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Preface

ICAMER (International Conference on Applied Mathematics in Engineering and Reliability) is first
conference on this topic in_ Vietnam promoted by the following institutions: Ton Duc Thang University
from Ho Chi Minh City, VSB—Technical University of Ostrava, and the European Safety and Reliability
Association (ESRA). The Conference attracts broad international community, which is a good mix of
academics and industry participants that present and discuss subjects of interest and application across
various industries.

Main theme of the Conference is “Applied Mathematics in Reliability and Engineering”. The Confer-
ence covers a number of topics within mathematics applied in reliability, risk and engineering, including
risk and reliability analysis methods, maintenance optimization, Bayesian methods, methods to solve
nonlinear differential equations, etc. The application areas range from nuclear engineering, mechanical
engineering, electrical engineering to information technology and communication, safety engineering,
finance or health. The Conference provides a forum for presentation and discussion of scientific papers
covering theory, methods and applications to a wide range of sectors and problem areas. Integral demon-
strations of the use of reliability and engineering mathematics were provided in many practical applica-
tions concerning major technological systems and structures.

The ICAMER Conference is organized for the first time in Vietnam. Ho Chi Minh City has been
selected as the venue for the Conference. Ho Chi Minh City, one of biggest cities in Vietnam, as well as in
the world, lies in the southern part of Vietnam and ranks amongst the most impressive and modern cities
in the world. The city has always played an important part in the history of the country.

The host of the conference is the Ton Duc Thang University in close cooperation with VSB—Technical
University of Ostrava and ESRA. The Ton Duc Thang University, as well as VSB—Technical University
of Ostrava rank among top technical universities in both countries. They develop traditional branches of
industry as metallurgy, material engineering, mechanical, electrical, civil and safety engineering, econom-
ics, computer science, automation, environmental engineering and transportation. Research and devel-
opment activities of those Universities are crucial for the restructuring process in both countries and
corresponding regions.

The program of the Conference includes around 50 papers from prestigious authors coming from
all over the world. Originally, about 72 abstracts were submitted. After the review by the Technical Pro-
gramme Committee of full papers, 40 have been selected to be included in these Proceedings. The work
and effort of the peers involved in the Technical Program Committee in helping the authors to improve
their papers are greatly appreciated.

Thanks to authors as well as reviewers for their contributions in this process. The review process has
been conducted electronically through the Conference webpage.

Finally we would like to acknowledge the local organizing committee for their careful planning of the
practical arrangements.

Radim Bris, Vaclav Snasel,

Chu Duc Khanh and Phan Dao
Editors
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Message from Professor Vinh Danh Le

Welcome to the 1st International Conference on Applied Mathematics in Engineering and Reliability
(ICAMER 2016), held at Ton Duc Thang University, Vietnam. This Conference aims to offer a forum
for scientists, researchers, and managers from universities and companies to share their research findings
and experiences in the field. In recognition of its special meaning and broad influence, we consider the
organization of this Conference as one of our strategic activities in the development of three decades
applied research university.

Ton Duc Thang University (TDTU) has always described itself as a young, inspiring and dynamically
growing higher education institution in vibrant Ho Chi Minh City.

TDTU is steadily growing to meet the expanding demand for higher education as well as high-quality
human resources in Vietnam. With fifteen faculties and around 25,000 students, the University is now
ranked among the largest and fastest growing universities in Vietnam in all aspects.

On behalf of TDTU, the host institution of ICAMER 2016, I would like to express my sincere appre-
ciation to our great partners—European Safety and Reliability Association (ESRA) and VSB-Technical
University of Ostrava (Czech Republic)—for their great efforts in organizing this Conference. I would
also like to send my special thanks to conference committees, track chairs, reviewers, speakers and authors
around the world for their contributions to and interest in our event.

I believe that you will have an interesting and fruitful conference in Vietnam. I really look forward to
welcoming all of you at our campus and hope that this Conference will start a long-term partnership
between you and our university.

February 2016
Prof. Vinh Danh Le, Ph.D.

President
Ton Duc Thang University, Vietnam

Xiil
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Introduction

The Conference covers a number of topics within engineering and mathematics. The Conference is
especially focused on advanced engineering mathematics which is frequently used in reliability, risk and
safety technologies.

—

APPLIED MATHEMATICS IN RELIABILITY ENGINEERING

Bayesian Methods, Bayesian Reliability

Efficient Methods to Solve Optimization Problems

Maintenance Modelling and Optimization

Monte Carlo Methods for Parallel Computing of Reliability and Risk
Network and Wireless Network Reliability

Risk and Hazard Analysis

Stochastic Reliability Modelling, Applications of Stochastic Processes
System Reliability Analysis

II ADVANCED MATHEMATICAL METHODS FOR ENGINEERING

Advanced Methods to Solve Partial Differential Equations
Inverse Problems

Advanced Numerical Methods

Statistics and Applied Statistics

XV
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A conjugate prior distribution for Bayesian analysis

of the Power-Law Process

V.C. Do & E. Gouno

Laboratoire de Mathématiques de Bretagne Atlantique Université de Bretagne Sud, France

ABSTRACT: This paper focuses on the Bayesian analysis of the Power-Law Process. We investigate the
possibility of a natural conjugate prior. Relying on the work of Huang and Bier (1998), we introduce and
study the H-B distribution. This distribution is a natural conjugate prior since the posterior distribution
is a HB-distribution. We describe a strategy to draw out the prior distribution parameters. Results on

simulated and real data are displayed.

1 INTRODUCTION

The Power-Law Process (PLP) is a non homoge-
neous Poisson process {N(¢),z =0} with a power
law intensity m(r)= g1 a”, a>0,>0. The
literature on this process is abundant. It has been
widely used to describe reparaible systems, in soft-
ware reliability, in reliability growth, etc. Inference
was carried out by many authors from a frequen-
tist and a Bayesian perspective. Choosing the
prior distribution is an important matter. Guida
et al. (1989) propose different choice: a joint non
informative prior of the form ((l,b’)’l, a uniform
distribution for £ and 1/« for «. Then con-
sidering a gamma prior distribution on m(t), the
number of expected failures, they express a distri-
bution for & given 4. Bar-Lev et al. (1992) con-
sider a joint prior for (¢f) of the form (8”)™.
They obtain a chi-square distribution for £ pos-
terior distribution but a cumbersome expression
for o« posterior distribution. Sen and Khattree
(1998) study specifically the Bayesian estimator
of m(t) considering different lost functions. Our
purpose here is to investigate conjugate prior for
the Bayesian analysis of PLP. This problem has
already been addressed by Huang and Bier (1998)
and (Oliveira & Gilardoni 2012). In section 2, we
define a 4-parameter distribution that we name
the H-B distribution (for Huang-Bier distribu-
tion). Properties of this distribution are given
and it is shown that this distribution is a natural
conjugate prior for Bayesian analysis of the PLP.
The Bayes estimates are then obtained and we
suggest a technique to elicit the parameters of the
prior distribution. This technique is very attrac-
tive and simple since the practionner has only to
give a prior guess on f and a standard deviation
associated with his guess. To end with and before

concluding, we apply the method on simulated
data and on data from aircraft generator.

2 THE HUANG-BIER DISTRIBUTION

In this section, we introduce a new bi-variate distri-
bution. This distribution has four parameters. One
of its component has a gamma distribution while
the marginal distribution of the other one do not
have an explicit expression. However, the expecta-
tion and the variance of each component can be
obtained. First of all, we give the definition of the
H-B distribution.

Definition 1 — A bivariate rv. (X,Y)eR*xR"
has a Huang-Bier distribution with parameters
(a,b,e.d) where a,b,c,d >0 and such that ¢<d“,
if it has a p.d.f. of the form:

fry(x,p)=K (xp)"'¢" exp{-bd’x} (1)

where K =[blog(d“ / ¢)]" I T(a)*.

We denote: (X,Y)~HB(a.b,c,d). Figure 1
displays a H-B distribution with parameters
(1.5,5,0.5,1). As mentioned before, the marginal
distribution of X cannot be obtained explicitly.
The following theorem provides the conditionnal
distribution of X.

Theorem 1 — Let (X,Y) ~ HB(a,b,c,d).
Then

i. X given Y =y has a gamma distribution with
parameters (a,bd”) ,

il. Y has a gamma distribution with parameters
(a,log(d” 1 ¢)).



Figure 1.

Proof:

oo ) s
Jr()=[7 K 00y expi=bd’ x}dx
=K y"’lc”ﬂm x“exp{-bd’ x}dx
a—ICy r(a)
(bd”)*
_llog(d* /o)) ( < )y ot
Ta) \d°
_[log(d® / o)]"
I'(a)

¥ exp{-log(d“ /)y

Therefore Y has a gamma distribution with
parameters (a,log(d” /¢)) .
To prove (i) we write:

Srxy=p ()= fxy (. fy(9)
K (xp)'¢¥ expi-bd”x}
- K ya—l(_y T'(a)

(bd”)
e oo
= (bd”) xexp{-bd”’x}
I'(a)

Thus X |Y =y has a gamma distribution with
parameters (a,bd”) .

The previous theorem allows us to compute the
expectation and the variance of X and Y .

Let k=log(d"/c).

We have
EXY)=alk (2
and
Var(Y)=a !k’ (3)

Probability density function for the HB distribution witha=1.5,h=5,c=0.5and d=1.

To compute E(X) we consider the conditional
expectation and compute E[E(X |Y)] to obtain:

a k ‘
E(X)_Z[kﬂogd] @

A similar reasonning provides:

a k ‘

It is interesting to remark that when =1, X
and Y are independent and have gamma distribu-
tions. We have the following theorem:

Theorem 2 — Let (X,Y) ~H — B(a,b,c,1). Then X
and Y are independent, X has a gamma distribu-
tion with parameters (a,b) and Y has a gamma dis-
tribution with parameters (a,log(1/¢)) .

Proof: When d =1,
Fryr(x,p)=K (xp) "' ¢" exp{-bx}

where K =[blog(d® /)" / T(a) .

Clearly,
fyplx, )= L x"expi—bx}
xy\%y _F(a) p
fog(l/eN’ oy (o
X @) ¥y exp{—log(l/c);
=[x () fr(»).

Note that in this case, the expectations and the
variances are easily obtained. We have:



EX)=a/b,Var(X)=a/b*, E(Y)=a/llog(l/¢)
and Var(Y)=a/[log(1/ ¢).

3 CONJUGATE PRIOR

We now consider the Bayesian inference for the PLP.
We reparametrize the intensity setting 1/a” = 4 .
Then m(t)= A4”" . Then a prior distribution for
(4, /) is needed. The HB-distribution is a natural
conjugate prior.

Theorem 3 — Let t=(1,,...,t,) be thejun}p dates of
a Power Law Process with intensity Af°"

Then a Huang-Bier distribution with parameters
(a,b,¢,t,)) is a natural conjugate prior and the pos-
terior distribution is a Huang-Bier distribution with
parameters (n+a,l+ h,(:lel 4,t,) .

Proof: We have

n

p-1
ful /= /1”,6”(1_[1,} expi-A1/'}
i=1

Let us consider a H-B (a.b,¢,7,) as the joint
prior distribution:

e, B e A P expi-biP 4.
The posterior distribution is:
(A, f1t) = [ (1| A, B)7(4, f) "
o g [H t{_]
><exp{—(l+b)t_4ﬂ/£1
That is to say a HB distribution with parameters

(n+a,1+h,(:Ht £)

ir'n/

.=l . .
Assuming a quadratic loss, the Bayes estimators
are the expectation of the posterior distributions.
Therefore by (4) and (2), we have:

R n+a
ﬁBayes = +S (6)
and
n+a
R n+a k'+ S
= n 7
Avaes =71 [k’+Sn +logtn} @

where S, =Zilog(t,/t;) and k’= log(t] /¢).
Let us recall the expression of the MLE:

Baie = 2

—— and AMig ="/ znﬁ“’“f.
iy og(t, 1)

One can see that [3 e CAN be expressed as a
convex combination otB the MLE and the expecta-
tion of the prior distribution:

R R a
ﬁBayes = qn(asc) ﬁMLE + [1 - qn(a,c)] P,
where

S
o 8
kK'+S, ®

q,{a,c) =

This remark will be usefull to choose the param-
eters (a,b,¢,d) in the sequel.

A relationship between jp, . and j;p can
be proposed.

From (6), k' +S, =4

Bayes

Substituting in 7,

n+a
R _n+a 1
lBayes_ 1+b

1+ loge?™ 1 (n+a)

which can be approximated by:

n+a 1
1+b tﬁBayes.
n

&)

n+a 3
A’Bayes = mexp {— log li/i Bayes} —

Therefore Jp, .. can be expressed as a convex
combination of the MLE and the prior expecta-
tion of A given £:

iBayes =(1- é)iMLE +&

a
b lf Bayes

where &= ﬁ This approximation will be used in
the next section to elicit prior parameters.

4 PRIOR ELICITATION

We suggest a first strategy (elicitation strategy 1)
to choose the values for the prior parameters. Sup-
pose that the practioner has a guess gz, at the
value of £ and a guess g4, at the standard devia-
tion associated with g, . Then a value for a can
be obtained by solving the system:



alk’=gg 10)
Jaik' =gz (1)
We have:

2
az[gm /glf,ZJ and k" =algg).

Then (6) can be computed.

According to (9), nz:‘;)) can be interpreted as a

confidence or corrective factor & associated with
the MLE. A value for b can be obtained solving
the equation:

n+a n+a

= toobtain b= -1,

n(1+b) no

with @ =gq,(a,c) for example.

A second strategy (elicitation strategy 2) con-
sists in considering a guess at and a guess at
0, g4. From the guess at &, a value for b can
be deduced. Setting n=a/b, a value for a is
obtained. The guess at £ provides a value for k’
since k”=a/ g, . The results using this strategy are
displayed in Table 2.

5 APPLICATIONS

5.1  Simulated data

In order to investigate the behaviour of the HB
natural conjugate prior, we make a comparison
between Bayesian estimation and maximum like-
lihood estimation relying on simulated data from
PLP. For the elicitation strategy 1, three different
values of priormean for /£ are investigated: case
[1] prior mean underestimates the true value of
parameters, case [2] prior mean overestimates the
true value of parameters, and case [3] prior mean
is relatively close to the true value of parameter
used in generating the data sets. For a each given
prior guess g4, computations are carried out
using three incertitude values of variability g4,
according to the scheme: g4,=pg4,, where
£=0.3,0.6,0.9 are the coefficient of variation.
The sample sizes vary from small size n=20 to
medium size n=150 and then to very large size
n=2000 . The small size case is in favour of show-
ing the advantage of Bayesian approach.

Table 1 and Table 2 describe the results of
estimation based on the data sets generated by a
PLP with true parameters F=1.38, 21=0.008. In
table 1, we use the elicitation strategy 1 for choos-
ing the values of the prior parameters. For under-
estimated prior guess, accurate prior guess and

Table 1. Mean of the Bayes estimates with elicitation
strategy 1 for simulated data from a PLP with input
parameter values f#=1.38 and 4 =0.0008 .

Sample-size Prior guess Bayes estimates
n gﬁ,l gﬂ,z ﬁBayes }uBayes
10 0,90 0,27 1,1338 0,006949
0,54 1,4009 0,012574
0,81 1,5412 0,014838
1,40 0,42 1,4973 0,002126
0,34 1,6157 0,007978
1,26 1,6750 0,011449
2,10 0,63 1,8461 0,000892
1,26 1,7543 0,006538
1,89 1,7318 0,010739
MLE 1.4343 0.001604
150 0,90 0,27 1,3545 0,001994
0,54 1,3936 0,001714
0,81 1,4016 0,001662
1,40 0,42 1,4114 0,001363
0,84 1,4124 0,001506
1,26 1,4127 0,001535
2,10 0,63 1,4464 0,001085
1,26 1,4226 0,001411
1,89 1,4180 0,001484
MLE 1.3995 0.001082
2000 0,90 0,27 1,3848 0,000904
0,54 1,3879 0,000881
0,81 1,3885 0,000877
1,40 0,42 1,3855 0,000899
0,84 1,3855 0,000904
1,26 1,3854 0,000905
2,10 0,63 1,3906 0,000854
1,26 1,3887 0,000875
1,89 1,3883 0,000879
MLE 1.3803 0.000834

overestimated prior guess, we choose respectively
851=09.845,=14,g5,=2.1.

In case of large sample size, it is not surprising
that Bayesian estimates are relatively close to MLEs
and tend to the true values of the parameters what
ever the parameter /£ is underestimated or overes-
timated. For small and medium size, one can see
that the underestimating scenario is more accurate
than the two other scenarios. In more detail, the
Bayesian estimators seems to increase when we
let the incertitude values become larger. In case
of medium sample size, the underestimated prior
guess with moderate variability gz, =0.6 g4,
gives results on Bayesian estimators which are
more accurate than MLEs but in small sample size
case, the MLEs seems to perform better.

On the other hand, results in table 2 illustrate
the elicitation strategy 2. We choose different val-



Table 2. Mean of the Bayes estimates with elicitation
strategy 2 for simulated data from a PLP with input
parameter values #=1.38 and 4 =0.0008.

Sample-size Prior guess Bayes estimates

n 8p f ﬂBayes /lBayes
10 0.90 0.30 1.3084 0.0172384
0.60 1.0856 0.0187112
0.80 0.9821 0.0205621
0.95 0.9189 0.0224425
1.40 0.30 1.5894 0.0080820
0.60 1.4833 0.0033231
0.80 1.4350 0.0016563
0.95 1.4076 0.0009654
2.10 0.30 1.7735 0.0057058
0.60 1.8691 0.0008951
0.80 1.9654 0.0001251
0.95 2.0617 0.0000164
MLE 1.4343 0.001604
150 0.90 0.30 1.1988 0.0060447
0.60 1.0488 0.0177631
0.80 0.9686 0.0329844
0.95 0.9162 0.0500529
1.40 0.30 1.4018 0.0012170
0.60 1.4000 0.0009408
0.80 1.3996 0.0008128
0.95 1.3998 0.0007406
2.10 0.30 1.5625 0.0003637
0.60 1.7534 0.0000530
0.80 1.9103 0.0000106
0.95 2.0489 0.0000026
MLE 1.3995 0.001082
2000 0.90 0.30 1.1944 0.0064560
0.60 1.0475 0.0298960
0.80 0.9681 0.0687878
0.95 0.9161 0.1189907
1.40 0.30 1.3912 0.0008157
0.60 1.3949 0.0007593
0.80 1.3974 0.0007268
0.95 1.3993 0.0007047
2.10 0.30 1.5447 0.0001643
0.60 1.7420 0.0000196
0.80 1.9042 0.0000034
0.95 2.0474 0.0000007
MLE 1.3803 0.000834
Table 3. Failure times in hours for aircraft generator.
Failure Time Failure Time
1 55 8 1308
2 166 9 2050
3 205 10 2453
4 341 11 3115
5 488 12 4017
6 567 13 4596
7 731

ues for & depending on the confidence we might
have in the data. We set £=10.3,0.6,0.8,0.95. We
consider as in Tables 1, 3 values for g - In small
and medium sample size, it turns out that if we
choose the accurate prior for £ then the Bayesian
estimator of A4 performs better but the Bayesian
estimator of £ performs worse compare to strat-
egy 1. We remark that globally the results with
strategy 2 are worse than with strategy 1. But for
some schemes of prior, the estimation of / for
e.g. is closer to the input value. With strategy 2, we
observe more dispersion on the estimates.

5.2 Real data

The Table 5.2 gives data that have been discussed
many times in the literature (Bar-Lev, Lavi, &

Table 4. Bayes estimates with strategy 1 for aircraft gen-
erator data.

Prior guess Bayes estimates

gﬁ,l gﬁ,z ﬂBayes ;LBayes
0.075 0.3583 0.2561
0.25 0.15 0.4646 0.2642
0.225 0.5123 0.2457
0.15 0.5350 0.1054
0.5 0.30 0.5555 0.1730
0.45 0.5623 0.1959
0.225 0.6402 0.0604
0.75 0.45 0.5943 0.1441
0.675 0.5812 0.1797
MLE 0.5690 0.1076
Table 5. Bayes estimate with strategy 2 for aircraft gen-

erator data.

Prior guess Bayes estimates

gﬂ,l f ﬁBaycs //LBayes
0.25 0.30 0.4115 0.5399
0.60 0.3223 0.9559
0.80 0.2816 1.2621
0.95 0.2572 1.4992
0.5 0.30 0.5464 0.2120
0.60 0.5255 0.2041
0.80 0.5124 0.1981
0.95 0.5031 0.1934
0.75 0.30 0.6134 0.1355
0.60 0.6653 0.0735
0.80 0.7051 0.0439
0.95 0.7383 0.0277
MLE 0.5690 0.1076




Reiser 1992). Those are failure times in hours for a
complex type of aircraft generator.

The MLE for f# and A are easily obtained:
Aue =0.5690 and Ay p =0.10756 . We compare
the MLE with the Bayes estimates in Table 3, for
strategy 1 and in Table 4 for strategy 2. Strategy
1 leads to an estimate close to the MLE when the
guess on /£ is 0.5, with a small standard deviation.
Strategy is unable what ever be the guess to provide
estimate close to the MLE. Again the only case
where [ is close to the MLE is when g;=0.5.
The comments are very similar to those for simu-
lated data.

6 CONCLUDING REMARKS

We introduce in this work a new distribution: the
H-B distribution. This distribution is a natural
conjugate prior to make Bayesian inference on the
PLP. More investigations concerning the proper-
ties of this distribution need to be carried out. In
particular a better understanding of the proper-
ties will be helpful to elicit prior parameters. We
suggest two strategies that are easy to implement,
relying on expert guessing. The results show that

the choice of the elicitation strategy is very sensi-
tive. More need to be done in order to improve the
accuracy of the estimates. Other strategies should
be investigated. We are working in this direction in
the present time.
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ABSTRACT: Engineering systems are subject to continuous stresses and shocks which may (or may
not) cause a change in the failure pattern of the system with unknown probability. A mixture of failure
rate models can be used as representation of frequent realistic situations, the failure time distribution
is given in the corresponding case. Classical and Bayesian estimation of the parameters and reliability
characteristics of this failure time distribution is the subject matter of the paper, where particular emphasis

is put on Weibull wear-out failure model.

1 INTRODUCTION

Engineering systems, while in operation, are always
subject to environmental stresses and shocks which
may or may not alter the failure rate function of
the system. Suppose p is the unknown probability
that the system is able to bear these stresses and
its failure model remains unaffected, and ¢ is the
probability of the complementary event. In such
situations, a failure distribution is generally used
to describe mathematically the failure rate on the
system. To some extent, the solution to the pro-
posed problem is attempted through the mixture
of distributions (Mann et al. 1974, Sinha 1986,
Lawless 1982). However, in this regard we are faced
with two problems. Firstly, there are many physi-
cal causes that individually or collectively cause the
failure of the system or device.

At present, it is not possible to differentiate
between these physical causes and mathemati-
cally account for all of them, and, therefore, the
choice of a failure distribution becomes difficult.
Secondly, even if a goodness of fit technique is
applied to actual observations of time to fail-
ure, we face a problem arising due to the non-
symmetric nature of the life-time distributions
whose behaviour is quite different at the tails
where actual observations are sparse in view of
the limited sample size (Mann et al. 1974). Obvi-
ously, the best one can do is to look out for a con-

cept which is useful for differentiating between
different life-time distributions. Failure rate is
one such concept in the literature on reliability.
After analyzing such physical considerations of
the system, we can formulate a mixture of failure
rate functions which, in turn, provide the failure
time distributions. In view of the above, and due
to continuous stresses and shocks on the system,
let us suppose that the failure rate function of a
system remain unaltered with probability p, and
it undergoes a change with probability ¢. Let the
failure rate function of the system in these two
situations be in either of the following two states
(Sharma et al. 1997):

1.1 State 1

Initially it experiences a constant failure rate model
and this model may (or may not) change with

probability g(p =1 — ¢q).

1.2 State?2

If the stresses and shocks alter the failure rate model
of the system with probability ¢, then it experiences
a wear-out failure model. In comparison with
Sharma et al. (1997), this study brings distinctive
generalization of the state by implementation of a
new parameter, which enables to take into account
also more general Weibull model.



In probability theory and statistics, the Weibull
distribution is a continuous probability distribu-
tion, which is named after the Waloddi Weibull.
As a result of flexibility in time-to-failure of a
very widespread diversity to versatile mechanisms,
the two-parameter Weibull distribution has been
recently used quite extensively in reliability and
survival analysis particularly when the data are not
censored. Much of the attractiveness of the Weibull
distribution is due to the wide variety of shapes
which can assume by altering its parameters.

Usingsuchafailurerate pattern, thecharacteriza-
tion of life-time distribution in the corresponding
situation is given. Various inferential properties of
this life-time distribution along with the estima-
tion of parameters and reliability characteristics
is the subject matter of the present study. Since
the estimates based on the operational data can
be updated by incorporating past environmental
experiences on the random variations in the life-
time parameters (Martz & Waller 1982), therefore,
the Bayesian analysis of the parameters and other
reliability characteristics is also given.

2 BACKGROUND

Let

T the random variable denoting
life-time of the system.

h(1): the failure rate function.

fv): the probability density function
(p.d.f) of T.

F(1): the cumulative distribution func-
tion of 7.

R(t)=P(T>1):
E(?)= '[: R(t)dt: Mean Time To Failure (MTTF).

the reliability/survival function.

3 ASSUMPTIONS

Let

p: the probability of the event A, that the
system is able to bear the stresses and
shocks and its failure pattern remains
unaltered.

qg=1-p: the probability of the complementary
event A°.

Further, let, the mixture of the failure rate func-
tion be

o) = pA+(1=p) A", 4,1>0,0<p<l (1)
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for

1. p=1; represents the failure rate of an exponen-
tial distribution.

. k=1and p =0; represents the failure rate of the
Rayleigh distribution or Weibull distribution
with shape parameter 2.

. k=1; represents the linear ageing process.

.0 < k < 1; represents the concave ageing
process.

. k> 1; represents the convex ageing process.

At the beginning of the research our study
distinguishes between 3 different practical
situations: Case 1 — when p is known, Case
2 — when A is known, and Case 3 — when both A
and p are unknown.

In Weibull reliability analysis it is frequently
the case that the value of the shape parameter is
known (Martz & Waller 1982). For example, the
Raleigh distribution is obtained when k£ = 1. The
earliest references to Bayesian estimation of the
unknown scale parameter are in Harris & Sing-
purwalla (1968). Since that time this case has been
considered by numerous authors, see Sharma et al.
(1997), Canavos (1974), Moore & Bilikam (1978),
Tummala & Sathe (1978), Alexander Aron et al.
(2009) & Aslam et al. (2014). This study is free con-
tinuation and generalization of the research from
Sharma et al. (1997).

4 CHARACTERISTICS OF THE
LIFE-TIME DISTRIBUTION

Using the well-known relationship

rt

foy=hoexp{-| @

0

h(x)dx}

and in view of equation (1), the p.d.f. of the life-
time 7 is

(pA+(1=p)AYexp {—(pﬂt+
k+1

0,
t>0

Al-p) tk+l)}
f@)= ’

otherwise.

3)

The reliability function is

Mﬁ“)} t>0. (4

R(t) = —| pAt
(1) GXp{ (p M

The MTTF is given by



MTTF = E(T) = j: R(1)dt
> Al-p) k+1J
= | par+ 22 gy
Jo eXp{ (p k+1

This integral can be obtained by using some
suitable numerical methods.

)

5 ESTIMATION OF PARAMETERS AND
RELIABILITY CHARACTERISTICS

Let #,, t,,..., t, be the random failure times of »

items under test whose failure time distribution is as
given in equation (3). Then the likelihood function is

Lty ty, ...t | A4, p)=A" [H(p +(1- P)fik)}

i=1

Xexp{ ,zz(pz +—P “'J}

MLE’s

(6)

5.1

5.1.1 Case 1: When p is known
To find the MLE of A, say 4, we consider

lOgL(tla[2’~“5tn | la p)

—nlogﬂ+ilog(p+(l—p)t,-k)

—22(pt+ p"”].

0]

Now,

dlog L(t, t,. ..
o4

-2 ”|ﬂ]))

=0

®)

©)

By using the invariance property of MLE’s,
1. The MLE for R(1), say R,(7), will be

1 k+1
R](t) exp{ (pt+k+lt )}

(10)
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2. The MLE for h(r), say h(¢), will be

h(6)= A(p+(1- p)*). (11)
3. The MLE for MTTF will be
MTTF, = MTTF(p, 1), (12)

which can be obtained by installing into for-
mula (5) and integrating.

5.1.2  Case 2: When A is known
To find the MLE of p, say p, we consider

alogL(tlatZJ'-'a[n |/Zap =0. (13)
ap
or
n 1 1 & i
— |- LN a+k-=0. (14
21 7 kH;,( £ (14)
P

An estimate of p, i.e. p, can be obtained from
equation (14), by using some suitable numerical
iteration method. By using the invariance property
of MLE’s,

1. The MLE for R(7), say R,(t), will be

Ry(1)= expj —,1( pt+ ﬂz"‘*‘)}. (15)
[ k+1
2. The MLE for A(t), say ﬁz(t), will be
In(0)=A(p+ (1= p)i*). (16)
3. The MLE for MTTF will be
MTTF, = MTTF(j, 1), (17)

which can be obtained by installing into formula
(5) and integrating.

5.1.3  Case 3: When both \ and p are unknown
To find the MLE of A and p, we consider

dlog L(t),ty,....1,| 4, p)

oA

=0

(18)



and

dlog L(#, 1y, ..., 1, | 4, p) -0 (19)
dap
We get
A= "1 ; (20)
n k+1
L+
Ziﬂ(” 1 )
and
ny t(1+k—1f)
n l ’1
21‘ i =P i+l -
=gy k+1 t; +—444¢ *
P ( )Z(p il )
(2D

Equation (21) may be solve for p by Newton-
Raphson or other suitable iterative methods and
this value is substituted in equation (20) to obtain
A. By using the invariance property of MLE’s,

1. The MLE for R(f), say Ry(r), will be

Ry(0)= exp{ 1( pt+ 1};’; P J} (22)
2. The MLE for h(f), say hy(t), will be

h(0)=A(p+ (1= p)i*). (23)
3. The MLE for MTTF will be

MTTF, = MTTF(p, 1), (24)

which can be obtained by installing into for-
mula (5) and integrating.

6 BAYESIAN ESTIMATION

6.1

6.1.1  Non-informative prior
We are going to use the non-informative prior

Case 1: when p is known

L1
mA)= = (25)

The likelihood function in equation (6) may be
rewritten as
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Lty | A p)= ATy x e ™ (26)
=[] +0-pxf) @7
i=1
and
: I-p k+lJ
T, = t.+——t . 28
> 21(” il (28)

In view of the prior in equation (25), the poste-
rior distribution of A given ¢, t,, ..., ¢, is given by

/Z(Z|t17!27---st!1=p): ML(tl’tz"“’znli’p)ﬂ(/Z)
[ Lt Ay D
— TZn nflefiTzA 1>0.
T'(m) '
29)

Therefore, the Bayes estimate of A, say A", under
the square-error loss function, becomes

A*=F(A| .l 1l (=4)

7 (30)

D)=

i.e. it reduces to the usual ML estimator, what is in
agreement with Martz & Waller (1982).
Also, the Bayes estimate of R(z), say Rl (1), 1s

R =E(R(t)| 1, 1.....1,., )
=j:e*”s/zu Ittt YA a1
1
1,
where
T = pt+l )4 ey
3 K+l

S1m11ar1y, the Bayes estimation of /A(f), say
h (1), 1s

Iy (1) = B(h(t) | 4, 1y ... 1, )
= [T A+ = py Al by, sty pYAA
C(n+D(p+(-pib)
- . _

(32)



6.1.2  Informative prior
Let the conjugate prior of A be gamma with p.d.f.

o
ﬂ_
(A1) T

In view of the prior in equation (33) the poste-

Ml @ 150,050,450 (33)

rior distribution of A given ¢, t,, ..., t, is given by
L, 1y, ... 1,14, p)7(A)
ﬂ(/z|tl’!2’-~-9ln’p): o L .
[ L b, st Py DA
_(a+ )" il A Ty)
T'(n+p) ’
o, fA>0.

(34)

Therefore, the Bayes estimate of A, say A, under
the square-error loss function, becomes

n+/f

=B 4. 1y... — (35)
2

b, p)=

Also, the Bayes estimate of R(7), say R, (1), is

R (1)=E(R(1) | 4, 1, ..., 1,,. P)

= j:e-”vzum. Lyt P)AA (36)
B 1
- n+f°
1+ T
a+T,
where
T, = pl+1 P sy
k+1

Slmllarly, the Bayes estimation of /h(f), say
h1 (1), 1s

I (t)=E((0) |1y, b, ... 1. D)

= [ A+ (1=l by, sty YA

_(n+ B+ (p+ (1= py©)
a+T, .

(37

6.1.3  Super parameter estimation

Prior parameters o and S can be obtained by
Empirical Bayes approach, what is now under
study of authors of the paper.
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6.2 Case 2: when A is known

6.2.1 Non-informative prior
We are going to use the non-informative prior
z(p)=p. (38)

The likelihood function in equation (6) may be
rewritten as

L(Z15125~ (P} n|;‘5p)_ P
J"ZP" J(1- p)’k X e T PETS) (39)
Jj=0
where
ky=1 (40)
kp= Y ndfaf, j=Ln 1)
ISij<iy<..<i;<n !
Ty=(k+DY - 207, 2)
i=1 i=1
and
=" (43)
i-1
or
L(tlsib--- WA p)=
ATs o n+r
AT ) ~ (44)
k+1 4 n+1 J1_ J
e 20/20 iy (1-pYk;

In view of the prior in equation (38), the poste-
rior distribution of p given ¢, t,, ..., t, is given by

Lty ty,.... 1, | 4,
A bty by, A = — 2222l [ 4 PVD)
Jo 2ttt 12
o n 717.,4),‘1 " .
2 S Yk
— ;0_/‘0(k+1 r! J
AN _/2T4 ' 1 n+r—j+l ;
Iozz(kﬂjﬁp (1= p) k;dp
r=0,j=0
o n _2T4)r1 - .
zz - (l_p)./k
— r=0j=0(k+l r!
22 jﬁ) B 2.k

(45)



Therefore, the Bayes estimate of p, say p*, under
the square-error loss function, becomes

= E(plty,ty,... f N VAU RC Aydp

iz(,fff

&(—AT ' 1 . . )
g‘(kﬂj Bl r =+ 2. j+Dk;

.3 na

A=
1

) —B(n+r—]+3 J+Dk;
rl

In view of the prior in equation (49), the poste-
rior distribution of p given ¢, t,,..., 7, is given by

wAply.ty,....1, A)

_ Llptyty | A p)2Ap)
1
[, LGt | A o)t pYp

] pn+l+a j— l(] )b+f—]kj

l'l
r!p

(AT,
g‘(kﬂ

n+r+a—j—1 (1 _ p)h+j—1k dp
]

(406) r=0j=0
: * : S _/in i 1 n+r+a—j-1 b+ j—1
The Bayes estimate of R(?), say R,(?), is ZZ ol ;p (1-p) k;
:)‘:Oj:O :
S (AT Y 1 L
,.g;,,:ﬂ(kﬂ) EB(n+r+a Job+ )k,
(50)
Ry(t)=B(R()| 13, .. 1, )
1
_J. exp{ ﬂ(pt_‘—k_l_]; k+1]}ﬂ(plll’[2"‘ n’l)dp
I+1 ]\7 m
. _ar Ar(tke+n-1)) "y _ _
k 4 - L ontrtm—j+leq |
HIZZZ( ) [ K+l mt” (1= p)'k;dp
r=0m=0 j=0
S ﬂn 47)
22 B(n+r—]+2]+1)k

] LB(n+r+m—j+2,j+1)k<
m! /

/itkﬂ ’ k
et l ﬂt((k+1)—z )
- = (AT,

Similarly, the Bayes estimate of /(t), say h; (1),
becomes
hy(t) = BOKE) | 1y, 1y, s 2,0 A)
1 o\
:.[O(p2+(1—p)iz" )/z(p|t1,z2,..., 1y A)dp
= A1 -")pr+a*
= Ap*+(1-p*)),
(43)
where p* is given in equation (46).
6.2.2  Informative prior

Let the prior distribution of p be a Beta distribu-
tion with p.d.f.

p)= p=p) ab>0,0<p<l.

B( b)
(49)
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) lB(n+r—j+2,j+l)k-
¥l /

Therefore, the Bayes estimate of p, say p°, under
the square-error loss function, becomes

P =E(plt.ty, .. 1, A)
1
:J. pﬂ(plzlalb---atn’ J)dp

23

) —B(n+r+a-j+1.b+ )k,

_r 0 /=0
22( JT“) —B(n+r+a-jb+ jk;
0% k+1

(51)
The Bayes estimate of R(¢), say R;(t) ,1s



R(t)=E(R(1) | t1,1y.....t

obps

4)

'l ar((k+1)-1%) "

_J. exp{ /l(pt-l—;c [; k+1)}ﬂ'(plllst2s “ nal)dp

) krfzzz(k”f;*

k+1

1

b ndrtatm—j-leq b+ j-1
P (I=p)"" " kdp

r=0m=0 j=0
- o -
22( ’ZT“) %B(n+r+a—j.b+j)kj (52)
o k+1) r!
o r zt((kﬂ)—zk) "
Y ( 2714] ! ! B(n+r+a+m—j i
— — 1 — b+ )k,
ZZ( JT“] —B(n+r+a-jb+jk;
7070 k+1
Similarly, the Bayes estimate of A(t), say }é (), / -
becomes &1 /
/
Iy (€)= B(HO | 1,13, s 1, A) o/
1
:J.o(pﬁ'f'(l—p)ﬂtk)”(p|[1’t2""’l”’i)dp . /
= A1 -"yp*+a* o
= Ap*+{1-p)"), /
53
where p* is given in equation (51). g —
0 2 . 6 s 10
6.2.3  Super parameter estimation !
Prior parameters ¢ and b can be obtained by Figure 1. Density curve of T when k = 1, p = 13
Empirical Bayes approach, what is now under =155 Y - P ’
study of authors of the paper. '
Table 1. Generated data values.
7 ANEXAMPLE 3.6145404 1.2608646 1.9644814 4.5339338
In case k=1, p=1/3, A = 1/5, the failure rate func- i;égiggg };3???2; g;ggg;gz i;gg?i?g
ton is 23456293 21053338 50590295  3.6569535
1 5 1.8818134 5.2699757 5.9550330 2.8941610
nt)y=—+-—t, >0, (54) 2.4522999 0.8210216 0.8628159 0.4675159
15 15 3.7480263 4.4549035 3.3256436 0.8107626
2.4162468 2.4680479
and the p.d.f. is
size n =30 and the corresponding histogram brings
—(1 2t)exp ——(t+t )p, >0 Fig. 2.
f)= (55)

0, otherwise

Figure 1 shows the curve of p.d.f. in (55). Table 1
shows data generated from this p.d.f. with sample
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Table 2 shows the estimated values for p; 1 and
MTTF using data in Table 1. Figs. 3-5 demon-
strate estimated reliability functions for different
cases in comparison with true reliability function
computed by formula (4). We can see that Bayes
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Figure 2. Histogram for generated data. "
Table 2. Estimated values for parameters using data in B
Table 1. <]
True p=13=0.3333 A=1=0.2, MTTF = 2.9844 o
Estimate MLE Bayes
Casel |p=1 A =0.2124 p=1 X =022 °
MTTF = 2.8841 MTTF = 2.8841
Case2 |A=1  5=01332 A=L pr=0.34818 Figure 5.
MTTF = 2.8624 MTTF = 2.9955
Case3 | p=00080 A=0.1793 ]
MTTF = 2.9637 o
Plot of R(t) in case 1 R
39 Figure 6.
5 : : : : W o
Figure 3. Plot of reliability functions in case 1. ]
approximation of reliability function is most closely 2]
to the true function. Figs. 6-8 show the estimated s
failure rate functions in comparison with the true
function computed by formula (1). Bayes approxi-
mation looks promisingly as well, in comparison
with MLE method. Figure 7.
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Plot of failure rate functions in case 2.




Plot of h(t) in case 3

-1 28
oy

h(t)

Figure 8. Plot of failure rate functions in case 3.

8§ CONCLUSION

Our study shows that Bayesian approach can show
better results than MLEs method to estimate the
mixture of failure rate model. The study reveals an
interesting fact that non-informative prior seems
to be working well, especially in case 2. This result
would be good platform for selection of non-in-
formative prior, in case of no information about
prior. This work gives good evidence that Bayes
approach is viable method to model real situations
which can be approximated by mixture of failure
rate functions.
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Cost oriented statistical decision problem in acceptance

sampling and quality control
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ABSTRACT: Statistical decision problem on the basis of Bayes approach is presented in the paper.
Bayes inference for hypothesis testing is introduced in general and its extension in acceptance sampling
and quality control as well. Common decision problem for a quality characteristic is described taking
into account the cost dependent on the decision. Asymmetric loss function is proposed to quantify cost
oriented decision and mainly, to set the optimal Bayes decision rule for acceptance sampling plan. Appli-
cation of the method on real example from industry is clearly demonstrated.

1 INTRODUCTION

1.1

In the mass production environments of the twen-
tieth century, quality control rested on the triple
sorting principle of inspecting product, detecting
inappropriate product, and sorting out inappro-
priate product. Accordingly, Statistical Product
Inspection (SPI) based on sampling was the first
strong branch of modern statistical quality control.
The sorting principle is clearly expressed by the
definition of the purpose of sampling inspection
given in Dodge & Roming (1959): “The purpose of
the inspection is to determine the acceptability of
individual lots submitted for inspection, i.e., sort-
ing good lots from bad.” SPI is a tool of product
quality control, where the term product is used in
a broad sense to include any completed identifi-
able entity like materials, parts, products, services,
or data. Product control is located at the interface
of two parties: a supplier or vendor or producer
as the party providing product and a customer or
consumer as the party receiving product. Tradi-
tional product control relied on the sorting prin-
ciple at the interface of supplier and consumer.
Modern product control primarily relies on quality
provision and prevention at the interface. The par-
ticular task of the interface is to integrate supplier
and consumer into joint and concerted efforts to
create and maintain favorable conditions for qual-
ity in design, manufacture, handling, transport,
and service. In this scheme, inspection may be use-
ful, however not as the primary tool of product
control, but in an adjunct role, subordinate to the
guiding principles of provision and prevention.
The adjunct role of SPI is expressed in (Godfrey &
Mundel 1984): “The shipper must understand

Acceptance sampling in modern industry
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the acceptance sampling plan in order to be sure
that the quality control of the production proc-
ess provides lots of a quality sufficient to meet his
objective. This is the basic principle of acceptance
sampling—to assure the production of lots of
acceptable quality”. The important role of SPI is:

— it serves as an supplementary source of informa-
tion on the product quality level

— itis used to learn about the product quality level
if the supplier-consumer interface is new and
sufficient quality records do not exist

— it serves as a precaution for the consumer, if
the supplier-consumer interface is new or if the
quality efforts of the supplier are not completely
reliable.

SPI is implemented according to a sampling
plan. A single sample plan is defined by a pair (n, r)
consisting of the sample size n and the acceptance
number r and a sample statistic . The decision rule
of a single sampling plan prescribes the following
steps: a) n items are sampled at random; b) the
value of the sample statistic ¢ is calculated from the
elements of the sample; and ¢) acceptance is war-
ranted if t < r, otherwise the decision is rejection.

In acceptance sampling schemes, it is the usual
practice for acceptance criteria to be specified in
terms of some parameter or parameters of the
distribution of the quality characteristic or char-
acteristic which are the basis for acceptance. For
example, a minimum value for the percentage of
non-functioning items or a minimum value for
the mean operating life of some component may
be specified. In a classical acceptance sampling
scheme, sample test data is used to construct a
hypothesis test for the specified parameter. If
the hypothesis is not rejected and the sample is



accepted, the distribution of the quality character-
istic can be calculated from the null distribution.
Therefore the null distribution can be used to cal-
culate the number of individual items which will
not function or will fail to meet some minimum
standard. In practice, the acceptable null standard
for the test parameter will have been determined by
the performance requirements of individual items.
For example, to insure that only a small number
of individual items have an operating life less than
some minimum standard, the minimum acceptable
mean failure time must be considerably higher than
this minimum standard for individual items. It is
interesting to note that if the failure time has an
exponential distribution then fully 63.2% or almost
two thirds of individual items will fail before the
mean failure time. However, in the classical accept-
ance sampling scheme, the minimum acceptable
parameter values will have been chosen to insure
that if the sample is accepted, only a small number
of individual items will fail to meet minimum per-
formance standards.

However when prior information is available
for the relevant parameter values and a Bayesian
procedure is employed, acceptance criteria are
not so easy to establish. It is possible to compute
a posterior parameter distribution which gives the
complete current probability information about
the parameter. However, the relation between a
posterior distribution for the parameter and the
likely distribution of the quality characteristic
of individual items is much more complex than
the relation of the individual quality characteris-
tic to a single null parameter value. For example,
merely requiring the mean of the posterior param-
eter distribution to meet some specified standard
is not sufficient to determine the proportion of
individual items which will perform satisfactorily.
Other characteristics of the posterior distribution,
notably the variance, are also of importance. Even
specifying the posterior probability of the param-
eter lying in some critical range is not sufficient to
guarantee the proportion of individual items which
will perform satisfactorily. Such naive criteria can
produce inconsistent acceptance decisions.

In most cases as well as in this paper, decision in
product control is directed toward a single assem-
bled lot of product. A common decision situation
is determining whether a product meets a pre-de-
termined quality specification. The decision is to
either accept or reject the assembled lot of prod-
uct, so superficially it would appear to be a simple
hypothesis testing problem. However, both a null
and alternate hypotheses are composite, embody-
ing many parameter values each. The true loss is
likely to depend on the actual parameter value
rather than whether parameter value exceeds some
precisely defined specification.
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In the “Bayesian approach” the best sampling
plan is defined as the one which minimizes the
average cost. This is essentially the paradigm of
Bayesian decision theory, see (Berger 1993). How-
ever, it is not restricted to costs in a monetary sense.
It only requires a numerical goal function that
measures the consequences of possible decision.
Bayesian sampling plans in context with optimal
Bayes decision rule will be introduced in the paper,
applied on real example from industry.

1.2 Statistical decision problem

Consider a problem in which a Decision Maker
(DM) must choose a decision from some class of
available decisions, and suppose that the conse-
quences of this decision depend on the unknown
value 6 of some parameter ©. We use the term
«parameter» here in a very general sense, to rep-
resent any variable or quantity whose value is
unknown to DM but is relevant to his or her deci-
sion: some authors refer to © as the «unknown
state of nature ». The set Q of all possible values
of O is called the parameter space. The set D of
all possible decisions d that DM might make in the
given problem is called the decision space.

Conceptually, every combination of state of
nature (0) and decision (d) will be associated
with some loss. In practical problems of infer-
ence it is usually not possible to specify the loss
precisely. However, in general we can say that the
loss increases with the distance between decision
and state of nature. This conceptual loss function
is often sufficient to assess known inference pro-
cedures and eliminate those which are obviously
flawed or unacceptable according to decision theo-
retic criteria. Thus when applying decision theory
to problems of estimation, it is common to assume
a quadratic loss function.

(6. d)=k(6-dy (M

and for hypothesis testing problems to assign rela-
tive losses to Type I and Type II errors and no loss
to the action of choosing the correct hypothesis.

State of Nature

HO I_ll
Decision H, 0 1,
H 0

For the purposes of applying decision theory to
the problem of hypothesis testing, it is often suf-
ficient to know only whether

l,<lorl >,



Suppose that © has a specified probability dis-
tribution g(6). An optimal or Bayes decision with
respect to the distribution g(0) will be a decision
d* for which the expected loss E({] g(6), d) is a
minimum. For any given distribution g(0) of © the
expected loss E(/] g(0), d) is called the risk R(g, d),
of the decision d. The risk of the Bayes decision,
i.e. the minimum R(g) of R(g,d) over all decisions:
d €D, is called the Bayes risk.

In many decisions problems, the DM has the
opportunity, before choosing a decision in D, of
observing the value of a random variable or ran-
dom vector X that is related to the parameter ©O.
The observation of X provides information that
may be helpful to the DM in choosing a good deci-
sion. We shall assume that the conditional distri-
bution of X given © = 6 can be specified for every
value of 0, for which ®e Q. A problem of this type
is called a statistical decision problem.

Thus the components of a statistical decision
problem are a parameter space Q, a decision space
D, a loss function ¢, and a family of conditional
densities f(x|0) of an observation X whose value
will be available to the DM when he or she chooses
a decision. In a statistical decision problem, the
probability density distribution of © is called its
prior distribution because it is the distribution of
O before X has been observed. The conditional dis-
tribution of © given the observed value X = x is
then called the posterior distribution of ©.

1.3 The posterior distribution h( 6| x)

By applying Bayes theorem to the conditional and
prior distributions, a posterior distribution for the
state of nature can be derived.

h(fx) = Sx19)g(8)
p(x)

p(x)=[ f(x16)g(&)de
Q

s

(@)

Note: If g(0) is actually a discrete probability func-
tion, the integral should be replaced by a sum.

Since the posterior distribution of the state of
nature depends on the information, X, it is rea-
sonable to expect that the information or data will
affect the decision which is chosen as optimal. The
relation between information and decision is called
the decision function d(x). The decision function is
really a statistic. A decision function is a rule that
specifies a decision d(x), d(x)e D, that will be cho-
sen for each possible observed value x of X.

In inferential problems of estimation, it is the
estimator. In problems of hypothesis testing, it
is the rule for rejecting the null hypothesis, or
equivalently, the critical region. In the presence of
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information, the decision problem becomes choos-
ing a decision function rather than choosing a sin-
gle decision.

The risk function R(6,d) is the equivalent of the
loss function in the presence of information. The
risk function for any decision function d, is the
expected loss of using that decision function when
the state of nature is 6.

R(6, d) = [ ([6.d(x)] (x|&)dx 3)
X

The decision theoretic problem is to find a deci-
sion function that is optimal.

The risk R(g,d) of any decision function d(x)
with respect to the prior distribution g(0) is the
expected loss (or expected value of risk function
R(0, d) with respect of g(0):

R(g, d) =E{ £[0,d(X)]} = | R(0, d)g(&)d o=

-]

)
[Jrle.d)) (N og(@)dxdo
QX

We recall that decision function d*(x) for which
the risk R(g, d) is minimum, is called a Bayes deci-
sion function with respect to g and its risk R(g, d*)
is called the Bayes risk. We see that the Bayes deci-
sion function is equivalent to the Bayes decision.

After the value x has been observed, the DM
simply chooses a Bayes decision d*(x) with respect
to posterior distribution h (8 | x) rather than the
prior distribution g(0).

When observed value x is known, the DM
can choose a Bayes decision d*(x) with respect
to the posterior distribution. At this stage of the
decision—making process, the DM is not inter-
ested in the risk R(g,d), which is an average over all
possible observations, but in the posterior risk:

[[6.d* )] B|x)ae, 5)
Q

Which is the risk from the decision he or she is
actually making.

1.4 Application to point estimation

For problems of estimation, it is common to
assume a quadratic loss function. In this case,
the estimator becomes the mean of the posterior
distribution of 6. It can be easy shown (O’Hagan
1994, Weerahandi 1995) that under quadratic loss
the optimal Bayes estimate is the posterior mean.
When a uniform prior is used, the posterior dis-
tribution is proportional to the likelihood function
of 6.



h(£|>c)=%xf(xl £)=1(x|) ©)

Thus, the optimal Bayes estimator is the first
moment of the likelihood function. If the likeli-
hood is symmetric about its maximum as the case
for a normal likelihood, the optimal Bayes estima-
tor is then the Maximum Likelihood Estimator
(MLE). Important results concerning an alter-
native asymmetric precautionary loss functions,
presenting a general class of precautionary loss
functions with the quadratic loss functions as a
special case, introduces Norstrom (1996).

2 BAYES DECISION MAKING
IN HYPOTHESIS TESTING

2.1 Application to hypothesis testing

Now consider a hypothesis H, that 6 € Q, c Q.
Inference consists of accepting or rejecting H. A
correct inference will result in zero loss. The loss
associated with an incorrect inference may depend
on the kind of error. Let d, be the inference to
accept H and d, be the inference to reject H.

D ={d, d,}. Let Q, = (Q,). Then we let

0(B.d)=0 if #eQ,

= a ifeQ @
fori=0,1
Therefore
E(i(8.d;))=a;-P(8¢Q;) ®)

and the optimal inference (O’Hagan 1994) is to
reject H if

E(U(6,d,)) <E(U(&.d,)). ©)]

ie.if a P(0e Q) <a,-{1-P(6e Q)}, or (10)

P(e Q)< —20 (11)
a,+a;

Therefore, we reject H if its probability is suf-
ficiently low. The critical value on right side of the
equation (11) depends on the relative seriousness
of the kinds of error, as measured by a//a,.

We also in following adopt a conservative strat-
egy of rejecting H when its probability is small.
In terms of Bayesian decision theory, this strat-
egy implies that the loss for Type I error is much
greater than for Type II error.

This formulation of the hypothesis testing prob-
lem is very simple because we have expressed the
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loss function in very stark terms. If we choose d,
and it turns out that 6 € Q,, then the inference is
wrong and incurs a loss of a, regardless of where 6
lies in Q,. In a practical decision problem, as men-
tioned below (cost oriented acceptance sampling),
it may be more appropriate to make a,and a, func-
tions of 8. Then E(M®, d))) will not have a simple
formula, but may be computed for i = 0,1 and an
optimal inference thereby selected.

3 BAYES DECISION MAKING
IN ACCEPTANCE SAMPLING
AND QUALITY CONTROL

3.1

Acceptance sampling relates to the acceptance or
rejection of a product or process on the basis of
SPI. SPI is the process of evaluating the quality of
a product by inspecting some, but not all of them.
Its methods constitute decision rules for the dis-
position or sentencing of the product sampled. In
this sense it may be contrasted with survey sam-
pling, the purpose of which is largely estimation.

Sampling plans, which specify sample size and
acceptance criteria, are fundamental to acceptance
sampling.

In a classical acceptance sampling scheme, sam-
ple test data is used to construct a hypothesis test
for the specified parameter. If the hypothesis is not
rejected and the sample is accepted, the distribu-
tion of the quality characteristic (as is for exam-
ple time to failure) can be calculated from the null
distribution.

However when prior information is available for
the relevant parameter values and a Bayesian pro-
cedure is employed, acceptance criteria are not so
easy to establish. The relation between a posterior
distribution for the parameter and the likely distri-
bution of the quality characteristic of individual
items is much more complex than the relation of
the individual quality characteristic to a single
null parameter value (Bris 2002). However, using
Bayes approach we can take into account the cost
oriented statistical decision problem demonstrated
below, i.e. the loss associated with over-estima-
tion (below specified quality) and the loss associ-
ated with under-estimation (higher than specified
quality).

Acceptance sampling

3.2 Description of a common decision problem for
quality characteristic

A common decision theory situation is determining
whether a product meets a pre-determined qual-
ity specification. The decision is to either accept
or reject the product, so superficially it would



appear to be a simple hypothesis testing problem.
However, both a null and alternate hypotheses are
composite, embodying many parameter values
each. The true loss is likely to depend on the actual
parameter value rather than whether parameter
value exceeds some precisely defined specification.
(Such problem is of particular interest whenever a
reliability demonstration testing of highly reliable
products is required).

Suppose the parameter A cannot exceed some
specification limit A,. Values less than A, mean
better that specified quality; values greater than
A, mean increasingly worse quality. The smaller
the value of A bellow the specification limit A,
the greater the loss to the manufacturer who has
exceeded the quality requirement most likely at
some additional cost. The greater the value of A
above the specification limit A, the greater the
loss to either the manufacturer or the consumer in
terms of low product quality.

In this example, a quadratic loss function
would seem to be a reasonable model. The greater
the distance from the specification value A,, the
greater the loss. However the loss associated with
over-estimation (below specified quality) is unlikely
to be the loss associated with under-estimation
(higher than specified quality). In most circum-
stances, the loss associated with higher than speci-
fied quality should be lower than the cost of lower
than specified quality. However, there may be excep-
tions depending on how the specification limit was
set and the type of product being tested. Therefore,
an asymmetric quadratic loss function would be a
reasonable choice for this decision problem.

Let m, is the manufacturer’s cost of exceeding
quality specification, m, is manufacturer’s cost of
a rejected sample, 71, is manufacturer’s cost of an
accepted sample which fails to meet quality speci-
fication and k is consumer’s cost of an accepted
sample which fails to meet quality specification.

U A dy)=m, (A—Ay)% A< 4, (12
=(my+ k) (A= A): A> 4,

WA d)=my (A= Ay +my; A< A,
=m,; A> 4,

Schematic demonstration of the idea brings
Figure 1.

Suppose that on the basis of some test observa-
tion, X, the posterior distribution of A is known.
For each observation X the decision function d
must take one of two values: d,, d;, which means
Accept or Reject. The Bayes risk minimizing deci-
sion function is the one which minimizes posterior
expected loss at each value of X. The expected pos-
terior loss for each of the two possible actions is:

)
(13)

Loss
20 ¢+
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Figure 1.
acceptance sampling.

Asymmetric loss function for cost dependent

Ey A4, dg)] = [ U4, dy)h(Ax)d 4 =
A

4
=my [ (A=A h(Ax)d A (14)
+(my+ k) f(/z— o) h{Ax)d A

4
Ey ol d)] = [ 04, d)h(Ax)d A=
’ (1s)

4
=my | (A= 2) h(Ax)d A+ m,

The difference between the expected posterior
loss of accepting and rejecting the sample is:

EyiplllA, d)] —Ep g o[UA dy)]

= (my+ k) f (A= Ay W(A|x)d A —m,
A

(16)

Therefore, the optimal Bayes Decision Rule
(BDR) is to accept the sample whenever:

(s + k) [ (A= Ay h(Apx)d A< m, (17)

4

That is, the sample is accepted whenever the
expected total cost to both manufacturer and con-
sumer of accepting a sample which fails to meet
specifications is less than the manufacturer’s cost
of discarding any sample, whether or not it meets
specifications.

3.3 Example in case of uniform prior

If a uniform prior is assumed, the decision rule
becomes



(my + 0p(x) [ (A= Ao £ (A2 <y
A

(18)
where

-1
p(x)= { | f(xli)d/i} (19)
A

Of course the relative magnitudes of the losses,
ml, m3, and k as well as the scale factor p(x), are
important in determining the optimal decision,
but in general the sample will be accepted when the
likelihood of x for those parameter values A > A0,
associated with an unacceptable sample, is small.

4 EXAMPLE FROM INDUSTRY
4.1 Reliability demonstration testing the failure
rate of an exponential distribution

We give good motivation example from industry
(Bris 2002) for the use of the BDR.

Notation

MLE ... Maximum Likelihood Estimator

RDT ... Reliability Demonstration Testing

Aq ... requested (by consumer) limit of failure
rate at normal condition

A, ... failure rate in accelerated condition

i ... index for condition given by temperature;
i=1,2

A, ... failure rate tested at given (normal) tem-
perature condition

£,... total test time in condition i during which r,
failures have occurred

(t,r,) ...parameters of acceptance sample plan in
condition 7

d*... posterior risk, Pr {1, > 4, | passing RDT}

1 — 6 *...consumer's posterior assurance

A ...acceleration factor

Consumer asks for following limitation in reli-
ability of delivered Electronic Components (EC):
A, £ A MLE of A, for the time censored data is
given by

(20)

However, total time ¢, is usually very large even
when r, = 1 is admitted. Let us perform RDT in
accelerated condition:

(e2))

24

but A, =4 A, and 4, < 4,, so that the condition
for r,, t, is given by

Dcan 22)
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Using the Bayes approach we consider failure
rates and acceleration factor to vary randomly
according to some prior distributions. To meet the
condition (22), possible acceptance sample plans
for RDT are presented in the Table 1, given real
data: A, =8.76¢-4 /year, A = 13.09.

Conditioned (by ¢,, r,) posterior distribution of
A,, derived in (Bris 2000), is given as follows:

oo b

h{ Aty 1) o< A7 exp (—tzxiz)'[u—%exp(—aﬂzu)du,
o (c+u)

where

a=7.247¢6

b=2.1063

¢=0.001435

(23)

Having the knowledge of posterior, we can
optimize not only the variance Var{A,t,, r,} (dem-
onstrated in Figure 2, in units [hour?]) and mean
E{A)t,, r,}, moreover we are able to quantify the
consumer’s posterior assurance 1 — § *, given by
the following relationship:

1 — &% =Pr {4, <, | passing RDT} (24)
as demonstrated in Figure 3.

Using the criterion of small variance of 4, at
acceptable test time for RDT, sample plan P2
seems to be optimal. The process of optimization
is demonstrated in the Figure 2 which corresponds
with the results in Table 1. Having the variance of
7.6 x e — 13/hour? (i.e. 0.5832 e-4/year?) requires
minimal total test time ¢, = 1.53 X e6 test hours at
maximally 2 allowed failures (r, = 2). Calculation
of posterior assurance that 4, < A, 1 — &%, in a test
that has passed is 77% (Figure 3).

Above derived optimal Bayes decision rule is to
accept the sample whenever:

(s +K) [ (A= Y WAty 15)d Ay < m,
o 25)

"

T a2
:>/_i[(ﬂz ) h(Aolty,15)d Ay < Ty

where ii{A,| t,, r,} is given by (23). Computing the
value on the left side of the last equation we can
obtain clear limitation for cost in given example of



Table 1.

Sample plans for RDT with corresponding characteristics.

fy r, E{h| 1,15} Var{ 2t} VVariZ ! t.n}
10° test
Sample plan hours e-2/year e-4/year? e-2/year
P, 23 3 1.253 0.4036 0.635
P, 1.53 2 1.297 0.5832 0.764
P 0.76 1 1.402 1.036 1.018
P, 5.0 6 1.113 0.077 0.277
14E12 T r2=2 r2=3
N 12812 7 Of course, the later a newly developed prod-
3 ezl uct (with a covert fail) is taken off the market,
§ the more expensive it is (both from producer and
5 ST also consumer point of view). We can remem-
2 eeal ber many examples from previous time from
- I EEaanttt EEEEEETR SR ‘ industry concerning the problem (car industry,
E 4E-13 ! \ producers of electronic devices, etc.). The find-
se13 L ! ings of the paper just answer the question, which
! relation referring the cost should be observed in
0+ ' ' ' t ‘ ! acceptance sampling plans to make an optimal
O 500000 1000000 1500000 3000000 2500000 3000000 {ecision. We usually know that the fraction in
the relationship (26) is far less than 1, but we do
Figure 2. The optimization process for ,. not know in practice how close to zero it should

09r
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05r

) ) ) r'g[test hours] )
1 2 3 4 5

04
0

x10°

Figure 3. Posterior assurance that A,< 4, (4, = 8.76e-4 /
year) for passing tests in dependence on total test time ¢,.

RDT. For example, taking into account the sample
plan P,, the value is about 2e-4.

In all practical production situations usually is
valid the following relation:

(my+k)>=>-m,

m
2 <1

0<———= (26)
(my+k)
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be. In our example, the optimal decision is made,
whenever:

ded<— "
(m;+k)

= (my+k)2e-4<m,

5 CONCLUSIONS

Bayes framework for hypothesis testing was devel-
oped and proposed to use in acceptance sampling
plans. Asymmetric cost oriented loss functions
are proposed to allow optimal decision making in
acceptance sampling plans.

Optimal Bayes decision rule considering the loss
associated with both higher and lower than speci-
fied quality was derived.

Possibilities of use the rule in practice are also
demonstrated on given example from electronic
industry.
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High-dimensional simulation experiments with particle
filter and ensemble Kalman filter

P. Bui Quang & V.-D. Tran
Hoa Sen University, Ho Chi Minh City, Vietnam

ABSTRACT: Particle filter and ensemble Kalman filter are two Bayesian filtering algorithms adapted
to nonlinear state-space models. The problem of nonlinear Bayesian filtering is challenging when the
state dimension is high, since approximation methods tend to degrade as dimension increases. We experi-
mentally investigate the performance of particle filter and ensemble Kalman filter as the state dimen-
sion increases. We run simulations with two different state dynamics: a simple linear dynamics, and the
Lorenz-96 nonlinear dynamics. In our results, the approximation error of both algorithms grows at a
linear rate when the dimension increases. This linear degradation appears to be much slower for ensemble
Kalman filter than for particle filter.

1 INTRODUCTION particle approximation of the posterior, and there-
fore the state estimation, is very poor. A strategy to
Bayesian filtering consists in computing the con-  avoid this problem has recently been proposed in
ditional distribution of the unobserved state of a  (Beskos, Crisan, & Jasra 2014). In EnKF however,
dynamical system w.r.t. available observations (the  the sample points are not weighted, so that this
posterior distribution), in order to estimate the state. ~ weight degeneracy phenomenon cannot occur (Le
When the state dynamics or the observation model ~ Gland, Monbet, & Tran 2011). EnKF is a popular
are linear with additive Gaussian noise, the Kalman  algorithm for models in which the state dimension
filter yields optimal state estimation. Otherwise, is very large, such as models describing geophysical
approximation methods must be used. The Particle  systems (Evensen 2009, van Leeuwen 2009).
Filter (PF) and the Ensemble Kalman Filter (EnKF) In this paper, we lead two simulation experi-
are two algorithms that compute an approximation ~ ments where we compare the performance of PF
of the posterior in the form of a random sample of  and EnKF when the state dimension increases.
points. These points are weighted in PF, whereas in ~ Algorithm performance is assessed in terms of the
EnKF they are not attached to a weight. mean squared error between the approximated pos-
Approximation problems are known to be more  terior mean and the true posterior mean. Numerical
difficult when the state dimension is large. This  results clearly indicate that the error increases lin-
phenomenon, referred to as “curse of dimensional-  early with the state dimension for both algorithms.
ity” (Bengtsson, Bickel, & Li 2008, Daum & Huang  This increase is slower for EnKF than for PF.
2003), has been observed in particle filtering. In The outline of the paper is as follows. In Sec-
(Bengtsson, Bickel, & Li 2008, Bickel, Li, & Bengts-  tion 2, we present the problem of Bayesian fil-
son 2008, Bui Quang, Musso, & Le Gland 2010, tering in state-space models. The PF and EnKF
Snyder, Bengtsson, Bickel, & Anderson 2008), the  algorithms, and the type of models to which they
authors argue that the particle sample size must  apply, are then described in Section 3. In Section 4,
increase exponentially with the dimension to avoid ~ we describe how we assess the performance of
the curse of dimensionality. A simple linear tar-  algorithms. We define the algorithm error, which
get tracking problem is analyzed in (Bui Quang, is related to the algorithm approximation, and the
Musso, & Le Gland 2010), and a theoretical study ~ model error, which is related to the intrinsic model
is made in (Bengtsson, Bickel, & Li 2008, Bickel, uncertainty and is independent of the algorithm.
Li, & Bengtsson 2008, Snyder, Bengtsson, Bickel, &  Simulation experiments are lead in Section 5 and
Anderson 2008) under particular model assump-  conclusion is drawn in Section 6.
tions. The problem occurring in PF when the Throughout the paper, we use the following
dimension is large is that the particle approxima-  notations: «,, =(q,,...,a,), I, is the n X n identity
tion tends to collapse to a single Dirac measure, i.e.  matrix, 0, , is the n X p zero matrix.
all the points but one have a zero weight and only The (MATLAB) computer code used for simula-
one point has a nonzero weight. In this case, the  tion experiments is available from the first author.
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2 STATE-SPACE MODELS AND
BAYESIAN FILTERING

A state-space model is a time series model describ-
ing the observation of a dynamical system. The
system is characterized by a hidden (unobserved)
state variable taking values in R”. State-space
models are hidden Markov models where the state
variable is continuous (Cappé, Moulines, & Ryden
20095).

The state dynamics is a Markov process with
transition kernel
X | X =% = 4 (X 0)s (1
with the initial distribution X, ~¢, (in terms of
densities). The observation model is
Vi | Xp =% ~ g (), (@)
where g, isthelikelihood,i.e. g, (x; ) isthedensity of
the conditional probability P[Y, edy, | X, = x;].
The observation sequence {Y} },-, verifies

P[Y, € dy | Xo, 1= PV, edy, | X ]

The problem of Bayesian filtering consists in
computing sequentially the conditional distribution
of the hidden state X, w.r.t. to past observations
Yy > called the predictor, and the conditional
distribution of X, w.r.t. to all available observa-
tions Y., , called the posterior, at each time step
k>0. The predictor and the posterior, respec-
tively denoted Piji-1 and p,, obey to the recursive
relation

Pk|k,1(x) :J. w D1 (2)q (2, X)dz, 3)

p(x)= &l () @
J m gk(X)PHk,l(X)dx

with the convention Po-1=4o (in terms of den-

sities). Equation (3) is the prediction step and
Equation (4) is the update step. Note that Equa-
tion (4) is the Bayes formula, where the prior is the
predictor.

3 PARTICLE FILTER AND ENSEMBLE
KALMAN FILTER

We present now the two nonlinear Bayesian filter-
ing techniques we consider in the paper: particle
filter and ensemble Kalman filter. Comprehensive
presentations of these algorithms can be found, for
example, in (Arulampalam, Maskell, Gordon, &
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Clapp 2002, Cappé, Moulines, & Ryden 2005) for
particle filter and in (Evensen 2003, Evensen 2009)
for ensemble Kalman filter.

3.1

Particle Filters (PF), also known as sequential Monte
Carlo methods, are Bayesian filtering algorithms for
general state-space models, as described in Equa-
tions (1)~(2). They are based on the principle of
importance sampling. They recursively approximate
the predictor and the posterior by a weighted sam-
ple of points, called “particles”, in the state space, i.e.
a weighted sum of Dirac measures Z,va,ﬁ where
&, denote the particle position and w;, dénote the
particle weight.

A common problem with particle filtering is
weight degeneracy, which occurs when most of
the particles have a weight that is numerically zero,
whereas a few particles have a nonzero weight.
Weight degeneracy yields poor particle approxi-
mation, and it is particularly severe when the
state dimension is high (Bengtsson, Bickel, & Li
2008, Bickel, Li, & Bengtsson 2008, Bui Quang,
Musso, & Le Gland 2010, Daum & Huang 2003,
Snyder, Bengtsson, Bickel, & Anderson 2008, van
Leeuwen 2009). A common strategy to (partially)
avoid it is to resample the particles according to
their weights, i.e. the probability that a parti-
cle is drawn equals its weight. This multinomial
resampling tends to discard particles with a low
weight and to duplicate particles with a large
weight. Weight degeneracy can be quantified by
the effective sample size N, =1/, (wh). N, veri-
fies 0< Ny <N, and it is smal] is case of weight
degeneracy.

There exists many versions of particle filters.
The first practical implementation of PF has been
proposed in (Gordon, Salmond, & Smith 1993).
We give in Algorithm 1 below the implementation
of the most classical particle filter, called SIR (for
sequential importance resampling), where particles
are propagated according to the Markov dynamics
explicitly given by Equation (1), and resampled if
the effective sample size is too small.

Particle Filter

3.2 Ensemble Kalman Filter

The Ensemble Kalman Filter (EnKF) is applicable
to state—space models where the observation model
is linear with an additive noise, i.e.
Y, =H. X, +V,, (5)
where H, is a d x m matrix and V, ~ py .

In EnKF, the predictor and the posterior are

approximated by a sample of points, like in PF.
This sample is referred to as “ensemble” here.



Algorithm 1 SIR particle filter (with prior proposal)

Algorithm 2 Ensemble Kalman filter

k = 0 {initialization }
fori=1---N do
sample €} ~ gy
compute weight wi o< go(&2)
end for
normalize weights
loop
k <+ k+ 1 {time iteration}
compute N = %
im1(w},)?

if stf 2 Nth then
fori=1---Ndo
sample fk ~ (&1, _
compute weight wi, oc wi_, gr(¢})
end for
else if Nqx < Ny, then
fori=1---N do
sample & | ~ SN, Wi_10gi |
sample & ~ g (¢4, -)
compute weight wt o< gy, (£L)
end for
end if
normalize weights
end loop

Ensemble members are not weighted as in PF.
Instead, each point is moved according to an aff-
ine transformation that mimics the update step of
the Kalman filter. This transformation involves a
gain matrix which depends on the predictor covari-
ance matrix. The predictor covariance matrix can
be approximated using ensemble members, as

5 kI\i’—] =

1Y, ; (6)
—Z (églqk—l - ml?\]kfl )(97‘-\/\-71 - mljc\fkfl )
with mklk 1= zﬁlk 1, where {f,dk is a

sample apﬁ)rommatlon of the predlctor The gain
matrix is t

N _ pN Ty N T , pNy-1
Ky = Bpr Hy (Hi Pg Hie + R7)™, (7
where R is the sample covariance matrix of the
i.ii/d. sample !V from the noise distribution

‘-

EnKF is displayed in Algorithm 2 below. This
algorithm has been developed for data assimila-
tion problems arising in geophysics (especially
meteorology and oceanography). Seminal papers
on EnKF are (Burgers, van Leeuwen, & Evensen
1998, Evensen 1994).

In practlce the sample covariance matrix Pk|k 1
defined in Equation (6) does not need to be com-
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k = 0 {initialization}
fori=1---Ndo
sample 53‘71 ~ Qo
sample V' ~p| ‘
compute Y* = H0§5|71 + vV

end for
compute RN - N Zl 1( - N Zl 1 VZ)(VZ
¥ V)
compute K = Py N HT (HOPOI‘V JHE + RN
fori=1---Ndo _
compute & = &, + KY (Y, —Y?)
end for
loop
k < k + 1 {time iteration}
fori=1---Ndo

sample &y, , ~ a(€f_y,")
sample Vi~ py’ '
compute V' = Hkg,lc‘kf1 +V
end for
compute RN =1 Ly (v -+ SN VHVI—
N Zi:l Vit
compute K} = P,ﬁfk lHkT(HkP,?‘[k HE +
RN)fl
forc=1---Ndo
compute & = & + K (Y —Y7)
end for
end loop

puted nor stored. Indeed, the gain formula in

E%latlon (7) shows that only the matrlx product

Pl H] is required. Flrstly, Pk\,( (H[ has size m
, whereas Pk]\\;c—l has size m x m. Secondly,

N T
B Hj;

1Y Iy .
= —2 (St = Midpet XSt
N& A . \

7m1]c\|lk—l)T HkT
1 . T

_NZ (ﬁqk—l_n’l/]c\(k—l) [Hk(fllqk—l _mli\l[k—l):l
A (ﬁck—
NS |

N i
17 mk{k—})hka

where /. = [:Hk\égkk 1 m/ka 1)] To get Pkk H
the following operations (scalar addition or mul-
tiplication) are performed for each ensemble
member:

e d scalar products of m-dimensional vectors to
compute /i, requiring O(dm) operations,

e one (matrix) multiplication of a m—dimensional
column-vector ~ with a  d— dlmension_al
row-vector, to compute (ﬁdk \—mi Db
requiring O(dm) operations, yielding O(Ndm)



operatlons in total. On the other hand, to get
Pk\k ,» @ m—dimensional column-vector is multi-
plied with a m—dlmenswnal row—vector to com-

pute (Gt~ Mie-1)(Siet — M), Tquiring
O(m*) operatlons for each ensemble member,
yielding O(Nm?) operations in total. Thus,
when d <« m, as it is the case in many practi-
cal geophysical models (van Leeuwen 2009), it
is less computatlonally demandmg to store and
compute Pk\k \H[ than Pk|k 1

3.3 Linear formulation of observation model
State-space models with linear observation are
a rather general family of models. In particular,
state—space models of the form

X =F (X3 )+ W, ®)

Vi = H(Xp)+ Vi, ®
where F, and H, are nonlinear mappings, and W,
and V, are noise, can be casted in this family, and
therefore can be handled by EnKF.

Consider the state (column) vector augmented
by the observation vector X7, =( X} Yr ) and
the dynamics noise (column) vector augmented

by the observation noise vector U, =(WkT VkT] ,

takin values in R Let E —(1

m
E;={04, 1

d) ) and

Omd
be matrices with respective size

d,m
mx (m +d) and dx{(m+d). Then, the state
dynamics
X =F/(X.,,Up), (10)
where
FA(E x)+E u
F’]((X,M) — k( m ) m ,
H, (F.(E,x)+E,u)+Eu

is a Markov process. Besides, the observation model

Y.=H'X", (11)
where H'=E,,is linear.

We can readily use EnKF to perform Bayesian
filtering in the state-space model defined by Equa-
tions (10) and (11), as the observation model is lin-
ear. Note that there is no observation noise here,
i.e. the observation noise variance is zero. EnKF
can handle such a model smce rank(H )=d (so
that the matrix H'PY_ H'T+0, 4 18 invertible
and the gain matrix defllned in Equation (7) can be
computed). Let p’, be the conditional density of
X’ wrt. Yy, . Then p,, the conditional density
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of X, wrt. Y, (see Section 2), is obtained by
marginalizing p’, as
Pi(x)
:pk(x!*“"xm)
= -[TR" p/k(xl e X Xppigse "xm+d)
dem-H a ‘dxmwtd .
In terms of sample approximation, this mar-

ginalization consists in removing the d last vec-
tor components of the ensemble members, i.e.

& —( g"'k m) where f’k,. f’fy is the sam-

ple approx1mat1ng P’y and f”k (;”“ . ;”k Wd)
The predictor approx1mat10n (conditional den31ty

of X, w.r.t. Y, ) is obtained similarly by margin-
alizing the conditional density of X’; w.r.t. Yy, ;.

PF cannot be applied when the observation
noise is zero. Indeed, the likelihood associated with
the observation model (11) takes positive values
over the linear subspace {xeR" :Y, = H’x} only.
In this case, weighting yields (almost surely) a zero
weight for each particle and the algorithm degen-
erates at the first time iteration. PF however can
readily be used when the state-space model is in
the form of Equations (8)—(9), there is no need to
put the observation model in a linear form.

4 PERFORMANCE ASSESSMENT
OF BAYESIAN FILTERS

The problem of Bayesian filtering consists in
computing the posterior (and the predictor) at
each time iteration. From the posterior, one can
compute Bayesian estimators of the hidden state.
Two classical Bayesian estimators are: the Maxi-
mum A Posteriori (MAP) r&max {7} and the

posterior mean E[X |7, ]. The MAP is not read-
ily available in PF or EnKF, because the posterior
approximation is in the form of a sample, not a
smooth density. The posterior mean however can
straightforwardly be approximated by averaging

the partlcles 1e E[Xk 'Y“k]~2i wi & in PF and

BLX, |V, Z, /% in EnKF. Besides, the poste-
rior mean has the minimum mean squared error
among unbiased estimators, i.e. for all estimator of
the hidden state ¥, such that E[¥,]=E[X,] we
have that

Bl %,— X, [] BLX; Yo, P ]

(where |-| denotes the Euclidean norm in R™).
Hence, in this paper we use the posterior mean as
state estimator in PF and EnKF.

A natural way to assess the performance of filter-
ing algorithms is to compute the difference between
the estimated state §, and the “true” state X.
The true state is defined as the state value from
which the observations are generated, i.e.it verifies

>E
Z Iy

(1, -



Y, ~ g.(X;). In a simulation framework, the true
state is known since the observations are generated
in the experiment. The difference between x, and
X} can be decomposed in two terms, as

X=Xy = (X~ BLY [ Yo, D — (X - BLY, | Y0, D),
which are related to different sources of error. The
first term X, —B[X, |¥,,.] is related to the algo-
rithm approximation of the posterior mean, hence
we refer to it as algorithm error. The second term
X —E[X, |Y,,] is related to the model and to the
choice of the posterior mean as state estimator,
hence we refer to it as model error.

In the simulations presented in this paper, we
analyze separately these two error terms by com-
puting their squared mean at final time step k=n .
To do so, we generate R 1.i.d. true state sequences
Xobo Xk, from which we generate R observa-
tion trajectories Yy,,.....YX , where ¥/ ~ g, (X;")
for all refl,...,R} and ke{0,...,n},. The (total)
Mean Squared Error (MSE), the algorithm MSE,
and the model MSE, are then respectively approxi-
mated as

MSE = E[Ixn X, 7]
72| o ><; 2,
algorithm MSE =E[| ¢, — B[X, | ¥,,,] i2]

1 R ﬂ
Rl

r=1

ELX Y, P

model MSE :EU X, ~EBLX,|Y,,] H

*Z X =BLY Y, P,

where ¥ is the algorithm approximation of the
posterior mean using observations Y., .

5 HIGH-DIMENSIONAL SIMULATIONS

5.1

We firstly consider a very simple state-space model
where the state dynamics and the observation model
are linear with additive Gaussian white noise,

Linear dynamics

X=X + W,

Y, =HX, +V,,
where W, ~ A (0,0) and V, ~N(0,p"), and
where H=(1 0 0) is a Ixm matrix. The

initial state X, follows the distribution N(0,0,).
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The true state sequence is simulated thanks
to the state dynamics ie. Xy~ N(0,0,)
and X | X =x0, ~ N(x,0)  for all
refl,...,R} and ke l1 .,n} . Consequently, the
model MSE E[| X, ~BLX, |Y,,1]] is equal to
EUX —BLX, | Yo, ] which is the trace of the
posterior covariance matrix.

In a linear Gaussian model, the exact posterior
mean and posterior covariance matrix are given by the
Kalman filter at each time step, so that the model MSE
can easily be computed, without approximation.

The model parameters are set as follows: Q, =
I, Q—IO 1, p=1. The number of time itera-
tions is set to n = 100.

5.2 Lorenz—96 nonlinear dynamics

We secondly consider a state-space model
where the state dynamics is the highly nonlinear
Lorenz-96 dynamics and the observation model
is linear. The Lorenz-96 dynamics is a standard
dynamical model in geophysical data assimila-
tion (Hoteit, Pham, Triantafyllou, & Korres 2008,
Nakano, Ueno, & Higuchi 2007).

The Lorenz—96 dynamics is a deterministic time—
continuous multidimensional dynamics. It is defined
by the nonlinear ordinary differential equation

1j= (xt,j+l - xz,j—z)xr,j—l —x;+f (12)
for jedl...m}, where x, = (xtblmx,,m) eR"
and f'is a scalar constant parameter By conven-
thIl xt 1= X =12 X[ 0= X me Xy g+l = t 1 Equatlon
(12) is discretized with the (fourth order) Runge—
Kutta method to get the discrete-time dynamics
X4, = F(x,), where h is the discretization step. The
state dynamics in the state-space model is then

X =F(Xi )+ W,

where W, ~ N(0,0) and X, ~ N (m,,Q,) .

The observation is the first component of vector
X, disrupted by an additive Gaussian noise with
variance p?, i.e. the observation model is the same
as in Section 5.1 above.

The true state sequence is generated thanks to the
discretized Lorenz—96 dynamics, without dynamics
noise, with a fixed initial condition x,, i.e. X" = x;
and X =F(X;,) for all re{l..,R} and
kefl,....,n. Thus, the true state sequence is deter-
ministic here and needs to be generated only once.

Note that, unlike in the linear Gaussian model in
Section 5.1, the exact posterior mean cannot be com-
puted here. We must therefore approximate it accu-
rately to get a reference value to compute the MSEs.

The model parameters are set as follows:
my=(0--0) , 0, = 641, 0=0251,,, p=1,[=
8, h=0.005. The number of time iterations is set
to n=2000.



5.3 Numerical results

We run PF (Algorithm 1) and EnKF (Algorithm
2) to perform Bayesian filtering in the two mod-
els described above. In both algorithms, we set the
sample size to N =100. In PF, the threshold for
multinomial resampling is set to Ny-z;3y- The
number of simulation runsis R=100.

Results for the linear dynamics model from Sec-
tion 5.1 are presented in Figures 1 and 2. Figure 1

0.5
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time iteration
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(c)m=16

Figure 1. Total MSE vs. time for PF (solid line), EnKF
(dashed line) and Kalman filter (dotted line), for different
state dimensions (linear dynamics model).

displays the time evolution of the total MSE for PF,
EnKF, and (optimal) Kalman filter, when the state
dimension is m=1,4, and 16. The performance of
PF and EnKF reaches optimality when m = 1, but
it diverges from optimality when m increases. This
divergence is more severe for PF than for EnKF.
Figure 2 displays the evolution of the model
MSE and the algorithm MSE, for PF and EnKF,
at final time step (k =#), when the state dimen-
sion increases. The model MSE and the algorithm
MSE increase at a linear rate with dimension. The
increase of algorithm MSE is faster for PF than
for EnKF. Figure 2 illustrates that PF is less robust
to high dimensionality than EnKF for this linear
model.

model MSE
- N w S ()] (2] ~
@ Q0 0 o o 9 9

0 20 0 60 80
state dimension

(a) Model MSE at final time step vs.
state dimension.

25¢

- XY
(6] o

algorithm MSE
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state dimension
(b) Algorithm MSE at final time step

vs. state dimension for PF (solid line)
and EnKF (dashed line).

Figure 2. Model MSE and algorithm MSE for PF and
EnKF when the state dimension increases (linear dynam-
ics model).
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Figure 3. Total MSE vs. time for PF (solid line) and
EnKF (dashed line), for different state dimensions
(Lorenz-96 nonlinear dynamics model).

Results for the nonlinear Lorenz-96 dynamics
model from Section 5.2 are presented in Figures 3
and 4. Figure 3 displays the time evolution of
the total MSE for PF and EnKF, when the state
dimension is m=4, 20, and 40. Figure 4 displays
the evolution of the model MSE and the algorithm
MSE, for the two filters, at final time step, when
the state dimension increases. The same observa-
tions than for the linear model can be made here:
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Figure 4. Model MSE and algorithm MSE for PF and
EnKF when the state dimension increases (Lorenz—96
nonlinear dynamics model).

PF is less robust to high dimension than EnKF,
although the algorithm MSE of both algorithms
increases at a linear rate.

To get the results presented in Figures 3 and
4, the reference approximation of the posterior
mean (required to compute the model and algo-
rithm MSEs) is computed thanks to a particle
filter with a large number of particles (N = 10%).
We use the optimal particle filter (for this type of
model), described in (Le Gland, Monbet, & Tran
2011, Section 6), that differs from the SIR imple-
mentation presented in Algorithm 1 in Section 3.
When the sample size N is large, we preferably use
PF because EnKF has been proven asymptotically



biased, i.e. the ensemble members distribution does
not converge to the true posterior distribution as
N — « (Le Gland, Monbet, & Tran 2011).

6 CONCLUSION

High dimensional nonlinear Bayesian filtering is a
difficult approximation problem. In this paper, we
study how the performance of two popular non-
linear Bayesian filters, PF and EnKF, is degraded
when the state dimension increases.

Regarding PF, several authors argue that, when
the dimension increases, the particle sample size
must grow at an exponential rate to maintain
the approximation quality constant (Bengtsson,
Bickel, & Li 2008, Bickel, Li, & Bengtsson 2008,
Bui Quang, Musso, & Le Gland 2010, Snyder,
Bengtsson, Bickel, & Anderson 2008). EnKF, on
the other hand, is widely applied to data assimila-
tion problems in geophysics (Evensen 2009). The
models involved in such problems have often a very
large dimension (van Leeuwen 2009).

In this paper, we lead simulation experiments to
quantify the degradation of PF and EnKF as the
state dimension increases. We consider two models
with two different state dynamics: a simple linear
dynamics, and the nonlinear Lorenz—96 dynamics.
The observation model is linear in the two mod-
els. We assess the performance of PF and EnKF in
terms of the algorithm MSE (the MSE between the
approximated posterior mean and the true poste-
rior mean) and the model MSE (the MSE between
the true posterior mean and the true state value).

In our simulations, it appears that the algorithm
MSE of both algorithms increases linearly with
the state dimension. In PF, the algorithm MSE is
proportional to 1/N (Cappé, Moulines, & Ryden
2005), so that it can be maintained constant if the
number of particles grows linearly with the dimen-
sion. This empirical result differs from previous
results in the literature, showing the need for fur-
ther analysis to describe the phenomenon. Besides,
in our simulations, the algorithm MSE of EnKF
increases at a (linear) rate much slower than that
of PF. This justifies that EnKF is preferable to PF
in high dimensional models.
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ABSTRACT: This paper considers the Prior Probability (PP) in classifying two populations by Bayesian
approach. Specially, we establish the probability density functions for the ratio and the distance between
two PPs that be supposed to have Beta distributions. Also, we build the posterior distribution for PPs when
knowing the prior Beta distributions of them. From established probability density functions, we can
calculate some typical parameters such as mean, variance and mode. According to these parameters, we
can survey and also estimate the prior probabilities of two populations to apply for practical problems.
The numerical example in one synthetic data set, four bench mark data sets and one real data set not
only illustrate for the proposed theories but also present the applicability and feasibility of the researched

problem.

1 INTRODUCTION

Classification is an important problem in multivar-
iate statistical analysis and applied in many fields,
such as economics, physics, sociology, etc. In litera-
ture, there were many different methods proposed
to perform the classification problem like logistic
regression method, Fisher method, Support Vec-
tor Machine method, Bayesian method, etc., in
which Bayesian approach was especially interested
Mardia, Kent, & Bibby 1979, Webb 2003, Ghosh,
Chaudhuri, & Sengupta 2006). In classifying by
Bayesian approach, we often study the case of two
populations because it can be applied in many prac-
tical problems and it is also the theoretical founda-
tion for the case of more than two populations. We
suppose to have two populations W;, i=1,2 with
g; 1s the prior probability and f;(x) is the Prob-
ability Density Function (pdf) of the variable X
for ith population, respectively. Acording to Pham-
Gia, (Pham-Gia, Turkkan, & Vovan 2008), classify-
ing a new observation x, by Bayesian method was
performed by the rule: if max{g,f;(xy)} = q,/;(x)
then X, is assigned to W, in contrast, we assign it
to W,. Pham-Gia (Pham-Gia, Turkkan, & Vovan
2008) also identified the misclassification in this
approach that be called as the Bayes error and be
calculated by formula
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Pe= IR'I min{qlfl(x)7 l]zfz(X)}dx
=1- gmax(x) dx,

R"

in which g,,,.(x)=max{gfj(x),q,/>(x)}. There-
fore, in Bayesian approach, classifying a new
observation and computing its error depend on
two factors: pdfs and PPs. From the given data,
we have many methods to determine the pdfs.
This problem was studied excitedly in theoreti-
cal aspect and had many good applications with
real data (Pham-Gia, Turkkan, & Vovan 2008,
Vo Van & Pham-Gia 2010). In fact, when know-
ing the exact pdfs, determining suitable PPs is a
significant factor to improve the performance in
Bayesian classification. Normally, depending on
known information about the researched problem
or the training data, we can determine the prior
probabilities. If there is none of information, we
usually choose prior probabilities by uniform dis-
tribution. When basing on training data, the prior
probabilities are often estimated by two main
methods: Laplace method: ¢, = :,—In and ratio of
samples method: ¢; = "ﬁ‘, where #; is the number
of elements in W,, n is the number of dimen-
sions and N is the number of all objects in training
data (James 1978, Everitt 1985). There were many



authors who studied and applied these results, such
as (McLachlan & Basford 1988, Inman & Bradley
Jr 1989, Miller, Inkret, Little, Martz, & Schillaci
2001). Besides, determining specified distributions
for PPs is also interested in case of two popula-
tions. We can list some researches about this prob-
lem such as (McLachlan & Basford 1988, Jasra,
Holmes, & Stephens 2005, Pham-Gia, Turkkan, &
Bekker 2007). To inheritance their ideal, this arti-
cle studies the PPs of two populations by build-
ing pdfs for the ratio and distance between PPs.
According to prior information and sampling
data, we can establish posterior pdfs for ratio and
distance between two PPs. Then, we can estimate
and test the differences between two prior prob-
abilities. Because the sum of PPs is equal to 1, we
can survey and determine the PPs for two popula-
tions when knowing their ratio or distance.

The remainder of this article is organized as
follows. Section 2 presents the theories about the
prior pdfs and posterior pdfs for ratio and distance
between two PPs. In this section ¢ is assumed to
have Beta prior distribution and the posterior dis-
tribution of ¢ is updated from the sample infor-
mation. Section 3 discusses some relations of
established pdfs in Section 2 and the computa-
tional problems in practices. Section 4 examines
three numerical examples to illustrate proposed
theories and compare the obtained results with
those of existing methods. The final section is the
conclusion.

2 THE RATIO AND THE DISTANCE
BETWEEN TWO PRIOR PROBABILITIES

Give the variable X and two populations W,,;,
with pdfs are fi{x) and f,{x), respectively. ¢
is the PP for W, and 1-¢ is the PP for W, . Let
y=7=,2=[1-2¢|.If ¢ isa random variable, then
y and z are also random variables. In this sec-
tion, we build the prior pdfs for y and z when ¢
has Beta distribution. The posterior distributions
of y and z are also established when we con-
sider the data samples. When posterior pdfs are
computed, we will have a general look about the
difference between two PPs and also find them via
some representing parameters of y and z (e.g.,
mean or mode). This ideal can be also performed
in a similar way when ¢ has other distributions
in [0,1].

2.1 Distribution of the ratio between

two prior probabilities

Theorem 1 Assuming that ¢ have the prior distri-
bution Beta (&, f), we have following results for
pdf of variable y.
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a. The prior pdf of y is determied as follows:
a-1
Y
—_— 1
Spil3) = B(” VYT (1)
where
(a\r(,bj (% gl
= ()= x*edx.
Blaf= 5l )=,
b. If Beta (&, /) is the prior distribution of ¢ and
m is the number of observations belonging to
W, when collecting n elements, the posterior
pdf of y is determined as follows:
1 yl%f]
fos(y): ,‘A . 2
i’ B ((X, ﬁ)(_y + l)a"ﬂ o)
where
G=a+m B=B+n—m.
Proof

a. Because ¢ has distribution Beta (¢, /), pdf of
q is:

Soitd) = ¢"-g/ | 0=q<L.
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Clearlg q=y/(y+1) and the derivative of ¢ is
1/(v+1)". Thus,
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b. Wecall 4 to betheevent for obtaining m obser-
vations of ] when collecting n observations:

(m)qm(l _ q)nfm.
n

Then we have

P(4)

M(q)= 554" (1-9)" .
m
( ]qm (1 _ q)n—m
n
")
__\n q/t+m 1 (1 q)ﬂ I+n—m.

B(a.f)



The posterior pdf of ¢ is

M(q) _ q‘%’l(l—cg)ﬁ’I .
f(; Mgdg  B(@&B)

Spos(@) = (©)

Doing like cases a) with f,, {g) in (3), we
obtain (2).

2.2 Distribution of the distance between
two prior probabilities

Theorem 2 Let z be distance between ¢ and
(1-q), z=|1-2q|. We have following results for
pdf of z

a. If ¢ has distribution Beta (¢, /), the pdf of z
0<z<) is

82 =G A=) 1+ 2/

+(1+ )% 1- z)/’—l] @

where

1

b. If ¢ has prior distribution Beta(e, ) and m
is the number of observations belonging to W]
when choosing n elements, the posterior pdf of
z is determined as follows:

2y () =Gy (1= )% (14 27!
. ()
+(1+2)* 11— z)ﬂ*l]

where
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Proof

a. We have prior pdf of ¢ is
for@) = " (1~ g
0 B p |

When ¢<1/2, z=1-2¢q or ¢g=(1-2z)/2.1In
this range, pdf of z is determined by

1, (1-
gl(Z):Efpri(TZ)

where f,,, (%) is given by

5
Ba+p\ 2 2 )

So we have
g(2)=Gla-"" 1+ 2] (6)

For ¢>1/2, z=2¢g—1 or ¢g=(z+1)/2, using
the similar way to establish in (6), we have

£(2)=Gl1+* 1= %)

Clearly, from (6) and (7), we have (4).
b. We have
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So posterior pdf of ¢ is
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It is easy to proof (5) by using the same way
to (a).

Moreover, if we set w=1-2¢, -1<w <1, and
theconditionsin part(b)(theorem2)areunchanged,
we can proof the following result:

1 G- R
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3 SOME RELATIONS

3.1 Some surveys

i. Because ¢ is in the interval [0,1], y is in the
interval [0,4+<. If ¢g=1/2 then y=1. When
q¢— 0, we have y — 0. Similarly, when ¢ —1,
we have y — +eo. When y— 0 or y — 4+ we
receive the best classification. We also have z
is a random variable whose value change from
0to 1. When ¢=1/2, we have z=0 and when
qg=0 or g=1 we receive z=1. In the classifi-
cation problem, if there is none of prior infor-
mation, we often choose y=1 or z=0. When
y—0, y—>+e or z=1, we obtain the best
classification.



ii. The k th moment for posterior of y and z is
determined by

) 1 1 k+a-1
El0')= B(&,ii)j" A ®
E()=Cfy 0= 0Pt

(1t 2 - z)ﬁ*‘}dz.

According to above equations, we can compute
easily the means and the variances of y and z
(Berg 1985) by the help of some mathematical
software packages in Matlab, Maple, etc.

When having the posterior pdfs of y and z, we
can compute the highest posterior density (hpd)
regions for them. The hpd credible interval 7,_,
is often numerically computed although tables
exist for some distributions (Isaacs 1974). Berger
(Berger 1985) had proposed the algorithm to
determine hpd and Turkan and Pham-Gia (Pham-
Gia, Turkkan, & Eng 1993) written a program to
determine hpd in different cases of distributions.

iii.
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Figure 1. The prior pdf of y when ¢ has distribution
Beta(1/2,1/2), Beta(1/2,1), Beta(1,1), Beta(1,1/2).

alpha=1, beta=1 ¥
— & -alpha=1, beta=1/2 !
——alpha=1/2, beta=1

— %= -alpha=1/2, beta=1/2

09

08

07

Lo s

Figure 2. The prior pdf of z when ¢ has distribution
Beta(1/2,1/2), Beta(1/2,1), Beta(1,1), Beta(1,1/2).
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iv. The building pdfs determined by (1), (2), (4) and
(5) depends on the prior pdf of ¢. In practice, this
distribution is not easy to survey. It really depends
on the known information about the research.
Although there have been a lot of authors dis-
cussing about this problem such as (McLachlan
& Basford 1988), (Inman & Bradley Jr 1989),
(Miller, Inkret, Little, Martz, & Schillaci 2001)
none of optimal solution for all cases. According
to (Pham-Gia, Turkkan, & Eng 1993) there are at
least two of prior information that be often used
for ratio between two Beta distributions. These
are uniform distribution (or Beta(1,1)) and Jef-
freys prior (or Beta(1/2, 1/2)) see Figures 1-2.

3.2 The computational problem

Because the features of populations are often dis-
crete, we must estimate their pdfs before running
Bayesian method. There are some proposed meth-
ods to solve this problem; however, kernel function
method is the most popular one in practice. In this
method,the choices of smoothing parameter and
kernel function has effects on the result. Although
(Scott 1992), (Martinez & Martinez 2007), (Vo Van
& Pham-Gia 2010), etc. have had many discus-
sions about this problem, the optimal choice is not
found. Here, the smoothing parameter is chosen by
Scott and the kernel function is the Gaussian.

When the prior probabilities and the pdfs have
been identified, we have to find the maximum
function g,,..(x) to compute the Bayes error. In
the unidimensional case, we can use the specified
expression to compute the maximum function of
pdfs and the Bayes error (Pham-Gia, Turkkan, &
Vovan 2008). In the multidimensional case, this
calculation is really complicated. Vovan and Pham-
Gia (Vo Van & Pham-Gia 2010) and some other
researchers have mentioned about this problem. In
this case, the Bayes error is estimated by the Monte-
Carlo simulation with the help of some mathemati-
cal software packages in Maple, Matlab, etc.

In this article, the programs used for estimating
pdf, computing the Bayes error, are coded by Mat-
lab software.

4 THE NUMERICAL EXAMPLE

This section examines three examples to illustrate the
proposed theories in Section 2 and 3. Example 1 con-
siders a synthetic data set containing 20 observations
in two populations. Population I includes 9 observa-
tions and 11 ones for population II. We survey this
simple example to test the theoretical results in Sec-
tion 2 and compare the performance of the proposed
method with those of other choices, which compute
prior probabilities according to Uniform distribu-
tion, ratio of sample method and Laplace method.



Example 2 compares the results of surveying meth-
ods throughout four bench mark data sets including
Seed, Thyroid, User and Breast Tissue. For each data
set, we choose randomly two populations for experi-
ment. These popular data sets are often studied in
recognized statistics. When there is a new method
that relates to classification problem, these data are
also used to compare the result of the new method
with traditional ones. In the third example, we resolve
a practical issue in Vietnam: appraising the ability to
repay loans of the bank costumers in BinhPhuoc
province. In this section, the prior probability chosen
by Uniform distribution, ratio of sample method,
Laplace method, v and z are respectively denoted
by BayesU, BayesP, BayesL, BayesR and BayesD. In
cases of BayesR and BayesD, from the posterior pdf
of y or z,we calculate the mean value and use it as
the prior probability of population.

Example 1. Give the studied marks (scale 10 grad-
ing system) of 20 students, in which 9 students have
marks being smaller than 5 (7] : fail the exam) and
11students have marks being larger or equal to 5
(W, : pass the exam). The data set is given by the
Table 1. Assuming that we need to classify the
ninth object and the prior probability ¢ of W] is
a random variable having distribution Beta(10,5).
The training set presents that the total observa-
tions N =19 and the number of observations in
W, is n=8 . Then, we have:

The mean, variance and mode of posterior dis-
tribution of y are 1.2,0.1886, 1.0, respectively. The
95% hpd credible interval of y:(1.2845, 1.6739).

The mean, variance and mode of posterior distri-
bution of z are 0.1438, 0.0112, 0, respectively. The
95% hpd credible interval of z:(0.0962, 0.1914).

Using the mean value of y and z, we have the
prior probabilities of two populations respectively are
(0.5455;0.4545) and (0.5719;0.428). According to the
prior probabilities and those of the existing methods,
we classify the ninth element. The results presented
by the following Table 2. It can be seen that only
BayeR and BayesD give the right classification for

Table 1. The studied marks of 20 students and the
actual result.

Objects Marks Group Objects Marks Group
1 0.6 /8 11 5.6 W,

2 1.0 /8 12 6.1 W,

3 1.2 W, 13 6.4 W,

4 1.6 W, 14 6.4 W,

5 2.2 W, 15 7.3 w,

6 24 /8 16 8.4 W,

7 2.4 W, 17 9.2 w,

8 39 /8 18 9.4 W,

9 4.3 W, 19 9.6 W,

10 5.5 W, 20 9.8 W,

the ninth object. These methods also have the smaller
Bayes error than those of others. This result presents
that if we choose the suitable prior probability for ¢
, using proposed method, we can be received a better
classification than other traditional methods.

Example 2. In this example, BayesU, BayesP,
BayesL, BayesR and BayesD will be used to classify
some bench mark data sets that include Thyroid,
Seeds, User, and Breast Tissue. In each data set, we
choose randomly two populations. The summary of
data features is presented by Table 3. The detailed
data sets are given by [http://archive.ics.uci.edu/ml].

The survey of bench mark data whose sizes,
dimensions are various will show the effectiveness
and the stability of new method. Assuming that
the prior probability ¢ of W, is a random vari-
able having distribution Beta ([N/2],[N/2]) (N is the
number of elements in data set). Applying (2) and
(5) with n and m got from training data, we com-
pute the posterior pdfs of y and z. Also, using
the mean value for each case, we calculate the prior
probabilities of populations. In this example, the
ratio between training and test set is 1:1. The results
that we received when running 10 times randomly
are summarized in Table 4. Table 4 shows that
BayesR, BayesD are more stable than the existing
ones. In almost of data sets, BayesR and BayesD
have the smaller errors than other methods.

Example 3. In bank credit operation, determining
the repay ability of customers is really important.
If the lending is too easy, the bank may have bad
debt problems. In contrast, the bank will miss good
opportunities to lend. Therefore, in recent years,
the classification of credit applicants has been
especially studied in Vietnam. In this example, the
data including 27 cases of bad debt and 33 cases of
good debt of a bank in BinhPhuoc province, Viet-

Table 2. The result when classifying the ninth object.

Method Prior Zoax(X,) Population Bayes error

BayesU (0.5;0.5) 0.0353 2 0.0538
BayesB (0.421;0.579) 0.0409 2 0.0558
BayesL (0.429;0.571) 0.0403 2 0.0557
BayesR (0.5545;0.454) 0.0365 1 0.0517
BayesD (0.572;0.428) 0.0383 1 0.0503

Table 3. Summary of four bench mark data sets.

Data No of objects No of dimensions
Thyroid 185 5

Seed 140 7

Breast 70 9

Users 107 5
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Table 4. Summary five Bayesian methods of bench
mark data.

Data Method Empirical error (%)
Thyroid BayesU 1.304

BayesP 1.196

BayesL 1.196

BayesR 0.979

BayesD 1.195
Breast BayesU 8.284

BayesP 7.427

BayesL 7.427

BayesR 7.713

BayesD 7.427
Seeds BayesU 3.715

BayesP 4.001

BayesL 4.001

BayesR 3.857

BayesD 3.715
Users BayesU 12.643

BayesP 15.661

BayesL 15.661

BayesR 12.264

BayesD 12.264
Table 5. The results of five Bayesian methods for
Example 3.

Empirical error (%) Bayes error

Method (X, ) X,V
BayesU 20 0.1168
BayesP 20.33 0.1170
BayesL 20.33 0.1170
BayesR 21 0.1170
BayesD 20 0.1170

nam will be considered. The objects in data who are
bank borrowers are immigrants. Two independent
features are X (years of schooling) and Y (years
of immigration). Because of the sensitive problem,
authors have to conceal the detailed data. In this
example, the choice prior for Beta distribution,
the ratio between training and test set, the way to
perform experiment are similar to Example 2. The
results are presented in Table 5. It can be seen that
the result in this example is quite similar to two
previous ones. Especially, BayesD ensure the rea-
sonable for all cases and give the best result.

5 CONCLUSION

This article establishes the prior and posterior dis-
tributions for the ratio and the distance between
two prior probabilities having Beta distribution
in Bayesian classification. From related pdfs that
have been built, we can survey, compute typical
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parameters for prior probabilities of populations
themselves. The numerical examples proved that if
we have good prior information, choose the rea-
sonable prior distributions of prior probabilities,
we can determine the prior probabilities which give
the better results in the comparison to traditional
methods. In the coming, we will use these results to
apply in different real data.
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ABSTRACT: This paper aims to present the combination of chaotic signal and Self-Organizing Migrat-
ing Algorithm (SOMA) to estimate the unknown parameters in chaos synchronization system via the active
— passive decomposition method. The unknown parameters were estimated by self-organizing migrating
algorithm. Based on the results from SOMA, two Rikitake chaotic systems were synchronized.

1 INTRODUCTION

Chaos theory is one of the most important achieve-
ments in nonlinear system research. Chaos dynam-
ics are deterministic but extremely sensitive to initial
conditions. Chaotic systems and their applications
to secure communications have received a great deal
of attention since Pecora and Carroll proposed a
method to synchronize two identical chaotic systems
(Pecora & Carroll 1990). The high unpredictability
of chaotic signal is the most attractive feature of
chaos based secure communication. Several types of
synchronization have been considered in communi-
cation systems. The Active Passive Decomposition
(APD) method was proposed by Kocarev and Par-
litz (1995), it was known as one of the most versa-
tile schemes, where the original autonomous system
is rewritten as controlled system with the desired
synchronization properties. Many of the proposed
solutions focused on synchronization-based meth-
ods for parameter estimation (Shen & Wang 2008,
Ge & Chen 2005), among others. In (Parltiz & Junge
1996), the parameters of a given dynamic model
were estimated by minimizing the average synchro-
nization error using a scalar time series.

Recently, a new class of stochastic optimization
algorithm called Self-Organizing Migrating Algo-
rithm (SOMA) was proposed in literature (Zelinka
2004 & Zelinka 2008). SOMA wors on a popula-
tion of potential solutions called specimen and it is
based on the self-organizing behavior of groups of
individuals in a “social environment”. It was proven
that SOMA has ability to escape the traps in local
optimal and it is easy to achieve the global optimal.
Therefore, SOMA has attracted much attention and
wide applications in different fields mainly for vari-
ous continuous optimization problems. However,
to the best of our knowledge, there is no research
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on SOMA for estimation of the parameter of chaos
synchronization via ADP method.

Motivated by the aforementioned studies, this
paper aims to present the combination of cha-
otic signal and the unknown parameters in chaos
synchronization system were estimated via ADP
method. Based on the results from SOMA algo-
rithm, the estimated parameters were used to syn-
chronize two chaotic systems.

2 PROBLEM FORMULATION

2.1

Kocarev & Parlitz (1995) proposed a general
drive response scheme named as Active Passive
Decomposition (APD). The basic idea of the
active passive synchronization approach consists
in a decomposition of a given chaotic system into
an active and a passive part where different cop-
ies of the passive part synchronize when driven by
the same active component. In the following, we
explain the basic concept and terminology of the
active passive decomposition.

Consider an autonomous n-dimensional dynam-
ical system, which is chaotic as

The active-passive decomposition method

(M

The system is rewritten as a non-autonomous
system:

u=g(u)

x =f(x,s)

@

where x is a new state vector corresponding to u and
s is some vector valued function of time given by

s =h(x) (3)



The pair of functions f and h constitutes a
decomposition of the original vector field g, and
are chosen such that any system
y=1(y.s) 4)
given by the same vector field f, the same driving
signal s, but different variables y, synchronizes with
the original system. Here, x constitutes the active
system while y is the passive one.

The synchronization of the pair of identical sys-
tems. (2) and (4) occurs if the dynamical system
describing the evolution of the difference |y, — x, ||
— 0 fork — oo.

2.2 The parameter estimation

When estimating the parameters, suppose the
structure of the system is known in advance, the
transmitter (driver) system is set with original
parameters and the parameter in receiver (response)
system is unknown. Therefore, the problem of
parameter estimation can be formulated as the fol-
lowing optimization problem:

M
Cost function= LGyk — x| 2
M

where M denotes length of data used for param-
eter estimation, the parameter can be estimated by
minimum the Cost function (5).

Because of the unstable dynamic behavior of
chaotic systems, the parameter estimation for cha-
otic systems is a multidimensional continuous opti-
mization problem, the parameters are not easy to
obtain. In addition, there are often multiple varia-
bles in the problem and multiple local optimums in
the landscape of Cost function, so traditional opti-
mization methods are easy to trap in local optima
and it is difficult to achieve the global optimal
parameters. Therefore, SOMA was chosen because
it has been proven that the algorithm has the abil-
ity to converge toward the global optimum.

®)

3 SELF ORGANIZING MIGRATING
ALGORITHM

SOMA is the evolutionary algorithms which imi-
tates nature process of wildlife migration. The
method was established in 1999, developed by
Prof. Ivan Zelinka at the University of Tomas
Bata, Zlin. SOMA is a stochastic optimization
algorithm that is modeled on the social behavior of
cooperating individuals. The approach is similar to
that of genetic algorithms, although it is based on
the idea of a series of “migrations” by a fixed set
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of individuals, rather than the development of suc-
cessive generations. It can be applied to any cost-
minimization problem with a bounded parameter
space, and is robust to local minima. SOMA works
on a population of candidate solutions in loops
called migration loops. The population is initial-
ized randomly distributed over the search space
at the beginning of the search. In each loop, the
population is evaluated and the solution with the
highest fitness becomes the leader L. Apart from
the leader, in one migration loop, all individuals
will traverse the in put space in the direction of the
leader. Mutation, the random perturbation of indi-
viduals, is an important operation for Evolutionary
Strategies (ES). It ensures the diversity amongst
the individuals and it also provides the means to
restore lost information in a population. Muta-
tion is different in SOMA compared with other ES
strategies. SOMA uses a parameter called PRT to
achieve perturbation. This parameter has the same
effect for SOMA as mutation has for GA.

The novelty of this approach is that the PRT
vector is created before an individual starts its
journey over the search space. The PRT vector
defines the final movement of an active individual
in search space.

The randomly generated binary perturbation
vector controls allowed dimensions for an individ-
ual. If an element of the perturbation vector is set
to zero, then the individual is not allowed to change
its position in the corresponding dimension.

An individual will travel a certain distance (called
the Path Length) towards the leader in n steps of
defined length. If the Part Length is chosen to be
greater than one, then the individual will overshot
the leader. This path is perturbed randomly.

There are specified following parameters of
SOMA algorithm:

Cost function: determines how to evaluate
individuals.

Specimen: describes a form of individuals.

Population size: The number of individuals in the
population which is contained in one migration.

Migrations: The maximum number of migra-
tions to complete.

Step: The step size of individual during
migration.

Part Length: duration of path which use indi-
viduals for migration.

PRT: perturbation of migration.

Minimal diversity: diversity of evolutionary
process.

More detailed description of SOMA can be
found in e.g. (Zelinka 2004).

There are many of SOMA variations which are
differentiated by way of migration. In our case,
SOMA-AII-To-One variation has been chosen, in
which individuals migrate past the best one.



4 RIKITAKE SYSTEM’S

In this section, we apply the ADP technique to
achieve the synchronization between two identical
Rikitake systems. The mathematical description of
Rikitake system is as follows 0:

X=—Ux+zy

(6)

u=yy=—uy+(z—a)x

z=1-xy

where x, y and z are the state variables, and p and a
are the positive real constants. The Rikitake system
(4) exhibits a chaotic attractor forp=2anda=5as
shown in Figure 1.

To illustrate the synchronization of two identi-
cal Rikitake systems, we consider different active-
passive decompositions of the drive system with
the denote X and the response system with the
denote Y.

The identical drive system X (L =2 and a =)
is given by:

Xy ==2x,+z,;5(1)
X=9y;="2y,+{(z-95)x,

- 1
Zag == XqVq

@)

The response system Y is described by the fol-
lowing equations:
X, = px, + z,5(1)

Z.r :]_xry

®)

»

where a, W are unknown parameter of response
system, s(t) is the transmitted signal.

The Rikitake chaotic attractor.

Figure 1.
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Table 1. SOMA parameter setting.
Parameter Value
Population size 20
Migrations 50
Step 0.11
Path length 3
Perturbation 0.1

Minimal diversity -1

Subtracting system (7) from system (8) yields
the error dynamical system between system (7) and
system (8) e,= ((x,, ¥,, z,). — (X4 Y 2,),) Were used
to create a cost function CF representing the Root
Mean Square Error (RMSE) of synchronization
between X and Y:

M
CF=V/A14ZHYk(xr,y,_,z,,)—Xk(x,,,yd,zd)(!2 ©)
k=1

The parameter estimation can be formulated as
a multidimensional nonlinear problem to minimize
the cost function CF. SOMA is used to find a suit-
able parameter a, P such that the cost function CF
can be asymptotical approach to minimum point.
The minimum value of cost function guarantee of
the best solution with suitable parameters. Systems
are asymptotically (and globally) synchronized.

In our simulations, the transmitted signal is
chosen s(t) = y,. The initial states of the drive sys-
tem (7) and the response system (8) are taken as
x,(0)=6, ¥,(0) = 0, ,(0) = 0 and x,(0) = 1, y,(0) =2,
z,(0) = 1, respectively. Hence the error system has
the initial values e (0) = 5, e,(0) =-2 and e,(0) =-1.
SOMA-AIl-To-One is used to solve the systems,
which the control parameters setting are given in
Table 1. Simulation was implemented using Math-
ematica programming language and executed on
Pentium D 2.0 G, 2 GB personal computer.

4.1 Case study 1. simulation on one-dimensional

parameter estimation

In this case, we consider one-dimensional param-
eter estimation. That mean one parameter a (or pL)
is known with the original value, one of p (or a) are
unknown and need to be estimated.

a. When a = 5 is known in advance, the initial
guesses are in the range [0,5] for p, the control
parameter was set as Table 1. SOMA-AII-To-
One has found the best result was collected
with p = 1.97209 as shown in 3D cost function
(Fig. 3). After 3 migrations, both the worst and
the best values of the cost function approaches
minimum value 0.634789 quickly as shown in
Figure 2,
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Figure 2. The worst and the best values of cost func-
tion (la).

Figure.3. 3D cost function (a = 5).
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Figure 4. The worst and the best values of cost func-
tion (1b).

. When p = 2 is known in advance, the initial
guesses are in the range [0, 10] for a, the con-
trol parameter was set as Table 1. SOMA-AII-
To-One has found the best result was collected
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Figure 5.

3D cost function (B = 2).

with a = 4.99441 as shown in 3D cost function
(Fig. 5). Both the worst and the best values of
the cost function approaches minimum quickly
as shown in Figure 4 (CF = 0635367).

4.2 Case study 2: simulation on two-dimensional
parameter estimation

In this case, we consider two-dimensional param-
eter estimation. Both two parameter a, and p are
unknown and need to be estimated. The initial
guesses are in the range [0, 5] for p and [0, 10] for
a. SOMA-AIl-To-One has found the best result
(CF =0.634578) was collected with parameters i =
1.9658 and a = 4.98468 as shown in 3D cost func-
tion (Fig. 7) Both the worst and the best values of
cost function approaches minimum gradually after
24 migrations as shown in Figure 6.

The final estimated value are p = 1.9658 and
a = 4.98468. Thus, the actual parameters were
fully identified. As shown in Figure (2-7), the val-
ues of cost function always approach to original
minimum value CF = 0.635398, and the estimated
parameter obtained by SOMA are also very close
to the true value of original parameters. So, it’s
proven that SOMA is effective to estimate param-
eters for chaos synchronization system.

Base on the values were estimated by SOMA
(n=1.9658 and a = 4.98468), the response system
was constructed. The effective of the estimated
value on the synchronization errors of driver sys-
tems X (4,4,1) and response system Y(-1,-1,-1)
via ADP were demonstrated as shown in Figure 8.

Without ADP, the synchronization between two
systems were not identified totally as shown in Fig-
ure.8 (a,e,i), and the trajectories of e(t) were unpre-
dicted as shown in Figure.8 (c,g,k). In the opposite,
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Figure 8f. Synchronization of y, and y, with ADP.

Figure 8g. Difference of y, and y, without using ADP.
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Figure 8i.
ADP.

Synchronization of z, and z, without using

Figure. 8 (d,h,]) displays that the trajectories of e(t)
tends to zero after t > 12, and trajectories of x,y,.z,
converged to X,,y,,z, absolutely when ADP was
applied as shown in Figure. 8 (b,fj). It’s proven that
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Figure 8j.  Synchronization of z, and z, with ADP.

N AN,
NN

(K

=)

Figure 8k. Difference of z, and z, without using ADP.
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Figure 81.  Difference of z, and z. with ADP.

the estimated values and ADP method are effective
to synchronize for two chaotic systems.

5 CONCLUSIONS

In this paper, the ADP method is applied to syn-
chronize two identical Rikitake chaotic systems.
Parameter estimation for chaotic system was
formulated as a multidimensional optimization
problem. Self-Organizing Migration Algorithm
(SOMA) was used to find the unknown values
of chaotic parameters. Based on the results from



SOMA algorithm, two chaotic systems were syn-
chronized absolutely.
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ABSTRACT: Basing on the I!-distance between Probability Density Functions (pdfs) in a cluster and
its representing pdf, the L'-distances between representing pdfs of different clusters, this article proposes
two new internal validity measures for clustering for pdfs. Then, we apply Genetic Algorithm coded for
solving integer optimization problems to minimize these internal validity measures so that establish the
suitable clusters. The numerical examples in both synthetic data and real data will show that the proposed
algorithm gives the better results than those of existing ones while testing by internal validity measures

and external validity measures.

1 INTRODUCTION

In recent years, because of the fast development of
networking, data storage, and the data collection
capacity, there has been an increasing on data that
we receive and exchange everyday, especially on big
data. According to Wu et al. (Wu, Zhu, Wu, & Ding
2014), in every day, 2.5 quintillion bytes of data
have been created and 90% of data in the world
have been produced from 2009 to 2011. Therefore,
how to analyse effectively the big data that have a
huge volume and be received from many uncertain
sources is a challenge for many researchers in data
mining and statistics (George, Haas, & Pentland
2014, Wu, Zhu, Wu, & Ding 2014). Clustering that
can partition unknown large data into groups so
that elements in each group have the similar prop-
erties is a basic method in data mining and statis-
tics. It is an important step to understand the data
before performing further analysis. Therefore, the
clustering problem has been researched extensively
in many areas such as physics, biology, economics,
engineering, sociology and any field that needs to
group the similar elements together.

There are many algorithms can resolve the
Clustering for Discrete Elements (CDE). These
algorithms were summarized by Fukanaga and
Webb (Keinosuke 1990, Webb 2003). However,
because of the various strategies in CDE, the clus-
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tering results are also different. Therefore, how
to evaluate these different results is an interesting
question for many researchers. Generally, there
are two main types of validity measures used to
evaluate the quality of the clustering result: exter-
nal validity measure and internal validity measure.
Some popular external validity measures are Rand
index (Rand 1971), F-index (Larsen & Aone 1999),
Jaccard index, all of them evaluate the clustering
throughout some specific references. Therefore, an
external evaluation is impossible when we do not
have any reference. The internal criteria considers
some metrics which are based on data set and the
clustering schema (analyze intrinsic characteristics
of a clustering), so it can be performed for all cases.
There were a large number of popular internal
validity measures proposed in both non-fuzzy and
fuzzy clustering as Intra index (MacQueen 1967),
Xie-Beni index (S index) (Xie & Beni 1991), Dunn
Index (Dunn 1973), DB index (Davies & Bouldin
1979). Most of them evaluate the quality of the
clustering result by the compactness and the sepa-
ration of clusters. Basing these internal validity
measures, a lot of algorithms have been proposed
to search the optimal value of these measures, so
that the compactness and separation of established
clusters are optimized. We can list a lot of studies
using Genetic algorithm for CDE as (Falkenauer
1992, Jain, Murty, & Flynn 1999, Hruschka 2003,



Agustn-Blas, Salcedo-Sanz, Jiménez-Fernandez,
Carro-Calvo, Del Ser, & Portilla-Figueras 2012).
Besides, some other evolutionary approaches were
also applied to resolve the clustering problems as
Particle Swarm Optimization (Das, Abraham,
& Konar 2008), Ant Colony algorithms (Jiang,
Yi, Li, Yang, & Hu 2010), Artificial Bee Colony
algorithms (Zhang, Ouyang, & Ning 2010). All of
them have supplied a novelty approach to establish
clusters and improve the quality of result.

The clustering for probability density func-
tions (CDF) that be necessary for big data has
been interested by many researchers recently. We
can find some important studies in literature as
Matusita (Matusita 1967), Glick (Glick 1972)
which proposed some standard measures to com-
pute the similarity of two or more pdfs (Vo Van
& Pham-Gia 2010) which established the clus-
ter width criterion and applied it for hierarchical
approach and non-hierarchical approach in CDF,
(Goh 2008, Montanari & Calo 2013) which pro-
posed some novelty methods to build clusters in
CDF and (Chen & Hung 2014) which introduced
a method called “automatic clustering algorithm”
to find the number of clusters and then establish
optimal result. However, the validity measures
used in above studies are external validity meas-
ures and none of previous studies proposed an
internal validity measures in CDF. Therefore, it is
impossible to perform the CDF when we do not
have any reference. In addition, it cannot apply
evolutionary approaches for optimizing the clus-
ters without internal validity measures. Although
Chen and Hung (Chen & Hung 2014) had pro-
posed the automatic clustering algorithm but we
cannot evaluate their result is whether really opti-
mal or not. Furthermore, automatic clustering
algorithm is easy to merge all of pdfs to a single
cluster (number of clusters k =1) when the pdfs
have a high overlapping degree. Basing on the idea
that optimize the compactness and separation
of established clusters, this article proposes two
internal validity measures in CDF. From them,
we apply the Genetic Algorithm coded for solv-
ing integer optimization problem (Deep, Singh,
Kansal, & Mohan 2009) to minimize these internal
validity measures. Hence, the suitable clusters are
established. The above algorithm is integrated in
Global Optimization Toolbox in Matlab Software
and is easy to use. The numerical examples in this
article will show the proposed method can find the
optimal internal validity measure. The results with
optimal internal measures will be re-tested when
using external measure (with references). It can be
seen that the proposed algorithm improve signifi-
cantly the performance of CDF.

This article is organized as follows. In section 2,
we summarize some issues relating to 1 -distance,
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the representing pdf of cluster and propose two
new internal validity measures. Section 3 reviews
the Genetic Algorithm called as MI-LXPM pre-
sented in (Deep, Singh, Kansal, & Mohan 2009).
Section 4 is the numerical examples that use MI-
LXPM to optimize the proposed internal valid-
ity measures in Section 2. It will demonstrate our
algorithm can improve the performance of CDF.
Section 5 is the conclusion.

2 SOME RELATIONS

2.1

Let F={fi(x),/5(x),... fy(x)},N>2 is the set
of pdfs for k clusters, C=(C1,C2,...,Ck),k22 .
Definition 1. I'- distance of F is defined as fol-
lows: For N >2,

L -distance and representing pdf

15 Foreos Srelly = [ oy Frnan 0D =1, (1)
And for N=2,
1 fall = [ LA = ) [ d, )

where f;nax (X) = maxfi(x),f; (X),. . ’fN(x)
From (1), it is easy to prove that | £, f5,.... fy
is a non-decreasing function of N, wit

0<|fis forosfyl, N =1. Equality on the left
occurs when all f; are identical and on the right
when f; have disjoint supports. From (2), we have

1

fmax (x)dx -1

R"

1
SWhsl=]

2.2 The representing probability functions
of clusters

Definition 2. Give the set of pdfs, F = (f,, f5, ..., fy),
N 22 which be separated to k clusters, C = (C,, C,,
...y C), k = 2. The representing pdf for cluster C,
is defined by

o
f"z:%’

n;

3)

where 7, is the number of pdfs in cluster C,. We also
have fv, 20 forall xand [, fidx=1.

2.3 Two new proposed internal validity measures

In this section, we propose IntraF and SF index to
evaluate the quality of the established clusters in
CDF. Two internal validity measures are presented
as follows:



IntraF index

IntraF =— 2 z “f I, ||

zlfeC

4)

where |/ — fv;|| is the L'- distance between f and
Jv; and n is the number of all pdfs.

The more similar between pdfs in cluster to
their representing pdf are, the smaller IntraF is.
Therefore, IntraF index reflects the compactness
of established clusters and at first, we can see that
it is suitable to evaluate the clusters quality.

SF index

The IntraF index can compute the compact-
ness of clusters but cannot assess the separation
between different clusters. Therefore, we propose
the new index to measure this separation. This
index is called as SF and it is defined as follows:

2_12 = Alf

nmm[u fi- o]
IntralF

O

)

where H Sy —fv; H is the I! distance between repre-
senting pdfs of cluster i and cluster ;.

The SF index compute the pairwise L' - distance
between all representing pdfs of all clusters. Then
their minimum is considered as the separation
measurement. The more separate between the clus-
ters are, the larger denominator is and the smaller
SF is. Thus, the smallest SF indeed indicates a valid
optimal partition which consider both compact-
ness and separation of clusters.

3 GENETIC ALGORITHM FOR SOLVING
INTEGER OPTIMIZATION PROBLEM

Firstly, we have had to encode the solution in clus-
tering problem to the chromosome before applying
Genetic Algorithm to optimize the internal validity
measures. Each individual is presented by a chro-
mosome having the same length with the number
of pdfs. The value /; in each gene in the chromo-
somes represents the label of cluster to which jth
pdf is assigned. For example, the clustering result
with Cy={£, f3}.C, ={fo. /5, 7}. C; = {fS’fé} is
presented by the chromosomes 1231232.

The Genetic Algorithm for solving the integer
optimization problems (Deep, Singh, Kansal, &
Mohan 2009) is called MI-LXPM and presented as
follows.
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Crossover
The crossover operator used in (Deep, Singh,
Kansal, & Mohan 2009) is the La(place CrossQ-

ver. Give two individual x'= xll,)é, X

and x*= xlz,x2, L, ) thelr offzs rings
11

y —(yl,hs Yy and 7y _(J’l J’z sVp ) are

generated in following way:

11 1 2.2 2 )
V=Xt G x|y =xi+ G x —xi |, (6)

In (6), . satisfies the Laplace distribution and
is generated as

a—blog(u;)

Y

a+blog(u;)

where a islocation parameter and b >0 is scaling
parameter, u;,r; €[0,1] are uniform random num-
bers. For CDF problem, in each above individual,
n is the number of pdfs and 2<x; <k with k is
the number of clusters.

Mutation

The mutation operator used in MI-LXPM is the
Power mutation. By it, a solution x is created in
the vicinity of a parent solution x in the following
manner.

;—s(;—xl) if t<r
x=1_ _
X+ x"fx) if t>r

In above equation, s is a random number having
power distribution and calculated by s = (sl )p where
s, is chose randomly in interval [0,1] and p called
the index of mutatlon is an integer number; 7 = -
where x' and x" be the lower and upper bounﬁs on
the value of the decision variable (in CDF x' =2 and
=k ); r is arandom number between 0 and 1.

Truncation procedure for integer restriction

In order to ensure that after crossover and muta-
tion operations have been performed, the integer
restrictions are satisfied, the following trunca-
tion procedure is applied. For all i=1,...,n,x; is
truncated to integer value X; by therule: If x; is
integer then X; =X, , otherwise X; is equal to [x;]
or [x;]+1 with the probability is 0.5, [x;] is the
integer part of X;.

Selection

MI-LXPM use the tournament selection that
presented by Goldberg and Deb (Goldberg & Deb
1991).



The above part presents the detailed MI-LXPM
algorithm. This algorithm then be applied to opti-
mize the SF index that has been proposed in Sec-
tion 2 for solving problem of CDF. We call this
hybrid algorithm, which be presented by below five
step, as MI-LXPM-CDF:

St. 1 Starting with a randomly clustering solu-
tions presented by chromosomes.

St. 2 Evaluating SF index for each clustering
solution.

St. 3 Performing the genetic operations such as,
selection, crossover, and mutation, on the
current clustering solutions to introduce
new ones.

St. 4 Replace the current clustering solution with
the new ones having smaller SF index.

St. 5 1If some criterion is met then stop, else go

to St. 2.

The main ideal of MI-LXPM-CDF is that:
throughout each iteration, from existing cluster-
ing solutions, we create some new ones and choose
a determined numbers of best ones for the next
iteration. In the end, we have the solution with the
internal validity measures is optimized. Because
MI-LXPM is an algorithm to find the global opti-
mum, the new approach increase the chance to
avoid trapping in local solution in the compari-
son with some hill climbing algorithms, such as
k-means or non-hierarchical approach. The above
algorithm is named as MI-LXPM-CDF whose
suitability, feasibility, applicability will be tested by
the numerical example in following section.

4 NUMERICAL EXAMPLES

In this section, we conduct three experiments to
compare the proposed algorithm with Van and
Pham-Gias non-hierarchical (Vo Van & Pham-Gia
2010) and the Automatic clustering of Chen and
Hung (Chen & Hung 2014). In the first example,
we consider seven univariate normal probability
densities whose variances are the same and means
are different. This is a simple examples presented
in (Vo Van & Pham-Gia 2010). We review this
example to illustrate the theoretical results, test
the suitability of the proposed algorithm. The
more complicate synthetic example researched in
(Chen & Hung 2014) will be review in Example
2. This example contains 100 uniform distribu-
tion pdfs with dynamic parameter and separate
into two groups with 50 pdfs in each group. In the
final example, we apply the proposed algorithm for
images recognition that be an interesting problem
for many researchers in data mining with big data.
We take 26 images from Caltech 101 dataset (Fei-
Fei 2004). These 26 images contain 2 categories

(lotus and sunflowers) with 13 images each. In
each example, we apply MI-LXPM-CDF to opti-
mize the internal validity measure, then comparing
external measure (the error in the comparison with
the truth) of the new algorithm with the existing
ones in (Vo Van & Pham-Gia 2010, Chen & Hung
2014). The detailed results are shown as follows.

Example 1: We supposed to have seven popula-
tions with univariate normal pdfs, with specific
parameters:

o, :0-2:...:0-7:1;
2,=03; 1, =4.0; 15 =9.1;
My =1.0; 415 =5.5; 1, =8.0; 4, =4.8.

Form Figure 1, it can be seen that the suitable
separation for these pdfs is

Cl :{f17f4}7 C2 :{f27f5!f7}7 C3 :{f33f6}

The clustering results of MI-LXPM-CDF and
other algorithms are presented in Table 1.

It can be observed that all of methods are abso-
lutely accurate in the comparison with the remark
mentioned before. In fact, this is a simple and easy
example. This be only used as the first test for our
algorithm. The result verifies that our algorithm is

0.4

035
03k

020y
05k M B3 O 4 W B
0.1

0.05

0

Figure 1. The pdfs of 7 univariate normal distributions.
Table 1. The results of MI-LXPM-CDF and existing
algorithms.

Misclustering

rate (%) SF index
Vo Van & Pham-Gia 2010 0 0.0493
Chen & Hung 2014 0 0.0493
MI-LXPM-CDF 0 0.0493




suitable at first and need to retest in more compli-
cate example as follows.

Example 2: In this example, we review the synthetic
data studied in (Chen & Hung 2014). The data
consist of two classes f; and f, with 100 uniform
pdfs on the interval [0,1000] (see Figure 2). The
pdfs of these two classes are defined as follows:

fii=Ulanby), fo;=Ulc.d;),i=1,50,
where

a; =4(i 1)+ A,b; =195+ 5i + 4,
¢, =805—5j— Ay,d, =1004—4j— 4,

(]

TNy T
41Xl

\

Figure 3.

with Ulaq;.b;) and Ulc;.d;) denote the uniform
distribution on the interval (a;,5;) and (c;.d;),
respectively, 4,...,4, are drawn from U(0,4).

We next create the mixtures of the above uni-
form distributions. Considering the first class
g =/, and the second class g, =Af,+{1-A1)f>,
where A4 €[0,1] and receive the value as 0, 0.1, 0.2,
0.3, respectively in this paper. Figure 3 shows the
classes g, (black)and g, (red)in the cases 4=0.1
and 4=0.3. The clustering results of MI-LXPM-
CDF and other methods for four cases of A4 are
presented in Table 2.

In this example, the larger £ is, the more over-
lapping degree between pdfs and the more com-
plicated of problem are. It can be seen that our
method improves significantly the performance
of non-hierarchical approach in (Vo Van & Pham-
Gia 2010) for all cases. Especially, MI-LXPM-
CDF have the maximal accuracy in three cases
A=0, 4=0.2 and A4=0.3. In case of 4=0.1,
the proposed method makes error being 5%, the
reason is the algorithm cannot find the global opti-
mum. It shows that our algorithm, especially muta-
tion operator need some improvement in coming
so that it can escape the local optimum and gives
the better results. Anyway, the clustering results in
Table 2 demonstrate that MI-LXPM-CDF is fea-
sibility and improve the performance of clustering
when evaluating by whether internal or external
validity measures.

Example 3 In this example, we apply our algorithm
in a more challenger problem being recognized
images. The data set of images collected from
101 Objects database will be considered. We take
26 images in 2 categories (lotus and sunflowers)
with 13 images each. The detail will be shown in
Figure 4. We use the raw colour data in Grayscale

Il
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i

Two classes of pdfs g, (black) and g, (red) in cases of A=0.1 and 1=0.3.



Table 2. The results of MI-LXPM-CDF and existing
algorithms in each case of A.

Misclustering rate %

A=0 1=0.1 1=02 1=03

Vo Van & Pham-Gia 2010 9.2 9 8.8 13.4
Chen & Hung 2014 0 0 0 0
MI-LXPM-CDF 0 5 0 0
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Figure 5. Two classes of pdfs: lotus (red), sunflowers
(black).

Table 3. The results of MI-LXPM-CDF and existing
algorithms.

Methods Misclustering rate %
Vo Van & Pham-Gia 2010 31.61

Chen & Hung 2014 50

MI-LXPM-CDF 11.54

colour space for these images and estimate the
pdfs for each image by the Grayscale distribution
of image pixels.

Figure 5 shows the pdfs estimated from two
classes of images with the red pdfs for lotus and the
black pdfs for sunflowers. Each researched method
is run 10 times and the average of misclustering
rates (%) of all methods are showed in Table 3.
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In this example, the disadvantage of Automatic
clustering be shown when it gives a single cluster
with all pdfs (k = 1), therefore the misclustering
rate of this method is 50%. The non-hierarchical
approach gives the result with the average misclus-
tering rate is 31.61% while MI-LXPM-CDF is the
best with the error is 11.54%. It proves that the pro-
posed algorithm can improve significantly the clus-
tering performance and can be well applied in many
practical problem in data mining with big data.

5 CONCLUSION

Basing on the L'- distance, the representing pdf of
cluster and some related problems, this article pro-
poses two internal validity measures named IntraF
and SF index to evaluate the clustering results. The
SF index be used as the object function needed to
minimized. Further more, this article applies the
Genetic Algorithms named MI-LXPM that be
coded for solving integer optimization problem to
find the optimal value of SF index in CDF. The
proposed algorithm, MI-LXPM-CDYF, is tested by
external validity measure in many synthetic and real
data sets. The numerical examples show MI-LX-
PM-CDF not only has good effects on simulation
problems but also improve the clustering perform-
ance in practical problems, such as images recogni-
tion. Clearly, in the era of big data has arrived, with
the uncertain and large volume data, this research
and others which focus on the improvement of per-
formance of clustering and classification problem
are really necessary. The coming, MI-LXPM-CDF
will be researched and improved some operators to
increase it ability in searching the global optimal
internal validity measure. Besides, some problems
in data mining with big data such as, images, sound
and video recognition will be researched.
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ABSTRACT:

In this paper, the Reliability Based Design Optimization (RBDO) problem of truss struc-

tures with frequency constraints under uncertainties of loading and material properties is presented.
Moreover, a double loop method with a new combination of an improved differential evolution algo-
rithm which is proposed recently and an inverse reliability analysis is used for solving this problem. Three
numerical examples including a welded beam, a 10-bar and 52-bar trusses are considered for evaluating
the efficiency and application ability of the proposed approach.

1 INTRODUCTION

In the engineering discipline, the optimization
always plays a very important role in designing of
structures. The optimal design would help signifi-
cantly reduce the cost and also improve the per-
formance of the structures. However, engineering
design problems are often related to uncertainties
which derive from various sources like manufac-
turing process, material properties and operating
environments, etc. These uncertainties may cause
structures to suffer different working conditions
from the initial design. Sometimes, this results in
risks to structures. Therefore, considering influence
of uncertain factors during the designing process is
really necessary.

The optimization of truss structures with fre-
quency constraints is to minimize the whole weight
of the structures while frequency constraints must
be satisfied. The design variables are the elements
areas or/and nodal coordinates. For this kind of
optimization problems, the frequency constraints
play a important role for avoiding resonance
phenomenon of structures (Grandhi 1993), but
in mathematical aspect it is not easy to solve
because of their highly nonlinear, non-convex and
implicit function properties. Therefore, despite of
being introduced in (Bellagamba & Yang 1981)
and being presented in more details in (Kaveh &
Zolghadr 2014), the structural optimization with
frequency constraints still has a lot of rooms for
improvement and attracts certain attention from
researchers. Besides, the Reliability-Based Design
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Optimization (RBDO) for truss structures with fre-
quency constrains has not yet been considered in
the literature. Thus, it is really necessary to develop
efficient tools for optimization of truss structures
with reliability-based frequency constraints under
uncertainties of loadings and material properties.
In solving the RBDO problems, the most direct
approach is a double loop method in which the
optimization loop (outer loop) is a deterministic
optimization process; it repeatedly calls the relia-
bility analysis loop (inter loop) in each cycle (Chen
et al. 2013; Valdebenito & Schuéller 2010). The
reliability analysis loop is a separate optimization
problem which can be evaluated using direct meth-
ods such as the reliability index approach (Chen
et al. 2013) or inverse methods such as inverse reli-
ability strategy (Du et al. 2007; Du et al. 2004). In
the double loop method, choosing a optimization
algorithm in the optimization loop is of crucial
important for solving a particular RBDO prob-
lem (Valdebenito & Schuéller 2010). For example,
the gradient-based optimization methods such as
Sequential Quadratic Programming (SQP), Gen-
eralized Reduced Gradient algorithm (GRG), etc.
can be quite efficient for the optimization prob-
lems with explicit, convex and continuous objec-
tive functions, but they will be inefficient for the
optimization problems with implicit, non-convex
and discontinuous objective functions. This is
because these methods use gradient informa-
tion in searching progress. In contrast, the global
optimization methods such as Genetic Algorithm
(GA), Differential Evolution (DE), Particle Swarm



Optimization (PSO), etc. search solutions on the
whole design space with only objective function
information. Therefore, they could easily deal with
various optimization problems. However, these
methods are still costly in computational source
for searching the global solution.

Recently, Ho-Huu et al. 2016 has proposed an
adaptive elitist Differential Evolution (aeDE) algo-
rithm for truss optimization with discrete variables.
The aeDE is the newly improved version of the Dif-
ferential Evolution (DE) algorithm based on three
modifications. The effectiveness and robustness of
the aeDE are verified through six optimization prob-
lem of truss structures. The numerical results demon-
strated that the aeDE is more efficient than the DE
and some other methods in the literature in terms of
the quality of solution and convergence rate.

This paper hence tries to fill the above men-
tioned research gaps by solving the RBDO prob-
lem for truss with frequency constraint for the
first time. For solving this problem, the double
loop procedure is employed. In particular, for the
optimization loop, the aeDE is employed while for
the reliability analysis loop an inverse reliability
strategy (Du et al. 2004) is used. Three numerical
examples including a welded beam, a 10-bar and
52-bar trusses are considered for evaluating the
efficiency and application ability of the proposed
approach.

2 FORMULATION OF RBDO PROBLEM

A typical RBDO problem is defined by

Minimize : f(dx.p)
Design Variables: DV ={d.u, }
Subject to :Prob{g,(dx,p)<0} =27, i =1,2,...,m.

(M

where f(d,x,p) is the objective function; d is the
vector of deterministic design variables; x is the
vector of random design variables; p is the vector
of random parameters; g(d.x,p) (i = 1,2,...,m) are
constraint functions; r; (i = 1,2,...,m) = ®(f3) are
desired probabilities of constraint satisfaction; m
is the number of probabilistic constraints; ®(.) is
the standard cumulative function of the normal
distribution; 3, is the target reliability index of the
ith probabilistic constraint; p_ is the mean of the
random design variables x.

3 INVERSE RELIABILITY
ASSESSMENT METHOD

In conventional reliability analysis, the probabi-
listic constraint is checked by finding the prob-
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ability of the constraint function g; such that this
probability is greater than or equal to a desired
probability given by user. In presence of multiple
constraints, however, some constraints may never
be active and consequently their reliabilities are
extremely high (approaching 1.0). Although these
constraints are the least critical, the evaluations of
these reliabilities will unfortunately dominate the
computational effort in probabilistic optimization
(Du et al. 2004). To overcome this drawback, Du
et al. 2004 proposed an inverse reliability strategy
in which the reliability assessment of the constraint
function g, is implemented only up to the necessary
level. The brief description of the inverse strategy
is summary as follows:
A percentile performance is defined as

g7<0 (2
where g* is the o-percentile performance of
g(d,X,P), namely,

Prob{g(d,x,P) < g“} —a 3)

It has been shown in (Du et al. 2004) that g <
0 indicates that Prob{g(d,X,P) <0} > o.. Therefore,
the original constraint is now converted to evalu-
ate the o-percentile performance. More details
of this strategy and method for evaluating the
a-percentile performance may be found in (Du
et al. 2004).

4 ADAPTIVE ELITIST DIFFERENTIAL
EVOLUTION ALGORITHM

Among a variety of global optimization algo-
rithms, the Differential Evolution (DE) algo-
rithm first proposed by performance better than
some other methods in the literature (Civicioglu
& Besdok 2013; Vesterstrom & Thomsen 2004).
However, it still requires high computational cost
during the searching process. One of the main rea-
sons for this restriction is that the DE did not keep
the trade-off between the global and local search
capabilities. Hence, in our previous work, we have
proposed the adaptive elitist Differential Evolu-
tion (aeDE) algorithm which ensures the balance
between the global and local search capabilities
of the DE. Through six numerical examples for
truss structures, it was shown that the aeDE better
than the DE in terms both quality of solution and
convergence rate. For more details of the aeDE,
readers can refer to (Ho-Huu et al. 2016). In this
paper, the aeDE is extended to solve the RBDO
problem.
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Figure 1. Flow chart of the double-loop method.

5 A GLOBAL INTEGRATED
FRAMEWORK FOR SOLVING
RBDO PROBLEM

The aeDE and the inverse reliability strategy is
integrated into the double loop procedure. This
integration is named DLM-aeDE and is summa-
rized in the flow chart of Figure 1.

6 NUMERICAL EXAMPLES

In this section, two numerical examples consisting
of a welded beam and a 10-bar truss are consid-
ered. Because the RBDO for truss structures with
frequency constraints has not been provided in the
literature, a welded beam, a benchmark problem in
the RBDO field, is presented as the first example to
validate the accuracy of the implementation codes.
Then, a 10-bar truss structure is carried out. The
parameters of the aeDE including the population
size NP, threshold, delta and MaxlIter are set to 20,
1073, 10-¢ and 1000, respectively. In this study, all
codes including finite element analysis of the beam
and the truss and the aeDE are written in Matlab.

6.1 Welded beam

The first example is a welded beam as shown in
Figure 2. This beam was previous solved by Cho
& Lee 2011 using a CL-SORA method, Hyeon &
Chai 2008 using a moment-based RBDO method
and Ho-Huu et al. 2016 using a SORA-ICDE
method. The objective function is the welding
cost. Five probabilistic constraints are related
to physical quantities such as shear stress, bend-
ing stress, buckling, and displacement constraint.
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Figure 2. Flow chart of the double-loop method.

The RBDO problem has four random variables
(x5 X, X3, x,) which are statistically independent
and follow normal distribution. The RBDO model
of the welded beam problem is given by

find  d=[d.d,.dy.d,]"
minimize f(d.z)=c,did, +c, dsd,(z +d,)
subject to Prob.{g,(x.2)<0}>®(4).j = 1,...,5

4

where

g(xz)= r(x.z)/ z, - 1; g,(x.2) = o(x.2)/z, — 1
gxz)=x/x, —1; g,(x,z) = (x.z)/z5 — 1

g(x,z) = 1- P (x.z)/z;

7(x,7) = {1(x,2)"+21(x,2)1(x,2)X, 2R (x) + t£(x,2)"}""

4

L. 1(x,z) = M(x,2)R(x)/J(x)

N

[ 2 2
X, +{(x, +x

M(x,z) =z, (:2 + X—ZZ), R(x):%

Tx) = V2x00, 2 112+ (x, + x3)/ 4}
3

t(x,z) =

6z,7, 4z,z;
oxz)= ——; oxz)=—7—
X3Xy Z3X3 Xy

x, ~ N(d,,0.1693%) fori=1.2

x, ~ N(d,.0.0107%) fori=34
B=p=p=5=F=%

3.175<d, <508, 0<d, <254

0<d, <254 0<d, <50.8

z, = 2.6688 x 10*(N); z, = 3.556 X 10° (mm);

2, = 2.0685x10°(MPa); z, = 8.274 x 10*(MPa);
2, = 6.35(mm); z, = 9.377 x10'(MPa)

2z, =2.0685x 10°(MPa); ¢, = 6.74135x10>($ / mm’*);
¢, =2.93585%10°($ / mm”)

The obtained results of the DLM-aeDE are
listed in Table 1 in comparison with those obtained
by moment-based RBDO, SORA-ICDE and other
methods. It can be seen that the results obtained



Table 1.

Optimization results for welded beam problem.

Hyeon & Chai 2008  Ho-Huu et al. 2016 This work
Design variable (mm) Moment SORA-ICDE DLM-aeDE
X, 5.729 5.730 5.728
X, 200.59 201.00 201.089
X3 210.59 210.63 210.610
X, 6.238 6.240 6.239
Cost () 2.5895 2.5926 2.5923
B, 3.01 3.01 3.01
B, 3.52 3.29 3.07
Reliability index A 3.01 3.00 3.01
B, Infinite Infinite Infinite
B; 3.31 3.12 3.01
y Table 2. Data for the 10-bar planar truss structure.
9.144m 9.144m Parameters (unit) Value
J 1 P 2 f‘)1 Modulus of elasticity £ (N/m?) 6.89 x 10"
) ) Material density p (kg/m?) 2770
7 9 Added mass (kg) 454
£ Allowable range of 0.645x 10%< A<
5 6 I cross-sections (m?) 50 x 107
- 10 ° Constraints on first three w27, 0,215, o,
; frequencies (Hz) >20
; S
6 3 ] 4 =2 X
Figure 3. Model of a 10-bar planar truss structure.

by the DLM-aeDE are in good agreement with
those gained by other studies. It can also be seen
from Table 1 that all reliability levels are satisfied
the required reliability indexes. These results dem-
onstrate that the Matlab implementation of the
DLM-aeDE is reliable and accurate.

6.2 10-bar planar truss

In the second example, a simple 10-bar truss
structure, as depicted in Figure 3 is considered.
All free nodes are added a non-structural mass
of 454 kg. Data for the problem including the
material properties, design variable bounds, and
frequency constraints are summarized in Table 2.
This example was investigated by some researchers
such as Kaveh & Zolghadr 2014 utilizing demo-
cratic PSO, Zuo et al. 2014 using a hybrid algo-
rithm between optimality criterion and genetic
algorithm (OC-GA), etc. However, these studies
are limited on solving the deterministic optimiza-
tion problem in which the cross-sectional areas of

62

bars are assumed to be independent design vari-
ables while Young’s modulus and mass density of
the truss and the added masses are fixed as given
in Table 3. In this study, both the cross-sectional
areas of bars, Young’s modulus, mass density of
the truss and the added masses are assumed to be
the random design variables which have normal
distribution with expected values equal to those
of the Deterministic Optimization (DO) prob-
lem and standard deviation of 5%. The reliability
indexes of all frequency constraints are set to be
3. This is equivalent to assume that the safety level
of the structure must be greater than or equal to
99.865%.

The results of the DLM-aeDE are presented
in Table 3 in comparison with those obtained by
some methods for deterministic optimization. It
can be seen that the reliability indexes for all fre-
quency constraints are satisfied the required reli-
ability indexes of the RBDO problem. The best
weight obtained by the DLM-aeDE is 665.637 b
corresponding with the probability of safety of
99.865%. The results in Table 3 also show that the
for the DO problem, the reliability of the structure
is very low (around 50%). This illustrates that the



Table 3.

Optimum results for 10-bar space truss structure.

Kaveh & Zolghadr 2014 This work
Deterministic Deterministic Reliability-based
Optimization Optimization Design Optimization
Design variable (area in?) DPSO aeDE DLM-aeDE
A, 35.944 35.775 42.893
A, 15.53 14.926 19.020
A, 35.285 34.840 45.926
A, 15.385 14.252 18.729
As 0.648 0.646 0.661
Ag 4.583 4.569 5.714
A, 23.61 24.632 30.599
A 23.599 23.043 30.019
A, 13.135 11.932 15.320
Ay, 12.357 12.601 15.883
Weight (Ib) 532.39 524.629 665.637
Reliability index (Probability of safety %) g, - 0.00 (50.00%) 3.00 (99.86%)
B - 2.20 (1.35%) 4.79 (100%)
B - 0.00 (49.99%) 3.00 (99.86%)
Number of structural analyses - 3940 774000
Table 4. Eight element group for the y
52-bar dome truss structure. e
43 42
Group number Elements i 7 |y 2
7 141
1 14 52 8 16‘20 @ 13/ 25 49
) 5.8 29 5 1 3N 7 33 2
3 9-16 g N
4 17-20 g 3 o
5 2 1_28 | 22 23 32
6 2936 NV
7 37-44
8 45-52

safety of the whole truss is enhanced effectively
and become more applicable in reality when the
influence of uncertain factors during the designing
process is taken in to account.

6.3 52-bar dome truss

In the last example, a simple 52-bar dome truss
structure, as shown in Figure 4 is considered.
All of the bars are arranged into eight groups as
in Table 4. All free nodes are permitted to move
12 m in each allowable direction from their initial
position but again must guarantee symmetry for
the whole structure. Therefore, there are five shape
variables and eight sizing variables. The material
properties, design variable bounds, and frequency
constraints of the problem are given in Table 5. This
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Figure 4. Model of a 52-bar dome truss structure.

Table 5. Data for the 52-bar dome truss structure.
Parameters (unit) Value
Modulus of elasticity E (N/m?) 2.1 x 10"
Material density p (kg/m?) 7800

Added mass (kg) 50

Allowable range of
cross-sections (m?)

Constraints on first three
frequencies (Hz)

0.0001 < 4 <0.001

o, £15.961, w, 2
28.648




Table 6. Optimum results for 52-bar dome truss structure.

Miguel & Fadel Miguel 2012 This work
Deterministic Deterministic Reliability-based
Optimization Optimization Design Optimization
Design variable (area in?) FA aeDE DLM-aeDE
Z, 6.4332 5.9889 4.0553
Xy 2.2208 2.2482 2.4973
Zy 3.9202 3.7658 4.0568
X 4.0296 3.9865 3.9998
Z, 2.5200 2.5005 2.6939
A, 1.0050 1.0014 1.0106
A, 1.3823 1.1288 1.0076
A, 1.2295 1.1843 2.0040
A, 1.2662 1.4444 2.0138
A 1.4478 1.3897 1.5572
A 1.0000 1.0002 1.0201
A, 1.5728 1.5531 2.3314
A 1.4153 1.4354 2.2555
Weight (Ib) 197.53 193.479 271.036
Reliability index B, - 2.72(99.67%) 3.00 (99.86%)
(Probability of safety %) B, - 0.00 (50.03%) 3.00 (99.86%)
Number of structural analyses - 7200 2100261

problem was previously studied by some research-
ers such as (Gomes 2011), (Miguel & Fadel Miguel
2012), (Khatibinia & Sadegh Naseralavi 2014), etc.
However, similar to the 10-bar planar truss, these
studies are limited on solving the deterministic
optimization problem in which the cross-sectional
areas of bars are assumed to be independent design
variables while Young’s modulus and mass density
of the truss and the added masses are fixed as given
in Table 5. In this study, both the cross-sectional
areas of bars, Young’s modulus, mass density of
the truss and the added masses are assumed to be
the random design variables which have normal
distribution with expected values equal to those of
the Deterministic Optimization (DO) problem and
standard deviation of 5%. The reliability indexes
of all frequency constraints are set to be 3 which
is equivalent to the safety level of the structure of
being greater than or equal to 99.865%.

The results of the problem are provided in
Table 6 in comparison with those in (Miguel &
Fadel Miguel 2012) for deterministic optimiza-
tion. From Table 6, it can be seen that for the DO
problem, the reliability of the structure is very low
(around 50%) for the second constraint. This may
lead to dangerousness for the structure when the
input parameters are changed. On the other hand,
with the results of the RBDO problem, the reli-
ability of the structure may be ensured with the
required safety levels.
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7 CONCLUSIONS

In this study, the RBDO problem for truss structures
with frequency constraints uncertainties of loading
and material properties is presented. Moreover, the
new double loop approach combining an inverse
reliability method and an adaptive elitist differen-
tial evolution algorithm (DLM-aeDE) is employed
to solve this problem. The proposed method is then
applied for a welded beam and a 10-bar truss struc-
ture. The results reveal that (1) the DLM-aeDE is
good competitor to the other algorithms for solv-
ing the RBDO problem; (2) the best solution of the
RBDO for 10-bar and 52-bar trusses are found with
reliability of 99.865%; (3) the RBDO for truss struc-
tures with frequency constraints make designing
process of truss structures more practical in reality.
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Optimum revenue calculation method to generate competitive
hydroelectric power on Hua Na hydropower
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ABSTRACT: The paper introduces the calculate plan with better periods for flood control, calculation
methods based on dynamic programming in the way of irregular mesh. The program was applied to cal-
culate the Hua Na Hydropower, with two different operating models. The objective function to generate
competitive hydroelectric power suggests the maximum revenue.

1 INTRODUCTION Retail market

Wholesale market

I

1.1 Competitive generating market gl Buver

The deregulation and development of electric- v V
ity market proved that it is the advanced stage of
management science in energy field. Electricity
market (Figure 1) creates fair competitive busi-
ness environment for participants and becomes
outstanding solution to attract the investment and
to raise the efficiency of production and business
activities for the power industry. Electricity market
has been developed all over the world, not only a
single national market but also multi-national one ~ Figure 1. Roadmap of competitive power market in
trading the power among countries in the same  VYietnam.

region. ASEAN member countries such as Sin-

gapore, Philippine, Thailand, Malaysia, etc. have

positive steps in forming their individual electricity  Tuple 1. Basic param-eters of Hua Na HPP,

market and toward the ASEAN electricity market
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Wholesale market
Wholesale market and

in the future. Following the Prime Minister’s Deci- Unit Value
sion 63/2013/QD-TTg the competitive electricity
wholesale market would be put under pilot imple-  Installed Capacity MW 180
mentation from 2016 to 2018 and was expected to ~ Number of units . 2
begin operations officially from 2019. Maximum Capacity per unit Mw %
Minimum Capacity per unit MW 70
Average Annual Generation GWh 716.6
1.2 Hua Na hydropower plant Full water supply level m 240
Hua Na hydropower plant (basic parameters see in 1+ re-flood water level m 235
Table 1) is located in Nghe An province Que Phong ~ Dead water level mo 215
district, Dong Van commune, on river Chu. With a Flood control volume loém; 100
total investment capital of VND 7,065 trillion, this 10@1 VOh;me }8;“; ggggg
hydropower plant was the first large-scale project Acnve E’O ume K m 5345
of the Vietnam National Oil and Gas Group. Mrgji;uﬁsﬁg(gr mm 118 30
Following the Prime Minister’s Decision Desien head m 1 OO’
1911/2015/QD-TTg dated 5-Nov-2015 about the 28 Mo - §5.43
operating reservoirs on the Ma river basin, the Turbine full-gate discharge s 203.4

Hua Na HPP must be moderate with following
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new conditions such as minimum level reservoir,
term of flood control, etc. (unlike the process of
design consultants) beside has engaged in com-
petitive electricity markets. This is a problem that
needs some solution of calculation to optimize rev-
enue and limit excessive discharge.

2 METHODOLOGY

2.1

Dynamic programming is a technique used for
optimizing a multistage process. It is a “Solution-
seeking” concept which replaces a problem of n
decision variables by n sub problems having prefer-
ably one decision variable each. Such an approach
allows analysts to make decisions stage-by-stage,
until the final result is obtained. For operating
reservoir, the water levels have been divided from
full water supply level to dead water level. For one
month, with two values of water level at begin and
end of month, the values of discharge, head, power
and revenue will be calculated.

Dynamic programming

2.2 Dividing power output for peak hours

According the rules, Vietnam power market has 5
peak hours in working days. Every week has 5 work-
ing days. Thus a month has about 108 peak hours.
Monthly power output is divided into two parts:
One with high price and other with mean price.

2.3 Selection calculation term

Following the new conditions, such as flood control,
the water level in reservoir always less than 235 m
from 01/07 to 30/11; the time to calculate the opti-
mal plan suggests to start from 01/12 years to 30/11
next years. But in Article 11, from 15/10, the water
level can be rise to 240 m with condition good fore-
cast hydrology. Two different operating models are
store from 16/10 and store from 1/12 every year.

2.4  Monthly revenue

Based on dynamic programming calculation, for
each month, three values of head, discharge and
price have been determined. The prices could be
increased, or changed by year or determined by
ratio between dry season and rainy season (see
Table 2). The result will be better if monthly price
has been determined.

2.5 Irregular meshing

Two mesh have been applied: Regular mesh with
per 1 m from dead water level (215 m) to full supply

68

Table 2. Price (VND) per power (KW) and (KWh).

Dry season Rainy season
Price KW KWh Kw KWh
Peak hour 250 2000 100 1500
Normal hour 250 900 100 500

240
235

230 ?
225

220

A

215
16-Oct 1-Nov 1-Dec

» time
1-Sep 1-Oct 15-Oct

Figure 2. Model dynamic programming applied to one-
dimensional storage reservoir with irregular mesh.

water level (240 m); Irregular mesh has two parts: per
0.1 m from 230 to 240 and 0.5 m from 215 to 230 m

2.6 Step-wise procedure of the algorithm

Depending on the natural inflow, release capacity,
and boundary conditions of reservoir, the maxi-
mum value of revenue for all reservoirs (in case
of multiple reservoir system) at every time step of
operating horizon are found out.

Considering the maximum revenue as in the
code Visual Basic 2010 bellows:

If (amount(i, j, k) < (amount (i, j - 1, 1) +
revenue_per_lapse(Head_turbine(i, j, k), j, Dis-
charge(i, j, k)))) Then

amount (i, j, k) = amount (i, j - 1, 1) + reve-
nue_per_lapse (Head_turbine (i, j, k), j, Dis-
charge(i, 3, k))

E(i) j) k) E(i: ] -1, 1) + Etb(i) j) k)

End If

At the end of period, as 15-Oct or 30-Nov, con-
ventional dynamic programming is run through
this corridor (see Figure 2) to find the trajectory,
water_level, which gives maximum objective func-
tion value, amount.

3 RESULTS AND DISCUSSIONS

3.1 Meshing method

The use of meshing methods increases the amount
and calculation time, but will result in more



consistent calculations, the meshing with small
distance in above and longer distance in the lower
part corresponds to the share volume lake which
parts are together. Method of finer meshing will
gain better calculation results. However, for multi
reservoirs, the application of finer meshing, for
example distance in 1 cm, has increased rapidly
amount of calculation. It is useful when applied
to the calculation for multiple reservoirs. Model of
irregular mesh is demonstrated in Figure 3.

3.2 Result for chosen year and observed years

The annual mean price has been shown on Table 3:
And the real mean price of Hua Na HPP from
date operate generating has shown on Figure 4.

Water level at
Hua Na 4

Water level at Cua Dat

Figure 3. Model dynamic programming applied to two-
dimensional storage reservoirs with irregular mesh.

Table 3. Annual mean price.
Irregular mesh Regular mesh
Mean price VND/KWh VND/KWh
Store since 16/10 1072.222 1071.822
Store since 1/12 1105.223 1105.036
1,400.0
1,200.0
1,000.0
800.0
600.0
400.0
200.0
- T T T T T T T T T 1
o o (32 o < < < < wn wn
- - - i - - - — — -
o > @ > & > @ > & >
[7] © = o [ © 3 o [7] ©
L S & 2 4. S I 2 uw 'S

Figure 4. Real mean price of Hua Na HPP (VND/
KWh).
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240
=== |rregular mesh
= == Regular mesh
230
225
220 V
215 T T T |
01-Dec 01-Mar 31-May 30-Aug 30-Nov
Figure 5. Evolution process upstream water level in

chosen year.

Table 4. Annual revenue.

Irregular mesh Regular mesh

Setting Billion VND Billion VND
Store since 16/10 788.310 787.866
Store since 1/12 772.108 771.688

Table 5. In minimum water level conditions in dry sea-
son (Store since 16/10).

Valee Unit Value
Annual revenue bil. VND 827,3478
Annual power out GWh 679,7706
Annual mean price VND 1217,099

For irregular mesh, the active volume has been
used contrary to regular mesh. Water level at
30-Jun is 217 m in case irregular mesh compare to
222 m in case regular mesh. The comparison has
been shown on Figure 5.

In 2015, all of reservoirs of Vietnam have the
minimum water level in the dry season. In case
Hua Na HPP, the new values have been calculated.
Annual revenue results are clearly demonstrated
and compared in Tables 4-5.

4 CONCLUSIONS

The operators which comply with the new reser-
voir may have more difficulty but with putting
into operation the competitive electricity market
will help businesses sell electricity at times of high
prices on water shortages, lack of electricity. And
in overall revenue divided by a power unit volume
is higher than the fixed price.

The use of irregular meshing method increases
the amount and time of calculation, but the result
is suitable. The mesh with two parts corresponds to
the share volume lake which parts are together.



The selected period will not be calculated
depending on the hydrological year, which should
be based on operational procedures. The price has
been changed in the dry and rainy seasons of the
electricity market, which may be different from the
distribution season the river is applied.

For power plants competitive, the objective of
the investor is the largest revenue, which sometimes
will not fit with the calculation of the greatest
amount of electricity anymore.
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ABSTRACT: In the framework of maintenance optimization of multi-component systems, dynamic
grouping has developed and becomes an interesting approach. However, most existing dynamic grouping
models assume that the repair time is negligible. This assumption may be not always relevant and limits
the application of these models in many real situations. The main objective of this paper is to develop a
dynamic grouping model taking into account both preventive and corrective maintenance duration for
complex structure systems. Analytical method is developed for the evaluation of total maintenance cost.
This analytical method helps to overcome, when compared with simulation methods, the computational
time problem which often is a big problem for the maintenance optimization of systems with a large
number of components. A numerical example is presented to show how the proposed grouping approach
can be used for the maintenance planning of a complex structure system containing 12 components.
A link with the coastal highway route E39 project is also discussed.

1 INTRODUCTION (1997) has drawn much attention, thanks to its abil-
ity of taking into account different online infor-
Many industrial systems involve a high number  mation which may occur over time (e.g. a varying
of components where maintenance is necessary to  deterioration of components, unexpected oppor-
maintain the performance throughout the system  tunities, changes of utilization factors of compo-
lifetime. Maintenance planning that results in the  nents). This approach has been developed to deal
most economical way of grouping maintenance is  with the different maintenance challenges in many
essential, and failing to do so will expose the sys-  papers, e.g. condition-based model (Bouvard et al.
tem owner to very large costs. This is a question  2011), predictive maintenance model (Van Horen-
that is of significant interest to the e.g. the Nor-  beek & Pintelon 2013), time limited opportunities
wegian Road Administration who is currently (Do et al. 2013), availability constraint under lim-
planning for replacing many ferry crossings along ited access to repairmen (Do et al. 2015). However,
the coastal E-39 in Norway with new strait cross-  these works only deal with series structure systems,
ing bridges and submergible tunnels (the so-called  in which the economic dependence among compo-
“Ferry free E-39 project”). nents is always positive. Indeed, the maintenance of
In the last decade, grouping maintenance has  a group of components can save the setup cost paid
developed and becomes an interesting approach  for preparation tasks of a maintenance action, and
in the maintenance optimization framework of  the downtime cost. Recently, to response to the fact
multi-component systems (Dekker 1996). Theidea  that system structures are usually more complex and
of this approach is to take advantage of positive  include redundancy (it could be a mixture of some
economic dependence to reduce the maintenance  basic configurations, e.g. series, parallel, series-par-
cost by jointly maintaining several components at  allel, k-out-of-n), the dynamic grouping is developed
the same time. The positive economic dependence  to take into consideration of the complexity due to
among components implies that costs can be saved  the system structures (Vu et al. 2014, Vu et al. 2015,
when several components are jointly maintained  Nguyen et al. 2014). In these papers, under impacts
instead of separately (Nicolai & Dekker 2008). of the complex structures, the economic depend-
Among many grouping maintenance strategies, ence can be either positive or negative, depending
the dynamic grouping developed in Wildeman et al.  on the considered group of components.
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In order to facilitate the maintenance modeling,
the most of existing works consider that the main-
tenance durations are negligible. This assumption
may be unrealistic and limits the application of these
models in real situations. To this end, the dynamic-
grouping with taking into account the preventive
maintenance durationsisdevelopedin Vuetal. (2014),
but even so, the corrective maintenance duration
(repair time) is still not investigated. Van Horenbeek
& Pintelon (2013) has considered the repair time in
their predictive grouping model, and used the Monte
Carlo simulation to deal with the unpredictability of
component failures. Unfortunately, the model is only
valid for the systems with a series structure where the
stoppage of any component leads to the shutdown
of the entire system. The situation is likely to be more
complicated in cases of the complex structures where
the system can still operate (partially functioning)
when some redundant components fail.

In this paper, a dynamic grouping strategy is
developed for the complex structure systems with
taking into account both preventive and corrective
maintenance duration. However, under consid-
eration of maintenance duration, the maintenance
model becomes much more complex. In the present
paper, an analytical method is developed to find
the optimal maintenance planning where mainte-
nance cost is the criterion. When compared with
the Monte Carlo simulation, the proposed analyti-
cal method can reduce significantly the computa-
tional time, and may be applied to systems with a
large number of components.

The rest of the paper is organized as follows.
Section 2 is devoted to present the maintenance
modeling and some general assumptions of this
work. The dynamic grouping approach proposed
in Vu et al. (2014) and Vu et al. (2015) for the com-
plex structure systems is shortly described in Sec-
tion 3. The development of the dynamic grouping
approach to take into account the durations of
repair actions is shown in Section 4. In Section 5,
a numerical example is proposed to show how the
developed grouping approach can be applied to the
maintenance planning of a complex system of 12
components. The link between the research and the
Ferry free E-39 project is discussed in Section 6.
Finally, concluding remarks are made in Section 7.

2 MAINTENANCE MODELING

2.1 General assumptions

During the development of the proposed group-
ing strategy, the following assumptions are
considered.

e Consider a multi-component system with a com-
plex structure where the economical dependence

among components could be both positive and
negative (i.e. the maintenance cost of a group
of components is not equal to the total mainte-
nance cost of all components in the group).

e The system contains n repairable components
which have two possible states: operational or
failed.

e A time-based model is used to model the time to
failure of components. r(¢) denotes the failure
rate of component 7, and r(¢) > 1 (i=1,...,n).

e The logistic supports (e.g. repair teams, spare
parts) are sufficient, available, and efficient to
ensure that the repair at failures and the preven-
tive replacement can be successfully and quickly
carried out.

e The maintenance duration of a preventive main-
tenance action (denoted by @) and a correc-
tive maintenance action (denoted by @) are
constant and bigger than zero.

According to the complex structure, two kinds
of components are here distinguished.

e Critical components: a shutdown of a critical
component for whatever reason leads to a shut-
down of the whole system.

e Non-critical components: the system can par-
tially work when a non-critical component
stops.

2.2 Maintenance cost structure

The cost to be paid for a maintenance action
(preventive or corrective) of a component contains
three following parts (Vu et al. 2014, Vu et al.
2015).

e A setup cost that can be composed by the cost
of crew traveling and preparation costs (e.g.
erecting a scaffolding or opening a machine).

e A specific cost that is related to the specific
characteristics of the component such as spare
part costs, specific tools and maintenance
procedures.

e A downtime cost that has to be paid if the com-
ponent is a critical one because the system is not
functioning during the maintenance of the com-
ponent. This downtime cost could be produc-
tion loss costs, quality loss costs, restart costs, or
machine damage costs, etc.

In general, the above costs may be changed
overtime, and not the same for every compo-
nent or every maintenance action. In this paper,
in order to simplify the maintenance model, the
setup cost and the downtime cost are assumed
to be independent from the component charac-
teristics. Moreover, all the costs are constant and
depend on the nature of the maintenance action
(preventive or corrective).



2.3 Preventive Maintenance

The aim of Preventive Maintenance (PM) is to
reduce the probability of experiencing a failure
of a component/system. In this paper, after a PM
action, the maintained component is considered to
be a new one. The cost that has to be paid for a PM
action of a component i can be written as
Cl=S"+cl +z(t)-c} - @f (1)
where S” and ¢/ are the setup cost and the specific
cost of a PM action respectively; 7(¢) is an indica-
tor function, which presents the criticality of the
component 7 at time ¢, defined as

1
o]

0 otherwise;

if component i is critical at time ¢,

(@)

¢} - @ is the downtime cost has to be paid during
the replacement of the critical component #; and
¢} is the mean downtime cost per unit time.

Note that the consideration of both the main-
tenance durations, and the complexity of the
system structure leads to the possibility that
a non-critical component can become critical
one within the maintenance period of the other
components. That is the reason why the indica-
tor function 7, is presented as a function of time
(Eq. 2).

2.4 Corrective Maintenance

During the system operation, if a component i
fails, the component is then immediately repaired.
After the minimal repair action, the repaired com-
ponent is considered to be in the state that it has
just before the failure. As with the preventive main-
tenance, when a Corrective Maintenance (CM)
action is carried out on a component 7, it requires a
CM cost, denoted by C;, which can be expressed
as follows

Cl=S"+¢ +m{t)-¢- o (3)
where S¢, ¢/, and ¢ are the setup cost, the spe-
cific cost, and the mean downtime cost per time
unit related to a CM action of the component i
respectively.

In the next section, the dynamic grouping strat-
egy developed in (Vu et al. 2014, Vu et al. 2015)
will be briefly presented. Under this strategy, the
setup cost and the downtime cost paid for PM can
be saved by simultaneously performing some PM
actions. Note that, in these papers, the grouping of
CM actions is not allowed due to the limitations of
the logistic support.
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3 DYNAMIC GROUPING APPROACH FOR
COMPLEX STRUCTURE SYSTEMS

In a complex structure system, the maintenance
grouping of a group of components can have both
negative and positive impacts on the system func-
tion depending on the criticality of the group and
its components. Thus, the consideration of the
criticality in grouping optimization is important,
and can help to improve the grouping performance
(Vuet al. 2014, Vu et al. 2015).

The dynamic grouping model, developed for
complex structure systems, contains the four fol-
lowing phases (Fig. 1).

e Phase 1. System analysis. In this phase, the solu-
tion for determining the criticality of compo-
nents (7;) or groups of components (ﬂ'Gk) at
time ¢ with respect to a specific system function
is developed. For this purpose, the reliability
block diagram is used in this paper.

e Phase 2: Individual optimization. This phase is
designed to determine the long-term maintenance
plan for each component separately by minimiz-
ing its long-run expected maintenance cost rate.
In this phase, the economic dependency among
components is not considered, and the criticality
of components is considered to be fixed.

e Phase 3: Grouping optimization. A specific

short-term horizon, and all the PM actions of

components within the horizon are firstly iden-
tified based on the individual maintenance plan
obtained from phase 2. These PM actions are
then grouped to take advantage of the posi-
tive economic dependence among components.

The grouping solution is found by maximizing

the total economic profit within the considered

horizon.

Phase 4. Update of the grouping solution. The

grouping solution obtained in phase 3 needs to

be updated in the two following cases: grouping
planning for a new short-term horizon (rolling
horizon); occurrences of dynamic contexts such
as maintenance opportunities, changes in pro-
duction planning, changes in operation condi-
tions (Vu et al. 2014).

Above paragraph presents the four phases of
the dynamic grouping approach developed for

Given data System Individual Grouping Grouping
analy5|s optlmlzatlon optlmlzatlon solution
Rolling horizon——] Update of the

grouping solution

Dynamic contexts —|

Figure 1.
systems.

Dynamic grouping for complex structure



complex structure systems. In the next section, we
will describe how this approach can be developed
to take into account both the complexity of the
system structure, and the repair time.

4 DYNAMIC GROUPING APPROACH
WITH TAKING INTO ACCOUNT
THE REPAIR TIME

The consideration of the repair time does not lead
to the complete change in the above grouping
approach. Indeed, to take into account the repair
time, only phase 2 and phase 3 are developed and
presented in this section. The other phases of the
approach remain unchanged and can be found
in more detail in Vu et al. (2014) and Vu et al.
(2015).

4.1  Individual optimization

As mentioned above, in this phase, the long-term
maintenance plan is separately determined for
each component. To do this, age-based replace-
ment strategy (Barlow & Hunter 1960) is usually
chosen thanks to its high performance at compo-
nent level. When the repair time is considered, the
replacement decisions based on the component’s
age will face many difficulties in maintenance
modeling and maintenance optimization due to
the unpredictability of the failures. For this reason,
the calendar-based replacement strategy is used in
this paper (Fig. 2).

According to the calendar-based replacement
strategy, the component i is replaced at fixed-time
intervals 7, and minimally repaired at its failures.

The long-term expected maintenance cost rate
of the component i is calculated based on the
renewal theory as follows

Cl+Cf A0, T)

CR;(TI'): T+

“4)

where A;(0,7;) is the mean number of failures of
component i on (0,7;]. Under the minimal repair,
A;(0,T;) is equal to

(T o
MO = [ o= [ oy (5)
CM PlM wy w?

R VA S o S
0 T, ' T © Time

Figure 2. Calendar-based replacement strategy.
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where v(7) is the age (total operating time) of
component i at time . We have »;(0)=0, and
vi(T}) = x;.

Equation 4 can be rewritten as follows

Ct+Cy _[0\ r{t)dt

CR(x,) = (©)

CrX
X; + af <J.0 r(ydt + @

The optimal replacement interval of the com-
ponent i (denoted by T7;") is then determined by
minimizing its long-term expected maintenance
cost rate.

x; =arg minCR.{x;) (7
and
T =x'+df - jo r(1)dt ®)

The corresponding minimal maintenance cost
rate is

Cl+Cf J'g 1 (t)dt

9
T ©)

CR

4.2 Grouping optimization

Individual maintenance plan. Based on the replace-
ment intervals obtained in the previous phase, in
this phase, the individual maintenance dates of
components in a specific short-term horizon are
determined.

In details, consider a planning horizon PH
between @ and b. The first PM activity of the com-
ponent i in PH, denoted by 7, , is then determined
as follows
t, =T, —dfa)+a (10)
where d,{a) is the time between a and the last PM
activity of the component i before a.

The other PM activities of the component 7 in
PH can be determined as
ty =ty +af +T7if j>landz, <b (11)
where 7, denotes the jth PM activity of the com-
ponent i in PH.

Grouping solution. A partition of {l,..., N} isa col-

lection of m mutually exclusive groups G',..,G"
which cover all N PM activities in PH.



G NG =@, Vi#k (12)
and
G'UuGPU..uG"={1,. N} (13)

A grouping solution, denoted by GS, is a parti-
tion of {1, ..., N} such that all PM activities in each
group are jointly executed at the same time.

Evaluation of the grouping performance. The cost
saving of the grouping maintenance compared to the
individual maintenance is used as the only one crite-
rion to evaluate the performance of a grouping solu-
tion. The cost saving of a grouping solution GS is

CS(GS) = i CS(GY)
k=1

-~ (14)
_ 1 2 3
= kzl (UGk ~AH), — AH}, — AH,

where

e CS(G") is the cost saving when all components
of group G* are jointly maintained.

U, is the saving of the PM setup cost when all
n, components of group G* are grouped. We con-
sider that only one setup cost has to be paid when

a group of components are maintained together.

(15)

Uy =(m ~1)-57

AHék is the penalty costs due to the changes of
maintenance dates from the optimal individual
ones 7, to the group execution date 7.

AH(I;A- = z {CY - [A,(0, le)
il eG*

= A0, 1,)]-CRY (15 1)}

(16)

AHék is the cost related to the change in total
planned downtime of the system.
AHék:C‘,;'[/[Gk'a)Gk_ 2 /Z',a),p] (17)

i’ eGF

where @), is the maintenance duration of
group G*. When the number of repair teams is
sufficient, we have @px =MAX ;_ ol

3 . 7 i’ eq .
AH, is the cost related to the change in total
unplanned downtime of the system.

AH) =i (0= 2 ) Y @l A (el + @)

IIEQGA»
=Y (A=m)- Y @& Ayt + )]
i/ eG* leL,;

(18)
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where Q.. and L, are the sets of non-critical com-
ponents which become critical ones during the main-
tenance of group G* and component i respectively.

The following points need to be noted during
the calculation of CS(GS).

e The optimal value of ¢, is determined as

i)

* ind AH! <
Lok —drgrmmiAHG,( teg (-7,

Gk

C Y At + @) (19)
‘IGQGk

The calculation of CS(GS) is mostly based on
the mean number of failures of components in dif-
ferent intervals; in other words, it is based on the
age of components at different instants. Unfor-
tunately, the determination of the age of compo-
nents over time becomes a real challenge when the
repair time is taken into account. To overcome
this problem, numerical simulation methods have
been widely used in the literature. The use of simu-
lation methods leads to a high computational time
and difficultiesin the case of systems with a large
component number. For this reason, in the next
paragraph, an analytical method is developed to
determine the age of components.

Age analysis method. This analytical method is
developed to calculate the age of components at
instants 7, 1+ @! in the individual maintenance
plan, and at instants /..« + @ in the grouped
maintenance plan. The following steps of the
proposed method are separately and repeatedly

applied to the two above plans.

e Step 1: Determination of a partition of PH.
A partition of PH containing V' sub-intervals
(PH,, PH,, ..., PH)) is determined so that a
component can have only one state either under
PM or not in each sub-interval.

Step 2: Analyze the system structure in a sub-inter-
val PH, =[a,,b,]. This analysis is done in order
to determine the following sets of components.
G, is the set of components which are preven-
tively maintained in PH.,.

A, is the set of components which are not func-
tioning due to the PM of G..

B, is the set of components which are not in G,
and 4,.

For a component 7 in B,, a set of components
C, is determined such that the PM of any com-
ponent in C, leads the component i to stop.
Step 3: Calculate the age of components at b,.

v(b)=0if i eG,.
vih,)=vla,)ifieA,.



For a component i in B,, v,(b,) is determined by
solving the following equation system.

bv =a, +[Vi(bv)_ Vi(av)]+ a)ll 'Ai(av’ bv)
+ Y @-A(a,b),VieB,
jeCy

(20)

o Step 4: Return to the step 2 for all sub-intervals
fromv=1¢to V.

Optimal grouping solution. Based on the above
calculation of the grouping performance, we can
compare different grouping solutions and deter-
mine the optimal one.

GS™ = argmax CS(GS) (21)
Gs

The finding of the optimal grouping solution
is a NP-complete problem because the number
of possible grouping solutions increases very
quickly with the increasing of the number
of PM activities in PH. Consequently, in
this paper, the Genetic Algorithm citeHol-
land1975 is used to search the optimal grouping
solution.

5 NUMERICAL EXAMPLE

In order to show how our dynamic grouping
approach can be applied to the maintenance
planning with taking into account the repair
time, a specific system and its data are randomly
created. The system contains 12 components
with the reliability block diagram shown in
Figure 3.

The failure behaviors of the components is
described by the Weibull distribution with scale
parameter 4, and shape parameter £ >1. The fail-
ure rate of component 7 is

£l
HOE g(%]

1 1

(22)

The data of components are given in Table 1.
The other costs are S” = S =15, ¢/ =80, and
cg =120.

Figure 3.

Reliability block diagram.

Table 1. Given data of components.
Components 4, B e/ o’ cf of
1 253 245 155 1 22 0.35
2 205 235 225 3 36 0.81
3 117 187 785 1 66 0.29
4 190 2.00 245 2 28  0.54
5 119  1.65 375 1 92 036
6 284 250 300 2 76 0.44
7 297  3.05 345 1 55 0.27
8 108 1.55 555 1 102 0.31
9 200 195 190 3 45 039
10 125 185 35 2 44 032
11 189 2.75 460 2 30 0.78
12 275 1.85 130 1 24 034
Table 2. Given data of components.
Components T, cr Ce T CR’
1 1 250 79 348.75 1.21
2 0 240 51 352.19 1.18
3 0 800 81 434.42 3.97
4 0 260 43 471.75 1.10
5 1 470 150 310.39 3.83
6 1 475 143 390.06 2.02
7 1 440 102 379.20 1.72
8 0 570 117 44485 3.61
9 0 205 60 385.20 1.08
10 0 365 59 367.79 2.15
11 0 475 45 371.72 2.02
12 0 145 39 612.40 0.52

5.1 Individual optimization

In this phase, the block replacement strategy is
used for the maintenance planning at component
level. The intermediate results and the optimal
maintenance frequencies of components are pre-
sented in Table 2.

The long-term maintenance cost rate of the
system when all PM activities are individually per-
formed is

— 12
CRS, =Y CR' =2441

Sps
i=1

(23)

5.2 Grouping optimization

The new system is put into operation at time
zero; therefore, we have »;(0)=0, d(0) = 0, and
= T;" for all i=1,..,n. Consider a finite inter-
val PH =[a,b] in which each component is pre-
ventively maintained once. We have ¢ = 0, and
b=max]? 1, = 612.40.



Table 3. Optimal grouping solution.

Group Components Tk L oz CS(GY)
1 1,4,5,6,7,10 1 367.08 2 326.29
2 2,9, 11 0 37338 3 62.77
3 3,8,12 0 458.74 1 95.98

The total maintenance costs of the system in PH
when all PM activities are individually performed,

denoted TCE, is calculated as follows

TCE — CRS?S -(b—a)=14948.68 (24)

In order to find the optimal grouping solu-
tion, Genetic Algorithm is used with the following
parameters: crossover probability = 0.8, mutation
probability = 0.02, population size = 60, number of
generations = 500. The program is implemented by
the use of Matlab R2015a on a DELL computer
(Intel core 17, 2.6 Ghz, 16 GB RAM). The com-
putational time is approximately 40 minutes. The
optimal grouping solution obtained by the pro-
gram is reported in Table 3.

The total economic profit of the optimal group-
ing solution is

3
CS(GS)=Y CS(G*)=485.03
k=1

(25)

The total maintenance costs of the system in
PH when the PM activities are grouped, denoted
TC¢, is calculated as follows
TCY =TCY — CS(GS) =14463.65 (26)

From the obtained results, we can conclude
that the maintenance grouping helps to reduce the
total maintenance costs of the system in PH from
14948.68 to 14463.65. The reduction is equal to
3.24% of the total maintenance costs of the sys-
tem in PH when all PM activities are individually
performed.

6 THE LINK BETWEEN THE PROPOSED
RESEARCH AND THE COASTAL
HIGHWAY ROUTE E39 PROJECT

In this section, we will shortly discuss about the
link between the presented research and the E39
project. Norway’s coastal highway E39 is part of
the European trunk road system. The route runs
from Kristiansand in the south to Trondheim in
central Norway, a distance of almost 1100 km.
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Figure 4. Submerged floating tunnel bridge concept.

There are eight wide and deep fjords along the
route. The fjord crossings will require massive
investments and huge bridges than previously
installed in Norway. Figure 4 describes the sub-
merged floating tunnel bridge concept for crossing
the Sognefjord, which is both deep and wide, and is
considered challenging to cross. The more informa-
tion about the E39 project can be found on http://
www.vegvesen.no/Vegprosjekter/ferjefriE39/.

The construction and operation of such super-
structure system face with many technological
challenges included maintenance planning prob-
lems. This research is then partially funded by the
E39 project, and motivated by the following main-
tenance planning problems.

e The bridge is a complex system containing a
large number of components which are inter-
dependent. More over, the bridge availability is
highlighted due to the important impacts of its
closures on the traffic, the environment, and the
people safety. For this purpose, the developed
dynamic grouping approach based on the ana-
lytical method can help to improve the bridge
availability, and prevent the maintenance opti-
mization from the computational time problem.
The taking into account of the repair time in
the maintenance modeling is necessary when the
estimated repair time is considerable.

Given the above efforts, many challenges related
to the maintenance planning of the superstructure
system still exist such as the uncertainties of the
data and their impacts on the maintenance per-
formance, the imperfect preventive maintenance,
the component’s maintainability, etc. These chal-
lenges will be our objectives in the future research.

7 CONCLUSION

In this paper, a dynamic grouping approach is
developed for the maintenance planning of the



complex structure systems with consideration of
both preventive and corrective maintenance dura-
tion. To overcome the problem of computational
time, an age analytical method is proposed, given
the complexity of the maintenance optimization
problem when considering maintenance duration.
The numerical example describes how the pro-
posed grouping approach can be applied to the
maintenance planning of a system of 12 compo-
nents. The obtained results confirm the advantage
of the proposed grouping strategy and show that
the computational time is reasonable. Finally, it
should be noted that this research is motivated by
the real problems that we have to face to within the
scope of the E39 project. However, the application
of the proposed approach is still limited, and needs
to be investigated in the future research.
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ABSTRACT: Nowadays, the health prognosis is popularly recognized as a significant lever to improve
the maintenance performance of modern industrial systems. Nevertheless, how to efficiently exploit prog-
nostic information for maintenance decision-making support is still a very open and challenging ques-
tion. In this paper, we attempt at contributing to the answer by developing a new parametric predictive
maintenance decision framework considering improving health prognosis accuracy. The study is based on
a single-unit deteriorating system subject to a stochastic degradation process, and to maintenance actions
such as inspection and replacement. Within the new framework, the system health prognosis accuracy
is used as a condition index to decide whether or not carrying out an intervention on the system. The
associated mathematical cost model is also developed and optimized on the basis of the semi-regenerative
theory, and is compared to a more classical benchmark framework. Numerical experiments emphasize
the performance of the proposed framework, and confirm the interest of introducing the system health
prognosis accuracy in maintenance decision-making.

1 INTRODUCTION recent works on the comparison between predic-
tive maintenance and conventional CBM strat-
Maintenance involves a wide range of activities, egies (see e.g., (Khoury et al. 2013, Huynh et al.
such as inspection, testing, repair, replacement,  2014)) have shown the contrary: the former is not
etc., in order to extend equipment life, improve  really more profitable than the latter. This leads us
equipment availability, as well as to retain equip-  to think that the current predictive maintenance
ment in its proper condition. Since these activi-  frameworks (used e.g., in the above references)
ties are costly, maintenance strategies are needed  are not suitable to efficiently exploit the prognos-
to organize and schedule them in a logical and tic information for maintenance decision-making.
economical manner. In literature, maintenance Faced to this issue, the present paper attempts at
strategies have evolved from the naive breakdown  developing a new predictive maintenance decision
maintenance, to the blind time-based maintenance,  framework which can overcome the drawbacks of
and lately towards the sophisticated Condition-  the more classical ones.
Based Maintenance (CBM) (Jardine et al. 2006). More precisely, the study is based on a single-
Nowadays, with the development of prognostics  unit deteriorating system subject to maintenance
and health management technologies, a new trend  actions such as inspection and replacement. The
of maintenance strategies called predictive main-  system degradation evolution is described by a
tenance has been recently emerged (Shin and Jun  homogeneous Gamma process, and the system fails
2015). Theoretically, the predictive maintenance  when the degradation level exceeds a fixed failure
belongs to the class of CBM strategies; but unlike  threshold. Such a degradation and failure model
the conventional ones, it bases the maintenance  allows us to compute and analyze some prognos-
decisions on the system health prognostic infor-  tic condition indices characterizing the future
mation instead of diagnostic information. Such  health state of the system. The standard deviation
a strategy anticipates more efficiently the system  and the mean value of the system Residual Useful
failures, allows timely interventions on the sys-  Life (RUL) are the prognostic condition indices of
tem, and hence promises better performance than  interest, and we investigate how these indices can
conventional CBM strategies. However, various  be exploited to make pertinent maintenance deci-
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sions. In fact, adopting the well-known parametric
structure-based decision rule (Bérenguer 2008), the
former is used to decide whether or not carrying
out an intervention (i.e., inspection or replacement)
on the system, while the latter is used to determine
proper replacement times. A framework with such
maintenance decisions is known as parametric
predictive maintenance decision framework con-
sidering improving health prognosis accuracy. To
quantify the performance of the new maintenance
framework, we develop and optimize its math-
ematical cost model on the basis of the long-run
expected maintenance rate and the semi-regenera-
tive theory. The comparisons with a more classical
benchmark framework under various configura-
tions of maintenance costs and system characteris-
tics allow us to emphasize the performance of the
proposed framework, and justify the interest of
introducing the system health prognostic informa-
tion in maintenance decision-making.

The remainder of this paper is organized as fol-
lows. Section 2 is devoted to modeling the system
and to computing associated condition indices.
Section 3 deals with the detailed description and
theoretical analyses of the considered predictive
maintenance decision frameworks including the
maintenance assumptions, the most well-known
maintenance framework, and the new framework
considering the system health prognosis accuracy.
In Section 4, the maintenance cost models of these
frameworks are developed and optimized. The
assessment and discussions on the performance of
the new maintenance framework are carried out in
Section 5. Finally, the paper is end with some con-
clusions and perspectives.

2 SYSTEM MODELING,
CONDITION INDICES

2.1

Consider a single-unit deteriorating system consist-
ing of 1 component or 1 group of associated com-
ponents (from the maintenance viewpoint). The
system suffers an underlying degradation process
which can cause random failures. Such a process
may be a physical deterioration process such as
cumulative wear, crack growth, erosion, corrosion,
fatigue, etc. (Grall et al. 2002); or it may be an arti-
ficial process describing the phenomenon that the
system health state or its performance worsen with
usage and age (Xu et al. 2008). For such system,
it is recommended by Singpurwalla (1995) to base
the degradation modeling on time-dependent sto-
chastic processes. The notion of process helps us to
describe more finely the behavior of the system, and
hence allowing, e.g., a more accurate prediction of

System modeling
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its RUL (Siet al. 2011). By this way, let X, be a sca-
lar random variable representing the accumulated
degradation of the system at time ¢>0; without
any maintenance operation, { } is an increas-
mg stochastic process with X, = 6 (i.e., the system
is initially new). Moreover, assuming the degrada-
tion increment between 2 times ¢ and s (f<5s),
X,—X,, is s-independent of degradation levels
before t, one can apply any monotone stochastic
process from the Lévy family (Abdel-Hameed 2014)
to model the evolution of the system degradation.
In the present paper, the well-known homogeneous
Gamma process with shape parameter & and scale
parameter /£ is used. The choice of such a proc-
ess for degradation modeling has been justified by
diverse practical applications (e.g., corrosion dam-
age mechanism (Kallen and van Noortwijk 2005),
carbon-film resistors degradation (Wang 2009),
SiC MOSFET threshold voltage degradation (San-
tini et al. 2014), fatigue crack growth (Bousquet
et al. 2015), actuator performance loss (Langeron
et al. 2015), etc.), and it is considered appropri-
ate by experts (Blain et al. 2007). Moreover, using
Gamma process can make the mathematical for-
mulation feasible. As such, for 7 <s, the degrada-
tion increment X, — X, follows a Gamma law with
probability density function (pdf)

ﬂaf-(s—t)xw(s—t)—le—ﬂx

fa’-(s—z),ﬁ’(x): l—-(a,_ (S—t)) '1{x20}> (1)
and cumulative distribution function (cdf)
T(a-(s—1), fx)
F = 2
w(s—f),/i(x) r(a_ (S — I)) ( )
where TI'(a)= jR z%Ye?dz and (e, x) =
“le~*dz denote the complete and lower

iﬁ)complete Gamma functions respectively, and
1;, denotes the indicator function which equals 1
if the argument is true and 0 otherwise. The cou-
ple of parameters (a, ﬂ) allows to model various
degradation behaviors from almost-deterministic
to very-chaotic, and its average degradation rate
and the associated variance are m=¢«//f and
c=al ,52 respectively. When degradation data
are available, these parameters can be estimated by
classical statistical methods such as maximum like-
lihood estimation, moments estimation, etc. (Van
Noortwijk 2009).

Associated with the degradation process, we
use a threshold-type model to define the system
failure. For economic (e.g., poor products quality,
high consumption of raw material) or safety rea-
sons (e.g., high risk of hazardous breakdowns), a



system is usually declared as failed when it is no
longer able to fulfill its mission in an acceptable
condition even if it is still functioning. A high
system degradation level is thus unacceptable.
According to this view, we consider that the system
fails as soon as its degradation level exceeds a criti-
cal prefixed threshold L. The system failure time
7, 1is thus expressed as

7, =inf{reR, | X,>L}. (3)

2.2 Condition indices

Condition indices are indices characterizing the
health state of a system, based on which one can
make a maintenance decision (Huynh et al. 2014).
Such indices may be the result of the real-time diag-
nosis of impending failures (i.e., diagnostic condi-
tion indices) or of the prognosis of future system
health (i.e., prognostic condition indices). For our
considered system, the degradation level returned
by an inspection at time z;, X, , is a diagnostic

condition index,because it can defme the system
health state at the current time z;. Note that the
diagnosis in reality is not a simple task and may
require sophisticated techniques (Travé-Massuy'es
2014). However, since the diagnosis is beyond the
scope of the paper, we simply assume that the diag-
nosis is attached to inspection operations which
can perfectly reveal the system degradation level.
Given the diagnostic information and the degrada-
tion and failure model, one can predict prognostic
condition indices. In the literature, RUL, defined
as the length from the current time to the end of
the system useful life, is a well-known prognostic
index because it can provide an idea about how
long a system at a particular age will still survive.
The concept of RUL has been widely investigated
by many works in the Prognostics and Health Man-
agement research area (Liao and Kottig 2014). In
this paper, a so-called conditional RUL is consid-
ered, and its mathematical expression at time 7;

g1ven the degradation level X, is defined as (Banl-
jevic 2009)

[r|XJ [ frlX

4)

{Xn <L}’

where 7, is the system failure time given from (3).
Obviously, o 7;|X , ) isarandom variable, it can be
then characterlzed by the mean value and the stand-
ard deviation. Indeed, the former is usually used to
locate the dlstrlbutlon of p(z;|X, ), while the lat-
ter is adopted to describe the variability ex1st1ng in
A 71X, ) . The mean value of o(7;|X,) is known
as condltlonal mean residual lifetime (MRL) of
the system (Huynh et al. 2014). At time 7;, given
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Figure 1. (7]|x) and X 7;|x) with respect to x.
X, =x, the conditional MRL and the associated

7 o
standard deviation are computed by

71 5)= [ Foy p(L =)l )

o, f

2(51%)= [f, 2P p(L—x)du—p(z12)  (©)

where F, ;. () is derived from (2). Applying (5)
and (6) to the system characterized by L =15 and
o= f=1/3, we obtain the shape of ,a(r, |x) and
A7 |x) as in Figure 1. It is easy to prove that
47 |x) and 15‘(2',. |x) are non-increasing func-
tionsin x . The RUL prognosis becomes then more
precise for higher value of x. Moreover, #(7;|x)
and zﬂ(ri |x) depend only on x. Thus, given the
degradation and failure model as in Section 2.1,
the considered diagnostic and prognostic condition
indices are equivalent. Even so, each of them has
its own meaning in maintenance decision-making
support. A proper maintenance framework should
take care to this point.

3 MAINTENANCE DECISION
FRAMEWORKS

We propose in this section a new predictive main-
tenance decision framework considering improv-
ing health prognosis accuracy. The framework
is relied on the parametric structure-based deci-
sion rule described in (Bérenguer 2008). To better
understand the originality of the proposed frame-
work, we introduce at first assumptions on the
maintained system, then we analyze the mainte-
nance decision framework most well-known in the
literature through a representative strategy. Our
maintenance decision framework is introduced



next. To illustrate how to use this new framework,
a predictive maintenance strategy is also derived.
The proposed illustrations in this section are based
on the system defined by #= f=1/3 and L=15,
and on the optimal configurationof the considered
strategies when the set of maintenance costs C; = 5,
C,=50, C.=100 and C, =25 isapplied.

3.1

Consider the system presented in Section 2.1, we
assume that its degradation level is hidden, and
its failure state is non-self-announcing. Inspection
activities are then necessary to reveal the system
state. The notion of inspection here is not simply
the data collection, but also the feature extraction
from the collected data, the construction of deg-
radation indicators, and perhaps more. In other
words, this activity includes all the tasks before
the Maintenance Decision Making task in a pre-
dictive maintenance program. Such an inspection
operation is itself costly, and takes time; but, com-
pared to the life cycle of a system, the time for an
inspection is negligible. Thus, we assume that each
inspection operation is instantaneous, perfect,
non-destructive, and incurs a cost C; >0.

Two maintenance actions are available: a Pre-
ventive Replacement (PR) with cost C, >C;, and a
Corrective Replacement (CR) with cost C, . Since
maintenance actions are the true physical replace-
ment such that the system is as-good-as-new rather
than repairs, they take negligible times and incur
fixed costs irrespective of the degradation level of
the system. Even though both the PR and CR oper-
ations put the system back in the as-good-as-new
state, they are not necessarily identical in practice
because the CR is unplanned and performed on a
more deteriorated system, moreover the cost C,
can comprise different costs associated to failure
like damage to the environment. It is thus likely to
be more complex and more expensive (i.e. C, > C),).
Futhermore, a replacement, whether preventive
or corrective, can only be instantaneously per-
formed at predetermined times (i.e., inspection
time or scheduled replacement time). Therefore,
there exists a system downtime after failure, and
an additional cost is incurred from the failure time
until the next replacement time at a cost rate C,.

Maintenance assumptions

3.2 Classical framework and representative strategy

The classical predictive maintenance decision
framework considers that a replacement is always
attached to an inspection and can only be carried
out at a certain inspection time z; only. Most
maintenance strategies in the literature belong
to thisframework. For example, in (Huynh et al.
2011), a periodic inspection schedule is imple-
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mented and a replacement is performed when-
ever the system degradation level at an inspection
time reaches a threshold. In (Ponchet et al. 2010),
the same degradation index is used for a replace-
ment decision, but the inspection schedule is non-
periodic. In (Huynh et al. 2014) and (Huynh et al.
2015), the replacement decisions are made accord-
ing to the system conditional MRL and the system
conditional reliability respectively. Within this clas-
sical framework, when the system is multi-unit or
subject to multi-failure mode (e.g., shock and deg-
radation), using prognostic condition indices (e.g.,
the system MRL, the system reliability, the system
RUL standard deviation, etc.) for maintenance
decision-making is still more profitable than using
diagnostic ones (e.g., the system degradation level)
thanks to their “overarching” property (Huynh
et al. 2015). But, when the system is single-unit
and its failure is due to the degradation solely, they
always lead to the same maintenance performance
(Huynh et al. 2014). This means that the classical
predictive maintenance decision framework does
not allow efficiently exploiting the prognostic con-
dition indices. In the following, we will learn about
the reasons through a representative maintenance
strategy of this classical framework.

To facilitate the comprehension, a periodic
inspection schedule is assumed and the replace-
ment decisions are made according to the detected
system degradation level at an inspection time. Let
define a renewal cycle as the time interval between
two successive replacement operations, the periodic
inspection and degradation-based replacement
strategy over a renewal cycle is stated as follows.
The system is regularly inspected with period
0>0. At a scheduled inspection date z;=:-J,
i=12,..., a CR of the system is carried out if it
fails (i.e., X, =L ). But, if the system is still run-
ning, a decision based on the degradation level X ;
ismade. If {'< X, < L, the running system is con-
sidered too degraded, and a PR should be carried
out at z;. Otherwise, nothing is done at 7;, and
the maintenance decision is postponed until the
next inspection time at z;,; = 7;+ 0 . The inspec-
tion period ¢ and the PR threshold ¢ are the
2 decision variables of this strategy, so we call it
(8, €) strategy. Applying the (3, {) strategy to the
system defined at the beginning of Section 3, one
obtain the behavior the maintained system as in Fig-
ure 2. The optimal decision variables are ,, =4.6
and ¢, =9.1478 (the cost model to derive these
optimal variables will be dealt with in Section 4).
In Figure 2, the degradation evolution of the main-
tained system and the associated inspection and
replacement operations are shown on the top, and
the evolution of the conditional RUL standard
deviation at inspection times 7; andreplacement
times 7, are represented in the bottom.
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Figure 2. Illustration of the (é‘,;) strategy.

Under such a maintenance strategy, the condi-
tion index (e.g., the threshold ¢ of the (J.¢) strat-
egy) has a double role. On one hand, it, together
with the inspection period o', decides the number
of inspections carried out over a renewal cycle, and
on the other hand, it is adopted to decide whether
or not to trigger a PR. This is the biggest weakness
of the classical maintenance decision framework,
because a single condition index may not have all
the required properties to make efficient decision
in order to, at the same time, avoid inopportune
inspection operations and properly prolong the
system useful lifetime. Indeed, to avoid a large
number of inspection operations, the (J,¢) strat-
egy lowers the value of ¢"; however a lower ¢ will
shorten the system useful lifetime because of early
PR operations. On the contrary, a high value of ¢
can lengthen the system useful lifetime, but more
cost could be paid for redundant inspection opera-
tions. More reasonable maintenance decisions
should handle this weakness.

3.3 Proposed framework and
representative strategy

To avoid the drawback of the above classical main-
tenance decision framework, we propose not to use
the same condition index for both scheduling the
inspections and deciding of a replacement. Two
condition indices instead of a single one should be
used: one to control the inspection decision, and the
other to control the replacement decision. Accord-
ingly, a replacement is not necessarily always
performed at an inspection time 7;, but at a prede-
termined time 7z, (normally 7, # 7;). The decision
of performing an inspection could be based on the
property that the system health prognosis accuracy
improves with age. As such, since a certain age 7;
of the system, we can know quite precisely its fail-
ure time. Additional inspection operations are thus
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no longer necessary, and it might be enough just to
wait y time units, > 0, from the last inspection
to do a system replacement at 7z, =7, + . Obvi-
ously, because of the use of two different health
indexes for the inspection scheduling and replace-
ment decision, this new predictive maintenance
decision framework is more flexible than the classi-
cal one. Furthermore, when the waiting time =0,
the new framework returns to the classical one; so it
is more general and more profitable in most cases.
In the following, a typical and representative main-
tenance strategy is presented in order to illustrate
this new framework.

Usually, the accuracy of health prognosis can
be measured through the standard deviation of
the conditional system RUL, and the waiting time
y can be determined from the system conditional
MRL. For the system model considered in Section
2.1, the degradation level detected at an inspection
time returns the same information as the stand-
ard deviation of the conditional system RUL: the
higher the degradation, the more the system RUL
prognosis is accurate, so we merely use the system
degradation level to control inspection decisions.
This choice, on one hand, simplifies the computa-
tion, and on the other hand, allows a maintenance
decision rule consistent with the above representa-
tive of the classical framework. Of course, when the
system is more complex (e.g., multi-unit or multi-
failure mode), the more “overarching” standard
deviation of the conditional system RUL should
be used instead of the system degradation level. As
a result, an exemplary maintenance strategy can be
stated as follows. Over a certain renewal cycle, the
system is regularly inspected with period J. At a
scheduled inspection date 7;=i &, i=12,..,
a CR of the system is carried out if it fails (i.e.,
X, = L). But, if the system is still running, a deci-
sion based on the accuracy of the system RUL
prognos is given at z; is adopted. If £<X, <L,
where & is a degradation threshold indicating the
accuracy of RUL prognosis, no additional inspec-
tion is needed for the current renewal cycle because
the system failure time can be already predicted
with an acceptable precision, and a system replace-
ment is planned y time units later (i.e., at time
7. = 7; + ). The waiting time i is defined from the
system conditional MRL as follows

(@19)= 1) Yoepeary ;

where 4(7;|y) is the system conditional MRL
given from (5), 7 is known as safety time interval.
The replacement at z, may be either preventive
or corrective depending on the working or failure
state of the system at this time. After the replace-
ment, a new renewal cycle begins, and the next
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Figure 3. [Illustration of the (&, & 7) strategy.

inspection time will be carried out on this cycle at
7.1 =7, + 0. Otherwise (i.e., X, <¢), we cannot
predlct prec1sely the failure tlme SO one or more
inspections are needed to gather additional infor-
mation about the system, and the maintenance
decisions are postponed until the next inspec-
tion time 7,,; = 7; + ¢ . The maintenance strategy
admits the inspection period o', the degradation
threshold to control prognosis accuracy ¢ and the
safety time interval 7 as decision variables, so we
called it (&,¢&,77) . With the same system and main-
tenance costs as in the illustration of Section 3.2,
the (4, 7) strategy reaches its optimal configura-
tionat 9, =6, ¢, =5.5526 and 7,, =4.8 . The
evolution of the malntalned system under the opti-
mal configuration is shown in Figure 3. We can see
that £ , of the (J,£,7) strategy is much smaller
than ;f,”p, of the (é‘,{) strategy; this means that the
(8.£,77) strategy does not need a RUL prediction
accuracy as high as the (4,¢) strategy. In other
words, the information about the health prognosis
accuracy has been taken into account to improve
the maintenance decision-making.

4 COST MODEL AND OPTIMIZATION
The long-run expected maintenance cost rate is

used here as a cost criterion to assess the perform-
ance of the considered maintenance frameworks

c. = tim ZLE0]

t—oo t

; ®)

C{t) denotes the total maintenance cost includ-
ing the downtime cost up to time ¢: C (1) =
C,-N{)+C, N (1)+C_-N(t)+C, -W(t), where
Ni{1), N,(t)and N (t) are respectively the number
of inspections, PR and CR operations in [0, 7], and
W(¢) is the system downtime interval in [0, 7]. In

86

the literature, the cost rate C_ is usually evaluated
analytically by the renewal-reward theorem (Tijms
2003). This classical method is normally useful
for static maintenance decision rules (Huynh et
al. 2014). When the decision rules are dynamic as
in the present paper, it is more interesting to take
advantage of the semi-regenerative theory (Cocoz-
za-Thivent 1997). Consequently, (8) can be rewrit-
ten as (Bérenguer 2008)

C = E”[Ni(Af)] E/I[Np(AT)]
=G +C, -
E [A7] r E [A7]
E,[N,(a7)] E,[w(A7)] 0
CTEA TR Y
where Ar=7, —7_;, i=12,.., denotes the

length of a single Markov renewal cycle which is the
time interval between 2 successive inspections, E
denotes the expectation with respect to 7 . In the
following, we focus on formulating the stationary
law 7z and the expectation quantities in (9).

4.1

The behavior of maintained system at inspection
times can be characterized by the stationary law
7 of the Markov chain continuous state space
R,, {¥:}icn. Let consider the Markov renewal cycle
[7_,, 7], i=12,..., y and x are respectively the
degradation levels of maintained system at the
beginning and the end of the cycle (i.e., X, =y
and X _ =x), the stationary law 7z is the solution

Stationary law of the maintained system state

of the followmg invariant equation

z(x)= J.R F(x|y)z(y)dy,

+

(10)

where F(x|y) is the degradation transition law
from y to x. This transition can be obtained by
an exhaustive analysis of all the possible evolution
and maintenance scenarios on the Markov renewal
cycle | 7;_,7; |. As a result, we obtain

)= ffW WD)y + fiap 5(x)

<L Srgpnale =) an

+fa/d‘,ﬂ(x)J‘ ( )dy’
where £, and f,5 5() are derived from
(1). Given él T{ we can adapt the fixed-point itera-
tion algorithm to numerically evaluate 7(x).Many
numerical tests were carried out, and they have
shown that the algorithm converges very quickly to
the true stationary law.



4.2 Expected quantities

On a Markov renewal cycle, E,[ N;(A7)|=1. The
other expected quantities are all computed in a
similar way by integration with respect to the sta-
tionary law 7z determined in Section 4.1.

E,[Ad= 6+ j; w(y)z(y)dy.
E[ (AT)] J[

E”[N‘. (Ar)] = _L: ch(y),ﬂ(L - y)ﬂ'(y)dy

(12)

Fopy p(L=y)7(y)dy.  (13)

+ Fos ﬂ(L)j;;; ¥)dy +jj Fus L 7)7(»)dy.
(14)
E[W(80)]= [, #()dy [} Fo L)
S P =) ) 20) e

In the above expressions, F .
and F ~(»),ﬁ(') is given from (2).

ﬁ('):]_Fa

4.3 Maintenance optimization

Using (11), and introducing (12), (13), (14) and
(15) into (9), we obtain the full mathematical cost
model of the proposed predictive maintenance
decision framework. The classical framework is a
particular case of the new one, its cost model is
also derived from (9) by taking ¢ =0 . Given the
cost model, optimizing the strategies (é’g") and
(6,£,77) returns to find the set of decision varia-
bles of each strategy that minimizes the associated
long-run expected cost maintenance rate

( opt? gi)pt min{coo (é; ;)},
( opt» fo/m ,70/7[) = (l}lén){ (5577)}

where >0, 0<Z, <L and 720 . The general-
ized pattern search algorithm presented in (Audet
et al. 2002) can be resorted to find the optimal
maintenance cost rate and the associated decision
variables. Applying this algorithm to the system
and the set of maintenance costs presented at the
beginning of Section 3, we obtain optimal quan-
tities as in Table 1. Based on the optimal values
of cost rates, the (J,£,7) strategy is more profit-
able than the (d.¢) strategy. However, this is just
the conclusion for the present special case. More
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Table 1.
strategies.

Optimal configuration of (6, {) and (6, & 1)

Optimal decision variables Optimal cost rate

@,,, =46,¢,=9.1478 op,, &) = 6.3422
U{H 6 547/)1 55526 u/)/? 50{)1’ 770/)1) 5 9746
Ty = 4.8

general conclusions on the performance these
strategies are given in Section 5.

5 PERFORMANCE ASSESSMENT

This section aims at seeking a general conclusion on
the effectiveness of the new predictive maintenance
decision framework. To this end, we compare the
performance of the (J, & 7) strategy to the (4, &)
strategy under various configurations of mainte-
nance operations costs and system characteristics.
The so-called relative gain in the optimal long-run
expected maintenance cost rate (Huynh et al. 2015)
is resorted for this purpose

( opt* égopl’”opt)
( opl’é)pt)

If x-(%)>0,the (J.£,7) strategy is more profit-
able than the (6,¢) strategy; if & (%)=0, they
have the same profit; otherwise, the (d, & #) strat-
egy is less profitable than the (4, {) strategy.

At first, we are interested in the impact of the
maintenance costs on the performance of the new
predictive maintenance decision framework. This
is why we fix the system characterlstlc at L=15
and a=/4=02 (ie, m=1 and ¢ =5), the
practical constraint C; <C, <C, also leads us to
take C, =100 and consider the three cases

( opt* 0P1) -100%.

K (%) =

e varied inspection cost: C; varies from 1 to 49
with step equals 1, C, =50, and C, =25,

varied PR cost: C; = 5 C, varies from 6 to 99
with step equals 3, and Cd =25,

varied downtime cost rate: C; =5, C, =50, and

C, varies from 10 to 190 With step equals 5.

For each of above cases, we sketch the relative
gain (%), and the results are obtained as in
Figure 4. Not surprisingly, the (J,&7) strategy
is always more profitable than the (J,{) strategy
(i.e., k(%) > 0). Thus, there is no risk when using
the proposed maintenance decision framework
(i.e., it returns to the classical one in the worst
case). This is a significant advantage of this new
framework. Moreover, it is especially profitable
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when the inspection is expensive (see the left side
of Figure 4) as it can avoid inopportune inspection
operations. When the PR cost C, or the down-
time cost rate C,; increases, the inspection cost C;
becomes relatively smaller, and hence the relative
gain & (%) is weaker (see the middle and the left
side of Figure 4). Consequently, unlike the inspec-
tion cost, the PR cost or the downtime cost rate do
not much affect the performance of the proposed
framework.

To investigate the impact of the degradation
variance ¢” on the performance of the proposed
maintenance decision framework, we take L =15
and m=1, vary o’ from 1 to 19 with step 1, and
we study the evolution of (%) when the set
of maintenance costs is fixed at C;, =5, C, =50,
C,. =100 and C, =25 . The result is as in Figure 5.
Once again, the (é‘,g‘,i]) strategy is always eco-
nomically better than the (d,¢) strategy by the
same reason as above. Under the new maintenance
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decision framework, the sooner the accuracy level
of RUL prognosis is reached, the less inopportune
inspections are performed. The lower degradation
variance allows a RUL prognosis with higher pre-
cision, hence it is not surprising that the (é',g"',?])
strategy is most profitable at the small values of

, and its profit decreases when the system
becomes more chaotic (see Figure 5).

6 CONCLUSIONS & PERSPECTIVES

We have proposed in this paper a new parametric
predictive maintenance decision framework consid-
ering improving health prognosis accuracy for sto-
chastically deteriorating single-unit systems. Many
numerical experiments show the advantage of the
proposed maintenance decision framework com-
pared to the most well-known one in the literature.
In fact, the proposed framework is more general
and more flexible than the classical one, so there is
no risk when using the new framework. Further-
more, this new framework is especially suitable for
the systems with small degradation variance and
incurred high inspection costs. The results in the
present paper also confirm the interest of the sys-
tem health prognosis information for maintenance
decision-making when it is properly used. This
encourages us to continue investing in prognostics
and health management technologies, and building
new predictive maintenance strategies.

For our future works, we continue studying the
advantage of the proposed predictive maintenance
decision framework for multi-unit systems (e.g.,
deteriorating systems with k -out-of-n structure).
We also believe that the framework will be particu-
larly suitable for systems with limited number of
inspection and repair facilities (e.g., offshore sys-
tems such as submarine power cables, offshore wind
turbines, subsea blowout preventer system, etc.).
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ABSTRACT: An approach to design the condition-based maintenance of engineering systems is con-
sidered in the paper. This approach is based on prediction of system state. The algorithms which provide
perfect predicting of system state and designing of optimal preventive maintenance strategies in the case
when inspection data are incomplete and insignifican are discussed.

1 INTRODUCTION

The excessive servicing and increasing requirements
in the efficient operation of equipment determine
the necessity to state a maintenance problem in
a new way to solve it for every particular unit of
equipment on the individual basis. An informa-
tion base for preventive maintenance is formed
by predicting and estimating of an engineering
system state. There prove to be many difficulties
in solving the matter, These difficulties are caused
by the lack on storage of apriority statistic infor-
mation on field variation of system parameters. In
this case the application of classical methods of
mathematical statistic to the solution of problems
of predicting the state and predictive maintenance
scheduling may cause serious errors. One is then
confronted with problems of designing a predictor
and an optimal strategy of predictive maintenance
in the event of incomplete model knowledge.

Both these problems are referred to minimax
problems. With that the first problem or the prob-
lem of minimax predicting the state was consid-
ered early (Abramov et al. 2000), (Abramov and
Rozenbaum 2004). But it should not be consid-
ered that this problem is settled completely. The
second problem, referred to as minimax control,
has attracted attention to handle predictive main-
tenance. In this paper, we present a new minimax
algorithm for predicting the state and solve a
problem of picking an optimal minimax strategy
of individual maintenance without using informa-
tion about stochastic properties of measurement
noises and errors of the model chosen to describe
the random processes of parameter variation. The
predicting algorithm is constructed by a minimax
squaring criterion. An optimal minimax strategy
of individual maintenance is found by methods
of dynamic programming. Our approach requires
only the possible variation limits for unknown
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noises and model errors, which may be given in
a rather coarse way. This paper is organized as
follows. In Section II, we formulate the problem
of predicting the state of an engineering system
in the case when inspection data are incomplete
and insignificant. In Section III, we formulate the
problem of optimal minimax (maximin) predictive
maintenance. In Section IV, we construct the pre-
dictor by the minimax squaring criterion. In Sec-
tion V, we solve the problem of picking an optimal
minimax strategy of predictive maintenance. Some
conclusions complete the paper.

2 FORMULATION OF THE PROBLEM
OF MINIMAX STATE PREDICTING

Assume that variations in system state parameters
can be approximated in a rather coarse way as
follows:

Y()=ATu(t),reT, (1)

where A ={a j}’/’.:o is a set of random coefficients,
u(t)={u j(z)};f:O are continuous deterministic
functions of time, and 7 is the operating period.
The model errors are present here but they are not
determined.

The representation (1) can be discussed as an
expansion y(f) by some function system. Such
expansion allows to approximate theoretically any
real process ){¢) and it is variance with the facts.

The system state y(¢) is monitored on the inter-
valtime 7, ¢ T with additive error e(7) . Measure-
ments form a sequence Z ={z(t;)}{_,t€T,cT.
Probability properties e(f) are not determined, it
is only known that

le()|< )t eT, T, )



where ¢(7) is a given function.

The problem consists in determining of estima-
tions J(2),re T\ T,.

The model of system state variations (1), the
constrains (2) on disturbances and measure-
ments Z form an initial data base for a solution
of the problem. The deficiency and uncertainty
of data base, in particular, the default of full
probability properties of the disturbances and
the presence of unknown errors in the model (1)
make in difficult to obtain the sought estimate

W)t €T\ T, by using well-known statistical
techniques, such as least-squares method, least-
magnitudes method, and so on. It seems prefer-
ential to construct the estimate y(t) te T\T
proceedlng from the worst cases, i. e, on ba51c
of minimax concept (Abramov, Rozenbaum, &
Suponya 2000);

3 OPTIMAL MINIMAX (MAXIMIN)
PREDICTIVE MAINTENANCE

Let the state of the equipment unit during service
is described by a parameter y. Under influence of
destabilizing factors, y varies in a random man-
ner. These variations can be approximated by the
expansion (1). The stochastic properties of y(t)
are unknown.

The variations of y(z) as a matter of fact can be
lead to failures or to a deterioration of function-
ing of engineering systems. To prevent such unde-
sirable occurrences we must control of y(z). The
control is realized by an predictive maintenance of
engineering systems.

It is necessary to give a performance criterion
to optimize an predictive maintenance. Different
technical-and-economic indexes: reliability, capac-
ity, efficiency and so on can be such criteria. A per-
formance index generally represents a functional s.
It is evident that any change of equipment state
yeY involves a change in the performance index
G(Y,T) . Then the predictive maintenance consists
in tracking y(z) and forcedly changing it in some
instants of time 7€ 7. It represents field inspec-
tion and adjustment of equipment parameters,
replacement of units, assemblies and components
whose parameters reach their critical values. An
inspection result z(z) = p{t)+e(t), where e(t) is
the random error whose stochastic properties are
undeterminable but whose range of value E is
known. Adjustment consists in changing y(7) by
nonrandom value r € R.

We shall consider, as a control strategy, a func-
tion s(t), where s€ S (S is the set of preventive
actions). The problem of constructing s{t)
minimax (maximin) statement may be written as
follows:
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min  max G(y,s.t),
s{t)eSXT y(t)eY xT

max min G (y,s,1).
s(1)eSXT y{1)eY xT

(©)

g
g**

It is evident that a function which delivers mini-
mum of maximum (or maximum of minimum) of
index G{(y.s.t) (or G*(y,s,t)) is a sought minimax
(or maximin) predictive maintenance strategy. In
other words, the representation (3) are problem
formulation of optimal minimax (maximin) pre-
dictive maintenance.

4 MINIMAX PREDICTING ALGORITHM

In accordance with the statement making in sec-
tion 2 a problem of predicting the state consist
in definition of estimations P(t),teT \ T,,
such estimations must ensure the fulfilling
min || y(¢)— ¥(¢) ||Vt € T\T In assumption of
presents of model errors e(t) in the relationship (1)
for €T the considering problem can be formu-
lated as follows:

G=minmax |[z—e— AT .U, 4)
A el<c
WhereZ= {:([A))}z U —H uj\ k) ” Ji”;j 0»€ = {C(tk)}izp

c={c(t)}0_

A norm of misclosure, i. e. ||[z—e— AT U],
serves as the optimality criterion in (4).

This norm can be given as
lz—e—AT Ul=(z-e-AT - U) (z—e-A" .U),
i. e as squaring. With that we obtain:

G=maxminz—e— AT - U) (z—e—AT-U). (5
4

le|l<e

By defining minimum from A in (5) we find
that
Aapt

=WT.U).UT (z—e). (6)

The substitution (6) into (5) gives the following:

G=max(z—e) -L-(z—e),

‘ (7
lej<e

where L is the symmetric matrix an arrange-
ment of p elements_taken (n+1) at a time
L=(I-v@w" oy v ag-v-w" - uvytuh,
I'is unit matrix.

Using (6) and (7) we can obtain numerical val-
ues {a"'}_,, and then define a sought estimation
g(1), teT T using (1). A solution (6) can be



found by the methods of nonlinear programming
here. It should noted that (7) maximum error of
determination j(7),r €7\ T, we can estimate as
the following:

#(t) <max | e(r")|-max |u(r) |, (8)
where " is a fixing instant out of T,cT.

The algorithm under discussion meet general
requirement to any predicting procedure. Esti-
mates found are unique, optimal, and unbiased.

5 PREDICTIVE MAINTENANCE
STRATEGY

To obtain a concrete solution of the task (3)
we must give a concrete optimality criterion. In
principle, such criterion should be chosen based
on the requirements to the performance of the
particular equipment unit. The requirements a
specified on the basis of a certain index system.
Within this system economic indexes are most
general. The indexes, in particular, include a
guaranteed level of total losses when using the
engineering system on set T. The index can be
written as follows:

Wr= sup [ H(y0)di+Vy, ©)

y(1)eYxT

where H(y(t)) is the loss function which describes
losses when equipment state differs from normal
one; V. is the operating expenses.

We may obtain a globally optimal strategy
S(¢t) by stepwisely minimizing criterion W
based on Bellman’s optimality principle. Algo-
rithms applied are simple enough and can be
implemented in recurrent form. We should build a
state space to form recurrent relations for solving
problem on the basis of the optimality principle.
In other words, we should find a coordinate set
which contains all information about the engi-
neering system in a given time interval regard less
of its past behavior. When )(¢) is described by
(1) a sought set can be represented as a collection
(A,t,t,) where A 1is a vector whose members
define ranges of coefficients a;,/=0,n in model
(), t,t,eTt<t,. '

Let the function W{A,z,z,) describes limiting
losses associated with the optimal servicing of the
engineering system in state (A.7,7.). Predictive
maintenance consists in inspecting and adjust-
ing y(¢) (it is not difficult to show that replacing
units, assemblies and components of the engi-
neering system is equivalent to the adjustment of

).
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The limiting losses when using the engineering
system in state (A.z,7,) without any maintenance
in interval [¢,7,] can be represented in the form:

Wi(Autt,) = max [ H((2)d . (10)
ATt

If at an instant 7,/<7 <7, we take a read-
ing of y(r) associated with expanses ¢ and we
obtain a value z{t)= y(t)+e(t) (e(t) is a ran-
dom measurement error whose stochastic prop-
erties are undeterminable but only its range E
is known), then the information state of the
engineering system will be (A",7,z), where A”
is the vector of coefficients a; obtained from
measurement result. The the limiting losses are
WAt ) =W (A L(E) +a+W(A" ).

If at instant 7,1<7<t, we adjust »{1) (a

change of y(z) by reR) and associated expanses
are /7, then limiting losses for state (A,z,z,) can
be described as follows:
Wi(A, 1,6,y =W (A,,0)+ S+ W (A1), (11)
where A, is the vector of coefficients a; with
allowance for a change in state of the engineering
system after the adjustment.

Based on (10), we can form recurrent relations
for finding an optimal strategy S(7) :

Wt A)= min W, (12)

Wi = Wi(L.1,.A), (13)

W, = min W(t,7,A)+ o +minW(A",7,..),  (14)
1<i<t, A"

Wy = min Wi(t,1,A)+ S+ minW(A,,i,1,). (15)
1<i<t, reR

The value of i for which minimum in (12) is
achieved and values 7, r for which minimum of
minima in (14) and (15) are achieved are functions
of (A,z,2.) and describe a sought optimal predic-
tive maintenance strategy S(¢) .

As a matter of fact, solving equations (12), (13),
(14), (15) is a problem of dynamic programming. To
form S(¢) we can make use of space approximation
technique. With that for finding A™ it is necessary
to use minimax algorithms of predicting the state, in
particulary, it can be the algorithm from Section 4.

6 CONCLUSIONS

The problem of designing of predictive mainte-
nance of engineering systems is solved for the case



when inspection data are incomplete and insig-
nificant. It is usually the case in actual practice.
With that we find a global optimal (in minimax
sense) strategy of predictive maintenance here.
This strategy guarantees the efficient functioning
of operated engineering systems on the operating
interval with minimal expanses. There is a mini-
max predicting algorithm in this paper. The algo-
rithm allows to obtain strict estimations for own
unknown quantities. The estimation are more use-
ful and reliable than statistical estimations of the
task of predicting the state where the single reali-
zation )(¢) is observed. The considered algorithm
intends for accompaniment of solution of tasks of
predictive maintenance. The proposed approach
has been realized on practice as the theoretical
basis for designing of controlling and measure-
ment systems (Abramov and Rozenbaum 2004),
(Abramov 2010).
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ABSTRACT: Due to market flexibility, repair and replacement costs in reality are often uncertain and
can be described by an interval that includes the most preferable values. Such a portrayal of uncertain
costs naturally calls for the use of fuzzy sets. In this paper, we therefore propose using fuzzy numbers
to characterize uncertainty in repair and replacement costs. The impact of fuzzy costs on the optimal
decision is then investigated in the context of an industrial problem: optimizing water pipe renovation
strategies. Here we examine specifically the risk of violating a budget constraint imposed on the annual
cost associated with pipe failure repairs. This risk is evaluated using the mean chance of the random fuzzy
events that represent random fuzzy costs exceeding a given budget. The benefit of taking account of cost
uncertainty is then validated through various numerical examples.

1 INTRODUCTION

The role of maintenance policies in industry is
increasingly highlighted as they can reduce pro-
duction costs, extend the useful life of industrial
equipment, and also alter the strategy for new
investments in equipment. Among maintenance
policies, periodic maintenance is a traditional
policy that is commonly used in reality thanks
to its simplicity of implementation and ability to
easily integrate related constraints into decision
processes. The main objective of periodic main-
tenance is to determine the best replacement time
that maximizes system reliability or availability
and safety, and minimizes maintenance cost. The
basic policy proposed by Barlow & Hunter (1960)
recommends that equipment be replaced after k. T
hours, where k=1, 2, ..., and any failure occurring
between two successive replacements be restored
with a minimal repair. This minimal-repair model
assumes that the cost of minimal repairs is lower
than the cost of a preventive replacement.

Various extensions and variations of this basic
model have been proposed in the literature over the
time. Many of them have been surveyed in (Wang
2002, Ahmad & Kamaruddin 2012). Those exten-
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sions can generally be classified into three groups.
The first group focuses on improving system fail-
ure models and takes into account the effects of
different failure modes or “shock” condition. Sheu
& Griffith (2002), Sheu et al. (2010) proposed a
periodic replacement policy for systems subjected
to shocks. Lai & Chen (2006) considered a two-
unit system with failure rate interaction between
the units. In (Sheu et al. 2012), the authors consid-
ered non-homogeneous pure birth shocks for the
block replacement policy. The second group aims
to solve the questions of large size and complex
systems. Wang & Pham (2006) studied the corre-
lated failures of multiple components in a serial
system and aimed to optimize system availability
and/or maintenance costs. Scarf & Cavalcante
(2010) proposed hybrid block replacement and
inspection policies for a multi-component system
in serial structures. The third group extends main-
tenance policies by considering numerous main-
tenance decisions and evaluate the performance
of these activities. The model proposed by Sheu
(1992) considered the possibility of installing a
new alternative or performing a minimal repair
or doing nothing when a failure occurs. Jamali
et al. (2005) proposed a joint optimal periodic and



conditional maintenance strategy to improve the
policy’s efficiency. Lai (2007) optimized a periodic
replacement model based on the information of
cumulative repair cost limit.

All of the above studies are based on the assump-
tion of constant costs. This assumption may not
reflect market flexibility in practice. In (Sheu et al.
1995), the authors extended a replacement prob-
lem with two types of failures considering random
repair costs that depend on the system age. How-
ever, the assumption about random costs is only
valid when there are a lot of samples to perform
statistical evaluations on probability measures. In
many cases, there is not sufficient information and
it is not easy to propose an adequate probability
distribution for random parameters. Especially in
the case of water pipe breakages, damage costs,
such as water losses, social damage consequences,
are uncertain. There are not enough samples to
estimate a probability distribution. Then, consult-
ing with the expert, the repair/replacement cost can
be predicted by somewhere between a and ¢ with a
preference for b, where a < b < ¢. In this context,
it is natural to extend the representation to using
fuzzy quantities (Zimmermann 2010).

To the best of our knowledge, no previous work
addresses the problem of fuzzy costs in block
replacement with budget constraint and studies
their impacts on the optimal policy. This paper
is therefore aimed at filling this gap of the litera-
ture. On the other hand, our study is especially
dedicated to a real case study of the replacement
problem in water distribution networks. The paper
is structured as follows. Section 2 presents the
statement and formulation of the water pipe reno-
vation problem. Section 3 is dedicated to identify-
ing the optimal renovation time when considering
fuzzy costs and budget constraints. In Section 4,
we perform an experimental analysis to examine
the impact of fuzzy costs on the optimal decision.
Finally, Section 5 concludes the paper with pros-
pects for future work.

2 PROBLEM DESCRIPTION
AND FORMULATION

In this paper, we consider a block replacement pol-
icy in which the system is correctively repaired at
failures and preventively replaced at periodic times,
T years. We assume that the failure rate is not dis-
turbed by each repair. This policy is applied to a
District Metering Area (DMA), i.e., a small water
distribution network in which pipes are subject to
the same shocks and the same hydraulic pressure.

'According to the Company’s breakage repair reports.
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In fact, the block replacement policy is mainly
developed in the literature of the water resource
domain (Shamir & Howard 1979, Kleiner &
Rajani 1999, Kanakoudis & Tolikas 2001, Kleiner
& Rajani 2010, Nguyen 2014), and is usually used
by the Nha Be Water Supply Company'—a major
water supply company for Districts 4, 7, and Nha
Be of Ho Chi Minh City, Vietnam.

Let C, be the cost associated with a pipe repair
event and C, be preventive renovation cost. The
objective of block replacement is to determine the
value of 7 in order to minimize the expected life
cycle cost per unit time, C(7):

C,N(T)+C,

aT)= T

(M

where N(T) is the expected number of pipe-
break repair event during the time period (0, 7.
The details of N(T') will be described in the next
section.

2.1

As pipe break prediction is one of the most impor-
tant aspects of water network management,
numerous studies have addressed this issue in the
literature, see (Kleiner & Rajani 2001), for exam-
ple, for an overview of statistical breakage models.
Most pipe break prediction models are deduced
from the maintenance records of pipe repairs data,
thus they could be considered as pipe-break repair
event models.

Shamir & Howard (1979), Kleiner & Rajani
(1999) considered deterministic exponential and
linear models for the annual breakages. Kanak-
oudis & Tolikas (2001) used an exponential expres-
sion of breakage numbers to perform economic
analysis of the pipe replacement policy. In (Dandy
& Engelhardt 2001), the authors performed a lin-
ear regression of breakage data to predict pipe
breaks for the scheduling of pipe replacement with
genetic algorithms. However, it is not easy to collect
enough data required to establish a deterministic
model. Therefore, probabilistic models have been
proposed to model pipe breakage in water distribu-
tion networks. Among them, the Weibull-exponen-
tial distribution has been widely used in statistical
models to describe the interval time between pipe
installation and the first pipe break or between
two successive breaks (Eisenbeis 1994, Mailhot
et al. 2000). Le Gat & Eisenbeis (2000) used the
Weibull proportional hazard model to character-
ize the distribution of times to failure and showed
that short maintenance records (5-10 years)
could give as good results as long maintenance
records. Kleiner & Rajani (2010) developed a non-
homogeneous Poisson model that allows us to take

Pipe break prediction model



into account pipe-dependent, time-dependent, and
pipe-and time-dependent breakages, to represent
the probability of breakage in individual water
pipelines. Renaud et al. (2012) presented a break
prediction tool, the “Casses” freeware, which is
based on a counting process that relies not only on
the pipe age and previous breakages, but also on
the pipe’s characteristics and the environment.

Focusing on the impact of cost uncertainty on
the periodic replacement optimization, we only
consider in this paper a small DMA in which the
environment has the same characteristics. Hence,
we propose using a non-homogeneous counting
process to model the pipe break repair in time. In
detail, let the non-homogeneous Poisson process
{N(1), t 2 0} characterize the number of pipe break
repairs during the interval (0, t], the expected value
N(T) is given by:

N(t)= j; Ww(x)dx )

where w(x) is called the Rate Of Occurrence Of
Failures (ROOF). Consider the increasing ROOF,
w(x) is assumed to follow:

Case 1: exponential expression,

w(x) = fexp(ex) 0 < e, f<oo;x 20 3)
Case 2: Weibull expression,
w(x)=a AP 0<a, oo x 20 4)

2.2 Handling cost uncertainty with fuzzy numbers

Depending on the available knowledge, the cost
associated with a pipe breakage, C,, and the pre-
ventive renovation cost, C., can be modeled by pre-
cise values or probability distributions or the most
typical values. In reality, when only little knowl-
edge is available, the costs can be predicted by
somewhere between a and ¢, with a preference for
b, of course a < b < c. In this context, it is preferred
to extend the representation to using a Triangular
Fuzzy Number (TFN), C, or C,, (Zimmermann
2010).

Definition 1. Fuzzy number _
Let X be a universal set, then a fuzzy number X
is a convex normalized fuzzy set X , defined by its
membership function: g : X —[0,1], called the
grade of membership of x in X . This membership
Junction assigns a real number u3(x) in the inter-
val [0,1] to each element x € X. _
The triangular fuzzy number is also noted by X
= (X}, X5, X;) where x,, x,, x, € R and x; <x, <x,
the term x, is the most probable value of X with
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My (xy)=1, the terms x, and x; are the lower and
upper bounds of the possible area.

Definition 2. Fuzzy measure

Let r be a real number, the possibility, the necessity
and the credibility of event ( X < k) are respec-
tively given by, (Liu & Liu 2002):

Pos(X <k)= Sup 4y (x),
5 x<k
Neco(X <k)=1-sup ty{x),

x>k

Cre(X <k)= %(Pos(/\; <k)+ Nee(X < k))

Considering an example of a triangular fuzzy
number, X (x,, x,, X;), its credibility is given by:

0, k < x
I I
e 2 k- x
Cre(X k)= 4)
x3fx, Xy <X < X3
X3 =X
0, X > X3

Definition 3. Fuzzy arithmetic

Let Z=f(X.,Y) denote the system characteristic
of interest (e.g. steady state availability ), evaluated
by a function of fuzzy numbers X,Y then Z isalso
a fuzzy number. Following Zadeh's extension princi-
ple (Zadeh 1965), the membership function of Z
is defined as:

Uz (2= Sfuypmini‘/ly(ﬂqﬂf(y) lz=/f(x.0)} (6

In practice, the a-cut method is developed to
evaluate the membership function of Z = f(X,Y).

Definition 4. o-cut set

Given a fuzzy set X in X and any real number o €
[0,1], then the o-cut set of X , denoted by X ,, is the
crisp set: X, ={xe X, us(x)zaj.

Definition 5. Fuzzy arithmetic with o-cut set

Let xi,x,fl and | yE, vk | are respectively the
o-cut interval of X and Y “with the corresponding
o, value, then the o-cut interval of Z = f(X.Y) is
defined as [ L where:

R
ZysZ

“a

L

R
a’)"d

zp=min{xe[xL xf1lyelyl vl f(x.p)
R

o (7
{za = min{x € [x,.xg 1.y €[Vz.0z 11/ (x.)
Therefore, the membership function ;(z) can

be deduced by considering the lower bound and upper
bound of the a-cuts of Z .
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From Eq. (7), the following o-cuts of functions
of positive fuzzy numbers can be easily derived:

Z

Zy:[xb+vixb+vi] @

X+7Y;

Z=AX +B; Z,:[AxL+B.Ax[+B] (9)

where 4 and B are constant and 4, B> 0.

2.3 Handling annual budget constraint for fuzzy
random costs

As the number of pipe breaks N(¢) occurring dur-
ing a certain time (0, ] is a random variable and
the cost associated with every pipe break, C, , is a
fuzzy number, the accumulated pipe-break repair
cost during a certain time, N(¢) C, , is a fuzzy dis-
crete random variable.

Definition 6. A fuzzy random variable is a random
variable taking fuzzy values, (Liu 2001 ).

Let (Q, A, P) be a probability space of a dis-
crete random variable N, and F be a collection of
Suzzy variables X. A fuzzy discrete random variable,
noted by X, is defined by a function from Q to F,
such that:

My (x)  with probability P(N = n)

n
My (x)  with probability PN = n,)

py (0)=1"""
My (x)  with probability P(N = n,)

n

Definition 7. Let X, be a fuzzy discrete random
variable. Then the mean chance that fuzzy random
event (X 2 B) occurs is given by:

Ch(Xy 2 B)="Y Cre(Xy 2 B)P(N =n)
neQ

(10)

In the case of a limited annual repair resource, a
budget Bis allocated to the pipe-break repair cost dur-
ing a given strategic time unit (i.e., each year). Hence,
the manager wants to handle the risk that the annual
pipe-break repair cost exceeds the given budget B.
That risk is a fuzzy random event, whose occurrence’s
mean chance should be lower than a real number r,
ie., Ch(Xy =z B)<r. Thisis equivalent to:

Ch(Xy<B)>1-r (11)

Note that, when:

e the pipe-break repair cost is a constant and the
annual pipe break number is a random variable,
the constraint in Eq. (11) is measured by:

P(Xy<B)>1-r,

where X, is a random variable representing the
annual pipe-break repair cost.

e the pipe-break repair cost is a fuzzy variable
and the pipe break number is characterized by
the mean value N , the constraint in Eq. (11) is
measured by:

Cre(Xy <B)yz1-r,

where X is a fuzzy variable representing the
fuzzy cost associated with the expected annual
pipe break number.

3 IDENTIFYING THE OPTIMAL
RENOVATION TIME

3.1  Without budget constraint

Let 7, (year) be the life time of the water pipe net-
work, the objective of the problem is to determine
the optimal renovation time 7" (year), where 7" €
(0, T], that is:

T = argTE(O’T,]minC(T)
C,N(T)+C,
T

(12)

=argreo,7 min[

where N(T') is evaluated corresponding to the two
cases of the ROOF w(x) as follows:

NT) = Eexptar)-) (13)



N(T)=aT” (14)

As the Eq. (12) cannot be directly solved by
the analytical approach, in this paper we propose
using the grid search approach to find 7" € (0, 7).
We evaluate C(T") for every T €(0:5 L:T],ie one
month for each search step, and then compare
them to find the minimum value. As the repair
and/or renovation costs are characterized by
TFNs, C(T) is also a TFN compare TFNs, we
propose using the expected value method. For a
given TFN X =(x;,x,,x3), a typical model (Liu
& Liu 2002) for defining its expected value E[X]
is given by:

E[X]= (15)

1
Z(xl +2x5 + X3).

This expected value coincides with the neutral
scalar substitute of a fuzzy interval (Yager 1981).
The neutral scalar substitute is among the most
natural defuzzification procedures proposed in
the literature (Bortolan & Degani 1985). We have:
XY <Y e E[X]<E[Y].

3.2 With budget constraint

As the ROOF is increasing with time, more pipe
breaks occur as time goes by. Recall that 7 is the
preventive renovation year and [7'] be the nearest
integer less than or equal to 7, then the worst situ-
ation may appear during:

e the previous year of the renovation time, ([7] —

1, [T]).

e or the renovation year, ([T], 7).

Therefore, N([T]— 1, [T]) and N([T], T). spec-
tively the pipe break numbers that occur during the
previous year of the renovation time and the recent
year of the renovation time. In order to handle
the budget constraint, when performing the grid
search, we evaluate the following mean chances
corresponding to every 7:

Ch
Ch
If the above mean chance is higher than 1 — r,
we then evaluate the corresponding life cycle cost
per year, C(T) . Otherwise, this value of 7 is elimi-
nated from the set of possible solutions of the grid
search.

Let C, =(cy.c5:¢;3) be a TFN, the mean
chance Ch(-) is evaluated by Eq. (10), in which,

(N(T])-1|T|C, < B)

(N(LT]T).C, < B) (1o
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e the probability that the number of pipe breaks in
the time interval (7, ¢ + v] is n, denoted by
[P, 141y (1) , 1s given by:

Py =P(N +(+v)-N(@)=n)

_ ( N(r+ v)'— N(z)] exp (V4 ) (17
n!

e corresponding to each integer n, from Eq. (5),
the credibility, which is the repair cost associated
with n pipe breaks, being lower than the budget
constraint B, is given by:

Cre=

4 EXPERIMENTAL ANALYSIS
4.1  Parameter estimation for pipe repair event
models

We have processed the data obtained from the
report on daily pipe break repair activities of the
Nha Be Water Supply Company in the period
from January 2008 to September 2015. From this
data set, we specifically select two DMAs, namely
Tan My Street and Cu xa Ngan Hang, to apply
the proposed models. These DMAs have homo-
geneous pipes across the areas and, on the other
hand, present sufficient data for the estimation.
Their information is provided in Table 1. We see
that most of the breakages occurred on branch
pipes: 92.6% for DMA I and 98.7% for DMA II.
The parameters ¢, § of the repair event models in
Eqgs. (3) and (4) for branch pipes are estimated as
follows.

Let s, and n be the occurrence time of the i-th
pipe-break repair event and the number of repair
events during the observed period 7. Then the
maximum likelihood estimates & and B of «
and B, respectively, in Eq. (3) are obtained by solv-
ing the following equations (Rausand & Heyland
2004):



Table 1. Data of the selected district metering areas
(DMA:s).
DMA DMA 11
Tan My Street Cu xa Ngan Hang
Name Pipe type  Main Branch Main Branch
Material uPVC PE uPVC PE
Installation year 2000 2000 2003 2003
Total length (m) 6355 4610 4712 3025
Number of breaks 6 75 1 67
z n nT
N+ ————= 19)
= o l—exp(-aT)
- no
= 20
p exp(aT,) -1 20)

Similarly, the maximum likelihood estimates &
and f of aand S, respectively, in Eq. (4) are given
by:

P n

Be——o— 2D
ninT, —Z,ﬂlnsl

. n

Q= 22)

Considering Figure 2, we observe that both
models (the exponential and Weibull ROOF) are
appropriate for the repair data of both DMAs
from January 2008 to September 2016. Among
them, the coefficient of determination R> of the
Weibull model is higher than that of the exponen-
tial model. Hereafter, the Weibull model is chosen
to characterize the counting process of pipe-repair
events for both DMAs.

4.2 Impact of fuzzy costs on the optimal
renovation time without budget constraint

The pipe repair or replacement cost depends on
the the pipe material/diameter and especially on
the road types such as alley or road/route, asphalt
or dirt road. In addition, the variation of the pipe-
break detection time and maintenance time can
lead to different damage cost, including water
loss, disruption in service, and so on. Therefore,
it is difficult to expect a precise value of the ren-
ovation cost for the overall DMA or of the cost
associated with only pipe repair activities. Clas-
sical approaches normally use the most probable
value in the calculation and optimization. In this

DMA I: RZ%,, = 0.93, R, = 0.95

o
=)

" v
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Figure 2. Accumulated number of pipe repair events

from January 2008 to September 2016.

Table 2. Values of fuzzy costs.

G,(9) C,(8)

(232 525734) DMA I: (300000, 375000, 450000)

DMA 1I: (300000, 320000, 450000)

paper, we employ TFNs, =(¢;.6;, 1€, ) and
Gy =), ,¢5, ¢, ) to solve the problem

On the other hand, the risk that the annual cost
associated with repair events exceeds $20,000 is
recommended to be lower than 10%. In this section,
we will study how fuzzy costs impact on the opti-
mal decision in the case without this budget con-
straint and in the case with this budget constraint.

4.2.1 Optimal renovation time

The detailed values of the fuzzy costs are presented
in Table 2. As it is generally recommended that the
life time of an uPVC main pipe should not exceed
25 years, we run the grid search over the interval
(0, 25) years with the step of one month to find
the optimal renovation time for both DMAs. Four
cases will be examined:

e Case A: not considering fuzzy costs and budget
constraint

e Case B: considering fuzzy costs but not taking
into account budget constraint

e Case C: not considering fuzzy costs but taking
into account budget constraint

e Case D: considering both fuzzy costs and budget
constraint

Table 3 presents the optimal renovation time
corresponding to the above cases for both DMAs.
In detail, if we do not take into account the budget
constraint, the optimal renovation time in Case B
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Table 3. Optimal renovation time (years after
installation).

DMA Case A Case B Case C Case D
1 19 19.5 18.83 17.83
11 16.83 17 14.92 13.92

is longer than that of Case A. Indeed, with fuzzy
cost, the renovation time of DMA I is postponed
six months from the renovation time of 19 years
when using precise values.

However, if we consider the budget constraint,
the renovation time when using fuzzy numbers is
earlier than that with only the most probable value
used. For instance, the optimal decisions obtained
say that DMA I needs to be renovated after 14
years and 11 months from its installation. This
renovation time is one year earlier if we evaluate
with fuzzy numbers.

In the next part, we will focus on DMA 1 to
deeply study the impact of fuzzy costs on the opti-
mal decision. We also assess whether the manager
can obtain the real benefit of taking fuzzy costs
into account.

4.2.2  Improvement factor when using
fuzzy numbers

In this section, we will present a parameter, called
improvement factor in order to consider if using
fuzzy numbers brings back more benefit or not.

Firstly, we find the renovation time for the case
with or without budget constraint, using the most
probable value or fuzzy number (Tl-*,i € A,B,C.D).

Then, we sample 1000 values of the cost, which
is predicted in the interval [a, ¢] with the most prob-
able value b, and evaluate the optimal cycle life cost
per year C(T ), with i € 4, B, C, D, that is cor-
responding to every sample of the cost.

Finally the improvement factor f 7 which is
corresponding to every cost sample, is evaluated
by following equation:

(1) - C(T))

ﬁl /) C(T )

where C(7) is evaluated by Eq. (1), T,-* is the opti-
mal renovation time corresponding to case i, i, j €

{4, B, C, D}.

Impact of the most probable value of C, :

The renovation cost is assumed to be a precise
value. The cost associated with a pipe break event
is characterized by a TFN (¢, ,¢;5,¢;3) Where ¢,

and ¢, are fixed while ¢,, varies from ¢, to ¢, .
Figure 3 presents the impact of the position of the
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Figure 4. Distribution of improvement factor accord-
ing to Cbz.

most probable value in the possible area of C, on
the optimal renovation time. As C,,, increases when
¢;, goes up, the optimal renovation time is therefore
accelerated in all four Cases A, B, C, and D.

When the budget constraint is not considered,
we find that the renovation time of Case B (fuzzy
cost), is sooner than the one of Case A (precise
cost) if ¢, <(c, +¢,)/2. On the contrary, the
renovation time is postponed when cons1der1ng the
fuzzy cost if ¢, >(c, +¢, )/ 2. They are coinci-
dent if ¢, —(c,72 +c, )2

These 7" adjustments help the manager reduce
the annual cycle life cost. Indeed, considering
Figure 4a, the distribution of the improvement
factor f, 5 shows that using fuzzy numbers helps
us save 0 to 2.5% or 0 to 10% (on average) of the
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expected annual life cycle cost when the most
probable value moves from the middle point to the
left end point or the right end point of the pos-
sible area.

When considering the budget constraint, we find
that the renovation time of Case D (fuzzy cost), is
sooner than the one of Case C (precise cost) if ¢,
< 600 $. The gap is larger when the most probabfe
value ¢, approaches to the left end of the possible
value interval. When ¢, > 600, the optimal reno-
vation time in Cases C and D are almost same. If
the right end of the possible value interval is also
the most probable value, the renovation time when
considering fuzzy cost is slightly postponed com-
pared to the one of the case without fuzzy cost.

These 7" adjustments help the manager reduce the
risk that the annual cost associated with pipe repair
events exceeds the budget B. However, the annual life
cycle cost slightly increases when using fuzzy number
in this case (Figure 4b). It is necessary to balance the
satisfaction degree of the budget constraint and the
reduction in the annual life cycle cost.

Impact of the most probable value of C.:
Considering a precise value of the cost associated
with a pipe break event, the renovation cost is
characterized by a TFN (c, JCp ) where ¢ and
¢, are fixed while ¢, varies. 1gure 5 presents the
1mpact of the posrtron of the most probable value
in the possible area of C, on the optimal renova-
tion time. When ¢, goes up, the optimal renovation
time is postponed in all of the four cases A, B, C,
and D because the corresponding C, is increasing.
When the budget constraint is not considered,
we find that the renovation time of Case B (fuzzy
number), is later than the one of Case A (precise
cost) if ¢, <(c¢, +¢,)/2. On the contrary, the
renovation time is accelerated when considering
the fuzzy cost where ¢, >(c, +¢,)/2. They are
coincident if ¢, *(Cb, +cb )/ 2. These adjustments
of the renovation time help the manager reduce the

0.006 : °
0.004 : -
0.002

0.000

T T T T
325000 350000 375000 400000 425000 450000
Most probable value of C,

300000

Figure 6. Distribution of improvement factor accord-
ingto C, when do not consider budget constraint.

annual cycle life cost. Indeed, considering the fuzzy
number C,, the manager can save 0 to 0.2%, or 0
to 0.15% (on average) of the expected annual life
cycle cost when the most probable value changes
from the middle point to the left end point and the
right end point of the possible area (Figure 6).

Considering the budget constraint, as only the
cost associated with a pipe break, C,, affects on the
risk of violating the budget constraint, we find that
the renovation time of Case D (fuzzy cost) is equal
to the one of Case C (precise cost) in most cases.
Only for the case where ¢, =c¢, =$300,000, the
renovation time is sooner. However itis not caused
by the impact of fuzzy numbers but by the descrip-
tion of the optimal decision in the case without a
budget constraint.

5 CONCLUSIONS

We have examined an optimal periodic replace-
ment policy in which repair and replacement costs
are not precise. The model was used to optimize the
strategy for water pipe renovation. First, a pipe-
break repair event model was constructed from real
maintenance records of the Nha Be Water Supply
Company. Based on this model, we considered the
impact of fuzzy costs on the optimal decision and
also highlighted the real benefit of using fuzzy
numbers. It was shown that, without budget con-
straints, the use of fuzzy numbers helps reduce the
life cycle cost per year. When budget constraints
are taken into account, it is necessary to weigh the
degree of satisfying budget constraints against the
augmentation of annual life cycle costs.

In future work, hydraulic constraints may be
considered in the optimization of maintenance
policies for water pipe networks. Moreover, the
impact of the spread of fuzzy numbers, i.e. degree
of cost uncertainty, on the optimal decision will
be studied. In that case, a distance-based ranking
method, such as the Bertoluzza measure, can be
used to compare fuzzy life cycle costs in order to
find the optimal renovation time.

102



REFERENCES

Ahmad, R. & Kamaruddin, S. (2012). An overview of
time-based and condition-based maintenance in
industrial application. Computers & Industrial Engi-
neering 63(1), 135-149.

Barlow, R. & Hunter, L. (1960). Optimum preven-
tive maintenance policies. Operations Research 8(1),
90-100.

Bortolan, G. & Degani, R. (1985). A review of some
methods for ranking fuzzy subsets. Fuzzy Sets and
Systems 15(1), 1-19.

Dandy, G.C. & Engelhardt, M. (2001). Optimal sched-
uling of water pipe replacement using genetic algo-
rithms. Journal of Water Resources Planning and
Management 127(4), 214-223.

Eisenbeis, P. (1994). Modelisation statistique de la previ-
sion des defaillances sur les conduites d’eau potable.
Ph.D. thesis, Louis-Pasteur, Strasbourg, France.

Jamali, M., Ait-Kadi, D., Cléroux, R., & Artiba, A.
(2005). Joint optimal periodic and conditional main-
tenance strategy. Journal of Quality in Maintenance
Engineering 11(2), 107-114.

Kanakoudis, V.K. & Tolikas, D.K. (2001). The role of
leaks and breaks in water networks: technical and eco-
nomical solutions. Journal of Water Supply: Research
and Technology 50(5), 301-311.

Kleiner, Y. & Rajani, B. (1999). Using limited data to
assess future needs. Journal - American Water Works
Association 91(7), 47-61.

Kleiner, Y. & Rajani, B. (2001). Comprehensive review
of structural deterioration of water mains: statistical
models. Urban Water 3(3), 131-150.

Kleiner, Y. & Rajani, B. (2010). I-WARP: Individual
water main renewal planner. Drinking Water Engi-
neering and Science 3(1), 71-77.

Lai, M.-T. & Chen, Y.C. (2006). Optimal periodic replace-
ment policy for a two-unit system with failure rate
interaction. The International Journal of Advanced
Manufacturing Technology 29(3-4), 367-371.

Lai, M.-T. (2007). A periodical replacement model based
on cumulative repair-cost limit. Applied Stochastic
Models in Business and Industry 23(6), 455-464.

Le Gat, Y. & Eisenbeis, P. (2000). Using maintenance
records to forecast failures in water networks. Urban
Water 2(3), 173-181.

Liu, B. & Liu, Y.-K. (2002). Expected value of fuzzy vari-
able and fuzzy expected value models. /EEE Transac-
tions on Fuzzy Systems 10(4), 445-450.

Liu, B. (2001). Fuzzy random chance-constrained pro-
gramming. I[EEE Transactions on Fuzzy Systems 9(5),
713-720.

Mailhot, A., Pelletier, G., Noel, J.F., & Villeneuve, J.P.
(2000). Modeling the evolution of the structural
state of water pipe networks with brief recorded pipe
break histories: Methodology and application. Water
Resources Research 10(36), 3053-3062.

103

Nguyen, B.M. (2014). Optimal pipe replacement strat-
egy based on the cost function in water distribution
system using MAT- LAB programming. In The 10th
International Conference on Sustainable Water Envi-
ronment, Seoul, South Korea.

Rausand, M. & Hgyland, A. (2004). System Reliability
Theory: Models, Statistical Methods, and Applications
(2nded.). Wiley Series in Probability and Statistics.
Hoboken, NJ: Wiley.

Renaud, E., Gat, Y.L., & Poulton, M. (2012). Using
a break prediction model for drinking water net-
works asset management: From research to practice.
Water Science and Technology: Water Supply 12(5),
674-682.

Scarf, PA. & Cavalcante, C.A.V. (2010). Hybrid block
replacement and inspection policies for a multi-com-
ponent system with heterogeneous component lives.
European Journal of Operational Research 206(2),
384-394.

Shamir, U. & Howard, C. (1979). An analytical approach
to scheduling pipe replacement. American Water
Works Association 71(5), 248-258.

Sheu, S.H., Chen, Y.L., Chang, C.C., & Zhang, Z.G.
(2012). A block replacement policy for systems subject
to non- homogeneous pure birth shocks. IEEE Trans-
actions on Reliability 61(3), 741-748.

Sheu, S., Griffith, W.S., & Nakagawa, T. (1995). Extended
optimal replacement model with random minimal
repair costs. European Journal of Operation Research
85(3), 636-649.

Sheu, S.H. & Griffith, W.S. (2002). Extended block
replacement policy with shock models and used items.
European Journal of Operational Research 140(1),
50-60.

Sheu, S.H. (1992). Optimal block replacement policies
with multiple choice at failure. Journal of Applied
Probability 29(1), 129-141.

Sheu, S.H., Chang, C.C., Chen, Y.L., & Zhang, Z. (2010).
A periodic replacement model based on cumulative
repair-cost limit for a system subjected to shocks.
IEEE Transactions on Reliability 59(2), 374-382.

Wang, H. & Pham, H. (2006). Availability and mainte-
nance of series systems subject to imperfect repair
and correlated failure and repair. European Journal of
Operational Research 174(3), 1706-1722.

Wang, H. (2002). A survey of maintenance policies of
deteriorating systems. European Journal of Opera-
tional Research 139(3), 469-489.

Yager, R.R. (1981). A procedure for ordering fuzzy sub-
sets of the unit interval. Information Sciences 24(2),
143-161.

Zadeh, L.A. (1965). Fuzzy sets. Information and Control
8(3), 338-353.

Zimmermann, H.-J. (2010). Fuzzy set theory. Wiley
Interdisciplinary Reviews: Computational Statistics
2(3), 317-332.



This page intentionally left blank



Monte Carlo methods for parallel computing of reliability and risk



This page intentionally left blank



Applied Mathematics in Engineering and Reliability — Bris, Sndsel, Khanh & Dao (Eds)
© 2016 Taylor & Francis Group, London, ISBN 978-1-138-02928-6

Acceleration of multi-factor Merton model Monte Carlo simulation via
Importance Sampling and GPU parallelization
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ABSTRACT: Credit risk refers to the risk of losses due to unexpected credit events, as a default of a
counterparty. The modelling and controlling of credit risk is a very important topic within banks. Very
popular and frequently used tools for modelling credit risk are multi-factor Merton models. Practical
implementation of these models requires time-consuming Monte Carlo (MC) simulations, which signifi-
cantly limits their usability in daily credit risk calculation. In this paper we present acceleration techniques
of Merton model Monte Carlo simulations, concretely parallel GPU implementation and Importance
Sampling (IS) employment. As the importance sampling distribution we choose the Gaussian mixture
model and for calculating the IS shifted probability distribution we use the Cross-Entropy (CE) method.
The speed-up results are demonstrated using portfolio Value at Risk (VaR) and Expected Shortfall (ES)

calculation.

1 INTRODUCTION

In this paper we present a new approach to the
Importance Sampling (IS) in the multi-factor Mer-
ton model. In the standard IS approach the normal
distribution is used as a family of the IS distribu-
tions. This approach results in a decent variance
reduction but a certain level of degeneracy of
probability can be observed. The observed degen-
eracy of probability is caused by a relatively high
difference between the IS distribution chosen from
the normal distribution family and the optimal IS
distribution and it also limits the achievable vari-
ance reduction. As a correction to this problem we
use the Gaussian mixture model for the IS family
of distributions. This new approach limits the level
of the observed degeneracy of probability as well
as increases the variance reduction.

The other significant part of this paper is the
implementation of discussed models and IS pro-
cedures via CUDA on the the GPU devices. The
GPU implementation of the model enables very
fast calculation of the observed parameters (VaR
or ES) with or without the use of the IS.

First we present a short recapitulation of the
multi-factor Merton model and the terminology
used, then we state a detailed specification of the
tested model. For a deeper understanding of the
Merton model see (Liitkebohmert 2008).
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1.1

Let assume we have a portfolio of N risky loans
(exposures) indexed by n=1,...,N. We are inter-
ested in the possible defaults, which can occur in
the fixed time interval [0,7]. Let D, denote the
default indicator of an exposure n, which can be
represented as a Bernoulli random variable taking
the values

b,

We assume that the probabilities PD, = P(D, =1)
are given as a portfolio parameter.

The portion of the exposure n which can be
lost in the time of default is called the exposure
at default denoted by EAD, . For simplicity we
assume EAD, isconstantin the whole time interval
[0,T] and it is given as the portfolio parameter.

The portion of EAD, representing the real loss
in the case of default, is given by a random vari-
able loss given at default LGD, €[0,1]. The distri-
bution, the expectation ELGD, and the standard
deviation VLGD, of LGD, are given as the port-
folio parameters. The portfolio loss L, is than
defined as a random variable

Briefly about multi-factor Merton model

la

if the exposure 7 is in the default
0, )

otherwise

(M



N
Ly =Y EAD,-LGD,-D,.

n=1

(@)

Now we can define the value at risk (VaR) as p
quantile (or confidence level) of Ly,

VaR,(Ly)=inf{x e R:P(Ly > x)<1-p}

—infixeR:F, (x)2 ph 3)

where Fy (x) is the cumulative distribution func-
tion of L . And the Expected Shortfall (ES) as
a condltlonal tail expectation with the condition
x2VaR,(Ly)

ES,(Ly)= xP(Ly = x)dx

jVaR (Ly)
A )
—j VaR,(Ly )du.

1.1.1  Exposure correlation factors

In the reasonable portfolio the single exposure’s
defaults are correlated, let us outline, how the
correlation is handled in the Merton model.
We assume that every exposure has a unique
owner (obligor). Let V,(¢) denote n-th obligor’s
assets, S,(7) obligor n equity and B,(t) obligor
n bond, so

V,(t)=S,()+B,(),0<t<T. (5)
In the Merton model a default can occur only at
the maturity 7, which leads into two possibilities

1. V,(T')> B,(T): obligor has sufficient asset to
fulfil debt, D, =0.

2. V,{(T)< B,/T): obligor cannot fulfil debt and
defaults, D, =1.

Let 1, denote the n-th obligor’s asset-value log-
return #, =log(V,(T')/V,(0)). The multi-factor

Merton model assumptions to resolve correlations
between exposure defaults are:

1. r, depends linearly on K standard nor-
mally distributed risk (systemic) factors
X =(Xp, Xg).

r, depends linearly on the standard normally
distributed idiosyncratic term &, , which is
independent of the systemic factors X.

. single idiosyncratic factors &, are uncorrelated.

. asset-value log-return random variable can be

represented as r,=4,7, +1‘/1—,b’3 -&,, where

=35, 2 Xy represents exposure compos-
1te factor, /, represents exposure sensitivity
to systemic risk and weights «,, represents
dependence on single factors X.
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5. r, has standard normal distribution if condi-

tion >x 1{)/‘,\ =1 is satisfied.

Variables ¢, , and g, are assumed as a given
portfolio parameters
When PD, is given and r, has the standard
normal distributlon one can calculate threshold
=® '(1-PD,) so default indicator can be
represented as
D,=r>c,.

(©)

1.1.2  Monte Carlo simulation of multi-factor
Merton model
With previous knowledge and full portfolio speci-
fication we can now approximate the portfolio VaR
and ES via the Monte Carlo simulations. Single
exposure defaults can be directly calculated from
the systemic and the idiosyncratic shocks X and
drawn from the standard normal d1str1buti0n
N(0,1), upper index (i) indicate index of the Monte
Carlo sample. With the generated random LGD(’)
we can calculate the total random scenario loss

N
L) =Y EAD, LGDS- D).

n=1

0

The Monte Carlo simulation consisting of M
trials approximate portfolio VaR as

VaR (Ly)=min{I{) 1 y(1)) < (1= p)- M }

=i, ®)

where V(Lm) 2/ (L(/) Lm) L ) is the j-th
loss in the ascendant sorted loss sequence LY, and
ESas

> i

j=[M-p]

ES,(Ly)= ©)

M[Mp]

1.2 Tested portfolio structure specification

The most important part of the multi-factor Mer-
ton model is the structure of the portfolio (exposure
dependence on the risk factors). To obtain a portfolio
with a realistic behaviour we use a natural risk factor
construction considering the region-industry (sector)
and the direct (hierarchy) links between exposures.
Hierarchy links are represented by Hierarchy
Systemic Factors (HSF), which can be interpreted
as direct links between the exposures (for example
two subsidiary companies with a common parent
company), each of these systemic factors usually
has impact only on a small fraction of the port-
folio exposures. Sector links are represented by



Sector Systemicfactors (SSF), which can be inter-
preted as industrial and regional factors, each of
these systemic factors usually impacts majority of
the portfolio exposures. Therefore every exposure’s
asset-value log-return random variable 7, depends
on two composite factors H, (hierarchy com-
posite factor) and S, (sector composite factor)
according to following formula:

7n=gn'Hn+\)1_g§'€n’ (10)

n=\l-a S, +®,r, (11)
where H, is composite factor of hierarchy cor-
relation risk factors (HSF), g, €(0,1) is group
correlation coefficient with composite HSF, S, is
composite factor of sector correlation risk factors
(SSF), @, €(0,1) is idiosyncratic weight towards
composite SSF and ¢, is exposure idiosyncratic
factor.

Let Ky denote the number of SSF and K
denote the number of HSF. We assume that, there
are corresponding K sector composite factors
and K, hierarchy composite factors. Links (cor-
relation) between single composite factors are rep-
resented differently for HSF and SSF.

In the case of HSF we assume links between
systemic factors take form of a dependence tree
structure. Let H,,...,H | denote the unique
composite factors of HSF correspondmg to Ky
Composite factors are ordered according to a glven
tree structure and their calculation is given recur-
sively, where every node H;, has at most one par-
ent H, and specified correfation coefficient g/’ ,
see formula (12).

H : H\2 H
H(k) — {gk H([) +m€k , plky=1 (12)

& plh)=2

where &/ denotes idiosyncratic term for HSF k and
p{k) is parent mapping function. Example of calcu-
lating HSF composite factors can be seen in Figure 1.

In the case of SSF we assume links between
systemic factors take form of the full correlation
matrix. Let S(l),...,S( Ko) denote unique com-

| Hyy=eff |
|
4

|H(2):ga Hyy \/ (g5')? -

H = g3 - Hay + \/1 — (g2 el | Hyy=gi - Hp + \/1 — (gffy? - &l

Figure 1. Example of group correlation tree.

posite factors of SSF. Single composite factors
Say>--»S(k,y are defined by a given correlation
matrix ¥ and are calculated as

Sa &
Col=VE o,
Stk &

s

(13)

where é’s s denote idiosyncratic term for SSF k

Alloftheaforementlonedparameters 2, @,
HSF tree structure and correlation matrix X are
given as portfolio parameters and can be inter-
preted in the standard form of ¢, and /,
parameters, where Y5_ llf r=11s satisfied.

For tested model the LGDs are considered from
the Beta distribution with mean and standard
deviation given by portfolio parameters.

For a better illustration in the further text we
will use normalized EAD,:

N
> EAD, =1,
k=1

(14)

which express EAD, as a portion of the total port-
folio exposure.

2 EMPLOYING IMPORTANCE SAMPLING

As mentioned before, we are interested in the VaR
and the ES of the observed portfolio loss random
variable L, . The Monte Carlo approximation of
these values is highly sensitive to the stated confi-
dence level p, which is usually very close to 1. In
our study we use the confidence levels of 0.99995,
0.9995 and 0.995. For example when the confi-
dence level is 0.99995 the MC simulation of 10°
samples provides only 50 samples with the infor-
mation about VaR/ES.

One of the straightforward ways to increase the
number of samples in the region of VaR/ES calcu-
lation is to change the distribution of the portfo-
lio loss random variable so called the Importance
Sampling (IS) method. The principle of the IS can
be easily demonstrated on the ES calculation. The
ES can be represented as the conditional mean or
mean of the specific function

0, x<VaR,(Ly)
H,(x)= {ﬁ’ X2 VaRZ(LN) (>
ES,(Ly)=B(H,(Ly))
(16)

= [ H (LG Py
Q



where y are values of the random vector ¥ of
all random variables contributing to L, (idiosyn-
cratic terms, LGDs), Q is the set of the all possible
values of y, f(¥) is the joint probability density
function of Y, Ly (¥): Ly(Y)= Ly is the function
mapping y to corresponding value of L, and
£, is mean under the pdf’ f(y). If we use the IS
with the new probability distribution of L, given
by pdf g(») we can calculate original ES as

Y
i 28
[ (Bo) L8 ) (a7

—Ef(H (Ly) = ES,(Ly).

The ratio of probability density functions
w(y):= % is called the the likelihood ratio (LR)
From formula (17) we can see the natural require-

ment on g(3): H,(Ly(7))- /(7)>0= g(7)>0.
Formula (17) also provide the MC estimation of

the ES when using the IS

ESY(Ly) =~ 2 H, (L (7)) w(¥)
M
2 It

( Ly (Y2 VaRS(Ly) \W(Y)

s

(18)
where )7, is i-th sample of Y - g(y) and M is the

number of random samples. It remains to define
VaR$(Ly) as

M -(1-p)

Var(Ly)=min{ Ly (¥): p(¥,) < (1= p)- M},

(19)
where y(?i) = f (LN(Z) > Ljv(?])) w(¥)).

~.

2.1 Cross-Entropy method

We already know the principles of the IS and have
the IS estimators of VaR and ES, but a new IS pdf
g(y) is still unknown. The most straightforward
method for the estimation of g(y) is to minimize
the variance of the ES IS estimator:

] , (20)

)
where S? (X)) denote variance according to pdf v(¥)

g(¥)=argmin {S*| H(L\ (Y )| ==
5 ( N( )) V(Y)
and Xisan arbitrary system of the pdfs fulfilling the

v(y)eX
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condition y(y): H,(Ly(¥) f(¥)>0=v(y) >0
This approach is called variance minimization
(VM) method. Usually the VM method leads to
very difficult problems, which have to be solved
numerically.

Another approach to obtain the IS pdf g(y) is
the Cross-Entropy (CE) method. The CE method
similarly to the VM method solve a minimization
problem, but instead of minimizing the variance
it minimize the Kullback-Leibler (KL) diver-
gence D(g",v) with the optimal (zero variance) IS
distribution

@1
Ef(\H U
87 =argmin{ D(g" (M)}
v(y)eXx
—argmm{J ¢ () @df}
wWy)eXx (y)
~argmin{|_|H,(Ly (7)) f (D) av(F)a7 ).
Wy)eX

(22)

To obtain a solvable problem, we need to add
some constrain to the system of pdfs X. Usual
choice is a parametrized family of pdfs:
X ={(x;0)Voeo}, (23)
where v(X;0) is pdf taking vector of parameters
fand ©:={4: H,,(LN() ) f(¥)>0=v(y;6)>0}.
Obtained minimization problem is usually concave,

therefore we can replace the optimization problem
with the following equation

o [|H (LY f GV mvF:0dy =0 (24)
Q

To solve the problem (24) we use the Monte
Carlo simulation:

(25)

T M§

H(Ly ()|Vy In(¥;6) =

this is called the Stochastic Counterpart (SC) of the
problem (24). Note that (25) is usually a system of
non-linear equations, but for some pdfs results into
an explicit solution.

In this paper we focus mainly on the IS of idi-
osyncratic terms of the systemic factors (HSF and
SSF). Therefore to simplify the notation of the ran-



dom vector Y of all random variables contributing
to Ly will be in further text understood as a vector
of K+ K independent standard normal random
variables. LGDs or other random variables will be
still part of Y, but the IS won’t affect them.

Now if we consider X as a system of K¢+ Ky
independent normally distributed random vari-
ables parametrized by mean and variance, we will
get the following solution of problem (25):

B pr(L}‘V(Z-))](Z)
= 1=IM (26)
Y |H ))\
i=1
M o (e Y
Yy H,,<L'zv(Yi>)\[(Y,) -4
j = Vi @D

>

i=1

H (L )

52 N
is the SC approximation of mean,

where ,u R
! J is j-th

variance of J- Lth component of ¥ and
component of i-th MC sample.

2.2 Gaussian mixture model

In the end of previous part we presented formulas
for calculating the “optimal” IS distribution in the
family of normal distributions. This approach is
commonly used for the IS in the multi-factor Merton
model, see for example (Glasserman & Li 2005). The
choice of the IS family of distributions as normal
distributions is not always optimal and can improved
by more complex IS family of distributions.

The IS family of distributions examined in this
paper is the family of the Gaussian mixture dis-
tributions, the same approach in different appli-
cation can be found in (Kurtz & Song 2013). The
Gaussian mixture random variable is defined as
a weighted sum of different normal random vari-
ables. The pdf of the Gaussian mixture random
variable can be expressed as

Zpr fo/Il" 1/’ (28)

g(x:p.p.0)

where [y (x;4,0;) is the pdf of the normal distri-
bution with the mean ¢ and the variance o; and
Ipl,=Z%; p; =1. New IS Gaussian mixture joint

pdf of Y will be

Kot+Ky
g (xip.mo)= [ glx;p.z.0).
i

(29)
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where p,z, 0 are matrices of K¢+ Ky columns
of parameters p;.#;,0;. Therefore the system of
pdfs for the IS is

X:= {gy (v:7.2.8):|p;| =10, > 0}~ (30)

Because the support of the pdf of the normal
distribution is R , the condition f(¥)>0= gz(X;
p.#.0)>0 is fulfilled. Since the components of
& (X:p. 2 5') are independent, the problem (24)
reduces into K + K, systems of non-linear equa-
tions. Therefore together with the condition H 'z H =1

s+K,; Vi=1,.

Vg

we will receive Vj=1,.

M _ _
I;‘HP(LN (Ykn‘ﬂ’k j,i(yk)j
M= - M
/ ;‘Hp(Ljv(Yk))‘ﬂ’k;z
M ) ( 2
S |0 (L Y, ‘””L )/—/1,-,,-]
o2 = k=l
sl M _ (31)
E‘H,,(Lﬁv (Ykn‘}/k,j,i
3o, 13(72) )
i = k:IM P ’
3, (1)
where
Pji S [()Tk)j;/lj,i’o-j,i]
Yrji = (32)

[(}Tk)j}#j,, > 0},;]

We obtain K+ K, systems, each represent-
ing a problem of approximation of the Gaussian
mixture from data sample. This sub-problems
can be solved for example by EM or K-means
algorithm see (Bishop 2006, Redner & Walker
1984).

But the computation effort of the system (31)
will be significantly smaller if we have an informa-
tion from which component of g(xj,p],/l],

(ijl generated. Let Z; ; denote Bernou{h

vector of identificators, such as

e

0, otherwise

Z Pji I
i=1

A,//jl,a],)

(33)



One can show that if we know the values of Z ;,
then 73 ;; (zk Therefore the system (31)
results in explicit solutlon of the problem (24).

2.3 Objective function for component
identification

In the previous part we constructed formulas for
the calculation of the IS Gaussian mixture distri-
bution. These formulas depend on the knowledge
of the sample’s source component z; i but this is
not easily obtainable information. In this part we
propose a numerical approximation of Z ; based
on model behaviour.
First let’s consider a set of K¢+ K;; functions

N
ZEAD:' ‘Di(J_’)‘ﬂi 2N
= < . (3%
max {,[)’ }Z EAD; - Di(y)
i-1

i=l,.

v;(v)=

where f,a; ;,EAD; are portfolio parameters of

exposure i and D;(y) is the default indicator of
exposure i under the vector of all idiosyncratic
shocks y . In the case of no defaulting exposure
the function y;(y) yields 0. It can be easily shown
that 0<y,(¥)<1.

To_demonstrate a link between Z; and
v, (Yk) let’s consider portfolio containing a com-
ponent j with huge impact on L, . In Figure 2 we
show dependence between component idiosyn-
cratic shock X ; and () under the condition
Ly 2VaR,(Ly) . From the study of the aforemen-
tioned flgure we can conclude, that:

e X, distribution under the condition L, 2
VaR,(Ly) consist of multiple components,

o (V) separate these components by it’s value,
in other words we can assume

(vl e lana)) = ((Zs),=1)

where 0=¢, <& <a,,,=1 (n denote number
of the Gaussian mixture components) are some
known values.

Numerical justification of the assumption
(35) can be seen in Figure 3, where we can see
the histogram of the simulation of X, distribu-
tion under the condition Ly 2VaR,(Ly) and
it’s approx1mat10n by the 3 component Gaussian
mixture in comparison with approximation by the
normal distribution. Approximation by the Gaus-
sian mixture was obtained by using the objective
function v;(¥) and the pre-calculated bounds

=0,a,= iy 4;=08,a, =1. Other fact beside

(335)

idiosyncratic shock

0 0.2 0.4 0.6 0.8 1
value of obiective function

Figure 2. Approximation of dependence between
y;(y) and X .

4
)

A
3 comp. Gaussian mixture approx. ‘
— — — Normal distribution approximation
[ simulated data histogram

o
13

e
»
T

probability density
o
w

idiosyncratic shock value

Figure 3.  Approximation of X . distribution under the
condition L, >VaR,(Ly) by 3 component Gaussian
mixture.

very good approximation obtained from the pro-
posed procedure is that the approximation obtained
by the normal distribution differ significantly from
the approximated distribution. Note that X'; dis-
tribution under the condition Ly =VaR (LN) is
an optimal distribution found by the CE method
for H,(x) —(x 2VaR,(Ly)).

Since we want to calculate both VaR and ES,
the CE problem formulation based on H ,{(x)
given by (15) does not have to be optimal. The VaR
approximation can suffer if the CE method favours
samples with very high value of loss and disfavours
those close to VaR,(Ly) bound. Therefore we will
use

H,(x)=(x2VaR,(Ly)), (36)

which give all samples with L,
weight.

Till now we haven’t dealt with bounds «; cal-
culation. Generally it can be a difficult problem,
but y; (¥) component recognition is not sensitive
to small changes of «,, therefore rough approxi-
mation is sufficient. Such computationally feasible
sufficient approximation can be obtained by mini-
mizing (by e.q. line-search methods) difference
between MC sample of X distribution under

2VaR,(Ly) same
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the condition Ly =VaR,(Ly) and the Gaus-
sian mixture obtained using y;(¥) component
recognition.

2.4 Adaptive CE method for IS calculation

So far we have constructed formulas for calculating
the Gaussian mixture IS, stated the optimal form
of the function H ,(x) in (36) and constructed an
instrument for the Gaussian mixture j-th compo-
nent identification using objective function () .
But the single calculation from M MC samples
would result in the poor approximation, if the M
was not high enough. The sufficient number of the
MC samples for stable and precise approximation
of the CE problem is comparable with the number
of MC samples for sufficient approximation of
VaR/ES. This would make the whole IS princi-
ple useless, because it won’t bring savings in the
computational time/effort. Solution to this incon-
venience is iterative process, slowly shifting the IS
distribution to the CE method optimal one.

The formulas for the CE method SC (31) can be
modified by using the IS during the SC process:

51, (7 o )5 )

J

T S,

S (7))
T S,
Sl

T S

(37

where ¢ denotes iteration, (Z; ;); denote if the
i-th component of j-th systemic factor’s Gaus-
sian_mixture was the source of the sample &,
H,(Y,):=(Ly(Y,)2VaR,(Ly)) and

A
8y (Vk:ﬁt—bﬁt—h 5'171) ,

w| Yy (38)

where f(YkJ is the pdf of nominal distribution
(joint distribution of the independent normal dis-
tributions) and gy{Y,:p,_\.#,_,0,_ ) is the pdf of
IS Gaussian mixture distribution given by param-
eters approximated in the iteration £ —1.
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In the definition of H ,,(17,{) is still present
the unknown value of VaR,(Ly), which can be

replaced by it’s approximation VaRff’( Ly) from
t-thiteration. The last obstacle is that the H Y
will be for most samples zero and the iteration
process will crash at the beginning. The solution
to this is the replacement of the confidence level p
by a sequence of p; which is at first few iteration
significantly lower than p and at the and of itera-
tive process equals p.

All of the previous observations lead to algorithm
1. Obtained algorithm can be further enhanced for
example by the Screening method or by the adap-
tive smoothing parameter sequence see (Kroese,
Taimre, & Botev 2013, Rubinstein & Kroese 2013,
Rubinstein & Kroese 2011).

3 IMPLEMENTATION AND GPU
PARALLELIZATION

The serial Matlab implementation is a straight-
forward interpretation of the multi-factor Mer-
ton model with the Matlab built-in functions. The
whole simulation (all of the MC samples) can be
calculated at once without the use of loops. Most
computationally expensive parts of the simula-

Algorithm 1 Adaptive iterative calculation of the CE
problem

Inputs: py, fry, 0o, for every systemic factor j se-
quence of bounds a; < ... < ay,41, Smoothing param-
eter « € (0,1), sequence of py, P2, ..., Pis Dy Dy - - - SE-
quence of sample sizes My, sett =1

1. Simulate M; samples Y;,...,Yy, from the
Gaussian mixture distribution given by param-
eters D, ,, M, ,, 01 1, calculate VaRyy (Ly),
Hpt (Yk) , W (Yk) 7Ek,j v_j

. Calculate p,_,, it,_,, 01 using formula (37).

. Update parameters:
P =a-p+(l-a) “Pi1s
Bp=a-py g+ (I—a)-m
gi=a- 01+ (1—a) 711

. If some stopping condition is fulfilled (e.g.
Dis 4y, 0t X Py, By, 0¢—1) return the approx-
imation of optimal parameters p,, ft,, 0, if not
sett =t + 1 and go back to step 1.

Note: sequences p; and M, should be calculated in-
side the iterative process with respect to current sam-
ple Yi,..., Yy, (e.g. from the position of sample rep-

resenting VaRy! (Ly) in sorted sequence Ly (Y1)




tion can be calculated by very well optimized
Matlab matrix functions and therefore this imple-
mentation can serve as a good comparison tool
of the performance efficiency for further GPU
implementations.

3.1

As was already mentioned the simulation of the
multi-factor Merton model consists of many MC
samples, that are mutually independent. This is
suitable for a massively parallel computation hard-
ware such as the GPU device.

GPU parallelization

3.1.1 Shortly about GPUs

Let us very shortly outline main param-
eters of GPUs, which are crucial for model
implementation:

e GPUs consist of many (in current devices in
order of thousands) computation cores, grouped
into streaming multiprocessors (SM), communi-
cation between single cores is strictly restricted
to groups belonging to one SM unit. Execution
of CUDA kernel (parallel GPU implementa-
tion) must mirror this structure and we must
specify block size (how many threads per SM
will run) and grid size (how many blocks will be
executed).
There are four basic types of memory on the
GPUs:
— global memory: main storage memory, large,
high latency (thread waits long time before
get the data), must be accessed in pattern (i-th
core access i-th element) to obtain reasonable
utilization of bandwidth
shared memory: small, shared between cores
in one SM, low latency
constant memory: small, can broadcast con-
tent of array among all cores
registers: cannot be directly accessed, sepa-
rated for every core, very fast, buffer some
small local variables

For software implementation on GPU we use
the NVIDIA CUDA technology. For further infor-
mations see (NVIDIA 2015).

3.1.2  GPU implementations overview

When implementing multi-factor Merton model we
decided to create multiple implementations, which
can benefit from different type of portfolios:

e “base” GPU implementation: straightforward
interpretation of the model, single threads per-
form single MC samples in the same way as the
serial implementation,

“sparse” GPU implementation: similar to “base’

implementation, but the matrix of ¢; ; coeffi-

i
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cients is handled in sparse format (only column/
row index and value of non-zero elements is
stored)

“specialized” GPU implementation: is applica-
ble only on specialized type of portfolios which
use systemic factor grouping into SSF and HSF,
implementation fits the mathematical descrip-
tion in subsection 1.2 (correlation matrix of SSF
is stored in constant memory).

Finally some remarks shared by all GPU
implementations:

e usage of shared memory buffering - as all cores
need the same portfolio data, we can (by selected
cores) copy the data from global to shared mem-
ory (which is much faster than global),
generating random numbers from normal or uni-
form distribution is done by cuRAND library,
compiled with -use_fast_math tag, which
decreases precision of math functions in favour
of speed

Beta random number generator is not present in
the cuRAND library, therefore we implemented
own procedure based on rejection-sampling
method see (Dubi 2000, Kroese, Taimre, &
Botev 2013).

4 NUMERICAL RESULTS

In this section we test all of the aforementioned
procedures and implementations. First we examine
the behaviour of the GPU implementations and
then we look at the variance reduction achievable
by the proposed Gaussian mixture IS.

4.1

As was mentioned before we implemented three
different approaches to simulate the multi-factor
Merton model. Now we test their behaviour in
comparison with the Matlab serial implementation
on three different scenarios.

1.

GPU acceleration

increasing number of the systemic factors which

impacts majority of exposures (SSF), majority

of corresponding «; ; are non-zero

. increasing number of systemic factors which
impacts a small fraction of exposures (HSF),
majority of corresponding ¢; ; are zero

. increasing number of exposures

All tests were performed on Intel Sandy Bridge
E5-2470 processor (294.4 Gflops, 38.4 GB/s) and
NVIDIA Kepler K20 accelerator (3520 Gflops,
208 GB/s), the serial Matlab implementation uses
double precision and the GPU implementations
use single precision. The theoretical performance



benefit of GPU implementations is 192 x (single
core + double precision vs. all GPU cores + single
precision) and the theoretical memory bandwidth
benefit of the GPU implementations is 11 x (dou-
ble vs. single precision).

4.1.1 Increasing number of SSF

This test is designed to test implementation’s
behaviour when the number of systemic factors
increases while matrix of ¢; ; coeflicients becomes
more dense. We use the sequence of portfolios with
1000 exposures, 100 HSF and the sequence of (16,
25, 36, 49, 64, 81, 100) SSE. The density of matrix
of ¢ ; coefficients rises from 16% up to 51%. The
scaling results can be seen in Figure 4.

From results we can observe following

e “specialized” GPU implementation’s speed-up
drops from factor 515 x (for 16 SSF) to factor
209 x (for 100 SSF),

e “sparse” GPU implementation suffers the most,
the speed-up drops from factor 77 x (for 16
SSF.) to factor 16 x (for 100 SSF), this could be
expected because size of sparse interpretation
equals 3 X number of non-zero elements.

e “base” GPU implementation speed-up drops
from factor 35 x (for 16 SSF) to factor 19 x (for
100 SSF).

The drop in performance of all the GPU imple-
mentationsis caused by the increasing memory com-
plexity, which bounds the computation utilization.

4.1.2  Increasing number of HSF

The second test is designed as the counter example
to the first one. Now we test the sequence of port-
folios with 1000 exposures, 25 SSF and sequence
of (100, 200, 400, 800, 1600) HSF. The density of
matrix of «;; coefficients decreases from 22%
down to 1.7%. The results can be seen in Figure 5.

T T L— T T T T T

== Matlab serial

= © = GPU specialized
——GPU

105k [ GPU sparse form. |

time per sample [s]

6064 70 81 920 100

1620 25 30 3640 49
number of SSF

Figure 4. Implementations scaling based on rising
number of high impact systemic factors.
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From results we can observe following

e “specialized” GPU implementation speed-up
rise from factor 537 x (for 100 HSF) to factor
1001 x (for 1600 HSF),

e “sparse” GPU implementation benefits the most,
speed-up rise from factor 51 x (for 100 HSF) to
factor 287 x (for 1600 HSF), this could be again
expected because number of non-zero elements of
matrix of ¢; ; coefficients does not increase much.

e “base” GPU implementation speed-up drops
from factor 32 x (for 100 HSF) to factor 18 x
(for 1600 HSF).

The drop in performance of “base” GPU imple-
mentation is caused again by the increasing mem-
ory complexity, because it does not take in account
the sparsity of matrix of ¢; ; coefficients.

4.1.3  Increasing number of exposures

The last test serves as insight of the implementa-
tions behaviour when applied on the very large
portfolios. We test the sequence of portfolios with
25 SSF, 100 HSF and sequence of (1000, 2000,
4000, 8000, 16000, 32000) exposures. The results
can be seen in Figure 6.

From results we can observe following

e “specialized” GPU implementation speed-up
rise from factor 537 x (for 100 exposures) to fac-
tor 784 x (for 3200 exposures),

e “sparse” GPU implementation speed-up is
approximately 50 x for all tested portfolios,

e “base” GPU implementation speed-up is
approximately 30 x for all tested portfolios.

All of the GPU implementations exhibit good
scaling when the number of exposures rises, even
more the “specialized” GPU implementation ben-
efits from the large portfolios.
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4.2 IS variance reduction

In this part we examine the variance reduction
achievable by the IS. We compare the standard IS
approach using the family of normal distributions
and the IS with the Gaussian mixture family of
distributions.

4.2.1 Portfolio parameters specification

For numerical tests we constructed four different

portfolios according to the structure mentioned

in section 1.2. Each of the constructed portfolios

con51sts of N =10* exposures, Ky =25 SSF and
K, =600 HSF. Properties which are shared by all

of the constructed portfolios are

o EAD,=i" /XY, %,

PD, =0.001+0.001-(1- N),

e the distribution of LGDs is Beta distribution
with mean ELGD, =0.5 and standard devia-
tion VLGD, =0.25 for all exposures,

o the structure of HSF correlation is defined by the
treetemplateshownin F1gure7 duplicated 60 times,
correlation coefficients gi = 0.9,Vk =1,...,K,;.

e the SSF correlation matrix is defmed by 5
region and 5 industry factors, each SSF repre-
sent unique combination of the region and the
industry. Correlation between two SSF is 0.2 if
they share same region, 0.15 if they share same
industry and 0.03 otherwise.

e exposures are assigned to a composite SSF/

HSF randomly by defined probabilities

PP =I(S, =S5;) and pf =P(H, = Hy,) -

Single portfolios differs in exposure assignation
to SSF, HSF and coefficients g,.®, .

Portfolio 1. p; ~ In N (0,0.5) and normalized, p’ ~
In N (0, 10) and normalized 2,=09,0,=0.5.

Portfolio 2. pk = A L pl = K - 8,=09,8,=0.5

Portfolio 3. p; ~ In N(O 0.5) andnormalized pi~
In N (0, 10) and normahzed g,=05m,=09
Portfolio 4. p; _k—,p,ffz 28, =0.50,=09

Portfolio 1. represents a portfolio with clustered
exposures (large groups of exposures with the
same HSF/SSF composite factor) with high
dependence on the systemic factors.

Portfolio 2. has the same level of exposure depend-
ence on the systemic factors as portfolio 1., but
exposures are equally distributed among the
HSF/SSF composite factors.

Portfolio 3. has exposures clustered as in portfolio
1., but the level of exposure dependence is as
low as in portfolio 2.

Portfolio 4. has exposures evenly distributed as
portfolio 2. and low level of exposure depend-
ence as in portfolio 3.

4.2.2  Variance reduction in comparison with the
standard approach
Beside different portfolios we also test different lev-
els of confidence level p €{0.99995,0.9995,0.995} .
First lets examine VaR and ES of selected port-
folios and confidence levels, VaR/ES calculated by
MC using 107 samples are listed in Table 1.
Measured levels of VaR, ES shows that the
lower level of exposure dependence and even dis-
tribution of exposures leads to the lower value of
VaR,ES. This can suggest, that the IS for portfolio
3. and 4. could be less effective. The impact of con-
fidence level is predictable, the IS effectiveness will
be lower for lower confidence levels. This is caused
by reducing rarity of samples providing informa-
tion about VaR, ES and therefore no large change
of the distribution is needed.

Table 1. Tested portfolios VaR and ES.
Confidence level p
Characteristic ~ Portf. idx.  0.99995 0.9995 0.995
VaR 1 0.0371  0.0251 0.0129
2 0.0291  0.0203 0.0123
3 0.0057  0.0041 0.0027
4 0.0051  0.0038 0.0026
ES 1 0.0417  0.0304 0.0181
2 0.0332  0.024 0.016
3 0.0065  0.0048 0.0033
4 0.0058  0.0044  0.0032
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Table 2.

Measured variance of Crude MC, IS normal dist. and IS 3 comp. Gaussian mixture (10° samples, 1000

simmulations).
Crude Monte Carlo IS normal distribution IS Gaussian mixture
Confidence level p Confidence level p Confidence level p
Char. Portf. idx. 0.99995  0.9995  0.995 0.99995  0.9995 0.995 0.99995  0.9995  0.995
VaR 1 4.95e-07 6.21e-08 4.88¢-09 6.40e-09  2.42¢-09 6.96e-10 6.71e-10  4.93e-10 1.90e-10
2 3.41e-07 2.10e-08 2.95e-09 4.98¢-09 1.01e-09 6.39¢-10 5.47e-10  1.59e-10 1.50e-10
3 1.14e-08 7.63e-10 5.73e-11 8.62e-11  2.33e-11  6.14e-12 2.8le-11  1.2le-11 4.79e-12
4 7.34e-09  6.02¢-10 4.64e-11 8.3le-11  2.23e-11  5.77e-12 2.3le-11  9.36e-12 4.25¢-12
ES 1 8.64e-07 1.02e-07 1.05e-08 4.24e-09  1.17e-09 4.65¢-10 5.06e-10  3.69e-10 2.02e-10
2 6.99¢-07  6.03e-08 5.25e-09 2.78¢-09  9.70e-10  3.37e-10 3.66e-10  1.53e-10 8.00e-11
3 2.81e-08 1.89¢-09 1.42e-10 6.88e-11  1.90e-11 5.17e-12  2.05e-11  1.00e-11 4.0le-12
4 1.61e-08 1.37e-09 1.13e-10 7.12e-11  1.99e-11 4.52e-12  1.73e-11  7.84e-12 2.96e-12

[ Gaussian mixture dist.
[ INormal dist.
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Figure 8. Variance reduction achieved by IS: Gaussian mixture and normal distribution.

Let’s proceed to the testing of the variance
reduction. In Table 2 we can see the variance of
all combinations of tested confidence levels and
portfolios for the plain (crude) MC simulation, the
IS using the normal distribution and the IS using
the Gaussian mixture. The variance is calculated
as an empirical value of 1000 simulations consisted
of 10° samples.

For more illustrative view of achieved variance
reduction see Figure 8. Figure shows a compari-
son of the variance reduction between the stand-
ard and the Gaussian mixture approach for all
confidence levels and portfolios combinations.
Clearly the IS using the Gaussian mixture achieve
better variance reduction in every test, this was
evident because the normal distributions family
is a subset of the Gaussian mixture distributions
family.

For exact comparison of the two IS approaches,
see Table 3. Table shows ratios of the variance
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Table 3. Variance reduction ratio Gaussian mix./nor-
mal dist.
Confidence level p
Characteristic ~ Portf. idx.  0.99995 0.9995 0.995
VaR 1 9.54 4.90 3.65
2 9.10 6.35 4.26
3 3.06 1.91 1.28
4 3.58 2.38 1.35
ES 1 8.37 3.16 2.30
2 7.59 6.34 4.20
3 3.35 1.88 1.28
4 4.11 2.54 1.52

reduction between the IS using the normal distri-

bution and the IS using the Gaussian mixture.
The improvement of the IS by using the Gaus-

sian mixture is given by the presence of systemic



factor with very high impact on loss L, . These
components can be found mostly in the portfolio 1.
and 2., therefore in these portfolios we obtain the
best improvements in the variance reduction. Sam-
ple of such component was presented in Figure 3.

5 CONCLUSION

The objective of this paper was to speed-up the
multi-factor Merton model MC simulation. This
was fully accomplished by the GPU implementa-
tion and the IS application.

We presented three different GPU implemen-
tations, each better for different purpose. Two of
the GPU implementations solve the general multi-
factor Merton model with speed-up against serial
model in range of 19 x to 287 x depending on
structure of portfolio, see section 4.1. Third GPU
implementation was specialized, taking input in
form of structure described in section 1.2. This
implementation achieves speed-up in range of 209
% to 1001 x depending on the portfolio structure.

For the IS we proposed a new approach using
the Gaussian mixture distribution. Using this
approach we achieved a significant variance
reduction improvement for the certain portfolio
structures, see section 4.2.2. In comparison to the
standard IS approach we got from 9.5 x to 1.3 x
better results. The total achieved variance reduc-
tion was up to 1911 x for the ES calculation and up
to 737 x for the VaR calculation.

The combination of the IS and the GPU imple-
mentation can bring a speed-up of the standard
serial MC simulation in orders of hundreds of
thousands for portfolios with high dependence on
systemic factors.
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Highly reliable systems simulation accelerated using CPU and GPU
parallel computing

S. Domesova & R. Bris
VSB—Technical University of Ostrava, Ostrava-Poruba, Czech Republic

ABSTRACT: Highly reliable systems simulation is a complex task that leads to a problem of rare
event probability quantification. The basic Monte Carlo method is not a sufficiently powerful technique
for solving this type of problems, therefore it is necessary to apply more advanced simulation methods.
This paper offers an approach based on the importance sampling method with distribution parameters
estimation via the cross-entropy method in combination with the screening algorithm. This approach is
compared to another one based on the Permutation Monte Carlo method particularly in terms of the
achieved variance reduction. The paper also explains, how to apply these simulation methods to systems
with independent components, that can be represented by the use of the adjacency matrix. A new gen-
eralized algorithm for the system function evaluation, which takes into account an assymetric adjacency
matrix, is designed. The proposed simulation method is further parallelized in two ways, on GPU using
the CUDA technology and on CPU using the OpenMP library. Both types of implementation are run

from the MATLAB environment, the MEX interface is used for calling the C++ subroutines.

1 INTRODUCTION

Highly reliable systems can be found in many
branches of engineering, typical examples include
communication networks, production lines, stor-
age systems, etc. The computer simulation helps to
ensure almost flawless operation of these systems.

This paper offers an innovative approach to
the simulation methodology usable for reliability
quantification of highly reliable systems with inde-
pendent components. This approach uses a static
model of the simulated system, however it can also
be utilized while simulating the system operation
over a long period of time. Generally the approach
can cover the following situations:

1. A static system simulation. The values of prob-
ability, that the individual components are
operational, are given. Based on these values,
the system reliability (i.e. the probability, that
the whole system is operational) is estimated.

2. A dynamic system simulation. When simulating
the system operation over a period of time, it is
assumed, that the time dependent components
reliability follows a proper probability distribu-
tion. In specific time points within the studied
period, components reliabilities are computed
to be than used for the system reliability quan-
tification, the problem can simply be converted
to the situation 1. For example when the opera-
tion of a component is modelled using two ran-
dom variables time to failure and time to repair,

both following the exponential distribution, the
well-known formula

M A _(uray
plt)= +——e 1

(seee.g. (Dubi 2000)) can be used to calculate the
probability, that the component is operational
in a given time ¢, A stands for the failure rate, u
stands for the repair rate and it is assumed that
p(O) =1. The reference (Bri§ 2007) offers other
component models, for example for the case,
when the component subjects to more than one
type of failure, or the case, when the time to fail-
ure follows the log-normal distribution.

3. A steady state simulation. If the steady state of
the system is studied, the input values of the
problem are the values of probability, that the
components are operational in the infinite time.
Therefore the problem is also convertible to the
situation 1. In the aforementioned case of the
random variables time to failure and time to
repair following the exponential distribution,
this probability is given by

ple)=lim p(1) =5, @)

In the case of highly reliable systems, the prob-
ability of the system failure is very low, therefore



the system simulation leads to the problem of rare
event probability quantification.

1.1

Consider a system of 1 (n € N) components. Each
component remains in one of the two states, opera-
tional or failed. The state of the system is described
by the state vector b= (bl .. A,bn), its elements repre-
sent states of the components. If the ith compo-
nent is operational, b, =0, and if it is failed, b; =1
. Furthermore it is necessary to define the system
function H. This function returns 0, if the system
is operational for a specific state vector b, and oth-
erwise H(b)=1.

The stochastic properties of the system are
described by the random vector B = (BI_,. . .,Bn),
where the random variable B, is assigned to the ith
component. The probability distribution of B, is
Bernoulli with the parameter p,, i.e. ]P’(Bi = 1) =p;.
Event B, =1 indicates the failure of the ith compo-
nent, whereas B, = 0 indicates the operational state.
Actually the vector p = ( Plo-s pn) is a vector of the
unreliabilities of the components.

System availability is defined as probability, that
the system is operational. However when dealing
with rare event probabilities it is more suitable to
formulate the problem as calculating the unavail-
ability of the system, i.e. the probability ¢ that the
system is not operational. Obviously ¢ = E(H (B))
holds.

System specification

2 SIMULATION METHODS

A system of n components, a system function H
and a vector p of components unreliabilities are
given. The aim is to estimate the probability ¢ .

2.1

When a basic Monte Carlo (MC) approach is
used, we first generate N ( N € N ) samples of the
random vector B and therefore we obtain random
samples By,...,By. The value of ¢ is then esti-
mated as

Monte Carlo

. 1 &
fMC:Nl; H(Bk)' (3)

It’sanunbiased estimatorof 7, E(EMng 7, how-
ever this approach is not suitable for highly reliable
systems (Kleijnen Ridder & Rubinstein 2010).
For the Varlance of 7, Wwe can easily obtain
Var(/MC) =0’ /N, where o =Var(H(B)).
Using the central 11m1t theorem we can determine
a 1 — aconfidence interval for ¢ as
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(A 2 Tz LJ 4)
fme ™ A1 V,W%Mc =5 IN )
where o usually equals 0.05 or less in practical

applications and z,_ z denotes the (1——) -quan-

tile of the standard normal distribution. Number
of samples required to achieve the predetermined
accuracy € with probability 1- ais

®)

©lR

Example 1. Consider an example of rare event
probability estimation. Determine the number
of samples required to estimate the value of /
with accuracy &£=0.1-/ and with probabﬂlty
1 —o =095 In thlzs case o> =/{—(*, therefore
Ng—(/—fzJL o ”] =384-(1~1). For £=107"
it is necessary to perform more than 3.84 - 10"+
samples, which would be excessively time consum-
ing especially for complicated systems and high
values of m. (The value of m equals 4 and more for
rare event probabilities.)

The previous example shows the need of using
variance reduction techniques, that allow achieving
the same accuracy when performing a significantly
lower number of samples.

2.2 Importance sampling

For variance reduction the Importance Sampling
(IS) technique can be used. Random samples
B,....,B, are generated from a different distribu-
tion and the value of 7 is then estimated as

B,)
B,)’

where fis the original probability density function
of random vector B (called nominal pdf) and g is
the probability density function, from which the
samples were generated (called IS pdf). The ratio
S{)/g()=w{) is often called the likelihood
ratio. The IS pdf must satisfy the condition

g{x)=0= H(x)f(x)=0,

) =i§H(B )f( 6)
l1s Nk:l k g(

N

see for example (Rubinstein & Kroese 2011,
Kroese, Taimre, & Botev 2013). The principle of
this technique is simple, but it can be difficult to
find an appropriate IS pdf, which will lead to a
massive variance reduction.

It is not a rule, but it is usual to select an IS pdf
from the same family of distributions as the nomi-



nal pdf comes from. In this case the nominal pdf
is a joint probability density function of a multi-
variate Bernoulli distribution with independent
variables, therefore it is a product of the probability
density functions of random variables B,,...,B,. As
the IS pdf we will also use a product of Bernoulli
probability density functions, so the key issue is to
find appropriate parameters ¢;,...q, of the new
Bernoulli distributions. This can be done using the
cross-entropy method (Rubinstein & Kroese 2013).

2.3 The Cross-Entropy method

The Cross-Entropy (CE) method offers an effec-
tive way to find an IS pdf g for which the variance
of the estimator (6) is small. This method is based
on the minimization of the Kullback-Leibler diver-
gence between the unknown IS pdf and theoretical
optimal IS pdf, which is explained thoroughly by
(Rubinstein & Kroese 2013). For this purpose it is
sufficient just to briefly outline the method.

It is assumed that the nominal pdf f has the
form f(;p) and the IS pdf belongs to the same
parametric family, i.e. g= f (~;q). It can be shown
that the aforementioned minimization is equiva-
lent to the maximization of E,(H(B)ln f(B:q))
according to vector ¢. The requested vector

argmaxE, (H(B)In /(B:q))
qe0

®)

can naturally be estimated using the MC method
as

N
q:argmax%ZH(Bk)lnf(Bk;q), )
k=1

q

where B,,...,B, are random samples generated
from the nominal pdf f(-; p).

In the case of the distributions from the expo-
nential families (for example Bernoulli or expo-
nential) the stochastic program (9) has a simple

solution. The elements of the vector q = ‘11’ g,
can be computed as
N
R _ H(B,)B,
= (Bo)By o, (10)

i

Zk 1H(Bk) ’

where B,, means the ith coordinate of the vector B,
(Kroese, Taimre, & Botev 2013).

There is also a possibility to use the CE method
as an iterative method and gradually refine the
vector of parameters of the IS pdf. The iterative
version for the distributions from the exponential
families is given by the following Algorithm 1.
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Algorithm 1 Cross-entropy iterative method

Inputs: sample size IV, vector p of parameters of the
nominal pdf, functions f and H, stopping criterion
(e.g. a predetermined number of steps).

1. Choose the initial vector q(?), for example q(©) =
p.Setj=1.Setl ={1,...,n}.

. Generate the samples By, ..., By from the pdf

£ (qu).
. For all ¢ € I compute the elements of the vector
q = <q< . (J))

»qn
) w (Bk:'-,P7 q(jil)) Bki
)

Yl H (By
SN H(B) W (By:p,qi-!
where W (;p,q) = f (:2) /f (; ).

. If the stopping criterion is not fulfilled, continue
with step 2.

G) _

i

Output: vector ¢ = g¥¥) of parameters of the IS pdf.

At first sight it seems that the CE algorithm pro-
vides a straightforward way to find an appropriate
vector g of parameters of the IS pdf, however the
algorithm should be used with caution.

In the step 2. the samples B,,...,B, are gen-

erated from the pdf f ~;q(-’;l)]. If the system is
operational for all of these samples, the new vector
¢q% cannot be determined. This situation is often

caused by low values of vector q(j D elements. Tt
is possible to add the step

o If H(B,)=-=H|(By), repeat step 2.

between steps 2. and 3., however this would pro-
long the computation time and may lead to the
likelihood ratio degeneracy, for more informa-
tion about the degeneracy of the likelihood ratio
see (Rubinstein & Kroese 2011). To avoid this
situation, it is therefore necessary to pay sufficient
attention to the choice of the initial vector ¢®. It
is evident, that when the elements of the vector p
of parameters of the nominal dlstrlbutlon are rare
event probabilities, the choice q = p is not con-
venient. A proper way of choosing the vector ¢
will be proposed in section 6.

Consider also the case, when for some compo-
nent index i the values B, equal O for all k =1,...,N
In this case the ith element of vector ¢ would be
set to zero and the IS pdf would not satisfy the
condition (7). The screening algorithm, which will
be described below, is primarily intended to pre-
vent the likelihood ratio degeneracy, but it also
solves this problem.



2.4  Screening algorithm

The screening algorithm is often used to identify
the non-bottleneck (i.e. unimportant) components
of the vector ¢%. If the relative difference between
the nominal and the new parameter

@\ - p,

Pj

(11)

is smaller than some threshold g, the ith compo-
nent Ss marked as non-bottleneck and the value
of g’ isset to p. This means that the ith compo-
nent does not influence the likelihood ratio in the
IS estimator (6). When applying this algorithm
to the highly reliable systems simulation, it is suf-
ficient to set € to zero. Consequently the value
of g, cannot be smaller than the nominal value
p.- Since p, denotes the (usually rare event) prob-
ability of the ith component failure, it would be
unreasonable to decrease this probability in the
IS pdf.

The use of this type of the screening algorithm
means to insert the following step after the step 4.
of the Algorithm 1,

e Forall iel check,if q(j)<pi.

: If this condition
is fulfilled, set ¢;’ = p; and remove i from 1.

3 SYSTEM REPRESENTATION AND
CORRESPONDING SYSTEM FUNCTION

Every system is a set of components, however each
type of system requires different kind of represen-
tation and different approach to the simulation.
For easier work with systems, many types of sys-
tem representation have already been developed.
An example is explained in (Bri§ 2010), where the
system is represented as a directed acyclic graph.
Other ways to construct the system function for
special types of systems are discussed in (Ross
2007).

3.1 System representation using adjacency matrix

In this case a representation using an adjacency
matrix is suggested. This representation is intended
for systems, that can be interpreted as a collection
of n components and two special elements called
IN and OUT, where some of these n+2 elements
are connected to (or “in relation with”) other ele-
ments. Each of the n components is either opera-
tional or failed. We say that a system of this kind is
operational, if there exists a path from IN to OUT
leading only through the operational components.
Such a system can be depicted as a directed graph
with 7 + 2 nodes.

Example 2. The schemes in Figure 1 show an
example of a system with independent compo-
nents, that can be represented using an adjacency
matrix. The corresponding adjacency matrix for
this system is

S O O = O O O O

S O O O o o o O
S O O O o o o =
S O = O O O = O
S O O O O = O O
S O O O O O = =
S O = O = O O O
S = O O = O O O

In the language of relations the system and
corresponding system function can be repre-
sented as follows A system is determined by a set
= {IN e OUT} and relation R on set T,
the set C = {Ll, ,¢,| is a set of all system compo-
nents. For each two elements in Q it can be decided,
whether they are in relation or not. If y; €I" isin
relation with y; e I", we write (71, }/])e R . Gener-
ally this relation is not symmetric, if |7;,7; e R
holds, then (7/] %)eR does not necessarlly old.
The computer representation of relation R can be
casily realised using a (n+2)x(n+2) matrix of
logical values 0 and 1, which we call the matrix of
the relation or simply the adjacency matrix. First
row and column belongs to the IN elements, last
row and column to the OUT element and the
remaining belong to the components The value 1
at position (7, j) indicates, that ;/l,

The system function H is spemﬁec{ Ly the follow-
ing condition. The system is operational if there

IN / T : T \OUT
\ /!

Cy4 Cs Co

(a) Operational state

IN/ Cll : l\OUT
Ny

(b) Non-operational state

O
w

Figure 1. System example.
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exists a sequence k, ..., k, (d € N) of indexes of
operational components that

(IN.¢;, |€ R (¢, ,OUT) e R,
(12)
Vie {1,...,d—1} :(Ck,’ckm ] eR

holds and failed otherwise.

This representation is suitable for example for
reliability networks studied in (Kroese, Taimre,
& Botev 2013), which are usually represented as
undirected graphs with components represented
by edges. This reference also describes a simulation
method based on the Conditional Monte Carlo
designed for reliability networks. This method will
be modified for the more general system represen-
tation and compared with the simulation method
based on the importance sampling.

3.2 System function evaluation algorithm

For the system function evaluation we created
the Algorithm 2 based on our previous results in
(Bris & Domesova 2014). Even though the former
algorithm was originally intended for systems with
symmetric adjacency matrix, it can be modified to
reflect the more general case, i.e. the asymmetric
adjacency matrix.

Algorithm 2 Function H (b) evaluation

Inputs: vector b, relation R (determined by M).

1. Initialization:

(a) create an empty set M;

(b) create a set M, containing operational com-
ponents ¢;, for which (IN,¢;) € R

(c) create a set M3 containing failed compon-
ents

. If M, is empty, the system is failed, H (b) = 1.
Terminate this algorithm.

. If M, contains a component c¢;, for which
(¢;,OUT) € R, the system is operational,
H (b) = 0. Terminate this algorithm.

. Insert components c;, that are not in M/;3 and fulfil
the condition 3y € My : (v,¢;) € R, into M.

. Move all elements from M, into Ms5. Move all
elements from M, into M,.
6. Continue with step 2.

Output: system state (operational or failed).
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4 IMPLEMENTATION AND
PARALLELIZATION

The IS-based simulation method presented in sec-
tion 2 in combination with the function H evalu-
ation forms a useful tool for the simulation of
systems specified by the adjacency matrix. It’s
principle is based on the generation of independ-
ent samples, therefore we can easily reduce the
simulation time using parallel computing.

There are many ways to implement the method.
For comfortable work with the simulation results
in the form of graphs it is convenient to use the
Matlab environment. However, to reduce the
computing time it is better to focus on lower-level
programming languages. There is a possibility to
combine the advantages of both approaches, to use
Matlab for the user-friendly work with results and
implement the most important algorithms in other
languages. The MEX interface of Matlab allows to
call functions written in C or C++ from Matlab as
easily as if they were usual Matlab functions.

After consideration of possible solutions the
two following alternatives of Matlab implementa-
tion acceleration were chosen:

1. parallel computing on CPU using the OpenMP
library (via the MEX interface),

2. parallelcomputing on GPU using the CUDA tech-
nology (via the Parallel Computing Toolbox).

In the first alternative the source codes of the
accelerated functions are written in the C++ lan-
guage and for random numbers generation the Boost
library, version 1.56, is used. The second alternative
uses source codes written in the CUDA C extension
of the C language, random numbers are generated
via the cuRAND library [NVIDIA 2014].

4.1

The process of the system function evaluation con-
sumes most of the simulation time, therefore the
efficiency of the implementation of this function
determines the computation time of the simulation
to some extent.

For function H evaluation the Algorithm 2 is
used. To reduce the memory requirements and the
consumption of computation time of the implemen-
tation, bitwise operations are used. Matrix M and
each of the sets M|, M, and M, are implemented as
arrays of unsigned int data type, each variable has
the length of 32 bits. In the case of the sets M, M,
and M, the individual bits determine the presence
of certain component in the set and in the case of
the matrix M the bits symbolize relations between
the components and the elements IN and OUT. For
example the representation of the matrix M from
the example 2 as an unsigned int array is

System function implementation



[18 20 8 192 32 68 128 0]. (13)

If the simulated system has 32 components
or less, the implementation works with only one
unsigned int variable for each of the sets M,, M,
and M,.

4.2 Simulation method implementation

The simulation is divided into two basic steps, first
one is the cross-entropy algorithm for the deter-
mination of distribution parameters and second
one is the importance sampling method itself. The
basic scheme of the CE algorithm is written in the
Matlab language and it runs in m iterations.
The most important part of the implementa-
tion is formed by the function simulation run,
which includes the function H algorithm. The
function simulation run is accelerated using the
two ways mentioned above and it is executed m +
1 times in total, once for every CE method itera-
tion and once for the IS method. Its input argu-
ments are the matrix M converted into an array of
unsigned int variables, number of components 7,
number of samples N to be performed during one
CE method iteration/IS method execution, vector
p of parameters of the nominal pdf, vector ¢ of
parameters of the IS pdf and a vector of bottle-
neck components indexes. The function outputs
the value Y2, H(B,)W(B,;p.q) and in the case
of the CE method iterations the second output is
a vector of values Y;_, H (B, )W (B;p.q)B,, for
every ie{l,...n

4.3 Accuracy of likelihood ratio calculation

The CE algorithm and the IS method contain cal-
culating the likelihood ratio as

oy L1000
(bia) Hq, ~q)"

W (b:p.q)= (14)

i

The problem with the accuracy arises while gom-
puting 1— p; for small values of p,. If p; <0. 1*, the
expression 1— p; returns 1 in the single precision.
To prevent this, we define five sets of component
indexes. The set S, contains indexes of compo-
nents, for which b, = 1. The set P, contains indexes
of components, for which b, =0Ap, <& and
P={l,...n}\(S;wP,) . Similarly Q, contains
indexes of components, for which b, =0Ag; <&
and Q={L...,n}\ (S;wQ,). It is convenient to
choose for example o—¢|° as a threshold. With
this notation the likelihood ratio can be written as
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W (b:p.q)=W,-W,, (15)
where
pz HzeP P
w=]] S H/— (16)
ies) qi HZEQI q;
and
W, [y = (17)
2T T
HiEQ; 1—g
For the second factor we can write
logl¥, = Y log(1-p;)- Y log(l-g¢,) (18)
ieP, i€Q,

and using the Taylor series we can approximate
D;
(Qi + (pl 2[ ]

4.4 Computation time

In this section we compare the computation time
of the two ways of the function simulation run
implementation. Computation time of one function
run is examined, therefore there are no iterations of
the CE method and the vector ¢ is pre-chosen.

Two testing systems shown in Figure 2 and
Figure 3 were chosen for the experiments. System
A is a reliability network with a regular structure,
it has 60 components represented as edges of this
network. System B is a reliability network with 18
components taken from (Kroese, Taimre, & Botev
2013), where it was used as a testing problem for the
demonstration of the Permutation Monte Carlo
method efficiency. This method will be discussed
in section 5 as an alternative to the IS approach.
For simplicity we consider p=0.01 and ¢=0.1
for both systems.

The graphs at Figure 4 show the dependence
of the computation time on number of threads
for the first way of approximation. This imple-
mentation uses OpenMP and it was tested on
a double Intel Sandy Bridge E5-2470 processor
(16 cores). Number of samples in each simula-
tion was 7.488 - 107. The values of computation
time for few different thread counts are written
in Table 1. Each of the simulations was executed
three times, the values of computation time
are averages of results obtained from this three
simulations.

@

logh, = 2 >

i€Q,

1 > (19)

J ieP,



Figure 2. System A.

PON
)
O

oo,
o7 N0

Figure 3.

11

System B.

—=—System A (60 components)

-\‘\_:_\S}:m;\ein\:i(j\g:i;mm)
2

1

Time s

10°

4 8 16
number of threads

Figure 4. OpenMP implementation scalability graph.

Table 1. IS method implementation acceleration.
Time [s]

Number of threads System A System B
OpenMP 1 191.69 34.65

2 96.05 17.53

4 48.48 9.02

8 25.27 4.77

16 14.20 2.83
CUDA 2.42 1.06
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In the case of the CUDA implementation 192
threads per block, 390 blocks per grid and batches
of 1000 samples per each thread are used, this gives
us the same total of 7.488 - 107 samples as in the
previous case. As a testing device a NVIDIA Kepler
K20 accelerator was used. Values of the computa-
tion time for both testing systems are written in
Table 1.

5 COMPARISON WITH THE
PMC METHOD

The abbreviation PMC stands for the Permuta-
tion Monte Carlo method, which is used for net-
work reliability calculations in (Kroese, Taimre, &
Botev 2013). However the principle of the method
can be used for a wider group of systems. With a
modification based on the Algorithm 2 we applied
this method to general systems determined by an
adjacency matrix and we accelerated it using the
CUDA technology.

The PMC method is based on a variance reduc-
tion technique called Conditional Monte Carlo,
which also provides an unbiased estimator of the
value ¢ =E(Y). The Conditional Monte Carlo tech-
nique is based on the fact that E(E(Y | Z))=E(Y)
for any random variable Y and random vector Z. It
is assumed that there exists such a random vector Z
that E (H (B)|Z = z) can be computed analytically
for any value of z. The value of 7 is estimated as

N

%ZE(”ZJ’

k=1

lc= (20)

where Z,,...,Z, are samples of the random vec-
tor Z.

The PMC method uses a different formulation
of the problem. The static system described above
is interpreted as an alternative evolution model
captured at a specific point of time. The alternative
system is described using the adjacency matrix and
random vector X =(X,...,X, ). In this case the
component states change in time. At time =0 all of
the components are failed. The random variable X;
has the exponential distribution with parameter 4,
and it describes the time to repair of the ith compo-
nent ¢, It is defined by the relation IF’(XI- < 1) =D
which is fulfilled for 4 =-In(l— p;). Using this
formulation the unavailability / of the system can
be expressed as

(=BT,

L s(x)zJ:P(S(X)ZI)’ h

where S(X) is a function that returns the time when
the system starts operating for a sample of X.



Let us define IT=(IT,.....I1,) as a permutation
of values 1,...,n obtained by sorting the values
Xi,..., X, inascending order, i.e. Xy <---<Xp .
The random variables X,...,X,, denote the times
to repair of the components, therefore the random
vector ITdenotes the order in which the components
were put into operation. The function crit(II)
returns the smallest number of components that
must be put into operation until the whole system
is operational. Therefore S(X)=X eri(T) -

At this point all the random variabies needed
to use the Conditional Monte Carlo method are
defined. In this case Y :Is(x)zl and Z=1I1. It is
necessary to compute the value

G(2)=B( Iy | TT= 7] 22)

analytically. In (Kroese, Taimre, & Botev 2013) the
value of G(m) is computed as

G(7)=Y @, jexp(-v,_;), (23)
Jj=1

where ¢ =crit(7),

1/1.:22,11 forie{l,...,c} (24
=1

and the values @, are given by a recursive formula

Vek
D= Oy = O j—————, (25
Vel = c—j+1
k
Wpe i je = 1- 2 Wy,
J=1

(26)

for ke{l,...,c—1} and je{l....k}.

5.1 CUDA accelerated implementation

The Matlab implementation presented in (Kroese,
Taimre, & Botev 2013) uses pre-counted values v,
(kel,...,c) for the calculation of values @, that
are saved at a form of a matrix. This approach is
not suitable for the CUDA implementation because
the threads can only use a limited amount of the
local memory. However for the calculation of the
values @, je{l,....b} . an explicit formula

c,

@7)

i=lizj-1 Vi = Ve—jt1

@ ;=

can be derived, the use of this formula leads to the
reduction of memory requirements.

The calculation of S(x) presented in (Kroese,
Taimre, & Botev 2013) is based on the sequential
construction of the incidence matrix and in each
step it is decided whether the system is operational
or not. For the CUDA implementation it is not con-
venient to use this method of calculation, because
the process of the construction of the incidence
matrix differs for the specific vectors x and every
thread would need to record its own adjacency
matrix. For this reason a new implementation based
on the Algorithm 2 was chosen. This implementa-
tion (see Algorithm 3) uses the matrix M which is
common for all the threads and therefore can be
stored in the global or constant memory.

5.2 Computation time

The CUDA accelerated implementation was com-
pared to the original Matlab implementation using
the testing reliability network with 18 components,
see Figure 3. The same hardware as in section 4.4
was used for testing. Due to the higher compu-
tation time we chose N = 7.488 - 10° and we also
considered p=0.01. The original Matlab imple-
mentation uses a loop over the samples, therefore
it can be easily parallelized using the parfor loop
. Results of this three versions of implementation
are shown in Table 2.

Algorithm 3 Function S (x) evaluation

Inputs: vector x as a sample of X, matrix M.

1. Sort = and determine the permutation 7
(a sample of IT).

2. Initialize the zero state vector b of the length n,
initialize £ = 1.

3. Write 1 at the (7;)" position of vector b.
4. Evaluate H (b) using the Algorithm 2.

5. If H(b) =0, set crit () = k and terminate the
algorithm.

6. Increase k by 1 and continue with step 3.

Output: Zepiy(r)-

Table 2. PMC method implementation
acceleration.

Time [s]
Matlab 2332.18
Matlab + parfor (16 threads) 183.58
Matlab + CUDA 1.91
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6 APPLICATIONS

The proposed approach based on the IS method
was applied to the testing systems presented in sec-
tion 4.4. For the experiments the CUDA acceler-
ated version of the implementation was used. For
comparison the same problems were also solved
using the PMC method, also accelerated using
CUDA.

The unreliability of all components is identical
and equals p. Both problems are solved for ten dif-
ferent values of p, specifically p {0 1,0.12,...,0.1° .
The followmg inputs of the CE method are cho-
sen: sample size N =7.488- 10°, as the stopping
criterion 10 1terat10ns are predetermlned and the
initial vector ¢\ differs dependlng on the vector
p. Sample size is N =7.488-10° for both simula-
tion methods.

6.1  Reliability network of 60 components

Network graph of this system is shown in
Figure 2.

For p=0.1 the initial vector q( ) = = p was cho-
sen and as a result of the CE method we obtained
an optimal vector ¢ of parameters of the IS pdf,
denote g =g, . This vector was used as an input
of the IS method, the estimation of the unavail-
ability of the whole system is 7,¢ =2.44-10"2 For
p=0.01 we have many possibilities of choos-
ing the initial vector, however the vector g,
obtained for the previous value of p appeared to
be an appropriate choice. For the remaining val-
ues pe{0.1%,...,0.1""} , the procedure is analogous,
as the initial vector 4" we always use the optimal
vector ¢, that was obtained for the higher value of
unreliability p.

The results of the IS method are written in Table
4, for comparison the results of the PMC method
are listed to. The approximations of the system
unavailability are almost equal, both methods
work properly. Differences are in the accuracy of
this results, in the Table 4 the accuracy is repre-
sented by the Relative Standard Deviation (RDS)
estimated as

S
= -100, 28
TN (28)

where s is the standard deviation and ¢ is the
approximation of the system unavailability, smaller
value of RSD is better. The graph at Figure 5 shows
the ratio of the variance achieved by both meth-
ods, for p< 0.1° the variance achieved by the IS
estimator is more than 100 times lower than the
variance of the PMC estimator. For suitability of
the IS approach it is especially convenient that the

100 £
10} .
J Pé'V[C
1 . ‘ . ‘ . ‘ S1s
0.1 012 01® 01* 0.1° » 0.1° 017 0.1% 01° 019
Figure 5. Ratio of the variances, higher value is better.
Table 3. Achieved variance reduction.

Variance s> Variance reduction

p MC IS+ CE PMC IS+ CE PMC
0.1 2.38e-02  5.40e-03 1.28e-02 4.4 x 1.9 x
0.12 2.02e-04  5.49¢-07 1.79e-05 368 x 11 x
0.1° 2.00e-06  4.34e-11 3.23e-09 46156 x 621 x

0.3

0.2

qi

0.1

—e—p=0.1
—u—p=0.01

2 4 6 8 10 12 14 16 18
component number i

Figure 6. Vector ¢ for the non-directed system B.

ratio of the variances grows with lower unavail-
ability, i.e. it is particularly suitable for highly reli-
able systems.

The Table 3 compares both methods with the
sunple MC simulation in terms of the achieved
variance reduction. Results for p<0.1° are not
listed because the sample size NV was not sufficient
to capture the rare event.

6.2  Reliability network of 18 components

This system is given by the network graph in
Figure 3.

We applied the same procedure to the series
of problems depending on p € {0.1,0. 12,...,0.1100
For p=0.1 we chose q( )—p and the CE method
returned the optimal vector ¢, of IS pdf param-
eters, that is demonstrated by the upper %raph of
the Figure 6. For p=0.01 we chose ¢’ =g¢,
and obtained ¢, as a result of the CE method,
see the lower graph of the Figure 6. Graphs for
p=0.001 and lower are not plotted, they would
coincide with the lower graph. We can notice, that
values of this vectors correspond to the “impor-
tance” of individual components, i.e. high value of
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Table 4. Comparisons of the proposed IS approach and the PMC method.

System A (60 components)

System B (18 components)

System B—directed

IS PMC IS PMC IS PMC

p lrs RSD ‘pmc  RSD Ijs RSD ‘pmc  RSD Uis RSD f‘pmc  RSD
0.1  2.44e-02 0.110 2.44e-02 0.169 1.90e-02 0.129 1.91e-02 0.090 2.34e-02 0.112 2.35e-02 0.083
0.12 2.03e-04 0.133 2.05e-04 0.753 2.00e-05 0.294 1.99e-05 0.206 2.75e-05 0.213 2.77e-05 0.175
0.13  2.00e-06 0.120 1.98e-06 1.051 2.01e-08 0.279 1.99¢-08 0.228 2.80e-08 0.218 2.79¢-08 0.192
0.1*  2.00e-08 0.097 2.00e-08 1.083 2.00e-11 0.288 2.00e-11 0.230 2.79%e-11 0.216 2.80e-11 0.194
0.15 2.00e-10 0.098 1.98e-10 1.092 2.00e-14 0.282 2.00e-14 0.230 2.82¢-14 0.216 2.8le-14 0.193
0.1°  2.00e-12 0.097 1.98e-12 1.093 1.99e-17 0.267 1.99e-17 0231 2.8le-17 0.215 2.8le-17 0.193
0.17  2.00e-14 0.097 1.99%-14 1.089 1.99¢-20 0.293 1.99¢-20 0.231 2.81e-20 0.218 2.80e-20 0.194
0.15  2.00e-16 0.097 2.03e-16 1.077 2.00e-23 0.284 2.00e-23 0.231 2.78e-23 0.216 2.79e-23 0.194
0.1 2.00e-18 0.097 2.0le-18 1.084 2.00e-26 0.274 2.00e-26 0.230 2.79e-26 0.222 2.80e-26 0.194
0.1 2.00e-20 0.097 1.96e-20 1.096 2.01e-29 0.271 2.00e-29 0.231 2.80e-29 0.220 2.79¢-29 0.194

¢, means that if the component 7 is failed, the whole
system is failed with high probability.

Computed values of the system unavailability
and RSD for both simulation methods are writ-
ten in Table 4. The values of the unavailability
agree with results reported in (Kroese, Taimre, &
Botev 2013). The values of RSD are now slightly
lower for the PMC method, however we can see
that the IS approach is suitable for this reliability
network, that serves as a testing problem for the
PMC method.

6.3 System with oriented edges

Consider again the system given by the network
graph in Figure 3. We are interested in a system
with similar structure, but the edges are now
treated as oriented. Obviously only the edge
number 10 is working in both directions. Let’s
say this edge will communicate only in the direc-
tion “from left down to up right”, e.g. the path
going from IN to OUT through edges 2, 6, 10, 14,
18 is valid but the path going from IN to OUT
through edges 1, 4, 8, 13, 10, 11, 15 is not valid.
It is expected that after this restriction the system
unavailability will grow.

The IS approach was applied to this sys-
tem using the same procedure as in the previous
cases, see Figure 7. We can observe the effect of
this structural change on the “importance” of the
individual components. After the modifications in
implementation, the PMC method can also be used
for directed systems. For both methods results see
Table 4. As expected, the values of unavailability
are higher than in the previous case.
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Figure 7. Vector ¢ for the directed system B.

7 CONCLUSIONS

The simulation method based on the importance
sampling technique with IS pdf parameters esti-
mation using the cross-entropy method was suc-
cessfully applied to the highly reliable systems with
independent components. The proposed procedure
of choosing the initial vector of the CE method
has proven to be beneficial. In section 6 it was
used for solving a series of problems with decreas-
ing unreliability, however this process can be used
generally when estimating very low values of the
unavailability ¢ . The procedure is summarized in
our general Algorithm 4 for rare event probability
quantification.

Notice, that in section 6 we worked with a
sequence &, =(109,108,‘..,100 .

The results show that this IS-based approach
is well suited for rare events quantification in the
field of highly reliable systems simulation due to
its massive variance reduction. For example in
the case of the testing system with unavailability
£=2-10"° the variance was reduced more than 4 -
10* times in comparison to the MC method. It was



Algorithm 4 CE method for rare event probability
quantification using failure probability decreasing

Input: vector p,,,,, of parameters of the nominal pdf.

1. Choose an appropriate decreasing sequence
{ap}p, of length m, where a,, = 1. Set k =1
and q(O) = Q1 Ppom:

2. Determine ¢*) as an output of the Algorithm
1 with inputs p = a;, - p,,,,,, and initial vector
gD,

3. If k < m, increase k by 1 and go to step 2.

Output: vector ¢ = g™ of parameters of the IS pdf.

not possible to apply the simple MC method to
more reliable systems, however it was shown that
the variance reduction increases with increasing
system reliability.

The approach was verified by applying the PMC
method to the same series of testing problems. The
results obtained by both methods were compara-
ble, the IS-based method was successful especially
in the case of the system of 60 components with
different impact to the system reliability, where it
achieved about 100 times lower variance.

Significant acceleration of the simulations was
achieved using CPU and GPU parallel comput-
ing. Especially CUDA has proven to be a power-
ful technology for simulation based algorithms.
For example the computation time of the CUDA
accelerated PMC method was approximately
1200 times shorter than the computation time of
the non-accelerated Matlab implementation. The
modified implementation of this successful simu-
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lation method also brought a generalization for
directed systems given by an adjacency matrix.
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ABSTRACT: An issue of energy consumption in the wireless network communication systems has
attracted much attention from the researchers in recent years. The problem of effective energy consump-
tion for cellular networks becomes an important key in the system design process. This paper proposes
a new protocol for power tranfer, named Time Switching Aware Channel protocol (TSAC), in which the
system can be aware channel gain to adjust the proper time for the power transfer. This paper also inves-
tigates the throughput optimization problem of energy consumption in Decode and Forward (DF) based
cooperative network approach in which an allocated relay power transmission is proposed. By assuming
that the signal at a relay node is decoded correctly when there is no outage, the optimal throughput effi-

ciency of the system is analytically evaluated.

1 INTRODUCTION

The trend of the researchers towards energy con-
sumption in wireless communication systems has
experienced a drastic change over recent years.
There have been the increasing energy-aware radio
access solutions on energy consumption where a
prudent use of energy is one of the decisive design
elements. Besides, applications involving wireless
sensor networks are becoming increasingly popu-
lar in today’s demanding life.

The sensor networks and cellular networks,
wireless devices are equipped by replaceable or
rechargeable batteries in conventional wireless
networks. However, the lifetime of these battery
powered devices are usually limited. Due to lots of
inconvenient circumstances such as a sensor net-
work with thousands of distributed sensor nodes,
devices located in toxic environments, medical sen-
sors implanted inside human bodies, replacing or
recharging the available batteries periodically may
not be the reasonable option.

For those reasons, obtaining permanent power
supply over the energy harvesting (Ozel et al.,
2011, Chin Keong and Rui, 2012) has become
an attractive methodology to prolong these wire-
less network lifetime. Nowadays, solar and wind
are utilized as typical energy resources in our life.
In addition, by taking advantage of an idea that
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the wireless signals can carry both energy as well
as information (Varshney, 2008), the surrounding
radio signal considered as a novel viable source is
achieving more and more research attention in the
field of wireless communication systems.

Basing on the first announced approach in (Var-
shney, 2008), more practical receiver architectures
have been developed by supposing that the receiver
has two circuits to separately perform energy har-
vesting and information decoding (Zhou et al.,
2013, Nasir et al., 2013). Especially, with a strat-
egy called time switching, the receiver can either
switch on the two circuits at separate times. For a
power splitting strategy, it is possible to divide its
observations into two streams which are directed
to the two circuits at the same time. The work
(Zhou et al., 2013) has been taken into account a
simple single-input single-output scenario, and the
upgrading to multi-input multi-output broadcast-
ing scenarios has been considered in (Zhang and
Ho, 2013).

In the paper (Xiaoming et al., 2014), a time allo-
cation policy is carried out for two transmitters,
the efficiency of the energy transfer is maximized
by means of an energy beamformer that exploits
a quantized version of the CSI which is received
in the uplink by the energy transmitter. Moreover,
G. Yang investigates the optimal time and power
allocations strategies (Gang et al., 2014) so that



the total amount of harvested energy is maximized
and takes into account the effect of the CSI accu-
racy on the latter quantity.

A relay assisted system with energy transfer
has focused on two main directions: a) Simulta-
neous Wireless Information and Power Transfer
(SWIPT) scenarios where the employed relay, (Ng
and Schober, 2013, Ng et al., 2013a) (or the source
terminal (Ng et al., 2013b)) salvages energy from
the radiated signal incident from the source termi-
nal (or the employed relay). b) Multi-hop energy
transfer scenarios in which the energy is transferred
to remote terminals (Xiaoming et al., 2014, Gang
et al., 2014). The results in (Xiaoming et al., 2014)
show that multi-hop energy transfer can decrease
the high path-loss of the energy-bearing signal,
while (Gang et al., 2014) deals with the case where
a multi-antenna relay feeds two separate termi-
nals with information and power, respectively, and
studies the transmission rate and outage probabil-
ity that is sacrificed in the remote energy transfer.

The principle of Full Duplex (FD) technique,
which allows the communication node to transmit
and receive simultaneously signals over the same
frequency, has been announced and discussed
(Choi et al., 2010, Duarte et al., 2012, Yingbo
et al., 2012, Rui et al., 2010) and (Krikidis et al.,
2012). In comparison with the Half Duplex (HD)
mode, the FD mode has the ability to double the
spectral efficiency due to its efficient exploitation
in the limited resources. The self-interference of
FD mode, however, leaking from node’s transmis-
sion to its own reception, reduces the performance
of FD communication.

An objective of the energy harvesting communi-
cations, called throughput optimization, has been
broadly studied in volumes of literatures. In (Tutun-
cuoglu and Yener, 2012) and (Jing and Ulukus,
2012), the throughput optimization for transmitter
with a deadline constraint was investigated over
a static channel condition. In addition, the prob-
lems of throughput optimization were extended
and applied to fading and multiple access chan-
nels (Chin Keong and Rui, 2010, Ozel et al., 2011,
Jing and Ulukus, 2011). Besides, the cooperation
between nodes is also introduced and considered
to throughput optimization in the energy harvest-
ing communications. In (Chuan et al., 2013), the
problem of throughput maximization was investi-
gated for the orthogonal in Gaussian relay channel
with the energy harvesting constraints.

In particular, apart from the aforementioned
literature, this paper considers a FD DF relaying
networks underlay wireless energy transfer. We
use and improve the Time Switching (TS) receiver
mechanism so that relays harvest the energy from
the source RF radiation, in which the system can
be aware channel gain to adjust the proper time for

the power transfer and information communica-
tion. The main contributions can be described as
follows

1. This paper proposed a new protocol for energy

harvesting at energy constrained relay that can

be aware Channel State Information (CSI) to
allocating the time for a fix pre-defined power.

. A close-form for analytical expression in term
of system’s throughput and numerical result for
optimal relay transmission power allocation is
also derived.

The rest of this paper, section 2 introduces the sys-
tem model and presents the energy harvesting pro-
tocol. Section 3 derives the outage probability and
throughput analysis and power allocation policy for
optimization throughput of the system. The numeri-
cal result is presented in section 4. Finally, Section 5
concludes the proposed protocol of this paper.

2 SYSTEM MODEL AND PROTOCOL
DESCRIPTION

As shown in Fig. 1, we consider a system model
which includes a source denoted by S, a destination
denoted by D and an intermediate assistance relay
denoted by R. Each node, i.e. S and D are installed
an antenna, therefore, it works at half-duplex
mode, R is equipped two antennas, and operate at
full-duplex mode.

Channel assumptions: /, f, g are independent
and identically distributed (i.i.d.) exponential ran-
dom variables with mean 4,, 4, and 4,, respectively.
The channel gain can be get by using trainning
sequences.

2.1

In the Wireless Information Transfer phase (WIT),
the received signal at R, yg,; and D, yj; in the
time slot ith, respectively, are given by

Signal model
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where (.), is the block time index ith of (.); x, and
x’; 1s message symbol at S and decoded symbol at
R respectively, that with unit power and zero aver-
age. Supposing that the relay node always exactly
decodes when S — R link have no outage. Besides,
h,, g is the source to relay channel gain and the
relay to destination channel gain at slot time ith,
respectively; P, P, is transmitted power from the
source and the relay, respectively; m is the path loss
exponent; d, is the source to relay distance, d, is
the relay to destination distance; n,, and n,; are
respective AWGNs at R va D in block time ith.

From (1) and (2) the SINR at R and in the time
slot ith, respectively, are determined by

2
__ Kn
]/R’l - m 2 m (3)
Ped"|fi| +d" o,
2
Pr ‘gi‘
Di= T )
dy'op,;
where: a‘,zg,,- , af)ﬁ,- are the variances of AWGNs 71,

and n,,, respectively.
Based on the DF relaying scheme, the end-to-
end SINR at block time ith, is proven as bellow

Verei = min(?’R,ia}’D,i) )

where ¥, ,, 7, are the performances of the first and
second hop, given by (3) and (4) respectively.

2.2 Energy harvesting protocol

In the Wireless Power Transfer (WPT) time slot, we
focus the performance of scheme that uses the new

energy harvesting protocol which is named Time
Switching Aware Channel (TSAC). The protocol
can be described as below (see Figure 2).

In this protocol, the antenna which is respon-
sible for received signal, absorbs the RF signal to
convert to DC signal. Therefore, the received signal
at the energy constrained relay is given by

\/ITS X; +ng

h.
-~ ©)
Jd"
As in (Zhou et al., 2013, Nasir et al., 2013), the
absorbable energy can be saved in an extreme-ca-
pacitor and then entirely is used for transmission

stage. Hence, the transmission energy at R can be
described as

Py |h|
E; = noT——— (7

l

where 0 < 77 < 1 is the energy conversion efficiency
that depends on the rectification process and the
energy harvesting circuitry.

In this protocol, the transmitted power in the
relay node is predefined with a fixed value, deno-
ded by P,. Hence, the utilizable energy to work is
given by
E =Py(1-a;)T ®)

Setting (7) equal (8), the allocated fraction of
time for power transfer in any block time is derived
as follow

PR d]ﬂl

I E— &)
7P |ly|” + Prd]"

In equation (9), the duration of time allocated
in energy harvesting phase is a function of some
parameters including channel gains /7, (can be esti-
mated as (Love et al., 2008))!, preset power at relay
node P,, distance between S and R d,, absorbable
coefficient and power transmission at source Pi.
Specially, this fraction time is always less than one,
i.e. o;< 1, that implies the allocated time can respond
for wireless information and power transfer.

'For the channel gain, source and relay node has to
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obtain them CSI. At the beginning of each block (e.g.
block time ith), the CSI acquisition is achieved in two
steps. In the first step, the source transmits its pilot signal
to the relay, and the relay estimates /,. In the second step,
the relay R feeds back £, to the source node, S. In order
to reduce the feedback overhead, the relay can feed back
their quantized version to the source.



3 OUTAGE PROBABILITY AND
THROUGHPUT ANALYSIS

In this section, the throughput and outage prob-
ability of the proposed protocol are analyzed. In
this mode, the outage probability occurs when
the system performance, i.e. },,,, drops below the
threshold value ¥, it is defined as y,=2%—1 with R,
is transmission rate of system. So that the expres-
sion of outage probability can be obtained by

01:; = Pr{}/e2e,i < 70}

. (10)
= Pr{mm(}/Rv,.,yD?i)< }/0}
Because ¥, independent with y,, so that the
outage can be rewritten as
OPF, =1-Pr{yp,; > 7 }Pr{yp, > n} (11)
In this transmission mode, i.e. delay-constrained
mode, the throughput efficiency of system at the
time slot ith, is the function of outage probability
and the EH duration, which is formulated by

@)

And the average throughput efficiency of sys-
tem is

1=E{1}

where E{x} is the expectation function of variable x.

The optimal value of transmitted power for
maximization throughput, which can be modified
with various system parameters, i.e. Py, Ps, 1, % -
is determined via resolve of function below

t,=(1-0P)(1- (12)

(13)

P = argn})ax{t(PR)}
Subject tof P20

(14)

Throughput of system in this case can be deter-
mined as (13) and after some algebraic manipula-
tions, we have below proposition as

Proposition 1: the average throughput of full-
duplex relaying energy harvesting network with
TSAC protocol can be expressed as

( ]/ 7dmo_2
(=exp| - 202 % exp| - L IR
L z/zPS
/ihPS X X X+é
X————=2—— — —exp| — | X exp| —
A, Ps + ;/OPRdl”’Zf A, A, @A,

X+é
/Zh

X+
A4

h

(Xx+9)
o4,

Ry
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o =10 g Zoh'Th and Ei

Py
is the exponentlal 1ntegra1 functlon as eq. 8.211 in
(Jeffrey and Zwillinger, 2007).
Proof: the proposition 1 can be derived as
below
Substituting (9), (11) into (12) the average throu-
ghput of system can be expressed as

where X =

d\ o

= E\g,lz {Pr {7D,i > 7’0}}
X(E\hflﬁ'f {Pr{yk,i > }’o}}

_Elh,\l\f;\z {Pf{ﬂ’R,f > 7’0}”4'})

(16)

of {PF{PR 'gl’z > ndy! D}}

=exp( 73 0 ]

A, Py
And the second item is

(17

b=Epp {Prire,>n}}

By {P" {P 5

ol
(18)

where step (a) can be derived by the channels,
i.e. h, f, are follow the (i.i.d) exponentlal random
variables with p.d.f  fy{x)= Ay exp(-x/Ay)
and c.d.f Fy(x)=1-exp(-x/4y).

Finally, the third element is determined as

}

2 ( m
i >N \PRdl'

xp[—

Z/IRS'
AP + }/OPRdlm/zf

fi|2 + dlmo—lze)}}

YoPrd("x
2/138'

X
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Epine {Pf {ﬂ'f,-l <|n[ 7,9}

i+




wEil| X0 _X+0) pf X+0 (19)
o, 4, 2,

where X = Ped!" [P , @ =y, Prd]" [Py , 6= yod"
0% /P, Eiis the exponential integral function as
eq. 8.211 in (Jeffrey and Zwillinger, 2007). The last
integral can be direved by appling eq. 3.352.2 given
in (Jeffrey and Zwillinger, 2007).

Substituting (17), (18) and (19) into (16). The prop-
osition 1 is easily derived. This is complete the proof.

Sloving (14) by using (15), the optimal transfer
power at relay with aim maximization throughput
can be obtained. Because of complexity in expres-
sion, so a close-form of optimal expression can-
not be derived. However, an optimal value can be
proven by using numerical simulation that is gath-
ered in the next section.

4 NUMERICAL RESULT

This section uses the derived analytical results to
provide the comparison with the Monte Carlo
simulation. Interestingly, there is strict agreement
among both cases. As a result, the validity of ana-
lytical results is verified.

We set the SINR threshold, 3, = 10 dB; the aver-
age, A,=4,=0dB, 1 ,=- 20 dB; the distance
of first hop S — R, d, = 3 m; distance between R
node and D node, d, = 1 m; path loss, m = 3; the
energy harvesting efficiency 1 = 0.8; the transmis-
sion power at source, P, =26 dB; variance of noise
at_destination and relay node, o5 =-5 dB and
0'12; =-10 dB, respectively.

Fig. 3 plots the throughput efficiency versus the
different transmitted power values with the flexible
changes of 7=0.6, 0.8, 1, respectively.

The throughput effeciency is maximum at
approximate P, =9 dB of transmitted power, with
t = 0.35,0.32, 0.27 at n =1, 0.8, 0.6, respectively,
it can be called the optimal power allocation.
Besides, the throughput efficiency can be enhanced
by increasing the energy conversion efficiency.

As your observation, Fig. 4 examines the impact
of threshold value, 9, (or tranmission rate) on the
throughput of systems. It can be observed from
Fig. 4 that the greater throughput can be obtained
with the small threshold 7, e.g. at n=1,t=0.65 at
% =0dB and t = 0.35 at %, = 10 dB. For the value
of threshold 7, which is less than 16 dB, the higher
the energy conversion efficiency is, the higher
optimal throughput becomes. On the other hand,
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for the higher value of 7 which is greater than 16
dB, the different values of energy conversion effi-
ciency probably don’t affect the throughput of the
systems.

5 CONCLUSION

In this paper, a decode-and-forward wireless
cooperative or sensor network with new power
transfer protocol, i.e. TSAC protocol, has been
considered where the harvested energy of relay
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node from the source can be used effectively to
forward the source signal to the destination node.
In order to determine the optimal throughput at
the destination, analytical expression for the out-
age probability is derived. The simulated results
in this paper have given the practical insights
into the impact of various system parameters, i.e.
Py, 1, 7, on the performance of wireless energy
harvesting and information processing using DF
relay nodes.
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ABSTRACT:

In this paper, we compare the impact of some relay parameters on two relaying schemes:

Amplify-and-Forward (AF) and Decode-and-Forward (DF) in full-duplex cooperative networks.
Especially, closed-form expressions for the outage probability and throughput of the system is derived.
Furthermore, we evaluate the dependence of system performance, in term of the outage probability and
throughput, on the noise at nodes, transmission distance and relay transmission power.

1 INTRODUCTION

In recent years, a number of radio system applica-
tions which require long lifetime are facing with an
obstructive challenge on energy consumption. In
order to determine the throughput, a delay-limited
transmittance mode is usually used to derive ana-
lytical expressions for outage probability and
throughput. The Simultaneous Wireless Power and
Information Transfer (SWPIT) for duplex relaying
has been introduced, in which two resources com-
municate together over a power collecting relay. By
examining the Time Switching Relay (TSR) receiv-
ing structure, the TS-based Two-Way Relaying
(TS-TWR) protocolis intro-duced (Ke, Pingyi & Ben
Letaief 2015a, b, Krikidis et al. 2014, Nasir 2013).

There has been research which deeply studied
about the interference from Secondary Uses (SUs)
to primary receivers (PTs) and from PTs to SUs in
cognitive radio networks. The secondary users are
able to not only transmit a packet on a licensed
channel to a primary user when the selected chan-
nel is idle or occupied by the primary user but also
harvest RF (radio frequency) energy from the pri-
mary users’ transmissions when the channel is busy
(Mousavifar et al. 2014, Sixing et al. 2014, Sixing
et al. 2015, Tong et al. 2014).

In other situation, we investigate a Decode-and-
Forward (DF) and Amplified-and Forward (AF)
relaying system relied on radio power collection.
The power constrained relay node early collects
power over Radio-Frequency (RF) signals from
the source node (Nasir 2014, Yiyang et al. 2013,
Yuanwei et al. 2014).
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The remainder of this paper is arranged as fol-
lows. Section 2 shows the system model of the EH
enabled FD relaying network using delayed-limit
mode in TSR. In Section 3, the outage probabil-
ity and throughput analysis. Simulation results are
introduced in section 4. Finally, conclusion is given
in Section 5 of this paper.

2 SYSTEM MODEL

In this section, we describe the Time Switching—
Based Relaying (TSR) protocol and derive expres-
sions for the outage probability and throughput,
which are considered in delay-limited transmission
mode.

As in Figure 1, the suggested model is compris-
ing of three nodes. The source node is denoted by S,
the destination node is denoted by D and the relay
node is denoted by R. Each node is equipped with
two antennas, one of them is responsible for signal
transmission and the other is for signal reception.
The cooperative relay is assumed to be an energy
constrained device so that it must harvest energy
from the source, and use that energy to transfer the
source information to the destination node (D).
Terms g, and g, respectively represent the quasi-
static block-fading channel from the source to the
relay and from the relay to the destination node. In
addition, terms /, and /, denote the distance from
the source to the relay and from the relay to the
destination, respectively.

The TSR protocol for the proposed system is
illustrated in Figure 2.



Figure 1. System model of one way full duplex relaying.
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Figure 2. The parameters of TSR protocol.

The information process is separated into two
stages. Atfirst, theenergy is transferred from the source
to the relay within a duration of o7',(0 < @ <1).The
remaining time, (1-¢)7T , is employed to convey
information, where « is time switching coefficient
and T is the duration of one signal block.

During the energy harvesting phase, the received
signal at the relay node can be expressed as

7
Vi

where Py is the source transmission power and m
is the path loss exponent.

In this work, we assume a normalized path loss
model in order to show the path loss degradation
effects on the system performance. For simplic-
ity, np and n, are the zero mean Additive White
Gaussian Noise (AWGN) with variance 1.

Regarding wireless received power, the harvested
energy at the relay is given by

YR = 1Xs + g ()

E, = noT ——— S|gl| (2)
d
where 77 is the energy conversion efficiency.

For the information transfer phase, assume that
the source node transmits the signal xg to R and
R forwards signal x, to the destination node.

h s% als have unit energy and zero-mean, i.e,

i@ ‘ =1 and E[ ] 0,forie {S, R}. There-

fe th signal recelved s1gna1 received at the relay
under self-interference source is rewritten as
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3)

IP
Yr= lmxsg1+ng +ng

where g g 1s the residual self-interference factor
at R.

In this paper, we investigate both AF and DF
schemes in duplex relaying system. For AF, the
relay amplifies the signal with an amplification
factor

_ P, 2 <
K lz\/l_ri’gll +PR &,
1

With DF, the relay decodes signal before retrans-
mitting it. So the transmitted signal from the relay
can be expressed as follows.

2

+1 4

K ygpli— 7] with AF

Xp(i)=
/ixs[i— 7] with DF
Py

where 7 accounts for the time delay bred by relay
processing.

It is costly seeing that harvested power then
assist operation for the next stage transmission,
Py is advanced by

®)

2
E,

(1-)T
where p is defined as p=a77/(1- ).

Therefore, the received signal at the destination
is given by

ya(k)= \/7
2

With AF, we have

(6)

R =

x, [k] + ny[K] (N

gl\/7

_gz

Yp \/ZWKF \/7 9+TK\/7gz XR
signal RSI
Pritg +1p

o

noise

®)
With DF we obtain
(1) = Pagoxs(t — )+ ny (1) o)



In the above results, the instantaneous received
SINR at D through R is determined as

E {| signal ‘2}

) E{|n0ise|2} + E{|RSI

(10)

'}
We have
Ps|z‘>’1|2 Py |g2|2
2
PR,
7= 5 5 ey
IR§|g1| n PR[|§2| iy

2
PR §r llm

We assume that the channel gains |gllz,[g2|2
are independent and identically distributed (i.i.d.)
exponential random variables.

3 OUTAGE PROBABILITY AND
THROUGHPUT ANALYSIS

In this section, we compare the outage probability
and throughput of full-duplex one-way relaying
with energy harvesting and information transfer in
two relaying modes: AF and DF. Based on these
analytical expressions, we can see clearly some of
factors imfluencing factors on system performance
and learn how to deploy it in different situations.

3.1 Outage probability analysis

The outage probability of FD relaying network in
delay-limitted model is calculated as

P =Pr(y <H) (12)

out

where R is target rate and H=2% — 1.

Proposition 1: the outage probability of the energy-
harvesting-enabled two-way full-duplex relay with
AF protocol is derived as

PS|g1|2 PR|g2|2
LR
L' Pyg,
P:,F =Pr 2 2
IBla[” | Pell
2 m
Pelg,| I ’

" 1

I"'H| —+ 1
1/ pH y
V2 172 ( )

- [ f]— 2/
’[ Ay (P — pPsHy)

1{"15"2(’+1y] -
d e ’%dy

K, . \F 7 |
NN (P - ppeEy) (4,

[N

(13)
where A, 4,;,4, are the mean value of the expo-

nential ranaom variables g.g,.g, , respectively,
and K (x) is Bessel function defined as (8.423.1)

in (David H. A. 1970).

2
<
Proof: We denote x = |g1|2|g2|2 and y=|g,| .If x
and y are dependent then we have
1 ym I
0n H( + Iy]
Prix< P PHy ’If IT; R < ~H
PAlF _ s Py P (14)
1
1, E—
v

Interestingly, the cumulative distribution func-
tion of x is calculated by

Fy(a)=Pr(X <a)=1-2Jal A 4,K,(2Jal 1 4,)
(15)

and Y can be modeled with probﬁbilgty distri-
bution function fy(h)=(1/4)el”*) " Then
the Proposition 1 is achieved after some simple
manipulations.

Proposition 2: the outage probability of the energy-
harvesting-enabled two-way full-duplex relaying
with DF protocol is derived as

1
s +Iy)
1h (,0

/Zsﬂd (PS _pPSZy)

l]mlén (i"'lyj
_\P

Ay (Ps - /OPSH}‘)

)
£
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1]
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—
—
|
Q
R“
s
~—
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(16)
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Proof: Base on

Vo = min{i, /ZRE”X
Py LT

(17

and the above effect, we obtain the desired result
after doing some algebras.

3.2 Optimal throughput analysis

In Propositions 1 and 2, the outage probability
of the considered model, when the relay harvests
energy from the source signal and employs that
power to forward source signal to the destina-
tion, is a function of distance /, and noise factor,
1, and increases when /; increases from 0 to 2
and 7 increases from 0.1 to 1. In the delay-limited
transmission mode, the transmitter is communi-
cating at a fix transmission rate R (in bits/sec/Hz)
and (1- )T is the efficient information interval.
Hence, the throughput of system can be written
as

r=(-p,)R=AT

ouf

(18)

Unfortunately, it is as high complexity to get the
optimal throughput mathematically. However we
can get the optimal value by numerical method as
given in the next part.

4 SIMULATION RESULTS

In this section, we employ the results of derived
analysis to offer perception into the variety of
design options. The energy harvesting efficiency is
set to be 7=1, the path loss exponent is set to be
m=3. For simplicity, we set 4, =4, =14, =0.1
and /, =1, =1 (except Figure 3, Figure 4) as well
as I =1 (except Figure 5 and Figure 6).
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Figure 3. Outage probability of AF and DF model ver-
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It can be seen from Figure 3 and Figure 4 that
the outage probability of DF model is better than
AF model while its throughput is worse. As close
and intermediate distance, the outage probability
is gradually increasing but throughput of them is
contrariwise. The outage is maximum at some spe-
cific distance from S node.

The same thing happens in Figure 5 and Fig-
ure 6, the outage probability of DF model is still
better than AF model but its throughput is worse
than AF. This is due to noise at relay node which
has impact on system performance.

5 CONCLUSION

In this paper, the mathematical and numerical
analysis have shown practical insight of full-duplex
relaying system in term of the effect of different
system parameters on the performance of wire-
less energy collecting and information processing
system, which employs AF and DF relay modes.
The throughput results in this paper accounts for
the upper bound on the realistically attainable
throughput. Moreover, we also find that AF model
outperforms DF model in delay—Ilimited scheme
of full-duplex relaying network.
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A stochastic model for performance analysis of powered
wireless networks
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Department of Computer and Communications Engineering, HCMC University of Technology
and Education, Ho Chi Minh City, Vietnam

ABSTRACT: A wireless network using a relay node to harvest energy and process information simulta-
neously is considered in this paper. The relay node uses the harvested energy from the source signal then
it amplifies and forwards that signal to destination node. Based on two receiver architectures, namely time
switching and power switching, this paper introduces stochastic model for analysis of the Time Switch-
ing based Relaying protocol (TSR) and the Time Power Switching based Receiver (TPSR), respectively.
To determine the throughput at destination node, the analytical expression for the outage probability is
derived for the delay-limited transmission mode. The numerical results confirm the effect of some system
parameters to the optimal throughput at destination node for the network, such as the time fraction for
energy harvesting, the power splitting ratio, the source transmission rate, the noise power, and the energy
harvesting efficiency. More particularly, we compare the throughput at destination node between TSR
protocol and ideal receiver, TSR protocol and TPSR receiver for the delay-limited transmission mode.

1 INTRODUCTION cells with respect to BSs is introduced in Kaibin

Huang & Vincent Lau (2014). A MIMO wireless
In recent years, energy harvesting through Radio  broadcast system consisting of three nodes, where
Frequency (RF) solution has been received signifi-  one receiver harvests energy and another receiver
cant research as a solution to keep the lifetime of  decodes information separately from signals is
a wireless network longer. In contrast with tradi-  considered by Rui Zhang and Chin Keong Ho
tional energy supplies such as batteries or internal ~ (2011). Then this work is extended by consider-
charging sources, energy harvesting would enable  ing an imperfect channel state information at the
the wireless networks to operate by using energy  transmitter (Xiang & Tao 2012).

harvested from external source such as RF signals In this paper, we introduce an wireless coop-
(Varshney 2008) due to the fact that RF signalscan  erative network where a relay node harvests
carry energy and information at the same time. energy from the source signal, then it Amplify-

The concept of energy harvesting and process and-Forward (AF) that signal to destination node.
information for an ideal receiver was first intro- Based on the time switching, power switching
duced by Varshney, where the author studied architectures (Zhou, Zhang & Ho 2012), and AF
about the fundamental performance tradeoft for  relaying protocol (Laneman, Tse & Wornell 2004),
simultaneous information and power transfer. But ~ we introduce the Time-Switching based Relaying
this approach has been proved that is not avail-  (TSR) protocol for energy harvesting and informa-
able in practice since practical receivers still have  tion processing at the relay node in delay-limited
their limitation to decode the carried information  transmission mode. We also compare the optimal
directly (Zhou, Zhang and Ho 2012). Other works  throughput observed at destination node between
have been done by using realizable receivers with TSR and the time power switching relaying receiver
separate receivers for energy harvesting and infor-  (Dinh-Thuan Do 2015) to have a deep look inside
mation processing. The work by Varshney has been  the behavior of the system.
extended to a frequency-selective channels with
additive white Gaussian noise (Grover & Sahai
2010). Then a hybrid network is studied using 2 SYSTEM MODEL
stochastic-geometry model where base stations
(BSs) and PBs form independent homogeneous  Figure 1 shows the wireless system under study,
Poisson Point Processes (PPPs) and mobiles are ~ where the information from the source (denoted
uniformly distributed in corresponding Voronoi by S), is transmitted to destination node (denoted
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Figure 1.
wireless network.

System model for energy constrained relay
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Figure 2. TSR protocol (a) TSR model and (b) Block
diagram.

by D), through a relay node (denoted by R). The
distance from source to relay node and from relay
node to destination node are denoted by /, and
1,, respectively. The channel gain source to relay
node and from relay node to destination node are
denoted by / and g, respectively.

Based on the system model and the time switch-
ing receiver architecture, this paper introduces the
time switching-based relaying and the time power
switching based relaying receiver for energy har-
vesting and information processing from source
to destination at the relay node with delay-limited
transmission mode. The delay-limited transmis-
sion mode means that the destination node has to
decode the received information block-by-block
and as the result, the code length can not be larger
than the transmission block time (Liu, Zhang &
Chua 2012). The figure of merit for the system
under study is the throughput at the destination
node, which is defined as the number of bits are
successfully decoded per unit time per unit.

3 TIME SWITCHING-BASED
RELAYING (TSR) PROTOCOL

The time switching-based protocol (TSR) for
energy harvesting and information processing at
relay node can be seen in Figure 2.

In Figure 2, T is the block time to transmit
information from S to D, J is the fraction of T

in which the relay node harvests energy from the
source signal, where 0< &<1. The rest of time
(1-6)T , is used to transmit information from S
to D. The first half remaining (1-8)T/2 time is
used to transmit information from S to D, and the
rest remaining half (1-4)7 is used to transmit
information from R to D. The value of & that we
choose will affect to the throughput at destination
node, which will be illustrated in the following
sections.

3.1 Energy harvesting and information
processing at the relay node

Figure 2b shows the block diagram for TSR pro-
tocol. The received signal at relay node, y,(¢), is
corrupted by a noise signal 72 (¢) generated by the
antenna, is first sent to energy harvesting receiver.
Then, in the remaining time (1- )7 /2, it is sent
to information receiver. The energy harvesting
receiver rectifies the received signal to get the direct
current and uses that harvested energy for infor-
mation processing.

The received signal, y(#), at the relay node is
given by:

1
v (6) = —— [P, hst)+ 1 (¢) (1)
it

where /: is the channel gain from the source to relay
node, /, is the distance from the source node to relay
node, P, is the power transmitted from the source,
1 is the pathloss exponent, and s(¢) is the normal-
ized information signal from the source node.

The energy harvested at relay node, denoted by
E, is defied by:

) 2
E, = O |hI” or )
I

where 6 is the energy conversion efficiency and
0<o<l.

After harvesting energy from y (), then informa-
tion receiver converts y () to baseband signal and
processes it, this introduces an additive noise due
to conversion from RF signal to baseband signal,
denoted as 72")(t) . The sampled baseband signal at
relay node after converted is given by:

— [P, hs(k) + 5, (k) + ., (k) 3)

b
e

where k is the index value, s(k) is the sampled-
normalized signal from the source, 77, (1) is the
AWGN noise introduced by receiving antenna at

nik)=
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relay node, and 7,,(t) is the AWGN noise intro-
duced by the conversion process from RF to base-
band signal. The relay node then amplifies this
sampled signal and transmits it. The transmitted
signal from relay node, denoted as x,{k), can be
expressed as:

JB.y, (k)

x, (k)= 1AL “)
J Tt
4
s l h |2 1 1
where — i + ¢,27 + ¢),2] is the power constraint
factor, ¢,2]// and ¢,2]( . are the variances of 7, (k)

and 77, (k) , respectively, P is the power transmit-
ted from the relay node.

The signal received at destination node after
sampled, denoted as y (k), is given by:

)

1
yd(k) = 7gxr(k)+ ”a,d(k)-'- ”c,d(k)
2

where 77, ,(k) and 7, ,(k) are the AWGN noises
introduced by the antenna and conversion at desti-
nation node, respectively, and g is the channel gain
from R to D.

Substituting x,(k) from (4) into (5), we have:

g BL y, (k)

— T 2 2 2
Ji[PIRE 4, + )
+ 77(‘,d (k)

yd(k): +77a,d(k)

(©6)

And by substituting y,(k) in (3) into (6), we
have:

JB Phgsik)
\/17’\/P [P +1ﬂ¢,,

T d
JE/PS AP +22

where 1,(k) is defined as 7, (k) =77, (k) + 77, .(k) ,
and 77,(k) is defined as l],(k) palk)+ 17, 4(k) ,
are the overall AWGN noises at the relay and des-
tination node, respectively, ¢5,7 = ¢,7 + ¢,] is the
overall variance at relay node.

From (2), we can calculate the power transmit-
ted from relay node as:

(M

E,  26P|h 5

ATI2 I(1-0)

.=

= (8)
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Finally, substitute P, from (8) into (7):

20| h|* 5P hgs(k)
Ja—ay [P 1np +id,
signal part

J26P, (1 S5 ,0k)
o=y [P kP +1fd,

overal noise

yd(k) =

)

+ 77, (k)

The received signal at destination node y(k), is
expressed by (9) in terms of P,, 8,0, 1,1, h and g.

3.2 Throughput analysis

The SNR at destination node, denoted by ¥/, can
E{‘ signal partin(9)| }

Ef

be calculated using (9) by ¢, =

5
is expressed by nvyrallnot,se’m(())| }

2018 P 1gl s
(- (zf_ [kl +/(‘¢;’ )

26P|h[ |2l 0,0

7

Nt
(- (13 ihi +1|‘”¢;/‘)

20P" |h'\gl' s

29P\h||g\ ¢ S+P kI 11¢ (-0)+170'e g (1-05)
(10)

where ¢7/4 ¢,]l

The throughput at destmatlon node, denoted
by @, is determined by evaluating the outage
probability, denoted as d,,, given a constant
transmission rate from source node R bits/sec/Hz,
R=log,(1+ 4,), A, is the threshold value of SNR
for data detection at destination node. The outage
probability at destination node for TSR protocol
is given by:

P(Ap < 4)
where 4, =2%-1.

The outage probability at destination node, can
be expressed analytically by:

P) (11)

out

[Z az+b ]
el A (12a)
7n z=d/c
d
~l-e 7" uk,(u) (12b)
where:



a= }}ll’”lz"@z]dio(l—é') (13a) The denominator in (P1), ¢|h|* - d|h|*, can

be even positive or negative, thus d,,, is given by:
b=1“18'g, g, 4(1-9) (13b)
0 = p((c1 A1 = d [P )1 P< (al A +5))
¢=20P,5 (13¢) K
o__alh +b 2 ,
r|lel AP —d1nE ) [hl'<d/c
d=20Pl{'s, 1o (13d) _ clhl"=dlh|
2
1{@%%]:1, |hP>de
u da (136) C|h| _d|h|
C7h7g (A2)

v, 1s the mean value of |2 | , ¥, 1s the mean value

of [ and K, () is the first order modified Bas- The second leg in (A2) is due to the fact that

if |hPP>d/c, then c|h|*=d|h is a negative

sel function (Gradshteyn & Ryzhik 1980).
Finally. tl(le througli]put atydestinatio)n node is number and the probablllty of |g|’ greater than
’ negative numbers is always 1. Because of (A2),

given by: ad,, 1sgiven:
T/2 (1-9,,)R(1-6
@=(1-0,,)R ( ;) ( /)2 Lo (14 i az+b
_ _ 2
aout - :_L)f"h‘l (~)P(|g| > C22 _ dZ]dZ

This is based on the fact that the transmission rate
from the source is R bits/sec/Hz and (1- )T /2 is T 2 azth ),
the effective time to transmit information from the + .[ f\h‘f (4)]) lgl'< o
source node to the destination node. The throughput z=dle
ois depended on P, 4, d, 1, 1,, R, ¢2 and i d

Following is the demonstratlon (Ali Na51r = J
Xiangyun Zhou, Salman Durrani & Rodney z=
Kennedy 2013) for equation (12) and (13).

Substituting the value of SNR in (10) into (11), (A3)
we got:

out

26P2|h|“|g|2§
Yp=r 21 512 J4 2 | Y // 24 14 _ <20
20P | I\ gl 1 2, §+P|/1 iy ( éj+/ l¢,, 7//(] é‘)
_, |g|2<1111”15¢,, (=8| + 11 ¢, 8 A(1-0)
20P}8|h[' - 26P 1 #, A S| h[

»  alhP+b
- P Lo (A1)
p(|g| cIhf = dIAT
where:
a=PIl ¢727,1 A (1 _ é‘) where  z }s the integration  variable,
f‘ i 2(z)=4-¢ """ is the Probability Density Func-
”l _ tion (PDF) of exponentlal random variable |A[%,
2@/ ¢77/i0\‘ J) Fp(2)= pllgP<z)=1-¢ 7 is the Cumulative
Dlstr1but10n Functlo? (CDF) of the exponential
c=20P. 6 random variable |£[|” and 7, is the mean of the
exponential random variable | £|". By substituting
2
d=20P,I'¢, 1,0 Sy )= }}_/e’z”’h in (A3), d,,, is given by:
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(A4)

ouz‘zl__

_(:+“+b]
Ty QS
7 z=dlc

The analytical expression of d,,, for the TSR
protocol presented in (12) is presented by (A4).

The integration in (A4) can not be written
shorter any more. However, we can apply a high
SNR approximation to get further simplified

for d,, because at high SNR, the third factor
in the denominator (10), lf’”l{‘@zi’ﬁ,zm (1-0), is
very small when compared to the other factors,
20P | hFlgP ¢, 8. and P [hP KB, (1-6).
So, we can re-write:

_ 201k P* gl &
20P, |kl |l @, o+ P | h[ il g, (1-0)
(AS)

Yp

Or we can say that at high SNR, b can be
replaced by 0. Due to this, d,,, in (A4) can be re-
written as:

out

e —(i+L]
anut ZI_L J. e l%‘ (Czﬂl)yg dz

(A6)
P =Zare

Let’s define x = ¢z —d . The approximated out-
age probability at high SNR is:

d
e e
e " ¢ xy,
d,. =l- e Ve g

Th 2o (A7)
d

—1-¢ U uK, (u)

where u= |24 K (¢) is the first-order modified

e’
Bessel function of the second kind and the last
equality is obtained by using the formula,

oo

J.eigi/zxdx = \/gKl (W)

0

(17]

3.3 Time power-switching-based
relaying receiver (TPSR)

Figure 3 illustrates the block diagram for the Time
Power Switching based (TPSR) receiver in which
T is the block time for information to transmit
from source node to destination node, dis the frac-
tion of the block time and 0< §<1, in which 6T
is used for energy harvesting and the remaining
time is used to transmit the signal to destination
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Figure 3. Block diagram for TPSR receiver.

node. In term of power splitting, P is the power of
the transmitted signal and 0< #<1, denotes the
fraction of power splitting ratio for the harvested
energy. The received power is divided into two
parts, P and (1- &) P, which is used for energy
harvesting and for signal transmission from source
to destination node, respectively.

Based on the previous analysis for TSR pro-
tocol, the harvested energy at TPSR receiver is
given by:

65eP|h
E, = ‘94‘“ 15)
I
The transmitted power from relay node is:
2
GeP.\h" 0
— EI‘ —_ £ S| 1| (16)

=T (1-9)

The received signal at destination node after

sampled is:
(OS5 el P hgs(k)
- (P + 1,

signal part

JOseR | g7, (k)
=y [Blnt +1d,

Overall noise

a(k)=

(17

+ 77, (k)

Next, we can calculate the SNR at destination
E{\&gnalpartiu(ﬁ)\l}

node =7 . -
e E{\ovcrall noisein (17 }

058 'Ll

v, = 2 12 4 S 4w w2 2
" oser o v o + el i1, (1-8)+ 1710, 4 (1- )
(18)

The throughput at destination node for TPSR
receiver with delay-limited transmission mode can
be calculated based on (12) as:



©=(1-9,,)R (I_Tm:(l 90 )R(1-8)  (192)
where:
a= Pl g A (1-9) (19b)
=11y g, gy Ay (1-0) (19¢)
c=8eP>S (19d)
d=6eP ' g, 4o (19¢)
u= |24 (199)
I

3.4 Ideal receiver

In this section, we introduce a ideal relay receiver,
which harvests energy and processes information
from the same received signal (Varshney 2008).
In the first half of the block time 772, it harvests
energy and processes information the received sig-
nal from source node and in the remaining half,
it transmits the source signal to the destination
node.
The energy harvested in 772 is:

T (20)

The power transmitted from the relay node,
using harvested energy E, is:

P! |}
I

B _
T2~

i_
=

@0

At destination node, the received signal, y (k), is
expressed by:

G’ P hgs(k)
Jiu [P+ 1t

signal part

JORI | ¢ 7,(k)
Ju P+ 1 8,

Overall noise

(22)

+ 77, (k)
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The SNR at destination node, Vl p» can be cal-
E{‘s1gualparti1|(22)‘z}

lated i = , is given by:
culated as 3/, Effoveralinosein22)' ] is given by
N2 142
o o(P!) [1'[g]
b P2
6P |’ |e K g, + 1 g, (PR +H )
(23)

The throughput at the destination node for the
ideal receiver with SNR given in (23) for delay-lim-
ited transmission mode is calculated by:

(1-90u) R

2

a)[

24)

This is due to the fact that the effective time for
communication between source and destination
node is 772.

The outage probability,
based on (12), where:

o' is calculated

out >

a=PI'lY g, A (25)
b=[*1f ¢ & A (26)

=o(P)’ @7)
d=6Pl{' g, 4 (28)

4 NUMERICAL RESULS

In this section, numerical results are provided to
illustrate the TSR protocol and TPSR receiver
with delay-limited transmission mode. The dis-
tance from source node to relay node and distance
from relay node to destination node are denoted
as /; and /,, respectively, 0 < J'<1 is the fraction of
block time 7, @is the energy harvesting efficiency.

For simplicity, we choose the source tranmission
rate is R = 3 for default, the energy harvesting effi-
ciency 6 = 1, the power transmitted from source

=1, and the pathloss exponent i = 2.7 (corre-
spondmg to an urban cellunar network). We also
assume that &, =g, W =0y =0,
and the mean Value % and }/ of random Variables
|’ , are set equal to 1.

Figure 4 shows the optimal throughput at des-
tination node for TSR protocol with delay-limited
transmission mode for different values of . As we
can see, the throughput increases when Jincreases,

s b}
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Figure 4. Throughput at destination node for TSR pro-
tocol, with ¢,2] = ¢,27 =0.01.P=1,0=1,and =1, =1.

but when it reaches its maximum value, approxi-
mately at 0'=0.28, it starts to decrease. This is
because when ¢ exceeds its optimal value, there
is not much time for harvesting energy from the
source signal. This leads to smaller throughput
observed at destination node. For conclusion, the
greater the value of ¢ than its optimal value, the
more time is used for energy harvesting and less
time to transmit signal to destination node. And
the result is smaller throughput observed at desti-
nation node.

Figure 5 shows the optimal throughput for TSR
protocol and the ideal receiver in comparison with
the delay-limited transmission mode for different
values of antenna noise variance , the conver-
sion noise variance is set to ¢,27(‘ =0.01. The ideal
receiver harvests and processes information from
the same signal, so its optimal throughput is much
better than TSR protocol. As observation, the
optimal throughput for both TSR protocol and the
ideal receiver increase when the antenna noise vari-
ance decreases. This is simply understood because
the less noise in the signal, the better quality of sig-
nal received for information processing.

Figure 6 shows the optimal throughput value
for TSR protocol and the TPSR receiver with
delay-limited transmission mode for different val-
ues of the source transmission rate, R bits/sec/Hz.
It can be seen that the throughput increases as R
increases, but it will start to decrease as R is get-
ting greater than 3. This is because the through-
put in (14) depends on R, when R becomes larger,
the receiver at destination node failed to decode a
large mount of data incoming in the block time 7.
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Figure 6. Optimal throughput value for TSR protocol
and TPSR receiver with delay-limited transmission mode
for different values of R.

This causes the increase of the outage probabil-
ity but decrease of the throughput at destination
node. And, we can observe that when R is low,
the optimal throughput of TPSR receiver is better
than TSR protocol, but there is not much different
between them when R is large.

5 CONCLUSIONS

In this paper, we consider a wireless network where
a relay node harvests energy from the source sig-
nal and uses that harvested energy to forward the



source signal to destination node. The throughput
for delay-limited transmission mode for TSR pro-
tocol and TPSR receiver has been discussed. The
throughput at destination node is determined by
analytical expressions for the outage probability
for the delay-limited transmission mode. The ana-
lytical results for the optimal throughput at desti-
nation node for TSR protocol and TPSR receiver
is provided to let us have a deep look into the sys-
tem, and to understand the effect of some system
parameters to the optimal throughput value at des-
tination node.
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Energy harvesting in amplify-and-forward relaying systems with
interference at the relay

Thanh-Luan Nguyen & Dinh-Thuan Do
HCMC University of Technology and Education, Ho Chi Minh, Vietnam

ABSTRACT: Harvesting energy from Radio-Frequency (RF) signals is an arising solution for prolong-
ing the lifetime of wireless networks where relay node is energy-constrained. In this paper, an interference
aided energy harvesting scheme is proposed for cooperative relaying systems, where relay harvests energy
from signals transmitted from source and co-channel interferences, and then consumes that energy for
forwarding the information signal to the destination. A Time Switching-based Relaying Protocol (TSR)
is proposed to allow energy harvesting and information processing at the relay. Applying the proposed
approach to an amplify-and-forward relaying system with the three-terminal model—the source, the relay
and the destination, the approximated analytical results expressed in closed-form of the outage prob-
ability is derived to analyze the performance of the system. Furthermore the ergodic capacity, which
expressed in integral-form, is derived in order to determine the achievable throughputs. In addition, the
achievable throughput of the system is investigated.

1 INTRODUCTION harvesting simultaneously. Inversely, the source

signal carries both information and energy at the
Nowadays wireless communication devices are  same time. Furthermore, the receiver is assumed to
developing with an incredible speed, and existing  decode the information and harvest energy from
all over the world. Both size and amount of such  the same signal (Varshney 2011 & Grover 2010).
devices are increasing every year. However, a major,  There are two protocols for harvesting energy and
and maybe a leading problem is that they consume  decoding information separately (Zhang, Nasir &
tremendous amount of energy (Hasan 2011). Some  Liu 2013, Medepally 2010), one is the Time Switch-
inefficient solutions are using traditional recharg-  ing-based Relaying protocol (TSR), where the relay
ing and wiring method because of numerous small ~ switch over time between decoding and harvesting;
devices. Another considerable answer to that prob-  the other is the Power Splitting-based Relaying
lem is applying far-field microwave power transfer ~ protocol (PSR), where a portion of the received
technique for long-distance transmission or set-  power is used for energy harvesting and remaining
tling and deploying additional power beacons. But  power is used for information processing.

the fact remains that such technology is not ready In cooperative networks, by setting up an
work for today communication systems and not intermediate relay between the source and the
feasible for releasing throughout the world. destination, the coverage area and capacity of

A compelling solution interested by many communication system can effectively be enhances
researchers is to harvest energy from Radio Fre-  (Laneman 2004). However, since the relay is ener-
quency (RF) radiation captured by the receive  gy-constrained, it is difficult to prolong the lifetime
antennas to support energy-constrained communi-  of relaying systems. Optimistically, one can apply
cation devices. Ambient RF signal from commu-  energy harvesting approach in order to achieve
nication devices is widely available in urban areas  the desirable performance, since such information
and can present through the night, from indoorsto  decoding and energy harvesting has advantages
outdoors. These characteristics make energy har-  in wireless networks when the nodes cooperative
vesting a highly promising technology. In this tech-  together in transmitting the sources signal to desti-
nique, the receive antennas convert ambient RF  nation. For both protocols, the Co-Channel Inter-
radiation into Direct Current (DC) voltage and  ference (CCI) signals supply energy in the energy
supply appropriate circuits (Paing 2008 & Rajesh ~ harvesting phase and act as noise in the informa-

. tion decoding phase.

Since the limitation of the circuitry, one is una- In this paper, an Amplify-and-Forward (AF)

ble to process information decoding and energy  wireless cooperative network is investigated, where
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the relay harvests energy from the received RF
signals broadcasted by a source. Impacts of Co-
Channel Interferences (CCI) signals are consid-
ered. Specifically, the relays harvest energy from
the information signal and the CCI signals and
utilize that harvested energy to forward the source
signal to its destination. The TSR receiver archi-
tecture is adopted, and the corresponding protocol
is then proposed.

A three-terminal model of AF relaying is pro-
posed, where the source node communicates with
destination node through an intermediate relay
node. Due to the effect of CCI signals, the outage
probability is derived approximately in order to
determine the outage capacity, defined as the max-
imum constant rate that can be maintained over
fading blocks with a given outage probability. First
the ergodic capacity is illustrated numerically. The
corresponding achievable throughputs of the pro-
posed energy harvesting system are also studied.

2 SYSTEM MODEL

Consider a cooperative AF relaying system, where
the source, S communicates with the destination,
D through an intermediate relay, R. The relay is
assumed to be energy-constrained as illustrated in.
Figure 1. A single antenna operated in the half-
duplex mode is equipped in each node.

Figure 1 shows the system model for cooperative
relaying, where the relay harvests energy from the
signal transmitted from the source S and interfer-
ers and then use that energy to charge its battery.

Both, thesource-to-relayandrelay-to-destination
transmission experience independent Rayleigh
fadmg, with the channel galn hg and hj, with
E{| hg 1= Q, and E{| hD| 1=Q, respectwely, in
Wthh E{ - } denotes expectation operator and
| - | is the absolute value operator.

We assume that there are M CCI signals affect-
ing the relay. The complex channel fading gain
between the ith 1nterferer and the relay is denoted
as [, with E{|/; 1= Q; . In this paper, all channels
follow a Rayleigh dlstrlbutlon

Source

Destination

Figure I. System model for two hop channel state infor-
mation amplify-and-forward system, with co-channel
interference at the relay.

RF to Baseband
Conversion

Baseband
Processin,

Information Processing

Figure 2. Block diagram of TSR protocol for energy
harvesting and information processing at the relay.

Figure 2 illustrates the key parameters in the
TSR protocol. Where T is the block time in which
a certain block of information is transmitted from
the source node to the destination node. The relay
spends &7 block time for energy harvesting, where
0< £ <1 denotes the energy harvesting ratio and
the remaining block time is divided into two equal
parts, that is (1 - gﬁ)T/ 2, for source-to-relay and
relay-to-destination transmission, respectively.

3 TIME SWITCHING-BASED RELAYING
(TSR) PROTOCOL

3.1 Energy harvesting and information processing
at the relay node

Firstly, the source transmits its signal s(z) to
the relay. Accordingly, in the presence of the co-
channel interference, the received signal y5**(r) ! at
the relay node can be expressed as:

M
VIR = hgs()+ Y s, (1) + 7L (1) 8]

i=1

where n[R] {r) is the narrowband Gaussian noise
due to the receiving antenna®, s;(¢) is the signal
transmitted from the it/ interferer.

After down conversion, the sampled baseband
signal at the relay node, quR (k) is given by

M
yi R k) = hes(hk)+ Y Ls (k)
i=1
b (k)4 1) @
Ma _\K)+ e %)

a5 (k)

where s(k) and s;(k) is the sampled informa-
tion signal from the source and the it/ interferer,
respectively; n8l(k) denotes the baseband addi-
tive white Gaussian noise (AWGN) introduced by
the receiving antenna at the relay, and nl®l(k) is
the sampled AWGN due to the conversion from
RF band to baseband signal, both with zero mean
and variances of NL® and NI®, respectively; and
gR(k) is the overall AWGNs at the relay.
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The harvested energy during the harvesting
time, &7 is given by

M )
E, = ;,[Pslhsiz + 273!41“]& (3)
i=1

where &, with 0< £ <1 is the energy conversion
efficiency, its value depends upon the harvesnng

circuitry, P = E{| | tand P = E{|s | }, is the
transmit power of the source and the 1nterference
sources, respectively.

The transmit power of the relay

R (PSV’S' +f7%i/,-|zJ @
- i=1

=2

(-

Before forwarding yTgR (k) to D, the relay
amplifies the received signal by multiplying it with
the gain, G, which can be expressed as:

JP
|

M
2
Ps}hs'— + 27)1]11‘2 +Np
i=1
where Ny =N, LR] + NL[,R] are the variances of the
overall AWGNs at the relay.

Hence, the received signal at the destmatlon
node after the sampling process, yp ~(k) is
given by

(k)=

G= Q)

TSR

TSR
Yp

VER (k) hpG + nlP (k) +nlPY (k) (6)

{k)

a TSR
Zny,

where 72! (k) and nED](k) are the AWGNS at the
destmatlon node due to the antenna and conver-
sion, both with zero mean and variances of N [P]
and N.”/(k), respectively, and n)*%(k) is the
overall AWGNSs at the destination. By substltutmg

yi® (k) from (2) into (6), y5* (k) is given by

TSR

Vi (k) = hes(k)hpG

[21 s;(k)+np R (k ))hDG +np R (k)

@)

As a result, the SINR of the decision is given by
(8) (see next page).

3.2 Outage probability

x

S2D

In this paper, the outa
the probability that ¥

e probability is defined as
drops below an accept-
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able SINR threshold, ,. This concept is mathe-
matically illustrated by

TSR

uumgc Pr(\Pé s2p < }/lh) (8)

FT§‘§’}, ()

At high SNR, the outage probability at the des-
tination node is approximately given by

©
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7,

e
7
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77,

RID

12
expy—— " K |2
Ve

)

where A = diag(f4, ...y ). 1 = 52, UIQA)
is the number of distinct dlagonal elen{ents of A,

My > iy > > fly ) AT the distinct diagonal
elernents in decre smé order, 7;(A) is the multi-
plicity of M ,and z; ;(A) is the (i, j)th character-
istic coefflclent of A ((Z}u & Aissa 2014).

When the interfering signals are statistically
independent and identically distributed (i.i.d.),

outage

w5

X2 Xz

=1 =t

(/)//<>
(-1

1
iy

h

X, (A) %

ie, #=4i=12,.,M, then 1/( ):1 and
(A) M , the outage probability, P, . is then
reduced to
2 (7//;72 Jm Vi { NR/D}/II:}
Prwe =1 — | K| 2= [exoy——C2——
‘ 7.\ 7 77, 7
TN (ﬁ+i)
(M- \7  u
(10)
where
=—Q 10a
N N s (10a)
- _ 24,
g:_]_’ijD (10b)
N
Npp=—% 10c
R/D ND ( )

where 7, is defined as the average signal-to-noise
ratio (SNR).
Proof: See Appendix A

3.3 Ergodic capacity and the achievable
throughput

The second parameter used to evaluate the per-
formance of the cooperative network is the



throughput which is determined by evaluating the 1-&
ergodic capacity, C, in the unit of bit/s/Hz, at the 7p = TCO (18)
destination. In the AF-cooperative communica-
tio;gszRusing the received SINR at the destination,
Yoy in (8), C,.is given b
s2p 10 (8). Cyis given by 4 NUMERICAL RESULTS

Cr= E[IOgZ (1 + ‘ngﬂ D Iy this section, the approximated analytical results
are derived. Monte Carlo simulation results illus-

o , trated to corroborate the proposed analysis. To

= Io log, {1+ @)f wisy (@)do (12) " evaluate the effects of the interferences on the sys-

M
zga;zv%»hDizihSF[vz;hsf+z7>,-|l,-|2]
i=1
[ T YA T
25.fe|h0|2t72g|hs|2+27>,«|4-|2 JL272|11-|2+NR J ND(l—é.)[mhs\“+272|ll-|2]+(1—é)NDNR
i=1

i=1 i=1

(13)

where fwgﬁ’;( @ stands for the PDF of the ran- tem’s performance, we define the average signal-

; . . . to-interference ratio as 2 Here after, and
dom variable W55 Using the integration-by-parts SIR i i

method, the expression in (13) can be rewritten as ~ unless stated, the variances are assume to be identi-
cal, that is, Nl[lR] = N([,R] = N([ID] = NL[D] , number of

. i > interferers is set to 1 (M = 1) and the values of the

Cp= {logz =+ ﬂ)LF~F§§'f) (@) 1}}0 energy conversion efficiency is set to 1 (& =1).
1 = 1 (14 Figure 3 shows the throughput 7, and 7, versus
2% ﬁr[ﬁvﬁ% (@)~ l]d the energy harvesting ratio ¢ for different values of
average SIR received at the relay, where the average
1 e 1 SNR is fixed at 20 dB and p;, =5 dB. The ana-
= —[I—F - (&T)]dm (15)  lytical and simulation results of ergodic capacity

In2’0 1+ @ ¥sip

are from (15) and (12), respectively. It is observed
, that the analytical results match well the simula-
where {7(x)}, £/(b)-f(a). tion results. In general, the throughput increases

The throughput at the destination depends only 55 & increases to some optimal value. But later,
on the effective information time, (1-£.)7 /2 and '

is given by

—— Analytical T SIR=10dB
— — = Analytical T SIR=20dB
— == Analytical Tor SIR=10dB
--------- Analytical To SIR=20dB
@ Simulation

1-&)T 12 -
( 95;) =, (16)

)

3.4 Outage Capacity and the achievable
throughput

Outage capacity, in the unit of bit/s/Hz, is defined
as the maximum constant rate that can be main-
tained over fading blocks with a specified outage
probability (Gu & Aissa 2015). In the AF coopera-
tive communication system under study, the out-
age capacity is expressed as

Throughput (bit/s/Hz)

CO = [1 - P{mtage (}/th)]k)gz (1 + }/th) (17)

Figure 3. Throughput 7, and 7, versus the energy har-
The achievable throughput at the destination  vesting ratio, & for different values of SIR, where SNR is
relates only to the transmission time is given by fixed at 20 dB, with Nx = N, =1 and y, =5 dB.
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©  Simulation -

Optimal Throughput {hit/s/Hz)

Figure 4. Optimal throughput 7, and 7, versus the
average SIR for different values of average SNR, with
Ngy=Np=1and y, =5 dB.

as & increases from its optimal value, more data
is wasted on energy harvesting resulting that the
throughput of the system gradually drops down
from its maximum value. Furthermore, when the
average SIR increases the optimal throughput is
also increase. This is implies that an increase in
power of the CCI signals can deteriorate the sys-
tem performance, but reduces the & required to
achieve the same value of throughput.

Figure 4 shows the Optimal throughput 7, and
7, versus the average SIR for different values of
average SNR, where y,;, =5 dB. It also shows that
for a given average SNR, the optimal throughput
increases as the average SIR increases. This implies
that an increasing in the average SIR can effectively
enhance the system throughput. This implies that
in order to enhance the system’s throughput, we
can either increase the signal power or by decreas-
ing the noise variances.

5 CONCLUSION

In this paper, an interference aided energy harvest-
ing amplify-and-forward relaying system was pro-
posed, where the energy-constrained relay harvests
energy from the received information signal and
Co-Channel Interference (CCI) signals, then uses
that harvested energy to forward the signal to des-
tination after multiply it the gain. The time switch-
ing-based relaying protocol was adopted here for
circuit simplicity.

The achievable throughput of the system is
numerically derived from the ergodic capacity and
analytically derived from the outage capacity. The
outage probability is calculated approximately at
high SNR for simplicity.

It is shown that when the SNR is fixed, an increase
in the power of the CCI signals can reduce the system
performance, but required less time for energy har-
vesting at the relay. In order to enhance the system
throughput, one can either increase the power of the
information signal or decrease the noise variances.

APPENDIX A

At high SNR, the third factor in the denomi-
nator of (8), (l—f,)NDNR can be ignored
since its value is too small compared to
the other two factors in the denominator,

[Pl + S RIS 107+ V)

and ND(lff WPy | hsP + XM B ILE. As a result,
the approx1mated SINR at the destination apply-
ing high SNR approximation is given by

Wish s ——— (A1)
Yive +—+Npip
g
where,
AT (A.la)
ND
M
P2
YINF = ZNil’l,’ (A.1b)
i=1 D
2&
_ 26, 2 (A.lc)
— é‘-;
Nerp = & (A.1d)
D

In order to find £, . the cumulative density

function, F,rs (7,,) is approximately given by
S2D

T2 !
P U= | “’(71 ‘ 7”1(y i R“’n (A2)
X f;/g (Z)f}’INF (y)dde

where f, () and /,,(?) denotes the probability
density function (PDF) of ¥, and ,,, respectively.
The PDF of y,,,.is given by (for details on this anal-

ysis, see Bletsas, H. Shin, and M. Z. Win (2007))

=1 =1 (- iy
(A3)

W(A4) 7;(A) >’ y
IPROEDII ) y/ M expy———



If the interfering signals are i.i.d., the CDF of

% reduces to
yM—l exp {_ Y }
V4

Inaddition, to evaluate F,zs () , we also need
§2D

to determine the CDF and PDF of RVs, % and ¥,
respectively. Note that, the CDF of 7, and PDF of
7, can be expressed as £y (7)=1- exp{——} and
f}, (z)= —exp{——} respectlvely Subsmutlng
(A 3) mto ‘(A.2) and with the given CDF of ¥ and
PDF of y, we have

1 7,
ersk (K/,) =1- — exp{ —Rpcih }
s20 7,

M

A (A.4)

Sy )=

v(A) ’/

53

i=1 =1

( *1)’

X dy_[ exp{— T _

1

(A.5)

The two integrals can be evaluated as follow
(Prudnikov, Brychkov & Marichev 1986. Integrals
and Series, eq. (2.3.3.1) and eq. (2.3.16.1))

=
< I 1
I= erH CXP{—(&Jr —Jy}dy = F(/’)(@+ —J
0 7 My no M
(A.6)
- 7.7 12
I ;p{f__}dz(_] xof2 [
0 NE 7, 7 N7
(A7)

where K;(-) stands for the first-order modified
Bessel function of the second kind, I'(;j) denotes
the Gamma function.

The approximated outage probability, £, ..,
in (10) is achieved by substituting (A.6) and (A.7)
into (A.S).
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ABSTRACT: The purpose of this paper is to provide a method for finding the probability distribution
of the virtual waiting time of a customer in a closed queueing network with two stations in tandem and
unreliable servers. We obtain the joint probability distribution of the server state (busy or out of order)
and the residual work in each station. Then we derive the probability distribution of the virtual waiting
time of a customer in the network in terms of its Laplace-Stieltjes transform. These results are interesting
to provide some performance metrics such as the utilization or the load of a central node (or base station)
in physical networks such as mobile or wireless networks (WSN), data bases and other telecommunication

or computer systems.

1 INTRODUCTION

Queueing network models are interesting tools
when we want to take into account the effect of
packet traffic or routing protocols on the perform-
ance of a real physical network (Boucherie & Dijk
2010, Medvediev 1978, Demirkol, Ersoy, Alagz,
& Deli 2009, Qiu, Feng, Xia, Wu, & Zhou 2011,
Senouci, Mellouk, & Aissani 2012). We consider
a Closed Queueing Network of two single server
nodes (or stations) S, and S, in tandem in which
circulates a constant number N of requests (cus-
tomers, packets, etc). Such a model (see Figure 1)
is used in many systems with multiple access in
which we consider a Central Node (or Base Sta-
tion) against the rest of the network considered as
a bloc of data transmission. For example, the work
(Osman & Knottenbelt 2012) presents a catego-
rization of queueing network performance mod-
els of database systems. They considers amongst
others the transaction processing model in which
the central node or server represents the hardware
components (for example the CPU) of a central-
ized database or a site in a distributed database.

A more elaborated example concerns modeling
issues in Wireless Sensor Networks (WSNs) for
performance evaluation purpose. WSN's are widely
used to implement low cost non-attended monitor-
ing of different environments. WSNs operate in a
complex real-time and real world noisy environ-
ment, which gives rise to several modeling challenges
regarding to the quantitative protocol evaluation
for QoS (Quality of Service) goals. Recent applied
and theoretical research focus amongst others on:
(1) deployment of the sensors (location and cover-
age issues); (Senouci, Mellouk, & Aissani 2014,
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Central Node Network

Figure 1. Model of a network with central node.

Senouci, Mellouk, Oukhellou, & Aissani 2015)
(i) energy efficiency due to low-power and low-
cost devices with limited capabilities (sensing, data
processing, transmission range, memory, commu-
nication); (iii) saturation throughput analysis; (iv)
end-to-end delay reflecting the time needed by a
message to traverse one hop of its multi-hop path
to the sink node (Qiu, Xia, Feng, Wu, & Jin 2011).
Such an aspect copes with retrial behavior of the
message-sending node and the active/sleep peri-
ods of the potential next-hope nodes (Phung-Duc
2012); (v) routing protocols (Qiu, Xia, Feng, Wu, &
Jin 2011); (vi) reliability and maintainability issues,
which can be understood in different ways accord-
ing to the routing protocol used for the physical
purpose (Senouci, Mellouk, & Aissani 2012) etc.
In this context of WSN’s we assume that the
deployment is achieved yet. Moreover, since the
second node represents the rest of the network, so
the exponential and Poisson assumptions about
arrivals and breakdowns are reasonable by virtue
of limit theorems of probability. The network life-
time strongly depends on the routing protocol used
and can be defined in several ways. For example,
the lifetime can be defined as the time elapsed until
the first node (or last) depletes its energy (dies and
cannot provides service). In some scenarios, such
as intrusion or fire detection, it is necessary that all
nodes stay alive as long as possible, since network



quality decreases as soon one node dies. In these
scenarios, it is important to know when the first
node dies, the FND (resp.LND) metric (First node
dies) gives an estimated value for this event. The
HNA metric (Half of the nodes Alive) gives an
estimated value for the case when the loss of a sin-
gle or a few nodes does not automatically reduce
the QoS. Now, since the sensor nodes are placed
at different distances from the base station, the
network lifetime distribution can be studied using
these three metrics from the spatio-temporal point
of view (Senouci, Mellouk, & Aissani 2012).

In this paper, we introduce the probability dis-
tributions of the lifetime of the node which fits to
any of the above metrics according to the mode-
ling level. When a node “die”, a random interrup-
tion period (for corrective maintenance) begins in
order to renewal the node to the state “as-good-
as-new”’.

We assume that the lifetime of the central node
S, is arbitrary distributed with Probability Distri-
bution Function (PDF) D,(¢z) while the lifetime
of the node S, is exponentially distributed with
parameter &, .

After breakdown, the renewal of the node begins
immediately and it’s duration is a random variable
arbitrary distributed with PDF R (r) in S, and
exponentially distributed with parameter », in
S, . The service time of a request is also exponen-
tially distributed with parameter ; in the station
S;,1=1,2. We assume that the three sequences of
lifetimes, renewal times, service times are mutually
independent and identically distributed sequences
of random variables.

After service in the node S;, the served request
joins immediately the node Sj,i,jel,Z,j;ti. If
a new request finds in S; the server available i.e.
free of requests and in functioning state, then its
service begins immediately. Otherwise, he joins a
First in-First out queue and waits the beginning of
service without any constraint on the duration of
the waiting time.

Concerning the evolution of the request whose
service was interrupted, we consider the following
two schemes.

1. After the renewal of the node, the service of the
interrupted request continues from the point at
which it was interrupted (Scheme 1).

ii. After renewal, a new service begins (Scheme 2).

The purpose of this paper is to provide a method
for finding the probability distribution of the vir-
tual waiting time of a request in such a Queue-
ing Network. In the following section, we provide
a technical remark which help us to simplify the
considered problem. In section 3, we describe the
basic stochastic process describing the evolution
of our network of queue. In section 4 we derive
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a partial differential system of equations for the
probability distribution of the system state of the
basic stochastic process describing the evolution
of our queueing network. Section 5 is devoted
to the resolution of this system of equations in
stationary regime. In section 6, we show how this
solution can be used to derive the probability dis-
tribution of the virtual waiting time of a request
in the central node of the network. Finally, in sec-
tion 7 we show some applications and numerical
examples.

2 SIMPLIFICATION OF THE PROBLEM

Let Gi{¢) be the distribution function of the gen-
eralized service time (Gaver 1962, Taleb. & Ais-
sani 2010) (also called completion time (Aissani &
Artalejo 1998)) of an arbitrary request in the base
station S, i.e the time from a first access of the
request at the server until he leaves the system with
completed service.

Denote also by H,(t) the distribution functions
of the service time in station S;, D,(f) the distri-
bution of the lifetime of the server in station S,
and R;(¢) the distribution of the renewal time in
S;,i=1or2.

The corresponding Laplace-Stieltjes trans-
forms are denoted by g,(s), d;(s), r(s), h(s),
Re(s)>0,i=1o0ri=2.

It can be shown that the Laplace-Stieltjes trans-

form of the distribution G(¢) is given by

e Scheme 1.

g(s)= [ e Pl(s)dH, (o),

1-d\(s)

N P(x.t)dt = ! x ,
1—-xd,(s)

?(x,s) = J: e .

Here p,(t) is the probability that k break-
downs occurs during the service of the marked
customer and

P(x,1)= i x*P (1)
0

is the generating function (or z -transform) of this
probability distribution relatively to the discrete var-
iable k. So, P(x,s) represents the Laplace trans-
form relatively to the continuous real variable ¢ .

e Scheme 2.

5 (s)

80 = o)



where

o) = [ 1= H (o)D),

op()= [ [ 1= Dy(o)JdH, ().

Recall that in section 1, we have assumed that
the functions D,(t), R,(t), H,(t) corresponds to
exponential distribution functions. So, by elemen-
tary algebra, we show that

&
+6,

s

dy(s)= e dDy(1) = -

r(s)=[" e dR, (1) = —2 ,
2(5)=[ e dRy (1) o

dy{(s)= _[: e 'dDy(1) = sf72

s

Now, according to the remark of several authors
(Gaver 1962) (for FIFO Queues) the waiting time
of an arbitrary (but marked) request can be decom-
posed into the sum of the proper service time, and
all the renewal times of the breakdowns occurring
during this service.

From a request point of view, it is not impor-
tant what time has been devoted to the service
itself, or to the reparation of the breakdown. The
only important thing is at what time the server will
be available to accept a new request in service. So,
we will assume that the server in the station S; is
absolutely reliable and the service time in this sta-
tion follows a probability distribution G;(z) .

Similar arguments can be provided from the
point of view of the second node S, .

3 THE BASIC STOCHASTIC PROCESS

We introduce the following notations. Let e(z) =0,
if the server in S, is free of request and available;
e(t) =1, if the server is busy or out of order.

At)=0, if the server in S, is free of requests;
A(t)=1, if the server is busy.

a(t)=0,if theserverin S, isavailable; a(7) =1,
if it is out of order.

We introduce also j(¢) a continuous random
variable which is equal to

e the period from ¢ until the moment of break-
down of the server S, if e{r)=0 and after ¢
there is no arrival in S,

e period from ¢ wuntil the beginning of a
request which will be arrived at time ¢ if

e(t)=181)#0 ,

e period from ¢ until the server S, achieve the
service of all customers if e(r)=1,4(t)=0 .
Consider the following stochastic process

)y ={e(),a(t), /), (1)} defined on the state

space E ={0,11®{0,11®{0,1; ®R*

It is not difficult to show that the proc-
ess {{(r),t 20} is a linear Markov process with
spontaneous variations of state in the sense of
(Gnedenko & Kovalenko 1989). This process is vis-
ibly ergodic, since the embedded Markov chain is
finite, irreducible and aperiodic.

4 SYSTEM STATE OF EQUATIONS

In this section we derive the system state equations.
The functions

F7 )= Ple(t) =k, edt) = i, o) = J, (1) < x},
iajsk € {071}7)( 2 03

are solutions of the following system of partial-
differential equations

IFY (1) OF (x:0) . AF(0;0)
8[ ox ox
FV(0:
a( )Dl(x)+ 1 E O (x:1)
X
—(+ Hz)Fo(f))(x:l),
IR (xit) R (i) | OFY(031)
ot ox ox
_0RY(©0:0)
dx
IRy (x:t)  OF (x:1) . A (0;1)
ot ox ox
oF," (05 F
- SR gy, LD
X
+4 ) (o) GV D () - (//2 +6)Fy (x:0)
JF, t
+//2_[ Gl(\*J/)—Ol;J ) [y,
ORY (i) IRV (xir) | OFY(0:1)
ot ox ox
).
_ oF;(0:1) (x30)
dox
—nFRY0a0)+ w By (06 (),

F ()= p0)f 7 G e = 1)dRy ()
+Dg (I)G1(N)(X),

EY s =0 6" (x - »)dR ()
+45(1G™ (),

Dy(x)+ & F (x:0) = B (x:0),

R(x) ++6,F]



where Pr =lim,_,, . pi (1),

p0) = Ple(t)=1,a00)= 0, (1) = 0, (1) = i},

qi(t) = Ple(t) = La(t) =1, A1) = 0,4(1) = 1},
i=0,1. Denote

G = lim,_,_q,.(t).

Here () is the number of unavailable servers (bk(s )= J st Fl.j(‘( x)dx,
in the system S, and Gf(.) is the k -th order con-
volution of the function G(.). ‘
These equations can be obtained by the usual way k dFy 0
(Gnedenko & Kovalenko 1989). The idea is to observe — O
the evolution of the basic stochastic process during
an infinitesimal small interval of time (2, + /). k_ pk (0)
Therandomevent ez +h) =0, et + h) =0, At + yoomyan
h) = 1 with pz+#h)<x (which probability is
F{"(x;t+ h)) occurs if and only if one of the fol-
lowing events holds

o cither from the state e(r)=1,e/(z)=0,HK¢)=1 ©) ©) 1w @
with 0< (1)< h (the probability of such a ran- (5 =4 = &)Pg; (s) + 1 Pry'(5) = ;[am —afldy(s))
dom event is FO1 (h;t)) and the duration to the © N 0
next breakdown of the server in S, is less than (s 15)®{](s) + A4 (s) = —[ O —aVd, (s)],

x (the probability of such an event is D;(x));

o cither e(t)= Oaf(t)—l,b’(t =1) with A< 1)< -0 1= h(sMDPV () = ~TaD — 4t (s
x + h (with probablhty F11 (x;t) and the break- ( 2= A=) = [ o~ o 1(5)
down of the server in S, has been achieved — ,Uzbm 'g,(s)— //lb“)[gl(é)]N 1],

(with probability R,{(h);
e cither e(t) =1 a(t) = o ,H(t) =1), h< ((z) <x+h  (s—1)®)(s)+ 92q>“>(s)— [a{? —aVr(s)

Applying the Laplace transform to the system
of section 4, we obtain

(with probabﬂlty F01 (x+h t)— F01 (h;t) ) and X Vol

the service in course in S, is not achieved and - bl g (91N,

the server in S, don’t fails(with probability ) 1

1— H,(h)— Dy(h)). Poo () =—Lro + ()& 1"

S0, we can write: O (5) =~y + (N (N

K

FP (vt + hy= By (k) D (x) + B () Ry (h) _ ,

+[1= Hy(h)— Dy(h)] % [Fo(10)(‘\ + i) - Fo(lo (h:)]. From the two first equations above we get

(0)

This is a simple application of the well known r(s )(0) W ©

formula of total probabilities. _ (ap1 — ay; )(5 — )=y —a'd(s))

s

Now, we can divide both sides of the above S[(s— 6 — &) (s — 15)— 1,6,]
equation by /# and take the limit when 4 — 0. So, (Df(,’)( 5)
we obtain the first equation. The other equations ( ) _ (1))6’ —( —6,)( ©) _ (”d( )
can be obtained by the same physical arguments. = Yo Z%)% 78T D Zdndils)
sl(s— 26— ‘92)(5 — 1) =16

4.1 Remark Next, the third equation give

It seems that these equations may hold for arbitrary

distributions and/or lifetime and renewal times. (DB]I) (s)
_ay —ay () — by g1 (5) — by (&1 ()
5 RESOLUTION OF THE SYSTEM IN | V(l“ —O (-5
STATIONARY REGIME O (s) = —— [ — aVr(s)
s=V, s
Consider the Network in stationary regime, when - ,L'zflbl((l))(gl(s))N ’])7 1924)2)11)(3)].

the following limits exist
. . In these formula, the constants a,(/ ) are still
Fi(x) =lim,_, JFj (x;1), unknown. Note first that the equation
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(5=t =6)(s—1m)—1b6 =0

has a positive root

1
SOZE[//2+V2+‘92

+\,/(//2 - V2)2 + (60 +2(1, + 15))].

Since the functions CD(OJ(S) and QD(O)(S) are
analytical functions in the subplane R,{s)>0, so
when the numerator equal zero, the denominator
must also be zero.

So, the unknown constants a,j are solutions of
the following system of equations

0 1 0
("((;1) _“(()1)("'0 -n)- V2(al(l) _"11))071(50) 0

(ay) — a8, — (s) — ty — 6@ty — afd,(50)) = 0.

Similarly, smce for s=v,, the denominator of
the function ®{V(s) equal zero, we have

=6 (1= g ()] - aﬁ”n(v )
—ﬂlb&)(gl(vz))N)—(aa‘l’ —ayn(vy) -
- /lzb((J?)gl(Vz) - //1b<)() (81(V2))N 1)} =0

Next, consider the function

S8)=5-6,— (1 g (1))

It is not difficult to see that for s =0, we have
f(0)=—v, and lim_,_ f(s)=4eo. So, the function
f(s) has at least one root in the domain R,(s) >0,
s, say.

Consequently, we have a system of four equations

a((n) _am "1(71) /lzbu g1(V1)

/1117(}))(&\?1)) =
() _ (0) oy b(O)
afy —ain(s) — b g1 ()
_/ulb(()}))(gl(sl))N7 =
Consider now the linear system of algebraic

equation which can be written under the form
Ax = b, where

x=(afyal af,afl)

b=(0,0 bl,bz)

b= /111700 (gl(sl))N 1"'//vbm 2(s))

by = (g () A (v = 8 — 46 (1= g, (1)
_b(l)o} _//2b(()(1])gl(V2)}

and the matrix 4 has the following form

So—Vy =S, +Y, —V, vod,(sy)
& -6, X(‘92>V2~ﬂ2) W&, vy, 1t5)
i(1) -1 UGy vy pty) V(65 Vio )
() 1 0 0
where

X6y, ty) =t + 6, — 5,
U6, 5, 00) = 6 + i5(1— g1 (15)) — 1,
—6)—p(1-

W&y, vy, 4t} = dy (59 )(so — 4t — )

V(6. vy, 46) =1y &)

6 VIRTUAL WAITING TIME

Now, we are able to derive the distribution of the
virtual waiting time of an arbitrary request in the
station S, .

Denote by @(r) the virtual waiting time of such
a request i.e. waiting time of a request which will
be arrived at time 7. It’s the period between the
time ¢ until the departures of all requests arrived
before ¢. If the server is available andfree of
requests, then @(¢)=0.

Also denote by F(x)=Ilim,_ P{a(t)<x} the
limiting probability distribution of the virtual
waiting time and

O(s) = lim,_,.. j: e dP{at) < x}

is Laplace-Stieltjes transform.

The structure of such a stochastic process is the
following. Let #,,t,,4;.... the instants of requests of
“pure” service (regular one’s) and/or “impure serv-
ice” (renewal of components failures, virus elimi-
nation etc.) (4, <t, <t <.... Then for ¢, <t<1t,,,
the process {a(t),t >0} can be defined as

at) = 0, if aw(t,)<t-1t,]
ar) = w(tn) - (Z_tn)!ifw(tn) z1-1
For t=t,, we have aft,+0)=a(1,—0+)+7,,

where 7, is the service time of a regular customer
and/or the renewal period of an interruption (due
to a physical breakdown or a computer attack)
which had occurred at time 7,. Moreover, we
assume the initial condition @(0)=0.

The process {a(t),t =20} has stepwise linearly
decreasing paths as shown in Figure 2.

We have in the Previous section derived the joint
distribution {F;" (K (x)} of the server state in S,
S, and the Varlable a(t) in stationary regime.
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Figure 2. Sample path of the stochastic process

(A1), 1> 0},

Now, the Laplace-Stieltjes transform ®(s) of the
virtual waiting time canbe expressed through these
functions as follow:

1 1
D(s)=5Y, Y O (s)+lim,_ @4 (s)+ DY ().
i=0 j=0

Now, after tedious algebra we found the fol-
lowing explicit expression for the above defined
function

1 1] 4]
D(s)=—Ialy +ai)) —af}) - a)
2
1 0 1 0 1
18— i) = (@l -l ) + &)
2
l 1 0 1 -1
(@) —ay"i(s) — b ()
RN )

+ [gll(s)]N[po + g+ (o + )R]+ (1)
() ~afPn() - bl L (0" )
2

+[g (S)]N[l’o Ty P+ a)n )]+

+| - % ! ]
s \s— 6~ (1= g(s)

x[afy) - a§ri(s) = b5 ()2 (5)

— b5 1g (1N )

We need in the above computations to take into
account the normalization condition.

7 APPLICATIONS AND NUMERICAL
ILLUSTRATIONS

In this section, we give an application of the above
results with some numerical illustrations.

utilization of the central node U

Utilization of the central node.

Figure 3.
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Figure 4. Effect of o on the utilization U .

An interesting performance metric is the utiliza-
tion of the central node (base station) S; against
the rest of the network U =1- F(0+)= ®D(+o0)
. This metric is plotted as a function of N in
Figure 3 for the following cases:

1. 4 =0.5:short dashed line;
2. 6 =2 :long dashed line;
3. 4 =10 : gray level line;

where 4 is the breakdown rate in the central node
S, . For this experiment, we set ¢ =1, &4 =2,
6=1, =1, 1r=2.

We see how the utilization of the central node
increases while N increases and &, decreases.

Denote by m; the total sojourn time of a cus-
tomer in the node S; (i=1,2). Figure 3 shows the
effect of the ratio p= :nﬂ on the utilization U for
different values of N : °

1. N =10: short dashed line;
2. N =5:long dashed line;
3. N =15: gray level line;

For this experience we take the same numeri-
cal values while the breakdown rate in the Central
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node is fixed as £ =0.5. Here, we see on Figure 4
that the increasing of p decreases the utilization
when N decreases.

8§ CONCLUSION

In this work, we have provided a method for finding
some performance metrics such as the utilization
of the central node (base station) in some modern
networks such as WSNs or database systems.
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Risk assessment of biogas plants

K. Derychova & A. Bernatik

Faculty of Safety Engineering, VSB—/1Technical University of Ostrava, Ostrava-Vyskovice, Czech Republic

ABSTRACT: Biogas represents an alternative source of energy with versatility of utilization. This arti-
cle summarizes information about production and properties of biogas, storage possibilities and utiliza-
tion of biogas. For the assessment of the risks of biogas were established major-accident scenarios. These
scenarios were complemented by an analysis of sub-expressions of biogas namely fire and explosion,
because biogas is formed mainly from methane, which is highly flammable and explosive gas. For analysis
of methane were used Fire & Explosion Index and modelling program ALOHA.

1 INTRODUCTION
Due to limited capacity of fossil fuels, it is switching
to alternative sources of energy. In these sources can
be included biogas, which belongs to the gaseous
renewable fuels. In Europe is currently over 14 thou-
sands biogas plants, most of them are in Germany,
Italy, Switzerland and France. Czech Republic is in
fifth places in the number of biogas plants, as can be
seen in Figure 1 (EBA 2015). In the Czech Republic
were about 554 biogas plants at the end of 2015.
Biogas is nothing new, its history dates back
to the late 19th century. However, its production
in the past and nowadays is significantly differ-
ent. Therefore, it can be alleged that anaerobic
fermentation is a new developing and perspective
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technology. Biogas is basically a mixture of gases,
among major components belong methane and
carbon dioxide and minor components is formed
by: hydrogen sulfide, water, hydrogen, nitrogen,
ammonia, oxygen and optionally other substances.
Representation of individual components in the
mixture and its amount varies depending on the
raw materials and technological process (Dery-
chova 2015).

2 BIOGAS—CLEAN ENERGY

Biogas is a widespread term for gas produced by
anaerobic fermentation. The anaerobic fermenta-
tion takes place in the natural environment (e.g. in
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Figure 1.
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wetlands, in the digestive tract of ruminants), in an
agricultural environment (rice field, the dunghill),
in waste management, further on the landfill sites
(landfill gas) at sewage treatment plants and biogas
plants (Straka 2010). In the European legislation
(2009/28/EC) is biogas formulated as a fuel gas
produced from biomass andlor from the biodegrad-
able fraction of waste, that can be purified to natural
gas quality, to be used as biofuel, or wood gas. And
according to (Kara 2007) can be concept of biogas
used for all kinds of gas mixtures produced by the
operation of micro-organisms, eg. below ground,
in the digestive tract of animals, in landfill sites,
lagoons or the controlled anaerobic reactors. How-
ever, in technical practice, is the biogas presented
as a gaseous mixture produced in the anaerobic
fermentation of wet organic substances in techni-
cal equipment (reactors, digesters, etc.).

Biogas production is a very complicated bio-
chemical process, in which the mixed cultures of
organisms decompose organic material in absence
of air. Anaerobic fermentation takes place in four
consecutive phases—hydrolysis, acidogenesis, ace-
togenesis and methanogenesis, when the last phase
produce methane and carbon dioxide (Juchelkova
et al. 2010, Rutz et al. 2012, Schulz et al. 2001).
Process of produce biogas takes place at a particu-
lar operating temperature (according to the type of
bacteria—psychrophilic, mesophilic, thermophilic)
at pH from 6.5 to 7.5 and for specific time (accord-
ing to the type of bacteria from 10 to 120 days).
(Derychova 2014; Rutz et al. 2008). The outcome
of this process is biogas and a digestate, which is a
good quality fertilizer (Schulz et al. 2001). Suitable
materials for production of biogas are substances
of biological origin, such as plant biomass, animal
biomass, organic by-products and organic waste
(Kara 2007).

Composition of biogas is variable and dependent
on use raw materials supplied to the process; it is
confirmed by the authors (Rasi et al. 2007). Ideally
biogas contains only two major gases, methane and
carbon dioxide. However the raw biogas includes
other minor gases, e.g. hydrogen sulfide, nitrogen,
oxygen, water vapor, hydrogen, ammonia, and
other siloxanes (Jonsson et al. 2003, Kara 2007).

Comparison of the chemical composition of
various biogases shows the following Table 1. Pro-
portional representation of the two main compo-
nents of biogas (methane, carbon dioxide), but
also minor components, differ depending on the
origin of biogas and on the composition of the
starting substrate.

The concentration of methane in the biogas
is not permanent, may change the density of the
entire gas mixture. If the methane concentration
falls below 60%, it becomes biogas heavier than
air and may accumulate in depressions at land-
fills and in reactor vessels. The presence of minor
components of biogas can indicate the presence of
some chemical elements in the material or malfunc-
tion during the fermentation (Kara 2007, Straka
2010).

Storage tanks are built for accumulation of
biogas to reduce disparities between production
and consumption. The daily cycle of gas con-
sumption can be independently varied. Biogas can
be stored for long periods of time and then can
be used without the loss. Gas tanks can be divided
according to the materials, function and arrange-
ment. Publications (Schulz et al. 2001) divide
biogas tanks into tanks designed as a low pressure,
medium pressure and high pressure reservoirs.
The characteristics of these reservoirs are shown
in Table 2. According to the time of storage dis-
tributes publications (Krich et al. 2005) gas tanks

Table 1. Approximate composition of the biogas (Jonsson et al. 2003).

Chemical Agricultural Waste water Landfill
Component formula biogas plant treatment plant plant
Methane [vol.%)] CH, 60-70 55-65 45-55
Carbon dioxide [vol.%] CO, 30-40 balance 30-40
Nitrogen [vol.%)] N, <1 <1 5-15
Hydrogen sulfide [ppm] H,S 10-2,000 10-40 50-300

Table 2. Design of biogas tanks (Schulz et al. 2001).

Pressure level Operation pressure Bulk Storage facilities

Low pressure 20-50 mbar 50-200 m? gas tank with water seal
0.05-0.5 mbar 10-2,000 m? gas tank with foil cover

Medium pressure 5-20 bar 1-100 m? steel storage tank

High pressure 200-300 bar 0.1-0.5 m? steel cylinder
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Figure 2. Various types of biogas tanks.

Table 3. Representation of the gases in biogas and
biomethane (Derychova 2014, Peterson et al. 2009).
Component Raw biogas Upgraded biogas
Methane 40-75 vol.% 95-99 vol.%
Carbon dioxide 25-55 vol.% <5 vol%

Water vapor 0-10 vol.% -

Nitrogen 0-5 vol.% <2vol.%
Oxygen 0-2 vol.% <0.5vol.%
Hydrogen 0-1 vol.% <0.1 vol.%
Ammonia 0-1 vol.% <3 mg/m?
Hydrogen sulfide 0-1 vol.% <5 mg/m?

for short and long term storage. On Figures 2 are
shown various types biogas tanks.

Utilization of biogas energy is versatile. Biogas
can be used to produce heat, cooling, electricity;
further can be used to cogeneration and trigenera-
tion (not often used). For the use of biogas in the
transport and distribution to the natural gas grid
it is necessary to modify the biogas. Publications
(Petersson et al. 2009) present a various types of
biogas purification. Biogas plants utilize about
20-40% of produced heat to heat up the digesters
(process heat) and other 60-80% of heat is called
“waste heat”, it is farther used for additional elec-
tricity production (Rutz et al. 2012).

The most often is biogas converted directly
in cogeneration units into electricity or heat in a
biogas plants. Surplus of electricity can be deliv-
ered into the electric power grids or distributed
through a pipelines as a heat or gas, or can be
transported down the road too.

2.1

Biogas is composed of majority and minority
gases, approximate composition of biogas shown
the Table 3. Characteristics of biogas depend on
the content of methane. Physical and chemical
properties of biogas depend on the material and
process parameters (Kara 2007, Straka 2010).

Properties of biogas
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Is generally known that biogas is unbreath-
able gas. Density of biogas is approximately
1.2 kg/m?®. It is slightly lighter than air, this means
that biogas will goes up rapidly and mixed with
air (Derychova 2015). Biogas is a flammable gas
which is also explosive, under certain conditions.
Conditions for an explosion, which must be com-
plied with, are the concentrations of explosive
gas between the upper and lower explosive limit
(biogas consisting of 65% methane and 35% car-
bon dioxide has explosive limit 6-12 vol.%), the
presence of an explosive mixture in an enclosed
space and reaching the ignition temperature (for
biogas it is 620-700°C). Under the lower explo-
sion limit does not occur to ignite of the biogas
and above the upper explosion limit can biogas
only burn a flame. (Schulz et al. 2001) Critical
pressure of biogas is in the range of 7.5-8.9 MPa
and critical temperature is — 82.5°C. Biogas has
a very slow diffusion combustion, the maximum
progress speed of the flame in air is 0.25 m/s,
because of CO, (Rutz et al. 2012).

Biogas has an ability to separate itself into its
compounds (thermodiffusion). Therefore, it is
appropriate and necessary to know the proper-
ties of the individual components of biogas, these
gases have its characteristic physical-chemical
properties. E.g. carbon dioxide is heavier than air
(1.53 kg/m?), that’s why it decreases and adheres
to the ground. Methane, which is lighter than air
(0.55 kg/m’) rises into the atmosphere (Delsinne
et al. 2010, Rutz et al. 2012).

3 HAZARDOUS MANIFESTATION
OF BIOGAS

The increasing number of biogas plants increases
the risk that there will be incidents at some of these
stations. That prove the events that have occurred
in recent times In January 2013 occurred a mas-
sive explosion with detonation inside the biogas
plant in Chotetov, the station was still under the
construction and it was not put into operation. In
November 2013 in Chric was found employee in
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the shaft, most likely was intoxicated by methane.
Even abroad, there are accidents which have its
casualties. In Germany in 2009 exploded biogas
plants, one worker was killed and two others were
injured (Derychova 2015). The Graph 1 shows a
comparison the number of events in biogas sta-
tions in the Czech Republic and in Europe since
1995 till 2013 (Casson et al. 2015, Ministery of the
Interior 2014). From the graph can be read events
that occurred on biogas stations in a given period,
incidents like leaks, fire, explosion and other events
(of unknown cause).

The possible scenarios for accidents caused
by biogas are identified in the following diagram
(Figure 3). (Derychova 2015).

evaporation

heat radiation blast wave {
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Scheme of scenarios for accidents caused by biogas (Derychova, 2015).

Possible consequences of the accidents caused
by biogas are the heat radiation in case of fire, blast
(shock) wave with any flying fragments in case of
explosion and toxic effects of gases into the atmos-
phere scattering (Derychova 2015).

4 RISK ANALYSIS OF
BIOGAS PLANTS

Safety of biogas plants has to be focused on the
most commonly occurring risks which are an explo-
sion (fire), leakage (poisoning, suffocation) and
environmental pollution. As was mentioned, com-
position of biogas depends on the type of biogas



Table 4. Characteristics of methane.

Parameters Value
CAS 74-82-8
Molecular weight 16 g/mol
Ignition temperature 595°C
Flash point -188°C
Minimum ignition energy 0.29 mJ
Temperature class T1
Lower explosion limit 4.4 vol.%
Upper explosion limit 17 vol.%
Explosion group IITA
Classification (1272/2008/ES) H 280, H 220

plants, on the technological process of production
and on input feedstock (Derychova 2014).
Considerable material damage and impact on
the lives and health of people have fire and explo-
sion hazards that are related to the production,
usage, storage and transport of biogas. Biogas is a
mixture of flammable gases, primarily by methane.
The risk of fire and explosion is particularly high
close to the digesters and gas reservoirs. Methane
is extremely flammable and non-toxic gas, which is
lighter than air. Its explosion limits are 5-15 vol.%
and autoignition temperature is 595 °C. Mixture of
methane and air can explode, to ignite of mixture
can be set by electric spark or open flame. Methane
in high concentration effect on humans in short
duration, can lead to asphyxia due to lack of oxy-
gen (Derychova 2015). Fire and explosion charac-
teristics of methane are summarized in Table 4.

4.1 Fire and Explosion Index (FEI)

It is an index method for assessing the risk of fire
and explosion. This method is a tool for reveal-
ing the locations with the greatest potential losses
and enables us to predict the extent of damage to
equipment. (Dow’s F&EI, 1994)

Index was determined for bioreactor, where is
biogas produced by microorganisms from varied
feedstock. Biogas is formed mainly from methane,
that’s why is methane used for calculation of FEIL.
Material factor for methane is given in table in the
annex of manual and is determined to 21. Other
factors were chosen with considering to physical—
chemical parameters of methane and production.
Calculated value for FEI was 57.33. According to
the table in manual is bioreactor is included to a
light degree of hazard with range from 1 to 60.
Further calculation for bioreactor was the radius
of the affected area. The radius of the affected area
R was calculated to 14.68 m. And to this radius
has to be added the radius of the considered bio-

reactor (r=6.75 m), it leads to actual radius of the
affected area, which is 1,442.76 m?.

The second index was determined for biogas
tank. In biogas tank is stored biogas, which mainly
substance id methane. So for calculation of FEI
was used methane, it is same as previous. Mate-
rial factor for methane is 21 as in previous case,
just value of other factors were different because
of various condition during the storage. FEI cal-
culated for biogas tank was 25.2, and is lower than
FEI for bioreactor, belongs to range of light degree
of hazard too. Calculated radius of the affected
area R was 6.45 m. And to this radius was added
the radius of the considered biogas tank (r =7 m),
it leads to actual radius of the affected area, which
is 568.32 m2.

42 ALOHA

ALOHA (Areal Locations of Hazardous Atmos-
pheres) is a software model program for the Win-
dows operating system. It was developed in the
eighties of the 20th century by American Organi-
zation for Conservation of Nature (US Environ-
mental Protection Agency). This program allows
simulation of leakage dangerous substances and
subsequent modelling of the effects in graphi-
cal form. Simulation involves the following steps
when the first is to enter the site of potential acci-
dents (leakage), than select the type of hazardous
substances and on the basis of geographical and
climatic conditions may be modelled the way and
type of release to the environment. Outcome of
the program are radiuses of threatening zones in
graphic form. (Aloha, 2007)

4.2.1 Scenario 1

The first modelled situation was methane leak-
age from the stationary source (gas tank) by short
pipe with diameter 15 cm and pressure in a tank is
2 atm. The parameters of tank and atmospheric
conditions are in Table 5. Graphical output for
leaking tank, when methane is burning as a jet fire,
can be seen in Figure. 4. Potential hazard of this
burning methane leakage can be thermal radia-
tion from jet fire or downwind toxic effects of fire
by-products.

Burn duration is 8 minutes, maximum flame
length is 13 meters, max burning rate is 274 kg/min
and total burned amount is 891 kg, which is 47%
of total amount of methane in tank.

Out of the resulting graph can be seen that the
heat radiation is able to intervene into near area by
surface heat radiation about 35 m>.

The lethal zone is red doted area, the amount
of heat radiation is there 10 kW/m?, and extends
to a distance of 15 m from the source. The zone of
the 2nd degree burns is indicated by orange thickly
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Table 5. Parameters of the first modelled situation.

Table 6. Parameters of the second modelled situation.

Bioreactor Bioreactor
Diameter 14 m Diameter 13.5m
Length 9.78 m Length 13.9m
Volume 1,500 m? Volume 2,000 m?
Mass 1,995 kg Mass 1,616 kg
Atmospheric Data Atmospheric Data
Wind 2.1 m/s, SW ‘Wind 0.46 m/s, SW
Cloud cover partly cloudy  Cloud cover partly cloudy
Ground roughness urban Ground roughness urban
Stability class E Stability class F
Air temperature 22°C Air temperature 18°C
Relative humidity 50% Relative humidity 50%
meters meters
40 400 =
L T - =
2 200 ¢ B
T
/ \ wind / ra ; \ \
0 » [ / "k \‘] wind
\ / 0 ]I L I’ J
20 | /
\ e ) /
\/ 200 A} — >
40 N
40 20 0 20 40 60 - -
meters 400 St il
400 200 0 200 400 600

[F#] greater than 10.0 kW/(sq m) (potentially lethal within 60 sec)
greater than 5.0 kW/(sq m) (2nd degree burns within 60 sec)
[] greater than 2.0 kW/(sq m) (pain within 60 sec)

Figure 4. Thermal radiation from jet fire.

dotted area with heat flow 5 kW/m?, extends to
a distance of 22 m. The Pain zone with distance
of 35 m from the source is colored by yellow, the
intensity of the heat flow there is 2 kW/m?.

4.2.2  Scenario 2

The second modelled situation was methane leak-
age from the stationary source (bioreactor) by
short pipe with diameter 8 inches. The param-
eters of bioreactor and atmospheric conditions
are in Table 6. Graphical output for leaking tank,
when methane is not burning as it escapes into the
atmosphere can be seen in Figure 5. Potential haz-
ard of this methane leakage it can be downwind
toxic effects, vapor cloud flash fire or overpressure
from vapor cloud explosion.

Graph shows two regions where is presence
of flammable vapor cloud in different concen-
tration. In red dotted area is concentration of
methane about 30,000 ppm. In yellow area is
concentration of methane at 5,000 ppm, explo-
sion range of mixture methane and carbon diox-
ide in air.

meters

[777] greater than 30000 ppm (60% LEL = Flame Pockets)
[] greater than 5000 ppm (10% LEL)
— — wind direction confidence lines

Figure 5. Flammable threat zone.

air  in mol%

Figure 6. Range of explosion of mixture methane and
carbon dioxide in air (Schroeder et al. 2014).
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The danger of fire and explosion biogas (flam-
mable methane) examined the authors in the arti-
cle (Schroeder et al. 2014).The authors point out
the necessity to know the explosion limits of gases
and gas mixtures mixed with air in order to pre-
vent an explosion when handling the biogas. They
concluded that using Le Chatelier’s equation for
calculating the explosive limits of mixtures, the
result especially in the upper explosive limit was
wrong. Therefore, has been formed explosion dia-
grams helped with measured data of explosion
limits of biogas to determine exactly the explosion
limits of biogas. The explosion diagram is shown
in Figure 6.

5 CONCLUSION

Biogas production is a cheap energy from residues
and wastes. The benefit of biogas is to reduce the
burden to the environment. The advantage of
biogas is its versatile utilization depending on its
purification. However, biogas plants and biogas
production represent a certain hazard. Biogas is a
dangerous flammable and toxic gas. Its flammabil-
ity is due to the presence of methane, toxicity is
caused by content of hydrogen sulfide or of carbon
dioxide. The source of environmental risk is feed-
stock placed in reactors or storage feedstock for
anaerobic fermentation (liquid manure, slurry).

Evaluation of flammability and explosiveness
of biogas plants was carried out by FEI by two
chosen scenarios—for production of biogas in
the bioreactor and for storage biogas in a tank.
Final indexes were quite small, and according to
the manual (Dow’s F&EI, 1994) were bioreactor
and a gas tank included to a light degree of haz-
ard. The radius of the affected area has a value of
1,442.76 m? in case of bioreactor, and radius for
the gas tank has a value of 568.32 m?.

The analysis was complemented by modelling
program Aloha. In the program was modelling of
two scenarios of methane leakage. The first sce-
nario considered pipeline leaking from tank, when
methane was burning as a jet fire. Aloha considers
for this leakage affected area up to 35 m?, where
there has been lethal zone, zone of 2nd degrees
burns and zone of injuries. In case of the sec-
ond scenario occurred leakage of methane from
the bioreactor by the leak pipe. Leaking meth-
ane wasn’t ignited and therefore it threatened the
neighborhood by various concentrations of this
gas up to area of 370 m? from the bioreactor. These
scenarios reveal possible leaks, which may occur in
the biogas plants.

With an increasing number of biogas plants is
increasing the risk of accidents at these facilities.
The impact of incidents will be more of a local
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character. From the examples above may occur
when operating biogas plants to casualties. For this
reason, it is necessary to pay special attention to
the safety of these facilities and by the appropriate
measures (technical and organizational) reduce to
rate of risks to avoid damage to life, environment
and property.
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Verification of the design for forced smoke and heat
removal from a sports hall

P. Kucera
VSB—Technical University of Ostrava, Ostrava, Czech Republic
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OSH FM, Frydek— Mistek, Czech Republic

ABSTRACT: Many civil facilities commonly include active fire safety systems that help to create favour-
able conditions in the event of a fire. One of these active fire safety systems is equipment that removes
smoke and heat. The article therefore focuses on a variant solution for forced fire ventilation in a concrete
sports hall and the use of mathematical modelling of a fire (Fire Dynamics Simulator) to verify the effec-
tiveness of the designed forced fire ventilation system, including simulations of the logical consequences
of the system under consideration.

1 INTRODCUTION The multifunctional sports hall, which is used
not only for sports, but also for cultural events,
Covered sports halls, which are used not only for  has two usable aboveground floors and one usable
sports events, but also for other purposes (e.g. con-  underground floor. The third aboveground floor
certs, exhibitions), attract a large number of peo-  serves as a technical area and contains HVAC
ple. For the sake of any eventual emergency, it is  units. The back of house areas of the hall is located
necessary to propose technical and organizational — on the underground floor. Entrances to the hall
measures so that the design of such facilities mini-  for the spectators, restrooms, refreshment seating
mizes the risk of panic situations. In the event of  area and souvenir shops are located on the first
a fire, fire ventilation helps to remove combustible  aboveground floor. VIP boxes and restaurants are
gases (products), smoke and heat, thus prolong-  located on the second aboveground floor.
ing the time interval to ensure the safe escape of For the purpose of verifying fire ventilation,
persons. we chose the main area of the sports hall, i.e. the
Through mathematical modelling, this article  playing surface with walkways and seating area for
aims to assess forced fire ventilation in sports halls.  spectators, which constitutes a separate fire com-
Regarding the design of a system for removing  partment (Figure 1).
smoke and heat (hereinafter referred to as ZOKT), The vertical clearance of the assessed hall space
two options were chosen. The difference between  is 22.5 m. The dimensions of the ice surface are
these variants mainly consists in the number of fire
fans, their performance, division of the fire zone of
the sports hall into smoke sections, and the deci-
sion whether or not to use smoke barriers

2 DESCRIPTION OF THE OBJECT

For the model of the sports halls, based on math-
ematical modelling in order to verify two different
methods of forced fire ventilation, we selected a
characteristic sports facility whose parameters
were chosen as a representative sample of facilities
of a similar nature. These parameters were then
used as input for the building’s construction and  Figure 1. A view of the indoor sports hall facility (Pyro-
the ZOKT design. Sim program).
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Figure 2.
program).

External layout of the sports hall (PyroSim

60 m x 30 m. The seating area reaches a height of
9.2 m above the ice surface. The maximum dimen-
sions of the skin circumference above the seat-
ing area are 95 m X 65 m. The building is roofed
with a steel framed structure. A rendering of the
roof cladding and the hall’s exterior is shown in
Figure 2.

3 DESCRIPTION OF THE EQUIPMENT
FOR FORCED SMOKE AND
HEAT REMOVAL

According to the requirements for fire safety in
construction, the sports hall must be fitted with
equipment for removing smoke and heat. The
structural system of the building is non-combus-
tible; the structural components are of the DP1
type. The entire building is equipped with an elec-
trical fire alarm system. Permanent fire extinguish-
ing equipment is not considered.

The equipment for forced smoke and heat
removal is designed with a forced gas outlet and a
natural air intake.

Fire ventilation uses fire wall fans that corre-
spond to operating temperatures of 200°C for 120
min with fire resistance class F,,, 120.

The forced fire ventilation is designed as a
forced self-acting ventilation system according to
the requirements of (CSN 73 0802, 2009), (CSN 73
0831, 2011) in connection with (CSN EN 12101-5,
2008).

3.1

For the purpose of fire ventilation, the hall’s fire
zone areas are divided into four smoke sections.
Smoke barriers (partitions) separating different
smoke sections are building structures that meet
the requirement of E 15 DPI, i.e. the criterion for
properties of D,.smoke barriers Wall fans for
forced fire ventilation are installed on the third
aboveground floor. Details of the location of the
fans and smoke barriers are shown in Figure 3.
The supply of fresh air is provided through inlets

Option 1
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Floorplan drawing of the ZOKT design,

from the outside on the first underground floor. In
the event of a fire, the air supply and wall fans are
activated automatically by the electrical fire alarm
system. For the needs of energy balance, we con-
sider the possible simultaneous operation of two
ventilated sections.

The occurrence of a fire is expected only in one
smoke section; therefore, the calculation is per-
formed for representing smoke section no. 1.

In each smoke section, the suction power
will be provided by twelve wall fans with
class F,, 120 (200°C/120 min.), V,, = 11.75
m3s™ = 42.30 m>hour™ fire resistance. Ap = 200
Pa. The E 15 DP1 smoke wall has a D, 30 fire
resistance.

3.2 Option2

For the purpose of smoke and heat removal, the
hall areas consist of five smoke sections. The first
four sections are designed identically to option
number one. The fifth section is situated in the
middle of the hall and forms a ring with a radius
of about 13 m.

Assuming that the electrical fire alarm system
activates the relevant group of ZOKT fans, the
ZOKT design does not contain smoke barriers in
the space under the roof structure.

Fire ventilation of sections nos. 1-4 is provided
by fire wall fans installed on the third aboveground
floor. Section No. 5 uses fire roof radial fans
installed at the roof of the hall. Details of the loca-
tion of the fans and smoke barriers are shown in
Figure 4.

The supply of fresh air is provided through
inlets from the outside on the first underground
floor. In the event of a fire, the air supply and wall,
as well as the roof fans, are activated automatically
by the electrical fire alarm system. For the needs of
energy balance, we consider the possible simulta-
neous operation of two ventilated sections.



Figure 4. Floorplan drawing of the ZOKT design,
option 2.

The occurrence of a fire is expected only in one
smoke section; therefore, the calculation is per-
formed for representing smoke section no. 1.

In smoke sections nos. 1-4, the suction power
will be provided by five fire wall fans, each with
fire resistance class F,, 120 (200°C/120 min.),
V,,=12.35m*s™'=44.46 m*-hour™. Ap=200 Pa. The
E 15 DP1 smoke wall has Dy, 30 fire resistance.

In smoke section no. 5, the suction power will be
provided by five roof radial fire fans with fire resist-
ance class F,y, 120 (200°C/120 min.), V,, = 12.35
m¥s™! =44.46 m>hour'. Ap =200 Pa.

BUILDING A MODEL OF
MULTIPURPOSE SPORTS HALL FOR
PERFORMING A MATHEMATICAL
SIMULATION

For the mathematical simulation of the sports
hall, we used the Fire Dynamics Simulator (FDS)
program.

4.1

When compiling the geometry of the main hall
space with a playing surface, seating area and
walkways, constituting a separate fire zone, we
made substantial modifications and simplifications
regarding the choice of building materials. At the
same time, we defined a large amount of materials
that mutually differ in their chemical composition,
thermo-physical properties and spatial arrange-
ment (Kucera, 2010). Another input variable that
has a major impact on the fire simulation is the
method of modelling material pyrolysis.

Model geometry

4.2 Definition of the design fire

Because the sports hall should also serve for cul-
tural and similar purposes, the fire was designed
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for the worst case scenario when the playing sur-
face may contain stalls with a various assortment
of goods, 60 kg:-m= (CSN 73 0802, 2009), Annex
A, Tab. A.1, paragraph 6.2.1b)).

In order to verify the fire ventilation and repre-
sent the amount of combustible gases, the fire was
simplified and simulated using the model of free
fire development, presented in the methodological
guideline for preparing fire-fighting documenta-
tion (Hanuska, 1996) and the subsequent action
taken by fire brigades. The main time-dependent
fire design parameters were the fire area (m?) and
heat release rate (kW-m™) determined in accord-
ance with (CSN EN 1991-1-2, 2004). The follow-
ing graph in Figure 5 shows the heat release rate
per square meter (RHR,).

4.3 Fire detection and activation of the ZOKT

Although both fire ventilation variants were
designed differently, the activation of fire fans and
logical consequences of fire safety equipment are
identical.

The sports hall is guarded by an electric fire
alarm system. The system reports fire using optical
and acoustic alarms. It consists of automatic opti-
cal-smoke fire detectors with individual address-
ing, and call button points. These elements are
connected to the electrical fire alarm system centre
through circular lines. It is a two-stage alarm sig-
nalling system with day and night functions. Under
the roof of the hall are suction devices consisting
of a network of pipes, sucking in air samples from
the protected space and bringing them to the laser
detector.

For the purposes of the model, the function of
the electrical fire alarm system was significantly
reduced and the logical consequences of the sys-
tem were simplified. Fire alarms work only using
ceiling detectors which, in the model, are placed
at a height of about 12 m above the floor of the
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Figure 5. Graph of the heat release rate per square

meter (RHR)).



guarded area. In the FDS program, the optical-
smoke fire detectors consisting of the pipe system
are simulated using a beamdetector (McGrattan,
2010). The doors in the escape routes are open
and the air supply is assured throughout the fire
simulation.

The model does not include the effects of HVAC
equipment. For the most realistic and reliable sim-
ulation, maximally two sections are activated upon
detection.

5 THE RESULTS OF THE EFFECTIVENESS
OF THE FIRE VENTILATION DESIGNS

In both simulations, a crucial factor for making a
comparison of the fire ventilation design was the
time required to evacuate persons from the hall
area to walkways (z, = 5.2 min = 323 sec) and the
time of filling the hall area with smoke (¢, = 11.49
min = 690 sec), pursuant to (CSN 73 0802, 2009).
These values were determined from the starting
project and were fixed for both options.

5.1

When simulating a fire on the playing surface, the
detectors were first activated in section no. 1 and
then in section no. 3. Additional triggering of fire
fans was not possible due to the operational limits
of the reserve source. The graph in Figure 6 shows
individual time intervals between the time of evac-
uation, activation of individual sections and the
time of filling the space with smoke.

The time interval between the activation in sec-
tion no. 1 and section no. 3 is very narrow. Fire
fans in section no. 1 and section no. 3 were acti-
vated after 457 seconds and 496 seconds, respec-
tively. Therefore, this demonstrates an early and

The results of the first ZOKT design option

intensive outflow of combustible gases outside the
area under consideration.

After 60 seconds, the fire was in its beginning
stages; after 323 seconds, the combustible gases
accumulated at a height of about 13 m above the
floor of the hall, i.e. about 3.8 m above the floor
of the highest walkway (the highest level of the
seating area). In terms of fire safety of construc-
tion and assessing the evacuation conditions, this
height difference is safe. After 690 seconds, the
smoke already reached the lower border of smoke
barriers and gradually spread into adjacent sec-
tions. This fact correlates with the calculation and
confirms its accuracy. At the time of the expected
intervention by fire brigades, the hall was consider-
ably filled with smoke; however, the performance
and number of fire fans is dimensioned to meet the
conditions for evacuating persons, conditions for
active fire-fighting intervention and reducing ther-
mal stress on the building structures.

5.2 The results of the second ZOKT
design option

When simulating a fire on the playing surface, the
detectors were first activated in section no. 5 and
then in section no. 1. Additional triggering of fire
fans was not possible due to the operational limits
of the reserve source. The graph in Figure 7 again
shows individual time intervals between the time of
evacuation, activation of individual sections and
the time of filling the space with smoke.

The time interval between the activation of cen-
tral section no. 5 and section no. 1 is fairly broad.
Fire fans in section no. 5 and section no. 1 were
started after 459 seconds and 690 seconds, which
corresponds to the time of filling the considered
space with smoke. It can be therefore concluded
that the initial outflow of combustible gases
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Figure 6. Graph of the time intervals in the first ZOKT
design option.
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Figure 7. Graph of the time intervals in the second
ZOKT design option.



through fire fans in section no. 5, located directly
in the dome of the hall, was timely; however, the
prolonged time interval between starting the other
section indicates the possibility of increased speed
of creating an accumulated layer of smoke in the
area under consideration.

After 60 seconds, the fire was in its beginning
stages; after 323 seconds, the combustible gases
were present over the entire surface of the assessed
section due to their spreading. Smoke movement
was not prevented by any barrier; this resulted in
smoke accumulation just under the roof structure
at a height of 16 m above the hall floor, which is
about 6.8 m above the floor of the highest walkway
(the highest level of the seating area). In terms of
fire safety of construction and assessing evacua-
tion conditions, this height difference is safe. After
690 seconds, the lower smoke layer reached the
imaginary boundary of the original smoke barri-
ers (12 m above the playing surface). By this time,
however, the space was ventilated only by 5 ceil-
ing fans. Due to the low intensity of the outflow
of combustible gases, the space was considerably
filled with smoke and especially combustible gases
spread into other smoke sections. The layer of
clean air and its height under the smoke boundary
above the playing surface correlates with the cal-
culation and confirms its accuracy, but the density
of smoke, its accumulation, spreading and thermal
stresses on the building structures at that time were
very troublesome. At the time of intervention by
fire brigades, the space was already filled with so
much smoke that the lower boundary of the smoke
accumulation layer reached a height of about 5 m
above the playing surface and reduced visibility.
This confirmed the previous assumption of a very
rapid process of filling the space with smoke due
to the low power of fire fans. This lack resulted
in a considerable restriction of active fire-fighting
intervention and higher thermal stress on the build-
ing structures.

6 A COMPARISON OF THE
ZOKT OPTIONS

6.1

The results of the mathematical model clearly
show that fire fans in the first sections are in both
cases activated roughly at the same time interval,
approximately after 458 seconds (after 457 seconds
regarding section no. 1 in the first option and after
459 seconds regarding section no. 5 in the second
option ). In the first ZOKT design option, the fire
fans of the other section (no. 3) are activated after
496 seconds, which is approximately at the same
time. Fire fans in both sections are started simul-

Activation of fire fans
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taneously due to the division of smoke sections in
the guarded area using the smoke barriers. Com-
bustible gases thus accumulate in activated sec-
tions identically and there is no reason for a longer
time delay. In the second ZOKT design option,
the fire fans are activated with a significant time
difference, after 690 seconds. This delay is due to
the different way of dividing the space into smoke
sections and the imaginary borders of these sec-
tions. The non-use of smoke barriers leads to the
accumulation of combustible gasses under the
highest part of the roof dome (section no. 5) and
smoke spread throughout the area of the sports
hall results in late activation of the fire fans in the
other section.

6.2 The formation of smoke

The decisive factor in assessing the two different
ZOKT projects was primarily the evacuation time
(z, = 323 sec) and the accumulation of combusti-
ble gases within this time interval. Figure 8 com-
pares both options exactly after 323 seconds. With
regard to the evacuation conditions, both ZOKT
designs can be regarded as satisfactory, because
the smoke is not so intense and does not endanger
people escaping from the sports hall.

Such positive results are not achieved by fire
ventilation designs at time intervals moving beyond
the time of evacuation. The most noticeable dif-
ference in the function of fire ventilation consists
in the time of intervention by fire brigades, after
900 seconds (15 minutes). The difference is illus-
trated in Figure 9. In case of the first option, the
ZOKT design fulfils its function smoothly. The
output from the fire fans and their activation is
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Figure 8. The accumulation of combustible gases
after 323 seconds (option 1 on the top, option 2 on the
bottom).



Figure 9. The accumulation of combustible gases
after 900 seconds (option 1 on the top, option 2 on the
bottom).

sufficient to ventilate the sports hall and allows the
fire brigades to perform their fire-fighting activi-
ties. Regarding the second option, the functioning
of the fire ventilation cannot be considered as sat-
isfactory. Smoke in the space and strongly reduced
visibility may limit fire-fighting activities.

This negative function of fire ventilation is
caused by the missing installation of smoke bar-
riers, the unsatisfactory calculated performance
of fire fans and their number in each given smoke
section. Finally, the area of the sports hall is also
thickly filled with smoke due to the wide time
interval between starting individual sections in the
second ZOKT design option.

6.3 Representative temperatures of the
combustible gases in the area

In assessing temperatures, we created a simula-
tion representing the lowest temperature of the
combustible gases at the lower end of the smoke
layer (40°C). This representative temperature was
chosen primarily because it is the temperature that
negatively affects the human body. The simulation
was assessed at the time after 900 seconds when
the accumulation of combustible gases was most
intense. Figure 10 shows the level of this repre-
sentative temperature. In the first ZOKT design
option, the neutral plane occurs at a sufficient
height. Temperatures below the neutral plane are
lower and provide a sufficient area of clean air. In
the second ZOKT design option, the neutral plane
occurs nearly at the floor of the fire section. Above
this plane, we can assume temperatures much
higher than in the previous ZOKT design option;
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Figure 10. Distribution of the representative temper-
ature of combustible gases 40°C (option 1 on the top,
option 2 on the bottom).

Figure 11.

Distribution of the representative temper-
ature of combustible gases 40°C (option 1 on the top,
option 2 on the bottom).

the thermal load acting on the building structures
is therefore much stronger.

In order to have the clearest possible idea of
achieving temperatures in the area, particularly
above the level of the representative temperature



Table 1. The results of assessing the two different ZOKT designs for the sports hall.

Practical requirements ZOKT design option 1 ZOKT design option 2
Early activation of fire fans in the primary section YES YES

Early activation of fire fans in the secondary section YES NO

Optimum smoke density and smoke accumulation YES NO

Ensuring conditions for the evacuation of people YES YES

Ensuring conditions for fire-fighting activities YES NO

Sufficient dimensioning of the performance of fire fans YES NO

Quality location of fire fans NO YES

of 40°C, we provided the following comparison
images—see Figure 11. They demonstrate the dis-
tribution of temperatures in the area (i.e. tempera-
tures of gases), in the middle of the sports hall and
the height (12 m above the playing surface) where
the smoke barriers start to occur.

Figure 11 illustrates temperatures in the area
along a longitudinal plane. Temperature distribu-
tion in other planes is comparable; therefore, only
one demonstration was selected. Nevertheless,
despite this one-sided view, the temperatures are
very distinct. In the first ZOKT design option, the
space temperature reaches 115°C (in red). In the
second ZOKT design option, the reached tempera-
ture is slightly higher, i.e. 120°C.

7 DISCUSSION

Using the Fire Dynamics Simulator simulation
model, we looked at two different ZOKT design
options for the protected area of the sports hall.
Table 1 below presents the basic questions that
were asked during the assessment of the two fire
ventilation options.

The first ZOKT design option, where the
guarded area is divided into four smoke sections
using smoke barriers and where each section is ven-
tilated by 12 fire fans, meets all the requirements
of the proper project of equipment for smoke and
heat removal. The only unsatisfactory aspect was
the location of 12 fire fans in the wall of the roof
structure. The ZOKT system could achieve higher
efficiency if the fire fans were installed in the ceiling
of the roof structure where the building structures
are most thermally stressed. Such placement of fire
fans is advisable to consult with experts through
static drawings.

In the second ZOKT design option, the guarded
area was divided into five smoke sections with-
out using any smoke barriers; each section was
ventilated by 5 fire fans; section 5 had a circular
shape and its fire fans were installed in the ceil-
ing of the roof structure, in the central highest

183

point. Although this project meets the conditions
of evacuation, it does not meet the conditions for
effective fire-fighting activities. Thick smoke in the
hall area at the time of the arrival of fire brigades
would result in the slowing and hindering of such
fire-fighting activities. It could also lead to changes
in the material properties of steel structures due to
their higher thermal stress.

& CONCLUSION

Verification of the effectiveness of forced fire
ventilation of a sports hall through mathematical
modelling shows the first ZOKT design option to
be optimistic, more practical, safer and more effec-
tive than the second ZOKT option.

Fire modelling is certainly a promising area,
which will find its application in many practical
situations and may also explain many ambiguities,
especially in the case of interactions between fire
safety systems. A combination of standard compu-
tational techniques and modelling seems to be the
optimal approach that ultimately leads to financial
savings and optimizations of project designs.
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ABSTRACT: The methods of parametric synthesis (parameter sizing) for providing parametric reliabil-
ity using acceptability region discrete approximation with a regular grid are discussed. These methods are
based on parametric optimization using deterministic criterion for the case of lack of information on par-
ametric deviation trends and their distribution laws. A volume of a convex symmetrical figure inscribed
into acceptability region is considered as an objective function of this optimization task. The methods
of inscribing these figures into discrete approximation of acceptability region based on multidimensional
implementation of Moore and von Neumann neighbourhoods are proposed in this work.

1 INTRODUCTION <SY(X)S Y00 (1)
The stage of parametric synthesis at analog engi-
neering system design consists in determination of
nominal parameter values which yield system per-
formances within their requirements. Optimal par-
ametric synthesis procedure requires the account
of parameter deviations under influence of various
factors including manufacturing ones to provide
parametric reliability of an engineering system.
Unfortunately, the information on probabilistic
characteristics of parametric deviations, and conse-
quent system parametric faults are often unknown.
Therefore, rational solutions on parameter sizing
are required under the conditions of a lack of this
information. For this purpose, the system should The inequalities (1) define a region D, in the
be designed robust to maximum set of paramet-  space of design parameters
ric deviations, focusing on the worst case. Thus, as
an objective function of optimal parametric syn- D ={xeR":y . SV(X)< ¥} 3)
thesis, it is proposed to use system performance
reserve esing, (Abramov et al. 2007), (Abramov D, is called the Region of Acceptability (RA)
and Nazarov 2012). Geometric methods for find-  for the system. Figure 1 illustrates such a region.
ing nominal parameter values, which provide max- The engineering system parameters are subject
imum of system’s performance reserve, based on  to random variations (aging, wear, temperature

discrete representation of an Acceptability Region  variations) and the variations may be considered
(AR) with the use of a regular grid are proposed. as stochastic processes:

where y(x), y,,;,, and y, .. are m-vectors of system
responses (output parameters) and their specifica-
tions, e.g. y,(X) - average power, y,(X) - delay, y;(x)
-gain.

Possible variations of internal parameters are
defined by the conditions of components’ physi-
cal realizability, and their specifications. The con-
straints for these parameters variations represent a
bounding box:

= n. . < j = 1
Br={xeR":x; i, <X, <X, Vi=L2,..,n}. (2)

X =X(x,7). “4)
2 THE PARAMETRIC SYNTHESIS
PROBLEM The stochastic processes of parameter vari-

. ations X mean random manufacturing realiza-
Suppose that we have a system which depends on  (jon of system’s components and thier upcoming

- -\ ; f ..
a set of n parameters x=(x,...x,) . Wewillsay  egradation. Therefore, the conditions (1) can be
that system is acceptable if y(x) satisfy the condi- | o¢ only with a certain probability
tions (1):
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X

Figure 1. Region of acceptability D, defined by system
response functions.

P(x)= P(¥yin SYXX0) S ¥, VEELO,T]) - (5)
or
P(x)=P(X(x,t)e DVt e[0,T]). (6)

The probability (5), (6) is an estimation of the
designed system reliability.

In general, the parametric optimization (opti-
mal parametric synthesis) problem can be stated
as follows.

Given the characteristics of random processes
X(7) of system parameters variations, a region of
admissible deviation B, and a service time 7, find
such a determlnlstlc Vector of parameter ratings
(nominals) x° —(Yl yeees Xy ) that the reliability (5),
(6) be maximized (Abramov Katueva, & Nazarov
2007).

Unfortunately, both the degradation model (4),
and the region D, are unknown. The practical way
in uncertainty conditions consists in replacing the
original stochastic criterion with a certain deter-
ministic one. One of them is a so-called a “minimal
serviceability reserve”.

System performance reserve allows to estimate
the distance from system’s parameters vector
x from AR boundary, dD,, and, consequently,
parameters’ variation margins which keep the per-
formances within their specifications (1). In this
case, the optimal parametric synthesis problem is
reduced to finding of a point x which has maxi-
mum distance from the AR boundary (Abramov
et al. 2007), (Abramov et al. 2008), (Abramov and
Nazarov 2012), (Abramov and Nazarov 2015):

X = argmaxdist(x,0D,). (7
xeD, i
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The distance dist (x,0D,) may be estimated as
the shortest distance from point x to AR bound-
ary dD, in every coordinate direction. The next
practical algorithm of the criterion (7) calculation
is based on the approximation of region D..

Let’s note that the information about D config-
uration and its boundary dD, is unknown. Among
various methods of AR approximation proposed
(Xu et al. 2015), (Director et al. 1978), (Krishna
and Director 1995), (Bernacki et al. 1989), (Grasso
et al. 2009), in this paper, we will use a discrete
approximation, using a set of elementary hyper-
cubes, based on multidimensional probing method
on a regular grid (Abramov and Nazarov 2012).

In this work, the methods for solving optimal
parametric synthesis problem (7) on the basis of
discrete representation of AR using various objec-
tive functions.

3 THE ACCEPTABILITY REGION
DISCRETE APPROXIMATION BASED
ON A REGULAR GRID

A circumscribed box B,

By={xeB;:a’<x;<b’ Vi=12, ,n

@’ = minx;,h’ = maxy;
xeD, xeD,

b
®)

is usually constructed prior to AR construction in
order to narrow search area and can be considered
as zero-order estimation of AR configuration.
Usually Monte Carlo method is used to determine
its borders a’, b° (Abramov et al. 2007).

The d1screte approximation of AR isconstructed
on the basis of B, with equidistant splitting of
every i-th parameter’s axis within [af),b,p], i=1ln
into /,i=1,n ranges which forms a regular grid
inside this circumscribed box B,

The grid nodes define a vertices of Elementary
Boxes (EB) which are used for AR approximation.
Every single EB is identified with a set of indices
(kik,...k,), where 1<k <l,i=Ln. All these EB
comprise a set B, =iey, 4 1Sk <[Vi=ln
The amount of EB can be calculated using (9):

n

L:}B

g

©

i=1

The grid step /,,i=1,n for every parameter is
obtained using

b= —a®y/Li=1n (10)

The bounds of an EB can be obtained using the
following expressions:



al' =a +(k,+ Dh,

11
bl =af + Ik =11 = a

An EB consists of points inside parameter space
within its bounds:

(12)

— . ki Yigi=1n
eklkz“_k”—{xeBo.al <x;<b Vz—l,n}.

Thus, the circumscribed box B, can be consid-
ered as a union of EB as it is expressed in (13):

/VX
U Clihy& k, -

k,=1

h

=B§=J LIZJ

k=1 ky=1

(13)

Although every EB is uniquely identified with
a set of indices (kk,...k,), the most appropriate
way of their enumeration is using scalar index
p=1,2,...L which is univalently associated with the
EB indices, and can be calculated using (14):

plkiky . k) =k + (ky — DI +

+ (ks — Dy + o4 (kD] (14

Inverse indices transformation k(j) can be
obtained with sequential calculations using (15):

p-1

Ihod
_P— anIIZ"'ln

Iy, ,

+1

n=

k

n—1

+1

(15)

n
ky=p=Y ((k;=Dh..dy),n>1.
i=2
Thus, every EB can be enumerated with scalar
indexe, € B,,p=1,.L.
Every EB 1S assrgned wrth a representative point
]‘"‘2 (r . ") usually located in its geo-
metrlc centre:

. o
rl,k‘ :a?+h,ki——l,l:1,n.
2

(16)

The Figure 2 illustrates the AR discrete approxi-
mations for 2-dimension input parameter space.

According to univalent relation between indi-
ces (kiky...k,) and p given in (14) and (15), lets
denote x? = x" Kok, - A representative point can be
referenced both by indices (kk, ...k, ) set and cor-
responding scalar index p.

Membership characteristic function for AR dis-
crete approximation is defined in (17):

xRy {Lif Yomin

< y(xflkz,.kn

0 otherwise.

)< Vinaxs (17)
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Figure 2. Region of acceptability D discrete
approximations.

RA discrete approximation is comprised of EB
which representative points fulfilling perform-
ances’ design specifications (1):

=1}

Df ={ey 4 € Byt p(xfe b (18)

Li,...k, =11,
If an index set for all EB comprising AR approx-
imation is defined as:
Ky — 1}’
K

where x” =x; » and k; =k,(p) according to
(15), we can reformulate (18) into the following
form (20):

Ip ={pel2. L. x> (19)

k..

DE = !e eBy:pel, } (20)

The amount of elementary boxe
imate AR is denoted by M = ‘Dg
also that M = ‘ID

Data structures for storlng information on grid
and set DY are described in (Abramov et al. 2008),
and (Abramov and Nazarov 2012). Essential dif-
ficulty of AR approximation consists in high
dimension of parameter space, incomplete prior
information and only pointwise exploration of
parameter space with system performances (1) cal-
culation. The application of parallel computing sig-
nificantly facilitates AR approximation (Abramov
et al. 2009), (Abramov and Nazarov 2015).

The AR data structures can be also exploited for
calculation of a centroid x“ = (x{,x5,..x°)" during
determination of the set D¢ which approximates
AR. The centroid coordinates are calculated with
the following expression:

s which approx-
, and it is true




M

>

p=1

P
x!

pel, i=Ln, (1)

where representative points are taken only from EB
indexed in the AR approximation index set (19). It
was proven that for convex AR this centroid x¢is a
solution to optimal parametric synthesis problem
(Abramov et al. 2007).

4 THE CRITERION OF SYSTEM
PERFORMANCE RESERVE

The Criterion of System Performance Reserve (7)
implies calculation of the minimal distance r to
AR boundary for every EB which belongs to AR
approximation, excluding boundary EB. Every EB
€, i, € By is assigned a weight wleg,, i )=r
of distance to the nearest boundary EB. After
assigning weights, the EB with maximal weight are
emphasized as optimal ones.

For a discrete approximation of AR, the prob-
lem (7) of finding optimal parameters vector
consists in finding EB which acts as a centre of a
convex symmetrical figure comprised of EB from
AR approximation. The volume of this figure is
calculated as the amount of EB it consists of. The
measurement unit of distances between EB (in
particular from any EB to AR boundary) is an EB
rib.

Lets consider various methods of measure-
ment of a distance from any EB ¢z, i € D¢ to
AR boundary dD¢. As the minimal distance to
AR boundary can not exceed a half of bounding
box range (for the most optimistic case when AR
fully fills the bounding box), it is correct to sup-
pose that

r< mm(k -1l -

l_l’l

ki), (22)

where /;,i=1,2,..n is the amount of grid steps for
i-th parameter. It is reasonable to say that r =0 for
every EB which belongs to AR boundary.

One of the methods of determining of the short-
est distance from an EB to AR boundary consists
in constructing of a maximal cube comprised of
EB from AR approximation with the centre in this
EB. This multidimensional cube with the range r
is called r-cube. The method of r-cube construc-
tion is based on Moore neighborhood (Kier et al.
2005), (Schiff 2008) idea applied to multidimen-
sional space as illustrated in Figure (3).

In addition to the expression (22) we can say
that the distance r for every EB €y, «, which acts
as a center of r-cube has the following limitations:
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0<r< min(k, -1/ -

Vi=l,n

k). 23)

The example of application the method of
optimal EB selection via inscribing r-cube with
maximal r for 2-dimensional parameter space is
illustrated in Figure (4).

Letsdefiner-neighborhoodof anEBe; ;. ;. € B,
with indices (kik,...k,) asaset By, € B, "com:
prised of EB with 1nd1ces (mymy, ...m, ) Whlcﬁ fulfill
(24)

n
N | mp—k;|<r.
i=1

24)

Thus, the set £y, is a figure defined with

(25):
} (25)

The optimal parametric synthesis problem for
providing maximal system performance reserve
consists in searching of an EB ¢, e D¢
Wthh acts as a center of maximal r- nelgflborhood

K, e D¢ comprised of EB which belong to
AR appr0x1mat10n D¢

The value r for - nelghborhood of €, i, €DF
an EB Ek\kﬁ k € D¥ expresses the minimal Man-
hattan distance (Kler et al. 2005), (Schiff 2008)
from this EB to AR approximation boundary. A
set of EB which have maximal Manhattan distance
to AR boundary and act as centers of maximal
r-neighborhoods in two-dimensional space is illus-
trated in Figure (5).

The determination of r-neighborhoods imple-
ments the method of narrowing areas which
requires analytical description of AR boundary
with a finite set of hypersurfaces and consists in
iterative narrowing of the region towards the opti-
mal center. As for the discrete AR representation,
the step unit per one iteration of the region narrow-
ing is one EB (one grid step (10). The procedure of

n
eBg:Z|mi—ki|Sr

I —_—
Eklk2 Lk, T {emim2 L.m,
i=1

(k§—1,k5+1) (k§+1,k5+1)
e L (ki, k3)
pu—
|
(ki—1,k5—1) (ki+1,k3—1)
a r=1 b r=2
Figure 3. Two-dimensional r-cubes. (Left) r = 1; (right)

r=2.
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Figure 4. The centers of maximal r-cube inscribed.

(ki k3+1) (kE=1,k5+1) (k+1,K5+1)

(ki K3)
(ki—1,k3) (ki+2,k3)
(kS ks—1) (ki—1,ke—1) B (ki+1, K= 1)
(ki ks—2)
al r=1 b r=2
Figure 5. Two-dimensional example of r-neighborhood

with (left) r = 1; (right) r = 2.

Figure 6. The centers of maximal r-neighborhoods
inscribed.

narrowing of AR discrete approximation bound-
ary performs moving neighborhood boundary to
the adjacent EB backward from nearest boundary
B2 of EB set (25).

A zero-order narrowing boundary is represented
by the AR discrete approximation boundary dD?.
A first-order narrowing border consists of EB with
Manhattan distance to AR boundary equal to 1,
i.e. first-order narrowing border is comprised of
EB which have maximal r-neighborhood with r=1.
The next level of narrowing boundary is comprised
of EB with r-neighborhood for r = 2, and so on
until narrowing boundary is merged into separate
EB. These EB are considered as optimal ones in the
sense of system performance reserve (7).
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For every single EB, a maximal narrowing border
level coefficient can be calculated. This coefficient
equals to minimal Manhattan distance from this
EB to the boundary dD? of discrete AR approxi-
mation. This maximal narrowing border level coef-
ficient can be evaluated via constructing maximal
r-neighborhood around this EB. Thus, the method
of narrowing boundaries in the case of discrete AR
approximation is reduced to determination of EB
with maximal r-neighborhood (see Figure 6).

Despite high computational cost of EB enu-
meration, using discrete RA approximation in
the task of narrowing regions has the following
advantages:

e There is not need to determine new points at
every iteration of region narrowing;

e There is no need to approximate the bound-
ary with hyper-surfaces (polynomial or hyper-
spherical);

e There is no need to determine equidistant sur-
faces and sets of their contact points at every
single iteration;

e No checks of the narrowing boundary degen-
eration into a point are required;

e The step of boundary narrowing is fixed and
equal to the length EB rib (10).

The algorithm of determination of the maxi-
mal r-cube allows to obtain global solution of the
parametric synthesis problem (7) for enough large
and convex AR, the algorithm of determination of
maximal r-neighborhood yields a set of local opti-
mal solutions of the problem (7).

5 CONCLUSIONS

Itis evident that discrete acceptability region approx-
imation described in this work consumes computa-
tional resources during its construction and requires
much resources for storing its data, and powerful
computing facilities with parallel computing tech-
nologies should be widely involved during solving of
this task. Nevertheless such approximation provides
the most complete and detailed description of mul-
tidimensional acceptability region configuration a
priori unknown, which is typical for actual complex
systems with plenty of varying internal parameters.
The methods proposed in this work are based on
the criterion of maximal performance reserve, and
aimed to facilitation of parametric synthesis task
solution with the account of parametric reliability
requirements, and lack of information on para-
metric deviation trends. Locating system internal
parameters into the center of a figure inscribed in an
acceptability region implements worst-case strategy
of parameter sizing task. Inscribing of a figure of
maximal volume in acceptability region maximizes



system performance reserve within the scope of this
worst-case strategy. Acceptability region can also be
used in the task of evaluation of variation ranges
within the region which allows to estimate system
sensitivity and reveal its vulnerability to deviations
of a particular parameter.

The algorithms proposed in this work were
tested on models of various analog circuits (tran-
sistor-transistor logic, multivibrators, amplifiers).
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Inference for a one-memory Self-Exciting Point Process
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ABSTRACT: We consider a one-memory self-exciting point process with a given intensity function.
Properties of this point process are studied and the Mino distribution is introduced as the interarrival
times distribution of the process. This distribution has a hazard function which decreases or increases over
a period of time before becoming constant. A maximum likelihood procedure is driven to obtain the MLE
of the Mino distribution parameters. Quality of the estimates is investigated through generated data.

1 INTRODUCTION

Introduced by Hawkes (1971), Self-Exciting Point
Processes (SEPP) are counting processes which
intensity depends on all or part of the history of
the process itself. These models find applications in
many fields: seismology (Ogata 1999), neurophysi-
ology (Johnson 1996), genetics, epidemiology, reli-
ability (Ruggeri & Soyer 2008), economy (Bowsher
2007), economy (Bowsher 2007). The intensity of
SEPP is not only a function of time but it is also a
function of the number of jumps occurring in the
process. In some situations, only a small number
of more recent events will influence the evolution
of the process; then the process is a self-exciting
processes with limited memory. In this work, we
consider the case where the intensity process of
the self-exciting point process depends only on
the latest occurrence, i.e. is a one-memory self-
exciting point processes. The motivation to inves-
tigate such a one-memory SEPP is a reliability
study of electrical equipments exposed to thun-
derstorm. In this study, this process appears as a
good candidate to describe the effect of lightning
strike on the reliability of the equipments. There-
fore a method is required to make inference on
one-memory SEPP. We assume that the impulse
response function characterizing the intensity
process is modeled as an exponential function
having a constant coefficient that takes positive or
negative values. This model has been considered
by Mino (2001) who suggested a method using an
EM algorithm, to obtain the maximum likelihood
estimates of the parameters without solving the
non linear optimization problems usually involved.
We introduce and define the Mino distribution to
describe the distribution of the interarrival times.
Then we show that the SEPP considered by Mino
is a renewal process where the interarrival times
has a Mino distribution. Maximum likelihood

estimation of the process intensity parameters
is considered. The method is applied on simu-
lated data. The results are compared with those
obtained by Mino (2001).

2 ONE-MEMORY SELF-EXCITING
POINT PROCESSES

We focus our attention on the one-memory self-
exciting point processes {N(¢),7=0} with intensity
process:

Aty = 1+ e 770 1)

where Wy, Is the occurrence time of the N(z)’h
jump, #>0, a>-1et £>0.

If =0 or if F goes to +oo, Aft)=x and
the process is a standard homogeneous Poisson
process.

If >0, A(?) increases after each jump of the
process; the process is said to be excited.

If -1<a<0, A(r) decreases after each jump
of the process; the process is said to be inhib-
ited. The Figures 1 and 2 show representations
of intensity for different values of « e, /. These
representations are obtained from simulations of
occurrence dates of the process wy,...,wyr) (see
appendix A).

Proposition 1. — Let {N(2),t=0} be a one-memory
self-exciting point process with intensity process
{A(t),r=0} defined as in (1). Then the interarrival
times T,,i=1,2,... form a sequence of statistically
independent random variables with cumulative dis-
tribution function:

Pr(T, sz):l—exp{—/z[H%(I—eﬁf )}} )
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Figure 1. Intensity of an excited one-memory self-
exciting point process with: =1, #=100, £=250 et
7=0.1 ms

Intensity
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Figure 2. Intensity of an inhibited one-memory self-
exciting point process with: & =—0.5, #=100, #=250
et7=0.1 ms.

and the probability density function is:
[0 =1+ e )exp{—/z[t + %,(1 —e” )]} (3)

Proof: The proof follows from Snyder and Miller
(1991), theorem 6.3.4 p.314 and its corollary p.316.
We have:

P(T, >t)y=P[N(w;_j,w,_+1)=0]
=exp {—I‘Yﬂﬂ ﬂ(s)ds}
=exp {—J lvv"" ! 11+ ce™” (HV"‘))ds}

= exp{—ﬂ[z+ %(1 - e/j’)]}

from which (2) and (3) are easily deduced.

In the sequel, we say that a random variable X
with a probability distribution of the form (1) fol-
lows a Mino distribution with parameters (£, e, ).
We denote: X ~ Mino(u, e, f3).

It follows from proposition 1 that a one-mem-
ory self-exciting point process with intensity (1), is
equivalent to a renewal process with independent
interarrivals times having a Mino distribution. In
the next section, we investigate some properties of
the Mino distribution.

3 THE MINO DISTRIBUTION

Let X be a r.v. following a Mino distribution (3) with
parameters (&, ¢, ). When #=0 or when £ goes
to +eo, X follows an exponential distribution with
parameter . The Figures 3 and 4 display the density
for different parameters values. The hazard function
for the Mino distribution is displayed in Figure 5.
One can see that this distribution is convenient to
model random variables with decreasing or increas-
ing hazard rate in early life that becomes constant in
useful life. To express the expectation of a Mino r.v.,
we introduce the function I'" defined by:

I (x;a) = jo 24, @)

Setting 7= and assuming &> 0, the mean of
X can be computed as:

_r*(”’/;’/) —na
E{X}_T(mﬂ” e, (5)

If &< 0, the mean can be expressed as:

_Le17:9) e
E{X}=—LD2 02, 6
i Baln’ ©

where T'(,,.) is the lower incomplete gamma func-
tion that is:

T(x;a)= J}: u' e du.

Some examples of expectation values are given
in Table 1.
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Figure 3. Probability density function of a Mino distri-

bution for £2=100, =50 and different values of .
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Figure4. Probability density function of a Mino distribu-
tion with £=100, &= —0.8 and different values of /.
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Figure 5. Hazard rate function of a Mino Distribution
with 2=100.
Table 1.  Examples of expected-value for 5= 500.
a E(X)
-1 0.011828
=100 -0.5 0.010872
1 0.007937
-1 0.006697
=200 0.5 0.005777
1 0.003770

4 PARAMETERS ESTIMATION

Mino (2001) proposes to use an EM algorithm
to estimate the parameters. He introduces arti-
ficially two data models; one representing point

event occurrences (observable) and the other one
representing no point events occurrences (unob-
servable). The author claims that this approach
provides simpler equations to realize the maximum
likelihood estimates avoiding the classical non-
linear optimisation problem. We suggest to consider
the classical maximum likelihood method using the
Mino distribution that we have defined previously.
This approach is easy to implement and allows to
check the existence and uniqueness of the MLE.
Let (4.....,z,) be a n-sample of independent
random variables from a Mino distribution with
parameters (&, &, /7). The log-likelihood is:

log L(#, e, ff) = nlog u+ i log (1+ ae*ﬂfz)
i=1 ., (7)
—/zéz —_Z( fﬂt,)

Remark that this expression is similar to the
expression obtained considering the logarithm of
the sample function for a self-exciting point proc-
ess given by theorem 6.2.2, p. 302. from Snyder and
Miller (1991).

From (7), the likelihood equations are:

ZI_Z’Z(I e*ﬁ’)+ﬂ ®)
i=1
1—c )+ 9
I A
y 724 By ,/![)."— —f
=Y (A-e ™)== ) te (10)
2 2l
n -4
te 7
7% Y A 11
i:11+a'e_ﬂ"' an

A Newton-Raphson algorithm is used to solve
this system of equations which does not admit
explicit solution. Existence and uniqueness of
the MLE can be proven applying theorem 2.6
p-761 from Makeldinen et al. (1981). One needs to
prove that the gradient vector vanishes in at least
one point and that the Hessian matrix is negative
definite at every point where the gradient vanishes.
The Hessian matrix is:

[92 logL o*logL d* logL—
o’ oo ouopf

/

9?logL 9*logL 9*logL

b I’ FY Vi
0’logl 9*logL 9’logL
| oop  deop o |
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where L stands for L (u,c,3). We have:

leogL__l
aﬂz #2
o’ log L _ X e
da’ S (1+ae )
azlogL 2//0/ o /za
(l—e 7 )y+——=> te
2w Z
2 ﬁt
L 205
+ e Pitor
Y Zl ,Z{(Ha'e ay?
azlogL A
1-
o ;( ¢
logl «a A, SR
=—=> (1-e7)—=>) te”
wbp 75 2
ﬁgiﬁ (]e/ﬁ) £ teﬂ’

244,

te”
1+ e 2; (1+ a7 y?

*2

The Hessian is negative definite if the first upper-
left minor is negative, the second upper-left minor is
positive and the principal minor of order 3 is nega-
tive. The first upper-left minor is obviously negative.

The second upper-left minor D, is:

2
_n n 2_L n 1_671&{
Fxh /f[z( )}

o
Trae 21 -

Equation (9) gives z (-e Ay = ﬁ
Thus

where 4; =

=177

2
D2:?n2A12— ZAI.]
i=1 i=1
2
1 ln ) 1 n
> |- - Y 4
it

_Li _,z A. )2 >0

For the principal minor of ordre 3, the following
expression can be obtained:

{ Zz e ”’+Zt2 "4
+a2 Zz,Af —AiZt,Ai
j=1 L\ i=1 i=1

28 )
— t.A. D.
/;E A }/I

The sign of D, can be studied considering con-
ditions on the parameters.

5 APPLICATIONS

The MLE is computed for different sets of param-
eters values and samples sizes identical to those
chosen by Mino (2001). 100 samples of inter-
arrival times are generated using the inversion
method described in appendix A, for each setting.
The means and the standard deviation of the
MLE are displayed in Tables 2 and 3. One can see
that the MLE are very close to the input param-
eters for 4 and o. The results for S are slightly
worse. The standard deviation is rather small in
all cases and decreases as the sample size increases
as expected.

Table 2. Mean and S.D. of the MLE calculated from
100 Monte Carlo runs.

Sample True Estimates
size Parameters means S.D.
20000 (=100 99.753 0.099
o=-1 -1.002 0.001
B=500 521.867 2.309
10000 H1=100 99.820 0.137
oa=-1 -1.020 0.001
B=500 517.082 3.047
5000 =100 99.595 1.790
o=-1 -1.020 0.002
B=7500 520.823 4.462
20000 =100 100.261 0.202
a=-05 —-0.502 0.003
B=7500 494.628 14.255
10000 =100 100.170 0.241
a=-0.5 —-0.5003 0.002
B=500 488.221 17.603
5000 (=100 100.481 0.342
o=-0.5 —0.498 0.001
B=500 486.176 22.988
20000 (=100 100.076 0.449
o=1 1.009 0.013
B=500 498.702 13.193
10000 =100 100.033 0.337
a=1 1.035 0.014
B=1500 523.564 14.525
5000 =100 99.808 0.892
a=1 1.010 0.021
B=500 500.517 18.356




Table 3. Mean and S.D. of the MLE calculated from
100 Monte Carlo runs.
Sample True Estimates
size parameters mean SD
20000 =200 198.649 0.206
a=-1 -1.021 0.0008
=500 527.448 1.983
10000 =200 199.108 0.279
oa=-1 -1.022 0.001
B=1500 525.699 2.460
5000 =200 198.979 0.464
o=-1 —-1.021 0.001
B=500 524.578 3.626
20000 =200 200.347 0.271
o=-0.5 —-0.501 0.001
B=1500 501.277 4.894
10000 =200 200.524 0.436
o=-0.5 —-0.502 0.002
=500 496.981 8.153
5000 =200 200.202 0.515
o=-0.5 —-0.499 0.003
B=500 502.108 10.306
20000 =200 200.065 0.328
a=1 0.999 0.004
B=1500 500.495 3.636
10000 =200 199.868 0.527
a=1 1.007 0.006
B=500 500.486 5.493
5000 =200 199.868 0.650
a=1 1.007 0.008
B=1500 503.351 7.966

6 CONCLUSION

In this work we have investigated a particular self-
exciting point process. We suggest to consider this proc-
ess as a renewal process and we define the interarrival
times distribution that we dename Mino distribution.
Some properties of this distribution are explored. Sta-
tistical inference is driven via the maximum likelihood
approach. Results are obtained on simulation data.
Further work will be conducted to develop a Bayesian
approach and to consider goodness of fit test.

Appendix A: Simulation of a Mino distribution

To obtain realisation of a r.v. having a Mino distribu-
tion, we use the following well-known result: Let Fbe
a cumulative distribution function. Then the cdf of the
rv. F\(U) where U is a uniform r.v. on [0,1], is F. For
the Mino distribution the inverse of the cdf cannot
be obtained in closed-form since it is supposed to be
deduced expressing x with F(x) from equation (12).
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Figure 6. Histogram obtained with sample size equal to

50000 for a Mino distribution with parameters 1 = 100,
o=-1and f=500.
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This problem can be solved using an iterative
scheme. One can suggests the following algorithm
to generate realisations of a Mino distribution:

1.
2.

(12)

generate a uniform number « on [0,1]
Starting from an initial value 19,

while [£7) — (P |> (£ — 0),

compute 7 =P — g(1'Py ) g (1)

where g(x)=x + Z(1—e ) -

and g (x)=1+ae 7.

The Figure 6 displays the exact pdf and the histo-
gram of 50000 realisations obtained with the algo-

rithm previously described, for a Mino distribution
with parameters ¢ = 100, ¢=—-1 and = 500.

wlogu
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safety assessment
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ABSTRACT: The fault tree is a method for identification and assessment of combinations of the unde-
sired events that can lead to the undesired state of the system. The objective of the work is to present a
mathematical model of extended fault tree method with the house events matrix to enable integration of
several system models into one model. The mathematical model of the fault tree and of its extension with
the house events matrix is presented. The theory is supported by simple examples, which facilitates the

understanding of the approach.

1 INTRODUCTION

The fault tree is a widely used method for evalu-
ation of reliability and safety (Vesely, 2002,
Kumamoto, Henley, 1996). It is applied in various
industries and fields of application (Cepin, 1997,
Cepin 2005). Its repute is gained primarily when
integrated with the event tree analysis as a part
of the probabilistic safety assessment related to
nuclear safety (Cepin, 2002, Martorel et al. 2006)
and related to aircraft safety.

1.1

The objective of the work is to present a mathe-
matical model of extended fault tree method with
the house events matrix to enable integration of
several system models into one model.

Integration of several system models into one
model may facilitate the extension of probabilistic
safety assessment, which was originally made for
power plant full power operation, to consideration
of other modes of operation (Kiper 2002, Cepin,
Mavko, 2002, Cepin, Prosen, 2008).

Objective

2 METHOD

The fault tree is a method for identification and
assessment of combinations of the undesired
events that can lead to the undesired state of the
system, which is either a system fault or a failure
of specific function of the system (Kumamoto,
Henley, 1996, PRA Guide, 1982). The undesired
state of the system is represented by a top event.
The fault tree can be represented in graphical
form or in the form of Boolean equations, which
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integrate the top event with logical gates and which
integrate the logical gates with other logical gates
and with the primary events (Ren, Dugan, 1998,
Cepin, Mavko, 2002).

The primary events are the events, which are
not further developed and represent the com-
ponents and their failure modes or human error
events. Not all the component failure modes are
considered. The analysis is focused to those, which
can cause failure of the system. In other words,
the analysis is focused to those which can cause
the top event.

The primary events can be basic events or
house events. The basic events are the ultimate
parts of the fault tree, which represent the unde-
sired events on the level of the components, e.g.
the component failures, the missed actuation
signals, the human errors, effects of the test and
maintenance activities, the common cause analy-
sis contributions.

The house events represent the logic switches.
They represent conditions set either to true or to
false, which support the modelling of connections
between the gates and the basic events and enable
that the fault tree better represents the system
operation and its environment.

The fault tree is mathematically represented by a
set of boolean equations.

G=f(G,B, H):i,pe{l.P}je{l.J}, se{l.S}(l)

G, - logical gate 1

G, logical gate p

Bj — basic event

H —house event s

p —number of gates

j —number of basic events
s —number of house events



The qualitative analysis is a process of Boolean
reduction, where all Boolean equations are inserted
one into another. Then they are rearranged into a
sum of products considering the laws of Boolean
algebra.

MCSi= H Bj
1

)

MCSi — minimal cut set i
B, basic event j
m — number of basic events in minimal cut set i

The sum of products represents the minimal
cut sets. Minimal cut sets are combinations of the
smallest number of basic events, which if occur
simultaneously, may lead to the top event. In other
words, the minimal cut set represents the smallest
set of component failures, which can cause failure
of the system.

4
TOP=Y MCSi

©)

Z — number of minimal cut sets

House events disappear from the results equa-
tion, because their values such as 0 or 1 are used in
the Boolean reduction of equations.

In theory, different house events values in a set of
house events may change the model significantly.

This is the key of the idea behind the house
events matrix. Namely, in probabilistic safety
assessment as it was initially used, it is possible
that for a single safety system, several fault trees
are needed. They may differ because of different
success criteria. For example, in some configura-
tion we can rely only to one out of two system
trains, if the other is in maintenance. In the other
configuration, we have two system trains available.
Fault trees may differ due to different boundary
conditions, as they are linked to different scenarios
with different requirements.

For example: auxiliary feedwater system with
two motor driven pumps and one motor driven
pump is available in nuclear power plant with pres-
surized reactor. The complete system can be con-
sidered in majority of conditions. In the conditions
of station blackout, electrical power is not avail-
able and motor driven pumps are not applicable,
but turbine pump and related equipment is appli-
cable. So, the model is much more applicable, if the
motor driven pumps and their related equipment
are cut off from the model for the station blackout
condition.

The house events matrix is introduced to list
the house events and their respective values for the
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complete set of conditions that may appear in the
analysis.

The house events matrix represents the values of
house events for all conditions of the analysis in
one dimension (all columns of the matrix) and for
all house events in the other dimension (all rows of
the matrix).

The house events matrix identifies values of
house events for all house event names related to
the system analysis in its rows and for all the condi-
tions in its columns.

Values, which are either 0 or 1 (or false or true)
are assigned to each house event for all conditions
in the matrix.

The quantification of a fault tree equipped with
house events matrix mathematically is similar to
the fault tree without house events. The differ-
ence is in a number of results sets. One fault tree
without house events has one set of results. Fault
tree with house events matrix has so many sets of
results as it is the number of different house events
matrix columns.

Fault tree quantification equation is performed
using the following equation.

VA
Py = ZPMCSi _ZPMCSimMCS/+

z= i<j
>

PN MCSiN MCSk
i<j<k

-t (—l)”’lPﬂ MCSi

i=1

4)

P,,, — probability of a top event (failure prob-
ability of a system or function, which is defined in
a top event)

P, — probability of minimal cut set i

Z — number of minimal cut sets

n — number of basic events in the largest mini-
mal cut set (related to number of basic events rep-
resenting minimal cut set)

The probabilities of minimal cut sets should be
calculated considering their possible dependency.

Pucsi=
Py Pp2|Pr1- P3|Pei() PB2-...

'PBmlPBlﬂPB2mMnPBm—l

®)

Under assumption that the basic events sets are
mutually independent, the equation is simplified.

m
Pycsi= H P5j
j=1

(6)

Pyicsi — probability of minimal cut set i
Py; — probability of basic event B,



m — number of basic events in minimal cut set i

Probability of basic event depends on the nature
of functioning of component modeled in the basic
event and its respective failure mode.

Probability model is selected in relation to the
failure mode of the component in the basic event.
Parameters of probabilistic model are obtained
from data base.

Generic data base can be used, but site specific
data base for particular equipment is much more
suitable.

2.1

Figure 1 shows the simplest application of the
house event under AND gate G1. Logical gates are
represented by rectangles. House events are repre-
sented by pentagons. Logical gate defines the rela-
tion between input events to the upper event and
the upper event. Triangle is used for continuation.

If the value of the house event H1 is 0, then
equipment modeled in gate G2 does not apply in
the model. The result of Gl is empty set, because
G1 happens if H1 and G2 both happen.

If the value of the house event H1 is 1, then
equipment modeled in gate G2 represents the com-
plete event G1.

Figure 2 shows example fault tree G. It inte-
grates two variants G1 and G2 of continued fault
tree with house events H1 and H2. Gates G1 A and
G2 A are in between. Circle above house event rep-
resent negation of this house event.

If house event H1 is switched on, which means
its value is 1, and house event H2 is switched off,
which means its value is 0 (and value of its nega-
tion is 1), the gate G1 propagates to G1 A and con-
sequently to gate G. At the same time the gate G2
does not propagate up, because it is switched off by
house event H2 set to 0 and by negation of house
event H1 (which is 0).

Application of house events matrix

G1=G2ANDH1
if HL = 0 then
Gl1=0

if H1 =1 then
Gl1=G2

continued

Figure 1. Example of house event under AND gate.
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continued

continued

G=G1A0RG2A
G1A=G1 AND NOT H2 AND H1
G2A = G2 AND NOT H1 AND H2

Figure 2. Example of house event under AND gate.

If house event H2 is switched on, which means
its value is 1, and house event H1 is switched off,
which means its value is 0 (and value of its nega-
tion is 1), the gate G2 propagates to G2 A and con-
sequently to gate G. At the same time the gate G1
does not propagate up, because it is switched off by
house event H1 set to 0 and by negation of house
event H2 (which is 0).

Figure 2 shows one fault tree G, where two vari-
ants G1 and G2 are represented in one model. At
the same time it is assured that wrong combina-
tion of values of house events results in empty set
of fault tree analysis which can represent an alarm
that the model should be checked. Namely, both
house events set to 1 or both set to 0 would give
empty set of results.

Figure 3 shows a fault tree example for auxiliary
feedwater system, where 5 system configurations
are joined in a single fault tree.

2.2 Application of house events matrix for
shutdown probabilistic safety assessment

House events matrix can be increasingly important
in shutdown probabilistic safety assessment, which
is an important issue considered in the last years
(Cepin, Prosen, 2008, NUREG/CR-6144, 1995,
Papazouglou, 1998, Swaminathan, Smidts, 1999).

Probabilistic safety assessment of a nuclear
power plant deals with a number of safety systems,
large number of components and is complex. Its
complexity increases significantly when other than
power operation modes are considered.



G
System AFW fails to
deliver water to SGs

o

| 1 | 1 |

Gl G2 G3 G4 G5
AFW MP1 fails AFW MP2 fails AFW TP fails AFW MP1&2 fail AFW ALL fail
G6 G10
AFW MP1 fails AFW ALL fail
continued continued
G7 H2 House
AFW MP2 fails event
continued G9 H4 House
AFW MP1&:2 fail event
continued
G8 H3 House
AFW TP fails event
continued

Figure 3. Fault tree example for auxiliary feedwater system.

Table 1. House event matrix for 4 modes of operation of a nuclear power plant for human failure events included in
the fault trees of safety systems.

Mode 1 Mode 2 Mode 3 Mode 4
Power Operation Startup Hot Standby Hot Shutdown
Event Group Event Identification POS-M1-G1 POS-M2-G1 POS-M3-G1 POS-M4-G1
Human HFEO1 1 1 0 0
Failure HFEO1A 0 0 1 1
Events HFEO02 1 1 0 0
HFE02A 0 0 1 1
HFEO03 1 1 0 0
HFEO03A 0 0 1 1
HFEO04 1 1 0 0
HFE04A 0 0 1 1
HFEO05 1 1 0 0
HFEO5A 0 0 1 1
HFEO06 1 1 0 0
HFE06A 0 0 1 1
HFE07 1 1 0 0
HFEO07A 0 0 1 1
HFEO08 1 1 0 0
HFEO8A 0 0 1 1
HFE09 1 1 0 0
HFE09A 0 0 1 1
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Table 1 shows house event matrix for 4 modes
of operation of a nuclear power plant for human
failure events included in the fault trees of safety
systems.

It includes 9 human failure events, which appear
in different fault trees or event trees and which need
a change on their respective human error probabil-
ities due to different plant conditions. The human
error probability should change in the model due
to several reasons. One of them is the time avail-
able for action, which is larger in shutdown, so
probability is smaller in such conditions.

HFEO1A

Figure 4. Example of fault tree replacing basic event.

Figure 4 shows one of fault tree portions,
which were introduced to replace a single event
HFEO1 in original model for power operation
with a fault tree HFEO1 including 2 house events
representing 2 basic events, which replace basic
event HFEOL.

Basic event HFEO1 remains in the new fault tree
for the power operation, where house event with
the same event is needed for its activation.

Basic event HFEO1 A represents an addition
to the model together with both house events,
and is applicable for plant shutdown mode and
includes smaller human error probability then
HFEOI.

Gate HFEO1 is split to gate HFEO1- and gate
HFEO1 A in order to keep the naming scheme to
keep the transparency.

Name HFEOI- is selected because gates have
to be uniquely named and name HFEO1 exists in
the fault tree as an upper event. HFEOI represents
operator failure to establish emergency boration if
automatic boration with normally considered path
fails.

Table 2 shows house events matrix for 4 modes
of operation of a nuclear power plant for initiating
events only.

Table 2. House events matrix for 4 modes of operation of a nuclear power plant for initiating events only.

Mode 1 Mode 2 Mode 3 Mode 4
Power Operation Startup Hot Standby Hot Shutdown
Event Group Event Identification POS-M1-G1 POS-M2-Gl1 POS-M3-G1 POS-M4-G1
Initiating Events ATWS- 1 1 0 0
CCWS- 1 1 1 1
ESWS- 1 1 1 1
TIAIR- 1 1 1 1
ISLO- 1 1 1 0
ISLO1 0 0 0 1
LDC-- 1 1 1 1
LLOC- 1 1 1 0
LLOCI1 0 0 0 1
LOSP- 1 1 1 1
MLOC- 1 1 1 0
MLOCI1 0 0 0 1
SBO-- 1 1 1 1
SGTR- 1 1 0 0
SGTRI1 0 0 1 0
SLB-- 1 1 0 1
SLOC- 1 1 1 0
SLOCI1 0 0 0 1
TRMF- 1 1 0 1
TR--- 1 1 0 1
VESF- 1 1 1 0
VESF1 0 0 0 1
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3 CONCLUSIONS

The objective of the work was to present a math-
ematical model of extended fault tree method with
the house events matrix to enable integration of
several system models into one model, which is
done.

The mathematical model of the fault tree and of
its extension with the house events matrix is pre-
sented. The theory is supported by simple exam-
ples, which facilitates the understanding of the
approach.

Furthermore, the theory is supported by realistic
examples from probabilistic safety assessment. The
deficiency of the approach is the software support,
because existing probabilistic safety assessment
models are extremely complex and if software plat-
form for evaluation does not support consideration
of house events, the approach is not practical.

If the house events are supported, their use
and the application of the house events matrix
may significantly contribute to reduce complex-
ity of the models in case that they are expanded
with consideration of other modes than full power
operation.
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ABSTRACT: The survival signature has been introduced to simplify quantification of reliability of
systems which consist of components of different types, with multiple components of at least one of
these types. The survival signature generalizes the system signature, which has attracted much interest in
the theoretical reliability literature but has limited practical value as it can only be used for systems with
a single type of components. The key property for uncertainty quantification of the survival signature,
in line with the signature, is full separation of aspects of the system structure and failure times of the
system components. This is particularly useful for statistical inference on the system reliability based on
component failure times.

This paper provides a brief overview of the survival signature and its use for statistical inference for
system reliability. We show the application of generalized Bayesian methods and nonparametric predic-
tive inference, both these inference methods use imprecise probabilities to quantify uncertainty, where
imprecision reflects the amount of information available. The paper ends with a discussion of related
research challenges.

1 INTRODUCTION that ¢(0)=0 and #(1)=1, so the system fails if all
its components fail and it functions if all its com-
In mathematical theory of reliability the main focus ~ ponents function.
is on the functioning of a system given the function- For larger systems, working with the full struc-
ing, or not, of its components and the structure of  ture function may be complicated, and one may
the system. The mathematical concept whichiscen-  particularly only need a summary of the struc-
tral to this theory is the structure function (Barlow &  ture function in case the system has exchangeable
Proschan 1975). For a system with m components,  components of one or more types. We use the
the state vector is x = (x|, X,...,X,,) €{0,1}"", with  term ‘exchangeable components’ to indicate that
x; =1 if the i th component functions and x; =0 the failure times of the components in the system
if not. The labelling of the components is arbitrary  are exchangeable (De Finetti 1974). Recently, we
but must be fixed to define x . The structure func-  introduced such a summary, called the survival sig-
tion ¢:{0,1}" — {0,1}, defined for all possible x,  nature, to facilitate reliability analyses for systems
takes the value 1 if the system functions and 0 if the ~ with multiple types of components (Coolen &
system does not function for state vector x . Most  Coolen-Maturi 2012). In case of just a single type
practical systems are coherent, which means that  of components, the survival signature is closely
#(x) is not decreasing in any of the components  related to the system signature (Samaniego 2007),
of x, so system functioning cannot be improved  which is well-established and the topic of many
by worse performance of one or more of its com-  research papers during the last decade. However,
ponents. The assumption of coherent systems  generalization of the signature to systems with
is made throughout this paper and is convenient — multiple types of components is extremely com-
from the perspective of uncertainty quantification  plicated (as it involves ordering order statistics of
for system reliability. It is further logical to assume  different distributions), so much so that it cannot
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be applied to most practical systems. In addition to
the possible use for such systems, where the benefit
only occurs if there are multiple components of
the same types, the survival signature is arguably
also easier to interpret than the signature.

Consider a system with K >1 types of compo-
nents, w1th my, components of type ke{l,...,K}
and z oM =m. Assume that the random fail-
ure times of components of the same type are
exchangeable (De Finetti 1974). Due to the arbi-
trary ordering of the components in the state vec-
tor, components of the same type can be grouped
together, leadlng to a state vector that can be written
as x= (xl XThoinX ) with xl‘—(x1 ,xé, . ,/;I)
the sub-vector representing the states of the com-
ponents of type k.

The survival signature for such a system, denoted
by ®(/,...,Ig), with [, =0,1,...,m, for k=1,.. K
, 1s defined as the probability for the event that
the system functions given that precisely [, of
its my, components of type k function, for each

kell,.. (Coolen & Coolen Maturi 2012)
There are l‘ state vectors x* with zmk =1.
Let Sf deénote the set of these state vectors for

compdhnents of type k and let Sho e denote the set
of all state vectors for the wholé system for which

m" xF =1, k=1..,K. We also introduce the
notation [=(,. K) Due to the exchangeability
assumption for the failure times of the my _com-
ponents of type k, all the state vectors xl € Sl/ are
equally likely to occur, hence (Coolen & Coolen-

Maturi 2012)

K
()= 1‘[[ x Y Hx)
k=1 k XESy ik
Let C[ke{O,l,“.,mk} denote the number of

components of type k in the system that function
at time 7 >0 . Then, for system failure time Ty,

m my
P(Ty >1)= 2 Z <1>(1)P<ﬂ G =1
ll IK

There are no restrictions on dependence of the
failure times of components of different types, as
the probability P(ﬂ , {c =1})can take any form
of dependence into abcount for example one can
include common-cause fallures quite straight-
forwardly into this approach (Coolen & Coolen-
Maturi 2015). However, there is a substantial
simplification if one assumes that the failure times
of components of different types are independent,
and even more so if one assumes that the failure
times of components of type k are conditionally
independent and identically distributed with CDF
F,.(t) . With these assumptions, we get
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P(Tg>1)= 2 Y ()X
5=0 1x=0 (1)
£y I I
I1 / J[Fk(t)]’"’“"[I—Fk(t)]"
k=1 \ %k

The main advantage of the survival signature,
in line with this property of the signature for sys-
tems with a single type of components (Samaniego
2007), is that the information about the system
structure is fully separated from the information
about functioning of the components, which sim-
plifies related statistical inference as well as con-
siderations of optimal system design. In particular
for study of system reliability over time, with the
structure of the system, and hence the survival
signature, not changing, this separation also ena-
bles relatively straightforward statistical infer-
ences where even the use of imprecise probabilistic
methods (Augustin, Coolen, de Cooman, & Trof-
faes 2014, Coolen & Utkin 2011) is quite straight-
forward. Such methods have the advantage that
imprecision for the system survival function reflects
the amount of information available. The next
two sections briefly discuss such methods of sta-
tistical inference for the system failure time. First
we show an application of generalized Bayesian
methods, with a set of prior distributions instead
of a single prior distribution. This is followed by a
brief discussion and application of nonparametric
predictive inference (Coolen 2011), a frequentist
statistical method which is based on relatively few
assumptions, enabled through the use of imprecise
probabilities, and which does not require the use
of prior distributions. The paper ends with a brief
discussion of research challenges, particularly with
regard to upscaling the survival signature method-
ology for application to large-scale real-world sys-
tems and networks.

2 IMPRECISE BAYESIAN INFERENCE

The reliability of a system, for which the survival
signature is available, is quite straightforwardly
quantified through its survival function, as shown
in the previous section. We briefly consider a sce-
nario where we have test data that enable learn-
ing about the reliability of the components of
different types in the system, where we assume
independence of the failure times of components
of different types. The numbers of components
in the system, of each t /ype, that are functioning
at time ¢, denoted by C, for k=1,...,K , are the
random quantities of main interest. One attrac-
tive statistical method to learn about these ran-
dom quantities from test data is provided by the
Bayesian framework of statistics, which can be



applied with the assumption of a parametric dis-
tribution for the component failure times (Walter,
Graham, & Coolen 2015) or in a nonparamet-
ric manner (Aslett, Coolen, & Wilson 2015). We
briefly illustrate the latter approach.

Assume that there are m1, components of type
k in the system, and we are interested in the prob-
ability distribution of C; k . Suppose that 7, com-
ponents of the same type k were tested, these are
not the components that are in the system but their
failure times are assumed to be exchangeable with
those in the system. We assume that for all tested
components the failure time has been observed,
let s* denote the number of these components
that still functioned at time ¢. A convenient and
basic model for C* is the Binomial distribution,
where the probability of ‘success’, that is a com-
ponent still to be functioning at time ¢, can, in the
Bayesian framework, be conveniently modelled as
a random quantity with a Beta prior distribution.
Different to the standard parameterization for
the Beta distribution, we define a Beta prlor dis-
tribution through parameters n,((ot) and y° s ) with
as interpretations a pseudocount of components
and the expected value of the success probabil-
ity, respectively. Hence, these parameters can be
interpreted in the sense that the prior distribution
represents beliefs reflecting the same information
as would result from observing n,(ot components
of which n,io,) y,(cot) still function at time ¢ (Walter
2013). Domg this leads to straightforward updat-
ing, using the test information consisting of obser-
vations of n, components of which s, were
still functioning at time 7. The updating results in
a similar Beta distribution as the prior, but now
with parameter values 7\ ,) —n,(cn,) +n;, and yk )
the weighted average of y,(f)t and St/ Mg with
weights proportional to nk, and 7, respectively.
This leads to the posterior predictive distribution
(Walter, Aslett, & Coolen 2016)

my,
P(C =1 |sf =[ I‘Jx
k
B(lk +n/(cnl)yk oMy — lk + nkt yl(‘nt)))

B (nl(cnt)y linr) ’ nl(cnt) (1 =Y kr,lt) ))

This model can also relatively straightforwardly
be used with a set of Beta prior distributions rather
than a single one, a generalization fitting in the the-
ory of imprecise probability (Augustin, Coolen, de
Cooman, & Troffaes 2014). At each value of ¢ one
calculates the 1nf1mum and supremum of the prob-
ability P(C/ =1, |s") over the set of prlor aram-
eters, with n” e [n(ko,’ 8| and 3% el yQ 0, y,‘col)
with the bounds of these intervals chosen to reﬂect
a priori available knowledge and its limitations.

The use of such prior sets, with only an interval of
possible values specified for each parameter, pro-
vides much flexibility for modelling prior beliefs
and indeterminacy, together with interesting ways
in which the corresponding sets of posterior (pre-
dictive) distributions and related inferences can
vary. Most noticeably, this model enables con-
flict between prior beliefs and data to be shown
through increased imprecision, that is difference
between upper and lower probabilities for an event
of interest (Walter 2013). We illustrate the use of
this model, together with the survival signature, for
a small system in Example 1, without attention to
such prior-data conflict, further details on this will
be presented elsewhere (Walter, Aslett, & Coolen
2016).

Example 1

As a small example, consider the system with three
types of components presented in Figure 1. The
survival signature of this system is given in Table 1,
where all cases with /; =0 have been omitted as
the system cannot function if the component of
Type 3 does not function, hence ®(/,7,,0)=0 for
all (4.4,).

For component types 1 and 2, we consider a near-
noninformative set of prior survival functions. For
components of type 3, we consider an informative
set of prior survival functions as given in Table 2.
This set could result from eliciting prior survival
probabilities at times 7=0,1,2,3,4,5 only, and
using those values to deduce such prior probabili-
ties for all other values of 7 without further assump-
tions. These prior assumptions, together with sets
of posterior survival functions, are illustrated in
Figure 3 (presented at the end of the paper); test
data for components of type 1 and 2 are taken as
{2.2,2.4,2.6,2.8} and {3.2,3.4,3.6,3.8} ,respectively.
For components of type 3 test data are taken as
{0.5,1.5,2.5,3.5} , which are well in line with expec-
tations according to the set of prior distributions.
The posterior sets of survival functions for each
component type and for the whole system show con-
siderably smaller imprecision than the correspond-
ing prior sets, which is mainly due to the low prior

Figure 1. System with 3 types of components.



Table 1. Survival signature for the system in Figure 1
for cases with /; = 1.
4 L o, L) L oy, L,1)
0 0
0 0
1/3 2/3

1
1

AW —=o
[=ReBel=-l
AW —=Oo
—

Table 2. Lower and upper prior functioning probability
bounds for component type 3 in the system of Figure 1.

t 0, 1) 1.2 (23 G4  &)5)
(0) 0.625 0.375 0.250 0.125 0.010

231
0.999 0.875 0.500 0.375 0.250

—(0)
3.t

strength intervals we chose for this example, namely
[g{f’,r‘zf? = n? ) |=n21] 0,0 |=1.41 for all
f. We see that posterior lower and upper survival
functions drop at those times ¢ when there is a
failure time in the test data, or a drop in the prior
survival probability bounds. Note that the lower
bound for prior system survival function is zero for
all £ due to the prior lower bound of zero for type 1
components, and for the system to function at least
two components of type 1 must function. A fur-
ther reason why the imprecision reduces substan-
tially in this example is that the data do not conflict
with the prior beliefs. With these sets of prior dis-
tributions such prior-data conflict can only really
occur for components of type 3, as such conflict
logically requires at least reasonably strong prior
beliefs to be taken into account through the set
of prior distributions. If test failure times for the
components of type 3 were unexpectedly small or
large, the imprecision in the lower and upper pos-
terior survival functions for this component would
increase, with a similar effect on the corresponding
overall lower and upper system survival functions.
A detailed analysis illustrating this effect will be
presented elsewhere (Walter, Aslett, & Coolen
2016).

3 NONPARAMETRIC PREDICTIVE
INFERENCE

Nonparametric Predictive Inference (NPI) (Coolen
2011) is a frequentist statistical framework based
on relatively few assumptions and considering
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events of interest which are explicitly in terms of
one or more future observations. NPI can be con-
sidered suitable if there is hardly any knowledge
about the random quantity of interest, other than
the data which we assume consist of n observa-
tions, or if one does not want to use such further
information, e.g. to study effects of additional
assumptions underlying other statistical meth-
ods. NPI uses lower and upper probabilities, also
known as imprecise probabilities, to quantify
uncertainty (Augustin, Coolen, de Cooman, &
Troffaes 2014) and has strong consistency proper-
ties from frequentist statistics perspective (Augus-
tin & Coolen 2004, Coolen 2011). NPI provides
a solution to some explicit goals formulated for
objective (Bayesian) inference, which cannot be
obtained when using precise probabilities (Coolen
2006), and it never leads to results that are in con-
flict with inferences based on empirical probabili-
ties. NPI for system survival functions, using the
survival signature, was recently presented (Coolen,
Coolen-Maturi, & Al-nefaiee 2014) and is briefly
summarized here.

We now present NPI lower and upper sur-
vival functions for the failure time 7y of a sys-
tem consisting of multiple types of components,
using the system signature combined with NPI
for Bernoulli data (Coolen 1998). This enables the
NPI method to be applied to, in principle, all sys-
tems. The failure times of components of differ-
ent types are assumed to be independent. It must
be emphasized that the NPI framework does not
assume an underlying population distribution in
relation to random quantities, and therefore also
not that these are conditionally independent given
some probability distribution. In fact, NPI explic-
itly takes the inter-dependence of multiple future
observations into account. This requires a some-
what different approach for dealing with imprecise
probabilities to that presented for the imprecise
Bayesian approach in the previous section.

NPI will be used for learning about the compo-
nents of a specific type in the system, from data
consisting of failure times for components that
are exchangeable with these. We assume therefore
that such data are available, for example resulting
from testing or previous use of such components.
It is assumed that failure times are available for all
tested components. As in the previous section, let
n , for kefl,... K}, denote the number of com-
ponents of type k for which test failure data are
available, and let s,k denote the number of these
components which still function at time ¢.

The NPI lower survival function is derived as
follows. Remember that C denotes the number
of components of type k in the system which
function at time ¢, where it is assumed that failure
ends the functioning of a component. Under the



assumptions for the NPI approach (Coolen 1998),
we derive the following lower bound for the sur-
vival function

my Mg K
P(Tg>nzY Y o[ D(Cf =1)
=0 Ix=0 k=1

where

ny, + my,

D(CF=1)=P(CF<l)-P(CF <, -1)=
sE—1+1,
sk-1

)
|

[”k — s Amy =l
st

In this expression, P denotes the NPI upper
probability for Bernoulli data (Coolen 1998). For
each component type k, the function D ensures
that maximum possible probability, corresponding
to NPI for Bernoulli data (Coolen 1998), is assigned
to the event CX=0, so D(CF=0)=P(CF=0).
Then, D(Ctk =1) is defined by putting the maxi-
mum possible remaining probability mass, from
the total probability mass available for the event
CF <1, to the event C¥ =1. This is achieved by
D(CF=1)=P(CF <1)-P(CF=0). This argu-
ment is continued, by assigning for increasing /,
the maximum possible remaining probability mass
D(C,k =1/,) . As the survival signature is increasing
in /, for coherent systems, as assumed in this paper,
and the resulting D is a precise probability distribu-
tion, the right-hand side of the inequality above is
indeed a lower bound and it is the maximum possible
lower bound. As such, it is the NPI lower probability
for the event T >, giving the NPI lower survival
function for the system failure time (for 7 >0)

L
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my K
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The corresponding NPI upper survival function
for T is similarly derived, using the upper bound
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In this expression, P denotes the NPI lower
probability for Bernoulli data (Coolen 1998). This
construction ensures that minimum possible weight
is given to small values of Ctk , resulting in the NPI
upper survival function for the system failure time

m my K

P(Te>0)=> - > D[] (Cf=1)

L=0 Ig=0 k=1

We illustrate this NPI method for system reli-
ability using the survival signature in Example 2
(Coolen, Coolen-Maturi, & Al-nefaiee 2014).

Example 2

Consider the system with K =2 types of com-
ponents as presented in Figure 2. The survival
signature for this system is presented in Table 3,
it is easily verified by checking all possible com-
binations of the specific components of each type
which function or not.

To illustrate NPI for the system survival time,
suppose that n, =2 components exchangeable with
those of type 1 and n, =2 components exchange-
able with those of tyge 2 were tested. First suppose
that failure times £ <1 <73 <1, were observed,
with t;‘ the j-th ordered failure time of a compo-
nent of type k. The resulting NPI lower and upper
survival functions for the system failure time T
are specified in Table 4, together with the results

1 1
— 1 2

2 2
Figure 2. System with 2 types of components.

Table 3. Survival signature of the system in Figure 2.
/; b (), 1) l L U
0 0 0 2 0 0

0 1 0 2 1 0

0 2 0 2 2 4/9

0 3 0 2 3 6/9

1 0 0 3 0 1

1 1 0 3 1 1

1 2 1/9 3 2 1

1 3 3/9 3 3 1




1.00 4

0.75+

0.504

o
N
a

=4
o
1=}

Prior

[E] posterior

System

Survival Probability
3
8

o
g
o

0.50

0.25

0.00

5
Time

o
-
%)
IS

Figure 3.

0

Prior and posterior sets of survival functions for the system in Figure 1 and its three component types. The

component failure times, that form the test data, are denoted with tick marks near the time axis.

Table4. Lower and upper survival functions for the sys-
tem in Figure 2 and two data orderings.

f<i<id<d

P(T, >1) P(T, >1) P(Tg>1)
0.2) 0.553 1

(2 0.458 1

@2 0.148 0.553
.4 0.100 0.458
(hen) 0 0.148

f<tt<ts<i

te P(Tg>1) P(Ts>1)
0.1 0.553 1

@.5) 0230 0007
() 0.148 0.553
@2 0 0.230
(@.00) 0 0.148
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for the case w1th the test failure times ordered as
h<f<ty<i}.

For the ordering # <t <#; <1, in the first
interval in Table 4 we have not yet seen a failure
in the test data, so the NPI upper probability that
the system will function is equal to one, which is
logical as we base the inferences on the data with
few additional assumptions. In the second inter-
val, one failure of type 2 has occurred but we do
not have any evidence from the data against the
possibility that a component of type 1 will cer-
tainly function at times in this interval, so the NPI
upper survival function remains one. In the fourth
interval, both type 2 components have failed but
only one component of type 1 has failed. In this
interval, to consider the lower survival function
the system is effectively reduced to a series system
consisting of three components of type 1, with
one ‘success’ and one ‘failure’ as data, denoted by
(2, 1). As such a series system only functions if all
three components function, the NPI lower sur-
vival function Within this fourth interval is equal
to S ()=1x2x23=0.100, which follows by
sequenétlal reasomng, using that based on n obser-
vations consisting of s successes and n—s failures,
denoted as data (n, s), the NPI lower probability
for the next observation to be a success is equal
to s/(n+1) (Coolen 1998). The NPI lower prob-
ability for the first component to function, given
test data (2,1), is equal to 1/3. Then the second
component is considered, conditional on the first
component functioning, which combines with the
test data to two out of three components observed



(or assumed) to be functioning, so combined data
(3,2), hence this second component will also func-
tion with NPI lower probability 2/4. Similarly, the
NPI lower probability for the third component to
function, conditional on functioning of the first
two components in the system, so with combined
data (4,3), is equal to 3/5. In the final interval, we
are beyond the failure times of all the tested com-
ponents, so we no longer have evidence in favour
of the system to function, so S, (#)=0, but the
system might of course still function as reflected
by §7,(1)=0.148.

For the second case in Table 4, with data order-
ing 1 <1f <1y <13, we have ST (1)=0.667 in the
second interval, where one failure of type 1 has
occurred in the test data. In the fourth interval,
both tested components of type 1 have failed, lead-
ing to §T5(t) =0. Both of these values are directly
related to the required functioning of the left-most
component in Figure 2.

4 DISCUSSION

The survival signature is a powerful and quite
basic concept. As such, further generalizations are
conceptually easy, for example one can straight-
forwardly generalize the survival signature to mul-
ti-state systems such that it again summarizes the
structure function in a manner that is sufficient for
a range of uncertainty quantifications for the sys-
tem reliability. The survival signature can also be
used with a generalization of the system structure
function where the latter is a probability instead
of a binary function, or even an imprecise prob-
ability. This enables uncertainty of system func-
tioning for given states of its components to be
taken into account, which may be convenient, for
example, to take uncertain demands or environ-
ments for the system into consideration. In this
paper, we only considered test data with observed
failure times for all tested components. If test data
also contain right-censored observations, this can
also be dealt with, both in the imprecise Bayesian
and NPI approaches (Walter, Graham, & Coolen
2015, Coolen & Yan 2004, Maturi 2010) (more
information about NPI is available from www.
npi-statistics.com). This generalization is further
relevant as, instead of assuming availability of test
data, it allows us to take process data for the actual
components in a system into account while this
system is operating, hence enabling inference on
the remaining time until system failure.

Upscaling the survival signature to large real-
world systems and networks, consisting of thou-
sands of components,isamajorchallenge. However,
even for such systems the fact that one only needs
to derive the survival signature once for a system
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is an advantage, and also the monotonicity of the
survival signature for coherent systems is very use-
ful if one can only derive it partially. For small to
medium-sized systems and networks, the survival
signature is particularly easy to compute using the
Reliability Theory R package (Aslett 2016b), avail-
able from www.louisaslett.com. Using this pack-
age it is straightforward to express your system in
terms of an undirected graphical structure, after
which a single call to the function compute System
Survival Signature suffices. The function will com-
pute all of the cut sets of the system and perform
the combinatorial analysis, returning a table which
contains the survival signature just as in Tables 2
and 3. For example, computation of the survival
signature for the system in Figure 1 is achieved
with 3 simple commands

s <- graph.formula(s-

B

1-2-3-t
1-4-5-t
4-6-3:5

S— >
2: )
setCompTypes (s,
list("T1"=c(2,4,3,5),
"T2"=6,
"T3"=1))

computeSystemSurvivalSignature(s)

Full instructions and some worked examples are avail-
able within the package. There are numerous other func-
tions in the package, enabling computation of: the legacy
system signature (Samaniego 2007); the continuous-time
Markov chain representation of repairable systems; as
well as numerous inference algorithms for Bayesian infer-
ence on the system signature using only system-level data
(Aslett 2013).

Full instructions and some worked examples are
available within the package. There are numerous
other functions in the package, enabling compu-
tation of: the legacy system signature (Samaniego
2007); the continuous-time Markov chain repre-
sentation of repairable systems; as well as numer-
ous inference algorithms for Bayesian inference on
the system signature using only system-level data
(Aslett 2013).

The survival signature enables some interesting
applications which would otherwise be intractably
difficult. For example, often a system designer may
consider the design (structure) of their system to
be a trade secret and so be unwilling to release it to
component manufacturers, while at the same time
component manufacturers are frequently unwill-
ing to release anything more than summary figures
for components, e.g. mean-time-between-failures.
These two opposing goals lead to a situation in
which it would seem unrealistic to achieve a full
probabilistic reliability assessment and to honour
the privacy requirements of all parties. However,



recent work (Aslett 2016a) makes use of the sur-
vival signature to allow cryptographically secure
evaluation of the system reliability function, where
the functional form resulting from the survival sig-
nature decomposition in Equation (1) is crucial to
enabling encrypted computation using so-called
homomorphic encryption schemes (Aslett, Esper-
anca, & Holmes 2015). The equivalent decompo-
sition in terms of the structure function leads to
difficulties in encrypted computation, so that this
application may be intractable without use of the
survival signature.
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ABSTRACT: There are different methods for the calculation of indices and measures in reliability anal-
ysis. Some of most used indices are system availability/reliability and importance measures. In this paper
new algorithms for the calculation of system availability and some of importance measures are developed
based on the parallel procedures. The principal step in the development of these algorithms are construc-
tion of matrix procedures for the calculation these indices and measures.

1 INTRODUCTION
The estimation of a system reliability is provided
based on different indices and measures. As a rule
the computational complexity of the calculation of
these indices and measures depends on the system
dimension. One of way this computational com-
plexity decreasing is the use of parallel procedure
(Green et al. 2011, Lingfeng & Singh 2009).
Kucharev et al. (1990) shown that the parallel
procedure can be designed based on matrix inter-
pretation of computational procedure. Therefore
the transformation of traditional computational
procedures for the calculation of indices and meas-
ures in matrix form is important step in the design
of parallel algorithms. In this paper we consider
such transformation for calculation of system
availability and some of Importance Measures
(IMs). The initial representation and mathemati-
cal description of investigated system in this case
must be defined in matrix or vector form. There
are some typical form of investigated system repre-
sentation in reliability analysis: structure function;
Markovian model; Mote-Carlo model etc. The
structure function can be considered as Boolean
function (Barlow & Proschan 1975). This inter-
pretations allows using of vector representation
of Boolean function for a structure function too.
Therefore in this paper the parallel algorithm for
the calculation of system availability is developed
based on structure function of system. The struc-
ture based algorithms are used in the development
of parallel algorithms for calculation of IMs too.
The importance analysis enables one to estimate
the impact of a system element on the system fail-
ure or functioning. Consideration is given at that
to the structural distinctions of the system and the
failure/operability probabilities of its elements. By
the system operability is meant its ability to function
at a fixed time instant (Barlow & Proschan 1975).
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Analysis of element importance is used in the system
design, diagnosis, and optimization. Many IMs are
used today to allow for various aspects of the impact
of system elements on its failure or operability.

2 A SYSTEM REPRESENTATION BY
STRUCTURE FUNCTION

2.1

Consider a system of n components. Every com-
ponent state is designated as x; (i = 1,...,n) where
x; = 1 is working state of the component and
x; = 0 indicates the system failure. The probability
of failure is defined for every system component as
q,=Pr{x,=0}. Therefore the probability of the i-th
component is p,=Pr{x;=1} =1-g¢.

The structure function of the system defines
correlation of system state depend on system com-
ponent states unambiguously (Zaitseva 2012):

The structure function

P (x)=0(x,, .. (0]

There are two groups of system type that are
coherent and non-coherent system. The coherent
system has assumption (Beeson & Andrews 2003,
Fricks & Trivedi 2003):

a.

LX) {0, 1} — {0, 1}.

The system and its components have two states:

up (working) and down (failed);

All system components are relevant to system;

The system structure function is monotone non-

decreasing: ¢ (xy, ..., 1, ..., x) = (x, ..., 1,.

X,);

. The failure and repair rate of the components
are constant;

. Repaired components are as good as new.

b.
c.

“ey

The system is non-coherent if one or more of
these assumption are not thru.



Consider typical form of the structure function
(1) representation. The function (1) is Boolean func-
tion. It is permits to use mathematical approach of
Boolean algebra for this function representation
and investigation its properties.

There are some representations of the structure
function (1) in point of view Boolean algebra.
Truth table, Binary Decision Diagram (BDD) and
analytical representation (formula) can be used for
the structure function initial description according
to (Brown & Vranesic 2000).

2.2 Tuble and matric representation of the
structure function

A truth table includes a list of combinations of 1’s
and 0’s assigned to the binary variables, and column
that shows the value of the function each binary
combination (Fig. 1). The number of rows in the
truth table is 2", where n is the number of variables.

The binary combination of variables in the
truth table can be ordered from 0 to 2"-1 according
to coding (lexicographical order). The fixed order
of variable allows consider the column of func-
tion values only (Fig. 1). Such representation of
Boolean function is named as truth table column
vector or truth vector.

Therefore the structure function of system (1)
can be represented by the truth table or truth vec-
tor unambiguously. For example, consider the trivial
system of three components (z = 3) in Fig. 2. The
truth table is shown in Table 1 and the truth vector of
this system isx=[00000 1 1 1]. Consider the truth
vector element x©® = 1. The state vector for this func-
tion value is defined by the transformation of the
parameter i = 5 into binary representation: i=5 =(i,
i, ;) = (1, 0, 1). Therefore, the truth vector element
x® =1 agrees with the function value ¢(1, 0, 1) = 1.

2.3 Binary decision diagram

A BDD is a directed acyclic graph of a Boolean
function representation. This graph has two

Truth Table Truth Vector

Values of variables, | Function values,
X1, X205 Xt X )
00 0 0 LI x®

\
00 0 1 |/ 3 x®
00 ...1 0 IoA@ @

i = i}

L. [

1 1 ... 1 0 ‘\\ x(Zn—Z) l”' x(z".z)
n n
1 1 ... 1 1 \\x(z -13,,' x@D
Figure 1. Truth vector of the structure function.

terminal nodes, labelled 0 and 1. Each non-terminal
node is labelled with a function variable x; and has
two outgoing edges. The left edge is labelled “0”
and the other outgoing edge is labelled “1”.

A BDD is a widely used tool reliability analysis.
Some methods for reliability analysis based on this
tool are discussed in papers (Zaitseva et al. 2015,
Chang et al. 2004).

Terminal nodes of the BDD correspond to the
system state. Non-terminal node outgoing edges
are interpreted as component states.

For example, the BDD of the structure function of
the series parallel system in Fig. 2 is shown in Fig. 3.

2.4  Analytical representation of the structure
function

The analytical representation has different form for
the function. As a rule this function are define by
the formula with operators AND, OR and NOT.
For example, the structure function of the system
in Fig. 2 can be presented by the formula:

Kx)= AND(x,,0R(x,.,x3)). )

But there are other analytical representations
for Boolean function and one of them is arithmetic
polynomial form A(x) (Kucharev et al. 1990):

2"
B ok kK
Ax)=A(x)= z a®xfixy b =

k=0
=a® +aV%, +aPx, | +aPx, x, ..+

@

(2"-2)
+a XX, +a Xpee Xy,

3)

Table 1. Truth table of the structure function.

Values of variables,

X1y Xy Xy Function values, ¢(x)
000 0
001 0
010 0
011 0
100 0
101 1
110 1
111 1

X,

o— X
X3

Figure 2. A simple series-parallel system.

216



where a® is polynomial coefficients; k,...k,...k, is
binary cgescription of parameter k (k =0, 1, ...,
21); x =x; if k,=1and x =1 if k,= 0.

This arithmetic polynomial form (3) in matrix
form is (Kucharev et al. 1990):

x=A, a “)
where x = [x©@ x® ... x@ DT is the truth vector of
function (1); a=[a© aV ... a®> V] is vector of coef-
ficients a® for polynomial (3); A, is matrix that is
calculated by recurrent equation:

10
A, =AR®A, L A= |:1 1] )
where ® is symbol of Kronecker product and the
element of the matrix A, is calculated as:

ay =s', (6)

fors,te {0,1} and 0°=1.

The polynomial coefficients a® can be calculate
based on inverse matrix procedure (Kucharev et al.
1990):

BDD of the system

The pseudo-code of the BDD

¢(X) = ite(x;, 0, G)
G = ite(x;, K, 1)
K = ite(xs, 0, 1)
or
q)(x)=ite(x1, 9: ite(XZJ 'i.te(x3,0,1),1))

Figure 3. BDD of structure function of simple series-
parallel system in Fig. 2.
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a=A -x (7

n

where A, is inverse matrix for A, and:
- . 1 0
A, = Al ® An—ls Al = . (8)

For example, consider the trivial system of three
components (z = 3) in Fig. 2. The truth vector of
this function is x =[0 000 0 1 1 1]% Computer
the coefficient of polynomial (3) according equa-
tion (8):

afK2~x o
170 0 0 0 0 0]fo] [0
11 0 0 0 0 0 ollofl |o
10 o 0 0 o0 oflo] |o
1 -1 -1 1. 0 0 o0 oflo] |0

-1 0 0 0 1 0 o ollo] |of
I =1 0 0 -1 1 0 of|1] |1
1 0 -1 0 -1 0 1 oflt] |1
IS RS T GRS U | N B I )

©)

Describe the arithmetic polynomial form A4(x)
for the structure function of the system in Fig. 1.
The arithmetic polynomial form for n =3 is:

;
Ax)=A(x)= Z a(k)x(“xgz xf’

=0
=a DX + amxloxgx; + a(z)xlox;xg
(3)
£ a0 4 a0 L (10)

6 1 (M 1]
+a %% x5x) + a'Vxfxhxy

=d® 1+ aYx; + dPxy +aVx, x5 + a Vx|

+a®x; x5 +a% %, +aVx x, x5

Use the vector coefficients of the structure func-
tion (9)a=[0000011-1]" for this form:

Ax)=A(x) =X X5 + X X, — X Xy X3

(1

3 THE SYSTEM AVAILABILITY

Every system component is characterized by
probability p, (represents the availability of
component /) and probability ¢, (defines its
unavailability):



p;=Prix;=1}, q,=Pr{x;=0},p,+¢q,= 1. (12)
When the system structure function and availabili-
ties of all system components are known, then system
availability/unavailability can be computed as follows
(Barlow & Proschan 1975, Schneeweiss 2009):

A=Pri{g(x)=1}, U=Prig(x)=0}, A+ U=1.(13)

The availability is one of the most important
characteristics of any system. It can also be used to
compute other reliability characteristics, e.g. mean
time to failure, mean time to repair, etc. (Beeson &
Andrews 2003, Schneeweiss 2009).

There is interesting property of the arithmetic
polynomial form. The replacement of the variables
x; by the probabilities of component working p,
allows to obtain the probabilistic form of the struc-
ture function that is system availability.

Theorem 1. The system availability (probability
of the working state) is calculate by arithmetical
polynomial form (3) in which the Boolean varia-
bles x, are changed by relevant probability of com-
ponent state working:

2"-1

A=Y " pip e ph (14)
k=0

where a® is coefficients polynomial (3); p, (i = 1,
..., n) is probability of the i-th component working
state, and pik‘ =11if k,=0and pl-k' =p; if k=1

Proof. According to (Kucharev et al. 1990)
the arithmetical polynomial form is canoni-
cal form of Boolean function representation.
Therefore all elements of the polynomial form
3) a”"JJCI'1 -xy?-...-x," are mutually independ-
ent events. And variables of Boolean function are
interpreted as independent events according to
Kumar & Breuer 1981. Therefore in case of proba-
bilistic analysis the Boolean function variables can
be replaced by probabilities of this events.

For example, compute the availability of the
system in Fig. 1 based on the arithmetical polyno-
mial form of this system structure function (11).
According to the Theorem 1 the Boolean variables
of this form are replaced by the probabilities p, of
the system components functioning:

A=p,py+ P py— D P2D3- (15)

In comparison, compute this system availability
according to traditional way based on the structure
function AND-OR-representation (2):

A=Pr{AND(x;,OR(x,,x3))} = p{(py + P3 = PyP3)
=DiPy t DD — PP Ps-

(16)

218

.
2%

¢

—_—_— 0 O O O O M

Figure 4. Calculation of the coefficients of the probabi-
listic form of the structure function.

We can see, the availability of the system com-
puted by new methods and traditional way are
equal. But the calculation of system availability
based on matrix procedure is formal background
for the development of parallel algorithms (Kucha-
rev et al. 1990). For example, the flow diagrams for
the calculation of the coefficient of the probabi-
listic form to compute the system availability are
design based on the transformation (9) and is pre-
sented in Fig. 4.

4 IMPORTANCE ANALYSIS

The availability is one of the most important char-
acteristics of any system. It can also be used to
compute other reliability characteristics, e.g. mean
time to failure, mean time to repair, etc. (Barlow &
Proschan 1975, Schneeweiss 2009). But they do not
permit to identify the influence of individual sys-
tem components on the proper work of the system.
For this purpose, there exist other measures that
are known as Importance Measures (IM). The IMs
are used in part of reliability analysis that is known
as importance analysis. The comprehensive study
of these measures has been performed in work [4].
IMs have been widely used for identifying system
weaknesses and supporting system improvement
activities from design perspective. With the known
values of IMs of all components, proper actions
can be taken on the weakest component to improve
sys-tem availability at minimal costs or effort.

There exist a lot of IMs, but the most often used
are the Structural Importance (SI), Birnbaum’s
Importance (BI), Criticality Importance (CI)
(Table 2).

Different mathematical methods and algorithms
can be used to calculate these in-dices. Ones of them
are Direct Partial Boolean Derivatives (DPBDs)
that have been introduced for importance analy-
sis in paper (Moret & Thomason 1984). In paper
(Zaitseva & Levashenko 2013), the mathematical
background of DPBDs application has been con-
sidered. But efficient algorithm for computation
of DPBDs has not been proposed. In this paper,



Table 2. Basic importance measures.

Importance

Measure Meaning

SI The SI concentrates only on the
topological structure of the
system. It is defined as the
relative number of situations in
which a given component is
critical for the system activity

The BI of a given component is
defined as the probability that
the component is critical for the
system work.

The CI of a given component is
calculated as the probability that
the system failure has been caused
by the component failure, given
that the system is failed.

BI

CI

a new parallel algorithm for the calculation of a
DPBD is developed.

As alternative result for the new algorithm, algo-
rithms in (Zaitseva et al 2015) can be considered.
The authors of the paper (Zaitseva et al 2015)
proposed algorithms for calculation of a DPBD
based on the structure function representation by
a Binary Decision Diagram (BDD) that includes
parallel procedure too. But the algorithms in (Zait-
seva et al 2015) need a special transformation of
initial representation of the structure function
into a BDD, and this increases the computation
complexity.

4.1 Direct partial Boolean derivatives

A DPBD is a part of Logical Differential Calculus
(Moret & Thomason 1984, Bochmann & Posthoff
1981). In analysis of Boolean functions, a DPBD
allows identifying situations in which the change of
a Boolean variable results the change of the value
of Boolean function. In case of reliability analy-
sis, the system is defined by the structure function
(1) that is a Boolean function. Therefore, a DPBD
can be used for the structure function analysis too.
In terms of reliability analysis, a DPBD allows
investigation the influence of a structure function
variable (= component state) change on a function
value change (= system state). Therefore, a DPBD
of the structure function permits indicating com-
ponents states (state vectors) for which the change
of one component state causes a change of the
system state (availability). These vectors agree with
the system boundary states (Moret & Thomason
1984, Zaitseva & Levashenko 2013).

DPBD d¢(j — j)/dx(a — a) of the structure
function ¢(x) with respect to variable xi is defined
as follows (Bochmann & Posthoff 1981):
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0p(j—7) _ . _
m={¢(‘lf’x)<_>!’}/\{ﬁb(i-‘,a-")ﬁj},. (17)
where ¢(a, X) = X, Xpseoor X,y Gy Xy penns X,), A, ] €

{0, 1} and <> is the symbol of equivalence operator
(logical bi-conditional).

Clearly, there exist four DPBDs for every vari-
able x; (Bochmann & Posthoft 1981, Zaitseva &
Levashenko 2013):

dg(1—>0) dg(0>1) 9g(1—>0) 9p{(0—>1)
ax;{(1-0) 9x,(0>1)" x;(0>1)" 9x;(1—>0)

/1
i\

In reliability analysis, the first two DPBDs
can be used to identify situations in which a fail-
ure (repair) of component i results system failure
(repair). Similarly, the second two DPBDs iden-
tify situations when the system failure (repair) is
caused by the i-th component repair (failure). The
second two derivatives exist (are not equal to zero)
for a noncoherent systems (Zaitseva & Levashenko
2013).

For example, consider a system of three com-
ponents (n = 3) in Fig. 1. The influence of the first
component failure on the system can be analyzed
by DPBD d¢(1—0)/dx,(1—0). This derivative has
three nonzero values for state vectors x = (x,, x,, X;):
(1=0, 1, 1), (10, 0, 1) and (10, 1, 0). Therefore,
the failure of the first component causes a system
breakdown for working state of the second and the
third component or working state of one of them.
The system is not functioning if the second and
the third components are failed and, therefore, a
failure of the first component does not influence
system availability.

4.2 Importance measures and Direct Partial
Boolean Derivatives

In reliability analysis, the structure function and
the system components are used instead of the
Boolean function and the Boolean variables,
respectively. Using this coincidence, the authors
of the papers (Zaitseva & Levashenko 2013) have
developed techniques for analysis of influence of
individual system components on system failure/
functioning using DPBDs. Let us summarize the
definitions of IMs (Table 2) for the system failure
based on DPBDs.

The SI of component is defined as the rela-
tive number of situations, in which the com-
ponent is critical for system failure. Therefore,
the SI of component can be defined by DPBD
0¢(1-0)/0x(1—0) as the relative number of
state vectors for which the considered DPBD has
nonzero values (Zaitseva & Levashenko 2013,
Zaitseva 2012):



1-0
A

271—1 :

SI. =

1

(18)

where is a number of nonzero values of DPBD
0¢(1—0)/dx(1—0) and 2"-1 is a size of the DPBD.

Similarly, the modified SI, which takes into
account the necessary condition for component
being critical, can be defined as follows (Zaitseva
& Levashenko 2013, Zaitseva 2012):

(1-0)
MSI, =2
2

(19)

where o; is a number of state vectors for which
a1, x)=1.

The BI of component i defines the probability
that the i-th system component is critical for sys-
tem failure. Using DPBDs, this IM can be defined
as the probability that the DPBD is nonzero
(Zaitseva & Levashenko 2013)

BI, =Pr{0g(1 - 0)/x,(1-0) > 1}. (20)

A lot of IMs are based on the BI, e.g. the CI,
Barlow-Proschan, Bayesian, redundancy, etc. For

example, the CI is calculated as follows (Kuo &
Zhu 2012):

q.
CI,=BI,- . 21
(=Bl D

where ¢, is component state probability (1) and Uis
the system unavailability.

To illustrate the calculation of all IMs using
DPBDs consider the system in Fig. 1. Values of IMs
for this system are computed in Table 3. Accord-
ing to these IMs, the first component has the most
influence on the system failure from point of view
of the system structure, because the values of the
SI, MSI and Bl are greatest for this component. The
CI is maximal for the second and third components
and, therefore, it indicates the first component as
non-important taking into account the probability
of failure of this component (it is minimal for this
component, i.e. q1 = 0.10). The FVIs implies that
the second and third components contribute to sys-
tem failure with the most probability.

So, DPBDs are one of possible mathematical
approaches that can be used in importance analy-
sis, and they allow us to calculate all often used IMs
(Table 2). Mathematical background of its applica-
tion for the definition of IM has been considered
in papers (Zaitseva & Levashenko 2013, Zaitseva
2012). In this paper new algorithm for the calcu-
lation of DPBD based on a parallel procedure is
developed.
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Table 3. IMs for the system in Fig. 1.

Component X, X, X3

Probability of component state, p, 0.90 0.70  0.65
ST, 0.75 025 0.25
MSI, 1.00  0.50 0.50
BI, 090 032 0.27
Cl, 0.46 049 0.49

4.3 Parallel algorithm for the calculation of direct
partial Boolean derivatives

One of possible way for the formal development
of parallel algorithms is transform mathematical
background into matrix algebra. Therefore, consider
DPBD (17) in matrix interpretation. As the first step
in such transformation, the initial data (structure
function) has to be presented as a vector or matrix.

The structure function is defined as a truth vec-
tor (Fig. 1) in matrix algorithm for calculation of
DPBD. The truth vector of DPBD (derivative vec-
tor) is calculated based on the truth vector of the
structure function as:

Ox(j = )fdx,(a — )

=P (j o)) (P (Fox) PP

where P is the differentiation matrix with size
21 x 2" that is defined as:

P =MV (1T oM. (23)

and M™ is diagonal matrix with size 2" x 2", [1 ) ]
is the vector for which / = s for the matrix p¢.)
and /= a for matrix P%? , and ® is the Kronecker
product (Kucharev et al. 1990). _

Note that the calculation (j <> x) and (j < X)
in (22) agrees with the definition of state vectors for
which the function value is j and ; , respectively.
The matrices P** and P9 allows indicating
variables with values ¢ and @, respectively. The
operation AND () integrates these conductions.

DPBD d4j— j)/ox{a—da) does not
depend on the i-th variable (Bochmann & Post-
hoff 1981). Therefore, the derivative vector (22)
0x(j — j)/dx,(a — @) has size of 2.

Consider an example for calculation of deriva-
tive vector dx(1—0)/dx,(1—0) for the structure
function with the truth vectorx=[00000 1 1 1]*
(it is the truth vector of the structure function of
the system depicted in Fig. 1). According to (22),
the rule for the calculation of this derivative is:

ox(1 = 0)/dx(1 - 0)

=P (1 %)) A (P (0 65 x)) =[o111] @4



where matrices P&D and P09 are defined based
on the rule (23) as:

PO =M & [1 0] FM®
and
P =MO &[0 1leM?.

The derivative vector 9X(1—0)/dx,(1—0)
DPBD indicate three state vectors x = (x,, X, X;3):
(1-0, 1, 1), (10, 0, 1) and (1=0, 1, 0). There-
fore, the failure of the first component causes a
system breakdown for working state of the sec-
ond and the third components or working state
of one of them. This result is equal to result that
has been calculated by definition (17) for DPBD
20(1—0)/9x,(1-0).

A matrix procedure can be transform in paral-
lel procedure according to (Kucharev et al. 1990).
Therefore the equation (22) can be interpreted
by parallel procedure. For example, the flow dia-
grams for the calculation of the derivative vec-
tors dx(1—0)/0x,(1-0), 9x(1—0)/dx,(1—0) and
0x(1-0)/9x,(1—-0) for the structure function of
the system in Fig. 2 according (22) are presented
in Fig. 5. These diagrams illustrate the possibility
to use parallel procedures for the calculation of
DPBD.

5 CONCLUSION

In this paper the new algorithm based on the par-
allel procedures is proposed for the calculation
of system availability and most often-used IMs
(Table 2). The algorithm for the computation of
the system availability are based on the use of the
probabilistic form of the structure function in
point of view of Boolean algebra. The parallel pro-
cedure is used for the calculation the coefficients of
this form (14).

The algorithm for the calculation of IMs are
based on the use of the DPLDs (17). The paral-
lel procedure allows to compute the values of the
derivative (22). The computational complexity of
the proposed algorithm is less in comparison with
algorithm based on the typical analytical calcula-
tion (Fig. 6).

The proposed algorithm for the calculation
of IMs based on the parallel procedures can be
used in many practical applications. The princi-
pal step in these applications is representation
of the investigated object by the structure func-
tion. As a rule the structure function is defined
based on analysis of the structure of investigated
object.

x ax(0-1)/0x,(051)  x Ax(1-0)/x, (10
0 —@—0 0
0 1 0
0 1 0
0 1 0
0 0 0
1 1 1
1 1 1
1 | ———— 1
X 9x(0—1)/0x,(0—1) x 9x(1—0)/0x,(1—0’
0 0 0
0 0 0
0 0 0
0 1 0
1 0 1
| . %_‘ !
1 1] —————@m— 0
X 9x(0—1)/0x3(0—1) X 0x(1—0)/0x3(1—0)
0 7&—' 0 0
0 0 % 0
0 7@—» 0 0
0 0 %_, 0
0 j—v 1 0 :
1 1 1
1 1 0
Figure 5. Calculation of DPBDs based on parallel
procedures.
1200
1500 Analitical /
z" —— Parallel
_"SCO
’g o
:c: /
1 - 4 5 6 7 8 2 10
Number of components, 1

Figure 6. Computation time for calculation of DPBDs
based on analytical and parallel procedures.
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A note on the Cauchy-Riemann equation on a class of convex
domains of finite and infinite type in C*
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ABSTRACT:

In this paper, we provide an extension of the Holder regularity result by Range in (Range

1978) to a certain class of strict finite and infinite type convex domains in C>. A new notion of type is
introduced for arbitrary convex domains in C* with smooth boundaries. This type generalizes the notion
of strict finite type in the original theory (Range 1978) as well as consists many cases of infinite type in

which Range’s method is fail to be applied.

1 INTRODUCTION

Let (z,...,z,) be the complex Euclidean coor-
dinates of C", with n>1, and let Q < C" be a
bounded domain. The Cauchy-Riemann complex
on C'() -functions is defined to be

iy

n au

=3

_ dE/a
=192

_1fa

where % =3\
j=1,...n’ i

One of most fundamental and important prob-
lems in multidimensional complex analysis is to
solve the Cauchy-Riemann equation

+ *1%) with =X+ \/—ly‘,-,

u=p

2
for a given (0, 1 )-form #= 2 i1 @,dzZ ;. In the com-
plex plane, this problem is trivial (Hérmander 1990).
In higher dimension spaces, the solution of 9 -equa-
tion is explicitly constructed and the regularity theory
is also well-understood on the unit ball (Rudin 1980).
Moreover, the study to this problem is completely
established on strongly pseudoconvex domains
which are most “beautiful” domains in several
complex variables, see (Hormander 1965), (Henkin
1969), (Henkin and Romanov 1971), (Romanov
1976). Recently, some existence and regularity
results have been proved on certain analytic convex
domains in C", see (Bruma and Castillo 1984), (Ahn
and Cho 2003), (Fornaess et al. 2011), (Khanh 2013),
(Ha et al. 2014). On general domains, the solvability
and regularity to the d -equation are still open.
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In the lecture of Michael Range (Range 1978)

given at the International Conferences Cortona,
Italy, 1976-1977, he proved the following facts:
on the smooth boundary convex domain of strict
finite type m (m=1,2,....)
Q" ={(z,,2,)) e C™ |z, " +]|z | -1< 0}, (1)
the Cauchy-Riemann equation du = ¢ is solvable.
Moreover, the solution u is Holder continuous of
order o< zi whenever @isa (0, 1) cl@™) -form.
Here, 0 is defined in the sense of distributions.

Also in this important lecture, he showed that
on the infinite type smooth boundary convex
domain

1
ar) o

N
1

Q" ={(5,5,) e C? :exp(l+2/s).exp(|

+|z, [F-1<0},

for 0<s<1, the Cauchy-Riemann equation is
although solvable, there is no solution which is
Holder continuous of any positive order. Hence,
it is reasonable that we can conjecture if the
d -equation is solvable in other Holder class in
some weak sense on Q.

Recently, sup-norm estimates for the solution
to the d-equation on Q7 have been established by
Fornaess-Lee-Zhang in (Fornaess et al. 2011) and
Khanh in (Khanh 2013). The main purpose in this
paper is to give a positive and general answer to the
above conjecture. The main method in this paper is
based on a new proof in (Khanh 2013), (Ha et al.
2014).



2 MAIN RESULT
Let Q be a bounded domain in C* with smooth
boundary hQ . Let p be a defining function for Q,

that means, p is a real value C” -function defined
on a neighborhood of »Q such that

Q={(z,2,): Az,2,) <0}

and dp#0 on bQ . Then Q is said to be (analytic)
convex if

= dp
2 (x,y)a;a, 20 onbQ,
k=1

%) 0X 0

for every (a,a,)# 0 with 2
on bQ.
The Leray map on Q is defined by

/aYU )('xy) 0

_9%p
D(z) = a;(é")( 51)+a;2(§)(~z )
for ebQ. Since the convexity of €,

Re(Z‘ Z(z,-¢))#0 for {ebQ and zeQ and
SO cb(g'z);to for all (£,2)ebQxQ. 1t is well-
known that for each e hQ , the complex hyper-
surface {®({,z)=0} and the complex tangent
space to bQ at { are actually the same. Moreover,
the Leray map has the following properties:

1. @ isof Cl-classin (£,z).

2. @(¢&,.) is holomorphic on Q.

3. |9(2)[2A>0 forze Q, |z—¢ |2 ¢ for some
constant ¢ > 0.

Definition 2.1. Let Type be a set of all smooth,
increasing functions F :[0,e0) —[0,0) such that

l F(0)=0;
J |1nF(r )| dr <o for some 6> 0;

3. i (») is increasing.

The convex domain Q is called of admitting
an maximal type F eType at PebQ if on the
neighborhood 0<|P—z|<¢’, for some 0<c’ <c,
we have

| (S5 2) [2] A2) |+ | I (S ] [ +F (2 — & [P, (3)

forevery {ebQ N B(P,c),and zeQ.|z-{|<c.

Here and in what follows, the notations < and
2> denote inequalities up to a positive constant,
and = means the combination of < and 2 .

Remark 2.2.

1. The definition 2.1 is independent of the choice
on holomorphic coordinates in a neighborhood
of P and of the particular defining function p.
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2. The domain Q is called convex of maximal type
Fif it has these above properties at every point
P e Q, with the common function F. Actually,
it follows that by compactness of bQ, we can
choose the common function F for all boundary
points P e bQ .

Example 2.1
o Let
Q" ={(2,2,)€C |z " +|z, | -1 <O},

Then, Q" is convex of maximal type F(t)=1",
see (Range 1978 ).
o Let
l ]
af

Q" ={(z,2,) € C*exp(1+2/s). exp(l
+]z, [P ~1<0},.

Then, for 0 < s<1,Q~ is convex of maximal type
F(t)=exp (=L, see (Verde;a 1984).

Let f bé>an increasing function such that
lim f'() = +eo, from (Khanh 2013) (Ha and Khanh
éOlS) we recall the “weak” f~Holder space on Q
as

A Q)= (| ull = u ..
+5up. - pe (D). |u(z+h)—u(z) |< oo},
When f{t)=1t%, for 0<a<l,

standard Holder space H“(Q) .
The main results in this paper are follows.

we obtain the

Theorem 2.3. Let Q be a bounded convex domain
in C* with smooth boundary bQ). Let F € Type and
assume that Q is convex of maximal type F.

Then, for every (0, 1)_form @ whose coefficients
belong to L”(Q) and dp=0 on Q in the weak
sense, there exists a function u e L™(Q) such that

Ju

4

in the weak sense and || u ||, | 2]l -
Moreover, we also have

Theorem 2.4. Let Q be a domain as in Theorem 2.3
and we define

-1
f(d ) _[J%I\[F[(t) ] ,

where F* is the inverse of F.



Then, for every (0, 1)_form ¢ whose coefficients
belong to L”(Q) and dp=0 on Q in the weak
sense, there exists a function u e A (Q) such that

Ou= 17

in the weak sense and ||u||, J|| @|.. -

The proof of Theorem 2.3 is actually contained
in the proof of Theorem 2.4 with more easier com-
putations. Hence, we omit the details of the proof
of Theorem 2.3.

3 PROOF OF THE MAIN RESULT

The proof of Theorem 2.4 is separated to two
parts: The first one is to recall briefly the Henkin’s
construction for solutions to the 9 -equation. For
more general definitions and properties, we refer to
the excellent book by Chen and Shaw (Chen and
Shaw 2001). The second one is to estimate all inte-
gral terms in this construction.

In the following definitions, only the convexity
of Q is required for defining @ .

Definition 3.1. (Homotopy Kernel for 9 -solution
on convex domains).
For 1€[0,1], let define:

o wWi(s, :L;/ and ! =21,
ST = s

o W, (G A=Wy My — W M) AdG AdS
where 9;,:=0a,+d,.
° w271(§ A,z)=—(w 9wy —wyg W) Adg ~dds.
Let choose a differentiable triangulation
{S, :k=1,...,I} of the boundary »Q, in which the
simplices S, being so small that the above construc-
tions can be carried out for { € S, and the func-
tions ® and w} depending on the index k. Then,
the forms wé',o and o)é,l are defined as the restric-
tions of @,, and @,, on S,.

Theorem 3.2. (Existence). Let define the linear oper-
ator T : C(l),l(Q) — CY(Q) as follows

1| i
. - 4
Ty Az kz:} J‘SAX[U,I] P Bg J‘QX[O,]] P | )

Then, if 5;0: 0 on Q, we have
HTP)=¢p onQ.

Moreover,

prany Sllell.

J.Qx[(),l] I

Jor any fwith 0< f(d™<d™.

For the proof of the above theorem, we refer
the reader to (Range 1978), (Bruma and Castillo
1984), (Range 1986) or (Chen and Shaw 2001).

Now, in order to proof the f~Hdolder estimate for
the first integral in (4), we recall the following Gen-
eral Hardy-Littlewood Lemma proved by Khanh
(Khanh 2013).

Lemma 3.3. Let Q be a bounded smooth domain in
R and let p be a defining function of Q. Let G : R*
— R* be an increasing function such that @ is
decreasing and J.dm dt < oo for d>0small enough.
If ueC(Q) suich that

| Vu(x) | < G(lp(x) |)
Y]

for every x € Q,

then

FUx =y u(x)—u(y)|< o

uniformly in  x,yeQ,
f(d‘)::(jo”Gmdf )

Hence, to complete the proof of Theorem 2.4, it
is enough to prove the following result.

x # y and where

Proposition 3.4. For the above definitions and nota-
tions, we have

V.o (g a)| < YE1ADD

| A2

and G(t)=~F'(t) satisfies the hypothesis of
Lemma 3.3, where F* is the inverse of F.

Proof. For simplicity, we can drop the index k.
From the definition 3.1, integrating in Z€[0,1],
we have

s

J.Sk x[0,1] |

1
o152 (5)

1
+—————— do($),
oo 12-21)" "
where dois the surface measure of hQ.

Since | ®(¢,z) |2 4> 0 forzfixedin®Q, |[z- {2 ¢
for some constant ¢ > 0, it is enough to estimate the
integral over S M B{z,c) . Based on Henkin’s tech-
niques, we re-introduce the following real coordi-
nate system ¢ =(t',t;) = (f;,1,.1;) € R? X [0,00)

Z < J'
-I;xw,u V.0, (£ SebQ (

4(z)=1,(z")=0, wherez" € hQ
satisfies | z — z° |= dist(z,bQ2),
ty=[Tm &(&;2) |,
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such  that SNB(z,c)cit:|1|<R} and
do(8) |srp(zc) dhdtydty . The existence of such a
coordinate system follow from the implicit func-
tion theorem and the convexity for |p(z)| and ¢ suf-
ficiently small.

Since |-z |2|?"|+]4(z)|, we obtain

V:“’zo(fn/hfﬂ
dndt,dt,
lf‘\R(tz+|p(z)|+F(|t Ee ]+ )]

={|p(2))
f dudt,dt,
[

IR (t+ | pl2) |+ F (7 | )’ |7 |

= ()

J.(SmB(: X[0,1] |

(6)

Some simple computations imply that

G A=)

I < 2<
1l D SIn( A2 DS 12|

for any G satisfying Lemma 3.3.
On the other hand, we also have

LAz )|)<J-0 W

:J\IF (|e(2) 1 0
0 | Az )|+F(V

JJF D | () |[+F ()

Since @ is increasing, we have
F (rz) r .
> — forallr=F (| A2)).
A=) F(A2)D
Hence,

1 p <z\/F*(|ﬂ(Z)|).

R
JJF*<|p<z>|)| SO FST T d 0]

It is easy to see that

J\/F*qp(z)\) 1
0 | A2) [ +F ()

NFAARD

| A2}
Thus,

VF(A2)) .

I )<
DS

The la in this part is to check the function
G(t):=+/F"(t) satisfies the conditions in Lemma
3.3.

Then, by (7) we have

VE (A2
IL(z)+1,(z) S +—-
D+ L(2) 3 )]

andso u e A/ (Q) inwhich fd"):=

AF )
.[n de |,
for small d >0 !

Now, since /F(t) is increasing and @ is
decreasing, for some small R > 0, | In(F(#%))| is decreas-
ing for all 0<7< R. Thus, by the hypothesis (2) of
F, we have

s

[ F(7) | = [ FG) | dre < [ | F Q)| di < oo

for all 0<77< R. As a consequence, F (1) |Int|
is finite for all 0<t<+F'(R) and lm(}t|lnF(t | is
zero. These facts and the second hypothesm of F

imply

A0 - T

y(l nF(y* )) dy

F'(d)Ind - j Y (nF(y*)dy

for d > 0 small enough.
Hence, we have the conclusion that u e A/ (Q) .
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ABSTRACT: We study the global and non-global existence of solutions of degenerate singular para-
bolic equation with sources. In the case of global existence, we prove that any solution must vanish iden-
tically after a finite time if either the initial data or the source term or the measure of domain is small

enough.

1 INTRODUCTION

This paper is to study the nonnegative solutions
of the source types of one dimensional degenerate
parabolic equations with a singular absorption

) - (u,x,t
du—(u, | ? u), tu ﬁX{wo; = lfn(l}l ;(0) o)
w(x,,1) = u(xy,) = 0 1€(0,00), (1)
u(x,0) = uy{(x) inl,

where = (x,, x,) is an open bounded interval in
R, Be (0, 1), p>2, and X, denotes the char-
acteristic function of the set of points (x, f) where
u(x, r)>0,1.e

1)
0,

if u>0,

Vo) = { if u<0.

Note that the absorption term uPx (10!
becomes singular when u is near to 0, and we impose
u’ﬂX{wO. =0 whenever u = 0. Through this paper,
we always as that f: R x I x[0,c) > R isanonneg-
ative function satisfying the following hypothesis

[ eC'(®RxT x[0,)), and f(0,x,1)=0
V(x,t)e I x(0,).

There is a nonnegative real funcation 1€ C ! (R)

such that f{u,x,7) < h{u), V(x,1) € I x(0,00).

(H

In the case N -dimension and p = 2, equation
(1) becomes
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Qu—Au+u "X, 0 = fux,t) inQx(0,00),
u=9 Q% (0,00), (2)
u(x,0) = uy(x) in Q,

Problem (2) can be considered as a limit of
mathematical models describing enzymatic kinetics
(see (Banks 1975)), or the Langmuir-Hinshelwood
model of the heterogeneous chemical catalyst (see,
e.g. (W. Strieder 1973) p. 68, (Diaz 1985), (Phillips
1987) and references therein). This case was studied
in (Phillips 1987), (Kawohl 1996), (Levine 1993),
(Davila & Montenegro 2004), (Winkler 2007), and
so forth. These authors focused on studying the
existence of solution, and the behaviors of solutions.
For example, D. Phillips (Phillips 1987) proved the
existence of solution for the Cauchy problem asso-
ciating (2) in the case /= 0. He also showed that any
solution must quench after a finite time.

In (Davila & Montenegro 2004), J. Davila and
M. Montenegro proved the existence of solution
of equation (2) if the source term f(u) is sub-linear,
i.e: flu) £ C(u + 1), for u > 0. Moreover, they also
showed that the measure of the set {(x, 7) € Q x (0,
0): u(x, t) = 0} is positive. In other words, the solu-
tion may exhibit the quenching behavior. Still in the
sub-linear case, M. Montenegro (Montenegro 2011)
considered equation (2) with the source term A.f(u)
instead of f{u, x, f). He showed that there exists a
positive real number 4, so thatif A€ (0, 4,), then any
solution must vanish identically after a finite time.

Recently, problem (1) in N-dimension was con-
sidered by Giacomoni et al., (Giacomoni, Sauvy, &
Shmarev 2014), with the source term f (u, x) satis-
fying a natural growth condition, i.e:



(H)O< f(u,x)< Aut™ +v,

with A4, v>0, and ¢ > 1. These authors proved first
a local existence result. Unfortunately, their proof
of local existence of solution is not correct. Then,
our first purpose is to prove the local existence of
solution of equation (1), even for a more general
class of functions f{u, x, ?) satisfying (H) instead of
(H,) in (Giacomoni, Sauvy, & Shmarev 2014)

For example, the function f(u,x,t)= m (e"-1)
satisfies (H). But, it does not satisfy any natural
growth conditions in (H)).

We note that the assumption f{0, x, ) =0 in (H)
is a necessary condition for the existence of solu-
tion. If this one is violated, then equation (1) may
have no solution. For instance, we will show at
the end that equatlon (1) has no weak solution if
fu)=A. u9'+v, for v> 0. Thus, this assumption
seems to be the sufflclent condition for the exist-
ence of solution for a particular class of functions
fu, x, t) satisfying a certain growth condition.

The second purpose of this article is to study
the existence and nonexistence of global solution
of equation (1) for the case where f'satisfies a natu-
ral growth condition (#,). Let us first remind some
classical results for the global and non-global exist-
ence of solution of equation (1) without the singu-
lar absorption term:

du—(lu 77 u)), = flux,t) inlx(0,00),
u(x),t) =1u(x,1) =0 1 €(0,00),
u(x,0) = 1y(x) nl,

(©)

For a simple introduction, we only discuss the
case: flu, x, 1) = Aut', ¢ > 1, A > 0. For a more
general class of f, we refer to (Levine 1990),
(Zhao 1993), (Galaktionov 1994), (Galaktionov &
Vazquez 2002), and references therein.

In (Tsutsumi 1973), M. Tsutsumi proved that
if ¢ < p, then problem (3) has global nonnegative
solutions whenever initial data u, belongs to some
Sobolev space. The case ¢ > p is quite delicate that
there are both nonnegative global solutions, and
solutions which blow up in a finite time. Indeed,
J. N. Zhao (Zhao 1993) showed that when ¢ > p,
equation (3) has a global solution if the measure of
1 is small enough, and it has no global solution if
the measure of 7 is large enough. The fact that the
first eigenvalue of —A, (denoted as 4, ) decreases
with increasing domain can be also used as an intu-
itive explanation for Zhao’s result. In the critical
case ¢ =p, Y. Liand C. Xie (Li & Xie 2003) showed
that if A,> A, equation (3) has then a unique global
bounded solution. While, the unique solution of
equation (3) blows up in a finite time if provided
A, < A. We also note that the unique solution is
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globally bounded if provided that A,= 1 and initial
data uy(x) < k.¢(x), for some x> 0, and ¢, is the
eigenfunction corresponding to A,.

Roughly speaking, such a weak solution of equa-
tion (1) is a sub-solution of equation (3). Thus, the
strong comparison theorem implies that the global
existence result holds for equation (1) if provided
either ¢ < p, or ¢ = p and u, (resp. A, the measure
of 1) is small enough. By this observation, we will
show that any weak solution of equation (1) exists
globally if provided that either

1. g<p,or

il. ¢ 2 p and u, (resp. the measure of 7, 1) is small
enough, or

ill. ¢ = p, and |4, — 1] is sufficiently small.

Note that the result of (iii) is new because
the solutions exist globally even 4 > A, while the
unique solution of equation (3) blows up whenever
A> 2, (compare to Theorem 2.2 and Theorem 3.1,
(Giacomoni, Sauvy, & Shmarev 2014)).

The conclusion (iii) can be explained as follows.
As mentioned above, we will prove an estimate for
|« | involving a certain power of u.

lu (x,0)P< Cau #(x,1), forae(x,1)eIx(0,T).

4

Intuitively, inequality (4) says that the absorp-
tion u”X,,.,, strengthen the diffusion term to
against the effect of the source term. By this rea-
son, the global existence result can be extended
to the case: A > A, and 0 < A — 4, is small. At the
end, we will provide some numerical experiences in
order to illustrate the difference between solutions
of both equations (1) and (3).

The final goal of this paper is to consider the
quenching phenomenon of solutions of equation
(1), that nonnegative solution is extinct after a finite
time. As already known, in the case p =2, /=0, any
weak nonnegative solution of equation (1) vanishes
identically after a finite time, even beginning with
a large initial data, see e.g (Phillips 1987), (Dao,
Diaz, & Sauvy 2016), (Winkler 2007), (Davila &
Montenegro 2004), and references therein. This
property arises due to the presence of the singular
term u "X,

For the case flu)y = Aut!, Giacomoni et al.
showed that the quenching phenomenon occurs if
q < p, and 4, > 4, see Theorem 2:2, (Giacomoni,
Sauvy, & Shmarev 2014). Their argument is based
on the observation that the diffusion term domi-
nates the source term f{u) in these cases (see also
(Montenegro 2011) for the case p = 2). However,
this argument is no longer applicable to the
remains, such as ¢ = p and 4, < 4; or ¢ > p. Thus,
we are interested in the following question that



whether or not the quenching phenomenon occurs
for the remain cases. Our answer is positive under
the additional conditions on u,, A, or A. Then, a
brief of our quenching results is as follows:

Any weak solution of equation (1) must vanish
identically after a finite time if provided either

a. ¢ 2p, and Ais small enough (Note that u, can be
large in this case); or
bog=p.and [l
small enough; or
c. ¢=p,and [1- 4] is small enough.

(resp. the measure of 1) is

The conclusion (a) means that the source term
Aur" is so small that this perturbation does not
effect so much to the quenching property of solu-
tions of equation (1). A simulation result at the
end will illustrate the above result.

2 PRELIMINARY AND MAIN RESULTS

At the beginning, let us introduce the notion of a
weak solution of equation (1).

Definition 1 Given 0 < u, € Wy'(I). A func-
tion u 2 0 is called a weak solution of equation
(1) if flu, x, t), u? X,.,, € LIx(0, 7)), and
ue 20, T; Wy " (1)) 0 L™(T x (0, T)) N (0, T); L'(1)
satisfies equation (1) in the sense of distributions
D’ (Ix(0, ), ie,

[ ], Cupelu b ug +u i, 0 )
+/(u,x,0)@)dxdt =0,V g e C~ (I x(0,00)

Note that u, € C**(I), with @=1-1 | since the
Sobolev imbedding. Then, we have the local exist-
ence theorem.

Theorem 2 Let 0 <u, € W,"” (I), and f satisfy (H).
Then, there exists a time T, > 0 so that equation (1)
has a maximal weak solution uin I x (0, T,). Moreo-
ver, u satisfies the following estimate

_t Rt
[, (x,0)[<Cu 7 (x, t)Lt TP (Ty)+

+4

L7 (1) AM(D,f)+ (6)
+py

r v (]?))AZ(DAf)+1 s

forae(x, t)e Ix(0,T,), where T is the flat solution
satisfying the ordinary differential equation:

T, =KT), and T(0)=[ uy || .

And
i
A (D)= ocusr (T())I,I}fliﬂ)dx[o,m | D, f(u,x,0)]7,
1
Ay(Df)= max | D.f(ux.0)| .

0<u<T(Ty), (x.0)e TX[0.7; ]

As a consequence of (6), for any 7> 0 there is a
positive constant C = C (B, p, T) such that

1
|u(x,t)—u(y,s) |SC |X_.V|+|Z_S|3 b

(N

Vx,ye I, Yt,s>T.

Next, let us denote by ¢, and A, the first non-

negative normalized eigenfunction and the first
eigenvalue of the problem

_ax(| ax¢j lp72 ax¢1) = /ZJ j}_l in J,

J=(,h)ccR,
,(l)=¢,(1,)=0.

It is well known that the formula of the first
eigenvalue (see (R. L. Biezuner & Martins 2009))
is

zlp

V4
A =(p- )( lj,withﬂp=2 (8)
1

sin(z/ p)’

As mentioned above, equation (1) has no solu-
tion if f(u)=Au¢'+v, for some v > 0. By this
reason, we only consider f{u) = A.u?" for the theo-
rems below. Then, we first have the global existence
result when |l % ||, (1) 1s small.

Theorem 3 Given A > 0 and q 2 p. Let f(u) =
u. Assume that u, € Wo (1) such that || ug || - o
is small enough. Then, the weak solutions of equa-
tion (1) are globally bounded. Moreover, they vanish
identically after a finite time.

Next, we have the global existence result if A
(resp. the measure of 1) is small enough.

Theorem 4 Given u, € W,"" (I), and q > p. Let
fw) = Aut. Assume that A (resp. the measure of I)
is small enough. Then, the weak solutions of equa-
tion (1) are globally bounded. Moreover, they vanish
identically after a finite time.

Particularly, we have the following result for the
critical case ¢ = p.

Theorem 5 Given u, € WO P (1), and q = p. Let
Sw) = Aut. Assume that |A, — A is small enough.
Then, the weak solutions of equation (1) is globally
bounded. Moreover, they vanish identically after a
finite time.
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Remark 6 By the comparison principle, the con-
clusions of Theorem 3, Theorem 4 and Theorem
5 still hold if f satisfies (H) and f{u, x, 1)< A.ud".

Concerning the non-global existence of solu-
tions of equation (1), we first remind a result of
(Giacomoni, Sauvy, & Shmarev 2014).

Proposition 7 Let f(u) = A.ut". Let > p, and u, €
WP (I). Assume that E(0) < 0 with

E(H)= L(% lu ()] + | ! u=A(1) - %u"(t)]dx.

Then every solution of equation (1) blows up in a
finite time.

In the critical case ¢ = p, we show that the maxi-
mal solution u cannot be globally bounded if pro-
vided E(0) £0.

Theorem 8 Let and u, € W," (I), and q = p. Let
flu) = Aut. Assume that E(0) < 0. Then, the solu-
tion u cannot be globally bounded.

3 SIMULATION RESULTS

In this part, we will illustrate our theoretical results
with some numerical experiences. In the sequel, we
consider equation (1) and equation (3) for the case:
g=p=23,B=038,1=(0, L), and u,(x) = x(L — x),
and flu) = ALus.

We fix L = 3.1273. It follows then from (8) that
A,=0.9999.

With A =1 > A, (just a little bit difference), the
unique solution of equation (3) blows up after
t = 4286, see Figure 1. While 4 = 1.269, the maxi-
mal solution of equation (1) vanishes after = 7.6,
see Figure 2.

With A =1.270, the maximal solution of equa-
tion (1) blows up at ¢ = 23, see Figure 3. Intuitively,
the absorption u? X, 4 supports the nonlin-
ear diffusion an amount A, !, with A, = 1.269—
0.9999 = 0.2691. By this reason, for any 4 € (0,
1.269), the solutions of equation (1) exist globally
and they vanish after a finite time.

Figure 1.
3.

Evolution of the unique solution of equation
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Figure 2. Evolution of the maximal solution of equa-
tion (1).

Figure 3.
tion (1).

Evolution of the maximal solution of equa-
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ABSTRACT: The main goal of this paper is to present a spectral decomposition of velocity and pres-
sure fields of the Stokes equations outside a unit ball. These expansions bases on the basis of vector
spherical harmonics. Moreover, we show that this basis diagonalises the Neumann to Dirichlet operator.

1 INTRODUCTION

We consider the Stokes problem in the domain
Q, U B(0,1) where Q,:=R>*\_B(0,1). Given a
velocity field g defined on S? :=9B(0,1) , we seek
the velocity and pressure fields (u, p) satisfying

—-Au+Vp=0 in Q, U B(0,1),
Vou=0 in Q, U B(0,1), (1.1)
u=g on S2.

The well-posedness and regularity results of this
equation can be found in the book of Galdi (Galdi
1994). If (u, p) is sufficiently smooth, the surface
density of forces applied by the boundary of B(0,
1) is defined by

f=(Vu+VuT 7pld)<n.

The Dirichlet to Neumann operator DA can
be defined as

D./\/g =fe W—l/2,2(S2’R3): ge Wl/2.2(S2’R3),

where W”z’z(Sz,R3), W71/2,2(52’R3) define the
fractional Sobolev and its dual space. This opera-
tor is a continuous linear isomorphism. Its inverse
is called the Neumann to Dirichlet operator N'D
which is defined by the convolution between the
Green function with the surface force density

ND f:= G *f,

The Green function G is given by
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1,
Gr)=—rHIld+e.®e,).
(n=c—(ld+e, e)

We refer the readers to (Nguyen 2013) for more
detail properties of these operators. The main goal
of this paper is to give a spectral decomposition of
Neumann to Dirichlet operator in basis of vector
spherical harmonics.

The sequel of this paper is organized as follows.
In the next section, we describe the basis of vec-
tor spherical harmonics. We follow the notation in
(Nédélec 2001) where these objects are introduced
in the context of electromagnetism. In Section 3,
we present the decomposition of the solution of the
Stokes problem. Eventually, using the decomposi-
tion of the velocity and pressure field, we obtain an
expansion of the corresponding Dirichlet to Neu-
mann operator DA in vector spherical harmonics.

2 VECTOR SPHERICAL HARMONICS

Let us recall the definition and some properties of
vector spherical harmonics. We consider the unit
sphere S? in R®. The case of a sphere of arbitrary
radius follows by a change of scale. In this geometry,
it is natural to define a point of R® by its spherical
coordinates (r,4,¢), where r is the radius and &,¢
the two Euler angles. These coordinates are related
to the euclidean coordinates (x;,x,,x;) by

x; =rsinfcos @,
X, =rsingsin g,
X5 =rcosd.



In these coordinates, the surface gradient of the
function u, denoted V L is defined as

1 oJu— Ju .
V52u_§1nz98(pe¢+ﬁe5’ (21)

where e,,eg and ¢, are the unitary vectors. Let
H'(S?) denotes the Hilbert space

H'($2)= {ue L(S*R):V oue (5% R3)}
with its hermitian product
WY) 5y = 5] 0o+ [V ou-V o Vdo,

We will denote by A, the Laplace-Beltrami
operator on the unit sphere S?, defined as

1 9% 1 0 Ju
Apu=————+— néd—|.
S sin“ @ o Slnﬁaﬂ 08

The Laplace-Betrami operator is self-adjoint
in the space LZ(ZSZ) and it is coercive on the space
HYSH N LO (S7) . It admits a family of eigenfunc-
tions which constitutes an orthogonal Hilbert basis
of the space L*(S?). This basis is also orthogonal for
the scalar product in H'(S?). These eigenfunctions
are called spherical harmonics. They are described
in Theorem 2.1.

Let H, be the space of homogeneous polynomi-
als of degree /1 in three variables that are moreover
harmonic in R, Let Y be the space of the restric-
tions to the unit sphere S® of polynomials in H, .

Theorem 2.1. ((Nédélec 2001)). Let Y, |m|<1,

denote an o;thonormal basis of )} for the hermitian
product of I*(S*). The functions Y, for 120
and |m|<1, form an orthogonal basis in LZ(Sz)

which is also orthogonal in H'(S?). Moreover, N

coincides with the subspace spanned by the eigen-
Sfunctions of the Laplace-Beltrami operator associ-
ated with the eigenvalue —I{I +1), i.e.,

ALY +1(1+ 1Y =0.

The eigenvalue —I{I +1) has multiplicity 21 +1.
By Theorem 2.1 and the Green’s formula, we have

2
"
HVSQY’

12

=[(l+1).
We consider the Legendre polynomial P, :

peo=CL 4 ey ey
O

The associated Legendre functions P are
given by

m/2 a"

B = (=1)"(1-x%) T

= ().

The spherical harmonics of order /are the 2/ +1
functions as follows: for / =>0,—-/<m</

Y;"(8,9) = 2C" P (cos B) cos(me), if m >0,
Y;"(8,9) = N2C)" P (cos G)sin(| m | @), if m <0,
Y;"(6,9) = C/" P’ (cos 8), if m =0,

where
w_ [T (= [m))!
C/ Y e —
4z (I+|m])
For xeS?, we respectlvely define

Tlm,ll >Ny, as the traces on S? of the har-
monic polynomials

T} m(x) = VSZYIm(X) AX =1 Vl Y/m(x) € TSQ,
1}, (x)=V Y, (X)+(1+1)Yz+1(X)Y
Nl,m(x) - _VS.Y]I_”](X)+ IYI,I(X)X.

Notice that by construction the components of
T; 1) s Ny, belong to )}, that is

ALY +II+DY =0, forY=T,,.1,,.N,,.

Using the tangential gradient defined by (2) and
the Euler relation for the normal derivatives, we
obtain

Theorem 2.2 ((Nédélec 2001)). For each | >0, the
fanﬂly {(T/ m ) m|<l’(ll m) |<l-§l’(Nl m)|m\<l l‘]s fOVI’}’ZS

an orthogonal basis of (S ) and of L*(S*,R?).
Further, they satisfy

[ 17,0 do=1a+1,

_[sz | I/,m(x) |2 do= (l + 1)(2[ + 3),

[ 1N do=121-1),

Let ue Z2(S”,R%), then u decomposes as

1+1

ll(Y) z z llmTlm(Y)+z 2 Jlmllm(Y)

I=1 m—fl 120 m=—1-1

+2 2 kl,le,m(x)'

121 m=-1+1
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For 51mp11c1ty, we use the symbol £ 1?stead of using

+1
2'/21 sz—/ 2'1>0 2'm —1- land 21>1 Em——Hl

3 DECOMPOSITION OF VELOCITY AND
PRESSURE FIELD

The regularity results of Stoke equation are classi-
cal and can be found in the book of (Galdi 1994).
The main point of this section is to establish the
decomposition of the velocity and pressure field in
vector spherical harmonics.

Theorem 3.1. Let geW"**(S> R*) such that
Jsz g-n=0 andlet (u,p) be the variational solution
of (1.1) (ue D(Q, U B(0,1)), p e L*(Q, U B(0,1))
and p=0 ). If the decomposition of g in the

B(O,1)
basis of vector spherical harmonics reads

g(x) = ZmeE,lrz(X) + zgll,mll,m (X)

(3.1)

+ 2 gljanl,m (X')’
then we obtain the decomposition of the velocity
field u and of the pressure field p in vector spherical
harmonics for r>1, as follows,

ux)= 2 gl T, + 2l

3
2 (2]2—)l(ll)gl 2rn(’2_1)+g } 7(I+I)Nl,m’

—(I+1)
7 1, +

E 1(21 - 1)gl—l,m

(l+1)l‘l+1 [II,m(X/r)+ Nl+lem(x / r)]-e,

p{x)=

m=-1

(3.2)

Proof. We recall that by the regularity results in
(Galdi 1994), the velocity and pressure field can be
decomposed in the basis of vector spherical har-
monics. Since Ap =0, we put

i
p(x)= z z Q’z,m"jH”Yl,m(X/")-
120 m=-1

We decompose u in the form

u(x) = i, (77, ()
+2,]/,m (i‘ (Hl)ll,m(“\"))
+ 2 kl,m ("7(I+1)N],1n (X))
This form is chosen because
P70, () and TN (x) are

harmonics. Using vector spherical harmonics and
the formula

div(ae,)=9d,a+(2/r)a,

we obtain

divu(x) = 20+ DD (17— Q14D Y
+ 2 By

1m Ilm

Since divu=0, we deduce

ko =0, (3.3)

I+D(r2 7 =11 +1)j,,, )+ L+ 2Ky, = 0.
3.4)

We now decompose the first relation of equa-
tions (1.1). We have

Vp(X)=2 11+nz1[va]m( ) (l+1)Ylm( )8

=X~ .

" (’“’N L (X/1),

and

Au(x) = 27D (v, - 2037, )T,
+2r’<’*2’(1‘]’[’ =2 )1,
+ 2D vk, ~ 20K, )N,

lm*

Identifying these expansions in vector spherical
harmonics, we obtain

rifly = 20if = 0,121, |m| <1, %)
Fjl =20 = 0,120, | m| <141, ®)
Pk =20k} = =yl 21, m | <=1, ©)

We deduce from (3.5), (3.6), the boundary con-
dition u=g on 0Q, and the condition of decay
at infinity that

. T
ll,m(r) = gl,m’ [z 1’l m l < l’
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Jim() =8l 120, |m|<1+1.

The relations (3.3), (3.4) lead to

ko _gll\:)’ %0 =0,
21-3)1-1)
Iom — +g1 ?m(r 1)+gl]?[m
From (3.7) we get
WI [21,0<|m|<L.

1om — 1-1,m>

[+1

Eventually, with the convention g’ 10=0 and
all of the above equalities, we obtain the decompo-
sition of p and u in vector spherical harmonics as
in (3.2). O

4 DECOMPOSITION OF NEUMANN TO
DIRICHLET OPERATOR

In this section, we obtain an expansion of the
Dirichlet to Neumann operator DN in vector
spherical harmonics. We refer the readers to (Halp-
ern 2001) for the similar result.

Theorem 4.1. Let g€ W"**(S> R*) and let (u,p)
be a solution of (1.1). Then the vector spherical har-
monic basis diagonalizes the Neumann to Dirichlet
operator N'D defined on dB{0,1) .

In particular, if the decomposition of g in the
basis of vector spherical harmonics is given by (3.1),
then we have

g/m 2(1+2)g1m [
L TENT

(l_l)glm

+ —_—

2 4> -1

NDg = Z

Nl,m'

Proof. Let us first decompose the following
operator

DN 8 = {—er ‘(Vu + Vu')+ pe,,]ls2

We have

DN_iumpg = DN@xrg + D~Minrg’ (42)

where DN, and DN,

ext int
rior and interior solutions.

Let us first decompose DN,

ext *

correspond to the exte-

‘We have
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DN ot = [—e,, »(Vu +Vu' )+ pe, ]

IS

For xe S? , We compute

~(Vu-¢))(x) = 21+ D)gl (T, ¢, e,

_Zng,mVSzT}’m e, — Zgl{mvszll,m ‘e,
+2(l + g/, (1), e)e, - ng}’mvslN/”“ e,
21-3)(1-1 ,
+Z %gil_z,m +(I+ l)g;,\m (N]’m -e,)e,
4.3)

To reduce the three first terms, we use vector
spherical harmonics and obtain 7, -e, =0 and

For the three remaining terms, we remark that
for a regular vector fleld V of T'S* and a spherical
harmonic ¥ of $%in R?, we have

{VSZ Vi-e —V,
(V. ()} 6 =V ..

Using vector spherical harmonics, it leads

{V T} m} e, = _T},nﬂ
{V_g- i m} € = ZVSEYIH,W’
{V :,m} € = (l + I)VSZ Y/—l,m'

The equality (4.3) then becomes

~(Vu-e)(x) = 2 +1Y g Vi e,
2 2U-3)-Dg Y,
2NN Y, e gl Ty,

+ 2Dl V oVt 2DV

llm

After simplifying and using again the formula
of vector spherical harmonics, we obtain,

—(Vll : e;')(x) = Zg;;mﬂ m 2lgIImIl m
+z(l+1)g/ m / m*

With the same kind of computation, we obtain
(see L. Halpern in (Halpern 2001))



3(1+1)°

Ag(,\‘,) = Z(Z + l)gITmTl mT z
[+2

+z(1+1)gl m lm’

Imtlm

where Ag(x) —(_k -Vu' + pe, J|SZ . Eventually, we

get et
DN p(x) = 21+ 2)g0 T,

207 +41+3
Z?gl{mll,m + 22(1 + 1)gll,\:an,m7

4.4)

DN,

To decompose > We solve the inte-
rior problem (1) in the unit ball B(0,1) with
g= T},mﬁ g= Il,m and then g= Nl,m .

For g=T,,, , since
X rlT,),,,(x /r)

is harmonic and dlvergence free, we have a solution
of the form u=r T[m(\'/r) and p=0. Using the
above formulas, it is easy to check that

pe, —(Vu+Vu').e =(I - b7,

For g=1,,, ,westill have a solution of the form
= [e: /r) and p=0. Similarly, we calculate

pe, —(Vu+Vu').e =21I,,.
For g=N,,, , the mapping
X rlN,)m(x /1)
is not divergence free. Proceeding as in the case of
the exterior domain, we look for a solution of the

form,

_ -2 2

u=r'N,, +or " (l-r) ,,,
_ pd-1

pP= ﬁ’ Yl—l,m'

The condition V-u=0 yields

121+
S 2(1-1)
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Using the first equation of (1.1), we get

14l -

p=-22-Va=-——

Then we compute

2
er—(Vu+VuT)ver—21 = Nipm

We remark that the coefficient of Ny, is zero.

Eventually, DN, writes as:
DN 806 = 21 = Vgl s + 221
21 +1
2 gl]\;1Nl,m'

4.5)

Finally, the decomposition of the Dirichlet to
Neumann operator is obtained by (4.2), (4.4) and
(4.5),

DNy &(x) = 2420+ Dl Th,
2412+81+’% ; 2412

lm lm

oy (4.6)

&, 'V,

This is the desired decomposition.
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ABSTRACT: Inthispaper, we proveaconvergence result of discrete solution of Landau-Lifschitz-Gilbert
equation using a precise finite element scheme which was proposed by F. Alouges ef al. in (Alouges,
Kritsikis, Steiner, & Toussaint 2014). The convergence result is established in both space and time-space
discretization.

1 INTRODUCTION 1
D(m) = —(d2 [L1m P dx~ [ Hy(m)-max
Recently, some convergence results for solution 2 “ 5
of gradient-like system have been studied by may - ZLZ H, -mdx —ng(e 1) dx).
authors in both continuous and discrete problems,

such as (Haraux & Jendoubi 1998, Haraux 2012, We use the same notations as in (Alouges
Haraux & Jendoubi 2015) for continuous problem g riysiis Steiner, & Toussaint 2014), i.c., the vec-
and (Grasse;lh & Pierre 2012, Alaa & Pierre 2013, tor field H,, models an applied magnetic field,
Merlet & Pierre 2010, Merlet & Nguyen 2013) for ¢y~ _ O(e-m)e denotes the anisotropy field
discrete problem. These results have many applica- thgmssgray field Hy is the magnetic field, d is the
tions in partial differential equations. Continue the exchange constant and Q is the anisot,ropy con-

works in (Merlet & _Nguy en 2013), We,apply SOME  stant. It is supplemented with initial and boundary
convergence results in this paper to a discretization

of the Landau-Lifschitz-Gilbertequations using a conditions
precise finite element scheme which was proposed 3

by F. Alouges et al. in (Alouges, Kritsikis, Steiner, & 9M_o on 9,
Toussaint 2014). on

The Landau-Lifschitz-Gilbertequationswasfirst m(x,0)=my(x) e S g
proposed by Landau and Lifschitz in (Landau &

Lifschitz 19395). These. eqqations describe the evos Notice that, at least formally, this evolution sys-
lution of the magnetization m:Qx(0,40) =S  tem preserves the constraint |m(x,t)|=1,Vx e Q.
inside a ferro3rr1agpet1c body occupying an open We will consider a discretization of the follow-
region Q c R”. This system of equations reads ing variational formulation of (1.1),
o0,m—mxd,m=-mxHg,inQ, (1.1) S )

e a'J;z om-y IQ mxom-y=d Lz Vm-Vy, (1.2)
where @>0 is a damping parameter and %’ - J.Q mx (Hy(m)+H + H, i (m))- v,

denotes the three dimensional cross product. The

so-called effective magnetic field Hy is given by o every e H'(Q, R*) which furthermore satis-
the functional derivative of micromagnetic energy  fjeg w(x)-m(x)=0a.e. in Q. Itis known that for
D, more precisely every initial data m, e H'(€,S%), this variational
3 formulation admits a solution for all time (see

H ()= P =d*Am + H(m) (Alouges 2098))' .
om The main idea comes from the fact that the Dirich-
+H +O(e-me, let energy function D of Landau-Lifschitz-Gilbert
equation is a Lyapunov function for (1.2). Indeed,
where the energy D is given by considering a smooth solution m({x,7) , we compute,
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d
—D0m(,1) = jﬂ Vm-Va,m(x, t)dx.

Since, for every, xeQ, || m(x,t)| is con-
stant, we have d,m(x,1)-m(x,t)=0. So, we can
choose y=9d,mf(-, 1) in (1.2) and deduce,

d o)
- DOm,0)==a] 9| (x.0)dx <0,

as claimed.

The sequel of this parer is organized as follows.
In the next section, we recall some convergence
results for the gradient-like systems. These results
will be applied for our works. The convergence of
numerical solution of Landau-Lifschitz-Gilbert
equation are established in both cases space and
time-space discretization. The first case is presented
in Section 3 and the second one is in Section 4.

2 CONVERGENCE RESULTS FOR
GRADIENT-LIKE SYSTEMS

In this section, we recall some abstract convergence
results in recent study in (Nguyen 2013) Let M be
a Riemannian manifold embedded in R? and the
inner product on every tangent space T, M is the
restriction of the euclidian inner product on RY.
We consider a tangent vector field Ge C(M,TM)
and a function Fe C'(M, R). We say that G and
VF satisfy the angle and comparability condition
if there exists a real number > 0 such that for all
ueM,

(G, = VFw)2 {IG@) I+ I VF@) ). 2.1)

We assume that F'is a strict Lyapunov function
for the gradient-like system
u'(t) = Gu(t)), u(t) e M. (2.2)
Theorem 2.1. (FEojasiewicz 1971) If F:RY R
is real analytic in some neighborhood of a point @
then F satisfies the Lojasiewicz inequality at ¢, that

means. there exist f,0>0 and ve[0,1/2) such
that

| F(u)- F(p) "< BIVF W) ||, Yue B, 5) A M.
2.3)

Theorem 2.2. (Nguyen 2013) Assume that G and
VF satisfy the angle and comparability condi-
tion 2.1 and let u be a global solution of 2.2 and
there exists @ such that F satisfies the Lojasiewicz
inequality 2.3 at ¢. Then u(t) converges to @ as t
goes to infinity.

We consider the 6-scheme of the gradient-like
system as follows

U, —u, = ABG(u, )+ A1 - OG(u,). (©6)

Theorem 2.3. (Nguyen 2013) Let 6<[0,1] and u,
be the sequence defined by the 6-scheme (2.4). If F
is one-sided Lipschitz and G is Lipschitz then the
sequence u, converges to @.

For more general theorem, the authors studied
a convergence result for a projected 6-scheme. Let
uye M and n=0,1,2,..., the projected 6-scheme
has two steps

Step1:find v, € 7, M such that
v, =66, (u,+Amv,)+(1-6)G, .
Step 2 :set u,,; :=11,,(u, + Atv,)

2.5)

We assume that the family G, satisfies these fol-
lowing conditions for all u,u’e M and v,v' e T,M:

G,(u)=G(u), ||Gu)||<C, (2.6)
|G (u+v)=G (u+V)[[SK[v=v, '
Moreover, we also assume that the projec-
tion acts only at second order, that is there exists
0, R > 0 such that
[[TT,, (u+v)—(u+v)|< R|v I, for|vli o (2.7)
Theorem 2.4. (Nguyen 2013) Let u, be the sequence
defined by the project 6-scheme (2.5) and assume
that these above conditions (2.6) are satisfied. Then
the sequence u, converges to @.

3 SPACE DISCRETIZATION

We discretize the problem in space using P1-Finite
Elements. Let us introduce some notation. Let
(t,), be a regular family of conformal triangu-
lations of the domaln Q parameterized by the
space step /. Let (x), be the vertices of 7, and
(@) 1cicn " the set of associated basis functions of
the so- called P! (7)) discretization. That is to say
the functions (d ); are globally continuous and
linear on each trlangle (or tetrahedron in 3D) and
satisfy ¢/ (x ;. We define

N, l
yh Zm¢ VlmeRﬁI
M" ::imth:Vl,mieSz}.

Notice that M" is a manlfold isomorphic to

(SHM . For any m= V md e M", we intro-
duce the tangent space
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N
T, M" = {vz Zv,-h@h Vim! vl = 0}.

i=1

The space discretization of the variational for-
mulation (1.2) reads,

m"(0)y=mll e M", and

Nh
K% —;wﬁ <3l o1 IQ d

= _dZJ’Q

3.1)
Vm V y'+

hoxx ¢ h /IS
oM X (Hy(m")+H +H , (m ))~;/’.

Remark 3.1. We have replaced the term
jﬂ (m" x p"y- ;/’ in the original scheme of [?] by

Z(m Xp)l/j

This modification is equivalent to using the quad-
rature formula:

Ny
[ fx= 2./ [ 4

for the computation of this integral. The conver-
gence to equilibrium results below are still true with
an exact quadrature formula, but the proof is slightly
more complicated, see Remark 4.2.

We now interpret this variational formulation as
a gradient-like differential system of the form (2.2).
For thlS we introduce the Lyapunov functional
F:M"c H' (©, R*) > R defined by

1 2 h
F(mh)=§(d2jg|vm’| dx— [ Hy(m")-m"dx
_2,[9 H., -mldx — QJ.Q (e- mh)zdx).
As usual the gradient of this functional is

q" =VF(m" ) A'm" where A" is the rigidity
matrix associated to the P'-FE discretization:

<‘1h, V/j'>1} = dz_’.g Vm'".vy/
= [ X ) H 4y ()
=y miy[ Ve Vo)
_j[; ' x (H,; (m")+ H_, + Haniso(mh N
:1<A/’m”, Wh>[‘z'

(3.2)

245

We also introduce the sectlon G: M —> ™"
defined by Sm”) = p" where p” eT ,,M solves:
vyerl .M

N/i
R X
=— dz_[Q V" Vy/

+ J.Q m'" x (Hg(m")+H_, +

Haniso (mh )) ' V/1 .
(3.3)

The function G is well defined. Indeed, it is suf-
ficient to check that the bilinear form b o defined
onT , M xT M by

b (" ") =af "y - L(m AR

34

has a positive symmetrlc part. Usmg pl X p, = 0,
we see that b y,(p P ) a'||p ||L2(m7 and b ,

coerc1ve on T M”><T M". So, by def1n1t1on

m eCl(R+, M ) solves the variational formula-
tion (3.1) if and only if

ditm’l =G(m") Vi>0, m"(0)=m.

We now check that the hypotheses of Theo-
rem 2.2 hold.

Theorem 3.2. The functions G and VF defined above
satisfy the angle and comparability condition (2.1).
Moreover, the Lyapunov function F satisfies a
Lomslewzcz inequality (2.3) in the nezghborhood of
any point m" of the manifold M = M.

Proof. For the f1rst point, let us fix m e M" and
write G(m ) and q = VF(m ). Choosing
g//’ in (3.3) and using (3.2), we obtain

Nh
g<p/1’qh>]: S (m] x p!)
i=l1

+Jerh (H

4 o A=l I
JmMHH +H ()4

We use the classical estimate from elliptic regu-
larity theory, namely

IH ) ]2, < C Nl g -

Moreover, we can obtain the same estimate for
applied field H,, and anisotropy field H, .
where the constant C'depends on Q and || . Then
the Cauchy-Schwarz inequality, the identities



||m}' [[=1 and the equivalence of norms in finite

dimension yield
" l<Clp" 1,2

On the other hand, choosing ;/’ =p" in (3.3),
we get

all P ib=-d(d". p") .
+ J.Q mh X (Hd (mh) + Hexl + Hamso (mh )) . ph'

So, we have

(=a" ") 2 AN s +19" 152 ),

with y depends on Q, |Q|, o and d: i.e. the pair
(-VF,G) satisfies the tangential angle condition
and comparability condition (2 D).

For the second point, F(m") is a polynomlal
function of (m/ i<i< N, € (S2 Nihence it is ana-
lytic. The manifold M h = =(§%H)N belng analytic, we
can use an analytic chart ¢ (for example a product of
stereographic projections) defined in a neighborhood
of m". We apply Theorem 2.1 to the (J analytic func-
tion Fog  and deduce that it satisfies a Lojasiewicz
inequality in the neighborhood of ¢(1n ). a

We deduce from the Theorem 3.2:

Theorem 3.3. Assume m (t) is a solution of (3.1).
Since M =M" is compact a)(m ) is not empty.
Consequently there exists g€ M" such that u=m"
satisfies the conclusion of Theorems 2.2.

4 TIME-SPACE DISCRETIZATION

We now consider the 6-scheme proposed by F.
Alouges in (Alouges, Kritsikis, Steiner, & Tous-
saint 2014). Given an initial m®e M", choose
#<€[0,1] and a time step Az . For n=0,1, 2 ., the
algorithm has two steps:

(Find pteT ,,M/' such that V;/’ € Tm,,Mh,

aj. Py - 2(”1 XP)I//J J
=—d j V(m”+6mp A%
] " )G+ Ho + Hy, (m™)-

Ny
_ n n
=Y m!'+At p|
i=1

" g, and iterate.

Set m"*!

@.1)

Letusrewrite this schemeas a projected 6-scheme
of the form (2.5). For this we introduce the family

defined

of mappmgs {G’ m"+T T ,,Ml’
solves the

by G ,l(u) p where p YeT M
variational formulation vy 67”’ M h

af o'y - 2<u"xm AN
:d’j Vuh -V
+J.Q mtx (Hy(m"y+H,  +H, . (m"))- .

Notice that G , only depends on m" through
the space of test functions 7, M". As above, we
see that p’ is well defined and’’ unlquely defined by
this variational formulation through the coercivity
of the bilinear for b , (see 3.4).

Lemmad4.1. Let m", p" be defined in the scheme (4.1).
Then,

P =6G (" +Ap")+(1- OG, , (m"). 4.2)
Proof. Let us set q" = G
(m" + Atp"), " =G ,(m"). By definition of
Gm" and lmearlty, we see that the function
P =" +(1- o' satisfies

NII
o' VB0t at vod

- HAIY (pr <Py ;ﬂ’f
= —d2J V(m" + ét p)V y',

+ [ " HG ") + Hog + Hgigo (") o/,
vy'er M".

We see that in the third term of the left hand side,
the triple product (p! xr")- %" vanishes. Indeed,
the three vectors p/',r", /' belong to the two

1

dimensional tangent space {v,-h eRY V! om'= O} .
So, it turns out that p”" and p” solve the same (well-
posed) variational formulation. We conclude that

p"=p" asclaimed. O

Remark 4.2. If we had used the original variational
formulation, with obvious changes in the definition
of G " then the term 0At| (p" xr")- g/’ would
not vanish in general and 1hé* identity (4.2) would
be wrong. In this case, we can not link the scheme
of (Alouges, Kritsikis, Steiner, & Toussaint 2014)
to our projected 6-scheme. However, this term is of
small magnitude and using the present ideas, it is not
difficult to establish that Theorems 2.3 and 2.4 apply
to this scheme and conclude to the convergence to
equilibrium of the sequence (m").
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Theorem 4.3. The functions F, G and {G .} sat-
isfy hypotheses (2.6). Mmeover the pr0]ectlon

M/,(z/’):: Z,Nl MMt satisfies (2.7).

Proof. The first 1dent1ty in (2. 6) is obvious. Next
for m"e M" and p"=G(m"), using =p"
in (3.3), we obtain

n ’)

L

all p" < A+ ) IV |2 11V I 2,

and we conclude from the equivalence of the norms
in finite dimensional spaces, that G is bounded on
the compact manifold M" . The Lipschitz estimate
in (2.6) is also a consequence of this fact and of the
uniform coercivity of the bilinear forms 5 , . The
LlpSCl’lltZ estimate on VF is also obvious Since F
is smooth on the compact manifold A"
Eventually, weeasﬂy seethat(2 7 holds Indeed if
VieT ,,M then|m VP = ml PP 21,50
I, (m +v ) isjust the L>-projection of (m +v/’)

on the product of balls (B(O l))N” c®HY O

The previous Theorem 4.1 and 4.3 show that the
sequence (u, =m") satisfies all the hypotheses for
Theorem 2.3. Hence, we have:

Theorem 4.4. There exists At >0 such that if

Ate (0,A7) and (m")c M" is a sequence that
complzes to the scheme (4.1), then there exists
S M" such that (m") converges to ¢.
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ABSTRACT: We study existence and uniqueness of solution for the viscous Cahn-Hilliard equation
under weak growth assumptions on the nonlinearity ¢ and in whole domain R". We also address a priori
estimates which are sufficient to investigate singular passage to the limit over different small parameters.

1 INTRODUCTION

Forward-backward parabolic equations arise in a
variety of applications, such as edge detection in
image processing (Perona & Malik (1990)), aggre-
gation models in population dynamics (Padron
(1998)), and stratified turbulent shear flow (Baren-
blatt & Bertsch & Dal Passo & Prostokishin &
Ughi (1993)), theory of phase transitions (Brokate
& Sprekels (1996), Bellettini & Fusco & Guglielmi
(2006)). A well-known equation of this type is the
Perona-Malik equation,

w, =div Ve , (1)
! 2
1+|Vw|

which is parabolic if |[Vw| < 1 and backward para-
bolic if [Vw| > 1. Similarly, the equation

u

i)

is parabolic if |u| < 1 and backward parabolic if
[#] > 1. Observe that in one space dimension the
above equations are formally related setting u=w.
A different well-known equation of application in
theory of phase transitions is

u, = Ag(u) (3)

where the famous choice of nonlinearity is @(u) =
w>—u.

Clearly, forward-backward parabolic equations
lead to ill-posed problems. Often a higher order
term is added to the right-hand side to regularize
the equation. Two main classes of additional terms

are encountered in the mathematical literature,
which, e.g in case of equation (2), (3), reduce to:

1. eAly(u)], with v’ > 0, leading to third order
pseudo-parabolic equations (€ > 0 being a small
parameter; for example, see (Novick-Cohen &
Pego (1991), Plotnikov (1994), Smarrazzo &
Tesei (2012), Smarrazzo & Tesei (2013), Bui
et al. 2014a));

il. —€A%u, leading to fourth-order Cahn-Hilliard
type equations (for example, see (Bellettini &
Fusco & Guglielmi (2006), Plotnikov (1997),
Slemrod (1991)) and references therein).

Remarkably, when y(u) = u either of the above
regularizations can be regarded as a particular case
of the viscous Cahn-Hilliard equation,

vu, = A[(ﬂ(u)— oAu +ﬁu[] (e, fv>0), 4)

choosing either = € or = €; here @(u) =1’ —u
or ¢(u)=-"5 for equation (2), whereas in general
it denotes a non-monotonic function.

Equation (4) has been derived by several authors
using different physical considerations (in par-
ticular, see (Gurtin (1996), Jackle & Frisch (1986),
Novick-Cohen (1988))). It is worth mentioning the
wide literature concerning both the relationship
between the viscous Cahn-Hilliard equation and
phase field models, and generalized versions of the
equation suggested in (Gurtin (1996)).

Concerning equation (4) with v = 1 — f, the
existence results were obtained under suitable
nonlinearity ¢ in bounded smooth domain of R"
(see (Carvalho & Dtotko (2007)), (Elliott &
Stuart (1996)), (Bui et al. 2014b)). Moreover, in
the latter reference authors give us the rigorous
proof of convergence to solutions of either the
Cahn-Hilliard equation, or of the Allen-Cahn
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equation, or of the Sobolev equation, depending
on the choice of the parameter ¢, f. Recently, in
(Dtotko et al. 2012) authors give the analysis of
equation (4) in RY under some restrictive assump-
tions on the growth of nonlinearity ¢.

In the light of the above considerations, we
study the following viscous Cahn-Hilliard para-
bolic problem

=Py, = A[¢(u)— aﬂquﬁu[] inRY x(0,T)

lim  w=lim _Au=0 forr €(0,7) (5)

u=u, inR"Y x {0},
where the nonlinearity ¢ satisfies the following
assumptions:

(H,) there exists K > 0 such that
| ¢/ ()< KL+ [u ™) (6)

for some g € (1, ©)if N=1, 2, or qe(l,%—f%] if
N2>3.

We obtain the existence results with more exten-
sive of class of nonlinearities ¢ which include the
critical growth in (Dtotko et al. 2012). By the same
way but more technical, we also give the analysis of
singular limits of problem (5) as in (Bui et al. 2014b).
Here are the description of our main method. Firstly,
we state and prove the existence of weak solution of
the viscous Cahn-Hilliard problem in a ball B, which
has center at origin and radius n € N:

- B, :A[¢(u)fcmu+ﬁut]
u=Au=0

inB, x(0,T)
ondB, x(0,7) (7)
u=u, inB, x{0}.

It is worth to mention that this result (see Theo-
rem 3) is also an improvment of that in (Bui et al.
2014b). Second, we establish the family of uniformly
bounded estimates on those solution independent
of n (see Lemma 4). Then we can pass to the limit
as n — o w to get a desired result (see Theorem 5).
Finally, by taking advantage of the set of uniformly
bounded estimates on solution of problem (5) with
respect to appropriate parameters, we investigate its
singular limits to get solutions of Sobolev equation
or Cahn-Hilliard equation. Here is the different way
to get solutions of well-known equations which are
extensively investigated in the literature.

This paper was organized as follow : Section 1
is for the introduction of our problem. Our main
results are presented in Section 2.

2 MAIN RESULTS

In this paper, let Q=B and Q,=B,x (0, 7), O =
RYx (0, 7).

Definition 1. Let o € (0, ), f € (0,1), and let
uy € H*(Q)NH(Q). By a strict solution of
problem (7) we mean any function ueC([0,T7;
HY QN Hy ()N CY([0, T, L*(Q)) such that ¢(u)
e C([0,T]; LA()), and

u, =Av in

{ A )

u=u, inx{0}

in strong sense. Here ve C{[0,T]; H*(Q)N H(l) (Q))
and for every t € [0, T] the function v(-,t) is the
unique solution of the elliptic problem

in Q

-AAv+(1- o= p(u)— oAu 9
on 0Q. ©)

1)(‘:[) =0

The function v is called chemical potential.

Definition 2. Let e (0, «), Be (0,1), and let u,e H?
(RM). By a strict solution of gfroblem (5) we mean any
function ue C([0,T]; H*(RY NN CH0,TL; LA(RY))
such that ¢(u) e C([O,T];L2 (RY)), and

(10)

u,=Av inQ
inRY x{0}

u= 1

in strong sense. Here ve C([0,7]; H* (RY) nH} (RY))
and for every t € [0,T] the function v(-,t) is the unique
solution of the elliptic problem

in Q

{—ﬂAU+(1—ﬂ)U-¢(u}—OAu (an

limy, .. o(x,1) = 0.

The function v is called chemical potential.

A well-posedness result for problem (7) under
assumption () is the content of the following theo-
rem.

Theorem 3. Let o € (0, ), B € (0, 1), and
let @ satisfy assumption (H,). Then for every
uy € H*(Q)NVHy(8) there exists a unique strict
solution of problem (7).

Lemma 4. Let o€ (0, »), Be (0, 1), ,u, € H* (Q) N
H) (Q) and let ¢ satisfy assumption (H,). Let {u,}
be the sequence of solutions to problems (7) given by
Theorem 3, with uy, =u, . Then for every t € (0,T]
there holds

j @, (u,)(x,0)dx + a1 Vu, * (x,t)dx
Q " PR

+,5’_[(; fgu,f,dxds+ (1= I;J'Q| Vu, P dxds

. (12)
— 2
= [, @0, () + Edfol Vu, [ dx,

where O(u) = j: o(s)ds.
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By using the above uniform estimates, we can
state and prove our main theorem as follows:

Theorem 5. Let o € (0, ), B e (0, 1), and let ¢
satisfy assumption (H,). Then for every u,e H*(RY)
there exists a unique strict solution of problem (5).
Moreover, for every a>0 there exists M > 0 (only
depending on the norm |uy || . . ) such that for any

ae(0.2) and Be (0,1) "

”q)(“)”ﬁ (0.7): L (kY ) <M, (13)

where ®(u)= [ p(s)ds:

Vel - o roar iy S M: (14)

VB 2 ) < M: (15)

Jalp)l 2 < M (16)

i

Al g, < M (17)
iy SM; (18)

@”D“L“((O,T);H‘(]RN)) <M: (19)

WHUHE((O,T);HZ(R‘V)) M. (20)

Further estimates of the solution given by The-
orem 5 are the content of the following theorem.

Theorem 6. Let o€ (0, »), Be (0, 1) and u, € H?
(RY). Let ¢ satisfy (H,) and the following one:
(H,) there exists u,> 0 such that @'(u) >0 if |u| $ u,.
Let u be the solution of problem (5) given by The-
orem 5. Then for every ace (0, ) and f e (0, 1)

”uHL (O, T2 (RY)) SHMOHHI(RN) (21)
e - (0,1 H (RYY) —H“O”HI(\RN) (22)
”A“”LZ(Q) = ”uOHH'(RN) (23)

Moreover, for every @>0 and B e (0,1)
there exists M >0 (only depending on the norm
lug BY) and on B, and diverging as f — 07,
B — 17) such that for any o €(0,&) and ne N

||¢(“)“L2(Q) <M 24

251

REFERENCES

Barenblatt, G.I., M. Bertsch, R. Dal Passo, V.M. Pros-
tokishin & M. Ughi (1993). A mathematical problem of
turbulent heat and mass transfer in stably stratified tur-
bulent shear flow. J. Fluid Mech. 253, 341-358.

Bellettini, G., G. Fusco & N. Guglielmi (2006). A concept
of solution for forward-backward equations of the form

u, 2(;’ (u )) and numerical experlments for the
singular pertur%atlon u, = =& Upor T3 (f(u ))
Discrete Cont. Dyn. Syst., 16 259-274.

Brokate M. & J. Sprekels (1996). Hysteresis and Phase Tran-
sitions. Applied Mathematical Sciences, 121 (Springer,
1996).

Bui, L.T.T.,, E Smarrazzo & A. Tesei (2014a). Sobolev reg-
ularization of a class of forward-backward parabolic
equations. Journal of differential Equations, 257 (5),
1403-1456.

Bui, L.T.T., F. Smarrazzo & A. Tesei (2014b). Passage to the
limit over small parameters of a viscous Cahn-Hilliard
equation. J. Math. Analysis App., 420 (2), 1265-1300.

Carvalho A.N. & T. Diotko (2007). Dynamics of viscous
Cahn-Hilliard equation. Cadernos de Matemadtica, 8,
347-373.

Elliott, C.M. & A.M. Stuart (1996). Viscous Cahn-Hilliard
Equation, II. Analysis. Journal of differential Equations.
128, 387-414.

Gurtin M. (1996). Generalized Ginzburg-Landau and
Cahn-Hilliard equations based on a microforce balance.
Physica D 92, 178-192.

Jackle, J. & H.L. Frisch (1986). Properties of a generalized
diffusion equation with memory. J Chem. Phys. 85,
1621-1627.

Novick-Cohen, A. & R.L. Pego (1991). Stable patterns in a
viscous diffusion equation. Trans. Amer. Math. Soc. 324,
331-351.

Novick-Cohen, A. (1988). On the viscous Cahn-Hilliard
equation. in “Material Instabilities in Continuum
Mechanics and Related Mathematical Problems” (J. M.
Ball, Ed.), pp. 329-342, Clarendon Press.

Padrén, V. (1998). Sobolev regularization of a nonlinear
ill-posed parabolic problem as a model for aggregating
populations. Comm. Partial Differential Equations, 23,
457-486.

Perona, P. & J. Malik (1990). Scale space and edge detection
using anisotropic diffusion. JEEE Trans. Pattern Anal.
Mach. Intell. 12, 629-639.

Plotnikov, P1. (1994). Passing to the limit with respect to vis-
cosity in an equation with variable parabolicity direction.
Diff. Equ. 30, 614-622.

Plotnikov, PI. (1997). Passage to the limit over a small
parameter in the Cahn-Hilliard equations. Siberian Math.
J. 38, 550-566.

Slemrod, M. (1991). Dynamics of measure-valued solutions
to a backward-forward heat equation. J. Dynam. Differ-
ential Equations 3, 1-28.

Smarrazzo F. & A. Tesei (2012). Degenerate regularization
of forward-backward parabolic equations: The regular-
ized problem. Arch. Rational Mech. Anal. 204, 85-139.

Smarrazzo, F. & A. Tesei (2013). Degenerate regularization
of forward-backward parabolic equations: The vanishing
viscosity limit. Math. Ann. 355, 551-584.

Tomasz Dtotko, Maria B. Kania & Chunyou Sun (2012).
Analysis of the viscous Cahn-Hilliard equation in R".
Journal of differential Equations, 252, 2771-2791.

X



This page intentionally left blank



Inverse problems



This page intentionally left blank



Applied Mathematics in Engineering and Reliability — Bris, Sndsel, Khanh & Dao (Eds)
© 2016 Taylor & Francis Group, London, ISBN 978-1-138-02928-6

On a multi-dimensional initial inverse heat problem

with a time-dependent coefficient

C.D. Khanh & N.H. Tuan

Faculty of Mathematics and Statistics, Ton Duc Thang University, Ho Chi Minh City, Vietnam

ABSTRACT:

In this paper, we solve an initial inverse problem for an inhomogeneous heat equation.

The problem is ill-posed, as the solution exhibits unstable dependence on the given data functions. Up to
now, most of studies are focused on the homogeneous problem, and with constant coefficients. Recently,
we solved the heat problem with time-dependent coefficients in 1-D for a homogeneous heat equation.
This work is a continuous expansion of previous results (See (Quan 2011)) (N.H. Tuan & Triet 2013).
Herein we introduce two efficient regularization methods, the quasi-boundary-type and high frequency
truncation methods. Some error estimates between the regularization solutions and the exact solution are

obtained even in the Sobolev space H! and H>.

Keywords:

1 INTRODUCTION

Forward heat conduction problems related to
the heat equation is to predict the temperature
field at a subsequent time of a medium from the
knowledge of an initial temperature and boundary
conditions. On the other hand, an inverse heat con-
duction problem is to recover the temperature dis-
tribution at a certain time from the knowledge of
the temperature and boundary conditions at a later
time. The inverse problems for heat equation are of
great importance in engineering applications, and
aim to detect a previous status of physical field
from its present information. They can be applied
to several practical areas, such as image processing,
mathematical finance, physics and mechanics of
continuous media, etc. In this paper, we consider
the problem of finding the temperature u(x,?),
such that

% =b()Au+ f(x,1), (x,t)eQx(0,T),
Ulye=0, te(0,7), (1)
u(x, Ty = g(x), xeQ,

where Q is an open bounded and connected
domain in R" with sufficiently smooth boundary,
A is Laplace operator on R",0dQ is the boundary
of Q, and b(?), g(x), f(x,t) are given. It is well-
known that the backward problem is ill-posed, i.e.,
its solution does not always exist, and in the case
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of existence, it does not depend continuously on
the given datum. In fact, from a small noise of con-
taminated physical measurement, the correspond-
ing solutions may have a large error. This makes
the numerical computation difficult, hence a regu-
larization is needed.

Many papers are devoted to special cases of
the problem (1) in one dimension. For instance,
when b(r)=1 and f(x,t)=0, the problem (1)
has been investigated by many authors, such as
John (John 1960) who introduced a fundamental
concept to prescribe a bound on the solution at
t=T with relaxation of an initial data g; Lattes
and Lions (Lattés & J.L. Lion 1967), Showalter
(Showalter 1974), and Ewing (Ewing 1975) used
quasi-reversibility method. Other approaches
including the least squares methods with
Tikhonov-type regularization were introduced by
Ames and Epperson (Ames & Epperson 1997),
and Miller (Miller 1970). A parallel method for
backward parabolic problems is proposed by Lee
and Sheen (J. Lee 2006, J. Lee 2009). This problem
was also investigated by many other authors, such
as Clark and Oppenheimer (G.W. Clark & S.F.
Oppenheimer 1994), Ames et al. (Ames &
Epperson 1997), Denche and Bessila (Denche &
Bessila 2005), Tautenhahn et al. (T. Schroter
1996), Melnikova et al. (I.V. Melnikova 1993b, I.V.
Melnikova 1993a), Fu (X.L. Feng 2008, C.L. Fu
2007), Yildiz et al. (B. Yildiz 2000, B.Yildiz 2003).
When b(¢)=1 and f(x, ) # 0, the problem (1) has
been studied by Trong et al. (Trong & Tuan 2006,
Trong & Tuan 2008).



Up to now, the backward heat problem with
the time-dependent coefficient of Au in the main
equation is still continuously investigated. This
kind of equation u, —b(t)Au= f(x,t) has many
applications in groundwater pollution. It is a simple
form of the advection-convection, which appear in
groundwater pollution source identification prob-
lems (See (Atmadja & Bagtzoglou 2003)).

This work is a continuous expansion of our
previous results (Quan 2011). We solve the heat
equation in the multi-dimensional case by two reg-
ularization methods, the modified quasi-boundary
value method and the truncation method. The first
method is the perturbation method, whereby we
modified the source term f'and the final data g. The
main idea of the quasi-boundary-value method is
to replace the boundary value problem with an
approximate well-posed one, then to construct
approximate solutions of the given boundary value
problem. This method has been applied in many
problems, such as the evolution operator differ-
ential equation (G.W. Clark & S.F. Oppenheimer
1994), the hyper-parabolic partial differential equa-
tion (Showalter 1983), the elliptic equations (Feng
2010), etc.

The second method is based on ideas of the
paper (C.L. Fu 2007). Moreover, using the trun-
cation method can be easily obtained an error
estimate to archive a better convergence rate. This
fact has been confirmed in (X.L. Feng 2010, C.L.
Fu 2007). The truncated regularization method
is an effective method for solving some ill-posed
problems, and it has been successfully applied to
some inverse heat conduction problems (Berntsson
1999).

The outline of the rest of the paper is as
follows. In the next section, we simply analyze the
ill-posedness of the problem (1). In Sections 3 and
4, we introduce two regularized methods and error
estimates between the exact solution and the regu-
larized solutions, respectively.

2 MATHEMATICAL INITIAL INVERSE
PROBLEM OF HEAT CONDUCTION

Let 5:[0,7]— R be a continuous function on
[0, T] satisfying 0< B, <b{t)< B,,Vt<[0,T]; it is
assumed to be differentiable for every ¢ and satisfy
0<b'(t)<C, for te(0,T).

Throughout this article, we denote the L?>-norm
by ||.||, and the inner product on Lz(Qg by
<, >. We also suppose that f e L*((0,T); [*(Q))
and ge I’ (). First, we state a few properties of
the eigenvalues of the operator —A on the open,
bounded and connected domain Q with Dirichlet
boundary conditions, which can also be referred to
Section 6.5 in (Evans 1997).
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Known facts (Eigenvalues of the Laplace operator)

. Each eigenvalue of —A is real. The family of
eigenvalues {4,}7_| satisfy 0< 4 < 4, < ;<.
and A, —> oo as p—>eo.

. There exists an orthonormal basis {X p}:=l of
LZ(Q), where X, € H(l](Q) is an eigenfunction
corresponding to A:

{

forp=12,...
Let 0# g <oo. By S7(Q2) we denote the space of
all functions g € L*(£2) with the property

-AX (x)=4,X,(x),xeQ

Xp(x) =0, x €0Q, @

> 1+ | g, <o,

p=I

(©)

[
Jo
\/2‘::1 (1+4,) | g, .1f g=0then 89 (Q)is L* ().

(See [7] Chapter V) and (X.L. Feng 2008) (page 179).
As we know, the forward heat problem

where g, = | g(x)X,(x)dx. We define ||gls1q, =

% =b()Au+ f(x, 1), (x,1)eQx(0,T)
Ulye="0, te(0,7) “
u{x,0) = g(x), xeQ

where f e L*((0, T); [*(Q)) g € [*(Q) has a unique
solution. However, for the backward problem (1)
where f e I2((0, T); [}(Q)), ge [*(Q), there is no
guarantee that the solution exists. In the following
Theorem, we consider the existence condition of
solution to the problem (1) under the following
condition on fand g.

Theorem 2.2. The problem (1) has a unique solu-
tion u if and only if

Z‘l exp(ZipJ.OT b(s)ds)
T

[g
0

T
Jexp(—/lpfs b
where g, = Jog(0) X (X)dx, £(x) = [, fx, )X, (x)dx.
Proof: Suppose the problem (1) has an exact

2
ds‘jfp(s)ds} <o, (5)

solution  ue C([0, TT; Hy (L)) N C'((0, T); L*(Q).
‘We have

My ()>=br)< du, X
< 5 50 >=b(t) < Au, X ,()>

+< S X, 0) > ()



Integrating by parts, we have

<Au X, ()>= jQ u(x, )X (xX)dx

=— 4, <u(.1). X,()>. @

Combining (6) and (7), we obtain

up {t) + b(t)A,u, (1) = f,(t) which is equivalent to

[ s, (r)} 0

I [T b(ag

S (0. (®)
where upon
JT[ ke, ()} (s)ds
T
=f exp( /zj b(.f)df) 1, (s)ds, )
or

2, - exp( 4, jT b(é)dcf) u, (1)

T
- exp(—lpLT b(.f)df) 7, (s)ds. (10)

Hence

u,(t) =<ul., 1), X,}()>—exp( J b(f)df)

T
[gp— Jexp(-4, [ biae] (v)ds} (an

t
Letting t=0 in (11), we have
u (O)—exp( j b(v)ds)

(12)
0

T
[gp -~ Jexp(-4, J:,Tb(f)ds‘jf,;(s)ds]-
Then

llu(., 0)|P= iexp(up JfOTb(s)d;)

p=1

T 2
{g], - exp(—lp jfh(f)d.f) f],(s)ds] <o (13)
0

If (5) holds, then we define
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v(x)= i exp(ip J.OT b(s)ds)

p=1

T
{g,,— Jrexr)( ) b(f)df)f,,(s)ds}xp(x) (14)
0

It is easy to see that ve L*(€2). Then, we con-
sider the problem of finding u from the forward
heat problem

M ey £, 1),
ot
Ulyo="0, te(0,T)

u(x,0)=v(x), x e Q.

(15)

The problem (15) is the forward problem so it
has a unique solution u (See (Evans 1997)). We
have

u(x, )= i [exp(—zp J’; b(f)dsj <v(x), X, (x)>

p=1
+| exp(—/zp j’ b(f)df) ,($)ds1X ().
0
(16)

Thus

u(x, T)= i[exp (—ZPJOT b(dg) < v(x), X ,(x)>
:7{ /
+J exp\ L

b(;)d;j Y (s)ds} X, (%),

(17

Combining (14), (17), and by a simple computa-
tion, we get

u(x, T)= 3, g,X,(x) = g(x). (18)

p=1

Hence, u is the unique solution of the problem (1).
Remark 1:

1. When b{t)=1, f(x,t)=0, the problem (1) has
a unique solution if and only if g satisfies the fol-
lowing strong regularity assumption

< g(), X, ()> <.

M

(19)

p

This assumption is also given by Lemma 1 in
(G.W. Clark & S.F. Oppenheimer 1994).



2. Some examples of [ and g which satisfying (5)
are given in the Numerical Experiments Section.

Theorem 2.3 The problem (1) has at most one
solution in C([0,T]: Hy())nC'((0,T); LX(Q). If
(1) has a solution u, then it is defined by

u(x, )= i exp(ﬂp!{r b(.f)df)

p=1

s T
{ g, exp(—ﬂpL b((f)df)fp (s)ds:| X,(x). (20)
t

In spite of the uniqueness, the problem (1) is still
ill-posed and some regularization methods are nec-
essary. In next sections, we propose two approxi-
mating problems.

Proof: The proof of this Theorem is divide into
two steps.

Step1. The problem (1) has at most one solution.

Let u(x, ), v(x, t) be two solutions of
the problem (1) such that u, v € C([0, TJ;
H{(Q) N C'((0,T); L*(Q)) . Put w(x, 1) = u(x, 1) —
v(x, t); then w satisfies the problem

w, —b(t)Aw =0,
Wwla=0, 1e(0,T),
w(x,T)=0, xeQ.

@0

Now, setting G(1)=[ w’(x.ndx (0<1<T),
and by taking the derivativé of G(t), we have

G'(1) = 2]9 w(x, 1) . w,(x, )dx

= 2b(t)J-“ w(x,t). Aw(x, t)dx (22)
= 2,[9 wi{x, 1) . w,(x, 1)dx.
Using the Green formula, we obtain
G'(t) = —2b(1) jQ (Vwix, 1))2dx. (23)
Hence
G”(t)= —4b(z)jQ Vin(x, 1) Vaw, (x, 1)dx
—21/(:)]Q (Vw(x, )2 dx. (24)

Moreover, using the integration by parts and
w{(x,1)=b(t)Aw(x, 1), we get
—4]7([)_[Q Vw(x, t)- Vw,(x, t)dx

= 4b(t)jQ Aw(x,t) - w,(x,1)

= 4b2(z)_[Q (Aw(x, 1)) dx.

(25)
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So

G"(t) = 4272(z)jQ (Aw(x, 1) dx = 2b'(1) jﬂ (Vin(x, 1)) dx
= 4]9 w2(x, t)dx — 2b'(1) jﬂ (Vw(x, ) dx.

(26)
We have

G(G"(1) = (G'(1))” - %G(I)G'(l)
1

= 4JQ wzd)cjQ widx
- 217'([)‘[Q wzdeQ (Vw(x, t))*dx

2
- 4(,[9 wx, Hw, (X, l)dX)
+ 2%b(f)fg w2abc_[Q (Vw(x, 1))’ dx
1
= 4.[9 WZdXJ.Q wydx — 4(J.Q w(x,1). w,(x, z)dx)z

+ 2(%b(1) - b,([))-'rsz WzdxjQ (Viw(x, 1)) dx.

@7
Using the Holder inequality, we have
4.[9 wzde.Q widx
2
- 4( [ wix o, t)dx) >0, (28)

Since 0 < B, < A(r), 0<b'(1)< C;, we get S-b(t) -
b'(f) 2 0. Then '

GG (1)~ (G'(t)) - %G(r)G’(z) >0. (29)
1

a
We define the function m(t):e"ll, and then
regard G as a function of m. Let us introduce an
auxiliary function

F(m) =In[G(t(m))]. (30)
Since t = f—,:lnm, we have
oy~ G _ By Gam)
G(1(m)) Cym G(t(m))
and
Frmy= —BLGWm) | B

cm® G(t(m)) ~ C*m®
o Gam)G" (t(m)) - [G"(1(m)]’
G’ (t(m))




_ Gm)G”(t(m)) - [G"(1((m)’
(G(t(m ))%m)2

_7%Gmmnﬁmm» (32)

(Gmm»%mf

Using (29) and (32), we obtain F”(m) > 0. Hence
Fis a convex function on the interval 1<m<m,

. ar .
with m; =e” . According to the convex property
of function F(m), we have

m— my; —

L pom)+ M2 B 1), (33)
1 m, —1

Fim)<~——

1 1

In addition, from (30), inequality (33) is equiva-
lent to

p mp-m

G(1) < [G(TY [G(0)] " (34)

Since G(T')=0, we conclude that G(t)=0 for
0<¢<T. This implies that u(x,t)=v(x,t). The
proof of the step 1 is completed.

Step 2. The problem (1) has a solution which is

defined in (20).

Using (11), we have (20).

In spite of the uniqueness, the problem (1) is still
ill-posed and some regularization methods are nec-
essary. In next sections, we propose two approxi-
mating problems.

3 A MODIFIED QUASI-BOUNDARY
VALUE METHOD AND ERROR
ESTIMATES IN L?

In practice, we get the given data g by measuring at

discrete data. Hence, instead of g, we shall get an
inexact data g© € I2(Q) satisfying

lg"-gli<e. (35

In this section, we shall regularize the problem
(1) in the following one

ou*

ot

= b{t)Au®
memG@KM&@ﬂm%@)

p=l ek +exp(—/lpj0T b(é)dcf)
(x,1)eQx(0,T)

+

. (36)

u =90, te(0,7),

o exp(—ipJ.OT b(f)df)
u(x,T)= 2 -
=le iF 4 exp(—ﬂp-[o b(f)dg‘)
g,X,(x), xeQ

(37

where 0<e<1,k21and f,(7), g, are defined by

f,(0=[ Foe0X,(x)dx,

38
& = Jfg g(x)X ,(x)dx. (38)

The idea of the problem (36) has a long mathe-
matical history going back to (Showalter 1983,
G.W. Clark & S.F. Oppenheimer 1994, Denche &
Bessila 2005). Adding an appropriate “corrector”
into the given data u(x,T) is a key idea in the
theory of the quasi-boundary value method (or
modified quasi-boundary value method). Using
this method, Clark and Oppenheimer (G.W.
Clark & S.F. Oppenheimer 1994), and Denche
and Bessila (Denche & Bessila 2005), regularized
a similar backward problem by replacing the given
condition by

wT)+eu(0)=¢ 39)
and
u(T)—eu'(0)=g, (40)

respectively. Tuan and Trong (Trong & Tuan
2008) presented a different perturbation of g
by a new term u(x,T)= A(g, T)g, where A(e, g)
satisfies some suitable conditions. The prob-
lem (36) is a generalized version of the
regularized problem given in (Trong & Tuan
2008).

In the next Theorem, we shall study the exist-
ence, uniqueness and stability of a (weak) solution
of the problem (36).

Theorem 3.1 The problem (46 ) has a unique solu-
tion uc € C([0, T]; LX) N LX(0, T); HY(Q)) N
cY(0,T): H(l)(Q)). The solution depends continu-
ously on g in L*(Q).

In Step 2, the stability of the solution is given.
First, we state the following Lemma

Proof:

The proof is divided into two steps. In Step 1,
the existence and the uniqueness of a solution of
(36) is showed; the (unique) solution u€ of prob-
lem (36) is given by
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rt

u(x0=3 e""(‘ﬂpJob(adff)

e ik + exp(—ﬂ j ! b(f)df)

x (gp—jfe"’ EELy (s)ds)X (x).
(41)

In Step 2, the stability of the solution is given.
First, we state the following Lemma

Lemma 3.1
For M,e,x>0, k > 1, we have the following
inequality

1 < (kM)k

—— (42)
exbFre™ " cipf (ke
Proof: Let f(x)— s We have
e kx"' = Me M
= 43
S(x) ey (43)

The equation f’(x)=0 gives a unique solution
x, such that € kxt™" = Me ™ = 0. It means that
k—1_Mx,

xp ¢ =2 Thus the function f achieves its
maximum at a unique point x = x;. Hence

1

Xx)< —. (44
S € xé‘ +e Mx )
Since ¢ Mo = ke x(l)C !, we have
SO S g (45)
_exé‘+e’Mx“ € X, +Exé‘ r

By using the inequality "™ > Mx,, we get

M — xk—leMxO < e{k*l)MerMxU

ke 0 T Mt (46)
_ 1 kMx,
- M/c—l ¢ .
This gives ¢ > "Z—I or kMxy 2 ln(M—:).
Therefore x, 2 1+ M ln( ) Hence, we obtain
1 kM)*
€xg eln™(4))
The Lemma is completely proved, and

Now we pass to the proof of Theorem 3.1.
Denote W c(qo, T); LAQ) n LY, 7);
Hy(@) N C (0, T); Hy(Q).

Step 1. The existence and the uniqueness of a
solution of the problem (36). We divide this step
into two parts.

Part A If u® € W satisfies (51) then u€ is solu-
tion of the problem (36). We can verify directly
that u° € W. We have

<ug(,0),X,()>
—/ib(t)exp(—/Zp [ h(;f)df)

e A" +exp (—ZPJ.OT b(f)d{j
X (gp - LT eiij‘*‘ h(é)dffp(s)ds)

+e Ak +6Xp(fjpj'0 )fp(l)

=—Ab(1) <us(..1), X ,()>
exp(fﬂl,,J: b(f)déj
e+ exp(—il, ()Th(f)dgj

\
= b(£) < Aus(., 1), X, ()>

exp(—ﬂ J.Tb(g‘)dgj
et exp(p—oﬂpj(j b f)df) St

(48)

+

10

+

This implies that

. . exp(—ﬂ jT h(;)df)
hione +p£’lel"+exp( JJ b( g)df)

1,(OX,(x).

(49)

By letting =T in (41), we get

o exp|—4 Tb(f)df
us(x,T)= 2 ( pJ.O - ) g2,X , ().
= lezk+exp( pjo b(f)df)

Therefore, u° is the solution of the problem (36).

Part B. The problem (36) has at most one solu-
tion in W.

We can prove this part in a similar way as in the
step 1 of Theorem 2.2. This ends.

Step 2. The solution of the problem (36) depends
continuously on g in I2(£) .

Let w and v be two solutions of (36) correspond-
ing to the given values g and /.
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From (41), we have

oo

wix,t)= 2

. {
p=le AF 4+ expk—

x(gp J[T - J

exp(—i J.tb(f)df)
vx,t)= 2 -
p=1e 4k +exp( I’Jo b(Hd

exp(—ﬂp.ﬁ b(f)df)
41! b(g‘)df)

Jx, 0.

4
x (hp —LT o fp(s)dijp(x).

(50)

b(f)dff (s)ds | x

(51)

where g, Jag(x) X (x)dx, Jo h(x)

X,(x)dx. It follows that

h,(x)

lw(., ) =v(, DI
exp(—/l [h(gf)dﬁ
eﬂk+exp( , b(f)dv,j

1
e A" +exp(-B,T 1)

hy)

(g, - (52)

(g, hp) .

Using the inequality

—k
1 P ((BzT)k)
————<{(kTB,) € | In
exl e B> (kTE,) ( ke

€
(B’T) . B, = (kB,T)*, we conclude that

(53)

where B, =

—k
w(.,0)=v(,1)]l»< B, €' (m(%)) lg—hll,.
(54)

This ends the proof of the step 2 and the proof
of Theorem 3.1.

Theorem 3.2 Let g Sk () for k>0. Then we
have

—k
145, T) - gl . < 34(1n(5)] gl
£

Proof: Let a>0. Since g(x)—E‘°° ngp(x)
then there exists a positive integer N for which

. 1gp<a'/2 We have
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| u(x, T)— g(x)|I}

-3

2 22k 2
e /2,, g,
p=1

(55)
( T 2
(e gk 4 expkfﬂv[]‘lo b(.f)df))

Using the following estimate

(e2k+exp( : j b(f)d.f)]
ey +exp(—z/zj0 b(s)cls) (56)

> exp (—21](: b(s)ds)

we get
llus(x, T) - g(x)

) - 2% 2 T o
LW gpexp(ujo h(s)ds)+5. (57
p=1

By taking € such that

we obtain ||u€(x,T) - o(x)|| <a.

By using (53), we have the following error
estimate

lu(x.T) - g(x) |
£t

L wand)

o

N )
2”2 izkg; exp (22.[; h(s)ds)

p=1

oo

p=l (eik + exp(—/l

/22/(
2 (621\ —TBZ )

2k .
<&’Bi e (ln(@D ZJZkgi
€ e

-2k
B
-5 2] e,

where upon

oo

-k
(6. T) — g(0) - < B{ln(i’n gl -

Theorem 3.3
Let geIX(Q) be as Theorem 3.2,

J.OT||f(.,s)||§k ds<eo. If u(x,0) converges in

and



L*(Q), then the problem (1) has a unique solution u.
Furthermore, the regularized solution u®{(x,t) con-
verges to u(t) uniformly int as € tends to zero.

Proof: Assume that 11m u(x,0) = uy(x) exists.
Let -0

oo

wx,0)=3 [éxp(—ip jé b(;)df)uop

p=1

+ j(; exp(fipj': b(.f)df)f}](s)ds]Xp(x)
(58)

where u,, = [qu ()X, ()dx, f(s) = < fix, 9),
X, (x) > It is easy to check that u satisfies
u, =b{(t)Au+ f(x,t) and u(x, r) =0 for xe dQ. We
w111 prove that u(x, T)= g(x). Using the inequality
(a+b)* <2(a* + b*), we have

() =uC 1)1
< 2 exp(—Z/Z'f; b(s)ds)(uy, — g, )2

p=1

+12 i [j(: exp(72ﬂp j’ b(f)df)
p=1

6222/(

(ezk +exp( ,,j b(f)df))

<N, 0)- uo()ll

+T J‘ z(eﬂk
<Nu(,0)- “0()”

+B4(ln(3)] [T G IR ds.

Hence lm%]||u( —u(, )|l Thus
hm €, T)—ul., ) ,.=0. Usmg the Theorem

32 we have 11n%)||u (. T)=2()|l,2=0. Therefore,
€

u(x, T)= g(x). Hence, u(x, t) is the unique solution
of the problem (1). From (59), we also conclude
that u“(x,t) converges to u(x,t) uniformly in ¢.

Theorem 3.4 Let fe LX0,T; 12(Q) and
ge I2(Q). Suppose that the problem (1) has
a  unique solutzon u(x,t) in  C(J0, T
HOQQ))mC (0, T); LX(Q)) which ?atzsfes u(., 1)
e S“(Q) for any te[0,T]. Let gt ¢ I}(Q) be a
measured data such that || g€ —g || <€ Then there
exists a function V¢ satisfying

—k
lu(.0)=v (.0 <[C+ 1](111(%)]

S (s)ds
(59)

szfpz (s)ds

—TBa/i 2
)

(60)

Jor every t € [0, T| and C = B,sup,n
”u(:t)”Sk(Q)'

Proof: Let u be the solution of the problem
(36) corresponding to g, and let v¢ be the solution
of the problem (46) corresponding to g%, where g
and g© are in right hand side of (36). Using (20)
and (41), we get

[<ul,0)=u(,1), X,()>]
kexp(ﬂ JT h(f)clf)
+exp( /ZJ b(g‘)df)

2,f] H&ag) 7,

<

el +exp(—/l '[ b(é)d.f)
NET
- j,zkexp( f b(f)df)f (5)ds)

< €
c ﬂk 7ByT/Z

- zkexp( o) e, sy

Ak exp

Ak exp( J b(f)df)gp

It follows that
lu. )= uC, 0|1
=Y l<u(.)-u(, 0, X,()>F

p=I1
2 A< ulx, 0, X (x)>

o) s
)"

Hence

-k
Ilu(»t)—uec,z)nﬁsC(ln(%n .

Using (62) and Step 2 of Theorem 3.1, we get

V(.0 -uC.0ll
SIVEGD=ut Gl + et —u Dl

<e! (m(%)r lg"-gl+C (m(%))_k (63)

(61)

(62)
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< [C+1](1n(%3))k

for every ¢ € (0, T) and where C'is defined in Theo-
rem 3.4. This ends the proof of Theorem 3.4.
Remark 2.

o If k=1 then the condition u(., t)eSk(Q) is
equivalent to the condition Au(.,7)e L*(Q).
Hence, this condition is natural and acceptable.

e To estimate the error in higher Sobolev spaces
such as H' and H?, we can not continue to use
the modified quasi-boundary value method. We
present a truncation method in the next Section.

4 REGULARIZATION BY THE
TRUNCATION METHOD AND ERROR
ESTIMATES IN L%, H', H?

Suppose that the problem (1) has an exact solution
ue C([0, T]; Hy()) N CH(0, T); [*(Q)), according
to (20), we have

oo

u(x,t) = Zexp

171

|
jexp(

t

4] i b(.f)d;)

4, an b(f)dgf) (v)ds}X (x)

(64)
Let

={p2l.peN. 1, <M, ©5)
O.={pzl,peN,4,>M_}.

In spite of the uniqueness, the problem is still
ill-posed, and a regularization is necessary. For
each €>0, we 1ntroduce the truncation mapping
P LI(Q)—>C (Q)~ Hy(Q)

Pw(x)= 2 <w, X (x)> X, (x).
PeR.

(66)

Infact, P. isa finite-dimensional orthogonal pro-
jection on L~(€2). We shall approximate the original
problem by the following well-posed problem.

Theorem 4.1
For each f e *((0,T); [X(Q)) and ge *(Q),
let we L*((0,T); LZ(Q)) be defined by

<w(x, )X (x)>= cxp(/prrT b(f)df)
T

[<P€g,Xp(x)>—jexp( ,j b(g‘)df)
<P.f(x,5),X (x)>dv]

(67)

for any p=21. Then w=Pw and it depends
continuously on g, i.e. if w;, is the solution with
respect to g, i=1,2, then

||w1(t) - w2(t)‘|L2(Q) <e @

Proof: Note that w(z) is well-defined because
<w(t), X ,(x)>=0if pe (.. This fact also implies
that w= P w. Now for two solutions w,, w, we have

w1 1) =y (., t)Hsz(Q)

= Y [ <m0 - wy(0). X, (0> [ (68)
peR.
2
=y exp( J. b(;f)¢/g,)<g1 g2, X ,(x)>
PER.
2
<e Nz oy

(69)

Recalling the value of M_, we have the desired
estimate.

Theorem 4.2

Assume that the problem (1) has at most one
(weak) solution ye C([O, T, Lz(Q)) AC(0, T);
L? (Q)z) corresponding to f € L*((0, T); I*(Q)) and
g€ L°(Q). Let g_ be measured data such that

<e.

”gE 8l

Define the regularized solution u, e L}((0, T);
LX(Q)) from g_ as ln (67). Then for each t€[0,T],
u()eC*(Q)yn HO(Q) and hm u ., t)=u(,t) in

I’ () if we choose M_ = 12(;32).

Proof:

Note that u_(1)= Pu_(t)e C™(Q)n H\(Q) as
in Remark 1. Moreover using the stability in Theo-
rem 4.1 we find that

Hus(w t) - u(‘a I)HLZ(Q)

2oy M2 @) 71

Sé‘#+\/2 |<u('st)’Xl7(')>|2

pe0.

Note that & converges to zero as € » 0 and
t>0. To obtain the convergence of the second
term in the right-hand side of (71), we note that

3 l<ul 0, X, 03 <fu. 0l g <

e

and M_ - as e—=0.
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In the above theorem, we have not given an error
estimate because the condition of the exact solution
u is so weak (we even did not require u(t) € H(l) Q)).
And the error estimate at 7 =0 is useless. However
in practical application we may expect that the exact
solution is smoother. In such cases, many explicit
error estimates are shown in the next section. An
essential point should be stated that the regularized
solution is the same in any case. This is a substantial
usefulless for practical applications because even if
we do not know how good the exact solution is, we
are always ensured that the regularized solution still
works without any further adjustment.

From the wusual viewpoint of varlatlonal
method, it is natural to assume that u(., ) € HO(Q)
for all 7€[0, T]. Moreover, if f'is smooth and u is
a classu:al solutlon of the heat equation (1), then
u(.,t)e H(Q) N HO(Q) forall z [0, T]. For these
two situations we have the following explicit error
estimates.

Theorem 4.3

Letu, u_ be as in Theorem 4.2, and let t €[0,T7].

In(e ')

2TB, *

i. Assume that uf., t)eHO(Q) Then hm u ., t)=
u(., t)in HO(Q) and

Let us choose M_ =

()=l 1) 2 @

|1 \J2TB
o n(l ), 2 |V”(~”)||L2 @ (72)
2TB, Jine
. Assume that u(., Z)eH Q)N HO(Q) Then
hmu( O=u(,0) in HX(Q) and
Hue(., t)—u., I)HLZ(Q)
4 |InG) 278,
< e 2TB2 (e ) [ )||H @ (73)
) = u. O g
<o [, = ot ey O
\[ZTBZ Jin(e ) HA@)
Here we use the norms
||w|[2| = ||VW”2L2, (75)
”wHir HWl!iz"_”WHi[ '\A' (76)
Proof:

By using the integration by parts and the
Parseval’s equallty, it is straightforward to check
that if u(t)eHO(Q) then

264

V., =Y Al<u. 0, X,0>F (77
p=1
Using (77) we have
A>M,

> l<u.0.X,0)>F

p=1
siz/zku(.,z), X,0)>F (78)

Mé‘ p=1

1 2
= EHVL{(, Z)”LZ(Q)

This implies that

- 1
D I<ul, 0, X,0)>F S\/Mg

peQ,

Substituting the latter inequality into the esti-
mate (71) in the proof of Theorem 4.2, we obtain
the error estimate in L2

To prove the convergence in H, we use the
identity (77) and the stability of Theorem 2 again

IVu(.. )= Vul.,

= i Al<u (0 —u(, 1), X (x)>]

heu,
= Y Al<uO-u(,0,X,()>]

p:ﬂl>ME

+ Y Al<u(,0,X,()>F

P

< Y M, I< Pau(,0)=Pau(,1), X ,()>] (79)
A>M,

+ 3 Al<u(,0,X,()>F
p=I1

<M, || Pau (., t)— Pu, t)||L2(Q)
A,>M,

+ 2 Al<u(,0), X,()>]
,1n(l) e

< A NH, X, ()>
er 2TB, Z |<u(.1), X ,()>F.

The second term in the right-hand side of (79)
converges to 0 as €—>0 because of the conver-
gence in (77). Thus the convergence in H0 has
been proved.

ii. We now assume that u(.,7)e H* (Q)mHO(Q)

We have an identity similar to (77)

S A l<ul,0, X ,0)>F=]Au(, (80)

p21




The error estimate in L*(Q) follows (71) and the
following inequality

A>M,

> l<u(.0.X,0>f

p>1

1 _
SFZ 2l<u(,0,X,0)>F

e p=2l

(81)
1 2

Similarly, from (79) and the estimate

A>M,

> Al<u(.0,X,0)>]

p21

< LZ Al<u(,0),X,()>]

£ p=1

1
< —u(.,
a MSHM(

(82)
2

o) HYQy

we find that

Va0 = Va0

1
< e% ln( ) !
2TB, M

@)
(83)

Dl o

Using the inequality a+b<(a+b)
obtain the error estimate in H .

Finally we prove the convergence in H*(Q).
Similarly to (79) we have

we

|AG, ~ ).
=3 | <u oy —u(a0, X, 00>
e,
<Y M| <ul.n-u. t)X()>‘
A,
+ Y A|<ux.0.X (x)>\ (84)
p>l
(-, 1) — P,
Z>M
+ Y Al <u), X,,()>\
p>1
In; )+l§zz\<u( 0, X ()>\ -0
) 2TBZ p=1

as € > 0 due to the convergence in (80).

Remark 3.
In the subsecllon (ii) of Theorem 4.3, an error
estimate in H* () is not given because we only
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know u(t) € HXQ) N H)(Q), and do not have
enough information on the exact solution. However,
when u is smoother then an explicit error estimate
in H* (Q) may be derived. In the last theorem, we
shall give the error estimates in some special cases
when the exact solution is known. From Zhe proof
of Theorem 4.3 shown that in fact u(t) € H0 (Q) and
u(t) e HHQ) H0 () are equivalent to
2k ’ 2
Y A l<ul.1), X ()> <o (85)

p>1

with k =1,2, respectively. We shall see that from
the condition (41) above with k>2 we may
improve the estlmate and particularly give an error
estimate in H* (Q). We next consider a stronger
condition, although it is quite strict for the linear
case, as we discussed in previous section, if the
above condition (85) holds then we have a better
convergence rate.

Theorem 4.4
Letu,u_, M_be as in Theorem 4.2 and let t € [0, T].

1. Assume that

s D) [ )= 3 2 <), X0 <o,

p=1
(86)
for some constant k >?2. Then
k
ln( ) ( 2B,T (87)
< 5‘- + 2_1 ”u(a l)”Sk(Q)a
2TB, \In(&7)
H”s(" 1) —ul., t)HH(]J(Q)
Z -1
[y (28,7
<& ﬁ-'- e ||u( )l g ()
(38)

2k=2

Jutoo ) = D2
1 2
Q) , 3( ] € O llge
(89)

2TB,
7 for the estimate in H?(2).

1

2B,T
In(e ")

t
<37

Here we assume e < e

ii. Assume that

Ft)=Y e l<u(. 1), X ,()> <o

p>1

for some constant r > 0. Then



||u5(*’ l) - u(v

Q)
. [ , 90
< £ﬁ\l InCo) +\/m£7 ©0)
2TB,
et o ) =l z)HH @
~1
gy \/m() JE(t)In(# ) 1)
2TB, J2B,T
et . ) — u(
JF (1) 1n({1) 92)
\/ 2TB2 2TB,

Here we assume €<e > for the estimate
in HO(Q) and e<e™ for the estimate in
H*(Q).

Proof:

i. We use the same way as in the proof of Theo-
rem 4.3. We shall prove the error estimates in
H*(Q) (the other ones are similar and easier).
From

ASM,
> Al<ul,,X,0)>F
p=1
MZk O, AN <u 0. X,0>F  (93)
p>l
u(., 1) |l
D g,
Mgkfz
and (84) we find that
2
s e NGO,
A, —w)(, 0.7 +——F5—
€ r M2
Using
||w”H2 < HWHL2 + ||w(|H$+ lAwll <3 Aw]l,» 94)

and M_2=1 we conclude the desired estimate in
H*(Q).
ii. From (71) and

A>SM,
3 I<ul 0, X,0)>
p=1 r (95)
< e-erfz P |<u(,1), X,,(~) > Izg F(t)er
p=1

we get the error estimate in L2() :
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”us(‘, ) —uf.,
o ln(l,) A>M, )
<er =+ L0, X, 96
£ 278, Elﬂt( ), X,()>] (96)
t 1 l
<o |G | JEQE™
\278B,

Note that the function & e*/& is increasing
when ¢&>1. Thus

A<M M) when 4> M, >1.

It implies that

A>M,
> I<u(.0), X,()>F
p21
<MY M <0, X, ()]

p21

<M F.()e"

o7

The error estimate in H(IJ(Q) follows from the
above estimate and (79).

Similarly, because the function & ef/&
increasing when &> 2, we find that

A< MM i gs M, 22,

It follows that

ASM,

> l<u(.0, X,0)>F
p21
SMZY M <u(x, 1), X, ()> P
p=1

< M2F.(n)é".

(98)

Thus (84) reduces to

||A(u€ —u)(.,

<er In )+M F(t)g%.
2TB,

99)

Hence

HA(”E _ u)(.s I)HLZ
<&+ M ,‘V/Fr(l)é‘#

’In(lg) . JE@) In(e™) T

\27B, 2TB,

(100)

L
—
= &7




Using
[l gz < vl + ol W AWl < 31 AW (101)
we have
o) =10 12 )

<3|Au, - u)(..1),2 (102)

‘

<3gr

} ln(é) +3 \/mln(f") s
\ 273, 2TB, '

5 CONCLUSION

In this paper, we solved a backward in time prob-
lem of the heat equation with time-dependent coef-
ficients and inhomogeneous source. We suggested
two new methods; the truncation of high frequency
and the quasi-boundary-type method. In the theo-
retical results, we obtained the error estimation of
Holder type in I%, H', H? norms based on some
assumptions of the exact solution. In the numeri-
cal results, it shows that both methods are stable
and converged to the exact solutions at 1=0. In
comparison between two regularized methods, the
MQBYV shows a better numerical performance in
term of error estimation and convergence rate.
However, it should be stated that the regularized
solutions of our methods are based on the series
expression of solution, which may lead a limita-
tion of the methods for applications in a general
domain where a solution is described by any physi-
cal meaning or interesting problem.
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ABSTRACT:

In the paper, we study the numerical solution to 3D homogeneous Helmholtz equation

with Dirichlet boundary condition. The discretization of the problem is considered using the Boundary
Element Method (BEM). The problem in the whole domain is first established in terms of the interior
and exterior boundary integral equation. Based on the Green formula, analytical solution to Helmholtz
equation is represented in terms of the boundary data. At last, in this study, we also apply the Finite Dif-
ference Method (FDM) in order to give comparative results. Numerical performances are then proposed

to indicate the validity of our method.

1 INTRODUCTION

The Helmholtz equation, carries the name of the
physicist Hermann Ludwig Ferdinand von Helm-
holtz, was contributed to the mathematical acoustics
and electromagnetics. It is an important equation
to be solved in numerical electromagnetic problems,
for instance, the waveguide problems in physical
phenomena, acoustic rediation, heat conduction,
wave propagation and electrolocation/echolocation
problems. The research of Helmholtz equation in
2D and 3D are studied in many literatures, such as
(Colton 1998), (E.A. Spence & Fokas 2009), (Olaf
& Sergej 2007), (Burton & Miller 1971), (Ihlenburg
& Babuska 1997), (Liu, Nakamura, & Potthast
2007), (Goldstein 1982), (Jan. 2009) and a lot of
references therein. A variety of problems require
solutions to the Helmholtz equation in both inte-
rior and exterior domains. In the case of no source,
the three-dimensional (3D) time-independent linear
Helmholtz equation is considered as:

Au+x2u=0, xeR’, (1.1)
where x>0 is the wave number given by:
k=227 27 (1.2)

c c A

C

We introduce here 4=-< the wavelength of
plane waves of frequency f . The governing
Dirichlet boundary condition is considered on the
bounded Lipschitz domain Q c R? as:

on 0Q,

u=g, (1.3)
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where ¢ is a continuous function defined on R* .
The full 3D Helmholtz problem (1.1) is consid-
ered to divide into two subproblems, called interior
and exterior problems accordingly.
The interior Helmholtz problem with Dirichlet
boundary condition is presented as:

|

in which, let us note that x#° cannot be a Dirichlet
eigenvalue for —A on Q, for frequencies f in (1.2)
small enough and therefore the continuous prob-
lem has a unique solution. Without this assump-
tion, the Helmholtz operator is singular and there
is either no solution or as infinite set of solution
to (1.4). Thus, this is important to do sufficiently
accurate discrete approximations.

The exterior Helmholtz problem, also called scat-
tering problem, the domain of the solution to this
problem is unbounded domain Q¢ =R} N Q,
with Dirichlet boundary condition and the addi-
tional Sommerfeld radiation condition holds at
infinity as follows:

2

u in Q,

onT,

Au+ x =0,

=&

(1.4)

u

Au+&u =0, inQ“Y,
u =g, onl,
1

%u(x) —ixu(x)

-

x =o[”x”2],

(1.5)



where T'=9Q, and n_represents the exterior nor-
mal vector. In the scattering problems, typically the
function g is smooth restricted to the boundary. In
addition, the extra condition Sommerfeld must be
added to the condition that ensures the uniqueness
of solution to the problem (1.5).

Numerical solution to the Helmholtz equation
play a vital role in applications, likely mechanical,
acoustics, electromagnetics etc. Numerical methods
for solving the Helmholtz problem have been an
active research in recent years, where the Finite Ele-
ment Method (FEM) and FDM have been applied
successfully. Reliable numerical methods lead to
the 3D homogeneous Helmholtz equation (1.1) are
discussed in (Jan. 2009) and several concerned refer-
ences therein. In this paper, we also study the numer-
ical solution to Helmholtz equation, and give some
discrete schemes to the 3D problems. For instance,
one proposes the boundary element method to the
boundary integral equations and gives comparison
with the classical finite difference method.

The rest of this paper is organized as follows. In
Section 2, we study the solution representation for-
mula of interior and exterior problems. In the next
section, we develop the variational framework to
propose boundary integral value problems (BIPs),
with respected to single layer and double layer
potentials. In Section 4, we employ some numeri-
cal methods applied to previous BIPs. For instance,
both BEM and the classical FDM discretization are
proposed therein. Some numerical experiments are
then presented in Section 5. In the last section, some
relevant conclusions are drawn, we also discuss on
some remarks, open questions and future work.

2 SOLUTION REPRESENTATION
FORMULA

In this section, we give a brief review of the solu-
tion representation formula to both interior and
exterior Helmholtz equations (1.4), (1.5), follows
the results given in (Jan. 2009), respectively.

Let us consider the fundamental solution to the
Helmholtz equation. The study of fundamental solu-
tion is used to formulate solutlon to our problem.

Let the function G, :R*xR*— C be the fun-
damental solution to the Helmholtz equation in

, is defined by:
(A+x7)G, =6, 2.1)
where J, represents the Dirac delta distribution.
One also has:

| gl
e—, x,yeR3,
Y

. Q2
pra x#y. (22

G {x,y)=

Two following theorems allow the construction
of the boundary element method, whose formula
design the solution calculation to the boundary
value problems in the next section.

2.1 Representation formula to the
interior problem

Theorem 2.1. ( Representation Formula for Bounded
Domams) (Jan. 2009) Let Q cR® be a bounded
in C' domain and the boundar vy T'=0Q is assumed
to be smooth enough so that the integration by part
formula (in multi-dimensional space) holds. Let
G, denote the fundamenzal solution for the Helm-
holtz equation in R® and let n denoZe the outward
normal vector to T . Then for ue C*(Q) we have
the representation formula:

)= [ 206G (s ()

*J- M(y)wds(y)for xeQ.
r on

y

(2.3)

2.2 Representation formula to the exterior
problem

Theorem 2.2. (Representation Formula for
Unbounded Domazm) (Jan. 2009) Let Q cR> be
a bounded in C' domain and the boundary T = 0Q
is assumed to be smooth enough so that the integra-
tion by part formula (in multi dimensional space)
holds. Let G, denote the fundamental solution
for the Helmholtz equation in R® and let n denote
the outward normal vector to T . Let us define
QY =R\ Q. Then for ueCz(Q“') satisfying

Au+Ku=0, inQ,

and the Sommerfeld radiation condition

(n ||2]’ he

Then, we have the representation formula:

‘Bim u(x)—ixu(x)| =

JG, (x »)

u(x) = [ u(n) =L ds(y)

}

- —(y)G,((x,y)ds(y), for x e Q.
T on
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3 BOUNDARY INTEGRAL EQUATIONS

This section aims at providing the boundary inte-
gral equations derived from representation formula

272



in previous section. It allows us to find the solution
to (1.1) in the form of single layer potential and
double layer potential. This leads to the indirect
boundary element method, in resolving boundary
value problems.

Let us introduce the integral operators:

§ei H (D) — H, (),

such that for xe R*\ T,

(§0) = [ Golx,)a(3)ds (), (3.
and

D, H'"(T)— H} (),

such that for xe R*\ T,

(D,000= [ ZL g yyasiy, (3.2)

where ¢:T — R are density functions. Then, the
K,. denotes the double layer potential operator

9G.(x,y)
on

v

(Kep)(x) = J Ay)ds(y).for xeT’, (3.3)

The adjoint double layer potential operator K.
is defined by:

9G, (\ ¥)

(Kep(x) = A(y)ds(p).for xeT. (3.4)

As aresult, let us recall the definitions of Dirich-
let and Neumann trace operators };,7; , were pro-
posed in (Jan. 2009). The Dirichlet trace operator
7o 1s:

12
Yo Higo (@) —> H'(T).

Combine the operator y, with §, one has the
single layer potential:
S, HVXT) - HY(T),

Sr:}/()gr' (35)

And the Neumann trace operator is given as:
| -172
7 H () H ().

Combine the operator p; with the single layer
potential one has the linear continuous mapping:

NS, H VAT = H (D).

Theorem 3.1. Let pe C(T') the space of continuous
functions. Then the representation formula in (2.3),
(2.4) can be rewritten as:

u(x)=§ 77" u(x)— Doy u(x), xeQ,

u(x) = =8 4 u(x)+ Doy u(x),

(3.6)
xeQ™, (3.7)

where ¥}, 6" are interior and exterior Dirichlet
trace operators, defined as:

7"+ Hipo(Q) — H'(D),
75+ Hipo(Q) = H'(D),

such that

iy =y | forve C™(Q),

7y =v|p forve CT(Q™), (38)

and the Y, ™" are interior and exterior Neumann
trace operators are defined respectively as:

A" HL (Q)— H2 (D),
A+ Hip(Q) = H(I),

such that
}{"’v =—| forve Cw(ﬁ),
! (3.9)
]/lexlv - oo s——ext .

Theorem 3.2. Let p, and p, be the Dirich-

let and Neumann trace operators. Then we have
Vge HVYT), pe H*(T):

705:2= 15780~ 1" $:0=0,
]/15'}‘¢: }/lf’\,rsh¢_ ]/lI”fL’S:A¢: _¢’
100 = 15" D=1y D= 9,
7Dp= 1" Dp— 1" Dup=0,

Theorem 3.3. (Jan. 2009) For ge H"“z(l") there
holds

}/1’11)‘,(5,1(¢)(X)=%ﬂ/v)+(1(;¢)(x)’ xel (3.10)

7S 0)(x) = —%ﬂx)+ (K #)x), xeT (3.11)

In addition, let us also introduce here the hyper-
singular integral operator, which is defined as the
negative Neumann trace of the double layer poten-
tial K., denoted as E,..
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E..H"*(I)— H"*(T), (3.12)

such that, for a smooth density function ¢ one has

(E2)(x) ==71(D0)(x), (3.13)

where the Neumann trace of the double layer
potential term »(D,.#) is given on the boundary
as:

(D) = 77 (D0~ 1"(D#), W pe H'(T).
(3.14)

3.1 Interior boundary value problem

Theorem 3.4. If u is a solution to the interior Dirich-
let Helmholtz problem:

{Au +Ku = 0,
7u =g

in Q,
(3.15)
onT,

with a bounded Lipschitz domain Q and Dirichlet
boundary condition g H"? (T"), then the Neumann
trace }/”’u satisfies the boundary integral equation

(Sr}/{tnr)(u(x)) = %g(x) +{K g)x),xel. (3.16)

and u has the representation formula (3.6).
Conversely, if y\"'u satisfies the boundary inte-
gral equation (3.16), then the representation formula
(3.6) defines a solution u to the interior Dirichlet
problem (3.15).
Proof. The solution to the equation (3.15) is
given by the representation formula in (3.6):

6"’u(x), xeQ,

u(x)=§,, {"'u(x) -D,.

with unknown Neumann trace data
}/mt cH™ 1/2(1—-)

Apply the interior Dirichlet trace operator ]/’"
both sides of (3.6) for x eT" and follow the Theo-
rem 3.3, one gets the boundary integral equation

for xel:

. (
(m’f’u)(x)j%f K J(;/ () + (S, 7)),

(3.17)

and since u=g,Vxel we get y'u=g, which
implies the Fredholm boundary integral equation
of the first kind:

(S Julen =3 ¢00) + (Kg)hx T

Respectively, apply the interior Neumann trace
operator 77" both sides of (3.6) gives:

—_—

(;/f"’u)(x) I+ K;J(}/lmfu)(x) + (EK,}/(';“L{)(X),

(3.18)

(
| —
(2

obtains the Fredholm boundary integral equation
of the second kind:

nt P2

—(y u)(x) ~ (K u)(x) = (Eg)(x), x €T

(3.19)

According to these above equations it gives vari-
ational problems as

(A" up) = <[ ; I+K ] ¢>

Noe H"(T),
T

(3.20)
and
<[11—K;] 7y, ﬂ\ =(Eg.6).Vde H"*(T).

2 /v
(3.21)

3.2 Exterior boundary value problem

Theorem 3.5. If u is a solution to the exterior Dirich-
let problem:

Au+ Ku =0, inQ",

75 u =g, onT,

’—u(x)—l/m(A) —O(” ”2], [[x]| = e,
(3.22)

with a bounded Lipschitz domam Q and Dirichlet
boundary condition geH (T‘) then the Neu-
mann trace 7’ u satisfies the boundary integral
equation:

(S, 77 u)(x) = —%g(x) + K, g(x), Vxel. (3.23)

and u has the representation formula (3.7).

Conversely, if "' satisfies the boundary inte-
gral equation (3.23), then the representation formula
(3.7) defines a solution u to the interior Dirichlet
problem (3.22).
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Proof. The solution can be represented as in
(3.7) as:

u(x)==8 7" u(x)+ D.yg " u(x), xeQ,
with unknown Neumann trace data »{"u

Apply the Dirichlet interior and exterior trace
operators 5" and /™ both sides of (3.7) and
also follow the theorem 3.3, moreover it uses the
fact that »5"u=g on I'=9Q, we have the follow-
ing Fredholm boundary integral equation of the
first kind as:

1

(S u)(x) = —Eg(.\:) +K,.g(x), Vxel. (3.24)

a

Similarly, take the exterior Neumann trace oper-

ator " both sides of (3.7) it obtains the second
kind Fredholm boundary integral equation:

SOE) + (Kagf " )() =~(Eg)(x), ¥x € T

K1

(3.25)

Furthermore, boundary integral equations (3.23)
and (3.25) are equivalent to variational problems:

(sl =[5 oK) voe
r

(3.26)

and

<{1 I+K, 1u 5\ =(-E,g.0)., V0 H"(I).
2 O

(3.27)

4 NUMERICAL METHODS FOR
HELMHOLTZ INTERIOR AND
EXTERIOR EQUATIONS

4.1 Boundary element method

In this section, we describe the discretization of
boundary integral equations from the previous
section. In addition, we present a novel boundary
element method for parametrization of triangu-
lar mesh in 3D. The solutions to boundary value
problems (3.16) and (3.23) are then approximated
by numerical techniques as below.

Let us assume here that Q is a polyhedral
bounded Lipschitz domain in R®. First, on
decomposes the boundary T' c R3 1nt0 a finite set
of boundaries as:
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M
r=o0Q=Jr,

i=1

@.1)

where T'; represents the boundary element for
i=12,..,M and M is large enough denotes the
number of elements. Each element T'; in (4.1)
represents the dlscretlzed trlangular elements has
three Vertlces XF(xk k20, X5k k25, and
X (Yg ,ygk V23 ¥) . Let us define a triangular domain
I'cR’ as following:

={{=(5.8)e R? 0<<0<G <-4
4.2)
4.1.1 Piecewise constant basis function

For every elements I', we define the piecewise
constant function ¥ as follows

1
|

The function pj €I’y can be identified as a
function eI as:

for X el
elsewhere

_J1 forée r
Vo= {0 elsewhere

Let T, (T‘) be the approximation of the New-
mann data i.e., of the normal derivatives on T .
The linear space 7,,(I") is defined as

T,,(T) =span{y; 1L,

and for every complex-valued function g, € T,,(I')
can be represented

M
8y = z ¥
k=1

Let N denote the number of nodes of a given
trlangular mesh. We define the family of func-
tions {g,})¥, continuous over the whole discretized
boundary as following

1 forx=ux
@ =10 forx=#x;
piecewise affine  otherwise

Let us define the linear space 7,(I") as
T,(T) = spanig}%;.
A function ¢, to an element I'; Csuppg, can

be identified with one of the functions @.@,. @,
defined on the reference triangle as:



o =1-§-8&: 0,=§. ¢;=4,, foréef".
For every function g, in 7,("), it can be rep-
resented as

N
g¢ = z gl(ﬂ/'
=1

The linear space 7,,(I) is applied for the approx-
imation of the Dirichlet data, i.e., the values of the
solutionon T .

4.1.2  Discrete solution to interior problem

Let us denote u, is the approximated solution
to the interior problem (1.4), and the discrete
unknown Neumann data as:

= A"ty (43)
From (3.20), for all ¢, € H,,, we have
[
(St =l 57+ Kefgindh ) - (44)
r

We find the approximate forms in term of func-
tional bases as:

M N
W=y W, eT ) g =~ &peT,T).
k=1 =1
For every i=1,2,..,M , from (4.4) we obtain
the linear system to find the approximate solution
W to:

VW = {%R,‘_ + Pr]gh, (4.5)
or simplicity in term:
CW =D, (4.6)
where Vi=1,..,M; Vj=1,.,N:
Gy =Veli =] [ Gelxyidsx)ds(),

4.7

1
Dj = [ERA‘ + Pr] (gh)m’
jm

and

R(jm)= [ g, (x)ds(x),

Piim= ] J, i 25D

on(y) ds(y)ds(x).
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One gets the approximate solution w, to the
interior Dirichlet boundary value problem (1.4)
is given by the discrete representation formula for
xeQ:

M
u(x) =, (x) = 2 ka G, (x,)ds(y)

dG,(x,y)

—Z(gh)z_[ ) n(y)

ds(y).
(4.8)

4.1.3 Discrete solution to exterior problem

Similarly, we denote u,, is the approximated solu-
tion to the exterior problem (1.5), and the unknown
exterior Neumann data W = y{*u, . From (3.26),
for all ¢, € H,, we have

[

A

—

SA‘W’@1>I~: [_%I+K)\—]gh*¢h> . 4.9)

r

We find the approximate forms in term of func-
tional bases as:

W= W

TM:

T,0) g = 281@ e T,(I).
I=1

For every i=12,..,M , from (4.9) it gives dis-
crete variational problem:

|M§

y 1
S Vs V/ 2g1< EI+KA'}¢I’VIi> ‘
=

r

(4.10)

Finally, we obtain the linear system to find the
approximation of Neumann data W :

VA_W:[—%RH P,(]gh, (4.11)

where V,, R, P, and g, are discretized as in the
previous section.

One gets the approximate solution u, to the
exterior Dirichlet boundary value problem (1.5)
is given by the discrete representation formula for
xe Q™

M
u(x)=w, ()= Y, [ Gex)ds(y)
k=1 k

A’( ’y)d()

N
_E(g/z)z_[r@(y) n()

(4.12)



4.2 Algorithm

We finally present the algorithm for BEM that fol-
lows description in Section 4. The algorithm is first
proposed to the interior problem (1.4). Then, the
scheme can be easily applied to the exterior prob-
lem (1.5) in 3D.

The BEM algorithm is described by following
steps:

1. Set the initial data: g, & (not too large), T,

number of nodes and elements;

. Initialize basis functions g, for the Neu-
mann and Dirichlet data, respectively;

. Calculate matrices C and D following (4.7);

. Solve the sparse linear system (4.6);

. Calculate numerical integrals on boundaries in

(4.8) and numerical solution is then obtained.

(U SN OS]

It is also remarkable that in the discretization
integral calculations, one can use some recent
numerical quadrature rules, specially in case of
evaluating singular integral along surfaces in three
dimensions. One of effective methods is Quad-
rature By Expansion method (QBX), it was pro-
posed in (O’Neil, Klockner, Barnett, & Greengard
2013).

4.3 Finite Difference Method (FDM)

In this section, we describe the simplest approxi-
mation of interior Helmholtz equation (1.4) by
using finite difference method. In this contribu-
tion, we look for the solution in the 3D rectangular
domain Q, where the preliminary values u(x,y,z)
are known in the points of domain Q.

Let us discretize the computational domain Q
with a 3D uniform grid size with the spatial step
Iy = Ax,ly = Ay,hy = Az , respectively. Using cen-
tered finite difference approximations for the par-
tial derivatives and Laplace’s operator in (1.4), the
following second order accurate system of simulta-
neous equations is obtained for all interior nodes:

ll(~xa Y, 2:) [ll('x + }Zl’ Vs 27) + ll(.X'-— h 1.}7’£Z)

1
S 6(l+ &%)
+ulx,y+ Iy, z)+u(x,y—hy,z)
*_ll(;xr .z + 113 ) + ll( X, V,z— ]13 )]

+O(R2 15 1),
(4.13)

Special equations are typically required for the
boundary nodes depending of the boundary con-
dition (1.3), it refers to (Hegedus 2009). The result
can be written as a large sparse equation linear
system:

Au=b, AeCVNN ypbecCh, (4.14)

2717

where A4 is a complex matrix as the boundary con-
dition contains complex values, N=N.N N,
the total number of matrix u in Q, N, (N,, N,)
are number of discretized points along x (y, z)
direction.

Following the discretized FDM scheme, the
approximate solution to the homogeneous model
is then obtained.

The convergence theory and the order of con-
vergence to BEM and FDM are studied in (Sauter
& Schwab 2010), (Erlangga 2005).

5 NUMERICAL EXPERIMENTS

In this section, some numerical performances are
presented to confirm the efficiency of the BEM to
the interior Boundary Value Problem (BVP) in a
comparison with the classical FDM in Section 4.3.
We consider the interior homogeneous Dirichlet
boundary Helmholtz problem on the domain £,
such as a unit sphere (center at the origin, radius 1)
and a cube as in Figure 1. In this contribution, the
numerical algorithm has been developed that effec-
tively solves (1.4).

These following numerical simulations are per-
formed entirely within the Matlab environment.
It has been noticed that in the application of the
piecewise constant basis functions 4,y as in Sec-
tion 4.1.1 and even coarser triangular meshes, the
large amount of RAM and time on computer
facilities are needed.

Discrete solution is implemented to solve inte-
rior problem (1.4) with x=2. On the sphere, dis-
crete solution by FDM and BEM are presented in
Figures 2 and 3, respectively. Our results are validated
by numerical examples for sphere. It is noticed that,
differs from the FDM mesh, in triangular mesh one
uses the specific function to display numerical results.
Moreover, since it is difficult to display the results in
four-dimensions, in these figures we fixed one of
three directions (x or y or z). The numerical solutions
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(a) A sphere.

(b) A cube.

Figure . Domain Q for numerical experiments.



(a) Real part. (b) Imaginary part.

Figure 2. Solution to the interior problem by FDM on
the sphere.

(a) Real part. (b) Imaginary part.

Figure 3.
sphere.

Solution to the interior BVP by BEM on the

(a) Real part. (b) Imaginary part.

Figure 4. Solution to the interior problem by FDM on
the cube.

(a) Real part. (b) Imaginary part.

Figure 5. Solution to the interior problem by FDM
inside the cube.

u{x,y,z) are then displayed in a three dimensional
coordinate system.

Otherwise, on the cube, Figures 4 and 6 are the
simulations results for the numerical solutions.
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(a) Real part. (b) Imaginary part.

Figure 6.
cube.

Solution to the interior BVP by BEM on the

We also present the solution inside the cube fol-
lowing Figure 5. It can be seen that the obtained
waveform in these figures is very clear and it is
easy to observe the values of solution under the
color bar.

6 CONCLUSION

In this paper we focus on the studying of numerical
solution to the homogeneous Helmholtz equation
in 3D under the Dirichlet boundary condition.
The boundary element method is presented. For
instance, we first give the representation formula
with respect to internal problem in finite domain
and external problem in infinite domain, where
the solution should satisfy radiation condition at
infinity. Then, these problems can be reformulated
as the boundary integral equations in form of sin-
gular and double layer potentials. We then propose
the discrete formulation of variational Dirichlet
boundary value problems. Using polynomial piece-
wise constant basic functions for approximation of
solution we obtain a sparse system of equations.
The discretization of the problem is solved by the
BEM iterative method. In addition, the classical
FDM scheme is also given to give comparative
results. Many numerical computational examples
on standard domains are implemented which vali-
date the correctness and effectiveness of the algo-
rithm. This work gives an idea to solving the 3D
non-homogeneous Helmholtz equation with dif-
ferent boundary conditions numerically, that will
be analysed in future research.
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A study of stochastic FEM method for porous media flow problem
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ABSTRACT: The paper provides an overview of the stochastic Finite Element Method (FEM) for the
investigation of the flow in heterogeneous porous materials with a microstructure being a Gaussian ran-
dom field. Quantities characterizing the flow are random variables and the aim is to estimate their prob-
ability distribution. The integral mean of the velocity over the domain is one of these quantities, which is
numerically analyzed for a described model problem. The estimation of those quantities is realized using
the standard Monte Carlo method and the multilevel Monte Carlo method. The paper also concerns the
use of the mixed finite element method for the solution of the Darcy flow and efficient assembling and
solving of the arising linear systems.

1 INTRODUCTION We will assume that &k =k(x,®) is a random

) ) ) variable, x€ Q and we S . Here S is a sample
Many natural materials, like geomaterials and  gpace equipped by a suitable probability model
biomaterials, possess a high level of heterogeneity  with given parameters. Then the model outputs

which has to be properly treated for understanding 4 p, u and another quantities J(p,u), e.g. the
and reliable modelling of processes in these materi-  ayerages

als. As a special case, we shall consider groundwa-

ter flow, which is important in many applications, 1

as e.g. filtration and waste isolation. The ground- <VP> = HJ. Vp (3)
water flow can be further completed by transport I"a

of chemicals and pollutants or connected with

deformation of the porous matrix. and
The groundwater flow can be described by the
boundary value problem < u> _ é J‘ — kVpu )
—div(kVp)=0 inQ 25
p=p onl, (1) will be also random variables and we will be inter-
(=kVp)yn=0 onT,, ested in their characteristics as the mean (expecta-

tion) B and variance V .

where p is the pore (water) pressure, k is permeabil-

ity, u=—kVp is the Darcy’s velocity, p is a given

Dirichlet type boundary condition on T';, € 9Q 2 STOCHASTIC MICROSTRUCTURE

and no flow is assumed as the Neumann type » .

boundary condition on T, c9Q, n is the unit The permeability & = k(x,®) can be considered

outer normal to 99 . as a random field in the domain Q or in selected
We shall consider a two field form of the above  Ppoints within Q. Especially, we shall assume that

boundary value problem with two basic variables

p: Q>R and u: Q- R" In(k(x,)) = o, g€ N(u.o), )
k' j“VP =g } nQ where N (/1,0'2 ) denote the normal distribution
div(u)= f (2)  With the mean 4 and variance . This lognormal
p=p onl, character of permeability is supported by experi-
uxn=u,=0 only. mental tests on rock as well as experimentally
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found logarithmic relation between permeability
and porosity, see (Nelson et al. 1994, Freeze 1975).
Thus ¢ in (5) could be interpreted as the porosity
which gives to (5) a physical meaning.

If XeR" is a random field, such that
X, € N(0,1), then the random field k connected

w1th selected points xWeQ,i=1,...,n, can be
generated as
In(k) = ¢, (X + ), (©)

ie. k=e%e9°% | For numerical experiments we
shalluse ¢, =1, #=0,1i.e.
k=e%. 7

In this case the components of, k have lognor-
mal distribution with the mean ¢ > and variance

e? —1e” .

The landom field X can be further smoothed by
correlation, which provides the correlated random
field X¢. The correlation is frequently described
as an exponential expression involving a correla-
tion length 4, e.g.

e(x,3) = (X (), X)) @®)

)-

Different methods can be used to generate the
correlated random field. The Choleski factoriza-
tion of the correlation matrix C is probably the
most straightforward one and will be used within
the experiments in this paper. Further methods as
a technique based on the discrete Fourier trans-
form can be found in the literature, see e.g. (Lord,
Powell, & Shardlow 2014, Powell 2014)

leenthesetof selectedpomts e, i=1,..,n,
we can define the correlation matrix C by
C=B((X —E(X)}(X -E(X)") ©)

=BXXT)-BXEXT)

In the case of E(X)=0, it provides
C=E(XXT), C; =c(x,x). (10)

Theorem 1. ( Generation of the correlated random

field). Let C = LI be the Choleski factorization of

C, X be an uncorrelated random field, X, € N{0,1).
Then X =LX is the correlated random field with
correlation matrix C. We can write X e N(0,C) .
Proof. If X; areuncorrelated and have zero mean
and unit variance for any 7, then E(X,;X ;)= J; and
therefore B(XXT)=17. The correlatlon matrlx is
SPD and therefore the Choleski factorization
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exists. For X¢
tor, it holds

= LX , where L is the Choleski fac-

EX (X)) =R(LXXTLT)

= LE(Xx"HIL" )
=LL"=C
Note that the identity

B(LXXTIT )= LE(XXT)LT follows from the lin-
earity of the expectation operator E . (]

2.1 Model problem

As a model problem, we shall consider the ground-
water flow given by equation (1) on the unit square
=(0,1)x(0,1) with the specific boundary condi-
tions—the pressure difference in x, direction, see
Figure 1.
We shall be interested in different quantities as

e.g.

e u(0.5,0.5),
* k= _Y[U[u(ul,jcgdxz, .
TlalJo " T la ’

For the realization of this calculations the mixed
FEM method can be used, see section 4. If the per-
meability k£ will be a random field in Q, then these
quantities will be also random variables and we
shall compute their characteristics like the expecta-
tion and variance.

2.2 Visualization of the generated fields

For numerical experiments with the model prob-
lem, we use different values oe{l,2,4} and
A4e{0.3,0.1}.

The following figures show the visualization of
the generated random field & for six combinations
of parameters o and A value. All of the Gaussian

A
T2
no flow
p=1/Q=(0,1)2| p=0

no flow x1

U, =0
Figure 1. Test problem with pressure difference in x,
direction.
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Random field for parameters: o=1, A=0.3.
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Figures 7. Random field for parameters: c=4, 1=0.3.



random fields were created from the same random
vector X, where X, ~ N (0,1), so we can observe
the effect of the parameters oand A changes on the
material microstructure.

The Figures 2, 3, 4, 5, 6, 7 show that the changes
of the parameter o affects only the logarithmic
scale of the values, which is caused by the linear
relation between logk and ¢®. The influence of
the parameter A can be observed in a smoother
material with growing A.

3 MONTE CARLO METHODS

Consider the Darcy flow model problem. We are
interested in the estimation of the quantities
u(0.5,0.5), k,; and (u). (12)
In the case of the Monte Carlo (MC) simu-

lations, we consider this quantities as random
variables.

3.1 Standard Monte Carlo method

Using the standard MC method, the expectation
E(g) of arandom variable ¢is estimated as a sam-
ple average

L )
ﬁ;;ﬂ : (13)

where ¢ for ne{l,..,N} are random samples
of ¢. The estimated probability distribution of the
random variables is also described by the sample
standard deviation, the estimated probability den-
sity function (pdf) and cumulative distribution
function (cdf).

The variance of the MC estimator is calculated
as

1

VMC:N g

s,

(14)

where s is the sample standard deviation.

The experiments were performed with the
following parameters: grid size: 200 x 200,
oe{l,2,4}, 1€{0.1,0.3} , number of experiments:
2-10%

The following tables show the estimated sample
average and sample standard deviation for the ran-
dom variables u, (0.5,0.5),u, (0.5,0.5), <u>¥ and
(u) . The values after the + symbol correspond
to the 95% confidence interval for the estimated
value. For the random variable &, the same esti-

. A .
mation as for (u) ~was obtained. The graphs in
1
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Figure 8 show the pdf and cdf estimation for the
random variable (u) .
N

3.2 Multilevel Monte Carlo method

For the mean value E(¢;) of a random variable
¢ =g, we can write

L
E(¢y)=E(gy)+ X E(g — ). 15)
1=1

This leads to the multilevel Monte Carlo
(MLMC) estimator

1 M L | M
B(g)~—2 " +>—3 (4" -4"), (16
NO n=1 =1 Nl n=1

see (Cliffe, Giles, Scheichl, & Teckentrup 2011,
Barth, Schwab, & Zollinger 2011). For different
levels /e{l,...,.L} the values A" — 4" are inde-
pendent. However the values ¢ and ¢") for
specific ne{l,...,N} are correlated.

The variance of the MLMC estimator can be
calculated as

L
1
Viirme ZZVSIZ’ (17)

1=0 *V1

where s, is the sample standard deviation on the
level /.

This approach was applied to the model prob-
lem with the grid size d x d. We W%‘e interested in
the random variable g=¢, = <u>(x , i.e. the inte-
gral mean of the velocity over the (0,1)x(0,1)
domain calculated for the grid size (zj/; d. Samples
of the random variable g, = (u)’ ) are calcu-
lated as the integral mean of the velocity for the
grid %x % , etc.

There are different ways of calculating the coarse
grid approximation ¢, of ¢, in order to achieve
strong correlation between this two random vari-
ables (high correlation between ¢,_; and ¢,leads to
low variance on the MLMC level /). In this paper
we describe two possible procedures for the coarse
grid approximation.

Procedure 1: Coarse grid approximation preserving
the Gaussian random field distribution
The samples g™ and should be correlated,

4"

the{efore it is necessary to determine the way of
¢1(f1 calculation. The value of ¢1(”) corresponds to

a specific sample k£ of the Gaussian random field,
which was obtained for a random vector X, where
X, ~N(0,1),ie {I,A.A,d2 . To obtain the value

@@l we first create a coarse material k“? from a
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Table 1. Sample average of Uy, (0.5,0.5).

A1=0.3 A=0.1

1.135+0.0132
1.7244 £ 0.055
11.9402 * 1.8383

1.0409 +0.0096
1.1649 +0.0251
1.9334 +0.1447

Il
B =

o
o2
o

Table 2. Sample standard deviation of Uy (0.5,0.5) .

Table 4. Sample standard deviation of %, (0.5,0.5).

A=03

A=0.1

Q Q9 Q

&~ o=

0.4492 +0.0044
2.1625+0.0212
80.627 £0.7902

0.4201 +£0.0041
1.2215+£0.012
6.9851 +0.0685

A=03 A=0.1

0.9504 £ 0.0093
3.9656 +0.0389
132.6336 +1.2999

0.6902 + 0.0068
1.8104 +0.0177
10.4422 +£0.1023

aaaq
N NS I

Table 3. Sample average of Uy, (0.5,0.5) .

A=03 A=0.1
o=1 0.0008 + 0.0062 —0.0006 £ 0.0058
o=2 —0.0276 £0.03 0.002 +0.0169
o=4 0.512+1.1175 0.0173 +£0.0968
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Table 5. Sample average of (u) X -

=03

A=0.1

Q Q Q

B S

1.1228 +0.0083
1.6821 +0.0324
10.0822 +0.9339

1.018 £0.0032
1.0983 +0.0079
1.7447 £ 0.0409

vector Y of length %dz , which is calculated from

the vector X values. For example

1
Y, :E<X1+X2+Xd+l+Xd+2)

(18)



Table 6. Sample standard deviation of <“> X -

A=03 A=0.1
o=1 0.6024 +0.0059 0.2335 +0.0023
o=2 2.34+0.0229 0.5695 +0.0056
o=4 67.3806 + 0.6604 2.9495 +£0.0289

Table 7. Sample average of <M> .

2

=03 A=0.1
o=1 0.0005 +0.0015 0.0001 +0.001
o=2 —0.003 +0.0062 —0.0002 £ 0.0022
o=4 -0.02+0.1623 -0.0023 £0.0109

Table 8. Sample standard deviation of <U> X, -

A=0.3 A=0.1

0.1098 £ 0.0011
0.4499 +0.0044
11.7075 +£0.1147

0.069 £ 0.0007
0.1596 +0.0016
0.7865 +0.0077

Q?Q
Ao o—

(weighted arithmetic mean), etc. This approach
ensures that the values Y, follow the N (0,1) distri-
bution, therefore the obtained material k“? is also
a Gaussian random field. The value of ¢"] is then
calculated on the coarse %rid and remains corre-
lated with the value of ¢{".

The MLMC method was tested on the model
problem with grid size 200 x 200, therefore is was
possible to use three coarser grids of dimensions
100 x 100, 50 x 50 and 25 x 25. The numbers of
samples N, to be performed on specific levels were
calculated from a preliminary simulation run. In
this run the same number of samples was per-
formed on each level and then the values of com-
putation time 7, and sample standard deviation
s, were estimated for each level. The values of N,
were then calculated according to (Cliffe, Giles,
Scheichl, & Teckentrup 2011) as n . 57 /T] , where
N is a constant common to all the levels.

The Table 9 presents the results of the MLMC
method that can be compared with the MC method
results (Table 5).

The MLMC results were calculated with differ-
ent number of samples (i.e. different computation
time) than the MC results, therefore we propose the
following indicator for comparison of the efficiency.
The efficiency of the MLMC estimator in compari-
son to the MC estimator will be calculated as

VM C TM C

; (19)

VMLMC TMLMC

where T, is the total time of the MC simulation
and T, time of the MLMC simulation, see the
Table 10.

The value 1 for =4 and A= 0.3 in Table 10 is
caused by the fact that in this case it was evaluated
in the preliminary run, that only one level should
be used, i.e. it is the standard MC method. In the
remaining cases all of the 4 levels were used.

The Table 11 shows the values of s7 on each
of the levels /€{l,...,4} calculated in the prelimi-
nary run (level / = 1 corresponds to the coarsest
grid, while the remaining values present the dif-
ference between the fine and coarse grid on the
given level). We used these values to calculate the
numbers of samples to be executed on each of the
MLMC levels.

The following table shows the ratio of the num-
bers of samples, that were used on different levels.

Procedure 2. Coarse grid approximation as
arithmetic mean of correlated random field

In this case we use a similar approach as in the pro-
cedure 1, but the key difference is that the smooth-
ing is applied to the correlated values,

1

Y= (X X X+ X ) (20)

(arithmetic mean). A disadvantage is that this
coarse grid approximation is not the same ran-
dom field, so in the lower MLMC levels we always
need to construct a new covariance matrix and
its Choleski factorization. The new covariance
matrix is created by averaging of elements of the
fine grid covariance matrix according to the fine
grid to coarse grid elements mapping, this con-

Table 9. MLMC method results for <u>xI .

A=0.3 A=0.1

o=1 1.1302 £ 0.0039 1.0189 £ 0.0007
o=2 1.6744 £0.0189 1.1003 £ 0.0021
o=4 9.6647 £ 0.5259 1.745£0.0152
Table 10. MLMC/MC efticiency calculated via (19).

A=0.3 A=0.1
o=1 1.9382 7.7148
o=2 1.1841 5.7974
o=4 1 3.0011
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struction comes from the linearity of the covari-
ance. This disadvantage is compensated by very
high correlation between fine grid and coarse grid
approximation.

In the Figure 9 we show an example of coarse
grid approximations for both procedures.

The Table 13 presents the results obtained for
(u)xl (including 95% confidence interval). The cal-

Table 11.  Variance on each MLMC level.

o A =4 =3 1=2 =1

1 0.3 44107 4.1.102  3.6:10>  0.35
0.1 1.4.107 1.2:107 1-107 5.4-107

2 0.3 1.4 0.84 1 4.5
0.1 1.1-107 1-1072 1.1-10>  0.29

4 0.3 1-10° 5.1:10° 9.3-10° 2.3-10*
0.1  0.63 0.76 0.91 4.5

Table 12. Ratios of N/N, values for the six combina-
tions of parameters.

c A N, N, N, N,
1 0.3 1 2.23 4.70 33.86
0.1 1 2.12 4.53 75.15
2 0.3 1 1.73 4.35 20.97
0.1 1 2.19 5.04 60.55
4 0.3 1 - - -
0.1 1 2.51 6.21 32.24

0 02 04 06 08 1

Fine grid &(159)

Coarse grids k(™ (left procedure 1; right procedure 2)

Figure 9. Comparison of coarse grid approximations.

culated efficiency compared to the MC estimator
via formula (19) can be seen in the Table 14.

The Table 15 shows the values of s; on each of
the levels /e{l,...,4} calculated in the preliminary
run.

The following table shows the ratio of the
numbers of samples, that were used on different
levels. In all the six cases at least three levels were
used.

Table 13. MLMC method results for <u>

X1

A=03 A=0.1

1.1298 £ 0.0011
1.6945 + 0.0044
10.3715+£0.2517

1.0189 £ 0.0004
1.1001 +0.0012
1.7434 £ 0.0087

Qﬁq
ENIN SR

Table 14. MLMC efficiency calculated via (19).

1=03 A1=0.1

o=1 101.2564 90.7969
o=2 87.3758 72.5988
o=4 23.1090 38.6652
Table 15. Variance on each MLMC level.
o 1 =4 =3 1=2 =1
1 0.3 4410  1.3:10°  6.2.10° 0.36

0.1 1.1-107  1.9.10° 9.610° 54102
2 0.3 7.5.10°  2.0-10*  1.0-10° 5.5

0.1 5.1-10°  9.9-10°  4.1-10*  3.1-10"
4 0.3 141000 1.7 6.2-10 1.1-10*

0.1 2.1-10°  2.0-102 1.2:10" 7.2

Table 16. Ratios of N/N, values for the six combina-
tions of parameters.

o A N4 N3 Nz Nl

1 0.3 1 12.20 60.45 31410.66
0.1 1 9.66 49.56 9127.92

2 0.3 1 11.56 47.65 10186.95
0.1 1 9.66 47.36 2942.09

4 0.3 1 11.32 41.83 2550.90
0.1 1 8.04 38.23 906.28
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4 MIXED FEM DISCRETIZATION
AND SOLUTION

The groundwater flow (1) can be implemented by
the mixed finite element method, e.g. in the way
described in (Cliffe, Graham, Scheichl, & Stals
2000, Blaheta, Hasal, Domesova, & Béres 2014).
The first advantage of the mixed formulation
is in more accurate approximation of both pres-
sures and velocities. The random permeability field
sampling then requires repeated assembling and
solving of the mixed FEM system, which has the
following saddle point structure

T —
Mu +B'p = G @)
Bu = F
Note that only the velocity mass matrix M

depends on realization we S,

M, =M@= ko)'®d,d0, (22)

where ®,,®; are basis functions in the lowest
order Rav1art Thomas space. The repeated assem-
bling of the matrix

3 %]

is therefore restricted to the pivot block. A fast
assembling of both M and B is implemented in the
RT1 code, see (Blaheta, Hasal, Domesova, & Béres
2014).

As a solution of the system, the discretized pres-
sure p and velocity u is obtained. The following
graphs at Figures 10, 11 and 12 show the visualiza-
tion of the solution for an example given by the
Gaussian random field 3.

When repeatedly solving the system (21) by a
direct method, the benefit of B not dependent on
sampling is not exploited. The use of an iterative
solution method, such as MINRES or GMRES,
with block preconditioner, provides the chance
to save some effort as only the block correspond-
ing to M is changing. It is the case the following
preconditioners

M BT

2 0 (23)

M+B'wW'B (BT

P =
! 0

(24)

]

w

with M being a suitable approximation to M and
W being a block independent on sampling, e.g.
W =11, where ris a (large) regularization param-
eter, (e {0 1,2} . Special cases are M being a
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mass mattrlx for the mean value of the permeablhty
k, M ="UU7 and w=BB", when B'W™'B
becomes a projection.

Other possibilities are preconditioners for the
transformed system with the matrix

T
A =[M B ] (25)
-B 0
as the HSS preconditioner
M+al O )ar BT
= 26
A [ . m}{_g M] (26)
or relaxed HSS preconditioner
M 0| a B"
= 27
S @)

with a suitable parameter o.

Figure 11. Discretized velocity u (first coordinate).
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Figure 12. Discretized velocity u (second coordinate).

5 CONCLUSIONS

The article presents the first results of the authors
in the field of the stochastic partial differential
equations (PDEs) or stochastic FEM methods.
The simple and multilevel Monte Carlo methods
are used as tools for stochastic simulations.

We study the mixed FEM calculation of the
Darcy flow problem with stochastic material coef-
ficients. We focused on the characterizations of the
velocity, especially on the integral average of veloc-
ity over the domain and the velocity in the middle
of the the domain.

The MC approach was used for the estimation
of the expected value, variance and distribution of
the studied random variables.

The MLMC method was used for the more
efficient estimation of the expected value of
the random variable (x) . We presented two
approaches to the coarse' grid approximation,
the first one is straightforward and preserves
the Gaussian random distribution on the coarse
grid, but was inefficient due to low correlation
between the fine and coarse grid approximation.
The second one suffers from the more difficult
sample generation on the coarse grids. Never-
theless the second approach was more efficient
than the first one, according to Tables 10 and 14.
Depending on the problem parameters A and o
we achieved variance reduction from about 23 x
to 101 x.
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The work is in progress, we plan to use a different
approach to the Gaussian random field generation
based on the Karhunen-Loéve (K-L) decomposi-
tion. This will allow us to solve the problem on
larger grids and as well it provides a different way
of using the MLMC method (MLMC levels will
correspond to the levels of the K-L decomposi-
tion). The K-L decomposition also provides a dif-
ferent approach to the stochastic PDEs solving by
e.g. the collocation method or the stochastic Galer-
kin method.
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Parallel resolution of the Schur interface problem using
the Conjugate gradient method

M.-P. Tran
Faculty of Mathematics and Statistics, Ton Duc Thang University, Ho Chi Minh City, Vietnam

ABSTRACT: In numerical analysis, the Schur complement is the heart of domain decomposition
method. A lot of promising results have been derived to present its mathematical basis. In this paper, we
propose a numerical method of solving Schur interface problem using the conjugate gradient method.
The parallel STD algorithm is also described to give comparable results with the proposed method. Some
numerical experiments have been performed to show a good parallel efficiency and convergence of our
method. Efficient parallel computation requires a few minutes to be completed, and they are much less
coupled than the direct solvers. In the rest of this paper, some numerical results have been carried out to
show its convergence properties and some open problems are also discussed.

1 INTRODUCTION Let Q =R? be an open bounded domain with

the boundary T'=9dQ. Suppose that we want to

Domain decomposition methods are important solve the following Poisson’s equation:

techniques for the numerical simulation. Domain
decomposition can be used in the framework of  , _ . .
several discretization method for Partial Differen- au=f inQ, (.1
tial Equations (PDEs) to get more efficient solution
on parallel computing. The basic idea in domain
decomposition methods is to split the domain of
study into non-overlapping subdomains, on thatone ~ %= &>
has discretized problems are simple and convenient
to be solved. Many variants of domain decomposi- The Schur complement method splits up the
tion method have been proposed and investigated ~ linear system into subproblems. To do so, let us
in (Milyukova 2001, B. Smith 1996) and references ~ divide Q into p subdomains €,Q,,..,Q, with
therein. In numerical analysis, the Schur comple- ~ share interfaces I'.I;,.... One divides the entire
ment method is the basic non-overlapping domain ~ problem into smaller non-overlapping subdomain
decomposition method, one of the most popular ~ problems, then solves the subdomain problems to
linear solvers. The Schur complement is a directed ~ form interface problem and solves it. This paper
parallel method, that can be applied to solve any ~ Will discuss the Schur complement as proposing
sparse linear equation system. For instance, the the parallel implementations for general sparse lin-
parallel Schur complement method was followed by ~ €ar system. One considers the parallel solution to
(Mansfield 1990, S Kocak 2010) and a lot of recent ~ one dimensional case (1D), where the Schur com-
literatures. In many practical applications, the pre- ~ plement system on subdomain interfaces is solved
conditioned conjugate gradient method is used by conjugate gradient method.
because of its simplicity, one can refer to (Meyer The problem (1) and (2) are discretized to get
1990). Therefore, it is a convenient framework for  the system:
the solution to our sparse matrix systems.

In this paper, we present a simple Schur comple- AU =F, (1.3)
ment using conjugate gradient method for solving
one-dimensional Poisson’s equation. We only con- ~ where the stiffness matrix 4, the load vector f
sider the classical PDE in this study to claim the par- ~ and approximate solution U can be decomposed
allel efficiency of the proposed method for a simple ~ into p groups, corresponding to subdomains
linear equations system. The idea of solving other ~ €,€,,...,€2, . In this study, we have just treated the
large equations systems using proposed method  following 1D problem. For general elliptic problem,
turns out to be very successful in the same way. the Schur complement is more complicated so that

with Dirichlet boundary condition:

onl. (1.2)
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it is difficult to find approximate solution by paral-
lel computation.

Suppose that we need to solve numerically
the one dimensional PDE with inhomogeneous
Dirichlet boundary condition as following:

Let v(x)=u((1-x) + xa,) and make substitu-
tion to (1.4), one obtains:

|

where G(x)=(a, - az)2 F((A=x)a + xa,) .

Let @(x)=v(x)—(H1-x)+ pyx), it gives the
1D problem with homogeneous boundary condi-
tion as follows:

Therefore, without loss of generality, in this
paper we only study the following problem with
Dirichlet homogeneous boundary condition, as
the same as (1.6):

{

where u is unknown, F represents a continuous
source term. This problem (1.7) can be rewritten in
term of the linear system:

Uy =_F(x)a on Qz(al’al)a
u(ay)=p,
u(ay)=y.

(1.4)

v, =—G(x), on Q" =(0,1),
W0)= 4.

v(h) =7,

(1.5)

@Dy = —G(x),

@(0)= ax1) =0.

on Q" =(0,1) (1.6)

Uy = _F(x)7
10y = u(l) = 0.

on Q' =(0,1), (1.7)

A,= B, (1.8)
where A is the sparse matrix. By using the Schur
method as proposed as in the paper, the Schur
complement matrix S is introduced and the system
(1.8) is rewritten in the abbreviated form:
So=y. (1.9)
where the matrix S'in the interface problem is related
to the entire problem (1.8). This paper also presents
a proposed method allows Matlab users to take
advantages of the Message Passing Interface (MPI)
to design parallel performance. In particular, only
the basic send and receive operations: MPI Send
and MPI Recv are both blocking calls, respectively.
These calls are used to implement programs across
multiple processors for parallel computation.
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The rest of this paper is organized as follows.
In Section 2, we consider the Schur comple-
ment method for solving the problem (1.7) and
propose to solve problem using parallel pre-
conditioned conjugate gradient method, which
is currently one of the most popular domain
decomposition methods. The mathematical
description is then established by a simple cod-
ing example with Matlab MPI (Message Pass-
ing Interface) standard where the programs are
implemented on multiple processors. In the next
section, one presents the parallel STD method
in order to compare with the previous Schur
complement method, and some Matlab MPI
calls are also provided. Section 4 indicates some
numerical examples testing both parallel com-
putational methods. Some conclusions are then
discussed in the last section to give the validity
of method.

2 THE SCHUR INTERFACE PROBLEM

In this section, we present the Schur interface
complement method that is applied to solve the
problem (1.7). One refers to (Mansfield 1990) the
Schur complement method given in the following
steps:

1. The domain Q of Sproblem (1.7) is subdivided
into non-overlapping subdomains using parallel
graph partition,

. Rewrite the stiffness matrix A4 in the linear sys-
tem (8) in each subdomain and interface,

. Solve the subdomain problem to calculate the
Schur matrix S from each known submatrix,

. Solve the Schur complement system SU =G ,

. Solve the subdomain system to obtain
solution in the whole domain by parallel
algorithm.

In (1.8), one subdivides the problem into p parts
(p=2). The vector solution U can be decomposed
into p groups, that is U= (Ul,Uz,.“,Up) , where
U(i=12,.,p) are corresponding to domain

1.8,,...,Q2 ,, tespectively. It is important to notice
that the decomposition of Q into the subdomain Q,
does not have any cross point. In this study, we also
discuss two models of domain decomposition and
propose the parallel schemes for solving problem
(8) numerically, for the case p=2 and for general
p=2.

Suppose that the approximation to the weak
formulation results of (1.1) and (1.2) is of the form
(1.8), the stiffness matrix A is given as the follow-
ing sparse matrix:



2 -1 0 0 0
. -1 2 -1 0 0
A=—[0 -1 2 0 0 2.1
h
0 0 0 -1 2

2.1 Thecase p=2

The case of two subdomains, i.e. p=2, is first
considered.

Let k>0, the domain Q=(0,1) is then divided
into 2k + 2 grid cells as follows:
O=xp<x < Sx,. %<y, =1 (2.2)

We partition the domain into three non-overlap-
ping subdomains denoted by €,;,Q,,Q,, respec-
tively. Apparently, one has:

b le{xlaxz,“',xk},
* Qy={x},
o Qy={x; 5, X3 Xop )

Let us rewrite the stiffness matrix 4 in (2.1) in
term of the block matrix as follows:

Kll Klz 0
A= \‘KZI K,, K23J, (2.3)
0 K; Ky

where K, are defined for 7,7=1,2,3 as:

e K, and K, are matrices of order k, one denotes
K,;, K33 € RFF as below:

2 -1 0 0
. -1 2 -1 0
Kn=Ky=3/ 0 1 2 0 (2.4)
0 0 0 2
e K,and Ky, e R*!:
0 -1
110 110
Klz—h—2 ’ K32:h_2 25
-1 0

e K, and K,, e R™*:
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1
K2,=h—2[0 0 - -]

1
Ky=z[-1 0 = 0]

(2.6)

-2
o K22_h_2‘

The problem (1.8) can be rewritten in term of
block system:

Kll I<]2 0 Ul Pi
Ky K, Kyl|U,|=|F]| 2.7
0 Ky Ky|U| |F

where U,U; and U, be the vector solution asso-
ciated with each subdomain Q;,Q, and with the
interface:

—{ . p— .
Up=(x,x. ) Uy =X

p 2.8
Us = (X072 X0 ), 238

and F, are the components of the load vector in
each region:

E=F(:k), F=F(k+1) 2.9)
Fy=F(k+2:2k). ’

Then, the original linear system (1.8) is divided
into three subproblems given as:

KU+ KU, = F, (2.10)
Ky U+ Ky,U, + Ky3Us = Fy, (2.11)
KU, + Ky3Us = F,. @.12)

From the first and third equation (2.10) and
(2.12), one obtains that:

{Ul:KHI(Fi_KIZUZ)’ (213)

-1
U, = K33 (F3 - K32U2)~

Make substitution to the second equation (2.11),
we arrive at the Schur complement equation:

SU, =G, (2.14)

where the introducing Schur complement matrix

S =Ky, - Ky Kj Ky — Ky K Ky (2.15)
and
G=F,—KyKiF,— Ky K[ 'F,. (2.16)



In the Schur complement method, the solution of
linear system can be approximated by first solving
the Schur system, and then solving the interior sys-
tem. Here, the equation (2.14) above can be solved
in parallel scheme with two processors (p = 2). It is
noticed that the computation of the inverse terms
in (2.15) and (2.16) can be done in parallel. Let us
describe the parallel schemes in the Figures 1 and 2.
In these figures, equal works are implemented on two
processors to calculate vector G and S, respectively.

Then, the equation (2.14) is solved by the par-
allel preconditioned conjugate gradient method
because of its simplicity and efficiency. The numer-
ical scheme is presented as in Figure 3, in which the
implemented program has been developed under
the Matlab computing environment.

In the Schur complement domain decomposi-
tion method, each subdomain is handled by dif-
ferent processors. More precisely, the proposed
parallel solver with two processors is introduced.

2.2 The case for general p

Similar to the previous section for p =2, when the
domain decomposition method is used, the prob-
lem domain Q is to be divided into p subdomains
Q (j=123.,p) as in Figure 4, in which the

1

Send
Send

1 -1

G=G,+G,

Figure 1. Update G by the parallel scheme with two

Processors.

see{p i <

Send
Send

Sx=8x+8x

Figure 2. Update S, by the parallel scheme.

U2=U20=0;
r=G;
d=-r;
Compute v=S*d by parallel (as in the parallel scheme)
s=d'*v;
alpha=(r'*d)/s
U2=U2+alpha*d
count=0;
while (count<maxit)
r=r-alpha*v
if norm(r)<tol
break;
end
B=(r'*v)/s;
d=-r+B*d ;
Compute v=S*d by parallel (as in the parallel scheme)
s=d'*v
alpha=(r'*d)/s ;
U2=U2+alpha*d;
count=count+1;

Figure 3. Algorithm to solve the equation Sx =G by
conjugate gradient method.

% X X Loyeey LeTeey
0 Ht HH—HH—HH—HH— —HH H1
Xt Xorez X343
\—v_/
1 3 5 T 2p-1
2 4 2p-2
Figure 4. Q is divided into p non-overlapping
subdomains.

unknown qualities can be calculated simultane-
ously in parallel. For instance,

o Q) =X,Xy,., X,

* Q) =Xy,

® Q= X0, X300 Xoh4 5
° 2p-1 = Xp-Dk+ o X pka(p-1) -

The general form of a linear algebraic problem
(for general p>2) defined on the domain Q can
also be rewritten in terms of (1.8), where the matrix
A in the whole domain Q is presented as:

K, K12 0 0
K, » 0 0
0 K, 4
4=| 0 . (217
0
(2p 2X2p-2) K(z,,,zy(zp,U
| 0 0 Qp-1N2p-2) @p-12p-1) J

where K, are defined as following:

* Kiiiyaion € R are given by:
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2 -1 0 - 0
-1 2 -1 - 0
1 1
Koy =5 K== 0 -1 2 0f (2.18)
h h
0 0 0o - 2
kel
* Ky and Koinen €R )
01
1 1 0 51
K(Zi—l)(li)_FKB_h_z ) (2.19)
>_]<
1
1 110
Kiiyen =75Ks = 7 . (2.20)
»0‘
Ixk
* Kiioin and Koy eR™
1 1
K(2i)(2i—l):I_K4_h2[0 0 - —1]§
1 1 (2.21)
K(Zi)(2i+1)=h_2K6 h2[1 0 - 0]~

* Konon=2-

It can be noticed that since the subdomain Q,
is disconnected to each other (non-overlap), the
corresponding block matrices K is also discon-
nected to each other. This allows us to make an
easy parallelization.

The linear sparse system (1.8) is split into several
particular blocks:

KU+ KpU, = F, (2.22)
KUy + KU, + KyUs = B, (2.23)
KUy + K3Us + KUy = F, (2.24)
Koo pisiop-2Uspos + Ko piyopiUs s = F5 s (2.25)

Discrete solution is obtained in terms of:

U, = Kf]l\F] - K,U,),
Uypu = K(2/1 12p- 1)(F2/H 7K<2/H><“—'I’*2)U2P’2)’ (2.26)
Uy =K F =Ky Uy = KU,

for j=(2i+1),i=1,3,5..
Substitute this to the remain equations, we
finally get linear equations system:

SU=G, (2.27)

where S is defined as:

’—All AIZ 0 o 0
AZI AZZ A23 0
0 ) A
‘. o Ay } (2.28)
0 Apaipn Aoz
| 0 Avvirn A ]

where matrices A4, are given:

-1

- K@,\(ZH)K(ZM )(1;4;[(12;—1 ¥2i)?
-1

7K(2:)(lz+l)K(21+l)l21+1)K12i+1)(2/‘) ’

A4, = Kui)(zl;

(2.29)

-1
Aty = =Koy = Ko Keinnoim), (2.30)

-1
Ay = —Kaneioy = KaineinKeingi-2)- (2.31)
For i=1,2,..,p—1 one has
-1
G, =F; — Kooy Koineintaia (2.32)

-1
—KononnFais

and U =(U,,U,, - UZQP* ).

The problem of solvmg (2.27) is called the Schur
interface problem, and the assembly and solution
of sub-matrices in (2.26) can be performed paral-
lely by different processors. The parallel implemen-
tation of the Schur conjugate gradient method can
be presented in three steps:

1. Step 1: Calculate the matrix G by the parallel
scheme in Figure 5;

2. Step 2: Calculate Sx by parallel scheme as in
Figure 6;

3. Step 3: Solve the equation SU =G by the pre-
conditioned conjugate gradient method. The
similar procedure is applied to independent
subproblems. Figure 3 also shows the pseudoc-
ode to solve it numerically.

3 PARALLEL STD

3.1 Setting of the problem

In this section, base on the idea of dividing a large
system of equations into many small ones to solve
them efficiently, the parallel STD is also intro-
duced. This method allows parallelization MPI to
distribute the systems of equations to solve each
subproblem. In the world of parallel computing,
the MPI is the standard implementing program on
multiple processors. The MPI scheme consists of



The m" processor (m#0) F, -KK}F, ~KK;'F,

Send

[G(i)]= MPI _recv( i tag +i,comm ), i=1,p-1

Figure 5. Parallel scheme to calculate G.

8,d,+S,,d, <—— Send
S, ad S, d <—{send
Sy B+ 5,4+ S d,, < fend

[v(D)]= MPI _recv( i, tag +i, comm ) ——>

Figure 6. Parallel scheme to calculate Sx.

several libraries with a set of routines to send and
receive data messages (MPI_Send and MPI_Recv,
respectively). MPI can be configured to execute
one or several processes and run them in paral-
lel. In addition, it is possible to implement MPI
entirely within the Matlab environment, which is
handled by the following algorithm.

Similar to the previous section, let us also divide
domain Q into p non-overlapping subdomains as
in Figure 4. One notices that in this MPI imple-
mentation, each partition is assigned to one proc-
essor. The stiffness matrix A is rewritten as:

(4, 4, 0 0
Ay Ay, 0 0
0 Ay - 0 0
A= 2 R
0 oo A(mf‘l)('m—l) A(m—l)m
| 0 Am(m—l) Amm

where m =2 p —1. Each subdomain 93,95,...,92%1
consists of k points, and they does not have any cross
points as in previous section. Then, one has:

Q) = X1, X950, X
2= Xt s
Q3 = X105 Xpa3sm s Nogsl 5
Q1 T Xy X ple () -
This yields the linear algebraic equations

AU = B, which can be rewritten in block form as
follows:

A4,U, + 4,U,

AUy + 4y,U, + 455U, (3.2)

4 Uy,y+ A U

2p-12p-2) @p-nep-HY2p-1

where U = (Ul,U2,~ . ~,U2p_1) . Suppose that we have
comm = p , that means, it shares works for p proc-
essors. Computation of quantities in the system in

each subdomain can be done by parallel scheme in

if (processor==1)
i=2;
while (i<2*p-1)
B{i}=A{i,i-1}*y{i-1}+A{i, i}*y{i}+A{di, i+1}*y{i+1};
i=i+2;
end
MPI_Send(0,tag,comm,B);
[KQ] = MPI_Recv(0,tag,comm)
end
if (pr )&( 1)
i=2*processor-1;
B{i}=A{i,i-1}*y{i-1}+A{i,i}*y{i}+A{di,i+1}*y{i+1};
MPI_Send(0,tag,comm,B{i});
[B] = MPI_Recv(0,tag,comm )

end
if (processor==0)
B{1}=A{1,1}*y{1}+A{1,2}*y{2};
B{2p-1}=A{2*p-1,2*p-2}*y{2*p-2}+A{2*p-1,2*p-1}*y{2*p-1};
[B]=MPI_Recv(1l,tag,comm);
for i=2:2*%p-2
mod(i,2)==0
B{i}=B{i};
else
m=round((i+1)/2);
[B{i}]=MPI_Recv(m, tag, comm );

i

Figure 7. Parallel scheme to calculate AU.

Calculate B=A*x0 by parallel scheme.
r0=F-B;r=r0;x=x0;
count=0;
Compute d=<r,r> by parallel scheme.
Start solving iteration by STD algorithm:
while (d>tol"2)
if (count>maxit) break
end
compute v=A*r by parallel scheme.
compute tl=<v,r> by parallel scheme.
compute t2=<v,v> by parallel scheme.
alpha=tl1/t2;
x=x+alpha*r;
compute B=A*x by parallel scheme.
r=F-B;
d=<r,r> by parallel scheme.
count=count+l;

end

Figure 8. Parallel scheme to solve the problem.
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Figure 7. It also remarks that in parallel STD, all
communications were handled with MPI.

Once we get the values B{i}, the processor 0
will send to the others. And then, it is sufficient
to calculate p terms in linear system (1.8) on each
subdomain by parallel strategy.

3.2.  Solve the problem by STD algorithm

The parallel STD algorithm is then given in Fig-
ure 8 using the Matlab codes, where the parallel
algorithm to calculate the inner product d = (r,r)
is presented in Figure 9.

if (processor~=0)
m=processor;
t=r(m*k+1l:(m+1l)*k);
res=t.*t;
SUM=0;
for i=1l:k
SUM=SUM+res(i);
end
MPI_Send(0,tag+m,comm,SUM);
[d]=MPI_Recv(0,tag,comm)
else
t=r(l:k);
res=t.*t;
SUM=0;
for i=l:k
SUM=SUM+res(i);
end
d=SUM;
for i=l:p-
d =4+
end
for i=1l:p-1
MPI_Send(i,tag,comm,d);
end

1
MPI_Recv(i,tag+i,comm);

end

Figure 9. Parallel scheme to calculate d = ( r,r> .

4 NUMERICAL EXAMPLES

In this section, some numerical examples are pro-
vided in order to demonstrate a good performance
of the proposed method. It is also important that
such results are inherently valid for parallel com-
puting. We survey our recent research on the par-
allel solvers to one-dimensional problem (1.4). In
future the problem in higher dimensions could be
considered and we will focus on a generic paral-
lel implementation framework of thousands of
processors.

4.1 Example 1

Let us consider the function
u(x)=e " —4sin(%[x)+cos(%x]+2x, 4.1)

the analytical solution to the equation (1.4). Then,
the Schur interface by conjugate gradient algo-
rithm and the parallel STD scheme are applied
to get approximate solution to this problem. The
numerical results have been tested for the specified
error tolerance tol = 107 and the maxit = 10* the
number of iterations. The approximate solutions by
the Schur complement conjugate gradient method,
where the spatial domain of the problem is decom-
posed into p = 2, 3 subdomains. Otherwise, the
parallel STD scheme is also applied together with
p processors (p > 2). Some numerical results repre-
sented in Figure 10 demonstrate the effective use of
proposed Schur conjugate gradient method rather
than parallel STD algorithm. One can see that the
Schur conjugate gradient method gives good con-
vergent solution (is very closed to the exact solu-
tion) with both cases p =2 and p = 3 within two
first iterations, meanwhile the STD does not give
the convergence after maxit iterations.

(a) Forp =3 and k = 3.

(b) Forp=3and k = 3.

(c) For p =2 and k = 20.

Figure 10. Numerical solution to Example 1, for different cases of p and k. (a): By STD algorithm, (b) and (c): By
Schur conjugate gradient method. Red: the exact solution. Blue: The approximate solution.
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(b) STD algorithm.

Numerical solution to Example 2, for case p =4 and k = 3. (a) By Conjugate Gradient method, (b) By STD

algorithm. Red: the exact solution. Blue: The approximate solution.
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(a) Conjugate Gradient method.

(b) STD algorithm.

Figure 12. Numerical solution for case p = 3 and k = 30. (a) By conjugate gradient method, (b) By STD algorithm.

Red: the exact solution. Blue: The approximate solution.

4.2 Example 2

Let us consider the function:

u(x) = sin(gx)+ X2, 4.2)

is the exact solution to (1.4). The numerical results
have been implemented also for the tolerance tol =
10° and the iterations maxit = 200. The approxi-
mate solution by conjugate gradient method and
the parallel STD implementation can be represented
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in Figure 11. One remarks that in this case, four
processors have been used, that is, p = 4.

As in the Example 1, the numerical behaviour of
parallel Schur conjugate gradient gives convergent
solution in only two first iterations. Nevertheless,
in Figures 10 and 11, we give numerical evidence
that by the STD algorithm, the convergence is still
not achieved after maxit = 200 iterations. Let us
consider additional example, where the exact solu-
tion u(x)=3x"—5x%>+2x to (1.4), the numerical
simulation of both parallel schemes are also pre-
sented in Figure 12 to give a comparison.



5 CONCLUSION

In this study, we have presented the non-overlap-
ping Schur complement method, in which the lin-
ear system is calculated using parallel conjugate
gradient method. The basic idea is to split a large
system of equations into smaller systems that can
be solved independently in paralleled processors.
The parallel STD algorithm is also described to
give comparable results with the proposed method.
Some numerical experiments have been performed
to show a good parallel efficiency and convergence
of our method. At this point, it should be noted
that in our computational program, MPI librar-
ies can be called under Matlab environment. From
this result, one can recognize that this is a prom-
ising method that could be well adapted to solve
a large sparse matrix systems under the parallel
implementation. Furthermore, it can be seen that
the computational time is minimal and required
memory is optimal when subdomains are used. The
method also works well in more general settings of
problems in many applications. Nevertheless, a lot
of works are still open from this study. Some other
important topics in the field of domain decompo-
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sition method development and applications to
higher dimensional problems will be analyzed in
future research.

REFERENCES

Kocak, S., H.A. (2010). Parallel schur complement
method for large-scale systems on distributed memory
computers. Applied Mathematical Modelling 25(10),
873-886.

Mansfield, L. (1990). On the conjugate gradient solu-
tion of the Schur complement system obtained from
domain decomposition. SIAM journal os Numerical
Analysis 27(6), 1612-1620.

Meyer, A. (1990). A parallel preconditioned conjugate
gradient method using domain decomposition and
inexact solvers on each subdomain. Computing 45(3),
217-234.

Milyukova, O.Y. (2001). Parallel approximate factoriza-
tion method for solving discrete elliptic equations.
Parallel Computing 27(10), 1365-1379.

Smith, B., P. Bjorstad, W.G. (1996). Domain Decompo-
sition: Parallel Multilevel Methods for Elliptic Partial
Differential Equations. Cambridge: Cambridge Uni-
versity Press.



This page intentionally left blank



Statistics and applied statistics



This page intentionally left blank



Applied Mathematics in Engineering and Reliability — Bris, Sndsel, Khanh & Dao (Eds)
© 2016 Taylor & Francis Group, London, ISBN 978-1-138-02928-6

Determining results of the Phadiatop test using logistic regression and
contingency tables based on a patient’s anamnesis

P. Kuranova
VSB—Technical University of Ostrava, Ostrava, Czech Republic

ABSTRACT: This article models the Phadiatop test. This study was created with support from the
Clinic of Occupational and Preventive Medicine to try to avoid unnecessary and costly testing. This esti-
mation used statistical methods, specifically logistic regression to predict a patient into a particular group,
and contingency tables to verify other dependences between the patient’s other characteristics. Patients
were categorized only on the basis of their personal and family anamnesis, age and sex. Patients were put
into the correct group (healthy or sick) with 64% probability. Also a testing based on age groups of the
patients was done using this database. The presence of the positive Phadiatop test was the most common
for people born between 1972 and 1981, where the genetic predispositions for a positive Phadiatop test
results are about 55%.

1 INTRODUCTION In this paper we discuss the logistic regression
approaches for obtaining the results of Phadiatop

The knowledge of the results of the Phadiatop test  test based only on family, personal anamnesis and
is very important especially for diagnosis of aller-  other characteristics. Besides, it also examines the
gic dermatitis and also for the professional medical ~— mutual relationship between a positive Phadiatop
care for travellers (Hajdukova et al. 2005, 2009, Wil-  test result, sex and age of the patient. In this paper
liamas et al. 2001). The Phadiatop test is used asa  we deal with the prediction of each patient into one
measure of atopy. The atopy rate of inhabitants of  of two groups of the Phadiatop test based logis-
the Czech Republic is increasing. Atopy could be  tic regression (Kuranova & Hajdukova 2013, Bris
understood as a personal or family predisposition et al. 2015). Next, we describe the connections of
to become, mostly in childhood or adolescence, genetic predispositions for the atopy according to
hyper-sensible to normal exposure of allergens, the age group of inhabitants. Database of patients
usually proteins. These individuals are more sensi-  comes from 2010-2012.
tive to typical symptoms of asthma, eczema, etc.

According to disease severity, results of the
Phadiatop test are divided into the six following > THE USED OF METHODS
groups: Groups 0 and I indicate none or weak form
of atopy and the remaining groups (IL, IIL, IV, V, 54
and VL) indicate increasing severe forms of atopic o ) o
symptoms. Unfortunately, the Phadiatop test is The logistic regression was not originally cre-
expensive, so we try to predict the results of the test ~ ated for the purpose of discrimination, but it can
on the basis of a detailed family and personalanam-  be successfully applied for this kind of analysis
nesis (Wiithrich et al. 1995, 1996, Sigurs 2010). (Hosmer, & Lemeshow 2004, Menard 2009, Miner

Information obtained from personal and family ~ 2009). A logistic regression model, which is modi-
anamneses of each patient were used for detecting ~ fied for the purpose of discrimination, is defined as
the presence of asthma, allergic rhinitis, eczema follows. Let Y, ..., Y, is a sequence of independent
or other forms of allergy (contact allergy, food, random variables wi.th alternative distributions,
etc.). Family and personal anamnesis of each  Whose parameters satisfy:
patient were evaluated by medical expert. Further-

Logistic regression as a toll for discrimitation

more, other characteristics were available for each ePotPx
patient: age and sex. Then, we created and verified P (Yi = 1|X i xi)= “BeiBx L1’
a mathematical model for the accurate classifi- ¢ 1 +1 (1)
cation of patients into one of two groups of the P(Y,- = 0|X ; =xl-)=m,
e

Phadiatop test.
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fori=1, ..., nwhere f'=(p, ..., B, ), is unknown
p-dimensional parameter and X, ..., X, are (p+1) -
dimensional random vectors (3, ..., ,). This model
can be called a learning phase, in which both values
X, and Y; are known for each object (i.e. it is known
to which group each object belongs to). Based on
this knowledge, we try to predict parameters 3,...,3,
and thus we try to estimate function 7(x), where

eﬂo‘*’ﬁrx

r(x)=P¥ =1|x :x):m.

)

Another object for which the classification is
unknown is assigned to one of two groups accord-
ing to the value of decision function ﬁ(x).

The object will be included in the first group if
7(x)>0.5. Otherwise, the object will be included
in the second group. The main advantage of this
model is that it does not require conditions for dis-
tributions of random vectors X, ..., X,. However,
the model assumes a very specific form of prob-
ability P(Y:1|X:x) and we should verify the
significance of the relationship

eﬂo‘*’ﬁrx

r(x)=P¥ =1|x :x):m

©)

2.2 Variable dependence analysis in a contingency
table for 3 variables

Independence of two dichotomous variables con-
tingent on another categorical variable can be
tested by using Cohran or Mantel-Haenszel statis-
tics. In the case of Cohran statistics, we used the
formula

b3

I 2
1 T 2 mm)

2
21:,"111
where L represents the number of categories of a
variable, the total number of subjects included in
the /th table (/=1,2, ..., L) as n,, joint frequency as
n,;, row marginal frequency as n,, and column mar-
ginal frequency as 7, If a null hypothesis about
the dichotomous variable independence is true, the
expected frequency (average frequency) in the cell

in the /th table, ith row and jth column is given by
the relation

Oc 4)

E)

Ny Ny, -
li+ l+]. (5)

my; =
ij ",

And the variance of this frequency by the
relation
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_ Ny My Ny Myp 0
A T

(6)

3
n

To determine the rate of association, it is pos-
sible to use Mantel-Haenszel common odds ratio
estimate for L fourfold tables, which is given by the
relation

L1yl

s

LMyl

ZI:I

(N

Yun =

n

This rate takes the value 1 in case of independ-
ence; the independence testing is based on the
natural logarithm of the calculated value (Agresti
2003, Simonoft, 2003).

3 OBTAINED RESULTS

Our database comes from the University Hospital
of Ostrava, the Department of Work and preven-
tive medicine. The database includes a total of 1,132
records of patients who underwent the Phadiatop
test examination. For the purposes of our compar-
ison, we consider only the patients in the control
group, who filled the records completely (personal
anamnesis, family anamnesis, gender and year of
birth). The control group is a group of patients
who were on preventive examinations without pre-
viously known diseases or travellers. The number
of complete records is 274.

The database contained these pieces of infor-
mation about individual patients: the Phadiatop
test result Group 0 have Phadiatop test 0 or I (no
visible symptoms), so no treatment was necessary.
The remaining patients with Phadiatop test [I-VI
are members of Group 1. Medical treatment is nec-
essary for these patients.

Logistic regression does not have any require-
ments for the data arrangement, but we need a spe-
cific format of the data for the logistic regression.
For this particular case we have one dependent vari-
able Y, Phadiatop (Ph), which depends on two inde-
pendent variables of Personal Anamnesis (PA) and
Family Anamnesis (FA). Variable Y can be 0 or 1,
according to the membership of a patient to Group
0 or Group 1, respectively. The illnesses which,
according to doctors, influence the Phadiatop test
result the most were established as independent var-
iables. These are asthma, allergic rhinitis, eczema
and others. The category “Others” represents the
score of various kinds of allergies (food allergies,
etc). Each patient’s family and personal anamnesis
was examined for all these illnesses.



For testing purposes, we define a depend-
ent variable Phadiatop test result and a total of
10 independent variables (4 variables of personal
anamnesis, 4 for family anamnesis, year of birth
and gender). An example of database is shown in
Table 1.

3.1 Results obtained by Logistic regression

For testing using logistic regression, we thought
of all 10 independent variables and one depend-
ent variable Phadiatop test, coded as 0 for healthy
patients (test result 0 and I) and 1 for patients with
a disease (the result of testing II to VI). Results of
statistical significance of the individual independ-
ent variables are given in Table 2.

On the basis of Wald’s test and test of statistical
significance, we see that a statistically significant
variable in this case appears only PA_allerdic rhi-
tis, PA_ekzema and PA_Asthma. Other variables

Table 1. Evaluation and verification of the independent

variables for Logistic regression.

Number of

patient 5 16 35 40 41

Sex m m m m w

Year of birth 1973 1970 1974 1986 1991

PA_asthma 0 1 1 0 0

PA_allergic 1 1 0 0 0
rhinitis

PA_eczema 1 0 0 0 0

PA_others 0 0 0 1 0

FA_asthma 0 1 0 0 0

FA_allergic 1 0 0 0 0
rhinitis

FA_eczema 1 0 0 0 0

FA_others 1 0 0 1 0

Table 2. Evaluation and verification of the independent
variables for Logistic regression.

Independent

variables Estimate ~ Wald’s  Significant
PA_asthma 0.428 2480  0.115
PA_allergic rhinitis 1.111 15.780  0.000
PA_eczema 0.993 8.774  0.003
PA_others 0.422 2.338  0.126
FA_asthma 0.351 1.373  0.241
FA_allergic rhinitis  —0.208 0.398 0.528
FA_eczema —0.411 1429  0.232
FA_others 0.070 0.043  0.836
Sex 0.006 0.000  0.984
Year of birth —-0.002 0.018  0.895
Constant 1.651 0.005  0.943
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are statistically insignificant and could be excluded
from the model.

The predictive qualities of the logistic model
are shown in Table 3. Here, it is obvious that the
model predicts better into group 0, thus, a group of

Table 3. Classification table using by Logistic regression.

Predicted value

Observed
value

Percentage

Phadiatop 0  Phadiatop 1  correct

Phadiatop 0 136 31 81.4
Phadiatop 1 68 39 36.4
63.9

Bar Chart

Year of birth
C<=1951,0
N1952,0- 1961,0
E1962,0- 19710
M 1972,0- 1981,0
741982,0+

607

50

40

Count

30+

20

Phadiatop 0 - negative Phadiatop 1 - positive

Phadiatop

Figure 1. Depiction of age groups contingent on the
Phadiatop test result.

Bar Chart

Sex

Nwomen
men

1204

Count

Phadiatop O - negative Phadiatop 1 - positive

Phadiatop

Figure 2. Depiction of patients’ sex contingent on the
Phadiatop test result.



healthy patients. The total value of the prediction
model is 63.9%.

3.2 Indepth evaluation of the Phadiatop test
dependence on the sex and age variables

Based on the previous testing where several vari-
ables proved to be statistically insignificant, it
seems necessary to analyse the sex and age vari-

Table 4. Phadiatop test results by sex and year of birth
of the patients.

ables separately. The variables regarding a patient’s
anamneses are Personal Anamneses (PA) and
Family Anamneses (FA). The other variables,
Age and Sex, are variables which are not related
to a patient’s anamnesis; therefore, their further
analysis in relation to the Phadiatop test result is
important.

The age of the patients ranges from 17 to 69
years of age (year of birth 1943-1995). For the
purpose of a clearer analysis, we will divide the
age variable into 4 groups. The representation
of patients in each of the groups by sex and age

Phadiatop is stated in Figures 1 and 2. We are examining
e dependence for groups of patients who differ in
Year of birth Negative Positive Total — age. Table 4 contains the overall summary of the
patients in the groups. Based on the stated data,
<= 1951 Sex  Woman 3 4 7 we can see that the number of patients is larger in
Man > > 10 some groups than in others.
Total 8 9 17 Based on the data stated in Table 4, we can see
1952-1961 ~ Sex Woman 9 6 15 that the most examined patients were born in the
Man 24 11 35 years 1972 to 1981, 87 in total. Next is the group
Total 33 17 50 of patients born between the years 1962 and 1971,
the total of 70 patients who underwent the exami-
1962-1971  Sex Woman 18 1 29 nation. The most patients with a positive Phadi-
Man 26 15 41 atop test result are in the age group 1972-1981, 33
Total 44 26 70 patients in total, of which 26 are men.
1972-1981  Sex Woman 18 7 25
Man 36 26 62 3.3 Resulting obtained by testing
Total 54 33 87 contingency tables
1982 + Sex  Woman 9 8 17 Based on the results stated in Table 4, we can com-
Man 19 14 33 pare three groups of results based on the Pearson
Total 28 22 50
Table 5. Results of the Chi-Square Test by patient year of birth groups.
Year of birth Value df Asymp. Sig. (2-sided)
<= 1951 Pearson Chi-Square 0.084 1 0.772
Continuity Correction 0.000 1 1.000
Likelihood Ratio 0.084 1 0.771
N of Valid Cases 17
1952-1961 Pearson Chi-Square 0.344 1 0.558
Continuity Correction 0.068 1 0.794
Likelihood Ratio 0.339 1 0.560
N of Valid Cases 50
1962-1971 Pearson Chi-Square 0.013 1 0.909
Continuity Correction 0.000 1 1.000
Likelihood Ratio 0.013 1 0.909
N of Valid Cases 70
1972-1981 Pearson Chi-Square 1.470 1 0.225
Continuity Correction 0.937 1 0.333
Likelihood Ratio 1.510 1 0.219
N of Valid Cases 87
1982 + Pearson Chi-Square 0.098 1 0.754
Continuity Correction 0.000 1 0.990
Likelihood Ratio 0.098 1 0.755
N of Valid Cases 50
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Table 6. Conditional dependence tests.

Asymp. Sig.
Chi-Squared  df (2-sided)
Cochran’s 0.020 1 0.886
Mantel-Haenszel ~ 0.000 1 0.992

Chi-Square statistics, Table 5. If we are examining
dependence for groups of patients by their year of
birth, we can see from the stated values that in any
of the groups we do not reject the null hypothesis
on independence of the Phadiatop test result on
sex at a 5% level of significance.

To determine a more accurate result of the
Phadiatop test testing contingent on a patient’s sex,
depending on whether we consider a patient’s age
as well, we will perform a conditional dependence
test by means of Cohran and Mantel-Haenszel sta-
tistics, Table 6.

Based on the performed tests, we do not reject
the null hypothesis on independence of the Phadi-
atop result on sex at a 5% level of significance.

According to the above stated calculated sta-
tistics it was verified that a patient’s sex and age
have no influence on the Phadiatop test result. The
illnesses influencing the Phadiatop test result are
Asthma, Allergic rhinitis and Eczema in a patient’s
personal anamnesis.

4 THE PHADIATOP TEST RESULTS
EVALUATION BASED ON THE AGE
AND GENETICAL PREDISPOSITIONS

Based on the above stated information about a
patient’s age and categorization of patients into
age groups, we will perform the search for genetic
predispositions to a positive Phadiatop test. The
positive (IT to VI) and the negative (0 and I) Phadi-
atop test results are stated.

Based on the mentioned age groups and the
positive and negative Phadiatop tests division
it is clear that a proportional representation of
the diseased patients is more or less equal. The
only group that differs and has the most positive
patients is the age group born 1981-1972, thus,
the young patients. According to the available
information, the genetic predisposition for atopy
(positive Phadiatop test II to VI) should be about
30% for the inhabitants of the Czech Republic.
For this analysis, a patient with genetic predispo-
sitions was that one who filled in the statistically
significant positive diseases of the Phadiatop test
results into his family anamnesis. Thus, a patient
with genetic predispositions included into his/her
family anamnesis:
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Table 7. Age proportional representation of the inhab-
itants based on the Phadiatop test.

Phadiatop Predisposition

For Ratio
Year of I to the of the
birth 0+1 VI  Genetic positive positive
To 1982 28 2226 11 0.21
1981to 1972 54 33 45 18 0.31
1962t0 1971 44 26 27 11 0.24
1952 to 1961 33 17 23 9 0.16
Before 1952 8 9 9 4 0.08
Sum 167 107 130 53 1

— Positive asthma or allergic rhinitis and other
records then did not need to be taken into
account

— Positive eczema and other diseases at once, if the
asthma and rhinitis were negative.

Based on Table 7, it is obvious that the most
patients with a genetic predisposition are from the
age group born between 1981 and 1972, 45 patients
out of the total of 130 patients who were found to
have a genetic predisposition to a positive result of
the Phadiatop test, Table 7 (the column “Predis-
position—Genetic”). The proportional representa-
tion of the patients with genetic predisposition is
(130/274 = 0.47).

This proves the division of the data file, where
there are 107 positive patients out of 274, about
39%. Based on the family predispositions, 47% of
all patients should be in the positive Phadiatop
test group. Nevertheless, there are (53/107 = 0.49)
genetically predisposed patients with the positive
Phadiatop test (107 records).

5 CONCLUSION

Knowledge of the Phadiatop test is very signifi-
cant, for both patient examination in offices of
occupational and preventive medicine and for cor-
rect patient care (e.g. Travellers). Unfortunately
performing the Phadiatop test is expensive; there-
fore, there is an effort to model its result as accu-
rately as possible using characteristics that are easy
to discover, such as a patient’s personal and family
anamnesis, and also e.g. age, sex etc.

The tested database came from the years 2010—
2012 form the University Hospital of Ostrava;
there were 274 patient entries available for the so
called control group of patients, i.e. patients who
have no specific illness, and the test is performed
preventively (e.g. Travellers etc.). The testing used
logistic regression; on the basis of the performed



tests, the characteristics influencing the Phadiatop
test result were identified to be Asthma, Allergic
rhinitis and Eczema in a patient’s personal anam-
nesis. Family anamnesis proved to be statistically
insignificant. Characteristics which are not related
to any illnesses, in our case a patient’s age and sex,
were tested separately by means of contingency
tables. Even here, it was confirmed that these
characteristics do not influence the Phadiatop
test result in any way. A model constructed on the
basis of logistic regression categorizes a patient
into the correct group (healthy or sick) with
63.9% reliability. This means that every fourth or
third patient is classified incorrectly. The model
works better for patients who belong to Group 0,
healthy patients, where the model predicts with
81% reliability.

Another interesting result is for testing for
genetic predispositions to a positive Phadiatop
test. The group which was the most predisposed to
a positive Phadiatop test was the one for the year
of birth from 1981 to 1972; here 31% of patients
have a positive test result. In contrast, patients
born before 1961 have a lower genetic predisposi-
tion. Our conclusion proves the presumption that
about 30% of population has the genetic predis-
position for the positive Phadiatop test. Based on
our calculation, the proportional representation is
about 47%.
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ABSTRACT: Distortion risk measure is a very effective tool for quantifying losses in finance and insur-
ance while copulas play an important role in modeling dependence structure of random vectors. In this
paper, we propose a new method to estimate distortion risk measures and use copulas to find the distribu-
tion of a linear combination of two dependent continuous random variables. As a result, partial risks as
well as aggregate risk are definitely estimated via distortion risk measure using copulas approach.

1 INTRODUCTION

Suppose that we have a portfolio Y consisting of
two assets X, and X, as follows:

Y=wX, +wX,, (1)
where, w, denotes the weight of asset 7,i =12 .

Let F ,Fy. and F, be distribution functions of
X, X, and Y, respectlvely, where X, and X, are
not independent. Here, our goal is to calculate the
risk of the portfolio Y under distortion risk meas-
ure, see Wang (2000), given by

RV]=[" e (Fr (v [ [e(Fy () -1y,
2

where, g is a distortion function and
Fy(»)=1-F, () is a survival function of Y.

The risk measure R, is formed using Choquet
integral, see Wang (2000). In some cases, ¥ denotes
non-negative loss, then the distortion risk measure
only has the first part in (2). As we can see, the
important thing is that we have to derive the dis-
tribution of Y.

Recall that if ¥ =X, + X, and X, X, are inde-
pendent, then it is well-known that the solution
can be solved through convolution product of two
density functions fX] and sz , given by
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L=y * Lo, 0= [ f (O fy, (y=x)dx. (3)

In Cherubini et al. (2011), the authors consider
the case X, and X, are not independent. In their
approach, copula is used to define a C-convolution
given by

¢
Fy oy, ()= Fy % Fy, ()

OaiC(u Fy, (y—Fi%u)))du,

4

where, C is a copula capturing dependence struc-
ture of X, and X,.

In this article, we consider a more general case in
the sense that using copula to find the distribution
of the porfolio Y as a combination of two continu-
ous variables. After that, we will conduct an estima-
tion for the risk of Y using distortion risk measure.

The paper is organized as follows. The intro-
duction is presented in section 1. The preliminar-
ies about distortion risk measures and copulas are
briefly recalled in section 2 and section 3. After
that, in section 4, we propose a new formula for
estimating the risk. In section 5, a copula-based
method for finding the distribution of a linear
combination of random variables is established.
Next, we show the applications in section 6 and the
conclusions are stated in the last section.



2 DISTORTION RISK MEASURE

Suppose Y is a non-negative loss random variable
with distribution function F,. Then, it is well-
known that the expectation of Y can be written in
the form:

E()=[7 (1= (1)

However, the expectation is not used as a risk
measure. Instead of using this quantity, ones pre-
fer to transform it with a function g leading to dis-
tortion risk measure defined as

R[Y]= [ g(t-F (7))dr, 5)

where g:[0;1]—[0;1], such that g(0)=0,g(1)=1
and g is a non-decreasing function. Such, g is called
distortion function.

A number of risks measures found in finance
and insurance literature are special cases of the
distortion risk measure, see Sereda et al. (2010).

e ae(0;1).

i VaR: g, (u —1{ r s0

i ES (TVaR): g, {uf2 mmf a’e 01

iii. Proportional hazard transform gz {u) —u
for some 5> 1.

iv. Wang’s  transform: g (u)= <I>((D_ (u)+;/).
where, ® is a standard normal distribu-
tion functlon and y is often chosed by
y=dNa),0<a<l.

For more class of distortion functions, one can
see in Wang (1996).

3 COPULAS AND MEASURES
OF DEPENDENCE

Let I=[0;1] be the closed unit interval and
=[0;1]1x[0;1] be the closed unit square.

Definition 1. (Copula) A 2- copula (two dimensional
copula) is a function C: I* =1 satisfying the
conditions:

i. C(u,0)=C(»,0)=0, forany u,ve l.

it. C{u,1)=u and C(,v)=v, forany u,ve I.

ill. For any u,uy,v,v, € I such that u <u, and
<y,

Cluy,vy) = Cluy,v) = Cluy,vy) + Cluy, v ) 2 0.

The most important role in copula theory is
from Sklar’s theorem (1959). In fact, let X, and
X, be random variables with continuous marginal
dlstrlbutlon functions Fy and Fy , respectively,
and a joint distribution function H, then by Sklar’s

theorem, see Nelsen (2006), there exists a unique
copula C such that

H(Xl-xz):C(FX, (x), Fy, (xz))- (6)

This copula C captures the dependent structure
of X, and X, In particular, X, and X, are inde-
pendent if and only if C(u,v)={(u,v)=uv; While
X, and X, are comonotonic (i.e. X, =f(X))
a.s., where f is strictly increasing) if and only
if C(u,v)y=M(u,v)=min(u,v) and X, and X,
are countermonotonic (i.e. X,=f(X,) a.s,
where f is strictly decreasing) if and only 1f
C{u,v) =W (u,v) =max(u+v-10).

Note (see Nelsen (2006)): for any copula C and
for any (u,v)e 1%, we have the bound property for
copula:

W{u,v) < C(u,v) < M{u,v). 7

Since a copula can model the dependence struc-
ture of random variables, one can construct meas-
ures of dependence using copulas with suitable
metrics. In fact, some well-known measures can be

written in terms of copula, see Nelsen (2006).
The Kendall’s (X, X,), or #C) is

-1

aC)=4f L C(u,v)dC (u,v) (8)
The Spearman’s o(X7,X,) , or p(C) is

Ac)=12 Jf Jf C(u,v)dudy — )

The upper and lower tail dependence are

1-C(t,t
/ZU(C): lim 7\), (10)
-1 1-¢
Ct,t
/’iL(C)= lim ( ) (11)
t—0* t

In Tran et al. (2015), we also proposed a new
non-parametric measure of dependence for two
continuous random variables X, and X, with cop-
ula C, is defined by

AC)=ICIE =2IIC- M, (12)

where, ||C|lg denotes a modified Sobolev norm
for copula C, given by

5 5 12
||C||s_[_”.12{aca(u’v)+aca(vu’v)]duva a3

u
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The measure A(C) could be used as a measure
of monotone dependence because it attains its
extreme values of 1 (or —1) if and only if X' and YV
are monotonic (or countermonotonic).

4 ESTIMATION OF DISTORTION
RISK MEASURE

In this section, we are going to establish an expres-
sion for approximate distortion risk measure given
by (5). Notice that we only consider Y as a non-
negative loss variable. It is because for Y < 0, we
can definitely plus a constant number m (large
enough) such that Y+m=Y" >0 Then, the dis-
tortion risk measure R,[Y]= [Y] m.

Back then, to deal w1th an 1ntegra1 over infinite
intervals, we firstly change variable to get a finite
interval. In particular, one can take y == and the
risk R,[Y] becomes

RIY]= jol g(l _F, (é]) ﬁdr

Let Kk(t)= g(l Fy(ll))(l—ll)z

the composite trapezoidal rule,

approximation:
k{(0) k(1) = (i
l L + Q + 2 k i K
2 2 3 \n

n

and

apply

we have an

R,[Y]= j; k{t)dt =

It is straightforward to check that
k{0)=g(1)=1,
t 1
k —1 g(l F( J]—=0,
W=tim e =5 =) Jozop

"(%J:g(l‘”(ﬁ))(ni)z'

Therefore, we obtain a formula for approximate
the risk R,[Y] as follow:

1 i n

5 DISTRIBUTIONS OF A SUM OF TWO
DEPENDENCE RANDOM VARIABLES
USING COPULAS

(14)

We now turn to the main theorem deriving dis-
tribution of a sum of random variables using
copulas.
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Theorem 1. Suppose that (X,,X,) be a continuous
random vector having the marginal distributions F,
and F,, respectively, and they are not independent.
Let C be an absolutely continuous copula modeling
dependence structure of a random vector (X;,X,)
and define Y as
Y =wX{ +wX,, (15)
where, w;,w, € R\ {0} .

Then, the density and distribution function of Y
are defined as follows:

—w E!
()= |j {u Fz(%}]
fz(y_WIFI (M)] du,
W,

19 — i F!
2

(17

where, ¢ denotes the density of copula C and sgn (x)
is a sign function of x,

(16)

I, if x>0,

sgn(x) = {—1 it x<0

Proof. Firstly, we set up

{Yl =w X, +w, X, (18)

Y,=X,.
Let F and f be the joint distribution and join

density of (X,,X,). Then, due to Sklar’s theorem
(1959), there exists a unique copula C such that
F(x1,%,) = C(R{x), B {x,)). (19

Or it may write in term of joint density func-
tion as

f[xlsx2):c(Fi[x1)7F2 X ,fl(xl)fz\xz)’ (20)

where, ¢ denotes density of copula C given by

azC(ul,uz).

21
o, @l

clu,uy) =

From (18), the inverse transform is



X, =Y,
Y, —wY,

W,

X, =

The Jacobian of the transform is

JdX, 0X,;
= o |0 1
Y, dY, 1

J= =1 w |=——=0.
X, dJX, - W,
oY, oy, '° .

Then, substituting into (20), we get the joint
density of (Y;,Y,) denoted by 4 as follows:

h(yl,y:)=f(yz,mJ|J|
W,

1 o| Bn).F, =W,
\ 2\ W,

fl(]/")fz(yl _WIyZJ'

W,y

(22)

Therefore, one can derive the density of Y, in
the following:

Sr )= [ (v, dv,
S [Fl(yola[&]] (23)
\w\ Wy

A (yz)fz (M]db

Wy

_ L M- WlFlil(”) 24
= |w2| .[0 L[U,Fz [—Wz (24)

p[pmmi),
Wy

Next, the computation of ¥/s distribution is

straightforward:
_ ij‘c Wi E ()
== lyp,| 40 2 w
w,| 2

—wF (u
/‘2()/] 141 ( ) dudyl

w2

N —""IFfI (u)
L ol

W,y

=[" frlndn

(25)

|\12

—wE
fz(yl Wity ( ) dyldu.

W,

o —wi F
By taking v= Fz(}‘:t%ﬁ()), the formula (25)
becomes as shown: :

(/ Wi (u)
1) 2
B 0=520],
= ) ]
F
Wy b1 B—s
MJ. .L, 9C (1,v) dveu

=sgn (1¢’2)J0 £+ ( u, F, (M)) dit.

The proof is completed.

Remark: Due to the fact that they are exchange-
able, it is totally possible to obtain other formulas
as (16) and (17), given by

-1
fy<y)=ijlc(Fl yowh 0,
|wy| 70 L W

ﬁ[y - WzFf1 (v) ]dv,
Wy

Fy(y)=sgn(w1)j;%C[E[y

=2 ) Wl ) v |dv
)/Vl b ki

] u v) dvdu

(26)

(27)
Let us consider a special case, w; =w, =1. Then,
from (23), we obtain an expression
P
fx(%):j_mC(Fl(J’:):Fz(J’l_yz)) (28)

A2 ) ol = 2a)dy,.

This formula can be seen as a general convolu-
tion product (called C-convolution) of two depend-
ent density functions. In fact, when X, and X, are
independent, their copula is C{(u,v)=uv . Thus,
its copula density is ¢(u,v)=1. Again, we get the
usual convolution product

S 00 =" fa) Al =) dys. (29)

6 APPLICATIONS

Let us consider the portfolio consisting of two
assets as follows:
Y =w X +wy X5, (30)
where, X, presents return of Exxon Mobil’s stock;

X, presents return of JP Morgan’s stock and Y
denotes return of the portfolio.
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The data are selected from New York Stock
Exchange during the year 2013 and 2014. Assume
that the portfolio investment would start in 2014.
To build an optimal portfolio, one can use Markow-
itz rule for two assets by computing the weights w,
and w, as follows:

E(X1)0§*E(X2)0'12
E(X\)a3+E(X,)ot [ E(X\)+ E(X,)] a3,
Wy =1-w,,

w =

(1)

where, 07,05 are the variances of X, and X,,
respectively, and their covariance is oj, . Here, the
weights are calculated without risk free.

Using the data 2013, we obtain sample means
and variances given by ¥, = 0.0006,%, = 0.012,07 =
02 =0.0001 and 07, =4.754297%10 . Thus, the
optimal weights are determined by

w; = 3%, and w, =97%,.

First of all, the descriptive summary of the port-
folio is shown in Figure 1 and Table 1:

The important thing is that one has to make
a sketch of an association between the return X,
and X, and this can be done by using scatter plot
as shown in Figure 2. Clearly, they are not inde-
pendent (the Pearson’s correlation coefficient
r(X, X, =0.44). In addition, one can find out that
although the weight for Exxon Mobil’s return is
very small, w; =0.03, it has a quite large effect on
the portfolio values, r(X},Y)=0.48 . Also, X, and
Y have a perfect linear dependence, r(X,,Y)=1.

Next step, we will construct a joint distribution
as well as a copula C modeling the dependence
structure of X, and X,. Firstly, marginal distribu-
tions are estimated by using maximum likelihood
estimation method (MLE). As a result, F, F, and

Porfollo Performace

Cumulative Return

Daily Ret

Drawdows
015 010 0.

Gn02  Fb0s  Ma&03 A0l MmOl km02 MO AmOl SO OOl Nev3  DecOl  Dec3i

Figure 1. The Portfolio Performance.

Table 1. Descriptive statistics for the portfolio Y.
Statistics Exxon JP Portfolio
Observations 260.00 260.00 260.00
Minimum -0.0417 -0.0424 —0.0406
Quartile 1 -0.0056 -0.0047 —-0.0049
Median -0.0002 0.0005 0.0006
Arithmetic Mean  —0.0003 0.0003 0.0003
Geometric Mean  —0.0003 0.0003 0.0002
Quartile 3 0.0053 0.0069 0.0069
Maximum 0.0302 0.0352 0.0331
SE Mean 0.0006 0.0007 0.0007
LCL Mean (0.95) -0.0015 —-0.0010 —-0.0010
UCL Mean (0.95) 0.0010 0.0017 0.0016
Variance 0.0001 0.0001 0.0001
Stdev 0.0102 0.0111 0.0108
Skewness -0.4977 —-0.2753 -0.2819
Kurtosis 2.3042 1.3998 1.3119
-0.04 0.00 0.02
EXXON.MOBIL e
JP.MORGAN
N -:,,::: . Portfolio | &
70I04I If()lml 02)1 I D:]S fl]IlM I U:]O U:)Z I

Figure 2. The relationship among X;,X, and Y.

F, are approximated normal cumulative distribu-
tion functions (CDF), see Figures 3, 4, and 5.

To estimate a copula C of X, and X,, one can
use the copula package from R, see Yan et al.
(2007). As we can see in Table 2, Student copula
(with parameter p=10.46 and degree of freedom
r=9) could be the best fit for dependence struc-
ture of X, and X, due to the fact that the maxi-
mized log likelihood value is the highest among
the common copulas such as family of normal,
Student, Gumbel, Frank and Clayton, as shown in
Table 2. To verify this fact, we apply goodness-of-
fit test using Cramer-von Mises statistic and then
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Table 2. Results for estimating copula ¢ .

Copula  Param. Std. zvalue P-value Loglike
Normal 0.46 0.045 1026  2*10' 289
Student 0.46;9 0.053 8.68 2*%107  30.17
Gumbel 1.38 0.064 21.41 2#*10"' 2570
Frank  2.89 0.426 6.79 1.15* 107" 26.44
Clayton 0.70 0.094 7.39 1.45* 107 26.66
Table 3. Goodness-of-fit test for Student copula with
v=9.

Copula Statistic Parameter P-value
C 0.015919 0.45947 0.6658
Table 4. Measures of dependence for Student copula
C .

Copula Kendall’s 7 Spearman’s p Tail Index A(C)

C 0.3043 0.4432 0.0834 0.4377

present the result in Table 3. It is clear that P-value
is 0.6658 which is higher than the significant level
o, say a=1%. Hence, there is enough evidence to
conclude that the Student copula can be used to
model dependence structure of the two returns and
the degree of dependence is moderate, see Table 4.
Note: the tail indices 4, = 4.

Applying Sklar’s theorem, one can definitely
construct a join distribution for X, and X, as
follow:

H(Xl’xz)zC(ﬁl(xl)7ﬁ2(x2))’ (2)
where, 7, and g, approximate normal distribu-
tion as shown in Figure 3 and 4; C is a Student
copula with the parameter p=0.46 and v=9,
given by

Clu)= 1, (1} ()., ().

where, 7, is the cumulative distribution function
of a bivariate Student distribution, p is the correla-
tion coefficient and v is the degree of freedom.

In section 5, we have shown a new method to
establish distribution of the return portfolio Y
which is a linear combination of two dependent
asset returns X, and X,. In the above arguments,
the dependence structure has been determined by
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Student copula. Therefore, the density and distri-
bution of Y will come out naturally from (16) and
(17). The numerical results are plotted in Figure 6
and 7. Furthermore, the graphs seem to perform
an approximately normal distribution that is con-
sistent with the results using maximum likelihood
estimation method as in Figure 5.

Finally, we can apply the formula (14) with
several distortion functions to estimate risks
for the portfolio Y, as shown in Table 5. Note:
n=1000, =®'(0.05) and , = ®'(0.01).

Density of Y
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=
2 ] 1
73
o
E -
o 4
T T T T T
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Figure 6. Density of Y using C-convolution.
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®
o
z 3
z
©
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o |
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-0.04 -0.02 0.00 0.02 0.04
Return
Figure 7. Cumulative distribution of Y using

C-convolution.

Table 5. Risk Measures for X, X,,Y.

Risk Exxon Mobil JP Morgan Portfolio
VaR 5% -1.70% -1.79% —1.74%
VaR 1% -2.39% -2.53% —2.47%
ES 5% =2.12% -2.24% -2.19%
ES 1% =2.74% -2.91% —2.84%
Wang ¥ —1.66% —-1.88% -1.77%
Wang y, -2.25% —2.46% —2.48%

7 CONCLUSIONS

We have proposed a new method to estimate dis-
tortion risk measures and use copula-based pro-
cedure to approach the distribution of a portfolio
consisting of dependent assets. The latter is our
main focus since all the information of dependence
is used properly. For further research, we are going
to study the optimization problem of a general
portfolio using the copula’s approach as well as its
distributed behavior.
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ABSTRACT: The literature on statistical process control has focused on the Average Run Length
(ARL) to an alarm, as a performance criterion of sequential schemes. When the process is in control,
ARL, denotes the ARL to false alarm and represents the in-control operating characteristic of the proce-
dure. The average run length from the occurrence of a change to its detection, typically denoted by ARL,,
represents the out-of-control operating characteristic. These indices however do not tell the whole story.
The concept of Information Quality (InfoQ) is defined as the potential of a dataset to achieve a specific
(scientific or practical) goal using a given empirical analysis method. InfoQ is derived from the Utility (U)
of applying an analysis (f) to a data set (X) for a given purpose (g). Formally, the concept of Information
Quality (InfoQ) is defined as: InfoQ(f, X, g) = U(f(X | g)). These four components are deconstructed into
eight dimensions that help assess the information quality of empirical research in general. In this paper,
we suggest the use of Probability of False Alarm (PFA) and Conditional Expected Delay (CED) as an
alternative to ARL, and ARL, enhances the Information Quality (InfoQ) of statistical process control
methods. We then review statistical process control methods from a perspective of the eight InfoQ dimen-
sions. As an extension, we discuss the concept of a system for statistical process control.

1 INTRODUCTION formance indicators using an InfoQ perspective.
Section 2 is an introduction to InfoQ, Section 3, 4

Change point detection and process control sequen-  and 5 are about detection of change, false alarms

tial methods are designed to detect change. This  and detection delay. Section 6 is a detailed analysis

paper discusses how performance indicators such  of change detection using InfoQ, section 7 is pre-

as Conditional Expected Delay (CED) and Prob-  senting a system for statistical process control and

ability of False Alarm (PFA) enhances the informa-  section 8 presents a summary and discussion.

tion quality of statistical process control methods.

As an extension, a System for Statistical Process

Control (SSPC), in the context of a life cycle view 2 INFORMATION QUALITY

of statistics, is presented. A main point provided by

this approach is that ARL, and ARL, are not suf-  Information Quality (InfoQ) is the potential of a

ficiently informative and therefore not adequate for ~ dataset to achieve a specific (scientific or practi-

determining or comparing performance of alterna-  cal) goal using a given empirical analysis method

tive process control sequential methods. (Kenett and Shmueli, 2014, 2016). InfoQ is dif-
Kenett and Shmueli (2014, 2016) formulate the  ferent from data quality and data analysis quality,

concept of information quality (InfoQ). InfoQ is  but is dependent on these components and on the

derived from the Utility (U) of applying an anal-  relationship between them. InfoQ is derived from

ysis (f) to a data set (X) for a given purpose (g).  the utility of applying an analysis (f) to a data set

Eight dimensions help assess the level of InfoQ  (X) for a given purpose (g). Formally the concept

of a study. These are: Data Resolution, Data  of Information Quality (InfoQ) is defined as:

Structure, Data Integration, Temporal Relevance,

Generalizability, Chronology of Data and Goal, InfoQ(f, X, g)=U(f(X]g))

Operationalization, and Communication. These

eight dimensions represent a deconstruction of the InfoQ is therefore affected by the quality of

four InfoQ components: U, f, X and g. In this paper  its components g (“quality of goal definition”),

we review and discuss change point detection per- X (“data quality”), f (“analysis quality”), and U
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(“utility measure”) as well as by the relationships
between X, f, gand U. Expanding on the four InfoQ
components provides some additional insights.

Analysis Goal (g): Data analysis is used for var-
ious purposes. Three general classes of goals are
causal explanations, predictions, and descriptions.
Causal explanations include questions such as
“Which factors cause the outcome?”. Descriptive
goals include quantifying and testing for popula-
tion effects using data summaries, graphical visu-
alizations, statistical models, and statistical tests.
Prediction goals include forecasting future values
of a time series and predicting the output value of
new observations given a set of input variables.

Data (X): The term “data” includes any type
of data to which empirical analysis can be applied.
Data can arise from different collection tools such
as surveys, laboratory tests, field and computer
experiments, simulations, web searches, observa-
tional studies and more. “Data” can be univari-
ate or multivariate and of any size. It can contain
semantic, unstructured information in the form
of text or images with or without a dynamic time
dimension. Data is the foundation of any applica-
tion of empirical analysis.

Data Analysis Method (f): The term data analy-
sis refers to statistical analysis and data mining.
This includes statistical models and methods (par-
ametric, semi-parametric, non-parametric), data
mining algorithms, and machine learning tools.
Operations research methods, such as simplex
optimization, where problems are modelled and
parametrized, also fall into this category.

Utility (U): The extent to which the analysis
goal is achieved, as measured by some performance
measure or “utility”. For example, in studies with
a predictive goal, a popular performance measure
is predictive accuracy. In descriptive studies, com-
mon utility measures are goodness-of-fit measures.
In explanatory models, statistical power and good-
ness-of-fit measures are common utility measures.

Eight dimensions are used to deconstruct InfoQ
and thereby provide an approach for assessing it.
These are: Data Resolution, Data Structure, Data
Integration, Temporal Relevance, Chronology
of Data and Goal, Generalizability, Operation-
alization and Communication. We proceed with a
description of these dimensions.

i. Data Resolution: Data resolution refers to the
measurement scale and aggregation level of
X. The measurement scale of the data needs
to be carefully evaluated in terms of its suit-
ability to the goal, the analysis methods to be
used, and the required resolution of U. Given
the original recorded scale, the researcher
should evaluate its adequacy. It is usually easy
to produce a more aggregated scale (e.g., two
income categories instead of ten), but not a
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finer scale. Data might be recorded by mul-
tiple instruments or by multiple sources. To
choose among the multiple measurements,
supplemental information about the reliability
and precision of the measuring devices or data
sources is useful. A finer measurement scale
is often associated with more noise; hence the
choice of scale can affect the empirical analysis
directly. The data aggregation level must also
be evaluated in relation to the goal.

Data Structure: Data structure relates to the type
of data analysed and data characteristics such as
corrupted and missing values due to the study
design or data collection mechanism. Data types
include structured numerical data in different
forms (e.g., cross-sectional, time series, network
data) as well as unstructured, non-numerical
data (e.g., text, text with hyperlinks, audio, video,
and semantic data). The InfoQ level of a certain
data type depends on the goal at hand.

Data Integration: With the variety of data
sources and data types, there is often a need to
integrate multiple sources and/or types. Often,
the integration of multiple data types creates
new knowledge regarding the goal at hand,
thereby increasing InfoQ. For example, in online
auction research, the integration of temporal bid
sequences with cross-sectional auction and seller
information leads to more precise predictions of
final prices as well as to an ability to quantify the
effects of different factors on the price process.
Temporal Relevance: The process of deriving
knowledge from data can be put on a time line
that includes the data collection, data analysis, and
study deployment periods as well as the temporal
gaps between the data collection, the data analy-
sis, and the study deployment stages. These dif-
ferent durations and gaps can each affect InfoQ.
The data collection duration can increase or
decrease InfoQ, depending on the study goal, e.g.
studying longitudinal effects vs. a cross-sectional
goal. Similarly, if the collection period includes
uncontrollable transitions, this can be useful or
disruptive, depending on the study goal.
Chronology of Data and Goal: The choice of
variables to collect, the temporal relationship
between them, and their meaning in the con-
text of the goal at hand also affects InfoQ. For
example, in the context of online auctions,
classic auction theory dictates that the number
of bidders is an important driver of auction
price. Models based on this theory are useful
for explaining the effect of the number of bid-
ders on price. However, for the purpose of pre-
dicting the price of ongoing online auctions,
where the number of bidders is unknown
until the auction ends, the variable “number
of bidders”, even if available in the data, is
useless. Hence, the level of InfoQ contained



in “number of bidders” for models of auction
price depends on the goal at hand.

vi. Generalizability: The utility of f(X|g) is
dependent on the ability to generalize f to the
appropriate population. There are two types
of generalization, statistical and scientific
generalizability. ~ Statistical ~generalizability
refers to inferring from a sample to a target
population. Scientific generalizability refers
to applying a model based on a particular tar-
get population to other populations. This can
mean either generalizing an estimated popula-
tion pattern/model f to other populations, or
applying f estimated from one population to
predict individual observations in other popu-
lations using domain specific knowledge.

vii. Operationalization: Operationalization relates
to both construct operationalization and
action operationalization. Constructs are that
describe a phenomenon of theoretical inter-
est. Measurable data is an operationalization
of underlying constructs. The relationship
between the underlying construct and its
operationalization can vary, and its level rela-
tive to the goal is another important aspect of
InfoQ. The role of construct operationaliza-
tion dependents on the goal, and especially
on abstractions whether the goal is explana-
tory, predictive, or descriptive. In explanatory
models, based on underlying causal theories,
multiple operationalizations might be accept-
able for representing the construct of interest.
As long as the data is assumed to measure the
construct, the variable is considered adequate.
In contrast, in a predictive task, where the goal
is to create sufficiently accurate predictions of
a certain measurable variable, the choice of
operationalized variables is critical. Action
operationalization is characterizing the practi-
cal implications of the information provided.

viii. Communication: Effective communication of
the analysis and its utility directly impacts
InfoQ. There are plenty of examples where
miscommunication of valid results has led to
disasters, such as the NASA shuttle Challenger
disaster (Kenett and Thyregod, 2006). Commu-
nication media are visual, textual, and verbal in
the form of presentations and reports. Within
research environments, communication focuses
on written publications and conference presen-
tations. Research mentoring and the refereeing
process are aimed at improving communication
and InfoQ within the research community.

3 DETECTION OF CHANGE

Change happens and, invariably, its early detec-
tion is of importance. Usually we are not given

advance notice of the occurrence of change, and
detection must rely on observations made on the
system being monitored. Generally, post-change
observations differ stochastically from pre-change
ones, and a single observation or a finite set of
observations does not clearly differentiate the pre-
and post-change regimes. Consequently, a trigger-
happy detection scheme will give rise to many false
alarms, whereas a conservative procedure will be
too slow to react. For comparison between differ-
ent methods, operating characteristics of a detec-
tion scheme must be formulated.

As an example, consider the 4 run charts in
Figure 1. The series Y1-Y4 were generated with a
change point at the 10th observation using MIN-
ITAB® version 16.0. The data is a realization of a
normal distribution with mean p = 10 and stand-
ard deviation ¢ = 3, with shifts in the mean after
the 10th observation to 11.5, 13, 14.5 and 16
respectively.

Just as in other situations where statistical
methods are applied, the approach to change
point detection may be frequentist or Bayesian.
The problem has the flavour of testing hypotheses.
At each stage, one must decide whether a change
is in effect (and raise an alarm) or whether the
process is in control (and continue the monitor-
ing). The frequentist approach calls for separate
operating characteristics for the in-control and the
out-of-control situations. In the Bayesian context,
an operating characteristic combines the in- and
out-of-control scenarios by means of the prior
distribution on the change point, T. A partial list
of the vast literature on these topics includes Page
(1954), Shiryaev (1963), Lorden (1971), Lucas
(1976), Zacks (1981), Kenett and Pollak (1983,
2012), Pollak (1985), Yashchin (1985), Zacks and
Kenett (1994), Kenett and Pollak (1996), Woodall
and Montgomery (1999), Frisén (2003) and Box
and Luceno (2006).

Runchartsof Y1,Y2, Y3, Y4
2I 4 5‘ BIIIDI?I:tl?lﬁZO
Y2

6 1
Fis
10
-5
Y3

2 4 6 8 10 12 14 16 18 20
Index

Figure 1. Four time series with change point at the 10th
observation.
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4 FALSE ALARMS

The popular index for false alarms, when viewing a
problem from a frequentist point of view, is ARL,,
the Average Run Length to false alarm. Another
quantity of interest is P, ...(T = n|T > n), the
probability that a stopping time T will raise a false
alarm at time n, conditional on its not having raised
a false alarm previously. This may depend on n,
so the worst-case scenario is indexed by sup,..
P, conwo(T = [T 2 n), and one may want to keep
this quantity low.

The ARL to false alarm has been criticized for
not fully considering the skewness of the distribu-
tion of the run length (Lai, 1995, Zacks, 2004, Mei,
2008, Frisén, 2003, 2006, 2011). It should be noted
however that, very often, the run length to false
alarm has approximately an exponential distribu-
tion and for discrete time, a geometric distribution
(Gold, 1989). Since an exponential distribution is
fully characterized by its mean, in such cases, the
ARL to false alarm fully describes the false alarm
behaviour of a procedure (Knoth, 2015). In surveil-
lance applications, processes cannot be reset like in
typical industrial applications where a machine can
be stopped. In such cases an investigation is trig-
gered by an alarm and the state of alarm can be
persistent. Kenett and Pollak (1983) account for
the frequency of false alarms when a process can-
not be reset in an application of monitoring con-
genital malformations.

When considering the problem from a Bayesian
point of view, where there is a prior on the change
point T, the quantity of interest for describing the
possibility of a false alarm is the probability of
false alarm, PFA = P(T<t). A common constraint
on false alarms is P(T<t)<oL.

Shiryaev (1961, 2010) considers that the error
to be minimized over all stopping times of X is
expressed as the linear combination of the prob-
ability of the false alarm and the expected detec-
tion delay. His change point scenario is defined
as multi-cylic stationary and, in that context
the Shyarev-Roberts (SR) procedure is optimal
(Kenett and Pollak, 1986, 1996). The Shiryaev’s
multi-cyclic version of the change-point detection
problem is equivalent to the generalized Bayesian
setup so that the SR procedure is exactly optimal in
the generalized Bayesian sense as well. It should be
noted that neither the Cumulative Sum (CUSUM)
nor the Exponentially Weighted Moving Average
(EWMA) possess such strong optimality proper-
ties (Kenett and Pollak, 2012).

Related results, in the frequentist framework,
are presented in Hillier (1969), which discusses the
False Alarm Rate (FAR), and Chakraborti et al.
(2008) which introduces the False Alarm Prob-
ability (FAP). The value of FAR is the probability
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of false alarm at every sampling stage (with every
subgroup or with every measurement result), i.e.
FAR = 1- Pr{LCL < Yi < UCL}, where Yi is the
statistic being tracked for the ith sample (individ-
ual value X, or average value X, or range R, or
standard deviation S, etc.); LCL and UCL being
the lower and upper control limits used for proc-
ess monitoring. The FAP is the probability of at
least one false alarm during the established period
of time, i.e. FAP = 1- [1- Pr{LCL < Yi < UCL}]™
=1-(1-FAR)™, where m is the number of subgroups
included in the process capability analysis phase
and the i.i.d. assumption is implied. The value of
FAP is used to calculate the limits for verifying the
stability of the process when establishing control
limits with different limits. FAP is correcting for
a multiple comparison effect during process capa-
bility analysis by applying a Bonferroni correction.
Another approach, different from this family error
wise consideration, is to apply a False Discovery
Rate (FDR) correction which considers, not the
number of comparisons (data points) but the ratio
of false alarms relative to the number of alarms.
For more on this topic see Kenett and Zacks (2014).
Because of the dynamic aspect of process control,
both PFA and FDR have adequate performance
in retrospective data analysis (the process capabil-
ity analysis phase) but limited relevance in future
looking process monitoring.

5 DELAY TO DETECTION

From a frequentist point of view, the post-change
ARL is often characterized by ARL,, the ARL to
detection assuming that the change is in effect at
the very start. However, letting T denote the serial
number of the first post-change observation, the
conditional expected delay of detection, conditional
on a false alarm not having been raised before the
(unknown) time of change 1, is CED(t ) = E(T — 1
+1| T = 7). CED may depend on 7, and there is no
guarantee that CED, as a function of 1, is repre-
sented well by ARL,. If one has no anticipation of
the time of change, sup._.. P, o conrot CED(T) can be
considered an appropriate index. In some sequen-
tial procedures, such as the Shewhart control chart,
Supt@c Pout- of- conlrol(T = T|T 2 T) = (ARLl)il' Moreoven
CED() is constant for Shewhart charts. If there is
a good chance that a change will be in effect right
at the start, one may be interested in a fast initial
response scheme, where CED(0) is made to be low,
at the expense of a higher CED at later t, so that
ARL, does not tell the whole story (Lucas and Cro-
sier, 1988). If a change is likely to take place in a
distant future, then lim_, CED(t), the conditional
steady-state ARL, may be of interest. An alternative
index is P, o¢ convo(T = 7T 2 7), and if one has no



anticipation of the time of change, sup.__(T=1/T >1)
can be considered an appropriate index.

In principle, the CED may not be the primary
characteristic of interest. For example, consider
the case of monitoring for the outbreak of an epi-
demic. For illustration’s sake, suppose simplisti-
cally that each infected person infects k others (all
within the next time unit). Thus, if the epidemic
starts with one person, at the second time unit k+1
are infected, at the third time unit k*+k+1 have
been infected, etc.; after n time units the number
of infected people adds up to n(n+1)(2n+1)/6 =
n’*/3. Hence the primary object of interest would
be E ((T—1+1)’| T 21). Or, if each infected person
subsequently infects one other person every time
unit, n time units after the start of the epidemic the
number of infected people will be 1+1+2+4+8+...
+2m2 = 2™1: hence the primary object of interest
would be E_ 2T7| T 2 1).

Even if the price for the delay in detection is
linear in (T — 7 +1)*, ARL, may not be a mean-
ingful operating characteristic. For example, con-
sider monitoring for a change of a mean [ to a
mean O, when the baseline 1 and the post-change
parameter § are unknown. For example, suppose
one wants to monitor a change in the average daily
water flow in a river, where one has no historic data
and only Bayesian priors. Obviously, if the change
occurs at the onset, no surveillance system will be
able to differentiate between pre-change and post-
change, so that the expected delay to detection will
equal the ARL to false alarm. Approximately, the
same will happen if the change takes place within a
few observations after the onset of surveillance. If
the change occurs later on, the pre-change obser-
vations may constitute a learning sample of suffi-
cient size to reduce the CED to the proportions of
the CED of a procedure, like in a situation where
the baseline parameters are known. Hence, ARL,
is not a good index. Figure 2 shows simulated run
lengths and the respective values of PFA, CED
and ARL for the four process scenarios shown
in Figure 1 when applying a two sided CUSUM
procedure set up to detect the specific change in
the scenario. This assumes the CUSUM is speci-
fied optimally, during process capability analysis
with exact knowledge of the process state before
and after change. The parameters used for the four
simulations are:

Teta Teta+ K+ h+ Teta- K-  h-

10 115 1075 179744 8.5 9.25 -17.9744
13.0 11.50 89872 7.0 850 -8.9872
145 1225 59915 5.5 7.75 —-5.9915
160  13.00 44936 4.0  7.00 -4.4936
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For the R code to run these simulations see
Kenett and Zacks (2014) and the mistat R appli-
cation available for download in https://cran.r-
project.org/web/packages/mistat/index.html.  For
usability and meaning of measures for evaluating
detection schemes and general R code for comput-
ing performance indicators of sequential methods,
see Knoth (2006) and http:/cran.r-project.org/
web/packages/spc. For assessment of surveillance
schemes see: http://economics.handels.gu.se/eng-
lish/Units+and+Centra/statistical_research_unit/
software.

The skewed run length distributions render
interpretations of ARL low in information quality
and PFA and CED with higher information qual-
ity, especially in terms of operationalization and
communication.

For more literature on CED see Kenett and
Pollak, 1983, 1986, 1996, 2012, Zacks and Kenett,
1994, Kenett and Zacks, 1998, 2014, Lucefio and
Cofino, 2006 and Frisén, 2011.

Another situation where ARL, is not an appro-
priate index is when one is willing to tolerate many
false alarms. As an example, consider checking for
an intruder, where it is of utmost importance that
the intrusion be detected even at the price of mak-
ing many false alarms. Here, the characteristic of
interest is the expected delay and, again, this is dif-
ferent from ARL,.

When considering the problem from a Bayesian
point of view, the quantity of interest for describing
the possibility that a change is in effect is P(t<n).
Usually, the speed of detection of a method defined
by a stopping time T is embodied by E(T —t+1| T
> 1). Note that although this looks like the CED,
there is a subtle difference: the CED regards T as an
unknown constant, whereas the Bayesian expres-
sion is, in effect, a weighted average of delay times.
Considerations, as in the frequentist case, of E((T —
t+1)}| T>1) or EQ2" 7| T 2 1) apply here, too.

Histogram of CUSY 1, CUSY2, CUSY3, CUSY4
10 10
CusY1 Cusy2
PFA=2.3% PFA=11.7% [
CED=18.5 CED=65 |
ARL=27.8 ARL=14.6
M 5
§ 16 32 48 64 80 9% 45 9.0 135 18.0 22,5 27.0 31.5 36.0 o
10 10
§ CusY3 CUSY4
£l PFA= 16.6% PFA=19.8%
CED=4.3 CED=3.6
a ARL=11.9 ARL=10.9
10
Al e o m e
36 7.2 108 144 18.0 216 252 3 6 9 12 15 18 21

Figure 2. Run length distributions with CUSUM for
the four series in Figure where changed occurred at the
10th observation.



6 INFOQ ASSESSMENT OF
CHANGE DETECTION

In this section we review the above considerations
from an InfoQ perspective. We begin with a discus-
sion of the four InfoQ components. As introduced
in Section 3, InfoQ is derived from the utility (U)
of applying an analysis (f) to a data set (X) for a
given goal (g).

The goal of change point detection is typically
economically motivated. If we are able to design
a process with acceptable capability, and we want
to avoid reliance on mass inspection, it is essential
to keep the process under control (AT&T, 1956).
Statistical process control consists of an alarm
triggering mechanism and proactive management
actions that trigger corrective actions. This is an
economically optimal combination. In some cases,
the control limits can be determined by consider-
ing various cost elements (Kenett and Zacks, 2014),
but in most cases the specific economic costs are
not used to set up the process control system. In
identifying the goal of a change point detection
method it is critical to distinguish between proc-
esses that can be reset, such as industrial machines,
and situation where an alarm triggers an investiga-
tion with delayed impact, such as in surveillance of
health related epidemics.

The utility of a change point detection method
is assessed by various performance indicators such
as those discussed above. Traditionally these are
ARL, and ARL,, however, as suggested, it appear
that PFA and CED are more informative, see also
Kenett and Pollak 2012.

The data used in process control is univariate or
multivariate. In some cases that data is grouped in
rational samples that represent inherent local vari-
ability. Such local variability is used to determine
control limits for ongoing process monitoring.

The analysis of process control data is based
on a conceptual framework that is different from
the classical hypothesis testing framework. In fact,
Shewhart’s view on statistical control, presented in
his 1931 book, is connected to predictability (Di
Bucchianico and Van Heuvel, 2015). Note that
Shewhart’s view, in his 1939 book, is described in
terms of exchangeability and has an almost Baye-
sian flavour. The process control perspective is that
the data analysed is generated by a process under
investigation. The objective of change point detec-
tion is to identify a change from an underlying
condition which was used to determine the proc-
ess capability. Unlike classical statistical modelling,
if a condition of change is detected, especially in
processes that can be reset, the process is changed.
The implication being that if the data does not fit
the model, you do not fit a new model to the data
but only observe if the control intervention has
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been successful and the process is back under con-
trol. This aspect of process control is not alwfays
appreciated and many textbooks and papers con-
sider process control as a standard application of
hypothesis testing. Part of this confusion might be
due to the relatively recent nomenclature of Phase
I, where control limits are set and Phase II where
monitoring is performed. In fact, Phase I and
Phase II are typically iterated. A preferred conven-
tion would be to name this phases process capabil-
ity analysis and monitoring phases. For more on
this fundamental difference see AT&T (1956) and
Hawkins et al. (2003).

As mentioned in Section 2, eight dimensions are
used to assess the level of InfoQ of a study. We
proceed to review these dimensions in the context
of change point detection procedures in process
control.

Data resolution is related to the concept of
rational samples. The frequency and extent
of the data sample used to control a process
is a reflection of the process characteristics.
For example, multi stream processes require
a sample with representations of individual
streams. Generally stable processes do not
require data at the microsecond level and can
probably achieve proper control with quar-
terly or even hourly data.

Data structure is about the available data
types such as time series, cross-sectional, panel
data, geographic, spatial, network, text, audio,
video, semantic, structured, semi or non-struc-
tured data. These can include output quality
or process data, including video images or tex-
tual inputs by operators.

Data integration considers how process moni-
toring data from different sources is integrated.
Such methods include Extract-Transform-
Load (ETL) methods, Bayesian networks, data
fusion and general machine learning methods
(Goeb, 2006, Weeze et al, 2015, Kenett, 2016).
Temporal relevance is relevant to both the data
used for the process capability analysis stage
and data used for ongoing monitoring.
Chronology of Data and Goal is the dimen-
sion determining effectiveness of sequential
methods. The signals should be produced in
a timely and informative manner. This is why
Conditional Expected Delay (CED) is such an
essential performance measure.
Generalizability is at the core of statistical
process control. The information generated
from the process control procedure should be
used by operators, engineers and managers
in a broader context than the specific sample
points. The first generalization is statistical in
scope, deriving insights on the process from

il.

iii.

vi.



the rational samples. Further generalization
consists of considering other similar proc-
esses, impact of raw materials or management
effects, like shifts or training methods. The
point here is to generalize the change point
detection signals and data driven statistics
to various application domains (for more on
generalizability see Chapter 11 in Kenett and
Shmueli, 2016).

Operationalization is again a critical dimen-
sion of process control. Control charts that
are ignored, or looked at retrospectively with
considerable time delays, are not informative.

Communication. The simple display of data
over time, with an annotation scheme pointing
out alarms based on diverse triggering mecha-
nisms, is an essential element of process control.
Combining the display with mathematical cal-
culations has made these methods so popular.

vil.

viii.

The next section discusses an expanded view
of statistical process control, adding a system per-
spective that integrates elements included in the
InfoQ perspective.

7 A SYSTEM FOR STATISTICAL
PROCESS CONTROL

A System for Statistical Process Control (SSPC)
is an infrastructure, mostly technological, that
enhances the impact of change point detection
methods. In terms of functionality, an SSPC pro-
vides features for data acquisition, data integra-
tion, reporting, filtering and visualisation. An
outline of such a system is presented in Figure 3.
Such systems integrate with ERP systems so that
data from work orders is automatically linked to
the statistical process control procedures, includ-
ing a meta-tagging of critical parameters and their
specification limits. An additional feature of SSPC
is its ability to handle data with high volume, veloc-
ity and variety, so called “big data”. Integrating
structured and unstructured data leads to improved
diagnostic and troubleshooting capabilities, for
example using Bayesian networks (Kenett, 2016).
In designing, or evaluating, an SSPC, one can
apply the eight InfoQ dimensions: Data Resolu-
tion, Data Structure, Data Integration, Temporal
Relevance, Chronology of Data and Goal, General-
izability, Operationalization and Communication.
These dimensions will help the system designers
and implementer cover the scope of functionalities
needed by an SSPC. Specifically, the data collected
by the system needs to have the right resolution,
structure and temporal relevance. This includes,
for example, the on line and off line measurements
of process outputs, in-process parameters, work

323

Figure 3.

High level design of an SSPC.

order requirements, traceability of parts across
revisions, trouble shooting and corrective actions
information in the form of text and images etc etc.
All this data needs of course to be properly inte-
grated and analyzed.

An additional capability of SSPC is that appli-
cation of multivariate statistical process control
methods and advanced root cause analysis tools
involving machine learning algorithm. In general,
the application of multivariate process control has
been delayed because of the complexity in deploy-
ment. Within SSPC, methods proposed in the past,
such a multivariate tolerance regions (Fuchs and
Kenett, 1987), can now be easily implemented. For
more on multivariate process control and machine
learning methods see Goeb 2006, Kenett and
Zacks, 2014 and Weeze et al, 2015. For an example
of an SSPC see www.spclive365.com.

8 SUMMARY AND DISCUSSION

Process control is a major elements in the body of
knowledge analysed and developed in industrial
statistics and applied statistics in general. In this
paper we review several considerations of proc-
ess control methods and discussions in the litera-
ture from a perspective of Information Quality
(InfoQ). The main point is that an InfoQ approach
broadens the scope of much of the work on the
subject, as currently presented in books and jour-
nal articles. With similar considerations, Dennis
Lindsey writes about the question what is meant
by statistics by referring to who he considers as
the founding fathers: Harold Jeffreys, Bruno de
Finetti, Frank Ramsey and Jimmie Savage: “Both
Jeffreys and de Finetti developed probability as the
coherent appreciation of uncertainty, but Ramsey
and Savage looked at the world rather differently.
Their starting point was not the concept of uncer-
tainty but rather decision-making in the face of
uncertainty. They thought in terms of action,
rather than in the passive contemplation of the



uncertain world. Coherence for them was not so
much a matter of how your beliefs hung together
but of whether your several actions, considered
collectively, make sense.....If one looks today at
a typical statistical paper that uses the Bayesian
method, copious use will be made of probabil-
ity, but utility, or maximum expected utility, will
rarely get a mention When I look at statistics
today, I am astonished at the almost complete
failure to use utility....Probability is there but not
utility. This failure has to be my major criticism
of current statistics; we are abandoning our task
half-way, producing the inference but declining to
explain to others how to act on that inference. The
lack of papers that provide discussions on util-
ity is another omission from our publications.”
(Lindsey, 2004). The four InfoQ components
and the eight InfoQ dimensions are proposed as
an antidote to the issues raised by Lindsey. We
focus here on an evaluation of process control
methods and change point detection procedures.
By taking an InfoQ perspective we re-evaluate the
performance indicators used in the literature to
compare procedures and emphasize the applica-
tion of CED and PFA, instead of the commonly
used ARL, and ARL,. By considering the grow-
ing role and impact of technology on analytic
methods, we describe a System for Statistical
Process Control (SSPC) that can help enhance
the impact and relevance of statistical process
control in modern business and industry. We
also show how InfoQ dimensions can be used to
design and evaluate such systems. The challenges
we describe are not specific to process control and
are relevant to modern applied statistics and qual-
ity management systems in general. In this sense,
SSPC is a special case of integrated quality man-
agement systems envisioned by Juran in the 1950s
(Godfrey and Kenett, 2007).
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ABSTRACT: We are familiar with the two-way Analysis Of Variance (ANOVA) using the normal
model where we assume the additivity of the factor effects on the mean of the response variable assuming
homoscedasticity (i.e., variances are all equal across the factor levels). But this type of normal set-up is
not applicable in many problems, especially in engineering and biological studies where the observations
are non-negative to begin with and likely to be positively skewed. In such situations one may use the
Gamma model to fit the data, and proceed with further inferences. However, a normal type inference
based on the decomposition of total Sum of Squares (SS) is not possible under the Gamma model, and
further sampling distributions of the SS components are intractable. Therefore, we have looked into this
problem from the scratch, and developed a methodology where one can test the effects of the factors.
Our approach to tackle this interesting problem depends heavily on computations and simulation which
bringa host of other challenges.

1 INTRODUCTION The classical two-way ANOVA theory does

not work if the above assumptions fail to hold,
Analysis Of Variance (ANOVA) with two factorsis  although the practitioners may keep using it if the
an important as well as powerful tool which isused  departures from assumptions are not significant.
to study the effects of two factors on the response ~ But in many engineering and biological studies
variable. Suppose we have observations in the form  the datasets tend to be positively skewed as well
of {X;,} whichindicates the k#h observationunder ~ as nonnegative, and as a result the two standard
the influence of the ith level of Factor — 1 and  assumptions may not hold. As a possible remedy
jth level of Factor — 2, where k= 1,2,...,nij . The one can transform the data using the well-known
standard statistical theory for two-factor ANOVA  Box—Cox transformation. However, the stand-

assumes the following linear additive model ard interpretation of the variables get lost under
such transformation, and as a result, the statistical
X = U+ T+ Fi+ Vi + Eges (1.1)  inferences become difficult to relate to the original

problem. To explain the situation further we use
where &;’s are assumed to be independent and two real-life datasets given as follows.

identiqally distributed as N (0, 0'2) . The remaining Example 1.1: McDonald ((2014), Handbook of
terms in (1.1) are the general effect (= «) , effectof  piy150jcal Statistics, 3rd ed., pages 173-179) pre-
the ith level of Factor — 1 (=7), effect of the jih  gepted enzyme activity data for amphipod crusta-
level of Factor -2 (= 4)) , and the corresponding  ceap (Platorchestia platensis), classified in terms
interaction term (= 7;;) . Due to the above normal- ¢ gender and genotype, as given in Table 1.1.

ity and homoscedasticity (i:e., equality of vari- Note that in Table 1.1 there are only 4 (=1,
ances for all 7 and j) assumptions the total Sum of v

. e for all i and j) observations for each combinations
Squares (SS), which measures the overall variabil- of Factor — 1 (genotype) and Factor — 2 (gender).
ity among the observations, can be decomposed

! ! Therefore, the standard tests for normality and/or
into several independent components. These com- homoscedasticity, which are asymptotic in nature,
ponents can be used to construct the F-statistics

4 are not very effective. It would be prudent to con-
to test relevant hypotheses regarding factor and/or  Gder the Gamma model. instead of the normal
interaction effects. ’
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model, for a dataset with nonnegative observa-
tions. A two—parameter Gamma distribution is a
more versatile model for nonnegative observations
since the distribution can be extremely skewed (for
small shape parameters) to almost symmetric (for
large shape parameters).

Example 1.2: BOD (Biological Oxygen Demand)
samples were taken from the Dongnai river basin
in Vietnam. The BOD is being described by two
factors: Location and Season. The Season factor
has two levels - WET and DRY, and the Location
factor has three levels — DN (Dongnai River), SG
(Saigon River) and HL (Estuary). The dataset is
given in Table 2.

In Table 2, the values of n,-j’s are different for
every level of Factor — 1 (Location). Here we
ignore the year (we combine the data for the years
2009 and 2010 into a single time period).

We are going to assume that the independ-

ent observations X, (1< k <n;) follow Gamma

(}if,,,f’f/f) distribution, 1<i<a and 1<j<b with
the p

1 il By G~
f(xi/'k|é;i~ﬂii):WeXp G Xl (1.2)

The mean and variance of X,

ijk are given as

E(Xy) = wy(say) = 6,03, (1.3)
ol .
and V(X ;) = oy (say) = é;;ﬂ;

To study whether the factor levels, individually
or jointly, have any significant influence on the
means, or whether the two factors have any inter-
action, we are going to consider the following four
hypothesis testing problems.

Problem-1:Test H{": 1, = 11.Nj vs. HY : 1 # p1;,
for some j=# 1<), //<b. '
Problem-2: Test H(()z) =4 N Vs.
Q). i<
H7 gty # g4y, for some i#i',1<i,i’<a.
Problem-3:  Test  H’ =L ) Vs,
HY DMy # Uy, for some i#i’ and/or
jzji<ii’Sal<j,j’<b.

Table 1. Enzyme activity data according to gender and
genotype.
Gender

Genotype Male Female

FF 1.884; 2.283; 2.838:4.216;
4.939; 3.486; 2.889;4.198

FS 2.396; 2.956; 3.550; 4.556;
3.105; 2.649; 3.087; 1.943

SS 2.801; 3.421; 3.620; 3.079;
4.275;3.110; 3.586; 2.669

Problem-4: Test HY: =1 x 4 N(i,j) vs.
{-Iﬁf)’ (M # Xy for some combinations of
l’v] .

If we fail to reject the null hypothesis (i) in
Problem-1, then it implies that Factor — 2 has no
influence on the mean response; (ii) in Problem — 2,
then it implies that Factor — 1 has no influence on
the mean response; (iii) in Problem — 3, then both
the factors have no influence on the mean response
when they act simultaneously; (iv) in Problem — 4,
the joint interaction effect of the two factors is of
multiplicative nature.

In this study, we are going to consider only
Problem — 1 and Problem — 3, since by interchanging
the roles of i and j (as well as @ and b) we convert
the Problem — 2 to Problem — 1. Problem — 4 will be
taken up in a later study.

To keep the theory somewhat simpler we further
assume that the scale parameters are all equal (but
unknown), i.e.,
B =LY, j). (1.4)

The most general case, i.e., where all scale
parameters are unknown and possibly unequal will
be considered in a later phase of our study. The
above assumption (1.4) helps us in developing the
ideas and concepts as well as computational tools
which will be generalized rather easily for the next
phase of our study.

Under the assumption of equal scale (i.e., (1.4)),
the four hypothesis testing problems essentially
boil down to studying the effects of the two factors
on the shape parameters J;’s only.

In Section — 2, we develop the test procedures
for Problem — 1 (i.e., testing the significance of
Factor — 2) followed by a comprehensive simula-
tion. In Section — 3, we consider the test procedures
for Problem 3 (i.e., testing the joint significance of
Factor — 1 and Factor —2). In each of the above two
problems we first derive the Asymptotic Likelihood
Ratio Test (ALRT). As we will see from our simula-
tion, the ALRT performs poorly in maintaining the
nominal level for small sample sizes, and hence an
improvement is presented in terms of a Parametric
Bootstrap (PB) version of the test based on the like-
lihood ratio statistic, henceforth called ‘PBLRT".
In a series of recent papers (see Pal et al. (2007),
Chang et al. (2008), Chang et al. (2010), Lin et al.
(2015), it has been shown that the PBLRT works
much better than the ALRT for many other prob-
lems where an exact optimal test either does not
exist or hard to find due to a complicated sampling
distribution. Although the PBLRT performs better
than the ALRT in terms of maintaining the level
(i.e., probability of type — I error) condition, espe-
cially for small to moderate sample sizes, it is heavily



Table 2.

Data of BOD (Biological Oxygen Demand).

Season DRY WET

Location 2009 2010 2009 2010

DN 7.0;7.8;13.0; 12.9; 8.0;7.7; 11.3; 13.2; 5.9;6.4;9.0; 8.2; 6.0; 6.5;8.9; 8.1;
14.7;7.8; 8.0; 12.6 14.8;7.9;8.1;12.7 9.6;6.7;6.8;9.0 9.6;5.8;5.9;8.1

SG 8.0;9.5;13.2; 13.0; 8.0;9.5;13.2; 13.0; 7.0;8.1;9.8; 12.4; 7.3;8.3;10.1; 12.8;
13.8;26.8;140.0; 17.2; 13.8;26.9; 141.0; 17.3; 12.5;21.9; 140.0; 15.5;  12.9; 19.6; 122.0; 14.0;
56.4;23.8;20.7; 162.0;  56.5;23.8; 18.9; 149.6;  53.5;20.8; 19.1; 132.0; 47.3;21.7; 18.2; 134.0;
67.4;17.5;17.0; 11.3 59.9;15.7;18.8; 11.3 58.0;15.6;14.9;9.2 59.5;14.2;15.5;9.2

HL 10.4; 15.0; 8.0; 7.5; 9.3;15.2;7.9;7.6 7.8;8.7,7.0;6.2; 6.8;9.4;6.5; 6.4;
7.1;6.0;7.6; 7.4; 7.4;54;7.7,7.4; 5.7;4.4;5.5;5.7, 5.8;4.5;5.6;5.7;

6.3;27.7;22.9;11.2

6.3;27.7:29.9; 11.6

4.5;19.1; 18.9;9.4 4.5;19.1;18.9;9.4

dependent on computations. But given the compu-
tational resources available today, implementation
of PBLRT should not be any difficulty.

2 TESTING THE SIGNIFICANCE OF
FACTOR -2 (PROBLEM - 1)

Our goal in this sectlon 1s to address the hypoth-
esis testing problem H" Sy = 4,V against the
alternative which negates it. The null hypothesis is
stating that Factor — 2 has no effect on the mean
response, which under the assumption of equality
of scales (i.e., (1.4)) can be written as

H(” : é'.j =J,Vj, for some suitable J;; 2.1

where J, can be thought as (¢, //) .

To test (2.1) we derive the classical Likelihood

Ratio Test (LRT) statistic given as A, =(-2InA)
where
sup,.q L
A=—t (2.2)
sup L

where L stands for the likelihood function of the
combined data, the numerator in (2.2) stands for
the restricted supremum of L under H{", and the
denominator in (2.2) represents the global supre-
mum of L.

The standard asymptotic theory says that for all
n; ‘moderately large the sampling distribution

can be approximated as

of A, under H{"

A, =(=2InA)~ 7},
where the degrees of freedom v is the difference
between the number of free parameters 1n the glo-

bal parameter space O and that under H0 .So, the
LRT rejects H0 if A, >,g/(,,(1 2y = (1= )100ch

2.3)
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percentile value of y2 -distribution. But one must
note that this test based on the Chi-square distri-
bution is not very good (or accurate) when n,’s are
‘small’. But first we are going to see the details of
this LRT method.

Given the independent observations X,

k™
Gamma (J;;, #), the likelihood function L is glvelrjl as

l/’

L=1I( y,ﬁlsiSa1s]'sb|x,.jk,wi,j,k))

Sl

i=l j=I1 k=1

oA | @

e )ﬂ”

Thus, the log-likelihood function L, =1InL can
be written as

M&

b
> {=n; InT(8,) 1y In S

L, =
1=| Jj=1
y (2.5)
1/ ﬂ)z X +(8;,-DY InX ;).
k=l k=l
We use the notation X and Yy, to denote

the Arithmetic Mean (AM) and Geometric Mean
(GM) of the observations in the (7, j)th cell, i.e.,

Uny;

HX

Z Xy /s X .= (2.6)

Then L, can be simplified as

b

> ny{—InT(;) -

Jj=1
+(d;—DIny,;}.

M“

L= LYV o

i

By differentiating L, in (2.7) w.rt. J; and f,
and then setting them equal to zero yields the fol-
lowing system of equations



() +Inf=Iny ;, V(i ));

a b a b
and A3, 3 n;0,) =3, 3 X j;

i=1 j=1 i=1 j=1

2.8)

where y(c)={dInT(c)/dc} is the di-gamma func-
tion defined at ¢ >0 . Define the total sample size
n. and the grand mean Y . as follows

:ii”ﬁ and g

i=1 j=1

nXyln (2.9

H Mv\‘

Then, solving the system of equations in (2. 8)
yields the MLEs of &; and f, say 5 and 3, a
follows.

First obtain 5 by solving the following system
of (axb) equatlons

b

ln(z ‘Z nfojo SiofnJW(gff)
ip=1 jo=1

)

and then obtain /§ as

i)

(2.10)

V(i ))

B= (n_.)?___)/{lza1 il n,,.gl.j} .11

-
Thus,

supL=L(§;,B1<i<al<j<b| Xy V(i,j.k).
(2.12)

The log- llkehhood functlon under HO , hence-
forth denoted by £V

L= 2 2 ny{—InT(d;) -

=l j=1

S mpg-11pX

+4,~DInF ).

(2.13)

Differentiating 12" w.r.t. &, and f, and then

i

setting them equal to zero yields

, (2.14)

Define the total sample size subject to ith level
of Factor — 1, and the corresponding sampling
proportion as

b

n, = 2 ng,and v; = ny / n; (2.15)
J=1

The MLEs of J, and Bunder Hél) , denoted by

5 and /3 are obtained as follows. First obtain

'Blo by solving the following system of « equations

& AO\ A 0
In Lizq,5q.Jva,,w(5f.)
@ - (2.16)

a b b
=1n[22nq,yq,. H};;]

g=1 1= Jj=1

and then obtain [-}0 as

}/ (2 i ng,-é?.]- .17

><|

Thus,

supL=L(§", 3’ 1<i<a| X, V(i j.k)).
H(l)

(2.18)

As stated earlier, for moderately large’ n; val-
ues, A, follows ,2/,2, under Hé’,wuh V= a(!y 1).
We will see later that for small n;’s, the size of the
ALRT is higher than o whereas the proposed
PBLRT keeps it within a. The beauty of the
PBLRT is that it is a purely computational tech-
nique where one does not need to know the sam-
pling distribution of the test statistic (which is the
LRT statistic in this case), and the critical value is
derived through a simulation. Before discussing
further about the pros and cons of the PBLRT,
we first describe how it is implemented through a
series of steps as given below.

Steps of the proposed PBLRT

Step — 1: Given the original data {X,/A,V(l 7.k},
obtain the unrestrlcted MLEs (5, ﬁ) as well as
restricted MLEs (5 /3 ) (under H )). Com-
pute A, using (2. 12) and (2.18).

Step 2:

i. Assuming that H s true, generate arti-
ficial (bootstrap) observatlons in an inter-
nal loop of M rephcatlons In the mth
rephc%tlons we generate X, l/k) from Gamma
(5 LB ) Isksn, 1< j<hl<i<a

ii. With the artificial observat1ons (X503, j. k)
compute (5 ,f) and (5 ) as done in
Step — 1, afid call them (-(’“) atB™) and
(50(’“) [30(”')) , Tespectively. Tlﬁen obtain A,
value as done in Step - 1, and call it A”" .

iii. By repeating above (1) (11) for m=1,2,

we have A,,AL,---, Order these A’” val-
ues as AV < AP S S A(l
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Step — 3: The critical value for the statistic A,
(in Step — 1) is obtained as A{"™) where o
is the level of the test. If A, > A=Y then
reject H(()]); retain Hél) if otherwise. Alterna-
tively, the p-value of PBLRT is approximated

by 3 A SA)IM

Remark 2.1: Why the PBLRT might work better
than the ALRT is not counter intuitive. The ALRT
approximates the true distribution of A, under
H" by the Chi-square distribution which may
be far from reality when n,’s are not large. On the
other hand, the proposed PBLRT tries to replicate
the true distribution of A, under H(()]) by drawing
samples from Gamma (5‘?, [j ) which is an approx-
imation to the distribution Gamma (d;, /) under
Hél). Thus, the relative frequency histogram of
A 1<m< M , comes very close to that of A,
under H((]l), for large M, and it appears to be a
better fit, as the simulation results indicate, than
the > distribution.

Remark 2.2: In order to compare the proposed
PBLRT with ALRT in terms of size and power,
we have undertaken a comprehensive simulation
study. In our simulation, we generate the dataset
{X V(i j.k)} a large number (say, Q) times.
In each replication we observe whether the test
under consideration rejects the null hypothesis or
not. Then the size or power of the test is approxi-
mated by the proportion of times (out of Q) it
rejects H(()]) . When our input parameters (J;, /),
i.e., the parameters used to generate the observa-
tions {Xiik,V(i,j,k)} , obey HS", then the pro-
portion of times a test rejects the null hypothesis
becomes the estimated size of that test. When the
input parameters do not obey the null hypothesis,

then we obtain the estimated power of the test.
To be specific, in every replication of the data
{X;.V(i,j.k)}, say in the qth replication, we
define 719, and 1'9), o, as 19, =1 if ALRT
rejects Hé”, 19 =0, otherwise; and 744, o =1
if PBLRT rejects HSY, 1), . =0, otherwise.
Then, depending on the input parameters, (size
or power of ALRT) = ZQ,I 14 .10, and (size or
power of PBLRT) = Zf:. 1fQLRT /0.
Remark 2.3: The utility of the proposed PBLRT lies in
its simplicity. One does not need to know the true sam-
pling distribution of the test statistic A, . However, it
is very computation intensive. In our simulation study,
while the size (or power) of ALRT is computed through
asingle loop (of Q replications), that of PBLRT is done
through a double loop (of Q replications in the outer
loop and M replications in the inner loop). As a result,
running the simulation study becomes a challenge in
terms of computational time. But in real-life applica-
tions where a decision has to be made, based on the
PBLRT, whether to reject the null hypothesis or not,
then that decision-making process is not that time con-
suming, since it is done through a single loop (the inner
loop of M replications only to find the critical value for
the test statistic). In Section 5, where four datasets have
been analyzed, we have used M = 10,000.

The next section is devoted to size comparison
of the two tests mentioned above.

3 COMPARISON OF ALRT AND PBLRT
IN TERMS OF SIZE

For size comparison, the datasets are generated
under the null hypothesis, i.e., J; = ;,Vj , for some
0. >0 . Not only we are going to vary J; but also
n;’s as well as the nominal level . Three widely
used o values will be used, which are 0.01, 0.05,
0.10. We have noted that M = Q = 5000 gives quite

Table 3.  Simulated size of two tests witha=b=2, §, = f=1.0 under H{".

5 =05 5 =10 5,=20 5 =50 5 =100
a nij PALRT PPBLRT PALRT PPBLRT PALRT PPBLRT PALRT PPBLRT PALRT PPBLRT
001 5 0019 0011 0018  0.011 0021 0013 0022 0014 0024 0016
10 0015 0009 0015 0008 0014 0007 0017 0009 0015  0.006
25 0011 0006 0012 0007 0013 0005 0017 0006 0011  0.006
50 0012 0005 0012 0006 0010 0005 0011 0006 0010  0.005
005 5 0076 0047 0075 0047 0079 005 0091 0058 0088  0.054
10 0076 0045 0071 0046 0069 0039 0070 0042 0070  0.040
25 0051 0029 0055 0031 0053 0030 0064 0035 0054  0.029
50 0059 0035 0055 0032 0050 0025 0054 0028 0049  0.026
010 5 0142 0.097  0.142 0093 0144 0100  0.154 0.110  0.156  0.113
10 0133 0.093 0129 0086  0.127  0.081 0129 0082 0126  0.082
25 0.106  0.063 0.110  0.071 0.104 0063 0118 0072 0111  0.06l
50 0.109  0.071 0110 0068  0.106  0.061 0.108 0060  0.098  0.054
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stable results with standard error bounded above
by 0.003. For convenience we use n; =n  V(i, j),
and n is taken as 5, 10, 25, 50. The overall two-fac-
tor problem size, identified with (a, b), will be var-
ied as (2,2), (5,5), (10,10); but in Table 3 we report
the results for a = b = 2 only. We use the notation
P, xr and P,y .- to denote the simulated size of

ALRT and PBLRT respectively.

Remark 3.1: It is noted that the size of the ALRT is
much higher than the nominal level o when 7 <25,
making the test very liberal. For n>25,the ALRT’s
size stays very close to ¢, albeit a bit higher. On the
other hand, the proposed PBLRTs size is always
within ¢. In fact for n>25, the PBLRT behaves
like a more conservative test. Therefore, as a rule
of thumb, we suggest that the PBLRT be used for
“small” sample sizes, and the ALRT be used for
“large” sample sizes.

4 TESTING THE JOINT SIGNIFICANCE
OF FACTOR -1 AND FACTOR -2

Our goal in this section is to consider the
Problem - 3, with the hypothesis testing of
(?) sty = pN(i,j) against the alternative which
negates 1t The null hypothesis is stating that both
the factors have no influence on the mean response
when they act simultaneously, which under the
assumption of equality of scales (4, = £,Y(i,/))
can be written as
HE 6; = V(i J) for some suitable o; 4.1
where J. can be thoughtas (¢« / /) . Similar to Sec-
tion 2, the likelihood ratio test statistic is given as

4.2)

With all n,; ‘moderately large’, we can approxi-
mate the sampling distribution of A, under H (3
as

2
A, ~ X

where V(=ab—1) is the degrees of freedom. Next
we are going to see the details of the LRT method
for Problem — 3. We also consider the log -likelihood
function under H{", denoted by 12, as

a b
L7=%"% ni{~InT(5)- 3 In f—
i=l j=I

1/ DX +(5 -DIny .

4.3)
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Table 4. Simulated size of two tests with a = b = 2;
8, =6,=1.0=pBunder H .

o 0.01 0.05 0.10
nlj PALRT PPBLRT PALRT PPBLRT PALRT PPBLRT
5 0.020 0.004 0.082 0.034 0.140 0.056
10 0.012 0.005 0.061 0.029 0.115 0.063
25 0.010 0.007 0.053 0.030 0.106 0.067
50 0.011 0.008 0.052 0.033 0.096 0.065

By differentiating L)® wrt. § and 8, and
then setting them equal to zero yields

a b

np(8)=", % nny, —Inp)

i=1 j=1 (4.4)
and o =X.

The MLEs of J. and funder H ¥ denoted by
5 and g, are obtained as follows First obtain
5 by solvmg the following equation

w(5'—In(5'n |

a b ~
‘ " nyIn, 4.5)
= Z’ZIEFI v J —In(n.x.)
n
and then obtain 3’ as
A0 X.
:F, (4.6)
Thus,
supL = L(5°, [3 | X2V (i, j.K)). (4.7

H(3l

Similar to Section 2, a PBLRT version test can
be constructed based on the LRT statistic. A com-
prehensive simulation has been carried out, and
it has been noted that the PBLRT adheres to the
level much closer than the ALRT. Table 4 shows
the simulated size values of the two tests (ALRT
and PBLRT).

5 ANALYSIS OF DATASETS

In this section we revisit the two datasets presented
in Section 1 and see two other datasets. These data-
sets have been used as demonstration purposes for
our proposed gamma distribution based analysis
of two factors.



Example 5.1: Recall the dataset of McDonald
(2014) presented in Example 1.1. The following
Table 5 provides the results of the usual normal
distribution based ANOVA with interaction.

The following Table 6 presents the analysis
of the dataset in Example 1.1 under the gamma
model.

Remark 5.1: Note that under the gamma model
both the ALRT as well as PBLRT retain the null
hypothesis negating the effect of the two factors
on enzyme activity. The results are consistent with
the findings under the normal model, though the
corresponding p-values are slightly different.

Example 5.2: Recall the dataset presented in
Example 1.2. Similar to the previous example the
following two tables (Table 7 and Table 8) show
the results under the normal as well as the gamma
models. Here also the final inferences are consist-
ent with each other.

In the following sequel we present two new
datasets which show the divergence in outcomes
of the two approaches (one based on the nor-
mal model, and the other based on the gamma
model).

Example 5.3: Montgomery ((2005), Design and
Analysis of Experiments, 6th ed., page 201) cites an
experiment, similar to a study reported in an arti-
cle in the IEEE Transactions on Electronic Devices
(Nov. 1986, page - 1754), where the response vari-
able, that is Base Current (BC), was observed sub-
ject to various levels of two factors: Polysilicon
Doping (ions) and Anneal Temperature (degree
Centigrade) as shown below.

The following Table 10 and Table 11 show the
normal based ANOVA results as well as those
based on the gamma model.

Remark 5.2: Take a look at the Table 9. While
the BC values clearly differ greatly for the levels of
AT, they do not vary much for the levels of PD. If
one uses the level = 0.01, then the factor PD is

not significant under the normal model. However,
under the gamma model, PD is clearly significant
(along with AT).

Example 5.4: Hogg and Ledolter ((1987), Engi-
neering Statistics, page - 238) reported a study done
by a textile engineer regarding the effect of tem-
perature (degree Fahrenheit) and time (in cycles)
on the brightness of a synthetic fabric which uses
a particular dye. Brightness was measured on a
50-point scale, and three observations were taken
at each combination of temperature and time as
shown in the following Table 12.

Table 7. Results for the BOD data (normal model).
Source F-value p-value
Location 14.460 0.000
Season 0.558 0.456
Interaction 0.011 0.992
Table 8. Results for the BOD data (gamma model).
FaCtOr PALRT PPBLRT
Location 0.000 0.000
Season 0.660 0.693

Table 9. BC dataset according to factors PD and AT.

Polysilicon Anneal Temperature (AT)
Doping (PD)

900 950 1000
1x10% 4.60,4.40 10.15,10.20 11.01, 10.58
2% 10 3.20,3.50  9.38,10.02 10.81, 10.60

Table 5. Results for the Enzyme data (normal model).

Table 10. Results for the BC data (normal model).
Source F-value p-value

Source F-value p-value
Genotype 0.332 0.722
Gender 0.489 0493  PD 10.216 0.019
Interaction 0.351 0.709 AT . 648.906 0.000

Interaction 3.474 0.0995
Table 6. Results for the Enzyme data (gamma model). Table 11.  Results for the BC data (gamma model).
Factor Pirrr Prprrr Factor Pirrr Prgirr
Genotype 0.613 0.847 PD 0.000 0.000
Gender 0.647 0.781 AT 0.000 0.000
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Table 12. Brightness dataset according to Time and

Temp.

Temperature (Temp) (in Fahrenheit)
Time (in
cycles) 350 375 400
40 38, 32,30 37, 35, 40 36, 39, 43
50 40, 45, 36 39,42, 46 39, 48, 47
Table 13. Results for the Brightness data (normal
model).
Source F-value p-value
Time 9.692 0.009
Temperature 2.606 0.115
Interaction 0.111 0.896

Table 14. Results for the Brightness data (gamma
model).

Factor Pirrr Prpirr
Time 0.027 0.030
Temperature 0.131 0.300

As before, the Table 13 and Table 14 summa-
rize the findings under the normal as well as the
gamma models.

Remark 5.3: Interestingly, while the normal
model indicates ‘Time’ as a significant factor for
brightness for any ¢, the gamma model infers it as
insignificant using ¢=0.01. Also, under the gamma
model, PBLRT differs greatly from the ALRT in
terms of the p-value for the factor “Temperature’.

Concluding Remark: This work sheds some light
on an approach alternative to the normal model
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which is widely used to analyze a dataset subject to
two factors. Our proposed gamma model, and the
corresponding PBRLT can be used effectively for
nonnegative datasets, especially when the sample
sizes are small and/or the normality assumption
fails to hold.
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