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Supervisor’s Foreword

There are several reasons, both professional and personal, that I warmly welcome
the task of writing the foreword to Artem Ryabov’s thesis. To begin with, while I
call to mind the 4 years of our hard discussions, I cannot refrain from the following
thought. It is said that the ultimate goal of the schoolmen of the old medieval
universities was to bring up a pupil who would eventually surpass the teacher. I am
satisfied that I have reached this goal.

What do ant trails, car jams, nanochannels, and ribosomes have in common?
This question already hints at the immense versatility of the modern tools of
probabilistic modeling. Indeed, in all the above examples, every attempt to capture
the essentials brings us to what has been coined under the term Single-File
Diffusion. Single-File Diffusion (SFD), prevalent in many processes, refers to the
diffusive motion of interacting entities where the motion is restricted to a
one-dimensional path. An important ingredient of the model is that the mutual
passage of the units is excluded. For example, a single-filing system was developed
by confining colloidal spheres in one-dimensional circular channels of micrometer
scale. Optical video microscopy study shows evidence that the particle
self-diffusion is non-Fickian for long periods of time. This is intelligible, because as
the particles are unable to pass each other and therefore as their sequence remains
unchanged over time, the basic principle of diffusion as a physical mixing process
comes into question. The movements of individual particles are correlated, even at
long time periods, because the displacement of a given particle over a long distance
necessitates the motion of many other particles in the same direction. This must
impart to the resulting dynamics unique features, which are profoundly different
from those of the ordinary diffusion of noninteracting particles. But what are these
features and what are their consequences?

Here I abandon any further exposition of these secrets. The answers are elab-
orately discussed in the present monograph and I sincerely invite the reader to
pursue them in their detailed physical frame and with the minutest mathematical
details. Let me just highlight three relevant dimensions of the book.
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First of all, I highly appreciate Artem’s fair work on the existing literature. The
bibliography includes 305 items but they are by no means the only ones that were
studied. Instead, the list represents an equilibrated choice from a much broader set.
The references covered here are actually relevant and to the point. This is important
to know, because the carefully selected references together with the first chapter
of the monograph provide an ideal and independent vade-mecum for a newcomer to
the domain. And a guide is actually of great help for at least two reasons. We live
under the command “cite, be cited, or perish.” Furthermore, the literature on the
concept “diffusion of interacting particles” exponentially increases with time, as is
the case of many other concepts. The narrower concept, SFD, was originally
introduced more than 40 years ago in biophysics to account for the transport of
water and ions through molecular-sized channels in membranes. Since then, in
addition to biological systems, SFD is also discussed in the context of interaction of
Markov chains in statistics, the transportation of adsorbate molecules through
zeolites, and charge-carrier migration in one-dimensional polymer and superionic
conductors. Furthermore, SFD is also related to surface growth phenomena through
some mapping. Experimental evidence confirming non-Fickian behavior was
unavailable for a long time because of the lack of ideal experimentally accessible
SF systems. Recently, measurements of SFD became feasible in artificial crystalline
zeolites.

I turn to the second facet of the monograph that I wish to highlight. There are
two interesting lines of thought that relate the diffusion dynamics of hard-core
interacting particles to the mathematical literature. Both of them are discussed in the
monograph and they make the presentation inspiring for mathematically oriented
readers. I mean the following: Instead of motion of, say, two hard-core interacting
particles, one can consider diffusion of a single representative particle in a
two-dimensional space. The hard-core interaction in the original description is taken
into account by assuming that the symmetry axis of the first and the third quadrant
represents a reflection barrier for the representative particle. Similar mapping holds
for any number of particles in the original SFD model: the motion of the repre-
sentative particle is restricted to a many-dimensional wedge domain. Another
interesting mapping relates the SFD model to the probabilistic theory of order
statistics and to the theory of record values. In the mathematical literature, these two
problems have a long history and a great many results have been achieved. I highly
value that Artem has mastered these analogies and employed them in settings which
include trapping centers and reflection barriers. Extremely valuable and original
results concern the limit, where the number of diffusing particles tends to infinity.

I come now to the third important feature of the monograph. Imagine that a
single particle is diffusing in an externally time-dependent potential. In stochastic
thermodynamics, an important issue is the theoretical calculation and/or measure-
ment of the work done on the particle. This task is harder than the mere charac-
terization of the particle position because the work depends on the whole particle
trajectory and it is therefore, by itself, a random variable. In the context of a single
particle dynamics, the respective energy transformations are largely understood.
What is missing is a representative exactly solvable situation which yields the exact
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probability density for the work. The last part of the monograph aims at filling the
gap. Further, what if the external driving protocol is assumed in connection with an
SFD system? In his work on the thesis, Artem has given us important hints even in
this direction.

I trust that this monograph will provide an interested reader a very useful guide
in advanced diffusion theory. But in addition to that, it may be inspiring to follow
the Artem’s enthusiasm for theoretical physics and to share with him the satis-
faction from calculating something that has not been known before. I believe that
both Louis Bachelier, author of the Ph.D. thesis “The Theory of Speculation”
(pioneering work in the diffusion theory, published in 1900) and Henri Poincaré, his
supervisor, would have been pleased to read this monograph.

Prague Prof. Petr Chvosta
September 2015
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Abstract

The thesis comprises exactly solvable models from nonequilibrium statistical
physics. First, we focus on a single-file diffusion, the diffusion of particles in narrow
channel where particles cannot pass each other. After a brief review, we discuss
open single-file systems with absorbing boundaries. Emphasis is put on an interplay
of absorption process at the boundaries and interparticle entropic repulsion and how
these two aspects affect the dynamics of a given tagged particle. A starting point
of the discussions is the exact distribution for the particle displacement derived by
order-statistics arguments. The second part of the thesis is devoted to stochastic
thermodynamics. In particular, we present an exactly solvable model, which
describes a Brownian particle diffusing in a time-dependent anharmonic potential.
The potential has a harmonic component with a time-dependent force constant and
a time-independent repulsive logarithmic barrier at the origin. For a particular
choice of the driving protocol, the exact work characteristic function is obtained.
An asymptotic analysis of the resulting expression yields the tail behavior of the
work distribution for small and large work values.
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Preface

The thesis comprises two topics from nonequilibrium statistical physics I was
particularly interested in during my Ph.D. studies (2010–2014) at the Department of
Macromolecular Physics of the Faculty of Mathematics and Physics of Charles
University in Prague. Both problems are complex enough to exhibit a rather non-
trivial physics, yet still simple enough so they could be confronted with paper and
pencil. The first model originated from biophysics as a model for ion transport
through narrow channels in cell membranes. The second model belongs to a newly
emerging field of stochastic thermodynamics, where a Brownian particle diffusing
in an optical trap has become a paradigm for both theory and experiment.

Before going deeper with a discussion, I would like to thank many people whose
support served as a vital propelling force driving me through my studies. First of all,
I would like to thank Prof. RNDr. Petr Chvosta, CSc., for his guidance and for
many stimulating debates. I thank RNDr. Viktor Holubec, Ph.D. and Ján
Šomvársky, CSc., my colleagues at the department, for various enlightening dis-
cussions. I am deeply indebted to co-workers from the group of statistical physics at
Universität Osnabrück for their kind hospitality during my stays there and for their
help with numerics. My work would be impossible without permanent support from
my family, friends and, of course, Dagmar, whose tolerance and encouragement
were indispensable to the completion of this thesis.

Prague Artem Ryabov
June 2014
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Chapter 1
Introduction

The present thesis is thematically divided into two parts: the stochastic dynamics of
particles and the stochastic energetics. Let us now address both of them, respectively.

1.1 Single-File Diffusion

In various situations stochastic motion of particles takes place in confined spaces.
The confinement can be of a rather different nature, depending on system in question.
Examples range from macroscopic systems to processes in nano-world, including
traffic flow dynamics [1], customers waiting in tandem queues [2] (a well known sit-
uation when just after waiting to be served in one queue a person is immediately sent
to another), movement of pedestrians in a pedestrian zone [3] or ants following trails
[4] (the two very similar phenomena where confinement is not static since trails may
evolve in time). On micro- and nano-meter scales, we encounter numerous systems
which are of great interest in modern biophysics and chemistry like propagation of
bacteria through confined spaces [5] and a broad spectrum of processes involved in
intracellular transport [6, 7] (see below).

In the thesis we focus on Brownian motion taking place under, in a sense, the most
extreme case of the external confinement. We assume that Brownian particles move
in narrow channels, the channels being so narrow that their diameter is comparable
with the diameter of Brownian particles. The second important ingredient of the
model is the interparticle interaction. We consider only the hard-core interaction
between the particles (also known as the excluded-volume or steric interaction),
which means that the volume occupied by a single particles is inaccessible to other
particles. As a consequence, the Brownian motion of particles will be restricted to
a one-dimensional domain (infinite line, half-line, or finite interval) and, during the
diffusion, the neighboring particles are not allowed to pass each other.

Diffusion in such conditions is known as the single-file diffusion (SFD). The con-
cept of SFD has been originally introduced in 1955 in biophysics to explain anom-
alous properties of transport of ions throughmolecular-sized channels in membranes
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[8]. Since that time many systems has been discovered where SFD is the basic mech-
anism of mass transport. For example, the processes from cell biology like motion
of proteins on double-stranded DNA [9, 10] and sliding of ribosomes along mes-
senger RNA (transcription of genetic information) [6]. Further examples of SFD
comprise one-dimensional conductors [11, 12], polymers translocating by reptation
[13], diffusion in zeolites (important catalysts and molecular sieves) [14–18], and
inside nanotubes [19]. Recently several artificial systems, where the motion of col-
loids is constrained to one dimension, has been realized experimentally in order to
test the basic properties of molecules involved in SFD [20–26].

In mathematical literature SFD has been introduced in 1965 by Harris [27] who
derived the basic law which nowadays is considered to be the hallmark of SFD.
Harris has shown that the mean squared displacement of a given marked particle
(a tagged particle or a tracer) grows with time as t1/2 in contrast to the linear time-
dependence observed for a single noninteractingBrownian particle. The slowdownof
the diffusion emerges from the hindering of the motion of a tagged particle caused by
collisionswith its nearest neighbors. From a general perspective, this result illustrates
that in low-dimensional nonequilibrium systems even the simplest interactions (like
the hard-core one) can lead to rich physical behavior [28–32]. Of course, this is
in sharp contrast to what is known from the equilibrium statistical physics, where
classical one-dimensional systems nowadays serve mainly as pedagogical tools.

In the thesis we address the motion of the tracer in the single-file system with
absorbing boundaries. The emphasis is on an interplay between the hard-core inter-
particle interaction and the absorption process. Exact probability density functions
(PDFs) for a position of the tracer diffusing under different conditions are derived.
Starting from these exact PDFs, the dynamics and the first-passage properties of the
tracer are discussed for different geometries and initial conditions.

1.2 Stochastic Energetics

Above,we have focused our attention on the stochastic dynamics of particles. The dy-
namics, however, represents only one part of the whole physical picture. An equally
important part concerns with energy transformations in small nonequilibrium sys-
tems. A theoretical framework which has been designed to study energy flows in
systems governed by stochastic evolution equations (in our case by the Langevin
equation [33]) is known as the stochastic energetics [34] (or the stochastic thermo-
dynamics [35], we will use the both terms interchangeably).

The Langevin equation for a Brownian particle immersed in a fluid is, in itself,
consistent with well established laws of the classical thermodynamics. The equation
contains the damping term (dissipation) and the noise term (fluctuations) which
physically originate from the same source (interaction with the molecules of the
surrounding liquid) and hence the two terms are not independent. They are connected
by the Einstein’s (fluctuation-dissipation) relation for the diffusion coefficient. As
a result, for any time-independent confining potential, the system described by the
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Langevin equationwill eventually reach aGibbsian canonical equilibrium state. Thus
the consistency with the well established results of equilibrium statistical mechanics
is achieved.

Stochastic energetics, introduced by Sekimoto [36, 37], goes far beyond above
considerations. Its main goal is to provide a direct link from the stochastic dynamical
equations to the thermodynamic description of the nonequilibrium process. Within
the framework of the stochastic energetics, the quantities known from the classical
thermodynamics, like work, heat and entropy, are identified along individual stochas-
tic trajectories of the system. Thus defined (generalized) thermodynamic formalism
holds for small systems, where fluctuations are inseparable from the dynamics, and
for arbitrarily far-from-equilibrium processes. One of the advantages of the stochas-
tic energetics (as compared e.g. to a more fundamental thermostated Hamiltonian
dynamics) is that the analysis based on the Langevin equation (or on the Markovian
master equation for discrete-state systems [35]) has proven to be particularly suitable
for description of experiments on small systems (see Chap.5 for details).

The paradigmatic system in the field of stochastic energetics is the Brownian
particle diffusing in a confining external potential, which can be realized e.g. by the
optical trap. Although the properties of the PDF for the position of the particle are
relatively well understood [33], PDFs that characterize energetic quantities remain
less explored. In the thesis we investigate a distribution of work performed on the
Brownian particle diffusing in a time-dependent asymmetric potential well. The
potential consists of a harmonic component with a time-dependent force constant
and of a time-independent logarithmic barrier at the origin. The model is exactly
solvable. The exact result for the characteristic function of the work allows us to
extract essential properties of the work PDF, e.g., all its moments and the both tails.
In particular, the results could be of interest for experimental determination of free
energies using the Jarzynski equality (as discussed in detail in Chap. 5), where the
tail of the work PDF for large negative values of work has two properties: (1) it
corresponds to rare events which are almost never observed in experiments; (2) it
significantly contributes to the value of the exponential average occurring in the
Jarzynski equality (cf. Eq. (5.7)) and thus also to the value of the estimated free
energy.

1.3 Thesis Organization

Thefirst part of the thesis (Chaps. 2–4) is devoted to the single-file diffusion. Classical
approaches and new directions in the theory of tracer dynamics are reviewed in
Chap.2. We would like to emphasize that the focus here is on the properties of a
tagged particle. Which means that collective phenomena like nonequilibrium phase
transitions and other intriguing topics are left without comment (we refer to Refs.
[28–32] for more details).

In Chap.3 we discuss the dynamics and the first-passage properties of the tracer
in a semi-infinite system with a single absorbing boundary for two qualitatively
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different initial conditions. First, we consider the systemwith (initially) finite number
of particles (Sect. 3.2), and, second, the system in the thermodynamic limit where the
number of particle is infinite, but the initial mean density is constant (Sect. 3.3). In
the both cases the first-passage properties (survival probabilities, PDFs for times of
absorption) and the tracer dynamics (time-dependence of PDFs and theirmoments for
both the unconditioned dynamics and the dynamics conditioned on nonabsorption)
are deduced from the exact PDF of the tracer position. The latter is constructed using
themapping between theSFDsystemand the corresponding systemof noninteracting
particles (which is a direct generalization of ideas for a system without absorption
as reviewed in Chap.2).

Chapter4 generalizes the analysis of Chap.3 to the case of a finite interval with
two types of boundary conditions: (i) both boundaries are absorbing (Sect. 4.2);
(ii) one boundary is absorbing and the second boundary is reflecting (Sect. 4.3). The
focus is on the first-passage properties and on their scaling behavior for large system
size and for large initial number of particles. Sect. 4.2.3 accounts for possibility of
random interval length.

The second part of the thesis (Chaps. 5 and 6) is devoted to the stochastic ther-
modynamics. In Chap.5 we first define (stochastic) work and heat, and second, we
review the two most widely known fluctuation theorems (the Crooks theorem and
the Jarzynski equality) and their roles in determination of free-energy landscapes of
macromolecules.

Chapter6 addresses a nontrivial model for which the work characteristic func-
tion can be obtained exactly. Using the Lie-algebraic approach, the task to solve the
Fokker-Planck equation for the joint PDF of work and position is reduced to the so-
lution of a Riccati equation and to the evaluation of two quadratures (Sect. 6.2). PDF
for particle position is derived in a closed form for any external driving (Sect. 6.3).
On the other hand, it is only for a specific driving protocol that the Riccati equation is
solved exactly in terms of elementary functions (Sect. 6.4) yielding desired informa-
tion about work PDF including all its moments and the both its tails (Sects. 6.4, 6.5).

The thesis is concluded by a brief summarizing chapter (unnumbered). Notice
that full-length concluding sections discussing main physical features of individual
models are presented at the ends of Chaps. 3, 4, and 6, see Sects. 3.4, 4.4, and 6.5,
respectively.
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Chapter 2
Basics of Single-File Diffusion

The simple hard-core interaction does not affect collective properties of the system
of point particles. These properties are described by quantities that are symmetric
with respect to any permutation of the particles. However, in one dimension, the
interaction has a prominent effect on the diffusion of a single marked particle—a
tagged particle or a tracer. The present chapter studies basic dynamical features of
the tracer dynamics under different conditions.

The chapter is organized as follows. Section2.1 is introductory, it comprises def-
initions of basic concepts and the clarification of relation between the positions
of interacting particles and order statistics of positions of noninteracting ones. The
physical consequences of the interparticle interactions are reviewed is Sects. 2.2, 2.3,
and 2.4. Namely, Sect. 2.2 is devoted to the subdiffusion of the tracer in an infinite
homogeneous system. Section2.3 contrasts the findings of Sect. 2.2 with the case of
finite number of diffusing particles. The second topic treated in Sect. 2.3 concerns
different dynamical regimes distinguished by different time-dependence of tracer’s
mean squared displacement. In Sect. 2.4we recall asymptotic properties of the single-
file diffusion front. The chapter is concluded by Sect. 2.5, where a few alternative
approaches to SFD are pointed out.

2.1 Brownian Motion with Hard-Core Interaction

2.1.1 “Collisions” of Two Particles

From the point of view of the classical mechanics an elastic collision of two parti-
cles is an encounter at which the total energy of the particles as well as their total
momentum are conserved. A result of such an impact in the case of two identical
(same masses) particles moving in one dimension is that after the encounter the
particles just interchange their velocities as compared to their states before the colli-
sion. Let us now discuss how one can define the elastic collision for identical particles
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8 2 Basics of Single-File Diffusion

performing an overdamped Brownian motion, i.e., for the particles that possess no
well defined velocities. We offer two (equivalent) solutions to this at a first glance
ill-posed problem. The first one, and we can call it “the probabilistic approach”
(sometimes referred to as “a heuristic approach” [1]), is due to Harris [2]. It is based
on the equivalence of the positions of interacting particles and order statistics build
on the positions of noninteracting ones. The second one, which we can call “the ana-
lytical approach”, stems from the definition of the reflecting boundary conditions for
the diffusion equation. As we shall see throughout the thesis, the first approach pro-
vides us a quick and intuitiveway to themost important quantities—exact probability
density functions for individual particles, while the second yields a straightforward
way to answer the frequently asked question: “Are you sure that your probabilistic
reasoning is correct?”1

Probabilistic Approach

Consider two identical (samemobilities) Brownian particles diffusing on a line. Their
positions at time t are given by X1:2(t) (the left one) and X2:2(t) (the right one). We
assume that except at the instants of their collisions the two particles are mutually
independent. We suppose that due to the mutual interaction the particles cannot pass
each other, thus the initial ordering, X1:2(0) < X2:2(0), is preserved for all times. As
long as the two particles are identical we can follow Harris [2] and relate the motion
of interacting particles to order statistics of positions of independent noninteracting
ones. To this end, let X1(t) and X2(t) be positions of the two identical noninteracting
Brownian particles, then we can set

X1:2(t) = min {X1(t), X2(t)} ,

X2:2(t) = max {X1(t), X2(t)} . (2.1)

The two equations embodies nothing but the very basic fact that, except for the
particle labeling, the space-time trajectories of two identical hard-core interacting
particles are equivalent to the space-time trajectories of the noninteracting ones, cf.
Fig. 2.1. In other words, any collision event can be equivalently described as follows.
We can imagine that instead of the mutual reflection the two approaching particles
pass freely through each other and, just after they pass each other, we exchange
their labels. Thus we can generate the dynamics of interacting particles simply by
exchanging the labels of noninteracting ones. Notice that this picture is in agreement
with the classical description of one-dimensional elastic collisions and, at the same
time, it makes no reference to the particle velocities which presently do not exist.

1Actually, the original approach of the present author to the single-file diffusion was the analytical
one, cf. Refs. [3, 4]. It was only after completing analytical derivations that the full power and
beauty of the probabilistic interpretation has been recognized [5, 6]. In chapters of the present
thesis devoted to SFD mainly the probabilistic reasoning is used. The alternative analytical route to
the results is always outlined but not strictly followed.
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Fig. 2.1 Schematic illustration of space-time trajectories of two particles. The left panel Noninter-
acting particles pass freely through each other, their labels remain attached to individual trajectories.
The right panel Interacting particles collide when they encounter hence the ordering of the labels
is preserved. Except for the particle labeling, the two sets of trajectories are statistically equivalent

The correspondence between the interacting and the noninteracting pictures is
behind the fact that the single-file model is exactly solvable and that many impor-
tant quantities (PDFs of individual particles, their mean squared displacements, and
others), could be derived by analytical methods.

Analytical Approach

Let us now formulate the SFD problem as the initial-boundary value problem for
the two-particle Smoluchowski equation. For the two identical particles the equation
reads [7]

∂

∂t
p(x1, x2, t) =

2∑

i=1

[
D

∂2

∂x2
i

− ∂

∂xi
F(xi , t)

]
p(x1, x2, t), (2.2)

where D stands for the diffusion coefficient of each of the particles and F(x, t) is
the external force acting on the particles. The above diffusion equation contains no
evidence of interaction yet. In order to incorporate the hard-core interaction, it is
convenient to map the two-particle diffusion in one dimension onto the diffusion
of a single “representative particle” in two dimensions. In the latter picture, the
coordinates of individual particles x1, x2 correspond to the vector components of
the position of the representative particle. The hard-core interaction of two diffusing
particles means that the representative particle is not allowed to cross the line x1 = x2
where the collisions occur. Thus the hard-core interaction can be incorporated as the
reflecting boundary condition imposed along the line x1 = x2.

The perfectly reflecting boundary condition requires [7] that the component of
the probability current which is perpendicular to the boundary vanishes at the bound-
ary. In the present case, the components of the probability current parallel with the
coordinate axes are given by
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Ji (x1, x2, t) =
[
−D

∂

∂xi
+ F(xi , t)

]
p(x1, x2, t), i = 1, 2. (2.3)

Then the boundary condition that represents the hard-core interaction, the non-
crossing boundary condition, reads

(J1(x1, x2, t) − J2(x1, x2, t))|x1=x2 = 0, (2.4)

see Fig. 2.2 for more details. Explicitly, the above requirement reads

D

(
∂

∂x2
− ∂

∂x1

)
p(x1, x2, t)

∣∣∣∣
x1=x2

= 0. (2.5)

Thus the hard-core interaction splits the two-dimensional state space in two half-
planes. Within which of the two half-planes (x1 < x2, or x1 > x2) the representative
particle moves is dictated by the initial condition. For instance if we set

p(x1, x2, 0) = δ(x1 − y1)δ(x2 − y2), y1 < y2, (2.6)

then the particle ordering at any time t is in agreement with that in Eq. (2.1).
Notice that also this second approach to SFDmaps themany particle problemwith

interaction onto the single-particle one. As we discuss below, for identical particles
(same D and F for all particles) the two approaches are equivalent. In contrast to
the probabilistic approach, the analytical formulation can be easily extended to the
case of nonidentical particles (unique Di , and/or Fi for each particle). However,
this advantage is rather formal since for a general N , N > 2, little is known about
the exact solution of the Smoluchowski equation when the interacting particles are

Fig. 2.2 The two-particle
SFD is equivalent to the
single-particle diffusion in
2d plane with the reflecting
line x1 = x2. The
(unnormalized) projection of
the current vector
�J = (J1, J2) onto the
direction perpendicular to
the reflecting boundary,
�J · �n = J1 − J2, vanishes at
the reflecting boundary
which yields the
non-crossing boundary
condition (2.4)
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different (see Sect. 2.5 for the review of the progress in this direction, and Refs.
[8–11] for a discussion of some particular two-particle cases).

2.1.2 Propagator for General N

Having prepared the two approaches to the two-particle SFD, let us now formulate,
solve and interpret the general N -particle problem. We assume that N interacting
particles which are acted upon by the same external force F are diffusing in one
dimension, each with the diffusion coefficient D. The evolution of the joint PDF of
particles positions is governed by the Smoluchowski equation

∂

∂t
p(�x, t |�y, t0) =

N∑

i=1

[
D

∂2

∂x2
i

− ∂

∂xi
F(xi , t)

]
p(�x, t |�y, t0), t > t0. (2.7)

Initially, at time t0, the particles are located at positions specifiedby the components of
the vector �y, �y = (y1, y2, . . . , yN ). Hence the initial condition to the above equation
is given by

p(�x, t0|�y, t0) = δ(x1 − y1)δ(x2 − y2) . . . δ(xN − yN ), (2.8)

Due to the hard-core interaction, the initial ordering of the particles:

y1 < y2 < · · · < yN , (2.9)

is conserved for all times. This is ensured by (N − 1) non-crossing boundary condi-
tions (cf. Eq. (2.4))

D

(
∂

∂xi+1
− ∂

∂xi

)
p(�x, t |�y, t0)

∣∣∣∣
xi =xi+1

= [F(xi+1, t) − F(xi , t)
]

p(�x, t |�y, t0)

∣∣∣∣∣
xi =xi+1

,

(2.10)

i = 1, 2, . . . , N − 1.
Let us assume that f (x, t |y, t0) is the propagator (the Green function) for the

corresponding problemwith N = 1. That is, f (x, t |y, t0) satisfies the single-particle
Smoluchowski equation

∂

∂t
f (x, t |y, t0) =

[
D

∂2

∂x2
− ∂

∂x
F(x, t)

]
f (x, t |y, t0), (2.11)
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subject to the initial condition

f (x, t0|y, t0) = δ(x − y). (2.12)

Then, as it has been demonstrated in Ref. [3], the propagator for the N -particle SFD
problem, has a structure of the permanent [12] (which is similar to the determinant
but not containing the minus signs). It reads

p(�x, t |�y, t0) =
∑

σ∈SN

N∏

j=1

f (xσ( j), t |y j , t0) (2.13)

if components of the vector �x = (x1, x2, . . . , xN ) satisfy

x1 < x2 < · · · < xN , (2.14)

and it vanishes, if at least one of the above inequalities is violated. In Eq. (2.13)
the summation is taken over all N ! permutations σ of particle labels at time t (of
course, equivalently, we can sum over all permutations of the initial positions).
Notice that the normalization of the propagator p(�x, t |�y, t0) follows from the nor-
malization of the PDF f (x, t |y, t0). Since f (x, t |y, t0) is normalized to one in the
one-dimensional space, any summand in Eq. (2.13) is normalized to one in the unre-
stricted N -dimensional space. There are N ! such summands in Eq. (2.13), at the same
time, the hard-core interaction, as expressed through the non-crossing boundary con-
ditions, reduces the total volume of the N -particle state-space by the factor 1/N !,
which implies the required normalization of p(�x, t |�y, t0) and causes that p(�x, t |�y, t0)
is different from zero only when �x lies in the N -dimensional wedge determined by
inequalities (2.14) (the so calledWeyl chamber of the symmetric group SN [13, 14]).

Formula (2.13) expresses the exact solution of the many-particle problemwith the
hard-core interaction through a simpler object,which is the single-particle probability
density. The special case of the above propagator for the unbiased (F = 0) SFD
model has been found by Rödenbeck et al. [15] employing the reflection principle,
and by Lizana and Ambjörnsson [16, 17] using the Bethe Ansatz.

The permanent-like expression (2.13) possesses an interpretation in terms of non-
interacting particleswhich is perfectly consistentwith the probabilistic picture behind
Eq. (2.1). Let Xi (t) be the position of the i th noninteracting particle distributed with
the PDF f (xi , t |yi , t0), i = 1, 2. Hence Xi (t0) = yi , y1 < y2, and for a moment we
consider again that N = 2. Then the propagator

p(x1, x2, t |y1, y2, t0) = f (x1, t |y1, t0) f (x2, t |y2, t0)+ f (x2, t |y1, t0) f (x1, t |y2, t0),
(2.15)

which is different from zero only for x1 < x2, is nothing but the simultaneous
PDF of random positions X1:2(t), X2:2(t) of two interacting particles (as defined by
Eq. (2.1)) conditionedon the initial state:X1:2(t0) = y1,X2:2(t0) = y2. In otherwords,
the propagator p(x1, x2, t |y1, y2, t0) accounts for all 2! possibilities, how the two
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noninteracting particles can be ordered: either {X1:2(t), X2:2(t)} = {X1(t), X2(t)}
if X1(t) < X2(t) (the first term on the right-hand side), or {X1:2(t), X2:2(t)} =
{X2(t), X1(t)} when X1(t) > X2(t) (the second term with permuted x1, x2), cf. Fig.
2.1.

The correspondence between the interacting particles and the noninteracting ones
based on definitions (2.1), can be extended to a general N [2]. To this end, at specified
time t , we identify the position of the nth interacting particle, say Xn:N (t), with the
position of the nth leftmost particle among the noninteracting ones. In statistics, the
thus defined random variable Xn:N (t) is known as the n th order statistic [18] (it is
the nth smallest one of independent random variables X1(t), . . . , XN (t)). Thus e.g.
the first order statistic X1:N (t) is the position of the leftmost interacting particle and
it is identified with the position of the leftmost noninteracting one:

X1:N (t) = min{X1(t), . . . , XN (t)}, (2.16)

and similarly for any n. Then, similarly as in N = 2 case, the simultaneous PDF
of positions of all N interacting particles (the simultaneous PDF of values of all N
order statistics) conditioned on the initial positions is given exactly by the N -particle
propagator (2.13).

2.1.3 PDF of a Tagged Particle

The noninteracting particles which has been used to construct the positions of the
interacting ones are assumed to be identical as for their physical properties (same D
and F). This assumption is necessary for the permanent (2.13) to be the exact prop-
agator for the interacting particles. A rather complicated structure of the propagator
(sum of products) can be reduced to a simple product-like expression if we add a
further assumption regarding the initial conditions.

Let us assume that the initial position of any noninteracting particle, Xi (t0), i =
1, . . . , N , is drawn from the PDF f (y, t0). This choice of the initial condition implies
that all noninteracting particles are identical as for all their statistical properties. That
is, not only each particle diffuses with the same D and it is acted upon by the same
force F , but also the initial condition is, in a statistical sense, the same for all
particles (in contrast to the previous case described by PDFs f (x, t |yi , t0) which
differ by initial deterministic positions). A remarkable simplification follows from
this assumption in the corresponding interacting case. We get the result in two steps.
First, the PDF for the position of any noninteracting particle at time t is the same
and it is given by f (x, t), which follows from f (x, t0) via the integration:

f (x, t) =
∫

dy f (x, t |y, t0) f (y, t0). (2.17)
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Second, the PDFs f (xi , t) replace the conditioned PDFs f (xi , t |y j , t0) in Eq. (2.13).
Consequently, the sum on the right-hand side of Eq. (2.13) contains N ! identical sum-
mands and the simultaneous PDF for positions X1:N (t), . . . , XN :N (t), of interacting
particles reads

p(�x, t) = N !
N∏

j=1

f (x j , t), (2.18)

when the vector �x lies in the wedge (2.14) and it vanishes otherwise. In particular,
for t = t0 we obtain the initial simultaneous PDF in the factorized form

p(�x, t0) = N !
N∏

j=1

f (x j , t0). (2.19)

Such initial condition can be thought to describe e.g. the Gibbs equilibrium state as
it will be discussed in Chap.3, cf. Eq. (3.36). In particular, the factorized form of
Eq. (2.18) may evoke an impression that the positions of interacting particles are not
correlated. This is not the case, the interparticle correlations appear due to the fact
that �x is restricted to the wedge (2.14).

Of course, one can follow a different line of reasoning, assuming first that the
initial condition is given by Eq. (2.19), and, second, evolving the initial condition by
the propagator (2.13). The result will be again given by Eq. (2.18). That is, for this
specific initial condition the simultaneous PDF factorizes for all times t , t ≥ t0 [4].

The basic advantage of the factorized simultaneous PDF is that it yields an analyt-
ically tractable expression for the marginal PDF pn:N (x, t) for the position Xn:N (t)
of the nth interacting particle:

pn:N (x, t) = N !
(n − 1)!(N − n)! f (x, t)

[∫ x

−∞
dx ′ f (x ′, t)

]n−1 [
1 −

∫ x

−∞
dx ′ f (x ′, t)

]N−n
.

(2.20)

The interpretation of the right-hand side in terms of N statistically identical nonin-
teracting particles, whose positions are distributed with the PDF f (x, t), is rather
straightforward. The expression pn:N (x, t)dx equals the probability that there is a
single particle in (x, x +dx) ( f (x, t)dx) and, simultaneously, there are (n −1) non-
interacting particles to the left of x (with the probability

[∫ x
−∞ dx ′ f (x ′, t)

]n−1
),

and the remaining (N − n) particles are to the right of x (with the probability[
1 − ∫ x

−∞ dx ′ f (x ′, t)
]N−n

). The combinatorial prefactor accounts for all possible
permutations of labels.

In Chaps. 3 and 4 we will derive the generalization of the above marginal PDF
for the SFD model with one (Eq.3.39) and two (Eq.4.13) absorbing boundaries.

http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_4
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_4
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2.2 SFD in Homogeneous System with Constant Density

Let us now turn to the key feature of the single-file dynamics—the subdiffusive
behavior of the tagged particle. Consider an infinite line occupied by particles with
constant densityρ. Particles are distributed randomly. Thismeans that empty intervals
between adjacent particles are exponentially distributed random variables with mean
value 1/ρ. At the initial time we choose a single particle (a tracer) and we follow
its motion (alternatively, we can insert a single particle into the system). Clearly, the
space available for the tracer diffusion is effectively reduced by the presence of other
particles. This hindrance results in a slowdown of diffusive spreading of tracer PDF,
as compared to the free diffusion. In the long-time limit, we observe a subdiffusive
motion. Despite this anomalous behavior, the tracer PDF is still given by a Gaussian
density but now the mean squared displacement (MSD) grows as t1/2:

pT(x, t) ∼ 1√
2π〈X2

T(t)〉
e− x2

/
2〈X2

T(t)〉, 〈X2
T(t)〉 = 2

ρ

√
Dt

π
, as t → ∞. (2.21)

This is one of the most highlighting results of the theory of the single-file diffusion
which has already been confirmed in various experiments, e.g. in NMR studies of
diffusion in zeolites [19–23], and in experiments on colloids confined in narrow
channels [24–30].

From a general perspective, the SFD model belongs to the class of interacting
models like phantom polymer chains [31, 32] or certain fluctuating interfaces [33].
The characteristic feature of all these models is that a tagged particle (or a tagged
segment) undergoes a non-Markovian diffusion described by Gaussian PDF with
associated mean squared displacement proportional to t1/2. Such stochastic process
is usually said to be of a fractional Brownian motion type [17, 34–36] rather than
that of a continuous-time random walk type. Since for the latter the corresponding
PDF is not Gaussian but it typically exhibits a sharp cusp around the initial position,
see Ref. [37] for a numerical comparison. An approximative mapping (so called
harmonization) between the long-time dynamics of SFD system and that of the
Rouse polymer chain can be found in Refs. [38–40]. Further, in Ref. [35] a general
phenomenological description for all these processes has been developed leading to
a fractional Langevin equation. Let us now build some intuition with the way how
the subdiffusion arises in the SFD system.

2.2.1 Heuristic Arguments

The time-dependence of the tracer displacement can be intuitively understood as
follows [41, 42]. Consider a one-dimensional lattice. Each lattice site is either occu-
pied by a particle or vacant, multiple occupation of sites is forbidden. On a nearly
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full lattice, any particle is almost always surrounded by occupied sites and therefore
it rarely moves. On the other hand, the concentration of vacancies on such a lat-
tice is vanishingly small. Hence the vacancies rarely meet and we can approximate
their dynamics by independent randomwalks. The crucial observation is that we can
draw a certain conclusions about the tracer dynamics by considering the dynamics
of almost freely diffusing vacancies. Indeed, a tracer will hop to the neighboring site
only if that site contains a vacancy. Hence the displacement of the tracer is given by

XT(t) = NR→L(t) − NL→R(t), (2.22)

where NR→L(t) is the number of vacancies that were initially to the right of the
tracer and are now on the left, and vice versa for NL→R(t). Since the densities of
the vacancies to the right and to the left of the tracer are equal, we expect that
〈NR→L(t)〉 = 〈NL→R(t)〉. Thus the average tracer displacement, 〈XT(t)〉, is zero.
From the diffusivemotion of the vacancies it follows that 〈NR→L(t)〉 = 〈NL→R(t)〉 ∼
t1/2. Hence the difference on the right-hand side of Eq. (2.22) scales as

√
t1/2 and the

mean squared displacement of the tracer position grows as t1/2. We recall that for
the classical symmetric random walk both the number of left steps, NL(t), and the
number of right steps, NR(t), behave as 〈NL(t)〉 = 〈NR(t)〉 ∼ t . Then the particle
position determined by the difference X(t) = NR(t)−NL(t) scales as t1/2 and hence
the mean squared displacement of the particle increases as t .

2.2.2 Derivation of Tracer PDF

Themost elegant derivation of the basic result (2.21) is due to Levitt [43, 44] (but see
also Refs. [45–47]). The main ideas behind Levitt’s construction of the tracer PDF
pT(x, t) are (A) the trajectories of interacting particles are statistically equivalent
to the trajectories of noninteracting ones; (B) the PDF pT(x, t) is proportional to
the probability A0(x, t) that, for the reference system of noninteracting particles,
the number of particles to the left of the tracer (and hence to the right of it) has not
changed as compared to the initial configuration.

Let us assume that initially the tracer is located at the origin of coordinates x = 0.
We follow its dynamics up to time t and we ask for the probability that at this time the
tracer is located in (x, x+dx). An important quantity that will be used in construction
of the tracer PDF is the mean number of noninteracting particles that initially were
to the left of the tracer (i.e., to the left of x = 0) and, at time t are located to the right
of x . It is given by the double integral

νL→R(x, t) = ρ

∫ ∞

x
dx ′

∫ 0

−∞
dy

1√
4πDt

e−(x ′−y)2/4Dt . (2.23)

And vice versa, the mean number of particles that initially were to the right of the
tracer and, at time t are to the left of x reads
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νR→L(x, t) = ρ

∫ x

−∞
dx ′

∫ ∞

0
dy

1√
4πDt

e−(x ′−y)2/4Dt . (2.24)

The above two quantities are merely mean values. Amore complete description is
provided by the corresponding probabilities. Since the reference particles are inde-
pendent, the probability distribution for the overall number of crossings from left to
right is the Poisson distribution with the mean value νL→R(x, t) (and similarly for
νR→L(x, t)). From the two Poisson distributions we can infer the probability that
there were equal number of crossings from left to right as from right to left. The
latter probability is given by the sum over all possible events which are compatible
with the required condition:

A0(x, t) =
∞∑

k=0

[νL→RνR→L]k

k! k! e−(νL→R+νR→L), (2.25)

or, expressed using the modified Bessel function:

A0(x, t) = I0
(
2
√

νL→RνR→L
)
e−(νL→R+νR→L). (2.26)

In the long-time limit, the tracer PDF pT(x, t) can be recovered from the non-
interacting picture as follows. The probability that, at time t , the tracer is located
in infinitesimal interval (x, x + dx) is given by the product of the probability that
there is a noninteracting particle in (x, x + dx) which is (ρdx), and the probability
A0(x, t) that there were equal number of trajectory crossings. Therefore, we have
[43]

pT(x, t) ∼ ρA0(x, t). (2.27)

Let us now turn to the long-time behavior of the right-hand side of Eq. (2.27). All
integrals in Eqs. (2.23), (2.24), can be evaluated analytically. This yields

νL→R(x, t) = ρ

[√
Dt

π
e−x2/4Dt − x

2

(
1 − erf

(
x√
4Dt

))]
, (2.28)

νR→L(x, t) = ρ

[√
Dt

π
e−x2/4Dt + x

2

(
1 + erf

(
x√
4Dt

))]
. (2.29)

The both above expression increase with time. Therefore, in the long-time limit, x �√
4Dt , we can use the asymptotic representation of the Bessel function, I0(2z) ∼

e2z/
√
4πz, for z → ∞, to get

pT(x, t) ∼ ρ(4π)−1/2(νL→RνR→L)
−1/4e−(

√
νL→R−√

νR→L)
2

, t → ∞. (2.30)

Further, we approximate the error functions in Eqs. (2.28), (2.29) by their small-
argument asymptotic behavior erf(z) ∼ 2z/

√
π and, after some algebra, we obtain
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(√
νL→R − √

νR→L
)2 ∼ x2 ρ

4

√
π

Dt
, (2.31)

(νL→RνR→L)
−1/2 ∼ 1

ρ

√
π

Dt
. (2.32)

Returning to Eq. (2.27), the asymptotic tracer PDF is Gaussian:

pT(x, t) ∼ 1√
4πD1/2

√
t
e−x2

/
4D1/2

√
t , t → ∞, (2.33)

where we have defined the generalized diffusion coefficient

D1/2 = 1

ρ

√
D

π
, (2.34)

which enters the subdiffusive law for the mean squared displacement

〈X2
T(t)〉 ∼ 2D1/2

√
t . (2.35)

Notice that themain ideas behind the above derivation of theGaussian PDF (2.33),
are essentially the same as those behind heuristic arguments based on Eq. (2.22).
The only difference is that in the heuristic approach the freely diffusing entities are
vacancies, whereas now the freely diffusing entities are noninteracting particles.

2.3 Comparison with SFD of N Particles

Harris’s classical result concerning t1/2 MSD growth and the Gaussian PDF (2.21)
are derived under following conditions: the system is homogeneous with a constant
density of particles, and, increasing time, the subdiffusive regime is the last one
which occurs in the overall dynamical description. We now wish to comment on
further details of the SFD model including finite-time behavior and the dynamics of
the system with finite number of particles.

2.3.1 Entropic Repulsive Forces

First, let us consider the long-time dynamics of the systemwith zero density, namely,
an infinite line containing N interacting particles. The dynamics of such a system
has been studied in a great detail by Aslangul [8, 48].
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In Ref. [8] the two-particle problem on a lattice has been solved exactly. In the
continuum limit, the two particles undergo a Brownianmotionwith a hard-core inter-
action and the problem can be solved by a transition to the center of mass coordinate
system. Then the difference coordinate behaves like a Brownian particle and the
original hard-core interaction manifests itself as a perfectly reflecting wall for this
particle at the origin. Under these conditions, theBrownian particle exhibits an anom-
alous drift away from the boundary, its average position increases as t1/2, whereas the
second moment has a normal diffusive spreading. Thus for two interacting particles
the following overall picture emerges. The interaction induces a repulsive drift of
entropic origin. The drift is anomalouswith a vanishing velocity, the average distance
between the particles grows at large times as t1/2, whereas the second moment of the
position of each particle grows linearly with time. Let X1:2(t),X2:2(t) be respectively
the position of the left and of the right particle, then we have [8]

− 〈X1:2(t)〉 = 〈X2:2(t)〉 ∼
√
2Dt

π
, 〈X2

1:2(t)〉 = 〈X2
2:2(t)〉 ∼ 2Dt. (2.36)

In Ref. [48] similar issues have been clarified for N interacting particles. Aslangul
has assumed that, at the initial time the particles form a compact point-like cluster
located at the origin. In t → ∞ limit, the mean position of the nth particle (n =
1, . . . , N ), and its second moment evolve with time according to

〈Xn:N (t)〉 ∼ Vn:N
√

t, 〈X2
n:N (t)〉 ∼ 2Dn:N t. (2.37)

Hence the dynamical exponents are exactly the same as for two particles (2.36). Both
the particle order and the total number of particles enters the result through the order-
dependent transport coefficients Vn:N , Dn,N . The task of deriving exact expressions
forVn:N , Dn,N is elusive [48], yet, for two special cases the asymptotic behavior canbe
given. For the particles located at the edges of the dispersing cluster the asymptotic
behavior of the transport coefficients is given by −V1:N = VN :N ∝ [

log(N )
]1/2

,

D1:N = DN :N ∝ [
log(N )

]−1/2
. For the central particle, we have Dc:N ∝ 1/N ,

c = (N + 1)/2.
Thus, when the total number of particles is finite, the mutual interactions induce

an anomalous entropic drift but the diffusion is not anomalous in the long-time limit.
On the other hand, notice that in the limit of N → ∞, both DN :N and Dc:N vanishes.
This indicates a possible lowering of the dynamical exponent and the onset of a
subdiffusive regime observed in the finite density situation. The middle particle is
surrounded by infinitely many others and its diffusion constant vanishes as 1/N . For
the two edge particles, the logarithmic decrease of DN :N comes from the fact that
these particles still face a free semi-infinite space to wander in (see Ref. [48] for a
further discussion).
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2.3.2 Three Dynamical Regimes

Let us consider a finite interval of the length L with N diffusing particles, and we
put ρ = N/L . A thorough analysis of tracer dynamics in a finite interval with
reflecting boundary conditions has been given by Lizana and Ambjörnsson in Refs.
[16, 17]. Authors used Bethe Ansatz to derive the exact tracer PDF. In the present
section we will paraphrase their results concerning different dynamical regimes for
the dynamics of the middle particle. Recently, the results have been reproduced by
the scaling method in Ref. [49].

The precise setting is the following.At the initial time t = 0 there are N interacting
particles of the diameter � randomly distributed in the interval of the length L . We
will follow the diffusion of the central particle located initially approximately near
the center of the interval (the tracer). The dynamics of the tracer is rather complex.
The exact analysis based on Bethe Ansatz has revealed three dynamical regimes:
(A) short times, (B) intermediate times, and (C) long times.

(A) Short times. For time t much smaller than the collision time tcoll,

tcoll = 1

ρ2D
, (2.38)

the tracer “does not feel” other particles and, consequently, it undergoes a free dif-
fusion. In this regime, the tracer PDF is Gaussian with the MSD given by

〈[XT(t) − XT(0)]
2〉 = 2Dt, t � tcoll. (2.39)

(B) Intermediate times. For times t much larger than the collision time tcoll but
still smaller than the equilibrium time teq,

teq = L2

D
, (2.40)

the tracer diffusion is anomalous, the tracer PDF is given by a Gaussian function
with the mean squared displacement

〈[XT(t) − XT(0)]
2〉 = 1 − ρ�

ρ

√
4Dt

π
, tcoll � t � teq. (2.41)

The generalized diffusion coefficient predicted by Eq. (2.41) is in conformity with
that obtained for infinite systems with point particles (� = 0, cf. Eqs. (2.33–2.35))
and also with that for the SFD on a lattice [50, 51]. The latter correspondence is
obtained when both the particle diameter � and the lattice spacing equals to one.

(C) Long times. In the long-time limit, t � teq, the tracer PDF approaches an
equilibrium probability density function and its MSD saturates on a constant value.
We have
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〈[XT(t) − XT(0)]
2〉 ∝ L2

N
, t � teq. (2.42)

Only regimes (A) and (B) are found in the infinite system with constant particle
density (discussed in Sect. 2.2), where teq diverges. Notably, in the setting discussed
by Aslangul (cf. Sect. 2.3) the regime (C) is replaced by the normal diffusion and the
regime (A) should be absent since the particles initially form a compact point-like
cluster. In a finite interval with periodic boundary conditions the regime (C) is also
different. For a periodic system at long times, all particles become highly correlated
– they behave as a single effective particle and undergo a normal diffusion with the
renormalized diffusion coefficient D/N [52]. A different (even superdiffusive)MSD
behavior in regime (B) is reported in Ref. [53] where effects induced by the choice
of initial conditions are discussed by means of Monte Carlo simulations.

2.4 Single-File Diffusion Front

In the finite-N case studied by Aslangul the particle near the boundary of the cluster
is repelled by a finite number of its neighbors. This repulsion induces an anomalous
drift proportional to t1/2. An important question is in order. What if the edge particle
has infinite number of others to its left (say)? How strong is the entropic repulsion
in this case? To obtain the answer let us turn to the study of statistical properties of
the single-file diffusion front. Namely, in the present section we consider SFD on an
infinite line. Initially the negative half-line is occupied by (infinitely many) particles
distributed with the mean density ρ. There are no particles on the positive half-line.
We are interested in the motion of the right-most particle.

The evolution of the density of particles ρ(x, t) is governed by the diffusion
equation with the step initial condition: ρ(x, 0) = ρ for x < 0 and ρ(x, 0) = 0
otherwise. The density profile at time t is given by the complementary error function:

ρ(x, t) = ρ

2
erfc

(
x√
4Dt

)
, (2.43)

from which we obtain the mean number of particles located to the right of x :

ν(x, t) =
∫ ∞

x
dx ′ρ(x ′, t). (2.44)

Let us number the particles from right to left. Hence the rightmost particle is
labeled by n = 1. How can we construct the PDF pn(x, t) of the nth interacting
particle?Againwe provide an answer by a proper construction based on the reference
noninteracting picture. The sought probability that the nth interacting particle is
in (x, x + dx) equals to the probability that there is a noninteracting particle in
(x, x +dx), i.e., ρ(x, t)dx , times the probability that there are (n −1) particles to the
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right of x . Since the reference noninteracting particles are statistically independent,
the latter probability is given by the Poisson distribution with the mean value ν(x, t).
Altogether, we get

pn(x, t) = ρ(x, t)
[ν(x, t)]n−1

(n − 1)! e−ν(x,t). (2.45)

Let us now focus on statistical properties of the right-most particle (sometimes
called as the single-file diffusion front, or just a diffusion front). Its cumulative
distribution function, F1(x, t) = ∫ x

−∞ dx ′ p1(x ′, t), equals

F1(x, t) = exp[−ν(x, t)] . (2.46)

In the long-time limit F1(x, t) converges to Gumbel distribution:

F1(x, t) ∼ exp

[
− exp

(
− x

b(t)
+ a(t)

)]
, t → ∞, (2.47)

with parameters

b(t) =
√

2Dt

log(2Dt)
, a(t) = log

(
2ρDt√

2π log(2Dt)

)
. (2.48)

For the proof of the convergence we refer to the proof of Theorem 3 in Ref. [54]
(Arratia in Ref. [54] has used λ instead of our ρ and has worked with a standard
Brownian motion for which D = 1/2).

Gumbel distribution (2.47) gives us asymptotic behavior of all moments of the
front position. The asymptotic mean position assumes the form

〈X1(t)〉 ∼
√

2Dt

log(2Dt)

[
γ + log

(
2ρDt√

2π log(2Dt)

)]
, t → ∞. (2.49)

where γ stands for Euler’s constant, γ ≈ 0.5772156649. For the variance we obtain

〈[X1(t) − 〈X1(t)〉]2〉 ∼ π2

6

2Dt

log(2Dt)
, t → ∞. (2.50)

Thus an anomalous entropic drift produced by infinite number of particles scales
with time faster than t1/2-law observed in Aslangul’s finite-N setting. Interestingly
enough, an effective one-sided restriction of particle’s motion results in a slowdown
of its diffusion. The asymptotic variance (2.50) grows with time slower than that in
the case of the normal diffusion (i.e., slower than t) but still faster than in the case
of t1/2 subdiffusion.
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Finally, a few remarks are in order. First, Gumbel distribution exp(− exp(−x)) is
one of the three possible limiting distributions for extreme order statistics. The three
distributions with brief comments on the related theory are presented in App. A.
Second, there exists a recent work [55] concerning diffusion front.2 Third, in Refs.
[56, 57] fluctuations of the current through the origin has been studied for the simple
symmetric exclusion process with a similar initial condition as that of the present
section. For the asymmetric simple exclusion process the similar initial conditions
have been discussed in Refs. [58–66], in particular in connection to random matrix
theory.

2.5 Further Reading

Let us nowmention a few selected directions of research which has not been covered
in the preceding text.

(1) Recently SFD of nonidentical particles (different diffusion constants) has
attracted a considerable attention. In this case the correspondence between the inter-
acting particles and the noninteracting ones breaks down and the model is no-longer
integrable. Various approximative [67] and numerical methods have been developed
including scaling arguments [68] and the harmonization technique [10, 39] which
approximates the SFD system by the particles interconnected by harmonic springs
(the Rouse model). With the aid of this mapping, in Ref. [40] a force-response rela-
tion for tracer has been studied. Rigorously, a convergence to a fractional Brownian
motion, a law of large numbers and a central limit theorem has been proven in Ref.
[69].

(2) Several studies are devoted to SFD in one dimension with more general inter-
particle interactions than just the hard-core one [70–76]. For instance, typical t1/2

subdiffusive behavior is reported also for inelastically colliding particles [77, 78].
What if the interaction is long-ranged? This important generalization has been stud-
ied in seminal work [70] with the following conclusion: provided that the correlation
length between the particles is finite the tracerMSD grows asymptotically as t1/2 and
the generalized diffusion coefficient is related to the compressibility of the system.
These predictions were tested experimentally for colloidal particles [25, 26] and
for charged millimetric steel balls [73, 74]. Hydrodynamic interactions, yet another
effect, are screened significantly in one dimension; cf. Ref. [27] for both experimental
and theoretical study, and Ref. [76] for extensive numerical analysis.

Above examples may evoke an impression that t1/2 scaling of the MSD must be
observed in any one-dimensional diffusive system regardless the form of interparticle
interaction. Of course this is not the case. A notable counterexample where long-

2Notice that Sabhapandit’s expression for the cumulative distribution function of the front position
(Eq. (7) in Ref. [55]) differs from F1(x, t) in Eq. (2.46) by a nontrivial multiplicative factor. Proba-
bilistic interpretation of Eq. (7) in Ref. [55] remains unclear to the present author (actually, F1(x, t)
corresponds to the right-hand side of Eq. (5) in Ref. [55]).
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ranged interactionsmodify the subdiffusive regime is provided byBrownian particles
interacting by the logarithmic potential (Dyson’s Brownian motion). In this case the
tracer MSD grows as log(t) [79]. Other cases are listed in next paragraphs. There,
deviations from typical t1/2 subdiffusion are caused by interactionwith external fields
and/or with confining channel, and even by a certain type of initial conditions.

(3) Single-file dynamics in spaces with dimension greater than one is of consider-
able interest in recent years. In particular, a reduction of the confined two-dimensional
single-file dynamics of discs to the one-dimensional longitudinal motion of rods has
been carried out in Refs. [80–83]. When the diameter of the tube is slightly greater
than the doubled diameter of the disc a crossover from the subdiffusion to a normal
diffusion occurs. An accurate description of this phenomenon is still under active
debate [84–86]. For particles interacting by Yukawa potential, numerical analysis of
Ref. [87] reveals rather different diffusive regimes and transitions depending on the
shape of the channel. The screened Coulomb potential (described through amodified
Bessel function of the second kind K0, as inspired by experiments [73, 74]) leads to
nontrivial properties of fluctuations in the vicinity of transitions between different
equilibrium conformations of the system [88–90].

(4) Effects induced by external fields acting on particles have become the subject
of several studies [3, 38, 40, 91–101]. Strictly speaking, the previous point (3) also
belongs to this category. A particularly hard and still unsolved problem is when the
external field acts on the tagged particle only. Theoretical advances in this direction
can be found in Refs. [38, 40, 98, 99]. The external field acting on all particles can
model, for example, entropic forces stemming from inhomogenities of real channels
[102]. SFD in random potentials have been studied both theoretically [100, 103]
and experimentally [101]. Channels with random walls have been considered in Ref.
[104]. Diffusion of magnetic dipoles in modulated channels is discussed in Refs.
[91–93].

(5) Initial conditions may imply two unexpected effects on the dynamics of the
tracer. First, the power law initial distribution results in tα subdiffusion, where α is
neither 1 nor 1/2 [49, 95, 105]. Second, the initial condition determines the value of
the generalizeddiffusion coefficient [106],which is a long-memory effect unobserved
in the normal diffusion (where the diffusion coefficient is determined by Einstein’s
relation).

(6) In some studies the dynamics of individual particles is not normal Brownian
motion. Instead, the particles may follow e.g. the deterministic dynamics [107–110]
or some kind of an anomalous kinetics [105, 111–113]. An outstanding result valid
for all these systems is the so called Percus diffusion formula [95, 107]. The formula
relatesMSD of the tracer in a systemwith interaction with motion of a single particle
in the absence of interaction: 〈[XT(t) − XT(0)]

2〉 ∼ 〈|X(t) − X(0)|〉/ρ. It is valid
for an infinite homogeneous system with constant density of particles and in Ref.
[95] it has been derived for a rather broad class of anomalous processes including
e.g. the continuous-time random walk and the fractional Brownian motion. Thus
for instance if for a free diffusion 〈[X(t) − X(0)]2〉 ∝ tα then for the tracer motion
〈[XT(t) − XT(0)]

2〉 ∝ tα/2.
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(7) The first-passage time density for a tracer in a homogeneous system has been
discussed in Ref. [36]. An open single-file system (the interval with at least one
absorbing boundary) has been studied numerically for a biased SFD [114], for an
unbiased SFD [15] (briefly discussed as a particular example), and analytically for
an unbiased diffusion in Refs. [4–6]. The latter works form a basis of the following
Chaps. 3 and 4. A closely related problem of orders statistics of first-passage times
for independent random walkers [115–125] will be discussed in a more detail in
Chap. 3.

Last but not least, in the above brief review we have restricted ourselves mainly
to the physically-oriented literature. Rigorous (mathematical) results concerning the
dynamics of the tracer can be found in the following references. Besides the seminal
works of Harris [2] and Spitzer [126], central limit theorems for a tagged particle are
discussed in Refs. [54, 69, 127], and reviewed in Ref. [128].
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Chapter 3
SFD in a Semi-Infinite System
with Absorbing Boundary

3.1 Definition of the Model

Consider diffusion of hard-core interacting Brownian particles in a semi-infinite one-
dimensional interval with the absorbing boundary at the origin. Initially, N particles
are distributed along the half-line (0,∞). During the time evolution, each particle
diffuses with the same diffusion constant D. The particles cannot enter the interval
from the outside and they are allowed to leave it only through the boundary at the
origin. The boundary is perfectly absorbing, i.e., if any particle hits the origin it is
absorbed with the probability one. At initial time t = 0, let us label the particles
according to ordering of their positions from the left to the right. We have

0 < X1:N (0) < X2:N (0) < · · · < XN :N (0) < ∞, (3.1)

where the random variable Xn:N (0) denotes the position of the nth particle at t = 0.
The hard-core interaction guarantees that the initial ordering of particles is conserved
over time. Notice that the particle No. 1 is the first one that might be absorbed. It is
only after this event happens that the particle No. 2 can approach the origin and be
absorbed. Let us denote as Tn:N the random time of the absorption of the nth particle.
The particle ordering implies the corresponding ordering of absorption times:

0 < T1:N < T2:N < · · · < TN :N < ∞. (3.2)

The last inequality, TN :N < ∞, means that the rightmost particle (and hence any
particle) is eventually absorbed with the probability one. At the same time, the mean
value 〈TN :N 〉 is infinite, as will be shown in the following.

The second setting discussed in the present chapter is the semi-infinite system
which is initially occupied by an infinite number of particles—the system is initially
in equilibriumwith the constantmean density ρ. In such a system each tagged particle
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possesses an infinite number of right neighbors and the two above sets of inequalities
now read1

0 < X1(0) < X2(0) < · · · < Xn(0) < · · · , (3.3)

0 < T1 < T2 < · · · < Tn < · · · , (3.4)

where the random variable Xn(0) denotes the initial position of the nth tracer and Tn

stands for the corresponding absorption time.
In both above settings (the finite-N case and the system in the thermodynamic

limit) we are primarily interested in the dynamics of the tracer, in the dynamics of
the tracer conditioned on nonabsorption and in the characterization of absorption
times. The present chapter is based on works [1, 2].

3.2 Finite Number of Interacting Particles

3.2.1 Single Diffusing Particle

Brownian Motion Absorbed at the Origin

All properties of interacting particles can be constructed form the elements describing
a corresponding system of noninteracting particles. Thus, let us for a moment take
N =1 and summarize basic formulas for a single particle.

Suppose that at initial time t = 0 the particle is located at the position y, y > 0.
The PDF of the particle’s position at time t conditioned on its initial position is
determined by solving the diffusion equation2

∂

∂t
f (x, t | y, 0) = D

∂2

∂x2
f (x, t | y, 0) (3.5)

subject to the absorbing boundary condition at the origin,

f (0, t | y, 0) = 0, (3.6)

and to the initial condition

1Notice that the notationXn(t) has been used in the introductoryChap. 2 for noninteracting particles.
Hence it seems to be more plausible to denote the position of the nth tracer and its absorption time
as Xn:∞(t), Tn:∞, respectively. However, we have decided not to include the symbol “∞” into
the notation. The precise meaning should be always clear from the context and we believe that no
confusionmay arise. Fromnowon the position of a generic noninteracting particle and its absorption
time will be denoted by unindexed random variables X(t), T, respectively.
2Everywhere in this chapter and Chap. 4 all PDFs that have originated in the one-dimensional
single-particle problem are denoted by the letter “ f ”. Contrary to this, PDFs that occur in the
many-particle problem with interaction will be designated by the letter “p”.

http://dx.doi.org/10.1007/978-3-319-27188-0_2
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f (x, 0 | y, 0) = δ(x − y). (3.7)

This problem is readily solved by the method of images [3]. The result reads

f (x, t | y, 0)= 1√
4πDt

[
e−(x−y)2/4Dt − e−(x+y)2/4Dt

]
. (3.8)

Having this Green function, the time evolution of an arbitrary initial PDF, say f (x),
is given by

f (x, t) = 〈 f (x, t | X(0), 0)〉 =
∫ ∞

0
dy f (x, t | y, 0) f (y). (3.9)

As for the initial PDF f (x), in the following analysis we only assume that all its
moments exist. For the sake of illustrations, we take the particular initial condition

f (x) = e−x/L

L
, L > 0, x ≥ 0. (3.10)

The spatial integral of the PDF (3.9) over the interval (0,+∞) equals the survival
probability, that is, the probability that the particle has not been absorbed by time t .
If we denote by T the time of absorption, we can write

S(t) = Prob {T > t} =
∫ ∞

0
dx f (x, t) =

〈
erf

(
X(0)√
4Dt

)〉
, (3.11)

where the last expression stands for the average of the error function with respect
to initial PDF f (x). The time-evolution of the survival probability is linked to the
probability current j (x, t) through the origin of coordinates. The probability that the
particle has already been absorbed by time t , [1 − S(t)], growswith time according to

d

dt
[1 − S(t)] = D

∂

∂x
f (x, t)

∣∣∣∣
x=0

= − j (0, t). (3.12)

At time t = 0, the survival probability equals to one. The long-time behavior of
S(t)may be derived by inserting the power series representation of the error function
into Eq. (3.11). The main asymptotic term decays as the power law:

S(t) ∼ 〈X(0)〉√
πD

t−1/2, t → ∞. (3.13)

The prefactor depends on the diffusion constant and on the mean initial position of
the particle.

The survival probability S(t) yields the complete probabilistic description of the
absorption process. The same information can be obtained from a complementary
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quantity. Namely, from the PDF for the time of absorption φ(t). It is defined by the
equation Prob {T < t} = ∫ t

0 dt ′ φ(t ′), and hence it is directly related to the survival
probability:

1 − S(t) =
∫ t

0
dt ′ φ(t ′), φ(t) = − d

dt
S(t). (3.14)

The long-time asymptotic behavior of φ(t) is given by

φ(t) ∼ 〈X(0)〉√
4πD

t−3/2, t → ∞. (3.15)

The mean time to absorption (or the mean exit time)

〈T〉 =
∫ ∞

0
dt tφ(t) (3.16)

and all higher moments of the PDF φ(t) diverge. On the other hand, the particle
will certainly leave the interval since the survival probability S(t) tends to zero, cf.
Eq. (3.13).

Brownian Motion Conditioned on Nonabsorption

According to the above results, the mean escape time of the particle is infinite,
nevertheless, the particle eventually escapes from the interval with the probability
one. At a given time t , starting with an ensemble of all possible particle trajectories,
it is interesting to restrict the attention on the subensemble of those paths which have
not hit the boundary up to time t . The subensemble is described by the conditional
probability density function, the condition being the nonabsorption up to time t . The
conditional PDF reads

f (x, Dt | T > t)= f (x, t)

S(t)
. (3.17)

The power series representation of the PDF f (x, Dt | T > t) is given in Eq. (B.9). It
follows that

f (x, Dt | T > t)= x

2Dt
e−x2/4Dt

[
1 +O

(
t−1

)]
, (3.18)

where “O
(
t−1

)
” stands for all terms of the series (B.9) that tend to zero at least as t−1

when t → ∞. Therefore, in the long-time limit, the conditioned PDF (3.17) assumes
the asymptotic form

f (x, Dt | T > t) ∼ x

2Dt
e−x2/4Dt , t → ∞. (3.19)

Notice that this asymptotic representation is non-negative and it is normalized to one
on x ∈ [0,+∞). The distribution with the PDF (3.19) is known as the Rayleigh
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distribution. The asymptotic PDF (3.19) is independent of the initial condition
f (x). In the long-time limit there remains just one length scale associated with
the dynamics—the diffusion length

√
2Dt . All other length scales which have been

introduced by the initial condition are already forgotten.
The first and the second moment of the asymptotic PDF (3.19) read

〈X(t)〉T>t ∼ √
πDt, (3.20)

〈X2(t)〉T>t ∼ 4Dt, (3.21)

respectively. The mean position of the surviving trajectories should be compared
with the corresponding result for the unconditioned dynamics, that is, with 〈X(t)〉 =
〈X(0)〉. Provided a trajectory has avoided absorption by time t , the particle is typically
found far from the origin and its position grows as t1/2. One can say that the condi-
tioning implies an effective force which drags the particle away from the absorbing
boundary. The first-order correction to the asymptotic result (3.20) vanishes as t−1/2

and it depends on the initial condition. Using Eq. (B.9), we get

〈X(t)〉T>t = √
πDt

[
1 + 1

12

〈X3(0)〉
〈X(0)〉

1

Dt
+ O

(
t−2)

]
. (3.22)

The same holds true also for the first correction to the second moment (3.21).
The single-particle stochastic dynamics conditioned on nonabsorption has been

explored extensively in probability theory. A comprehensive bibliography survey is
available in [4]. Usually, the conditioning suggests itself in the frame of biological,
demographic, ecological and epidemiological models, where the absorbed diffusion
processmodels the populations undergoing extinction.By the conditioning on nonab-
sorption, the focus is shifted on the properties of long-surviving paths of the process.
One specific consequence of the conditioning on nonextinction is the deceleration of
the instantaneous mortality rates (mortality rate plateaus) [5]. It should be noted that,
under certain conditions, the conditioned process converges towards a time-invariant
distribution, the so called quasistationary distribution. The study of quasistationary
distributions began with the seminal work of Yaglom on subcritical Galton-Watson
processes [6], for a further discussion see e.g. [7–10] and references therein. Indepen-
dently, conditional distributions occur in conformational statistics of polymer chains
interacting with surfaces [11–14]. For instance a three-dimensional analogue of the
asymptotic PDF (3.19) describes the end-to-end distance of the polymer grafted by
one end to the reflecting wall [11].

3.2.2 Mapping on Single-Particle Diffusion in N Dimensions

Let us now return to diffusion of interacting particles. The dynamics of N interacting
particles possesses a noteworthy geometric interpretation. It resides in mapping of
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the N interacting diffusing particles onto a single “representative particle” diffusing
in N dimensions (cf. Sect. 2.1, for the situation without absorption).

At t = 0 there are N particles inside the interval (0,∞). Until the absorption of
the particle No. 1, the situation corresponds to the diffusion of a single representative
particle in the N -dimensional wedge domain3

{�xN : 0 < x1 < x2 < · · · < xN−1 < xN < ∞} (3.23)

bounded by (N − 1) reflecting hyperplanes

{�xN : 0 < x1 < · · · < xn = xn+1 < · · · < xN < ∞} , (3.24)

n = 1, . . . , (N − 1), which represent the non-crossing conditions, and by the absorb-
ing hyperplane

{�xN : x1 = 0, 0 < x2 < · · · < xN−1 < xN < ∞} , (3.25)

which accounts for the possibility of the absorption of the leftmost particle. The
diffusionwithin thiswedge is characterized by the PDF p(N )(�xN , t) and it is governed
by the N -dimensional diffusion equation

∂

∂t
p(N )(�xN , t) = D

N∑

j=1

∂2

∂x2
j

p(N )(�xN , t). (3.26)

The non-crossing boundary conditions that describe reflections of the representative
particle on (N − 1) reflecting hyperplanes read

(
∂

∂x j
− ∂

∂x j+1

)
p(N )(�xN , t)

∣∣
x j =x j+1

= 0, (3.27)

j = 1, . . . , N − 1. The conditions guarantee the zero probability currents in the
directions perpendicular to reflecting hyperplanes. The exit of the left-most particle
from the pore corresponds to “sticking” of the representative particle to the absorbing
hyperplane and it is incorporated by the absorbing boundary condition

p(N )(�xN , t)
∣∣
x1=0 = 0. (3.28)

Absorption of the leftmost particle in the original picture reduces the dimension
of the space available for diffusion of the representative particle. After the absorption
of particle No. 1, the representative particle diffuses within the (N − 1)-dimensional
wedge domain

{�xN−1 : 0 < x2 < · · · < xN−1 < xN < ∞} (3.29)

3The vector notation used: �xN−k = (xk+1, . . . , xN ), k = 0, 1, . . . , (N − 1).

http://dx.doi.org/10.1007/978-3-319-27188-0_2
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bounded by (N − 2) reflecting hyperplanes

{�xN−1 : 0 < x2 < · · · < xn = xn+1 < · · · < xN < ∞} , (3.30)

n = 2, . . . , (N − 1), and by the absorbing hyperplane

{�xN−1 : x2 = 0, 0 < x3 < · · · < xN−1 < xN < ∞} . (3.31)

The diffusion within this domain is described by the PDF p(N−1)(�xN−1, t). This
PDF varies in time due to the following three reasons: (A) diffusion of (N − 1)
interacting particles, (B) a possible absorption of the particle No. 2 if it hits the
absorbing boundary, (C) the absorption of the particle No. 1 while the remaining
particles are situated in the infinitesimal domain (�xN−1, �xN−1 + d�xN−1). We thus
arrive at the inhomogeneous generalized diffusion equation with a source term on its
right-hand side:

∂

∂t
p(N−1)(�xN−1, t) = D

N∑

j=2

∂2

∂x2j
p(N−1)(�xN−1, t) + D

∂

∂x1
p(N )(�xN , t)

∣∣∣∣
x1=0

. (3.32)

The last term on the right-hand side represents the probability current which accounts
for the above point (C).4 The hard-core interaction of (N − 1) particles is again incor-
porated through non-crossing boundary conditions on the reflecting hyperplanes:

(
∂

∂x j
− ∂

∂x j+1

)
p(N−1)(�xN−1, t)

∣∣
x j =x j+1

= 0, (3.33)

j = 2, . . . , N − 1. The absorbing boundary condition describing the possible escape
of the particle No. 2 (the reason (B)) reads

p(N−1)(�xN−1, t)
∣∣
x2=0 = 0. (3.34)

Notice that the initial condition supplementing Eq. (3.32) is simply p(N−1)

(�xN−1, 0) = 0. This follows from the assumption that, at t = 0, there are N par-
ticles inside the interval and hence the (N − 1)-dimensional wedge (3.29) is empty.

Eventually, after the absorption of (N − 2) particles, there are two last particles
left inside the interval. Then the corresponding representative particle diffuses in
the 2D wedge domain {�x2 : 0 < xN−1 < xN < ∞} bounded by just one reflecting
boundary {�x2 : 0 < xN−1 = xN < ∞} and by the absorbing half-line {�x2 : xN−1 =
0, 0 < xN < ∞}. Its motion is described by the PDF p(2)(�x2, t). After this event, the
diffusion of the representative particle is described by the PDF p(1)(xN , t). The exit
of the left particle corresponds to the sticking of the representative particle to the

4The idea behind the last term on the right-hand side of Eq. (3.32) is essentially the same as that
behind equation (3.12).
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half-line {�x2 : xN−1 = 0, 0 < xN < ∞}. The exit of the last particle simply means
the sticking of the representative particle to the origin. The probability of finding the
representative particle at the origin at t is given by the function p(0)(t). It obeys the
simple evolution equation (cf. Eq. (3.12))

d

dt
p(0)(t) = D

∂

∂xN
p(1)(xN , t)

∣∣
xN =0 , (3.35)

with the initial condition p(0)(0) = 0. Further it will be denoted by φN :N (t) since
p(0)(t) is nothing but the PDF of the time of absorption of the rightmost particle
TN :N .

Summing up the above steps, we have obtained the hierarchy of N + 1 coupled
evolution equations (3.26)–(3.35) that completely describe the dynamics of the sys-
tem. The diffusion equation (3.26) is closed. Together with Eqs. (3.27), (3.28) and
with the initial condition p(N )(�xN , 0) it constitutes a well-defined initial-boundary
value problemwith a unique solution, the PDF p(N )(�xN , t). Suppose that we know it.
Then we insert its value at (0, x2, . . . , xN ) into the source term on the right-hand side
of Eq. (3.32). The inhomogeneous equation (3.32), supplemented by boundary con-
ditions (3.33), (3.34), and by the initial condition p(N−1)(�xN−1, 0) = 0 constitutes
again a closed initial-boundary value problem. Having obtained its solution, the PDF
p(N−1)(�xN−1, t), we again evaluate it at (0, x3, . . . , xN ) and use as the source term
in the equation for the PDF p(N−2)(�xN−2, t), etc. The whole hierarchy is terminated
by Eq. (3.35).

Finally, notice that the individual evolution equations may be generalized to cover
many effects beyond SFD of hard-core interacting particles. For instance, one can
easily incorporate external forces acting on particles and/ormore general interparticle
interactions.

3.2.3 PDF of a Tagged Particle

Considering a general number of particles N , the model setting must be completed
by the specification of an initial state. Among all possible forms of initial distribu-
tions there exists one which leads to a considerable simplification of the subsequent
analytical calculations. Even more importantly, the distribution is physically quite
natural for real single-file systems. It describes the situation which emerges, e.g.,
after previous constitution of a steady state, or after previous autonomous relaxation
towards a thermodynamic equilibrium. Namely, we assume that the initial joint PDF
for the N -particle system is given by

p(N )(�xN , 0) =

⎧
⎪⎨

⎪⎩
N !

N∏

n=1

f (xn) for �xN ∈ RN ,

0 for �xN /∈ RN ,

(3.36)
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whereRN denotes the N -particle phase space defined as a space of all possible config-
urations of N hard-core interacting particles on the semi-infinite interval (0,∞), i.e.,

RN = {�xN : 0 < x1 < x2 < · · · < xN < ∞} . (3.37)

which is nothing but wedge domain (3.23). The symbol �xN ∈ RN means that the
components of the vector �xN = (x1, . . . , xN ) obey all the inequalities in (3.37). If
�xN /∈ RN , then at least one of them is violated. In general, the function f (x) in
Eq. (3.36) can be any PDF defined and normalized on the half-line x ∈ [0,∞). The
normalization of the function f (x) implies the proper normalization of the initial
condition (3.36). This can be checked by a direct integration of the expression over
the phase space RN .

At initial time t = 0, the marginal PDF for the position of the nth particle is
obtained by integrating the function (3.36) over the coordinates of all other (N − 1)
particles. If pn:N (x, 0) denotes the marginal PDF in question, then we have

pn:N (x, 0) = N !
(n − 1)!(N − n)! f (x)

[∫ x

0
dx ′ f (x ′)

]n−1 [
1 −

∫ x

0
dx ′ f (x ′)

]N−n

,

(3.38)

where (n − 1) is the number of particles located to the left of the nth particle and
(N − n)gives the number of those on the right. The last expression has beenwritten in
the formwhich suggests two (equivalent) probabilistic interpretations. First, suppose
that we have generated N points on the half-line, each of them being independently
drawn from the distributionwith the PDF f (x). Then pn:N (x, 0) is the PDF for the nth
rightmost of them, i.e., for the nth order statistic. Second, consider the system of N
identical and noninteracting particles. Let the position of each of them be described
by the PDF f (x). Then the PDF pn:N (x, 0) equals the probability that there is a
particle in (x, x + dx) and, simultaneously, there are precisely (n − 1) particles at
arbitrary coordinates to the left of it, and the remaining (N − n) particles are located
at arbitrary coordinates to the right of it, cf. Eq. (2.20).

In the following, provided we need a further specification of the PDF f (x), we
always take f (x) as defined in Eq. (3.10). This expression together with Eq. (3.36)
yields a complete specification of the initial state. The state can be prepared for
instance in the following way. Up to time t = 0 the interval is closed (reflecting
boundary at the left end of the interval at x = 0), and each particle is pushed against
the reflecting boundary by an external space-homogeneous and time-independent
force (e.g. particles under the actionof gravitational or electrostatic force).Weassume
that the N -particle system has reached the state of thermal equilibrium. At time
t = 0 instantaneously (adiabatically) the interval becomes opened, i.e., we replace
the reflecting boundary by the absorbing one, and the external field is switched off.

At arbitrary t , t > 0, the PDF for the position of the nth particle has a similar
structure as its initial PDF (3.38). It reads

http://dx.doi.org/10.1007/978-3-319-27188-0_2
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Fig. 3.1 Schematic illustration of space-time trajectories of four particles. At time t∗ the leftmost
particle hits the absorbing boundary. After this event the leftmost particle exits the interval and will
never return. Equivalently we can imagine that for all times t , t > t∗, the absorbed particle resides
in the trap located at x = 0

pn:N (x, t) = N !
(n − 1)!(N − n)! f (x, t) [F(x, t)]n−1[1 − F(x, t)]N−n , (3.39)

where the time-dependent single-particle PDF f (x, t) is given in Eq. (3.9). Regard-
less the two replacements: f (x) → f (x, t),

∫ x
0 dx ′ f (x ′) → F(x, t), the tracer PDF

(3.39) possesses exactly the same probabilistic interpretation in terms of noninter-
acting particles as its initial form (3.38). Now, the term that accounts for the number
of particles to the left of x , namely [F(x, t)]n−1, must account also for the possibility
that some of (n − 1) particles have already been absorbed by time t . This fact is
incorporated by a proper choice of the function F(x, t). It is convenient to imagine
that the absorbed particle after the instant of the absorption resides forever in the trap
located at x = 0, see Fig. 3.1. Therefore the probability F(x, t) of finding a single
noninteracting particle to the left of x is given by the sum of probabilities of two
disjoint events:

F(x, t) = [1 − S(t)] +
∫ x

0
dx ′ f (x ′, t), (3.40)

where [1 − S(t)] is the probability that the single-diffusing particle is located inside
the trap, while the second term on the right-hand side of Eq. (3.40) stands for the
probability that the particle is found in (0, x). Notice that, in [1], the PDF (3.39) has
been derived analytically by integration of the exact solution of hierarchy of diffusion
equations from Sect. 3.2.2. We shall not repeat the proof here.
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Finally notice that the following equality holds:

f (x, t) = 1

N

N∑

n=1

pn:N (x, t), (3.41)

which can be proved by the direct summation of the expressions (3.39). In particular
the above equation tells us that the density of particles for the system of N interact-
ing particles is the same as that for the system of N noninteracting particles. This
statement holds true for any collective quantity describing the interacting particles
(that is such quantity that does not change after any permutation of labels).

3.2.4 First-Passage Properties

Survival Probabilities

The presence of absorbing boundary implies that the PDF pn:N (x, t) of the nth tagged
particle is no longer normalized to one for t > 0. The spatial integral of the PDF,
i.e., the survival probability Sn:N (t) of the nth tagged particle,

Sn:N (t) =
∫ ∞

0
dx pn:N (x, t), (3.42)

can be written as the sum of powers of the single-particle survival probability S(t).
It reads5

Sn:N (t) = n

(
N

n

)
[S(t)]N−n+1

n−1∑

k=0

(−1)k

N − n + k + 1

(
n − 1

k

)
[S(t)]k , (3.43)

To gain a better insight into the escape process in question, let us first examine
the difference between the survival probabilities of the adjacent particles:

S(n+1):N (t) − Sn:N (t) =
(

N

n

)
[S(t)]N−n [1 − S(t)]n . (3.44)

The difference is simply the probability that the particle No. n has already exited the
interval and, simultaneously, the particle No. (n + 1) is still diffusing inside the inter-
val. At the same time, the right-hand side by itself possesses a similar interpretation

5Main steps of the underlying calculation are following. We define the auxiliary function B(x, t),
F(x, t) = 1 − B(x, t). Then we expand the term [F(x, t)]n−1 in the tracer PDF (3.39) according to
the binomial theorem into the sum of powers of B. Properties of the auxiliary function B ( f (x, t) =
−∂B/∂x , B(0, t) = S(t), B(∞, t) = 0) allows for a direct integration of each term of the emerging
sum which yields Eq. (3.43).
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in terms of noninteracting particles. It equals the probability that exactly n of the
initial number N of noninteracting particles have already exited the interval by time t .
Thus the mass transport out of the pore is not affected by the hard-core interaction.
In particular, in the statistical sense, it will take the same time until all N particles
escape from the pore regardless they interact or not (previously this fact has been
observed in Monte Carlo simulations in [15]).

Several other observations are worth emphasizing. For instance, it follows from
Eq. (3.44) that functions Sn:N (t) are ordered as

0 ≤ S1:N (t) ≤ S2:N (t) ≤ · · · ≤ SN :N (t) ≤ 1, (3.45)

where the equalities hold at t = 0, when all N particles are initially inside the pore
(hence Sn:N (0) = 1 for all n), and in the limit t → ∞ (Sn:N (∞) = 0 for all n, c.f.
Eq. (3.48) below). Each hard-core particle acts on the adjacent ones as a stochasti-
cally moving reflecting boundary. Effectively, the collisions between the particles
induce entropic repulsive forces. For example, the exit of the rightmost particle is
hindered by the remaining (N − 1) particles which greatly increases its survival
probability SN :N (t). On the other hand, the leftmost particle is pushed by the remain-
ing ones towards the absorbing boundary which significantly reduces its lifetime
inside the interval. Thus the survival probability S1:N (t) rapidly decreases towards
zero. However, as a direct consequence of Eq. (3.41) we obtain

S(t) = 1

N

N∑

n=1

Sn:N (t) (3.46)

which relates the arithmetic mean of tagged particles’ survival probabilities to the
survival probability of the single-diffusing particle. Hence SN :N (t) cannot exceed
N S(t).

Above considerations manifest themselves most pronouncedly if we consider the
time-asymptotic behavior of the survival probabilities. The main asymptotic term of
the sum in Eq. (3.43) is given by the summand containing the lowest power of S(t).
It reads

Sn:N (t) = n

(N − n + 1)

(
N

n

)
[S(t)]N−n+1 + O

(
[S(t)]N−n+2) . (3.47)

Using the asymptotic behavior (3.13), we obtain

Sn:N (t) ∼ n

(N − n + 1)

(
N

n

)[ 〈X(0)〉√
πD

]N−n+1

t− (N−n+1)/2, t → ∞. (3.48)

Thus each survival probability tends to zero, i.e., each particle will certainly exit
the interval. The decay exponent is determined by the difference (N − n) which
is nothing but the number of particles located to the right of the nth one. That is,
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regardless the actual value of N the survival probability of the rightmost particle
decays to zero as t−1/2, that of the second rightmost as t−1 etc. This can be understood
on physical grounds. The survival probability of the rightmost particle decays exactly
with the same dynamical exponent as S(t) (cf. Eq. (3.13)). Indeed, after a “long
enough” time it is highly probable that all other particles have already escaped from
the interval and thus the rightmost particle behaves as a freely-diffusing one. The total
number of particles N just quantifies the exact meaning of “long enough” leaving
the dynamical exponent intact. Similarly for the nth particle: in the long-time limit,
it is highly probable that all (n − 1) particles, which were initially to the left of the
nth one, have already been absorbed. Thus, regardless the actual value of N , the nth
particle behaves as if it was the leftmost one in the system of (N − n) particles.

For a finite N , the exponent of the power-law decay t−(N−n+1)/2 quantifies the
effect of entropic repulsion among the particles. Further insight can be given after
taking the large-N limit in the above expressions. Let us now consider the large-N
behavior of the survival probabilities for the rightmost and for the leftmost particle,
respectively.

To obtain the asymptotic survival probability for the rightmost particle we define
the standardizing constant

aN = (N L)2

πD
. (3.49)

After the standardization, the cumulative distribution function for the time of absorp-
tion of the rightmost particle converges to the Fréchet distribution with the parameter
α = 1/2 (cf. Appendix A):

lim
N→∞Prob

{
TN :N
aN

< t

}
= exp

(
− 1√

t

)
. (3.50)

Hence for the survival probability we obtain

SN :N (t) ∼ 1 − exp

(
− L N√

πDt

)
, N � 1. (3.51)

As a consequence of the entropic repulsion, the survival probability of the rightmost
particle is almost unity on the time-scales shorter than (N L)2.

Defining now

ãN = πL2

4DN 2
, (3.52)

the following limit

lim
N→∞Prob

{
T1:N
ãN

< t

}
= 1 − exp

(
−√

t
)
. (3.53)
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implies the large-N asymptotic representation of the survival probability of the left-
most particle:

S1:N (t) ∼ exp

(
− N

L

√
4Dt

π

)
, N � 1. (3.54)

The above equation depends on the combination N/L . In fact we can set N = Lρ,
then the above result indicates that in the thermodynamic limit we can expect the
exponential decay of survival probabilities of individual particles (instead of the
power-law decay in the present finite-N case). This is indeed the case as we will
demonstrate in Sect. 3.3.3 (see Eq. (3.86) for n = 1).

PDFs of Absorption Times

Due to the relative simplicity of the hard-core interaction, all quantities concerning
the dynamics of interacting particles possess an interpretation in term of noninter-
acting ones. What is the interpretation of the survival probability Sn:N (t)? Instead
of providing a rather lengthy explanation of the right-hand side of Eq. (3.43) it is
easier to interpret the corresponding PDF φn:N (t) for the absorption time. The PDF
is related to the survival probability as follows

φn:N (t) = − d

dt
Sn:N (t), Sn:N (t) = 1 −

∫ t

0
dt ′ φn:N (t ′). (3.55)

From Eq. (3.43), we obtain

φn:N (t) = N !
(n − 1)!(N − n)!φ(t) [1 − S(t)]n−1 [S(t)]N−n , (3.56)

where φ(t) is the PDF for the absorption time of a single noninteracting particle, cf.
Eq. (3.14). As we have already mentioned, the overall mass transport properties are
not influences by the hard-core interaction. Therefore the absorption time of the nth
tracer is statistically equivalent to the time of the nth absorption event which occurs
in the system of noninteracting particles. The PDF for the latter event appears on the
right-hand side of Eq. (3.56) [16, 17]. Actually, several studies which deal with the
order statistics of absorption times for noninteracting particles exist, see [16–26]. In
particular, the present result (3.56) clearly demonstrates that any one-dimensional
result concerning order statistics of first-passage times of noninteracting particles
to a single absorbing boundary can be interpreted as the first-passage problem for
the interacting particles. The generalization of this relationship to the case of two
absorbing boundaries is established in the next chapter, see Eq. (4.32).

Let us now examine the existence of the moments of the PDF φn:N (t). It follows
directly from Eq. (3.56) that the long-time tail of the PDF φn:N (t) is given by

http://dx.doi.org/10.1007/978-3-319-27188-0_4
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φn:N (t) ∼ n

2

(
N

n

)[ 〈X(0)〉√
πD

]N−n+1

t− N−n+1
2 −1, t → ∞. (3.57)

Consequently, the mean absorption time of the nth particle,

〈Tn:N 〉 =
∫ ∞

0
dt tφn:N (t), (3.58)

is infinite when (N − n) ≤ 2 (i.e., for the rightmost and for the second rightmost
particle). When (N − n) > 2, the integral (3.58) becomes finite regardless the actual
value of N . Similarly, the second moment of the absorption time 〈T2

n:N 〉 exists only
when (N − n) > 3 holds (i.e., for all particles except for the three rightmost ones).
Notice that a similar conclusion for the mean first-passage time of the first of N
noninteracting particles has been proved in [18]. In the present interacting picture,
thismeanfirst-passage time corresponds to themeanfirst-passage timeof the leftmost
particle (which is finite when N > 3).

The above analysis brings us to an interesting comparison between the escape
process confined by the static and by the fluctuating reflecting boundaries, respec-
tively. Considering the semi-infinite interval with the absorbing boundary at the
origin, the survival probability S(t) of the single-diffusing particle decays to zero as
the power law (3.13) and the mean exit time is infinite. If we add the static reflecting
boundary on the right of the single-diffusing particle, the diffusionwill be confined to
an interval of a finite length. Then the survival probability decays exponentially and,
consequently, the mean exit time becomes finite [3]. Consider now our SFD model
with N = 2. Then, as for the left particle, the right one plays the role of a moving
reflection boundary. That is, the left particle diffuses within a finite interval of a fluc-
tuating length. Contrary to the case of the static boundary, the survival probability
of the left particle decays as 1/t , and its mean exit time is infinite. It is interesting
that the case N = 3 brings us to still another behavior of the leftmost particle. For
this particle, the central particle again represents a moving boundary. This boundary
itself diffuses and, moreover, it feels another moving boundary to the right of it. As
a result of such right-hand confinement the escape process of the leftmost particle is
accelerated, its mean exit time is finite, but the variance of the exit time still diverges.
For a general N , the exit time of any nth tagged particle with (N − n) ≥ 4 possesses
both a finite mean value and a finite variance.

Let us now return to the mapping which has been developed in Sect. 3.2.2 where
we have discussed the analogy between the SFD problem and the diffusion of a single
representative particle in the N -dimensional space. Initially, the representative par-
ticle departs from a general interior point in the N -dimensional wedge domain. The
exit of the leftmost particle has been translated to the adsorption of the representative
particle onto the (N − 1)-dimensional absorption hyperplane. Then the representa-
tive particle continues to diffuse within this hyperplane until its motion is further
restricted onto the (N − 2)-dimensional absorption hyperplane, and so on. The func-
tion Sn:N (t) equals the probability that, at time t , the motion of the representative
particle has not been restricted onto the (N − n + 1)-dimensional hyperplane, yet.
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That is, it still moves in some k-dimensional wedge, where k ≥ (N − n). Similarly,
the difference

[
S(n+1):N (t) − Sn:N (t)

]
as given inEq. (3.44) yields the probability that,

at time t , the representative particle dwells in the interior of the (N − n)-dimensional
wedge domain. On the whole, as a byproduct, we have solved a nontrivial problem
concerning the geometrically restricted N -dimensional diffusion.

3.2.5 Tracer Dynamics with Absorption

Let us now discuss the dynamics of individual particles with the focus on the long-
time asymptotic properties.We start with the long-time asymptotic behavior of tracer
PDFs (3.39). The right-most particle is special. In the long-time limit it behaves in
a similar way as the single-diffusing particle. In particular, for n = N , the binomial
theorem yields

pN :N (x, t) = N f (x, t)

[
1 + (N −1)S(t)

(∫ x

0
dx ′ f (x ′, t)

S(t)
− 1

)
+ O

(
t−1

)]
,

(3.59)
where the remaining (N − 2) terms of the binomial expansion vanish at least as
[S(t)]2. The integral in (3.59) has been estimated in Eq. (B.10). On the whole, we
obtain

pN :N (x, t) = N f (x, t) − N (N −1)
〈X(0)〉2
2π(Dt)2

x e−x2/2Dt + O
(
t−5/2

)
. (3.60)

The above expression is written in a way which shows the main asymptotic behavior,

pN :N (x, t)∼ N f (x, t), t → ∞, (3.61)

and the first correctionwhich is given by the second term in Eq. (3.60). The correction
describes the relaxation towards the main asymptotics and it is negative.

We proceed to the long-time behavior of the nth particlewith n = 1, . . . , (N − 1).
We start again with Eq. (3.39) and rearrange it into the form

pn:N (x, t) = n

(
N

n

)
[S(t)]N−n f (x, t)

×
[
1 − S(t) +

∫ x

0
dx ′ f (x ′, t)

]n−1 [
1 −

∫ x

0
dx ′ f (x ′, t)

S(t)

]N−n

.

(3.62)

Then thefirst bracket is again expanded according to the binomial theorem, the second
bracket is treated using Eq. (B.10). Using further Eq. (3.18), the main asymptotics
assumes the form
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pn:N (x, t) ∼ n

(
N

n

)
[S(t)]N−n+1 x

2Dt
e− (N−n+1)x2

/
4Dt , t → ∞. (3.63)

If we introduce the renormalized diffusion coefficient,

Dn = D

N − n + 1
, (3.64)

an important conclusion emerges.On the right-hand side ofEq. (3.63), one recognizes
the asymptotic single-particle PDF (3.19) conditioned on nonabsorption:

pn:N (x, t)∼ n

(N − n + 1)

(
N

n

)
[S(t)]N−n+1 f (x, Dnt | T > t), t → ∞.

(3.65)
Theonlydifference is that here time t ismultipliedby the renormalizeddiffusion coef-
ficient Dn instead of the “bare” single-particle diffusion coefficient D in Eq. (3.19).
The initial order of the particle n controls in a decisive way the main asymptotics.
The smaller the order n, the faster is the decay of the PDF (3.65) (for a given x).
Consequently the sum in Eq. (3.41) is dominated by the PDF pN :N (x, t), which is
just a different way how to comprehend the asymptotic relation (3.61).

Our next goal is the analysis of the mean positions of individual particles. For the
rightmost particle, the calculation is based on Eq. (3.60). We obtain

〈XN :N (t)〉 = N 〈X(t)〉 − N (N −1)
〈X(0)〉2√
8πDt

+ O
(
t−1

)
. (3.66)

The main asymptotic behavior is covered by the first term on the right hand side,
that is, apart from the multiplication by N , the main asymptotics coincides with that
for the single particle where we have 〈X(t)〉 = 〈X(0)〉. The second term describes
leading corrections.

The evaluation of asymptoticmean positions for all other particles is accomplished
by integration of densities (3.65). This yields the main asymptotic behavior

〈Xn:N (t)〉 ∼ Bn t−(N−n)/2, n = 1, . . . , N , (3.67)

with the prefactor

Bn = n

(N − n + 1)3/2

(
N

n

) 〈X(0)〉N−n+1

(πD)(N−n)/2
. (3.68)

Thus the initial condition and the total number of particles enters the asymptotics
only through the prefactor. Notice that the asymptotics for the nth particle for n < N ,
differs from that for the rightmost particle (and therefore also from that for the single
particle), its mean position asymptotically approaches zero.
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In a similar way, we readily obtain the second moments. The results are

〈X2
N :N (t)〉 ∼ N 〈X2(t)〉 − CN−1 , (3.69)

〈X2
n:N (t)〉 ∼ Cn t−(N−n−1)/2, n = 1, . . . , N − 1, (3.70)

with the prefactors

Cn = 4Dn

(N − n + 1)2

(
N

n

)[ 〈X(0)〉√
πD

]N−n+1

. (3.71)

For the rightmost particle, themain asymptotics is proportional to the secondmoment
of the position of the noninteracting particle 〈X2(t)〉. Interestingly, for the second
rightmost particle, the second moment converges to the constant CN−1 whereas, for
n < (N − 1), the second moment decreases towards zero as the power law.

After multiplying Eq. (3.41) by xk and integrating, we get the relationship

〈Xk(t)〉 = 1

N

N∑

n=1

〈Xk
n:N (t)〉, k = 0, 1, 2, . . . (3.72)

valid for any time. In the asymptotic domain, the main asymptotic of the left-hand
side coincides with the n = N term on the right-hand side. Differently speaking, the
main asymptotics of the remaining terms in the sum is subdominant with respect to
the main asymptotics of the n = N term.

3.2.6 Tracer Dynamics Conditioned on Nonabsorption

Being interested in the long-time dynamics of individual surviving particles, we
introduce conditional PDFs

pn:N (x, t | Tn:N > t) = pn:N (x, t)

Sn:N (t)
. (3.73)

In the long-time limit, the numerator is given in Eq. (3.65) and the denominator
in Eq. (3.47). Thus in the long-time limit the fraction greatly simplifies. Dividing
the asymptotic representation (3.65) by the leading term in Eq. (3.47) gives us the
asymptotic relation

pn:N (x, t | Tn:N > t) ∼ f (x, Dn t | T > t), t → ∞, (3.74)

which on its right-hand side contains the Rayleigh distribution with the renormalized
diffusion coefficient:
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pn:N (x, t | Tn:N > t) ∼ x

2Dnt
e−x2/4Dnt , t → ∞. (3.75)

This result is remarkable for its simplicity. The asymptotic conditioned dynamics
of the nth tracer is the same as the dynamics of a single-diffusing particle with the
diffusion coefficients Dn = D/(N − n + 1). In other words, the only implication of
the hard-core interaction is the renormalization of the diffusion coefficient. The left-
most particle diffuses with the smallest effective diffusion coefficients D1 = D/N .
On the other hand the right-most particle has the same effective diffusion coefficient
as a single-diffusing particle, DN = D.

The above asymptotic relation means that also the moments of the conditioned
dynamics are (except of the value of the diffusion coefficient) simply the moments
of the single-diffusing particle. More precisely, using Eq. (3.75), we get

〈Xn:N (t)〉Tn:N>t ∼ √
πDnt, (3.76)

〈X2
n:N (t)〉Tn:N>t ∼ 4Dnt. (3.77)

Comparing the conditioned dynamics in the system with and without interaction,
the interaction does not imply new n-dependent dynamical exponents which was the
case in the unconditioned dynamics, cf. Eqs. (3.67), (3.69), and (3.70).

Finally, notice that in the present conditioned description there exists no simple
relationship similar to Eq. (3.72). The N -average of conditioned kth moments is no
more equal to the kth conditioned moment for the single-particle diffusion, i.e.,

〈Xk(t)〉T>t �= 1

N

N∑

n=1

〈Xk
n:N (t)〉Tn:N>t . (3.78)

The equivalence of collective properties of the system of interacting particles and of
the system of noninteracting ones no longer holds when the conditioned dynamics
in both cases is assumed.

3.3 Thermodynamic Limit

We now wish to focus on the dynamics of the tracer in a system of infinite number of
particles.We assume that initially (for t < 0) the particles are distributed randomly on
the half-line with a constant (mean) density ρ. At the initial instant t = 0 we activate
the absorbing boundary at the origin. Then, for t > 0, the SFD system evolves in
time and we are again interested in the first-passage properties and in the dynamics
of the nth tagged particle.
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3.3.1 Evolution of Density Profile

The mean density of particles ρ(x, t) as the function of x and t (the density profile at
t) satisfies the diffusion equation (3.5) subject to the absorbing boundary condition
ρ(0, t) = 0, and to the initial condition: ρ(x, 0) = ρ for x ≥ 0. We can derive the
solution of this initial-boundary value problem by the integration of the product of the
Green function (3.8) and the step initial condition over all values of y. The resulting
density profile reads

ρ(x, t) = ρ erf

(
x√
4Dt

)
, x, t ≥ 0. (3.79)

Spatial derivative of ρ(x, t), D∂ρ/∂x , evaluated at x = 0 gives us the mean particle
current at x = 0. The integral of this current over the time interval (0, t) yields the
mean number of particles that have left the interval (0,∞) by time t . Explicitly, the
mean number of absorbed particles is given by

〈Nabs(t)〉 = ρ

√
4Dt

π
. (3.80)

In the following analysis, the mean number of absorbed particles 〈Nabs(t)〉 and
the mean number of particles located in (0, x), i.e.

∫ x
0 dx ′ρ(x ′, t), will play a similar

role as probabilities [1 − S(t)], ∫ x
0 dx ′ f (x ′, t) play in the finite-N case. Namely,

the both quantities 〈Nabs(t)〉,
∫ x
0 dx ′ρ(x ′, t), will be employed in order-statistics-like

arguments leading to the PDF of the nth tagged particle.

3.3.2 PDF of a Tagged Particle

Similarly to the previous finite-N case, the analysis is based on the exact PDF for the
position of the nth particle. The analytical expression which, in the present context,
replaces the formula (3.39) reads

pn(x, t) = ∂μ(x, t)

∂x

[μ(x, t)]n−1

(n − 1)! e−μ(x,t), (3.81)

where

μ(x, t) = ρ

[√
4Dt

π
+
∫ x

0
dy erf

(
y√
4Dt

)]
. (3.82)

Notice a straightforward probabilistic interpretation of these formulas. The first
term on the right-hand side of Eq. (3.82), ρ

√
4Dt/π, is simply the mean num-

ber of absorbed particles 〈Nabs(t)〉 as given in Eq. (3.80). The second term on the
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right-hand side represents the mean number of particles which are, at time t , located
in the space interval (0, x). Hence, at time t , μ(x, t) stands for the mean number of
particles located to the left of the coordinate x , including those which were absorbed.
In Eq. (3.81) one recognizes the probability (∂μ/∂x) dx of finding a noninteracting
particle in the interval (x, x + dx)multiplied by the probability that there are (n − 1)
particles to the left of x (including those already absorbed by the boundary).

The formal derivation of Eq. (3.81) from Eq. (3.39) proceeds as follows. At the
initial time we assume that N particles are homogeneously distributed within a finite
spatial interval (0, L). For a large L , the probability of finding a single particle to
the right of x behaves as

∫ ∞

x
dx ′

∫ L

0

dy

L
f (x ′, t |y, 0) ∼ 1 − 1

L

μ(x, t)

ρ
, L → ∞, (3.83)

where ρ = N/L . We insert this estimation into Eq. (3.39). The final result (3.81) fol-
lows after performing the thermodynamic limit: L → ∞, N → ∞, and ρ is fixed.
Notably, the passage from Eq. (3.39) to (3.81) is similar in spirit to the well known
passage from the binomial to the Poisson distribution (the law of rare events [27]).
Actually, this analogy is more than just a formal curiosity. After the discussion of
PDFs for times of absorption it will become clear that (at given t) the tracer PDF
(3.81) is nothing but the PDF for the position of the nth point of the spatial inho-
mogeneous Poisson process with the x-dependent rate ρ(x, t) and with a stochastic
“initial condition” at x = 0.

3.3.3 First-Passage Properties

Survival Probabilities

In the thermodynamic limit, the survival probability of the nth tagged particle is
obtained by the spatial integration of the PDF (3.81). The per partes evaluation of the
integral in question yields the recursion relation for the survival probability Sn(t):

Sn+1(t) = Sn(t) + e−μ(0,t) [μ(0, t)]n

n! , (3.84)

with the boundary term given by S1(t) = e−μ(0,t). Hence, the survival probability of
the nth particle reads

Sn(t) = e−μ(0,t)
n−1∑

k=0

[μ(0, t)]k

k! . (3.85)
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The long-time asymptotic behavior of Sn(t) is controlled by the term with the
highest power of μ(0, t):

Sn(t) ∼
(
ρ
√

4Dt
π

)n−1

(n − 1)! e−ρ
√
4Dt/π, t → ∞. (3.86)

Thus, for any n, the survival probability decays with time as a stretched exponen-
tial, in contrast to its power-law decay (3.48) in the finite-N case. The particle label
modifies the asymptotic behavior just through the polynomial prefactor. For n = 1
the stretched exponential has already been anticipated in the large-N behavior (3.54)
of S1:N (t).

PDFs of Absorption Times

The stochastic processNabs(t) of absorption of noninteracting particles is the Poisson
process with the mean number of points in (0, t) given by Eq. (3.80). The mean
number of points grows with time as t1/2, whereas the rate of the Poisson process,
i.e. the time derivative of its mean, decreases as t−1/2. The same holds true also
for interacting particles, since the overall mass transport out of the interval is not
affected by the hard-core interaction. Thus the PDF for the time of absorption of the
nth particle φn(t), φn(t) = −dSn/dt , equals the PDF for the time of occurrence of
the nth Poisson point:

φn(t) =
[
d〈Nabs(t)〉

dt

]
[〈Nabs(t)〉]n−1

(n − 1)! e−〈Nabs(t)〉. (3.87)

This fact can also be verified directly by taking the time derivative of Eq. (3.85).
In contrast to the finite-N case, now, all moments of the above distribution,

〈Tk
n〉 =

∫ ∞

0
dt t kφn(t), (3.88)

are finite and can be given in a closed form. For any k, we have

〈Tk
n〉 = (2k + n − 1)!

(n − 1)!
(

π

4Dρ2

)k

. (3.89)

The moments decrease with increasing the initial density of particles, and, they
increase with the particle order n. The mean time to absorption of the nth particle
grows with n as n2:

〈Tn〉 = (n + 1)n

(
π

4Dρ2

)
. (3.90)
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The variance of the time to absorption of the nth particle is proportional to n3:

〈[Tn − 〈Tn〉]2〉 = 2(2n + 3)(n + 1)n

(
π

4Dρ2

)2

. (3.91)

Hence, the relative deviation from the mean decreases as n−1/2 for large n.
The Poisson process is omnipresent in the current semi-infinite system with the

density profile ρ(x, t). Let us stop the time at the instant t and let us look at the
statistical properties of the spatial point process that describes the distribution of
particles along the half-line x ∈ [0,∞). It is convenient to picture the absorbing
boundary as the trap located at the point x = 0. The overall number of particles
located inside the trap at time t , Nabs(t), is a random number drawn from the Poisson
distribution described above. This number represents the initial condition for the
spatial point process on the half-line x ∈ (0,∞). Conditioned on the initial state, the
number of points located in (0, x) is given by the Poisson distribution with mean
value

∫ x
0 dx ′ ρ(x ′, t). Correspondingly, the tracer PDF (3.81) is nothing but the PDF

for the nth point of the spatial inhomogeneous Poisson process characterized by the
rate ρ(x, t) and with the initial condition drawn from the Poisson distribution with
the mean 〈Nabs(t)〉. In symbols, we have

pn(x, t) = ρ(x, t)
n−1∑

k=0

[∫ x
0 dx ′ρ(x ′, t)

]n−1−k

(n − 1 − k)! e− ∫ x
0 dx ′ ρ(x ′,t) [〈Nabs(t)〉]k

k! e−〈Nabs(t)〉.

(3.92)

3.3.4 Tracer Dynamics with Absorption

We are again primarily interested in the long-time dynamics of the tracer. After
employing an expansion of the integral of the error function in (3.82), the main
asymptotics of the PDF (3.81) reads

pn(x, t) ∼
(
ρ
√

4Dt
π

)n−1

(n − 1)! e−ρ
√
4Dt/π

[
ρ x√
πDt

e− ρx2
/√

4πDt

]
, t → ∞. (3.93)

The squared bracket encloses the Rayleigh distribution, and it is multiplied by the
main asymptotic term of the survival probability Sn(t), cf. Eq. (3.86). That is, in the
long-time limit we have

pn(x, t) ∼ Sn(t)

[
ρ x√
πDt

e− ρx2
/√

4πDt

]
, t → ∞. (3.94)
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As for the first two moments of the tracer position we get the asymptotic formulas

〈Xn(t)〉 ∼
(
ρ
√

4Dt
π

)n−1

(n − 1)!

√√
π3Dt

2ρ
e−ρ

√
4Dt/π, (3.95)

〈X2
n(t)〉 ∼

(
ρ
√

4Dt
π

)n−1

(n − 1)!

√
4πDt

ρ2
e−ρ

√
4Dt/π. (3.96)

Contrary to the finite-N case (see Eqs. (3.66), (3.67), (3.69), and (3.70)), themoments
vanish for any n. The decrease is controlled by the stretched exponential which is
multiplied by the n-dependent power of time.

3.3.5 Tracer Dynamics Conditioned on Nonabsorption

Let us now focus on the dynamics of the tracer which has survived by time t . Its PDF
is given by

pn(x, t |Tn > t) = pn(x, t)

Sn(t)
. (3.97)

The long-time behavior of the above fraction follows from the asymptotic represen-
tation of the PDF pn(x, t) given in Eq. (3.94). Hence again we obtain the Rayleigh
distribution:

pn(x, t |Tn > t) ∼ x

2D1/2
√

t
e− x2

/
4D1/2

√
t , t → ∞, (3.98)

where we have introduced the fractional-order diffusion coefficient

D1/2 =
√

πD

4ρ2
. (3.99)

The asymptotic form (3.98) should be contrasted against the single-particle PDF
(3.19), and the tracer PDF (3.74) for the finite-N case. As compared to the two
scenarios, in the present thermodynamic system the conditioned dynamics of the
tracer is slowed down. The first two moments of the PDF (3.98) are

〈Xn(t)〉Tn>t ∼
√

πD1/2

√
t, (3.100)

〈X2
n(t)〉Tn>t ∼ 4D1/2

√
t . (3.101)
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Thus the average position of the tracer increases as t1/4 in contrast to t1/2-law as
observed for a finite N (cf. Eq. (3.76)). The second moment grows as t1/2 and hence
the tracer dynamics is subdiffusive.

Interestingly enough, the diffusivity D1/2 is different as compared to the diffusivity
(2.34) obtained in a homogeneous system without the absorbing boundary. As it was
pointed out in [28, 29], the diffusivity is sensitive to the way the system is prepared.
In [28] it has been demonstrated that D1/2 depends on initial conditions. In fact our
result (3.99) indicates that the diffusivity also depends on boundary conditions used.

3.4 Summarizing Remarks

Let us nowbriefly interlink different aspects of the dynamics of the nth tagged particle
which were derived in the present chapter.

In the finite-N case the following overall picture emerges. Due to the hard-core
repulsion, the particle which possesses a right-hand neighbor feels the (moving)
reflecting barrier on the right. In the long-time limit, the barrier significantly restricts
its motion, it reflects the right-moving paths and hence increases the number of left-
moving paths. This left-pushing tendency is illustrated by the asymptotic formulas
(3.67), (3.69), (3.70) describing the dynamics of the position and by Eq. (3.48) for
the survival probability of the tagged particle. The mean position, the mean squared
displacement and the survival probability of the tracer decay algebraically in time
with the dynamical exponents which depend on the number of particles located to the
right of it. The exponents quantify the effect of the interparticle repulsion. Of course,
the rightmost particle has no right-hand neighbor and hence it behaves differently as
compared to all other particles. In the transient regime, its left-hand neighbors still
exist and the first particle is pushed to the right. In the long-time asymptotic regime,
all other particles have already disappeared and the first one simply undergoes the
free diffusion. The conditioning on nonabsorption removes a part of the left-moving
trajectories from the unconditioned ensemble. Hence it imposes, effectively, the
right-oriented drift. Surprisingly enough, the conditioning significantly reduces the
effect of the hard-core interaction. The cooperative impact of the both tendencies is
articulated by asymptotic formulas (3.76), (3.77). The conditioned mean position of
the tracer grows as t1/2 regardless its order. The interparticle repulsionmanifests itself
only through the order-dependent tracer diffusion coefficient Dn = D/(N − n + 1).
Thus, loosely speaking, the closer the relative particle position to the boundary the
less mobile should that particle be in order to survive for a long time.

The above reasoning holds for the system which initially contains a finite number
of particles. In the thermodynamic limit, i.e., assuming initially an infinite number
of particles randomly distributed along a half-line with a constant mean density ρ,
the long-time dynamics of a tracer is rather different. The new features are based on
a simple observation that, for any tracer, there is infinite number of particles to the
right of it. This implies the n-independent exponential damping of the unconditioned
moments (3.95), (3.96) and of the survival probability (3.86). In all asymptotic laws,

http://dx.doi.org/10.1007/978-3-319-27188-0_2
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the initial order of the tracer appears only in the algebraic pre-exponential factor. The
conditioned dynamics of the tracer is subdiffusive and independent of n (see Eqs.
(3.98), (3.100), and (3.101)). Also in the present infinite-N case, the conditioning on
nonabsorption removes a part of the left-moving trajectories from the unconditioned
ensemble. However, the emerging right-oriented drift scales with time as t1/4 (cf.
Eq. (3.95)) in contrast to its t1/2 scaling for the finite-N case (see Eq. (3.76) and also
Eq. (3.20) for the single-diffusing particle). Notice that the behavior of conditioned
second moments in the two settings is in parallel to what has been observed in the
SFD without the absorbing boundary. Namely, for a finite N , Aslangul has shown
(see Sect. 2.3) that, in the long-time limit, the tracer diffusion is normal with the
effective diffusion coefficient dependent both on N and on n. On the other hand,
for an infinite N , one observes an anomalous diffusion and no n-dependence of the
diffusivity. Thepresent chapter detects the same features in theSFDwith an absorbing
boundary. However, there are important differences. First, in the present setting the
renormalized diffusion coefficients are given by the simple closed expression and
they decay as 1/N for any fixed n and N large. Second, the generalized diffusion
coefficient D1/2 derived for the semi-infinite system differs from that for the SFD on
an infinite line which exemplifies the long-lasting memory effects presented in the
model.

Open questions. Among many possibilities, there exists one interesting general-
ization of the present setting. Namely, assume that only the nth tracer is absorbed by
the boundary at the origin, whereas all other particles diffuse freely on the whole real
line. This problem can be readily reformulated as the order-statistics-like problem for
noninteracting particles. However, despite its simple formulation, the problem still
lacks an exact solution. It has been studied by approximative and numerical methods
in [26, 30]. For the finite-N case discussed in [26] the survival probability of the
nth tracer decays algebraically in the long-time limit, Sn:N (t) ∼ t−βn:N , the decay
exponents being different from those obtained in Eq. (3.48). The infinite-N case, i.e.,
the system in the thermodynamic limit, has been discussed in [30] in connection to
a first-passage time density of the fractional Brownian motion.
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Chapter 4
First-Passage Properties of a Tracer
in a Finite Interval

4.1 Definition of the Model

In the present chapter the diffusion of hard-core interacting Brownian particles in a
finite one-dimensional interval will be discussed.We consider two types of boundary
conditions and two types of initial conditions. The left boundary of the interval is
always absorbing, the right boundary is either absorbing (Sect. 4.2) or reflecting
(Sect. 4.3). The chapter is primarily based on [1].

Firstly, we assume that initially (at t = 0) N particles are distributed randomly in
the interval (0, L). During the time evolution (t > 0), each particle diffuses with the
same diffusion constant D. The particles cannot enter the interval from the outside
and they are allowed to leave it only through the absorbing boundary. Again, at initial
time t = 0, we label the particles according to ordering of their positions from the
left to the right (cf. Fig. 4.1). Hence initially we have

0 < X1:N (0) < X2:N (0) < · · · < XN :N (0) < L , (4.1)

The hard-core interaction guarantees that the initial ordering of particles is conserved
over time.When the right boundary is reflecting then, similarly as in the semi-infinite
case studied in Chap.3, the particle No. 1 is the first one that might be absorbed. It is
only after this event that the particle No. 2 can approach the origin and be absorbed.
Hence when the right boundary is reflecting, the (random) times of absorption are
ordered as

0 < T1:N < T2:N < · · · < TN :N < ∞, (4.2)

as it is the case in the semi-infinite setting, cf. Eq. (3.2). When the right boundary is
absorbing the above ordering breaks down. In this case it is intuitively expected that
an exceptionally long absorption time is exhibited by the central tracer (n ≈ N/2),
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Fig. 4.1 Schematic illustration of the finite interval containing N particles. The left boundary is
absorbing. The right boundary is either absorbing (Sect. 4.2) or reflecting (Sect. 4.3)

whereas the leftmost and the rightmost particles will be absorbed among the
first ones.

The second initial condition discussed in the present chapter is the following. We
consider the interval (0, L) initially occupied by a random number of particles but
with the constant mean density ρ. The diffusion of the tracer in the interval with such
an initial condition can be modeled as follows. We imagine that for t < 0 the interval
(0, L) belongs to the whole real line on which the particles are distributed randomly
with the uniform mean density ρ. Subsequently, at t = 0, perfectly absorbing traps
are activated at x = 0 and x = L . At the instant of the activation, the interval (0, L)
contains N particles, N being a random number with the mean value equal to ρL .
The probability that the initial number of particles equals N is given by the Poisson
distribution:

P(N ) = (ρL)N

N ! e−ρL . (4.3)

After the activation of the traps, i.e., for t > 0, the particles diffuse within the finite
interval (0, L)which is decoupled from the line by the absorbing boundaries at x = 0
and x = L . Also in this case if a particle hits an absorbing boundary, it leaves the
interval and will never return. This initial condition is physically appealing for the
SFD on the interval of a random length (Sect. 4.2.3). An analogous picture emerges
when the right boundary is reflecting.

The important part of Chap. 3 has been devoted to the thermodynamic limit in the
semi-infinite system (N → ∞, L → ∞, and ρ = N/L is fixed). Presently the ther-
modynamic limit is trivial. When the limit is performed while n is kept constant, i.e.,
n � N , the nth tracer looses an information about the right boundary and its dynam-
ics becomes equivalent to that of the tracer diffusing in the semi-infinite interval with
the constant initial density of particles, cf. Sect. 3.3. When the thermodynamic limit
is performed e.g. for the central tracer, i.e., when n ∝ N , the tracer looses an infor-
mation about both boundaries and we recover the classical SFD on an infinite line
discussed in the introductory Sect. 2.2. However, what will be studied in the present
chapter is the behavior of first-passage properties for the system approaching the
thermodynamic limit, i.e., we will find how the time of absorption of an individual
tracer depends on N and L when N and L are large but still finite.

http://dx.doi.org/10.1007/978-3-319-27188-0_3
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4.2 Both Boundaries Are Absorbing

4.2.1 Single Noninteracting Particle

Let us now turn to the case when the both boundaries are absorbing. Now, the
single-particle diffusion equation (3.5) is supplemented with absorbing boundary
conditions: f (0, t) = f (L , t) = 0. Below we summarize essential properties of the
single-particle dynamics which we will further contrast against the behavior of a
tagged particle in the system with interaction. For a more thorough treatment of the
single-particle problem including all derivations we refer see [2, 3].

Suppose that the particle starts its Brownian motion from the coordinate y, y ∈
(0, L). What is the mean time before it hits any of the boundaries? This mean exit
time, or mean first-passage time (MFPT) to any of the boundaries, is proportional
to the product of initial distanced from the both boundaries. More precisely, it is
given by

〈T(y)〉 = L2

2D

( y

L

) (
1 − y

L

)
. (4.4)

Notice that for initial positions located in vicinity of one of the boundaries the mean
exit time grows linearly with L . Whereas for initial positions located in the interior
of the interval the MFPT increases as L2. When the initial position of the particle
is drawn from the homogeneous distribution, its MFPT averaged over all possible
initial coordinates reads

〈T〉 =
∫ L

0

dy

L
〈T(y)〉 = L2

12D
. (4.5)

Equation (4.5) has a generic scaling form “(length)2/(time) = constant” which we
could anticipate from the time-dependence of the mean squared displacement of a
free Brownian particle.

For absorbing boundary conditions, f (0, t) = f (L , t) = 0, and for the random
initial condition f (x, 0) = 1/L , x ∈ (0, L), the solution of the diffusion equation
can be given as the eigenfunction expansion

f (x, t) = 4

πL

∞∑

k=0

1

2k + 1
sin

[π

L
(2k+1)x

]
exp

{
−

[π

L
(2k + 1)

]2
Dt

}
. (4.6)

The survival probability of the single noninteracting particle, S(t), is given by the
spatial integral of the PDF f (x, t) over the whole interval (cf. Eq. (3.11)):

S(t) = 8

π2

∞∑

k=0

1

(2k + 1)2
exp

{
−

[π

L
(2k + 1)

]2
Dt

}
. (4.7)
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The survival probability can related with the PDF for the time of absorption φ(t):

S(t) = 1 −
∫ t

0
dt ′ φ(t ′), hence φ(t) = − d

dt
S(t). (4.8)

For times t larger than the MFPT 〈T〉 both these functions vanish exponentially fast:

S(t) ∼ 8

π2
exp

[
−

(π

L

)2
Dt

]
, t � 〈T〉 (4.9)

φ(t) ∼ 8D

L2
exp

[
−

(π

L

)2
Dt

]
, t � 〈T〉. (4.10)

The short-time asymptotic behavior can be inferred from the long-time one by the
Poisson summation formula [4]. For times t shorter than MFPT we have

S(t) ∼ 1 − 4

L

√
Dt

π
, t � 〈T〉, (4.11)

φ(t) ∼ 2

L

√
D

πt
, t � 〈T〉. (4.12)

The above asymptotic representations of the survival probability S(t) are compared
with the exact expression (4.7) in Fig. 4.2b.
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Fig. 4.2 First-passage properties of a single particle for L = 50, D = 1. Panel (a) shows theMFPT
(4.4) against the initial position of the particle. Panel (b) depicts the exact survival probability (4.7)
(the solid line), the long-time asymptotic representation (4.9) (the dot-dashed line), and the short-
time asymptotic representation (4.11) (the dashed line). Note an excellent agreement of asymptotic
expressions with the exact curve even for t ≈ 〈T〉. The MFPT 〈T〉 is given by Eq. (4.5)
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4.2.2 Fixed Initial Number of Interacting Particles

PDF of a Tagged Particle

When the initial number of interacting particles equals to N , one can derive the PDF
for the position of the nth particle along the same lines as in the case of one absorbing
boundary, cf. Eq. (3.39). The resulting PDF has the same form (andmore importantly
a similar interpretation in terms of noninteracting particles) as its counterpart (3.39).
That is, also in the present case with two absorbing boundaries, we obtain

pn:N (x, t) = N !
(n − 1)!(N − n)! f (x, t) [F(x, t)]n−1[1 − F(x, t)]N−n , (4.13)

where, now, the single-particle PDF f (x, t) is given in Eq. (4.6), and also the prob-
ability F(x, t) to find a noninteracting particle to the left of x , x ∈ [0, L] is slightly
modified as compared to Eq. (3.40). Now F(x, t) is given by

F(x, t) = 1

2
[1 − S(t)] +

∫ x

0
dx ′ f (x ′, t). (4.14)

Equation (4.14) formally differs from the corresponding Eq. (3.40) by the first term
on the right-hand side. This term gives us the probability that a noninteracting par-
ticle is trapped by the left boundary before t . Since the initial condition f (x, 0) is
uniform, the present case is left-right symmetric, i.e., the probability that the single
noninteracting particle is trapped by the left boundary is equal to the probability that
the particle is trapped by the right boundary. Both these probabilities are equal to
[1 − S(t)] /2, where the single-particle survival probability is given in Eq. (4.7) (the
generalization to the asymmetric initial condition is straightforward).

Survival Probabilities

The probability that the nth particle has not touched an absorbing boundary by time
t , i.e., its survival probability, is given by the spatial integral

Sn:N (t) =
∫ L

0
dx pn:N (x, t). (4.15)

The integral can be expressed in terms of the probability F(x, t) evaluated at bound-
ary points of the interval. We obtain1

1The derivation of Eq. (4.16) from Eq. (4.15) is analogous to the derivation of Eq. (3.43) from
Eq. (3.42) with just one difference: now, the values assumed by auxiliary function B(x, t), B(x, t) =
1 − F(x, t), at the boundaries of the interval are given by Eqs. (4.17).

http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
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Sn:N (t) = n

(
N

n

) n−1∑

k=0

(−1)k

N − n + k + 1

(
n − 1

k

)

× {
[1 − F(0, t)]N−n+k+1 − [1 − F(L , t)]N−n+k+1} , (4.16)

where the expressions in squared brackets read

1 − F(0, t) = 1

2
[1 + S(t)] , 1 − F(L , t) = 1

2
[1 − S(t)]. (4.17)

Hence the survival probability Sn:N (t) is again expressed solely in terms of the single-
particle survival probability S(t) which is given by Eq. (4.7).

In the long-time limit, the leading term of sum (4.16) reads

Sn:N (t) ∼ n

2N−1

(
N

n

)
S(t), t → ∞, (4.18)

or, more explicitly:

Sn:N (t) ∼ 8

π2

n

2N−1

(
N

n

)
exp

[
−

(π

L

)2
Dt

]
, t → ∞. (4.19)

Thus the asymptotic survival probability of the nth tracer decays exponentially with
time, the decay rate being independent of n. The hard-core interaction manifests
itself only through the n-dependent prefactor. Moreover, the asymptotic decay rate
of Sn:N (t) is the same as that for the single noninteracting particle. This can be
understood on physical grounds. Due to the mutual entropic repulsion among the
particles, it is highly probable that the long-lived tagged particle eventually remains
alone in the interval. Therefore, for any particle order n, the long-time dynamics of
such particle should resemble that of a noninteracting particle.

The long-time decay of the survival probability is exponential for any particle.
On the other hand, its short-time behavior strongly depends on the order n. The
survival probability of the particle that starts its motion in a vicinity of an absorbing
boundary decays to zero on time scales much shorter than the single-particle MFPT
〈T〉, 〈T〉 = L2/12D. Contrary to that, a particle that is initially located near the cen-
ter of the interval (n ≈ N/2) is “screened” from the both boundaries by an almost
equal number of particles. Therefore, in this latter case, the survival probability is
almost unity for the times comparable to (or longer than) 〈T〉. This diversity in time
scales is behind the fact that, for a general label n, there exists no unifying formula
for the short-time behavior of Sn:N (t). However, we may benefit from this splitting
of time scales in the following discussion of large-N behavior of PDFs for exit times.

Exit Time of the Particle that Leaves the Interval as the Last One

Before discussing mean exit times of individual interacting particles, let us answer
the following questions. What is the longest MFPT that occurs in the problem? How
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does this MFPT scales with N and L? For the nth tracer, should we expect a scaling
behavior different from Brownian MFPT ∝ L2?

Answers to all these questions would become clear after the derivation of MFPT
for the particle that leaves the interval as the last one (regardless its label n). The
survival probability of that particle, say Slast:N (t), equals the probability that at a
given time t there is still at least one particle diffusing in the interval. In symbols:

Slast:N (t) = 1 − [1 − S(t)]N . (4.20)

The mean exit time

〈Tlast:N 〉 =
∫ ∞

0
dt Slast:N (t), (4.21)

by definition is the upper bound for any MFPT in question. The evaluation of the
integral for N � 1 yields asymptotic behavior of thisMFPT. It is instructive to derive
the asymptotic result by two independent methods: (A) a direct method based on an
approximation of S(t); (B) a rigorous method that proves that [1 − Slast:N (t)], after
a proper rescaling of t , converges to the Gumbel distribution as N → ∞.

(A) The direct method. We notice that for large N , the term [1 − S(t)]N in the
integrand on the right-hand side of (4.21) contributes significantly to the value of the
integral only for such t when S(t) is vanishingly small. But this happens only for
t � 〈T〉. Therefore, we can safely replace S(t) by its asymptotic form (4.9). After

this step, we perform the substitution u = exp
[
− (

π
L

)2
Dt

]
which yields

〈Tlast:N 〉 ≈ L2

π2D

∫ 1

0
du

1 − (1 − u)N

u
= L2

π2D

∫ 1

0
dz

1 − zN

1 − z
= L2

π2D

N∑

k=1

1

k
,

(4.22)
where another substitution, z = 1 − u, just adjusts the first integral to the usual
integral representation of harmonic numbers HN , HN = 1 + 1/2 + · · · + 1/N . As
the last step, we recall the asymptotic behavior of harmonic numbers: HN ∼[
log(N ) + γ + 1/2N − · · · ] which gives us the asymptotic relation

〈Tlast:N 〉 ∼ L2

π2D

[
log(N ) + γ

]
, N � 1, (4.23)

where γ ≈ 0.5772156649 is Euler’s constant.
(B) Convergence in distribution. Alternatively to the above direct method, we can

use the asymptotic theory for sample extreme (see Appendix A) to show that the
distribution of the lifetime of the longest-living particle converges to the Gumbel
distribution. This is intuitively expected since the survival probability S(t) decays
exponentially with time. To prove the convergence in distribution, let us choose the
standardizing constants as follows:
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aN = L2

π2D
, bN = L2

π2D
log

(
8N

π2

)
. (4.24)

Then we obtain the following large-N limit:

[1 − S(aN t + bN )]
N ∼

(
1 − e−t

N

)N

→ exp
(−e−t

)
, as N → ∞. (4.25)

In other words, we have just shown that

lim
N→∞ Prob

{
Tlast:N − bN

aN
< t

}
= exp

(−e−t
)
. (4.26)

Hence, the large-N asymptotic behavior of the survival probability of the longest-
living particle is given by

Slast:N (t) ∼ 1 − exp

[
− exp

(
−π2

L2
Dt + log

(
8N

π2

))]
, as N � 1. (4.27)

This result yields large-N expressions for all moments of the extreme trapping time.
The first moment, given by the integral (4.21), reads

〈Tlast:N 〉 ∼ L2

π2D

[
log(N ) + γ − log

(
π2

8

)]
, N � 1, (4.28)

and the variance of Tlast:N asymptotically behaves as

〈
[Tlast:N − 〈Tlast:N 〉]2

〉
∼ π2

6

(
L2

π2D

)2

, N � 1. (4.29)

(C)Comparison. Equation (4.28) should be comparedwith Eq. (4.23). Notice, that
the main asymptotic term for large N is identical in the both equations. In derivation
of Eq. (4.23) we have replaced S(t) by its long-time behavior (4.9) which is valid only
for t � 〈T〉. By this replacement, we have committed an error which is independent
of N and which is of the order of L2. The exact result (4.28) quantifies this error
and shows that by the direct method we have overestimated the integral by the value

L2 log
(

π2

8

)
/π2D. The advantage of the direct method (A) resides in the fact that it

provides a quick estimate for large-N asymptotics without any previous knowledge
of standardizing constants (4.24). The advantage of method (B), besides the fact that
it is rigorous, is that it is valid also when we perform the thermodynamic limit (and
not only large-N limit with fixed L). That is, all steps of the method (B) remain
unchanged if we replace L by L = N/ρ, where the density ρ is a fixed positive
number whereas the particle number N tends to infinity.
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Further we will use only the second method (B). Nevertheless, in all cases, both
methods can be employed when we are interested only in the main term of the large-
N asymptotic behavior.

PDF of the Exit Time for a Tagged Particle

For a single noninteracting particle let φL(t), φR(t) denote the PDF of the exit
time through the left, and through the right boundary, respectively. Then the inte-
gral

∫ t
0 dt ′ φL(t ′) equals to the probability that the single-diffusing particle has been

trapped by the left boundary in (0, t), and similarly
∫ t
0 dt ′ φR(t ′) for the right bound-

ary. Of course, in our symmetric case we have φL(t) = φR(t) = φ(t)/2 with the
PDF φ(t) given in Eq. (4.10), however, it is enlightening to consider the two PDFs
separately for a while.

Having prepared the two functions we are now ready to write the PDF for the time
at which the nth interacting particle hits the left absorbing boundary. This PDF reads

φL
n:N (t) = N !

(n − 1)!(N − n)!φL(t)

[∫ t

0
dt ′φL(t

′)
]n−1 [

1 −
∫ t

0
dt ′φL(t

′)
]N−n

.

(4.30)

That is again the hitting time of the nth interacting particle is statistically equiva-
lent to the nth absorption event happening in the reference system of noninteracting
particles. More precisely, the probability that the nth interacting particle hits the
left absorbing boundary at t , t ∈ (t, t + dt), equals to the product of four terms:
(1) the probability [φL(t)dt] that a single noninteracting particle is absorbed by the

left trap in (t, t + dt); (2) the probability
[∫ t

0 dt ′φL(t ′)
]n−1

that at the time of absorp-

tion there are already (n − 1) particles residing in the left trap; (3) the probability[
1 − ∫ t

0 dt ′φL(t ′)
]N−n

that the remaining (N − n) particles are located anywhere

except in the left trap; (4) the combinatorial prefactor which accounts for all possible
labellings of the particles in the two groups from points (2) and (3). The analogous
equation holds for φR

n:N (t), i.e., for the PDF describing the time at which the nth
particle is absorbed by the right boundary:

φR
n:N (t) = N !

(n − 1)!(N − n)!φR(t)

[∫ t

0
dt ′φR(t

′)
]N−n [

1 −
∫ t

0
dt ′φR(t

′)
]n−1

.

(4.31)

After summing the two equations we obtain the PDF for the time of absorption of
the nth tagged particle regardless the information at which boundary the absorption
takes place. Let us denote this PDF by φn:N (t), then we have
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φn:N (t) = N !
(n − 1)!(N − n)!

{
φL(t)

[∫ t

0
dt ′φL(t

′)
]n−1 [

1 −
∫ t

0
dt ′φL(t

′)
]N−n

+ φR(t)

[∫ t

0
dt ′φR(t

′)
]N−n [

1 −
∫ t

0
dt ′φR(t

′)
]n−1

}
.

(4.32)

This equation is the generalization ofEq. (3.56) to the present casewith two absorbing
boundaries. Indeed, Eq. (3.56) can be obtained from Eq. (4.32) in the limit L → ∞
since in this limit φR(t) vanishes (the diffusing particle cannot reach an infinitely
distant right boundary in a finite time) and φL(t) approaches the PDF φ(t) for the
time of absorption on the semi-infinite interval used in Eq. (3.56). Below we will
demonstrate that Eq. (4.32) contains as a special case also the Eq. (3.87) for the
semi-infinite system in the thermodynamic limit.

Returning to the finite-L symmetric case, we can use φL(t) = φR(t) = φ(t)/2 to
obtain

φn:N (t) = N !
(n − 1)!(N − n)!

φ(t)

2N

{
[1 − S(t)]n−1 [1 + S(t)]N−n

+ [1 − S(t)]N−n [1 + S(t)]n−1}. (4.33)

Alternatively, the above result can be checked by taking the time derivative of
both sides of Eq. (4.16) since we have φn:N (t) = −dSn:N (t)/dt . On the other hand,
Eq. (4.33) provides a straightforward probabilistic derivation of a somewhat untrans-
parent sum occurring on the right-hand side of Eq. (4.16).

PDF (4.33) provides the complete description of the absorption time for the tagged
particle for any n, N , and L . This desired information is encoded in a rather complex
structure of the PDF. Consequently, the task to derive any averaged quantity form the
exact result (4.33) is far from being trivial. Explicit formulas can be obtained only
in a few limiting cases. The first such situation corresponds to the large-N limit of
the first-passage characteristics for the central tracer. The second concerns the tracer
initially located near one of the absorbing boundaries.

Exit Time for the Central Tracer

Let us now assume that initially there are (2N + 1) particles randomly distributed
in the interval of the length L . The PDF for the absorption time of the central
particle labeled by c, c = N + 1, follows form Eq. (4.33) after the substitutions
n → (N + 1), N → (2N + 1). We get

φc:(2N+1)(t) = (2N + 1)

22N

(
2N

N

)
φ(t)[1 − S2(t)]N , c = N + 1. (4.34)

http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
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In order, to obtain the large-N behavior of the PDF, we choose the following
standardizing constants:

aN = L2

π2D
, bN = L2

π2D
log

(
8
√

N

π2

)
. (4.35)

Note that the first constant, aN , which determines the asymptotic dispersion of the
absorption time is exactly the same as that for the longest-living particle, cf. Eqs.
(4.24). The second constant, bN , which determines themean time of absorption grows
slower with N as compared to that in Eq. (4.24). Mathematically this fact arises due
to the second power of S(t) in Eq. (4.34) (as compared to the first power of S(t) in
Eq. (4.20)). After the rescaling of the time variable, the following limit holds

lim
N→∞

L2

2π3/2
φc:(2N+1)(aN t + bN ) = e−t exp

(−e−2t
)
. (4.36)

Which means that the large-N asymptotic behavior of the PDF (4.34) is given by

φc:(2N+1)(t) ∼ 2π3/2 D

L2
e−(t−bN )/aN exp

[−e−2(t−bN )/aN
]
, N � 1. (4.37)

The large-N asymptotic behavior of all moments of the absorption time Tc:(2N+1)

can be derived directly from the asymptotic PDF (4.37). For themean and the variance
of the absorption time we obtain

〈
Tc:(2N+1)

〉 ∼ L2

2π2D

[
log(N ) + γ + 4 log

(
4

π

)]
, N � 1, (4.38)

〈 [
Tc:(2N+1) −

〈
Tc:(2N+1)

〉]2 〉
∼ 1

2

(
L2

2πD

)2

, N � 1, (4.39)

respectively.
Thus, the mean absorption time for the central tracer exhibits a similar large-N

behavior∝ L2 log (N ) as that for the longest living particle, cf. Eq. (4.28). Obviously,
the absolute value of 〈Tc:(2N+1)〉 is smaller as compared to 〈Tlast:(2N+1)〉 since the
central particle can in general be absorbed earlier than the longest-living particle.
The hindering introduced by surrounding particles reduces the relative fluctuations
of the absorption time as N is increased. This reduction is however quite weak, the
relative fluctuations decrease as 1/ log(N ) when N → ∞.

Again notice that we have just discussed the large-N limit leaving the interval
length L finite. However, all conclusions holds true also for the system approach-
ing the thermodynamic limit (N → ∞, L → ∞ and ρ is fixed) since the limit in
Eq. (4.36) is valid also in this latter case (that is after the substitution L = N/ρ).
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Exit Time for the Tracer Initially Located Near the Boundary

The second setting, when we can derive explicit results from the exact PDF (4.33)
is when the tracer is initially located near the absorbing boundary, e.g. near the left
one, and both N and L are large (and n is finite, n � N ). In this case the exact PDF
φn:N (t) converges to the PDF (3.56) for the absorption time of the nth particle in the
semi-infinite system. Formally, we can write

lim
N→∞ φn:N (t) = φn(t), N/L = ρ, ρ is constant. (4.40)

Technically, the limit is performed after we replace the single-particle characteris-
tics S(t), φ(t) by their small-time representations (4.11), (4.12). Then the second
summand on the right-hand side of Eq. (4.33), which describes the absorption at the
right boundary, vanishes. The remaining term gives us exactly the right-hand side of
Eq. (3.56).

4.2.3 Fixed Initial Density of Interacting Particles

PDF of a Tagged Particle

Let us now discuss the second possible initial condition. We now assume that N is
the Poisson random variable distributed according to Eq. (4.3). For a given N , the
PDF of the nth tagged particle diffusing in such a system is given by Eq. (4.13). The
PDF of the nth tagged particle regardless the initial number of particles is obtained
from the PDF (4.13) by the weighted summation over all possible initial numbers of
particles:

pn(x, t) =
∞∑

N=n

pn:N (x, t)P(N ). (4.41)

For a fixed n, the summation startswith N = n since for N < n we can formallywrite
pn:N (x, t) = 0: the nth particle simply does not exist in this case. The summation
yields

pn(x, t) = ρL f (x, t)
[ρL F(x, t)]n−1

(n − 1)! e−ρL F(x,t), (4.42)

where the probability F(x, t) is defined in Eq. (4.14).
In the present fixed-ρ setting the expression pn(x, t)dx has a similarmeaning as its

counterpart pn:N (x, t)dx in the fixed-N case. Both quantities gives us the probability
that at time t the nthe particle is located in (x, x + dx). However, we should mention
one important difference. Since presently N is random, it is no longer sure that the

http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
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nth particle is initially located in (0, L) (the interval may contain N particles with
N < n). Therefore, at t = 0, the PDF pn(x, t) is not normalized to one, in contrast
to the PDF pn:N (x, t) for the fixed-N case. Presently we have

∫ L

0
dx pn(x, 0) = 1 − P(N < n), (4.43)

where P(N < n) stands for the probability that the initial number of particles is less
than n. For a fixed n, the latter probability vanishes exponentially with increasing
interval length L:

P(N < n) = e−ρL
n−1∑

k=0

(ρL)k

k! . (4.44)

Notice also that the sum of individual tracer PDFs (3.41) now becomes

∞∑

n=1

pn(x, t) = ρL f (x, t), (4.45)

where ρL , the mean number of particles initially distributed in (0, L), takes over the
role of the fixed number of particles N in Eq. (3.41).

Survival Probabilities

The probability that, at time t , the nth tagged particle is diffusing in (0, L) is defined
by the integral

Sn(t) =
∫ L

0
dx pn(x, t). (4.46)

If we expand the exponential in Eq. (4.42) into the power series, the required inte-
gration can be carried out and we obtain

Sn(t) = (ρL)n

(n − 1)!
∞∑

k=0

(−1)k

n + k

(ρL)k

k!
{
[F(L , t)]n+k − [F(0, t)]n+k

}
. (4.47)

Equation (4.47) is valid for any t . For t = 0 we get

Sn(0) = 1 − e−ρL
n−1∑

k=0

(ρL)k

k! , (4.48)

which is nothing but Eq. (4.43). Hence apart from the normalization, the probability
Sn(t) possesses an analogous meaning as the survival probability Sn:N (t) given by
Eq. (4.16). Further we will refer to Sn(t) as to the survival probability of the nth
tracer.

http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
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The long-time analysis of Sn(t) becomes more transparent when we depart from
an alternative form of Sn(t). Namely, the survival probability Sn(t) can be obtained
from Sn:N (t) after performing the following summation

Sn(t) =
∞∑

N=n

Sn:N (t)P(N ), (4.49)

where P(N ) is the Poisson distribution (4.3). In the long-time limit, each summand
in the above sum is proportional to S(t), cf. Eq. (4.18). Thus the asymptotic survival
probability is given by

Sn(t) ∼ ρL
(ρL/2)n−1

(n − 1)! e−ρL/2S(t). (4.50)

Again, the long-time behavior of the survival probability is dictated by the single-
particle exponential decay of S(t). Equation (4.50) represents the overall contribution
to the long-timeproperties ofall possible initial particle numbers N forwhichn ≤ N .

Large-L limit

It turns out that the large-L behavior of first-passage characteristics of the nth tracer
can be obtained from the large-N asymptotic behavior for the finite-N case. This
intuitively plausible fact may not be obvious at a first glance, since the survival
probabilities in the both cases are given by rather different formulas, cf. Eqs. (4.16),
(4.47). For instance, consider the survival probability for the particle that is trapped
as the last one. Presently, it reads

Slast(t) =
∞∑

N=1

Slast:N (t)P(N ) = 1 − exp[−ρL S(t)] , (4.51)

where the single particle survival probability S(t) is given by Eq. (4.7), and the cor-
responding survival probability for the finite-N case, Slast:N (t), has been introduced
in Eq. (4.20).

The large-L behavior of Slast(t) is derived after choosing the standardizing con-
stants as

aL = L2

π2D
, bL = L2

π2D
log

(
8ρL

π2

)
. (4.52)

Notice that the two constants are exactly the constants aN , bN , for the finite-N case
as given in Eq. (4.24), after the substitution N = Lρ in bN .

After the rescaling of the time variable the following limit, which is an analogue
of the limit (4.26), holds
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lim
L→∞Prob

{
Tlast − bL

aL
< t

}
= exp

(−e−t
)
. (4.53)

Therefore, the large-L asymptotic behavior of the survival probability

Slast(t) ∼ 1 − exp

[
− exp

(
−π2

L2
Dt + log

(
8ρL

π2

))]
, L → ∞, (4.54)

is given essentially by the expression (4.27) with N replaced by ρL . All other limits,
i.e., the limits which concern the central tracer and/or the tracer located near one of
the boundaries, can be derived along the same lines. These results can be obtained
directly from the corresponding finite-N formulas just by the substitution N → ρL .

Random Interval Length

The present fixed-ρ setting is a convenient starting point to study the following
scenario for which the finite-N assumption would be unnatural. Let us now derive
the asymptotic tagged particle survival probability in the case when L is drawn from
the exponential distribution with the mean 1/ρtr . Physically, this corresponds to the
model of diffusion on the real line with randomly distributed perfectly absorbing
traps. The concentration of traps is uniform and it equals ρtr . In the model we assume
that the initial (i.e., for t < 0) density of particles ρ is also uniform. Then, at the
initial time t = 0 the randomly distributed traps are activated. We are interested in
the average survival probability of the tagged particle in such a system. Notice that
for noninteracting particles, there exists a large body of literature on the subject, see,
e.g., [5–12] and references therein.

The average of the survival probability Sn(t) over the probability distribution of
the interval lengths is given by

S̄n(t) =
∫ ∞

0
dL ρtr e

−ρtrL Sn(t). (4.55)

In order to investigate the long-time properties, we insert the asymptotic expression
(4.50) into the above integral. After that the integral is evaluated by a saddle-point
method.2 The result is

2The integral in Eq. (4.55) has the form

I (t; n) =
∫ ∞

0
dL Ln exp

[
−αL − βt

L2

]
, α,β > 0.

The substitution L = t1/3x brings us to the expression

I (t; n) = t (n+1)/3
∫ ∞

0
dx xn exp

[
−t1/3

(
αx + β

x2

)]
.
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S̄n(t) ∼ A(Dt)(2n+1)/6 exp

{
−3

2

[
2π2

(
ρtr + ρ

2

)
Dt

]1/3}
, t → ∞, (4.56)

where the prefactor reads

A =
√
2π

3

16ρtr
π2

(ρ/2)n

(n − 1)!
(2π2)(2n+1)/6

(ρtr + ρ/2)(n+2)/3
. (4.57)

As it is for the single noninteracting particle [5], the decay of the survival probability
is slower than that when the interval length is fixed. The stretched exponential relax-
ation in Eq. (4.56) results from very large (and extremely rare) interval lengths which
significantly enhance the asymptotic long-time survival probability [8]. A remark-
able feature, which is not present in a noninteracting model, is the dependence of
the factor in the exponential on ρ. That is on the initial concentration of particles
and not only on the concentration of traps ρtr . This dependence is again the con-
sequence of the entropic repulsion among the interacting particles—the higher the
initial concentration the stronger the effective force that drives the tagged particle
into the trap.

4.3 The Left Boundary is Absorbing, the Right Boundary
is Reflecting

Let us now discuss the first-passage properties of the tagged particle in a finite
interval where the right boundary is reflecting and the left boundary is absorbing.
The setting shares many common features with both the semi-infinite system of
Chap.3 and the finite system with two absorbing boundaries discussed in the present
chapter. Therefore, instead of a full thorough derivation, we restrict ourselves to a
brief exposition of the main similarities and differences of the present scenario as
compared to the two aforementioned cases.

4.3.1 Single Noninteracting Particle

Now, the PDF of the single noninteracting particle, f (x, t), satisfies the diffusion
equation (3.5) subject to the absorbing boundary condition at the origin, f (0, t) = 0,

(Footnote 2 continued)
In the long-time limit, the above integral is approximated by the Laplace’s method [13, 14]:

I (t; n) ∼ Cn t (2n+1)/6 exp

[
−3

2

(
2βα2t

)1/3]
, Cn =

√
2π

3

(2β)(2n+1)/6

α(n+2)/3
.

.
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to the reflecting boundary condition at the right end of the interval, ∂ f/∂x |x=L = 0,
and to the homogeneous initial condition f (x, 0) = 1/L , x ∈ (0, L). The solution of
this initial-boundary value problem can be expressed as the eigenfunction expansion:

f (x, t) = 4

πL

∞∑

k=0

(−1)k

2k + 1
cos

[ π

2L
(2k+1) (L − x)

]
exp

{
−

[ π

2L
(2k + 1)

]2
Dt

}
.

(4.58)
Again, as it is the case for two absorbing boundaries (cf. Eq. (4.6)), each term of the
above series decays exponentially in time with the decay rate being higher for higher
values of k.

The survival probability of the single noninteracting particle,

S(t) =
∫ L

0
dx f (x, t), (4.59)

is given by the sum

S(t) = 8

π2

∞∑

k=0

1

(2k + 1)2
exp

{
−

[ π

2L
(2k + 1)

]2
Dt

}
, (4.60)

which in the long-time limit is dominated by the first term

S(t) ∼ 8

π2
exp

[
−

( π

2L

)2
Dt

]
, t → ∞. (4.61)

The survival probability (4.60) should be comparedwith the survival probability (4.7)
for the finite interval with two absorbing boundaries. The two survival probabilities
coincide except for the fact that the damping factors in exponentials in Eq. (4.60)
depend on 2L whereas their counterparts in Eq. (4.7) depend on L . This fact follows
from the reflection principle. Any trajectory that hits the reflecting boundary at x = L
and then is absorbed at x = 0 possesses an image which passes freely through the
point x = L and is absorbed at x = 2L . Thus, as for the first-passage properties,
the diffusion of a single particle in the finite interval with the reflecting boundary at
x = L is equivalent to the diffusion of the particle in the twice as large interval with
two absorbing boundaries.3

3The equivalence holds for the first-passage properties only. The dynamics of the particle, e.g., the
time-evolution of its mean position, is rather different in the two systems. Indeed, in the present
setting the particle is pushed out of the interval by an entropic repulsion emerging from the collisions
with the reflecting boundary, whereas in the setting with two absorbing boundaries there is no
boundary-induced entropic repulsion at all.
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4.3.2 Fixed Initial Number of Particles

The very basic fact that presently we have only one absorbing boundary implies that
we can adopt all general formulas from Chap.3 with just minor changes. Namely,
the PDF of the position of the nth tracer possesses exactly the same structure (and
interpretation) as that occurring in Eq. (3.39). Now the probability F(x, t) is given by

F(x, t) = [1 − S(t)] +
∫ x

0
dx ′ f (x ′, t), (4.62)

which is formally equivalent to Eq. (3.40). However, presently, the single-particle
quantities f (x, t), S(t), used in Eq. (4.62) are defined in Eqs. (4.58), (4.60), respec-
tively.

The second quantity which we can adopt formally without changes is the survival
probability for the tagged particle (3.43) which reads

Sn:N (t) = n

(
N

n

) n−1∑

k=0

(−1)k

N − n + k + 1

(
n − 1

k

)
[S(t)]N−n+k+1 . (4.63)

Notice that each summand of the above sum decays exponentially with time, cf.
Eq. (4.61). Hence the main asymptotic term in the long-time regime is that with
k = 0. It reads

Sn:N (t) ∼ n

N − n + 1

(
N

n

)
[S(t)]N−n+1 , t → ∞. (4.64)

After inserting the asymptotic representation (4.61) into the above result we obtain
the explicit form of the tagged particle asymptotic survival probability:

Sn:N (t) ∼ Cn:N exp

[
−(N − n + 1)

( π

2L

)2
Dt

]
, t → ∞, (4.65)

where the prefactor is given by

Cn:N = n

N − n + 1

(
N

n

)(
8

π2

)N−n+1

. (4.66)

Thus the asymptotic survival probability of the nth tagged particle decays expo-
nentially with time. The decay rate increases with the number of particles located
between the tagged particle and the reflectingwall at x = L , i.e.,with (N − n). In par-
ticular, the survival probability of the rightmost particle (n = N ) decays exactly with
the same rate as that of the single-diffusing particle. In this respect the result (4.65) is
similar to the one obtained in Chap.3 for a semi-infinite interval with the absorbing
boundary at the origin (where the single-particle survival probability decays as the

http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
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power law t−1/2, cf. Eq. (3.48)). On the other hand, the asymptotic behavior (4.65)
is rather different from that in the system with two absorbing boundaries, where the
decay rate of the asymptotic tagged particle survival probability is independent of
both n, and N , cf. Eq. (4.19).

We can proceed further and adopt the PDF for the exit time of the nth particle
(3.56) and/or investigate the large-N behavior of the first-passage characteristics.
For instance, it turns out that the large-N asymptotic behavior of SN :N is given by
Eq. (4.27) with L being replaced by 2L . This is intuitively plausible since now the
rightmost particle is the particle that is certainly absorbed as the last one. Further,
the large-N limit of φ1:N (t) is exactly the same as in the case with two absorbing
boundaries, cf. Eq. (4.40).

4.3.3 Fixed Initial Density of Particles

For a given N , Eqs. (4.64), (4.65) clearly demonstrate the consequences of the
entropic repulsion among the particles: the more particles are located between the
tagged particle and the reflecting boundary the higher the decay rate of the tagged
particle survival probability. Hence, in the case when ρ is given (i.e., N is drawn
from the Poisson distribution (4.3)), one could expect that the decay rate of the
tagged particle survival probability is controlled by an average number of particles
located between the tagged particle and the reflecting boundary. However, this is not
the case.

The survival probability of the nth tracer averaged over the initial number of
particles is obtained by the summation

Sn(t) =
∞∑

N=n

Sn:N (t)P(N ), (4.67)

where Sn:N (t) comes from Eq. (4.63), and P(N ) is the Poisson distribution (4.3). In
the long-time limit, only the first term contributes significantly to the sum (4.67),
since all other terms decay much faster with time, cf. Eqs. (4.64), (4.65). Thus the
asymptotic survival probability reads

Sn(t) ∼ ρL
(ρL)n−1

(n − 1)! e
−ρL S(t). (4.68)

The above result is formally similar with Eq. (4.50). However, the physical back-
grounds of both asymptotic representations are rather different. In the present case
described by Eq. (4.68), the long-time behavior of the survival probability Sn(t) is
dominated by those events when the tagged particle is initially the right-most one
(n = N ). On the other hand, Eq. (4.50) represents the overall contribution of all
possible initial conditions for which n ≤ N .

http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
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4.4 Summarizing Remarks

In the present chapter we have studied first-passage properties of the nth tagged parti-
cle diffusing in a finite interval with two types of boundary conditions:
(1) the both boundaries are absorbing; (2) the left boundary is absorbing and the
right boundary is reflecting. Let us now summarize the main physical consequences
of the hard-core interaction.

When the right boundary is reflecting, the particles located between the reflecting
boundary and the nth tagged particle create an effective (entropic) repulsive force
which shortens the time spent by the nth tagged particle in the interval. This is behind
the dependence of the decay rate of the asymptotic survival probability (4.65) on
(N − n). This behavior is parallel of what has been observed in the semi-infinite
system of Chap.3, where, however, the asymptotic survival probability (3.48) has
decayed as the power law.When, instead of the precise initial number of particles, the
initial mean density is given then Eq. (4.68) yields the asymptotic survival probability
averaged over all possible initial particle numbers. In fact, Eq. (4.68) represents only
the first term of the sum (4.67). Thus, in the fixed-ρ case, the long-time properties are
controlled solely by the initial configuration inwhich the nth particle is the right-most
one.

The situation is rather different when both boundaries are absorbing. For a given
N , the long-time regime is governed by the scenariowhen the tagged particle remains
alone in the interval, cf. Eq. (4.19). Then the long-time dynamics of the tracer resem-
bles that of the single noninteracting particle. The only trace of the hard-core interac-
tion is contained in the pre-exponential factor of the asymptotic survival probability
(4.19). For a given ρ, all terms of the sum (4.49) are asymptotically proportional to the
survival probability of the single noninteracting particle. Hence all initial conditions
with all possible initial particle numbers contribute to the asymptotics (4.49).

The exact PDF for the exit time of the nth tagged particle, cf. Eq. (4.32), allows
us to study the large-N (and/or large-L) behavior of the time spent by the parti-
cle in the interval before it is absorbed. For the single noninteracting particle, the
Brownian scaling holds, i.e., the mean time of absorption is proportional to L2. The
hard-core interaction changes this scaling law by introducing a (marginal) logarith-
mic dependence on N . More precisely, the mean time to absorption of the central
tracer grows with N as L2 log(N ), and its relative fluctuations decrease as 1/ log(N ),
cf. Eqs. (4.38), (4.39). The same holds true for the particle which leaves the inter-
val as the last one (for both types of boundary conditions), cf. Eqs. (4.28), (4.29).
The large-N behavior of the tracer initially located in the vicinity of the absorbing
boundary approaches that of the tracer diffusing in the semi-infinite system in the
thermodynamic limit discussed in Chap.3, Sect. 3.3.3.

Finally, when L is random (and ρ is given), the tagged-particle asymptotic survival
probability (4.56) exhibits a stretched-exponential decay. This behavior is observed
also in the case without the hard-core interaction. A remarkable consequence of
the hard-core interaction is the dependence of the asymptotic survival probability
(4.56) on the combination (ρtr + ρ/2). That is, the lifetime of the tagged particle is

http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_3
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reduced not only by increasing the concentration of the traps ρtr (as it is the case for
noninteracting particles) but it is also the initial density ρ of the interacting particles
which controls the time-asymptotic decay rate of the survival probability.
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Chapter 5
Basics of Stochastic Thermodynamics

Stochastic thermodynamics is a discipline exhibiting a rapid development over the
past two decades. The progress is driven by many applications to small (nano-sized)
systems of current interest (such as individual Brownian particles, biomolecules,
quantum dots) and, from the theoretical point of view, by recent discoveries of rather
general relations called fluctuation theorems. The adjective “stochastic” in the name
of the field means that the dynamics of the system under consideration is governed
by stochastic evolution equations, which in our case is the Langevin equation. The
key quantities of the classical thermodynamics such as heat, work and entropy are
(within the framework of the stochastic thermodynamics) defined along individual
trajectories of the system. Thus defined quantities are valid for finite, and even small
systemswhich are driven arbitrarily far from equilibrium, in contrast to their classical
counterparts which are used for macroscopic systems in equilibrium (or in a linear-
response regime).

The main aim of the present chapter is to introduce basic concepts and rela-
tions which are necessary for the study presented in Chap. 6. First, we identify the
work and the heat for the system whose dynamics obeys the Langevin equation
(Sect. 5.1), second we introduce two fluctuation theorems which proved to be useful
in experiments (Sect. 5.2), and third, we provide references to several reviews and
to just a few selected original works in the field (Sect. 5.3).

5.1 Definition of Stochastic Work and Heat

Nonequilibriumprocesses in biology andnanosystems are generally strongly affected
by thermal fluctuations. A paradigmatic model for gaining a better understanding of
nonequilibriumprocesses in such systems is a colloidal particle diffusing inwater and
driven by an externally controlled potential. In the overdamped regime (characterized
by low Reynolds numbers) the position of the particle evolves according to the
Langevin equation

© Springer International Publishing Switzerland 2016
A. Ryabov, Stochastic Dynamics and Energetics of Biomolecular Systems,
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dX(t) = F(X(t), t)dt + √
2D dB(t), (5.1)

where D controls the strength of the thermal noise and B(t) is the standard Wiener
process. Specifically, in the present case of a thermal environment, the noise strength
is proportional to the heat-bath temperature, D = kBT (the particle mobility is set
to one). The external force, F(x, t), is derived from the potential U (x, t), F(x, t) =
−∂U/∂x , which represents, e.g., the confinement imposed by an optical trap.

If the potential ismodulated in time following a given externally imposed protocol,
the position of the particle evolves along a stochastic trajectory. Any single trajectory
of the particle in the time interval [0, t] yields a single value of the work W(t) done
on the particle by an external filed. The work W(t) is a functional of the position
process X(t ′), 0 ≤ t ′ ≤ t , and it is distributed with a probability density function
p(w, t). The probability p(w, t)dw that the work W(t) falls into an infinitesimal
interval (w,w + dw) equals the probabilistic weight of all trajectories giving work
values in that interval. Analogical reasoning holds true for the heat exchanged with
the heat reservoir, Q(t).

The stochastic heat and work are identified with the aid of the first law of thermo-
dynamics. In the overdamped regime which we consider here, the “internal energy”
of the particle is given by itsmean potential energy 〈U (X(t), t)〉. The total differential
of the potential energy

dU =
(

∂U

∂x

)

t

dx +
(

∂U

∂t

)

x

dt (5.2)

is decomposed into two parts. If we substitute into the above expression the (random)
position of the particle at time t , x → X(t), the following interpretation emerges [1,
2]. The first term on the right-hand side describes the infinitesimal increment of the
potential energy due to the particle relaxation in the time-independent potential. We
identify this term with the heat accepted by the system from heat bath:

δQ(t) = −F(X(t), t)dX(t). (5.3)

This relation is physically plausible since in the overdamped regime the totalmechan-
ical force times the displacement corresponds to dissipated energy. The minus sign
corresponds to the convention that the heat transferred into the system is positive.

The second term on the right-hand side of Eq. (5.2) describes the increment of
the potential energy due to the time-variation of the potential while the particle
position is held constant. In this case, the potential energy of the particle is either
raised or lowered purely due to the externally controlled modulation of potential U .
Correspondingly, this term describes as the work performed on the particle:

δW(t) =
(

∂U

∂t

)

X(t)

dt, (5.4)

and hence altogether we have
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dU (X(t), t) = δQ(t) + δW(t). (5.5)

The above definition of the stochastic work is in agreement with the definition
of “thermodynamic work” used in equilibrium theory [3]. However, the definition
is not identical to that used in introductory courses of classical mechanics, where to
“work = force times displacement”.1 For the discussion of (un)ambiguity of the
definition used see Refs. [4–7] and references therein. See also Refs. [8, 9] for
implications of different work definitions in context of fluctuation relations.

5.2 Crooks Fluctuation Theorem and Jarzynski Equality

Many important processes in biophysics take place in the liquid environmentwhich is
maintained at a constant temperature. In classical thermodynamics, workw required
to transfer the system from the specified initial equilibrium state i to the specified final
equilibrium state f by the means of an isothermal process is equal to the increase
of the system’s free energy �F , �F = Ff − Fi , only if the process is carried out
quasistatically. That is the variation of the external parameters must be so slow that
the system is at any instant in the state of thermodynamic equilibrium with the heat
bath (the environment). Theoretically such a process would take an infinite time.
Contrary to this, any finite-time process is accompanied by the dissipation and the
required work fulfills w ≥ �F . The extra amount of work performed on the system
during the nonequilibrium process as compared to the equilibrium one is dissipated
as heat which is accepted by the heat bath. The Crooks fluctuation theorem [10, 11]
states something remarkable. Consider the process i → f , carried out at an arbitrary
rate. At the initial state i the system resides in a thermal equilibrium and the external
potential is equal to U (x, 0). Afterwards, in a finite time interval [0, t], the potential
is varied according to a given (forward) protocol U (x, τ ), τ ∈ [0, t]. Then the PDF
of the work performed on the particle during the described nonequilibrium process
fulfills

p(w, t)

pR(−w, t)
= exp[β(w − �F)] , (5.6)

where 1/β = kBT is the thermal energy, and pR(w, t) stands for the PDF of the work
performed on the particle during the reversed process: the process that departs from
the equilibrium state f (in this state the potential is equal to U (x, t)) and, during the
process, the potential is varied according to the time-reversed protocol U (x, t − τ ),
τ ∈ [0, t].

If we multiply the both sides of the Crooks theorem by pR(−w, t)e−βw and then
integrate over all possible values of w we obtain perhaps the most widely known

1The mechanical definition of work is used whenever it is meaningful to split the total poten-
tial energy U into two contributions: U = U0(x) + Uext(x, t), the first being an intrinsic time-
independent potential and the second describes the external driving. Then the “mechanical work”,
δWmech = −(∂Uext/∂x)dx , satisfies the integrated first law of the form �U0 = Q(t) + Wmech(t).
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fluctuation theorem, the Jarzynski equality [12]

∫ +∞

−∞
dw e−βw p(w, t) = 〈

e−βW(t)
〉 = e−β�F . (5.7)

The equality relates the free energy difference between two equilibrium configura-
tions of the system to the exponential average of the work done during a finite-time
far-from-equilibrium (forward) process.

Notice that the both above relations are perfectly consistent with the classical
thermodynamics. If the process i → f is reversible, then the work done during the
reversed process has exactly the same distribution as that in the forward one and the
Crooks relation implies that w = �F . This should be understood in the sense that
the work loses its stochastic nature and it simply becomes a number. On the other
hand, for an arbitrary process the Jensen relation 〈ex 〉 ≥ e〈x〉 applied on the Jarzynski
equality gives us 〈W(t)〉 ≥ �F .

The both fluctuation theorems provide us a completely new possibility how to
measure equilibrium thermodynamic properties of small systems. Instead of trying
to perform an equilibrium manipulation e.g. with the single RNA macromolecule,
one can carry out a far-from-equilibrium experiment and use one of the fluctuation
theorems to recover the free energy differences. The latter procedure is favorable
in systems with complex free-energy landscapes where the condition of equilibrium
manipulation cannot be achieved in a reasonable time. Indeed, the Crooks fluctuation
theorem has been experimentally used e.g. in RNA pulling experiments with optical
tweezers [13] proving to be a reliable tool for extracting the free energy differences.
In the (bidirectional) experiment the both distributions p(w, t) and pR(−w, t) are
measured, then, according to Eq. (5.6), �F equals to value of w at which the two
histograms p(w, t), pR(−w, t) intersect when plotted against the common w axis.

In situations when the forward and reverse work distributions are separated by a
large gap on the w axis the above bidirectional method is biased by a rather large
error [14]. In these cases, the Jarzynski equality, or its modification due to Hummer
and Szabo [15] can be used to extract �F from a unidirectional experiment only
[16–22]. In general, however, the application of Eq. (5.7) can be difficult, because
the exponential average 〈exp[−βW(t)]〉 is dominated by rare trajectories with excep-
tionally low work values w � �F . In experiments these rare trajectories are almost
never observed and even in computer simulations it is difficult to generate them with
a sufficient statistical weight. A possible solution is to extend measured histograms
to the tail regime w � �F by fitting to theoretical predictions. To this end, some
generic behavior in the tail regime needs to be assumed and attempts have been made
recently in this direction [23–25]. For example, in the case of DNA/RNA unfolding,
Palassini and Ritort [23] suggested that the lower tail of the work distribution is
unbounded and decays as

p(w, t) ∼ q

�

( |w − wc|
�

)ν

e−( |w−wc |
� )

δ

, w → −∞, (5.8)
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with q > 0 and � > 0, wc is a characteristic work value. For the Jarzynski equal-
ity (5.7) to hold, it needs to be either δ > 1, or � < 1 and δ = 1. Interestingly,
the asymptotic behavior of the work distribution for a driven Brownian particle
in a harmonic potential was found to satisfy Eq. (5.8) with δ = 1 and ν = −1/2
[25, 26]. One of the important results of the analysis presented in the next chapter
is that Eq. (5.8) holds with δ = 1 also for an asymmetric and anharmonic potential,
the exponent ν in this case quantifies a degree of anharmonicity.

A further information on experiments with single biomolecules (mechanical
manipulation of biomolecules by optical tweezers, or an atomic force microscope)
can be found e.g. Refs. [27–33]. Recent progress in fluctuation theorems and free
energy recovery is reviewed in Ref. [14].

The above discussion may evoke an impression that the work fluctuations are
observable in small systems only. Notice, however, that both the Jarzynski equality
and the Crooks theorem does not refer explicitly to the system size. As a matter of
fact, the two fluctuation theorems have been confirmed in an experiment involving a
macroscopic torsional pendulum [34, 35]. See also Ref. [36] for an experiment with
a granular gas.

5.3 Further Reading

The stochastic thermodynamics, despite its long history [37], experiences a rather
rapid development in recent years. The growing interest in the field is certainly
stimulated by discoveries of fluctuation theorems (FTs). Two prominent examples of
FTs, the Crooks theorem and the Jarzynski equality, have been discussed in Sect. 5.2.
The theorems are remarkable for their generality and they extend our understanding
of thermodynamics far beyond its original area of validity (i.e., to small systems
driven arbitrarily far from the thermal equilibrium). Besides new relationships for
free-energy differences, the theorems resulted in a long-awaited breakthrough in
our understanding of how macroscopic irreversibility (dictated by the second law)
emerges from a time-reversal symmetric microscopic dynamics [38].

Probably the first appearance of fluctuation relations in the literature can be found
in papers byBochkov andKuzovlev [39, 40]. The twoworks, however, have remained
unnoticed until recently, see Refs. [8, 9, 41] for detailed discussion. A fluctuation
theorem for entropy production was first observed in simulations of sheared fluids
by Evans et al. [42, 43]. Shortly after that a related FT for the deterministic dynam-
ics has been proven by Gallavotti and Cohen [44], for the Langevin dynamics by
Kurchan [45], and for fairly general Markov processes by Lebowitz and Spohn [46]
andMaes [47]. The (experimental) usefulness of fluctuation relations has been recog-
nized after Jarzynski [12, 48] and Crooks [10, 11] demonstrated how to relate equi-
librium quantities to non-equilibrium work measurements. A fluctuation theorem
(analogous to Jarzynski equality) that applies to transitions between two different
non-equilibrium steady states has been derived by Hatano and Sasa [49].
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Since 2000 a number of significant contributions to stochastic thermodynamics
and to fluctuation theorems have been published (see e.g. Refs. [50–61] to name just
a few). Fortunately, the rapidly growing amount of literature has became a subject of
numerous reviews, lecture notes and introductory texts [38, 62–77]. In particular, for
a pedagogical introduction to fluctuation relations and related topics we recommend
recent book [76]. For a comprehensive overview of the stochastic thermodynam-
ics including the fluctuation relations, their classification and interrelations see the
review by Seifert [75], which is possibly the most complete survey in the field.
Further, nonequilibrium work relations for Langevin dynamics are summarized by
Kurchan [68]. Fluctuation theorems for the systems governed by the Master equa-
tion are reviewed by Harris and Schütz [69]. For other reviews focusing on different
aspects related to fluctuation relations we refer to Van den Broeck [73] (performance
of Brownian machines), Sevick et al. [38] (irreversibility of macroscopic dynamics),
Maes [63, 64] (entropy in out-of-equilibrium systems), Ritort [30, 65] and Busta-
mante et al. [66] (FTs from experimental perspective), and Gaspard [67] (statistical
mechanics based on Hamiltonian dynamics).

Finally, it should be noted that also quantum versions of FTs are nowadays subject
to an active (mainly theoretical) development. For the reviews we refer to Refs.
[78, 79].
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Chapter 6
Work Distribution in Logarithmic-Harmonic
Potential

6.1 Definition of the Model

Consider an overdamped motion of a Brownian particle in the logarithmic-harmonic
potential

U (x, t) = −g log(x) + 1

2
k(t)x2, g > 0, x > 0, (6.1)

where the parameter g specifies the strength of the logarithmic part and k(t) is a
time-dependent force constant. The potential is illustrated in Fig. 6.1 for two values
of g. For g < 0, the potential tends to minus infinity as coordinate x approaches
the origin from the right. For g > 0 the logarithmic part grows to positive infinity
as x → 0+ and the whole potential forms an asymmetric and anharmonic potential
well, cf. Fig. 6.1b. We always assume the latter setting.

In the deterministic limit, i.e., in absence of thermal noise, the particle moves
along the positive x-axis as driven by the time-dependent force F(x, t) = −∂U/∂x
(without inertia). Taking into account the thermal noise, the combined process
{X(t), W(t)} is described by the system of Langevin equations

dX(t) =
[

g

X(t)
− k(t)X(t)

]
dt + √

2D dB(t), (6.2)

dW(t) =1

2
k̇(t)X2(t) dt, (6.3)

where D quantifies the strength of the noise, B(t) is the standard Wiener process
and k̇(t) stands for the time derivative of force constant k(t). Specifically, the noise
strength is proportional to the heat-bath temperature, D = kBT (the particle mobility
is set to one). The first equation is nothing but the Langevin equation (5.1), the second
equation follows from the definition (5.4) where we have replaced the symbol “δ”,
which emphasized that the work is not a state function, by the differential symbol
“d” which is more common for Langevin equations.
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Fig. 6.1 Sketch of the potential in Eq. (6.1) for k(t) = 0.2 and a negative g = −0.9 and b positive
g = 0.9. The analysis in the main text corresponds to the case b g ≥ 0. Decreasing the force
constant k(t), the well broadens and its minimum shifts further from the origin

Primarily we are interested in the distribution of work performed on the particle
when the potentialU (x, t) changes in time according to the prescribed protocol k(t ′),
t ′ ∈ [0, t]. Because the work is a functional of the whole stochastic trajectory, e.g.
in the present case we have

W(t) = 1

2

∫ t

0
dt ′ k̇(t ′)X2(t ′), (6.4)

it is not easy to gain an explicit insight into behavior of work distributions in far-from-
equilibrium processes. Hence in general exact analytical results can be obtained only
in a few exceptional cases. An analytical progress is possible forMarkovian two level
systems driven by a time-dependent external field [1–7] and for continuous diffusive
systems driven by simple (harmonic as a general rule) external potentials [8–30]. The
presentwork broadens the second group adding there exact results for the anharmonic
and asymmetric potential. In particular, setting g = 0, our model reduces to the so
called “breathing parabola” model. The work PDF for the breathing parabola model
has been studied analytically in Refs. [24, 26–30]. In Refs. [24, 26], the authors con-
sidered an expansion around a single trajectory attributed to a prescribed rare value
of the work and derived asymptotic results for the tails of the work PDF in the small
limit of vanishing noise. The solution reported in [27] is formally exact for arbitrary
protocol k(t), explicit results are given in the limit of slow driving, when the process
is close to a quasi-static equilibrium and the work PDF can be approximated by a
Gaussian. In Ref. [28] the work-weighted propagator was derived by the path inte-
gral method. In Ref. [29] the Onsager-Machlup’s formalism is discussed. Ref. [30]
extends the analysis beyond an overdamped limit. Another closely related setting,
where the work PDF can be calculated analytically, is for a parabolic potential with
a time-dependent position of the minimum (“sliding parabola”). See Refs. [8–23]
for a further discussion of different analytical approaches which yield distributions
of work, heat, and power in the latter model.
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Finally it should be noted that the exact PDF of the particle position for the
logarithmic-harmonic potential was obtained in Refs. [31, 32]. In the following, we
recover this result as a byproduct of the Lie algebraic approach to the solution of the
Fokker-Planck equation for the combined process {X(t), W(t)}. The solvability of
this problem stems from the fact that the operators entering the Fokker-Planck equa-
tion form a Lie algebra [33–35]. More precisely, if one considers the Fokker-Planck
equation for the joint PDF of position and work (cf. Eq. (6.13)), the corresponding
differential operators no do not generate a Lie algebra. However, if one starts with
the Fokker-Planck equation for the joint PDF and performs a Laplace transformation
with respect to the work variable w, a Lie algebraic structure is recovered. Solution
of the Fokker-Planck equation then provides the characteristic function for the work
process. Then the moments of the work distribution may be obtained by taking an
appropriate derivative of the characteristic function. The tails of the work PDF can
be extracted using asymptotic analysis of Laplace transforms. The present chapter
is based on Ref. [25].

6.2 Solution of the Fokker-Planck Equation for Arbitrary
Protocol

6.2.1 Green Function for Logarithmic Potential

An important auxiliary quantity in deriving all subsequent results is the Green func-
tion

q(x, t |x0) = exp

[
t

(
∂2

∂x2
− g

D

∂

∂x

1

x

)]
δ(x − x0), x0 > 0, (6.5)

which represents the solution of the Fokker-Planck equation

∂

∂t
q(x, t |x0) =

(
∂2

∂x2
− g

D

∂

∂x

1

x

)
q(x, t |x0), q(x, 0|x0) = δ(x − x0), (6.6)

for the diffusion in the time-independent logarithmic potential. In the mathematical
literature the diffusion process described by the Fokker-Planck equation (6.6) is
known as the Bessel process [36, 37]. It represents e.g. the diffusion of the radial
coordinate of a Brownian particle in d-dimensional space (g ∝ (d −1)). Notably, the
diffusion in the logarithmic potential has recently regained a considerable attention
of the physical community due to its frequent occurrence in real situations [38], rich
first-passage proprties [39] and intriguing relaxation behavior [40–45].

Let us now present the explicit form of theGreen function. Notice that for a further
convenience the above equation is written in the rescaled time variable, t D → t ,
and hence the diffusion constant appears in the combination with parameter g of
the logarithmic potential. The fraction (g/D) determines the relative strength of the



94 6 Work Distribution in logarithmic-Harmonic Potential

logarithmic potential as compared to the strength of thermal fluctuations. One of
the peculiarities of the diffusion in the logarithmic potential is the following (see
e.g. Ref. [37]). When the potential “is weak” as compared to the strength of thermal
fluctuations, the particle may reach the origin despite the fact that the potential
diverges at x = 0 (cf. Fig. 6.1, panel b)). This may happen when

g/D < 1. (6.7)

In this case, we assume that there is a reflecting boundary placed at x = 0 (since we
do not want to let the diffusing particle to escape from the log-harmonic well). On the
other hand, when the logarithmic potential “is sufficiently strong”, the probability
that the particle will ever hit the origin equals to zero. This holds true when

g/D ≥ 1. (6.8)

In the latter case we do not need to prescribe a boundary condition at the origin.
The explicit form of the Green function that satisfies the above boundary condi-

tions is given by

q(x, t |x0) = x0
2t

(
x

x0

)ν+1

exp

(
− x2 + x2

0

4t

)
Iν
( xx0
2t

)
, (6.9)

where Iν(.) is the modified Bessel function of order ν,

ν = 1

2

( g

D
− 1
)

, ν ≥ −1

2
. (6.10)

In all subsequent results the parameter g enters solely through combination ν defined
in Eq. (6.10). In particular, the combination ν will determine the exponent of the pre-
exponential factor of the asymptotic behavior of the work PDF for |w| → ∞. We
will demonstrate that the resulting asymptotic formula is precisely of the form of
Eq. (5.8) (cf. Eq. (6.50)), where the symbol ν in (5.8) agrees with its present meaning
(6.10).

Equation (6.9) is the unique norm-preserving solution of the diffusion problem
in the domain x ≥ 0, i.e., the probability current at x = 0 vanishes. Therefore,
performing the limit g → 0 and using I−1/2(z) = √

2/π cosh(z)/
√

z, we obtain the
standard solution for free diffusion with a reflecting boundary at x = 0:

lim
g→0

q(x, t |x0) = 1√
4πt

[
e− (x−x0)2

/
4t + e− (x+x0)2

/
4t
]
. (6.11)
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6.2.2 Joint Green Function for Work and Position

Let us denote by p(x, w, t |x0, 0) the joint PDF for the process {X(t), W(t)} given
that at time t = 0 the particle is at position x0, x0 > 0, and no work has been done
on it yet,

p(x, w, 0|x0, 0) = δ(x − x0)δ(w), x0 > 0. (6.12)

The time evolution of the joint PDF is given by the Fokker-Planck equation

∂

∂t
p(x, w, t |x0, 0) =

[
D

∂2

∂x2
− ∂

∂x

( g

x
− k(t)x

)
− 1

2
k̇(t)x2 ∂

∂w

]
p(x, w, t |x0, 0).

(6.13)
The differential operators on the right-hand side do not possess closed commutation
relations. However, after performing the two-sided Laplace transformation [46]

p̃(x, ξ, t |x0) =
∫ +∞

−∞
dw e−ξw p(x, w, t |x0, 0), (6.14)

the Fokker-Planck equation (6.13) assumes the form

∂

∂t
p̃(x, ξ, t |x0) = [D Ĵ0 + 2k(t) Ĵ1 − 4ξk̇(t) Ĵ2 + (ν + 1) k(t)

]
p̃(x, ξ, t |x0),

(6.15)
where the differential operators

Ĵ0 = ∂2

∂x2
− g

D

∂

∂x

1

x
, Ĵ1 = 1

2

(
x

∂

∂x
− ν

)
, Ĵ2 = 1

8
x2, (6.16)

satisfy the closed commutation relations

[ Ĵ0, Ĵ1] = Ĵ0, [ Ĵ0, Ĵ2] = Ĵ1, [ Ĵ1, Ĵ2] = Ĵ2. (6.17)

This allows us to derive the exact solution of Eq. (6.15) by the Lie algebraic method,
as discussed, e.g., in Refs. [33–35]. First, we write the solution of Eq. (6.15) in the
factorized form

p̃(x, ξ, t |x0) = exp

[
(ν+1)

∫ t

0
dt ′k(t ′)

]
exp
[
b2(t) Ĵ2

]
exp
[
b1(t) Ĵ1

]
exp
[
b0(t) Ĵ0

]
δ(x − x0),

(6.18)
thenwe use commutation relations (6.17) to derive the ordinary differential equations
for time-dependent coefficients b0(t), b1(t), b2(t). After some algebra, it turns out
that the coefficient b2(t) satisfies the Riccati differential equation

ḃ2(t) = D

2
b2
2(t) + 2k(t)b2(t) − 4ξk̇(t), b2(0) = 0. (6.19)
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Assume we are able to solve this equation. Then the other coefficients are given by

b1(t) = 2
∫ t

0
dt ′k(t ′) + D

∫ t

0
dt ′b2(t ′) , b0(t) = D

∫ t

0
dt ′eb1(t ′). (6.20)

In the last step, we act, using Eqs. (6.5) and (6.9), with the operator exp
[
b0(t) Ĵ0

]

on the delta function in Eq. (6.18), and subsequently we apply to the emerging result
the two remaining exponential operators in Eq. (6.18). This yields

p̃(x, ξ, t |x0) = exp

[∫ t

0
dt ′k(t ′)− 1

2
νD
∫ t

0
dt ′b2(t ′)+ 1

8
b2(t)x2

]
q(xe

1
2 b1(t), b0(t)|x0).

(6.21)

In the derivation we have utilized the operator identity

exp

(
ηx

∂

∂x

)
f (x) = f (xeη) . (6.22)

The exact solution (6.21) is the central result of the present section and it constitutes
the starting point of all subsequent analyses.

It should be noted that the Laplace-transformed Fokker-Planck operator in
Eq. (6.15) is a linear combination of generators of the Lie algebra of SU (1, 1) group.
However, instead of standard generators [47], we prefer to use the operators (6.16).
The advantage of the present approach is that it treats the boundary conditions in a
very natural and straightforward way. Indeed, the exact solution (6.21) is built on the
basis of Green function q(x, t |x0)which ensures that also for the dynamics described
by the transformed Green function (6.21) the probability current through the origin
x = 0 vanishes (see Sect. 6.2.1 for a discussion of boundary conditions).

6.3 PDF of Particle Position and Its Long-Time
Asymptotics

After integrating the joint PDF p(x, w, t |x0, 0) over the work variable, the transition
PDF p(x, t |x0) for the particle coordinate alone is obtained. Equivalently, the w-
integration is accomplished by evaluating the result (6.21) at ξ = 0. Notice that the
variable ξ enters the solution (6.21) only through the Riccati equation (6.19). When
taking ξ = 0, this equation reduces to the Bernoulli differential equation, where the
unique solution satisfying b2(0) = 0 is the trivial one, b2(t) = 0. The remaining
coefficients in Eq. (6.21) are then given by

b1(t) = 2
∫ t

0
dt ′k(t ′), b0(t) = D

∫ t

0
dt ′ exp

[
2
∫ t ′

0
dt ′′k(t ′′)

]
. (6.23)
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Hence the PDF for the particle position reads1

p(x, t |x0) = x0 e
ν+2
2 b1(t)

2b0(t)

(
x

x0

)ν+1

exp

(
− x2eb1(t)+x2

0

4b0(t)

)
Iν

(
xx0 e

1
2 b1(t)

2b0(t)

)
. (6.24)

This result is valid for an arbitrary driving protocol k(t). If k(t) is a positive con-
stant, say k(t) = k0, and k0 > 0, then the system approaches the Gibbs canonical
equilibrium at long times. If the constant force is superimposed with a periodically
oscillating component, a gradual constitution of a nontrivial steady state occurs. In
this steady state, the PDF does not depend on the initial condition x0 and, for any
given x > 0, it is a periodic function of time with the fundamental period given by
that of k(t).

To exemplify the PDF in the steady state, let us take

k(t) = k0 + k1 sin(ωt), k0 > 0. (6.25)

The asymptotic analysis of Eq. (6.24) for long times requires the evaluation of the
limit

lim
t→∞

eα b1(t)

b0(t)
, α ≤ 1 . (6.26)

If α < 1, the limit exists and, using L’Hôpital’s rule, it equals zero. Hence for any
finite x and x0, the argument z = xx0eb1(t)/2/[2b0(t)] in theBessel function appearing
in Eq. (6.24) becomes small for large t and we can write Iν(z) ∼ ( 12 z)ν/�(ν + 1).
If α = 1, the limit does not exist and eb1(t)/b0(t) ∼ 1/ f (t) for t → ∞, where

f (t) = D exp

[
2k1
ω

cos(ωt)

] +∞∑

n=−∞
In

(
−2k1

ω

)
einωt

2k0 + inω
, k0 > 0. (6.27)

Accordingly, for t → ∞ we have

p(x, t |x0) ∼ pas(x, t) = 1

�(ν + 1)

(
1

f (t)

)ν+1 ( x

2

)2ν+1
exp

[
−
( x

2

)2 1

f (t)

]
. (6.28)

In the limit k1 → 0 or ω → 0, f (t) → D/(2k0), and p(x, t |x0) approaches the
Gibbs equilibrium distribution.

Finally, the limit g → 0 in Eq. (6.24) yields the exact transition PDF for the
breathing parabola model with reflecting boundary at the origin. Correspondingly,
Eq. (6.28) yields exact time-asymptotic PDF in the same model. Since the parameter
g enters only via ν defined in Eq. (6.10), g → 0 limit corresponds to ν → −1/2 in
Eqs. (6.24), (6.28).

1This result agrees with Eq. (19) in Ref. [31], where it has been derived in connection with
a diffusion problem with logarithmic factors in drift and diffusion coefficients. See also Refs.
[32, 48].
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6.4 Work Fluctuations

6.4.1 Characteristic Functions

By integration of the joint PDF in Eq. (6.21) over the spatial variable x , we obtain
the characteristic function for the work done on the particle during the time interval
[0, t].

Let us first consider the particle dynamics conditioned on the initial position x0.
In this case the characteristic function for the work reads

�(ξ, t |x0) =
∫ +∞

0
dx p̃(x, ξ, t |x0) . (6.29)

At the same time, this function is the two-sided Laplace transformation of the work
PDF conditioned on x0 (cf. Eq. (6.14)). Carrying out the spatial integration of the
formula (6.21), we find

�(ξ, t |x0) =
(

2eb1(t)− 1
2 D
∫ t
0dt ′b2(t ′)

2eb1(t) − b0(t)b2(t)

)ν+1

exp

[
b2(t)

2eb1(t) − b0(t)b2(t)

( x0
2

)2]
.

(6.30)
A physically more important situation is when the particle coordinate is initially

equilibrated with respect to the initial value k(0) = k0, k0 > 0, of the force constant.
In order to obtain the characteristic function for this situation we have to integrate
over x0 the product of the conditioned characteristic function �(ξ, t |x0) and the
equilibrium PDF peq which is given by the right-hand side of Eq. (6.28) with f (t) =
D/(2k0). The result of this integration is

�(ξ, t) = 〈e−ξW(t)
〉 =
(

4k0eb1(t)− 1
2 D
∫ t
0dt ′b2(t ′)

4k0eb1(t) − [D + 2k0b0(t)] b2(t)

)ν+1

. (6.31)

Notice that equation (6.31) is valid for an arbitrary driving protocol k(t). The Laplace
variable ξ enters �(ξ, t) through coefficients bi (t), i = 0, 1, 2 (cf. the Riccati equa-
tion (6.19) and Eqs. (6.20)). In particular, for ξ = β, �(β, t) is nothing but the
exponential average that appears in the Jarzynski equality (5.7) (notice that in the
present setting we have β = 1/D since the particle mobility is set to one).

In the limit g → 0 (ν → −1/2), Eqs. (6.30), (6.31) give the corresponding
characteristic functions for the breathing parabola model with reflecting boundary at
x = 0. These characteristic functions are also valid for the breathing parabola model
without reflecting boundary, if rather obvious changes are made of the meaning
of the initial coordinate x0 in Eq. (6.30), and of the initial Gibbs equilibrium state
underlying Eq. (6.31). In the breathing parabola model without reflecting boundary,
Eq. (6.30) is valid for x0 ∈ (−∞,+∞) and Eq. (6.31) corresponds to the initial
Gibbs equilibrium in the parabolic potential U (x0) = k0x2

0/2. The equivalence of

http://dx.doi.org/10.1007/978-3-319-27188-0_5
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the characteristic functions for the problems with and without reflecting boundary
is due to the symmetry of the parabolic potential, which implies that the work done
on the particle that crosses the origin is the same as the work done on the particle
reflected at the origin. This reasoning (which is a kind of the reflection principle for
the work variable) can be supported by an independent calculation if one notices
that both models, the present model with the logarithmic-harmonic potential and the
breathing parabola one, possess the same operator algebra.

6.4.2 Simple Example

A reasonable example of a driving protocol which allows for an explicit solution of
the Riccati equation (6.19) in terms of elementary functions can be given, is

k(t) = k0
1 + γt

, k0 > 0, γ > 0. (6.32)

Notice that the same protocol was considered in Refs. [24, 26].

Solution of the Riccati Equation

In order to study work fluctuations for the protocol (6.32) the Riccati equation (6.19)
needs to be solved. This nonlinear differential equation is equivalent to the linear
second-order differential equation with variable coefficients [49]

ÿ(t) − 2k(t)ẏ(t) − 2Dξk̇(t)y(t) = 0, ẏ(0) = 0. (6.33)

Specifically, if y(t) solves Eq. (6.33), then the logarithmic derivative

b2(t) = − 2

D

ẏ(t)

y(t)
(6.34)

is the solution of Eq. (6.19).
For the sake of transparency, let us take k0 = 1, γ = 1. Then the second order

equation (6.33) with the protocol (6.32) can be written as

(1 + t)2 ÿ(t) − 2(1 + t)ẏ(t) + 2Dξ y(t) = 0. (6.35)

The above equation suggests that we may look for the solution of the form

y(t) = (1 + t)λ, (6.36)

where λ is an unknown constant to be determined. After introducing the ansatz (6.36)
into Eq. (6.35) the quadratic equation for λ is obtained:

λ(λ − 3) + 2Dξ = 0. (6.37)
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Hence the general solution of Eq. (6.35) is given by

y(t) = C1(1 + t)λ1 + C2(1 + t)λ2 (6.38)

whereλ1,2 are the two solutions of the quadratic equation (6.37). The general solution
(6.38) contains two undetermined constants C1, C2. One of the constants is ruled out
by the initial condition ẏ(0) = 0:

C1λ1 + C2λ2 = 0. (6.39)

Having eliminated one of the two constants, the solution (6.38)will be proportional to
the remaining one. The actual value of the remaining (nonzero) constant is irrelevant
since the sought-after function b2(t) is proportional to the logarithmic derivative of
y(t), cf. Eq. (6.34).

The solution of the Riccati equation for general values of k0, γ can be derived
along the similar lines. After some algebra we get

b2(t) = − 2

D

d

dt
log

{
(1 + γt)

1
2γ [(2k0+γ)−A(ξ)]

[
(1 + γt)A(ξ) − (2k0 + γ) + A(ξ)

(2k0 + γ) − A(ξ)

]}
,

(6.40)

where
A(ξ) =

√
(2k0 + γ)2 − 8k0γDξ. (6.41)

Work Distribution

For the sake of transparency, we take γ = 1 and k0 = 1 in the following. The
exact expression for b2(t) can be integrated as required in Eqs. (6.20). This some-
what lengthy but straightforward calculation gives us functions b0(t) and b1(t), and
eventually, the exact expression for the characteristic function (6.31) is obtained:

�(ξ, t) =
(

2A(ξ)(1 + t)
1
2 [3+A(ξ)]

A(ξ)
[
(1 + t)A(ξ) + 1

]+ (3 − 2Dξ)
[
(1 + t)A(ξ) − 1

]
)ν+1

. (6.42)

According to Eq. (6.32), the time derivative k̇(t) is negative, the potential well
widens with time and hence Eq. (6.4) implies that the work done on the particle
is negative for any t > 0 and for any trajectory. Therefore the domain of ana-
lyticity of �(ξ, t) is the complex half-plane Re[ξ] < a, where a, a ∈ R, is the
abscissa of convergence. The Jarzynski equality guarantees that the Laplace trans-
form �(ξ, t) is well defined for ξ = 1/D. As a matter of fact, from Eq. (6.42), we
have �(1/D, t) = exp

[
(ν + 1) log(1 + t)

]
. Hence even without any examination

of formula (6.42) we know (on physical grounds) that it is certainly analytic when
Re[ξ] ≤ 1/D.

Successive derivatives of the characteristic function with respect to ξ evaluated
at ξ = 0 yield the moments of the work distribution. The mean work done on the
particle during the time interval [0, t] is given by
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〈W(t)〉 = −(ν + 1)
D

9

[
6 log(1 + t) + t3 + 3t2 + 3t

(1 + t)3

]
. (6.43)

It is a monotonically decreasing function of t , where for small times, the decrease is
linear, while in the long-time limit, it is logarithmic. For the variance we find

〈
[W(t) − 〈W(t)〉]2〉 = (ν + 1)

(
D

9

)2 t3 + 3t2 + 3t

(1 + t)6

× [t3 + 3t2 + 3t + 24(1 + t)3 log(1 + t)
]
. (6.44)

This increases monotonically, where the increase is quadratic for small times and
logarithmic for long times. The strength g of the logarithmic potential barrier enters
the above formulas only through the multiplicative prefactor (ν + 1). This holds
true for all cumulants of the work. For stronger repulsion, the particle predominantly
diffuses in a region further away from the origin. The decrease of its typical potential
energy results in a larger absolute value of the mean work. At the same time, the
width of the work PDF increases, since the initial particle position is sampled from
a broader Gibbs distribution.

The characteristic function (6.42) entails the complete information about the work
distribution p(w, t). In particular it allows one to derive the tails of the work PDF for
bothw → 0− andw → −∞without carrying out the inverse Laplace transformation
of the complete exact expression for �(ξ, t) [46].

The asymptotics of p(w, t) for w → 0− (at fixed t) is related to the asymptotics
of �(ξ, t) for ξ → −∞, which follows from (6.42),

�(ξ, t) ∼
⎛

⎝√
8 (1 + t)

3
2

exp
[
−√

2 log (1 + t)
√−Dξ

]

√−Dξ

⎞

⎠
ν+1

, ξ → −∞ .

(6.45)
By taking the inverse Laplace transform of this asymptotic form (cf. Ref. [50]), we
obtain a parabolic cylinder function (cf. Ref. [51]) with argument proportional to√

D/|w|. Considering the limit of large arguments of this function [51], we find

p(w, t) ∼ c1(t)

( |w|
D

)ν− 1
2

e−c2(t)
D
|w| , w → 0−, (6.46)

where

c2(t) =
[
ν + 1√

2
log (1 + t)

]2
, c1(t) = 1

D

√
8

π
(1 + t)

3
2

[
2 (1 + t)

3
2

(ν + 1) log(1 + t)

]ν

.

(6.47)

For any g and any t , the PDF almost vanishes in an interval (wc(t), 0), where its
width |wc(t)| is controlled by the “damping constant” c2(t). The width increases
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both with time and the strength of the logarithmic potential. This can be understood
from the fact that any trajectory yielding a small (absolute) value of the work, must
necessarily depart from a position close to the origin and remain in its vicinity during
the whole time interval [0, t]. The probabilistic weight of such trajectories decreases
with both t and g.

The asymptotics of the work PDF p(w, t) forw → −∞ (at fixed t) is determined
by the expansion of the characteristic function�(ξ, t) at such ξ0(t), which represents
the singularity of �(ξ, t) lying closest to its abscissa of convergence [46]. To find
ξ0(t), we numerically solved the transcendental equation 1/�(ξ0(t), t) = 0. In the
vicinity of the singularity,

�(ξ, t) ∼ r(t)

(
− 1

D[ξ − ξ0(t)]
)ν+1

, ξ → ξ0(t), (6.48)

with
r(t) = (−D)ν+1 lim

ξ→ξ0(t)
[ξ − ξ0(t)]

ν+1 �(ξ, t). (6.49)

From this result we obtain the required tail of the work PDF:

p(w, t) ∼ 1

D

r(t)

�(ν + 1)

( |w|
D

)ν

e−Dξ0(t)
|w|
D , w → −∞, (6.50)

where Dξ0(t) is a real, positive, decreasing function of t , it is plotted in Fig. 6.2
(the left panel). For small t , the work PDF is very narrow (Dξ0(t) large). With
increasing t , the weight of the trajectories yielding large (absolute) values of thework
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Fig. 6.2 Positions of the singularity in the expression (6.48) (left panel), and the prefactor (6.49)
(right panel) as functions of time. These functions control, through Eq. (6.50), the large |w| asymp-
totics of the work PDF. In the right panel we have taken D = 1 and g = 1 (Reproduced from Ref.
[25] with kind permission of IOP)
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Fig. 6.3 a Simulatedwork PDF in comparisonwith the asymptotic behavior predicted by Eq. (6.50)
(|w| large, solid line) and Eq. (6.51) (|w| small, dashed line) for parameters g = 1.5, D = 1
and t = 1. In the simulations 106 trajectories were generated with the time step �t = 0.001
(adapted when the particle is near the origin, see text). b Semi-logarithmic plot of simulated p(w, t)
versus w (circles), demonstrating the agreement with Eq. (6.50) (solid line) for large |w|. c Semi-
logarithmic plot of simulated p(w; t) versus w (circles) in comparison with the first leading term
of the asymptotic expansion for small |w| (Eq. (6.46), solid line), and when including the second
leading term according to Eq. (6.51) (dashed line) (Reproduced fromRef. [25] with kind permission
of IOP)

increases. This is reflected by the decrease of Dξ0(t).2 Contrary to the function c2(t)
in (6.46), the present “damping constant” Dξ0(t) does not depend on the strength of
the logarithmic potential. The parameter g enters only the pre-exponential factor in
Eq. (6.50).

In order to verify the exact asymptotic expansions of the work PDF, we have
performed extensive Langevin dynamics simulations using the Heun algorithm [52]
for several sets of parameters and different time intervals. A typical PDF together
with the predictions for its asymptotic behavior according to Eqs. (6.46) and (6.50)
is shown in Fig. 6.3. In order to avoid nonphysical negative values of the particle
position in the numerics, which can originate from a fixed time discretization, we
have implemented a time-adapted Heun scheme. If a negative (attempted) coordinate
along a trajectory is generated, the time step�t is reduced until the attempted particle
position is positive. In order to achieve a better agreement of the analytical asymptotic
representation and the simulated data for small |w| (cf. Fig. 6.3), we have derived also
the second leading term in the asymptotic expansion for |w| → 0. After somewhat
lengthy but straightforward calculation, we obtain

2For t = 2 and g = 0we obtain Dξ0(2)=̇1.827, r(2)/�(1/2)=̇1.021, which is in perfect agreement
with Eq. (5.30) in [26].
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p(w, t) ∼ c1(t)

[( |w|
D

)ν− 1
2 −

√
4

(ν + 1) log(1 + t)

( |w|
D

)ν+ 1
2
]
e−c2(t)

D
|w| , w → 0− ,

(6.51)
where c1(t) and c2(t) are given in Eq. (6.47).

6.5 Summarizing Remarks

In the present chapter, we have calculated the characteristic function for the work in
a simple setting which, however, may be realized in experiments [53, 54]. Based on
a Lie algebraic approach we have succeeded to derive the closed expression (6.21)
for the joint PDF of work and position for a Brownian particle in a time-dependent
anharmonic potential. In order to deduce further explicit results from Eq. (6.21)
for a given driving protocol, the Riccati equation (6.19) needs to be solved. We have
focused on the protocol (6.32) for which both the solution of the Riccati equation and
the work characteristic function can be expressed in terms of elementary functions.
The protocol should exemplify typical asymptotic features of the work PDF for
monotonic external drivings. It has been shown that the tail of work PDF for large
negative work values, cf. Eq. (6.50), is in agreement with the formula proposed by
Palassini andRitort, cf. Eq. (5.8), with δ = 1 and ν being dependent on the strength of
the logarithmic potential. The latter exponent, given byEq. (6.10) in ourmodel, can be
interpreted as follows. Notice that ν is composed of two parts: ν = −1/2+ g/(2D).
The first part is independent of the strength of the logarithmic potential (ν = −1/2
for the purely harmonic potential), and the second one quantifies the deviation of the
external potential from the parabolic one. Thus the pre-exponential factor in the tail
formula for the work PDF reflects the anharmonicity of the external potential.

The solution of the Riccati equation for several reasonable driving protocols, e.g.,
for the exponential protocol

k(t) = k0 exp(−γt), (6.52)

or for k(t) = k0 + k1t , k(t) = k1tn , can be written in terms of higher transcen-
dental functions. Corresponding results are rather involved and are briefly discussed
in AppendixC. In these cases, the complexity of the solution makes the analytical
progress impossible. However, the sequence of steps used in the derivation of formula
(6.50) suggests that the asymptotic form (6.50) should be applicable for any monoto-
nous drivingwith nonuniversal (protocol-dependent) parameters r(t), Dξ0(t). To test
this hypothesis, the numerical analysis of the work PDF has been performed for the
above mentioned protocols showing an excellent agreement with the formula (6.50).
The outcome of the simulation for the exponential protocol is fitted by the formula
(6.50) in Figs. 6.4 and 6.5.

For nonmonotonous driving protocols the work can assume any real value. Then
the work PDF has the support (−∞,+∞) and its two-sided Laplace transform will

http://dx.doi.org/10.1007/978-3-319-27188-0_5
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Fig. 6.4 a Simulated work distribution p(w, t) (symbols) at time t = 1 for the protocol k(t) =
k0 exp(−γt) with k0 = 1, γ = 1, and parameters g = 1.5 and D = 1; in b the associated Jarzynski
integrand p(w, t) exp(−βw) is displayed in a semi-logarithmic representation. The solid blue line
is a fit of Eq. (6.50) to the left tail. The best parameters are r(1) ≈ 2.833, Dξ0(1) ≈ 1.757. In the
simulations 106 trajectories were generated with time step �t = 10−3
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Fig. 6.5 Simulated work distribution (symbols) at time t = 1 for a protocol k(t) = k0 exp(−γt)
with γ = −1, and otherwise the same parameters as in Fig. 6.4. In a p(w, t) is plotted in a linear
representation and in b in a semi-logarithmic one. The solid blue line is a fit of Eq. (6.50) to the right
tail with the best parameters are r(1) ≈ 1.916, Dξ0(1) ≈ 1.124. In the simulations 106 trajectories
were generated with time step �t = 10−3

be analytic within a stripe parallel to the imaginary axis. In this case, the w → +∞
tail of the work PDF is determined by the singularity, which is closest to the stripe
on its left side, and w → −∞ tail is controlled by the closest singularity on the right
side. We hence expect an asymptotics

p(w, t) ∼ 1

D

r±(t)

�(ν + 1)

( |w|
D

)ν

e−Dξ±(t) |w|
D , w → ±∞ , (6.53)

where the coefficients ξ±(t), r±(t), depend on the driving protocol k(t). Peri-
odic driving protocols play an important role in the analysis of Brownian motors.
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A deeper analysis of the work PDF for this class of protocols seems to be worthy of
further study.

Interestingly enough, the validity of the derived results can be extended beyond the
diffusion in the anharmonic potential with a single minimum. Namely, the reflection
principle for the work variable presented in the last paragraph of Sect. 6.4.1 allows
us to consider an anharmonic bistable potential. Indeed, for g = 0, the reflection
principle guarantees the equivalence of the work distributions in the present model
(with the reflecting boundary at the origin) and in the parabolic one defined on the
whole real line. Considering g > 0, the application of the reflection principle makes
sense only if there exist trajectories which can reach the origin (where they are
reflected). As we know, such trajectories indeed exist if g/D < 1, cf. Eq. (6.7).
Assuming this condition, imagine that instead of the reflection at x = 0, the particle
passes through the origin into the second log-harmonic well located on the negative
half-line x < 0. More precisely, the reflection principle yields the equivalence of
the work distributions in the present semi-infinite system described by the potential
U (x, t) = −g log(x) + k(t)x2/2, x > 0, and in that described by the double-well
potential Ũ (x, t) = −g log(|x |) + k(t)x2/2 defined for x ∈ (−∞,+∞). Thus all
conclusions concerning the work PDF in the present setting holds true also for the
extended symmetric bistable model. (For the previous study of the work distribution
in a bistable potential see Ref. [55].)
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Chapter 7
Conclusions and Outlook

In the thesis we have concentrated on two topics. First, in Chaps. 2, 3 and 4 we have
discussed the single-file diffusion. Second, in Chaps. 5, and 6 we have addressed
stochastic thermodynamics and in particular the work distribution for the Brownian
particle diffusing in the time-dependent anharmonic potential. We would like to
emphasize that detailed concluding sections discussing main physical features of
individual models are presented at the ends of Chaps. 3, 4, and 6, see Sects. 3.4, 4.4,
and 6.5, respectively. Therefore, let us now mention some rather general aspects and
outlook for the future.

As for the single-file diffusion, after the review of known results (Chap. 2), we
have focused on the dynamics and first-passage properties of a tagged-particle in
open single-file systems (Chaps. 3 and 4). The model is exactly solvable. This is
guaranteed by the statistical equivalence of trajectories of interacting particles and
the trajectories of noninteracting ones. In the thesis we have developed the mapping
between two sets of trajectories for SFD in the presence of absorbing boundaries.
The mapping has turned out to be particularly useful for derivation of exact one-
time characteristics like PDF for position of a given tagged particle. Starting from
this PDF, the effects induced by the presence of boundaries and by interparticle
interactions were described in detail for various initial and boundary conditions (cf.
Chaps. 3 and 4).

There are many directions in which the present analysis could be generalized.
For instance, a challenging problem is to develop the probabilistic reasoning for the
single-file system coupled to a reservoir of particles. Another still unsolved task is
the exact description of a first-passage time for the setting, when only the tracer
interacts with the absorbing boundary, whereas all other particles diffuse freely on
an unbounded real line. A rather hard and important problem is SFD under the action
of external forces. This setting opens the possibility to address, besides the dynamics
itself, also the stochastic energetics of a tagged particle. Since the dynamics of a
tagged particle becomes subdiffusive one expects anomalous fluctuation theorems
to hold.

© Springer International Publishing Switzerland 2016
A. Ryabov, Stochastic Dynamics and Energetics of Biomolecular Systems,
Springer Theses, DOI 10.1007/978-3-319-27188-0_7

109

http://dx.doi.org/10.1007/978-3-319-27188-0_2
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_4
http://dx.doi.org/10.1007/978-3-319-27188-0_5
http://dx.doi.org/10.1007/978-3-319-27188-0_6
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_4
http://dx.doi.org/10.1007/978-3-319-27188-0_6
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_4
http://dx.doi.org/10.1007/978-3-319-27188-0_6
http://dx.doi.org/10.1007/978-3-319-27188-0_2
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_4
http://dx.doi.org/10.1007/978-3-319-27188-0_3
http://dx.doi.org/10.1007/978-3-319-27188-0_4


110 7 Conclusions and Outlook

Notice that SFD model provides us an “exactly solvable playground” for our
understanding of subdiffusion. Gaining an intuition with this particular model could
significantly contribute to development of a theory for general anomalous dynamics.

As for the stochastic thermodynamics, in Chap. 5, after a brief review of basic
notions (definitions of stochastic work and heat), we have discussed the two most
widely known fluctuation theorems (the Crooks theorem and the Jarzynski equal-
ity) and their roles in free-energy measurements. Then, in Chap. 6, we have intro-
duced and solved the model for the Brownian motion in the time-dependent anhar-
monic potential. For the model the exact form of the work characteristic function has
been obtained. This success is based on the fact that (after the Laplace transform in
work variable) the differential operators entering the Fokker-Planck equation possess
closed commutation relations. This allowed us to reduce the Fokker-Planck equation
for the joint PDF of work and position (using the Lie-algebraic method) to the Riccati
equation and some quadratures. For the model, the PDF of the particle position can
be derived in a closed form for any external driving. But it is just for a few specific
driving protocols that characteristic function for work can be obtained in a closed
form, yielding the desired information about the work PDF including all moments
and the both tails.

The model clearly illustrates a disparity in our understanding of properties of
the PDF for the particle position on one hand and of those of PDFs for energetic
characteristics like work on the other. While the behavior of the PDF for the position
is well understood for a wide range of external potentials, the opposite holds true
for the corresponding work PDFs. To this end, the only general (well known) result
is that near equilibrium (slow driving) and in the vicinity of its maximum the work
PDF could be approximated by a Gaussian function. Certainly this state is very
unsatisfactory and we hope that study of exactly solvable models could shed some
light on the qualitative features of the work PDF.

Our findings concerning the work PDF (together with previous studies cited in
Chaps. 5 and 6) indicate the following universality. It seems that the exponential tail
with polynomial prefactor as given by Eq. (6.50) is a rather universal feature of the
Langevin dynamics starting from the equilibrium initial condition. The parameters of
the external driving affect merely the “damping constant” of the asymptotic exponen-
tial decay, and the exponent of the algebraic pre-exponential factor. Actually, in the
present setting, this exponent quantifies the anharmonicity of the external potential.
These findings could improve the fitting of the histogram of experimentallymeasured
work values. In addition, from the comparison against numerical results it follows
that the range of validity of the scaling form (6.50) includes also a region of typical
(i.e., not too rare) values of work, cf. Figs. 6.3, 6.4 and 6.5. Hence the fitting para-
meters could be obtained with a sufficient precision. In a further research it would
be very interesting to classify the conditions for which the asymptotics of the work
PDF could be different from that described by Eq. (6.50). To this end, it is necessary
to understand how (i) a shape of the external potential, (ii) a time-dependence of
external driving (slow, fast, monotonous, oscillating), and also (iii) initial conditions
control the overall features of the work PDF.
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Appendix A
Limit Distribution of the Extreme

Let X1,X2, . . . ,Xn be independent and identically distributed random variables,
each with the cumulative distribution function F(x). The asymptotic theory of the
sample extreme Xn:n = max {X1,X2, . . . ,Xn}, is concerned with the limit behavior
of the maximum Xn:n as n → ∞. The theory, in a certain sense, resembles the
central limit theory for partial sums of random variables. In the present Appendix
we just list possible asymptotic distributions of Xn:n . For a readable introduction to
asymptotic theory we refer the reader to Chapter 10 of Ref. [1]. The book [1] contains
about 1500 references, including numerous applications of order statistics. A more
advanced discussion of limit distributions can be found in Ref. [2].

For an arbitrary distribution F(x), the maximum Xn:n will in general not possess
a limiting distribution. However, if there exist standardizing constants an > 0 and
bn and the distribution G(x) such that

Fn:n(an x + bn) = [F(an x + bn)]
n → G(x) at all continuity points of G, (A.1)

i.e., if the distribution of the maximum Fn:n(x) converges to the limit distribution
G(x), then the limit distribution G(x) must be one of just three types. The three types
are: (A) a Fréchet distribution when f (x), f (x) = dF/dx , decays as a power law
x−α−1, α > 0, as x → ∞; (B) a Weibull distribution when the support of f (x) is
bounded; (C) a Gumbel distribution when f (x) decays faster than a power law as
x → ∞. The three distributions read

(Fréchet) G1(x;α) =
{
0 x ≤ 0,α > 0
exp

(−x−α
)

x > 0; (A.2)

(Weibull) G2(x;α) =
{
exp

[− (−x)−α
]

x ≤ 0,α > 0
1 x > 0; (A.3)

(Gumbel) G3(x;α) = exp
(−e−x

) − ∞ < x < +∞. (A.4)

Throughout the thesis the Gumbel distribution appears in Eq. (2.47) as the distri-
bution for the position of the (single-file) diffusion front and in Eqs. (4.26), (4.53)
as the distribution for the absorption time of the longest-living particle in a finite
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interval. The Fréchet distribution can be found in Eq. (3.50), it gives the asymptotic
distribution for the time of absorption of the longest-living particle in the semi-infinite
system. Notice that the limit PDF for the central tracer in a finite system, Eq. (4.37),
after an appropriate normalization becomes proportional to e−x exp

(−e−2x
)
, which

resembles the PDF of the Gumbel distribution g3(x;α) = e−x exp
(−e−x

)
.
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Appendix B
Asymptotic Expansion of Conditioned PDF

The main aim of this Appendix is to justify relations (3.18) and (3.22). To this end,
we treat separately the numerator and the denominator in Eq. (3.17).

As for the numerator, we insert the explicit expression (3.8) into the mean value
in Eq. (3.9). This yields

f (x, t) = 2 e−x2/4Dt

√
4πDt

〈sinh
(

xX(0)

2Dt

)
e−X2(0)/4Dt 〉. (B.1)

Using the power series representation for the functions inside the averaging brackets,
we obtain

〈sinh
(

xX(0)

2Dt

)
e−X2(0)/4Dt 〉 = x

2Dt

∞∑

k,l=0

(−1)l2−2l

l! (2k + 1)!
(

1

Dt

)k+l
(

x2

4Dt

)k

〈X2(k+l)+1(0)〉.

(B.2)
The above double sum is treated by the index substitution p = k + l:

f (x, t) = x e−x2/4Dt

2Dt

〈X(0)〉√
πDt

∞∑

p=0

p∑

k=0

c(k, p)

(
x2

4Dt

)k (
1

Dt

)p

, (B.3)

where the time-independent coefficients c(k, p) carry the information concerning
the initial condition. Explicitly, they read

c(k, p) = (−1)p−k 22k−2p

(p − k)! (2k + 1)!
〈X2p+1(0)〉

〈X(0)〉 . (B.4)

We now prepare similar expansion for the survival probability S(t) as defined in
Eq. (3.11). Inserting the power series [1]

erf(z) = 2√
π

∞∑

k=0

(−1)k z2k+1

k! (2k + 1)
(B.5)
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into the averaging in (3.11), we immediately obtain

S(t) = 〈X(0)〉√
πDt

∞∑

p=0

(−1)p

22p p!(2p + 1)

〈X2p+1(0)〉
〈X(0)〉

(
1

Dt

)p

. (B.6)

Interestingly, the numerical factors 22p p !(2p + 1) in the denominators of individ-
ual terms of (B.6) form a sequence 1, 12, 160, 2688, 55296, ... (for p = 0, 1, 2,
3, 4, . . .), which is A167558 sequence in Sloane’s On-Line Encyclopedia of Integer
Sequences [2]. This sequence originally emerged in a completely different situa-
tion without any obvious connection to the expansion of the error function (see also
A167546).

One can arrive at an alternative equivalent expansion of the function S(t) by
staring with the first equality in Eq. (3.11) from the main text. The series (B.3) is
integrated term by term and it assumes the form

S(t) = 〈X(0)〉√
πDt

∞∑

p=0

p∑

k=0

k! c(k, p)

(
1

Dt

)p

. (B.7)

By term comparison of the series (B.6) and (B.7) one obtains a non-trivial identity

p∑

k=0

(−1)k 22kk !
(p − k)! (2k + 1)! = 1

p !(2p + 1)
. (B.8)

Returning to the main goal of the Appendix, we divide the series (B.3) by (B.6).
Notice that the prefactor 〈X(0)〉/√πDt appears in both (B.3) and (B.6), therefore
it cancels. Representing the fraction 1/S(t) by a geometric series, we finally obtain
the sought-after asymptotic expansion

f (x, Dt | T > t) = x

2Dt
e−x2/4Dt

[
1 +

1∑

k=0

c(k, 1)

(
x2

4Dt

)k 1

Dt
+ O

(
t−2

)
]

(B.9)

×
[
1 + 1

12

〈X3(0)〉
〈X(0)〉

1

Dt
+ O

(
t−2

)]
.

The asymptotic expansion of the corresponding distribution function, i.e.,

∫ x

0
dx ′ f (x ′, t)

S(t)
= 1 − e−x2/4Dt

[
1 + O

(
t−1

)]
, (B.10)

has been employed in steps leading from Eqs. (3.59) to (3.60), and from Eqs. (3.62)
to (3.63).
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Appendix C
Different Driving Protocols

In order to derive explicit results from Eq. (6.21) for a given protocol, the Riccati
equation (6.19) needs to be solved. This nonlinear differential equation is equivalent
to the linear second-order differential equation (6.33). Specifically, if y(t) solves
(6.33), then the logarithmic derivative (6.34) is the solution of Eq. (6.19). Hence the
characteristic function (6.31) can be expressed in terms of the function y(t). The
solution of (6.33) for several reasonable driving protocols can be expressed in terms
of higher transcendental functions.

Firstly let us consider the exponential protocol

k(t) = k0e
−γt . (C.1)

For the sake of simplicity we assume that k0 = 1, and γ = 1. Then the substitution
τ = 2e−t transforms the second-order equation (6.33) into the form

d2y

dτ 2
+

(
1 + 1

τ

)
dy

dτ
+ Dξ

τ
y = 0, (C.2)

which after another substitution, y(τ ) = e−τw(τ ), reduces to Kummer’s differential
equation

τ
d2w

dτ 2
+ (1 − τ )

dw

dτ
− (1 − Dξ) w = 0. (C.3)

Thus the general solution of the original problem (6.33) for the exponential driving
is given by the linear combination

y(τ ) = C1 e
−τ

1F1(1 − Dξ, 1; τ ) + C2 e
−τU (1 − Dξ, 1; τ ), τ = 2e−t , (C.4)

of confluent hypergeometric functions of the first and of the second kind [1]. An
alternative form of the solution can be derived by the Laplace transform method of
Ref. [2]. Having obtained the exact expression for y(t), one can try to derive the
characteristic function for the work as given by Eq. (6.31). To this end, one of the

© Springer International Publishing Switzerland 2016
A. Ryabov, Stochastic Dynamics and Energetics of Biomolecular Systems,
Springer Theses, DOI 10.1007/978-3-319-27188-0

117

http://dx.doi.org/10.1007/978-3-319-27188-0_6
http://dx.doi.org/10.1007/978-3-319-27188-0_6
http://dx.doi.org/10.1007/978-3-319-27188-0_6
http://dx.doi.org/10.1007/978-3-319-27188-0_6
http://dx.doi.org/10.1007/978-3-319-27188-0_6
http://dx.doi.org/10.1007/978-3-319-27188-0_6
http://dx.doi.org/10.1007/978-3-319-27188-0_6
http://dx.doi.org/10.1007/978-3-319-27188-0_6
http://dx.doi.org/10.1007/978-3-319-27188-0_6
http://dx.doi.org/10.1007/978-3-319-27188-0_6
http://dx.doi.org/10.1007/978-3-319-27188-0_6


118 Appendix C: Different Driving Protocols

constantsC1,C2 is ruledout by the initial condition ẏ(0) = 0.The remaining constant
cancels after forming the logarithmic derivative ẏ(t)/y(t)which is proportional to the
solution b2(t) of the Riccati equation, cf. Eq. (6.34). Differently speaking, we are free
to supplement Eq. (6.31) with the initial condition prescribing y(0), e.g. y(0) = 1.
However, and this is themain obstacle on our way to the exact characteristic function,
the function b2(t) still must be integrated according to Eq. (6.20). Unfortunately the
integration cannot be accomplished analytically.

Intuitively one may guess that the most simple results should be obtained for the
linear protocol

k(t) = k0 + k1t. (C.5)

However, this is not the case. The transformation of the time variable k1τ =
(k0 + k1t)2 reduces the second-order differential equation (6.33) again to Kummer’s
equation. Presently we have

τ
d2y

dτ 2
+

(
k0
2

− τ

)
dy

dτ
+ Dξ

2
y = 0, τ = 1

k1
(k0 + k1t)

2 . (C.6)

And again, there seems to be no reasonable way how to get a closed formula for the
characteristic function (6.31) starting from the exact formula for y(t).
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