vp-l-47rp^). Since both terms in the 
functional are non-negative, they must converge individu­
ally; in particular, ||p^Xall2 converges to ||p5',ill2- On the 
other hand p^^^ converges weakly to pĵ i by uniqueness of 
the minimizer. Together with the convergence of the norms 
this implies strong convergence. 

The solution of the variational equation for pj", is simply 
P n = (87r)~ ' [ / I -V]+ with /I given by /I = F(1,1) 

Lemma U.l (Virial theorem). When V is homogeneous of 
order s, as in Eq. (2.6), the minimizer of the GP functional 
satisfies 

I' V^«P(X)|2^X-

f-47ra I 4>^P(x)'*Jx=0. 

{xyV{x)dx 

(2.11) 

Proof Define <!>;. by 

^M=k"^^'^\k'^x). 

Because ^^^ is the minimizer of ^^''[^1)], it must be true 
that 

dk 
€«^[cD,] = 0. 

This leads to the virial theorem (2.11). D 
In the proof of the lower bound we shall also consider the 

GP energy functional in a finite box. For /?>0 we denote by 
Afi a cube centered at the origin, with side length 2R. The 
energy functional <f ̂ ^ in the box is simply Eq. (1.4) with the 
integration reduced to A^. The corresponding minimizer, 
denoted by 't>^^, satisfies Neumann conditions at the bound­
ary of A/?, and is strictly positive. Analogously to Eqs. (1.7), 
(1.9), and (2.5) we define, p^' ' , p/?, and /Hf^. The corre­
sponding energy will be denoted by E^^iN,a). Then we 
have the following: 

Lemma n.2 (GP energy in a box). 

limE] 7(yV,«) = E^'^(N,a). (2.12) 

£i^ , where XR denotes the characteristic function of A/^, we 
immediately get 

'^{N,a). (2.13) 
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Let 0/? be a C°° function on R ,̂ with 6/? = 0 outside Ay?, The physical meaning of the trial function can be under-
and ©/?= 1 inside A/?_ i . We use N^'^^^^^RI\\^T^RWI as stood as follows: The G part describes independent particles, 
a test function for E^ . Since VO/? is bounded and 

y?_oo JA/ j \A/ j_ , 

[because V̂  tends to infinity and ^^^[<l>^^] is bounded by Eq. 
(2.13)], we have 

E'^^{N,a)^\immiEf{N,a). 

This completes the proof of Eq. (2.12). D 

m. UPPER BOUNDS 

A. Upper bound for the quantum mechanical energy 

It will now be shown that for all A'' and small values of 

api/3 [with p^jp'^^ixfdx/N, cf. Eq. (1.9)] 

each with the GP wave function. The F part means that the 
particles are inserted into the system one at a time, taking 
into account the particles previously inserted, but without 
adjusting their wave function (cf. [7]). Although a wave 
function of this form cannot describe all correlations present 
in the true ground state, it captures the leading term in the 
energy for dilute systems. 

For the computation of the kinetic energy we use 

L.'^^i'^=Lj^^i^^^'-i.^'\^^^\' (3.7) 

where V̂^ denotes the gradient with respect to x^, k 
= \,.. . ,N. We write 

1 for/ = A: 

— 1 for r, = |x,-x^| 

0 otherwise. 

(3.8) 

E^''{N,a)^E''^N,a)[i+0{ap''')]. (3.1) x,.̂ ,, is the nearest to x, of the points (x^, . . .',x,_,).' [Note 
that jiO really depends on all the points x,, . . . ,x, and not 
just on the index /. Except for a set of zero measure, j(i) is 
unique.] Then 

This upper bound, which holds for all positive, spherically 
symmetric v with finite scattering length, is derived by 
means of the variational principle. We generalize a method 
of Dyson [7], who proved an upper bound for the homoge­
neous Bose gas with hard-sphere interaction. Consider as a 
trial function 

^ = F(xi, ,x^)G(\i, . ..,XN) (3.2) 

with 

F(xi , . . . ,x /v) = n Fiixi, . . . , x , ) . 

G(xi, . . .,x/v) = n SM 

where 

F , ( x i , . . . , x , ) = / ( 0 , 

f, = min{|x, —Xy|,y= 1, . . .,/— 1}, 

with a function / satisfying 

0 ^ / ^ l , / ' ^ 0 , 

and 

^(x) = 4>«P(x ) / | | ^^ . . 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

G^,F=X 'i'F-'e^.nf'iti), (3.9) 

and after summation over k 

2 G'\V,F\^=WJ, €,,ej,{nrnj)F-'F-'f'{t,)f'{t^) 
k ij,k 

^21^1^2 Fr2/'(r,)2 + 2|^|2 

k^i<j 

(3.10) 

The expectation value can thus be bounded as follows: 

+2 
j i^j^i^.dx^-x^.i) 

jW\€ikej,\F;'F-'f'(t,)f'{tj) 

The function / will be specified later. This trial function is 
not symmetric in the particle coordinates, but the expectation 
value (^ | / /^^^^)/(^ | '^> is still an upper bound to the 
bosonic ground-state energy because the Hamiltonian is 
symmetric and its ground-state wave function is positive. 
Hence the bosonic ground-state energy is equal to the abso­
lute ground-state energy [7,11]. 

+ 2 2 
k^i<j jw 
^ [l^l'[-^(x,r'vf^(x,)+\/(x,)] 

+ 2 ^ — 
jw 

(3.11) 
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For i<p, let Fpj be the value that Fp would take if the point 
Xy were omitted, i.e., 

^p,«=/(|Xp-Xjt(p)|), (3.12) 

where Xfc(p) is the nearest to x^ of the points 
(xi , . . . ,x,_i ,x,+i, . . . ,Xp_i). The reason for introducing 
these functions is that one wants to decouple the integration 
over X, from the integrations over the other variables. (Note 
that Fpi is independent of x,.) Analogously, one defines 
Fpij by omitting x, and Xj. This simultaneously decouples x, 
and Xj from the other variables. The functions F, occur both 
in the numerator and the denominator so one needs estimates 
from below and above. Since 

F , = min{F,., , . , /( |x,-Xy|),/( |x,-x, |)}, (3.13) 

one has (recall that / ^ 1) 

Fl,jf{\xp-x,\ffi\xp-Xj\f^Fl^Fljj. (3.14) 

Hence, with7</, 

(3.15) 

and 

F y • • F ^ ^ Fy + 1 y • • F,-_ 1 yF,+ I,-, • • • F/y ,-,• 

X I I - 2 [ l - / ( | x , - x , | ) 2 ] 

X I - E [ l - / ( | x , - x , | ) 2 ] . (3.16) 
\ k=l,k^i I 

We now consider the first two terms in Eq. (3.11). In the 
numerator of the first term for each fixed / we use the esti­
mate 
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2 

J 8i^X+2v] ^ [ A ' - 2 ^ J dx^j gixfdx, (3.19) 

and one obtains 

I [2f'(\x-xj\f + v{\x-xj\)f{\x-xj\f] 

Xg{Xifg{XjfdXidXj 

^j gix)'dxj [2f'{\r]\f + v{\^)f{\r^)^]dr, 

^ij g{x)'dxJ. (3.20) 

In the denominator one gets, using that 0^^=^ 1, 

f 1 - 2 [ l - / ( | x , - x , | ) 2 ] L ( x , ) 2 ^ x , 

^ J ^ ( x ) 2 ^ x - A ^ J [ l - / { | x ^ - x , | ) 2 ] 

= I g(xfdx-NI. (3.21) 

The same factor comes from the Xj integration, the remaining 
factors are identical in numerator and denominator, and so 
finally the first and second term are bounded by 

S ( / - i ) f 

ij 8i^: TdxJ \ gixfdxJ 

rr v^^if 
[J g{x)^dx-Nl\ J g(x)^dx-NI 

(3.22) 

A similar argument is now applied to the third term of Eq. 
(3.11). Note that the contributions from k = i and fc</ are the 

(3.17) same. Therefore 

and in the second term we use F,=^/(|x,-Xy|). For fixed / V f i U/ \f'^ \i i / \ ' 2 i 
andj one eliminates x, and Xj from the rest of the integrand j ^ ^ J l^UcWof (h)\^jk\fitj)f itj)g(^i) gi^j) dxidxj 

^ 2 2 J /(|x,-x,|)/'(|x,-x,|)/(|x^-x,|) 

by using Eq. (3.15) and F y ^ l in the numerator and Eq. 
(3.16) in the denominator to do the x, and Xj integrations. 
With the transformation J7=x,-Xy, ;t=(x/ + Xy)/2 one gets 

I [2/'(|x,-Xy|)2 + i;( |x,-x,|)/( |x,-x,. |)2] 

Xg{Xifg(xjfdXidxj 

Xg\X+2^j g[x-2^] dydx-

By the Cauchy-Schwarz inequality 

(3.18) 

Xf'{\xj-x,\)g{x,fg{Xjydxidxj. (3.23) 

With g ̂  1 one gets 

' - > r 

2 E J /(|x,|)/ '( |x,|)/(|x^|)/ '(|xy|)^x,Jx,. 

= 2 ( / - l ) ( | / ( | x | ) r ( | x | ) J x | 

^2ii-\)K\ (3.24) 

763 



With R. Seiringer and J. Yngvason in Phys. Rev. A 61, (2001) 

LIEB, SEIRINGER, AND YNGVASON PHYSICAL REVIEW A 61 043602 

The summation over / and7 gives [O for r ^ a 

N j - \ . [r-a for r>a, 
2 S ( / - l ) = ^ N ( / V - l ) ( / V - 2 ) . (3.25) 
/ = 1 ( = 1 O 

{ 0 for r^a 

a (3 33) 
I for r>a. 

2 ^ K^ 
~^'T-. TT- (3.26) These estimates imply 
3 , . I (̂x)' 

7 ^ ( 1 +6)^4 TTfl, (3.34) 
Next consider the last term of Eq. (3.11). Define e by 

[ [-g(x)V2g(x) + y (x)^ (x)2]^x-e [g(x)2^x . / ^ 4 7 r | y + a Z 7 ( Z ; - a ) j , (3.35) 

(3.27) 

After eliniinating x, from the integrands in the numerator and K^ATT{\ +e)a\b-'-\ (3 36) 
the denominator and using F,=^l one sees that the term is \ 2 / ' 
bounded above by 

(3.28) 

I Si'^^ dx NI PQJ. Eq (3 34) ^g used partial integration. By definition [Eq. 
(1.9)] 

Putting all terms together we obtain as an upper bound for 
the ground-state energy: 

^QM e [ gixfdx [ g{x)UxJ P= ]^\ (P''V = N, . 2 , 

+Nr-/ TT s' 
I g{xfdx-NI I g{xfdx-NI 

g{xfdx-Nl\ I 
[J \ 47r_ . J 

(3.38) 

and we choose b such that 
2 K^ 

+ j ^ ' r? ^ (3-29) 

with/,y,/i:,and^definedbyEqs. (3.21), (3.20), (3.24), and '' K 2 IIP lU 
(3.27). It remains to choose/. We take for b>a (we shall J 
soon fix ^) 

With this choice the factor in the denominators in Eq. (3.29) 
x .^wP^'^^^"^ ' '^^ ' ' ^̂ ^ ' •^^ .33Q^ isboundedby 

[ 1 for r>b 

where u(r) is the solution of the scattering equation I g'^ — NI^ \ gA\ . (3.40) 

-u''ir)+-v(r)u(r) = 0 (3.31) No,e that c=s 1, and a<fc holds provided 

with 2 

«(0) = 0, l , m „ ' ( r ) = l , (3.32) ^ = ^ a ' | | p « 1 . < 1. (3.41) 

and 6 is determined by requiring/to be continuous. Convex- Collecting the estimates Eqs. (3.34)-(3.37), we finally obtain 
ity of u gives the following theorem. 
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Theorem III.l (Upper bound for the QM energy). 

^ Q M , 

| [ |VCDGP|2+V((DGP)2- , 
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p^P(x) = WV=p, (3.46) 

for all X in the box, and the GP energy is given by 

E^^{N,a) = 47ra- (3.47) 

2(a\ lia 

+ 47ra I (CDGP)4. ̂
^ c i ^ j - c i ^ j ^ 2 c U 

1 a 

'-1 
(3.42) 

Our method also applies here, if we impose periodic bound­
ary conditions on the box. Therefore our upper bound is a 
generalization of a result by Dyson [7], who proved an 
analogous bound for the special case of a homogeneous Bose 
gas with hard-sphere interaction. 

B. Upper bound for the chemical potential 

By the same method as in the previous subsection one can 
tion (3.1) can be extended to include partially negative po- derive a bound on the increase of the energy when one par-
tentials of the form tjcle is added to the system. This bound will be needed for 

the derivation of the lower bound to the energy. 
Theorem 111.2 (Upper bound for the chemical potential). 

v{r)={-W{r)\ for d<r^Ro (3.43) Let E*{N,a) denote the infimum of the functional 

[o for r>/?o, 

as long asf'(rf + ^v{r)f(rf^O for all r. With/from Eq. 
(3.30), this is the case for sufficiently shallow potentials. The 
potential energy is then negative, and the estimates used for 
Eq. (3.22) are no longer valid. But 

with b and c defined by Eq. (3.39). 
Remark III.l (Negative potentials with hard core). Equa-

for O^r^d 

S*[^]= \ [\V^{x)\^+V{x)\^{x)\^ 

+ STTa\Ml\^(x)ndx (3.48) 

(3.44) 

with /|<l>|^ = Â . Let<^* be the positive minimizer of S* (its 
existence is guaranteed by the same arguments as for the GP 
functional itself), and p* = /<[)*VA^. Then 

E^^{N+l,a)^E^^{N,a) + E*{lJ\fa)[l+Oiap*^'^)]. 
(3.49) 

Proof. Let ^{^^^ be the ground-state wave function of 
H^^\ As test wave function for //<^+') we take 

^I^(x,, . . . ,x^.,,) = ^ I ' H x l , . . . ,x^)4>*(xyv+,)/(r;v4-i), 
(3.50) 

where/and f/v+, are defined as in Eqs. (3.30) and (3.4), i.e.. 
Remark III.2 (Homogeneous gas). For the special case of rf{r) is essentially the zero-energy scattering solution and 

a homogeneous Bose gas (i.e., V=Q) in a box of volume V, t^+y is the distance of X;̂ +, from its nearest neighbor. We 
the GP density is simply have 

j<i i 

and because of 2f'{rf + v(r)f(r)^^0 we get 

2f'{tif + v(ti)f{tif^J. 2f'{\x,-xj\f 

+ i;(|x,-x,.|)/(|x,-x,.|)2, 

(3.45) 

which replaces Eq. (3.17). Note that for potentials as in Eq. 
(3.43)/satisfies Eq. (3.5), as long as a>0. 

For/one uses the estimates 

f^l / ( ^ y v - f i ) ' ^ l - 2 [ l - / ( | x / , + , -x , | )2 ] , 

(3.51) 

(3.52) 
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and for the derivatives one has 

and 

|V;v . . / l^=/ ' ( r ;V. , )^=5: | V / | 2 

/ ' ( ? /V- f l ) ' ^2 / ' ( | x ;V+l -X, | ) ' 
/ = 1 

After division by the norm of ^ Eq. (3.51) becomes 

E^^{N+\,a)^E^^{N,a) + 

PHYSICAL REVIEW A 61 043602 

(3.53) 

(3.54) 

[i^n'pv-A^^*'[(i-/') 
r "̂  

K f l l ^ l l ^ S [2/'(|x^.,-X,|)2 + .(|x^,,-X.|)/(|x;,,,-X,|)2] 
J 1 = 1 

|Kf[iV-A^||4>*tJ(l- f) 
(3.55) 

'̂ o'̂ ^ does not depend on x^+i . One integrates first over 
Xyv+1 and then over the remaining variables. In analogy with 
the estimates (3.34) and (3.40) one gets 

J [2/ '( |x |)2 + i ; ( |x | ) / ( |x | )2]^x^87r41+0(«p*' '3)] 

(3.56) 

and 

ll<E>*tJ[l-/(|x|)2]^x^O(ap*'^3). (3.57) 

This implies 

E*(N a) 

(3.58) 

By scaling, E*{N,a) = NE*{\J^a) and Eq. (3.49) follows. 
• 

Remark III.3 (Box with Neumann conditions). Equation 
(3.49) also holds for a box with Neumann boundary condi­
tions. To see this we note that Neumann conditions give the 
lowest energy for the quadratic form {^\H^^'^^^'^); there­
fore it is possible to use Eq. (3.50) as a test function, even if 
/does not fulfill Neumann conditions. If'̂ ^Q'̂ ^ and O* do, 
the calculation above is still valid, since for 

/ | V ( « / ) | ^ = - | / « V ^ g + | « ^ | V / P (3.59) 

only boundary conditions for g are needed. 

Note also that in the homogeneous case, i.e., V=0 in the 
box, E*{N,a) = 2E^^(N,a). 

IV. LOWER BOUNDS 

A. The homogeneous case 

In [5] the following lower bound was established for the 
ground-state energy, E^°"*, of a Bose gas in a box of side 
length L with Neumann boundary conditions and v of finite 
range: 

N^ 
(4.1) 

with Y = a^NIL? and C a constant. The estimate holds for all 
Y small enough and Lla>Y (note that this implies Â  
> Y~ ^'^^). In the thermodynamic limit the constant C can be 
taken to be C = 8.9, but this value is only of academic inter­
est, because the error term —CY^'^^ is not believed to reflect 
the true state of affairs. Presumably, it does not even have 
the correct sign. 

The restriction of a finite range can be relaxed. In fact, Eq. 
(4.1) holds (with a different constant C) for all positive, 
spherically symmetric v with 

i;(r)^constXr~^^ + ̂ ^''^^ for r large enough, e>0. 
(4.2) 

More generally, if 

y(r)^constXr for r large enough, 6>0, 
(4.3) 
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then Eq. (4.1) holds at least with the exponent 1/17 replaced 
by an exponent Oie). We prove these assertions in Appen­
dix B. 

In the next section we shall stick to the estimate (4.1) for 
simplicity, but in the limit N— ôo the explicit form of the 
error term is not significant so a decrease of the potential as 
in Eq. (4.3) is sufficient for the limit Theorems 1.1 and 1.2. 

B. The lower bound in the inhomogeneous case 

Our generalization of Eq. (4.1) to the inhomogeneous case 
is as follows: 

Theorem IV. 1 (Lower bound for the QM energy). Let v be 
positive, spherically symmetric, and decrease at infinity like 
Eq. (4.2). Its scattering length is a —a^ IN with a^ fixed, as 
explained in the Introduction. Then as N—*oo 

E^^{N,a)^E^^{N,a){l-constXN-^'^^) (4.4) 

for all R large enough, where E^ is the GP energy in a 
cube with side length 2R, center at the origin, and Neumann 
boundary conditions: the constant in Eq. (4.4) depends only 
on ax and R. 

Proof. As in [5] the lower bound will be obtained by 
dividing space into cubic boxes with Neumann conditions at 
the boundary, which only lowers the energy. Moreover, in­
teractions among particles in different boxes are dropped. 
Since v 5=0, this, too, lowers the energy. For the lower bound 
one has to estimate the energy for a definite particle number 
in each box and then optimize over all distributions of the N 
particles among the boxes. 

Step I (Finite box): The first step is to show that all the 
particles can be assumed to be in some large but finite box. 
Since 

K{R)= infVix) 
\x\>R 

(4.5) 

tends monotonically to «> with R, one knows that the energy 
of a particle outside a cube A/j of side length 2R and center 
at the origin is at least K(R). Hence 

E^^{N,a)^ inf {E^^{N-n,a) + nK{R)}, (4.6) 

where E^^(N—n,a) denotes the energy of N—n particles in 
An, with Neumann conditions at the boundary. We now 
apply Theorem ni.2 (which holds also in a cube with Neu­
mann conditions). Applying the theorem n times and noting 
that E*(\,Na) is monotone in N we have 
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E'^^{N-n,a)^E^^{N,a)-nE*i\J^a)[\+0{ap*^'^)]. 
(4.7) 

Hence there is a constant K' (that depends only on Na), 
such that KiR)>K' implies that the infimum is obtained at 
n = 0. This is fulfilled for all sufficiently large R, indepen­
dently of Â  if Na is fixed. So we can restrict ourselves to 
estimating the energy in A/̂  with Neumann boundary condi­
tions. 

Step 2 {Trading V for - p^^): We shall now use the GP 
equation to eliminate V from the problem, effectively replac­
ing it by -Svap^^. We write the wave function in A^ as 

N 

^(x,,... ,x;v)=/(x,, . . . ,x;v)n ^^ ' (x , ) , (4.8) 

where <t>i^ denotes the the minimizer of the GP functional in 
A/?; since it is strictly positive, every wave function can be 
written in this form. Note also that <I>̂ ^ and/obey Neumann 
conditions. We have 

"̂  r 
<̂ |//̂ ) = E J l^l'<(x,)-^ 

X[-V?+V(x,)]4>gP(x,)J^x 

+2 [ rK(x,) |̂v/p^^x 
« = 1 J k=l 

"^ f 
+ E Wv{\xi-x;\)d^x, (4.9) 

i<j J 

where the integrals are over A^. Using the GP equation 
(2.4) this becomes 

J = 1 J k=l 

i-l 

+ U ^ - 8 7 r a p f ( x , ) + 2 : i;(|x,-x,.|) I/I 

Inserting the value (2.5) for /n/̂  gives 

< |̂//^) 
<^l^> 

£^^=47rap«A^ + e ( / ) 

(4.10) 

(4.11) 

with 

J 

G(/) = 2 
^ f , n Pf(X,) j V / l ^ + S v(\x-xS,)\f\^-%^apf{xM 

Lnp?^(x.,i/î  
(4.12) 

Step 3 (division into boxes): Q(f) is a normalized quadratic form on the weighted L^ space L^(A^,nf=ip^^(x^.)Jx;t), and 
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can be minimized by dividing the cube A/̂  into smaller cubes with side length Z>, labeled by a, distributing the Â  particles 
among the boxes, and optimizing over all distributions. We therefore have 

inf(2(/)^inf E inf<2«(/J, 
/ [na) " fa 

where the infimum is taken over all distributions of the particles with 2/z« = Â , and Qa(f) is given by 

G«(/) = E ^ - \ 
I n PTMIA' 

J a k=l 

(4.13) 

(4.14) 

where the integrals are over x^ in the box a, k 
= 1,. . . ,«„. Note that here / = / ( x , , . . . ,x„ ), and Eq. 
(4.14) is the same as Eq. (4.12) with N replaced by n^ and 
A^ with the box a. 

We now want to use Eq. (4.1) and therefore we must 
approximate p^^ by constants in each box. Let p«,max and 
Pa,min' respectively, denote the maximal and minimal values 
of p^^ in box a. With 

cl>^'>(x,,...,x„ ) = / ( x , , . . . , x „ ) l i , ^ f ( x , ) , 

(4.15) 

one has 

n pfMiWifi'+i, v(\x-xj\)\f\'-
f n pTi^M' 

J k 

|V,cD<'>|2 + 2 i;(|x,-x,.|)|0^'>| 
^ Pg.min •' J^ 

This holds for all /, and if we use p^' '(x,)^p« âx i" Eq. 
(4.14), we get 

Qaif)^^^^E^'^{n„,L)-^7Tap,_^ 
Pa.max 

(4.17) 

where E^^"" is the energy in a box without an external poten­
tial. 

Remark: If we had not taken Step 2 and used instead the 
division into boxes directly on the original Hamiltonian (1.1) 
we would be considering the minimization of 

2^'n«a,L)+\/,.™„«, (4.18) 

Such a procedure, however, would not lead to the GP energy. 
To see this, consider the special case of no interaction, i.e., 
i; = 0 and hence also £'*'°'"(/i„,L) = 0. The minimum of Eq. 
(4.18) is then simply Nminj^Vix), whereas the GP energy is 
in this case Â  times the ground-state energy of - V^+ V. 

Step 4 (Minimizing in each box): Dropping the subsidiary 
condition 2«^=A^ can only lower the infimum. Hence it is 
sufficient to minimize each Q^ separately. To justify the use 
of Eq. (4.1), we have to ensure that «„ is large enough. But 
if the minimum is taken for some n„, we have 

Pa.max 

and using Theorem III.2, which states that 

(4.19) 

£:^° '"(n«+l,L)-£ ' '° '"(n„,L)^87ra-j[ l+(9(n«a^/L^)], 

(4.20) 

we see that n« is at least ~Pa,max^^- We shall later choose 
^~yy-i/io^ so the conditions needed for Eq. (4.1) are ful­
filled for Â  large enough, since Pa,max~^ and hence n^ 
-N'^'^^, Lla-N'^'^^, and Y^-N''^ . Thus we have (for large 

(4.16) enough Â ) 

Q,{f)^47ra -(l-CY'^")-2n^p„ 

(4.21) 

We now use Ya=a^nc,/L^^a^N/L^=Y, and drop the re­
quirement that na has to be an integer. The minimum of Eq. 
(4.21) is obtained for 

n„ 

2 
Pa.max 

Pa.min ( I - C K ' ^ ' ^ ) ' 

This gives for Eq. (4.11) 
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^47rapRN-4Tra^ Pa.min^^ 
1 

(4.23) 

Now p^^ is differentiable by Lemma A.6, and strictly posi­
tive. Since all the boxes are in the fixed cube A^ there are 
constants C'<oo, C">0, such that 

Therefore we have, for Y and L small, 

Pa.max 
a+DF*"^+D'L 

(4.24) 

(4.25) 
PaMA^-CY'"') 

with suitable constants D and D'. Also, 

4 7 r a 2 pi„,„L^^47ra J {pf)^^Ef{N.a), 

(4.26) 

and hence 

E^^{N,a)^Ef{N,a){\-DY^'^''-D'L). (4.27) 

As a last step it remains to optimize the length L. Recall that 
Y = a?NILr' and Na is fixed. The exponents of Â  in both 
error terms in Eq. (4.27) are the same for 

The final result, therefore, is 

(4.28) 

(4.29) 

D 

C. The limit theorems 

By Theorems III.l and IV. 1 we have (with a = ax IN) 

E^^{N,a)[\ + 0{N-^)]^E^^iN,a) 

^E'l^(N,a)[l-OiN-^'^^)l 

(4.30) 

Dividing by Â  and taking the limit N—> oo we have 

£:^*^(l,ai)^lim 
E^^iN,ai/N) 

^£^(1.^1) (4.31) 
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as N-^oo, This implies convergence of the derivatives and 
we have (Feynman-Hellmann principle) 

d 

ETi^,a) 
5=0 •''^ 

(4.32) 

with p^^ given by Eq. (1.3). In the weak L ' sense we thus 
have 

1 
lim TjpTa,/Ni^) = pTaS^)^ (4.33) 

which proves Theorem 1.2. 

V. CONCLUSIONS 

We have proved that the GP energy functional correctly 
describes the energy and particle density of a Bose gas in a 
trap to leading order in the small parameter pa^ (where p is 
the mean density and a is the scattering length) in the limit 
where the particle number Â  tends to infinity, but a tends to 
zero with Na fixed. 
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APPENDIX A 

In this appendix we prove Theorem II. 1. The proof is split 
into several lemmas. 

Lemma A.l (Strict convexity). For p5=0, \fpBV, 
S [ Vp] is strictly convex in p. 

Proof. The second term in Eq. (1.4) is linear, the third 
quadratic in p. So it suffices to show that the first term is 
convex. Let pi and p2 be given, with <t>i = p\''^ and <I>2 
= P2^ in r>/v. Then also 4> = [api + ( l -a )p2] '^^eP;v for 
all 0 < a < l . We have 

<I)V<I> = a4>>i V<^i+ (1 - a:)4)2V^2 

= (ai/2^j)(«^^^V<Di) + [(l-a)'/2(j>^-| 

X [ ( l - a ) ' / 2 V 0 2 ] 

+ ( l - a ) |V^2 l^ ] ' ^^ 

Hence 

|VcI)|2^a|V<D,|2 + ( l -a) |V(I )2 |^ 

for all R large enough. Using Lemma II.2 and taking the 
limit /?— 0̂0 we finally prove Theorem I.l. 

The convergence of the energy implies also the conver­
gence of the densities: We replace V by V+SW with W 
E L°° and ^ e R, and denote the corresponding energies by '"' 
E^N,a). It is no restriction to assume that V+SW^O for Remark. Because V^O, S^^[<P] is also convex in 4>GX>. 
small \S\. Ef^{N,ai/N)/N is concave in S (it is an infimum But since the domain P/v is not convex, it is necessary to 
over linear functions), and converges for each S to E^^( 1 ,<2,) consider p>-^£^^[ Vp]. 
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Lemma A.2 (Minimizer). For all N there exists a minimiz­
ing <I>ooeX̂ yv, with S^\^Ji = E'^^{N,a). Moreover, |cl)<„|2 
is unique. 

Proof. Let 4>„ be a minimizing sequence in V[^, i.e., 
lim^^^(f ^^[<I)„] = E^^. It is clear that there exists a constant 

C, such that IIV(I>J|2<C, ||a)J|4<C and/ |<l>j2v<C for all 
n (recall that V is non-negative). Hence the sequence belongs 
to a weakly compact set in L'^, as well as in the Sobolev 
space //^ = {4):||(|)||^ + ||V<l>||2<°o}, and in the space L^, de­
fined by the L^ norm ||0||v.= [/|4)(x)|V(x)^x]'^2 Thus, 
there exists a <[>oo e X? and a weakly convergent subsequence, 
again denoted by <!>„, such that 

<i>„̂ ôo in L^nL^nil 

V4)„--V(I>oo in L^. 

Because the L'^ norm, the Sobolev norm, and the L \ norm 
are all weakly lower semicontinuous, we have 

lim inf^^P[4)J^<S<^P[<Doo], 

and it remains only to show that <I>oo e Vj^. Since |4>„|^ con­
verges to |< ôo|̂  in LJOC it is clear that ||<I>oo||2^A .̂ Moreover, 

JB JB 
-4<^. 

for all bounded regions B. If ||<I>oo||2 = A^- ^ with 6>0 , then 
there exists a constant Mg for all B, such that 

for all n>MB. Since hm|x|_ooV(x) = oo, this would imply 
/V|$„|^-^^oo, whic^ is impossible because 4>„ is a minimiz­
ing sequence for the functional £^^. Hence ||<I>oo||2 = Â -

The uniqueness of |^ooP follows immediately from strict 
convexity. Lemma A.l. D 

Lemma A. 3 (GP equation). Every minimizing <i>oo satisfies 
the Gross-Pitaevskii equation (2.4). Conversely, every solu­
tion to Eq. (2.4), with /x given by Eq. (2.5), is a minimizer for 

Proof. Pick a function / e CQ . The stationarity of €^^ at 
<J>oo implies 

with a Lagrange parameter fx to take account of the subsid­
iary condition ||<t>||2 = Â . With/real valued one obtains 

- V^ Re(I)oo+VRe(I)oo +87ra|<I>«,|2 Re<!>,, = At Rea>^ 

and an analogous equation for Im<J>o, with / purely imagi­
nary. The value of/A is obtained by multiplying the GP equa­
tion with <^^ and integrating. By the same argument, every 

solution ^ to the GP equation satisfies S^\^^ = E^^ and is 
thus a minimizer. D 

Lemma A.4 (Uniqueness). The minimizing <l>oo is unique 
up to a constant phase factor. This factor can be chosen so 
that 4>oo is strictly positive. 

Proof Since ^^^[|$|]^<f*^^[0] (by an analogous com­
putation as in the proof of Lemma A.l), we know that |4>oo| 
is a minimizer and hence a solution to the GP equation. It is 
thus an eigenstate of the Hamiltonian / / = —V^+W with 
W=V+%'TTa\^J[^ (recall that lOool̂  is unique), and since it 
is non-negative, it must be a ground state. Since 4>oo solves 
the same equation it is also a ground state. Now W G L]^ and 
hm|x|_»oDW (̂x) = oo, so the ground state of// is unique up to a 
phase and without zeros (see [6], Sec. XUL47). D 

The unique strictly positive minimizer is denoted by ^^^. 
Lemma A.5 (Exponential falloff). For all t>0 there exists 

an Mt, such that 4)*^^(x)^M,e~'''''. In particular, 4)^'' 

Proof Put W=V+S'Tra(<t>^^f and let t>0. The GP 
equation implies 

( -V2-hf2)4)GP^_(^_^_^2)^GP 

Using the Yukawa potential Y,(x) 
we can rewrite this as 

= (47r|x|)- 'exp(-r|x|) 

<I)^P(x)=-[ r , ( x - y ) [ W ( y ) - / t - r 2 ] ^ G P ( y y y 

Since <t>^^>0, and W(y) - / / . - r^>0 for |y| >/? with R large 
enough, we also have 

4)GP(x) - I \y\<R 
F,(x-y)[W(y)-/.-r2]<I,GP(y)^y. 

Now W(^^^BL^^, and hence 

M, = sup 
- exp{r( |x | - |x-y | )} 

\y\<R 47r |x-y | 

X[W{y)-iuL-t^]^^^iy)dy<^. 
D 

Lemma A.6 (Regularity). <^^^(x) is once continuously differ-
entiable in XG R ,̂ and V4>^'' is Holder continuous of order 
L If V&C", then < I ) ^ ' ' G C " . Moreover, E^^{N,a) is con­
tinuously differentiahle in a and hence in N-[by Eq. (1.6)}, 
and dE^^(N,a)/dN satisfies Eq. (2.5). 

Proof. The last lemma and the GP equation imply 
V^<I>*^^GLJ^^. Thus V<[>^̂  exists and is Holder continuous 
(see [9], Sec. 10.2). The C°° property follows by a bootstrap 
argument. The differentiability with respect to the parameter 
a may be shown by a Feynman-Hellmann type argument like 
analogous statements (e.g., with respect to differentiability 
nuclear charges) in Thomas-Fermi theory [8]. Equation (2.5) 
follows immediately from Eq. (1.6) and E^^(l,Na) 

Lemmas A.l-A.6 complete the proof of Theorem II. I. 
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BOSONS IN A TRAP: A RIGOROUS DERIVATION OF .. . 

APPENDIX B 

In this appendix we show that Eq. (4.1) holds for non-
negative potentials satisfying Eq. (4.2), and that a similar 
estimate with 1/17 replaced by 0 ( e ) holds under the condi­
tion (4.3). 

We cut the potential at a finite radius R which, because of 
v^O, can only decrease the energy. We thus define 

v{r) = v{r)S{R-r) (Bl) 

and denote the corresponding scattering length by a'^a. Let 
u be the zero-energy scattering solution for the potential v 
[cf. Eq. (1.2)] and put 

h{r) = 
u{r) 

u'{r)' 
(B2) 

The difference fl! — a can be estimated as follows. Since v(r) 

and v(r) agree for r^R, the same holds for the correspond­
ing scattering solutions. Moreover, a = h{R). Hence 

^ Too f->u{r)u"{r) 
a-a=\_h'{r)dr=\ —dr 

^ _ - 7 - f r 2 j r = - v{ 
JR «(/•) 2JR 

v{r)r^dr. (B3) 
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where convexity of u has been used to derive the inequality. 
We remark that for R^O this simple estimate gives the 
Spruch-Rosenberg inequality [12] 

a^:r\ v{r)r^dr. 
2 Jo 

Assuming Eq. (4.2) one obtains 

a^a\ 1 —const — 

u 

(B4) 

(B5) 

Equation (4.1) holds in any case with a replaced by a, and if 
we we take ^ocay-^/n+e' ^-jj^ ^ / ^ Q ^^^^ ^^ ^^^^ ^^ ^ 
(B5) is of higher order than the leading error term in Eq. 
(4.1). We have thus established Eq. (4.1) under the condition 
(4.2). If only the weaker condition (4.3) holds, then the ad­
ditional error term may be 0(K^^^'^"^'^^). 

To see the significance of condition (4.3) we also estimate 
a —a from below: 

a-a^ _ u{r)u"{r)^- I v{r){r-a)^dr. 
JR ^Jmax(/?,a) 

(B6) 

In order that a be finite the last integral must converge, i.e., 
a slower decrease than 1/r̂  is not allowed. 
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Non-relativistic negative bosons interacting with infinite mass positive particles via Coulomb forces are shown to be un­
stable in the sense that EQ < -CN^'^. This agrees with the previously known lower bound EQ > -AN^'^. ^ 

In a celebrated series of papers [1—3], Dyson and 
Lenard proved that matter is quantum-mechanically 
stable under the action of Coulomb forces provided 
all the particles of at least one sign of charge (say nega­
tive) are fermions. In other words, the ground state 
energy E^ satisfies 

EQ > —A ^N (negative fermions) , 0) 
where Â  is the number of negative particles. It is not 
necessary to assume neutraHty or that the positive 
particles have finite mass. It is necessary to assume 
that all the charges are bounded however. (1) was sub­
sequently rederived by Federbush [4] and by Lieb 
and Thirring [5] . The best current value [6] is 

^ f < - 2 2 . 2 4 R y , (2) 

for electrons and protons, and with the assumption of 
neutraHty. 

If all the particles are bosons or, what is the same 
thing, are not subject to any statistics, the best avail­
able lower bound [ 1 - 7 ] is 

£o> -A^N^I^ (all bosons) , (3) 

with [6] 

Au < 14.01 Ry , (4) 

when the positive and negative particles have charges 

±e and the negative particle mass is m^. The positive 

particles can have infinite mass. 

^ Work partially supported by U.S. National Science Founda­
tion grants MCS 75-21684 A02 and INT 78-01160. 

Dyson [8] then proved, by a complicated varia­
tional calculation, that in the boson case 

EQ < -BNVS ^ (5) 

if all particles have finite mass. It was conjectured 
[1,8] that A '̂7/̂  is the correct law for bosons and not 

N^/^ .While this question might have only moderate 
practical importance (it would be relevant for 7r~ 
mesons and "̂ He nuclei, for example), it has great the­
oretical importance and it is to be hoped that its solu­
tion will soon be forthcoming. It is interesting because 
at this point there is no simple, compelling physical 
argument, as distinguished from a computational argu­
ment [9], why the A^^/^ law is correct. Subtle corre­
lation effects are yet to be understood fully and rig­
orously. 

The purpose of this paper is to add a minor com­
mentary on the problem. By means of a simple varia­
tional calculation, it will be shown that theTV^/^ law 
is indeed correct if the positive particles have infinite 

mass and charge z | e | > 0 , i.e. 

-C7V5/3 ^ (6a) 

If the negative particles have mass m^ and charge -\e\, 
and if the system is neutral, then 

0 ( 1 / 1 0 8 ) 2 ^ / 3 Ry (6b) 

Thus, the limits N -^ ^ and the mass of the positive 
particles -> «= are not interchangeable if the A^ /̂̂  con­
jecture is correct. 

We note in passing that (1) alone does not imply 
that CQ - \imi^_^^EQ/N exists. However, the method 
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developed to prove the existence of the thermodyna­
mic limit [10] also proves that this limit exists. Like­
wise (3) and (6a) do not imply that lim;y_,̂ £'Q/A^^/^ 
exists. The aforementioned method [10] is not suit­
able for this task and we do not know an adequate 
substitute. 

For simplicity of exposition we assume there is one 
kind each of positive and negative particle. The Â  neg­
ative particles have a mass =1/2 and charge —\. If fi^ 
= 1, then one Rydberg = 1/4. The K infinite mass posi­
tive particles have charge z > 0 and we assume A^ /̂Tz 
(neutrality) with A" = 8«^, n an integer. Other cases 
can easily be handled by this method but we omit de­
tails for simplicity. The hamiltonian for the negative 
particles is 

H, N,R = -E{A,-+F^(r,-)} 

+ E |r ,-/- , |- l+(/(/?), (7) 

where /? = {/? j , . . , Rj^ } is the collection of fixed co­
ordinates of the positive particles and 

K 

Vj^ir)-zE \r-Rj\-^ , 

U{R) = z^ E \R.-R.\-^, (8) 
l<i<j<k ' 

We want to find a normalized i//(rj,. . . , r^) and R 
(dependingon AO such that (\p\Hj^j^\\}/X -CN^I^. 

\}/ is chosen to be a simple product of identical 
functions: 

W/-! , . 
Â  

, r ; v ) = n 0 ^ ( r , . ) . (9) 

(p^ depends on the parameter X (which will turn out 
to be proportional to TV /̂̂ ) as follows: 

where g{r) is the fixed, normalized function 

g(r)=f(x)f(y)m, r = (x,y,z). 

and 
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(10) 

(11) 

/(x) = V372[l- |x | ] , \x\<l, 

= 0 , | x | > I . (12) 

The explicit choice in (12) is neither important nor op­
timal. 

With 

T=f\Vg{r)\^ dh-9, (13) 

<\J/\Hj^j^\\l^)<X^NT-i-\W{N,R), (14) 

M/(A ,̂/?) = ̂ A^2/ /^2(^ )^2( / ) | ; . _ / | - ld3 ; .d3 / 

-NfgHr)Vj^(r)dh^UiR). (15) 

There is < in (14) because we should have N(N — 1) 
instead of Â ^ in (15). We claim/? can be chosen so 
that 

H/(A^, /? )<-(12)-1 /2Z2/3A^4/3 (16) 

If so, (6) is proved by minimizing (14) with respect to 
X. 

To prove (16), let 0=a(0)<a{\)< . . .<a{n) = 1 
(recall A" = 8«3) and define the real intervals L(j) 
= [fl(/),fl(/+l)] f o r O < / < w - 1 andL(/)= [-a{-j), 
—a(—j - 1)] for —« < / < — 1. Choose the a(/) such 
that 

/ /(x)2 djc = (2«)-l , for all / . (17) 
LU) 

The rectangles r ( / , / , k) = L(i) X L{j) X L{k) , 
—n <i, j,k <n satisfy 

/ g{r)^dh=llK. (18) 
r(ij,k) 

Returning to (15), place one Rj in each of the K 
rectangles and then average W{N,R) over the positions, 
R^, of the positive particles within the rectangles with 
a relative weight g{Ri)^ ... g{Rf^)^. This average is 
given by 

W{N) = -\N^TJ j J g{r)'^g{ry 
^ r(m) 

X k - / | - l d^ rdV , (19) 

with m - (i,j, k). Since the weight is nonnegative, 
there is at least one choice ofR (with one particle per 
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rectangle) such that W{N, R) < W(N). Thus, we are 
done if Ĥ (Â ) < right side of (16). 

Each integral in (19) is the self-energy of a charge 
\/K confined to a rectangle. This, in turn, is greater 
than the minimum self-energy of a charge \/K con­
fined to lie only in a circumscribed sphere. If r(m) has 
sides of length (s, r, w), this sphere has radius p(m) 
= ̂  [s^ + /^ +1/^] 1/2. It is well known that the mini­
mum self-energy occurs when the charge is distributed 
uniformly on the surface of the sphere and is p(m)~^ 
X(l//C)2.Thus 

m 

<-z2A:[a2 +r2 +/i2]-l/2 (by convexity) , 
(20) 

where a, r and /n are the mean lengths of the sides of 
the rectangles. However, O = T = fi= l/riy and (16) is 
proved. 
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tute for Mathematical Sciences, Kyoto University, in 
particular Professors H. Araki and K. Ito, for their 
generous hospitality. 
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The Â ^̂ ^ Law for Charged Bosons 
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Abstract. Non-relativistic bosons interacting with Coulomb forces are unstable, 
as Dyson showed 20 years ago, in the sense that the ground state energy 
satisfies EQ = ~ AN'^'^. We prove that 7/5 is the correct power by proving 
that £o = ~ BN'^'^. For the non-relativistic bosonic, one-component jellium 
problem, Foldy and Girardeau showed that EQ = ~" CNp^^"^. This 1/4 law is 
also validated here by showing that £o = ~ DNp^'"^, These bounds prove that 
the Bogoliubov type paired wave function correctly predicts the order of 
magnitude of the energy. 

I. Introduction and Background 

Twenty years ago Dyson and Lenard [5] proved the stability of ordinary 
non-relativistic matter with Coulomb forces, namely that the ground state energy, 
EQ, of an N-particle system satisfies EQ = — ^liV for some universal constant A^. 
In ordinary matter, the negative particles (electrons) are fermions. At the same 
time, Dyson [4] proved that bosonic matter is definitely not stable; if all the 
particles (positive as well as negative) are bosons then EQ = —A2N'^'^ for some 
^ 2 > 0 . Dyson and Lenard [5] did prove, however, that EQ ^ — A-^N^'^ in the 
boson case, and thus the open problem was whether the correct exponent for 
bosons is 5/3 or 7/5 or something in between. 

In this paper we prove that the N'^'^ law is correct for bosons by obtaining a 
lower bound £o = ~ A^N'^'^. As is well known, the bosonic energy is the absolute 
lowest energy when no symmetry restriction is imposed. 

It may appear that the difference between 5/3 and 7/5 is insignificant, especially 
since bosonic matter does not exist experimentally, but that impression would fail 
to take into account the essential difference between the ground states imphed by 

* Work partially supported by U.S. National Science Foundation grant DMS 8600748 
** Work partially supported by U.S. National Science Foundation grant PHY85-15288-A01 
•••Work supported by Alfred Sloan Foundation dissertation fellowship 
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the two laws. The — A^N^'^ lower bound can be derived by using a semiclassical 
estimate which leads to a Thomas-Fermi type theory. This estimate is the same 
as that used by Lieb and Thirring [15] to give a simple proof of the stability of 
matter in the fermion case. Correlations are unimportant in this estimate. The N'^'^ 
law, on the other hand, is much more subtle. To get the upper bound, — AjN'^'^, 
Dyson had to use an extremely complicated variational function which contains 
delicate correlations. It is the same kind of function proposed by Bogoliubov [1] 
(see also [10] for a review) in his theory of the many-boson system and in which 
particles of equal and opposite momenta are paired. It is also very similar to the 
Bardeen-Cooper-SchriefTer pair function of superconductivity. Since this kind of 
wave function plays such an important role in physics, it is important to know 
whether it is correct, and in proving the N'^'^ law for the energy we are, in a certain 
sense, validating this function. 

The Hamiltonian to be considered is 

/ /^=-f;4.4- X e,ej\x,-x^\-\ (1.1) 

which is relevant for N charged particles with coordinates labeled X I , . . . , X ^ G R ^ . 
The charges satisfy e,- = ± 1 , all / and h^/2m = 1. The neutral case is ^e^- = 0. In 
Sect. II we shall prove the N'^'^ lower bound for H^ which is stated precisely in 
Theorem 1.2 below. The neutrality condition is not imposed in this theorem. If, 
however, the system is very non-neutral, with N_ negative and N+ positive particles 
with N_ + N+ = N and N+ »N_, we expect that the bounds (1.7) and (1.8) are 
not optimal. One should have EQ^ — A^NV^ instead; this is indeed true but, for 
simplicity of exposition, this generalization is deferred to Sect. V, Theorem 5.1. 

A closely related system that we shall consider in Sect. Ill is jelHum. In this 
case there is a domain A, in which there is a fixed constant density, p^, of positive 
charge called the background. There are also N negative particles of charge — 1 
and the jelhum Hamiltonian is 

Hi^=- t{^i+nxi)]+ Z \x,~Xjr'+ip,^V(x)dx, (1.2) 

where V{x) = pgjlx — y\~'^dy is the potential generated by the background. We 
A 

do not restrict ourselves to the neutral case, N = PgL^, in Sect. III. As boundary 
conditions we can take eithen/^GL^(R^^) or else I/^GL^(/1^) with Dirichlet Boundary 
conditions. Clearly EQ for the former is less than EQ for the latter. In the physics 
Hterature one usually imposes neutrahty and takes /\ to be a cube, I//GL^(/1^) with 
periodic boundary conditions and, in addition, the potential is replaced by an 
interaction solely among the negative particles in which the î  = 0 Fourier 
component of the 1/r potential is omitted. It is not a trivial matter to show 
rigorously that this periodic problem is the same, in the thermodynamic limit, as 
the more physical problem (1.2) which we consider here—even in the neutral case. 
Here, again, the bosonic energy is the absolute lowest. 

Let us briefly review what is known rigorously about these two problems. 

A. Jellium. Foldy [7] was the first to apply Bogoliubov's method to the neutral 

778 



The N^^^ Law for Charged Bosons 

The N'^'^ Law for Charged Bosons 419 

bosonic jellium problem (with the periodic boundary conditions mentioned above) 
and obtained, for large p^ and in the thermodynamic limit, 

£ o ^ - 1 . 9 3 3 N p i ^ (1.3) 

A proof of (1.3) was, and is lacking, but later, Girardeau [8] proved that (1.3) is 
an upper bound to EQ (for large p^ and with the same conditions). Another 
non-rigorous derivation of (1.3) that does not use Bogoliubov's method was given 
by Lieb and Sakakura [13]. In Sect. Ill we shall derive the following lower bound 
for the real problem (1.2). 

Theorem 1.1. With H-j^^given by (1.2) on L^(R^^), the ground state energy satisfies, 
for all N and A 

E,^-A,Npy\ (1.4) 

for some universal constant A^. A hound for A^ is given in [3.19); In the limit p^-^ oo 
we can take A^ = 8.57. 

Theorem 1.1 is generahzed in Theorem 3.1. Note that our lower bound (1.4) 
is close to the upper bound (1.3) (with a factor about 4.5). 

The existence of the thermodynamic Hmit for jellium was proved by Lieb and 
Narnhofer [12]. This limit will not concern us here, but a useful result in the 
appendix of [12] contains a lower bound to the potential energy terms in (1.2), 
and hence to the ground state energy of (1.2) for all N. This bound is 

Eo^-(0.9){4n/3y''Npy\ (1.5) 

A result similar to (1.5) is given in [3]. 
It is not easy to give a heuristic derivation of the p^"^ law. Dyson [4] gives 

one, but we prefer the following point of view. The reason that EQKOIS that the 
negative particles stay away from each other. If X is the correlation length (i.e. the 
radius of a ball surrounding any one particle in which there is, on the average, an 
absence of one particle) then the potential energy, P, is roughly P^ — N/L On 
the other hand, let us study the kinetic energy, K. Most of the particles will be in 
the zero momentum state. A correlation length X can be achieved by decomposing 
A into n = [LjXf boxes of size X. If there is one single particle wave function in 
each box, with Dirichlet boundary conditions, its kinetic energy will be A~^ and 
thus K = nX~^ ^Is'X'^. Minimization o[ K-^ P = - NX~^ ^ L?X~^ with respect 
to X (recalling N = p^L^ for neutraHty) yields X'^ = 5/PB and EQ= -^NX~^ = 
- i^iPBl^Y'"^- ^^ addition we learn that K/P = - 1/5, which is very different from 
the usual virial theorem value — 1/2. 

The dilficulty with the above argument is its apparent inconsistency. If we put 
n particles into boxes, as stated above, then K will be nX~^ but also P will be 
— ?iA"\ not NA" ^ Nevertheless, it is true that the Bogoliubov pair wave function 
has the properties X ^ n/l~^ and P = —NX~'^ mentioned above. How it achieves 
this is not easy to understand; one must, apparently, study the problem in 
momentum space. 

If the kinetic energy were |p|" with 1 ̂  a < 2, instead of p^, we would predict, 
by the same argument, that EQ would then be of the order —Npy^^^"'^ and 
X^p^^'^^^'^K This conclusion does indeed agree with what is obtained from an 
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appropriately modified Bogoliubov function. When a = 1 (the relativistic case) we 
get - Npy^ which agrees with the lower bound (1.5). 

B. The Two-Component System. For simpHcity let us consider the neutral system 
with N bosons of each charge. In [5] and [15] it is proved that EQ^ - A^N^'^. 
Indeed, if one kind of particle is infinitely massive then the N^'^ law is correct—as 
proved by Lieb [9]. Moreover, the N^^^ upper bound in [9] is very simple and 
semiclassical—correlations are unnecessary. 

The N"^^^ result for particles all of finite mass is subtle. For (1.1) Dyson obtained 
(for large N and J]^,- = 0) 

£ o ^ -5 .001 X 10-'N'^\ (1.6) 

Surely, the coefficient in (1.6) is too small. Our lower bound for the energy, proved 
in Sect. II, is the following: 

Theorem 1.2. Let Ĥ v be given by (lA) with e,-= + 1. Neutrality is not assumed. 
Then, on L^(R^^) 

Hj,^ -0.30N''^ (1.7) 

for sufficiently large N. 
Generalizations of Theorem 1.2 are given in Theorems 2.1 and 5.1. The former 

is a generalization to the Yukawa potential while the latter treats the nonneutral 
case N_ « N + , 

Eo^-A^N'" (1.8) 

for some constant A-j. 
Let us recall Dyson's heuristic derivation [4] of (1.7) from (1.4). There are two 

parts to the energy: (i) a local kinetic energy and electrostatic correlation energy 
and (ii) a global kinetic energy needed to localize the system in a region of radius 
R. The latter is approximately Kgjobai ~ ^ /^^- The former is approximately 
l̂ocai ~ ~ A^Np^'"^ with p = N/R^. Here we have taken over the one-component 

jelHum result (1.4) even though we are considering a two-component system; the 
reason is that the electrostatic correlation energy comes primarily from the fact, 
as we said, that particles of like charge stay away from each other and therefore 
the energy in the two-component and one-component systems are comparable. If 
we now minimize £ = £giobai + l̂ocai with respect to R we find R^N~^'^ and 
E^ — N'^'^. A check on the consistency of this is that the correlation length satisfies 
X^p-'''' = (N/ i?3)- 1/4 ^ ^ - 2/5 << j^ 

In the present paper we begin with the N'^^^ problem and prove (1.7) in Sect. II. 
Our analysis is based on Conlon's paper [2] in which the following was proved 
about the two-component system in a box. A symmetric wave function connotes 
a function that is separately symmetric in the positive and negative charge spatial 
variables, i.e. a bosonic function. 

Theorem 1.3. Let A be a cube in R^ and suppose that \l/{x^,...,Xj^) is any symmetric, 
infinitely differentiable, L^(R^^) normalized function with support in A^. Let 

m)^ t<^^-A^y^<^.n> (1-9) 
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be the kinetic energy and define y^ by 

K{iP) = Nyi/L\ (1.10) 

where L is the length of A. Let //)^ be the two-component Hamiltonian analogous to 
{1.1) but with the Coulomb potential replaced by the Yukawa potential Y^(x) = 
\x\~^ exp( — v|x|), namely 

H^,= -tA+ S e,ejYAx,-Xj). 

The î = ± 1 as before and neutrality is not assumed. Then, ify^ ^ N^^^, 

(iP,H^^i^y^-AsN'f' (1.11) 

for some constant A^, which is independent ofv, N and L. 
Theorem 1.3 is proved in [2] by a succession of inequalities that turn the 

Bogoliubov ansatz [1] into a rigorous bound (with a different constant, of course). 
It concerns the local energy and, being intrinsically quantum-mechanical, has no 
classical, analogue. The reason that Theorem 1.3 does not imply the N^^^ law, 
Theorem 1.2, is the condition that y^^N^'^ (alternatively, K{il/)SN^'^/L^). We 
do not know in advance what the radius, JR, is for an energy minimizer. If, for 
example, K(\l/) = N^'^ and R » 1, we could not use Theorem 1.3. Thus, we are faced 
with what might be called an infrared problem which our analysis in Sect. II solves. 

To get the constant in (1.7) we need a good value for A^ in (1.11). A value can 
be deduced from [2], but the constant there is not optimum. It turns out that 
restricting y^ ^ TV̂ -̂'"*̂  for some ^ > 0 is sufficient for the analysis in Sect. 11. Under 
this condition the following improvement of Theorem 1.3 is possible, and is proved 
in Sect. IV. 

Theorem 1.4. Assume the hypotheses of Theorem 1.3 except that y^^N^'^ is replaced 
by y^ ^ N^'^~^ for some fixed (5 > 0. The parameters v and L can depend on N, but 
we assume that N~'^'^vL stays bounded as N -^ co. Then, for sufficiently large N, 

{il/,Hlil/}^ -0.30N"\ (1.12) 

The analysis in Sect. Ill of the jellium problem, leading to (1.4), uses the N'^'^ 
result of Sect. II. This may seem a bit odd in view of Dyson's heuristic discussion 
in which one uses the jellium result to understand the N^'^ theorem. Our procedure 
is to bound the jellium energy in arbitrarily large boxes in terms of the energy in 
a box of size 1 = p^^'^- In such a box the particle number (with neutrality) is 
n = pgP =: py^. But then, by the N'^^^ theorem (with the background being thought 
of as N particles in a simple, smeared out state), £box = — An'^'^ = — Apy^ = 
— Anp^^. By adding up the boxes we obtain EQ = ~" ANp^^. 

Our work here leads to many questions, of which the following are a few. 

Open Problems 

(1) Find the correct coefficient in (1.4) for large p^ in the jellium problem. Is 
Foldy's constant in (1.3) correct? 

(2) Find the correct coefficient A-j in (1.8) as N->oo for the two-component 
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problem. The bound in Theorem 1.4 is within a factor of 11 of what one would 
get heuristically from a calculation using the Bogoliubov function. This is discussed 
in Sect. IV. This bound translates into the bound (1.7) of Theorem 1.2. We should 
emphasize, however, that Bogoliubov's method does not predict an exact value 
for the asymptotic constant in Theorem 1.2. The reason for this is that in the 
Bogoliubov method one is forced to work in cubes and, in the Bogoliubov function, 
most particles are in the lowest momentum mode of the cube. The size of the cube 
can be taken to be the size of the system, namely N~^'^. Thus the energy depends 
critically on the lowest eigenvalue of the Laplacian in a cube and this depends on 
boundary conditions. The lowest eigenvalue will be uncertain because of the 
boundary conditions and will be of order N^'^, The uncertainty in the energy will 
be of order N'^'^. 

(3) What can be said about the correlation functions at high density? Is 
Bogoliubov's ansatz really correct or does it merely give a good account of the 
energy? 

(4) As shown in Sect. II, the statement EQ = ~ ^^'^'^ for the two-component 
system is equivalent, via the virial theorem, to — P(\p)^2A^'^N'^'^^K{il/y^^ 
for all ij/. Here Kiij/) is the kinetic energy and P(i//) the potential energy of ij/. Now 
let us replace p^ by |p|" in the kinetic energy. In the heuristic discussion 
above we surmised that the jelHum energy should be — C^p^^^'^'^K Then, by the 
uncertainty principle argument relating the jellium energy to the two-component 
energy given before, we would have (with Xgî bai ^ NR'"") K ~ A^- i/(«-1)(« + 3) and 
£o = - ^^N<«' + 3a-3)/{a2 + 2a-3) jj^jg statement about EQ is equivalent, via the virial 
theorem, to 

-P( iA)^a[ /4 , / (a - l ) ] i -^ /«N^« ' + 3«-3)/«(« + 3)^(^)i/a^ (̂  j3) 

We conjecture that these formal calculations are correct as N-^ oo. If so, it is 
interesting to look at the a = 1 case (relativistic bosons). In this case, EQ= — co 
for large enough N, which is correct, but (1.13) continues to make sense. Namely, 
for a = 1, 

-P{\ii)^CN^i'^K{\lj). (1.14) 

We conjecture that (1.14) is true for large N and we remark that in [3] it is proved 
that (1.14) holds with N^'"^ replaced by N'^'^. Since the bosonic energy is the absolute 
lowest, (1.13) and (1.14) are independent of statistics. 

II. The N'^i^ Theorem 

Our strategy to prove Theorem 1.2 is to decompose R^ into cubic boxes of size 
1 = N~^ with e some small number less than 1/5. This / is large compared to the 
expected size of the system, TV'̂ ^ ,̂ but we do not know this fact in advance. It 
will be necessary to localize //̂ y ^^ these boxes and to control the interaction 
between boxes. 

The main difficulty in localizing the Hamiltonian (1.1) comes from the 
localization of the Coulomb potential. The effects of localization on the kinetic 
energy can be easily computed to be of order N/"^, where / is the cutoff length. 
For the potential energy, however, even a small amount of net charge will produce 
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enormous potential energies, and therefore charge neutrahty must be preserved 
very carefully. Our basic strategy is first to replace the Coulomb potential by a 
Yukawa cutoff and then, by averaging over all possible box locations, the errors 
can be controlled. 

For /i > 0, let 
y^(,) = , - i e - M r (2.1) 

be the Yukawa potential with range / / "^ For / o O and N a positive integer, let 

//;;;, ̂  - X ^ , + /c X e,e^ y,(x, - xj) (2.2) 

be the Hamiltonian of N charged bosons interacting pairwise by the Yukawa 
potential with coupling constant K. AS before, f̂ = ± 1 but neutrahty is not 
assumed. //^{^ is defined as a quadratic form on L^([0,/]^^) with Dirichlet 
boundary conditions. We shall drop fi or I or K whenever they are equal to 
0, 00 or 1 respectively. Since the Hamiltonian (2.2) is symmetric under permutations 
separately on positive or negative particles, the ground state automatically obeys 
Bose statistics, and we shall assume this henceforth. Let 

£;;;v = infspec//Jiv (2.3) 

be the ground state energy. Then a trivial scaling yields, for the Coulomb 
Hamiltonian in all of R^, 

E.J, = K'EJ,. (2.4) 

To fix a partition, let ^ be a piecewise C^ function on R defined by 

g(t) - cos(7rr/2), - \ ^ t ^ \ (2.5) 

and zero otherwise. Then Y,g^{t + j)= 1 for all teR. Let xi^) = di>^^)d{^^)d{^^\ 

with x = (x^x^x^) and let XuxM = x(x + u + X). Here AeZ^ and wG[0,l]^ = r . 
Then 

X x'uAx)=l VxGR^ UEF. (2.6) 

A function h which is of central importance in our localization is defined by 

h{x,y)^^duj:xL{x)xL{yl (2.7) 
r xez' 

Then h depends only on the difference z = x — y and 

h{z) = h{x -y)=: ^du X x\^ + w + X)xHy + U + X) 

= lduxHx + u)xHy^u) = (x^^X^){zy (2.8) 

An easy computation shows that 

3 1 

'l-Wt^^O(t^) (2.9) 

[g'*g'm = \ 
3 

4 - 2 | r | + -sin7r|r |-f (2- |r | )cos7rr 
n 
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and zero otherwise. Hence h{z) is a C^ function and 

\h(z)-a^-aM''\^a2\A^ (2.10) 

with QQ = (3/4)^,^1 = — (J)^(7iV8) and GJ some constant of order 1. 
Let hiix) = h{x/iy 
We now define localized kinetic and potential energies. Let a = (w, a j , . . . , af^)e 

T x Z ^ ^ be a multi-index and let j ^ a = Ĵ M Z •'• Z • ^^ P = {VJI,.../PN) is 

another multi-index, denote ^(« — y) f l <̂ a./J. ^^ ^«^- (Here, 3{u — v) is the Dirac 
i = l 

^-function and S^.p. is the Kronecker delta.) For any / > 0, let 

N 

k=l 

Vi= Z e,ejY,(x,-Xj)d,„,. (2.12) 

Then by using (2.6) and (2.7) one has the identity 

j^a<.Ai,FSiAi>= Z e.ej^dXJda ft Xu'aH(WO'A'(xi,...,X;v)l^.(x,-x,)^,..,^. 
1 ^ I < ;• ^ N fe = 1 

lA, Z e , e^y , (X i -x , . ) / ' , ( x , -x ,# ) . (2.13) 

Similarly, since for any / G C S [ ' ( R ^ ) 

</x, - ^(/x)> = </, - ^(zV)> + </, I vxl V>, 
one has the following estimate for the kinetic energy with CQ = sup|Vx|^(x) < 

3(7i/2)^ (and recalhng (1.9)): 

j Ja<iAi, T.A1> ^ <«A, I^'A) + C^N\-\ (2.14) 

We emphasize that, definition (2.12), particles in different boxes do not interact. 
Hence 

^, ^ + Z ^i^j^M(^f-^;)^/(^«-^j) lA ) + CoN/-

^J<ia<.AL,(T+FS)^i>^(Jia||(Ail|i) inf Z < 

= inf I s ; ; : . (2.15) 

Here £J' is the ground state energy of a n^-particle system with Yukawa cutoff ju 
in a box of size / (see (2.2)). The sub-systems need to be neutral. 

To complete the localization, one has to relate the potential Y^(z)hi(z) to the 
Coulomb potential. Let 

f,,{z)^ao\z\-'-Y^(z)h,{z). (2.16) 
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The coefficient a^ in front of r" Ms added for the purpose of normalization. Clearly, 
/;i/(0) = flo/^' It will be shown in Lemma 2.1 below that /^, has a positive Fourier 
transform if /z/ ̂  C3 for some fixed constant C3. Hence by (2.15), (2.4) and (2.20) 

£N = «o '£ao .N^«o ' - C o W - i a o A ^ ^ + mf Y.^n\ (2.17) 

Equation (2.17) is the localization estimate which we need to prove Theorem 1.2. 
Note that the correction terms are remarkably simple. 

Let 1 = N~^ with s some small number (e < 1/5) and fi = C^N^. Our goal is to 
apply Theorem 1.4 in each box. 

Let (/) be a ̂ -particle wave function satisfying <(^,//^'(/)> ^ 0. Then one has the 
trivial estimate (recall definition (2.2)) 

K 0 , T ( / ) > ^ - K < / > , / ^ t 0 > ^ - i infspec/ /^ :„ . (2.18) 

But H5'„ can be bounded below by — C^n^'^ [see (A.23) which is the stabihty of 
matter bound with Yukawa cutoff derived in the Appendix]. Hence the hypothesis 
of Theorem 1.4 is satisfied for each box with l== N'^ and y^ = N^^^~\ We also 

have that ^ M'" ^ f Z " . Y ' ' = N''\ 

Let us now combine Theorem 1.4 with (2.17), temporarily ignoring the 
possibility that the particle number in some boxes may not be large. This yields 

Ej,^ -030ao^N'f'-ao^CoN'-''''-C^ao'N'^\ (2.19) 

To eHminate the last two terms as iV-> oo we simply take e < 1/5. 
Despite the aforementioned problem about the particle number in each 

box, (2.19) is correct as N->oo. To prove this, note that in any box we can 
use E^^-Csn^J\ However, sup{Y^n^J^\Y,n„^ N and n,< N^} SN^'"^Y.^c = 
jyi + 2p/3 ji* ^g |.̂ ĵ g 0 < p < 3/5, this shows that boxes with small particle number 
can be neglected. 

Finally, to complete the proof of Theorem 1.2 we have to eHminate the QQ-^ 
factor in the first term in (2.19). This can be done as follows. Note that 
GQ = h(Oy = iig'^y with g given in (2.5), and g satisfies J^^ = 1. If ^ is replaced by 
ri{t)= 1 for | t | ^ ^ and rj(t)==0 otherwise, we would have aQ=l, But we cannot 
do this because j | V ^ p , the coefficient of the /"^ term in (2.14), would be infinite. 
Since NT^ is small on a scale of N'^^^ the remedy is to take g^rj and j |V^|^ 
finite, but large. As N-^ co,g-^f] and ^Q -^ 1. Note that Lemma 2.1 does not depend 
on the special choice (2.5) we made for g. 

This concludes the proof of Theorem 1.2 and we turn to Lemma 2.1. 

Lemma 2.L Let X:R^->R be given by 

K{z) = r-'{e-''-e-'''h{z)} 

with r = \z\ and co > v ̂  0. Let h satisfy (i) h is a C^ function of compact support; (ii) 
h{z) = 1 + ar^ + 0{r^) near z = 0. Let h{z) = h{ — z), so that K has a real Fourier 
transform. Then there is a constant C^ (depending on h) such that ifco — v^C^ then 
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K has a positive Fourier transform and, moreover, 

X e,e^K{x,-x^)Z\{v-oj)N (2.20) 

for all x^,...,x^eR^ and ei= + 1 . 

Proof Let F(z) = lh{z)— 1 — ar^]r~^(l + r ^ ) ~ ^ K(z) can thus be decomposed as 

K(z) = Y,{z) - Y^(z) - are-""" - (1 + r')e-'"'F(zy 

The Fourier transforms of the first three terms are 4n/{p^ + v^), — 47i/{p^ + (o^) 
and - Sna{3a)^ — p^)(p^ + co^)"^ respectively. For the last term note that F{z) is 
of order r^ and r"^ near the origin and near infinity, respectively and A^F{z) is of 
order r~^ and r~^ near the origin and near infinity, respectively. Therefore, AF 
and A^FEL^{R^) and hence (with" denoting Fourier transform) 

\{\-^p'fF(p)\^4nC, 

for some constant Cj . But the Fourier transform of (1 + r^)^"'^'' can be shown to 
satisfy |((1 + r^)e""''")l ^ \6nco{o)^ + p^)'^ if co^C2 for some constant C2. Hence 

| [ ( l+r^)^-"^F(z)]1 = Ci[87cco(co2+p2)-2]*[87r(l+p')- '] 

= Ci le-'^'-e-'-] = 87rCi(a) + l)[(w + 1)' + p^y\ 

We can now put all these Fourier transform together to yield the estimate 

^(p)^47r[(p2 + v2)-^-(p2 + co2)-i-6|a|(p2H-co2)-2_2Ci(w+l)(a>2 + p2)-2-] 

Hence K(p)^0 for all p if co — v is large enough. To conclude the proof of Lemma 
2.1, one only has to note the identity 

X e,ejK(x,-Xj)^i^K{p) 
N 2 

-N dp 

which implies (2.20) since JX = X(0) = co — v. D 

Lemma 2.1 is applied to (2.16) with v = 0 and the requirement is that ju/ ̂  C3. 
However, our energy bound does not depend on the fact that we started with a 
Coulomb potential in (1.1). By the foregoing construction and Lemma 2.1 we have 
the following generalization of Theorem 1.2. 

Theorem 2.1. Let e,- = ± 1 and let 

/ f ;=-f ;4+ E e,ejY,{x,-Xj) (2.21) 
« = 1 l^i<j^N 

be defined on L^(R^^) with Y^(x) = 1x1"^ exp(— v|x|). v can depend on N, but suppose 
that as N - ^ oo,iV~"^^^v-^0. Then, for sufficiently large N, 

Wf,^ -0.30N'". (2.22) 

Proof As in (2.16), we write /^/ = « o ^ v - Y^^i- Iî  order to apply our foregoing 
construction, the assumptions of Lemma 2.1 and Theorem 1.4 must be satisfied, 
namely /(/i — v )^ C j , / " ^ ^ N^ and lfiN~'^'^ < co as N-^oo. On the other hand. 
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the correction terms resulting from the localization (cf. (2.17)) should be of lower 
order. Hence we must have /~ ̂  ^ o(N^'^) and (/i — v) ̂  o{N'^'^), It is easy to check 
that /̂  = max(N^/^'^^2v) and l^N^'^^~^ satisfy all the requirements. D 

Returning ^o the Coulomb case, (1.1), we note the following virial type theorem. 

Theorem 2.2 Let the hypotheses he as in Theorem 1.2 and let \j/ he any normalized 
[not necessarily symmetric) function in L^(R^^). Let K(\jj) and P{\l/) denote the kinetic 
and potential energies of^ [see {L9) and P(il/) = <i/^,^^,ej|x, —x^l" V ) ) - Then 

- P(iA) ̂  2A'i''N'i'''K{\ljyi\ (2.23) 

where A= - N~'^'^ infspec(//^). 

Proof. Replacing i//(x,) by X^'^'^iPiXxi) we find that X^K{il/) +XPiif/)^ - AN'f\ 
Then - P(\I/)^X~^ AN'^^^ + XK(il/). Optimizing this with respect to X yields 
(2.23). D 

III. The p /̂̂  Law for Jellium 

We shall prove Theorem 1.1 in this section by localizing the jelHum Hamiltonian 
to a box of size / = pg ^'^. The localized Hamiltonian can thus be estimated by relating 
it to Theorem 2.1. In localizing the jellium Hamiltonian (1.2), one should be cautious 
about the fact that, after averaging over all translations, the coupling constant in 
the two-particle Coulomb interactions changes from 1 to AQ [see (2.9)-(2.16)], while 
that of the particle-background remains unchanged. A straightforward localization 
as in Sect. II will fail to preserve the charge neutrality. We shall solve this difficulty 
by replacing the uniform background charge density, p^, in each small box by a 
non-uniform background charge density which depends on the cutoff functions. 

Let XA t>e the characteristic function of the big domain, A. For TGZ^, / > 0 , 
p>0 and a = (w,aj,...,a^vX ^nd recalling (2.6), (2.7), et.seq., let 

PBM^XAiy)xi{y/i)PB, (3.1) 

V'^,,{x)^jY^{x-y)p'^,{y)dy, (3.2) 

V's,(x)^p,iY^{x-y)h,{x-y)dy. (3.3) 
A 

Then using (2.11) one has the following definitions of if(i/^) and ^{ip) and 
localization estimate: 

^m^jdalr., 
.•=U t€Z' J 

X Y^i-^j) + Z -2lpB.iy)v'Bjy)dy r. 

+ yBiy'B,iy)dy 

i {A, + K^,(x,)} + X y,(x,. - XjMx,-xj) 
' = 1 1 ^ I < ;• £ N 

i// ) + CoN/-2 = ^(iA). (3.4) 

787 



yo 

With J.G. Conlon and H.-T. Yau in Commun. Math. Phys. 116, 417-448 (1988) 

428 J. G. Conlon, E H. Lieb and H.-T. Yau 

Equation (3.4) may appear to be complicated, but the proof is just a reordering 
of indices. Recall Eq. (2.6), 

= t (>P,\pBJdy\da X S,^,Y,(xj-y)xi(y/l)f[xLMi/l)]i' 

= t (4',PB\dyY,(xj-yhduY,xUy/l)xLMj' 

idJikl, i E iJp'B"Ay)p'B\iy')Y,(y-y')dydy'i'l 
\ J= 1 TEZ' 

= (ik,Plidyidy'\iduY.xiiy/i)xi{y'/i)} 1 flxlMjm 

= PBiv'BAy)dy-
A 

For the other terms in (3.4) one can use (2.13) and (2.14). 
As in Sect. II, one can use the positive defmiteness of/^, (Lemma 2.1) to yield 

the bound 
miP)^{i^,Hi^{ao,PB)ip> + CoNl-' + Nfiao. (3.5) 

In (3.5) Hj^^iao^ps) is the jelhum Hamiltonian (1.2) but with all the potential energy 
terms multiplied by a^. To utihze (3.5) we have to relate the energy of f/](^^(ao,pB) 
to that of Hjfy^. By simple scaling this is given by 

inf specH^^^^^(1,pg) = QQ ^inf specH](,^(ao,PB^O)- (3-6) 

Let / = PB ^'^ and p, = C^py^. Then the last two terms in (3.5) are of order at most 
Np^^. To complete the proof of Theorem 1.1, one only has to show that 

i f ( j A ) ^ - C , 7 V p r -
For each fixed i and multi-index a, consider the localized Hamiltonian 

- t l^A.j + ^i%(^,-)^.a,] + Z ^.A., Y^{x, - xj) + i jp^",(j;) V^s\,iy)dy- (3.7) 
j=l' i<j 

Our goal is to estimate the ground state of (3.7). Suppose aj = a2 = ••• = â v̂  = T 
and â . # T for ; > M. Let pg',(y) = psiy) and Kg = Y^^pg. Then (3.7) becomes 

M M 

H'BM^-1 {^J + n(xj)} + Z Y^{x, - Xj) -f ijp^(y) niy)dy. (3.8) 

Note that, by definition (3.1), 

nB^iPB{y)dySl'PB- (3.9) 

Recall that the density function p^ for an M-particle normalized wave function. 
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(/), is defined by 

P^(X) = M J | 0 ( X , X 2 , . . . , X M ) P ^ X 2 - - - ^ X ^ . 

Therefore, if one defines 

D,( / ) ^ i l l f{x)f{y) y,(x - y)dxdy, (3.10) 
and 

~ Af 

J = 1 1 ^ J < ;• ^ M 
^)-^>A 

an easy calculation yields 

<(/>,//g^(/>> = /2((/>) + i ) > , - p ^ ) . (3.11) 

Let Q = \p^ — Jpg be the value of the total charge in the small box. The following 
lemma is needed to bound the last term in (3.11). 

Lemma 3.1 Let U = { x | | x | ^ J } he a hall of radius d and let f:U-^R he a (not 
necessarily positive) density satisfying j / = Q. Then 

u 

D,{f)^mVd)ll^fid + n'd'/3r'^ (3.12) 

Proof D^{f) can be written as 

Z),(/) = s u p j / / z - ^ j [ | V / i p + /.2/i2]. 
h u o7r,j3 

To prove (3,10) we merely take (with r = \x\)h(x) = a for r ^ ti and h(x) = ade'^^^'^^r 
for r^d. Then J / / i = ag. The r<d part of the second integral is oi^ii^d^/6. The 
r>d part can be calculated by integrating by parts, using {— A + fi^)h = 0, and 
d^hh'l^a = - a^(fid^ + d). This r>d part is j(x^d{l + dfx). Maximizing with respect 
to a yields (3.12). Q 

Remark. Equation (3.12) is sharp when /i = 0 or /i-> oo with fixed d. 
Returning to (3.11), recall that / = pg ^^^ and // = C^pl'^, The / x / x / cube fits 

into a ball of radius d = 3^'^l/2. Applying (3.12) with fid = ^CJ2 = C^ we find 
that, with Cs = 3-^/2[1 + C7 + C ? / 3 ] - \ 

OM - PB) ^CsiM- ns^p^J'. (3.13) 

Finally, we have to estimate /2((/)). For this purpose we introduce a "dupHcation 
of variables" trick. Consider the Hamiltonian on L^(R^^). 

2M 

mM=-ZA,+ X e,ej y,(x, - xj% (3.14) 

where e,- = 1 for / ^ M and ^̂  = - 1 for i > M. Let (P be a normalized trial function 
defined by 

0(Xi , . . . , X2M) = (/>(XI , . . . , X^)0(X^+ 1, . . . , X2M)-

A simple calculation yields 

^ (0 ) = K^,H^2M^>. (3.15) 
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By (A.23) in the appendix, 

^(0)^- i (4 .O16)(2M)5/^ (3.16) 

Let us divide the possible values of M into two cases. 

(a) M ^ PV^^. Here we use (3.11), (3.16) and D^{p^ - p^) ^ 0 to conclude that 

i(t>,HUct>y^-(6315)M'i^^~{6M5)Mpl'i^\ (3.17) 

(b) M > PI^I^^. Here we use Theorem 2.1, (3.11), (3.13) and (3.15) to conclude 
that for large enough p^ 

<(t>.Hi^cP}^-C,ips)M'^' + Cs{M-n,)'py\ (3.18) 

where Cg{pB)-^(0.30)2^'^ as pg^co. The statement "large enough pg" comes from 
the condition in Theorem 2.1 that fiM'-^'^-^O as M->oo. By our assumption 
^jV^-2/5 ^ CQPB^^^^, and this goes to zero as PQ->CO. If, in (3.18), we recall that 
figSPsP = PB'^ and M>pl^'^^, it is easy to see that the right side of (3.18) is 
bounded below by - Cio(PB)Mpy'^ and that C^Q{PB)-^[030)2'^'^ as p^-^oo. 

Using these results (a) and (b), and summing over boxes, and recalling (3.6), 
we conclude that 

^ 0 ^ - [Cn(PB)ao '^^ + C o ] i V p r (3.19) 

with Cii(p5)-^(0.30)22/^ as PB-^OO. Recall from Sect. II that aQ = {2>IAf and 
Co < 3(7r/2)^ Note that (3.19) holds for all N\ we did not take the limit N-> oo in 
deriving (3.19). With the bounds just given, the factor [ ] in (3.19) is 8.57 when 
P5-^00 . 

This completes the proof of Theorem 1.1. This theorem can be generalized to 
the case of Yukawa potentials as in Theorem 2.1. It can also be generalized in 
another direction as follows. 

Theorem 3.1. Consider the modified jellium Hamiltonian with variable background 
charge density 

Hi=- f ; { ^ , + K(x,)}+ X \x,-x,\-' +k\p{^)p{y)\^-y\-'dxdy, 

(3.20) 

with V(x) = ^p{y)\x — y\~^dy. The density p satisfies — oo < p{x) ^ p^ with pg ^ 0. 
Then the ground state energy satisfies 

Eo^-A,Npy^ (3.21) 

and Ag satisfies the same bound as A^, given in Theorem LI. 
The proof is an easy generalization of the one for constant p{x) = p^in A just 

given. 

IV. Computation of Constants 

Our main goal-in this section is to obtain the constant 0.30 in the inequality (1.12). 
The calculation will consist of optimizing the methodology of [2]. We shall first 
make a heuristic calculation of the ground state energy EQ of the Hamiltonian / /^ 
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in (LI) by using a modification of Bogoliubov's method, and will return to a 
proper proof of Theorem 1.4 later after Eq. (4.23). We find heuristically that 
EQ^ — O.OISN'^'^ but we are not conjecturing that this constant is sharp. In the 
following we shall closely follow the notation of [2]. 

Heuristic Calculations. We consider the case v = 27i/L (essentially the Coulomb 
case) and introduce periodic boundary conditions on A for the Hamiltonian Hj^. 
Thus we have 

<.A,H;^> = <iA,TiA> + iIv(/c)[<iA,^ifA'A>-^]. (4.1) 
/CGZ^ 

The operator T is the kinetic energy operator, which we write in the second 
quantized form (see [10] or [7], for example) as 

T=L-Hn'J]k'[ata, + bib,l (4.2) 

Here L is the length of a side of A. The operators a,^,b,^ are annihilation operators 
corresponding to the two species of bosons and /ceZ^. The charge density operator 
Aj^ is given by 

^ic= Z a*+j,a„-b*+,,b„. (4.3) 
MeZ^ 

The v(k) is just the Fourier transform of the Yukawa potential Y^ (with v = 27i/L) 
divided by the volume of A. We take this value of v > 0 to avoid the singularity 
at /c = 0. Thus v(/c) is given by 

v(fc) = [7rL(|/c|2 + l ) ] - ^ (4.4) 

In Bogoliubov's approximation one makes the ansatz 

A,^ Y lSl^+T,,ml (4.5) 

Here, D and y are constants which will be defined later in (4.14) and (4.23). The 
operators Ŝ^ ,„, T}^„, are defined as in (2.8) of [2] by 

a*^„ + ^ i f m = (?7,1) 

1)' 
(4.6) 

^'•"' '-b*K^, ifm = ( n , - l ) 

T = 1 ^ * " " - " ifm = (fi, 1) 
'•"• \-btb„., ifm = ( n , - l ) -

In (4.6) neZ^ and ± 1 indicates the charge species; \m\ is defined to be |«|. The 
operators al,bl with \n\^Dy are to be thought of as scalars subject to the 
constraint 

X a*a„= I btb„ = ̂ . (4.7) 
\n\^Dy \n\^Dy ^ 

Hence if |m| ̂  Dy and |/c| > IDy the S^„, and T^„, are just annihilation operators. 
The expression (4.1) then becomes quadratic in creation and annihilation operators. 
One can compute its ground state energy exactly in the case when Dy = 0 but also 
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to a good approximation when Dy > 0. We do this by writing (4.1) as 

{ilf,H],il;y = 4n'L-' X k\il^,lata, + btbM} 

+ i Z v(/c)/fc(£fc,i//) +lower order terms, (4.8) 
\k\>DyN^ 

where ^ > 0 is a small positive number. The expression /^(e, \l/) is given, for general 
e, by 

/fcfe'A) = ( JA, 

•N lA ). (4.9) 

The number e,^ is given by the formula 

8j, = Sn''PlNL'v(k)yK (4.10) 

One can compute exactly the ground state energy of/^(e, J^). It is given in [2] as 

£ 
h(e,ik)^N 

no/ V«o 

1/2 

- 1 - - (4.11) 

(4.12) 

(4.13) 

where 
" 0 = Z 1-

\m\^Dy 

The right-hand side of (4.11) can be achieved if the numbers a„,b„ satisfy 

a*a„ = 5*6„ = —, \n\^Dy. 

We shall take y to be large, y ̂  N ,̂ and rix D to be the finite number 
D = 71-^5/12)^/2 ^ 0.645/7r. (4.14) 

Then, to leading order of magnitude the ground state energy of the second sum 
in (4.8) is given by 

- 2 ^ ^ ^ ^ " " ^ " % , (4.15) 
A 8.3 ) 

where / is the integral 

Observe that 

7= j[l + r~(^ ' + 2r) ' / ' ]e 
0 

0 < / < J = J d^ 

i i + 2 r 
Numerical values for /, J are given by 

/ = .806, J = n2"*/4 = 0.934. 

(4.16) 

(4.17) 

(4.18) 
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The integral / can be expressed exactly in terms of elliptic integrals [7]. Since y is 
large YIQ is given to leading order as 

no = 2 J dx=~(Dy)\ (4.19) 

Hence (4.15) is given by 

where 

•Bo^iNLyyf\ (4.20) 

5o = 2(37r2)-^/^D3/^/. (4.21) 

The formula (4.20) gives the second sum in (4.8) to leading order of magnitude. 
Next we need to calculate the first sum in (4.8) which is the macroscopic kinetic 
energy of the low lying occupied states subject to (4.13). This is clearly given 
to leading order of magnitude by 

" 0 \k\SDy ^ "O '-' \x\iDy 

2 - ,2- (4-22) 

The total energy of the system then, according to this calculation, is 

''^'Nm-2i^nr-^IN-^(^-lT. (4.23) 
5 \ L J " ' \ L J 

If we minimize this expression with respect to Dy/L we obtain the value — 0.028N^^^. 

Proof of Theorem 1.4. In the following calculation we shall ignore all terms of 
lower order then N'^^^ since we are only concerned with proving the inequality 
(1.12) for N->oo. Let y be the y^ defined by (1.10). We can assume without loss 
of generality (by changing /l to be a sufficiently large cube) that the S in Theorem 
1.4 is less than ^ and that y ̂  N^. Define // by /xL = max(N^^^^, vL) so that fiL^ oo 
and N-''^fiL <oo as N->oo. If v L < N ' / ^ ^ let us write Y, = {Y,- Y^)-\- Y^ and 
write 

(ilj^H^,iP} = N-'/''K{iP) + PM)-P,{^) + (^-N-'''')K{ily)^P^{ilf). (4.24) 

Here, Pv(̂ A) denotes the potential energy terms in W^ with the Yukawa potential 
y,. Since Y,-Y^ is positive definite, P,(il/)-P^{il/)^-^{^-v)N ^-^N ^ 
- ^N^ ^'^^jL. By the uncertainty principle in a box, K{\IJ) ^ CN/l}, whence the first 
three terms on the right side of (4.24) are at least CN^'^^/L^-^N^^'^^/L. 
Minimizing this with respect to L, we find that these terms are bounded below by 
_ ^^13/10 >> _ jv'^/^ For the last two terms on the right side of (4.24) we can 
clearly replace iV~^/^^ by zero in the Hmit N-^co. Thus we need prove Theorem 
1.4 only under the condition vL^N^^^^ and N~'^'^vL bounded. 

By taking A to be four times as big, we can suppose that ip is supported in g^, 

793 

file:///k/SDy
file:///x/iDy


With J.G. Conlon and H.-T. Yau in Commun. Math. Phys. 116, 417-448 (1988) 

434 J. G. Conlon, E. H. Lieb and H.-T. Yau 

where g is a smaller cube of size L/4. We can then replace Y^{x) in //J, by its 
periodic extension 

nW= I YAx^nLl (4.25) 

because the difference in the two potential energies is at most W(N) = N'^LT^e'"^''^ 
(with the factor N^ coming from the number of interaction terms). Since 
vL^N^'^^, W(N)< NyL as iV-^oo for every s > 0. As before, we can borrow 
/ V - ^ / ' ^ / C ( I / ^ ) ^ N ^ / ^ 7 L 2 to control W(N). 

Using Y^ in H^^, we then have that (4.1) is an identity provided that HĴ  is now 
understood to contain Y^ and provided (4.4) is replaced by 

v(/c) = lnL{k^ -f {vL/27if}y\ (4.26) 

Clearly, v(/c) ̂  [7iL(|/c|^ -I- 1 ) ] " ^ Now we are ready to bound the various terms in 
(4.1). 

First we bound the potential energy terms for |/c| < N^Dy from below by 

-\N X v(k)^-CN'-'^Dy/L. (4.27) 
\k\^N^Dy 

If, as before, we combine a small portion of the kinetic energy with (4.27) we obtain 
a lower bound which is lower order than N'''^. 

Next consider terms in the potential energy which have \k\> N^Dy. We define 
5j^^, and T;̂  „, again as in (4.6) but this time for all m with |m| ̂  \k\/N^. Let us 
assume for the moment that the system is neutral so that the number of negative 
particles is N/2. We shall return to the nonneutral case after Eq. (4.68). Since 
y ̂  jVi/3-5^ Lemma 2.2 of [2] becomes 

(iP,T^}^--j X [ l - C N - ^ ] ^ ^ Q ( i A ) , (4.28) 
^ ^ ^ \k\>N^Dy 

and Q(iA) is given by 

00 r 

Q(iA)= X 2-''Y.<^\Sl„S,,„+Tl„T,Jif}, (4.29) 
-•=0 | „ | 

r 

where X is a sum over {2'- \)N^'^-^'^ ^\m\<{2''^'^ - l)N^'^-^'^. Note that the 

constant 4n^/NU- in (4.28) is better than that in [2]. This is due to the improved 
summation procedure in (4.29). Hence we have 

<^//,H;^iA>^i Z v(/c)/,(£„^), (4.30) 
\k\>N^Dy 

where 

I,(s,iP) = 8CM) + (^\AtA,-N\iljy, (4.31) 

ê  = Sn^k^ll - CN-^^lNL^v{k)yK (4.32) 

Since the term CN~^ in (4.32) is lower order, we shall ignore it in future 
computations. 
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Now let a > 1 be a positive number which we shall fix later. We define 

no = #{m:|m|^Z)y}, 

n, = #{m:a!'-^Dy<\m\^a'Dy}, r = 1,2,3,... . (4.33) 

Evidently we have, to leading order. 

We define iV ,̂ r = l , 2 , . . . , to be the maximum possible number of particles, 
consistent with the given K{\l/\ such that |^| > a''~^Dy. Thus we have 

An"- N ,(a''' Dyf L-^ = Ny^ L-"-, (4.35) 

which yields 
N, = N\An'-{a'-'Dfy\ (4.36) 

We define No = N. 
The key inequality in [2] is 

7,(6, lA) ^ Z [a, - (1 + r]r)^r^ + E,. (4.37) 
r = 0 

The term E^ is a constant times the number of particles with momentum n satisfying 
|n| ^ C\k\IN\ It follows that the expression 

Zv(^)£, (4.38) 
k 

can be combined with a small portion of the kinetic energy to yield a lower order 
term. We shall therefore concentrate on the sum on the right-hand side of (4.37). 
The f]r are defined as 

nr = ^lin,p,\ (4.39) 
and 

p, = 2̂ ^ if [2'-\)N'i'>-'^a'Dy<{T-'' -\)N"^''^\ (4.40) 

The a, are the positive roots of the polynomial equation (in //) 

1+ Z N , [ ^ , N , - / i ] - i + N , [ ^ , N , - f ^ ] - ^ = 0 . (4.41) 
r = 0 

We order the roots â  in the following manner: Let OLQ be the unique root of (4.41) 
which has ao > ^o^o- The roots a^,r = 1,2,..,, are the unique roots of (4.41) which 
satisfy fŷ _ j iV _̂ i > a, > ?7^N,. We define P,{k) by 

-i9,(/c) = a , - ( l + ^,)N„ (4.42) 

where â  is determined from (4.41) after setting £ = ê  in the definition, (4.39), of r],. 
Let us define 

i Z v(k)P,(k) = BMNLy'y'VL. (4.43) 
\k\> N^Dy 
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Note that B^ is a constant plus correction terms which tend to zero as NLy'^ -^co. 
In the following computation (cf. (4.66)), it will be found that NLy^ indeed tends 
to infinity, and thus we are able to neglect these correction terms. 

If we define B by 

B - t ^ r . (4.44) 
r = 0 

we have that 
{iP,H'^il/}^ -BN(NLy''yi^lL. (4.45) 

We need then to estimate p^ and B,, for r = 0,1,2, We first consider the 
case r = 0. The root ao of (4.41) is clearly bounded below by the unique positive 
root of the equation 

^ o [ ^ o ^ o - / ^ ] " ' + No[^o^o + / ^ ] ~ ' + l = 0 . (4.46) 

Hence we obtain 
Po^^o{^+ri^-lnl^2n,Vi^}. (4.47) 

Now substituting the values for ^^{k) and performing the sum in (4.43) we obtain 

5o = 2(37r2)-i/^Z)3/4y ^4,^3^ 

In the calculation for (4.48) we have used the fact that pQ = \m (4.39). In fact p, = 1 
provided r ̂  Clog TV, since y^N^'^'^ Note that (4.48) and (4.21) are identical. 

Next, we wish to estimate P, and B, when r = 1,2,.... Now â  is bounded below 
by the unique root, /̂ , of the equation 

1 + t Njin.N^ -lir'+ Njli^jNj + rj,N,r'= 0, (4.49) 
i = o 

which lies in the interval rj,^-^N^_^> ii>f]^N,. Let a^j be the root of the 
polynomial equation which is the same as (4.49) except that the terms Nj/(rjjNj — jj), 
7 = 0,... ,r — 1 are replaced by Nj/(r]jNj — rj^N^), 7 = 0,.. . ,r — 1. Thus â ^ j is larger than 
the corresponding root of (4.49). Next, let a, 2 be the root of the polynomial equation 
which is the -same as (4.49) except that the terms Nj/(rjjNj — ju),; = 0, . . . , r — 1 are 
replaced by Nj/{rjjNj —oc^-^). It is clear that â  2 is smaller than the corresponding 
root of (4.49). We can define the quantities j5, i , 5 , i , 5 ^ and P^2^B,2,B^ to 
correspond to the roots â  1, â  2 respectively in exactly the some manner as P,, B^, B 
correspond to a,. 

We calculate â  j . To do this we write the corresponding polynomial equation 
in the form 

N,lrj,N, - ; , ] - ^ + 1 -f K^J{2^,) = 0, (4.50) 

where /î  j is given by the equation 

KA = 1 + 2 1 IVj/rir + NJNjT' + Irjj/rj, - NJNjT'^ (4.51) 
j = o 

From (4.50) it follows that 

P,,,=(l+rj,)N,-a,^,=N,ll+2rjJK^,r'^ (4.52) 
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We wish now to ^w the values of a and D in an optimal way. We do this by 
making the approximation /î .i - 1 and optimizing the value of B^ based on this. 
With this approximation we have, then, an approximate value for 5^ j obtained 
by summing (4.52), 

Summing (4.53) from r = 1,. . . , oo we have 

_ p 3 ^ 3 ( r - l ) ( ^ 3 _ i ) 
1/4 

(4.53) 

(4.54) 
r = l 

where g(a) is the function of a given by 

g{a) = [a^ - \y'''a"''la"'' - I T ' . (4.55) 

We shall take a = 2, which is close to the minimum for g, and the corresponding 
value for g is g{2) = 2.81. From (4.48) and (4.54) we then have 

00 

^ 0 + X ^r,i ::^i(37c2)-i/^[4/i)3/^+ 2.8171-2JD-^/^]. (4.56) 
r = l 

The value of D is chosen to minimize the right side of (4.56). This yields the value 

D = (l/7i)[14.05J/12/]^/2 ^ 115/^ (4 57) 

It is of some interest to compare this value of D with the value of D given in (4.14), 
namely D = .645/;:, which was used in the previous heuristic calculation. With D 
chosen as in (4.57), Eq. (4.56) yields 

Bo+ Z 5 M ^0.53. (4.58) 

Having fixed a and D we obtain an upper bound for B. The expression h^^ is 
given from (4.51) and (4.34), (4.36) as 

r - l 

V i = l + 2 Z {la'^''^^ + a'^^-'-^r' + la^^'"'^-a^^'~'^r'} 

+ 2 3 ( r - l ) / ^ 3 
^ 2 ( l - r ) -

(a'-\) + - ^ 3 ( r - l ) / ^ 3 ia'-l)-
^ 2 ( l - r ) -

471^ D^ (4.59) 4n^D\ 

It is easy to see from (4.59) that 

l < / z , , i < 5 / 3 . (4.60) 

If we use the lower bound in (4.60) we obtain from (4.50) an upper bound on â  j , 

^M < ^ r ^ r + (l + l/2;;,)-^N, = ^/,7V,[l +2(1 + 2 . 7 , ) - n ^ 3 ^ , N , . (4.61) 

We may now use the upper bound (4.61) to obtain a lower bound on â  2- In view 
of (4.61), â  2 is bounded below by the root of the equation 

NrlrirN,-^r' + ^+K^2/(2rir) = 0, (4.62) 
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where h^j ŝ given by the equation 

Ki = 1 + 2 X' injhr + NJNj-] -' + If),Mr - 3NJNj} - K (4.63) 
j = o 

If we express /î  2 iî  ^ similar fashion to (4.59) it is easy to conclude that /î  2 < V3. 
We conclude then that 

6r), 

' + - 5 (4.64) 

Hence from (4.58) we have 

5^0.53(5/3)^/^ = 0.60. (4.65) 

Thus (4.45) and (4.65) yield a lower bound on the energy, <i//,//;^i/^>, of the wave 
function, ij/, in terms of 7 = y^ and L. 

To obtain a lower bound on the energy in terms of N alone, we have to use 
the fact that y,L and N are not really independent when the energy is negative 
and when the hypotheses of Theorem 1.4 are satisfied. To see this let us divide the 
kinetic energy into two parts. One part is estimated by using the definition of y 
as Ny'^ll}. The other part is put together with the potential energy and use is made 
of (4.45). In all, then, we have for any yl,0 < A < 1, the inequality 

< ^ , H , ^ > ^ ^ - ^ N - ( i p (4.66) 

The factor (\ — Xy^'^^'m (4.66) is obtained by applying scaling to (4.45). Minimizing 
(4.66) with respect to y/L yields 

{il/.H^ipy^ -(5/S)(3/Sy"B^''N''^'r^"{l-X}-^'\ (4.67) 

The maximum value of h{X) = X^'^(l — Xf^^ for 0 < A < 1 is obtained at X = 3/5 
with /2(3/5) = .510. Hence (4.67) yields 

{\l/,Hl\ljy^ -030N'^\ (4.68) 

We have proven (4.68) under the assumption that H}/ is the Hamiltonian of a 
neutral system. However for the argument of Sect. II to be valid we need to know 
that (4.68) holds even for nonneutral systems. The neutrality assumption entered 
in our calculations only in the inequality (4.28) and it did so in the following way. 
The estimate in Lemma 2.2 of [2] leads to a denominator 2 max(N + , N_) instead 
of N in (4.28). It is only when N+ = N_ = N/2 that we get (4.28). If the system is 
not neutral and the ratio of negative particles to the total number of particles is 
given by 

^ = ^ ^ ^ , O ^ ^ g l , (4.69) 

then the coefficient An'^INl} of the sum in (4.28) must be decreased to 
47c^/(l + ^)Nl}, which in turn leads to the inequality 

ixjj.Hlxjj}^ -0.30(1-f(^)^/'7V"/^ (4.70) 

The inequahty (4.70) gives an N'^'^ lower bound for a nonneutral system which 
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has a slightly larger constant than the constant 0.30 for the neutral case. We wish 
to show that the constant 0.30 still holds for the nonneutral case in the situation 
where we apply this inequality in Sect. II. The Hamiltonian H^ can be written as 

Hl^W], + H%, (4.71) 

where W]^ is the N-body potential energy obtained from the function 

r-i(e-v_g-a>r)^j^-urj^ (4.72) 
V 

We choose co = v + N^'^. The inequality (4.70) applies to //^, In fact, the inequality 
becomes better since a; > v, which implies that v(̂ ) becomes smaller. Our bound 
(4.70) is monotone in v(/c). 

To bound W]^ from below, let us suppose the particles are fixed at points 
Xi,...,X;v with the negative particles being at x,-,/= 1,...,N_. We define a density 
p{x\ by 

p(x)= X^f^(^-^/)- (4.73) 

It is clear that 

Wl = \]dule-''^''-'^p(x)p{y)dxdy - ^N''\ (4.74) 
Z V 

The following lemma and proof is due to Federbush [6,3]. It can also be proved 
by the method of Lemma 3.1. 

Lemma 4.L Let AczR^ be a cube of side length L. Letf'.A -^Rbe a {not necessarily 
positive) density with Q = j fdx. Let p^O. Then there is a constant C^^ independent 

A 

of p, / , L such that 

D,(f)^\^f(x)f{y)^x^l-p\x-y\-]dxdy^C,^Q^pL(\+p^L^)-\ 

Proof. Assume fGl}[A) and write 

D,{f) = Hf.e-'''-''fy = Anp{fA-A + p^r'fy 
-^^np\\(-A-¥p^)-'f\\l^Anp\ig,{-A + p^)-'fy\^l\\g\\l 
^Anp\ihjy\^l\\{- A^ p^)h\\l 

where g \s any function in L (̂R )̂ and where g = (- A + p^)h. Let H be a C°° 
function with H{x) = 1 for |x| ^ 2 and H{x) = 0 for |x| ^ 3. Finally, take h(x) = 
H(xlL\ U 

From (4.70) to (4.74) and Lemma 4.1 we conclude that 

{xlf,Hlxl/y^ Ci4vL(l + v^L^)-H^N''i'-\N^i' - 0.30(1 + 0^/5^7/5^ (4 75) 

The inequality (4.75) shows that (4.68) holds for large N, even in the nonneutral 
case, provide vLN~^'^ < 00 as N-> 00. (Recall that, as stated in the beginning, it 
is only necessary to prove Theorem 1.4 when vL> N^^^^.) This concludes the proof 
of Theorem 1.4. 
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V. The Nonneutral Case 

Consider the Hamiltonian Hj^ of (1.1) and its generalization H]^ of Theorem 2.1 
or (2.21) acting on N_ negative particles and N ^ positive particles with 
N. -^N + ,N_ + N + = N. Our goal here is to generalize Theorems 1.2 and 2.1 as 
follows. 

Theorem 5.1. Let H^f be as in Theorem 2.1, and let there be N _ negative and N + 
positive particles with N _ ^ N + . The parameter v can depend on N _ and N + but 
we suppose that NZ^^^^v-^0 as N_-^oo. (Note the difference from Theorem 2.1.) 
Then 

H;,^-ASNV' (5.1) 

for some constant, A^. 
The proof follows the same lines as in Sect. II. One must modify it in two 

respects, however. First, it is necessary to prove that the interaction energy depends 
only on the number of negative particles. Second, we need to localize the kinetic 
energy in a somewhat different way than in Sect. II. Basically we only want to 
localize the kinetic energy of a positive particle if it lies in a box containing a 
negative particle. If we were to localize the kinetic energy of all positive particles, 
the cost in energy would be proportional to the number of positive particles and 
this of course could be much larger than NV^. 

We solve the problem of the interaction energy in Lemma 5.3 below, but first 
we require the two preliminary Lemmas 5.1 and 5.2. The first is independently 
interesting. 

Lemma 5.L Suppose that K and L:R^-)-R"*" are two nonnegative functions {not 
necessarily symmetric) that satisfy the following (5.2), for some fixed, positive integer s, 

sL{x)^K{y) whenever \x\S\y\. (5.2) 

Let Xi,.. .,x^_ and yi,.-.,3^iv+ ^^ points in R^ that satisfy 

Y^Kiyj-x,)- Y. Hyj-y,)>0 (5.3) 

for each j= 1,...,N + . Then N+ ^CsN^, where C is some universal geometric 
constant {60 will suffice). 

Proof We shall use the following geometric fact. There exists a finite set of closed, 
solid, circular cones in R^, each with apex at the origin and each with solid angle 
7r/3 such that their union is all of R^. The minimum number of cones required for 
this is some integer C, and it is easy to see that C ^ 60. Denote these cones by 
B^,...,Bc- Let y denote the set oiy^ points. 

Now, without loss of generality, assume x^ = 0 . Let Y^ = {yilyteB^} be the 
points in B^, and let Zj be those 5 points in Y^ which are closest to Xj. (If there 
is an ambiguity, make an arbitrary choice; if Y^ has fewer than s points then 
Zi = Y^.) Next, apply this process to the remainder Y\Yi and thereby obtain Zj 
with respect to ^2. Continuing in this way we obtain Z^,...,ZQ and Y^,...,Yc. 

c 
Let Z= [j Zi, whence Z has at most sC points. 
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Take y^^Z and consider the contribution to the left side of (5.3) coming from 
Xj and Z. This contribution is 

yueZ 

We claim that A^-^O. If y^eB^ then the second sum in A^ is not less than 
X L{y^-y,). But \yj~ y,\^ = \yi\^ ^•\y,\'' -2yyy,^\y^\^ ^\y,\^ -\y^\\y^\^\y.\\ 

since |>;J^|);^.|. Thus, \yj-yk\^\yj\ and thus sUy^-y^)^K{y^). Given that 
y^eB^.Z^ has 5 points and thus ^ ^ ^ 0 . 

If we now remove Xj and Z from the system we obtain a reduced system with 
a new N_ = N_ - 1 and with a new N + ^ N + - sC, and that satisfies (5.3) for all 
yj in the new system. The construction can now be repeated with X2 and then X3 
and so on until we obtain a final system with N _ = 0 and a final N +^N + — sCN _. 
This clearly cannot satisfy (5.3) if iV+ > 0. D 

Lemma 5.2. Let X:R^->R"^ be given as in Lemma 2.1 by 

K(x) = r-'{e-'"'-e-'"-h{x)} 

with r = |x| and a) > v ̂  0. Here we assume only that /i:R^ -^ R satisfies (i) — H ^ 
h(x) ^ 1 for all x and some finite / / ^ 0; (ii) h is continuous in some neighborhood of 
X = 0. Then there is a positive integer s such that 

sK{x)^K{y) whenever \x\S\y\- (5.4) 

The integer s depends only on (D — V = p and on h. For fixed h, s is a nonincreasing 
function of p. 

Proof, For (5.4) we can restrict our attention to the case v = 0,co = p because 
multipHcation of this K by e"""" only makes inequahty (5.4) stronger. There is an 
R>0 such that h is continuous in B^ = {x\\x\^R}. Since K{x)^r~^{\ -e'^'}, 
which is decreasing in r and since X(x) ^ r ~ ^ {1 -f / /e"^ ' '} , we have that K[y)IK{x) ^ 
(1 + He~^')/{\ — e~^') with r = \y\. The maximum of this ratio for r ^ î  occurs at 
r = K and is Sj =(1 + He-^^)/(l - e"^^). Thus 5iX(y)^ X(x) when |x | ^ |> ; | and 
\y\^R. On the other hand, when \x\^\y\^R, consider the function F^(x,y) = 
K{y)IK(x) defined in the closed set T = {{x,y):\x\^\y\^R}. There are 2 cases. 
Case (i): /i(0) = 1. Then K is continuous on B^^ with X(0) = p. Moreover, K(x )^ 
r'~'^[\ —e'^') on Bj^. Thus Fj^ix^y) is continuous and so has a maximum on T. 
Case (ii): /i(0) < 1. Then |x|X(x) is a continuous function on Bj^ and it is never 
zero, so | x |X(x )^ r for some t > 0. Hence, FR(x,y)St~^\x\K{y)St~H^-^ H). 
Thus, (5.4) is satisfied for any integer 5 ^ max{5i,max7^Fj^(x,);)}. To prove the 
monotonicity of 5, consider K{x) with v ̂  0 and co = v + p. Let F (x,y) = K{y)/K(x). 
Since s ^ l , we only consider x,y such that F(x,y)^l. Hence {dF/dp)(x,y) = 
lidK/dp){y) - F{dK/dp){x)^/K{x) = - Uy\K{y) - e^^'^ - \x\Kiy} + Fe-'^^^yK{x). 
One concludes that (dF/dp){x,y)SO if | x |^ |> ; | and if F(x,3;)^l . Hence 5 is 
monotone in p. n 

Lemma 5.3. Suppose v, p, / ^ 0 and let 

f{x) = aoY^{x)-Y^^,{x)h,{x) 
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mth /i/(0) = aQ^hi(x) — h(x/l) and with h{x) given by (2.8). This f is a generalization 
off^i given in (2.16). Given XI,...,XJ^ER-^ and e,- = ± 1, let N_ (respectively N + ) be 
the number of ei which are — 1 (respectively + 1). Assume that N_ ^ N + . Finally, 
suppose that pl^ C^ (which is defined in Lemma 2.1 and which depends only on h\ 
so thatf^O. Then there is a constant C^^ depending only on h and not on v^pj, 
such that 

Y^e,eJ(x,-x,)Z-C,,pN,. (5.5) 
« < j 

Proof. Let W denote the left side of (5.5). Combining Lemmas 5.1 and 5.2, there 
is an 5 (which depends on h and on pi (by scahng)) so that whenever N+ ^ CsN^ 
we can eHminate N ^ — CsN _ positive particles without increasing W. Thus we 
can assume N + ^ CsN _. Furthermore, this 5 can only decrease when pi increases, 
so we can take s to be the value it has when pi = C^ (which depends only on h). 
Thus 5 depends only on h. Now s i n c e / ^ O , we have W^ — 2(^+ + ^ - ) / ( 0 ) = 
-^(N^ + N_)pao^-\(Cs+\)paoN_. D 

We return next to the problem of localizing the kinetic energy similarly to 
Sect. II. For any a = (w,ai,. ..,a;v)Gr x Z^" we define il/[ as in (2.11). We adopt 
the convention that the negative particles are labelled l,...,yv_ and the positive 
particles are labelled N_ + 1,...,N. Let 5„ be the a, which correspond to the 
negative particles, 

S, = {a„...,a,_}. (5.6) 

We denote by S„ the set of nearest neighbors in Z^ of 5,,, so 

S^ = {meZ^I |m - a,| g ^ for some a,G5„}. (5.7) 

Let N„ be "the number of positive particles which He in a box occupied by a 
negative particle" and N^ "the number of positive particles which lie in the same 
box as a negative particle or a nearest neighbor of such box." By this is meant 

N, = #{j>N_\ajeS,}, 

N^ = #{j>N_\ajGS^}. (5.8) 

The definition of 5^, S ,̂ N^, N^ depend only on aeZ^^. Finally we define the kinetic 
energy operator T^ (which also depends only on a) to be the kinetic energy of the 
negative particles plus the kinetic energy of "the positive particles which lie in a 
box occupied by a negative particle," namely 

r,= X - 4 - + Z -^r (5.9) 

We then have the following lemma: 

Lemma 5.4. Let CQ be the constant in (2.14). The kinetic energy is bounded below 
(recalling the definition of\da before (2.11)) as 

i^i>, Tii,y^\\daii^',, T,^i> - Co/-^[/V- + 21\NMJ^dal (5.10) 

Proof. We use (2.14) to bound <i/', — A^xjj > below for i ̂  /V_, namely 
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Now suppose i> N- and consider a hxQd a. Then we have the inequahty 

i j^X, |V,(X„,(x,V/)lA)|2^J^X.. |V,Zua. .(x.7/) |^ (5.11) 

Now use the fact that 
|V,-z„..(x../OP ^ Col'' E g{X- «i)xi,(x,.//), (5.12) 

where ^(z) is the function g(z) = 1 if |z| ^ ^,g{z) = 0 if |z| > ^/S, Hence we have 
for all i> N_, 

(5.13) 

with X being in the i*̂  position in the last sum. For i> N_ let T[ be the i^^ term 
in the kinetic energy T^ in (5.9), namely T[= - A^ if a.G^^, and Tj, = 0 otherwise. 
We have then from (5.13), 

i I < i A i , n ^ i > ^ Z j n ; ( „ V x , / / ) | V , ^ p J x + 27Co/-^ S l l ^ iP . (5.14) 

The number 27 is the number of nearest neighbors of a point in Z^. If we sum 
(5.14) with respect to all â  for ; ^ i, and then sum over U and then integrate over 
uer,y^Q obtain the inequality (5.10). D 

The following lemma is also needed for the proof of Theorem 5.1. 

Lemma 5.5. Let ij/^ be the localized wave function [2.11). Let FJ be given by [2.12) 
and T ; by {5.9). Assume that 1 ̂ fx^N^J^^. Then there is a constant C = C(^l\ 
depending only on ^il such that, with the notation of (5.8), there is the estimate 

i<iAi,r,iAi> + <«Ai ,F^ iA i> -27Co / -^NJ | ^ lP^ -C( / i / ) iV l / ^ | | ^ i p . (5.15) 

Proof. We analyze the left side of (5.15) similarly to (2.15). Since there is no 
interaction between boxes, the left-hand side of (5.15) is bounded below by 

lA UUW (5.16) 

where E„ is the ground state energy of the following Hamiltonian, H^, depending 
on (T. There are three cases: aeS^, (jeS^\S^ and a^S^. UaeS^ and n„ of the i, 1 ^ / g N, 
have a,. = a with n~ of these satisfying i^N_, then H^ is the Hamiltonian 

^ a = i7^+ K ^ - 2 7 C o / " ' n ; (5.17) 

acting on n^ particles in a box of size /, n~ of which are negative, n^ positive. Here, 
F'' = Z ^i^jYfii^i - ^j)' If ^e5„\5„, then ^i^ = 0 and H^ is the Hamiltonian 

H , = | / ^ - 2 7 C o / - ^ n , (5.18) 

acting on n„ positive particles in a box of size /. If a^S^ then H^ is 

H,= V^ (5.19) 

acting on n„ positive particles. 

803 



With J.G. Conlon and H.-T. Yau in Commun. Math. Phys. 116, 417-448 (1988) 

444 J. G. Conlon, E. H. Lieb and H.-T. Yau 

We estimate the ground state energies E„. In the case of (5.19) we clearly have 
E„ ̂  0. In the case of (5.17) we use (4.75). Taking into account the factor j in (5.17), 
which gives a factor 1^'"^ in the N"^'^ law (cf. (4.66)), and with i = /i/, (4.75) reads 
(with V = // and co = 2/x instead of co = /i + N^^^) 

- (0 .30)2^/^nJmax(2M;,2n;)]^/^-27Co/i 'T- 'n ; . (5.20) 

The quantities in (5.20) satisfy n~ ^ N _, i is fixed, 1 ̂  ; i ^ N?/^^ and/t^ is arbitrary. 
We minimize the left side of (5.20) with respect to n^. One can show that 

H,^- A{z)lixH- + M' + [n-yi'^ (5.21) 

for some A depending only on T. 
To bound (5.18), one simply notes that in this case 

H , ^ i ( y 3 / ) - ^ n > , - l ) e x p ( - y 3 T ) - 2 7 C o / - ^ M . ^ - B ( T ) / - 3 

for some B{T) independent of n„. By using the fact that 1 ^ / i ^ N l ^ ^ ^ , one has 
H,^ -D{x)N'd\ 

Now, putting together the bounds for (5.17), (5.18) and (5.19), we conclude that 
for some F{x) 

(1 ) ( 2 ) 

where the first sum is over S^ and the second is over S^\S^. The number of points 
in 5„ is iV_ while the number of points in 5„ is at most 21 N_. Using the facts 

(1 ) 

that ju ̂  Nl^^^, ^ n ^ = TV _, and the convexity of ?i->n^^^, the lemma is proved. D 

Proof of Theorem 5.1. Step 1. Starting with v, we define /x = Nl^^^, and 
1 = CjNZ'^^^^, where C^ is given in Lemma 2.1. As in Sect. II we write aQY^ = 
f + Y^hi, with / = ao y^ — Y /̂i, as in Lemma 5.3. By Lemma 5.3, the contribution 
to the potential energy from / is bounded below by — C^^{fi —v)N_ ^ 
— C^^N^J^'^^ for large N. This can be neglected compared to NV^. 

Step 2. Lemma 5.4 is used to localize the kinetic energy. The term — CQT'^N^ 
in (5.10) can be neglected since r^ = {C^y^NV^\ 

Step 3. The first and third terms on the right side of (5.10) is combined with 
the Y^hi part of the potential energy. We localize this potential energy as in (2.13). 
The first and third terms of (5.10) plus the locaHzed potential energy is just the 
left side of (5.15). To prove the theorem we merely have to sum the right side of 
(5.15) over a, but this is exactly — C{C2)NV^ by the normalization condition on 
•A. D 

Appendix: Thomas -Fermi Theory and the Stability of Matter 
with Yukawa Potentials 

Our main goal here is to establish a lower bound to the energy and an upper 
bound to the kinetic energy for quantum mechanical particles interacting with 
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Yukawa, instead of Coulomb potentials. We consider N movable particles with 
charge - 1 and coordinates Xi,...,X;v6R^ and K fixed particles with coordinates 
/ ? ! , . . . , 7 ĵ̂ eR^ and charges Zi, . . . ,Z;̂  ^ 0. The movable particles will be considered 
to be fermions with q spin states, so that q = N corresponds to the boson case. 
The Hamiltonian is 

/ / = - f {^, + V{x,)] + I y,(x, - X,) + C/, (A.l) 
' - 1 l^i<j^N 

with 

K(x)= tzjY^{x-Rjl 

U= X z,ZjY^{R,-Rj). (A.2) 

^/iW = U r ^ ^xp{ —/^l^l} is the Yukawa potential. It is positive definite and 
satisfies 

(~A + fi^)Y^ = 4n3. (A.3) 
The energy is 

E = mf{{iP,HM\\\i^\\, = land^\\R,,.,.,R^}. (A.4) 

The method of [15] will be used, which means that we first have to examine the 
Thomas-Fermi (TF) functional 

^(p) = ̂ q-'''y\p'/^x)dx - J V{x)p{x)dx + i^lp{x)p(y) Y^(x - y)dxdy + V (A.5) 

and corresponding energy 

£^^ = inf{#(p)|pEL^/^nL^}. (A.6) 

Notice that in (A.6) we do not impose \p = N. This constraint could easily be dealt 
with, but it is not needed in this paper. 

One of our results will be that E^^ - (7 is a monotone decreasing function oi p,. 

A. The Thomas-Fermi Problem. By the methods of [14], a minimizer exists for 
(A.6) and satisfies yq~^'^p(xy^ = max((/>(x),0) with 

(/>(x)=F(x)-(y,*p)(x). (A.7) 

Lemma A.l. (f){x) ^ 0, all x, and therefore the TF equation becomes 

yq-"'p{x)'" = (l)(x). (A.8) 

Proof. Let B = {x\(t){x) <0}. On J5,p(x) = 0and R^^B, all /(because (j){R,)=oo). 
Therefore - Zl(/) = - /i^(/) ^ 0 on 5, so (/) is superharmonic on B. Since 0 = 0 on 
dB,(t)^0 on B which implies that B is empty, n 

Lemma A.2. Let z^,...,Zf^^O and 2| ,Z2,. . . ,z^ > 0 be two sets of charges with 
z^^z^. Then, for all x, < (̂x) ̂  (f){x). 

Proof Let (A = 0-(/> and B={x\\l/ <0}. Clearly, R^^B. On B, p ^ p so (- A + 
P-^)^ = 47c(p - p) ̂  0. Thus (// is superharmonic on B and again B is empty. D 

Lemma A.3. Let z^,...,Zj^>0 and ẑ ^ + j , . . . , z^ > 0 /je two sets of charges located 

805 



With J.G. Conlon and H.-T. Yau in Commun. Math. Phys. 116, 417-448 (1988) 

446 J. G. Conlon, E. H. Lieb and H.-T. Yau 

at Ri,...,Rj^. Then 

(A.9) 

Proof. This is Teller's theorem for the Yukawa potential and is proved as in [14] 
using Lemma A.2. D 

Lemma A.3 is given in [16, p. 237]. 
Next, we turn to the question of monotonicity with respect to fi. 

Lemma A.4. Suppose p,^ > Pj^ ^^^h given fixed charges z,- > 0 and locations R^. Then 
02 W = 01 W> for all X, 

Proof Let 0 = 0 2 - 0 1 and B = {x|0(x) <0} . Then ( - ^ 4-/i?)0,(x) = X ^ j ^ ( ^ -
Rj) — pi(x). By subtracting these two equations, and using the fact that Pi > P2 ^^ 
B, we find that - zl(/̂  > //^0i - /i |02 > 0. Again, B is empty. D 

Let us define 
N ' = I P , (A.IO) 

where p is the solution to (A.8). N' is the maximum negative charge for the TF 
system (A.5). 

Lemma A.5. If p^ > l^iy y^ith fixed z,- and i?,-, then 

N\SN'2 and EY-U,^EY-U2. (A.ll) 

Proof N\ ^ N2 is a trivial consequence of Lemma A.4 and (A.8). By multiplying 
(A.8) by p and integrating, we have that 

E-U=-ijVp-^^^p(x)p{y)Y^ix-y)dxdy, (A.12) 

Since/^i > p2,Pi(x) ^ p2{x) and Y^^(x)< Y^^M, for all x. This, together with (A.12), 
proves the lemma. \Z\ 

Let us now compare the Yukawa TF problem with the Coulomb TF problem, 
K 

which corresponds to p = 0. For the Coulomb problem N' = Z = YJ^J [^fl- ^Y 
1 

Lemmas A.3 and A.5 we have that 

£TF ̂  J £TF,a.on.,, .) ̂  j ^ EY,-^T^{ZJ). (A. 1 3) 

The latter inequahty follows from the fact that [7 = 0 for an atom. For the TF 
Coulomb atom [14], E'^^(z) = - (3.679)y ~ ^ q^'^z'^'^. Thus, for the Yukawa problem, 

£'r^^ -(3.679)7-^^2/^ f z]i\ (A. 14) 

Another lower bound for £'̂ '̂̂ *''"'(z) can be obtained by dropping the ppY^ term 
in (A.5). The resulting minimization problem is trivial: q ~ ^'^ yp{xY'^ = y{x) = z Y^(x) 
for an atom. Since Jy^/^ =47r(27c/5/i)^/2^ (A.13) implies 

£^^^ -Aqp-'i^y-^i^2nl5fi^ f z]i\ (A.15) 
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B. The Quantum-Mechanical Problem. Returning to the Hamiltonian in (A.l), we 
want to find a lower bound to < i/̂ , H\l/ > for any normalized iV-particle function, 
\jj. The one-particle density of ^ is defined by 

p^{x)-=N\\\l/{x,X2,...,x^)\'^dx2-"dx^, (A.16) 

and {\l/,Hil/y will be bounded in terms of p^. 
To bound the particle-particle energy we use the trick in [15]. Consider (A.5) 

with q={,K = N,y = S (arbitrary), -R, = x, and Zj= l for i = l , . . . , i V . Then, 
inserting p^ in (A.l) and using (A. 14), 

X r,(x,. - X,) ̂  HJp,(x)p^(j;) y,(x - y)dxdy - | .5 jp^ ' ' - 3.619N/d. (A.17) 
l^i<j^N 

To bound the kinetic energy, we use the bound in [15] (recall that q = N for 
bosons): 

K(iP) = (^iP,-t^A,iP^^K,N-'''^p^(xr^'dx. (A.18) 

In [15], the constant X3 is given as j(3n/2)^'^ = \.69, but this constant was 
subsequently improved. The best bound at present is in [11] where it is shown 
that we can take K^ = 2.7709. 

Combining (A.17), (A.18) we have the following bound for any normalized ij/ 

<iA,/f.A> ^ ^(P^) - (3.679)iV/(5, (A. 19) 

with q = 1 and y = ^K^N~^'^ — 3 in (A.5). We choose 

-1 

3 = ^K^N-"^ s-'^s 

K \ l / 2 -

^1/2 ^ j 1^ ^7/3 (A.20) 

which impHes that y > 0. Using the bound (A. 14) we obtain 

Theorem A.l. With H given by (A.l), the following holds for all normalized i/̂ : 

, 1 / 2 -

< lA, //(A > ̂  - f (3.679)X3"' N""^ N"'-^( ZzJ 7^/3 (A.21) 

with K^ = 2.1109. 
The final task is to apply Theorem A.l to H^ in (1.1). Suppose that K 

particles have ,̂ = + 1 and M particles have e, = — 1 with K + M = N. By 
ignoring the positive kinetic energy of the positive particles, (A.21) can be used with 
{N, K)-^ (M, K). Alternatively, the roles of positive and negative particles can be 
interchanged, so we can also replace (N,K) in (A.21) by (K, M). The two bounds 
can then be averaged and an expression of the form ^(K^^^ + M^'^)(K^'^ + M^'^Y 
is obtained. However, given that K -\- M = N, K-^'^ + M^'^ has its maximum at 
K = M = N/2. So does K^'^ + M^'^. Thus we have 

Theorem A.2. With H^ given by (1.1), the following holds for all normalized ij/. 

<i//,/f;,iA> ^ - 1.004N^/^ (A.22) 

A virial type theorem, analogous to Theorem 2.2, can be obtained from (A.22). 
Another application is the following. 
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Theorem A.3. Suppose ^ is normalized and (^\l/,Hj^il/} ^ 0 . Then 

K(\lj)^4m6N^^\ (A.23) 

Proof. 0 ^ K(il/) + P{\l/) = \K{\ij) + {iP,Hj,^^j2^} where H^^,/2 is given by (1.1) but 
with Ai replaced by ^zl,-. By scahng, the analogue of (A.22) is (IA^^N i/i'A) ^ 
-2(1.004)iV^/^ D 
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Abstract: The model considered here is the "jeUium" model in which there is a uniform, 
fixed background with charge density —ep in a large volume V and in which N = pV 
particles of electric charge +e and mass m move - the whole system being neutral. In 
1961 Foldy used Bogolubov's 1947 method to investigate the ground state energy of this 
system for bosonic particles in the large p limit. He found that the energy per particle 
is —0.402r^ me^/h^ in this limit, where r̂  = {?>/Anp)^^^e^m/h^. Here we prove 
that this formula is correct, thereby validating, for the first time, at least one aspect of 
Bogolubov's pairing theory of the Bose gas. 

1. Introduction 

Bogolubov's 1947 pairing theory [B] for a Bose fluid was used by Foldy [F] in 1961 to 
calculate the ground state energy of the one-component plasma (also known as "jellium") 
in the high density regime - which is the regime where the Bogolubov method was 
thought to be exact for this problem. Foldy's result will be verified rigorously in this 
paper; to our knowledge, this is the first example of such a verification of Bogolubov's 
theory in a three-dimensional system of bosonic particles. 

Bogolubov proposed his approximate theory of the Bose fluid [B] in an attempt to 
explain the properties of liquid Helium. His main contribution was the concept of pairing 
of particles with momenta k and —k\ these pairs are supposed to be the basic constituents 
of the ground state (apart from the macroscopic fraction of particles in the "condensate", 
oxk — 0 state) and they are the basic unit of the elementary excitations of the system. The 
pairing concept was later generalized to fermions, in which case the pairing was between 
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particles having opposite momenta and, at the same time, opposite spin. Unfortunately, 
this appealing concept about the boson ground state has neither been verified rigorously 
in a 3-dimensional example, nor has it been conclusively verified experimentally (but 
pairing has been verified experimentally for superconducing electrons). 

The simplest question that can be asked is the correctness of the prediction for the 
ground state energy (GSE). This, of course, can only be exact in a certain limit - the 
"weak coupling" limit. In the case of the charged Bose gas, interacting via Coulomb 
forces, this corresponds to the high density limit. In gases with short range forces the 
weak coupling limit corresponds to low density instead. 

Our system has Â  bosonic particles with unit positive charge and coordinates Xj, 
and a uniformly negatively charged "background" in a large domain Q of volume V. 
We are interested in the thermodynamic limit. A physical realization of this model is 
supposed to be a uniform electron sea in a solid, which forms the background, while 
the moveable "particles" are bosonic atomic nuclei. The particle number density is then 
p = N/V and this number is also the charge density of the background, thus ensuring 
charge neutrality. 

The Hamiltonian of the one-component plasma is 

1 ^ 

7 = 1 

where p = —iV is the momentum operator, p^ = — A, and the three potential energies, 
particle-particle, particle-background and background-background, are given by 

(2) Upp = 

Upb = 

Ubb = 

,=1J^ 

JnJn 

xj\-' 

-y\' 

-yr 

' 

~'d'y, 

' d^xd'^y. 

(3) 

(4) 
JQ JQ 

In our units h^/m — 1 and the charge is ^ = 1. The "natural" energy unit we use is 
two Rydbergs, 2Ry = me'^/h^. It is customary to introduce the dimensionless quantity 
rs — {3/Anpy/^e^m/h^. High density is small r^. 

The Coulomb potential is infinitely long-ranged and great care has to be taken because 
the finiteness of the energy per particle in the thermodynamic limit depends, ultimately, 
on delicate cancellations. The existence of the thermodynamic limit for a system of 
positive and negative particles, with the negative ones being fermions, was shown only 
in 1972 [LLe] (for the free energy, but the same proof works for the ground state energy). 
Oddly, the jellium case is technically a bit harder, and this was done in 1976 [LN] (for 
both bosons and fermions). One conclusion from this work is that neutrality (in the 
thermodynamic limit) will come about automatically - even if one does not assume it 
- provided one allows any excess charge to escape to infinity. In other words, given the 
background charge, the choice of a neutral number of particles has the lowest energy in 
the thermodynamic limit. A second point, as shown in [LN], is that e^ is independent of 
the shape of the domain Q. provided the boundary is not too wild. For Coulomb systems 
this is not trivial and for real magnetic systems it is not even generally true. We take 
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advantage of this liberty and assume that our domain is a cube [0, L] x [0, L] x [0, L] 
with L^ = V. 

We note the well-known fact that the lowest energy of / / in (1) without any restriction 
about "statistics" (i.e., on the whole of (g)̂ L (̂IR-̂ )) is the same as for bosons, i.e., on the 
symmetric subspace of 0^L^(]R-^). The fact that bosons have the lowest energy comes 
from the Perron-Frobenius Theorem applied to —A. 

Foldy's calculation leads to the following theorem about the asymptotics of the energy 
for small r^, which we call Foldy's law. 

Theorem 1.1 (Foldy's Law). Let EQ denote the ground state energy, i.e., the bottom of 
the spectrum, of the Hamiltonian H acting in the Hilbert space ®^ L^(M?). We assume 
that Q, = [0, L] X [0, L] x [0, L]. The ground state energy per particle, eo = EQ/N , 
in the thermodynamic limit N, L -^ oo with N/V = pfixed, in units ofme^/h^, is 

lim Eo/N = eo = -0.40154r,"^/^ + o(p^^^) 
V->oo 

, 1/4 (5) 
-0.40154 f ^ " ) p'/' + o(p'/'). 

where the number —0.40154 is, in fact, the integral 

A = U^'^ r { / ( / + 2)>/2 - / - 1 b p = - | ^ ^ ^ ^ « -0.40154. (6) 
71 JQ y J 5V7rr(5/4) 

Actually, our proof gives a result that is more general than Theorem 1.1. We allow 
the particle number N to be totally arbitrary, i.e., we do not require N — pV. Our lower 
bound is still given by (5), where now p refers to the background charge density. 

In [F] 0.40154 is replaced by 0.80307 since the energy unit there is 1 Ry. The main 
result of our paper is to prove (5) by obtaining a lower bound on E^ that agrees with 
the right side of (5) An upper bound to EQ that agrees with (5) (to leading order) was 
given in 1962 by Girardeau [GM], using the variational method of himself and Amowitt 
[GA]. Therefore, to verify (5) to leading order it is only necessary to construct a rigorous 
lower bound of this form and this will be done here. It has to be admitted, as explained 
below, that the problem that Foldy and Girardeau treat is slighdy different from ours 
because of different boundary conditions and a concommitant different treatment of the 
background. We regard this difference as a technicality that should be cleared up one 
day, and do not hesitate to refer to the statement of 1.1 as a theorem. 

Before giving our proof, let us remark on a few historical and conceptual points. 
Some of the early history about the Bose gas, can be found in the lecture notes [L]. 

Bogolubov's analysis starts by assuming periodic boundary condition on the big box 
Q and writing everything in momentum (i.e., Fourier) space. The values of the momen­
tum, k are then discrete: k = {2n/L){m\, m2, m-^) with m/ an integer. A convenient 
tool for taking care of various n\ factors is to introduce second quantized operators a^ 
(where a^ denotes a or a*), but it has to be understood that this is only a bookkeeping 
device. Almost all authors worked in momentum space, but this is neither necessary 
nor necessarily the most convenient representation (given that the calculations are not 
rigorous). Indeed, Foldy's result was reproduced by a calculation entirely in jc-space 
[LS]. Periodic boundary conditions are not physical, but that was always chosen for 
convenience in momentum space. 

We shall instead let the particle move in the whole space, i.e., the operator H acts 
in the Hilbert space L^(R-^^), or rather, since we consider bosons, in the the subspace 
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consisting of the A -̂fold fully symmetric tensor product of L^(E-^). The background 
potential defined in (2) is however still localized in the cube Q. We could also have 
confined the particles to ^ with Dirichlet boundary conditions. This would only raise 
the ground state energy and thus, for the lower bound, our setup is more general. 

There is, however, a technical point that has to be considered when dealing with 
Coulomb forces. The background never appears in Foldy's calculation; he simply re­
moves the A; = 0 mode from the Fourier transform, v of the Coulomb potential (which 
is y (/:) =z 47t\k\~^, but with k taking the discrete values mentioned above, so that we are 
thus dealing with a "periodized" Coulomb potential). The k = 0 elimination means that 
we set y(0) = 0, and this amounts to a subtraction of the average value of the potential -
which is supposed to be a substitute for the effect of a neutralizing background. It does 
not seem to be a trivial matter to prove that this is equivalent to having a background, 
but it surely can be done. Since we do not wish to overload this paper, we leave this 
demonstration to another day. In any case the answers agree (in the sense that our rigor­
ous lower bound agrees with Foldy's answer), as we prove here. If one accepts the idea 
that setting y(0) = 0 is equivalent to having a neutralizing background, then the ground 
state energy problem is finished because Girardeau shows [GM] that Foldy's result is a 
true upper bound within the context of the v(0) = 0 problem. 

The potential energy is quartic in the operators af. In Bogolubov's analysis only 
terms in which there are four or two a^ operators are retained. The operator a^ creates, 
and ao destroys particles with momentum 0 and such particles are the constituents of 
the "condensate". In general there are no terms with three a^ operators (by momentum 
conservation) and in Foldy's case there is also no four a* term (because of the subtraction 
just mentioned). 

For the usual short range potential there is a four a^ term and this is supposed to give 
the leading term in the energy, namely eo = ^npa, where a is the "scattering length" 
of the two-body potential. Contrary to what would seem reasonable, this number, 4Trpa 
is not the coefficient of the four a^ term, and to to prove that An pa is, indeed, correct 
took some time. It was done in 1998 [LY] and the method employed in [LY] will play an 
essential role here. But it is important to be clear about the fact that the four AQ , or "mean 
field" term is absent in the jellium case by virtue of charge neutrality. The leading term 
in this case presumably comes from the two a^ terms, and this is what we have to prove. 
For the short range case, on the other hand, it is already difficult enough to obtain the 
47Tpa energy that going beyond this to the two a^ terms is beyond the reach of rigorous 
analysis at the moment. 

The Bogolubov ansatz presupposes the existence of Bose-Einstein condensation 
(BEC). That is, most of the particles are in the /: = 0 mode and the few that are not come 
in pairs with momenta k and —k. Two things must be said about this. One is that the only 
case (known to us) in which one can verify the correctness of the Bogolubov picture at 
weak coupling is the one-dimensional delta-function gas [LLi] - in which case there is 
presumably no BEC (because of the low dimensionality). Nevertheless the Bogolubov 
picture remains correct at low density and the explanation of this seeming contradiction 
lies in the fact that BEC is not needed; what is really needed is a kind of condensation on 
a length scale that is long compared to relevant parameters, but which is fixed and need 
not be as large as the box length L. This was realized in [LY] and the main idea there was 
to decompose Q into fixed-size boxes of appropriate length and use Neumann boundary 
conditions on these boxes (which can only lower the energy, and which is fine since we 
want a lower bound). We shall make a similar decomposition here, but, unlike the case 

812 



Ground State Energy of the One-Component Charged Bose Gas 

Ground State Energy of One-Component Charged Bose Gas 131 

in [LY] where the potential is purely repulsive, we must deal here with the Coulomb 
potential and work hard to achieve the necessary cancellation. 

The only case in which BEC has been proved to exist is in the hard core lattice gas 
at half-filling (equivalent to the spin-1/2 XY model) [KLS]. 

Weak coupling is sometimes said to be a "perturbation theory" regime, but this is not 
really so. In the one-dimensional case [LLi] the asymptotics near p = 0 is extremely 
difficult to deduce from the exact solution because the "perturbation" is singular. Nev­
ertheless, the Bogolubov calculation gives it effortlessly, and this remains a mystery. 

One way to get an excessively negative lower bound to eo for jellium is to ignore 
the kinetic energy. One can then show easily (by an argument due to Onsager) that the 
potential energy alone is bounded below by ^o ^ —p^^^. See [LN]. Thus, our goal is 
to show that the kinetic energy raises the energy to —p^^^. This was done, in fact, in 
[CLY], but without achieving the correct coefficient -0.803(47r/3) Ẑ"̂ . Oddly, the - p /̂"̂  
law was proved in [CLY] by first showing that the non-thermodynamic N'^^^ law for a 
two-component bosonic plasma, as conjectured by Dyson [D], is correct. 

The [CLY] paper contains an important innovation that will play a key role here. 
There, too, it was necessary to decompose R-̂  into boxes, but a way had to be found to 
eliminate the Coulomb interaction between different boxes. This was accomplished by 
not fixing the location of the boxes but rather averaging over all possible locations of the 
boxes. This "sliding localization" will play a key role here, too. This idea was expanded 
upon in [GG]. Thus, we shall have to consider only one finite box with the particles and 
the background charge in it independent of the rest of the system. However, a price will 
have to be paid for this luxury, namely it will not be entirely obvious that the number 
of particles we want to place in each box is the same for all boxes, i.e., pl^, where I 
is the length of box. Local neutrality, in other words, cannot be taken for granted. The 
analogous problem in [LY] is easier because no attractive potentials are present there. 
We solve this problem by choosing the number, n, in each box to be the number that 
gives the lowest energy in the box. This turns out to be close to n = pi?, as we show 
and as we know from [LN] must be the case as £ -> oo. 

Finally, let us remark on one bit of dimensional analysis that the reader should keep in 
mind. One should not conclude from (5) that a typical particle has energy p^/^ and hence 
momentum p^/^ or de Broghe wavelength p~^/^. This is not the correct picture. Rather, 
a glance at the Bogolubov-Foldy calculation shows that the momenta of importance 
are of order p~^^^, and the seeming paradox is resolved by noting that the number of 
excited particles (i.e., those not in the k = 0 condensate) is of order Np~^/^. This means 
that we can, hopefully, localize particles to lengths as small as p"^/^"^^, and cut off 
the Coulomb potential at similar lengths, without damage, provided we do not disturb 
the condensate particles. It is this clear separation of scales that enables our asymptotic 
analysis to succeed. 

2. Outline of the Proof 

The proof of our Main Theorem 1.1 is rather complicated and somewhat hard to penetrate, 
so we present the following outline to guide the reader. 

2.1. Section 3. Here we locaHze the system whose size is L into small boxes of size 
I independent of L, but dependent on the intensive quantity p. Neumann boundary 
conditions for the Laplacian are used in order to ensure a lower bound to the energy. We 
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always think of operators in terms of quadratic forms and the Neumann Laplacian in a 
box Q is defined for all functions in i/r G L^(Q) by the quadratic form 

= / . (V^, -ANeumannV^) == / |VV^(x) | dx. 
JQ 

The lowest eigenfunction of the Neumann Laplacian is the constant function and this 
plays the role of the condensate state. This state not only minimizes the, kinetic energy, 
but it is also consistent with neutralizing the background and thereby minimizing the 
Coulomb energy. The particles not in the condensate will be called "excited" particles. 

To avoid localization errors we take I ^ p~^^^, which is the relevant scale as we 
mentioned in the Introduction. The interaction among the boxes is controlled by using 
the sliding method of [CLY]. The result is that we have to consider only interactions 
among the particles and the background in each little box separately. 

The Â  particles have to be distributed among the boxes in a way that minimizes the 
total energy. We can therefore not assume that each box is neutral. Instead of dealing with 
this distribution problem we do a simpler thing which is to choose the particle number in 
each little box so as to achieve the absolute minimum of the energy in that box. Since all 
boxes are equivalent this means that we take a common value n as the particle number 
in each box. The total particle number which is n times the number of boxes will not 
necessarily equal A'̂ , but this is of no consequence for a lower bound. We shall show 
later, however, that it equality is nearly achieved, i.e., the the energy minimizing number 
n in each box is close to the value needed for neutrality. 

2.2. Section 4. It will be important for us to replace the Coulomb potential by a cutoff 
Coulomb potential. There will be a short distance cutoff of the singularity at a distance r 
and a large distance cutoff of the tail at a distance R, with r < R <^ I. One of the unusual 
features of our proof is that r are R are not fixed once and for all, but are readjusted each 
time new information is gained about the error bounds. 

In fact, already in Sect. 4 we give a simple preliminary bound on n by choosing 
R ^ p~^/^, which is much smaller than the relevant scale /O"̂ /"̂ , although the choice of 
R that we shall use at the end of the proof is of course much larger than p~^^^, but less 
than £. 

2.3. Section 5. There are several terms in the Hamiltonian. There is the kinetic energy, 
which is non-zero only for the excited particles. The potential energy, which is a quartic 
term in the language of second quantization, has various terms according to the number of 
times the constant function appears. Since we do not have periodic boundary conditions 
we will not have the usual simplification caused by conservation of momentum, and the 
potential energy will be correspondingly more complicated than the usual expression 
found in textbooks. 

In this section we give bounds on the different terms in the Hamiltonian and use these 
to get a first control on the condensation, i.e., a control on the number of particles ^+ in 
each little box that are not in the condensate state. 

The difficult point is that 1̂+ is an operator that does not commute with the Hamilto­
nian and so it does not have a sharp value in the ground state. We give a simple preliminary 
bound on its average (n^) in the ground state by again choosing R ^^ p~^/^.ln order to 
control the condensation to an appropriate accuracy we shall eventually need not only a 
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bound on the average, (n+), but also on the fluctuation, i.e, on {n\). This will be done 
in Sect. 8 using a novel method developed in Appendix A for localizing off-diagonal 
matrices. 

2.4. Section 6. The part of the potential energy that is most important is the part that is 
quadratic in the condensate operators a^ and quadratic in the excited variables a* with 
p ^ 0. This, together with the kinetic energy, which is also quadratic in the a^, is the 
part of the Hamiltonian that leads to Foldy's law. Although we have not yet managed to 
eliminate the non-quadratic part up to this point we study the main "quadratic" part of 
the Hamiltonian. It is in this section that we essentially do Foldy's calculation. 

It is not trivial to diagonalize the quadratic form and thereby reproduce Foldy's 
answer because there is no momentum conservation. In particular there is no simple 
relation between the resolvent of the Neumann Laplacian and the Coulomb kernel. The 
former is defined relative to the box and the latter is defined relative to the whole of 
M?. It is therefore necessary for us to localize the wavefunction in the little box away 
from the boundary. On such functions the boundary condition is of no importance and 
we can identify the kinetic energy with the Laplacian in all of R^. This allows us to 
have a simple relation between the Coulomb term and the kinetic energy term since the 
Coulomb kernel is in fact the resolvent of the Laplacian in all of R^. 

When we cut off the wavefunction near the boundary we have to be very careful 
because we must not cut off the part corresponding to the particles in the condensate. To 
do so would give too large a localization energy. Rather, we cut off only functions with 
sufficiendy large kinetic energy so that the localization energy is relatively small com­
pared to the kinetic energy. The technical lemma needed for this is a double commutator 
inequality given in Appendix B. 

2.5. Section 7. At this point we have bounds available for the quadratic part (from 
Sect. 6) and the annoying non-quadratic part (from Sect. 5) of the Hamiltonian. These 
depend on r, /?,«, {/̂ +), and (/T̂ )̂. We avail ourselves of the bounds previously obtained 
for n and (n^ > and now use our freedom to choose different values for r and R to bootstrap 
to the desired bounds on n and (/T+), i.e., we prove that there is almost neutrality and 
almost condensation in each little box. 

2.6. Section 8. In order to control (n^) we utilize, for the first time, the new method 
for localizing large matrices given in Appendix A. This method allows us to restrict to 
states with small fluctuations in A?+, and thereby bound (n\), provided we know that the 
terms that do not commute with n̂ + have suffciently small expectation values. We then 
give bounds on these n̂ -f. "off-diagonal" terms. Unfortunately, these bounds are in terms 
of positive quantities coming from the Coulomb repulsion, but for which we actually 
do not have independent a-priori bounds. Normally, when proving a lower bound to 
a Hamiltonian, we can sometimes control error terms by absorbing them into positive 
terms in the Hamiltonian, which are then ignored. This may be done even when we do 
not have an a-priori bound on these positive terms. If we want to use Theorem A.l in 
Appendix A, we will need an absolute bound on the "off-diagonal" terms and we can 
therefore not use the technique of absorbing them into the positive terms. The decision 
when to use the theorem in Appendix A or use the technique of absorption into positive 
terms is resolved in Sect. 9. 

815 



With J.R Solovej in Commun. Math. Phys. 277, 127-163 (2001) 

134 E. H. Lieb, J. P. Solovej 

2.7. Section 9. Since we do not have an a-priori bound on the positive Coulomb terms 
as described above we are faced with a dichotomy. If the positive terms are, indeed, so 
large that enough terms can be controlled by them we do not need to use the localization 
technique of Appendix A to finish the proof of Foldy's law. The second possibility is 
that the positive terms are bounded in which case we can use this fact to control the 
terms that do commute with ^+ and this allows us to use the localization technique in 
Appendix A to finish the proof of Foldy's law. Thus, the actual magnitude of the positive 
repulsion terms is unimportant for the derivation of Foldy's law. 

3. Reduction to a Small Box 

As described in the previous sections we shall localize the problem into smaller cubes of 
size i <^ L. We shall in fact choose £ as a function of p in such a way that p^f'^t -^ oo 
as yo ^ oo. 

We shall localize the kinetic energy by using Neumann boundary conditions on the 
smaller boxes. 

We shall first, however, describe how we may control the electostatic interaction 
between the smaller boxes using the sliding technique of [CLY]. 

Let t, with 0 < r < 1/2, be a parameter which we shall choose later to depend on p 
in such a way that r -> 0 as p ^^ oo. 

The choice of I and t as functions of p will be made at the end of Sect. 9 when we 
complete the proof of Foldy's law. 

Let X e C^(IR^) satisfy supp X C [ ( -1 + r)/2, (1 - 0 / 2 ] ^ 0 < X < 1, X(x) = 1 
forx in the smaller box [ ( -1 + 2r)/2, (1 - 2 0 / 2 ] ^ , and X(x) = X(-x) . Assume that 
all m-th order derivatives of X are bounded by C^/"'", where the constants Cm depend 
only on m and are, in particular, independent of r. Let X£(x) — Xix/l).L&ir) = VI - X. 
We shall assume that X is defined such that rj is also CK Let r]i{x) = r]{x/i). Using X 
we define the constant y by y~^ = f x(y)^ dy, and note that 1 < y < (1 - 2t)~^. We 
also introduce the Yukawa potential Y^ix) = |jc|~^^~^'^l for y > 0. 

As a preliminary to the following Lemma 3.1 we quote Lemma 2.1 in [CLY]. 

Lemma. Let K -.R^ ^ R be given by 

K(z) = r-^ [e-'' -e-'^'hiz)} 

with r = \z\ and co > v > 0. Let h satisfy (i) h is a C"^ function of compact support; (ii) 
h{z) = I +ar^ + O(r^) near z = 0. Let h(z) = h(-z), so that K has a real Fourier 
transform. Then there is a constant, C3 (depending on h) such that if co — v > C-}, then 
K has a positive Fourier transform and, moreover, 

Y^ eiejKixi - Xj) > - (y - co)N 
\<i<J<N 

for all x\, .. .XM e R^ and all Cj = ±\. 

Lemma 3.1 (Electrostatic decoupling of boxes using sliding). There exists a function 
of the form a)(t) = Ct'"^ (we assume that co(t) > 1 for t < \/2) and a constant y with 
1 < y < (1 — 2r)~-^ such that if we set 

w(x, y) = Xeix)Ya,^t)/e(x - y)Xe{y) (7) 
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then the potential energy satisfies 

Upp + Upt, + Ubb 

N 

-PY w{xj-^{fi^ X)€, }; + (M + A)€) dy 

+ {p^ / / w (x -{- ill + X)i, y + ill + X)t) dxdy\ - -

Proof. We calculate 

/ 
yX{x + z)Yaj{x - y)x{y -\-z)dz = h(x - y)Y^(x - y), 

where we have set /? = y X * X. Note that h(0) = 1 and that h satisfies all the assumptions 
in Lemma 2.1 in [CLY]. We then conclude from Lemma 2.1 in [CLY] that the Fourier 
transform of the function F(x) — \x\~^ - h{x)Y(^(t)M is non-negative, where d6> is a 
function such that (jo(t) -^ oo as r -^ 0. [The detailed bounds from [CLY] show that 
we may in fact choose co(t) = Ct'"^, since cjo{t) has to control the 4th derivative of h.] 
Note, moreover, that lim;c_^o f^M = co{t). Hence 

E p^yi-yj)-pT.I Fiyj 

/ / 

y)dy 
\<i<j<N / = 1 ' 

+ ip2 / / F(x-y)d.dy>-''''^''^ 

The lemma follows by writing \x\~^ = F(x) + h{y)Ya,{t)(x) and by rescaling from 
boxes of size 1 to boxes of size I. n 

As explained above we shall choose the parameters t and I as functions of p at the 
very end of the proof. We shall choose them in such a way that t -^ 0 and p^^'^i -^ oo 
as p ^ oo. Moreover, we will have conditions of the form 

p-^(pi/4£) ^ 0, and /^p^/^£) -> oo 

as p -^ oo, where r, v are universal constants. 
Consider now the n-particle Hamiltonian 

n 

^ ; , A - - ^ E < . + ) ^ ^ M , A , (8) 
y - 1 
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where we have introduced the Neumann Laplacian Â ^̂  ^ of the cube Q^x == (M + 

X)i + [ - i£ , \if and the potential 

\<i<j<n 

n 

7 = 1 -^^ 

+ 5P^ / / w (x -\- (fi + X)i, y + i^j. + X)l) dxdy. 

QxQ 

Lemma 3.2 (Decoupling of boxes). Let E^ ^ be the ground state energy of the Hamil-
tonian H^-^ given in (8) considered as a bosonic Hamiltonian. The ground state energy 
EQ of the Hamiltonian H in (1) is then bounded below as 

^ J \<n<N ^'^ 
^^^v.[-i^^p 

co{t)N 
It ' 

Proof If vl/(xi,... , XM) e L^(]R^^) is a symmetric function. Then 

( ,̂ H^)>J2 f (̂ ^ H^^"^) dfi - "^^^^^ 
It 

where 

N 

(^ ~ _ 
N 

, / / / x , A ^ ) - J2 / | V y V l / ( x i , . . . , X y v ) | 2 t / x i . . . J x y v 

•fw. + y / VI^ /X ,A( -^1 , . . . , X y v ) | ^ ( x i , . . . , X y v ) r J x i ...dxN. 

The lemma follows since it is clear that (4 ,̂ H^^x^) > inf i<„</v £'̂  ;̂ . n 

For given /x the Hamiltonians //^ ^̂  fall in three groups depending on X. The first kind 
for which gx./x 0 ^ = 0. They describe boxes with no background. The optimal energy 
for these boxes are clearly achieved for n = 0. The second kind for which 2A,/x C Q. 
These Hamiltonians are all unitarily equivalent to yH^, where 

+ ^ w(xi,Xj)-\-jp^ w(x,y)dxdy, 
\<i<j<n 

where -A^ is the Neumann Laplacian for the cube [-t/2,t/2]^. Finally, there are 
operators of the third kind for which 0^ ^ intersects both Q and its complement. In 
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this case the particles only see part of the background. If we artificially add the missing 
background only the last term in the potential Wij,^x increases. (The first term does not 
change and the second can only decrease.) In fact it will increase by no more than 

jP^ ff w{x, y) dx dy < \p^ ff \x-y\-^ dx dy < Cp^l\ 

xel-^/2,^/2]3 
.v6[-^/2,£/2]3 

Thus the operator / /" ^ of the third kind are bounded below by an operator which is 

unitarily equivalent to yH^ — Cp^l^. 
We now note that the number of boxes of the third kind is bounded above by C{L/t)^. 

The total number of boxes of the second or third kind is bounded above by {L-\-l)^ /t^ = 

We have therefore proved the following result. 

Lemma 3.3 (Reduction to one small box). The ground state energy EQ of the Hamil-
tonian H in (I) is bounded below as 

Eo>il-^L/ify inf inf Spec / / ; - C(L/£)^pV - — — - , 
\<n<N 2i 

where H^ is the Hamiltonian defined in (9). 

In the rest of the paper we shall study the Hamiltonian (9). 

4. Long and Short Distance Cutoffs in the Potential 

The potential in the Hamiltonian (9) is w given in (7). Our aim in this section to replace 
If by a function that has long and short distance cutoffs. 

We shall replace the function w by 

u)r,R(x, y) = Xe(x)Vr,R{x - y)Xe{y), (10) 

where 

e-\x\/R _ ^-\x\/r 

Vr,R{x) = Yf^-^{x) - Y,-^ix) = . (11) 
\x\ 

Here 0 < r < R < a)it)~U. Note that for x <<C r then V,,/?(;c) ^ r " ' - R~^ and for 
|x| » R then Vr,R(x) ^ |jcr'^-l-^l/^. 

In this section we shall bound the effect of replacing w by Wr,R. We shall not fix 
the cutoffs r and R, but rather choose them differently at different stages in the later 
arguments. 

We first introduce the cutoff R alone, i.e., we bound the effect of replacing w by 
WRix^y) - Xe{x)VR(x - y)Xdy), where VR{X) = Ixp^^-I^l/'^ = Yf^-i{x). Thus, 
since R < a){t)~^l,ihe Fourier transforms satisfy 
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(We use the convention that f(k) = f f{x)e '̂ ^ dx.) Hence w{x, y) - WR{X, y) = 
Xe(x) {Ya)/e - VR) (X - y)Xe{y) defines a positive semi-definite kernel. Note, more­

over, that {Yoj/e - VR) (0) = R'^ - co/l < R-^ Thus, 

l</<7<n 

^ w(xi,Xj) - P^ w(xj,y)dy + \p^ / / w{x,y)dxdy 

^ WR{xi,Xj) - PYI \ ^Rixj^y)dy + \p^ / / WR{x,y)dxdy j 
i<j<n j=l^ ^^ J 

-Iff ^ 5 ( x -Xi) - p (w -WrKx,y) J2^(y-xi) dxdy 

- 2 E ^«(̂ '>^ (̂ -/< - ^«) (0) > -\n {Y^n - VR) (0) = -\nR-\ (12) 

We now bound the effect of replacing WR by Wr,R. I.e., we are replacing VR{X) = 
|^ |-i^- |x|/^ by \x\-^ (^-1^1/^ - ^-l^l/'-). This will lower the repulsive terms and for 
the attractive term we get 

n . n 

~PY1,\ ^R(^j^y)^y ^ ~ P^ \ ^r,R(xj,y)dy 

g-\x-y\/r 
j=r 

f np sup / Xe{x) 
\x-y\ 

n 

P^ ^r,R(xj, y)dy - Cnpr^ 

Xdy)dy (13) 

If we combine the bounds (12) and (13) we have the following result. 

Lemma 4.1 (Long and short distance potential cutoffs). Consider the Hamiltonian 

^lr,R = J 2 \ ^ y ^^^'J ~ ^ U)r,R(xj,y)dy] + Y^ Wr,R(Xi,Xj 

-V\P^ / / Wy^RiX, 

\<i<j<n (14) 

, y)dx dy, 

where Wr,R is given in (10) and (11) with 0 < r < R < co(t)~^l and - A^ as before is 
the Neumann Laplacianfor the cube [—t/2, t/lf. Then the Hamiltonian H^ defined 
in (9) obeys the lower bound 

^e ^ Kr,R - I'^^"* - Cxnpr^. 

A similar argument gives the following result. 

Lemma 4.2. With the same notation as above we have for 0<r'<r<R<R'< 
(joit)~U that 

Kr',R'^KnR-\^^~'-Cxnpr\ 
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Proof. Simply note that V,/,/?/(x)-V,,/?(x) = F^,-i (jc)-r;^-i(jc)-f-y,-i(jc)-F^,-i (jc) 
and now use the same arguments as before, n 

Corollary 4.3 (The particle number n cannot be too small). There exists a constant 
C > 0 such that ifco{t)~^p^f^l > C then H^ >Oifn < Cpl^. 

Proof. Choose R = p~^^^ and r = jR. Then we may assume that R < co(t)~^l since 
a)(t)~^p^^^i is large. From Lemma 4.1 we see immediately that 

H^ >-Y,P Wr,R(xj,y)dy+^^p^ / / Wr,R{x, y)dxdy - CnpR^ 

>-nsupp / Wr,R(,x,y)dy -\- jp^ / / Wr,R(x, y)dx dy - CnpR^. 

The corollary follows since sup^ / Wr,R(x, y) dy < AnR^ and with the given choice of 
R and r it is easy to see that ^ / / Wr,R(x, y) dx dy > cR^i^. D 

5. Bound on the Unimportant Part of the Hamiltonian 

In this section we shall bound the Hamiltonian H^^ ^^ given in (14). We emphasize that 
we do not necessarily have neutrality in the cube, i.e., n and pl^ may be different. We 
are simply looking for a lower bound to //"^ ̂ , that holds for all n. The goal is to find a 
lower bound that will allow us to conclude that the optimal «, i.e., the value for which 
the energy of the Hamiltonian is smallest, is indeed close to the neutral value. 

We shall express the Hamiltonian in second quantized language. This is purely for 
convenience. We stress that we are not in any way changing the model by doing this and 
the treatment is entirely rigorous and could have been done without the use of second 
quantization. 

LQiUp,ip/7T G (N U {0})̂  be an orthonormal basis ofeigenfunctions of the Neumann 
Laplacian —Â  such that —A^Up — \p\^Up. I.e., 

where the normalization satisfies CQ = 1 and in general 1 < ĉ ^ < \ /8 . The function 
wo = ^~^/^ is the constant eigenfunction with eigenvalue 0. We note that for /? 7̂  0 we 
have 

{Up,-AtUp)>7T^r'^. (15) 

We now express the Hamiltonian //"^ ^ in terms of the creation and annihilation 
operators a^ = a{up) and <3* — a{upY. 

Define 

^pq,fiv= / / ^r,Rix,y)up(x)Uq{y)u^(x)uv{y)dxdy. 

We may then express the two-body repulsive potential as 

Z ! ^r,R{Xi,Xj) = ^ J2 
\<i<j<n pq,fiv 
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where the right-hand side is considered restricted to the n-particle subspace. Likewise 
the background potential can be written 

n 

-P Y^ Wr,R(Xj, y) dy = -pt^ Y^ ^Op,Oq^l^q 
j = \ pq 

and the background-background energy 

\p^ / / Wr,R{x,y)dxdy = ^P^^^WQQQO-

We may therefore write the Hamiltonian as 

p pq.f^v 

- pt^ Y "^Op^Oq^l^q + ^P^^^^00,00-
(16) 

We also introduce the operators ^o = (^0% and /î + = J2p^0' These operators 
represent the number of particles in the condensate state created by ̂ Q and the number 
of particle not in the condensate. Note that on the subspace where the total particle 
number is n, both of these operators are non-negative and n̂ + = n — ho­

using the bounds on the long and short distance cutoffs in Lemma 4.1 we may 
immediately prove a simple bound on the expectation value of AT .̂ 

Lemma 5.1 (Simple bound on the number of excited particles). There is a constant 
C > 0 such that ifco {t)~^ p^/^t > C then for any state such that the expectation {H^) < 

0, the expectation of the number of excited particles satisfies (n~+> < Cnp~^/^ (p^^^^) • 

Proof We simply choose r — R = p~^^^ m Lemma 4.1. This is allowed since R < 
a){t)~^l is ensured from the assumption that (o(t)~^p^^^f, is large. We then obtain 

n n 

7=1 i=l 

The bound on (n^) follows since the bound on the gap (15) implies that (X]y^i -^ej) > 
{n+)n^e-^. n 

Motivated by Foldy's use of the Bogolubov approximation it is our goal to reduce the 
Hamiltonian H^^j^ so that it has only what we call quadratic terms, i.e., terms which 

contain precisely two a^^ with /? # 0. More precisely, we want to be able to ignore all 
terms containing the coefficients 

• ^00,00- ^ 

• ^pO,qO — ̂ Op,Oq' where p,q 7̂  0. These terms are in fact quadratic, but do not appear 
in the Foldy Hamiltonian. We shall prove that they can also be ignored. 

^00, pO — ^00,0/7' 
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• ^pg^^y, where /?, ^, yu., y 7̂  0. The sum of all these terms form a non-negative con­
tribution to the Hamiltonian and can, when proving a lower bound, either be ignored 
or used to control error terms. 

We shall consider these cases one at a time. 

Lemma 5.2 (Control of terms with WQQ QQ). The sum of the terms in H^^ ^ containing 
WQQ QQ is equal to 

2^00,00 (n:o-pl'^j -nol 

) 00 (n - pi^^ + (n+f -2(n- p£^^ n+ - no — 2"^00,( 

Proof. The terms containing WQQ QQ are 

5^00,00 («o^o^o«o - 2p£^ao«Q + p^l^j = 5^00,00 («o«o " P^^) " 1^00,00^0^0 

using the Ocommutation relation [a , a*] — 8p^g. n 

Lemma 5.3 (Control of terms with W^^Q^Q). The sum of the terms in H^ ^ ̂  containing 

^pO,qO ^^ ^Op,Oq ^'^^ P'^ ^ 0 is bounded below by 

-47T[p - ni-^]+n+R^ - Aixn\r^R^, 

where [r]+ = max{^, 0}. 

Proof The terms containing w r^ Q or w^ Q are 

Z l (5^pO,^0«;^«0^0«^ + 5^0p,0^«0«>^«0 - P^^^Op,0^«>^) 

Note that n^o commutes with J2 ^po qO^l^q • 

We have that 

= {no - pt^) ^ ̂ pO,qQ(^p(^q' 
p^O 
q^i) 

^pO 

Hence 

qO = ^ / / ^f,R(x,y)dyUp(x)ug{x)dx. 

J2^pO,q0^l^q =^~^ / Wr,R{x,y)dy ^W/,(x)a* J2upix)al dx. 
p^O 
q:^0 

<t \up Wr,R(x\y)dy \Y^Up{x)al\ [j^^P^^'^^l] ^^• 

= £~^sup / Wr^R{x\y)dy^alap=r^^\xp / Wr,R{x', y) dyn^. 
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Since 

sup / Wr,R(x,y)dy < / Vr,R{y)dy < AnR^ 

we obtain the operator inequality 

and the lemma follows. 

Before treating the last two types of terms we shall need the following result on the 
structure of the coefficients w 

Lemma 5.4. For all p\ q' e (jt/i) (N U {0})̂  and a e N there exists r, , eR with 

^I'q' = -^q'p' ^"^^ that for all /?, q,fji,v e {n/t) (N U {0})̂  we have 

a 

Moreover we have the operator inequalities 

^ ^ E ^pp',^0^>p'= E ^pOW^>p'<^^^~^R^n^ (18) 

and 

0 < ^ w„^ ^^,ala„, <r ^n:^ 
p,p',m^O 

Proof. The operator A with integral kernel Wr,R{x, y) is SL non-negative Hilbert-Schmidt 
operator on L^(M?) with norm less than sup^ Vr,R{k) < 4nR^. Denote the eigenvalues 
of ^ by A«, a = 1,2,. . . and corresponding orthonormal eigenfunctions by (fa. We 
may assume that these functions are real. The eigenvalues satisfy 0 < ;.^ < 47tR^. We 
then have 

^pq.fMv = E'^« / ^pM^fj^M^aM^^ / ̂ qiy)i^v(y)(Paiy)dy. 

The identity (17) thus follows with J^^ = xH^ f Up(x)u^(x)(pc,(x) dx. 
If P denotes the projection onto the constant functions we may also consider the 

operator (/ - P)A{I - P). Denote its eigenvalues and eigenfunctions by X'^ and cp'^. 
Then again 0 < A.̂  <AnR^. Hence we may write 

^/,0,0// ^ ^" ' ^ A ^ / Up{x)(p'^{x)dx / Up'{y)(p'^{y)dy. 
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Thus, since all (p'^ are orthogonal to constants we have 

E ̂ pO,0//^P^p' 

The inequalities (18) follow immediately from this. 
The fact that Y.p,p\m^o ^pm mp'^l^p' - ^ fallows from the representation (17). 

Moreover, since the kernel w;̂ ,̂  (jc, >;) is a continuous function we have that Wr,R(x,x) = 
Yla ^o(<PaM^ for almost all x and hence 

We therefore have 

E ^pm^mp' = / l^pix)Up'(x)Wr,R{x,x)dx 

Y. ^pm,mp'^l^p' ^ E j ^pM^p'M^r,R{x,x)dxalap, 
.p',m:/:0 P,P'9^0 

= / Wr,R{x,x) Y^Up(x)a*p I Y^Upix)a*p dx 
-^ Wo ) V/̂ 0̂ / 

< supu;^,/?(x',x') / Y^Up{x)a'p Y^Up(x)a*p dx 
^ \P^0 ) V;.^0 / 

sup w;r,/?(•̂ ^ x'yfi^ 

and the lemma follows since sup^/ Wr^R(x\ x^) < r K D 

Lemma 5.5 (Control of terms with U;̂ Q QQ). The sum of the terms in H^ ̂  ̂  containing 

^pO,00' ^0/?,00'̂ 00,/?0' ^^ ^00,0/?' ^^^^ P 7^^ is, for all s > 0, bounded below by 

-e-U7Tr^R^non+ - ei^oo,oo(^o + 1 - P^Y, (19) 

and by 

- e-^A7zr^R^mn+ - £w;oo,()o(̂ + - D^- (20) 
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Proof. The terms containing uĴ ^ QQ, ^Op,00'^00,^0' o^ ^oo,0/. ^ ^ 

E E ^po-^oo («>o(^o + 1 - P^') + (^0 + 1 - Pl^)a;^ap) . 

p#0 

E 

In the last term we have used the representation (17) and the commutation relation 
[/20, ao] = ao. For all ^ > 0 we get that the above expression is bounded below by 

£ - • E E ^pVp%«oa;v-̂ EW(«o + i-P^¥ 

= -^~^ E ^pO,Op''^oa*ap, - swQQQQino + 1 - p£^)^ 

The bound (19) follows from (18). 

The second bound (20) follows in the same way if we notice that the terms containing 
^p0,00' ^0;.,00'^00,p0' ^r WQQOP may be written as 

E ^pO,oo ((« - P^^)al% + ^o^pin - P^^)) 
p^O 

+ 

Lemma 5.6 (Control of terms with W^^^^Q). The sum of the terms in H^^ ^ containing 

^pq,mO' ^pq,Om'^pO,qm' ^^ ^Op,qm' ^^^^ p,q,my^O is bounded below by 

-8 '4Ki ^R^non+-sn+r '-e ^ ^mp'.pm'<^l'^m'^p^ 
p,m,p',m':^0 

for all s > 0. 
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Proof. The terms containing u;^^ ,„0' ^;.^,Om'^/,o,^m' ^^ ^Op,qm ^re 

pqm^O 

+ E '^m^l'^m E ^qO^l^^ 
\pm^Q ) \q¥^0 ) ) 

^ - E (^"ME^K-01 (E^VOX ) 
a \ \q^Q J \q^0 ) 

+^ E p̂m<n̂ p I E ^Pm^>^ 1 I 

Using that 7^^ = 7^ we may write this as 

-^~' E %o,o^'< Vo^o - ^ E 
qq'^^ p,m,p',m'y^O 

= -s-^ E ^c.G '̂̂ v^o'̂ o - ̂  E 
qq'y^O p,m,p' ,m':^0 

-^ E ^mp,pm'<«m" 
/;,m,w'7^() 

The lemma now follows from Lemma 5.4. n 

mp' ,pm'^m^p^p'^m' 

6. Analyzing the Quadratic Hamiltonian 

In this section we consider the main part of the Hamiltonian. This is the "quadratic" 
Hamiltonian considered by Foldy. It consists of the kinetic energy and all the terms with 
the coefficients w;̂ ^̂  QQ, W^QQ^̂  ^p^^Oq^ and w;̂ ^ ^̂ ^with /?, ̂  7̂  0, i.e., 

p 

+ 5 E S^̂ ^oo («p«o«o^^ + ^l^l%% + ^1^1%% + ^l^Q^p^) (21) 
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In order to compute all the bounds we found it necessary to include the first term in (20) 
into the "quadratic" Hamiltonian. We therefore define 

(22) 

pq^O 

Note that //poidy = t^Q in the neutral case n = pl^. Our goal is to give a lower bound 
on the ground state energy of the Hamiltonian HQ. 

For the sake of convenience we first enlarge the one-particle Hilbert space 
L^ ([—€/2, €/2]-^). In fact, instead of considering the symmetric Fock space over 
L^ ([—£/2, £/2]^) we now consider the symmetric Fock space over the one-particle 
Hilbert space L? ([—£/2, t/2^) 0 C. Note that the larger Fock space of course con­
tains the original Fock space as a subspace. On the larger space we have a new pair of 
creation and annihilation operators that we denote ^Q and 2Q . These operators merely 
create vectors in the C component of L^ ([—£/2, t/2\^) © C, and so commute with all 
other operators. 

We shall now write 

^ [a if p 7^0 \a* ifp^Q 
ap=\' and a ; = ' . (23) 

{UQ, ifp = 0 [OQ, ifp = 0 

We now define the Hamiltonian 

^G = 5K"' Y. \P\%'^P + Y. "'po.oo ((« - P<^ )̂«>o + «o«p(« - P^^)) 
p p 

(24) 

Pq 

where we no longer restrict p,q to be different from 0. Note that for all states on the 
larger Fock space for which (^QOQ) — 0 we have {HQ) = (HQ). 

For any function cp e L^ {[—i/2,1/2]^) we introduce the creation operator 

^*(<^) = ^(Up,(p)ap. 

p 

Note that the sum includes p = 0. the difference from a*((/?) is given by a*{(p) —a*{(p) = 
{uo,(p){a^-a^). 

Then [aicp), a*(\lf)] = ((p, i/̂ ). We have introduced the "dummy" operator ^Q in order 
for this relation to hold. One could just as well have stayed in the old space, but then the 
relation above would hold only for functions orthogonal to constants. 

For any /: G R^ denote Xe,kM = e^^^Xt{x) and define the operators 

bl = a''{Xe,k)ao and /?̂  = a(Xt,k)ao 

They satisfy the commutation relations 

[/?̂ , /?*,] = a^aQ {Xe,k, Xi,k') - a{Xt,k)a\Xt,k') 
— (25) 

= a^aQXJik' -k)- a(Xi,kW(Xty) 
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We first consider the kinetic energy part of the Hamiltonian. We shall bound it using 
the double commutator bound in Appendix B. First we need a well known comparisson 
between the Neumann Laplacian and the Laplacian in the whole space. 

Lemma 6.1 (Neumann resolvent is bigger than free resolvent). Let P^ denote the 
projection in L^(M^) that projects onto L^{[—1/2,1/2]^) (identified as a subspace). 
Then if— A denotes the Laplacian on all of Mr and — A^ is the Neumann Laplacian on 
[—1/2, £/2]-^ we have the operator inequality 

( - A ^ + a ) - ^ >Pt{-A+a)-^Pt. 

for all a > 0. 

Proof It is clear that for all / € L^(E?) 

and hence 

\\{-A-\-a)-^f^Pd-At^a)^'^Ptff<\\ff. 

Now simply use this with / = (—A^ + a)~^^'^u. D 

Lemma 6.2 (The kinetic energy bound). There exists a constant C > 0 such that if 
C't < 1, where t is the parameter used in the definition ofXe in Sect. 3, we have 

for all states with (a^^^) — 0 and particle number equal to n, i.e., w2pCitcip) 

Proof. Let s, with 0 < 5 < r, be a parameter to be chosen below. Recall that t is the 
parameter used in the definition of X̂  in Section 3. Then since x^ + ^^ = 1 we have 

-A£ > '-"" :5H«I + .|) '-"" 
(-A^)^ 

-Ae + ({isr 

-At + (Is)-^ -At + (P^^-^ 

-At + (IS)-^ 2 _ ^ ^ _̂  (^^) 
^iXJ + rij) 

i^s)-

> Xt 

i-Aef 1 1 rr (-Atf 

-A, + (£.)-2' ̂ Ĵ ' ̂ Ĵ + [[-At + ds)-^^ 
i-Atf 

^e >r]t 

-At-^(ls)-^ Xt + r]t-

- c(ity 
-At + (£5)-2 

-At + (ts)-'^' 
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where the last inequaHty follows from Lemma B.l in Appendix B. We can now repeat 
this calculation to get 

{-^lY 
-A^ + (£5)-2 

-A^ + (£5)-2 

• c{tty 
-Ai 

- cm 

-Ae-^ils)-^ 

- 2 -Aj 

Xt 

m - cr^sh-^ 

- C{tty 
-Ae + (£5)-2 

Xi Xi + -At + {Ls)- ^.m ^vi 

If we therefore use (53) in Lemma B.l and recall that 5 < / we arrive at 

-Ai > Xi 
(-AeV 

-^r]e 

-Ae + {ls)-^ 
• c{tty 

- 2 
C{lt) 

-At + (Is)-^ 

-2 -Aj 

-At + {IsY 

Xt 

T]t - cr^s'-t 

Note that for a > 0 we have 

i-At)^ 
cm~ > -Ca-'sh-H-\ 

-At-hiis)-^ -At + (ls)-^ 

Thus if we also assume that a < 1 we have 

-A, > (1 - a)Xt-pP^^Xt - Ca-'s^t-H-\ 

Thus if w is a normalized function on L^(]R^) which is orthogonal to constants we have 
according to the bound on the gap (15) that for all 0 < 5 < 1 

/ {-AtY 
{U, -AtU) > (1 - S){\ - Of) M, Xt—, —TlTT^XtU -At + {is)-^' 

- C{\ - 8)a-^s^r^r^ + 57r^£-^ 

We choose a = 6 — C'st~^ for an appropriately large constant C' > 0 and assume that 
s and t are such that 5 is less than 1. Then 

(M, -Atu) > (1 - C'sr^f w, Xt ^ 
V -At + 

If we now use Lemma 6.1 we may write this as 

(w, -Atu) > (1 - C'st ^f I w, XtAt 

AtY 

ilsY 

-A + (Is)-^ 

yXtu 

AtXeu 

(1 -c'sr^f[u,xt i-AY iXeu , 
' - A + (£5)-2' 

where in the last inequality we have used that Ax = A^x and X A = X A^. 
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We now choose s = t^ and we may then write this inequahty in second quantized 
form as 

using that (aQa^) = 0. Since we consider only states with particle number n the inequality 
still holds if we insert n~^aQaQ as in the statement of the lemma. D 

With the same notation as in the above lemma we may write 

Wr,R(x,y) = (In)-^ / Vr,Rik)Xi,kMXi,kiy)dk. 

The last two sums in the Hamiltonian (24) can therefore be written as 

(iTTi)-^ I Vr,R(k)[(n - p£3)£-3/2 (xe(k)bt+J^bj^) 

+ I {i^P, + bl,b-k + blbl, + b,b_,)] dk-J2 ^p,,oo^;^r 

Note that it is important here that the potential Wr^R contains the localization function 
Xi. ^ ^ ^ 

Thus, since V,-,/?(/:) = Vr,R(—k) and Xe(k) — Xe(—k) we have for states with 
(S'QS'Q) = Othat 

{HQ)> fAhQ(k))dk-J2^p,,oo{^;^X (26) 

where 

hn{k) = - V ^ 0 . 0 {Kh'rb\b ,) 
^^ ^ 4(27T)^yn \k\^-\-(it^)-^ ^ ^ ^ "^ "^^ 

+ ̂ | ^ [ (n - p^M-^l^ {xe(k)ibt + b_,) + Jdk)(b, + b*_,)) (27) 

+ {btb,+bl,b^k+b:bl,+b,b_,)l 

Theorem 6.3 (Simplecaseof Bogolubov's method). For ar/j/^raryco^^to^r^^ > B > 
0 and K e C we have the inequality 

Aiblb, + hl,b_,) + B{blb*^, + b^b_,) + K(bl + b_,) + K{b, + b*_,) 

> -{{A - ^A^-B^)([b„bl] + lb_„ b*_,]) - ^'"'^ 
A + B 
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Proof. We may complete the square 

A{blb, -f b^_,b_,) + B{blb'_, + b,b_,) + K{bl + b_,) + K{b, + 6*_,) 

= D(^^ + «^_^ + a){bj^ + QfZ?!.̂  + fl) + D(Z?:̂ ^ + a^^ + a)(^_^ + «/?* ^ + a) 

- Da'ilb.^bl] + [^_„ Z7*,]) - 2D\a\\ 

D(l+a2) = A 2Da = B, aD(l-\-a) = K. 

We choose the solution of = A/B — y/A^/B'^ — 1. Hence 

Da^ = i3a/2 = UA - VA^ - B^), D\a\^ = 
kP \K\ 

D(l+a^ + 2a) A-hB' 

Usually when applying Bogolubov's method the commutator [bj^, b^] is a positive 
constant. In this case the lower bound in the theorem is actually the bottom of the 
spectrum of the operator. If moreover, ^ > ;B the bottom is actually an eigenvalue. In 
our case the commutator [̂ ,̂ b^] is not a constant, but according to (25) we have 

[bi,, bl] < I XiM^dxa^ao < i^a^ao. (28) 

From this and the above theorem we easily conclude the following bound. 

Lemma 6.4 (Lower bound on quadratic Hamiltonian). On the subspace with n par­
ticles we have 

HQ > -In'/H-'" -\{ri- p£3) ' 1̂ 00,00 - ^nn'fH-^^\nt)-'f\ 

where I = {{2n)-'^ f^, f(k) - {f{kf - g(k)^y^^dk with 

and 

l , , - l / i i-^\2 1̂ 1 f(k)^g(k)^^y-\\-C'ty | ^ | 2 - | _ ( ^ l / 4 £ l / 4 ^ 3 ) -

Proof. We consider a state with (̂ QS^Q) — 0. Then (HQ) = ( / / Q ) . We shall use (26). 
Note first that 

pq I \p,q¥^o I 

by (18) and the fact that R <I.WQ may of course rewrite l~^n = n^^'^l~^^'^{nl)~^^'^. 
By Theorem 6.3, (27) and (28) we have 
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where 

B. = 4 ^ . A. =8, + ^'-''''' 1̂ '̂  
2(27r£)3' 4{27T)^yn\k\^-{-(lt^)-^' 

Since Ak > Bk we have that 

.,(.) >_ -(A - /^F^)n.3 - '^•^'Z:'' ' |X.(.) 

Note that 

[ Vr,R{k)(n-plY ,<> .,_.|2 
J 2(27r)3£6 Xi(k) dk 

{j3 - Pf ff ^ (̂̂ )̂ /̂?(̂  - y^^dy) dxdy = ̂ (n- pi^f 

The lemma now follows from (26) by a simple change of variables in the k integral, n 

As a consequence we get the following bound for the Foldy Hamiltonian. 

Corollary 6.5 (Lower bound on the Foldy Hamiltonian). The Foldy Hamiltonian in 
(21) satisfies 

//Foldy > - / n ^ / 4 £ - ^ / 4 - 47rn^/4£-3/4(^£)-l/4, (29) 

There is constant C > 0 such that if p^^^R > C, p^^^it^ > C, and t < C~^ then the 
Foldy Hamiltonian satisfies the bound 

//Foldy > ^ J2 \P\'''>P - Cn'/H-^'\ (30) 
p 

Proof Lemma 6.4 holds for all p hence also if we had replaced p by n/l^ in this case 
we get (29). 

The integral / satisfies the bound 

/ < l(27r)-^ f max |g(/:), {g{kfif(k) - g(/c))-' j dk. 

By Corollary 4.3 we may assume that n > cpO. Hence / is bounded by a constant as 
long as p'/"^/? and p^^^lt^ are sufficiently large and t is sufficiendy small (which also 
ensures that y is close to 1). Note that we do not have to make any assumptions on r. 
Moreover, if this is true we also have that nl > cpt"^ is large and hence {nl)~^ is small. 
This would give the bound in the corollary except for the first positive term. The above 
argument, however, also holds (with different constants) if we replace the kinetic energy 
in the Foldy Hamiltonian by ^ (/"^ — ^) ^ \p\^a*/i^ (assuming that y < 2). This 
proves the corollary. D 
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Note that if 

-^ oo, and r -> 0 (31) 

it follows by dominated convergence that / converges to 

i(27r)-^ \ ^ll\k\-^ + \\k\^ - {{^ll\k\'-^ + \\k\^f - {Aii\k\-^f\''^ dk 

where A was given in (6). Thus if we can show that n ~ pO we see that the term 
-Irv'I'^f'^l^ -- —Ip^l^n agrees with Foldy's calculation (5) for the little box of size t. 

Our task is now to show that indeed n ~ p£-̂ , i.e., that we have approximate neutrality 
in each little box and that the term above containing the integral / is indeed the leading 
term. 

7. Simple Bounds on n and ŵ+ 

The Lemmas 4.1,5.2,5.3, 5.5, and 5.6 together with Lemma 6.4 or Corollary 6.5 control 
all terms in the Hamiltonian H^ except the positive term 

5 Z ! "^mp'.pm'^li^^'^m'^p' 
p,m,p' ,m'^0 

If we use (30) in Corollary 6.5 together with the other bounds we obtain the following 
bound \i p^/'^R and p^^'^lt^ are sufficiently large and t is sufficiendy small 

/ / ; > 1 ^ \p\^alap - Cn^lH-^l^ - \nR-^ - Cnpr^ 

+ 2^00,00 \no - pt^j - no 

- 47r[p - nr^]+n+R^ - Ann^r'^R^ 

- s~^'^7zr'^R^nQn+ - £u;oo,oo('̂ 0 + 1 - P^^f 

— enj^r~^ Hi-.) E 
p,m,p' ,m'y^ 

^mp\pm'^l^l'^m'^p-
1 

The assumptions on p^/'^R, p^l'^iv', and t are needed in order to bound the integral / 

^00,00 above by a constant. If we choose E — 1/4, use w^^ QQ < AixR^l^^ and ignore the last 
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positive term in the bound above we arrive at 

. 3 \ ^ 

p 

>-\ 

- 327tr^R^non+ - AnR^T^ (no - \pt^ + 0 ~ 5'^+^~' 

^ \p\'alap - Cn'lH-^l^ - {nR'' - Cnpr^ + iu;oo,00 (^0 - P^^) ' 
p 

- A%nr^R^nn^ - ATZR^T'^ {no + 5) - 5^+r"^ 

(32) 

where in the last inequaUty we have used that pi. <2n,rio < n and 'n^ <n. 

Lemma 7.1 (Simple bound on n). Let co(t) be the function described in Lemma 3.L 
There is a constant C > 0 such that if {p^/^i)t'^ > C and (p'/'^£)p~^/^^, t, and 
CO {t){p^^^l)~^ are smaller than C~^ then for any state with {H^) < OwehaveC~^ pl^ < 
n < Cpl^. 

Proof The lower bound follows from Corollary 4.3. To prove the upper bound on n 
we choose R = co(t)~'^i (the maximally allowed value) and r = bco{t)~^l, where we 
shall choose b sufficiently small, in particular b < 1/2. We then have that p^^'^R = 
co{t)~^p^^'^l is large. Moreover wJoooo - CR^l~^ — Ca){t)~^l~^ for some constant 
C > 0 and we get from (32) and Lernma 5.1 that 

(//;) > £- ' [-Cn^/^£^/4 - {nco{t) - Cb^co{t)-^n^ + Ca){t)-^ ((no) - pi^) 

- A^7T(o{t)-^p-^/^{lp^'^fn^ - 47tco(t)-^ {^ + 4)- inb-^co{t)l 

where we have again used that cpi^ < n,rio < n and ^+ < n. Note that 

and nco{t) < Cco(t)~^n^p~^a)(t)^. From Lemma 5.1 we know that (no) > n(\ — 
Cp-^/^itp^/'^f). By choosing b small enough we see immediately that n < Cpi . n 

Using this result as an input in (32) we can get a better bound on n than above and 
a better bound on (n+) than given in Lemma 5.1. In particular, the next lemma in fact 
implies that we have near neutrality, i.e., that n is nearly pl^. 

Lemma 7.2 (Improved bounds on n and (n+)). There exists a constant C > 0 such 
that if{p^/'^i)t^ > C and {p^f'^t)p-^'^^, t, and a)(t)(p^/'^l)-^ are smaller than C'^ 
then for any state with {H'l) <Qwe have {J2p Ipl'^a^a^) < Cp^''^l^{p^f'^t) and 

(n^) < Cnp-'f\p''Hf and ( ^ - ^ ) ^ < Cp-''\p'f't)\ 

For any other state with {H"^., j^,)' < 0 we have the same bound on (n-^Y if r' < 
p-3/8(^pi/4£^i/2 ^^j ^/ > aip^/'^l)~^i where a > 0 is an appropriate constant. 

835 



With J.R Solovej in Commun. Math. Phys. 277, 127-163 (2001) 

154 E. H. Lieb, J. P. Solovej 

Proof. Inserting the bound n < Cpl^ into (32) gives 

p 

- CR^pn+ - CR^ (p + \r^) - \n^r-^. 

We now choose r = p~-^/^(p^/'^£)^/^ and R = a{p^/^t)~^t, where we shall choose a 
below, independently of p, p^^^t, and t. Note that since a){t){p^/^t)~^ is small we may 
assume that R < o){t)~^i as required and since {p^/^t)p~^^^^ is small we may assume 
that r < R. Moreover r'^ = p-^f^{p^''^l)^f^r^ and R^p = a^ip^/'^iy^f-p = 
a^f'^. Hence, since ^^ \p\'^a*ap > 7r^€~^^+ (see 15), we have 

P 

+ 5^00,00 ('̂ O - P^^) 

_ (^ + C)p'/'l\p'/'i) - Ca^p'/'l\p'^'i)-H\ + ip'/Hr'p-'^'). 

By choosing a appropriately (independently of p, p^^^i, and 0 we immediately get the 
bound on (J]^ lpP«^«p> and the bound £~^(^+) < Cp^/4£^(p^/4£), which implies the 
stated bound on (/î +). The bound on {n — p£-^)^(p£^)~^ follows since we also have 
'̂ oo,oo((«o - Pl^f) < Cp^'HHp'IH) and 

'^oo.oo((«o - Pi'^) ) > CRh-^ ((no> - Pi^) 

> Ca2(p ' /4£)-V („ - p£3 _ „Cp- ' / \ £p ' / 4 )3 ) ' , 

where we have used the bound on (/2̂ +) which we have just proved. 
The case when {H^^, ̂ ,)' <Q follows in the same way because we may everywhere 

replace / /" by H^ ̂ , ̂ , and use Lemma 4.2 instead of Lemma 4.1. Note that in this case 
we already know the bound on n since we still assume the existence of the state such 
that (//;) < 0. D 

8. Localization of fi^ 

Note that Lemma 7.2 may be interpreted as saying that we have neutrality and condensa­
tion, in the sense that {ŵ +) is a small fraction of n, in each little box. Although this bound 
on (^+) is sufficient for our purposes we still need to know that (^^>--(n+)2. We shall 
however not prove this for a general state with negative energy. Instead we shall show that 
we may change the ground state, without changing its energy expectation significantly, 
in such a way that the possible 'HJ^ values are bounded by Cnp~^/'^(p'/^£)^. To do this 
we shall use the method of localizing large matrices in Lemma A.l of Appendix A. 

We begin with any normalized n-particle wavefunction ^ of the operator H^. Since 
^ is an n-particle wave function we may write ^ — Xlm^o ^m^m. where for all m = 
1,2,.. . , «, vl/^, is a normalized eigenfunctions of/T+ with eigenvalue m. We may now 
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consider the (n + 1) x (AZ + 1) Hermitean matrix A with matrix elements Amm' = 

We shall use Lemma A.l for this matrix and the vector i/̂  = (CQ, . . . , c„). We 
shall choose M in Lemma A. 1 to be of the order of the upper bound on (fi-^) derived in 
Lemma 7.2, e.g., M is the integer part ofnp~^/'^{p^/'^£)^. Recall that with the assumption 
in Lemma 7.2 we have M » 1. With the notation in Lemma A.l we have A = {\l/, Axj/) = 
(vl/, H^^j^^). Note also that because of the structure of //"^ ^ we have, again with the 
notatioh'in Lemma A. 1, that dk = ^ if ^ > 3. We conclude from Lemma A. 1 that there 
exists a normalized wavefunction vj/ with the property that the corresponding It^ values 
belong to an interval of length M and such that 

We shall discuss di,d2, which depend on ^ , in detail below, but first we give the result 
on the localization of n~+ that we shall use. 

Lemma 8.1 (Localization of /?+). There is a constant C > 0 with the following prop­
erty. If{p^fH)t'^ > C and (pl/4£)p-Vl2^ t, andco(t){p^fH)-^ are less than C'^ and 
r < yo3/^(pi/4£)l/2, R > Cip^^'^ir^e , and ^ is a normalized wavefunction such that 

(^' KnR^^) ^ 0 ^^d (vl/, //;^^vl/) < -C{np-"\p'IHfr\\d, I + \d2\) (33) 

then there exists a normalized wavefunction ^, which is a linear combination ofeigen-
functions ofn^+ with eigenvalues less than Cnp~^l^{p^l^l)^ only, such that 

(4-, Hl^^) > (*, Hl,^) - C(«p- ' / \p ' /V) - ' (Mi l + 1̂ 21). (34) 

Here d\ and d2, depending on ^, are given as explained in Lemma A.L 

Proof As explained above we choose M to be of order np~^^'^{p^f'^i)^. We then choose 
^ as explained above. Then (34) holds. We also know that the possible nj^ values of ^ 
range in an interval of length M. We do not know however, where this interval is located. 
The assumption (33) will allow us to say more about the location of the interval. 

In fact, it follows from (33), (34) that (5^, Hl^j,^) < 0. It is then a consequence 

of Lemma 7.2 that {^,n+^) < Cnp'^^'^ip^^'^i)^. This of course estabhshes that the 

allowed A?+ values are less than C'np~^^^(p^^^l)^ for some constant C > 0. n 

Our final task in this section is to bound Ji and ̂ 2-We have that J] = {\lf, H^^ j^{l)f), 
where H^^j^{\) is the part of the Hamiltonian H^^ ^ containing all the terms with the 
coefficents Wp^^^^ for which precisely one or three indices are 0. These are the terms 
bounded in Lemmas 5.5 and 5.6. These lemmas are stated as one-sided bounds. It is 
clear from the proof that they could have been stated as two sided bounds. Alternatively 
we may observe that H^^j^{\) is unitarily equivalent to -H'^\ ^(\). This follows by 
applying the unitary transform which maps all operators «* and a with p 7̂  0 to - a * 
and -ap. From Lemmas 5.5 and 5.6 we therefore immediately get the following bound 
on d\. 
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Lemma 8.2 (Control of <ii). With the notation above we have for all s > 0 

\d]\ < e-^Sne-^R^ (^,non+^) -^ s (^, (n+r~^ +^00,00(^^0+1 -pl^f^^^^ 

p,m,p',m'y^O 

Likewise, we have that d2 = {^, H^^ ^(2)\l/), where H^^j^{2) is the part of the Hamil-
tonian H^ ̂  ^ containing all the terms with precisely two a^ or two a^. i.e., these are the 
terms in the Foldy Hamiltonian, which do not commute with ri-^. 

Lemma 8.3 (Control of d2)» There exists a constant C > 0 such that if{p^^^i)t^ > C 
and{p^f'^i)p-^'^^, t, ando){t){p^'^l)-^ are less than C ^ and ^ is a wave function 
with (^, H^^) < 0 then with the notation above we have 

M2I < Cp^^'^l^(p^^'^l) + 47Tr^R^ (vl/, n+rio^). 

Proof If we replace all the operators a* and a with p 7«̂  0 in the Foldy Hamiltonian by 
—ia* and ia we get a unitarily equivalent operator. This operator however differs from 
the Hamiltonian i/poidy only by a change of sign on the part that we denoted H^ ̂  ^(2). 
Since both operators satisfy the bound in Corollary 6.5 we conclude that 

l^2l< h ' jY ^ Y. \P\^^l^P + 5 Z l /̂̂ -̂oo («>o«o«^ + «o«>^«o) k ) 

^cn'/'ry\ 
Note that both sums above define positive operators. This is trivial for the first sum. For 
the second it follows from (18) in Lemma 5.4 since a^a^ commutes with all «* and a 
with p ^ 0. The lemma now follows from (18) and from Lemma 7.2. n 

9. Proof of Foldy's Law 

We first prove Foldy's law in a small cube. Let ^ be a normalized /2-particle wave 
function. We shall prove that with an appropriate choice of I 

where A is given in (6). Note that A < 0. It then follows from Lemma 3.3 that 

£0 > (1 + L/lfy ( f ) '^ ' Apt' (p ' /^ + o ( p ' / ^ ) ) - C(L/lfph' - ""^'^^ 
u 

Thus, since Â  = pLr" we have 

£0 
l̂irn^ "^ > y {^)"' A (p ' /^ + o (p ' /^ ) ) - Cp^'^t) (p>/^£)" . 

Foldy's law (5) follows since we shall choose (see below) t and I in such a way that as 
yo -> 00 we have t -^ 0 and hence y -^ 1 and a)(t)(p^^^l)~^ -^ 0 (see condition (41) 
below). 
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It remains to prove (35). First we fix the long and short distance potential cutoffs 

R = coityU, and r = p-^/^(p'/'^£)-^/^ (36) 

We may of course assume that (^, / / " ^ ) < 0. Thus n satisfies the bound in Lemma 7.2. 
We proceed in two steps. In Lemma 9.1 Foldy's law in the small boxes is proved under 
the restrictive assumption given in (37) below. Finally, in Theorem 9.2 Foldy's law in 
the small boxes is proved by considering the alternative case that (37) fails. Let us note 
that, logically speaking, this could have been done in the reverse order. I.e., we could, 
instead, have begun with the case that (37) fails. At the end of the section we combine 
Theorem 9.2 with Lemma 3.3 to show that Foldy's law in the small box implies Foldy's 
law Theorem 1.1. 

At the end of this section we show how to choose I and t so that Theorem 9.2 implies 
(35) and hence Theorem 1.1, as explained above. 

Lemma 9.1 (Foldy's law for //": restricted version). Let R and r be given by (36). 
There exists a constant C > 0 such that if{p^^'^l)t^ > C and {p^^^l)p~^^^^, t, and 
o){t){p^/'^t)~^ are less than C~^ then, whenever 

nr^R^{^,n+^) (37) 

p,m,p',m'j^O 

we have that 

{^, / / ; * ) > -/„5/4^-3/4 _Cp5/4£3 (<^(,)(pl/4^)-l + «(,)-2p-l/8(p'/4^)13/2 

with I as in Lemma 6.4. 

Proof. We assume (4 ,̂ H^^) < 0. We proceed as in the beginning of Sect. 7, but we 
now use (29) of Corollary 6.5 instead of (30). We then get 

H- > - In'lH-^l^ - \ixn'IH-^l\ntr'l^ - \nR-' - Cnpr^ 

\^{)-pl^\ - n o I + 2^00,00 

- An{p - nl-^]+n+R^ - A7zn\r^R^ 

- s~^^7ri~^R^non+ - £WQQQQ(no-\- 1 - pl^f 

- Sn + r-^ +(\-s) ^ ^mp',pm'<^l'^m'^p-

p,fn,p' ,m'y^O 

If we now use the assumption (37) and the facts that 2̂̂+ < «, A?O < n, and WQQ QQ < 
4TcR^i~^ we see with appropriate choices of s and C that 

H^^ > _ /^V4^-3/4 _ 4jtn'^'r'/\nir'^' - \nR-' - Cnpr^ - CR'r\n + 1) 

- CR^r^\n - pi^\{n+ + 1) - Cn+r-\ 

If we finally insert the choices of R and r and use Lemma 7.2 we arrive at the bound in 
the lemma. D 
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Theorem 9.2 (Foldy's law for H^). There exists aC > 0 such that if(p^^'^i)t^ > C 
and (p^/'^£)yO-'/^^ t, ando){t){p^''^l)-^ are less than C'^ then for any normalized 
n-particle wave function ^ we have 

(*, / / ; * ) > -In^'^l-^^' - Cp5/4£3(^^(f)(pl/4^)-l +^(0-'p- ' /16(pl/4£)29/4 

+ p-y\p^/'l)y^y (38) 

where I is defined in Lemma 6.4 with r and R as in (36). 

Proof According to Lemma 9.1 we may assume that 

ni'^R^i^S+'l^) 

>c-' ( ^ ' (^00,00(^0 - piY + Yl ^mp',pm'<^l'^m'^p)'^)^ (39) 
p,m,p' ,m'r^O 

where C is at least as big as the constant in Lemma 9.1. We still assume that 

We begin by bounding d\ and J2 using Lemmas 8.2 and 8.3. We have from Lemmas 7.2 
and 8.3 that 

\d2\ < Cp^iH^ip^iH) + cr^co{tr^n^p-^i\p^iHf 

< c\np-'i\p'iH?\^p'iH^ {{p'iHr''^oy{tr\p'iHr'^^ 
<c\np-'i\p'iH)'fp'i'ea,{tr^{p'iHr\ 

In order to bound d\ we shall use (39). Together with Lemma 8.2 this gives (choosing 
E = 1/2 say) 

\di I < Cl-^R^n (vl/, «+vl/) + 1 (̂ vl/, (ri^r-^ + ŵ oo,Oo(« " P^^ + 1)) ^ ) • 

Inserting the choices for r and R and using Lemma 7.2 gives 

where we have also used that we may assume that p"'/^(/o^/'^£)~^/^ is small. The 
assumption (33) now reads 

(^' ^r,r,/?^) < -C/O ' /V (c^(r)-^(p^/4£)-7 H-p-l/8(^l/4^)-17/2^ 

If this is not satisfied we see immediately that the bound (38) holds. 
_ Thus from Lemma 8.1 it follows that we can find a normalized /i-particle wavefunction 
$ with 

( $ , ^ + $ ) < Cnp-^/'^ip^^'^if and (^,nl^) < Cn^p-^'^ip^l'^if (40) 

such that 

(*. //",,-,«*) > (* ' Kr.R^) - CP^"<? {io{ty^{p'IH)-' + p-'/»(p'/4^)- '^/2) . 
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In order to analyze (^, H^^ j ^ ^ \ we proceed as in the beginning of Sect. 7. This 

time we use Lemmas 4.1, 5.2, 5.3, 5.5, and 5.6 together with Lemma 6.4 instead of 
Corollary 6.5. We obtain 

^tj^R - 2^00,00 {n-pt^\ +{n+)^ - l i n - pl^\n + -no 

•An[p -nl~^]^n^R^ -Ann^r'^R^ - sn^r'^ - s'^STtT^R'^non^ 

• ^^oo,Oo('̂ + - 1)^ + (j-s) Yl w mp',pm'^m^p'^m'^p 
p,m,p' ,m'^0 

v2 
{n - pi') Woo,oo - ^^n''^r''\ntr"^ - In"H-''\ 

This time we shall however not choose e small, but rather big. Note that since 
^r,R(x, y) < r-^ we have J2 ^mp',pm'^m^}^m'^p ^ r-^n^(n+ - 1), which 

p,m,p' ,m'^0 
follows immediately from 

y w^^, r..^iCiZ,a'l,a^,a^ ''mp',pm"^m^l"^m"^p 

= / / Wr,R(x,y)l Y^ u^(x)up(y)a^ap] ^ Um{x)up{y)a^apdxdy. 

We therefore have 

//,",,« > - In''*£-'''-47zn'/'e-y\ner'^' - CRh~'no 

- Cr^R^\pi^ - n\'n+ - Ann\r^R^ - en+r"'^ - s-^SnT^R^^on+ 

-eCR'^r^nX -en\r-\ 

If we now insert the choices of r and R, lake, the expectation in the state given by ^l', 
and use (40) and the bound on n from Lemma 7.2 we arrive at 

+ co{t)-^p-"^(p"H)'"^ + c^(t)-^p-''\p'IHf + sp-"\p'l'i)"^ 

+ e-'co{t)-\p"Hf + eo,it)-^p-"\p'IHf + sp-'lhp'lHy'"'-]. 

If we now choose e — a){t)~^ p^/^^{p^/'^l)~^/^ we arrive at (38). n 

Completion oftheproofofFoldy 's law, Theorem 1.1. We have accumulated various errors 
and we want to show that they can all be made small. There are basically two parameters 
that can be adjusted, I and t. Instead of t it is convenient to use X = p'/^£. We shall 
choose X as a function of p such that X ^ oo as p -> oo. From Lemma 7.1 we know 
that for some fixed C > 0 C~^pi' <n< Cpl'. Hence according to (31) with r and R 
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given in (36) we have that / -> 

The hypotheses of Theorem 9.2 

(o(ty^x -> oo, 

PX -^ oo, 
t -^ 0. 

^ oo if 

are vaHd if (41), (43), (44), and 

p-'/'^x^o 

(41) 

(42) 

(43) 

(44) 

(45) 
hold. From Lemma 7.2, for which the hypotheses are now automatically satisfied, we 
have that n = pl^(\ + 0(p~'/^X^/^) and from (45) we see that n is pt^ to leading 
order. 

With these conditions we find that the first term on the right side of (38) is, in the 
limit p -^ oo, exactly Foldy's law. The conditions that the other terms in (38) are of 
lower order are 

(XMt))'^^'p-'^''^X ^ 0, (46) 

^-W2^X -^ 0 (47) 

together with (41). 
It remains to show that we can satisfy the conditions (41^7). Condition (42) is 

trivially satisfied since both p and X tend to infinity. Since co(t) ~ t~^ for small t we 
see that (43) is implied by (41). Condition (45) is implied by (47), which is in turn 
implied by (41) and (46). The remaining two conditions (41) and (46) are easily satisfied 
by an approriate choice of X and t as functions for p with X -> oo and / ^ 0 as 
p ^ oo. In fact, we simply need pVi 16 -̂16/29 ^ x ::^ t~^. 

The bound (35) has now been established. Hence Foldy's law Theorem 1.1 follows 
as discussed in the beginning of the section. 

Appendix 

A. Localization of Large Matrices 

The following theorem allows us to reduce a big Hermitean matrix. A, to a smaller 
principal submatrix without changing the lowest eigenvalue very much. (The k}^ supra-
(resp. infra-) diagonal of a matrix A is the submatrix consisting of all elements a/,/+yt 
(resp. a/+;t,/).) 

Theorem A.l (Localization of large matrices). Suppose that AisanN xN Hermitean 
matrix and let A^, with /: = 0, 1, ..., Â  — 1, denote the matrix consisting of the k^^ supra-
and infra-diagonal of A. Let xj/ e C^ be a normalized vector and set dk = (if, A^xf/) 
and X = (xlr, Ai/) = ^I^SQ dj^. (^f need not be an eigenvector of A) 

Choose some positive integer M < N. Then, with M fixed, there is some n e [0, N — 
M] and some normalized vector (p e C^ with the property that (j)j — 0 unless « + 1 < 
j <n -\- M (i.e., 0 has length M) and such that 

(0, M)<^ + ^Y. '̂l̂ l̂ + ^ E 1*1' (48) 
/:=! k=M 

where C > 0 is a universal constant. (Note that the first sum starts with k = \.) 
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Proof. It is convenient to extend the matrix A , ; to all — oo < /, 7 < +00 by defining 
Aij = 0 unless 1 < i, j < N. Similarly, we extend the vector -(j/ and we define the 
numbers dk and the matrix A'^ to be zero when k ^ [0, N — I]. We shall give the 
construction for M odd, the M even case being similar. 

For 5 G Z set f{s) ^ AM[M + 1 - 2\s\] if 2\s\ < M and f{s) = 0 otherwise. 
Thus, f{s) ^ 0 for precisely M values of 5. Also, f(s) = f(—s). AM is chosen so that 

For each m e Z define the vector (p^'^^ by (p — f(j — m)\l/j. We then define 
K(m) ^ (̂ (m)̂  ^0^^)) - (A + a ) (0 (^ \ 0(^)). (The number a will be chosen later.) 
After this, we define K = J^m ^^'^^- Using the fact that X]., f(sf = 1, we have that 

m m k^O 

and 

Hence 

s k 

s k=0 

k = X J2(ci>^"'\ 0^-)) = J2J2 /^^)'(^' ^ ' ^ ) = E E /^^>'^^ 4̂9) 
v̂ yt^O 

with 

^ = ^ / ^ ( - ) = - a - ^ J , K , 
k=\ 

Yk = ^Y.^f{s)-f{s^-k)f 

(50) 

(51) 

Let us choose a ^ - X^f^/ dkYk- Then, J ] ^ A:̂ ""̂  == 0. Recalling that not all of the 
0̂ "̂̂  equal zero, we conclude that there is at least one value of m such that (i) 0̂ "̂̂  7̂  0 
and (ii) (0(^\ ^0^^'^) < (A + a)(0^^\ 0^^^). 

This concludes the proof of (48) except for showing that yk < ^TITTTI fo^ 1̂1 ^ ^"d 
/:. This is evident from the easily computable large M asymptotics in (51). n 

B. A Double Commutator Bound 

Lemma B^l. Let — Ayy be the Neumann Laplacian of some bounded open set O. Given 
0 e C^iOwithsupp |V6>| C O satisfying \\di 6 \\ < Ct'K \\didjO\\ < Ct'^, \\didjdkO\\ 
< Ct~^, for some 0 < t andalli, j,k — 1,2, 3. Then for all s > 0 we have the operator 
inequality 

-A/V+.V-2' 

We also have the norm bound 

-ct-
-AM 

-AN +S-
. Csh-\ 

[[ 
-AN 

-Ayv -\-S - 2 ' ^ <C(sh-^+s't-'). 

(52) 

(53) 
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Proof. We calculate the commutator 

{-^NY 

- A y v + 5 - 2 ' 

1 

+ 

-Ayv+5-2 

-AyV 

-Ayv+5-2 

Likewise we calculate the double commutator 

\2 

-Ayv,^] 

[-Ayv,^]. 

1 

-A/v + ŷ"̂  
(-A/v) 

-Ayv+5-2'^ 

+ [[-Ayv,^]^] 

— A/v —AA^ 
[[-Ayv,^]^] 

-Ayv . -Ayv 

- 2 5 " [-Ayv, 0] , \ _ , [ ,̂ -Ayv] 

Ayv+5-2 

[[-Ayv,^]^] 
(54) 

1 

-Ayv +S - A A ^ + 5 - 2 -AA^ + 5 " 

Note that [[—AA^, 9] 0] = —2 (V^)^ and thus the first term above is positive. 
We claim that 

[-AA^, 0] [0, -AN] < -Cr^^N + Cr"^. 

To see this we simply calculate 

(55) 

[ - A A . , 0] [9, - A A ^ ] = - J ] (Adi{di9){dj9)dj + {d];9){d]9) + 2{di9){did]9)) 

The last two terms are bounded by Ct~^. For the first term we have by the Cauchy-
Schwarz inequality for operators, BA* -\- AB* < s"^ AA* -\- eBB*, for all e > 0, 
that 

3 3 3 

- ^a,(a/^)Oy^)ay = X!(^^(^'^)) (^/^y^))* ^ -3X]3/0/^)0/^)9/ 
ij ij i 

and this is bounded above by —3r ~^ A Â  and we get (55). Inserting (55) into (54), recalling 
that the first term is positive, we obtain 

- A A ^ + 5 - 2 ' 
> -2(V9Y 

-AN -AN 

-AN+S-^ -AN-\-S-
r ( V ^ ) ' 

-cr' ~^^ .-Csh-\ 
-AN+S-^ 

Again using the Cauchy-Schwarz inequality, we have 

-AA^ , ^ - A A ^ 
2(V9Y + 2-

- A A ^ + 5 - 2 _ A A ^ + 5 ri^OY 

<2r 

<cr 

-AA 

- A A ^ + 5 - 2 

1/2 
(V^)^ 

-AN+S-^ 

1/2 

+ 2r 
- A A ^ \ 

- A A ^ + ^ - 2 J 

-AA^ + ^ -
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and (52) follows. 
The bound (53) is proved in the same way. Indeed, 

L-Ayv+^"2 J J - A A ^ + ^ - 2 

-2 

-AyV+5-2 

1 1 1 
+ 2 5 - " - - - — . [-Ayv, 0] — -—J. [0 - Ayv] 

and (53) follows from [[-Ayv, 6] 6] - - 2 (V^)^ and (55). n 
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Correction to ''Ground State Energy of the One-Component 
Charged Bose Gas" 

Elliott H. Lieb and Jan Philip Solovej 

The proof of Lemma B.I of [1] contains an unjustified operator inequality. In the Icist estimate 
on p. 162 the Cauchy-Schwarz inequality was used incorrectly. The lemma is however still correct 
as stated. We shall show this below. The operator inequality to be proven is that 

(v̂ )̂  ~^^ , + ~^^ jvef < ct-' ~^^ , + Csh-\ (I) 
^ ^ -AAr + 5-2 _A;v + 5-2^ ^ "" -AN + S'^ ^ ' 

where — Ajv is the Neumann Laplacian of some bounded open set O C M ,̂ 5 > 0, and Q € C°°(0) 
is constant near the boundary of O and satisfies the estimates ||5"^||oo < Ci~\^\ for some ^ > 0 
and all multi-indices a with \a\ < 3. 

The proof of (I) is a Httle technical. For the application in the paper the following estimate, in 
which the Cauchy-Schwarz inequality has been used correctly, would have sufficed. 

^ ' -AAr + 5-2 -AAT 4-5-2^ ^ - ^ ^ ^ ^ V-^7V + S~ / 

' -AAr + S-2 

In order to prove (1) we shall use the two operator inequahties 

[-A;v, /][/, -Aw] < C||V/||L(-A;v) + ^̂  ( E II^?/II-) (2) 

and 

/(-A,v)/ = - E ^i/'^' + E[^^/' /̂ d ^ -C E ^'/'^' + C E(^'/)' 
i i i i 

< C\\f\\l(-A^) + C\\Vff, (3) 

where / is a smooth function with compact support in O, which we identify as a multiplication 
operator. 

We begin by rewriting the left side of (I). 

^ ^ -AA. + S-2 -AiV + 5-2' ^ 

r^'^^f-r-^ —2 ^2 + 7-^^ —2 2̂ ( V ^ ) ' ^ 

Ayv —AAT .„^.9 1 \ J 
du 

f°^( I /^Q\2 - ^ N _̂  -AN .^^. 
JQ V - A 7 V + 5 - 2 + U ^ ^ -Aiv +5-2 + 14 _ A y v + 5 - 2 + n ^ ^ -AN + S''^ + 1 

+ / (-X —9 [-Ayv,(V^)']7-r ^ y, (4) 

+ , A ~ ^ ^ ^[(V^) ' , -Ayvl—^ ^ )du. 
{-AN + 5-2 + n)2 ^̂  ^ -Ayv + 5-2 + uJ 
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The first integral we estimate using a Cauchy-Schwarz inequality 

Ja -AN + s-^ + u -A^ + s-^ + u -AN + S'^ + U -AN + S-^ + U 

JQ -/1M + S ^ + U Jo -AAT + S-2 + U (-AAT + s-2 + n)2 

where in the last estimate we have used (3) with / = (V^)^. 
The last integral in (4) we estimate again using a Cauchy-Schwarz inequality this time together 

with (2) with / = (V6»)2 

( 
, ^'^"^ -.[{Vdf,-AN]—r —, )du 

-Ajv + s"^ + «)^ -AN + S-^+U/ 

^ <•'I A ^ ' - 2 ^ [-AN,{V0mV9r,-AN] • J _ „ du Jo -A/v + s ^̂  + 14 -AN + S ^+U 

/•oo 1 

io (-AAr4-5-2 + w)4 
/•oo 1 1 

-AAr + S-2 

This proves (1). 
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Dedicated to Freeman J. Dyson on the occasion of his 80th birthday 

Abstract: We continue the study of the two-component charged Bose gas initiated by 
Dyson in 1967. He showed that the ground state energy for N particles is at least as 
negative as —CN7/ for large N and this power law was verified by a lower bound 
found by Conlon, Lieb and Yau in 1988. Dyson conjectured that the exact constant C 
was given by a mean-field minimization problem that used, as input, Foldy’s calculation 
(using Bogolubov’s 1947 formalism) for the one-component gas. Earlier we showed 
that Foldy’s calculation is exact insofar as a lower bound of his form was obtained. 
In this paper we do the same thing for Dyson’s conjecture. The two-component case 
is considerably more difficult because the gas is very non-homogeneous in its ground 
state. 

1. Introduction 

In 1967 Dyson [D] showed that a system composed of non-relativistic, charged bosons 
is unstable in the sense that the ground state energy of N particles is at least as negative 
as —CN/ instead of —CN, where C is some constant. A lower bound of the form 
—C'N/ was derived later [CLY], thereby establishing the correctness of the exponent 
7/5, but not the constant C. 

In an earlier, parallel development, in 1961 Foldy [F] considered the problem of the 
one-component Bose gas (“jellium”) in which charged particles (all of the same charge) 

* (c) 2003 by the authors. This article may be reproduced in its entirety for non-commercial purposes. 
** Work partially supported by U.S. National Science Foundation grant PHY01 39984-A01. 

*** Work partially supported by NSF grant DMS-0111298, by EU grant HPRN-CT2002-00277, by 
MaPhySto - A Network in Mathematical Physics and Stochastics, funded by The Danish National 
Research Foundation, and by grants from the Danish research council. 
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move in a uniformly charged, neutralizing background. Using Bogolubov’s 1947 the­
ory [B], Foldy “derived” the high density asymptotics for the ground state energy of 
this problem as proportional to -I0Nρ/ where I 0 is defined in Eq. (5) below. The 
correctness of this ρ / law, but not the coefficient I0, was also proved in ([CLY]). 

Dyson was motivated by Foldy’s work, for he realized that if one treated one of the 
two components (say, the positive one) as a background for the other, and if one allowed 
the density to be variable, one would easily arrive — heuristically, at least — at the N 7 / 

law. This will be explained below. 
Two obvious questions arise from this earlier work. What is the correct coefficient 

for the ρ / law at high density and what is the correct coefficient for the N 7 / 5 law? The 
former question was resolved by us in [LSo], where we showed that Foldy’s I0 is, indeed, 
correct at high density as a lower bound. Foldy’s calculation is “essentially” an upper 
bound, but some technical issues must be clarified. The proof that Foldy’s calculation, 
indeed, gives an upper bound can be found in [S]. 

In [D] Dyson derives a rigorous upper bound for the N 7 / law, but with a coefficient 
C that is clearly too small. He conjectures a “correct” coefficient, however, and in the 
present paper we shall show that Dyson’s conjectured coefficient gives a correct lower 
bound (asymptotically as N ^ oo). An asymptotically correct upper bound for the 
two-component gas energy is also given in [S]. 

Actually, our lower bound is slightly more general than just the case of N/2 particles 
of each charge. We prove the lower bound for the case in which the total number is N 
without restriction to the N/2 case. 

In order to understand the reason that the proof for the two-component case is more 
difficult than that for jellium, presented in [LSo], it is necessary to recapitulate Dyson’s 
argument briefly. His picture is that there is a local density of particles ρ(x), which has 
a local energy density given by Foldy’s formula, i.e., I 0ρ(x) 5 / . One might question 
whether the jellium energy can be simply taken over to the two-component situation, 
but it is correct to do so, as our lower bound shows. There is a good reason for this 
within the Bogolubov theory, as we shall explain in Sect. 3, but let us continue with 
Dyson’s picture now. In addition to the local energy there is also a kinetic energy caused 
by the variation in ρ, namely / |Vρ(x)| dx. Such an “envelope” energy is familiar 
from Thomas-Fermi-Weizsacker and Gross-Pitaevskii theories, for example. 

If this total energy is minimized with respect to ρ we are led to a differential equation 
in , ρ with the side condition that f ρ = N, but the basic features are clear. The scale 
length of ρ(x) will be of the order N-1/ , the amplitude of ρ will be N 8 / and the energy 
will be N 7 / . Indeed, if we define <i'(x) = N-4/\/ρ(N-1/5x) such that J ct2 = 1 then 
the energy as a function of ρ that we have to minimize can be rewritten as 

2 I | V ρ | 2 -I 0 i ρ5/4 = N7/5 1
2 I |V<t|2 - I 0 / $5/2 ̂  , (1) 

which makes the scaling explicit. We then have to minimize the right side with respect to 
<I> under the condition / 4' = 1. The finiteness of this minimum energy is an easy con­
sequence of the Sobolev inequality. The existence of a minimizing <I> is a little harder and 
follows with the help of rearrangement inequalities. It satisfies a Lane-Emden differential 
equation for some µ > 0 and all x G R3, 

-A<I>(x) - 2I0 4'(x) 3 / + µ<I>(x) = 0. (2) 

The uniqueness of <I>, up to translations, is harder still. See [Be, K, MS, Z]. 
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Dyson’s conjecture is contained in [D, Eqs. 104,105]. The normalization convention 
and units employed there are not completely clear, but the heuristics leading to (104) is 
clear. This will be clarified in Sect. 3. 

The last topic to discuss in this introduction is the essential difficulty inherent in the 
two-component problem. As in the jellium proof in [LSo] we decompose space into suit­
able small boxes and impose Neumann boundary conditions on each. The scale length 
of these boxes is N - 2 / 5 +ε. Using the “sliding argument” of [CLY] we can ignore the 
Coulomb interaction between different boxes. We must then distribute the N particles 
in the boxes and what we must prove is that the number in the various boxes has a 
coarse grained density given by the solution ρ to (1). Since the energy is super concave 
(i.e., -N7/5), the lowest energy is obtained by putting all the N particles in one box. 
What prevents this from happening is that the boxes are not really totally independent, 
thanks to the kinetic energy operator. In other words, we must somehow save a little 
bit of the kinetic energy operator to prevent wild variations in particle density between 
neighboring boxes. 

The conundrum is that the mean-field energy in (1) uses all the kinetic energy, 
not just some of it. Likewise, to get the intrabox energy (the second term in (1)) we 
also need the full kinetic energy. The resolution is to split the kinetic energy opera­
tor - A into a high-momentum part for use in calculating the intrabox energy and a 
low-momentum part for use in reproducing the first term in (1). Naturally, error terms 
will arise and the chief difference between this paper and our earlier jellium paper is 
centered on the definition of the splitting and the management of the induced error 
terms. 

The proof of the main theorem starts in Sect. 4 where we show how to localize the 
problem into large boxes of size L ^ N-1/ with Dirichlet boundary conditions. This 
size is larger than the expected size of the bound complex. The decomposition of the 
kinetic energy into large and small momentum is carried out in an appendix. It is used 
in Sect. 5, which localizes further into really small boxes of size i ^ N-2/ . For the 
relevance of the scale N / the reader is referred to the heuristic discussion in Sect. 3. 
The control of the electrostatics using sliding is also discussed in both of these sections. 
Section 6 discusses the ultraviolet and infrared cutoffs of the interaction potential with 
control of the errors they introduce. In contrast to the treatment in [LSo] we now need 
to use the kinetic energy to control the errors caused by the ultraviolet and infrared 
cutoffs in the potential. Section 7 controls all the unimportant parts of the localized 
Hamiltonian and reduces the problem to Bogolubov’s Hamiltonian, which is analyzed 
in Sect. 8. 

Section 9 gives the first, simple bound on kinetic energy, local non-neutrality, and 
an estimate on the local condensation. Section 10 improves the estimate on condensa­
tion with the help of the method of “localizing large matrices” in [LSo] (and which is 
reviewed in an appendix). (Recall that in [LSo] we had to reach the final estimate on the 
various energies by a succession of finer and finer error bounds, each taking the previous 
bound as input.) In Sect. 11, we give the final bound on the energy in each small box. We 
have to treat boxes with few particles as well as many particles separately. In Sect. 12 
we show how the kinetic energy estimate in the appendix (in which the low momentum 
kinetic energy between boxes leads to a difference energy on a lattice) leads, in turn, to 
the term / | , ρ | in the energy functional (1). In the final Sect. 13 all the estimates 
are put together and we show how to choose the various parameters to get the desired 
minimization problem for the lower bound. 

We thank Y.Y. Li and M.I. Weinstein for pointing out the references [K, MS, Z] to us. 
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2. Basic Definitions and Main Theorem 

We consider N pa 
ing the system is 
We consider Nparticles with charges ei = ± 1 , i = 1,... , N.TheHamiltoniandescrib-

HN = / - 2 A i + / (3) 
| xi - xj| i = 1 1≤i<j≤N 

acting on L (R ). We shall not specify the number of positive or negative particles, 
but simply consider the smallest possible energy 

E(N) = inf{inf specL2(g3N)HN | ei = ± 1 , i = 1,... , N}. 

Instead of considering HN depending on the parameters e1,... , eN we may consider 
it as one operator on the enlarged space L ((R × {1, -1} )N ) , where the set {1, -1} 
contains the values of the charge variables. Then 

E(N) = inf specL2((g3×{1 -1})N)HN. 

Thus E(N) is the infimum of (* , HN^), over normalized functions * in L ((R × 
{1, -1} ) N ) . Here we may restrict * to be non-negative and thus moreover also to be 
symmetric under the interchange of particles. Thus E(N) is the energy of a charged 
Bose gas. 

Our main result in this paper is the asymptotic lower bound on E(N) conjectured 
by Dyson in [D]. The corresponding asymptotic upper bound is given in [S]. Together 
these results prove Dyson’s formula. 

Theorem 2.1 (Dyson’s formula). As N ∞ we have 

E(N) = -AN 7 / +o(N 7 / ) , 

where A is the positive constant determined by the variational principle 

-A = inf 2 / | 'I'| - I 0 i" 0 ≤ <I>, 4' ≤ 1 (4) 

with 

3/4 f ( 4 2 / 4 \1/ \ 2 /2r(3/4) 
I 0 = (2/π) I I 1 + x - x I x + 2 I \ dx = 1 / 4 . (5) 

0 5 j T r ( 5 / 4 ) 
It will be clear from the proof (see the discussion in Sect. 13) that the error in Dyson’s 

formula could have been written in the form N 7 / - ξ for some ξ > 0. Although this is in 
principle straightforward we have not attempted to optimize the error term to determine 
the exact exponent ξ. 
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3. Heuristic Derivation of the Energy 

In this section we give the heuristic derivation that leads to the local energy density 
I 0ρ 5 / 4 in the second term in (1) (see also (4)). The fact that the constant for the two-
component gas is the same as I 0, the constant for the one-component gas, is somewhat 
mysterious. After all, there is not only the negative + - interaction energy, but there are 
also the + + and - - energies. Moreover, the ρ in the two-component case refers to the 
total number of particles, which is twice the number of each charge (in the neutral case), 
whereas ρ refers only to the movable particles of one sign in the one-component case. 

Another problem is that the usual thermodynamic limit exists for the one-component 
gas only because we constrain the background to have uniform density and we do not 
allow it to contract to a high density ball, as it would if one merely minimizes the energy. 
The two-component gas does not have the usual thermodynamic limit because, as Dyson 
showed, its energy goes as -N7/. 

Nevertheless, we shall describe the two-component charged gas on a small local 
scale £ as a gas of uniform density ρ. For such a uniform gas we shall imitate Foldy’s 
calculation [F] to arrive at the energy - I 0 ρ 5/4H3. We shall assume that t ^ N-1/ (the 
scale on which ρ(x) varies), but i ^ p^^''^ which, as we shall see, is the relevant scale 
for the uniform gas. Note that we expect ρ N 8 / 5 and hence ρ- 1 / N / . In any 
event, we are being “heuristic” in this section and the reader is welcome to ignore this 
“derivation” if it is not pleasing. 

We shall use periodic boundary conditions, as usual, and write the Hamiltonian in 
second quantized form in the manner of Bogolubov/Foldy as 

k 

2£3 ^ £ k2 \ + vi )+ (p+ )+ 
k=0 pq 

- 2a p+ a*q - a (q k) a (p k) , (6) 

where the sums are over momenta in the set 2 π '13 . Here a ± creates a state with momen-
tum p and charge ±1 . 

In the second term we have excluded k = 0, which is also what Foldy does. It would 
of course be meaningless to include this term and leave the Fourier transform of the 
potential equal to 4

 k
π

 2 . If, instead, we defined the Fourier transform of the potential for 
k = 0 to be proportional to i (which is the maximal value of the Fourier transform for 
k = 0), the contribution from the term k = 0 would be proportional to - ( ρ i ) i - for a 
neutral system. If, as we assume, i ^ ρ- 1 / then (ρi )l <^ ρ 5 / 4 (?. Hence we may 
ignore the k = 0 contribution. In Foldy’s situation the corresponding term would not 
contribute to the thermodynamic limit. 

The next step in the heuristic derivation is to exclude those terms in the second sum 
above that do not contain precisely two creation or annihilation operators of particles of 
momentum zero. Subsequently these zero momentum creation or annihilation operators 
a 0 ± and a 0± are replaced by the square root of half the particle number, namely y ρ£3 /2. 
We then arrive at 
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14k2 {at+ak+ + a*- k+a- k+ + ak*- ak- + a*- k-a-

ρ -r-^ 4 π T ^ 

k - ak - + a - k-a - k -

-

+ 

+ (a* ak + alk a + -k+a - k - + ak - ak + + - k + k + a -k-

- k + k - + ak+a-k- + a-k+ak-) . 

This expression should be compared with Lemma 8.1, where we arrive at a similar 
expression as a rigorous lower bound on part of the full Hamiltonian. (In comparing 
with the lemma one should replace bk —^ ak, ν+, ν- —^ ρ£ /2, Vr,R(k) 

3 
γε,t ~^ 1, (^t ) - 2 ^ 0, and of course also )3 f dk —^ X!k.) 

k1 

The final step is to recognize that the resulting quadratic Hamiltonian has the fol­
lowing property, as the reader can easily check: The operators ak^ always appear in the 
potential energy term (the last sum above) in the combination dk = (ak + - a k - ) / V2. This 
is a normal mode since [dk, d*] = δk,q. The other normal mode ck = (ak + + ak-)/V2 
appears only in the kinetic energy term (the first sum above), i.e., the kinetic energy 
is a| + ak + + a|-ak- = c^jkck + d^jkdk. The ground state is achieved by having no ck 
excitations, which leaves us just with the term d^kdk in the kinetic energy term. 

The conclusion is that the quadratic Hamiltonian is now exactly the same as Foldy’s 
(but with dk in place of ak) and, therefore, the ground state energy is -I0ρ/l. This 
conclusion could also have been arrived at by an explicit diagonalization of the total 
quadratic Hamiltonian. (See Sect. 8, in particular Theorem 8.2, for comparison.) 

The detailed diagonalization analysis shows that the relevant momenta k are of 
magnitude ρ / and hence as mentioned above the relevant length scale is ρ-1/4 The 
assumption I ^ ρ- / allows one to replace sums over the lattice 2 πZ3 by integrals 

(2π)3 JV3 dk. This is how the integral in (5) appears. 

4. Localization 

If Dyson’s conjecture is correct then the size of the boson cloud is proportional to N- 1 / 5 . 
As a first step we shall localize the problem into cubes of size L, where we choose L as 
a function of N in such a way that N / L —^ oo as N —^ oo. Exactly how N / L —^ oo 
will be determined at the end of the analysis in Sect. 13. As a consequence of our results 
we shall see that essentially all particles will concentrate within one of these cubes of 
size L. 

We shall do the localization in such a way that the cubes do not interact and the 
analysis can be done in each cube independently. The only thing to bear in mind is that 
the total number of particles in all cubes is N. 

In analyzing the individual cubes we shall perform a further localization into smaller 
cells of a size I < L depending on N in such a way that N / I —^ooasN—^oo 
(precisely how will again be determined in Sect. 13). 
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We shall first describe how we control the electrostatic interaction between the differ­
ent regions into which we localize. We do this in a manner very similar to what was done 
in [LSo] using the sliding technique of [CLY], and shall use this technique both for the 
localization into the large cubes and again when we localize into the smaller cells. 

Let t, with 0 < t < 1/2, be a parameter which will be chosen later in Sect. 13 to 
depend on N in such a way that t ^ 0 as N ^ cx3. 

Let @,θ & C0!j"(R3) satisfy 

1. 0 < 0 , θ < 1, θ(x) = θ(-x), and &(x) = &(-x). 
2. supp θ c [(-1 + t)/2, (1 - t)/2] , supp 0 c [(-1 t)/2, (1 + t)/2] . 
3. θ(x) = 1 for x G [(-1 + 2t)/2, (1 - 2t)/2] , and - (x) = 1 for x e [(-1 + t)/ 

2, (1 - t)/2] . 
4. All derivatives of order m for m < 3 of the functions θ, V1 - θ2, & are uniformly 

bounded by Ct- m, where C is some universal constant. 
5. For all x G R we have ^ 0(x - k) = 1. 

We introduce the two constants γ, γ such that γ f θ(y)dy = 1 and γ f & (y) dy = 1. 
Then 

1 < γ < (1 - 2t)- , (1 + t)- < γ < (1 - t)- . (7) 

We also introduce the Yukawa potential Ym(x) = | x | - e- m | x| form > 0. Form = 0 
this is, of course, the Coulomb potential. 

Lemma 4.1 (Electrostatic decoupling of boxes using sliding). There exists a function 
of the form ω(t) = Ct- (we assume that ω(t) > 1 for t < 1/2) such that for all 
x1,x2,... ,xN G R , alle1,e2,... ,eN, with |ei| = 1fori = 1,2,...,N, allm >0, 
and all λ > 0we have 

y eiejYm(xi - xj) 
1<i<j<N 

f v ^ /x i \ /xj \ Nω(t) > γ I / eiejθ ( z\Y + ω (t) (xi - xj)θ ( z\dz (8) 
^3 1<i<j<N 

and likewise 

y eiejYm(xi - xj) 

2λ 

1<i<j<N 

xi \ 2 /x j \ Nω(t) 
> γ eiej® zY + ω(t) (xi - xj)@ zdz . 

R 3 1<i<j<N 

Proof Since θ and 0 have the same properties it is enough to consider θ. By rescaling 
we may assume that λ = 1. We have that 

/ γθ(x - z)Ym+ ω(x - y)θ(y - z)dz = h(x - y)Ym+ ω(x - y), 

where we have set h = γθ * θ. We chose γ such that 1 = h(0) = γ j θ(y) dy. Then h 
satisfies all the assumptions in Lemma 2.1 in [CLY]. We then conclude from Lemma 2.1 
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in [CLY] that the Fourier transform of the function F(x) = Ym(x) - h(x)Ym+ω(x) is 
non-negative, if ω is chosen large enough depending on h. [The detailed bounds from 
[CLY] show that we may in fact choose ω = Ct- , since ω has to control the 4 
derivative of h.] Note, moreover, that limx^0 F(x) = ω. Hence 

N 2 N 
y eiejF(yi - yj) > - / — = . 

1<i<j<N i = 1 

The lemma follows by writing Ym(x) = F(x) + h(x)Ym+ω(x). • 

We shall use the electrostatic decoupling (9) when we localize into the large cubes 
of size L and then (8) when we localize further into the smaller cells. We begin with the 
localization into large cubes. 

Theorem 4.2 (Localization into a large cube). Let 

N 

HN,L = / " - 2 Ai,D + / " eiejγYω(t) (xi - xj) = -2^i, D + eiejγYω (t) (xi -
i=1 1<i<j<N 

be a Hamiltonian acting in the space L2 ( ( [ -L/2 , L/2]3 x {1, -1} ) N ) . Here AD refers 
to the Dirichlet Laplacian in the cube [ -L/2 , L/2]3. Let 

EL(N) = inf specHN,L. (10) 

Then 

E(N) > EL(N) - N 7 / ICt- (N 1 / L)- + 1
2 ω(t)N- 1 / (N 1 / L)- ]. > EL(N) - N7/5 Ct-2(N1/5L)-2 + 

Proof. For all z G R let ©z(x) = &((x/L) - z). We consider ©z as a multiplication 
operator on L (R ). We have for all z G R that 

y ®z+q(x) = 1. 

Using (9) with m = 0 and that R-ĝ  f(z)dz = XlqeZ3 [-1/2 1/2]3 f(z + q)dz we see 
that 

> / Fk ,z(x1,... ,xN) 
| xi - xj| ^ | i j | 

1<i<j<N k=(k 1 , . . . ,kN)eZ 3 N|-_j^2,1/2] 3 

X ^ δkikjeiejγYω(t)/L(xi - xj)dz-
Nω(t) 

, 2L 
1<i<j<N 

where 

Fk,z(x1,... ,xN) = @k1+z(x1) • • • ®kN+z(xN), k = (k1,... ,kN) G Z . 

We localize the kinetic energy using the formula 

- A = 2 ®z+q(-^)®z+q - / (^®z+q) — / ®z+q(-^)®z+q - C(tL)- , 
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which gives 

y - Ai ≥ 2 1 F k ,z (x1,... 
KGiZl3 [ - 1 / 2 1/2] 

× 2 ( -A i )Fk , z ( x1 , . . . ,xN 

The previous estimates imply that 

HN ≥ 2 / Fk,z(x 1 , . . . ,xN) 
'^^'3 [-1/2 1/2] 

× / Hk
 ( q

, z
)Fk ,z(x1,... ,xN)dz -

,xN) 

) dz - CN(tL)- . 

Nω(t) 2 
CN(tL) , 

2L 

where we have introduced the operator 

Hk( q ) = ^ - 1
2 δki,qA(

i
 qD+ z + ^ δki,qδkj,qeiejγYω(t)/L(xi-xj), 

i=1 1≤i<j≤N 

where A D
 + z denotes the Dirichlet Laplacian in the cube {(q + z)L} + [ - L / 2 , L/2] . 

Note that the operator Hk
 ( q

, z
) above acts on functions for which the space variables are in 

the set {(q + z)L} + [-L/2, L/2] . The operator Hk
 ( q

, z
) is hence unitary equivalent to 

Nq(k) = #Mq( k ) , Afq(k1,... ,kN) = {i | ki = q}. 

We therefore get the lower bound 

HN ≥ / / Fk z(x 1 , . . . ,xN) / EL(Nq( k))dz CN(tL) - . 
^ , ∈Z 2L 

k G / 3 [ - 1 / 2 1/213 q 

The theorem follows if we can prove that for fixed k ∈ l3 N, 

y EL(Nq(k)) ≥ EL(N). (11) 
q∈Z3 

To conclude (11), let ψq be a normalized Nq-particle ground state eigenfunction of 
HNq,L, such that 

(ψq,HNq Lψq) = EL(Nq). 

(A normalized 0-particle function we consider simply to be the number 1.) Define the 
N-particle eigenfunction 

^τ(x1,e1,... ,xN,eN)= I \ψq((xi,τqei)i∈j^( k ) ) , 
q 
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(for fixed k there are only finitely many factors different from 1 in the above product) 
where we shall choose the (finite) parameters τq e {1, - 1 } . We then find that 

{^τ,HNL^τ) = / EL(Nq) + 2 2 τqτq'Iqq', (12) 
qeZ3 q=q' 

(note that that there are again only finitely many non-zero terms in the sums) where 

I qqi = (ψ q ψ qi, 2 / δ ki,q δ kj,q'e i e j γY ω(t)/L (x i - x j )ψ q ψ qi\. 
i j 

It is now easy to see that by an appropriate choice of the finite number of parameters τq, 
we can make sure that the last sum in (12) is non-positive. In fact, if we average over all 
possible choices of τq = ±1 the last sum in (12) averages to 0. 

The estimate (11) is now a consequence of the variational principle. n 

The rest of the analysis is concerned with estimating the energy EL(N) from (10). 
As explained in the beginning we may define EL(N) as inf specHNL when we consider 

HN,L as an operatoron the symmetric tensor product ( ^ S L ( [ - L / 2 , L/2] x {1, - 1}). 
N 

In the space (^SL2(R3 x {1, - 1}) we shall use the notation of second quantization. 
If u G L (R X {1, - 1 } ) then a*(u) denotes the creation operator in the Fock space 

oo N 
© ( S L (R x{1 , - 1}). Products of the form a0(u)a0(u') ora0(u')a0(u) are however 

N=0 
N 

bounded operators on each of the fixed particle number spaces (^ SL (R x {1, - 1}). 
We may consider HN,L as acting in this space but restricted to functions with support in 
M-L/2 , L/2] X {1, -1}) . 

If u G L (R ) we use the notation a±(u) for the creation operator which creates 
the function u with charge ±1 respectively, i.e., the function u defined on R x {1} or 
R3 X {-1} respectively. 

5. The Localization of the Operator //AT,/, 

We turn to the second localization into smaller cubes of size £ > 0, where we shall 
choose £ as a function of N in such a way that I < L and N / I —^ooasN—^ oo. As 
mentioned the precise choice of £ as a function of N will be made at the end of Sect. 13 
when we complete the proof of Dyson’s formula. 

Localizing the kinetic energy is difficult. In the paper [LSo] we used Neumann bound­
ary conditions on the small cubes. In this way we got a lower bound by studying indepen­
dent small boxes. In the present situation we will not get the correct answer if we bound 
the kinetic energy below by Neumann energies in independent boxes. As explained the 
“kinetic energy” between boxes is important. A lower bound on the kinetic energy which 
both contains a contribution from within each box and a contribution that connects boxes 
is given in Appendix 13. We shall use this result now. 

We use the function θ to do the localization. For z G R we define χz(x) = 
θ((x/i) - z). Then supp χz C {zi} + [(-1 + t)i/2, (1 - t)i/2] . Let ηz = J1 - χ2

 z. 
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Then H αχzlloo < C(fJ)-| α | and H αηzlloo < C(ft)-| α| for all multi-indices α with 
|α | < 3. 

Let Xz be the characteristic function of the cube {zi} + [-i/2, i/2] , i.e., Xz(x) = 
X0(x-£z).LetPz denote theprojection onto the subspace of L2(({z£}+[-£/2, £/2]3)x 
{1, - 1}) consisting of functions orthogonal to constants. We shall consider Pz as a pro­
jection in L2(R 3 X {1, -1}) . We define for each z G R3 the operator 

(-A)2 
K (z) =Pzχz χzPz. (13) 

- A + (lt6) - 2 

The operators K(z) shall play the role of the kinetic energy within each box. 
Let a0 ±(z) be the creation operators 

a 0 ± (z ) = a\(t 3 / Xz), (14) 

ator creating the constan 
the notation 
i.e., the operator creating the constants in the cube {zl} + [-i/2, i/2] . We introduce 

n ±
 z = a0 ±(z)a0±(z) and nz = n +

 z + n-
 z . (15) 

Werefer to nz as the number of particles in the condensate in the cube {zi}+[-i/2, i/2] . 
The operator for the total number of particles in the cube {zi} + [-i/2, i/2] is 

νz = 2Xz(xi). (16) 

The operators νz
 ± for the total numbers of positively and negatively charged particles 

are determined by 

N 
νz

 + +νz
 - = νz and νz

 + -νz
 - = / eiXz(xi). 

i=1 

We refer to νz - nz as the number of excited particles. 
The kinetic energy that connects boxes will be a type of lattice Laplacian. In fact, for 

a map S : Z —^ R we define a lattice Laplacian 

— (S(σ 1 ) - S(σ2)) + 
12 ^ 

T(S) = —(S(σ 1 ) - S(σ 2)) + / —(S(σ 1) - S(σ 2)) . (17) 
12 ^ 24 12 24 

This specific form of T has been chosen because it is convenient when we shall later 
compare with a continuum Laplacian (see Sect. 12). 

Using Theorem B.1 in Appendix 13 with Q, = [-(L + i)/(2i), (L + i)/(2i)] we 
obtain the following result. 
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Lemma 5.1 (Kinetic energy localization). If* e 0 S L2(R3 x{1 , - 1} ) is normalized 
andhas support in ( [ -L/2 , L/2]3 x {1, -1}) thenforallε > 0, 0 < t < 1/2, 

/ N \ 

(1 + ε + Ct ) I * , 2 - A i * 
i = 1 

r i N \ 
— I I * , Z ^ Z ^ (^i + σ - ε^i Neu ) * 1 + T (Sz )dz, - C L /1 , 

zG[-1/2,1/2] 3 σ 

where - A (
 N

 z
 e
 )

 u is the Neumann Laplacian for the cube {zl} + [-£/2 , £/2] and Sz * : 
Z3 ^ R is the map 

S?(σ) = t I J(n +
 z + σ + n -

 z +σ^+ 1 - 1 1 = i- ( \ / ( n z + σ ) + 1 - 1) , (18) 

where 

(n +
 z + σ +^+σ> = (* , (n +

 z + σ +^+σ)*) . 

In order to arrive at this lemma from Theorem B.1 we have used the inequality 

T(S^)<{T(S+) + T(S-)), 

where S^(σ) = I 1Jnz + σ + 1/2. To prove this inequality first note that by the 2-
dimensional triangle inequality 

/ I I \ 2 

( VS 1
2 + S 2 1 - V S 2

2 + S 2
2 I — (S1 - S2) + (S 1 - S 2 ) , (19) 

for all S1, S2, S1, S2 G R. The estimate (19) implies, in particular, that 

n h^ T(i Vn + 1 - 1) 

is a convex map on non-negative functions n : Z3 ^ R. Hence 

T(Sz ) = T(- \ nz+σ) + 1 - 1) 5 {T(i- Vnz+σ + 1 - 1)) — {T(Sz
 + ) + T(Sz

 - ) ) , 

where the last inequality is again a consequence of (19). 
As before we use the sliding technique to localize the electrostatic energy. If we com­

bine Lemma 4.1 and Lemma 5.1 we obtain for * G (^S L2(R 3 x {1, - 1} ) normalized 
N and with support in ( [ -L/2 , L/2] x {1, -1}) N that 

zG[-1/2,1/2] 3 σ 

2l 2L 
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X {1, - 1} ) 

(W, HN LW) > γγ \ ^, \ Hz+σ + T (Sz) I ^ I dz 
\ \ ^ 2 ' ' 

-CL/l - ω(t)N I , (20) 
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where 

γε,t = (1 + ε + Ct)- (γ γ)- (21) 

(recall that γ and γ also depend on t) and for z G R we have introduced the operator 

N f γj (z) ε,t 

with 

Hz = / l^i ε^i Neu + / eiejwz(xi,xj), (22) 

i=1 1<i<j<N 

wz(xi,xj) = χz(xi)Yω(t) (xi - xj)χz(xj). (23) = χz(xi)Yω(t) (xi -

We shall choose ε depending on N in Sect. 13 in such a way that ε ^ 0 as N ^ cx3. 
We shall in particular assume that ε < 1. Hence we may assume that γε,t is bounded 
above and below by constants. 

The expressions (* , XlσeZ3 ^ z+σ*) + 2
1 γε,tT(Sz^) are equivalent for the different 

z G [-1 /2 , 1/2] . It is therefore enough to consider z = 0. Moreover, the operator 
XlσeZ3 Hσ commutes with the number operators νσ

 ± (the operators giving the number 
of positively and negatively charged particles in the cube {tσ} + [-1/2,1/2]3). Note 
that if * has support in the set ( [ -L/2 , L/2] x {1, -1}) then for z outside the set 
f2 = [ - 2

 Lj - 1
2 , 2

 Lj+ 1
2 ] w e have that * is in the kernel of the operatorsνz

 ± . 
The estimate (20) then implies the following result. 

Theorem 5.2 (Localization into small cubes). With the definitions from (10),(13-18), 
and (21-23) we have that 

EL(N) > γγ inf ^ . / Hσ^ I + T (S0 ) I 
*,ll*ll=1 I I ' Z 3 / 2 / 

ω(t)N I I , 
2l 2L 

where the infimum is over normalized functions 

N 

-CL /t -

± vj/ G 7̂ 0 = * G L (R X [ - 1 , 1])| νσ
 ± * 

= 0forσ iZr^ \-— - - , — + - 3 I , 
21 2 21 2 

and0 < t < 1 /2 is the parameter from the beginning of Sect. 4. 

In the following Sects. 6-11 we shall study the operators Hσ, σ G Z . Since Hσ 
commutes with νσ

 ± we may simply restrict to the eigenspaces of νσ
 ± . We shall therefore 

not think of νσ
 ± and νσ as operators, but as classical parameters νσ

 ± and νσ. Which values 
of these parameters that will give the optimal energy is of course not known a-priori, 
but they must satisfy ^ σ νσ = N. The operator H^ is in (22) written as an N-particle 
operator, but it depends only on νσ particles. We shall therefore simply think of it as a 
νσ-particle operator. The operators H ̂  for different σ are all unitarily equivalent. We 
shall in Sects. 6-11 simply omit the subscript σ. 
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6. Long and Short Distance Cutoffs in the Potential 

Our aim in this section is to replace w in (23) (omitting the index z) by a function that 
has long and short distance cutoffs. 

We shall replace the function w by 

wr,R(x, y) = χ(x)Vr,R(x - y)χ(y), (24) 

where 

e-|x|/R fy-|x|/r 
Vr,R(x) = YR-1(x) - Yr-1(x) = - . (25) 

Here 0 < r ≤ R ≤ ω(t)- I. Note that for x ^ r then Vr,R(x) r - R and for 
|x | » R then Vr,R(x) | x | - 1 e - | x|/R. 

We first introduce the cutoff R alone, i.e., we bound the effect of replacing w by 

R ≤ ω(t) I, the Fourier transforms satisfy ≤ 

wR(x,y) = χ(x)VR(x - y)χ(y),where VR(x) = |x| e | x | /R = YR-1(x). Thus, since 

Yω/e(k) - VR(k) = 4π I I ≥ 0. 

k 2 + (ω(t)/£)2 k+ R 

(We use the convention that f(k) = f f(x)e- dx.) Hence 

w(x, y) - wR(x, y) = χ(x) (Yω/i - VR) (x - y)χ(y) 
defines a positive semi-definite kernel. Note, moreover, that (Yω/̂  - VR^ (0) = R- -
ω/i ≤ R- . Thus, 

y eiej(w(xi,xj) - wR(xi,xj)) 
1≤i<j≤N 

= — y eiej(w - wR)(xi,xj) - y i (w - wR)(xi,xi) 
2 ^ ^ 2 

1≤i,j≤N i=1 

Here we have used that 2_,i= 1 χ(xi) ≤ 2^i^i X.(xi) = ν. 
We shall now bound the effect of replacing = R by wr,R . I.e., we are replacing VR(x) = 

|x|-1e-|x|/R by |x | -1 (e- | x|/R - e - | x|/r). The correction is Yr-1(x) = | x | - 1 e - | x | / r . 

Lemma 6.1. We have for allδ > 0 the operator inequality 

≥ - 1
2ν (Yω/I - VR\ (0) ≥ - 1

2 νR . (26) 

N 
A ,

z
 N

 )
 e + / eiejχ(xi)Yr-1(xi - xj)χ(xj) 

2 ^ ' i = 1 1≤i<j≤N 

≥-Cν+ν-(r2-3+δ-3/2 r 1 / 2) 
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Proof. We set z = 0 and omit the index z in this proof. For D > 0 we define 

W ( ) I Yr-1(D), | x | < D 
Yr-1(x), | x | > D 

Then the measure 

µD = (4π) (-A-t-r )WD 
(4π)- r- Yr-1(D)\|x|<D - (4π)- Y'-- (4π) Y'-1(D)δ(|x| - D) 

is non-negative and WD = µD * Yr - 1 . Here Yr'-1 refers to the radial derivative of Yr-1 
l|x|<D is the characteristic f 

Define the (signed) measure 
and l|x|<D is the characteristic function of the set {|x| < D} 

N 

dµ(x) = 2eiχ(xi)dµDi(x - xi), 

where 

Di = 2 min ] |xi - xj| | j = 1,... , N, eiej = - 1 , xi e [-i/2, i/2] \, 

is half the distance from the particle at xi to the nearest particle of opposite charge in the 
cube[-£ 
we have 
cube[-£ /2 , i/2] , i.e., the cube in which χ is supported. Thus for xi,xj G [-£/2 , i/2] 

Yr-1(x - y)dµDi(x - xi)dµDj(y - xj) = WDj (x - xj)dµDi(x - xi) 

< I Yr-1 (x - xj)dµDi (x - xi) 

= WDi(xi - xj) < Yr-1(xi - xj) 

and both inequalities become equalities if eiej = - 1. Hence 

/ eiejχ (xi )Yr-1(xi - xj)χ (xj) 
1<i<j<N 

— 2 1 Yr-1(x - y)dµ(x)dµ(y) 

N „ 

-1
2Zχ(xi) II Yr-1(x - y)dµDi(x)dµDi(y) 

N „ 

> - 1
2 2 χ (xi) / / Yr-1(x - y)dµDi(x)dµDi(y) 

since Yr-1 is positive type. This inequality is very similar to Onsager’s electrostatic 
inequality [O]. 
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We calculate 

/ / Yr-1(x - y)dµD(x)dµD(y) = I WD(x)dµD(x) 

= 1
3r- D Yr-1(D) - D Y' 1(D)Yr-1(D) 

We have therefore proved the operator estimate 

N δ N δ 
/ Ai Neu + / eiejχ(xi)Yr-1(xi-xj)χ(xj)≥y AiNeu - v i , 
i=1 1≤i<j≤N i=1 

where for i = 1, 2 , . . . , N 

vi(xi) = -1
6χ(xi)2 D ir-2 + 3Di

 - 1 + 3r-1\ e-2Di/r. 

Note that here Di depends on xi and the positions of all the particles with opposite 
charge of ei. 

From the Sobolev estimate for the Neumann Laplacian in a cube of size I we have 
the general lower bound 

- AN e u - V ≥ - C I V Ci- I V. 

This gives for ei = ±1 that 

δ f δ -3/2 / | x | 3 3 

|x| 3 3 \ -2|x|/r 

- - A i , N e u - v i ≥ - C ν δ-3/2 W + _ + _ e-5|x|/r 
2 K3 r | |x| r 

e dx 

≥ -Cν (δ 3 / r 1 / +i r ) . 

When summed over i this gives the result of the lemma. n 

If we combine the bound (26) and Lemma 6.1 we have the following result. 

Lemma 6.2 (Long and short distance potential cutoffs). For 0 < δ < ε < 1 consider 
the Hamiltonian 

N 
^ γj (z) γj 

(ε-δ)A(
 ,

z
 N

 )
 e u + y eiejwr,R(xi,xj), (27) H = ε,tIC(z) - ε,t (ε - δ)A(z) + 

2 2 i,Neu 
i=1 1≤i<j≤N 

where wr,R is given in (24) and (25). If0 < r ≤ R < ω(t) I then the Hamiltonian H 
defined in (22) obeys the lower bound 

H ≥ H ̂  - 1νR- - Cν+ν-(δ- 3 / r 1 / + i- r ) . (28) 
r,R 2 

If0 < r ≤ R = ω(t) I we get 

H ≥ Hr, R - Cν+ν-(δ- 3 / r 1 / + l- r ) . (29) 
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A similar argument gives the following result. 

emma 6.3. 
ω(t)- i that 
Lemma 6.3. With the same notation as above we have for 0 < r ≤ r' ≤ R' ≤ R ≤ 

Proof. Simply note that Vr',R'(x) - Vr,R(x) = YR'-1 (x) - YR-1 (x) + Yr-1 (x) - Yri-1 (x) 
and now use the same arguments as before. n 

We shall not fix the cutoffs r and R nor the parameter δ, but rather choose them 
differently at different stages in the later arguments. Moreover, we shall choose r and R 
to depend on ν. We give an example of this in the following corollary. 

Corollary 6.4 (Simple bound on the number of excited particles). For any state such 
that the expectation (H) ≤ 0, the expectation of the number of excited particles satisfies 
(ν - n) ≤ ν min{1, Cε - £ν 1 / }. (Recall that H depends on ε.) 

Proof. We simply choose r = R and δ = ε/2 in Lemma 6.2. Then H ̂  R ≥ C(ε/2)(ν -
n)l since (u, -^(

 N
 z

 e
 )

 uu) ≥ π I \\u\\ for functions u inthecube{z£}+[-£/2 , £/2] 
orthogonal to constants. We therefore have that 

H ≥ C(ε/2)(ν - n)l - 1
2νr- - Cν+ν-(ε 3 / r 1 / + I r ) . 

Strictly speaking Lemma 6.2 requires r ≤ R ≤ ω(t)-1l. If however R = r > ω(t)-1l 
we would get an even better estimate than the one stated if we set r = R = ω(t)-1l = R = 

H ≥ C(ε/2)(ν - n)£ - Cε /2 i/ ν / -Ci ν/ 

and δ = ε/2. Since in this case we may ignore the error - 2νr 
Wenowestimateν+ν- ≤ν2/4 and make the explicit choicer = min{ εν-2/3, tν-1/3} 

When εν-2/3 ≤ tν-1/3, i.e., ν1/3 ≥ ε£-1 we obtain 

H ≥ C(ε/2)(ν - n)£- - Cε- ν 5 / - Cε i- ν 4 / 

≥ C(ε/2)(ν - n)£- - Cε- ν 5 / 

and when εν-2/3 ≥ lν-1/3, i.e., ν1/3 ≤ ε£-1 we obtain 

C(ε/2)(ν - n ) l 
C(ε/2)(ν - ' n ) l - Cl- ν 4 / . 

These two bounds give that 

( ν - n > ≤ Cνmax {(ε-1tν1 / 3)2 ,ε-1tν1 / 3}. 

We of course clearly have that ν - n ≤ ν. We therefore get the result claimed. n 

7. Bound on the Unimportant Part of the Hamiltonian 

In this section we shall bound the Hamiltonian H ̂  R given in (27). We emphasize that 
we do not necessarily have neutrality in the cube, i.e., ν+ and ν- may be different. We 
are simply looking for a lower bound to Hr

δ
,R, that holds for all ν . The goal is to find a 

lower bound that will allow us to conclude that the optimal value of ν+ - ν-, i.e., the 
value for which the energy of the Hamiltonian is smallest, is indeed close to zero. We 
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shall also conclude that the number of excited particles ν—nis small. These conclusions 
will be made in Sects. 9 and 10. 

In this section we shall fix z = 0, i.e., we are working in the cube [—£/2, i/2] . We 
shall simply omit the index z. 

We shall express the Hamiltonian in second quantized language. This is purely for 
convenience. We stress that we are not in anyway changing the model by doing this and 
the treatment is entirely rigorous and could have been done without the use of second 
quantization. 

Letup,ip/π G (N U {0}) be an orthonormal basis of eigenfunction of the Neumann 
Laplacian — AN e u in the cube [—£/2, i/2] . More precisely, — AN e u up = \p\ up. I.e., 

3 
up(x1, x2, x3) = cpi^ 3 / n cos {pj(xj + £/2)), 

V8 where the normalization satisfies c 0 = 1 and in general 1 < cp < V8. The function 
u 0 = t 3 / is the constant eigenfunction with eigenvalue 0. We note that for p = 0 we 
have 

(up, —ANeuup) > π £ ^ . (30) 

We now express the Hamiltonian H ̂  R from (27) (omitting z) in terms of the creation 
and annihilation operators a*± = a±(up)* and ap ± = a±(up) . 

Define 

w pq,µν = II wr,R(x,y)up(x)uq(y)uµ(x)uν(y)dx dy. 

We may then express the two-body potential in H ̂  R as 

y eiejwr,R(xi,xj) 
1<i<j<n 

= 2 / wpq,µν \ap+aq+aν+aµ+ + ap—aq—aν — aµ— ~ 2 ap+aq—aν—aµ+ j . 
pq,µν 

Motivated by Foldy’s and Dyson’s use of the Bogolubov approximation it is our goal 
to reduce the Hamiltonian H ̂  R so that it has only what we call quadratic terms, i.e., 
terms which contain precisely two a#± with p = 0. More precisely, we want to be able 
to ignore all terms in the two-body-potential containing the coefficients 

00,00. 
• w p 0 , q 0 = w 0 p,0 q , where p,q = 0. These terms are in fact quadratic, but do not appear 

in the Foldy Hamiltonian. We shall prove that they can also be ignored. 
w p0,00 0p,00 00,p0 00,0p, p 

pq,µ 0 w µ 0,pq qp,0!^ Ol^,qp, =', q , µ = 
pq,µν, where p, q, µ, ν 7= = . 

We shall consider these cases one at a time. 
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Lemma 7.1 (Control of terms with w 0 0 , 0 0 ) . The sum of the terms in Hr
δ
, R containing 

w 0 0 , 0 0 is equal to 

1
2w00,00 [(n + - n - ) 2 - n + - n - \ . 

Proof. The terms containing w 0 0 , 0 0 are 

2w00,00 (a 0 +a0+a0+a0+ + a0 -a0 -a0-a0- - 2a0 +a0 -a0-a0+j , 

which gives the above result when using the commutation relation [a , a ] = δp,q. • 

Lemma 7.2 (Control of terms with w 0 0). The sum of the terms in Hr
δ
, R containing 

wp0,q0 or w 0p,0 q with p,q=0 is bounded below by 

- 4 πRl|n+ - n - | ( ν - n). 

Proof. The terms containing w 0 0 = w 0 ,0 are 

2wp0,q0 ap+a0+a0+aq+ + ap-a0 -a0-aq - - ap+a0 -a0-aq + - ap-a0 +a0+aq-\ 

q=0 

-)(a p+aq+-a p aq ) . 

Note that n ± commutes with ^ w 0 q0ap±aq±. 
p=0 

We have that 

p0,q0 / / wr,R(x, y) dyup(x)uq(x) dx. 

Hence 

/ wp0,q0 ap±aq± 
p=0 

I \ I \ 
= f j j wr,R(x,y)dy I 2up(x)a p± I I zup(x)a p± I dx. 

/ \ / \ 

≤ £- sup / wr,R(x' ,y)dy j I 2up(x)a p± I I / up(x)ap ± I dx. 
x \p=0 / \p=0 J 

= I sup wr,R(x',y)dy 

x p=0 

a p± a p± . 

Since Xlp=0 ap ± a p ± = ν± - n± and 

≤ Vr,R(y) dy ≤ 
x 

sup wr,R(x,y)dy ≤ Vr,R(y) dy ≤ 4πR 
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we obtain the operator inequality 

0 < y^ w 0 ,q0 a*p±aq± — 4 π £ ^ R (ν —n), 

and the lemma follows. n 

Before treating the last three types of terms we shall need the following result on the 
structure of the coefficients w . 

Lemma 7.3. For all p', q' e (π/i) (N U {0}) and α e N there exists Jα, , &R with 
Jα = Jα such that for all p,q, µ,ν e (π/l) (N U {0}) we have 

Moreover we have the operator inequalities 

0 < 2 w pp ' ,00a*p±ap '± = / w p 0 , 0 p 'a*p±ap'± — 4 π^^ R (ν —n ) (32) 
p,p'=0 p,p'=0 

and 

0 < 2 w pm mp'a*p±ap'± — r ( ν —n ) . 
p,p' ,m=0 

Proof. The operator A with integral kernel wr, R (x, y) is a non-negative Hilbert-Schmidt 
operator on L (R ) with norm less than supk Vr,R(k) < 4 πR . Denote the eigenvalues 
of A by λα, α = 1 ,2 , . . . and corresponding orthonormal eigenfunctions by (p2 . We 
may assume that these functions are real. The eigenvalues satisfy 0 < λα < 4 πR^. We 
then have 

w = y λ α I up(x)uµ(x) α(x)dx I uq(y)uν(y) α(y)dy. 
α 

The identity (31) thus follows with Jαµ = λ 1
 α

/ f up(x)uµ(x) α(x) dx. 
If as before denotes the projection orthogonal to constants we may also consider 

the operator PA P . Denote its eigenvalues and eigenfunctions by λ'^ and α^. Then again 
0 < λ'^ < 4πR . Hence we may write 

wp0,0p' = '^'3Yλ α / up(x)' α (x)dx / up,(y)' α (y)dy. 

Thus since all α^ are orthogonal to constants we have 

p,p'=0 

I \ I \ * 

= ^ Zλ α I / / up(x) α(x)dx ap ± 1 I / / up(x)' α (x) dx a''p± I 

= ^^ / , λ'a^*± { α'a) a± { α'a) . 

The inequalities (32) follow immediately from this. 
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The fact that ^ , ,m = 0 w ,a ±a ,± ≥ 0 follows from the representation (31). 
Moreover, since the kernel wr, R (x, y) is a continuous function we have that wr, R (x, x) = 
X!α λα α (x) for almost all x and hence 

Y wpm,mp' = J up(x)up,(x)wr,R(x,x)dx - w p0,0p. 

We therefore have 

Y wpm,mp'ap±ap'±≤ ^ y up(x)up(x)wr,R(x,x)dxap ±ap,± 
p,p',m=0 p,p'=0 

I \ I \ 
= / wr,R(x,x) I yup(x)ap± I I 2up(x)ap± I dx 

\p=0 J \p=0 / 
/ \ / \ 

≤ sup wr,R(x',x') / I y^up(x)ap ± I I y^up(x)ap ± 1 dx 
x' \p=0 ) \p=0 ) 

± n±) = sup wr,R(x', x')(ν -

and the lemma follows since supx; wr,R(x', x') ≤ r-1. o 

Lemma 7.4 (Control of terms with w ). The sum of the terms in Hr
δ
, R containing 

w , with p,q, µ,ν = 0 is bounded below by 

Proof. The relevant terms are 

2 pq,µν ap +aq + ν+aµ+ + ap-aq-aν-aµ - 2ap+aq - aν-aµ 

pq,µν =0 

2 / pq,µν p+ aµ+ q+ ν+ + ap-aµ - a q - a ν - ap + aq - ν- aµ + 

w pm,mp' 
,a a . - 1 w ,a a, 

/?+ p + 2 pm,mp' p- p'-
' 

pq,µν =0 

- 1 ^ 
2 

pp' ,m=0 

= 2 2 ( / Jpµ(ap+aµ+ - ap-aµ-) ) - 2r- (ν -n), 

pp',m=0 

2 

where we have used the last estimate in Lemma 7.3 and that ν + - n+ + ν - n = ν- n. 

Lemma 7.5 (Control of terms with w 0 , 0 0 ) . The sum of the terms in Hr
δ
, R containing 

wp0,00 , w 0p ,00,w 00,p0, or w 00 ,0 p, with p = 0 is, for all ε' > 0, bounded below by 

- ε'- 4πi- R (n + 1)(ν - n) - 2ε'w 00 ,00 I (n + - n - ) + 1) , (33) 

869 



With J.P. Solovej in Commun. Math. Phys. (in press, 2004) 

E.H. Lieb, J.P. Solovej 

or by 

(ν+ - ν-) 2 wp0 ,00 ('^*p+a0+ - a*p-a 0 - + a0+ap+ - a0-ap- ) 
p=0 

- ε'- 4πi- R (n + 1)(ν - n) - 2 ε'w 0 0 , 0 0 ((ν - n) + 1 ) . (34) 

Proof. The terms containing w 0 , 0 0 , w 0 ,00 ,w 00 p0, or w 0 0 , 0 p are 

-2a0 -a0-a*+a0+ - 2a0 + a 0+ a0 - a - 2a0+a0+a*a0- 1 

= 2 / Jp 0 J 0 0 ( (n + - n -)(ap+a 0+-ap-a0-) + (a0+ap+-a0-ap-)(n + - n - ) ) 
α p = 0 

= 2 / Jp0J 0 0 (ap+a 0+(n + + 1 - n - ) + (n + + 1 - n - )a 0 + ap+) 
α p = 0 

- 2 / Jp0J 0 0 (at-a 0-(n + - n - - 1) + a 0 - ap (n+ - n - - 1)) 
α p =0 

> - ε' 2 (J 0 0) ((n + - n - + 1) + (n+ -n - - 1) ) - ε'- (n + + 1) 

ε'-1(n - + 1)y] Y JαJαana, 

Here we have used the representation (31) and in the last step a Cauchy-Schwarz in­
equality. We arrive at the first bound in the lemma since from (32) we have that 

α α =1= ap*P±ap'± = wp0,0p'ap±ap'± < 4π£ R (ν -4 πl R (ν - n ) . Jp0Jp'0a 
α p,p'=0 p,p'=0 

The second bound (34) follows in the same way if we notice that the terms containing 
wp0,00, w 0 p,00,w00,p0, or w^00,0p may be written as 

(ν+ - ν-) 2 wp 0 ,00(ap+a 0+ - a*p-a 0- + a 0+ap+ - a 0-ap-) 
p=0 

+ ^ ^ Jp
α0J 0 0 ( n + - ν+ - n - + ν-)(a*+a0+ - al-a0-) 

α p=0 

+(a0 + a p + - a0 - a )(n + - ν+ - n - + ν- ). 

D 
Lemma 7.6 (Control of terms with w ,m 0 ) . The sum of the terms in Hr

δ
, R containing 

wpq m0, w qp 0m,wm0 pq, or w 0 m,qp , with p,q,m =0 is bounded below by 

- ε'- 4πl- R (n + 1)(ν-n) - 2ε'2( / Jpµ(ap+aµ+ - ap-aµ-)) , 

for all ε' > 0. 
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Proof. The terms containing w ,m 0, w 0 m, w m 0 , , or w 0 m , with p,q,m =0 are 

/ wpq,m0ap+aq+am+a0+ + a0+am+aq+ap+ + ap-aq-am - a 0 -
pqm=0 

= / / Jq0(aq+a0+ - aq-a0-) / Jpm(ap+am+ - ap-am - ) 
α q=0 pm=0 

+ / / Jpm(ap+am+ - ap-am-) / Jq0(aq+a0+ - aq-a0-) 
α pm=0 q=0 

qq'=0 qq'=0 
/ X 2 

- 2 ε ' 2 ( 2 Jpm(ap+am+ -ap-am-)) . 
α pm=0 

The lemma follows from (32). n 

Note that if ε' < 1/4 then the last term in the estimate in Lemma 7.6 can be controlled 
by the positive term in Lemma 7.4. 

8. Analyzing the Quadratic Hamiltonian 

In this section we consider the main part of the Hamiltonian Hr
δ
,R, namely the “quadratic” 

Hamiltonian considered by Foldy. As in the previous section we have fixed z = 0, i.e., 
we consider the cube [-£/2 , i/2] and we omit z. The “quadratic” Hamiltonian consists 
of the kinetic energy IC from (13) and all the two-body terms with the coefficients w ,00 , 
w 0 0 , p q , wp0,0q, and w 0 p,q0 with p,q=0, i.e., 

γε,t 

i=1 
HFoldy = 2 '^i 

1 

pq=0 

(35) 

In order to compute all the bounds we found it necessary to include the first term in (34) 
into the “quadratic” Hamiltonian. We therefore define 

HQ = H Foldy + (ν+ - ν-) 

Yl wp0,00 {a*p+a0+ - a*p-a0- + a^+ap+ - a0-ap-) . (36) 

p=0 
Our goal is to give a lower bound on the ground state energy of the Hamiltonian HQ . 

For any k G R denote χk(x) = e χ(x) and define the operators 

bl± = (l3ν±)-1/2a*±(Vχk)a0± and bk ± = (l3ν±)-1/2a±(Vχk)al±, (37) 
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where as before P denotes the projection orthogonal to constants. (On the subspace 
where ν+ = 0 we set bk^+ = 0 and likewise when ν- = 0 we set bk^- = 0.) These 
operators satisfy the commutation relations (note that a0± commutes with al± (Pχk)) 

[bk + ,bk^;-] = [b*k + , bp - ] = [bl-,b^i-] = 0 (38) 

and1 

[ 

In particular, we get 

[bk±,b^,±] = (Ji ν ) a0 ± a 0 ± (Pχk,Pχk ' ) - (f- ν ) a*± (Pχk')a±(Pχk). 

a0±a0±(Pχk,Pχk) S1. (39) 

We shall now estimate the “quadratic” Hamiltonian below by an operator that is really 
quadratic in the operators bk^± and bk±. 

Lemma 8.1 (The quadratic Hamiltonian). The quadratic Hamiltonian satisfies the 
lower bound 

HQ > I hQ(k) dk - 2 w pq,00 (ap+aq++ap-aq-), (40) 

where 

= (2π)-3 3 γ k 2 + k 4 ^ ( k * b + b * b ^+ +b k - b k +b , b , hQ(k) = (2 π)-3 ε,t \ b l b + b _ b + b l _ b + b _ b 

Vr,R(k) 

N 

+ ) 3 - ν )^ \χ(k)(ν+) 1 / bl+ + (ν+) 1 / b - k + 

-(ν-)1/2 bkl- - (ν-)1/2b- k-)+χ(k)((ν+)1/2bk+ 

+(ν+)1/2bU+ - (ν-)"\- - (ν-)1/2bU-)) 

+ X I ee'^ νeνe'(bkebke' + b - keb-ke' + b k e b - ke' +bkeb -ke ' ) . 

(41) 

Proof. We consider first the kinetic energy 

= — /^(ap*+aq + + a* a )(up, Kuq) 
p,q 

= (2π)^YlA [ 'k' - 2 (a*a„.+al-aq-)(up,χk)(χk,uq)dk 
2 \k\ + (^t 6 ) ^ p+ q^ f 

p,q=0 

The corresponding Eq. (25) in [LSo] has a typographical error. 
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We get the first line in the expression for hQ(k) if we use that 

a%(Pχk)a±(Pχk) > (ν±)-1al(Pχk)a0±al±a±(Pχk) = ̂ 3bk ± bk±. 

Since 

wr,R(x,y) = (2π)- I Vr,R(k)χk(x)χk(y) dk, 

we have that 

w ,00 = (2πi)- I Vr,R(k)(up,Pχk)(Pχk,uq) dk 

= (2πi)- I Vr,R(k)(up,Pχk)(uq,Pχ-k)dk. 

If we use that Vr,R(k) = Vr,R( - k) and χ(k) = χ(-k) we arrive at the expression for 
hQ. The last sum in (40) comes from commuting a 0 ± a 0 ± to a 0 ± a 0 ± . n 

Theorem 8.2 (Particular case of Bogolubov’s method). Forarbitraryconstants A, B+, 
B- > 0 and κ e Cwe have for each fixed k G R the following inequality involving the 
operators b± k ± defined in (37) 

A(bUbk+ + bU+b-k+ + b k-bk- + bU-b-k-) 

+κ B 1/2 bk+ - B 1/2 bk - + B 1/2 b*- k + - B 1/2 b*- k -

+ 2 yBeBe' (bkebkei + b-keb-ke' + bkeb-ke' + bkeb-ke'j 

> - (A + B+ + B-) + J (A + B+ + B-)2 - (B+ + B-)2 - \κ\2. (42) 

Proof. Let us introduce 

4 = (B+ + B-)-1/2(B1/2^^^+ - B^l^bl^-), 

± = (B+ + B-)-1/2(B-
1/2b ± ± k+ + B^_-^b ± ± k-). 

These operators are analogous to the ck and dk discussed at the end of Sect. 3. According 
to (38) and (39) these operators satisfy 

[d*+,dt_] = 0, [c^,c^] = 0, [d+,d^] < 1, 
[d-,d - ] < 1, [c+,c - ] < 1, [c- ,c + ] < 1. 

The right side of (42) can be rewritten as 

A(d/^d+ + dtd- + c^^c+ + c'^c-) + (B+ + B) 

^+ d^d+ + dld-+dldl+d+d- + (B+ + B-)-1/2 {κ(dl + d-) +κ(d+ + dl)) ) 
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We may now complete the squares to write this as 

A(c + c + + c- c-) + D(d+ + αd- + a)(d+ + αd- + a) 

+D(d- + αd+ +a)(d- + αd+ +a) - Dα ([d + ,d + ] + [d- ,d - ]) - 2D|a| 

if 

D(1+α2) = A+B+ + B-, 2Dα = B+ + B-, aD(1 + α) = κ(B++ B-)1/2. 

/ / A \ 2 

We choose the solution α = 1 + B +
 A
 + B - / ( 1 + (B + +B ) ) - 1 . Hence 

Dα = (B+ + B-)α/2 = 1
2 A + B + + B-- (A + B++ B-)2 - (B+ + B-)2 , 

D|a| = = | | B + + B - ≤ 1 | κ| . 

D 

Usually when applying Bogolubov’s method the operators b and b satisfy the canon­
ical commutation relations. In this case the lower bound given above is indeed the lowest 
eigenvalue of the quadratic operator. In our case the operators b and b only satisfy the 
commutation inequalities (39). 

We can now apply Bogolubov’s method as formulated in the theorem above to the 
quadratic Hamiltonian HQ . 

Lemma 8.3 (Lower bound on the quadratic Hamiltonian). The quadratic Hamilto­
nian satisfies the lower bound 

HQ ≥ - γ ε
 -

,t
 1 / 4 I 0ν5/4£-3/4 - 1

2 (ν+ - ν-f w00,00 - Ct-6 ν£-1, (43) 

where I0 was defined in (5). Likewise, 

H Foldy ≥ - γ ε
 -
,t I0ν /4 i /4 - Ct- νl- . (44) 

Moreover, 

N 

HFoldy ≥ y " —Ki - Cν5/4£-3/4 - Ct-6 νf-1. (45) 
i=1 

Proof. We shall use (40). Note first that 

y w ,00(ap + a + + a p-a ) ≤ 4 π - R (ν - n) ≤ 4 π £ - ν, 

by (32) and the fact that R ≤ I. 
By (41) and Theorem 8.2 with B± = ν , κ = (ν+ - ν-)χ(k)i- , and 

2(2π)3 4 |k|2 + | t6) - 2 
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we have 

hQ(k) ≥ ˆ , I -(A + ν) + \/(A + ν)2 - ν2) - (ν+ - ν-) \χ(k)\ i- I 

= - 2 ( 2 π ) - I g(k)+ f(k) - I (g(k)+ f(k)) - g(k) 1 j 

2(2π)3£6( ) I ( )1 , 

where 

t γε,t |k 
g(k) = νVrR(k), f(k) = = . 

2 |k\'^ + ( | t6) - 2 

Since 

g(k) = 4 πν [ (k + R ) - - (k + r ) - ) ≤ 4πν|k| 

and the expression g + f - ((g + f)2 - g2)1/2 is increasing in g for fixed f we have 2 
hQ(k) ≥-1

2(2 π)- 4πν |k | - + f(k)- (4πν |k | - + f(k)) - ( 4 π ν ) |k|-

If we now replace k by ν 1 / T - 3 / γε
 -

,t k, in the k-integration, and observe that 

/ V ˆr,R(k) 1χ (k ) |2 dk 

1/2\ 

2(2π)3£6 

= 1
2£- / / χi(x)Vr,R(x - y)χi(y)dxdy = 1

2 w 0 0 , 0 0 , 

we arrive at 

HQ 

where 

≥-γε -1/4 Iν 5/4£-3/4 - 1 ν + - ν -2 w 0 0 , 0 0 - 4 πν-1 

I = 1
2(2π)- 4π|k | - + f(k) - ( (4π|k | - + f(k)) - (4π) |k| ] dk 

(46) 

with 

f(k) = 1 T | | . 

We now study the I-integral in more details. Since the integrand is monotone decreas­
ing in f we get an upper bound to I if we replace f by a lower bound. Let a = 
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1
2 γε t (ν^) t . If | k | ≤ (8a) /2 we shall simply replace f by 0. If |k| 

we replace f by the lower bound 
> (8a) 1/2 

Note that 

| k | - a. 

( (4π |k | + 1
2 | k | -a) - (4 π) |k| 

= ^ 1 |k |4+4π + 

1/2 

| k | +4π + a - (| k | + 8 π | k | )a 
1/2 

≥ 

≥ 

| k | + 4 π 1 

1/2 

- 4|k| a) + a 
1/2 

1|k| + 4 π 1 - 2 |k | a + 
a 

2(|k|4/4 + 4π) 
/ 2 \ 2 \ 

1 / - 2 a \ \ 
I 4|k| a 2 1 1. 

8 (| k | / 4 + 4π) 

If | k| > (8a) /2 then 4|k| a ≥ a (|k| /4 + 4 π ) - and hence in this case 

( (4π|k | - + 1
2|k| -

1|k| - a) - (4π) | k | 
1/2 

2(|k|4/4 + 4π)1 /2 

≥ ( 1
4| k | + 4 π 

a 
2(|k|4/4 + 

≥ \ 4 | | 

1/2 
4π - 2|k| a ( 1

4| k| + 

- 2|k | - a ( 1
4|k|4 + 4π 

1/2 

1 4 \ 1 / 2 A f- 2 
i 4π ) - a - Ca|k | - - C|k|- a 

4π 
1/2 

- a - Ca|k| 

Thus 

≤ 
1

2(2π)-3 

|k|<(8a)1/2 

4 π|k| dk + 

-{1
4|k|4 + 4 π 

1/2 

|k|>(8a)1/2 

4 π |k| + 1| k | 
2 

+ C|k| adk k 

≤ 1
2(2π)-3 4 π) dk + Ca1/2 + 4 π|k| + 2 | k| - ( 4 | k | + 

= I 0 + C(νl)- / t- ≤ I 0 + Cν- 5 / £ 3 / t- ν£- . 

This gives the stated lower bound on HQ . The proof of (44) is similar except that one 
should simply use Theorem 8.2 with κ = 0. The proof of (45) is the same as the proof 
of (44) except that we, when proving the lower bound on H Foldy, replace K by K/2 and 
simply keep the other half K/2 in the lower bound. Note that this will of course change 
the constants in the lower bound. n 
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9. A-priori Bounds on the Kinetic Energy, Non-Neutrality, and Excitations 

In this section we shall estimate the kinetic energy (2^i=1 l^i), the non-neutrality {(n+ -
n-) ) , and the excitations (ν - n) in a state for which the energy expectation {H) is 
low. (Recall that H was defined in (22) and that we are omitting the subscript z.) More 
precisely, we shall introduce cutoffs 

R = ω(t)-1£ and r = ^3/2(ν^)-1/2, (47) 

and consider a state such that {H ̂  R) ≤ 0. For technical reasons this assumption will be 
more appropriate later (see Lemma 10.1). The Lemmas 6.3,7.1,7.2,7.4,7.5 (Eq. (33)), 
and 7.6 together with (45) in Lemma 8.3 control all terms in the Hamiltonian H ̂  /

R
 4 

from (27). If we combine all these estimates and assume that we have further cutoffs 
0 < r ≤ r' ≤ R' ≤ R we obtain the following bound 

N N 

H ε/4 ≥ Y-—εAi Neu + Y —K.i - Cν 5/4£-3/4 - C -6 ν -1 
1 4 , ^ 4 

+ 2w 0 0 , 00 (n + - n - ) - n + - n - - 4 πR' - |n + - n -|(ν - n) 

2 ε'w'r 00,00 {(n+ - n ) + 1j - ε' 8π£ R (n + 1)(ν -n) 

X—^ X—^ \ 2 

- 2ε' 2 2 Jp µ(ap + aµ+ - a p-aµ-)) . 

The prime on w'QQ QQ and J' refers to the fact that these quantities are calculated with the 
r' and R' cutoffs. If we choose ε' = 1/8 and use w'QQ QQ ≤ 4πR i we arrive at 

N N 

H r,R ≥ E - ~ ε ^ i , N e u + E —^i - Cν 5/4f-3/4 - Ct - νr1 

- C £ - R' (n+1)(ν - n + 1 ) + 4w 0 0 ,00 (n + - n - ) . (48) 

It turns out that the quantity νt is important and that the main contribution to our 
energy estimate will come from boxes where νt is large (but not too large). We shall 
need the control on the kinetic energy, non-neutrality, and excitations only for boxes 
where νt ≥ εω(t)2. 

Lemma 9.1 (Bounds on non-neutrality and excitations). Let R and r be as in (47). 
There is a constant C1 > 0 such that if C1εω(t) ≤ νt and C1Nt ≤ ε then for any 
state such that (Hr

ε
,
 /
R

 4 ) ≤ 0 we have 
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^ t-i \ ≤ Cε-1/2 t - 2 5/4/?-3/4( rt)1/4 (49) 

(50) 

(51) 

(ν - n) ≤ Cε- 3 / t- (νi) 3 / 

and 

{(n+ -n - ) ) ≤ Cε- 3 / t- ν(νi) 3 / . 

Proof. We introduce the cutoffs 

R'= aε1/2(ν£)-1/2^ and r' = ε-1/4e3/2(νi)-1/4, 

where 0 < a shall be specified below. We observe first that r ≤ r' ≤ R' /2 ≤ R/2, 
which will, in particular, imply that w'QQ QQ ≥ C- R i . That r ≤ r' follows from the 
assumption that ν£ ≥ C1εω(t) ≥ C1 ε if we choose C1 ≥ 1. That R' ≤ R follows from 
the assumption C1εω(t) ≤ νl if we choose C1 ≥ a . Finally, r' ≤ R'/2 follows from 
the assumption that C1Nl ≤ ε if Ci is chosen large enough depending on a. In fact, 
we get that R'/r' = aε3/4(νt)-1/4t-1/2 ≥ aε3/4N-1/4£-3/4 since ν≤N. 

We see that (30) implies 

γε,t 
4 

εAi,Neu ≥ 1
4 γε,tεπ I (ν - n). 

From the estimate (48) we hence obtain 
N 

Hrε/4 ≥ Y^ γ^j^i + Uγε,t π2 - ε-3/4S1/2(νt)1/4 - a2C\ ε-2(ν-^ 

(1 + ε - 9 / 8 £ 3 / 4 ( ν ^ ) 3 / 8 ) + a 2 ε ( ν ^ ) - 5 / 4 \ - Ct-6νf-1. 

We have here used that n ≤ ν and that we may estimate ν + 1 ≤ 2ν since we assume 
that ν ≥ 1. Since ε-3i!2(νt) ≤ ε-3Nl3 ≤ C1

- we may rewrite this estimate as N N 

H^R ≥ 2 — l ^ i + i1
4 γε,tπC1

- - a C ) ε£- (ν - n) + 1
4 w 0 0 ,00 (n + - n - ) 

i=1 
-Cν 5 / i- 3 / (1 + ε- 1 / (ν£) 1 / (1 + C1

- + a- ) + a ε(νi)- 5 / ) 

-C(t- νi- +t- i- ). 

If we choose a and C1 appropriately we see that the second term on the right side above 
is bounded below by C-1ε£-2(ν - n). From this and the assumption C1ε ≤ Cεt-8 ≤ νl 
(recall that ω(t) = Ct ) we easily obtain (49) and (50). We obtain (51) if we use that 
S^^0 0 ,00 ≥ C-1R'2i-3 = C-1ε(ν£)-1£-1. D 
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10. Localization of the Number of Excited Particles 

Although the bound on the expectation value (ν - n ) given in Lemma 9.1 is sufficient 
for our purposes we still need to know that ((ν - n) ) (ν - n) . We shall however not 
prove this for a general state with negative energy. Instead we shall show that we may 
change the ground state, without changing its energy expectation significantly, in such 
a way that the only occurring values of ν -n are bounded by the quantity on the right 
side of (50). 

To do this we shall use the method of localizing large matrices in Lemma A.1 of 
Appendix 13. Let * be any normalized wave function with ν particles in the box {zi} + 
[-i/2,1, 2] . We may write * = X!m=0 cm^m, where for all m = 0, 1,... , ν, * m , 
is a normalized eigenfunction of n with eigenvalue m. We may now consider the (ν + 

1) × (ν + 1) Hermitian matrix A with matrix elements Amm' = (^m, Hr , R * m ' ). 
We shall use Lemma A.1 for this matrix and the vector ψ = (c0,... , cν). We shall 

choose M in Lemma A.1 to be given by 

M= Integerpart of ε- 3 / t- (ν£) 3 / . (52) 

With the assumption in Lemma 9.1 that νi ≥ C1εω(t) we may assume (C 2 so large) 
that M > 2. In particular, we may assume that M C ε / t (νl)/ . With the 
notation in Lemma A.1 we have λ = (ψ, Aψ) = ( ≥ , fl^ /

R
 4 * ) . Note also that because 

of the structure of H ̂  /
R

 4 we have, again with the notation in Lemma A.1, that dk = 0 
if k ≥ 3. Since M > 2 this means that the second sum in (71) vanishes. We conclude 
from Lemma A.1 that there exists a normalized wave function ^ with the property that 
the only occurring values of ν - n belong to an interval of length M and such that 

ε/4\ / ε/4 ≥ * , Hr
 ε
, R ^ -* , H * ≥ ̂ , H ^ - CM (|d1(^)| + |d2(^)|) r R ≥ , r R 

We shall discuss d1 = d1 (*) and d2 = d2(^) in detail below, but first we give the result 
on the localization of n that we shall use. 

Lemma 10.1 (Localization ofn). Let R and r be as in (47) and M as in (52). Let C1 > 0 
be the constant in Lemma 9.1 and assume that C1ε ≤ C1εω(t) ≤ νlandC1Nl ≤ ε . 
Then for any normalized wave function * such that 

(*, Hr ^ R4*) ≤-M-2(|d1(^)|+|d2(*)|) (53) ≤-M 

there exists a normalized wave function * , which is a linear combination of eigenfunc-
tions ofν- nwith eigenvalues less than CM only, such that 

I ^ , Hr R ) ≥ ( , r R ) - (| d 1 (^)|+|d2(^) |). (54) 

Here d1(^) and d2(*) are given as explained in Lemma A.1. 

Proof. We choose ̂  as explained above. Then (54) holds. We also know that the possi­
ble n values of ^ range in an interval of length M. We do not know however, where this 
interval is located. The assumption (53) will allow us to say more about the location of 
the interval. 

{^, ε/4.TA 
In fact, it follows from (53) and (54) that I W, Hr , R W 1 ≤ 0. It is then a consequence 

of Lemma 9.1 that (^ , (ν - n)^ + CM. This of course establishes that the allowed 
values ofν - nare less than (C -\≤ )M (which we of course just write as CM). n 
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Our final task in this section is to bound d1(^) and d2(^). We have that d1(^) = 
(W, H r ,

 /
R

 4 (1)W), where H^/
R

 4(1) is the part of the Hamiltonian H r ,
 /
R

 4 containing all the 
terms with the coefficients w for which precisely one or three indices are 0. These 
are the terms bounded in Lemmas 7.5 and 7.6. These lemmas are stated as one-sided 
bounds. It is clear from the proof that they could have been stated as two sided bounds. 
Alternatively we may observe that / i (1) is transformed to - Hr ,

 /
R

 4 (1) by the unitary 
transform which maps all operators a*± and ap ± with p =0to -a ± and -ap±. This 
unitary transform leaves the estimates in Lemmas 7.5 and 7.6 invariant. We therefore 
immediately get the following bound on d1(^). 

Lemma 10.2 (Control of d1 (*)). With the assumptions in Lemma 10.1 we have for all 
ε' > 0, 

|d1(^)| ≤ ε' 8π£ R (*, (n + 1 ) ( ν - n)*)+2ε'w00,00 ( * , ( ( n + - n ) + 1 ) * ) 

+2ε' 2 I * , I 2 Jpµ(a p+aµ+ - ap-aµ-)) * I . 

Likewise, we have that d2(^) = (*, Hr
 ε
, R (2)*), where Hr

 ε
,
 /
R

 4 (2) is the part of the Ham-
ε/4 

iltonian Hr ^ R containing all the terms with precisely two a 0± or two a 0 ± , i.e., these are 
the terms in the Foldy Hamiltonian, which do not commute with n. 

Lemma 10.3 (Control of d2). With the assumptions in Lemma 10.1 there exists a con­
stant C > 0 such that 

| d2(^)| ≤ Cε 1 / t ν 5 / I 3 / (νl) 1 / + 8π£ R (*, (ν - n)(n+ 1 )* ) . 

Proof. We consider the unitary transform that replaces all the operators a ± and ap ± 
with p =0by -ia ± and iap ± respectively. Under this transformation the Foldy Ham-
iltonian (35) changes into an operator that differs from the Foldy Hamiltonian only by 
a ε/4 

change of sign on the part that we denoted Hr ^ R (2). Since both operators satisfy the 
bound in (44) we conclude that 

| d2(^)| ≤ > 2 (^, i^i^) + 1
2 y w 00 I ^, {2 ap+a0+a0+aq+ 

+2a a0 -a0-a - 2a +a0 - a a 0 + - 2a0 +a ap +a0- 1* 

+ γεt I0ν 5/ I 3/ + Ct νl . 
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If we use the representation (31) we find using a Cauchy-Schwarz inequality that 

/ , I ^^ p0 p+ 0+\^^ q0 q- 0- J +/ , Jq0 aq- 0-\ / ^ p0 p+ 0+/ I 
α \p=0 q=0 q=0 p=0 J 

X X Jα ^ / X J α ^ \ X J α ^ / x Jα ^ \ 
— / I / p0 p+ a 0 + l / (70 aq+ 0+ / + / (70 aq7-0-I / p0 p - 0 - / I 

= 2 wpq,00 (ap+(a0+a0++1)aq++ap-(a0-a0- + 1 ) a q - ) . 
pq =0 

The lemma now follows from (32) and from Lemma 9.1. n 

11. Lower Bound on the Energy in a Small Cube 

Our goal in this section is to prove a lower bound on the expectation (H) = (*, H^) 
of the operator H from (22). We are aiming at the following result. 

Theorem 11.1 (Lower bound on H). There exists a constant C0 > 0 such that for all 
0 < ε < 1 and 0 < t < 1/2 with C0NI < ε , and ε- t- I < C0

- we have the 
estimate 

{H)>-Y-1/4 I 0{n)5/4t-3/4 
- C(t- νi- + ε - + ε- t- ν) - K1(ε, t, N, l)(n) 5 / l- 3 / 

- (n) 5 / l- 1 / (N 2 / l ) - 5 / [Cε 1 / + K2(ε,t,N, i)j, (55) 

where K1 and K2 are sums of a finite number of terms of the form Cε- at- b(N2/ i)cN- d 

with d > 0. 

Note that the estimate is not formulated as an operator inequality. The lower bound 
is not a constant nor an expectation value, but a non-linear expression in (n). The reason 
that we give the bound in terms of an expression in (n) rather than in terms of ν is that 
we shall later take into account the term T(S0), i.e., the kinetic energy between boxes, 
which depends on (n) (see (18)). 

In order to arrive at an estimate expressed in (n) we shall make repeated use of the 
following result. 

Lemma 11.2. If {H) < 0 we have the estimate 

(n) > ν(1 - Cε- (N 2 / l)N- 1 / ) . 

In particular, we may assume that the constant C1 from Lemma 9.1 is so large that if 
C1Nl < ε (i.e., (N / I) < C1

- εN1/1 ) then 

ν < C(n) and ν 5 / < (n) 5 / (1 + Cε- (N 2 / l)N- 1 / ) . 
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Proof. This follows from Corollary 6.4 since ε tν 1 / < ε- (N / l)N / , where 
we have used that ν < N. o 

We shallprove Theorem 11.1 by dividing into several cases. We first prove an a-priori 
bound on H. 

Lemma 11.3 (A-prori bound on H). We may assume that the constant C1 from 
Lemma 9.1 is large enough so that f C1Nl < ε and ε- t- I < C1

- there exists 
a constant C > 0 such that 

- C(t νl + εl ) . (56) 

Proof. If ν = 0 there is nothing to prove. We may therefore assume that ν > 1. We now 
make the following choices for the cutoffs: 

r = bε- t and R = minjaε 1 / (νi)- 1 / , ω(t)- K, 

where 0 < a,b shall be specified below. We first note that r < R if C1 is sufficiently 
large (depending on a and b). Indeed, either R/r = (a/b)(ε ν - £ - ) /2 > (a/b)C1 
(since ν < N) or R/r = b ω(t)- εl-

We proceed as in the beginning of Sect. 9, but we now use Lemma 6.2 instead of 
Lemma 6.3 and (44) instead of (45). We then get that 

H > ^ (ε - δ)Ai,Neu - γε
 -
,t I 0ν 5 / i- 3 / - Ct- νi- - CνR-

i = 1 

-Cν2(δ-3/2 r 1/2 + £-3r2) + 1 w 00 ,00 [(n + - n - ) 2 - n + - n - 1 

-4πR I |n+ - n |(ν - n) + 2
1 2 \ / Jpµ(a*p+aµ+ - a 

- 1
2r (ν - n) - 2ε 'w 00 ,00 ( (n+ - n ) + 1) 

- ε'- 8 π £ - R (n + 1)(ν - n) - 2ε'2( / Jpµ(a*p+aµ+-ap-aµ-)) . 

If we choose ε'= 1/4, use that w 00 ,00 < 4πR i , andn < ν we obtain after inserting 
the choices of r and R that 

N 

H >Y -— (ε - δ)^i,Neu - γε
 1

,
 /
t
 4 I 0ν5 / 4 - 3 / 4 - Ct-6 ν-1 

1 ε - 1 a - 1 ν/-1 ^l1/) 1/2 Cν 2 / ( b 1/2 ε -1 /2 δ -3 /2 + ε - 2 b 2 ) 
2 ^ 

- 1
2εb- (ν - n ) £ - -a εC- (νl)- ν(ν -n + 1). 

We have here inserted the upper bound aε(νl)- / I for R. This is allowed, since the 
only term which is not monotone increasing in R, i.e., 1 2νR- , can in fact, according to 
(29), be ignored when R = ω(t)-1l. We have again replaced ν + 1 by 2ν. 

882 



Ground State Energy of the Two-Component Charged Bose Gas 

Ground State Energy of the Two-Component Charged Bose Gas 

If we now choose δ = ε/2, and again use that 

i = 1 

we arrive at 

-Cν5 /4£-3 /4('a-1ε-1 /2(ν£)1 /4 + ε-2(b1/2 + b2)(ν^)3/4^ + a2ε(νi)-5/4\. 

We obtain the results of the lemma if we make appropriate choices of a and b. n 

We now use this estimate to control boxes with few or with many particles. We shall 
show that these boxes do not contribute to the leading order estimate of the energy. Thus 
the specific form of the first term in (56) is not important. We may simply estimate it by 
Cν 5/4£-3/4 . 

Lemma 11.4 (Boxes with few particles). Let C1 be the constant in Lemma 9.1 and 
assume that νl ≤ C1εω(t) , C1Nl ≤ ε , and ε- t- I < C1

- . Then there is a 
constant C > 0 such that 

H ≥ -Ct- νi- - Cεi- - Cε- t- ν. 

Proof. The result follows immediately from Lemma 11.3 if we simply insert the assumed 
bound on νi and use that ω(t) = Ct . o 

Lemma 11.5 (Boxes with many particles). Let C1 be the constant in Lemma 9.1. 
Assume that νi ≥ ε- (N / l)1 , C1Nl ≤ ε , and ε- t- I < C1

- . Then 

{H) ≥ - γ ε , t 1/4 I 0in 5/4 -3/4 - C{n 5/4£-3/4 ε -1 N 2/5£)N -1/15 
- C ( n 5/3 ̂  -1/3 ε 1/6 (N 2/5 ̂ ) -5/3 + ε -2 (N 2/5 ̂ ) 4/3 N -3 /15\ 

- C(t- νi- +t- i- ). 

Proof. We may of course assume that {H) ≤ 0 and hence use the estimates in 
Lemma 11.2. We now use Lemma 11.3 and insert the estimates 

5/4/?-3/4 ( rt) 1/4 ν 5/3/-1/3 (ν/) -1/6 ≤ 5/3/?-1/3 2/3 (N 2/5/?) -5/3 
5/4/?-3/4 ( /?) 3/4/? ν 5/3/? -1/3 1/3/?4/3 ^ 5/3/? -1/3 (N 2/5/?) 4/3 N -3/15 

In the first inequality we used the assumption on νi. In the last inequality we simply 
used that ν ≤ N. o 

We now restrict attention to boxes with εω(t) ≤ νi ≤ ε- (N / l)1 . In the next 
lemma we shall prove the lower bound on (H) under the restrictive assumption given 
in (57) below. Finally, Theorem 11.1 is proved by considering the alternative case that 
(57) fails. Let us note that, logically speaking, this could have been done in the reverse 
order. I.e., we could, instead, have begun with the case that (57) fails. 
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Lemma 11.6 (Lower bound on H: restricted version). Let R and r be given by (47). 
LetC 3 be the constant in Lemma 9.1. Assume that C1εω(t) ≤νl≤ ε- (N / I) and 
C1Nl ≤ ε . Then there exists a constant C2 > 0 such that if 

I R ν(ν -n) 

1 I ^— 2 X—^/x—^ \ 2 \ 
≤ C2

- ( w 0 0 , 0 0 (n + - n ) + / ( / Jpµ(ap + aµ+ - ap - a µ - ) ) ) , (57) 

we have that 

(H) ≥ -γε
 -

,t I 0 (n) /4 i /4 - Ct- νl-

C/"n\5/4t?-3/4 / - 1 (N 2/5/?)N - 1 /15 + -7 /2 (N 2/5/?) 23/4 N -3 /10 

+ ε -9 /2 t - 2 (N 2/5t?) 8 N - 1 / 5 \ 

Proof. We may of course assume that (H) ≤ 0 and hence use Lemma 11.2. We may 
also assume that {H ̂  R) ≤ 0 otherwise we have from (29) and the choice of r that 

≥ - C ε - 3 / 2 ( n 5/4 ̂  - 3 /4 (ε - 4 (N 2/5 ̂ ) 10 ) 1/2 (N 2/5 ̂ ) 3/4 N -3 /10 - Cν^ -1 

=-C(n 5/4 ε -7 /2 ^ - 3 /4 (N 2/5 ̂ ) 23/4 N -3 /10 - Cνf^-1 , 

which implies the stated estimate. It now follows from Lemma 9.1 that we have the 
estimate (50). 

We again proceed as in the beginning of Sect. 9, but we use (44) instead of (45) and 
(29) instead of Lemma 6.3 or (28) (since now R = ω(t ) - £) and we choose δ = ε. We 
then get that 

H ≥-γε , t '"*I 0ν 5/4£-3/4 - Ct -6 ν -1 - Cν 2 (ε -3/2 1/2 + -3 r 2 ) 

+ 2 w 0 0 00 (n + - n - ) - n + - n - - 4πR i- |n + - n - | ( ν - n) 

ap aµ) 
2 

pµ =0 

p - µ 

- 1
2r (ν - n) - 2ε 'w 00 ,00 ( (n+ - n ) + 1) 

1 ^ 2 X—^/ X—^ \ 2 

- ε'-8 πl-R(n + 1)(ν - n) - 2ε'2{ / Jpµ(a p+aµ+ - ap-aµ-)) . 

If we use the assumption (57) and the facts that |n+ - n - | ≤ ν,n + 1 ≤ 2ν, and 
w 00 ,00 ≤ 4 π R £- we see with appropriate choices of ε' and C2 that 

{H) ≥-γε,t'"*I 0 ν 5/4£-3/4 - C(t - 1 4 £ - 1 + t -22£-2 ) 

where we have inserted the choices of r and R. If we use (50) we see that 
/ n^ν 1 / 2 / - 1 /^ε - 3 / 2 t - 2 ν 5 /4 / -3 /4 ( rt) 3/4/?1/2 

≤ r^ε - 9 / 2 t - 2 ν 5 /4 / -3 /4 (N 2 /5 / ) 8 N - 1 / 5 

884 



Ground State Energy of the Two-Component Charged Bose Gas 

Ground State Energy of the Two-Component Charged Bose Gas 

Hence we arrive at the bound in the lemma if we note, as above, that 
ε -3 /2 7/4/?1/2 ≤ Cν 5/4/?-3/4 -7 /2 (N 2/5/?) 23/4 N -3 /10 

and use the result of Lemma 11.2. n 

Proof of Theorem 11.1. We again let r and R be given by (47). According to Lem­
mas 11.4 and 11.5 we may assume that C1εω(t) ≤ νl ≤ ε- (N / l)1 . Then from 
Lemma 11.6 we may assume that 

£- R ν(ν - n) 

1 / -^ 2 X—V / X—V \ 2 \ 

≥ C2
- / w 00 ,00 (n - n ) + / ( / Jpµ(ap+aµ+ - a p - a µ - ) ) ) . (58) 

We may also still assume that (H) ≤ 0 and {Hr
 ε
, R) ≤ 0 (as in the proof of Lemma 11.6). 

Hence we can use the results of Lemmas 9.1 and 11.2. It is enough to prove an estimate 
of the type (55) for {H ̂  R) (the extra error terms were estimated in the first paragraph 
of the proof of Lemma 11.6). 

We begin by bounding d1 and d2 using Lemmas 10.2 and 10.3. We have from Lem­
mas 9.1 and 10.3 that 
| d2| ≤ Cε-1/2t-2ν5/4£-3/4(ν£)1/4+C^-3R2ν^ν-n 

where the last estimate follows since νi ≥ εω(t) . 
In order to bound d1 we shall use (58). Together with Lemma 10.2 this gives (choosing 

ε' = 1/2 say) 

| d 1 | ≤ C-3R2ν({ν-n + 1) ≤ Ct6ε-3/2ν5/4-3/4(νl)5/4. 

If the assumption (53) fails then 

(H r,R'> ≥ - C t 10 ε 3/2 ν 5/4 ̂  -3/4 (ν^) -7/4 

≥ -Ctε/2νi-(εω(t))/2 = - C t ν l , 

and we see then that the bound (55) holds. We may therefore assume that (53) holds. 
Thus from Lemma 10.1 it follows that we can find a normalized wave function * , such 
that 

(* , (ν - n)*) ≤ Cε- 3 / t- (νi) 3 / and ( * , (ν - n) * 1 ≤ Cε- t- (νi) 
(59) 

and such that 

iHr R / ≥ ( ^ , Hr R '^j - Ct νi- . (60) 

(Here as before {X) denotes the expectation of the operator X in the state *.) 
In order to analyze ( ^, Hr

 ε
,
 /
R

 4 ̂  ) we again proceed as in the beginning of Sect. 9, but 
this time we use (34) of Lemma 7.5 and (43) of Lemma 8.3. We find that 
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+ 1
2w00,00 (n+- n )2-n+ - n \-4πRi |n+ - n |(ν - n ) 

-1
2 w 00,00(ν+ - ν-)2 + 1

2 E ( E Jpµ(ap + aµ+ - ap - a µ - ) ) 

- 1
2r (ν - n) - 2ε 'w00 ,00 ((ν - n) + 1) - ε' 8π£ R(n + 1)(ν-n) 

X—V / X—V ) 2 

We shall use that for all ε" > 0 

ε" 

and 

(ν+ - ν ) ≤ (1 + )(n+ - n ) + (1 + )(ν - n ) 
2 2ε" 

ε" - 2 1 
|(ν - n) ≤ 

According to Lemma 7.4 

| n + - n |(ν - n)≤ — (n + - n ) + (ν - n) . 
2 2ε" 

+a a aν-a - 2a +a aν-a +\ + (ν - n)r- . 

pµ( p+ aµ + p- aµ - ) ≤ w pq,µν 

- 2a + a aν-a + + (ν -

The sum on the right is simply the second quantization of the two-body operator P 
Pwr,RP P, where P again denotes the projection onto the subspace of L (([-£/2 , 
£/2] ) X {1, -1}) consisting of functions orthogonal to constants. Since wr,R ≤ r-
this sum is bounded above by 

((ν+ - n + ) + (ν- - n - ) )r ≤ (ν -n) r- . 

(This can of course also be proved by directly estimating the sum.) If we insert the above 
estimates into (61) and choose ε' = 1/ε" we arrive at 

5/4/?-3/4 Ct -6 rt -1 H r,R ≥-γε,t I 0 ν 5/4 (^ 3/ -

-CR I [ ν + ε"(n+ - n - ) + (1 + 177)((ν - n) + 1) + ε"ν(ν - n) \ 

-Cr- (ε
 1 ( ν - n ) + (1 + 177 ) (ν -n)) . 

We now use (59), Lemma 9.1 (we may of course assume that (^, Hr
 ε
,
 /
R

 4 ̂ ) ≤ 0), and the 
choices (47) of R and r. We get 

- Cω(t)- i - (ν + ε"ε- 3 / t- ν(νi)3/ + (1 + 17T)ε- t- (νi) I 
\ ε ' ' I 
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Finally we make the choice ε" = ε 3 / t (νt)1/ t 1 / and arrive at 

( * , H r,R^\ > - γ ε , t ' " * I 0 ν 5/4£-3/4 - Ct -6 νt-1 - Cν 5/4£-3/4 

+ ε -3/2 t -2 (ν/)^/4/1/2 + ε -3/4 t 3 (ν/) 1/4/1/4\ 

If we now insert the bound νt < ε (N / l)1 , use (60) and the result of Lemma 11.2 
we arrive at a bound of the form (55) for (Hr ^ /

R
 4 ) . • 

12. The Lattice Approximation 

Given a map S : Z 3 ^i^ R we define a function φ : R3 ^ R as follows. On any cube 
{µ} + [-1 /2 , 1/2] with µ G {(1/2, 1/2, 1/2)} + Z we set 

φ(x) = 2 λτ(x - µ)S(µ + τ/2), (62) 
τEZ 3 
τ|=V3 

where 

λτ(x) = (1/2 + τ 1 x1)(1/2 + τ2x2)(1/2 + τ 3 x3). (63) 

Note that the 8 points µ + τ/2 with |τ | = v 3 are the corners of the cube {µ} + 
[-1 /2 , 1/2]3. The function φ is well-defined on R3 and is continuous. Moreover, φ(σ) = 
S(σ) for σ G Z . By a straightforward calculation we obtain that 

where we have defined 

/ (Vφ) = T(S), (64) 

1 2 ^ 1 T(S) = y —(S(σ 1) - S(σ 2)) + / —(S(σ 1) - S(σ 2)) . 12 ' 24 

Note that there is a constant C > 0 such that for all maps S : Z3 ^ R we have 

C 2 , (S(σ 1 ) - S(σ2)) < T(S) < C 2 , (S(σ 1 ) - S(σ2)) . 

|σ 1 - σ 2 | = 1 |σ 1 - σ 2 | = 1 

Lemma 12.1. If λ1,... ,λm > 0 and X!mj=1 λj = 1 we have for all S1,... ,Sm > 0 
and all β > 1 that 

j=1 j=1 j=1 1<i<j<m j = 1 

for some constant Cm,β > 0. 
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Proof. The first inequality follows from an application of Jensen’s inequality. If we write 
m v^m β / v^m \ v^m β 

N I \ \ N = z^j=1 λjSj then2^j= 1 λjSj - z^j=1 λjSj = ^j=1 λj(Sj - Y ). Thesecond 
inequality above then follows easily from |aβ - bβ l^|a - b|(aβ 1 + bβ 1), which 
holds for all a,b > 0, and |Si - Y| ≤ X!mj=1 λj| Si | ≤ y |. '-' 

Lemma 12.2. If β ≥ 2 and if φ : R3 R is the function constructed above corre­
sponding to a non-negative map S : Z3 R we have for all0 < δ that 

(1 - δ) 2 S(σ)β - Cδ-(β- 1 )T(S)β/ ≤ I φ ≤ / S(σ)β 

and that 

y S(σ) / - δT(S) - Cδ- I 2 S(σ) 1 I 2 S(σ) 1 

Proof The functions λτ(x) in (63) are non-negative and satisfy 

^ λτ(x) = 1 
τ ∈Z 3 

|τ|= √ 3 

and that [ - 1 /2 1/2]3 λτ(x)dx = 1/8 for all τ ∈ Z with |τ | = √ 3. We thus get from the 
inequality in Lemma 12.1 that for all µ ∈ {(1/2,1/2, 1/2)} + Z , 

- S(µ + τ/2)β 
8 ^ 

1 

τ∈Z 
τ|= √ 3 

≥ / φ(x)βdx ≥ - / S(µ + τ/2)β 
8 ' 

{µ }+[-1/2 ,1/2]3 | | √
3 

/ _ ^ 2 \ 1 / 2 -r V β 1 
- C I 2 (S(µ + τ 1 /2) - S(µ + τ2/2)) I 2 S(µ + τ/2) 

τ 1,τ2∈ 
| τ 1|= √ 3 
| τ 2 | = 3 

≥-(1 - δ) S(µ + τ / 2 ) β 
8 ^ 

τ|= √ 3 
/ _—, 2 \ β/2 

-Cδ-(β-1) J2 (S(µ + τ 1/2)-S(µ + τ2/2)fy . 
| τ 1|= √ 3 
| τ 2 | = 3 

If we sum these inequalities over µ (i.e., over cubes), use that each point in Z 3 is the 
corner of 8 different cubes, and th 
the first inequality of the lemma. 
corner of 8 different cubes, and that ^ bµ

β/ ≤ (X!µ bµ )β , when bµ ≥ 0, we obtain 
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To arrive at the second inequality we instead use the Cauchy-Schwarz estimate 

/ X—^ 2 \ 1 / 2 X—^ 1 
I 2 , (S(µ + τ 1/2) — S(µ + τ2/2)) I 2 , S(µ+ τ/2)β^ 

τ 1|=V3 |τ |=V3 
|τ2|=V3 

<δ 2 (S(µ + τ 1 /2) — S(µ + τ2/2)) +Cδ^ 2 S(µ+ τ/2)2 β^ . 
τ 1,τ2EZ 3 τEZ 3 
I q h v ^ |τ |=V3 

|τ2|= = 3 

For β = 5/2 we have 2β — 2 = 3. The second inequality in the lemma then follows by 
summing over µ as above, possibly redefining δ, and using that 

y S(σ) < I y^ S(σ) 1 I y^ S(σ) 1 
σeZ3 σeZ3 σi^Z 3 

Theorem 12.3 (The Sobolev inequality for T). There exists a constant C > 0 such 
that for all maps S :Z 3 ^i^R that vanish outside some finite set we have 

( / |S(σ) | ) < CT(S). 

Proof. Since T(S) > T(|S|) it is enough to consider only non-negative maps S. If we 
use the first inequality in Lemma 12.2 with β = 6 and δ = 1/2 we obtain that 

y |S(σ)| < 2 / φ(x) dx + CT(S) . 

Since φ : R3 ^ R i saC functionof compact support we may use the standard Sobolev 
inequality on R 

/ φ(x) dx < C i I |Vφ(x)| dx j = CT(S) . 

If S vanishes outside a finite set we get from the Sobolev inequality and the second 
inequality in Lemma 12.2 that 

X—^ 5 / 2 7 / x — ^ 2\3 f 5/2 X—^ 5 / 2 

y S(σ) — δT(S) — Cδ^ I y S(σ) \ < j φ < y S(σ) . (65) 
σeZ3 σeZ3 σi^Z 3 
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12.1. Application of the lattice approximation to the situation in Theorem 5.2. We shall 
use the above results for the map 

S0(σ) = S0 (σ) = i- (v (nσ) + 1 - 1). 

The expression T(S0) is then exactly the term that appears in Theorem 5.2 on localiz­
ing into small cubes. Note that S0(σ) < i-1/{nσ). Let φ : R3 ^ R be the function 
corresponding to S0 as constructed in (62). Then from (64) and Lemma 12.2 we get 

T(S0) = I (Vφ) and I I φ — / ^ S0(σ) < 2 ^nσ) < N. (66) 
σi^I3 σ si3 

Moreover, we get for all 0 < δ that 

σsl3 

< (1 - δ) 2 S0(σ) 5 / I 7 / + Cδ- 3 / i- 3 / (L/i) 

< (1 - δ)i 7 / I φ + δT(S0)+Cδ- I I 2 ^ S0(σ) 1 +Cδ- / l- / (L/l) 

< (1 - δ)i /4 I φ 5 / + δT(S0) + Cδ i N + Cδ 3 / I 3 / (L/I)3, (67) 

where we have used firstly that (nσ) = 0 for at most (L/V)3 different points σ and sec­
ondly the inequality (65) with δ replaced by δt 7 / . Likewise we get from the Sobolev 
inequality Theorem 12.3 

y (nσ) 5 / l- 1 / <C 2 ^ S0(σ) +Ci- 1 / (L/l) 

< CI 2 S0(σ) 1 (i 5 / 2 ^ S 0(σ) I + C S - 1 / (L/t) 

< CT(S0)(N2/5t)5/3 + C-1/3(L/l)3. (68) 

Finally, note that if we define <I>(x) = I / φ(x/l) we find that 

i(V^)2 = ((Vφ)2, f $5/2 = £7/4 f φ5/2, f ^2 = 12 f φ2. (69) 

13. Completing the Proof of the Lower Bound in Dyson’s Formula Theorem 2.1 

us results to conclude t 
, 5.2, 11.1, and (66), ( 
< ε3 and ε-1 t-4l < 

In this final section we shall combine all the previous results to conclude the asymptotic 
lower bound in Theorem 2.1. From Theorems 4.2, 5.2, 11.1, and (66), (67), (68), and 
(69) we obtain, under the assumptions that C0NI < ε and ε- t i < C0

- , that 

E(N) > inf A (V<I>) - B 4" - DN / , 
o 
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where the infimum is over all functions <5 > 0 , such that f <$> < N and 

A = (γ γγε,t /2 — γγγε t I 0δ — Cε 1 / — CK2(ε,t,N, £)) 

B = (1 — δ)γγ(γε ,t I0 + K1(ε, t, N, £)) 

D C i t^2 (N1/5 L)^2 + t^4 (N2/5 f)^1 + (N1/5 L)3 (N2/5 f)^5 

+ t^6 (N 1/5 f)^1 N^1/5 + ε^1 t^8 N^2/5 

+ γ γ ( γ ε ,t I0 + K1(ε, t, N, i))δ^ (N 2 / I) N^ 8 / 

+(ε 1 / + K2(ε,t, N, i))(N 2 / l)^ (N 1 / L) N^ 2 / ). 

We have used that ^ σ νσ = N and ^ σ , νσ = 0 I < L /l . 
We shall show that as N ^ cx3 we can choose ε, t, δ ^ 0 and N / I, N / L —^ oo 

in such a way that A —^ 1/2, B —^ I0, D —^ 0, ε Nl —^ 0, ε^ t^ i —^ 0, and 
I < L. 

Note that from (7) and (21) the limits of A and B will follow if we can prove that 
K1, K2 —^ 0. The error term D is of the form 

D = Ct^ (N 1 / L)^ + Ct^ (N 2 / l)^ + C(N 1 / L) (N 2 / l)^ + K3 

where K3 is a finite sum of terms of the form 

Cδ^aε^ t^c(N / i) (N 1 / L)eN^f , (70) 

where f > 0. Recall that K1 and K2 were sums of expressions of the same form. Note 
that ε Nl = ε (N / l)3N^ / , ε t I = ε^ t^ (N / l)N / , and l/L = 
(N / i)(N1/ L)^ N^1/ (which is required to be less than 1) are again all of the form 
(70). 

Now first choose N / I ^ cx3 in such a way that (N / I) N f —^ 0 for all 
the occurring terms of the form (70). Then choose N / L ^ cx3 in such a way that 
C(N / L)3 (N / I) —^ 0 and (N / I) (N / L)eN^f —^ 0 for all the terms of the 
form (70). Finally choose ε,t,δ —^ 0 in such a way that all the terms of the form (70) 
and the first two terms in D still go to zero. Hence we have achieved all the limits as 
claimed. 

Dyson’s formula now follows since by scaling we have that 

A I fV<I>) — B I (t 5 / = (2A) 3 / (B/I0)4/ N 7 / I 1 / (V<I>) — I0 1 (t 5 / 1 

\ J 2 , 

where 

<ii(x) = (2AI 0 / B ) / 5 N ^ / < i ' I (2AI0/B)/5 N^ / x ) 
satisfies J ct2 = N^1 f <ii2 < 1 if f <ii2 < N. 
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Appendix A: Localization of Large Matrices 

The following theorem allows us to reduce a big Hermitian matrix, A, to a smaller prin­
cipal submatrix without changing the lowest eigenvalue very much. The proof can be 
found in [LSo]. 

Theorem A.1 (Localization of large matrices). Suppose that A is an N ^ N Her­
mitian matrix and let Ak, with k = 0,1,... , N — 1, denote the matrix consisting of 
the k th supra- and infra-diagonal of A Let ψ e CN be a normalized vector and set 
dk = (ψ, A ψ) and λ = (ψ, Aψ) = X!k=0 d k. ( ψ need not be an eigenvector of A.) 

Choose some positive integer M < N. Then, with M fixed, there is some n e [0, 
N — M] and some normalized vector φ e CN with the property that φj = 0 unless 
n+ 1 < j < n + M (i.e., φ has length M) and such that 

C M—1 N—1 

(φ, Aφ) < λ + 2 y k \dk\ + C y \dk\ , (71) 
k=1 k=M 

where C > 0 is a universal constant. (Note that the first sum starts with k = 1.) 

Appendix B: Localization of the Kinetic Energy 

Our goal here is to prove a certain lower bound on the many body kinetic energy 
N 

'^i=1 —Ai acting on the symmetric tensor product space (^ SL (R ). In order to state 
the bound we need to introduce some more notation. Let X0 denote the characteristic 
function of the cube [—i/2, i/2] , in R . Let Xz be the characteristic function of the 
cube {zi} + [—i/2, i/2] , i.e., Xz(x) = X0(x — Iz). Let Pz denote the projection onto 
the subspace of L ({z£}+ [—1/2, £/2] ) consisting of functions orthogonal to constants. 
We shall consider Pz as a projection in L (R ). Let — A(

 N
 z

 e
 )

 u be the Neumann Laplacian 
for the cube {zl} + [—1/2, £/2] . Let a^(z) be the creation operator 

a0(z) = a*(l 3 / Xz), 

i.e., the operator creating the constant in the cube {zl} + [—£/2, £/2] . Note that as 
oo N 

before a0(z) acts in the Fock space ^ (^SL (R ). Products of theforma0(z)a0(z') or 
N=0 

N 
a0(z')a^(z) are however bounded operators on the space ( ^ S L ( R ) . Let for all z G R 
the function χz G C'0 ({zl} + (—1/2,1/2)) be such that H αχzlloo < C(lt)^^α^ and 
|| α^/1 — χ2

 z||(X) < C(£t)^lαl for some t with 0 < t < 1 and all multi-indices α with 
\α\ < 3. We can now state the operator inequality we shall prove. Observe that that we 
are estimating the one-body kinetic energy operator (the Laplacian) from below by a 
many-body operator. 

Theorem B.1 (Kinetic energy localization). Let il c R3. Let w1,... ,wr G R3 and 
β 1 , . . . , βr > 0 be such that XwjX0 = 0 for all j = 1,... ,r and such that for all 
v eR 3 we have that 

r 

2 β j ( w j , v) < v . 
j=1 
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Then for all0 < s < t < 1 and all ε > 0 we have 

r N 
/ /^—^ \ 1 / 2 \ ^—^ 
( 1 + ε + C ( s / t ) t ~ -\-Cs1/ + Csiy^βj) ) y^ —Ai 

j=1 i=1 

= 1 
r 

^ i=1 -Ai + (ls) 
r βj 

+ / ^ ( ^ / a 0(z +wj)a 0(z +wj) + 1/2 
j = 1 

2 r 
βj 

—,a0(z)a0(z) + 1/2 dz — / 2 vol(f2). (72) 
j = 1 

Here all operators are considered in the sense of quadratic forms. 

Proof. By rescaling we may consider I = 1. 
Note first that on the quadratic form domain of the Laplacian —A on R we have 

in the sense of quadratic forms. 
Let fs : R3 ^ R be the function fs(p) = p /(p + s ) for some s > 0. Then for 

all u G L (R ) we have 

(2 π)-3 fs(p)\u(p)\2dp = u(x)- u (x)dx. 

It follows that for all u e L (R ) we have 

= u(x) 2 

A + s^ 

fs * \X\ (p)\u(p)\ dp = u(x)Xz(x) ^(Xzu) (x)dxdz. 

Lemma B.2. We have 

llfs ~ (2π)^ fs * \X\ lloo < Cs 1 / . 

Proof. We calculate 

2 /2sin(p1/2)\ /2sin(p2/2)\ /2sin(p3/2)\ 
p1 p2 p3 

In particular /ipi>r \X(p)\2dp < Cr^1 for all r > 0. Since (2π)^3 f \X\2(p)dp = 1, 
llfslloo < 1, and ||Vfs||(X) < Cs we have 

fs(p) ~ (2π)^ fs * \X\2(p)\ < (2π)-3 \fs(p)-
' ' \q\<r 

+(2π) j \fs(p) — fs(p — q)\\X(q)\dq<Csr + Cr^. 
\q\>r 

The result follows from choosing r = s^1/2. o 
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We now write 

p = (2π)- p fs * \X\ (p) + p ( fs(p) - (2π)- fs * \X\ (p)) + p (1 - fs(p)) 

> (2π)- p fs * \X\ (p) - Cs 1 / p + p (1 - fs(p)). 

For all u e L (R ) we have 

(2π)-6 / \u(p)\2p2f s * \X\2(p)dp 

3 r r A 
= ^ / / iu(x)Xz(x) - 2 (Xz iu)(x)dxdz. 

i=1 

In other words we have the operator inequality 

hs-
- A > Azdz+ - 2 - Cs 1 / (-A), 

where the operator 
3 

(73) 

A A = - iXz 

- A + s 

is defined as giving the positive quadratic form 
3 . 

(u,Azu) = 2 / iu(x)Xz(x) - 2 (Xz iu)(x)dx 
i=1 

with domain H ({z} + [-1 /2 , 1/2] ). With the similar notation the operator Xli=1 -
(z) iXz i is nothing but the Neumann Laplacian - AN e u. 

Lemma B.3. Givenθ e C°°({z}+ [-1/2, 1/2] ) such that θ is constant near the bound­
ary of the cube {z}+[-1/2, 1/2]3. Assume moreover that \\ αθ\\oo < C\t\-^α^ for some 
t with s < t and all multi-indices α with \α\ < 3. Then 

[[Az, θ],θ] > -C(s/t)(-A(
 N

 z
 e
 )

 u) - C(s/t)t- Xz. 

Proof. We calculate 

- iX Xz i,θ = - iXz - ( iθ) - iXz ,θ X i 
z A + s-2 * + 2 2

 z 

( iθ) - i Xz ^ 
s-2 A + s-

-( iθ) -
- A 4 

and 

A 
( iθ) Xz i 

- A + s - 2 

A 1 1 r - A Xz i,θ ,θ =-2 iXz 2 , θ ( iθ) - iXz - 2 Xz i,θ ,θ =-2 
A+s-

2 , θ Xz i - 2( iθ) 2( iθ) -2( iθ) 2 ,θ Xz i -

- iXz 

A K( 
s -

A+s 
2,θ ,θ Xz i. 
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We also calculate 

2 ,θ \ = s - 2 [ - A , θ] 2 

- A + s - A + s - A + s 

and 

A 
,θ ,θ 

1 1 
= s [[-A,θ],θ] 

Hence 

A + s - 2 A + s- , , . + 2 

-2 1 1 1 
+2s 2 [ - A,θ] 2 [θ, - A] 2 

- A + s - A + s - A + s 

A 1 rr -A 
\ \ - A + s-2 

Likewise 

,θII ≤ Cs/t and 2 ,θ ,θ ≤ C(s/t) . 

A 
\ \ - A + s-2 

Using these estimates we find that 

, iθ , θ \ \ ≤ C(s/t) t 

r - A 1 r - A 1 
iXz =-,θ ( iθ) + ( iθ) =-,θ Xz i ,θ ( iθ) + i 

A + s . s-2 

(t/s) iXz - 2 ,θ 2 ,θ Xz i + (s/t)( iθ) 2 

≤ -C(s/t) iXz i + C(s/t)t Xz 

r A i r A r 2 
≤ -(t/s) iXz ,θ ,θ Xz i + ( 

- - + s-2 - - + s-2 

and 

θ) 2( iθ) = 
A 3 1 

- A ^ 
( iθ) -2 ( iθ) = - j( iθ) - - 2 ( iθ) j 

3 3 
2 ( j iθ) - . -2 ( iθ) - £ ( i θ ) r - 2 ( j iθ) 

j=1 j=1 

- ^ ( j iθ) - 2 ( j iθ) 

3 1 
T 

3 

≤ - j( iθ) - 2 ( iθ) j+C(s/t)t - 2 X z 

≤ -C(s/t) jXz j + C(s/t)t Xz. 
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With ηz = 1 - χ2
 z we may write 

= χzAzχz + ηzAzηz + 2 [ [ A z , χz] , χz] + 2 [ [ A z , η z ] ,ηz] 
( A )2 

Here we have used that χzAzχz = χz - - + -2χz , where - A is the Laplacian on R . 
Clearly we have PzAzPz = Az. Thus 

Az ≥ Pzχz - 2 χzPz - C(s/t)(-A(
 N

 z
 e
 )

 u ) - C(s/t)t Pz 

( + )2 

(z) 
Neu ≥ CPz. where we have assumed that t < 1 and used that - A 

We turn now to the term - A s - /(-A + s ) in (73) 

Lemma B.4. For all u ∈ L (R ) we have that 

r -2 r 
|2 As 1/2 

R3 
βj u(x + wj) - u(x) dx ≤ u, - 2 + 2 2 β j s(-A)u 

/ \ 1/2 
Proof. Write b = 21 ^ j = 1 βj 1 . On one hand we may write 

I u, I - + bs(-A) \ u] = (2π) - / |u ˆ(p)| ( - + bsp 1 dp. 
- - + s 2 p2+s 2 

On the other hand we have 

^ / βj u(x + wj) - u(x)\ dx 
j = 1 

r 

= ^ (2π) -3 I 
βj|u ˆ(p)|2| exp(i(p, wj)/2) - exp(-i(p, wj)/2)|2dp 

r 

= V(2π)-3 / βj|u(p)| 4sin ((p, wj)/2)dp. 

We thus simply have to prove that 

p2 + s-2 
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If 2|p| < b1/s 1 / 2 we have 
2 - 2 2 r 

p s p 
p2 + s-2 ~ bs + 

If |p| > b1/s /2 we have 

2 2 > > (1 - bs)p > y 4βj sin ((p, wj)/2) - bsp . 
p + s - bs + 1 ' ' 

r 

bsp >b > y 4βj sin ((p,wj)/2). 
j=1 

n 

Since for all y e R , (Xy+ σ) „3 is an orthonormal family in L (R ), we get from 
Parseval’s identity that 

/ u(x+ wj ) - u(x) dx > y \j Xy+ σ(x)(u(x + wj) - u(x))dx\ . 

If we integrate this over y e [0, 1] we obtain 

f f \ f 12 

/ | u ( x + wj ) - u(x)| dz > I / Xz(x) {u(x + wj) - u(x) ^ dx\ dz. 

The quadratic form on the right of this inequality corresponds to the operator whose 
second quantization has the form 

/ [a0(z + wj) - a0(z)) (a0(z + wj) - a0(z))dz. 

It is then clear that the main inequality (72) follows from the following lemma. 

Lemma B.5. Let aj" and a| be two commuting creation operators. Then 

/ / / \ 2 

(a| - al)(a2 - a 1 ) > (,/a |a2 + 1/2 - Ja 1 a 1 + 1/2) - 1. 
Proof. We calculate 

(a| - al)(a2 - a 1 ) = a2a2 + ala1 - (al^a1 + a 1 ^a2). 

We have 

(a2a1+a1a2) < (a2a1+a1a2) + (a2a1 - a 1a2)(a 1a2 - a2a1) 

2 a2a1a1a2 + 2a1a2 a2a1 4a2 a2 a1a1 .^a1 a 1 + 2 a2a2 
= 4(a 2 a2 + 1/2)(ata 1 + 1/2) - 1 < 4( + a2 + 1/2)(ata 1 + 1/2). 

Since the square root is an operator monotone function we have that 

a|a1 + a 1\a2 < 2a2a2 + 1/2a 1̂ a1 + 1/2. 

Hence 

(a2 - a 1l)(a2 - a 1 ) > a*2a2 + a 1\a1 - 2a2a2 + 1/2(a^a 1 + 1/2 

/ I I \ 2 

= L/a|a2 + 1/2 - Ja 1 a 1 + 1/2) - 1. 
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We shall use Theorem B.1 with w1,w2,... , wr being the vectors σ e I3 satisfying 
that | σ| = 2 or | σ| = 3. Note that there is a total of 20 such vectors. We define 

1 , | σ| = 2 
βσ = 1

1
2 

We then have for all v G IR that 

24 | σ | = 3 

\ βσ(v, σ) = y —(v • σ) + y —(v -σ) = v . 
12 ^ 24 

|σ |=V2or |σ |=V3 | σ | = ~ 2 |σ |=V3 

References 

[Be] Benguria, R.D.: The Lane-Emden equation revisited. In: Advances in differential equations and 
mathematical physics (Birmingham, AL, 2002), Contemp. Math. 327, Providence, RI: Am. Math. 
Soc, 2003, pp. 11-19 

[B] Bogolubov, N.N.: J. Phys. (U.S.S.R.) 11, 23 (1947); Bogolubov, N.N., Zubarev, D.N. Sov. Phys. 
JETP 1, 83 (1955) 

[CLY] Conlon, J.G., Lieb, E.H., Yau, H-T: The N 7 / law for charged bosons. Commun. Math. Phys. 
116,417-448(1988) 

[D] Dyson, F.J.: Ground-state energy of a finite system of charged particles. J. Math. Phys. 8, 1538-
1545 (1967) 

[F] Foldy, L.L.: Charged boson gas, Phys. Rev. 124, 649-651 (1961); Errata ibid 125, 2208 (1962) 
[K] Kwong, M.K.: Uniqueness of positive solutions of Au — u + up = 0 in Rn. Arch. Rat. Mech. 

Anal. 105(3), 243-266 (1989) 
[L] Lieb, E.H.: The Bose fluid. In: Brittin, W.E. (eds.), Lecture Notes in Theoretical Physics VIIC, 

Boulder, Co: Univ. of Colorado Press, 1964, pp. 175-224 
[LSo] Lieb, E.H., Solovej, J.P: Ground State Energy of the One-Component Charged Bose Gas. Com­

mun. Math. Phys. 217 (1), 127-163 (2001) (Erratum: Commun. Math. Phys. 225, 219-221 
(2002)) 

[MS] McLeod, K., Serrin, J.: Uniqueness of positive radial solutions of Au + f(u) = 0 in Rn. Arch. 
Rat. Mech. Anal. 99(2), 115-145 (1987) 

[O] Onsager, L.: Electrostatic Interaction of Molecules. J. Phys. Chem. 43, 189-196 (1939) 
[S] Solovej, J.P: Upper Bounds to the Ground State Energies of the One- and Two-Component 

Charged Bose Gases. arXiv math-ph/0406014 
[Z] Zhang, L.Q.: Uniqueness of ground state solutions. Acta Math. Sci. (English Ed.) 8(4), 449-467 

(1988) 

Communicated by M. Aizenman 

898 



With R. Seiringer in Phys. Rev. Lett. 88 (2002) 

VOLUME 88, NUMBER 17 P H Y S I C A L R E V I E W L E T T E R S 29 APRIL 2002 
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The ground state of bosonic atoms in a trap has been shown experimentally to display Bose-Einstein 
condensation (BEC). We prove this fact theoretically for bosons with two-body repulsive interaction 
potentials in the dilute limit, starting from the basic Schrodinger equation; the condensation is 100% 
into the state that minimizes the Gross-Pitaevskii energy functional. This is the first rigorous proof of 
BEC in a physically realistic, continuum model. 

DOI: 10.1103/PhysRevLett.88.170409 PACS numbers: 05.30.Jp, 03.75.Fi, 67.40.-w 

It is gratifying to see the experimental realization, in 
traps, of the long-predicted Bose-Einstein condensation 
(BEC) of gases. From the theoretical point of view, 
however, a rigorous demonstration of this phenomenon— 
starting from the many-body Hamiltonian of interacting 
particles—has not yet been achieved. In this Letter, we 
provide such a rigorous justification for the ground state 
of 2D or 3D bosons in a trap with repulsive pair potentials, 
and in the well-defined limit (described below) in which 
the Gross-Pitaevskii (GP) formula is applicable. It is the 
first proof of BEC for interacting particles in a continuum 
(as distinct from lattice) model and in a physically realistic 
situation. 

The difficulty of the problem comes from the fact that 
BEC is not a consequence of energy considerations alone. 
The correctness [1] of Bogoliubov's formula for the ground 
state energy per particle, eoip), of bosons at low density p, 
namely, eoip) = lirh^pa/m (with m = particle mass 
and a = scattering length of the pair potential) shows 
only that "condensation" exists on local length scales. 
The same is true [2] in 2D, with Schick's formula [3] 
eoip) = 27rh^p/[m\ ln(pa^)|]. Although it is convenient 
to assume BEC in the derivation of eo{p), these formulas 
for eoip) do not prove BEC. Indeed, in ID the assumption 
of BEC leads to a correct formula [4] for eoip), but there 
is, presumably, no BEC in ID ground states [5]. 

The results just mentioned are for homogeneous gases 
in the thermodynamic limit. For traps, the GP formula is 
exact [6,7] in the limit, and one expects BEC into the GP 
function (instead of into the constant, or zero momentum, 
function appropriate for the homogeneous gas). This is 
proven in TTieorem 1. In the homogeneous case, the BEC 
is not 100%, even in the ground state. There is always 
some depletion. In contrast, BEC in the GP limit is 100% 
because the Â  —• oo limit is different. 

In the homogeneous case, one fixes a > 0 and takes 
Â  —+ 00 with p = A^/volume fixed. For the GP limit, one 
fixes the external trap potential V{T) and fixes Na, the 
effective coupling constant, as Â  —• oo. A particular, aca­
demic example of the trap is V'(r) = 0 for r inside a unit 
cube and V(r) = oo otherwise. By scaling, one can re­
late this special case to the homogeneous case and thereby 

compare the two limits; one sees that the homogeneous 
case corresponds, mathematically, to the trap case with this 
special V, but with No? = pa? fixed as Â  ^ oo. Thus, 
BEC in the trap case is the easier of the two, reflecting the 
incompleteness of BEC in the homogeneous case. The lack 
of depletion in the GP limit is consistent with pa^ —» 0 
and with Bogoliubov theory. 

We now describe the setting more precisely. We concen­
trate on the 3D case, and comment on the generalization to 
2D at the end of this Letter. The Hamiltonian for N iden­
tical bosons in a trap potential V, interacting via a pair 
potential v, is 

N 

// = X [-A, + V{vi)-\ + X <^i - ^j) • (1) 
1 = 1 l<i<j^N 

It acts on symmetric functions of Â  variables r, G R^. 
Units in which H^/2m = 1 are used. We assume the trap 
potential V to be a locally bounded function, which tends 
to infinity as |r | -^ oo. The interaction potential v is as­
sumed to be non-negative, spherically symmetric, and have 
a finite scattering length a. (For the definition of scattering 
length, see [6], [2], or [1].) Note that we do not demand v 
to be locally integrable; it is allowed to have a hard core, 
which forces the wave functions to vanish whenever two 
particles are close together. In the following, we want to 
let a vary with Â , and we do this by scaling; i.e., we write 
i;(r) = vi{r/a)/a^, where vi has scattering length 1, and 
keep vi fixed when varying a. 

The Gross-Pitaevskii functional is given by 

+ g\cf>{r)nd 

+ V{r)\cf>{r)P 

The parameter g is related to the scattering length of the 
interaction potential appearing in (1) via 

g = 47rNa . (2) 

We denote by 0 ° ^ the minimizer of T^^ under the nor­
malization condition /|</>P = 1. Existence, uniqueness, 
and some regularity properties of <f)^^ were proven in the 
appendix of [6]. In particular, (f)^^ is continuously differ-
entiable and strictly positive. Of course, 0 ° ^ depends on 
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g, but we omit this dependence for simplicity of notation. 
For use later, we define the projector 

P°P = |</.^P><0°n. (3) 

It was shown in [6] (see also Theorem 2 below) that, 
for each fixed g, the minimization of the GP functional 
correctly reproduces the large Â  asymptotics of the ground 
state energy and density ofH—but no assertion about EEC 
in this limit was made in [6]. 

BEC in ^ , the (non-negative and normalized) ground 
state ofH, refers to the reduced one-particle density matrix 

y(r,rO = N j ^ ( r , X ) ^ ( r ' , X ) J X , 

where X = (r2,.. . r^) and dX = nf=2 dhj. 
Complete (or 100%) BEC is defined to be the property 

that jfy becomes a simple product / ( r ) / ( r ' ) as N —• oo, 
in which case / is called the condensate wave function. 
In the GP limit, i.e., N —^ oo with g = AirNa fixed, we 
can show that this is the case, and the condensate wave 
function is, in fact, the GP minimizer ^^^. 

THEOREM 1 (Bose-Einstein condensation): For each 
fixed g, 

l im- | - r ( r , rO = 0 ^ V ) < / > ° V ) . 

Convergence is in the senses that Trace] ]yy — P^^\ —* 0 
and f[h(x,r') - <f>'^''{r)<f>^^{r')fdhdh' - 0. 

We remark that Theorem 1 implies that there is 100% 
condensation for all n-particle reduced density matrices of 
^ ; i.e., they converge to the one-dimensional projector 
onto the corresponding n-fold product of (l>^^. To see 
this, let a*, a denote the boson creation and annihilation 
operators for the state <f>^^, and observe that 

1 > N-"W{aya"\'ir) « iV""<^|(fl*a)"|^) 

> iV""<^ |a*a |^)" -^ 1, 

where the terms coming from the commutators [a, a*] = 
1 can be neglected since they are of lower order as A/" —» oo. 
The last inequality follows from convexity. 

Another corollary, important for the interpretation of 
experiments, concerns the momentum distribution of the 
ground state. 

COROLLARY 1 (convergence of momentum distribu­
tion): Letpik) = /7 ( r , r ' ) exp[ /k • (r - rOJ^^r^^r ' 
denote the one-particle momentum density of^. Then, for 
each fixed g, 

l i m - ^ p ( k ) = |jGP(k)P, 

in the sense that / | ^ p ( k ) - U>^^{\ii)\^\ d^Xa -* 0. Here, 

(f)^^ denotes the Fourier transform of (f>^^. 
Proof—If J^ denotes the (unitary) operator "Fourier 

transform" and if cp is an arbitrary bounded function with 
bound ll^lloo, then 

170409-2 

= |Trace[J*(r/A^ - P''^)Jcp]\ 

< \\<p\\^Trsice\y/N - P^^\, 

whence /Ip/A^ - I^^^Pl < Trace|r/A^ - P^% Q.E.D. 
Before proving Theorem 1, let us state some prior re­

sults on which we shall build. Then we shall outline the 
proof and formulate two lemmas, which will allow us to 
prove Theorem 1. We conclude with the proof itself. 

Denote by E^^iN, a) the ground state energy of H and 
by £:°P(^)the lowest energy of £ ° P with / | 0 P = 1. The 
following Theorem 2 can be deduced from [6]. 

THEOREM 2 (asymptotics of energy components): 
Let p(r) = yir,r) denote the density of the ground state 
ofH. For fixed g = AirNa, 

lim ^ E^^{N, a) = E^^{g), (4a) 

and 
oN 

lim-^p(r) = |< °̂P(r)P, (4b) 

in the same sense as in Corollary 1. Moreover, if (p\ 
denotes the solution to the scattering equation for v\ 
(under the boundary condition lim\r\-^(p\{r) = \) and 
s = /IV^iP/477-, then 0 < s < I and 

Hm / |Vr,^(ri,X)prf^ri JX 

= j |V0°P(r)|2rf3r + gsj |0^P(r)r J^r, (5a) 

^irn J V{ri)m^d^ridX = j V{r)\<f>^^{r)\^dh, 

(5b) 

lim I X f v(ri - rj)mruX)fdhidX 

= (1 -s)gj\<t>''^{T)\Uh. (5c) 

Only (4) was proven in [6], but (5) follows, as noted in [8], 
by multiplying V and v by parameters and computing the 
variation of the energy with respect to them. 

[Technical note: The convergence in (4b) was shown 
in [6] to be in the weak L*(R-') sense, but our result here 
implies strong convergence, in fact. The proof in Corol­
lary 1, together with Theorem 1 itself, implies this.] 

Outline of Proof—There are two essential ingredients 
in our proof of Theorem 1. The first is a proof that the 
part of the kinetic energy that is associated with the inter­
action V [namely, the second term in (5a)] is mostly located 
in small balls surrounding each particle. More precisely, 
these balls can be taken to have radius /»/~^/^^, which is 
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much smaller than the mean particle spacing N~^^^. This 
allows us to conclude that the function of r defined for 
each fixed value of X by 

/x ( r ) = 
1 

0GP(r) 
^ ( r , X) > 0 (6) 

has the property that Vr/x(r) is almost zero outside the 
small balls centered at points of X. 

The complement of the small balls has a large volume 
but it can be a weird set; it need not even be connected. 
Therefore, the smallness of Vr/x(r) in this set does not 
guarantee that /x ( r ) is nearly constant (in r), or even that it 
is continuous. We need /x ( r ) to be nearly constant in order 
to conclude BEC. What saves the day is the knowledge 
that the total kinetic energy of /x( r ) (including the balls) 
is not huge. The result that allows us to combine these 
two pieces of information in order to deduce the almost 
constancy of /x( r ) is the generalized Poincare inequality 
in Lemma 2. (End of outline.) 

Using the results of Theorem 2, partial integration, and 
the GP equation [i.e., the variational equation for <f)^^, see 
[6], Eq. 2.4)], we see that 

lim f | 0 °P ( r )P |Vr /xP^ ' r ^X = gs f |< / . °n '^ ' r . 

(7) 

The following lemma shows that to leading order all the 
energy in (7) is concentrated in small balls. 

LEMMA 1 (localization of energy): For fixed X let 

Hx = {r G R^|min|r - r j > 7V"^/^^}. (8) 

Then 

lim \ dxl ^^r|0GP(r)P|Vr/x(r)|2 = 0. 

Proof.—We shall show that, as Â  —̂  oo, 

f dxf J ^ r | 0 °V)P lVr /x ( r )P 

+ \ y dX j dh\<f>^^{r)f 

X X ^ ( r - r . ) l / x ( r ) p l 
fc>2 J 

- 2g I dX j dh\cf>'^^{r)\'\fx{r)\' 

^-5/ l0 '^V) |Vr-o( l ) , (9) 

which implies the assertion of the lemma by virtue of (7) 
and the resuhs of Theorem 2. Here, fix is the complement 
of fix- The proof of (9) is actually just a detailed exami­
nation of the lower bounds to the energy derived in [6] and 
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[1], and we use the methods in [1,6], just describing the 
differences from the case considered here. 

Writing /x ( r ) = nk^2(f>^^irk)F{r,X} and using the 
fact that F is symmetric in the particle coordinates, we 
see that (9) is equivalent to 

^ G ( F ) ^ - g J l 0 ^ T - o ( i ) , (10) 

where Q is the quadratic form 

1</<;<A?-^ k=l 

(11) 

with n f = {(ri,X) G R3^|min;k^,|r, - r j < A^-^/i^}. 
While (10) is not true for all conceivable F's satisfying 

the condition J\F\^Uk=i l0°^(r^)P^^r;t = 1, it is true 
for an F, such as ours, that has bounded kinetic energy 
(7). Equations (4.11), (4.12), and (4.23)-(4.25), proved 
in [6], are similar to (10) and (11) and almost estabUsh 
(10), but there are two differences which we now explain. 

(i) In our case, the kinetic energy of particle / is re­
stricted to the subset of R^^ in which niin)t,t,|r, - r̂ fcl < 
^-7/17 However, from the proof of the lower bound 
to the ground state energy of a homogeneous Bose gas 
derived in [1] [especially Lemma 1 and Eq. (26) there], 
which enters the calculations in [6], we see that only this 
part of the kinetic energy enters the proof of the lower 
bound—except for some additional piece with a relative 
magnitude e = 0{N~'^/^'^). In the notation of [1], the ra­
dius of the balls used in the apphcation of Lemma 1 is cho­
sen to be /? = aY~^/^'^, which, in the GP regime, is /? = 
OiN-y^'') since, for fixed Na, Y = Oia^N) = 0{N-^). 
(See [9] for a more complete discussion about the choice 
of/?.) The a priori knowledge that the total kinetic energy 
is bounded by (7) tells us that the additional piece, which 
is £ times the total kinetic energy, is truly 0{s) and goes 
to zero as Â  —• 00. 

(ii) In [6] all integrals were restricted to some arbitrar­
ily big, but finite, box of size R'. However, the differ­
ence in the energy is easily estimated to be smaller than 
2^A^max|r|>/?'|0°^(r)P, which, divided by Â , is arbitrar­
ily small, since ^^^(r) decreases faster than exponentially 
at infinity ([6], Lemma A.5). 

Proceeding exactly as in [6] and taking the differences 
(i) and (ii) into account, we arrive at (10). Q.E.D. 

In the following, X C R'" denotes a bounded and con­
nected set that is sufficiently nice so that the Poincare-
Sobolev inequality (see [10], Theorem 8.12) holds on X . 
In particular, this is the case if JC satisfies the cone prop­
erty [10] (e.g., if X is a ball or a cube). 
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We introduce the general notation that f G L^iJC) if 
the norm WfWiPiX) = Ux l /(r)l^ J ' " r ] ' /^ is finite. 

LEMMA 2 (generalized Poincare inequality): For 
m >2 let 3C (Z R'" be as explained above, and let h 
be a bounded function with fx^ ^ 1- There exists a 
constant C (depending only on % and h) such that, for 
all sets a C X and all f E H\X) [i.e., f G L^X) 
and V/ G L^{X)] with f x fhd'^r = 0, the inequality 

[ lv/0 
Ja 

r)fd'"r + d'^r 

d'^r (12) 

holds. Here \'\is the volume of a set, and H'̂  = X \ ft. 
Proof—By the usual Poincare-Sobolev inequality on 

X (see [10], Theorem 8.12), 

WfWUx) ^ C ||V/||iw( '»«)(jc) 

< 2C(||V/||^,v(..2,(n)+ l|V/||^^/,„ 

if m > 2 and jx fh = 0. Applying Holder's inequality 

l|V/|L2V(™.2,(n) < | |V/|L2(n)|ar/'" 

(and the analogue with Cl replaced by H^), we see that 
(12) holds with C = 2 |Xp/ '«C. Q.E.D. 

The important point in Lemma 2 is that there is no re­
striction on n concerning Regularity or connectivity. 

Proof of Theorem 7.—For some /? > 0 let.% = {r G 
R^ |r| < R], and define 

{fx)x ^ /^|<^GP(r)|2^3r f |0°^(r) lVx(r)^^r . 
Jx 

We shall use Lemma 2, with m = 3, h{r) = 
l0°"( r ) lV/xl<^ '^ ' l^ n = a x n X , and / ( r ) = 
/x ( r ) - {fx)x [see (8) and (6)]. Since 0 ° ^ is bounded 
on X above and below by some positive constants, this 
lemma also holds (with a different constant C') with d^T 
replaced by \<f>^^{T)\^d^r in (12). Therefore, 

I J x | ^ ^ ^ r | 0 G V ) P [ / x ( r ) - < /x>x] ' 

^7^41 l 0 °V) l ' |V r /x ( r )P^^ r 

A/'-8/51 

/?2 
J^ |</ .G^r)P |Vr/x(r ) |^^^r] , 

(13) 

where we used | n ^ fl JC| < {ATT/^^N''^'^'^. The first 
integral on the right side of (13) tends to zero as Â  —* oo by 
Lemma 1, and the second is bounded by (7). We conclude, 
since Jx l0°^(r)P/x(r)^^r < /R3 |0GP(r)lVx(r)^^r, 
that 
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l i rn inf -^<0«nr l0^ '> 
/V—•00 Pi 

\T)?d\ ( 10° 
Jx 
X lim I dX f 

N^^J Jx 
^3r|>F(r,X)P 

It follows from (4b) that the right side of this inequal­
ity equals [Jx \(f>^^ir)\'^d^rf. Since the radius of X 
was arbitrary, ^(^^^'lyl*^*^^)—^ 1, implying Theorem 1 
(cf. [11], Theorem 2.20). Q.E.D. 

We remark that the method presented here also works 
in the case of a 2D Bose gas. The relevant parameter to 
be kept fixed in the GP Hmit is g = 47rN/\ ln(a^A^)|; all 
other considerations carry over without essential change, 
using the results in [2,7]. A minor difference concerns 
the parameter s in Theorem 2, which can be shown to 
be always equal to 1 in 2D; i.e., the interaction energy 
is purely kinetic in the GP limit (see [12]). We also point 
out that our method necessarily fails for the ID Bose gas, 
where there is presumably no BEC [5]. An analogue of 
Lemma 1 cannot hold in the ID case since even a hard 
core potential with an arbitrarily small range produces an 
interaction energy that is not localized on scales smaller 
than the mean particle spacing. There is also no GP Hmit 
for the one-dimensional Bose gas in the above sense. 
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A commonly used theoretical definition of superfluidity in the ground state of a Bose gas is based on the 
response of the system to an imposed velocity field or, equivalently, to twisted boundary conditions in a box. 
We are able to carry out this program in the case of a dilute interacting Bose gas in a trap, and we prove that 
a gas with repulsive interactions is 100% superfluid in the dilute limit in which the Gross-Pitaevskii equation 
is exact. This is the first example in an experimentally realistic continuum model in which superfluidity is 
rigorously verified. 
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I. INTRODUCTION 

The phenomenological two-fluid model of superfluidity 
(see, e.g., Ref. 1) is based on the idea that the particle density 
p is composed of two parts, the density p^ of the inviscid 
superfluid and the normal fluid density Pn- If an external 
velocity field is imposed on the fluid (for instance by moving 
the walls of the container) only the viscous normal compo­
nent responds to the velocity field, while the superfluid com­
ponent stays at rest. In accord with these ideas the superfluid 
density in the ground state is often defined as follows^: Let 
EQ denote the ground state energy of the system in the rest 
frame and E'Q the ground state energy, measured in the mov­
ing frame, when a velocity field v is imposed. Then, for 
small V, 

§=^+(Ps/p)^'«vHo(ivr). (1) 

where Â  is the particle number and m the particle mass. At 
positive temperatures the ground state energy should be re­
placed by the free energy. [Remark: It is important here that 
Eq. (1) holds uniformly for all large Â , i.e., that the error 
term Odvj'*) can be bounded independently of N. For fixed 
Â  and a finite box, Eq. (1) with pjp= 1 always holds for a 
Bose gas with an arbitrary interaction if v is small enough, 
owing to the discreteness of the energy spectrum.^] There are 
other definitions of the superfluid density that may lead to 
slightly different results,'* but this is the one we shall use in 
this paper. We shall not dwell on this issue here, since it is 
not clear that there is a "one-size-fits-all" definition of su­
perfluidity. For instance, in the definition we use here the 
ideal Bose gas is a perfect superfluid in its ground state, 
whereas the definition of Landau in terms of a linear disper­
sion relation of elementary excitations would indicate other­
wise. We emphasize that we are not advocating any particu­
lar approach to the superfluidity question; our contribution 
here consists of taking one standard definition and making its 
consequences explicit. 

One of the unresolved issues in the theory of superfluidity 
is its relation to Bose-Einstein condensation (BEC). It has 
been argued that in general neither condition is necessary for 

PACS number(s): 05.30.Jp, 03.75.Fi, 67.40.-w 

the other (cf., e.g., Refs. 5-7) . A simple example illustrating 
the fact that BEC is not necessary for superfluidity is the 
one-dimensional hard-core Bose gas. This system is well 
known to have a spectrum like that of an ideal Fermi gas,^ 
and it is easy to see that it is superfluid in its ground state in 
the sense of Eq. (1). On the other hand, it has no BEC.^'^° 
The definition of the superfluid velocity as the gradient of the 
phase of the condensate wave fiinction^'*^ is clearly not ap­
plicable in such cases. 

We do not give a historical overview of superfluidity be­
cause excellent review articles are available.'^'^2 While the 
early investigations of superfluidity and Bose-Einstein con­
densation were mostly concerned with liquid Helium 4, it 
has become possible in recent years to study these phenom­
ena in dilute trapped gases of alkali atoms.^^ The experimen­
tal success in realizing BEC in such gases has led to a large 
number of theoretical papers on this subject. Most of these 
works take BEC for granted, and start off with the Gross-
Pitaevskii (GP) equation to describe the condensate wave 
function. A rigorous justification of these assumptions is 
however a difficult task, and only very recently BEC has 
been rigorously proved for a physically realistic many-body 
Hamiltonian.^'* It is clearly of interest to show that superflu­
idity also holds in this model, and this is what we accomplish 
here. We prove that the ground state of a Bose gas with short 
range, repulsive interaction is 100% superfluid in the dilute 
limit in which the Gross-Pitaevskii description of the gas is 
exact. This is the limit in which the particle number tends to 
infinity, but the ratio Na/L, where a is the scattering length 
of the interaction potential and L the box size, is kept fixed. 
(The significance of the parameter Na/L is that it is the ratio 
of the ground state energy per particle, —NalL?, to the low­
est excitation energy in the box, ~1/L^.) In addition we 
show that the gas remains 100% Bose-Einstein condensed in 
this limit, also for a finite velocity v. Both results can be 
generalized from periodic boxes to (nonconstant) velocity 
fields in a cylindrical geometry. 

The results of this paper have been conjectured for many 
years, and it is gratifying that they can be proved from first 
principles. To our knowledge they represent the first example 
of a rigorous verification of superfluidity in an experimen­
tally realistic continuum model. 

0163-1829/2002/66( 13)/l 34529(6)/$20.00 ©2002 The American Physical Society 
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We wish to emphasize that in this GP limit the fact that 
there is 100% condensation does not mean that no significant 
interactions occur. The kinetic and potential energies can dif­
fer markedly from that obtained with a simple variational 
function that is an A -̂fold product of one-body condensate 
wave functions. This assertion might seem paradoxical, and 
the explanation is that near the GP limit the region in which 
the wave function differs from the condensate function has a 
tiny volume that goes to zero as N-^^. Nevertheless, the 
interaction energy, which is proportional to Â , resides in this 
tiny volume. 

XL SETTING AND MAIN RESULTS 

We consider a Bose gas with the Hamiltonian 

HN=-tJL^ V^-f E ^(!r,-r;|), (2) 

where fi = h^/{2m) and the interaction potential v is non-
negative and of finite range. The two-body scattering length 
of V is denoted by a. The Hamiltonian acts on totally sym­
metric functions ^ of Â  variables r, = (x, ,y,,z,) e/CCR^, 
where /C denotes the cube [0,L]'^ of side length L. (We could 
easily use a cuboid of sides L] ,L2,L3 instead.) We assume 
periodic boundary conditions in all three coordinate direc­
tions. 

Imposing an external velocity field v=(0,0,±|v|) means 
that the momentum operator p= —î V is replaced by p 
— mv, retaining the periodic boundary conditions. The 
Hamiltonian in the moving frame is thus 

H ; = - / ^ E (y, + i^L)2+ 2 v{\r-rj\), (3) 

where ^=(0,0,<p) and the dimensionless phase (p is con­
nected to the velocity v by 

<p = 
--\\\Lm 

(4) 

Let EQ(N,a,(p) denote the ground state energy of Eq. (3) 
with periodic boundary conditions. Obviously it is no restric­
tion to consider only the case — T T ^ ^ ^ T T , since EQ is peri­
odic in (p with period 2 TT. For '^Q the ground state of H'f^, 
let 7;v be its one-particle reduced density matrix 

r;v(r,r') = Â  j^^_^^o(r , r2 , . . . ,r;v) 

X^^(r',r2,...,ri,)dr2---drN. (5) 

We are interested in the GP limit A^^oo with Na/L fixed. We 
also fix the box size L. This means that a should vary like 
1/Â  which can be achieved by writing v(r) = a~^vi(r/a), 
where u i is a fixed potential with scattering length 1, while a 
changes with N. 

THEOREM 1 (Superfluidity of homogeneous gas). For 
\<p\^TT 

Eo(N,a,(p) (p 
lim = 47rfjiap + iLi — (6) 

in the limit Â—̂oo with Na/L and L fixed. Here p = NIL , so 
ap is fixed too. In the same limit, for |(p|<7r. 

(7) 
1 1 

l im-r ;v(r , r ' )= — 
N^«>^^ L 

in trace class norm, i.e.. 

Note that, by definition (1) of p^ and Eq. (4), Eq. (6) 
means that Ps = p, ie., there is 100% superfluidity. For (p 
= 0, Eq. (6) was first proved in Ref. 15. Eq. (7) for ^ = 0 is 
the BEC proved in Ref. 14. 

Remarks. (1) By a unitary gauge transformation, 

( f /^ ) ( r i , . . . ,r;^) = e '^(2 ^.)/'^^(ri, . . ,r^), (8) 

the passage from Eq. (2) to Eq. (3) is equivalent to replacing 
periodic boundary conditions in a box by the twisted bound­
ary condition 

^ ( r i + (0,0,L),r2, . . . ,r^)=^e''^^(r,,r2, ... ,rj,) (9) 

in the direction of the velocity field, while retaining the origi­
nal Hamiltonian [Eq. (2)]. 

(2) The criterion |^|=^7r means that |v|=S7r^/(mL). The 
corresponding energy ^m[Trh/(mL)]^ is the gap in the ex­
citation spectrum of the one-particle Hamiltonian in the 
finite-size system. 

(3) The reason that we have to restrict ourselves to |^| 
< 77 in the second part of theorem 1 is that for | (p| = TT there 
are two ground states of the operator (V + i^/L)^ with peri­
odic boundary conditions. All we can say in this case is that 
there is a subsequence of y^ that converges to a density 
matrix of rank ^ 2 , whose range is spanned by these two 
functions. 

Theorem 1 can be generalized in various ways to a physi­
cally more realistic setting. As an example, let C be a finite 
cylinder based on an annulus centered at the origin. Given a 
bounded, real function a(r,z) let A be the vector field (in 
polar coordinates) A{r,B,z) = (pa{r,z)e0, where CQ is the 
unit vector in the 6 direction. We also allow for a bounded 
external potential V{r,z) that does not depend on 0. 

Using the methods of Appendix A in Ref. 16, it is not 
difficult to see that there exists a <PQ>Q, depending only on 
C and a{r,z), such that for all |9 |<9o there is a unique 
minimizer (fP^ of the Gross-Pitaevskii functional 

e''\<l>-\=\y\[v+\A{T)]<l>{T)\'+v{v)\cf>{v)\' 

+ 477AtA^a|</»(r)|V^r (10) 

under the normalization condition / | 0 ^ = 1. This minimizer 
does not depend on 6, and can be chosen to be positive, for 
the following reason: The relevant term in the kinetic energy 
is T=-r~\dlde-^\(pra{r,z)f. If \(pra{r,z)\<\l2, it is 
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easy to see that T^(p^a{r,zf', in which case, without rais­
ing the energy, we can replace 0 by the square root of the 
^-average of | 0p . This can only lower the kinetic energy*^ 
and, by convexity of x^^x^, this also lowers the (f)^ term. 

We denote the ground state energy of S^^ by E^^, de­
pending on Na and <p. The following theorem 2 concerns the 
ground state energy EQ of 

;=1 
•rj\), 

(11) 

with Neumann boundary conditions on C, and the one-
particle reduced density matrix ŷ y of the ground state, re­
spectively. Different boundary conditions can be treated in 
the same manner, if they are also used in Eq. (10). 

Remark. As a special case, consider a uniformly rotating 
system. In this case A(r) = (preff, where 2 ^ is the angular 
velocity. H^ is the Hamiltonian in the rotating frame, but 
with external potential V(r) + /jiA(T)^ [see, e.g., Ref. U (p. 
131)]. 

THEOREM 2 (Superfluidity in a cylinder). For\(p\<(po 

. EQ{N,a,(p) 
lim 

Â  
E^^{Na,<p) 

in the limit N-^°° with Na fixed. In the same limit. 

1 
l im-r ; , ( r , r ' ) = 0°"(r)</>°P(r') 

(12) 

(13) 

in trace class norm, i.e., \\mj^_,^i:^\yf^lN-\(fP^{(fP^\W 
= 0. 

In the case of a uniformly rotating system, where 2 ̂  is 
the angular velocity, the condition |<p|<<Po in particular 
means that the angular velocity is" smaller than the critical 
velocity for creating vortices.^^ 

Remark. In the special case of the curl-free vector poten­
tial A{r,d) = (pr~^e0, i.e., a{r,z) = r~^, one can say more 
about the role of <po- In this case, there is a unique GP mini-
mizer for all 9 $ Z-f- j , whereas there are two minimizers for 
(p £ Z+ J. Part two of theorem 2 holds in this special case for 
all (p^7j+\, and (12) is true even for all 9. 

III. PROOFS 

In the following, we will present only a proof of theorem 
1 for simplicity. Theorem 2 can be proved using the same 
methods, and additionally the methods of Ref. 14 to deal 
with the inhomogeneity of the system. 

Before giving the formal proofs, we outline the main 
ideas. The strategy is related to the one in Ref. 14, but re­
quires substantial generalizations of the techniques. A crucial 
element of the proof, stated in lemma 1 below, is the fact that 
the interaction energy can be localized in small balls around 
each particle. This part uses a lemma of Dyson, ̂ ^ and its 
generalization in Ref. 15, which converts a strong short 
range potential into a soft potential. This lemma can be also 
be applied to the case of an external velocity field, i.e., a 

U(l) gauge field in the kinetic term of the Hamiltonian, 
owing to the "diamagnetic inequality."^^ This inequality 
says that the additional gauge field increases the kinetic en­
ergy density. 

The second main part of the proof is the generalized Poin-
care inequality given in lemma 2. We recall that an essential 
ingredient of the proof of Bose-Einstein condensation in Ref. 
14 was showing that the fact that the kinetic energy density 
is small in most of the configuration space implies that the 
one-body reduced density matrix is essentially constant. The 
difficulty comes from the fact that the region in which the 
kinetic energy is small can, in principle, be broken up into 
disjoint subregions, thereby permitting different constants in 
different subregions. The fact that this does not happen is the 
content of the generalized Poincare inequality. In the present 
case we have an additional complication coming from the 
imposed gauge field. The old Poincare inequality does not 
suffice; one now has to measure the kinetic energy density 
relative to the lowest energy of a free particle in the gauge 
field rather than to zero. This is an essential complication. 
While the previous (generalized) Poincare inequality could, 
after some argumentation, be related to the standard Poincare 
inequality,̂ ^ this one, with the gauge field, requires a differ­
ent proof. 

Proof of Theorem 1. As in Ref. 15 we define Y 
= (47r/3)pa^. Note that in the limit considered, Y~N~^. 
We first consider the upper bound to EQ. Using the ground 
state ^ 0 for 9 = 0 as a trial function, we immediately obtain 

Eo{N,a,<p)^{^oMN'i'o) = Eo{N,a,0) + Nfi — , (14) 

since <^o.^/^o> = 0- From Ref. 16 we know that 
£:o(A^,a,0)^47r/LtA^pa[l + (const)r^^^], which has the right 
form as N^y°°. 

For the lower bound to the ground state energy we need 
the following lemma. LEMMA 1 (Localization of energy). 
For all symmetric, normalized wave functions 
"^{TI, . . . ,r;v) ̂ ith periodic boundary conditions on /C, and 
forN^Y~^'^\ 

-<^,// ;^)^[l-(const)ri^^^]| AiTfipa 

hp,\ dx\ ^ri|(Vi + i^ /L)^( r i ,X)H, 

(15) 

where X=(r2, . . . ,rj^), dX=U^^2^^j^ ^^^ 

ax={ri :min |r i - r^ |^/?} (16) 

withR = aY-^'^\ 
Proof. Since ^ is symmetric, the left side of Eq. (15) can 

be written as 

134529-3 
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+ 7 E i;(|ri-r,.|)|^(ri,X)p 

For any e > 0 and /?>0 this is 

^ e ^ + ( l - e ) ( r ° + / ) + { l - e ) 7 7 ^ 

with 

r;'^A ^ M Jri|(Vi + i ^ / L m r i , X ) 

(17) 

(18) 

(19) 

(20) 

W (21) 

and 

!=]-{ ^ dx\ dr.J, u ( | r i - r ; | ) l ^ ( r i ,X)p . (22) 

Here 

I lx={r i :k i - ry |< /? forsome7^2} (23) 

is the complement of Hx, and the diamagnetic inequality 
|(V + i^ /L) / ( r )p^ |V| / ( r ) |p has been used. The proof is 
completed by using the results of Refs. 15 and 14 (also see 
Ref. 20) which tell us that for 8 = Y^'^'' and R = aY-^'^\ 

eT+{l-e)(r''+I)^[l-iconsi)Y^'^'']47rfjLpa (24) 

as long as N^Y (This estimate is highly nontrivial. 

LHH)^ 

-c\ 

rLH^+-;i\f-^"<^M\UK, 

LHIC) .4ii 
(25) 

Here \D,^\ is the volume ofCl^ = K\Cl, the complement ofCl 
in fC. 

Proof. We shall derive Eq. (25) from a special form of this 
inequality that holds for all functions that are orthogonal to 
the constant function. That is, for any positive a<2/3 and 
some constants c > 0 and C<°° (depending only on a and 
|(p|<7r) we claim that 

Kh\\ <p'^\\LHa)' -ll̂ ll'̂ (^-^(^)1lVlli2(^> 
(26) 

provided {l,h}ic=0. [Remark: Eq. (26) holds also for a 
= 2/3, but the proof is slightly more complicated in that case. 
See Ref. 21] If (26) is known the derivation of Eq. (25) is 
easy: For any/, the function h=f—L~^{lJ)ic is orthogonal 
to 1. Moreover, 

IIVIl'2,n,=||V,ft||^.,^,-

9' 

+ 2^Re(Z.-«/>K(V/,L-^'^>n< 

(27) 

and 

^ . \\hm=^(M\hi^-\<''-"''f)'c\') 

+-,\\f-L-HiM\h,^. (28) 

Among several other things it uses a generalization of 
Dyson's lemma.̂ ^) Q.E.D. 

The following lemma 2 is needed for a lower bound on 
the second term in Eq. (15). It is stated for /C the 
LXLXL-cube with periodic boundary conditions, but it can Setting a = j , using ||V^/I||^2(;C)^II^<A/1L2(A:) in the last term 
be generalized to arbitrary connected sets /C that are suffi- in Eq. (26) and combining Eqs. (26), (27), and (28) gives Eq. 
ciently nice so that the Rellich-Kondrashov theorem [see (25) with C=|(p| + C. 
Ref. 17 (Thm. 8.9)] holds on K. In particular, this is the case We now turn to the proof of Eq. (26). For simplicity we 
if /C has the "cone property."^"^ Another possible generaliza- set L= 1. The general case follows by scaling. Assume that 
tion is to include general bounded vector fields replacing <p; Eq. (26) is false. Then there exist sequences of constants 
see Ref. 21. C„-^<», functions h^ with ||/i„||z,2(x:)= 1 and (l,;i„)^=0, and 

If n is any subset of /C we shall denote /fi/'*(r)g(r)Jr domains JQ„C/C such that 
by </,^)n and </,/>J{Hy||/1L2(f,). We also denote V + i^ ,,2 . . . . 
by V̂  for short. ^ lim{||V^/iJ|j2(^^) + Cja^|iV^;iJ|^2(;c)}^9'. (29) 

LEMMA 2 (Generalized Poincare inequality). For any "~"" 
I ^1 < TT there are constants c>0 and C<°o such that for all We shall show that this leads to a contradiction. 
subsets n c / C and all functions f on the torus K the follow- Since the sequence /i„ is bounded in L^(/C) it has a sub-
in^ estimate holds: sequence, denoted again by h^, that converges weakly to 
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som& heL\K:) [i.e., {g,K)K,-^{g,h)^ for all geL\K)]. 
Moreover, by Holder's inequality the L^(Il^) norm 
ilv„;i„i = Uac\h{v)\Pdv)"P bounded by 

\K\"'^p9hjLH,C) for j!7 = 2/(a+1). From Eq. (29) we con­
clude that \\VJi V"«liLP(n̂ ) is bounded and also that 

V„/i„ LPi^ny s||V /̂z„||̂ 2(fi ) is bounded. Altogether, V /̂i„ is 
bounded in L^{1C), and by passing to a further subsequence 
if necessary, we can therefore assume that V /̂i„ converges 
weakly in L^^IC). The same applies to V/i„. Since p 
= 2 / (a+l ) with Q;<2/3 the hypotheses of the Rellich-
Kondrashov Theorem [see Ref. 17 (Thm 8.9)] are fulfilled 
and consequently /i„ converges strongly in L^iK.) to h (i.e., 
ll̂ ~^nlL2(A:)—^0). We shall now show that 

liminf„_o=liV ;̂i„ \LHii„y H|V,/i||: LHIC) • 
(30) 

This will complete the proof because the /i„ are normalized 
and orthogonal to 1 and the same holds for h by strong 
convergence. Hence the right side of Eq. (30) is necessarily 
> <p̂ , since for | ^ | < TT the lowest eigenvalue of - V J,, with 
constant eigenfunction, is non-degenerate. This contradicts 
Eq. (29). 

Equation (30) is essentially a consequence of the weak 
lower semicontinuity of the L^ norm, but the dependence on 
n„ leads to a slight complication. First, Eq. (29) and C„ 
-*oo clearly imply that | n ^ | ^ 0 , because ||V^/I„||^2(A:)>9^-
By choosing a subsequence we may assume that 2„|fl^| 
<oo. For some fixed Â  let Ci^=]C\U„^N^''„ . Then H^CH^ 
for n^N. Since ||V^/i„||j2(fi ) ^^ bounded, V^h„ is also 
bounded in L^(Cif^) and a subsequence of it converges 
weakly in L^iClfj) to V^/i. Hence 

liminf„_^^||V^/iJ|j2(a^)^liminf„^<„||V^/i„||j2(fi^) 

Since n^vCn^v+i ^^^ U/^nyv=/C (up to a set of measure 
zero), we can now let Â—>oo on the right side of Eq. (31). By 
monotone convergence this converges to ||V^̂ ||/̂ 2(;c) • ^^^^ 
proves Eq. (30) which, as remarked above, contradicts 
Eq. (29). Q.E.D. 

We now are able to finish the proof of theorem 1. From 
lemmas 1 and 2 we infer that, for any symmetric ^ with 
( ^ , ^ ) = 1 and for N large enough, 

i<^,//;,^>[i-(const)yn-^ 

^4'jT/iipa + jji — 

_cyi/i7 l+ i_ /^^2(y ,+ i^ )^ \ 

- - ^ I dX\ dri 

-L-3 f ^ r ^ ( r . 

^ ( r i ,X) 

(32) 

where we used that |a^|^(47r/3)A^/?3 = (const)L3r^^l 
From this we can infer two things. First, since the kinetic 
energy, divided by Â , is certainly bounded independent of Â , 
as the upper bound shows, we obtain that 

Eo{N,a,(p) (p^ 
liminf/vr_.oo 7̂  '^ATTixpa + ix— (33) 

for any |9|<7r. By continuity this holds also for |(p| = 7r, 
proving Eq. (6). (To be precise, EQIN-ix(p^L~'^ is concave 
in (p, and therefore stays concave, and in particular continu­
ous, in the limit A^^oo.) Second, since the upper and the 
lower bound to EQ agree in the limit considered, the positive 
last term in Eq. (32) has to vanish in the limit. That is, we 
obtain that for the ground state wave function ^o of H'j^, 

lim f dxi dr}^oiri,X) 

This proves Eq. (7), since 

'\L = 0. (34) 

[ dxf dJ^o(ri,X)-L-'\ I dr^oir,X) 

1 f 
= 1 'y(r,r')drdr , 

NL^Jicxic 
(35) 

and therefore N-\L~^'^\yN\L~^'^)^\. As explained in 
Refs. 14 and 20 this suffices for the convergence A^~^7A/ 
-^\L~^'^){L~^'^\ in trace class norm. Q.E.D. 

IV. CONCLUSIONS 

We have shown that a Bose gas with short range, repul­
sive interactions is both a 100% superfluid and also 100% 
Bose-Einstein condensed in its ground state in the Gross-
Pitaevskii limit where the parameter Na/L is kept fixed as 
Â—>oo. This is a simultaneous large Â  and low density limit, 
because the dimensionless density parameter pa^ is here pro­
portional to 1/Â .̂ If pa^ is not zero, but small, a depletion of 
the Bose-Einstein condensate of the order (pa^y^ is ex­
pected (see, e.g., Ref. 22). Nevertheless, complete superflu­
idity in the ground state, e.g., of Helium 4, is experimentally 
observed. It is an interesting open problem to deduce this 
property rigorously from first principles. In the case of a 
one-dimensional hard-core Bose gas superfluidity in the 
ground state is easy to show, but nevertheless there is no 
Bose-Einstein condensation at all, not even in the ground 
state.^'" ,9,10 
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Recent experimental and theoretical work has indicated conditions in which a trapped, low density 
Bose gas ought to behave like the ID delta-function Bose gas solved by Lieb and Liniger. Up until now, 
the theoretical arguments have been based on variational/perturbative ideas or numerical investigations. 
There are four parameters: density, transverse and longitudinal dimensions, and scattering length. In 
this paper we explicate five parameter regions in which various types of ID or 3D behavior occur in the 
ground state. Our treatment is based on a rigorous analysis of the many-body Schrodinger equation. 

DOI: 10.1103/PhysRevLetL91.150401 PACS numbers: 05.30.Jp, 03.75.Hh, 67.40.-w 

It appears to be possible to do experiments in highly 
elongated traps on ultracold Bose gases that are effec­
tively ID. More precisely, the ID Bose gas with a delta-
function two-body interaction, analyzed long ago [1,2], 
should be visible, with its quasifermionic behavior [3], 
the absence of Bose-Einstein condensation (BEC) in a 
dilute limit [4], and an excitation spectrum different from 
that predicted by Bogoliubov's theory [2,5]. Several theo­
retical investigations on the transitions from 3D to 
an effective ID behavior were triggered by [6]. See, e.g., 
[7-9]. Systems showing indications of such a transition 
have recently been prepared experimentally [10]. 

The theoretical work on the dimensional crossover for 
the ground state in elongated traps has so far been based 
either on variational calculations, starting from a 3D delta 
potential [6,9], or on numerical quantum Monte Carlo 
studies [11] with more realistic, genuine 3D potentials, 
but particle numbers limited to the order of 100. This 
work is important and has led to valuable insights, in 
particular about different parameter regions [7], but a 
more thorough theoretical understanding is clearly desir­
able since this is not a simple problem. In fact, it is evident 
that for a potential with a hard core the true 3D wave 
functions do not approximately factorize in the longitu­
dinal and transverse variable (otherwise the energy would 
be infinite) and the effective ID potential cannot be 
obtained by simply integrating out the transverse varia­
bles of the 3D potential (that would immediately create 
an impenetrable barrier in ID). It is important to be able 
to demonstrate rigorously, and therefore unambiguously, 
that the ID behavior really follows from the fundamental 
Schrodinger equation. It is also important to delineate, as 
we do here, precisely what can be seen in the different 
parameter regions. The full proofs of our assertions are 
long and will be given elsewhere [12], but we emphasize 
that everything can be rigorously derived from first prin­
ciples. In this Letter we state our main results and outline 
the basic ideas for the proofs. 

We shall always be concerned with the ground state and 
with large particle number, Â  » 1, which is appropriate 
for the consideration of actual experiments. Other pa­
rameters of the problem are the scattering length, a, of 
the two-body interaction potential and two lengths, r and 
L, describing the transverse and the longitudinal exten­
sion of the trap potential, respectively. 

It is convenient to write the Hamiltonian in the follow­
ing way (in units where h = 2m= 1): 

HM,L,r,a = fj.-"^' + ^rHxf) + VdZj)] 

+ X yai\Xi-Xj\l (1) 

l<i<j<N 

with X = {x, y,z) = {x^, z) and with 

yJ-(x-L) = r-2y-L(xJ-/r), VLU) = L-^Viz/L), 
v,i\x\) = a-M\x\/a). (2) 

Here, r, L, a are variable scaling parameters while V-*-, V, 
and V are fixed. The interaction potential v is supposed to 
be non-negative, of finite range, and have scattering 
length 1; the scaled potential v^ then has scattering 
length a. The external trap potentials V and V^ confine 
the motion in the longitudinal (z) and the transversal (x-^) 
directions, respectively, and are assumed to be continu­
ous and tend to oo as |z| and Ix-*"! tend to oo. To simplify 
the discussion we find it also convenient to assume that V 
is homogeneous of some order ^ > 0, namely V{z) = k |^ 
but weaker assumptions, e.g., asymptotic homogeneity 
[13], would in fact suffice. The case of a simple box 
with hard walls is realized by taking s = oo, while the 
usual harmonic approximation is ^ = 2. It is understood 
that the lengths associated with the ground states of 
-cf/dz^ + Viz) and -(V-^)^ + V^ix^) are both of the 
order of 1 so that L and r measure, respectively, the 
longitudinal and the transverse extensions of the trap. 
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We denote the ground state energy of (1) by 
E^^{N, L, r, a) and the ground state particle density by 

PZ.r»-
In parallel with the 3D Hamiltonian we consider the 

Hamiltonian for n bosons in ID with delta interaction and 
coupling constant g ^ 0 (denoted 2c in [1]); i.e., 

Hi : = ±-dydzj + 8 X Sizi-zjl 
U<j^n 

(3) 

We consider the Hamiltonian for the Zj in an interval of 
length € in the thermodynamic limit, € —»̂  oo, n—^oo, 
with p = nji fixed. The ground state energy per particle 
in this limit is independent of boundary conditions and 
can, according to Lieb and Liniger [1], be written as 

= p^e{g/p), (4) 

with a function e{t) determined by a certain integral 
equation. Its asymptotic form is e{t) =« | r for r « 1 and 
e{t) -* TT̂ /S for r -^ 00. Thus 

e'^{p)-'\gp for g/p « 1, 

e'^ip) « (7r2/3)p2 for g/p » ] 

(5) 

(6) 

These two situations correspond to high ID density (weak 
interaction) and low ID density (strong interaction), re­
spectively. The latter case is usually referred to as the 
Girardeau-Tonks regime. Physically, the main difference 
is that in the strong interaction regime the motion of the 
particles in the longitudinal direction is highly corre­
lated, while in the weak interaction regime it is not 

Taking pe^^{p) as a local energy density for an inho-
mogeneous ID system we can form the energy functional 

^ [p] = / ° ° J | V 7 p a ) P + Vz.(z)p(z) 

" + Pizfeig/pizmdz. (7) 

The gradient term represents additional kinetic energy 
associated with the inhomogeneity of the gas that is 
not accounted for by the "local" kinetic energy included 
in the last term. The ground state energy of this func­
tional is defined to be E^^{N, L, g) = inf{£'[/o]:p(z) > 
0, Jp{z)dz = N}. By standard methods (cf, e.g., [14]) 
one can show that there is a unique minimizer, i.e., a 
density PN,L,giz) with jpN,L,giz)dz = N and S[pN,L,g\ = 
E^^{N, L, g). We define the mean ID density of this 
minimizer to be ^ = A''"^ J°l^ {pN,L,giz)Ydz. In the rigid 
box, i.e., for 5 = oo, p is simply N/L (except for bound­
ary corrections), but in more general traps it depends also 
on g besides A'̂  and L. The order of magnitude of p in 
various regions of the parameters will be described below. 

Our main result relates the 3D ground state energy of 
(1), E^^{N, L, r, a), to the ID density functional energy 
E^^{N, L, g) in the large Â  limit with g ~ a/r^ provided 
r/L and a/r are sufficiently small. To state this precisely, 

150401-2 

let e^ and ^(x^), respectively, denote the ground 
state energy and the normalized ground state wave 
function of — (V-^)^ + V^{x^). The corresponding quan­
tities for -(V-L)2 -H V,-L(x-L) are e^/i^ and ^.(x^-) = 
{l/r)b{\^/r). In the case that the trap is a cylinder with 
hard walls 6 is a Bessel function; for a quadratic V^ it is a 
Gaussian. 

Define g by 

g = ^f\b{x^)\^cfx'' = S7Tal\Kix^)fcfx^. (8) 

THEOREM: Let N-^ oo and simultaneously r/L — 0 
and a/r —* 0 in such a way that r^'p • min{p, g} —>• 0. Then 

lim-
EP^{N,L,r,a)-Ne^/r^ 

~E^^{N7LJ) " 
(9) 

Moreover, if we define the ID quantum-mechanical den­
sity by averaging over the transverse variables, i.e.. 

pTL,r,aiz)^lpTL,r,a{^',z)Sx\ (10) 

then pNx^r.aiz)/pN.L,gi.z) -^ \ in a suitable sense. 
Note that because of (5) and (6) the condition r^p • 

min{p, ^ } - ^ 0 is the same as e^^i'p) « : 1/r^, i.e., the 
average energy per particle associated with the longitu­
dinal motion should be much smaller than the energy gap 
between the ground and first excited state of the confining 
Hamiltonian in the transverse directions. Thus, the basic 
physics is highly quantum mechanical and has no classi­
cal counterpart The system can be described by a ID 
functional (7), even though the transverse trap dimension 
is much larger than the range of the atomic forces. 

The domain of the parameters can be divided into 
subregions characterized by specific restrictions on the 
size of the ratio g/'p SLSN —* oo. It turns out that there are 
five regions altogether, each described by a limiting case 
of the general density functional (7), but there is a basic 
dichotomy between the regions that can be regarded as 
limits of 3D Gross-Pitaevskii theory and those that can­
not be reached in that way. The former (regions 1-3 
below) are characterized by the condition that the 3D 
ground state energy per particle, which is proportional to 
a times the three dimensional density p^^ ~ N/{r^L) for 
a dilute gas [15], is much smaller than the energy given by 
the formula (6). This means that g/^ <C 1 with g given by 
(8). In the latter regime (regions 4 and 5 below) the 
energy (6) is comparable to or smaller than the 3D energy. 
In both regimes the internal energy of the gas is small 
compared to the energy of transversal confinement which 
is of the order N/r^. However, this in itself does not imply 
a specifically ID behavior. (If a is sufficiently small it is 
satisfied in a trap of any shape.) ID behavior, when it 
occurs, manifests itself by the fact that the transverse 
motion of the atoms is uncorrected while the longitu­
dinal motion is correlated (very roughly speaking) in the 
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same way as pearls on a necklace. Thus, the true criterion 
for ID behavior is that ^ / p is of the order unity or larger, 
and not merely the condition that the energy of confine­
ment dominates the internal energy. 

We shall now briefly describe the division of the two 
regimes into the five subregions. We always assume N —^ 
00 and r/L —>• 0. 

REGION 1: The ideal gas case.—g/-p<^N-^, with 
p ~ N/L, corresponding to the trivial case where the 
interaction is so weak that it effectively vanishes in the 
large Â  limit and everything collapses to the ground state 
of —d^/dz^ + Viz) with ground state energy e". The 
energy E^^ in (9) can be replaced by Ne"/L^. Note 
that g/p <C N~'^ means that the 3D interaction energy 
~p3Da « 1/L2. 

REGION 2: The ID GP case.—g/p ~ N-^, with p ~ 
N/L, described by a ID Gross-Pitaevskii energy func­
tional 

S'^^ip] = J ° ° ^ [ I V V P ( Z ) P + V,{z)p{z) + \gpiz)^]dz, 

(11) 

corresponding to the high density approximation (5) of 
the interaction energy in (7). Its ground state energy, 
E^^ = M{S^^[p]:p{z) ^ 0, f p = N}, has the scaling 
property E^^{N, L, g) = NL-^E^^H 1, NgL). 

REGION 3: The ID TF case.—N-^ « ^ / p « 1, with 
p ~ (N/L){NgL)~^^^'''^^\ where s is the degree of homo­
geneity of the longitudinal confining potential V. This 
region is described by a Thomas-Fermi type functional 

mula (6) for the energy density. The energy functional is 

s'^'lp] •• • l'^J.Vdz)p{z)+^gp{zy]dz. (12) 

It is a limiting case of region 2 in the sense that NgL ~ 
NaL/r^ —*• oo, but a/r is sufficiently small so that g/'p ~ 
iaL/Nr^)iNaL/r^y/^'+^^ -^ 0; i.e., the high density ap­
proximation in (5) is still valid In this limit the gradient 
term in (11) becomes vanishingly small compared to the 
other terms. 

REGION 4: The LL case.—g/'p - \, with p ~ 
{N/L)N~'^/^^'^'^\ described by an energy functional 

<^^Hp] = r \yLiz)p{z) + p{zfe{g/p{z))]dz. (13) 

This region corresponds to the case g/'p^ 1, so that 
neither the high density (5) nor the low density approxi­
mation (6) is valid and the full LL energy (4) has to be 
used, but, as in region 3, the gradient term in (7) is 
negligible. The scaling of the ground state energy of 
(13) is E^\N,L,g) = Ny'^E^H\,\,g/y) with y = 
(Ar/L)7V-2/(-+2)_ 

REGION 5: The GT case.—g/'p •:^ \, with p ~ 
{N/L)N~'^/^^'^'^\ described by a functional with energy 
density ~p-^, corresponding to the Girardeau-Tonks limit 
of the LL energy density. It corresponds to impenetrable 
particles, i.e., the limiting case ^ / p —̂  oo and hence for-
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^w=/: [VL(Z)P(Z) + (7rV3)p(z)3]rfz, (14) 

with minimum energy EP'^iN, L) = Ny^EP'^il, 1). 
We note that the condition g/'p -- \ means that region 4 

requires the gas cloud to have aspect ratio r/L of the order 
N~^{a/r) or smaller, where L ~ LM'^/i^-^^) is the length of 
the cloud Experimentally, such small aspect ratios are 
quite a challenge and the situations described in [10] are 
still rather far from this regime. It may not be completely 
out of reach, however. 

Regions 1-3 can be reached as limiting cases of a 3D 
Gross-Pitaevskii theory [12]. In this sense, the behavior 
in these regions contains remnants of the 3D theory, 
which also shows up in the fact that the proof of BEC in 
the 3D Gross-Pitaevskii limit in [16] can be carried over 
to regions 1 and 2 [12]. Heuristically, these traces of 3D 
can be understood from the fact that in regions 1-3 the ID 
formula (5) for energy per particle, gp ~ aN/{r^L), gives 
the same result as the 3D formula [15], i.e., ap^^. This is 
no longer so in regions 4 and 5. 

We now comment on the main steps in the proof of the 
theorem, referring to [12] for full details. The different 
parameter regions have to be treated by different meth­
ods, a watershed lying between regions 1-3 on the one 
hand and regions 4 -5 on the other. In regions 1-3, similar 
methods as in the proof of the 3D Gross-Pitaevskii limit 
theorem in [14] can be used This 3D proof needs consid­
erable modifications, however, because in [14] the exter­
nal potential is fixed and the estimates are not uniform in 
the ratio r/L. 

To prove (9) one has to establish upper and lower 
bounds, with controlled errors, on the QM many-body 
energy in terms of the energies obtained by minimizing 
the energy functionals appropriate for the various regions. 
The limit theorem for the densities can be derived from 
the energy estimates in a standard way by variation with 
respect to the external potential VL. AS usual, the upper 
bounds for the energy are easier than the lower bounds, 
but nevertheless not simple, in particular, not for "hard" 
potentials v. 

The upper bound in regions 1-3 is obtained from a 
variational ansatz of the form '^{xi,...,Xf^) = 
F{x„...,x^)UUbri^i)yfp^izkl with F{x„...,x^) = 
Y\k=i f(^k ~ X;(;t)), where Xj(^k) is the nearest neighbor of 
x^. among the points Xy, j < k, br{x^) is the lowest 
eigenfunction of — (V-^)^ + V^, and p^^iz) the mini-
mizer of the ID GP functional (11). The function / is, 
up to a cutoff length that has to be chosen optimally, the 
zero energy scattering solution for the two-body 
Hamiltonian with interaction v^. The form of F, inspired 
by [17], is chosen rather than a Jastrow ansatz 
Y\i<jfi^i ~ Xy), because it is computationally simpler 
for the purposes of obtaining rigorous estimates. 
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For an upper bound in regions 4-5 a natural varia­
tional ansatz would appear to be "^{x^,..., Xj^) = 
F{xi, ...,Xi^)Y\k=ibr(Xk)^izh •••,ZN), where ij/ is the 
ground state of Hjj^g with the external potential Vi added 
However, in order to make a link with the exact solution 
(4) for a homogeneous gas, but also to control the norm of 
the trial function, it turns out to be necessary to localize 
the particles by dividing the trap into finite "boxes"(fin­
ite in z direction), with a finite particle number in each 
box and making the ansatz with the boundary condition 
"^ = 0 for each box individually. The particles are then 
distributed optimally among the boxes to minimize the 
energy. This box method, but with the boundary condition 
V ^ = 0, is also used for the lower bounds to the energy. 
Another essential device for the lower bounds is Dyson's 
lemma that was also used in [14-16]. This lemma, which 
goes back to Dyson's seminal paper [17] on the hard-core 
Bose gas, estimates the kinetic and potential energy for a 
Hamiltonian with a hard potential v of finite range from 
below by the potential energy of a "soft" potential U of 
larger range but essentially the same scattering length as 
V. Borrowing a tiny part of the kinetic energy it is then 
possible to do perturbation theory with the soft potential 
U and use Temple's inequality [18] to bound the errors. A 
direct application of perturbation theory to the original 
potential v, on the other hand, is in general not possible. 

A core lemma for regions 4-5 is a lower bound on the 
3D ground state energy in a finite box in terms of the ID 
energy of the Hamiltonian (3) both with the boundary 
condition V ^ = 0. Denoting the former energy by E^^ 
and the latter by E^^^, this bound for n particles in a box 
of length € in the z direction reads 

r" 
>£i?Jl-Cn| m'^wi 

with a constant C. To prove this bound the ground state 
wave function is first written as a product of n^^rC^Jt") 
and a function G(xi , . . . , x„). This subtracts ne-^/r^ from 
E^^ but the resulting minimization problem for G in­
volves the weighted measure Ylk^^ri'^k^^d^^k in place of 
Ylicd^x^. Nevertheless, Dyson's lemma can be used, and 
after the hard potential v has been replaced by the soft 
potential U, it is possible to integrate the transverse 
variables away and obtain a minimization problem for a 
ID many-body Hamiltonian with interaction d{zi — 
Zj) = a jjbrixlfbXxffUiXi - Xj)cfxj-d'xf. In the 
limit considered this converges to a delta interaction 
with the coupling constant (8). The error terms in the 
estimate for El^^ arise both from Temple's inequality and 
the replacement of J by a delta function, among other 
things. When the particles are distributed optimally 
among the boxes to obtain a global lower bound, super-
additivity of the energy and convexity of the energy 
density p^e{g/p) are used, generalizing corresponding 
arguments in [15]. 

In conclusion, we have reported a rigorous analysis of 
the parameter regions in which a Bose gas in an elongated 
trap may or may not be expected to display ID behavior in 
its ground state. We also present a ID energy functional, 
analogous to the Gross-Pitaevskii functional, that cor­
rectly describes the energy and density in all the five 
parameter regions considered here. 
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