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Preface 

This second edition of the book, Modeling and Computation of Boundary-Layer 
Flows^ extends the topic to include compressible flows. This implies the inclusion 
of the energy equation and non-constant fluid properties in the continuity and 
momentum equations. The necessary additions are included in new chapters, 
leaving the first nine chapters to serve as an introduction to incompressible 
flows and, therefore, as a platform for the extension. This part of the book can 
be used for a one semester course as described below. 

Improvements to the incompressible flows portion of the book include the 
removal of listings of computer programs and their description, and their incor­
poration in two CD-ROMs. A listing of the topics incorporated in the CD-ROM 
is provided before the index. In Chapter 7 there is a more extended discussion 
of initial conditions for three-dimensional flows, application of the characteristic 
box to a model problem and discussion of flow separation in three-dimensional 
laminar flows. There are also changes to Chapter 8, which now includes new 
sections on Tollmien-Schlichting and cross-flow instabilities and on the predic­
tion of transition with parabolised stability equations, and Chapter 9 provides 
a description of the rational behind interactive boundary-layer procedures. 

Chapters 10 to 14 deal with compressible flows and consider, respectively, 
the boundary layer equations, two-dimensional laminar and turbulent flows, 
three-dimensional laminar and turbulent flows and stability and transition. A 
computer program for two-dimensional laminar and turbulent flows without 
separation and a computer program for three-dimensional laminar and turbulent 
flows, including those with separation, and related software to predict transition 
in three-dimensional flows are described in CD-ROMs and is available from the 
first author. 

The above implies that the sequence of chapters is as follows. The Intro­
duction of Chapter 1 presents two examples to demonstrate the use of invis-
cid and boundary-layer equations for solving engineering problems. Chapter 2 
presents the conservation equations for incompressible flows, and is compara-
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tively brief since detailed derivations are available elsewhere. The third Chapter 
discusses the boundary-layer equations. The calculation of laminar and turbu­
lent boundary-layers and the prediction of transition in two-dimensional flows 
are addressed in Chapters 4 through 6. Chapter 4 considers incompressible lam­
inar boundary-layers and their solution and includes computer programs that 
solve the boundary-layer equations and that are provided in two CD-ROMs 
(Appendices A and B). 

The prediction of the onset of transition from laminar to turbulent flow has 
traditionally been achieved by correlations, which are known to have limited 
ranges of applicability. The use of the e^-method based on solutions of the lin­
ear stability equations has been proposed as a more general approach. Thus, 
Chapter 5 describes the solution of the linear stability equations for incompress­
ible flows and the prediction of transition by the e^-method with the numerical 
method of Chapter 4, and a CD-ROM (Appendix B) provides a computer pro­
gram that solves the Orr-Sommerfeld equation and computes transition. 

Chapter 6 addresses two-dimensional incompressible turbulent boundary-
layers. It begins with a physical description of turbulent boundary-layers and 
the empirical laws that govern them and is followed by a brief discussion of a 
few popular turbulence models as well as a discussion of methods for computing 
two-dimensional turbulent boundary-layers. Chapters 7 and 8 extend the discus­
sions of Chapters 4 through 6 from two-dimensional flows to three-dimensional 
flows. Chapter 7 discusses three-dimensional laminar and turbulent boundary-
layers and a CD-ROM (Appendix B) presents a computer program to solve the 
boundary-layer equations. 

Chapter 8 extends the discussion of Chapter 5 from two- to three-dimensional 
flows. Unlike the occurrence of transition in two-dimensional flows, transition 
in three-dimensional flows can occur by different mechanisms as discussed here. 
The chapter also describes the solution of the linear stability equations with 
the numerical method of Chapter 5 as well as predicting transition with the 
e^-method. 

Chapter 9 provides a brief description of interactive boundary-layer theory, 
in which the solutions of the inviscid flow equations are coupled to those of the 
boundary-layer equations with an interaction approach. The viscous effects are 
neglected in the inviscid flow solutions, and are re-introduced with the help of 
the solutions of the boundary-layer equations. Applications of this approach are 
demonstrated for laminar and turbulent flows on a flat plate and for single and 
multi-element airfoils. 

Chapter 10 is similar to Chapters 2 and 3 and presents the conservation 
equations and their reduced forms for compressible flows while Chapters 11 and 
12 address the calculation of laminar und turbulent boundary layers for two-
dimensional and compressible flows and a CD-ROM (Appendix B) provides a 
computer program that solves the boundary-layer equations for compressible 
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flows. Chapter 13 extends the discussions of Chapters 11 and 12 from two-
dimensional to three-dimensional flows, and Chapter 14 extends the discussion 
of Chapter 8 from three-dimensional incompressible flows to compressible flows. 

A one semester course on Modeling and Calculation of Boundary-Layer 
Flows for senior undergraduate students, would include a brief reading of Chap­
ter 1 followed by Chapters 2 and 3, Sections 4.1 to 4.4 in Chapter 4, Sections 5.1 
to 5.5 in Chapter 5, Sections 6.1 to 6.5 and Section 6.7 in Chapter 6. For first 
year graduate students, the above material might be extended to include Sec­
tions 4.5, 5.6, 6.6 that deal with the numerical methods and computer programs 
in Chapters 4 and 5. 

A list of related and current books and solution manuals, published by Hori­
zons and Springer-Verlag, is available on the Horizons Web site, 

http://hometown.aol.com/tuncerc 

This book is an outgrowth of work done by the authors as employees of 
the Boeing Company and ONER A. Their teaching responsibilities at the Cal­
ifornia State University at Long Beach (CSULB) and at the Ecole Nationale 
Superieure de L'Aeronautique et de L'Espace (SUPAERO) have contributed to 
its organization. 

The authors would like to express their appreciation to several people who 
have given thoughts and time to the development of this book and to people 
who have given encouragements and moral support. In particular, we want to 
thank the late A. M. O. Smith of Douglas Aircraft Company, Herb Keller of the 
California Institute of Technology, the late Keith Stewartson of University Col­
lege, Jim Whitelaw of Imperial College, Peter Bradshaw of Stanford University 
and D. Arnal, B. Aupoix and R. Houdeville of ONERA. We also wish to thank 
Hsun H. Chen, K. C. Chang and J. P. Shao for proof reading the manuscript 
and making many helpful suggestions. In addition, we are indebted to many of 
our students who have contributed to many of the new material included in this 
book. 

Finally, the authors wish to thank their wives, Sylvia Cebeci and Claudine 
Cousteix for their understanding and encouragement. Only authors of books 
can fully understand their contribution. 

Indian Wells, California, USA Tuncer Cebeci 
Toulouse, France Jean Cousteix 
April 2005 
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Introduction 

We are surrounded by examples of fluid dynamics phenomena; computational 
fluid dynamics (CFD) deals with the numerical analysis of these phenomena. 
Despite impressive progress in recent years it is evident that CFD remains an 
imperfect tool in the comparatively mature discipline of fluid dynamics, partly 
because electronic digital computers have been in widespread use for less than 
thirty years. History reminds us of ancient examples of fluid dynamics applica­
tions such as the Roman baths and aqueducts that fulfilled the requirements 
of the engineers who built them; of ships of various types with adequate hull 
designs, and of wind energy systems, built long before the subject of fluid me­
chanics was formalized by Reynolds, Newton, Euler, Navier, Stokes, Prandtl 
and others. The twentieth century has witnessed many more examples of ap­
plications of fluid dynamics for the use of humanity, all designed without the 
use of electronic computers. Examples include prime movers such as internal-
combustion engines, gas and steam turbines, flight vehicles, and environmental 
systems for pollution control and ventilation. 

The Navier-Stokes equations, which govern the motion of a Newtonian vis­
cous fluid were formulated well over a century ago. The most straightforward 
method of attacking any fluid dynamics problem is to solve these equations for 
the appropriate boundary conditions. Analytical solutions are few and trivial 
and, even with today's supercomputers, numerically exact solution of the com­
plete equations for the three-dimensional, time-dependent motion of turbulent 
flow is prohibitively expensive except for basic research studies in simple config­
urations at low Reynolds numbers. Therefore, the "straightforward" approach 
is still impracticable for engineering purposes. 

Considering the successes of the precomputer age, one might ask whether it 
is necessary to gain a greater understanding of fluid dynamics and develop new 
computational techniques, with their associated effort and cost. Textbooks on 
fluid dynamics reveal two approaches to understanding fluid dynamics processes. 
The first is to device useful correlations through a progression from demonstra­
tive experiments to detailed experimental investigations that yield additional 
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understanding and subsequent improvement. The second is to solve simplified 
versions of fluid dynamics equations for conservation of mass, momentum and 
energy for comparatively simple boundary conditions. There is great advan­
tage in combining both approaches when addressing complex fluid dynamics 
problems, but interaction between these two approaches has been limited until 
recently by the narrow range of useful solutions which could be obtained by an­
alytic methods or simple numerical computations. It is evident, therefore, that 
any method for increasing the accuracy of computational methods by solving 
more complete forms of the conservation equations than has been possible up 
to now is to be welcomed. The numerical approaches of CFD have, in most 
cases, proven much more powerful than the closed-form analytical solutions of 
the past. As an example, the flow through a blade passage of a gas turbine is 
three-dimensional, and, even if we ignore the problem of modeling the behav­
ior of turbulence, the corresponding equations can only be solved by numerical 
methods; even the inviscid flow in an axisymmetric engine intake cannot be 
calculated by purely analytic methods. Thus, without computational fluid dy­
namics, we cannot calculate detailed flow characteristics essential to improving 
understanding and supporting the design process. 

It should be recognized that both experimental and computational fluid 
dynamics require resources. The cost of experiments in some cases can be pro­
hibitive as, for example, with extensive flight tests of airplanes, full-scale tests of 
a gas turbine, or destructive testing of expensive components. In such cases, it 
may be possible to reduce the number of experimental tests by using CFD, since 
only a relatively small number of experiments are required to check the accuracy 
of the CFD results. Of course, the cost of obtaining accurate numerical solutions 
of differential equations may also be large for a complex flow, but still are usually 
much less than the cost of the additional experiments that would otherwise be 
required. In reality, the most cost-effective approach to solving a fluid dynamics 
problem is likely to be a combination of measurements and calculations. Both 
are subject to uncertainties, but the combination of these two approaches can 
result in both a more cost-effective and more reliable design than by using only 
one approach or the other, and thus may be necessary to meet today's more 
stringent requirements for improved performance and reduced environmental 
impact, along with technical innovation and economy. 

The following sections demonstrate the application of CFD techniques to 
solve real engineering problems by considering two examples which encompass 
flows which make use of the reduced forms of the conservations such as invis­
cid and boundary-layer equations. A more complete demonstration should also 
include examples of flows which make use of the time-averaged Navier-Stokes 
equations, but this is beyond the scope of this book. The two examples presented 
below are taken from the literature; additional examples, including those com-
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puted by Navier-Stokes equations and by reduced Navier-Stokes equations can 
be found in many journal articles or conference papers. 

The first example, discussed in Section 1.1, addresses the application of CFD 
to reduce the drag of a wing by adjustment of pressure gradient, by shaping, 
and by suction through slotted or perforated surfaces. The drag of an aircraft 
can be reduced in a number of ways to provide increased range and speed, 
and decreased size, cost, and decreased fuel usage. The adjustment of pressure 
gradient by shaping and using laminar boundary-layer control with suction are 
two powerful and effective ways to reduce drag. This is demonstrated with a 
calculation method for natural laminar flow (NLF) and hybrid laminar flow 
control (HLFC) wings. 

The second example, discussed in Section 1.2, addresses the calculation of the 
maximum lift coefficient of a wing which corresponds to the stall speed, which 
is the minimum speed at which level flight can be maintained. A calculation 
method is described and used to predict the maximum lift coefficient of a high-
lift system; this coefficient plays a crucial role in the takeoff and landing of an 
aircraft. 

1.1 Skin-Friction Drag Reduction 

There are several techniques for reducing the skin-friction drag of bodies. While 
the emphasis in this section is on aircraft components, the arguments apply 
equally to the reduction of skin-friction drag on all forms of transportation, 
including underwater vehicles. The importance of the subject has been discussed 
in a number of articles; a book edited by Bushnell and Heiner [1] summarizes 
the research in this area and the reader is referred to this book for an in-depth 
review of viscous drag reduction and for discussions of the possible savings which 
can occur from the reduction of the drag. As an example of the argument in 
support of the importance of the calculation methods used for reducing skin-
friction drag, it is useful to point out that a three-percent reduction in the 
skin-friction drag of a typical long-range commercial transport, which burns 
around ten million gallons of fuel per year, at 50 cents per gallon, would yield 
yearly savings of around $ 150,000. 

There have been many suggestions for reducing the skin-friction drag on 
aircraft components including extension of regions of laminar flow, relaminar-
ization of turbulent flow and modification to the turbulence characteristics of the 
near-wall flow. In general, these attempts to control the flow depend on changes 
to the wall boundary conditions including variations of longitudinal and trans­
verse surface curvatures, the nature of the surface and heat and mass transfer 
through the surface. A partial exception is the use of thin airfoils (LEBUs) in 
the outer region of the boundary layer to break up the large eddy structure of 
turbulent flow [1]. 
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In this section the discussion is hmited to laminar flow control (LFC) and 
the reader is referred to [1] for a discussion of other techniques for reducing 
the skin-friction drag. In subsection 1.1.1, a brief description of laminar flow 
control first by "Adjustment of Pressure Gradient by Shaping," then by "Suction 
Through Slotted or Perforated Surfaces" is given. This subsection is followed by 
a description and application of a calculation method to natural laminar flow 
(NLF) and hybrid laminar flow control (HLFC) wings (subsection 1.1.2). 

1.1.1 Laminar Flow Control 

Adjustment of Pressure Gradient by Shaping 

Laminar flow on a two-dimensional or axisymmetric body (see Chapter 4) can 
be achieved by designing the geometry so that there are extensive regions of 
favorable pressure gradients. This technique is frequently referred to as natural 
laminar flow (NLF) control and may be implemented on a wing or a body of 
revolution by bringing the point of maximum thickness as far aft as possible. 
Typical airfoil sections designed for this purpose are shown on Fig. 1.1 and 
the location of the onset of transition, where laminar flow becomes turbulent 
flow, can be estimated by using the e^-method discussed in Chapters 5 and 
8. The success of this technique and of the calculation method also depends 
on factors besides the pressure gradient including surface roughness, surface 
waviness, freestream turbulence, and the concentration of a second phase such 
as rain or solid particles in water, all of which can play a role in triggering 
transition (Section 5.5). The influence of these factors can usually be avoided by 
careful design, for example by keeping the surface waviness and roughness below 
the allowable limits. Thus, a retractable Krueger device, which is essentially a 
nose flap in the leading edge of an LFC wing, can serve as a line-of-sight shield 
from insects and thereby help to retain a smooth surface with further beneflt 
from spray nozzles to wet the leading edge. 

A number of modern low-speed aircraft make use of extended regions of 
natural laminar flow on their wings [1] but transonic cruise, and the swept wings 
required for this conflguration, introduce further complications. In particular, 
flow from the fuselage boundary layer can introduce instabilities which result in 
turbulent flow along the attachment line of the wing (Section 8.2), or a favorable 
pressure gradient on the upper surface can result in a shock wave which interacts 
with the boundary-layer to cause turbulent flow. The flrst problem depends on 
the Reynolds number, sweep angle and curvature of the leading edge and it 
is possible to shape the leading edge of the wing so that the attachment-line 
flow is laminar. In this case it is likely that, depending on the sweep angle, the 
flow may become turbulent away from the attachment line due to the crossflow 
instability discussed in Chapter 8. In subsection 1.1.2 calculations are presented 
for a typical NLF wing in incompressible flow to demonstrate the role of sweep 
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LRN(l) - 1010 
LOW ALTITUDE 

HSNLF(1)-0213F 
BUSINESS JET 

NLF(l) - 1015 
fflGH ALTITUDE 

NLF(2)-0415 
COMMUTER 

NLF(1)-0414F 
GENERAL AVIATION 

SCLFC(1)-0513 
TRANSPORT 

Fig. 1.1. Typical NLF airfoils for a wide range of applications. SCLFC denotes supercrit­
ical LFC airfoil. 

angle and crossflow on transition, and the parameters that can be used to predict 
transition along the attachment line are discussed. 

Extending the region of natural laminar flow on fuselages in order to reduce 
the fuselage drag is also important, as indicated by the examples of Table 1.1, 
relevant to transport aircraft [1]. It should be pointed out that the total skin-
friction drag of a modern wide-body transport aircraft is about 40% of the 
total airplane drag, with approximately 3% from nacelles and pylons, 15% from 
fuselage, 15% from wing, and 8% from empennage. Thus, nacelles and pylons 
account for about 8% of the total skin-friction drag, while the fuselage, wing and 
empennage account for 38%, 35% and 20%, respectively. For smaller airplanes, 
such as the MD-80 and 737, the portion of the total skin-friction drag is usually 
higher than for wide bodies. 

Table 1.2 shows the reduction in drag coefficient which can be achieved on 
an axisymmetric body by control of the location of the onset of transition: 
as an example, a delay of transition by 27% of the body length reduces the 
drag coefficient by some 30%. As in the case of wings, the onset of transition 
on fuselages and bodies of revolution can be estimated by an extension of the 
e^-method discussed in subsection 5.4.2 from two-dimensional flows to three-
dimensional flows discussed in Section 8.3. 

Suction Through Slotted or Perforated Surfaces 

The attainment of laminar flow by adjustment of pressure gradient by shaping 
becomes increasingly more difflcult as the Reynolds number increases because 
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Table 1.1. Profile drag buildup for all-turbulent transport jet and airplane with laminar 
lifting surfaces [1]. 

Nacelles and misc. 
Fuselage 
Empennage 
Wing 

Nacelle and others 
Fuselage 
Empennage 
Wing 
Total profile CD 

5.2% 
48.7% 
14.3% 
31.8% 

0.0010 
0.0092 
0.0027 
0.0060 
0.0189 

All-turbulent surfaces Laminar lifting surfaces 

7.6% 
70.2% 
6.9% 

15.3% 

0.0010 
0.0092 
0.0009 
0.0020 
0.0131 

Table 1.2. Drag coefficients for an 
axisymmetric body with a fineness 
ratio 6.14 at a = 0, RL = 40.86 x 
10^ [1]. 

Xtr Cd X 10^ 

0.322 2.60 
0.15 3.43 
0.10 3.62 
0.05 3.74 

the boundary layer becomes relatively thinner and, as a result, more sensitive to 
roughness and small disturbances. Thus, there are practical limits to maintain­
ing natural laminar flow at high Reynolds numbers because the effort spent to 
maintain extremely smooth surfaces may be negated by the increased sensitivity 
to external factors over which one has little control. 

The next technique to maintain laminar flow is the use of active laminar flow 
control by suction which thins the boundary-layer, generates a fuller velocity 
profile and leads to increased boundary-layer stability. The use of suction at 
the leading edge of a wing, through slots or perforated material, can overcome 
the tendency for the cross-flow velocity to create a turbulent boundary-layer 
flow beginning at the attachment line [1], see also Section 11.2. The technique 
is referred to as hybrid laminar-flow control (HLFC) since it combines suction 
mass transfer with the arrangement of the airfoil (see Fig. 1.2) so as to impose 
a favorable longitudinal pressure gradient. This type of LFC is applicable to 
a wide range of small to moderate sized aircraft. The perforated plate makes 
use of holes of the order of 0.004 inches in diameter with a pitch-to-diameter 
ratio of around ten and cleaning of the holes can be accomplished by reversing 
the mass flow while the aircraft is stationary. Extensive wind-tunnel tests have 
been reported by Pfenninger [1] who made use of vertical slot widths graded 
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- SUCTION 

Fig. 1.2. A typical airfoil section for hybrid laminar flow control (HLFC). 

from 0.008 to 0.003 inches depending on the thickness of the boundary-layer 
and a pitch which varied from 3 to 0.6 inches depending on the static pressure. 
Difficulties were experienced with the effective roughness created by the edges 
of the slots, but the system was made to operate satisfactorily so that the effects 
of the cross-flow velocity were removed in that the flow around the leading edge 
remained laminar. Again, stability (Chapter 11) and boundary-layer (Chapters 
9, 10) theories can be used in the design of the HLFC wing, as discussed in the 
following subsection. 

1.1.2 Calculations for NLF and HLFC Wings 

A calculation method (Chapter 4 of [1]) based on the solutions of the panel, 
boundary-layer and stability equations for three dimensional flows can be used 
to demonstrate the effects of sweep, angle of attack, and suction on transition. 
A wing with a cross section of the NACA 6-series laminar flow airfoil family 
developed in the late thirties is chosen for this purpose. Its particular designation 
is NACA 65-412 where the first digit designates the airfoil series and the second 
indicates the extent of the favorable pressure gradient in tenths of chord on both 
upper and lower surfaces at design condition; the third digit gives the design 
lift coefficient and the last two digits denote the thickness in percent of the 
chord. The camber line used to generate this airfoil has the NACA designation 
a = 1.0 which means that the additional loading due to camber is uniform along 
the chord. It also happens that the use of this particular camber line results in 
an airfoil which has its design lift coefficient at zero angle of attack and all 
calculations presented here were performed at this angle of attack. The results 
correspond to a Reynolds number of 10^, based on the total freestream velocity 
VQO and chord c, and for several sweep angles ranging from 0° to 50°. The 
inviscid velocity distribution was computed from the Hess panel method [2, 3] 
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which is an extension of the two-dimensional panel method of Section 5.3 to 
three-dimensional flows and the boundary-layer calculations were performed 
again by solving the equations for an infinite swept wing (subection 9.5.2) with 
the computer program similar to the one described in Chapter 10. Transition 
calculations are performed by using the e^-method for three-dimensional flows 
developed by Cebeci and Stewartson discussed in Chapter 11. 

Figure 1.3 shows the inviscid velocity distribution Ue/uoo for the upper sur­
face of the wing for A = 20°, 30°, 40° and 50° and, as can be seen, the flow 
has a favorable pressure gradient up to around 50-percent chord, followed by 
an adverse pressure gradient. We expect that the cross-flow instability will be 
rather weak at lower sweep angles, so that transition will take place in the region 
where the flow deceleration takes place. With increasing sweep angle, however, 
crossflow instability (Chapter 11) will begin to dominate and cause transition 
to occur in the region of acceleration. The results of Fig. 1.4 for A = 20° confirm 
this expectation and indicate that the location of the critical frequencies occurs 
around x/c — 0.01, with amplification factors computed with different frequen­
cies reaching values of n as high as 6.75 at x/c = 0.44 but not a value of n = 8 
as required to indicate transition. Additional calculations show that transition 
occurs at x/c — 0.65 and is not caused by crossflow instability. The results for 
A = 40°, shown in Fig. 1.5, however, indicate that crossflow instability makes its 
presence felt at this sweep angle, causing transition to occur at x/c — 0.08 corre­
sponding to a radian disturbance frequency of 0.03740. The location of the crit­
ical frequency is at x/c = 0.0046, very close to the attachment line of the wing. 

Calculations performed for A = 30°, 35° and 50° indicate results similar to 
those for A — 40° in that the transition location moves closer to the leading edge 
with increasing sweep angle, occurring at x/c = 0.22 for A = 30°, at x/c = 0.12 
for A = 35° and at x/c = 0.05 at A = 50°. In ah cases, the location of the critical 
frequency is almost at the same location as for A = 40°, with values of critical 
radian frequency, cj, becoming 0.09144, 0.09044 and 0.09952 for A = 30°, 35° 
and 50°, respectively. 

Ue/Uoo 

1.2 

1.0 

0.8 

0.6 

0.4 

0.2 

0.0 

" / ^ ^ ^ ^ ^ \ 
f/^^"""^ ^^\S^ ^" •̂ °° 
1/""^ ^ ^ \ \ ^ 30° 
I ^ \ 40° 
r 50° 

1 \ \ \ 1 

0.0 0.2 0.4 0,6 0.8 1.0 
x/c 

Fig. 1.3. Variation of inviscid veloc­
ity distribution with sweep angle for 
the NACA 65-412 wing. 
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Fig. 1.4. Amplification factors for several 
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identify the critical frequencies needed in 
the e^-method. 

Fig. 1.5. Amplification factors for several 
frequencies for A = 40°. 

Figures 1.6 to 1.8 show the calculated amplification factors for the same 
wing with suction, which is a powerful means of maintaining laminar flow over 
the whole wing. In practice, however, this is difficult to achieve because of the 
need for ailerons, flaps and openings for inspection and maintenance. Clearly a 
suction system adds to the complexity, weight and cost of a design. Increasing 
suction rates requires larger ducting system and more power so that at some 
point all available space in the wing may be used up and the higher suction drag 
will produce diminishing returns. Increased suction also makes the boundary-
layer thinner, which in turn reduces the critical height of roughness that will 
cause transition. If suction is applied through discrete holes or slots and is not 
distributed over the area, increased suction velocities may cause the suction 
holes or slots to become critical themselves and act as sources for disturbances. 
It is important that the suction system must be carefully designed by calculating 
minimum suction rates to maintain laminar flow. In addition, the suction rate 
distribution must be optimum. A calculation method, such as the one described 
in Chapter 4 of [1], is capable of determining the minimum and optimum suction 
rates for the ducting system. Table 1.3 lists the suction distributions used in 
the calculations presented here. For simplicity, two types of suction distributions 
are considered: the first with uniform suction on the whole wing and the second 
with uniform suction over the front portion of the wing only, e.g. 5% chord from 
the leading edge. 

Figure 1.6 shows the amplification factors for critical frequencies without 
suction, with the two types of suction, SI and S4 for A = 30°. As can be seen, 
a small suction level of v^ — —0.0003 either over the whole wing, SI, or over 
the front 5% chord of the wing, S4, is sufficient to maintain laminar flow until 
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Table 1.3. Suction rates Vw = ft^/Voo used in the 
stability calculations. Si, S2 and S3 are applied to 
the whole wing while S4 to S8 are applied to the 
first 5% chord of the wing. S9 is applied to the 
first 10% of the wing. 

Vw X 10 Vvj X 10 

SI 
S2 
S3 
S4 

- 3 
- 5 
- 7 
- 3 

S5 
S6 
S7 
S8 
S9 

- 5 
- 7 

- 1 0 
- 1 2 
- 1 2 

separation occurs at x/c = 0.58 for S4 and at x/c — 0.78 for SI. The calculations 
for SI produce a low value of n = 3 at x/c = 0.34 and indicate that the suction 
rate is excessive at this sweep angle. 

Figure 1.7 shows the results for A = 40° for which case a suction level of 
Vyj = —0.0003 for SI yields a maximum value of n = 6 at x/c = 0.20 and a 
suction level corresponding to S2 yields a maximum value of n = 3 at x/c = 0.12. 
Both cases eliminate transition which occurs at x/c = 0.08 without suction, but 
the latter also eliminates the occurrence of separation while the former delays 
the separation until x/c — 0.78. To avoid excessive suction, two additional cases 
corresponding to S5 and S7 were considered and it was observed that transition 
takes place at x/c = 0.22 for S5, and the maximum value of n is equal to 6.7 at 
x/c — 0.52 for S7 which shows that the crossflow instabilities can be eliminated 
in the front portion of the wing. It is interesting to note that the small bump near 
x/c = 0.05 along the curve for S7 shown in Fig. 1.7 is caused by the switch-off 
of suction at x/c = 0.05. 
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Fig. 1.6. EfTect of suction on amplification 
rates for A = 30°. 

Fig. 1.7. Effect of suction on amplification 
rates for A = 40°. 
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0,0 0.1 0.2 0.3 0.4 0.5 0.6 Fig. 1.8. Effect of suction on amplification rates 
X/C for A = 50°. 

As expected, it is more difficult to avoid the crossflow instabilities for A = 
50° because of the high sweep, and Fig. 1.8 shows that only suction levels 
corresponding to S2 and S3 can eliminate transition. However, if suction is 
switched off at 5% chord from the leading edge, transition occurs even if a high 
suction level of v^ = —0.0012 is applied. In order to laminarize the flow, it is 
necessary to extend the range of suction at a suction level of Vw = —0.0012 for 
the first 10% chord of the wing, case S9, leading to transition at x/c — 0.48 
which is 8% upstream of the separation location. Further extensions of the 
suction area will eliminate transition before separation occurs. From the results 
corresponding to S8 and S9, it can be seen that the growth of the disturbances 
can be prevented only in the range over which suction is applied for A = 50°. 
Once the suction is switched off, the disturbances grow with almost constant 
speed and cause transition to occur downstream, indicating the difficulty of 
laminarizing the flow on a highly swept-back wing. 

1.2 Prediction of the MsLximum Lift Coefficient 
of Multielement Wings 

In aircraft design it is very important to determine the maximum lift coefficient 
as accurately as possible, since this lift coefficient corresponds to the stall speed, 
which is the minimum speed at which controllable flight can be maintained. Any 
further increase in angle of incidence will increase flow separation on the wing 
upper surface, and the increased flow separation results in a loss in lift and a 
large increase in drag. 

The high-lift system of an aircraft plays a crucial role in the takeoff and 
landing of an aircraft. Without high-lift devices, the maximum lift coefficient, 
(C'L)max5 attainable by a high-aspect-ratio wing is about five times the incidence 
(in radians) at incidences up to stall. Typical values of (CL)max are commonly 
in the range of 1.0 to 1.5. The addition of high-lift devices such as flaps and 
slats can more than double (C7,)max with subsequent improvement in takeoff 



12 1. Introduction 

and landing performance. Thus, it is important to predict the performance of 
high-hft systems that can be designed for both (CL)max and low drag. The 
lower drag also results in lower noise, which is necessary to comply with noise 
abatement regulations. 

Despite the significant advances in CFD, our ability to predict the maximum 
lift coefficient of multielement wings is still not satisfactory. As shown in Fig. 
1.9, the flow about multielement airfoils for high lift is very complex. The main 
problem is the lack of an accurate turbulence model (Section 8.3) to represent 
flows with extensive separation. The problem is exacerbated by inaccuracies 
of numerical solutions of the conservation equations (Chapter 2) at these flow 
conditions and difficulties in modeling flow near the trailing edge of an airfoil 
or wing, trailing viscous wakes that may impinge on aft elements, merging 
boundary-layers, and flow separation. 

In this section we describe a useful design method developed by Valarezo and 
Chin [4]. This method, called "The Pressure Difference Rule", for predicting the 
maximum lift coefficient of multielement wings is based on Hess' panel method 
which is an extension of the two-dimensional panel method given in the accom­
panying CD-ROM, Program 4, to three-dimensional flows. The accuracy of this 
method, even though the solution is based on the reduced conservation equa­
tions and does not include the effects of viscosity, is then demonstrated for the 
high-lift systems of a transport aircraft as a function of Reynolds number. While 
this method is appropriate for configuration development, it cannot predict the 
optimum gap/overhang locations for each of the high-lift wing components; at 
this time the determination of these locations remains a wind-tunnel-testing 
task. The ability to predict these locations is one of the aims of computational 
fluid dynamics development efforts in high-lift research. 

The Pressure Difference Rule of Valarezo and Chin [4] is based on the ex­
amination of wind tunnel data which indicates that, at a given Reynolds/Mach 

Fig. 1.9. A typical high-lift system 
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number combination, there exists a certain pressure difference ACp between 
the suction peak of an airfoil (Cp)niin and its trailing edge (Cp)te at the max­
imum lift condition. For the case of a multielement airfoil, the same rule ap­
plies to whichever element (leading-edge or main) is critical at maximum lift. 
Thus, at a given freestream Mach number, there is a "pressure difference" 
l^^pl — \{Cp)mm — {Cp)te\ Variation with Reynolds number (Fig. 1.10) that 
indicates when maximum lift is attained. This correlation applies whether or 
not the airfoil has an auxiliary leading-edge device. 

Even though the Pressure Difference Rule is based on two-dimensional data, 
Valarezo and Chin assume the correlation in Fig. 1.10 to be valid also for three-
dimensional flows. They determine the maximum lift coefficient of multielement 
transport wings by the following procedure: 

1. Use a panel method to obtain flow solutions at various angles of attack for 
the desired geometry. While any reliable panel method can be used for this 
purpose, they use the Hess panel method discussed in detail in [2]. They 
recommend sufficient surface paneling to ensure adequate definition of the 
geometry at the leading and trailing edges. 

2. For a given freestream Reynolds number and Mach number, construct a 
pressure difference |ACp| distribution vs. span based on the wing chord 
distribution. 

3. Determine graphically at what spanwise wing station and wing lift coef­
ficient the solutions obtained from the panel method (Step 1) match the 
curve constructed in Step 2. 

Valarezo and Chin validated this method with RAE experimental data [5] 
obtained for a high-lift system. The wing had an aspect ratio of 8.35 and wing 
quarter-chord sweep of 28° with a taper ratio of 0.35. The high-lift system 
included a 16% chord leading-edge slat {6s = 15°, 20° and 25°) and a 34% 
Fowler fiap {6F = 10°, 25° and 40°). The test was conducted transition-free 
at a Reynolds number of 1.31 x 10^ based on the mean wing chord and a 
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Reynolds number Re at maximum lift con­
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ACo 

PRESSURE DIFFERENCE RULE 

~^---~^.^ CLMAX-1.04 

0.0 0.2 0.4 0.6 0.8 1.0 
Fig. 1.11. Pressure difference rule predic­
tion of max lift for the RAE wing. 

nominal Mach number was 0.22. The Pressure Difference Rule was used to 
predict (CL)max for wing configurations corresponding to wing-alone, wing-flap, 
slat-wing and slat-wing-flap. 

Figure 1.11 shows the predicted pressure difference for the wing alone. The 
results for CL = 1.011 and 1.087 correspond to the panel method solutions at 
angles of attack of 11.84° and 12.84°, respectively (Step 1). The allowable vari­
ation of A(7p along the span was obtained from Fig. 1.10 for chord Reynolds 
numbers of 1.61 x 10^ and 1.01 x 10^ at spanwise stations 77 of 0.3 and 0.76, re­
spectively, and for an interpolated Moo = 0.22, yielding |ACp| = 8.2 at ry = 0.30 
and I ACpl = 7 at 7/ = 0.76. The dashed straight line connecting these two points 
represents the boundary that predicts when (CL)max occurs. According to Fig. 
1.11, linear interpolation yields a predicted (CL)max of 1-04 and the critical 
spanwise station is identified at 87% of the span. 

The predictions of the Pressure Difference Rule for the RAE wing with 
different flap deflections are shown in Fig. 1.12 together with the experimental 
and calculated lift curves. The calculated viscous flow results were obtained by 
using the interactive boundary-layer method described in [3] and Chapter 12. 
The results denoted as semi-empirical were obtained from the inviscid panel 
method by reducing the nominal flap angle in order to account roughly for the 
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a Fig. 1.12. Lift curves for RAE wing. 
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Fig. 1.13. Effect of flap deflection on maxi­
mum lift. 

known decambering effect of the boundary-layer and wakes on the aft segments 
of a multielement wing. Agreement between experiment and prediction is seen 
to be very good throughout each lift curve up to and including (CL)max- The 
effect of flap deflection on maximum lift for the wing-flap configuration is shown 
in Fig. 1.13, where the method based on the Pressure Difference Rule correctly 
indicates marginal lift improvements in going from 25° to 40° flaps for this 
particular wing. The ability to predict this is a key result since it shows that 
40° flaps offer only a minimal improvement to lift, and therefore going from 25° 
to 40° flaps is not desirable given the substantial drag increase. 

Further applications and validations of the Pressure Difference Rule are re­
ported in [4] by Valarezo and Chin for several narrow-body and wide-body 
transport configurations. Figure 1.15 shows the results for the narrow-body 
transport of Fig. 1.14. The wing is configured for landing with both leading 
and trailing-edge devices deployed. The predicted variation of (C^jmax with 
Reynolds number shown in Fig. 1.15 compares very well with available wind 
tunnel and flight test results. As can be seen, the variation of (CL)max with 

Fig. 1.14. Paneled narrow-body transport. 
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Fig. 1.15. Variation of maximum lift coeffi­
cient with Reynolds number based on mean 
aerodynamic chord, Ra. 

Reynolds number is considerable, and the method based on the Pressure Dif­
ference Rule captures it remarkably well. 
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Conservation Equations 
for Mass and Momentum 
for Incompressible Flows 

2.1 Introduction 

The conservation equations for fluid flow are based on the principles of con­
servation of mass, momentum and energy and are known as the Navier-Stokes 
equations. They can be represented in both differential and integral forms. In 
this chapter we do not provide detailed derivations of these equations since they 
can be found in various textbooks such as References 1 to 5. In this book, we 
assume that the flow is incompressible and the temperature differences between 
the surface and freestream are small so that the fluid properties such as density 
p and dynamic viscosity // in the conservation equations are not affected by 
temperature. This assumption allows us to direct our attention to the conser­
vation equations for mass and momentum and ignore the conservation equation 
for energy. 

In this chapter we first discuss the conservation equations for mass and 
momentum (Section 2.2), and we shall refer to them as the Navier-Stokes equa­
tions. Since most flows are turbulent with fluctuations of velocity over a range of 
frequencies, the solution of the Navier-Stokes equations of Section 2.2 presents a 
formidable challenge and is unlikely to be achieved for the boundary conditions 
of real engineering flows in the foreseeable future. For this reason, it is com­
mon practice to average the equations. The resulting equations, usually called 
Reynolds-Averaged Navier-Stokes (RANS) equations, include correlations of 
fluctuation terms, as discussed in Section 2.3 and these require the models dis­
cussed in Chapter 8. 

Depending on the flow conditions, it is appropriate and sometimes necessary 
to use the reduced forms of the Navier-Stokes equations as discussed in Section 
2.4 and Chapter 3. These simplified equations, especially for inviscid flows (Sec­
tion 2.4) and for boundary-layer flows (Chapter 3), reduce the complexity of 
solving the Navier-Stokes equations (Chapter 3), provide substantial savings of 
computer time and in some situations permit accurate analytical and numerical 
solutions to the conservation equations. 
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2.2 Navier-Stokes Equations 

The Navier-Stokes equations may be obtained by using infinitesimal or finite 
control volume approaches, and the governing equations can be expressed in 
differential or integral forms, as discussed in detail in [1, 2, 5]. Here we discuss the 
Navier-Stokes equations in differential form obtained by using an infinitesimal 
control volume moving along a streamline with a velocity vector V {u^v^w) 
equal to the flow velocity at each point. For a three-dimensional incompressible 
flow, they are given by the following continuity and three momentum equations: 

Continuity equation 

x-component of the momentum equation 

Du __ dp ^ (dcFxx , ddxy daxz 

"^j'-iin^^^^^'^"^- ''•'•'' 
^/-component of the momentum equation 

^ ^ = - 1 ^ + ( ' % + % + % I+'-/. p.2-3) Dt dy V dx dy dz 

^-component of the momentum equation 

Dw _ dp ^ fdazx , dazy , daz 

where D/Dt represents the substantial derivative given by 

Equations (2.2.2) to (2.2.4) make use of Newton's second law of motion 
with their left-hand sides representing mass acceleration per unit volume and 
their right-hand sides representing the sum of net forces per unit volume acting 
on the fluid which consists of surface and body forces. Typical body forces 
are gravity forces or electrical forces. Surface forces arise because of molecular 
stresses in the fluid (such as pressure, p, which is present in a fluid at rest and 
acts normal to a surface) and viscous stresses which act normal to a surface or 
tangentially (shear stress). The first term on the right-hand side of Eqs. (2.2.2)-
(2.2.4) denotes the net pressure force per unit volume and the minus sign arises 
because, by definition, a positive pressure acts inward. The second, third and 
fourth terms denote the viscous forces per unit volume, and they arise as a 
result of the different components of normal and shear stresses shown in Fig. 
2.1: the first subscript to the symbol a represents the direction of the stress 
and the second the direction of the surface normal. By convention, an outward 



2.2 Navier-Stokes Equations 19 

normal stress acting on the fluid in the control volume is positive, and the 
shear stresses are taken as positive on the faces furthest from the origin of the 
coordinates. Thus Cxy acts in the positive x direction on the visible (upper) face 
perpendicular to the y axis; a corresponding shear stress acts in the negative x 
direction on the invisible lower face perpendicular to the y axis. 

Fig. 2 .1 . Definitions of viscous stress components 
applied to the faces of a control volume by the 
surrounding fluid. Force components are stress 
components multiplied by areas of corresponding 
faces. 

Sometimes it is more convenient to write the viscous terms in the momentum 
equations in tensor notation as 

da, 
u 

dxj 
(2.2.6) 

with i, j = 1, 2,3 for three-dimensional flows; for example, z = 1, jf* = 1, 2, 3 for 
Eq. (2.2.2). For a constant density "Newtonian" viscous fluid, the normal viscous 
stresses aij (i — j) and shear stresses aij {i ^ j) are obtained from the viscous 
stress tensor given by 

_ dui duj 

"̂̂  V dxj dxi 

Sometimes Eq. (2.2.7) is written as 

where Sij defined by 

(2.2.7) 

^^ii — ^ 
1 / dui duj 

+ ^^ 2 \dxn ' dxj 

is called the rate of strain tensor. 
According to Eq. (2.2.7), the normal viscous stress axx and the shear stresses 

axy and GXZ in Eq. (2.2.2) are given by 

= 2/i 
du 

^xy — M 
du dv 

dy dx -d- i^ i <-« 
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with similar expressions for the viscous stress tensor terms in Eqs. (2.2.3) and 
(2.2.4). 

In terms of Eq. (2.2.7), the Navier-Stokes equations can be simpHfied consid­
erably so that, for example, the x-momentum equation, (2.2.2) for a Newtonian 
fluid becomes 

^ = - - ^ + '^V\ + U (2.2.9) 
Dt pax 

with similar expressions for the y- and ^-components obtained from Eqs. (2.2.3) 
and (2.2.4). The resulting equations can be written in vector form as 

: ^ = - i v p + i/V2F + / (2.2.10) 
Dt p 

with V^ denoting the Laplacian operator 

V2 = ^ ^ ^ 
dx'^ dy^ dz^ 

2.3 Reynolds-Averaged Navier-Stokes Equations 

The Navier-Stokes equations of the previous section also apply to turbulent 
flows if the values of fluid properties and dependent variables are replaced by 
their instantaneous values. A direct approach to solving the equations for tur­
bulent flows is to solve them for specific boundary conditions and initial values 
that include time-dependent quantities. Mean values are needed in most prac­
tical cases, so an ensemble of solutions of time-dependent equations is required. 
Even for the most restricted cases, this approach, referred to as direct numer­
ical simulation (DNS) and discussed in [6], becomes a difficult and extremely 
expensive computing problem because the unsteady eddy motions of turbulence 
appear over a wide range of scales. The usual procedure is to average the equa­
tions rather than their solutions, as discussed in detail in [1,5,6] and briefly 
below. 

In order to obtain the conservation equations for turbulent flows, we replace 
the instantaneous quantities in the equations by the sum of their mean and 
fluctuating parts. For example, the instantaneous values of the u^ v and w 
velocities and pressure p are expressed by the sum of their mean u^ v^ w, p and 
fluctuating parts u\ v' and w'^ p' 

u = u-\-u^^ v = v-\-v\ w — w-^w'^ p — p-\-p (2.3.1) 

where, for example, u is the ensemble average of u defined by 

1 ^ 
u = lim -— > Ui 

1=1 

with Ui denoting the sample and Â  the number of samples. 
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With the help of the continuity equation, (2.2.1), one can now write the left-
hand sides of the momentum equations in conservation form (Problem 2.1) and 
introduce the above relations into the continuity and momentum equations. Af­
ter averaging and making use of the substantial derivatives given by Eq. (2.2.5), 
the Reynolds averaged Navier-Stokes (RANS) equations for three-dimensional 
incompressible flow can be written in the following form (Problem 2.6): 

P + ^ + ^=0 (2.3.2) 
OX oy oz 

"̂ =-I+"̂ ^^+"/' - 4 (̂ ) - 4 (̂ ) - 4 (^) p̂ -̂') 

^̂ =-I+"̂ ^̂ +"I' - "£ (^) - "I (^) - "I P) p-5-̂ ' 
It is common to drop the overbars onu^v^w and p; this results in a continuity 

equation identical to that given by Eq. (2.2.1), and the left-hand sides of the 
momentum equations, Eqs. (2.3.3) to (2.3.5), become identical to the equations 
for laminar flow. The right-hand sides of the momentum equations also resemble 
the right-hand sides of Eqs. (2.2.2) to (2.2.4) with the addition of the Reynolds 
normal and shear stress terms; in our previous notation the Reynolds stresses 
in Eq. (2.3.3) represent the turbulent contributions to a axx^ ^xy and axz^ 
respectively. The mean viscous contributions are still given by Eq. (2.2.7) and 
are based on the mean-velocity components. Equations (2.2.2) to (2.2.4) thus 
apply to both laminar and turbulent flows, provided that the so-called "stress 
tensor", a^j, including the viscous contributions, is written as 

dui duj dxj dxi 
p«X+/x - ^ + ^ (2.3.6) 

or 

cr.-o = a, 'ij ~ ^ij ~^ ^ij (2.3.7) 

where now aj, denotes the Reynolds stresses so that for three-dimensional flows 

^ L = - P ^ ' ^ , (^iy ^crlx = -pu'v', 4 ^ = (7\^ = -pu'w', aly = -pv'^, a^^ = (j\y 

= —pv'w'^ a\^ = —pw''^^ and (j\- is the viscous stress tensor as given by Eq. 

(2.2.7) for a Newtonian fluid. 
The Reynolds stress terms in the momentum equations introduce additional 

unknowns into the conservation equations. To proceed further, additional equa­
tions for these unknown quantities, or assumptions regarding the relationship 
between the unknown quantities to the time-mean flow variables, are needed. 
This is referred to as the "closure" problem in turbulent flows: we shall discuss 
turbulence modeling in some detail in Chapter 6. 
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2.4 Inviscid Flow Equations 

The conservation equations can be reduced to simpler forms by examining the 
relative magnitudes of the terms in the equations. This procedure can be ap­
plied by using the "order of magnitude" analysis or more formally by using an 
asymptotic expansion technique. In both cases, scales are used to evaluate the 
order of magnitude of the various terms in the equations. Considering the flow 
past a wall at high Reynolds number, typically around an airfoil, it is common 
to introduce two length scales L and 6 which are, respectively, parallel and nor­
mal to the wall. Near the wall, as discussed in chapter 3, as the length scale 
6 normal to the wall is much smaller than the longitudinal scale, the Navier-
Stokes equations reduce to the boundary-layer equations. In the wake which 
results from the merging of boundary-layers, the same approximation applies. 
Away from these regions, another approximation holds because there is only one 
length scale L in any direction. There, the inviscid flow approximation applies. 
It does not mean that the viscosity of the flow is zero in these regions, but it 
means that the effects of viscosity are negligible. Roughly, it can be said that 
the viscous stresses are small because the variations of velocity are small. The 
result is that the viscous forces are negligible compared to the inertia forces. 

With the inviscid flow approximation, the continuity equation, Eq. (2.2.1), 
remains unchanged, and with the neglect of viscous forces, the Navier-Stokes 
equations reduce to the Euler equations, 

DV 1 
^ = - - V p + / (2.4.1) 
Dt p 

For a steady flow with no body forces, the Euler equations reduce to, 

( \ / . V ) y = - — (2.4.2) 
P 

If we take the dot product of the above equation with a differential length 
of a streamline ds, assume p constant (incompressible flow), and integrate the 
Euler equations along a streamline, we get (Problem 2.9) 

P + i;pV^ = constant (2.4.3) 

where V'^ = u^ -\- v"^ -\- w'^. This equation is the well known Bernoulli equation. 
It applies along a given streamline but, very often, the stagnation pressure pi 
defined, for an incompressible flow, as 

m-^P+lpV^ (2.4.4) 

is the same along all the streamlines when the flow is uniform at infinity. Under 
these conditions, the Bernoulli equation applies to the whole flow with the same 
constant everywhere. 
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Additional simplifications arise if the flow is irrotational^ which is defined by 
zero vorticity 

cj =. V X i? - 0 (2.4.5) 

This condition implies the existence of a scalar function 0, called the velocity 
potential, defined by 

y = V 0 (2.4.6) 

In this case, for an incompressible flow, the continuity equation, can be combined 
with Eq. (2.4.6) to give Laplace's equation (Problem 2.10) 

V ^ 0 = 0 (2.4.7) 

which provides a good approximation to some real incompressible flows at high 
Reynolds numbers where the viscous effects are weak, as is sometimes the case 
when there is no flow separation on the body, as discussed, for example, in [3]. To 
be more specific, if we consider the flow around a two-dimensional airfoil at low 
angles of attack, the irrotational inviscid flow approximation, associated with 
the Kutta-Joukovski condition at the trailing edge, predicts lift coefficient well 
but does not predict drag which is due to viscous effects. To calculate viscous 
drag, it is necessary to account for the viscous effects. This can be achieved 
by including the boundary-layer effects in the inviscid method as discussed in 
Chapter 9. 
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Problems 

2-1 . Using the continuity equation, show that the substantial derivative of a 
scalar quantity / can be written in the form 

Dt dt dx dy dz dt 

or as 

dt dx dy dz dt ^^^ 

The first form is called a nonconservation form. The second form is called a 
conservation form or divergence form. 

2-2. Write the Navier-Stokes equations for a steady, two-dimensional flow. 

2-3. Express the continuity and momentum equations in conservation form. 

2-4. Let / and g be two random functions and let a be a non random function. 
The ensemble averaging process has the following properties. 

/ = /+ / ' 
f = o 
a = a 

Show that 

af = af 

dxi dxi 

dt dt 

fg = fg + f'g' 

2-5. The instantaneous flow satisfies the continuity equation 

OXi 

Show that the average flow and the fluctuating flow are divergence free, i.e. 
dui/dxi and du[/dxi — 0. Note that the second equation is not trivial and 
different from du'i/dxi = 0. 
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2-6. Start from the conservation form of the Navier-Stokes equations to derive 
the RANS. 

2-7. A turbulent flow is called steady if the mean flow is steady. A turbulent 
flow is called two-dimensional if the mean flow is two-dimensional. Simplify the 
RANS when the flow is steady and two-dimensional. 

2-8. In a turbulent flow the velocity fluctuations are unsteady and three-
dimensional even if the mean flow is steady and two-dimensional. Show that 
for a two-dimensional turbulent flow, the continuity equation for the fluctuat­
ing velocities is not the same if the averaging process is applied before or after 
the two-dimensional flow hypothesis is applied. Note that the averaging pro­
cess must be applied to the complete Navier-Stokes equations (unsteady and 
three-dimensional) because the velocity fluctuations are unsteady and three-
dimensional. 

2-9. (a) Show that for an incompressible, steady inviscid flow the total pressure 
Pi = P -^ P(^^/2) is constant along a streamline, but not necessarily constant 
throughout the flow. 
(b) Defining a differential length of a streamline by ds, which for a Cartesian 
coordinate system is 

ds = dxi-\-dyj-\-dzk (P2.9.1) 

and taking the dot product of Eq. (2.4.2) with (P2.9.1) and noting that V has 
the same direction as ds^ show that, with V'^ — u^ ^v"^ -^-w'^^ the left-hand side 
of the resulting expression can be written as 

{V • V)V 'ds = V- ^ds = VdV^di — \ (P2.9.2) 

and Eq. (2.4.3) follows. 

2-10. Show that for an inviscid irrotational flow the velocity potential satisfles 
the Laplace equation. 



Boundary-Layer Equations 
for Incompressible Flows 

3.1 Two-Dimensional Flows 

Another simplification of the Navier-Stokes equations occurs when the ratio of 
boundary-layer thickness (5 to a reference length L, 8/L^ is sufficiently small 
because terms that are smaller than the main terms by a factor of 8/L can be 
neglected. The resulting equations are known as the boundary-layer equations 
and include both laminar and turbulent flows as discussed here in this section 
for two-dimensional flows and axisymmetric flows in Section 3.2. 

3.1.1 Laminar Flows 

To reduce the Navier-Stokes equations to boundary-layer equations, we again 
use an order-of-magnitude analysis in which the gradients of a quantity such as 
u across a "principal flow direction" x are assumed to be at least an order-of-
magnitude larger than gradients along x. This assumption permits the neglect­
ing of some terms in the momentum (energy also as discussed in [1]) equations. 
While the application of the boundary-layer approximation can be demonstrated 
in different ways, here for simplicity and convenience, we start with the conti­
nuity and momentum equations for a two-dimensional laminar flow over a flat 
surface ^ = 0. Noting that 

u ^ Ue-, p ^ pu^^ X ~ L, y^6 (3.1.1) 

we first examine the order-of-magnitude of the normal velocity component v. It 
follows from the continuity equation 

l ^ + ? - 0 (3.1.2) 
OX oy 

that since du/dx is of order Ue/L^ 

v ^ ^ (3.1.3) 
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The order-of-magnitude of various terms in the x-momentum Navier-Stokes 
equation for a two-dimensional laminar flow is 

du du 1 dp (d'^u d'^u\ 

dx dy pdx \ dx'^ dy'^ I 

ul ul ul /Ue_ u^\ 

L L L \L^ (52. 

We note from the above equation that the inertia and pressure terms are of 
order u^/L and the normal stress component of the viscous terms, d^ujdx^^ is 
small compared to the shear stress component d'^u/dy^ and can be neglected. 
Rewriting the order-of-magnitude of the viscous term as 

V-
Ue u ul \ 

6^ UeL L ( f )2 

we see that the viscous term iy{d'^u/dy'^) is of the same order-of-magnitude of 
the inertia and pressure forces (order of 0(1)) provided that 

6 1 
— r\^ •—::^^^ 

where 

(3.1.5) 

RL = ^ . (3.1.6) 
V 

Another useful way to compare the order of magnitude of various terms in 
the Navier-Stokes equations is to use the notion of time scales as discussed in 
Problem 3.14. For example, if we define convection time tc by Lju^ and viscous 
time i^ by ^^/i^, then the ratio of these two time scales 

which, according to the boundary-layer approximations, Eq. (3.1.7) is unity. 

Applying a similar order-of-magnitude analysis to the ^/-momentum Navier-

Stokes equation for a two-dimensional laminar flow, we find that the first and 

second terms on the left-hand side of this equation is ^ . The larger of the 

viscous-stress terms, | - ^ , is also of order ^ . This leads to the result that the 

pressure term in the equation ( — ) ^ , is at most of order ^ and the change 

in pressure across the shear layer of thickness b is of order pul{j^)'^. As a result 

of these approximations the ^-momentum equation reduces to 

dy 

and the x-momentum Navier-Stokes equation becomes 

du du _ 1 dp d'^u . . 

dx dy pdx dy'^ 
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3.1.2 Turbulent Flows 

To discuss the boundary-layer approximations to the Reynolds-averaged Navier-
Stokes equations for two-dimensional flows, we again use the same order of mag­
nitude estimates for the mean flow given by Eqs. (3.1.1) and (3.1.3). For the 
fluctuating terms u''^ and u'v' in the x-momentum equation and v''^ and v'u' 
in the ^-momentum equation, we assume that they all are of the same order of 
magnitude, that is. 

Of the two-terms in the x-momentum equation 

the first term, with d/dx being of order 1/L and the second term with d/dy 
being of order 1/(5, is small compared to the second term and can be neglected. 

Similarly, of the two terms in the ^/-momentum equation 

the first term is small in comparison to the second term. Since the inertia terms 
on the left-hand-side of Eq. (2.3.4) together with the viscous term, ii{d'^v/dy'^)^ 
are all of order 5, we have 

Consequently, the pressure variation across the boundary-layer is of O(^), so 
that in comparison with the streamwise pressure variation, it is small and can be 
neglected within the boundary-layer approximations. Thus for two-dimensional 
flows, the Navier-Stokes equations reduce to 

1^ + 1 ^ = 0 (3.1.2) 
OX oy 

du du _ 1 dp d^u d r—ri\ /o -i ^n.\ 
dx dy pdx dy'^ dy 

'/-O (3.1.11) 
dy 

for laminar and turbulent flows with the Reynolds shear stress term -pu^v' 
equal to zero for laminar flows. 

A comparison of Eqs. (3.1.10) and (3.1.11) with the x- and ^-momentum 
Navier-Stokes equations for two-dimensional flows shows that with the bounda­
ry-layer approximations we have reduced some of the viscous terms in the x-
momentum equation and neglected the variation of p with y. Note that, unlike 
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i Boundary 
Layer 

Fig. 3 .1 . The notation and the coordinate system for an axisymmetric flow. 

the Navier-Stokes equations, p is no longer an unknown but has been absorbed 
into the boundary conditions by equating dp/dx to the value in the freestream 
where Bernoulli's equation applies. 

(3.1.12) 
dp due 

dx ^ dx 

For a two-dimensional laminar flow, with the simplification provided by Eq. 
(3.1.11), and without the Reynolds shear stress term, the momentum equa­
tion (3.1.10) and the continuity equation (3.1.2), are two equations for the 
two variables u and v. The Navier-Stokes equations, on the other hand, are 
three equations for three variables u^ v^ and p. As we shall see in Section 3.4, 
boundary-layer equations are "parabolic" with disturbances propagating only 
downstream and not upstream. The two-dimensional Navier-Stokes equations 
(for u, V and p) are elliptic, with disturbances propagating upstream as well as 
downstream. The change in type is caused by the elimination of p as a variable 
and by the neglect of d'^u/dx'^. 

3.2 Axisymmetric Flows 

If the flow is over an axisymmetric body so that gradients around the circum­
ference are zero, the boundary-layer equations are similar to those for two-
dimensional flows. 

The continuity and momentum equations for the notation and coordinate 
system shown in Fig. 3.1 are 

| ( r - M + | ( r -M 0 

du du 

dx dy 
1 dp u d f k^^\ 1 ^ / k—n\ 
p dx r^ dy \ dy J r^ dy 

(3.2.1) 

(3.2.2) 
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Here k denotes a "flow index" equal to unity in axisymmetric flow and zero in 
two-dimensional flow, so r^ is r or unity, respectively. With A: = 0 we recover Eqs. 
(3.1.2) and (3.1.10). The y-momentum equation is still given by Eq. (3.1.11). 

In general, r is related to ro, the radius of the surface y = 0, by 

r{x,y) =ro{x) -\-y cos(t){x) (3.2.3) 

where 

4> = tan-i P- . (3.2.4) 
dz 

Defining 

We can write Eq. (3.2.3) as 

t ^ y ^ ^ (3.2.5) 

J, 

- = l + t 
^0 

Here t represents the deviation of r from ro and is called the transverse-curvature 
term. In many axisymmetric flows the body radius is quite large in relation to 
the boundary-layer thickness, so the transverse-curvature effect is negligible. In 
that case, Eqs. (3.2.1) and (3.2.2) simplify and become 

^ ( -oM + | ( r o M = 0 (3.2.6) 

du du _ 1 dp d'^u d —n\ (o o -7\ 
dx dy pdx dy'^ dy 

We note that Eq. (3.2.7) now has exactly the same form as Eq. (3.1.10) for two-
dimensional flow. In problem 3.12, we discuss the Mangier transformation, which 
transforms the axisymmetric equations for small t into those of an equivalent 
two-dimensional flow. 

In some problems, however, the body radius, while still finite, is of the same 
order of magnitude as the boundary-layer thickness, or even smaller. Typical 
examples are slender cylinders, the tail of a streamlined body of revolution, etc. 
In such cases the transverse curvature effect can be important and must be 
accounted for in the equations. For this reason, for axisymmetric flows we shall 
consider the more general equations given by Eqs. (3.2.1) and (3.2.2). 

3.3 Momentum Integral Equation 

The equations that result from integrating the momentum and continuity equa­
tions across the boundary-layer (i.e. from y =^ Otoy = 6) are useful in qualitative 
discussion and in some simplified types of calculation methods called integral 
methods as we shall discuss in Chapters 4 and 8. In this section we derive 
the equations for two-dimensional flows (Subsection 3.3.1) and then quote the 
equations (Subsection 3.3.2) for axisymmetric flows without proof. 
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3.3.1 Two-Dimensional Flows 

We start with Eqs. (3.1.2) and (3.1.10), replacing the total shear stress 
^{du/dy) — pu'v' by the symbol r , and -{1/p){dp/dx) by Ue{due/dx), invoking 
Eq. (3.1.12). For the sake of simplicity we derive the result for a boundary-layer 
on the surface y = 0. We have 

du du due Idr /o o IN 
u—- + V—- = Ue-r- + - ^ (3.3.1) 

ox oy dx poy 

Now add u times Eq. (3.1.2) to Eq. (3.3.1) 

du^ duv^ _ ^ I 1 ^ f3 3 2) 
dx dy ^ dx p dy 

and integrate with respect to y from y =^ 0 to y = 6. Then, with subscript e 
denoting boundary-layer edge, 

/ -^-dy-\-UeVe= Ue-^dy (3.3.3) 
Jo ox Jo dx p 

where r^j is the surface shear stress and 

7)_ = — I 

dx 
ve^- ^dy (3.3.4) 

Jo 

/ 
^0 

^ f du^ du due , , 
I — Ue-^ - Ue—^ ]dy = --

^e \ 1 'w 

from Eq. (3.1.2). Thus 

/o \ dx ^""dx ^"^ dx I ^^ p 

or, after rearranging, 

r {"^t«(«e - u)] - ^ K - u)} rfy = -"j (3.3.5) 

Now since Ue — u = 0 for y > 8, both parts of the integral contribute only for 
y < 6 and so are independent of 6. Therefore, the first part of the integral can 
be written as 

the a:-derivative now being ordinary rather than partial because the definite 
integral is independent of y. With a little rearrangement and a change of sign 
we get 

_d_ 

dx 
/ ^ — 2 — - d y l - ^ u e - j - ]dy--— (3.3.6) 

Jo Ui dx Jo \ Ue J p 
•J' 
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We now introduce the definition of displacement thickness 5* which represents 
the distance by which the external flow streamlines are displaced in the y-
direction by the presence of the boundary-layer, 

*̂ = r f 1 - - ) ^y ^̂ •̂ •̂ ) 
JO V ^ e / 

and the definition of momentum thickness 6^ 

L ^ u (^ u 
- { l - - \ d y (3.3.8) 

The shape factor H is the ratio of displacement thickness to the momentum 
thickness 

H ^ - (3.3.9) 

We now introduce the definitions of (5* and 6 into Eq. (3.3.6) and obtain 

or 

KJiJb UJQ LiJb ZJ 

where Cf is the local skin-friction coefficient defined by 

c/ = T ^ (3.3.11) 

Equation (3.3.10) is the momentum integral equation for two-dimensional con­
stant density laminar or turbulent flows. 

3.3.2 Axisymmetric Flows 

In an axisymmetric flow the definition of 6* and 9 are 

S-= [ r^(l- ^] dy (3.3.12) 
Jo \ UeJ 

/ % ^ ^ ( l _ ^ ) , , (3.3.13) 

using the "flow index" convention again (A: = 0 for two-dimensional flow and 
A: = 1 for axisymmetric flow). The momentum-integral equation becomes 

If d/r{) <C 1, the momentum integral equation for an axisymmetric flow is 

f + (if + 2 ) l ^ + ^ ^ = ^ (3.3.15) 
ax Ue ax ro ax 2 

where now ^* and 6 are defined as in two-dimensional flow, without the r factor. 
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3.4 Boundary and Initial Conditions 

The boundary-layer equations discussed in Sections 3.1 and 3.2 are parabolic 
partial differential equations and are much easier to solve and less costly than the 
Reynolds averaged Navier-Stokes equations which are elliptic. These equations 
are also associated with the inviscid flow equations discussed in Section 2.4. The 
approximations used to obtain these, however, are not valid in the same region 
of the flow. The boundary-layer equations apply close to the surface of a body 
and in wakes which form behind the body. The inviscid flow equations apply 
outside the boundary-layer. 

For external flows, the behavior of the boundary-layer equations is similar 
to the behavior of the heat conduction equation (see problem 3.14). A small 
perturbation introduced in the boundary-layer diffuses instantaneously along a 
normal to the wall and is transported downstream along the local streamlines 
in the boundary-layer. The influence domain of a point P is limited by a line 
normal to the wall passing through P , by the wall and by the boundary-layer 
edge, see Fig. 3.2a. Therefore, if we wish to calculate the boundary-layer in a 
domain D shown in Fig. 3.2b, boundary or initial conditions are required along 
the upstream line normal to the wall, along the wall and along the outer edge 
which defines the domain D. This choice of boundary conditions is justified by 
the fact that a perturbation introduced along these bounding lines influences the 
flow in the calculation domain. Along the downstream boundary, no boundary 
condition is required because a perturbation does not influence the calculation 
domain, as the velocity u is positive. If u is negative, information can propagate 
upstream. In addition, the two-dimensional steady boundary-layer equations are 
singular at the point where the wall shear r^j vanishes. This point is defined as 
the separation point and the treatment of separated flow region becomes much 
more involved as discussed, for example briefly in Chapter 12 and in detail in [1]. 

In external flows, the shear layer flowing in the x-direction adjoin an effec­
tively "inviscid" freestream extending to ?/ = oo. On the lower side there may 
be either a solid surface, usually taken as i/ = 0 as in Fig. 3.3a, in which case the 

y = 5(x) 
y=5(x) 

y = 0 

/ / / / ' / / / / / / / / A "" 

(a) (b) 
Fig. 3.2. Calculation domain of the boundary-layer equations for external flow. 
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viscous region is called a "wall shear layer", or there may be another inviscid 
stream extending to y =^ —oc (Fig. 3.3b), in which case the viscous region is 
called a "free shear layer." 

In the former case there are three boundary conditions for the velocity field 
that must be specified, two at the wall, and the other at the boundary-layer 
edge y = S. The conditions at the wall involve the specification of normal (v) 
and tangential (u) components of velocity, and at the edge the specification of 
the external velocity, that is. 

y = 0, 7i = 0, V = Vy (3.4.1a) 

y =^ 6, u = Ue{x) (3.4.1b) 

Here S is sufficiently large so that dimensionless du/dy at the boundary-layer 
edge is small, say around 10~^. The transpiration velocity, Vyj{x)^ may be either 
suction or injection. On a nonporous surface it is equal to zero. 

In free shear layers (Figs. 3.3b and c), the external velocity must be specified 
on both edges. The difficulties associated with the v boundary condition in free 
shear layers are less obvious. If the flow is symmetrical (Fig. 3.3a), no problem 
arises; the initial symmetrical velocity profile is specified and v is required to 
be zero on the centerline and u = Ue d^i one edge. If the flow is not symmetrical 
(Fig. 3.3b), a boundary condition for v cannot he found from consideration of 
the shear layer and the boundary-layer equations alone. In the real flow the 
behavior of v outside the shear layer depends on the ?;-component equation of 
motion and the continuity equation, applied throughout the flow and not merely 
in the shear layer. Of course, a similar problem occurs in determining Ue either 

- « = M,(X),V = ? 

1 — X \ _ -

-*\ v = (know) ~-

U dp du„ 
—7 dx ^ " dx 

^—— ^ 

u = 0, 

dx 

(d) u = 0, v = 0 

Fig. 3.3. Boundary conditions for shear layers, (a) Boundary-layer and wake of airfoil. 
(b) Mixing layer between parallel streams, (c) Merging mixing layers in jet. (d) Merging 
boundary-layers in internal flow. 
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in the boundary-layer or wake of Fig. 3.3a; the latter problem is both more 
familiar and less perplexing. 

Internal flows (Fig. 3.3d) consist of shear layer or layers filling part or all of 
the space between two solid boundaries. In this case the pressure distribution is 
set predominantly by the displacement effect of the shear layer. It is convenient 
to distinguish flows in which the shear layers fill the cross section and flows such 
as that near the entrance to a duct (the left-hand part of Fig. 3.3d) where a 
region of effectively inviscid flow obeying Bernoulli's equation remains. 

It is also convenient to distinguish the "entrance region," in which the ve­
locities change with x, and the "fully developed" region far downstream in a 
constant area duct, in which the velocities do not, but of course the pressure 
continues to decrease with x. The relevant boundary conditions in each case are 
similar to those for external flows, except that it is also necessary to satisfy the 
requirement of constant mass flow between the solid surfaces. 

References 

[1] Cebeci, T., An Engineering Approach to the Calculation of Aerodynamic Flows, Hori­
zons Publ., Long Beach, Calif, and Springer, Heidelberg, 1999. 

Problems 

3-1. The momentum equation integrated on a control volume (CV) can be 
written as 

jjpV{V-n)ds = Y.^^-^ 
Here V denotes the velocity vector, n is the outwards unit vector normal to the 
surface S bounding the control volume, and ^ Fext denotes the external forces 
acting on the control volume. Apply the integrated form of the momentum 
theorem to the control volume D below and derive the integral momentum 
equation for a boundary-layer developing between 7/ = 0 and y — S. 

y=Q 

3-2. Show that in a boundary-layer the external forces in the x-momentum 
equation can be obtained by considering the pressure and shear stress acting on 
a control volume as shown below. Assume dz — 1. 
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A 

P dy 

[-

xdx 
dx 

•< >• 

• 

\iy 

3-3. Which of the stress-gradient terms in Eq. (2.3.3) are negUgible according 
to the boundary-layer approximation? If dS/dx (or 6/x) is 10~^, will the ratio 
of a typical neglected term to a typical remaining term be of the order of 10~^, 
10"^, or 10"^? Is this answer valid for laminar flow and turbulent flow or for 
laminar flow only? 

3-4. Show that the shear stress, r = ii{du/dy) — pu'v'^ near the axis of a circular 
jet is proportional to the distance from the axis. 

3-5. Show that at a solid surface in the X2:-plane the tangential pressure gradient 
is equal to the derivative with respect to y of the component of shear stress in 
the direction of the pressure gradient. What is the corresponding result for two-
dimensional laminar flow over a uniformly porous surface with transpiration 
velocity Vyjl State any assumptions that you make. 

3-6. Consider a two-dimensional laminar boundary-layer developing on a flat 
plate with wall suction Vy^ <G with boundary conditions 1̂  = 1̂0 = const at the 
outer edge and i6 = 0 and v — Vy^ dii the wall. Assume that far from the leading 
edge, the solution is such that 

ox 

(a) Show that the momentum equation is 

du d^u 

'dy dy^ 

(b) Show that the solution depends on yv^j/v only. Calculate the displacement 
thickness ^i , the momentum thickness ^, the shape parameter H and the skin-
friction coefficient Cf. From the integrated form of the momentum equation 
check the relationship between the skin-friction coefficient and the suction ve­
locity. 
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3-7. From the definitions of the displacement and momentum thicknesses, show 
that 

no po 

/ pu^dy= / puldy 
Jo J6*-

This result indicates that the momentum thickness is the quantity which must 
be added to the displacement thickness to construct a fictitious inviscid flow 
having the same flux of momentum as the real flow. 

3-8. From the global momentum equation show that the (viscous) force acting 
on both faces of a flat plate of length L is 

F = 2peU%=L^ 

Here 9X=L is the value of the momentum thickness at the trailing edge and i is 
the width of the plate. 

3-9. Show that the integral form of the continuity equation is 

l±luei6-6*)] = ~ (P3.9.1) 
Ue dx Ue 

Here VE/UC^ with Ve denoting the component of velocity normal to the wall 
at the edge of the boundary-layer, is the dimensionless entrainment velocity 
defined by 

c^ = ^ = # - ^ (P3.9.2) 
Ue dx Ue 

Hint: Integrate the continuity equation with respect to y from y = 0 to y = 5. 

3-10. Find the mean part 7i, the fluctuating part ix', and the mean-square 
fluctuation u^'^ for the following variations of instantaneous velocity with time. 

a. u -\- u^ = a + bsinuut 
b. u-\- u^ = a-\-b sin^ cut 
c. u-\- u' = at -\- bsinut (careful!) 

3-11. Derive Eq. (3.2.2) by CV analysis, using the CV shown below. 

r 4 

3-12. The boundary-layer equations for two-dimensional and axisymmetric 
flows differ from each other only by the appearance of the radial distance r(x, y). 
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For flows without transverse curvature effect, the momentum equation is the 
same in both cases [see Eq. (3.2.7)] and only the continuity equations differ 
from each other. For such flows the axisymmetric flow equations can be placed 
in two-dimensional flow by using the Mangier transformation. When there is 
transverse-curvature effect, see Eq. (3.2.5), this transformation defined by 

dx = i — j dx (P3.12.1) 

dy (i)'* (P3.12.2) 

puts the equations into nearly two-dimensional form. Here (x,7/) denotes the 
coordinates of the axisymmetric body. 

With V (̂x, y) and '0(x, ?/) related to each other by 

^{x^y) = ( 2 ip{x,y) (P3.12.3) 

show that with the Mangier transformation defined by Eqs. (P3.12.1) and 
(P3.12.2), the Mangier transformed continuity and momentum equations and 
their boundary conditions can be written as 

du dv 

dx dy 
0 (P3.12.4) 

du du 1 dp 1 d \ , 

ox ay pdx pdy \ 
2k 

M 
du 

dy 
— I pu^v^ 
rj 

Here 

t = - l + Wl + 
2cos( 

L 
— y 

y = 0, u = V = 0^ y = 6{x)^ u = Ue{x) 

(P3.12.5) 

(P3.12.6) 

where VQ and 0 are the radius and slope of the surface as shown in Fig. 3.1. 
Comparison of the Mangier transformed equation (P3.12.5) with the mo­

mentum equation (3.1.10) for two-dimensional flows shows that Eq. (P3.12.5) 
is identical with Eq. (3.1.10) except for the presence of the transverse-curvature 
term, t. If this term is negligible (i.e., if S/TQ <C 1), then we see that the Mangier 
transformation allows the momentum equations for axisymmetrical flows to be 
written exactly in the same form as the momentum equation for two-dimensional 
flows. 

3-13. Show that, with mass transfer, the momentum integral equation, Eq. 
(3.3.36), can be written as 
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^{ule) - UeV^ + 6*Ue^ = ^ ( P 3 . 1 3 . 1 ) 

3-14. We consider a laminar flow induced by an impulsively started infinite flat 
plate. The y-axis is normal to the plate. The x- and z-axes form a plane parallel 
to the plate. The plate is defined by 7/ = 0. For time t < 0, the plate and the flow 
are at rest. For t > 0, the velocity of the plate is parallel to the x-coordinate; 
its value is constant and equal to u^- At infinity, the flow is at rest. The flow 
induced by the motion of the plate is independent of x. 

(a) From the continuity equation, show that ^̂  = 0 everywhere in the flow and 
the resulting momentum equation is 

Note that this equation has the form of a diffusion equation (the same form as 
the heat equation). 

(b) We introduce the new variables T, Y and U such that 

T = kt, Y^k^/^y, U = u (P3.14.2) 

where k is an arbitrary constant. In the new system of variables, the solution 
is U{Y, T). The solution U{Y, T) is expressed by a function of Y and T and the 
solution u{y^ t) is expressed by a function of y and t. Show that the functions are 
identical. Deduce that the solution is a function of y/Vi only. {Hint: consider 
that U can be expressed as [/ = G{Y/T^/'^,T) and u can be expressed as î  = 
g{y/t^/'^,t). Write that G and g are the same functions for any value of k and 
deduce that G can not depend on T). 

(c) We introduce the variable ry and the function F by 

^ = ^77^072' ^ = — (P3.14.3) 
2(Z/ t )V^ Uyo 

From the preceding result, we have F = F{r]). Show that the momentum equa­
tion becomes 

(fiF dF 
^ + 2 r / ^ = 0 (P3.14.4) 
dr]'^ dr] 

(d) Show that the solution of Eq. (P3.14.4) is 

2 Z*^ 2 
^ / e-^'dv 

We consider that the viscous effects are significant if F < 0.01. Numerically, 
F = 0.01 when rj =^ 1.82. 
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(e) An observer is placed at distance d from the plate. Show that the observer 
feels the motion of the plate after a time t of order (P/u. This time is called a 
characteristic time of viscosity. It is the time necessary to transfer momentum 
by diffusion through the field. 

3-15. Consider 

^S=«^S (--) 
with k < 0. The boundary conditions are u = UQ when y -^ oo and u = 0 when 
^ = 0. Plot the solution for k fixed and for smaller and smaller values of a^. 

For a - 0 Eq. (P3.2.1) becomes 

fc^ = 0 (P3.12.2) 
dy 

To take into account the boundary condition u = UQ when y ^ oo^ the solution 
of this equation is u = UQ. Note that the solution of the general equation for 
small values of a is not identical to the solution of the simplified equation. Near 
1/ = 0, a boundary-layer forms. The two solutions are close of each other outside 
this boundary-layer. 

3-16. Express the boundary-layer equations for a two-dimensional laminar flow 
in terms of the following dimensionless quantities. 

Here U{) and L denote reference quantities. 

3-17. To study the influence of Reynolds number on the solution of the lami­
nar boundary-layer equations given in Problem 3.16, assume that the external 
velocity distribution Ue/uo is given as a function of x/L which does not change 
when the Reynolds number RL changes. 

Show that the solution u{x^y) does not depend on the Reynolds number. 
Knowing the solution u{x^y) for a given Reynolds number, show that the 
boundary-layer parameters 5*/!/, 6/L and T^/PUQ at another Reynolds number 
obey the following rules 

f^=..(i), 1^= .̂©. ^„^^-Mi) 

u 
u= —, 

UQ 

V 
V = 

UQ 

Here Fi , F2 and F3 denote functions which depend on the external velocity 
distribution only. 
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3-18. The solution 

of the equation 

with 

f = ^ e-^' 
2aVnf 

dx dy'^ 

V ' 2aVf 

can be considered as the response of a system to a perturbation localized at 
point P{y = 0 t = 0). Defining a domain of influence of point P{y = 0 t = 0) 
for / < 0.001, plot this domain in the plane {y^T). 

3-19. Is dO/dx always positive? 

3-20. Derive Eq. (3.3.14) 

3-21. Show that for an axisymmetric flow the entrainment velocity VE defined 
in Problem 3.9 for two-dimensional flows is 

Ue I 0 
dd Ve Id 

dx Ue r^ dx 

where 
r^ = ro + (5 cos 0 . 

6*= fr(i-^]dy 
Jo \ UeJ 

(P3.21.1) 



Two-Dimensional 
Incompressible Laminar Flows 

4.1 Introduction 

The boundary-layer equations of the previous chapter can be solved for a range 
of laminar and turbulent flows for the boundary and initial conditions dis­
cussed in Section 3.4. In this chapter we consider laminar flows and postpone 
the discussion on turbulent flows to Chapter 6. In both cases a solution can 
be obtained either by a "differential" method, solving the partial differential 
equations (3.1.2) and (3.1.10) or Eqs. (3.2.1) and (3.2.2) numerically, or by an 
"integral" method, solving ordinary differential equations already integrated in 
the ^/-direction, namely Eqs. (3.3.10) or (3.3.14). 

Before we consider the numerical solution of the boundary-layer equations in 
Sections 4.4 and 4.5 in integral and differential forms, respectively, in Sections 
4.2 and 4.3 we consider similar flows for external and free shear layer flows, 
respectively, which correspond to special flows where solutions can be obtained 
by solving the boundary-layer equations in differential form not as partial dif­
ferential equations but as ordinary differential equations. 

Similar flows were widely studied in the pre-computer era because of their 
comparative mathematical simplicity. In this book we use them to introduce 
the behavior of laminar boundary-layers because of their physical simplicity. 
We also show that their mathematical simplicity can be utilized as a basis for 
efficient calculation methods for general flows, in which the x-derivative terms 
resulting from nonsimilarity are either neglected or incorporated as "known" 
terms in a solution of the similarity equations at given x. The solutions of 
similar flows are also useful to check the validity and accuracy of the solutions 
of the boundary-layer equations for nonsimilar flows. 

In this book we concentrate on external flows in general because these flows 
are the most common and calculation methods for them are the most highly 
developed. Much of the intervening material can also be applied to internal 
flows as discussed in Program 3 (Appendix B). 
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4.2 Similar Flows: External Flows 

4.2.1 Similarity Concept 

The similarity concept can be conveniently explained by reference to the conti­
nuity and momentum equations for laminar flows when they are applied to an 
external boundary-layer flow subject to the boundary conditions (3.4.1) with 
Vuj = 0. In general, the solution of Eqs. (3.1.2) and (3.1.10) for a laminar flow 
with u and Ue{x) given, is 

-=g{x^y) (4.2.1) 
Ue 

where ^ is a general function of x and y. There are special cases in which 

-=g{v) (4.2.2) 
Ue 

where 77, called a similarity variable, is a specific function of x and y. In such 
cases, the number of independent variables is reduced from two {x and y) to 
one (77) so that for laminar flows, Eqs. (3.1.2) and (3.1.10) become an ordinary 
differential equation for u and v. In jet flows in still air, we would replace Ue by 
the centerline velocity, Uc^ see Problem 4.13. In wakes in a uniform stream, the 
similarity form of the velocity profile is expressed as 

^ = 9iv) (4.2.3) 
Au 

where Au is Uc — Ue-

4.2.2 Falkner-Skan Equation 

There are systematic procedures for obtaining the similar forms of the lami­
nar boundary-layer equations either for external or for free shear-layer flows as 
described, for example, in [1, 2]. Various coordinate transformations have been 
developed for reducing the boundary-layer equations into ordinary differential 
equations. One popular transformation for incompressible external flows is the 
Falkner-Skan transformation in which the similarity variable r] is defined by 

V ^Ue/yxy (4.2.4a) 

A dimensionless stream function f{rf) is related to the stream function il){x^y) 

m = ^ (4.2.4b) 

With this transformation, and with a prime denoting differentiation with re­
spect to 77, Eqs. (3.1.2) and (3.1.10), can be expressed as a third-order ordinary 
differential equation in 77, known as the Falkner-Skan equation. 
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r + ^ / / " + m [ l - ( / ' ) ^ ] = 0 (4.2.5) 

Here m is a dimensionless pressure-gradient parameter defined by 

m = - ^ (4.2.6) 
Ue dx 

The velocity components u and v are related to the dimensionless stream func­
tion f{rj) by 

u = Uef (4.2.7a) 

-^JUeVX 
f d . ^fdri 

lUpX dx dx 
(4.2.7b) 

In terms of the transformation given by Eq. (4.2.4), the boundary conditions 
for the continuity and momentum equations, as given by Eqs. (3.4.1), can be 
written as 

1 PX 

V = 0, / = 0, f = U^ — ^ = / vUx)dx (4.2.8a) 
^UeVX Jo 

V = Ve, / ' = 1 (4.2.8b) 

Here r]e is a transformed boundary-layer thickness, 

Ve = yJue/i^xS (4.2.9) 

Note that nonzero f^j corresponds to surface mass transfer. For flows with suc­
tion, fyj is positive and for flows with blowing, f^ is negative. 

It is clear from the definition of m and the boundary conditions that Eq. 
(4.2.5) can only be an ordinary differential equation if m and the boundary 
conditions are independent of x, that is, they are constant. 

The requirement for m to be constant is satisfied if the external velocity 
varies with x as 

Ue = Cx"^ (4.2.10) 

where C is constant. 
If there is no surface mass transfer, both wall and edge boundary conditions 

satisfy this requirement. When there is surface mass transfer, since f-uj is con­
stant and Ue varies with x as required by Eq. (4.2.10), the variation of v^{x) can 
be determined from the expression for f^ in Eq. (4.2.8a); if we assume Vw ~ x^ 
where n is constant, then fyj must vary with x as 

n (2n+2-m- l ) /2 
Jw '^ 

and that fyj becomes constant only when 

2n + 2 - m - l = 0 
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that is, 

n = ^ (4.2.11) 

In summary, we see that for those flows in which the external velocity varies 
with X as prescribed by Eq. (4.2.10), the laminar boundary-layer equations 
given by two partial-differential equations (3.1.2) and (3.1.10) with independent 
variables x and y reduce to an ordinary differential equation in ry if there is no 
surface mass transfer; if there is one, then the exponent of the surface mass 
transfer velocity Vu) that is, n must vary with m as indicated by Eq. (4.2.11). 
These special laminar flows are called similar flows. When the constraints of the 
external velocity and boundary conditions are not satisfied, then the solution of 
the laminar boundary-layer equations cannot be obtained by solving an ordinary 
differential equation but either by solving the two partial differential equations 
given by Eqs. (3.1.2) and (3.1.10) as described in Section 4.5, or by solving the 
integral momentum equation, as described in Section 4.4. These flows are called 
nonsimilar flows. 

The flows with negative pressure gradient, dp/dx, are usually referred to as 
favorable pressure gradient flows since the external velocity gradient, due/dx^ is 
positive. Those flows in which the pressure gradient is positive are called adverse 
pressure gradient flows since due/dx is negative. When there is no pressure 
gradient, the external velocity is constant. 

This designation of flows is useful in establishing the range of the values of m 
since a positive value of m refers to an accelerating (favorable pressure gradient) 
flow, a negative value of m to a decelerating (adverse pressure gradient) flow 
and m = 0 to a flat-plate (zero pressure gradient) flow. If we express the wall 
shear in terms of the Falkner-Skan variables given by Eqs. (4.2.4), that is 

r. = Jp) =,ujf) J^ = ,u.J^C (4.2.12) 

then the lower limit of negative m corresponds to one in which / ^ = 0. Ac­
cording to the numerical solutions of the Falkner-Skan equation with no mass 
transfer, this occurs for a value of m = —0.0904. The solution for this m rep­
resents a flow whose external velocity forces the boundary-layer to incipient 
separation at all streamwise stations. As a result, the solutions of the Falkner-
Skan equation for flows with no mass transfer and separation are limited to a 
range of m given by 

- 0.0904 < m < oc (4.2.13) 

Mass transfer at the surface has an effect similar to the pressure gradient 
effect on the boundary-layer equations. Mass injection to the boundary-layer 
reduces the wall shear of the flow without injection, and conversely suction 
increases the wall shear of the flow without suction. For this reason, the value 
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of m for which the wall shear parameter / ^ becomes negative with injection is 
greater than the value of m without surface mass transfer, that is, m > —0.0904. 

Equation (4.2.5) was first given by Falkner and Skan [3] who also produced 
solutions for a range of values of m. Later, Hartree [4] studied this equation in 
greater detail, first eliminating m by making the linear transformation 

Y = 
m + 1 1/2 

F = ^ff 
so that Eq. (4.2.5) becomes 

F'" + FF" + /3[1 - {F'y] = 0 

subject to the boundary conditions 

Y = 0, F = F^, F' = 0 

(4.2.14) 

(4.2.15) 

(4.2.16a) 

Y = Y„ F' = l (4.2.16b) 

In Eqs. (4.2.15) and (4.2.16), primes denote differentiation with respect to Y, 
and /3 is a new dimensionless pressure-gradient parameter, related to m by 

f3 = 
2m 

m + 1 
(4.2.17) 

For positive values of/3, Eq. (4.2.15), as Eq. (4.2.5) has unique solutions, but 
more than one solution exists for each negative value of /?. Hartree calculated a 
range of solutions for positive values and negative values of (3 (or m) for F ^ > 0. 

A second family of solutions of Eq. (4.2.15), the so-called "lower branch 
solutions", was given later by Stewartson [5] and by Cebeci and Keller [6] and 
by others, again for negative values of (3 in the range —0.199 < /3 < 0. These 
solutions all have the property that F'^ < 0, so that at ?/ = 0, du/dy < 0 for all 
X. Accordingly, these solutions represent the similarity solutions of the Falkner-
Skan equation for separated laminar flows. 

The solutions of Eq. (4.2.15) are sometimes referred to as "wedge-flow" so­
lutions. The flow is diverted through an angle of magnitude /37r/2 (see Fig. 4.1). 
Thus, physically, for 0 < /3 < 2 the flow is past an infinite wedge whose vertex 
angle is /STT. 

Fig. 4 . 1 . Flow past a wedge. In the neighbor­
hood of the leading edge, the external velocity 
distribution is Ue{x) = Cx^^^^~^\ 
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4.2.3 Solutions of the Falkner-Skan Equation 

If we integrate Eq. (4.2.5) across the boundary-layer and note that f" is zero 
at the edge of the boundary-layer, we get 

- / : + m ^ t + ( ^ ) ^ i + ^ / . - 0 (4.2.18) 

where, with Rx = Uex/u^ 8^ and 9i denote dimensionless displacement and mo­
mentum thicknesses defined by 

81^^^^ ll--]dy= ^i-f)dr^ = r]e^U-fe (4.2.19a) 
X Jo \ UeJ Jo 

1̂ = ^ r - f 1 - - ) rf^ = r / ( I - f)dV (4.2.19b) 
X Jo Ue \ UeJ Jo 

Eq. (4.2.18), which is the momentum integral equation (3.3.10), provides a re­
lation between the three boundary-layer parameters / ^ , 6i and 61 for a given 
m and can be used to obtain 6i without evaluating Eq. (4.2.19b) numerically. 

Before we discuss the numerical solutions of Eqs. (4.2.5) and (4.2.8) for 
various values of m, it is useful to single out two flows that are quite common 
in practice. The first one corresponds to m = 0 (/? = 0) and is the flow over a 
flat plate at zero incidence. In this case, the external velocity, Ue^ is constant, 
and Eq. (4.2.5) reduces to 

/'" + Iff" = 0 (4.2.20) 

This equation is called the Blasius equation. 
The second flow corresponds to m = 1 (/? = 1, wedge half-angle 90°), which is 

the case of a two-dimensional stagnation flow. The external velocity is Ue = Cx, 
and Eq. (4.2.5) reduces to 

/ ' " + / / " - ( / ' ) ' + 1 = 0 (4.2.21) 

This equation is called the Hiemenz equation. 
The Falkner-Skan equation has been solved for diflFerent boundary conditions 

and for various values of m. Here we present the results for /-u; = 0, / ^ = 0, and 
/ ^ > 0. 

We first discuss the solution of the Blasius equation. We set m = 0 in Eq. 
(4.2.5), specify an estimate of ije {Ve = 8 is sufficient in this case), and by the 
shooting method described in the accompanying CD-ROM, Program 1, calculate 
the functions / , / ' , and / ' ' as a function of 77. 

The accuracy of the solutions depends on the number of 77-points taken 
across the boundary-layer. To get high accuracy (say five digits) with the Runge-
Kutta method used in the shooting method, we choose Ary = 0.10. For a value 
of 77e = 8 this choice corresponds to 81 //-points. In general, approximately 40 
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1.0 

0.8 

0.6 

f 

0.4 

0.2 

Q Q / ^^^"^ \ Q Q Fig. 4.2. The dimensionless 
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 stream function / , and velocity 

f\ as function of rj for a flat-
^ plate flow (m = 0). 

points should be sufficient to obtain four digit accuracy. Figure 4.2 shows the / 
and / ' profiles across the boundary-layer. We note from these results that for 
most of the boundary-layer, f varies almost linearly with ry. As ry approaches 
T̂ e, / ' asymptotically approaches 1. 

To obtain the normal velocity component, v^ from the solution of the 
Falkner-Skan equation, we use Eqs. (4.2.4a), (4.2.7a) in Eq. (4.2.7b) and write 

V 

Up 

-1 

2VR: 
: ( ( m - l ) r / / + ( m + l ) / ) 

where Rx denotes the Reynolds number defined by 

Rx — 
UeX 

V 

(4.2.22) 

(4.2.23) 

Figure 4.3 shows the variation of {v/ue)y/R^ across the boundary-layer for a flat-
plate flow. We note that as 77 approaches 77e, {v/ue)\/R^ approaches a constant 
value (0.8604). This means that at the outer edge there is flow outward because 
the increasing boundary-layer thickness causes the fluid to be displaced from 
the wall as it flows along it. The local skin-friction coefficient and displacement 
thickness for a flat-plate flow can be obtained by using the definitions of Eqs. 
(3.3.11) and (3.3.7), and the results in Table 4.1. 

^/ 
0.664 

\/Rx 

1.721 

vRx 

(4.2.24) 

(4.2.25) 

We note that Eq. (4.2.18) reduces to 61 — 2 / ^ , while the numerical calcula­
tions give / ^ — 0.33206; hence 
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Fig. 4 .3 . The variation of 
dimensionless normal veloc­
ity, V, with T] for a flat-plate 
flow {m = 0). Note that at 
the boundary-layer edge, v 
reaches a constant value (= 
0.8604). 

Table 4.1. Solutions of the Falkner-Skan equation [7]. 

p 

2.00000 
1.00000 
0.50000 
0.28571 
0.00000 

-0.04000 
-0.08000 
-0.12000 
-0.16000 
-0.19884 

m 

1.00000 
0.33333 
0.16666 
0.00000 

-0.01961 
-0.03846 
-0.05660 
-0.07407 
-0.09043 

Re/y/R^ 

0.00000 
0.29234 
0.42899 
0.50895 
0.66411 
0.69419 
0.72786 
0.76628 
0.81155 
0.86811 

e 
X 

R6*/VR^ 

0.00000 
0.64789 
0.98537 
1.20511 
1.72079 
1.84404 
1.99731 
2.20057 
2.50823 
3.49779 

0.664 

VRT 

H 

2.15541 
2.21623 
2.29694 
2.36781 
2.59110 
2.65639 
2.74409 
2.87177 
3.09067 
4.02923 

^^/RT 

1.23259 
0.75745 
0.58255 
0.33206 
0.29052 
0.24512 
0.19351 
0.12981 
0.00000 

(4.2.26) 

The ratio of (5* to 9, the shape factor defined by Eq. (3.3.9), is 

H =-- = 2.591 (4.2.27) 

If 6 is defined to be the distance from the surface where f = 0.995, this 

corresponds to an rj of approximately 5.3. Then with Eq. (4.2.4a) we can write 

6 as 

^ ^-^ (4.2.28) 
X y rlx 

Table 4.1 shows the computed values of / ^ , ^l and ^i , and Fig. 4.4 shows 

the velocity profiles for several values of m, including the Hiemenz value /? = 1, 

the "separation" value (3 = —0.19884, where r^ = Q and the "lower branch" 

solutions. The effect of the pressure gradient on the profiles is clearly seen. 
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With increasing adverse pressure gradient (decelerating flow) the slope of the 
velocity profile near the wall decreases (even when it is plotted as u/ue versus 
y/6)^ and at /3 = —0.19884 it becomes zero. The velocity profile corresponding 
to this value of m is called the separating velocity profile. On the other hand, 
with increasing favorable pressure gradient (accelerating flow), the slope of the 
velocity profile increases. 

The velocity profile corresponding to an infinite value oi m {(3 — 2) cannot 
be obtained from Eq. (4.2.5). It can, however, be obtained from Hartree's equa­
tion (4.2.15) and gives H — 2.155. That equation in turn has problems when /? 
becomes infinite, which corresponds to an accelerated stream with the external 
velocity given by 

Tie = — (4.2.29) 
— X 

For 1̂1 > 0 it represents a two-dimensional flow (sometimes referred to as the 
sink flow) in a convergent channel. Equation (4.2.15) can be placed in a suit­
able form when /? becomes infinite by defining new independent and dependent 
variables. 

C = /?^/^y (4.2.30) 

0 ( 0 = /?V2^(y) (4.2.31) 

With these relations, Eq. (4.2.15) can be written as 

1 
+ 

/ \2 

/3^ 
+1 _ {ciiy = 0 

subject to the boundary conditions 

</.(o) = ^'(0) = 0, </.'(Coo) = i 

Here the primes denote differentiation with respect to C,. 
When /? is infinite, Eq. (4.2.32) becomes 

r +1 - {^f = 0 

A closed form solution to Eqs. (4.2.33) and (4.2.34) is 

c ,;ii(() = ( + 2 V 3 - 3 \ / 2 t a n h - ^ + tanh 
\/2 I) 

1/2' 

(4.2.32) 

(4.2.33) 

(4.2.34) 

(4.2.35) 

Noting that [tanh~^(2/3)^/^ = 1.146], we can write the dimensionless velocity 
ujue as 

n ,, „, , 9 / C = ^ ' = 3 t a n h 2 ( ^ 1.146 

This leads to 

H = 2.07, (f)"{0) = 
V3 

1.1547 

(4.2.36) 

(4.2.37) 



52 4. Two-Dimensional Incompressible Laminar Flows 

y = > 

Fig. 4.4. The dimensionless velocity, / ' profiles, as a function of rj for various values of [3. 

The only common closed-form analytical solution for the external-flow 
boundary-layer equations is that for the asymptotic suction profile^ a boundary-
layer with v^uj negative and independent of x. Sufficiently far downstream from 
the start of suction, 

u{y) = Ue 1 — exp C-f)] (4.2.38) 

independent of x. Here H = 2 (compared with 2.6 for v^ = 0 and ( l /2 )c j = 
—Vw/ue (Problem 4.11). 
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4.3 Similar Flows: Free-Shear Flows 

As in the case of some external flows, the boundary-layer equations admit sim­
ilarity solutions for some laminar and turbulent free shear flows. Here in this 
section we discuss some special free shear laminar flows shown in the sketches 
of Table 4.2, and later in Section 8.7 we extend the discussion to free shear 
turbulent flows. It should be noted that the shear layer thickness 6 used to scale 
the cross-stream coordinate is chosen for convenience in each case. It is not the 
distance from the axis at which the velocity or velocity defect is 0.005 of the 
maximum, analogous to ^995 in boundary-layers. It should also be noted that 
the similarity solutions become valid only at large distances from the origin, say 
20 nozzle diameters in jets or 100 body diameters in wakes because the initial 
profiles are not usually the similarity functions. 

4.3.1 Axisymmetric Jet 

We consider an axisymmetric jet emerging from a small circular hole and mixing 
with the surrounding fluid at rest. Let the x-direction coincide with the jet axis 
and the origin lie in the hole. Since the streamlines are nearly parallel within 
the jet, although the streamlines in the entraining flow are more nearly normal 
to the axis, the pressure variation in the jet is small and can be neglected. 
The boundary-layer equations follow from Eqs. (3.2.1) and (3.2.2) and can be 
written as 

I - ' ! < " ) - <-" 
^ ^ + ^ ^ = - ^ r r (4.3.2) 

ox or r or 
Here 

T = /i— pu'v' (4.3.3) 
or 

They are subject to the boundary conditions 

du 
r = 0, ^ = 0, 7 ^ = 0 (4.3.4a) 

or 

r ^ 00, li = 0 (4.3.4b) 

We note that Eq. (4.3.4a) follows from symmetry conditions. 
Since the pressure is constant and the motion is steady, the total momentum 

in the x-direction is constant, that is, 
roo 

J = 27r / pu^rdr = const. (4.3.5) 
Jo 

since dJ/dx = 0. To find the similarity solutions for the system given by Eqs. 
(4.3.1)-(4.3.5), valid for large distances from the orifice, we start with Eq. (4.2.2) 
and write it as 
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u{x,r) 

Uc{x) 
= F(ry) (4.3.6) 

where Uc is the velocity along the axis r = 0. Here r] denotes the similarity 
variable defined by 

V = J ^ (4.3.7) 
6{x) 

where 6{x) is defined later in Eq. (4.3.20). We assume that the stream function 
ilj{x^r) is related to a dimensionless stream function /(ry) by 

'0(x,r) =Uc{x)6'^{x)f{rii) 

With Eqs. (4.3.6) and (4.3.7) we can write Eq. (4.3.5) as 

roo 

J - 27rpM^ / F'^r]dr] 
Jo 

where 
M = UrS 

(4.3.^ 

(4.3.9) 

(4.3.10) 

We note that since the total momentum J is constant, then M must be constant 
also, since the integral in Eq. (4.3.9) is a pure number. 

By using Eqs. (4.3.6), (4.3.7) and (4.3.10) and noting that F = f/r], we can 
write Eqs. (4.3.1) and (4.3.2) as 

2d6 

''Hi 

f\'' 

+ {rr]y = 0 (4.3.11) 

In terms of similarity variables the boundary conditions [Eq. (4.3.4)] become 

7y = 0, / = 0, / = 0 (4.3.12a) 

ry ^ oc, / = 0 (4.3.12b) 

Equation (4.3.11) with r defined by Eq. (4.3.3) applies to both laminar and 
turbulent axisymmetric jets. For laminar flows, using the definition of r , we can 
write Eq. (4.3.11) as 

ly dx 

f\' 

+ W] (4.3.13) 

We see that for a circular laminar jet the system of Eqs. (4.3.1)-(4.3.5) will 
have a similarity solution if the coeflScients of Eq. (4.3.13) are independent of 
X, that is, if 

— = const. = ci (4.3.14) 
u dx 

where we expect ci > 0. With this restriction and with ci = 1, Eq. (4.3.13) 
becomes 
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and can be written as 

Integrating Eq. (4.3.15b), we get 

V \V J 

i^h 

f 

[ii 

')] 

)'•'] 
/ 

= 0 

lL + f " _ t = const. 
rj T] 

(4.3.15a) 

(4.3.15b) 

(4.3.16a) 

To perform the integration, we note that 

77—>cxD Tj 

and that as 7/ ^ cx), f^\r]) -^ 0. Therefore the integration constant in Eq. 
(4.3.16a) is zero. Rewriting Eq. (4.3.16a) as 

ff' + vf"-f' = o 

we find that its solution, subject to /(O) = 0, is 

Then 
u 

m^ 

_ f'iv) 

2' / 

1 + 1̂ 2 

1 

(4.3.16b) 

(4.3.17) 

(4.3.18) 
^c ^ (1 + \r]^Y 

Figure 4.5 shows the velocity profile for a circular jet according to Eq. (4.3.18) 
as well as the velocity profile for a two-dimensional jet (see Prob. 4-13). 

TWO - DIMENSIONAL 

Fig. 4.5. Velocity pro­
files for laminar two-
dimensional and circular 
jets. 
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Inserting Eq. (4.3.18) into Eq. (4.3.9), we find 

With ci = 1 (which defines 6) in Eq. (4.3.14) we find, after integration, 

5 = ^ = 2.894 (-) ux (4.3.20) 

where u/uc is approximately 0,79 at r — S. Therefore, 

Uc = ^-{lyx)-^ = 0.119-(z/x)-i (4.3.21) 
STT p p 

The mass flow rate, m = 27r J^ purdr^ is 

m = 87r/ix (4.3.22) 

It is interesting to note that rh is independent of J in this case. 

4.3.2 Two-Dimensional Wake 

The boundary-layer equations also admit a similarity solution for laminar and 
turbulent flows in the wake of a two-dimensional body. The solutions are, at best, 
valid only far enough downstream for the pressure disturbances introduced by 
the body to be negligible. In addition, the solutions are subject to the restriction 
that the velocity defect in the wake. 

ui{x, y) =Uoo- u{x, y) (4.3.23) 

is small in comparison with the velocity of the free stream Uoo-, so that higher-
order terms can be dropped. The governing equations for laminar or turbulent 
flows in the wake of a two-dimensional body, subject to Eq. (4.3.23), are 

- ^ + 1 ^ = 0 (4.3.24) 
OX oy 

- ^oo-^— = - ^ - (4.3.25) 

ox p oy 

Here r is 

r = - p ^ - p ^ (4.3.26) 
oy 

The boundary conditions are 

y = 0, v = Q, ^ = 0 (4.3.27a) 
dy 
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y-^oo, ui=0 (4.3.27b) 

For simplicity let us consider flow over a flat plate. By Newton's second law, 
the drag of the plate, F , say, is equal to the flux of momentum defect in the 
wake; therefore 

/

oo 
u(uoo - u)dy (4.3.28) 

-CXD 

where b is the width of the plate. Substituting the definition of ui into Eq. 
(4.3.28) and neglecting the second-order terms, we get 

/

CXD 

uiUoody — const. (4.3.29) 

-oo 

To find the similarity solution for the system of Eqs. (4.3.24)-(4.3.27) and 
(4.3.29), we write 

^ = ^^00+ Uc{x)f{rj) (4.3.30) 

Here Uc{x) denotes the wake centerline velocity defect and / is negative. The 
definition of r/ is similar to Eq. (4.3.7). 

V=Tf-, (4-3.31) 

where 6{x) is defined later in Eq. (4.3.37). With the definition of ^ i , Eq. (4.3.30) 
can be written as 

m = - ^ (4.3.32) 
Uc{x) 

Using Eqs. (4.3.31) and (4.3.32), we can write Eq. (4.3.25) as 

nduc _ ^ rfVd6\ ^ 1 ^ /^ 3 33X 
dx ^ 6 dxj pdy 

The boundary conditions become 

7? = 0, / ' = 0, ? 7 - ^ , / = 0 (4.3.34) 

[We shall not need the boundary condition t' = 0, since Eq. (4.3.25) does not 
contain v^ which is in fact negligibly small.] 

Equation (4.3.33) applies to both laminar and turbulent flows. For laminar 
flows, substituting for r from Eq. (4.3.26) with the Reynolds stress neglected 
allows us to write Eq. (4.3.33) as 

^ ! ^ ^ / - ^ % / ' = / " (4.3.35) 
vuc dx V dx 

We see that for a flow in the wake of a flat plate we will have a similarity 
solution if 

S^Uoo duc ^ Suoo dS (A o^a\ 
-— = const., — = const. = C2 (4.3.3DJ 

vun dx V dx 
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Assuming that C2 = 1 (which defines (5), we can integrate the second relation in 
Eq. (4.3.36) to obtain 

«=f?^y" (4.3.37) 

In terms of similarity variables / and ry, Eq. (4.3.29) can be written as 

F 
Uc8 = — ôo . . = const. (4.3.38) 

pbuoc J_oo fdv 

With the definition of 6 given by Eq. (4.3.37) we find that 

Uc = Ax-^l^ (4.3.39) 

where A is constant. 
Using Eqs. (4.3.37) and (4.3.39) we find that the constant in the first ex­

pression of Eq. (4.3.36) is —1. This, together with C2 = 1, enables us to write 
Eq. (4.3.35) as 

f + {J]!1 = 0 (4.3.40) 

Integrating twice and using the boundary condition f{0) = 0, we get 

f{r]) = 5 e - ^ ' / 2 (4.3.41) 

Substituting Eqs. (4.3.37), (4.3.39), and (4.3.41) into Eq. (4.3.38), we find that 

AB = -^{2uUoo)~^/^{27v)~^/^ (4.3.42) 
pb 

With Eqs. (4.3.39), (4.3.41) and (4.3.42), Eq. (4.3.30) becomes 

u = u ^ - ^ ^ (-^—Y' X-V2e-̂ V2 (4.3.43) 
2pb \7riyUooJ 

For the special case of a flat plate at zero incidence F (the drag on both sides) 
is, from Eq. (4.3.28) written at the trailing edge, 

F = 2eTEbpul^ = 1.32Sbpul^J— 

where £ denotes the length of the plate. Substituting the above expression into 
Eq. (4.3.43) and rearranging, we get 

- = l - ^ ( 7 ) " ' ' e - W 2 (4.3.44) 
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4.3.3 Mixing Layer Between Two Uniform Streams 

The boundary-layer equations also admit similarity solutions for laminar and 
turbulent flows in which mixing takes place downstream of a splitter plate end­
ing at X = 0 between two uniform streams that move with velocities ui and U2-
One of the velocities may be zero; in that case it is sometimes referred to as a 
half jet. 

The procedure by which we can obtain the similarity solutions for this case is 
very similar to the procedure for the case of the two-dimensional jet (see Prob. 
4-13). The governing equations are given by Eqs. (4.3.1) and (4.3.2) with the 
restriction that r = 1 and d/dr = d/dy. The boundary conditions [Eq. (4.3.4b)] 
are replaced by new ones given by 

y ^ oo, u ^^ ui] ?/—> —oc, u-^ U2 (4.3.45a) 

As pointed out in Section 3.4, the v boundary condition in free shear layers 
depends on conditions outside the shear layer. The choice of i; = 0 on the cen-
terline of symmetrical shear layers is effectively a definition of the position of the 
centerline in x7/-space. In the asymmetrical mixing layer we define the x-axis, 
?/ = 0, as the line on which t' = 0: it is in general inclined at an angle of less 
than 5° to the plane of the splitter plate. Thus 

?/ —̂  oo, u —^ ui] y —^ —oo, 

^ = 0, ^ = 0 

To find the similarity solution, we define 

tp{x,y) = ui6{x)f{ri) 

U —>• U2 (4.3.45a) 

(4.3.45b) 

(4.3.46) 

(4.3.47) 

with T] defined by Eq. (4.3.31). Using Eqs. (4.3.31), (4.3.46) and (4.3.47), we can 
write the two-dimensional boundary-layer equations (subject to the restrictions 
discussed above) as 

_ujd8 I8r ^^3^3^ 

0 ax pay 

In terms of similarity variables, Eq. (4.3.45) becomes 

r y ^ o o , / ^ l ; r / ^ - o o , / ^ ^ ^ A; 7̂  = 0, / - O (4.3.49) 
ui 

Equation (4.3.48) with r defined by Eq. (4.3.3) {d/dr = d/dy) applies to both 
laminar and turbulent flows: for laminar flows, Eq. (4.3.48) becomes 

/ ' ' + ^ — / / ' = 0 (4.3.50) 
u dx 

For similarity we must have 
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Ui6 dS 
—- = const. 

v ax 

Taking the constant equal to i , we see that 

(5 = 
iyx\ 

uij 

1/2 

(4.3.51) 

(4.3.52) 

and 
1 

r+^ff = o (4.3.53) 

No closed-form solutions are known for the system given by Eqs. (4.3.49) 
and (4.3.53). Several solutions obtained by numerical methods were provided 
by Lock [8]. The solution of Eq. (4.3.53) by using Keller's shooting method, 
Program 1 in the accompanying CD-ROM, can be obtained as follows. We 
again write Eq. (4.3.53) as a first-order system in a form similar to Eqs. (4A.1) 
with m = 0. The boundary conditions [Eq. (4.3.49)] become 

/ ( 0 ) = 0 , u{r]oc) = l. u{-r]oo) = X (4.3.54) 

The modified shooting method solves the initial value problem for Eqs. (4A.1) 
with m = 0, subject to the initial conditions 

Fig. 4.6. Velocity profiles for the mixing 
of two uniform laminar steams at differ­
ent velocities, A = U2/U1. 
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/(O) - 0, ^(0) = a, v{0) = b (4.3.55) 

Then a and b are sought to satisfy the two-edge boundary conditions 

^(^oo,a,b) -1 = 0, u{-T]ooia,b) - X = 0 (4.3.56) 

These equations are solved by Newton's method described in Program 1. Note 
that in this case two systems of variational equations must be solved to get the 
partial derivatives with respect to a and b. 

Figure 4.6 shows solutions obtained by this method for A = 0, | , ^, and | . 

4.3.4 Power Laws for the W i d t h and for the Centerline Velocity 
of Similar Free Shear Layers 

In the previous subsections we have discussed the similarity solutions of several 
free shear layers for laminar flows. On the basis of similarity considerations we 
obtained the variations of the width (6) and the centerline velocity {uc or i^i) 
of several shear layers. Table 4.2 summarizes the results. 

Table 4.2. Power Laws for Width and for Centerline Velocity of Laminar Similar Free 
Shear Layers. 

Flow Sketch Width, 6 Centerline velocity, 
Uc(x) and ui 

Two-dimensional jet* p2/3 -1/3 

Axisymmetric jet 

Two-dimensional wake 

Axisymmetric wake* 

Two uniform streams 

^1/2 ^ - 1 / 2 

r.1/2 

x'^' 

* See Probs. 4-13 and 4-14 
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4.4 Numerical Solution of the Boundary-Layer Equations: 
Integral Form 

In this and the following sections we discuss the numerical solution of the 
boundary-layer equations for nonsimilar flows which are those for which u/ue 
is a function of both x and rj. In practice these flows are more important than 
similar flows because Ue{x) rarely varies according to Eq. (4.2.10), as is required 
for similar flows, and because the surface boundary conditions may not fulfill 
the requirements for similarity even if Ue does. 

While the differential methods discussed in the following section are more 
general and accurate, the integral methods are very useful in obtaining quick 
rough answers for some restricted flows. Of the many integral methods for 
laminar flows, especially popular in the pre-computer era, we first discuss the 
Pohlhausen method due to its simplicity (subsection 4.4.1) and the Thwaites 
method (subsection 4.4.2) which is still used for calculating the smafl initial 
regions of laminar flow on bodies at high Reynolds numbers before switching to 
turbulent flow calculations. A more accurate method is presented in Problem 
4.31. 

4.4.1 Pohlhausen Method 

In this method we assume a velocity proflle u{x^ y) that satisfles the momentum 
integral equation (3.3.10) and a set of boundary conditions 

y = 0, ix = 0, and ^ —> oc, u = Ue{x) (4.4.1a) 

We also use additional "boundary conditions" obtained by evaluating the 
momentum equation (3.1.10) at the wall with Vyj ~ 0, that is, 

d'^u _ 1 dp due (A A AU\ 
dy'^ pdx ^ dx 

and also some additional "boundary conditions" obtained from differentiating 
the edge boundary condition with respect to ^, namely. 

y - ° ° ' l ^ ' l ^ ' 7 w B ' - - - - " 0 (4.4.1c) 
du d^u d^u 

dy' dy'^ ' dy^ 

We assume a fourth-order polynomial for the velocity proflle, u/ue^ and write 

— = ao + airy + 02/7^ + a'^rf + a^r]^ (4.4.2) 

where 77 is now used for y/8. This polynomial contains five coefficients that can 
be determined from the boundary conditions in Eq. (4.4.1). Using Eqs. (4.4.1a) 
and (4.4.1b) and the first two conditions in Eq. (4.4.1c), we get 
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a3 = -2-\--, a4 = 1 - -

A 

(4.4.3) 

where A is a pressure-gradient parameter defined by 

A 
S'^ dUe 

V dx 
(4.4.4) 

and can be interpreted physically as a typical ratio of pressure forces to viscous 
forces. With Eq. (4.4.3) we can write Eq. (4.4.2) as 

Ue 6 
(4.4.5) 

Figure 4.7 shows the velocity profiles for various values of A. Here A = 0 cor­
responds to a flat-plate flow, a negative value of A corresponds to a decelerating 
flow, and a positive value of A corresponds to an accelerating flow. The profile at 
separation corresponds to A = —12, giving du/dy — 0 at ry = 0 from Eq. (4.4.5). 
The positive values of A are restricted to 12, since for incompressible flows the 
velocity profiles cannot have overshoots within the boundary-layer. Thus A is 
restricted to the range o f - 1 2 < A < 1 2 . 

Once the velocity profile is known, the boundary-layer parameters 9, ^*, 
and Tuj or Cf appearing in the momentum integral equation (3.3.10) can be 
determined. From the definitions of r̂ ,̂ 6* and 9 it follows that 

/ii^, 1 

/i^+^^ 
5* = S — 

10 
-A 

120 

(4.4.6) 

(4.4.7) 

Fig. 4.7. The variation of 
10 dimensionless velocity, u/ue, 

across the boundary-layer ac­
cording to Eq. (4.4.5). 
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Substituting Eqs. (4.4.6)-(4.4.8) into Eq. (3.3.10) leads to an equation of the 
form 

where Z = S'^/u — A/{dUe/dx) and ^(A) and h{A) are known functions of A. As 
usual, Ue and its derivatives are known. We note that the auxiliary relations for 
Cf and H that follow from Eqs. (4.4.6)-(4.4.8) are not differential equations: 
only the initial value of 6 (or 9) and the distribution of Ue{x) are needed to start 
the calculations. 

Before computers became generally available, the Pohlhausen method was 
the most sophisticated one in general use because solution of the boundary-layer 
equations by a differential method was impractical. Now, it is less commonly 
used: for accurate work, differential solutions are preferred, while for the many 
cases where only the initial part of the shear layer is laminar, so that high 
accuracy is not needed, engineers prefer the very simple method due to Thwaites 
described in the following subsection. 

4.4.2 Thwaites' Method 

Consider the momentum integral equation (3.3.10). If H and cj are known 
as functions of 0 or some suitable combination of 6 and iXg, Eq. (3.3.10) can 
be integrated, at least by a numerical process. Such functions were found in 
Thwaites' method by writing the following boundary conditions for 

d'^U Ue , du Ue ^ / . . . ^x 
^ = 0, ^ = - ^ A , - = - ^ (4.4.10) 

These equations define A and L The variable i may be calculated by any par­
ticular solution of the boundary-layer equations, and it is found in all known 
cases to adhere reasonably closely to a universal function of A, which Thwaites 
denoted by ^(A). In the same way, if H is regarded as depending only on A, a 
reasonably valid universal function for H can also be found, namely, H{\). 

By putting ^ = 0 in Eq. (3.1.10) and using Eq. (4.4.10), we find 

A = ^ ^ (4.4.11) 
u dx 

Also, 

2 pui ui \oyJ^ UeO Re 

The assumptions that £ or Cf and H are functions of A only are quasi-similarity 
assumptions. The Falkner-Skan solutions of Section 4.2 could be used to give 
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^(A) and H{X). With these two results, Eq. (3.3.10) may be rewritten in the 
form 

! ^ ^ = 2{-[H{X) + 2]A + ^(A)} = F(A) (4.4.13) 

Here F{X) is another universal function. Thwaites represents F{X) chosen to fit 
known solutions of Eqs. (3.1.2) and (3.1.10) as well as possible by 

^2 (ill 

F{X) = 0.45 - 6A - 0.45 - 6 - ^ (4.4.14) 
u ax 

Substituting Eq. (4.4.14) into Eq. (4.4.13) and multiplying the resulting equa­
tion by lig, we can write, after some rearranging, 

udx ^ 

which, upon integration, leads to 

J\ldx+ [o^^^] (4.4.15) - ^ = 0.45 
'0 

In terms of dimensionless quantities defined by 

^ * ^ ^ , ^̂ * = J ^ , < = - ^ , i J L ^ ^ ^ (4.4.16) 

Eq. (4.4.15) can be written as 

For a stagnation-point flow {m — 1), Eq. (4.4.17) gives 

|y«, = ^55^^ (4.4.18) 

where {dul/dx*)o denotes the slope of the external-velocity distribution for 
stagnation-point flow. Note that the last term in Eq. (4.4.17) is zero in calcula­
tions starting from a stagnation point, because U^Q == 0. 

Once 6 is calculated for a given external-velocity distribution, the other 
boundary-layer parameters H and Cf can be determined from the relations 
given below. 

For 0 < A < 0.1, 

^ = 0 . 2 2 + 1 . 5 7 A - 1 . 8 A 2 
4.4.19a 

H = 2.61 - 3.75A + 5.24A2 
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For - 0 . 1 < A < 0, 

0.018A 
(. = 0.22 + 1.402A + 

» • ' " ' + " (4.4.19b) 

0.14 + A 

Thwaites' method can also be used for axisymmetric boundary-layers by 
using the Mangier transformation. If we denote two-dimensional variables by 
the subscript 2 and the axisymmetric ones by 3, then according to the Mangier 
transformation for cases where ^ ^ ro (no transverse curvature effect), we write 

^ 2 = ( ^ ) % 3 (4.4.20a) 

dx2 ^ {^jf^ dxi (4.4.20b) 

By using Eqs. (4.4.20), Eq. (4.4.17) can be written as 

^ s V r , 0-45 L ^ f « ) ^ . 5 ) - . . ; + ( | ) ^ i j . ( | ) (4.4.21) 

For an axisymmetric stagnation point flow (m = 1/3), 

In Eqs. (4.4.20) 

e^\ 
L) 

* 
' ' 0 • 

2 

RL = 
0.056 

{du*/dxf)o 

"3 = T 

(4.4.22) 

Once ^3 is calculated from Eq. (4.4.21), then the variables (5*, if, and cj can be 
calculated from Eq. (4.4.19) and Eq. (4.4.12). 

A Fortran program for predicting the laminar boundary-layer development 
on two-dimensional and axisymmetric bodies by Thwaites' method is given in 
the accompanying CD-ROM (Appendix A), Program 2. 

4.5 Numerical Solution of the Boundary-Layer Equations: 
Differential Form 

There are several numerical methods for solving the boundary-layer equations 
in differential form. The Crank-Nicolson [9] and Keller's box [10] methods are 
the most convenient ones as discussed in some detail in [11]. Of the two, Keller's 
method has significant advantages over the other, and in this section it will be 
used to solve the boundary-layer equations for two-dimensional flows, in Section 
7.6 for three-dimensional flows, and in Section 5.6 the stability equations for 
two-dimensional flows and in Sections 8.4 and 14.4 for three-dimensional flows. 
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The continuity and momentum equations given by Eqs. (3.1.2) and (3.1.10) 
can be solved in the form they are expressed. They can also be solved after 
they are expressed as a third order equation by using the definition of stream 
function 'ip{x^y). Noting that 

Eqs. (3.1.2) and (3.1.10), with a prime denoting diff'erentiation with respect to 
y^ and with an eddy viscosity ut concept discussed in Section 6.3 and defined 
by 

- pu'v' = pyt^- (6.3.1) 
dy 

to model the Reynolds shear stress term, pu'v'^ discussed in Chapter 6, can be 
written as 

In either form, for given initial conditions, say at x = XQ and eddy viscosity 
distribution, these equations are solved subject to their boundary conditions in 
the interval 0 to ^ at each specified x-location greater than XQ. The boundary-
layer thickness 5(x), however, increases with increasing downstream distance x 
for both laminar and turbulent flows; to maintain computational accuracy, it is 
necessary to take small steps in the streamwise direction. 

Transformed coordinates employing similarity variables such as the one dis­
cussed in Section 4.2 provide another alternative to express the equations in a 
better form before solving. Such a choice can reduce the growth of transformed 
boundary-layer thickness and thus allow larger steps to be taken in the stream-
wise direction. Furthermore, in some cases, they can also be used to generate 
the initial conditions needed in the solution of the boundary-layer equations. 

We shall advocate the use of transformed coordinates employing similarity 
variables in the solution of the boundary-layer equations for two and three-
dimensional flows. For two-dimensional flows we will use the Falkner-Skan trans­
formation discussed in Section 4.2. With the similarity variable defined by Eq. 
(4.2.4a), and the dimensionless stream function / expressed as a function of x 
and 77, 

il){x, y) = ,jueuxf{x, T]) (4.5.3) 

and using a procedure similar to that used to obtain Eq. (4.2.5), the conti­
nuity and momentum equations, Eq. (3.1.2) and (3.1.10) and their boundary 
conditions, Eqs. (3.4.1), can be written as 

{bfy + "^ff" + m[l - iff] = X (f^ - r g ) (4.5.4) 
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Fig. 4.8. Net rectangle for difference approximations. 

1 f^ 

JUe^X Jo 
(4.5.5a) 

(4.5.5b) 

Here, a prime denotes differentiation with respect to 77; the parameter h equal 
to unity for laminar flows, is defined by 

(4.5.6) 

for laminar and turbulent flows. The velocity components u and v are now 
related to the dimensionless stream function f{x^r]) by 

u = Uef (4.5.7a) 

V — —yJu^VX 
f d df ,drj 

^/UpX ax ox ox 
(4.5.7b) 

To solve Eqs. (4.5.4) and (4.5.5) with Keller's box method, which is a two-
point finite-difference scheme, we first express them as a first-order system by 
introducing new functions to represent the derivatives of / with respect to ry 
(subsection 4.5.1). The first-order equations are approximated on an arbitrary 
rectangular net. Fig. 4.8, with "centered-difFerence" derivatives and averages at 
the midpoints of the net rectangle difference equations. The resulting system 
of equations which is implicit and nonlinear is linearized by Newton's method 
(subsection 4.5.2) and solved by the block-ehmination method discussed in sub­
sections 4.5.3 and 5.2.6. A computer program for obtaining the solutions of the 
continuity and momentum equations for laminar and turbulent flows with this 
numerical method is given in the CD-ROM (Appendix B), Program 3. 
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4.5.1 Numerical Formulation 

In order to express Eqs. (4.5.4) and (4.5.5) as a system of first-order equations, 
we define new variables u{x^ rf) and v{x^ 77) by 

r = u 
u' — V 

and write Eqs. (4.5.4) and (4.5.5) as 

,, ,, m + 1 , 9, f du df\ 

77 = 0, u = 0, f = f^{x); r] = r]e, u = l 

We denote the net points of the net rectangle shown in Fig. 4.8 by 

xo == 0, Xn ==" Xn-i-\-kn, n = l ,2 , . . . ,A^ 

770 = 0, Vj = Vj-i-^hj, j = l , 2 , . . . , J 

(4.5.8a) 

(4.5.8b) 

(4.5.8c) 

(4.5.9) 

(4.5.10) 

and write the difference equations that are to approximate Eqs. (4.5.8) by 
considering one mesh rectangle as in Fig. 4.8. We start by writing the finite-
difference approximations of the ordinary differential equations (4.5.8a,b) for the 
midpoint {x'^^ Vj-1/2) of the segment P1P2, using centered-difference derivatives, 

fj-fj-i _^+^-^ 
= " j - 1 / 2 (4.5.11a) 

^ " - ^ ^ 1 vj + vp, 
= V J-l/2 

(4.5.11b) 

Similarly, the partial differential equation (4.5.8c) is approximated by center­
ing about the midpoint {x^~^^'^jrjj-1/2) of ^^^ rectangle P1P2P3P4' This can 
be done in two steps. In the first step we center it about (x^~^/^,7y) without 
specifying 7/. If we denote its left-hand side by L, then the finite-difference ap­
proximation to Eq. (4.5.8c) is 

-(L^ ^n—l\ X 
n-1 /2 , n - l / 2 (u--U-' „ n - l / 2 / " - / n—1 

f^n f^n 

X n-1 /2 

a 
i^n 

Oil 
m^ + 1 

+ a^, a2 = nnJ'-^a'' 

i?^-^ = _L^-^+a^[ ( /^ ) \n-l 2\n-l^ 

j^n-1 ^ {bvY + 
771 + 1 

in') 

fv + m{l — u 

m 
n-\ 

(4.5.12) 

(4.5.13a) 

(4.5.13b) 

(4.5.13c) 

Eq. (4.5.12) can be written as 
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[{bvYr+Mfvr - a2{u^r+C^^'K" v - r'^v"") = R^"'^ (4.5.14) 
The identity sign introduces a useful shorthand: [ ]^"^ means that the quantity 
in square brackets is evaluated at x = x^~^. 

We next center Eq. (4.5.14) about the point {x^~^^'^,Vj-i/2)^ ^hat is, we 
choose T] = Vj-i/2 ^^d obtain 

+ ^ {^j-l/2Jj-l/2 Jj-i/2^j-l/2) - ^ j - 1 / 2 

(4.5.15) 

where 

R rzi^, = -L]:^^, + a-[{fv)]:i/, - (^')p%] - m- (4.5.16a) 

^j-1/2 = [^j\bjVj - hj^iVj-i) + ! ^ ( / ^ ) ^ . _ i / 2 + m[l - ( i / ' ) , - l / 2 ] | 

(4.5.16b) 
Eqs. (4.5.11) and (4.5.15) are imposed for j = 1, 2 , . . . , J — 1 at given rj and 
the transformed boundary-layer thickness, 77e, is to be sufficiently large so that 
u ^^ 1 asymptotically. The latter is usually satisfied when v{r]e) is less than 
approximately 10~^. 

The boundary conditions [Eq. (4.5.9)] yield, at x = x^, 

fE = fw. < = 0, u^j^l (4.5.17) 

4.5.2 Newton's Method 

If we assume / j ^ ~ ^ , ^j~^? and v^~^ to be known for 0 < j < J, then Eqs. 
(4.5.11), (4.5.15) and (4.5.17) form a system of 3 J + 3 equations for the so­
lution of 3 J + 3 unknowns (/^, vJ^^ v^), j = 0 , 1 , . . . , J . To solve this nonlin­
ear system, we use Newton's method; we introduce the iterates [fj,Uj,Vj]^ 

z/ = 0,1, 2 , . . . , with initial value {u = 0) equal to those at the previous x-station 
x'^~^ (which is usually the best initial guess available). For the higher iterates 
we set 

Jj = Jj + ^fj ^ ^j ^ ^j + ^^j ' ^j '̂ j + ^^j (4-5.18) 

We then insert the right-hand sides of these expressions in place of /J^, u'j' 
and v^ in Eqs. (4.5.11) and (4.5.15) and drop the terms that are quadratic in 

5/- , 6u^^^ and 6v^^\ This procedure yields the following linear system (the 
superscript n is dropped from / j , Uj, Vj and v from 6 quantities for simplicity). 

Sfj - 6/ ,_i - ^{Suj + 6uj.,) = {n)j (4.5.19a) 
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6uj - 6uj-i - Y{^VJ + ^Vj-l) = (^3)j-l (4.5.19b) 

{si)jSvj + {s2)j6vj-i + {s3)jSfj -h {S4)j6fj-i + {s^)j6uj + {SQ)J6UJ-I = {r2)j 
(4.5.19c) 

where 

(4.5.20a) 

(^2), = i?n /2 

(4.5.20b) 

-a2[U )j_i/2 + (^ y^j-l/2Jj-l/2 J3-1/2^3-1/2) 

(4.5.20c) 
In writing the system given by Eqs. (4.5.19) we have used a certain order 

for them. The reason for this choice, as we shall see later, is to ensure that the 
Ao matrix in Eq. (4.5.26a) is not singular. 

The coefficients of the linearized momentum equation are 

{si]j - n- Oj + 2^J 2 •'^•-1/2 

{S2)j - n- Oj_-^ + 2 Jj-i 2 • ' i -V2 

(«3)i = Y^'] + Y ^ i - i / 2 

(S4)i = y w} J i + Y ^ , - i / 2 

(sejj = -a2w}_i 

The boundary conditions, Eq. (4.5.17) become 

6fo = 0, 6uo = 0, 6uj = 0 

(4.5.21a) 

(4.5.21b) 

(4.5.21c) 

(4.5.21d) 

(4.5.21e) 

(4.5.21f) 

(4.5.22) 

As discussed in [11], the linear system given by Eqs. (4.5.19) and (4.5.22) 
has a block tridiagonal structure and can be written in matrix-vector form as 

AS — f (4.5.23) 

where 
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A = 

AQCO 

Bi Ai Ci 

^j Aj Cj 

Bj^i Aj^i Cj.i 

Bj Aj 

6 = 

So 
Si 

h 

h 

r — 
^3 

rj 

(4.5.24) 

Sj = 

Sfj 
6uj 
6vj 

^i = 
(n)i 
(^2), 

{n)j 

0<j<J 

and Aj, Bj, Cj are 3 x 3 matrices defined as 

An = 

A,== 

(4.5.25) 

1 0 0 
0 1 0 
0 - 1 -hi/2 

Aj^ 

1 -

N)i ( 
1 0 

1 -hj/2 0 

{S3)j (S5) j ( S l ) j 
0 1 0 

B,^ 

c,= 
0 0 0 
0 0 0 
0 1 -hi+i/2\ 

-hj/2 0 

S5)j {Sl)j 
- 1 -hj+i/2 

1 < 

- 1 -hj/2 0 

(S4)i (S6)i {S2)j 
1 0 0 0 

0 < J < J - 1 

i < J - 1 

(4.5.26a) 

l<j<J 

(4.5.26b) 

(4.5.26c) 

Note that the first two rows of AQ and Co and the last row of Aj and Bj 
correspond to the boundary conditions [Eq. (4.5.22)]. To solve the continuity 
and momentum equations for different boundary conditions, only the matrix 
rows mentioned above need altering, as will be discussed later in subsection 
5.5.3. 

4.5.3 Block-Elimination Method 

The solution of Eq. (4.5.23) can be obtained efficiently and effectively by using 
the block-elimination discussed by Keller [10] and described by Cebeci [11]. 
According to this method, the solution procedure consists of two sweeps. In the 
first part of the so-called forward sweep, we compute F j , Aj from the recursion 
formulas given by 

Ao - ^0 (4.5.27a) 

r , A , _ i = 5 , j = l , 2 , . , e / 

/\.j i 9 O' j^j-'i- J = 1,2, . . . , J 

(4.5.27b) 

(4.5.27c) 
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where the Fj matrix has the same structure as Bj. In the second part of the 
forward sweep, we compute Wj from the following relations 

WQ = fo (4.5.28a) 

Wj = fj - TjWj-i l<j<J (4.5.28b) 

In the so-called backward sweep, we compute 6j from the recursion formulas 
given by 

Aj6j = WJ (4.5.29a) 

Â -̂ -̂ = Wj - CjSj^i j = J - 1, J - 2 , . . . , 0 (4.5.29b) 

The block elimination method is a general one and can be used to solve any 
system of first-order equations. The amount of algebra in solving the recursion 
formulas given by Eqs. (4.5.27) to (4.5.29), however, depends on the order of the 
matrices Aj^ Bj, Cj. When it is small, the matrices F j , Aj and the vector Wj can 
be obtained by relatively simple expressions, as discussed in the accompanying 
CD-ROM, Program 3. However, this procedure, though very efficient, becomes 
increasingly tedious as the order of matrices increases and requires the use of an 
algorithm that reduces the algebra internally. A general algorithm, called the 
"matrix solver" discussed and given in the CD-ROM (Appendix B), Program 5 
and Problem 4.42 can be used for this purpose. 

4.6 Applications of BLP2 to External Flows 

The boundary-layer program (BLP2) given in the accompanying CD-ROM, 
Program 3, can be used for both two-dimensional and axisymmetric external 
and internal flows. In this section we will demonstrate its use to three external 
flows and in the CD-ROM to an internal flow corresponding to a developing 
plane laminar duct flow. 

For external flows, we consider two two-dimensional flows, one correspond­
ing to a NACA 0012 airfoil (subsection 4.6.1) and one for an ellipse (subsection 
4.6.2) and one axisymmetric flow corresponding to a prolate spheroid (subsec­
tion 4.6.3). For the airfoil problem, we compute its external velocity distribu­
tion with the Hess-Smith panel method (HSPM) given in the accompanying 
CD-ROM (Appendix A), Program 4, and for the ellipse and spheroid problems 
from analytical expressions based on inviscid flow theory. In all cases, the cal­
culations are performed for a laminar flow. In general, however, the flowfield 
consists of both laminar and turbulent flows and requires the location of tran­
sition which is either known or calculated. We will postpone the calculation of 
the transition location to Chapter 5 and the calculation of the turbulent portion 
of the boundary layer to Chapter 6. 
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Fig. 4.9. Variation of the skin friction coefficient on (a) the upper surface and (b) the 
lower surface of the NACA 0012 airfoil at 0°, 2° and 4° with surface distance. 

4.6.1 Airfoil Flow 

For the airfoil flow, the laminar boundary layer calculations are performed for 
chord Reynolds numbers i?c of 3 x 10^ and 6 x 10^ at three angles of attack, 
a = 0°, 2° and 4°. For each angle of attack, the external velocity distribution, 
Ue{x)^ determined from HSPM, is separated into upper and lower surfaces, start­
ing at the stagnation point up to the airfoil trailing edge. The boundary-layer 
calculations are then performed for each surface using the specified Ue{x) distri­
bution as a function of surface distance. For example, at a = 0°, the stagnation 
point coincides with the leading edge and the Ue{x) distribution is read in for 92 
x-stations (NXT = 92) starting at the stagnation point of the airfoil up to its 
trailing edge, with each x-station representing the dimensionless surface distance 
s/c with c corresponding to the reference length L in the definition of RL. See 
Program 3 in Appendix B. We set ETAE = 8, P2(l) = 1.0 and take RL equal 
to the desired chord Reynolds number. Since the calculations are performed for 
laminar flow, we set XCTR = 1 . 1 and use a uniform grid (VGP = 1.0) with 
DETA(l) = 0.1 which produces 81 points across the boundary layer without 
boundary-layer growth. 

Figure 4.9 shows the variation of the local skin friction coefficient cj with sur­
face distance s/c on the upper and lower surfaces of the airfoil at two Reynolds 
numbers and for a = 0°, 2° and 4°. Note that the calculations are not performed 
until the trailing edge of the airfoil. With flow deceleration (negative P2) flow 
separation occurs (cj becomes negative), boundary-layer calculations develop 
singularity and the solutions do not converge. At higher angles of attack on the 
lower surface of the airfoil, flow accelerates and allows the calculations to be 
performed until the trailing-edge of the airfoil. Note that Cf decreases in the 
presence of an adverse pressure gradient. Note also that the location of the flow 
separation for both Reynolds numbers is the same. This is expected since for 
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Fig. 4.10. Variation of the dimensionless displacement thickness, ^*/c, on (a) the upper 
surface and (b) the lower surface of the NACA 0012 airfoil at 0°, 2° and 4° with surface 
distance. 

H 

a - 0 

0.0 0.2 0.4 0.6 0.8 1.0 

s/c 

(b) 

Fig. 4.11. Variation of the shape factor, / / , on (a) the upper surface and (b) the lower 
surface of the NACA 0012 airfoil at 0°, 2° and 4° with surface distance. 

laminar flows, the flow separation is independent of the Reynolds number for a 
prescribed external velocity distribution. 

Figures 4.10 and 4.11 show the variation of the dimensionless displacement 
thickness 5*/c and shape factor H with s/c, respectively, on the upper and 
lower surfaces of the airfoil, again at two Reynolds numbers. Note that H is 
independent of Re. 

4.6.2 Ellipse Flow 

The equation of an ellipse whose center is at (a, 0) can be written as 

{x-af , y^ 
+ 62 

1 (4.6.1) 
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According to inviscid flow theory, the external velocity distribution around the 
ellipse is given, for zero angle of attack, by 

Ue{s) = Uoo{l + t) cos/3 (4.6.2) 

Here s denotes the surface distance, t is the thickness ratio of the ellipse (= &/a), 
and (3 is the angle between the line tangent to the body and the positive a:-axis, 
that is 

(4.6.3) 13 = t a n - i ^ 
dx 

To demonstrate the application of BLP2 to this test case, we consider an ellipse 
of thickness ratio of 0.25 shown in Fig. 4.12 and perform laminar flow calcu­
lations at two Reynolds numbers RL[= {uoo2a/iy] equal to 10^ and 10^. The 
dimensionless surface distance s/a which is defined by integrating 

dx 

with dy/dx given by 

X\2 

a Va/ 

1/2 

It can also be calculated by using the trapezoidal rule. 

(4.6.4) 

(4.6.5) 

(4.6.6) 

(a) 

1.5 

1.0 

0.5 

0.0 
0.0 0.2 0.4 0.6 0.: 

x/2a 
1.0 

(b) 

y/2a 0.0 

-0.2 L x/2a 

Fig. 4.12. (a) Inviscid velocity distribution about (b) an ellipse of thickness ratio 0.25. 
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Fig. 4 .13. Wall shear parameter, /̂ ^̂  
variation on the ellipse with axial dis­
tance x/2a at i?2a(= 2aUoo/j^) — 10^ and 
10^ 

Here we use the latter and compute Ue{s) as a function of surface distance with 
Ax/2a increments of 0.01. 

Figure 4.13 shows the variation of the wall shear parameter / ^ [ = {cf/2)^fRx\ 
with axial distance x/2a at two Reynolds numbers, R^a — 10^ and 10^. As can 
be seen, the Reynolds number has no effect on / ^ with laminar flow separation 
occurring at x/2a — 0.85. 

4.6.3 Prolate Spheroid Flow 

BLP2 can also be used for axisymmetric flows by using the Mangier transfor­
mation discussed in Problems 3.12 and 4.37. This transformation places the 
axisymmetric boundary-layer equations in the form given by Eqs. (4.5.4) and 
(4.5.5) in terms of Falkner-Skan variables. If the deflnition of b in BLP2 is 
changed from 

6 = 1 + Z/+ (4.6.7a) 

to 
6 = ( l + t)2^(l + i/+) (4.6.7b) 

with t deflned in Eq. (P3.12.5), then BLP2 wifl allow the solutions of the 
boundary-layer equations for an axisymmetric flow provided that the input of 
the geometry is specified in terms of the Mangier variables {x^y). 

To illustrate the application of BLP2 to an axisymmetric flow, we consider a 
prolate spheroid (see Fig. 4.14) which is an ellipsoid of revolution whose length 

Fig. 4.14. Prolate spheroid at 0° incidence. 
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along its symmetry axis is greater than the diameter of its largest circular cross 
section. According to inviscid flow theory, for zero angle of attack, the external 
velocity distribution around the prolate spheroid is given by 

Ue{s) = Uj.QfAcosf3 (4.6.8) 

Here s represents the surface distance, and /? denotes the angle between the 
line tangent to the elliptic profile and the positive x-axis. The parameter A is 
a function of the thickness ratio to(= b/a) of the elliptic profile. It is given by 

A = 
(1 - tlf/' 

0~^-i/2tgin i+yr:7g)/ 1 - 0 : ^ 
(4.6.9) 

The external velocity distribution, the surface distance and body radius 
needed in BLP2 can be specified as described below. 

For clarity of notation we first write Eq. (P3.12.1) as 

ds (?)"* (4.6.10) 

since x and x in Eq. (P3.12.1) denote the surface distance of the Mangier trans­
formed body and axisymmetric body, respectively. The surface distance s which 
is defined by (ds)'^ = (dx)'^ + (dro)^ can be obtained from the equation of a pro­
late spheroid, centered at (a,0). 

by 

ds 
dx 

i±. 

ds* 

a2 ^ 6 2 

'4 + (1 - tl){2^ -

2^-e 
-a] 1/2 

(4.6.11) 

(4.6.12) 

where ^ = x/a and s* = s/a. The dimensionless body radius TQ is obtained from 
Eq. (4.6.11), 

(4.6.13) rS = ^ = io (2^-e 2U/2 

The dimensionless Mangier transformed surface distance s* = s/a, with L — a, 
follows from Eqs. (4.6.9) to (4.6.11), 

-s* = jKfds* = tl j\2^ - e^'^tl + (1 - tl){2^ - ef'^d^ (4.6.14) 

Since cos/3 — dx/ds^ 

2i-e 
cos/3 = 

tl + {l-tl){2^-e) 

1/2 

(4.6.15) 
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5*A 

0.004 

0.003 

0.002 

0.001 

0.000 
0.0 0.5 1.0 

x/a 
1.5 2.0 

(b) 

Fig. 4 .15. Variation of (a) skin friction coefficient and (b) dimensionless displacement 
thickness, ^*/a, on a prolate spheroid at 0° incidence for Ra — 10^ and Ra = 10^. 

Given the axial distance distribution ^ = x/a , the Mangier transformed surface 
distance 5* can be computed from Eq. (4.6.14) and the corresponding exter­
nal velocity is determined from Eqs. (4.6.8), (4.6.9) and (4.6.15). Calculations 
are performed here for a prolate spheroid with a thickness ratio equal to 0.25 
at two Reynolds numbers, Ra{= Uooa/u) — 10^ and Ra — 10^. The transverse 
curvature term t in Eq. (4.6.7b) is negligible for this problem and therefore was 
not included in the calculations. 

Figure 4.15 presents the calculated skin friction coefficient, c j , and dimen­
sionless displacement 5*/a thickness distributions, 

^f = 2 aro-
^f^ 

a^r^^/Rs* 
{Ve - fe) 

where 

Rs* = UeS" JV 

As expected and as in two-dimensional flows, for laminar flows, the location of 
separation is independent of Reynolds numbers occurring at xja — 1.68 in both 

cases. 
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Problems 

4 - 1 . By using the transformation 

yJvt 

express the nonsteady momentum equation 

du d^u 

in transformed coordinates. 
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4-2. A useful transformation often used in laminar boundary-layer problems is 
von Mises' transformation, which uses new independent variables (x,V^), where 
ip is the stream function. Show that with this transformation the momentum 
equation 

du du due d^u 

ox oy ax oy'^ 

subject to the boundary conditions 

y = 0 u = V — 0 

y ^ oo u ^ Ue 

can be written as 
du due d f du\ /T^. ^ .X 

subject to the new boundary conditions 

^ = . 0 1̂  = 0 

-0 -^ OO U ̂ > Ue 
(P4.2.2) 

Note that when u is determined from Eqs. (P4.2.1) and (P4.2.2), then v follows 
from the continuity equation. 

4-3 . Show that the relation between y and rj for an axisymmetric flow with 
significant transverse curvature and local surface angle (j) is 

^0 

cose 

L 2 cos 6 f L\^ [ux 

V L \roJ \J Ue 

4-4. For a two-dimensional similar laminar flow, what is the value of m for 
which the wall shear r^ is proportional to x7 

4-5. For a two-dimensional stagnation point laminar flow with mass transfer, 
find the variation of wall mass transfer velocity v^ with x required for similarity. 

4-6. Derive Eq. (4.2.5). 

4-7. Show that for similar flows by differentiating 

V ^e 

we get 
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Here R^* = Ue6*/u. 

4-8. Water at 20 °C flows at a velocity of 3 ms~^ past a flat plate. Plot the 
velocity profiles, u/ue versus y^ at stations 0.5, 1, and 2 m from the leading 
edge. Also plot the variation of the local skin-friction coeflricient over the first 
2 m of the plate and determine the average skin-friction drag. 

4-9. Air at 25 °C and 1 atm pressure fiows normal to a 1 cm diameter circular 
cylinder at a velocity of 10 ms~^. According to the inviscid flow theory, the 
external velocity Ue along the surface of a circular cylinder is given by 

Ue = 21x00 sin ^ (P4.9.1) 

where UQO is the freestream velocity and ^(= x/ro) is measured from the stag­
nation point. 

In the vicinity of the stagnation point, the external velocity can be obtained 
by expanding Eq. (P4.9.1) by Taylor series and approximating it close to the 
stagnation point, 

ZU(y^X 
Ue = 

Calculate the displacement thickness of the boundary-layer at and near the 
stagnation point. Calculate also the momentum thickness and the wall shear 
stress. Discuss the significance of the results. 

4-10. Using the definition of 6^ and Eq. (4.2.19), show that for the sink fiow 

61 = 3\/2 - 2\/3 

^1 = ^ - 3 ^ 2 

4 -11 . Consider a laminar fiow past a fiat plate with uniform suction. The bound­
ary conditions follow from Eq. (3.4.1) and can be written as 

2/ = 0, u = 0^ V = Vw = const. (P4.11.1a) 

y = 6, u = Ue = Uoo (P4.11.1b) 

At a certain distance from the leading edge, the boundary-layer thickness 6, 
which in general is a function of x, becomes constant and stays constant with 
increasing x. As a result, the streamwise velocity component u varies only with 
7/, that is, du/dx = 0. The momentum equation becomes an ordinary differential 
equation and can be written as 

du (fu . ^ . _ _. 
Vw-r = ^ T ^ (P4.11.2) 

dy dy^ 
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since from the continuity equation v{x^ y) — v^ 

(a) Show that the solution of Eq. (P4.11.2) is 

const. 

l - e x p ( — j 

This velocity profile is known as the asymptotic suction profile, 

(b) Using Eq. (P4.11.3), show that 

(P4.11.3) 

(P4.11.4) 

4-12. Consider a laminar flow on a flat plate with uniform suction, and de­
fine the suction drag as the loss of momentum due to mass removed from the 
boundary-layer. Let the total mass flow rate m removed be 

m = p I Vujdx (P4.12.1) m = p 
Jo 

and assume that there is a streamline AB (Fig. P4.1) which separates the mass 
removed from the rest of the flow. If A denotes the location of the streamline 
far upstream at a distance h from the surface, then 

rh — phuc (P4.12.2) 

T1=0 

STREAMLINE 

Fig. P4 .1 . Flat-plate flow 
with uniform suction and a 
streamline at a distance h 
away from the surface. 

Assuming that the mass removed occurs normal to the plate, the loss in 
x-momentum is 

pul^h 

show that if D denotes the force acting on the plate, the suction drag coefficient 

Cd, is 

Ca, = JTA^ = 2 n ^ ) ^ = 2C, (P4.12.3) 
' {^)pul^L Jo \UocJ L 

where Cq is the dimensionless suction volume coefficient 

C = ^ = (-̂ ^ )̂ (P4.12.4) 
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Here AQ is the surface area sucked and Q is the rate of volume flow sucked. 

4-13. The boundary-layer equations for a two-dimensional laminar jet coming 
out from a slot mixing with the surrounding fluid at rest are 

P + ~=0 (P4.13.1) 
OX oy 

du du Idr /T^ . i o o\ 
^ — + ^ — = - — (P4.13.2) 

ox oy p oy 
They are subject to the boundary conditions 

Oil 
y = 0 u = 0 — = 0 ; ^ ^ 0 0 ^ - 0 (P4.13.3) 

oy 

Here r is given by Eq. (4.3.3) with d/dr = d/dy. As in the circular jet, the total 
momentum J in the x-direction is constant: 

/

oo 
u'^dy = const. (P4.13.4) 

-co 

J = p u dy — const. 
J—oo 

To find the similarity solution for the system of Eqs. (P4.13.1)-(P4.13.4), assume 

u{x,y) 
Uc{x) 

f'iv), i^ix, y) = Uc{x)8{x)f{ri) 

and carry out a procedure similar to the laminar circular jet case. Show that 
for similarity we must have 

6"^ duc 
;— = const. = ci 

V dx 

Take ci = — 1 and show that 

Uc = M2/3(3iyx)-i/^ 

/(7?) = V 2 t a n h ( ^ ) 

/'(7?) = s e c h 2 ( - | 



Problems 85 

4-14. With the restriction that the velocity defect in the wake is small, the 
momentum equation for an axisymmetric wake can be written as 

1 r is 

r — 

boundary conditions are 

dy 

dui 

= 0; 

-n^—^^—-{TT) (P4.14.1) 
ox rp or 

pu'v' (P4.14.2) 

^ ^ oo ^ 1 = 0 (P4.14.3) 

The drag of the body subject to Eq. (4.3.23) is 

roo 

F = 2T^PUOO I uirdr = const. (P4.14.4) 
Jo 

To find the similarity solution for the system of Eqs. (P4.14.1.)-(P4.14.4), carry 
out a procedure similar to the two-dimensional laminar wake. For example, use 
Eqs. (4.3.30) and (4.3.32) and the definition of r/ given by Eq. (4.3.7) and express 
Eq. (P4.14.1) in terms of similarity variables / (negative again) and rj. Show 
that for similarity we must have 

Uoo duc 6'^ ^ UooS d6 (T^A^A ^\ 
; = const., — = const. = c\ (r4.14.5) 

Uc dx V V dx 
Assume that c\ — \ and integrate the second relation in Eq. (P4.14.5) and show 
that 

Uc = Ax-^ (P4.14.6) 

where A is constant. Show that the constant in the first expression in Eq. 
(P4.14.5) is —2. This together with ci = 1 allows the momentum equation ex­
pressed in similarity variables to be written as 

(^/')' + (^V)' = 0 (P4.14.7) 

SO that its solution is the same as the velocity profile for a two-dimensional 
wake, and 

F e-^'/2 
u ^ u ^ - - - (P4.14.8) 

p ^TKVX 

4-15. For laminar mixing of two streams of nearly equal velocity {u\—U2 <^ ^^i), 
linearize the momentum equation. Discuss the solution, the velocity profile, the 
relation of the free shear layer to the external flow, and the shear stress on the 
dividing streamline. Compare it with Lock's solutions for the cases 1^2/'̂ ! = 0 
and U2lu\ — 0.501. 
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0.1 mm 

f 

CONTROL JET 

II 
EXHAUST 

_J 1 

MAIN 
^ J E T 

k — 1 cm 
1 

> 

PRESSURE 
TAPPING 

Fig. P4.2 . Schematic diagram of a turbu­
lence amplifier. 

4-16. A fluidic device called a turbulence amplifier consists of a 0.1 mm diameter 
jet orifice, fed by a long pipe of the same diameter, in one wall of a chamber, 
with a pressure tapping on the opposite wall, 1 cm away and on the jet axis. 
1.5 X 10~^ kgs~-^ of air is supplied through the pipe. Calculate the difference 
between the pressure in the chamber (assume atmospheric pressure) and at the 
pressure tapping. 

4-17. (a) Assume that the velocity profile for a laminar flow on a flat plate can 
be approximated by a second-order polynomial given by 

u = a^by -\- cy^ 

Use the momentum integral equation to obtain expressions for the dependence of 
local boundary-layer thickness and skin-friction coefficient on the local Reynolds 
number. Compare the results with exact solutions. 

(b) Repeat (a) for the velocity profile approximated by 

u = b sin ay 

4-18. Repeat Problem 4-17 for a velocity profile approximated by 

u 
Ue 

and find the coefficients for a constant-pressure boundary-layer. Show that the 
value of H is 2.69 compared with the "exact" value of 2.59. Sketch a typical 
profile in an adverse pressure gradient. What is the sign of c? 

4-19. Assume that the velocity profile for a laminar flow on a flat plate can be 
approximated by 

u = a-^by (P4.19.1) 

(a) Using this profile and the continuity equation (3.1.2), show that for the 
general case of suction and blowing the normal velocity component v can be 
written as 



Problems 87 

V = Vuj-\- [U, 
d8_ 

dx 

.dUe 

^~dx I 2 \6 - f - V 
2 \8) 

(P4.19.2) 

(b) Using Eqs. (P4.19.1) and (P4.19.2) and the momentum equation (3.1.8) 
subject to the boundary condition du/dy = 0 at y = 6^ show that for the general 
case of suction and blowing 

/ n2 dUe 
vu — 0 Up dx 

+ VyjUe8 

dx) [24 \d) 6 \6) 

1 (y-\^ - y 
2 \6J 6 

-6^u, 
dUe 

dx (ir-© 
(P4.19.3) 

(c) Using the boundary condition that u — Ue^i y — 5, show that Eq. (P4.19.3) 
can be written 

ulS-- = -36^Ue— + SiyUe + ^Vu;Ue6 ( P 4 . 1 9 . 4 ) 
dx dx 

(d) Substituting Eq. (P4.19.4) into Eq. (P4.19.3), show that we get an iterated 
expression for the x-component of the velocity profile, 

u 
Ue ( ! ) - ( ! ) ' 

/ 6^ dUe 

\ u dx 
1^ _ 1 (lY ^l (yy 

(P4.19.5) 
which is like that of Pohlhausen for v.„ — 0. 

(e) Show that after substituting Eq. (P4.19.4) into Eq. (P4.19.2), the variation 
of normal velocity v across the boundary-layer is given by 

^6 , / ? / \ 2 J?' due (y\^ Vyjb '^0 , fy\^ ^0 dUe fV\^ VwO \^ ^ fy\ 
(P4.19.6) 

4-20. Using the definition of momentum thickness and the results given in Table 
4.1, show that for a two-dimensional stagnation point flow a more accurate 
expression for Eq. (4.4.18) is 

RL 
0.085 

\ dx )o 

4-21 . Show that {6^/Tyj)dp/dx represents the ratio of net pressure force to wall 
shear force acting on a two-dimensional boundary-layer. Is it uniquely related 
to the pressure gradient parameter {O'^/u)due/dx used in Thwaites' method? 

4-22. Calculate the nondimensional displacement thickness, momentum thick­
ness, and skin-friction coefficient on a semi-infinite circular cone whose half 
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angle is 120°. Note that this flow is "inside" the cone and away for the apex. 
The external velocity varies as 

Ue ~ S 
2.2 

4-23. The coordinates of the symmetrical NACA 0012 airfoil shown below (see 
also Table 5.1) and its external-velocity distribution (in potential flow) for zero 
angle of attack are given below. Compute the laminar boundary-layer devel­
opment for a chord Reynolds number of Re = UOQCJV = 6 X 10^ in the region 
0 < x /c < 0.20. Find 

(a) Displacement thickness distribution. 
(b) Local skin-friction distribution. 

x,%c 

0 
0.5 
1.25 
2.5 
5.0 
7.5 

10 
15 
20 

2/,%c 

0 
-
1.894 
2.615 
3.555 
4.200 
4.683 
5.345 
5.737 

oo 

0 
0.800 
1.005 
1.114 
1.174 
L184 
1.188 
1.188 
1.183 

x,%c 

25 
30 
40 
50 
60 
70 
80 
90 
95 

100 

y.%c 

5.941 
6.002 
5.803 
5.294 
4.563 
3.664 
2.623 
1.448 
0.807 
0.126 

Ue/Uoo 

1.174 
1.162 
1.135 
1.108 
1.080 
1.053 
1.022 
0.978 
0.952 
0.915 

4-24. Consider a semi-infinite ogival body of revolution as shown in the sketch. 
The equation of the nose is {t = b/a)\ 

The inviscid-velocity distribution for this region is given in tabular values. The 
velocity distribution in the region very close to the nose can be approximated 

by 

x/a Ue/uo x/a Ue/uo 

0 
0.05 
0.1 
0.2 
0.3 
0.4 

0 
0.485 
0.623 
0.802 
0.930 
1.025 

0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

1.090 
1.140 
1.168 
1.183 
1.177 
1.130 
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Ue . . / 5 \ 1/3 
= 1.1135 ( - ) for 0<s/a< 0.05 

where s is the surface distance. 
For Uoo — 50 ms~^, u = 1.5 x 10~^ m^s~^, a = 1 m, and b = 0.2 m, calculate 
the displacement thickness, momentum thickness, and the local skin-friction 
coefficient at x/a = 0.75. 

4-25. Using Thwaites' method, calculate the laminar boundary-layer param­
eters c j , 9/L, and H for the following external velocity distributions for 
0<x< 0.2. 

(a) Ue ̂ Uoo[l- - j 

(b) Ue =Uoc[l-\- j) 

with Uoo = 10 ms ^, L = 1 m. The fluid is air at a temperature of T = 300 K 
and a pressure p = 10^ Nm-2. Plot and compare the results. 

4-26. Consider a laminar boundary-layer subject to the external velocity distri­
bution given by Eq. (4.2.10). Using Thwaites' method show that the boundary-
layer characteristics can be expressed in the form 

Re Rs* rw-

where ci, C2, and C3 are constants which depend on m. Compare the results 
with the exact solutions of the Falkner-Skan equation. 

4-27. Show that Thwaites' method satisfies the rules of dependency of a laminar 
boundary-layer as a function of Reynolds number. In other words, show that 
for a given external velocity distribution with u^o and L denoting reference 
quantities 

Uoo ^L) 

the boundary-layer characteristics obey the following rules 

UQL 
.rVWL^F,Q. R,-'^ 

where Fi , F2 and F3 are functions which depend on the external velocity dis­
tribution. 

4-28. Consider laminar boundary-layer flow on a flat plate. If for a given ex­
ternal velocity Ue-, the displacement thickness ^* at distance x from the leading 
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edge is 2 mm, what is the value of 6* at the same distance x from the leading 
edge if the external velocity is 22ie? 

4-29. Using Thwaites' method compute the boundary-layer development of a 
laminar flow over a circular cylinder of radius TQ placed normal to the freestream 
velocity î oo- Take the inviscid velocity distribution given by Eq. (P4.9.1). Plot 
Tw/pu^{uoQr()/iyy/'^ as a function of ^. Identify the location of flow separation. 

4-30. Calculate the drag and drag coeflScient of a flat plate for laminar flow 
for air. Take T = 300 K, p = 10^ N m - ^ Uoc = 10 m s - \ L = 3 m, width of the 
plate = 1 m. 

4 -31 . An integral method can also be developed for both two-dimensional and 
axisymmetric flows by using the integral form of the momentum and continuity 
equations, 

- ( * - * • )+ ( * - . 

(3.3.15) 

dS Ve 

dx Ue 

together with the following closure relationships deduced from the solutions of 
the Falkner-Skan equation 

where the functions Fi{H)^ F2{H) are 

H 

2.07979 
2.08950 
2.15541 
2.21623 
2.29694 
2.36781 
2.59110 
2.65639 

Fi 

0.42876 
0.42350 
0.38938 
0.36034 
0.32494 
0.29649 
0.22052 
0.20168 

F2 

0.00687 
0.01327 
0.05327 
0.08547 
0.12269 
0.15110 
0.22052 
0.23623 

H 

2.74409 
2.87177 
3.09067 
4.02923 
6.75200 
10.05630 
16.46750 
35.94357 

Fi 

0.17841 
0.14828 
0.10535 
0 

-0.06561 
-0.06253 
-0.04400 
-0.01955 

F2 

0.25470 
0.27697 
0.30492 
0.34274 
0.27300 
0.19135 
0.11071 
0.04092 

(a) Examine the solutions of the above integral method for flow near the leading 
edge of a flat plate. Calculate H and the development of 6, (5* and r^j and 
compare them with the Blasius solutions. 
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(b) Repeat (a) for flow over the stagnation region of a two-dimensional body 
{ue = Cx) and compare the calculated boundary layer parameters with those 
given by the Hiemenz solutions. 

(c) Repeat (b) this time for flow near the stagnation region of an axisymmetric 
body {ue = Cx^ ro = x). 

4-32. The idealized flow discussed in Problem 4.11 does not exist close to the 
leading edge of the plate, even though uniform suction starts at the leading 
edge. After a certain distance, x downstream, however, the asymptotic suction 
will materialize. 

The distance x from the leading edge necessary to have the asymptotic-
suction flow has been determined by Iglisch [12] to be 

1 

^(}^^Y ^2 (P4.32.1) 

(a) With appropriate changes use BLP2 and examine the way in which the 
boundary-layer solutions approach the asymptotic values of 

H = 2, _ ^ = _ ^ (P4.32.2) 

(b) Compare the calculated wall-shear parameter / ^ with those given by Iglisch 
for the region before the asymptotic suction profile is reached at the x-stations 
shown in Table P4.1. 

Table P4 .1 . Wall-shear parameter /̂ ^ for 
a laminar flat-plate with uniform suction. 

Iglisch 

0 0.332 
0.020 0.422 
0.080 0.519 
0.180 0.622 
0.405 0.787 
0.720 0.963 
1.280 1.208 

Hint: Since the boundary-layer equations are being solved in the transformed 
plane (x,//), from Eq. (4.5.5a) 

/^(a.) = - ^ ( ! ^ ) ^ (P4.32.3) 
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From Eqs. (P4.32.1) and (P4.32.3), we see that when f^ = 2, we have the asymp­
totic suction profile according to Iglisch's expression (P4.32.1). 

Figure P4.3 shows the computed values of H for a flat plate with uniform 
suction and Table P4.2 shows the computed / ^ values at the desired x-stations. 

Table P4.2 . Computed f!^ values for a 
laminar flat plate with uniform suction. 

X f" 
J w 

0 
0.020 
0.080 
0.180 
0.405 
0.720 
1.280 

0.332 
0.419 
0.523 
0.626 
0.790 
0.963 
1.208 

4-33. Repeat Problem 4.29 with BLP2. Take h = 0.2 with 2,4,6,8 degree in­
tervals in ^. Plot Tw/pu^{uooro/lyy^"^ as a function of ^. 

4-34. As discussed in subsection 4.2.3, for positive values of m, the Falkner-Skan 
equation has unique solutions but more than one solution exists for each negative 
value of m in the range -0.0904 < m < 0. These "lower-branch" solutions all 
have the property that /'^(O) < 0 so that the wall shear r̂ ,; < 0 is less than zero 
and correspond to flows in a two-dimensional laminar boundary layer beyond 
separation. Table P4.3 shows solutions obtained by Cebeci and Keller [13] for 
various values of m. 

The range of negative wall shear parameter f\0) is shown in Fig. P4.4 with 
a typical velocity profile corresponding to m = —0.0707 in Fig. P4.5 together 
with the Blasius velocity profile, m = 0. 

2.6 

H 2.2 

1.8 

ASYMPTOTIC 
VALUE 

, \ 

0 1 2 3 4 5 6 

Fig. P4 .3 . Computed values of H for a flat-plate flow with uniform suction. 
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0 -0 .02 -0 .04 -0 .06 -0 .08 -0 .10 

f'(0) 

Fig. P4 .4 . Variation of the wall shear pa­
rameter f"{0) with the pressure gradient 
parameter m. 

Use the shooting method given in the accompanying CD-ROM, Program 1, 
to verify the lower-branch solutions of Table P4.3 for a value of m = —0.07068 
by solving the Falkner-Skan equation subject to the boundary conditions 

V = 0, f = f = 0, r ( 0 ) = -0 .08998 ; v = rje. / = l (P4.34.1) 

Suggestion: Formulate the solution procedure as a nonlinear eigenvalue problem 
with the nondimensional pressure gradient m as the unknown parameter. The 
value of f'\0) or v{0) is specified and the appropriate value of m which satisfies 
Eq. (1.4), that is, 

u{rje, m) - 1 = (/)(m) = 0 (P4.34.2) 

is obtained as an eigenvalue. The successive values of m^~^̂  is computed by 
using Newton's method. 

m 
ly+l ^'~J^=^'-'-^^¥^^ . = 0,1,2,... (P4.34.3) dcpymy) / dm dm 

du{rie^my)/dm. is computed from the variational equations of Eqs. (1.1) and 
(1.2) obtained by differentiating them with respect to m. As in the equations 

Table P 4 . 3 . Lower-Branch Solutions of the Falkner-Skan Equation 

m 

-0.09043 
-0.08940 
-0.08271 
-0.07068 
-0.03828 
-0.02427 
-0.01975 
-0.01224 
-0.00791 
-0.00456 

r(o) 
0 

-0.02699 
-0.06569 
-0.08998 
-0.09153 
-0.07544 
-0.06791 
-0.05201 
-0.04000 
-0.02822 

^1 

3.49781 
3.83387 
4.54159 
6.42049 
7.92042 
9.59482 
10.3584 
12.1950 
14.0049 
16.5592 

Oi 

0.86811 
0.86293 
0.82449 
0.74410 
0.47814 
0.33956 
0.29044 
0.20202 
0.14510 
0.09591 

H 

4.029 
4.443 
6.508 
7.728 
16.565 
28.257 
36.664 
60.365 
96.519 
172.653 
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12 

10 

8 

n 

6 

4 

2 / 

1 > 

h 

^ m = -0.0707 ^ ^ ^ 

m-0 ^ , y ^ 

Jl 1 1 1 1 

•0.2 0.2 0.4 0.6 0.8 1.0 
Fig. P 4 . 5 . Comparison of the reverse 
velocity profile for m = —0.0707 with 
the Blasius profile. 

leading to Eqs. (4A.6) and (4A.7), the first two equations and boundary condi­
tions are identical to Eqs. (4A.6a,b) and (4A.7) but Eq. (4A.6c) is different, 

V' = -]-fv - - ^ ^ ^ ^ ( / l / + ^F) + 7/2 - 1 + 2muU 

where now F , [/, V are 

dm' dm' 
V ^ 

dv 

dm 

(P4.34.4) 

(P4.34.5) 

4-35. The transformed boundary-layer equation (4.5.4) is a partial differen­
tial equation, which with some approximations, can be reduced to a system of 
ordinary differential equations. If we let 

df , , df 

and consider a laminar flow with no mass transfer, then Eqs. (4.5.4) and (4.5.5) 
can be written as 

/'" + ^ff" + m[l - if')'] = x{fg' - f"g) 

r? = 0, / = / ' = 0, r? = %, / ' = 1 

(P4.35.1) 

(P4.35.2) 

Show that if we differentiate (P4.35.1) and (P4.35.2) with respect to x, and 
neglect the terms d/dx{f'g' - f'g), then Eqs. (P4.35.1) and (P4.35.2) can be 
written as 
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/ ' + n 

Here 

^r+i - ( / ) ' +-
m + l 

{f9"^9n-{^rn+l)f9'+f"g = 0 (P4.35.3) 

ry = 0, g^ g' = {)^ ^ = ^e, ^ ' = 0 

dm 
n — dx 

(P4.35.4) 

(P4.35.5) 

The system of equations (P4.35.1)-(P4.35.5), sometimes referred to as the local 
nonsimilarity equations^ was first proposed by Sparrow et al. [9]. Although their 
solutions are not as accurate as Eq. (4.5.4), they are quite useful, since they 
avoid the solution of a partial differential equation and, for flows away from 
separation, give satisfactory results. 

4-36. Using the shooting method discussed in the accompanying CD-ROM, 
Program 1, obtain the solutions of the system of equations given in Problem 
4.35 for an external-velocity distribution 

in the region 0 < x < 0.3. Compare your solutions with these obtained with 
BLP2D. 

4-37. Using the Mangier transformation given by Eqs. (P3.12.1) and (P3.12.2) 
and the Falkner-Skan transformation given by 

y 

ip{x,y) = {ueiyx)2f(x,rj) 

(P4.37.1) 

(P4.37.2) 

show that the boundary-layer equations for an axisymmetric flow and their 
boundary conditions can be written as 

{bfy + ^ / r + m [ i - im = -X ( /§^ - r g ) (P4.37.3) 

^ = 0, / = 0, /(x,0) = /, 1 r _ 
>yx) Jo 

dx ^ 

yjCLX 

where 

'=('+""" " • = ^ ^ ' \2k 

-1 + 
Vro/ L \UeJ 

(P4.37.4a) 

(P4.37.4b) 

(P4.37.5a) 

(P4.37.5b) 



96 4. Two-Dimensional Incompressible Laminar Flows 

Hint: Start with Eqs. (P3.12.4) to (P3.12.6). 

4-38. Using BLP2, obtain solutions of the following equations 

/ ' " + 2 / r - ( / ' ) ' + ( 5 ' ) ' = 0 (P4.38.1) 

g'" + 2fg" - 2 / V = 0 (P4.38.2) 

subject to the boundary conditions 

/(O) = / ( O ) = ^(0) = 0, ^'(0) = 1, /(rye) = 0, g\ve) = 0 (P4.38.3) 

Take rje = 8, /ii = 0.2, and K = 1.0. 

It would be ideal to solve this system by expressing it as a system of six 
first-order equations and then solving it by an algorithm similar to S0LV3. 
However, that procedure will require a new algorithm; at the expense of a less 
efficient code it is best and sufficient to solve the required system by making use 
of our already existing S0LV3 algorithm and solve Eqs. (P4.38.1) and (P4.38.2) 
separately rather than together. 

Hint: (a) Write Eq. (P4.38.1) in terms of new variables u{= / ' ) , v{= u'), and 
w{= g') and Eq. (P4.38.2) in terms of t{= w'). 

(b) Show that {si)j to {SQ)J and {r2)j coefficients of Eq. (P4.38.1) are 

{S4)j = Vj_i, (S5)j = -Uj, {S^)j = -Uj-i, 

{r2h = - ( ^ ' ) , - i - [f'j'i^J - ^J-i) + 2 ( H - i - ( « ' ) , - i ] (P4-38.5) 

(c) Since the Hnearized boundary conditions for Eq. (P4.38.1) are the same as 
those given by Eq. (4.5.22) no changes are required in S0LV3. 

(d) Show that {ri)j to (r3)j and {si)j to {SQ)J coefficients of Eq. (P4.38.2) can 
be written in the form 

(^i)i =" 9j-i - 9j + hjWj_i (P4.38.6a) 

ir2)j = -[hj\tj - tj-i) + 2/^_ 11^_ 1 - 2u^_,_w._^] (P4.38.6b) 

{Xz)j = yoj-i - Wj + hjt-i (P4.38.6c) 

(^3)j == {SA)J = 0, (55)^ = {SQ)J == -U-l 

with Eq. (4.5.19c) now expressed as 
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{si)j6tj + {S2)j6tt-i + {s3)jSgj + {s4)jSgj-i ^^ 

+ {s3)j6wj + (56)j5i(;j_i = (r2)j 

(e) The initial profiles for the system of Eqs. (P4.38.1) and (P4.38.2) can be 
satisfied by assuming u{r)) and w{ri) to be 

U=IL(I-IL)^ W = 1-^ (P4.38.9) 
^e V VeJ Ve 

(f) For this problem, it is necessary to alter five subroutines in BLP2. In sub­
routine IVPL, use the new initial velocity profiles [Eq. (P4.38.9)] that satisfy 
the boundary conditions given by Eqs. (P4.38.3). Subroutine C0EF3 contains 
the coefficients of the two momentum equations and their boundary conditions. 
Programming changes are made to MAIN, S0LV3 and OUTPUT. 

4-39. Using BLP2, obtain the solutions of equation 

f ' - l^jff" - 36{r]f - / ) = -1.8330 (P4.39.1) 

subject to the boundary conditions 

/(O) = / (O) = 0, five) - 1.0 (P4.39.2) 

Take rje = 8, hi = 0.2 and K = 1.0. 

Hint: To solve this system, use a new MAIN, C0EF3 , and S0LV3. Since Eq. 
(P4.39.1) is a linear equation, the IVPL subroutine is not needed. 

(a) Write Eq. (P4.39.1) in terms of new variables u{= f) and v{= u'). 

(b) Show that {si)j to {SQ)J and {r2)j coefficients of Eq. (P4.39.1) are 

(P4.39.3) 

(c) To account for the different edge boundary conditions, it is necessary to 
modify S0LV3. This can be done by making changes in the last row of the Aj 
matrix [see Eq. (4.5.26b)]. The new Aj is 

/ 1 -hjl2 0 
AJ = {ss)j {s,)j (si)J I (P4.39.4) 

\ 0 0 1 

From Eq. (4.5.27c), for j — J , we write A j as 

llj J 2 

{S3)j = {S4)j = 18, 

{r2)j = -1.833 

{S2)j = - 7 - - 9 7 / J _ i , 
flj J 2 

{s^)j = {S6)j = -18ry^_i, 
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( {an)J a i 2 ) j Q;i3)j\ 
(a2 i ) j a22)j a23)j (P4.39.5) 

0 0 1 / 
Here the first two rows of A j are the same as before. From Eq. (4.5.29a), 
remembering the definition of 6j^ 

/ ( a n ) J ai2) J a is ) j \ ( fj\ ( ( ^ i )^ \ 
{oL2i)j OL22)j a2s)j M^^ =" (^2) j (P4.39.6) 

V 0 0 1 / \vjj \{w^)jj 

Here (if;i) j and {w2)j are the same as before, but {ws)j = (ra) j with {rs)j = 1-
Solving Eq. (P4.39.6), we get 

^J = {m)j 

e2{otii)j - ei{a2i)j 
uj 

(<^ll)j(<^22)j - {cxi2)j{a2l)j 

ei - {ai2)juj 
9J = / X 

ei = {wi)j - {ai3)jvj 

e2 = {w2)j - {(^23)jvj 

(d) In summary, we redefine the coefficients {sk)j^ (^2)^ and {rs)j in subroutine 
C 0 E F 3 and replace the formulas for the components of 6j with the new ones 
to account for the new boundary conditions at rj = rje in subroutine S0LV3. 
Since we are solving a linear equation, no iteration is required; the solutions in 
S0LV3 obtained as DELF(J), DELU(J), and DELV(J) are F(J,2), U(J,2), and 
V(J,2). 

4-40. The inviscid-velocity distribution of flow past a sphere of radius L is given 

by 
3 

Ue = -Uoosin^ (P4.40.1) 

where ^ = x/L. The local cross-sectional radius of the body, ro, is 

ro = Ls ine (P4.40.2) 

(a) Show that for this axisymmetric flow, the x-coordinate and the m-distribu-
tion can be obtained from Eqs. (P3.12.1) and (P4.37.5a). 

e 1 . . A K / 2 - ( | ) s i n 2 $ ] c o s $ 
- - - s i n 2 n , m = ^7-^— 
2 4 / sin^^ 

:£ = L i_±s in24 , ^ ^ l ^ ^ ^ ^ ± q t i ^ s j : : : ^ ^P4403^ 
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60 80 100 120 
^ , Fig. P4 .6 . Dimensionless wall shear distribu-
^' ^ tion for a laminar flow past a sphere. 

(b) At a: = 0 the flow starts as a stagnation-point flow for which the value of m 
is given by Eq. (P4.40.3b). Show that m — 1/3 at the stagnation point. 

(c) Modify BLP2 for this flow and compare your results with those given in Fig. 
P4.6. Show that flow separation occurs at 107.5°. 

4 -41 . When the radius of a body is of the same order of magnitude as the thick­
ness of the boundary-layer, the transverse-curvature effect, which is of second 
order, becomes quite important and strongly affects the skin friction and heat 
transfer. A typical example is axial flow past long circular cylinders. 

The transverse-curvature effect on slender circular cylinders has been studied 
by a number of people. According to Seban and Bond [15] and Kelly [16] the 
local skin-friction coefficient on slender circular cylinders for large R values are 
given by 

C,« i ' . = „ , e 4 ( , , l ^ - ^ ) (P4.4.1) 

where i2 is a transverse-curvature parameter, 

R=^r-^Y (P4.41.2) 
4 V X / 

The same problem was also studied by Stewartson [17] analytically for values 
of R approaching 0. His expression is given by 

where ln(l/ci?) = — Ini? — 0.577 (c is Euler's constant). 
Numerical solutions of this problem were also obtained by using the numer­

ical method described in Sec. 4.5 [18]. The calculations were performed for R 
from zero to inflnity. The numerical calculations for this flow differ from the 
usual laminar boundary-layer calculations in the sense that although for most 
laminar flows the transformed boundary-layer thickness is almost constant (i.e.. 
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7 

100.0 

10.0 
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0.1 
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R 
10 

Fig. P4.7. Local skin friction co­
efficient for laminar flows over slen­
der circular cylinders. Circles indi­
cate data from Eq. (P4.41.3). Trian­
gles indicate data from Eq. (P4.41.1). 
Solid line denotes numerical solutions 
of [18]. 

77e = 8), for this flow rje is a function of R. For example, R = 10~^, rje = 100. 
Furthermore, the wall-shear parameter / ^ becomes large with decreasing R. In 
such cases the laminar-velocity profiles look somewhat like turbulent-velocity 
profiles. In order to maintain computational accuracy it is necessary to take 
very small A77-spacing close to the wall. For that reason, the calculations in [18] 
were made with the variable grid described in Program 3. 

(a) Modify BLP2 for this flow and using a variable grid, obtain solutions for 
values of R ranging from 0.001 to 500, compare them with those given by Eqs. 
(P4.41.1) and (P4.41.3), see Fig. P4.7. 

(b) What is the range of values of R for which Eqs. (P4.41.1) and (P4.41.3) are 
valid for? 

4-42. Solve Problem 4.33 by replacing S0LV3 with the matrix solver in the 
CD-ROM (Appendix B), Program 5. Take h = 0.2 and compare your solutions 
with those obtained with the S0LV3 algorithm. 

(1) Read in 

DIMENSION DUMM(3),BB(2,3),YY(3.81),NR0W(3,81),GAMJ(2,3,81). 

AA(3,3,81),CC(2,3,81) 

DATA IR0W,IC0L,ISR0W,INP/3,3,3,81 

Here IROW, ICOL correspond to number of maximum rows and columns re­
spectively. ISROW denotes the number of "wall" boundary conditions and INP 
the total number of j-points in the ry-direction, and 

BB = B J' Y Y w J' GAMJ = r , , AA J' ^ j ' cc - c. 
The first and second numbers in the arguments of AA, BE, CC and GAMJ 
correspond to the number of nonzero rows and columns in Aj (or Aj), Bj^ Cj 
and Tj matrices, respectively (see subsection 4.5.2, for example). Note that Bj 
and Tj have the same structure and the last row of Bj and the-first two rows 
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of Cj are all zero. The number 81 in YY, NROW, GAMJ, AA and CC refer to 
INR 

(2) Set the elements of all matrices Aj^ Bj^ Cj (and Aj) equal to zero. 

(3) Define the matrices AQ and Co by reading in their elements. Note only those 
nonzero elements in the matrices are read in since in (2) we set all the elements 
equal to zero. 

(4) Call subroutine GAUSS. 

(5) Read in the elements of Bj and call subroutine GAMSV to compute Fi . 

(6) Define Aj according to Eq. (4.5.26a), call GAUSS and read in the elements 

(7) Recall the elements of Bj and call GAMSV to compute r2 . 

(8) Repeat (6) and (7) for j < J. 

(9) At j — J , read in the last row of Aj which is also equal to the last row of 
A J . 

(10) Compute WQ according to Eq. (4.5.28a). Here fo — RRR(1,81). 

(11) Define the right-hand side of Eq. (4.5.28b) and compute Wj according to 
Eq. (4.5.28b). 

(12) In the backward sweep, with 6j corresponding to UM(I,J), compute Sj 
according to Eq. (4.5.29a) by calling USOLV at INR 

(13) Define the right-hand side of Eq. (4.5.29b) and solve for 8j by calling 
USOLV for j - J - 1, J - 2 , . . . , 0. 

4-43. Equations (3.1.10) and (3.1.11) are based on the assumption that the 
pressure is constant across the shear layer and stress gradients parallel to the 
surface are negligible in comparison with those normal to the surface. This as­
sumption, which corresponds to first-order boundary-layer theory has its valid­
ity decreased with increasing longitudinal curvature so that, when the curvature 
effect becomes important, it is necessary to use higher-order boundary-layer 
theory. Unfortunately, the main body of mathematical work on higher-order 
boundary-layer theory has been done in laminar flows because the relation be­
tween the velocity field and the turbulent stresses remain largely unknown. For 
a discussion of "second-order" boundary-layer equations for two-dimensional 
laminar flows, the reader is referred to [19,20], for three-dimensional laminar 
flows to Patel [21], and for the basis of the so-called fairly thin-shear-layer ap­
proximation in turbulent flow to Bradshaw [22]. 
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The second-order boundary-layer equations for two dimensional laminar 
flows with longitudinal curvature are: 

du 9 , , , 

u du du tv 1 dp 

hi ox oy hi hip ox dy'^ hi dy h\ 

nu^ 1 dp 

hi pdy 

where the metric coefficient hi is given by 

hi = l + ny 

(P4.43.1) 

(P4.43.2) 

(P4.43.3) 

(P4.43.4) 

with K denoting the body curvature. With longitudinal curvature the external 
velocity on the body predicted by inviscid flow theory varies normal to the 
surface. If we let Ue{x) denote the edge velocity, which according to flrst-order 
boundary layer is Uyj{x), then the boundary conditions for the velocity fleld 
become 

iy r= 0, ii = 0, v = Vu^{x) (P4.43.5a) 

y oo, u^Ue{x,y) (P4.43.5b) 

We assume the variation of the inviscid velocity Ue{x^y) away from the wall 
where its value is u^^ is of the form 

Ue{x,y) = 
UoniX 

hi 

The wall curvature n is calculated from 

ds 

(P4.43.6) 

(P4.43.7a) 

Here s denotes the arc length along the surface and 9 is obtained from the slope 
of the surface in the plane normal to the leading edge, 

, -1 dy 
— tan -— 

dx 

(P4.43.7b) 

Here bars denote the Cartesian coordinate that defines the surface. As in the 
solution of the first-order boundary-layer equations, again for convenience, it is 
useful to express Eqs. (P4.43.1) to (P4.43.3) in terms of Falkner-Skan variables 

V i^x 

with stream function now defined by 

(P4.43.8a) 
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U — ^ r - , hiV 
dx 

(P4.43.8b) 

(a) In terms of transformed variables, show that Eqs. (P4.43.1) to (P4.43.3), 
with primes denoting differentiation with respect to 77, can be written as 

(i+fi^)r'+(^)/r 
fi2 

(l + m) B 

2 l + Br] ff 

^ dp* . J,>df' df (^„ , Bf 
u^., dx r dx dx (r+j 

^ (/)̂  = -Lt: = 4(,.)' 1 

I^BT] ul drj 

Here with L denoting a reference length 

P = 

B = 

P 
Rx — 

LLyijX 

^ 0 0 - ^ /./ ^ 
•) J 5 

f Uyj 
1/2 

(D-^ 

(x/L) 

{UwlUoo)R C 
Lk 

(P4.43.9) 

(P4.43.10) 

(P4.43.ll) 

(b) In terms of transformed variables, show that the wall and edge boundary 
conditions become 

^ - 0 , f = f = 0 (P4.43.12a) 

r] = Ve^ f = -r-hi 
(P4.43.12b) 

For convenience, the edge boundary condition in Eq. (P4.43.12b) is usually 
written as 

f -^B{ff = {) (P4.43.12c) 

by differentiating Eq. (P4.43.12b) with respect to 77. Computationally this form 
is more appropriate. 

(c) At the stagnation point where ?i = 0, Eq. (P4.43.9) is singular; as in the 
first-order boundary-layer equations, the singularity can be removed by differ­
entiating Eq. (P4.43.9) once with respect to x and Eq. (P4.43.10) twice with 
respect to x. With 77 and -0 now defined by 

ry = yjA/u y, ^ = V^fif]) (P4.43.13) 

and A and / ' by 
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show that Eqs. (P4.43.9), (P4.43.10) and their boundary conditions become 

(i+Bo^)r+/r+^-^/r-^^-/'+5or-(/')^=PL (p4.43.15) 

^ ( / ' ) ^ 4 ( p ; j (p4.43.i6) 

»? = 0, / = / = 0; ri = r^e, f" + Bo{f'f^O (P4.43.17) 

Here 

P L = ^ ^ , B^ = ^v/Ak (P4.43.18) 



Transition 
in Two-Dimensional 
Incompressible Flows 

5.1 Introduction 

At sufficiently high Reynolds numbers, most flows are turbulent rather than 
laminar, and this transition to turbulence has been the object of many studies 
utihzing several approaches. One approach discussed, for example, in [1], con­
siders the solutions of the parabolized stability equations (PSE), and another 
considers the solutions of the unsteady Navier-Stokes equations (called direct 
numerical simulation, DNS) and another approach considers the solutions of 
the linear stability equations based on small-disturbance theory. Despite the 
progress being made with the PSE approach, this method currently is some 
time away from being used as an engineering tool; it is still under development. 
The direct numerical simulation (DNS) approach offers exciting possibilities; the 
excellent review of Kleiser and Zong [2] describes the rapid progress with this 
approach and shows that the prediction of transition can already be achieved 
in some simple flows with this method. The computer requirements of DNS, 
however, are large, and it is unlikely that this approach can be used for tran­
sition calculations on complex bodies in the near future. The only engineering 
calculation method for predicting transition at this time, aside from correlation 
methods, is the e^-method based on small disturbance theory to be discussed in 
this chapter for two-dimensional flows and in Chapter 8 for three-dimensional 
flows. 

Section 5.2 describes the transition process associated with the growth of dis­
turbances within the boundary-layer. Section 5.3 discusses the linear stability 
equations based on small-disturbance theory and the properties of the stabil­
ity equations. Predicting transition by empirical correlations and e^-method is 
addressed in Section 5.4 and the factors that influence transition in Section 
5.5. The numerical solution of the stability equation and the eigenvalue pro­
cedure associated with the stability equation are described in Section 5.6. A 
brief description of a computer program for solving the stability equation and 
calculating the onset of transition is given in Section 5.7. 
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5.2 Transition Process 

If the intensity of freestream turbulence (see Eq. 5.5.3) is low, a first step in 
the transition process is the development of instabilities commonly referred to 
as Tollmien-Schlichting (TS) waves. Earliest studies on the development of the 
transition process from the appearance of TS waves to turbulence were con­
ducted by Emmons [3], Schubauer and Skramstad [4], Schubauer and Klebanoff 
[5]. From observations of the flow on a water table, Emmons formulated the 
view that turbulence starts in the form of randomly distributed spots of turbu­
lence, each of which expands as it moves downstream. Fully developed turbulent 
flow begins when these expanding regions of turbulence merge across the whole 
span. The transition region can therefore be said to start at the streamwise 
position where the spots first appear and to end where they have merged to 
form a continuous front. 

Figure 5.1 shows the oscillograms of hot-wire response showing fluctuations 
at various distances behind the leading edge of a flat plate. They were obtained 
by Schubauer and Skramstad [4] in a low turbulence wind tunnel at the National 
Bureau of Standards. The oscillations represent fluctuations in the boundary-
layer velocity measured at 0.6 mm from the surface. As can be seen, the dis­
turbances grow as the distance from the leading edge increases. At x = 1.83 m, 
however, some irregularities occur in the TS waves. These are "bursts" of high 
frequency fluctuations ordinarily associated with turbulent flow. The bursts be-

1.22 

1 37 • • i . > ^ . • i ,„^,,/^^^%,<i,i • • •x i"^^* '^ • • . < • . • • W^AA^i^^i.wwto^x 

D i s t a n c e f r o m ^̂ ^ AAA/»^M%A*%*/M^A/Mv»#^^*»•—.P^I^^AA/W^A^ *• ' •• • ^^^ 

leading edge, . . . . • • • • 
Meters i 6 8 ^s/sr-^-^^^^^^^A^fstA/^^''*^'^^^^^^^^^ 

1.83 

1.91 

• • • • • • • 

Fig. 5 .1 . Oscillograms of hot-wire response showing fluctuations in the laminar boundary 
layer on a flat plate [4]. Distance from surface 0.6 mm, Ue = 24.4 ms~^, time interval 
between dots 0.033 s. 
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come more frequent and of longer duration with distance; ai x — 2.44 m from 
the leading edge, the entire flow becomes turbulent. 

The details of the geometry of the spots and their growth with movement 
downstream were measured by Schubauer and Klebanoff [5]. A spot was intro­
duced into a laminar boundary layer on a flat plate in a wind tunnel by means 
of an electrical spark, and the details of its growth were measured as it was 
carried downstream by the flow. Figure 5.2 shows the spot's development into a 
roughly triangular region of turbulence. As can be seen, the forward apex moves 
downstream at close to the mainstream velocity, but its rear records within the 
growing "triangular" region are much the same as those of fully developed turbu­
lent flow, upstream of this region at any instant the flow is smooth and laminar. 
Consistent with this, Schubauer and Klebanoff found that the instantaneous ve­
locity profiles in the transition region had the time characteristics of turbulent 
flow for part of the time, and at other times those of a laminar boundary layer. 
For a more detailed discussion of the formation of spots and how they arise, the 
reader is referred to Refs. 5 and 6. 

Spark 

Vk*'VkAJ«'\^^^VvA 

0.6 p 

0.4 ̂  

0.2 

Natural 

'X£ 

Spaik, 2.3 ft. 
from L.E. 

Max. advance 

Plan view 

Feet 

Elevation view on center line 

Fig. 5.2. Turbulent spot initiated by electric spark between needle electrode and surface. 
Oscillograms with 1/60 s timing dots shown above, edge is convected downstream at about 
half that speed 33 ft/s. The spot expands outwards so that its tips define the sides of a 
wedge of semi-angle a = 11° and apex at the spot origin. Hot-wire time progression from 
left to right upper showing spark discharge on right and spot passage on left, lower showing 
natural transition [5]. 
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The fraction of the total time that the flow is turbulent can be quantified 
at any point in the transition region. This fraction may be defined as the inter-
mittency factor, 7tr with 7tr = 0 corresponding to the onset of transition, and 
7tr = 1 to the stage when the flow is fully turbulent. For a flat plate, it is found 
that 7tr can be described as a function of ^ where, with xtr denoting the onset 
of transition, 

(J 

^ ~ ^7tr=0.75 ~ ^7tr=0.25 (O.Z. i j 

Clearly at small values of 7tr (less than 0.25), the turbulent spots are small in 
comparison to the distance between them. As the turbulent spots spread into 
surrounding nonturbulent fluid, 7tr rises. When 7tr is of the order of 0.5, the 
spots begin to merge with each other, and eventually the whole shear layer 
becomes turbulent (7tr = !)• According to Dhawan and Narasimha [7], the in-
termittency factor 7tr on a flat plate can be described by 

7tr = l - e x p ( - 0 . 4 1 2 e ^ ) (5.2.3) 

which correlates well with experimental data. 
The process of transition in the presence of a pressure gradient is more 

complex, and Chen and Tyson [8] proposed the expression 

f"^ dx 
-G{X - Xtr) / (5.2.4) 7tr = 1 - exp 

for incompressible flows with 

G = { ^ ] \ ^ \ K!:'' (5.2.5) 

and C = 60 to represent the intermittency distribution in attached flows where 
transition takes place naturally. For low Reynolds number flows, the transition 
is separation induced, and the extent of the transition region can be signifi­
cantly less than that computed by Eq. (5.2.4). Subsequently, Cebeci [9] devised 
a formula to represent C in Eq. (5.2.5) in terms of Rxtv- This formula is shown 
in Fig. 5.3 together with the experimental data obtained for several airfoils. The 
data encompasses a typical low Reynolds number range from Re — 2.4 x 10^ to 
Re = 2 X 10^, falls conveniently on a straight line on a semi-log scale and can 
be represented by the equation 

C^ = 213[log i^xtr - 4.7323] (5.2.6) 

Care should be taken in the use of this equation outside the range of experi­
ments, particularly at high Reynolds numbers where the separation bubble is 
likely to be small and a limiting value of C = 60 applies. 
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5.3 Linear Stability Theory 

The e"^-method discussed in subsection 5.4.2 is based on small-disturbance the­
ory in which a small sinusoidal disturbance is imposed on a given steady lam­
inar flow to see whether the disturbance will amplify or decay in time. If the 
disturbance decays, the flow will stay laminar; if the disturbance amplifles suf­
ficiently, the flow must change in some way, probably to become turbulent. The 
small-disturbance theory does not predict the details of the nonlinear process by 
which the flow changes from laminar to turbulent. It establishes which shapes 
of velocity proflles are unstable, identifles those frequencies that amplify fastest, 
and indicates how the parameters governing the flow can be changed to delay 
transition. 

In this section using the small disturbance theory, we discuss the derivation 
of the linear stability equations for two-dimensional incompressible mean flows 
with two-dimensional disturbances. We assume that u^ v, and p in the two-
dimensional form of Eqs. (2.2.1) to (2.2.3) represent the instantaneous compo­
nents of the flow properties, and these components are divided into a mean-flow 
term and a fluctuating term so that the instantaneous velocity components are 
u -\- u^ and v -\- v' and the instantaneous pressure is p -\- p'. Since u'^ v' and p' 
are small in Eqs. (2.2.1) to (2.2.3) expressed in terms of mean and fluctuat­
ing components, their squares and products can be neglected. Noting that the 
mean velocity and pressure satisfy the two-dimensional equations of motion, the 
equations simplify further and can be written as 

dx dy 

du' , du du' f du du' 1 dp' ^ o , 
^ - + u'— + u ^ + v'— + v-— = — ^ + z /VV 
ot ox ox oy oy p ox 

dv' fdv dv' ,dv dv' 

dt dx dx dy dy P oy 

(5.3.1) 

(5.3.2) 

(5.3.3) 
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These equations, with the overbars on u and v dropped for convenience, can be 
simplified further by noting that all velocity fluctuations and their derivatives 
are of the same order of magnitude and by assuming that the mean flow velocity 
7i is a function of y only so that Eq. (3.1.2) gives v = 0^ that is, 

u = u{y), v = 0 (5.3.4) 

This assumption is known as the parallel flow approximation; which, with the 
introduction of dimensionless quantities defined by 

u' , v' I ^ I u 
UQ 

y 

tuo 

(5.3.5) 
_ ^ 

allows Eqs. (5.3.1) to (5.3.3) to be written as 

| ^ + « g = - ^ + ^ l ^ + ^ l P-3.8) 
For convenience, the "star" on the dependent and independent variables has 
been dropped. 

Equations (5.3.6) to (5.3.8) form a set of coupled partial-differential equa­
tions with solutions that describe how disturbances originate near the surface 
y = 0 and spread out through the boundary-layer and beyond as they are con-
vected along the local streamlines. To study the properties of these equations, 
we apply the standard procedure of stability theory, namely separation of vari­
ables. We assume that the small disturbance is a sinusoidal traveling wave and 
represent a two-dimensional disturbance as 

q'{x,y,t)^q{y)e^^---^'^ (5.3.9) 

We seek the solutions of Eqs. (5.3.6) to (5.3.8) in the form of Eq. (5.3.9) since 
they are linear with respect to x and t; the coeflficients of Eqs. (5.3.6) to (5.3.8) 
depend only on y. Here x, y^ t are dimensionless quantities defined in Eq. (5.3.5), 
q{y) is the amplitude function of a typical flow variable g'(x, ?/, t), a is a dimen­
sionless wave number, and uj is the radian (circular) frequency of the distur­
bance. The dimensionless forms of a and LU are defined by 

a='^-^ = a*L, u = — (5.3.10) 
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where A^ denotes the wavelength in the x-direction. In general q^ q'^ a and u are 
complex. With q[ and q[ denoting the real and imaginary parts of q', the mag­
nitude of q' is [(^r)^ + WifV^'^ and its relative phase angle is tan~^(g(/gr). The 
real part of the exponential term represents a growth of disturbance amplitude 
in X or t, while the imaginary part, exp(i0), can be rewritten as cos^ + isin^, 
which represents the sinusoidal oscillation in x or .̂ 

The small-disturbance equations given by Eqs. (5.3.6) to (5.3.8) can also 
be expressed in other forms. Eliminating pressure and introducing a stream 
function ip{x^y^t) such that 

we can express the momentum equations (5.3.7) and (5.3.8) as a fourth-order 
partial differential equation 

|v^..4(VV)-g04vV ,5.3.1.) 
Where V^ = V^V'^ and —V^-^ is the fluctuating ^-component of vorticity, 
dv'/dx — du'/dy. Equation (5.3.12) represents the rate of change of fluctuating 
vorticity following the fluid along a mean streamline. 

Taking q' in Eq. (5.3.9) to represent the disturbance stream function 

^ = 0(^)e^(^^-^^) 

with q{y) replaced by 0(^), and introducing the resulting expression into Eq. 
(5.3.12), we obtain the following fourth-order ordinary differential equation for 
the amplitude (j){y) 

f"" - 2o?^' + a V = ^R{oLU - uj){(\J' - a^(\)) - iRau 4> (5.3.13) 

where a prime denotes diflferentiation with respect to y. This equation is known 
as the Orr-Sommerfeld equation and is the fundamental equation for incom­
pressible stability theory. 

The solutions of Eq. (5.3.13) correspond to small disturbance waves and are 
sometimes called Tollmien-Schlichting waves. Despite the major assumptions 
made to derive this equation, the solutions of Eq. (5.3.13) are encouragingly 
close to the experimental results. The support to linear stability theory was 
first provided by the experiments of Schubauer and Skramstad [4] who used a 
specially designed low turbulence wind tunnel and generated small sinusoidal 
disturbances in a boundary layer on a flat plate by means of a vibrating ribbon 
held parallel to the plate and normal to the freestream. The measured neutral 
stability curve, critical Reynolds number and amplification rates, discussed in 
[10], were found to agree well with the predictions of the linear stability theory. 
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The Orr-Sommerfeld equation (5.3.13) can be extended to three-dimensional 
incompressible flows by using a procedure similar to that used for two-dimen­
sional flows. For a three-dimensional disturbance of ({ of the form 

q'(x,2/,z,i) = g(y)e'("^+^^-'^*) (5.3.14) 

the Orr-Sommerfeld equation, with (\) denoting the amphtude function of the 
vertical fluctuating velocity u', can be written in the same form as Eq. (5.3.13), 

= iR{au + / ? « ; - a;)[0" - {c? + 0^)^\ - iR{au" + (5w")(j) 
(5.3.15) 

or in a compact form 

r - ficp" - d(</'" - ei4>)+6</'=0 (5.3.16) 

by defining 
^l = a^^(f (5.3.17a) 

^2 - d + iR{otu ^pw-Lj) (5.3.17b) 

^3 ^ iR{au' ^ Pw^') (5.3.17c) 

Here (3 denotes the wave number in the z-direction and w the dimensionless 
velocity profile in the z-direction. 

5.3.1 Boundary Conditions 

The solution of the Orr-Sommerfeld equation requires conditions to be imposed 
on the bounding surfaces of the flow. There are many flow configurations to 
which the stability theory can be applied, but we shall restrict our discussion 
to boundary-layer flows. 

On any rigid boundary surface the perturbation velocities must vanish. Thus, 
for a two-dimensional flow, we must have u' — v' = 0 8it y = 0^ or from Eqs. 
(5.3.9) and (5.3.11), 

^ = 0, (/> = 0, (p' = 0 (5.3.18) 

These boundary conditions also apply to three-dimensional flows. 
The boundary conditions away from the surface must be at sufficiently large 

distances so that the perturbation velocities decay as the edge of the boundary 
layer is approached. In such cases, the appropriate conditions can be obtained 
by considering the Orr-Sommerfeld equation in the neighborhood of the edge 
of the boundary layer, y = 6^ where Eq. (5.3.16) becomes 

r-e,4>"-e2i<t>"-ei<t>)=o (5.3.19) 
with u and w in ^1 evaluated dit y = 6. 
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The general solution of this reduced equation is 

We require that real parts of a, ^i and <̂2 are greater than zero. In order that 
the boundary-layer disturbances decay near the edge of the boundary-layer, it 
is necessary that a2 = a4 = 0. This can be assured by imposing the following 
boundary conditions, with D = d/dy (see Problem 5.6) 

y = 6, [D + ii){D + 6 ) 0 = 0, (Z) + 6 ) ( ^ ' - e i )0 = 0 (5.3.20) 

5.3.2 Propert ies of the Orr-Sommerfeld Equation 
for Two-Dimensional Flows 

Note from the Orr-Sommerfeld equation, given by Eq. (5.3.15) and its boundary 
conditions given by Eqs. (5.3.18) and (5.3.20) that if a solution to this system 
can be found with the real parts of ^ , 6 strictly positive, then solutions will 
exist only for certain combinations of Reynolds number R and the parameters of 
the disturbance a, (5 and CJ, since all the boundary conditions are homogeneous. 
Thus the problem is an eigenvalue problem in which values of /?, a, /? and u are 
the eigenvalues and the corresponding amplitude functions are eigenfunctions. 
Hence, in general, no nontrivial solution of this system exists. Only if a, /?, CJ, 
R satisfy one or more relations of the form 

F{a,(3,uj,R) = Q (5.3.21) 

for three-dimensional flows and 

F(a,cj , i?) = 0 (5.3.22) 

for two-dimensional flows can such a solution be found. However, before dis­
cussing the solution procedure, it is instructive to review the properties of the 
Orr-Sommerfeld equation by rewriting Eq. (5.3.13) as 

0^^ - 2a^f + a V = i(^R{u - c)[(t)" - o?(^) - iRau"(t) (5.3.23) 

where c is the dimensionless complex phase velocity of the disturbance related 
to its dimensional value c* by 

c=i^=f^U = ̂  (5.3.24) 

The solution of the Orr-Sommerfeld equation and its boundary conditions 
may be obtained by temporal or spatial amplification theories. The former takes 
uj to be complex (= uJr + i(^i) so that the amplitude of the disturbance varies 
with time as exp{(jjit) in contrast to the spatial amplification theory which takes 
UJ to be real and a to be complex, or u; to be real and c to be complex, so that 
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the amplitude varies with x as exp(—a^x). Note that for uui = 0 and given a -̂, 
a complex value of c implies values of the real frequency, a;̂ , and the spatial 
amplification rate (—a^). Also, if a and LJ are both real, then the disturbance 
propagates through the parallel mean flow with constant amplitude |0(^)|; if a 
and u are complex, the disturbance amplitude will vary in both time and space. 

While both procedures have advantages, this discussion favors the solution 
of the Orr-Sommerfeld equation based on the spatial amplification theory, since 
the amplitude change of disturbance with distance can be measured in a steady 
mean flow. The amplitude at a fixed point is independent of time and spa­
tial theory gives the amplitude change in a more direct manner than does the 
temporal theory. 

The eigenvalues of the Orr-Sommerfeld equation for the spatial-amplification 
case are often presented in (a, R) and (a;, R) diagrams that describe the three 
states of a disturbance at a given Reynolds number R as damped, neutral or 
amplified. For two-dimensional fiows the locus a^ = 0, or Q = 0, called the curve 
of neutral stability, separates the damped (stable) region from the amplified 
(unstable) region. The point on this curve at which R has its smallest value is 
of special interest, because at values of i? less than this value, all disturbances are 
stable. This smallest Reynolds number is known as the critical Reynolds number, 
RcT- The neutral curve is the same in both temporal and spatial amplification 
theories. 

Figure 5.4 shows typical (a, R) and {uu, R) stability diagrams for Blasius 
flow obtained with the computer program given in the accompanying CD-ROM, 
Program 5, using the eigenvalue procedure described in subsection 5.6.1. The 
length scale L used in Eq. (5.3.5) is chosen to correspond to that used in the 
definition of the similarity parameter in Eq. (4.2.4a), that is, 
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Fig. 5.4. Stability diagrams for Blasius flow, (a) Qr vs R. (b) LV VS R . 
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Table 5.1. Critical Reynolds number 
for Falkner-Skan flows [11]. 

^ - 5 * ^ 

12490 
10920 
8890 
7680 
6230 
4550 
2830 
1380 
865 
520 
318 
199 
138 
67 

P 
1.0 
0.8 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 
0.05 
0.0 

-0.05 
-0.10 
-0.14 
-0.1988 

H 

2.216 
2.240 
2.274 
2.297 
2.325 
2.362 
2.411 
2.481 
2.529 
2.591 
2.676 
2.801 
2.963 
4.029 

L = J— (5.3.25a) 
V Ue 

and the velocity scale u is taken to correspond to the external velocity Ue-

As a result the Reynolds number in the Orr-Sommerfeld equation is defined 

by 

R = J ^ = y ^ (5.3.25b) 

Figure 5.5 and Table 5.1 show the variation of the critical Reynolds number, 
Rs* , with dimensionless pressure gradient parameter /? and shape factor H for 
Falkner-Skan flows given by Eq. (4.2.5). Note that in this figure the critical 
Reynolds number is based on displacement thickness ^*, and local velocity Ug. 
In terms of Falkner-Skan variables it can be expressed as 

Rs* = y/R^Sl (5.3.26) 

with 61 denoting a dimensionless displacement thickness parameter expressed 
in terms of Falkner-Skan variables by 

Jo 
^\l-f')dv = Ve-fe (5.3.27) 

From Fig. 5.5 it is seen that accelerating flows can tolerate larger Reynolds 
numbers than decelerating flows and, as a result, have a higher critical Reynolds 
number. On the other hand, decelerating flows have less tolerance to higher 
Reynolds numbers, indicating that Rs* becomes smaller as H becomes bigger 
which corresponds to smaller values of the pressure gradient parameter /3 in the 
Falkner-Skan equation. 
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Fig. 5.5. Variation of critical 
Reynolds number, R^*^ with H. 

A slightly different kind of stability theory, known as inviscid stability theory, 
is based on the solution of Eq. (5.3.13) or Eq. (5.3.23) when aR -^ oc. In this 
case the viscous effects on the disturbances are neglected, and the solutions are 
obtained from 

{u - c){(t)" - a^(t)) - u"(j) = 0 (5.3.28) 

known as the Rayleigh equation. Since this equation is only of second order, 
only two boundary conditions are required. For boundary-layer flows 

y = o, = 0 (5.3.29a) 

on the wall and, by an argument similar to that leading to Eq. (5.3.20) and 
with the real part of a greater than zero, 

(D + a)0 = O (5.3.29b) 

at the edge. 
Earlier studies of stability theory solved Eqs. (5.3.28) and (5.3.29) rather 

than the more complete Orr-Sommerfeld equation, Eq. (5.3.13) or (5.3.23), 
because of the unavailability of high-speed computers. Although this theory is 
not applicable exactly to flows at finite Reynolds number, it has led to important 
theorems concerning the stability of laminar velocity profiles, including those of 
the following paragraphs. 

l . In order to have amplified disturbances, the velocity profile, u{y)^ must have 
a point of inflection, {u" = 0). This theorem was first proved by Rayleigh. 
Later Tollmien showed that the existence of a point of inflection is also a 
sufficient condition for the amplification of disturbances. As a result of this 
theorem, one can conclude that the velocity profiles with a point of inflection 
are unstable when i? ^ oc. 
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2. If ?i'' < 0, there is at least one point, y — yc^ where ?i — c = 0 for neutral 
disturbances with Q = 0. That is, the phase velocity is equal to the mean 
velocity at some point inside the flow. The place y — yc^ where ?i = c, is called 
the critical layer of the mean flow. 

The second theorem states the fact that any traveling-wave disturbance must 
move at roughly the speed of the flow if it is to avoid rapid decay. The first 
theorem implies that profiles with a point of inflection will be unstable at high 
Reynolds numbers in real life. 

5.4 Prediction of Transition 

5.4.1 Empirical Correlations 

Current engineering methods for predicting the onset of transition location in 
two-dimensional incompressible flows are based on empirical correlations and 
the e"^-method discussed in the following subsection. Here we present two of 
these correlations which are useful in the calculation of the complete devel­
opment of boundary-layers at high Reynolds numbers where the final results 
are not too severely affected by assumptions about transition. One such use­
ful expression is based on a combination of Michel's method [12] and Smith's 
ê  correlation curve [13]. It is given by Cebeci and Smith [14] as a connection 
between Ro{= UeO/u) and Rx{= Uex/v) at transition (see Fig. 5.6) 

% . = 1.174 f l + ^ l i ? S f (5.4.1) 
R •3:tr 

According to this method, the boundary-layer development on the body is 
calculated for a laminar fiow starting at the leading-edge of the flow so that 

R. 

Fig. 5.6. Empirical transi­
tion correlation curves for two-
dimensional incompressible 
flows. The symbols denote var­
ious experimental data taken 
from Smith [13]. 
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both RQ and Rx can be determined. Usually, the calculated Reynolds numbers 
are beneath the curve given by Eq. (5.4.1). The location where the {RQ^RX) 

values intersect this curve corresponds to the onset of transition location. In 
some cases, however, before this happens, flow separation takes place; in those 
cases, the separation point is assumed to correspond to the onset of transition 
location. 

Another method that can be used to predict transition is due to Granville 
[15]. This method uses for transition criterion a single curve of {RQ^^ — RocJ ^^ 
a function of the mean Pohlhausen parameter Â  (see Fig. 5.7). The parameter 
XQ is an average XQ [see Eq. (4.4.11)] 

A(? 
_ 1 /"̂  e^dUe 

X XQY Jxcr ^ ^"^ 
dx 

which is obtained from the laminar boundary-layer solutions by using the ex­
pression 

4 

45 

Rl-{UelUejRl^ 

Rx - {Ue/Ue^jRxc 
(5.4.2) 

where the subscript "cr" denotes the point of instability to TS waves. To predict 
transition by this method, it is necessary to calculate RQ^^- That can be done 
by means of the curve of Fig. 5.7 which can be expressed by 

Re - Re^^ = 375 + e ,6.1+55A0 0.04 < Â  < 0.024 (5.4.3) 

with RQ^^ given by 

R, R, 
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-0.04 -0.02 0.00 0.02 Fig. 5.7. Granville's tran­

sition correlation curve for 
two-dimensional flows. 
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%,=i 

54.2124 ^ 3 1 ^ ^^^^^^^ 

H{H-2A8) H 

520 2.5 X 1 0 ^ / 1 1 \ i-9^ , , ^ , „ , 
(5.4.4) 

where H denotes the shape factor at the point of instabihty. Once RQ^^ is known, 
the values of {RQ — Ro^r) ^^^ ^ ^^^ calculated from the point of instability, Rxcv^ 
along the body, until they intersect the universal transition curve of Fig. 5.7. 

Granville's method has also been extended by Arnal et al. [16] to include 
the effects of freestream turbulence, Tu [see Eq. (5.5.1)] 

% r - % r = -206e2^-^^^ [ln(16.8T^) - 2.77A^] (5.4.5) 

5.4.2 e^-Method 

The e^-method, which utilizes linear stability theory, was first used by Smith [13] 
and van Ingen [17] and is discussed in some detail in [18]. The basic assumption 
is that transition starts when a small disturbance is introduced at a critical 
Reynolds number and is amplified by a factor of e^ which, for a typical value of n 
equal to 9, is about 8000. Either temporal- or spatial-amplification theory can be 
used, and the latter may be preferred since the amplitude change of disturbance 
with distance can be measured in a steady mean flow. The amplitude at a fixed 
point is independent of time, and the spatial theory gives the amplitude change 
in a more direct manner than does the temporal theory. 

The calculation of transition with this procedure is relatively straight­
forward in two-dimensional (and in axisymmetric) flows, requiring the calcula­
tion of the amplification rates {—Q^i) as a function of x (or R) for a range of di­
mensional frequencies uj*. The stability calculations are preceded by boundary-
layer calculations and, for a given external velocity distribution Ue{x) and 
freestream Reynolds number, the laminar boundary-layer equations are solved 
to obtain the streamwise velocity profile u and its second derivative u^\ The 
stability calculations begin at a Reynolds number, R^*, slightly larger than the 
critical Reynolds number, R^* , on the lower branch of the neutral stability 
curve at an x-location, say x — xi (see Fig. 5.8). At this point, since u^ u" and 
R are known, ar and uo can be computed by the procedure of subsection 5.6.1 
and the dimensional frequency cj* determined from Eq. (5.3.10), that is, 

u;* = c j ^ (5.4.6) 

and kept constant along line 1 defined by this constant dimensional frequency. 
At the next x-location, X2, two separate calculations are performed for the newly 
computed boundary-layer profiles u and u" and Reynolds number R. In one set 
of calculations (point 2 in Fig. 5.8), ar and uo are computed on the neutral curve 
with the procedure used to obtain ar and uo at point 1 so that a new dimensional 
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OCr lineS 

R 

Fig. 5.8. Strategy of calculating transition with the e^-method. 

frequency can be defined on line 2. In the second set of calculations, point la, the 
dimensionless frequency LJ is first determined from the dimensional frequency 
cj* on line 1, and its characteristic velocity and length scales at point 2, that is. 

UJ UJ 
L_ 

(5.4.7) 

With u known from Eq. (5.4.7) and R defined at point 2, a can be determined 
by the eigenvalue procedure of subsection 5.6.2. The procedure at point l a is 
then repeated at points 2b and lb , and a dimensional frequency is computed for 
line 3. For example, at point lb , values of (a^, o^i) are computed with the known 
dimensional frequency on line 1 and the specified Reynolds number at point 3; 
at point 2b, they are computed with the known dimensional frequency on line 
2 and the specified Reynolds number at point 3. This procedure is repeated for 
several lines and the variation of the integrated amplification rate, defined by 

nx 
= — a 

JXQ 
dx (5.4.8) 

with XQ corresponding to each value of x on the neutral stability curve, is com­
puted for each line. This procedure leads to the curves of constant frequency. 
Fig. 5.9, and their envelope corresponds to the maximum amplification fac­
tors from which transition is computed with a value for n, commonly assumed 
between 8 and 9. To cope with the effects of freestream turbulence [see Eq. 
(5.5.3)], Mack has suggested from the analysis of Dryden's measurements that 
for freestream turbulence Tu > 0.1% [19], 

n = - 8 . 4 3 - 2 . 4 In T^ (5.4.9) 
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Fig. 5.9. Variation of the integrated am-
1-0 2.0 3.0 4.0 5.0 plification factors with distance and fre-

^(ft) quency for Blasius flow. 

5.4.3 H-Rx Method 

A useful shortcut method for predicting transition in a wide class of boundary-
layer flows, including the effects of pressure gradient, surface heat transfer and 
suction, is the H-Rx method described by Wazzan et al. [20]. Here H and 
Rx are the shape factor (= 6*/9) and the Reynolds number based on surface 
distance {= Uex/v)^ respectively. This method, which has not been correlated 
with test data but rather has been justified in terms of TS waves and e^-type 
calculations, is simple to use and a good substitute to the e^-method for a class 
of two-dimensional and axisymmetric flows with pressure gradient, suction and 
wall heating or cooling with n factor taken as 9. It is given by 

\og[Rx{e^)] = -40.4557 + 64.8066i7 - 26.7538iir2 + 3.3819if^ 

2.KH < 2.8 
(5.4.10) 

This method differs from the correlation methods discussed in subsection 
5.4.1. While Michel's and Granville's methods are strictly for two-dimensional 
incompressible flows on airfoils and are not applicable to two-dimensional flows 
with heating and suction and axisymmetric flows, the H-Rx method is appli­
cable to a wider range of flows. It gives reasonable results so long as the flow 
does not vary too much from nearby similar flows, i.e., local similarity. Also, 
it is applicable only so long as the effects of surface roughness and freestream 
turbulence levels are sufficiently low, just as required in the basic e"^-method. 
This method is also restricted to heating rates where the difference between sur­
face temperature and freestream temperature, Tyj — Too does not exceed about 
23 °C. 
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5.5 Factors that Influence Transition 

There are many factors that influence the onset of transition. These include 
disturbances in external flow in the form of turbulence and noise, heat trans­
fer, pressure gradient, suction, roughness and surface curvature and are briefly 
discussed in the following subsections. 

5.5.1 Effects of Freest ream Turbulence and Noise 

Depending on the environment, i.e., wind tunnel and flight, disturbances in 
the external flow can cover wide ranges of frequency, wavelength, velocity of 
propagation and direction. A comprehensive understanding and prediction of 
these effects on transition is still very limited. In this section a brief discussion 
of the effects of freestream turbulence on transition is presented. 

The intensity of freestream turbulence Tu is based on the sum of the Reynolds 
normal stresses and, with Uoo denoting the freestream velocity, may be defined 

by 

Tu = ^ ^ (5.5.1) 

In general, at a certain distance from the screens or honeycombs, the turbulence 
in a wind tunnel becomes isotropic which means that 

^ = ^ = ^ (5.5.2) 

In this case, it is customary to base the intensity of the freestream turbulence 
on the axial normal stress and define Tu by 

Tu = (5.5.3) 

and use the above definition even in cases where the turbulence is not isotropic. 
The influence of freestream turbulence on transition has been studied by 

several investigators, including Dryden [21], Hall and Hislop [22], Schubauer and 
Skramstad [4] and Wells [23]. In the latter two studies conducted for flows with 
zero pressure gradient, the transition Reynolds number was found to increase 
systematically with decreasing freestream turbulence intensity until a maximum 
was reached which was not affected by further reductions in turbulence intensity, 
see Fig. 5.10. As can be seen, the maximum transition Reynolds number found 
by Wells is 80% greater than that reported by Schubauer and Skramstad, being 
5 X 10^ and 2.8 x 10^, respectively, for disturbance intensities less than 0.1% of 
the free stream. 

The turbulence level is not sufficient to characterize the effect on transi­
tion in particular at low-turbulence intensities. Freestream perturbations are 
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Fig. 5.10. The effect of 
freestream turbulence on 
boundary-layer transition for 
low-turbulence intensities. 

generally a mixing of turbulence and acoustics. Turbulence is made of three-
dimensional velocity fluctuations which are rotational and which span a range 
of frequencies. Acoustic perturbations are formed of irrotational waves, more 
or less two-dimensional. A systematic study of the influence of noise frequency 
on transition shown in Fig. 5.11 has been conducted by Spangler and Wells 
[24]. If the frequency is in the range of natural unstable TS waves, a significant 

Rr X10" V W V V " ^ V ^ ^ = ̂ ^̂ ^ 

lO'-Tn 

Fig. 5.11. Effect of noise frequency on flat plate transition [24]. 
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decrease in transition Reynolds number is recorded. In three-dimensional flows, 
the effect of noise frequency on transition is not very well known. 

5.5.2 Effects of Pressure Gradient 

Before we demonstrate the effect of pressure gradient on transition, it is useful 
to examine the stability diagrams for similar flows which show the effect of 
pressure gradient on the frequency of unstable disturbances, amplification rates 
and critical Reynolds number. 

Figure 5.12 shows that an adverse pressure gradient [negative /?(= ^^^) ] 
decreases the critical Reynolds number based on displacement thickness, Rs*^-
This decrease in R^* causes the range of frequencies to which the boundary 
layer is unstable to increase. Similarly, a favorable pressure gradient (positive 
/?) increases the critical Reynolds number and causes the range of frequencies 
to which the boundary layer is unstable to decrease. 

Figure 5.13 shows the variation of the ratio of maximum amplification rate 
(see Eq. (5.4.8)) and Rs*^ and frequency u; (see Eq. (5.4.7)) of unstable dis­
turbances at several values of /3. As can be seen, the pressure gradient has a 
pronounced influence on the amplification rates and frequencies. Positive pres­
sure gradient (/3 < 0) increases them and negative pressure gradient (/? > 0) 
decreases them. 

The global effect of a positive pressure gradient is to promote transition at 
a smaller Reynolds number than with a zero pressure gradient. The location of 
the beginning of transition is more upstream and the length of the transition 
region is reduced. If the pressure gradient is strong enough, the boundary-layer 

R. 
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-0.2 0.0 0.2 0.4 0.6 0.8 1.0 Fig. 5.12. The effect of pres­

sure gradient on the critical 
Reynolds number [11]. 
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Fig. 5.13. The efTect of pressure gradient on the maximum spatial amplification rate and 
frequency of unstable disturbances [11]. 
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Fig. 5.14. Transition on airfoil ONERA D with positive pressure gradient [25]: (a) external 
velocity distribution and (b) mean velocity profiles in the boundary-layer. 

separates. In certain cases, a transition bubble is formed. Transition occurs in 
the separated boundary-layer and the turbulent boundary-layer can reattach. 

Experimental observations show that the first stage of transition is the de­
velopment of TS waves as in the case of a flat plate boundary-layer. The down­
stream phenomena seem to depend on the intensity of the pressure gradient. If 
the pressure gradient is moderate, the phenomena are qualitatively the same as 
for the flat plate. 

In the experimental study concerned with a boundary-layer on an airfoil 
with positive pressure gradient conducted by Cousteix and Pailhas [25], the 
development of instabilities looks quite different. The distribution of external 
velocity is given in Figure 5.14 together with the evolution of mean velocity pro­
files. Around the location x/c — 0.73-0.8, a small separation bubble is present. 
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Downstream, the boundary-layer reattaches and the velocity profile takes on a 
typical turbulent behavior. The shape parameter H reflects this evolution. 

In order to analyze the characteristics of the laminar-turbulent process, 
records of the output voltage of anemometer are given in Fig. 5.15 together 
with the corresponding spectra. A record corresponds to a given station for a 
fixed distance to the wall {y = 0.5 mm). The voltage fluctuations are directly 
proportional to the velocity fluctuations, but the records are given without scale: 
they give only a qualitative information. Upstream of station x/c = 0.875, the 
velocity is perturbed by very regular fluctuations which are nearly sinusoidal; 
the intensity of fluctuations increases downstream. These perturbations have 
the same characteristics as Tollmien-Schlichting waves in flat plate boundary-
layer. The intensity of the waves are however much higher. It seems that this 
first phase of the transition process is linear because the level of harmonics is 
low. 

At station x/c — 0.925, nonlinear phenomena develop. The fundamental os­
cillation is still visible and its frequency is close to the value recorded at sta­
tion x/c — 0.875, but the signal is distorted. Each cycle seems to be deformed 
by similar perturbation. Downstream, the signal becomes richer and richer in 
harmonics but we still observe a certain regularity in the shape of the sig-

0.01s 
Gain 

1 v\Vv^\MA^^i/^^^ 
10 Log E 

(a) 

Fig. 5.15. Transition on airfoil ONERA D with positive pressure gradient, [25]: (a) records 
of output voltage of anemometer at y = 0.5 mm and (b) energy spectra of longitudinal 
velocity y = 0.5 mm. 
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nal. The spectra exhibit a sharp peak at frequency / i = 1000 Hz for stations 
x/c = 0.675, 0.73 and 0.825. Downstream, we observe harmonics at frequencies 
/2 = 2000 Hz, fs = 3000 Hz, /4 = 4000 Hz, etc. . . . Other frequencies | , / , 
| / or fm/2 (m = 1, 2, 3, . . . ) are also observed with symmetrical peaks around 
these frequencies. This type of transition has very close resemblance with the 
A/'-type of transition studied with controlled disturbances for the flat plate [26]. 
It is also interesting to note that transition occurs without the formation of 
turbulent spots. 

5.5.3 Effects of Heat Transfer 

An indication of the qualitative eff'ects of surface temperature, mass transfer 
and pressure gradient on transition can be obtained from the x-momentum 
equation by recalling Rayleigh's theorem which requires that in order to have 
amplified disturbances, the velocity profile u{y) must have a point of infiection 
{u" = 0) within the flow. To show this for the case of heat transfer, we consider 
the a:-momentum equation for a variable viscosity on a zero pressure gradient, 
nonporous surface and write it at the wall, 

or, with primes denoting differentiation with respect to ?/, as 

(5.5.5) 

The dynamic viscosity // is a function of temperature, and decreases with in­
creasing temperature for liquids and increases with increasing temperature for 
gases. It can be seen from Eq. (5.5.5) that if the plate is heated so that Tyj > Te, 
then for a liquid {dT/dy)yj and d/i/dT are less than zero and as a result 

^) ^(^]('S] (5.5.6) 

is positive. Conversely, for a cooled plate, {dii/dy)w is negative. As both ^yj 
and u'^ are positive for either case, it follows that for T̂ ^ > Te, ix^ < 0 and for 
Tyj <Te^ u'l^> 0. Since the curvature u" is vanishingly small but negative as 
y ^ oo^ it follows that if its value at the wall is positive there must be at least 
one point of inflexion in the boundary layer (i.e., some point at which u'^ = 0). 
Thus for a liquid, we expect that heating stabilizes and cooling destabilizes the 
laminar boundary layer. Conversely, for gases in which viscosity increases with 
temperature, heating and cooling destabilizes and stabilizes the flow, respec­
tively. 
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A similar analysis can be used to show the qualitative effects of suction and 
injection as well as favorable and adverse pressure gradient on the curvature of 
the velocity profile and subsequently on transition. 

The effect of heat transfer on transition in incompressible flows can be stud­
ied with the e"^-method provided that we modify the Orr-Sommerfeld equation. 
This can be done by assuming explicit fluid property variations in only the mean 
dynamic viscosity and no fluctuating temperature field as discussed in [27] or 
by making use of the energy equation with all fiuid properties considered tem­
perature dependent as discussed in [28]. The predictions of both approaches 
essentially yield similar results and the former approach is considered here. 

As discussed in Problem 5.16, the modified Orr-Sommerfeld equation for an 
incompressible flow with heat transfer is 

{au - oo){(t)" - a^c/)) - au^'cj) 

= -^[^{r - 2a^ct>" + a V ) + 2 / i ' ( r " o?<t>') + ^"{<^" + « '0)] ^^^'^^'^^ 
H 

The variable mean-flow coefficients in this equation can be obtained from the 
compressible continuity and momentum boundary-layer equations (see [29]), 

du du due d ( du\ ,^ ^ ^. 

^^5^ + f^Ty = P^""^^ + ^y \^Ty) ^'-'-^^ 
and from the energy equation, which in terms of total enthalpy H, can be 
written as 

dH dH _ d 

dx dy dy 

/i dH 

PrJ dy 

H^{x) 

-He 

(5.5.9) 

(5.5.10a) 

(5.5.10b) 

subject to 
y = 0, M = w = 0, H = H 

y = 6, u = Ue{x), . 

All fluid properties are assumed to vary. For example, for water, in terms of SI 
units, they are given by 

1 -rno^n . n-5 / /35.155539 - 106.97187157^ + 107.772037672 \ 
M = 1.79369x10 / ( _ 4 O . 5 9 5 3 0 7 4 T 3 + 5.6391487,^ ) 

(5.5.11a) 

p = 1002.28(0.803928 + 0.46159017^ - 0.28697747^^ + 0.02346897^^) (5.5.11b) 

Cp = 1301.83(1.4833689 - 0.80725917^ + 0.3289607^^) (5.5.11c) 
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Pr = 13.66 (5.5.11d) 
73.376906 - 208.7474538T^ + 197.7604676r2 
-68.8626188T^^ + 7.4779458T^4 

Here T is temperature in Kelvin, Tr a temperature ratio defined by Tr — 
r/273.16. 

Before we discuss the results with heat transfer obtained with the e^-method, 
let us consider the unheated case so that the role of heat transfer on transition 
can be demonstrated. The results presented here were obtained by Lee [30] who 
used the same numerical procedure described in Section 5.6. Note that with 
these length and velocity scales, u and u" in the Orr-Sommerfeld equation are 
related to those computed by the boundary-layer program by 

« = / , / " "̂'if) (5.5.12) 

Figure 5.16 shows the variation of n-factor with Rx for five dimensional 
frequencies. For an n-value of 9, transition occurs at Rx = 3.20 x 10^, a value 
slightly larger than the experimental value of 2.84 x 10^. For n = 8.2, the cal­
culations agree well with experiment. The small discrepancy is within a scatter 
of experimental data and within the uncertainties associated with the n-factor. 

Figure 5.17 shows the variation of n-factor with Rx for uniformly heated 
plates on which the difference between the wall and freestream temperature, 
AT, is 5 and 30 °F, respectively. As in the results shown in Fig. 5.16, the 
calculations were again performed for five frequencies. As expected, heat transfer 
has a significant effect on the location of transition and shifts it downstream, 
delaying the beginning of turbulent flow. 

Figure 5.18 shows the variation of Rx^^ as well as R^* with heat transfer 
for the two cases depicted in Fig. 5.17, including the case for AT = 20 °F. As 
expected, due to the temperature-viscosity relationship of water, heat transfer 
increases both the transition and critical Reynolds numbers. 

Rv X 10 
Fig. 5.16. Integrated amplification rates 
on a flat plate with zero heat transfer [29]. 
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Fig. 5.17. Integrated amplification rates - uniformly heated plates with water flow with 
(a) AT == 5 °F and (b) AT = 30 °F [30]. Freest ream temperature Too is 67 °F. 
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40 Fig. 5.18. Variation of i?^*^ 

and Rs* with heat transfer 
[30]. 

Figure 5.19 shows the neutral stability curves in the {ar6*) and R^* plane 
for flat plates with four different AT values, namely, 0, 5, 20 and 30. As can 
be seen, heat transfer strongly influences the stability properties; in addition 
to increasing the critical Reynolds number, it also reduces the extent of the 
difference between lower and upper branches of the stability curves as heat 
transfer rate increases. 

5.5.4 Effects of Suction 

Suction has a double eflFect on a boundary-layer. First, the thickness of the 
boundary-layer is reduced, second, the shape of the velocity profile is modi-
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Fig. 5.19. Neutral stability curves for 
heated flat plates [30] for water flow. 

fied. These two eflFects combine to improve the stability properties of laminar 
boundary-layers. For two-dimensional flows, the second eflFect can be studied 
qualitatively from the momentum equation, which at the wall becomes 

du dp d^u 

dy dx d'lp' 

This equation shows that a positive pressure gradient induces a positive value 
of the second velocity derivative and leads to the presence of an inflection point 
which is likely to promote instabilities. A wall suction [vy^ < 0) competes with a 
positive pressure gradient and can improve the stability of the boundary-layer. 

As discussed in detail in [31], it is desirable to have extensive regions of 
laminar flow on underwater vehicles and aerodynamic bodies in order to reduce 
the skin-friction drag. Suction is an effective way of accomplishing this objective. 
To demonstrate this, consider flow over a flat plate with uniform suction and 
assume that the velocity profile corresponds to the asymptotic suction profile 
given by Eq. (P4.11.3). The critical Reynolds number based on displacement 
thickness, R^* , of this profile is about 70,000, as compared with about 500 for 
a Blasius profile. 

The suction drag is defined as loss of momentum due to mass removed from a 
boundary layer. If the mass removed is assumed to occur normal to the surface, 
then the force D acting on a flat plate with length L is (see problem P4.12) 

D = puc 
Jo 

v.ndx (5.5.13) 

and the suction drag coefl^icient C^ is defined by Eq. (P4.12.3), that is. 
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We can estimate the magnitude of the suction coefficient Cq to ensure stability 
to small disturbances for the asymptotic suction profile. From the first relation 
in Eq. (P4.11.4) and Eq. (P4.12.4), we can write 

Co 
UeS'' 

1 
(5.5.14) 

so that the boundary-layer would be laminar if Cq had the extremely low value 
of 1/70,000 = 1.4 X 1 0 - ^ 

In an actual case, however, the minimum value of Cq for a fiat plate fiow 
with suction is higher than the value corresponding to the asymptotic suction 
profile. As discussed in Problem 5.1, this profile develops only at a certain 
distance from the leading edge. The velocity profiles between that point [see 
Eq. (P5.1.1)] and the leading edge are of different shapes, changing gradually 
from the Blasius profile with no suction at short distances behind the leading 
edge to the asymptotic form. All the profiles in this region have lower limits 
of stability than the asymptotic one, and it follows that the quantity of fluid 
to be removed over the initial length must be larger than the value of 1.4 x 
10~^, if laminar flow is to be maintained. According to Schlichting [32], the 
suction coefficient Cq must be greater than 1.18 x 10~^, which is still a relatively 
small value from a practical point of view as it would pose very modest power 
requirements with only a small increase of skin friction drag over that of an 
unsucked laminar boundary layer, as shown in Fig. 5.20. The variation of local 
skin-friction coefficient Cf under conditions of optimum suction corresponds to 
Cg of 1.18 X 10""^, which is just sufficient to maintain laminar flow. The distance 
between the curve marked "optimum suction" and that marked "turbulent" 
corresponds to the saving in drag effected by the application of suction. 

10"̂  

Cf 

10 ' 

10 

turbulent 

laminar 

10^ 10" 
u L 

10 10° 
Fig. 5.20. Coefficient of local skin 
friction of a flat plate at zero inci­
dence [31]. 
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The drag associated with boundary-layer flow and mass removed can be 
conveniently discussed by considering again a flat plate with uniform suction. 
It follows from the momentum integral equation, Eq. (P3.13.1), that 

ul- Vu^Ue = — (5.5.15) 

ax p 

since the suction velocity is negative. It is clear from this equation that the wall 

shear {TW) represents the total loss and not just viscous loss in the boundary 

layer. 
Integrating Eq. (5.5.15) over the surface length L, letting T.E. denote the 

trailing edge of the flat plate and rearranging, we get 

Here ^T.E. is obtained from the velocity profile calculated from a flow with 
blowing. The usual definition of 9 is used. 

The first term on the left-hand side of this equation is the momentum drag 
associated with the wake, c^^. The second term is the suction drag coeflricient 
and the term on the right-hand side is the average skin-friction coefficient, c/?, 
which represents the momentum loss in the external viscous flow passing into 
the wake plus the momentum loss of the fluid taken aboard. The latter loss 
(suction drag) is analogous to ram drag of air entering an inlet. For this reason, 
sometimes the momentum drag is also referred to as the ram drag or sink drag, 
and is considered separately. 

There are practical limitations to what can be achieved by suction. Increasing 
suction rates requires larger ducting system and more power so that at some 
point, the weight penalty and the higher suction drag will produce diminishing 
returns. Increased suction also makes the boundary layer thinner, which in turn 
reduces the critical height of roughness which will cause transition. If suction 
is applied through discrete holes or slots and is not distributed over the area, 
increased suction velocities may cause the suction holes or slots to become 
critical themselves and act as sources for disturbances. It is clear that the suction 
system must be carefully tailored to the mission at hand if optimum benefits 
are to be realized. A well-designed pumping system should restore about one 
Cq of the loss attributed to the ram drag. 

5.5.5 Effects of Surface Roughness 

It is well known that a dirt particle or similar isolated roughness on the surface 
in a region of laminar fiow may produce immediate transition, a wedge-shaped 
region of turbulent flow originating at the roughness and extending downstream. 
It has also been observed that when roughness height or freestream velocity is 
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reduced, the wedge of turbulence may begin some distance downstream from the 
roughness element. According to experimental data, see for example, Ref. 29, 
there is a marked difference between the effects of two-dimensional and isolated 
roughness on transition. 

If we consider an isolated roughness on a body, we find that depending on 
its shape, the external velocity distribution, location on the body and the fluid 
viscosity, there is a critical roughness height, often called fccrit, below which the 
roughness element has no effect on transition; that is, the location of transition 
is the same as that on a smooth surface. As the height of the roughness ele­
ment is increased above this value, however, the location of transition moves 
upstream until at a second critical value, say fc*^.-^, transition occurs just aft of 
the roughness element; a wedge-shaped region of turbulent flow then results, 
trailing downstream from the roughness element at its apex and of semi-angle 
of the order of 10°. With a two-dimensional roughness element e.g., a transi­
tion trip-wire, turbulent flow occurs over a whole span immediately aft of the 
roughness element for k > fc*^.-^. 

These two critical heights are of considerable practical importance: fccrit de­
fines the stage at which the roughness begins to produce a noticeable effect on 
drag due to the forward transition movement, while k*^^^ is a useful guide to 
the height of a trip required to bring the transition to a specified location. The 
critical roughness height, fc*^.^^, is often used to help to reduce the uncertainties 
of scale effect prediction in the use of wind tunnel models to simulate full-scale 
behavior in flight. 

Before closing this brief discussion on the effects of surface roughness on 
transition, it is useful to mention that the minimum Reynolds number based 
on momentum thickness RQ, for producing transition at the roughness element 
is about 320 for full-developed turbulent boundary layers over a flat plate. The 
minimum height of roughness can therefore be estimated from the equation RQ-^-
6RQ — 320, where RQ is the Reynolds number on a smooth plate at roughness 
location and 6RQ is the increase in RQ associated with the drag of the roughness 
element. The latter can be expressed in the form 

6Re = lCo^-^M' (5.5.17) 
2 V \UeJ 

where Co is the drag coefficient referred to the velocity u^ at the height of 
roughness element and has a value of about 3/4 in the case of circular wire. 

In general, surface roughness promotes transition. Sometimes, this effect is 
favorable. This is indeed the purpose of dimples on golf balls. The advantage is 
that a turbulent boundary-layer has a better ability to support adverse pressure 
gradients without separating and the pressure drag of a sphere is reduced if 
separation occurs further downstream when the boundary-layer is turbulent. 
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5.5.6 Effects of Surface Curvature 

Surface curvature can also play an important role in influencing transition. 
On two-dimensional convex surfaces, transition may occur due to Tollmien-
Schlichting (T-S) instability and on three-dimensional convex surfaces due to 
crossflow instability, or T-S, or a combination of both instabilities. On two- and 
three-dimensional concave surfaces, transition may also occur due to Gortler 
instability, also known as Taylor-Gortler instability. While the T-S instability 
deals with small disturbances superimposed to the flow, the Gortler instability 
deals with the centrifugal instability caused by the curvature of the concave 
surface. 

There is an essential difference between the T-S waves shown in Fig. 5.1 and 
the disturbances found by Gortler, shown in Fig. 5.21. The latter type consists 
of vortices with axis oriented in the streamwise direction and is similar to the 
disturbances first discovered by G.I. Taylor in 1923 in his investigation of the 
flow between rotating concentric cylinders. With the outer one at rest and the 
inner one rotating, the flow close to the surface of the outer one is effectively 
that over a concave surface. Instability manifests itself in the form of ring-like 
vortices which appear when the Taylor number Ta defined by 

Ta = Rd^Jd/7^ (5.5.18) 

is approximately greater than 4.1. Here R^ is a Reynolds number based on 
the gap width d between the cylinders and circumferential velocity UQ of the 
inner cylinder of radius r^. The regular pattern of laminar vortices arising from 
the initial instability is found to continue for values of Ta up to about 4000; 
at higher values of Ta the flow becomes turbulent and the vortices lose their 
regular pattern. 

After Taylor's discovery, Gortler analytically showed that an external flow 
on a concave surface becomes unstable if 

Fig. 5 .21. Streamline pattern of Gortler disturbances in laminar boundary-layer on a 
concave surface. 
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Ta = Ro^/9/n) (5.5.19) 

is greater than 0.58. Here RQ is the Reynolds number based on the momentum 
thickness, UeO/v^ and ro is the radius of curvature. Later, Dryden, based on 
Liepmann's experiments [33], showed that for transition, the values of Ta^ de­
pending on the freestream turbulence, are between 6 and 9 [34]. Thus, a concave 
surface induces instabilities in the flow in the form of streamwise vortices to the 
subsequent development of turbulent flow, but the process of development can 
be lengthy and complex. Forest [35] proposed a correlation which relates the 
Taylor number to the freestream turbulence level by 

Ta = 9e-^^-^^^ (5.5.20) 

Gortler vortices coupled with T-S waves and crossflow instability can trigger 
early transition to turbulence. They may play an important role in internal 
flows with concave curvature and on modern supercritical laminar flow control 
wings which have concave regions near the leading edge and the trailing edges 
of the lower surface. 

There have been extensive studies devoted to the improvement and extension 
of Gortler's analysis, and a thorough review of these efforts has been reported 
by Herbert [36] and Saric [37]. There are a number of fundamental diff'erences 
in these theoretical studies as to the details of the formulation of the problem 
as well as in the computed results. These are discussed by Floryan [38]. The 
influence of external disturbances and eff'ects of suction are analyzed by Floryan 
and Saric [39]. 

5.6 Numerical Solution of the Orr-Sommerfeld Equation 

The box scheme described in Chapter 4 to solve the boundary-layer equations 
for two-dimensional flows is also very appropriate to solve the Orr-Sommerfeld 
equation as we discuss in this section and the linear stability and boundary-
layer equations for three-dimensional flows as we discuss in Chapters 11 and 9, 
respectively. 

To formulate the numerical scheme employing the box method, we consider 
Eq. (5.3.16) and its boundary conditions given by (5.3.18) and (5.3.20) and 
reduce them to an equivalent flrst-order system. We deflne 

(t>' = f (5.6.1a) 

f' = s + f,cP (5.6.1b) 

s' = g (5.6.1c) 

and write Eq. (5.3.16) as 
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5' = d«-&</> (5.6.1d) 

With these variables, the boundary conditions become 

^ = 0, 0 = 0, / = 0 (5.6.2a) 

y = (5; 5 + (6 + 6 ) / + 6 (6 + 6)0 = 0; 
g^^2S = 0 (5.6.2b) 

where ^2, defined in Eq. (5.3.17b) attains its value ai y = 6. 
We now consider a nonuniform mesh with y = 0 represented by yo and y = S 

by yj and approximate the quantities {f^s^g^cj)) at points yj by {fj^Sj^gj^(f)j). 
As in Section 4.5, we write the finite-difference approximations of Eqs. (5.6.1) 
for the midpoint y^_i using centered-difference derivatives to obtain 

^j - 0 j - i - ^sifj + fj-i) = {ri)j = 0 (5.6.3a) 

fj - fj-i - ^3(5^ + Sj-i) - ci{(t)j + 0j_i) = {r3)j-i = 0 (5.6.3b) 

^j - ^ j - i - ^^idj + 9j-i) = (^2)i = 0 (5.6.3c) 

9j - 9j-i - C4(5j + Sj-i) - C2(0j + (pj-i) = (r4)j- i = 0 (5.6.3d) 

Here, with hj-i denoting yj — ^ j - i , 

C3 = - ^ ^ Ci = ^?C3, C2 = - ( 6 ) , - i C 3 , C4 = ( d ) . _ i C 3 (5.6.4) 
Z - ^ 2 - ^ 2 

As in the procedure for solving the boundary-layer equations, Eqs. (5.6.3) are 
again written in a sequence which ensures that the Ao-matrix in Eq. (4.5.24) is 
not singular. 

Equations (5.6.3) are imposed for j = 1, 2 , . . . , J and additional conditions at 
j = 0 and j — J are obtained from the appropriate boundary conditions which, 
for an external flow, follow from Eqs. (5.6.2) and can be written as 

0o = (ri)o = O, /o = (r2)o = 0 (5.6.5a) 

fj + CSS J + C10J = (rs) J = 0, gj + C4SJ = (r4) j = 0 (5.6.5b) 

where now 

C3 = 7—TT"' ^ 1 = 6 , C4 = 6 (5.6.6) 

6 +6 
The difference equations (5.6.3) and (5.6.5) have trivial solutions fj = Sj = 0j = 
gj — 0 for all j and we shall use the iteration procedure described below to find 
the special parameter values for which nontrivial solutions exist. 

Since the Orr-Sommerfeld equation and the boundary conditions are ho­
mogenous, the trivial solution 0(?/) = 0 is valid for all values of a, /?, uo and R. For 
this reason to compute the eigenvalues and the eigenfunctions we first replace 
the boundary condition 0'(O) = 0 (that is /o = 0) of Eq. (5.6.5) by (/)''(0) = 1, 
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that is So = 1. Now the difference equations have a non-trivial solution since 
(/>''(0) 7̂  0 and we seek to adjust or to determine parameter values so that the 
original boundary condition is satisfied. This is achieved by an iteration scheme 
based on Newton's method. Specifically, we first write the wall boundary con­
ditions 

0o = ( r i ) o - O , so = {r2)o = l (5.6.7) 

and the edge boundary conditions in Eq. (5.6.5b) and Eq. (5.6.3) in matrix-
vector form as in Eq. (4.5.23), that is, 

A6 = r 

where 

A • — 
"J -

<t>j 
Sj 

fj 
Sj 

-, 
' '"i -

in) J 
(r2)i 
{n)j 

('•4)i 

(4.5.23) 

(5.6.8) 

and the Aj, Bj, Cj denote 4 x 4 matrices given by 

Ao 

1 
0 

(c i ) i 

(C2)l 

0 0 0 
1 0 0 

(C3)l 1 0 

(C4)l 0 1 

A,^ 

0 
1 

Aj = 

1 
0 

0 

1 

0 

( c i ) j+ i icz)j+i 

(C2)i+1 (C4)j+1 

0 
1 
0 

Bi 

Cj = 

-1 0 
0 -
0 I 
0 I 

0 

0 

( c i ) i + i 

(C2)i+1 

-1 

0 -
1 

(C3) 

(C4) 

-(C3)i 
0 

- (C3) j 
0 
1 

0 

0 
-{C3)j 

0 
1 

0 

0 
1 

1 < j < J - 1 

) 0 
) 0 

0 
0 

(C3)i+1 

(C4)i+1 

-1 

0 

-(C3)i 

0 
0 

0 
0 
0 

- 1 

1 < j < J 

0 < j < J - 1 (5.6.9) 

We note from the difference equations defined by Eqs. (5.6.3) and (5.6.5) 
that the solution of Eq. (4.5.23) depends upon the four parameters a, /?, u; and 
R and we can denote this dependence by writing 

6^6{a,l3,uj,R) (5.6.10) 

Recalhng that a and f3 are complex, and that to is real in spatial-amplification 
theory, the above relation implies that the solution of Eq. (4.5.23) depends 
upon six scalars. With any four of these scalars fixed, the remaining scalars can 
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be computed in such a way that the missing boundary condition 0'(O) = 0 is 
satisfied. In our finite-difference notation, this corresponds to the condition 

/o (a , /3 ,u ; , i ? )=0 (5.6.11) 

The preceding formulation of the numerical method is general but the proce­
dure for computing eigenvalues and eigenfunctions is different for two- and three-
dimensional flows. In the following subsections we consider two-dimensional 
flows and postpone the discussion on three-dimensional flows to Chapters 8 and 
14. 

5.6.1 Eigenvalue Procedure for Two-Dimensional Flows 

For a two-dimensional flow, the parameters ^i to ̂ 3 in Eqs. (5.6.1) and (5.6.2) 
are given by 

^2 = ̂ 2^ el = ĉ ^ + iR{oiU - a;), ^3 = iRo^u" (5.6.12) 

and Eq. (5.6.11) can be written as 

/o(a,u;,i?) = 0 (5.6.13) 

To discuss the solution procedure for Eq. (5.6.13), let us consider the computa­
tion oi ar^ uj and R for a specified value of a^. In this case since u is real, the 
solution of Eq. (5.6.13) can be obtained by fixing one parameter and solving 
for the remaining two. The choice of the fixed parameter depends on the slope 
of dar/dR so that, for example, it is more convenient to fix R and solve for a^ 
and u away from the critical Reynolds number where dar/dR is small. In the 
region of critical Reynolds number, dar/dR is large and increases as i? ^ i?cr 
and it is necessary to specify ar and solve for uj and R. To explain these points 
further, consider the eigenvalue problem corresponding to small dar/dR. Since 
/o is complex, a^ is given and R is fixed, Eq. (5.6.13) represents two equa­
tions with two unknowns {ar^co) and the equations can be solved by Newton's 
method. Specifically, if (a^^uj^) are the ly-th iterates, the {u + l)-th iterates are 
determined by using 

a^+i = a j : + (5aj: (5.6.14a) 

uj^+^ = uj^ ^ 6uj'' (5.6.14b) 

in Eq. (5.6.13), expanding /o about a^ and uj^ and retaining only linear terms 
in the expansion. This gives the linear system by taking /^"^^ = 0 and f^'^ = 0 

fr + {^Ys<+(^] <5̂ '' = 0 (5.6.15a) 

/f+(|^y.5<+f|^) 5a;" = 0 (5.6.15b) 
dttr J ^ \duJ 
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Here, for convenience, we have dropped the subscript 0 on / and used r and i 
to denote the real and imaginary parts of / at the wall. The solution of Eqs. 
(5.6.15) is. 

Ao 

Ao L 

ft du! f; 

ft 

du! 

df,^-" 
da. 

(5.6.16a) 

(5.6.16b) 

where 

Ao = (5.6.16c) 
, dar J \duj ) V dar J \duj J 

To evaluate the derivatives of fr and fi with respect to ar and CJ, we need only 
to differentiate Eq. (4.5.23) and, since the vector ris independent of ar and cj, 
we get: 

/ i : \ ^ 
86 \ f dA 

A 
dar dar 

6^ = r 

-4\-{m^' 
(5.6.17a) 

(5.6.17b) 

We shall refer to the above equations as the variational equations of Eq. (4-5.23) 
with respect to ar and a;, respectively. Thus, to obtain the required derivatives, 
we need to solve only two linear systems with the same coefficient matrix A 
already computed and factored for Eq. (4.5.23). The vectors on the right-hand 
side of Eqs. (5.6.17a) are determined from Eqs. (5.6.3), (5.6.5b) and (5.6.7). For 
Eq. (5.6.17a) (n)^- = {r2)j = 0 for 0 < j < J , but {r^)j and {r4)j for 1 < j < J 
are given by 

\dar 
{r3)j-i 

•' 2 

(r4) i - i \dar '̂ -i+H^̂ r̂ -̂  
\darjj 

, fdc4\ 
{r4)j = - ' ' 

\darjj \darjj (t>J 

(5.6.18a) 

(5.6.18b) 

(5.6.18c) 

sj . , ^ . (5.6.18d) 
,darj J 

For Eq. (5.6.17b), again {ri)j = {r2)j = 0 for 0 < j < J , but with ci, C2 and 
C3 being independent of u; for j < J — 1, the coefficients {r^)j and {ri)j for 
1 < j < J are given by 

(r3)j- i = 0 (5.6.19a) 

<-'-=KS J 2 
(5.6.19b) 
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^ ' ' ^ ' ^ - ^ ^ ) / ' 

( ^ 4 ) j 
dc4\ 

sj 

(5.6.19c) 

(5.6.19d) 

To summarize one part of the iteration process for a fixed value of R and 
for assumed values of a^ and cj, we solve Eq. (4.5.23). If the initial estimates 
of ar and ou satisfy Eq. (5.6.13) and that /o = 0, then of course there is no 
need to compute new values of ar and UJ. On the other hand, if /o 7̂  0, then 
new estimates of ar and uj are obtained by Newton's method. With the right-
hand side of Eqs. (5.6.17a,b) given by Eqs. (5.6.18) and (5.6.19), we solve Eqs. 
(5.6.17a,b) to compute df/dar and df/duj. Then we compute 6ar and 6uj from 
Eqs. (5.6.16) and insert them in Eqs. (5.6.14) so that we can solve Eq. (4.5.23) 
with new estimates of ar and u and satisfy Eq. (5.6.13). This process is repeated 
until the increments |̂ c<;| and \6ar\ are less than a specified tolerance parameter. 

Once a solution to Eq. (5.6.13) is obtained at a specified Reynolds number 
i?0, we can determine {dar/dR)o and {duj/dR)o at R = RQ and decide whether 
we are going to solve the eigenvalue problem in which we compute (ar^uj) for a 
fixed i?, as we did above, or compute (i?, cj) for a fixed a^. For this purpose we 
take the total derivative of Eq. (5.6.13) with respect to R and after separating 
the real and imaginary parts of the resulting expression, we get: 

dfr\ (da^\ .(dfr\ (du^\ 

darJoKdRJo [divJ^ydRJo 

fdfi\ /doA (dfA (dcv_\ 

{darJoKdRJo [dLoJoKdRJo 

dRJo 

It follows from Eqs. (5.6.20) that 

(doA _ 1^ 
[dRJo'Ao 

dLO\ __ j _ 

dfi^\ (dfr\ 

dRJoKdioJ^, 

dfr-\ 

dRJo 

dfA 

dRJo dojJo 

dar dRJi 

dfr 
dar OJ 

(5.6.20a) 

(5.6.20b) 

(5.6.21a) 

(5.6.21b) 

where 

A o = ^ 
dfr 
dar/ Q 

(5.6.21c) 

To evaluate the derivatives of fr and fi with respect to i?, this time we differ­
entiate Eq. (4.5.23) to obtain the variational equations with respect to i2. 

- ) S-^f (5A22) 

The right hand side vectors of the above equation with {ri)j = (r2)j = 0 for 
0 < j < J , and with {rs)j and (r4)j for 1 < j < J are: 
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(rs)*-! = 0 

M . - . = 2 ( ^ 
•' 2 

dC2\ 
dR 

{r3)j = -

(^4). 

dcz\ 
dRj^ 

dC4\ 

sj 

sj 

(5.6.23a) 

(5.6.23b) 

(5.6.23c) 

(5.6.23d) 
.dRjj 

As before, with the coefficient matrix A already known, we now compute the 
relations in Eqs. (5.6.23) so that df/dR can be obtained from the solution of 
Eq. (5.6.22). Since df/dar and df/du are already known from the solutions 
of Eqs. (5.6.17), dar/dR and du/dR can be computed from Eqs. (5.6.21) to 
decide on the choice of the eigenvalue procedure. 

It should be mentioned that the values of dar/dR and duo/dR can also be 
very useful in estimating the initial values of a^ and c<; at a different Reynolds 
number where new sets of ar and uj are to be obtained. To discuss this point 
further, we expand ar and uj by Taylor's series and by retaining only the first 
term, we write 

ar = (ar)o + 

cjo + 

f̂ ).-
i).-

(5.6.24a) 

(5.6.24b) 

where 6R = R — RQ and subscript 0 denotes the values of ar and uj at R = RQ. 
If the slope dar/dR is greater than a specified quantity, then the strategy 

of computing the eigenvalues for the specified value of ai needs to be changed. 
This can be done by incrementing ar by small specified values and, for each 
value, cj and R that satisfies Eq. (5.6.13) are computed. As in the procedure 
that led to Eqs. (5.6.15), we now expand / in Eq. (5.6.13) about u;^ and R^ 
and retain only linear terms in the expansion. 

< 5 a ; - + ( ' | | ) 6R^ = 0 

/r+( ̂ f^Y dfiV 
0.J ^-^MM'^^^^^ 

(5.6.25a) 

(5.6.25b) 

Solving for 6LO'^ and SR'^, we obtain essentially the same equations as those 
given by Eqs. (5.6.15) if we replace a^ by R, 

SR" = ^ 
Ao duo /fi^i -n\t, 

buf ^ 
Ao •''• KdR) ^' \dR 

(5.6.26a) 

(5.6.26b) 
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Ao = (5.6.26c) 

where now 

'^Y (dhV _(df^y (dfr-
dRJ \duj) \dRj \dio. 

To find the eigenvalues at a new chosen value of a^, we may again obtain 
better estimates of to and R by writing 

\darJo 

f duo 

\dar 
8ar 

(5.6.27a) 

(5.6.27b) 

However, the additional work required to compute duo/dar may not justify this 
advantage since the calculations are being performed near the critical Reynolds 
number region for small increments in a^ which make the initial guess and the 
eigenvalue problem easier. 

The calculation of uj and R for a specified value of a^ is very similar to the 
one in which uo and ar are computed for a specified R. With initial estimates of 
UJ and i?, Eq. (4.5.23) can be solved to see whether Eq. (5.6.13) is satisfied. If 
not, new estimates are computed by using Newton's method. Equations similar 
to (5.6.17b) and (5.6.22) are solved to get df /duj and df/dR, respectively, and 
then new increments in R and UJ are obtained from the solution of Eqs. (5.6.26). 
The procedure is repeated until convergence, when, for example, \6uj\ and \6R\ 
become less than a specified tolerance parameter. 

5.6.2 Eigenvalue Procedure for Transition 

The eigenvalue procedure for computing a needed to predict transition with 
the e^-method for specified values of UJ and R is analogous to that described in 
the previous subsection. In this case, Eq. (5.6.13) is expanded with the Taylor 
series rather than Eqs. (5.6.15), and linear terms are retained to give 

6a^ + 
dfr 
dai ^< 0 (5.6.28a) 

dar 

The solution of these equations is similar to those given by Eq. (5.6.16), 

6a^ 
1 

•'' ' da, ' •'' dai 

5af 
1 

/ ; 
dfi] 
dar ^' ' dar 

(5.6.29a) 

(5.6.29b) 

where 
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Differentiation of Eq. (4.5.23) with respect to a^ and a^ leads to the derivatives 
of fr and fi with respect to a .̂ and a^, and an equation identical to Eq. (5.6.17) 
with uj replaced by ai is obtained. Again the vectors on the right-hand side of 
Eq. (5.6.17) are determined from Eqs. (5.6.3), (5.6.5) and (5.6.7), and {ri)j = 
(r2)j = 0 for 0 < j < J , and {r^)j and (r4)j for 0 < j < J are given by Eqs. 
(5.6.18) with ci, C2, cs and C4 now differentiated with respect to a^ and a^, 
respectively. 

5 .7 A p p l i c a t i o n s o f S T P 

In Appendix B, Program 6, we present and describe a stability-transition pro­
gram (STP) for calculating neutral stability curves and the onset of transition 
in two-dimensional external flows. Here we discuss its application to a sample of 
flows. In subsection 5.7.1 we consider the Blasius flow and use STP to calculate 
the eigenvalues on the lower branch of a neutral stability curve. In subsection 
5.7.2 we use STP first to calculate the onset of transition on a flat plate flow 
and follow it with airfoil, ellipse and prolate spheroid flows. 

STP assumes that velocity profiles u and u^^ at each x-station are calcu­
lated as a function of 77 with the boundary-layer program (BLP2) given also in 
Appendix B, Program 3. For convenience, the velocity UQ and length / in the 
Orr-Sommerfeld equation are chosen to correspond to the same velocity and 
length scales used in BLP2, 

fl^X X / r rr -IN 
Uo = Ue, / = W = —7= (5.7.1) 

V ^e VRx 
so that the same grid in BLP2 can be used in STP. This means that u and u^' 
in STP are related to the output of BLP2 by 

u = f , u" = f" (5.7.2) 

and the Reynolds number in the Orr-Sommerfeld equation is given by 

R='^ = ^ , (5.7.3) 

The parameter / ' ' ' can be obtained either by differentiating f^' with respect 
to 77 or from the finite-differenced momentum equation, Eq. (4.5.15) which for 
laminar flow can be written as 

v'j ^ ( / f ) " = ~a,{fv)^ + a2{u]r - anivj-'ff - f^-'v]) + R]-' (5.7.4) 

where R^~^ is given by Eq. (4.5.16a). 
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With boundary-layer profiles known at each x-station, the stability calcula­
tions can be started at any a:-station where the critical Reynolds number, Rcr is 
less than the Reynolds number used in the boundary-layer calculations. For ex­
ternal flows, an estimate of R^* can be obtained from Fig. 5.5 with Rs* known 
from the boundary-layer calculations and included in the output subroutine. 

The calculations for transition are first performed for a neutral stability 
curve at the specified x-location where R{= y/R^) is known. The calculation 
of u; and a requires initial estimates for the velocity profiles of u and u^'. A 
convenient procedure to achieve this is the continuation method discussed in [40] 
but, to retain a comparatively simple program, this is not part of the present 
description. The initial estimates of LJ and a for a given R can be obtained for 
Blasius flow. 

To calculate the location of the onset of transition, it is usually sufficient 
to perform neutral stability calculations at four x-locations so that four fre­
quencies can be computed and amplification rates determined on four curves 
with constant dimensional frequencies. While STP is general and can be used 
for external flows with suction and injection as well as free shear flows such as 
jets and wakes, changes are required to accommodate boundary conditions and 
provide better estimates of initial eigenvalues where required. STP can also be 
used for external flows with heat transfer as discussed in [40]. 

5.7.1 Stability Diagrams for Blasius Flow 

The stability diagrams for Falkner-Skan flows, similar to those given in Fig. 
5.4, can be constructed by using BLP2 and STP. For a given external velocity 
distribution (constant for Blasius flow), BLP2 generates the laminar velocity 
profiles so that ETA(J), U(J,2) and V(J,2), J = 1 , . . . , NP, can be saved from the 
MAIN program in a format compatible with the READ statement of subroutine 
VELPRO. 

For the neutral stability diagrams, the calculations can be performed at a 
sufficiently high Reynolds number by specifying initial estimates of ar and cu. 
Once a solution is obtained at one Reynolds number, the calculations for other 
Reynolds numbers can be obtained with the procedure of subsection 5.6.1. The 
same procedure can also be used for lower Reynolds numbers provided doLr/dR 
is small. When this is not the case, ar is incremented by small specified values 
and uo and R are computed to satisfy Eq. (5.6.13). STP is written for the case 
of small dar/dR and needs to be changed when dar/dR becomes large. 

To demonstrate the use of STP, we consider the Blasius fiow and calculate the 
eigenvalues ar and uj at four x-locations. We take Ue = 160 ft/sec, RL = 5 X 10^, 
L = 5 ft and initiate the calculations at Xo = 0.54 ft for a^ = 0. This corresponds 
to a Reynolds number of R{= y/R^) = 735 which is sufficiently high for dar/dR 
to be small, see Fig. 5.4a. Initial estimates of ar and a; follow from Fig. 5.4, and 
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Fig. 5.22. Computed eigenvalues for Blasius flow, (a) Qr and (b) cur­

are 0.084 and 0.025 respectively, on the lower branch of the neutral stability 
curve at i? = 800. 

Figure 5.22 shows the computed eigenvalues ar and u along the surface 
distance x for values of ai equal to 0 and -0.004. The calculations for a^ = 
-0.004 are essentially the same as those for the neutral stability curve, ai = 0. 
The initial estimates of ar and u can be obtained from those corresponding to 
ai = 0 provided that Aa^ is small. If this is not the case, then it is best to divide 
the increment in Aa^ to small values and perform the stability calculations for 
each value of ai until the desired value of a^ is reached. 

5.7.2 Transition Predict ion 

To demonstrate the prediction of the onset of transition location with the e^-
method, we first apply STP to a zero-pressure gradient flow and follow it with 
the airfoil, ellipse and prolate spheroid flows discussed in Section 4.6. 

Flat-Plate Flow 

The zero-pressure gradient flow is identical to the one in the previous section 
except that now the stability calculations are performed to compute a. With 
dimensional frequencies known at four x-locations, the amplification rate cal­
culations are performed for frequencies of 902, 753, 641 and 581 Hz, Fig. 5.23a. 
The n-values are obtained from Eq. (5.4.8) with XQ corresponding to each value 
of X in the neutral stability curve. Figure 5.23b, which is the same as Fig. 5.9, 
shows the envelope of the amplification rates (dashed line) and indicates that 
for a value of n = 8, the onset of transition takes place at x = 2.8 ft, or at a 
Reynolds number of i?^ = 2.8 x 10^. 
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Fig. 5.23. Transition calculation for a flat plate flow, (a) origin of the disturbances on 
neutral curve and (b) integrated amplification rates. 

Airfoil Flow 

The procedure for determining the onset of transition location on an airfoil is 
similar to the procedure used for the flat plate flow discussed above. To demon­
strate this, we consider an NACA 0012 airfoil at two chord Reynolds numbers, 
Re — 10^ and 3 x 10^. For the external velocity distribution obtained from the 
HSPM computer program given in the accompanying CD-ROM, Program 4, 
the laminar velocity profiles are computed with BLP2 for a = 0°, 2° and 4°. 
The neutral stability calculations are then performed for each Reynolds num­
ber and angle of attack. These calculations were then followed by amplification 
rate calculations for each frequency computed on the neutral stability curve. 
For each calculation, the transition location is determined with respect to the 
surface distance along the perimeter of the airfoil measured from the stagnation 
point and the corresponding xjc location is calculated. 

Table 5.2 presents a summary of the calculated transition locations at three 
angles of attack and two chord Reynolds numbers for n = 8. The results show 
that with increasing angle of attack, since the adverse pressure gradient becomes 

Table 5.2. Onset of transition locations on the upper surface of an 
NACA 0012 airfoil at two Reynolds numbers and three angles of 
attack. 

a 0° 2° 4° 

1 X 10^ 
3 x 10^ 

{s/c)tr-{x/c)tr 
0.505-0.49 
0.355-0.34 

{slc)tr-{x/c)tr 

0.33-0.31 
0.21-0.19 

{s/c)tr-{x/c)tr 
0.16-0.13 
0.10-0.075 
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stronger, the transition location moves upstream. The results also show that 
with increasing Reynolds number, the transition location moves upstream. 

Ellipse Flow 

The determination of the onset of transition location on the ellipse flow discussed 
in Section 4.6, is similar to the previous two examples discussed above. Again, 
the laminar boundary-layer calculations are performed for i?2a = 10^ and 10^ 
using the BLP2 program for the specified external velocity distribution and 
these are followed by the stability/transition calculations with STP. For i?2a = 
10^ the maximum n-factor that can be computed before reaching the laminar 
separation point is less than 8. This suggests that the transition location occurs 
very close to laminar separation (x/2a = 0.85). For i?2a = 10^, the transition 
location is computed at xj2a = 0.455 or 5/2a = 0.49. 

Figure 5.24 shows the variation of the wall shear / ^ with axial distance xj2a 
for two Reynolds numbers computed with BLP2 for both laminar and turbulent 
flows. 

0.0 0.2 0.4 0.6 0.8 I.O 
x/2a 

Fig. 5.24. Wall shear parameter, 
fw — {cf/2)y/R^, variation on the 
ellipse with axial distance xj2a. 

Prolate Spheroid Flow 

STP can also be used to determine the transition on a prolate spheroid dis­
cussed in Section 4.6. At first the laminar velocity profiles are computed in 
Falkner-Skan-Mangler variables and are then expressed in Falkner-Skan vari­
ables. Assuming that ro ^̂ ^ (5 so that r = ro, / ' and f' are written as 

r{ri) - /'(fy) (5.7.5) 
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f'iv) rofiv) (5.7.6) 

where the quantities without bars are the Falkner-Skan variables used in the 
stabihty calculations and the quantities with bars are the Falkner-Skan-Mangler 
variables used in the boundary layer calculations. The dimensionless 77 and ry 
are related to each other by 

The stability calculations with / ' and / ' ' given by Eqs. (5.7.5) and the 77 
grid by (5.7.6) are performed for Ra = 10^ and 10^ and the amplification rates 
are determined. As in the ellipse flow, for Ra = 10^, the maximum n-factor that 
can be computed before reaching the laminar separation point is less than 8, 
suggesting that the transition location occurs very close to laminar separation 
{x/a = 1.68). For Ra = 10^, the transition location is computed at x/a = 0.49, 
s/a = 0.56, or X = 0.0135. 

Figure 5.25 shows the variation of the local skin-friction coefficient cj and 
dimensionless displacement thickness 5*/a for two Reynolds numbers computed 
with modified BLP2. 
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Fig. 5.25. Variation of (a) skin friction coefficient and (b) dimensionless displacement 
thickness, S*/a, on a prolate spheroid at 0° incidence for Ra = 10^ and Ra — 10^. 
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Problems 

5-1 . In order to illustrate an eigenvalue problem, consider 

+ a^y = 0 0 < X < 1 d^y , 2 

and its boundary conditions 

2/(0) = 0, y(l) = 0 

A trivial solution is ^ = 0, but non-trivial solutions (eigensolutions) exist for 

particular values of a (eigenvalues). Determine the set of eigenvalues and the 

corresponding eigenfunctions. 

5-2. (a) Consider a combination of two waves 

/ = Aco^{kix - uj\t) + Acos{k2X - ijJ2t) (P5.2.1) 

and show that 

f ^ B cos{kx - ujt) (P5.2.2) 

with 

5 = 2y4cos(AA:x-Acjt) 
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(JO = 

Auj = 
002 — ^ 1 

k = 
ki + k2 

Afc = 

2 

k2 - fci 

(b) Assuming that uji and uo2 are close to each other and, fci and ^2 are also close 
to each other, plot qualitatively the function / in Eq. (P5.2.2) as a function of 
X for different values of t. 

(c) Plot the locus of the maximum value of B in the plane (x, t) and show that 
this point travels with velocity Au/Ak, called the group velocity. 

If we consider a more general combination of waves 

/

+ 00 

-OO 

(P5.2.3) 

in which the pulsation and the wave number are related through the dispersion 
relation cc;(/c), the group velocity is duj/dk. It can be shown that the energy 
is transported with the group velocity. The concept of group velocity is as 
important in wave theory as in studying the stability of laminar boundary-
layers (see Section 11.3). 

5-3. (a) With the definitions in Eq. (5.3.5) and parallel flow approximation, 
show that Eqs. (5.3.1) to (5.3.3) can be written in the form given by Eqs. 
(5.3.6) to (5.3.8). 

(b) Show that with q in Eq. (5.3.9) corresponding to u^ v^ and p, the continuity 
and momentum equations given by Eqs. (5.3.6) to (5.3.8) can be written as 

iaii + 

(Pu 2 -
—— —a u — iR 

d^i) 2 —— - a tr =z 
dy^ 

dy 

/ X. ^du 
iau — uj)u — IV-—h otp 

dy 

iR [au — LU)v — i—-
dy. 

(P5.3.1) 

(P5.3.2) 

(P5.3.3) 

(c) For wafl boundary-layer flows, Eqs. (5.3.6) to (5.3.8) or (P5.3.1) to (P5.3.3) 
are subject to the following boundary conditions at ?/ = 0 

u = V = 0 (P5.3.4) 

Show that u^ i), and p behave exponentially as y ^ (X) with a typical asymptotic 
representation 

u ~ Aie-^'y + A2e-^^y (P5.3.5) 

where Ai and A2 are constants and ^1 and ^2 are defined by 
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1̂̂  = a^ (P5.3.6a) 

il = a^ + iR[au - u] (P5.3.6b) 

with the restriction that their real parts are not negative. 

5-4. The equations in Problem 5.3 can also be expressed in other forms. Show 
that if we represent the amplitude functions of the perturbation quantities u^, 
v' and p' by / , 0 and 77, respectively, and introduce them into Eqs. (P5.3.1) to 
(P5.3.3), we get 

^ = ~iaf (P5.4.1) 
dy 

c^f 
a^ 

i{au — (jj) -\-
R 

du , . ^ 9 c^ d f 
+ a—(/) + i i 7 a 2 - - - 4 = 0 (P5.4.2) 

dn ., , , a^ 1 d^<^ 
-^ = -i{a.u-uj)<i>-—4>^-^ (P5.4.3) 

5-5. Show that the equations in Problem 5.3 can also be expressed as a fourth-
order differential equation in 0 in the form given by Eq. (5.3.13). 

5-6. The boundary conditions for the Orr-Sommerfeld equation follow from the 
relations given by Eqs. (P5.3.4) and (P5.3.5). At the wall, it follows from Eq. 
(P5.3.4) that 

y == 0, (/) = ,^' = 0 (P5.6.1) 

At the edge of the boundary-layer, Eq. (5.3.13) reduces to 

</' '^-(^? + d)</'" + ^ id ' / ' = 0 (P5.6.2) 

(a) In order that the disturbances in the boundary-layer decay near the edge of 
the boundary-layer so that 0 and 0' ^ 0 as ^ -^ oo, show that the solutions of 
Eq. (P5.6.2) must be of the form given by Eq. (P5.3.5). 

(b) Show that, with D = djdy^ the "edge" boundary conditions on 0 can be 
written as 

(I? + 6 ) ( i ^ + e2)0 = O (P5.6.3a) 

(D + 6 ) ( ^ ^ - e i ) 0 - O (P5.6.3b) 

5-7. Noting that the characteristic equation for Eq. (P5.6.2) is 

verify Eq. (P5.3.5). 
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5-8. For three-dimensional incompressible flows, the stabihty equations are 
given by [16] 

dv 

where 

-—V %\au 
dy 

d^w ^9 ^ 

+ (3w)^0 

^du 1 
^ii^ — tv-—h ap\ 

dy J 

Hw - IV-—\- fip 
dy 

iR 
. . .dp 
iiv-i — 

dy. 

(P5.8.1) 

(P5.8.2) 

(P5.8.3) 

(P5.8.4) 

^i=^au^ f3w - uj, il^o? + P (P5.8.5) 

(a) If we represent the amplitude functions of the perturbation quantities u^ v, 
w and p by / , 0, g and 77, respectively, and introduce them into Eqs. (P5.8.1) 
to (P5.8.4), we can also express the stability equations for three-dimensional 
incompressible flows as 

{af + (39){iR^i + il) + ^ ( « ^ + P^) ^ + i^^ln 

iR 

dy'^ dy^ 
- 0 

^ 2 / I "-V^ 

dy^ 

dy 
- -i{oij + iig) 

(P5.8.6) 

(P5.8.7) 

(P5.8.8) 

Eini\ To obtain Eq. (P5.8.6), for example, multiply Eqs. (P5.8.2) and (P5.8.3) 
by a and /3, respectively, and add them. 

(b) Show that Eqs. (P5.8.6) to (P5.8.8) can also be expressed as a fourth-order 
diflFerential equation in 0 

0^^ - 2il(il' + i\(^ - iiJ^i((/)'' - ^10) + iR{(xv!' + ^w")(\> = 0 (P5.8.9) 

Hint: Differentiate Eq. (P5.8.6) with respect to y and make use of Eqs. (P5.8.7) 
and (P5.8.8). 

(c) In boundary-layer flows, u and w tend to constant values as ?/ —> cxo which we 
take to be Ue and We^ respectively. Show that u^ v^ w and p behave exponentially 
as ?/ ^ oc with a typical asymptotic representation. 

Aie-^^y-h A2e- <3y (P5.8.10) 
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where Ai and A2 are constants, ^2 is defined in Eq. (P5.8.5) and ^3 is defined 

by 
^j ^ ^^ + iR{aUe + I3we - u>) (P5.8.11) 

with the restriction that their real parts again are not negative. 

(d) Show that the boundary conditions of Eq. (P5.8.9) can be written as (see 
Problem 5.6) 

y = 0 , (f> = (f>' = 0 (P5.8.12a) 

y-^OD, {D + ^2){D + ^3)<I>^0 (P5.8.12b) 

(D + 6 ) ( P 2 _ ^ 2 ) ^ ^ 0 (P5.8.12C) 

where with Re{^2) and Re{^s) > 0, ^i and ^2 are given by Eq. (P5.8.5) and ^4 
is given by 

^3 = d + ^^^1 (P5.8.13) 

5-9. Rayleigh's theorem discussed in subsection 5.3.2 requires that in order 
to have amphfied disturbances, the velocity profile u{y) must have a point of 
inflection {u^^ = 0) within the flow. To show how this can happen with surface 
temperature, consider a flat-plate flow with a variable viscosity on a nonporous 
surface and write the x-momentum equation 

dfi\ fdu\ I d?u 

or, with primes denoting differentiation with respect to ?/, as 

itb'" <̂ "̂' 1 [ d^\ , 

The dynamic viscosity /i, which is a function of temperature, decreases with 
increasing temperature for liquids and increases with increasing temperature 
for gases. From the energy equation it is seen that if the plate is heated so that 
Tuj > Tg, then for a liquid {dT/dy)uj and dfi/dT are less than zero, and as a 
result 

dy)^ \dT)\dy)^ ^ ' 

is positive. Conversely, for a cooled plate, {du/dy)w is negative. As both /i^ 
and u'^ are positive for either case, it follows that for T^ > Te, '^w"^ 0' ^^^ 
for Tyj < Te^ u'l^ > 0. Since the curvature u" is vanishingly small but negative 
as y ^ oc, it follows that if its value at the wall is positive, there must be at 
least one point of inflexion in the boundary-layer (i.e., some point at which 
u^' = 0). Thus for a liquid, one would expect that heating stabilizes and cooling 
destabilizes the laminar boundary-layer. Conversely, for gases in which viscosity 
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increases with temperature, heating and cooling destabilizes and stabilizes the 
flow, respectively. 

Show that a similar analysis can be used to show the qualitative eff'ects 
of mass transfer (suction and injection) and pressure gradient (favorable and 
adverse pressure) on the curvature of the velocity profile and subsequently on 
transition. Note that in this case, Eq. (P5.9.1) becomes, 

«; = -«U-j^ (P5.9.3) 

5-10. Using Granville's method, calculate the transition location on a flat plate. 
Compare the result with the one predicted by Michel's method. 

5-11. Using Granville's method, calculate the location of transition for external 
velocity distributions given by Eq. (4.2.10) for several values of m. Plot RQ^^ as 
a function of iJ^tr • 

5-12. (a) Using Granville's method, calculate the location of transition for the 
following two flows 

Take Uoo = 20 m s - \ Xc = 0.5 m, u = 1.585 x 10"^ m ^ s ' ^ 

(b) Explain why transition is delayed in (2). Note that this principle is used on 
sailplanes, for example, in order to achieve laminar flow on a large part of a 
wing. The maximum thickness of the wing is moved towards its trailing edge in 
order to have an accelerated flow in a larger percentage of the wing chord. 

5-13. Using Eq. (5.4.5), calculate Rx^^ as a function of T^ on a flat plate for 
values of Tu between 0.001 and 0.02. 

5-14. Consider an airflow on a flat plate in a wind tunnel in which the turbulence 
level is Tu = 0.001. Take Uoc = 20 m s - \ Too = 300 K, and p = 10^ pa. 

(a) Calculate the location of transition from the plate leading edge. 

(b) By using turbulence grids in the settling chamber, the turbulence level in 
the wind tunnel is increased to Tu = 0.01. Calculate the new transition location. 

(c) Determine the freestream velocity required to move the transition at the 
same location if no turbulence grids are placed. 
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5-15. Roughness is often used in a wind tunnel to trigger transition to simulate 
the effects of higher Reynolds number. To study the roughness effects consider 
the freestream conditions in the previous problem and neglect the freestream 
turbulence effect. 

(a) Using Granville's method calculate the location of transition from the plate 
leading edge and determine the displacement thickness, ^^j., at this location. 

(b) In order to move the transition location towards the leading edge, let us 
place a wire of circular cross-section with diameter d at x^ = 0.2 m. Assume 
that the movement of transition due to the wire is given by 

UeS;^ _ 900 

d/^t 
(P5.15.1) 

with (5̂ j. denoting the displacement thickness at transition location. Calculate 
the displacement thickness 6^ of the unperturbed boundary-layer at the wire 
location. 

(c) What is the maximum wire diameter, dmin,!, below which transition is not 
affected by the wire? Hint: Transition is not affected if Eq. (P5.15.1) predicts a 
transition location downstream of the natural transition location. 

(d) If the wire diameter is larger than dmin,!, the location of transition will be 
closer to the wire. Calculate the transition location for d = 0.4 mm. 

(e) Calculate the minimum wire diameter (imin,2 for which transition occurs at 
the wire location. Note that if the wire diameter is larger than (imin,2 5 transition 
remains at the wire location but the boundary-layer is overthickened by a certain 
amount which increases with the wire diameter. 

5-16. The Orr-Sommerfeld equation derived in Section 5.3 can also be extended 
to include heat transfer effects in incompressible flows. In the approach used by 
Wazzan et al. [26], the density of the flow is assumed constant but its dynamic 
viscosity /i is a function of temperature. With this restriction, the continuity 
and the Navier-Stokes equations for p — const and /i = /i(T) can be written in 
the following form: 

1^ + J^ = 0 (P5.16.1) 
OX oy 

(P5.16.2) 
Du 

Dv 

dp d / du\ d 
dx dx \ dxj dy 

dp 9 / dv\ d 
dy dy\ dy] dx 

[ du dv\ 

(du dvW 
(P5.16.3) 

The derivation of the stability equation in this case is identical to that described 
in Section 5.3 except now the variation of// is obtained from the relation between 
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viscosity and temperature and from the energy equation, which in terms of total 
enthalpy iJ, can be written as 

OH dH _ d 

dx dy dy 
— — ull 
Pr dy 

du 

Pr J dy 
(P5.16.4) 

(a) Using the procedure of Section 5.3 and noting again that the mean ve­
locity and pressure satisfy the two-dimensional equations of motion given by 
Eqs. (P5.16.1) to (P5.16.4), using the parallel-flow approximation, and the di-
mensionless variables defined by Eq. (5.3.5), show that x- and ^-momentum 
equations can be written as 

du' du' ,du dp' 

dt dx dy dx 

dv' dv' dp' 

dt dx dy 

R 

" R 

d^u! 

dx^ 

d\' 

+ dy^\ 

d'^v' 

+ 
1 d[i du' dv' 

+ dx'^ dy 
-f-

Rdy 

2 d^ dv' 

R dy dy 

[ dy dx 
(P5.16.5) 

(P5.16.6) 

where // denotes a dimensionless viscosity ratio defined by /i//xo and R is now 
defined by uoi/i/o. It should be noted that Eqs. (P5.16.5) and (P5.16.6) neglect 
temperature fluctuations. 

(b) As in Section 5.3, assuming that the small disturbance is a sinusoidal trav­
eling wave that can be represented by Eq. (5.3.9) where q is replaced by u^ v^ 
and j5; show that Eqs. (P5.16.5) and (P5.16.6) can be written as 

dy^ 
a^u — 

iR / X. ^du ^ 1 dji [ ^ .du\ 
(au — uj)u — IV-—\- ocp — —-r- OL'^ — ^-r~ 
^ ^ dy "^ Rdy\ dy J 

fv 
dy' 

— a V = 
iR \. X. .dp 2i dji dv 

M L dy R dy dy 

(P5.16.7) 

(P5.16.8) 

(c) Show that, as before, Eqs. (P5.16.7) and (P5.16.8) can also be expressed in 
the following form for two-dimensional flows 

[{au - uj){(l)" - a^(t)) - au"(t)]iR 

= /x(0̂ ^ - 2aV + «V) + V( a'cl>')-^fi"{(t>" + a'<P) 
(P5.16.9) 

where fi is the dynamic viscosity with fi' and fi" denoting its first and second 
derivatives with respect to ?/, respectively. 

5-17. Show from Eq. (5.3.9) that ii A is the amplitude of the disturbance stream 
function ip at any time, then 

(a) for temporal amplification theory 
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A /•* 
Uidt (P5.17.1) 

and 

(b) for spatial amplification theory, 

— = e x p / -aidx (P5.17.2) 
^0 7o 

Here subscript 0 denotes the initial state where the TS waves are neutrally 
stable. 

5-18. For Blasius velocity profiles computed for a uniform grid with A77 = 0.10 
and r/e — 8, calculate the lower and upper branches of the neutral stability curves 
for 600 < R < 3000 using STP given in the accompanying CD-ROM, Program 
5. Take ^oo =- 160 ft/sec, z/ = 1.6 x 10"^ ft^sec, c = 9 ft. 

5-19. Repeat Problem 5.18 for two wedge flows for which m = -0 .01 and —0.05. 

5-20. Calculate the location of transition for n = 9 for the above two problems 
and discuss the effect of pressure gradient on the results. 

5-21. Using STP, investigate the effect of suction on the location of transition 
for Problem 5.18. Let the suction rates vary with ^ in order to have similarity in 
velocity profiles. Note that depending on the choice of suction rates, the value 
of c may need to be increased. 

5-22. Using STP, repeat the transition calculations for the 

(a) airfoil flow 
(b) ellipse flow 
(c) prolate spheroid flow 

discussed in subsection 5.7.2. 

5-23. The procedure used to construct the stability diagrams for Blasius flow 
can be extended to other Falkner-Skan flows. Figure P5.1 shows the stability 
diagrams for seven values of ai and for the value of m = —0.0707 corresponding 
to the lower-branch solution of the Falkner-Skan equation discussed in Problem 
4.34. As can be seen from Fig. P4.5, the velocity proflle for m = —0.707 is sig­
nificantly different from the one for a flat-plate flow (m = 0). In this case, initial 
estimates of a^ and u to start the stability calculations become very important 
since Newton's method is being used to compute the subsequent estimates. 
A convenient procedure, sometimes referred to as the homotopy continuation 
method [40], can be used for this purpose. This procedure is general and can 
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a r 

10° lo' lo ' lo ' l o ' 
(a) R (b) 

Fig. P5 .1 . Stability diagrams for the lower branch solutions of the Falkner-Skan equation 
for m = -0.0707, (a) a vs. R, and (b) uj vs. R. 

also be used for three-dimensional flows, as well as flows in which the velocity 
profiles from one x-station to another change rapidly as discussed in [40]. 

We define 

<ef + K < - < e f ) 

(P5.23.1a) 

(P5.23.1b) 

and 
R = Rrei + r{Rf - i?ref) (P5.23.1c) 

Here Uf corresponds to the velocity profile of the flow under consideration at a 
given Reynolds number i?f and UJ-Q^ denotes a reference profile with a Reynolds 
number Rj.^^ and with eigenvalues of ao and UJQ. The parameter r is a sequence 
of specified numbers ranging from 0 to 1. Eqs. (P5.23.1) show that the profiles 
u and u'^ correspond to the reference profiles for r = 0 at i? = Rref^ ^s well as 
to those for which eigenvalues a and u are to be determined at the specified i?f 
for r = 1. 

(a) Obtain the lower branch solutions of the Falkner-Skan equation for m = 
-0.0707. 

(b) Compute ar and uu for the lower branch stability diagrams for a^ = 0, 
-0.006 and -0 .01 at i? = 20. 

Hint: Assume ar = —0.050, uu — 0.00543 for ai — 0. Once a solution is obtained, 
use the values of ar and uj from the previous value of ai to be initial guesses 
for the specified a^. 

5-24. Many internal flows are symmetric about some plane y = yi and the 
most unstable disturbance is usually asymmetric. The appropriate boundary 
conditions on the disturbance at y/h = {yi/hi) — 0 are 
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— =v^ = 0 (P5.24.1a) 
dy 

for the symmetric disturbance and 

u^^^=0 (P5.24.1b) 

for the asymmetric disturbance. Thus, in terms of the perturbation stream func­
tion, 0, the appropriate centerhne boundary conditions, given by Eq. (P5.24.1b) 
can be written as 

0(0) = (P'^O) = 0 . (P5.24.2) 

The wall boundary conditions at y/h = — 1 or 1 are the usual ones; that is, the 
perturbation velocities u^ and v^ are zero. In terms of the disturbance stream 
function this implies 

0 = 0' = 0 . (P5.24.3) 

Use STP to compute the neutral stability curve of a plane Poiseuille flow for 
a Reynolds number range of 10^ < i? < 5 x 10^ and for a velocity profile given 

by 
W = « m a x [ l - ( y A ) ' ] (P5.24.4) 

with ?imax and h as reference velocity and length scales. Note that the velocity 
profile implies wall boundary conditions at y/h = — 1 and 1 and the centerline 
at y/h = 0. 

Hint: For convenience and for minimum changes in the stability code, use the 
velocity profile so that y/h — 1 corresponds to the wall boundary conditions 
and thus requires no changes in the stability/transition computer program. The 
"edge" conditions are diflFerent and the code needs to be changed. This can be 
done by incorporating the conditions given in Eq. (P5.24.2) into the relations 
defined by boundary conditions, for 

(p s f 9 
Ci C3 1 0 

0 C4 0 1 

wi th ci = C3 = C4 = 0. 

Take the initial estimates of a and cj as a^ = 0.9, uj = 0.02 for R — 6000. 
Note also that the grid is 

m = {^ =^^~' (P5.24.5) 
'̂  \h)j NP-l ^ ' 

and the velocity profile, is 
ixj = 1 - 7?2 . (P5.24.6) 
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6.1 Introduction 

Unlike the solution of laminar flows discussed in Chapter 4, the solution of the 
turbulent boundary-layer equations can not be obtained without a model for 
the Reynolds shear stress term —pu'v\ which introduces an additional unknown 
to the system given by the continuity and momentum equations. In addition, 
turbulent boundary-layers do not admit similarity solutions. This means that 
velocity profiles are not geometrically similar and do not reduce to a single curve 
if u/ue is plotted against a dimensionless y-coordinate, ry. One velocity scale u^ 
and one length scale / {ue and y/ux/ue^ respectively, for laminar flows) are not 
sufficient to describe a turbulent boundary-layer velocity profile. Experiments 
indicate that the behavior of the flow close to the wall is different from the 
behavior of the ffow away from the wall. This leads to a composite nature of a 
turbulent boundary-layer and requires different length scales in each region, as 
discussed in Section 6.2. 

In Section 6.3, we present a brief description of turbulence models of vary­
ing complexity. The calculation of turbulent boundary-layers is addressed in 
Sections 6.4 to 6.6 with Section 6.4 describing the empirical formulas for cal­
culating boundary-layer parameters on smooth and rough surfaces with zero 
pressure gradient. Section 6.5 describes integral methods and Section 6.6 de­
scribes a differential method which extends the differential method of Chapter 
5 to turbulent flows with an algebraic eddy-viscosity formulation that places the 
turbulent boundary-layer equations in a form similar to the laminar boundary-
layer equations. Finally, in Section 6.7 we discuss the similarity solutions of 
turbulent free shear flows which is an extension of Section 4.3 for laminar flows. 

6.2 Composite Nature of a Turbulent Boundary-Layer 

Consider a two-dimensional incompressible flow over a flat plate. For a laminar 
boundary-layer flow, the velocity profiles are geometrically similar and reduce to 
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a single curve if u/ue is plotted on a dimensionless ^-coordinate, ry = yju^lvxy. 
This is the well-known Blasius profile discussed in Section 4.2. The geometrical 
similarity is maintained regardless of the Reynolds number of the flow or of the 
local skin friction. In a turbulent boundary-layer there is no choice of dimen­
sionless y-coordinate that leads to the collapse of the complete set of velocity 
profiles into a single curve because the viscous-dependent part of the profile, 
very close to the surface, and the remaining Reynolds-stress-dependent part of 
the profile require diff'erent length scaling parameters. For that reason it is help­
ful to treat a turbulent boundary-layer as a composite layer consisting of inner 
and outer layers. 

6.2.1 The Inner Layer: Smooth Surface 

The thickness of the inner layer of a turbulent boundary-layer is about 10-20% 
of the entire boundary-layer thickness. It is generally assumed that, if the total 
(viscous plus turbulent) shear stress varies only slowly with distance from the 
surface, the mean velocity distribution in this layer is completely determined 
by the wall shear stress, r^^ density, p, dynamic viscosity, /i, and the distance, 
^, from the wall. Thus the flow is independent of conditions in the outer part of 
the boundary-layer and indeed of whether the flow is a boundary-layer or some 
other type of wall shear layer. Therefore, all the inner-layer formulas derived 
below are valid for internal flows as well as boundary-layers if the explicit re­
strictions are met by the former. They will not be valid in either case if the flow 
changes rapidly in the x-direction, for example, near sudden changes of surface 
roughness. 

Dimensional analysis shows that the mean velocity is given by the "law of 
the wall", 

^ + ^ - = 0 i ( ^ + ) (6.2.1) 
Ur 

where Ur = (TW/P)^^'^ is called the "friction velocity". This velocity provides us 
with a turbulence velocity scale because the experimental data shows that ~u'v' 
is of the same order of u^ (Fig. 6.1). In addition, the normal stress terms u'^, 
^''^, and w^'^ are of the same order as —u^v' (Fig. 6.2). 

The parameter y^ = Ury/f is a Reynolds number based on the velocity 
scale Ur and length scale y from the wall. When this Reynolds number is large 
(in practice, more than 30-50; here we shall assume 50), the relation between 
the Reynolds stress, now equal to Ty^^ and the mean rate of strain, du/dy, is 
independent of viscosity. The dimensionally correct relation is 

^ = ^ (6.2.2) 
dy ny 

where n is found experimentally to be about 0.41. This equation indicates that 
the turbulence time scale is equal to the mean flow time scale. The latter is 
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Fig. 6 .1 . Variation of Reynolds shear stress 
—pu'v' and total shear stress on a flat plate, 
after Favre and Gaviglio [1]. 

0.00 
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y/8 
Fig. 6.2. Variation of normal stresses on a flat 
plate, after RS. Klebanoff [2]. 

formed with ^ while the latter assumes that the turbulence velocity scale is 
Ur and the turbulence length scale is y, the distance from the wall. Equation 
(6.2.2) is a special case of Eq. (6.2.1) with d(/)i/dy^ = l/ny^, and it follows 
that for bOv/ur < ?/ < 0.1 to 0.2(5, 

u^ = —Xivy^ ^- c (6.2.3) 

Here c is a constant (about 5.0 to 5.2; here we shall assume 5.0) for a smooth 
surface. This is the famous logarithmic law. It is a universal law in the sense 
that it does not depend on the Reynolds number or on the pressure gradient 
provided the boundary-layer is not too close to separation. 

For y^ < 50 (the viscous sublayer), viscous stresses are significant, and the 
velocity profile departs from Eq. (6.2.3). For y^ < A approximately, the turbu­
lent shear stress —pu'v' is negligible because u' and v' are constrained to be 
zero at the wall, and the velocity profile follows the purely viscous law 

Tw ^ fJ^ 
du 

dy 
(6.2.4a) 

or 
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" ^ = 3x l06 
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Fig. 6 .3. Regions of a turbulent boundary-layer. Outer-layer profile shown is for Ue 
const. Value of UrS/u depends on Reynolds number. 

u-^ = y+ (6.2.4b) 

in the present notation. This region is called the linear sublayer and its outer 
edge will be denoted hj y — yg. The remainder of the viscous sublayer, in which 
the velocity profile changes smoothly from Eq. (6.2.4) to Eq. (6.2.3), is the 
"buffer zone", sometimes misleadingly called the "transition region". These re­
gions are shown in Fig. 6.3. It is important to note that the total thickness of 
the inner layer depends on 6 and not directly on Ur/i'-

6.2.2 The Inner Layer: Rough Surface 

The discussion on the inner layer on a smooth surface can also be extended 
to a rough surface; surface roughness has a significant effect on a turbulent 
boundary-layer if the height of the roughness elements corresponds to approxi­
mately {urk/u) > 5. Since in most cases the viscous sublayer is extremely thin, 
less than one percent of the shear-layer thickness in a boundary-layer with 
{ue6/iy) > 1 0 ^ the roughness elements must be very small if the surface is to be 
aerodynamically smooth. On a given surface, as the boundary-layer thickness 
and Reynolds number change, the surface may change from effectively rough to 
aerodynamically smooth. 

According to dimensional analysis, the law-of-the-wall for a surface with 
uniform roughness of given geometrical shape is 

Here k^ is a roughness Reynolds number defined by 

(6.2.5) 
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k + ^ ^ (6.2.6) 

In the fully turbulent part of the inner region, the turbulence velocity scale 
is again the friction velocity Ur^ and the length scale is the distance from the 
wall. As for the smooth surface, we again assume the relationship given by Eq. 
(6.2.2). We also assume that K. is unaffected by sublayer conditions. However, 
when integrating Eq. (6.2.2), we express the additional constant c in Eq. (6.2.3) 
as a function of the roughness Reynolds number, fc+, and of the roughness 
geometry, 

u+ = -\ny^ + Bi{k^) (6.2.7) 

If we let 

52 = - lnfc+ + Bi(fc+) (6.2.8) 

we can write Eq. (6.2.7) as 

7i+ = - In ^ + B2 (6.2.9) 
n k 

Here Bi and B2 are functions of roughness geometry and density, and in general 
of fc"^, and must be determined from experiments. 

If we let 

B^ = c-B2 (6.2.10) 

and 

Au^ = — = -lnk^^B3 (6.2.11) 

then we can write Eq. (6.2.9) as 

u-^ = -\ny^ + c- A^x+ (6.2.12) 
hi 

The relation between Au~^ and k^ has been determined empirically for var­
ious types of roughness geometry. Some results are shown in Fig. 6.4. 

We see from Eq. (6.2.12) that, since for a given roughness Au~^ is a known 
function of fc"^, the sole effect of the roughness is to shift the intercept, c — Ai^+, 
as a function of fc"^. For values of k^ below approximately 5, the vertical shift 
Au'^ approaches zero, except for those roughnesses having such a wide distribu­
tion of particle sizes that there are some particles large enough to protrude from 
the sublayer even though the average size is considerably less than the thick­
ness of the sublayer. For large values of k~^ the vertical shift is proportional to 
In fc"^, with the constant of proportionality equal to 1/K, and by comparing Eqs. 
(6.2.9) and (6.2.12) we can see that this implies that B2 is independent of k^. 
This means that the drag of the roughness elements is independent of viscosity, 
a reasonable result for nonstreamlined obstacles at large Reynolds number. 
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Fig. 6.4. Effect of wall roughness on universal velocity profiles, after Clauser [3], who gives 
the references in full. 

10 

B2 

O O O Q D 

oC 
CD ^^ 

o 
Q 3 % 

Oo QO O o o CPOOOOO 

cP 

o 
o 
o 

SnrKX5thi Transitional ; Connpletely Rough 
»T* 

0.2 0.6 1.0 1.4 1.8 2.2 2.6 3.C 

logk+ 

Fig. 6.5. Variation of B2 with /c+ [4]. 

Figure 6.5 shows the variation of B2 with k~^ with sand-roughened pipes 
(Nikuradse, see [4]). loselevich and Pilipenko [5] give an analytic fit to the sand-
roughness data of Nikuradse: for fc+ < 2.25, Bi ~ c ^ 5.2 (negligible roughness 
effect); for 2.25 < fc+ < 90, Bi - c + [8.5 - c - (1/A>:) lnfc+] sin0.4258(lnfc+ -
0.811); for fc+ > 90, Bi = 8.5 - (1/^:) lnfc+. 

The hydraulically smooth condition exists when roughness heights are so 
small that the roughness is buried in the viscous sublayer. The fully rough flow 
condition exists when the roughness elements are so large that the sublayer 
is completely eliminated and the flow can be considered to be independent of 
molecular viscosity, that is, the velocity shift is proportional to In k^ and Eq. 
(6.2.9) holds with B2 constant. Because molecular viscosity still has some role in 
the buff'er region, the geometry of roughness elements has a relatively large effect 
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on the velocity shift, as can be seen in Fig. 6.4. The effect of certain types of 
roughness, notably square-section spanwise grooves with a groove width about 
half the pitch, scales on the boundary-layer thickness rather than the roughness 
height. The reason appears to be that the flow would pass smoothly over the 
grooves if it were not for disturbances caused by outer-layer eddies. For details 
see Perry et al. [6], who call this "d-type" roughness. 

The fact that the shifts in velocity for fully rough flow are linear on the 
semilogarithmic plot. Fig. 6.4 can be used to express different roughness ge­
ometries in terms of a reference roughness. It follows from Eq. (6.2.11) that for 
the same velocity shift, 

^ - e x p [ K ( S 3 - B 3 j ] (6.2.13) 

where the subscript s refers to a reference roughness, commonly taken as uniform 
sand-grain roughness. 

6.2.3 The Outer Layer 

The outer layer of a turbulent boundary-layer contains 80-90% of the boundary-
layer thickness (see. Fig. 6.3). Physically, its outer edge is not a regular surface. 
A smoke visualization (Fig. 6.6) of the flow shows that the boundary-layer edge 
is a very contorted surface that enhances the mixing between the outer flow 
and the boundary-layer flow. In the outer region of the boundary-layer, the 
flow is intermittently turbulent However, for convenience, all the flow charac­
teristics are averaged and the boundary-layer thickness S is the average of the 
instantaneous location of the boundary-layer edge. 

In the outer layer, the velocity scale is Ur because the turbulent shear stress 
has the same order of magnitude as in the inner layer. The length scale is the 
boundary-layer thickness 6. The mean velocity distribution in this region can 

Fig. 6.6. Visualization of a turbulent boundary-layer [7]. 
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again be derived by dimensional analysis and for a zero pressure gradient flow 
it can be expressed in the form 

/ . ( ! ) 
(6.2.14) 

This expression is known as the velocity-defect law. If Eq. (6.2.14) is differenti­
ated with respect to y^ and the derivative of / i is assumed to be of the order of 
unity, then the resulting equation, as Eq. (6.2.2), indicates that the turbulence 
time scale is equal to the mean flow time scale. In the outer region, the mean 
flow time scale is formed with ^ while the turbulence time scale is formed with 
the turbulence velocity scale Ur and length scale 6. The effect of moderate wall 
roughness is negligible (Fig. 6.7) and UrS/u has a negligible effect if it exceeds 
about 2000 {uee/u > 5000). 

A formula analogous to Eq. (6.2.14) holds for circular pipes if we replace 6 by 
the pipe radius, ro; / i is rather different from a boundary-layer and the velocity 
profile follows the logarithmic law [Eq. (6.2.3)] fairly accurately almost to the 
center of the pipe. In a boundary-layer, / i is markedly affected by the history 
of the pressure gradient and except for specially tailored pressure gradients of 
which zero is one, fi{y/S) depends on x. 

The inner and outer layers have a common region called the overlap layer in 
which the logarithmic law, Eq. (6.2.3), and the velocity-defect law, Eq. (6.2.14) 
are both valid. The velocity-defect law in the overlap layer is given by 

^ ^ ^ : i ^ = - l l n | + c' (6.2.15) 
UT Hi 0 

Ue-u 

^ ' 

^ 
%^ 

fttf-^'*^' 

O Klebanoff-Diehl 
# Schultz-Grunow 
n Hama 
A Hama-Rough \/\fall 

0.2 0.4 0.6 0.8 1.0 
y/5 

Fig. 6.7. Universal plot of turbulent boundary-layer profiles in zero pressure gradient, 
after Clauser [3]. The symbols denote the experimental data. 
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where d is an absolute constant for u^Qlv > 5000 for flows with zero-pressure 
gradient, independent even if there is wall roughness. In contrast to the law-of-
the-wah [Eq. (6.2.3)], the velocity-defect law [Eq. (6.2.14)] is of rather restricted 
application. Of course, Eq. (6.2.15) is always valid for some value of c\ as long 
as a logarithmic region exists, but in a general boundary layer, c', like / i , will 
be a function of x. 

A class of boundary-layers, in which the external velocity distribution is 
characterized by the parameter 

/ 3 = ^ ^ ^ const. (6.2.16) 

is known as equilibrium boundary-layer flows. Here /3 represents the ratio of 
pressure forces to shear forces in a section of the boundary-layer. These flows 
are analogous to Falkner Skan flows in laminar layers in that for given flow, 
the parameter (3 is constant, but not similar because Eq. (6.2.14) is of the 
form of Eq. (4.2.3), not Eq. (4.2.2), the form of the Falkner-Skan flows. A flat-
plate (zero-pressure gradient) flow is a special case of an equilibrium flow. The 
function / i in Eq. (6.2.14) is different for each value of p. Figure 6.8 shows 
the velocity-defect profiles for two different experimental pressure distributions 
corresponding to two equilibrium boundary-layers together with the velocity-
defect profile for zero pressure gradient. As can be seen, there is a considerable 
difference between the velocity profiles with pressure gradient and those with no 
pressure gradient. Furthermore, the difference increases with increasing pressure 
gradient parameter /?. 

6.2.4 Summary 

Figure 6.3 summarizes the different regions in a turbulent boundary-layer. The 
inner layer consists of three regions: the sublayer {y^ < 5), the buffer layer 
{5 < y~^ < 50) and the fully turbulent wall region {y^ > 50). In the sublayer, 
the viscous stress is larger than the turbulent stress. In the buffer layer, the 
viscous stress and the turbulent stress have the same order of magnitude. In 
the fully turbulent region, the viscous stress is negligible. The extent of the fully 
turbulent wall region depends on the Reynolds number. In the outer region of 
the boundary-layer, the viscous stress is also negligible. The inner layer and 
the outer layer have a common part - the overlap layer - in which the velocity 
profile is logarithmic. 

6.2.5 The Whole Layer 

There are several empirical formulas for representing the turbulent velocity 
profile across the whole layer. Two useful formulas are due to Coles [9] and 
Whitfield [10] and are described below. 
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Fig. 6.8. Effect of adverse pressure gradient on the velocity-defect profiles. The data for 
/3 = 1.8 and 8.0 are from Clauser [8]. 

Coles Formula 

The formula proposed by Coles expresses the velocity profile by 

(I) , , , 4.x n(x) 
(6.2.17) 

where 0i is a function appearing in Eq. (6.2.1) and w is effectively zero in the 
inner layer. 

Equation (6.2.17) is applicable to flows with and without pressure gradient. 
If the viscous sublayer is excluded, the law of the wall function, (f)i{y^) is given 
by Eq. (6.2.3). 

The quantity 77 in Eq. (6.2.17) is a profile parameter that is, in general, a 
function of x. The function w{y/6), representing the deviation of the outer-layer 
profile from the law of the wall, is called the law-of-the-wake function and is of 
nearly universal character, according to experiments. However, it must be clearly 
understood that the function w{y/6) is an empirical fit to measured velocity 
profiles that, to a good approximation, can be represented by the expression 

»(f)-^^'"^i(!)-—H) (6.2.18) 

At the edge of the boundary-layer w{l) becomes 2 and w denotes a normalized 
shape function and the x-wise variation is represented by 77. Note that (5 is a 
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Fig. 6.9. Variation of Coles' profile parameter, 77, with momentum-thickness Reynolds 
number Re, for zero pressure gradient flow. 

freely chosen parameter and is not the same as the choice 6 — ̂ 995 used elsewhere 
in this book. 

For flows with zero pressure gradient, the profile parameter 77 is a constant 
equal to about 0.55, provided that the momentum-thickness Reynolds number 
RQ is greater than 5000. For RQ < 5000, the variation of 77 with RQ is as shown 
in Fig. 6.9. 

Equation (6.2.17), with Mv^) given by Eq. (6.2.3) and w by Eq. (6.2.18), 
gives du/dy nonzero ai y — 6.T0 remedy the difficulty, a number of expressions 
have been proposed for w. A convenient one proposed by Granville [11] uses a 
modification of Eq. (6.2.18) written as 

u 
Ur 

1 
In I/+ + c + - [77(1 - cos ITT]) + (77̂  - Iff)] (6.2.19) 

From Eq. (6.2.19) and from the definitions of 5* and 6 it can be shown, provided 
that the logarithmic law is assumed valid to the wall, that 

7o ^e V UeJ 

nup V12 J \ nup 

Up — UUr , Ur /" II ^ 

UT Up KUp \ 12 
(6.2.20a) 

(6.2.20b) 

2 + 277 1 + -5i(7r) 
TT 

+ 1.577^ + 
1 

where 
/•TT 

Si{n) = / 
Jo 

sinw 

105 72 

du = 1.8519. 

0.12925771 

Equation (6.2.20b) can also be written as 
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^ " ' -Rs nUe \i2 / \tvUe 

Evaluating Eq. (6.2.19) at ry = 1, we get 

2 Ue 1 
Cf Ur ti 

(1.9123016 + 3.0560/7 + 1.577^) (6.2.20c) 

In ( ^ ^ U 277 
V UeJ 

+ C (6.2.21) 

For given values of Cf and RQ^ Eqs. (6.2.20b) and (6.2.21) can be solved for 6 
and 77 so that the streamwise profile u can be obtained from Eqs. (6.2.19) in 
the region y^ > 30. 

The expression (6.2.17) with 0i(^'^) given by Eq. (6.2.3) is applicable for 
y'^ > 30. It can, however, be extended to include the region 0 < y^ < 30hy the 
following formula due to Thompson [12], 

y^ y+<4 
u' = < . , ^ , ^ ^ (6.2.22) 

[ ci -h C2 lny+ + C3(lni/+)2 -h C4(lny^-)^, 4 < 2/+ < 30 

where ci = 1.0828, C2 = -0.414, C3 = 2.2661, C4 = -0.324. 
The expression (6.2.17) can also be extended to include the region y^ < 50 

by the following formula due to Van Driest [13], 

-.dy^ (6.2.23) I X + -
Jo 1 + \ / l + 4a2 

where 
a = Ky^[l - exp(^+/.4+)] (6.2.24) 

Figure 6.10 shows the resulting profile from Eq. (6.2.23). Note that for large 
y'^^ it reduces to that given by Eq. (6.2.3). The exponential factor A'^{= 26) is 
often called the "damping parameter". 

(8.2.23) 

100 1000 10,000 100,000 

Fig. 6.10. Mean-velocity distribution in the inner region as calculated by Eq. (6.2.3) with 
K — 0.4, A^ = 26. Symbols denote experimental data. 
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Whitfield's Formula 

The formula proposed by Whitfield et al. [10] expresses the velocity profile 
between the wall and the boundary-layer edge in terms of y^ and y/9 by 

u _ ;^ 

u^ ~ 009 
tan~^(O.OV 0.18 

tanh ( ^ ( ^ ) (6.2.25) 

where 6 is the momentum thickness and Ur the friction velocity. Absolute values 
are used because the formulas can also represent separated velocity profiles with 
negative skin friction. The coefficient S is equal to 1 for attached boundary-
layers and 5 = —1 for separated boundary layers. 

The coefficients a and b are given by 

In 

tanh"^^^(2) 

/ t anh-V(2) ' 
b = 

Vtanh-^p2(5). 

HI) 

(6.2.26a) 

(6.2.26b) 

The coefficients g{2) and ^(5) are related to the values of u/ug at y/6 = 2 and 
y/0 = 5, 

5(2) = 

5(5) = 

^ ; < ^ ) ' 

'S(^)-

— ( 
0.09 ^ 

— ( 
0.09 ^ 

;¥)' 
.sAf 

1 / Ued / \Cf\ 

t a n - M 0 . 1 8 - ^ ( ^ 
STV (\cf 

f)'-i»-^(¥)' 1 -

0.18 V 2 

(6.2.27a) 

ST^ (\cf 

0.18 

(6.2.27b) 
The values of u/u^ at y/6 = 2 and y/6 = 5 are given as a function of shape 
parameter H 

(6.2.28a) ^ ( 2 ) = 1.723fl + ^ ) e - 0 - 6 ^ 

u 

Ue 

Re J 

- ( 5 ) = 0.87 + 0.08e-2-^(^-i-9^)' (6.2.28b) 

6 .3 T u r b u l e n c e M o d e l s 

The use of the Reynolds averaging procedure discussed in Section 2.3 introduces 
additional unknowns to the equations. Further approximations are required to 
represent the fluctuating quantities known as the Reynolds stresses in order to 
reduce the number of unknowns to equal the number of equations. This can be 
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done by using simple turbulence models based on algebraic mixing length and 
eddy viscosity models, also known as zero-equation models, or advanced tur­
bulence models based on transport equations. Here we present a brief descrip­
tion of zero equation models (subsection 6.3.1) and models based on transport 
equations (subsection 6.3.2). For a complete discussion of turbulence models, 
especially advanced turbulence models, the reader is referred to [14,15]. 

6.3.1 Zero-Equation Models 

Zero-equation models used to model the Reynolds shear stress term in the mo­
mentum equations employ algebraic eddy viscosity or mixing-length formula­
tions. In the eddy-viscosity {ut) approach, the boundary-layer equations for 
turbulent flow are written in the same form as the equations for laminar flow. 
For a two-dimensional incompressible flow, vt is defined by 

- pu'v' = pi^t-K- (6.3.1) 
dy 

In the mixing length (/) approach, the Reynolds shear stress is represented 

by 

~p^ = pf(^\ (6.3.2) 
.dy) 

There are several formulations proposed to specify the variation of eddy 
viscosity or mixing length distributions in turbulent flows. For wall boundary-
layer flows, a popular and widely used algebraic eddy viscosity formulation is 
due to Cebeci and Smith [14]. This two-layer method assumes that a turbulent 
boundary-layer can be considered in terms of eddy viscosities for inner and outer 
layers. The corresponding functions are empirical and based on limited ranges 
of experimental data; the range of data is, however, extensive so that the full 
algebraic formulation is the most general available at present. 

In the inner region of a boundary-layer on a smooth surface, with or without 
mass transfer, the eddy viscosity ut is written as 

{l^t)r = f 
du 

7tr, 0<y<yc (6.3.3) 
\9y\ 

Here the mixing length / is given by 

/ = / ^ 2 / [ l - e x p ( - ^ ) j (6.3.4a) 

where K, = 0.40 and A is a damping-length constant, which may be represented 

by 
1 

A^2Q^u-\ iV = | ^ [ l - e x p ( 1 1 . 8 i ; i ) ] + exp(11 .8y+) | ' (6.3.4b) 
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p+ = ^ ^ , vt-"^ (6.3.4c) 
ui dx ^ ^ Ur 

For flows with no mass transfer (t'^ = 0), Eq. (6.3.4b) reduces to 

A r = ( l - 1 1 . 8 p + ) ^ / 2 (6.3.4d) 

and for a flow with no mass transfer and pressure gradient, Â  = 1. 
In Eq. (6.3.3) 7tr is an intermittency factor which represents the streamwise 

region from the onset of transition to turbulent flow. It is given by Eq. (5.2.4). 
In the outer region, the eddy viscosity is given by 

rS 
{^t)Q = Oi (Ue- u)dy-ftj:J = a?/e^*7tr7. Vc < V < ^ (6.3.5) 

Here 7 accounts for the intermittency of the outer region and is represented by 

U . 5.5(f)' J (6.3.6) 

where a is equal to 0.0168 and 6 is defined as the ^-location where u/ue — 0.995. 
Continuity of the expressions for the eddy viscosities in the inner and outer 
regions, Eqs. (6.3.3) and (6.3.5), defines these regions. 

For wall boundary-layers on smooth surfaces with no mass transfer, the 
mixing length in Eq. (6.3.2) can be conveniently calculated from one single 
expression given by 

/ 
l - e x p ( - l ) ] 0 . 0 8 5 t a n h ( ^ f ) (6.3.7) 

with AC equal to 0.41 and A = 2Qu/ur. This formula, due to Michel et al. [17], 
is valid for the whole layer. 

The mixing length distribution can also be calculated by defining separate 
expressions for the inner and outer regions of a turbulent boundary-layer. A 
convenient expression for the inner region is the one given by Eq. (6.3.4a). In 
the outer region, the mixing length can be represented by 

/ = 0.0855 (6.3.8) 

with 6 defined by y where u/ue is 0.995. 
Figure 6.11 represents (a) the mixing-length and (b) eddy viscosity distri­

butions across a flat plate turbulent boundary-layer measured by Klebanoff [2]. 
It can be seen from the results in Fig. 6.11a that Eq. (6.3.7) is a good repre­
sentation of the mixing length distribution across a turbulent boundary-layer. 
Figure 6.11b shows that in the inner region, the eddy viscosity varies linearly 
with y and, except for the intermittency effect, stays nearly constant in the 
outer region. 
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Fig. 6 .11. Dimensionless (a) mixing-length and (b) eddy viscosity distributions across 
a turbulent boundary-layer in zero pressure gradient, UeO/y = 8000. The symbols denote 
the experimental data from KlebanofF [2]. 

Before we conclude this brief discussion on zero-equation models, it is im­
portant to point out that neither the eddy viscosity nor the mixing length for­
mulations described here perform well in strong adverse pressure gradient flows 
and separated flows. Comparison of calculated eddy-viscosity and mixing length 
distributions with experimental data shows that the parameter a in Eq. (6.3.5) 
and the constant (0.085) in Eq. (6.3.8) decrease with increasing adverse pressure 
gradient. This is expected since the law of the wall region given by Eq. (6.2.3) 
becomes smaller with strong adverse pressure gradient and flow separation. 

So far, two approaches have been pursued to improve the Cebeci-Smith 
model in strong adverse pressure-gradient flows. In one approach due to John­
son and King [18] and Johnson and Coakley [19], the parameter a is computed 
from an ordinary differential equation derived from the turbulence kinetic en­
ergy equation. Another approach due to Cebeci and Chang [20, 21] calculates a 
not from an ordinary differential equation but from an algebraic formula 

0.0168 
a = 1 _ R (du/dx\ 

^ P\du/dy)^ 
1.5 

(6.3.9) 

where m corresponds to maximum shear stress. The parameter [5 is computed 
from 

l + 2Rt{2-Rt) ' - • (g3^Q^ 
P-{ 

l + Rt 

Rt 
Rt > 1-0 

where Rt denotes the ratio of wall shear to maximum Reynolds shear stress 

Rt^ 
{-pu'v') 

(6.3.11) 
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Fig. 6.12. Variation of (a) Y/6* and a/6* and (b) 8/6* with H according to the data of 
[22]. 

Another improvement made by Cebeci and Chang in the CS model is to re­
place the intermittency parameter 7 in Eq. (6.3.6) by another intermittency 
expression recommended in [22], According to the experiments conducted by 
Fiedler and Head, it was found that the pressure gradient has a marked effect 
on the distribution of intermittency defined as the ratio of time turbulent to 
total time at any point so that it measures the probability of finding turbulent 
flow at any instant at the point considered. Their experiments indicated that 
in the boundary-layer proceeding to separation, the intermittent zone decreases 
in width and moves further from the surface as shape factor H increases. The 
reverse trend is observed with decreasing iif in a favorable pressure gradient. 

In the improved CS model the intermittency expression of [22] was written 
in the form 

1 1 - e r f [y-y] 
y/2a 

(6.3.12) 

where Y and a are general intermittency parameters with Y denoting value of 
y for which 7 = 0.5 and a, the standard deviation. The dimensionless intermit­
tency parameters 1̂ /(5* and (j/5* were expressed as functions of H as shown in 
Fig. 6.12a. The variation of the ratio of boundary-layer thickness 6 to 5* with 
H is shown in Fig. 6.12b. 

6.3.2 Turbulence Models Based on Transport Equations 

While the zero-equation models are useful and accurate for most wall boundary-
layer flows, these models lack generality. For turbulent shear flows other than 
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wall boundary-layers, they require different expressions for mixing length and 
eddy viscosities. For example, for a plane jet 

for a round jet 

and for a plane wake 

I = 0.09(5 

/ = 0.075 

/ - 0.165 

(6.3.13a) 

(6.3.13b) 

(6.3.13c) 

with 6 denoting the shear layer thickness. 
Turbulence models based on transport equations have less limitations than 

the zero-equation models for modeling Reynolds stresses. There are several mod­
els based on this approach. They are discussed in detail in [14,15] and briefly 
here. 

One-Equation Models 

Of the several models that fall in this group, we only consider the model due 
to Spalart and Allmaras (SA), which unlike the Cebeci-Smith model which 
uses algebraic expressions for eddy viscosity, SA model uses a semi-empirical 
transport equation for eddy viscosity Vf Its defining equations are as follows. 

dy\ 
+ C62 

dy J 

[Cwjv, ^V*2)(J) ^t\' 

where 

Here 

^t = hfvi 

Cb^ = 0.1355, C62 = 0.622, c^, - 7.1, 

Cw2 ^ ^ 0 . 0 , ^ 

2 

^ = 3 

(6.3.14) 

(6.3.15) 

(6.3.16a) 

_ Cb^ (1 + Cb, 
^ws 

2, n = 0.41 (6.3.16b) 

^ ^ -
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^ + 4Ui 
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1 + c^ 

g^-^d W3 
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,+ - ! ! 
"t 9 ^W2 V 

du 

i^t 

SK^d? 

dy 

•H\^t ) ^ CA. = 1 . 1 , 

where d is the distance to the closest wall. 

U^=ct,e-'Hi-t)\ ct. 
C<4 

(6.3.16c) 

(6.3.16d) 

(6.3.16e) 

(6.3.16f) 
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The boundary conditions are 

y = 0^ z>̂  = 0 (6.3.17a) 

y^oc, Dt-^0 (6.3.17b) 

Two-Equation Models 

While one-equation models have found little favor except for the SA model, and 
where transport of turbulence characteristics is important as in strong adverse 
gradients or in separated flows, two equations have found extensive use. Various 
forms of two-equation models have been proposed and details have been given, 
for example in [14,15]. Three popular models that are based on this approach 
are the k-s model of Jones and Launder [23], the k-uj model of Wilcox [15], and 
SST model of Menter [14,15] which blends the k-s model in the outer region 
and k-u model in the wall region. Here we consider the k-e model, which is 
again based on the eddy viscosity concept with i^t given by 

iyt = c^— (6.3.18) 
e 

where ĉ ^ denotes a constant, and k and e are obtained from differential equations 
which represent the transport of turbulence energy, fc, and rate of dissipation, 
s. They are given by [14,15] 

dk ^__^[!±^\ f^y-
dx dy dy \(Tkdy) ^ \dy) 

Here the three terms on the right hand side of Eq. (6.3.19) denote turbulent 
diflFusion, turbulent energy production and viscous dissipation, respectively, and 
the parameters c^, c^^, c^^^ a^ and a^ are given by 

c^ = 0.09, Ce^ = 1.44, ĉ 2 = 1-92, ak = 1.0, a^ = 1.3 (6.3.21) 

These equations apply only to free shear flows. For wall boundary-layer flows, 
they require modifications to account for the presence of the wall. 

There are several approaches that can be used to model Eqs. (6.3.19) and 
(6.3.20) near the wall region. For example, in one approach, wall functions 
are introduced into Eqs. (6.3.19) and (6.3.20) so that the model equations are 
applicable throughout the whole layer. Launder and Sharma [24] modify Eq. 
(6.3.18) 

^ t - c ^ / / . y (6.3.22) 

and rewrite Eqs. (6.3.19) and (6.3.20) as 
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J^ + v'^^l(^'^]+uA-^] -e-2.{--^] (6.3.23) 
dx dy dy \<Jkdy 

de de d [vtde\ e (du\^ ^ e^ /Q2^\ 

where 

//x = exp 
3.4 

Rt = — (6.3.25a) 
ve (1 + i?,/50)2 

/2 = 1 - 0.3exp(-i?^2) (6.3.25b) 

The boundary conditions are 

y = 0, /c = £ = 0 (6.3.26a) 

y -^ 6^ k -^ ke^ £ —^ Se (6.3.26b) 

To avoid numerical problems, ke and Se should not be zero. In addition, ke 
and Se can not be prescribed arbitrarily because their development is governed 
by the transport equations (6.3.23) and (6.3.24) written at the boundary-layer 
edge, 

Ue—r- = —^e (6.3.27a) 
ax 

= -Ce,t (6.3.27b) 
dx K^ 

The above equations can be integrated with respect to x with initial conditions 
corresponding to fceg and EQQ at XQ. The solution provides the evolutions of k{x) 
and e{x) as boundary conditions for the k- and e-equations. 

Another approach, sometimes referred to as the two-layer method^ employs 
a simple model near the wall (a mixing length model [25] or a one equation 
model [26] which is valid only near the wall region and a transport equation 
model in the outer region of the boundary-layer; the two solutions are matched 
at a certain point in the boundary-layer as discussed by Arnal et al. [25]. 

Figure 6.13 shows the results obtained with a k-e model which employed 
a two-layer method with a mixing-length model. The flow corresponds to an 
incompressible turbulent adverse pressure-gradient flow in which the turbulence 
level was not low. The calculations were made in order to assess the ability of the 
model to predict the eff'ect of higher turbulence levels which improve the mixing 
between the external flow and the boundary-layer leading to higher skin friction 
Cf and lower shape factor H. The k-e model, contrary to the zero-equation 
models, allows the freestream turbulence effects to be taken into account by 
the boundary conditions at the boundary-layer edge (the level of kinetic energy 
at ?/ = 5 is specified from experiment). As can be seen, the agreement between 
calculated results [25] and experimental data is very good. 
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Fig. 6.13. Effect of freest ream turbulence on the boundary-layer development. Solid lines 
denote the calculations and symbols denote the experimental data. 

Fig. 6.14. Mixing of a boundary-layer and wake. Solid lines denote the calculations and 
symbols the experimental data. 
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Figure 6.14 shows another example computed by Cousteix et al. [27], again 
with a k-£ model in order to demonstrate the ability of this model to calculate 
flows other than wall boundary-layer flows without any modifications to the 
model. The flow in Fig. 6.14 corresponds to the mixing of a boundary-layer 
with a wake developing above the boundary-layer. As can be seen, the k-e 
model produces results which are in very good agreement with the experimental 
data [28]. 

Reynolds Stress Models 
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The Reynolds shear stress —pu'v' appearing in the momentum equation (3.1.10) 
can also be modelled by using the Reynolds transport equation. In tensor form, 
this equation can be written as 

a J... 
(6.3.28) 

(6.3.29a) 

(6.3.29b) 

(6.3.29c) 

- - - ^ . - ^ . ^ . . , , . , . . . ^ ,^^ (6.3.29d) 

The meaning of various terms in the above equation are 

• Pij is the production term due to the interaction between Reynolds stresses 
and velocity gradients. 

• Dij is the destruction term due to the action of viscosity 
• ^ij is called the pressure-strain term which distributes kinetic energy k of tur­

bulence among its components, u'^ since ^a is equal to zero by the continuity 
equation for the fluctuating velocities. 

• Jiji is a diffusion term due to viscosity and the fluctuations of velocity and 
pressure. 

As in the momentum equation, closure assumptions are needed for Eq. (6.3.28) 
before it can be solved. There are several models developed for this purpose, 
most of which are applicable to turbulent flows where the effects of viscosity 
and the presence of the wall are neglected. 

A popular model is due to Launder, Reece and Rodi [29]. According to this 
model, with P^ given by Eq. (6.3.29c), the terms Dij, ^ij and Jiji are given by 



6.3 Turbulence Models 185 

Dij = hijE (6.3.30a) 

cpij + ct>ji = -Ci~ (v^. - '^6ijk\ - C'2 (p^j - ^6ijP] (6.3.30b) 

k = ^ ; P = - < ; ^ ^ (6.3.30c) 

J,ji = C ^ ^ ^ / - < ^ (6.3.30d) 

The model is completed by a transport equation for the rate of dissipation e, 

Dt - ^'^k''^''' dxi ^''J + dx, r^ '̂̂ - '̂aa^^ 
where 

Ci = 1.8, C^ = 0.6 

Ce, = 1.44, Cs^ = 1.92 (6.3.32) 

C^ = 0.22, C^ = 0.15 
To include the wall effects in this model, Gibson and Launder [30] modified 

the pressure-strain term by adding the following terms to Eq. (6.3.30b) 

4>ij,w + (t>ji,w = f ifkm^k^mSij - -fki^krij - -fkj^k^i] (6.3.33) 

where, with Xm representing distance from the wall and ni the components of 
the unit vector normal to the wall, 

2.bexn 

fa(3 = Ciyj-U'^u'^ + C2w{(t>cx(3,2 + (/>/9a,2) (6.3.34) 

Ciw = 0.5, C2w = 0-3 

For a two-dimensional boundary-layer flow, the Reynolds stress model equa­
tions discussed above can be written in the following form 

(6.3.36) 

^^ = -^.,JV| - fep + C.,. + I [C-Z^li^) (6.3.37) 
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^w'^ = -Assu'v'^ - Bss'-w'^ + Case + Dsz'-v'^ + f- (c',-v'^^ 
Dt oy k k oy \ e 

where with / given by 

/ = ^ (6.3.40) 
2.hey 

the various terms in the above equations are 

3 3 
Ai2 = 1 - C2 + -^fC2C2w, B12 == Cl + -fCiw 

An = 2- ^C'2 + ^ /C^C2^ , Bn - Ci (6.3.41) 

2 2 
Cn = -Ci - - , Du = Ciwf 

2 4 2 2 
^22 = -C2 - 0/^2^*211;, B22 = Ci + 2fCiu), C22 = 0^1 ~ o 

2 2 2 2 
^33 = ^^^2 + i:fC2C2w, S33 = Ci, C33 = - C i - - , £^33 = fCiw 

The presence of the wall is neglected merely by setting / = 0. 
It should be noted that the above model is applicable only to high Reynolds 

number flows at some distance yo away from the wall where the flow is fully 
turbulent. Modifications are required to extend the model and the calculations 
all the way to the wall. Several models have been proposed for this purpose [15]. 

6.4 Turbulent Boundary-Layers on Smooth and Rough 
Surfaces with Zero Pressure Gradient 

Once a satisfactory model for Reynolds shear stress is devised, differential meth­
ods similar to those discussed in Section 4.5, with v replaced by {u -\- ut)^ 
can be used to compute the development of external boundary-layers on two-
dimensional and axisymmetric bodies with different boundary conditions. One 
such method based on the extension of the method discussed in Section 4.5 is 
discussed in Section 6.6. However, all these methods require the use of com­
puters. Sometimes it is useful to have simple methods or formulas that do not 
require the use of computers and can be used with reasonable accuracy for 
computing boundary-layers. In this section we discuss such practical formulas, 
which can be used for turbulent flows over smooth and rough surfaces with zero 
pressure gradient. In Section 6.5 we discuss integral methods for computing 
two-dimensional turbulent flows over smooth surfaces with pressure gradient. 
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6.4.1 Smooth Flat Plate 

Consider an incompressible flow over a smooth flat plate (zero pressure gradi­
ent). If the Reynolds number is sufficiently large, we can identify three different 
flow regimes on such a surface (Fig. 6.15). Starting from the leading edge, there 
is first a region {0 < Rx < Rxtr) ^^ which the flow is laminar, or laminar with 
smaU instability oscillations (Chapter 6). Further downstream, there is a region 
{Rxtr < Rx < Rxt) in which transition from laminar to turbulent flow takes 
place, following the first appearance of isolated spots of turbulence at xtr- In 
the third region {Rx > RxJ the flow is fully turbulent. The transition Reynolds 
number iJ^tr depends partly upon the turbulence in the freestream; Rx^r may be 
as low as 5 X 10^. A typical natural transition Reynolds number on a smooth flat 
plate is 3 X 10^. The dashed line in Fig. 6.15 represents the development of an 
imaginary turbulent boundary-layer, starting with zero thickness ai x = XQ and 
matching the thickness of the real boundary-layer at x = xt. The point x ^ XQ 
is called the "effective" or "virtual" origin of the turbulent boundary-layer. In 
practice, it is estimated by upstream extrapolations of the formulas for growth 
of the real boundary-layer. 

For a two-dimensional zero pressure gradient flow, by using the definition of 
local skin-friction coefficient, c j , the momentum integral equation (3.3.10) can 
be written as 

dRo _ Cf 
~dR~x ~ T 

where RQ — UeO/u and Rx = Uex/u. Denoting (2/c/)^/^ by z, assuming that the 
transition from laminar to turbulent flow takes place instantaneously, [Rxtr — 
Rxt)-, and using integration by parts, we can express Eq. (6.4.1) in the form 

(6.4.1) 

Rx = z'Re Rozdz + const. (6.4.2) 

Fig. 6.15. Boundary-layer on a smooth flat plate at suflficiently large Reynolds numbers. 
(The vertical scale is greatly enlarged.) 
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This equation can be used to obtain a relationship between Rx and, say, cj, if 
we express RQ as a function of z and integrate the integral in Eq. (6.4.2). That 
can be done in a number of ways. Cebeci and Smith [14] describe a procedure 
that utilizes Coles' expression [Eq. (6.2.17)], together with the integral of the 
velocity-defect law for a flat plate, and write Eq. (6.4.2) as 

{Rx - A2)cf = 0.324 exp f — j (1 - 8.125yc7 + 22.08c/) (6.4.3) 

Here A2 is an integration constant that depends on where transition occurs. It 
is given by 

where cj^^ is the local skin-friction coefficient for turbulent flow calculated at 
the transition Reynolds number. 

Putting A2 = 0 in Eq. (6.4.3), taking logarithms, and making further ap­
proximations leads to formulas like 

a^b\og{cfRx) (6.4.5a) 

where a and b are constants chosen to get the best agreement with experiment. 
Such formulas have been derived by many previous workers. Von Karman (see 
[4]) took a = 1.7 and b = 4.15 and approximated Eq. (6.4.3) as 

^ = 1 . 7 + 4.15 \og{cfRx) (6.4.5b) 

A formula for the streamwise-average skin friction that makes use of Eq. 
(6.4.5b) was also obtained by Schoenherr [4] 

1 
4.131og(c;i?^) (6.4.6) 

where 
1 Z*̂  

Cf = - Cf{z)dz 
^ X Jo 

Schoenherr also related Cf to RQ and expressed the relationship as 

- ^ = 1.24+ 4.13 log i?^ (6.4.7) 

Equation (P6.2.2) with 77 = 0.55 for a constant pressure boundary-layer, gives 

H = • .!._ ̂  (6.4.8) 
1 — 4.67y/cy 

which can be used to replace RQ by R^* = iXg^*/^ = HRQ in the above formulas. 
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Much simpler, but less accurate, relations between ^, c j , ^*, ^ and H can 
also be obtained if we use the power-law assumption for the velocity distribution 
in which we assume 

Here the exponent n is about 7 in a constant pressure boundary-layer, increasing 
slowly with Reynolds number. Using Eq. (6.4.9) and the definitions of (5*, 9 and 
if, we can show that 

5* 1 

6 1 + n 

^ (6.4.10) 

^i -

c/ = 

8 
X 

6 
X 

pl/5 
•n-x 

0.074 

0.37 

rix 

0.036 
pl/5 

5 (l + n)(2 + n) 

n 
Other formulas obtained form power-law assumptions, given by Schlichting 

[4], are the following: 

«-0^9 (6.4.11) 

(6.4.12) 

(6.4.13) 

(6.4.14) 

Those equations are valid only for Reynolds numbers, i?x, between 5 x 10^ and 
10^. At higher Reynolds numbers the boundary-layer thickness can be calculated 
more accurately by the following empirical formula given by Granville [31] 

6_ ^ 0.0598 

X l og i ? : , - 3.170 ^ ^ 

This equation was obtained on the assumption that the boundary-layer is 
turbulent from the leading edge onward, that is, that the effective origin defined 
above is at x = 0. If the flow is turbulent but the Reynolds number is moderate, 
we should consider the portion of the laminar flow that precedes the turbulent 
flow. There are several empirical formulas for cj that account for this effect. 
One is the formula quoted by Schlichting [4]. It is given by 

and another is 
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c; = ^ - A , 5 X 10^ < i?^ < 10^ (6.4.17) 

nr ^̂  
Here A is a constant that depends on the transition Reynolds number Rx,,- It 
is given by 

^ = RxJcf,-Cf,) (6.4.18) 

where Cf^ and Cf^ correspond to the values of average skin friction coefficient for 
turbulent and laminar flow at Rx^,. We note that while Eq. (6.4.17) is restricted 
to the indicated Rx range, Eq. (6.4.16) is valid for a wide range of Rx and has 
given good results up to Rx = 10^. 

6.4.2 Rough Flat Plate 

A procedure similar to that used for a smooth flat plate can be used to ob­
tain the boundary-layer parameters for an incompressible turbulent flow over 
a rough flat plate; see, for example, [14]. The results can be represented in 
two graphs. Figures 6.16 and 6.17 show the variation of Cf and Cf with Rx for 
sand-roughened flat plates. Also shown in these figures are the lines for constant-
roughness Reynolds number, Rj^ — Uek/u^ and for constant relative roughness, 
x/k. As in the case of the smooth flat-plate problem, the origin of the turbulent 
boundary-layer is assumed to be close to the leading edge of the plate. 

In the complete rough regime it is possible to make use of the following 
interpolation formulas given by Schlichting [4] for the coefficients of skin friction 
in terms of relative roughness: 

Cf= ( 2.87-f 1.58 log — ) (6.4.19) 

/ x\-^-^ 
cj = h .89 -f 1.62 log — j (6.4.20) 

which is valid for 10^ < x/kg < 10^. 
The values of Cf and cj presented in Figs. 6.16 and 6.17 are for sand type 

of roughness only. Furthermore, the values are for maximum sand density, that 
is, on the rough plates of Nikuradse the grains of sand are glued to the wall 
as close as possible to each other. In many practical applications the roughness 
density is considerably less. Also, the roughness would be of different shapes. As 
was mentioned in Section 6.2, it is convenient to classify all types of roughness, 
except the anomalous d-type, by the "equivalent sand roughness", where equiva­
lent sand roughness is defined as that value of k that gives the same skin-friction 
coefficient as the actual roughness (when it is substituted in the equations for 
Cf presented in Figs. 6.16 and 6.17, say). Schlichting [4] and Hoerner [32] report 
experimentally determined values of equivalent sand roughness for various types 
of rough surfaces. Some of the values determined for practical physical surfaces 
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Fig. 6.16. Local skin-friction coefficient on a sand-roughed flat plate. 
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Fig. 6.17. Average skin-friction coeflScient on sand-roughened flat plate. 

are given in Table 6.1. The d-type groove roughness, the effects of which do not 
scale on roughness height, is rare in practice. It should be noted that equivalent 
sand grain roughness concept only applies to fully rough flow conditions, that 
is when Aur shift is independent of fc"^. 
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Table 6.1. Equivalent sand roughness for several types of surfaces. 

Type of Surface ks, cm 

Aerodynamically smooth surface 0 
Polished metal or wood 
Natural sheet metal 
Smooth matte paint, carefully applied 
Standard camouflage paint, average application 
Camouflage paint, mass-production spray 
Dip-galvanized metal surface 
Natural surface of cast iron 

6.5 Turbulent Boundary-Layers with Pressure Gradient: 
Integral Methods 

There are several integral methods for calculating two-dimensional turbulent 
boundary-layers in pressure gradient [33], all of which use the momentum-
integral equation, a formula relating Cf to the Reynolds number and a profile 
shape parameter, and an ordinary differential equation for the rate of change of 
profile shape parameter with x. The skin-friction formula can be Eq. (6.2.21) or 
a wholly empirical data correlation. The shape-parameter equation can be seen 
to contain all the information about the Reynolds stress within the layer. It 
is usually a linear relation between OdH/dx and {9/ue)due/dx^ the coefficients 
being in general functions of UeO/iy and H. 

Description of Integral Methods 

A good and useful integral method is Head's method [34] which uses the notion 
that a turbulent boundary-layer flows by a process of "entrainment" of nontur-
bulent fluid at the outer edge and into the turbulent region. Head assumed that 
the mean-velocity component normal to the edge of the boundary-layer (which 
is known as the entrainment velocity, see problem 3.9) depends only on the 
mean-velocity profile, specifically on H. It follows from the continuity equation 
that the dimensionless entrainment velocity VE/UC, is given by 

VE _ I d f \ ^ 1 d 

Ue Ue dx 

If we define 

j udy = - - f K(<5 - 6*)] = F{H) (6.5.1) 
Jo Ue dx 

Hi = ^—^ (6.5.2) 

then the right-hand equahty in Eq. (6.5.1) can be written as 

-^(UeeHi)=UeF (6.5.3) 
dx 
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Head also assumed that Hi is related to the shape factor H by 

Hi = G{H) (6.5.4) 

The functions F and G were determined from experiment, and a best fit to 
several sets of experimental data showed that they can be approximated by 

F = 0.0306(i/i - 3.0)-^-^^^^ (6.5.5) 

f 0 .8234( i f - l . l ) - i -2^^ + 3.3 if < 1.6 
G = < ^ ̂ ^. (6.5.6) 

I 0.5501(i/ - 0.6778)-^-0^4 + 3.3 H> 1.6 

With F and G defined by Eqs. (6.5.5) and (6.5.6), Eq. (6.5.3) provides a re­
lationship between 9 and H. Another equation relating Cf to 6 and/or H is 
needed, and Head used the semi-empirical skin-friction law given by Ludwieg 
and Tillmann [35], 

Cf = 0.246 X 10-0-678//^-0.268 (6.5.7) 

where RQ = UeO/iy. The system [Eqs. (6.5.1)-(6.5.7)] and Eq. (3.3.10), which 
includes two ordinary differential equations, can be solved numerically for a 
specified external velocity distribution to obtain the boundary-layer develop­
ment on a two-dimensional body with a smooth surface (see subsection 6.5.2). 
To start the calculations, say at x = XQ, we note that initial values of two of 
the three quantities 6, H and Cf must be specified, with the third following 
from Eq. (6.5.7). When turbulent flow calculations follow laminar calculations 
for a boundary-layer on the same surface, Head's method is often started by 
assuming continuity of momentum thickness 9 and taking the initial value of H 
to be 1.4, an approximate value corresponding to the flat-plate flow. 

This method uses a given value of the shape factor H as the criterion for 
separation. [Eq. (6.5.7) predicts Cf to be zero only if H tends to infinity.] It is 
not possible to give an exact value of H corresponding to separation, and values 
between the lower and upper limits of H makes little difference in locating the 
separation point since the shape factor increases rapidly close to separation. 
A computer program for this method is given in the accompanying CD-ROM, 
Program 7. 

Michel et al. [17] have also developed an integral method similar to Head's 
method. They again used the entrainment equation (6.5.1). However, rather 
than obtaining the closure assumptions from the experimental data and from 
Eq. (6.5.7), they obtained them from relations that may be regarded as the 
similar solutions for turbulent boundary-layer equations. Rewriting Eq. (6.5.1) 
in the form 

dx [ V^* / J ^e ^e V^* J dx 

they expressed (5/5*, VE/UC and the relation between S* and Cf by the following 

expressions 
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6 

^ 

y c/ Fi Ue V 2 f 

J— = -InRs* +D*, K = 0.41 (6.5.9) 

The functions Fi, D* and P were defined by 

_ 0.613G - {3.6 + 76.86(^ - 0.l5if}/G 

^^~ 1 + 10/G2 

Z3* = 1.4G+ — - 8 . 3 3 , P = 0.0558^ - ^ , (6.5.10) 
G Fi Fi 

This method has been extended to include the effects of freestream turbu­
lence [25], unsteadiness [36], compressibility [37], wall curvature [38] and three 
dimensionality [39]. 

A more refined integral method for computing momentum transfer in tur­
bulent flows is Green's "lag-entrainment" method [40], which is an extension of 
Head's method in that the momentum integral equation and the entrainment 
equation are supplemented by an equation for the streamwise rate of change of 
entrainment coefficient F. This additional equation allows for more realistic cal­
culations in rapidly changing flows and is a signiflcant improvement over Head's 
method. In effect, this is an "integral" version of the "differential" method of 
Bradshaw et al. [41]. It requires the solution of Eqs. (3.3.10) and (6.5.1) as be­
fore and also considers the "rate of change of entrainment coefficient" equation 
given by 

e(H +m— = -p̂ (-̂  + o-Q2) + o>2667c;, 
^ ^ Ux F + 0.01 

X |2.8[(0.32c/o + 0.024Feq + 1.2^2^)1/2 

- (0.32c/o + 0.024F + 1.2^^)1/2] 

/ 6 due\ S due1 
\Ue dx / e q Ue dx ) 

where the numerical coefficients arise from curve fits to experimental data and 
the empirical functions of Bradshaw et al. [41]. Here cj^ is the flat-plate skin-
friction coefficient calculated from the empirical formula 

c . = ^ ^ } ^ 0 00075 (6.5.12) 

(6.5.11) 
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The subscript "eq" in Eq. (6.5.11) refers to equilibrium flows, which are de­
fined as flows in which the shape of the velocity and shear-stress profiles in the 
boundary-layer do not vary with x. The functional forms of the equilibrium 
values of Feq, [{9/ue){dUe/dx)]eq^^ and [{6/ue){due/dx)\ec^ are given by 

eq Hi 
^ \ Lip (JLX 

eq. 

9 dUe 

Ue dx eq 

1.25 

H 
21 
2 6.4327/J 

and an obvious consequence of the definitions of H and Hi, 

A ^ ) =iH + Hi)(^'-^ 
Up_ dx } ^ \U(, dx 

eq 

(6.5.13a) 

(6.5.13b) 

(6.5.13c) 
eq 

The skin-friction formula and the relationship between the shape factors H 
and R\ complete the number of equations needed to solve the system of ordinary 
differential equations (3.3.10), (6.5.1), and (6.5.11). The skin-friction equation 
is given by 

-^-hO.5 - 0.4 = 0.9 

where 

^-i-H^r 

(6.5.14a) 

(6.5.14b) 

so that Eqs. (6.5.12) and (6.5.14) give Cf as a function of H and RQ with values 
close to Eq. (6.5.7). 

The shape-factor relation is 

1 72 
Hi = 3.15 + — — - - 0.01{H - 1) 

H — 1 
(6.5.15) 

and gives values close to Eq. (6.5.6). Comparisons with experiment show good 
accuracy in incompressible boundary-layer flows and also in wakes. The method 
has also been extended to represent compressible flows [40]. 

6.6 Turbulent Boundary-Layers with Pressure Gradient: 
Differential Methods 

Differential methods are based on the solution of the boundary-layer equations 
in their partial-differential equation form. They vary depending on the numeri­
cal method used to solve the equations and the turbulence model employed to 
model the Reynolds stresses. Unlike integral methods, they are general, accu­
rate depending on the numerical method and turbulence model and can handle 
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various initial and boundary conditions. The differential methods, which have 
largely superseded integral methods with the advent of modern computers, how­
ever, require more computer time than the integral methods. 

An accurate and efficient differential method is the method developed by 
Cebeci and Smith [14]. It is essentially an extension of the differential method 
and the computer program BLP2 discussed in Section 4.5 and Appendix B, 
Program 3, for laminar flows. It uses the Cebeci-Smith algebraic eddy viscosity 
formulation to model the Reynolds shear stress term in the momentum equation. 
The boundary-layer equations are solved for both laminar and turbulent flows by 
specifying the onset of the transition location. The laminar flow calculations are 
performed up to this location, and the turbulent flow calculations, including the 
transition region are performed by computing 7tr and eddy viscosity formulas 
in Program 8 given in Appendix B. 

In its present form, BLP2 is for two-dimensional incompressible flows but 
can be extended to axisymmetric flows by using the Mangier transformation dis­
cussed in Problems 3.12 and 4.37. It can also be extended to three-dimensional 
laminar and turbulent flows as discussed in Chapter 7 and Appendix B, Pro­
gram 10. 

6.7 Free Shear Layers 

Turbulent free shear layers resemble the corresponding laminar flows more 
closely than is the case with boundary-layers. It happens that the eddy viscosity 
in a fully developed jet or wake is roughly constant across the width of the layer 
except for the extreme edges. It follows that the velocity profile is quite close 
to the laminar one when it is normalized by the width and maximum-velocity 
difference. As usual, the eddy viscosity is large in comparison to the molecular 
viscosity and is proportional to the product for the width and the maximum-
velocity difference. Therefore, the growth rates of turbulent free shear layers are 
large in comparison to the laminar case and vary according to different power 
laws. 

6.7.1 Axisymmetric Jet 

The discussion of the similarity solutions of free shear layers for turbulent flows 
considered here for an axisymmetric jet or for a two-dimensional wake in the 
following subsection is parallel to the discussion in Section 4.3 for laminar flows. 
In the case of an axisymmetric turbulent jet, we begin with Eq. (4.3.11), that 
is, 

2d6 

' dx 
+ (TT?)' = 0 (4.3.11) 
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which appHes to both laminar and turbulent jets. For turbulent jets the contri­
bution of the laminar shear stress to r defined by Eq. (4.3.3) is small and can 
be neglected. Assuming that 

- — —u'v' — Uf.g{rf) 

we can wri te Eq. (4.3.11) as 

d8_ 

dx 

i \ ' 

+ {gvY = 0 

(6.7.1) 

(6.7.2) 

For similari ty we mus t have 

d6_ 

dx 
= const. = B 

or 
6 = Bx 

Therefore, we can write Eq. (4.3.10) as 

'BX 
Uc = 

(6.7.3) 

(6.7.4) 

We have obtained the power laws for growth rate and centerline velocity 
decay rate without introducing a turbulence model, but to integrate Eq. (6.7.2), 
a relation between f and g' is needed. If we use the eddy viscosity concept [see 
Eq. (6.3.1)] and let 

r _ dv^ _ utUc w _ ^tUc f f_ 

p dr 6 S \V 

f\ ' 

(6.7.5) 

so that g — [i'tl{ucS)]{f'/r])' with ut independent of ?/ - a good approximation 
in practice - we can write Eq. (6.7.2) as 

Uc^ dS 

Ut dx + rj 

/ \ ^ 
0 

For similarity we must have 

MB 
— const. = A 

If we define 

C = ar/, f{rj)=mO 

(6.7.6) 

(6.7.7) 

(6.7.8) 

then we can express Eq. (6.7.6) in the same form as Eq. (4.3.15) by taking 

(6.7.9) 4̂ 
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and write its solution as 

4>iO = 7 ^ ^ (6-7-10) 

c [i + iey 
In terms of / and 77, Eq. (6.7.11) can be written as 

Uc V (1 + 1^^^)^ 

^'^^^ ' (6.7.11) 

(6.7.12) 

Here we have chosen o?^ = 1 so that u — Uc at r; = 0, and from Eq. (6.7.9) 
determined that a = \ / A . 

To determine the two empirical constants A and B, we use experimental 
data. If we write Eq. (6.7.7) as 

B , 
A 

and define 6 as the y-distance where u/uc = 1/2, then according to the experi­
mental data of Reichardt (see Schlichting [4]), B = 0.0848 and A = 3.31. Thus, 

6 = 0.0848X (6.7.13) 

ut = 0.02565^c (6.7.14) 

Inserting Eq. (6.7.12) into Eq. (4.3.9), we find 

M = ̂ J ^ ^ (6.7.15) 
2 V 27r 

Therefore, from Eq. (6.7.4), with A = 3.31, 

^̂  = 7.4lV2ZZ (6.7.16) 
X 

The mass flow rate 

m — 27r purdr — 27Tp6 Uc f drj 
Jo Jo 

can be obtained using the expression for ^, Uc^ and f. It is 

rh = 0 . 4 0 4 X A / J ^ (6.7.17) 

We note that, in contrast to laminar flow, m depends on J . 
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6.7.2 Two-Dimensional Wake 

Equation (4.3.33) applies to both laminar and turbulent wakes. For turbulent 
wakes the contribution of the laminar shear stress to r defined by Eq. (4.3.26) 
is small and can be neglected. Using Eq. (6.7.1), we can write Eq. (4.3.33) as 

''-'^f'^-uj'lf-)-g' = 0 (6.7.18) 
u^ \ dx 6 dx J 

As in the laminar case this applies only for Uc <C î oo- For similarity we must 
have 

UQQ6 duc , UQO d8 
—K—r~ = const., — = const. (6.7.19) 

u^ dx Uc dx 

Since Uc6 ~ const, [see Eq. (4.3.38)], we can integrate the second relation in Eq. 
(6.7.19) to get 

S - x^/^ (6.7.20) 

Therefore 
Uc ~ x '^ /^ (6.7.21) 

Equations (6.7.20) and (6.7.21) are the power laws for growth rate and wake 
centerline velocity defect rate, obtained from Eq. (6.7.18) without introducing 
a turbulence model, as in the previous example concerning the axisymmetric 
turbulent jet. To integrate (6.7.18), we again use the eddy-viscosity concept and 
let T/P = ftdu/dy = ~^f' so that g — -^f - With ut independent of ?/, we get 

u^ oo ̂ ^ / Au, 

ytUc 

For similarity we must have 

( / ^ - ^ / ' . a + r = 0 (6.7.22) 

Uoo^^ duc ^ Uoo8 dS ^ ^ /« V oQ̂  
-— = const., — = const. = C2 [0.7.26) 

vtUc dx ut dx 
Integration of the second relation in Eq. (6.7.23) gives 

^ ^ / 2 ^ ^ \ ^ (6.7.24) 

Therefore 
Uc = Ax-^'^ (6.7.25) 

Using Eqs. (6.7.24) and (6.7.25), we find that the constant in the first ex­
pression of (6.7.23) is - C 2 . This enables us to write Eq. (6.7.22) as 

r + 02(77/) '= 0 (6.7.26) 

If we define 
C = a7?, /(ry) =/?,/>(C) (6.7.27) 
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then we can express Eq. (6.7.26) in the same form as Eq. (4.3.40) by taking 
a = VC^ and writing its solution as 

- !il = /(ry) = Be-^2^' /2 (6.7.28) 

or 
^1 = - A 5 e - ^ 2 ^ ' / 2 ^ - i / 2 (g 7 29) 

To evaluate AB^ we use Eqs. (4.3.38). Inserting / into Eq. (4.3.38) and using 
the definitions of 6 and Uc as given by Eqs. (6.7.24) and (6.7.25), respectively, 
we get 

AB = _ ^ ( 2 ^ , ^ o , ) - V 2 ( 2 ^ ) - i / 2 (6.7.30) 
pb 

We note that Eq. (6.7.30) is the same as Eq. (4.3.42) except that lyt has re­
placed u. 

The expressions Eqs. (6.7.29) and Eq. (6.7.30) give the mean-velocity dis­
tribution in the wake of a two-dimensional body provided that ut and C2 are 
determined. According to the measurements conducted behind circular cylin­
ders of diameter d [4], 

8=^{xCDd)^/^ (6.7.31) 

and 

0.0222 (6.7.32) 
UooCod 

Here CD is the drag coefficient for the cylinder defined by 

CD = ^ ^ (6.7.33) 

Using Eqs. (6.7.31) and (6.7.32), we find from Eq. (6.7.24) that C2 = 1.41, so 
that 6, defined as the value of y at wi = 0.5uc, can be written as 

5 = 1 . 6 7 5 f ^ V (6.7.34) 
\UooJ 

Solving Eq. (6.7.33) for F and inserting the resulting expression into Eqs. 
(6.7.30) and (6.7.29), we can express the mean-velocity distribution behind a 
circular cylinder as 

i ^ = 0.141 f ^ ^ ^ ^ ^ ) ^ ( - ^ ) " % x p ( - 0 . 7 0 , ^ ) (6.7.35) 

where r] — y/6 and 6 is given by Eq. (6.7.34). 
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6.7.3 Power Laws for the Width and the Centerhne Velocity 
of Similar Free Shear Layers 

Similar to laminar flows (see subsection 4.3.4) the variation of the width, 5, and 
the centerline velocity, Uc or ui^ of several turbulent shear layers are summarized 
in Table 6.2. 

Table 6.2. Power laws for width and centerline velocity of turbulent similar free shear 
layers. 

Flow Sketch Width, 6 Centerline velocity, 
Uc{x) and ui 

Two-dimensional jet 

Axisymmetric jet 

Two-dimensional wake 

Axisymmetric wake 

Two uniform streams 

-1/2 

r-1/2 

r-1/3 

-1/2 

-2/3 
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Problems 

6-1 . Show that the friction velocity Ur can be related to the displacement thick­

ness, (5*, boundary-layer thickness 6 and profile parameter 77 by 

K ^ = l + i7 (P6.1.1) 
OUr 

Hint: Write the definition of 6* as 

^̂  ^ Z*̂  /ue-u\ ^ ^ ^ f^ f^ _ } ^ \ ^ fy\ 
Jo \ Ue J Ue Jo \Ur Ur J ^8 J 

Substitute Eqs. (6.2.17) and (6.2.21) into the above expression and integrate 

the resulting expression. 

6-2. Show that Ur^ 9, and H can be related to each other by 

M^*-^)-K2 + 2 
6u^ 

H Ur _ 1 

H — 1 KUe KG 

1 + ^^^(Tr 
TV 

n + ln^ (P6.2.1) 
2 

F(77) (P6.2.2a) 

F(n) = ^-^ ^ ^ (P6.2.2b) 



204 6. Two-Dimensional Incompressible Turbulent Flows 

6-3. Water at 20 °C flows at a velocity of 3 ms~^ past a flat plate. Use Eq. 
(5.4.1) to find the transition position, and then use Eq. (6.4.16) and the results 
in Problem 4.8 to determine the average skin-friction drag of the first 10 m of 
the plate. Check the contribution of the turbulent portion by Head's method, 
assuming that i J = 1.5 at the end of transition. 

6-4. By using Eq. (6.3.4a), show that ut is proportional to y^ for (y/yi) <^ 1. 
Here yi denotes the viscous sublayer thickness. 

6-5. Show that for equilibrium boundary-layers at high Reynolds numbers, if a 
in Eq. (6.3.5) is 0.0168, then a i in 

i^t = aiUrS 

must be 0.0635 for K, = 0.41 for a zero pressure gradient flow. 

6-6. Express Eq. (6.2.21) in terms of (a) UeS*/i' and (b) UeO/v for a boundary-
layer in zero pressure gradient, inserting numerical values where possible. 

6-7. Compare the prediction of Eq. (6.4.11) for Cf at UeO/u = 10"̂  with that 
obtained in problem 6-6. 

6-8. Show that Head's assumptions predict that in order to maintain constant 
7/ in a strongly retarded boundary, Ue must vary as a negative power of x. Ne­
glect the contribution of the skin-friction coefficient to the momentum integral 
equation. 

6-9. The external velocity distribution for the symmetrical NACA 0012 airfoil 
is given in Problem 4.23. Compute the complete boundary-layer development 
(laminar and turbulent) on this airfoil for two chord Reynolds numbers, Re = 
6 X 10^ and 9 x 10^ by using Thwaites' and Head's methods. Compute the 
transition position by Eq. (5.4.1). To start the turbulent flow calculation in 
Head's method, assume continuity in momentum thickness and take H — 1.4. 
Discuss the effect of Re on the location of transition. 

6-10. Determine the equivalent sand-grain height for the wire netting tested by 
Hama [41] and shown in Fig. 6.4. Assume fully rough conditions. 

6-11. The solutions of Eq. (3.3.15) can be obtained for laminar and turbulent 
ffows by using relations based on zero-pressure gradient. The c j /2 relation can 
be expressed in the form 

Cf _ b 

2 RT 
(P6.11.1) 
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with H taken as constant equal to 2.591 and 1.4 for laminar and turbulent flows, 
respectively. The parameters b and mo are 

mo b 

laminar 1 0.2205 
turbulent 1/5 0.0086 

Since the Cf and H relations are for flat plate flows, the solutions of this method 
are restricted to mild pressure gradient flows. 

Show that with the above relations, the solution of Eq. (3.3.15) can be writ­
ten as 

rxi ^ (mo + l ) ( / /+2 ) /c(mo+l) 

Hu^^Y'^' = [^ ro^f+r°^^ Hmo + l)b / ^ — ^ ^ dx 

at station x\ at station XQ 

(P6.11.2) 
With initial conditions given at station xo, the development of 9 can be obtained 
from this equation and c j /2 from Eq. (P6.11.1) and ^* from the definition of 
H. Note that fc = 0 for a two-dimensional flow and fc = 1 for an axisymmetric 
flow. 

6-12. Air at a temperature of 300 K and pressure of 10^ Nm-2 flows at a 
velocity of 10 ms~-^ past a flat plate with a length of 3 m and width 1 m. Using 
the integral method of Problem 6.11, and assuming turbulent flow, 

(a) compute the drag of the plate, 

(b) calculate the power needed to maintain the plate at constant speed, and 

(c) repeat the calculations for a laminar flow and compare them with those 
obtained in (a) and (b). 

6-13. Using the integral method of Problem 6.11, and assuming that transition 

occurs instantly at £ = xtr, calculate the laminar and turbulent boundary layer 

development on a flat plate of length L for RL{^ ^^r) = 10*̂ . 

(a) Calculate f and c/ at x = 0, 0.05, 0.1, 0.2, 0.4, 0.6, 0.8, 1. Take xtr = 0.2 and 
assume that the momentum thickness is continuous at the transition location. 

(b) Plot the variation of £ and Cf along the plate £ . 

(c) Calculate and plot the drag coefficient c^ of the plate as a function of the 
momentum thickness at the trailing edge (x — 1) for the following locations of 
the transition point 

xtr = 0,0.2,0.4,0.6,0.8,1 

Hint: Noting that Ue = const., integrate the momentum integral equation, Eq. 
(3.310), with respect to x. 
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(d) Plot the variation of c^ as a function of Rx^r ~ -̂ ^̂ f̂  • 

6-14. Derive Eq. (6.2.23). 

6-15. Write a FORTRAN program to calculate u^{y^) from Eq. (6.2.23). Com­
pare its solutions with Eq. (6.2.4b) at small values of y~^ and with Eq. (6.2.3) at 
higher values of y'^. Evaluate c in Eq. (6.2.3) from the solutions of Eq. (6.2.23). 

6-16. For a general three-dimensional turbulent flow, the turbulence kinetic 
energy equation k and the rate of dissipation equation e can be written as 

(a) Apply these equations to a two-dimensional boundary layer flow. 

(b) Boundary-layer experiments show the existence of a region in which the 
kinetic energy balance reduces to an equilibrium between the production and 
dissipation terms such that we can write 

01^ IV 

= 2ai, a i ^ O , 15 
k 

Using this relation, calculate c^ in Eq. (6.3.14). 

(c) Equations (P6.16.1) and (P6.16.2) can be used to estimate the kinetic energy 
behind a turbulence grid in a wind tunnel. Taking the mean velocity constant, 
t' = 0, w — Q^ and assuming the turbulence to be homogeneous and isotropic, 
we can neglect the diffusion terms. 

Relating the Reynolds stresses to the kinetic energy of turbulence by 

u'.u'. - -kbij 

show that the solution of Eqs. (P6.16.1) and (P6.16.2) has the form 

k = C[x-XQ)-'^ 

where, according to experiments, m = 1.25. 

(d) Using the results in (c), calculate the value of c^^-

6-17. (a) Show from Eq. (6.3.15) that in the logarithmic region of a turbulent 
boundary-layer [Eq. (6.2.3)] where the convection terms and the diffusion term, 
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d/dy[{iyt/crk){dk/dy)] in Eq. (6.3.15) can be neglected, and where the Reynolds 
shear stress may be assumed constant and equal to wall shear stress 

du Ur 

dy ny' 
4^ ^^4 
ny' 

(P6.17.1) 

(b) Eq. (6.3.16) can be simplified by neglecting the convection terms (but not 
the diffusion terms). Show that 

^62 ^£l 
2 _ £ _ 

^ 3/2 
(P6.17.2) 

(c) From the assumptions in (a) and the assumption that 

£ = C-
l 

(P6.17.3) 

show that the Reynolds stress can be expressed by a mixing length model which 
has the form 

(P6.17.4) 

6-18. Using an eddy viscosity concept, Eq. (6.3.1), Wilcox [15] developed a 
two-equation model based on the kinetic energy equation k expressed as 

d Dk fduY 
9y\ 

and specific dissipation rate u; expressed as 

dy 
{u + (JVi 

dy 

(P6.18.1) 

(P6.18.2) 
Dt 

with ut given by 

ut^- (P6.18.3) 

The specific dissipation rate uo is related to the dissipation rate £ by 

1 e 
UJ 

Cjj, k 
(P6.18.4) 

(a) Compare the exact equation for k with Eq. (P6.18.1) and show that /?* 
c^ = 0.09. 

(b) From Eqs. (P6.18.1) and (P6.18.2) form an equation for the dissipation rate 
€. Show that this equation is not equivalent to the ^-equation used in the k-e 
model. 
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(c) Study the behavior of k and uj in the vicinity of the wall, i.e., around y = 
0. Hint: assume that k and u vary as fc = by^ and uu = a/y'^ and consider a 
simplified form of equations (P6.18.1) and (P6.18.2) in which the convection 
terms, the production terms and the turbulent diffusion terms are neglected. 
These approximations will be justified a posteriori. It will be shown that m — 
3.23, n = 2 and a = Qiy//3. 

(d) To study the properties of Wilcox's model equations in the logarithmic 
region of the boundary-layer, assume that 

- n 2 9u Ur 
-u'v' ^u^, —- = — 

dy ny 
and with the hypothesis that "Production = Dissipation^^ in the kinetic energy 
equation, show that 

u^v' 1/2 

(e) Deduce the evolution of uj as function of y. From the a;-equation show that 
the value of n can be written as 

:/vv2 c^ 

6-19. The jet in the "turbulence amplifier" shown in the sketch in Problem 4.16 
is now forced to go turbulent by injecting a small mass flow through the control 
jet. Using the same figures as those in Problem 4.16, calculate the pressure at 
the pressure tapping. 

6-20. In the overlap region, expressions (6.2.3) for the inner layer law and 
(6.2.15) for the velocity-defect law are simultaneously valid 

U 1 , VVr 
— - - In ^-^ + c 

U 1 . V / 

In ^ + c' Ur K 6 

By adding the two above relations show that 

Ue 1 UeSUr ^ , , 
— = - In h c + c 
Ur f^ ^ ^ e 

This relationship can be considered as an implicit relation for the reduced fric­
tion velocity ^ (or the skin friction coefficient) as a function of the Reynolds 
number ^ . This relation is also a condition for the existence of the logarithmic 
overlap region. 
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Three-Dimensional 
Incompressible Laminar 
and Turbulent Flows 

7.1 Introduction 

In this chapter and the following chapter we extend the discussion on two-
dimensional flows of the previous chapters to three-dimensional flows. Unlike 
the separate discussion on laminar flows in Chapter 4 and turbulent flows in 
Chapter 6, this chapter considers both laminar and turbulent flows and begins 
with a discussion on the origin of crossflow in boundary-layers and presents 
three-dimensional boundary-layer equations in several coordinate systems. It 
is followed by Section 7.3 that discusses the initial conditions needed to solve 
the three-dimensional boundary-layer equations. Section 7.4 addresses the mod­
eling of Reynolds stresses and presents an extension of Section 6.3 to three-
dimensional flows. As in two-dimensional flows, it is computationally more con­
venient and economical to solve the three-dimensional boundary-layer equa­
tions in transformed coordinates. This is discussed in Section 7.5, including a 
discussion of the similarity solutions of the three-dimensional boundary-layer 
equations. Section 7.6 describes the numerical procedures used to solve the 
boundary-layer equations for a prescribed external velocity distribution. Un­
like two-dimensional flows, the solution of the three-dimensional boundary-layer 
equations, even in the absence of flow separation, is rather involved due to the 
possible flow reversals in the spanwise velocity, w^ which can cause numerical in­
stabilities if appropriate numerical schemes are not used. For this reason, in ad­
dition to the box scheme discussed in the previous chapters for two-dimensional 
flows, another version of this scheme is discussed in Section 7.6. In Section 7.7 
results obtained with the numerical method of Section 7.6 are presented for 
turbulent flows to evaluate the turbulence model of Section 7.4 for a range of 
three-dimensional incompressible flows. 
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7.2 Boundary-Layer Equations for Three-Dimensional Flows 

Before we discuss the boundary-layer equations for three-dimensional flows, it is 
useful to discuss the origin of crossflow in a boundary-layer. In three-dimensional 
flows, the external velocity vector does not coincide with the pressure gradient 
vector. As a result, the external streamlines on the surface are curved and 
this gives rise to crossflow in the boundary-layer. At any point on the external 
streamline, the pressure gradient has two components, one in the streamwise 
direction and another normal to it. 

As an example, consider an initially two-dimensional boundary-layer and 
assume that a crosswise component of pressure gradient is applied downstream 
at a certain point. In Fig. 7.1a we have dp/dz < 0. This crosswise pressure 
gradient is associated with the curvature of the external streamline and the 
crosswise pressure force is balanced by a centrifugal force 

^ = _ ^ 
dz R 

where R is the radius of the curvature of the external streamline. 
Close to the wall, if we neglect the viscous and turbulent stresses, we have 

dp 

Wz 
pu 

r 

where r is the radius of curvature of the local streamline in the boundary-layer. 
Since according to the first-order boundary-layer theory, the static pressure 
remains constant along a normal to the wall, dp/dz is also constant along a 
normal. Since the velocity u is smaller than its external value, the radius of 
curvature r of the boundary-layer streamline is also smaller than the radius of 
curvature R of the external streamline. Therefore, the crosswise pressure gradi­
ent generates a crossflow directed towards the center of the external streamline 
curvature. Closer to the wall, viscosity ensures a zero crossflow component at 
the wall. In the vicinity of the wall, pressure forces are balanced by viscous 
forces 

P Pressure 
/ force 

(a) (b) 
Fig. 7.1. Secondary flow generated by a crosswise component of the pressure gradient. 
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dp _ OTZ 

dz dy 

When the crosswise pressure gradient changes sign, the external streamlines 
have an inflection point. In the boundary-layer crossflow changes sign first near 
the wall because the flow reacts more rapidly near the wall where inertia is 
smaller (Fig. 7.1b). 

The mechanism described above gives rise to pressure-driven three-dimen­
sional boundary-layers. A typical example is the flow on a swept wing, but other 
mechanisms are possible sources for crossflow. For example, crossflow develops in 
a boundary-layer flowing on a wall moving in the crosswise direction (Fig. 7.2). 

Fig. 7.2. Three-dimensional boundary-layer generated by wall conditions. 

7.2.1 Cartesian Coordinate System 

The procedure discussed in Section 3.1 for two-dimensional flows can also be 
applied to the three-dimensional Reynolds-averaged Navier-Stokes equations 
given by Eqs. (2.2.2) to (2.2.5) in order to obtain the boundary-layer equations 
for three-dimensional laminar and turbulent flows. The resulting equations, with 
the ^/-momentum equation still given by Eq. (3.1.11), are 

du dv dw 

dx dy dz 

du du du 1 dp d u 

dx dy dz pdx dy'^ 

dw dw dw 1 dp d^w 

dx dy dz pdz dy'^ 

d_ 

dy 

d__ 

dy 

{-u'v') 

[—v'w') 

(7.2.1) 

(7.2.2) 

(7.2.3) 

We note that the static pressure p is now a function of x and 2:, and the 
freestream velocity has two components Ue and We^ which are also functions 
of X and z. 

The boundary conditions are 

7/ = 0, U = W — ^, V — Vw{x, Z) (7.2.4a) 
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y — 8^ u = Ue, w = We (7.2.4b) 

At the boundary-layer edge, Eqs. (7.2.2) and (7.2.3) reduce to 

(7.2.5a) 
dUe dUe 

t e ^ — +We^- = 

ax oz 

dWe dWe 

OX OZ 

I dp 
pdx 

I dp 
pdz 

(7.2.5b) 

As in two-dimensional flows, under certain conditions the three-dimensional 
boundary-layer equations also simplify. For flows over yawed cylinders or infinite 
swept wings (see Fig. 7.3) the flow is independent of the ^-coordinate. The 
boundary-layer equations become 

1^ + ^ = 0 (7.2.6a) 
OX ay 

du du 1 dp d'^u d , ——, /^ o ^i x 
n — + i;— = - - / + v—^ + ^ - ^ V 7.2.6b) 

ox ay pax oy^ oy 
dw dw d'^w d , -7—T, /.T o ^ \ 

These equations are referred to as the inflnite swept wing equations since a 
swept wing is also a yawed cylinder. For laminar flows, the solutions of u and 
V are independent of w and the resulting equations are identical to those for 
two-dimensional flows. For turbulent flows, however, this is not the case and 
the x-momentum and z-momentum equations are coupled to each other via a 
turbulence model. 

When the external velocity components Ue and We vary with x and z in some 
specified manner, the three-dimensional boundary-layer equations for laminar 
fiows admit similarity, as in two-dimensional laminar fiows, and with appropri­
ate transformations can be reduced to ordinary differential equations. This is 
discussed in Section 7.5. 

Fig. 7.3. Coordinate system for an infinite swept wing. 
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7.2.2 Streamline Coordinate System 

In general, it is desirable and convenient to express the equations of subsection 
7.2.1 in more general coordinate systems. Two popular choices for this purpose 
are the streamline coordinate system discussed in this subsection and the body-
oriented coordinate system discussed in the following subsection. 

The streamline coordinate system is an orthogonal system formed by the 
inviscid streamlines and their orthogonal trajectories on the surface. As shown 
in Fig. 7.4 the projection of the freestream velocity vector on the surface is 
aligned with the surface coordinate x. The velocity component along the z-axis, 
referred to as the crossflow velocity is zero at the edge of the boundary-layer. 

For this coordinate system the continuity and momentum equations and 
their boundary conditions, for an incompressible laminar and turbulent flow, 
are 

^ ( n / . 2 ) + ^ ( ^ / . i ) 
dy 

(7.2.7) 

u 

hi 

u 

hi 

du 

dx 

dw 

dx 

w du 

/i2 dz 

w dw 

/i2 dz 

du , 2 
dy 

dw , 2 
v^r--\-kiu 

dy 

y = o. 

— kiuw 

— k2UW 

u = w -

= -

= 0, 

1 

phi 

dp 

dx 

d^'u 

dy'^ 

1 dp d^w 

ph2 dz dy'^ 

V = Vuj{x,z) 

9 r 
dy 

9 / 
dy 

-u^v') (7 

-vW) (7 

(7.2. 

2.8) 

2.9) 

10a) 

y = 6, U = Use, w 

where 

pUs 
du. 

dx 

dp 

dx' '^'""-^-JTM 

(7.2.10b) 

(7.2.11) 

Here Use denotes the inviscid total velocity on the surface, and hi{x^z) and 
/i2(^, z) denote metric coefficients. The parameters ki and k2 are known as the 
geodesic curvatures of the curves z — constant and x = constant, respectively, 
and are given by 

orthogonal to 
the streamline Fig. 7.4. Notation for the streamline coordi­

nate system. 
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^ ^ L _ ^ k = L _ ^ (72 12) 
/^l/^2 dz ' /^l/^2 9x 

For an irrotational external flow, the metric coefficients hi and /12 are calculated 
from the following relations 

''̂  " T ~ ' /TT^P^ '̂'̂ ^^ )̂] - - - — (7.2.13) 
Use iti ux Use 

Here f{x) is an integration constant which results from the irrotationality 
condition ^ ̂ ^^^^ = 0 and g{^^ rj) is determined from the expression g{^j rj) = 
-dve/dyj with ^ and r] denoting any body-oriented coordinate system. We ob­
serve from the relations in Eqs. (7.2.11) to (7.2.13) that ki can be calculated ei­
ther from its definition [Eq. (7.2.12)] or from the second equation in Eq. (7.2.11). 
The parameter k2 can be calculated from 

i;lj-se)-9{^.V) (7.2.14) 

Although the cross-flow velocity component w is zero at the edge, it is not 
so within the boundary-layer. If, on the other hand, w is also zero, meaning 
that there is no cross-flow in the layer, it follows from the cross-flow momentum 
equation that 

k,u^ = - l ^ f (7.2.15) 
p/l2 OZ 

This equation shows that if the streamline curvature ki is small, then the pres­
sure gradient normal to the streamline must be small. In this case, it can be 
shown that w and the cross-flow derivatives {d/dz) will be small, allowing 
the boundary-layer equations to simplify considerably. The resulting equations, 
known as the small cross-flow equations, are: 

Q^iuh2)^-^{vhih2) = 0 (7.2.16) 

2i_du ^du ^ Use duse ^ 9 ^ A / : ^ ^ : ^ ) (7 2 17) 
hi dx dy hi dx dy'^ dy 

— - T " + ^"^- + ^ 1 ^ - ^'2.nw - kiu\^ -f v-—^ 4- —{-v'w') (7.2.18) 
hi ox dy oy^ ay 

The advantage of this approximation is that for laminar flows the continuity 
and streamwise momentum equations are independent of the cross-flow velocity 
w and that Eqs. (7.2.16) and (7.2.17) can be solved separately from (7.2.18). 
The computational effort is not too much beyond the effort required to solve 
the two-dimensional flow equations since Eq. (7.2.18) is a linear equation in 
terms oiw. It should be noted that they also correspond to the boundary-layer 
equations on an axisymmetric body at zero incidence (Section 3.2) if we replace 
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/i2 by body radius TQ and take hi = 1 which imphes that the x-coordinate 
is the distance measured along the streamlines of outer flow and ki = 0. For a 
turbulent flow, on the other hand, the two momentum equations are, in general, 
coupled through the turbulence models used for Reynolds stresses. 

7.2.3 Body-Oriented Coordinate System 

Although the streamline coordinate system is very general, its calculation is 
major undertaking in itself and must be repeated at every change of attitude 
of the body or Mach number for compressible flows. It is generally more appro­
priate to use a body-oriented coordinate system which has the advantage that 
it is independent of the angle of attack and easy to calculate even if the body is 
not defined analytically. In addition, second-order boundary-layer effects, such 
as transverse or longitudinal curvature, can be included but requires a special 
orthogonal coordinate system consisting of lines of principal curvatures of the 
body and normals. However, in some geometries the choice of the body-oriented 
coordinate system introduces singularities into the geometric parameters hi, /i2 
and geodesic curvatures ki and /c2. Transformations, however, as described in 
[1, 2] can be used to overcome this problem. 

A convenient and useful coordinate system, especially when dealing with 
geometries like ship hulls, fuselages and wings, is a nonorthogonal coordinate 
system. Typical examples for a ship hull and a finite wing are shown in Figures 
7.5 and 7.6. 

For a body-oriented coordinate system, the continuity and momentum equa­
tions can be written in the form {esc 9 = 1/ sm9) 

o o o 

— {uh2sme) + —(whis'me) + —(vhih2sine) = 0 (7.2.19) 
ox az dy 

u du w du du ^ , 2 ni 2 1 
-—-—\r ---— -\- V— cotOkiu -\-cscOk2w -\-ki2uw 
hi ox h2 oz oy 
_ csc^ 9 dp cot 9 CSC 9 dp d'^u d . —ri\ 

phi dx ph2 dz dy'^ dy 

u dw w dw dw -, 9 ^1 2 7 
--——h-;—-7^^—^y^ cot9k2W -\-csc9kiu -\-k2iuw 
hi ox h2 oz oy 

cot 9 CSC 9 dp csc^ 9 dp d^w d 

(7.2.20) 

(7.2.21) 

+ ẑ -̂ -y + ^-(-'^V) phi dx ph2 dz dy^ dy 

Here 9 represents the angle between the coordinate lines; 9 = 7r/2 for an 
orthogonal system. The geometric curvature parameters ki and fc2 are given by 

ki 
hih2Sin9 

- ( / . 2 C O S ^ ) - ^ (7.2.22a) 
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FREE SURFACE 

INITIAL CONDITIONS ON THE 
PLANE OF SYMMETRY (Z = 0) 

(a) (b) 

CUT NORMAL 
TO X AXIS 

Fig. 7.5. The nonorthogonal coordinate system for a ship hull, (a) away from the bow 
region, and (b) near the bow. 

CONSTANT PERCENT SEMI SPAN LINE 

CONSTANT PERCENT 
CHORD LINE 

Fig. 7.6. The nonorthogonal coordinate sys­
tem for a finite wing. 

k2 = 
1 

hih2sm6 

The parameters fci2 and ^21 are defined by 

1 

g-^ihlCOsO)- — 

ki2 

k2i 

h\h2^iv? 9 

1 

/ii / i2sin^ 9 

oz ox 

{locos'9)^^' 2cos6> 
a/ii 

(7.2.22b) 

(7.2.23a) 

(7.2.23b) 
dx dz 

The magnitude of the velocity vector ut in the boundary-layer is given by 

ut = {u^ ^w^ + 2uwcos9)^/^ (7.2.24) 

At the boundary-layer edge, Eqs. (7.2.20) and (7.2.21) reduce to 

^— — h cot 9kiU^ + CSC 9k2We + kuUeWe 
hi ox h2 oz 

csc^ 9 dp cot 9 CSC 9 dp 
(7.2.25a) 

phi dx + ph2 dz 
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UedWe WedWe ^m 2 , m 2 , i 
+ -^ COtdk2W^ + CSCukiU^ + K2lUeWe 

2^c. - (7-2.25b) 
hi dx /i2 dz 

cot 6 CSC 0 dp csc'̂  9 dp 

phi dx p/i2 dz 

The boundary conditions appropriate to Eqs. (7.2.19) to (7.2.21) are 

y — O, u^w — 0^ V = Vw{x^z) (7.2.26a) 

y = 6^ u — Ue{x^ z), w = We{x^ z) (7.2.26b) 

7.3 Initial Conditions 

In the solution of the three-dimensional boundary-layer equations discussed in 
the previous section, initial and boundary conditions are required along the 
boundaries where the flow enters the calculation domain. In some problems, 
depending on the numerical method, it may be sufficient to establish the initial 
conditions only in one plane as discussed in Program 10 in Appendix B. For 
some configurations, these conditions can be established with ease, and in others 
they require careful examination. In the case of a finite wing where it is more 
convenient to use a body oriented coordinate system, the initial conditions, for 
example, may correspond to those along the wing leading edge aligned with a 
2:-coordinate line and often called the attachment line and to those along the 
wing-fuselage intersection. 

A good approximation for calculating the boundary-layers along the attach­
ment line is to assume the flow to correspond to the attachment line of an 
infinite swept wing. In this case, u and dp/dx are equal to zero and this makes 
the x-momentum equation (7.2.20) singular. However, differentiating this equa­
tion with respect to x and taking advantage of the symmetry conditions 

dw dv d'^u _ 

dx dx dx'^ 

and using Eqs. (7.2.25), the attachment line equations with 6 = 7r/2 can be 

written as ;̂  ^ 

/i2 sinOux + ^—{whi sm9) + Tr-(^'/ii/^2 sin^) = 0 (7.3.1) 
dz dy 

ul w dux ^ dux , , 
T- + T--W- + ^~w- + ki2WUx 
hi h2 oz oy .2 Wp duxe . d^Ux d 

w dw dw ^^ 2 
T— -7;—\- ^^ cot 0k2W 
h2 dz oy 

We dwe ^, 9 d'^w d 

(7.3.2) 

(7.3.3) 

cot6k2W^ + z^^-o- + -^{-w'v') 
/i2 dz ^ dy'^ dy 
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fuselage 

boundary layer 

(a) (b) 
Fig. 7.7. (a) Cross-section of wing and fuselage, (b) Surface streamlines on fuselage near 
junction with wing. 

Here Ux = du/dx^ Ux, 
boundary conditions 

= due/dx^ and the equations are subject to the following 

t/ = 0, Ux = w = Q, v = Vw{z) (7.3.4a) 

y = 6, Ux = Uxe{x, z), w = We{x, z) (7.3.4b) 

The behavior of the flow along the wing-fuselage intersection is very compli­
cated. Unless special care is taken, it is likely to separate ahead of the junction 
generating an eddy and possibly eddies at the wing-root with a strong horse­
shoe vortex covering the upper and lower surfaces of the wing. Apart from the 
consequent loss of lift and drag increase due to the eddy, the boundary-layer on 
the wing receives an injection of fluid from the fuselage via the eddy boundary 
with unknown consequences for the flow properties on the wing. The calculation 
of flow in this region requires the solution of the Navier-Stokes equations. Even 
then, the prediction of flow along the wing-fuselage intersection accurately is an 
area that still requires further research. 

Figure 7.7a is a sketch of the flowfield at a cross-section of the wing-body 
region of an airplane. The closed region marked "eddy" are the two components 
of the horseshoe vortex; the boundary layer of the fuselage flows over them and 
may spill over into the wing boundary layer. Figure 7.7b shows how the horse­
shoe vortex starts on the fuselage boundary layer as the wing is approached. 
The adverse pressure gradient on the fuselage ahead of the wing associated with 
the stagnation point at S provokes separation ahead of the wing and sets up an 
eddying region between the oncoming boundary layer and the wing. 

A related problem is the flow over a submarine moving underwater. A pro­
jection from the upper surface, known as the sail, is a feature of all submarines 
and the oncoming flow along the hull interacts with the sail in essentially the 
same way as at the wing-body junction. The horseshoe eddy generated by the 
interaction has the additional undesirable feature of having a source of noise 
which should be reduced as much as possible. 

The configuration in Fig. 7.7 is a grossly simplified representation of the 
wing-body junction region of a modern airplane. Indeed, many of the modifi­
cations of this configuration needed to produce a modern junction region were 



7.4 Turbulence Models 219 

introduced to reduce the impact of the separation of the fuselage boundary 
layer, included in these modifications are the placing of the wing at the lower 
part of the fuselage, the introduction of fillets between the wing and the fuse­
lage and the fairing of the fuselage ahead of the wing to smooth the geometrical 
transition between the fuselage and the wing. Most of these changes have been 
made as a result of wind-tunnel observations and computational fiuid dynamics 
(CFD) has played only a small role in these improvements to the airplane's 
flight characteristics. 

Until a more general and soundly based method for calculating the wing-
root flow has been developed, it is necessary to determine corresponding initial 
conditions with some approximations. A convenient procedure is to solve the 
boundary-layer equations that simulate quasi-three-dimensional flow conditions 
discussed in [3]; that is, all derivatives with respect to z are neglected. This 
approximation leads to the following equations: 

— (uh2sm9) + —(vhih2sme) = 0 (7.3.5) 
ox oy 

u du du m l m i l 
-—77 h V— COtOkiU + CSc0k2W + ki2UW 
hi ox oy 

Ue dUe /,, 9 /.7 9 7 5^ ' ^ 9 , —r-,\ 
= -;—^ COtOkiUt, -{-C8c9k2W^ + kuUeWe + Z^TT^ + T ^ r i " ' ^ ' ^ ) 

hi OX oy^ oy 

u dw dw ^ , 9 /.. 9 7 
- — - — h V— cotuk2W + cscOkiu + k2iuw 
hi ox oy 

UedWe ni 2 m 2 i ^^^ ^ 

(7.3.6) 

(7.3.7) 

cot9k2W^ + cscOkiuj + k2iUeWe + ^ ^ - y + -^{—w^v') 
hi dx ' ^ ' ^ ^' ^ ^ dy^ dy' 

The boundary conditions are the same as those given by Eq. (7.2.26) except 
that Ue and We are independent of z. 

7.4 Turbulence Models 

As in two-dimensional turbulent flows, the solution of the three-dimensional 
boundary-layer equations for turbulent flows requires a turbulence model for 
the Reynolds stresses —pu'v' and —pw'v' appearing in the x- and ^-momentum 
equations, respectively. This requirement can be satisfled by using models based 
on algebraic eddy-viscosity and mixing-length models or two-equation models 
discussed in Section 6.3. 

With the eddy viscosity concept, we write 

—j—i du —j—, dw rn A -x\ 

- pu'v' ^ pvt^, -pw'v' ^ pvt-^- (7.4.1) 
dy dy 
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Here —pu'v' denotes the shear stress acting in the x-direction on a plane parallel 
to the xz-plane, and —pw'v'^ usually written as —pv'w'^ the shear stress acting 
in the ^-direction on the same plane. Almost all workers have inferred, from the 
fact that the choice of direction of the axes in the xz-plane is arbitrary, that 
the assumptions made for —pv'w' should be closely analogous to those made 
for —pu'v'. Mathematically, they assume that the turbulence model equation 
for —pv'w' should be obtainable from that for —pu'v' by cyclic interchange 
of symbols. However, it is not so obvious that the equations for —pu'v' can 
be simply derived from models used for two-dimensional flow. The argument 
commonly used is that turbulence, being instantaneously three-dimensional, 
should not be seriously affected by moderate three-dimensionality of the mean 
flow. There is, of course, a loss of symmetry, for instance, v'w' is zero in two-
dimensional flow but not in three-dimensional flow, and Rotta [4] has shown that 
the asymmetry can noticeably affect the modeling of the shear-stress equations. 

The law of the waU [Eq (6.2.1)] and the mixing-length formula 

t̂  = W^ ilA.2) 
dy tiy 

are the foundations of most methods for two-dimensional flow. Clearly, Eq. 
(6.2.1) requires modification since the velocity now has an extra component. 
The local equilibrium arguments suggest that it should still be valid in three-
dimensional flow if the X-axis is taken to coincide with the direction of the 
shear stress at height y. The assumption of local equilibrium between the mag­
nitudes of T and du/dy that leads to Eq. (7.4.2) implies, when it is taken at 
face value, that there should be local equilibrium, that is, coincidence between 
their directions. This leads to 

(7.4.3a) 

(7.4.3b) 

where 

du —u'v' 
9y {r/pyl'^Ky 

dw —v'w' 

9y {r/py/'^ny 

{p'uhi'f + [pv'w')^ 
1/2 

vaUd only if the x-axis is orthogonal to the z-axis. The argument is not, of 
course, very convincing - the local equilibrium is an approximation whose Um-
its of validity need further investigation by experiment. Experiments in three-
dimensional flow, particularly measurements of v'w'^ are difficult, and there is 
evidence both for and against Eq. (7.4.3). A safe position to take is that local 
equilibrium concepts are not likely to fail catastrophically as soon as the mean 
flow becomes slightly three-dimensional, and indeed the calculation methods 
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that use Eq. (7.4.3) seem to agree acceptably with most of the experimental 
data not too near separation, as we shall see in this section. 

An undeniable difficulty in treating three-dimensional wall layers is that the 
viscous sublayer is not a local-equilibrium region; there is a transfer of turbulent 
energy toward the wall by the turbulent fluctuations themselves to compensate 
for viscous dissipation. Therefore, conditions at one value of y depend on con­
ditions at the other values of ^, and although the directions of velocity gradient 
and of shear stress coincide at the surface (Reynolds stresses negligible) and, 
according to Eq. (7.4.3), again coincide outside the sublayer, they may differ 
within the sublayer. As a result, the direction of the velocity outside the sublayer 
may differ from that of the shear stress or velocity gradient. In practical terms, 
the constant of integration in any velocity profile derived from Eq. (7.4.3), or the 
damping length constant, A in Eq. (6.3.4), will have two components. The effect 
will be significant only if the direction of the shear stress changes significantly 
across the sublayer. Since at the surface, drx/dy = dp/dx and drz/dy = dp/dz^ 
this will occur only if there is a significant pressure gradient normal to the wall-
stress vector, as for example in a boundary layer fiowing into a lateral bend 
{dwe/dx ^ 0). Van den Berg [5] has proposed a dimensionally correct empir­
ical correlation taking the x-axis in the direction of the wall shear stress, the 
>2;-component velocity at the outer edge of the sublayer is I2ur{i'lpu^)dp/dz. 

The outer layer, like the sublayer, is not a local equilibrium region, and the 
direction of the shear stress will lag behind the direction of the velocity gradient 
if the later changes with x. Several experiments have shown that angles between 
the shear stress and velocity gradient vectors are of the same order as that of 
the cross-flow (i.e., the angle between the external velocity and the surface shear 
stress). However, the accuracy of prediction of the boundary-layer thickness and 
the surface shear-stress vector does not depend critically on the shear-stress 
direction in the outer layer, and good agreement has been obtained between 
the available data and an extension of the CS eddy-viscosity formulation of 
subsection 6.3.1 in which the velocity defect used in Eq. (6.3.5) is just taken as 
the magnitude of the vector {ute — ut) at given y. The same eddy viscosity is 
used in Eq. (7.4.2) so that the directions of shear stress and velocity gradient are 
equated. According to [6], a generahzation of the CS eddy-viscosity formulation 
of subsection 6.3.1 for three-dimensional boundary layers is 

[n)r = l" 
fdu\^ (dw\^ dudw 

\dy) \dy) ^^^ dy dy 
0<y<yc (7.4.4a) 

[ut)o = a / {ute -ut)dy 
Jo 

yc<y<S (7.4.4b) 

with a — 0.0168 for small adverse pressure gradient flows. Its variation with 
strong pressure gradient flows can again be expressed by a generalization of 
Eqs. (6.3.9), (6.3.10), and (6.3.12); but this has not been attempted yet. 
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In Eq. (7.4.4a), for incompressible flows the mixing length / is given by Eq. 
(6.3.4a) with A and N defined by Eq. (6.3.4b) except that now 

V P /max \ P 
\ [l^ + l^t) m^ 

_, 1 

dw\^ ^ ^dudw 
^— + 2 cos (9-—-— 
dy J dy dy 

2 

max 

In Eq. (7.4.4b), ute is the total edge velocity defined by 

Ute = [U^ W, l^2UeWeCOSey/'^ 

(7.4.5) 

(7.4.6) 

and ut is the total velocity in the boundary layer given by Eq. (7.2.24). The 
parameter 9 again denotes the angle between the coordinate lines x and z and 
is equal to 7r/2 for an orthogonal system. 

In Section 7.7 we present an evaluation of this turbulence model with exper­
imental data for three-dimensional incompressible flows. 

As in two-dimensional flows, mixing-length formulations have also been ex­
tended to three-dimensional flows. Cousteix et al. [7] define the mixing-length 
in Eq. (7.4.4a) with the expression given by Eq. (6.3.7) and apply it for the 
whole layer. They express the wall shear in the damping parameter A by 

^w = yr^x + ^^2 + 2 cos OryjxT^ (7.4.7) 

The k-s model discussed in subsection 6.3.2 has also been extended to three-
dimensional flows, as discussed, for example by Launder and Sharma [8]. The 
eddy viscosity equation, Eq. (6.3.14), is written as 

where 

and the transport equations as 

Dk ^ d 

(7.4.8) 

(7.4.9) 

(7.4.10) 

£-2 De £ „ ^ _ 
% 2 + 

'd^ w 
dy' + 

d_ 

dy [ 
l^+- 7^ 

iyt\ de_ 

o-£/ dy 

(7.4.11) 
Here, the constants c^, Cgj, Cg^, a^ and a^ are given, and /^ and /2 by Eqs. 
(6.3.21) with Rt now defined by 

Rt 
fc2 

ve 
(7.4.12) 
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The production term P for a Cartesian coordinate system is 

P — —wv'- w'v'—-
dy dy 

or in terms of eddy viscosity concept 

p = i / , 
dy) \dyj 

(7.4.13a) 

(7.4.13b) 

7.5 Transformed Equations 

As in two-dimensional flows discussed in Chapters 4 and 6, it is useful and 
convenient to express the boundary-layer equations in transformed coordinates. 
There are several transformations that can be used for this purpose. A conve­
nient one, similar to the Falkner-Skan transformation discussed in Section 4.2 
is 

X — x^ z — z^ rj y (7.5.1) 

For the dependent variables u^ v^ w, a two-component vector potential is intro­
duced such that 

u 
d^ 
dy' 

d(t) 
dy 

V = \dx dz 

together with dimensionless parameters / and g defined by 

ij = {ueiyxy^'^f{x,z,rj) 

(7.5.2) 

(7.5.3a) 

ux\2 
— Weg{x,z,rj) 
UeJ 

(7.5.3b) 

Using this transformation and the reduced equations at the boundary-layer 
edge, Eqs. (7.2.1) to (7.2.3) and their boundary conditions, Eqs. (7.2.4), with 
the definition of eddy viscosity 

u'v' = vt—-, 
dy 

-w'v' = ut 
dw 

dy 
(7.5.4) 

can be written in the following form 

{bfj + miff" + m2[l - ( / ' ) ' ] + m5(l - f'g') + m^gf" 

— X 
,,df' „df ( ,df' „dg (7.5.5) 
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{bg"y + mxjg" + m4(l - / V ) + mail - {,g'f\ + m^gg" 

— X 
dx dx V dz dz 

(7.5.6) 

^ = 0, f = U{x,z), g = 0, f'^g' = 0 (7.5.7a) 

v = ve' r-g'-^ (7.5.7b) 
Here, primes denote differentiation with respect to ry, h is defined by Eq. 

(4.5.6) and the parameters vfi\ to my denote dimensionless pressure gradients, 

X due m2 + 1 X dwe 

Ue OX 2 Ue OZ 

X dWe We X dUe m^ We 

We OX Ue Ue OZ 2 Ue 

(7.5.J 

For external velocity components in the form 

Ue = Ax'^z'', We = Bx"^ z' (7.5.9) 

with r = 1712 — 1, 5 = n + 1, Eqs. (7.5.5) and (7.5.6) become similar for laminar 
flows {b = 1) and can be expressed as (m2 = m) 

f" + ^ff" + m[l - iff] + I {^gf + n(l - /V)} = 0 (7.5.10) 

/ ' + ^ / / + {m- i)(i - /V) + J {^gg" + {n + i)[i - [g'f]] = o 
(7.5.11) 

These equations have been solved by Hansen and Yohner [9] for values of B/A — 
1 and 2 and for several combinations of m and n. We note that the external 
inviscid flows represented by Eq. (7.5.9) are rotational and exhibit "overshoots" 
in some /'-profiles due to the nonuniformities in total pressure. 

Similar solutions of a particularly interesting type also result for arbitrary 
values of m for r = n = s = 0. In this case, the inviscid flow is irrotational 
and the resulting equations, which sometimes are called Falkner-Skan-Cooke 
equations, are: 

r + ^ / / " + m [ l - ( / ' ) ] ' ] = 0 (7.5.12) 

g'" + "^fg" = 0 (7.5.13) 

Analogous to two-dimensional similar flows, these equations correspond to flows 
over swept wedges of infinite extent. For example m = 1, they represent the 
similarity solutions of the attachment-line equations along the leading edge of 
a wing with f = Ux/u^e, Q' = w/we-
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For a yawed infinite cylinder, since the spanwise flow is independent of the 
z-component, all the coefficients rrii {i = 1 to 7) defined in Eq. (7.5.8) are inde­
pendent of z and as a result, Eqs. (7.5.5) and (7.5.6) reduce to 

((•/")' + m i / / " + mail - ( / ' ) ' l = i ( / ' ^ - f"^) (7 5J4) 

(V')' + mi// = x ( / ' | - / | ) (7.5.15) 

The boundary conditions given by Eq. (7.5.7) apply except that f^ is only a 
function of x. 

We note that Eq. (7.5.14) is identical to that in two-dimensional laminar 
and turbulent flows and in the former case its solutions are independent of the 
solutions of the 2:-momentum equation, Eq. (7.5.15). This is the independence 
principle which in the case of yawed cylinders, applies only to incompressible 
laminar flows and is not valid to turbulent flows and to compressible laminar 
flows. As a result of this independence principle, Eq. (7.5.15) is linear. 

7.6 Numerical Solution of the Boundary-Layer Equations: 
Differential Form 

Keller's box method discussed in Section 4.5 for two-dimensional flows can also 
be used to solve the boundary-layer equations for three-dimensional flows. Be­
fore we describe the solution procedure in this case, however, it is helpful and 
important to review briefly the general principles which accurate solutions must 
obey for three-dimensional flows. These follow from the realization that the mo­
mentum equations are diffusive in the direction normal to the body and wave­
like in plane parallel to the body, the direction of propagation being along the 
local stream direction. Since this direction varies across the boundary-layer, it is 
possible to identify zones of influence and dependence and to obtain solutions to 
the three-dimensional boundary-layer equations such that their solutions obey 
these zones. To explain this further, it is useful to consider a grid, as shown 
in the sketch. Fig. 7.8a, in which the solutions are known at these points indi­
cated by a cross (x) and are required at P. The wall streamlines and external 
streamlines have been drawn on the assumption that both u and w velocity 
components are positive. 

As was discussed briefly in [10], the domain of dependence of point P con­
sists of the region denoted by the shaded area and the region of influence of 
point P corresponds to the hatched area where the solution is altered when a 
change occurs in the solution at the point P. Strictly, the zones of influence 
(and dependence) are formed by the outermost streamlines crossing the normal 
to the wall at point P. Very often these outermost streamlines are the external 
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streamline and the limiting wall streamline. The information to point P comes 
from the domain of dependence. When the u velocity is positive across the layer 
but the w velocity component is negative near the wall, the wall streamlines 
cause the domains of dependence and region of influence to change, as shown in 
Fig. 7.8b. The wall streamlines, which were beneath the external streamlines, 
move above the external streamlines. The angle between these two streamlines 
widens further when both velocity components of the wall streamlines become 
negative (Fig. 7.8c) and information comes from the region where there is none 
in P , thus limiting the extent of possible calculations. 

The solution of the three-dimensional boundary-layer equations when veloc­
ity components u and w are positive are routine and can be achieved easily with 
the Keller or Crank-Nicholson method. These procedures are described in sev­
eral references, see for example Blottner [11], and Bradshaw et al., [12]. When 
the spanwise velocity component contains regions of flow reversal, however, the 
solution of the three-dimensional boundary-layer equations is not so straightfor­
ward and requires special procedures to avoid the numerical instabilities which 
can result from reversal in w. As discussed in [1], a common procedure is to 
include the zig-zag formulation of Krause et al. [13]. In common with the often-
used Crank-Nicholson method, this scheme is easy to employ, particularly since 
the orientation of the numerical mesh is chosen a priori This advantage has 
a corresponding and potentially dangerous drawback in the presence of large 
reverse flows since the mesh ratio must be related to the velocity field according 
to the famous Courant, Friedrichs, Lewy (CFL) condition [10] if stability is to 
be achieved. For a fixed grid chosen a priori, this condition may be violated 

EXTERNAL 
STREAMLINE 

LIMITING __ 
STREAMLINE 

(a) 

Z LIMITING 
STREAMLINE 

o EXTERNAL 
L STREAMLINE 

« KNOWN 

o UNKNOWN 

(b) 

EXTERNAL 
STREAMLINE 

(c) 

Fig. 7.8. Domains of dependence {shaded area) and re­
gions of influence (hatched area) of point P when (a) both 
u and w in the boundary-layer are positive, (b) u is posi­
tive across the layer and w is negative near the wall, and 
(c) both u and w are negative. 
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as the flow velocities are determined in ever-increasing computational domains. 
Thus, a natural boundary limiting the domain in which stable computations 
can be made must also be determined a priori 

To date, the most suitable numerical procedure that can be used to avoid the 
difficulties associated with the reversal lo-profile is the characteristic box scheme, 
which is based on the solution of the governing equations along local streamlines. 
This method uses Keller's method and, as we shall discuss later, allows the 
grid to be determined along with the flow calculations. It has been applied to 
compute three-dimensional boundary layers on wings, bodies of revolution at 
incidence and ship hulls with good success [14]. 

In this section, we consider the numerical solution of the three-dimensional 
boundary-layer equations for cases which correspond to sketches in Figures 7.8a 
and 7.8b. For cases in which the streamwise velocity u becomes negative. Fig. 
7.8c, information coming from downstream is needed. For this reason, the so­
lution cannot be obtained from a boundary-layer procedure alone in which the 
calculations march in the increasing x-direction. 

To describe the solution procedure, we can start with the transformed equa­
tions and boundary conditions in the form given by Eqs. (7.5.5) to (7.5.7) or 
we can start with the same equations expressed in the following form 

{bfy + f"e + m2[l - (/')'] + m5(l - /V) = X f dx m-jg 
j9_l 

dz 

ibg")' + g"d + m4(l - /V) + m^ll - {g'f] = x 

by defining 6' as 

e =mif +meg +xl~ + m7—j 

.dg' ,dg' 
^-d-x^'^'^^z 

(7.6.1) 

(7.6.2) 

(7.6.3) 

subject to the boundary conditions 

77 = 0, B = Q^, f = g' = ^ (7.6.4a) 

7? = r?e, / ' = 1, g' = \ (7.6.4b) 

The box method described in Section 4.5 can be used for these equations in 
either form. While each form has its advantages, we shall use the form given by 
Eqs. (7.6.1) to (7.6.4) since this form is also more convenient for the character­
istic box scheme described in subsection 7.6.2. 

We again introduce new dependent variables u{x^z^r\\ v{x^z^r]), w{x^z^rj) 
and t(x, 2:, 77), so that the two momentum equations and their boundary condi­
tions can be written as 

u' ^v (7.6.5a) 

w' - t (7.6.5b) 
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[hv)' -\-v9-\- 7712(1 - u^) + 777,5(1 - uw) — X ( u-—h rriYW—- j (7.6.5c) 

^ ^ + ^ 7 ^ ^ ^ ) (7.6.5d) 

6 — miu — rriQW — x { -—(- 777,7—— (T.b.oe) 
\dx oz J 

r^:=0, 6> = 6>̂ , ix = tt; = 0 (7.6.6a) 

T] — rie, u = 1, K; = 1 (7.6.6b) 

For given initial conditions in the spanwise and streamwise directions, the 
solution of the above system of equations can be obtained by the box method 
at a given streamwise station by "marching" in the spanwise direction. They 
can also be obtained at a given spanwise station by marching in the streamwise 
direction. Each procedure has its own advantages and in this section we assume 
the former procedure and depending on the complexity of the flow, we use two 
versions of the box scheme. In regions where there is no flow reversal in the 
^6'-profile, we obtain the solutions by the standard box scheme discussed in the 
following subsection; when there is flow reversal we obtain the solutions by the 
characteristic box scheme as discussed in subsection 7.6.2. 

7.6.1 Flows Without Reversal: Standard Box 

To solve the system given by Eqs. (7.6.5) and (7.6.6) with the standard box 
scheme we consider the net cube shown in Fig. 7.8. We denote the net points 

Xo = 0, Xn = X n - l + fcn, 72 = 1, 2, . . . , A^ 

^0 = 0, Zk = Zk-i^Tk, fc = l , 2 , . . . , K (7.6.7) 

^0 = 0, r]j = rjj-i + hj, j -= 1, 2 , . . . , J 

We approximate the quantities [u^w^v^t^O) at points {xn^Zk^rjj) of the net 

by {u]^\w]^\e''-^/^^^-^/^,v]^\tf^) = A J ' ^ which we shall call net functions. 

We also employ the notation u^' for points and quantities midway between net 
points and for any net function. 

The difference approximations that are to approximate Eqs. (7.6.5a) and 
(7.6.5b) are obtained by averaging about the midpoint {x'^->z^,rjj_i/2) 

n,k n,k 

" '̂ ~ " ^ - ^ = ^"•^ (7.6.8a) 
hj J-2 

n^k n,k 

""^ '""^-^ = e'\ (7.6.8b) 
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(n-l,k,j) 

(n-l,k-l,j-l) 
^ ^ - * - x ( n ) 

K 
F i g . 7 . 9 . Nota t ion for t he net cube. 

The difference approximations for Eqs. (7.6.5c) to (7.6.5e) are obtained by 

centering all quantities at the midpoint of the cube {x^~'^^'^,z^~^^'^^rjj_i/2) so 

that the unknown parameters of Eqs. (7.6.5) correspond to u^' , f J ' , w^' , t j ' 

and 9 
n-l/2,k-l/2^ 

; when a solution is obtained, u^ v^ w and t are computed at 
(n, fc, j ) and ^ at (n — 1/2, k — 1/2, j ) . A separate treatment of 9 from the rest 
of the unknowns is necessary in order to avoid oscillations due to the use of the 
continuity equation in the form given by Eq. (7.6.3) rather than the use of the 
stream function. 

We use the following notation for centering the quantities in Eqs. (7.6.5c) to 
(7.6.5e), 

^ n - i ^ l ^ ^ n ^ ^ n - l ^ 
Z^ 2 -̂-{z'^z'-'), 

J 2 
•M + Vj. 

n-^,k .i(« n.k . n—l,k\ 
u 

nM-\ -'-/ n.k , n./c—1\ n,k -'-/ n.k , n,k 

n ^,/c ^ 
= U^ 

^ / n.k . n,k—l , n 2- l , f c - l 

J - 2 j-l' 

n—l,k n.k , n—i,K\ ••- ( n.K I 2 ,234\ 

n,k-^ 

^ 2 

n-i k-^ 

-1- / n.k . n.k—\\ 

L J 2 J 2 

n-^,k _ 1 / n,/c , n-l , /cx 

J 2 l J 2 J 2 

1 r i - i / c - i ^ (Cr 2'̂ ^ 2 

n,/c—1 n - l , f c - l 
+ 1̂  

i-l,A: 
(7.6.9) 

the sum of the values Here, by uf^ we mean uf^ = uj +u. 
of Uj at three of the four corners of the face of the box. 

The difference approximations that are to approximate Eqs. (7.6.5c) to 
(7.6.5d) are rather lengthy. To illustrate the difference equations similar to them, 
we consider the following equation 

u^^-mjw^] (7.6.10) 
ox oz) 
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The finite-difference approximations for this equation are 

2 -̂  2 (7.6.11) 
1 

^x"" 2[n^._i(n^ _^^_-^)fc^i + {m7)2_iWj_i{uk -Uk-i)r^^ 

Using the notation in Eqs. (7.6.9), the above equation can also be written 

as 

~2(^,'^^^ \2 

• ^ 2 - ^ 2 2 • ^ 2 - ^ 2 

- ' 2 - ' 2 " ' 2 - ' 2 - ' 2 " ' 2 

- 1 /3 , _ frrr.^\'^ 2 ^ n - \ u - l an = x^-2k^\ Pk = (m7) ,_ |x" -2 fc -^ (7.6.12) 

n,k—l r>- I 234 
71 = U'l - 2Un-l + l^,_i , 

• ^ 2 - ^ 2 
n—1,/c o - 2M 

J 1 J 1 

74 = -2 [ (6^) f 4 - {hv)f_\]h-' - 8 ( m 2 ) ^ : | + 2(m2)^: | (^ . fA)2 

+ anuf\ « : Y ^ - 2n„_i) + Pkwf_{ « : P - 2 ^ . 1 ) ' 

(7.6.13) 

The finite difference approximations to Eq. (7.6.5e) can be expressed in the 
following form: 

k—^ 3 2 „_i (7.6.14) 

= x""2fc~i(fZ„ - Un-i) + a;""2 (my)" 1 r^^(t()fc - Wk-\) 

The boundary conditions given by Eq. (7.6.6) at x = x„ and -2 = -Zfc become: 

^o'*" = ^w. «o''' = ^l^ = 0 (7.6.15a) 
^n,fc ^ ^^ ^n,fc ^ ^ ( 7 . 6 . 1 5 b ) 

Before the difference equations (7.6.8), (7.6.14) and those for Eqs. (7.6.5c,d) 

can be solved, the net functions A ' , A •' and A^ ' must be known for 

all values of j . Those corresponding to A^ ' and A^ ' are obtained from 

the initial conditions specified in the spanwise direction and those to A^' 
from the initial conditions specified in the chordwise direction. If we assume 
that they are known, then the difference equations (7.6.8), (7.6.14) and those 
for Eqs. (7.6.5c,d), together with Eqs. (7.6.15) are a system of 5J + 5 equations 

for the solution of 5 J + 5 unknowns A •' , j = 0 , 1 , . . . , J . To solve this nonlinear 
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system we again use Newton's method discussed in Section 4.5. For simplic­
ity of notation we write the net functions A^' as Aj{= Uj^Wj^Oj^Vj^tj). Then 
the system given by Eqs. (7.6.8), (7.6.14) and (7.6.5c,d) with superscripts i^k 
dropped for convenience can be written in linearized form as 

{ai)j6vj + {a2)j6vj-i + {as)j6uj + {a4)j6uj-i + {a^)j6wj 
(7.6.16a) 

+ {aQ)j6wj-i + {a7)j6ej + {as)j66j-i = {ri)j 

{bi)j6tj + {b2)jStj-i + {bs)j6uj + {b4)j6uj-i + {b^)j6wj 
(7.6.16b) 

+ ibQ)j6wj^i + {b7)j6ej + {bs)jS9j-i - {r2)j 

hJ^iSOj - dOj-i) + {ci)j{6uj + Suj^i) + {C2)j{6wj + 6wj^i) = {r^)j (7.6.16c) 

6uj — 6uj-i hj{6vj + Svj-i) = {r4)j-i (7.6.16d) 

6wj — dwj-i — -hj{6tj + Stj-i) = {r^)j-i (7.6.16e) 

The coefficients (a^)j, {bi)j (z = 1, 2 , . . . , 8) and {ri)j (z = 1, 2 , . . . , 5) are 
given in Program 10. 

Note that in writing the system given by Eqs. (7.6.16), we have used a certain 
order as in the solution of the boundary-layer equations for two-dimensional 
flows [see subsection 4.5.2]. The reason for this order is again to ensure that the 
AQ matrix in Eq. (4.5.24) is not singular. 

Similarly, the boundary conditions given by Eq. (7.6.15) become: 

(5(9o = 0, 6uo = 0, 8wo==^0, 8uj = 0, 8wj = 0 (7.6.17) 

The linear system given by Eqs. (7.6.16) and (7.6.17) can be written in 
matrix-vector as [see Eq. (4.5.23)] also, 

Aslj = 7j (7.6.18) 

and can be solved by the block-elimination method discussed in subsection 4.5.3. 

7.6.2 Flows with Reversal: Characteristic Box 

When there is flow reversal in the spanwise velocity profile, it is necessary to 
modify the standard box scheme of the previous subsection in order to avoid 
the numerical instabilities resulting from the integration opposed to the flow 
direction. As discussed in [3], this objective can be satisfied either with the zig­
zag box scheme or the characteristic box scheme. While the numerical mesh is 
chosen a priori in the zig-zag scheme, the characteristic scheme allows the grid 
to be determined along with the flow calculations. In this scheme, depending 
upon the magnitude and direction of the velocity field, the grid spacings and 
orientation can be adjusted to satisfy the CFL condition. The scheme, in a 



232 7. Three-Dimensional Incompressible Laminar and Turbulent Flows 

sense, is intelligent in that it maximizes the domain in which the computations 
can be carried out for both steady and unsteady flows. It is described below for 
three-dimensional incompressible steady flows. 

To describe the solution procedure for the characteristic box scheme which 
is based on the solution of the governing equations along the local streamlines, 
we consider Eqs. (7.6.5) and (7.6.6). Denoting the arc length in the streamline 
direction by tp and the angle it makes with the x-axis by 0 (see Fig. 7.9), we 
write Eqs. (7.6.5c) and (7.6.5d) as 

{bvY -\-ve-^ 7722(1 - u^) + m5(l - uw) = A 

{bty -\-te-\- 7714(1 - uw) + 7713(1 -w'^) = X 

du 

dw 

where 

0^tan-^(^) 

(7.6.19a) 

(7.6.19b) 

(7.6.20a) 

(7.6.20b) 

Note that depending on the sign of, which changes across the shear layer, the 
direction of the streamlines '0 may change as discussed in Fig. 7.7. 

The diff'erence approximations to Eqs. (7.6.19) are written by centering all 
quantities except 9 at point B shown in Fig. 7.9. For example, the values of 
each parameter, say g, are centered between (n — 1, /, j — ^) and (77, fc, j — 2) at 
Bhy 

The location of / that intersects the line at Xn-i is obtained by determining the 
distance from k and / from A ^ sin 0. The centering of 6 is done by writing it as 
indicated in Eq. (7.6.9). 

The finite-diff'erence approximations to Eqs. (7.6.19) are lengthy so we again 
consider a model equation for them to illustrate the procedure, 

Zk+l 

Zk 

Zk-1 

Zk-2 

z(k) 
A 

* * 

•fv~t—f 

4' • 
%—*—*—¥ 

# — * — * • 

Xn-l ^ n 

X KNOWN 

O UNKNOWN 

- • x(n) Fig. 7.10. Notation for the character­
istic scheme. 
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{hv)' + ve + m2 = \-^ (7.6.22) 
dip 

For the notation shown in Fig. 7.9, the difference approximations to Eq. (7.6.22) 
at point B are 

h-\. . . . . . . h7^ n-lM 

+ l^-h + Vt ' ]^ .-^ + ^[("^^)"'' + ("^^)""''] (7.6.23) 
/ n.k n—l,l\ 

2 

2' J-h J--2 ' A ^ . i 
J 2 

where the relation between d^, ^j-i/2,fe-i/2 ^^^ ^n-i/2,fc-i/2 jg 

n^^ 2''^ 2 _ f)''' 2''^ 2 1 , 1 

ef = ^ . 1 3 (^^ - . ^ - ^ ) + < - - ' - ^ (7.6.24) 

As in subsection 7.6.1, this procedure for the model equation is repeated for 
Eqs. (7.6.19), the resulting equation is linearized, and Eqs. (7.6.19) are written 
in the same form as given by Eqs. (7.6.16a,e). The coefficients (a^)^, {bi)j {i = 
1, 2 , . . . , 8) and {ri)j (i = 1,2, . . . , 5) are given in Program 10. 

In Appendix B, we discuss the application of the characteristic box to a 
model problem corresponding to a prolate spheroid at incidence and show how 
significant loss of numerical accuracy may result from the use of the zig-zag box 
leading to erroneous conclusions regarding flow separation in three-dimensional 
flows. 

7.6.3 Calculation of Geometric Parameters 

The geometric parameters such as the metric coefficients and geodesic curva­
ture of the coordinate lines appearing in the three-dimensional boundary-layer 
equations must be known prior to the boundary-layer calculations for given 
freestream conditions and inviscid velocity distribution. In Section 13.7 we shall 
describe an interface program to compute these parameters from the defini­
tion of wing geometry together with the nonorthogonal coordinate used in the 
boundary-layer method. 

In general, if the position vector of a surface f is a function of two parameters 
p and g, the surface can be represented by the net of curves p = const and q = 
const. It is these lines and the normals to the surface that form the coordinate 
system for boundary-layer calculations. Assuming that the position vector f is 
defined in a Cartesian base system x, ^, z where x, ^, and z are functions of p 
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and g, the unit tangent vector along the q — const, curve with i, j , k denoting 
the unit vectors of the Cartesian base systems, can be written as 

dx . dy . dz ^ f dx dy , dz ^ 

dSr, \dp dp dp J {dsp/dp) 

where Sp is the arc length along the curve. Since tp • ip = 1 we have 

_dsp 
^ ^ ~ dp dp) dp < % ) 

(7.6.25) 

(7.6.26) 

where hp is called the metric coefficient oi q = const curve and it is a coefficient 
of proportionality between Sp and p in difTerential form. Similarly, the expansion 
for the metric coefficient for curve p = const is given by 

dsg 

dq iWUd \dqj \dq 

.-,\ 2 
.,V,(|)' (7.6.27) 

The angle between the parametric lines on the surface is given by tq-tq^ or 

\dp dq ' dp dq ' dp dq) 
cost/ = 

ilptlq 

An arbitrary arc length element on the surface is 

dS LpdSp I" ZnClOq 

and its magnitude is 

ds ' ds = ds = hpdp + hqdq -\- 2hphq cos Odpdq 

(7.6.28) 

(7.6.29) 

(7.6.30) 

The geometric or tangential curvatures kp and kq of the curves q = const and p = 
const, respectively, and the additional parameters kpq and kqp can be obtained 
from the relations discussed above, 

dtf) iL . f 
dsp ^ 

]^ — 

^ hnhn sin 9 cp.vq. 

^.i ~k -
Up — hjf] — 

dSq 
^ hphq sin 6 

1 

^^ hphq sin^ 6 

k = — 1 — 
^^ hphq sin^ 9 

dq 

d{hqcos 9) dhp 

dp dq 

d{hpcos 9) dhq 

dq dp 

dk 

dp 
(l + c o s 2 e ) ^ - 2 c o s ^ " " ' ' 

9 ^^dhn ^ ^dhr, 
[l + cos^9)-A - 2cosl9—^ 

dp dq 

(7.6.31) 

(7.6.32) 

(7.6.33) 

(7.6.34) 
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In the notation used in subsection 7.2.3, the parameters p and q correspond 
to the coordinates x and z. It should be remembered that the boundary-layer 
variables x, ?/, z are different from the Cartesian base system x, y^ z. Designation 
of the geometric parameters associated with the x-z notation is given by 

hp = hi, hq ^ /i2, kp = fci, kq = ^2, kpq = fci2, kqp = ^21 

For example, the coordinates for a wing surface is usually taken as x corre­
sponding to the normalized chordwise surface distance measured from the lead­
ing edge and ^-coordinate as the normalized spanwise distance from the plane 
of symmetry for the section along which x is determined. It is seen from the 
definitions of the geometric parameters that first and second order derivatives 
of X, y, z with respect to the coordinates x and z are required. Since in practice 
the geometry definition is seldom given analytically, numerical differentiation is 
required, and unless sufficiently smooth data is available, the problem becomes 
non-trivial. Oscillations in the coordinate system calculations must be avoided 
as much as possible because boundary-layer calculations tend to amplify the 
oscillations and can make the solutions to diverge. To avoid this problem alter­
nate approaches have been considered. Houdeville [15] and Malecki et al. [16] 
proposed the approach in which the boundary-layer equations are projected into 
a local Cartesian axis-system. In this local system, the (x, 2:)-plane is tangent 
to the surface and the y-axis is normal to the surface. As this system is Carte­
sian orthogonal, it has the advantage of avoiding the calculation of metric and 
curvature coefficients. The method can be applied even if the coordinate lines 
are not regular, i.e., the coordinate lines can have slope discontinuities. The 
extra work involved in this method is that velocities at stations neighboring the 
calculated station must be expressed in the local axis-system at the calculated 
station in order to calculate velocity derivatives present in the equations. The 
second feature of the method is that the equations are written along the local 
boundary-layer streamlines just as in the characteristic box method described 
in subsection 7.6.2. 

7.7 Evaluation of a Turbulence Mode l 
for Three-Dimensional Flows 

For laminar flows, the accuracy of the solutions of the boundary-layer equations 
depends on the accuracy of the numerical scheme. In general, for a laminar flow, 
accurate solutions can be obtained for most engineering problems by taking 
around 40 points across the boundary-layer. For stabihty-transition calculations, 
however, it is necessary to take more than 40 points for higher accuracy. 

For a turbulent flow the accuracy of the solutions depends on the accuracy of 
the turbulence model for the Reynolds stresses. In this section we demonstrate 
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the accuracy of the turbulence model discussed in Section 7.4 to several three-
dimensional flows on infinite swept wings (subsection 7.7.1) and to full three-
dimensional flows (subsection 7.7.2) 

7.7.1 Infinite Swept Wing Flows 

The accuracy of the turbulence model of Section 7.4 and other models has been 
investigated for several infinite swept wing flows, as discussed in [16-19]. Here we 
present a sample of results taken from those studies and discuss first the results 
for the data of Bradshaw and Terrell [20] and then for the data of Cumpsty and 
Head [21] and finally for the NLR data of Van den Berg et al. [22] and Elsenaar 
and Boelsma [23]. 

Data of Bradshaw and Terrell 

This experiment was set up especially to test the outer-layer assumptions made 
in extending the boundary-layer calculation method of Bradshaw et al. [24] from 
two dimensions to three [25]. Measurements were made only on the flat rear of 
the wing in a region of nominally zero pressure gradient and decaying cross 
flow. See the sketch in Fig. 7.10a. Spanwise and chordwise components of mean 
velocity and shear stress, and all three components of turbulence intensity, were 
measured at a number of distances x' = 0, 4, 10, 16 and 20 in. from the start of 
the flat portion of the wing (Fig. 7.11). The surface shear stress, measured with 
a Preston tube, was constant along a generator to the start of the flat part of 
the wing, except for a few inches at each end and except for small undulations 
of small spanwise wavelength caused by residual nonuniformities in the tunnel 
flow. 

Figure 7.11 shows the calculated results (solid lines) with experimental re­
sults (symbols) and those obtained by Bradshaw's method [24] (dashed lines). 
The cross-flow angle (3 which represents the departure of the velocity vector 
within the boundary-layer from the freestream velocity vector was computed 
from 

(5 = t a n - i {-) (7.7.1a) 

The above formula becomes indeterminate at ^ — 0; however, with the use of 
L'Hopital's rule, it can be written as 

^^ = t.n-^m m " (7.7.1b) 
\dy ) ^ V % / « , 

The streamwise component of the local skin-friction coefficient Cf^ was calcu­
lated from 

Cf = ^ ^ (7.7.2) 
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Cf x103 

Fig. 7.11. Results for the relaxing flow of Bradshaw and Terrell: (a) wall cross-flow angle 
and local skin friction, (b) velocity profiles, (c) cross-flow angle distributions. The symbols 
denote the experimental data, the solid line the numerical solutions of Cebeci [17] and the 
dashed line the numerical solutions of Bradshaw et al. [24]. 

with Tujs and Us given by 

Us = 

= Tw^ cos(/) + T^, sin 

Ue ^ - 1 / ^ e 
= tan — 

(7.7.3a) 

(7.7.3b) 
cos (p \Ue , 

Here r^^j^ and Tyj^ denote the wall shear values in the x- and z-directions, re­
spectively, obtained from the solution of the infinite swept wing equations. 

Data of Cumpsty and Head 

In this experiment [21] the boundary-layer development was measured on the 
rear of a wing swept at 61.1°. The boundary-layer separated at about 80% 
chord. The measured profiles were affected by traverse gear "blockage," probably 
because of upstream influence of disturbance caused to the separated flow by 
the wake of the traverse gear. 

Figure 7.12 shows a comparison of calculated and measured streamwise ve­
locity profiles Us/Ug and streamwise momentum thickness 6ii defined by 

n i -i:m{^-w> (7.7.4) 
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Fig. 7.12. Comparison of calculated {solid lines) and experimental (symbols) results for 
the data of Cumpsty and Head on the rear of a swept infinite wing. 

where Ug/Us is calculated from 

w 
-— == — cos 0 H sm 
Us Ue We 

(7.7.5) 

The results in Fig. 7.12 show good agreement with experiment at two x-stations. 
However, with increasing distance they begin to deviate from experimental val­
ues and at X = 0.650 ft, the agreement becomes poor. 

The above results indicate what was already observed and discussed in re­
lation to the shortcomings of the Cebeci-Smith algebraic eddy-viscosity formu­
lation, that is, it requires improvements for strong adverse pressure gradient 
flows. As discussed in subsection 6.3.1, the improvements to this formulation 
were made for two-dimensional flows by allowing a in the outer eddy-viscosity 
formula to vary. A similar improvement is needed to the formulation given in 
Section 7.4. 

N R L D a t a 

The experiments conducted by Van den Berg et al. [22] and Elsenaar and 
Boelsma [23] are a good illustration of three-dimensional turbulent boundary-
layers on a simple configuration. These experiments have been redone and com­
plemented by Bradshaw and Pontikos [26]. The experimental set-up simulates 
the boundary-layer on an infinite swept wing. The boundary-layer develops on 
a flat plate the leading edge of which has a sweep angle of 35° with respect 
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Fig. 7.13. NLR experiments: schematic evolution of external streamlines and skin friction 
lines. 

to the freestream. Near the leading edge, the pressure gradient is zero and 
when the boundary-layer is sufficiently developed, an adverse pressure gradi­
ent is imposed with the help of a body placed at a certain distance from the 
plate. The combination of the pressure gradient and sweep effects gives rise to 
a three-dimensional boundary-layer. Great care was taken in order to have an 
invariance of the flow in the spanwise direction, i.e., in a direction parallel to the 
leading edge of the plate. In this experiment, the pressure gradient was strong 
enough to induce boundary-layer separation, which for an infinite swept wing, 
is characterized by a skin friction hne parallel to the leading edge (Fig. 7.13). 
Along the separation line, the total skin friction coefficient is not zero. 

From the NLR results, it appears that the mixing length deduced from the 
experiment decreases as separation is approached. The ratio of the total shear 
stress to the kinetic energy, {rt/p)/k, also decreases as separation is approached. 
These results have been complemented by those of Bradshaw and Pontikos [26] 
who conclude that "turbulent activity decreases as the flow becomes more three-
dimensional, leading to reductions in the diffusion (rate of transport, normal to 
the wall) of momentum, turbulent energy and shear stress". 

A detailed study of several turbulence models for this data was conducted 
by Malecki [16,19]. The calculations were performed by using a full three-
dimensional boundary-layer code in which the numerical technique employed 
the method of characteristics. These calculations were carried out in the inverse 
mode by specifying displacement thickness distributions ^* and ^* from the 
experimental data. 

The turbulence models used in Malecki's study include the following models. 

• ML: this is a mixing length model given by Eq. (6.3.7) 
• k-e\ this is the Launder-Sharma model discussed in Section 7.4. 
• k-uj\ this is an extension of Wilcox's k-uj model (Problem 6.18) to three-

dimensional flows. 
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• RSM LS: this is a Reynolds stress model by Launder-Shima [27]. It includes 
the low Reynolds number effect. The pressure strain term is modelled as a 
linear function of Reynolds stresses. 

• k/k-e: this is two-layer model. Near the wall, the Norris-Reynolds one-
equation model [28] is used. In the outer part of the boundary-layer, the 
Launder-Sharma model [8] is used. 

• k/IP-GL: this is a two-layer model. Near the wall, the Norris-Reynolds one-
equation model [28] is used. In the outer part of the boundary-layer, a 
Reynolds stress model is used with ^ij given by Eq. (6.3.26b) and with 
Gibson-Launder correction discussed in subsection 6.3.3. 

• k/LRR-GL: this is a two-layer model. Near the wall, the Norris-Reynolds 
one-equation model [28] is used. In the outer part of the boundary-layer, 
the Launder-Reece-Rodi model [29] with the Gibson-Launder correction [30] 
discussed in subsection 6.3.2 is used. 

• k/FLT-GL'\ this is a two-layer model. Near the wall, the Norris-Reynolds 
one-equation model [28] is used. In the outer part of the boundary-layer, the 
Fu-Launder-Tselepidakis model [31] is used. The pressure strain terms are 
expressed with a cubic model in the Reynolds stresses. The Gibson-Launder 
correction [30] is included with a modified constant ciw 

Figures 7.14 and 7.15 show the velocity profiles. At station 8, the compari­
son of various models with streamwise and crossflow velocity profiles shows the 
same trend as for the global characteristics: the best results are obtained with 
the Reynolds stress model RSM LS and with the k-u model. It is noted, how­
ever, that the intensity of crossflow is slightly underestimated. The evolution 
of the total velocity profiles shows that the shape of these profiles is not well 
reproduced by the mixing length model; a slight improvement is obtained with 
the k-e model and the Reynolds stress model RSM LS gives the best results. 

It is useful to point out that the calculated total velocities with mixing 
length and k-e models do not agree with measured values at the boundary-layer 
edge (Fig. 7.15). The reason for the disagreement is that the edge velocities 
Ue and We are not input but computed with the inverse method. However, the 
results computed with the RSM LS model are in very good agreement with the 
measured values of ute- This confirms the good behavior of the RSM LS model. 

The above results for velocity profiles are consistent with the behavior of 
the Reynolds shear stresses. As expected, the poor predictions of separation are 
associated with too high levels of the Reynolds stresses. The RSM LS model 
produces the right level. 

Another interesting result is the direction of the turbulent shear stress. The 
experimental results (Fig. 7.16) show a lag in shear stress direction, /?r, defined 
by 

Pr = tan-1 {^\ (7.7.6) 
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Fig. 7.14. NLR experiment: streamwise and crossflow velocity profiles. 

(7.7.7) 

behind the direction of the velocity gradient, /3^, defined by 

A possible interpretation of these results is that the turbulent structures 
associated with the turbulent shear stress are tilted when the initially two-
dimensional boundary-layer enters the region of crossflow. However, these struc­
tures do not respond immediately to the crossflow gradient so that this lag effect 
creates a lag in the direction of the shear stress behind the direction of the ve­
locity gradient. 
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Fig. 7.15. NLR experiment: comparison of calculated and measured total velocity profiles. 
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Detailed comparisons provided in [16,19] indicate that none of the turbulence 
models, except the k/FLT-GL^ model is able to reproduce the lag of shear stress 
direction. As can be seen in Fig. 7.16, the k/FLT-GL^ model predicts a slight 
shear stress lag. 

7.7.2 Full Three-Dimensional Flows 

To illustrate the evaluation of the Cebeci-Smith-algebraic eddy-viscosity for­
mulation of Section 7.4 for full three-dimensional flows, we consider two flows 
corresponding to an external flow formed by placing an obstruction in a thick 
two-dimensional boundary-layer (data of East and Hoxey [32]) and an exter­
nal flow on a prolate spheroid at an incidence angle of 10° (data of Meier and 
Kreplin [33]). 

Data of East and Hoxey 

Figure 7.17 shows a schematic drawing of East and Hoxey's test setup in which a 
wing is placed in a thick two-dimensional boundary layer [32]. The strong pres­
sure gradients produced by the obstruction caused the boundary layer to become 
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Aluminum Plate 

" in. 

Fig. 7.17. Schematic drawing of East and Hoxey's test setup. 

three-dimensional and to separate. The measurements were made in the three-
dimensional boundary layer upstream of and including the three-dimensional 
separation. 

The plane of symmetry calculations for this flow, shown in Fig. 7.18, were 
made for the external inviscid velocity distribution given by 

Up, = Un 1 + a 2f^ 
A? 

Wp = 2UooCi \ —2 
A3 

A 
(7.7.8) 

where 

Ai = (x - xo)^ + z'^, A2 = -{x - xo)^ + ^^ A3 = (x - xo)z 

Here UQQ IS a reference velocity, a is the cylinder nose radius (taken to be 12 in.) 
and XQ denotes the distance of cylinder axis from the leading edge, x = 0. Initial 
velocity profiles were specified at x = 6.5 ft, which corresponded to x = 30 in. 
in the experimental data. 

Figure 7.19 shows a comparison between calculated and measured veloc­
ity profiles off the line of symmetry. These calculations were made by using 
the experimental external velocity distribution. In general, the agreement with 
experiment is satisfactory. 

Data of Meier and Kreplin 

We now consider laminar, transitional and turbulent flows on a prolate spheroid 
with a thickness ratio of 6 for a Reynolds number of 6.6 x 10^ and compare the 
calculated results with the data of Meier and Kreplin [33-35] for freestream 
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Fig. 7.18. Comparison of calculated (solid lines) and measured (symbols) velocity profiles 
for the attachment-line (z = 0) flow of East and Hoxey. 
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Fig. 7.19. Comparison of calculated (solid lines) and measured (symbols) velocity profiles 
oflF the line of symmetry of the East and Hoxey flow. 
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velocities of 45 and 55 m/s corresponding to natural and imposed transition. 
To account for the transitional region between laminar and turbulent flow, the 
right-hand sides of Eqs. (7.4.4) are multiplied by the intermittency factor 7tr 
defined by Eqs. (6.3.3) and (6.2.4). Since detailed and corresponding corre­
lation formulas for three-dimensional transitional flows are lacking, the same 
expression was used for three-dimensional flows by using the local similarity 
assumption with Ue in Eqs. (6.3.3) and (6.2.4) replaced by the total velocity. 

The experimental data of Meier and Kreplin consists of surface shear stress 
magnitude and direction vectors and velocity profiles over a range of angles 
of attack. Figure 7.20 shows a comparison of calculated surface shear stress 
vectors in laminar flow at a = 10° [36]. The magnitude of the shear stress vector 
is proportional to the shear intensity. The agreement between the calculation 
and measurements on the windward side is generally good, although there are 
some differences that are partly due to the use of inviscid potential flow in the 
calculations, whereas the measured pressure distribution shows viscous-inviscid 
interaction effects. It is clear that the laminar flow is separated on the leeward 
side of the body at some distance aft of the nose. The origin or nature of the 
high shear intensities leeward of the separation line cannot be determined from 
calculations because calculations based on external flow that is purely inviscid 
is not expected to account for strong interactions. 

Figure 7.21 shows wall shear vectors for laminar, transitional and turbulent 
flow with natural transition. In general, the calculated and measured results 
are in agreement with discrepancies (which are small) conflned to the region 
close to the specified transition [36]. More quantitative comparison with the 
imposed transition experiment of Meier et al. [33-35] is afforded by Fig. 7.22, 

Cf = . 
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Fig. 7.20. Measured {dashed line) and calculated {solid line) distributions of wall shear 
stress vectors on the prolate spheroid at a = 10° for laminar flow. 
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Fig. 7.21. Measured {dashed line) and calculated {solid line) resultant wall shear stress 
values on the prolate spheroid at a = 10°. 

which displays circumferential distributions of wall shear stress at four axial 
locations. The calculated results display the correct trends and are within 15% 
of the measured values with discrepancies tending to diminish with downstream 
distance. The flow angles of Fig. 7.23 show even better agreement except, per­
haps, in the downstream region where the boundary condition obtained from 
the inviscid flow calculation is in error. A sample of the velocity proflles is shown 
in Fig. 7.24 and corresponds to a:/2a of 0.48 and 0.73, and again the agreement 
is within or very close to the error bounds of the measurements, except in the 
regions where the inviscid velocity distribution differed from the measured one. 
The same conclusion can be drawn from the calculated and experimental values 
of displacement thickness of Fig. 7.24. 

7.8 Boundary-Layer Program for Three-Dimensional Flows 

In Appendix B, Program 10, we present and describe the extension of the 
boundary-layer program BLP2, Program 3, to three-dimensional flows. This 
program which we shall refer to as BLP3 has a structure similar to its coun­
terpart in two-dimensional flows. It employs the numerical method of the pre­
vious chapter and can be used to compute three-dimensional flows with and 
without flow reversal in the spanwise direction. In the absence of flow reversal 
in the iL'-proflle, the numerical method employs the standard box scheme and 
where is one, the numerical method employs the characteristic box scheme. As 
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Fig. 7.23. Comparison of calculated {solid lines) and measured {symbols) wall crossflow 
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Fig. 7.24. Comparison of calculated {solid lines) and measured (symbols) streamwise 
Us/Us and crossflow Us/Us velocity profiles at (a) x/2a — 0.48 and (b) x/2a = 0.73. 
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in two-dimensional flows, when the streamwise shear stress vanishes, then the 
calculations are terminated due to the breakdown of the solutions. 

As discussed in Section 7.3, the solution of the three-dimensional boundary 
layer equations requires initial conditions. The generation of these conditions 
can vary depending on the flow problem under consideration. For the sample 
flow problem discussed in Program 10, the initial conditions in the (x^y) plane 
are generated by solving the attachment line equations, Eqs. (10.71) through 
(10.73), and their boundary conditions, Eq. (10.74), given in Program 10. The 
initial conditions in the (z, y) plane are generated by solving the Blasius equa­
tions, Eqs. (10.57) through (10.59), subject to the boundary conditions given 
byEq . (10.60). 

The boundary-layer equations require the specification of external velocities 
Ue and We as a function of x and z so that the dimensionless pressure gradient 
parameters defined in transformed boundary-layer equations can be calculated 
by the Lagrange interpolation formulas given by Eqs. (3.4) to (3.7) in Pro­
gram 3. In most problems, these velocities are specified in tabular form and not 
in analytical form. In the sample problem discussed in Program 10, however, 
the external velocity distributions are given analytically and the dimensionless 
pressure gradient parameters are obtained analytically rather than by Lagrange 
interpolation formulas as in BLP2. 

Even though the sample problem discussed in Program 10 is for a laminar 
flow, BLP3 is constructed for both laminar and turbulent flows as BLP2. Again 
the eddy viscosity concept [see Eq. (7.4.1)] is used to model the Reynolds shear 
stress terms in the x- and 2;-momentum equations. 

As in two-dimensional flows, a variable grid is used in the ?7-direction. It is 
generated by specifying the variable grid parameters K and hi] the spacings 
in the x- and z-directions are arbitrary and must be input as discussed in 
Program 10. 
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Problems 

7-1 . (a) Show that for an infinite swept wing, the spanwise component of the 

external velocity is constant on the wing and that 

u^e = Kx) sin (f) 

where T/QO is the freestream velocity and (f) is the sweep angle. 

(b) If for an infinite swept wing flow the chordwise pressure gradient, dp/dx = 0, 

show that the external streamlines are straight lines. 

(c) Show that for a laminar flow, the boundary-layer is collateral, i.e., the solu­

tion is such that 
We 

w — u— 
Ue 

(d) Show that this solution is the same as the solution of flow over a two-

dimensional flat plate. 

(e) Is this solution also valid for turbulent flow? 
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7-2. (a) Derive the laminar boundary-layer equations for an attachment line on 
an infinite swept wing. 

(b) Show that the solutions for u and v are the same as for a two-dimensional 
stagnation point. 

7-3. The attachment-line equations for an infinite swept wing are given by Eqs. 
(7.5.12) and (7.5.13) for m - 1. 

r + / r + l - / ' = 0 (P7.3.1) 

/ ' + / / = 0 (P7.3.2) 

(a) Integrate Eq. (P7.3.2) analytically for g' as a function of / . 

(b) Use Program 1 in the accompanying CD-ROM to obtain the solutions of 
Eq. (P7.3.1) subject to the boundary conditions 

7? = 0, / = 0, f' = g' = 0 (P7.3.3a) 

r? = %, / ' = 1, 9' = I (P7.3.3b) 

(c) With /(ry) known from (b), compute g\r]). 

(d) Calculate the following integrals. 

/•oo roo roc 

/ (l-/')d^, / f{l-f')dv, / {l-g')dv, 
JO Jo Jo 

/»cxo roo roc 
/ g'{l~r)dri, / f'{l-g')drj, / g'{l-g')dri 

Jo Jo Jo 

(e) From Eq. (P7.3.2) show that 

roc 

/ ( 0 ) = / f{l-g')drj (P7.3.5) 

(f) Write the equation of the external streamlines. 

(g) Write the equation of the skin-friction fines. 

(h) Plot schematically the external streamlines and skin-friction lines. 

7-4. Show that, for a polar coordinate system, ^ = | , in which the coordinates 
X and z are denoted by ^ (= x/a) and 0, respectively, Eqs. (7.2.19) to (7.2.21) 
can be written as 

^Auh2) + ^{whi) + ^ivhih2) = 0 (P7.4.1) 

(P7.3.4) 
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U du W du du 7 2 

hi d^ /z2 dcj) dy 

u du w dw dw 

hi d^ /i2 50 dy 

1 dp d f du 
phi di dy \ dy 

I dp d f dw 
ph2 d(t) dy V dy 

- u'v' j 

- v'w' 1 

(P7.4.2) 

(P7.4.3) 

7-5. To discuss the initial conditions on a body of revolution, let us choose a 
prolate spheroid at incidence. At zero angle of incidence, the stagnation point is 
at the nose and there is no problem in solving the boundary-layer equations for 
an axisymmetric flow as was discussed in Sections 3.2 and 4.6.3. With incidence 
and using a body-oriented coordinate system, the stagnation point moves away 
from the nose. To generate the initial conditions for this case, it is necessary 
to obtain solutions of the three-dimensional boundary-layer equations at the 
stagnation point on the plane of symmetry and continue them on the windward 
and leeward sides. The equations on the plane of symmetry can be obtained by 
taking advantage of the symmetry conditions. 

Noting that the circumferential velocity, w^ in the boundary layer and the 
circumferential pressure gradient, dp/dcj)^ are identically zero on the line of 
symmetry, use a procedure similar to that used to obtain the attachment-line 
equations along the wing leading edge and show that Eqs. (P7.4.1) to (P7.4.3) 
can be written as 

— («/i2) + hiw^ + ^{vhih2) = 0 

u du du 

dy 

dy 
(P7.5.1) 

1 

u dwA 

hid^ 

dw, 

phi d^ dy 

du 
/— 
dy 

hi d^ /i2 dy 

where Wfjy — dw/dcj). 

- UW(i)k2 = 
J_d^ d_ 
ph2 dcjP' dy 

dw^ 
/—-

dy 
- {u'w')^ 

(P7.5.2) 

(P7.5.3) 

7-6. The equation of a prolate spheroid at incidence can be written as 

F{x,y,z) = X 
+ .aV-.-o 

(a) Show that the relations between the coordinates that define the body (x, y^ z) 
and those for boundary-layer equations are (see Fig. P7.1) 

-r cos ( 

r sm( 

X = a^ 

= —bJl — ^^cos(/> 

= bJl — ^^ sine/) 

(P7.6.1a) 

(P7.6.1b) 

(P7.6.1c) 
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Fig. P7.1. 

u, ,u 

Fig. P7.2. 

(b) Show that the metric coefficients in Eqs. (P7.4.1) to (P7.4.3) can be written 
as 

hi = a 
2c2 

1 + t'oi 
1/2 

h2 = ato[l - f]'/^ = r 

(P7.6.2a) 

(P7.6.2b) 

where to — b/a. 

7-7. Show that the metric coefficients hi and /12 in a streamhne coordinate 
system are given by Eq. (7.2.13). 

7-8. Derive the small cross-flow equations given by Eqs. (7.2.16) to (7.2.18) 
and discuss the approximations used to reduce them from those given by Eqs. 
(7.2.7) to (7.2.9). 

7-9. In some problems it is desirable to express the solutions of the boundary-
layer equations obtained in one coordinate system in terms of another coordinate 
system. For example, suppose that we know the velocity profiles u^w in the 
streamline coordinate system (x, z) and need to know the corresponding velocity 
profiles u and w in di body-oriented coordinate system (x^z). Assume that the 
system (x, z) is orthogonal. 

(a) If 7 denotes the angle that the external streamline makes with the x-
coordinate direction (see Fig. P7.2), show that 

u — u cos J — wsinj 

w = usiii'y -{- wcos7 

where 

7 = tan ^{we/ue) 



256 7. Three-Dimensional Incompressible Laminar and Turbulent Flows 

h2dz 

Fig. P7.3 . Control volume for (a) real flow and (b) equivalent fictitious inviscid flow. 

(b) On the attachment line where the coordinate directions coincide so that the 
u = u^ Ue = Us and w — w = 0, show that 

u dwe dw /i2 

Use ^Z OZ Al2 

7-10. An equation for displacement thickness in three-dimensional flows can be 
obtained by constructing a fictitious inviscid flow (Fig. P7.3b) which has the 
same mass flow as the real flow (Fig. P7.3a) through faces 1, 2, 3,4 of the control 
volume shown in Fig. P7.3b. The fictitious flow has constant properties along a 
normal to the wall below the line y — S. 

(a) Using an orthogonal coordinate system and with hi and /i2 denoting the 
metric coefficients, show that the sum of mass flows of the real flow m^eal through 
faces 1,2,3,4 is 

mreal =" dx--
OX 

r6 
h2dz / pudy 

Jo 
+ dz d_ 

dz 
h\dx I pu)dy 

Jo 
(P7.10.1) 

and the sum of mass flows of the fictitious flow mfictitious through faces 1, 2, 3,4 
is 

_ , d_ 
'^fictitious — " ^ ^ 

OX 
h2dz / pugdy 

^ d f JA 
hidx I pwedy (P7.10.2) 

where A is the displacement thickness. 

(b) Write the equality of the two mass flows in (a) and show that the displace­
ment thickness is given by the following partial diflFerential equation 

— [/l2^eA] + -g-JhiWeA] = ^ [ / I 2 ^ e * * ] + ^[ /^ l^e^ .*] 

with 

ro-w)* ''^i! w dy 

(P7.10.3) 

(P7.10.4) 
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7-11. For the general nonorthogonal body-oriented coordinate system discussed 
in subsection 7.2.3, extend the discussion in Problem 7-10 to derive the following 
equation for the displacement surface A, 

— [ueh2sme{A - (5*)] + ^Jwehi sin^(A - S^)] - 0 

where 6* and 5* are given by Eq. (P7.15.5d). 

(P7.11.1) 

7-12. The k-£ model discussed in subsection 6.3.2 for two-dimensional flows and 
for three-dimensional low Reynolds numbers in Section 7.4, takes the following 
form at high Reynolds numbers. 

Dt dy\ak e dy 

c^ fc^ dk 

De d I Cn k^ de 

Dt ^ k ^ k dy \as £ dy 

(P7.12.1) 

(P7.12.2) 

The production term is given by Eq. (7.4.13). 
A simplified form of these equations can be obtained by neglecting the con­

vection and diff'usion terms in the fc-equation and by neglecting the convection 
term in the s-equation 

P = s 

e e^ d (c^k'^ de 

^ k ^ k dy \a£ £ dy 
= 0 

(P7.12.3) 

(P7.12.4) 

(a) Assuming that the dissipation rate is given by 

£ = C- (P7.12.5) 

demonstrate the following relations 

3/2 
Â* 2 

n = p-^y 
with 

c dy 

c dy 

pk = c, 
1/2 

du\^ f dw\^ dudw 
dy) \dy) dy dy 

1/2 

Tt — p{u'v' + w'v' -\-2uVWV COS 9) 1/2 

(P7.12.6a) 

(P7.12.6b) 

(P7.12.6c) 

(P7.12.6d) 

(P7.12.6e) 
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(b) Neglecting the variation of k with ?/, show that a relation between c, c^, c^i, 
C£2, and a^ is 

(Cel - Ce2)c' + ^ = 0 (P7.12.7) 

7-13. Consider the following partial differential equation 

dx dz dy 

where u^ w and a are constants. Introducing new variables X and Z, 

" ^ + ^ ^ = « ' H (P7.13.1) 

II 111 

X = -^ ^x + -^ ^z (P7.13.2a) 

in II 

x+ ^ ^ z (P7.13.2b) 

show that Eq. (P7.13.1) can be written as 

dX dy^ 

(b) Show that 

^^ =a^ti (P7.13.3) 

^ e-^' (P7.13.4) 
2aV7rX 

with 
y 

2aVX 
is a solution of Eq. (P7.13.3). 

(c) Eq. (P7.13.3) represents the response to a perturbation introduced at point P 
{y = 0, X = 0). Study this solution and deduce how a perturbation propagates 
in the original x^y^z domain. 

7-14. Consider a quasi-linear system of first order partial differential equations 

dF 
A,-- = B, z = l , m (P7.14.1) 

OXi 

The number of x^-coordinates is m, F is a column vector with n elements (the 
unknowns), Ai are {n x n) square matrices and B is a column vector with n 
elements. The elements of Ai and B may depend on xi and F. 

The mathematical nature of three-dimensional boundary-layer equations ex­
pressed in the form of Eq. (P7.14.1) can be studied from the characteristic 
determinant 

Aei{Ai\i) = 0 (P7.14.2) 

where Â  are the components of a vector normal to the characteristic surfaces. 
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(a) Consider a laminar boundary-layer developing on a flat surface and express 
the boundary-layer equations by a system of first-order partial differential equa­
tions by introducing new functions 

du ^ dw 

dy' dy 

The unknowns are u, v^ w^ u^ and w. Show that the characteristic determinant 
is 

u'^Xl = 0 (P7.14.3) 

As the characteristic roots are real and identical, the system is parabolic (the 
properties are the same as for the heat conduction equation). The characteristic 
surfaces are normal to the wall. 

(b) In order to study the role of convection terms, it is not necessary to consider 
the second-order terms (i.e., the viscous terms) in the boundary-layer equations. 
In this way, subcharacteristics are determined. Show that the characteristic 
determinant is 

XyiuXx + vXy + wX^)^ = 0 (P7.14.4) 

(c) Deduce that surfaces normal to the wall and stream surfaces are character­
istic surfaces. If a perturbation is introduced at a point P , the perturbation will 
propagate along the normal passing through P and along the streamline pass­
ing through P. Deduce the domain of influence and of dependence of a point P 
located in the boundary-layer. 

7-15. (a) For the body-oriented coordinate system discussed in subsection 7.2.3, 
derive the integral equation of continuity (see problem 3.9) with A correspond­
ing to the displacement surface height. 

VE _ (]^\ J_^ , (!^\ JL^ _ ^ 
Ute \Ute) hidx \UteJ h2dz Ute 

= — u u ' n \w-{ueh2sme{S - A)} -^ --{wehism9{6 - A)} 
Utehih2sm9 [ox oz 

(P7;i5.i) 
where ute is total edge-velocity defined by 

Ute = yul -^wj-i- 2UeWe COS 6 (P7.15.2) 

See also Eq. (6.5.1) for two-dimensional flows. 
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(b) Show that the integral equations for the x-momentum 

1 

2 uf^hih2sm6 [dx 

d d 

61 duc 

+ 

Utehi dx Uteh2 dz 
k2 f W, 

ki cot 8 { —Oj, + uii 

e ^* 

Ute ^ 

Ue 

Ute 

K + ^22 ) + fci2 ( —61 + ^12 

(P7.15.3) 

sine/ \Ute ^ J \Ute 

and 2:-momentum for the body-oriented coordinate system can be written as 

2 uf^hih2sm9 
— (/i2sin(9u^e(92i) + ^(/iisin6>^^g6>22) 

5* dwe 61 dw, 

+ —^^—^ + 
^ f i 

fc2COt^ — ( 5 * + ^ 2 2 
Utehi dx Uteh2 dz 

(P7.15.4) 

^1 / Ue *̂ 

sin^ \ute 

Here 

2 2" 2 ' 
P^te P^te 

(P7.15.5a) 

^ 1 1 -
Ute 

r^ u_ 
Jo Ue 

dy, 6x2 = 
u: te Jo U)e \ 

U 
dy 

(P7.15.5b) 

2̂2 = 4 r - f 1 - - ) dy. 02. = '^['^(l-^)dy (P7.15.5c) 
Wte -^0 We \ We J uf^ Jo Me V We J 

5* = — [ 
^ Ute Jo Ue J Ute Jo \ UJeJ 

dy (P7.15.5d) 

7-16. Use Program 10 given in Appendix B to solve Eqs. (7.5.12) and (7.5.13) 
for m = 1 subject to the boundary-conditions given by Eq. (7.5.7). Take fc = 1, 
r;̂  ^^^hi= 0.2. 

7-17. Repeat Problem 7-16 for Eqs. (7.5.14) and (7.5.15) for a yawed circular 
cylinder at zero incidence for a yaw angle of A == 30° and for a freestream velocity 
Foo of 160 ft/sec. 

Ue = 21/oo COS A sin x 

We = V̂oG sin A 

7-18. Repeat Problem 7-17 for a yawed elhpse for a yaw-angle of A = 30° and 
for a freestream velocity of 160 ft/sec. 
Hint: See Eq. (4.6.2). 



Transition 
in Three-Dimensional 
Incompressible Flows 

8.1 Introduction 

As discussed in Chapter 5, transition in two-dimensional flows usually occurs in 
zero-pressure gradient or decelerating flows due to the growth of the Tollmien-
Schlichting (TS) waves. Transition can also occur in accelerating flows if the 
Reynolds number is very high. 

Transition on swept wings may occur by three separate mechanisms. It may 
occur along the leading edge of a wing as a result of the turbulent boundary 
layer developing on the fuselage and wing-fuselage intersection. Under certain 
conditions discussed in Section 8.2, the fuselage flow can contaminate the leading 
edge of the wing, causing it to become turbulent. 

The second mechanism on a swept wing which may cause transition is due 
to the streamwise instability of the flow. This usually occurs at some distance 
away from the leading edge, especially at lower angles of attack and is related 
to the properties of the streamwise velocity profile u. Essentially it is similar to 
the transition process in two-dimensional flows except that now it is necessary 
to include the effect of the spanwise velocity proflle when making a stability 
analysis of the velocity proflles. As we shall see, the eigenvalue procedure is now 
much more diflScult than the procedure used in two-dimensional flows. 

The third mechanism which may cause transition is due to the crossflow 
instability of the flow. This usually occurs near the leading edge of the wing 
where the external velocity in the streamwise direction is undergoing a rapid 
acceleration. However, the crossflow profile may exhibit the behavior similar 
to profiles with inflexional instability by virtue of Rayleigh's criterion and can 
cause transition to occur even in this region of favorable pressure gradient. 

The second and third mechanisms are two aspects of transition due to insta­
bilities and are effectively observed on swept wings, for example. More complex 
phenomena involve nonlinear interactions between instabilities and require non­
linear stability theory. 
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The prediction of transition in three-dimensional flows can also be achieved 
by using empirical correlations and the e^-method as in two-dimensional flows 
[1,2]. The correlation formulas, however, unlike those for two-dimensional flows, 
are not as accurate and useful for wing flows as those discussed in subsec­
tion 6.4.1 for airfoil flows. The above mentioned three mechanisms that may 
cause transition, make the development of accurate correlation formulas diffi­
cult. For this reason, the only reliable engineering tool for predicting transition 
in three-dimensional flows, as in two-dimensional flows, is the e^-method dis­
cussed in Section 8.3. This method is again based on the solution of the linear 
stability equations discussed in Section 5.3 for incompressible flows as well as 
compressible flows discussed in [3]. The stability equations are solved for an 
assigned dimensional frequency and ampliflcation rates are computed in order 
to determine the n-factor in the e"^-method. The eigenvalue procedure used 
for three-dimensional flows, however, is not as straight forward as the one in 
two-dimensional flows. There are two main reasons for this diflriculty with the 
first one involving the eigenvalue formulation used to solve the linear stability 
equations as discussed in subsection 8.3.1. The second one involves the proce­
dure used to specify the dimensional frequencies needed in the calculation of 
the amplification rates as discussed in subsection 8.3.2. 

The Section 8.4 of this chapter deals with the numerical solution of the 
Orr-Sommerfeld equation for three-dimensional incompressible flows and the 
following section discusses the applications of the calculation method of Section 
8.4 to several three-dimensional flows and in order to demonstrate the flow 
conditions in which transition may occur on a swept wing as a result of the 
second or the third mechanisms that may cause transition. 

8.2 Mechanisms of Transition 

8.2.1 Tollmien-Schlichting and Crossflow Instabilities 

The transition mechanisms are described in three steps [4]. In the first step, 
called the receptivity which describes the means by which forced disturbances 
such as freestream noise, freestream turbulence, small roughnesses, . . . enter 
the laminar boundary-layer and excite the eigenmodes. In the second step, the 
eigenmodes are damped or amplified. As far as the amplitude of these eigen­
modes is small, the linear stability theory can be applied. Finally, in the third 
step nonlinear interactions occur when the amplitude of the instabilities is large 
enough and turbulence develops. 

The evolution of the pressure gradient and of the three-dimensionality in 
the boundary-layer are key parameters in the transition process. Typically, on 
the upper surface of a swept wing, the flow decelerates over a large extent 
downstream of a region, near the leading edge where the flow accelerates. In this 
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latter region, the streamwise velocity profile in the boundary-layer is generally 
very stable unless the Reynolds number is very large. On the contrary, the 
crossflow is highly unstable even if the intensity of the crosswise velocity is only 
a few percent of the external velocity. As the sweep angle increases, the crossflow 
instabilities are more likely to occur (Problem 8-2). On the rear part of the 
wing, where the flow decelerates, the streamwise velocity profile becomes very 
unstable just like a two-dimensional boundary-layer developing with a positive 
pressure gradient. 

The receptivity phase is also very important because it represents the trig­
gering phenomenon of instabilities. In a complete theory, the receptivity should 
determine the initial amplitude of instabilities along the neutral curve. It is now 
accepted that the receptivity process is very different for Tollmien and Schlicht-
ing, TS, and Crossflow, CF, instabilities. TS instabilities are very sensitive to 
freestream disturbances, such as noise of freestream turbulence. In the applica­
tion of the e^-method, this is more or less accounted for with the dependence 
of the n-factor with respect of the turbulence level Tu. A higher turbulence 
level implies a lower value of the n-factor. Whereas the TS waves are travelling 
waves with non-zero frequencies, the CF waves are amplified over a very large 
range of frequencies and the zero frequency waves play an important role when 
the turbulence level is low. These waves involve vortices roughly aligned with 
the external velocity which deform the streamwise velocity profile leading to an 
inflexional velocity profile. Experiments have shown that the source of the CF 
vortices is associated with micron-sized roughnesses located along the neutral 
curve path [5, 6]. On a swept wing, this location is typically between 1 and 5% 
chord, depending on the Reynolds number, the sweep angle and the leading 
edge radius. The improvement of the surface polishing of the leading edge area 
should decrease the initial amplitude of the vortices. Until now, the roughness 
effect on CF transition is not accounted for in the transition criteria. With the 
e^-method, a possibility would be to introduce an n-factor different for the TS 
and CF transitions and to make the CF value of n dependent on roughness 
characteristics [4]. The effect of roughness has been used to manipulate the CF 
transition on a swept wing [7,8]. The idea is to promote an artificial array of 
stationary vortices by a row of micron-sized roughnesses placed parallel to the 
leading edge of the wing along the path of the neutral curve. With a careful 
choice of the spacing between the roughnesses and of the pressure gradient, a 
nonlinear interaction of the artificial vortices and of the natural vortices occur 
in such a way that transition is delayed. 

8.2.2 Leading Edge Contamination 

A useful parameter in discussing the leading edge contamination on a swept 
wing is the spanwise Reynolds number based on momentum thickness, RQ^^ 
defined by 
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Re. = ^ (8.2.1) 

where 
rS 

= / ^(l-^]dy (8.2.2) 
Wp \ Wp 

According to experiments, for RQ^ less than about 100, all disturbances, 
large or small damp out, for RQ^ less than about 230 only small disturbances are 
damped out and for RQ^ greater than 240, natural laminar flow is unattainable 
[9,10]. 

The i?5i^-criterion can also be expressed as a function of another Reynolds 
number defined by 

(8.2.3) 
[{dueldx)x={)\ 

where x denotes the coordinate along the direction normal to the leading edge 
with X = 0 corresponding to the location where the external velocity Ue along 
X is zero. 

On the leading edge of the wing where the boundary-layers are similar, we 
can write 

= 0.404i? (8.2.4) WeOz 

V 

According to the leading edge contamination criterion, the flow is laminar 
if i? < 250. For cylinders of elliptic section at zero angle of attack, it can be 
shown that 

R^ 
Voo^o s in0 t a n 0 

(8.2.5) 

where V^ is the freestream velocity, ro is the leading edge radius and t /c is the 
thickness ratio which is equal to 1 for a swept circular cylinder. 

Equation (8.2.5) shows that the flow becomes turbulent if the leading edge 
radius or the sweep angle are too large. This phenomenon is called the leading 
edge contamination. 

To delay the leading edge contamination two approaches can be employed. 
One possible approach is to use the Gaster bump [11] which is a small bump 
placed on the wing leading edge at a certain distance from the fuselage (well 
outside the fuselage boundary-layer). This bump diverts the flow from the fuse­
lage and creates a stagnation point from which a fresh boundary-layer develops. 
This device can delay the onset of leading edge contamination up to values of 
R around 350 to 400. 

Another approach to delay the leading edge contamination is to apply suc­
tion in the wing leading edge region. Figure 8.1 shows the influence of suction 
parameter K, 

\/no Sm 0 
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Fig. 8 .1 . Influence of suction on leading edge contamination. 

on the leading edge contamination Reynolds number i?, indicating that R can 
be as high as 450. These experiments were conducted by Juillen and Arnal 
[12] for a swept cylinder which is circular in front and triangular in the rear. 
The nose radius was 6 cm and the model span was 1.5 m. Suction was applied 
through perforated wall, the holes having a diameter of 0.06 mm and a pitch-
to-diameter ratio of around 5. This experimental setup did not allow the use 
of higher suction rates for higher Reynolds numbers. For example, for a sweep 
angle of 30° and R = 500, t'K;/Kx) was of the order of 1.5 x 10~^, which is 
indeed a small number. Figure 8.1 also shows that the measurements are in 
good agreement with results obtained from direct numerical simulation (DNS) 
as discussed in [13]. 

8.3 e'^-Method for Three-Dimensional Flows 

8.3.1 Eigenvalue Formulations 

In the solution of three-dimensional linear stability equation, Eq. (5.3.15), the 
eigenvalue formulation requires an assumption or a relationship between the 
two wave numbers a and /?. The formulation of this relationship or the assump­
tion plays a crucial role in the eigenvalue problem since the onset of transition 
depends on the direction, magnitude and rate of the growth of the disturbances 
which propagate through the boundary layer, and this information is repre­
sented by a and /3 which form a wave number vector, fc, at an angle (/) to the 
flow direction. 
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There are several formulations developed to provide this relationship or the 
assumption. In the temporal amplification approach used by Malik [14], the 
wave numbers a and /? are related by the disturbance angle 0 through 

0 - t a n - i [ ^ (8.3.1) 

with 0 assumed and the dimensional frequency ixi^'^jl-K are specified, and a and 
/3 represent one unknown from Eq. (8.3.1); with R known, the second unknown 
is the growth rate of the disturbance a;̂ . The stability equations are solved for 
initial estimates of a and uji for a given cj^, 0 and specified R. After convergence, 
a and uji were computed for diflFerent values of 0 in order to find the maximum 
value of a;i/|V^|, where Vg is the group velocity with components 

^9 = 
du:\ (duj 

-
9O^J^,R' \df3Ja,R 

(8.3.2) 

Once the maximum value of c<;̂ /|V |̂ is computed, the onset of transition is 
obtained from 

n= r ^Jx (8.3.3) 
Jxo \yg\ 

Here XQ corresponds to the x-location where the amplification rate is zero. 
Mack [15] uses spatial amplification theory and a diff'erent eigenvalue proce­

dure that is restricted to infinite swept wings. In this formulation, he assumes 
the spanwise wave number /? is real, thus allowing the wave to grow only in the 
chordwise direction. The value of [3 is obtained from the irrotationality condi­
tion applied to the complex wave number vector which, for an infinite swept 
wing, requires that the dimensional spanwise wave number /?* remains constant 
as the wave moves downstream. With these assumptions, the problem reduces 
to the calculation of the complex chordwise wave number a at each chordwise 
position for the specified dimensional values of (3 and uj. Arnal et al. [16] have 
improved this procedure by maximizing the amplification rate ai with respect 
to Pr- More specifically, they solved the stability equations for initial estimates 
of ar , ai for a given l3r and specified cj* /27T and R. After convergence, ar and 
ai are computed for diff'erent values of f3r in order to find the maximum value 
of ai so that the onset of transition can be calculated from Eq. (5.4.8). 

The eigenvalue formulation of Cebeci and Stewartson [17] is also based on 
the spatial amplification theory but differs from the approaches of Mack [15] 
and Arnal et al. [16] in that the relationship between the two wave numbers 
a and /? is not assumed but is computed by making use of concepts based on 
group velocity using the saddle-point discussed by Cebeci and Stewartson [17] 
and Nayfeh [18]. We assume the disturbance to be of the form given by Eq. 
(5.3.14), that is, 

q\x,y,z,t)=q{y)e'^^^^^'-^'^ (5.3.14) 
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We use spatial amplification theory and consider a wave packet made of distur­
bances of all possible waves of given frequency. The wave packet disturbance 
is 

Q = fq{y)e'^''''^^^~^^^df3 (8.3.4) 
Jc 

where c is a contour in the complex volume of /?, extending to oc in either 
direction. Noting that at a given spatial location and for a given frequency 

a — a{f3) 

we can write Eq. (8.3.4) as 

For large values of x (assuming that z/x is given), the saddle point method 
(or the stationary phase method) requires that the leading contribution to Q is 
obtained when the phase of the exponential term is stationary. This means that 
the derivative of the phase with respect to /3 is zero, that is, 

^^ ^ ^ - 0 

or 

Since x and z are real, the imaginary part of {da/d0)^^R must be zero to satisfy 
Eq. (8.3.5). According to the saddle point method, the real part of {da/d(3)(^^ji 
is related to the disturbance angle 0 

^ ) = - t a n 0 (8.3.6) 

The above relation provides the wave orientation and growth direction of the 
disturbance. This can be used to relate the two wave numbers a and /? to each 
other as needed in the eigenvalue problem. The angle 0 in Eq. (8.3.6) is also 
the direction of the group velocity V ,̂ since 

^ - ^ ( ^ ^ - ^ (8.3.7) 

We observe that with a and (3 defined by Eq. (8.3.6), the magnitude of the 
disturbance at (x, 2:) (see Eq. (5.3.14)) is dominated by the exponential factor 

ex.^[-{aix ^ (3iz)\ 
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and, the disturbances are damped with increasing x if the amplification rate F 
defined by 

is > 0, neutral if F = 0, and amplified when F < 0. In the eigenvalue proce­
dure of Cebeci and Stewartson [17], once a and /3 are computed subject to the 
requirements of Eq. (8.3.6), additional calculations are then made for different 
values oida/d/S to determine the maximum amplification rate, F. In accordance 
with the e^-method, the values of F(x) are then integrated to find the value of 
n for the specified frequency. As in two-dimensional fiows, this process is re­
peated for different dimensional frequencies to find the critical frequency that 
leads to the highest integrated amplification rate. In their use of this eigenvalue 
procedure for a rotating disk, Cebeci and Stewartson [17] fixed the direction of 
the disturbance angle 0 as computed on the three-dimensional neutral stability 
curve called zarf discussed below and did not maximize it during the calcula­
tions. However, as discussed in Section 8.5, F can vary considerably with 0 and 
must be maximized. 

8.3.2 The Zarf 

As discussed in subsection 5.4.2, the e^-method calculations for two-dimensional 
flow begin on the lower branch of the neutral stability curve where at first a di­
mensional frequency is obtained to perform the amplification rate calculations. 
It is plausible to assume that the e^-method calculations for three-dimensional 
fiows should also begin on a neutral curve and be used to compute the di­
mensional frequencies needed in the calculation of amplification rates as in two-
dimensional fiows. The precise definition or extension of a neutral stability curve 
for three-dimensional fiows has not, however, been formally discussed and used 
in the literature except in the work of Cebeci and Stewartson [17]. It may be 
expected that a neutral stability curve for three-dimensional fiows can be found 
for any chosen value of, say, (3/a as a curve in the three-dimensional space of 
a, a;, R but, as discussed by Cebeci and Stewartson [17], it will not penetrate to 
values of R as low as the critical Reynolds number i?cr- Only for one value of 
/3/a will this lower bound be achieved. The plethora of neutral curves can cause 
some complication and it is convenient to isolate a special curve which in some 
sense mimics their principal properties. An obvious choice is the envelope of the 
neutral curves, which we may think of as the absolute neutral curve in that it 
is independent of f3/a^ or to give it a short evocative name we shall name it to 
be the zarf (lit. envelope, Turk.). This curve, first introduced by Cebeci and 
Stewartson [17], passes through the critical point in a, (3,00, R space at which 
R = i?cr and is of significant importance in the calculation of transition, as we 
shall see later. It also has a number of interesting properties. The first and most 
important of these is that along the zarf. 
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OQ. 
a, /?, and — are all real (8.3.9) 

In order to see this, let us consider the Orr-Sommerfeld equation and its bound­
ary conditions for three-dimensional incompressible flows, Eqs. (5.3.16), (5.3.18) 
and (5.3.20), and represent the solution as 

u; = F{a, A, R), X = (3/a (8.3.10) 

and the real and imaginary parts of F by Fr and Fi. 
For a point on the neutral curve at fixed A, F^(a, A,i?) = 0. Let us make 

small changes da, dA, dR in a. A, i? at a point of the zarf. We have for the 
change in du 

du = Frada + FrxdX + FrRdR (8.3.11) 

where the subscripts a, A and R denote differentiation with respect to the 
variable. Also da, dA, dR are connected by 

0 = Fiada + FixdX + FiRdR (8.3.12) 

since Fi — 0. Thus eliminating da 

c^ = (Prx - ^ ^ ) dX + ( F , H - ^ ^ ^ ) dR (8.3.13) 

But duj does not depend on dX on an envelope since adjacent neutral curves 
touch, so 

FrxFia = FraFiX (8.3.14) 

on the zarf. 
For general values of a. A, i?, Eq. (8.3.10) can be regarded as defining a as 

a function of A for fixed R and a;, and then it can be shown that Eq. (8.3.14) 
is equivalent to requiring da/dX to be real. Since (3 — aA, this condition is 
equivalent in turn to requiring 

( ^ ^ ) ~ ^ ^^^^ number (8.3.15) 

Some interesting properties of the zarf have been computed by Cebeci and 
Stewartson for yawed stagnation and Blasius flows [19, 20]. Figure 8.2 shows the 
projections of the zarf (a^, i?), (/3r, R) and (a;, R) planes based on the solution 
of Eq. (5.3.16) together with the neutral curves for Blasius flow based on the 
solution of Eq. (5.3.13). We note that the upper branch of the zarf coincides with 
that of the neutral curve for two-dimensional flows, but on the lower branch of 
the zarf bifurcation from the neutral curve occurs at i? = 703 where a = 0.2132 
and 00 = 0.0438. As discussed in [20], on the lower branch of the zarf, i?a, Ruo 
and |/3| approach a finite limit of 149.1, 53.0 and 0.212, respectively, as i? ^ oo. 
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In incompressible flows, near the leading edge of the wing where Ue = Ax, 
the boundary-layer equations are given by the Falkner-Skan-Cooke equations, 
Eqs. (7.5.12) and (7.5.13), for m = 1, that is. 

r+/r-( / ) ' +1 = 0 
/ ' + / / = 0 

and their boundary conditions given by 

(8.3.16a) 

(8.3.16b) 

(8.3.16c) 

Figure 8.3 shows the zarfs for the attachment line flow. In the stability cal­
culations, the length scale in Eq. (5.3.5) with Ue = Ax was chosen to correspond 
to y/yjA and the characteristic velocity to be w^ with R then defined as 

^ = \ / ^ / & , Rx = UeXJv, b = 
Wp 

(8.3.17) 

We note from Fig. 8.3a that ar is zero for all values of R less than 795 and 
that bifurcation for /J^, Fig. 8.3b, occurs at this Reynolds number and differs 
from its two-dimensional form as shown by the dashed line. As discussed in 
[21], l3R, ujR and |a | approach a finite limit of 161.0 and 55.81 and 0.2025 as 
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R ^ oo. Figure 8.4 shows the variation of a^, Pr and LJ at higher values of R 
and indicates good agreement between the calculations and those predicted by 
asymptotic analysis. 

8.4 Numerical Solution of the Orr-Sommerfeld Equation 
for Three-Dimensional Flows 

As discussed in [22], the numerical solution of Eqs. (5.3.15), (5.3.18) and (5.3.20) 
is similar to the solution of Eqs. (5.3.13), (5.3.18) and (5.3.20). The finite-
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difference approximations, Eqs. (5.6.3), boundary conditions, Eqs. (5.6.5b) and 
(5.6.7), remain the same, and the Hnear system can be expressed in the same 
form as Eq. (4.5.23) with relations given by Eqs. (5.6.8) and (5.6.9) remaining 
the same. The solution of Eq. (4.5.23) can again be obtained with the same 
block-elimination method, with the solution now depending on four parameters 
a, /?, uj and R rather than three parameters a, UJ and R in two-dimensional 
flows as indicated by Eq. (5.6.13). 

Recalling that a and (3 are complex and that u is real in spatial amplification 
theory, the solution of Eq. (4.5.23) depends upon six scalars (ar-, ai, (5rj Pi, ^ , ^ ) -
With any four of these scalars fixed, the remaining two scalars can be computed 
in such a way that the missing boundary condition 

h{a,(3,uj,R) = 0 (5.6.11) 

is satisfied. Similarly, for temporal amplification theory, the solution of Eq. 
(4.5.23) depends upon five scalars (a, /3, cUr, iOi, R)- In either case, a relationship 
or an assumption between the two complex wave numbers ar and (3r is needed if 
uj and R are fixed as discussed in subsection 8.4.1 for the zarf and in subsection 
8.4.2 for predicting transition. 

8.4.1 Eigenvalue Procedure for Zarf 

In the Cebeci-Stewartson eigenvalue formulation, the relationship between the 
two complex wave numbers a and /? is obtained from the saddle-point method, 
and, for the zarf, it is given by Eq. (8.3.9). Since a^ and f3i are zero on the 
zarf, Eq. (5.6.11) contains three unknowns {ar.Pr,^) for a given R, and an 
additional equation is needed. This equation can be obtained by first expanding 
Eq. (5.6.11) with uj constant. Neglecting the subscript o of f for convenience, 
we write 

Solving Eq. (8.4.1) for da/dp, we get 

'da\ df/dP 
dpj^ df/da 

= e (8.4.2) 

Expanding Eq. (5.6.11) about a^, /?^ and uu^ and retaining only the linear 
terms in the expansion, and after separating the real and imaginary parts of 
the resulting expression, we get 



8.4 Numerical Solution of the Orr-Sommerfeld Equation 273 

Similar to Eq. (5.6.11), we now expand Eq. (8.4.2) to obtain 

valid only for the imaginary part. Since we are interested in the values of a, /? 
and uo for which the imaginary part of {da/dp) or ê  is zero, from Eq. (8.4.4) 
we can write 

< + (||P« + (||W + (f^r^- = 0 (8.4.5) 
Solving Eqs. (8.4.3) and (8.4.5), we write 6a, 8(3, and 8UJ as: 

<5« = ^ h r ( 4 e L - ry^) + fuy^ - e /̂;) - e^u^it - rji)] (8.4.6a) 

^a = -^[fai-fel + eVi) - fai-fel + e^fj + eU-fft + ffj] (8.4.6b) 

so^ = -^^[fai-fy + f % ) - fai-fy+r4)+^ai-fif+ni)] (8-4.6c) 

Ai = ei(/^/i - fia - e^^ifji - a:)+e^Mui - lim (8.4.7) 
For simplicity we have dropped the superscripts u and z/ + 1, and denoted 
the real and imaginary parts of / , / a ( = df/da), f(3{= df/dp), fuj{= df/du), 
ea{= de/da), ^p{^ de/d^), e^{= de/duu) by superscripts r and i. We note from 
Eq. (8.4.5) that if 6a, 6(3 and 6ix) are all zero, then ei is zero and e is real. 

To calculate the derivative of e with respect to a, (3 and uo, we make use of 
Eq. (8.4.2), rewritten as 

e = - ^ (8.4.8) 
Ja 

Differentiating with respect to /?, we get 

e/3 = - T ^ + ^ / a / 3 (8.4.9a) 
la Ja 

ea = - ^ + ^faa (8.4.9b) 

+ -^fa^ (8.4.9c) 

Similarly, 
ff3a J^ 

Ja fa 

eu; - f ^ f '. 
Ja Ja 

Note from Eqs. (8.4.6) and (8.4.9) that the calculations of 6a, 6(3 and 6uj 
require the calculations of /c^^, faai f(3uj^ f(3(3 and faui which can be obtained by 
differentiating Eq. (4.5.23) with respect to appropriate eigenvalues. For example, 
to find the eigenfunction /Q,^, we differentiate Eq. (4.5.23) first with respect to 
a, then with respect to (3. 
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r i \ ^ / zL\ ^ 

3Alm\ aAlm\ »A, ,^^^„, 
d^ \da] da \dP dad(3 

The above equation is the variational form of Eq. (4.5.23) with respect to 
a and /?. Thus, to obtain the required derivative f^^^ Eq. (8.4.10) must be 
solved with the same coefficient matrix A already computed and factored for Eq. 
(4.5.23). The vectors on the right-hand side of Eq. (8.4.10) are determined from 
Eqs. (5.6.3), (5.6.7) and (5.6.5b). The eigenfunctions fa and //^ are obtained 
from the solutions of the variational equations with respect to a and /?, that is. 

u 

&• 4%]-{%Y <-"' 
To find the variational equations with respect to a a , /3^, au) and /3a;, a 

similar procedure is followed. For example, to find those for a a , Eq. (4.5.23) is 
differentiated twice with respect to a 

(8.4.12) 

To summarize one step of the calculation of the eigenvalues of the zarf, we 
first solve Eq. (4.5.23) for initial estimates of a, (5 and uo. If the computed 
value of /o does not satisfy Eq. (5.6.11), then appropriate variational equa­
tions are solved in order to calculate the increments in a, /3 and uj from Eqs. 
(8.4.6) so that new estimates of a, (3 and uj can be obtained that will satisfy 
Eq. (5.6.11) and make e real. This procedure is repeated until convergence is 
achieved. Since the eigenvalue formulation is based on Newton's method, the 
calculations usually indicate quadratic convergence provided that initial guesses 
are good estimates. 

8.4.2 Eigenvalue Procedure for Transition 

With u known from the specified dimensional frequency and R given, and with 
er fixed (equal to its value at zarf, say at i?i), we solve Eq. (4.5.23) for initial 
estimates of a and /3 to get a solution at i? = i?2- To obtain the next values of 
a and /3, we use Newton's method in which we expand / and e in Eqs. (5.6.11) 
and (8.4.2). 

A+(l)„*°+(l)„'^=° <̂ "'»' 

Solving for 8a and 6j3^ we get 
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Sa = - ^ [ / o e / 3 + fp{e - eo)] (8.4.14a) 

^/? = -^[faie - eo) + foea] (8.4.14b) 

where 

Ao = faep - fpea (8.4.15) 

As before, fa, f(3, e^ and e^ are determined by solving the variational equations 
with respect to a, /?, a a , a/3 and (3(3. This procedure is repeated until 6a and 
6(3 are less than a specified tolerance parameter. Upon convergence, the ampli­
fication parameter F is computed from Eq. (8.3.8). Since the calculation of V 
assumes that the value of e on the right-hand side of Eq. (8.3.6) is fixed by the 
value it takes on the zarf, we compute a new value of e and subsequently a new 
0 for which F is minimum, and this is achieved by assigning a new value of e. 
After convergence, we again compute F from Eq. (8.3.8) and test to see whether 
F is increasing or decreasing. Since a positive F implies that disturbances are 
damped, we can increment e until a minimum value of F is computed. 

8.5 Application of the e^-Method with Saddle-Point 
Eigenvalue Formulation 

The e^-method with various eigenvalue formulations discussed in subsection 
8.3.1 has been applied to three-dimensional flows in order to explore its accuracy. 
The studies conducted for limited data discussed in this chapter show that, 
in general, the e'^-method employing the saddle-point eigenvalue formulation 
of Cebeci and Stewartson predicts the onset of transition with an accuracy 
that is sufficient for most engineering problems of interest. In this section we 
demonstrate the accuracy of this method for the infinite swept wing data of 
Arnal and Juillen [23] in subsection 8.5.1 and for the prolate spheroid data of 
Meier and Kreplin [24] in subsection 8.5.2. 

8.5.1 Infinite Swept Wing Data of Arnal and Juillen 

The measurements for the infinite swept wing data of Arnal and Juillen were 
obtained in the F2 wind tunnel at Le Fauga-Mauzac Center. The model had 
an ONERA D airfoil section, symmetric between x/c = 0.20 and x/c — 1 and 
equipped with a cambered leading edge (Fig. 8.5a), so that the pressure dis­
tributions differed from those observed on the classical ONERA D profile. The 
chord normal to the leading edge was 300 mm and the span 900 mm. The 
wing and the half-fuselage were mounted on a turntable. The experimental ar­
rangement is sketched in Fig. 8.5b. Three kinds of experiments were performed 
so that pressure distribution measurements, flow visualizations by sublimation 
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Fig. 8.5. ONERA-D airfoil with a cambered 
leading-edge: experimental setup. 

technique, and hot-film measurements were obtained. Ten hot-films were glued 
on the model, from 2.5 to 86 percent of chord, and recorded simultaneously for 
more than one hundred combinations of the wind tunnel speed, angle of sweep, 
and angle of attack. The positions of the hot-films are indicated on Fig. 8.5b 
and were chosen to avoid interactions between probes. These results were veri­
fied by comparing the transition positions obtained by the hot-film records and 
by the flow visualization (in the absence of hot-films): the results were similar. 
Three angles of sweep (A = 49°, 55° and 61°) and four angles of attack (a = 0°, 
- 2 ° , - 4 ° and -6° ) were studied, and typical freestream velocity distributions 
are plotted in Fig. 8.6; due to the presence of the cambered leading edge, the 
curves exhibit a complex evolution in the negative pressure gradient region. 

The stability-transition calculations start with the solution of the boundary-
layer equations for an incompressible laminar flow over an infinite swept wing. 
The equations in transformed form are given by Eqs. (7.5.14) and (7.5.15) with 
6 - 1 . 

For a given external velocity distribution and freestream conditions, the 
computer program of Chapter 4 or 7 can be used to obtain the solution of the 
above equations subject to 

^ = 0, f = f = g = g^ = 0 ^.5.1a) 

0.0 0.2 0.4 0.6 0.8 1.0 

x/c 
Fig. 8.6. Typical measured velocity distribu­
tions {suction side). 
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Fig. 8.7. Variation of a; on zarf near the leading edge: (a) A = 49°, Ko = 60 ms \ 
85 m s - \ a = 0°; and (b) A ^ 49°, V^o = 60 m s - \ a ^ - 2 ° . 

V = Ve^ / = 1, (8.5.1b) 

With velocity profiles known, the stability/transition calculations then begin 
on the zarf where the eigenvalue problem is solved subject to the requirements 
given in Eq. (8.3.9). Once the eigenvalues of the zarf are computed at a specified 
i?, the calculation of the eigenvalues of the zarf at the next Reynolds number 
are computed as described in [25]. 

Figure 8.7a shows the variation of zarf cj near the leading edge of the wing for 
A = 49°, l/oo == 60 ms"~^ and 85 ms~^ at a = 0°, and in Fig. 8.7b its variation 
is shown for A = 49°, T/oo = 60 m s ~ \ at a = - 2 ° . As can be seen, the lower 
branch of the a;-zarf is negative with relatively flat values of u away from the 
leading edge, whereas cv undergoes a very rapid variation near x/c = 0.04 and 
0.05. Figures 8.8a and 8.8b show that u becomes positive and increases rapidly 
around x/c = 0.04 for a = 0°, F^o = 60 m s ~ \ and around x/c = 0.05 for a = 
—2°, I/QO = 85 ms~^. This behavior of cj near the leading edge is very important 
since the e^-method requires the calculation of the frequency that leads to the 
greatest amplification rate F. An accurate calculation of this frequency and its 
location is crucial to the accuracy of calculating the transition location. 

Once the eigenvalues of the zarf are computed at a specified a:/c-location, we 
proceed to the next x/c-station to solve the eigenvalue problem of subsection 
8.4.2 for a specified dimensional LJ determined on the zarf with the assumption 
that da/dp is given by its value at the previous x/c-location, which amounts 
to specifying the disturbance angle 0. The amplification rate F is computed 
according to Eq. (8.3.8), and then for different values of the eigenvalue procedure 
for a and (3 is repeated to find the value of 0 for which F is minimum. Once it 
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Fig. 8.8. Variation of u on zarf very close to the leading edge for (a) a = 0°, Foo = 
60 m s " ^ and (b) a = - 2 ° , V̂oo = 85 m s - \ 

is determined, we proceed to the next x/c-station and compute new values of 
a, /3 to determine F and repeat the procedure to obtain its minimum value. 

The above procedure is for one value of frequency uu chosen at a certain 
x/c-location. As in two-dimensional flows, it is repeated for different values 
of uj computed for a zarf at different x/c-locations. Since the frequency near 
the leading edge of the wing varies drastically, it is important to choose these 
x/c-locations carefully. Figures 8.8a and 8.9a show the computed frequencies 
and the resulting integrated amplification rates n for four different frequencies 
for A = 49°, a = 0°, FQO = 60 ms~^. As can be seen, the computed amplifi­
cation rates originate at nearly the same x/c-location and amplify differently 
depending on the choice of the frequency and may give different predictions of 
transition. Figures 8.8b and 8.9b show a similar behavior for A = 49°, a = - 2 ° , 
V̂oo = 85 ms~^ and indicate clearly that the amplification rates computed with 
frequencies denoted by 1 and 4 lead to results which are substantially different 
from those computed with others. 

In [25], the accuracy of the above procedure for computing transition was 
investigated for thirteen cases of which, seven were for a sweep angle A — 49°, 
three were for A = 55°, and three were for A = 61°. Calculated and experimental 
results shown in Fig. 8.10 indicate that the predictions of the e^-method with 
n = 8 are generally in good agreement with the experimental data. 

8.5.2 Prolate Spheroid Data of Meier and Kreplin 

The measurements for the prolate spheroid data of Meier and Kreplin [24] were 
obtained for a thickness ratio of one to six at an incidence angle of 10°. The 
application of the e^-method to this configuration is considerably more diffi­
cult than the infinite swept configuration discussed in the previous subsection. 
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Fig. 8.9. Variation of the amplification factors for the frequencies of (a) Fig. 8.8a and (b) 
Fig. 8.8b. 

The boundary-layer calculations are fully three-dimensional for this flow and 
the spanwise similarity assumption used for the infinite swept wing does not 
apply. In addition, on this body there are regions where both streamwise and 
circumferential velocity profiles {u and w)^ respectively, are positive, regions 
where u is positive but w is negative and regions where both u and w are neg­
ative. Fortunately, for this flow the onset of transition occurs before flow sepa­
ration and as a result it is sufficient to perform the boundary-layer calculations 
with a standard boundary-layer method rather than an inverse boundary-layer 
method. The standard method, on the other hand, should be able to handle 
negative circumferential velocities with accuracy since the accuracy of the sta­
bility calculations depend not only on the eigenvalue formulation but also on 
the accuracy of the velocity profiles provided by the boundary-layer method. 

In the study reported in [26], the boundary-layer calculations were performed 
with the numerical method described in Section 7.6 for a grid with nonuniform 
step lengths in the circumferential {9) and streamwise (x) directions. The step 
lengths in both directions were chosen to ensure the accuracy of the velocity pro­
files in the streamwise and circumferential directions to be used in the solution 
of the Orr-Sommerfeld equation as discussed below. 
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Fig. 8.10. Experimental (open symbols) and calculated (closed symbols) transition loca­
tions for (a) A = 49°, a = - 2 ° and (b) A = 55°, a = - 2 ° . 

Line of Symmetry 

The stability-transition calculations for the windward and leeward lines of sym­
metry where 9 = 0° and 180°, respectively, are somewhat similar to the calcula­
tion of transition in two-dimensional flows. The stability-transition calculations 
for off-the-line of symmetry, however, require the calculation of the amplifica­
tion rates T in which at and fa are determined as a function of f (= x /a ) , 0 as 
the disturbance moves from (£i, 0i) corresponding to the zarf to (£,0). Thus, at 
each point of the path, a* and /% are computed as a function (£, 6). In addition, 
the value of T is computed for different disturbance angles in order to find the 
maximum amplification rate. As in the case of wing flows, a search is also made 
for the critical frequency that leads to the greatest integrated amplification rate. 

On both lines of symmetry where the circumferential velocity component w 
is zero, stability calculations can be performed by solving the eigenvalue prob­
lem for a, u and R or for a, /?, u and R. The second choice leads to bifurcation 
on the leeward line of symmetry where the flow is decelerating but not on the 
windward line of symmetry where the flow is accelerating and bifurcation of 
such flows requires relatively high Reynolds numbers. The assumption made in 
both cases is that transition is caused by disturbances that originate on the 
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line of symmetry. It is possible, however, that transition can also be caused 
by disturbances that originate off-the-line of symmetry. If they are amplified 
with negligible crossflow, their properties will be similar to those on the line of 
symmetry. In that event, it is necessary to determine which disturbance causes 
transition first. If the cross-flow effect is not negligible, then the disturbances 
will have properties found in three-dimensional flows and, even if they manage 
to reach either line of symmetry, the transition may be triggered by those orig­
inating on the line of symmetry since the three-dimensional disturbances are 
more stable than two-dimensional. 

Figures 8.11 and 8.12 present the results for the leeward line of symmetry 
and Fig. 8.13 those for the windward line. Figure 8.11a shows the lower branch 
of the neutral stability curves (solid lines, P — 0) and zarfs (dashed lines, /? 7̂  0) 
with bifurcation taking place at ^ = —0.9175. Figure 8.11b shows the variation 
of f3 with ^ and indicates that, as in the case of Blasius and Hiemenz' flows and 
attachment-line flow, bifurcation takes place symmetrically. 

According to Squire's theorem [27], the two-dimensional disturbances are 
more unstable than three-dimensional disturbances so that the stability cal­
culations for transition should be made without bifurcation. As a result, at a 
location ^ = ^0, the eigenvalues a, u on the lower branch of the neutral stability 
curve were determined so that a dimensional frequency ct;*/27r can be specified 
at subsequent ^-locations and used in the calculation of the eigenvalues a^, o^i 
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Fig. 8.11. Neutral stability curves {solid lines) and zarfs {dashed lines) for the leeward 
line of symmetry. 
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Fig. 8.12. Amplification factors for (a) two-dimensional disturbances (/? = 0), and (b) 
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as a function of Reynolds number or as S, in order to determine the value of n 
from Eq. (6.4.8). This procedure led to one of the amplification curves of Fig. 
8.12a and was repeated for other dimensional frequencies computed at different 
(^-locations in order to determine the first most amplified wave whose amplifi­
cation reached the specified value of n. The results in Fig. 8.12a indicate that 
transition takes place at ^ = -0 .15 , which agrees well with the experimental 
value of -0 .18. 

The results of Fig. 8.12b present amplification rates computed by the above 
procedure for three-dimensional disturbances. In this case, the calculations were 
initiated on the lower branch of the zarf by computing the eigenvalues a, (3 and 
cj at ^ = ^0 so that the eigenvalues a and (3 can be computed for a specified 
dimensional frequency at subsequent ^-locations and transition can be computed 
from the integrated values of F. As can be seen, the results obtained with this 
procedure are considerably more stable than their counterparts in Fig. 8.12a 
and do not indicate transition. 

Figure 8.13 shows the amplification rates on the windward line of symmetry 
obtained with the same procedure used to compute those shown in Fig. 8.12a. 
The envelope of the resulting curves indicates a value of n = 10 after ^ = 0.30, 
which does not agree well with the experimental data indicating that transition 
occurs at ^ = 0.13. We note from the results in Figs. 8.12a and 8.13 that the 
amplification rates form an envelope as in two-dimensional flows and suggest 
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that the disturbances that cause the growth of instability, and subsequently 
transition can be interpreted as Tollmien-Schlichting waves. 

Figure 8.14 shows the amplification rates originated off the line of symmetry, 
at ^ = 10°, determined with the procedure discussed under "Off-The-Line-Of-
Symmetry." In this case, the disturbances with five frequencies resulting from 
the zarf and with their wave propagation trajectories varying as shown in the 
two inserts of Fig. 8.14 lead to five amplification rates. Of these, the frequencies 
denoted by 4 and 5 correspond to the critical values, and the wave with a 
frequency of 5 causes transition in the line of symmetry at ^ = 0.20, ahead 
of the wave that originated on the line of symmetry and caused transition to 
occur after ^ = 0.30. The disturbance with frequency 4 also causes transition. 
However, in this case it takes place off the line of symmetry at ^ == 0.18. This 
indicates that in three-dimensional flows there can be more than one critical 
frequency emerging at a fixed ^-location and leading to transition. 

OfF-the-Line-of-Symmetry 

Off-the-line of symmetry, the flow is three dimensional and, in general the cir­
cumferential wave number /? is not equal to zero. In addition, unlike the flow 
over the infinite swept wings discussed in the previous subsection, the flow 
cannot be assumed sectionally similar in either streamwise or circumferential 
direction. As a result, as the eigenvalues a and /? are being computed to obtain 
the amplification rates for a specified dimensional frequency, wave angle, 0 and 
^-location, the variation of the velocity profiles u and w in the circumferential 
direction must also be accounted for. To discuss this point further and describe 
the computational strategy off-the-line of symmetry, let us consider Fig. 8.15 
in which Co represents the fundamental stability curve of the fiow in the sense 
that to the left of it all disturbances decay, while to the right some - but not 
necessarily all - of the disturbances grow as ^ increases. We assume that at 
point (^i,^i) within a domain lying to the right of Co, there passes a zarf and 
the appropriate value of uj on this zarf is uji at this point. The curve Ci passing 
through (^i,^i) is the curve on which the growth factor is a maximum at the 
dimensional frequency c<;]|'/27r, and this growth factor reaches a value of n at a 
point {im^n)' Similar curves originating at different ^-locations but the same 
6 location with dimensional frequencies u;*/27r will lead to curves similar to Ci 
with end points denoted by circles, except that the location and the value of n at 
the end of the integration process will be different. According to the philosophy 
of the e^-method, the first such wave to increase in amplitude by a factor of 
e^ as ^ increases is said to be a critical transition-wave, and the corresponding 
value of ^ T ( ^ ) is a good approximation to the onset portion of transition. Thus, 
by varying ^, and computing amplification rates corresponding to zarf frequen­
cies at different (^-locations, an estimate of the transition curve on the body of 
revolution under consideration is obtained. 
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Fig. 8.13. Amplification factors for the 
windward line of symmetry {(3 = 0). 

Fig. 8.14. Amplification factors com­
puted with disturbances originating at 
0 = 10° with five frequencies deter­
mined on the zarf (insert a) and with 
different wave propagation trajectories 
(insert b). 
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Figure 8.16a shows the integrated amplification rates with disturbances orig­
inating at ^ = 20° for five frequencies determined on the zarf. We note that those 
denoted by 1 and 5 do not lead to amplified waves, but those designated by 2, 
3 and 4 on the lower branch do. Of these three frequencies, the one designated 
by 4 corresponds to the critical frequency that causes transition. 

Figure 8.16b shows the results for 6 — 150°. The shape of the zarf in this 
case is different from the shape of all the other zarfs computed for 9 — 20°, 40°, 
80° and 120° as discussed in [26]. Except for the frequency designated by 1, 
none of the other frequencies leads to high amplification rates. It appears that 
as the value of 6 increases from its value on the windward line of symmetry, the 
critical frequencies that were on the lower branch of the zarf, shift to the upper 
branch; with further increase in ^, as the leeward line is approached this trend 
reverses and the critical frequencies begin to migrate toward the inflection point 
of the zarf. 

Figure 8.17 shows the trajectories of the wave propagation computed with 
different frequencies originated at specified values of e corresponding to 10°, 
20°, 40°, 80° (Fig. 8.17a) and 120°, 150° (Fig. 8.17b). We note from those for 
9 — 10° that the trajectories of the waves with frequencies 1 and 2 have small 
angles, which suggests that their behavior is similar to those already discussed 
for the line of symmetry, the behavior of the disturbances, especially those 
corresponding to frequencies 4 and 5, are more two-dimensional than three-
dimensional. For 9 = 20° the trajectories with frequencies 3, 4, 5 have angles 
comparable to others originating at values of 9 greater than 20°. It is interesting 
to note that the results for 9 = 40°, the disturbance angle corresponding to the 
most amplified wave is not the largest, since in this case the disturbance with 
frequency of 1 leads to transition. 

As the leeward line of symmetry is approached, however, a behavior similar 
to that found near the windward line of symmetry for some frequencies is ob­
served. For example, for the disturbances that originate at 0 = 150°, those with 
frequencies of 1, 2, 3 have initially very small angles which remain relatively 
constant over a portion of the body before they increase. This behavior again 
suggests that the disturbances with these frequencies are nearly two dimen­
sional but become three dimensional later, unlike the behavior of nearly two-

) ( ^ . en) 

Fig. 8.15. Computational strategy. 
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Fig. 8.16. Amplification factors with disturbances originating at (a) 0 — 20° for five fre­
quencies determined on the zarf (insert) and (b) 0 — 150° for four frequencies determined 
on the zarf (insert). 

dimensional disturbances near the windward line of symmetry. The reason for 
this behavior is due to the difference in the crossflow velocity profiles [26]. The 
disturbance that originated at ^ = 150° with a frequency of 4 is three dimen­
sional, and as expected, is more stable than those with frequencies of 1, 2 and 3. 

Figure 8.18 presents a summary of the stability/transition and boundary-
layer calculations for the data of Meier and Kreplin. The first curve on the 
left-hand-side corresponds to the location of the critical frequencies on the zarf. 
We note from this curve that its behavior approaching the leeward line of sym­
metry begins to exhibit a difference for 9 > 160° from 9 < 160°. This difference 
is due to the effect of the cross-flow velocity profiles which, as in the case for 
9 = 150°, begin to exhibit significant changes with ^ as the calculations progress 
downstream of the zarf. To the right of this curve is the dashed line which cor­
responds to the locus of transition location computed with the present method 
for n = 10. The experimental values are denoted by the solid line to the right 
of this computed transition curve. 

8.6 Transition Predict ion by Parabolized Stabil ity Equations 

In the previous sections we have discussed the prediction of transition with the 
e^-method based on the linear stability theory where we assume that the mean 
flow changes more slowly in the streamwise direction than in the wall-normal 
direction. As a result, we have assumed that in the vicinity of a given location, 
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the mean flow is quasi-parallel, that is, the mean flow variation in the streamwise 
direction is negligible. 

The approach for predicting transition based on the linear parabolized sta­
bility equations (PSE) to be discussed in this section does account for the non-
parallel effects neglected in the linear stability theory [27-29]. It is no longer 
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assumed that the mean flow, amplitude functions and wave number a are inde­
pendent of X. It is assumed instead that these quantities exhibit a weak depen­
dence on X and the form of the disturbance is, with XQ denoting the arbitrary 
point where the calculations begin, written as 

q{x,y,t) =q{x,y)e ^-o (8.6.1) 

in contrast to the form given by Eq. (5.3.14), 

for linear stability theory. 
The PSE theory retains the independence of z of the mean flow and am­

plitude functions; its strict validity is therefore limited to infinite swept wings. 
Rather than an eigenvalue problem, the linearized Navier-Stokes equations, 
Eqs. (P8.4.5)-(P8.4.8), now lead to an x-variation problem. Reference 30 de­
scribes the numerical method based on the box method to solve the parabolized 
stability equations and also contains a computer program called the PSE code, 
that has two parts. The first one generates the initial conditions which involve 
the solution of the boundary-layer equations and the Orr-Sommerfeld equa­
tion. The second one solves the parabolized stability equations for given initial 
conditions. 

In this PSE code part one is provided with the boundary-layer and stability-
transition codes discussed in [30]. With profiles obtained from the bound­
ary layer code and eigenvalues from the stability-transition code, stability-
transitions calculations are performed with the PSE code. The initial values 
of eigenvalues obtained from the stability-transition code correspond to values 
on zarf, namely a .̂, CJ, and /3r- In the stability calculations with the PSE code, 
(3r is kept constant. 

Before we present sample calculations with this computer program (subsec­
tion 8.6.3), we first discuss the n-factor calculations with the PSE code (sub­
section 8.6.1) and the initial conditions (subsection 8.6.2). 

8.6.1 n-Factor Calculations 

This is done by noting that the wave decomposition in Eq. (8.6.1) is non-unique 
because we can place the wave part in either q ov a. Ideally we should place 
as much oscillatory wave in the a as possible and thus the shape function q 
variation in x is minimal. For this reason we assume that a disturbance quantity 
qn is selected to "normalize" the decomposition and obtain a wave number 
an. Then the "effective" wave number ag should include the part from the 
normalized wave number an and the variation of the shape function 

ae = an-t — ^~ (8.6.2) 
qn ox 
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The real part of ot^ represents the phase of the disturbance and the imaginary 
part gives the growth rate, both corresponding to the variable qn chosen. For a 
given location x, Eq. (8.6.2) may be apphed repeatedly to the selected qn until 
the change in ag is small. Thus most of the oscillatory motion is contained in 
OL for the variable qn. The solution then marches to the next x-location. 

Various different flow variables qn can be used to normalize the wave decom­
position. According to [31], the PSE results were found to be insensitive to the 
variables selected. In the PSE code of [29], the kinetic energy integral 

/

2/max 

is used to normalize a via the following normalization 

a. = a.-^ n (u*'^ + v*'^ + ^*f) dy (8.6.3) 
(iKE J \ OX ax ox J 

In the above two equations, the superscript * represents the complex conjugate. 
The parameters n, i), and w are related to zi to z^ by the following relations 

^ = / = {azi - [3zr,)lil (8.6.4a) 

i) = 0 = 23 (8.6.4b) 

w^g={azr,^(3zi)lil (8.6.4c) 

8.6.2 Initial Conditions 

The initial conditions for a PSE code can be very important as stated by Lan-
glois et al. [31], "The most important difficulty for the PSE, and maybe the only 
serious one, lies in the choice of initialisation location, when Orr-Sommerfeld 
(OS) results are used for initialisation. As explained herein, there is an x-region 
upstream of the OS neutral curve in which the results are independent of this 
location. However, for practical use of this approach, a large number of span-
wise wave numbers and frequencies must be considered. The difficulty is then 
to divide these /?* and / into different groups and to find the proper initialisa­
tion location for each group. The problem could be partly alleviated by using 
results from a non-parallel local method (such as the multiple-scale analysis) to 
initialise the PSE." 

In the study reported in [32], Cebeci et al. investigated the possibility of using 
the zarf concept in the saddle-point method to generate the initial conditions. 
Noting the drastic variation of uo and other eigenvalues in the region where tran­
sition calculations start, see for example. Fig. 8.8, they investigated the existence 
of a "critical" Reynolds number that can be used to specify the initial conditions 
at this Reynolds number for cross-flow dominated flows. Once that number is 
known, then the stability calculations can be started in a highly refined grid 
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centering around the x/c-location corresponding to the critical Reynolds num­
ber. Studies conducted in [32] indicate that there is a critical Reynolds number 
for cross-flow dominated flows. This number can be obtained from a relationship 
between i?^, RQ and if* shown in Fig. 8.19. Here RQ and if* are based on the 
streamwise velocity profile Ug/uge and are defined by 

Re = f 
Jo 

Us 

Use 
1 - dy i.6.5&) 

fl.= r(,-ifi),,/ri^(i_i)<,, (8.6.5b) 
Jo \ Use J I Jo Use \ Use) 

In [30] the results leading to these relations were obtained by using the zarf of 
the saddle point method. Calculations were performed for three values of i?/, 
(= VooLjv) corresponding to 5, 10, 17.3 million, three values of A = 20°, 30° and 
40° and two values of a = 0° and 2° leading to eighteen flows. For a given sweep 
angle A, angle of attack a, and freestream Reynolds number i?/,, an approxi­
mate value of a critical Reynolds number {RS)CT was determined. This number 
corresponds to the minimum Reynolds number for which the eigenvalues a^, (3r 
and oj can be obtained with zarf. This critical Reynolds number is approximate 
because, as was discussed before, in cross-flow dominated flows the critical fre­
quencies that lead to the highest amplification rates vary significantly in a very 
small region around this Reynolds number. For this reason from this Reynolds 
number, an approximate x/c-location needs to be determined to define a very 
fine x-grid to perform zarf calculations so that a set of new frequencies can be 
determined for amplification rate calculations. One of these frequencies corre­
sponds to a critical frequency. It appears from the results shown in Fig. 8.20 
that the critical eigenvalues (a^, /3r, ^ ) correlate well with Reynolds number in 
cross-flow dominated flows. 

In Fig. 8.19 the variation of RQ and H with Rs can be represented by {x = 
Rs X 10"^) 

Re = 336 - 0.035X + 1.18 x lO'^x^ (8.6.6a) 

Re 

60)0 8000 10000 12000 

Rs 
14000 16000 18000 

2.52 

2.50 

2.48 

2.46 

2.44 

^*2.42 ̂  

2.40 

2.38 -i 

2,36 

2,34 -I 

2,32 

10000 12000 14000 16000 18000 

Fig. 8.19. Variation of Re and H* with Rs for flows with strong cross-flow instability 
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Fig. 8.20. Variation of the eigenvalues determined at the critical Reynolds with Rs 

H = 2.71 - 0.32 X 10"5x^ (8.6.6b) 

Similarly in Fig. 8.20c the variation of uj with Rs can be represented by 

UJ <i .944 - 0.148X + 0.006x2 x < 12.2423 
1522 - 0.0105X + 0.00018x2 x > 12.2423 

(8.6.7) 

8.6.3 Sample Calculations 

Of the eighteen flows corresponding to the chosen combination of A, a and RL^ 
the saddle-point method (SPM) produced ten transition locations and the PSE 
produced six. A comparison between the predictions of both methods for n = 9 
at different values of A, a and RL for ten flows is shown in Table 8.1 and for two 
flows in Fig. 8.21. Six transition locations, all near the leading edge, predicted 
by both methods agree well with each other. Those four that are predicted by 
SPM but not by PSE correspond to transition locations away from the leading 
edge. Clearly those six that are predicted by both methods correspond to flows 
where the cross-flow is dominant. The other four, as will be discussed later, also 
correspond to transition locations in a cross-flow dominated flow. 

Table 8.1. Comparison of transition locations computed 
with SPM and PSE for cross-flow dominated flows 

a 

0 
0 
0 
0 
0 
0 
2 
2 
2 
2 

A 

20 
30 
30 
40 
40 
40 
30 
40 
40 
40 

RL X 10"^ 

17.3 
17.3 
10.0 
17.3 
10.0 
5.0 

17.3 
17.3 
10.0 
5.0 

SPM 

0.172 
0.035 
0.134 
0.019 
0.050 
0.158 
0.040 
0.019 
0.060 
0.159 

(S/C)tr 

PSE 

-
0.030 
-
0.023 
0.035 
-
0.040 
0.035 
0.040 
-
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-^ p. 

0 0.02 0.04 0.06 0.08 0.1 0 0.05 0.1 0.15 
s/c s/c 

(a) (b) 

Fig. 8.21. Comparisons of SPM and PSE results for RL = 17.3 x 10^ (a) a = 0°, A = 40°; 
(b) a = 2°, A = 30° 

To predict transition location in other flows in which transition does not 
occur near the leading edge, additional calculations were performed with both 
methods [32]. This time zarf calculations were initiated away from the leading 
edge where the cross-flow effects are relatively weak and flow instability is caused 
by Tollmien-Schlichting (T-S) waves. 

Figure 8.22 shows the variation of ou and the integrated amplification rates 
with s/c for a = 0°, A = 20°, i?^ = 5 x 10^. The variation of frequencies with s/c 
is significantly different than those in cross-flow dominated flows. Whereas inte­
grated amplification rates are strongly influenced by the choice of frequencies, 
this is not the case for flows in which T-S instability dominates. 

Table 8.2 shows two sets of results obtained by both methods with initial 
zarf calculations performed away from the leading edge. The results of set 1 
correspond to eight flows that SPM and PSE did not predict transition at the 
leading edge. The results of set 2 correspond to those flows that PSE did not 
predict transition but SPM did with frequencies originating at the leading edge. 

Results in set 1 are good in agreement with each other. Also we see a similar 
good agreement in set 2 except for a = 0°, A = 30° and RL — lOx 10^. For this 
flow SPM predicts transition at s/c = 0.28 and PSE predicts at s/c = 0.21. It is 
interesting that the results in set 2 obtained by SPM with frequencies originated 
away from the leading edge are quite different from those with frequencies orig­
inating at the leading edge. Figure 8.23 shows a comparison for two cross-flow 
dominated flows (Table 8.1) and two flows in which T-S waves dominate (Table 
8.2). We see from the results in Tables 8.1 and 8.2 that four flows in Table 
8.1 that PSE did not predicts transition but SPM did, correspond to cross-flow 
dominated flows. The results for the corresponding flows in Table 8.2 are er­
roneous since transition has already occurred. This indicates that according to 
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0.032 

0.031 ^ 

0.030 

c» 0.029 

0.028 -j 

0.027 i 

0.026 

0.13 0.135 0.14 0.145 0.15 0.155 0.16 

s/c 

(a) 

Fig. 8.22. SPM Results for a = 0°, A = 20°, i?L = 5 x 10^ (a) variation of uo with s/c and 
(b) resulting integrated amplification rates 

0.1 

(a) 

12 n 

10 i 

8 

n 6 
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2 

0 

n = 9 

0.2 
s/c 

0.05 0.1 
s/c 

(c) 

0.3 0.4 

-PSE 

SPM 

0.16 0.2 

(b) 

(d) 

0.1 

0.1 

0.2 
s/c 

0.2 
S/c 

0.3 04 

0.3 0.4 

Fig. 8.23. Comparison of results for flows with cross-flow (a, c) and T-S instability (b, d). 
(a) and (b) are for a = 0°, A = 20°, RL = 17.3 x 10^ and (c) and (d) for a = 0°, A = 30° 
and i?L = 10 X 10^ 
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Table 8.2. Comparison of transition locations computed 
with SPM and PSE for flows where T-S waves dominate 

RL X 10" (S/C)tr 

SPM PSE 

20 
20 
20 
30 
30 
40 
20 
20 
20 
30 
30 
40 

17.3 
10 
5 

10 
5 
5 

17.3 
10 
5 

10 
5 
5.0 

0.200 
0.266 
0.342 
0.280 
0.350 
0.360 
0.118 
0.146 
0.196 
0.151 
0.200 
0.213 

0.190 
0.260 
0.330 
0.210 
0.340 
0.340 
0.110 
0.146 
0.185 
0.146 
0.199 
0.199 

15 1 

13 -

11 -

9 -
7 -

6 -

3 -

1 -

A ^ 

Parti 

— Part 2 / 

— parti +part2 / 

n=9 / / 

f 

1 

0.1 0.2 0.3 0.1 0.15 0.2 
s/c s/c 

(a) (b) 

Fig. 8.24. Variation of integrated amplification rate F and its components for flows with 
(a) cross-flow instability, a = 0°, A = 40°, i?L = 10 x 10^, and (b) T-S instability, a = 2°, 
A = 20°, i?L = 10 X 10^ all calculated with SPM 

SPM, transition takes place earlier with the frequencies originating near the 
leading edge. 

Figure 8.24 shows n-factors for flows in which cross-flow dominates (Fig. 
8.24a) and those in which T-S waves dominate (Fig. 8.24b), both computed 
with SPM. Here part 1 refers to the integrated a^, part 2 to —l3i{da/dl3)^^R of 
integrated F. It is interesting to note that contribution of each part of F is a 
function of flow instability. 

In current transition methods based on stability theory, it is not clear where 
the stability calculations should be started. A common procedure for cross-flow 
dominated flows is to start them at a location where the cross-flow Reynolds 
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W = 1 0 % Wmax 

Fig. 8.25. Cross-flow velocity profile 

10000 

Rs 

Fig. 8.26. Variation of î cross with Rs for 
cross-flow dominated flows 

number, -Rcross, is around 80. This number (see Fig. 8.25) is defined by 

I'̂ maxl^lO 
Re 

where 

^max = maximum of the cross-flow profile across the boundary layer 
^10 — value of y where cross-flow velocity w is 10% of if̂ max, 

measured from the boundary layer edge 

Once the eigenvalues and eigenfunctions are calculated at that location, ad­
ditional calculations are performed upstream of that location until one is not 
able to obtain solutions to the stability equations. We believe that this location 
corresponds to the critical Reynolds number location discussed previously. 

Figure 8.26 shows the cross-flow Reynolds number computed for the ten 
flows in Table 8.1. These values are consistent with the procedure for searching 
for the location to initiate the stability-transition calculations. 
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Problems 

8-1. Derive Eq. (8.2.5) 

8-2. Another criterion that can be used to predict transition due to crossflow 
instability near the leading edge of a swept wing (x-axis is orthogonal to the 
leading edge and z-axis is parallel to the leading edge) is to use a Reynolds 
number defined in terms of external streamline velocity Use and ^* given by 
Eq. (P7.10.4) 

R^^ = ! f f^ (P8.2.1) 

According to this criterion, transition occurs when 

Rs* = 150 (P8.2.2) 

(a) Show that for a circular swept cyhnder Eq. (PS.2.1) can also be written as 

Rs* = 0 . 2 6 7 7 ^ / ^ ^ ^ v/sin(/)tan(/)— "̂ "̂"̂  (P8.2.3) 

where 0 is the sweep angle of the wing and TQ is the leading edge radius of the 
cylinder. 

(b) According to the criterion given by Eq. (8.2.1) the boundary-layer remains 
laminar if RQ^ < 100. Show that RQ^ can be expressed as a function of VooVo/iy 
and (p by 

Re^ = 0 . 2 8 6 A / ^ ^ ^ V s i n 0 t a n 0 (P8.2.4) 

(c) Show that if the boundary-layer remains laminar according to criterion given 
by Eq. (8.2.1), then the boundary-layer remains necessarily laminar according 
to the criterion given by Eq. (P8.2.2). 
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(d) Plot RQ^ as a function of sweep angle 0 for values of Rc{= -^^)15 x 10^, 
25 X 10^ and 35 x 10^. 

(e) Deduce the value of the maximum sweep angle for maintaining a laminar 
boundary-layer along the leading edge for the three values of Reynolds number 
in (d). 

8-3. Extend STP, with some modifications, to compute the onset of transition 
on an infinite swept wing with the Mack/Arnal eigenvalue formulation discussed 
in Section 8.3. Assume that the velocity profiles ix, u^'^ w and w'^ are available. 
Use the procedure described below. 

With f3i — 0, u;*/27r specified, R given and (3r assumed, Eq. (5.6.11) rep­
resents two equations with two unknowns {ar-^oii)^ and the equations can be 
solved by Newton's method. Specifically, if {a^^a^) are the z/-th iterates, the 
{u + l)-th iterates are determined inserting 

(P8.3.1a) 

(P8.3.1b) 

in Eq. (5.6.11), expanding it around a^ and a\ by the Taylor series and retaining 
only linear terms in the expansion. This results in the linear system 

Sat 

Sa'i Sa': = 0 

(P8.3.2a) 

(P8.3.2b) 

Here, for convenience, the subscript 0 on / has been omitted, and r and i denote 
the real and imaginary parts of / at the wall. The solution of Eq. (P8.3.2) is, 

dat 
1 

(5a;f: = 
1 

^0 L 
fr 

K 
dtti 

K 
dar 

fr 

fi 

dtti 

9ar 

where 

A n -

(P8.3.3a) 

(P8.3.3b) 

(P8.3.3c) diy (diy _ / diy ^ df_ 
,darJr \daiJi \dar)i \dai 

To evaluate the derivatives of fr and fi with respect to Ur and a^, we differ­
entiate Eq. (4.5.23) with respect to Q^ and a j , since the vector r is independent 
of ttr and ai, 

dur I \darj 
A (P8.3.4a) 
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( ^ ) l ^ (P8.3.4b) 

The above equations are the variational equations of Eq. (4.5.23) with respect 
to ar and a^, respectively. Thus, to obtain the required derivatives, two linear 
systems are solved with the same coefficient matrix A (given by Eq. (6.6.9)) 
already computed and factored for Eq. (4.5.23). The vectors on the right-hand 
side of Eqs. (P8.3.4a) are determined from Eqs. (6.6.3), (6.6.5b) and (6.6.7). 
For example, for Eq. (P8.3.4a), {ri)j = {r2)j = 0 for 0 < j < J, but {r^)j and 
{r^)j for 0 < j < J are given by 

(r4)j = - ( g ; ) {s)j (P8.3.5d) 

To summarize one part of the iteration process for a fixed value of i?, it;*/27r 
and the assumed value of /S ,̂ we solve Eq. (4.5.23) for assumed values of ar and 
ai. If the initial estimates of ar and ai satisfy Eq. (5.6.11) and /o = 0, there 
is no need to compute new values of ar and a^. On the other hand, if /o 7̂  0, 
new estimates of ar and ai are obtained by Newton's method by first solving 
Eqs. (P8.3.4) to compute df /dar and df/dai. Then we compute 6ar and 6ai 
from Eqs. (P8.3.3) and insert them in Eqs. (P8.3.1) so that Eq. (4.5.23) can be 
solved with new estimates of ar and a^ to satisfy Eq. (5.6.11). This process is 
repeated until the increments l^a^l and l^a^l are less than a specified tolerance 
parameter. 

Once a solution of Eq. (5.6.11) is obtained, the calculations are repeated for 
other values of (3r to determine the value of l3r for which the amplification rate 
ai is maximum. The procedure is repeated at each specified value of R in order 
to determine the maximum amplification rates as a function of x (or R) so that 
the value of n can be computed from Eq. (5.4.8). 

8-4. The procedure for deriving the parabolized stability equations (PSE) is 
similar to the procedure for deriving the linear stability equations. We start 
with the three-dimensional version of the linearized perturbation equations, 
Eqs. (5.3.1) to (5.3.3) except that we retain the mean fiow derivatives with 
respect to the surface coordinates x and z and also do not set the vertical mean 
velocity v equal to zero as we did with parallel flow approximation. 
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(a) For example, for a three-dimensional incompressible flow the linearized per­
turbation equation for the x-component can be written as 

du' du' fdu du' fdu du' ,du' 
^7+^"^"+^ ^~+^^~+^ ^ ~ + ^ ^ ~ + ^ ~^~ ot ox ox oy oy oz oz p dx 

-\-v^W (P8.4.1) 

Write similar equations for the y- and z-components of the perturbation mo­
mentum equation. 

(b) Since the mean flow variation in the x- and ^-directions is retained, it is 
necessary that the amplitude of the disturbance function q{y) and the wave 
numbers a and /? in Eq. (5.3.14) become functions of x and z. For the sim-
plifled case of no mean flow variation in the ^-direction, the three-dimensional 
disturbance of cl can be written in the form 

g'^(x, 2:, ?/, f) = gj(x, 7/) exp \ i \ \ a{x)dx -\- (3z — out 

where 

}- q,e" 

w' g 

(P8.4.2) 

(P8.4.3) 

Show that the differentials of the u'-disturbance function are 

du' 
^ ( ^ < ) {fx + iaf)e' 

= u'xx) = ( - a V + a /x + iaxf + fxx)e'' (P8.4.4) 

dy 

d'^u' 

fye'' 

Jyy^ 

iPfe' 

dz^ = -r/e" 

(c) Show that by substituting the differentials of the disturbance functions q^ 
into the linearized perturbation equations in (a) and by setting all QXX to zero 
(since they contribute very little), we obtain the following system of linear 
differential equations. 

iaf + cp' + il3g^-^ (P8.4.5) 
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dv . ,1 , , d(p 2i d(f> i da ^ ,„„ , _, 

i^ig + w'(t) + ifin+^{^h-9") 

dw . , dg 2ia dg i da ,^„ ^ „, 

where ^i and 2̂ are defined by Eq. (P5.8.5), that is, 

^i = au + /3w- oj, ^i = a^ + /3^ (P5.8.5) 

Here a prime denotes differentiation with respect to y. 
The above equations are the hnear PSE for three-dimensional incompressible 

flows. Their left-hand sides are identical to the linear stability equations given 
by Eqs. (P5.8.1) to (P5.8.4) obtained with the parallel flow approximation. For 
two-dimensional flows Eqs. (P8.4.5) to (P8.4.7) reduce to those given by Eqs. 
(P5.4.1) to (P5.4.3). 

The usual boundary conditions for PSE are 

qj{x, 0) = 0, Qiix, 00) = 0 (P8.4.9) 

8-5. Show that by introducing the definitions 

zi = af + (5g (P8.5.1a) 

Z2 = af' + I3g' (P8.5.1b) 

23 = </- (P8.5.1c) 

^4 = 1?" (P8.5.1d) 

Z5 = ag- (3f (P8.5.1e) 

Z6 = ag' - (3f (PS.S.lf) 

Equations (P8.4.5) to (P8.4.9) can be written as 

z[ = Z2 (P8.5.2a) 
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4 = 

4-

.9 .̂  r^ .da aR ( du ^dw 

+ Rvz2 + R { a - ^ + (3-^ j Z3 + i^lRz^^ 

^doL (3 rr^ ^. X I3R f du Bw 

a da 

ildx 2 ^^ (-^^ ~ ^^^ ^1 

^5 

ax 
aR 

dz4 

dx 

1 da 2a^ da 

^2 <î  d ^^ 

4 it' + 

^2 

V da 

2aj3 da a dzi (3 dz^ 

^2 dx ^2 9^ ^2 ^^ 

(P8.5.2b) 

(P8.5.2c) 

a dv 2v nda 
a — 

^2 dx ^1 dx ^2 ^^ 
^1 

1 

1 

2a(3 da 

1 da 2a^ da 

^2 ^ ^ ^2 rf dxj ̂ 2 + 
I da 

R dx 

M i^lR) 
dv 

zz 
/2af3vda P_dv_\ 

V d 
Z5 

av dzi 

P dzQ 

dx ' i^dx) 

a dz2 f2ia \ dz^ 
r- 1- I 7/ 1 

dx + R^ldx^^^ ^2 Q^ ^^2 dx ' \ R 

(3v dz^ 

^1 dx ' i?e | dx 

4 Z6 

(P8.5.2d) 

(P8.5.2e) 

4 5 ^ y ^ 2 - ^ ( ^ « - 2 ^ « ) -
da 

dx 
^1 

+ i? a 

2̂ ?i 

dw ^du\ r^o .- r̂  da 

dw r>du\ a da , ^ ^. ^^ 

ox ox 

Boundary conditions 

zi{x,0) = 0 

Z3ix,0) = 0 

Z5ix,0) = 0 

zi{x,oo) = 0 

2;3(x, oo) = 0 

Z5{x,oo) — 0 

(P8.5.2f) 

(P8.5.3) 

8-6. Show that Eqs. (P8.5.2a) to (P8.5.2f) can be written in matrix-vector form 
as 
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where 

z' = Az + B 

Z = 

dz_ 

dx 
(P8.6.1) 

(P8.6.2) 

and A and B are 6 x 6 matrices whose elements are zero except for those given 
below 

<̂ 12 = 1 

^21 = 

^ . du ^dw 
a22 = Rv, a23 = R( a~- + /?—-

dy dy 
a24 ^ ^^2^ 

Pda._ ^. , PR f du n^^\ 

621 — Ru — 2m, 624 = OLR 

_ . I da 2o? da 

^2 dx ^1 dx ' 

031 = - 7 2 , ^35 = 72 
^2 S2 

da 2o?v da 

aP da 

a4i = iv -\-

a42 = ^ 

^^dx ^2 dx 

1 da I0? da 

i da 1 , 0 

a45 
2a/3t' da P dv 

^4 dx 

a 

046 

i? î̂  
^42 = -

^61 = i? ( Q; 

a63 = i? ( Q! 

?>43 = 
2ia 

dw 

dx 

dw 

R 

du\ a 

u, 

2aPda 

pv 
045 = -72-1 

^2 

av 
041 = -JT 

f>46 

/? da 

^a;Ji-(^"-2^")idx 

dy dy 
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«̂ 65 = ^ 2 + ^ 6 ^ 
,da Rf3 / dw o^^\ 
dx ^1 \ dx dxj 

a66 = Rv 

hM = -PR. ^65 = Ru — 2ia 

a dot , ^ ^. \ 
-^—-{Ru — 2ia) 
^^dx 

8-7. Since parabolized stability equations are solved by a marching procedure, 
they require initial conditions of the form 

qi{xo,y) = hj{y) (P8.7.1) 

and are obtained by a local approximation to the system of equations (P8.4.5) 
to (P8.4.8) and by solving the eigenvalue problem. 

It has been shown that the above system of equations is ill-posed as an 
initial value problem, but stable marching solutions can be derived if one of the 
following restrictions are observed [27,28]. 

dx 
= 0 (P8.7.2) 

Ax > 
\ar 

(P8.7.3) 

The first condition implies a limitation of the allowable number of steps per wave 
length, and the second condition addresses the basic reason for the ill-posedness, 
which is the possibility of upstream propagation of pressure waves. 

Using the box method and with streamwise derivatives expressed by two-
point backward differences, show that Eqs. (P8.6.1) and (P8.5.3) can be written 
in matrix-vector form given by Eq. (4.5.23) where the 6 x 6 matrices Aj, Bj, 
Cj in the coefficient matrix A and compound vector r are defined by where 

Ao = 

/ 1 0 0 0 0 0 \ 
0 0 1 0 0 0 
0 0 0 0 1 0 

0 0 0 0 - 1 -a ia56 
62 0 64 66 eg eio 

\d2 di 4 ds dw di2 ) 

Co 

( \ 

0 0 0 0 - 1 -a ia56 
61 0 63 65 67 eg 

\di ds dr, dj dg dn J 

Bi^ 

( 62 64 ^6 ^8 &10 0 \ 
C2 0 C4 0 C6 0 

- 1 -ajai2 0 0 0 0 
Aj 

(h 
Cl 

1 

0 
62 

63 
0 

-ajai2 
0 
0 

65 67 

63 0 

0 0 
0 0 
64 ee 

bg 
C5 

0 

-1 

eg 

0 

0 

0 

-aj+iose 

eio 
\d2 d4 dQ ds dio di2 J 
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Q = 0 0 0 0 1 -aj^ia^Q 

ei 0 63 65 67 69 I o x V7 i^^ 1^0 ^ / ^ y I 

\ d i ds 6/5 ^7 dg (ill / 

/ 62 &4 &6 h bio 0\ (h bs 65 67 69 0 \ 
I 62 0 64 0 66 0 I I 61 0 63 0 65 0 

Bj = 
- 1 -ajau 0 0 0 0 

Aj = 

where 

ci 0 C3 0 C5 0 

1 -ajai2 0 0 0 0 
1 0 0 0 0 0 
0 0 1 0 0 0 

\o 0 0 0 1 0 / 

022 
(h)j = -\{a2i + b2iK^), (b2)j = ibi)j, (63)i = h-\ - ^ 

ih)j = - h - \ - ^ , {b,h = - ^ , ib,h = {b, 

(^7)i = -2(«24 + K%4), {bs)j = (bi), 

{ri)j = -&2iA;j"^zip\/2 - f>24k~h4'~_\/2 

(ci)j = (c2)j = -2 (^31 + b3ik:r^), (c3)j = hj\ 

{c5)j = (c6)j = - - ( a s s + 635^,"^) 

(f'g),- 2 

(C4)j = - (C3) i 

2 

( r2) i - i = -b3ikr^zi'-_\^^ - ^ss /^^ '^^I i / s 

(ei)j = (62)j = - 2 ^ 6 1 ' ^̂ ^̂ -J' " ^̂ ^̂ •'̂  " " 2 " ^ ^ 

(e5)i = (e6)j = -2^64fcj"\ (e7)i = (e8)j = -2^°<^^ +?>65fcr'^ 
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(egji - 2 _ 

( « • • • • ' 

l ) i = (C«2)j = - 2 ( ^ 4 1 + b4lki 1), (d3)j = (d4)i = - 2 ( « 4 2 + f>42fci ^] 

{d5)j = idQ)j = --ia43 + b43K 

id9)j = idm)j = - ^ (043 + b45k-^), {dn)j = idu)j = -^{^46 + ^46^, 

(r6)j- i = - f c f ^(641^l}ll/2 + ''4222}l\/2 + ''4323pl/2 

+ b45Z5]Zi/2 + ^462^6*Ii/2) 

•r )̂ 

(r3)i = (r4)j- = 0 
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Note: For second order accuracy in Ax, the streamwise derivatives should be 
expressed by three-point backward differences. 

8-8. (a) Solve the system of the finite difference PSE equations in the form 
expressed by Eq. (4.5.23). Use the matrix solver algorithm, Program 5 in the 
accompanying CD-ROM. Solve the infinite swept wing boundary layer equations 
to obtain the velocity profiles including the normal velocity v and its derivative. 
Generate the initial conditions by solving the linear stability equations with 
the eigenvalue formulation discussed in problem 8-3. Assume the infinite swept 
wing has a NACA 0012 cross section. 

(b) Calculate the onset of transition location with the above program for a chord 
Reynolds number of Re = (= ^^^) — 20 x 10^ and sweep angle of A = 30°. 

(c) Compare the solutions of (b) with those obtained with the computer program 
discussed in problem 8-3. 



Interactive 
Boundary-Layer Theory 

9.1 Introduction 

Throughout this book we have discussed the solution of the boundary-layer 
equations for external flows with prescribed external velocity distribution. This 
approach to boundary-layer theory, sometimes referred to as the standard prob­
lem or direct problem^ allows viscous flow solutions provided that boundary-layer 
separation, which corresponds to vanishing wall shear in two-dimensional steady 
flows, does not occur. If the wall shear vanishes at some x-location, the solu­
tions breakdown and convergence cannot be obtained. This is referred to as the 
singular behavior of the boundary-layer equations at separation. For laminar 
flows, the behavior of the wall shear r-uj close to the separation point x^, has 
been shown to be of the form 

by Goldstein [1] who considered a uniformly retarded flow past a semi-infinite 
plate and showed that, with the relation given above, there is no real solution 
downstream of separation; the normal velocity component v becomes infinite at 
Xs (see Problem 9.6). Goldstein also pointed out that the pressure distribution 
around the separation point cannot be taken arbitrarily and must satisfy con­
ditions associated with the existence of reverse flow downstream of separation. 

The inviscid-pressure distribution for flow past a circular cylinder leads to 
a velocity maximum at 90° and separation at about 105° from the front stag­
nation point, whereas viscous flow in the subcritical range of Reynolds number 
leads to a velocity maximum at 70° and separation at 83°. As can be seen 
from Fig. 9.1, viscosity modifies the inviscid flow, which cannot serve even as a 
flrst approximation to the actual flow. In the case of streamlined bodies, where 
separation takes place close to the rear stagnation point, the solution of the 
inviscid flow equations can serve as a good approximation to real flow, as we 
shall discuss briefly in this chapter and as discussed in detail in [2, 3]. 
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R =6.7x10 e sup ercr. 

R = 1.86 X 10^ 

Fig. 9 .1 . Pressure distribution around a cir-
60 120 180 240 300 360 cular cylinder in the subcritical and super­

critical range of Reynolds numbers goo = 
6° ll2pVl. 

The boundary-layer equations are not singular at separation when the ex­
ternal velocity or pressure is computed as part of the solution. Catherall and 
Mangier [4] were the first to show that in two-dimensional steady laminar flows, 
the modification of the external velocity distribution near the region of flow 
separation leads to solutions free of numerical difficulties. Prescribing the dis­
placement thickness as a boundary condition at the boundary-layer edge, that is. 

y = 8, 6*{x) = given (9.1.2) 

in addition to those given by Eq. (3.4.1a) with no mass transfer, they were 
able to integrate the boundary-layer equations through the separation location 
and into a region of reverse flow without any evidence of singularity at the 
separation point. This procedure for solving the boundary-layer equations for 
a prescribed displacement thickness distribution, with the external velocity or 
pressure computed as part of the solution is known as the inverse problem. This 
observation of Catherall and Mangier has led to other studies by various inves­
tigators of inverse solutions of the boundary-layer equations; these are obtained 
by prescribing distributions of displacement thickness or wall shear. Further­
more, it has been demonstrated in [5,6] that for flows with separation bubbles, 
these solutions are in good agreement with the solutions of the Navier-Stokes 
equations. 

A problem associated with the use of these inverse techniques for external 
flows is the lack of a priori knowledge of the required displacement thickness or 
wall shear. The appropriate value must be obtained as part of the overall prob­
lem from interaction between the boundary layer and the inviscid flow. In the 
case of internal flows, the problem is somewhat easier because the conservation 
of mass in integral form can be used to relate pressure p{x) to velocity u{x,y) 
in terms of mass balance in the duct. 
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For two-dimensional external flows, two procedures have been developed to 
couple the solutions of the inviscid and viscous equations for airfoil flows. In 
the first procedure, developed by Le Balleur [7] and Carter [8], the solution 
of the boundary-layer equations is obtained by the standard method, and a 
displacement-thickness, 6*^{x), distribution is determined. If this initial calcu­
lation encounters separation, 6*^{x) is extrapolated to the traihng edge of the 
airfoil. For the given 6*^{x) distribution, the boundary-layer equations are then 
solved in the inverse mode to obtain an external velocity Uev(x). An updated 
inviscid velocity distribution, Uei{x)^ is then obtained from the inviscid flow 
method with the added displacement thickness. A relaxation formula is intro­
duced to define an updated displacement-thickness distribution. 

= 6*V){] 6*(x) = 6*'^(x)n + io 
'^ev\^) -. 

[Uei{x) 
(9.1.3) 

where a; is a relaxation parameter, and the procedure is repeated with this 
updated mass flux. 

In the second approach, developed by Veldman [9], the external velocity 
Ue{x) and the displacement thickness 6*{x) are treated as unknown quantities, 
and the equations are solved in the inverse mode simultaneously in successive 
sweeps over the airfoil surface. For each sweep, the external boundary condition 
for the boundary-layer equation dimensionless form, with Ue{x) normalized with 
UQO^ is written as 

Ue{x) = Ug(x) + 6ue{x) (9.1.4a) 

Here u^{x) denotes the inviscid velocity and 6ue the perturbation due to the 
displacement thickness, which is calculated from the Hilbert integral 

SUe 
1 f^b d da 
- / ^{ue6.)^^ (9.1.4b) 
TT Jx^ da X- a 

The term ^ (^e^*) in the above equation denotes the blowing velocity used to 
simulate the boundary-layer in the region (xa, x^. This approach is more general 
and should be used in all the external flow problems requiring interaction. 

Veldman was inspired to develop his interaction law by the results of the 
triple deck theory described in Sections 11.7, 11.8 and 12.7, but the justification 
of the interactive boundary layer (IBL) theory was lacking. A rational basis 
of the IBL theory is discussed in Sections 9.2 and 9.3, and the interaction 
law developed by Veldman is used in the solution of the equations for two-
dimensional, steady, incompressible flows, including separation. This interaction 
law is also used in the solution of three-dimensional and compressible steady 
flows in [2] and in Chapter 13, and its extension to unsteady airfoil flows is 
described in [3]. A sample of results obtained with this method is presented in 
Sections 9.4 to 9.6. 
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9.2 Rational Basis of the Interactive Boundary-Layer Theory 

The Interactive Boundary-Layer (IBL) theory, in the sense of strong couphng 
between the inviscid flow and boundary-layer equations, was used successfully 
[2,7,8,9] for some time, but a sound justification has not been given until re­
cently, as noted by Sychev et al. [10] with their comment that: "No rational 
mathematical arguments (based, say, on asymptotic analysis of the Navier-
Stokes equations) have been given to support the model approach". 

The problem can be studied with a method called the Successive Com­
plementary Expansions Method (SCEM) [11]. It is convenient to describe the 
SCEM briefly by considering a singular perturbation problem where the func­
tion ^(x , e) is defined in a domain D with s representing a small parameter. It is 
assumed that two significant domains are identified, an outer domain where the 
relevant variable is x and an inner domain where the boundary-layer variable is 
X (for example X = x/e). According to the SCEM, the starting point requires 
for a uniformly valid generalized approximation 

n 

^ a = 5 ] S^{e) [^^{X, s) + ^ , ( X , s)] (9.2.1) 
i=l 

where the functions 6i are order functions such that Si-^i/6i —> 0 when e ^ 0. 
This approximation is constructed step by step without requiring any matching 
principles. The boundary conditions are sufficient for calculating the successive 
approximations. When the functions ipi depend on x only and when the func­
tions i/ji depend on X only, the approximation is said to be regular^ the standard 
Method of Matched Asymptotic Expansion provides such an approximation. If 
the functions (pi and ipi depend on e, the approximation is said to be generalized. 

9.2.1 IBL Model 

The Navier-Stokes equations, Eqs. (2.2.1) to (2.2.3) with aij given by Eq. 
(2.2.7), can be written in dimensionless form for a laminar incompressible two-
dimensional steady flow as 

where 6: is a small parameter which implies that Reynolds number is high, that 
is 
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5.2.3) 
2 1 î  

with V and L denoting reference quantities. The coordinate normal to the wall 
is y and the coordinate along the wall is x; the x- and |/-velocity components 
are U{= u/V) and V(= v/V); the pressure is P ( = p/pV'^). 

We first look for an outer generalized approximation beginning with the 
terms 

U = ui{x,y,e) + '"] V ^vi(x,y,e) + V = pi{x,y,e)^ (9.2.4) 

Neglecting terms of order O(e^), Eqs. (9.2.2) reduce to the Euler equations 
discussed in Section 2.4, 

(9.2.5a) 

ui-^^vi-^ - -^^ (9.2.5b) 

^ i ^ e + ^ i ^ r^ = - - ^ (9.2.5c) 

Uniform flow at infinity provides the usual boundary conditions for the above 
equations and, since the no-slip conditions cannot be used for the Euler equa­
tions, the approximation in Eq. (9.2.4) needs refinement to determine the miss­
ing wall boundary condition. We define (see Fig. 9.2) 

dui dvi 

dx dy 
dui dui 

dx dy 
dvi dvi 

dx dy 

= 0 

_ dpi 

dx 

_ dpi^ 
dy 

U = ui{x,y,e) + Ui{x,Y,e) ^ " 

V = vi{x,y,e) + eVi{x,Y,e) + •• 

V = pi(x,7/,£) + ^2Pi (x , r ,6) + 

(9.2.6a) 

(9.2.6b) 

(9.2.6c) 

where Y is the boundary layer variable Y = y/e. The V-expansion comes from 
the continuity equation which must be non-trivial, and the P-expansion comes 
from the analysis of the ^/-momentum equation (see Problem 9-7). 

roc 
E—- / Ui dY 

dx Jo 

Fig. 9.2. Sketch of the velocity components in the boundary layer. 
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The Navier-Stokes equations are rewritten with expansions (9.2.6a)-(9.2.6c). 
A first-order IBL model is obtained by neglecting terms of order 0(e) in the 
x-momentum equation and a second-order IBL model is obtained by neglecting 
terms of order 0{s'^). By using the definitions 

u^ui + Ui ; V = vi^sVi (9.2.7) 

the second-order model leads to the following generalized boundary-layer equa­
tions (see Problem 9-8) 

du dv 

dx dy 

du du dui dui 1 d'^iu — ui) 
(9.2.8) 

dx dy dx dy Re dy'^ 

which must be solved together with the Euler equations for i^i, vi and pi . The 
solution for u and v applies over the whole domain and not only in the boundary 
layer, thereby providing a uniformly valid approximation. Indeed, Eqs. (9.2.8) 
are valid in the whole field and not only in the boundary-layer; the solution 
of these equations outside the boundary-layer gives u -^ ui and v —^ vi, which 
implies that we recover the solution of the Euler equations. 

The boundary conditions are 

Ui{x,0,s) = -ui{x,0,£) ; sVi{x,0,£) = -vi{x,0,£) 

f7i(x,(X),e) = 0 ; Vi(x,(X),£) = 0 
(9.2.9) 

or, equivalently 

(9.2.10) 
y = 0 : u = 0 ; V = 0 

y —^ oo : u — ui -^ 0 ; V — vi -^ 0 

In addition, boundary conditions at infinity are prescribed for the Euler equa­
tions. 

The condition v — vi ^ 0 when y -^ oo implies that the system of generalized 
boundary layer Eqs. (9.2.8) and the Euler Eqs. (9.2.5a)-(9.2.5c) must be solved 
together. It is not possible to solve the Euler equations independently from the 
boundary layer equations; the two sets of equations interact. The IBL theory 
has been proposed earlier heuristically or on the basis of the triple deck theory 
[8, 2, 7, 9] and is fully justified here thanks to the use of generalized expansions. 
In effect, with regular expansions, all the terms are strictly classified by orders 
of magnitude and the boundary conditions, Eqs. (9.2.9), would give the wall 
boundary condition for the inviscid flow vi = 0. Then, the standard uncoupling 
between the inviscid flow equations and the boundary layer equations is obtained 
and the first order inviscid flow equations can be solved without knowing that 
the boundary-layer exists. 

It is important to note that the generalized boundary layer equations account 
for possible pressure variations normal to the wall. 
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9.2.2 Reduced Model for an Outer Irrotational Flow 

When the outer flow is irrotational, as is often the case in aerodynamics, and if 
the validity of Eqs. (9.2.8) is restricted to the boundary-layer, it can be shown 
that Eqs. (9.2.8) reduce to the standard boundary layer equations 

du dv 

"̂̂  ^y~ (9 2 i n 
du du _ duijx.O) 1 d'^u V • • ; 
dx dy ' dx Re dy'^ 

subject to the boundary conditions 

lim 

u{x^0^s ) = 0 

v{x^O^£) = 0 

lim u = i^ i (x ,0 ,£) 
y-^oo 

dui{x,0,sy _ vi{x,0,e) 
s 

(9.2.12a) 

(9.2.12b) 

(9.2.12c) 

(9.2.12d) 

The last equation can be expressed in terms of the displacement thickness and 
can be written as (see Problem 9-9) 

vi{x,0,£) = — 
ax 

roc 
/ {ui{x,0,£) -u) dy 

Jo 
(9.2.13) 

This reduced model is usually used in interactive boundary-layer calculations 
but it should be noted that the boundary-layer and inviscid-flow equations are 
strongly coupled by Eq. (9.2.12d). There is no hierarchy between the boundary-
layer and inviscid-flow equations; the two sets of equations interact. 

It is also interesting to note that the first order triple deck theory (see Sec­
tions 11.7, 11.8 and 12.7) can be deduced from the IBL theory [11]. This com­
pletes the link with the interaction law proposed by Veldman. 

9.2.3 Appl i ca t ions 

The above discussion justifies the IBL theory and provides a solid foundation for 
its applications to many engineering problems as we shall discuss in this chapter 
for two-dimensional flows and in Chapter 13 for three-dimensional flows. 

9.3 Interaction Problem 

Predicting the flowfleld by solutions based on inviscid-flow theory is usually 
adequate as long as the viscous efl'ects are negligible. A boundary layer that 
forms on the surface causes the irrotational flow outside it to be on a surface 
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displaced into the fluid by a distance equal to the displacement thickness 6*, 
which represents the deficiency of mass within the boundary layer. Thus, a new 
boundary for the inviscid flow, taking the boundary-layer effects into considera­
tion, can be formed by adding 6* to the body surface. The new surface is called 
the displacement surface and, if its deviation from the original surface is not 
negligible, the inviscid flow solutions can be improved by incorporating viscous 
effects into the inviscid flow equations [2,12,13]. 

A convenient and popular approach described in detail in [2] for aerodynamic 
flows and justified in Section 9.2, is based on the concept that the displacement 
surface can also be formed by distributing a blowing or suction velocity on the 
body surface. The strength of the blowing or suction velocity vi) is determined 
from the boundary-layer solutions according to 

(9.3.1) 

where x is the surface distance of the body, and the variation of v^ on the 
body surface simulates the viscous effects in the potential flow solution. This 
approach, which can be used for both incompressible and compressible flows 
[2], is used in this section to address the interaction problem for an airfoil in 
subsonic flows. 

For a given airfoil geometry and freestream flow conditions, we first obtain 
the inviscid velocity distribution with a panel method such as the one given 
in the accompanying CD-ROM, Program 4, then we solve the boundary-layer 
equations in the inverse mode as described in Section 9.4. The blowing velocity 
distribution, v\){x)^ is computed from Eq. (9.3.1) and the displacement thickness 
distribution 5*(x) on the airfoil and in the wake are then used in the panel 
method to obtain an improved inviscid velocity distribution with viscous effects 
as described in detail in [2]. The b\^ is used to satisfy the Kutta condition in the 
panel method at a distance equal to b\^\ this is known as the off-body Kutta 
condition (Fig. 9.3). In the first iteration between the inviscid and the inverse 
boundary-layer methods, Vb{x) is used to replace the zero blowing velocity at 
the surface. At the next and following iterations, a new value of v\){x) in each 

Panel 
Method 

* " " 

i^bW 

Inverse 
Boundary-Layer 

Method 

Fig. 9.3. Interactive boundary-layer scheme. 
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iteration is used as a boundary condition in the panel method. This procedure is 
repeated for several cycles until convergence is obtained, which is usually based 
on the lift and total drag coefficients of the airfoil. Studies discussed in [2] show 
that with three boundary-layer sweeps for one cycle, convergence is obtained in 
less than 10 cycles. 

9.4 Inverse Boundary-Layer Method 

The solution procedure discussed in Chapter 4 for two-dimensional boundary 
layer equations for a prescribed external velocity distribution (standard prob­
lem) can easily be extended to include the solution of the inverse problems 
arising in internal and external flows. In an internal flow, the choice is easier 
because the conservation of mass in integral form can be used to relate the 
pressure p{x) to the velocity u{x^y) in terms of mass balance in the duct. For 
external flows, the extension can be achieved, for example, by prescribing the 
displacement thickness or the wall shear. In the former case, two different proce­
dures, as discussed in Section 9.1 can be used to establish a relationship between 
the external velocity and displacement thickness so that the external velocity 
is computed as part of the solution. The procedure of Veldman has substantial 
advantages over that based on the relaxation formula, Eq. (9.1.3), and is dis­
cussed here and in detail in [2]. In both cases, however, modifications are needed 
to the solution procedure of the standard problem. 

We consider an external flow over a nonporous wall in which the viscous 
effects on the edge boundary condition are to be accounted for by Veldman's 
procedure. In this case, the boundary conditions for a flow with no mass transfer, 
can be rewritten as 

7/ = 0, ^ / - O , ^ = 0 (9.4.1a) 

y = S, u = Ue, Ue = u^-h Sue{x), ^ = - (9.4.1b) 

with 8ue{x) given by Eq. (9.1.4b) and u^ is calculated with the panel method. 
As in the case of the standard problem, it is convenient and prudent to use 
transformed variables, but since Ue{x) is also an unknown in the inverse prob­
lem, slight changes are made in the Falkner-Skan transformation given by Eqs. 
(4.2.4a) and (4.5.3), replacing Ue{x) by î oo and redefining new variables Y and 
Fhy 

Y = ^Juoo/vxy, xp = ^Ju^vxFii, Y) (9.4.2) 

so that Eqs. (3.1.2) and (3.1.10), with a prime now denoting differentiation with 
respect to Y, can be written in a form analogous to that given by Eq. (4.5.4), 
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where w = Ug/uoo- The boundary conditions, except for the second one in Eq. 
(9.4.1b), can be written as 

y = 0, F ' = 0, K„ = VRE r ^ 
^ 

r ^d(, (9.4.4a) 
fXQ " 'OO 

Y = Ye, Fi = w{0 (9.4.4b) 

The boundary condition corresponding to the second equation (9.4.1b) is ob­
tained by applying a discretization approximation to the Hilbert integral 

2 - 1 N 

Ue{Xi) = U^^{Xi) + CiiDi + Yl ^iJ^J + I Z ^^J^J (^•^•^) 

where the subscript i denotes the ^-station where the inverse calculations are 
to be performed, Cij is a matrix of interaction coefficients obtained by the 
procedure described in [2], and D is given hy D = UeS*. In terms of transformed 
variables, the parameter D becomes 

D = - ^ = \ -^{Yew - Fe) (9.4.6) 

and the relationship between the dimensionless external velocity w and dis­
placement thickness ^* provided by the Hilbert integral can then be written in 
dimensionless form as 

y = Fe, F',{e)-\[YeF'M)-Fe{e)]=9i (9-4.7) 

where 

u, 
^ = Cu\Tr. RL-^^^ (9.4.8a) 

i - l N 

9^ = U^eiC) + E ^^J~^J + E ^^j'^J (9.4.8b) 

In an inverse method which makes use of the Hilbert integral formulation, the 
boundary-layer calculations must be repeated on the body. Each boundary-
layer calculation, starting at ̂  = ^^ and ending at (̂  = ^^ , is called a sweep. In 
sweeping through the boundary-layer, the right-hand side of Eq. (9.4.5) uses the 
values of 5* from the previous sweep when j > i and the values from the current 
sweep when j < i. Thus, at each ^-station the right-hand side of Eq. (9.4.5) 
provides a prescribed value for the linear combination of Ue{C) and 5*(^*). 
After convergence of the Newton iterations at each station, the summations of 
Eq. (9.4.5) are updated for the next ^-station. Note that the Hilbert integral 
coefficients Cij discussed in [2] have been computed and stored at the start of 
the boundary-layer calculations. 
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9.4.1 Transformed Equations: General Form 

It is convenient to write the transformed equations for standard and inverse 
modes in one general form so that the numerical method described in Section 
4.5 can be used for both cases. For this purpose, we write Eqs. (4.5.4) and 
(9.4.3) in the following form 

(&/")'+ Ai{y/ /" + m[l-(/')2]} + ^ / /" 

fndf . d (9.4.9) 

where for Ai = 1 and A2 = 0 we recover Eq. (4.5.4) which is subject to the 
boundary conditions given by Eqs. (4.5.5). For Ai = 0 and A2 = 1, we recover 
Eq. (9.4.3) provided that we note that F now corresponds to / , primes denote 
differentiation with respect to Y and not rj. For consistency, we also rewrite 
Eqs. (9.4.4) and (9.4.7) in the adopted notation of Eq. (9.4.9), 

77 = 0; / ' = 0, / ^ = < (9.4.10a) 

r/ = 7?e; f - Xivef - f) = . (9.4.10b) 

The switch from the standard problem to the inverse problem is specified. This 
is usually done after two or three ^-stations from the stagnation point. 

9.4.2 Numerical Method 

The numerical formulation of Eq. (9.4.9) is similar to one described for Eq. 
(4.5.4). Again we introduce new dependent variables u{^, r/), v{S,, rj) and express 
Eq. (9.4.9) as a first-order given by Eqs. (4.5.8a), (4.5.8b) and 

(bv)' + Aim :fv il-u' + -^fv = i 0-AY -'Tr^'d-dY 
(9.4.11) 

The boundary conditions for the standard mode are identical to those given by 
Eq. (4.5.9); for the inverse mode they become 

77 = 0; u = 0, / = /„ 

V = Ve; A / + (1 - Xrie)w = Qi 

(9.4.12a) 

(9.4.12b) 

The difference approximations to Eqs. (4.5.8a) and (4.5.8b) are given by Eqs. 
(4.5.11a) and (4.5.11b). For Eq. (9.4.11) they are given by 
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(67;)7 - {bv] 
j-l 

+ 
Mr' - ibv)U 

+ 
m 

n-l/2 

{if-)U/2 + iMU/2} 

+ 2m'*-^/2 J J (-')U/2 
2\n-l 

+ M-)U/2 + if-)l:h2] 

- e 
n - l / 2 

,2\n 
FLARE- 'j-l/2 [u-

2\n-l 
> 3-1/2 

" i - l / 2 + ^ j - l / 2 
A2 »j)" - K) 2 \ n - l 

In the above equation, the parameter FLARE refers to the Flugge-Lotz 
Reyhner approximation [14] used to set u du/dx equal to zero in the momentum 
equation wherever î  < 0. As a result, the numerical instabilities that plague 
attempts to integrate the boundary-layer equations against the local direction 
of flow are avoided. In regions of positive streamwise velocity {uj > 0), it is 
taken as unity and as zero in regions of negative streamwise velocity [uj < 0). 

After some algebra and rearranging, the above expression can be written as 

hj' [{bv)- - {bv)-_,] + ai(/^;)»_i ,2 - a2( ,2\n 
^i-1/2 

+ «n«rV2^^1/2 - fJ-l/2^U/2 + ^2(4)1 - Rpr/2 
(9.4.13) 

where 

a e n - l / 2 

f^n 
ai 

Ai 

p n - l 
" i - l / 2 

7-n—1 
J - l / 2 

-LU/2 + -

1 + y m" - i / 2 ^ ^n^ ^2 ^ Aim"-^/2 ^ (/"FLARE 

(9.4.14a) 

-FLARE{u')]:l^^ + fj-i/2^1-1/2 + HU'JT-'] 
(9.4.14b) 

(6t;)^"-i - (6^)^r/l + 1 + ^ m " - i / 2 ( / „ )n - i 
1/2 

+ 2Aim"-i /2 u-
2 \ n - l 

^i-1/2 
(9.4.14c) 

Equations (4.5.11a), (4.5.11b) and (9.4.13) are imposed for j = 1,2, . . . , J at 
a given ^". They are accompanied with the boundary conditions given by Eqs. 
(4.5.17) for the standard mode, and by Eqs. (9.4.12) for the inverse mode 

/o=/^, «o=o, Xf] + ii-Xm)u'}^gi (9.4.15) 
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The solution of the algebraic equations represented by Eqs. (4.5.11a,b), 
(9.4.13) and (4.5.17) is similar to the procedure described in subsection 4.5.2. 
They are linearized with Newton's method and written in the matrix-vector 
form given by Eq. (4.5.23). 

The linear system for Eqs. (4.5.11a,b) is given by Eqs. (4.5.19a,b) and 
(4.5.20a,b) and for Eq. (9.4.13) by 

{si)j6vj + {s2)j6vj-i + {ss)j6fj + {s4)jSfj-i 

+ {s^)j6uj 4- {SQ)J6UJ-I + {sj)j6uj = (7-2)j 
(9.4.16) 

where 
- A , - i A M ^ ^ f H {si), = hj'b + Y / ] 

O cn-l 
1/2 

(̂ 2). = -^-6)-+f/i::\ a nn—l 
2 •'j-1/2 

(«3)i 

{SA)J •• 

a i (̂ ) a " „_i 

2 ""i-i + 2 i-1/2 

(S5)j = -a2M} 

(S6)i = - 0 2 4 - 1 

(57)j = 2a"A2w!r^ 

(9.̂  

(9.̂  

(9. 

(9.̂  

(9. 

(9. 

(9. 

1.17a) 

t.l7b) 

i.l7c) 

I.17d) 

4.17e) 

4.17f) 

L17g) 

(r-2),- = i?" : 
n—1 
J - 1 / 2 

h- (b) 'v) M 
+ Mfv))_i/2 

a 2 K ) ; J i / 2 (9.4.18) 

+«"(-rv2/i-i/2 - /ri/2<-\/2)+^2(-r; 
The boundary conditions for the standard mode are given by Eq. (4.5.22) 

and for the inverse mode by 

<5/o = (ri)o = 0, buQ = (r2)o = 0, (9.4.19a) 

\b!j + (1 - \'qj)buj = {rs)j = gi- [\fj + (1 - \r)j)uj] (9.4.19b) 

The linear system for the standard mode (A2 = 0) has the same block tridi-
agonal structure as before; it can be expressed in matrix-vector form given by 
Eq. (4.5.23) and solved by the block-ehmination method discussed in subsection 
4.5.3. 

The linear system for the inverse mode (A2 = 1) can also be written in 
matrix-vector form as 

G? = ^ (9.4.20) 

where 6 and r are identical to those defined by Eq. (4.5.25), and 
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G = 
A D 

E^ Aj 
(9.4.21) 

The coefficient matrix A is identical to that defined in Eq., (4.5.24) except that 
the index of Aj^ Bj and Cj matrices run up to j = J — 1, that is, the last row 
of A is now Bj_i^Aj_i. This causes complications to the block-elimination 
method. A convenient and efficient way to overcome this complication is to use 
Keller's bordering algorithm [15] discussed in detail in [2]. 

9.4.3 Computer Program 

The computer program for the standard problem (BLP2) can be extended to 
the inverse boundary layer problem with some modifications to its subroutines, 
adding new subroutines and replacing S0LV3 algorithm with the bordering 
algorithm. Reference [2] describes such a computer program, including the so­
lution of interactive boundary-layer problems with inviscid flows. 

9.5 Applications of the Inverse Boundary-Layer Method: 
Traihng Edge Flow of a Flat Pla te 

The main purpose of an inverse boundary-layer method for external flows is to 
calculate flows with separation which can cause solutions to become singular 
and which require that the external velocity be treated as an unknown. Two 
popular approaches for accomplishing this objective were outlined in Section 
9.1. Inverse formulations are, however, required in some external-flow problems 
without separation, and one such problem corresponding to the trailing-edge 
flow of a flat plate is presented in this section. 

The nature of the flow near the trailing edge of an airfoil has long been a 
subject of both theoretical and practical interest. The problem exhibits a singu­
larity intriguing to the theoretician, and the question of finite Reynolds number 
effects on aerodynamic forces is of significant practical importance. The problem 
was first treated within the framework of boundary-layer theory by Goldstein 
[16], who showed that continuation of the fiat-plate solution beyond the trailing 
edge required introduction of a thin sublayer along the wake centerline, with 
thickness of order x^/^, where x is the distance from the traihng edge. At the 
point of origin of this sublayer (x = 0), the transverse velocity v is singular, 
much as it is at the leading edge of the plate. In a higher-order theory, this 
large magnitude of v would produce a similarly large pressure gradient in the 
external inviscid fiow, which in turn would produce a significant change in the 
skin friction near the trailing edge. A number of studies have been made to 
construct such a higher-order theory for this region, as discussed by Van Dyke 
[17]. However, none of these older theories properly account for the Goldstein 
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singularity, and more accurate solutions than those provided by simple pertur­
bation series are required. One alternative to the solution of this problem is to 
solve the Navier-Stokes equations, as followed by Dennis and Chang [18] and 
Dennis and Dunwoody [19] and Cousteix et al. [20]. A second alternative is to 
use the triple-deck theory developed by Stewartson [21] and Messiter [22], and a 
third alternative is to use interactive boundary-layer theory such as the one dis­
cussed here and a fourth one is to solve the reduced forms of the Navier-Stokes 
equations, such as the one due to Rubin and his coworkers [23, 24], which emu­
lates boundary-layer/triple-deck methodology in viscous regions and potential 
flow theory in inviscid regions. A useful review of these approaches is given by 
Khoslaet al. [24]. 

Very accurate solutions have been obtained for a laminar flow over a wide 
range of Reynolds numbers by procedures based on the triple-deck theory of 
Stewartson. This approach, which may be regarded as a form of interactive 
boundary-layer theory, combines solutions of inviscid and viscous flow equations 
by procedures that address the physics of the flow and the numerical accuracy 
of the solutions. Solutions employing the triple-deck theory may be regarded 
as a means of calibrating solutions of the Navier-Stokes equations so that more 
complicated problems involving turbulent flows in two and three dimensions 
can be tackled by more general methods. 

Before reviewing the application of the inverse method of the previous section 
to the trailing-edge flow of a flat plate, it is useful to discuss the mathematical 
problem used in the triple-deck theory which essentially couples a system of 
equations corresponding to boundary-layer and inviscid flow equations. See also 
the discussion in Section 11.7. Figure 9.4 is a schematic of the triple-deck region 
which intervenes between the region of validity of the Blasius solution and that 
of the Goldstein [16] wake solutions. The function of the triple deck is to remove 
the discontinuity in the transverse velocity (or slope of the displacement thick­
ness) at the trailing edge. The main deck corresponds to Goldstein's outer wake, 
which to first order is the inviscid continuation of the Blasius boundary-layer 
solution. The lower deck corresponds to Goldstein's inner viscous wake, which 
is produced by the altered boundary condition at the trailing edge. The clas­
sical boundary-layer equations (for a prescribed external velocity distribution) 
apply in the lower deck. The additional upper deck is required because of the 
displacement effect of the wake, which has not been accounted for properly in 
earlier theories. The upstream influence is felt because of the strong coupling 
between the upper deck and the lower deck. Thus, the downstream wake affects 
the boundary layer on the plate via viscous interaction with the potential-flow 
upper deck. 

The notation used in Fig. 9.4 is that of Stewartson [25] with the exception 
that the plate length L here replaces its lower-case script version. The parameter 
e denotes Re^l^. As indicated in Fig. 9.4, the streamwise extent of the triple 
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deck is of order e^, wherein the lower, main and upper decks have thicknesses of 
order £^, £^ and e^, respectively. Further details, including the solution of the 
appropriate equations in each deck are given in [26]. 

The calculations employing the inverse method of Section 9.4 were performed 
for a plate length of L and for a transformed boundary-layer thickness height 
rje of 9 with several step sizes in ^ and rj directions. Since the modified BLP2D 
computes the flow only on the plate, modifications are made to the inverse 
boundary-layer method in order to extend the calculations into the wake from 
the trailing edge. This is done by changing the wall boundary conditions from 

u = 0, v = 0 

to the wake centerhne boundary conditions. 

du 

dy 
0, ^ = 0 

(9.5.1a) 

(9.5.1b) 

by setting /''(O) and /(O) equal to zero rather than /(O) and /'(O) equal to zero. 
These changes at the trailing edge, however, can introduce numerical problems 
in wake calculation since the velocity profile at the trailing edge, which sat­
isfies the boundary conditions in Eq. (9.5.1a), does not satisfy the boundary 
conditions in Eq. (9.5.1b). Furthermore, near the trailing edge the streamwise 
centerline velocity Uc changes rather rapidly and care is needed in prescrib­
ing the distribution of x-stations in this region. The problem associated with 
boundary conditions can, however, be easily avoided by making the initial guess 
for the first ^-station in the wake to come not from the profiles at the trailing 
edge but from those that satisfy the centerline conditions in Eq. (9.5.1b). 

The problem associated with the grid distribution near the trailing edge 
requires some care. In the calculations performed here, the near-wake centerline 
velocity, Uc^ given by Stewartson [25], namely, 

Uc = 0.8991Ai/^X^/^ 

is used with Ai = 1.343 and with A = 0.3321 and s = Re^/^, 

(9.5.2) 
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Table 9.1. Comparison of calculated drag coefficients with those computed by (a) Jobe, 
(b) Dennis, (c) Dennis and Chang, and (d) Dennis and Dunwoody. 

R 

1 
2 
4 
10 
15 
20 
40 
100 
200 
500 

1,000 
2,000 
5,000 
10,000 

Cd 

3.60 
2.22 
1.38 
0.756 
0.590 
0.485 
0.318 
0.186 
0.123 
0.0723 
0.0489 
0.0335 
0.02048 
0.0142 

(a) 
Cd 

4.022 
2.408 
1.465 
0.779 
0.595 
0.493 
0.317 
0.181 
0.120 
0.0711 
0.0484 
0.0332 
0.0203 
0.0141 

(b) 
Cd 

3.708 
— 
— 
0.7535 
— 
0.4862 
0.3144 
0.1826 
0.1220 
-
— 
— 
— 
-

(c) 
Cd 

3.64 
2.20 
1.36 
0.748 
0.581 
0.483 
0.316 
0.188 
-
0.0731 
0.0502 
0.0341 
0.0206 
0.0141 

(d) 
Cd 

3.79 
-
-
0.773 
-
0.504 
0.323 
0.187 
0.123 
-
-
-
-
— 

Table 9.2. Comparison of calculated drag coefficients with experimental data [28]. 

R 

11.93 
20.00 
34.9 
40.08 
60.3 
102.5 
219.1 
340.0 
483.0 

Cd 
(Experi­
mental) 

0.668 
0.500 
0.364 
0.300 
0.243 
0.177 
0.1073 
0.0872 
0.0702 

Cd 
(Computed) 

0.681 
0.485 
0.360 
0.316 
0.239 
0.187 
0.113 
0.0912 
0.0725 

X = : X'/'e' 

R 

640.0 
993.0 
1050.0 
1143.0 
1336.0 
1542.0 
2133.0 
2335.0 

( ! ) 

Cd 
(Experi­
mental) 

0.0620 
0.0460 
0.0458 
0.0450 
0.0417 
0.0391 
0.0313 
0.0304 

Cd 
(Computed) 

0.0653 
0.0491 
0.0470 
0.0442 
0.0391 
0.0356 
0.0316 
0.0297 

(9.5.3) 

The grid in x/L is chosen in such a way that Uc changes very slowly from its 
zero value at the trailing edge of the flat plate with length L. 

Figure 9.5 shows the variation of the centerline velocity in the wake close 
to the trailing edge at several Reynolds numbers. The symbols that denote the 
grid distribution used in the wake region for each Reynolds number indicate 
that step sizes in the streamwise direction are rather small, and they become 
even smaller with increasing Reynolds number. 

Figure 9.6 shows the variation of the ratio of the computed / ^ to the Blasius 
/ ^ value of 0.332 as this ratio increases smoothly from unity to its value at the 
trailing edge. These computed values are in excellent agreement with those 
reported by Jobe [26]. 
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Table 9.1 shows a comparison between the drag coefficients computed with 
the present computer program and those given by Dennis [27], Dennis and 
Chang [18] and Dennis and Dunwoody [19], as well as those predicted by the 
following equation 

1.328 1.694 ^^ ^ ^, 

given by Jobe [26] for Reynolds numbers ranging from i? = 1 to 10,000. The drag 
coefficients with the computer program were obtained from twice the momentum 
thickness of the far wake velocity profile. As can be seen, the agreement is 
remarkably good. 

9.6 Applications of the Interactive Boundary-Layer Method: 
Airfoils 

In [2], an extensive evaluation of the interaction procedure described in Section 
9.3 was conducted for aerodynamic flows. With a combination of inviscid and 
inverse boundary-layer methods and methods for predicting the onset of tran­
sition, calculations were performed for single and multi-element airfoil flows, 
wing and multiwing flows, all with and without compressibility effects, for a 
wide range of Reynolds numbers and angles of attack, including stall and post 
stall. Comparison of the calculated results indicated good agreement with ex­
perimental data and showed that this interactive procedure is an accurate and 
efficient approach for calculating aerodynamic flows. 

In this section, we first present a brief description of the solution procedure 
used in the interactive method for incompressible flow over airfoils before we 
present results for a sample of single airfoil flows at high (subsection 9.6.1) and at 
low (subsection 9.6.2) Reynolds numbers and multielement airfoils (subsection 
9.6.3) obtained with this method [2]. 

The calculation method described in Chapters 2 to 4 of [2] for two-dimen­
sional incompressible flows uses the Hess-Smith panel. Program 4, to obtain the 
external velocity distribution for the specifled airfoil geometry and to identify 
the airfoil stagnation point. 

The inverse boundary-layer method obtains solutions on the upper and lower 
surfaces from the stagnation point. If the onset of the transition location is not 
specified, the laminar flow solutions are used to calculate the transition loca­
tion by using either Michel's formula, Eq. (5.4.1), or the e^-method described 
in subsection 5.4.2. As discussed in Section 5.4, when the Reynolds number is 
high and the angles of attack are low to moderate, the onset of transition oc­
curs before the flow separation point, and the extent of the transition region is 
confined to a relatively small region. In this case, it is satisfactory to determine 
the onset of transition from Eq. (5.4.1) by calculating local Reynolds numbers 
based on momentum thickness, RQ, and surface distance from the leading edge. 
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Rx^ at each chordwise station. Initially the computed Reynolds numbers in the 
coordinates of RQ and Rx are always beneath the transition curve, and if tran­
sition occurs, then the calculated R^ and Rx values will be over this curve. The 
onset of transition is then determined by interpolating the last values of RQ and 
Rx and the first high values of RQ and Rx which intersect the transition curve. 
Sometimes, however, especially at higher angles of attack, before transition lo­
cation can be computed with this procedure, laminar separation takes place. In 
that case, the separation location may be assumed to correspond to the onset 
of transition. 

When the Reynolds number is low and the angles of attack are low to mod­
erate, it is necessary to use the e^-method. Of course, this method can also be 
used when the Reynolds number is high. In either case, the computed lami­
nar velocity profiles are analyzed with the linear stability method and growth 
rates are determined for different physical frequencies as described in Chapter 
5. Transition is assumed to take place when the integrated amplification factor 
reaches to an n-value between 8 and 10. At higher angles of attack, as in the 
case of high Reynolds number flows, the prediction of the onset of transition 
with the e'^-method must be replaced with the assumption that the onset of 
transition corresponds to the separation location. 

Once the onset of transition location is known, the viscous flow solutions are 
obtained for both laminar and turbulent flows on the airfoil and in the wake, 
with calculations taking place separately on the upper and lower surfaces of the 
airfoil and wake. For a given external velocity distribution, these calculations are 
repeated. Each boundary-layer calculation, starting at the stagnation point and 
ending at some specified ^-location in the wake is called a sweep. In sweeping 
through the boundary-layer, the right-hand side of Eq. (9.4.5) uses the values 
of 5* from the previous sweep when j > i and the values from the current 
sweep when j < i. Thus, at each ^-station the right-hand side of Eq. (9.4.5) 
provides a prescribed value for the linear combination of Ue{C) ^^^ <̂ *(<̂ )̂-
After convergence of the Newton iterations at each station, the summations of 
Eq. (9.4.5) are updated for the next ^-station. Note that the Hilbert integral 
coefficients Cij discussed in Section 9.4 have been computed and stored at the 
start of the boundary-layer calculations. 

At the completion of the boundary-layer sweeps on the airfoil and in the 
wake, boundary-layer solutions are available on the airfoil and in the wake. The 
blowing velocity on the airfoil vi, is computed from Eq. (9.3.1) and a jump in 
the normal velocity component Avi in the wake is computed from 

Avi = -^iu,6:) + £iue6t) (9.6.1) 

and they are used to obtain a new distribution of external velocity u^{x) from 
the inviscid method. As before, the onset of transition location is determined 
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Fig. 9.7. Wake effect on (a) flow separation and (b) displacement thickness - NACA 0012 
airfoil. —, with wake; , without wake. 

from the laminar flow solutions and the boundary-layer calculations are per­
formed on the upper and lower surfaces of the airfoil and in the wake by making 
several specified sweeps. This sequence of calculations is repeated for the whole 
flowfield until convergence is achieved. 

9.6.1 Airfoils at High Reynolds Numbers 

In performing calculations for airfoils, either at high or low Reynolds numbers, 
it is usually sufficient to neglect the wake effect and perform the calculations 
on the airfoil, provided that there is no or little flow separation on the airfoil. 
With flow separation, the relative importance of including the wake effect in the 
calculations depends on the flow separation as shown in Fig. 9.7. Figure 9.7a 
shows the computed separation locations on a NACA 0012 airfoil at a chord 
Reynolds number, iJc of 6 x 10^. When the wake effect is included, separation 
is encountered for angles of attack greater than 10°, and attempts to obtain 
results without consideration of the wake effect lead to erroneously large regions 
of recirculation that increases with angle of attack, as discussed in [2]. 

Figure 9.7b shows that the diflFerence in displacement thickness at the trailing 
edge is negligible for a = 10° but more than 30% for a — 16°. Since the viscous 
effects are introduced into the panel method through the blowing velocity and 
off-body Kutta condition, both of which involve (5*, the accuracy of the inviscid 
flow depends on the accuracy of determining ^* everywhere in the flowfield, 
especially at the airfoil trailing edge and in the wake. 

Results for the NACA 0012 airfoil, with calculations including the wake 
effects, are shown in Figs. 9.8 to 9.10 with Figs. 9.8 and 9.9 corresponding to a 
chord Reynolds number of 3 x 10^ and Fig. 9.10 to Reynolds numbers of 6 x 10^ 
and 9 x 10^. Figure 9.8 shows the variation of the lift and drag coefficients of 
the NACA 0012 airfoil for a chord Reynolds number of 3 x 10^. As can be seen 
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0.040 r 
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Fig. 9.8. Comparison between calculated {solid lines) and experimental values {symbols) 
of: (a) d vs a, and (b) Cd vs d. NACA 0012 airfoil at i?c = 3 x 10^ 

from Fig. 9.8a, viscous effects have a considerable effect in reducing the (Q)max 
of the airfoil, which occurs at a stall angle of around 16°, and the calculated 
results agree well with measurements [2]. 

Figure 9.8b shows the variation of the drag coefficient with lift coefficient. 
As can be seen, the measurements of drag coefficients do not extend beyond 
an angle of attack of 12 degrees and at smaller angles agree well with the 
calculations. The nature of the lift-drag curve is interesting at higher angles 
of attack with the expected increase in drag coefficient and reduction in lift 
coefficient for post-stall angles. 

Figure 9.9 shows the variation of the local skin-friction coefficient Cf and 
dimensionless displacement thickness 6* /c distribution, for the same airfoil at 
the same Reynolds number. As can be seen from Fig. 9.9a, flow separation 
occurs around a = 10° and its extent increases with increasing angle of attack. 
At an angle of attack a = 18°, the flow separation on the airfoils is 60% of the 
chord length. 

The variation of dimensionless displacement thickness along the airfoil and 
wake of the airfoil shown in Fig. 9.9b indicates that, as expected, displacement 
thickness increases along the airfoil, becoming maximum at the trailing edge, 
and decreases in the wake. For a = 10°, ^* at the trailing edge is around 2% 
of the chord, becoming 4% at a == 14° and 6% at a = 16°. With increase in 
angle of attack, the trailing-edge displacement thickness increases signiflcantly, 
becoming 8% of the chord at a = 17° and 14% at a = 18°. However, what is 
quite interesting, aside from this rather sharp increase in displacement thickness, 
is the behavior of the maximum value of the displacement thickness. While for 
angles of attack up to and including stall angle, a — 16°, its maximum value is 
at the trailing edge, at higher angles of attack corresponding to post-stall, its 
maximum is after the trailing edge. 
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Fig. 9.10. Effect of Reynolds number on the lift coefficient. NACA 0012 airfoil at (a) 
R^ = 6x 10^ and (b) Re = 9 x 10^. 

Figure 9.10, together with Fig. 9.8, shows the effect of the Reynolds number 
on the lift coefficient. In accord with the measurements, the calculation method 
satisfactorily accounts for the effects of Reynolds number. The results show 
that the maximum lift coefficient, (Q)max increases with increase in Reynolds 
number in agreement with measurements. 

9.6.2 Airfoils at Low Reynolds Numbers 

The behavior of airfoils at low Reynolds numbers differs from those at high 
Reynolds numbers in that rather large separation bubbles can occur some way 
downstream of the leading edge with transition taking place within the bubble 
prior to reattachment. The length of the bubble increases with a decreasing 
Reynolds number and strongly influences the performance characteristics of the 
airfoils. 
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H 

5.0 10.0 15.0 20.0 
a 

Fig. 9 .11. Variation of lift coeffi­
cient of the NACA 0012 airfoil at 
two Reynolds numbers. 

The calculation method described in the previous subsection can also be 
applied to low Reynolds numbers airfoils with the onset of the transition location 
computed with the e^-method since Eq. (5.4.1) is not applicable to flows with 
separation. The e^-method, however, is used only for low to moderate angles 
of attack since, as in high Reynolds number flows where the transition location 
is very close to the leading edge, it is not possible to calculate the onset of 
transition with the e^-method. For this reason, the onset of transition is assumed 
to correspond to the location of laminar flow separation. 

Figure 9.11 shows the variation of the Uft coefficient of the NACA 0012 airfoil 
for a chord Reynolds number of 2 x 10^ together with the results obtained at 
i?^ z= 3 X 10^. As can be seen, the Reynolds number has a significant effect, not 
only on the value of the maximum Uft coefficient but also on the stall angle. 
With this change in Reynolds number, the (Q)max is reduced from a value of 
1.5 to a value slightly over 1. The corresponding reductions in angle of attack 
are from 16° to around 11°. 

Figures 9.12 and 9.13 show a comparison between calculated and measured 
results for the Eppler airfoil which is a low-drag airfoil. In the experimental data 
[2], the measured turbulence level was 0.06% for a total pressure Pt — 15 psi, 
which according to Eq. (5.4.6), corresponds to a value of n = 9.4 and was used 
in all the calculations presented below. 

Figure 9.12 presents a comparison between measured and calculated dis­
tributions, pressure coefficients and local skin-friction coefficients for angles of 
attack of 0°, 4° and 8°. As can be seen, at lower angles of attack, the separation 
bubble is long and located away from the leading edge, and becomes smaller 
with increasing angle of attack as the separation bubble moves towards the 
leading edge. 
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Fig. 9.14. NLR 7301 airfoil with flap. 

Figure 9.13 shows a similar comparison for the lift and drag coefficients up 
to the stall angle. In general, the calculated results agree remarkably well with 
the measured ones. 

Further details of the results shown in Figs. 9.12 and 9.13 are presented in 
Table 9.3. The calculated values of the chord wise location of laminar separation 
(LS), turbulent reattachment (TR), and the onset of transition are given for 
several angles of attack. 

The experimental results of this table are subject to some uncertainty be­
cause of difficulties associated with the surface visualization technique. With 
this proviso, comparison between measured and calculated values must be con-

Table 9.3. Experimental and calculated chordwise laminar separation (LS), and turbulent 
reattachment (TR), and transition locations on the upper surface of the Eppler airfoil for 

a 

- 2 
0 
2 
4 
5 
6 

LS 

0.56 
0.51 
0.46 
0.415 
0.40 
0.39 

Calculated 

{x/c)tr 

0.748 
0.688 
0.624 
0.564 
0.526 
0.467 

TR 

0.835 
0.785 
0.716 
0.65 
0.60 
0.52 

Experiment 

LS TR 

0.53 0.80 
0.48 0.74 
0.43 0.67 
0.40 0.62 
0.38 0.59 
0.37 0.55 
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sidered outstanding. It should be noted that when there is a separation bubble, 
the transition location obtained from the e^-method occurs within the bubble 
in all cases, and, in accord with experimental observation, leads to reattachment 
some distance downstream. 

9.7 Applications of the Interactive Boundary-Layer Method: 
Multielement Airfoils 

The calculation method of the previous two subsections has also been applied 
to high-lift flows, this time by computing the inviscid flow with a multielement 
panel method and accounting for the viscous effects with a procedure similar to 
that used for single airfoils. A detailed description of the calculation method is 
given in [2]. 

Figures 9.15 and 9.16 show a comparison of calculated and experimental 
results for the airfoil/flap configuration of Van den Berg and Oskam (Fig. 9.15) 
which corresponds to a supercritical main airfoil (NLR 7301) with a flap of 32% 
of the main chord at a deflection angle of 20 degrees and with a gap of 2.6% 
chord [29]. Measurements of surface pressure and velocity profiles were obtained 
at a chord Reynolds number of 2.51 x 10^ and for angles of attack of 6 and 13.1 
degrees, the latter recognized as the highest angle which corresponded to fully 
attached fiow. Lift coefficients were deduced for five angles of attack. 

Figures 9.15a and 9.15b show a comparison between measured and computed 
pressure distributions at a = 6° and 13.1°, respectively. The results for a = 
13.1° confirm the absence of separation and the calculated lift coefficients of 
Fig. 9.16 show very good agreement with measurements at low angles of attack. 
While some discrepancies exist at higher angles of attack, the stall is predicted 
accurately. It is believed that these discrepancies are due to the merging of the 

-c. 
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Fig. 9.15. Calculated and measured pressure distributions for the NLR 7301 airfoil with 
flap (a) a = 6°, (b) a = 13.1°. 
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Fig. 9.16. Calculated and measured 
lift coefficients for the NLR 7301 air­
foil with flap. 

Fig. 9.17. NACA 4412/4415 airfoil/flap configuration. 
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Fig. 9.18. Results for the NACA 4412/4415 airfoil/flap configuration at a = 2.2°. (a) 
calculated and measured pressure distributions, and (b) boundary-layer growth. 

airfoil shear layer with the boundary-layer on the upper surface of the flap which 
was not considered in the calculation method. 

Figure 9.18 shows the results for a two-element airfoil with an NACA 4412 
profile for the main element and an NACA 4415 flap profile deflected by 10 
degrees which Olson and Orloff tested at NASA Ames [30] (Fig. 9.17). The 
freestream Mach number was 0.06 and the chord Reynolds number 1.3 x 10^. 
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Table 9.4. Measured and computed lift coefficients for 
the NACA 4412/4415 configuration. 

Main element Flap Total 

Calculated 1.6979 0.2417 1.9396 
Measured 1.69 0.22 1.91 

The pressure distribution was obtained at a = 2.2°. Figure 9.18a indicates a 

reasonably good agreement between the computed and measured pressure dis­

tributions. The transition location on the upper surface of the main element 

was computed at x/c — .186 and on the upper surface of the flap at xjc — .63. 

Table 9.4 shows a comparison of the measured and computed lift coefficients 

for each element. The lift coefficient for the main airfoil is computed accurately. 

However, there exists some discrepancy on the flap, which suggests that the 

merging of the shear layers, shown in Fig. 9.18b and not modeled in the calcu­

lation of [2], has an influence on the flow field computation. Overall, however, 

the calculated results agree well with the measurements. 
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Problems 

9-1 . To discuss the concept of displacement thickness used to account for the 
viscous effects in inviscid flow methods, let us refer to Fig. P9.1 which defines the 
real flow (with viscous effects) and an equivalent fictitious inviscid flow defined 
as a continuation of the inviscid fiow in the boundary-layer. Assume that for 
y > 6^ both flows are the same. In particular, along the line y = S, assume that 
the values of Ve and Ue are same in both flows. Assume also that the inviscid 
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V = 5 
V = 5 

v = 8 

Fig. P 9 . 1 . (a) Real and (b) equivalent inviscid fictitious flows. 

fictitious flow is on a surface y = 6* and the flow is such that Ue is constant 
along a normal to the wall between y = 6* and y < 6 

(a) Using the continuity equation for the real flow, show that the velocity Ve at 
the edge of the boundary-layer is 

Jo 
du 

dx 
dy 

A. 
dx 

/ {ue - u)dy 
Jo 

) 
dx 

(P9.1.1) 

(b) Using the continuity equation for the equivalent inviscid fictitious flow, show 
that the velocity Ve along the line y = 6 is 

(P9.1.2) 

Hint: Note that the ^/-component velocity along the hue y = 6* is Ue^. 

(c) Deduce that ^* is defined as 

r6 

Jo 
1 dy 

ti^^m 

V = 5 
y = 5 

y = 0 

Vb(x) 

Fig. P9 .2 . (a) Real and (b) equivalent inviscid fictitious flows. 
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9-2. To discuss the concept of blowing velocity which is appHed to inviscid flow 
methods in order to account for the viscous effects, let us consider Fig. P9.2 
which is similar to Fig. P9.1. This time we assume that the fictitious flow is 
such that Ue is constant along a normal to the wall between y = 0 and y — 6. 

(a) Using the continuity equation for the equivalent inviscid fictitious flow, show 
that the velocity Ve along the line y = 6 \s 

^due 
Vb dx 

(b) With Ve given by (P9.1.2) deduce that V}){x) is given by Eq. (9.3.1). 

9-3. The concept of blowing velocity for two-dimensional flows can also be 
extended to three-dimensional flows by the following expression for an incom­
pressible steady flow 

^b 
1 d d 

^—(h2Ue sin 66*) + -—-(hiWe sin 95* 
ox oz 

(P9.3.1) 
hih2sin6 

To derive this equation consider again a fictitious flow defined as a continuation 
of the inviscid flow in the boundary-layer. Denote the velocity components of 
the fictitious flow by u*, v* and w* where u* and w* are equal to Ue and We. The 
normal velocity component v* is given by the continuity equation, Eq. (7.2.19), 
for the flctitious flow 

—L—J-{u*h2sme) + \ ^(nj*h,sme) + ^ ^ 0 (P9.3.2) 
nin2Sind OX hih2 sm 6 oz oy 

(a) Integrating the above equation with respect to y from y = 6 and noting that 
u* = Ue and w* = We, show that 

{y-s) 
^*(i/) = < -^ hih2sinO 

where v^ is the value of v* at y = 6. 

d d 
— {ueh2 sin 6̂ ) + ^ {wehi sin 9) (P9.3.3) 

(b) The matching condition between the external flow and boundary-layer is 

where Ve is calculated from the continuity equation, Eq. (7.2.19). Assuming 
that the boundary-layer develops on an impermeable wall {v^ = 0), integrate 
Eq. (7.2.19) and show that 

Uehih2sin9 

y 

''*^^^ - ^ ^^{ueh2 sin961) ^ -^{wehi sin961] 
ox oz 

Id d 
——-—:—- —- {ueh2 sin 9) ^ —- {wehi sin 9) 
Uehih2S\n9 \_ox oz 

(P9.3.4) 
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The value of v*{y) in the above equation is the boundary condition that must 
be applied to the fictitious inviscid flow at a distance y from the wall in order 
to account for the boundary-layer effects on inviscid flow. 

(c) Using the definition of the displacement surface A, Eq. (P7.11.1), and taking 
^ = A in Eq. (P9.3.4), show that 

v*{A) _ 1 dA w^J_dA^ 
Ue hi dx Ue h2 dz 

This equation shows that the surface 7/ = A is a stream surface of the fictitious 
inviscid flow. In other words, the boundary-layer effects are accounted for if the 
fictitious inviscid flow is calculated around a body obtained by displacing the 
real body surface over a distance A. 

(d) If the boundary condition is applied to the fictitious inviscid flow at the 
wafl, show that ^'*(0)[= viy] is given by Eq. (P9.3.1). 

9-4. To study the properties of an integral method (for two-dimensional incom­
pressible steady turbulent flows) based on the solutions of the global continuity 
[Eq. (P3.9.1)] and momentum [Eq. (3.3.10)] equations, let us assume that the 
entrainment coefficient CE{= VE/ue) and local skin-friction coefficient Cf are 
known functions of H and RQ. Let us also assume that if*[= {6 — 5*)/^] is a 
function of H given by 

^^^aH_^ a = 0.631 (P9.4.1) 
H — 1 

(a) Express Eqs. (P3.9.1) and (3.3.10) as a system S of two equations where 
the derivatives are dS* /dx^ dO/dx and due/dx. 
Hint: Differentiate 

(5 - 5* - eH"" (P9.4.2) 

and write it in 

and 

l < * 
the form 

- 6*) = W 

> 

dx 

-S*) 

+ 0H*' 

= {H* 

d 
dx (j. 

HH* 

) • 

, de 
'dx 

H*' = 

+ H* 

dH* 
' dH 

,d6* 
dx 

(P9.4.3) 

(P9.4.4) 

(b) Assume that Ue{x) is known. System 5 is a system for d6*/dx and dO/dx. 
Analyze the determinant A of this system as a function of H. 

(c) Write an equation for dH*/dx from Eqs. (P3.9.1) and (3.3.10). Show that if 
there exists a point x — Xg for which A = 0, the derivative dH""/dx at this point 
is not zero in general. Deduce that it is not possible to integrate Eqs. (P3.9.1) 
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and (3.3.10) beyond x = x^, where Xg represents the x-location corresponding 
to boundary-layer separation. 

(d) Assume ^* is known. System 5 is a system for dO/dx and due/dx. Analyze 
the determinant A' of this system as a function of H and show that A' is never 
null. This way of solving the boundary-layer equations is called the inverse 
approach. 

9-5. An integral method based on the solutions of Eqs. (P3.9.1) and (3.3.10) 
can be used to calculate flow in a plane difl!"user, assuming that the core of the 
flow is an inviscid one-dimensional flow. 

(a) Assuming that the entrainment coeflScient CE and local skin-friction coef-
flcient Cf are known functions of H and RQ^ and if* is related to H by Eq. 
(P9.4.1), show that Eqs. (P3.9.1) and (3.3.10) can be written as 

( F * - HH^')^ + i / * ' ^ + S_-^dMe ^ ^^ ^pg^^^ 
dx dx Ue dx 

dl^,H + 2d^^c^ (P9.5.2) 
dx Ue dx 2 

where 
, _ dH* _ aH^-2aH-l 

(b) With 2h denoting the total height of the diffuser and the function h{x) 
known, assume that the velocity in the inviscid core Ue is constant in a cross-
section of the diffuser. Show that the conservation of mass flow in the diffuser 

Ue{h-6*) = cst (P9.5.4) 

can be written as 

dS"^ /7 r^^due dh ^ .^^ ^ .̂ 
- Ue-— + (/l - ^ ) ^ + Ue— = 0 (P9.5.5) 

dx dx dx 

(c) The calculation of flow in a diffuser with this integral method consists of 
solving the following system of differential equations 

{H* - HH*')^ + H*'^ + ^ ^ ^ = c^ (P9.5.6) 
dx dx Ue dx 

dJ_^^H + 2d^^c^ (P9.5.7) 
dx Ue dx 2 

rf^* ,, c^^due dh . 
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In the above system, the unknowns are d6* /dx^ dO/dx and due/dx. Show that 
the determinant of this system is zero when 

with 

n^j == ^^^7 

(d) Study the function f{H) and deduce that the system is non-singular if 
h/e < 28.9. 

(e) In Problem 9.4 the boundary-layer separation occurs at a location where 
H^* — 0. In the present problem this location is not singular (if h/0 < 28.9). 
The reason is that the coupling between the boundary-layer and the inviscid 
flow is taken into account. Note that the restriction h/9 < 28.9 is partly due 
to the assumed shape of the function H*{H) and also to the hypothesis that 
the inviscid core velocity is constant in a cross-section. When the height of the 
diffuser is too large compared to the boundary-layer, the coupling between the 
inviscid flow and the boundary-layer is no longer eff'ective to avoid the singular 
behavior of boundary-layer equations at separation. 

9-6. As discussed in Section 9.1, Goldstein studied the structure of the solutions 
of the boundary-layer equations downstream of a point XQ where the velocity 
profile is known. 

In his study, all the quantities are dimensionless. Reference quantities are 
^, uo^ p, ly. The Reynolds number is i? = uoi/u. The quantities x, ?/, u^ v^ and 
p are nondimensional quantities, the reference quantities being respectively ^, 
i/R'/\ uo, ^ , pul 

(a) Show that the boundary-layer equations can be written as 

P + '^=0 (P9.6.1) 
OX oy 

du dv _ dp d'^u 

dx dy dx dy'^ 

(b) Assume that the velocity profile at point XQ can be written in the form 

u = aiy-i- a2y^ + asy^ + . . . (P9.6.3) 

and satisfies the boundary condition u = 0 dit y = 0. Also assume that the pres­
sure gradient can be written in the form 

- 3 ^ = Po^Piix - xo)^P2{x - xof + . . . (P9.6.4) 
ax 
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By introducing the above relations into Eqs. (P9.6.1) and (P9.6.2) show that 

2a2 + po = 0, as = 0, ai — 24a4 = 0, 
2 , „ ^ . ' - (P9^6.5) 
- a i — 20a5 = 0 
3 ax 

(c) By differentiating the boundary-layer equations with respect to x, show that 

2 ^ + P i = 0, ^ = 0 (P9.6.6) 
ax ax 

(d) Show that 

2a2 + po =- 0, as = 0, 5!a5 + 2aipi = 0 (P9.6.7) 

the coefficients a i , a 4 , . . . are free. Notice that the pressure gradient and there­
fore the coefficients pi are prescribed. 

Conditions given by Eq. (P9.6.7) are called compatibility conditions. If these 
conditions are not satisfied, singularities occur if we want to obtain the solutions 
of boundary-layer equations for x > XQ. The relations given by Eq. (P9.6.7) 
introduce severe constraints. Goldstein studied the behavior of the solutions if 
these compatibility conditions are not satisfied. A particular case arises if ai = 0; 
it corresponds to the boundary-layer separation. Show that the compatibility 
conditions in this case are 

2a2 + po = 0, as = 0, a4 = 0, a^ = 0, 
(P9.6.8) 

6!a6 = 2poPi, ^7 = 0, ag = 0 

The coefficients as, ai2, aie, a2o, • • • are free. 
In general, all these compatibility conditions are not satisfied. Goldstein 

assumed that the condition 2a2 + po = 0 is satisfied but the other conditions 
did not. Show that 

ai = ^ 4 8 a 4 ( x - x o ) (P9.6.9) 

and deduce that dai/dx is infinite at x = XQ. If the solution exists upstream 
of XQ, coefficient a4 is negative. Then the solution is not possible downstream 
of XQ. This behavior is known as Goldstein's singularity. Goldstein confirmed 
this conclusion by studying in great details the structure of the solution in the 
neighborhood of separation. The fundamental reason for this behavior is that 
the pressure gradient is prescribed. To overcome the singularity, Catherall and 
Mangier proposed the inverse boundary-layer methods. 

9-7. The behavior of the fiow past a solid wall at high Reynolds numbers can 
be studied by applying the SCEM to Eqs. (9.2.2a) to (9.2.2c). The expansion 
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for the outer flow is given by Eq. (9.2.4) and Euler equations are given by Eqs. 
(9.2.5). To account for the presence of the wall, it is assumed that 

U = ui{x,y,e)-\-Ui{x,Y,e) + '" (P9.7.1a) 

V = vi{x,y,e) + 6{E)VI{X, F , £ ) + • • • (P9.7.1b) 

where the order function 8{E) is not known. 

(a) Using the expansion given by Eqs. (P9.1) derive the continuity equation 
and show that this equation is not trivial \i 6 — e. 

(b) With the pressure expanded in the form 

V = pi (x, y, e) + A(£)Pi (x, F, e) (P9.7.2) 

derive the ^-momentum equation and show that the best choice for A is 
A = 6:̂  (Examine three possibilities i) A much larger than e^, ii) A much 
smaller than e^, iii) A = ^'^). 

9-8. Apply a uniformly valid approximation given by Eqs. (9.2.6a)-(9.2.6c) to 
Eqs. (9.2.2a)-(9.2.2b) and write 

(a) the continuity and the x-momentum equations for Ui and Vi by neglecting 
terms of order e^ in the momentum equation. 

(b) Let 

u — ui + Ui 

V = vi^ eVi 

and write the continuity and x-momentum equations obtained above in 
terms of u^ ui^ v^ vi. 

9-9. From Eqs. (9.2.10), it can be shown that one boundary condition in the 
IBL theory is 

lim {v-vi)^Q (P9.9.1) 

Write the continuity equation for v and vi and show that this condition requires 

"" ' ^ ^ ^ ^ ' (P9.9.2) ^10 = -r 
ax 

/ {ui - u) dy 
Jo 

where t'lo is the value of vi at the wall {y = 0). Interpret the result. 
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Conservation Equations 
for Mass, Momentum 
and Energy 

10.1 Introduction 

In Chapters 2 and 3, we discussed the continuity and momentum equations for 
incompressible flows. Here, we extend the discussion to compressible flows. If 
the typical temperature difference in a gas flow is an appreciable fraction of 
the absolute temperature, the typical density difference will be an appreciable 
fraction of the absolute density, and the density appearing in the velocity fleld 
equations discussed in the previous chapters can no longer be taken as constant. 
Instead, the conservation equations for momentum and energy must be solved 
simultaneously since they are coupled, i.e., density appears in the momentum 
equations and is linked through an equation of state to the dependent variable 
of the energy equation. 

In this chapter we briefly discuss the conservation equations for mass, mo­
mentum and energy equations (Sections 10.2 and 10.3) before we discuss the 
inviscid flow equations (Section 10.4) and boundary-layer equations in differen­
tial (Section 10.5) and integral (Section 10.6) forms. 

10.2 Navier-Stokes Equations 

For compressible flows, the Navier-Stokes equations are similar to those given 
by Eqs. (2.2.1) and (2.2.2) for incompressible flows. Since the fluid properties 
now also vary with temperature, the continuity and momentum equations are 
coupled to the energy equation, and the solution of the energy equation provides 
the temperature distribution in the flow field. These equations are discussed in 
some detail in several references, see for example [1], and are summarized below 
for an unsteady compressible three-dimensional flow in a Newtonian fluid. 
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The continuity equation is 

dp 

dt 
+ V • /9F = 0 (10.2.1a) 

or 

Dt ^ 

For a Cartesian coordinate system, it becomes 

dp dpu dpv dpw 

dt dx dy dz 

(10.2.1b) 

(10.2.2a) 

or in tensor notation 

dp^ ^ dpv4 ^ Q 
dt dxj 

(10.2.2b) 

The momentum equations are 

p— = -Vp + V'(j + pf (10.2.3) 

For a Cartesian coordinate system, in tensor notation, the momentum equa­
tions can be written as 

dui dui __^ ^ , ^ dp dcjij 
dt '^ dxj dxi dxj + Ph (10.2.4a) 

or, using the continuity equation 

dpUi dpujUi dp ddij 

dt dxn dxj dxj + Ph (10.2.4b) 

Eq. (10.2.4a) is identical to Eq. (2.2.5) provided that, with 6ij denoting the 
Kronecker delta function {6ij — I'lii — j and 6ij = 0 if z 7̂^ j ) , the viscous stress 

tensor aij is written as 

(Jij = p 
duj duj \ 2 ^ du 

+ ^ii 
^k 

dxj dxi J 3 dxk 
(i,j,fc = 1,2,3) (10.2.5) 

The components of the viscous stress tensor aij follow from Eq. (10.2.5) 
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_ 2 (r.du dv dw 

2 / dv du dw 

2 (^dw du dv\ 

f du dv^ 

f dw du 

f dv dw 

(10.2.6) 

^xy — ^ yx 

a xz — ^ zx 

"yz 'zy 

The energy equation can be written in terms of specific enthalpy h 

Dh ^ ^ Dp ^ 

or in terms of total enthalpy H = h + as 

DH ^ -. dp „ 
P-RT = pf'V + -± + V' a-V -q 

Dt "^^ dt 

It can also be written in terms of internal energy e 

D ( \\V\\^\ ^ ^ , - . . 

\ e+p/p) 

(10.2.7) 

(10.2. 

(10.2.9) 

In Eq. (10.2.7), ^ represents the dissipation function given by 

or using Cartesian coordinates 

dui 
^ = a «j dxi 

The heat flux q is given by the Fourier law 

| = - f c V T 

where k is the coefficient of heat conductivity. 

(10.2.10a) 

(10.2.10b) 

(10.2.11) 



348 10. Conservation Equations for Mass, Momentum and Energy 

Equation (10.2.10b), when expanded, becomes 

^ = fi 

2 

du dv\^ f dv 

dy dxj V 9z dy J \dx dz J 

/du 

[dx 
dv\'^ /dv _dw\'^ fdn^_duy 

9yJ \dy dz J \dz dx) 
(10.2.12) 

This expression shows that ^ > 0, i.e. it corresponds to an increase of enthalpy. 
With Cartesian coordinates, in terms of tensor notation, the three forms of 

the energy equation are 

Dp 

9iJ 

dxj Dt 

dp d , . . 

(10.2.13a) 

(10.2.13b) 

(10.2.13c) 

It is useful to write the kinetic energy equation obtained by mutiplying the 
momentum equations with V 

D 
= pf.V + V- \V-{a-pI) 

which, in terms of Cartesian coordinates, can be written as 

D \\V\ 

Dt 
= pfjUj + U, 

da. «j 

dXj 

dp 

dxj 

(10.2.14) 

(10.2.15) 

Finally, we need an equation of state for the fluid to relate p, p and e. The 
commonest example is the perfect gas law 

p M 
(10.2.16) 

where 72. is the universal perfect gas constant {"R, = 8.3145 J • mol ^ • K ^) 
and M is the molar mass of the gas; for air, M = 0.02896 kg • mol"^ and 
7^ /^^=: 287.1 J - k g - i - K - ^ 

Fluid properties that appear in the above equations are density p, viscosity 
/i, specific heat at constant pressure Cp and thermal conductivity k. The latter 
appears in the energy equation through the laminar Prandtl number Pr defined 
as 

Pr = ^ (10.2.17) 
k 

For a perfect gas, the fluid property /i is function of temperature T only. The 
viscosity /i is usually obtained from Sutherland's law expressed as 
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/ i = /iOl 
T 1 + 5/r 
n 1 + s/To 

(10.2.18) 

where 

To = 273 K, 5 = 110,4 K, /io = 1.711 x 10"^ N • m" 

The density is given by the equation of state, Eq. (10.2.16). The specific heat 
at constant pressure Cp is assumed to be constant equal to 1005 J • kg~^ • K~^. 
The Prandtl number is a function of temperature assumed to be a constant 
evaluated at a given wall temperature; generally, the Prandtl number is taken 
equal to 0.72. 

10.3 Reynolds-Averaged Navier-Stokes Equations 

The equations given in the previous section for the conservation of mass, mo­
mentum and energy apply to turbulent flows as in incompressible flows provided 
the values of fluid properties and dependent variables are replaced by their in­
stantaneous values. As before, we express u^ '̂, w^ p by the sum of their mean 
iZ, v^ iD, p and fluctuating parts u'^ v'^ w' and p', Eq. (2.3.1), and the fluid 
properties /i and p by 

fj.^ fi-^ fj. P + P (10.3.1) 

Introducing these relations into the continuity, momentum and energy equa­
tions, after averaging, we obtain the Reynolds averaged Navier-Stokes equations 
(RANS) equations for three-dimensional compressible unsteady flows. 

dp d , ——r. 
0 (10.3.2) 

d_ 
dt 

d 

d 
dxi 

(pui + p'u'i) + -^^ I {puj + p'u'.)ui \^—Q^.+-Q^+Pfi + P'fi 
dp , daij -ry. 

+ { ^ [- (K«i + P'M + P'<^i)\ } 
d 

-{ph + pfh') + —- {puj + p'u'.)h 
dt dxi 

^^S"^+[L [-^p'''^^'+f"'""'^^'+'''^'''=^} 
d 

dxj 

dp dp 

(10.3.3) 

(10.3.4) 

where 
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aij = 2/i Sij 

dui 

a'ij = 2// l\{ 

I due 
3dxr{ 

. dxj dxi 

' ^'^ ~ 2 V 
dui 

dXj 

) 3dxe'' 

+ 
duj 

dxz -) 
(10.3.5) 

(10.3.6) 

(10.3.7) 

(10.3.8) 

If the flow is steady and two-dimensional, i.e. if the mean flow is steady and 
two-dimensional, the equations become 

d d 
— (p'U + p'u') -\- -^{pv -\- p'v') = 0 (10.3.9) 

+ 
da xy 
dy ^Pfx + PT:, 

+ 

+ 

r\ 

dx 

' d_ 

,dy 
-{pu'v^ -\- p'u'v' + p'u'v) (10.3.10) 

/ —r-7x dv . —;—, dv 
{pu + p'u')- + {pv + p'v')~- ^^ 

dp dayx dayy 

dx 
+ ^ + pfy + f''fy 

+ dy L 

—{pu'v' + p'u'v' + p'v'u 

{pv''^ + p'v'"^ + 'fhj'v)^ \ (10.3.11) 

ipu + ^u')- + ipv + p'v')- = - ^k-j + - [ k -

+ dx 
-[pu'h' + p'u'h' + p'h'u) V{ dy 

dp dp ^ 
+u^+v-^-{-^ + pe 

ox oy 

-{pv'h' + p'v'h' + p'h'v) 

(10.3.12) 

We note from the energy equation that, as in the momentum equations, addi­
tional terms appear on its right-hand side. These terms in curly brackets, which 
are the thermal analogs of the Reynolds-stress terms in momentum equations 
are the divergence of the so-called turbulent heat flux vector. 

1 0 . 4 I n v i s c i d F l o w E q u a t i o n s 

As in Section 2.4, the inviscid flow equations are again obtained from the Navier-
Stokes equations by neglecting the viscous terms. We have 
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^^+V-pV^O (10.4.1) 

P ^ - Pf- V p (10.4.2) 

The equation of state, Eq. (10.2.16), remains unchanged. The energy equation 
can also be written in terms of internal energy or enthalpy, 

D ( | |V| |2\ 
P ^ ( e + l l ^ j = p / . y - V . ( p l / ) (10.4.4a) 

p = —^ (10.4.4b) 
^ Dt Dt ^ ^ 

10.5 Boundary-Layer Equations 

As in Chapter 3, the Navier-Stokes equations for compressible flows can be 
reduced to the boundary-layer equations. The resulting equations for two-
dimensional axisymmetric and three-dimensional flows are given in the following 
three subsections. The equation of state, Eq. (10.2.16), remains unchanged. 

10.5.1 Two-Dimensional Flows 

For a two-dimensional steady, laminar or turbulent flow, the boundary-layer 
equations and their boundary conditions are 

^ + ^ = 0 (10.5.1a) 
OX oy 

y = 0, w = 0 , v^O, H = H^ (10.5.1d) 

y = 6, u^ue{x), H^He (lO.S.le) 

where 

pv ^ pv + p'v' (10.5.2a) 

r = ; , ^ - p t , V (10.5.2b) 
dy 

q = -k^^pv'h' (10.5.2c) 
dy 
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10.5.2 Axisymmetric Flows 

For an axisymmetric and two-dimensinal, steady, laminar or turbulent flow, the 
boundary-layer equations are 

where k denotes the flow index being unity for an axisymmetric flow and zero 
for a two-dimensional flow. The definitions in Eqs. (10.5.2a-10.5.2c) and the 
boundary conditions in Eqs. (10.5.1d)-(10.5.1e) remain the same. 

Again, the distance r from a point to the axis of symmetry is related to the 
radius TQ of the surface y = 0 hy Eq. (3.2.3). If the body radius is quite large 
in relation to the boundary-layer thickness, the variations of r with y can be 
neglected and we can take r = ro; the boundary-layer equations then become 

A ^ + | ^ = 0 (10.5.4a) 
TQ UX ay 

10.5.3 Three-Dimensional Flows 

For a body-oriented coordinate system (see subsection 7.2.3), the boundary-
layer equations for a steady, three-dimensional, laminar or turbulent compress­
ible flow are 

o o o 

-—-(puh2sm9) + ^—(pwhi sinO) + -^—('pvhih2sm6) = 0 (10.5.5) 
ox az oy 

u du w du du r,i 2 ^1 2 1 
p-j—TT- -^Pi—^r- +P^7^ pcotOkiu -\- pcsc8k2W -\- pkuuw 

hi ox ri2 oz oy 

__ csc^ 6 dp cot 9CSC9 dp drx (^(^^f{\ 
hi dx /z2 dz dy 

u dw w dw dw ni 2 /i7 2 7 
p^;—^ h P1—-T, h pv— pCOt9k2W + pCSCUkiU + pk2lUW 

hi dx /i2 dz dy 
cot 9 CSC 9 dp csc^ 9 dp drz ,.r. ^ ^\ 

= -K- TT-+ ^ (10.5.7) 
hi dx h2 dz dy 
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u dH w OH _dH 

hi dx /i2 dz dy 

= -T- [uTx + WTz + WTx COS 6 + UTz COS 0 — 6] 
dy 

(10.5.8) 

where the parameters fci, ^2, ku and ^21 are given by Eqs. (7.2.22) and (7.2.23) 
and 

(10.5.9) 

(10.5.10) 

pv 

Tx 

= pv -\- p' 
du 

dw 

v' 

pu'v' 

Tz == p.— pw'v' 
dy 

dT 
q — —k——h pv'h' 

dy 

The boundary conditions are 

y = 0 \ u = w = G^ V — Vwix^ 2:), 

F = i J . ( x , . ) o r ( ^ ) ^ = - ^ ^ . 

y = 6 : u = Ue{x, z), w = We{x, z), H = He 

(10.5.11) 

(10.5.12) 

(10.5.13a) 

(10.5.13b) 

10.6 Integral Equations 

The integral equations for a steady two-dimensional or an axisymmetric flow 
with negligible body forces are given below. 

10.6.1 Continuity Equation 

For an axisymmetric flow, the integral continuity equation is 

— [peUe{^r " ^*)] = PeUeTe 
' d6 Ve 

dx Ue_ 

where 

8r ^ / rdy 
Jo 

6*^ f'rU-J^' 
J o \ PeUe J 

)dy 

(10.6.1) 

(10.6.2) 

(10.6.3) 

If the boundary-layer thickness is much smaller than the body radius, 
Eq. (10.6.1) can be written as 
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dx 
{6 - (5*) + ((5 - (5* 

1 dUe 1 dpe 

Ue dx Pe dx To dx 

1 dr^ 

with 

Jo 

'0 

l - ^ ) d y 

d6_ 

dx Ue 

PeUe 

(10.6.4) 

(10.6.5) 

and ro is the distance of the body surface to the axis of symmetry. 
Using the flow index fc, Eq. (10.6.4) apphes to both axisymmetric {k — 1) or 

two-dimensional (fc = 0) flow. 
When the outer flow is isentropic, we have 

1 dpe 

Pe dx 

Mldue 
Ue dx 

(10.6.6) 

10.6.2 M o m e n t u m Equation 

For an axisymmetric flow, the integral momentum equation is 

where 

de_ 
dx 

H -\-2 due 1 dpe 

Ue dx pe dx J 
= ^0 -

Jo 
pu 

PeUe 

2 PeUl 

H = 

(10.6.7) 

(10.6.8) 

(10.6.9) 

(10.6.10) 

with 6* defined by Eq. (10.6.3). 
If tfie boundary-layer thickness is much smaller than the body radius, 

Eq. (10.6.7) becomes 

dB_ 

dx + ( 
H -\-2 due I dpe ^ 1 dr'^ 

u, e dx Pe dx TQ dx 
21 
2 

where 

Jo 
pu 

PeUe 
1 dy 

(10.6.11) 

(10.6.12) 

with 6* defined by Eq. (10.6.5). 
With the flow index fc, Eq. (10.6.11) applies to both axisymmetric (fc = 1) 

or two-dimensional (fc = 0) flow. 
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10.6.3 Energy Equation 

For an axisymmetric flow, the integral energy equation is 

- - [peUeHeAn] = ToQw (10.6.13) 

where 

Â= rr^^(^-l]dy (10.6.14) 
Jo PeUe \He ) 

If the boundary-layer thickness is much smaller than the body radius, 
Eq. (10.6.13) becomes 

dx 

where 

+ A// 
1 due 1 dpe 1 dr^ 

Ue dx pe dx TQ dx PeUeHe 
(10.6.15) 

^0 
'^^(^-Ady (10.6.16) 

With the flow index A:, Eq. (10.6.15) applies to both axisymmetric {k — 1) 
or two-dimensional {k = 0) flow. 
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Problem 

10-1. Another procedure for obtaining the conservation equations for turbulent 
flows is to use the mass-weighted-averaging procedure used by Van Driest [2] and 
Favre [3] as described in [4]. This procedure eliminates the mean-mass term p'u^j 

and some of the momentum transport terms such as ulp'u'- and p'u'^u'- across 
mean streamlines. We define a mass-weighted velocity 

Wi 

P 

where the bar denotes conventional time averaging and the tilde denotes mass-
weighted averaging. 
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1. Show that 

and similarly that 

pu[ = 0 

'ijh' = 0 

'pIP = 0 

2. Show that 

pUiUj = pUiUj + pu'-Uj 

puiH = puiH + pu\H lUI 

3. Show that 

and that 
PUWM'^ 

(PIO.1.1) 

(P10.1.2a) 

(P10.1.2b) 

(P10.1.3a) 

(PlO.l.Sb) 

(PIO.1.4) 

(PIO.1.5) pu'-H' = pu'-h' + Uipu'^j + 

4. Show that, if the body forces are neghgible, the ensemble averages of the 
continuity equation, momentum equation, energy equation and of the equa­
tion of state are 

dp d 

dpui dpuiUj 

0 

dt dxj 

dp ^ d 
dxj dxj 

Oij - pu'.u'^ 

(PlO.l .Ga) 

(PlO.l .Gb) 

dpH dpUjH dp 

dt dXn dt 

+ 
_d_ 

dxj 
UjG. i^ij Uipu'^u'- - pu'-h '?' 

Pu'jU'jU^ 

^-^l^ 
(PlO.l.Gc) 

(PlO.l.Gd) 



Two-Dimensional 
Compressible 
Laminar Flows 

11.1 Introduction 

In the discussion of incompressible laminar boundary layers in Chapter 4, it was 
assumed that the typical temperature difference in gas flow was a small fraction 
of the absolute temperature so that fluid properties such as density and dynamic 
viscosity were assumed to be constant. When this is not the case, it is necessary 
to solve the momentum and energy equations simultaneously together with the 
continuity equation. 

The discussion in Chapter 4 is extended to compressible flows and two use­
ful transformations are considered in Section 11.2. The first is the compressible 
version of the Falkner-Skan transformation discussed in subsection 11.2.1 for 
incompressible flows and the second a transformation that eliminates the depen­
dence of the equations on compressibility effects. Similar flows for compressible 
flows and the relation between compressible and incompressible laminar flows 
are addressed in Sections 11.3 and 11.4, respectively and are followed by non-
similar flows in Section 11.5. 

Sections 11.6 to 11.8 are devoted to boundary-layers flows with separation. 
Sections 11.6 and 11.7 discuss the effects of a shock wave in a shear layer, and 
Section 11.8 discusses a prescription for computing interactive flows with shocks. 

11.2 Transformations for Compressible Flows 

Again, as in incompressible flows, it is useful and desirable to express the gov­
erning equations in transformed variables before they are solved. In this sec­
tion we discuss two totally different types of transformation for this purpose. 
The flrst, used in simpler form in constant-property flow (subsection 11.2.1), 
is the Falkner-Skan transformation and is intended to reduce (but not usually 
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eliminate) the dependence of the equations on x. The second transformation 
(subsection 11.2.2), due to Illingworth [2] and Stewartson [3], is intended to 
eliminate the dependence of the equations on the Mach number, the ratio of 
wall temperature to freestream temperature, or other variable-property param­
eters. In fact, the effect of variable properties can be eliminated in only a few 
special laminar-flow cases, but both in laminar flow and in turbulent flow, a 
reduction of variable-property effect makes the remaining effects easier to cal­
culate. However, calculations can be done in primitive untransformed variables, 
although less efficiently. 

11.2.1 Falkner-Skan Transformation 

We define the compressible version of the Falkner-Skan transformation by 

1/2 
drj ( ^ ) -^dy, i;{x,y)^{pefieUex)'/yix,ri) (11.2.1) 

\UeXj Pe 

With the usual definitions of stream function 

d^ dip m o 9 ^ 

we use a procedure similar to that described in Sect. 4.2 and replacing — ^ 
term with P e ' ^ e ^ and omitting turbulence and body-force terms, we write the 
momentum and energy equations for a laminar flow as 

{hf')' + mrff" + m,[c - {ff] = x ( / ' | ^ - f'f^ , (11.2.3) 

{eS' + df'!")' + rmfS' = X ( / ' ^ - 5 ' g ) . (11.2.4) 

In the absence of mass transfer, the boundary conditions are 

w 

y = 6, u = Ue{x), H ^ He-

In terms of transformed variables these boundary conditions become 

^ = 0, / = 0, / = 0, 5 = 5 ^ ( x ) o r 5 ; = - ^ x ^ ^ , (11.2.5a) 

r] = rje^ / = 1, S^H/He = l. (11.2.5b) 

As before, in Eqs. (11.2.3), (11.2.4), and (11.2.5) the primes denote differenti­
ation with respect to 77, and f and S denote the dimensionless velocity and 
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total-enthalpy ratios, u/ue and H/He^ respectively. The other parameters 6, C, 
c, e, d, mi , m2, and i?^ are defined by 

b = C, C . ^ , c=^, d^^(l-l-), e = A, (n.2.6a) 
Pe/^e P He \ PTJ P r 

1 X d 
l + m 2 H — (pe/ie) ^ 2 = - ^ , i ? . = ^ . (11.2.6b) 

î p ax Ve 

11.2.2 lUingworth-Stewartson Transformation 

Because the Prandtl number of the fluid may assume a wide range of values, and 
because the viscosity-temperature relationship may vary greatly from one fluid 
to another, it is useful to consider a model fluid, for which Pr = 1 and for which 
there is a simple relationship between // and T. The Illingworth-Stewartson 
transformation used with these simplifications for the fluid properties, simplifies 
the form of the governing equations and allows us to study the solutions of 
compressible laminar boundary layers with and without heat transfer through 
the surface. Further, if the heat transfer through the surface is zero (adiabatic 
flow), the equations reduce to their incompressible form. 

We define the Illingworth-Stewartson transformation by 

dX^^^dx, (11.2.7a) 
^oo Poo 

dY^-^-^dy, (11.2.7b) 
^CXD Poo 

where a is the speed of sound and subscript (X) denotes again conditions at 
freestream. We also relate the dimensional stream function ^ to an incompress­
ible stream function F (X , Y) by 

V' = PocF. (11.2.8) 

Then, using the definition of stream function given by Eq. (11.2.2) and the 
relations given by Eqs. (11.2.7) and (11.2.8), and employing the usual chain 
rule for differentiation, we can write the momentum equation, Eq. (10.5.1b) 
for laminar flow without body forces, with primes denoting differentiation with 
respect to y , as 

dF^ _ dF 

dX dX 

-i/\2 ^ / ^6 \ , Pe ^oo ^ dUe 
-(Fj 

dX \aoQj p ae "" dX 

Too Pe (rTP"\' 

(11.2.9) 
Here C denotes the density-viscosity parameter defined in Eq. (11.2.6a). In 
general, it is a function of x and ^, but in the model fluid we assume that C 
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is only a function of x. This assumption leads to useful simplifications in the 
solution of boundary-layer equations by approximate methods. Since viscous 
effects are most important near the wall, we may approximate C with good 
accuracy as 

C{x) = (11.2.10) 
Pef^e J-wPe 

by virtue or the perfect-gas assumption and the y independence of pressure. 
This empirical relationship is known as the Chapman-Rubesin viscosity law. 
Note that Eq. (11.2.10) would be exact, with C = 1, if /i were proportional 
to T; actually, for air at temperatures near atmospheric, /i is approximately 
proportional to T^-^^, 

Let us consider the first expression in Eq. (11.2.2) and write it as 

ay dY dy aoo 
(11.2.11) 

If 1̂  denotes the incompressible velocity (= F ' ) , then it follows from Eq. (11.2.11) 
that the relationship between compressible and incompressible u velocities is 

— u . (11.2.12) 

(The speed of sound in the incompressible flow is simply assumed to be very 
large compared with u; the type of fluid need not be specified.) From the defi­
nition of speed of sound for an isentropic flow we can write 

2 Urp ^^ rr 7 ^ 
ttg = jRTe = CpTe == 

Cp Cp 
2 

Differentiating this expression with respect to X, we get 

dae ")R due 

dX dX 

(11.2.13) 

(11.2.14) 

The first term on the right-hand side of Eq. (11.2.9) is the pressure-gradient 
term. Noting that OF/dY = u = aoo/aeU and that H = CpT + u^/2, we can 
write this pressure-gradient term as 

1 

C^pJ- e 

Further, after writing Ue — a^/a, 
(11.2.14), that 

due 

~dX 

ae 
Hu, 

dUe 

~dX 
(11.2.15) 

we can show, by making use of Eq. 

Cp-̂  e ^e ^^e (11.2.16) 
He <lcxD dX 

If we now substitute due/dX into Eq. (11.2.14) and again note the relationship 
between Ue and iZg, we may write Eq. (11.2.14) as 
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Sue^, (11.2.17) 

where S = H/He^ Also for a perfect gas and with C = 1, the transformed mo­
mentum equation (11.2.9) in Illingworth-Stewartson variables can be written 
as 

fill BF' BF 

..F"' + S..^ = F'|J-F"|f, (1L2.18) 
where the primes now denote differentiation with respect to Y. If the somewhat 
more general Chapman-Rubesin formula (11.2.10) is used for C, Eq. (11.2.18) 
is still valid, provided X is replaced by x, where 

dx = C{X)dX = -^^^^C{x)dx. (11.2.19) 
^ooPoo 

In order to express the energy equation in terms of Illingworth-Stewartson 
variables, we assume the Prandtl number to be unity. Then by using the relations 
given by Eqs. (11.2.2), (11.2.7), and (11.2.8) and by a procedure similar to that 
used for the momentum equation, the energy equation, Eq. (10.5.1c), can be 
written as 

.^S'' = f§^S-§ (1L2.20) 

with primes now denoting differentiation with respect to Y. 
Similarly, in the absence of mass transfer the boundary conditions given by 

Eqs. (10.5.4) become 

y = 0, F = F ' = 0, 5 ' = 0 (adiabatic flow) 
(11.2.21a) 

or S = Sw{x) (prescribed wall temperature), 

r ^ o c , F'^ue, 5 ^ 1 . 0 . (11.2.21b) 

It is easy to see that the energy equation for Pr = 1, Eq. (10.5.1c) for laminar 
flow, has the solution H = He, (that is, 5 = 1), which of course corresponds 
to an adiabatic laminar flow. We can therefore see that S = 1 must also be 
a solution of Eq. (11.2.20), which then reduces Eq. (11.2.18) exactly to the 
standard form for an incompressible flow. We should remember, however, that 
when this equation is solved subject to the boundary conditions given by Eq. 
(11.2.21), the X and y coordinates are distorted according to Eq. (11.2.7), and 
the external velocity distribution of the incompressible flow (ue) is distorted 
according to Ue{x) = {[ae{x)]/aoo{x)}ue{X). 

The adiabatic-wall solution H = He of the energy equation is called the 
Crocco integral Note that since (1) the velocity î  in a zero-pressure-gradient 
flow satisfies the same equation as Eq. (10.5.1c) for laminar flow but with H 
replaced by ix, and (2) if i / is a solution of Eq. (10.5.1c), so is i7 = H^, it 
follows that Eq. (10.5.1c) for laminar flow has a solution H — Hw + (const)i/. 
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The constant is evaluated by requiring H = He^ when u — Ue (external-flow 
conditions), giving 

H = H^-{H^- He)-, (11.2.22a) 
Ue 

T = T^- -{H^ - He)— - ^ (11.2.22b) 
Cp Ue ^Cp 

for arbitrary wall temperature T^ = H^/cp and Pr = 1. 

11.3 Similar Flows 

For similar flows the dimensionless stream function / and dimensionless total-
enthalpy ratio S in the compressible version of the Falkner-Skan transformation 
are functions of rj only, by definition, and as a result, Eqs. (11.2.3) to (11.2.5) 
reduce to 

{bfy + miff" + m2[c - iff] = 0, (11.3.1) 

{eS' + df'fy + mifS'^O, (11.3.2) 

7? = 0, / = 0, / ' = 0, S ̂  S^^, ov S'= S'^ (11.3.3a) 

7/ = 7?e, / ' = 1 , S=l, (11.3.3b) 

and for similarity all the parameters 6, e, rf, c, mi , and m2 defined by Eqs. 
(11.2.6) as well as the boundary conditions are independent of x. 

To obtain the similarity solutions of the momentum and energy equations 
expressed in Illingworth-Stewartson transformed variables, we use the Falkner-
Skan transformation for incompressible flows discussed in Sect. 4.2, namely, 

V = ( ^ ) ' , F{X, Y) = {ueV^Xfl^(t>{ri). (11.3.4) 

Using this transformation, we can write Eqs. (11.2.18) and (11.2.20) as 

</>'" + '^^4><t>" + m[S - {ct>'f] = 0, (11.3.5) 

S" + ^ ^ < / > 5 ' = 0, (11.3.6) 

where in Eq. (11.3.4) we have changed the notation used for the stream function 
from /(ry) to (j){r]) in order to distinguish it from the definition used in Eq. (4.2.5). 
In Eqs. (11.3.5) and (11.3.6), m is the usual definition of the dimensionless 
pressure-gradient parameter 

X due ... ^ - . 
m = —-TT7- (11.3.7) 

Ue dX 

The same equations are obtained when the Chapman-Rubesin approximation 
is used except that X is replaced by x. 
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Similarly the boundary conditions given by Eqs. (11.2.21) can be written as 

77:^0, 0 = (/)'=rO, 5 - 5 ^ or 5 ' = 0, (11.3.8a) 

r]^r]e, 0' = 1, S = l. (11.3.8b) 

Again, the solutions of Eqs. (11.3.5) and (11.3.6) are independent oi X pro­
vided that the above boundary conditions are independent of X. These require­
ments are satisfied if Sw and m are constants. 

The requirement that Sw is constant leads to uniform wall temperature, 
since H^ is constant in an isentropic external stream, and the requirement that 
m is constant, as in incompressible flows, leads to 

Ue = CX^, (11.3.9) 

where C is a constant. Thus, we get similarity solutions in compressible laminar 
boundary layers on impermeable walls only when the distorted external velocity 
Ue varies with the distorted surface distance X as prescribed by Eq. (11.3.9) 
and when the surface temperature is constant. As in incompressible laminar 
flows, the importance of similar flows is quite evident; we solve two ordinary 
diff'erential equations, rather than two partial differential equations. However, 
as in incompressible flows, values of m other than 0 or 1, corresponding to 
flat-plate flow and stagnation-point flow, respectively, are rare in practice. 

11.4 Relation Between Compressible and Incompressible 
Boundary-Layer Parameters 

As in incompressible similar flows, the boundary-layer parameters such as 5*, 
^, and Cf can be written in simplifled forms by using either the compressible 
version of the Falkner-Skan transformation or the Illingworth-Stewartson trans­
formation. Formulas that connect compressible boundary-layer parameters to 
the solutions of Eqs. (1.3.5) and (11.3.6), subject to Eq. (11.3.8) with constant 
Sw^ can also be derived. For an adiabatic flow their solutions reduce to incom­
pressible flow solutions; in this case Table 4.1 can be used. 

As an example, let us consider a flow with zero pressure gradient, governed 
by the incompressible version of the compressible-flow equations given by Eqs. 
(11.3.5) and (11.3.6). Regardless of heat transfer, the latter can be written as 

r+\H" = o, (11-4.1) 

S" + ^(l)S' = Q. (11.4.2) 

Solving Eqs. (11.4.1) and (11.4.2) for </> and equating the two expressions, we 
get 
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S' 
r (11.4.3) 

Integrating this expression twice and using the boundary conditions given by 
Eq. (11.3.8), with Suo now being constant for similarity, we get 

S = Sw - {Sw - l )0^ (11.4.4) 

which is the same as Eq. (11.2.22) when that equation is written in terms of 
S. From Eq. (11.4.4) we see that the static-temperature distribution across the 
boundary layer is 

^Cpl e 
' (</.')'+11+ "' 

^Cpl e 
b' + sui 

By definition, the displacement thickness for a compressible flow is 

6: = f 
JO 

PeUe 

(11.4.5) 

(11.4.6a) 

which in terms of Illingworth-Stewartson variables can be written as 

^ooPo 

dePe f 
Jo 

dY 

For a perfect gas, the above expression becomes 

s: 
aepe 

/ 
Jo 

Te Ue 

(11.4.6b) 

(11.4.6c) 

The temperature distribution for an adiabatic flow {S = 1) can be obtained by 
recalling the definition of total enthalpy, which can be written as 

H = CpT 

or in terms of Illingworth-Stewartson variables 

1 -
T^ 2 ^ 

(11.4.7) 

Inserting Eq. (11.4.7) into (11.4.6c) arranging, and recalling that for a constant-
pressure flow aoopoo/aepe = 1, we can write S* as 

Noting that for any variable z 

i->-'-^"^ f 
Jo 

dY. (11.4i 

POO roo roo 
/ {l-z^)dY^ z{l-z)dY+ {l-z)dY, 

Jo Jo Jo 
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we can write Eq. (11.4.8) as 

6* = 6* + a{6*+e,), (11.4.9) 

where 6* and 9i are dimensionless incompressible displacement and momentum-
thickness parameters, respectively (see Table 4.1), and cr is a Mach-number 
parameter defined by 

a = ^ M l . (11.4.10) 

By following a procedure similar to that described for displacement thick­
ness, we can also derive relations between compressible and incompressible val­
ues of momentum thickness and local skin-friction coefficients. For an adiabatic 
flat-plate flow they are 

Oc-e,, Cf^ = ^ ^ c f , (11.4.11) 
Poo A^oo 

Here Cf. denotes the incompressible value of the local skin-friction coefficient at 
the same value of UcO/uc 

Since 9c = Oi^ we can rewrite Eq. (11.4.9) as 

i?c = ^z + a(^z + l ) , (11.4.12) 

where H is the shape parameter 5*/0 and not the total enthalpy. This shows 
that the shape parameter He of a compressible laminar boundary layer increases 
with Mach number. The physical reason is that viscous dissipation of kinetic 
energy into heat increases T and reduces p near the surface so that the integrand 
pu/peUe{l — u/ue) in the definition of ^ is a smaller fraction of the integrand 
1 — pu/peUe in the definition 6* than if p/pe were equal to unity. 

If we assume that /i ~ T, then it follows from the second relation in Eq. 
(11.4.11) that for an adiabatic flat plate, the compressible local skin-friction 
coeflScient is the same as in the transformed (incompressible) flow since Te = 

Solution with Heat Transfer 

For an adiabatic flow, 5 = 1, and the solution of the momentum equation 
(11.3.5) is independent of the energy equation (11.3.6). This means that we 
can now use the incompressible flow solutions of Eq. (11.3.5) for compressible 
adiabatic flows. For a flow with heat transfer, 5^^ / 1, the solutions of the mo­
mentum and energy equations are coupled. In this case it is necessary to solve 
Eqs. (11.3.5) and (11.3.6) simultaneously for specified values oi Sw and m. Note 
that for each value of the dimensionless pressure gradient m, we can get different 
solutions corresponding to different values of S'̂ ^ 7̂  1. 

Figure 11.1 shows the variation of the wall shear parameter (f)'^^ with 
pressure-gradient parameter m and with heat-transfer parameter Sw We note 
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2.0 ->0.2 

Fig. 11.1. Variation of the wall shear parameter (j)'l^ with pressure gradient parameter m 
and heat transfer parameter S^ for compressible similar flows: Note different scales for 
m > 0 or m < 0. 

m 
2.0 1.0 0.5 

Fig. 11.2. The dimensionless velocity, f as a function of 77 for various values of m (a) 
S^ = 2.0. (b) S^ = 0. 

that although in zero pressure gradient (m = 0) the Illingworth-Stewartson 
transformation makes the solution of the momentum equation in transformed 
variables independent of Sw [see Eq. (11.4.1)], heat transfer has a large effect 
on the solution in pressure-gradient flows. From Fig. 11.1 we see that for a 
given pressure gradient, heating the wall {S^ > 1) increases the value of (1)'^ 
and cooling the wall {S^ < 1) decreases the value of 0(^. 

Figures 11.2 and 11.3 show the velocity profiles and enthalpy profiles across 
the boundary layer for various values of S^w and m. From Fig. 10.2a we see 
that, with heating, the velocity in the boundary layer can exceed the external 
velocity (0' > 1) when the pressure gradient is favorable. This feature occurs at 
all positive values of m, 0 < m < oc, if the wall is heated, but it is less marked 
as m becomes smaller. Physically the reason is that when m > 0, the favorable 
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Fig. 11.3. The dimensionless enthalpy, S*, as a function of 77 for various values of m (a) 
S^ = 2.0. (b) 5^ = 0. 

Table 11.1. Solutions of Eqs. (11.3.5) and (11.3.6) for m = 1. 

^m 

2 
1.5 
1.0 
0.5 
0.25 
0 

1.7361 
1.4911 
1.2326 
0.9545 
0.8060 
0.6487 

1.3855 
1.0235 
0.6479 
0.2567 
0.0529 

-0.1577 

0.1753 
0.2338 
0.2919 
0.3489 
0.3766 
0.4032 

7.904 
4.378 
2.216 
0.736 
0.141 

-0.391 

-0.6154 
-0.2972 
0 
0.2710 
0.3041 
0.5066 

pressure gradient tends to accelerate the fluid: heating the wall diminishes p, 
from the equation of state, and so augments the effect of the pressure gradient 
on the acceleration of the fluid, increasing 0' and, as remarked above, 0!̂ .̂ Also, 
an inflexion appears even in the zero-pressure-gradient profile (m = 0) because 
/i varies with y. 

From Fig. 11.3 we see that the effect of the pressure gradient on the en­
thalpy profiles is not as marked as its effect on the velocity profiles, as already 
demonstrated for incompressible flows in Fig. 4.4. 

Table 11.1 shows the solutions of Eqs. (11.3.5) and (11.3.6) for several val­
ues of Sw when m = 1. We see that the dimensionless momentum thickness 
decreases with increasing heating, and in extreme cases (if 0' > 1) it may be 
negative. On the other hand, cooling the wall decreases the dimensionless dis­
placement thickness and can even cause it to be negative, as shown in Table 
11.1. 

11.5 Nonsimilar Flows 

As mentioned at the beginning of this chapter, the prediction of momentum 
and heat transfer in compressible nonsimilar laminar flows is slightly different 
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from the procedure for incompressible nonsimilar flows. The main reason is 
that the continuity and momentum equations contain fluid properties such as 
p and 11 that depend on the temperature field, and so the solution of these 
equations, unlike those for incompressible flows, depends on the energy equation. 
Of course, the solution of the energy equation still depends on the solution of 
the continuity and momentum equations, as in incompressible flows, and so an 
iteration procedure is needed. 

As an example of a two-dimensional compressible nonsimilar laminar flow, we 
consider Howarth's flow (see Problem 4.25), whose external velocity distribution 
varies linearly with x, that is, 

(-1)̂  fll.5.1) 

r + ^^ .̂ 

This flow can be started with a flat-plate profile of negligible thickness (at 
a: = 0), but the pressure gradient is adverse, and separation eventually occurs. 
For an incompressible flow with no heat transfer, calculations (Problem 4.25) 
indicate separation at x = 0.96. 

To show the effect of heat transfer on separation point, we first consider the 
momentum and energy equations expressed in Illingworth-Stewartson variables, 
namely, Eqs. (11.2.18), (11.2.20), and (11.2.21). Using the Falkner-Skan trans­
formation given by Eq. (11.3.4) and allowing the dimensionless stream function 
(j) to vary with X as weU, we can write Eqs. (11.2.18), (11.2.20), and (11.2.21) 
as 

b" + m[S - {4>'f] = X ( < / - ' | | - 4>"^) , (11.5.2) 

^ = 0, 0 = 0' = 0, 

We solve the above equations by using the numerical method discussed in Sec­
tion 12.8 and the computer program given in the accompanying CD-ROM for 
values of Syj (= Hyj/He) equal to 2, 1, 0.25, and 0, thus covering the case in 
which the wall is heated {Syj — 2), cooled {S^ — 0.25), or cooled to effectively 
zero enthalpy {Syj — 0) and the case in which there is no heat transfer {S^ = 1). 
In the latter case, we expect the solutions of the momentum equation to indicate 
the flow separation to be at X = 0.96, as in incompressible flow. 

Figures 11.4 and 11.5 show the variation of dimensionless wall shear and 
heat-transfer parameters ^'^^ and S'^ with X for four different values of Syj. 
As anticipated, for Syj — \^ we find flow separation at X = 0.96 (Fig. 11.4). 
With heating, the flow separation moves forward to X — 0.6 if Syj — 2. On the 
other hand, cooling stabilizes the boundary layer and delays the separation. The 
calculations indicate separation at X = 1.86 for S^ — 0.25 and at X = 2.74 for 

( dS , 5 ^ \ 

= S^{x) or S' = 0, 

.' = 1, 5 = 1. 

(11.5.3) 

(11.5.4a) 

(11.5.4b) 
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Fig. 11.4. Variation of the wall shear parameter cp'^ for a compressible Howarth flow with 
dimensionless wal temperature. 
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Fig. 11.5. Variation or the wall heat transfer parameter S'yj for a compressible Howarth 
flow with dimensionless wall temperature. 
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Su; = 0. We also note from Fig. 11.5 that at separation, the wall heat-transfer 
parameter S!^J^ is finite, indicating that the Reynolds analogy is not realistic near 
separation. 

Figures 11.6 and 11.7 show the effect of Mach number on the solutions of 
momentum and energy equations. These calculations are made for the same 
external velocity distribution, Howarth's flow, by solving the momentum and 
energy equations given by Eqs. (11.2.3) and (11.2.4) for values of Sw equal to 
2.0 and 0.25. The results in Figs. 11.6 and 11.7 are for a Prandtl number of 
0.72 and for freestream Mach numbers of 0.05, 1.0, and 2.0. Shown in these 
figures are the incompressible results obtained by the solution of Eqs. (11.5.2) 
and (11.5.3). 

The results in Fig. 11.6 show that with either heating or cooling, the Mach 
number has a considerable influence on the separation point. In the case of 
heating {Sw = 2), the separation point moves from X = 0.61 for Moo = 0.05 to 
X = 0.55 for Moo = 1-0 and to X = 0.425 for Moo = 2.0. In the case of cooling 
{Sw = 0.25), the separation point moves from X = 1.9 for Moo = 0.05 to X = 
1.86 for Moo = 1-0 and to X = 1.7 for Moo = 2.0. We see that for a given Sw, 
the effect of Mach number on the location of separation point is similar to the 
effect of heating for a given Mo©; that is, the separation point moves forward 
with increase of Moo or Sw- In Figs. 11.6 and 11.7 we also observe that the 
wall shear parameter 0(^ and the location of separation are affected little by 
compressibility if Moo is less than about 1.0. We also observe that the Mach 
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number has a smaller effect on the heat-transfer parameter S'̂ y when the surface 
is cooled than when it is heated. 

11.6 Shock-Wave/Shear-Layer Interaction 

A shock wave is a sudden increase of pressure and density across a very thin 
"wave" front in supersonic flow. It is, of course, governed by the equations of 
conservation of mass, momentum, and energy outhned above, but it results in 
a sudden decrease in total pressure and increase in entropy; the dissipation is 
effected by viscosity (as modified by the fact that the thickness of the shock 
wave is only a few times the mean free path between gas molecule collisions), 
but the details of total-pressure loss, etc., do not depend on viscosity. The in­
crease in entropy implies that a concentrated "rarefaction wave" cannot exist 
because entropy would decrease. The simplest kind of compression wave is a 
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"normal" shock, i.e., normal to the flow direction (see Fig. 11.8a), for which the 
fractional pressure rise is a unique function of the upstream Mach number. If 
the upstream Mach number is 1.3, the pressure increases by a factor of 1.80 (if 
the ratio of specific heats is 1.4, as in air), and the total pressure decreases to 
0.98 of its initial value. The downstream Mach number, always less than unity, 
is 0.79 in this case. The pressure rise and total-pressure loss increase as the 
upstream Mach number increases and the downstream Mach number decreases. 
A normal shock wave with an upstream Mach number of 1.3 is just about suffi­
cient to cause separation of a turbulent boundary layer from a surface on which 
the shock wave abuts. Oblique shock waves (Fig. 11.8b,c) are simply normal 
shock waves with a component of velocity parallel to the shock; this component 
remains unchanged as the flow passes through the shock, the pressure rise be­
ing determined mainly by the normal component of Mach number. For further 
details of shock waves and the formulas for pressure rise, see, e.g., Liepmann 
and Roshko [3]. 

In this section we consider the eff"ect of a shock wave on a shear layer. The 
two main cases are that in which the shock wave is imposed from outside (an 
"incident" shock) and that in which the shock springs from a solid surface car­
rying a boundary layer; note that in the latter case a shock system of some 
sort would be present even in the absence of a boundary layer. Figure 11.9a 
shows the pattern of shock waves and expansion fans that occurs in a jet ex­
hausting into a still atmosphere at a speed greater than that of sound when 
the atmospheric pressure is greater than that in the jet nozzle; an example is 
the lift-off of a launch vehicle whose rocket nozzle is optimized for flight in the 
upper atmosphere. Figure 11.9b shows the case of an underexpanded jet, where 
the atmospheric pressure is less than that in the nozzle. The obvious difference 
between the two cases is that the overexpanded flow starts with a shock wave, 
through which the pressure rises so that the pressure in the downstream part of 
the jet boundary is equal to atmospheric pressure, whereas the underexpanded 
flow starts with an expansion fan, through which the pressure falls to the atmo­
spheric value. The expansion takes place over a flnite distance because the speed 
of sound decreases through the expansion and the Mach number M increases, 
so that the angle of a weak-disturbance wave to the flow direction, s in~^(l /M), 
increases. 

In a compression, on the other hand, the Mach number decreases down­
stream, the inclination of a weak-disturbance wave is greater than upstream of 
the shock, and all the weak-compression waves merge into a shock wave. Where 
a shock wave intersects a constant-pressure boundary, such as the atmospheric 
boundary at point A in Fig. 11.9a, it has to reflect as an expansion (crudely 
speaking, the pressure rise caused by the shock has to be followed immediately 
by a fall in pressure through an expansion starting at the boundary, to keep 
the pressure constant). Conversely, an expansion fan reflects from a constant-
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Fig. 11.8. (a) Interaction between normal shock wave and turbulent boundary layer (after 
[4]). (b) Weak incident oblique shock, (c) Strong oblique shock (the reflected shocks and 
expansion merge to form one shock). 



11.6 Shock-Wave/Shear-Layer Interaction 373 

Constant-Pressure 
Boundary 

Oblique 
Shock 

Oblique Mixing Expansion 
Shock Layer "Fan" 

(a) 

Weak 
Cbmpression 
Waves 

Shock Disc 

Expansion 
Fan 

Mixing 
Layer 

(b) 

Oblique 
Shock 

Fig. 11.9. Interactions between shock or expansion waves and a jet mixing layer, (a) 
"Over-expanded" jet: exit pressure below ambient, (b) "Under-expanded" jet: exit pressure 
above ambient. 

pressure boundary as a series of weak compressions that then merge into a 
shock, so that the shock wave that forms near point B in Fig. 11.9a is at first 
sight the same strength as the original nozzle lip shock. In fact a loss in total 
pressure occurs through a shock wave, so that successive shocks and expansions 
are not quite identical. As seen in Fig. 11.9a, the shock angle changes at an in­
tersection, and if the intersecting waves are strong enough, they will merge into 
a normal shock near the intersection as shown in Fig. 11.9b. As shock waves can 
occur only in supersonic flow, the shock at point A weakens into a continuous 
compression by the time it reaches the subsonic, outer part of the jet mixing 
layer, and the subsonic flow arranges itself so that the compression disappears 
at the outer "still air" edge of the shear layer. Note that the flow direction 
changes through an inclined (oblique) shock wave or expansion fan irrespective 
of the presence or absence of a shear layer. 

Another type or interaction between a shock or expansion and a shear layer 
occurs in the wake of a transonic "cascade" (axial-flow turbomachine blade row) 
where waves shed from one blade - say, at the trailing edge - intersect the wake 
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Fig. 11.10. Supersonic flow down a backward-facing step. 

of another blade. Here the wave passes right through the wake, and only if the 
speed near the wake centerline is subsonic will there be a large spread of the 
pressure disturbance upstream and downstream of the intersection point. 

Figure 11.8b shows the interaction of a shock wave, generated somewhere 
upstream, with a boundary layer. At a solid surface the boundary condition 
is one of constant flow direction rather than constant pressure, so that the 
incoming shock, which deflects the flow downward, is followed by an outgoing 
shock - not an expansion- which deflects the external flow upward to something 
near its original direction. As in the case of the jet mixing layer, the shock cannot 
penetrate into the subsonic part of the flow, near the wall, so that a distributed 
pressure rise occurs upstream and downstream of the shock intersection position. 

Whether the shock wave is an incident (usually oblique) shock or a shock 
wave generated at the surface - and therefore necessarily normal to the surface 
so that the flow remains nominally parallel to the surface - a large positive 
("adverse") pressure gradient is imposed on the boundary layer so that the 
flow is retarded, especially near the surface. If the shock is strong enough, the 
boundary layer may separate, as shown in Fig. 11.8a. The separated region is 
often fairly short because of the effects of upstream influence. As can be seen 
in Fig. 11.8c, the retardation of the flow at the front of the interaction region 
causes the streamlines to move away from the surface, generating compression 
waves in the supersonic part of the flow that then merge into an outgoing shock. 
The first and second outgoing shocks and the expansion fan from the point of 
intersection of the incoming shock merge further out in the flow into a shock 
wave of the right strength to cancel the incoming shock's deflection of the flow. If 
the incident shock is strong enough, a nearly normal shock may extend outward 
from the shear layer to the intersection of the normal and reflected shocks, as in 
the shock intersection near the centerUne of a jet (Fig. 11.9). Similar behavior 
can occur, less spectacularly, even if the flow does not separate, because the 
slow-moving fluid near the wall tends to simulate a constant-pressure boundary 
whether it is moving downstream or upstream. 
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Other forms of shock-wave shear-layer interaction include the flow over a 
backward-facing step, the prototype of many more complicated flows that reat­
tach to a solid surface after an extended separation region (shock induced or 
otherwise). As seen in Fig. 11.10, an expansion occurs at the edge of the step, 
and since the pressure in the separated region behind the step is nearly con­
stant, the external flow is also nearly straight, according to the usual rules of 
supersonic flow in which flow angle and pressure are simply connected. Thus, a 
well-behaved free-mixing layer develops, and unless the initial boundary-layer 
thickness is a large fraction of the step height, the mixing layer is nearly inde­
pendent of the initial conditions. Fluid is entrained into the underside of the 
mixing layer, as shown by the streamlines in Fig. 11.10 and is supplied by the 
upstream deflection of fluid near the reattachment point - indeed without this 
entrainment the flow would not reattach. The pressure gradient near reattach­
ment is large because the downstream-going flow has to be turned to follow the 
surface again, and the distributed pressure rise near the surface leads to the 
formation of a shock wave in the outer part of the flow, nominally canceling 
the expansion at the edge or the step. That is, the shock wave is caused by the 
shear layer rather than being imposed on it from outside. 

11.7 Free Interaction and Upstream Influence 

A striking feature of the interaction between shock waves and (especially lami­
nar) boundary layers is that when the shock is of moderate strength, typically 
with pressure rises of 20 percent or more, the boundary layer is disturbed by 
the shock at considerable distances ahead of it. At flrst sight this phenomenon 
is surprising since the inviscid flow above the boundary layer is supersonic and 
cannot permit disturbances to travel upstream, moreover the boundary-layer 
equations for a given pressure distribution are parabolic, and so, unless sep­
aration occurs, disturbances can only travel downstream. It would seem that 
upstream disturbances are simulated only if an inviscid/viscous interaction (in-
viscid flow and boundary-layer equations and an intersection law. Section 9.3) 
or the full Navier-Stokes equations are used since these are elliptic and permit 
upstream disturbances. However, the expected distance upstream that distur­
bances within the shear layer would be propagated in this way is only one or two 
boundary-layer thicknesses and much smaller than the extent actually observed 
in laminar flow. 

The explanation for this dramatic phenomenon was provided by Oswatitsch 
and Wieghardt [5]. They pointed out that the interaction between the bound­
ary layer and the external supersonic inviscid stream is of such a character as 
to permit the "spontaneous" evolution of the flow at any position x = XQ, as 
follows. Suppose the pressure in the external stream at XQ increased by a small 
amount. Then the boundary layer for x < XQ would be under the influence of 
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an adverse pressure gradient and would be expected to thicken, leading to an 
increase in the displacement thickness and an increase in the equivalent blow­
ing velocity v^ = {l/pe)d{peUe6*)/dx which is the compressible version of Eq. 
(9.3.1). Once this happens, the external stream starts to turn away from the 
wall, and then Ackeret's formula [3] 

implies that the pressure also increases. Hence the boundary layer will continue 
to develop until something happens to change the mutual interaction. It turns 
out that if the development carries on far enough, separation occurs, and there­
after an increase in the boundary-layer thickness is associated with a decrease in 
the pressure gradient. Eventually the pressure reaches a constant value, the so-
called plateau pressure, while the separated boundary layer continues to grow. 
Part of the reason for the decrease in the adverse pressure gradient in separated 
flows is that the reverse flow at the bottom of the boundary layer is moving 
very slowly and needs only a weak pressure gradient to sustain it. 

In a similar way the assumption of a small pressure fall leads to a boundary-
layer change that encourages a further fall in the pressure so that the process 
is amplified. Now, however, an acceptable ultimate form of the interaction is 
not possible, and the development continues until the assumptions underlying 
the division of the flow field into inviscid and boundary-layer flows is no longer 
tenable. These two ways in which the interaction can evolve are commonly 
referred to in the literature as compressive free interaction and expansive free 
interactions, respectively, the first being relevant to shock-wave interactions and 
concave corners, while the second is relevant to the flows just upstream of convex 
corners. 

If the external flow was subsonic, this boundary-layer behavior would be 
impossible since perturbations in the boundary layer and the external stream 
would tend to act in opposition to each other. For example, a small pressure 
increment thickens the boundary layer and induces a positive normal velocity 
Vw^ but positive values of v^ induce small pressure decrements. 

The principal reason why the growth of free interactions in boundary layers 
is limited is that the pressure changes with x and hence must be compensated 
for by a geometrical or physical feature of the flow field. Otherwise, there will 
be an imbalance with the pressure at large distances from the body. 

The scaling laws of the evolutionary part of the free interaction were given by 
Lighthill [6]. As might be expected, the length scale along the body over which it 
occurs is short, being formally 0(5*i?^/^), where ^* is the displacement thickness 
of the boundary layer and R is the Reynolds number equal to {ueX())/i'wi and 
amounts in practice to only a few boundary-layer thicknesses. The distinguishing 
feature of compressible free interactions that gives them special importance in 
practical calculations is that the final state of the evolution is self preserving. As 
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already explained, it consists of a wedge-shaped separation region over which the 
oncoming boundary layer and inviscid stream are deflected. This flow deflection 
leads to a pressure increment that for adiabatic walls is 

1 cC^I^\]i\,ul 

where AQ is Chapman's constant equal to {Te/jie/Tw/J^w) and c is a quantity that 
appears to take an almost constant value of about 1.6. Below this forward-
moving fluid, there is a slowly recirculating region of "back-flow". 

Since the occurrence of the free interaction is surprising at first sight, it is 
worthwhile describing at length the arguments that lead to Lighthill's scahng 
laws so that the reader may appreciate in detail how they arise. 

The starting point for our analysis is a remarkable and simple result orig­
inally due to Prandtl, known as the transposition theorem. This states that if 
u{x^ y), v{x^ y), T(x, y) is any solution of the boundary-layer equations of steady 
flow, then so is U{x,Y), V(x, y ) , 9{x,Y), where 

Y = y^ A{x), U{x, Y) = u{x, y), V = v- A'{x)u, 9 = T (11.7.3) 

and A{x) is an arbitrary function of x. The proof is by direct substitution 
into the boundary-layer equations and is immediate. It is an exact theorem 
there being no restriction on A^ and in particular we shall be able to allow 
A^{x) = 0( i?"^/^) , where R is the Reynolds number of the flow, UeXo/u^. Then 
the contribution to V from A\x)u is much larger than that from '̂, which is 
only 0{R~^^'^u). Hence we may neglect v in Eq. (11.7.3). 

For simplicity we consider a boundary layer on a flat plate under a uni­
form external stream. Let the free interaction be centered at a station XQ of the 
boundary layer, and let the distance over which it evolves be small compared 
with XQ but large compared with 6* = 0{R~^/'^xo). Further let it be described 
by a displacement of the streamlines and characterized by the function A{x)^ 
which we have to determine. To a first approximation, therefore, we are assum­
ing that any induced pressure gradient does not modify the fiow properties of 
the majority of the boundary layer in the interaction region. It follows from Eq. 
(11.7.3) that the normal component of the velocity just outside the boundary 
layer is given by 

Ve{x) = v{xo, OC) - A'{x)Ue{xo), (11.7.4) 

and, as pointed out earlier, we shall neglect i;(a;o,oc) in Eq. (11.7.4). Notice 
that X — a:o is assumed to be small so that in the unperturbed boundary layer 
the flow properties do not change to first order. The induced pressure is then 
given by 

4{xo)peA'{x) 

^ ^ - ~ ( M l - 1 ) 1 / 2 (11-7-5) 

from Eq. (11.7.1). 
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Although this pressure rise is not significant over most of the boundary 
layer, it does become important near the plate because the fluid is moving 
slowly there. In addition to this induced pressure, the simple solution given by 
Eq. (11.7.3) must itself be modified near the plate because f/ 7̂  0 when y = 0. 
A velocity sub-boundary layer must be introduced near y = 0^ which is driven 
by the pressure Ap and matches the solution given by Eq. (11.7.5), i.e., has the 
property 

u = X[y + A{x)], (11.7.6) 

where A is the value of the undisturbed velocity gradient at y = 0^ when y is 
small on the scale of the main boundary layer and large on the scale of the sub-
boundary layer. A similar sub-boundary layer is needed in general to adjust 
the thermal properties of the fluid, but this does not affect the velocity sub-
boundary layer. 

The governing equations for the sub-boundary layer are essentially the same 
as those for the main boundary layer except that the density and kinematic 
viscosity may be assigned their wall values. They are given by 

du dv ^ /-,. .̂ „^ 

du du _ 1 dp d'^u 

dx dy pw dx ^ dy'^' 

where we note that the scale of y is now much smaller than in the main boundary 
layer. Indeed we shall see that the scale of y here is 0{R~^'^)^ whereas in the 
main boundary layer the scale of y is 0(i?~^/^). The boundary conditions are 

u -

u -

u -

--v = {) 

^\y 

^\[y + A{x)] 

at 2/ = 0, 

upstream of the disturbance, 

as y —> 00 

(11.7.9a) 

(11.7.9b) 

(11.7.9c) 

as the sub-boundary layer merges with the main boundary layer. Here p^ and Vyj 
are the undisturbed density and kinematic viscosity of the fluid at the plate. The 
boundary condition given by Eq. (11.7.9b) reflects the fact that the interaction 
is spontaneous; i.e., there is no external agency forcing it in the neighborhood 
oi x — XQ. Finally Eq. (11.7.9c) is necessary since u takes this form near the 
base of the main boundary layer. Recall that A = 0{B}''^) and Vy^ — 0{R~^)^ 
and bear in mind that we shall have to assume y and A{x) are of the same size 
in the sub-boundary layer - otherwise a contradiction is obtained. 

The set of equations given by Eqs. (11.7.7) and (11.7.8) is sufficient to de­
termine .A as a function of x, although it is clear that a considerable numerical 
effort is required. It is straightforward to determine the scaling laws of the free 
interaction, however. We write, in the sub-boundary layer, 
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A(x) = A ^/4aA(X), p = p,{xo) + ( M 2 _ 1)1/2 (11.7.10) 

where 

and note that since X'^Uyj is independent of the Reynolds number, so is a. The 
governing equations to determine A{x) now reduce to 

du 

du du 

ith boundary conditions 

u =^ V = 0 

u ^ z 

u ^ z -\- A{x) 

oz 

(PA d'^u 

at 2 = 0, 

as X —> —oo, 

as z —+ 00. 

(11.7.12) 

(11.7.13) 

(11.7.14a) 

(11.7.14b) 

(11.7.14c) 

It now follows, from the fact that A == 0(i?^/'^), that the pressure rise in the 
compressible free interaction is 0(i?~^/^), as indicated in Eq. (11.7.2), and that 
the longitudinal extent of the interaction is 0{R~^/^) = 0(i?^/^6*). Further 
discussion of the scaling laws depends on the nature of the fluid, but if, for 
example, the fluid satisfies the Chapman-Rubesin relation, 

then Eq. (11.7.2) follows at once. 
We now demonstrate that a solution to a hnearized form of Eq. (11.7.13) 

can be found when A is small and X is large and negative. Assume that 

A = aie^^, u = z^aie^^f{z), 

v = -aif^e^^f{z), (11.7.15) 

where Â  is a positive constant to be found and e^'^^ is neglected. The constant 
ai is chosen to be equal to —1 for a compressive free interaction and +1 for an 
expansive free interaction. Then from Eq. (11.7.15) we have at once 

i^zf -nf = n^ ^ f" (11.7.16) 
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with 
/ (O) = / ( O ) = 0, / ' (oo) = l. (11.7.17) 

The solution of the differential equation is 

where Ai{t) is Airy's function, satisfying w^^ — tw = 0 and tending to zero as 
t ^ oo. The boundary conditions (11.7.17) are also satisfied if 

_ ^4/3 r^ A i g ^ ^ ^^^^ . ^ ^ ^ g^^2 (11.7.19) 
Jo Ai'(O) 

This solution, due to Lighthill, shows that the boundary layer can spontaneously 
change from the conventional kind to one in which interaction effects are impor­
tant. For expansive interactions the pressure is decreasing, and for compressive 
interactions the pressure is increasing. In both cases the change in the fluid 
velocity is small, but the change in the skin friction is important, since it is rep­
resented by du/dz. Indeed in compressive flows, the skin friction changes sign, 
and thereafter the boundary layer separates from the plate as explained earlier. 
In expansive flows the skin friction increases without limit, and eventually the 
velocity changes do become significant. The solution given by Eq. (11.7.18) can 
be made the basis of a series expansion in powers of e'^'^, but it is more usual 
to solve the equations numerically. 

This account of free interactions forms the basis of the triple-deck theory of 
interactive flows, which has been reviewed by Stewartson [7] and by Smith [8]. 
Further details are given in these references. 

11.8 A Prescription for Computing Interactive Flows 
with Shocks 

Formally the flow configuration described in the last section can persist indefi­
nitely along the body and in fact is brought to an end by the feature provoking 
the interaction. If it is a shock wave, it strikes the boundary layer (see Fig. 
11.11), which by now is behaving in essence like a mixing layer, is reflected as 
a rarefaction fan, and deflects the mixing layer back to the body. Now, how­
ever, the backflow in the boundary layer moves under quite a strong favorable 
pressure gradient and must also disappear at the reattachment point i?o (Fig. 
11.11). Thus if we consider the behavior of this back-flow starting from i?o and 
following it to the separation point S, we see that to begin with it acquires a 
significant momentum between Ro and the shock interaction that it must lose 
by entrainment to the mixing layer between the shock interactions and S. Since 
entrainment is a rather weak method of losing momentum, it is not surprising 
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Shock 

Fig. 11.11. Representative sketch (not to scale) of the interaction between a shock wave 
and laminar boundary layer. S denotes location of separation and Ro reattachment. 

Fig. 11.12. Representative sketch (not to scale) of the interaction between a shock wave 
and the laminar boundary layer on a ramp. 

that separation often occurs at considerable distances ahead of the shock. In 
practice this argument needs modification because a separated boundary layer 
is very prone to instability, and transition to turbulence occurs between S and 
the shock if it is at all strong. A turbulent boundary layer entrains fluid at a 
much greater rate than a laminar boundary layer and consequently the pressure 
plateau between separation and the shock interaction is reduced, although still 
of importance. 

If the feature provoking the free interaction is a concave corner or ramp 
(see Fig. 11.12), the mixing layer continues unchanged in character past the 
corner, but now instead of it slightly diverging from the wall, the two are com­
ing together rather quickly, and when they meet at reattachment, the mixing 
layer is turned sharply to move parallel to the wall, inducing a rapid rise in 
pressure. This compression fan merges into a shock outside the boundary layer 
and also serves to turn around some of the fluid in the mixing layer to initiate 
the boundary-layer back-flow. It was argued by Chapman et al. [9] that the 
length of the separated region can be determined by computing the velocity 
just upstream of reattachment on the streamline that bifurcates from the wall 
at separation. This velocity must be reduced to zero at reattachment to pre­
serve continuity, and this is affected by the inviscid forces associated with the 
pressure rise there. 

At flrst sight one might think that a boundary-layer approach to strong 
interaction problems is ruled out because a basic assumption of that theory, 
namely that the variation of the velocity across the boundary layer is much 
larger than that along it, is contradicted in the shock structure. Indeed the 
length scale in the shock is 0{R~^) and much smaller than for the boundary 
layer, which is 0(i?~^/^). Nevertheless there are a number of arguments that 
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suggest that a boundary-layer approach is worth considering. The obvious alter­
native, the Navier-Stokes equations, even if taken in their steady form, require 
large computers. 

However, if we restrict attention to a boundary-layer approach, we must 
recognize that it has its limitations. For example, if the separated region is 
thick enough, then the basic assumptions must be called into question. At the 
present time it is not possible to put a frame around the external conditions 
outside which the theory gives unacceptable errors, but we may note that in the 
case of wholly laminar flow, calculations at Moo = 4 are in quite good agreement 
with observation and solution or the Navier-Stokes equations [10-12]. 

The first problem to be faced in the computation is the determination of 
the point where the pressure begins to rise. We have already explained that 
this is fixed in some way by the strength of the incident shock, but it can only 
be found by trial and error. It will in fact be necessary to make a number of 
sweeps of the boundary layer in the downstream direction and to develop an 
iterative sequence that converges as discussed in the IBL method of Chapter 9. 
The interaction law by which the boundary layer influences the inviscid stream 
given in Eq. (9.3.1) for incompressible flows, may be written down as 

n ^ —-r I (Pe^e - pu)dy, (11.8.1) 
Pe dx Jo 

for compressible flows. Here p and u are computed from the boundary-layer so­
lution and Vuj is the blowing velocity. The contribution to the inviscid pressure 
from Vyj in simple cases is then given by Eq. (11.7.1), but in general it may be 
more appropriate to use Eq. (11.7.2) as a replacement for the boundary con­
dition i; = 0 on the body in the general inviscid program. Such a procedure is 
particularly appropriate when the external flow is transonic, when Eq. (11.7.1) 
is not correct. A further complication should be mentioned at this stage. Should 
the flow downstream of the main shock be subsonic, which is always a possi­
bility in a transonic situation and must be the case if the incident shock arises 
from a Mach reflection, then the computation of the external flow is even more 
complicated. Upstream influences, in addition to fixing the initial pressure rise 
of the interaction, make the iterative process more diflScult to treat. 

A first guess is made of the position of the critical pressure rise, and this is 
introduced into the flow field. Typically this is of relative order 10~^ or 10""^. 
The evolution of the boundary layer is then self-sustaining, and separation soon 
occurs. If the oncoming boundary layer is turbulent, the turbulence model may 
need modification, and if it is laminar, a numerical scheme must be devised to 
carry the integration against the direction of motion of the fiuid in the back-
flow. There are various ways in which this might be done, but among the more 
popular ones is the so-called FLARE approach discussed in Chap. 9. 

One point should be born in mind when endeavoring to continue the inte­
gration through separation: whether the boundary layer is laminar or turbulent. 
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the solution of the equations must become singular if the external velocity is 

prescribed. In order to avoid its occurrence, and there is no reason to expect the 

final converged solution to have such a singularity, the external velocity must 

be related to the displacement thickness in some way as discussed in Chap. 9. 

Thus, in each sweep along the wall solving the boundary-layer equation, the 

external velocity must in some sense be regarded as unknown. There are many 

ways in which this can be done, and well-known examples include the use of 

Ackeret's formula, Eq. (11.7.1), to relate the external velocity and v^j for super­

sonic flow, Veldman's use of the Hilbert integral in subsonic flow, Eq. (9.1.4), 

and the relaxation formula suggested for displacement thickness by Le Balleur, 

Eq. (9.1.3). 
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Problems 

11-1 . For an adiabatic flow the static temperature distribution across the 

boundary layer is given by Eq. (11.4.7). 
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(a) Show that for a nonadiabatic flow the static temperature ts given by 

| . . . l ^ M i ( . - | ) . ,Pn.i) 

(b) Using the above expression and Eq. (11.4.4), show that an equivalent relation 
for Eq. (11.4.9) for a flow with heat transfer is 

61 = S^6l + G{Su^6t + Oi). (P11.2) 

Here Syjd^ with ^* corresponding to the incompressible value of displacement 
thickness, is given by 

S^8l= r (s-^\dY. (P11.3) 

(c) Show that for a flow with heat transfer, the relations given by Eq. (11.4.11) 
remain unchanged. 

(d) Show that the heat transfer at the wall can be calculated from the following 
expression 

'Rx 
(^) s^/:^ (P11.4) 

or from 
PwUocHoo (}M^ I ^ ^ ^p^^ 5^ 

Rx — 

Rx V/^oo 

PoO^CXD^ 

M oo 

11-2. Consider a cooled flat plate with S^ — 0.5 at Moo = 3.0 at 2300 m alti­
tude. Assume standard atmosphere. Calculate the displacement thickness, shape 
factor, the local skin-friction coefficient, and the heat transfer rate per unit 
width at 3 m from the leading edge. Use Sutherland's viscosity law and take 
7 = 1.4. 

11-3. Calculate the Chapman-Rubesin factor at the wall for laminar boundary 
layers in air of total temperature 300 K, at Mg = 1, 2, 5 and 10. Take recovery 
factor as 0.9. 

11-4. Show that the shape factor H = 6*/6 is always greater than unity in 
constant density flows but may be less than unity in boundary layers on highly-
cooled walls, even at low speeds. 

11-5. Show that in the similar flows for a model fluid on either a heated or a 
cooled wall, S takes extreme values at the wall and at infinity. 
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Note: If m < 0, the solutions of Eqs. (11.3.5) and (11.3.6) are not unique unless 
an extra condition is applied, namely that 1 — 0' is exponentially small when ry 
is large. Without this condition velocity overshoot is possible whether the wall 
is heated or not. 

11-6. For Prandtl numbers Pr not too different from unity, a reasonably good 
approximation to the temperature in a boundary layer near an adiabatic wall 
is 

T = T, 
ut 

Show that the Ilhngworth-Stewartson transformation may be generahzed to 

dX--
N PrV2 , . P r i /2 

^) ^dx; dY=(^] ^dy 
^oo / Poo \ <̂ oo / Poo Poo 

for such flows, and determine the equivalent external velocity of the incompress­
ible flow. For details see Rott [13]. 

11-7. A model fluid flows past an adiabatic flat plate at Mach number Moo- If 
the momentum thickness of the boundary layer at distance x from the leading 
edge is ^, show that 

where Q^ is the momentum thickness and 

m Jo Ue \ -^ 

U 

for the equivalent incompressible flow. Obtain an approximation to 6e^ in the 
following way. Write down the momentum integral for the equivalent incom­
pressible flow and, assuming that 

u — Ue sm 
_JTY_ 

26[x) 
Y <b 

show that 

Hence deduce that 

= Up 

6' = 

Y >S 

ZXl^QQ 

(4 - n)ue 

2 / 2x1/00 \ 1/2 

n 
0.463+^^—^ M i , 
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11-8. Obtain the results corresponding to Problem 11.7 when the temperature 
of the wall is maintained at a constant value T̂ ;̂. Hint: Make use of Eq. (11.4.4). 

11-9. Instead of Eq. (11.7.10), assume that 

y = l3iz x = xo-]-fi2X 

u = (3^u V = (3/^v 

where pi... PQ are constants. Show that the only choice of /?'s which reduces 
Eqs. (11.7.5)-(11.7.9) to (11.7.12)-(11.7.14) is given by Eqs. (11.7.10) and 
(11.7.11). 

11-10. In Eqs. (11.7.12)-(11.7.14), assume that 

1 
:F{V). V = 

Xs — X Xg — X 

where Xg is a constant, X < Xg and F is a function of 77 only, to be found. 
Obtain the corresponding form for v by the use of Eq. (11.7.12). Verify that 
these forms satisfy Eqs. (11.7.13) and (11.7.14) in the limit X -^ Xg provided 

2 
F = 3 tanh2(77 + /?) - 2, tanh^ f3 ̂  -

o 

and write down the corresponding form of the pressure. For details, see Stew-
artson [14]. 
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12.1 Introduction 

As in Chapter 6, we begin with the statement that the main difference between 
laminar flows and turbulent flows is that the effective difFusivities in turbulent 
flow are unknown. In Chapter 6 the temperature differences were small enough 
not to affect the mean velocity field, and it was assumed without explicit com­
ment that the fluctuating velocity field, which controls the turbulent transport 
of momentum, heat, or mass, was also unaffected. 

In most practical cases, the effect of density fluctuations on the fluctuating 
velocity field is quite small, except in buoyant flow, because density fluctuations 
are usually only a small fraction of the mean density. The effect of mean-density 
gradients on turbulence, however, may be significant in some cases. For many 
purposes the turbulence models developed for incompressible flows may be ad­
equate for variable-density flows of the same general type, provided that the 
local mean density is inserted in differential equations or algebraic formulas 
relating turbulent stresses and enthalpy-flux rates to the mean velocity and 
temperature flelds. Of course, the local mean density must also be inserted in 
the time-average momentum and energy equations just as in the laminar flows 
discussed in the previous chapter. 

Like the corresponding material in Chapter 11, the preceding part of this 
introduction, and most of the analysis below, applies both to low-speed flows (in 
which large density changes are introduced by high heat-transfer rates or by the 
mixing of dissimilar fluids) and to high-speed flows (in which large temperature 
changes result from viscous dissipation of kinetic energy into thermal energy 
or from pressure changes that are large fractions of the absolute pressure). 
Of course, the configurations, and the engineering hardware, are likely to be 
rather different in low-speed and high-speed flows, and comparatively little work 
has been done on low-speed compressible flows; this means that since current 
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turbulence models are empirical and are all based on data for limited ranges 
of flows, the formulas or differential equations developed for turbulent transfer 
rates may have slightly different coefficients in the two cases. 

In Section 12.2 we extend the discussion of turbulence models for incom­
pressible flows (Section 6.3) to compressible flows. For simplicity the discussion 
is carried through for gas flows. Liquid flows with large fractional variations in 
density are rare, so that coupling arises mainly via the dependence or viscosity 
on temperature, which is a fairly minor complication in turbulent flow. 

In Section 12.3 we discuss inner-layer similarity ideas in compressible flows, 
corresponding to the discussion in subsection 6.2.1. 

Section 12.4 is a brief review of attempts to find a mathematical transfor­
mation of coordinates and variables to convert a compressible turbulent flow 
into an observable (or calculable) low-speed flow. These transformations do not 
have the rigorous justification of the laminar-flow transformations discussed in 
Chapter 11; they are just as arbitrary as turbulence models and rather less easy 
to check against experimental data. The exception is that the transformation 
used in the inner-layer analysis for compressible turbulent flows is useful for 
correlating data for velocity profiles and skin friction coefficients. 

In Section 12.5 we discuss the calculation of compressible flows in zero pres­
sure gradient flows. In general, it is best to obtain solutions of compressible 
turbulent boundary layers, as in incompressible flows, by differential methods. 
For a given two-dimensional or axisymmetric body, which implies that the ex­
ternal velocity distribution can be determined and that the surface boundary 
condition is known, the momentum- and heat-transfer properties of the flow can 
be obtained by solution of the momentum and energy equations with accuracy 
sufficient for most engineering purposes. 

In Section 12.6 we discuss the numerical method which is similar to the one 
discussed in Section 4.5. It again uses the eddy-viscosity formulation of Cebeci 
and Smith. A general computer program based on the Box scheme and CS 
model is given in Appendix B (Program 11) together with results for a wide 
range of compressible turbulent flows. 

Finally Section 12.7 extends the discussion on shock-wave / shear layer inter­
action for laminar flows in Section 11.5 to turbulent flows. 

12.2 Turbulence Models 

The use of the Reynolds averaging procedure discussed in Section 10.3 intro­
duces additional unknowns to the equations. Further approximations are re­
quired to represent the effects of turbulence on the mean flow, i.e. the Reynolds 
stresses and the turbulent heat fluxes; these approximations should reduce the 
number of unknowns to equal the number of equations. As in incompressible 
flow, this can be done by using simple turbulence models based on algebraic 



12.2 Turbulence Models 389 

mixing length and eddy viscosity models or advanced turbulence models based 
on transport equations. 

The simplest turbulence models are based on the idea that the turbulence 
time scale is of the same order as the time scale of the mean flow. For two-
dimensional thin shear layers the turbulence time scale is obtained from a ve­
locity scale the order of magnitude of which is given by the Reynolds stress 

—u'v' ; the order of the mean flow time scale is the inverse of the shear 7—. 
dy 

This leads to the definition of an eddy viscosity vt{'^ l^tlp) given by Eq. (6.3.1), 
that is 

- pu'v' = lit-K- (6.3.1) 
dy 

Analogous quantities can be defined for turbulent heat-transfer rates. Just as 
—pu'v' is the most important of the six independent Reynolds stresses in a thin 
shear layer, being the rate of turbulent transfer of x-component momentum in 
the ^/-direction (normal to the surface in the case of a boundary-layer), pCpv'T' 
is the most important of the three turbulent heat-flux rates, being the rate of 
turbulent transport of enthalpy in the ^/-direction. This does not mean that 
the other Reynolds stresses or turbulent heat fluxes are negligible. In fact, the 
important quantities are the variations of -pu'v' and pCpv'T' in the ^/-direction 
and in this direction the length scale is very short. By analogy with the eddy 
viscosity, we define the eddy diffusivity of heat and the turbulent heat flux is 
expressed as 

dT 
pCpv'T' = -kt— (12.2.1) 

dy 

Note that a minus sign still appears; in heat transfer, as in momentum transfer, 
we expect transport down the gradient of the quantity in question. In other 
words, the effect of the turbulent heat transfer is expected to smooth the vari­
ations of mean temperature in the flow, just as the effect of the Reynolds stress 
is expected to smooth the variations of mean velocity u in the flow. 

Very often an analogy between the transport of momentum and the transport 
of heat is advocated to introduce a turbulent Prandtl number Pr^ = ptCp/kt 
defined by 

Pr. = ^ = % (12.2.2) 

dy 
and is assumed to be a constant. This assumption is very attractive from a 
computational point of view and leads to good results if the value of the Prandtl 
number is adapted to the flow considered. In boundary-layers and wall flows, 
a value around 0.9 is adequate although it can be affected by the pressure 
gradient. For a jet, the value of the Prandtl number is around 0.7 and for a low-
speed mixing-layer the value would be 0.5. The value of the Prandtl number is 
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flow dependent. In addition, the Prandtl number is not really constant within a 
given shear layer. In boundary-layers, models have been proposed to reproduce 
the variations observed experimentally [1]. 

For standard boundary-layers, the assumption of a turbulent Prandtl number 
is convenient and the comparisons with experimental data of the wall heat-flux 
for example justify such an approach. For more complex flows, this assumption 
is not sufficient and more elaborated models are needed. This implies to consider 
the transport equations for the turbulent heat-fluxes and to model them. 

12.2.1 Zero-Equation Models 

The extension of the mixing length approach to compressible flows used in [2] 
IS 

2f)2 -pu'v^ = pF^e 
duV 

dy) 

pcpv'V 
Prt dy dy 

(12.2.3) 

(12.2.4) 

The mixing-length is expressed by the same formula as in incompressible flow 

^ = 0 . 0 8 5 t a n h ( ^ | ) , . = 0.41 (12.2.5) 

and the damping function is 

where r is given by Eq. (10.5.2b), that is 

{rp) 
1/2 

du - ^ 
T — a— pwv' 

dy 

(12.2.6) 

(10.5.2b) 

The turbulent Prandtl number is taken as Pr^ = 0.89. 
The CS model for compressible flows uses the same expression for inner eddy 

viscosity formula, Eq. (6.3.3), 

\du\ 
(/̂ Oz = pr dy 

7tr, 0<y <yc (6.3.3) 

and outer eddy viscosity formula, Eq. (6.3.5) used for incompressible flows 

{pt)o = OL u)dy 7tr7 , yc<y <S 

The mixing-length in Eq. (6.3.3) is now given by 

i — Ky 1 — exp (-f)i K = 0.4 

(6.3.5) 

(12.2.7) 
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and the damping-length constant A is represented by 

1/2 / ^ . \ V 2 

^ = 2 6 ^ » , - ( ^ UT — 

o+ V^Ue dUe 

U^ dx ' UT 

(12.2.8a) 

Me \PwJ \V^ 

+ exp(ll.8^^+)} 

l _ e x p ( 11 .8^1 ;+ 

1/2 
(12.2.8b) 

For flows with no mass transfer through the surface, A'' is 

iV = 1 - 1 1 . ^ 

1/2 

(12.2.8c) 

In Eq. (6.3.3), 7tr is an intermittency factor which represents the region of 
transition from laminar to turbulent flow. The expression (6.2.4) obtained for 
incompressible flows is also useful for compressible adiabatic flows with Mach 
numbers less than 5; it is not applicable to nonadiabatic compressible flows 
since appreciable differences between the wall and freestream temperatures can 
strongly influence the length of the transition region. 

In Eq. (6.3.5) 7 again represents the intermittency and is given by the same 
formula as in incompressible flows, Eq. (6.3.6). 

In the CS model, the turbulent Prandtl number is expressed as 

P r . -
hi 1 -exp{-y/A) 

Khl-exp{-y/B) 
(12.2.9) 

where i^h = 0.44. The parameter B is a function of the Prandtl number Pr given 
by a series 

B 
B+u 

Ur 
' ^ ' ' = ^ E ^ ^ ( i ^ g i o P O ^ " ' (12.2.10) 

where Ci = 34.96, C2 = 28.79, C3 = 33.95, C4 = 6.3 and C5 - -1.186. 

12.2.2 Turbulence Models Based on Transport Equations 

As in incompressible flows, there are several turbulence models based on trans­
port equations extended from incompressible to compressible flows by taking 
into account the variation of density p across the shear layers. These models. 
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as in subsection 6.3.2, include one-equation, two-equation and Reynolds stress 
models. The SA model given by Eqs. (6.3.14) to (6.3.17) can be used for com­
pressible flows by taking into account the variation of p in their model. The k-e 
model requires some changes as discussed below. The extension of the Reynolds 
stress models to compressible flows is not discussed here since they are less 
popular than the one- and two-equation models. 

The standard extension to compressible flow of the k-e model given in section 
6.3.2 for an incompressible flow is 

(12.2.11a) 

(12.2.11b) 

dk dk 

de de 

—r-jdu d 'P't dk' 

)i^ 
d 

dy 
' Pt de 

.(^edy 

where pt is given by Eq. (6.3.14) 

l^t 
k^ 

(6.3.14) 

These equations apply only to free shear flows. For wall boundary-layer flows, 
as in incompressible fows, they require modifications to account for the presence 
of the wall. In the inner region, the model is corrected by near wall damping 
functions. When a local Reynolds number is used to express these damping 
functions, the same form as in incompressible fiow is kept. In the extension of 
the Launder-Sharma model (subsection 6.3.2), Eqs. (6.3.23) and (6.3.24) are 
written as 

-ndu ^ /^ rr\ 
-pu'v' — pe — 2p 

dy 
d 

dk _dk 

'"'Yx^^'^-dy 

+ 
de de 

dk Pt dk 

dy L dy dk dy 
du . \ e 

-Cs^pu'v' 

+ 2 f^f^t 

k 

de Pt de 

^dy cFedy, 

(12.2.12a) 

(12.2.12b) 

with the damping functions given by Eq. (6.3.25). 
Often, the damping functions are expressed as functions of a wall variable 

y'^. According to the study conducted by Aupoix and Viala [3], the appropriate 
definition of y^ is 

(12.2.13) y 
P 

The systematic study performed by Aupoix and Viala confirmed the analysis 
of van Driest [4] who proposed the same variable. It is interesting to note that 
the CS model also uses the same waU variable. 
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A desirable feature of turbulence models is that they should be able to 
retrieve the logarithmic law of the wall. For compressible flows, this law is [see 
Eq. (12.3.2b)] 

*+ 1 , y^/Twpw , 
(12.2.14) 

where tv and c have the same values as in incompressible flow and u^^ is the 
van Driest transformed velocity 

,*+ 
AT) c^ nr 

— / L_^ / / _L_ rl 

\ ^w Jo V Pw 
(12.2.15) 

A straightforward extension of two-equation models, such as given above does 
not produce the law of the wall, Eq. (12.2.14). Modifications of different two-
equation models have been proposed by Catris-Aupoix [5]. For the k-e model, 
the equations are (see Problem 12-1) 

dk dk —i—idu 
pu-—\- pv—- — —pu'v' — 

d 
dx 

dps 

dy 
.dps 

^^5^ + ^"a^ = l-̂ ^^^"'"a, 

dy dy [pcTk dy 

Pt dpk 

d_ 

dy 

Pt 

Ce^pS 

dp^/h 
,1 /2 , 

(12.2.16) 

(12.2.17) 
pv-cr^ dy 

Near the wall, the same modifications as in the standard k-s model apply [6]. 

12.3 Inner-Layer Similarity Analysis for Velocity 
and Temperature Profiles 

In compressible turbulent flows, the velocity and temperature profiles in the 
inner layer depend on all the quantities that aff'ect the velocity or temperature 
profile in incompressible fiows, and in addition the absolute temperature (at 
the wall, say) must be included since, by definition, the temperature diflFerences 
in compressible flows are a significant fraction of the absolute temperature. 
Also, if the Mach number of the fiow is not small compared with unity, the 
speed of sound, a, and the ratio of specific heats, 7, will appear; in a perfect 
gas a = y/^RT = ^ ( 7 - l)cpT, so that either a or T or both may be used 
as a variable. With these additions to the variables, according to the Rotta's 
analysis [6] which is an extension of that of Van Driest [4], the law of the wall 
for compressible turbulent flows may be written in the form 

u 
Ue R 

' \ U . { R ' ^ \ - H 1 — cos I R 
Ur 

fl2.3.1) 
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Here with w denoting wall, ci is a constant fairly close to the unity, Ur — 

V^w/pw, and 

• ( 7 - l ) P r r 
2 

1/2 • 1 
TT _ ^W __ ^ Qw 

TujUr ( 7 - 1) PwCpUrTyj 

— = - In - ^ + c. 

then if = 0, i? -^ 0, and 

fauj\ 

\UrJ 

(12.3.2a) 

(12.3.2b) 

- = V ^ - . (12.3.3) 
Ur Ur 

It can be shown that if Ur/a^j is small, then ci = 1 — 0(gt(;) and u = u* for 
small ĝ ;̂ thus the constant c in Eq. (12.3.2b) can be identified with the additive 
constant c in the logarithmic law for constant property wall layers, Eq. (8.2.3). 
In general c, like ci, is a function of the friction Mach number Mr {= ^ ) and 

(12.3.4) 

of Bq defined 

Similarly the 

B , = 

temperature profil 

T = -- ciTuj -

qw 

Pw^P^T-'- W 

e is given by 

{Vvt)qwU _ 
CpTyj 

( P r t ^ 

ZCp 
(12.3.5) 

Simpler versions of Eqs (12.3.1) and (12.3.5) have been proposed by many 
authors. Van Driest [4], assuming ci — \ and Pr^ = 1, presented the inverse of 
Eq. (12.3.1), giving î * in terms of u. In one more general notation this is 

u* I ( . -X R{u/ur + H) . -1 RH \ 

This formula is called the Van Driest transformation; it can be regarded as 
transforming the inner-layer part of the compressible boundary-layer profile u{y) 
to an equivalent incompressible flow u*{y) that obeys the logarithmic formula, 
Eq. (12.3.2b). However, it is simpler to regard Eq. (12.3.1), with Eq. (12.3.2), 
as the direct prediction of inner-layer similarity theory for the incompressible 
boundary layer. 

If there is no heat transfer through the surface, H is zero, the second term 
on the right of Eq. (12.3.1) disappears, and Eq. (12.3.6) reduces to 

u* I , A f R u 
— — sm Ur R \ \fc\ Ur 

(12.3.7) 

which is easy to identify as the inverse of Eq. (12.3.5) without the second term 
on the right and of course reduces to î * = î  as i? ^ 0 and c \ ^ \ . 
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If we replace H by the expressions given Eqs. (12.3.2) and (12.3.5), use the 
definition of Mach number, Me = Ue/oe) take ci = 1 and Pr^ = 1 following Van 
Driest [4], and note that Pw/Pe = Tg/Tw, then Eq. (12.3.6) can be written as 

u^ 1 
— = , ^ = I sin 
^r A^{cf/2){T^/T, 

^ A^{cf/2){T^/Te) (u/ur) + B/2A 

ViTWNW 
(12.3.8) 

or as 

where 

Ue /̂  • -1 2A^iu/Ue) - ^ , . _ i B \ 
- ^ [ ' ' ^ (^2 + 4A2)V2+^^" (52 +4^2)1/2 j - (12-3.9) 

•̂  -'- w / ^ e -^w / ^ e 

Note that the above relations assume that the recovery factor r defined by 

r = ^ ^ (12.3.11) 

is 1. In the above equation, Taw is the recovery temperature reached by an 
insulated (adiabatic) surface and Toe is the told temperature. To account for 
the fact that r is less than unity (about 0.89), we rewrite Eqs. (12.3.10) as 

12.4 Transformations for Compressible Turbulent Flows 

The Van Driest transformation, Eq. (12.3.6), applied to the fully turbulent part 
of the inner (constant-stress) layer of a compressible boundary layer produces 
the logarithmic profile, Eq. (12.3.2c). Applying the transformation to the outer 
layer of a constant-pressure compressible boundary layer, we obtain a profile 
that looks qualitatively like that of a constant-pressure constant-density bound­
ary layer. In particular, the transformed profile ^^{y) can be described, more 
or less as accurately as an incompressible profile, by the wall-plus-wake formula 
given by Eqs. (6.2.17) and (6.2.18), 

— = - I n - ^ + C + — (1 -cosTT^ . (12.4.1) 
Ur n Vin K, ^ 0/ 

However, this convenient data correlation is a consequence of the strong con­
straint on the wake profile, which has to have zero slope and zero intercept at 
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y = 0, whereas the profile as a whole has zero slope 8it y = 6 [although the crude 
wake formula in Eq. (12.4.1) does not]; also, the "wake parameter" U and the 
boundary-layer thickness 6 are constants that can be adjusted to optimize the 
fit of Eq. (12.4.1) to any real or transformed profile. 

As was discussed in subsection 6.2.5, U is constant in incompressible 
constant-pressure flows at high Reynolds number and equal to about 0.55. The 
value of 77 that best fits a transformed profile is expected to be a function of 
the friction Mach numberM^ (= Ur/au)) and of the heat-transfer parameter Bq 
{= qw/PwCpUrTw)' Evaluation of this function from experimental data is ham­
pered by the low Reynolds number of most of the compressible-flow data and 
uncertainty about the definition of Reynolds number that should be used in cor­
relating low-Reynolds-number eflFects on the velocity-defect profile. According 
to the studies conducted by Fernholz [7] the Reynolds number PeUeO/fXw gives 
excellent correlations of data over a wide range of Mach numbers and Reynolds 
numbers. 

The Van Driest transformation can be regarded as a solution of the compress­
ible-flow problem only if the coefficients c, ci, and 77 were independent of Mach 
number and heat-transfer parameter. However, we can use the transformation, 
plus compressible-flow data for ci and 77, to correlate the mean properties 
of constant-pressure compressible boundary layers. In pressure gradients, the 
transformed boundary-layer profile still fits Eq. (12.4.1) as does its true low-
speed equivalent, but, as at low speeds, there is no simple formula to relate the 
shape parameter 77 to the local pressure gradient. Moreover, the variation of 
IXT-, 77, and 6 with x will not generally correspond to any realizable low-speed 
boundary layer; that is, it may not be possible to choose a pressure distribution 
p{x) for a low-speed flow that will reproduce, at each x, the same velocity 
profile as in the compressible fiow. The spirit of Van Driest's transformation, 
although not its details, would be retained if compressible boundary layers were 
calculated using the mixing-length formula to predict the shear stress and the 
assumption of constant turbulent Prandtl number to predict the heat transfer. 
We consider such calculation methods in Section 12.6. 

12.5 Two-Dimensional Boundary Layers 
with Zero Pressure Gradient 

12.5.1 Skin-Friction Formulas on Smooth Surfaces 

A number of empirical formulas for varying degrees of accuracy have been de­
veloped for calculating compressible turbulent boundary layers on flat plates. 
Those developed by Van Driest [4] and by Spalding and Chi [8] have higher 
accuracy than the rest (see Hopkins and Keener [9] and Gary and Bertram 
[10]) and cover a wide range of Mach number and ratio of wafl temperature to 
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total temperature. These two methods have similar accuracy, although the ap­
proaches followed to obtain the formulas are somewhat different. Both methods 
define compressibility factors by the following relation between the compressible 
and incompressible values: 

Cf^ = FcCf, (12.5.1a) 

Ro,=Fn^Re, (12.5.1b) 

^-^= [ ^ ^ d R , = FR^RX. (12.5 .1C) 

Here the subscript i denotes the incompressible values, and the factors Fc, F/^^, 
and FR^ {=Fji^/Fc) defined by Eq. (12.5.1) are functions of Mach number, 
ratio of wall temperature to total temperature, and recovery factor. Spalding 
and Chi's method is based on the postulate that a unique relation exists between 
CfFc and FR^R^. The quantity Fc is obtained by means of mixing-length theory 
and Fn is obtained semiempirically. According to Spalding and Chi, 

rp Irp _ -\ /rp \ 0.772 / rp \ -1.474 

Fc= , . -1 7 . -1 ,̂2' ^^o = [^) [-) • (12-5.2) 
(sm "^a + sm^PY \TeJ \Te J 

where 

a = -^aw/J-e \ ^wIJ-e ^ 

(12.5.3a) 
[(Taw/Te + T^/Te)2 - ^(T^/Te)]^/^ ' 

-^aw/-^e ~ -Lw/ J-e 

^ = l + ^ ( 7 - l ) M ^ (12.5.3b) 

According to Van Driest's method, which is based entirely on the mixing-
length theory, Fc is again given by the expression defined in Eqs. (12.5.2) and 
(12.5.3). However, the parameter FR^ is now given by 

FR, = ̂ . (12.5.4) 

The development of Van Driest's formula for skin friction is analogous to the 
solution steps discussed for incompressible flows (see Section 6.4) except that the 
derivation is more tedious. The solution requires the expansion of the integral 
into a series by means of integration by parts and a simple expression is again 
obtained when higher-order terms are neglected. With this procedure and with 
the power-law temperature-viscosity relation 

which implies FR^ = (Te/Ty^Y^ the following relation for Cf and Rx is obtained 
for compressible turbulent boundary layers with and without heat transfer, with 
X measured from the effective origin of the turbulent flow: 
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0.242(sin-^a + sin-^/3) ^ , , . ^ /I \ ^ T, 

A^Cf{T^/Te) 
= 0.41 + log i? ,c / - ( ^ + ^ ) l o g ^ , (12.5.5) 

where A is defined by Eq. (12.3.10). This formula is based on Prandtl 's mixing-
length formula / = K,y. If the procedure leading to this equation is repeated with 
the mixing-length expression given by von Karman's similarity law 

du/dy , 

d'^u/dy'^ 

a formula similar to that given by Eq. (12.5.5) is obtained except that ^ +c<; in 
Eq. (12.5.5) is replaced by oj. This formula is known as Van Driest II, in order 
to distinguish it from Eq. (12.5.5), which is known as Van Driest I, and may be 
written as 

0.242(sin-ia + sin-i/3) , ^ , T^ ^.^..^ 
^ ^ = 0.41 + logi i^c; -uulog^. (12.5.6) 
V^Cf{T^lTe 

The predictions of Eq. (12.5.6) are in better agreement with experiment than 
those of Eq. (12.5.5) and Van Driest II should therefore be used in preference 
to Van Driest I. 

Equations (12.5.5) and (12.5.6) constitute a compressible form of the von 
Karman equation discussed in Section 6.4 [see Eq. (6.4.5a)]. For an incompress­
ible flow, they reduce to Eq. (6.4.5a). For an incompressible adiabatic flow, 
Tw/Te -> 1 and 5 = 0, so that with Eq. (12.5.3a), we can write Eq. (12.5.6) as 

0 .242s in -M ^ ,^ , ^ 
= 0.41 + log i?^cj. 

In addition, A is of the order of Me, and since it is small, sin~^ A = A. The 
resulting equation is then identical to Eq. (6.4.5a). 

According to Van Driest II, the average skin-friction coeflScient Cf is obtained 
from the expression 

0.242(sin-ia + sin-i/?) T^ 
, = l o g i ? x C / - u ; l o g 7 — . (12.5.7) 

A^Cf{T^/Te) ^-

Figures 12.1 and 12.2 show the variation of local and average skin-friction 
coefficients calculated from Eqs. (12.5.6) and (12.5.7), respectively, on an adia­
batic flat plate for various Mach numbers. The recovery factor was assumed to 
be 0.88. 

Figure 12.3 shows the effect of compressibility on the local and average skin-
friction coefficients. Here, the skin-friction formulas were solved at a specified 
Reynolds number {Rx — 10^) as functions of Mach number for fixed values 
of Tyj/Te. In the results shown in Fig. 12.1, the local skin-friction values for 
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Fig. 12.2. Average skin-friction coefficient on a smooth adiabatic flat plate, according to 
Van Driest IL 

incompressible flows with heat transfer were obtained from the limiting form of 
Eq. (12.5.6). We note that as Me -^ 0 and when T^j/Te = 1, A ^ 0, a -^ - 1 , 
and P -^ 1. It follows that the term 

sin ^ a -\- sin ^ P 

is indeterminate. Using L'Hospital's rule and recalling that B = Te/Tyj — 1, we 
can write Eq. (12.5.6) for an incompressible turbulent flow with heat transfer, 
after some algebraic manipulation, as 
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Fig. 12.3. Effect of compressibility on (a) local skin-friction coefficient and (b) avarage 
skin-friction coefficient on a smooth adiabatic flat plate, according to Van Driest II. 

2 0.242 ^ , , , , p , T^ 
-^==~-—= = 0.41 + logi?^c; - a>log — . (12.5.8) 

The average skin-friction formula, Eq. (12.5.7), can also be written for an in­
compressible flow by a similar procedure, yielding 

2 0.242 , J, _ , r ^ 
—, = logKxCf — a; log - - - . (12.5.9) 

12.5.2 Reynolds Analogy Factor 

According to the studies conducted by Spalding and Chi [8] and Gary [11] it 
appears that for Mach numbers less than approximately 5 and near-adiabatic 
wall conditions, a Reynolds analogy factor of 

St 

C;/2 
= 1.16 (12.5.10) 

adequately represents the available experimental data for zero-pressure gradient 
flows. However, for turbulent flow with significant wall cooling and for Mach 
numbers greater than 5 at any ratio of wall temperature to total temperature, 
the Reynolds analogy factor is ill-defined. Experimental data [10] indicate that 
for local Mach numbers greater than 6 and T ^ / T Q less than approximately 0.3, 
the Reynolds analogy factor scatters around a value of 1.0. A sample of the 
results is presented in Fig. 12.4 for a Mach number of 11.3 and indicates that 
the Reynolds measured analogy factor is scattered from around 0.8 to 1.4 with 
no discernible trend for T^^/TQ. 
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Fig. 12.4. Reynolds analogy factors at Me = 11.3, Rc/m = 54 x 10̂  [11]. 

12.5.3 Skin-Friction Formulas on Rough Surfaces 

The skin-friction formulas for a smooth flat plate, Eqs. (12.5.7) and (12.5.8), 
can also be used to obtain formulas for sand-grain-roughened flat plates by 
assuming a relation between the compressible and incompressible values such 
as that given by Eq. (12.5.1a). According to the experiments of Goddard [12] 
on adiabatic fully rough flat plates, 

Fe - ^ , (12.5.11) 

and the experimental values of Cf verified the relation (12.5.11) for his chosen 
turbulent recovery factor, r = 0.86. It should be emphasized that this equation 
is for fully rough flow in which the flow on top of the roughness elements remains 
subsonic. It is consistent with the observation originally noted by Nikuradse for 
incompressible flow, namely, that the skin-friction drag for fully rough flow is 
the sum of the form drags of the individual roughnesses. 

Fenter [13] also presented a theory for the effect of compressibility on the 
turbulent skin friction of rough plates with heat transfer. This gave results that 
agree with those of relation (12.5.11) only at Mach numbers close to unity and 
only for zero heat transfer. For Ty^ = Tg, the value of Cf given by this theory is 14 
percent less than that given by Goddard's relation at Mg = 2.0 and 45 percent 
less at Me = 4.0. Fenter presented experimental data for Mg = 1.0 and 2.0 that 
agreed well with this theory for the case of zero heat transfer. The difference in 
the experimental values of cy of the two reports is probably within the accuracy 
to which the roughness heights were measured. The theory of Fenter is based 
on assumptions whose validity is questionable at high Mach numbers, and these 
assumptions may account for the difference in cy predicted by Fenter and by 
Goddard for the case of T^ —TQ. 

Figures 12.5 and 12.6 show the average skin-friction distribution for a sand-
roughened adiabatic plate, and Figs. 12.7 and 12.8 show the results for a sand-
roughened plate with a wall temperature equal to the freestream temperature. 
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Fig. 12.6. Average skin-friction coefficient for a sand-roughened adiabatic flat plate at 
Me = 2. 

all at Me = 1 and 2. In all these figures, transition was assumed to take place 
at the leading edge. 

Figure 12.9 shows the variation of the ratio of the compressible to incom­
pressible values of skin-friction coefficient with Mach number for the various 
types of flow on an adiabatic plate. The variation is much larger for turbulent 
flow than for laminar flow and increases as the Reynolds number increases, be­
ing largest for a fully rough wall where viscous effects are negligible. The reason 
is that the effect of viscosity is felt mainly near the wall (in the viscous sub­
layer), and so the relevant Reynolds number for correlating skin friction is that 
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Fig. 12.7. Average skin-friction coefficient for a sand-roughened adiabatic flat plate with 
T^/Te = 1, Me = 1. 

based on the wall value of viscosity. The ratio of wall viscosity to freestream 
viscosity increases as Mg, increases; so a given value of UeL/ve corresponds to 
a smaller value of UeL/u^^ and thus a larger cj. The effect on Cf decreases as 
UeL/ve increases because the change of Cf associated with Rj^ is smaller. The 
effect is absent on fully rough walls. 

12.6 Numerical Solution of the Boundary-Layer Equations: 
Differential Method 

In parallel with Section 4.5, we now discuss the calculation of two-dimensional 
flows by a differential method that employs a compressible version of the eddy-
viscosity formulation described in subsection 6.3.1. 

The governing boundary-layer equations for a two-dimensional laminar 
and turbulent flow in the absence of body forces, follow from Eqs. (10.5.1a), 
(10.5.1b), (10.5.2b) and (10.5.2c), and can be written as 

dH 
'""^^'""dy 

du 

d_ 

dy [ 

du 

dx 

dH 

dp d 

dx dy 

du 

""^'d-y 
pu'v' 

0, 

/ i ^ - pu'v' 

dT 
+ k— pv'h' 

dy 

(12.6.1) 

(12.6.2) 

(12.6.3) 
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Laminar Smooth Turbulent 

Fig. 12.9. Mach number variation of the ratio of 
the compressible to incompressible values of local 
skin-friction coefficient for the various types of air 
flow on an adiabatic flat plate, for given Reynolds 
number UeLjv^. 

where, as before, 'pv is given by Eq. (10.5.2a). With eddy viscosity and turbu­
lent Prandtl number defined by Eqs. (12.2.1) and (12.2.3) and with the use of 
Bernoulli's equation —dp/dx = peUe{dUe/dx), Eqs. (12.6.2) and (12.6.3) become 

du du due d 
pu-^ + pv—- = peUe-r- + ^ -

oy dx oy dx 

dH dH 

^"5^+^"a^ = Cn Pr / 

dh 

dy 
u[p^ put)^-\ , 

(12.6.4) 

(12.6.5) 

Recalling the definition of Prandtl number Pr = pCp/k and the definition of 
total enthalpy for a perfect gas, we can set 
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k ut \ dh __ / fi i/t \ (OH du 

and write Eq. (12.6.6) as 

dH _dH d (f u vt\dH 

+ [ . ( l - i ^ ) + . . ( l - ^ ) ] . | } . (12.6.6) 

As in Chapter 11, we use the compressible Falkner-Skan transformation 
defined by Eq. (11.2.1), 

d7]= J—^ dy, ip{x,y) = y/p^/I^u^ f {x, r]), (11.2.1) 

and the definition of stream function that satisfies the continuity equation 
(12.6.1), so that 

p . = . - , Pv = - ^ . (12.6.7) 

The momentum and energy equations, given by Eqs. (12.6.4) and (12.6.6), can 
now be written in a form similar to that of Eqs. (11.2.3) and (11.2.4), that is. 

WY + m,//" + m2|c - (ff] ='{f'%- f"% fl2.6.^ 

(12.6.9) 

except that now 

h = C{l + vt\ e = ^ ( l + -,+ ̂ ) , 

-f i ' p ; + - r i i - = -
1 

' ^t 
+ ^t 

V 
(12.6.10) 

Including a transpiration velocity Vyj at the wall, the boundary conditions 
given by 

y = 0, v^Vyj{x), IX = 0, E = Eyj{x) or ( ^ - ) =-^^Qw^ 

(12.6.11a) 
y = 6, u = Ue{x), H = He (12.6.11b) 

can be written in terms of transformed variables as 

77-0, / - o , u = - 1 
[UefiePeXy/'^ 

/ PwVvi 
Jo 

dx 
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5 = 5 4 x ) or s ; = - f ^ | f % , (12.6.12a) 

V = Ve, f' = l, 5 - 1 . (12.6.12b) 

Note that in the absence of mass transfer, Eq. (12.6.12) is identical to the 
equations given by Eq. (11.2.5). 

As in Section 6.4, we use the eddy-viscosity formulation of Cebeci and Smith, 
which for compressible flows is given by Eqs. (12.2.9) and (12.2.10). We assume 
the turbulent Prandtl number Pr^ equal to 0.90. 

To solve Eqs. (12.6.8) and (12.6.9) subject to the boundary conditions given 
by Eq. (12.6.12) we follow a similar procedure discussed in Section 4.5 for Eqs. 
(4.5.4) and (4.5.5). We again write Eqs. (12.6.8) and (12.6.9) and their bound­
ary conditions in terms of a first-order system. For this purpose we introduce 
new dependent variables i^(x,r/), v{x^r])^ and p{x,rf) so that the transformed 
momentum and energy equations can be written as 

/ = u, (12.6.13a) 

u' - V, (12.6.13b) 

g' = p, (12.6.13c) 

{hv)' + mifv + m2(c -u^) = X (u^ - v^] , (12.6.13d) 

{ep + duvY + mifp = X (u^ ' P^^) (12.6.13e) 

where g = H/He is the total-enthalpy ratio denoted by S in Eq. (11.2.18). In 
terms of the new dependent variables, the boundary conditions given by Eqs. 
(12.6.12) become 

/ (x ,0 ) = / ^ ( x ) , ii(x,0)==0, 

g{x, 0) = guj{x) or p{x, 0) = Pw{x) (12.6.14a) 

ix(x,r/e) = l, g{x,r]e) = l (12.6.14b) 

We now consider the same net rectangle in the xr] plane shown in Fig. 4.8 
and the net points defined by Eq. (4.5.10) and express Eqs. (12.6.13) in terms 
of finite-difference approximations to obtain 

V ' ( / " - / ^ l ) = ^ " - l / 2 ' (12.6.15a) 

hj\u]~u]_,) = v]_,^^, (12.6.15b) 

V ' ( 5 " - f f " _ i ) = p " - i / 2 > (12.6.15c) 
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h-\b]v^ - b^_,vj_,) + (m? + an){fv)]_y2 - (m^ + «n)(w')^_i/2 

+«n(^P% /j^l/2 - /JL-1/2 ^^1/2) = RU/2^ (12.6.15d) 

+ (m? + a„)(/p)^_i/2 

- an[{ug)]_y^ + «p l /2 ^"-1/2 " ^ ^ ^ ^"-1/2 

+ fJ-1/2 PU/2 - PU/2 fU/2\ = 7p//2' (12.6.15e) 

where 

a , = — - — , (12.6.16) 

+ m2[Cj.i/2 - {u%.x/2]r-\ (12.6.17b) 

^ r i / 2 = - ^ r V 2 + " n [ ( / P ) p ' / 2 - M]:l/2]^ (12-6.17C) 

Ar^ i /2 = [h~\ejpj - ej_ipj_i) + hJ^idjUjVj - dj-iUj-iVj-i) 

+ m i ( / p ) , _ i / 2 ] " - ^ (12.6.17d) 

In order to account for the mixed wall boundary conditions for the energy 
equation, we write Eq. (12.6.14a) as 

«o5o + «iPo = 7o (12.6.18) 

Here for specified wall temperature ao = 1, ai = 0 and since the enthalpy ratio 
at the surface, 0̂(̂ :̂ )5 is given, 70 = go{x). For a specified wall heat flux, ao = 0, 
ai — 1 and 70 equals the dimensionless total-enthalpy gradient at the wall. 

The wall boundary conditions for the momentum and energy equations can 
be written as 

/o" = 0, < = 0, aoff^ + aipS = 7o (12.6.19a) 

and the edge boundary conditions as 

^ j = l, 9j = l- (12.6.19b) 

If we assume / j ^ ~ \ ' ^ j ~ \ ^ j ' ~ \ ^ j ' ~ \ and p^~^ to be known for 0 < j < J , 
then Eqs. (12.6.15) and (12.6.19) form a system of 5 J + 5 nonlinear equations 
for the solution of 5 J + 5 unknowns (/j^, u^, v^, g^,p^), j = 0 , 1 , . . . , J . To solve 
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this nonlinear system, we again use Newton's method discussed in subsection 
4.5.2. 

This procedure yields a linear system which is again solved with the block-
elimination method (subsection 4.5.3). This is discussed in some detail in the 
accompanying CD-ROM which also gives the computer program for solving the 
boundary-layer equations for two-dimensional compressible flows. 

12.7 Shock-Wave/Boundary-Layer Interaction 

We now come to one of the most important and outstanding problems in the 
theory of boundary layers, the response of a turbulent boundary layer to a 
shock wave generated either by a concave corner on the surface or externally. 
Normally the structure of the boundary layer has little effect on the external 
flow unless there are extensive regions of separation, but the situation can be 
quite different when shocks are involved. For example, the lifting force on airfoils 
at transonic speeds can be halved, and the shock position moved 20 percent of 
the chord, by viscous effects even when the Reynolds number is high and the 
boundary layer is attached. The resolution of the structure of the boundary 
layer in such flows is still in the development stage and far from complete. It 
is inappropriate here to attempt to review the enormous amount of work that 
has been done on this topic. Instead, we refer the reader to the general review 
by Adamson and Messiter [14], Delery [15,16] and to the AGARD Conference 
at Colorado Springs [17], for an assessment of the present state of knowledge. 
Some comments of a general nature are in order, however, to give the reader an 
appreciation of the achievements. 

The interaction has some general features in common with laminar inter­
actions, principally the formation of a pressure plateau ahead of the shock 
intersection, but there are important differences. For example, the upstream 
extent of the interaction is only a few boundary-layer thicknesses, even with 
a large pressure rise across the shock, and much less than has been observed 
with laminar flows. Again the pressure rise to provoke separation in a turbu­
lent boundary layer is higher than for laminar flow because the flow speed and 
dynamic pressure near the wall are larger; a rough rule is that a turbulent 
boundary layer passing through a normal shock will separate if the Mach num­
ber ahead of the shock exceeds 1.3 (this corresponds to a pressure rise of 0.68 
of the freestream dynamic pressure, about the same as that needed to separate 
a low-speed boundary layer in a strong adverse pressure gradient). When the 
shock is oblique, the pressure rise to separation is roughly the same as for a 
normal shock. 

The simplest experimental configuration for examining the nature of the 
interaction has the shock generated by a ramp on the test surface, and the re­
sulting flow has been studied by many workers during the last 30 years or so. In 
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Fig. 12.10 we show a comparison between the measured pressure distribution 
on a 25° ramp at Moo — 2.96 and the predictions of inviscid theory (Law [18]), 
and in Fig. 12.11 we show a photograph of hypersonic flow past a ramp. A large 
number or measurements of the ramp angle ai needed to produce incipient sep­
aration have been made, and the results are reviewed by Roshko and Thomke 
[19]. The trends are displayed in Fig. 12.12. According to inviscid theory, the 
ramp angle that is required to produce a detached shock increases with Mach 
number, and so it is not surprising that the critical ramp angle a^, for incipient 
separation, also increases with Mach number, from about 15° at MQO = 2 to 
about 30° at M^o = 8. The variation of ai with Reynolds number R is more 
interesting. At low values of i?, ai decreases as R increases, apparently because 
of the changing outer profile (law of the wake, discussed in Section 12.4). At 
higher values the trend is reversed due to the profile becoming fuller with con­
sequent decrease of the shape parameter H and skin-friction coefficient Cf. For 
recent results, see Hayakawa and Squire [20]. 

One of the earliest attempts to describe the details of the interaction is due 
to Lighthill [21], who used arguments similar to those leading to the establish­
ment of the triple-deck theory of laminar free interactions (Section 11.6). The 
chief modification is to use the characteristic turbulent profile as initial profile 
instead of the laminar form, but as Lighthill immediately noticed, the resulting 
scaling laws [compare Eq. (11.7.10)] are not consistent, the interaction region 
being thinner than the boundary layer. The most recent precise studies of the 
interaction ignore the sub-boundary layer [compare Eqs. (11.7.7)-(11.7.9)] and 
take the velocity upstream of the interaction in the form 

^0(2/) Up 1 -\- euQ 
( ! ) 

(12.7.1) 

where Ue is the external velocity, s is a small parameter 0(log Re)~^, and 6 is the 
boundary-layer thickness. This form does not satisfy the no-slip condition at the 
wall and may be thought of as the outer or law-or-the-wake part of the velocity 
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Fig. 12.10. Pressure distribution along a su­
personic ramp with a turbulent boundary layer. 
The freestream Mach number is 2.96 and the 
Reynolds number is 10^ at the corner. The solid 
line denotes the inviscid pressure and the sym­
bols experimental results [18]. 
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Separated Flow 

(a) 

Attached Row 

(b) 

Fig. 12.11. Turbulent hypersonic flow at a wedge-compression corner, (a) Separated flow. 
(b) Attached flow. 

profile. The interaction of the boundary layer with a shock using uo{y) as an 
approximation to the initial profile is then treated on a largely inviscid basis. 
The sketch in Fig. 12.13 shows the structure of the interaction. Two features 
of this procedure are of interest. First it suggests that in numerical studies of 
weak interactions, the precise form of the law of the wall or the eddy viscosity is 
not important. This conclusion has been supported by several numerical studies 
of such interactions, and indeed it seems generally agreed that algebraic eddy-
viscosity or mixing-length models give good results provided separation has not 
occurred. Second, it cannot treat interaction problems in which separation does 
occur, for a basic assumption is that the important features occur in the outer 
part of the boundary layer. 
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Fig. V1,V1, Incipient separation of a turbulent boundary layer on a ramp [19]. Labels on 
curves indicate Mach numbers. 

Several attempts, notably by Inger and his associates [22], have been made 
to account for the sub-boundary layer in a rational way. The basis is the same as 
Lighthill's and in consequence is subject to the same sort of criticism. Thus the 
use of laminar equations to describe this layer means that Reynolds stresses are 
assumed to be relatively unimportant. In fact, Reynolds stresses are significant 
in the law-of-the-wall region, and the Eq. (10.5.2b), 

du -j-
(10.5.2b) 

must be considered in any explanation of the behavior of the wall shear stress r^j-
The implication is that even in the interactive region, the pressure gradient and 
the inertia terms lead to higher-order corrections for r^uj- At the present time, 
therefore, our understanding of the mechanisms that control extensive regions 
of separated flow is still largely incomplete, and this uncertainty is reflected in 

Normal Shock Wave 

Compression 
Waves 

Fig. 12.13. Incident normal shock v^ave with un-
separated turbulent boundary layer [21]. 
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«i 

Fig. 12.14. Comparison of computation and surface measurements for a supersonic com­
pression corner with schock-wave/boundary-layer interaction. The ramp angle is 24°, the 
Reynolds number based on boundary-layer thickness is 1.33 x 10^ and Moo = 2.8. The sym­
bols denote experiment and (—) is obtained using an algebraic eddy-viscosity model, (—) 
a one-equation turbulence model, ( ) two-equation model A, and (— • —) two-equation 
Model B [22]. 

the numerical procedure adopted for the calculation of separating interactive 
flows of practical interest. The use of simple algebraic models for the eddy 
viscosity, of the type discussed in Section 12.2 predicts the gross features of 
the flow, even when separation occurs, but not its detailed properties. More 
complex models have been devised, and it might have been thought that these 
would permit more accurate predictions. In their review [14], Adamson and 
Messiter comment that "at the present time it appears that this promise has 
not been fulfilled, in the sense that it is not possible to choose a given model, 
with a given set of constants, that gives results more accurate than those given 
by a simple zero-equation model, for an arbitrary chosen interaction problem." 
A typical pair of graphs, due to Viegas and Horstmann [23] for pressure and 
skin friction, is shown in Fig. 12.14 comparing the predictions, using models of 
varying complexity, with experiment. 
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Problems 

12-1 . The turbulence model equation given by Eqs. (12.2.16) and (12.2.17), 
that is, 

/it dpk 

pcTk dy 

dk dk —i—idu d 

dps dps ( —r-idu \ pe 

(P12.1.1) 

+ | - [ ^ ^ 1 (P12.1.2) 
dy p^l^ae dy 
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where 

Mt = p c ^ ^ (P12.1.3) 

can be used to study the behavior of the flow in the logarithmic region. Assum­
ing that —pu'v' is constant and equal to Ty^ and assuming that the Bradshaw 
hypothesis is valid, i.e. 

- p ^ = 2aipk (P12.1.4) 

where ai is a constant and neglecting the convective terms ^ and - ^ assumed 
to be negligible because the velocity is small, show that 

(a) 

^ = , / ^ ^ , « , = , / ^ (P12.1.5) 
dy \ p K-y \j pw 

(b) 

c^ = {2aif (P12.1.6) 

(c) the law of the wall is verified if 

1/2 
( c e , - c , , ) ^ ^ + l = 0 (P12.1.7) 

12-2. In the inner layer (outside the viscous sublayer) the transport terms in 
the energy equation (10.5.1c) are small and can be neglected. Assuming that r 
is constant and equal to Tyj^ from Eq. (10.5.1c) we can write 

1̂  = rj^ (P12.2.1) 
dy dy 

which states that the next rate of (^/-component) transfer of heat leaving a 
control volume in the inner layer is equal to the rate at which the fluid in the 
control volume does work against (shear) stress. Integrating this equation, we 
get 

q = qw + UTyj. (P12.2.2) 

In a low speed flow the work done is negligible, and q ^ Qw^ corresponding to 
r = Tyj. 

Analogous to Eq. (5.2.2), with Uc denoted by (r/p)^/^, that is, 

^ = fcM^ (P12.2.3) 
dy K.y 

we can write 

- = ~^i^? (P12.2.4) 
9y {r/pyi^Khy 

where Kh, like K in Eq. (6.2.3) is a constant. If we divide Eq. (12.2.4) by Eq. 
(12.2.3), we obtain 
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C LL Or) 'VO 

where n/tih is the turbulent Prandtl number, Pr^ 

(a) Substituting for q from Eq. (12.2.2) and integrating with respect to u^ show 
that 

C-pTnj ZCp 
+ const. (P12.2.6) 

Note that, unlike the corresponding equation for laminar flows, Eq. (11.2.22b) 
for Pr = 1, the constant of integration is not exactly equal to Tyj because the 
formulas (P12.2.3) and (P12.2.4) are not vahd in the viscous or conductive 
sublayers, but it is conventionally written as ciT^^, where ci is fairly close to 
unity and is a function of Qw/PwCpUrTu)^ UT/O^W^ and the molecular Prandtl 
number Pr. That is, 

(b) Noting that 
P — PwTyj/T^ we can use Eq. (P12.2.7) to eliminate p from Eq. 

(P12.2.3). Show that the integral required to obtain 7/ as a function of y from 
Eq. (P12.2.3) then becomes 

[ ^ = f ^^/^T (P12.2.8) 

(c) Replacing [cpTyj by a ^ / ( 7 - 1) and integrating Eq. (P12.2.8), show that the 
law of the wall for compressible flows, Eq. (12.3.1), is obtained. 



An Interactive 
Boundary-Layer Method 
for Three-Dimensional 
Flows 

13.1 Introduction 

Equations (10.5.5) to (10.5.12) represent three-dimensional laminar and turbu­
lent compressible boundary layers in a body-oriented coordinate system. Their 
solution requires boundary and initial conditions together with a turbulence 
model for the Reynolds stresses and can be obtained either in standard or 
inverse modes as with the two-dimensional incompressible flows discussed in 
Chapter 9. For the standard problem, that is for a given external velocity dis­
tributions of Ue{x, z) and We[x^ 2:), the procedure is similar to that described for 
three-dimensional incompressible flows in Chapter 7; the main difference relates 
to the energy equation and whether it is solved together with the continuity and 
momentum equations or independently from them. In the latter case, the con­
tinuity and momentum equations are solved and then the energy equation. The 
solutions of the velocity and temperature fields are iterated until convergence. 

As in two-dimensional flows, the standard method has the drawback that 
the solutions break down as the streamwise wall shear tends to zero and cannot 
be used for flows with separation. Thus, the solution of the three-dimensional 
compressible boundary-layer equations in the inverse mode with an interactive 
method is considered here. The initial conditions and the turbulence model 
are described in subsections 13.2.1 and 13.2.2, the interaction law, transformed 
equations and the numerical method in Sections 13.3, 13.4 and 13.5 and the 
modehng of viscous effects in inviscid flows is addressed in Section 13.6 

Geometric parameters, such as the metric coefficients and geodesic curva­
ture of the coordinate lines appearing in the boundary layer equations, must be 
known prior to the boundary layer calculations for given freestream conditions 
and inviscid velocity distribution. The interface program described in Section 
13.7 computes the geometric parameters from the deflnition of wing geome­
try together with the nonorthogonal coordinates used in the boundary-layer 
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method. The interface program also interpolates the inviscid velocity distribu­
tion for the boundary-layer grid, which may be different from that calculated 
by the inviscid method. 

The interactive boundary-layer (IBL) method described here has been ap­
plied to low speed and transonic flows as discussed in Sections 13.8 and 13.9, 
respectively. A computer program apphcable to three dimensional incompress­
ible and compressible laminar and turbulent flows is described in Appendix 
C. 

For flows over yawed infinite cylinders or with the swept-wing approximation, 
the spanwise flow is independent of the ^-coordinate and the boundary layer 
equations for three-dimensional flows simplify. This is discussed in Appendix 
13A (Appendix B). 

13.2 Governing Equations 

13.2.1 Initial Conditions 

For three-dimensional compressible laminar and turbulent flows, the boundary-
layer equations for a nonorthogonal system are given by Eqs. (10.5.5) to 
(10.5.12). As discussed in Section 7.3, they require initial conditions in the 
(x, ?/)-plane at some z = ZQ and in the (z, ?/)-plane at x = XQ. For a wing defined 
in a Cartesian coordinate system x^y^z by 

F{x,y,z) = 0 (13.2.1) 

where x represents the direction of the airplane longitudinal axis, y the spanwise 
direction, and z normal to the x, y plane, this coordinate system (see subsection 
7.2.3) can be chosen by taking x to denote the coordinates along the lines formed 
by the intersection of the wing surface and planes representing constant percent 
semispan, z the coordinate along the constant percent chordlines which generate 
the wing surface, and y the coordinate normal to the wing surface, see Fig. 13.1. 

angle between two 
coordinate lines 

rX = const, 
line 

z = const, line 
Fig. 13.1. The nonorthogonal coordinate 
system. 
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Following the same procedure in Section 7.3, the attachment line equations 
and their boundary conditions can be written as 

d d _ 
ph2 sin6ux + -::—(pwhi sin6) + -—{pvhih2sin9) — 0 

dx dy 

hi 

w dux dux , 

ul^ . WedUxe , . 

\ hi h2 dz 

w dw dw ^^ o 

/i2 oz dy 

'xe \ ^ — ( p ^ - p{u'v')x 
dy V dy 

= Pe — — cot 6k2W^ + ^~ P~E P^'^ 
/i2 dz 

w dH dH d 

h2 dz dy dy 

d f dw 

dy \ dy 

p dH / l \ d (uj\ -— 

(13.2.2) 

(13.2.3) 

(13.2.4) 

(13.2.5) 

y^O; Ux = w = 0, v^Vyj, H = H^{x,z) ov [^-] = — - ^ 

(13.2.6a) 
y = 6, Ux = Uxe{x, z), w = We{x, z), H = He (13.2.6b) 

As in Section 7.3. we use the quasi-three-dimensional boundary-layer equa­
tions along the wing-fuselage intersection. Neglecting the derivatives with re­
spect to z^ Eqs. (10.5.5) to (10.5.8) can be written as 

d d _ 
-^—(puh2sin6) + -—(pvhih2sin9) = 0 
dx dy 

U du du , 2 /i7 2 7 

p-r--^—\-pv— pcotkiu -\- pcsc6k2W -\-pki2uw 
hi ox oy 

Ue dUe 

hi dx 

d f du 

cot Okiu^^ + CSC 6k2wl + kuUeWe = Pe 

u dw dw , 9 /17 2 7 
p-—-—h pv— pcotk2W + pcscukiu + pk2iuw 

hi dx dy 

f Ue dWe ^ , 9 /17 2 7 
= Pe ( J~~^ COt9k2W^ + CSc9kiU^ + k2lUeWe 

d [ dw —— 

(13.2.7) 

(13.2.8) 

u dH dH d 

hi dx dy dy 
H dH A _ J_^ d / M? 

(13.2.9) 

(13.2.10) 
[Pr dy ' V" Pry dy \2 j ^ 

The boundary conditions are the same as those given by Eqs. (13.2.6) except 

that Ue and w^ are independent of z. 
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13.2.2 Turbulence Models 

The closure requirements of the boundary-layer equations for compressible tur­
bulent flows, as in incompressible flows, can be satisfied with the turbulence 
models discussed in Section 6.3 and 7.4. For example, the zero-equation model 
of Cebeci-Smith described in Section 7.4 can again be represented by Eqs. (7.4.4) 
to (7.4.6). In Eq. (7.4.4a), the mixing length / is given by eqs. (6.3.4a) with A 
and N defined by Eq. (12.2.10) with Ur and (^)max given by Eq. (7.4.5). In the 
energy equation, the turbulent Prandtl number, Pr^ is assumed to be constant 
equal to 0.90. 

13.3 Interaction Law 

The Hilbert integral formula given by Eq. (9.1.4b) can be extended to three-
dimensional flows in order to account for the viscous effects. Roget [1] calculates 
the effects of a perturbation at the wall on inviscid flow solution using Fourier 
transforms. Equivalently, the presence of viscous effects in the potential flow can 
also be modelled by a change in boundary condition at the surface {y — 0) by 
imposing a blowing velocity v^{x^z) defined in a Cartesian coordinate system 

by 
f)o, A* fi^n A* 

(13.3.1) 
OX OZ 

where 

(13.3.2a) 

(13.3.2b) 

If the body curvature is small so that a flat surface can be locally assumed, 
this boundary condition can be replaced by a source distribution of strength 
Quj = 2vw per unit area in the y = 0 plane, so that the potential is 

F ( x , . , 0 ) = - ^ f r , <i-(-^^)'^-d>^ .̂  (13.3.3) 

and the corresponding induced velocity is 

V = V F (13.3.4) 

After integration by parts, assuming that qw reaches zero on the boundaries of 
the domain, the perturbation velocity components for an orthogonal coordinate 
system can be written as 

,{x 

X 

dUet 

r̂o-
r̂('-

dz 

peUeJ 

^)dy 
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dw, 
1 r^h rzb d{vyj{a,\)) dadX 

dX 
(13.3.5b) 

V(x - ay^ + {z- Xr 

Under the quasi-three-dimensional approach, since all derivatives with respect 
to z can be neglected, the integrals for the perturbation velocities become 

1 fXb r+oo 
6Ue{x,z) = - - - / / 

d{vnj{a)) dadX 

da ^(x - cr)2 -i- {z- Xy 

6We{x^ z) = 0 

(13.3.6a) 

(13.3.6b) 

so that the boundary condition for We remains unchanged compared with the 
direct or standard mode. From the potential equation, Eq. (13.3.3), and Eq. 
(13.3.4), the perturbation velocity 6ue can also be written as 

6u. AX, Z) = / 
dX 

^{X - (7)2 + {z- Xf 

Since 

/ 

d\ 

a V(x - aY + (^ - A)2 
In 7 + V 7^ + (x - a) 

a2 

J - a i 

(13.3.^ 

where ai — a2 + z and a2 = a — z. After differentiating with respect to x and 
developing to first order, i.e. 

V ̂ ? + (x - a) 

we get 

(X) 

d\ - 2 

V(x - a)2 + (z - A)2 

(13.3.9) 

(13.3.10) 

so that the perturbation velocity in the streamwise direction, 8ue reduces to its 
value for the two-dimensional case, Eq. (9.1.4). 

We shall adopt Eq. (9.1.4) also for three-dimensional flows. Since in three-
dimensional flows, unlike the displacement thickness of two-dimensional flows 
corresponds to a displacement surface, it is clear that the interaction law re­
quires consideration of chordwise and spanwise directions at the same time and 
with the knowledge that the flow variables are influenced by upstream and 
downstream conditions in both directions. These features impose special prob­
lems since the boundary-layer equations are parabolic with a marching solution 
procedure, and the interaction procedure must be devised to meet these require­
ments. A plausible approach used here has the following ingredients. First an 
initial displacement surface is generated by solving the quasi-three-dimensional 
boundary-layer equations, Eqs. (13.2.7) to (13.2.10), with the external velocity 
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distribution obtained from three-dimensional inviscid flow equations. The sec­
ond step involves interaction between the inviscid flow equations and the quasi-
three-dimensional flow equations. As in two-dimensional flows, the solutions of 
the boundary-layer equations are used to compute distributions of blowing ve­
locity on the surface, which are subsequently used to update the inviscid flow 
solutions. In step three, the fully three-dimensional boundary-layer equations 
are solved with the external velocity components resulting from step two. The 
chordwise edge velocity component is expressed, as in two-dimensional flows, as 
a sum of inviscid external velocity Ue{0) and a perturbation velocity 6ue{x) due 
to viscous effects. The spanwise edge velocity component is assumed to corre­
spond to its inviscid value. The viscous flow solutions are obtained by marching 
in the spanwise direction at each advancing chordwise location. This represents 
the first phase in an interactive loop that involves the fully three-dimensional 
boundary-layer equations. In subsequent phases, as before, the blowing velocity 
distribution is used to obtain improved inviscid flow solutions so that the fully 
three-dimensional boundary-layer equations can be solved with this interactive 
procedure. 

The neglect of viscous effects in the spanwise component We is assumed to 
be second order. This assumption is contrary to the irrotationality condition, 
but trial calculations involving variations of both velocity conditions suggest 
that errors were smaller than those associated with convergence. 

13.4 Transformed Equations 

As in incompressible flows, it is again desirable to express the compressible 
boundary-layer equations in transformed variables. A convenient transformation 
is the compressible three-dimensional flow version of the Falkner-Skan transfor­
mation given by Eqs. (4.2.4), (4.5.3). With ds = hidx, transformations for the 
independent variables are 

——) pdy^ ^— hidx (13.4.1) 
PooUooSj Jo 

For the dependent variables u^v,w, a two-component vector potential is intro­
duced such that 

pua2 sm 6 = —-, pwhi sm t̂  = 7— 
dy dy 

— + — j + pu)Vwhih2sm9 

together with dimensionless parameters / and g defined by 

^ = {pooPooUocSy^'^h2smOf{x,z,r]) 

0 = {pooPooUoosY'^hi sin 6f{x, z, rj) 

(13.4.2) 

(13.4.3) 
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where the parameters expressed with subscript cx) indicate constant reference 
quantities which are usually taken as corresponding to freestreeam conditions. 

Thus, with the transformations and definitions given by Eqs. (13.4.1) to 
(13.4.3), together with the eddy viscosity and turbulent Prandtl number def­
initions, the three-dimensional boundary-layer equations and their boundary 
conditions, Eqs. (10.5.5) to (10.5.8) and (10.5.13), for compressible laminar and 
turbulent flows can be written as 

ibf")' + f'O + m2(/ ')2 + m s / V + ms{g'f + mnc + mnf" 

,,df ^ ,df' 
= mmf^+mjg — 

ibg")' + g"9 + m4f'g' + m^{g'f + m^{ff + mnc + m^g" 

.dg' ^ ,dg' 

(13.4.4) 

(13.4.5) 

e' = mif + meg' + mio^+rm^ (13.4.6) 
ox oz 

{eiE'y + E'9 + e'2 + mnE' = m i o / ' ^ + m y ^ ' ^ (13.4.7) 

?? = 0, f = g = f' = g' = 0, E^OTE'^ given (13.4.8a) 

7/ = 77e, f' = Ue, g' = We, E^l (13.4.8b) 

Here primes denote differentiation with respect to 77 and 

f = u/uoo, g'= w/uoQ, E = H/He, Ue = —^, We = —^ (13.4.9a) 

6 = C( l + z/+), C = - ^ , c = ^ , u^^ut/jy (13.4.9b) 
PeMe P 

(13.4.9c) 

62 = ^ ( l - ^ ) [/ ' /" + g'g" + ue COSOif'g" + g'f")] 

The coefficients mi to mis are given by 
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5I/2 Q 
^ 1 = T-, r-7:Tr-(<5^/^/i2sin^), 1712 = -ski cot 9, 

Aii/i2Sin^ ox 

ms = 5^2 c o t 0, 7714 = —'^'^215 ' ^ 5 = —sku^ 

5 I / 2 Q 

^ 6 = TT—r-T-^(s^/^/i2sin(9), 
hih2 sm 0 oz 

s s 
^ 7 ==7-, ms = -sk2csc6, mg = -skicscO, mio = — (13.4.10) 

_2 - - - 2 - ^ '^e _ dUe 
-mil ^ m2U^ + m^UeWe + m8i(;e - mioUe-^ mjWe-^, 

_2 - - -2 - ^^e - 9lDe 
— m i 2 = msW^ + m4UeWe + mgl /g — m i o l ^ e " ^ mrWe-dx dz 

Pw'^W UQQS 

mi3 = J 

13.4.1 Attachment Line Equations 

To transform the attachment-hne equations, Eqs. (13.2.2) to (13.2.5), we define 
the transformed coordinates by 

X — X, z — z, dr^—y—^^ I pdy (13.4.11) 

the two-component vector potential by 

dy dy 

?/; + — j + pu)Vwhih2sm9 

and the dimensionless i/j and 0 by 

V̂  = [pePeUxehif^h2smef{z,r]) 

0 = {pePeUxehiy^'^hi sine-^g{z,rj) 

(13.4.12a) 

(13.4.12b) 

With these new variables, the attachment-hne equations for a laminar flow can 
be written as 

{bfY + ef - U'f + m^fg' + c(l - wem^) + mnf" = m, [d'^) (13-4.13) 

{hg")' + eg" + m:,yf - {w,)^c] + mi^g" - my [g'^ - cwe^^ (13.4.14) 
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e'^f + m^g'-^m,^ (13.4.15) 

{eiE'y + OE' + e'2 + mi^E' = mj (Q^) (13.4.16) 

Here 7713, ms, me and mr are: 

7713 = hik2COt9^^ 

m^ = -hi ki2 - -r~^r^r~ 

{PefieU^ehl)-'/^ d ( ^ , . u^\ H^An) 
^6 = T r-^ - ^ y/pefleUxe hi Sine 

Il2 Sm U OZ \ Uxe J 

hi Uoo PwVw jUxehl 
7 7 2 7 = 7 ^ ^ 1 3 = \ 

tl2 Uxe PeUxe V ^e 

The coefRcients ei and 62 are: 

The boundary conditions are: 

ry = 0, f^g = f = g^ = 0, E^ovE[, given (13.4.19a) 

7̂  = 7ye, / = 1, ^' = ^e , ^ = 1 (13.4.19b) 

13.4.2 Quasi-Three-Dimensional Boundary-Layer Equations 

The quasi-three-dimensional boundary-layer equations are obtained from Eqs. 
(13.4.4) to (13.4.7) by neglecting the partial derivatives of the dependent vari­
ables with respect to z. They are given by 

{bf"y+f"e+m2{fT+m5f'g'+ms{g')Hmnc+mnf" = miof'^ (13.4.20) 

{bg"y+g"e+m4f'g'+m3{gT+m9{f'f+muc+mi3g" = miof'-^ (13.4.21) 

df 
e'^mif' + meg' + mio-^ (13.4.22) 

{eiEj + E'9 + 6̂2 + misE' = ^ l o / ^ (13.4.23) 

The 772's and e's remain the same except 

7725 = —ki2su~^j rriQ — 0 (13.4.24) 

and 7721, '^2 do not have the derivatives of Ue and We with respect to z. 
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13.5 Numerical Method 

As in two-dimensional flows, the governing equations discussed in the previous 
subsections can be solved by using the box schemes discussed in Section 7.4. In 
the accompanying CD-ROM, Program 11, we discuss the solution procedure and 
briefly describe a computer program for three-dimensional flows with separation. 

13.6 Modelling of Viscous Effects in Three-Dimensional 
Inviscid Flows 

Once a solution of the boundary layer equations is obtained for a wing or for 
a high lift configuration, the viscous effects into a three-dimensional invisicd 
method can be incorporated by using either the "solid" displacement surface 
concept or the "transpiration" model concept discussed in Section 9.1 for two-
dimensional flows. The transpiration model again is more convenient to adopt 
and is used in the calculations presented in Section 13.5. 

The expression for the blowing velocity again is obtained from the continuity 
equation by integrating Eq. (10.5.5) from the wall y = 0 to the edge of the 
boundary layer 6 for the real flow so that 

v{6) = 
-1 

hih2sm9 
[[liuh,s^e))dy^[ d_ 

dz 
{whi smO) I dy 

(13.6.1) 
Similarly, integrating Eq. (10.5.5) from 6 to y for the fictitious flow (in which 
u{y) — Ue and w{y) = We)^ assuming that the normal velocity component at 6 
is also Ve^ yields 

^*(2/) = ^ e 
hih2 sinO 

d d 
— {ueh2 sin <9) + ^ {wehi sin 6) (13.6.2) 

where '̂* is the normal velocity of the fictitious flow. 
Substituting Ve in Eq. (13.6.2) into Eq. (13.6.1) and making use of the defi­

nitions of the displacement thickness (5* and 6^ we obtain 

v*{y) = 
1 

hih2sm6 

1 

— {Ueh2sm66*) + —-{wehi sin961) 

d d 
-—.—^- I - - {ueh2 sin 6>) + — {wehi sin 6) 
hih2sm9 \dx dz 

(13.6.3) 

The value of v*{y) in the above equation is the boundary condition that 
must be applied to the fictitious inviscid flow at a distance y from the wall in 
order to account for viscous effects on the inviscid flow. In particular, at y = 0, 
the expression for the blowing velocity is obtained from 
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(a) h2dz (b) 

Fig. 13.2. Control volume for (a) the real flow and (b) the equivalent fictitious inviscid 
flow. 

-1 r o f\ 

^^ = TT—^~^ \^-{h2Ue sin 96*) + -—{hiWeSmeSl 
hih2sm9 [dx dz 

(13.6.4) 

Similarly an equation for the displacement surface, A, in three-dimensional flows 
can be obtained by constructing a fictitious inviscid flow (Fig. 13.2b) which has 
the same mass flow as the real flow (Fig. 13.2a) through the faces 1,2,3,4 of 
the control volume. As in two-dimensional flows, the fictitious flow has constant 
properties along a normal to the wall below the line y — 6. 

Equating the mass flow for real and fictitious flows leads to an equation for 
displacement surface, 

--{h2UeSme{A - 5*)) + --{hiWeSm9{A - 6*)) = 0 (13.6.5) 

This equation can be solved by a method of characteristics, i.e. by integrating 

dz Wehi dA f{x^z) 

dx Ueh2^ dx Ueh2sm9 
(13.6.6) 

where 

f{x,z) 
d d 

-:—(h2UeSm961) + -;—(hiWeSin96*) 
ox dz 

-A 
d d 

--{h2UeSm9) + —-{hiwesm9) 

(13.6.7) 

In addition to using the blowing velocity as a boundary condition in the 
inviscid flow, as in two-dimensional flows, it is also necessary to apply the Kutta 
condition in the panel method (equal pressure for upper and lower surface at the 
trailing edge) at the displacement surface. Again, as in two-dimensional flows, 
the wake viscous effects are modeled by equivalent source distributions. 

13.7 Interface Program 

When a body-oriented coordinate system is used for three-dimensional boundary-
layer calculations, it is necessary to compute the geometric parameters of the 
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Fig. 13.3. Notation for the wing 
definition. 

coordinate system (xi, X2) which correspond to the independent variables x and 
z defined in the boundary-layer equations given by Eqs. (7.2.19) to (7.2.21) for 
incompressible flows and Eqs. (10.5.5) for compressible flows. To discuss this 
further, we consider a swept tapered wing which is defined in the Cartesian 
coordinate system x,y,z and has a sweep angle A as shown in Fig. 13.3. Here 
X is in the direction of the airplane longitudinal axis, y is in the spanwise di­
rection and z is normal to the (x, y) plane. We assume that the wing definition 
is given by a number of airfoil sections defined in the (x, z) coordinate system 
in planes y — constant. For simplicity we assume that the root and tip airfoil 
sections are defined in planes ^ = 0 and y = b and have chord lengths of c^ and 
C5, respectively. 

The relationship between the two coordinate systems (;r, z) and (x, z) for 
a point on the defining airfoil section (see Fig. 13.4) is given by the following 
expressions: 

X = xi-\- X COS a + ^ sin a (13.7.1a) 

z =^ zi — xco^a^ zsma (13.7.1b) 

where a is the angle of attack of the defining airfoil section and, with subscripts 
/ and t denoting leading and trailing edges, respectively, is given by 

a = tan-i (^^^^\ (13.7.2) 

Noting that the relation between the local airfoil chord c and a, for example, 

""̂  ~ ^^ (13.7.3) c = 
cos a 

Eqs. (13.4.1) can be written as 

X = x/ + ( - ) {xt - xi) + ( - ) {zi - Zr) (13.7.4a) 

z = zi^ ( - ) {-zi - zt) + ( ^ ) {xt - xi) (13.7.4b) 

Since for an airfoil section 
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Fig. 13.4. Notation for the (x, z) 
and (x, z) coordinate systems. 

z = z{x) 

it is clear from Eq. (13.7.4a) that x and z are functions of x and that they provide 
a relationship between x and x and z and z for a defining airfoil section. 

From here on, the x and z coordinates of the defining airfoil sections will 
be designated by subscripts r and b. The sections in between the defining root 
and tip sections can be obtained for each dimensionless spanwise location y/b 
by projecting line AB in Fig. 13.3 into the (^, y) and (y, z) planes and by using 
hnear interpolation (see Fig. 13.5). 

X — Xf ~\ \Xj^ (13.7.5a) 

Z = Zr + {Zi- Zr) (13.7.5b) 

Note that in the above equations x and z denote the coordinates of the airfoils 
in between the root and tip sections and they are distinct from x and z in Eqs. 
(13.7.4) which represent the coordinates of the root and tip sections. Equations 
(13.7.5) are the parametric equations of a wing surface which can, in principle, 
be expressed in the form given by Eq. (13.2.1), 

x.z 

X, 

X 

z 
^r 

L 

-̂  
^ 

_̂—--"̂  

r ~ ~ ~ — _ _ 

r 

r = 0 

Fig. 13.5. Spanwise interpolation 
for section coordinates x and z 
along constant percent chord lines 
(x = const) at fixed y. 
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F{x,y,z) = 0 (13.2.1) 

Since x and z are functions of x and y^ the surface of the wing can also be 
defined by coordinates {x/c) and y/b^ and the above relation can be written in 
the form 

/ ( ^ , | ) = 0 (13.7.6) 

thus defining a surface coordinate system formed by constant percent chord 
lines and constant percent spanlines. 

The coordinates lines formed by constant {x/c) values are satisfactory pro­
vided the upper and lower surfaces of the wing are treated separately. When 
the stagnation point of the wing is located on the lower surface, the boundary-
layer calculations contain a portion of the lower surface, and the meaning of 
coordinate {x/c) becomes ambiguous since z/c is a dual function of x/c and 
has a singularity at x/c = 0. To avoid this ambiguity and also to stretch the 
coordinate near the leading edge where flow quantities vary rapidly, we can, for 
example, relate x/c to a new coordinate xi by 

X 

— = 1 — cosxi (13.7.7) 
c 

Here a;i = 0 corresponds to the chordwise coordinate in Fig. 13.3 where xi = 0 
denotes the leading edge and xi = zb^ to the trailing edge with positive values 
of xi representing the upper surface and negative values the lower surface. 

In general, the surface coordinates xi and X2 (^ y/b) which correspond to 
the independent variables x and z used in Eqs. (10.5.5) to (10.5.8), constitute 
a nonorthogonal coordinate system embedded in the wing surface. 

13.7.1 Geometric Parameters of the Coordinate Systemi 

To discuss the calculation of the geometric parameters, we write the metric 
coefficient along a curve in space, with P denoting an independent parameter, 
as 

,^.f|£V+f||)%f|iV ,13X8) 
^dPj \dPj \dPj 

Taking P = xi along the curves X2 = const, we obtain 

fc5 = ( ' | i t + ( ' | i f (13.7*) 
\dxij \dxi 

Similarly, taking P = X2 along the curves xi = const, we get 

where the derivatives in Eqs. (13.7.9) are obtained numerically. 
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Since the unit tangent vector T along a curve is given by 

df df 1 1 dr 

ds 
t 

dP {ds/dP) h dP 

the unit tangent vector ti along the curve X2 = const is 

ti = 
dx 

dxi 
2 + 

dz 

dxi 
k 

(13.7.10) 

(13.7.11a) 

where i, j , k denote the unit vectors in the coordinate directions x, ^, z, respec­
tively. Similarly, the unit tangent vector t2 along the curve xi = const is 

t2 = 
1 

h~2 

(dx\. ^. / dz 

[\dx2J \dx2 

The angle between the coordinate lines is then 

1 
cos 0 = ti ' t2 = 

dx dx dz dz 

+ hih2 \dxi dx2 dxi dx2 

(13.7.11b) 

(13.7.12) 

Once the metric coefficients hi and /12 and their derivatives together with co­
ordinate angle 9 are determined, the curvature parameters are calculated from 
their definitions in Eqs. (7.2.23). 

Once the surface coordinate system is selected, its geometric parameters can 
be calculated by making use of Eqs. (13.7.9), (13.7.12), (7.2.22) and (7.2.23), 
and the relation between the Cartesian coordinates (x, ^, z) and the surface 
coordinates (xi,X2) can be written in the form: 

X = x(xi,X2) 

y 

Z = z{xi,X2) 

bX2 

(13.7.13a) 

(13.7.13b) 

We note that the geodesic curvature of the curve, xi = const, namely, ^2 given 
by Eq. (7.2.22b) is zero because of the straight-line development of the wing 
and that all orders of partial derivatives of y with respect to xi and X2, except 
dy/dx2 = b, are zero and d'^x/dx2 and d'^z/dx^ are also zero because x and 
z are linear in X2 (see Eqs. (13.7.5). Then /ii, /i2 and 9 are calculated from 
Eqs. (13.7.9) and (13.7.12). With /c2 = 0, Eqs. (7.2.22a), (7.2.23a) and (7.2.23d) 
become, with /112 = hih2COs9^ 

ki = 
1 1 dhi2 hi2 dhi 

k\2 

k2i 

hih2sin9 

1 

hih2sm^ 0 

1 

hih2sin^ 6 [ 

hi dxi hi dxi 

l + c o s 2 e ) ^ - 2 c o s ^ 

(1 + 008^6') 

dhi 

9X2 \ 

^dhi 

dX2 

^dh2 
dx\ 

2 COS 6* 

dh2 

dx\ 

dhi 

dxo 

(13.7.14a) 

(13.7.14b) 

(13.7.14c) 
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The terms appearing in Eqs. (13.7.14) are obtained from Eqs. (13.7.9) and 
(13.7.12). 

dhi_]_(d^^ _dl_d^\ fl3 7 15a) 
hi ydxidxl dxidx\j 

dh2 _ I ( dx d^x dz d^z \ r T ^ T i ^ M 
9x1 ^2 \dx2dx\dx2 dx2dxidx2j 

dhi2 _ dx d'^x dz d^z dx d'^x dz d'^z . ^ . 

dxi dx2 dx\ dx2 dx\ dxi dxidx2 dxi dxidx2 

dhi _ 1 f dx d'^x dz d'^z \ n ^ ^ y i ^ H ^ 
dx2 h2 \dx1dx1dx2 dxidxidx2j 

To obtain the partial derivatives in Eqs. (13.5.9), (13.5.14) and (13.5.15), we 
differentiate Eqs. (13.5.5), which are functions of x/c and y/b and are related 
to XI and X2 through Eqs. (13.7.7) and (13.7.13b). Also from Eqs. (13.5.1) we 
can obtain relations between x, z and x for the defining root and tip sections, 
for example, for the root section, z 

Xr = xtr-\-X cos ar-\-z sin ar (13.7.16a) 

Zr — zir — x s i n a r 4- zcosar (13.7.16b) 

Since x is related to xi through Eq. (13.7.7), and 2; is a function of x, these 

equations can be used to find the partial derivatives of Xr and Zr with respect 

to xi. 

13.7.2 Calculation of Inviscid Velocity Components 
for Boundary-Layer Grid 

Since the inviscid flow calculations use a Cartesian coordinate system and the 
inviscid velocity vector on the wing surface is available in terms of its Cartesian 
components Vx^Vy^Vz^ 

V = iV^^ jVy + kVz (13.7.17) 

it is necessary to express V in the nonorthogonal boundary-layer coordinate 
system (x, z). This can be done by taking a dot product of unit vectors ti and 
t2 with Eq. (13.5.17) to obtain the projections of the resultant velocity on the 
X and z axis, respectively 

Vx^^V'ti, Vz--V't2 (13.7.18) 

The nonorthogonal velocity components for the boundary-layer coordinate 
system are then obtained from (see Fig. 13.6) 

y , - V ^ , c o s 0 Vz-VxCosO n^7^o^ 
^e = 7-0-;, , We = r ^ - 7 (13.7.19) 

sm^ 0 sm^ 9 
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-^ ^ Fig. 13.6. Resolution of the inviscid velocity compo­
nents for a nonorthogonal coordinate system. 

where 6 denotes the angle between the coordinate lines. The resultant inviscid 
velocity ute is given by: 

U^^ = ul + wl + 2UeWe COS 9 (13.7.20) 

In general, the velocity distribution grid of an inviscid method does not coincide 
with the grid used in boundary-layer calculations. For this reason, it is necessary 
to interpolate the inviscid velocity distribution once the velocity components 
Ue and We are computed for the inviscid grid. For simplicity, single variable 
interpolation (first in the a:-direction then in the ^-direction) is used. 

13.8 Applications of the Interactive Boundary-Layer 
Method: Subsonic Flows 

In this section we discuss the applications of the interactive boundary layer 
method described in the previous sections to subsonic flows on wings (subsection 
13.8.1 and 13.8.2) and multielement wings (subsection 13.8.3). The extension 
of the applications to transonic flows is discussed in the following section. 

Before we discuss the application of the method to subsonic flows, it is useful 
to describe the calculation procedure in some detail. The calculations begin with 
an inviscid flow method for a given wing geometry and freestream conditions 
(Fig. 13.7). Once the external velocity distribution is obtained the input data 
to the interface program is rearranged so that at first the nonorthogonal coor­
dinate system for the boundary layer program and the geometric parameters 
appearing in the boundary-layer equations are calculated with the procedure 
described in subsection 13.7.1. The velocity components Ue{x^z) and We{x^z) 
for the boundary-layer grid {x^z^rj) are then calculated from the Cartesian com­
ponents Vx^ Vy^ Vz with the procedure described in subsection 13.7.2. Upon the 
completion of these tasks the upper and lower surfaces of the wing are identified 
in order to perform the boundary-layer calculations separately for each surface. 

As discussed in Section 13.2 the boundary-layer calculations require initial 
conditions in the {z^ ?/)-plane at x = XQ and initial conditions in the (x, ?/)-plane 
ai z = ZQ. In the computer program discussed in the accompanying CD-ROM, 
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those in the (^,?/)-plane are obtained by solving the attachment Hne equations 
given by Eqs. (13.4.13) to (13.4.16) subject to their boundary conditions given 
by Eq. (13.4.19) for laminar flows. The initial conditions in the (x,?/)-plane are 
obtained by solving the quasi-three-dimensional boundary layer equations given 
by Eqs. (13.4.20) to (13.4.23) subject to their boundary conditions given by Eqs. 
(13.4.8) and (9.1.4) for both laminar and turbulent flows at the first spanwise 
station near the wing-fuselage intersection. At the first cycle the onset of the 
transition location and the switch location from standard to inverse mode are 
estimated to be at an x-location before the pressure peak. 

For all the calculations presented in this section the inviscid fiow calcula­
tions were performed with the panel method by Hess [2], the boundary-layer 
calculations for nz > nzo were performed by solving the quasi-three-dimensional 
boundary-layer equations. While the characteristic box method in the inverse 
mode can also be used for this purpose, this method has yet to be developed for 
flows with negative streamwise velocity component; presently it has only been 
tested for flows with negative spanwise velocity component. 

Once the boundary-layer solutions are obtained for all spanwise and chord-
wise boundary-layer stations for either input or computed transition locations 
by making several sweeps in the chordwise direction at each spanwise location, 
the blowing velocity and displacement surface distributions are calculated for 
inviscid flow calculations as discussed in Section 13.6. The procedure is then re­
peated with inviscid flow calculations which now accout for the viscous effects. 
The velocity components Ue and We and pressure coefficient Cp distributions 
are calculated at the displacement surface. Pressures are then integrated to ob­
tain the force coefficients, i.e., lift, moment coefficient and the induced drag 
coefficients discussed in subsection 13.8.2. 

In the next solution (cycle two) of the quasi-three-dimensional boundary-
layer calculations, the onset of transition is calculated during the first sweep. It 
is not computed at each sweep as well as in each cycle to save computer time 
and effort. Since the linear stability equations do not contain partial derivatives 
with respect to x and ^, the laminar boundary-layer profiles obtained by solving 
the quasi-three-dimensional boundary-layer equations in a nonorthogonal coor­
dinate system must be expressed in an orthogonal coordinate system. With /? 
denoting the positive angle between the x and the x axis (Fig. 13.8), the u and 
w profiles in the (x, z) orthogonal coordinate system are related to the u and w 
profiles in the (x, z) nonorthogonal coordinate system by 

u = u cos f3-\-w cos{e-\- f3) (13.8.1a) 

w = usm(3^wsm{e + f3) (13.8.1b) 

After the onset of transition is calculated, turbulent flow calculations are 
performed for one surface for all x-stations, including the wake. These laminar 
and turbulent flow calculations are then repeated for all spanwise stations, one 
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Define configuration and free stream 
conditions (a, R^, M„) 

X 
Inviscid method 

Velocity components (V^^K^K) 

For each lifting section: 

Interface program 

T (w,,wJin(jc,z,Ti) 

For each surface (upper/lower) 

Transition location (1 st time: estimated) 
and switch point nxs (near max. Cp) 

Boundary iayer method: 
1. Attachment line calc: nx^ 
2. (Quasi 3d) Boundary-layer 

nxf) to wet for all nzt, 
• standard mode 
• inverse mode 

If necessary: 

• 1st calculation: generate 
body-fitted coord, sys. 

• Transform 
(F,,F,,K)into(w,,wJ 

• Divide section into 
upper and lower surface 

Solve boundary layer equations 
at /vc{nx = WCQ to nxs), with 
prescribed (w ,̂ H'̂  ) at each nz 
for all nzt 

For each sweep, solve boundary 
layer equations at nx {wc=nxs+l 
to wet), with unknown u^ at each 
nz for all nzt 

Laminar profiles 

Displacement surface and 
blowing velocity ^"-method: 

1. Zarf calculation 
2. Amplification rate calc. 

Fig. 13.7. Procedure for inviscid/viscous calculations. 

by one unti l all t he boundary- layer solutions on the wing and in the wake are 

obta ined for the upper surface. An identical procedure is then repea ted for the 

lower surface. 

1 3 . 8 . 1 S A A B W i n g 

Berte l rud [3] tes ted the outer pa r t of t he wing of a SAAB 32 Lansen in a wind 

tunne l and measured the d is t r ibut ion of external velocity, pressure, m o m e n t u m 

thickness, shape factor, and skin friction coefficient a t various locations on the 
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Fig. 13.8. The velocity profiles in (x, z) and (x, z) coordinate systems. 
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Fig. 13.9. (a) Location of boundary layer measurements, (b) Comparison of measured 
and calculated pressure distributions r]b = 0.40, a = 14.4°. 

wing. T h e wing is symmetr ic , has an aspect ra t io of 2.27, a t ape r ra t io of 0.6 

and a leading edge sweep angle of 39°. 

Since the exact geometry of the t ip of the wing was not precisely described, a t 

first t h e calculat ions repor ted in [4] were performed wi th various t ips to address 

t he effect of the t ip shape on the flowfield predict ions where measurements were 

repor ted , Fig. 13.9a. 

Inviscid calculat ions using the Hess panel me thod described in [2] were per­

formed for th ree angles of a t t ack (0°, 4.8° and 14.4°), for which exper imenta l 

d a t a was available. No noticeable differences in velocity and pressure coefficient 

d is t r ibut ions were observed at the locations where measurements were repor ted 
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for the various tip shapes. Figure 13.9b shows a typical comparison between 
pressure coefficient measurements and inviscid calculations. 

Measurements were made for several freestream velocities; î j-ef — 20, 40 
and 50 m/s . Since most of the data was obtained at u^^{ — 40 m/s , all vis-
cous/inviscid calculations reported in [4] were performed at that velocity, which 
corresponds to a Reynolds number of 5.6 x 10^ based on the root chord. The 
transition calculations were initially made for two dimensional flows with the 
e'^-method. These calculations were then followed with the e^-method for three-
dimensional flows with velocity profiles obtained by solving the quasi three-
dimensional boundary-layer equations. 

Table 13.1 presents a comparison between the transition locations obtained 
by using the 2D (xctr2D) and 3D (xctr3D) e^-methods at different spanwise 
locations and angles of attack. While the differences for the upper surface at 
a — 14.4° are minimal, they are relatively small at a = 0, 4.8°, and rather large 
at a = 14.4° for the lower surface due to the growth of crossflow disturbances 
in the accelerating flow region. 

Table 13.1. Calculated transition locations on the SAAB wing; (a) upper surface and (b) 
lower surface. 

(a) 

ar) 
0 

4.8 

14.4 

Vb 

0.0843 
0.2529 
0.4216 
0.6745 
0.9148 
0.0843 
0.2529 
0.4216 
0.6745 
0.9148 
0.0843 
0.2529 
0.4216 
0.6745 
0.9148 

Xctr2D 

0.57 
0.54 
0.52 
0.51 
0.50 
0.0833 
0.0612 
0.0235 
0.0156 
0.0156 
0.0015 
0.0012 
0.0010 
0.0004 
0.004 

xctrsD 

0.56 
0.452 
0.441 
0.461 
0.445 
0.0320 
0.0199 
0.0172 
0.0163 
0.0181 
0.0047 
0.0028 
0.0025 
0.0027 
0.0029 

(b) 

an 
4.8 

UA 

Vb 

0.0843 
0.4216 
0.6745 
0.7585 
0.8431 
0.9148 
0.0843 
0.2529 
0.4216 
0.6745 
0.9148 

Xctr2D 

0.65 
0.64 
0.65 
0.65 
0.70 
0.75 
0.80 
0.80 
0.80 
0.75 
0.75 

xctrsD 

0.175 
0.134 
0.166 
0.187 
0.251 
0.400 
0.109 
0.107 
0.118 
0.1647 
0.186 

Figure 13.10a shows the variation of the calculated and measured streamwise 
displacement thickness 6* along the span at x/c = 0.3 with transition specified 
at x/c = 0.20 arbitrarily and at the calculated transition locations (xctrso). 
Results demonstrate that the flow is indeed laminar at that chordwise station 
and that the determination of the transition location is important and should 
be included in any calculation method, including Navier-Stokes methods, to 
predict viscous effects accurately. 
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Fig. 13.10. (a) Displacement thickness variation along the span x/c = 0.3 and (b) Mo­
mentum thickness variation at rjb = 0.40, both at a = 0. 

Figure 13.10b shows the variation of the streamwise momentum thickness, 6, 
distribution, along the chord at 775 = 0.40 at a = 0° with the specified transition 
location (xctr = 0.20), transition location determined from two- (xctr2D = 0.52) 
and three-dimensional (xctrao = 0.44) calculations. The results obtained with 
the calculated transition locations agree better with experimental data, al­
though they do not match the data very accurately. 

Figure 13.11 shows the results for a = 4.8° at the same spanwise station. 
Both total skin friction and streamwise momentum thickness distributions are 
represented and the agreement between measurements and calculations is good. 
The effects of transition are limited to the flow near the leading edge only, where 
no data was available for comparison. 

Figure 13.12 shows the results for a — 14.4°. Again, the agreement between 
measured and calculated skin friction and momentum thickness distributions 
is good. A slight improvement is observed with calculated transition locations 
(xctrsD). 

13.8.2 R A E Wing 

The RAE wing, tested by Lovell [5], has an airfoil section having a considerable 
rear loading with the maximum thickness of 11.7% occuring at 37.5% chord 
and the maximum camber occuring at 75% chord. It has no twist nor dihedral, 
but has a quarter-chord sweep angle of 28°, a taper ratio of 1/4 and an aspect 
ratio of 8.35. The experiments were conducted at a test Reynolds number of 
1.35 X 10^ with one set of measurements corresponding to free transition and 
with another to fixed transition for a freestream Mach number of 0.223. The 
wing has a semispan of 1.07 m and a mean aerodynamic chord of 0.26 m. 

In one set of Lovell's experiments, transition was set near the leading edge 
using a series of 0.5 mm diameter wires positioned streamwise around the lead­
ing edge from 10% chord on the upper surface to 10% chord on the lower surface. 
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Fig. 13.11. (a) Momentum thickness and (b) skin friction coefficient distributions at 
a = 4.8° and r/6 = 0.40. 
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Fig. 13.12. (a) Momentum thickness and (b) skin friction coefficient distributions at 
a = 14.4° and 775 = 0.40. 

Ten wires were equally spaced across each half wing. Measurements showed that 
the maximum lift coefficient with fixed transition is higher than that with free 
transition. Lovell noted, however, that "a larger portion is probably caused by 
the tendency of the streamwise wires to act as vortex generators." Also, at 
post stall conditions, the flow became largely unsteady and only average mea­
surements were reported. Therefore, near maximum lift, calculated results with 
fixed transition should be compared with free transition measurements. Both 
sets of experimental data are given in Fig. 13.13 which shows the lift coeffi­
cient variation with angle of attack. Each calculated lift curve is obtained with 
the wing described by 10 cross-sections distributed along the span, each cross-
section being defined by 63 points with a higher point concentration around 
the leading and the trailing edges. Calculations were performed with angle of 
attack increments of 2° until 10°. The increment in angle of attack is reduced 
to 1° beyond that point. Results indicate that the agreement between measured 
and calculated lift coefficient is excellent up to 14°. At 15°, the boundary layer 
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15.0 20.0 Fig. 13.13. Effect of turbulence model on the 
lift coefficient of the RAE wing. 
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Fig. 13.14. Chordwise trailing edge displacement thickness distributions along the span. 

calculations at rŷ  = 0.7 do not converge near the trailing edge due to the large 
separated flow region. 

Figures 13.14 and 13.15 show the chordwise traihng edge displacement thick­
ness and flow separation along the span at angles of attack, a — 13° and 14°. As 
can be seen, there is a significant increase in the growth of displacement thick­
ness and the amount of flow separation with one degree increase in OL. From 
a — 13° to 14° the Maximum (^^)te is multiplied by a factor of 1.6 indicating 
that the wing is at or very close to stall conditions. The results in Fig. 13.14 
also indicate that for a swept non-twisted wing, stall initiates near the tip, at 
about 7/5 = 0.7-0.8. 

Before we present the comparison between the measured and calculated drag 
coefficients, it is useful to discuss our approach to the drag calculations. As dis­
cussed in [Chapter 10, 2], the fundamental theorems of potential flow state that 
in three-dimensional cases a body cannot be lifting unless it sheds a vortex wake 
which represents energy imparted to the fluid, implying a corresponding drag 
on the body, even in inviscid flow. Since this drag is present only because of the 
lift, it is often designated drag-due-to-lift or induced drag. Because of the pres­
ence of tip vortices, the flow incidence at a given spanwise location, the effective 
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Fig. 13.15. Distribution of flow separation along the span at two angles of attack. 

Fig. 13.16. Downwash and induced drag. 

angle of attack, agff, differs from that of the overall geometry, a (existence of 
an induced angle, a^, (see Fig. 13.16). The Hft force (component normal to the 
incident flow) generated at that spanwise location is therefore not in the same 
direction as the lift force of the whole configuration. The offset constitutes the 
drag due to lift, or induced drag, and can be evaluated by calculating the energy 
in the wake by a far-wake procedure known as Treffz-plane analysis [Chapter 
10, 2]. Alternatively, the calculated pressures may be integrated over the body 
panels to give the component of force in the freestream direction. In the limit 
of a large number of panels these two approaches converge to the same drag. It 
turns out that the Treffz-plane analysis approaches its asymptotic value more 
rapidly with panel number than the pressure integration. In past years, when 
panel numbers were restricted, the former approach was preferred. Now with 
more powerful computers, either approach may be used. The agreement between 
the drags computed by the two procedures is a measure of the accuracy of the 
calculations. In the calculations reported in [4], far field approach was used to 
calculate the induced drag. 
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Fig. 13.17. Comparison of calculated and 
measured drag coefficients for the RAE wing. 

For real flows, the viscous effects modify the pressure distribution, thus 
adding to the pressure drag, so that induced drag and pressure drag do not 
match any longer. For small to moderate angles of attack, i.e. relatively small 
induced angles, the drag coefficient for three-dimensional configurations can be 
calculated by adding the induced drag coefficient Co, (due to lift) to the profile 
drag coefficient, Cd, (due to viscosity), by 

CD-CD, + \ J c{y)cd{y) dy (13.8.2) 

Here c is the local chord and S is the reference area used to non-dimensionalize 
drag. The profile drag coefficient c^ can be calculated from the Squire-Young 
formula [2]. 

Crf = 2 ( ^ ) (^e)°-^(^+^) (13.8.3) 

except that here 0, H and Ue (= ^ ) are calculated from the velocity profiles in 
the far wake expressed in an orthogonal coordinate system instead of using the 
trailing edge values. The boundary layer parameters in the streamwise direction 
are then calculated and used in Eq. (13.8.3). 

Figure 13.17 shows a comparison between the measured and calculated drag 
coefficients obtained with the above procedure. Again, the agreement between 
data and calculations is quite satisfactory up to stall. 

13.8.3 Mult ie lement Wings 

The interactive boundary-layer method has also been applied to several high 
lift configurations of the RAE wing for predicting lift and drag coefficients. The 
full-span slat was either retracted or deployed at 25° and the full span flap was 
deployed at either 10° or 25°. 

Each element was defined by 13 cross-sections, with each slat cross-section 
defined by 61 points, each main element cross-section defined by 81 points (slat 
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Fig. 13.18. Multi-element wing paneling with slat and flap deployed at 25° - wakes 
omitted. 

Fig. 13.19. Elements of the high lift system (a) main element mid flap when slat is 
retracted and (b) slat, main element, and flap. 

retracted or deployed), and each flap cross-section defined by 71 points. For 
the Hess panel method, wake shapes were specified. They are generated with 
the two-dimensional panel method (HSPM program in the accompanying CD-
ROM) using an average angle of attack in the range of interest. The variation 
of the wake shape with angle of incidence and along the span was neglected. 
Figure 13.18 shows a typical panel distribution with every other panel ignored 
and wakes omitted for clarity. 

In light of the results of the previous subsections, calculations were performed 
with transition on the upper surface fixed at the leading edge. Also, in order 
to be able to retract the various elements, surface irregularities (coves) were 
present on the lower surface of the slat (if deployed) and of the main element 
(if the flap was deployed). In the calculations presented here, these coves were 
faired and transition was assumed to take place at the location of the start of 
the fairing. 

Results are first presented for wing-flap configurations. Fig. 13.19a, and are 
followed by results obtained for slat-wing-flap configurations. Fig. 13.19b. The 
deflection angles and relative positioning of the elements are described by Lovell 
[5]. 

Wing-Flap Configurations 

The cross-section of the wing-flap configuration with the flap deflected at 10° is 
shown in Fig. 13.20a. The lift coefficient variation with angle of attack and the 
drag polar are also shown in Figs. 13.20a and 13.20b. The inviscid Hft coefficient 
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Fig. 13.20. RAE wing with slat retracted and flap deflected at 10°, (a) wing cross-section, 
(b) hft coefficient, and (c) drag coefficient. 

is indicated to show how the introduction of the viscous effects allows for a better 
prediction of the lift curve. However, the lift coefficient was over-predicted while 
the drag coeflBcients, except near stall, were well predicted. Figure 13.20 shows 
that the flap is positioned very close to the main element. Therefore, merging 
of the main element wake with the boundary layer developing on the flap upper 
surface is likely to occur. 

This merging, observed in two-dimensional flows, may be the source of the 
discrepancy since it was not modeled in the present method. Also, several rea­
sons can be advanced to explain why stall was not predicted by the calculation 
method. One of them is based on prior two-dimensional results. It was shown in 
[6] that even if the freestream Mach number is low (around 0.2), very high pres­
sure peaks occur at the leading edge of the main element and can lead to locally 
supersonic flow. Also, a separation bubble is usually present near the pressure 
peak with transition taking place in that bubble. The stronger pressure gradient 
when the flap is deployed makes this separation bubble even shorter than for a 
single wing. The combination of these two phenomena - taking place on such 
a short distance - makes the calculations in that region a challenging task. At 
the present time, there is no calculation method which can predict such flows 
accurately and reliably. 

Figure 13.21 shows the results when the flap is deflected at 25°. Observations 
similar to those in Fig. 13.20 can be made. Agreement between measurements 
and calculations is satisfactory for both lift and drag coefficients. As expected, 
the larger flap deflection (25° instead of 10°) causes a larger difference between 
inviscid and viscous flow calculations. 
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Fig. 13.21. RAE wing with slat retracted and flap deflected at 25°, (a) wing cross-sect ion, 
(b) lift coefl[icient, and (c) drag coefficient. 

Slat-Wing-Flap Configurations 

Figures 13.22 and 13.23 present results for the same configuration with the slat 
deflected at 25°, and the flap deflected at 10° and 25°, respectively. Again, the 
inviscid lift coefficient is indicated to show how the introduction of the viscous 
effects allows obtaining reasonable predictions of lift and drag coefficients. The 
discrepancies can be partly explained by the merging of the shear layers which 
was not accounted for. In addition, the large recirculating flow region in the slat 
cove - larger at low angles of incidence - was removed with the fairing and may 
contribute to the disagreement at low angles of attack. Cove calculations, how­
ever, could be incorporated by extending the method of [6] to three-dimensional 
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Fig. 13.22. RAE wing with slat deflected at 25° and flap deflected at 10°, (a) wing 
cross-section (b) lift coefl^icient, and (c) drag coefficient. 
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Fig. 13.23. RAE wing with both slat and flap deflected at 25°, (a) wing cross-section, 
(b) lift coefficient, and (c) drag coeflScient. 

flows. The wake shape, prescribed in the inviscid method, may also be at the 
source of the discrepancy. 

Stall was not captured for the configurations tested. However, it is worth­
while to note that the reliable prediction of stall for slat-wing-flap configurations 
still offers significant challenges for two-dimensional flows. Unlike for single el­
ement and wing-flap configurations, stall can occur without flow separation on 
the body but may be due instead to a sudden increase of the wake thickness thus 
reducing the circulation on the entire configuration (see Rogers et al., [7] for an 
illustration of this phenomenon). Therefore, these results should be viewed as 
satisfactory. 

13.9 Transonic Flows 

In this section we extend the applications of the interactive boundary layer 
method to wing and wing/body configurations in transonic flows. The main 
difference in the calculation method is the replacement of the panel method 
with an Euler method and use of the compressible version of the boundary-
layer method. 

There are several Euler methods that can be used to compute the inviscid 
flow and these are discussed in several references, see for example, [8-12]. Popu­
lar and versatile Navier-Stokes codes such as OVERFLOW [13], CFL3D [14,15], 
TLNS3D [16] and Full-Aircraft Navier-Stokes Code FANSC [17] of Bombardier 
Aerospace can also be used for this purpose since they all have options for 
inviscid methods. 

The accuracy of the IBL method, as in two-dimensional flows, not only 
depends on the solutions of the boundary-layer equations and transition pre­
diction, but also on the solutions of the Euler equations, most of which employ 
either cell-centered schemes or cell-vertex schemes. In the cell-centered scheme. 
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Fig. 13.24. Control volume with (a) cell-centered and (b) cell-vertex schemes. Symbols 
• and X denote grid and flow variable nodes, respectively. 

the fluxes across cell surfaces are calculated by making use of the cell-centered 
solutions of the two neighboring cells adjacent to the cell surface, while in the 
cell vertex scheme the fluxes across the cell surfaces are calculated by making 
use of the four nodal solutions of the cell surface. After knowing the fluxes at 
each cell surface in both schemes, the residuals of the Euler equations are calcu­
lated at the centers of each cell. In the cell vertex scheme, the residuals at nodal 
points are obtained by averaging the cell-centered values of residuals of the sur­
rounding cells. For regular cells, both schemes are equally good in terms of the 
solution accuracy. For cells with relatively large aspect ratios, the cell vertex 
scheme seems to introduce smaller truncation errors because of more accurate 
summation of the fluxes through the surface. However, for surface cells with 
a high degree of distortion, the cell-centered scheme seems to be more stable, 
probably because of the avoidance of direct solving for solutions at nodal points 
on the surface. 

To introduce the viscous effects into an Euler method via the blowing velocity 
approach, it is necessary to modify its surface boundary condition. In the cell-
centered scheme, Fig. 13.24a, p, pu^ pv^ pw and pe are computed at the centers 
of mesh cells during each time step. Imaginary cells inside the wing surface are 
used to formulate the flux balance in the surface normal direction and also the 
dissipation terms near the surface. With flow variables p, pu, pv^ pw and pe 
given at the centers of mesh cells next to the wing surface, and a prescribed 
blowing velocity distribution on the surface, the flow variables at the centers of 
imaginary cells can be determined by using a simple linear extrapolation. The 
normal pressure gradient term on the wing surface is computed according to 
the prescribed blowing velocity distribution and is then used to evaluate the 
pressure distribution on the wing surface. 

In the cell-vertex scheme. Fig. 13.24b, the blowing velocity distribution is 
prescribed on the surface, the residual is calculated at the centers of the cells 
adjacent to the surface, and the pressure distribution on the surface is evaluated 
directly from the cell-vertex solutions obtained on the surface. 

It is clear that the choice of the grid system used in the solution of the Euler 
equations plays a crucial role, since the grid generation method not only must 
be able to model the geometry of the configuration accurately, but also be able 
to resolve the detailed flowfield in high pressure gradient regions, such as along 
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Fig. 13.25. (a) A coss-sections view and (b) a global view of the QGRID. 

the leading and trailing edges of the body, along the wing/body juncture, and 
near wing tip and fuselage nose. 

The application considered in this section include the 0NERA-M6 wing 
(subsection 13.9.1), Douglas wing/fuselage configuration (subsection 13.9.2) and 
ChaUenger wing/fuselage configuration (subsection 13.9.3). The results pre­
sented in the first two subsections were obtained by Chen and Bui [18] who 
used a C-C-C grid which they referred to to as the QGRID. In this method, 
based on a hybrid mapping/numerical grid generation scheme, the grid-point 
distributions near the fuselage surface and in the wing cross-sectional surface 
are similar to that in the C-C-H grid, discussed in [10], but the mesh lines 
in the wing tip region form a C-mesh, as shown in Fig. 13.25a, resulting in a 
concentration of grid points near the wing tip. A global view of the QGRID is 
given in Fig. 13.25b, which shows the grid distributions on the body surface, 
the symmetry plane, and the far-field boundary. With this grid, there is no need 
to add a fictitious wing extending from the wing tip to the spanwise farfield, as 
in some other grid systems. 

In the following two subsections, we consider two finite-volume Euler meth­
ods called FLO-58 and FLO-67, both developed by Jameson [8,10] using the 
QGRID discussed above. While FLO-58 uses a cell-centered scheme, FLO-067 
uses a cell-vertex scheme, allowing us to evaluate the accuracy of each scheme 
against data on wing/fuselage and wing-alone configurations in conjunction with 
the boundary-layer method discussed in previous sections. We assume that the 
distribution of the onset of transition along the wing span is known. In the third 
subsection we perform the inviscid flow calculations using Bombardier's FANSC 
code. 

13.9.1 O N E R A - M 6 Wing 

Figure 13.26 shows a comparison between calculated and measured chord wise 
pressure distributions at four spanwise stations for the 0NERA-M6 wing for 
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a = 3.06°, Moo = 0.84. The inviscid flow is computed from FLO-58 and FLO-
67. This wing has a 30° leading-edge sweep and a 15.8° trailing-edge sweep. Its 
wing tip is closed by a half body of revolution. The test data was obtained with 
free transition, and pressure data was obtained using seven rows of pressure taps 
located from 20% to 99% semispan. The Euler calculations with the QGRID 
used a total of 193 x 25 x 33 grid points. The location of transition was fixed at 
x/c = 0.03 on the upper surface. On the lower surface its location varied, being 
at x/c — 0.66 at the root and 0.50 at the tip. As can be seen, the interactive 
solutions in which the inviscid flow solutions obtained with two different Euler 
methods are essentially the same and agree well with measured values. 

Fig. 13.26. Comparison of interactive boundary-layer solutions with the experimental 
data for the 0NERA-M6 wing for a = 3.06°, Moo = 0.84. Symbols denote data and solid 
and dashed lines denote the interactive flow solutions in which the inviscid flow solutions 
are obtained from FLO-58 and FLO-67 codes, respectively. 

13.9.2 Douglas Wing/Fuse lage Configuration 

Figure 13.27 shows a comparison between the solutions of the calculation 
method and experimental data for a Douglas wind-tunnel model LB 488 for 
Moo = 0.80, a = 2.30°, Re = 5.4 x 10^. Again the inviscid flow calculations 
used the QGRID and two Euler methods, as in the wing-alone case, for a total 
of 193 X 25 X 25 grid points, and the distribution of transition locations was 
specified. Unlike the wing-alone case, however, the calculated solutions for the 
inviscid flow computed with two Euler codes using different numerical schemes 
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Fig. 13.27. Comparison of interactive boundary-layer solutions with the experimental 
data for the LB-488 wing/body configurations for a = 2.30°, Moo = 0.80, Re = 5.4 x 10^. 
Symbols denote data and solid and dashed lines denote the interactive flow solutions in 
which the inviscid flow solutions are obtained from FLO-58 and FLO-67 codes, respectively. 

differ from each other. Those computed with FLO-67 (cell-vertex scheme) pre­
dict a weaker shock near the wing root and are not in good agreement with 
experimental data in the inboard region of the wing, but are in good agree­
ment with data in the outboard region. The calculations performed with FLO-
58 (cell-centered scheme) agree well with measurements in the inboard region 
but predict a stronger shock in the outboard region. Additional calculations 
performed for wing/body configurations show that even though the FLO-67 
solutions are better for predicting the correct shock, the predictions of FLO-
67 are consistently poor in the wing-root region, and overall Euler solutions 
using the cell-centered scheme produce results which, when used in the calcu­
lation method, yield much better agreement with data, including the outboard 
region. 

13.9.3 Challenger W i n g / B o d y Fuselage Configuration 

In [19], Laurendeau and Mokhtorion applied this IBL method to Bombardier's 
Challenger wing/fuselage configuration and compared the predictions with ex­
periment and with those computed with FANSC, which solves the Euler/Navier 
Stokes equations on a multi-block structured computational domain with arbi­
trary boundary conditions. They first applied the method by using the option in 
which the boundary-layer equations were solved for the standard problem (di­
rect coupling) on the wing surface, thus limiting the solutions to attached flows. 
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Fig. 13.28. Direct coupling results for the Challenger wing-fuselage configuration, Mo, 
0.82, a — 1.5° (Euler results shown with dashed Une). 

and the blowing velocity distributions were calculated, thus removing the need 
to regenerate the body-conforming grid after each viscous calculation. Blowing 
velocities were kept constant equal to the previous attached flow value when 
trailing edge separations were encountered. 

The results obtained with this procedure show the importance of modeling 
viscous effects on the Challenger wing/body configuration, Fig. 13.28. When 
compared to inviscid Euler flow solutions at constant angle-of-attack and con­
stant Mach number, the predicted upper surface shock-wave position moved 
forward with viscous effects, in agreement with the experimental location. The 
effects of viscosity are also seen in the cove region, where the inviscid solver 
overestimates the lower surface pressure coefficients by as much as 0.2, whereas 
the viscous/inviscid procedure reduces this number to 0.1. As expected, there 
is good agreement in regions where the boundary layer is thin, such as in the 
leading edge region of the wing. 

The predictions close to the trailing edge viscous results were, however, in­
adequate for design, particularly when the wing form drag was calculated from 
the Squire-Young formula, Eq. (13.8.3). Significant errors in wing form drag are 
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introduced when the trailing-edge boundary-layer properties are in error and 
most importantly, when the external trailing edge velocities are not properly 
computed. 

All of these physical requirements were dealt with by the use of the interac­
tive boundary-layer option of the program in which the boundary-layer solutions 
were obtained with the inverse method on the wing surface and into the wake of 
the wing. This ensured accurate results when separated flow regions are encoun­
tered and maintained the strongly coupled nature of the inviscid and viscous 
flows in the trailing edge region. The results obtained with the IBL method are 
shown in Fig. 13.29 where the surface pressure distributions are shown for the 
same flow conditions of Fig. 13.28. In these calculations, the IBL method used 
the Baldwin-Lomax turbulence model. The trailing edge pressures are signifi­
cantly improved, especially with regard to the evaluation of the form drag and 
the improvements in the cove pressures are due to proper consideration of cou­
pling rather than to separation, as there was none in this case. Improvements at 
the foot of the upper surface shock wave can also seen, this time due to quality 
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lenger wing-fuselage configuration Moo = 0.82, a = 1.5°. 

of the indirect viscous flow solver as shock-induced separation occurred at this 
buffet flow condition. 

To verify the accuracy of the IBL method, Navier-Stokes calculations were 
performed with the FANSC code [17], for the same flow conditions. The turbu­
lent eddy viscosity was computed with the SA turbulence model. The surface 
pressure distributions calculated by FANSC together with the IBL results and 
experiments are shown in Fig. 13.30 and the agreement is excellent. The dis­
crepancy at the inboard lower-surface region is due to the different wing-body 
fairing of the experimental model and those in the upper surface shock wave 
region are due to the intensity of the shock-wave/boundary-layer interaction. 
The differences between the results of the two calculation methods are very 
small, and more so when the difficult buffet-flow conditions are considered. 
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Transition 
in Three-Dimensional 
Compressible Flows 

14.1 Introduction 

The approach and many of the ideas presented for stabihty and transition in 
Chapters 5 and 8 for incompressible flows remain the same for compressible 
flows. Again the linear and parabolized stability equations can be obtained from 
the Navier-Stokes equations with procedures similar to those for incompressible 
flows, subsection 14.2.1, and the inviscid stability equations from the linear 
stability equations by neglecting viscous effects, subsection 14.2.2. The resulting 
equations reveal the differences between incompressible and compressible forms 
and contribute to understanding of compressible stability theory. For example, 
inviscid stability increases with Mach number and the mean flow relative to the 
disturbance phase velocity can be supersonic as discussed in subsection 14.4.2. 

There are several factors that can influence the onset and evolution of tran­
sition in compressible flows, as in incompressible flows, and include noise, wall 
temperature, nose bluntness, surface roughness and leading edge contamination 
as discussed in Section 14.3. The onset of transition in compressible flows can 
again be determined by solving in the linear or parabolized stability equations 
together with the e^ method. Section 14.4 describes the method for the linear 
stability equations with the Cebeci and Stewartson eigenvalue formulation and 
Section 14.5 describes the applications of the e^ method. 

14.2 Linear Stability Theory 

In this section we extend the discussion on linear stability theory for incom­
pressible flows to compressible flows. In subsection 14.2.1 using the small dis­
turbance theory, we discuss the derivation of the linear stability equations for 
three-dimensional compressible flows with three-dimensional disturbances, and 
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in subsection 14.4.2 we discuss the inviscid theory for the linear stability equa­
tions. 

14.2.1 Stability Equations 

The derivation of the linear stability equations in a Cartesian coordinate system 
for a compressible flow is discussed in [1]. It is assumed that as in the procedure 
used for incompressible flows, the velocity components u^ v and w, pressure p, 
temperature T, density p represent the instantaneous components of the flow 
properties in the compressible Navier-Stokes equations, and these components 
are divided into a mean term and a fluctuating term so that the instantaneous 
flow properties can be expressed as 

- 'jl _|_ -?/ m ^ iT) -i- iir 

(14.2.1a) 

In addition, it is assumed that thermal conductivity fc, dynamic viscosity /i, and 
second viscosity A, are functions of temperature only and are written as 

dk 
K, ^ Ki r Ki , K/ ^ — -L 

M = ? + «', I'' = %T' (142.1b) 

It is also assumed that the mean-velocity and pressure terms satisfy the Navier-
Stokes equations for a steady laminar flow. 

Next the Navier-Stokes equations are examined with instantaneous flow 
properties and transport coefficients expressed in terms of the relations given 
by Eq. (14.2.1). Since u'^ v'^ w'^ p'^ T', //', k'^ \' are small, their squares and 
products can be neglected. Noting that the mean velocity, pressure and temper­
ature satisfy the Navier-Stokes equations, the equations simplify further. They 
are, however, stiff complicated and can be further simplified by noting that aff 
velocity and temperature ffuctuations and derivatives are of the same order of 
magnitude, and by assuming that the mean ffow velocities u and iD, density p 
and temperature T are a function of y only and v is zero, that is, 

u = u{y), w^w{y), p = p{y), f = T{y), v^O (14.2.2) 

The assumption in Eq. (14.2.2) is the parallel flow approximation discussed 
in Section 5.3. Before proceding further, again all the ffuctuating and steady-
state velocity components are normalized by Ue and all lengths by a reference 
length L. The ffuctuating and steady-state pressure, density, and temperature 
are normalized by pe, p^ and Tg respectively. Both viscosities are normalized 
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by /ie, and heat conductivity by Cp/ie- A Reynolds number, i?, a Mach number, 
Me, and a Prandtl number, Pr, are also defined by 

^"^ Me = - A = , P r - ^ (14.2.3) R = 
\fr^e 

with 7 = Cp/cy and i? denoting the universal gas constant. The resulting nondi-
mensional disturbance flow equations and the equation of state 

p = pRT (14.2.4) 

form a set of coupled partial-differential equations whose solutions describe how 
disturbances originate near the surface ^ = 0 and spread out through the bound­
ary layer and beyond as they are convected along the local streamlines. To study 
the properties of these equations, we again assume that the small disturbance 
is a sinusoidal travelling wave and write the three-dimensional disturbance q^ 
given by Eq. (5.3.14). The small disturbance equations then can be written as 

Continuity 

ilip-\- P 
dv . ^ 

, - — h i{au • 
[dy 

pw) 
dy 

(14.2.5) 

Momentum equation parallel to the wave number vector 
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Momentum equation normal to the wave number vector 

(14.2.6) 

• / - ^-N I dw du 
i^iiaw - jju) + a- [3—-

dy dy 

a-
w (3 

dy^ ^ 
-f2{aw 

d/idT 

~dT~dy 

dw du 

dy dy + 

f3u) 

dfi I d^w r,d^u 
a-

+ 
'djidf d^iidT^ 
dT^^dT^~d^ 

dT \ dy^ 
/? 

dy^ 
T 

(14.2.7) 
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^/-Momentum equation 
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Energy equation 
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dyj. 

y = 0, u = v = w = T = 0 

?/-^ oo, u^v^w^T -^ 0 

71 = ai^ + /3i^ — ^ , 72 = a + /? 

(14.2.9) 

(14.2.10a) 

(14.2.10b) 

(14.2.11) 

14.2.2 Inviscid Stability Theory 

A detailed account of the inviscid stability theory for compressible flows and 
of results is given by Mack [2]. The results of this theory are very important 
because even a flat plate flow has an inviscid instability at a finite Reynolds 
number. 

The governing equations can be obtained by taking the limit of the linear 
stability equations, Eqs. (14.2.4) to (14.2.8), when the Reynolds number goes 
to infinity. 

i-fip -h p 
dv 

[dy 
-\- i{au + f3w) 

dp 

dy 
V = 0 

. / . ^ .X , du dw . ^ 
i^i[au + [jw] + ( a—- + j3-— ) v • 2 P 

- n 2 7 M 2 

(14.2.12a) 

(14.2.12b) 
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(14.2.12c) 

(14.2.12d) 
jM^ dy 

0 (14.2.12e) 

To show the importance of compressibiHty in inviscid flow theory, we intro­
duce a Mach number M defined by 

M 
11 Me 

72TI/2 
(14.2.13) 

which, for a temporal neutral wave, is real and has a physical meaning. To show 
this, we write 

M = {u^-cr)^ (14.2.14) 

with 
(Jr 

Ujjj = uCOSip -]- wsinip^ Cr = ^r 
\k\ 

(14.2.15) 

The angle ip is the angle between the wave number vector k and the x-axis so 
that u^ is the orthogonal projection of the local mean velocity on the direction 
of the wave number vector and Cr is the phase velocity of the wave. Using 
physical quantities, we have 

M (14.2.16) 

where M^ is the local Mach number of the mean flow in the direction of the wave 
number, c* is the phase velocity and a* is the speed of sound. For a temporal 
neutral wave, Eq. (14.2.16) shows that M is the Mach number of the local 
mean flow in the direction of the wave number relative to the phase velocity. 
By extension, even in the case of a non neutral wave, M is called the relative 
Mach number. 

From Eqs. (14.2.12a, 14.2.12b, 14.2.12d, 14.2.12e), we can determine a set 
of coupled first order differential equations for v and p 

A. (^ 
dy V7i 

M ^ p P 
M2 7 

dy V T / 71 

(14.2.17a) 

(14.2.17b) 

from which second order differential equations for v and p are obtained 
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— (L\ A. In 
M 2 

| 1 - M 2 | 
( 1 \ ^ ^hl-. M^)}L ^ (^ (14.2.18a) 
V 7 1 / 71 dy V7i, 

[ I n M ^ ] ^ - 7 | (1 - M 2 ) P = 0 (14.2.18b) 0-|>-^ l̂ 
The boundary conditions are t)(0) = 0 and ?; is bounded as y -^ cxo. 

The value of the relative Mach number with respect to 1 plays an important 
role. It can be negative if the phase velocity of the wave is larger than the local 
velocity (in the direction of the wave number). If |M| > 1, the perturbation 
is said locally supersonic. If |M| = 1, the perturbation is locally sonic and if 
|M| < 1, the perturbation is locally subsonic. 

In the freestream, we have 

Me = M ^ e ( l - — I (14.2.19) 

For two-dimensional waves, ^ == 0 and M^g = Mg, u^^ = 1. It will be seen that 
the waves with a subsonic freestream relative Mach number are important. 
These waves are such that the phase velocity is in the range 

1 - - L < c, < 1 + - ^ (14.2.20) 
Me Me 

The limit Cr — l-\- l/Mg means that the wave propagates downstream relative 
to the freestream with the freestream celerity of sound. The limit C7. = 1 — l/Mg 
means that the wave propagates upstream relative to the freestream with the 
freestream celerity of sound. 

A detailed study of the inviscid stability equations is given by Lees and 
Lin [3]. It is assumed that the mean flow is two-dimensional {w = 0) and that 
the waves are also two-dimensional (/? = 0). The results are obtained with the 
temporal theory (cj is complex and a is real). In the results given below, the 
waves are said subsonic, sonic or supersonic if the relative Mach number Me in 
the freestream is such that Me < 1, Me = 1 or Me > 1. 

1. A necessary and sufficient condition for the existence of a neutral subsonic 
wave (Me < 1) is that there is a point in the boundary-layer at distance i/s 
such that 

uiVs) > 1 - ] ^ and - = 0 (14.2.21) 
ys 

1 du] 

[Tdy\ 

The phase velocity Crs of this wave is equal to u{ys). 
These results are an extension of the Rayleigh condition valid in incompres-
silbe flow. The point ys is called the generalized inflection point. 
The sufficient condition of this theorem is demonstrated by assuming that 
the wave is locally subsonic everywhere in the boundary-layer. Then, it is 
shown that there is only one wave number a^ corresponding to the phase 
velocity Crs for the neutral subsonic wave. 
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2. A sufficient condition for the existence of a subsonic (Mg < 1) unstable wave 
is that condition (14.2.21) is satisfied. 
This sufficient condition of instability requires also that the relative Mach 
number M is subsonic everywhere in the boundary-layer. 
For a flat plate boundary-layer in compressible flow on a adiabatic wall, 
the velocity profile has a generalized inflection point satisfying condi­
tion (14.2.21). Such boundary-layers have an inviscid instability. In incom­
pressible flow, the velocity profile of a flat plate boundary layer has a zero 
second derivative at the wall and there is no inviscid instability. 

3. There exists a neutral sonic wave (Me == 1) with the eigenvalues a = 0, 
Cr = l - 1/Me. 

Other important results were discovered by Mack when the waves are locally 
supersonic. At first, it has been observed, numerically, that the most unstable 
waves are always subsonic (Mg < !)• Then, according to the results of Lees and 
Lin, if the relative Mach number is subsonic everywhere in the boundary-layer, 
there is a unique wave number corresponding to the phase velocity Crs of the 
neutral subsonic wave. However, the relative Mach number can be supersonic 
near the wall. Mack demonstrated the possibility of multiple solutions, i.e. the 
possibility of an infinite sequence of wave numbers corresponding to the value of 
the phase velocity of the neutral subsonic wave. The analytical proof is provided 
by an approximate solution obtained at large value of the wave number. In 
Eq. (14.2.18a) the term with the first derivative of 'O1/71 can be neglected and 
the equation becomes 

; f ^ f - ) - 7 l ( l - M 2 ) - = 0 (14.2.22) 
dy^ V7i / 71 

It is clear that the mathematical nature of the equation depends on the value 
of the relative Mach number with respect to unity. When the relative Mach 
number is supersonic, Eq. (14.2.22) is a wave equation whose solution is an 
oscillating function and it is expected that there is an infinite sequence of wave 
numbers for which the boundary conditions are satisfied. The interesting case is 
when the relative Mach number is supersonic near the wall and subsonic in the 
outer part of the boundary layer. Because of the supersonic region, the solution 
is oscillating near the wall and decays exponentially in the subsonic region. In 
addition, there is an infinite sequence of eigenvalues for the wave number. In 
these circumstances, the Lees and Lin result that there is only one wave number 
as corresponding to the phase velocity Crs for the neutral subsonic wave does 
not hold because the relative Mach number is not subsonic everywhere. 

Figure 14.1 shows results obtained by Mack [2] according to the inviscid 
theory for two-dimensional waves in a two-dimensional flat plate boundary-
layer developing on an adiabatic wall. The evolution of the wave number agn 
corresponding to neutral subsonic waves is plotted as a function of the Mach 
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a. 

Fig. 14.1 . Multiple modes 
of two-dimensional inflectional 
neutral waves in inviscid theory. 
Adiabatic wall. [2] 

number Mg. The evolution of the wave numbers is in agreement with the analysis 
of Eq. (14.2.22) except for the wiggles shown by the curves. The behaviour of 
results obtained numerically with the full stability equations (at finite Reynolds 
number) is also well explained by this analysis. 

Numerically, the inflectional multiple solutions have been detected in a flat 
plate boundary-layer on an adiabatic wall for Mach numbers larger than 2.2. 
This is explained by the location of the relative sonic point which moves out in 
the boundary-layer when the Mach number Me increases. 

Except for certain particular modes, the higher modes are interpreted as 
sound waves which reflect back and forth between the wall and the sonic line of 
the relative flow dX y — ya in the boundary-layer. 

Mack found also multiple solutions corresponding to noninflectional neutral 
waves. These waves are subsonic (Mg < 1) and their phase velocities are such 
that 

1< c,. < 1 + -V (14.2.23) 
- "" - Me 

The case c^ = 1 means that the wave is at rest with respect to the freestream. 
The case Cf = 1 + I/Me means that the wave propagates downstream relative 
to the freestream with the freestream celerity of sound. In the freestream, the 
necessary condition for the existence of a subsonic neutral wave is satisfied. If 
the condition M^ > 1 is satisfied somewhere, the existence of multiple solutions 
is possible. The waves with c^ = 1 are important because in the absence of a 
generalized inflection point in the boundary-layer, these waves are associated 
to unstable waves with Cr <l. This means that a compressible boundary-layer 
with a region of supersonic relative Mach number has an inviscid instability. 
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14.2.3 Examples of Results 

Two-Dimensional Waves 

Figures 14.2 to 14.5 show the results obtained by Arnal [4] who solved the full 
stability equations according to the spatial theory. The stability diagrams are 
computed for two-dimensional waves (^ == 0°) for a mean flow which is a flat 
plate boundary-layer developing on an adiabatic wall. The Reynolds number Rs* 
is based on the displacement thickness 5*, on the freestream velocity Ue and on 
the freestream kinematic viscosity. The wave number a .̂ and the amplification 
coefficient —â  are made dimensionless with the displacement thickness. 

In the range of Reynolds number shown in the figures, the general shape of 
the stability diagrams does not change much when the Mach number Me in­
creases from 0 to 1.3. No sign of inviscid instability is detected. In this range of 
Mach number, the instability is essentially viscous for a wide range of Reynolds 
number; at very large Reynolds number, however, the characteristics of instabil­
ity become inviscid. A local maximum of the amplification coefficient is observed 
at a finite Reynolds number and curves of iso-amplification enclose this maxi­
mum. The values of the maximum amplification coefficient decrease when the 
Mach number increases. At low Mach numbers this result is of importance be­
cause a two-dimensional wave has the largest amplitude ratio at any Reynolds 
number but this conclusion is no longer true above a Mach number of about 1. 
In transonic and supersonic flows, an oblique wave can become more unstable 
than a two-dimensional wave. In addition, the instability becomes strongly de­
pendent upon the behaviour of the higher modes when the Mach number is 
increased. Except at low Mach numbers, the stability of boundary-layers, even 
for the flat plate, must be examined by taking into account the oblique waves 
and the higher modes. 

Increasing the Mach number from the low subsonic case, it is observed that 
the inviscid instability comes into play. At large but flnite Reynolds numbers, the 
iso-amplification coefficient curves are nearly parallel to the Reynolds number 
axis and an unstable range of wave numbers is expected at infinite Reynolds 
number. This feature is visible in the figures corresponding to Me > 2.2. The 
inviscid instability occurs because of the existence of a generalized inflection 
point which moves away from the wall as the Mach number increases. 

When the Mach number increases, the higher modes are present. The second 
mode appears at lower and lower wave numbers and is clearly seen in the stabil­
ity diagram for Me = 4.5. If the Mach number increases again, the two unstable 
regions join together. This does not mean that the higher modes disappear but 
their detection is more subtle. 

The results shown in Fig. 14.6 are obtained from the temporal inviscid the­
ory for two-dimensional waves [2]. The dimensionless maximum amplification 
coefficient is plotted as a function of the freestream Mach number for a fiat 
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Fig. 14.4. Stability diagrams for 
flat plate boundary-layers at Me = 
(a) 3, (b) 4 and (a) 4.8 [4]. 

Fig. 14.5. Stability diagrams for 
flat plate boundary-layers at Me = 
(a) 5.8, (b) 7 and (a) 10 [4]. 
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10^ ̂ i i 

MODE 2 

Fig. 14.6. Flat plate on adiabatic wall [2]. Maximum amplification rate of two-dimensional 
waves in temporal inviscid theory. The reference length is {vex/ueY^'^. 

plate boundary-layer developing on an adiabatic wall. In these calculations the 
reference length is {veXJUe)^!^. This figure shows that below Mg = 2.2 there is 
no inviscid instability. In the range Mg < 10, the second mode is always more 
unstable than the first mode and above Mg = 6.5 the third mode is even more 
unstable than the first mode. 

Effect of wave direction 

In a compressible flow it is very important to consider oblique waves even if 
the mean flow is two-dimensional and even in the transonic regime. For ex­
ample, Fig. 14.7 [4] shows the evolution of the maximum amplification coef­
ficient at given Reynolds numbers as a function of the wave direction i\) and 
of the freestream Mach number Mg; these results are obtained for a fiat plate 
boundary-layer on an adiabatic wall. It is seen that for Mg = 1.1 and Mg = 1.3 
the maximum amplification coefficient occurs for oblique waves around '0 = 40° 
at Mg = 1.1 and around il) = 50° at Mg = 1.3. 

At larger Mach numbers, the higher modes are present and the effect of wave 
direction depends on the considered mode. Figure 14.8 [4] shows two stability 
diagrams for Mg = 4.5, one corresponds to two-dimensional waves and the other 
to a wave direction ip = 60°. The instability of the first mode is increased for 
the oblique wave whereas the second mode is very stable for this wave direction. 
These results confirm the inviscid calculations of Mack. Figure 14.9 [2] shows 
that for Mg = 4.5, the second mode is more unstable than the first mode; the 
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Fig. 14.8. Effect of wave direction on the amplification rate in a flat plate boundary-layer 
on adiabatic wall (Me = 4.5), spatial theory [4]. The reference length is 6*. 

instability of the first mode is maximum for an oblique wave {^p — 60°) whereas 
the instability of the second mode is maximum for a two-dimensional wave. 

Effect of Wall Cooling 

The effect of wall temperature on the stability of a flat plate flow, obtained by 
Arnal [4], is shown in Fig. 14.10. The results are shown for two-dimensional 
waves at Me = 7 and for two wall temperatures T^j/Taw = 1 and T^/Taw — 0.3. 
It is seen that wall cooling tends to separate the second mode from the first 
mode. The instability of the first mode is lowered whereas the instability of 
the second mode is enhanced. In fact, the condition (14.2.21) of a generalized 
inflection point is no longer satisfied when the wall is cooled, then the inviscid 
instability disappears and it is observed that the first mode vanishes even for 
oblique waves. However, the wall cooling is not able to eliminate the region of 
supersonic relative flow and higher modes persist. Actually, the second mode is 
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Fig. 14.9. Effect of wave direction on the amplification rate in a flat plate boundary-
layer on an adiabatic wall, inviscid temporal theory (Me = 4.5) [2]. The reference length 
is {VeX/UeY^'^-

Fig. 14.10. Effect of wall temperature on the stability of a flat plate boundary-layer 
(Me =- 7, V̂  = 0°). a) Tn^/Taw = 1 b) Ty,/Tavo = 0.3 [4]. The reference length is 6\ 

destabilized by wall cooling. Such comments however depend on the reference 
length because the evolution of the dimensionless amplification coefl&cient is not 
the same if the reference length is 5* or [y^xju^^'^. 

14.3 Factors that Influence Transition 

14.3.1 Effects of Noise 

In supersonic flow a mysterious effect of unit Reynolds number in wind tun­
nel has been the subject of a debate for a long time. Correlations have been 
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proposed to relate the transition Reynolds number on a flat plate to the unit 
Reynolds number Ue/i^e and also to the size of the wind tunnel. Nowadays, it 
is accepted that transition in a supersonic flow is dominated by the noise, i.e. 
the pressure fluctuations. This is illustrated in Fig. 14.11 [5] which shows a cor­
relation between the transition Reynolds number Rx^, and the level of pressure 
fluctuations in the Mach number range 4 < Me < 23. The noise is generated 
upstream of the test section in the freestream and is also radiated by the tur­
bulent boundary-layer developing along the walls of the wind tunnel. This is 
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consistent with the early observations on the effect of unit Reynolds number. 
For a larger wind tunnel the nozzle walls are farther from the model and it is 
expected that the noise radiated by the boundary-layer is lower at the location 
of the model. 

In fact, the unit Reynolds number effect is a combination of many parameters 
such as the radiated noise, the bluntness of the flat plate or of the cone, the 
receptivity of the boundary-layer to external disturbances which depends on 
the characteristics of the boundary-layer developing on the model. For example, 
consider a flat plate boundary-layer; if the unit Reynolds number is increased, 
the boundary-layer is thinner and its receptivity to the freestream disturbances 
is modified in the sense that the range of unstable frequencies is changed, then 
the transition Reynolds number varies. 

A quiet wind tunnel has been developed at NASA Langley for a Mach num­
ber M = 3.5 [6,7]. To eliminate the noise radiated by the nozzle turbulent 
boundary-layer the wind tunnel has been specially designed to have a lami­
nar boundary-layer along the walls of the nozzle. In the best conditions, the 
transition Reynolds numbers measured on a 5° half-angle sharp cone are two or 
three times larger than in conventional wind tunnels. The results are in much 
better agreement with available flight experiments (Fig. 14.12); a precise com­
parison is diflricult however because the wall temperature in flight tests is not 
known. With the same restriction about the possible effect of wall temperature, 
it seems that the transition Reynolds number has a local maximum around 
Me = 3 and a local minimum around Me = 5. 

14.3.2 Effects of Wall Cooling 

Figure 14.13 shows experimental results collected by Potter [8]. The transition 
Reynolds number Rx^^ is reduced by its value Rxtro f̂ ^ ^^ adiabatic wall at 
the same Mach number. At a given Mach number, all the data correspond 
to the same unit Reynolds number Ue/i'e but at different Mach numbers the 
unit Reynolds number is not the same. It is possible that the effect of unit 
Reynolds number (noise) is not negligible even if the transition Reynolds number 
is reduced by its adiabatic value. The two curves for a flat plate boundary-layer 
at Me — 8 are obtained for two unit Reynolds numbers, the upper curve is for 
the lower unit Reynolds number. With this reservation, the general trend is 
that wall cooling delays transition. Exceptions are observed in this behaviour 
but the reason is not understood. 

14.3.3 Effects of Nose Bluntness 

In supersonic flow, experiments are often carried out by using flat plates or 
cones. If the leading edge of the flat plate or the apex of the cone are not 
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Fig. 14.13. Effect of wall cool­
ing on transition [8]. 

perfectly sharp, significant variations of the transition Reynolds number are 
observed. 

Figure 14.14 shows the variation of the transition Reynolds number on 
blunted cones as a function of the Reynolds number Rr — u^rjv^ where r is 
the radius of the spherical nose [9]. 

With blunted cones, the flow is modified by the existence of a bow shock 
wave in front of the cone. The streamlines which cross this bow shock wave have 
a different entropy jump according to the local slope of the shock wave with 

Fig. 14.14. Effects on blunt-
ness on transition on a cone [9]. 
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respect to the freestream. Downstream of the shock wave, in inviscid flow, the 
entropy is not constant as it varies from streamline to streamline. The entropy 
variations are observed in a region which wraps the cone near the wall. Due 
to mass conservation, the thickness of the layer of variable entropy decreases 
downstream. This phenomenon is called entropy swallowing. Even if the wall 
pressure distribution is not dramatically changed away from the nose, the flow 
characteristics are modified sufficiently to have a significant eff"ect on transition 
mechanisms. 

For small bluntess, a stabilizing effect is observed since disturbances which 
are observed on a sharp cone are no longer detected (Stetson et al. [10,11]). For 
larger bluntness, Stetson et al. measured large amplitude disturbances outside 
the laminar boundary-layer which seems to indicate the existence of an inviscid 
instability associated with the variations of the mean ffow. 

14.3.4 Effects of Surface Roughness 

When the roughness elements are large enough, it can be expected that their 
effect will dominate the transition process so that the effects of other parameters 
such as noise will be less. 

Consider the evolution of transition as a function of the size of an isolated 
roughness element, everything being the same otherwise. If the size is very small 
the flow is locally modifled around the roughness but the transition location is 
not affected. For a critical size^ there is a rapid movement of the transition 
location towards the roughness but this movement is more and more gradual as 
the Mach number increases. Transition takes place in a wedge like region behind 
the roughness element. The apex of the wedge is at a certain distance L from the 
roughness. For roughness elements larger than the effective roughness size, the 
distance L does not change very much. In fact, this distance is a function a the 
Mach number and increases as the Mach number increases. In incompressible 
flow, the apex of the wedge is practically at the roughness location. 

There is no general criterion giving the effective roughness size. For the flow 
on a cone the Van Driest-Blumer [12,13] criterion is 

^K^ = K 1 + 
7 - 1 

M'^ - 0.81 
J- aiii -L ii: 

R 
1/4 

K = 33.4 fl4.3.1) 

where the Reynolds numbers are based on the freestream velocity Ue and the 
freestream kinematic viscosity i/g- The effective roughness k^^ is the height of 
the roughness for which the apex of the transition wedge is at distance L from 
the roughness and x^ is the roughness distance from the nose of the cone. The 
correlation given by Eq. (14.3.1) is applicable for Mach numbers less than 4. 

For a flat plate boundary-layer the coefficient K is multiplied by a factor 
between 2 and 3. 
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14.3.5 Leading Edge Contamination 

Consider a swept wing and the region in the vicinity of the attachment line. 
As in Section 8.2, x is the surface coordinate normal to the leading edge and z 
is the coordinate parallel to the attachment line. The Reynolds number i?, Eq. 
(8.2.3), is now defined with the kinematic viscosity at the boundary-layer edge 

i ? = " ^ 
l l / 2 

(14.3.2) 
Z/e [{dUe/dx)x=0 

To analyze the available experimental data on leading edge contamination, 
Poll [14] introduced a transformed Reynolds number 

i ? * ^ i ? ( — j (14.3.3) 

where v* was calculated from a reference temperature T* 

T'^^Te^ 0.1(r^ - Te) + 0.6(Ta^ - Te) (14.3.4) 

In the range 0 < Me < 6, the leading edge contamination criterion is i?* = 
245 ± 3 5 . With this Reynolds number, no effect of Mach number, unit Reynolds 
number, wall temperature is observed. 

14.4 e^-Method for Compressible Flows 

The e^-method discussed in Chapters 5 and 8 for two- and three-dimensional 
incompressible flows can also be used for two- and three-dimensional compress­
ible flows. The procedure is essentially similar to that for incompressible flows. 
For three-dimensional flows we now solve the compressible stability equations, 
Eqs. (14.2.4) to (14.2.9), rather than the equations for incompressible flows with 
velocity and temperature profiles obtained either from the solution of the com­
pressible laminar boundary-layer or Navier-Stokes equations. Either one of the 
eigenvalue formulations discussed in subsection 8.3.1 can be used for compress­
ible flows. Here we use the eigenvalue formulation of Cebeci and Stewartson 
and briefly discuss the numerical solution of the stability equations with the 
box method discussed for the incompressible stability equations. 

Similar to the procedure used for the Orr-Sommerfeld equation in Section 
5.6, Eqs. (14.2.21) to (14.2.25) can be expressed as a flrst-order system by 
defining the following new variables with primes denoting differentiation with 
respect to ^, 

zi = au-\- 3w^ Z2 = au' + Pw\ z^ = v. Z4 = ^TTTT 
7 ^ e (14.4.1) 

2:5 = T, ZQ = T', Z7 = aw — (3u^ z% — aw' — (3u' 
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In terms of these new variables, Eqs. (14.2.11) to (14.2.15), for a three-
dimensional compressible flow can be written as 

^1 = Z2 

4 = ^21^1 + ^22^2 + ^23^3 + 2̂4̂ :̂4 + ^ 5 ^ 5 + ^ 6 ^ 6 

4 == ^31^1 + ^33^3 + ^34^4 + ^35^5 

4 = 6412:1 + 6422:2 + 643-2:3 + 6442:4 + 6452:5 + 6462:6 

4 = 6̂ 
4 ^ 6̂2-2:2 + 663^3 + ^64^4 + 6̂5-2:5 + ^66^6 + ^68^8 

4 ^ 8̂3-2:3 + &85^5 + ^86^6 + ^87^7 + 

where the coefficients 6̂ j (i, j = 1, 2 , . . . , 8) are 

(14.4.2) 

du ^dw dw ^du 

dy dy dy dy 
iR 

021 = -Tf,!! + 7 2 , 
__i^dn<n^ 

_ Ern i dfidT l + 2d i dT 

iR 
024 = — 7 2 

1 + 2Ĉ  ^^2 
— - — 7 M g 7 2 7 i 

l + 2d Idn f d^u d^w^ 
?'25 = ^ ^ 7 i 7 2 - - ^ ( ^ a ^ + / ? ^ ^ 

2̂a = - i ^ 7 3 , . . = - . Hs-^f, 
fj,al -L dy 

1 d^^ dT 

JidJ^'dy 73 

3̂4 = -hMSi 

635 = ^ 7 1 , 

641 = - ; ^ 

642 = - ~ 

E = ~ + \i{2 + d)^Mhi, 
fJj O 

-2622 + 3(2 + ^)633 

^43 = 
E 

-72 + 
2(2 + d)d/x (dT\^ 2(2 + ci) d^r iR 

3liT dT\dy) "̂  3T dy2 ^ r 71 

2i 
^44 = " ^ ( 2 + C^)7-W'e^(-7l^22 + 73 + ^227l) 

^45 = 
1 d/i 2(2 + d).^ 

-^13 H 7^ (-62271 + 73) 3T E [ndT 
2i 

he = ^ ^ ( 2 + d)7i, 662 -2(7 - 1)PVMI 

(14.4.3a) 

(14.4.3b) 

(14.4.3c) 

(14.4.3d) 

(14.4.3e) 

(14.4.3f) 

(14.4.3g) 

(14.4.3h) 

(14.4.3i) 

(14.4.3J) 

(14.4.3k) 

(14.4.31) 

(14.4.3m) 
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PrT? 
663 = 633 - 2i(7 - l)PrM^-r3, 664 = - ( 7 - l ) P r i ? M 2 7 i (14.4.3n) 

- (7 - l )PrM-

2dkdT 

1 d/i (d'^u d'^w 
+ fi dT \ dip dy 

K aT dy 72 
683 74 

_ 1 dn I d^w 
fidT I (iy2 

1 d/i 

/3 
dy"^ ^ 

iR 

1 d^/x(iT 

JidT^ly 74 

686 = - - - ^ 7 4 , 637 = ^ 7 1 + 72, 688 = 622 
Hdl fil 

The boundary conditions become 

y = 0, zi = Z3 = Z5 = zj = 0 

y ^ 00, zi,Z3,Z5,zj -^0 

(14.4.3o) 

(14.4.3p) 

(14.4.3q) 

(14.4.3r) 

(14.4.4) 

In terms of these new variables, Eqs. (14.4.2) and (14.4.4) can be written as 

(14.4.5) 
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with its nonzero elements defined by Eqs. (14.4.3a) to (14.4.3r). 
The solution of the system given by Eqs. (14.4.4) and (14.4.5) is obtained 

with the numerical method described in Section 8.4. 
In [1] a commercial software for calculating transition in compressible and in­

compressible flows on wings with and without suction is described. The software 
uses the e^-method and the Cebeci-Stewartson saddle-point method described 
here and in Section 8.4. It includes an interface program, a stability-transition 
program and a boundary layer program for incompressible and compressible 
flows. The boundary layer program is formulated in such a way that it can also 
be used to calculate separated flows as described in Chapter 13. 
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14.5 Applications of the e^-Method 

AS 409 Infinite Swept Wing 

As in incompressible flows, the e^-method with various eigenvalue formulations 
discussed in subsection 8.3.1 has also been applied to three-dimensional com­
pressible flows [1]. Here, with the eigenvalue formulation of Cebeci and Stewart-
son we discuss its application for the AS 409 infinite swept wing data of [15,16]. 
Similar calculations using the eigenvalue formulation of Mack and Arnal have 
also been carried out as discussed in [1]. The measurements for this 15-degree 
swept tapered wing were conducted in the cryogenic wind tunnel T2 of ON-
ERA/CERT at very low stagnation temperatures [15]. The wing, with a chord 
of 0.228 m at the root and 0.145 m at the tip, had a span of 0.39 m with an 
AS409 cross-section and a trailing-edge sweep angle of three degrees. It also 
had wavy surfaces less than 0.05 mm (from peak to valley) for a chordwise ex­
tent of about 2 cm. In order to avoid the need to perform fully three-dimensional 
stability/transition calculations, the measurements discussed in [15] and sum­
marized in [16] were carried out under infinite swept wing conditions with the 
wing having a mean sweep angle of 13 degrees at an angle of attack of 0.3 
degrees. The mean chord for computations was stated to be 0.196 m. 

Calculations with the Cebeci and Stewartson formulation have been per­
formed for runs 42 and 79 having stagnation temperatures of 145 K and 165 K 
and stagnation pressures of 2.0 and 2.5 bar, respectively. Here we present a brief 
summary of the predictions for these runs. 
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Fig. 14.15. Zarfs for run 42 for (a) adiabatic and (b) measured wall temperature distri­
butions. 
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Figure 14.15 shows the zarfs for run 42 for an adiabatic and measured wall 
temperature distributions at a Reynolds number of 12.8 x 10^. As can be seen, 
the frequencies originate at nearly the same location (on a vertical line) and vary 
drastically one from another. Figure 14.16 shows the computed n factors for the 
zarfs of Fig. 14.15. The results demonstrate that for adiabatic wall conditions, 
the maximum value of n for the experimental transition location is around 6.2; 
the corresponding value for the measured wall temperature is 6.7. What is more 
important, however, is the fact that in the latter case the computed transition 
location agrees very well with the observed location, considering that the n-value 
for transition in this tunnel lies between 7 and 8. 

Figure 14.17 shows the zarfs for run 79 with wall conditions corresponding 
to adiabatic temperature and Fig. 14.18 shows a comparison between the zarfs 
obtained under adiabatic and measured wall temperature conditions. Again 
the steep rise in frequencies close to a single x/c-location is noted. The zarf 
calculations were performed for a very fine x/c-grid, since most of the frequencies 
begin to exhibit amplification in an interval of 1/1000*^ of chord around 0.015. 
Figure 14.17 also shows zarfs away from the leading edge. These zarfs have low 

n 3K 

Fig. 14.16. Computed n-factors for run 42 for (a) adiabatic and (b) measured wall tem­
perature distributions. 
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perature distributions. 

values of /3r around 10~^, occur in an almost zero pressure gradient region and 
do not lead to amplification rates that grow significantly. 

Figure 14.19 shows the computed n factors for run 79 with stability calcu­
lations performed for the adiabatic and measured wall temperature conditions. 
For this flow, the n-value is much higher than those in run 42. For an adiabatic 
wall, it reaches a maximum value of around 8 and a value of around 9 for the 
measured wall temperature case. If we take the n value to be 7.5 (a mid-n value 
of the expected n-value range for this wind tunnel) then transition occurs at 
xjc = 0.46 for adiabatic wall conditions and x/c = 0.47 for measured wall tem­
perature conditions. This compares well with the inferred transition location of 
x/c = 0.47. 

EfFect of Mach Number 

Figure 14.20 [17] shows an application of the e^-method to a flat plate boundary-
layer developing on an adiabatic wall. The transition Reynolds number Rx^^ is 
plotted as a function of the Mach number Mg at the edge of the boundary-
layer. It is assumed that transition occurs for a fixed value of the n-factor. 
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Fig. 14.20. Effect on Mach 
number for a flat plate bound­
ary layer on an adiabatic wall. 
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ns 
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Fig. 14.21. Transition on an airfoil in transonic flow. 

aC) 
- 1 

The transition location has been calculated for different values of n in order to 
simulate the quality of the flow in wind tunnel. It is observed that the transition 
Reynolds number has a local maximum for a Mach number around Me = 2 and 
a local minimum around Me = 3.5. The comparison with the data obtained in 
a conventional wind tunnel (solid circles) indicates low values of the n-factor, 
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between 2 and 4, which probably means that transition is dominated by the 
noise in the wind tunnel. The hatched bar refers to data obtained in the quiet 
tunnel at NASA Langley [6,7]. The corresponding n-factor is much higher, of 
the order of 10, indicating that reducing the noise in the nozzle is very effective. 

Figure 14.21 shows an apphcation of the e^-method to the transition on 
an airfoil in transonic flow. The experimental distribution of the Mach number 
Me was determined from the wall pressure distribution and is given for differ­
ent angles of attack [18]. The evolution of the transition location as a function 
of the angle of attack is well reproduced by the e^-method with n = 9 [15]. 
The dotted line shows the results of transition prediction with incompressible 
stability calculations. The difference with the curves calculated from the com­
pressible stability theory shows a strong stabilizing effect of the Mach number 
in transonic flow. 

Effect of Wall Temperature 

Figure 14.22 [4] shows another application of the e^-method to a flat plate 
boundary-layer. The objective was to investigate the effect of wall cooling at 
different Mach numbers. In these calculations, it is assumed that transition 
occurs when the n-factor reaches n = 9. The transition Reynolds number Rx^^ 
is reduced by its value RXT^ for an adiabatic wall and it must be remembered 

8 4 

1 4 

0.4 0.6 
-1 1 1-

0.8 1 

Fig. 14.22. Application of the 
e^-method to the influence of 
wall temperature on transition 
location on a flat plate. 
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Fig. 14.23. Influence of wall temperature on transition location on a cone. 

that RXTO depends on the Mach number Me at the edge of the boundary-
layer. Comparatively, the effect of wall cooling is more spectacular at low Mach 
number than in hypersonic flow. In particular, there is practically no effect of 
wall cooling on transition for Me = 7. 

The effects of wall cooling and heating on transition was studied in flight 
on a cone mounted on the nose of an F-15 aircraft and tested in the range of 
Mach numbers 0.5-2 [19]. In Fig. 14.23, the transition Reynolds number R XT IS 

reduced by the value Rxj^o of the transition Reynolds number for an adiabatic 
wall {Tuj/Taw = !)• The experimental data in the AEDC wind tunnel follow 
the same trend as the flight data. The theoretical curve calculated by the e^-
method [19] with n = 9 is in good agreement with data. It is shown that a small 
variation of the wall temperature moves significantly the transition location. 
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Problems 

14-1 . Squire theorem. Consider the stability equation, Eq. (5.3.15)), in incom­
pressible flow and in the temporal theory, for a two-dimensional mean flow. The 
following change of variables is defined 

u = -, a = -, f3 =-—-, (f) = -, R = i ? c o s ' 0 
cos-^ cos^p smT/; cos-?/; 

with 

tan 7/; = — 
a 

Write the stability equation with the starred variables. Deduce that the critical 
Reynolds number is obtained for a two-dimensional wave. 
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14-2. Stuart theorem. Consider the stability equation, Eq. (5.3.15), in incom­
pressible flow and in the temporal theory, for a three-dimensional mean flow. 
The following change of variable is defined 

a = -, fJ -
cos T/̂  ' sin '0 

u* = u cos XIJ -\- w sin '0, w* = —u sin ^p -\- w cos tp 

with 

t a n ^ = — 
a 

Write the stability equation with the starred variables. Deduce that the study 
of an oblique wave can be carried out from the study of a two-dimensional wave. 



Appendix A 
Computer Programs 
on the Accompanying CD-ROM 

The CD-ROM accompanying this book contains both source and executable 
computer programs and test cases. They are hsted below. 

Prior to running the test cases, it is necessary to save the executable files and 
input data on the hard drive in the same directory. The reader can then double 
click executable file and run the program with instructions given on the screen. 

Program 1: Shooting Method 

A . l Shooting Method for f'{0) > 0 

1. Compile plOOshooting.f (Shooting Method) and generate PC executable 
file plOOshooting.exe. 

2. Test: 
- m = 0 

Input file: plOOa_inp.txt 
Output file: plOOa_out.txt and plOOa_out.pdf 

- m = 0.5 
Input file: plOOb_inp.txt 
Output file: plOOb_out.txt and plOOb_out.pdf 

- m = 1 
Input file: plOOc_inp.txt 
Output file: plOOc_out.txt and plOOc_out.pdf 

A.2 Shooting Method for f'{0) < 0 

1. Compile p5_5shooting.f (Shooting Method) and generate PC executable 
file p5_5shooting.exe. 
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2. Test: f\0) = 0, m = -0.09043 
Input file: p5_5ainp. tx t 
Output file: p5_5aout . tx t and p5_5aout.pdf 
f{0) = -0.02699, m = -0.08940 
Input file: p5_5binp. tx t 
Output file: p5_5bout . tx t and p5_5bout,pdf 
f{0) = -0.06569, m = -0.08271 
Input file: p5 -5c inp . tx t 
Output file: p5_5cout . tx t and p5_5cout.pdf 
f{0) = -0.08998, m = -0.0707 
Input file: p5_5dinp. tx t 
Output file: p5_5dout. t x t and p5_5dout. pdf 
Result summary: Results_Summary.pdf 

Program 2: Thwaites' Method 

Compile t h w a i t e s . f (Thwaites' Method) and generate PC executable file 
t h w a i t e s . e x e 

Test case: This case involves Programs 2, 4 and 7. Cl ick here t o see t he 
d e t a i l s 

Program 4: H e s s - S m i t h Panel Method 

Compile HSPM.f (Hess-Smith Panel Method) and generate PC executable file 
HSPM.exe 

Test Cases NACA0012 Airfoil, M = 0.1 

1. a = 0 degree angle of attack. 
Input file: degOO_inp.txt 
Output file: degOO_Out.txt 

2. a = 8 degree angle of attack. 
Input file: deg08-Inp . tx t 
Output file: deg08_0ut. t x t 

3. a = 16 degree angle of attack. 
Input file: deg l6_Inp . tx t 
Output file: deg l6_0u t . t x t 

Program 7: Head's Method 

Compile head.f (Head's Method) and generate PC executable file head.exe 

Test case: This case involves Programs 2, 4 and 7. Cl ick here t o see t he 
d e t a i l s . 
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Appendix B 
Computer Programs 
Available from the First Author 

Program 3: Boundary-Layer Program (BLP2D) for Two-Dimensional 
Incompressible Flows 

Compile boundary-layer program blp2d. f and generate PC executable file 
b lp2d.exe 

Test case: This case involves Programs 3, 4 and 6. Cl ick here t o see t he 
d e t a i l s . 

Program 5: Matrix Solver Algorithm 

Program 6: Stability-Transition Program (STP) 

Compile stability-transition program (e^-method) s tp2d . f and generate PC 
executable file s tp2d . exe 

Test case: This case involves Programs 3, 4 and 6. Cl ick here t o see the 
d e t a i l s . 

Program 9: Subroutine I V P T 

Program 10: Boundary-Layer Program (BLP3D) for Three-Dimen-
sional Incompressible Flows 

Compile BLP3D.f (Boundary-Layer Program for Three-Dimensional Incom­
pressible Flows) and generate PC executable file BLP3D. exe 

Test case: Input files: i n p u t . t x t and velocity profile f o r t . l . Output file: 
O u t . t x t 
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Program 11: Boundary-Layer Program (BLP2C) for Two-Dimensional 
Compressible Flows 

Compile BLP2C.f (Boundary-Layer Program for Two-Dimensional Compress­

ible Flows) and generate executable file BLP2C. exe 

Test Case: upper part of NACA0012 airfoil. 
Input file: p r l l _ 2 I n p . t x t 
Output files: p r l l _ 2 0 u t . t x t and summary: prll_20ut.pdf 

Appendix 7A: Application of the Characteristic Box to a Model Prob­
lem 

Appendix 13A: Boundary-Layer Equations for Restricted Three-
Dimensional Flows 



Appendix C 
A Boundary-Layer Program 
for Three-Dimensional Compressible 
Flows on Wings 

This CD-ROM contains a source and PC-executable computer program and 
a test case for compressible laminar and turbulent flows, including separation 
on wings. The location of the onset of transition and external velocity distri­
bution are assumed to be given. The quasi three- dimensional boundary-layer 
equations are solved for a nonorthognal system in the inverse mode by using 
the interaction law described in detail in [1] and briefly in Section C6.0. The 
boundary-layer calculations are performed on the wing and along the wake (op­
tional) and chordwise displacement thickness and blowing velocity distributions 
needed to incorporate viscous effects into the inviscid flow method are calculated 
together with other parameters discussed in Section C5.0. 

This computer program has been applied to transonic flows as well as sub­
sonic flows as described in [1]. Its application to transonic flows is also described 
in [2] and in Section C9.0. A sample of calculations for the Challenger wing/body 
fuselage configuration is given, below. 

In [2], Laurendeau and Mokhtorion applied this method to Bombardier's 
Challenger wing/fuselage configuration and compared the predictions with ex­
periment and with those computed with FANSC, which solves the Euler/Navier 
Stokes equations on a multi-block structured computational domain with arbi­
trary boundary conditions. They first applied the method by using the option in 
which the boundary-layer equations were solved for the standard problem (di­
rect coupling) on the wing surface, thus limiting the solutions to attached flows, 
and the blowing velocity distributions were calculated, thus removing the need 
to regenerate the body-conforming grid after each viscous calculation. Blowing 
velocities were kept constant equal to the previous attached flow value when 
traihng edge separations were encountered. 

The results obtained with this procedure show the importance of model­
ing viscous effects on the Challenger wing/body conflguration. Fig. CI. When 
compared to inviscid Euler flow solutions at constant angle-of-attack and con-
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Fig. C l . Direct coupling results on challenger wing-fuselage configuration M_oc — 0.82, 
a = 1.5° (Euler results shown with dashed line). 

stant Mach number, the predicted upper surface shock- wave position moved 
forward with viscous effects, in agreement with the experimental location. The 
effects of viscosity are also seen in the cove region, where the inviscid solver 
overestimates the lower surface pressure coefficients by as much as 0.2, whereas 
the viscous/inviscid procedure reduces this number to 0.1. As expected, there 
is good agreement in regions where the boundary layer is thin, such as in the 
leading edge region of the wing. 

The predictions close to the trailing edge viscous results were, however, in­
adequate for design, particularly when the wing form drag was calculated from 
the Squire-Young formula[l]. Significant errors in wing form drag are introduced 
when the trailing-edge boundary-layer properties are in error and most impor­
tantly, when the external traihng edge velocities are not properly computed. 

All of these physical requirements were dealt with by the use of the interac­
tive boundary-layer option of the program in which the boundary-layer solutions 
were obtained with the inverse method on the wing surface and into the wake of 
the wing. This ensured accurate results when separated fiow regions are encoun-
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Fig. C2 . IBL results on challenger wing-fuselage configuration Moo = 0.82, a — 1.5°. 

tered and maintained the strongly coupled nature of the inviscid and viscous 
flows in the trailing edge region. The results obtained with this IBL method 
are shown in Fig. C2 where the surface pressure distributions are shown for the 
same flow conditions of Fig. CI. In these calculations, the IBL method used the 
Baldwin-Lomax turbulence model [2,3]. The trailing edge pressures are signifi­
cantly improved, especially with regard to the evaluation of the form drag and 
the improvements in the cove pressures are due to proper consideration of cou­
pling rather than to separation, as there was none in this case. Improvements at 
the foot of the upper surface shock wave can also seen, this time due to quality 
of the indirect viscous flow solver as shock-induced separation occurred at this 
buffet flow condition. 

To compare the IBL prediction with the NS prediction, calculation with the 
Spalart-Allmars turbulence model [2,3] were performed with FANSC for the 
some flow conditions. The turbulent eddy viscosity was frozen after 200 fine 
mesh iterations. The surface pressure distributions calculated by FANSC are 
shown in Fig. C3 with the IBL results. Note the excellent agreement between 
the numerical and experimental results. The discrepancy in the inboard lower 
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Fig. C 3 . Comparison of NS {solid lines) and IBL {dashed lines) for challenger wing-
fuselage configuration Moo = 0.82, a = 1.5°. 

surface region is due to the fact that the geometry had a different wing-body 
fairing than the experimental model. Differences can also be seen in the upper 
surface shock wave region, due to the intensity of the shock-wave/boundary-
layer interaction. 

To verify the accuracy of the IBL method, Navier-Stokes calculations were 
performed with the FANSC code [2], for the same flow conditions. The turbu­
lent eddy viscosity was computed with the SA turbulence model. The surface 
pressure distributions calculated by FANSC together with the IBL results and 
experiments are shown in Fig. C3 and the agreement is excellent. The discrep­
ancy at the inboard lower-surface region is due to the different wing-body fairing 
of the experimental model and those in the upper surface shock wave region are 
due to the intensity of the shock- wave/boundary-layer interaction. The differ­
ences between the results of the two calculation methods are very small, and 
more so when the difficult buffet-flow conditions are considered. 
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