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Preface

Intense charged-particle beams currently have many different applications.
High-current electron beams are used in various microwave tubes: O-type
tubes (klystrons, travelling wave tubes, etc.), M-type tubes, gyrotrons, and
free-electron lasers. High-current electron and ion beams are applied as tools
in the installations of charged-particle beam technology. High-current elec-
tron and ion accelerators have been developed for industrial applications and
physical experiments.

This book is devoted to intense charged-particle beams used in vacuum
tubes, particle beam technology, and installations for physical experiments
(free-electron lasers, accelerators, etc.). The following scope of topics is con-
sidered in this book:

• Physics and basic theory of intense charged-particle beams
• Methods of electric and magnetic field computation as applied to the

development of the systems used for the charged-particle beam formation
and focusing

• Methods of analytic and numerical analysis of charged-particle beam mo-
tion in self-consistent fields

• Computation and design of the charged-particle guns for initial formation
of pencil, hollow and strip beams Computation and design of the systems
for focusing (transport) beams by different types of electric and magnetic
fields

• Computation and design of the systems for formation of charged-particle
probes used in charged-particle beam technology

• Multiple beam charged-particle systems, peculiarities of their design, and
computation

• Peculiarities of relativistic beam motion and focusing
• Methods of experimental investigation of intense particle beams

Therefore, this book contains both the physics and theory of intense charged-
particle beams and the design of their optical systems for beam formation and
focusing. The methods of successive approximation, as well as the method
of synthesis, are considered. The corresponding algorithms, formulas, and
graphics are presented. The book reflects the authors’ experience in the de-
velopment and experimental investigation of charged-particle optical systems



VI Preface

with an emphasis made on the systems for microwave tubes and particle-beam
technology.

The book is recommended to people who are studying or work with vac-
uum electronics and charged-particle beam technology: students, postgradu-
ate students, engineers, research workers. The material presented in the book
grew out of lectures given by one of the authors over many years to students
and postgraduate students of the electronics faculty of St. Petersburg State
Electrotechnical University. Two editions of this book have been published
in Russian.

At preparation of the English version of this book a chapter devoted
to multiple-beam systems was added and supplementary references were in-
cluded. Chapters 2–5, 7–11 and the Appendix were written by Professor
S.I. Molokovsky, Chap. 12 by Professor A.D. Sushkov, and Chaps. 1 and 6
were prepared in collaboration.

The authors express great appreciation to the head of the Radioelectronic
Department Dr. V.B. Yankevich and our colleague Dr. V.A. Ivanov for their
help preparing the English version of this book and for their continued interest
in it. The authors would also like to express deep gratitude to the staff and
managers of Ingredient Ltd. (St. Petersburg) for their support of this work.

S.I. Molokovsky, A.D. Sushkov St. Petersburg, May 2005
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1 Introduction to Particle-Beam Formation

1.1 Application and Parameters
of Intense Charged-Particle Beams

In the period 1920–1940 charged-particle beams, mainly electron beams, were
used in such devices as cathode ray tubes, X-ray tubes, electron microscopes,
and charged-particle accelerators. Low-current beams with value of currents
within the range microamperes–milliamperes are typical for these devices.
The space-charge density in such beams is extremely small and its action on
charged-particle motion is negligible. Charged-particle dynamics and optics
of such beams are the subject of classical optics [1–6].

Later, beginning in the 1950s the charged-particle beams found many
other applications. High-current electron beams are used in various mi-
crowave tubes: O-type tubes (klystrons, traveling-wave tubes, etc.), M-type
tubes and in the installations of electron-beam technology for electron-beam
welding, melting and refining of metals. High-current accelerators were de-
veloped for industrial applications.

Charged-particle beams with high values of currents of order of amperes
and tens of amperes are used in these beam applications. The space-charge
density of such beams is rather high and the motion of charge particles is
considerably affected by the electric self-fields created by the space charge.

The necessity to take into account the self-beam fields led to the develop-
ment of the new direction of charged-particle optics known as charged-particle
optics of intense beams. The first monograph on the subject was written by
Pierce in 1954 [7]. Since then, many monographs on intense charged-particle
beams, devoted to their physics, theory, computation, simulation, design and
application, have been published [8–20].

An important parameter of the beams, which characterized the beam
intensity is beam perveance that is determined by the expression P = I/U

3/2
a ,

where I is the beam current expressed in amperes, Ua is accelerating voltage
expressed in volts.

If the beam current is expressed in microamperes, the above parameter
sometimes is called as microperveance.

It is known from experiments and computations, that in electron beams
the space-charge effects become appreciable at perveance values P ≥ 0.1 µA/
V3/2.
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Fig. 1.1. Trajectories (a) and phase curves (b) of a laminar charged-particle beam

Fig. 1.2. Phase figures: a nonlinear phase curve, b phase ellipse

The electron beams used in microwave tubes have perveance values up
to 20 µA/V3/2, i.e., several orders more than values of beam perveance of
cathode ray tubes.

Perveance values of the installations of charge particle beam technology
lay in the range 0.01–20 µA/V3/2.

Beside the perveance, the following set of parameters is used in the the-
ory and the practice of intense charged-particle beams: beam-compression,
phase curve, phase ellipse, emittance and brightness. They are applied for
the description of the structure, degree of order and quality of charge parti-
cle beams.

The concept of the phase curve and its application for the beam-structure
analysis is illustrated by drawings presented in Figs. 1.1 and 1.2. The axially
symmetric beam shown in Fig. 1.1a is a laminar one whose trajectories are
not crossed. Any point of a separate trajectory is characterized by the three
parameters: coordinates r and z and the trajectory slope r′ = dr/dz.

Considering a transverse plane z = const (for instance, plane P1 in
Fig. 1.1) one can find a set of points, where beam trajectories cross the plane,
and fix the radial coordinates r and trajectory slopes r′ at these points. Then,
plotting the values r and r′ for this set of points at coordinate plane r − r′′,
known as transverse phase space or phase plane, one obtains the phase curve
for the given transverse plane. The phase curves plotted for several transverse
planes (for instance, P2, P3, etc.) create the phase-curve family or phase di-
agram, which is used for the description of the beam structure, the beam
degree of order and beam behavior.

If the phase curves of a beam r′ = f (r) are single-valued functions of r,
they describe a laminar beam, whose trajectories are not crossing.
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For the beam shown in Fig 1.1a the phase curves are straight lines
(Fig. 1.1b). They describe motion of the beam in the following way. The
linearity of the phase curve at plane P1 indicated that the beam is uniformly
convergent in this plane. Furthermore, it is uniformly compressed up to the
minimum cross section at plane P2, where its initial convergence is completely
balanced by the action of space-charge forces. The phase curve at this plane
is the line located at r-axis of the phase plane r, r′. At plane P3 it is line 3,
showing a uniformly divergent beam.

Aberrations of charged-particle optical system, in particular, gun aberra-
tion, lead to crossing of beam trajectories and give nonlinear phase curves
like that shown in Fig. 2a. This curve obtained for a transverse plane in the
vicinity of minimum beam cross section indicates crossing of peripheral beam
trajectories.

As the thermal velocity spread is taken into account particles with a range
of transverse velocities exist at any point of beam cross section and instead
of a phase curve a figure of finite area is formed. In many cases this figure
can be approximated by an ellipse (Fig. 2.1b). There exist two parameters
that are used to describe beam quality: emittance ε and brightness B.

The emittance of a beam is determined as phase ellipse area A divided
by π:

ε = A/π .

The brightness of a beam is determined as

B = I/πr2Ω ,

where I – beam current, π r2 – beam cross section, Ω – solid angle, which
determines beam divergence.

More details concerning the above-mentioned parameters and their appli-
cation can be found in the Appendix.

In general, a charged-particle optical system includes two main parts. One
of them provides initial formation of the charged-particle beam with setup
parameters: beam current, perveance and shape of beam cross section. It is
usually named as “charged-particle gun”.

Another part is traditionally referred to as a “focusing system”. But its
real functions can be different depending on the optical system application.
Focusing systems of most installations of particle-beam technology are really
intended for beam focusing, that is, obtaining a very small beam cross section
(point focusing). While focusing a system of linear beam microwave tubes
(klystrons, traveling-wave tubes, etc.) should provide transport of electron
beams through extended channels with minimum beam-current loss. In this
case their name does not correspond to their function. This is why they also
can be named as transport systems, as is commonly done for the accelerator
technique.
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1.2 Optical Systems of Electron Devices

1.2.1 Electron Guns

In electron devices intended for electromagnetic-wave generation electron
beams are used as an “instrument” for transformation of electric energy of
a power supply into energy of electromagnetic waves. In microwave tubes
with linear beams (O-type tubes) the energy of a power supply initially is
transformed into kinetic energy of an electron beam during beam acceleration
in the gun region. A part of this energy is transformed into electromagnet
field energy as a result of interactions of the electron beam with a resonator
or slow wave system. Electron beams of different cross section are used in
the tubes: solid and hollow axially symmetric beams, strip beams and beams
with variable cross section (in quadruple focusing systems).

To obtain a high level of output power, electron beams with high current
density are required. In many cases the value of beam current density con-
siderably exceeds the permissible current density of modern cathodes. The
system of electron-beam formation (electron gun) should provide beam com-
pression, which is characterized by a coefficient of compression equal to the
ratio of beam current density j to cathode current density jk, Cj = j/jk. It is
attained in guns with convergent beams, which are usually developed using
Pierce’s principle (see Chap. 5).

At values of beam perveance P ≤ 0.5 µA/V3/2 beam compression can
be of the order of 102 or greater, as in the gun developed in the State Elec-
trotechnical University of St. Petersburg [8] shown in Fig. 1.3. Its design
includes a concave spherical cathode (2) with heater (1), cathode focusing
electrode (4) and anode electrode (3).

The Pierce principle allows easy design of electron guns with convergent
beams with values of perveance up to 1 µA/V3/2. Designing guns for higher

Fig. 1.3. Electron gun of Pierce type:
Ua = 50 kV, P = 0.5 µAV3/2, Cj = 102

1 – heater, 2 – cathode, 3 – anode, 4 –
cathode focusing electrode

Fig. 1.4. Modified gun of a high per-
veance: Ua = 20 kV, P = 3 µA/V3/2,
Cj = 6. 1 – heater, 2 – cathode, 3 –
cathode focusing electrode, 4 – anode,
5 – collector
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perveance of order of (2–3)µA/V3/2 required considerable modification of the
cathode focusing electrode geometry (Fig. 1.4).

Formation of strip beams with initial beam compression can be arranged
with electrode configuration shown in the drawings of Figs. 1.3 and 1.4 if we
consider them as drawings of cross sections of electrode systems with planar
symmetry, which have some extent in the direction normal to the plane of
the drawing.

Additionally, it is possible to imagine that these electrodes can be used
for formation of hollow, initially compressed beams. For this it is necessary
to rotate these figures around some assumed axis that is parallel to their axis
of symmetry.

A modification of an electrostatic electron gun for formation of a hol-
low beam with a value of perveance equal to 15µA/V3/2 is presented in
Fig. 1.5 [21].

A special class of electron guns intended for formation of hollow high-
perveance beams is magnetron guns (Fig. 1.6) [22]. A hollow beam is formed
in the region between two coaxial conical electrodes, the inner one being
the cathode electrode, immersed in a magnetic field, the magnetic lines of
which are approximately parallel to the surface of the cathode electrode. The
motion of electrons in the vicinity of cathode surface is similar to that in a
coaxial magnetron at operating conditions when the value of the magnetic
induction exceeds the critical one, B > Bcr. However, inclination of electrode
surfaces relative to the axis of symmetry results in electron-beam motion in
the direction of this axis and formation of a hollow beam that is emitted from
the interelectrode ring gap.

A variant of the magnetron gun is widely used in a new class of microwave
tubes, known as gyrotrons (see Fig. 1.12).

1

3

2

4

35

2

1 4

Fig. 1.5. Electron gun for hollow beam:
Ua = 100 kV, P = 15 µA/V3/2

1 – cathode, 2 – heater, 3 – cathode fo-
cusing electrodes, 4 – anode

Fig. 1.6. Magnetron electron gun:
Ua = 50 kV, P = 10 µA/V3/2

1 – cathode, 2,3 – cathode focusing elec-
trodes, 4 – heater, 5 – anode
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1.2.2 Electron Guns with Beam Current Control

Modulation of the power carried by electron beams is necessary for some
electron-beam applications such as UHF tubes, electron-beam technology
and so on. This can be done by different methods. The most obvious is
variation of the anode voltage of a gun. It is known as the method of “anode”
modulation. However, it requires a modulator unit designed for high values of
voltage and power. The second disadvantage of the method is that the power
modulation is accompanied by the variation of electron velocities. This is why
the method of “grid” modulation is preferable in practice when the beam
power modulation is achieved by the variation of the potential applied to an
electrode other than the anode. This can be the cathode focusing electrode or
an additional modulating electrode specially introduced in a gun design. In
this case the beam-power modulation is produced by the variation of the beam
current, the beam velocity being kept constant. Under certain conditions
the voltage and the power required for modulation can be reduced to small
portions of the corresponding beam parameters.

There are several types of controlled electron guns, which differ in the
design of the control electrode (Fig. 1.7a–f) [23]. A focusing electrode insu-
lated from the cathode (a), a focusing electrode together with a pin passing
through the central hole in the cathode surface (b), a wire or laminar grid (c),
a thick or thin diaphragm (d,e), and first anode in a magnetron type gun (f)
can serve as the control electrode.

a) b) c)

d) e) f)

Ug0
Ug~

Ua Ua Ua

Ua Ua Ua

Ug0 Ug0

Ug0

Ug~ Ug~

Ug~Ug~
Ug~

Fig. 1.7. Types of electron guns with beam current control: Uc0 – bias voltage,
Ug≈ – control voltage, Ua – anode voltage
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The effectiveness of beam-current control is characterized by the follow-
ing parameters: relative value of cutoff voltage of the control (modulat-
ing) electrode, which provides the cutoff beam current, Ugc/Ua or triode
amplification factor µ = Ua/|Ugc|, control-electrode voltage Ugm at which
the beam current reaches its rated value Im; coefficient of current control
K = Ua/(Ugm + |Ugc|).

Comparative analysis shows the low effectiveness of beam-current control
(Kc is not more then several units) of all systems with the exception of guns
with a grid control electrode [23].

A drawback of grid-controlled guns operating with a positive value of
Ugm (Ugm > 0) is beam-current interception by the grid. This can be elim-
inated in tetrode guns with a so-called shadow grid (2) (Fig. 1.8) [24–26].
This grid, having zero potential, screens the control grid (3) working with
positive potential, due to this the control grid does not intercept the beam
current. Detailed analysis of the operation of grid-controlled guns is given in
Chap. 5.

It should be noted that triode guns allow forming electron beams with
variable perveance. Let us take as an example an electron gun with a thick di-
aphragm as the control electrode. As the penetration factor of this electrode is
low, formation of electron beam in the interelectrode space “cathode–control
electrode” does not depend on the value of anode voltage Ua. The value of
beam current is determined as I = P1U

3/2
g , where P1 – perveance of “primary

gun” created by the cathode and control electrode, Ug – control-electrode
voltage, which is supposed to be positive, Ug > 0.

The resulting beam perveance will be equal to P = I/U
3/2
a or P =

P1(Ug/Ua)3/2. Therefore, electron-beam perveance is a function of the ra-
tio of Ug/Ua. Increasing the ratio leads to increasing beam perveance. Triode

1 2 3 4

Fig. 1.8. Schematic of a gun with
shadow grid: 1 – cathode, 2 – shadow
grid, 3 – control grid, 4 – focusing elec-
trode, 5 – anode

Fig. 1.9. Gun with “longitudinal beam
compression”: 1 – cathode, 2 – focusing
electrode, 3 – control electrode (first an-
ode), 4 – anode
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Fig. 1.10. Triode gun with two anodes:
1 – cathode, 2 – focusing electrode, 3 –
first anode (control electrode), 4 – second
anode (anode)

electron guns operating with a ratio Ug/Ua > 1 are named, some times, as
guns with “longitudinal compression”.

Design of an experimental triode gun operating with longitudinal com-
pression is shown in Fig. 1.9. The perveance of its primary gun P1 is
equal to 1.5 µA/V3/2. With potentials of control and anode electrodes be-
ing equal to Ug = 7 × 103 V and Ua = 1.5 × 103, respectively, the elec-
tron gun forms an electron beam with current I = 1 A and perveance
P = I/U

3/2
a = 15 µA/V3/2 [27].

A triode gun forming a power electron beam of high brightness was de-
veloped for a free-electron laser. Its main parameters were: beam current
I = 103A, potential of control electrode (first anode) – several hundreds kV,
anode potential Ua = 1 MV, beam brightness –106A/cm2sr (Fig. 1.10.) [28].

Systems of Beam Formation
for Microwave Grid-Controlled Tubes

Electron-optical design principles have been recently used in grid-controlled
tubes (triodes, tetrodes) in order to improve their operating parameters and,
in particular, to minimize beam-current loss. A tube design includes a num-
ber of separate cells arranged at a cylindrical surface. The cell is optimally
designed to form an electron beam with the required operating parameters.

Structures of typical cells used in grid control tubes are shown in Ta-
ble. 1.1.

In these structures: C – cathode, F – focusing electrode, G1 – control
grid, G2 – screen grid.

In all cells with the exception of cell C 3, a directly heated strip cathode
is used. In some cells the cathode is placed inside the special focusing elec-
trode F . Grid electrodes G1, G2 perform their usual functions. All electrodes
are designed in such a way to provide proper electron-beam formation and
control with a minimum loss of beam current.

The electrode structure placed in the C 3 unit of the table is a grid-
controlled tube designed on the basis of a magnetron-type gun.
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Table 1.1. Types of cells used in grid-controlled tubes

G

G1

G2

C
G

C

G

C

G
C

G1

G2

C

C

G

GC

G1

G2

C

G

C

1.3 Focusing System of Electron Devices

The real function of these systems, as has been mentioned above, is transport
of an electron beam through extended channels with minimum beam-current
loss.

There exist a variety of focusing system at present. They can be classified
in the following way:

• On type of fields used: electrostatic, magnetic or combined fields;
• On space-field distribution: uniform axially symmetric, axially periodic,

longitudinal periodic and reversed field;
• On shapes of beam cross section: solid axially symmetric, hollow axially

symmetric, strip and beam of variable cross section.

The most important of them, from the practical point of view, will be con-
sidered, in brief, below.

1.3.1 Magnetic Focusing with Uniform Field

A magnetic system of uniform field used in a power klystron is shown in
Fig. 1.11. The magnetic field is created by a set of solenoids (5) enclosed
in a magnetic shield (4). The magnetic field inside the shield is practically
uniform. The electron gun of the klystron is completely screened from the
magnetic field and the electrostatic field created by gun electrodes (1, 2,
and 3) produces the initial electron-beam formation.

Beam electrons passing through the channel in the shield interact with
local nonuniform field and obtain angular velocity. Interaction of this com-
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Fig. 1.11. Schematic drawing of a klystron: 1 – cathode, 2 – focusing electrode, 3
– anode, 4 – magnetic shield, 5 – solenoid, 6 – cavities, 7 output, 8 – collector

W ater

Fig. 1.12. Schematic drawing of a gyrotron a: 1 – emitting belt of gyrotron cathode,
2 – first anode, 3 – second anode, 4 – cavity, 5 – output waveguide and collector, 6
– ceramic window, 7 – electron beam, 8 – main solenoid, 9 – auxiliary solenoid; b:
curve of magnetic-field distribution, B0 – induction of uniform field

ponent of velocity with the longitudinal component of the uniform magnetic
field creates a radial inward force that just balances the two outward forces:
one of them produced by the space charge, another is centrifugal force. In
principle, a balanced beam of a constant radius can be obtained over the
entire tube length. This type of focusing is known as Brillouin focusing [7].

A schematic drawing of a gyrotron-type tube with its magnetic focusing
system is presented in Fig. 1.12. Two solenoids (8) and (9) produce the mag-
netic field. The curve of magnetic-field distribution Bz = f (z) shows that
the magnetic field in the central part of the tube is uniform Bz = B0 ≈ const
and smoothly decreases in directions to the magnetron electron gun and to
the tube output window (6). Such a configuration of magnetic field provides
formation and focusing of the hollow electron beam with electrons rotating
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around the force lines along which they are moving, with rotational velocity
being 1.5–2 times more than the longitudinal one, as is required for effective
gyrotron operation [29].

1.3.2 Magnetic Periodic Focusing

An example of a magnetic periodic system used in a traveling-wave tube is
shown in Fig. 1.13. It consists of ring-shaped magnets (4) magnetized in the
longitudinal direction being opposite for neighboring magnets and magnetic
pole pieces of a soft magnet material (5).

Such a system provides a high concentration magnetic field inside the
region of beam propagation with minimum stray magnetic fluxes. This allows
for a considerable reduction (by several times) of the weight of the periodic
magnetic system as compared with a uniform-field system.

Axial magnetic-field distribution is usually described by sine or cosine
curves, for instance Bz = Bm cos 2πz/L, where Bm is field amplitude, L –
period of the system. A magnetic focusing force being proportional to B2

z

will be directed toward the beam axis irrespective of the sign of Bz. Beam
focusing in a periodic system can be described in the following way. Let us
suppose that in the region of strong magnetic field (Bz ≈ Bm) the magnetic
focusing force exceeds the space-charge repulsion force. Then electrons will
be deflected here toward the axis and the beam will converge. In the region
of weak magnetic field the space-charge repulsion force will be predominant
and electrons will be deflected away from the axis. As electrons enter the
strong magnetic field region they again undergo the focusing action and so
on. Therefore, the periodic magnetic focusing field can balance the diverging
effect of the space charge on the average for field period L. Evidently, this
beam pulsation is unavoidable for this type of focusing, although their ampli-
tude can be made sufficiently small. Periodic magnetic focusing systems are

Input Output

Fig. 1.13. Traveling wave tube with periodic magnetic focusing system: 1 – cath-
ode, 2 – focusing electrode, 3 – anode, 4 – permanent magnets, 5 – magnetic pole
pieces, 6 – slow-wave system, 7 – vacuum envelope, 8 – collector
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traditionally used for traveling-wave tubes. Recently, G. Caryotakis has de-
veloped a high-power relativistic klystrons with a permanent magnet periodic
system at Stanford SLAC Laboratory.

1.3.3 Periodic Electrostatic Focusing

A periodic electrostatic focusing system used in klystron-type tubes is pre-
sented in Fig. 1.14. It includes three unipotential (Einzel) lenses that are
created by incorporating focusing electrodes (7) in the gaps of drift tubes,
that are usually connected to the cathode of the tube. These lenses are con-
vergent ones.

Focusing of the electron beam (actually transport of the beam) is per-
formed in the following way. In the regions between lenses electrons move
under the action of the space-charge field and are deflected away from the
tube axis. Entering the lens-field region they undergo the focusing force action
and are deflected toward the axis. The lens-focusing forces balance, an aver-
age, the space-charge repulsion and provide beam transport through klystron
drift tubes.

Electrostatic periodical focusing is successfully realized in a traveling-
wave tube with a double helix slow-wave structure, with the focusing effect

Fig. 1.14. Periodic electrostatic focusing in a klystron: 1 – cathode, 2 – cathode
focusing electrode, 3 – anode, 4 – cavities, 5 – collector, 6 – output, 7 – lens focusing
electrode, 8 – input

U2 U1
Fig. 1.15. Double-helix slow-wave structure: potential difference ∆U = U2 − U1

creates periodic electrostatic field, which provides periodic electrostatic beam fo-
cusing
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being obtained due to the difference of potentials ∆U = U2 − U1 applied to
the helices (Fig. 1.15). the value of this difference is to be matched with the
beam perveance to provide minimum beam-boundary pulsation.

1.3.4 Hollow-Beam Focusing

Magnetic and electrostatic fields of different space distributions can be used
for hollow-beam focusing, however, there exists a peculiarity of balanced fo-
cusing, which is caused by the specific properties of the space-charge field
distribution in hollow beams. Applying the Gauss theorem to a cylindrical
volume confined by the inner beam boundary (the beam length is supposed to
be much greater than the mean beam radius) one finds that the radial com-
ponent of the field is equal to zero at the inner beam boundary. Therefore, for
obtaining balanced motion of inner charged-particles a radial focusing force
should vanish at this boundary or it should be balanced by some other force,
for instance, a centrifugal force or external electrostatic force. A scheme of
hollow-beam focusing (or more exact to say, beam transport) is shown in
Fig. 1.16 [30,31]. Electrons are accelerated from the ring-shaped cathode (1)
by the anode electrode (3) that simultaneously is a part of the magnetic
circuit. Passing through the ring gap in the magnetic circuit they cross the
radial magnetic field and obtain some angular momentum. Farther on they
are moving in the interelectrode space of coaxial diode (5), being under the
action of the three radial forces: the centrifugal force arising due to electron
rotation, the force of the electrostatic field, directed toward the axis of elec-
trode system and the force of the space-charge field, the latter vanishing for
inner electrons. It is evident that by proper choice of the gap magnetic field
intensity and potential difference of coaxial electrodes it is possible to provide
an exact balanced motion of the inner electrons. For balance motion of all

1 2 3 5

4 6

Fig. 1.16. A scheme of hollow-beam focusing: 1 – ring-shaped cathode, 2 – focusing
electrode, 3 – anode (simultaneously it is a part of a magnetic circuit), 4 – magnetic
coil, 5 – electrodes of the cylindrical diode, 6 – hollow beam
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electrons of the beam some additional condition should be fulfilled [31]. A
different scheme of hollow-beam focusing will be considered in Chap. 7.

1.4 Optical Systems of Particle-Beam Technology

1.4.1 Installations of Electron Beam Welding and Melting

The electron-optical system of a typical installation of electron-beam welding
is presented in Fig. 1.17a. It includes the electron gun, consisting of cath-
ode (1), focusing (forming) electrode (2) and anode (3), magnetic focusing
coil (5) and deflecting system (6).

The optical system should provide initial beam formation and subse-
quent focusing in a small spot to obtain a value of power density of order
of 10 kW/mm2 or more (see Table 1.2) [32]. Electron-beam welding systems
are considered to be of two kinds: low voltage with accelerating potential
in the range 15–30 kV and high voltage utilizing accelerating potentials in
the range 70–150 kV. High-voltage installations allow a smaller beam spot
size with higher spot power density to be obtained. For installations with an
accelerating voltage in the 120 kV to 150 kV ranges an additional multiple-
electrode accelerating system (8) is used (Fig. 1.17b). The function of the
deflecting system is to change (or correct) the beam spot position on the
welded materials.

Peculiarities of electron-beam welding formation and focusing installa-
tions are connected with a rather low operating vacuum (of order 10−2Pa).
This results in a high rate of ionization of residual gases and evaporated met-
als. Positive ions completely neutralize the electron-beam space charge and
produce intensive ion bombardment of the cathode. The latter effect restricts
the choice of cathode materials.

The optical system of an electron-beam melting furnace is shown in
Fig. 1.18. It contains the same main elements as electron-beam welding sys-
tems, that is electron gun and magnetic focusing system. It produces an
electron beam of 100 kW power at an accelerating voltage Ua = 20 kW. The
beam is injected into a vacuum chamber, where the metal to be melted is
placed [33,34].

Electron Guns with Plasma Sources

In these guns electrons are extracted from the plasma of a gas discharge.
Different types of gas discharge can be used for plasma generation such as
cold-cathode glow discharge, arc-type discharge, high-frequency discharge etc.

A schematic drawing of a typical plasma electron source using cold-
cathode glow discharge is shown in Fig. 1.19 [35]. A high-voltage anode
plasma glow discharge is sustained at gas pressure in the range 1–100 Pa
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Table 1.2. Parameters of electron-beam welding installations

Accelerating
voltage,
kV

Beam
current,
mA

Beam
diameter
at focus,
mm

Power
density
at focus,
kW/mm2

Type of
cathode

20 150 0.6–0.8 10 Lanthanum
hexaboride

25 500 1.2–1.3 5 Lanthanum
hexaboride

40 50 0.25–0.3 30 Metallic

60 35 0.6–0.7 5–7 Lanthanum
hexaboride

80 0.3; 0.6 0.03 32; 64 Metallic

100 15 0.1 150 Metallic

150 20 0.1 300 Metallic

Metallic cathode – cathodes of metals Ta or W

and accelerating voltage 1–10 kV. A cold cathode (1) is the emitter of elec-
trons, pure metals, alloys, or metal ceramics being used as cathode materials.

Electron emission results from bombardment of a cathode surface by pos-
itive ions emitted from an anode plasma. Electrons are extracted from the
gas-discharge region through the hole in the anode electrode.

The configuration of the electron beam forming by the gun significantly
depends on the shape of the plasma boundary in the cathode–anode region.

Fig. 1.17. Schemes of electron-beam welding installations: 1 – cathode, 2 – cathode
focusing electrode, 3 – anode, 4 – electron beam, 5 – magnetic focusing solenoid, 6
– deflecting system, 7 – metal pieces to be welded, 8 – accelerating section
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1
2
3 4 45

Fig. 1.18. Optical system of electron-beam melting furnace: 1 – cathode, 2 –
cathode focusing electrode, 3 – anode, 4 – magnetic coils, 5 – beam

1 2 3 4

Fig. 1.19. Scheme of plasma electron
source: 1 – cold cathode, 2 – anode, 3 –
plasma, 4 – focusing coil

Plasma electron guns with cold-cathode glow discharge allow a convergent
electron beam with a focus spot area about of one square millimeter with
spot power density of order 10 kW/mm2 to be obtained. They are used for
welding, brazing, evaporating and other technological applications, with these
processes being curried out in vacuum or in a control-gas atmosphere.

1.5 Ion Optical Systems

The systems are used in charged-particle beam technology, accelerating tech-
niques and other applications.

A natural source of ions is considered to be a gas-discharge plasma. An
arc type discharge with a hot cathode is usually utilized as the source of ions.
They will be considered in Chap. 6.

Ion guns with special solid emitters also have been developed [36]. Such
a gun, intended for formation of a cesium ion beam, is shown in Fig. 1.20. It
includes the following main elements: emitter (4) made of porous tungsten,
heater (5), forming (focusing) electrode (3), accelerating electrode (2). The
emitter is heated to temperature about 1600 K. Cesium vapor proceeds into
the emitter cavity from a cesium evaporator on a fitting pipe (6). Atoms of
cesium diffuse in the pores of the emitter and are ionized as a result of thermal
ionization. Ions diffuse to the surface of the emitter and then accelerated by
the field of the accelerating electrode are creating the ion beam. The process
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Fig. 1.20. Ion cesium gun: 1 – tube of
water cooling, 2 – accelerating electrode,
3 – focusing electrode, 4 – emitter, 5 –
heater of emitter, 6 – fitting pipe

Fig. 1.21. Multiple-beam ion cesium
gun: 1 – heater of emitter, 2 – thermal
screen, 3 – emitter of porous tungsten,
4 – cathode beam-forming electrode, 5 –
first accelerating electrode, 6 – second
accelerating electrode

of formation of the ion beam in this gun is similar to that of the Pierce-type
electron gun.

However, the value of perveance of the gun under consideration is three
orders smaller as compared with that of typical electron guns, Pi = Ii/U

3/2
a ≈

1.5×10−3 µA/V3/2. This result is explained by the fact that ions have greater
mass and move in an accelerating field much more slowly than electrons. The
ratio of their velocities is determined by vi/v = (m/mi)1/2.

It is easy to show that the ratio of perveance values of ion beam Pi and
electron beam P being formed by guns of the same geometry is expressed by
a similar equation Pi/P = (m/mi)1/2, for a cesium ion beam it is about of
0.5×10−3. This makes it difficult to design Pierce-type axially symmetric ion
guns for high values of beam perveance. The increase of ion-beam perveance
is possible by using multibeam ion guns as has been done in an ionic rocket
engine, a schematic drawing of which is shown in Fig. 1.21 [36]. The total
perveance of ion beams formed by these systems lay in the range (1 − 3) ×
10−2µA/V3/2. This corresponds to a value of electron beam perveance equal
to 20–60 µA/V3/2.

It is important to note that recently multiple-beam systems have found
application in microwave O-type tubes (klystrons, TWT, etc.). They will be
considered in Chap. 11.
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2.1 General Equations of Electrostatic Fields

Electrostatic fields in vacuum obey Poisson’s equation

∇2U = − ρ

ε0
, (2.1)

where U – electrostatic potential, ρ – space-charge density, ε0 – dielectric
constant, ∇2 – the Laplace operator, which depends on a coordinate system:

In the rectangular coordinates x, y, z

∇2 = ∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2 .

In the cylindrical coordinates r, θ, z

∇2 =
1
r

[
∂

∂r

(
r

∂

∂r

)
+

∂

∂θ

(
1
r

∂

∂θ

)
+ r

∂

∂z

(
∂

∂z

)]
.

In the generalized coordinates q1, q2, q3

∇2 =
1

h1h2h3

[
∂

∂q1

(
h2h3

h1

∂

∂q1

)
+

∂

∂q2

(
h3h1

h2

∂

∂q2

)
+

∂

∂q3

(
h1h2

h3

∂

∂q3

)]
,

where h1, h2, h3 – scale coefficient of the coordinate system.
In regions that are free of space charge the electric potential is described

by the Laplace equation

∇2U = 0 . (2.2)

Electric field strength is expressed as

E = −∇U ,

where ∇ – Nabla operator which is expressed as follows:
In the rectangular coordinates

∇ =�ix
∂

∂x
+�iy

∂

∂y
+�iz

∂

∂z
,

where �ix, �iy, �iz – unit vectors.
In the cylindrical coordinates r, θ, z

∇ =�ir
∂

∂r
+�iθ

1
r

∂

∂θ
+�iz

∂

∂z
,
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where �ir, �iθ, �iz – unit vectors.
In the curvilinear coordinates q1, q2, q3

∇ =�i1
1
h1

∂

∂q1
+�i2

1
h2

∂

∂q2
+�i3

1
h3

∂

∂q3
,

where �i1, �i2, �i3 – unit vectors.
Two types of problems are usually required to be solved in the process of

calculation, analysis and design of charged-particle optical systems: Dirichlet
problem and Cauchy problem, which are considered later.

2.2 Electrostatic Field Calculation. Dirichlet Problem

In this case, the potential distribution is sought inside the region confined
by the electrode system, which geometry and potentials are supposed to be
known, as the well as the space-charge distribution. Different analytical and
numerical methods are used for the solution of the problem. Some of them
are considered below.

2.2.1 Method of the Separation of Variables

Let us consider the application of the method for solution of the Laplace
equation for axially symmetric electrode systems [37, 38].

Using the cylindrical coordinates r, θ, z and taking into account the axial
symmetry we can write the following equation for the potential distribution:

∇2U =
1
r

∂

∂r

(
r
∂U

∂r

)
+

∂2U

∂z2 = 0 .

The solution is sought as the product of two functions of r and z:

U (r, z) = R (r) Z (z) .

Substitution of this expression in the Laplace equation splits it into two
ordinary differential equations:

d2Z

∂z2 + k2Z = 0
1
r

d

dr

(
r
dR

dr

)
− k2R = 0 ,

which are related by a separation constant k and have the following solutions:

Z = Ak sin kz + Bk cos kz,
R = CkI0(kr) + DkK0(kr);

}
k – real value

Z = Ak sinhχz + Bk cosh χz,
R = CkJ0(χr) + DkN0(χr);

}
k = iχ – imaginary value

In these equations: Ak, Bk, Ck, Dk are arbitrary constants, J0 (χr) and
N0(χr) are the Bessel functions of the first and second kind and zero order,
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I0(kr) and K0(kr) are the modified Bessel functions of the first and second
kind and zero order.

The Laplace equation is a linear one, so its general solution can be ob-
tained by summing of the product of the above functions and can be written
as follows:

U (r, z) =
∑

k

(Ak sin kz + Bk cos kz) [CkI0 (kr) + DkK0 (kr)] , (2.3)

U (r, z) =
∫
k

[A (k) sin kz + B (k) cos kz] [C (k) I0 (kr) + D (k) K0 (kr)] dk ;

(2.4)

U(r, z) =
∑

χ

(Aχ sinhχz + Bχ cosh χz)[CχJ0(χr) + DχN0(χr)] ,

U(r, z) =

χ∫
χ

[A(χ) sinhχz + B(χ) cosh χz ×

×[C(χ)J0(χr) + D(χ)N0(χr)]dχ . (2.5)

The arbitrary constants, which are involved in these equations, are found to
meet boundary conditions and some additional physical conditions following
from a problem. For example, if the region where the solution is sought in-
cludes the axis of symmetry (r =0),then the arbitrary constants Dk and Dχ

should be taken equal to zero.

Example 2.1. Let us apply the obtained results for calculation of the field of
an electrostatic lens formed by two semi-infinite coaxial cylinders separated
by an infinitesimal gap (Fig. 2.1). The cylinders are at potentials U1 = 0 and
U2. For a given lens the electrode configuration potential at the middle plane
of the lens (z = 0) is constant and equal to U0 = (U1 + U2)/2 = U2/2. Inside
the cylinders the potential has a finite value.

At the cylindrical boundary r = R the potential is changed by a jump at
z = 0 from U1 = 0 to U2, that is, U = U1 at z < 0 and U = U2 at z > 0. This
potential distribution can be expressed in terms of Heaviside’s unit function
changed by a jump from 0 to 1 at z = 0, U (R, z) = U2 · H (z).

Heaviside’s function is analytically expressed through a Fourier integral:

H (z) =
1
2

+
1
π

∞∫
0

sin kz

k
dk .

The potential at the cylindrical boundary r = R can be presented as:

U (R, z) = U2 · H (z) =
U2

2
+

U2

π

∞∫
0

sin kz

k
dk .
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U1 U2

r

z

R

z0

Fig. 2.1. Immersion lens formed by two coaxial cylinders at potentials U1 = 0
and+U2

The solution of the Laplace equation, which meets the above condition
can be taken in the form (2.4) with B (k) and D (k) being equal zero,B (k) =
D (k) = 0:

U (r, z) =
U2

2
+

∫
k

Ã (k) sin kzI0 (kr) dk,

where Ã (k) = A (k) C (k) is an arbitrary constant.
It is found from the requirement that the potential at a cylindrical bound-

ary r = R should satisfy the boundary condition:

U2

2
+

∞∫
0

Ã (k) I0 (kR) sin kzdk =
U2

2
+

U2

π

∞∫
0

sin kz

k
dk .

This gives

Ã (k) =
U2

π

1
kI0 (kR)

,

So, the ultimate expression will be:

U (r, z) =
U2

2
+

U2

π

∞∫
0

sin kz

k

I0 (kr)
I0 (kR)

dk ,

and at the symmetry axis (r = 0)

U (z) =
U2

2
+

U2

π

∫
sin kz

k

1
I0 (kR)

dk .

To obtain the potential distribution a numerical computation of the integral
is required.

Another approach to this problem, which gives the solution in the form
of a series, is considered in Example 2.3.
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2.2.2 Method of Green Function

With reference to the problem of electrostatic field calculation the Green
function represents the potential created by unity point charge q = 1, lo-
cated in a point M0(x0, y0, z0), inside the region enclosed by the surface of
electrodes, which potential is supposed to be equal zero [37]:

G (M,M0) = 1/(4πε0R) +
∫
S

σdS

Ri
.

The first term in the right part of this equation expresses the potential of
the field created by the charge in free space, the second one is the potential
created by surface charge induced at electrode surfaces S.

In this equation R – distance from the point M0 (x0, y0, z0) of charge q
location to current point M (x, y, z), where potential is determined (later, for

short, “point of observation”) R =
√

(x − x0)
2 + (y − y0)

2 + (z − z0)
2; Ri –

distance from point of observation M and a current point at the electrode

surface Mi, Ri =
√

(x − xi)
2 + (y − yi)

2 + (z − zi)
2; σ (xi, yi, zi) – density of

surface charge induced at electrode surfaces.
The Green function, in accordance with its definition, satisfies the Laplace

equation in all space, confined by electrodes, except point M, and becomes
zero at the electrode surfaces. The Green function is symmetric concerning its
arguments, i.e. G (M,M0) = G (M0, M). This physically means that charge
q placed in point M creates at point M0 the same potential as charge qbeing
placed at point M0 produced at point M .

The knowledge of the Green function allows reduction of the solution of
the Dirichlet problem to computation of the corresponding integrals [39–41]:

U (M0) = −ε0

∫
S

US (M)
∂G (M,M0)

∂n
dS +

∫
V

ρ (M) G (M,M0) dV ,

where US (M) – a given potential distribution over the surface S, ρ (M)
distribution of the space-charge density.

Integration is made on coordinates x, y, z of point M , with US , ∂G/∂n,
and ρ are considered to be a known function of these coordinates.

In view of the symmetry function G (M, M0) to its arguments, it is possi-
ble to write the alternative formula for potential, expressing it as a function
of point M

U (M) = −ε0

∫
S

US (M0)
∂G (M,M0)

∂n
dS +

∫
V

ρ (M0) G (M,M0)dV .

(2.6)

In this case integration is performed on coordinates x0, y0, z0 of point M0 [41].
Two examples of the application of the Green function are given below.
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Example 2.2. Let us calculate the distribution of potential that is created
in a metallic tube of radius “a” by cylindrical column of space charge of
radius “b”, with density of space charge being function only longitudinal
coordinate z:

ρ = ρ (z0) = ρ0 + ρm cos
2π

L
z0 ,

where ρ0 – constant component of space-charge density, ρmand L are ampli-
tude and period of space-charge variation.

The Green function for a cylindrical channel of radius a, with account of
axial symmetry of the space-charge distribution, has the following analytical
expression:

G =
1

2πε0a2

∞∑
i=1

e− λi
a |z−z0| J0 (λir/a) J0 (λir0/a)

λi/a [J1 (λi)]
2 ,

where J0 and J1 are Bessel functions of the first kind of zero and first order,
λi are the roots of function J0.

It is seen that function Gis symmetric to its arguments r, z and r0, z0.
The potential created by the space-charge column is found as

U =
∫
V

ρ (r0z0) G (r, z, r0, z0)2πr0dr0dz0 ,

where integration is performed over the volume V occupied by the space
charge.

Substituting the Green function in this integral and changing the order
of integration and summation one obtains:

U =
1

ε0a

∞∑
i=1

J0 (λir/a)
λi [J1 (λi)]

2

∫
V

(
ρ0 + ρm cos

2π

L
z0

)
r0dr0dz0 .

The integration performed on r in the limits from 0 to b and on z in the
limits from −∞ to ∞ gives:

U =
2ab

ε0

∞∑
i=1

J0 (λir/a) J1 (λib/a)
λ3

i [J1 (λi)]
2

[
ρ0 + ρm

1
1 + (2πa/Lλi)

2 cos
2π

L
z

]
.

Example 2.3. Let us apply the Green-function method for calculation of
the field of an electrostatic immersion lens, which is created by two coaxial
cylinders, separated by infinitaly small gap (Fig. 2.1). The potential of the
first cylinder is assumed to be equal to zero U1 = 0, the potential of the
second one equal to U2.

For the potential computation we use (2.6). As in the case under consid-
eration ρ (M0) = 0, it is reduced to:

U (M) = −ε0

∫
S

US (M0)
∂G (M,M0)

∂n
dS .
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The Green function of the given problem is the same one as in Example 2.1.
Let us find its derivative, that is, the derivative along the normal to the
surface S, it is equal to:

∂G

∂n
=

∂G

∂r
= − 1

2πε0a2

∞∑
i=1

e− λi
a |z−z0| J0 (λir/a) J1 (λir0/a)λi/a

λi/a [J1 (λi)]
2 ,

and

∂G

∂r

∣∣∣∣
r0=a

= − 1
2πε0a2

∞∑
i=1

e− λi
a |z−z0| J0 (λira)

J1 (λi)
.

Substitution of this equation into the integral of the above formula for U (M)
gives:

U (r, z) =
1
a

∞∑
i=1

J0 (λir/a)
J1 (λi)

∞∫
−∞

USe− λi
a |z−z0|dz0 .

Since US = 0 at z <0 and US = U2 at z ¿ 0 (at z = 0 US = U2/2), one
obtains:

∞∫
−∞

USe− λi
a |z−z0|dz0 = U2

∞∫
0

e− λi
a |z−z0|dz0 .

Calculation of the last integral gives the following equations for the potential
distribution in two coaxial cylinder lenses:

U (r, z) = U2

∞∑
i=1

J0 (λir/a)
λiJ1 (λi)

e− λi
a |z| for z ≤ 0 ,

U (r, z) = U2

[
1 −

∞∑
i=1

J0 (λir/a)
λiJ1 (λi)

e− λi
a z

]
for z ≥ 0 .

This solution is more convenient for practical use than that obtained by the
classical method of separation of variables (see Example 2.1)

The method of Green function is especially effective for calculation of
fields created by space charge varying in time. In this case computation of
potential is produced by the equation:

U (M, t) =
∫
V

ρ (M0, t)G (M,M0) dV ,

where ρ (M0, t) – space-charge density varying in space and time, G (M,M0)
– Green function, which depends on the coordinates of points M and M0
and the geometry of a region, where the potential is computed, but does not
depend on time.
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2.2.3 Method of the Integral Equations

Applying the Green theorem it is possible to show that a solution of the
Dirichlet problem for the Poisson equation can be presented in the form:

U (x, y, z) =
1

4πε0

∫
V

ρdV

R0
+

1
4πε0

∫
S

σdS

Ri
. (2.7)

The first integral of this equation is taken over the volume V , confined by
surface S, and represents the potential of space charge ρ(x0, y0, z0), with R0
being the distance from the current point of observation with coordinates x, y,
z to the point of space-charge location x0, y0, z0. The second one expresses the
potential of surface charges distributed on surface S with surface density σ.
With reference to the calculation of fields of charged particle optical systems
surface S is understood as the surface of electrodes forming the systems, with
Ri being the distance from the point of observation to a point belonging to
the electrode surface and having coordinates xi, yi, zi,

R0 =
√

(x − x0)2 + (y − y0)2 + (z − z0)2, Ri =
√

(x − xi)2 + (y − yi)2 + (z − zi)2 .

For the case of two-dimensional fields (U (y, z), ∂U/∂x = 0) the integral
form of the solution is written as:

U (y, z) =
1

2πε0

∫
V

ρ ln
1

R0
dV +

1
2πε0

∫
S

σ ln
1
Ri

dS ,

where R0 =
√

(y − y0)
2 + (z − z0)

2, Ri =
√

(y − yi)
2 + (z − zi)

2.
Integration is performed over the volume V and surface S having unit

extent in the direction of the x-axis. As result of this dV = dy0dz0 · 1 and
dS = dC · 1, dC being the elementary segment of electrode contour C.

Then the above equation for potential U (y, z) can be transformed to:

U (y, z) =
1

2πε0

∫
F

ρ ln
1

R0
dF+

1
2πε0

∫
C

σ ln
1
Ri

dC , (2.8)

where the first integral is taken over surface F , occupied by space charge, the
second one along the electrode contour C.

For an axially symmetric field, using the cylindrical coordinate system
r, θ, z and integrating on the θ-coordinate one finds from the general equation
(2.7) the following formula for potential U(r, z):

U (r, z)=
1

2π2ε0

∫
V

ρK (t0) dV√
(r + r0)

2 + (z − z0)
2

+
1

2π2ε0

∫
S

ρK (ti) dS√
(r + ri)

2 + (z − z)2
.
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Here, r0 and z0, ri and zi – coordinates for location of space and surface
charges;

t0 =
2
√

rr0√
(r + r0)

2 + (z − z0)
2
, ti =

2
√

rri√
(r + ri)

2 + (z − zi)
2

;

K(t) – total elliptic integral of the first kind:

K (t) =

π/2∫
0

dβ√
1 − t2 sin2 β

; dV = 2πr0dr0dz0 ; dS = 2πridC ,

dC being a segment of the electrode contour.
The above equation for potential U (r, z) can be rewritten in the following

equivalent form:

U (r, z)=
1

πε0

∫
F

ρr0K (t0) dF√
(r + r0)

2 + (z − z0)
2

+
1

πε0

∫
C

σriK (ti) dC√
(r + ri)

2 + (z − zi)
2

. (2.9)

Here, integration is made over surface F , belonging to the meridian plane
θ = const, occupied by space charge and the contour of electrodes C.

The distribution the space-charge density ρ(r, z) is supposed to be a
known function of coordinates r and z at this stage of field calculation. On
the contrary, the distribution of the surface charge density σ is not known
and must be found before the potential calculation.

This can be done in the following way. Let us place the “point of obser-
vation” on the electrode contour, the potential of which is supposed to be
known, then the left part of (2.9) will be a known function of coordinates
and this equation can be considered as an integral equation concerning the
unknown value of σ. The solution of this equation can be made by numerical
methods with use of computers (see Sect. 2.4).

2.2.4 Method of Finite Difference

The essence of the method consists of replacement of a partial differential
equation by a finite difference equation that is obtained by replacement of
partial derivatives with their approximate finite difference expressions. Let us
consider this procedure on an example of a two-dimensional Poisson equation:

∂2U

∂y2 +
∂2U

∂z2 = − ρ

ε0
. (2.10)

The second derivatives including in this equation can be expressed at a point
0 through the values of the first derivatives at the neighboring points a, b, c, d
(Fig. 2.2a):
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Fig. 2.2. Meshes for derivation of finite-difference equations: a two-dimensional
field; b axially symmetric field

∂2U

∂z2 ≈ 1
h

[(
∂U

∂z

)
a

−
(

∂U

∂z

)
c

]
,

∂2U

∂y2 ≈ 1
h

[(
∂U

∂u

)
b

−
(

∂U

∂y

)
d

]
.

(2.11)

The first derivatives of these equations in turn can be expressed through the
finite differences of corresponding potentials:(

∂U

∂z

)
a

≈ 1
h

(U1 − U0) ,

(
∂U

∂z

)
c

≈ 1
h

(U0 − U3)

(
∂U

∂y

)
b

≈ 1
h

(U2 − U0) ,

(
∂U

∂y

)
d

≈ 1
h

(U0 − U4)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

, (2.12)

where U1, U2, U3, U4 – values of potential at points 1, 2, 3, 4 (Fig. 2.2a).
Substitution of (2.12) in (2.11) gives:

rotn �J =
∫
l

�Jd�l/∆S,
∂2U

dy2 ≈ 1
h2 [(U2 − U0) − (U0 − U4)] ,

∂2U

∂y2 +
∂2U

∂z2 ≈ 1
h2 (U1 + U2 + U3 + U4 − 4U0) .

Then, the finite difference analog of the Poisson equation is expressed as:

U1 + U2 + U3 + U4 − 4U0 = −h2ρ/ε0 .

For the two-dimensional Laplace equation it reduces to:

U1 + U2 + U3 + U4 − 4U0 = 0 .

The finite-difference analog of the Poisson equation in cylindrical coordinates
is written as:

U1 + U2 + U3 + U4 − 4U0 +
h

2r0
(U2 − U4) = −h2ρ

ε0
, (2.13)

where r0 is the distance from the z axis to the point 0 (Fig. 2.1b).
For the points lying on the axis of symmetry this equation is replaced by:
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Fig. 2.3. Irregular interior nodes in the
region of the complicated boundary

U1 + U3 + 4U2 − 6U0 = −h2ρ/ε0 .

The finite-difference equation connects values of potential in separate dis-
crete points. For potential computation a regular mesh is introduced in the
region enclosed by the electrode system; such a mesh with square cells with
pitch h is shown in Fig. 2.2.

There are several types of mesh nodes:

• boundary nodes located at the electrode boundary,
• regular interior nodes located inside the region, enclosed by an electrode

system, at a distance more than the mesh pitch h from the electrode
boundary,

• irregular interior nodes located at a distance less than the mesh pitch h
from the boundary.

For every interior node the finite-difference equation is composed, which con-
nects its potential with potentials of neighboring mesh nodes. For regular
nodes the regular finite-difference equations are used. They are derived in
the way considered above.

There exists a peculiarity of creation of finite-difference equations for ir-
regular nodes. There are several approaches to create these equations, one of
which is considered below. Let us take an irregular node shown at Fig. 2.3. Its
distances from the boundary are h1, h2 and h4, which are less than the mesh
pitch h. In this case, as the neighboring points of the node in the equation
the following points are taken: 3, B, A, D.

The last three of them belong to the boundary, their potentials are sup-
posed to be known and equal to UB , UA, UD. Since they are located at differ-
ent distances from nodal point 0 the finite-difference equation has the form:

2
h1 + h3

(
U1

h1
+

U3

h3

)
+

2
h2 + h4

(
α

U2

h2
+ β

U4

h4

)

−
(

2
h1h2

+
2

h2h4
+ γ

)
U0 = − ρ

ε0
, (2.14)

where α = β = 0, γ = 1 for a two-dimensional field; α = 1 + h4/2r0,
β = 1 − h2/2r0 γ = 1/h2r0−1/h4r0 for an axially symmetric field.
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The finite-difference equation written for interior nodes creates a system
of linear algebraic equations, the number of which is equal to the number
of unknown values, that is, potentials of interior nodes. Thus, determination
of the potential distribution is reduced to solution of this system. Bound-
ary conditions participate in the solution through the values of potential of
boundary nodes.

Replacement of the partial differential equation by the finite-difference
one produces an error ε, the value of which is of order o fh2, ε ∼ h2. It is
reduced as the mesh pitch h is decreased and the number of mesh nodes is
increased. It, in turn, leads to an algebraic equation system of high order. Its
solution by the direct method of elimination appears to be impossible and
the method of successive approximation, or the iteration method, is used for
determination of the potential distribution. This method has several versions
and is widely used in computer programs. A technique of the method is
considered in Sect. 2.4.

2.3 Calculation of Electrostatic Field: Cauchy Problem

The necessity of solution of such a problem arises in the process of designing
and synthesis of charge particle optical systems.

Frequently, it is required to find the electrostatic potential in a region with
initial conditions, that is potential and its normal derivative, being given on a
surface or line. In such a statement, determination of the electrostatic poten-
tial is reduced to solution of the Cauchy problem for the Laplace equation.

A typical example of such a problem is determination of the space poten-
tial distribution with potential and its normal derivative being given at the
plane or axis of symmetry. In electron optics it is known as the problem of
potential series expansions.

In mathematics the Cauchy problem for the Laplace equation is related
to so-called incorrectly set up problems, since its solution is unstable with
respect to small variations of initial conditions or using approximate, for
instance, numerical methods of solution.

When the initial conditions are given in analytical form and the solution
is obtained by analytical methods the incorrectness is not an obstacle for the
obtaining the solution of this problem.

In the general case spatial methods known as methods of regularization
are used for its solution [48].
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2.3.1 Method of Analytical Continuation

Two-Dimensional Field

Solutions of the Cauchy problem for the two-dimensional Laplace equation
∂2U/dy2 + ∂2U/∂z2 = 0 will be considered below for three different kinds of
initial conditions:

I. Distribution of potential is given along a straight line, with its normal
derivative being equal to zero.

Let us suppose that this line coincides with the real axis of a complex
plane ζ = z + iy, then the initial conditions are written as U |y=0 = f (z),
∂U/∂y|y=0 = 0. In this case the outside potential distribution is found as an
analytical continuation of the function f (z) on the complex plane

U (y, z) = Ref (z + iy) =
1
2

[f (z + iy) + f (z − iy)] . (2.15)

This expression, on known properties of functions of complex variables, obeys
the Laplace equation and satisfies the initial conditions.

Function f (z + jy) can be expanded in a Taylor series:

f (z + iy) = f (z)+iyf ′ (z)+
(iy)2

2!
f ′′ (z)+ . . .+

(iy)n

n!
f (n) (z) ,(2.16)

where primes mean differentiation with respect to the variable z.
Then, for potential U (z, y) one obtains:

U (z, y) = f (z) − y2

2!
f ′′ (z) + . . . +

(−1)ny2n

n!
f (2n) (z) . (2.17)

This row is the convenient form of potential presentation. It permits the
potential outside of the axis to be found if its distribution along the axis is
known.

II. Distribution of potential and its normal derivative is given along a straight
line.

As in the previous case this line is supposed to coincide with the real axis
of the plane of the complex variable ξ = z + iy. In this case the Cauchy
initial conditions are written as U |y=0 = f1 (z) and ∂U/∂y|y=0 = f2 (z).
It is necessary to note that the first of them can be given in equation form
∂U/∂y|y=0 = f3 (z).

Let us introduce the complex potential W (ξ) = U(z, y) + iV (z, y). Its
derivative can be written as follows:

ϕ (ζ) =
dW

dζ
=

∂U

∂z
− i

∂U

∂y
.

It is seen that at the z-axis (y = 0) the value ϕ (ζ) ϕ (ζ) is uniquely determined
by the initial conditions written as ϕ (ζ)|y=0 = f3 (z) − if2 (z). Then in an



32 2 Methods of Fields Calculation

arbitrary point of the complex plane we can find the derivative of the complex
potential dW/dζ by analytical continuation of functions f3 and f2:

dW

dζ
= f3 (z + iy) − if2 (z + iy) = f3 (ζ) − if2 (ζ) . (2.18)

The complex potential W is found as:

W =
∫

[f3 (ζ) − if2 (ζ)] dζ + C . (2.19)

Then, the distribution of electrostatic potential corresponding to the given
initial conditions is expressed as follows:

U = ReW = Ref1 (ζ) + Im

∫
f2 (ζ) dζ + C . (2.20)

III. Distribution of potential and its normal derivative is given along a curve.

We will suppose that this line lies in the plane of the complex variable ζ =
z + iy and is presented in parametric form ζ = F1 (u) + iF2 (u), where u is a
parameter.

The solution of this problem is reduced to solution of the previous one
if we find the conformal transformation that maps the curve in question to
the real axis of new complex plane ψ = u + iv. This can be done in the
following way. Let us consider the function ζ = F1 (ψ) + iF2 (ψ). It is easy
to see that this function maps the real axis of the plane ψ to the curve at
plane ζ. Indeed, substitution in this equation ψ = u gives ζ = F1 (u)+iF2 (u),
that is, the parametric equation of the considered curve. Then, the inverse
function allows the required transformation to be produced and the Cauchy
initial conditions at the real axis of the complex plane ψ to be found.

Axially Symmetric Field

The distribution of potential and its normal derivative is supposed to be set
up on the z-axis of the rectangular coordinate system x, y, z:

U = f (z) and ∂U/∂x = ∂U/∂y = 0. (2.21)

It is required to find the solution of the Cauchy problem for the Laplace
equation, which results in an axially symmetric potential distribution. In
rectangular coordinates the Laplace equation has the form:

∂2U

∂x2 +
∂2U

∂y2 +
∂2U

∂z2 = 0 . (2.22)

It is possible to be convinced by direct substitution that this equation
has a partial solution U (x, y, z) = f (ix cos γ + iy sin γ + z), with γ being an
arbitrary constant. At the z-axis (x = y = 0) it is reduced to U = f (z) and,
therefore, satisfies the first initial condition.
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Introducing cylindrical coordinates r, θ, z we can writex = r cos θ,y =
r cos θ. Substitution of these expressions in the above solution gives:

U = f [z + ir cos (γ − θ)] . (2.23)

This equation is considered to be an analytical continuation of function f (z).
However, the potential given by (2.23) depends on angle θ. An axially

symmetric solution can be obtained as a superposition of such solutions [1],

U =
1
2π

θ+2π∫
θ

f [z + ir cos (γ − θ)]dγ .

Indeed, on integration the argument γ of the trigonometric function
cos (γ − θ) is changed in the range 0 − 2π, being independent of the value of
θ. This means that the value of the integral is the same for arbitrary values
of θ.

Introducing the angle α = γ − θ one obtains:

U =
1
2π

2π∫
0

f (z + ir cos α)dα . (2.24)

Evidently, this solution satisfies the first initial Cauchy condition U = f (z)
at r = 0. The derivative ∂U/∂r is found to be:

∂U

∂r
=

i

2π

2π∫
0

f ′ (z + ir cos α) cos α dα|r=0 = 0 .

At r = 0∂U/∂r = 0, therefore, (2.24) also satisfies the second Cauchy condi-
tion.

Substitution in (2.24) Taylor’s series expansion of function f (z + ir cos α)
and integration gives:

U = f (z) − r2

22 f ′′ (z)| + ... +
(−1)n

(n!)n

(r

2

)2n

f (2n) (z) . (2.25)

This series is known as the series expansion of the axially symmetric potential
and is widely used in charged particle optics.

Example 2.4. It is required to find the geometry and potential of electrodes
that produce a given periodical potential distribution at the axis of symmetry
U = U0 + Um cos 2πz/L. Since at the axis of symmetry ∂U/∂r = 0, then the
solution of this problem is reduced to solution of the Cauchy problem for
the Laplace equation, with the two last equations being taken as the initial
conditions at the axis of symmetry. Equation (2.24) can be used for this
calculation:

U = U0 +
Um

2π

2π∫
0

cos (Z + iR cos α) dα ,
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Fig. 2.4. System of electrodes pro-
ducing periodical potential distribu-
tion

where Z = 2π
L z and R = 2π

L r are normalized variables.
This gives:

U = U0 +
Um

2π

⎡
⎣ 2π∫

0

cos Z cos (iR cos α) dα −
2π∫
0

sin Z sin (iR cos α) dα

⎤
⎦ .

The second integral in this equation is equal to zero.
Thus,

U = U0 + Um cos Z
1
2π

2π∫
0

ch (Rcosα) dα = U0 + Um cos Z
2
π

2π∫
0

ch (Rcosα) dα .

Since

2
π

π/2∫
0

ch (R cos α) dα = I0 (R) ,

then the ultimate result will be:

U = U0 + UmI0

(
2π

L
r

)
cos

2π

L
z . (2.26)

At the z-axis (r = 0) this is reduced to:

U = U0 + Um cos
2π

L
z .

The obtained result allows calculation of the potential distribution outside
the axis and the form of electrodes producing the required axis potential
distribution to be found (Fig. 2.4).

Solution of Cauchy Problem for Poisson Equation

In the cylindrical coordinate system r, θ, z for the case of axial symmetry the
Poisson equation is written as:

1
r

∂

∂r

(
r
∂U

∂r

)
+

∂2U

∂z2 = −ρ (r, z)
ε0

.

The problem is set up in the following way. The potential distribution and
value of its normal derivative at axis of symmetry U = U (z) and ∂U/∂r = 0
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as well as the space-charge density distributions ρ (r, z) are supposed to be
known.

A solution of this problem can be found by power series expansion of the
potential U (r, z) and space-charge density ρ (r, z):

U (r, z)= f0 (z) + f2 (z) r2 + f4 (z) r4 + . . . + f2n (z) r2n

ρ (r, z)=ρ0 (z) + ρ2 (z) r2 + ρ4 (z) r4 + . . . + ρ2n (z) r2n .

Substitution of these rows into the Poisson equation and equating the terms
in its left and right parts having the same power of r leads to the solution in
the form of a power series [77]:

U (r, z)= f0 (z) − r2

4

[
f ′′
0 (z) +

ρ0 (z)
ε0

]

+
r4

16

[
1
4

(
f IV
0 (z) +

ρ′′
0 (z)
ε0

)
− ρ2 (z)

ε0

]
+ . . . , (2.27)

where f0 (z) – function of the axial potential distribution, f ′′
0 (z) and f IV

0 (z)
– the second and the fourth derivatives of f0 (z) on the z-coordinate.

In practice, for computation and design of charge particle optical systems
it is expedient to present the solution of the problem under consideration as
a superposition of two functions [78]:

U (r, z) = U1 (r, z) + U2 (r, z) .

One of them U1 (r, z) is found from solution of the Cauchy problem for the
homogeneous equation:

1
r

∂

∂r

(
r
∂U1

∂r

)
+

∂2U1

∂z2 = 0 (2.28)

, with the following initial condition set up at the axis of symmetry: U1 (z) =
f0 (z), where f0 (z) is the axial potential distribution, and ∂U1/∂r = 0.

Another one U2 (r, z) is determined from solution of the Cauchy problem
for the nonhomogeneous equation:

1
r

∂

∂r

(
r
∂U2

∂r

)
+

∂2U2

∂z2 = −ρ (r, z)
ε0

,

with initial conditions U2 (z) = const = 0 and ∂U/∂r = 0 given at the axis
of symmetry.

Solution of the Cauchy problem for these two types of equations has been
considered above. In many cases, when the space-charge density variation
along z-axis is slow enough, it allows neglection of the term ∂2U/dz2 in the
nonhomogeneous equation. Then, its solution is reduced to computation of
the following integrals:
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U2 (r, z) =
1

2πε0

r∫
0

q (r, z)
r

dr

q (r, z) = −2π

r∫
0

ρ (r, z) rdr . (2.29)

If the space-charge cloud has a sharp boundary R (z), so that at r > R, the
following equations are obtained for potential U2 (r, z) computation:

U2 (r, z)=
1

2πε0

r∫
0

q (r, z)
r

dr, r ≤ R

U2 (r, z)=U2 (R, z) +
q (R, z)
2πε0

ln rR, r ≥ R .

In these formulae: U2 (R, z) – value of U2 at the space-charge cloud boundary
(r = R), which is found with help of (2.29), q (R, z) is the charge per unit
length of the space-charge cloud.

2.4 Computer Calculation of Electrostatic Fields

2.4.1 Method of Finite Difference

For solution of the system of finite-difference equation the method of itera-
tions is used. There are several types of this method.

Liebmann’s Method

Let function Usatisfy the Poisson equation ∇2U = f . The generalized finite-
different equation, which is equivalent to this equation can be written as

U (i, k)=CaU (i + 1, k) + CbU (i, k + 1)
+ CdU (i − 1, k) + CeU (i, k − 1) + Cff (i, k) .

Here, U (i, k) is the potential of the central mesh node, being marked by
indices i and k (Fig. 2.5) U (i + 1, k), U (i, k + 1), etc. are the potentials of
the adjoining nodes; Ca, Cb, Cd, Ce, Cf are coefficients depending on the
type of finite-difference equation, the form of mesh cells, node position, etc.

To start the iteration procedure the initial values of potential of the inner
nodes are to be assigned. They can be arbitrary enough, for instance taken
equal, to zero, but the closer they are to the true values the faster the iter-
ation procedure will converge. Furthermore, the potential values of the first
iteration U1 (i, k) are found using the equation:

U1 (i, k)=CaU0 (i + 1, k) + CbU
0 (i, k + 1)

+CdU
0 (i − 1, k) + CeU

0 (i, k − 1) + Cff (i, k) .
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Fig. 2.5. Numbering of mesh nodes for iterative pro-
cedure

The potentials of the next iterations are computed by the following general
equation:

Un (i, k)=CaUn−1 (i + 1, k) + CbU
n−1 (i, k + 1)

+ CdU
n (i − 1, k) + CeU

n (i, k − 1) + Cff (i, k) .

(2.30)

The computations are continued until results of the next iteration Un (i, k)
are close enough to the result of the previous one Un−1 (i, k) to provide the
required accuracy:∣∣Un (i, k) − Un−1 (i, k)

∣∣ ≤ ε ,

where ε is a small value, which is determined by the required accuracy of the
potential computation.

Seidel’s Procedure

This procedure differs from the previous one by an algorithm of node-
potential computation.

Instead of (2.30) the following is used:

Un (i, k)=CaUn−1 (i + 1, k) + CbU
n−1 (i, k + 1)

+ CdU
n (i − 1, k) + CeU

n (i, k − 1) + Cff (i, k) .

It is seen that the equation for the new node potential Un (i, k) contains the
old node potentials Un−1(i, k), as well as the potentials found in the current
iteration Un. To realize this procedure the definite order of node-potential
computation is required. For instance, for the case shown at Fig. 2.5 this
algorithm can be arranged to compute the potential of the nodes located on
the vertical i-line in the direction from the bottom to the top, and then go
to the next i + 1 vertical line and so on. Seidel’s iterations provide faster
convergence of the iteration process.

Method of Overrelaxation

This considerably increases the speed of iteration convergence and uses the
following equation for node-potential recalculation:
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Un(i, k)=ω[CaUn−1(i + 1, k) + CbU
n−1(i, k + 1) + CdU

n(i − 1, k)
+CeU

n(i, k − 1) + Cff(i, k)] + (1 − ω)Un−1(i, k) .

(2.31)

where ω is the overrelaxation factor, the rate of convergence being critically
dependent on ω. Usually, its value lies in the range 1–2. In many cases the
values of ω about of 1.7–1.8 may be recommended.

Accuracy of Finite-Difference Method

There are two types of errors that limit the accuracy of calculation. The first
of them is the result of replacement of the partial differential equation by
its finite-difference equivalent. The second one arises due to the approximate
solution, obtained by iterative methods.

The error of the first kind depends on the mesh pitch h, and for the square
mesh is of order of M4h

2ρ2, where M4 is the maximum value of the fourth
partial derivative of potential U , ρ is the radius of a circle that encloses the
region where the solution is found [42]. Therefore, the error is reduced as the
number of mesh nodes is increased and the mesh pitch is reduced.

The error of the second kind is reduced on increasing the number of iter-
ations. The number of iterations, which is required to reduce the error to an
acceptable value depends on the mesh pitch and the type of iteration proce-
dure. For Seidel’s iteration it is of order of 1/h2 and for the overrelaxation
process is of order of 1/h.

Hence, for increasing accuracy the mesh pitch h is to be reduced, but it
results in increasing the number of iterations and computation time.

2.4.2 Method of Integral Equations

This method sometimes is called the surface-charge method, as it exactly ex-
presses the physical nature of the method. The main difficulty of the method
consists of determination of the surface-charge density σ distribution. This
concerns the necessity to solve the integral equation of the following type:∫

C

σψdC = UC − Uρ ,

where Uc – potentials of electrodes, which are supposed to be known, Uρ

space-charge potential, which is calculated for points located at electrode
contour C, ψ – the kernel of integral equation.

In the general case, numerical methods are to be used for its solution. For
that electrode contour C is divided for n elementary segments hi (Fig. 2.6)
and the integral of the left part of (2.31) is replaced by a finite sum:∫

C

σψdC =
n∑

i=1

σihiψi , (2.32)
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Fig. 2.6. For computation of electrostatic fields by integral equation method

where σi and ψi are average values of σ and ψ at segment hi.
In the case of a two-dimensional field the product σihi can be considered

as a linear charge of value qi = σihi, where hi – length of a couture segment,
σi – average surface-charge density.

In the case of an axially symmetric field it is a ring charge of value qi =
2πrihiσi, where ri is the r-coordinate of the midpoint Qi of segment hi.

Hence these discrete charges located at point Qi having coordinate zi, yi

(ri) replace the continuously distributed surface charge.
If we place at electrode contour n observation points Pm with coordinates

z′
m, y′

m (r′
m), then it is possible to write the following system of algebraic

equations, being equivalent to the integral equation (2.31):
n∑

i=1

qiϕmi = Um .

In these equations Um = UCm − Uρm – potential at points of observation,
which consists of two parts: UCm – potential at the electrode contour at
points Pm and Uρm – potential produced at these points by space charge;
ϕmi – Green functions of free space written for point locations of discrete
charges Qi and the observation points Pm: two-dimensional field

ϕmi =
1

2πε0
ln

1√
(y′

m − yi)
2 + (z′

m − zi)
2

,

axially symmetric field

ϕmi =
1

2π2ε0
ln

K (ti)√
(r′

m + ri)
2 + (z′

m − zi)
2

,

K (ti) – total elliptic integral of the first kind of argument ti

t2i =
4r′

mri

(r′
m + ri)

2 (z′
m − zi)

2 .

Values of space-charge potentials Uρm are calculated with the help of the
following equations:
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two-dimensional field

Uρm =
1

2πε0

∫
F

ρ ln
1√

(y′
m − y0)

2 + (z′
m − z0)

2
dF ,

axially symmetric field

Uρm =
1

πε0

∫
F

ρr0K (t0) dF√
(r′

m + ro)
2 + (z′

m + zo)
2

.

In these equations integration is performed over the surface F occupied
by a space-charge distribution that is supposed to be known, K (t0) is the
total elliptic integral of the first kind of argument tm0

t20 =
4r′

mr0

(r′
m + r0)

2 + (z′
m − z0)

2 ,

where r0, z0 – coordinates of current points of space-charge location.
The obtained system of linear algebraic equations is equivalent to the

following matrix equation:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕ11 · ϕ1i · ϕ1j · ϕ1m · ϕ1n

................................
ϕi1 · ϕii · ϕij · ϕim · ϕin

...............................
ϕj1 · ϕji · ϕjj · ϕjm · ϕjn

................................
ϕm1 · ϕmi · ϕmj · ϕmm · ϕmn

..................................
ϕn1 · ϕni · ϕnj · ϕnm · ϕnn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

q1
.
qi

.
qj

.
qm

.
qn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

U1
.

Ui

.
Uj

.
Um

.
Un

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (2.33)

Equation (2.33) can be written in the following short form:

‖ϕmi‖ ‖qi‖ = ‖Um‖ . (2.34a)

It can be solved in respect of discrete charges qi by inversion of matrix ‖ϕmi‖,
which can be done by standard computer codes of matrix inversion:

‖qi‖ = ‖ϕmi‖−1 ‖Um‖ . (2.34b)

With diagonal terms ϕii, ϕjj , ϕmm being predominant the matrix is well
conditioned. This provides stability of its inversion. At the same time it should
be noted that the value of discrete charge qi essentially depends on the mutual
position of points Qi and Pi (at a segment hi). It can be shown that there
exists an optimal distance between these points δ ≈ 0.17hi[10].

As values of qi are found, the potential as well as components of electric
field �E are easily determined.
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2.4.3 Method of Green Function

This method can be used for solution of different electrostatic problems but
it is the most efficient for computation of the space charge-field. As has been
mentioned above, its computation is reduced to calculation of the integral

Uρ (M) =
∫
V

ρ (M0) G (M,M0) dV .

As space charge is a function of time ρ (M0, t) one obtains in the quasi
static approximation:

Uρ (M, t) =
∫
V

ρ (M0, t) G (M,M0) dV ,

with Green function G (M,M0) being independent of time.
This means that G (M,M0) being found for a region of interest can be

used for computation of the space-charge field produced by space charge
changing with time.

The analytical equation for G (M,M0) is known only for a limited number
of simple regions like circle, cylinder, coaxial cylinder, etc.

The method of Green function has been successfully used for computation
of electron motion in a magnetron [49] and a traveling-wave tube [50]. In
both cases the real complicated boundary of the region was replaced by a
cylindrical boundary, with an analytical Green function being used.

For space-charge field computation in a region with complicated bound-
aries the method of discrete Green function was developed [51]. A mesh is
introduced in the region of field computation (Fig. 2.7). The potential in
mesh nodes can be computed by the following equations:

two-dimensional field

Uρ =
∑

k

ρkGsk∆Fk ,

axially symmetric field

Uρs = 2π
∑

k

ρkGskrk∆Fk ,

where Uρs – potential at mesh node s, ρk – average space-charge density in
vicinity of mesh node k at elementary area dFk, Gsk – discrete Green function
calculated for s and k nodes, summation is performed on all k nodes.

Values of the discrete Green function Gsk for all mesh nodes are to be
computed in advance, with the symmetry Green function Gsk = Gks being
taken into account.

An effective method of numerical computation of this function was sug-
gested in [10, 51]. It is based on the method of integral equations and realized
in the following way. Let us place at node k a unit charge q = 1, then the
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Fig. 2.7. Grid for calculation of discrete Green function

Green function for nodes s and k – Gsk is found as a potential at nodes s cre-
ated by charged q and by surface charge induced at the boundary electrodes:

Usk = U ′
sk + U ′′

sk

U ′
sk = qϕsk, U ′′

sk =
n∑

i=1

qiϕsi .

In these equations ϕsk is the Green function of free space written for
points s and k, ϕsi is that written for points s and i, the last point is the cen-
tral point of segment hi of the electrode boundary, where a discrete induced
charge qi is located. The value of qi is determined by the integral equation
method with the help of (2.34b). Potentials Um in the right part of this
equation are found from equality Um = −Uρm, where Uρm is the potentials
created in observation point Um by the unit charge q, located in point k,
Uρm = qϕmk (note that ϕmk = ϕkm).

The ultimate equation for discreet function Gsk can be written in the
following matrix form [10]:

Gsk = ϕsk − ‖ϕsi‖ ‖ϕmi‖−1 ‖ϕmk‖ , (2.35)

where ‖ϕmi‖−1 – matrix inverse of ‖ϕmi‖; ‖ϕsi‖ – matrix row of matrix el-
ements written as the Green’s function of free space for node s and points
of location of induced charges, ‖ϕmk‖ – matrix column with matrix elements
written as a Green function for points of observation Pm located at the elec-
trode boundary and mesh node k. It should be noted that in the above
equation the first index of subscripts denotes the point of observation, while
the second one denotes the point of the discrete charge location.



2.5 General Equations of Magnetic Field 43

2.5 General Equations of Magnetic Field

The following system of equations is used for static magnetic field calculation:

Differential form integral form

rot �H = �δ

∮
l

�Hd�l = I (2.36)

div �B = 0
∮
S

�Bd�S = 0, (2.37)

where �B and �H are vectors of magnetic induction and magnetic field strength,
respectively and I and �δ are electric current and electric current density,
respectively.

These equations are added by so-called material equations, which deter-
mine the local connection between �B and �H.

For vacuum:

�B = µ0 �H ,

where µ0 – permeability of vacuum.
For magnetic materials:

�B = µ0

(
�H + �J

)
, (2.38)

where �J – vector of intensity of magnetization of material.
In the particular case of soft magnetic materials magnetization �J and

magnetic field strength are connected by the ratio:

�J = χ �H , (2.39)

where χ – magnetic susceptibility.
Substitution of (2.39) in (2.38) gives the following form of the material

equation:

�B = µ0 (1 + χ) �H ,

or

�B = µ �H , (2.40)

where

µ = µ0 (1 + χ) .

In the general case, values of µ, χ and J are some functions of �H, as a
result of this the connection between �B and �H is nonlinear and, sometimes,
a hysteretic one.

Experimental B–H curves are usually used for its description.
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2.5.1 Magnetic Vector Potential

The initial system of (2.36)–(2.38) can be reduced to one differential equation
if we introduce vector magnetic potential �A, which is connected to the vector
of magnetic induction by the relation:

�B = rot �A , (2.41)

and satisfies the equation:

div �A = 0 .

Taking into account (2.38) we can write:

rot �B = µ0

(
�δ + rot �J

)
.

Substitution of (2.41) into the last equation gives:

rot rot �A = µ0

(
�δ + rot �J

)
. (2.42)

Using the vector equality rot rot �A = grad div �A − ∇2 �A and the condition
div �A = 0 one finds:

∇2 �A = −µ0

(
�δ + rot �J

)
, (2.43)

where ∇2 – Laplace operator.
Values �δ and rot �J in the right part of (2.43) are considered to be sources

of magnetic field. For further analysis it is convenient to consider rot �J as
equivalent current density �j = rot �J . Then, (2.43) can be written as:

∇2 �A=−µ0

(
�δ +�j

)
, (2.44)

�j =rot �J . (2.45)

If vectors �B and �H are connected by (2.40), the following equations can be
obtained for vector magnetic potential:

rot
(
ν rot �A

)
= �δ ,

rot rot �A = µ�δ +
[
v gradµ × rot �A

]
, (2.46)

or

∇2 �A = −µ�δ −
[
v gradµ × rot �A

]
, (2.47)

where ν = 1/µ.
The fundamental difference between (2.44) and (2.46) consists of the

method of account of material magnetization. In (2.44) by use of equivalent
(virtual) current density �j = rot �J , in (2.47) by coefficient ν = 1/µ.
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Solution of the equation for vector potential (2.44), by analogy with Pois-
son’s equation, is written as:

�A =
µ0

4π

∫
V

�δ +�j

R
dV , (2.48)

where integration is performed over the volume occupied by the sources of
magnetic field �δ and �j.

Equations for Planar Fields

In the rectangular coordinate system x, y, z, assuming that the field does not
depend on the x coordinate, and vectors �A, �δ and �j have only x-components,
one obtains from (2.44) and (2.46):

∂2A

∂y2 +
∂2A

∂z2 = −µ0 (δ + j) ,

∂

∂y

(
v
∂A

∂y

)
+

∂

∂z

(
v
∂A

∂z

)
= −δ ,

where j = rotx
�J – x-component of vector rot �J .

Axially Symmetric Fields

In the cylindrical coordinate system r, θ, z, assuming that vectors �A, �δ, �j have
only one θ-component and the field is independent of the θ-coordinate, it is
possible to obtain the following equations for the vector magnetic potential:

∂2A

∂r2 +
∂

∂r

(
A

r

)
+

∂2A

∂z2 = −µ0 (δ + j) (2.49)

∂

∂r

[
ν

(
∂A

∂r
+

A

r

)]
+

∂

∂z

(
ν

∂A

∂z

)
= −δ , (2.50)

where j = rotθ
�J – θ-component of vector rot �J .

The vector magnetic potential in a point with coordinates r, z can be
expressed through the magnetic flux ψ enclosed by the circle of radius r:

A (r, z) = ψ/2πr ,

where ψ =
r∫
0

Bz2πrdr.

Substitution of the above equation for A(r, z) in (2.49) and (2.50) gives:

∂2ψ

∂r2 − 1
r

∂ψ

∂r
+

∂2ψ

∂z2 = −2πrµ0 (δ + j) , (2.51)

r
∂

∂r

(
v

r

∂ψ

∂r

)
+

∂

∂z

(
v
∂ψ

∂z

)
= −2πrδ . (2.52)
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Components of magnetic induction are expressed through ψ by the equations:

Br = − 1
2πr

∂ψ

∂z
, Bz =

1
2πr

∂ψ

∂r
. (2.53)

2.5.2 Scalar Magnetic Potential

The system of initial magnetic field equation (2.36)–(2.38) is reduced to one
partial differential equation for scalar magnetic potential U , if magnetic fields
are produced by permanent magnets only, with current density �δ being equal
to zero.

Equation (2.36), now written as rot �H = 0, will be fulfilled if we express
�H through the gradient of magnetic potential U :

�H = − gradU . (2.54)

Substitution of (2.38) into (2.37) with account of (2.54) gives div grad �U =
div �J , or ∇2U = div �J . The last equation by analogy with the electrostatic
field, can be written in the following form:

∇2U = ρ , (2.55)

where ρ = div �J is considered to be the density of equivalent “magnetic
charge”.

For soft magnetic materials as �B = µ �H for calculation of ρ the following
equations can be obtained:

ρ = div �J = div

(
�B

µ0
− �H

)
= div

(
�B

µ0
−

�B

µ

)
= − div

�B

µ
.

Using the equation of vector analysis this equation can be transformed to
give:

ρ = �B
gradµ

µ2 . (2.56)

In regions where µ = const, gradµ = 0 and ρ = 0, the magnetic potential
obeys the Laplace equation:

∇2U = 0 . (2.57)

Series Expansion of Axially Symmetric Magnetic Field

The distribution of magnetic induction at the axis of symmetry Bz0 = ϕ (z)
is supposed to be known. Since Bz = −∂U/∂z, this means that the axial
magnetic potential distribution U = f(z) is also known. With the condition
of the axis of symmetry ∂U/∂r = 0 being taken into account, determination
of the potential outside of the axis is reduced to solution of the Cauchy
problem for (2.57).

Its solution has been considered in Sect. 2.3.1 and can be presented by
the series:
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U (r, z) = f (z) − r2

22 f ′′ (z) + . . . +
(−1)n

(n!)2
(r

2

)2n

f (2n) (z) . (2.58)

Then, for the components of magnetic induction one obtains:

Br =−∂U

∂r
=

r

2
f ′′ (z) − . . . − (−1)n

(n − 1)!n!

(r

2

)2n−1
f (2n) (z)

Bz =−∂U

∂z
= −f ′ (z) +

r2

22 f ′′′ (z) − . . . − (−1)n

(n!)2
(r

2

)2n

f (2n+1) (z) ,

or as f ′ (z) = −ϕ (z) = −Bz0 and, in general, f (2n) (z) = −ϕ(2n−1) (z) =
−B

(2n−1)
z0 the above equations are written as:

Bz =Bz0 − r2

22 B′′
z0 + . . . +

(−1)n

(n!)2
(r

2

)2n

B
(2n)
z0 (2.59)

Br =−r

2
B′

z0 +
r3

2 · 23 B′′′
z0 − . . . − (−1)n

(n − 1)!n!

(r

2

)2n−1
B

(2n−1)
z0 , (2.60)

The magnetic flux ψ = 2π
r∫
0

Bzrdr can be also presented by a series.

2.6 Numerical Calculation of Magnetic Field

Calculation of magnetic fields, produced by sources placed in space with
homogeneous magnetic permeability µ = µ0 = const, can be done with the
help of (2.48). This is reduced to computation of volume integrals. Let us
consider the calculation of axially symmetric fields produced by solenoids
and ring-shaped permanent magnets.

2.6.1 Field of a Solenoid

The geometry of a solenoid is shown in Fig. 2.8. A square mesh divides it
into a set of elementary ring volumes, which results in an elementary current
∆Ik = δk∆Sk, where ∆Sk – cross section of the elementary volume, δk –
average current density. Since ∆Sk is taken to be small enough, the field
created by this elementary volume can be computed as the field of a single
ring conductor, placed in the central point of ∆Sk with coordinates rk, zk.
At a point of observation with coordinates r and z it is possible to write the
following expression for a partial magnetic flux ∆ψ, which is enclosed by the
ring of radius r:

∆ψk = µ0∆Ik
√

rrk
2
t

[(
1 − t2

2

)
K (t) − E (t)

]
, (2.61)

where t = 2
√

rrk/

√
(r + rk)2 (z − zk)2, K (t), E (t) – complete elliptic inte-

grals of the first and second kind.
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Fig. 2.8. Geometry of a solenoid

The total magnetic flux and components of magnetic induction at an
observation point are found by summation partial magnetic fluxes:

ψ =µ0

∑
k

∆Ik
√

rrk
2
t

[(
1 − t2

2

)
K (t) − E (t)

]
(2.62)

Br =− 1
2πr

∂ψ

∂z
= −µ0

2π

∑
k

∆Ik
z − zk

r
[
(r + rk)2 + (z − zk)2

]1/2 f1 (r, rk)

(2.63)

Bz =
1

2πr

∂ψ

∂r
=

µ0

2π

∑
k

∆Ik
1

r
[
(r + rk)2 + (z − zk)2

]1/2 f2 (r, rk) .

(2.64)

Functions f1 (r, rk) and f2 (r, rk) included in (2.63) and (2.64) are expressed
as follows:

f1 (r, rk) = K (t) − r2
k + r2 + (z − zk)2

(r − rk)2 + (z − zk)2
E (t) ,

f2 (r, rk) = K (t) +
r2
k − r2 − (z − zk)2

(r − rk)2 + (z − zk)2
E (t) .

Then for the points at the axis of symmetry one obtains:

Bz =
µ0

2

∑
k

∆Ikr2
k[

r2
k + (z − zk)2

]3/2 . (2.65)

2.6.2 Field of a Ring-Shaped Magnet

A ring-shaped magnet (Fig. 2.9) is supposed to be magnetized in the axial
direction. The vector of magnetization �J has only one z-component J , which
is assumed to be uniform over all the magnet volume J = const. The value
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Fig. 2.9. Ring-shaped permanent magnet

of J depends on the magnetic material and the position of the operating
point at the demagnetization curve. A method for its determination will be
considered later.

As has been noted in Sect. 2.5 the magnetization can be accounted for by
introducing equivalent (virtual) currents with density �j = rot �J . The projec-
tion of this equation on some direction �n is jn = rotn

�J . As is known from
vector analysis rotn J can be expressed as:

rotn
�J =

∮
l

�Jd�l/∆S ,

where integration is performed on a contour l, enclosing the elementary sur-
face ∆S, with �n being normal to this surface.

The last equation gives the following algorithm of calculation of virtual
current-density components. Elementary oriented surfaces are considered in
the magnet volume. Calculation of the circulation integral on the contours
enclosing these surfaces allows the values of normal components of vector
magnetization Jn to be found. Dashed lines in Fig. 2.9 show several such
elementary surfaces. They lie in the meridian plane of the ring magnet. Com-
putation of circulation integrals over the contours enclosing these surfaces
gives θ-components of the virtual current jθ. They are expressed as follows:
jθ = rotθ

�J = 0 – at the interior points of the magnet and points at the end
magnet surfaces, jθ = rotθ

�J = ±J∆z/∆S– at points inside and outside the
cylindrical magnet boundaries.

Considering elementary surfaces oriented normal to r- and z-directions
one finds that there are no components of rot �J of those directions. Therefore,
in the case under consideration virtual currents have only a jθ-component and
calculation of the magnetic field of a uniformly magnetized ring-shaped mag-
net is reduced to computation of the magnetic field of two ring current layers
that flow inside and outside the cylinder magnet boundaries. These currents
have the same linear densities and opposite directions τ = ±jθ∆S/∆z = ±J .

The current layers are divided for a number of small parts of extension
∆zk with elementary currents ∆Ik = τ∆zk. Then, using (2.63) and (2.64)
one obtains the following expressions for components of magnetic induction:
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Br =
µ0

2π

∑
k

∆Ik
z − zk

r
[
(r + R2)

2 + (z − zk)2
]1/2 f1 (r, R2, z, zk)

− µ0

2π

∑
k

∆Ik
z − zk

r
[
(z + R1)

2 + (z − zk)2
]12 f1 (r, R1, z, zk)

Bz =
µ0

π

∑
k

∆Ik
1[

(r + R1)
2 + (z − zk)2

]1/2 f2 (r, R1, z, zk)

− µ0

2π

∑
k

∆Ik
1[

(z + R2)
2 + (z − zk)2

]1/2 f2 (r, R2, z, zk) .

The value of magnetization in the operating points can be approximately
found as [52]:

J ≈ 1
2

(Jr + |HCB |) , (2.66)

where Jr – remanent magnetization, HCB– coercive force on induction for
the given magnetic materials.

Analysis of a ring-shaped magnet uniformly magnetized in the radial di-
rection shows that the magnetic field of this magnet can be found as the field
of the two ring current layers flowing at the end magnet surfaces, with linear
current density being equal to τ = ±J .

2.6.3 Technique of Solution of Nonlinear Magnetic Problems

Designing of charge particle optical systems requires, as a rule, computation
of magnetic fields in nonuniform magnetic media. A typical example of such
systems is magnetic lines (Fig. 2.10) formed by ring-shaped permanent mag-
net (1) and soft iron magnetic pole pieces (2). The magnetic properties of
magnetic media such as magnetic permeability, susceptibility and magneti-
zation depend on the intensity of magnetic field. Because of this the problem
of magnetic-field computation becomes a nonlinear one. For its solution the
method of successive approximation is usually used. Its application reduces

( )b

1

0

2

J

b

Fig. 2.10. Permanent magnet with shields
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the solution of the initial nonlinear problem to a sequence of linear problems
with fixed properties of magnetic media. The method of successive approxi-
mation usually includes finding an initial approximation and its subsequent
refinement by some iterative procedure.

As the concept of equivalent (virtual) current is used for magnetic-field
computation, an iterative process in accordance with the following scheme is
used for solution of (2.44):

∇2 �A(n+1) = −µ0

(
�δ +�j(n)

)
,

where �A(n+1) – vector magnetic potential of the current (n + 1)-th approxi-
mation, �j(n) – density of virtual currents of the previous n-th approximation.

In the case, when magnetic field is described by (2.46), the following
expression is used for the iterative procedure:

rot
(
v(n) rot �A(n+1)

)
= �δ ,

here ν(n) = 1/µ(n) is determined from the field of the previous approximation.
In order to improve the convergence of the iterative process values of �j(n)

and ν(n) is to be computed with use of the relaxation equations:

�j(n) = ω�̃j
(n)

+ (1 − ω)�j(n−1) ,

v(n) = ωṽ(n) + (1 − ω) v(n−1) ,

where �̃j
(n)

– value of �j determined from the field of the n-th approximation,
�j(n−1)– virtual current density of the (n – 1)-th approximation, ω – relaxation
factor, the superscript of ν has the same physical meaning.

The above process is known as a simple iteration process. It has relatively
slow convergence.

A method of successive approximation, which provides for faster conver-
gence, known as the Newton–Kontorovich method, is carried out with the
following scheme [54]:

L
(

�A(n)
)

+ L′
A(n)

(
�A(n+1) − �A(n)

)
= 0

where L( �A) = rot(v rot �A)−�δ = 0 – operator of the problem; L′
A(n)– Frechet

derivative of the operator L( �A) in the point A(n).
The drawback of the method consists in that the iterative process con-

verges only under conditions of a “good” initial approximation. To obtain
such an initial approximation Koshelev’s iteration process can be used [53, 55]:

∇2 �A(n+1) = ∇2 �A(n) − εL
(

�An
)

,

where ε is a positive constant. This process converges starting from an arbi-
trary smooth approximation.
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Let us consider the technique of solution of the nonlinear magnetic prob-
lem on computation of axially symmetric fields.

The following system of equations describes the magnetic field:

∂2ψ

∂r2 − 1
r

∂ψ

∂r
+

∂2ψ

∂z2 = −2πrµ0 (δ + j) , (2.67)

j = rotθ
�J,

where ψ – magnetic flux enclosed by circle of radius r, �J – vector of magne-
tization, rotθ

�J – azimuth component of vector rot �J .
For the solution the partial differential equation (2.67) is replaced by a

finite-different equation, which, for a mesh with square cells, is written as

ψ1+ψ2+ψ3+ψ4−4ψ0− h

2r0
(ψ2 − ψ1) = −µ0h

22πr0 (δ + j) . (2.68)

The solution is carried out at the region Ω (Fig. 2.10) with the following
boundary conditions: ψ = 0at the axis of symmetry and ψ = ψ (b) at the
rest of the boundary. In systems with an open boundary like that shown
in Fig. 2.10 the value of ψ = ψ (b) at the beginning of the computation is
not known. If boundary “b” is removed from the system by a large distance
the value ψ = ψ (b) can be taken equal to zero. In the opposite case an
approximate boundary value ψ (b) can be first calculated through known δ
and j with the help of equations of type (2.62).

The iteration process is performed in the following way. Let us suppose
that the virtual current density (n − 1)-th approximation j(n−1) is known.
Then, it is possible to find the magnetic flux of n-th approximation ψn by
using finite-difference equations of type (2.68) and calculate components of
magnetic induction B

(n)
r and B

(n)
z . These values are used to find the compo-

nents and module of the vector of magnetic field strength H
(n)
r , H

(n)
z , H(n)

for n-th approximation with help of magnetic B–H curves given in Figs. 2.11
and 2.12.

Fig. 2.11. Curve of magnetization of
soft magnetic material

Fig. 2.12. Curves of magnetization and
demagnetization of a permanent magnet
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For soft magnetic materials the curves of type shown in Fig. 2.11 are used.
The value of module H(n) is found through the module ofB(n). Components
of H(n) are calculated by the formulae: H

(n)
r = B

(n)
r

H(n)

B(n) , H
(n)
z = B

(n)
z

H(n)

B(n) .
For hard magnetic materials (permanent magnet) B − Hcurves of the

type shown in Fig. 2.11 are used. If a magnet was initially magnetized in the
z-direction, then the ratio B

(n)
z and H

(n)
z is determined by the curve of the

second quadrant, that is, demagnetization curve, while the ratio of B
(n)
r and

H
(n)
r does so by the curve of the first quadrant, that is the magnetization

curve. It should be noted that using B–H curves allows nonlinear properties
of magnetic materials to be taken into account.

The found values of H
(n)
r , H

(n)
z are used to find the magnetization vector

�J (n) and the density of virtual currents of n-th approximation �j(n):

�J (n) =
1
µ0

�B(n) − �H(n)

�j(n) = rot �J (n) =
1
µ0

rot �B(n) − rot �H(n) .

Since
1
µ0

rot �B(n) = �δ +�j(n−1) ,

then

�j(n) = �j(n−1) − ∆�j ,

where ∆�j = �δ − rot �H(n).
It should be noted that in the last equation rot �H(n) 	= �δ, since at the

given step of computation the value of �H(n) is an approximate one.
As iterations proceed rot �H(n) will approach �δ and the discrepancy of

current densities ∆�j = �j(n−1) − �j(n) approaches zero. This indicates the
convergence of the iteration process.

It is necessary to note that computation of the field of the first (initial) ap-
proximation has some peculiarities. Permanent magnets are simply replaced
by virtual currents according to the technique used for computation of ring-
shaped magnets. Soft magnetic materials are assumed to be of a constant
value of permeability µ = const [56].

On the basis of the method and algorithm described above a computer
code “Weber” has been developed and successfully used for designing various
magnetic systems including systems based on permanent magnets [57, 58].

It should be noted that the method of integral equations is also used for
magnetic-field computation, its detail description can be found in [44, 45].



3 Fundamentals of Charged-Particle Motion

3.1 Equations of Motion in Newton Form

Charged-particle motion in electric and magnetic fields is governed by the
Lorenz equation:

m
d�v

dt
= e �E + e(�v × �B) , (3.1)

m – mass of the charged-particle;
e – value of charge;
�v – velocity vector;
�E – electric field vector;
�B – magnetic flux density vector;
d�v
dt – acceleration vector.

The first term in the equation, e �E, expresses the force acting on a charged-
particle due to the electric field. The second term, e

(
�v × �B

)
, is the force

acting on a charged-particle due to the magnetic field.
In general, �E and �B are functions of space coordinates and time. But,

henceforth, these quantities shall be taken to be independent of time. Such
an assumption is admissible in many practical problems, when the transit
time is considerably less than the time period of the field variation. This
assumption considerably simplifies the analysis of motion problems.

Usually, the Lorentz equation is used in the form of projections on coor-
dinate axes. The form of equations depends on the choice of the coordinate
system. In the rectangular coordinate system x, y, z it will be

mẍ= eEx + eẏBz − eżBy ;
mÿ = eEy + eżBx − eẋBz ;
mz̈ = eEz + eẋBy − eẏBx , (3.2)

where the values E and B with subscripts x, y, z, are the components of the
vectors �E and �B; ẋ, ẏ, ż, ẍ, ÿ, z̈ are components of the velocity and accelera-
tion.

In the cylindrical coordinate system r, θ, z the equations of motion are
expressed in the following form:
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m(r̈ − rθ2)= eEr + e(rθ̇Bz − żBθ) ;

m
1
r

d

dt
(r2θ̇)= eEθ + e(żBr − ṙBz) ;

mz̈ = eEz + e(ṙBθ − rθ̇Br) . (3.3)

Here ṙ, θ̇, ż, r̈, z̈ – first and second derivatives of coordinates with respect to
time.

In generalized curvilinear coordinates q1, q2, q3 the equations of motion
can be written as follows [2]:

m
d

dt
(h1q̇1) + mh2q̇2

(
q̇1

h2

∂h1

∂q2
− q̇2

h1

∂h2

∂q1

)
+ mh3q̇3

(
q̇1

h3

∂h1

∂q3
− q̇3

h1

∂h3

∂q1

)
=

= eE1 + e(h2q̇2B3 − h3q̇3B2);

m
d

dt
(h2q̇2) + mh1q̇1

(
q̇2

h1

∂h2

∂q1
− q̇1

h2

∂h1

∂q2

)
+ mh3q̇3

(
q̇2

h3

∂h2

∂q3
− q̇3

h2

∂h3

∂q2

)
=

= eE2 + e(h3q̇3B1 − h1q̇1B3);

m
d

dt
(h3q̇3) + mh1q̇1

(
q̇3

h1

∂h31

∂q1
− q̇1

h3

∂h1

∂q3

)
+ mh2q̇2

(
q̇3

h2

∂h3

∂q2
− q̇2

h3

∂h2

∂q3

)
=

= eE3 + e(h1q̇1B2 − h2q̇2B1). (3.4)

Here qi (i = 1, 2, 3) – generalized coordinates; q̇i (i = 1, 2, 3) – derivatives
of generalized coordinates with respect to time, i.e. generalized velocities;
Ei, Bi (I = 1, 2, 3) – components of electric and magnetic field; hi (i = 1, 2, 3)
– scale coefficients, or metrics, of the coordinate system.

Equations of motion in any particular coordinate system can be obtained
with the help of the equations in generalized form by substitution in them
of the corresponding coordinates and scale coefficients. For the more fre-
quently used cylindrical and spherical coordinates the scale coefficients are
expressed as

for cylindrical coordinates:

q
1

= r q2 = θ q3 = z; h1 = 1 h2 = r h3 = 1 ,

for spherical coordinates:

q1 = r q2 = θ q3 = ψ h1 = 1 h2 = r h3 = r sin θ .

3.2 Law of Energy Conservation

Using Lorentz’s equation (3.1) we obtain an important relationship expressing
the kinetic energy and the velocity of a charged-particle in combined electric
and magnetic fields in terms of the electric field potential U .
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Multiplying the left and right parts of the equation by �v we find

m�v
d�v

dt
= e�v �E + e�v(�v × �B) .

Since
←
v(←

v × �B) = 0 and �E = − gradU ,

this results in

d

dt

(
mv2

2

)
= −e�v gradU .

This gives

d

dt

(
mv2

2

)
= −e

dU

dt
,

and after integration

mv2

2
+ eU = const . (3.5)

This is the fundamental equation of energy conservation in stationary
electric and magnetic fields.

It states that the total energy of a charged-particle, which is equal to the
sum of kinetic energy T = mv2/2 and potential energy V = eU , is conserved
during its motion in electric and magnetic fields.

Alternatively (3.5) may be written as

mv2

2
− mv2

0

2
= −e(U − U0) .

In this form it states that the change in the particle kinetic energy while
the particle moves from one point to another is determined by the difference
of potentials of the two points. If the potential of the particle source U0 and
the initial velocity v0 are known, the kinetic energy at an arbitrary position
can be expressed as follows

mv2

2
=

mv2
0

2
− e(U − U0) . (3.6)

When electron motion is considered and a thermal cathode is used as the
source of electrons, the initial energy is thermal in nature. In many practical
cases its average value is negligible compared with the energy imparted to
electrons by an accelerating field. Then, assuming the cathode potential U0 =
0, we find from (3.6)

mv2

2
= −eU, or v =

(
2

ê

m
U

)1/2

, (3.7)

where ê is the absolute value of electron charge.
Upon substitution of the numerical values this gives



58 3 Fundamentals of Charged-Particle Motion

v = 5.93 × 107U1/2 [cm/s, V ] . (3.8)

Using the energy conservation law in its different versions it is possible to
determine only the magnitude of velocity, while the direction of the velocity
vector remains undetermined.

3.3 Lagrange Equations of Motion

The Newton equation is not the only way of formulating laws of motion.
In many cases it is convenient to use Lagrange and Hamilton equations of
motion. For the particular case of rectangular coordinates and conservative
forces the Lagrange equation can be easily derived from Newtons second law

d

dt
(mv̇x) = Fx .

Introducing a potential energy function V (x, y, z) and kinetic energy T =
m
2 (v2

x + v2
y + v2

z), one can represent terms mvx and Fx in the following form:

mvx =
∂T

∂vx
and Fx = −∂V

∂x
.

This results in
d

dt

(
∂T

∂vx

)
+

∂V

∂x
= 0 . (3.9)

If we introduce the function L, known as the Lagrange function, which is
equal to the difference between the kinetic and potential energy of a particle
L = T − V , one finds:

∂T

∂vx
=

∂L

∂vx
and

∂V

∂x
= −∂L

∂x
.

Substitution of these expressions into (3.9) leads to

d

dt

(
∂L

∂vx

)
− ∂L

∂x
= 0 . (3.10)

A similar equation can be obtained for y and z, in this form they are
called the Lagrange equations of motion.

The significance of these equations lies in the fact that they express motion
in terms of kinetic and potential energy and hold their form for coordinates
other than the rectangular ones.

In generalized curvilinear coordinates the equations are

d

dt

∂L

∂q̇i
− ∂L

∂qi
= 0, i = 1, 2, 3 . (3.11)

L(qi, q) is again the difference between kinetic and potential energy ex-
pressed in terms of generalized velocities and coordinates. They are usually
derived from the principle of least action that states that action
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Ŝ =

t∫
t0

L(qi, q̇i)dt (3.12)

has its minimum values when it is taken along the real path of motion. Using
the method of variation calculus it is possible to show that it results in (3.11)
for charged-particle motion [60].

If we introduce the value known as the generalized momentum

pi = ∂L/∂q̇i , (3.13)

then the Lagrange equation is written as:

ṗi =
∂L

∂qi
.

An important connection exists between the generalized momentum and
the action:

pi =
∂Ŝ

∂qi
. (3.14)

For motion in electrostatic fields the Lagrange function is set up in accor-
dance with its definition:

L = T − V =
m

2

∑
i

h2
i q̇

2
i − eU , (3.15)

where eU is the potential energy of a particle in an electrostatic field,
m
2

∑
i

h2
i q̇

2
i is the kinetic energy expressed in generalized coordinates.

For combined electric and magnetic fields the following form of the La-
grange equation is used:

L = T − V + e( �A · �v) , (3.16)

where �A is the vector potential of the magnetic field.
In curvilinear coordinates it is expressed as

L =
m

2

∑
i

h2
i q̇

2
i − eU(qi) + e

∑
i

Aihiq̇i , (3.17)

where Ai are projections of the vector potential on curvilinear coordinates.
The generalized momentum for the present case is:

pi =
∂L

∂q̇i
= mh2

i q̇i + eAihi . (3.18)

3.4 Hamilton Equations

Introduction of a new function known as the Hamilton function

H =
∑

i

piq̇i − L (3.19)
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allows the equation of motion to be obtained in Hamiltonian form [60]:

ṗi = −∂H

∂qi
, q̇i =

∂H

∂pi
(i = 1, 2, 3) . (3.20)

Parameters qi and pi in these equations are considered to be undependable
variables.

For motion in static electric and magnetic fields the Hamilton function
has the simple physical meaning of the total energy E [71].

H = E = T + V . (3.21)

Therefore, the Hamilton function can be set up to express the total energy
in terms of the generalized moments and coordinates. For combined electric
and magnetic fields the total energy of a charged-particle is

E = T + V =
m

2

∑
i

h2
i q̇

2
i + eU(qi) . (3.22)

To obtain the Hamilton function it is necessary to express velocities q̇i in
terms of generalized moments:

q̇i =
1

mh2
i

(pi − eAihi) .

This results in:

H =
1

2m

∑
i

1
h2

i

(pi − eAihi)2 + eU(qi) . (3.23)

3.5 Hamilton–Jacobi Equation

The Hamilton–Jacobi equation of motion has the following general form [60]:

∂Ŝ

∂t
+ H

(
q1, q2, q3,

∂Ŝ

∂q1
,

∂Ŝ

∂q2
,

∂Ŝ

∂q3
, t

)
= 0 , (3.24)

where H is the Hamilton function, in which the generalized moments are
expressed in the terms of the action function Ŝ as given by (3.14), that is
pi = ∂Ŝ/∂qi.

For motion, in conservative fields, when the Hamilton function is inde-
pendent of time the Hamilton–Jacobi equation is reduced to

H

(
q1, q2, q3,

∂S

∂q1
,

∂S

∂q2
,

∂S

∂q3

)
= E , (3.25)

where Eis total energy E = T + V , being kept constant during the motion,
S (qi) is the so-called shortened action function, which is connected with the
total action (3.12) by the relation S (qi) = Ŝ (qi, t) + Et.

For a charged-particle motion in electrostatic and combined fields the
following equations are obtained for this function:



3.5 Hamilton–Jacobi Equation 61

1
2m

∑
i

1
h2

i

(
∂S

∂qi

)2

+ eU(qi) = E (3.26)

1
2m

∑
i

1
h2

i

(
∂S

∂qi
− eAihi

)2

+ eU(qi) = E . (3.27)

The above equations are partial differential equations for the action func-
tion. The complete integral of these equations S contains a number of con-
stants equal to the number of coordinates (degrees of freedom) α1, α2, α3;
one of them is an additive constant; the energy Eis involved in the solution
as a parameter:

S = S(q1, q2, q3, α1, α2, E) + α3 . (3.28)

If the complete integral of the equation is found, the motion of a charged
particle is determined by the following equations:

∂S

∂αi
= βi ,

∂S

∂E
= t − t0 ,

where αi, βi, (i = 1, 2, 3) are primary and secondary constants, which deter-
mine the possible motion of a particle, t0 is also considered to be an arbitrary
constant.

The first three equations do not contain time, they define a trajectory of
the particle. The last one determines particle position as a function of time.

The classical method of solution of the Hamilton–Jacobi equations is the
method of separation of variables. In particular, it is applicable when the
equation does not explicitly involve one or two coordinates. Suppose that it
does not contain q1 coordinate. Then a solution can be sought in the form

S = S1(q1) + S2(q2, q3) .

Its substitution in (3.25) gives:

H

(
q2, q3,

∂S1

∂q1
,
∂S2

∂q2
,
∂S2

∂q3

)
= E .

It is possible to solve this equation with respect to ∂S1/∂q1 and write

∂S1

∂q1
= F

(
q2, q3,

∂S2

∂q2
,
∂S2

∂q3
, E

)
.

The left part of this equation depends only on the q1-coordinate, while
the right part depends on q1 and q2 coordinates. This equality can exist only
if each side is equal to some constant value α1, that is

∂S1

∂q1
= α1, F

(
q2, q3,

∂S2

∂q2
,
∂S3

∂q3
, E

)
= α1 .

The first of these equations has the integral S1 = α1q1 + const, the last
one contains fewer variables than the initial equation and usually allows us
to find a simpler solution.
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The Hamilton–Jacobi equation does not contain explicitly two coordi-
nates, the solution can be sought in the form:

S = S1(q1) + S2(q2) + S3(q3) .

Its substitution separates the partial differential equation into three ordi-
nary differential equations that can be integrated directly.

The Hamilton–Jacobi method allows us to express the motion of a particle
in terms of a single scalar function known as the action function S. This
is an important property of the method, which has been successfully used
for analysis of charged-particle motion in complicated electric and magnetic
fields.

3.6 Equations of Motion in Axially Symmetric Fields

Study of charged-particle motion in this type of fields is of special interest,
because focusing systems with axially symmetrical fields have found wide
application in the majority of modern electronic devices.

It is natural to use the cylindrical coordinate system for analysis of
charged-particle motion in such fields.

3.6.1 Equations of Motion in Newton Form

These are obtained from the general equations (3.3), if one substitutes in
them zero values of azimuth field components (Eθ = Bθ = 0):

m(r̈ − rθ̇2) = eEr + erθ̇Bz ; (3.29)

m
1
r

d

dt
(r2θ̇) = eżBr − eṙBz ; (3.30)

mz̈ = eEz − erθ̇Br . (3.31)

Bush Theorem

There exists an important relation that characterizes motion in axially sym-
metrical fields, known as the Bush theorem.

Let us express in (3.30) the radial and axial magnetic field components
in terms of a vector magnetic potential Aθ by means of expressions:

Bz =
1
r

∂

∂r
(rAθ) ; Br = −∂Aθ

∂z
.

Then we have

m
1
r

d

dt
(r2θ̇) = −eż

∂Aθ

∂z
− eṙ

1
r

∂

∂r
(rAθ) ,

or

m
d

dt
(r2θ̇) = −eż

∂(rAθ)
∂z

− eṙ
∂

∂r
(rAθ) .
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Since

ż
∂

∂z
(rAθ) + ṙ

∂

∂r
(rAθ) =

dAθ

dt
,

we obtain

m
d

dt
(r2θ̇) = −e

d

dt
(rAθ) .

Its integration gives

mr2θ̇ + erAθ = C .

The value of the constant C can be found, if the values involved in the
left part of the equation are known at any arbitrary point k of the article
trajectory C = mr2

kθ̇k + erkAθk. Then,

mr2θ̇ − mr2
kθ̇k = −e(rAθ − rkAθk) . (3.32)

Aθ is a component of the vector magnetic potential at a radius r, which
can be expressed in terms of magnetic flux ψ linked by a circumference of
radius r:

Aθ =
ψ

2πr
=

2π
r∫
0

Bzrdr

2πr
. (3.33)

The substitution of the last equation in (3.32) leads to

mr2θ̇ − mr2
kθ̇k = − e

2π
(ψ − ψk) , (3.34)

where ψ and ψk are magnetic fluxes, passing through the surfaces bounded
by the circles with radius r and rk, respectively (Fig. 3.1).

This expression is known as the Bush theorem. It states that a change in
the angular momentum is proportional to the magnetic-flux variation.

If a particle starts with zero initial velocity, the above expression for the
angular momentum is written as

mr2θ̇ = − e

2π
(ψ − ψk) . (3.35)

It follows that

r2θ̇ = − e

2πm
(ψ − ψk) . (3.36)
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Fig. 3.1. Definition of magnetic fluxes ψ
and ψk

Modified Equations of Motion

Using (3.36) we can transform (3.29)–(3.31) to the following form:

mr̈ =−e
∂U

∂r
− e2

4π2m

ψ − ψk

r

(
2πBz − ψ − ψk

r2

)
; (3.37)

mz̈ =−e
∂U

∂z
− e2

4π2m

ψ − ψk

r2

∂ψ

∂z
; (3.38)

θ̇ =− 1
2π

e

m

ψ − ψk

r2 . (3.39)

The peculiarity of these equations lies in the fact that forces acting upon
a charged-particle are expressed in terms of electric and magnetic fields pa-
rameters only. They allow some important properties of particle motion in
axially symmetric fields to be deduced.

As follows from (3.37), the radial force acting upon a particle due to the
magnetic field depends not only on the value of the magnetic induction at
the particle position, but on the difference of magnetic fluxes ψ − ψk as well.
The force tends to zero when this difference approaches zero.

Equation (3.38) shows that the magnetic field varying in the z-direction
produces a z−component of magnetic force. This results in a decrease of the
z-component of the particle velocity when the magnetic field is increased in
the z-direction and vice versa.

In the particular case of a uniform magnetic field directed along the z-axis
(B = Bz) we have:

ψ = πr2Bz , ψk = πr2
kBz ,

∂ψ

∂z
= 0 .

Then system of equations (3.37)–(3.39) is reduced to
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r̈ = − e

m

∂U

∂r
− 1

4

( e

m

)2
B2

zr

(
1 − r4

k

r4

)
;

z̈ = − e

m

∂U

∂z
;

θ̇ = −1
2

e

m
Bz

(
1 − r2

k

r2

)
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3.40)

In some cases it is expedient to represent (3.37)–(3.39) in the following
form:

mr̈ = −e
∂U

∂r
− e2

8π2m

∂

∂r

(
ψ − ψk

r

)2

;

mz̈ = −e
∂U

∂r
− e2

8π2m

∂

∂z

(
ψ − ψk

r

)2

;

θ̇ = − 1
2π

e

m

ψ − ψk

r2 .

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3.41)

It follows from (3.41) that motion of a particle in axially symmetric fields
can be considered as motion in fields with generalized potential Q:

Q = U +
e

8π2m

(
ψ − ψk

r

)2

,

mr̈ = −e
∂Q

∂r
mz̈ = −e

∂Q

∂z
.

(3.42)

The trajectory equation is obtained if we eliminate time from the above
equations of motion:

d2r

dz2 =
(

∂Q

∂r
− ∂Q

∂z

dr

dz

)[
1 +

(
dr

dz

)2
]

1
2Q

. (3.43)

Paraxial Equations of Motion

These equations are used for description of charged-particle motion in the
vicinity of the axis of symmetry with small angles of trajectory slopes. They
can be obtained from the general equations of motion if we present potentials
and magnetic fluxes, including in them, as series expansions [see (2.25), (2.59),
(2.60)] and to hold only the first terms of the series. Then one finds:

∂U

∂z
≈ dU0

dz
= U ′

0 ,
∂U

∂r
≈ −r

2
d2U0

dz2 = −r

2
U ′′

0

Bz ≈ Bz0 Br ≈ B′
z0 ,

ψ ≈ πr2Bz0 ψk ≈ πr2
kBz0k .



66 3 Fundamentals of Charged-Particle Motion

In these equations the primes denote differentiation on the z-coordinate, zero
in subscripts indicates the values at the axis of symmetry, Bz0k is the value
of magnetic induction at the cathode.

Substitution of these expression in the general equations of motion (3.37)–
(3.39) yields the following system of paraxial equations of motion:

r̈ =
1
2

e

m
rU ′′

0 − 1
4

( e

m

)2
rB2

z0

[
1 −

(
r2
kBz0k

r2Bzo

)2
]

(3.44)

z̈ =− e

m
U ′

0 − 1
4

( e

m

)2
r2B′

z0Bz0

(
1 − r2

kBz0k

r2Bz0

)
(3.45)

θ̇ =−1
2

e

m
Bz0

(
1 − r2

kBz0k

r2Bz0

)
. (3.46)

Elimination of time from these equation allows us to obtain the paraxial
trajectory equation:

d2r

dz2 +
U ′

0

2U0

dr

dz
+

U ′′
0

4U0
r − e

8m
r
B2

z0

U0

[
1 −

(
r2
kBz0k

r2Bz0

)2
]

= 0 . (3.47)

3.6.2 Lagrange and Hamilton Equations of Motion

One of the main properties of these equations is that they keep the same form
for different coordinate systems. The only thing that is required is to express
them in cylindrical coordinates and obtain expressions for the Lagrange and
Hamilton functions.

This can be done, if one substitutes into general equations (3.11), (3.17),
(3.20), (3.24) corresponding coordinates, scale coefficients, velocities, momen-
tum and magnetic vector potential components:

q1 = r h1 = 1 q̇1 = ṙ p1 = pr A1 = A2 = 0

q2 = θ h2 = r q̇2 = θ̇ p2 = pθ A2 = Aθ = A

q3 = z h3 = 1 q̇3 = ż p3 = pz A3 = Az = 0 .

Upon substitution we have:

d

dt

(
∂L

∂r

)
− ∂L

∂r
= 0;

d

dt

(
∂L

∂θ

)
− ∂L

∂θ
= 0;

d

dt

(
∂L

∂z

)
− ∂L

∂z
= 0 ;

L =
m

2
[r2 + r2θ̇2 + z2] + erθ̇Aθ − eU(r, z) ;
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ṗ = −∂H

∂r
; ṗθ = −∂H

∂θ
; ṗz = −∂H

∂r
;

ṙ =
∂H

∂pr
θ̇ =

∂H

∂pθ
; ż =

∂H

∂pz
,

(3.48)

H =
1

2m

[
p2

r +
1
r2 (pθ − erAθ)2 + p2

z

]
− eU(r, z). (3.49)

It is worth mentioning that the momenta involved in the Hamilton func-
tion, are generalized momenta:

pr =
∂L

∂ṙ
; pθ =

∂L

∂θ̇
; pz =

∂L

∂ż
.

It is interesting to note that the Bush theorem, obtained above, imme-
diately follows from the Hamilton equations of motion. Since the Hamilton
function does not depend explicitly on θ, we find:

ṗθ = −∂H

∂θ
= 0 ; pθ = const ; θ̇ =

∂H

∂pθ
=

1
mr2 (pθ − erAθ) .

These equations give:

pθ = mr2θ + erAθ = const .

The last equation leads to the Bush theorem.

3.6.3 Hamilton–Jacobi Equation of Motion

This can be found from (3.27) upon corresponding substitution and has the
following form:

1
2m

[(
∂S

∂r

)2

+
1
r

(
∂S

∂θ
− erAθ

)2

+
(

∂S

∂z

)2
]

+ eU(r, z) = E = const .

(3.50)

It does not involve θ coordinate explicitly, and the method of separation
of the variables can be applied for its solution.

3.6.4 Motion of Electrons in Cylindrical Magnetron

It is instructive to consider electron motion in a cylindrical magnetron as an
example of application of the different equations of motion.

The cylindrical magnetron cosists of two concentric cylinders. The inner
cylider is the cathode having zero potential. The outer cylinder is the anode
electrode with potential Ua. This results in a radial electric field E within
the interelectrode space:

U = U (r) = Ua
ln r/a

ln b/a
and Er = − Ua

r ln b/a
.
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The magnetic field is assumed to be uniform and directed along the
z−axis, which is normal to the page B = Bz = const.

In this case the magnetic vector potential has only one θ-component,
which can be expressed as:

Aθ =
ψ

2πr
=

πr2B

2πr
=

rB

2
.

The initial velocity of electrons at the cathode is assumed to be equal to
zero.

Equation of Motion in Newton Form

Since in the present case ∂U/∂z = ∂B/∂z = 0, ψ = πr2B and ψk = πa2B
the equations of motion are reduced to

r̈ =
ê

m

∂U

∂r
− r

(
ê

2m
B

)2 (
1 − a4

r4

)
,

θ̇ =
1
2

ê

m
B

(
1 − a2

r2

)
(3.51)

mz̈ = 0, ż = const = 0 .

Note that in the above equations and throughout this section ê is the absolute
value of electron charge.

The motion is performed in the rθ-plane, the angular velocity θ̇ being a
function of only the radial electron position.

The equation of trajectory in the rθ plane is found with the help of the
energy conservation law:

ṙ2 + r2θ̇2 = 2
ê

m
U .

This gives:

θ̇ =

√
2

ê

m
U

[(
dr

dθ

)2

+ r2

]− 1
2

.

Substitution of the last equation in (3.51) yelds√
2

ê

m
U

[(
dr

dθ

)2

+ r2

]− 1
2

=
1
2

ê

m
B

(
1 − a2

r2

)
,

or, after some algebra:

dθ

dr
=

1
2

(
ê

m

)1/2

B

(
1 − a2

r2

)
[
2U − 1

4
ê

m
B2r2

(
1 − a2

r2

)2
]1/2 . (3.52)
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a

B2

B3

B1

r

b0

Fig. 3.2. Cylindrical magnetron

Its integration leads to:

θ = θ0 +

r∫
a

1
2

(
ê

m

)1/2

B

(
1 − a2

r2

)
dr

[
2U (r) − 1

4
ê

m
B2r2

(
1 − a2

r2

)2
]1/2 , (3.53)

where

U (r) = Ua
ln r/a

ln b/a
.

These expressions are used for the calculation of electron trajectories r =
f (θ) by a numerical method. Some electron trajectories corresponding to
various values of magnetic field B3 > B2 > B1 are shown in Fig. 3.2.

It is seen that beginning from a certain value of magnetic field B = B2
electrons cannot reach the anode surface and return to the cathode and cutoff
of the anode current takes place.

The cutoff condition can be determined without direct solution of (3.53).
It is readily seen that, at the cutoff condition, electrons just graze the anode
surface, their radial velocity at this point is equal to zero. Therefore, the
cutoff condition can be written as follows:

dr

dt
= 0, at r = b ,

or
dr

dθ
=

dr

dt
/
dθ

dt
= 0 .

Its substitution in (3.52) leads to the well-known cutoff relationship:

Ua =
ê

8m
B2b2

(
1 − a2

b2

)2

.
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Method of Hamilton Equations

For the present case the Hamilton function is given by:

H =
1

2m

[
p2

r +
1
r2 (pθ + êrAθ)

2
]

− êU (r) = 0 ,

or, since Aθ = rB/2,

H =
1

2m

[
p2

r +
1
r2

(
pθ +

êr2B

2

)2
]

− êU (r) = 0 .

Then, using the Hamilton equations one obtains:

ṗθ = −∂H

∂θ
= 0, therefore, pθ = const,

θ̇ =
∂H

∂pθ
=

1
mr2

(
pθ +

êr2B

2

)
.

This results in

pθ = mr2θ̇ − ê
r2B

2
= const .

Using the initial condition θ̇ = 0 at r = a one obtains

pθ = −ê
r2B

2
= const .

Therefore,

θ̇ =
1
2

ê

m
B

(
1 − a2

r2

)
,

ṙ =
∂H

∂pr
=

pr

m
.

The value of prcan be found directly from the Hamilton function:

pr =

[
2mêU − 1

r2

(
pθ +

êr2B

2

)2
]1/2

.

Substitution in this equation of pθ = −ea2B
2 yields:

pr =

[
2mêU − ê2r2B2

4

(
1 − a2

r2

)2
]1/2

.

The electron-trajectory equation is found in the following way:

dθ

dr
=

θ̇

ṙ
=

mθ̇

ṗr
=

1
2

(
ê

m

)1/2

B

(
1 − a2

r2

)
[
2U − 1

4
ê

m
r2B2

(
1 − a2

r2

)2
]1/2 .
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It is similar to (3.52) and has the same integral (3.53).
The formula for the current cutoff is obtained as follows. As has been

shown the cutoff condition is

ṙ =
dr

dt
= 0 at r = b ,

then, taking into account that ṙ = pr

m , one finds

pr|r=b =

[
2mêU − e2r2B2

4

(
1 − a2

b2

)2
]1/2

= 0 .

This yields

Ua =
ê

8m
B2b2

(
1 − a2

b2

)2

.

Application of Hamilton–Jacobi Equation

In the case under cosideration this differential equation is written as:

1
2m

[(
∂S

∂r

)2

+
1
r2

(
∂S

∂θ
+

êr2B

2

)2
]

− êU (r) = E .

Since the cathode potential and initial electron velocities are assumed to
be equal to zero the total energy will be also equal to zero, E = 0.

In accordance with the method of separation of variables a solution is
presented in the following form:

S = S1 (r) + S2 (θ) .

Its substitution in the differential equation gives:(
dS1

dr

)2

+
1
r2

(
dS2

dθ
+

er2B

2

)2

− 2êmU (r) = 0 .

It can be written as follows:

dS2

dθ
= r

[
2êmU (r) −

(
dS1

dr

)2
]1/2

− êr2B

2
.

The right part of this equation depends only on the r-coordinate, while
the left part depends on the θ-coordinate. This equality can exist only if each
side is equal to some constant valueα2, that is

dS2

dθ
= α2 and r

[
2êmU (r) −

(
dS1

dr

)2
]1/2

− êr2B

2
= α2 .

The last equation can be written as

dS1

dr
=

√
ϕ (r) ,
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where

ϕ (r) = 2êmU (r) − 1
r2

(
α2 +

êr2B

2

)2

.

Therefore, instead of the initial patial differential equation there are two
ordinary differential equations for S1 (r) and S2 (θ), which allow direct inte-
gration:

S2 = α2θ + C1 , S1 =
∫ √

ϕ (r)dr + C2 ,

where C1 and C2 are arbitrary constants.
Therefore, a solution of the initial patial differential equation can be writ-

ten as:

S = S1 + S2 =
∫ √

ϕ (r)dr + α2θ + C3 .

In accordance with the general method (see Sect. 3.5) the trajectory equa-
tion is determined by

dS

dα2
= β2 ,

where β2 is a secondary arbitrary constant.
This gives

θ +
∫

d

dα2

√
ϕ (r)dr = β2 .

Since

d

dα2

√
ϕ (r) = −α2 + êr2B

2

r2
√

ϕ (r)
,

one obtains:

θ − f (r) = β2 , f (r) =
∫

α2 + êr2B
2

r

2√
ϕ (r)dr .

These equations determine a family of possible electron trajectories, a
particular trajectory being determined by the values of the constants α2 and
β2, which in turn depend on the initial conditions.

The constant β2 can be found if the position of any trajectory point is
known. Assuming that it is a point at the cathode surface with coordinates
r = a and θ0, one finds:

β2 = θ0 − f(a) .

Then,

θ = θ0 +

r∫
a

α + êr2B
2

r2
√

ϕ (r)
dr .
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The arbitrary constant α2 including in this equation can be easily found
since it has the physical meaning of generalized momentum α2 = ∂S/∂θ = pθ.
At the point occurring on the cathode surface (r = a) pθ = −ea2B/2, there-
fore, α2 = pθ = −êa2B/2.

The ultimate result will be

θ = θ0 +

r∫
a

1
2

(
ê

m

)1/2

B

(
1 − a2

r2

)
dr

[
2U (r) − 1

4
ê

m
B2r2

(
1 − a2

r2

)2
]1/2 .

This is the equation of a particular electron trajectory. It agrees with
those obtained by other methods.

3.7 Motion in Planar Two-Dimensional Fields

3.7.1 Equations of Motion in Newton Form

For the rectangular coordinate system x, y, z taking the x-components of
electric and magnetic fields equal to zero, Ex = Bx = 0, we find the following
equations of motion:

mẍ = eẏBz − eżBy, mÿ = eEy − eẋBz, mz̈ = eEz + eẋBy .

(3.54)

3.7.2 Lagrange and Hamilton Equations

These are obtained from the equation of motion in generalized curvilinear
coordinates, if we introduce into them the expressions for coordinates, im-
pulses, and components of the vector magnetic potential. Taking into account
that the vector magnetic potential has only one component A1 = Ax = A, we
obtained the following expressions for the Lagrange and Hamilton functions:

L =
m

2
(ẋ2 + ẏ2 + ż2) + eAẋ − eU(x, y) ;

H =
1

2m
[(px − eA)2 + p2

y + p2
z] + eU(x, y) .

Analog of Bush Theorem

The Hamilton function does not involve the x-coordinate explicitly, therefore,

ṗx = −∂H

∂x
= 0 and px = const .
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Fig. 3.3. Definition of magnetic fluxes
ψand ψ0

Since px = ∂L
∂x = mẋ + eA, it gives mẋ + eA = const or in equivalent form:

mẋ − mẋ0 = −e(A − A0) ,

where ẋ0 and A0 are the values of the velocity and the vector potential at
some initial point of the trajectory.

When a magnetic field has the plane of symmetry (y = 0) the magnetic
potentials can be expressed by the magnetic field flows, ψ and ψ0, passing
through the surfaces of unit width Sand S0 (Fig. 3.3).

This leads to the following expression, which is analogues to the Bush
theorem:

mẋ − mẋ0 = −e(ψ − ψ0) . (3.55)

3.8 Numerical Calculation
of Charged-Particle Trajectories

Motion of the charged-particles is described by the ordinary differential equa-
tion of the second order. Several methods are used for their integration: stan-
dard methods such as Runge–Kutta and Adams–Stormer methods, methods
of the Taylor series and special ones, which take into account the specificity
of the integrated equations.

3.8.1 Method of Taylor Series

We consider the application of the method for the calculation of charged-
particle trajectories in a two-dimensional electrostatic field. In the rectangular
coordinate system y, z the equations of motion are written as follows:

d2y

dt2
=

e

m
Ey ,

d2z

dt2
=

e

m
Ez .

Let us suppose that at some initial time t0 the charged-particle coordi-
nates y0, z0 and the components of velocities ẏ0, ż0 are known. Then, using
the Taylor series it is possible to find its position and the velocity in the next
time interval t1 = t0 + ∆t:

y1 = y0 + ẏ0∆t +
1
2
ÿ0∆t2 +

1
6
y0∆t3 + · · · ,
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z1 = z + ż0∆t +
1
2
z̈0∆t2 +

1
6
z0∆t3 + · · · ,

where the dots above the coordinates (ẏ0, ÿ0, etc.) indicate derivatives of the
coordinates with time.

Assuming that time step ∆t is small, it is possible to neglect the terms of
the series containing time steps of degree higher then the second. Then the
following system of equations is obtained for determination of coordinates
and components of velocity at the end of the time step ∆t:

y1 
 y0 + ẏ0∆t +
1
2
ÿ0∆t2 , ẏ1 
 ẏ0 + ÿ0∆t +

1
2
y0∆t2 ,

z1 
 z0 + ż0∆t +
1
2
z̈0∆t2 , ż1 
 ż0 + z̈0∆t +

1
2
z0∆t2 .

The values ÿ0,
...
y0, z̈0,

...
z0 appearing in these equation are found from equa-

tions of motion:

ÿ0 =
e

m
(Ey)0 ,

...
y0 =

e

m

[(
∂Ey

∂y

)
0
ẏ0 +

(
∂Ey

∂z

)
0
ż0

]
,

z̈0 =
e

m
(Ez)0

...
z0 =

e

m

[(
∂Ez

∂y

)
0
ẏ0 +

(
∂Ez

∂z

)
0
ż0

]
,

the components of the electrostatic field as well as their derivatives being
determined at the initial point having coordinates y0, z0.

The found values y1, ẏ1, z1, ż1 are used for the determination of coordi-
nates and components of velocities at the next time step and so on. This
gives the following algorithm of trajectory computation:

yn+1 
 yn + ẏn∆t +
1
2
ÿn∆t2 , ẏn+1 
 ẏn + ÿn∆t +

1
2
...
yn∆t2 ,

zn+1 
 zn + żn∆t +
1
2
z̈n∆t2 , żn+1 
 żn + z̈n∆t +

1
2
...
zn∆t2 ,

ÿn =
e

m
(Ey)n ,

...
yn =

e

m

[(
∂Ey

∂y

)
n

ẏn +
(

∂Ey

∂z

)
n

żn

]
,

z̈n =
e

m
(Ez)n

...
zn =

e

m

[(
∂Ez

∂y

)
n

ẏn +
(

∂Ez

∂z

)
n

żn

]
.

3.8.2 Runge–Kutta Method of Fourth Order of Accuracy

Let us consider the application of the method for numerical solution of the
paraxial trajectory equation for a particle moving in an axially symmetrical
electrostatic field:
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d2r

dz2 +
U ′

0

2U0

dr

dz
+

U ′′
0

4U0
r = 0 ,

where U0, U ′
0, U ′′

0 are, respectively, axial potential and its first and second
derivatives on the z-coordinate.

Its solution yields the function r = f (z), which describes the particle
trajectory. The equation can be rewritten in the following form:

d2r

dz2 = F (r, z, r′) ,

where

F (r, z, r′) = − U ′
0

2U0
r′ − U ′′

0

4U0
r and r′ =

dr

dz
.

The solution of this equation by the Runge–Kutta method is produced
by the following standard algorithm [61]:

rn+1 = rn + h

[
r′
n +

1
6

(k1 + k2 + k3)
]

,

r′
n+1 = r′

n +
1
6

(k1 + 2k2 + 2k3 + k4) .

In these equations his the step of integration, the values k1, k2, k3, k4 are
determined by the equations:

k1 = hF (zn, rn, r′)

k2 = hF

(
zn +

h

2
, rn +

h

2
r′
n +

h

8
k1, r′

n +
1
2
k1

)
,

k3 = hF

(
zn +

h

2
, rn +

h

2
r′
n +

h

8
k1, r′

n +
1
2
k2

)
,

k4 = hF

(
zn + h, rn + hr′

n +
h

2
k3, r′

n + k3

)
.

The initial values z0, r0, r′
0 are used for the first integration step. The

magnitude of the error of this method is of order of ε ≈ (
h5

)
.

3.8.3 Spatial Method of Trajectory Tracing

This method is based on the finite-difference equations, which directly follow
from the motion equations. For instance, for the equation of motion in a
two-dimensional electrostatic field they are:

y (t + ∆t) = y (t) + ẏ

(
t +

1
2
∆t

)
∆t ,

ẏ

(
t +

1
2
∆t

)
= ẏ

(
t − 1

2
∆t

)
+

e

m
Ey (t) ∆t
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z (t + ∆t) = z (t) + ż

(
t +

1
2
∆t

)
∆t ,

ż

(
t +

1
2
∆t

)
= ż

(
t − 1

2
∆t

)
+

e

m
Ez (t) ∆t .

The equations have a simple physical interpretation. The increments of
the coordinates are equal to the product of the corresponding components of
velocity on the integration time step ∆t. The increments of velocity compo-
nents are determined as the product of the acceleration on the time step.

It should be noted that the values of velocity and accelerated components,
which are used in the above equations, correspond to the middle of the time
step.

3.9 Electrostatic Charged-Particle Lenses

Some types of specially shaped electric fields possess the property to focus
electron beams passing through them. The fields are known as electron lenses.
Amongst the number of lens types the lenses of axial symmetry are most
widely used in electron devices.

3.9.1 Types of Axially Symmetric Electrostatic Lenses

Axially symmetric electrostatic spatially shaped fields of a finite extension
can create the electrostatic lenses, which possess the property to focus or
defocus charged-particle beams.

The lenses can be classified by the potential distribution along the lens
axis and by the design of electrodes that produce the lens field.

When on both sides of a lens potential is constant and has the same value
it is called a unipotential (or single) lens (Fig. 3.4a,b,c). If potentials are
constant but have different values on the two sides of the lens, it is known as
an immersion lens (Fig. 3.4d,e,f).

As is seen, lens electrode systems consist of different combinations of
cylinders and diaphragms.

A special type of lens is formed by a diaphragm electrode with regions
of uniform field at one or both sides of it (Fig. 3.5a,b,c). They are known as
diaphragm lenses. Diaphragm lenses are usually components of more compli-
cated electron-optical systems.

3.9.2 Focusing Properties of Electrostatic Lenses

Focusing properties can be investigated by analysis of the charged-particle
trajectory equation, which is obtained by the elimination of time from the
equations of motion.
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Fig. 3.4. Types of electrostatic lenses with corresponding potential distribution

Fig. 3.5. Potential distribution in the diaphragm lenses
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m
d2r

dt2
= −e

∂U

∂r

m
d2z

dt2
= −e

∂U

∂z
.

The procedure of time elimination leads to the following trajectory equa-
tion

d2r

dz2 =
(

∂U

∂r
− ∂U

∂z

dr

dz

)[
1 +

(
dr

dz

)2
]

1
2U

.

This can be simplified, if we consider only paraxial trajectories, assuming
that r and dr

dz are small. In this case:

1 +
(

dr

dz

)2

≈ 1 , U ≈ U0(z) ,

∂U

∂r
≈ −U ′′

0 (z)
r

2
,

∂U

∂z
≈ U ′

0(z) ,

where U0(z), U ′
0(z), U ′′

0 – potential and its derivatives at the axis of sym-
metry.

Substitution of these results in the above equations gives the paraxial
trajectory equation:

d2r

dz2 +
1
2

dr

dz

U ′
0

U0
+

r

4
U ′′

0

U0
= 0 .

It is easy to verify that this equation can be also written in the form:

d

dz

(√
U0

dr

dz

)
= −r

4
U ′′

0√
U0

. (3.56)

Let us apply it to the investigation of charged-particle motion in the lens
region, which is supposed to be limited by the interval z1 − z2 of the z-axis
as is shown in Fig. 3.6.

The integration of this equation within these limits of z1 − z2 gives:

(√
U0

dr

dz

)z2

z1

= −
z2∫

z1

r

4
U ′′

0

U0
dz ,

or

√
U02

(
dr

dz

)
2

−
√

U01

(
dr

dz

)
1

= −
z2∫

z1

r

4
U ′′

0√
U0

dz .

This equation permits determination of the slope of a trajectory at the
exit of the lens if the entrance slope (dr/dz)1 is known.
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Fig. 3.6. Definition of focusing distances of a thin lens

Thin Lens

A lens is called “thin” or “weak”, if the extent of the lens field is short and
the field is weak. The change of charged-particle radial position within the
thin lens is rather small. With a fair degree of accuracy we can assume it to
be constant r ≈ r0 = const.

Then, (3.56) can be written as

√
U02

(
dr

dz

)
2

−
√

U01

(
dr

dz

)
1

= −r0

4

z2∫
z1

U ′′
0√
U0

dz .

The integration by parts of the integral leads to:

√
U02

(
dr

dz

)
2

−
√

U01

(
dr

dz

)
1

= −r0

4

(
U ′

0√
U0

)z2

z1

− r0

8

z2∫
z1

(U ′
0)

2

U
3/2
0

dz ,

or

√
U02

(
dr

dz

)
2

−
√

U01

(
dr

dz

)
1

=
r0U

′
01

4
√

U01
− r0U

′
02

4
√

U02
− r0

8

z2∫
z1

(U ′
0)

2

U
3/2
0

dz ,

where U ′
0 and U ′

02are the gradients of the electric potential at the left and
the right sides of the lens.

For the charged-particle entering the lens parallel to the z-axis with zero
slope (dr/dz)1 = 0 we obtain the following equation for the trajectory slope
at the exit of the lens:(

dr

dz

)
2

=
r0

4
√

U02

(
U ′

01√
U01

− U ′
02√
U02

)
− r0

8

z2∫
z1

(U ′
0)

2

U
3/2
0

dz .

If the regions at the left and at the night sides of a lens are free of field
U ′

01 = U ′
02 = 0, we obtain:
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(
dr

dz

)
2

= − r0

8
√

U02

z2∫
z1

(U ′
0)

2

U
3/2
0

dz . (3.57)

Since the value of (U ′
0)

2is certainly positive, the slope of a trajectory (dr/dz)2
will be negative for r > 0and positive for r < 0 so that trajectories at the exit
of the lens will be inclined towards the axis (Fig. 3.6). So we can state that
electric fields of finite length create lenses that possess the convergent action.
Single and immersion lenses mentioned above are, therefore, convergent.

Focal Length of a Thin Lens

The focal length of the thin lens is the distance from the central plane of the
lens to the point where the trajectory, which is parallel to the z− axis at lens
entrance, crosses the axis (Fig. 3.6).

Assuming that the trajectory slope is changed by a step at the middle
plane of the lens, we find the following trajectory equation after the lens:

r = r0 +
(

dr

dz

)
2
(z − z0) .

From this follows the expression for the focal length:

f2 = zF2 − z0 = − r0(
dr

dz

)
2

.

Using (3.57) we can obtain the focal length of the thin electrostatic lens.
For charged-particles moving from the left to the right (Fig. 3.6) we find:

1
f2

= − 1
r0

(
dr

dz

)
2

=
1

8
√

U02

z2∫
z1

(U ′
0)

2

U
3/2
0

dz . (3.58)

By analogy with the above analysis we find that the lens is also convergent
for charged-particles moving from the right to the left. Its focal length will
be

1
f1

= − 1
8
√

U01

z2∫
z1

(U ′
0)

2

U
3/2
0

dz , (3.59)

the distance to the left of the lens central plane z0 is supposed to be negative.
From (3.58) and (3.59) we find:

f1

f2
= −

√
U01√
U02

.

It is easy to see that the values of focal lengths f1 and f2are equal for
single lenses and different for immersion lenses.
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In contrast to the considered cases the diaphragm lenses can be convergent
or divergent depending on the field gradients at the left and the right sides
of the diaphragm.

Using the definition of focal length 1
f2

= − 1
r0

(
dr
dz

)
2 given above, we find

the following equation for the focal length of diaphragm lenses:

1
f2

=
1

4
√

U02

(
U ′

02√
U02

− U ′
01√
U01

)
+

r0

8

z2∫
z1

(U ′
0)

2

U
3/2
0

dz .

In the case of the diaphragm lens the interval of varying field z2 − z1
approaches zero and the second term including the integral vanishes, which
results in:

1
f2


 1
4
√

U02

(
U ′

02√
U02

− U ′
01√
U01

)
.

Taking into account that in the case under consideration U01 ≈ U02 ≈ U0
we obtained

1
f2

≈ 1
4
√

U0
(U ′

02 − U ′
01) , or

1
f2

≈ 1
4U0

(E1 − E2) , (3.60)

where E1 and E2 are electric field strength on the left and on the right of the
diaphragm.

Matrix Equation for the Thin Unipotential Lens

The paraxial equation of the charged-particle trajectory is the linear differen-
tial equation. This allow us to consider an electrostatic lens as a system that
produces the linear transformation of the entrance trajectory parameters r1
and

(
dr
dz

)
1 to the final ones r2 and

(
dr
dz

)
2, and use the matrix method for the

description of the lens action.
As mentioned above, the thin lens does not change the radial position of

charged-particles passing through it but it changes the trajectory slope by a
step. Therefore, we can put r2 = r1 = r0. The transformation of the slope is
governed by the following equation(

dr

dz

)
2

=
(

dr

dz

)
1

− r0

8
√

U02

z2∫
z1

(U ′
0)

2

U
3/2
0

dz .

Since

1
8
√

U02

z2∫
z1

(U ′
0)

2

U
3/2
0

dz =
1
f2

,

we obtain the following expression for the slope transformation:(
dr

dz

)
2

=
(

dr

dz

)
1

− r0

f2
,
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or, denoting
(

dr
dz

)
1 = r′

1 and
(

dr
dz

)
2 = r′

2, we get r′
2 = r′

1 − r0
f .

Taking into account the last expression and the equality r2 = r1 = r0we
can find the equivalent matrix lens equation:∣∣∣∣∣

r2

r′
2

∣∣∣∣∣ = M

∣∣∣∣∣
r1

r′
1

∣∣∣∣∣ . (3.61)

where M is the matrix of the thin lens:

M =
∣∣∣∣ 1 0
−1/f 1

∣∣∣∣ . (3.62)

Angle of Trajectory Refraction

The angle of trajectory refraction is an important parameter that is con-
venient to use in the theory and design of the focusing systems for intense
charged-particle beams. In accordance with the drawing shown in Fig. 3.6
the angle of trajectory refraction is determined as:

α ≈ tgα =
r0

f2
=

r0

8
√

U02

z2∫
z1

(U ′
0)

2

U
3/2
0

dz . (3.63)

Thick Particle Lens

The extension of the active field region in the thick lens is compared with
the lens focal distance. The focusing action of a thick lens can be described
by refraction of the charged-particle trajectories, but in contrast to the thin
lens, the refractions are attached not to the middle plane of the lens but to
the principal planes H1 and H2 as is shown at Fig. 3.7.

The focusing action is described by the following four parameters: f1
and f2 – the focal lengths and distances h1 and h2 that determine the posi-
tion of the principal planes. Knowing these parameters it is possible to find
the charged-particle trajectory behind the lens if a entrance parameters are
known.

The matrix equation of the thick lens has the same form as for a thin
lens: ∣∣∣∣∣

r2

r′
2

∣∣∣∣∣ = M

∣∣∣∣∣
r1

r′
1

∣∣∣∣∣ ,

Fig. 3.7. Geometrical model of
the thick lens and its main dimen-
sions.
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where M is the matrix of transformation that depends on the lens type.
For instance, the unipotential symmetric lens has the following matrix of

transformation (for the region limited by the two principal planes H1 and H2):

M =

∣∣∣∣∣ 1 − s/d 2s − s2/f

−1/f 1 − s/f

∣∣∣∣∣ , (3.64)

where f = f2 = |f1|, s = 2h, h = h1 = |h2|.

Spherical Aberration of Lenses

As applied to the calculation and design of focusing systems for intense
charged-particle beams the lens spherical aberration is most important as
compared with other lens aberrations. It appears in the nonlinear depen-
dence of the angle of trajectory refraction on its radial position r0 at the
middle plane of the lens.

As a result of this peripheral trajectories are refracted more strongly than
predicated by (3.63). A peripheral trajectory crosses the lens axis before the
point of the paraxial focus (Fig. 3.8), its radial coordinate δ in the focal plane
is equal to

δ = Csα
3 ,

where Cs is the coefficient of spherical aberration.
For the case of intense charged-particle beams the effect of the spheri-

cal aberration can be taken into account by the correction of the angle of
refraction which is expressed as [10]:

∆α =
(

Cs

f

)
α3 cos α . (3.65)

Then for the total angle of refraction we find:

α′ = α + ∆α = α +
(

Cs

f

)
α3 cos2 α .

For rather small angles of refraction taking α ≈ r0/f , cos2 α ≈ 1 and in-
troducing the angle coefficient of spherical aberration Cα = Cs/f3,we obtain:

α′ =
(

r0

f

)(
1 + Cαr2

0
)

. (3.66)

Fig. 3.8. Trajectory refraction in the lens
possessing the spherical aberration. f – the
paraxial focal length, α – the paraxial angle
of refraction, ∆α – the correction for the
refraction angle
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Therefore, correction for the angle of trajectory refraction is expressed as:

∆α/α = Cαr2
0 .

Parameters of Some Electrostatic Lenses

The two-electrode immersion lens consists of two coaxial cylinders separated
by a gap, the cylinders being kept at different potentials U1 and U2. De-
pending on the relation of the potentials U2/U1 the lens can be accelerating
or decelerating. The parameters of the lens are presented in Fig. 3.9. Focal
lengths f1 and f2 and the distances p1 = z0 − zF1 and p2 = zF2 − z0, which
determine the position of the focal points F1 and F2, are plotted as a function
of the potential relation U2/U1.

The parameters of a three-electrode unipotential lens are given in Fig. 3.10
when the potential of the middle electrode is equal to the cathode poten-
tial [62].

Fig. 3.9. Parameters of an immersion lens

Fig. 3.10. Parameters of a unipotential lens as function of its geometry. a focal
length fas function the middle electrode thickness T . b distance of the principal
plane from the middle plane of the lens h as a function of the middle electrode
thickness T
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3.10 Magnetic Lenses

Magnetic lenses are created by axially symmetric magnetic fields of a finite
extent, which are produced by electromagnetic coils or ring-shaped perma-
nent magnets (Figs. 3.11–3.16).

The properties of magnetic lenses can be investigated by using the paraxial
trajectory equation, which is obtained from the general paraxial trajectory
equation (3.47), if we assume that there is no axis potential variation (U0 =
const) and the charged-particle emitter is shielded from the magnetic field
(Bz0k = 0):

d2r

dz2 − e

8m

B2
0(z)
U0

r = 0 ,

where B0(z) is the axial component of magnetic induction U0 – axis potential.
Assuming that the magnetic field exists inside the finite interval of the

z-axis z2 − z1 we find the after integration:(
dr

dz

)
2

−
(

dr

dz

)
1

=
e

8mU0

z2∫
z1

rB2
0(z)dz .

Or, after rearranging of the right part of this equation:(
dr

dz

)
2

−
(

dr

dz

)
1

= − e2

8m |eU0|

z2∫
z1

rB2
0(z)dz ,

where
(

dr
dz

)
1 and

(
dr
dz

)
2 are the slopes of the charged-particle trajectory at

the entrance and the exit of the lens.

3.10.1 Thin Magnetic Lens Approximation

For the case of the thin or weak lens the radial coordinate ris considered
to be unchanged within the interval z2 − z1, (r = r0 = const) and the only

Fig. 3.11. Solenoid-type magnetic lenses and corresponding axial magnetic distri-
bution. a – coil without shield, b and c – shielded coils
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trajectory slope is changed abruptly. This allows us to take the r-coordinate
from the integral and write:(

dr

dz

)
2

−
(

dr

dz

)
1

= − e2r0

8m |eU0|

z2∫
z1

B2
0(z)dz .

For a charged-particle moving parallel to the axis of symmetry and enter-
ing the lens from the left to the right, so that

(
dr
dz

)
1 = 0, we find:

(
dr

dz

)
2

= − e2r0

8m |eU0|

z2∫
z1

B2
0(z)dz .

Evidently, the electron trajectory is deflected toward the axis.
The same result is obtained for the electron trajectory passing the lens

from the right to the left.(
dr

dz

)
1

=
e2r0

8m |eU0|

z1∫
z2

B2
0(z)dz .

A thin magnetic lens has a convergent action. Its focal lengths are:

1
f2

=
e2

8m |eU0|

z2∫
z1

B2
0(z)dz ,

1
f1

= − e2

8m |eU0|

z1∫
z2

B2
0(z)dz . (3.67)

The angle of trajectory refraction is expressed as

tgα =
e2r0

8m |eU0|

z2∫
z1

B2
0(z)dz . (3.68)

Azimuthal Charged-Particle Drift

In the case of the magnetic lens a charged-particle passing the lens field
is affected by the azimuthal force that leads to the charge azimuthal drift
expressed by the formula

θ2 − θ1 = − e

(8m |eU0|)1/2

z2∫
z1

B0(z)dz .

As is seen, the azimuth drift depends on the charged-particle sign and the
direction of the axis of magnetic induction B0(z).

3.10.2 Thick Magnetic Lens

In the case when the extension of the lens magnetic field is compared with the
lens focal length, the lens should be considered as a thick one. The geometrical
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model used for description of its focusing action is similar to the model applied
for the thick electrostatic lens with the same set of main lens parameters.

In general, the lens parameters are determined numerically by calculation
of charged-particle trajectories.

The matrix equation for the thick symmetrical magnetic lens coincides
with the one used for the thick symmetrical unipotential electrostatic lens.

3.10.3 Parameters of Some Magnetic Lenses

Thin Coil

The simplest magnetic lens is created by the thin magnetic coil (Fig. 3.12).
When the sizes of the coil cross section are considerably less than its average
radius, the axial magnetic field distribution can be approximately expressed
by the formula obtained for the single ring turn with the current being equal
to the thin coil excitation IN (where I is coil current, N is the number of
coil turns):

Bz0 =
1
2
µ0R

2IN
(
z2 + R2)−3/2

.

Substitution of this equation in the formula for focus length of the thin
lens and integration in the limits z1 = −∞ and z2 = +∞ yields

1
f

=
3πe2µ2

0

162m |eU0|
(IN)2

R
. (3.69)

Magnetic Coil with a Shield

The geometry of the coil is presented in Fig. 3.13. The value of magnetic
induction and its axial distribution depends on the coil excitation IN and on
the magnetic-shield geometry.

Fig. 3.12. Thin magnetic coil Fig. 3.13. Shielded coil. 1 – winding,
2 – shield
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For the case when the relation 0.5 ≤ D/s ≤ 2 is fulfilled and the satura-
tion of the shield material is absent, the axial distribution of the magnetic
induction is expressed by the formula [63]:

Bz0 =
1.257 × 10−4IN

2s

⎡
⎢⎢⎢⎢⎣

z +
s

2√(
D

3

)2

+
(
z +

s

2

)2
−

z − s

2√(
D

3

)2

+
(
z − s

2

)2

⎤
⎥⎥⎥⎥⎦ ,

where magnetic induction Bz0is expressed in Tesla, excitation IN in Am-
peres, the linear dimensions in centimeters.

In general, the optical parameters of the lens are found by numerical
trajectory computation. When the inequality s

D ≤ 1 is fulfilled, it is possible
to approximate the induction distribution by the equation:

Bz0 =
Bm

1 +
(

z
d

)2 .

This is known as Glaser’s approximation. Then, substituting this formula
in the equation for the focal length of the thin lens we find:

1
f

=
e2

8m |eU0|

+∞∫
−∞

B2
m[

1 +
(z

d

)2
]2 dz =

e2

8m |eU0|
πdB2

m

2
=

πk2

2d
,

where k2 = e2B2
md2/8m |eU0| is a parameter that defines the refractive lens

action, for electrons k2 = 2.2 × 104B2
md2/U0.

Parameters Bm and d appearing in the above equations are connected
with the lens parameters by the equalities:

d = 0.48
√

s2 + 0.45D2 , Bm =
µ0IN

πd
.

The estimation of the angle spherical aberration of the lens leads to the
equation

Cα ≈ 1.25
Ds

,

where D and s are lens dimensions expressed in cm.

Long Magnetic Lens

The lens is created by a long coil with uniform winding (Fig. 3.14). The
magnetic field of the coil has the regular region, in which the field is near
uniform with only a longitudinal component of magnetic induction Bz, and
edge regions, where the magnetic field has both field components Br and Bz.

Let us consider the motion of a charged-particle, which is emitted and
accelerated by a source located outside of the magnetic field.
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Fig. 3.14. Long magnetic lens: Magnetic field lines and charged-particle trajecto-
ries

When moving through the edge region the charged-particle interacts with
Br and Bz components of magnetic induction and as a result of that obtains
the azimuthal component of velocity vθ = rθ̇, its value being found from the
Bush theorem. Then the motion of the charged-particle in the regular region
will be described by the following systems of equations:

r̈ = −1
4

( e

m

)2
B2

z , θ̇ = θ̇0 = −1
2

e

m
Bz , z̈ = 0 .

Their integration with time gives:

r = r0 cos ωLt +
(

ṙ0

ωL

)
sin ωLt ,

z = z0 + ż0t , θ = θ0 + θ̇t = θ0 − 1
2

e

m
Bzt ,

where r0, θ0, z0, ṙ0, θ̇0, ż0 are the initial coordinates and velocity components
at the entrance to the uniform field region, ωL = |e|

2mBz is a parameter known
as the Larmor frequency.

Assuming for the simplification of further analysis z0 = 0, θ0 = 0, ṙ0 = 0
and excluding time t with the help of the expressions t = z/ż0, t = θ/θ̇0, we
obtain:

r = r0 cos
(

ωLz

ż0

)
, r = r0 cos

(
ωLθ

θ̇0

)
.

The first equation describes the projection of the particle trajectory on
the meridian plane rz rotating with angular velocity θ̇. The second one gives
the trajectory projection on the azimuthal plane r θ.

Introducing the rectangular coordinates x, y, z in the way shown in
Fig. 3.14, we have x = r cos θ, y = r sin θ. Taking into account the above two
equations we obtain the projection of particle trajectory on xy and xz planes:(

x − r0

2

)2
+ y2 =

r2
0

2



3.10 Magnetic Lenses 91

x =
r0

2

(
1 + cos ωL

z

ż0

)
.

The trajectory projection on the xy plane is the circle with the center
at the point O having the coordinates x = r0/2, y = 0 and radius of the
circle equal to r0/2. The trajectory projection xz plane is the curve shown in
Fig. 3.14 by the solid line. The dashed line presents the trajectory projection
on the meridian rz plane rotating with angular velocity θ̇.

The particle trajectory passes through the z−axis at the points for which
the value x became zero. The positions of the points are found from the
equations:

2ωL
z

ż
= nπ , or z =

nπ

2ωL
ż0 ,

where n are integer odd numbers.
At fixed values of ωL the z-coordinates of these points depend only on the

z-component of velocity ż0 and does not depend on the initial radial coordi-
nate r0. This means that charged-particles entering the regular region of the
long magnetic coil the equal z-component of velocity but at a different radial
coordinate r0 will be focused at the same points of the z-axis. Therefore, a
narrow parallel charged-particle beam being injected in the long magnetic
lens will also be focused at these points.

Magnetic Lens with Divergent Action

This lens can be realized if the emitter of charged-particles is placed in the
sharply falling magnetic field, produced, for instance, by the shielded solenoid
(Fig. 3.15).

A charged-particle moving from the emitter toward the field-free region
obtains the azimuthal component of velocity; its value is found from the Bush
theorem:

vθ = rθ̇ = − 1
2π

e

m

ψ − ψk

r
.

Substitution in this equation ψ = 0 gives the azimuthal velocity at the
entrance to the field-free region.

Subsequently, the particle will move away from the z−axis with transverse
velocity

v⊥ =
1
2π

e

m

ψk

r0
,

where r0 is the radial particle coordinate at the entrance to the field-free
region.

3.10.4 Magnetic Lenses with Permanent Magnets

Several types of lenses with the corresponding curves of the axial distributions
of magnetic induction are shown in Fig. 3.16: a – ring-shaped magnet (barium
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Fig. 3.15. Magnetic lens with divergent action: 1 –
emitter, 2 – focusing electrode, 3 – coil, 4 – shield,
5 – accelerating electrode; dashed lines with arrows
shows charged-particle trajectories. Axial distributions
of magnetic induction Bz0 and accelerating potential
U0 are plotted on the lower drawing

Fig. 3.16. Types of magnetic
lenses: a – ring-shaped magnet
magnetized in axial direction,
b – magnet with the soft iron
shield, c – ring-shaped magnet
magnetized in radial direction

ferrite) magnetized in the axial direction, b – ring-shaped magnet magnetized
in the axial direction with the iron shield, c – ring-shaped magnet magnetized
in the radial direction.

Ring-Shaped Magnet Magnetized in Axial Direction

The axial distribution of magnetic induction and configuration of magnetic
force lines are presented in Figs. 3.16a and 3.17a.

When the magnetization of the magnet J is uniform the axial distribution
of the magnetic induction is found from the expression [52]

Bz0 =
µ0J

2
F (z) . (3.70)

The function F (z) depends on the axial coordinate z, the ring dimensions
D1, D2, l and can be calculated in the following way:

F (z) =
f1

F1
+

f2

F2
− f3

F3
− f4

F4
. (3.71)
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The functions f1, f2, f3, f4, F1, F2, F3, F4, including in the above formula,
are determined by the equations:

F1 = (1 + f1)
1/2

, F2 = (1 + f2)
1/2

, F3 = (1 + f3)
1/2

,

F4 = (1 + f4)
1/2

,

f1 =
l − 2z

D1
, f2 =

l + 2z

D1
, f3 =

l + 2z

D2
, f4 =

l − 2z

D2
.

The value of magnetization J in the operational point is found from the
formula

J ≈ 1
2

(Jr + HCB) ,

where Jr and HCB are the residual magnetization and the coercive force of
the magnet.

When conditions l/D2 ≤ 0.2 and D1/D2 ≥ 0.3 are fulfilled, the axial
distribution of the magnetic induction is approximated by the expression [64]:

Bz0 = Bm
1 − 2Z2

(1 + Z2)5/2 , (3.72)

where Z is the normalized axial coordinate Z = z/R, R = D1+D2
4 is the

average beam radius.
Substitution of this expression in the formula for focal length of the thin

lens and numerical integration gives:

1
f

=
1.43 × 106B2

mR

U0
,

the values Bm, R and U0 being expressed in Tesla, centimeters and Volts,
respectively.

Using an approximate formula (3.72) it is possible to compute the angle
coefficient of spherical aberration:

Cα ≈ 2.5
R2 .

Ring-Shaped Magnet Magnetized in Radial Direction

The axial magnetic induction distribution and configuration of magnetic force
lines are presented in Figs. 3.16c and 3.17b.

The axial induction distribution is expressed by the equation:

Bz0 =
µ0J

2
F (z) ,

where J is radial magnetization of the magnet, F (z) is the function of coor-
dinate z and the ring dimensions.
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a b 

Fig. 3.17. Pictures of magnetic force lines for ring-shaped magnets magnetized in
axial direction (a) and radial direction (b)

The function F (z) is calculated in the following way:

F (z) =
1
F1

− 1
F2

− 1
F3

+
1
F4

+ ln |F5| .

The functions F1, F2, F3, F4, included in this formula, are the same as in
(3.71), F5 is found from the expression:

F5 =
(1 + f3) (1 + f2)
(1 + f1) (1 + f4)

.

Numerical computation is used for determination of the lens parameters.

Ring-Shaped Magnet with Soft Iron Shield

Application of the soft iron shield leads to concentration of the magnetic field
at the center of the lens and increasing of the maximum magnetic induction
Bm (Fig. 3.16b). This results in the increasing of the refraction action of the
magnetic lens.

Magnetic-field computation as well as calculation of the lens parameters
are produced by numerical methods using corresponding computer program
(codes).



4 Motion of Intense Charged-Particle Beams

4.1 Peculiarities of Intense Particle-Beam Motion

4.1.1 Effects of Self-Fields and Velocity Spreading

Motion of intense charge particle beams is considerably affected by particle
interactions. There exist two types of interaction: particle to particle collisions
and collective interaction. In the latter case the charge particles interact
through total self-fields created all the particles of the beam.

As has been shown by Vlasov [65], mainly the collective interactions are
important, when intense beam motion is treated.

There are collective self-fields of different nature: electrostatic field and
magnetic field. The former is the field creating by continuously distributed
space charge of density ρ (x, y, z). It obeys the Poisson equation:

∇2U = −ρ/ε0 . (4.1)

The magnetic field is created by a convection current with density �j = ρ�v.
In this chapter we consider mainly effects of electric self-fields, leaving

the effects of magnetic fields for Chap. 10, where intense relativistic beams
are analyzed, since the effects of a self-magnetic field essentially appears at
relativistic velocities of beam motion.

The most evident effects of electrostatic self-fields are spreading of the
beams, enlargement of their cross section.

Another effect of the space charge is the changing (depression) of the
potential of the space, where beams are moving. This effect leads to limi-
tation of the value of the beam current, which can be transmitted through
interelectrode spaces and tube channels.

The essential feature of the intense beam motion lies in the fact that the
motion occurs in the fields, which in turn depends on this motion. Such fields
are known as self-consistent fields.

Particles of real beams leave the emitter surface with different values and
directions of velocities. This results in nonlaminar charge particle flows, when
at an arbitrary point of flow there exist particles with different velocities.
The effects of initial velocities leads to spreading of edges in extended beams
and limitation of the attainable minimum beam cross section in point focus
beams.
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In general, both effects, the space charge and the velocity spreading, are
to be taken into account in beam-motion analysis.

4.1.2 Mathematical Description of Multiple-Velocity Beams

The concept of phase space, that is the six-dimensional space of coordinates
and velocities x, y, z, vx, vy, vz is used for the mathematical description of
multiple-velocity beam motion.

The elementary volume of phase space is ∆τ = dxdydzdvxdvydvz. The
number of charged-particles occurring in the volume is equal:

dN = f (x, y, z, vx, vy, vz) dx, dy, dz, dvx, dvy, dvz ,

where f (x, y, z, vx, vy, vz) is the phase-space particle density.
In the case when collisions of charge particles are absent the Liouville

theorem states that the phase-space particle density satisfies the equation
[66, 67]:

d

dt
f(x, y, z, vy, vz) = 0 . (4.2)

This result has the following physical sense: the phase-space particle density
in the vicinity of a particle, remains a constant, when the particle is moving.

The total derivative of phase space density can be expressed as follows
[66]:

∂f

∂t
+ �v∇f +

d�v

dt
∇vf = 0 , (4.3)

where ∆∂f
∂x +�iy

∂f
∂y +�iz

∂f
∂z , ∆vf = �ix

∂f
∂vx

+�iy
∂f
∂vy

+�iz
∂f
∂vz

are gradients of
density in coordinate and velocity spaces, respectively.

The particle acceleration appearing in the above equation can be ex-
pressed in terms of the Lorenz force

d�v

dt
=

e

m
( �E + �v × �B) . (4.4)

Substitution of (4.4) in (4.3) gives

∂f

∂t
+ v∇f +

e

m
( �E + �v × �B)∇vf = 0 . (4.5)

If the electric field �E includes the space-charge field, this equation is called
the kinetic equation with self-consistent field, or the Vlasov equation.

In the case of steady-state flow the value of ∂f/∂t in (4.3) and (4.5) is
taken to be equal zero, ∂f/∂t = 0.

A partial solution of (4.2) and, therefore, solutions of (4.3) and (4.5) can be
arbitrary function of integrals of motion, which are the values characterizing
of charge particle motion, being invariant of motion J (t) = const.
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When motion proceeds in static fields an integral of motion is total energy

mv2/2 + eU = const ,

which remains a constant throughout the particle motion.
So, if there is a function f (J), with J being invariant of t, this function

will satisfy (4.2):

df

dt
=

∂f

∂J

dJ

dt
= 0 , since

dJ

dt
≡ 0 . (4.6)

Law of Phase-Space Volume Conservation

This law states that the value of the elementary phase volume ∆τ0 occu-
pied by a group of particles at some initial moment t0 will remain constant
throughout the motion, that is

∆τ = ∆τ0 , (4.7)

where ∆τ is the space volume occupied by the group of particles at the
current moment.

This result can be obtained if we express the number of particles dN in
the group in question through the phase density dN = f0∆τ0 = f∆τ . Since
f = f0, (4.7) follows.

Invariance of phase volume is fulfilled and for a finite phase volume [67]:

τ =
∫

dxdydzdvxdvydvz = const .

An important feature of charge particle motion in phase space is the
absence of particle trajectories intersections. This means that particles oc-
curring inside a closed hypersurface do not cross it throughout the motion.
This allows us to consider only motion of boundary particles, when motion
of a group of particles is analyzed.

Transverse Phase Space

In most charge particle focusing systems charge particle motions in longitu-
dinal and transverse directions can be considered as independent. And what
is more, in many cases motion in the transverse plane in two reciprocally
perpendicular directions can also be considered as independent. For the de-
scription of the transverse motions two phase plane are used the xvx and yvy.
Frequently, instead of phase coordinates vx and vy the normalized coordinates
x′ = dx/dz = vx/vz and y′ = dy/dz = vy/vz are introduced.

When axially symmetric beams are considered a phase plane with phase
coordinates r and r′ = dr/dz is used for beam-motion analysis, r and r′

being radial position and slope of particle trajectory, respectively. A set of
trajectories forming a charge particle beam are presented at the phase plane
as a number of points, which create some phase pattern at the plane. It may
be a straight line, a curve or a figure of finite area.
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The phase pattern of a finite area corresponds to a multiple-velocity beam,
in which several trajectories can pass through a certain point of coordinate
space (Fig. 1.2). The phase pattern allows us to estimate the degree of order
of a beam and its quality.

Emittance

For evaluation of the beam degree of order and its quality the value known
as emittance is introduced. The emittance is defined as the phase-pattern
area A divided by π:

ε = A/π .

The phase-pattern area is conserved (like six-dimensional phase-space vol-
ume) if the beam moves with unchanged velocity vz through a charge particle
optical system, which focusing forces depend linearly on the radial coordi-
nates. This leads to conservation of beam emittance.

It is important to note that a charge particle beam with a finite value of
emittance can not be focused to a point.

More detailed consideration of the emittance and the beam brightness is
given in the Appendix.

System of Equation of Beam Motion in Self-Consistent Fields

The system can include the above equations in different combinations. But
most frequently it consists of the following: Poisson and Vlasov equations
(4.1) and (4.5), which are complemented by the equations expressing space
charge and current densities in terms of the phase-space density:

ρ (x, y, z) = e

∫
vdv (4.8)

�j = e

∫
�vfdv . (4.9)

The system of equations (4.1), (4.5), (4.8), (4.9) most completely describes
motion of charge particles in self-consistent stationary fields, but its practical
application involve considerable difficulties [68–70]. So that frequently some
simplified models of charge particle beams are applied for their analysis and
design.

4.2 Simplified Models of Charged-Particle Beams

4.2.1 Monovelocity Models

The models are based on the assumption that particles originate from an
emitter with zero velocities or with finite ones being directed normal to the
emitter surface and equal for all particles. This assumption is valid when the
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Fig. 4.1. For definition of the normal congruence F – an
arbitrary surface crossing the congruence, li – contours of
integration

initial energy of a particle is considerably less than the energy resulting from
particle acceleration.

As shown in classical mechanics and electron optics [71, 72], on the basis
of general laws of particle motion in conservative force fields, if particles leave
a source with negligible energy, their trajectories create a congruence. The
latter is such a set of trajectories that in general only a single trajectory passes
though any given point, except some peculiar points through which there
can pass all trajectories of the set. Apart from trajectories, particle motion
is characterized by vector fields of particle velocities �v and total momentum,
�P = m�v + �A, where �A is the vector magnetic potential.

The orderliness of trajectories provides the orderliness of these vector
fields with �v and �P being single-valued functions of position, except for some
peculiar points.

The congruence of trajectories is referred to as a normal one if the vectors
of total momentum �P can be expressed as the gradient of a scalar function S
known as the action function (see Chap. 3). In this case, vector �P is normal to
the surfaces of constant action (S = const). This explains the term “ normal
congruence” [72].

In order for the trajectory congruence to be a normal one the normal
component of vector rot�P must be equal to zero at an arbitrary surface F
crossing the congruence (Fig. 4.1). This condition is equivalent to the require-
ment for circulation of vector �P to be equal to zero any contour li belonging
to this surface,

∮
li

�Pd�l = 0.

It is possible to take as the surface in question the surface of emitter of
charge particles. Then, assuming that charge particles are emitted with zero
velocity one finds:∮

lk

�Pd�l =
∮
lk

�Ad�l ,

or applying Stokes theorem:∮
lk

�Ad�l =
∫
Fk

rot �Ad�S =
∫
Fk

�Bd�S = ψk ,

where lk – contour of integration belonging to the emitter surface, Fk –
emitter surface, closed by this contour, ψk magnetic flux through this surface.



100 4 Motion of Intense Charged-Particle Beams

From the last equation it follows that congruence is a normal one, if the
magnetic flux through the emitter surface is equal to zero. In the opposite case
�P 	= gradS and the set of trajectories creates a so-called skew congruence.

Evidently, that in pure electrostatic fields
(

�A ≡ 0
)

starting from the emit-
ter with zero initial velocity charged particle trajectories create the normal
congruence, the field of velocities being a gradient field, which is determined
as m�v = gradS.

The above-noted peculiarities of motion of one-velocity beams allows the
hydrodynamic approximation to be used for their description. This consists
of replacement of the discrete charge particle flow with that of charged-liquid
flow.

4.2.2 Hydrodynamic (Laminar) Model of Flow

According this model charge particle flow as a whole is considered to be
the laminar flow of charged liquid. Such flow, in accordance with definition
accepted in hydrodynamics, is characterized by absence of crossing its layers,
the field of velocities being single valued function of coordinates.

The following system of equations are used for description of this flow.
The equation of motion of elementary volume of charge liquid, which

coincides with that for a single charge particle:

d�v

dt
=

e

m
( �E + �v × �B) . (4.10)

Field equations:

∇2U = − ρ

ε0
, E = − gradU = −∇U , (4.11)

�B = rot �A = ∇ × �A . (4.12)

Equation of continuity:

div ρ�v = ∇ (ρ�v) = 0 . (4.13)

In the vector analysis and hydrodynamics there exists the following ex-
pression for the field of velocities:

d�v

dt
= (�v∇)�v =

1
2
∇ (

v2) − �v × (∇ × �v) .

Its substitution in the left part of (4.10) gives:

1
2
∇ (

v2) − �v × (∇ × �v) = − e

m
∇U +

e

m

(
�v × �B

)
,

or

�v ×
(
∇ × �v +

e

m
�B
)

= ∇
(

v2

2
+

e

m
U

)
.

This equation can be written as:
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�v ×
(
rot�v +

e

m
�B
)

= grad
(

v2

2
+

e

m
U

)
. (4.14)

The value in the brackets of the right part of this equation is the total energy
of a “particle”, which is considered to be an elementary volume of the charged
liquid.

For monoenetgetic flows this value is the same for all particles. This results
in grad

(
v2/2 + (e/m)U

)
= 0.

The equation of motion is reduced to �v ×
(
rot�v + (e/m) �B

)
= 0, substi-

tution in it �B = rot �A gives v × rot
(
m�v + e �A

)
= 0, or

�v × rot �P = 0 . (4.15)

This equality will be fulfilled if we put rot �P = 0. Flows in which this condition
is satisfied are known as normal or regular flows.

When an emitter of particles is unipotential, the necessary and sufficient
condition of existence of normal flows is a zero value of the magnetic flux
through the emitter surface. In pure electrostatic fields flows are normal ones,
and, besides this, they have velocity fields of a gradient type

m�v = gradS = ∇S . (4.16)

In this case the system of equations (4.10), (4.11), (4.13) can be replaced
by one partial differential equation in the following way. Assuming that the
potential of the emitter is equal to zero, from the integral of the total energy
one finds U = −mv2/(2e). Substitution in this equation the value of v2 =
�v�v = m−2 (∇S)2 gives:

U = − 1
me

(∇S)2

2
. (4.17)

In view of this formula the Poisson equation can be written as

ρ =
ε0

2me
∇2(∇S)2 .

Then, substituting in the continuity expression (4.13) the found values of
velocity vector from (4.16) and space-charge density from (4.17), one finds
the required equation [73]:

∇ [∇2(∇S)2∇S
]

= 0 . (4.18)

This is sometimes referred to as Spangenberg’s equation.
The hydrodynamic model seems to be correct when applied to the syn-

thesis of charge particle optical systems. As in this case the laminar structure
of flow is postulated and external conditions are found to realize this laminar
flow. Sometimes the hydrodynamic model is used for analysis of charge par-
ticle beam motion in exterior fields. However, the correctness of the obtained
results can not be guaranteed in this case, as within the framework of the
laminar model it is impossible to take into account the crossing of separate
layers that can take place in beams moving in real external fields.
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4.2.3 Quasihydrodynamic Flow Model

The charge particle flow is divided for separate layers (tubes). Charge par-
ticle velocities of a given layer are assumed to be a single-valued function of
coordinates. In this connection motion of particles belonging to a separate
layer can be considered in hydrodynamic approximation using (4.10)–(4.13),
or equivalent ones. The model allows the separate layers to be crossed and
provides the correct analysis of real beams in real fields [10, 15].

4.3 Methods of Solution of Motion Equations

4.3.1 Method of Curvilinear Coordinates

In this method the trajectories of charged particles (or, more exactly, the ele-
mentary volumes of charged liquid) are supposed to coincide with coordinate
lines of a curvilinear coordinate system [74, 75]. In this case, the system of
motion equations is reduced to an ordinary differential equation of second
order.

For simplicity, the further analysis will be restricted by consideration of
axially symmetric flows. In a curvilinear orthogonal coordinate system q1,
q2, q3 trajectories of charge particle flow are supposed to coincide with the
coordinate line q1.

All flow parameters are considered to be independent of the coordinate
q3 (∂/∂q3 = 0) to meet the condition of the axial symmetry.

In this coordinate system the charge particle velocity has only a single
component �v =�i1v1 =�i1h1q̇1 (�i1and h1 are unit vector and scaling parameter
of the coordinate system, respectively). This velocity can be expressed in
terms of the action function S:

v = v1 =
1

mh1

∂S

∂q1

(
∂S

∂q2
=

∂S

∂q3
= 0

)
.

The following equations are used to described charge particle flow:

Integral of equation of motion

U = −m

2e

(
1

mh1

∂S

∂q1

)2

, (4.19)

Poisson equation

1
h1h2h3

[
∂

∂q1

(
h2h3

h1

∂U

∂q1

)
+

∂

∂q2

(
h3h1

h2

∂U

∂q2

)]
= − ρ

ε0
, (4.20)

Continuity equation

∂

∂q1
(h2h3ρv1) = 0 .
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As is seen, the value in brackets of the last equation does not depend on q1
and therefore can be a function of coordinate q2 only:

h2h3ρv1 = F (q2) . (4.21)

This gives

ρ = F (q2)/h2h3v1 .

Substitution of this and equation (4.19) in the Poisson equation (4.20) re-
sults in

ε0m

2eh2
1
Q

{
∂

∂q1

[
h2h3

h1

∂

∂q1

(
Q

h1

)2
]

+
∂

∂q2

[
h3h1

h2

∂

∂q2

(
Q

h1

)2
]}

= F ,

(4.22)

where Q = Q (q1) = 1/m (∂S/∂q1).
After some algebra (4.22) is transformed to

Q

[
f1

d2Q2

dq2
1

+
∂f1

∂q1

dQ2

dq1
+ f2Q

2
]

=
2e

ε0m
F , (4.23)

where f1 = h2h3
h5
1

, f3 = h2h3
h1

∇2
(

1
h2
1

)
.

Thus, using orthogonal curvilinear coordinates allows us to reduce the
initial system of equations, describing motion in self-consistent fields, to one
ordinary differential equation of second order.

Charge particle flows, moving along one coordinate of a curvilinear coor-
dinate system, are referred to as single-component flows [75]. However, as has
been shown in [76] only a limited number of orthogonal curvilinear coordinate
systems allow us to realize such flows.

A simple example of the application of curvilinear coordinates is given
below.

Example 4.1. Let us apply the method of curvilinear coordinates for calcula-
tion of the radial electron flow in a spherical diode. The spherical coordinates
r̄, θ, ϕ are used for this, with the flow being directed along the r-coordinate.

In this case: q1 = r̄, q2 = θ, h1 = 1, h2 = r̄, h3 = r̄ sin θ, v1 = vr,
v2 = v3 = 0.

Coefficients, f1, ∂f1/∂q, f3 and F included in (4.23), are expressed as:

f1 = r̄2 sin θ , ∂f1/∂q1 = 2r̄ sin θ , f3 = 0 , F = ρvr r̄
2 sin θ

Substitution of this expressions in (4.23) leads to the equation of single-
component motion in this coordinate system:

Q

[
r̄2 d2Q2

dr̄2 + 2r̄2 dQ2

dr̄

]
=

2e

m
r̄2ρvr .

The parameter r̄2ρvr including in the right part of this equation can be
rewritten as
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r̄2ρvr =
4πr̄2ρvr

4π
=

I

4π
,

where I is the total current of spherical flow.
Furthermore, from (4.19) and (4.22) we find Q2 = − (2e/m) U . The equa-

tion of flow motion can be written as follows:
d

dr̄

(
r̄2 dU

dr̄

)
= − I

4πε0
√

2 |eU |/m
.

In the case of an electron beam, when U ≥ 0 and I = −4πr̄2ρvr, we obtain:

d

dr̄

(
r̄2 dU

dr̄

)
=

I

4πε0
√

2 |e|U/m
.

A solution of this equation with initial conditions, given at the cathode surface
r̄ = r̄k U = 0, dU/dr = 0, are well known:

I =
16πε0

9

√
2
|e|
m

U3/2

(−α2)
, U = Ua

(−α)4/3

(−αa)4/3 ,

where (−α)2 and (−α)4/3 are tabulated functions of the ratio of the radius of
cathode curvature r̄k to the current radial coordinate r̄; (−αa)4/3 is the value
of the function (−α)4/3 calculated for ratio, r̄k/r̄a, where ra is the radius of
the anode curvature.

4.3.2 Method of Expansion in Series.
Paraxial Trajectory Equation

Let us consider the essence of the method for the case of an axially symmetric
intense charge particle beam. The initial system of equations, describing the
motion of such beams in self-consistent fields, includes the following equa-
tions:

dvr

dt
=

e

m
Er ,

dvz

dt
=

e

m
Ez

∂2U

∂r2 +
1
r

∂U

∂r
+

∂2U

∂z2 =
ρ

ε0
, div�j = div ρ�v = 0 . (4.24)

Excluding time from the equations of motions one obtains the equation of
trajectory:

d2r

dz2 =
(

∂U

∂r
− ∂U

∂z

dr

dz

)[
1 +

(
dr

dz

)2
]

1
2U

. (4.25)

Potential U and space charge density ρ in the Poisson equation can be
presented in the following series expansions:

U(r, z) = U0(z) + U2(z)r2 + U4(z)r4 + . . . + Un(z)rn
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ρ(r, z) = ρ0(z) + ρ2(z)r2 + ρ4(z)r4 + . . . + ρn(z)rn .

The two series contain only the terms in even powers of variable r to meet
the potential symmetry U (r) = U (−r).

Substitution of these series in the Poisson equation gives, after transfor-
mation, the following series for the potential distribution [77]:

U(r, z)=U0 − 1
4

(
U ′′

0 +
ρ0

ε0

)
r2 +

1
16

(
1
4
U IV

0 +
1
4

ρ′′
0

ε0
− ρ2

ε0

)
r4 − . . . .

Here the Roman numeral superscript after potential U0 denotes the fourth
derivative with respect to the z variable.

Further analysis is unstrained by consideration of paraxial beams that
trajectories form very small angles to the axis and whose distance from the
axis also remains small throughout the motion.

If we substitute the above series expansions in the equation of trajectory
(4.25) and omit all terms of higher order than the first one in r and r′, the
following paraxial equation of trajectory will be obtained:

d2r

dz2 +
1

2U0

dU0

dz

dr

dz
+

1
4U0

d2U0

dz2 r = ∓ I

4πε0r
√

2 |eU0| /m U0
,

where I is the beam current; the upper and lower signs in the right part of
the equation are applied for the positive charge particle beams and for the
negative particle beams accordingly.

It is important to note that the axial potential in this equation is the
potential of the self-consistent field, which takes into account the space charge
field.

4.4 Approximate Method of Space-Charge Account

The total electric field can be presented as the sum of external field, �EL,
which is created by electrodes, and the self-field of space charge �Eρ:

�E = �EL + �Eρ .

In an extended beam, which length considerably exceeds the beam trans-
verse dimensions, the transverse component of the space-charge field is con-
siderably greater than the longitudinal one Eρr 
 Eρz and mainly impacts
on particle-beam motion.

This can be found by use of the Gauss theorem, which states that the
total electric field flow through a closed surface is equal to the charge inside
the volume enclosed by this surface. Let us consider an axially symmetric
extended beam and apply the Gauss theorem to an elementary cylindrical
volume V = πr2∆z located at the beam axis (Fig. 4.2). This gives:

1
ε0

∫
V

ρ2πrdrdz =
∫
S0

EρrdS +
∫
S1

EρzdS +
∫
S2

EρzdS .
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S1

S0

S2

Fig. 4.2. For calculation of space-charge
field by use of Gauss theorem

The total boundary surface of the cylinder is equal to the sum of the
lateral face S0 and the two end faces S1 and S2, V being the volume of the
cylinder.

For approximate calculation, taking into account that Eρz � Eρr one
obtains: ∫

∆z

Eρr2πrdz =
1
ε0

∫
V

ρ2πrdrdz ,

or, assuming Eρr = const on ∆z and ρ is independent of z,

Eρr =
1

ε0r

r∫
0

ρrdr =
q1

2πε0r
, (4.26)

where q1 is the value of space charge per unit beam length.
Supposing that the electron velocity is constant over the cross section

of the elementary volume, it is possible to express q1 in terms of current ∆I
passing through the volume cross section and the axial velocity of electrons vz:

q1 = 2π

r∫
0

ρrdr =
2π

vz

r∫
0

vzρrdr ,

or

q1 = ±2π

vz

r∫
0

jzrdr = ±∆I

vz
.

In this formula, as well as in these given below, the upper sign corresponds
to the beams of positive charge particles, while the lower one correspends to
the negative particle beams.

Then, for the transverse component of the space-charge field Eρr the
following expression is obtained

Eρr = −∂Uρ

∂r
= ± ∆I

2πε0rvz
. (4.27)

For the case of a laminar flow, when there are no trajectories crossing, this
equation can be modified and used for determination of the beam-boundary
trajectory of a laminar beam:
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Eρr = −∂Uρ

∂r
= ± I

2πε0rvz
, (4.28)

where I is total current of the beam.
The expressions for the transverse components of the space-charge field

presented above can be introduced in the equations of motion and trajectory
equations. For instance, (3.43) and (3.47) can be rewritten in such a way:

d2r

dz2 =
(

∂Q

∂r
∓ I

2πε0rvz
− ∂Q

∂r

dr

dz

)[
1 +

(
dr

dz

)2
]

1
2Q

, (4.29a)

2U0
d2r

dz2 +
dU0

dz

dr

dz
+

1
2

d2U0

dz2 − e

4m
B2

z0r

[
1 −

(
r2
kBz0k

r2Bz0

)2
]

=

= ∓ I

2πε0rvz
. (4.29b)

In these equations I – beam current, Q – generalized potential, U0 – axis
potential.

The similar approximate expressions for the transverse component of the
space-charge field can be obtained for two-dimensional planar space charge
flows.

4.5 Motion of Charge-Beams in Channels
Free from External Fields

In electron devices (microwave tubes, etc.), installations for charge particle
beam technology and physical experiments, charge particle beams pass a
certain part of their travel in channels, which are free of any external fields.
Therefore, analysis of such motion counts for much in practice.

According to the results obtained in two previous sections, an approximate
equation (laminar flow is assumed) can be written as

d2r/dz2 = K/r, K =
I

4πε0
√|e|/mU

3/2
0

, (4.30)

where U0 is the absolute value of the axial potential, which can be approxi-
mately taken equal to the potential of the metallic channel surrounding the
beam U0 ≈ Ua.

Introducing the normalized variables R = r/r0, Z = (2K)1/2
z/r0 we

obtain:

d2R/dZ2 = 1/2R .

A first integration of this equation gives:(
dR

dZ

)2

= ln
R

R0
+

(
dR

dZ

)2

0
, (4.31)
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Fig. 4.3. Beam-boundary trajectory
(beam envelope)

where R0 and (dR/dZ)0 are the initial radius and trajectory slope at the
entrance of the channel (at Z = 0) (Fig. 4.3).

The value of beam radius at the plane of minimum beam cross section
(Z = Zmin) will be found if we put in (4.31)

(
dR
dZ

)
= 0:

R = Rmin = R0 exp −
(

dR

dZ

)2

0
.

A second integration of (4.31) results in the following equation for the
beam-boundary trajectory (or beam envelope):

Z =

R∫
R0

dR√
ln

R

R0
+

(
dR

dZ

)2

0

,

with coordinate Z being measured from the plane of the minimum beam
cross-section (Z = Zmin = 0, R0 = Rmin, (dR/dZ)0 = 0) the above equation
is reduced to

Z = ±
R∫

Rmin

dR√
lnR

This shows that the beam boundary is symmetric with regard to the coordi-
nate Z = Zmin.

Introducing the new normalization of variables, with radius rmin being
used as the scaling coefficient, one finds the following system of equations,
describing the beam boundary in an equipotential channel:

Z = ±
R∫

Rmin

dR√
lnR

,
dR

dZ
=

√
lnR , Rmin = 1 .

The results of solutions of this equation are presented in Fig. 4.4, where
universal curves for calculation of the beam-boundary trajectory and its slope
are shown.

For 0 ≤ Z ≤ 3 the curve R = R (Z) can be approximated by the cubic
spline:

R ≈ 1 + 0.25Z2 − 0.01Z3 . (4.32)
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Fig. 4.4. Universal curves for calculation of the
beam-boundary trajectory

The above expressions and curves can be used for calculation of negative
and positive charge particle beam motion as well.

For the case of electron beams the normalized coordinate Z can be written
as Z = 0.174

√
Pz/rmin, the value of beam perveance P being expressed

in µA/V3/2.
It is worth mentioning that the curves and expressions can be applied not

only for calculation of initially parallel beams ((dR/dZ)0 = 0), but also for
initially convergent or divergent beams (dR/dZ)0 	= 0.

In the previous analysis the potential inside the channel was supposed to
be constant and equal to the potential of the metallic cylinder surrounding
the beam. This approximation is valid for relatively small values of beam
perveance p ≤ 1 µA/V3/2. High values of beam perveance lead to potential
depression inside the channel and at some value of perveance, known as the
critical one, the axis potential can drop to zero and a virtual cathode is
created. This effect results in collapse of beam transmission. Calculation gives
the following approximate value of critical perveance Pcr for an election beam
in a cylindrical channel [79]:

Pcr =
Icr

U
3/2
a


 32.4q

(
b

a

)
.

In this equation, Pcr – critical perveance in µA/V3/2, Icr is critical electron
beam current in µA, Ua – accelerating voltage in V, q is a function of the
beam to channel radii ratio b/a as given by:

b/a 1 0.8 0.6 0.4 0.2

q 1 0.5 0.33 0.22 0.15

Detailed analysis of the effect of the virtual cathode is given in Sect. 10.2.
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4.6 Influence of Residual Gases
on Electron-Beam Motion

4.6.1 Effect of Space-Charge Neutralization by Positive Ions

Positive ions arise as a result of collisions of beam electrons with molecules
of residual gases. They can be accumulated in the region occupied by the
electron beam. This results in partial or full neutralization of the electron
space charge. This effect in turn, influences the electron motion and beam
geometry.

The rate of formation of ions depends on the nature and pressure of the
residual gases, and the density and velocity of beam electrons. It is expressed
by the formula:

n′
i = kpBip (j/|e|) = kpBipnev , (4.33)

where n′
i is the number of ions creating in unity of volume 1 cm3 per second,

Bi is specific ionization, that is the number of ions created by one electron on
distance equal 1 cm at residual gas pressure equal p = 133.3 Pa, ne – electron
concentration (number of beam electrons per unit volume), v is beam velocity,
kp = 1/133, 3

The specific ionization depends on the type of residual gas and electron
energy. For instance, for nitrogen (N2) it is equal to 10 for energy 100 eV,
4 – at 1000 eV, 2.8 – at 2000 eV.

Assuming, for instance, U = 1000 V, p = 1.33×10−5 Pa Bi = 4 and using
(4.33) one obtains n′

i = 750ne. Therefore, even a small part of ion charge
created per second is enough to neutralize the electron space charge.

However, the effect of ion neutralization is not always observed in electron
beams, because of leakage of ions from the volume occupied by the electron
beam. There are several reasons leading to the ion losses. One of them is
extraction of ions due to the action of external electric fields. For example,
the ions, formed in the region of an electron gun, are accelerated toward the
cathode of the gun and can not be accumulated in the gun region.

Another cause of ion leakage is their thermal motion. The thermal veloc-
ities of ions allow them to leave the potential trap, which was created by the
electron beam space charge. This is why the effect of space-charge neutraliza-
tion is observed only when there are conditions for capture and accumulation
of ions.

4.6.2 Process of Neutralization of the Electron Beam
in a Long Channel

When an electron beam is propagating in an equipotential channel, the po-
tential minimum is created at the axis of the channel. It serves as a trap for
ions, which are created due to collisions of the beam electrons with molecules
of residual gases.
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Fig. 4.5. Potential well in the channel, created by elec-
tron beam

In the process of accumulation of ions their charge will neutralize the
electron beam space charge. This results in decreasing the potential minimum
and increasing the number of ions leaving the region occupied by the electron
beam.

The process of neutralization is established when there is a dynamic bal-
ance of the number of ions creating in the beam and leaving it for the channel
wall.

The number of ions creating per unit of beam length per second can be
expressed with the help of (4.33)

N ′
i = n′

iπ b2 = kpBipnevπ b2 = kpBipne

√
2 (|e|/m)Uaπ b2. (4.34)

where Ua is the potential of the channel wall, which determines the energy
and velocity of electrons of the beam, b is beam radius.

The number of ions leaving the electron beam per unit beam length per
second due to their thermal velocities can be estimated by the expression [80]:

L′
i = 2π ani0 (eiUi/2π mi)

1/2
e

U0−Ua
Ui (4.35)

where a – radius of cylindrical channel, ni0 – ion concentration on the channel
axis, mi – ion mass, eiUi – average thermal energy of a single ion, U0 – axial
potential.

Equating (3.34) and (4.35) and assuming |e| = ei one finds:

p
ani0√

πkpb2Bine

(
m

mi

Ui

Ua

)1/2

e
U0−Ua

Ui . (4.36)

Assuming in this equation U0 = Ua and ne = ni0 it is possible to determine
the value of pressure of residual gases, which provides full neutralization of
the electron beam space charge. For example, at Ua = 1000 V, a = b = 1 cm,
mi/m = 52 000 (N2 as residual gas) and eiUi = 0.26 eV, which corresponds
to a gas temperature of 300 K, calculation gives the following value of residual
gas pressure that provides full space-charge neutralization:

p =
133.3√

π4

(
1

52 000
× 0.026

1000

)1/2

= 42 × 10−5 Pa .

The previous analysis is valid for infinitely long channels. In channels of a
finite length the process of neutralization can be essential other. For instance,
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if at the end of the channel there exists an electric field, that is accelerating
for ions, they can be drawn from the channel, and the effect of neutralization
will be absent.

4.6.3 Effect of Ion Background on Electron-Beam Motion

Full or partial neutralization of the electron space charge by ions can pro-
duce a marked influence on the electron-beam motion. In particular, in the
absence of external fields, the effect of the magnetic field of the beam becomes
significant. Assuming for simplicity that the degree of space-charge neutral-
ization is uniform and introducing the coefficient of neutralization f = ni/ne,
it is possible to obtain the following equation for the beam-boundary trajec-
tory [81]:

d2r

dz2 =
K

r

(
1 − f − β2) , (4.37)

where K = I

4πε0

√
2|e|/mU

3/2
a

= 1.5×10−2P , P is the perveance of the electron

beam expressed in µA/V3/2, the term β2 = v2/c2 (v and c being beam and
light velocities respectively) accounts for the self-magnetic field action.

For the full neutralization, f ≈ 1, the self-magnetic field defines the form
of the beam-boundary trajectory.

Equation (4.37) can be rewritten as follows:

d2r/dz2 = K1/r , where K1 = K
(
1 − f − β2) .

The results of integration of the last differential equation are presented
in normalized form in the diagram of Fig. 4.6. In this diagram R = r/r0 –
normalized radial coordinate, Z = 2 |K1|1/2

z/r0 – normalized longitudinal
coordinate, r0 – initial beam radius. As is seen, under the action of its own
magnetic field a fully neutralized beam (K1 < 0) is focused to a point at a
distance of z/r0 = 1.27/|K1|1/2.

Fig. 4.6. Beam-boundary trajectories for different de-
grees of space-charge compensation

4.6.4 Ion Focusing

The effect of ion focusing arises when the value of residual gas pressure is
increased above the value at which full beam neutralization is observed. In
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this case, a column of positive-ion space charge is created at the axis of the
channel, resulting in the effect of ion focusing.

The theory of ion focusing has been developed in [82, 83]. Using the results
of [83] it is possible to obtain the following expressions for calculation of ion-
focusing parameters:

ni − ne

ne
=

C√
U2

− 1 ,
∆U

Ua
= K

ni − ne

ne
, (4.38)

where ne and ni are electron and ion concentrations, (ni − ne)/ne – degree
of ion overcompensation. ∆U is the difference in potentials at the beam axis
and beam boundary.

Parameters K, C, U2 included in these formulas are found from the fol-
lowing expressions:

K = 1.5 × 104P , C = 0.75
√

mi/mBip
√

Ua

U2 =
2
3
χ1sh2

(√
ψ/3

)
, χ1 = 1.5 × 1010 I

b2
√

Ua

,

shψ =
15.8 × 10−6

√
P

bBip

√
mi

m
.

where P – perveance of electron beam, A/V 3/2; I – beam current, A; Ua –
beam accelerating voltage, V ; b – average beam radius, cm; Bi – specific
ionization, cm−1; p – residual gas pressure, Pa; mi/m – relation of ion and
electron masses.

In the theory of ion focusing developed in [83] the secondary electron, cre-
ated in acts of ionization, is supposed to leave the beam region and not have
an effect on the process of ion focusing. This is valid if the potential difference
∆U does not exceed the average velocities of secondary electrons expressed
in volts Ue. In the opposite case, the secondary electrons can not leave the
beam region and take part in the processes of space-charge compensation.

On the basis of results obtained in [84] it is possible to find the following
values of average velocities of the secondary electrons: Ue = 15 V for nitrogen
N2 as residual gas and Ue = 20 V for oxygen O2. Assuming in (4.38) ∆U = Ue

one can estimate the possible degree of ion overcompensation [85]

ni − ne

ne
=

Ue

KUa
=

Ue

1.5 × 104PUa
=

66 × 10−6

P

Ue

Ua
.

It follows from this equation that the effect of ion overcompensation can be
significant for electron beams with low voltage and perveance. For beams
having P ≥ 10−6 A/V3/2 and Ua ≥ 104 V, (ni − ne)/ne � 1 and the effect
of ion background is reduced to compensation of the electron beam space
charge.
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4.6.5 Scattering of Electron Beam by Molecules of Residual Gas

At a pressure of residual gas of about 103 Pa there exists a clear effect of
electron-beam scattering by molecules (atoms) of residual gas.

Scattering by Single Elastic Collisions

An elastic collision does not change electron energy but leads to deflection of
its trajectory in the electric field of the atom nucleus (Fig. 4.7). The angle of
trajectory deflection θ is determined by:

tgθ/2 =
|e| (|e|Z)

mv2b
=

e2Z

mv2b
,

where |e|Z – nucleu charge, |e| – absolute value of electron charge, Z –
atomic number, v – electron velocity, b – impact parameter, that is, minimum
distance between the nucleus and the undeflected electron trajectory (dashed
line in Fig. 4.7).

Let us consider scattering of an electron beam on a thin gas layer. The
thickness of the layer ∆z is assumed to be small enough to admit only single-
electron collisions with residual gas atoms. If the area of beam cross section
is taken to be S, then the number of atoms in the elementary volume of the
layer ∆V = S∆z will be expressed by the formula:

nS = n∆V = nS∆z ,

where n – concentration of atoms of residual gas.
The number of electrons passing through this volume per unit time is

expressed as N ′ = I/|e|, where I is beam current. The electrons will be
deflected for different angles θ, the value of θ being dependent on the value
of the impact parameter b. It is possible to calculate the number of electrons
having the value of impact parameter lying in the range “b ÷ b + db”. It is
necessary for this to surround every scattering center (nucleus) with a ring
with radii b and b + db. The area of it is equal 2πbdb. Then, the number of
beam electrons having the values of collision parameters in the range b÷b+db
will be:

dN ′/N ′ = 2πbdbnS/S ,

where nS – number of atoms in elementary volume ∆V , nS = nS∆z, S –
area of electron beam cross section, 2πbdbnS – total area of all elementary
rings with boundary radii b and b + db.

Fig. 4.7. Electron-trajectory deflection in
the field of atomic nucleus
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Substitution of nS = nS∆z in the above equation gives:

dN ′/N ′ = 2πbdbn∆z = n12πbdb , (4.39)

where n1 = n∆z – number of atoms per unit area of beam cross section.
Taking into account the relation between the angle of deflation θ and the

impact parameter b it is possible to find:

dN ′

N ′ = πn1

(
e2Z

mv2

)2 cos θ/2
sin3 θ/2

dθ .

This formula gives the relative number of electrons deflected in the range of
angles θ ÷ θ + dθ.

As applied to motion of a single electrons the relation dN ′/N ′ expresses
the probability of deflection in this range of angles. The equation shows that
the probability of deflection for small angles θ is prevailing.

Let us introduce the solid angle created by two conical surfaces with angles
of inclination equal, respectively, to θ and θ + dθ

dΩ = 2π sin θdθ = 4π sin θ/2 cos θ/2dθ .

Then,

dN ′

N ′ =
n1

4

(
e2Z

mv2

)2
dΩ

sin4 θ/2
. (4.40)

This equation is known the as Rutherford equation. It shows the relative
number of electrons deflected in the solid angle dΩ.

Usually, (4.40) is written in the following form:

dN ′/N ′ = n1σ (θ) dΩ ,

where value σ (θ) = 1
4

(
e2Z
mv2

)2
1

sin4 θ/2 refers as the effective cross section of
scattering.

There exist more precise equations for the calculation of scattering, which
account for the effect of shielding of the nucleus field by orbital electrons and
the finite size of the nucleus [16]. The shielding effect limits the maximum
value of the collision parameter by the radius of an atom b ≈ ra = 7.4 ·
10−9Z1/3 and determines the minimum value of the angle of deflection θ [16]:

tg
θmin

2
=

e2Z

mv2ra
=

10−4Z4/3

2γβ2 ,

where β = v/c, c – velocity of light, γ – relativistic factor.
The finite value of radius of a nucleus rn determines the minimum of

the impact parameter, and, therefore the maximum value of the angle of
deflection:

tg
θmax

2
=

e2Z

mv2rn
.
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Scattering by Multiple Collisions

An example of an approximate electron trajectory at multiple interactions is
shown in Fig. 4.8 [86].

The points A, B, C, D are the points of collisions of an electron with
atoms of residual gas. The collisions lead to abrupt changes of the electron-
trajectory direction by an angle θi. The average square of the deflection angles
is used as a measure of electron scattering:

θ̄2 =
1
k

k∑
i=1

θ2
i .

The following equation is recommended for estimation of electron-beam
scattering in a gas at relative high pressure [87]:

θ̄2 = 8πr2
0nZ2

(
1

β4γ2

)
z ln

θmax

θmin
, (4.41)

where r0 – classical radius of electron, r0 = 2.83 × 10−15m; n – gas density,
m−3; θmin and θmax – minimum and maximum values of angles of deflection,
which are determined by the equations given above; z is distance passed by
electrons in gas.

If an electron beam of small radius is injected into a gas (at plane z = 0)
it will be dissipated because of the multiple collisions. Its cross section is
increased. The current-density distribution is described by [87]:

j (r, z) = j (0, z) exp
[− (

r/r̄2) ln 2
]

, (4.42)

where j (0, z) – current density at the beam axis, r̄ – value of radius at which
current density is half as large as j(0, z).

The value of r̄ can be expressed in terms of θ̄2 and the distance z passed
by the beam in a gas:

r̄ =
[
(1/3) (ln 2) z2θ̄2]1/2

.

Fig. 4.8. Electron trajectory re-
sulting from multiple collisions



4.7 Estimation of Effect of Thermal Electron Velocities 117

4.7 Estimation of Effect of Thermal Electron Velocities

The effect of thermal (initial) velocities leads to spreading of beam edges,
increasing beam cross section and redistribution of current density over the
beam cross section [10, 88].

The following simplifications are used in the analysis of the effects of
thermal velocities:

• configuration and structure of a laminar beam in the absence of thermal
velocities are supposed to be known

• only transverse components of thermal velocities are considered
• analysis of motion of electrons possessing transverse velocities is carried

out in the background of the electric field of the laminar flow
• linear variations of this field with transverse coordinate are additionally

assumed.

4.7.1 Calculation of Transverse Particle Displacement

Equation of motion of “thermal” electrons, that is electrons possessing trans-
verse thermal velocities, can be written as:

d2r

dt2
=

( e

m

)
Er , (4.43)

where Er is transverse (radial) component of electric field assumal to be
created by the original laminar flow, r is the radial coordinate of a thermal
electron.

The value of Er can be expressed in terms of a dynamic parameter of
laminar flow, which is taken to be the radial acceleration of its particles:

Er = q
m

e

d2R

dt2
, (4.44)

where R is the radial coordinate of a boundary particle of the laminar flow,
d2R/dt2 – its radial acceleration, q = r/R is the relative radial coordinate of
the thermal electron under consideration.

Substitution of (4.44) into (4.43) gives:

d2r

dt2
= q

d2R

dt2
. (4.45)

Bearing in mind that r = qR, the left part of this equation can be transformed
thus:

d2r

dt2
=

d2

dt2
(qR) = R

d2q

dt2
+ 2

dq

dt

dR

dt
+ q

d2R

dt2
.

Substitution of this equation into (4.45) gives the following equation of
“thermal” electrons in the background of the field of the laminar flow:

d2q

dt2
= − 2

R

dR

dt

dq

dt
. (4.46)
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It is essential to note that this equation describes the motion of the ther-
mal electron in terms of its relative coordinate q = r/R and parameters of
the laminar flow R and dR/dt. Equation (4.46) can be rewritten as:(

dq

dt

)−1
d

dt

(
dq

dt

)
= − 2

R

dR

dt
.

Since

1
R

dR

dt
=

d

dt
lnR and

(
dq

dt

)−1
d

dt

(
dq

dt

)
=

d

dt
ln

dq

dt
,

then,
d

dt
ln

dq

dt
= −2

d

dt
lnR .

The first integration of this equation gives:

ln
dq

dt
− ln

(
dq

dt

)
k

= − lnR2 + lnR2
k (4.47)

where Rk – the initial coordinate of the boundary trajectory of the laminar
flow, (dq/dt)k – initial relative transverse velocity of the thermal electron.

Equation (4.47) can be presented in the form:

dq

dt
=

(
dq

dt

)
k

R2
k

R2 .

Its integration gives:

q − qk =
(

dq

dt

)
k

t∫
tk

(
Rk

R

)
dt ,

where qk – initial relative velocity of the thermal particle, tk – initial time.
The last equation can be written as:

(q − qa) R = Rk

(
dq

dt

)
k

R

Rk

t∫
tk

(
Rk

R

)2

dt ,

or

∆r = r − r0 =
(

dr

dt

)
k

∆te , (4.48)

where ∆r is the transverse displacement of the thermal particle resulting
from the initial thermal velocities; r = qR – current transverse coordinate
of the particle; r0 = qkR – transverse coordinate of the same particle in the
laminar (undisturbed) flow; (dr/dt)k – initial transverse particle velocity;
∆te – equivalent time of particle motion:

∆te =
(

R

Rk

) t∫
tk

(
Rk

R

)2

dt .
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4.7.2 Calculation of Current-Density Redistribution

For this calculation all the parameters of the initial (undisturbed) laminar
flow are supposed to be known.

The elementary current, dIQ passing through the surface ∆S = r0dr0dθ
of cross section of the laminar beam is dIQ = j0r0dr0θ, where j0 is current
density of laminar beam (Fig. 4.9).

As a result of thermal velocities spreading, the particles that earlier passed
through elementary surface ∆S will be distributed over the cross section plane
rθ. A part of them can pass through the elementary surface ∆F = dxdy lo-
cated in the vicinity of a point P . To calculate it we suppose that distribution
of transverse particle velocities obeys the Maxwell law at an emitter. Then,
the part of the current dIQ created by particles having transverse velocity in
the range from vx to vx + dvx and from vy to vy + dvy is expressed as:

dIvx,vy
= dIQ

m

2πkT
exp

[
−

(
mv2

x

2kT
+

mv2
y

2kT

)]
dvxdvy . (4.49)

Using this equation it is possible to calculate the part of the current, dI Q

that comes to the elementary surface ∆F . It is created by particles with initial
velocities lying in the ranges: from vx = x/∆te. to vx+dvx = x/∆te+dx/∆te
and from vy = y/∆te to vy + dvy = y/∆t? + dy/∆t?.

Substitution of these value in (4.49) leads to the equation for the part of
dIQ, that reaches the surface ∆F :

dIP =
1
2π

dIQ exp
[
− (

x2 + y2) 1
(2kT/m) ∆t2e

]
dxdy

(kT/m) ∆t2e
. (4.50)

In this equation, ∆te is the equivalent transit time from the emitter to
the transverse plane under consideration.

It is convenient to introduce a parameter σ = ∆te (kT/m)1/2, which has
dimensions of length and can be considered as a measure of the thermal

Plane r

Beam boundary
Fig. 4.9. For calculation of current-density dis-
tribution
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electron deviation from the laminar trajectory (note that thermal energy per
one degree of freedom is equal to kT/2).

Taking into account that dIQ = j0r0dr0dθ we can write (4.50) in the
following form:

dIP =
1
2π

j0r0dr0dθ exp
(

−x2 + y2

2σ2

)
dxdy

σ2 .

Then, the partial current density at the surface ∆F is found as:

djP =
dIP

dxdy
=

j0
2πσ2 exp

(
−x2 + y2

2σ2

)
r0dr0dθ .

The total current density at ∆F is determined by integration of the above
equation over the cross section of the undisturbed (laminar) beam:

jP =

R∫
0

2π∫
0

j0
2πσ2 exp

(
−x2 + y2

2σ2

)
r0dr0dθ .

Assuming that the current density of the laminar flow j0 is constant and
using the relation x2 + y2 = r2

0 + r2 − 2r0r cos θ we can write:

jP =

R∫
0

2π∫
0

j0
2πσ2 exp

(
−x2 + y2

2σ2

)
r0dr0dθ .

Since
2π∫
0

e
r0r cos θ

σ2 dθ = 2πI0
(
r0r/σ2) ,

the ultimate result will be

j (r) = j0e−r2/(2σ2)
R/σ∫
0

r0

σ
e−r2

0/(2σ2)I0

(r0r

σ2

)
d
r0

σ
.

Fig. 4.10. Curves showing current-density distri-
bution resulting from the thermal-velocity spread-
ing: J0 – current density of undisturbed beam, R –
radius of undisturbed beam, σ – parameter charac-
teristic effect of thermal-velocity spreading (4.50)
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In these equation, I0 (r0r/σ) is the modified Bessel function of zero order.
The curves showing the current-density distribution over the beam cross

section are presented in Fig. 4.10, with R/σ being taken as a parameter.
As is seen, at R/σ ≤ 2 there exists an essential redistribution of current

density over the beam cross section as compared with the laminar beam, in
which the current density is supposed to be uniform (j0 = const).

4.8 Methods of Solution of Self-Consistent Problems

Computation and design of charge particle optical systems (for formation,
transport and focusing of intense charge particle beams) require solution
of the self-consistent space-charge problem. Its essential feature lies in the
fact that particle motion occurs in the fields, which in turn depends on this
motion. The problem includes the joint solution of the equations of motion
and field equations. The method of successive approximation is widely used
for solution of this problem [89].

4.8.1 Method of Successive Approximation

An electrostatic field without a space-charge field is taken as the first ap-
proximation and charged particle trajectories of the first approximation are
calculated in this field. They are used to determine the distribution of space
charge. This allows calculation of the electric field of the second approxima-
tion with the space-charge field, which is used to calculate the trajectories
of the second approximation. The space-charge distribution is corrected and
the new field is calculated.

This procedure is repeated several times until the results of the subsequent
n-th approximation is close enough to the results of the previous one, the (n−
1)-th. As a criterion of convergence of the process of successive approximation,
for instance, the slopes of charged particle trajectories in some chosen plane of
the analyzed electrode system can be applied. Usually, 5–10 approximations
are necessary to get the accuracy required.

A discrete model of a charged particle beam is used for the above pro-
cedure. For this purpose, the beam, being analyzed, is divided over its cross
section on several elementary layers or tubes of current. The partial current
∆Ik, which a tube carries, is calculated from the area or tube cross section
and current-density distribution over the beam cross section, which is sup-
posed to be known. This partial tube current is attributed (attached) to one
“central” trajectory of the tube in equation. This trajectory, bringing current
∆Ik, is calculated in the procedure of successive approximation.

Let us briefly consider the technique of account of the beam self-field. A
mesh, which is used for electric-field calculation by finite-difference or discrete
Green function methods, is shown at Fig. 4.11. The line with the arrow, which
crosses the “ABCD” cell of the mesh is the charged particle trajectory being
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Fig. 4.11. Distribution of space charge on
nodes of a mesh cell

found in the previous (n−1)-th approximation. It carries the value of current
∆Ik. The elementary space charge, which is contributed in this cell, will be
equal to qk = ∆Ikτk, with τk being the transit time of a charge particle in
the cell under consideration. It is found as τk = lk/vk, where lk is a part of
the trajectory lying within the given cell, vk – average particle velocity.

For calculation of the field of the next n-th approximation the elemen-
tary charge ∆q is supposed to be concentrated at the middle point 0 of the
trajectory segment lk and distributed between the cell nodes A, B, C, D in
accordance with the law of inverse distances. For instance, the part of qk

being distributed in node A is determined as:

qA =
qk

dA

1
1/dA + 1/dB + 1/dC + 1/dD

.

If several trajectories cross a cell, then charges of the cell nodes are found
by summation of the contributions of the separate trajectories.

A self-magnetic field is usually taken into account approximately. In the
case of axially symmetric beams, as a rule, only the θ component of self-
magnetic field Bθ is considered. It is found by use of the Ampere law:

Bθ =
µ0

2πr

k=n∑
k=i

∆Ik .

This equation determines the azimuthal component of magnetic induction Bθ

at a distance r from the axis of symmetry, with summation being performed
over the n trajectories passing inside the cycle of radius r.

It is necessary to note that among self-consistent problems there are prob-
lems that can not be solved by the process of successive approximation, for
instance, the problem of virtual-cathode formation, as convergence of the
process is absent. In this case an other method described below is used.
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4.8.2 Method of “Step by Step”
(or Algorithm Modeling of Transient Process)

A discrete beam model known as the model of “large particle” is used for
this method of modeling. In the case of an axially symmetric beam the “large
particle” is a particle of a ring form. The model is realized in the following
way. The charge particle beam at the entrance of an electrode system to
be analyzed is divided into several elementary tubes with partial currents
∆Ik. The space charge brought by these tubes is injected into the system by
a discrete portion with time interval ∆t. Then, the charge of this discrete
portion, that is the large particle, is determined as qk = ∆Ik∆t. The first
portion of large particles injected in an analyzing system meets the electric
field free of the space-charge field, that is the Laplace field. The second one
will move in the Laplace field and the partial space-charge field created by
the first group of particles and so on. Step by step the electrode space is filled
by space charge and steady-state beam motion is established.



5 Electron Guns

5.1 The Problem of Electron-Beam Formation

The formation of electron beams is provided by special electron-optical sys-
tems – electron guns. It can be fulfilled both in pure electrostatic fields and
in combined electrostatic and magnetic fields. The problem of electron-beam
formation is formulated as follows: there are known electrical and geomet-
rical parameters of the beam, such as current, velocity and form and size
of the beam cross section, it is required to determine the form of electrodes
and magnetic-field configuration under which the formation of the beam with
known parameters is provided.

At the present time, to solve the problem of formation two methods are
used: the method of analysis (the method of trials and corrections) and the
method of synthesis.

The method of analysis consists of successive changes of the gun elec-
trode’s geometry and magnetic-field distribution until the parameters of the
beam become close to the required ones. This process includes the following
basic steps: the choice of the original geometry of the gun and magnetic-field
configuration, trajectory analysis, on the results of which the parameters of
the beam are defined, making changes to the original geometry, and the suc-
cessive trajectory analysis for the new electrode systems and so on. It is evi-
dent that the procedure of gun design by this method is quite a laborious one.

In the method of synthesis the electrode geometry and magnetic-field con-
figuration providing formation of a beam with the required parameters are
found in a direct way without using the successive approximation process.
The classical example of synthesis is the design of electron guns with rec-
tilinear trajectories suggested by Pierce [7]. The design is based on using
the relations that describe the one-dimensional electron flow in rectangular,
cylindrical and spherical coordinate systems (see Sect. 4.3). According to the
Pierce method, from an electron flow the beam of finite transverse sizes is
“being cut” and the rest of the flow is thrown out, its action being replaced by
the equivalent action of the focusing electrodes. These electrodes must create,
along the beam boundary, the same distribution of the electric potential and
its derivative as that of the original flow.

The method of synthesis includes solution of the two problems. One of
them, known as the inner (inside) problem, consists of the solution of the
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equation describing electron flows in the hydrodynamic approach, with the
purpose of determining the flow with the required electrical and geometrical
parameters. The other, known as the outer (outside) problem, supposes the
determination of the gun-electrode shapes, it is reduced to the solution of
Cauchy’s problem for the Laplace equation, with initial conditions given at
the beam boundary.

At present, the two variants of synthesis are used in practice. The first of
these uses some known particular solution of the flow equations giving a flow
with certain geometrical and electrical characteristics (for example, the flow
with rectilinear trajectories in Pierce’s gun). In this case the characteristics
of the flow are known, though, perhaps, they do not always completely meet
the requirements of the practical problem being solved. The second variant of
the synthesis supposes finding a spatial solution of the inside problem, which
would completely meet the requirements regarding electrical and geometrical
beam parameters.

In both cases, the shapes of the focusing electrodes require the solution
of the outer (outside) problem, that is Cauchy’s problem for the Laplace
equations, with initial conditions taken from the solution of the inner (inside)
problem. The Cauchy problem for the Laplace equations is known to be an
improperly set mathematical problem. Its solution is unstable with regard to
small changes of the initial conditions, the spatial approach being used for
its approximate numerical solution.

5.2 Guns for Formation of Strip Beams

5.2.1 Parallel Strip Beam

The electron gun forming a parallel strip beam may be created by using
a part of a parallel rectilinear flow, which is characterized by the following
relations:

U = Az3/4 (5.1)

j = 2.33 × 10−6U3/2/z2 , (5.2)

where z – is the longitudinal coordinate (Fig. 5.1); A = Ua/d4/3, Ua – is
potential of the anode electrode.

In accordance with the general synthesis procedure a layer of thickness
2yb is “being cut”, the rest of the flow being thrown out. To keep the nature
of electron motion in the layer the following conditions are to be fulfilled on
its boundaries:

U = Az4/3 , dU/dy = 0 . (5.3)

The above relations are used as boundary conditions for solution of
Cauchy’s problem for Laplace’s equation. The solution found by the method
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Fig. 5.1. Parallel strip beam, boundary con-
ditions

Beam boundary
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Fig. 5.2. Shapes of equipotential lines, 1 –
−0.25Ua; 2 – −0.1Ua; 3 – −0.05Ua; 4 – 0;
5 – 0.25Ua; 6 – 0.5Ua; 7 – Ua

of analytical continuation of the function U = Az4/3 (see Sect. 2.3) is as
follows:

U = Re
[
A (z + iy)4/3

]
= ARe

[
r4/3e4/3iθ

]
= Ar4/3 cos

4
3
θ . (5.4)

The shapes of equipotential lines found from this relation are presented in
Fig. 5.2. The zero equipotential line is the straight one inclined to the beam
boundary by the angle of 67.5◦. The obtained results are strictly true for the
flow of infinite extent in the direction of the x-axis that is perpendicular to
the plane of the figure. With a certain approximation they can be used for
beams of finite width xb, under the condition that the beam width xb 
 2yb,
when edge effects are negligible.

The perveance of such a gun calculated per unit flow width is found from
the 3/2 power law:

P1 = I1/U3/2
a = 2.33 × 10−62yb/d2 .

The anode electrode of a real gun usually has the aperture not covered
with a grid (Fig. 5.3). The aperture disturbs the electric-field, leads to the
apperance of the y-component of the field near the anode electrode and to
decreasing its z-component at the cathode surface. This, in turn, yields the
y-components of electron velocities at the exit of the gun and leads to the
decrease of the beam perveance.

The defocusing action of the anode aperture can be taken into account
by considering it as a slit lens. The focal distance of the latter is determined
by the relation f = 2U/(E1 − E2), where U – potential at the center of the
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Fig. 5.3. Electron gun for strip-beam
formation; 1 – cathode, 2 – focusing
electrode, 3 – anode

Fig. 5.4. Wedge-shaped beam, bound-
ary conditions

electrode slit, which is taken to be equal to the anode electrode potential
(U = Ua); E1 and E2 are the electric-field strength to the left and to the
right from the anode. Their values are calculated under the condition that
there is no aperture in the anode electrode. In the considered case E2 = 0,
E1 is calculated as follows:

E1 = −dU

dz

∣∣∣∣
z=d

= − Ua

d4/3

d

dz

(
z4/3

)∣∣∣∣
z=d

= −4
3

Ua

d
.

In this case we obtain f = −3/2d The negative value of the focal length
indicates the defocusing lens action.

The angles of an electron trajectory slopes at the gun exit is expressed by
the following approximate formula: α 
 tanα = y/ |f | = 2/3(y/d) and for
the boundary electron: (y = yb) α 
 2/3(yb/d).

5.2.2 Wedge-Shaped Beam

The electron gun for formation of a wedge-shaped beam can be designed
by making use a part of radial cylindrical flow (Fig. 5.4). Such a flow is
characterized by the following basic equations:

Equation for potential distribution:

U (r) = Ua

⎡
⎢⎣

r

rc
(−β)2

ra

rc
(−βa)2

⎤
⎥⎦

2/3

.

The value of current in the sector of unit width (the size in the direction
normal to the plane of the figure) and half-angle θ:

I1 = 14‘.66 × 10−6 2θ

360
U3/2

r (−β)2
,
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Table 5.1. Values of function (−β)2

rc/r (−β)2 rc/r (−β)2 rc/r (−β)2

1.00 0.00000 1.15 0.02186 1.8 0.5572
1.01 0.00010 1.2 0.03849 1.9 0.6947
1.02 0.00040 1.3 0.08504 2.0 0.8454
1.04 0.00159 1.4 0.14856 2.1 1.0086
1.06 0.00356 1.5 0.22820 2.2 1.1840
1.08 0.00630 1.6 0.32330 2.3 1.3712

(−βa)2 is the value of (−β)2 calculated for relation rc/r = rcra, where ra – is radius
of gun anode.

Beam boundary

c

r
r

c

s
r

Fig. 5.5. Map of equipotential lines for
wedge-shaped beam

here (−β)2 – is a function relating cathode curvature radius rc to the current
radius r given in Table 5.1, half-angle θ is expressed in degrees.

As in the previous case, for keeping the character of electron motion in
the sector with half-angle θ, the action of the thrown part of the electron
flow is replaced with the action of focusing electrodes, which should pro-
vide, along the beam boundary, the following boundary condition: U = U(r),
∂U/∂θ = 0. Forms of focusing electrodes are found as a result of solution
of the outer (outside) problem. Figure 5.5 shows the family of equipotential
lines analytically found in [90].

The aperture in the anode electrode produces a certain decrease of cath-
ode current and beam defocusing. The latter effect can be taken into account
by a method similar to that used in the previous case.

5.2.3 Strip-Beam Forming in Crossed Fields

Analytical calculations of guns that provide formation of a strip beam in
crossed electric and magnetic fields is based on a partial solution of the
system of equations describing the electron flow in the hydrodynamic ap-
proximation [91]. This solution assumes that potential velocity components,
current and space charge densities depend on one coordinate, for instance,
the y-coordinate.
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Fig. 5.6. An electron trajectory in crossed
fields (case p � 1)

In normalized variables, the system of equations describing the electron
flow is written as [91]:

Z = Z0 + u2/2 − (1 − p) (1 − cos u) ;
Y = u − (1 − p) sin u ;
Φ = u2/2 − (1 − p) (u sin u + cos u − 1) ,

where Z and Y – are normalized longitudinal and transversal coordinates
that are defined by relations: Z = ε0ω

3
cz/(ηjy); Y = ε0ω

3
cy/(ηjy); Φ =

ε0ω
4
cU/(ηj2

y) – normalized potential; u = ωct – is dimensionless time of
electron motion from the cathode to a current point of coordinate space;
Z0 – coordinate of electron emission on the cathode (u = 0, Y = 0);
p = ε0ω

2
c ẏ0/(ηjy) – parameter of initial conditions.

The values included in the above relations have the following sense: ωc –
cyclotron frequency ωc = ηB; η = |e| /m; jy – y-component of the current
density; ẏ0 – initial electron velocity on the cathode.

Depending on the value of parameter p the following particular cases of
an electron-beam motion are possible:

a) p � 1; Z = Z0+u2/2+cos u−1, Y = u−sin u, Φ = u2/2−u sin u−cos u+1.
b) p ≈ 1; Z = Z0 + u2/2, Y = u, Φ = u2/2.
c) p 
 1; Z = Z0+u2/2+p(1−cos u), Y = u+p sin u, Φ = u2/2+p(u sin u+

cos u − 1).

Cases a) and b) are of practical interest, they are taken as the basis for
designing of guns providing the formation of strip beams. In the former case,
electron trajectories appear to be relatively complicated curves, one of them is
shown in Fig. 5.6. In points u = 2πn (n = 1, 2, 3, . . .) trajectories prove to be
parallel to the Z-axis. In the latter case, electron trajectories are parabolas,
which are approaching the lines parallel to the Z-axis, with the Z-coordinate
being increased.

The former case is used for design of the so-called short-focus gun, while
the latter is applied for design of the long-focus gun (Figs. 5.7 and 5.8).
For designing the gun the part of the flow limited to the two trajectories
starting from the cathode points Z = 0 and Z = Z0, is “being cut”, the
rest of the flow is removed and its action is replaced by the equivalent action
of focusing electrodes, which are determined as the result of the solution of
outer (outside) problem.

Let us consider the calculation of forms of electrodes for the long-focus
gun with a parabolic form of trajectories. Supposing that the beam boundary
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Fig. 5.7. Short-focus gun; 1 – cathode,
2 – focusing electrodes, 3 – strip beam,
4 – anode

Fig. 5.8. Long-focus gun; 1 – cathode,
2 – focusing electrodes, 3 – strip beam,
4 – anode

lies in the complex plane ζ = Z + iY , we will map it onto the real axis of
the auxiliary complex plane ψ = u + iv. Since the parametrical equation of
the boundary in the initial plane is Y = u and Z = Z0 + u2/2, the following
function is used for this transformation:

ζ = Z (ψ) + i Y (ψ) = Z0 + ψ2/2 + jψ .

Substitution of ζ = Z + iY and ψ = u + iv into this equation gives

Z + iY = iu − v + (1/2)
(
u2 + 2iuv − v2) + Z0 ,

or, after separation of the imaginary and real parts:

Z = Z0 +
1
2
(
u2 − v2) − v; Y = u (1 + v) . (5.5)

The initial conditions on the transformed beam boundary in the complex
plane ψ are expressed as:

f1 (u) = Φ|υ=0 =
u2

2
; f2 (u) =

∂Φ

∂v

∣∣∣∣
v=0

= u2 ;

f3 =
∂Φ

∂u

∣∣∣∣
υ=0

= u ; f3 (u) =
∂Φ

∂u

∣∣∣∣
v=0

= u .

Then, the complex potential W in the plane ψ is determined by the equa-
tions (see (2.18)):

dW

dψ
= f3 (ψ) − if2 (ψ) ,

dW

dψ
= ψ − iψ2 .

This results in W = ψ2/2 − iψ3/3 + C. The potential Φ, being the real
part of W , is found as:

Φ=Re [W ] = Re
[
ψ2

2
− i

ψ3

3
+ C

]

=
1
2
(
u2 − v2) + u2v − v3

2
+ ReC .

Since the point u = 0, v = 0 corresponds to the point Z = Z0 and Y0 = 0,
located on the cathode, then its potential is equal to zero. Assuming in the
previous equation u = v = Φ = 0, we find that Re C = 0.
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Fig. 5.9. Map equipotential lines for designing of electrodes of long-focus gun

Then, the equation of equipotential line in the plane ψ can be written
down as follows:

u2 =
[
2Φ + v2

(
1 +

2
3
v

)]/
(2v + 1) .

Keeping Φ = const = C1 in this equation and varying v one can find
the values of coordinate u of the points belonging to the equipotential line
in question. Then coordinates Z and Y of these points in the plane ζ are
calculated using (5.5).

The results of calculation of the zero equipotential line Φ = 0 are given
below, the values of coordinates being expressed in arbitrary units:

v –0.49996 –0.4999 –0.45 –0.4 0 10 20 25 30
u 45 29 1.18 0.75 0 6 11.8 14.7 17.5
Z 1050 415 1.2 0.6 0 –41.6 –150 –230 –328
Y 22.6 14 0.65 0.45 0 67 250 382 540

The geometry of other equipotentials is found in a similar way.
The results of these calculations obtained in [91] are presented in Fig. 5.9.

Using this diagram it is possible to determine the forms of the gun electrodes.
The curves of zero potential determine the shape of cathode focusing elec-
trodes. The anode electrode has the shape of the equipotential line with the
normalized potential equal to

Φ = Φa =
ε2
0ω

4
c

ηj2
y

Ua .

To pass from absolute values to the normalized ones (and back) the fol-
lowing formulae are used:

Φ =
10−12

2.35
B4

j2
c

U ; Z =
10−6

3.7
B3

jc
z ; Y =

10−6

3.7
B3

jc
y ,

magnetic field induction B, current density jc and distances z and y being
expressed in the units G, A/cm2 and cm, respectively.
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5.3 Guns for Solid Axially Symmetric Beams

5.3.1 Parallel Cylindrical Beam

The procedure of gun design for formation of a parallel cylindrical beam is
the same as used for the gun with a parallel strip beam considered above.
An electron beam of cylindrical form is cut out from an infinite parallel flow
(Fig. 5.10). The shapes of focusing electrodes are found by computation of the
equipotential lines in the region outside of the beam with the initial conditions
given of the boundary of the cylinder: U = Ua(z/d)4/3, ∂U/∂r = 0. One of
the possible methods of solution of this problem is described in [10]. The
picture of equipotential lines is presented in Fig. 5.11. The perveance of such
a gun is determined by the relation following from the 3/2 power law:

P =
I

U
3/2
a

= 2.33 × 10−6 πr2
c

d2 , (5.6)

where rc – cathode radius that is equal to the beam radius rb; d – cathode–
anode distance; Ua – anode voltage; I – beam current.

The anode aperture defocusing action can be approximately taken into
account, if we consider it as that of a diaphragm lens with focal distance

f =
4Ua

(−∂U/∂z)z=d

= −3d .

Then the angle of the boundary electron trajectory slope at the exit of
the gun is:

α ≈ tgα =
rb

|f | =
1
3

rb

d
.

Substitution of the value of d found from (5.6) gives α ≈ tanα =
√

P/8.1,
P being the gun perveance expressed in mkA/V3/2.

cr r

cz r

Fig. 5.10. Cylindrical beam formation Fig. 5.11. Map of equipotential lines
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5.3.2 Pierce Gun for Convergent Beam

The radial electron flow in the spherical coordinate system is used for de-
signing the gun. This flow is characterized by the following relationships (see
Sect. 4.3):

I =
16πε0

9

√
2
|e|
m

U3/2

(−α)2
= 29.34 × 10−6 U3/4

(−α)2
;

U = Ua (−α)4/3
/(−αa)4/3

,

values of functions (−α)2 and (−α)4/3 being presented in Table 5.2.
For keeping the electron flow undisturbed inside the sector of angle 2θ

(see Fig. 5.12), the action of the removed part of the flow is replaced by
the equivalent action of focusing electrodes that should provide the following
conditions at the beam boundary:

U = Ua
(−α)4/3

(−αa)4/3 = ϕ (r̄)
∂U

∂θ
= 0 .

The form of equipotential lines obtained in [92] by an analytical method
is shown in Fig. 5.13. Here s/r̄c – is the relative distance measured from the
beam boundary.

The difference in the shape of equipotential lines is seen to be small enough
for the two angles of beam convergence θ = 10◦ (hatched lines) and θ = 40◦

Table 5.2. Values of the function (−α)4/3 and (−α)2

rc/r (−α)4/3 (−α)2 rc/r (−α)4/3 (−α)2

1.00 0.000 0.0000 2.1 0.92 0.888
1.05 0.018 0.0024 2.2 1.02 1.036
1.10 0.045 0.0096 2.3 1.12 1.193
1.15 0.076 0.0213 2.4 1.21 1.258
1.20 0.110 0.0372 2.5 1.33 1.532
1.25 0.148 0.0571 2.6 1.43 1.712
1.30 0.185 0.0809 2.7 1.52 1.901
1.35 0.226 0.1084 2.8 1.63 2.098
1.40 0.268 0.1396 2.9 1.74 2.302
1.45 0.309 0.1740 3.0 1.84 2.512
1.50 0.353 0.2118 3.2 – 2.954
1.60 0.443 0.2968 3.4 – 3.421
1.70 0.535 0.3940 3.6 – 3.913
1.80 0.630 0.5020 3.8 – 4.429
1.90 0.730 0.6210 4.0 – 4.968
2.00 0.820 0.7500 4.2 – 5.528
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Fig. 5.12. Gun for convergent-beam
formation, boundary condition

Fig. 5.13. Map of equipotential lines
for conical beam design; hatched lines
– angle of beam convergence θ = 10◦,
solid lines θ = 40◦

(solid lines). This allows the chart of Fig. 5.13 to be used for determination
of focusing electrodes of guns with intermediate values of the angle θ. The
connection between the gun geometrical parameters r̄c/r̄a and θ, current and
anode voltage is determined by the 3/2 power law:

I = 29.34 × 10−6 sin2 (θ/2)
(−αa)2

U3/2
a , (5.7)

where (−αa)2 is the value of the tabulated function (−α)2, calculated for
r̄c/r̄ = r̄c/r̄a.

Then the gun perveance expressed in mkA/V3/2 is given by the formula:

P =
I

U
3/2
a

= 29.34
sin2 (θ/2)
(−αa)2

. (5.8)

In the theory of the Pierce guns the effect of the anode aperture is taken
into account only from the point of view of its defocusing action that is as-
sumed to be equivalent to that of the diaphragm lens with the focal distance:

f = 4Ua/(−∂U/∂r)r̄=r̄a
.

Substitution in this equation of U = Ua (−α)4/3
/ (−αa)4/3 gives

f = − 4 (−αa)4/3

∂
∂r̄ (−α)4/3

∣∣∣
r̄=r̄a

. (5.9)

It follows from this equation that the focal distance of the anode lens
depends only on the relation of cathode and anode radii of curvature. This
dependence is shown in Fig. 5.14. Due to the refracting action of the anode
lens the angle of electron trajectories convergence at the exit of the gun γ is
less than the initial convergence angle θ (Fig. 5.15).
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a cr r

cf r

Fig. 5.14. Focusing length of the anode lens
as function of electrode radii of curvature

Cathode

cr
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Fig. 5.15. Scheme for designing of the gun forming convergent beam

Angles γ and θ are connected by the relation

γ = θ − α . (5.10)

Here α – is the refraction angle of electron trajectories in the anode lens,
calculated by the following formulae:

• for the gun with the aperture in the anode electrode without a grid,
α 
 tanα = ra/f , where ra – beam radius at the entrance into the anode
aperture, the radius of the latter being r′

a = kra (k ≥ 1);
• for the gun with the anode aperture covered with a grid with a square

mesh α 
 tanα = h/2f , where h – is the grid pitch.

From comparison of the two relations it follows that the defocusing action
of the anode aperture can be substantially diminished, if it is covered with a
grid with a small mesh size, h � ra. However, the presence of the grid leads
to the loss of part of the beam current, henceforth guns with the grid are
applied relatively rarely. Because of this the following analysis will be limited
to the case of a gun without a grid. From geometrical relations (Fig. 5.15)
we have ra = r̄a sin θ 
 r̄aθ; then α 
 tanα = ra/f 
 raθ/f . Substituting
this relation into (5.10) we obtain

γ = θ

(
1 − r̄a/r̄c

f/r̄c

)
. (5.11)
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Degree

Degree

Fig. 5.16. Dependence of the angle of
beam convergence γ on the angle θ and
the value of perveance P

With the aid of this relation it is easy to find the angle γ, if we use
the diagram in Fig. 5.14. In particular, from this diagram it follows that with
r̄a/r̄c = 0.69, (r̄c/r̄a = 1.45), f/r̄c = 0.69. This means that with r̄c/r̄a = 1.45
the angle γ = 0, i.e. at the exit of the gun, beam trajectories will be parallel
to the beam axis z. When r̄c/r̄a > 1.45 the beam will be convergent, and
when r̄c/r̄a < 1.45 it will be divergent.

Figure 5.16 shows the function γ = f(θ), with the perveance P being used
as the parameter. It is obtained with the help of relations (5.8), (5.11) and
the diagram of Fig. 5.14.

Electron-beam motion in the channel, located behind the gun anode, is
determined by the action of Coulomb’s forces and can be found with the aid
of universal curves for the beam envelope and the slope angle of the beam-
boundary trajectory, which are described in Sect. 4.5, or with the help of the
corresponding analytical formulae.

The Scheme of Pierce Gun Design

The values of the following beam parameters are assigned:

– beam perveance P ,
– minimum beam radius rmin,
– its position on the z-axis – zmin (see Fig. 5.15).

At first, using the universal curves (Fig. 4.4) or equivalent analytical
relations, we find the electron beam radius at the entrance of the anode
aperture ra = rmin(1 + 0.25Z2 − 0.017Z3), where Z = 0.174

√
P zmin/rmin

is the normalized z-coordinate, and the angle of trajectory slope tan γ =
0.174

√
P ln (ra/rmin).

Then, with the help of the diagram in Fig. 5.16, (5.8) and Table 5.2 we
find the angle of beam convergence θ, the relation of radii of curvature r̄c/r̄a

r̄a = ra/ sin θ and find values of r̄c and rc. So, the basic geometrical gun
parameters have been determined.

Focusing electrodes can be found with the aid of the equipotentials map
presented in Fig. 5.13. The form of the anode electrode is defined by the shape
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of the equipotential line, crossing the horizontal axis of the diagram at the
point with the value of the relation r̄k/r̄a, obtained above (if the equipotential
does not run through this point, it is obtained by interpolation).

Example 5.1. P = 1µA/V3/2; rmin = 0.5 cm; zmin = 5 cm are the set of
required beam parameters.

First, we calculate:

Z = 0.174
√

P
zmin

rmin
= 1.74 ;

ra = rmin
(
1 + 0.25Z2 + 0.017Z3)

= 0.5(1 + 0.25 × 3.02 − 0.017 × 5.3) = 0.85 ;

tan γ = 0.174
√

P ln (ra/rmin) = 0.123; γ = 7◦ .

Then, from the diagram (Fig. 5.16) we find θ = 17.5◦. For known values
of θ and P using (5.8) we find (−αa)2 = 0.68 and the corresponding value
rc/r̄a = 1.95. Then we determine r̄a = ra/ sin θ = 0.85 : 0.3 = 2.8 cm and
r̄c = 1.95r̄a = 5.5 cm, rc = r̄c sin θ = 1.65 cm. The gun electrodes are found
using the equipotential chart (Fig. 5.13).

“Optimal” Gun.. In the Pierce gun theory [7] it is shown that for the
set values of perveance P and initial beam radius ra there exists such a
gun geometry that provides the maximum value of the distance zmin, that
is distance from the anode electrode to the position of minimum beam cross
section rmin. This gun is sometimes called optimal. It is characterized by the
following relations: r̄c/r̄a = 2.2; θ 
 21

√
P ; zmin = 1.05r̄c, rmin = 0.43ra.

Using these formulae, it is easy to calculate the gun geometry for the given
beam parameters.

5.3.3 Synthesis of Guns by Ovcharov’s Method

In contrast to the guns considered above, this procedure of gun design sup-
poses obtaining a special solution of the inside problem, which should provide
the required properties of the beam to be formed. The solution is carried out
in the paraxial approximation using the paraxial equation, written in the
special curvilinear coordinate system. The system is formed by the family
of similar lines (family a) and by the family of lines orthogonal to them
(family b). In the coordinate system r, z (Fig. 5.17) lines, belonging to these
families, are described by equations:

r (z) = qR (z) ; ∂r/∂z = − R (z)
r∂R (z)/∂z

,

where R(z) – is some basic line from the family a; q – is the similarity
parameter [93].
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z
Fig. 5.17. Orthogonal curvilinear coordi-
nate system

Such a choice of the orthogonal coordinate system corresponds to the
model of a flow with similar trajectories, which is supposed to coincide with
the lines belonging to family a. Parameterization of the orthogonal mesh
is carried out as follows. As the parameter that determines lines from the
family a, the similarity parameter q2 = r(z)/R(z) is taken. It represents the
relative distance of a line of the family from symmetry axis. The parameter
that determines lines from the family b, is taken to be equal to the distance
at which a line of the family crosses the symmetry axis q1 = z. Parameters
q1 and q2 play a role of curvilinear coordinates, the former has dimensions of
length, the latter is dimensionless.

If the base line R(z) is supposed to be the beam boundary, then its parax-
ial equation can be written as [93, 94]:

R2 d2U0

dq2
1

+ 2R
dR

dq1

dU0

dq1
+ 4U0R

d2R

dq2
1

=
I

πε0
√

2 e
mU0

,

where U0 is the potential on the beam axis (q2 = 0); I is the beam current.
Inserting normalized variables R̄ = R/Rn, u = U0/Un and q̄1 = q1/ln, we

obtain:

R̄2 d2u

dq̄2
1

+ 2R̄
dR̄

dq̄1

du

dq̄1
+ 4uR̄

d2R̄

dq̄2
1

=
i√
u

, (5.12)

where

i =
I

πε0
√

2 e
mU

3/2
n µ2

, µ =
Rn

ln
,

Rn, Un and ln are normalization factors
Electron-gun calculation is carried out by the following scheme. Initially,

the axial distribution of potential is set, which is to meet the following con-
ditions:

u = 0 ,
du

dq̄1
= 0 , for q̄1 = 0 (5.13)

du

dq̄1
=

d2u

dq̄2
1

= 0 u = 1 for q̄1 = 1 . (5.14)

The first (5.13) corresponds to space-charge-limited cathode current flow,
the latter, (5.14) are determined by the physical conditions at the transition
region from the gun exit to the drift space.
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Fig. 5.18. Shape of gun electrodes (a) and the axial potential distribution (b) for
a gun designed by the method of synthesis

A typical curve of potential distribution is shown in Fig. 5.18b. To set the
potential distribution, the following expression can be used [94]:

u = kq̄
4/3
1 f2 , f = 1 +

5∑
n=1

anq̄n
1 .

When setting potential in this way the conditions (5.13) are fulfilled auto-
matically. The conditions (5.14) are realized owing to the following relations
imposed on the coefficients a3, a4 and a5

a3 =
119
9

1√
k

− 10 − 6a1 − 3a2 ; a4 = −187
9

1√
k

+ 15 + 8a1 + 3a2 ;

a5 =
77
9

1√
k

− 3a1 − a2 − 6 .

To obtain the cathode of spherical form the additional condition d2R̄/
dq̄2

1 = 0 should be fulfilled. This will be provided if coefficients k1, a1 and a2
are determined by

k =
(

9
4
i

)2/3

; a1 = − 8
15

dR̄

dq̄1

∣∣∣∣
q̄1=0

; a2 =
361
900

(
dR̄

dq̄1

)2
∣∣∣∣∣
q̄1=0

.

The numerical integration of (5.12) is produced, for which it is necessary
to choose values of the parameter i and to set initial values R|q̄1=0 = 1 and(
dR̄/dq̄1

)
q̄1=0. As a result of integration the electron beam form is found,

which corresponds to this potential distribution.
The outside problem solution is also carried out in the curvilinear coor-

dinate system. As is shown in [95], calculation of the potential outside of a
beam can be fulfilled with the approximate formula:

Ū = u + µ2q2
2uR̄

d2R̄

dq̄2
1

+
µ2i

4
√

u

(
1 − q2

2 + ln q2
2
)

,

where Ū = U/Un – is normalized potential.
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Setting Ū = const it is possible to calculate the form of the corresponding
equipotential line in coordinates q̄1, q2. Transform to cylindrical coordinates
is carried out with the following equations:

r/ln 
 µq2R̄

[
1 − 1

2
µ2q2

2

(
dR̄

dq̄1

)2
]

z/ln 
 q̄1 − 1
2
µ2q2

2R̄
dR̄

dq̄1
.

The typical electrodes of the gun calculated in such a way is shown in
Fig. 5.18a.

5.4 Guns for Formation of Hollow Axisymmetric Beams

5.4.1 Parallel Tubular Beam

An electron gun that forms a parallel tubular beam can be designed on the
basis of a gun forming a solid cylindrical beam, if we remove the core of the
beam. For keeping electron motion in the tubular beam part, additional inside
electrodes (Fig. 5.19) are used, which provide, along the inside boundary, the
conditions ∂U/∂r = 0 and U = Ua(z/d)4/3. The form of external focusing
electrodes remains unchanged as compared with that of the gun for solid
beam formation.

Calculation of basic geometrical sizes of the gun can be carried out with
the aid of the 3/2 power law:

I = 2.33 × 10−6 π
(
r2
o − r2

i

)
d2 U3/2

a ,

where ri and ro – are inner and outer radii of the hollow beam.
The lens action of the ring aperture in the anode electrode can be ap-

proximately made by considering its action as that of a slit lens. Then the
angles of boundary trajectories slopes at the exit from the gun can be ap-
proximately determined by the formula α = ∆y/3d, where ∆y = ro − ri –
is the hollow-beam thickness, external trajectories being deflected from the
gun axis and internal ones to the axis.

5.4.2 Convergent Hollow Beam

An electron gun for formation of a convergent hollow beam can be designed
on the basis of the gun forming a solid convergent beam. To compensate the
action of the removed central part of the beam the inner electrodes are in-
troduced, the external electrodes being unchanged (Fig. 5.20). The following
boundary conditions are used in order to determine the shape of the focusing
electrodes

U (r̄) = Ua
(−α)4/3

(−αa)4/3 ,
∂U

∂θ
= 0 .
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Fig. 5.19. Electron gun for formation
of paralle hollow beam; 1 – cathode, 2 –
focusing electrodes

Fig. 5.20. Electron gun for formation
of hollow convergent beam

The general sizes of a gun can be found with an equation following from
the 3/2 power law for a spherical diode:

I = 29.3 × 10−6
sin2 θe

2 − sin2 θi
2

(−αa)2
U3/2

a ,

where θe and θi – are slope angles of external and internal beam boundaries
(Fig. 5.20).

The action of the ring aperture in the anode electrode can be taken into
account in the same way as has been done in previous cases. It is necessary
to note that the hollow beam formed by the gun could transform into the
solid one as a result of electron trajectories crossing, if some special measures
are not taken.

5.4.3 Magnetron Guns for Formation of Hollow Beams

The design of magnetron guns is based on particular solutions of a system
of equations that describes the flow motion in crossed fields. One of these
is the solution describing flow from a flat cathode that is inclined at some
angle θ with respect to field lines of a uniform magnetic field. If we arrange the
coordinate system x, y, z as shown in Fig. 5.21 (coordinate x is perpendicular
to the diagram plane), then a partial solution is determined by the following
system of equations [96]:

Y =u +
u2

6
sin2 θ, Z = Z0 +

u2

2
sin θ cos θ, X = X0 − u2

2
cos θ

(5.15)
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Fig. 5.21. Schematic drawing for considera-
tion of magnetron gun design

Φ =
u2

2
+

u4

8
sin2 θ , (5.16)

here

X =
ε0ω

3
c

η jy
x, Y =

ε0ω
3
c

η jy
y, Z =

ε0ω
3
c

η jy
z Φ =

ε2
0ω

4
c

η j2
y

U and u = ωct

are normalized variables.
Equations (5.15) represent parametrical equation of the space trajectory

of electrons, which leaves the cathode at the point with coordinates Y = 0,
Z = Z0, X = X0. Equation (5.16) defines the potential distribution along
this trajectory. This solution corresponds to the case when electrons leave the
cathode with finite initial velocity ẏ0 = 1

ω2
c

ηjy

ε0
. The next step in the standard

procedure of beam synthesis is to cut from the infinite flow a beam of finite
dimensions. In the case under consideration the cutout is the part of the
flow limited with trajectories starting from cathode points A1 and A2 with
normalized coordinates Y = 0, Z = 0 and Y = 0, Z = Z0 the beam extent
in the X direction is considered to be infinite (Fig. 5.21).

The shape of the focusing electrodes can be found as a result of solution
of Cauchy’s problem for the Laplace equation under initial conditions set on
the beam boundaries. Results of calculation carried out by the method of
analytical continuation are presented as an equipotentials chart in Fig. 5.22,
an electron trajectory being shown here with a hatched line [96].

The described procedure is strictly valid for a planar magnetron gun. It
is possible to adopt it for designing an axially symmetric gun if we consider
the latter as the planar gun wrapped in the ring.

If the mean radius of the ring is significantly greater than the mean dis-
tance between cathode and anode, then electron trajectories in this system
will only differ slightly from trajectories in the corresponding planar system.
This allows us to apply for axial gun design the procedure developed for a
planar gun and, particularly, to use determination of the equipotentials chart,
presented in Fig. 5.22 for the electrodes form.

An axially symmetric gun designed with this procedure will have a value of
perveance somewhat greater than the calculated one. The following procedure
is used to remove this error. The gun is divided into elementary diodes and for
each diode the correction of cathode–anode distance is carried out in order to
provide the same value of the electrode field strength at the cathode surface
both in planar and cylindrical diodes. This condition leads to the formula for
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Fig. 5.22. Map of equipotential lines for magnetron gun design

correction of the cathode–anode distance:

dc = dp

(
1 − 1

2
dc

rmc

)−1

,

where dp – is cathode–anode distance in an elementary planar diode, dc –
corrected cathode–anode distance of the corresponding cylindrical diode, rmc

– is mean radius of cathode of the given elementary diode.

Magnetron Guns of Gyrotrons. In a new class of ultrahigh-frequency
tubes, known as gyrotrons, hollow axial-symmetrical beams are used in which
electrons move on spiral trajectories. To transform efficiently kinetic energy
of the electron beam into electromagnetic field energy it is required that
the relation between the energy of electron rotation W⊥ and the energy of
longitudinal motion W‖ be given by W⊥/W‖ = 2–4.

Formation of such beams is carried out with the aid of magnetron-
injection guns. Construction of such a gun is shown in Fig. 5.23 [97]. It
includes cathode 1 with narrow emitting belt 2, the first anode with potential
Ua1, the second anode with potential Ua2 (Ua2 ≥ Ua1). The initial formation

Electron trajectories 

Fig. 5.23. Magnetron gun of a gyrotron. 1 –
cathode, 2 – emitting belt
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of the beam takes place in the cathode–first anode space in crossed elec-
tric and magnetic fields, where electrons obtain an initial rotation velocity
v⊥k. It can be shown [98] that v⊥k = Ek/Bk, where Ek – is normal to the
cathode component of electric field; Bk – is parallel to the cathode compo-
nent of magnetic induction. Furthermore, electrons move in the accelerating
field of the second anode and smoothly increasing magnetic field, the axial
distribution of which is presented in Fig. 5.23. From the adiabatic theory of
electron guns [98] it follows that this leads to an increasing rotational velocity
component according to the formula v⊥/v⊥k = (B/Bk)1/2. As a result, the
relation of transverse and longitudinal electron velocities can reach the value
of v⊥/v⊥k = 1.5–2, and the relation between kinetic energies of transverse
and longitudinal motion, accordingly, W⊥/W‖ = 2–4.

5.5 Electron Guns with Beam-Current Control

Classification and brief characteristics of this type of electron gun are pre-
sented in Sect. 1.2. The following parameters are used for description of the
gun’s performance:

Anode voltage Ua, control electrode voltage Ug, maximum voltage at the
control electrode Ugm, relative value of cutoff voltage of control electrode
|Ugc| /Ua, (see Fig. 5.24) triode amplification coefficient µ = Ua/ |Ugc|.

Maximum of electron beam current Im, perveance calculated for the max-
imum beam current P = Im/U

3/2
a .

The control factor, being determined as the ratio of the anode voltage to
the value of control voltage that provides the change of beam current from
zero to its maximum value:

K =
Ua

Ugm + |Ugc| =
µ

µUgm/Ua + 1
. (5.17)

mI

gcU gUgmU

Fig. 5.24. Pulse operation of a gun
with beam-current control Ugc – cut-
off voltage of control electrode
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5.5.1 Guns with Grid Control Electrodes

Guns with grid control electrodes are guns of special interest due to their
high control efficiency.

A triode grid gun that provides the formation of a solid convergent beam,
can be designed on the basis of a suitable diode gun, usually a Pierce-type
gun. The original diode gun intended for convergent-beam formation has a
cathode of spherical geometry. The equipotential surfaces spaced in the vicin-
ity of the cathode are close to spherical ones. The control grid, of spherical
shape, is placed at some small distance from the cathode. The effect of the
grid on the beam formation depends on the voltage applied to the grid.

From the theory of electron tubes it follows that a grid of thin wires being
placed in some initial field does not disturb it, if the grid is shaped like an
equipotential surface of this field and has the applied voltage Ugn equal to
the potential of that surface Us. This grid voltage is known as the natural
grid voltage.

Therefore, we can expect that a spherically shaped grid with applied volt-
age being close to the natural one will not significantly disturb the electron
beam of the initial diode gun. The variation of the grid voltage with respect
to the natural one leads to changing such beam parameters as the beam cur-
rent and gun perveance, to the lens effect of grid meshes, which results in
increasing beam emittance.

Triode tube theory can be used for predication of gridded-gun perfor-
mance and design consideration.

The beam current of the diode gun is expressed by (5.7), that is

Id = 29.34 × 10−6 sin2 ( θ
2

)
(−αa)2

U3/2
a ,

where θ is the angle of the beam convergence, (−αa)2 is the function of the
radii of curvature ratio r̄c/r̄a, which can be found from Table 5.2.

Using the results of triode tube theory one can find the following formula
for the cathode current of the grid gun:

Ic = 29.34 × 10−6 sin2 ( θ
2

)
(−αg)

2 U
3/2
geff .

In this formula (−αg)
2 is the function of ratio r̄c/r̄g, found from Table 5.2,

rg being the radius of the grid curvature; Ugeff is the so-called effective grid
potential, which is used in electron tube theory and expressed as

Ugeff =
Ug + DUa

1 +
(

1
χ

)
D

,

where D is the grid-penetration factor, χ is a coefficient equal to the ratio of
the two potentials χ = Ugn/Ua, Ugn being the natural grid potential, Ua the
anode potential.
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For guns of spherical geometry this coefficient can be expressed as

χ = (−αg)
4/3

/ (−αa)4/3
,

where (−αg)
4/3 and (−αa)4/3 are the values of the function (−α)4/3, pre-

sented in Table 5.2, and calculated for the ratios of the radii r̄c/r̄g and r̄c/r̄a,
respectively.

In the case of positive grid voltage, a part of the cathode current can be
intercepted by the grid and the beam current after the grid is expressed by
the formula

I = δgIc = δg × 29.34 × 10−6 sin2 (θ/2)
(−αg)

2 U
3/2
geff ,

where δg is coefficient of the beam-current transmission.
The following relation is obtained for the perveance of diode and triode

guns:

β =
Id

I
=

Pd

P
==

1
δg

(
Ugn + DUa

Ug + DUa

)3/2

=
1
δg

(
χ + D

Ug/Ua + D

)3/2

,

(5.18)

where Ugn = χUa is the natural grid potential.
When the grid potential equals the natural one Ug = Ugn this relation is

reduced to:

β = Pd/P = 1/δg = 1/(1 − σ) .

The beam-transmission coefficient δ, included in this formula, is equal to
the geometrical grid transparency δg = 1 − σ, σ is a space factor determined
as the percentage of the grid area filled by the grid material.

For the grid of parallel wires the coefficient σ is equal to the ratio of
wire diameter dg to grid pitch p σ = dg/p; for the grid with square meshes
σ 
 2dg/p. Usually, the coefficient δg = 0.8–0.95, then β = 1.25–1.05.

When Ug < Ugn or Ug > Ugn the beam perveance in the triode gun will
be accordingly less or greater than the diode gun perveance.

For the case of zero grid potential Ug = 0 one obtains:

β =
Pd

P
=

(
χ + D

D

)2/3

= (χµ + 1)3/2
, (5.19)

where µ – is amplification factor of triode system, µ = 1/D, the coefficient
of current transmission being taken equal to unity, since the grid with zero
potential does not intercept the beam current.

It is seen from (5.19) that for the greater values of the amplification factor,
a greater perveance of the initial diode gun is required to obtain the given
perveance of the triode gun.

When the grid potential differs from the natural one the grid meshes
act as the diaphragm lenses (see Sect. 3.4) and disturb the electron-beam
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motion. To estimate the disturbances, the expression for the focal distance
of the diaphragm lens may be used

f = 4Ugeff/(E1 − E2) ,

where Ueff is the effective grid potential E1 and E2 – electric field strength to
the left and to the right of the grid plane [99]. The angle of electron trajectory
refraction arising due to the lens action is determined by the formula

tgα = x/f ,

where x is distance from the grid mesh center 0 ≤ x ≤ p/2, p being the grid
pitch.

Gun with Natural Potential on Control Grid

Let us consider in more detail designing a gun with a control grid with the
natural potential at the operating point. It is assumed that there is an initial
diode gun that has perveance Pd = βP (β = 1.05–1.25) and a given coefficient
of compression Cj . Designing a triode gun is reduced to the determination
of the structure and position of the grid electrode to provide the required
modulation parameters. To do this it is necessary to consider the dependence
of modulation parameters on geometrical sizes of the triode gun.

In the first approach, calculation of the amplification factor of the triode
gun with a small cathode–grid distance can be found by means of the formula
for the amplification factor of a planar triode tube:

µ =
L′

g (dca − dcg) − ∆

T
, (5.20)

where L′
′g – is length of grid wire per unit of its surface (for the grid with

parallel wires L′
′g = 1/p, for grid with square cells L′

′g 
 2/p); ∆ and T – are
functions of grid space factor σ (see Table 5.3); dcg = r̄c − r̄g – cathode–grid
distance.

As to the value dca, it is the cathode–anode distance of an equivalent
spherical diode, with radius of cathode curvature and cathode current density
being equal to those of the triode gun in question.

The anode curvature radius of the equivalent diode r̄ae is found with the
help of the formula for cathode current density:

jc =
4ε0

9

√
2
|e|
m

U
3/2
a

(−αa)2 r̄2
c

,

where (−αa)2 is the function of relation r̄c/r̄ae tabulated in Table 5.2.
With the values jc, r̄c and Ua being known, the value (−αa)2 is calculated

by the formula and the radius of curvature r̄ae is found from Tables 5.2. Then,
the cathode–anode distance dca is expressed as dca = r̄c − r̄ae.
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Table 5.3. Values of parameters ∆ and T as function of grid space factor σ

σ ∆ T σ ∆ T

0.001 – 0.9172 0.15 0.01735 0.1283
0.002 – 0.8069 0.16 0.01969 0.1192
0.003 – 0.7424 0.17 0.02217 0.1108
0.004 0.00001 0.6966 0.18 0.02479 0.10307
0.005 0.00002 0.6611 0.19 0.02751 0.09582
0.006 0.00003 0.6321 0.20 0.03042 0.08908
0.008 0.00005 0.5863 0.21 0.03342 0.08280
0.010 0.00008 0.5508 0.22 0.03656 0.07694
0.015 0.00018 0.4863 0.23 0.03952 0.07147
0.020 0.00031 0.4406 0.24 0.04319 0.06636
0.025 0.00049 0.4052 0.25 0.04664 0.06156
0.030 0.00071 0.3762 0.26 0.05030 0.05711
0.035 0.00096 0.3518 0.27 0.05402 0.05292
0.040 0.00126 0.3307 0,28 0.05785 0.04900
0.045 0.00159 0.3123 0.29 0.06178 0.04534
0.050 0.00196 0.2956 0.30 0.06581 0.04190
0.060 0.00282 0.2670 0.31 0.6995 0.3869
0.070 0.00383 0.2430 0.32 0.07418 0.03568
0.080 0.00500 0.2223 0.33 0.07850 0.03287
0.090 0.00632 0.2040 0.34 0.08291 0.03025
0.100 0.00779 0.1881 0.35 0.08741 0.02780
0.110 0.00941 0.1738 0.36 0.09199 0.02551
0.120 0.01118 0.1608 0.37 0.09664 0.02337
0.130 0.01309 0.1490 0.38 0.10137 0.02158
0.140 0.01515 0.1382 0.39 0.1062 0.01952

For systems with a high value of amplification factor µ and grid space
factor σ ≤ 0.3 it is possible to omit the term ∆ in (5.20) and obtain:

µ =
L′

g (dca − dcg)
T

. (5.21)

To take into account the sphericity of gun electrodes the correction factor
is introduced and the equation becomes:

µ =
dca − dcg

T
L′

g

r̄c

r̄ae
. (5.22)

As follows from (5.21), (5.22) and Table 5.3 the amplification factor in-
crease with increasing grid space factor σ and decreasing grid pitch p and
cathode–grid distance dcg. This results in reduction of the cutoff poten-
tial Ugc.
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In the vicinity of the cathode of a spherical diode the potential distribution
can be presented with the approximate formula:

U ≈ CUad4/3
(

1 +
d

r̄c

)
,

where d – is a small distance from the cathode, which is supposed to be
considerably less than the cathode radius of curvature r̄c (d � r̄c);

C = 1/ (−αa)4/3
r̄
4/3
c – is a constant depending on gun geometry.

Then, the natural potential of the grid located at the distance dcg is
expressed as

Ugn = CUad4/3
cg

(
1 +

dcg

r̄c

)
. (5.23)

This potential is seen to be decreased with decreasing distance dcg.
Substitution of (5.23) into (5.17) yields

K =
1

Cd
4/3
cg (1 + dcg/r̄c) + 1/µ

=
µ

Cd
4/3
cg (1 + dcg/r̄c) µ + 1

. (5.24)

This equation shows that the control factor is magnified as the cathode–
grid distance dcg decreases and the amplification coefficient µ grows.

The above consideration and formulae can be used for designing of gridded
guns with the required modulating parameters. To get the required value of
the control factor three gun dimensions σ, p, dcg can be varied. If two of
them are chosen the third one is uniquely determined from (5.24). It should
be noted that for a grid operating with positive voltage Ugm > 0, the grid
space factor value σ exceeding 0.25 should not be to used since it leads to
growth of the grid current interception.

Gun Operating with Zero or Negative Grid Potential

Under these operating conditions the maximum grid voltage Umg ≤ 0 and
the grid does not intercept the beam current. However, the grid with zero
or negative potential considerably reduces the gun perveance P as compared
with the initial diode gun perveance Pd. For the case Ugm = 0 it will be:

P = Pd
1

(χµ + 1)3/2 .

Therefore, the initial diode gun should have much greater perveance than
the nominal one of the designed gridded gun. Moreover, the grid, being at
zero or negative potential, disturbs the initial potential distribution as well
as the electron trajectories due to the lens action of the grid meshes. This
leads to increasing of the beam cross section and beam emittance.
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Tetrode Type Electron Gun with Shadow Grid

The schematic drawing of the gun is shown in Fig. 5.24. On the grid G1,
which is called shadow one, zero (cathode) potential is applied and there-
fore electrons moving from the cathode can not reach the grid wires and
pass around them. The wires of the control grid G2 are placed immediately
behind the wires of grid G1 in the “shadow” of the latter. Due to this the
grid G2 working with positive potential practically does not intercept the
beam current. The perveance of the tetrode gun can be made close to that
of the initial diode gun.

As in the forthcoming case, the zero potential grid G1 disturbs the po-
tential distribution and electron trajectories in the cathode vicinity leading
to laminar-flow disturbance, beam cross section and emittance growth [101].
The last effect can not be eliminated by the action of focusing electrodes.

5.5.2 Electron Gun with Diaphragm Control Electrode

The schematic drawing of the gun is shown at Fig. 1.8e. The penetration
factor of the control electrode (diaphragm) for the anode voltage is negligible
and its cutoff voltage is practically equal to zero, Ugc = 0. Then, (5.17) for
the gun control factor is reduced to:

K = Ua/Ugm .

Since the anode field practically does not penetrate the space cathode–
control electrode, the systems of these two electrodes can be considered as
independent beam-forming systems. Its perveance is found as:

Pd = PK3/2 ,

where P and K are the perveance and control factor of the designed triode
gun.

As follows from this expression, increasing of a gun control factor is con-
nected with the growth of the diode-system perveance Pd. This limits the
values K for guns of such a type to several units. The preliminary calcula-
tion of the diode gun can be carried out with one of the methods described
in Sect. 5.3.

When designing the triode gun, it is necessary to take into account the ac-
tion of the electrostatic immersion lens arising in the space “control electrode
– gun anode”.

5.6 Principle of Computer-Aided Design
of Electron Guns

Design of electron guns includes two main steps. The first one supposes de-
termination of the initial geometry of the electron gun, which provides the
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required beam parameters (perveance, compression, etc.). Usually, for this
purpose the method of synthesis is used, which is based on one of the sim-
plified mathematics models of the electron gun. The second step includes
electron-gun analysis with the aid of computer programs and optimization
(correction) of its geometry.

5.6.1 Synthesis of Electron Gun

The program of synthesis of electron guns forming a solid axial-symmetrical
beam is based on a mathematical model of an electron gun and an algo-
rithm has been described in Sect. 5.3. The input data includes the following
electron-beam parameters: I – the beam current; U ′

a accelerating voltage;
beam radius in its minimum cross section rmin and coordinate of its position
zmin. Gun electrodes geometry and boundary trajectory, being obtained as
the result of the program work, are presented in graphical and tabular forms.

5.6.2 Electron-Gun Analysis

The method of successive approximation is used for computer-aided gun anal-
ysis. As a first approximation, the Laplace field is computed for the gun ge-
ometry obtained at the previous step by one of the techniques described in
Chap. 2.

Then the approximate value of cathode current is found in the following
way. The cathode surface is divided into a large number of small segments
by some regular method. The cathode current from the k-th segment ∆I

(2)
k

is calculated by the method of “planar virtual diode” that is created by the
cathode segment and an equipotential surface of potential U (1) located at a
small distance dk from the cathode, the surface being considered as a virtual
anode:

∆I
(2)
k = J

(2)
k ∆Sk , J

(2)
k = 2.33 × 10−6

(
U (1)

)3/2

d2
k

αr ,

where J
(2)
k is the current density, ∆Sk – the area of the cathode segment, αr

is a correction factor of order of 0.3–0.5, which takes into account the fact
that the potential U (1) is actually Laplace’s potential.

This calculation is produced for all cathode segments. Then, charge par-
ticle trajectories starting from the segments are calculated, each of them is
assumed to carry the corresponding value of the current. This enables the
space-charge distribution to be found. Then the potential distribution in the
second approximation U (2) is calculated, with the space-charge field being
taken into account.

New values of segment currents are calculated by substituting in the above
equation the potential U (2) and assuming αr = 1 and so forth.
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Fig. 5.25. Electron gun with shadow grid,
G1 – shadow grid, G2 – control grid

Cathode 

Gun

Fig. 5.26. Results of gun-trajectory
analysis

Fig. 5.27. Phase curves: 1 – required
(ideal) curve 2 – real curve obtained by
analysis

This procedure is repeated until the potential distribution and electron
trajectories in a current approximation prove to be close enough to that of
the previous one.

The convergence of successive approximations can be improved if we de-
termine the cathode current density in the n-th approximation using the
formula

J̃
(n)
k = αJ

(n)
k + (1−α) J̃

(n−1)
k ,

where J
(n)
k = 2.33 × 10−6

(
U (n−1)

)3/2
/d2

k; α is the coefficient of relaxation
being close to 0.7 [9].

The analysis results are data on the geometry and current of the electron
beam, its distribution on the beam cross section, the value and direction of
electron velocity in different points of the beam cross section.

As a standard method to represent calculation results the picture of elec-
tron trajectories is used, shown in Fig. 5.25. However, it is not informative
enough to estimate a final result, namely – the quality of the beam formed.

Properties of the beam formed by the gun can be described with the aid of
a phase curve, built up in transverse phase space with coordinates r and r′ =
dr/dz, r being the radial coordinate of a trajectory point and r′ the trajectory
slope to the gun axis. Figure 5.27 presents the phase curve of the electron
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beam of the electron gun shown in Fig. 5.26. The characteristic is obtained
for the plane zmin, where the beam radius has its minimum value rmin. Such
a type of phase curve shows that the beam formed by the electron gun is
a nonlaminar one, its trajectories are crossed. The quality of the formed
electron beam can be estimated with the aid of a parameter determining
deviation of the obtained phase curve from the ideal curve, which is shown
in Fig. 5.27 with a solid line:

β =
N∑

k=1

αk∆k ,

where ∆k = [a(rk − r̂k)2 + b(r′
k − r̂′

k)2]1/2 – is the deviation of the phase
point of the k-th trajectory from the one given by values r̂k and r̂′

k; αk –
is coefficient equal the given part of the current that is carried by the given
trajectory; a and b – weight factors.

In the case presented in Fig. 5.26, the ideal phase curve corresponds to
the laminar beam, trajectories of which in the plane of minimum beam cross
section are parallel to the system axis. Therefore, the value r̂′

k in the above
equation for deviation ∆k is taken equal to zero. It is evident that the less
the value of parameter β the closer is the obtained phase curve to the set
(ideal) one. The case β = 0 corresponds to their coincidence. So, the value β
can be considered as the criteria when comparing variants of electron gun in
the process of its correction (optimization).

For quantitative estimation of the electron-flow degree of order and its
quality other methods and parameters can also be used, including the method
of mean square emittance, which is determined by the formula [12]:

ε̄ = 4
(〈

r2〉 〈r′2〉 − 〈rr′〉2
)1/2

,

where 〈r2〉, 〈r′2〉, 〈rr′〉 – are corresponding values of r2, r′2 and rr′, averaged
on the area of phase space, occupied by the beam. With regard to the electron-
beam discrete model, the expression for mean square emittance can be written
in the following way

ε̄ =
4
N

⎡
⎣( N∑

k=1

r2
k

) (
N∑

k=1

r′ 2
k

)
−

(
N∑

k=1

rkr′
k

)2
⎤
⎦

1/2

where rk and r′
k – are radial coordinate and slope of the k-th trajectory,

summation is being made on all k trajectories.
It is not difficult to find that if the beam phase curve is a linear one, then

the mean square emittance of such a beam is equal to zero. The deviation
of the phase curve from the linear one gives a finite value of mean square
emittance.

In [101] for quantitative estimation of transverse velocities in the minimum
beam cross section the mean weighted value of electron trajectories slopes 〈r′〉
and standard (mean square) deviation σ are used:
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〈r′〉 =

(
N∑

k=1

∆Ikr′
k

)/
I

σ =

[
1
I

N∑
k=1

∆Ik (r′
k − 〈r′〉)2

]1/2

,

where ∆Ik – is weight, a factor that is equal to the current of the k-th current
tube; I – is full beam current. The methods of electron-gun calculation ap-
plying computers, which take into account the influence of thermal velocities,
were considered in [100–102].



6 Electron and Ion Sources
with Field and Plasma Emitters

6.1 Some Peculiarities of Field and Plasma Emitters

Broadening of the field of application of electron and ion beams has resulted
in development of their sources on the basis of field and plasma emitters.

Initially, field emitters were investigated and used as low-current point
sources of electrons [103–106]. Their advantages are as follows: absence of
heater, possibility to obtain high current density of order 105 A/cm2 for
continuous operating condition and up to 109 A/cm2 for pulse operation
from point sources, low energy spread of emitted electrons. This provides
for forming of thin point focused beams with high energy concentration and
high brightness (up to ∼ 1010 A/cm2sr). On the other hand, there exist some
negative properties of the sources such as low current and emission stability.
They are overcome by use of multiple-tip field-emission systems and new
materials of emitters [108–113].

Later, a new class of field emitters of ion and electrons was developed,
known as liquid metal sources [114, 115].

Plasma is considered to be a natural source of both electrons and ions.
Plasma sources can operate in continuous or pulsed operating conditions
allowing narrow or wide charge particle beams to be formed. The important
peculiarity of them is the possibility to operate in a low vacuum environment.

There exist a number of types of plasma charge particle sources and their
numerous varieties. Series monographs are devoted to their physics, theory
and technique [17, 116–119]. So, only the most typical and widely used of
them will be briefly considered here.

6.2 Low-Current Field-Emission Guns

One of the first field-emission (FE) electron guns, successfully used in a
scanning microscope, was developed by Crewe [106]. It consists of a single
field-emission pointed cathode (1), anode (2) and accelerating electrode (4)
(Fig. 6.1). An anode voltage of 20 kV applied to the anode electrode produces
a field-emission current from the pointed cathode having a radius of curva-
ture equal to 0.1 µm. The anode electrode and the accelerating electrode,
operating with voltage varying from 20 to 145 kV create an electrostatic
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1
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Fig. 6.1. Scheme of cold-cathode gun:
1 – cathode, 2 – first anode, 3 – insula-
tor, 4 – second anode

Fig. 6.2. Cold-cathode microwave in-
jector: 1 – microwave cavity, 2 – cath-
ode, 3, 4 – first and second anodes

lens. The adjacent surfaces of these two electrodes are specially shaped to
minimize lens spherical aberration. The lens is known as a Butler lens and
the entire system as a Crewe–Butler optical system. The electron gun with a
field-emission pointed cathode produces an electron beam with a minimum
spread of electron velocity and the linear output phase curve. Its focusing
by the electrostatic lens with reduced spherical aberration results in a really
pointed beam focus with a very high value of brightness of 108A/cm2 sr with
total beam current I = 150 ÷ 103 µA.

Field-emission cathodes are employed in microwave injectors for linear
accelerators [107]. A pointed cathode is introduced in a microwave cavity fed
from a microwave source (Fig. 6.2). If the resonance condition is fulfilled an
alternating voltage of a high amplitude is excited in the cavity. It produces
a field-emission current in the form of short periodical pulses, with pulse
duration being equal to a small part of a period of alternating voltage. In the
system shown in Fig. 6.3 the pointed tungsten cathode (2) having a radius
of curvature equal to 0.1 µm is introduced into a cylindrical cavity (1).

Emitted and accelerated electrons come out through the aperture in the
resonator wall (3) and enter the field of a focusing electrostatic lens formed
by the resonator wall and the accelerating electrode (4).

Fig. 6.3. Elementary cell of multiple-tip cathode:
1 – microcathode, 2 – control electrode, 3 – dielec-
tric film, 4 – conducting pad; dimensions are given
in µm
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Fig. 6.4. Scheme of an electron gun with explosive emission cathode: 1 – gun
region, 2 – cathode, 3 – anode, 4 – drift space, 5 – target

The parameters of this injector are as follows. The frequency and the
amplitude of alternating voltage are 2.37 GHz and 1 kV, the amplitude of
current pulse 100 µA, its phase duration ∼ 33◦, value of accelerating voltage
Ua = 35 kV.

6.3 Multiple-Tip Field-Emission Cathodes

There exist multiple-tip systems of two types: cathode with randomly located
tips and matrix cathodes. In the last systems microcathodes (tips) are placed
in a regular and reproducible manner.

The geometry of a separate cell of a matrix cathode is presented in Fig. 6.3
[108]. A molybdenum cone microcathode (1) with radius of curvature equal to
0.05–0.06 µm enclosed by a control electrode (2). An anode electrode located
at a large distance from the cathode is not shown in this picture. The matrix
pitch (distance between two elementary sells) is equal to 12.5 µm. At an anode
potential and control electrode potential varying in the interval 100–300 V
field-emission current of the unit cell is changed from 50 µA to 150 µA. The
total cathode current of a cathode containing 103 elementary cells comprises
102 mA at an average current density of 10 A/cm2.

The geometry of cathode cells is chosen to provide the required value of
beam current and zero its interception by the control electrode. The methods
of numerical simulation can be used for this [109].

Recently, large-scale investigations have been conducted on application of
graphite nanotubes, that is, nanometer graphite layer cylinders, for field-
emission multiple-tip cathodes [110 ,111]. This approach is considered to
be very promising for development of high-current, long lifetime and high-
stability field-emission cathodes.

Field-emission multiple tip cathodes can find application in conventional
vacuum devices and microwave tubes, as well as in devices of vacuum micro-
electronics [112, 113].
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6.4 High-Current Electron Sources
with Explosive Emission

Explosive emission is a complicated phenomenon, which is developed when a
high-voltage pulse is applied to an interelectrode gap. It is considered to be
a phase of explosive gap breakdown.

A phenomenological model of the origin and evolution of explosive emis-
sion is described as follows. Initially, as the pulse voltage is applied, field
electron emission appears from local centers, which are erased due to rough-
ness and tip type inhomogeneity of real cathode surfaces. Flowing current
results in self-heating of the emitting tips that in turn leads to increasing tip
emission current and tip temperature, finally it involves tip matter melting
and evaporation. Evaporating atoms undergo field and collision ionization.
Product ions are accelerated toward the cathode and strike its surface. This
leads to cathode material sputtering, and creation of additional ions and elec-
trons. The electron current in the anode circuit is increased greatly, reaching
values that are several orders greater than that of the pure field emission. De-
velopment of these processes causes formation of a dense plasma cloud, which
spreads toward the anode electrode. When it reaches the anode, explosive gap
breakdown occurs.

Figure 6.4 shows an electron gun for formation of a power pulse electron
beam with 30 nanosecund pulse duration, beam current 5×104 A and energy
3 × 106 eV [104]. This consists of a pointed field emitter (1) operated in
conditions of explosive emission and anode electrode of a thin metal foil.
Electrons with energy of order of 106 eV pass through this foil and strike a
target (3) to produce X-rays.

Explosive emission can be obtained not only from pointed cathodes, plane
cathodes having surface microinhomogeneity can also be used as field explo-
sive emitters. In this case the process of explosive emission is developed as
was described earlier.

Cathodes with explosive emission are employed in high-power pulse mi-
crowave tubes, X-ray tubes and accelerators.

6.5 Liquid-Metal Emitters

The physics of ion field emission from a liquid-metal surface can be described
in the following way [114, 115]. Suppose that a capillary tube with liquid
metal is introduced into an accelerating electric field of high intensity. The
liquid-metal meniscus, which exists at the end of the tube, under the action
of electric forces and forces of surface tension acquires the form of a fine cone
(so-called, Teilor’s cone). The action of the strong field results in intensive
ion emission from the tip of the cone due to the effects of field evaporation
and field ionization. An example of a liquid-metal point source used for ion
implantation is described in Sect. 9.3.
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Field emission from an extended liquid-metal surface can also be initiated
under the action of an electric field of a high strength. The field initially
disturbs the smooth liquid surface, thus wave-crest-like inhomogeneities arise.
They are local centers of ion field emission. Liquid field emitters can be also
used as sources of electrons.

6.6 Plasma Sources of Charged Particles

Plasma sources of charged particles can be classified by the type of gas dis-
charge producing the plasma [17]:

• Sources with hot-cathode gas discharge
• Sources with cold-cathode gas discharge
• High-frequency gas-discharge sources
• Microwave gas-discharge sources using the effect of electron cyclotron res-

onance (ECR)

Besides standard parameters used to characterize charge particle beam
sources that is, current, voltage, perveance, emittance, some additional ones
are introduced to describe performance of plasma sources: consumption of
process gas; power efficiency – ratio of beam power to total source power
consumption; efficiency – ratio of beam current to total source power con-
sumption.

6.6.1 Duoplasmatrons

These sources of ions refer to hot-cathode arc-discharge type of sources with
non uniform magnetic field. The design includes the directly heated cath-
ode (7), located in the cavity of intermediate electrode (9) (this electrode
can be considered as a primary anode), anode electrode (2), extracting elec-
trode (1). Process gas is supplied through a gas inlet (4) (Fig. 6.5).

An arc discharge is initially ignited in the space cathode – intermediate
electrode and then it is extended to the anode electrode. The plasma of the arc
discharge is contracted, while passing through the channel in the intermediate
electrode and due to the action of the nonuniform magnetic field, which is
created in the channel and the gap between the intermediate electrode and
the anode. The ion concentration in the vicinity of the extraction electrode
can attain 1014–1015 ions/cm3. Under these conditions, the ion beam density
can reach ∼ 100 A/cm2.

A duoplasmatron of the type shown in Fig. 6.5, operating at a gas pressure
of order of 1 Pa, voltage of arc discharge equal 100 V, and extraction voltage
5 kV produces of order of 50 mA, with a power efficiency about 50%.

There exist several modifications of duoplasmatrons with better operat-
ing parameters. One of them is a duoplasmatron with oscillating electrons
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Fig. 6.5. Scheme of duoplasmatron: 1 –
extractor, 2 – anode, 3 – cooling tubes,
4 – gas inlet, 5 – cathode flange, 6 –
magnetic coil, 7 – cathode, 8 – window,
9 – intermediate electrode

Fig. 6.6. Duoplasmatron with oscillat-
ing electrons: 1 – cathode, 2 – interme-
diate electrode, 3 – anode, 4 – anti cath-
ode, 5 – extracting electrode, 6 – insu-
lators, 7 – gas inlet, 8 – magnetic coil,
9 – cooling system

(Fig. 6.6). Its design contains an additional electrode, which is located beyond
the anode electrode.

This electrode is termed an anticathode. Its potential is the same as
or more negative than that of the intermediate electrode. In this electrode
system-electrons can oscillate between the intermediate electrode and the an-
ticathode. It leads to an increase of ionization probability and, therefore, to
growth of the ion current.

6.6.2 Cold-Cathode Sources

Penning-Type Ion Sources

A schematic drawing of a variant of this type sources is presented in Fig. 6.7.
A penning discharge ignites in the discharge chamber containing the cold
cathode (1) hollow anode (2), anticathode (3). A magnetic field directed along
the chamber axis is created by a permanent magnet (6) and the magnetic
circuit of mild iron.

Electrons emitted from the cathodes and those generated in the discharge
volume move along complicated spiral-type trajectories. This make it possible
for electrons to produce a large number of ionizations. In the source under
consideration ions are extracted from the discharge chamber through an aper-
ture in the anticathode (3) under the action of the extracting electrode (4).

The voltage of discharge ignition depends on many factors, such as gas
pressure, value of magnetic field, cathode materials. A gas pressure of 0.04–
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Fig. 6.7. Cold-cathode Penning-type ion
source: 1 – cathode, 2 – anode, 3 – anti-cathode,
4 – extracting electrode, 5 – gas inlet, 6 – per-
manent magnet

3 Pa and magnetic field of 0.05–0.5 T are used in sources of this type. Alu-
minum, magnesium and beryllium cathodes provide ignition voltages of order
of 300–400 V.

In sources with a single outlet aperture extracted ion currents vary from
1 to 300 mA depending on the source design and operating parameters.

For obtaining high-current ion beams, sources with grid or multihole out-
let arrangements are used.

6.6.3 High-Frequency Ion Sources

Ion sources, using a high-frequency gas discharge, operate at a low consump-
tion of gas and energy and provide high-intensity beams with a low spread of
ion energy. They are characterized by a simple design. One of them, known
as a Thonemann source, is shown in Fig. 6.8 [17]. The discharge chamber
of this source, made of Pyrex glass, has two electrodes, one is a tungsten
wire (1), the other is a thin dural (3) tube, which simultaneously serve as
extracting electrodes. A potential difference of order of 2–5 kV is applied to
them. Gas discharge is produced by the oscillatory circuit, which is supplied
by high-frequency energy from a generator. Ions of the gas-discharge plasma
are extracted through the channel in the extracting electrode, then, being
injected in the accelerating immersion lens they are accelerated and focused.

Sources of this type produce thin ion beams with currents of the order
of several milliamperes. Their efficiency can be increased by introducing,
in the discharge chamber a static magnetic field oriented either normal or
parallel to the axis of the chamber. Typical parameters of the sources are as
follows. Operating frequency 20–180 MHz, power input 50–5000 W, magnetic
induction 100–800 Gs, gas pressure 0.5–5.5 Pa, beam current 0.5–150 mA,
gas economy 0.02–0.3.

6.6.4 Microwave Ion Sources

Ion sources utilizing microwave discharge and the effect of electron cyclotron
resonance (ECR) can provide long-life stable ion beams for a variety of
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Fig. 6.8. High-frequency ion source: 1 –
wire electrode, 2 – glass envelope, 3 – glass
tube, 4 – extracting tubular electrode, 5 –
immersion lens
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Fig. 6.9. Microwave ion source using ef-
fect of ECR: 1 – waveguide for power sup-
ply, 2 – microwave window, 3 – discharge
chamber, 4 – three-grid extracting system,
5 – magnetic coil

ion species. They can produce high-current beams of single-charge ions, or
multiple-charged ion beams depending on operational conditions.

A schematic drawing of a source of this type is shown in Fig. 6.9. It consists
of the following components: waveguide for supplying 2.45 GHz power (1),
dielectric window (2), discharge chamber (3), multihole three-grid extraction
system (4), magnetic coil (5). The magnetic field intensity is 875 G, which
provides the ECR at the frequency of 2.45 GHz.

The value of beam current depends on the value of microwave power. An
oxygen ion current of 160 mA is obtained for 400 W power [120].
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Fig. 6.10. Extraction of ions from plasma: a – planar plasma surface, b – concave
plasma surface, 1 – plasma, 2 – plasma surface, 3 – focusing electrode, 4 – extractor,
5 – ion beam

6.7 Extracting of Charge Particles and Beam Forming

It is known that the wall of a discharge chamber is charged to some negative
potential owing to the higher mobility of electrons as compared with that of
ions. This results in formation of a layer of positive ion charges. The plasma
boundary is displaced away from the wall by a distance ∆, of the order of
the Debye length λD, ∆ ≈ 2λD. If an aperture of a size larger than 2λD

is made in the chamber wall for ion extraction, gas-discharge plasma will
bulge out through this aperture. However, by a proper choice of geometry
of the extracting electrode and the value of the negative potential applied
it is possible to change the shape and the position of the plasma boundary.
For instance, for the case shown at Fig. 6.10a the plasma surface coincides
with the plane of the outlet aperture. If we increase the negative extracting
electrode potential U0 the plasma boundary is displaced inside the discharge
chamber, its shape is changed from planar to concave (Fig. 6.10b).

6.7.1 Extraction of Ions from Planar Plasma Boundary

In the case of a planar plasma boundary in the outlet aperture (Fig. 6.10a)
the physical processes in the positive-ion sheath will be the same as that
in the vicinity of an undisturbed chamber wall. Then, the current density of
positive ions, outgoing from the chamber aperture, will equal that going from
the plasma to the chamber wall, which is determined by

ji = 0.4eni (2kTe/mi)
1/2 = 8 × 10−16ni (Te/µ)1/2

, (6.1)

where ni and mi – density and mass of ions, e – charge of particle, k –
Boltzmann constant, Te – electron temperature, µ – molecular mass.

Using the Pierce principle it is possible to find the shapes of focusing and
extractor electrodes that provide the rectilinear beam motion in the diode
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Fig. 6.11. Extractor with expansion cap: 1 – plasma, 2 – plasma surface, 3 –
envelope, 4 – expansion cup, 5 – emitting plasma surface, 6 – extractor, 7 – ion
beam

space created by plasma boundary and the extracting electrode. The value
of space-charge-limited ion current density will obey the “3/2 power” law:

ji = 4/9ε0 (2e/mi)
1/2

U
3/2
0 /d2 . (6.2)

Finding ji from (6.1) and substituting it in (6.2) it is possible to deter-
mine the distance d, where the extracting electrode of potential U0 should be
placed.

To keep the shape and position of the plasma boundary, while U0 is varied,
a grid of high transparency can be mounted in the extraction aperture.

6.7.2 System of Extraction with Expansion Cup

A more flexible system of ion extraction is shown in Fig. 6.11. It contains an
expansion cup (4). By choice of its dimensions (diameter, length) and voltage
of the extracting electrode (6) it is possible to form an extended plane or
concave plasma surface, which provides for forming parallel or convergent ion
beams. Proper shapes of an extractor arrangement are found experimentally
or by simulation with special computer codes, which take into account the
effect of changing the plasma emitting surface.

Application of methods of synthesis (for instance, the Pierce method) is
not so successful as in the case of guns with thermal emitters. A theoretical
shape of focusing electrodes of a duoplasmatron found by the Pierce method
is shown in Fig. 6.12 by dashed lines, while that found experimentally is given
by solid lines [17].



6.7 Extracting of Charge Particles and Beam Forming 167

5,1 mm 

Fig. 6.12. Shape of electrodes of the extractor system of a duoplasmatron: 1 –
intermediate electrode, 2 – anode, 3 – extracting electrode; theoretical shape of
electrodes found by Pierce method is shown by dashed lines
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Fig. 6.13. Probe system of extraction: 1 – discharge chamber, 2 – glass tube, 3 –
extracting tubular electrode

6.7.3 Probe System of Extraction

A probe-type extracting arrangement is presented in Fig. 6.13. It consists of
an extracting tubular electrode (3), placed in a glass or quartz tube (2), pro-
truding into the discharge chamber (1). The ion-emitting plasma surface is
located at the upper end of this tube. The electrostatic field, which exists due
to potential difference between the plasma surface and the extracting elec-
trode, creates an immersion lens, which is used for focusing of the extracted
ion beam.

Extracting systems of this type are used for forming narrow well-focused
ion beams in sources with high-frequency gas discharge.



7 Magnetic Focusing Systems

7.1 Focusing Systems with Uniform Field

7.1.1 Principle of Focusing

Focusing of axially symmetric beams by means of a uniform magnetic field
directed along the axis of beam propagation is frequently used in different
beam applications.

Let us consider the principle of focusing using a laminar beam model
and the concept of boundary trajectory. The magnetic field should produce
the focusing force to balance the space-charge force and thus restrict the
transverse beam expansion.

The resulting radial magnetic force in uniform magnetic field, as shown
in Sect. 3.2, is expressed as:

Fr = −1
4

e2

m
B2r

(
1 − ψ2

k

π2r4B2

)
, (7.1)

where B – induction of uniform field, r – current radial coordinate of a
particle, ψk – magnetic flux passing through cathode surface (Fig. 7.1).

Equation (7.1) shows that, with other things being equal, the magnetic
force depends on the cathode magnetic flux. As condition ψ2/πr4B2 < 1 is
fulfilled the magnetic force is directed toward the axis of symmetry and its
action is focusing.

Introducing the value of the beam radius at the entrance to the uniform
beam region r0 and magnetic flux ψ0 enclosed by the circle 2πr0 we can
consider the three types of magnetic focusing:

Region of

Fig. 7.1. Magnetic fluxes in the gun region
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ψk = 0 – completely shielded cathode
ψk < ψ0 – partially shielded cathode
ψk = ψ0 – unshielded cathode

The degree of cathode shielding can be characterized by a coefficient of
shielding G determined as:

G =
(

ψk

ψ0

)2

=
ψ2

k

(πr2
0B)2

. (7.2)

Sometimes, for this purpose a parameter rg is used:

r2
g = ψk/πB . (7.3)

If the magnetic flux passing through the cathode surface is directed in the
same direction as that in the uniform field region, then rg has the physical
meaning of the radius of a magnetic flux tube ψk = const at the entrance
a uniform field (Fig. 7.1). In the opposite case such an interpretation is not
valid. Parameters G and rg are connected by the ratio

rg = r0
4
√

G . (7.4)

For a completely shielded cathode G = rg = 0 and for an unshielded cathode
G = 1, rg = r0.

7.1.2 Balanced (Brillouin) Axially Symmetric Beam

The magnetic field is assumed to be uniform and the cathode is completely
shielded from the magnetic field (G = 0). In this case, motion of a charge par-
ticle beam in the hydrodynamic approximation is described by the following
system of equations:

r̈ = − e

m

∂U

∂r
− 1

4

( e

m

)2
B2r , z̈ = − e

m

∂U

∂z
, θ̇ = −1

2
e

m
B ,

1
r

∂

∂r

(
r
∂U

∂r

)
+

∂2U

∂z
= − ρ

ε0
, div ρυ =

∂

∂r
(ρṙ) +

∂

∂z
(ρż) = 0 .

(7.5)

It is easy to check that this system of equations has the following partial self-
consistent solution: r = const (ṙ = r̈ = 0), ż = const, ρ = const, ∂U/∂z = 0,
∂U/∂r = −ρr/2ε0. The necessary condition of such a solution is the balance
of electric and magnetic forces:

e

m

∂U

∂r
= −1

4

( e

m

)2
B2r .

This determines the connection between space-charge density ρ and magnetic
induction B. Substitution in it of ∂U/∂r = −ρr/2ε0 yields:

ρ

ε0
=

1
2

e

m
B2 .
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For the case of electron beams, introducing plasma and Larmor’s frequencies
ω2

p = e
m

ρ
ε0

and ω2
L = 1

4

(
e
m

)2
B2, it is possible to present this condition in the

form:

ω2
L =

1
2
ω2

ρ . (7.6)

A particle beam being injected in the uniform field region with zero ra-
dial velocities and uniform space-charge density distribution (ρ = const) will
proceed with balanced motion (ṙ = 0, r = const) if the above conditions are
fulfilled. The beam will be rotated with constant angular velocity θ̇ = − e

mB
as a rigid rod. The longitudinal velocity ż of beam particles can be found
from the law of energy conservation:

ż2
0 = 2

|eU0|
m

−
(
rθ̇

)2
.

At the axis of symmetry (r = 0) it is reduced to:

ż2
0 = 2

|eU0|
m

,

where U0 – potential at the axis of symmetry.
The potential at an arbitrary point of the beam cross section can be

expressed in terms of U0 and space-charge density ρ from Poisson’s equation:

U = − (ρ/4ε0) r2 + U0 .

Substitution of this equation in the law of energy conservation yields:

ż2 =
eρ

2ε0m
r2 +

2 |eU0|
m

−
(
rθ̇

)2
.

Since

(rθ̇)2 =
1
4

( e

m

)2
B2r2 =

e

2m

ρ

ε0
r2 ,

then:

ż2 =
eρ

2mε0
r2 +

2 |eU0|
m

− eρ

2mε0
r2 =

2 |eU0|
m

.

It thus follows that the value of the longitudinal component of velocity does
not depend on the particle radial position and equals the velocity of particles
moving along the symmetry axis.

Taking account of conditions, ρ = const, ż = const one finds that current
density j = ρż is also constant over the beam cross section, j = ρż = const.
The results obtained above allow the value of magnetic induction that pro-
vides the equilibrium beam motion to be found:

B =
(

2m

|e| ε0

I

πr2ż

)1/2

=

(
2m3/2

|e| ε0

I

πr2
√

2 (eU0)

)1/2

.
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The value of U0 can be expressed as U0 = Ua + ∆U , where Ua is the
potential of a metallic electrode (tube), ∆U – potential difference due to
space charge (|∆U | < 0 for negative space charge, |∆U | > 0 for positive
one). Usually |∆U | � |Ua|, then:

B = Bb =

(
2m3/2

|e| ε0

I

πr2
√

2 |eUa|

)1/2

. (7.7)

For an electron beam it is written as:

B = Bb =
830
r

I1/2

U
1/4
a

.

Parameters B, r, I, U included in this equation are expressed in Gs, cm, A,
V, respectively.

The radius of a balanced beam, which corresponds to a given value of B
is found from the above equations and expressed as:

r = rb =
1
B

(
2m3/2I

|e| ε0π
√

2 |eUa|

)1/2

. (7.8)

Parameters Bb and rb are usually called Brillouin induction and Brillouin
radius.

7.1.3 Unbalanced Beam in Uniform Field

A strictly balanced beam is difficult to realize in practice since several condi-
tions need to be fulfilled for this, such as zero radial component of velocity at
the entrance in the uniform field region, exact value of beam radius, uniform
space-charge density distribution. Real beams are usually unbalanced ones.

Let us consider unbalanced beam motion assuming a laminar beam struc-
ture and using the concept of beam-boundary trajectory.

Approximately, assuming ∂U/∂z = 0 and ż = const, one finds the value
of electric self-field strength acting on a beam-boundary particle:

−∂U

∂r
=

q1

2πε0r
= ± I

2πε0rż
, (7.9)

where q1 – value of charge per unit beam length, I – beam current, r – beam
radius, ż – longitudinal charge particle velocity, assumed to be constant over
beam length and cross section.

This equation follows from the Gauss theorem as shown in Sect. 4.4. Its
substitution in the first equation of system (7.5) and excluding of time t gives
the following trajectory equation:

ż2 d2r

dz2 − |e| I
2πε0mrż

+
1
4

( e

m

)2
B2r = 0 . (7.10)
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After introduction of the normalized radius R = r/rb it can be trans-
formed to the form:

ż2

ω2
L

d2R

dz2 − 1
R

+ R = 0 , (7.11)

where ωL = 1
2

|e|
m B – Larmor frequency.

The last equation describes nonlinear oscillation of a boundary particle
around the equilibrium radius Re = 1 (re = rb). With a small amplitude of
oscillation being assumed it can be linearized. Let R = Re (1 + δ) = 1 + δ,
where δ � 1, then 1/R ≈ 1 − δ, d2R/dz2 = d2δ/d2z and the linearized
equation is written as:

d2δ

dz2 + 2
ω2

L

ż2 δ = 0 .

Its solution is

δ = C1 cos
√

2ωL
z

ż
+ C2 sin

√
2ωL

z

ż
.

Arbitrary constants C1 and C2 are found from initial conditions at the en-
trance in the uniform-field region (z = 0):

δ0 = R0 − 1 =
r0

rb
− 1 =

(r0 − rb)
rb

,

δ′
0 =

(
dδ

dz

)
0

=
(

dR

dz

)
0

=
r′
0

r0
,

where r0 and r′
0 – initial radial coordinate and initial trajectory slope of the

boundary trajectory.
Determination of C1 and C2 results:

δ = δ0 cos
√

2ωL
z

ż
+

δ′
0ż√
2ωL

sin
√

2ωL
z

ż
.

Since r = rb (1 + δ), then the following equation is obtained for the bound-
ary trajectory:

r = rb + (r0 − rb) cos
√

2
ωL

ż
z +

r′
0ż√
2ωL

sin
√

2
ωL

ż
z . (7.12)

Therefore, a boundary particle periodically oscillates around the equilibrium
radius re = rb when moving along the z-axis (Fig. 7.2). The amplitude ∆rm

and wavelength λ of oscillations are determined by equations:

∆rm =
[
(r0 − rb)2 +

(r′
0ż)2

2ω2
L

]1/2

, (7.13)

λ =
2πż

2ωL
(7.14)

As can be seen ∆rm → 0, when r0 → rb and r′
0 → 0.



174 7 Magnetic Focusing Systems

re rmax rmin

rm

Fig. 7.2. Oscillation of a boundary particle

It is interesting to note that in the case of electron beams, small beam-
boundary oscillations have the wavelength that approaches that of plasma
oscillations. Indeed, taking account of (7.6) we can rewrite (7.14) thus:

λ =
2πż√
2ωL

=
2πż

ωp
= λp .

7.1.4 Beam Formed with Partially Shielded Gun

In this case, taking into account (3.40), (7.3) and (7.9), it is possible to derive
the following equation for the beam-boundary trajectory:

d2r

dt2
− |e| I

2πε0mrż
+

1
4

( e

m

)2
B2r

[
1 − r4

g

r4

]
= 0 ,

or, introducing normalized radius R = r/rb and excluding time t,

ż2

ω2
L

d2R

dz2 − 1
R

+ R

[
1 − R4

g

R4

]
= 0 , (7.15)

where Rg = rg/rb.
Assuming d2R/dz2 = 0 it is possible to determine the equilibrium radius

for the boundary trajectory:

R2
e =

(
1 − R4

g

R4
e

)−1

,

or

R2
e =

1
2

+
1
2

√
1 + 4R4

g . (7.16)

Equation (7.15) describes nonlinear oscillation of a boundary particle
around the equilibrium radius Re. Assuming a small value of oscillation it is
possible to make its linearization and obtain:
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d2δ

dz2 +
2ω2

L

ż2

(
1 +

R4
g

R4
e

)
δ = 0 , (7.17)

where δ = (R − Re)/Re � 1.
Its solution is:

δ = C1 cos
√

2αωL
z

ż
+ C2 sin

√
2αωL

z

ż
,

where α =
(
1 + R4

g/R4
e

)1/2, C1 and C2 are arbitrary constants found from
the initial conditions:

z = 0

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

δ0 =
(R0 − Re)

Re
=

r0 − re

re
;

(
dδ

dz

)
0

=
r′
0

re
.

After determination of C1 and C2 the solution of (7.17) takes the form:

δ =
r0 − re

re
cos

√
2αωL

z

ż
+

r′
0ż√

2αreωL

sin
√

2αωL
z

ż
,

where re = Rerb.
Since r = re (1 + δ) the final form of trajectory equation is written as:

r = re + (r0 − re) cos
√

2αωL
z

ż
+

r′
0ż√

2αωL

sin
√

2αωL
z

ż
.

The amplitude and wavelength of boundary trajectory oscillations are deter-
mined by the expressions:

∆rm =
[
(r0 − re)2 +

(r′
0ż)2

2ω2
Lα2

]1/2

, (7.18)

λ =
2πż√
2αωL

.

As (7.18) shows, for obtaining a completely smooth beam without any
oscillation the two conditions need to be fulfilled: r′

0 = 0, re = r0. They are
attained by matching of the electron gun and the magnetic focusing system.
The following equations are used for determination of the required value of
magnetic induction:

B =
1

r0(1 − r4
g/r4

0)1/2

(
2m3/2I

|e| ε0π
√

2 |eUa|

)1/2

,

and

B =
1

r0(1 − G)1/2

(
2m3/2I

|e| ε0π
√

2 |eUa|

)1/2

.
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It is seen that the value of B depends on the rate of cathode shielding. It
reaches a minimum for a completely shielded cathode (G = rg = 0).

For electron beams, after substitution of corresponding numerical con-
stants, one obtains:

B =
1

r0(1 − G)1/2

830I1/2

U
1/4
a

,

with the following dimensions of variables being used: Gs, cm, A, V. It can
be also written as:

B = Bb/(1 − G)1/2 ,

where Bb – Brillouin magnetic induction (7.7).
There exists an important peculiarity of beam focusing with a partially

shielded gun. As is seen from (7.18) the amplitude of the beam-boundary
oscillation caused by the initial radial velocities (r′

0 	= 0) can be reduced by
increasing the magnetic induction B (since ωL = |e|/mB). At the same time
the difference (r0−re), which determines the amplitude of the first oscillating
term can be diminished by proper choice of the coefficient of gun shielding G,
at G = 1 − (Bb/B)2 it becomes zero.

7.1.5 Balanced Nonlaminar Beam

This is a uniform axially symmetric beam, which trajectories are crossed but
their envelope is a smooth cylindrical surface. It is known as a Kaptchisky–
Vladimirsky beam (K–V beam). Let us consider the conditions of its realiza-
tion, following a scheme described in [68].

The magnetic field is assumed to be uniform and directed along the z-
axis of a cylindrical system of coordinates. For the case under consideration
a system of equations of charge particle motion can be obtained from the
system of equations (3.29)–(3.31) if we put in them Br = 0, Ez = 0 and
Bz = B:

m(r̈ − rθ̇2) = eEr + erθ̇B , (7.19)

m
1
r

d

dt

(
r2θ̇

)
= −eṙB , (7.20)

mz̈ = 0 . (7.21)

In these equations: B – external uniform magnetic field, Er – radial compo-
nent of self-field, its z-component Ez is assumed to equal zero on account of
the axial beam uniformity (Ez = −∂U/∂z = 0).

From (7.20) one finds:

d

dt

(
mr2θ̇+

1
2
eBr2

)
= 0 .
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The parameter in brackets is nothing less than the generalized azimuthal
momentum:

pθ = mr2θ̇+
1
2
eBr2 . (7.22)

It is conserved during particle motion pθ = const. Expressing θ̇ from (7.22),
θ̇ =pθ/mr2 − (e/2m) B and substituting it in (7.19) one derives the following
equation for radial particle motion:

d2r

dt2
+ ω2

Lr − p2
θ

m2r3 − e

m
Er = 0 . (7.23)

Particles move in the axial direction with a constant velocity ż = const,
as follows from (7.21).

Multiplication of (7.23) by 2dr
dt and some algebra transforms yields:

d

dt

[(
dr

dt

)2

+
p2

θ

m2r2 + ω2
Lr2 +

2e

m
U(r)

]
= 0 .

Therefore, the expression in square brackets is an integral of motion:

J =
(

dr

dt

)2

+
p2

θ

m2r2 + ω2
Lr2 +

2e

m
U(r) = const .

Keeping in mind that the Hamilton function for the case under consideration
is expressed as (see, for instance, Sect. 3.6):

H =
1

2m

[
p2

r +
1
r2

(
pθ − er2B

2

)2

+ eU(r)

]
,

it is possible to show that this integral of motion is a linear combination of
two independent integrals of motion H and pθ.

For the further analysis the term p2
θ/m2r2 is transformed in the follow-

ing manner. From (7.22) we find pθ/mr = rθ̇+ (e/2m) Br and p2
θ/m2r2 =(

rθ̇+ (e/2m) Br
)2

.

The last equation can be presented in the form p2
θ/m2r2 = (vθ + v̄θ)

2,
where vθ = rθ̇ is the linear azimuthal velocity, v̄θ = (e/2m) Br = ωLr –
average azimuthal velocity caused by magnetic field action.

With account of the above results the integral of motion J can be written
as:

J = v2
⊥ + ω2

Lr2 + 2
e

m
U(r) , (7.24)

where v2
⊥ = (dr/dt)2 + (vθ + v̄θ)

2 is the square of transverse velocity v⊥.
As shown in Chap. 4, the solution of a self-consistent problem for non-

laminar beam is reduced to the common solution of the Poisson equation for
the electrostatic field (4.1), the Vlasov equation for the function of phase-
space density (4.5) and (4.8) and (4.9) expressing space charge and current
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densities through phase-space density f . For the Vlasov equation, its partial
solution can be an arbitrary function of an integral of motion. In the case
under consideration this is a function of an integral of motion (7.24).

Referring to [68] the following function for phase space density is to be
used to provide a self consistent nonlaminar balanced flow:

f = f0δ(J − J0) ,

where δ (J − J0) – delta function of argument (J − J0), with J0 being some
constant.

Such a choice of the function means that motion of a set of charge particles
with the same value of integral of motion J is considered.

Let us determine the space-charge density distribution, which corresponds
to the given phase-space density, using (4.8):

ρ(x, y, z) = e

∫
fdv ,

where integration is produced in the velocity space.
As applied to the motion in transverse plane xy the last equation is written

as:

ρ(x, y) = e

+∞∫
−∞

+∞∫
−∞

fdvxdvy .

Introducing in the velocity space a polar coordinate system we obtain:

vx = v⊥ cos α , vy = v⊥ sin α ,

where v⊥ – module of transverse velocity, α – polar angle.
Then,

ρ(x, y) = e

2π∫
0

∞∫
0

fv⊥dv⊥dα .

As f does not depend on α we obtain:

ρ(x, y) = 2πe

∞∫
0

fv⊥dv⊥ .

Taking account of the axial beam symmetry allows us to express ρ(x, y) in
the polar coordinate system r, θ in the following way:

ρ(r) = 2πe

∞∫
0

f0δ(v2
⊥ + ω2

Lr2 + 2
e

m
U(r) − J0)v⊥dv⊥ .

If we introduce a new variable u = v2
⊥, du = 2v⊥dv⊥, then it is possible to

write:
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ρ(r) = πe

∞∫
0

f0δ(u − u0)du , (7.25)

where

u0 = J0 − ω2
Lr2 − 2

e

m
U(r) . (7.26)

The value of the integral
∞∫
0

δ(u − u0)du = 0 depends on the sign of u0.

If u0 < 0, then everywhere the argument of the δ-function u − u0 > 0 and
∞∫
0

δ(u − u0)du = 0 owing to a property of the δ-function. In the opposite case,

when u0 > 0, the argument u − u0 becomes zero at the value of the variable

u = u0, which gives
∞∫
0

δ(u − u0)du = 1. The value and sign of u0 depend on

the radial coordinate r. Denoting as R the radial coordinate, at which u0
becomes zero and changing its sign, we can write:

ρ(r) = πef0 = const at r ≤ R, ρ(r) = 0 at r > R .

Therefore, the beam under consideration has a sharply defined boundary of
constant radius R and uniform space-charge density expressed as:

ρ = I/πRvz .

The potential distribution inside the beam at r ≤ R is found from the
Poisson equation:

1
r

∂

∂r

(
r
∂U

∂r

)
= − ρ

ε0
.

Its integration gives:

U(r) = −1
4
r2 ρ

ε0
+ C .

Without loss of generality, it is possible to assume the potential at the axis
of symmetry (r = 0) equal to zero, then C = 0 and

U(r) = −1
4
r2 ρ

ε0
= − Ir2

4πε0R2vz
.

Substitution of the potential found in the integral of motion and some
algebraic transforms lead to the following expression for the integral of mo-
tion J :

J =
(

dr

dt

)2

+
p2

θ

m2r2 + ω2r2 = J0 = const , (7.27)

where:

ω2
r = ω2

L − ω2
p

2
, ω2

p =
ρe

mε0
=

I |e|
πε0R2vzm

.
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It follows from this equation that particles with pθ = 0 reach the maximum
distance from the axis of symmetry and determine the radius R of the bal-
anced beam:

ω2
rR2 = J0 .

7.1.6 Magnetic Systems for Uniform Field

Solid or sectional solenoids with magnetic shields made of soft-magnetic ma-
terials (Fig. 7.3) as well as shielded permanent magnets (Fig. 7.4) can be
used for creation of a uniform magnetic field. Magnetic shields are intended
to concentrate a magnetic field in the region of beam propagation and to form

Fig. 7.3. Solenoid-type magnetic systems producing a uniform field

Fig. 7.4. Permanent-magnet systems producing a uniform field
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the required field distribution in gun and collector regions. Typical curves of
axial magnetic field distribution (B-curves) are shown in Figs. 7.3 and 7.4.

The main disadvantage of focusing systems with a uniform field is low
efficiency of magnetic-field utilization. In order to provide a uniform magnetic
field throughout a length l the transverse dimension of the magnetic pole
pieces should be of the same order as l. So, the total volume V occupied by
the magnetic field is of order l3, while the useful volume is Vp = πr2

al, ra

being radius of the channel, where the charge particle beam propagates.
It is possible to introduce magnetic field utilization factor as the ratio of

magnetic field energy concentrated in these two volumes:

KB =
∫
Vp

B2

2µ0
dV /

∫
V

B2

2µ0
dV . (7.28)

For the case of uniform field it is expressed as:

KB ≈ πr2
al/l3 ≈πr2

a/l2 .

As a rule ra � l, and it results in very low magnetic-field utilization in
focusing systems with uniform field. It can be increased by using magnetic-
field reversals.

7.2 Systems of Reversed- and Periodic-Field Focusing

7.2.1 Principle of Reversed-Field Focusing

As follows from (7.1) the radial magnetic focusing force is proportional to
the square of the magnetic induction. This allows focusing a charge particle
beam with a field that reverses at intervals along the beam axis [121].

The reversals in magnetic field considerably reduce the weight of mag-
netic material required to focus a beam with given parameters. One or sev-
eral reversals are used in practice. Figures 7.5 and 7.6 illustrate the curves
of magnetic-field distribution (B-curves) for two single-reversed systems: an
“ideal” one and a real one. In the “ideal” system the direction of magnetic
field is changed instantly. The magnetic focusing force does not change its
value when a charge particle passes the reversal.

In a real permanent-magnet reversed system the reversal zone has a finite
length Lr where the magnetic force is decreased. A charge particle beam being
balanced in the first zone of a uniform field undergoes some disturbances when
passing the reversal zone. This leads to beam ripples in the second zone of a
uniform field (Fig. 7.7).

To get a minimum beam disturbance the beam reversal should be as sharp
as possible. This means, in practice, that the hole in the reversal pole piece
should be as small as practicable.

Compensating peaks, located before and after the reversal zone (Fig. 7.8)
can significantly compensate the beam disturbance in a reversed system.
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Lp

Fig. 7.5. Axial induction distribution
for an ideal reversal

Fig. 7.6. Axial induction distribution
for a real reversal: 1 – permanent mag-
nets, 2 – pole pieces

Lr

Lr

Fig. 7.7. Disturbances introduced in
charge particle beam by field reversal

Fig. 7.8. Distribution of magnetic in-
duction in a reversed system with com-
pensating picks

Charged particles passing the field ejection obtain an additional radial im-
pulse directed toward the beam axis, which compensate the effect of decreas-
ing the magnetic force in the reversal.

The value of compensating peaks is matched to provide equality of the
mean-square magnetic induction in the reversal zone and induction of a uni-
form field [122,123]:

B̄2
p =

1
Lp

∫
Lp

B2
z0dz = B2 . (7.29)
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Application of reversal allows reduction of stray magnetic fluxes and increases
the coefficient of magnetic-field utilization. For instance, in a system with
single-stage reversal in which the length of the uniform zone L0 ≈ l/2 (l
– total length of the system) this coefficient is increased approximately by
four times KB1 ≈ r2

a/L2
0 = 4r2

a/l2. For a system with N reversals the coef-
ficient of utilization increases as KBN ≈ r2

a/L2
0 = (N + 1)2 r2

a/l2. Increasing
of magnetic-field utilization results in considerable reduction of the weight
of the magnetic system approximately by 1/(N + 1)2 times. With increasing
number of reversals the length of the uniform field zone decreases and the
reversed magnetic system is transformed into a periodic system with contin-
uously varying magnetic field.

7.2.2 Estimation of Beam Disturbances

For estimation of beam disturbances produced by a field reversal we use the
paraxial boundary trajectory equation:

ż2 d2r

dz2 − |e| I
2πε0mrż0

+
1
4

( e

m

)2
B2

z0r = 0 . (7.30)

Assuming balanced beam motion in the uniform field before the reversal
we can write the following initial conditions for computation of the boundary
trajectory in the reversal zone r = rb, dr/dz = 0, with rb being the balanced
beam radius in the uniform field region. Introducing normalized variables
R = r/rb and b = b (z) = Bz0/B (B being the induction of the uniform-field
zone) we can rewrite (7.30) as:

ż2

ω2
L

d2R

dz2 − 1
R

+ b2(z)R = 0 , (7.31)

or, denoting ω2
L/ż2 as 2a,

d2R

dz2 = 2a

[
1
R

− b2(z)R
]

. (7.32)

An approximate solution of this equation can be found if we assume that
the reversal extension is sufficiently small and the radial coordinate of a
boundary particle practically does not change when the particle traverses the
reversal zone r ≈ rb = const and R = r/rb = 1. Then (7.32) is reduced to:

dR

dz
= 2a

∫
Lp

[
1 − b2(z)

]
dz . (7.33)

For analytical estimation of the trajectory slope after the reversal, the
distribution of magnetic induction b (z) is approximated by an analytical
function [123]:

b(z) = cos(πz/Lp) . (7.34)
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Then,

dR

dz
2a

Lr∫
0

(
1 − cos2

πz

Lr

)
dz = 2a

Lr∫
0

sin2 πz

Lr
dz = aLr ,

and
dr

dz
=

1
2

rbω
2
L

ż2 Lp .

It is seen that the value of trajectory slope dr/dz is reduced as extension
of the reversal decreases. Using r = rb and dr/dz, determined by (7.34), as
entrance conditions for the uniform-field region after the reversal and taking
account of the results of Sect. 7.1 we find that the boundary trajectory will
oscillate with amplitude:

∆rm =
rbωL

2
√

2ż
Lp .

7.2.3 Principle of Periodic-Field Focusing

It is possible to overcome the diverging effect of beam space charge and
provide a confined beam cross section using periodical magnetic fields, which
vary periodically along the beam axis. One of a simplest systems of this kind
is shown in Fig. 7.9a. It consists of a number of equally spaced magnetic
shielded coils.

The focusing effect of such fields can be explained in the following way.
Suppose that in the region of strong magnetic field (for the system mentioned
above it is the region near the middle plane of a coil) the magnetic focusing
force exceeds the spreading force of space charge. The charge particle will be
deflected here toward the axis. In the region of a weak magnetic field they will
be spread owing to space-charge repulsion. When particles enter the strong-
field region they again undergo the focusing action and so on. Therefore, a
periodical field can balance, on average, the diverging effect of space charge.
Evidently beam pulsations are unavoidable for focusing of this type, though
they can be made sufficiently small.

The great advantages of periodical focusing appear when permanent mag-
nets are used to produce magnetic field. A permanent-magnet focusing system
consists of a number of ring magnets separated by pole pieces, which form
a near-sinusoidal varying field creating a series of reversed magnetic lenses
(Fig. 7.9d). This system provides a high concentration of magnetic field in-
side the region of beam propagation and has minimum stray magnetic fluxes.
It practically means that a system of this type produces an intense focusing
field with low energy stored in the magnetic field, that is to say, the integral
of B2 over the volume occupied by the field. Since, for properly designed
permanent magnets, their weight is proportional to this energy, periodical
systems of this type can be designed for low weight and small dimensions as
compared with focusing systems of a uniform field.
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Boundary traectory

Ring magnets Pole pieces 

Fig. 7.9. Periiodic magnetic systems and curves of magnetic-field distribution:
a, b, c – systems with solenoids, d, e – with permanent magnets

7.2.4 Analysis of Periodic Focusing

Cosinusoidal variation of magnetic induction along the beam axis is assumed:

Bz0 = Bm cos
2π

L
z ,

where L is the period of the system.
The paraxial equation of the boundary trajectory in this field is written

as:

ż2 d2r

dz2 − |e| I
2πε0mrż

+
1
4

( e

m

)2
B2

z0r

[
1 −

(
r2
kBz0k

r2Bz0

)]
= 0 .

It can be transformed to the canonical form, which is usually used in periodic
focusing analysis. The normalized variables are introduced for that: R = r/r0,
Z = 2πz/L, b (z) = Bz0/Bm, with the following normalization factor being
used; r0 – initial beam radius at the entrance to the regular part of focusing
system, L – period of focusing system, Bm – amplitude of magnetic induction.

After some algebra, one obtains the paraxial trajectory equation in its
canonical form:
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d2R

dZ2 + 2αb2(Z)R − 2αG

R3 − β

R
= 0 .

In this equation: α = 1
32π2

(
e
m

)2 B2
mL2

ż2 – parameter of magnetic field, β =
1

8π3ε0

|e|
m

IL2

r2
0 ż3 – parameter of space charge, G = r4

kB2
z0k

r4
0B2

m
– coefficient of cathode

shielding, bz = Bz0
Bm

= cos Z – normalized magnetic field.
In the case of cosinusoidal variation of magnetic field b (z) = cos Z the

previous trajectory equation can be transformed to:

d2R

dz2 + α(1 + cos 2Z)R − 2αG

R3 − β

R
= 0 . (7.35)

This nonlinear differential equation has no analytical solution and is in-
vestigated by computer-aided analysis. The main results of such an analysis
obtained in [124] can be summarized in the following way:

• A necessary condition of minimum beam pulsation is a zero radial veloc-
ity of charged particles at the entrance in the regular part of a periodic
focusing system.

• There exist optimal relations of beam parameters α, β, G, which provide a
minimum beam pulsation. For a small value of space-charge parameter β
the condition of minimum beam pulsation can be expressed in analytical
form: α ≈ β/ (1 − 2G)

For a system with a completely shielded cathode it is reduced to α ≈ β.
Using these equations it is possible to find the expressions for the opti-

mum value of the amplitude of the magnetic induction Bm for given beam
parameters I, Ua, r0:

Bm =
1

r0 (1 − 2G)1/2

(
4m3/2I

|e| ε0π
√

2 |eUa|

)1/2

,

where Bm – amplitude of magnetic induction, r0 – initial beam radius, I –
beam current, Ua – accelerating voltage.

For the case of electron beams, after substitution of numerical values of
constants, this equation is written as:

Bm =
√

2
830

r0 (1 − 2G)1/2

I1/2

U1/4 ,

where B, I, Ua, r0 are expressed, respectively, in Gs, A, V and cm.
Comparing this equation with that for Brillouin induction for uniform

magnetic field one finds that they differ only by a factor of
√

2. Practically,
this means that the root-mean-square value of magnetic induction of the
periodic magnetic field, which provides the balance, on average, of space-
charge repulsion, is equal to the Brillouin field of a uniform-field focusing
system.

In general, relations of parameters α, β, G that deliver a minimum beam
pulsations are presented in graphical form in Fig. 7.10 [124]. Minimum beam
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Fig. 7.10. Curves for determination of
optimal parameters that deliver mini-
mum beam pulsation

Fig. 7.11. Curves for calculation of the
amplitude of pulsation

pulsations are usually described by a simple periodical function of the lon-
gitudinal coordinate with period equal to half of the period of the magnetic
system L. For instance, they can be approximated as [124]:

R = (1 − a) + a cos 2z ,

where a – normalized amplitude of beam pulsation, (1 − a) – average nor-
malized beam radius.

The relative amplitude of beam-boundary pulsation a/(1 − a) plotted
against magnetic-field parameter α is shown in Fig. 7.11.

7.2.5 Stability of Periodic Focusing

Results presented in Fig. 7.11 indicate that the amplitude of beam pulsation
is increased with increasing α, but they do not indicate that beginning from
a certain value of α instead of periodical pulsation growing ones are erased,
with amplitude quickly increasing with z-coordinate.

This can be predicted theoretically because trajectory equation (7.35) is
a differential equation of Mathieu type:

d2R

dZ2 + α(1 + cos 2Z)R =
2αG

R3 +
β

R
.

If we omit the terms of its right part, it is reduced to the uniform Mathieu
equation, of which the canonical form is:

dR

dZ
+ (a + 2q cos 2Z) R = 0 .

For the case under consideration coefficients a and q are equal a = α, 2q = α,
so 2q = a.
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It is known that this equation may have confined or growing solutions
depending on the values of a and q. As far as periodical focusing is concerned
these two types of solutions correspond accordingly to zones of stable and
unstable focusing.

It allows Mathieu diagrams for stable and unstable solutions to be used for
prediction of the beam-focusing stability. For instance, application of these
diagrams yields the following interval for the first zone of stable focusing
0 < α < 0.66 and for the second one 1.75 < α < 3.7. Focusing in the first
zone is usually used in practice.

These results are considered to be approximate ones, since the total tra-
jectory equation is nonuniform and a nonlinear equation of Mathieu type. A
more precise analysis shows that the first stable zone lies within the limits
0 < α < 0.4/(1 + 1.6G) [10].

Periodic Lenses System

This focusing system is created by a set magnetic lenses located along the
beam axis. Shielded solenoids (Fig. 7.9a) or ring-shaped permanent magnets
can be used as focusing magnetic lenses. Computer-aided design of such a
system is considered in Sect. 7.5.

7.3 Focusing of Hollow Beams in Uniform Field

There exists a peculiarity of hollow-beam focusing in a uniform magnetic
field. It is caused by specific properties of the space-charge field distribution
in hollow beams [125–127].

Applying the Gauss theorem to a cylindrical volume confined by the inner
beam boundary one can easily find that the radial component of the field is
equal to zero at this boundary (the beam is supposed to be infinitely long).

Therefore, for obtaining balanced motion of the inner charge particles, the
magnetic focusing force is to be zero at the inner boundary or it should be
balanced by some other radial forces such as the external electrostatic force
or centrifugal force. In the opposite case the inner charge particles will be
deflected toward the beam axis and hollow beam will break down.

For this reason for obtaining an equilibrium hollow-beam, a magnetic
system with partially shielded cathodes are used. As follows from the general
equations of motion (3.37) and (3.39) and the equation for the focusing force
(7.1), the radial magnetic force becomes zero at the radial distance that is
determined by equalities ψ2 = ψ2

k or, π2r4B2 = ψ2
k, where B – induction

of uniform field; ψ = π r2B – magnetic flux confined by the circle of radius
r, with r being current radial position of a charge particle; ψk – cathode
magnetic flux through a surface confined by the circle of radius rk, which
is the radial coordinate of the particle at the cathode surface, as shown in
Fig. 7.1.
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7.3.1 Equilibrium Hollow Beam

The following system of equations describes charge particle beam motion in
a uniform field when the hydrodynamic beam model is being used:

r̈ = − e

m

∂U

∂r
− 1

4

( e

m

)2
B2r

(
1 − ψ2

k

π2r4B2

)
, (7.36)

z̈ = − e

m

∂U

∂z
, (7.37)

θ̇ = − 1
2π

e

m

πr2B − ψk

r2 , (7.38)

1
r

∂

∂r

(
r
∂U

∂z

)
+

∂2U

∂z2 = − ρ

ε0
, (7.39)

divρ�v =
∂

∂r
(ρṙ) +

∂

∂z
(ρż) = 0 . (7.40)

Let us find a partial self-consistent solution of this system of equations,
which provides equilibrium beam motion (r̈ = z̈ = 0, ṙ = 0). Substitution of
r̈ = 0 in (7.36) yields:

∂U

∂r
= −1

4
e

m
rB2

(
1 − ψ2

k

π2r4B2

)
. (7.41)

This is the equation of balance of the radial space charge and magnetic fo-
cusing forces. With ṙ = 0 (7.40) is reduced to ∂ (ρż)/∂z = 0. This equation
is satisfied if we put ρ(z) = const and ż(z) = const. The last equality in-
volves z̈ = 0 and ∂U/∂z = 0. As a result of this the Poisson equation (7.39)
is simplified to:

1
r

∂

∂r

(
r
∂U

∂r

)
= − ρ

ε0
, (7.42)

which is compatible with the condition ρ (z) = const.
Integration of this equation and substitution of the result in (7.41) yields:

4m

ε0e

r∫
rint

rρ (r) dr = r2B2
(

1 − ψ2
k

π2r4B2

)
, (7.43)

where rint – internal beam radius.
For particles at the internal beam boundary it is reduced to:

ψ2
k int = π2r4

intB
2 . (7.44)

Let us consider particular conditions that provide the balance equation
and corresponding schemes of balanced-beam focusing:

a) ψk = const. In this case the cathode magnetic flux ψk is supposed to be
constant for all particles of beam cross section ψk = ψk int = πr2

intB = const.
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Substitution of this equation in (7.43) and its solution concerning ρ (r)
results in:

ρ(r) =
1
2
ε0

e

m
B2

(
1 +

r4
int

r4

)
. (7.45)

Therefore, a nonuniform space-charge density distribution over the beam
cross section is required to get the balanced beam motion.

b) ψk = Cr. In this case, ψk is a linear function of radial position. The
constant C is found from the condition (7.44) ψ2

k int = (Crk int)
2 = π2r2

intB
2,

then C = πrintB and

ψk = Cr = πrintBr . (7.46)

Substitution of (7.46) in (7.43), after some algebra, gives:

ρ =
1
2
ε0

e

m
B2 = const .

So, equilibrium beam motion theoretically can be realized with ρ = const
over the beam cross section.

c) ψk = const – quasibalanced beam. In this case the exact balance of radial
forces is fulfilled only at internal and external beam boundaries. As to the
inner layers of the beam their motions are performed under the action of
unbalanced forces. This results in the radial displacement of particles. But
if a beam has a finite extension the inner layers do not succeed to cross the
beam boundaries and the beam can conserve its tubular form.

As in previous cases equilibrium motion of internal charge particles is
obtained if condition ψ2

k int = π2r4
intB

2 is fulfilled. The condition of balanced
motion of charge particles at the external boundary (r = rext) is found if we
substitute in (7.43) ψk = ψk int = πr2

intB and r = rext:

2m

ε0eπ

rext∫
rint

2πrρ(r)dr = r2
extB

2
(

1 − r4
int

r4
ext

)
. (7.47)

The integral in this equation is equal to the value of space charge per unit
beam length:

rext∫
rint

2πrρ(r)dr = q1 ≈ I

ż
.

Then, substituting the last equation in (7.43), one finds the value of magnetic
induction that provides balanced motion of the external boundary trajectory:

B2 =
2I

ε0 (|e| /m) πr2
ext(1 − r4

int/r4
ext)ż

,

or, admitting approximately ż ≈ √
2 |eUa| /m, with Ua being the potential

of an electrode enclosing the beam:
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B2 =
2I

ε0 (|e| /m) πr2
ext(1 − r4

int/r4
ext)

√
2 |eUa| /m

.

For electron beams, after substitution of numerical constants, it is written
as:

B =
830

rext (1 − r4
int/r4

ext)
1/2

I1/2

U
1/4
a

, (7.48)

where magnetic induction B, beam current I, electrode potential Ua and
linear dimensions are expressed, respectively, in Gs, A, V, cm.

7.3.2 Injection of Hollow Beams in Uniform Field

An important point of hollow-beam focusing is injection of beams in the
regular region of the focusing field. Several possible systems of injection are
shown in Fig. 7.12. In systems a and b the magnetic flux ψk passing through
the cathode is equal to the magnetic flux passing through the inner rod of a
magnetic circuit. It is evident that in this case the value of ψk is the same
for all particles of the beam.

There exists the following difference between these two systems. In sys-
tem a particles creating the inner beam boundary are injected in the uniform
field without crossing of magnetic force lines. As a result of this their az-
imuthal velocity in the uniform field appear to be equal to zero, they are not
affected by the magnetic focusing force and propagate farther along a straight
line, which creates the inner beam boundary. The remaining particles of the
beam on their way to the regular region of uniform field cross magnetic field
lines and acquire azimuthal velocities, which produce radial focusing forces
when particles are moving in the uniform field.

r e
xt r in

Fig. 7.12. Systems of form-
ing and injection of hollow
beams
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In the system b, shown in Fig. 7.12, all particles of the beam passing
through the ring gap in the magnetic circuit acquire azimuthal velocities θ̇,
which are determined by the relation θ̇ = e

2π m
ψk

r2 . Subsequently, when moving
in the transient-field region, which proceeds to the regular uniform field, they
change the azimuthal velocity due to interaction with the radial component of
the magnetic field of the transient region. The resulting azimuthal velocities
at the entrance to the uniform field will be determined by, following from
Bush’s theorem:

θ̇ = − e

2πm

ψ − ψk

r2 .

When ψ and ψk have the same directions (same signs) the azimuthal
velocity becomes zero in the uniform-field region at a radial distance that is
determined from the equation r = (ψk/πB)1/2.

With ψ and ψk being of opposite signs the azimuthal velocity of all beam
particles will be different from zero. Therefore, all of them are affected by
the magnetic focusing force. However, equilibrium motion of inner particles
can also be achieved. It is based on the balance of magnetic focusing and
centrifugal forces. Assuming ψ > 0 and consequently ψk < 0 it is possible
to show that the balance of these forces in the uniform field will take place
at a radial distance r = (ψk/πB)1/2. But, in contrast to the previous case,
balanced motion in the radial direction will be accompanied by rotational
motion.

It should be noted that the condition of ψk = const is approximately
fulfilled for a magnetron injection gun (Fig. 7.12c) with a small angle of a
cathode cone, being immersed in a uniform magnetic field.

As has been shown above obtaining a balanced hollow beam with constant
space-charge density ρ = const requires a special magnetic flux distribution
in the vicinity of the particle emitter.

7.3.3 Boundary Trajectory Pulsation

In the case of improper injection in a uniform field the boundary trajectories
of a hollow beam will oscillate. The equation of the external boundary tra-
jectory will be the same as that for a solid beam-boundary trajectory (7.15):

ż2

ω2
L

d2R

dz2 − 1
R

+ R

(
1 − R4

g ext

R4

)
= 0 , (7.49)

where R = r/rb – normalized radius with normalization factor rb being

equalr = rb = 1
B

(
2m3/2I

|e|ε0π
√

2|eUa|

)1/2

, Rg ext – normalized radius defining value

of magnetic flux ψk for external trajectory ψkext = R2
g extr

2
bπB.

Equation (7.49) describes nonlinear oscillations of the external trajectory
around the equilibrium radius Re ext =

(
1 − R4

e ext/R4
ext

)−1/2. Its lineariza-
tion gives:
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d2δ

dz2 +
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)
δ = 0 ,

where δ = (R − Re ext)/Re ext.
The following initial conditions are used for its solution:

δ = δ0 =
R0 − Re ext

Re ext
,

dδ
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=
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)
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=
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(
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The result of this solution is written as:

δ = δ0 cos
√

2αωL
z

ż
+

ż√
2αωL

(
∂δ

dz

)
0
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√
2αωL

z

ż
,

where α =
(
1 + R4

e ext/R4
e ext

)1/2.
It is seen that the external trajectory oscillates with frequency equal to√

2αωL, with amplitude depending on an initial condition.
The equation for the inner boundary trajectory is obtained from (7.49),

if we omit in it the term 1/R and replace Re ext for Rg int:

ż2

ω2
L

d2R

dz2 + R

(
1 − R4

g int

R4

)
= 0 . (7.50)

It follows from this equation that the equilibrium radius of internal trajectory
Reint is equal to Re int = Rg int, with Rg int being a function of magnetic flux
ψk int, Rg int =

(
ψk int/r2

bπB
)1/2. Its linearized version is:

d2δ

dz2 + 4
ω2

L

ż2 δ = 0 .

The solution of this equation

δ = δ0 cos 2ωL
z

ż
+

ż

2ωL

(
dδ

dz

)
0
sin 2ωL

z

ż

describes the oscillation of the inner trajectory around Rint with a frequency
equal to 2ωL = ωC , that is, the cyclotron frequency.

Reversed and Periodic Focusing

These types of focusing theoretically can be used for hollow beams. As in the
case of uniform-field focusing there exists the problem of equilibrium of the
inner-beam trajectory. The ways of its solution seem to be somewhat more
complicated due to reversals of magnetic field. At present, systems of this
type have not found practical application.

7.4 Focusing of Strip Beams

7.4.1 Uniform-Field Focusing

For analysis we assume that the charge particle beam is a laminar one and
its width (dimension along the x-coordinate) is much greater than its thick-
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Fig. 7.13. Strip beam in uniform magnetic field

ness (Fig. 7.13). Taking account of the results of Sect. 3.3 we can write the
following system of equations for particle beam motion:

ÿ =
e

m
Ey +

e

m
ẋB , (7.51)

ẋ = − e

m
(ψ − ψk) , (7.52)

z̈ = 0

(
ż ≈

√
2
|eUa|
m

)
, (7.53)

where B – magnetic induction of uniform magnetic field directed along the z-
axis; Ua – accelerating potential; ψ – magnetic flux passing through a surface
of unit width and height equal to the y-coordinate of a charged particle at the
point under consideration (see Fig. 3.2) ψ = By; ψ0 – magnetic flux passing
through the surface of unit width and height equal to the y-coordinate at the
point of the particle start, y = y0; Ey – single component of electric field,
which is produced by the beam space charge.

By using the Gauss theorem this can be expressed in terms of beam
parameters:

Ey = ± I1

2ε0ż
, (7.54)

where I1 – beam current per unit beam width, the field components Ez and
Ex are assumed to equal zero.

The differential equation of the beam-boundary trajectory resulting from
equations of motions (7.51)–(7.53) has the following form:

d2y

dz2 +
( e

m

)2 B2

ż2

(
y − Bk

B
yk

)
− |e| I1

2ε0mż3 = 0 . (7.55)

Assuming d2y/dz2 = 0 we determine the equilibrium coordinate ye:

ye = yb +
Bk

B
yk , (7.56)

where yb = mI1/2ε0 |e| żB2 – equilibrium coordinate for a charge particle
source completely shielded from the magnetic field (Brillouin equilibrium
coordinate).
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Solution of (7.55) describing the boundary trajectory in the plane yz has
the form:

y = ye + δ , (7.57)

where

δ = (y0 − ye) cos ωc
z

ż
+

(
dy

dz

)
ż

ωc
sin ωc

z

ż
. (7.58)

In general, the boundary trajectory oscillates around the equilibrium
coordinate ye. For the optimal condition of beam injection (y0 = ye and
dy/dz = 0) oscillations vanish. The value of magnetic induction that pro-
vides the equilibrium beam motion is determined by:

B2 =
mI1

(1 − G1/2)2yeε0 |e| ż ,

where G =
(

Bkyk

Bye

)2
G = (ψk/Bye)

2 – coefficient of shielding of charge par-
ticle source.

Motion of Particles in xz Plane

Along with particle motion in the yz plane there exist their displacement in
xz plane. It is caused by the x-component of velocity, which, being found
from (7.52) and (7.56)–(7.58), is expressed as:

ẋ = − e

m
Byb − e

m
Bδ ,

where δ is determined by (7.58).
It is seen that the x-component of velocity consists of two parts. One of

them (−eByb/m) does not depend on the z-coordinate, the other periodically
changes with z-coordinate. The constant component of ẋ leads to permanent
particle displacement in the x-direction.

More detailed analysis shows that particles of the internal beam layers
also undergo displacement in the x-direction, which is proportional to their
y-coordinate. For a negative value of y the displacement of particles occurs
in the opposite direction. The effect of displacement becomes important for
beams of a finite width, as it leads to deformation of the beam cross section.

7.4.2 Periodic Magnetic Focusing

A periodic system with cosinusoidal variation of magnetic induction Bz =
Bm cos 2π (z/L) has been investigated in [128]. Conditions of obtaining the
minimum beam pulsation and beam stability were found. In particular, the
condition of focusing-system operation in the first zone of stability, which is
expressed as (for electron beams):

BmL/U1/2
a < 24.5 ,
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here Bm – amplitude of magnetic induction (Gs), L – period of system (cm),
Ua – accelerating voltage (V).

It should be noted that this effect of particle displacement is not essential
for this type of focusing since reversal of magnetic fields involves the change
of direction of displacement.

7.5 Computer-Aided Design of Magnetic Systems

Computation and design of magnetic focusing systems usually is performed in
two stages. The first one is performed with simple computer codes, which are
based on simplified models of magnetic systems and charged-particle beams.

For instance, for computation of solenoids and permanent magnets dif-
ferent analytical models can be used. Laminar beam models and conception
of beam boundary trajectory are usually used for computation of beam mo-
tion. These codes are known as “express codes”. They allow quick analysis
of many variants of a system in order to find the one that largely meets the
requirements. The obtained results are considered to be approximate ones.

In the second stage of the design procedure the system found is analyzed
and corrected with the help of high-level computer codes, which are based on
numerical models of beams and focusing systems, which take into account the
real properties of magnetic materials and the charge particle beam nature.

Let us consider, as an example, the correction procedure of a solenoid-
type magnetic lens. This lens is intended for a multiple lens focusing system
(like that shown in Fig. 7.9a), which transports the electron beam for a long
distance with the following parameters: beam perveance P = 0.8 µA/V3/2,
accelerating voltage Ua = 6.5 kV, period of system L = 9.6 cm, minimum
beam radius rmin = 0.6 cm.

In accordance with the lens application its main function is the symmetric
transform of the beam from input to output of the lens, when the output beam
parameters are the same as the input ones.

The initial variant of the lens was found with the aid of express computer
codes. Results of its trajectory analysis are shown in Fig. 7.14. They are
obtained for lens excitation equal to 556 Aw (Ampere turns). It is seen that
the electron beam is not symmetrical for the given value of lens excitation
and correction of excitation is required.

Results of lens correction are presented in Fig. 7.15, where output phase
curves and the value of parameter β are given as a function of lens excitation,

Fig. 7.14. Results of trajectory analysis of
the initial variant of the lens: lens excitation
556 Aw
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Aw

556 Aw

Fig. 7.15. Results of lens correction: parameter β (a) and output phase curves (b)
as function of lens excitation

Fig. 7.16. Electron trajectories in the lens
for the optimal value of lens excitation –
612 Aw

with β being a measure of the difference between input and output beam
phase curves:

β =
N∑

k=1

αk

[(
rk − r̂k

L

)2

+ (r′
k − r̂′

k)2
]1/2

,

where rk and r̂k – radius of the k-th trajectory at the input and output of
the lens, r′

k and r̂′
k are the trajectory slopes.

In the case under consideration the beam is supposed to enter the lens
with zero trajectory slopes, r′

k = 0 the above expression is reduced to:

β =
N∑

k=1

αk

[(
rk − r̂k

L

)2

+ (r̂′
k)2

]1/2

.

From the results shown in Fig. 7.15 it follows that optimal excitation of
a magnetic lens, which delivers a minimum of β and provides the greatest
degree of beam symmetry, is equal to 612 Aw. Results of trajectory tracing for
this optimal value of excitation are shown in Fig. 7.16. After determination
of the required parameter of a single lens, trajectory analysis of the focusing
system as a whole is performed.



8 Electrostatic Focusing Systems

8.1 Focusing System
for Solid Axially Symmetrical Beams

8.1.1 Equilibrium Cylindrical Beam

An electrode system for focusing of a cylindrical equilibrium beam can be de-
signed on the basis of one-dimensional particle flow in a planar diode formed
by electrodes A1 and A2 with equal potential U1 = U2 = Ua (Fig. 8.1).
Charge particles are assumed to be injected into the diode space with uni-
form current density and uniform velocity normal to the plane of electrode
A1. The rectilinear motion of charge particles will take place in the diode,
with potential being changed only in the z-direction in accordance with:

z

d
= G1/2

[(
U

Um

)1/2

− 1

]1/2 [(
U

Um

)1/2

+ 2

]
. (8.1)

In this equation:

G =
4
9
ε0

√
2
|e|
m

(Um/Ua)3/2

jd2/|Ua|3/2 ,

where Ua is potential of the electrodes of the diode; Um is the value of the
potential in the middle plane of the diode; j is the current density; d is the
length of the diode space.

Fig. 8.1. Parallel equilibrium beam
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Fig. 8.2. Geometry of electrodes for parallel-
beam formation

The value of Um depends on the parameter jd2/|Ua|3/2 and can be found
from the formula

16
9

ε0

√
2
|e|
m

[
1 −

(
Um

Ua

)3/2
][

1 + 2
(

Um

Ua

)1/2
]

=
jd2

|U |3/2 . (8.2)

In the diode cross section the potential remains constant, hence

∂U/∂r = 0, ∂U/∂θ = 0 . (8.3)

In accordance with the Pierce principle one cuts from this flow a cylin-
drical beam of radius rb and replaces the effect of the discarded part of the
flow by the equivalent action of the focusing electrodes. The forms of such
electrodes are found by solution of the Cauchy problem for Laplace’s equa-
tion with boundary conditions, determined by ratios (8.1) and (8.2). A simple
analytical solution of this problem may be obtained when Um/Ua > 0.7. For
this case the distribution of potential in the diode space may be described
with good accuracy (approximately 0.5%) by the approximate expression:

U = Um + Cz2, C =
4
d2 (Ua − Um) .

Solution of the Cauchy problem for the Laplace equation

1
r

∂

∂r

(
r
∂U

∂r

)
+

∂2U

∂r2 = 0 ,

with boundary conditions: U = Um + Cz2, ∂U/∂r = 0 at r = rb gives [129]:

(z

d

)2
=

(rb

d

)2
[

(r/rb)
2 − 1

2
− ln

r

rb

]
+

U − Um

4 (Ua − Um)
.

Using this expression one can calculate the form of the equipotential lines
in exterior region. Figure 8.2 shows the form of the equipotential lines U =
0, U = Ua, U = Um for a particular case of a beam with ratio Um/Ua = 0.73.
It is interesting to note that the slope angle of the central electrode to the
beam boundary is 45◦ whereas the characteristic value in the Pierce-type
guns is 67.5◦.
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8.1.2 Focusing System with Periodic Potential Distribution

This is formed by a sequence of high-voltage 1 and low-voltage 2 elec-
trodes (Fig. 8.3). The potential Uf < Ua, and in some cases Uf = 0. If the
beam is matched with the focusing system, its radius periodically changes
along the system with periodicity L.

Figure 8.4 shows the axial distribution of potential within the one period
of the system determined by:

U0 = U00 + Um cos 2π (z/L) ,

where U00 is the average value of potential, Um is the amplitude of potential
variation.

The figure also demonstrates the boundary trajectories for different values
of Um (Um3 > Um2 > Um1). It is seen that with other things being equal,
there exists an optimum value of Um, which provides the beam symmetry at
the entrance and exit of the focusing cell of the periodic system, in the case
shown in Fig. 8.4 the optimum value is Um2.

Fig. 8.3. Periodic electrostatic focusing systems. L – period of the system, R0 –
initial beam radius

Fig. 8.4. Boundary trajectories for different values of Um (Um3 > Um2 > Um1)
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Synthesis of Electrodes for the Periodic Focusing System

The following parameters are the input data for the synthesis: beam current
I, the value of average potential U00, initial beam radius Ro. For the synthesis,
the paraxial equation of the boundary trajectory is used (see Sect. 4.3):

d2R

dz2 +
1

2U0

dU0

dz

dR

dz
+

1
4U0

d2U0

dz2 R =
I

4πε0R
√

2 |e| /m U3/2
.

With the value of potential Um chosen, numerical integration of this equa-
tion is made for one period of the system with the following initial conditions:
z = 0, R = R0, (dR/dz)0 = 0.

The obtained results are estimated with respect to the symmetry of beam
geometry and a new value of Um is chosen. This procedure is repeated until
the required degree of symmetry is achieved.

Finding the optimum value Um can be done automatically with the help
of one of the standard procedures of finding extremum of a criterial func-
tion, which expresses the deviation of output trajectory parameters R1 and
(dR/dz)1 from input ones: R0 and (dR/dz)0 = 0:

β =

[(
R0 − R1

L

)2

+
(

dR

dz

)2

1

]1/2

.

Full symmetry of the beam input and output parameters corresponds to
a zero value of the criterial function (β = 0).

The form of electrodes of the system is found as a result of the solution
of the exterior problem of synthesis. An approximate solution of the problem
yields the following expression for the potential outside of the beam:

U = U00

[
1 +

Um

U00
I0

(
2πr

L

)
cos

2πz

L
+

0.0152√
U0/U00

P
(
1 + 2 ln

r

R

)]
,

where P = I/U
3/2
00 – is the perveance of electron beam in µA/V 3/2, being

calculated for average potential U00.
This formula allows calculation of the family of equipotential lines in

the exterior region (r > R) and determination of the form of electrodes
for the periodic system. A typical form of electrodes found in this way is
demonstrated in Fig. 8.3. Regular periodic motion with period L, shown in
this figure, will be obtained when the parameters of the beam and conditions
of its injection into the focusing system are strictly in accordance with the
calculated ones. Otherwise, the character of the beam motion will be more
complicated and beam ripple with a far longer period will be imposed on the
regular beam motion (Fig. 8.5) [130].
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Fig. 8.5. Effect of initial conditions on
beam-boundary trajectories: 1 – matched
beam (dR/dz)0 = 0; 2 – beam with pos-
itive slope of the boundary trajectory
(dR/dz)0 = 0.05 (2πR0/L).

8.1.3 Periodic System of Apertured Disks

Periodical electrostatic focusing can be carried out by a system of apertured
disks with alternating potentials (Fig. 8.6) [131]. The axial potential distri-
bution in this system is analytically presented as a superposition of a number
of space harmonics, with the period of the first harmonic being equal to that
of the focusing system. In the system formed by disks of equal thickness the
amplitude of the first harmonic considerably exceeds the amplitudes of higher
ones. This allows us to neglect them as beam motion is being analyzed [132].
A detailed analysis of beam motion in the systems of this type including the
problem of beam-focusing stability have been considered in [131, 132].

Fig. 8.6. Periodic system of apertured disks

8.1.4 System of Unipotential Electrostatic Lenses

A focusing system formed by a set of unipotential lenses and its equivalent
scheme is presented in Fig. 8.7. Moving through the lens field, beam particles
obtain the radial impulse directed toward the system axis. In between the
lenses beam motion is determined by Coulomb repulsion. As a result of this,
the initially convergent beam is compressed to a certain minimum radius
rmin and then starts to spread until entering the field of the next lens. By
adequately selecting the refracting lens power it is possible to provide the
periodic beam motion and its transport for a long distance.

Lens parameters, including refracting power, depend on lens geometry and
the potential being applied to the focusing electrode Uf . Lenses are usually
designed to operate with zero potential of the focusing electrode Uf = 0, since
in this case there is no need for a source of focusing voltage. With Uf = 0
the lens parameters (focal distance, coefficient of spherical aberration) are
completely determined by lens geometry and can be found from the diagrams
of Figs. 8.8 and 8.9.
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Fig. 8.7. System of unipotential electrostatic lenses and its equivalent scheme

Fig. 8.8. Focal length as function of
lens geometry for Uf = 0

Fig. 8.9. Coefficient of spherical aber-
ration as function of lens geometry for
Uf = 0

Designing of the lens focusing systems includes preliminary determination
of lens geometry and the following beam-trajectory analysis and correction of
lens dimensions. The basic relation connecting parameters of a particle beam
with those of focusing lenses can be found, if we assume that lenses are thin
and beam motion in between them is determined by Coulomb repulsion only.

When the beam perveance P , the beam radius in minimum beam cross
section rmin and the period of lens system L are given, it is possible to find
the beam radius and the slope of the boundary trajectory at the middle plane
of the lens. The universal curve of beam spreading, considered in Sect. 4.5,
can be used for this calculation as well as the following analytical expressions:

r0 ≈ rmin
(
1 + 0, 25Z2 − 0, 017Z3)
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Z =

(
P

2πε0
√

2 |e|/m

)1/2
L

2rmin
, tan γ

(
P

2πε0
√

2 |e|/m

)1/2 √
ln

r0

rmin
.

For electron beams
(

P

2πε0

√
2|e|/m

)1/2

= 0.174
√

P , where perveance P =

I/U
3/2
a is expressed in µA/V3/2.
The angle of trajectory refraction, with spherical aberration being taken

into account, is determined by (3.65)

α′ = α + (Cs/f) α3 cos2 α ,

where f and Cs are the lens focal length and coefficient of spherical aberration
α = r0/f is the paraxial angle of refraction.

The required angle of boundary trajectory refraction is equal to 2γ. Its
substitution in the previous equation yields:

2γ = α + (Cs/f) α3 cos2 α . (8.4)

Using this equation and the diagrams of Figs. 8.8 and 8.9 it is possible to
find the lens geometry, which provides regular periodical motion of a beam
with prescribed parameters.

The calculation is performed in the following sequence. The angle of tra-
jectory refraction 2γ and beam radius at the middle plane of the lens r0 are
calculated. Values of two of the lens dimensions, for instance T and l, are
prescribed, the third one D is determined with the help of the diagrams of
Figs. 8.8 and 8.9 to satisfy (8.4), connecting beam and lens parameters.

Example 8.1. The following beam parameters are given: beam current I =
0.5 A, beam voltage Ua = 104 V, focusing electrode voltage Uf = 0, minimum
beam radius rmin = 4 mm, period of focusing system L = 63 mm. Values to
be calculated:
Beam perveance P = I/U

3/2
a = 0.5/

(
104

)3/2 = 0.5 µA/V 3/2 ,

Z = 0.174
√

PL/2rmin = 0.174
√

0.5 × 63/(2 × 4) = 0.98 ,

r0 = rmin (1 + 0.25 × 0.96 − 0.017 × 0.94) = rmin × 1.224 = 4.9 mm,

tgγ = 0.174
√

P ln (r0/rmin) = 0.174
√

0.5 ln 1.224 = 0.055

2γ ≈ 0.11 .

Lens dimensions S and T are chosen on the basis of design considerations,
taking into account the value of field strength at the gap S: S = 6.6 mm
T = 2.7 mm. Then, l = 2 + T = 15.9 mm, T/l = 0.164, r0/l = 0.308.

The unknown value of the diameter of the aperture in the central lens
electrode is determined by solution of (8.4). For convenience, it is expedient
to rewrite it as:
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γ =
r0/l

f/l
+

Cs

f

(
r0/l

f/l

)3

cos
(

r0/l

f/l

)
.

The left part of this equation is equal to 2γ = 0.11, while the right part is
a function of D/l. The solution of this equation consists of finding the value
of D/l, which turns it into equality. It can be calculated by the trial and error
method using the diagrams presented in Figs. 8.8 and 8.9. In the given case,
D/l is found to be equal to D/l = 1.25 and, consequently, D = 20 mm.

The method described above allows us to find the initial geometry of
the lenses. Since the method is an approximate one, the trajectory analysis
is used to check the results obtained and make the necessary correction of
the lens geometry to get the required symmetry of beam parameters at the
entrance and the output of the lens.

Trajectory Analysis and Correction of Lens Geometry

The trajectory analysis involves solution of the self-consistent problem for
intense charged particle beams as has been formulated in Chap. 4. It includes
joint solution of equations of motion and field equations. The algorithm of
this solution is described in Sect. 4.9. Results of the analysis are the map of
electron trajectories and the phase curve of the beam at the exit of the lens.
They are used for correction of lens geometry to get the symmetry input and
output beam parameters. For quantitative estimation of the beam symmetry
a criteria function β, characterizing the deviation of the output characteristic
from the input one, is introduced:

β =
∑

k

αk

[(
rk1 − rk0

L

)2

+ (r′
k1 − r′

k0)
2

]1/2

,

where rk0, r′
k0, rk1, r′

k1 – radii and slopes of the k-th trajectory at the en-
trance and the exit of the lens, L is the period of the lens system, αk is a
weighting coefficient equal to a part of the total beam current I that carries
the k-th trajectory αk = Ik/I.

Since, in the case in question the input phase curve is supposed to be
the ideal one, that is r′

k0 = f (rk0) = 0, it is necessary to put in the above
equation r′

k0 = 0. When input and output beam parameters coincide the
parameter β becomes zero.

Motion of electrons in the lens depends on the focusing electrode potential
and geometry of lens electrodes. Therefore, β is an implicit function of these
parameters and changes as they are varied. Figure 8.10 shows the variation of
the output phase curve and parameter with the changing aperture D of the
central electrode of the lens presented in Fig. 8.11. The nonlinearity of the
output phase characteristics is explained by the strong effect of the spherical
aberration of the lens. This effect does not allow the beam to be obtained with
strictly symmetric input and output parameters. The minimum value of β and
the best degree of the beam symmetry are obtained for the relative diameter
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Fig. 8.10. Output beam phase curves obtained for different values of aperture in
central lens electrode D/L (a) and corresponding variation of the criterial function
β (b)

Fig. 8.11. Results of trajectory analysis of a single lens having the optimal value
of D/L = 0.55

of the central electrode D/L = 0.55. Results of trajectory calculation for this
case indicates a sufficient degree of beam symmetry (Fig. 8.11).

The process of lens-geometry correction is reduced to a search for the
extreme value of β when the dimensions of the lens and the potential of its
central electrode are changed.

After finding the geometry of a single lens of the trajectories analysis
of the lens system is performed (Fig. 8.12). It is seen that while moving in
the lens systems, the beam loses its initial laminar structure. This result is
explained by the effect of spherical lens aberration.

Synthesis of Electrostatic Lenses for Periodic Beam Focusing

The following parameters are used as input data for lens synthesis: period
of lens system L, initial beam radius R0 and beam perveance P , estimated
on the axial potential at the lens entrance U00 (Fig. 8.13). In the considered
case the process of synthesis is an iterative one and performed as follows: an
axial potential distribution in the lens is set up and the boundary trajectory
of the beam is computed. The results of computation are estimated from the
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Fig. 8.12. Results of trajectory analysis of the periodic lens system

Fig. 8.13. Lens electrodes found by method
of synthesis and axial potential distribution

point of view of beam symmetry and corresponding changes in the axial the
potential distribution are made. This procedure is repeated until the required
symmetry of the beam at the entrance and output is achieved.

The paraxial equation of the beam-boundary trajectory is used for the
lens synthesis (see Sect. 4.3) When the potentials are normalized to U00 this
equation is written as:

d2R

dz
+

1
2U

dU

dz

dR

dz
+

1
4U

d2U

dz2 R =
P

4πε0
√

2 |e|/mU3/2R
,

where U is the normalized potential, P is beam perveance calculated on the
potential U00.
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To set the axial potential distribution of one may use its representation
by splines [5]. For a unipotential lens the axial distribution is described by
two cubic splines:

U = U00 + Az2 + Bz3 0 ≤ z ≤ L/2,

U = U0m − A (z − L/2)2 − B (z − L/2)3 L/2 ≤ z ≤ L .

In this equation coefficients A and B are expressed through values of the
axial potential at the entrance and exit of the lens U00 and potential at the
middle of the lens U0m:

A = 12(U0m − U00)/L2, B = 16(U00 − U0m)/L3 .

At the center of the lens, splines are coupled correctly to the second
derivative.

With the value of U00 fixed, changing of the axial potential distribution
is obtained by variation of U0m.

The procedure of lens synthesis includes setting the axial potential distri-
bution, numerical integration of the boundary trajectory equation and deter-
mination of the optimal value of potential U0m that provides the best beam
symmetry. The search for the optimal value of U0m can be done automati-
cally by searching for the extreme of a criterion function using some standard
procedure. For the given case the criterial function is formulated as below:

β =

[(
R0 − R1

L

)2

+
(

dR

dz

)2

1

]1/2

.

It shows a deviation of output parameters of the boundary trajectory R1
and (dR/dz)1 from input ones R0 and (dR/dz)0 = 0.

The geometry of the lens electrodes is found as a result of solution of the
exterior problem of synthesis, which is formulated as the Cauchy problem for
the Poisson equation, a method of its solution being considered in Sect. 2.3.

In the considered case, the solution has the following form:

U (r, z) = U − 1
4

d2U

dz2 r2 +
0.0152√

U
P

(
1 + 2 ln

r

R

)
,

where U is normalized potential, P is the beam perveance.
Figure 8.13 demonstrates an example of the typical geometry of lens elec-

trodes, obtained by the method of synthesis with the spline interpolation of
the axial potential distribution (beam perveance is P = 0.5 × 10−6A/V 3/2,
ratio R0/L = 0.1).

Stability of Beam Focusing by Lens Systems

The stability of a single particle motion in a system of thin ideal lenses, sepa-
rated by drift spaces free from any fields including the space-charge field, has
been investigated by Pierce who obtained the following condition of stability
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of motion [7]

f > L/4 , (8.5)

where f is the paraxial focal length of the lenses, L is the period of the
system.

When the condition (8.5) is fulfilled, the radial coordinate of the particle
moving through the focusing system remains a limited (nonincreasing) value.

It is possible to obtain a more general condition of stability, if we use a
more sophisticated model of the system “beam – channel – lens”. In particu-
lar, the lenses are considered to be thick ones and the effect of space charge
is taken into account in the linear approximation. For this a cloud of the
space charge with constant density, which is equal to the average density of
space charge in a real beam, is introduced in the space between the lenses.
Analysis of stability, based on this model and the matrix formalism gives the
condition of focusing stability [133]:

f >
h
(
1 + th2ϕl

)
+ l

2

(
1 + h2ϕ2

) thϕl
ϕl

1 + hϕthϕl
, (8.6)

where h is distance, which determines the position of the lens principal plains
(see Sect. 3.5); L is the period of the system, 2l = L−2h is the space between
lenses filled with a cloud of the space charge of constant density ρ = const, ϕ
is a parameter of the space charge determined by the relation:

ϕ2 =
I

4πrevε0

√
2 |e|/mU

3/2
a

rev = (rmin + r0)/2 ,

where rev = (rmin + r0)/2 is the assumed average radius of the beam. The
condition of stability (8.6) is reduced to (8.5) for the case h = 0 and ϕ = 0.

8.2 Systems for Focusing of Strip Beams

8.2.1 Equilibrium Strip Beam

Electrostatic systems for focusing of an equilibrium strip beam can be de-
signed by analogy with the focusing system for an axially symmetrical beam
described in Sect. 8.1.1. The strip beam is cut from an infinite rectilinear
space-charge flow in a planar diode.

Assuming the width of the strip beam is much more than its thickness,
it is possible to consider the problem as a two-dimensional one. In this case,
determination of the form of focusing electrodes is reduced to solution of
the Cauchy problem for the two-dimensional Laplace equation ∂2U/∂y2 +
∂2U/∂z2 = 0 in the exterior region.
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Then, using the approximate expression for potential distribution in diode
space:

U = Um + Cz2 C =
4
d2 (Ua − Um) ,

and the additional condition at the beam boundary ∂U/∂y = 0, one obtains
the following result [134]:

U = Um +
2
9

Um

C

(z

d

)2 (
1 + tan2 γ

)
cos 2γ ,

where tan γ = y/z, Um is the potential minimum in the middle plane (z = 0)
of the diode space.

This equation allows us to calculate the equipotential surface and find the
form of the focusing electrodes.

8.2.2 Periodic Electrostatic System

This system is analogous to the system used for the axially symmetric beam
(Sect. 8.1.2) and is designed with the same algorithm. It includes determina-
tion of the amplitude of the axial potential variation and calculation of the
potential distribution in the exterior region with the following approximate
formula:

U =U00

[
1 +

Um

U00
cosh

2π

L
y cos

2π

L
z

+
P1

4ε0

√
2

e

m
U0/Um

(Y + 2 (y − Y ))

]

where U00 – average value of the axial potential Um – amplitude of potential
variation, P1 – beam perveance per unit beam width calculated on the average
potential U00, L – period of the system, Y – coordinate of the boundary
trajectory.

8.3 Focusing Systems for Hollow Beams

8.3.1 Periodic Electrostatic Focusing

There is a peculiarity of hollow-beam focusing. Spatial measures are to be
used in order to provide the balanced motion of the particles belonging to
the inner beam boundary, since there exist no outward forces to counteract
the periodic electrostatic focusing forces.

Several methods are used to get the balanced motion of the inner
charged particles: injection in the focusing system of a rotating hollow beam
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Fig. 8.14a,b. System of periodic focusing of hollow beams

Fig. 8.15. System of bilateral periodic focusing of hollow beams
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(Fig. 8.14a), creation of an additional radial electrostatic field (Fig. 8.14b),
and use of a bilateral periodic focusing system (Fig. 8.15) [136–138].

In the first case, steady motion of inner electrons is obtained due to a
balance (on average) between the periodic focusing and centrifugal forces. In
the second case an additional radial defocusing force is created to counter-
act the periodic focusing force. The process of hollow-beam focusing in the
bilateral periodic focusing system corresponds to that of periodic strip beam
focusing.

8.3.2 Centrifugal Electrostatic Focusing

Centrifugal focusing of a rotating hollow beam is performed in the field of a
cylindrical diode (Fig. 8.16) [30, 31]. The initial beam rotation is created by
special guns. The focusing is a result of a balance of the centrifugal force and
electrostatic field force:

m
(
rθ̇

)2
/r = |eEr| .

Here, Er is the radial electrostatic field of the diode |Er| = Uf/r ln b
a , Uf

is applied focusing voltage, a and b are radii of the inner and outer electrodes.
For a particle moving in the field of a cylindrical diode its angular mo-

mentum pθ = mr2θ̇ is conserved pθ = const. Then, the above equation of the
balance of the forces can be written as:

p2
θ

(mr3)
= |e|Uf/r ln

b

a
.

When the initial value of pθ = pθ0 is known and the beam radius is
given this equation allows us to determine the required value of the focusing
potential Uf .

Fig. 8.16. Centrifugal hollow-
beam focusing



9 Optical Systems
of Technological Installations

9.1 Electron Probe of Welding Installation

A charge particle probe is considered to be a narrow charge particle beam
of high brightness, high current or power density in its focus spot. Electron
probes with power density in the range (0.5–10) × 106 W/cm2 are used for
beam welding.

A typical electron-beam welding system is shown in Fig. 9.1. Electron
gun (1) provides the initial electron-beam formation and acceleration. Mag-
netic lens (2) focuses the beam in a small spot to provide beam power density
in the range 5–102 kW/mm2. Deflecting system (3) is used to change the beam
spot position. Typical values of accelerating voltage and beam current lay in
the following intervals: U = 20–150 kV, I = 0.1–1 A.

The following main factors determine the minimal size of focal spot in
electron-beam welding installations:

• initial (thermal) electron velocities;
• aberrations of optical system;
• self-fields;
• scattering of electrons by metal vapor arising in the welding process.

Fig. 9.1. Scheme of an electron-beam welding installation: 1 – electron gun, 2 –
magnetic focusing lens, 3 – deflecting system
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9.1.1 Effect of Thermal Velocities

The minimal radius of a focus spot resulting from thermal velocities can be
estimated with the help of the equation for the electron-beam emittance.
Emittance of an electron gun with a thermal cathode is expressed by the
equation (see Appendix):

εp = Cprk (kTk/|e|Ua)1/2
,

where rk – cathode radius, Tk – cathode temperature, Ua – accelerating volt-
age, Cp – coefficient equal to 1 or

√
2, depending on conditions of emittance

determination (see Appendix).
Taking into account the law of emittance invariance one obtains the follow-

ing equation for radius of the focus spot resulting from the effect of thermal
velocities:

rT = ε/γ2 = Cprk

(
kTk

|e|Ua

)1/2 1
γ2

, (9.1)

or

rt = Cprk

(
UT

Ua

)1/2 1
γ2

, (9.2)

where UT = kTk/|e| = Tk/11600, γ2 – angle of beam convergence.
It is evident that the value of rT is decreased with increasing Ua and γ2.

9.1.2 Aberrations of Optical System

It is considered that the main contribution in increasing the size of the focal
spot is introduced by spherical aberration of the magnetic lens. Along with
this, as analysis shows, nonlinearly of the gun phase curve can additionally
increase the radius of the focal spot.

In the case of an aberration-free lens all rays leaving a point A are focused
in the image point B (Fig. 9.2).

If the lens has spherical aberration the peripheral rays are refracted more
strongly. The additional angle of refraction is determined by the equation:

∆γ = r3
0Cα/f , (9.3)

where f – paraxial focal distance, Cα – angle coefficient of spherical aberra-
tion.

Fig. 9.2. Effect of lens spherical aberration
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Typical values of Cα for shielded magnetic solenoids lay in the range
Cα = 0.01–0.05 cm−2.

The radius of a focusing spot in the plane of paraxial focus is found as

rs = ∆γl2/cos2 γ2 ≈∆γl2 .

In the plane of best focus the radius of the focus spot reaches its minimum:

rs =
1
4
∆γl2 =

1
4
r3
0
Cαl2

f
.

Taking into account that 1/f = 1/l1 + 1/l2 and r0 ≈ l2γ2 one finds:

rs =
1
4
l32γ

3
2Cα

(
1 +

l2
l1

)
. (9.4)

Assuming, approximately, that the total radius focus spot is determined as
r = (r2

T + r2
s)1/2 one obtains:

r =

⎧⎨
⎩
[
rk

(
UT

Ua

)1/2 1
γ2

]2

+
1
4

[
l32γ

3
2Cα

(
1 +

l2
l1

)]2
⎫⎬
⎭

1/2

.

As is seen, the value of r is a complicated function of angle γ2. It is possible
to find its optimal value that yields a minimum of r. Omitting intermediate
calculations we obtain:

rmin =
(

4
3

)1/2

rk

(
UT

Ua

)1/2 1
γ2 opt

,

where γ2 opt =
(

1
3

)1/2
(

4
3
rk

√
UT

Ua

1
K

)1/4

, K =
(

1 +
l2
l1

)
Cαl32 .

Aberrations of an electron gun result in a nonlinear phase curve of the
beam at the exit plane of the gun. It is known that a beam having a nonlinear
phase curve can not be focused at a point spot. In this case, the radius of the
focus spot can be found by using the concept of transverse phase space and
the method of a phase parallelogram [143].

l1 l2

P1 P2
Pm

rP

r

z

Fig. 9.3. For calculation of the fo-
cus spot resulting from nonlinearly
of phase curve
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Fig. 9.4. Method of phase parallelogram

Let us suppose that the beam phase curve at the exist of a gun at plane
P1 (Fig. 9.3) has the form S1 (Fig. 9.4). Such a shape of the phase curve
corresponds to a nonlaminar diverging beam. Let us consider how this curve
will be transformed by a converging thin lens for plane P2 located at distance
l2 from the lens.

In accordance with the method of the phase parallelogram phase curve S1
is enclosed in parallelogram abcd, with its upper and lower sides being lines of
r′ = const. Lateral sides are drawn in such a way as to provide the minimum
of parallelogram area as is shown at Fig. 9.4. At any linear transformation the
phase curve will remain inside this parallelogram and the problem is reduced
to analysis of its transformation.

At the interval between plane P1 and the middle plane of the lens Pm

electrons move in the field-free region, their trajectories being stright lines
and phase coordinates r′ of parallelogram boundary points remain constant.
As a result of this parallelogram sides ab and cd shift parallel with the r-
axis, the point of intersection of lateral parallelogram sides ad and bc with
the r-axis do not change their position. The initial phase parallelogram is
transformed into a new one, as shown in Fig. 9.4, with its area being equal
to that of the initial parallelogram A1 = |r′

01| 4∆.
At the middle plane Pm, due to lens action, the r′-coordinates of phase

points are changed by a jump in the value r/f , where f is the lens focusing
distance, whereas the r-coordinates remain unchanged as the lens is assumed
to be thin. In the space after the lens the phase parallelogram is transformed
in such a way that the r′-coordinates of its vertices remain invariable. The
radius of the beam spot at the exit plane P2 will be minimum, if the large
axis of the parallelogram coincides with the vertical coordinate axis r′ and
lateral sides ad and bc are parallel to it.

When the input phase curve S1 is given as well as the base distances l1
and l2, it is possible to find the lens power 1/f that provides a minimum
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radius of beam spot and to determine its value [143]:

1
f

=
1
l2

+
C

1 + Cl1
, rp = ∆

Cl2
1 + Cl1

,

where C is a constant, which determines the slope of the large axis OO′ of
the initial parallelogram, C = r′

01/r01, ∆ – its half-width.
Computation of spot sizes of different electron-beam welding systems

shows that the value of spot size resulting from nonlinearly of the gun phase
curve is the same order as that arising due to spherical aberration of magnetic
lenses.

The resulting beam spot size r is accepted for calculating by the following
ate equation:

r =
(
r2
T + r2

s + r2
p

)1/2
.

There is no strict proof of this equation, but it gives results reasonably close
to practice. The criteria and principles of optimization of the concentrating
optical systems can also be found in [139]

9.1.3 Effects of Self-Fields and Scattering of Electrons

As shown in [140] the electron space charge is neutralized by ions created
as a result of ionization of atoms of residual gas and metal vapor by beam
electrons. Therefore, the total electrostatic self-field is absent practically ev-
erywhere (with the exception of the gun region) and does not affect beam
focusing. As for a self-magnetic field, it produces an additional focusing ac-
tion, especially at high accelerating voltage. It can be taken into account by
using the results of Sect. 4.6.

The effect of electron-beam scattering by atoms of metal vapor arising
in the welding process appears only in the vicinity of the welded joint. Its
estimation is given in [32].

9.2 Optical System for Electron-Beam Lithography

The following parameters of electron beams are used in these systems: ac-
celerating voltage Ua = 15 − 25 kV, beam currents I = 0.1–1 µA radius of
focusing spot r = 0.05– 0.25 µm. Such electron beam probes are produced
by complicated optical systems, which include electron guns with thermal or
cold field emitters, a set of magnetic lenses and beam-deflecting systems.

9.2.1 System with Thermal Cathode

The gun incorporates a lanthanum hexaboride emitter (1) heater (2), focusing
electrode (3) and anode (4) (Fig. 9.5). The beam current is emitted from the
tip of the emitter, with the effective radius rk being equal to 5–10 µm.



220 9 Optical Systems of Technological Installations

View along 
the arrow A

Fig. 9.5. Electron gun with thermal
cathode: 1 – cone cathode, 2 – heater,
3 – focusing electrode, 4 – anode

The radius of the beam spot after the first magnetic lens in plane P2
(Fig. 9.6), can be found with the help of (9.2), with Cp being equal to unity,
Cp = 1 :

r2 = rk

(
UT

Ua

)1/2 1
γ2

,

where γ2 – angle of beam convergence after the first magnetic lens.
Diaphragm (3) cuts out a part of the beam, its angle of divergence is

decreased and becomes equal to γ∗
2 . Then, after the second magnetic lens in

plane P3 the radius of the beam spot will be:

r3 = r2γ
∗
2/γ3 .

Objective lens (6) focuses the beam to the object plane P . The total
radius of the beam spot at this plane is determined as:

r =
(
r2
T + rS

)1/2
,

where rT – spot radius resulting from the initial thermal velocities, rT =
r3γ

∗
3/γ4, rS – spot radius arising due to spherical aberration of the objective

lens.
The last equation does not contain parameter rP , which takes into account

the nonlinearity of the electron-gun phase curve. This is explained in the
following way. Diaphragms (3) and (5) used in the optical system cutoff the
peripheral part of the electron beam and the final focal spot is formed only
by its central part, where the phase curve is practically a linear one.

Fig. 9.6. Electron-optical system for electron-beam lithography: 1 – electron gun,
2, 4, 6 – magnetic lenses, 3, 5 – cutting out diaphragms, 7 – deflecting system
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The value of current of the formed electron probe can be expressed as:

I3 = π2r2
T γ2

4B0 ,

where B0 is brightness of the electron source (electron gun). For guns with
point lanthanum hexaboride emitters it is equal to (1 − 5) 106 A/cm2sr.

9.2.2 System with Cold Field Emitter

The system consists of an electron gun, magnetic focusing lens and deflecting
system (Fig. 9.7). The electron gun includes a cold field emitter (1) and two
anodes (2), (3), which have different potential U1 and U2 (usually U1 ≈ 5 kV,
U2 = 20–25 kV). This version of the gun is known as a Crewe–Butler gun
[145, 146]. It provides the initial formation and acceleration of the electron
beam. Magnetic lens (4) focuses it to a final spot. In this gun, electrons are
emitted from a fine tip, with the apparent radius of emitter being ∼ 10−3 µm.
Practically, this permits the emitter to be considered as a point one.

Fig. 9.7. Optical system with cold field emitter:
1 – field emitter, 2, 3 – first and second anodes,
4 – magnetic lens, 5 – deflecting system

An electrostatic immersion lens created by the anodes 2 and 3 has con-
siderable spherical aberration. This results in a nonlinear phase curve of the
beam formed by the gun. The final size of the focus spot will be determined
by two factors: nonlinearly of the beam phase curve and spherical aberration
of the magnetic lens.

It can be expressed as:

r =
(
r2
s + r2

p

)1/2
.

This equation does not include radius rT as the emitter is considered to be
a point one. Systems with a cold field emitter allow us to form electron probes
with radius of order of 0.1 µ/A and higher values of currents as compared
with systems using thermal cathodes [145].

9.3 Ion Probes

Liquid-metal ion sources are used in ion-probe-forming systems to obtain
probes of high quality with a probe diameter of order of (0.1–1) µm and
currents lying in the interval (0.1–10) nA [145, 147].
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Heat 

Fig. 9.8. Scheme of optical system for ion-probe formation: 1 – liquid-metal emit-
ter, 2 – extractor, 3 – chamber with molten metal, 4 – accelerating electrode, 5, 6 –
electrodes of electrostatic lens, 7 – deflecting system

An ion-probe-forming system with a liquid-metal emitter is shown in
Fig. 9.8. It consists of a triode ion gun, electrostatic unipotential lens and
deflecting system. The ion gun includes the liquid-metal emitter (1), extrac-
tor (2) and accelerating electrode (4). Approximate values of gun electrode
potentials are Uk ≈ 105 V, ∆U ≈ 5 × 103 V.

Molten metal (for instance, gallium) exists in the externally heated cham-
ber (3). From this chamber it proceeds along a tungsten capillary tube (1),
a liquid-metal meniscus being created at its end. Under the action of elec-
trostatic forces and forces of surface tension the meniscus acquires the form
of a fine cone. Ions of the metal are emitted from its tip under the action
of the field of extractor electrode (2) and accelerated by electrode (4), then
they are focused by the unipotential electrostatic lens.

Parameters of the ion beam formed by the ion gun are as follows: cur-
rent density of order of 105 A/cm2, brightness 106 A/cm2 sr, total current
(0.01–10) µA. The dimension of the focus spot is mainly determined by
chromatic aberration of the optical system, with its value being equal to
(0.1–1) µm [147].



10 Intense Relativistic
Charged-Particle Beams

10.1 Relativistic Equations of Motion

One of the effects of the special theory of relativity is the dependence of mass
of a moving particle on particle velocity, which is expressed as:

m = m(v) =
m0√

1 − v2/c2
= γm0 , (10.1)

where m0 – is rest mass of the particle, ν – its velocity, γ = 1/
√

1 − ν2/c2 –
relativistic factor.

In this case, the relativistic equation of particle motion is to be written
as:

d

dt
(m�v) = e �E + e(�v × �B) . (10.2)

The left part of this equation can be rewritten as:

d

dt
(m�v) = m

d�v

dt
+ �v

dm

dt
. (10.3)

As
dm

dt
= m0

d

dt
(1 − v2/c2)−1/2 =

m0v

c2(1 − v2/c2)3/2

dv

dt
. (10.4)

Then (10.3) can be presented in the following form:

d

dt
(m�v) =

m0

(1 − v2/c2)1/2

d�v

dt
+ �v

m0v

c2(1 − v2/c2)3/2

dv

dt
. (10.5)

Substitution of (10.5) in (10.2) yields:

m0

(1 − v2/c2)1/2

d�v

dt
+ �v

m0v

c2(1 − v2/c2)3/2

dv

dt
= e �E + e(�v × �B) . (10.6)

Multiplying the left and right parts of this equation by vector �v one finds:

m0v

c2(1 − v2/c2)3/2

dv

dt
=

e

c2 (�v · �E) . (10.7)

Substitution of the last equation in (10.6) gives:

m0γ
d�v

dt
= e �E + e(�v × �B) − e�v

c2 (�v · �E) . (10.8)
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This equation is considered to be the relativistic equation of motion written
in Newton’s form [59].

10.1.1 Law of Energy Conservation

For particle motion in static electric and magnetic fields there exists the law
of total energy conservation.

Multiplying (10.8) by vector �v, after some algebra one obtains:

m0v

(1 − v2/c2)1/2

dv

dt
= −e

(
1 − v2

c2

)
dU

dt
,

or, taking into account (10.4),

d

dt
(mc2) = −e

dU

dt
.

This equation yields the following law of total energy conservation:

E = m0γc2 + eU = const . (10.9)

Assuming the potential of a particle emitter and initial particle velocity equal
zero one finds that this constant is equal to m0c

2. Then (10.9) is reduced to:

m0c
2(γ − 1) = −eU , (10.10)

where −eU > 0.
The left part of this equation is the kinetic energy of the particle T =

m0c
2 (γ − 1).
Using the above equations it is possible to deduce the following equation

for particle velocity:

v =

√
2
|eU |
m0

(
γ + 1

2

)1/2 1
γ

, (10.11)

where γ = 1 + |eU |/m0c
2.

For electrons, these are written as:

v = 5.95 × 107

√
U

(
γ + 1

2

)1/2 1
γ

, γ = 1 + 1.96 × 10−6U ,

where v and U are expressed in cm/s and V.

10.1.2 Equations of Motion in Axially Symmetry Fields

These equations can be derived with the help of the Lagrange equations (3.8)

d

dt

(
∂L

∂q̇i

)
−

(
∂L

∂qi

)
= 0 (i = 1, 2, 3) ,
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and the relativistic Lagrange function written in cylindrical coordinates r, θ, z
[2,60]:

L=−m0c
2
[
1 − 1

c2

(
ṙ2 + r2θ̇2 + ż2

)]1/2

−eU + e
(
ṙAr + rθ̇Aθ + żAz

)
.

Omitting intermediate transforms, it is possible to write the following system
of equations:

d2r

dr2 = − e

γm0

[
∂U

∂r
− Bzrθ̇ − γm0

e
rθ̇2+ Bθ ż −

(
ṙ
∂U

∂r
+ ż

∂U

∂z

)
ṙ

c2

]
,

(10.12)

d2z

dt2
=

e

γm0

[
∂U

∂z
+ Brrθ̇ − B0ṙ −

(
ṙ
∂U

∂r
+ ż

∂U

∂x

)
ż

c2

]
, (10.13)

r2θ̇ − r2
0 θ̇0 = − e

γm0
(rAθ − r0Aθ0) . (10.14)

In these equations r2
θ θ̇0 – initial angular momentum, Aθ0 – azimuthal com-

ponent of vector magnetic potential in an initial point having initial radial
coordinate r0. Scalar electrostatic and vector magnetic potentials were as-
sumed to be independent of the azimuthal coordinate ∂A

∂θ = ∂U
∂θ = 0 while

deriving these equations.

10.2 Intense Relativistic Beams in Vacuum Channels

10.2.1 Electron Beam Spread under Self-Fields Action

Let us consider divergence of an axially symmetric laminar electron beam
moving in a vacuum channel free from external fields. In this case, beam
motion will be determined only by beam self-fields, that is, the radial compo-
nent of the electrostatic field Eρr created by the space charge and azimuthal
magnetic self-field Bsθ produced by the beam current.

Allowing for these assumptions the relativistic equations of electron mo-
tion are written as:

m0γ
dvr

dt
= eEρr − evzBSθ − ev2

rEρr

c2 (10.15)

m0γ
dvz

dt
= evrBθ − evrvzEρr

c2 (10.16)

r2θ̇ = 0 . (10.17)

Limiting consideration to laminar beams we can analyze the motion of
beam-boundary electrons. The parameters Eρr and Bθ can be expressed in
terms of beam parameters in the following way:
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Eρr = − I

2πε0rvz
, Bθ = −µ0I

2πr
,

where I – beam current, r – beam radius.
Substitution of these equations in (10.15) and (10.16) yields:

m0γ
dvr

dt
=

|e| I
2πε0rvzγ2 (10.18)

dvz

dt
= 0 . (10.19)

Equation (10.18) shows that taking account of the self-magnetic field leads
to decreasing the defocusing force by γ2 times.

Expressing the longitudinal velocity through the accelerating potential Ua

vz ≈ v =

√
2
|e|Ua

m

(
γ + 1

2

)1/2 1
γ

,

and excluding time in (10.18) one derives the equation of boundary electrons:

d2r

dz2 =
K

r
(

γ+1
2

)3/2 , (10.20)

where K = 1
4πε0

√
2|e|/m

I

U
3/2
a

= 1.5 × 10−2P , P being the microperveance of

the electron beam expressed in µA/V 3/2.
Comparing (10.20) with the nonrelativistic trajectory equation (4.30) one

finds that they differ only by a factor 1/
(

γ+1
2

)3/2
. This allows us to apply

some results of the analysis of (4.30) for the case under consideration. In

particular, introducing the effective beam perveance
∗
P = P

(
2

γ+1

)3/2
and

normalized variable Z = 0.174
√

Ṗ z
rmin

= 0.174

√
P

(
2

γ+1

)3/2
z

rmin
, we can

use universal curves, presented in Fig. 4.4, for computation of the relativistic
beam spread. Results of such a computation are shown in Fig. 10.1. It is seen
that the spread of a beam of constant perveance P = 1 µA/V3/2 depends on
the accelerating voltage, decreasing with its growth. This effect is explained
by the focusing action of the self-magnetic field.

Ua

Fig. 10.1. Beam-boundary
trajectories of a beam of
perveance P = 1 µA/V3/2

for different accelerating
voltages Ua



10.2 Intense Relativistic Beams in Vacuum Channels 227

10.2.2 Beam Current Limitation

There exists a limit of electron beam current, transmitted through a cylindri-
cal channel. This limit is caused by depression of the potential due to beam
space charge and the creation of a “virtual” cathode (see also Chap. 4).

For relativistic electron beams the value of critical current is deter-
mined by the following semiempirical equation, which is known as the
Bogdankevich–Rukhadze equation [13, 148]:

IBR
cr =

17 × 103
(
γ

2/3
a − 1

)3/2

G
, (10.21)

where IBR
cr – critical beam current, G = 1 + 2 ln a

b , b – beam radius, a –
channel radius, γa – relativistic factor, expressed through the accelerating
voltage γa = 1 + (1.96 × 10−6)Ua.

A more exact equation, obtained by Dgenny and Procktor is written
as [13]:

IDP
cr = IBR

cr γ2/3
a

{[(
γ2/3

a + G
)2

− γ2/3
a

]1/2

− G

}−1

. (10.22)

Results of computation of critical perveance Pcr = Icr/U
3/2
a are shown in

Fig. 10.2. Curve 1 is computed with (10.21), curve 2 with (10.22).
As is seen, the results of the two computations differ insignificantly,

both curves showing decreasing critical perveance with accelerating voltage
growth. This effect can be explained by the increasing relativistic mass of
electrons.

It is important to note that (10.21) and (10.22) are valid for cylinders
of infinite length. For cylinders of a finite length the value of the critical
current is increased compared to that given by (10.21) and (10.22). How-
ever, when condition l/a ≥ 2.58 (b/a)0.133 is fulfilled this excess is not more
than 10% [149].

Fig. 10.2. Results of computation of the crit-
ical perveance
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Dynamic Model of Virtual Cathode

The virtual cathode is considered to be an unsteady dynamic state of the
electron beam [150]. A description of this state can not be given within the
hydrodynamic theory of electron beams. Discrete models of charge particle
beams (sheet charge model, ring charge model, etc.) are used for analysis of
this state [150–154].

Computations produced on the basis of discrete models demonstrate the
following picture of formation of the virtual cathode when an electron beam
is injected in a cylindrical cavity [153, 154]. If the value of beam current is
less than the critical one the potential inside the cavity decreases gradually
as discrete charges fill it. The steady state electron motion is established
during a time span equal approximately to two times the transit time of
electrons through the cavity. A potential minimum is created at the central
plane of the cavity. Its depth depends on the value of the injected current
(Fig. 10.3 curves I1 and I2 The value of the potential minimum is decreased
with increasing injected current.

For values of beam current greater than the critical one the picture is
entirely different. As a beam is injected in the cylindrical cavity the potential
inside it drops to zero or even becomes negative in the vicinity of the injecting
plane (Fig. 10.3, curve I3). The value of the potential minimum is periodically
changed in time with a frequency of the order of the plasma frequency of the
beam. A dynamic state of the injected beam is established, when a part of
the beam current is rejected from the potential minimum whereas the other
part proceeds to the end of the cavity.

Oscillations of the virtual cathode can be used for microwave genera-
tion [155–158]. Theoretical and experimental results indicate that there exist
two types of microwave generation, one is produced by the virtual-cathode
oscillation, the another is caused by electron oscillation in the gap “cathode–
anode–virtual cathode” (oscillation of Bargauzen–Kurtz type) [159].

Fig. 10.3. Injection of an electron beam in a cylindri-
cal channel: curves of potential distribution for differ-
ent beam currents.
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10.2.3 Brillouin Relativistic Electron Beam

The conditions of obtaining a nonrelativistic equilibrium beam in a uniform
magnetic field have been considered in Sect. 7.1. For a relativistic beam it is
necessary to take into account the action of the self-magnetic field.

The vector of magnetic induction of the beam of a self-field is expressed
by the Maxwell equation

rot �Bs = µ0�j ,

where �j – vector of beam current density.
Projection of this equation on cylindrical coordinates r, θ, z yields:

1
r

∂Bsz

∂θ
− ∂Bsθ

∂z
= µ0jr (10.23)

∂Bsr

∂z
− ∂Bsz

∂r
= µ0jθ (10.24)

1
r

∂

∂r
(rBsθ) − ∂Bsr

∂θ
= µ0jz (10.25)

In the case of an equilibrium cylindrical beam dr/dt = 0, r = const,
∂/∂z = 0, ∂/∂θ = 0. Then (10.23)–(10.25) are reduced to:

1
r

∂

∂r
(rBsθ) = µ0Jz − ∂Bsz

∂r
= µ0jθ .

Expressing jθ and jz in terms of space-charge density and corresponding
components of velocity one obtains:

Bsz = −µ0

b∫
r

ρvθdr (10.26)

Bsθ =
µ0

2πr

r∫
0

ρvz2πrdr . (10.27)

The longitudinal component of self-field Bsz caused by rotation of elec-
trons has a direction opposite to that of the external magnetic field, which
produces electron rotation. So, it is possible to consider an intense relativistic
Brillouin beam as a diamagnetic medium.

Approximate Analysis of a Brillouin Beam

Assuming that vθ � vz one can neglect the longitudinal component of
the self-magnetic field (Bsz ≈ 0) and calculate the relativistic factor by
γ ≈ (

1 − v2
z/c2

)−1/2. It is possible to show that under this assumption an
equilibrium Brillouin-type beam will be realized as the following conditions
are fulfilled ρ = const, vz = const, j = const, that is, the same conditions as
in the case of a nonrelativistic beam (see Sect. 7.1).
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The balance equation of radial forces is written as:

eEr + evθB − evzBsθ +
m0γv2

θ

r
= 0 , (10.28)

where Eρr = ρ
2ε0

r – radial component of space charge field, B – induction
of external uniform field, Bsθ – azimuthal component of magnetic self-field,
vθ = rθ̇ = − 1

2
e

m0γ Br – azimuthal electron velocity.
The value of Bsθ is found from (10.27), if we put in it ρvz = jz = const,

then Bθ = 1
2µ0jzr. The longitudinal velocity is expressed as:

vz =

√
2

|e|
m0

U0

(
γ0 + 1

2

)1/2 1
γ0

, (10.29)

where U0 is the potential at the beam axis and γ0 = 1 + (1.96 × 10−6)U0.
From the balance equation (10.28) one can find the value of the external

magnetic field B that provides equilibrium beam motion:

B =
830
b

I1/2

U
1/4
0

(
γ0+1

2

)1/4 , (10.30)

where B – induction of external field, Gs; b – beam radius, cm; U0 – axial
potential, V.

For low potential U0, when γ0 ≈ 1, this equation is reduced to (7.7). The
potential at the axis of symmetry U0 is determined by equation:

U0 = Ua − I

4πε0

√
2 |e|

m0
U0

(
γ0+1

2

)1/2 1
γ0

(
1 + 2 ln

a

b

)
.

It is presented in the form convenient for practical use:

U0 = Ua

⎡
⎢⎣1 − 0.0152P

1(
U0
Ua

γ0+1
2

)1/2
1
γ0

(
1 + 2 ln

a

b

)⎤⎥⎦ , (10.31)

where P = I/U
3/2
a – beam perveance calculated with respect to the acceler-

ating potential Ua and expressed in µA/V 3/2.
As U0 is included in the right part of this equation, calculation of potential

U0 is produced by the method of successive approximation, U0 = Ua and
γ0 ≈ γa = 1 + 1.96 × 10−6Ua being taken as a zero approximation.

Results of Rigorous Analysis of Equilibrium Beam

In the rigorous analysis of relativistic equilibrium beam motion both the
components of self-magnetic fields BSθ and Bz0 are taken into account and
the relativistic factor is calculated through the total electron velocity v2 =
v2

θ + v2
z γ =

(
1 − v2/c2

)−1/2 (component vr in the equilibrium beam is equal
to zero).
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As is shown in [160] there exist several variants of equilibrium beam mo-
tion. For a particular case of a magnetic system with a shielded cathode the
following equations have been obtained, which connect total beam current I,
external magnetic field B and potentials at the beam axis U0 and the beam
boundary Ub:

I = In

(
γ2
0 − 1

)1/2

2

(
γ2

b

γ2
0

− 1
)

, (10.32)

B ≈ m0c

|e| b
(

γ2
b

γ2
0

− 1
)1/2 (

γb

γ0
+ 1

)
, (10.33)

where In – normalizing factor, In = 17 × 103 A, γ0 = 1 + (1.96 × 10−6)U0.
From (10.32) and (10.33) one finds the equation for the applied magnetic

field providing equilibrium beam motion:

B =
415
b

(
γb

γ0
+ 1

)
I1/2/U

1/4
0

(
γ0 + 1

2

)1/4

. (10.34)

It is seen that as γb ≈ γ0 this equation is reduced to (10.30).
The value of current of the equilibrium beam is limited by the space-charge

action. The following equation has been obtained for the critical current value
for a Brillouin-type relativistic beam [160]:

Icr =
1
2
In

{
γ2

b

2

[(
1 +

8
γ2

b

)1/2

− 1

]
− 1

}1/2 [
2

(1 + 8/γ2
b )1/2 − 1

− 1

]
,

where In = 17 × 103 A.
Computation of the critical current and value of external (applied) mag-

netic field is done with the help of the curves presented in Figs. 10.4
and 10.5 [160].

Fig. 10.4. Curves for determination of
critical currents

Fig. 10.5. Curves for determination of
magnetic induction required for beam
focusing
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10.3 Neutralized Relativistic Beams

10.3.1 Beams in Space Free from External Fields

The space charge is supposed to be completely neutralized by charges of
the opposite sign. Therefore, beam motion is determined only by the self-
magnetic field. This effect has been considered in Sect. 4.6.

As the radial force caused by the magnetic field of a beam is proportional
to its current and the ratio v2/c2, it is obvious that the effect of beam com-
pression (beam pinch) will be especially strongly expressed in high-current
relativistic beams. There exists a critical beam current (Alfven’s current) at
which the beam is collapsed:

IA
cr = 17 · 103γava/c ,

where IA
cr is the critical current expressed in amperes, γa and va – relativistic

factor and velocity calculated in terms of accelerating voltage Ua.

10.3.2 Neutralized Magnetically Confined Beams

It is supposed that an electron beam moves in an infinitely large uniform
magnetic field, with its space charge being neutralized by the ion background.
It seems that in this case there are no causes for limitation of the beam-
current value. However, more sophisticated analysis shows that there exists a
limitation of beam current, which is caused by growth of an instability. Two
types of instability are significant for the confined neutralized beams: Pierce
type and Buneman–Budker type. The limiting current, at which the beam
ceases to propagate in the forward direction owing to Pierce instability, is
given by [13]:

IP
cr = 24 · 103 (γ2

a − 1
)3/2

.

The value of the limiting current of Buneman–Budker instability is the same
order as IP

cr.

10.4 Beam-Motion Computation

In accelerating techniques and in installations for physical experiments in-
tense relativistic electron beams are frequently transported for a long dis-
tance. Magnetic-lens focusing (or transport) systems are used for this pur-
pose. The systems consist of a set of axially symmetric or quadruple magnetic
lenses.

For analysis of beam motion in such systems different computer codes
are used. The simplest of them are based on the laminar-beam models and
the concept of boundary trajectory. The action of the transverse component
of the self-magnetic field as a rule is taken into account by decreasing by
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Fig. 10.6. For calculation of advance of
phase

γ2 times (γis relativistic factor) value of the transverse component of the
electrostatic self-field (see 1.18).

The results obtained are considered to be the first-approximation ones.
They are usually made more precise by using computer codes based on more
complicated discrete beam models.

Computer analysis is also applied for forecasting the stability of particle
beams in multiple-lens transport systems. The method of “advance of phase”
is used for this. In accordance with this method a single trajectory (in the
absence of the beam) is computed. It is a periodically oscillating curve with
wavelength λ (Fig. 10.6). The advance of phase, that is, the change of phase
trajectory oscillation per period L of the lens system, is calculated, µ0 =
360◦(L/λ). Then the same computation is made for a single trajectory in
the presence of the charge particle beam, which gives the phase advance µ =
360◦(L/λ). The values of µ0 and µ are used for forecasting of the potential
beam stability. The following criteria of beam stability are recommended in
[162, 163]: µ0 ≤ 60◦, µ/µ0 ≥ 0.4.

10.4.1 Axially Symmetric Lens Systems

These systems can be realized with the help of a set of solenoids or ring-
shaped permanent magnets, magnetized in axial or radial directions (see
Figs. 3.16 and 3.17). Computer-aided trajectory analysis allows us to de-
termine the possibility of their application for transport of beams with accel-
erating voltage of the order of several MV and currents of the order of kA.

Results of such an analysis for an electron beam with accelerating voltage
Ua = 1 MV, beam current I = 1 kA and initial beam radius r0 = 2 cm
are given below. Periodic magnetic systems consist of a set of ring-shaped
permanent magnets magnetized in the axial direction located along the axis
of the system with interval L = 25 cm.

The material of the magnet is barium ferrite, and its geometry is shown
in Fig. 10.7. The results of trajectory analysis are presented in Fig. 10.8.
The dashed curve of this figure is the envelope of the matched beam injected
in the system with zero initial velocities. It is seen that in this case regular
periodical beam motion takes place with period L. The envelope oscillates
around an average radius, which is approximately equal to the initial one.

The solid curve is the envelope of the beam, which is injected into the
system with its axis being displaced from the channel axis by the distance
∆r = 0.5 cm. It is seen that in this case the beam radial dimension remains
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r, cm

z, cm
Bz, Gs 

z, cm

Fig. 10.7. Geometry of the ring-shaped
magnet and the curve of axial magnetic
induction

r,
cm 

z, cm
Fig. 10.8. Envelopes of the electron beam moving in the periodic magnetic system

a limited one. This shows the stability of the given focusing system. Phase
advances for this system are µ0 = 45◦, µ/µ0 = 0.55 and, therefore, the criteria
of stability mentioned above are fulfilled.

10.4.2 Quadruple Lens Systems

For description of electron beam motion in a quadruple magnetic lens system
the following equations are used [161]:

d2X

dτ2 +
L2η

vzγ
BY − F 2

0X

X3 − 4L2I

β2γ3I?

1
X + Y

= 0 , (10.35)

d2Y

dτ2 +
L2η

vzγ
BX − F 2

0Y

Y 3 − 4L2I

β2γ3I?

1
X + Y

= 0 , (10.36)

where τ = Z/L – normalized longitudinal coordinate; L – period of lens
system; X,Y – transverse coordinates; F0x and F0y – values of emittance, Uz –
longitudinal component of velocity, In – normalizing factor, In = 17×103 A,
β = vz

c – ratio of electron velocity to velocity of light, γ – relativistic factor.
Components of magnetic induction BX and BY are determined by the

following equations:
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BX = Y Gm cos 2πτ ; BY = XGm cos 2πτ .

In the case of zero emittance (F0X = F0Y = 0) (10.35) and (10.36) de-
scribe the beam-boundary trajectories.

For integration of these equations it is necessary to put the initial coor-
dinates X0 and Y0, and initial trajectory slopes

(
dX
dτ

)
0 = X ′

0,
(

dY
dτ

)
0 = Y ′

0 at
τ = τ0 as well as the value of Gm.

As shown in [164] there exist optimal conditions of injection of a charge
particle beam in a quadruple-lens system. For relativistic electron beams they
are formulated in the following way:

X0 = r0 , Y0 = r0 , X ′
0 = 2πr0

√
2χ , Y ′

0 = −2πr0
√

2χ

χ =
384I

(r0/L)2 U
3/2
a

(
γ+1

2

)3/2 Gm =
38
r0L

[
I

U
1/2
a

(
γ+1

2

)1/2

]1/2

,

where r0 – initial beam radius, cm; L – period of the system, cm; I – beam
current, A; Ua – accelerating voltage, V; Gm – transverse gradient of magnetic
field, Gs/cm.

It follows from these equations for obtaining the minimum beam pulsation
that the electron beam should be injected with strictly determined slopes of
trajectories.

Results of computation of electron-beam focusing by a quadruple-lens
system is given below. Beam and system parameters are as follows: beam
current I = 1 kA, accelerating voltage Ua = 1 MV, initial beam radius r0 =
2 cm, period of lens system L = 50 cm. Optimal conditions of beam injection
(dX/dτ )0 and (dY /dτ)0, as well as the value of magnetic-field gradient Gm

were initially used. Boundary envelopes X (τ) and Y (τ), and shapes of beam
cross section for optimal injection conditions are shown in Fig. 10.9. Regular
periodical beam motion takes place with the beam cross section being of
elliptical shape.

X, cm 

Y, cm 

2 cm 

2 cm 

Fig. 10.9. Envelope (a) and cross section (b) of the beam in a quadruple-lens
system
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2 cm 

2 cm 

Fig. 10.10. Results of trajectories computation
with zero initial conditions

These computations were performed with the optimal value of gradient
Gm = 25 Gs/cm, which corresponds to the amplitude of magnetic induction
Bm = 50 Gs at the distance r = r0 = 2 cm from the beam axis.

The results of beam computation with zero initial condition (dX/dτ )0 =
(dY /dτ)0 = 0 are presented in Fig. 10.10.

As is seen, the electron beam is practically collapsed at the first period
of the system. Analysis of various quadruple-lens systems has confirmed the
criticality of these systems for the condition of beam injection. An alternative
injection of beam with elliptical cross section is expedient.
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11.1 Peculiarities and Application of Multiple Beams

At present, multiple-beam systems are used for forming and focusing (trans-
port) of multiple-beam flows in microwave O-type tubes (klystrons, TWT,
etc.) and in particle accelerators. In this case, an electron flow consists of N
beams (N = 2−100), each of them propagates in a separate metallic channel.
Due to this the total perveance of the flow can be increased up to 30 µA/V3/2

without creation of the virtual-cathode phenomenon. This makes it possible
to design power low-voltage wide-band microwave tubes and increase the to-
tal power of linear accelerators. Earlier multiple-ion beams were employed in
ion jets of cosmic apparatus in order to increase their thrust [36].

The design of a multiple-beam optical system is considered using as an
example the optical system of a multiple-beam klystron (Fig. 11.1). The
electron flow consists of seven beams, one of them is the central beam, the
other six are peripheral ones. Electron beams are formed by the electron gun,
which consist of cathode (1) common for all beams, a grid electrode with
seven apertures (2) and anode (3) also having seven apertures. The magnetic
system includes ring-shaped permanent magnets magnetized in the radial
direction (4), magnetic pole pieces (5, 6), magnetic circuit (7) and magnetic

Fig. 11.1. Electron-optical system of a multiple-beam klystron
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screens (8, 9). When the diameter of pole pieces D is equal to or greater than
the length of the operating gap l (that is, the gap between the pole pieces)
the magnetic field produced inside the gap will be almost uniform. Electron
beams, after passing through the channels in the klystron cavities (11), enter
into the klystron collector (12).

The optical system under consideration has only one row of peripheral
beams. There exist tightly packed multiple-row systems. A two-row system
contains 12 beams in the second row and the total number of beams is 19.
The system with three rows contains 37 beams and so on.

Application of multiple-beam optical systems allows us to decrease consid-
erably the anode voltage that provides the same level of beam power. Let us
estimate the saving of voltage when N beams of perveance P1 are used instead
of a single beam of the same perveance to get the same total beam power P .
For the single beam of perveance P1 we have P = P1U

5/2
a1 , for a multiple-beam

system of perveance PN = NP1 we get P = PNU
5/2
aN = NP1U

5/2
aN , with Ua1

and UaN the accelerating potentials of single- and multiple-beam systems,
respectively. Then we find UaN = Ua1/N

2/5. As applied to microwave-tube
computation an important parameter is the electron-beam resistance, which
is determined as R = Ua/Ia, with I being beam current, Ua – accelerat-
ing voltage. A similar calculation gives the following ratio of resistances of
multiple-beam and single-beam systems: RN = R1/N4/5.

The equations obtained above show that employment of multiple-beam
systems gives the possibility to decrease anode voltage with simultaneous
increase of the total beam current. From klystron theory it is known that for
the efficient interaction of electrons with alternating electric fields of cavities
the impedance of cavities should be of the order of the beam resistance.
Therefore, in multiple-beam klystrons it is possible to reduce the equivalent
impedance of cavities. This can be done by a proper decreasing of quality
(Q-factor) of the cavities, or by means of detuning of cavities. This make it
possible to increase the bandwidth of an amplifier.

Practical results indicate that application of a multiple-beam system can
reduce the anode voltage by 2–3 or more times and increase the bandwidth
up to 3% for S-band tubes and up to 10% for Q-band tubes [165].

Multiple-beam systems are also employed in power traveling-wave tubes
(TWT) with cavity-type slow-wave structure. Figure 11.2 shows a cell of a

Fig. 11.2. Cell of a power traveling-wave tube



11.2 Multiple-Beam Guns and Magnetic Systems 239

power TWT. It is seen to consist of 19 beam channels and a cavity-coupling
slit. Use of the multiple-beam electron flow, of a high total perveance with
each beam of low perveance, gives the possibility to improve beam–field in-
teraction and increase efficiency by 1.5 times as compared with that of a
single-beam TWT of the same power level [165].

11.2 Multiple-Beam Guns and Magnetic Systems

11.2.1 Electron Guns

Different versions of multiple-beam electron guns are presented in Fig. 11.3a–
d [166]. There exist guns with a separate cathode for each beam (Fig. 11.3a).
They are used in power tubes with a low number of beams, which are placed
over a relatively large area. Initial beam forming and compression is produced
due to the concave shape of the cathode surface and action of the cathode
focusing electrode. Shapes of focusing electrodes of a partial gun are usually
different from classical Pierce-type electrodes because of a limit of space for
their location. The same reason limits the value of cathode radius and area
and leads to a high cathode current density.

To increase the cathode area partial electron guns with curvilinear beams
can be theoretically used (Fig. 11.3b). However, designing such guns is a com-
plicated problem, which requires application of three-dimensional computer
codes. Besides this, it is important to note that peripheral beams usually do
not possess the necessary axial symmetry.

For electron guns with a high number of electron beams one cathode is
used as a common for all beams (Fig. 11.3c). Electron flow emitted from the
common cathode is split for separate beams by a special perforated electrode

Fig. 11.3. Variants of multiple-beam electron
gun
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Fig. 11.4. Results of computer simulation of a single partial beam of perveance
P = 0.6 µA/V3/2: 1 – cathode (Uk = 0), 2 – grid (mask) (Ug = 0), 3 – anode
(U = Ua)

placed in the vicinity of the cathode surface and usually operated at the cath-
ode potential. It is called a grid or mask. The electric field produced by this
electrode in the vicinity of the cathode surface produces weakly convergent
beams. Figure 11.4 illustrates the results of computer simulation of a separate
beam of this type of electron gun. It is seen that electron-trajectory crossing
takes place, which leads to a nonlaminar structure of the beam. This effect is
typical for these guns. Trajectory simulation of many variants of gun shows
that the position of the grid electrode and its thickness and potential have
a considerable affect on the value of perveance of the partial beam, beam
compression and its structure. In some cases, the grid electrode can operate
as a control electrode, which changes the value of the beam current.

An electron gun with two grid-type electrodes is presented in Fig. 11.3d.
The first grid operates at the cathode potential. The second one can be
used as a focusing and control electrode. Its potential can be both negative
and positive with respect to the cathode potential. In the case of positive
potential this electrode will not intercept the beam current as it is placed “in
the shadow” of the first electrode. Variation of the potential of the second
electrode allows us to change beam current, compression and structure. All
the above refers to guns completely shielded from the magnetic focusing field.
In the case of partially shielded guns, beam forming will be essentially affected
by the magnetic field.

Designing of multiple-beam guns is performed with the help of computer
codes. As a first step, simulation of a single partial beam is produced with the
help of two-dimensional codes, the presence of neighboring beams being ne-
glected (Fig. 11.4). In many cases this approach gives acceptable results since
distances between gun electrodes are sufficiently small and electrode screen-
ing action considerably reduces the interaction of the neighboring beams. As
a final stage of gun simulation three-dimensional simulation of the gun as a
whole is performed.
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11.2.2 Magnetic Focusing Systems

For focusing (transporting) multiple-beams, magnetic systems with uniform
or reverse fields are used. Permanent magnetic or solenoids serve as sources
of magnetic fields. The design of these systems is essentially the same as that
used for a single-beam system. The main difference is the multiple-channel
magnetic pole pieces (number of pole channels equal to number of beams)
(see Fig. 11.1).

Magnetic systems with a uniform field differ in the rate of magnetic shield-
ing of guns (Fig. 11.5): systems without gun shielding (a), systems with com-
pletely (b) and partially (c) shielded guns.

Systems without gun shielding were used in the earlier stage of multiple-
beam systems development. They are realized in a uniform magnetic field
extending from the tube cathode to its collector. At a high density of mag-
netic field, electrons emitting from the cathode follow magnetic field lines
along spiral trajectories of radius ρc = mv⊥/eB, where ρc – cyclotron radius,
v⊥ – transverse electron velocity of an electron at the cathode surface, B –
magnetic induction of uniform field.

Fig. 11.5. Variants of magnetic focus-
ing systems with different rate of gun
shielding
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Fig. 11.6. Reversed focusing system
of a multiple-beam klystron: 1 – ring
magnet, 2 – magnetic pole pieces,
3 – magnetic circuit, 4, 5 – magnetic
shields

In a system with a completely shielded gun initial beam forming occurs in
a pure electrostatic field produced by the gun electrodes. The radial magnetic
force, which balances the space-charge repulsion force, arises as a result of
rotation of electrons around the axis of a partial channel. This rotational
motion appears when an electron is moving inside a channel of the magnetic
pole piece, where magnetic induction has both longitudinal Bz and transverse
Br components. It has the same nature as in the Brillouin focusing system
for a single beam (see Chap. 5).

Theoretically it is possible to provide Brillouin focusing of every partial
beam, but its practical realization meets some difficulties. In conformity with
permanent-magnet focusing systems it is connected with intense stray mag-
netic fields in the gun region. Application of magnetic shields does not enable
us to eliminate completely these fields from the gun region (Fig. 11.5c), and
these systems are to be considered as those with partially shielded gun (see
Sect. 7.1).

In long electron tubes it is expedient to use a reversed-field focusing sys-
tem with one or more reversals. Figure 11.6a demonstrates a reversed-field
focusing system of a multiple-beam klystron [167]. It includes ring-shaped
magnets magnetized in the radial direction (1), pole pieces (2), magnetic cir-
cuit (3) and magnetic shields (4) and (5). Distribution of magnetic induction
along the exit of the central channel is shown in Fig. 11.6b. Magnetic-field
reversal occurs in channels of the intermediate pole piece. A stray magnetic
field partially penetrates in the gun region.

Application of reversed system enables us to reduce the distance between
the magnetic pole pieces, which in turn allows us to decrease their trans-
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verse dimensions (diameters). This results in saving of size and weight of the
focusing system as a whole.

11.3 Peculiarities of Multiple Systems

Two main factors determine the distinctive feature of multiple beam-forming
and focusing systems: stray fields penetrating in the gun region and transverse
components of magnetic field of a different nature.

For analysis of these factors it is expedient to divide the optical system for
the three regions: region of initial beam forming, which includes the electron
gun and the channels in the cathode pole piece; region of beam transport,
i.e. the space between the cathode and collector magnetic pole pieces and
collector region, which includes the channels in the collector pole piece and
collector.

11.3.1 Analysis of Stray-Fields Action

A typical magnetic-field distribution at the axis of a partial channel is pre-
sented in Fig. 11.7. The magnetic field changes direction inside the channel
in the magnetic pole piece and in the gun region it is directed opposite to
that in the beam-transport region. It is possible to estimate the magnetic-
field action on initial beam forming with the help of the equation for radial
magnetic force:

Fr = −1
4

e2

m
B2

z

(
1 − B2

zkr4
k

B2
zr4

k

)
,

where r – radial coordinate of an electron counted-off from the channel axis,
rk – coordinate of the electron at the cathode surface, Bz = Bz (z) – current
value of magnetic induction at the channel axis, Bzk – magnetic induction at
the cathode surface.

This equation follows from the equation of motion (3.20) within the parax-
ial approximation, being an analog of (7.1).

Fig. 11.7. Magnetic-field distribution in gun re-
gion: 1 – cathode, 2 – grid, 3 – anode (magnetic
pole piece)
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Fig. 11.8. a – results of trajectory com-
putation, b – magnetic field distribution in
pole-piece channel

As is apparent from the diagram of Fig. 11.7, in the region of initial
beam forming |Bz| < |Bzk|. Therefore, in the region of beam compression
(r < rk) B2

zkr4
k/B2

zr4 > 1 and the magnetic force will be defocusing, Fr > 0.
Figure 10.8 shows the results of trajectory computation with the magnetic
field in gun region, the value of Bzk being equal to 25% of the Bz used in the
transport-beam region.

Comparison of these results with those obtained for a completely shielded
gun (Fig. 11.4), indicates the defocusing action of the magnetic field. The
physical explanation of this fact is similar to that given in the analysis of the
magnetic defocusing lens (Sect. 3.10.3).

As in the case of a single beam focusing (Sect. 7.1.4), the presence of a
magnetic field at the cathode involves the increase of the magnetic induction
required to balance the space charge repletion. The value of Induction of
uniform magnetic field in transport region can be found from:

Bz =
Bb

(1 − G)1/2 ,

where Bb – Brillouin magnetic induction, calculated as Bb = 830I
1/2
1 /rU

1/2
a ,

I1 – current of a partial beam, r – its radius, Ua – accelerating voltage,
G = B2

zkr4
k/B2

zr4 – coefficient of cathode shielding.
So, the presence of a stray magnetic field in the gun region involves beam

defocusing in the pole-piece channel and increasing of the required induction
of the uniform field.

11.3.2 Transverse Fields

Transverse fields are considered to be the components of the magnetic field
that are normal to the channel axis, but that do not posses the axial symmetry
about it. These fields are of a different nature:
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• Local fields arising in pole-piece channels due to finite magnetic perme-
ability of pole-piece materials

• Transverse fields resulting from finite transverse dimensions (diameters)
of pole pieces

• Transverse self-fields produced by beam currents

Local Fields

Let us consider the nature and action of local transverse fields in the channels
of the second row, which centers are placed at distance R2 from the axis of a
focusing system (Fig. 11.9). Magnetic flux, which enters the beam-transport
region (pole pieces gap) through the surface enclosed by the circle of radius
R2, is expressed as ψ2 = πR2

2Bz, Bz being the induction of the uniform field.
In the case of an infinite magnetic permeability of the pole-piece material
all this flux passes through the material bridges separating the channels. In
systems with permanent magnets a magnetic stray flux ψ̂2 also passes through
these bridges.

Assuming approximately that ψ̂2 ≈ ψ2 one can find the value of magnetic
induction in the bridge material:

Bbr =
2ψ2

Sbr
=

2πR2
2Bz

Sbr
,

where Sbr – area of minimum bridge cross section; Sbr = (2πR2 − N2d)∆,
where N is number of channels of diameter d, ∆ – thickness of pole piece.

So, the following equation is obtained for estimation of Bbr:

Bbr =
R2Bz

∆

(
1 − N2d

2πR2

) .

For real magnetic materials of a finite value of permeability a part of the
bridge magnetic flux is displaced in channels and the transverse magnetic

Fig. 11.9. Magnetic pole-piece drawing
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Fig. 11.10. Transverse magnetic field in a
channel of a pole piece

field B⊥ is erased in the channels. The value of transverse magnetic induc-
tion B⊥ can be found in such a way. Initially, the magnetic field strength in
the bridge material is determined:

Hbr = Bbr/µ ,

where µ is the magnetic permeability of the pole-piece material.
Taking into account continuity of the tangential component of magnetic

field strength H at the boundary of the two media one can find:

B⊥ ≈ µ0Hbr ≈ Bbr
µ0

µ
. (11.1)

The structure and value of the transverse field in a channel can also be
estimated from the following model study. Let us consider a uniform magnetic
flux with induction B1, which passes inside a magnetic pole piece of a finite
permeability µ and encounters an aperture of permeability µ0 (Fig. 11.10).

This problem has the analytical solution from which it follows that the
magnetic field inside the aperture is uniform with the value of magnetic
induction equal to:

B⊥ =
2B1

1 +
µ

µ0

.

This equation can be used for estimation of the transverse field induction
in a channel of a magnetic pole piece. For this let us take B1 = kBbr, with
Bbr being equal to the magnetic induction in the bridges of the pole piece.
Coefficient k < 1 takes into account increasing bridge magnetic induction
Bbr as compared with the induction B1 of the falling flux, k ≈ 1−Nd/2πR2.
Then

B⊥ =
2B1

1 +
µ

µ0

.

For µ/µ0 
 1 this is reduced to:

B⊥ = 2k
µ0

µ
Bbr . (11.2)

For k = 0.5 it coincides with (11.1).
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As follows from the above equations for µ → ∞, B⊥ → 0, so, the existence
of the transverse magnetic in pole-piece channels is stipulated by a finite value
of magnetic permeability of the pole-piece material.

Transverse Fields in Beam-Transport Region

Results of computer simulation of various magnetic systems using radial and
axially magnetized magnets allows us to describe some main peculiarities of
the magnetic-field distribution in the space between the pole pieces (working
gap).

Figure 11.11 illustrates typical peculiarities of the magnetic field in sys-
tems with radial-magnetized permanent magnets. Magnetic field lines bulge
in the center of the working gap, as is shown by the line R = f (z). This leads
to a decreasing longitudinal component of magnetic field Bz for a value ∆Bz

and appearance of a radial component of field BR.
If a magnetic system possesses total axial symmetry, including axial sym-

metry of the pole pieces, then at distances from them exceeding one diameter
of the pole-piece channels the magnetic field will be of global axial symmetry.
But this field is not axially symmetric with respect to the axis of peripheral
beams, as well as its radial component BR. It is considered to be a transverse
component BR = B⊥.

Reducing of the longitudinal field component Bzand the value of ampli-
tude of the radial component BR depend on the ratio of the gap length l and
the diameter of the pole pieces D, with growth of l/D they are increased. At
l/D ≈ 1, ∆Bz/Bz = 1 − 2%, BR max/Bz = 1 − 2%.

For magnetic systems with axially magnetized magnets sagging of mag-
netic lines is typical with Bz and BR distributions shown in Fig. 11.12. Values
of ∆Bz/Bz and BR max/Bz for l/D ≈ 1 are the same order as in the previous
case. It should be noted that in a strictly uniform field Bz = const, BR = 0
and field lines are straight ones.

Fig. 11.11. Peculiarities of magnetic field in a
system with permanent magnets magnetized
in the radial direction
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Fig. 11.12. Magnetic field in a system with
permanent magnets magnetized in the axial
direction

11.4 Estimation of Effects of Transverse Fields

Trajectory computation, performed by using 3D computer codes, shows that
in the majority of cases there exists coherent motion of electrons forming a
partial beam. This means that under the action of transverse fields the cross
section of a partial beam is displaced as a whole. This allows us to estimate
its transverse-beam displacement by analyzing the motion of a single central
beam electron considering it as the center of gravity of the beam cross section.

Assuming that in a pole-piece channel the magnetic transverse field has
a uniform structure and its value is determined by (11.11) and (11.12) one
can find the following equations for the central electron displacement δ⊥ and
its transverse velocity v⊥ at the outlet of the channel:

δ⊥ =
1
2

|e|
m

B⊥
∆2

vz
, v⊥ =

|e|
m

B⊥∆ ,

where ∆ – channel length (that is, the thickness of the pole piece), vz –
longitudinal velocity.

These equations can be transformed in the form:

δ⊥ =
1
2
ωc

B⊥
Bz

∆2

vz
, v⊥ = ωc

B⊥
Bz

∆ ,

where ωc = |e|Bz/m – cyclotron frequency calculated for the longitudinal
component of magnetic induction of the working gap.

Let us now estimate the displacement of a partial beam when it is moving
in the working gap. Motion of a beam of central electrons occurs in the slightly
inhomogeneous field. As analysis shows, this motion can be presented as a
superposition of three motions [168]:

• slipping along a field line with velocity v‖, which is a component of velocity
directed along the field line

• rotation around the magnetic line with transverse velocity v⊥, with ρ =
mv⊥/|e|B being the radius of the orbit (cyclotron or Larmor’s radius)

• drift motion with the velocity vd in the plane normal to the vector of
magnetic induction
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Therefore, the upper limit of displacement of the central electron resulting
from this motion can be expressed as:

δt ≤ δl + ρ + vd max(z − z0)/vz , (11.3)

where δl – displacement of the central field line, ρ – radius of electron orbit,
vd max – maximal drift velocity, z0 – coordinate of pole-piece surface, z –
current electron position, (z − z0)/vz – transit time.

The displacement δl can be found in the following way. For any regular
point of the field line it is possible to write:

dR/dz = BR/Bz , (11.4)

where dR/dz – the slope of tangent of a field line, BR and Bz – components
of induction at the point.

Taking into account a slight inhomogeneity of the field we can put in
(11.3) Bz = const and replace BR at the current point of the field line by the
value of BR0 at the channel axis. Then, we obtain the following equation for
the central field line:

dR

dz
= cBR0 (z) , (11.5)

where c is constant, c = 1/Bz.
Then displacement δl is found as:

δl = c

z∫
z0

BR0(z)dz .

Integration is performed from the pole-piece surface (z = z0) to the current
position z.

If the distribution of BR0 (z) is found (by measurement or simulation)
the last equation allows us to determine δl. It should be noted that δl is
proportional to the area confined by the curve BR0 (z).

The velocity of drift motion vd, which determines the electron-drift dis-
placement, can be found as [168]:

vd =
1

ωcRc

(
v2

|| +
v2

⊥
2

)
,

where Rc – radius of curvature of a field line.
If the equation of a curve is R = F (z), its radius of curvature is deter-

mined by:

1
Rc

=

d2R

dz2[
1 +

(
dR

dz

)2
]3/2 .

For the case under consideration the field line is a slowly varying function
of z, then (dR/dz)2 << 1 and
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1
Rc

≈ d2R

dz2 .

Taking account (11.4) one obtains:

1
Rc

= c
dBR0

dz
,

where c = 1/Bz.
Then:

vd =
1

ωcBz

dBR0

dz

(
v2

‖ + v2
⊥/2

)
,

and

vd max =
1

ωcBz

(
dBR0

dz

)
max

(
v2

‖ + v2
⊥/2

)
.

It follows from this equation that the less the field inhomogeneity the less the
drift velocity, in the case of a uniform field dBR0/dz = 0 and vd = 0.

When vd � vz it is possible to neglect the drift displacement and estimate
the resulting displacement as:

δt = δl + ρ . (11.6)

Assuming coherent motion of electrons creating a beam it is possible to
apply (11.3) and (11.6) for estimation of the displacement of the beam as a
whole at the stage of preliminary calculations.

11.5 Analysis of Beam Interaction

An important problem of multiple-beam system design is the interaction
of the beams. In the case when the beams propagate in separate metallic
channels interaction through self-electric fields is excluded, but interaction
by self-magnetic fields still remains.

Let us consider the peculiarities of the interaction using as an example a
typical system shown in Fig. 11.3. The self-magnetic field of this beam system
can be found as a superposition of the field of separate beams. Assuming that
beam length l is considerably greater than its radius it is possible to find the
magnetic field of a separate beam from Amperés law:

Bθ =
µ0I

2πr2
B

r r ≤ rB , Bθ =
µ0I

2πr
r ≥ rB ,

where Bθ – azimuthal component of magnetic induction in the local cylindri-
cal coordinate system r, θ, z, with z – coordinate being coincident with the
axis of a channel; I – beam current; rB – beam radius, r – radial distance
from the axis to point of observation.

Let us consider the action of the self-magnetic field on the motion of a
separate beam (beam 0 in Fig. 11.13). For the total self-magnetic field of the
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Fig. 11.13. Scheme for computation of beam in-
teraction

beam system it is expedient to separate for the two fields: the self-field of
a beam and the field created by the other beams. The magnetic field Bsθ

produces the magnetic force Fsµ, directed toward the beam axis:

Fsµ = − |e| vzBsθ ,

where vz – axial velocity.
This force partially compensates the force of space-charge repulsion Fρ.

The resulting radial force is expressed as:

Fs = Fρs + Fms =
|e| I

2πε0rBvz

(
1 − v2

z

c2

)
.

The multiplier
(
1 − v2

z/c2
)

in this equation shows the decreasing beam spread
due to the action of the self-magnetic field.

To consider the action of the magnetic fields created by the rest of the
beams let us introduce a local coordinate system x, y, z, with its center being
placed in the center of the beam in question, that is, O-beam, and the z-
coordinate directed along the beam axis. The magnetic field in the center of
this beam (x = y = 0) is the superposition of partial fields created by the
rest beams.

The partial fields created in the point of observation (x = y = 0) by
beams 3 and 6 are determined by

B3y =
µ0I

4πR1
B6y =

µ0I

2πR1
,

where R1 – distance from the center of the system and the center of the
peripheral beams (Fig. 11.13). By means of geometric plotting of this figure
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it is possible to find the partial fields created by beams 1 and 5, 2 and 4.

B1y =
µ0I

4πR1
, B1x =

µ0I cos α

4πR1 sin α

B5y =
µ0I

4πR1
, B5x =

µ0I cos α

4πR1 sin α

B2y =
µ0I

4πR1
, B2x =

µ0I cos 2α

4πR1 sin 2α

B4y =
µ0I

4πR1
, B4x =

µ0I cos 2α

4πR1 sin 2α
.

So, in the center of the beam under consideration (x = 0,y = 0) the magnetic
field created by beams (1–6) has only a single y-component equal to:

By =
7µ0I

4πR1
. Bx = 0 .

Field lines of this field found via a numerical method are presented at
Fig. 11.14. It is seen that in the vicinity of the beam 0 the magnetic field is
directed along the y-coordinate and close to the uniform one. This field gives
rise to beam deflection from the channel axis.

Let us estimate the deflection of the central trajectory of the beam assum-
ing that it moves in a self-magnetic field that is supposed to be the uniform
one directed in the y-direction By and a uniform longitudinal focusing field B.
Additionally, we take into account the evident condition B 
 By.

Let us introduce a moving coordinate system x′, y′, z′, which is moving
along the axis of the channel with velocity v equal to the electron beam

Fig. 11.14. Scheme of field lines of the magnetic field created by 1–5 beams
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velocity vz. Using equations of relativistic electrodynamics it is possible to
find the fields that “will act” on the central electron in this new coordinate
system [169]. Omitting the details of algebra we obtain:

E′
x′ = −γvBy , B′

y′ = γBy , B′
z′ = Bz .

In these equations all primed quantities are related to the moving coordinate
system, γ =

(
1 − v2/c2

)−1/2 – a relativistic factor.
So, motion of the central electron in the moving coordinate system is

performed under the action of cross-fields E′
x′ , B′

y′ , B′
z′ .

The condition B 
 By assumed previously, involves the ratio B′
y′ � B′

z′

(for γ of order of several units). It allows us to neglect the magnetic induction
component B′

y′ and approximately assume that magnetic induction in the
moving coordinate system has only the single component B′ = B′

z′ .
The motion of the central electron will obey the following system of equa-

tions:

d2x′

dt′2
= − |e|

m′ E
′
x′ − |e|

m′
dy′

dt′
B′

z′

d2y′

dt′2
=

|e|
m′

dx′

dt′
B′

z′ .

A partial solution of these equations with initial conditions t′ = 0, x′ = y′ =
z′ = 0, dx′

dt′ = dy′

dt′ = dz′
dt′ = 0 is known from the theory of a planar magnetron:

x′ =
|e|
m′

|E′
x′ |

ω′
c2

(1 − cos ω′
ct

′) ,

y′ =
|e|
m

|E′
x′ |

ω′
c2

(ω′
ct

′ − sin ω′
ct

′) ,

where ωc = |e|B′
z′/m′.

Thus, in the moving system the trajectory of the central electron is a
cycloid.

Using the following relations connecting quantities in moving and labo-
ratory coordinate systems m = γm′, ωc = ω′

c/γ, t = γt′, ωct = ω′
ct

′, x = x′,
y = y′ we obtain the equation of trajectory in the laboratory coordinate
system:

x =
v

ωc

By

Bz
(1 − cos ωct)

y =
v

ωc

By

Bz
(ωct − sin ωct) .

This equation can be presented in the form:

y = z
By

Bz

(
1 − sin ωct

ωct

)
,
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where is current z-coordinate of the central electron, z = vt. It follows from
these equations that the x-displacement of the central electron periodically
changes in time, while the y-displacement increases with time. At a high value
of time it grows linearly with time as the term sinωct/ωct vanishes.

This equation can be used for estimation of the displacement of the beam
center from the channel axis.

The same result can be obtained if we consider the drift of the electron
in the cross-field. The velocity of the drift is expressed as v′

d = |E′
x′ |

B′
z′

= γvBy

Bz
.

The y-displacement is expressed as y′ = v′
dt

′ = γt′vBy

Bz
, then:

y = y′ =
γt′vBy

Bz
=

tvBy

Bz
= z

By

Bz
.



12 Methods of Experimental Investigation
of Beams

12.1 Classification of Methods

There are many different methods of intense charge particle beam experimen-
tal investigation known at present, which reflect different scopes of application
and variety of the beam parameters being measured [170–172]. By means of
these methods it is possible to determine: geometry and configuration of the
electron beam, its current and energy, electron charge in the current pulse,
the current density and its distribution in its cross section (the beam profile),
electron velocities, high-frequency characteristics of the beam, different kinds
of radiation and other effects, which take place when accelerated electrons
interact with the media.

With the most common approach to obtaining information about a beam,
all investigation methods can be divided into two large groups: direct and in-
direct ones. Direct methods are based on measurements of characteristics of
beams themselves, namely: their current, current density, energy (velocity),
distribution of these values in the cross section, etc. Indirect methods suppose
registration and analysis of some “mediators”, which possess characteristics
simply correlated with the characteristics of electron beams, with the rela-
tions being well known. The “mediators” can be either the electron beam’s
own electric and magnetic fields, or different effects taking place when the
beams interact with the media or targets.

Direct methods are to be considered as contact or collector ones as they
are based on the electron-beam absorption (in part or completely) by the
collector of the measuring device, placed in the way of the electron beam. De-
pending on whether integral or differential data are needed, all direct methods
can be divided into those that do not require electron-beam space decompo-
sition, and methods that assume its decomposition into separate elements.
The latter, in turn, can be subdivided into methods with simultaneous beam
decomposition and with a successive one. The simultaneous beam decomposi-
tion can be obtained mechanically, for instance, with the aid of multielement
sectional collectors or matrix targets. The successive decomposition can be
achieved either by beam electromagnetic scanning relative to a fixed collec-
tor or by mechanical scanning of a collector relative to a stationary beam. In
the latter case, depending on the collector construction, there are methods
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of moving the collector with a small aperture; of moving the slit screen; of a
rotating (vibrating) probe, etc.

Indirect methods of experimental investigation can be either contact, or
noncontact ones. The contact methods are connected with effects occurring
when the electron beam interacts with a substance. There can be mentioned
the radiation methods, based on measurements of different kinds of radia-
tion (such as gas luminescence, stimulated semiconductor optical radiation,
metallic or graphite plate thermal radiation, fluorescing screen luminescence,
secondary electron emission luminescence and X-ray radiation). Nonradia-
tion methods suppose measurements of changes in electrical properties and
mechanical tensions in a target, the changes taking place when the target
is bombarded with the beam being analyzed (the methods of semiconductor
stimulated conductivity and acoustic waves in a target).

Indirect noncontact methods can be divided into radiation and field ones.
The former include methods, based on analysis of the Vavilov–Cherenkov
effect, of synchrotron radiation, bremsstrahlung and transition radiation; the
latter are electrostatic, magnetoinductive, resonator methods and methods
of probing with the help of electron and laser beams.

To comprehend the variety of experimental investigation methods of
charged beams and the connections between them the classification scheme
is given, which is based on the discourses mentioned above and presented in
Fig. 12.1. It should be noted that the diagram includes only basic investi-
gation methods. Apart from that, in practice their different variations and
combinations can be used.

The choice of the specific method of beams experimental investigation de-
pends on the region of beam application, their power and energy, as well as
on an investigation problem formulation. In the accelerating techniques the
following methods (primary transformers) are the most often used: the field
ones (electrostatic and magnetoinductive) and the ionizing one for circulating
beams, as well as methods of acoustic waves and of the secondary electron
emission for beams being driven out from an accelerator. Besides, to inves-
tigate profiles and to measure beam emittance the methods of moving slit
screens and diaphragm collector are often applied [170, 171]. To investigate
beams in an electron-beam welding apparatus the methods of moving-slit
screen and of rotating probe appear to be the most convenient; in vacuum
UHF devices the method of a moving collector with a small aperture and its
variations are used [171, 172, 174].

To determine the geometry of high-powered high-voltage electron beam
cross section and the current-density distribution in the cross section, the
method of heated metallic or graphite plate thermal radiation or the method
of X-ray radiation is quite often applied [171, 172]. Using these and other
radiation methods, the information about the beam is obtained from the
analysis of its cross section image fixed on a photograph or X-ray image.
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Among all the methods of electron-beam investigation considered, the
most informative and precise one is the method of a moving collector with
a small aperture, which is often called the pin-hole chamber method. The
method allows measurement of different characteristics of the electron beam,
including high-frequency ones, when being used in vacuum UHF devices.
Measurement results obtained by this method do not require recalculation;
the magnitude of error of the method can be less than 10%. These circum-
stances cause wide application of this method in practice.

12.2 The Pin-Hole Chamber Method

The method of moving a collector with a small aperture consists in successive
decomposition (with the aid of a moving aperture) of the electron-beam cross
section into small elements and in measurements of these element’s current.
The dependence of current through the aperture on the aperture location,
found in such a way, determines, with a certain error, the function of dis-
tribution of the current density along the line of aperture motion. It allows
us to find the current-density distribution in different cross sections of the
electron beam, and to determine the cross section geometry and its change
along the beam length.

To reduce measurement error it is necessary to decrease the radius of the
diaphragm aperture in comparison with the electron-beam radius. However,
when investigating electron beams with small current density the decrease
of the analyzing aperture radius may not lead to increasing measurement
precision due to insufficient sensitivity of the measuring devices. To increase
the sensitivity, different methods of amplification of the current are used: with
the aid of transistor amplifiers, secondary electron multipliers and so on.

Of certain interest among these methods is a method based on the effect
of impact ionization of a semiconductor target with accelerated electrons.
The main advantage of this method is the opportunity to obtain large coeffi-
cients of current amplification

(≈ 103
)

with a very small thickness of target
(10–102 µm) [173, 174].

The main point of the method of the electron-beam current amplification
can be explained with the aid of a device presented in Fig. 11.2. The basis of
the device is a semiconductor diode with a small back bias of a p–n junction
and a metallic (usually aluminum) film-electrode, which thickness does not
exceed 0.1 µm.

When such a diode is bombarded by accelerated electrons (they are shown
as arrows in the diagram) they penetrate deeply into the semiconductor and
ionize its atoms on their way. Appearing in the process electron–hole pairs
are divided by the electric field of the p–n junction, which leads to an electric
current increase in the diode circuit.

If we suppose that the energy of electrons bombarding the semiconductor,
E0, is completely spent for atom ionization, then the number of resultant
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M1

Ub

Fig. 12.2. Scheme of semiconductor ampli-
fier of electron-beam current: M – thin metal
layer, w – depletion region of p–n junction,
M1 – metal electrode, R – load resistor, Ub –
back bias

pairs – charge-carriers – is equal to the relation E0/εi, where εi – is mean
ionization energy, i.e. the energy of appearance of one electron–hole pair.

To effectively separate charges of different signs, it is very important that
their reproduction takes place in the depleted layer, where a strong electric
field acts. Therefore the bed depth of the p–n transition is usually chosen to
be 1.5–2 times less than the depth of the accelerated electron penetration into
the semiconductor. Nonetheless, a certain number of electron–hole pairs are
recombining. Therefore, the relation between current in the target circuit It

and electron-beam current Ib is characterized by:

G =
It

Ib
=

E0 − Eloss

εi
,

where Eloss – is the energy lost by accelerated electrons when they move
through the metallic film-electrode and surface p+-layer.

The parameter Eloss can be considered as the threshold energy, which
depends on the target construction and technology properties. The bed depth
of p–n-transition of contemporary silicon diode targets consists of 0.5–0.7 µm,
the threshold value Eloss = 3–4 kV ionization energy is εi = (4 ± 0.5) kV.
Due to this, when the energy of accelerated electrons is E0 = 10 kV, they
provide current amplification coefficient values of G = 1500–1700.

The measurement error in this case is determined by the sum of acci-
dental and systematic errors. The accidental error depends on measurement
conditions and in the majority of cases can be minimized at the level of 5%
[175]. The systematic measurement error, caused by a measuring device con-
struction imperfection, can be decreased by aperture error, i.e. error due to
finite sizes of the analyzing aperture in the diaphragm.

To estimate the measurement aperture error let us suppose that the
current-density distribution in the beam cross section is expressed by a certain
function J(x, y). Then the collector current passing through the diaphragm
aperture Ic is determined by the expression:

Ic (x, y) =
∫∫

S0

J (x, y) dxdy ,

where S0 = πr2
0 is the area of the collector aperture with radius r0; then the
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measured current density in the aperture plane will be

Jc (x, y) = Jav (x, y) = Ic/πr2
0 ,

and the measurement aperture error

δ =
(

1 − Ic (x, y)
πr2

0J (x, y)

)
× 100% .

From the expression obtained it follows that the aperture error depends
on the law of current-density distribution in the electron-beam cross section
and on the diaphragm aperture radius. To reduce this error it is necessary to
decrease the difference between the real and measured current-density values,
which requires a decreasing diaphragm aperture radius (in comparison with
the electron-beam radius). Under fixed current density, this leads to reducing
the value of current through the aperture.

The minimum value of current Ic min, which can be measured with fixed
precision, is to be determined by the sensitivity of the measuring device, level
of noise at the device’s exit limits the latter.

According to [176], the common level of noise in a device with a diode
semi-conductor target consists in general of three components: the shot noise
of the electron beam, amplified by the target – I2

sh.n = 2IcG
2∆f ; the target

current leakage fluctuation – I2
l.n = 2eIl∆f ; and the thermal noise of the

load resistance – I2
R.n = 4kT∆f/R Therefore, the square of the total noise

current can be presented as follows:

I2
n = I2

sh.n + I2
l.n + I2

R.n = 2eG2∆f + 2eIl∆f + 4kT∆f/R ,

where e – is electron charge; ∆f – is width of frequency band; k – is the Boltz-
mann constant; Il – is the target current leak; T – is resistance temperature;
G – is coefficient of current amplification by the target.

The relation of amplified signal and noise current is determined by the
expression:

β =
IcG

(2e∆f (IcG2 + Il + 2kT/eR))1/2 . (12.1)

This gives

I2
c G2 − 2e∆fβ2G2Ic − 2e∆fβ2 (Il + 2kT/eR) = 0 .

Solving this quadratic equation with respect to Ic we obtain the expression
for the minimum current passing through the diaphragm aperture, which
current can be measured under fixed relation between signal and noise:

Ic min = e∆fβ2

[
1 +

(
1 +

2Il + 4kT/eR

e∆fβ2G2

)1/2
]

. (12.2)

Expression (12.2) determines the sensitivity of a measuring device with a
semi-conductor target. If we assume G = 1 and Il = 0 in this expression, then
it will determine the sensitivity of a measuring device without a target. In
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Jev.min

A/cm2

Il=0

t0, µm
Fig. 12.3. Curves of sensitivity of the mea-
suring device

both cases, the corresponding minimum value of the electron-beam current
density in the plane of the diaphragm aperture will be equal to:

Jav min = Ic min/πr2
0 . (12.3)

Expressions (12.2) and (12.3) allow us to find the current-density mini-
mum value, which can be determined under a fixed value of the diaphragm
aperture radius with fixed precision. In Fig. 12.3 curves are presented that
were calculated with formulae (12.2) and (12.3) and that show the connection
between Jav min and r0. Solid curves correspond to a measuring device with
a target, providing current amplification of 1000 times; dashed curves corre-
spond to a device without a target. In the calculations it was assumed that
∆f = 1 Hz, R = 1 kOhm, T = 300 K, Il = 10−6 A. The curves, calculated
with β = 1, correspond to the threshold sensitivity of the device.

So, the method of a moving collector with small aperture, complemented
with the method of current amplification with the aid of a semiconductor
structure, allows us to raise significantly the sensitivity of a measuring device
and electron-beam parameter measurement precision [177, 178].

12.3 Application of Modified Pin-Hole Chamber

To investigation electron beams by the method of a moving collector with
small aperture a vacuum analyzer is used. Its main element is a vacuum
chamber, usually made of a wide metallic tube, in one end of which the
electron optical system to be analyzed is installed with the aid of a removable
flange, and in the other end the moving collector is placed. The required
vacuum inside the analyzer (approximately 10−4 Pa) is obtained with the aid
of vacuum pumps, connected to the tube. The moving collector is made as
a sufficiently thin coaxial metallic construction, protruding into the analyzer
chamber, with syphon bellows.

The coaxial probe is installed on its end inside the chamber. Its end, being
bombarded with the electron beam, is covered with a thin diaphragm with a
small aperture, while in the other end it has a special passage allowing connec-
tion the probe to the main body of the collector. One such probe, containing
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Ic, µA

It, mA Ub=100V

Fig. 12.4. Measuring probe with semiconductor target (a), current curves of tar-
get (b): 1 – semiconductor target, 2 – metal plate with small aperture, 3 – nut, 4 –
inner conductor, 5 – insulating bead, 6 – shell, 7 – connecting device

Ub

It

Ic

Fig. 12.5. Scheme of measuring device (a –
coaxial probe, b – measuring circuits): 1 – metal
plate with small aperture, 2 – shell, 3 – semicon-
ductor target, 4 – inner conductor, Ub – back
bias, Ic and It – current measuring devices, R
and R1 – resistors

a semiconductor target, is presented in Fig. 12.4a [174]. The semiconductor
target 1 is soldered to the inside electron collector 4, which is simultaneously
a heat-transfer device. The target presents a passivated planar silicon diode
with an operative area equal to 2.4 mm2. A changeable diaphragm with an
aperture of 10–50 µm diameter is adjacent to the operating side of the target.
The characteristic of the target It = f (Ic), presented in Fig. 12.4b, shows
that by choosing the displacement voltage it is possible to provide linear
amplification in a wide range of electron-beam currents.

The probe construction allows connecting it to different electric circuits
and measuring electron-beam structures over a wide range of energy and
current values, provided, of course, that the power of the probe bombard-
ment does not exceed the permissible dissipation power, which depends on
the probe-cooling conditions. Figure 12.5 presents a schematic of the probe
and the circuits connected to it; the circuit contains: the source of direct-
current voltage for the diode back bias measuring devices, which can be
normal gauges, an oscillograph or a plotter, and load resistors, which can
be either special measuring resistors, or input resistors of gauges. With the
aid of the circuit, it is possible to register simultaneously the current of the
electron beam bombarding the target – Ic, and the current through the tar-
get – It. This allows, in particular, determination of the current-amplification
coefficient G = It/Ic, and its control through all the range of currents being
measured.

So, by moving the probe along and across the electron beam, it is possible
to measure its variours parameters, including the current distribution in the
cross section, which first of all characterizes the beam structure.

To investigate experimentally the sensitivity of the considered method of
electron-beam structure analysis, it was used for the measurements of the
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Table 12.1. Distribution of beam current density over the beam

N 1 5 9 14 19 22 26 31 35 41

Ic · 106 A 0 0 0.01 0.20 0.93 0.40 0.05 0.01 0 0
It · 106 A 0.01 1.2 16.3 334 1550 662 82 16.5 8 0.01
G = It/Ic – – 1630 1670 1666 1655 1640 1650 – –

N – number of measuring probe position

current-density distribution in a beam with total current equal to 10 mA
accelerated by potential Ua = 10 kV.

In the probe there was a diaphragm installed with an aperture diameter
of 50 µm, and as registering devices, galvanometers were used with a scale
value of 0.01 µA. During the measurements the probe was moved discretely
with a pitch of 50 µm and current values were fixed in 41 points (positions).
The measurement results for some positions are presented in Table 12.1.

These results show that the device with a semiconductor target under
mean amplification coefficient G = 1650 can fix minimum currents Ic min =
It min/G ≈ 6 × 10−12 A, which corresponds to the mean current density of
10−6 A/cm2. It is also seen that the device sensitivity is actually limited by
the galvanometer sensitivity.

Figure 12.6a presents the current It as a function of radial position r for an
electron beam formed by another diode electron gun. The measurements were
carried out with the same probe as in the previous case and a recorder as the
terminal device. It is seen that the beam has a diameter equal approximately
to 2 mm and nonuniform current-density distribution. The followed analysis
of the electron gun, which formed this beam, has shown that the “gap” in
the center of the curve of the current-density distribution is caused by a layer
of oxide covering the center of the cathode.

Investigation of various electron-optical systems has shown that the thin
structure of the electron beam can be affected not only by nonuniform cath-
ode emission, but also by construction peculiarities of the systems, for in-
stance, the presence of control grids and their operating conditions, etc.

It, mA

r, mmr, mm

Uc=0 V

Fig. 12.6. Current-density distribution in the
beams formed by a diode gun (a) and a triode gun
(b) for different grid bias (Ug = 0 to −15 V)
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Fig. 12.7. Contours of equal current density,
for two times: a – immediately after installation
switching on, b – after 1.5 h: 1 –J/Jmax = 0.05,
2 – 0.1, 3 – 0.3, 4 – 0.6, 5 – 0.8, 6 – 0.95

Figure 12.6b shows curves that were obtained when analyzing the struc-
ture of the electron beam formed by a gun with a control grid of parquet-type
structure.

The gun operates at an accelerating voltage of 10 kV and provides a total
beam current of order of 10 mA. The diameter of the analyzing aperture is
equal to 200 µm. The curves were drawn from the results of direct-current
measurements taken each 100 µm of the probe movement, for different values
of the grid potential Ug. They show different levels of the electron-beam
structure nonuniformity and particularly, they show that the negative grid
potential increase leads to a decrease of the mean value of the beam current.
As in current-density oscillation, it can even increase in certain points of the
beam cross section. For example, transition from the point 1 to the point 2
in the curve Ug = −10 V corresponds to the change of measured current It

by 9.2 mA, a situation that is not observed in other curves.
The results of measurements of the current-density distribution over the

electron-beam diameter gave the reason to suppose that the azimuthal current
density distribution will be also nonuniform. Figure 12.7 shows the contours
of constant current density, which clearly confirms this assumption.

The disturbance of the electron-beam axial symmetry can be explained
by the lens effect of grid meshes, which have a parquet structure.

In conclusion, it should be noted that functional possibilities of a probe
with a semiconductor target could be extended, if a target with a grid alu-
minum film instead of a solid one is used. In this case, the target becomes pho-
tosensitive, which allows measurement of not only the electron-beam current-
density distribution, but also the distribution of thermal (optical) radiation
intensity of the electron gun thermal cathode [178].
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Emittance and Brightness

The emittance of a charge particle beam is usually determined as phase ellipse
area A divided by π:

ε = A/π . (A.1)

This definition of emittance has evident physical meaning for a beam model
known as the Kapchinsky–Vladimirsky (KV) model. In this model, a charge
particle beam has sharp boundaries both in coordinate and phase spaces. In
the case of axially symmetric beams the phase figures of beams in the phase
plane r−r′ are ellipses, with phase density being a constant inside the ellipse
and vanishing at its boundary.

In real beams, which have nonlaminar structure caused by thermal spread
of particle velocities, the phase density is a complicated function of phase
coordinates r, r′, f (r, r′) (Fig. A.1). In this case the boundary of the beam
phase figure is determined by a convention. For instance, it can be taken as a
contour at which the phase density has a constant value equal to a part of the
maximum phase density f (r, r′)max. As an alternative the beam-boundary
contour in phase plane (r, r′) can be taken as the contour enclosing some part
of the total beam current.

The emittance resulting from thermal velocity spread can be estimated
with the help of the equation for the current density in beam crossover [1]:

Fig. A.1. For determination of conventional
phase contour
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j = jk
|e|Ua

kTk
γ2 exp

(
−|e|Ua

kTk
γ2 r2

r2
k

)
, (A.2)

where j – current density in the crossover, jk – cathode current density,
Ua – potential at the crossover, Tc – cathode temperature, γ – angle of beam
convergence, k – Boltzmann constant.

If crossover is located behind the anode electrode its, potential is substi-
tuted in this equation U = Ua. The radial current density distribution obeys
the Gauss law. The current density reaches a maximum value at the beam
axis, r = 0:

jmax = jk
|e|Ua

kTk
γ2 . (A.3)

Let us introduce a conventional radius of the beam rp as the radius of a
circle enclosing a part, ∆I, of the beam current I = πr2

kjk. Then, from (A.2)
we can obtain:

rp =
rk

γ

√
kTk

|e|Ua
ln

1
1 − p

, (A.4)

where p = ∆I/I, UT = kTk/|e|.
If we take p = ∆I/I = 0.63, then ln 1

1−p = 1 and

rp =
rk

γ

√
kTk

|e|Ua
. (A.5)

For p = ∆I/I = 0.865, ln 1
1−p = 2 and

rp =
√

2
rk

γ

√
kTk

|e|Ua
. (A.6)

Since the area of the phase ellipse with axis γ and rp is A = πγrp then
the equation for the emittance is written as:

εp = rpγ = Cprk

√
kTk

|e|Ua
, (A.7)

where Cp is a factor depending on the choice of p = ∆I/I, for p = 0.63
Cp = 1, for p = 0.865 Cp =

√
2.

Brightness

In general case brightness (microbrightness) is determined by [12]:

B = dI/dSdΩ , (A.8)

where dI is the current of an elementary beamlet separated out from the
beam under consideration, dS – area of its cross section, dΩ – solid angle
inside which it propagates.
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Since dI/dS is the beam current density the brightness can be written as:

B = j/dΩ , (A.9)

Brightness defined by these equations is a parameter that is varied inside the
beam. For this reason some simplified equations of brightness are used for
practical calculation.

In electron microscopy brightness is determined through the current den-
sity at beam axis and the solid angle of beam divergence πγ2:

B0 = jmax/πγ2 . (A.10)

Substitution in this equation value of jmax from (A.3) gives:

B0 =
jk

π

|e|Ua

kTk
. (A.11)

If current density in a beam is changed over the beam cross section in
accordance with the Gauss law then the value of jmax can be expressed as:

jmax = I/πr2
p ,

where rp is the conventional beam radius determined by (A.5).
Then, brightness B0 can be written as:

B0 =
I

π2 r2
p γ2 . (A.12)

It is possible to introduce an averaged brightness in the following way:

B̄ =
Ip

π2 r2
p γ2 , (A.13)

where rp – conventional beam radius, p = ∆I/I – relative part of beam cur-
rent passing through the surface confined by the circle of radius rp, Ip/πr2

p –
averaged current density.

For p = 0.63 the values of B0 and B̄ are connected by the relation B̄ =
pB0.

As εp = rpγ, then for the case p = 0.63 one finds:

B̄ =
Ip

π2ε2
p

B0 =
I

π2ε2
p

. (A.14)

Root Mean Square Emittance

For a description of the quality of nonlaminar beams the root mean square
emittance (rms emittance) is also used [12].

This is determined by:

ε̄ = 4
[〈r2〉〈r′2〉 − 〈rr′〉2]1/2

. (A.15)

In this equation
〈
r2

〉
,
〈
r′2〉 , 〈rr′〉2 are the average values of beam parameters

enclosed in the brackets. They are calculated as:



268 Appendix

〈r2〉 =
∫∫

r2f (r, r′) drdr′

f (r, r′) drdr′

〈r′2〉 =
∫∫

r′2f (r, r′) drdr′

f (r, r′) drdr′

〈rr′〉 =
∫∫

rr′f (r, r′) drdr′

f (r, r′) drdr′ .

Integrals are calculated over the area of phase space A filled by phase points.
In the case of the Kapchinsky–Vladimirsky beam model, when f (r, r′) =
const, rms emittance is equal to the emittance determined from (A.1).

In [12] the following equation is obtained for the rms emittance of an
electron beam emitted by a thermal cathode:

ε̄ =
√

2rk

√
kTk

|e|Ua
, (A.16)

where rk and Tk – cathode radius temperature.
Emittance measurements of an electron beam formed by a Pierce-type gun

were fulfilled in [141]. Results of these are in conformity with those obtained
with (A.16).

The rms emittance equation (A.15) can be applied for estimation of the
beam quality in the case of a discrete beam model [142], with values of〈
r2

〉
,
〈
r′2〉 , 〈rr′〉 being calculated by the following equations:

〈r2〉 =
1
N

N∑
k=1

r2
k ,

〈r′2k〉 =
1
N

N∑
k=1

r′2k ,

〈rr′〉 =
1
N

N∑
k=1

rkr′
k ,

where rk and r′
k are radial coordinates and trajectory slopes of the k-th

trajectory; summation being performed over all the trajectories creating the
beam.

If beam trajectories carry different currents this can be taken into account
by introducing the weight factor αk = Ik/I, where Ik is a part of the current
carried by the k-th trajectory, I – total beam current. Then the average
values included in the equation for rms emittance (A.15) are calculated by
the equations:

〈r2〉 =
N∑

k=1

r2
kαk , 〈r′

2〉 =
N∑

k=1

r′2kαk , 〈rr′〉 =
N∑

k=1

rkr′
kαk .
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Alfven’s current, 232
Ampere low, 250
Angle coefficient of spherical
aberration, 84
Angle of trajectory refraction, 82

Beam
compression, 4
brightness, 3, 266

Brillouin focusing, 10
Bush theorem, 62

analog of Bush theorem, 74

Calculation of particle trajectories
method of Taylor series, 74
Runge-Cutta method, 75

Cauchy problem
for Laplace equation, 30
for Poison equaton, 34

Congruence of trajectories, 99
normal congruence, 99
skew congruence, 100

Cyclotron resonance, 163
Cylindrical magnetron, 67

Dynemic virtal cathode model, 228
Duoplasmatrons, 161

focusing electrodes, 166

Effect of ion neutralization, 110
Effect of thermal (initial) velocities, 117
Electron guns 4, 127

computer-aided design, 151
for convergent beam, 4, 134
for hollow beams 5, 141, 191
for parallel cylindrical beam, 133
for parallel strip beam, 126

for strip beam in crossed fields, 129
for wedge-shaped beam, 128
design by Ovcharov’s method, 138
magnetron guns, 5, 142
method of analysis, 127
method of synthesis, 127
Pierce gun design, 137
with beam current control, 6, 145
with plasma sourse, 14

Electron probe of welding
installation, 215

Electrostatic charge particle lenses, 77
parameters, 85
spherical aberration, 84
thick particle lens, 83
thin lens, 80
types, 77

Electrostatic field calculation, 20
computer calculation, 35
Dirichlet problem, 20
method of Green function, 23
method of finite difference, 27
method of integral equations, 26
method of separation of variables, 20

Electrostatic focusing systems, 200
centrifugal focusing, 213
for cylindrical beam, 200
for hollow beams, 211
for strip beams, 210
periodic focusing, 201
with set of unipotential lenses, 203
stability of beam focusing, 209
synthesis of electrodes, 202
synthesis of lenses, 207
with set of unipotential lenses, 203
with system of apertured discs, 203

Emittance, 3, 98, 265
Equations of motion
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in curvilinear coordinates, 56
Hamilton equations, 59
Hamilton-Jacobi equation, 60
in axially symmetric fields, 62
in cylindrical coordinates, 56
in Newton form, 55
In rectangular coordinates, 55
Lagrange equations, 58
modified equations, 64
paraxial equations, 65
trajectory equation, 65

Explosive emission, 160

Field emission cathodes, 157
matrix cathode, 159
with graphite nanotubes, 159

Field of ring shaped magnets, 48
Focusing system

classification, 9
Free electron laser, 8

Gauss theorem, 105
Green function, 23, 25

discreet Green function, 41
for cylindrical channel, 24
matrix form, 42
of free space, 39

Gyrotron, 5, 10, 144

Hamilton function, 59, 67
Hollow beam focusing, 13
Hydrodynamic approximation, 100
Hydrodynamic beam model, 101

Ion focusing, 112
Ion guns

with a liquid-metal emitter, 160, 221
with plasma emitters, 161, 165
with solid emitters, 16

Ion probes, 221
Ion sources

cold cathode sources, 162
douplasmatron, 161
extracting of charge particles, 165
high frequency ion sources, 163
microwave ion sources, 163
plasma sources, 161

Kaptchisky–Vladimirsky beam, 176
Klystron, 9

Lagrange function, 58
Laplace equation, 19
Laplace operator, 19
Law of Energy Conservation, 56, 224
Liouville theorem, 96
Liquid metal emitters, 160

Magnetic field equation, 43
Magnetic field calculation

field of a solenoid, 47
field of ring shaped magnets, 48
nonlinear magnetic problem, 50
numerical calculation, 47

Magnetic flux, 45
Magnetic focusing systems

computer-aided design, 196
focusing of hollow beams, 188
focusing of strip beams, 193
stability of periodic focusing, 187
systems with uniform field, 169
with periodic fields, 184
with reversed fields, 181

Magnetic lenses, 86
long magnetic lens, 89
parameters,88
thick magnetic lens, 87
thin or weak lens, 86
with divergent action, 91
with permanent magnets, 91

Magnetic periodic focusing, 11
Magnetic scalar potential, 44
Magnetic vector potential, 45
Magnetron guns, 142

magnetron guns of gyrotrons, 144
Mathieu equation, 187
Method of curvilinear coordinates, 102
Method of pin hole chamber, 258

modified pin hole chamber, 259
Method of successive approximation,

121
Microwave discharge, 163
Microwave injectors, 158
Model of large particle , 123
Monovelocity models, 98
Motion of electrons in cylindrical

magnetron, 67
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Multiple beam ion cesium gun, 17
Multiple beam systems, 237

multiple beam klystron, 237
analysis of beam interaction, 250
analysis of stray fields action, 243
electron guns, 239
magnetic focusing systems, 241
reversed field focusing system, 242
transverse beam displacement, 248
transverse fields, 244

Nonlinear phase curves, 207, 217
Numerical trajectories computation, 74

Optical systems of technological
installations, 215

Paraxial trajectory equation, 105
Particle beams experimental investiga-

tion, 256
Periodic electrostatic focusing, 12, 201
Perveance, 1

microperveance, 1
Phase space, 2, 96

phase curve(s), 2, 197, 207, 217
phase ellipse, 2
phase parallelogram, 217
phase volume conservation, 97
transverse phase space, 97, 217

Quasi-hydrodynamic model of charge
particle flow, 102

Relativistic equations of motion, 223
law of energy conservation, 224

Relativistic particle beams, 223
beam current limitation, 227
beam motion computation, 232
Bogdankevich–Rukhadze
equation, 227
Brillowin beam, 229
dynamic model of virtual cathode,

228

effective perveance, 226
neutralized beams, 232
Pierce’s instability, 232
virtual cathode, 227

Ring-shaped magnets, 92

Scalar magnetic potential, 46
Scattering of electron beam, 114
Self-consistent fields, 95, 98
Single-component flows, 103
Solution of self-consistent problem, 121

method of “step by step”, 123
method of successive
approximation, 121

Spangenberg’s equation, 101
Spherical aberration, 84, 158
Strip beam focusing

periodic magnetic focusing, 195
uniform field focusing, 193

Synthesis
electron guns, 126, 137, 138
electrostatic focusing
systems, 202, 207

Systems with cold field emitter, 221

Transverse phase space, 97
Traveling wave tube, 11, 238
Triode electron guns, 7, 145

Uniform magnetic field systems, 180
Universal beam-spread curves, 109

Velocity spreading, 95
Virtual cathode, 109, 227

dynamic model, 228
Vlasov equation, 96, 177

Welding systems, 217

Zones of stable and unstable
focusing, 188
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